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Abstract

One of the major topics of concern in Modern Portfolio Theory
is portfolio optimization which is centred on the mean-variance
framework. In order for this framework to be implemented, esti-
mated parameters (covariance matrix for the constrained portfo-
lio) are required. The problem with these estimated parameters
is that they have to be extracted from historical data based on
certain assumptions. Because of the different estimation methods
that can be used the parameters thus obtained will suffer either
from estimation error or specification error. In order to obtain
results that are realistic in the optimization, one needs then to
establish covariance matrix estimators that are as good as possi-

ble.

This paper explores the various covariance matrix estimation
methods in a South African setting focusing on the constrained
portfolio. The empirical results show that the Ledoit shrinkage to
a constant correlation method, the Principal Component Analy-
sis method and the Portfolio of estimators method all perform as
good as the Sample covariance matrix in the Ex-ante period but
improve on it slightly in the Ex-post period. However, the im-
provement is of a small magnitude, as a result the sample covari-
ance matrix can be used in the constrained portfolio optimization

in a South African setting.

Imagination decides everything. . ..

Blaise Pascal
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1 Introduction

1.1 Background

Harry Markowitz [7] put forward the mean-variance framework which ex-
plains that any rational investor would want to maximize his/her portfolio
returns whilst minimizing the risk exposure of that portfolio. This mean-
variance framework has been popularized as a tool for picking the stocks
for a portfolio in the area of portfolio management. In order to estimate
and come up with these mean-variance efficient portfolios the investor has
to estimate the expected returns for each stock and the covariance matrix
of the stock returns. The estimated covariance matrix of the stock returns
can be seen as representative of risk control whilst the expected returns are
an indication of the expected stock performance. The computation of these

efficient portfolios is of major concern to most Finance professionals.

One challenge that arises in the implementation of the Markowitz framework
is the estimation of the ingredients mentioned above namely the expected
returns and the covariance matrix. Using forecasted stock returns is prob-
lematic in that it usually results in portfolio weights that are sensitive to
small changes in the stock returns forecasts themselves. It is however pos-
sible to consider a portfolio which does not require the expected returns as
an input for the computation of the efficient portfolio. At the leftmost tip of
the efficient frontier there is a portfolio whose weights are independent of the
forecasted expected returns and it is called the Minimum Variance Portfolio.
This portfolio has the unique property that it minimizes risk without a given

or expected return level.
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For the Minimum Variance Portfolio, all we need to estimate is the covariance
matrix of the asset returns. However, there are problems that are associated
with estimating the covariance matrix for large datasets. The traditional
method is to use historical returns data of the stocks to find their sample
covariance matrix. This methodology has a number of drawbacks that are

associated with it, these being:

e When the number of stocks making up the portfolio is greater than
the number of data points (more assets as compared to returns obser-
vations) the covariance matrix that is estimated using the traditional
method is non-invertible. One of the requirements of the Markowitz

framework is that the covariance matrix must be invertible.

e Sampling error occurs when the degrees of freedom per estimated pa-
rameter are not sufficient. In this case the number of observations in the
sample is not enough as compared to the parameters being estimated

for accurate estimation. [5]

e A problem that is associated with trying to impose a particular struc-
ture on the tradition covariance model is called the Specification error.

In this case the estimator might be too specific than reality. [5]

It is desirable to have an estimated covariance matrix that has reduced esti-
mation error but not too much specification error. However, it is important
to note that there is a trade-off between sampling error and specification
error (i.e reducing one usually results in an increase of the other). Thus we
want to reduce the sampling error whilst maintaining some acceptable struc-

tural form in the covariance matrix.
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1.2 Aims and Objectives

A number of methods have been put forward that try to impose some struc-
ture on the estimated covariance matrix. The most popular of these methods
being the Ledoit shrinkage to a constant correlation, the Principal Compo-
nents Analysis based covariance, the Single Index Model based covariance
and an equally weighted portfolio of the Sample covariance, the Diagonal
covariance and the Single Index Model based covariance. These methods
have been tested extensively on USA’s portfolios. Christoffer Bengtsson and
Jan Holst [3] also investigated these methods and their modifications on the
much smaller Swedish market. However, not much research has been done

on the South African Market portfolios.

The aim of this paper is to investigate the above mentioned methods in a
South African setting and establish the best method of covariance matrix
estimation using the Sharcholder Weighted Index (SWIX) as the stock uni-
verse of interest. All the portfolios constructed are based on the constrained

minimum variance portfolio.

1.3 Layout

Section 2 (Literature Review) gives a review of the Markowitz framework,
optimization and the various methods used for covariance estimation. Section
3 (Data and Methodology) reviews the implementation and data used in the
analysis. Section 4 (Results) gives the empirical findings and their analysis.
Section 5 (Conclusions and Recommendations) summarises the findings of

this paper and suggests areas of further study.
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2 Literature Review

This section gives a brief review of the existing literature on the framework
and inputs to the portfolio optimization problem. In this section boldface

capital letters refer to matrices and capital letters in italics represent vectors.

2.1 Portfolio Optimization

Consider a portfolio of N assets with weights given by W ((Nx1) vector)
and covariance matrix of the assets given by 3 (NxN matrix). The i entry
in W represents the weight of asset ¢ in the portfolio. The " diagonal
element of X is the variance of the returns of asset i, whilst the off diagonal
(i7)" elements are the covariances of asset i and asset j. If the returns
of the assets are p = (E(r1), ..., E(ry)))T *(where E(r;), the return of the
portfolio is then given by W7y denotes the expected return of asset i).The
risk exposure of this portfolio is given by WIXW. The optimization problem

for the minimum variance portfolio is then defined as:[4]

1
mwi/n §WTEW subject to W1 =1 (1)

where 1 represents a Nx1 vector of ones.

The above is the unconstrained optimization problem in which the weights
of the resultant portfolio are not restricted to being between 0 and 1 and
it represents a situation in which short selling is allowed as weights can be

negative.

!The superscript T refers to the transpose
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The constrained problem has the additional condition that the weight for

asset ¢ must be non-negative and less than one. The setup then becomes:

1
mv[i/n §WTEW subject to W'l =1

0<W; <1 (2)

In this scenario short selling is not allowed as weights cannot be negative.
This is more realistic as usually portfolio managers are prohibited from short
selling (for example in mutual funds) and many investors find it difficult to

short sell.

2.2 Covariance Matrix Estimation Methods

In this section a brief discussion of the various covariance estimation methods

is given.

2.2.1 Sample Covariance Matrix

Suppose that R represents the (NxT) matrix of asset returns with T time
points and N assets present in the portfolio. Define R as the Nx1 mean
vector of R so that R = 7R1 (where 1 is an Nx1 vector of ones). Let X
be the NxT matrix of de-meaned asset returns, that is each column of X is
defined as R; — R (R; represents the i column of R for i = 1,2,...,T). The
Sample covariance is then defined as:

1

Q= —(XX7) (3)

This estimator will also be called the Sample in this paper.
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The Sample covariance matrix is the Maximum Likelihood estimator under
the assumption of normality, which means it is the best unbiased estimator.
However, for this assumption we put all of our confidence in the data which
may not necessarily be sufficient. As a result we might over-fit the data
and get an estimate that might perform well in-sample but performs poorly
out-of sample [3]. Another issue is that we have to estimate a large number
of parameters. A total of N(N+1)/2 parameters have to be estimated, for
example if we consider the SWIX which has an average of 165 assets we need
to estimate 13,695 parameters. To rectify this we need a lot of data which
is usually not available. It is also important to note that if the number of

assets NV > T then the sample covariance matrix is non-invertible.

2.2.2 Diagonal Covariance Matrix

The Diagonal covariance matrix is essentially the sample covariance matrix
with all the off-diagonal elements being zeros. An assumption that the all the
stocks are uncorrelated is made and results in a high degree of specification

eIror.

2.2.3 Ledoit Shrinkage to a Constant Correlation Covariance Ma-

trix

This estimator is introduced when the number of assets under consideration
is large and hence estimation error might be significant. The idea is to shrink
the sample covariance matrix towards a more structurally stable estimator
like the constant correlation matrix. The principles used in the estimation of

the new covariance matrix are based on Bayesian Shrinkage of a given matrix
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towards an assumed prior matrix and the formula is given as:

Qs = AQpior + (1 = A)Q (4)

For the Ledoit shrinkage to a constant correlation matrix (also referred to as
Ledoit in this paper) the prior €2, is assumed to the constant correlation
matrix [9] and € is the Sample covariance matrix. €2gg is the resultant co-
variance estimator. There is however a need for us to be able to estimate A
so that it gives a result that is an optimal weighted sum of the two inputs.
This optimal estimate is a function of the spread between variances and co-

variances and is given by:

SUM(SQ(R)SQ(R)T) — SUMGQ()
- SUM(SQ(Q - Qpl‘ior) [10] <5)

where SQ() denotes the element-by-element squaring function for a matrix

argument. SUM () is the sum of the argument matrix elements. For the
implementation by Ledoit and Wolf [9] R is considered as the matrix of de-
meaned returns and the Matlab code was adapted from the one provided on

Ledoit’s website [9].

2.2.4 Constant Correlation Matrix

Let S denote the sample covariance matrix as defined in section 2.2.1 with
entries s;;, then the sample correlations between the returns on stocks i and

j are given by:
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Sij

i, =
J
SiiSjj

The average sample correlation is then given by [9]:

9 N-1 N
TS VoDV 2 Z)T”’

=1 j=(i+1

We define the sample constant correlation matrix Q by means of the sample

variances and the average sample correlation:

Qii = Sii and  qij = T+\/SiSj;

is then used as €,,.,, in equation 5.
P q

2.2.5 Principal Components Analysis Covariance

Principal component analysis (PCA) aims to explain the variation structure
using a few linear combinations of the original stochastic variables. It is quite
useful as it achieves data reduction and interpretability at the same time re-
vealing some relationships that are not so obvious but might prove to be
critical. This method of analysis argues that for any NxN covariance matrix
S, there exists K < N principal components that can be used to explain the

variation of the entire covariance matrix without losing much information.
The principal components for the sample are linear combinations

N
Bi=H=> HpRy, i=12.,N (6)
m=1

such that the variances and covariances are:
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Var(B;) = H'SH; (7)

Cov(B;, B;) = HI'SH; i,j=1,2,...N (8)

of the N stochastic variables. These principal components should give the
direction of the maximum variance in such a way that the principal compo-

nents themselves are uncorrelated to each other and H! H;=1.

It is possible to find the optimal weight functions for the covariance without

solving a number of optimizations. A proposition is given without proof: [3]

Proposition 1 For any covariance matriz S with eigenvalue-eigenvector pairs
(()\1, ‘/1), ey ()\N, VN>) such that )\1 Z )\2 Z, ceey )\N Z 0 with Vk = (%k, ceny VNk)

then the i'" principal component is defined as:

N
B;=V/'R=) VyR, i=12.,N (9)
m=1

where R is the Nx 1 vector of stochastic observations with covariance matrix

S. Such that:

Var(B;) = VISV, = ) (10)
Cov(B;,b;) = V'SV, = 0 (11)

A critical question is how then do we determine the eigenvalues to be sig-
nificant or not. Define D as the matrix whose diagonal elements are sample

variances and the off-diagonal elements are zeros. X is the NxT matrix of
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de-meaned asset returns for the universe of assets. Then we can define a new

input into the principal components algorithm as:

P = DY/2X (12)
1
Sp = ?PPT (13)

The principal components of Sp are defined in the same way as those of the
Sample covariance matrix using proposition 1. Bengtsson and Holst[3] use
the rules defined in econophysics [11] to select the significant principal com-
ponents. They define V=T /N and choose the principal components whose

eigenvalues deviate significantly from \,,,, defined as:

1 1
AT = 1 — £ = 14

In this study, the principal components are determined from the T xT stock
cross return product matrix XTX. Because of its symmetry it is a type of
covariance matrix. This is transformed using the method of Bengtsson and
Holst described above to obtain the K significant eigenvalues. After the sig-
nificant eigenvalues K have been chosen, select the corresponding principal
components to come up with a KxT matrix F of the principal components.
The next step is to regress this matrix on the original de-meaned data X

such that [10]:

C = (FFT)}(FXT) (15)
Z=X-C'F (16)
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where C is a KxN of factor exposures for the stocks and Z is the residual
returns matrix.
The covariance matrix that is based on the first K significant principal com-

ponents is then defined as:

1 1
Q=_C'(FF")C+ -V 17
~CT(FET)C + (1)
Where V is a matrix that has its diagonal elements equal to the diagonal
elements of ZZT and all other elements as zero. Multiplication with 1/T

here is made so that the resultant covariance matrix is comparable to the

sample covariance matrix defined in equation 3.

2.2.6 Single Index Model Covariance

Sharpe’s Single Index Model (also referred to as Single Index in this paper)
assumes the market to be the only factor that is significant in determining
asset returns and has been popularized as the Capital Asset Pricing Model

(CAPM). This model can be expressed for a single asset as:

Tit = o + Bi Ry + €3 (18)

Considering a portfolio with N assets, we can rewrite this in matrix form as:

R¢=a+ BRy: + ¢ (19)

where €; is the Nx1 vector containing the mean zero uncorrelated residuals

€i+- Then the covariance matrix implied by this market model is:



2 LITERATURE REVIEW 12

Q= o%,85" + Q. (20)

where 02, is the market portfolio variance.

Using the available data to estimated the covariance matrix gives us:

Q=06233" +Q. (21)
This is obtained by regressing the portfolio returns on the market returns.
The significance of this model is that it adds a lot of structure as it assumes
only one factor (the market) to be significant and it reduces greatly the pa-
rameters to be estimated. In total we need only estimate 2N+1 parameters
as compared to N(N+1)/2 for the sample covariance matrix. For example
the SWIX which has an average of 165 stocks, we would need to only esti-
mate 331 parameters as opposed to 13,695 for the sample covariance. This
represents a great reduction in parameters to be estimated and as such the
estimation error. However, it is also highly unreasonable to assume that only
one factor adequately explains asset returns, hence, this model will introduce

some specification error.

2.2.7 Portfolio of Estimators Covariance

Different methods give errors in different directions, we can weight different
methods to come up with one estimator in which it is hoped the errors can-
cel out. Bengtsson and Holst [3] define an equally weighted portfolio of the

Sample, Diagonal and Single Index covariances.
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Let S represent the Sample covariance, D the diagonal covariance and SI
the Single Index covariance, then the Portfolio of estimators is given by:
1

1 1
Q=-S+-D+ -SI 22
3 * 3 - 3 (22)

2.3 Portfolio Analysis

There are a number of ways that can be used to analyze the performance of
a portfolio. A review of some of those relevant to this paper are given in the

sections that follow.

2.3.1 Concentration

Portfolio diversification can be assessed based on its concentration measure.
The Herfindahl-Hirschman Index (HHI) is a measure of concentration that
is obtained by first squaring the investment weights in a portfolio and then
summing them. Consider a portfolio of N assets whose weights are repre-
sented by an Nx1 vector W so that the weight of the " asset is given by
W;1=1,2,..., N. The HHI is given as:

N
HHI =) "W} (23)
=1

From the above formulation of concentration we note that HHI will be a
minimum for an equally weighted portfolio and gets larger as the weights are
skewed (concentrated). If the portfolio is made up of only one stock then
the HHI will be unity which is its maximum value. Portfolios with smaller

measures of concentration are considered to be more diversified and hence
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less risky than portfolios with large concentrations.

2.3.2 Beta

The beta of a stock measures how sensitive the returns of that particular
stock are to the returns of the market as a whole. In other words it measures
the exposure of a particular stock to market risk. A positive beta implies
that the stock follows the market movements and negative beta implies the
stock follows the market inversely. A beta of zero means the stock is not

sensitive to any market movements.

For any stock i with returns history X; = (xy;, g, ..., ;) and a market re-

turns history Y = (y1,ya, ..., yr), the beta of stock 7 is given as:

(v — 9w — ) 04
K Sp (T — 73)° (24

Now let 3 be the Nx1 vector whose i** element is f3;, the beta of asset i.

Then the beta of the portfolio with weight vector W is given by:

Bo=WTp (25)
Like the beta of a stock the beta of a portfolio measures the exposure of the

portfolio to market risk. Risky portfolios tend to have a high beta value.

2.3.3 Total Risk

Total Risk of a portfolio also provides a measure of portfolio performance

as it measures its risk exposure. For a portfolio with weight vector W and
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covariance matrix 3 the Total Risk is given as:

Ut20ta1 = WTEW (26)

This gives the in-sample risk of the portfolio. The above result is multiplied
by 52 to get the annualized Total Risk. Usually risk is reported in terms of

standard deviation so that we record:

Trotal = VWIEW x 52 (27)

2.3.4 Tracking Error

The tracking error measures how much a portfolio follows an index to which

it is benchmarked.

For a portfolio of weights W), invested on a market with benchmark weights
Wy, the portfolios out-performance over the benchmark is calculated as x =
W, — W,,. The risk of these active weights is then the Tracking error and is
given by:

O Tracking error — V xTEx x 52 (28)

where multiplication by 52 is to annualize the result when using weekly data.

The tracking error of a portfolio that perfectly follows an index to which it

is benchmarked is zero. The benchmark used in this paper is the SWIX.
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3 Data and Methodology

3.1 Data

The datasets for this project were extracted from the Shareholder Weighted
Index (SWIX) from 31 December 2006 through to 31 July 2009 and from
weekly stock returns from 5 October 2003 to 31 August 2009. Weekly data
was used as it allowed each stock that is present in the SWIX at any given
date to have a 170 time point return history (about three and a half years of
weekly data). Choossing 170 data points means that the Sample covariance

matrix will be invertible as the SWIX usually has 165 stocks.

3.2 Methodology

The procedure of analysis is given below:

1. At the end of each month (31 December 2006 to 31 July 2009), extract
the stocks that are present in the SWIX.

2. Retrieve the weekly return data for each stock present in the SWIX
such that each stock has a 170 data points return history.

3. Determine the covariance matrix for the selected return data using a

particular covariance estimation method.

4. Feed the covariance matrix to the optimizer for the constrained Mini-

mum Variance Portfolio.

5. Retain the portfolio weights of the resultant minimum variance efficient

portfolio.
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10.

11.

12.

13.

14.

Hold this portfolio for an out-of-sample period of one month storing the
weekly returns for that month. This is because weekly data is used.

Each month will then have four returns for the portfolio strategy.

Repeat the procedure for the end of each month to come up with a

series of 128 weekly returns for a particular portfolio strategy.

. The standard deviation of this series is the critical metric, record it for

each of the different covariance methods used.

. Also for each month record the concentration, portfolio beta and total

risk of each covariance estimation method. The total risk is calculated
assuming the sample covariance as the true covariance for comparison

purposes.

Repeat this process for all covariance estimation methods under con-

sideration.

Retain the out-of-sample returns of the market portfolio (SWIX) for
the 128 weeks and then regress the returns of each method on these
market returns to get the overall beta of the method through the 128
weeks. The market returns are obtained by assuming the SWIX weights
are also held through the out-of-sample period.

For comparison purposes also record the concentration and total risk

of the SWIX portfolio.

Implement the naive investment strategy in which an equal weighting

is given to all the stocks present in the portfolio at any time.

For the Ledoit shrinkage method record the shrinkage parameter used

at each date to see how much the sample covariance was shrunk.
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15. For the Principal Components Analysis method analyze how many
principal components would be significant explaining most of the vari-
ation in the data. The PCA covariance is then constructed based on

these significant components.
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4 Results

4.1 Ex-ante Analysis

In this section an analysis of the resultant optimal portfolios within the sam-

ple is given.

4.1.1 Ledoit Shrinkages

Figure 1 gives the shrinkage parameters that were used for the Ledoit co-
variance matrix at each date. From December 2006 up to October 2008 this
shrinkage parameter is greater than 0.4 but drops to above 0.25 from Novem-
ber 2008 until July 2009. These parameters show that the sample covariance
matrix is shrunk quite significantly towards the constant correlation matrix
hence a reasonable degree of structure is imposed. However, in-sample re-

sults discussed later show that it still performs just as the Sample covariance.

Ledoit Shrinkages
1
0.9 -
0.8 -
0.7
0.6 -
0.5 -+
0.4 -
0.3 -

0.2 -

Shrinkage (%)

0.1 -
o]

) ) L0 < L h
PP S R R S i S P

Month

Figure 1: Ledoit Shrinkages
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4.1.2 Principal Components Analysis

Figure 2 shows the contribution to the total variation of the first few com-
ponents. The number of significant components in the covariance estimation
has a lowest of 3 and and a highest of 7 and these explain between 71% and
81% of the total variation. Components can be seen to be predominatly 5 or
6 for the SWIX as shown in Figure 2, this is consistent with literature which
suggests that usually the first 5 components are sufficient for explaining most

of the variation [10].

Components Analysis
100% - r

[uny
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80% - \/_’_/_/—\_
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Figure 2: Principal Components Analysis
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4.1.3 Total Risk

Figure 3 shows that the benchmark SWIX has the highest ex-ante total risk

when we assume the sample covariance matrix as the true covariance ma-

trix. The naive method has the second highest total risk and the Diagonal

method is third with movements similar to the naive approach. All the other

methods (Ledoit, PCA, Sample and the Portfolio of estimators) have total

risk that is almost identical through time. It is therefore difficult to separate

the better estimator using the total risk measure. The Single Index Model

was not recorded because its total risk gets so large because it places large

weights on a few stocks and is not plotted here.

Expected Total Risk

25 4

15 -

M

Expected Total Risk (%)

w
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(5] o) 3 f oo - [=3 o) 3 [ =Ts] - [=3 o 3 [

[} Qo = O [} =} O () Qo

a & @ 2 2 08 &£ < 2 22 o a & < =
Month

Sample

Diagonal

Ledoit

= PCA

Portfolio

Naive

Benchmark

Figure 3: Total Risk

The Naive investment strategy gives equal weighting to all the stocks present

in the portfolio at any time as explained in section 3.
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4.1.4 Tracking Error

The tracking error is closely related to risk. It gives the risk that a portfolio
is exposed to by deviating from the benchmark portfolio. Figure 4 shows
that the naive approach has the lowest tracking error followed by the Diago-
nal method. This is consistent with what we have observed for the total risk
that these two move close to each other. The other four methods (Sample,
Ledoit, PCA and Portfolio of estimators) all have tracking errors that are
virtually superimposed over each other. Again it proves to be difficult to
separate these methods using tracking error. The Single Index Model is left

out because its values are too large and thus are outliers.
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Figure 4: Tracking Error
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4.1.5 Portfolio Sizes

Table 1 shows the maximum and minimum portfolio sizes of the optimal
portfolios generated by each covariance estimation method as well as for
the entire market (SWIX) extracted from the equally weighted portfolio. It
can be seen from this table that the Single Index Model based covariance
produces the smallest portfolio sizes with a minimum of just one stock and
a maximum of three stock. This explains why this method produces risky
portfolios as compared to all the other methods as it gives virtually no di-
versification at all (diversification is at the centre of risk reduction). The
Diagonal matrix uses the same number of stocks as the naive portfolio which
uses all the stocks present in the SWIX. As such it will be observed that
because they use a lot of stocks these methods will produce the smallest
portfolio weights which result in small concentration measures. The Sample
has a minimum of 25 and a maximum of 43, Ledoit a minimum of 27 and a
maximum of 50, PCA a minimum of 35 and a maximum of 53. These three
methods all have performance patterns that are almost similar in-sample.
The Portfolio estimators which is the best performing method in our contest
has a minimum portfolio size of 46 stocks and a maximum of 74 stocks. This
can be seen as the difference in performance of the methods, as the other
methods namely the Sample, Ledoit and PCA compromise on diversification
by using a smaller number of stocks. A well diversified portfolio requires a
reasonable number of stocks to be present. The Portfolio of estimators uses
a number of stocks that gives diversification without introducing too much

specification or estimation error.
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Method Minimum | Maximum
Sample 25 43
Diagonal 159 167
Ledoit 27 50
PCA 35 53
Single Index 1 3
Portfolio 46 74
Equal Weights (Naive) 159 167

Table 1: Portfolio Sizes

4.1.6 Market Exposure

Figure 5 shows the betas of the optimal portfolios with respect to the market.
The naive approach has the highest risk as measured by its betas. Again the
Diagonal covariance has the second highest risk as measured relative to the
market. The Single Index Model method has the lowest betas as a result of
how it is estimated based on the betas of the stocks. The optimiser picks
the stocks with the lowest betas and as such the resultant portfolio will have
low market exposure as measured by the beta. The Ledoit, PCA and the
Sample methods have betas that are almost superimposed on each other.
The Portfolio of estimators has higher betas than these three but is very
close to them and mimics their movements. In terms of exposure to the
market measurement the best performing is the Single Index Model and the

worst performing is the Diagonal method.
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Figure 5: Market Exposures(Betas)

4.1.7 Concentration

Figure 6 shows that the Single Index Model has the highest concentration
which can be as large as unity. The optimizer looks for the stocks with the
lowest beta (market exposure) and places large weights in these few stocks.
Using this method can lead to a portfolio that has only one stock (concen-
tration of unity). All the other estimation methods have a concentration
that is smaller than 0.2. The Ledoit has the second highest concentration
and the Diagonal has the lowest. The naive and Diagonal concentrations
are superimposed over each other. It is important to note that the smaller

the weights the lower the concentration, hence because of their concentration
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Figure 6: Concentration

the Diagonal method and the naive approach produce the smallest weights.
This is consistent with Bengtsson and Holst [3] who record that the Diag-
onal method has the smallest portfolio weights. However, we should also
realize that the Diagonal matrix is based on a method that has high levels
of specification error and hence the portfolios it produces are based on the
flawed assumption that the stocks are uncorrelated. The Portfolio of estima-
tors has the third smallest concentration after the benchmark SWIX itself.
This essentially means that in terms of concentration no estimation method
can be used for better portfolio determination over the SWIX. But for the
methods in our contest the Portfolio of estimators performs the best after
the Diagonal method in terms of concentration. The Sample covariance also
performs better than the Ledoit shrinkage in this regard. Confirming some

of the arguments in the literature that the sample covariance might actually



4 RESULTS 27

be a good consideration in-sample.

4.1.8 Discussion

The naive approach and the Diagonal method seem to achieve diversifica-
tion as they have the lowest concentrations, however, these have high risk
associated with them as measured by the total risk and the betas. For all
the other methods it is difficult to separate them based on in-sample perfor-
mance in terms of risk reduction. Even the Sample covariance method itself
has properties that are similar to the contestants and outperforms some of
them marginally in-sample. In terms of total risk, the Sample covariance
is better than all the other methods. For market exposure it out performs
the Portfolio of estimators and is very similar to the PCA and the Ledoit
estimators. When portfolio concentration is considered it is better than the
Ledoit estimator. This means that in-sample even the Sample covariance
estimator can be considered and will outperform other methods. In order to
establish the better estimation method an analysis of the covariance estima-

tors Ex-post is given in the next section.

4.2 Ex-post Analysis

Here the out of sample performance of each of the covariance estimation
methods is given. The standard deviation of the returns and the beta of

each estimation method are recored in table 2.
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4.2.1 Risk and Market Exposure

The results in table 2 show that the Single Index Model which assumes the
SWIX as the market has the highest risk (standard deviation) of 34.34 (an-
nualised). Large weights are placed into a few stocks, there is not much
diversification as a result the risk is high. The SWIX has the second highest
out of sample standard deviation (risk) of 22.94, it performs better than the
Single Index Model because it introduces diversification and invests in more
than a few stocks (3 for the Single Index). The naive approach has the third
highest risk measure of 16.26. This method does not consider covariance es-
timates at all but reduces portfolio concentration using equal weights for all
the stocks. The Diagonal is the fourth highest with a risk of 14.93, it assumes
that all the stocks in the portfolio are uncorrelated and hence has a high level
of specification error. The Sample covariance matrix is outperformed by the
Ledoit, PCA and the Portfolio of estimators. It has the fifth highest risk mea-
sure of 10.55. This is expected as the Sample covariance matrix has a high
degree of estimation error caused by the large number of parameters that
have to be estimated. As a result the optimizer places the biggest weights
in these estimated errors (this is the problem of error maximization). The
sixth highest standard deviation is for the Ledoit method whose risk mea-
sure is 10.46. This is the third lowest standard deviation in the estimation
contest. The shrinkage parameters have a high of 0.457 and a low of 0.278,
this shows that the sample covariance matrix is shrunk significantly towards
the constant correlation matrix and hence a lot of structure is given to the
resultant covariance estimate. The PCA has the second best out-of-sample
standard deviation of 10.33. This variance reduction was achieved using be-
tween 3 and 7 principal components only as shown in section 4.1.2. The best

performing covariance estimation method in the Out-of-Sample period is the



4 RESULTS 29

Portfolio of estimators with a risk estimate of 10.10. This is consistent with
what was reported by Bengtsson and Holst [3] in their contest. The returns
of each estimation method were regressed on the returns of the market and
the betas were recorded. As is shown in table 2 the diagonal method has
the highest risk as measured relative to the SWIX with a beta of 0.55. The
Sample, Ledoit, PCA and Portfolio of estimators have betas that are close
to each other in the range 0.27 to 0.29 hence their market risk exposures
are almost similar with a difference of 0.02 between the highest and lowest
exposures. The beta of the Ledoit and the PCA are the same although their
risks are different, so they have the same exposure to the market. The Single
Index Model has the lowest beta of 0.27 as minimizing the risk will amount
to choosing the stocks that have the lowest betas because of the way the

Single Index Model covariance matrix is defined.

Method | Annualised Risk | Beta

Single Index 34.34 0.27
SWIX 22.94 1

Naive 16.26 0.63
Diagonal 14.93 0.55
Sample 10.55 0.29
Ledoit 10.46 0.28
PCA 10.33 0.28
Portfolio 10.10 0.30

Table 2: Ex-post Analysis
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4.2.2 Discussion

In the out-of-sample analysis, the best performing estimator in terms of risk
reduction is the Portfolio of estimators followed by the PCA and the Ledoit.
The difference in risk between the Sample and Portfolio of estimators is 0.45.
There is not much difference in terms of market exposure between the Single
Index, Sample, Ledoit, PCA and the Portfolio of estimators. The difference
in the betas between the largest and the smallest is just 0.02. The Portfolio
of estimators reduces the risk from 10.55 for the sample to 10.10 a difference
of 0.4. These results suggest that the Ledoit, PCA and Portfolio of estima-
tors do reduce the risk of the optimal portfolio although the difference might

not be significant.
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5 Conclusions and Recommendations

5.1 Conclusions

The purpose of these paper was to investigate the various covariance matrix
estimation methods for the constrained portfolio optimization problem in a
South African setting. The primary reason being that it is one of the two
required inputs in the Markowitz mean-variance optimization problem. The
portfolios considered are minimum variance portfolios which do not require
an input of the expected returns which usually prove to be difficult to gen-
erate and gives results that are very sensitive to any small movements in
the estimated expected returns. The estimation methods considered are the
Ledoit shrinkage to a constant correlation (Ledoit) proposed by Ledoit and
Wolf [9], Principal Components Analysis (PCA), Single Index Model, Diag-
onal and a Portfolio of estimators. These were all put in to a horse race with

the Sample covariance matrix.

The number of components used for the principal components method was
between 3 and 7 and this explains most of the variation present (71% and
above). This is in line with literature which argues that usually the first
five components are significant to explain most of the variation. The Ledoit
shrinkage towards the constant correlation matrix proved to have quite a sig-
nificant impact as the shrinkage parameters used were quite high. However,
its performance especially in the in-sample period did not deviate much from
the Sample covariance. The Portfolio of estimators can be seen as one that
diversifies the errors of the different estimation techniques. Different estima-
tors give errors in different directions, hence, when they are combined the

error is reduced significantly. The sample estimator has a lot of estimation
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error whilst the other methods (the Diagonal and the Single Index Model)

have specification error and averaging these produces a better estimator.

This paper reveals that under the constrained model, in the Ex-ante period
it is really difficult to pick exactly one method that can be said to perform
better than the others especially for the Sample, Ledoit, PCA and the Port-
folio of estimators which all have the same in-sample behaviors. However,
the best performing covariance estimation method is in the Ex-post period is
the Portfolio of estimators which has the lowest standard deviation followed
by the PCA. This result is consistent with that of Disatnik and Benninga
[5], who record the Portfolio of estimators as one of the best methods. The
results suggest that the performance of the Sample covariance matrix can be
improved by other methods that have the same in-sample exposures as it has
but offer risk reduction capabilities for the out-of-sample period, which really
is our major concern as we want to hold the portfolio out-of-sample. It is also
interesting to note that simplicity is best as the portfolio of estimators actu-
ally performs better than the more complexly determined Ledoit shrinkage
and PCA methods. This is the emphasis given by Disatnik and Benninga [5]
that simplicity is best. However, it is important to note that the difference in
the Ex-post standard deviations and betas between the estimators is small,
hence one can consider using the sample covariance for constrained portfolio

optimization in a South African setting.

5.2 Recommendations

This paper focuses on the constrained portfolio optimization of the Minimum

Variance portfolio. In order to further investigate the performance of the co-
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variance matrix estimators this study could be extended to the case when the
portfolio is not Minimum Variance. Such a study would involve generating
the expected future returns of the stocks present in the portfolio. In such a
setup the optimizer would be fed with the estimated covariance as well as
the expected returns. This means that the optimizer will produce portfolios
that have reduced risk exposure for a given return level. Ledoit and Wolf [9]
performed a similar analysis using shrinkage estimators and established that

these out-perform the Sample covariance matrix.

The performance of the estimators could also be compared when the portfo-
lio is unconstrained. Bengtsson and Holst [3] considered this scenario and it
revealed that all the methods considered in this paper actually out-perform

the Sample covariance in terms of risk.

Another scenario could be to allow the in-sample as well as the out-of-sample

periods to vary and observe the performance of the covariance estimators.[5]
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