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Abstract 

Over the last thirty years much progress has been made in the investigation 
of the lattice of uniformities on a set X. In particular, Pelant, Reiterman, 
Rodl and Simon have published several articles concerning anti-atoms and 
complements in this lattice. The aim of this dissertation is to begin a similar 
investigation into the lattice of quasi-uniformi t ies 8 (X ) on a set X. It starts 
off with a summary of results obtained for the lattice of topologies on X, 
which, having been studied in great detail in the past, is intended as an 
example as to what may be achieved with 8(X). An exposit ion of the lattice 
of uniformities is then given. \Ne conclude by commencing an investigation 
into the lattice of quasi-uniformiti es on X . Where possible, results obtained 
for the lattice of uniformities are generalized to 8(X) , and some original 
results for 8 (X) are also presented. 
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Chapter 1 

Introduction 

In his 1936 paper [5], Garett Birkhoff saw that an important aspect of the 
study of topologies on a set X is that of the comparison of two topologies on 
X. He hence ordered the collection of all topologies on a given set X by set 
inclusion, and studied the resulting lattice . Since then, much progress has 
been made in the investigation of this latt ice. All the atoms and anti-atoms 
have been identified and characterized, and the lattice has been shown to 
be both atomic and anti-atomic. The cardinali ty of this lattice has been 
established for infinite X , it has been proven to be complemented, the lat­
tice structure has been intensely studied and adjacent topologies have been 
investigated. In addition to all of this , sublattices and subcollections of this 
lattice, minimal and maximal topologies, intervals and many other aspects 
have been and still are under investigation. 

Even though the above is not nearly an exhaustive list of what has been 
achieved with the lattice of topologies, it rnakes it clear that it has been 
studied in much detail. What is the motivation for this? It turns out that 
the results obtained thus far not only concern t he lattice of topologies, but 
also other areas of mathematics. For example, in [32] it is mentioned that a 
certain resul t on t he automorphisms of this lattice allows one to identify the 
set of topologies possessing a given topological property by simply observing 
the structure of the lattice of topologies on X (see Theorem 3.7 .3 and Remark 
3. 7.4). In this article it is also shown that for any !at tice L there exists a 
set X such that L may be embedded into the lattice of topologies on X (see 
Theorem 3.7. 1) . 

The above-mentioned ar ticle is already an ind ication that the role of 
the lattice of topologies in general lattice theory cannot be easily ignored. 
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Valent and Larson [34] and Rosicky [52] have in fact elaborated on this , and 
by combining some results in these two papers it can be shown that any 
finite lattice can be realized as an interval of T1-topologies if and only if it is 
distributive. 1 

The above comments suggest that the study of lattices of structures on 
a set X has the potential to benefit many areas of mathematics. Hence, an 
investigation into the lat t ice of uniformities on X (ordered by set inclusion) 
commenced. In 1975, Pelant and Reiterman published a paper [44] investi­
gating the anti-atoms of this la ttice. In particular, they found that there is 
a strong relationship between the anti- atoms in this lattice and ultrafilters 
on X , and that the nature of this relationship depends on whether or not 
the anti-atom in question is proximally discrete (a uniformity is called proxi­
mally discrete if it induces the discrete proximity; see Proposit ions 4.3.9 and 
4.3.21). In particular, in [46, Proposition 2.1] they show that every proxi­
mally non-discrete anti- atom is a copy of a certain type of anti-atom J ;: for 
an ult rafilter :F on X . It is interesting to note t hat the properties of this 
ultrafilter :F also appears to determine whether or not the anti-atom J ;: is 
proximally fin (i. e. the finest uniformity inducing its proximity) . This can 
be seen from their result cited in Theorem 4.3.24. 

Based on their above-mentioned results, P elant and Reiterman conjecture 
in their paper [46] that uniformities can be used for the classification and 
investigation of ultrafilters. This claim is supported by the fact that the 
interaction of ultrafilters with certain other structures on a given set has been 
successfully employed for this purpose in the past. For example, given a set 
X , the ultrafil ters on X can be regarded as the points of the Stone-Cech 
compactificati n {J(X ) of the discrete topological space on X. 2 As Simon 
notes in [56] , this in turn suggests that uniform anti-atoms may also be able 
to tell us something about the properties of the points in the Stone-Cech 
compactification of a discrete space. 

The investigations into the lattice of uniformities continued , and in 1976 
Reiterman and Rodl gave an example of a non-transitive anti-atom in [51]. 

1Valent and Larson proved that any finite distri butive lattice can be reali zed as an 
interval of T1 topologies in [34] . Rosicky proved that every fin ite interval between T1-

topo logies must l.Je distributive in [52]. 
2In general, one considers t he z-ul t rafi lters on a completely regular Hausdorff topo log­

ical space X. These are then used to define the Stone-Cech compactification f3( X) of X. 
See [9, Section 2] for more details on this approach. 
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These anti-atoms are complicated structures, and there had been speculation 
as to whether they existed at all. 3 Diverging from the subject of anti-atoms, 
Pelant and Reiterman in 1981 published [45] in which they proved that the 
lattice of uniformities on a set X is complemented if and only if X is finite 
(see Corollary 4.5.2). The paper furthermore contains some very in-depth 
results regarding complements in this lattice . 

In light of the above, it is natural to start an investigation into the lattice 
of quasi-uniformities on a set X, which has been done in this dissertation. \71/e 
start with the atoms, which turn out to be relatively simple structures - in 
Corollary 5.2.10 we show that the atoms are exactly those quasi-uniformities 
generated by a special kind of pre-order on X. We also show that a quasi­
uniformity is atomic if and only if it is transitive and totally bounded (Propo­
sition 5.2.15). The anti-atoms, though , have proven to be somewhat more 
intricate . Theorem 5.3.20 does however completely characterize those anti­
atoms which are proximally non-discrete in terms of ultrafilters on X and 
ultrafilters on X x X . The proximally fine anti- atoms are characterized in 
Theorem 5.3 .32. We also study the question of whether between two dis­
tinct but comparable uniformities there is always a non-symmetric quasi­
uniformity, and obtain some interesting partial solutions to this problem in 
Section 5.4.3. Complementation in this lattice resembles complementation in 
the lattice of uniformities, and in Corollary 5.5.4 we show that the lattice of 
quasi-uniformit ies on a set X is complemented if and only if X is finite . The 
property of having a complement is also shown to be preserved by several 
operations one can perform on or between quasi-uniformities (see Section 
5.5.1). 

It is interesting to note the various resemblances between the lattice of 
uniformities and the lattice of quasi-uniformi ies on a given set X. We have 
already mentioned that the results regarding complementation for the two 
lattices are pa1 ticularly similar . The atoms of the lattice of uniformities are 
also just the symmetric counterparts of the atoms in the lattice of quasi­
uniformities (see Corollary 5.2.12). Upon comparing the anti-atoms, we see 
that in both cases there is a strong relationship between the anti-atoms of 
these lattices and ultrafilters on X. The nature of this link is also for each 
of them determined by whether or not the anti-atom in question induces the 
discrete proximity. In addition to this, it is interesting to note that the same 

3 See t.he explanat ion at t.he beginning of Section 4.3.4 . 
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condition that is both necessary and sufficient for an anti-atom of the lattice 
of uniformities to be proximally discrete is also necessary and sufficient for 
an anti-atom of the lattice of quasi-uniformities to be proximally discrete 
(Propositions 4.3 .9 and 5.3. 15) . 

We bring it to the reader 's attention that some of the most interesting 
new results on the lattice of quasi-uniformities obtained during this investi­
gation are collected in [11] for possible publication. The proofs given in this 
dissertation and in [11] respectively may sometimes differ, but the reader will 
be made aware of t his if this is the case. 

This disserLation starts with some preliminary definitions and notation, 
which are given in the next chapter. The aforementioned chapter contains 
two separate sections on quasi-uniformities and quasi-proximities respec­
tively, each of which lists some often used basic definitions and results needed 
to understand this dissertation. Chapter 3 consists of a short summary of 
the lattice of topologies on a set X, and is intended as an example as to 
what may be achieved with the lattice of quasi-uniformities . Chapter 4 is 
on the lattice of uniformiti es . It lists the most important results obtained 
for this lattice thus far , t hough in a more in-depth manner than was done in 
the previous chapter. The majority of the results in this chapter have been 
translated from using the covering definition of a uniformity to the entourage 
definition. Finally t hen Chapter 5 starts an investigation into the lattice of 
quasi-uniformit ies, and this dissertation ends with the Conclusion (Chapter 
6) in which a few unsolved problems are listed . 

~n this dissertation, the axiom of choice (AC) is assumed to hold through­
out, and its use need not be explicitly indicated . However, the reader will 
be made aware of the use of the continuum hypothesis via the symbol (CH), 
which will be placed at the beginning of the result in question. We have also 
abbreviated "if and only if' by "iff''. References for results will be placed 
at the beginning of the proofs, unless only the statement of the result was 
obtained from the referenced document. In this case , the reference will be 
at the beginning of the statement , and the proof given here may differ from 
the one in the cited document. A list of the most important symbols defined 
and used throughout this dissertation is given at the end of the Conclusion 
(Chapter 6), just before t he Bibliography. It includes references to where in 
this dissertation these symbols were first introduced. 
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Chapter 2 

Preliminaries 

In this chapter we summarize the most often used general definitions and 
notation used throughout this dissertation. 'Ne also summarize some often 
used definiti ons and fundamental results relat ing to (quasi- ) uniformities and 
(quasi-) proximities on a set X. 

2.1 General Definitions and Notation 

In this section we introduce some general definitions and notation used in 
this dissertation. 

Special Sets and Cardinalities 

For any set X, lXI denotes the cardinali ty of X. p(X ) denotes the powerset 
of X, i. e. p(X) = {A I A ~ X} , and if A ~ X , X - A denotes the 
complement of A. The symbol w denotes the set of natural numbers, and, 
as usual, its cardinali ty is denoted by N0 . IR is the set of real numbers, and 
c denotes the cardinality of 1R (i.e. c = 2No). 

R elations 

If R is a relation on a set X , R is called a pre-order if it is reflexive and 
transitive, and is called a (partial) order if it is also anti-symmetric. R 
is an equivalence relation if it is reflexive, transitive, and symmetric. By 
the transitive closure of R is meant t he smallest t ransitive relation on X 
containing R. 
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If A~ X, the diagonal of A is defined as .6.A = {(x,x) I x E A}. If 
A = X and there is no danger of confusion, we write .6.x simply as .6. . 

If A~ X xX andB ~ XxX, thenAoB = {(x,z) I :::lyE X such that (x,y) E 

A and (y, z) E B}. A2 denotes A o A, A3 denotes A o A o A, and so 
on. If U is any subset of X x X , then u-1 = { (x, y) I (y, x) E U}. If 
x E X then U(x) = {y E X I (x,y) E U}, and if A ~ X we denote 
U(A) = {y EX I (x,y) E U for some x E A}. 

If f : X ____. Y is a function, then f x f : (X x X) ____. (Y x Y) is the 
function defined by (J x J)(x, y) = (J(x), J(y)). If A~ X, then JIA denotes 
the restriction of f to the set A. 

Filters 

Given a set X , a non-empty family S of subsets of X is said to have the fi­
nite intersection property provided that the intersection of every non-empty 
finite subfamily of S is non-empty. If S has the finite intersection prop­
erty, the filter generated by s is given by fil ( S ) = { s ~ X I n 1-{ ~ 
S for some non-empty finite subset 11 of S}. If S is a subset of X , then 
fil ( S) denotes t he filter generated by the base { S}. 

An ultrafilter on X is a maximal filter , i.e. a filter that is not properly 
contained by any other filter on X. Note that if X is an infinite set, then 
the number of ultrafilters on X is 221x

1
. 

Lattices 

If :::; is a partial order on X, (X, :::; ) is called a partially ordered set. In any 
such partially ordered set, a E X is called a maximal element if x E X and 
a :::; x implies a= x. Minimal elements are defined similarly. Zorn's Lemma 
states that if (X,:::;) is a non-empty partially ordered set such that every 
non-empty chain of X has an upper bound , then X has a maximal element . 
The greatest lower bound .x 1\ y of two members .x and y of X is called the 
meet of .x and y, and the least upper bound x V y of x and y is called their 
join. If {.xi I i E I} is any collection of members of L, then ViEr xi and 
1\iE I xi are defined similarly. 

A partially ordered set L = (X, :::;) such that the meet and join of any 
two elements of L always exist is called a lattice (note that by x E L we 
mean .x E X). It is called a semilattice with respect to sup (or inf) if .x V y 
(respectively x 1\ y) exists in L for all .x, y E X. L is complete if arbitrary 
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meets and joins always exist in L. In this case the top (greatest) element of 
L is denoted by 1 and the bottom (least) element is denoted by 0. If A is 
a subset of X , :::; lA = :::; n (A x A) and ]( = (A.:::; lA) , then ]( is called a 
sublattice of L if for every x, y E ]( , x V y E J( and x 1\ y E K. 

If x, y E L , then x is said to cover y if y < x and there is no z E L such 
that y < z < :r . If x covers y , then x is said to be an immediate successor 
of y, and y an immediate predecessor of x . An element a of L is called an 
atom if it covers 0 , and an anti-atom if it is covered by 1. 1 a is said to be 
atomic if it can be written as the join of atoms, and anti-atomic if it can be 
written as the meet of anti-atoms. L is called atomic if every element of L 
other than 0 is atomic, and an anti-atomic lattice is defined similarly. 

If x E L , then y E Lis called a complement of x if xVy = 1 and xl\y = 0. 
L is called complemented if every x E L has at least one complement. 

A map from a lattice L to a lat tice ]( is called a lattice homomorphism if it 
preserves finite meets and joins. The map is called a complete homomorphism 
if it preserves arbitrary meets and joins. A homomorphism is called an 
embedding if it is one-to-one, and a (lattice) isomorphism if it is one-to-one 
and onto. f is called an automorphism if it is an isomorphism mapping 
a lattice L into itself. A lattice (X ,:::;) is called self-dual if it is lattice 
isomorphic to (X , 2:) (here 2:= (:::;)-1

) , and 2: is called the dual order of :::;. 
Lis called modular if x, y, z ELand x:::; z implies xV(yl\z) = (xVy)l\z . 

Lis said to be distributive iffor every x, y, z E L , xV (y 1\z) = (xVy) 1\ (xV z) 
(and x 1\ (y V z) = (x 1\ y) V (x 1\ z)) . Every distributive latt ice is modular. 

Proposition 2.1.1. A lattice is 

1. non-modular if and only if N 5 can be embedded into it, and 

2. non-distributive if and only if N5 or M3 can be embedded into it. 

Proof. See [10, pg. 89] . The lattices N5 and M 3 are as shown in the below 
figure. 0 

A lattice L is called upper semi-modular if for distinct x and y in L such 
that x and y cover an element z E L, x V y covers both x and y. A lower 
semi-modular lattice is defined dually. If Lis a complete atomic lattice with 
its set of atoms denoted by A , L is said to be tall if for every S ~ A, with 
s = v {X I X E S} ) we have { X E A I X :::; s} = n{ B I s ~ B ~ A, X, y E 
B and z:::; x V y implies z E B}. 
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Figure 2.1: Diagrams for the lattices N5 and M3 . 

2.2 Uniformities and Quasi-Uniformities 

In t his section we ment ion some basic defini tions and fundamental results 
pertaining to (quasi- ) uniformit ies used in this dissertation . However , proofs 
will be mostly omitted . Readers t hat are familiar wit h uniformities and quasi­
uniformit ies may opt to skip this section . The notation and convent ions used 
mostly correspond t o those used in [14] . 

D efinition 2. 2 .1. A quasi-uniformity on a set X is a non-empty family U 
of subsets of X x X such that 

1. U E U ===} !:::. ~ U, 

2. U E U ===} there is a K E U such that J( o K ~ U, 

3. U ~ A and U E U ===} A E U , and 

4. U, V E U ===} U n V E U . 

A uniformit y is a quasi-uniformi ty that satisfies the following addit ional 
symmetry condit ion: 

5. U E U implies u-1 E U. 

If U is a (q asi-) uniformity on X , then (X ,U ) (or , sometimes, just X ) 
is called a (quasi -} uniform space. Members of a quasi-uniformity are called 
entourages. A quasi-uniform space is called T 1-separated iff 
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A quasi-uniformity will be called non-symmetric if it is not a uniformity. 

Notation 2.2.2. IfU is a quasi-uniformity, then u- 1 is the quasi-uniformity 
given by {U- 1 I U E U} , and is called the conjugate of U. It is easily seen 
that a quasi-uniformity is a uniformity iff u = u-1

. 

D efinition 2. 2.3 . If (X ,U) is a quasi-uniform space and A ~ X is non­
empty, let UI A = {U n (A x A) I U E U} . U IA is called the restriction of U 
to A, and (A,UIA) is called a subspace of (X ,U). 

Definition 2. 2.4. If U is a quasi-uniformity on X , B is called a base for U 
if B ~ U and for every U E U there is a B E B such that B ~ U. B is called 
a subbase for U if {n H I H ~ B , H is non-empty and finite} is a base for U . 

Notation 2.2 .5. If U and V are quasi-uniformities on X , U is said to be 
coarser than V (and V finer than U ) if U ~ V. The discrete uniformity D x 
on X is the filter generated by the base { 6.} , and the indiscrete uniformity 
I x on X is {X x X} . If t here is no danger of confusion, Dx and I x will be 
denoted by D and I respectively. It is clear that every quasi-uniformity is 
coarser t han D and finer than I. 

D efinition 2. 2 .6. If (X, U ) and (Y, V) are (quasi-) uniform spaces, then a 
map f : X ---. Y is called (quasi-) uniformly continuous if for every V E V , 
(! X n- 1(V) E U. f is called a (quasi-) uniform isomorphism if it is one­
to-one, onto, and f as well as its inverse are (quasi-) uniformly continuous . 
If there exists a (quasi-) uniform isomorphism between U and V we write 
u~v. 

D efinition 2. 2. 7. Let { (X i, Ui) I i E I} be a family of (quasi-) uniform 
spaces. Then the product (quasi-) uniformity on rriE I xi) denoted by rriEI ui) 
is defined to b t he coarsest (quasi-) uniformity which makes all the projec­
tions 7ri : rr iE I xi ___. xi (for each i E I ) (quasi-) uniformly continuous. The 
product of two quasi-uniformities U and V is also denoted by U x V. 

D efinition 2. 2.8 . Let S be a collection of quasi-uniformities on a set X. 
Then we define the supremum of S to be 

v s = v UES u = fil( { u1 n ... n Un I for each 1 :S i :S n, ui E ui 
for some Ui E S,n E w}). 

V S is the coarsest quasi-uniformity finer than each U E S. 
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Pseudo-Metrics and Quasi-Pseudo-Me trics 

Definition 2. 2.9. A quasi-pseudo-metric on a set X is a function d : X x 
X- [O,oo) such that 

1. d(x , z) ~ d(x, y) + d(y, z) for all x, y, z EX, and 

2. d(x ,x) = 0 for all x EX. 

d is called a pseudo-metric if it also satisfies the following symmetry 
condition: 

3. d(x , y) = d(y, x) for all x, y EX. 

A pseudo-metric is called a metric if the second condition above is re­
placed by 

d(x,y) = 0 iff x = y. 

Definition 2. 2.10. Let p be a quasi-pseudo-metric on X. The collection of 
all sets of the form U{ = {(x,y) I p(x , y) < E} (also denoted simply by uf 
if there is no danger of confusion) form a base for a quasi-uniformity called 
the quasi-uniformity generated (or induced) by p, which is denoted by Up. If 
p is a pseudo-metric, Up is a uniformity. 

The connect ion between quasi-uniformities and quasi-pseudo-metrics be­
comes clear below. 

Lemma 2.2.11. Let (Un)nEw be a sequence of reflexive relations on a set X 
such that for each n E w, Un+l o Un+l o Un+l ~ Un. Then there is a quasi­
pseudo-metric d on X such that Un+l ~ {(x , y) I d(x , y) < (~)n} ~ Un for 
each n E w. If each of the Un are symmetric, then d can be found to be a 
pseudo-metric. 

Proof. See for example [23, Lemma 6.12] . Here the proof is done for sym­
metric Un and pseudo-metrics, but by leaving out the symmetry conditions 
one immediately obtains a proof for this lemma. 0 

Corollary 2.2 .12. Given a set X, every (quasi-) uniformity U on X can be 
written in the form 

for some family of (quasi-) pseudo-metrics {eli I i E I} on X. 
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D efinition 2.2.13. A quasi-uniformity is called quasi-pseudo-metrizable if 
there exists a quasi-pseudo-metric p such that UP = U. A uniformity U is 
similarly called (pseudo-) metrizable if there exists a (pseudo-) metric p such 
that UP= U. 

Corollary 2. 2.14. A quasi-uniformity U is quasi-pseudo-metrizable if and 
only if U has a countable base . 

Transitive Q asi-Uniformities 

D efinition 2. 2 .15. A quasi-uniformity U on a set X is called transitive if it 
has a base con isting of transitive relations on X. 

Proposition 2.2.16. If {U; I i E I} is a collection of transitive quasi­
uniformities on a set X , then v iE IU; is transitive too. 

Proof. This follows from the fact that the intersection of transitive relations 
is transitive. D 

Topologies Induced by Quasi-Uniformities 

Given any quasi-uniformity U on a set X, we can obtain a topology on X as 
follows: 

D efinition 2. 2 .17. Let (X , U ) be a quasi-uniform space. The topology in­
duced by U is given by 

T (U ) = {G ~X I for every x E G there is aU E U such that U(x) ~ G}. 

If Tis a topology on X , then U is said to be compatible with T if T(U) = T , 
and (X , T) is said to admit U. 

Several useful facts concerning these quasi-uniformly induced topologies 
are listed below. 

Proposition 2.2. 18 . IfU and V are quasi-uniformities on a set X such that 
U ~ V , then T (U ) ~ T (V). 

Proof. [14, Proposition 1.29]. D 

Proposition 2.2. 19 . Suppose f : (X,U) -> (Y, V) is quasi-uniformly con­
tinuous . Then f: (X, T (U ))-> (Y, T (V)) is continuous. 
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Proof. [14, Proposition 1.14]. D 

Proposition 2 .2.20. For any fam ily of quasi-uniformities {Ui I i E I} on a 
set X , T (f1 iE IUi) = f1iE I T (Ui) . 

Proof. [14, Se tion 1.16]. D 

Proposition 2 .2.21. If {Ui I i E I} is a collection of quasi-uniformities on 
a set X , then T (ViEIUi) = ViEI T (Ui) · 

Proof. [14, Section 2.3] . D 

Totally Bou ded Quasi-Uniformities 

D efinition 2. 2.22. Let U be a quasi-uniformity on a set X. U is said to be 
totally bounded if for every U E U there is a finite cover { Ai I 1 S i S n} 
(for some nEw) of X such that for each 1 SiS n, Ai x Ai ~ U. 

Proposition 2 .2 .23. Let U be a totally bounded quasi-uniformity and {Ui I 
i E I} a collection of totally bounded quasi-uniformities on a set X. Then 
the following holds: 

1. Any quasi-uniformity coarser than U is totally bounded, and 

2. v iE! Ui is totally bounded. 

Proof. [14, Section 1. 32]. D 

Given a topology T on X , we can always find a quasi-uniformity com­
patible with it , namely the Pervin quasi-uniformity. This is proven in the 
below proposition: 

Proposition 2 .2.24. Let (X , T ) be a topological space and let S = {(X x 
X ) - ( G x (X - G)) I G E T }. Then S is a subbase for a totally bounded 
transitive quasi-uniformity P compatible with T , called the Pervin quasi­
uniformity for (X , T ). 

Proof. [14, Proposition 2.1]. D 

Proposition 2 .2.25. Let (X , T ) be a topological space. The Pervin quasi­
uniformity is the finest totally bounded quasi-uniformity compatible with T. 

Proof. [14, Se tion 2. 2]. D 
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A concept that is closely related to total boundedness is t hat of precom­
pactness. 

D efinit ion 2.2 .26 . Let U be a quasi-uniformity on a set X. Then U is 
said to be precompact iff for each U E U there is a finite F ~ X such that 
U(F) =X. 

R emark 2 .2.27. It is not too difficult to see that every totally bounded 
quasi-uniformity is precompact, and that a uniformity is totally bounded if 
and only if it is precompact. 

2.3 Prox imities and Quasi-Proximities 

In this section we mention some basic results on (quasi- ) proximities used in 
t his dissertation. Again , readers that are familiar with proximities and quasi­
proximities may opt to skip this section. The notation and conventions used 
mostly correspond to t hose used in [14]. 

D efinit ion 2 .3 .1. A relation 6 on p(X) is called a quasi-proximity on X iff 
it satisfies the following conditions (here A6B means (A, B) E 6, and AJB 
means (A, B) rj. 6) : 

1. XJ0 and 0JX , 

2. C6 (AU B) if and only if C6A or C6B, and 
(Au B) 6C if and only if A6C or B6C , 

3. {x}6{x} for each x E X , and 

4. if AJB, there exists a C ~ X such that AJC and (X - C) JB. 

A proximity is a quasi-proximity satisfying the following additional sym­
metry condition: 

5. 6 = 6- 1 . 

If 6 is a (quasi- ) proximity on X , (X , 6) is called a (quasi-) proximity 
space. If t here is no danger of confusion, we will simply refer to X as a 
(quasi-) proximity space. A quasi-proximity space is called T1 -separated if 
the third condition above is replaced by 

{x}6{y} iff x = y. 
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D efini t ion 2 .3 .2. If A and B are subsets of X in the quasi-proximity space 
(X, 6), A is said to be near B if A6B and A is said to be far from B if AJB. 
If 6 is a proximity, then A is near B iff B is near A. In this case, we simply 
say that A and B are proximal. 

D efini t ion 2 .3.3. If 6 and pare two quasi-proximities on a set X , then we 
say that 6 is finer than p (or p is coarser than 6) if 6 s;;; p. The discrete 
proximity is defined by letting A6B iff An B i- 0. This is the finest quasi­
proximity on X. There is also a coarsest quasi-proximity on X , defined by 
letting A6B iff A i- 0 and B i- 0. 

Top ologies I nduced by Quasi-Proximities 

D efini t ion 2.3.4. Let (X , 6) be a quasi-proximity space. Then the function 
cl8 : p(X ) ~ p(X ) defined by cl0(A) ={xI {x}6A} for As;;; X is a closure 
operator for a topology on X. The topology T (6) generated by this closure 
operator is called the topology induced by 6. 

If (X , T ) is a topological space, it is said to admit a quasi-proximity 6 
(and 6 is said to be compatible with T ) if 6 induces T. 

Quasi-Prox im ities Induced by Quasi-U niformities 

So far we have seen that a quasi-uniformity can induce a topology, and that a 
quasi-proximity can induce a topology. Now we show how a quasi-uniformity 
can induce a quasi-proximity. 

D efini t ion 2. 3 .5. If (X, U) is a quasi-uniform space, the quasi-proximity 
induced by U is the quasi-proximity 6u defined by letting A6uB iff for each 
u E U , (A X B) n u i- 0 (or otherwise put , U(A) n B i- 0). ote that if u 
is a uniformity, then 6u is a proximity. If A6uB , we sometimes say that A is 
near B in (or with respect to) U . 

Given a quasi-proximity 6 on X , a quasi-uniformity U on X is said to 
be compatible with 6 if 6u = 6. The class of all quasi-uniformities that are 
compatible with a quasi-proximity 6 will be denoted by 1r(6), and is called the 
quasi-proximity class of 6. If 6 is a proximity, 1r(6) is also called a proximity 
class. 

D efini t ion 2 .3.6. A quasi-uniformity is called proximally fine iff it is t he 
finest among all quasi-uniformities inducing its quasi-proximity, i.e. iff it is 
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the finest member of its quasi-proximity class . Tote that not every quasi­
proximity clas need have a finest member. Y~Then speaking in the context of 
uniformities only, as in Chapter 4, a uniformity is called proximally fine iff 
it is the finest uniformity inducing its proximity. 

Quasi-unif rmities that induce the same proximity as the discrete uni­
formity (namely the discrete proximity) are called proximally discrete. If 
a quasi-uniformity is not proximally discrete, it is called proximally non­
discrete. It is easily seen that the indiscrete uniformity induces the coarsest 
quasi-proximity on X - see Definition 2.3.3 (the indiscrete uniformity is in 
fact the unique member of its proximity class). 

Proposition 2 .3. 7. If U and V are quasi-uniformities on a set X such that 
U s;,; V, then ov s;,; Ou. 

Proof. [14, Proposition 1.29]. D 

Proposition 2.3.8. Let U be a quasi-uniformity on a set X. Th en T (U ) = 
T ( ou). Hence, if U is compatible with the quasi-proximity o, then T (U ) = 

T (o). 

Proof. Suppose G E T (U ). We show X- G is closed in T (ou). Suppose x E 

G, then for some U E U we have U(x) s;,; G. Hence ( {x} x (X- G)) n U = 0, 
so {x }Su(X- G) and x (j. clou(X- G). Therefore, X- G is closed in T (ou), 
and hence G E T (ou ). 

Now suppose that G E T (ou) . Then X- G is closed in T (ou) . Suppose 
x E G. Then { x} Su (X - G), and therefore t here is a U E U such that 
({x} x (X- G)) n U = 0. Hence U( x) s;,; G, proving that G E T (U ). 

Hence T (U ) = T (ou) . If U is compatible with o, then ou = o, so T (U ) = 
T (ou) = T (o). o 

Quasi-Uniformities Induced by Quasi-Proximities 

D efinition 2. 3 .9. Given a quasi-proximity o on X , the quasi-uniformity 
induced by o, denoted by U0 , is generated by the sub base { (X x X )- (Ax B) I 
ASB} . If o is a proximity, then U0 is a uniformity. 

We have now obtained both a quasi-proximity from a quasi-uniformity 
and a quasi-uniformity from a quasi-proximity, i. e. we have a map of the 
form 
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In light of thi , a natural question to ask is whether the correspondence 
between quasi- niformit ies and quasi-proximities on a set X is one-to-one. 
This is not exactly the case , but the below theorem does show that there 
is in fact a one-to-one correspondence between quasi-proximities and totally 
bounded quasi-uniformities. 

Theorem 2.3 .10. Let (X , 5) be a quasi-proximity space. Th en U0 zs the 
unique totally bounded quasi-uniformity compatible with c5, and U0 zs the 
coarsest quasi-uniformity compatible with c5 . 

Proof. [14, Theorem 1.33]. 0 

D efinition 2. 3 .11. If U is a quasi-uniformity, we let l;fw denote the totally 
bounded quasi-uniformity compatible with c5u . In other words, we denote 
Uou by Uw· 

R emark 2.3. 12. It is worth noting that 

Uw = fil ( {(X x X ) - (A x B ) I ~U E U such that U n (A x B ) = 0} ). 

It is easily see that Uw is the finest totally bounded quasi-uniformity on X 
that is coarser than U. This follows from Theorem 2.3.10 and because any 
quasi-uniformity V such that Uw ~ V ~ U is compatible with Ou , since both 
U and Uw are (see Proposition 2.3.7) . 

Proposition 2.3.13. Two quasi-uniformities U and V on a set X induce 
the same quasi-proximity if and only if Uw = Vw. 

Proof. [14, Section 1.37]. 

Proposition 2.3. 14. For each quasi-uniformity U , (U- 1 )w = (Uw)-1 . 

Proof. [14, Section 1.40]. 

Proposition 2 .3.15 . For any quasi-uniformity U, T (Uw) = T (U). 

0 

0 

Proof. Since Uw = Uou and hence Uw is compatible with c5u, we have T (Uw) = 
T (ou). But T (ou) = T (U) by Proposition 2. 3. , and hence T (Uw) = T (U). 

0 
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Chapter 3 

T he lattice of Topologies 

The lattice of topologies on a set X has already been studied in detail , 
and much has become known about this lattice. In this chapter we give 
a summary of t he most important discoveries. The intent of this chapter is 
mainly to illustrate what can be achieved when studying lattices of structures 
on a set X in general. Hence, proofs of theorems are mostly omitted, and we 
do not go into too much detail. A large portion of this chapter was obtained 
from [32] . 

3.1 Introduction 

Notation 3.1.1. We will denote the collection of all topologies on a set X, 
ordered by set inclusion~' by ~(X). 

Theorem 3.1.2. For any non-empty set X, ~(X) is a complete lattice, with 
bottom element the indiscrete topology and top element the discrete topology 
on X. If C is a collection of topologies on X , their join V C in ~(X) is 
the topology generated by the base { G 1 n ". n Gn I for each 1 ~ i ~ n, G; E 
T; for some T; E C, n E w}, and their meet is given by n C. 

Proof. See [5]. D 

There have been extensive efforts to determine the exact cardinality of 
~(X) for any given X. In the case t hat X is infinite, this goal has certainly 
been achieved - it turns out to be the set-theoretic maximum. 

Theorem 3.1.3. If X is infinite, then \~(X) \= 221
x

1
. 
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Proof. See [15]. 0 

However, finding the cardinality of ~(X) when X is finite is not quite so 
straightforward . There is no known formula , but some partial results have 
been obtained, a few of which are listed below. 

Theorem 3.1.4. Suppose that X is finite. If lXI = 1, 2, 3, 4, 5, 6 or 7, then 
I~(X)I = 1, 4,29,355 , 6942, 209527 and9535241 respectively. If iXI = n :/= 1, 
then 2n ~ I~(X)I ~ 2n(n-l). 

Proof. This theorem was proved piecewise in several different papers. See 
[32, Theorem 1.5] for the list . 0 

3.2 Atoms in ~(X) 

Atoms in ~(X) turn out to be relatively simple structures, as we shall see 
below. Relevant questions to ask would be how many atoms there are in 
~(X) for a given set X , whether the lattice is atomic and, if not, which 
topologies will be the atomic members of ~(X). These questions are all 
answered below without too much effort. 

Theorem 3.2 .1. [60] A topology T is an atom in ~(X) if and only if it has 
the form {0 , G, X}, where 0 s;; G s;; X. 

Proof. Clearly each topology T having the above form is an atom. Con­
versely, if T does not have the above form , it is either the indiscrete topology 
or contains at least two sets G1 :/=X and G2 :/= X that are not empty. Then 
{0, G1, X} s;; T , so T is not an atom. 0 

Corollary 3 .2 .2 . [60] ~(X) is an atomic lattice. 

Proof. For any non-indiscrete topology T , write T = { Gi I i E I} = 

ViE 1 {0, Gi, X} for some index set I. 0 

Corollary 3.2.3 . [60] If X is finite, non-empty and lXI = n, then ~(X) 
has 2n - 2 atoms. If X is infinite, ~(X) has 2IXI atoms . 

Proof. The number of atoms in ~(X) is lp(X)I - 2 for any non-empty set 
X. 0 

18 

• 



3.3 Anti-Atoms in ~(X) 

As was the case with atoms, all the obvious questions regarding anti-atoms in 
I:(X) have been answered . We show in particular that I:(X) is anti-atomic, 
and give a full descript ion of the anti-atoms in I:(X). 

We will need the following definition. 

D efinition 3.3 .1. Suppose that F is an ultrafilter on X and that X¢ n F. 
Denote T (x,F) = {G ~X I x ¢GorGE F}. T (x,F) is called an 
ultratopology on X , and it is said to be principal or non-principal depending 
on whether F is principal or non-principal. 

Theorem 3 .3 .2. A topology T is an anti-atom in L:(X) if and only if it is 
an ultratopology. 

Proof. See [15]. 

Corollary 3.3 .3. I:(X) is an anti-atomic lattice. 

Proof. See [15]. 

0 

0 

Corollary 3.3 .4. If X is finite, non-empty and lXI = n, L:(X) has n(n -1) 
anti-atoms. Otherwise, if X is infinite, L:(X) has 221x

1 anti-atoms. 

Proof. See [15]. 0 

3.4 Adj cent Topologies in ~(X) 

In this section we present some results regarding which topologies have im­
mediate successors and which have immediate predecessors in I:(X). 

Before we c ntinue we note that, in general, any two adjacent topologies 
are related in the following manner: 

Proposition 3.4 .1. Suppose that T and 0 are adjacent topologies on X , 
say T s;; 0. Then 0 is the topology generated by the subbase T U {A} for 
some A¢ T . 

Proof. [35, Lemma I.l.4] Pick A E 0 - T , and let H be the topology gen­
erated by the subbase T U {A}. Then T s;; H ~ 0. Since 0 and T are 
adjacent, we must conclude that H = 0. 0 
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3.4.1 Immediate Successors 

We start by mentioning some topologies which will always have immediate 
successors in (X). We will then also give examples of topologies which do 
not have immediate successors in ~(X). 

Theorem 3 .4. 2. Let T be a (completely) regular but non-T 1 topology on X. 
Then T has an immediate successor in ~(X). 

Proof. [35, Theorem 1.2.9, Corollary 1.2.10]. D 

Corollary 3.4.3. Every pseudo-metric topology which is not a metric topol­
ogy has an immediate successor in ~(X). 

Proof. [35, Theorem 1.2.11] Every pseudo-m tric topology Tis regular. If in 
addition to this Tis not a metric topology, it is not T1 , and hence this result 
follows from T heorem 3.4.2. D 

The condition that T be non-T1 in the above results cannot be omitted. 
In [36, Example 4.1] and [35, Example 1. 4.2] it is proven that there exists a 
completely regular topology that has no immediate successor . 

Theorem 3.4.4. LetT be a T1, first countable, completely normal topology 
on X. Then T does not have an immediate successor in ~(X). 

Proof. [35, Theorem 1.4.3] . D 

Corollary 3.4.5. No metric topology on X has an immediate successor in 
~(X). 

Proof. [35, Theorem 1.4.7] A metric topology is T1, completely normal and 
first countable, so this result follows from the above theorem. D 

3.4.2 Immediate Predecessors 

il\Te now summarize some results regarding which topologies will have imme­
diate predecessors in ~(X). 

Theorem 3.4.6. LetT be a non-indiscrete topology on X that is either reg­
ular, completely regular or Hausdorff. Then T has an immediate predecessor 
in ~(X). 
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Proof. [35, Theorem II.1.8, Theorem II.l. 10, Corollary II.l.ll]. 0 

Corolla ry 3.4. 7. Let T be a non-indiscrete pseudo-metric topology on X. 
Th en T has an immediate predecessor in ~(X) . 

Proof. [35, Th orem II. l. 12] This follows from the above theorem, as every 
pseudo-metric topology is regular. 0 

It clearly follows from the above corollary that every non-indiscrete metriz­
able topology as an immediate predecessor in ~(X) . In the light of Corol­
lary 3.4.5, this is somewhat surprising, seeing as no metric topology has an 
immediate successor. On the other hand, it is interesting that every pseudo­
metric topology that is not a metric topology will always have an immediate 
successor and predecessor (Corollaries 3.4.3 and 3.4. 7). 

3.5 Complements in ~(X) 

The questions of whether ~(X) is complemented and of how many com­
plements a given topology can have have been answered to a large extent 
already. We list the most important of these results here. 

Proposit ion 3 .5 .1. For any set X , ~(X) is complemented. 

Proof. See [61] and [58] . 0 

Theor em 3.5 .2. If X is infinite, every topology in ~(X) (except the discrete 
and indiscrete topologies) has at least lXI complements. 

Proof. See [55]. 0 

Theorem 3.5.3. If X is infinite, there exists a subset of ~(X) of cardinality 
lXI such that any two elements in this subset are complements of each other. 

Proof. See [2]. 0 
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3.5.1 AT Topologies and Complements in I:(X) 

The idea of an AT topology has been very prominent in the area of com­
plementation of topologies. Results illustrating the role of AT topologies 
in complementation are given throughout [62]. We will not elaborate too 
much on the subject here; however, this notion will prove to be useful in the 
chapters to come, and hence we give a small introduction to these topologies 
below. 

D efinition 3. 5 .4. Let (X,~) be a pre-ordered set . The Alexandroff-Tucker 
(AT) topology for (X,~) is the topology generated by the base { {y E X I 
y2:x}!xEX} . 

Lemma 3.5.5 . If T is the AT topology for the pre-ordered set (X,~), 

X ~ y ¢:? (\/U E T , X E U '* y E U) ¢:? Y E Ux, 

where Ux denotes the intersection of all open neighbourhoods of x in T. Hence 
Ux= {yiy2:x}. 

Proposition 3 .5.6. A topology is an AT topology if and only if arbitrary 
intersections of open sets are open. 

Proof. Suppose first that T is a topology on X such that arbitrary intersec­
tions of open sets are open. Define the pre-order ~ on X by letting x ~ y iff 
for all U E T , x E U ~ y E U. Then Tis the AT topology for (X,~). 

Conversely, arbitrary intersections of open sets in a given AT topology 
on X are open, since by the above lemma, u); is open for each X E X. 0 

Proposition 3 .5.7. [62, Section 2] The set of AT topologies on X under 
inclusion and the set of pre-orders on X under reverse inclusion are isomor­
phic.1 

Proof. (Sketch) If S and R are pre-orders on X , and the collection of all 
pre-orders on X is ordered by reverse inclusion, then S 1\ R = UnEw(S U R )n 
(the transitive closure of SU R ) and S V R = S n R. 

Using the above lemma it is easy to prove that, if AT(R) denotes the AT 
topology generated by the pre-order R, AT(R 1\ S) = AT(R) 1\ AT(S) and 

1 Note that [62 , Section 2] claims that the set of AT topologies on X ordered by inclusion 
is isomorphic to the set of pre-orders on X ordered by inclusion . 

22 



AT(R V S) = AT(R) V AT(S) . It also follows easily that the relationship 
between pre-orders on X and AT topologies on X is 1-1 - no two distinct 
pre-orders induce the same AT topology. D 

Proposition 3.5.8 . Every topology in L:(X) has a complement that is an 
AT topology. 

Proof. See [62, Proposition 3]. D 

3.6 Latt ice Structure of ~ (X ) 

In this section we look at t he lattice structure of I:(X), i.e . properties like 
distributivity, tallness and self-dualness. 

The structure of I:(X) t urns out to be not at all simple, as the fo llowing 
theorem illustrates. 

Theorem 3.6.1. If lXI > 2, then L:(X) is non-distributive, non-modular 
and not even upper or lower semi-modular. 

Proof. [58], [60] and [33] . D 

From the sections on atoms and anti-atoms we see that if X has more 
than three elements, I:(X) has more atoms than anti-atoms. This leads to 
the following observation . 

Theorem 3.6 .2. If lXI > 3, then L:(X) is not self-dual . 

Proof. [58] Thi follows immediately from Corollaries 3.2.3 and 3.3.4. D 

Finally, we have below yet another theorem demonstrating the complexity 
of I:(X). 

Theorem 3.6 .3. I:(X) is tall iff X is finite. 

Proof. See [18] . 
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3.7 Morphisms of ~(X) 

In this section we take a quick look at a few theorems concerning the number 
of homomorphi ms of ~(X), and the group of automorphisms of ~(X). These 
results have important implications for the topological properties of members 
of ~(X) , which will be mentioned as well. 

Theorem 3. 7 .1. For every lattice L, there exists a set X such that L may 
be embedded in ~(X). 

Proof. [32, Theorem 1.9]. 0 

Theorem 3 .7 .2 . If lXI 1: 2, ~(X) has only trivial lattice homomorphisms, 
i.e. every lattice homomorphism of ~(X) onto a lattice L is either a lattice 
isomorphism, or L consists of a single element. 

Proof. See [18]. 0 

Theorem 3.7.3 . If X contains one or two elements or is infinite, the group 
of lattice automorphisms of ~(X) is isomorphic to the symmetric group on 
X .2 Otherwise, if X is finite and contains more than two elements, the group 
of lattice automorphisms of ~(X) is isomorphic to the direct product of the 
symmetric group on X with the two-element group. 

Proof. [15], [18]. 0 

R em ark 3. 7 .4 . [32, pg. 181] Suppose X is an infinite set. It follows from 
the above theorem that any automorphism of ~(X) simply permutes the 
elements of X. Hence , every automorphism of ~(X) would map a topology in 
~(X) onto a homeomorphic image. Consequently, the topological properties 
of a member of ~(X) must be determined by its position in ~(X). In other 
words, the above theorem has the following consequence: 

Let X be an infinite set and P a topological property. Then the 
set of topologies in ~(X) possessing property P may be identified 
simply from the lattice structure of ~(X). 

2The symmetric group on X is the group S x = {! : X ---> X I f is a bijection}. Hence , 
Sx is essentially a group of permutations on X , as the members of Sx just permute the 
elements of X. 
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The following theorem illustrates the concept mentioned in the above 
remark. 

Theorem 3.7.5. If T is an anti-atom in L:; (X ), then T is T1 iff it has no 
maximum complement in L:;(X). 

Proof. See [54]. 0 

3.8 Maximal and Minimal Topologies 

A concept that is closely related to atoms and anti-atoms in L:; (X ) is that of 
topologies that are maximal or minimal with respect to a given topological 
property. A topology T on X is said to be maximal with respect to a 
topological property P if T has property P and T s;; H for any topology 
H on X implies that H does not have property P. It is clear that such a 
maximal topol gy need not be the greatest topology that has property P. If, 
however , this is the case, then Tis called maximum with respect to property 
P . Topologies that are minimal and minimum with respect to a topological 
property are defined similarly. 

As we shall see, topologies that are maximal or minimal with respect to 
a given topological property can often be characterized very specifically in 
terms of their underlying topological structure. 

It may also be the case that a property possessed by a topological space 
can be characterized in terms of a certain property the space is minimum or 
maximum with respect to . For example: 

Theorem 3 .8. 1. Let (X , T ) be a topological space . The following conditions 
are equivalent: 

1. Every one-to-one map of (X , T ) onto itself is a homeomorphism. 

2. T is minimum with respect to a certain topological property ? 1 . 

3. T is maximum with respect to a certain topological property ? 2 . 

Proof. See [31, Theorem 1]. In the proof of [3 1, Theorem 1] a space (Y, To) 
is defined to have property ? 1 if there xists a one-to-one, onto , continuous 
map f : (Y, To ) ---4 (X, T ). It is defined to have property ? 2 if there exists a 
one-to-one, onto, continuous map f : (X, T ) ---4 (Y, To ). 0 
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A result similar to the above involving minimal and maximal topologies 
and continuous one-to-one maps can be found in [49]. 

Before continuing, we note that there need not be a maximal topology 
for every topological property: 

Example 3 .8.2 . [32, pg. 190] Let X be an uncountable set. Then it is easy 
to see that neither the property of separability nor the property of second 
countability has a maximal topology. On the other hand , if X were countable, 
the discrete topology would be the maximum separable and second countable 
topology. As [32, pg. 190] notes, it is clear that the discrete topology will be 
maximum with respect to a number of topological properties. For example, 
it is maximum T0 , T1 , T2 , regular , normal and disconnected, to name but a 
few. 

[32, pg. 191-192] continues by giving two tables of characterizations of 
maximal and minimal topologies respectively in terms of a number of well­
known topological properties . Vle list only a few of these here as an illustra­
tion. For the references, see [32, pg 191- 192]. 

Property Characterization of Maximal Topologies 
Compact maximal iff the closed subsets are precisely the 

compact subsets 
Countably Compact maximal iff the closed subsets are precisely the 

countably compact sets 
Sequenti ally Compact maximal iff the closed subsets are precisely the 

sequenti ally compact sets 
Lindelof maximal iff the closed subsets are precisely the 

Lindelof subsets 
Non-T0 maximal iff it has the form 

T (x , fil ({y} )) n T (y , fi l ({x})) 
Non-T1 maximal iff it is a principal ultratopology 

Table 3. 1: Characterizations of topologies that are maximal with respect to 
certain topological properties. 
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Property Characterization of Minimal Topologies 

To minimal iff it is To, nested (a chain), and the complements of 
the point closures generate the topology 

T1 minimal iff the closed proper subsets of the topology are 
precisely the finite subsets 

T2 minimal iff it is T2 and every open filter with a unique cluster 
point converges 

T3 minimal iff it is T3 and every regular filter with a unique cluster 
point converges 

Metrizable minimal iff it is metrizable and compact 

Table 3.2: Characterizations of topologies that are minimal with respect to 
certain topological properties. 

3.9 Subcollections of Members of ~(X) 

Many subfamilies of I:(X) which are also lattices have been investigated. 
Among these are the lattices of T1-topologies, partition topologies , regular 
topologies, completely regular topologies, and many more (see [32, pg. 181 
- 1 9]). Such ubcollections can be studied in much the same way as I:(X) 
has been studied. In this section, however, we will concentrate on the lattice 
of T1- topologies. 

Notation 3.9 .1. The lattice of T1-topologies on a set X ordered by set 
inclusion ~ will be denoted by i\.(X). 

It is easy to see that i\.(X) is a (complete) sublattice of I:(X). The table 
below gives a short summary and comparison of these two lattices.3 Refer­
ences given in this table are for the results for i\.(X) , as the corresponding 
results for I:(X) have already been cited throughout this chapter. 

Most of the other lattices mentioned at the beginning of this section, 
though, are not sublattices of I:(X). Take for example the lattices of regular 
topologies and completely regular topologies. We know that the join in I:(X) 
of (completely) regular topologies is (completely) regular , but that this need 
not be the case for the meet of (completely) regular topologies. 

3 See [32, Sectwn II] for more details on A(X). 
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Lattice Property ~(X) i\. (X) References 
Complete / / [5] 
Atomic / X [4], [60] 
Anti-Atomic / / [15] 
Complemented / X [57] 
Modular / Distributive X X [4] 
Upper / Lower Semi-Modular X / [33] 
Cardinality for 
Finite X Generally > 1 1 [15] 
Cardinality for 
Infinite X 22IXI 22IXI [15] 

Table 3.3: A comparison of ~(X) with its sublattice A(X). / indicates that 
the lattice possesses the given property, and x indicates that it does not. 

The below table lists some topological properties , indicating which are 
preserved under finite meets, arbitrary meets, finite joins and arbitrary joins 
respectively. From this table it is possible to identify which subcollections 
of ~(X) will be sublattices of ~(X) , and which will be complete sublattices. 
This table was obtained from [32, pg. 184]. 

Topological Property A 1\ v v c ~ -
T1 / / / / X / 
T0 , T2 , Totally Disconnected X X / / X / 
T3 , Regular, Completely Regular, 
Zero-Dimensional X X / / X X 

First and Second Countable X X / X X X 

Principal / / / X X X 

Compact , Lindelof, Connected , Separable / / X X / X 

Locally Connected / / X X X X 

T4 , T5 , (Completely) Normal, Paracompact, 
Locally Compact X X X X X X 

Table 3.4: A table of topological properties preserved under meets and joins. 
/ indicates that the property is preserved, x indicates that it is not. 

We will not investigate any of these collections of topologies any further 
- for some examples discussed in detail see [32] . 
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Chapter 4 

The Lattice of Uniformities 

In this chapter we study the lattice of uniformities on a set X, vvhich, in 
this presentation, will be ordered by set inclusion. A large proportion of the 
results presented are due to J. Pelant, J. Reiterman, V. Rodl and P. Simon, 
and the main references are [45], [46] and [47] . It is fair to warn that all 
of the above use reverse inclusion as their order on the uniformities of X. 
Hence, for example , their meets will be our joins and their atoms will be our 
anti-atoms. They also define uniformities in terms of covers of X , whereas 
we have used entourages to define uniformi ties1 All of the results in this 
chapter are presented in terms of entourage uniformities. 

In order to avoid repetition it will sometimes happen that we state a 
result in this chapter but delay its proof until Chapter 5. There it is then 
either done f01 the more general case of quasi-uniformities, or derived from 
other results obtained there. 

4.1 Introduction 

Notation 4.1. 1. Consider the collection of all uniformities on a set X. When 
this collection is equipped with the partial order~ (set inclusion) , one obtains 
a lattice which will be denoted by w(X) . 

It is clear t hat the top element of w(X ) will be the discrete uniformity 
and the bottom element the indiscrete uniformity. Given a collection S of 

1See for example [20] and [13, Section 8. 1]. The former uses uniformities defined in 
terms of covers th roughout the ir exposition, and the latter gives a proof of t he equ ivalence 
of the two definitions . 
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uniformities on X , the join of all the uniformities inS is given by V S, which 
was defined in Definition 2.2.8. It is also clear that, if we write S = {Ui I i E 
I}, then 

1\ s c fil ( {u ui I ui E ui for each i E I}) 
iE / 

ns. 
Hence, we can summarize \lf (X ) as follows: 

Theorem 4.1.2. For any set X , \lf(X) is a lattice with top element D and 
bottom element I. If S is any non-empty collection of uniformities on X , 
then v s = fil ( { ul n u2 ... n Un I each ui E ui for some ui E s' n E w}). 
Hence, since \If (X ) is bounded below, it is a complete lattice and 1\ S is given 
by the join of all the uniformities coarser than n s . 

4.2 Atoms in w(X) 

Most of the results regarding the atoms of \lf (X) can be deduced immediately 
from a set of corresponding results obtained for quasi-uniformities in the next 
chapter. Hence we will leave the proofs until we have dealt with the quasi­
uniform case (see Section 5.2). We do mention the most important results 
here, though , with references to where the proofs are given. 

Example 4.2.1. The simplest example of an atom in \lf (X) is what is called 
a trivial atom. Such an atom has the form 

fil (((X- {x}) x (X- {x})) U 6 ) 

for any x EX. It is clear that this is in fact an atom in \lf(X) , since if U is a 
symmetric relation on X such that ((X- {x}) x (X- {x}))U6 ~ U, then 
UoU = X X X. 
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X 

X 

X ·· · ···--- ~ 

Figure 4.1: Diagrammatical representation of H { x} = ( (X - { x}) x (X -
{x}))ut:.. 

We obtain the general form of an atom in W(X) by replacing the singleton 
{ x} in the abo e example by any non-empty proper subset A of X. We have 
the following notation for these atoms: 

otation 4.2.2. We will denote, for any non-empty proper subset A of X , 

HA =(A X A) u ((X- A) X (X- A)). 

Note that this is an equivalence relation on X , and hence we can define a 
corresponding uniformity HA = fi.l (HA )-

• X 

~~~~--~------• X 
A2 A, · ·· ·· ·· ··~ 

Figure 4.2: Diagrammatical representation of the set HA-
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Proposition 4 .2.3. A is an atom in \li (X) if and only if A= HA for some 
non-empty proper subset A of X. 

Proof. See Corollary 5.2.12. D 

Corollary 4.2.4. If X is finite, non-empty and lXI = n "/= 1, W(X) has 
2(n- l ) - 1 atoms. If X is infinite, \li(X) has 21XI atoms. 

Proof. See Cor llary 5.2.13. D 

Proposition 4 .2 .5. All atoms in \li(X) are transitive and totally bounded, 
and a uniformity is an atomic member of w (X) if and only if it is transitive 
and totally bounded. 

Proof. See Corollary 5.2.16. D 

Finally there is still a question that has not yet been considered. Is w(X ) 
atomic? The answer is no. In fact , we will give an example of a uniformity 
that does not contain a single atom of w(X). However, as this example 
answers the same question for the quasi-uniform case, we will delay it until 
the next chapter . See Example 5.2.18. 

4.3 Anti-Atoms in w(X ) 

We start this section with some basic results on anti-atoms in w(X). We will 
then proceed to study the proximally discrete and proximally non-discrete 
anti-atoms of W(X) separately. 2 

Our first basic result uses Zorn's Lemma to prove the existence of anti­
atoms in w(X ). 

Proposition 4 .3.1. For any set X and every non-discr·ete uniformity U on 
X, U is contained by an anti-atom in w (X). 

Proof. This proof is done for the more general case of quasi-uniformities in 
Proposition 5.3.1. D 

2 A good percentage of the results stated on anti-atoms in \li(X) can be found in [46] 
and [47]. 
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Example 4.3.2. As a concrete example of an anti-atom in \lf (X), consider 
the uniformity A generated by the pre-order { ( x, y), (y, x)} U !::. , for x i- y. 
It is clear that A is an anti-atom, and A is called a trivial anti-atom for 
similarly obvio s reasons. 

Notation 4 .3 .3 . Suppose that x, y E X such that x i- y. The trivial anti­
atom fil({(x,y)} U {(y ,x) } U 6.) of \lf(X) will be denoted by J( (x,y) · 

The below proposition shows that trivial anti-atoms are an exceptional 
case, as they are the only anti-atoms that are not T1-separated and do posses 
a non-isolated point. From these results it will also follow that \lf (X ) is not 
anti- atomic. 

Proposition 4. 3 .4 . [46, Proposion 2.4] All anti-atoms of \lf (X) , except the 
trivial ones, are T1 -separated and all their points are isolated. 

Proof. Suppose that U is an anti-atom that is not T1-separated. Then we 
can find a point (X, y) E n u such that X i- y. Then u ~ J( (x,y) and hence 
U = J( (x,y), soU is trivial. 

Now suppose that x E X is not isolated with respect to T (U), where 
U is a non-trivial anti-atom in \lf(X ). Suppose also that for some V E U, 
V ~ ({x} x X) U (X x {x}) U 6. , and let U E U be symmetric such that 
U2 ~ V . If (x, y) E U and (x, z) E U where y, z i- x, then (z, y) E U2 ~ V, 
so z = y . So there is at most one y i- x such that (x, y) E U. Hence, since 
U ~ ( {x} x X ) U (X x {x}) U !::. and U i- V , U = { (x, y)} U { (y, x)} U!::. for 
some y i- x, contradicting that U is non-trivial. Hence, every member of U 
contains an el ment of ((X- { x}) x (X- { x} )) - !::.. Therefore, if V is the 
uniformity generated by the equivalence relation ((X- {x}) x (X- { x} )) ut::., 
U V V is not discrete, and it is strictly finer than U since x is isolated with 
respect to T (U V V). We have contradicted the fact that U is an anti- atom, 
and the proof IS complete . D 

Corollary 4 .3 .5. If X is infinite, \II (X ) is not anti-atomic. 

Proof. [46, Corollary 2.4] Suppose U is a T1-separatecl uniformity on an in­
fini te set X such that there is at least one x E X that is not isolated with 
respect to T (U ). Let U' = UVfil( ((X- {x}) x (X- {x})) U !::. ). Then U' 
is strictly finer than U because ((X- {x}) x (X- {x})) U !::. is not in U. 
Note that U cannot be contained by a trivial anti-atom, as it is T1-separated. 
Hence, if A is an anti-atom such that U ~A, ((X- {x}) x (X- {x} ))u t::. E A 
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by the above proposition , and hence U' ~ A. Consequently U can not be the 
meet of anti-atoms. D 

For the purpose of studying the anti-atoms of W(X) further , we have 
divided them into two categories: the proximally discrete and the proximally 
non-discrete anti-atoms. We will see that every anti-atom of W(X) is related 
to an ultrafilter on X in a certain way, and that the category to which 
an anti-atom belongs is determined by (and determines) the nature of this 
relationship. 

4.3.1 Prox imally Discret e Anti-Atoms 

In this section we will give a necessary and sufficient condition for an anti­
atom of w(X) to be proximally discrete in terms of ultrafilters on X . 

Before we tart , we make a note on the existence of proximally discrete 
anti-atoms in w(X). 

R em ark 4.3 .. Suppose that X is infinite. Then since 'Dw is totally bounded 
and D is not, 'Dw £; D. Hence, if X is infinite, there is always at least 
one non-discrete uniformity inducing the discrete proximity. By Proposition 
4.3 .1, 'Dw must be contained by an anti-atom of W(X) , which then has to be 
proximally discrete because 'Dw is . Therefore, \lJ (X) will always have at least 
one proximally discrete anti-atom. 

However , if X is finite , all uniformit ies are totally bounded and hence 
unique in their proximity classes. Hence, since D will be unique in its prox­
imity class, there will be no proximally discrete anti-atoms. 

The first step in establishing the relationship between the proximally 
discrete anti-atoms of W(X) and ultrafilters on X , is to make use of a filter 
on X to define a uniformity on X. 

D efinition 4.3. 7 . [47, Section 1.1] Suppose F is a filter on X . Then UF is 
defined to be the uniformity generated by the base consisting of all sets of 
the form 

(F X F) u 6. , 

where F E F. UF is called the filter uniformity with respect to F. 
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R emark 4 .3. 8. IfF is an ultrafilter on X , UF is proximally discrete. For 
suppose that A and B are two non-empty proper subsets of X such that 
An B = 0. Th neither A E For X- A E F. If we assume the former, then 
(Ax A) U 6. E UF, and since ((Ax A) U 6.) II (Ax B ) = 0, A is far from B 
in UF. The latter case is similar. 

Proposition 4.3.9. An anti-atom A of \l! (X) is proximally discrete iffUF ~ 
A for some non-principal ultrafilter F on X. If A is a proximally discrete 
anti-atom, then the ultrafilter F such that UF ~ A is unique. 

Proof. See [46, Proposition 2.2] and [47, Proposition 1.3]. The proof is also 
done for the more general case of quasi-uniformities in Proposition 5.3.15. D 

Corollary 4.3.10. If X is finite, there are no proximally discrete anti-atoms 
in \l!(X). If X is infinite, the number of proximally discrete anti-atoms is 
22IX I . 

Proof. Suppose X is infinite. Every proximally discrete anti-atom must con­
tain UF for some unique ultrafilter F on X (by the above proposition), and 
every UF must be contained by at least one anti-atom (by Proposition 4.3.1). 
Hence there must be at least as many anti-atoms in w(X) as there are ul­
trafilters on X. Since the number of ultrafilters on X is 221x

1
, and because 

set-theoretically there can be at most 221x
1 uniformities on X, the result is 

proven. D 

Corollary 4.3.11. If X is infinite, there are 221x
1 uniformities on X. 

A natural question to ask is whether UF will ever be an anti-atom in 
w(X) , and if so, when. If X is countable, it can be established exactly when 
UF will be an anti-atom. To do this we need the following definition. 

D efinition 4.3.12. Let X be a countable set. A non-principal ultrafilter F 
on X is called selective (or Ramsey) if for every partition P of X into N0 

pieces, either F n P "I- 0 or there is an F E F such that F n P has one 
element for every P E P. 

R emark 4.3.13 . The existence of selective ultrafilters on a countable set X 
can be proved sing the continuum hypothesis ( CH). It is however consistent 
with set theory that selective ultrafilters do not exist. See [22, pg. 76, 
Theorem 7.8]. 
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Proposition 4 .3.14 . Suppose that X is countable and that F is a non­
principal ultrafilter on X. Then U:;: is an anti-atom of \lJ (X) iff F is selective. 

Proof. [46, Proposition 2.3] . D 

Another reasonable question to ask is whether the anti-atom containing 
U:;: will be unique. This need not be the case, as the below result shows. But 
first we need to define the following order on ultrafilters. 

D efinition 4.3.15. For ultrafilters F and 9 on w, we write F >- 9 iff there 
exists a map f : w ---> w such that f*(F) = 9 (here f*(F) = {A ~ w I 
f - 1(A) E F} ). This order is called the Rudin-K eisler order for ultrafilters. 
Iff is finite-to-one (i.e. f- 1(x) is finite for every x E w), then F is called a 
finite -to-one lift of 9 . 

Theorem 4 .3 .16. (CH) Let 1 ::; s < N0 and let 9 be an ultrafilter on w . 

Then there is an ultrafilter F >- 9 on w such that there are precisely s distinct 
anti-atoms finer than U:;: . All of these anti-atoms are transitive, and each of 
them has a base of the form {V n u I u E U:;:} where v = u pEp( P X P) for 
some partition P of w. 

Proof. See [47, Theorem 4.1]. D 

In contrast to the above theorem, we have the following almost opposite 
case, where U:;: is shown to be contained by a unique anti-atom. In fact, it 
shows more - that there are uniformities that have exactly the same form as 
the anti-atoms constructed above that will never be anti-atoms. 

Theorem 4.3 .17. (CH) Let 9 be an ultrafilter on w. Then there exists an 
ultrafilter F >- 9 on w such that for each partition P of w, the uniformity 
with the base {V n u I u E U:;:}' where v = u pEp(P X P ), is never an 
anti-atom of \ll(X). Moreov er-, there exists exactly one anti-atom A such 
that U:;: ~ A , and this anti-atom is transitive. 

Proof. [47, Theorem 4.2]. D 

Finally we mention that certain parts of Theorem 4.3.16 can be extended 
considerably, proving that sometimes the number of distinct anti- atoms con­
taining U:;: may even be the se t-theoretic maximum. 

Theorem 4.3. 18. (CH) Let 9 be an ultrafilter on w. Then there exists an 
ultrafilter F >- 9 on w such that there are 2c distinct anti-atoms finer than 
U:;:. (Nate that 2c is the cardinality of the set of all unifor-mities on w.) 

Proof. [47, Theorem 4.3] . 0 
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4.3.2 Prox imally Non-Discrete Anti-Atoms 

We now take a closer look at the proximally non-discrete anti-atoms of w(X). 
We will show that each proximally non-discrete anti-atom is related to an 
ultrafilter on X. 

First we aim to find an example of a proximally non-discrete anti-atom 
in \[! (X ). It is clear that every trivial anti-atom is proximally non-discrete. 
To find a non-trivial example, we need the following construction. 

D efinition 4. 3 .19. [46, Section 2.1] Let F be a filter on a set X. Then the 
collection of all sets of the form 

UF = { ((x, 1) , (x , 2)) I x E F} U { ((x, 2), (x, 1)) I x E F} U 6. 

for F E F forms a base for a uniformity on X x { 1, 2}, which we denote by 

J :F-

Proposition 4 .3.20. [46, Claim 2.1] If F is an ultrafilter on X , then J:r is 
a proximally non-discrete anti-atom in \[!(X x { 1, 2}). 

Proof. Let V be another non-discrete uniformity on X x {1, 2} such that 
V g; J:r. Then there is a symmetric V E V such that V tf_ J:r. Define 

F = {xI ((x , 1) , (x, 2)) E V and ((x, 2), (x, 1)) E V} . 

Clearly F tf_ F because otherwise V E JF Hence X - F E F. Since 
V n Ux-F = 6. , V V J:r = D. So J:r is an anti-atom as claimed. 

It is clear that J:r is proximally non-discrete, since X x { 1} and X x { 2} 
have an empty intersection but are proximal in J:r. 0 

The above example of a proximally non-discrete anti-atom is quite signifi­
cant. Anti-atoms of t his form can in fact be used to find a general description 
of the proximally non-discrete anti-atoms in \[!(X). 

Proposition 4 .3.21. Suppose X is infinite and let A be a uniformity on X. 
Then A is a proximally non-discrete anti-atom in w(X ) iff A is uniformly 
isomorphic to J:r for some ultrafilter F on X. Hence, every proximally non­
discrete anti-atom is transitive.3 

3 Although the original resu lt was obtained from [46, Proposition 2.1], we have added 
some elements of our own to both the statement and the proof of this proposition. 
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Proof. [46, Proposition 2.1] The ( ¢::) part has been proven above. 
Let X be a set and let A be an anti-atom of w(X) that is proximally 

non-discrete. Then there are two subsets A and B of X such that An B = 0 
but U(A) n U(B) =f. 0 for all U EA. We may assume that B = X- A. We 
now let V = (A x A) U (B x B ) and create a new uniformity V on X with 
base 

{U n v 1 u E A}. 

ote that we cannot have V E A because V(A) =A and V(B) = B , and 
AnB = 0. Hence V must be strictly finer than A. Since A was an anti-atom, 
this means V i the discrete uniformity. Consequently there is a U E A such 
that U n V = 6.. Choose a symmetric H E A such that H o H ~ U. Note 
that U, H ~ (Ax B) U (B x A) U 6.. 

If x, y , z EX are all distinct , we cannot have (x, y) E H and (x, z) E H: If 
so, then (x, y) E A x B and (x, z) E A x B say, and hence (z, y) E Un(B x B ), 
a contradiction. Let ~ be any linear order on X. Let h: X ~X x {1 , 2} be 
a bijection such that if x :S y and (x, y) E H , h(x) = (x, 1) and h(y) = (x, 2). 
Then we can write 

( h X h) (H ) = { ( (X) 1)) (X) 2)) I X E F H} u { ( (X) 2)) (X) 1)) I X E FH} u 6. 

for some FH ~X. 
For every K E A such that K ~ H , set FK = {x EX I ((x, 1), (x, 2)) E 

(h x h)(K)}. It is clear that FI<1 n FI<2 = FI< 1ni<2 , and hence {FI< I K E 
A , K ~ H} forms a base for a filter on X , call it Q. 

We show that his a uniform isomorphism between A and J g. So suppose 
that J( E A is symmetric. Then K n H ~ H and hence FKnH E Q, so 
(h x h)(KnH) E J 9 . Hence (h x h)(K) E J 9 . Now suppose that G E Q. We 
have that FI< ~ G for some symmetric K ~H. Then J( = (h x h)- 1 (UFJ<) ~ 
(h x h)-1(Uc), and hence (h x h) - 1(Uc) E A. Hence h is indeed a uniform 
isomorphism between A and U9 . 

Let F be an ultrafilter on X such that Q ~ F. Then J9 ~ JF· Since A 
is an anti-atom in w(X ), Jg has to be an anti-atom in w(X X {1 , 2} ), and 
since JF is also an anti-atom, J g = JF· But this means that F = Q: If 
FE F then UF E J 9 , and hence there is aGE Q such that Uc ~ UF. Hence 
G ~ F and therefore F E Q. So F = Q as claimed, and hence A is uniformly 
isomorphic to JF· 

0 
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Corollary 4 .3.22 . If X is finite and lXI = n, there are n(n- 1)/2 anti­
atoms in w (X), all of which are proximally non-discrete. If X is infinite, 

the number of proximally non-discrete anti-atoms in w(X) is 221x
1
. 

Proof. If X is finite, A is an anti-atom of w(X ) iff A= !Ccx ,y) for two distinct 
elements x, y EX. 

Suppose now that X is infinite. Suppose that F and Q are distinct 
ultrafilters on X. For any bijection h: X x {1,2}--) X , (h x h)(:h) and 
(h X h)(Jg) are distinct anti-atoms of w(X): By the above proposition, they 
are both anti-atoms. We also cannot have that (h x h)(JF) = (h x h)(Jg), 
since there is a A E F such that X - A E Q. and 

(h X h)(UA) n (h X h)(Ux-A) (h x h)(UA nUx-A) 

(h X h)(6x x{l ,2}) 

6x . 

Hence there must be at least as many proximally non-discrete anti-atoms 
in w(X ) as there are ultrafilters on X , namely 221

x
1
, which is the cardinality 

of w(X). D 

4 .3.3 Prox imally Fine Anti-Aton1s 

Recall that a niformity is called proximally fine iff it is the finest among 
all uniformities inducing its proximity (Definition 2.3.6). Note that 1J is 
the finest member of its proximity class, and therefore no proximally discrete 
anti-atom of w(X) can be proximally fine. Hence, our attention in this section 
will be restricted to proximally non-discrete anti-atoms, i. e. essentially to JF 
for ultrafilters F on X. In this section we give, under the assumption that 
X is countable, some conditions under which JF will be proximally fine and 
0-proximally fine (defined below). CHis assumed throughout , as we will be 
working with selective ultrafilters (see Remark 4.3.13) . 

D efinition 4. 3 .23. A uniformity U is said to be 0-proximally fine if it is 
proximally fine with respect to transitive uniformities, i.e. if it is the finest 
transitive uniformity inducing its proximity. 4 

4The "0" in "0-prox imally fine" stands for "zero-dimensional", which is another word 
for "transit ive" . 
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Consider the following property that an ultrafilter F on w may have: 

(R ) Given two maps a, f3 : w ___., w with a( F) = {J(F) , there is an 
FE F s ch that aiF = f31F· 

Then: 

Theor em 4 .3 .24. (CH) Let F be an ultrafilter on a countable set X. Then 

1. ifF is selective, JF is proximally fine , 

2. if JF is proximally fine, it is 0-proximally fine, and 

3. :h is 0-proximally fine iff F satisfies property R . 

Proof. [46, Theorem 3.3]. 0 

It can be shown that, under CH, there exists an ultrafilter F on w such 
that JF is proximally fine, but F is not selective ([46, Example 3.7]). It 
can also be shown that there exists an ultrafilter F on w such that JF is 
0-proximally fine but not proximally fine ([46, Theorem 3.9]). 

R emark 4.3.25. [46, pg. 8] Recall that in the Introduction (Chapter 1) we 
mentioned that the possibility exists to use uniformities for the classification 
and investigation of ultrafilters on X. It appears from the above results that 
whether or not an anti-atom JF is proximally fine depends on the properties 
of the ultrafilter F. Hence, the problem of which anti-atoms of w(X) are 
proximally fine could give a nice classification of the ultrafilters on X. 

4.3.4 Non-Transitive Anti-Atoms 

In Proposition 4.3.21 we showed that all proximally non-discrete anti-atoms 
are transitive. Hence, all non-transitive anti-atoms would have to be prox­
imally discrete. But upon reflection we see that all concrete examples of 
proximally discrete anti-atoms given up to this point have been transitive 
(see Proposition 4.3.14 and Theorems 4.3.16 and 4.3.17). This raises the 
question of whether non-transitive anti-atoms exist in w(X) at all, which is 
addressed below. 

As [47, Section 5] and [51, Section 1] explain , assuming that they do 
exist, non-transitive anti-atoms are very complicated structures. The fact 
that they are all proximally discrete illustrates this. The following remark 
substantiates this claim further: 
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R emark 4.3.26. [47, Section 5] Suppose that A is a non-transitive anti- atom 
in w(X). The there is a U E A that does not contain a single transitive 
member of A. l\!Ioreover, for every equivalence relation T such that T s:;; U, 
there must be Ur E A such that Ur s:;; U and Ur n T = 6.. Otherwise, the 
join of the filter generated by T with A would give a uniformity strictly finer 
than A that is not discrete. In addition to this, for any two such equivalence 
relations T1 and T2 on X, we may not have Ur1 n Ur2 = 6.. 

Hence, non-transitive anti-atoms are very difficult to find. They have 
been proven to exist in certain special cases, though. For example, below 
we give a theorem which shows that for X = w, they do exist . But first 
we present a theorem that gives some information on the structure of non­
transitive anti-atoms in w(w) in general. 

Theorem 4 .3 .27. Every non-transitive anti-atom of 'Jl(w) refines some uni­
formity of the form U;: V Un , where Un = fil(URER(R x R)), R is a partition 
of w into finite sets and the ultrafilter F is a non-trivial finite-to-one lift (of 
its image under any map q: w __..., w, with R = {q-1({n}) In E w}) . 

Proof. [47, Corollary 5.1]. D 

Theorem 4 .3.28. (CH) There exists a uniformity N generated by an ultra­
filter F on w and a partition R of w into finite sets, i.e. N = U;: V Un where 
Un = fil(URER(R x R)), such that 

1. N is an anti-atom in the lattice of transitive uniformities on w, and 

2. N is not an anti-atom in the lattice of uniformities on w, but there ar-e 
at least c pairwise unifor-mly non-isomorphic anti-atoms finer than N, 
and these anti-atoms are all non-transitive. 

Moreover, F can be constructed to be a finite-to-one lift of any given ultrafilter 
9 on w. 

Proof. [47, Theorem 5.7]. D 

4.4 Adjacent Uniformities in w(X ) 

In this section we aim to introduce methods for constructing immediate suc­
cessors and immediate predecessors for a given uniformity in 'Jl(X). 5 

5The main reference on adjacent uniformities is [36] . 
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4.4.1 Im ediate Successors 

We show that if U is a uniformity that is not topologically discrete , U has 
an immediate successor in \Ji(X). 

We need the following notation. 

Notation 4.4 .1. Let x E X be given. We will use [ x to denote the unifor­
mity generated by the equivalence relation Ex = ((X- { x}) x (X- { x} )) U~. 
Note that [ x is in fact the trivial atom 1-i{x} . 

Lemma 4.4 .2. Suppose that U and V are uniformities on X , x E X and 
U ~ V ~ U V [x. Then one of the following holds: 

1. V = U V [ x, or 

2. whenever U E U and V E V are symmetric such that U n Ex ~ V, 
there exists a y E X such that y =/= x and (x , y) E U n V. 

Proof. [36, Lemma 2.1] Suppose point 2 above does not hold. Then there 
exist symmetric U E U and V E V such that U n Ex ~ V but (x, y) E U n V 
implies y =X. We show that vnu ~ UnEx. So suppose that (a, b) E vnu. 
If a = x or b = x then a = b = x by assumption. If a =/= x and b =/= x then 
(a, b) E Ex, so (a, b) E UnEx. Hence VnU ~ UnEx, and since UnV E V, 
Ex E V. Ther fore point 1 holds. 0 

Theorem 4.4 .3. Let U be a uniformity on X such that { x} rt T(U). Then 
U V [x is an immediate successor of U in \Ji (X). 

Proof. [36, Theorem 2.2] Since Ex rt U , we have U ~ U V [ x· 
Suppose that U ~ V ~ U v [~, . vVe show that U = V by showing that 

for each symmetric V E V, V o V E U. So suppose V E V is symmetric. 
Then we have Uf n Ex ~ V for some E > 0 and pseudo-metri~ p such that 
Up~ U. By Lemma 4.4.2 there exists a y =/= x such that (x, y) E Uf n if. We 
have p(x, y) < E and hence if we set 0 = (E- p(x, y))/2, then 0 < o < E and 
u; ~ ur 

It will be enough to show that Uf ~ V o V. So suppose that p(a, b) < o. 
If a=/= x, then (a, b) E Uf n Ex ~ V. If a= x and b =/= x then 

p(y,b) ~ p(y,x) + p(x , b) = p(x,y) + p(a,b) < p(x,y) + 0 <E. 

Hence (y, b) E Uf n Ex ~ V. But we also have (x, y) E V and hence 
(a, b) = (x , b) E v 0 v. Similarly (a, b) E v 0 v' if a =I= X and b = X. Hence 
u; ~ v 0 v a claimed. 0 

42 



Not every uniformity, however, has an immediate successor in \li (X). To 
prove this, we need the following preliminary definition and result. 

D efinit ion 4.4.4 . Let m be an infinite cardinal number. A uniformity U 
on X is called m -bounded if for every U E U there is a cover C of X with 
strictly less than m sets such that for each C E C, C x C ~ U. According to 
this definition, U is totally bounded iff it is N0-bounded. U is called strictly 
m-bounded if it is m-bounded and not n-bounded for any cardinal n < m. 

P roposit ion 4.4.5. Let N0 < m :::; n+ and suppose that U is a uniformity 
on X that is not n -bounded. Then there are at least 2n strictly m-bounded 
uniformities below U in the proximity class of U. 

Proof. [50, Corollary 2.1.2]. 0 

The following example has been adapted from [36, Example 2.3], where 
it was proven specifically for X = R 

Example 4.4.6 . Let X be an infinite set and consider V w, the totally 
bounded uniformity on X which generates the discrete proximity. Vw =I= V 
since V is not totally bounded. Let V be a uniformity on X such that 
V w £; V. Since V has to be in the same proximity class as V w, it cannot 
be totally bounded i. e. it cannot be N0-bounded. Letting n+ = Nri = m in 
the above proposition, we see that there have to be at least 2No uniformities 
between V and V w. In particular, there has to be at least one uniformity 
U such that Vw £; U £; V , proving that V w has no immediate successor in 
\lt(X). 

The method used to construct an immediate successor for a uniformity 
in Theorem 4..!.3 is not the only way to describe such a successor . This is 
illustrated by the following theorem. 

P roposit ion 4.4.7. Let V be an immediate successor of U in \lt(X). Then 
there exists a pseudo-metric d on X such that V = U V Ud. 

Proof. [36, T heorem 2.4] See also P roposition 5.4. 1, where this proof has 
been generalized to the quasi-uniform case. 0 

Example 4.4.8. [36 , Example 2.5] Let X be any infinite set and let U E 

\lt(X) be such that U = I. Let d be the pseudo-metric on X defined by 
letting d(x, y) = 1 if X =I= y and d(x, y) = 0 if X = y. Then u d = v and 
U V Ud = V . Consequently U V Ud cannot be an immediate successor of U, 
proving that the converse of the above theorem does not hold in general. 
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4.4. 2 Immediate Predecessors 

In this section we prove that every non-indiscrete uniformity has an imme­
diate predecessor in w(X). 

The following preliminary lemma is needed. 

Lemma 4.4 .9. JfU is a quasi-uniformity on X, then {U I U E U and U is 
T (U- 1 x U )-open} and {U I U E U and U is T(U x u-1 )-closed} respectively 
are bases for U. 

Proof. See [14, Corollary 1.17, Corollary 1.19]. 0 

Theorem 4.4 .10 . IfU is a non-indiscrete uniformity on X, then it has an 
immediate predecessor in W (X). 

Proof. [36, Theorem 3.1] Since U is not indiscrete we can find two distinct 
elements x, y EX such that (x, y) rf_ nu. We define U# to be the uniformity 
generated by the base consisting of all sets of the form 

u# = u u (U(x) X U(y)) u (U(y) X U(x)) 

for symmetric U E U. We have (x, y) E nu# and hence U# ~ U. Let 

v = v {v' E w(X) I V' ~ u and (x,y) E n v'}. 

Then U# ~ V ~ U. We will show that V is an immediate predecessor of U. 
So suppose that V ~ W ~ U. We show that W = U . Since V is the finest 

uniformity bel w U such that (X, y) E n V , there must be a closed symmetric 
WE W such that (x, y) is not in W (this follows from Lemma 4.4.9 above). 

Suppose that U E U. Then since W ~ U , W is closed with respect 
to T (U x U) and hence there is a symmetric H E U such that H ~ U and 
(( H (x) x H (y))u( H (y) x H (x)))nvV = 0. Hence H#nW = HnW ~ H ~ U. 
But U# ~ V ~ W by assumption, so H# E Wand therefore U E W. Hence 
U ~Was needed. 0 

4.5 Con'lplements in w(X) 

We start by giving some basic results regarding complements in w(X). We 
will then mention a few operations on uniformities which preserve the prop­
erty of having a complement. Some results regarding complements for metriz­
able uniformities on a countable set X will then also be presented. The latter 
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have implications for complements in w(X) for a general set X which will 
be noted as well. 6 

It is interesting to note that a number of the results on complements in 
w(X), especially those mentioned below and in Section 4.5. 1, have general­
ized to the quasi-uniform case. See Section 5.5. 

We start by considering the question of when W (X) will be complemented. 

Proposition 4 .5.1. No non-discrete uniformity inducing the discrete prox­
imity has a complement in w(X). 

Proof. [45, Remark 1.4] See also Proposition 5.5.3, where this proof has been 
generalized to the case of quasi-uniformities. D 

Corollary 4.5.2. w(X) is complemented iff X is finite. 

Proof. See [45, Section 1.3, Remark 1.4]. Note that the(:=;.) direction follows 
from the above proposition and Remark 4.3.G. D 

Corollary 4. 5 .3. An anti-atom in w(X ) has a complement if and only if it 
is proximally non-discrete, and every atom in w(X ) has a complement. 

Proof. See Corollary 5.5.5, where the proof is done for the more general case 
of quasi-uniformities. D 

Below we see that , given a uniformity that has a complement , it will 
always have at least one complement that is in some sense quite simple. 

Proposition 4.5.4. Suppose that U E w(X ) admits a complement. Then it 
admits a pseudo-metrizable complement. 

Proof. [45, Remark 1.8] The proof for the quasi-uniform case 1s g1ven m 
Proposition 5.5 .6. D 

4.5.1 Operations Preserving Complements 

In this section we mention some operations on and between uniformities 
which preserv the property of having a complement. 

6T he majority of the results on complements in w(X) can be found in [45] . 
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Proposition 4 .5.5. If X and Y are disjoint, U has a complement in w(X) 
and V has a complement in w(Y ), then the sum ofU and V (given by {UUV I 
U E U , V E V} } has a complement in w(X U Y). 

Proof. [45, Section 1.6 Claim (a)]. See also Proposition 5.5.8, where the proof 
has been generalized to the quasi-uniform case. D 

Proposition 4 .5.6. Let U have a complement U' in w(X ) and V have a 
complement V' in W (Y). Then U' x V' is a complement of U x V in W (X x Y). 

Proof. [45, Sect ion 1.6 Claim (b)]. The proof has been generalized to the 
quasi-uniform ase in Proposition 5.5.9. D 

Proposition 4 .5. 7. Suppose that (Y, V ) is a uniform space and that X is a 
dense subset of Y with respect to T (V). If the restriction U of V to X has a 
complement in w(X) , then V has a complement in w(Y ). 

Proof. [45, Proposition 1. 7]. A similar result for the quasi-uniform case is 
given in Proposition 5.5. 10. D 

4.5.2 Complements for Metrizable Uniformities 

We will now present a theorem that characterizes the metrizable uniformities 
which have complements in w(X) for countable X . This theorem (namely 
Theorem 4.5.9) also has implications for complements in w(X) where X is a 
set of cardinality other than ~0 . 

'vVe need the following notation: 

Notation 4.5 .8 . We let J denote the uniformity on X = {~ I n E w} 
induced by the usual metric on JR. Note that J can be seen as the uniformity 
of a Cauchy sequence. 

Theorem 4 .5 .9. Let U be a metrizable uniformity on a countable set X. 
Let ( C, C) be the subspace of (X, U ) such that C is the set of all non-isolated 
points in (X, T (U )). Then U has a complement in \lt (X) iff at least one of 
the following conditions hold: 

1. (X , U ) admits two disjoint uniformly discrete subspaces which are prox­
imal, or 
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2. C is infinite and C '/:. J. 7 

Proof. See [45 , Theorem 3.1]. D 

Example 4.5 .10. It immediately follows that J is an example of a unifor­
mity that does not have a complement , as both of the points in the above 
theorem are violated . The second point is obvious (there are no non-isolated 
points in T (J)) . For the first, suppose that A and B are two disjoint proxi­
mal subspaces of J. For each E > 0 we have (Ax B) n U, =/= 0, where U, = Uf 
and pis the usual metric on JR. Hence, for every n E w, A contains a member 
of X smaller than ~ (this follows from the structure of X). A must therefore 
be infinite and hence (A x A) n U, =/= Ll.A. Consequently, (A, JIA) is not a 
uniformly discrete subspace of J. 

The proof of the necessity of Theorem 4.5.9 does not use the fact that X 
is countable, and hence we have the following: 

Proposition 4.5 .11. If (X, U ) is any uniform space such that U has a com­
plement in \li(X), then either point 1 or point 2 of Theorem 4.5.9 holds. 

Proof. [45, Proposition 3.2]. D 

Corollary 4 .5 .12. Theorem 4.5.9 is valid for any metrizable uniformity U 
such that (X, T(U)) is separable. 

Proof. [45, Remark 3.2]. D 

Corollary 4. 5 .13. Every metrizable uniformity on an uncountable set X 
such that (X, T(U)) is separable has a complement in \li(X). 

Proof. [45, Corollary 3.2] This follows from the fact that an uncountable 
separable space has uncountably many non-isolated points,8 and Corollary 
4.5.12 (since point 2 of Theorem 4.5.9 is satisfied). D 

7There is a misprint in [45, Theorem 3.1] - there the theorem reads C c:: J instead of 
c i: J. 

8If an uncounta ble space only has countably many non-isolated points, it has uncount­
ably many isolated points making it impossible for it to have a countable dense subset. 
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4.6 Latt ice Structure of w(X) 

Modularity, distributivity and self-dualness are important structural qualities 
that a lattice may possess. However, we show in this section that \!i (X ) 
possesses none of the above properties in general. In fact, it is only for very 
small sets X that \!i (X) will ever have such an organized structure. 

Proposition 4. 6.1. w(X) is modular if and only if lXI < 4, and distributive 
if and only if lXI < 3. 

Proof. Let x, y , z, a E X all be distinct. Define the following uniformities on 
X: 

vl v 
v2 fil({(x,y),(y,x)} u 6. ) 

v3 fil ( {(x, z), (z , x) } u { (a, y), (y, a) } u 6. ) 

v4 fil ( { (x, y) , (y, x) } u {(a, z), (z, a)} u 6. ) 

Vs fil (AuA- 1 U 6.) 

where A= { (x . y)(y, z)(x, z)(a, x)(a, y)(a, z) } 

r~ (x, y) (y, x) 

(z, x) (x, z) o/. 
(a, y){y, a) 3 

Figure 4.3: Lattice diagram for the Vi· 

It is not hard to see that V2 1\ V3 = V5 , V4 1\ V3 = V5 , V2 v V3 = V1, 

and V4 V V3 = V1 . Hence, N5 is a su blat tice of \!i (X ), and therefore \!i (X ) is 
neither modular nor distributive by Proposition 2.1.1. 
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Conversely, if lXI = 3, w(X) = M3 since every uniformity that is neither 
discrete nor indiscrete has the form IC(1:,y) for some x i= y. By Proposition 
2.1.1 it is hence not distributive, but modular. However, if lXI < 3, there 
are at most two uniformities on X , and since neither M3 nor N5 can be 
embedded into such a lattice, w(X) is distributive. 0 

Proposition 4 .6.2. w(X) is self-dual if and only if lXI < 4. 

Proof. If IX! = 3, w(X) = M3 , and if lXI < 3, there are at most two 
uniformities on X. Hence if lXI < 4, w(X) is self-dual. Conversely, if X is 
finite and !XI = n;::: 4, w(X) has 2(n- I) -1 atoms and n(n-1)/2 anti-atoms 
(see Corollaries 4.2.4 and 4.3.22). These numbers are not equal for n 2:: 4 
and hence w(X) is not self-dual. If X is infinite, \l/(X) has 21x1 atoms and 
221

x
1 anti-atoms and is therefore not self-dual either . 0 
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Chapter 5 

The Lattice of 
Quasi-Uniformities 

In this chapter we start an investigation into the lat t ice of quasi-uniformit ies 
on a set X similar to the one presented for \li (X ) in t he previous chapter. 
We have tried t indicate where possible the correspondence (or lack t hereof) 
between t he results obtained for \li (X ) and those obtained for t he lat t ice 
of quasi-uniformit ies . The role of uniformities within t he lattice of quasi­
uniformities will also be noted where applicable. 

5.1 Intro duction 

Notation 5.1.1. When equipped with the part ial order s::; (set inclusion), 
t he collection of all quasi-uniformities on a set X forms a lat t ice, which will 
be denot ed by 8(X ). 

The below theorem summarizes the lattice 8 (X ).1 

Theorem 5. 1. 2. For any set X , G(X ) is a lattice, with greatest element D 
and least element I. If S is any non-empty collection of members of G (X ), 
then v s is the fi lter generated by the base { ul n ... n Un I for each 1 ::; 
i :S n , Ui E Ui for some Ui E S , n E w}. Since G (X ) is bounded below, it 
is therefore complete, and 1\ S is given by the join of all quasi-uniformities 
coarser than n s. 

1See Section 4.1 for a more detailed explanation of T heorem 5. 1.2 - the explanation is 
for Y! (X ), but is easily extended to G(X ). 
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otice that the description of the meet of quasi-uniformities given in the 
above theorem is in fact not very descriptive at all. Observe that we will 
definitely not have u (\ v = u n v in general: 

Example 5. 1. 3 . If U and V are quasi-uniformities on X, fil( {U U V I U E 

U , V E V}) need not be a quasi-uniformity. For example, if x, y, z E X are 
distinct and we let U = fil ( { ( x, y)} U .0.) and V = fil ( { (y, z) } U .0. ), then U n V = 

fil( {(x, y), (y, z) } U .0. ). However , U 1\ V = fil ( {(x , y) , (y, z), (x, z)} U .0. ). 

Unfortunately, we can give no better description of the meet of quasi­
uniformities than the one given in Theorem 5. 1.2. The meet is generally 
not very well behaved either. For example, although it is almost t rivial that 
the join of transitive quasi-uniformities is always transitive, the same cannot 
be said for the meet of transitive quasi-uniformities, as we shall see below. 
First, however , we need the following preliminary results , which also further 
describe some special meets and joins in 8(X). 

Proposit ion 5. 1.4 . If U is a quasi-uniformity, then U V u-1 and U 1\ u-1 

are uniformities. 

Proof. From the description of joins given in Theorem 5.1.2 it is easy to see 
that U v u- 1 is a uniformity for any quasi-uniformity U. 

We need to show that U 1\U - 1 is symmetric. So suppose that'}-{ is a quasi­
uniformity sue that 'H ~ U and 'H ~ u-1. Then clearly H - 1 ~ u-1 and 
'H- 1 ~ U too. ince '}-{ V 'H- 1 is a uniformity, it follows from the description 
of meets in Theorem 5.1.2 that U 1\ U - 1 is essentially the join of uniformities, 
which is a unif rmity by the below proposition. 0 

P rop osit ion .1. 5 . If S ~ G(X) is any collection of uniformities on X, 
then V S and 1\ S are uniformities on X. Hence, w(X ) is a (complete) 
sublattice of G(X). 

Proof. From the description of joins given in Theorem 5.1.2, it is easy to see 
that the arbitrary join of uniformit ies is a uniformity. 

Suppose that S = {Ui I i E I} is a collection of uniformities on X. Then 
if Q is a quasi-uniformity such that Q ~ Ui for each i E I , then Q- 1 ~ Ui 
and so Q V Q - 1 ~ Ui for each i E I. By Proposit ion 5.1.4 and Theorem 
5.1.2 it follows that 1\ S is essentially the join of uniformities , and is hence a 
uniformity. 0 
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Lemma 5.1.6 . If (X, T) is a completely regular topological space, it has 
a finest compatible totally bounded uniformity, which we denote by C*. In 
this case, C* is a transitive uniformity if and only if (X, T ) is a strongly 
zero-dimensional space. 2 

Proof. The firs t part follows from [59, Theorem 21.8], and the second from 
[14, Theorem 6.4, Section 6.5]. 0 

Proposition 5. 1.7. Let (X, T ) be a completely regular topological space 
that is not strongly zero-dimensional, and let P denote the ? ervin quasi­
uniformity for (X, T). Then P 1\ p - 1 is not transitive. 

Proof. Since X is completely regular, it admits a finest compatible totally 
bounded uniformity which we denote by C*. It also has a finest compati­
ble totally bounded quasi-uniformity, namely the Pervin quasi-uniformity P. 
Hence C* ~ P , and since C* is a uniformity, C* ~ P 1\ p - 1

. We therefore 
have 

T = T(C*) ~ T(P 1\ p - 1
) ~ T (P ) = T. 

Now since P is totally bounded, so is P 1\ p - 1
. By Proposition 5.1.4 

P 1\ p - 1 is a uniformity, and hence P 1\ p - 1 ~ C*. So C* = P 1\ p- 1. By the 
above lemma, C* is transitive iff X is strongly zero-dimensional. Hence if X 
is not strongly zero-dimensional, P 1\ p - 1 cannot be transitive. 0 

Hence not even the meet of a transitive quasi-uniformity with its conju­
gate (which is also transitive) need be transitive. 

Having illustrated that the meet of quasi-uniformities can be very badly 
behaved, we note that there are however a few cases where the meet behaves 
well and is easily described. The one mentioned below introduces another 
important sublattice of 8(X). Note that a quasi-uniformity has a finite base 
iff it is generated by a pre-order on X . We have: 

Proposition 5.1.8. Let U and V be quasi-uniformities on X with finite 
bases, say U = fil(S) and V = fil (R), where S and R are pre-orders on X. 
Then U V V = fi l ( S V R) and U 1\ V = fil ( S 1\ R) , where S 1\ R is the transitive 
closure of SUR and S V R = S n R. 3 

2 A completely regular topological space is called strongly zero-dimensional iff it satisfies 
one of the six conditions in [14, Theorem 6.4]. Hence, a completely regular space could in 
fact be defin ed to be strongly zero-dimensional iff c· is a transitive uniformity. 

3This proposition is also val id for w(X) , except that an adjustment is required in that 
U is a uniformity with a finite base iff U = fil(R) for some equivalence relation Ron X. 
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Proof. Clearly U V V = fil(S V R) holds. 
ate that s (\ R = UnEw(S u R)n. It is clear that fil(S (\ R) ~ u n v since 

SUR~ S 1\ R. Now suppose that}{ is another quasi-uniformity on X such 
that}{~ U and }{~ V. Let HE H. Then for each nEw there is an E E }{ 
such that En ~ H. But SUR~ E and hence (S U R)n ~ En ~ H. Since 
this holds for every n E w we have UnEw(S U R)n ~ H , so H E fil(S 1\ R) . 
Hence }{ ~ fil ( S 1\ R), and therefore U 1\ V = fi l ( S 1\ R). 0 

Corollary 5.1.9. The collection of all quasi-uniformities on X with finite 
bases forms a sublattice of G(X), and this sublattice is isomorphic to the 
lattice of pre-orders on X ordered by reverse inclusion. 

Corollary 5.1.10. If X is finite, G(X) is isomorphic to the lattice of pre­
orders on X ordered by reverse inclusion. Hence, for finite X, 8(X) and 
L:(X) are isomorphic. 

Proof. For finite X, every quasi-uniformity is generated by a pre-order on 
X. Also , every topology on X is an AT topology by Proposition 3.5.6. 
Combining Proposit ion 3.5.7 with the above corollary now shows that 8(X) 
is isomorphic to L::(X). 0 

Remark 5.1.11. If X is finite, L::(X) can in fact be shown to be isomorphic to 
8(X) by identifying each topology T on X with its Pervin quasi-uniformity 
P (T ). For given any set X, it is always true that if Ti and h are two 
topologies on X, then P (Ti) 1\ P (h) = P (Ti 1\ h).4 If, in addition, X is 
finite, it follows from the above corollary that I8(X)I = IL::(X)I. Since every 
topology T has at least one compatible quasi-uniformity (namely P(T)), 
it follows that every quasi-uniformity on X is the unique quasi-uniformity 
inducing its topology. Hence, if U E 8(X), then U = P(T(U)). It follows 
that if Ti and h are topologies on X, then 

P (Ti ) v P (h) P (T (P (Ti ) v P (h ))) 
P (T (P (Ti )) v T (P (h))) 

P (Ti V h ). 

4We have 7i 1\ ~ ~ 7i and 7i 1\ ~ ~ h so P(7i 1\ ~) ~ P(7i) and P(7i 1\ ~) ~ 
P(~). If U ~ P(7i) and U ~ P(~) , then T(U) ~ 7i 1\ ~and U is totally bounded, so 
U ~ P(T(U)) ~ P(7i 1\ ~). 
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Corollary 5 .1.12. If X is infinite, there are 221x
1 quasi-uniformities on X. 

If X is finite and lXI = 1, 2, 3, 4, 5, 6 or 7, then I8(X)I = 1, 4, 29,355, 6942, 
209527 and 9535241 respectively. If lXI = n > 1, then 2n ~ I8(X )I ~ 
2n(n-l). 

Proof. If X is infinite, there are 221x1 uniformities on X (Corollary 4.3.11), 
which is set-theoretically the maximum number of quasi-uniformities that 
can be defined on X . 

For finite X, the result follows from the above corollary and Theorem 
3.1.4. 0 

5.2 Atoms in 8(X) 

One would expect t he atoms of 8(X) to be relatively simple structures. In 
particular , it would not be all that surprising if all the atoms of 8 (X ) had 
finite bases. We will show that this is exactly the case, and that the atoms of 
G(X) are quasi-uniformities with a special kind of pre-order as base. From 
this it will then follow that the atomic members of 8 (X ) are exactly the 
transitive totally bounded quasi-uniformities on X . The implications of these 
results for the atoms of \fJ (X) will be mentioned throughout this section. 

Clearly, if A is an atom in 8(X) , then A -l is too. One would also expect 
every atom A to be totally bounded, seeing as Aw ~ A. To prove this , we 
need the following lemma. 

Lemma 5.2 .1. I is the unique quasi-uniformity in its proximity class. In 
other words, if U is a quasi-uniformity such that U "I I , then Uw "I I. 
Proof. Suppose that U "I I. Then for some U E U , there is an x E X such 
that U(x) -I X . Let A = {x} and B = X - U(x). Then (Ax B )nU = 0 and 
hence A is far from B. Therefore (X x X )- (A x B ) E Uw, so Uw "I I. 0 

Corollary 5.2 .2 . If A is an atom of G(X) , Aw = A. Hence all atoms are 
totally bounded 

Proof. This follows immediately from Lemma 5.2.1 , since if A is an atom of 
G(X ), A -I I , Aw -I I and Aw ~A. 0 

An indication of what an atom of 8 (X ) could look like in general comes 
from the following example. 
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Example 5.2 .3. Consider the quasi-uniformity generated by a pre-order of 
the form 

((X- {x}) x X) U f}. or (X x (X - {x})) U f}. 

for some x E X. Such quasi-uniformities are called trivial atoms. They are 
easily seen to be atoms in 8(X), because if, for example, Vis any subset of 
X x X such that ((X- {x}) x X) U f}. s;;; V , then V o V = X x X. 

X 

X 

X 
· ·· ·· · · ·· ~ 

Figure 5.1: Diagrammatical representation of S{x} = ((X - { x}) x X) U f}._ 

otice that another way of writing ((X- { x}) x X)Uf}. is (X x X)- ( { x} x 
(X- {x} )), or (X x X)- (Ax (X- A)) where A= {x}. We will show that 
a quasi-uniformity is an atom exactly when it is generated by a pre-order of 
the above form for any 0 s;;; A s;;; X. We will be using the following notation: 

Notation 5.2.4. Given a non-empty proper subset A of X, we shall denote 

SA = (X X X)- (A X (X- A)). 

Since SA is a pre-order on X , we can define a corresponding quasi-uniformity 
SA = fil(SA)· Note that a different way of writing SA is SA = (X x A) U 

((X- A) x X ), or SA= (Ax A) U ((X- A) x X ). Hence (SA)- 1 = Sx-A 
and (SA)- 1 = Sx-A· 
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X 

Figure 5. 2: Diagrammatical representation of the set SA. 

Remark 5.2. 5 . Recall Notation 4.2.2 where H A is defined for 0 ~ A ~ X . 
It is useful to note that H A = S A V (SA)- 1 

Proposition 5. 2.6. S A is a (transitive) atom in G(X). 

Proof. We show that if R is any relation on X such that SA ~ R , then 
R3 = X x X. It will follow immediately that if U ~ S A, U = I. 

So suppose (x, y) EX x X. We need to show that (x, y) E R3 . There are 
two cases to consider: 

1. (x, y) E SA . Since SA ~ R, (x, y) ERas needed. 

2. (x, y) rJ. SA. Then (x, y) E A x (X -A). Since SA ~ R there is an 
(a, b) E R such that (a, b) E Ax (X -A). Then (x, a) E Ax A~ SA ~ R 
and (b, y) E (X- A) x X ~ SA ~ R. Hence (x, y) E R3 as needed. 

D 

Lemma 5.2 . 7. Let U be a quasi-uniformity on X and let U be a transitive 
entourage ofU. Th en U ~ Su(A) whenever A~ X . Hence, if U contains a 
transitive entourage other than X x X , S 8 ~ U for some 0 ~ B ~ X. 

Proof. Let U be a transitive entourage of U and A~ X . Suppose (x, y) E U. 
There are two cases: 

1. x E U(A) . Then y E U(U(A)), but since U is transitive, U(U(A)) = 

U(A). Hence (x , y) E U(A) x U(A) ~ Su(A )· 
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2. x EX- U(A). Then (x, y) E (X- U(A)) x X~ Su(A)· 

Hence U ~ Su(A)· If U =f. X x X, then for some non-empty A~ X we have 
U(A) =f. X. If we write B = U(A) , we have Ss ~ U. 0 

Corollary 5. 2 .8. If A is a transitive atom in 8(X), then A= S A for some 
non-empty proper subset A of X. 

Proof. If A is transitive, it contains S A for some 0 £; A £; X by the above 
lemma. Since both SA and A are atoms, A = SA. 0 

Hence A is a transitive atom in 8(X) iff A = S A for some non-empty 
proper subset A of X. As we mentioned before, we want to show that A is 
an atom in 8(X) iff A= SA for some non-empty proper subset A of X. This 
is achieved by means of the below proposition: 

Proposition 5. 2.9. There are no non-transitive atoms in 8(X). 

Proof. Suppose we had a non-transitive atom U E 8(X). We have U = Uw 
by Corollary 5.2.2, and hence {(X x X) - (A x B) I A is far from B} is a 
subbase for U. 

Now let A be far from B, and suppose there is a C ~ X such that 
A ~ C ~ X - B where C is far from X - C. Then Sc E U . Since 
Ax B ~ C x (X- C), it follows that Sc ~(X x X)- (Ax B). Now Sc is 
transitive, so if for all subsets A and B of X such that A is far from B we 
could find such a C, U would be transitive, a contradiction. Hence we can 
find at least one pair of sets A and B such that A is far from B and there is 
no such C. 

For this A and B we can find aWE U such that W 3 (A) nB = 0 (because 
A is far from B). Set 

D = W 2(A)- W (A) . 

We show that Dis non-empty. We have W(A) nB = 0. Hence A~ W(A) ~ 
X- B. By the assumption on A and B, W (A) has to be near X- W(A). 
Hence we can find a point (x , y) E W n (W(A) x (X - W(A))). Then 
(x, y) E W , (a , x) E W for some a E A andy E X- W(A). It follows that 
y E W 2(A)- W(A) =D. 

A is far from D in U because W(A) n D = 0. We now create a new 
quasi-uniformity on X, call it U#, having a base consisting of all entourages 
of the form 
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for U E U. Clearly U# is st rictly coarser than U, as A is near D in U#. 
In U#, D i far from B since W(D) n B ~ W 3 (A) n B = 0 and hence 

(D x B) n w# 
((D x B) n W) u ((D x B) n (W- 1(A) x W(D))) 

0. 

Therefore U# cannot be the indiscrete uniformity. Since U# ~ U, this con­
tradicts that U is an atom. 0 

Corollary 5.2.10. A is an atom of G(X) iff A = SA for some non-empty 
proper subset A of X. 

Corollary 5. 2 .11. For any infinite set X, 8(X) has 21x1 atoms . If X is 
finite, non-empty and lXI = n, then G(X) has 2n- 2 atoms. 

Proof. If A and B are distinct non-empty proper subsets of X, then SA and 
S8 and hence S A and S 8 are distinct. Hence this result follows from the 
above corollary- the number of atoms in 8 (X) must be lp(X)I- 2, since 
the empty set and X are the only members of p(X) which cannot be used 
to construct an atom of 8(X). 0 

Corollary 5.2.12. A is an atom of w(X) iff A = 7-{A for some non-empty 
proper subset A of X. 

Proof. The proof that 7-{A is an atom in w(X) is the symmetric analogue of 
the proof of P roposition 5.2.6. 

Conversely, suppose that A is an atom in w(X). A proof that follows 
the same lines as that of Proposition 5.2.9 shows that there are no non­
transitive atoms in w(X) (use symmetric entourages only and set U# = 
U U (U(A) x U(D)) U (U( D ) x U(A))). Hence A is transitive, and so by 
Lemma 5.2.7 contains SA for some 0 ~ A~ X. A is symmetric, so it contains 
(S A)- 1 too , and hence by Remark 5.2.5 , 7-{A ~ A. Therefore A = 7-{ A· 0 

Corollary 5. 2 .13. For any infinite set X, w(X) has 21x1 atoms. If X is 
finite and lXI = n 2:: 1, w(X) has 2cn-l) - 1 atoms . 

Proof. For A and B non-empty proper subsets of X, 7-{A = 7-{8 iff B =A or 
B = X- A. Hence the number of atoms in w(X) will be (lp(X)I- 2)/2, 
since X and 0 are the only two members of w(X) which cannot be used to 
construct an atom of w(X). 0 
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ote that from Corollary 5.2 .10 it follows that the atoms of 8(X) are in 
fact the Pervin quasi-uniformiti es of the atoms in ~ (X ) (compare Theorem 
3.2.1) . This, together with Remark 5.1.11, leads to the question as to whether 
for any set X , ~(X) can be embedded into 8(X) by identifying each topology 
on X with its Pervin quasi-uniformity. Remark 5.1.11 shows that for finite 
X this is certainly always the case. The below example, however, shows that 
this need not be the case for infinite X. 

Example 5.2.14. Let P (T ) denote the Pervin quasi-uniformity of the topol­
ogy T. If Ti and 72 are two topologies on X, it need not be the case that 
P(Ti) V P(72) = P(Ti V 72): Take X = IR, let T be the usual uniformity 
on IR, Ti = {0, IR} U {( -oo, x) I x E IR}, 72 = {0, IR} U {(x, oo) I x E IR} 
and G = U{ (n, n + 1) I n E w U {0} }. Note that Ti V 72 = T and G E T. 
If G1 E Ti and G2 E 72 are non-empty proper subsets of X , it is how­
ever easily seen that ((X - G1) n G2) x G2 will always contain points of 
G x (X- G). From this observation it follows that Sc rf. P(Ti) V P(72), 5 

and hence P(Ti) V P(72) =/= P (Ti V 72). 

= Gx(X-G) 

G 1 = (-oo , gl) 

G2 = ( g2 • oo) 

Figure 5.3: Diagrammatical representation of ((X - G1) n G2 ) x G2 and 
G X (X- G). 

We have already shown that every atom of 8 (X ) is transitive and totally 
bounded. Below we see that the atomic members of 8(X) are exactly the 
transitive totally bounded quasi-uniformities on X: 

5If {U1 , .. . , Un} <:;; Ti (n E w) and {I-h, ... , Hm} <:;; 72 (m E w) are collections of 
non-empty proper subsets of X , set G1 = U1 U ... U Un and G2 = H 1 n ... n Hm. Then 
(( X -G1) nG2) xG2 <:;; (Su, n ... nSuJn(SI·I, n SH,..), so (Su, n ... nSu..)n(SH, nSH,..) ~ Sc. 
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P roposition 5 .2.15 . A quasi-uniformity U =1- I on X is an atomic member 
of G(X) iff it is transitive and totally bounded. 

Proof. We show that U is transitive and totally bounded iff it has the form 

for some collection £ of non-empty proper subsets of X. Clearly V BE£ S B 

will be transitive and totally bounded for any such £, since it is the join of 
transitive and totally bounded quasi-uniformities. 

Now suppose that U =1- I is a transitive and totally bounded quasi­
uniformity on X . For each U E U there is a finite cover A u of X such 
that for each A E A u, A x A ~ U. Let B be a base of transitive entourages 
not containing X x X for U, and set 

£ = {U(A) I A E A u and U E B} . 

We show U = V BE£ S B· 

By Lemma 5.2.7 we have V BE£ S B ~ U , since U ~ Su(A) for each A E A u 

whenever U E B. 
Now we show that U ~ V BE£ S B by showing that B ~ V BE£ S B . Suppose 

U E B. We show that Su(Al) n ... n Su (An) ~ U, where A u = {A1 , ... , An} 
( n E w) . Suppose that ( x, y) rf_ U. Since A u is a cover of X , there must 
be an A E A u such that x E A ~ U(A). But then y rf_ U(A): Otherwise 
(a, y) E U for some a E A. Since A x A~ U, we have (x, a) E U and hence 
(x, y) E U2 = U, a contradiction. Therefore x E U(A) and y E X- U(A), 
so (x, y) rf_ Su(A) as needed . 0 

It is clear that given any topology on X , the associated Pervin quasi­
uniformity P is atomic. This follows from be above proposition, but is also 
clear from the definition of P (see Proposition 2.2.24). 

Corollary 5 .2 .16. All atoms in w(X ) are transitive and totally bounded, 
and a uniform1ty is an atomic member of w(X) if and only if it is transitive 
and totally bounded. 

Proof. Clearly all atomic members of w(X ) are transitive and totally bounded, 
as they are the join of transitive and totally bounded uniformities (see Corol­
lary 5.2.12). 
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Let U be a uniformity on X that is either not transit ive or not totally 
bounded. Then it is not t he join of atoms in 8(X) (see P roposition 5.2.15). 
Suppose it was the join of atoms in w(X ). Since for each 'H.A <:;;: U we have 
SA V (SA)-1 = 'H.A, this would mean U is t he join of atoms in 8(X) , a 
contradiction . 0 

Corollary 5. 2 .17. 8(X) {respectively w(X)) is atomic iff X is finite. 

Proof. If X is finite, each quasi-uniformity (uniformity) on X is generated by 
a pre-order (respectively, equivalence relation) on X , and is hence transit ive 
and totally bounded. If X is infinite, however, it is clear that Dis not totally 
bounded. 0 

vVhereas some quasi-uniformities are not atomic, it need not even be the 
case that every quasi-uniformity contains an atom of 8 (X ). The following 
example illustrates this, and it also proves the corresponding result for W (X). 

Example 5.2 .18. Consider the usual uniformity U on X = JR, with p t he 
usual metric on R Let A be any non-empty proper subset of X and let E > 0 
be given. It is easily seen that A is near its complement with respect to p, and 
hence we can find an x E A and a y E X -A such that the distance between 
x andy is less t hanE, i.e. (x, y) E Uf (this follows by the connectedness of JR, 
since either A or X- A is not open). But (x, y) E A x (X- A) and therefore 
Uf ~ SA. Hence SA rf_ U and SA ~ U , proving that U does not contain any 
atoms of 8 (X ). We also have, for the same reasons , that Uf ~ HA and hence 
U contains no atoms of w(X) either. 

From the above example it is clear that whenever (X, V) is a quasi-uniform 
space such that (X, T (V)) is connected, V will not contain any atoms of 8(X) 
or w(X). 

The reason that t he usual uniformity on JR contains no atoms of 8(JR) 
appears to be a consequence of the fact that every set is near its complement 
with respect to the usual metric on R This observation is generalized as 
follows: 6 

R emark 5.2. 19. A quasi-uniformity U will contain an atom SA of 8(X) 
if and only if A is far from its complement with respect to 8u. Hence, the 
atoms below a quasi-uniformity U are determined by the quasi-proximity it 
induces. However, it is clear that the atoms below U by no means completely 
describe 8u, as can be seen from Example 5.2. 18. 

6Th is remark can be adj usted for \fl (X) in the obvious way. 
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5.3 Anti-Atoms in 8(X) 

In this section we investigate the anti-atoms of the lattice of quasi-uniformities 
on a set X. We will start with some basic results, and we will then show that 
there is a strong relationship between the anti-atoms of 8(X) and ultrafilters 
on X. The proximally discrete and proximally non-discrete ant i-atoms will 
t hen be descri bed separately, and we will also discuss the proximally fine 
anti- atoms. The reader is warned that the approach taken in this section on 
anti-atoms of 8(X) , including the subsections on proximally discrete, proxi­
mally non-discrete and proximally fine anti-atoms, differs from the one taken 
in [11]. 

Clearly, if A is an anti- atom of 8(X), A -l is an anti-atom too. Also, as 
was the case with the lattice of uniformities, Zorn 's Lemma guarantees the 
existence of anti-atoms in 8 (X): 

Proposition 5 .3 .1. Every non-discrete quasi-uniformity U is contained by 
an anti-atom in G(X) . 

Proof. Let S = {V E 8 (X ) I U ~ V , V =f. V} . S is non-empty since U E S . 
We show that every non-empty chain in S has an upper bound in S. So 
let C be a non-empty chain in S . Then clearly V C is an upper bound of 
this chain. ow suppose that V C = V. Then there are entourages V1 , ... , Vn 
(n E w), each Vi E Vi for some Vi E C, such that V1 n ... n Vn = 6.. Since C 
is a chain , we may assume that V1 ~ ... ~ V11 • Hence Vi E Vn for 1 :::; i :::; n, 
implying that Vn = V. This contradicts the definition of S . 

So V C =f. V and hence V C E S. By Zorn's Lemma S has a maximal 
element, and this maximal element is clearly an anti-atom of 8(X). D 

aturally, the above existence proof is entirely non-constructive - it does 
not provide any examples . Hence, some examples are provided below: 

Example 5.3 .2. The simplest examples of anti-atoms in 8(X) are called 
trivial anti-atoms. They have the form fi l ( { ( x , y)} U 6. ) for any x, y E X 
such that x =f. .1J. 

Notation 5.3.3 . Let x , y E X such that x =f. y. The trivial anti-atom fil 
({(x,y)} U 6. ) of 8(X) will be denoted by Y (x ,y)· 

We now give another example of an anti-atom in 8 (X). It is based on 
the idea of a trivial anti-atom. 
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Example 5.3.4. Let x E X and let F be an ult rafilter on X such that F i= 
fil ( { x}). Let U = fil ( { ( { x} x F ) U 1:1 I F E F }). We show that U is an 
ant i- atom of 8(X ). Suppose that U <;;;: V £;.; V . Then since U <;;;: V, if we 
choose any F E F , {(( {x} x F ) U 1:1 ) n V I V E V} is a base for V . Hence, if 
we write g = fil ({FnV(x) IV E V} ), then {({x} x G)U f1 1 G E 9} is a base 
for V . Since U <;;;: V £;.; V , we have F <;;;: g i= fil ( { x}) and t herefore F = g. 
Consequently U = V , and hence U is an ant i- atom of 8(X ) as claimed. 

It is clear that ifF = fil ( {y} ) for some y i= x , U is just t he trivial ant i­
atom 9 (x ,y). Similarly, U would also be an ant i- atom of 8 (X ) if U = fil 
( { ( F X {X}) u 1:1 I F E F}). 

D efinition 5.3.5. Let x E X , and let F be an ultrafil ter on X such that 
F i= fil ( { x}). If U is the quasi-uniformity that has either 

{ ( { x} x F ) U 1:1 I F E F} or { ( F x { x}) U 1:1 I F E F} 

as base, it is called a semi-trivial anti-atom (of 8 (X )). 

R emark 5.3.6 . Recall Proposition 4.3.4, which says that every non-t rivial 
ant i- atom in 1t (X ) is T1-separated and has no non-isolated points. In the 
case of a semi-trivial anti-atom U of 8 (X ), t hough, it is clear that x will 
not be isolated with respect to T (U) for whatever ultrafilter F i= fil ( { x}) we 
choose. Hence, Proposition 4.3.4 cannot be extended to the quasi-uniform 
case. It is however true that an anti-atom of 8 (X ) contains a non-isolated 
point if and only if it is semi-trivial. 7 It is also still t he case that every 
non-trivial anti-atom of 8 (X ) is T1-separated. 

Note that a consequence of the above comment is t hat the proof of Corol­
lary 4.3.5 , where w(X ) is proven to be non-anti-atomic for infinite X , cannot 
be extended to 8 (X ). 

The above examples of ant i- atoms in 8 (X ) are all non-symmetric. Of 
course, one might ask whether a uniformity could ever be an anti-atom in 
G(X ). The below proposition shows that this will never be the case. 

Proposition 5 .3.7 . Suppose U is a non-discrete uniformity on X. Then 
there is a non-symmetric quasi-uniformity Q on X such that U £;.; Q £;.; V. 

7If U E 8(X) and xis a non-iso lated point with respect to T (U ), then U ~ fi l({({x} x 
F) U 6. I F E F} ) for some ultrafi lter F =f. fi l ( { x} ). Note also that if x is isolated , then 
U Sf: fi l ( { ( { x} x F) U 6. I F E F} ) for any ul trafilter F on X other than fil ( { x}). 

63 



Proof. Let W be any linear order on X and let Q = UV fil (W ). Clearly 
U ~ Q ~ D. First , we show that Q =f. D. So let V E U , and let U E U 
be symmetric such that U ~ V. Then there are x, y E X such that x =f. y , 
(x , y) E U ~ V and (y, x) E U ~ V. Since W is linear , either (x, y) E V n W 
or (y, x) E V n W , which proves that V n W =f. 6.. Hence Q =f. D. 

We have VV E Q, and W contains no symmetric relation on X other 
than 6. since it is anti-symmetric. Hence Q is non-symmetric, and therefore 
Q =f. u. 

So U s;; Q s;; D as claimed. 0 

Corollary 5.3.8 . No uniformity can be an anti-atom ofG(X ). 

Recall that there is a strong relationship between the ant i-atoms of \II (X ) 
and ultrafilters on X (see Propositions 4.3 .9 and 4. 3.21). There is a similar 
link between the anti-atoms of 8 (X ) and ultrafilters on X , which we now 
describe. 

We need the following definitions: 

D efinition 5.3.9. Suppose that F and Q are fil ters on X . We let 

F X Q = fil ( {F X G IF E F , G E Q} ). 

D efinition 5.3.10. Let F and Q be filters on X. We define UF xQ to be the 
quasi-uniformity generated by the base 

{(F x G) U 6.1 FE F , G E Q} . 

IfF = Q, we imply denote UF xQ by UF. UF as defined here is t he same 
uniformity UF defined in Definition 4.3.7. Note that ifF is principal, then 
UF = D. 

R emark 5.3.11. Let F and Q be ultrafil ters on X such that F =f. Q. Then: 

1. F x Q has a base B such that B n 6. = (/) for each B E B. This follows 
because there is an A ~· X such that A E F and X - A E Q, and hence 

B = { (F x G) n (A x (X- A )) 1 F E F , G E Q} 

is such a base for F x Q. 
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2. If U is any filter on X x X such that U;:xr;; ~ U , then U has a transitive 
base. For if we pick A~ X as in point 1 above, then B = {U n ((A x 
(X- A)) U 6.) I U E U} is a transitive base for U , since A and X- A 
are disjoint. 

Lemma 5.3.12. Let A be an anti-atom in G(X). Then there are unique 
ultrafilters F and 9 on X such that U;:xr;; ~ A. 

Proof. Suppose A is an anti-atom. Let 9 be the filter generated by { (U -
6. )(X) I U E A} and let F be the filter generated by {(U- 1 

- 6.)(X) I U E 
A}.s 

Both F and 9 are ultrafilters on X. For the sake of contradiction, suppose 
that F is not. Then for some A ~ X, A tf_ F and X - A tf_ F. Then 
(A x X) U 6. tf_ A and ((X- A) x X) U 6. tf_ A. Since both of these are 
pre-orders on X and A is an anti- atom of 8(X), there must beaU E A and 
a V E A such that Un ((Ax X) U6.) = 6. and V n (((X- A) x X) u 6. ) = 6.. 
Then u ~((X- A) X X) u 6. and v ~(A X X) u 6.. Therefore u n v = 6., 
contradicting that A -=J V . Hence F must be an ultrafilter after all, and 
similarly 9 is an ultrafilter. Clearly U;:xr;; ~ A. 

Now suppose that UH.x£ ~ A for ultrafilters H and £ on X such that 
either H -=J F or £ -=J 9. Assume the former. Then there is a subset 
A of X such that A E H and X -A E F, so (A x X) U 6. E A and 
((X- A) x X ) U 6. EA. Consequently 6. E A , a contradiction. SoH= F 
and similarly £ = 9. Therefore the ultrafilters F and 9 on X such that 
U;: xr;; ~ A are unique. D 

As we did with the anti-atoms of \II(X), we will now deal with the prox­
imally discrete and proximally non-discrete anti-atoms of 8(X) separately. 
We will see that if A is an anti-atom, the ultrafilters F and 9 on X such that 
U;: xr;; ~ A determine (and are determined by) whether A is proximally dis­
crete or proximally non-discrete . It will in fact be shown that A is proximally 
discrete iff U;: xr;; is a uniformity. 

5.3.1 P roximally Discrete Anti-Atoms 

In this section we will give a necessary and sufficient condition for an anti­
atom of 8(X) to be proximally discrete in terms of ultrafilters on X. 

8 F and 9 can be seen as the left and right projections of A respectively. 
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We start with a simple fact regarding proximally discrete anti-atoms in 
8(X). 

R emark 5.3. 13. A is a proximally discrete anti-atom of 8(X) iff A- 1 is . 
For since D is a uniformity, Dw is a uniformity too . If A is a proximally 
discrete anti-atom, Dw ~ A and hence Dw ~ A-1, so A- 1 is proximally 
discrete as well. 

In Remark 4.3.6 we noted that W(X) contains a proximally discrete anti­
atom iff X is infinite. The same is true for 8 (X): 

R emark 5.3.14. Suppose that X is infini te. Then since Dw is totally 
bounded and D is not, Dw £; D. Hence, there is always at least one non­
discrete quasi-uniformity inducing the discrete proximity (namely Dw)· By 
Proposition 5. 3.1 , Dw must be contained by an anti-atom of 8(X). This 
anti-atom has to be proximally discrete because Dw is. Hence 8(X) will 
possess at least one proximally discrete anti-atom. 

However, if X is finite, all quasi-uniformities are totally bounded and 
hence unique in their quasi-proximity classes. Since D will be unique in its 
proximity clas , there will be no proximally discrete anti-atoms in 8(X) . 

We are immediately in a position to give a characteristic of the proximally 
discrete anti-atoms in 8 (X) that follows from Lemma 5.3.12. It is interesting 
to note that the relationships between the proximally discrete anti-atoms of 
8 (X) and W(X) respectively and ultrafilters on X are exactly the same 
(compare Proposition 4.3 .9). 

Proposition 5 .3.15. An anti-atom A of 8(X) is proximally discrete if and 
only if U;: ~ A for some non-principal ultrafilter F on X. If A is a proxi­
mally discrete anti-atom, then the ultrafilter F such that U;: ~ A is unique. 

Proof. Suppos . A is an anti-atom of 8(X) . Let U;: ~ A for some non­
principal ultrafilter F on X. U;: is proximally discrete - see Remark 4.3.8. 
Hence A is proximally discrete. 

For the converse, suppose U;: xg ~ A for ultrafilters F and 9 on X such 
that F :/: 9 (Lemma 5.3.12). Then there is a non-empty proper subset A of 
X such that A E F and X- A E Q. Then (Ax (X - A)) U 6. E U;: xg ~ A. 
Since A =/= D , this means that A is near X - A in A. Therefore A is not 
proximally discrete . 0 
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Corollary 5.3 .16. If X is finite, there are no proximally discrete anti-atoms 
in G(X). If X is infinite, the number of proximally discrete anti-atoms in 
G(X) is 221x 1

. 

Proof. Suppose X is infinite. By Proposition 5.3.1, for each non-principal 
ultrafilter F on X, UF is contained by an anti-atom of 8 (X). This anti­
atom is necessarily proximally discrete by t he above proposition. The above 
proposition also states that every proximally discrete anti-atom contains UF 
for some unique non-principal ultrafilter F on X. Hence, there must be 
at least as many proximally discrete anti- atoms in 8(X) as there are non­
principal ultrafilters on X. This number is 221x

1 
- lXI = 221x

1
, which is the 

cardinali ty of G(X). 0 

In Theorem 4.3 .17 we showed that it is possible for UF to be contained 
by a unique anti-atom in w(X). The question is whether this could happen 
in 8(X). The below remark answers this question: 

Remark 5.3 .17. It will never be the case that there is a unique anti-atom 
in 8(X) containing UF for an ultrafilter F on X. For let A be an anti-atom 
containing UF, which is of course a uniformity. By Corollary 5.3.8, A has 
to be a non-symmetric quasi-uniformity, and hence U F £; A and U F £; A - 1

. 

Since A - 1 is also an anti-atom, UF is contained by at least two anti-atoms 
in 8(X). 

5.3.2 Prox imally Non-Discrete Anti-Atoms 

In this section we show that Lemma 5.3.12 leads to a satisfying characteriza­
tion of the proximally non-discrete anti-atoms in 8(X) in terms of ultrafilters 
on X and ultrafilters on X x X. This characterization is given in Theorem 
5.3.20. 

'0/e start this section with an immediate consequence of Lemma 5.3 .12: 

Proposit ion 5 .3.18 . If A is an anti-atom of G(X), it is proximally non­
discrete if and only if UF xCJ ~ A for two ultmfilters F and g on X such that 
F i= 9. If A is a proximally non-discrete anti-atom, then the ultmfilters F 
and 9 such that U FxCJ ~A are unique. Hence, every proximally non-discrete 
anti-atom is transitive. 
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Proof. This follows directly from Lemma 5.3.12 and Proposition 5.3.15. The 
fact that A is transitive follows from Remark 5.3.11(2). 0 

Corollary 5.3 .19. If X is finite and lXI = n , there are n(n-1) (proximally 
non-discrete) anti-atoms in G(X). If X is infinite, the number of proximally 

non-discrete anti-atoms in G(X) is 221x
1
. 

Proof. If X is finite, A is an anti-atom of 8(X) iff A= g(x,y) for some x =f. y. 
Suppose X is infinite. Then by Proposition 5.3.1 , for each two distinct 

ultrafilters :F and g on X, U:r xr.; is contained by an anti-atom which is 
necessarily proximally non-discrete (by the above proposition). Since the 
above proposition also states that every proximally non-discrete anti-atom 
contains U:r xr.; for two unique but distinct ultrafilters :F and g on X, it 
follows that the number of proximally non-discrete anti-atoms in 8(X) is at 
least 

22IX I X ( 22IX I _ 1) = 22IX I' 

which is the cardinality of 8(X). 0 

As a result of the above proposition, we have the following neat charac­
terization of the proximally non-discrete anti-atoms of 8(X). 

Theorem 5.3 .20. A quasi-uniformity A on X is a proximally non-discrete 
anti-atom of 8( X) if and only if it has the form fil ( { H U !:::. I H E 7-i} ) for 
some ultrafilter 1{ on X x X such that :F x g s;;; 1{ for two distinct ultrafilters 
:F and g on X . 

Proof. In this proof we will use the following notation: If U is a non-discrete 
quasi-uniformity on X , we denote 

Hu = fil({U- !:::. I U E U} ), 

which is a filter on X x X. If, on the other hand , 1{ is a fi lter on X x X , we 
denote 

Urt = fil( {H u /:::,.I H E 7-i} ). 

Note t hat U = Urtu for every quasi-uniformity U on X , and 1{ s;;; Hurc 
If A is a proximally non-discrete anti-atom of 8(X), U:rxr.; s;;; A for 

two distinct ult rafilters :F and g on X by P roposition 5.3.18. By Remark 
5.3 .11 (1), :F x g has a base consisting only of sets not intersecting the diag­
onal, and therefore :F x g s;;; 7-iA.. If 1{ is another filter on X x X such that 
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HA s:;; H , then :F x 9 s:;; H . Note that 6. rf. H , since :F x 9 s:;; H implies that 
H also has a base consisting of sets not intersecting the diagonal, and hence 
Urt -/= D. Since we also have U;: xg s:;; Urt , it follows by Remark 5.3.11(2) that 
Urt is a quasi-uniformity. But A = UrtA S:: Urt , and hence A = Urt . Therefore 
HA = Hu'H ::2 H , proving that HA is an ultrafilter on X x X. 

Conversely, suppose that H is an ultrafilter on X x X and that :F and 9 
are distinct ultrafilters on X such that :F x 9 s:;; H. Then U;:xg s:;; Urt , Urt -/= D 
by Remark 5.3.11 (1) and Urt is a quasi-uniformity by Remark 5.3.11(2). If V 
is another non-discrete quasi-uniformity such that Urt s:;; V, then H s:;; Hu'H s:;; 
Hv , so H = Hv and Urt = Urtv = V. Therefore Urt is an anti- atom, and it is 
proximally non-discrete since U;:xg s:;; Urt. 0 

A natural question to ask is whether, if :F and 9 are ultrafilters on X , 
U;: xg could ever be an anti- atom in 8 (X) . In light of the above theorem, 
the answer is quite intuitive: 

Corollary 5.3 .21. Let :F and 9 be ultrafilters on X. Then U;:xg 2s an 
anti-atom of G(X) iff :F x 9 is an ultrafilter on X x X and :F -/= 9 . 

Proof. Suppose first that :F -/= 9 and :F x 9 is an ultrafilter on X x X. Then 
it follows immediately from Theorem 5.3.20 that U;:xg is an ant i-atom of 
8(X). 

Note that if :F = 9, U;:xg = U;: and hence cannot be an anti-atom 
because it is a uniformity (see Corollary 5.3.8). 

ow suppo e that :F x 9 is not an ultrafilter on X x X. Suppose that U;: xg 
was a (proximally non-discrete) anti-atom. Then by Theorem 5.3.20, U;:xg = 

fil( { H U 6. I H E H} ) for some ultrafilter H on X x X such that 6. rf. H . By 
Remark 5.3.11(1), :F x 9 has a base of sets not intersecting the diagonal, and 
since 6. rf. H , (X x X)- 6. E H. Hence :F x 9 = fil( {H- 6. I H E H }) = H . 
But then :F x 9 is an ultrafilter, a contradiction. 0 

Suppose that X is countable. Recall Proposition 4.3.14, which states 
if :F is an ultrafilter on X, U;: is an anti-atom in w(X) iff :F is selective. 
We now show that, provided that X is countable, U;:xg is an anti-atom in 
8(X) if and only if the ultrafilters :F and 9 are distinct and either :F or 9 
is principal. The following preliminaries are needed to do this. They also 
introduce an example of a proximally non-discrete anti-atom in 8(X) that 
is not (in general) semi-trivial. 
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D efinition 5 .3 .22. Suppose that F and Q are filters on X . We have already 
defined a type of product between filters, namely F x Q. We now introduce 
another - define 

F . Q = {A ~ X X X I {X I A (X) E Q} E F}. 

F · Q is a fi lter on X x X such that F x Q ~ F · Q. It is also not too difficu lt 
to check that if F and Q are ul trafilters on X , then F · Q is an ultrafilter on 
X x X. 9 

Example 5.3 .23. Suppose t hat F and Q are distinct ultrafilters on X. Since 
F · Q is an ultrafi lter and F x Q ~ F · Q, fil({H U !::,. I HE F · Q}) is a 
proximally non-discrete anti-atom in 8 (X) by Theorem 5.3.20. 

Lemma 5.3. 24 . IfF and Q are countably incomplete ultrafilters on a set 
X , F x Q is not an ultrafilter. 

Proof. (Adapted from [9, Corollary 7.24]) Suppose neither F nor Q are count­
ably complete. Then there exist chains (Fn)nEw and ( Gn)nEw in F and Q 
respectively such that 

F1 ;2 F2 ;2 F3 ;2 .. . , 
G1 ;2 G2 ;2 G3 ;2 ... , 

and n nEw Fn = n nEw Gn = 0. 10 For ach n E w, let An = Fn - Fn+l· Let 
A = UnEw(An X Gn) . Then {x I A(x) E Q} = F1 E F , so A E F · Q. We 
show that A rJ. F x Q. 

Suppose we could find an F E F and a G E Q such that F x G ~ A. 
Suppose that for each n E w there is an Xn E Fn such that Xn E F. Since 
A(xn) ~ Gn for each n E w, it follows that G ~ Gn for each n E w. So 
G = 0, a contradiction. Hence there must be a maximum n E w such that 
there is an x E Fn n F. Therefore, F n Fn+ l = 0, contradicting that FE F. 

Hence A rJ. F x Q, so F x Q £;; F · Q and therefore F x Q is not an 
cltr~U~. 0 

Corollary 5 .3 .25. Let X be countable and F and Q be ultrafilters on X. 
Then U FxQ is a (proximally non-discrete) anti-atom of 8(X) if and only if 
either F or Q is principal and F =/= Q. 

9See [9 , Lemma 7.20] for the details on F · Q. 
10There must be a decreasing chain (En)n Ew in F such that E = n nEw En rf_ F. l-Ienee 

X- E E F , and if we set Fn =En n (X - E) \:In E w, then (Fn)nEw is such a chain in F. 
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Proof. Suppose that both F and Q are not principal. Then by the above 
lemma F x Q is not an ultrafilter, and hence by Corollary 5.3 .21, UF xQ is 
not an anti-atom. It also follows from Corollary 5.3.21 that UF xQ cannot be 
an anti-atom if F = Q. 

For the converse, ifF -/= Q and either F or Q is principal, then UF xQ is a 
semi-trivial ant i-atom. 0 

5.3.3 Prox ima lly Fine Anti-Atoms 

Recall that a quasi-uniformity is called proximally fine iff it is the finest quasi­
uniformity ind cing its quasi-proximity, i.e. iff it is the finest member of its 
quasi-proximity class (Definition 2.3.6). Note that not all quasi-proximity 
classes need have a finest member. Note also that since Dis the finest member 
of its proximity class, no proximally discrete anti-atom will be proximally 
fine. Hence, our attention in this section will be restricted to the proximally 
non-discrete anti-atoms of 8 (X). Our goal is to give a characterization of 
the proximally fine anti-atoms, which is achieved in Theorem 5.3.32. 

First, a simple fact regarding proximally fine anti-atoms: 

R emark 5.3. 26 . If A is a proximally fine anti-atom of 8(X), then so is 
A - 1

. For suppose that V is a quasi-uniformity such that Vw = (A - 1 )w· Then 
(V- 1 )w = Aw (by Proposition 2.3.14). Hence, since A is proximally fine, 
v- 1 ~A, so V ~ A - 1 

In order to give the promised characterization of the proximally fine anti­
atoms of 8(X), the following preliminary results are needed. 

Lemma 5.3 .27. IfF and Q are filters on a set X such that F £; Q, there 
is an ultrafilter H on X such that F ~ H and Q ~ H. 

Proof. [9, Lemma 7.17] Choose A E Q -F. Then F U {X -A} is a subbase 
for a filter on X. For suppose not. Then there exists a B E F such that 
B n (X - A) = 0. But then B ~ A, a contradiction. Hence, if H is an 
ultrafilter containing the fi lter generated by F U {X - A}, we have F ~ H 
but Q ~ H (since A E Q and X- A E H ). 0 

Corollary 5 .3 .28 . Suppose F and Q are ultrafilters on X . Then ifF x Q 
is not an ultrafilter on X x X, there are at least two distinct anti-atoms of 
8(X) containing UF x9. 
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Proof. If :F = Q, this has already been proven in Remark 5.3.17. 
Now suppose that :F =/= Q. Suppose :F x g is not an ultrafilter on X x X. 

Then UF xQ is not an anti-atom by Corollary 5.3.21. Let A be an anti-atom 
containing U Fx<J· Since U Fx<J ~ A , A is proximally non-discrete. Hence we 
can write A = fil( { H U 6. I H E 'H} ) for }{ an ultrafilter on X x X such 
that J x £ ~ }{ for two distinct ultrafilters J and £ on X (see Theorem 
5.3.20). :F = J and g = £ since otherwise A = D. :F x g =/= }{and hence by 
Lemma 5.3.27 there exists an ultrafilter JC on X x X such that :F x g ~ JC 
but }{ =/= JC. By Remark 5.3.11(1) , }{ and lC both have bases consisting of 
sets none of which contain any points on the diagonal, because :F x g does. 
Hence, if we write [ = fil ({I< U 6. I J( E JC}), [ is an anti-atom of 8 (X) such 
that A =/=[. Since U Fx<J ~ £ , the proof is complete. 0 

R emark 5.3.29. ote that in Remark 5.3.17 we showed that UF will never 
be contained by a unique anti-atom in 8(X). It follows by the above result 
and Corollary 5.3.21 that if :F =/= Q, neither will UF x<J, unless it is itself an 
anti-atom. 

Lemma 5.3. 30. Suppose U is a non-discrete quasi-uniformity such that 
UF x<J ~ U for ultrafilters :F and 9 on X. Then U and U Fx<J induce the 
same quasi-proximity. 

Proof. Suppose that A and Bare non-empty proper subsets of X. Clearly, if 
A is far from B with respect to U Fxg, then A is also far from B with respect 
to U. 

Now suppose that A is far from B with respect to U . Then AnB = 0. We 
have that either A E :For X -A E :F. If X -A E :F then ((X -A) xX)U 6. E 

U Fx<J and hence A is far from B with respect to UF x<J · If A E :F, we cannot 
have B E g si ce otherwise (A x B) U 6. E UF xQ ~ U =/= D, contradicting 
that A is far from Bin U. Therefore X- B E Q, (Ax (X - B)) U 6. E UF x<J 

and hence A is far from B in U Fx<J · 

We have shown that A is far from B in U iff A is far from B in U FxQ· 

Hence the quasi-proximities induced by U and U Fxfi respectively are the 
same. 0 

Corollary 5.3.31. Suppose that A is a proximally non-discrete anti-atom in 
8(X) and that :F and g are the distinct ultrafilters on X such that U Fx<J ~ A. 
Then A is proximally fine iff :F x g is an ultrafilter on X x X. 
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Proof. Suppose first that F x g is an ultrafilter on X x X. Then, by Corollary 
5.3.21, A = U FxQ · Suppose that V is a quasi-uniformity that induces the 
same quasi-pr ximity as A. We need to show that V ~ A. Suppose not. 
Then there is aVE V such that V n ((Ax B) U 6. ) = 6. for some A E F and 
B E g, since A = U F xQ and A is an anti-atom. Since F and g are distinct 
ultrafilters, we may assume that An B = 0, and hence V n (A x B) = 0. 
Hence A is far from B in V , but clearly A is near B in A. Therefore A and V 
induce different quasi-proximities , a contradiction . Hence V ~ A as claimed, 
proving that A is proximally fine. 

Now suppose that F x g is not an ultrafilter on X x X. Then A =1- UF xQ 

by Corollary 5.3.21, and hence by Corollary 5.3.28 there is at least one other 
anti-atom£ of 8(X) such that U FxQ ~ £. By Lemma 5.3.30, A and£ induce 
the same quasi-proximity, and hence A is not proximally fine. 0 

Theorem 5.3 .32. Suppose that A is a proximally non-discrete anti-atom of 
8 (X ), and let F and g be the distinct ultrafilters on X such that U FxQ ~ A. 
Then the following are equivalent: 

1. A is proximally fine. 

2. F x g is an ultrafilter on X x X. 

3. A = U FxQ · 

Proof. Combine Corollaries 5.3.31 and 5.3.21 0 

Suppose that X is countable, and let F be an ultrafil ter on X. Recall 
that in Theorem 4.3.24, even though no necessary condition was given for the 
uniform anti-atom JF to be proximally fine, [46] was able to give a sufficient 
condition, namely that F be selective. For 8(X), however, we are able to give 
the following characterization of the proximally fine anti-atoms for countable 
X. Note its simplicity compared to the corresponding results for the lattice 
of uniformities - as we noted in Remark 4.3.13 , it is even consistent with 
set theory that there exist no selective ultrafilters, and we need to assume a 
condition such as CH to ensure their existence. 

Corollary 5 .3.33. Suppose that X is countable. A proximally non-discrete 
anti-atom A of 8(X) is proximally fine iff it is semi-trivial. 

Proof. Combine Theorem 5.3 .32 with Corollary 5.3.25. 0 

73 



5.4 Adjacent Quasi-Uniformities in 8 (X ) 

In this section we aim to establish which quasi-uniformities will have imme­
diate predecessors and which will have immediate successors in 8(X). An 
important area of study that also falls into this section is that of the dis­
tribution of uniformities in 8 (X). In particular, we will be considering the 
question of whether between any two distinct uniformities there is always a 
non-symmetric quasi-uniformity. 

5.4.1 Immediate Successors 

In this section we show that not every non-discrete quasi-uniformity has an 
immediate successor in 8(X). 

Before we give an example of a quasi-uniformity without an immediate 
successor , we give a general description of immediate successors in 8(X). 
The below proposition is the quasi-uniform analogue of Proposition 4.4.7 for 
uniformities. 

P rop osition 5 .4 .1. Let V be an immediate successor of U in 8(X). Then 
there exists a quasi-pseudo-metric d on X such that V = U V Ud. 

Proof. Since U £; V there must be a quasi-pseudo-metric d on X such that 
Ud s;;; V but Ud ~ U . Hence U £; U v Ud s;;; V. Since V is an immediate 
successor of U it follows that V = U V Ud. 0 

Example 4.4.8 shows that the converse of the above proposition need not 
hold. 

Recall that in Example 4.4 .6 we showed that if X is infinite, then 'Dw has 
no immediate successor in \Jf (X) . We now prove that for infinite X, 'Dw does 
not have an immediate successor in 8(X) either. 

Lemma 5 .4. 2. Let U be a quasi-uniformity on X. Then U is totally bounded 
if and only if both U and u- 1 are hereditarily precompact. 

Proof. [27, Lemma 1.1]. 0 

Example 5.4 .3. Let X be an infinite set. Let V be a quasi-uniformity on X 
such that 'Dw £; V. Because 'Dw is a uniformity, we also have 'Dw £; v- 1 . Since 
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V belongs to t he proximity class of Dw, it is not totally bounded . Hence, by 
t he above lemma, either v-1 or V is not hereditarily precompact . Suppose 
t hat it is v-1 . We will construct a quasi-uniformity Q such t hat Dw £; Q £; 
V. By symmetry it will then follow that if it is V t hat is not hereditarily 
precompact, there is a quasi-uniformity Q such that Dw £; Q £; v-1 and 
hence Dw £; Q- 1 £; V. 

So suppose t hat v-1 is not hereditarily precompact. Then for some V0 E V 
it is possible to construct a sequence (xn)nEw such that 

Xp r/, Vo-1(xk) whenever k < p < ~0, Or otherwise put, 
xk rf. V0 (xp) whenever k < p < ~O· (*) 

For each n E w set 

Note t hat the An are pairwise disjoint . Also, for each V E V , define 

Mv = v u U {V- 1(An) X V (Ak) In :S k < ~o } , 

and set H = fil ({Mv IV E V} ). 
We show that 7-{ is a quasi-uniformity on X . Let V E V be given and 

choose HE V such t hat H 2 ~ V0 n V . Note first that H(Ak) n H- 1(An) = 0 
whenever n < k < ~0 , since otherwise Xp E H 2 (xr) ~ V0(xr) for some 
p < r < ~0 , contradicting (*). With t his fact in mind, a straightforward 
computation now shows that (MH)2 ~ Mv . Hence 7-{ is a quasi-uniformity 
on X , as claimed. 

Set Q = Dw V 7-i . It is clear t hat Dw ~ Q ~ V . We have that (xk2, X 112) r/. 
M vo whenever n < k < ~o : Suppose not. Then (Xk2, Xn2) E vo- 1(Ap) X Vo (Aq) 
for some p :S q < ~O· Now X 112 E Vo(Aq) implies that (xm, X112) E Vo for some 
m such that q2 :S m < (q + 1)2 and n2 2:: m , and hence n 2:: q. Similarly 
p 2:: k and hence n 2:: q 2:: p 2:: k, so n 2:: k. 

It follows that { xk2 I k E w} is not a precompact subspace of (X , Q- 1
) . 

But it is a precompact subspace of (X , (Dw)- 1 
) , because Dw is totally bounded. 

Hence Q -=/= Dw. 
We now show that Q -=/= V. For the sake of contradiction , suppose that 

V0 E Q. T hen there is a U E Dw and H E V such that U n MH ~ V0 . 

Since Dw is totally bounded, there is a fini te cover { Di I i < n } of X for 
some n E w such t hat Di x Di ~ U whenever i < n . Then since An has 
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more than n elements, there is a j < n such that Dj contains two distinct 
members of An , say X 8 and Xr for s < r <No. Since An x An~ MH, we have 
(xr, x8 ) E U n MH . Since (xr, x8 ) r:j. V0 by(*) , this is a contradiction. Hence 
V0 r:j. Q and therefore Q # V. 

Hence Dw s;;; Q s;;; V, proving that Dw has no immediate successor in 
8(X). 

5.4 .2 Immediat e Predecessors 

We will show t hat, as was the case in w(X) , every non-indiscrete unifor­
mity has an immediate predecessor in 8 (X). Unfortunately, every quasi­
uniformity need not, and we will give an example of such a quasi-uniformity. 

We start by mentioning certain types of non-indiscrete quasi-uniformities 
which will always have immediate predecessors in 8(X). The first result is 
a basic consequence of Zorn's Lemma. 

Proposition 5 .4.4. Suppose that U is a quasi-uniformity generated by a 
pre-order T #X x X on X. Th en it has an immediate predecessor in 8 (X) . 

Proof. Let S = {V E 8(X) I V ~ U , T r:j. V}. S is non-empty because 
IE S. Let C be a non-empty chain inS. Then V C is an upper bound for 
C. T r:J. V C since otherwise T E V for some V E C, 11 and hence V C E S. By 
Zorn 's Lemma it follows that S must have a maximal element V. Suppose 
W is a quasi-uniformity such that V s;;; W ~ U . Then since W contains T 
and U is the smallest quasi-uniformity containing T , W = U . Hence V is an 
immediate predecessor of U. 0 

Note that if T = 6 , then the immediate predecessor found above is an 
immediate predecessor of D , and hence an anti-atom (compare Proposition 
5.3.1). 

Another type of non-indiscrete quasi-uniformity which will always have an 
immediate predecessor in 8(X), namely the doubly point-symmetric quasi­
uniformity, is defined below. Directly below this definition we show every 
such quasi-uniformity has an immediate predecessor, and from this it will 
follow that every uniformity has an immediate predecessor in 8(X). 

11 For a detailed proof, see for example Proposition 5.3.1 , where this is done for the 
special case of T = 6.. 
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D efinition 5 .4.5. A quasi-uniformity U is called point-symmetric if T (U ) ~ 
T (U- 1). It is called doubly point-symmetric if both U and u-1 are point­
symmetric, i. e. if T (U) = T (U- 1 ) . 

Lemma 5.4.6 . Each doubly point-symmetric quasi-uniformity U t I on a 
set X has an immediate predecessor in G(X ). 

Proof. Suppose that U t I. Then there exists a V E U such that for some 
x, y EX, (x, y ) r/. V. We show that 

U 1\ 9 (x ,y) = fi l( {H U (H- 1(x) X H (y)) I HE U} ). (*) 

It is clear that fi l ( { HU (H- 1(x) x H(y)) I H E U} ) ~ U 1\ 9 (x,y)· Suppose 
that U E U 1\ 9(x,y), and choose W E U 1\ 9 (x ,y) such that W 3 ~ U. Since 
WE U n 9 (x,y) there must be aPE U such that P U {(x, y)} ~ W. Hence 
(P- 1(x) X P(y ))U P ~ W 3 ~ U, and therefore u E fil( {Hu(H-1(x) X H (y)) I 
HE U} ). SoU 1\ 9 (x ,y) = fil ( {H U (H- 1(x) x H(y )) I HE U} ) as claimed. 

Clearly U 1\ 9 (x,y) ~ U. Suppose now that Q is a quasi-uniformity such 
that U 1\ 9(x ,y) ~ Q ~ U. Since Q ~ 9 (x ,y) there must be a Q0 E Q such 
that (x , y) r/. Qo. Choose Q1 E Q such that (Q1) 3 ~ Qo. Since (x, y) r/. Qo it 
follows that (Q1(x) X Q"[1(y)) n Q1 = 0. (t) 

Consider any U E U. Since Q1 E U and U is doubly point-symmetric, 
there is a V E U such that V ~ (Q1 n U), v-1(x) ~ Q1(x) and V(y) ~ 
Q"[1(y). Then since U l\ 9 (x,y) ~ Q ~ U, we have Vu(V-1(x) x V(y)) E Q (see 
(*)). But (Vu (V-1(x) x V(y)))nQ1 ~ (Vu(Q1(x) x Q11(y)))nQ1 = v ~ u 
from (t). Hence U E Q and therefore U = Q. 

Consequently U 1\ 9 (x,y) must be an immediate predecessor of U. D 

Corollary 5.4.7. If U is a uniformity other than I on a set X, it has an 
immediate predecessor in 8 (X). 

Proof. This follows directly from the above lemma. D 

The above corollary can be seen as a partial generalization of Theorem 
4.4.10, which says that every non-indiscrete uniformity has an immediate pre­
decessor in the lattice of uniformities. Of course, the next question is whether 
this result generalizes completely, i. e. whether every quasi-uniformity has an 
immediate predecessor in the lattice of quasi-uniformities. As was mentioned 
earlier, though , this need unfortunately not be the case: 
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Example 5.4 .. Let X = JR., a, bE lR and set 

Aa,b =([a, oo) x JR.) U (JR. X ( -oo, b)). 

Then V = fil ( { Aa,b I a, b E JR., a < b}) is a quasi-uniformity on R we show 
that (Aa a+b n Aa+b b)2 ~ Aa b· 

' 2 2 , , 

---- . I _____ _ 
-A - a,b 

a X 

Figure 5.4: Diagrammatical representation of the subset Aa,b of JR2
. 

For the sake of contradiction , suppose that 

but (x, z) rf. Aa,b · Then x < a and z 2: b. By the assumptions at (*) 
this means that y < a;b and y 2: a;b, a contradiction. So V is in fact a 
quasi-uniformity on R 

Suppose that U is a quasi-uniformity on lR that is strictly coarser than 
V. Then there are a, b E lR such that a < b and Aa,b rf. U . Let 7-i = U V W 
where W is the quasi-uniformity on lR with base {Ac,d I a ~ c < d ~ a;b }. 
We have Aa, atb E W and A a, atb ~ Aa,b, and therefore Aa,b E W - U. This 
shows that U £;; 7-i. 

We aim to show that A a+b b rf. 7-i in order to obtain 7-i C V. To do this 
2 ' ~ 

we need the following fact: 

Suppose that for some nEw and for each 1 ~ i ~ n, ci < di, and 
n7= 1 Ac;,d; ~ Ac,d for some c, d E R Then there is ani E { 1, .. . , n} 
such that c ~ ci < di ~ d. 
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A quick proof: Assume the contrary. Set h = max{ Ci I di ~ d, i = 1, ... , n} 
(if the set is empty, set h = - oo). We always have ci < di· Hence, if 
h = ci , then h < c by assumption, and if h = -oo, h < c too. We have 
n~= 1 A;~d; (d) :;2 ( h, oo). But since A;,~ (d) = [c, oo), t his is a contradiction 
because h < c. Hence the claim is verified. 

Suppose now that A!ill b E H . Then by the above claim there is an 
2 , 

Ac,d E U U W s ch that a~b ~ c < d ~ b, because H = U V W. By definition 
of Wit follows that Ac,d rf. W , so Ac,d E U. Since Ac,d <;;; Aa,b it follows that 
Aa,b E U , a contradiction. 

Hence we must have U £; H £; V and it follows that V has no immediate 
predecessor in 8 (IR). 

5.4.3 The Distribution of Uniformities in 8(X) 

In this section we attempt to answer the following question: 

Problem 1. Given any two uniformities U and V on a set X such that U £; 
V , is there a non-symmetric quasi-uniformity Q on X such that U £; Q £; V ? 

A related problem is of course whether it is possible for two uniformities 
to be adjacent in the lattice of quasi-uniformities . A full answer to the above 
question has not yet been obtained, but in this section we present some 
partial solutions. 

One approach to solving the above problem is as fo llows: Suppose U £; V. 
Then there is a pseudo-metric p on X such that Up C£ U and Up <;;; V. 
What we need is to find a non-symmetric quasi-uniformity Q on X such that 
U £; Q £; U VUP. The following related result applies this idea to equivalence 
relations (as opposed to pseudo-metrics). 

Proposition 5.4.9. Let U be a uniformity and R an equivalence relation on 
X such that R rf. U . Th en there is a non-symmetric quasi-uniformity Q on 
X such that U £; Q £; fil (U U { R} ) . 

Proof. By the axiom of choice, we may assume that the set of equivalence 
classes of R are linearly ordered by <J. If x, y E X , we set x ~ y iff R( x) <J 

R (y). Clearly ~ is a pre-order on X , and if x ~ y andy ~ x then R(x) = 
R(y) . Therefore ::; n 2= R. Since <J is a linear order, we must always have 
either x ~ y or y ~ x, and hence ~ U 2= X x X. 
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Set Q = UV fil(SJ Since R ~::; we have U ~ Q ~ UV fil(R). We show 
that Q is non-symmetric. Suppose not. Then Q V Q - 1 = Q , and hence there 
is a U E U such that (Un ::;) ~2: - ow 2:rf. U , since otherwise ::;E U and 
therefore R E U, a contradiction. Hence there is a point (x, y) E U- 2:. But 
then x ::; y since ::; U 2:= X x X , and consequently (x, y) E (Un ::;) ~2:, a 
contradiction. 

So Q cannot be a uniformity, and therefore U £;; Q £;; UV fil(R) as needed. 
D 

Suppose that R = 6. in the above proposition. Then R( x) = { x} for each 
x E X , and hence the linear order <l chosen in the proof may in fact be any 
linear order on X. The proof of Proposition 5.3 .7 is therefore just a special 
case of the above proof. 

More special cases in which Problem 1 has been solved are given below. 
It follows that, if it is possible for two distinct but comparable uniformit ies 
to have no non-symmetric quasi-uniformity between them, they will belong 
to the same proximity class, and neither of them will be the totally bounded 
member of that proximity class. 

Proposition 5 .4.10. Let U and V be two uniformities on X belonging to 
distinct proximity classes such that U £;; V . Then there is a non-symmetric 
quasi-uniformity Q on X such that U £;; Q £;; V. 

Proof. Since U and V belong to distinct proximity classes, there must be sets 
A , B ~X such that A is near B with respect to U but A is far from B with 
respect to V. Let 

Q = u v fil( {V u (v-1(A) x V(B)) 1 v E v} ). 

Clearly U ~ Q ~ V . We show that Q is not symmetric. Clearly A is 
near B with respect to Q. We show that B is not near A in Q. Since V is a 
uniformity, there is a symmetric V E V such that Vn(B x A) = V(B )nA = 0. 
Hence (V u (V-1(A) X V(B))) n (B X A) = 0. Therefore B is far from A 
with respect to Q. 

The above shows that Q is non-symmetric, and hence U £;; Q £;; V. D 

Corollary 5.4.11. No uniformity on X can be an atom of8(X). 

Proof. If U is a uniformity such that U -::/= I , then Uw i= I (Lemma 5.2.1). 
The result now follows from the above proposition. D 
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D efinit ion 5 .4.12. Let U be a quasi-uniformity on X and let A be a non­
empty subset of X. Then if U E U and (A x A) n U = 6 A, A is called 
U-discrete. If t here is aU E U such that A is U-discrete, A is also called 
U- dis crete, or if there is no danger of confusion, simply discrete. Note that 
A is aU-discrete set if and only if (A, UIA) is a discrete subspace of (X , U). 

Lemma 5.4.1 3 . Let U be a uniformity and V a quasi-uniformity on X such 
that U ~ V , and suppose there is a V -discrete set A ~ X that is not U ­
discrete. Then there is a non-symmetric quasi-uniformity Q on X such that 
u ~ Q ~ v. 

Proof. By assumption there is a V0 E V and an injective sequence { Xf3 I /3 < 
a } for some cardinal number a such that Xf3' tf_ V0 (xf3) for all /3, /3' <a such 
that /3 =/= /3', but { x f3 I /3 < a} is not U -discrete. 

For each V E V we define 

and set 1{ = fil ( {Mv I V E V} ). We show that 1{ is a quasi-uniformity on 
X. 

Let V E V and choose H E V such that H 2 ~ V0 n V. We show (MH )2 ~ 
Mv. Note that whenever /3 =/= /3' <a, then 

since otherwise Xf3 E H 2(xf3') ~ V0 (xf3' ), a contradiction. Suppose (x, y) E 
MH and (y , z) E MH . There are four cases to consider. 

1. (x, y) E Hand (y , z) E H . 

2. (x, y) E H , (y, Xf3) E H and (xf3', z) E H for some /3 < /3' < a. Then 
(X) X [3) E H 2 ~ v so (X ) z) E v -1 (X [3) X v (X [3') ~ M v. 

3. (y , z) E H , (x, Xf3) E H and (xf3', y) E H for some /3 < /3' < a. Then 
(X [3' ) z) E H 2 ~ v so (X) z) E v -1 (X [3) X v (X [3') ~ M v. 

4. (x,y) E H - 1(xf3) x H (xf3') and (y,z) E H - 1(x-y) x H(x-y') for some 
/3 < /3' <a and 'Y < "(1 <a. If /3' = 'Y then (x, z) E H - 1(xf3) x H(x-y') 
where /3 < "(1 < a, and therefore (x, z) E Mv. If /3' =/= "(, this case is 
impossible because it contradicts ( *). 
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Now set Q = U V 'H. Then U ~ Q ~ V. ext we show that {x13 I (3 <a} 
is Q V Q-1-discrete but not Q-discrete. 

So suppose that (x13, Xf3') E Mv0 n (Mv0 )-
1 and (3 "/= (3'. Then we must 

have (xf3, Xf3') E vo- 1(xl') X Vo(xl'') and (xf3, Xf3') E Vo(X~~:') X va- 1 (x~~:) for some 
1 < 1' < a and "' < K

1 < a. Hence 1 = (3 = K
1 and "' = (3' = 1'· But 

then (3 < (3' and (3' < (3, a contradiction . Hence {x13 I (3 < a} is indeed 
Q V Q- 1-discrete. 

ow suppo e that Q E Q, and choose an HE V and a symmetric U E U 
such that U n M H ~ Q. Then since { x 13 I (3 < a} is not U -discrete and 
U is symmetric, there are (3 < (3' < a such that (x13 , x 13,) E U. Hence 
(x13 , x13,) E U n MH ~ Q and therefore { x13 I (3 < a } is not Q-discrete . 

Since { x13 I (3 < a} is V-discrete, we hence know that Q "/= V. Also , since 
{ x 13 I (3 < a} is not Q-discrete but is Q V Q- 1-discrete, Q is not a uniformity 
and therefore Q "/= U. Hence U <; Q <; V, as needed . D 

Lemma 5.4.14. Let U and V be two uniformities on an infinite set X. 
Suppose that for some infinite cardinal number m, U is m-bounded but V 
is not. Then there is a non-symmetric quasi-uniformity Q on X such that 
U <; Q <; V.12 

Proof. We find a V-discrete set that is not U-discrete. Since V is not m­
bounded, there is a pseudo-metric p on X such that UP ~ V and an E > 0 
such that no collection C of strictly less than m subsets of X such that for 
each C E C, x, y E C => p(x, y) < E will cover X. Write B = u:;2 . Choose an 
arbitrary x1 EX, and for every other a< m , choose Xa EX- U t3<a B(x13 ). 
If A= {xa I a < m}, then clearly (Ax A) n B = 6.A. Hence A is B-discrete 
and therefore V-discrete. 

The set A, however, is not U-discrete: Let U E U be given, and let C be a 
cover of X with strictly less than m sets such that for each C E C, C x C ~ U. 
Since IAI = m, some C E C must contain more than one member of A, and 
hence there is a point (x , y) E (C X C) n (A X A) ~ u n (A X A) such that 
X"/= y. 

The result now follows from Lemma 5.4.13. D 

Corollary 5.4.15. Let X be infinite. If U is a totally bounded uniformity 
on X and V is any uniformity on X such that U <; V , then there is a non­
symmetric quasi-uniformity Q on X such that U <; Q <; V. 

12See Definition 4.4.4 for the definition of an m-bounded uniformity. 
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Proof. If V is totally bounded, the result follows from Proposition 5.4.10. So 
suppose that V is not totally bounded. Then it is not ~0-bounded , whereas 
U is. The result now follows from Lemma 5.4.14. D 

5.5 Com plem ents in 8 (X ) 

In this section we discuss complementation in 8(X). We have generalized 
several results obtained in [45] for complements in w(X) to complements 
in 8(X). For example, we will show that 8(X) is complemented iff X 
is finite, and also that most of the operations preserving complements for 
uniformities do so for quasi-uniformities as well. We will finally also construct 
complements for certain biresolvable quasi-uniformities in 8(X). 

Recall that w(X) is complemented iff X is finite (Corollary 4.5.2). Below 
the same is pr ved for 8(X). 

Proposition 5 .5 .1. Every member of G(X) generated by a pre-order on X 
has a complement that is also generated by a pre-order on X. 

Proof. Combining Corollary 5.1.9 with Proposition 3.5.7 shows that the sub­
lattice of 8(X) consisting of all quasi-uniformities generated by a pre-order 
on X is isomorphic to the lattice of AT topologies on X. By Proposition 
3.5.8, every AT topology has a complement that is an AT topology, and 
hence every quasi-uniformity generated by a pre-order has a complement 
also generated by a pre-order. D 

Corollary 5.5. 2. If X is finite, G(X) is complemented. 

Proof. If X is finite, U is a quasi-uniformity on X iff U = fil(R) for some 
pre-order Ron X. The result now follows from the above proposition. D 

The below proposition is the quasi-uniform analogue of Proposition 4.5.1 
for uniformities . 

Proposition 5 .5.3. If X is infinite, G(X) is not complemented. In fact, no 
non-discrete quasi-uniformity inducing the discrete proximity has a comple­
ment in 8(X). 
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Proof. Let U =/= V be any proximally discrete quasi-uniformity on X , and let 
V be a complement of U. Since U is proximally discrete, Vw ~ Uw. Now since 
U 1\ V = I , Uw 1\ Vw = I and hence Vw = I . By Lemma 5.2.1 it follows that 
V = I , which is impossible. 

If X is infinite, Remark 5.3.14 shows that there is at least one non-discrete 
proximally discrete quasi-uniformity on X. 0 

Corollary 5.5.4. 8(X) is complemented iff X is finite. 

Proof. This follows directly from Corollary 5.5.2 and Proposition 5.5.3. 0 

Corollary 5.5 .5. An anti-atom of G(X) has a complement if and only if it 
is not proximally discrete. All atoms of G(X) have complements. 

Proof. If an ant i-atom A is proximally discrete, the above proposition shows 
that it does not have a complement. If it is not proximally discrete, there 
must be a set 0 ~ A ~ X that is near its complement with respect to A , and 
hence SA rf. A. It is clear that S A will be a complement of A , since S A CZ. A , 
S A is an atom and A is an ant i- atom . If, on the other hand, A is an atom, 
A = SA for some non-empty proper subset A of X (by Corollary 5.2.10). By 
Proposit ion 5.5. 1, it has a complement in 8(X). 0 

It is easy to see t hat complements in 8(X) need not be unique. Consider 
for example the atom S A for 0 ~ A ~ X such that A has two or more 
elements . Then we can find two points (x, y) E A x (X - A) and (a, b) E 

A x (X - A) such that (x, y) =/= (a, b). Clearly g (x ,y) and 9 (a,b) are both 
complements of S A. 

Proposition 5 .5.6. If U has a complement U' in G(X), it has a quasi­
pseudo-metrizable complement. 

Proof. Let U E U and U' E U' be such that U n U' = t::.. There must be a 
quasi-pseudo-metric don X such that Ud ~ U' and UEd ~ U' for some E > 0. 
Then clearly Uct V U = V , and since Ud ~ U', Ud 1\ U = I. 0 

5.5.1 Operations Preserving Complements 

In this section we present some results regarding operations on or between 
quasi-uniformities which preserve the property of having a complement. Most 
of these results have been generalized (to differing degrees) from correspond­
ing results for \II(X), originally due to [45] (see Section 4.5.1). 
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The main results in this section are all consequences of the following 
lemma, which was originally stated in [45, Section 1.2] for the uniform case: 

Lemma 5.5 .7 . IfU , V E 8(X) , then 

1. U A V = I iff the only quasi-pseudo-metric p on X such that Up ~ U 
and Up~ Vis p = 0 (i.e. p(x , y) = 0 for all x,y EX). 

2. U V V = 'D iff there are quasi-pseudo-metrics p and a on X and a 
K > 0 such that Up ~ U, Ua ~ V and p(x, y) + a(x, y) 2: K for all 
x=/=y. 

Proof. 1. F irst suppose that U A V = I , ancl let p be a quasi-pseudo-metric 
on X such that Up~ U and Up~ V. Then Up= I , and hence p = 0. 

ow suppose that if pis a quasi-pseudo-metric on X such that UP ~ U 
and Up ~ V , then p = 0. If 'H is a quasi-uniformity such that 'H ~ U 
and 1-{ ~ V , and p is a quasi-pseudo-metric such that Up ~ 'H , then 
Up~ U and UP~ V . Hence p = 0, and therefore 'H = I. 

2. Suppose first that U V V = 'D. Suppose that for all quasi-pseudo-metrics 
p and a on X such that Up ~ U and Ua ~ V , and for all K > 0, there 
exist elements x =!= y of X such that p(x, y) + a(x, y) < K. Then 
a(x, y) < K and p(x, y) < K , so UK n Uf< =!= 6.. This contradicts the 
fact that U V V = 'D . 

Now suppose that p and a are quasi-pseudo-metrics on X such that 
Up ~ U and Ua ~ V respectively, and that there is a K > 0 such that 
for all x =/= y, p(x , y) + a(x , y) 2: K. ote that if p(x, y) < lf and 
a(x , y) < lf, then p(x, y) + a(x, y) < K. Hence U'ls_ n UK_ = 6. , and 

2 2 

therefore U V V = 'D. 
0 

P roposit ion 5.5 .8. Suppose that X andY are disjoint, U has a complement 
in 8 (X) and V has a complement in 8(Y). Then the sum ofU and V (given 
by { U U V I U E U , V E V}) has a complement in 8 (X U Y). 

Proof. We will denote the sum of U and V by U + V. Let U' and V' be 
complements of U and V respectively. Let 'H be the quasi-uniformity on 
XU Y generated by all quasi-pseudo-metrics p such that: 

1. UPlx ~ U' and UPIY ~ V' , and 
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2. if x E X andy E Y , then 

(a) p(x , y) = p(x , xo) + p(y0 , y), and 

(b) p(y, x) = p(y, Yo)+ p(xo, x) 

where x0 E X and y0 E Y are arbitrary but fixed points. 

We show that 7-i. is a complement of U + V. 
Given two quasi-pseudo-metrics 6 on X and 1 on Y respectively such 

that U15 <;;;; U' and U"~ <;;;; V' , it is easy to construct a quasi-pseudo-metric p on 
X U Y satisfying the two conditions above. One defines, for any x, x1 , x2 E X 
and y, y1 , y2 E Y, 

p(x1, x2) 

p(yl , Y2) 

p(x, y) 

p(y, x) 

6(x1, x2), 

!(YI, Y2), 

6(x, xo) +!(Yo, y), and 

!(Y, Yo)+ 6(xo, x) . 

Hence there is at least one such quasi-pseudo-metric p, and 7-i. is well-defined. 
First we show that 7-i. 1\ (U + V) = IxuY . Suppose that d is a quasi­

pseudo-metric on XU Y such that Ud <;;;; 7-i. and Ud <;;;; U + V. Then Udlx <;;;; U 
and UdiY <;;;; V. By the way that 7-i. was defined, we have that 7-i.l x <;;;; U' and 
hence Udlx <;;;; U'. Similarly UdiY <;;;; V' . Therefore Udlx = Ix and UdiY = I y, 
and hence d(x1 , x2) = 0 and d(yi , Y2) = 0 for all x1, x2 E X and Y1, Y2 E Y 
(by Lemma 5.5.7(1)). 

For every x: E X and y E Y we have d(x, y) ~ d(x , x0 ) + d(x0 , y0 ) + 
d(y0 , y) = d(x0 , y0 ). We note that for every quasi-pseudo-metric p described 
in points 1 and 2 above, we must have p(x0 , y0 ) = 0. For each E > 0 there 
must be a p satisfying points 1 and 2 above and a 6 > 0 such that Uf <;;;; u:, 
since Ud <;;;; 7-i.. Since (x0 , y0 ) E Uf , we conclude that (x0 , y0 ) E Uf for every 
E > 0. Therefore d(x0 , y0 ) = 0 and hence d(x, y) = 0. Similarly d(y , x) = 0 
and hence d = 0. By Lemma 5.5.7(1) this means that 7-i. 1\ (U + V) = I xuY· 

Now we must show that 7-i. V (U + V) = DxuY · Let p be a given quasi­
pseudo-metric on X such that Up <;;;; U'- Vle ca.n extend p to a quasi-pseudo­
metric p' on X U Y by defining p'(y1 , Y2) = 0 fo r all y1, y2 E Y , and if x EX 

and y E Y we define p'(x, y) = p(x, x0 ) and p'(y, x) = p(x0 , x) . Each such 
p' now also sat isfies the conditions 1 and 2 above, and hence U' <;;;; 7-i.lx. 
Therefore 7-i. l x V U = D x and similarly 7-i.l y V V = Dy. Hence there are 
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HI E 7-i and U E U such that HI n U = 6.x, and H2 E 7-i and V E V such 
that H2 n V = 6. y. So (HI n H2) n (U U V) = 6.xuY, as needed. 0 

Proposition 5 .5.9. Let U have a complement U' in G(X) and V have a 
complement V' in G(Y). Then U' x V' is a complement ofU x V in G(X x Y). 

Proof. Write 7-i = U x V , and let 7-i' = U' x V' . We show that 7-i' is a 
complement of 7-i . 

First we show 7-i /\ 7-i' = I x x y . So suppose that p is a quasi-pseudo­
metric on X x Y such that UP ~ 7-i and Up ~ 7-i'. Let x E X be fixed. Define 
a quasi-pseudo-metric don Y by letting d(y1 , Y2) = p((x, YI), (x, Y2)) for all 
YI, y2 E Y. We show Ud ~ V. So suppose E > 0. Then there is an H E 7-i such 
that H ~ Uf. We may assume that H = (nx x nx )-I(U)n(ny x ny )-I(V) for 
some U E U and V E V (here nx and ny denote the projections of X x Y onto 
X and Y respectively). Then V ~ UEd: For suppose (a, b) E V. Then since 
(x, x) E U, we have ((x, a), (x, b)) E H ~ Uf, so d(a, b)= p((x, a), (x, b)) < E 

and hence (a, b) E Ut Hence Ud ~ V as claimed. Similarly we have Ud ~ V' 
and therefore d = 0, by Lemma 5.5.7(1). This holds for whichever x EX we 
fix , and similarly p((xi, y) , (x2, y)) = 0 for all xi, x2 E X whenever y E Y. 
Hence, if xi, x2 E X and YI , Y2 E Y , 

proving t hat p = 0 , as needed. 
Now we show 7-i V 7-i' = DxxY· Since U V U' = Dx, we can find aU E U 

and a U' E U' such that U n U' = 6. x. Similarly there is a V E V and a 
V' E V' such that V n V' = 6. y. It is not hard to see that 

((nx X nx)-I(U) n (ny X 7ry)-1(V)) 

n((nx X nx)-I(U') n (ny X 7ryti(V')) 6.xxY· 

0 

Proposition 5 .5.10. Suppose that (Y, V ) is a quasi-uniform space and that 
X is a dense subset of Y with respect to T (V) and T (v-I). If the restriction 
U of V to X has a complement U' in G(X ), then V has a complement in 
G(Y). 

Proof. Let V' be the quasi-uniformity generated by all quasi-pseudo-metrics 
p on Y such that Uplx ~ U' , p(x, y) :S 1 for all x, y E Y and p(x, y) = 1 if 
xi- y and either x or y is in Y- X. Then V' is a complement of V. 
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First we show V V V' = D y. We know there are U E U and U' E U' such 
that U n U' = 6.x. Now we have that U = V n (X x X ) for some V E V. 
Also , we may assume that U' = Uf for some E > 0 and quasi-pseudo-metric 
p on X such that UP s;,; U' . p can be extended to a quasi-pseudo-metric p on 
Y by letting p(y, y) = 0 for all y E Y and p(x, y) = 1 whenever x # y and 
either x or y i in Y- X . We may assume that E < 1. If we write V' = Uf , 
then V n V' = 6. y, since V' = U' U 6. y. 

ow we show V 1\ V' = Iy. So suppose p is a quasi-pseudo-metric on Y 
such that UP s;,; V and UP s;,; V' . Then Uplx s;,; U. From the definition of V' 
it also follows that Uplx s;,; U' : We have UP s;,; V'. Hence, for each U E Up 
there is a quasi-pseudo-metric don Y and an E > 0 such that Udlx s;,; U' and u: s;,; U. Therefore U n (X x X) E U' and hence Uplx s;,; U'. 

Hence p(x1, x2) = 0 for all x1, x2 EX. Now suppose that y1, Y2 E Y and 
let E > 0 be given. Then, since X is dense in (Y, T (V) ), there is an x 1 E X 
such that p(y1, x 1) < ~ · Since X is dense in (Y,T (V- 1)), there is also an 
x2 E X such that p( x2, Y2) < ~ . Hence p(yJ , Y2) :S: p(y1, x1) + p( x1, x2) + 
p(x2, y2 ) < E. T his shows that p(y1, y2 ) = 0, nnd hence p = 0. 0 

5.5.2 Complements for Biresolvable Quasi-Uniformities 

We have seen that there are some quasi-uniformities which will never have 
complements in 8 (X ). We have, however, constructed complements for a 
certain class of quasi-uniformities on X , and this class is a subclass of the 
biresolvable quasi-uniformities on X. In this section this construction is pre­
sented. 

We have defined biresolvable quasi-uniformities as follows: 

D efinition 5. 5.11. Let U be a quasi-uniformity on a set X. Then the quasi­
uniform space (X ,U), or just the quasi-uniformity U, is called biresolvable if 
there exists a subset D of X such that D is dense in T (U) and X - D is 
dense in T (U- 1 

) . If this is the case and U is a uniformity, the uniform space 
(X ,U) is simply called resolvable (since T (U) = T (U - 1)). 

Lemma 5.5.12. Let (X , U ) be a bireso lvable quasi-uniform space such that 
U 1\ u- 1 # I. Then U has a complement in 8 (X ). 

Proof. Since U 1\ u-1 # I , it contains an entourage U #X x X. Choose a 
symmetric ent urage V E U 1\ u-1 such that V 9 s;,; U. 
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Suppose that (x, y) E V3 
- then V 3 (x) U V 3 (y) #- X , since otherwise 

X x X= (V3 (.r) U V 3 (y)) x (V3 (x) U V 3 (y)) ~ V 9 ~ U. 
Set R = ((X x X)- V3

) U 6 . We have that R2 =X x X: Suppose that 
(X' y) E V3

. By the above comment we can find an a rt V3 (X) u V3 (y) - then 
(x, a) r;t V3 and (a, y) r;t V3

. Hence (x, a) E Rand (a, y) E R, so (x, y) E R2
. 

Hence R2 = X x X as claimed. 
Since (X, U) is biresolvable we can find a D ~ X such that D is dense in 

(X, T (U)) and X -Dis dense in (X, T (U- 1)). Set D1 = D and D2 =X -D. 
LetT = ((D1 x D 2 )- V) U 6. Then Tis transitive, because D1 and D2 

are disjoint. Let V be the quasi-uniformity generated by T. Then since 
VnT=6,U V V=D. 

We show that U 1\ V = I. Let L E U 1\ V and choose M E U 1\ V such that 
M 6 ~ L. Then there is aWE U such that TUW ~ M, and R ~ WoToW as 
we now prove. uppose (x, y) E R- 6. Then there is a d1 E D 1 n (VnW)(x) 
and a d2 E D2 n(VnWt 1 (y), since V, WE U and by the denseness of D 1 and 
D2 in T (U) and T (U- 1 ) respectively. For the sake of contradiction, suppose 
that (d1 , d2 ) E V. Then since (x, d1 ) E V and (d2 , y) E V , (x, y) E V3

. 

By the definiti n of R this means that (x, y) r:i R, a. contradiction. Hence 
(d1 , d2 ) E T by definition of T. It follows that (x, y) E W o ToW and 
therefore R ~ W o T o W as claimed. 

Hence X x X = R2 ~ (WoToW)o(WoToW) ~ M 6 ~ L. SoU 1\ V =I 
and V is a. complement of U . 0 

Corollary 5 . 5 .13 . Let U be a uniformity on a set X such that (X, U ) is 
resolvable. Then U has a complement in G(X). 

Proof. This follows immediately from the preceding lemma. 0 

5.6 Latt ice Structure of 8 (X ) 

In this section we study some important aspects of the lattice structure of 
G(X) , namely modularity, distributivity and self-dualness. 

We start by proving that G(X) is in general neither modular nor dis­
tributive. It is in fact only for very small sets X that G(X) will ever have 
such an organized structure. The same is true for self-dualness. 

Proposition 5.6 .1. G(X) is modular (distributive} if and only if lXI < 3. 
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Proof. Let a, m , n EX all be distinct. Define the following quasi-uniformities 
on X: 

v1 v 
v2 fil ({(a,m)} u ~) 

V3 fil({(m , n)}U~) 

V4 fil({(a,m)}U{(a,n)}U ~) 

V5 fil({(a,m)}U{(a,n)}U{(m,n)}U~) 

Figure 5.5: Lattice Diagram for the Vi· 

It is not hard to see that V2 1\ V3 = V5 , V4 1\ V3 = V5 , V2 V V3 = V1 , and 
V4 V V3 = V1. Hence, N 5 is a sublattice of 8(X), and by Proposition 2.1.1 
this means that 8(X) is neither modular nor distributive. 

Conversely, if X has two or less elements, there are at most four possible 
quasi-uniformit ies on X , and hence neither N 5 nor M 3 can be embedded into 
8 (X ). Therefore 8(X) will be distributive, by Proposition 2.1.1. 0 

Proposition 5 .6.2 . If lXI > 3, 8(X) is not self-dual. 

Proof. Recall that if X is finite, non-empty and lXI = n, 8 (X) has 2n - 2 
atoms and n(n - 1) ant i-atoms (see Corollaries 5.2.11 and 5.3.19). If n > 3, 
these numbers are not equal and hence 8 (X) will not be self-dual. If X is 
infinite, 8(X) has 21x1 atoms and 221x

1 anti-atoms and will therefore not be 
self-dual either. 0 
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Chapter 6 

Conclusion 

In this dissertation many aspects of the lattice of quasi-uniformities on a set 
X have been described, such as the atoms, anti-atoms, lattice structure and 
complementation. The main results are listed, with references to where in 
this dissertati n they were proved, at the end of the Introduction (Chapter 
1). 

However, a number of questions regarding this lattice still remain unan­
swered, some of which we now briefly discuss. Firstly, as was mentioned in 
Section 5.4.3, it is still unknown whether two uniformities can be adjacent in 
the lattice of quasi-uniformities. More generally: 

Problem 1. Given any two uniformities U and V on a set X such that U ~ 
V , is there a non-symmetric quasi-uniformity Q on X such that U ~ Q ~ V ? 

Continuing with t he idea of uniformities in 8 (X ), there also remains open 
a question regarding their complements. Recall Example 4.5. 10, where it is 
mentioned that the uniformity J of a Cauchy sequence has no complement 
in w(X). The immediate next question is of course whether J has a com­
plement in 8 (X). If not , it seems natural to ask whether there does exist a 
uniformity not having a uniform complement that does have a quasi-uniform 
complement. In other words, the question is: 

Problem 2. If a uniformity has a quasi-uniform complement, does it neces­
sarily have a uniform complement? 

Despite t he numerous similarities (and differences) between w(X ) and 
8 (X ) noted throughout this dissertation, there also still remain some ques­
tions that have been answered for the former but not for t he latter. Two of 
these stand out, one of which is the following: 
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Problem 3. Is G(X) anti-atomic? If not, which members of G(X ) can be 
written as the meet of anti-atoms? 

The first part of this question has been answered for llt (X ) in the negative 
(Corollary 4.3.5). It was however noted in Remark 5.3.6 that the approach 
used there cannot be extended to prove the same for 8 (X). Since we do not 
as yet have a complete characterization of the proximally discrete anti-atoms 
of 8(X) (or llt (X)), the second part of the above problem seems particularly 
non-trivial. 

Similarly, the complicated structure of proximally discrete anti-atoms 
makes finding a non-transitive anti-atom in 8(X) difficult , since all non­
transitive anti-atoms are proximally discrete. 1 Whereas in Theorem 4.3. 28 
we cited a resu lt which proves the existence of non-transitive anti-atoms in 
llt(w), their existence in 8(X) has not been proven for any X as yet . This 
then is another problem solved in the case of llt(X) which remains open in 
8(X). 

Problem 4 . Does there exist a non-transitive anti-atom in G(X)? 

Although t ese and many other questions remain to be answered for 
8(X) , the results obtained thus far are an indication of the significance of 
8(X) in the theory of quasi-uniformities. Proposition 5.2.15, for example, 
shows that the t ransitive totally bounded quasi-uniformities on X are exactly 
the atomic members of 8(X). This suggests that the position of a quasi­
uniformity in 8(X) can be an indication of the properties it possesses. 

Other areas of mathematics , however, can benefit as well . For example, 
Kunzi mentions in [25, Section 1] that some results obtained in [7] relating 
to the semi-lattice of compatible totally bounded quasi-uniformities on a 
topological space X can be used to study certain lattice-theoretical questions 
using the theory of quasi-uniformities. 2 

More in the scope of this dissertation , though, is the link with ultrafilters 
on X. In Proposition 5.3.15 and Theorem 5.3.20 we found that there is a 

1See Section 4.3.4. Here more reasons are given as to why such an anti-atom wou ld 
be difficult to find. Although mentioned in the context of w(X ), these comments are also 
valid for 8(X). 

2The result in question shows that every core-compact topological space X admits 
a coarsest (totally bounded) quasi-uniformity, i. e. for every core-compact space X , the 
semi-lattice of compatible (totally bounded) quasi-uniformities is a latt ice. See [7, Lemma 
5]. 
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strong connection between the anti-atoms of 8(X) and ultrafilters on X. 
This may mean that Pelant et. al. 's suggestion (in [46]) to use uniformities 
for the investigation and classification of ultrafilters could be extended to 
quasi-uniformities (see Chapter 1). 

Of course, since quasi-uniformities are more general than uniformities, the 
anti-atoms of 8(X) may have less intricate structures than those of \li(X). 
It is hence possible that, in some cases, they may not provide as much infor­
mation as in the uniform case. Our characterization of the proximally fine 
anti-atoms of 8(X) found in Theorem 5.3.32 substantiates this claim. Con­
centrating specifically on the case where X is countable (Corollary 5.3.33), 
we saw that a necessary and sufficient condition for an anti-atom A of 8(X) 
to be proximally fine is that it be semi-trivial. Upon comparison, the prox­
imally fine anti-atoms of w(X) seem significantly more complicated. Not 
only does a characterization of these anti-atoms not exist as yet, but in the 
case of countable X, selective ultrafilters were used to find examples (The­
orem 4.3.24). The relationship between the properties of an ultrafilter :F 
and the proximal fineness of the uniform anti-atom JF hence seems to be 
more in-depth than the relationship between ultrafilters and anti-atoms in 
the quasi-uniform case. 

The above, however, is not reason enough to believe that the relationship 
between ultrafilters on X and anti-atoms of 8(X) is insignificant , as can be 
deduced for example from Lemma 5.3.30. This proposition essentially states 
that for an anti-atom A of 8(X), the ultrafilters :F and g on X such that 
UF x9 <:.::; A completely determin the quasi-proximity induced by A. Hence 
it is clear that the ultrafilters :F and g do play some role in determining the 
properties of the anti-atom A. 

Through this dissertation it has become clear that, besides the obvious, 
8(X) also has the potential to provide insight into the properties of quasi­
uniformities on X, lattice theory in its own right and ultrafilters on X. This, 
of course, need not be (and probably is not) an exhaustive list. So although 
this dissertation has come to an end, the future of The Lattice of Quasi­
Uniformities is secured. 
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Symbols 

X-A The complement of the set A § 2.1 
p(X ) {A I A~ X} (the powerset of X ) § 2.1 
UoV {(x, z ) I :Jy EX such that (x, y) E U and (y, z) E V} § 2.1 
u2 UoU § 2.1 
u-1 { (y, x ) I (x, y) E U} § 2.1 
L}.A {( x, x ) I x E A} (the diagonal of A, where A~ X) § 2.1 
6.. 6.x § 2.1 
fil (C) Filter generated by the subbase C (where C ~ p(X )) § 2.1 
fil (C) Filter with base { C} (where C E p(X )) § 2.1 

w The set of natural numbers § 2.1 
~0 Cardinality of w § 2.1 
lR The set of real numbers § 2.1 
c Cardinality of lR (i.e. c = 2No) § 2.1 
IAI Cardinality of the set A § 2.1 

(\ Greatest lower bound § 2.1 
v Least upper bound § 2.1 
0 Bottom element § 2.1 
1 Top element § 2.1 

I (or I x) Indiscrete uniformity (on X ) 2.2.5 
v (or Vx) Discrete uniformity (on X ) 2.2.5 
u-1 {U-1 I U E U} (conjugate of the quasi-uniformity U ) 2.2.2 
UI A {U n (A X A) I u E U} (U a quasi-uniformity) 2.2.3 
Uc:::.V U and V are (quasi- ) uniformly isomorphic 2.2.6 
T (U) {G ~ X I Vx E G, 3U E U such that U(x) ~ G} 2.2.17 
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UP {(x, y) I p(x, y) < E} (p a quasi-pseudo-metric) 2.2.10 
t 

UP fil( { U~ I E > 0} ) (p a quasi-pseudo-metric) 2.2.10 

AoB (A, B) Eo, i. e. A is near B (o a quasi-proximity) 2.3.1 

AbE (A, B) r:J. o, i. e. A is far from B (o a quasi-proximity) 2.3.1 

Ou {(A , B) I VUE U, U n (Ax B ) =I= 0} (U a quasi-uniformity) 2.3.5 

7r( o) {U E 8(X) I Ou = o} (o a quasi-proximity) 2.3.5 

T (o) {X- A I A= {xI {x}oA} } (o a quasi-proximity) 2.3.8 

Ut, fil( { (X x X )- (A x B ) I AbE}) (o a quasi-proximity) 2.3.9 

Uw u 8u 2.3 .11 

I.:(X ) The lattice of topologies on X 3.1.1 
A(X ) The lattice of T1-topologies on X 3.9.1 
w(X ) The lattice of uniformities on X 4.1.1 

8 (X ) The lattice of quasi-uniformities on X 5.1.1 

F -< 9 Rudin-Keisler order for ultrafi lters 4.3 .15 

UF {((x, 1) , (x, 2)) I x E F} U {((x , 2) , (x, 1)) I x E F} U 6. 4.3.19 

J ;: fil({ UF IF E F}) (F a filter) 4.3.19 
U;: fil( {(F x F) U 6. IF E F}) (F a filter) 4.3.7 

J The uniformity of a cauchy sequence 4.5.8 

H A (A X A) u ((X- A) X (X- A) ) 4.2.2 
}{A fil(HA) 4.2.2 

SA (A X A) u ((X- A) X X ) 5.2.4 

S A fil(SA) 5.2.4 

K (x ,y) fil ( { (X, y)} U { (y, X) } U 6. ) 4.3.3 

g (x ,y) fil({ (x,y)} U 6. ) 5.3.3 

E x H {x} 4.4.1 

Ex H {x} 4.4 .1 

AC Axiom of Choice is used Ch 1 
CH Continuum Hypothesis is used Ch 1 
iff if and only if Ch 1 
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