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Synopsis

An industrial problem has been posed involving the determination of the optimal
scheduling and sequencing of a batch process system. The plant incorporates both
batch and continuous units and is further complicated by the existence of a nonlinear
relationship between the processing rate and the lot size in the continuous plant.
The primary goal of this project is to investigate the application of a rigorous
mathematical approach to determine the optimal operating policy of a complex

processing system.

In broad terms, scheduling involves the allocation of a limited number of resources
to ensure the completion of a set of tasks, in an optimal way. The problem is for-
mulated as a mathematical model through the use of mixed-integer programming.
The difficulty associated with this type of work is in describing the plant using con-
straints to develop a mathematical model which both accurately reflects the plant
and renders the problem solvable. The model must incorporate the connectivity of
the plant and prevent resource-task allocation conflicts.

A survey of the pertinent literature has been conducted and is reviewed in Chapter
2. Here the principles of batch scheduling are addressed. The focus of the literature
review is on the formulation of such problems into a mathematical representation. A
description of two fundamentally different approaches for the formulation of short-
term scheduling problems is presented. Other aspects of the review include the
commercially available software used in the solution of these problems, campaign

planning and on-line scheduling.

The work in this thesis initially focuses on the scheduling of a simplified version of

the industrial plant. The simplified version consists exclusively of batch processing



units. The motivation for this was to develop a formulation which incorporated
the unique characteristics of the full problem but was computationally easier to
solve. A number of scenarios were conducted which show both the flexibility of the
formulation and the ability of the formulation to reschedule tasks when faced with
different operating conditions. In the discussion of these scenarios, issues such as

the computational efficiency and the implications of the results are addressed.

The next step was to add a continuous plant upstream to the simplified batch
process. The continuous plant exhibits a nonlinear relationship between the pro-
cessing rate and the efficiency of operation. An approximation of the nonlinearity
is proposed and further scenario studies are carried out. Finally, the full problem is
tackled but due to the great computational expense required to solve the problem
an alternative method is proposed. This method is based on a series of random-
type scenarios, which serve as an alternative as well as benchmark to the solutions

obtained via rigorous optimization.
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Chapter 1

Introduction

1.1 Motivation and Goals

The low volume production of high value products favours batch production. There
has been renewed interest in batch operations due to the manufacturing flexibility
which these type of operations allow in the production of a large number of different
products. In scheduling these processes, it is necessary to allocate limited resources
and equipment in an optimal way in order to satisfy production requirements. The
scheduling problem has with some degree of success been translated and solved
as a mixed-integer linear programming problem. However, these problems can be
exceedingly difficult to solve, requiring great computational effort to obtain the
optimal solution.

The focus of this thesis is based on an industrial problem which has been posed.
For confidentiality reasons, the specifics of the plant have been altered or omitted
entirely from this thesis. The plant is a refining process, where the only economic
benefit that may be realized is the reduction in the number of personnel hours.
Thus the industrial objective of the project is to reduce the number of weekly shifts

without sacrificing the production requirements of the plant.

The primary goal of this project is to investigate the application of a rigorous

mathematical approach to determine the optimal operating policy of a complex
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processing system. This involves the development of a mathematical formulation as
a mixed-integer linear programming problem. Further objectives were to investigate
factors which influence the computation time, determine the impact of variables on
the objective function and also to illustrate the flexibility of the formulation.

1.2 Thesis Overview

Chapter 2

In Chapter 2 a review of work done in the field of scheduling is presented. This
encompasses the broad principles of batch scheduling, introducing the reader
to both the intricacies and jargon associated with this subject. An overview of
mixed-integer programming problems is included in order to make discussions
in later chapters easier to follow. A substantial proportion of this chapter is
dedicated to the description of the major formulations available in the litera-
ture. These formulations are based on the translation of scheduling problems
into mathematical models. Following this a brief overview of other aspects
associated with scheduling is presented; this includes campaign planning and
online scheduling. Finally, a discussion of the available software for the so-
lution of scheduling problems is given. The review is concluded with a short
summary, highlighting the important points made in this chapter.

Chapter 3
The focus of Chapter 3 was to apply the formulation to a simplified problem
which still exhibited the fundamental characteristics of the full problem. More
specifically, the work involved in this chapter focuses on the development of
further constraints required to describe the system as well as methods to
reduce the computational time required in solving the problem. A number
of scenarios were initially conducted using a spreadsheet package; this was
done to ensure that the problem was nontrivial. Following this, a number of
scenarios were completed solving the problem as mathematical programming
problem. These scenarios are aimed at illustrating the implementation of the
formulation and also its application to handle possible operational events.
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Interesting outcomes which are revealed in the different scenarios are also

discussed here.

Chapter 4
This chapter deals with the inclusion of a continuous process which is added
upstream. A difficulty arises from the fact that the plant operates in a non-
linear fashion as a consequence of its efficiency being related to the processing
rate. In order to linearize this nonlinearity a number of approximations can
be made. Two different approximations are presented, which are equivalent
in terms of accuracy but differ substantially with respect the time taken to
solve to completion. The presentation of these approximations is followed by

a scenario study.

Chapter 5
In this chapter the formulation is applied to the complete industrial problem.
Due to the excessive computational effort required to solve this problem an al-
ternative method is proposed. This involves an approximation method which
reduces the time of solution, but does not guarantee optimality. This method
relies on the use of a random number generator to determine the sequencing.
The random simulation has a dual purpose as it is used to validate the use of
optimal scheduling in terms of the quality of the results that may be obtained

as well as providing an alternative.



Chapter 2

Review of Batch Scheduling

The first section of this chapter starts by giving a broad introduction into the
principles of batch process operations. Following this is a discussion of mixed-
integer linear programming. The next section focuses on short-term scheduling
and details different methods which are used to formulate and solve these types of
problems. A brief analysis of some of the available software that is used to solve
these types of problems is also given in this section. Campaign planning and on-line

scheduling forms the basis of the next sections.

2.1 Overview of Batch Processes and Scheduling

In this section the principles of sequencing and scheduling of batch process systems is
reviewed. This provides a broad overview of the approaches used in batch scheduling
that are predominantly followed in the literature. The focus of the review is on the

formulation of such problems into a mathematical representation.

Multistage batch plants fall into one of two categories, namely multiproduct or
multipurpose plants. In the former the products follow exactly the same sequence.
While in the latter, different products may follow different paths through the plant.
Figure 2.1 is an example which illustrates the difference between the two flowshops.
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In the multiproduct flowshop, product A and product B follow the same path
through the plant. In the multipurpose flowshop, product A is processed by a
different set of tasks to that of B. Subsequently, these products follow different
processing routes through the plant.

Multiproduct Flowshop
[
(5 {6 ] | —{s {6 F—
I
|
i
L2 {3 |~ 4] L {2 {3 | 4 |
Product A | Product B
Multipurpose Flowshop
1
I
56 Fomgeta | —{s] [e]
5
i
—{ =2 ] [a] [4] o [1] [2f—{3F+4]
| Product B

Figure 2.1: Schematic showing the difference between multiproduct and multipur-
pose flowshops

A preemptive schedule is a schedule where the processing of a product may be
interrupted in order to allow the processing of a different product on that unit. The
use of a preemptive schedule depends on the nature of the process and of course
the storage that is available. A permutation schedule is one in which no passing is
allowed, i.e. the order in which products are processed remains consistent for all
units in the sequence. Valid assumptions that can generally be made in chemical
process industry applications are that preemption is not allowed and a permutation
schedule is followed (Ku et al., 1987).

Storage Policies The storage facilities available in a batch system form an in-
tegral part of the scheduling problem, since they influence the flexibility of the
schedule. The available storage options may be classed as follows.
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e Unlimited Intermediate Storage (UIS)

e Finite Intermediate Storage (FIS)

No Intermediate Storage (NIS)

Zero Wait (ZW)

Mixed Intermediate Storage (MIS)

The NIS and ZW flowshops are often confused because there is no intermediate
storage for either of these policies. Under NIS, there is no intermediate storage
although products may remain idle in the unif, once processing is complete, until
the downstream unit becomes available. Under the ZW condition the product must
be passed from the current unit to the next unit as soon as it has finished processing.
This type of storage is normally used where unstable intermediates are produced
and must be processed immediately. MIS applies when more than one type of the
above mentioned storage facilities exist within a system. The UIS policy is the
least restrictive and thus is most likely to provide the greatest productivity. The
ZW flowshop on the other hand is the most restrictive storage policy and tends be
the least productive flowshop type. The type of storage policies used has a definite

influence on the optimal solution.

2.2 Mixed-Integer Linear Programming

This section gives a fairly detailed account of mixed-integer linear programming
(MILP). This inclusion of this section is motivated by the fact that in translating
a scheduling problem into a mathematical formulation requires the use of integer
variables. Furthermore, a number of computational aspects which are unique to
integer-based problems are addressed in this thesis, which require an understanding
of MILP problems and the method in which they are solved.

MILP problems are similar to linear programming (LP) problems in that an ob-

jective function is either maximized or minimized, subject to a number of linear
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constraints. However, MILP includes the use of binary variables in the constraints
and/or objective function. In scheduling-type problems the binary variables are
used to associate the resources to tasks in order to prevent allocation conflicts, such
as units processing multiple batches simultaneously. The general mathematical

form of a MILP problem is presented in equation (2.1).

min  f(z,y) = clz+dy

subject to : Az + By =5
x>0 wherezeZ™
y >0 where y e R™ (2.1)

where f is a linear combination of the integer () and continuous (y) variables and
is the objective function which is to be minimized. This minimization is subject
to a set of constraints which are themselves linear combinations of the integer and

continuous variables.

2.2.1 The Branch and Bound Algorithm

There is large variety of commercially available software that can be used in the
solution of MILP problems. The most widely used and reliable algorithm is the
branch and bound method (Willams, 1993). This will be described for the special

case where the integer variables are binary.

The problem is initially solved as a linear programming problem by treating the
binary variables as continuous variables with a lower bound of zero and an upper
bound of 1. This is known as solving the relaxed problem. If the relaxed problem
does not return an integer solution a tree-search is initiated. This involves selecting
an integer variable whose value, in the relaxed solution, is fractional. These variables

are referred to as candidate variables.
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The selected variable forms the node of a branch, resulting in the formation of two
further sub-problems. On one branch the binary variable is set to a value of 0 and
at the other it is set to a value of 1. For each of the sub-problems a new relaxed
solution is determined. These sub-problems result in either an infeasible, fractional
or integer solution. In the case where a fractional solution is obtained the process is
repeated resulting in the generation of further sub-problems. This is illustrated in
Figure 2.2. The first selected variable in this example is z,, which is set to a value
of 1 at node 1 and a value of 0 at node 2. Further branching is shown on nodes 1
and 4, where the selected variables are z, and z;, respectively.

Figure 2.2: Binary search tree with arbitrary branching

The search-tree can have as many as 2" nodes, where n is the number of binary
variables in the problem. This can result in extremely large problems with practi-
cally prohibitive computational times. However, there are methods included in the
branch and bound algorithm which circumvent the need to carry out a full enu-
merative search. If an integer solution is found then the objective function value of
that sub-problem becomes a bound on the optimal solution. The difference between
the objective function for the relaxed problem and the integral solution is known
as the ‘integrality gap’. As the algorithm progresses down a particular node the
variable bounds are tightened (i.e. relaxed binary variables are set to 0 or 1) and
therefore the solution can only deteriorate. Consequently, if an integer solution has
already been found, further searching on the sub-nodes of the integral node will not
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produce a better solution. Furthermore, other nodes which have a worse relaxed
objective value can be fathomed or pruned from the tree, since no better solution
will be found on a sub-branch of that node. Infeasible nodes are also fathomed.
The algorithm terminates when all waiting nodes have been explored or once the
integrality gap has been reduced to within a specified limit.

There are 3 main alternative approaches for selecting the candidate variable, namely
a depth-first search, a breadth-first search or a best bound search, (Floudas, 1995).
In a depth-first search the candidate variable will be one of the children nodes of
the current node. Backtracking occurs when a node is fathomed due to a integral
solution being found or an infeasible solution being obtained. In a breadth-first
search all nodes in a given level must be considered before a node is selected from
the subsequent level. A best bound search selects the variable which has the smallest
lower bound. In general there is a trade-off between the node selection strategies
as each have their own advantages and disadvantages.

2.3 Short Term Scheduling

This section begins with a description of how scheduling problems were initially
approached, which will be referred to as the classical approach. A major advance
in the field of scheduling was made with the work by Kondili et al. (1993), whose
formulation is based on a discrete-time horizon and is presented in Section 2.3.2.
More recently, Ierapetritou and Floudas (1998a) presented a competing formulation

which is based on a continuous-time horizon.

Plants which operate under short term production schedules are generally geared to-
wards satisfying individual customer demands within given deadlines. These plants
must therefore be flexible since there is no regular production pattern. The time
horizons over which these plants operate are generally short and vary from a couple
of days to a week. Short term scheduling requires a detailed schedule indicating the
resource allocation and the sequence in which products are to be produced. The

main goal is to develop an optimal way of utilizing plant resources in order to satisfy
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production requirements. A general short term scheduling problem is characterized
by Ku et al. (1987):

e A set of I products to be produced.
o A set of J processing units.
e A sequence for each product in which operations are to be performed.

A set of fixed processing times for each product on the processing units.

A set of fixed transfer times for each product between each set of units.

Constraints on production order for certain products (precedence constraints).

A suitable performance criterion to be optimized.

The nature of intermediate storage between processing units.

The formulation requires the following information:

e Production recipe.
¢ Available units and their capacity limits.

o Available storage units and their capacity limits.

The objective is to determine the following:

¢ Optimal sequence of tasks taking place in each unit.
e Amount of material processed at each time in each unit.

¢ Processing time of each task in each unit.

10
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Objective Function

In terms of the performance criterion a number of different objective functions can
be used in order to determine an optimal schedule. The makespan, mean flowtime,
the maximum tardiness and economic criterion are the most common objective
functions associated with this type of problem. The makespan is the time it takes
for the last product to finish processing on the last unit. The mean flowtime is
defined as the time required to pass completely through the process, averaged over
all the products. Tardiness is defined as the difference between the delivery date of
a product and its due date. These first three criteria should be minimized, whereas
economic based objective function must be maximized in order to determine the

optimal schedule.

2.3.1 Classical Formulation

In the review paper by Ku et al. (1987) the general method in which scheduling
problems have traditionally been formulated is presented. This type of approach
is somewhat dated but can be used for planning simple batch operations where a
number of fairly similar products are processed via a small number of tasks, (Kondili
et al., 1993). The method presented by Ku et al. (1987) is summarized below.

The variables used in the formulation are defined as follows:

o C;; is the completion time of the product in the i position of the sequence

on the j** unit.
o T}; is the processing time of the product k on the j* unit, which is known.

e Xj; is a binary variable which is 1 when product % is in position 4 in the

sequence and 0 otherwise.

Figure 2.3 presents a short-term schedule for the processing of 4 products on a simple
3-stage plant. All 4 products follow the same processing sequence, i.e. stage 1, stage

11
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2 and then stage 3. In the figure, the duration of each task (T};) is represented by
the length of the corresponding bar, while the completion time (Cj;) of each task
coincides with the end of the bar. In this particular example there is no intermediate
storage. Consequently, products are required to remain in the processing units
until the downstream unit becomes available. These idle periods where units are

unproductively occupied are depicted as plain white bars in Figure 2.3.

P et AR AR KRR TP o
P K AN R AR A ] N
ettt etelete et N 1

g2

B3

B4

Time

Figure 2.3: Gantt Chart showing the schedule for a simple process plant

Objective Function:

The objective function, Z, to be minimized is the makespan. Assuming there are /
products and J units in total then the objective function is given by equation (2.2),
which is the completion time of the product that is processed last in the sequence
on the last unit.

Z =Cyy (2.2)

12
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Constraints:

There are a number of constraints which are required in order to describe the system

as a MILP problem. These constraints are detailed below.

1. Allocation Constraints

Equation (2.3) ensures that each product is assigned to exactly one position in the

product sequence.

I
> Xpi=1 Vkel (2.3)
i=1

Equation (2.4) ensures that each position is assigned to only one product.

I
> Xpi=1 Viel (2.4)
k=1

where [ is the number of available positions in the sequence.

2. Recurrence Relations

The following set of constraints are termed recurrence relations and are used to
calculate the completion times for the production sequence. It should be noted
that these relations assume that there is unlimited storage between units.

Cij = max [Ci—yj, Cij—1] +Tk,; (2.5)

v

v
min start time

where the braced term is the minimum starting time of the product in the i
position of the sequence on the j% unit and T},; refers the processing time of

product £ which is processed in this position on unit j.

13
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As initial conditions we have the two following constraints.

Cio=0 Viel
Coj:() Vied (2.6)

To express these criteria as constraints in the MILP formulation, the following

decomposition is necessary, due to the presence of the discontinuous max function.

7
Cij > Ciyj+ ZTijkz’ Viel (2.7)
k=1
I
Cij 2 Gij1+ ZTij:ci Viel (2.8)
k=1

Equation (2.7) states that the completion time of any product must be greater or
equal to the sum of the completion time of the previous job processed on a unit
and the processing time of the current product on the unit. The summation term
in equation (2.7) reduces to the processing time of the product & which is processed
i** in the sequence on the j** unit, since the binary variable X}; will be zero for all

products other than product & at the ¢** position in the sequence.

Equation (2.8) ensures that the completion time of product ¢ on unit j is greater
or equal to the processing time of that product on the previous unit.

The initial condition is as follows,

Oij =0 fO?‘ 120 (29)

14
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An alternative set of recurrence relations was proposed by Mah (1990), which in-

corporates the NIS policy.

Ci; = max {Ci,j—la Cir g1 — Tki,,jﬂ] +T%,5 (2.10)
min st‘z;t time

where the braced term is the minimum starting time of the product in the 4
position of the sequence on the j% unit and Ty,; refers the processing time of
product k& which is processed in this position on unit j. The index ¢’ refers to the
previous job being processed on the downstream unit, j + 1.

Here, the completion time (Cy;) of job ¢ is dependent on the completion time of
the same job on the previous unit (C;,_1) as well as start time of the job on the
downstream unit (Cy ji1— Tk, j+1) which is the condition for NIS. This implies that
the product cannot be removed from a particular unit until the downstream unit

has finished processing.

The initial conditions are as follows,

Ci =0 Viel
Coj —To; =0 Vield
Cis = Cirvr — Ty o1 Viel, jelJ

where the last condition is included to ensure the validity of equation (2.10) on the

last unit.

2.3.2 Discrete-Time Formulation

The approach presented by Ku et al. (1987) is useful for determining the scheduling
in a simple batch system. However, its usefulness is limited for the application to
more complex flowshops which include intricacies such as the mixing and splitting
of streams. A number of attempts for producing algorithms for both the sequencing
and scheduling have been published. However, many of these attempts are limited

by various assumptions that are made in the formulation of the problem.

15
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In work done by Egli and Rippin (1986) and Rich and Prokopakis (1986) the si-
multaneous batch sequencing and scheduling problem was approached by imposing
certain restrictions on the problem. With the incorporation of these restrictions the
generality of the problem is lost and the formulation is only valid for the selection of
plants which abide by these restrictions. In particular, these formulations are based
on plants in which no mixing or splitting of batches is allowed and storage poli-
cies are limited. Wellons and Reklaitis (1991) formulate the problem by allocating
equipment to tasks by creating groups of units. The groups for a task then operate
out of phase, while the items within a task operate in phase with each other. Each

item of equipment may only be used for one task in each phase.

Kondili et al. (1993) made a large contribution to the field of optimal schedul-
ing where they present a general formulation that considers the scheduling, and
sequencing problem. In this formulation batches may be split or merged as de-
sired and all types of storage policies may be encompassed into the formulation.
Another important point in this formulation, is that resource assignment is not
pre-determined, such as the approach followed by Wellons and Reklaitis (1991);
rather it is determined in the solution of the problem.

The problem is formulated through the use of a state-task network (STN) repre-
sentation, (Kondili et al., 1993), which forms the framework of the formulation.
The STN can be manipulated for the treatment of complex flows, such as the
cross-linking of product lines and recycling of materials. This representation is par-
ticularly useful in that it eliminates the ambiguities that arise when representing a

system of recipe networks in a typical flowsheet. A description of the STN follows.

2.3.2.1 State Task Network Representation

The STN framework was first presented by Kondili et al. (1993) and has subse-
quently become a standard representation in the field of optimal scheduling, forming
the basis of the more recent work in this field. A STN representation is similar to a
standard process flowsheet representation, but is intended to describe the process
rather than the actual physical plant. In fact, the process units and their connec-
tivity are not explicitly shown in the STN representation. State nodes (depicted by

16
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circles) represent the material at the various stages of processing i.e. feeds, stable
intermediates and products. In many respects the states may be viewed as storage
stations. The type of storage which these states represent is determined in the for-
mulation of the problem. Task nodes (depicted as rectangles) represent operations
which transform material from one or more input states into one or more output

states.

Figure 2.4 is a simple example of how a process flow diagram (PFD) can be converted
into a STN diagram. As far as the production recipe is concerned, the PFD is
ambiguous in that it is uncertain whether two distinct products are produced or a
single product which is just split between units 1 and 2. Figure 2.4 indicates how
the STN framework can be used to remove these ambiguities in order to describe
the process recipe. In the first STN representation, STN(a), task 1 produces two
distinct products which are then processed separately in units 2 and 3. In the second
representation, STN(b), task 1 only produces a single product, which is then split
and processed in units 2 and 3.

2 a—
>y 1 PFD
3 —

STN (a) STN (b)

Figure 2.4: Conversion of a process flow diagram to a STN diagram
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In translating a plant into the STN framework the following rules must be adhered:

o A task has the same number of input (output) states as different types of

input (output) material.

e Streams entering the same state must be of the same quality. If mixing of
different streams occurs, this must be included as a separate task i.e. mixing

cannot occur in a storage unit.

Kondili et al. (1993) suggest modifications to the STN framework in order to handle
various complexities that may arise. Modifications that are relevant to the work
carried out in this thesis include the handling of the multipurpose storage facilities

and batch-size dependent processing times.

Multipurpose Storage In the standard STN framework it is assumed that each
task has its own dedicated storage. However, in many instances there are only a
limited number of storage units which must be shared by groups of tasks. Kondili
et al. (1993) propose the implementation of a storage task, which receives material
from a state (such as a storage unit in reality) and produces the same amount of
material during the next interval. The storage tasks are treated as any other task
and their use is thus associated with a binary variable. This allows the introduction
of storage capacity constraints which are product specific or allow the simultaneous
storage of only certain products. An example of a modification to the STN which
encompasses storage tasks is shown in the following diagram (wiz. Figure 2.5) where
ST represents the storage task.

O— O 0O

ST

Figure 2.5: Modification of the STN to encompass multipurpose storage
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Batchsize Dependent Processing Times The formulation presented by Kondili
et al. (1993) is intended for cases where the processing times are fixed and are known
a priori. In cases where the processing time is dependent on the size of the batches,
the use of a piecewise approximation function is suggested. Thus the interval be-
tween the maximum and the minimum capacity of the unit is divided into smaller
sub-intervals. A processing time is then associated with each of these sub-intervals.
This can be encompassed into the STN framework by representing each sub-interval
as a task with the respective processing rate and capacity limitations, which coincide
with the upper and lower limits of that sub-interval. An example of this modifi-
cation is show in Figure 2.6. The batch-size dependent task (task 1) is discretized
into 3 tasks, namely tasks la, 1b and 1c.

1a

O—»- 1 ———»O ———————— e - 1b

ic

Figure 2.6: Modification of the STN for batch-size dependent processing times

2.3.2.2 Mathematical Formulation

The formulation is based on a discretization of the time horizon. The horizon is
thus divided up into a number of time intervals of equal and fixed duration. The
size of the intervals is usually the highest common factor of the processing times
involved. All events, such as the beginning and end of tasks, must coincide with
the interval boundaries, thus ensuring that resource limitations are satisfied at all
times. The basis of the formulation is to relate the utilization of resources over the
time horizon, while taking into account all the constraints. In order to determine
the optimal schedules of batch operation it is assumed that the material received by
a task from its feed states is fixed and known, as is the material it produces to the
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output states. The processing time for 