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Abstract

Over the last thirty years much progress has been made in the investigation
of the lattice of uniformities on a set X. T particular. Pelant, Reiterman,
Rédl and Simon have published several articles concerning anti-atoms and
complements in this lattice. The aim of this dissertation is to begin a similar
investigation irto the lattice of quasi-uniformities G(X) on a set X It starts
off with a summary of results obtained for the lattice of topologies on X,
whicl, having been studied in great detail in the past. is intended as an
example as to what may be achieved with ©(X). An exposition of the lattice
of uniformities is then given. We conclude by commmencing an investigation
into the lattice of quasi-uniformities on X'. Where possible, results obtained
for the lattice of uniformitics are generalized to ©(X). and some original
results for (A7) are also presented.
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Chapter 1

Introduction

In his 1936 paoer [5], Garett Birkhoff saw that an important aspect of the
study of topolcgies on a set X is that of the comparison of two topologics on
X He hence ordered the collection ol all topologies on a given set X by set
inclusion, and studied the resulting lattice. Since then, much progress has
been made in the investigation of this lattice. All the atoms and anti-atoms
have been identified and characterized, and the lattice has been shown to
be both atomic and anti-atomic. The cardinality of this lattice has heen
established for infinite X, it has been provew to be complemented, the lat-
tice structure has been intensely studied and adjacent topologics have been
investigated. In addition to all of this. sublattices and subcollections of this
lattice, minimal and maximal topologies, intervals and many other aspects
have been and still are under investigation.

Even though the above is not nearly an exhaustive list of what has been
achicved with the lattice of topologies. it makes it clear that it has heen
studied in much detail. What is the motivation for this? It turns out that
the results obtained thus far not ouly concern the lattice of topologies, hut
also other arcas of mathematics. For example, in [32] it is mentioned that a
cortain result on the antomorphisms of this lattice allows one to identify the
set of topologics possessing a given topological property by siply observing
the structure o the lattice of topologies on X (see Theorem 3.7.3 and Remark
3.7.4). T this article it is also shown that for anv lattice L there exists a
set A such that L may be embedded into the lattice of topologies on X (sce
Theorem 3.7.11.

The above-mentioned article is already an iudication that the role of

the lattice of topologics in general lattice theory cannot be casily ignored.



Valent and Larson [34] and Rosicky [52] have in fact elaborated on this, and
by combining some results in these two papers it can be shown that any
finite lattice can be realized as an interval of Ti-topologies if and only if 1t is
distributive.’

The above omments suggest that the study of lattices of structures on
a set X" has th» potential to henefit many areas of mathematics. Ilence, an
investigation irto the lattice of uniformities on X (ordered by set inclusion)
cominenced. In 1975, Pelant and Reiterman published a paper [44] investi-
gating the anti-atomns of this lattice. In particular. they found that there is
a strong relationship between the anti-atoms in this lattice and ultrafilters
onn X . and that the nature of this relationship depends on whether or not
the anti-atom in question is proximally discrete (a uniformity is called proxi-
mally discrete fit induces the discrete proximity: sce Propositions 4.3.9 and
4.3.21). In particular, in [4G, Proposition 2.1] they show that every proxi-
mally non-disc -ete anti-atom is a copy of a certain type of anti-atom Jx for
an ultrafilter 7 on X. It is nteresting to note that the propertices of this
ultrafilter F also appears to determine whether or not the anti-atom Jx is
proximally finc (i.e. the finest uniformity inducing its proximity). This can
be seen from their result cited in Theorem 4.3.24.

Based on tl eir above-mentioned results, Pelant and Reiterman conjecture
in their paper [46] that uniformitics can be used for the classification and
mvestigation of ultrafilters. This claim is supported by the fact that the
iteraction of ultrafilters with certain other structures on a given set has been
successtully en ployed for this purpose in the past. For example, given a sct
X. the ultrafilters on X can be regarded as the points of the Stoune-Cech
compactification F(X) of the discrete topological space on X2 As Simon
notes in [56]. t s in twrm suggests that nniform anti-atoms may also he able
to tell us something about the properties of the points in the Stone-Cech
compactification of a discrete space.

The investizations into the lattice of uniformities continued, and in 1976
Reiterman anc Rodl gave an example of a non-transitive anti-atom in [51].

Walent and T arson proved that any finite distributive lattice can be realized as an
imterval of 7Y topologies in [34]. Rosicky proved that every finite interval between T)-
topologies must be distribntive in [52].

?In general. one considers the z-ultrafiliers on a completely regular Hausdordl topolog-
ical space X Those are then used to define the Stone-Cech compactification #(.X) of X
See [9. Section 2] for more details on this approach.



These anti-atoms are complicated structures, and there had been speculation
as to whether they existed at all.? Diverging from the subject of anti-atomns,
Pelant and Reiterman in 1981 published [45] in which they proved that the
lattice of unifo mities ou a set X is complemented if and onlv if X is finite
(see Corollary 1.5.2). The paper furthermore contains some very in-depth
results regarding complements in this lattice.

In light of t1e above. it is natural to start an investigation into the lattice
of quasi-uniforinities on a set X', which has heen done in this dissertation. We
start with the toms, which turn out to be relatively siimple structures — in
Corollary 5.2.11) we show that the atomns are exactly those quasi-uniformities
generated by a special kind of pre-order on X. We also show that a quasi-
uniformity is atomic if and only if it is transitive and totally bounded (Propo-
sition 5.2.15). The auti-atoms, though, have proven to be somewhat more
intricate. Theorem 5.3.20 does however completely characterize those anti-
atoms which ave proximally non-discrete in terms of ultrafilters on X and
ultrafilters on X' x X. The proximally fine anti-atoms are characterized in
Theorem 5.3.32. We also study the question of whether between two dis-
tinct but comparable uniformities there is alwavs a non-svimunetric guasi-
uniformity. and obtain some interesting partial solutions to this problem in
Section 5.4.3. Complementation in this lattice resembles complementation in
the lattice of uniformities; and in Corollary 5.5.4 we show that the lattice of
quasi-uniformitics on a set X is complemented if and only if X is finite. The
property of having a complement is also shown to bhe preserved by several
operations one can perform on or between quasi-uniformities (see Section
5.5.1).

It is interesting to note the various resemblances between the lattice of
uniformities aud the lattice of quasi-uniformirics on a given set X. We have
already menticued that the results reearding complementation for the two
lattices ave paiticularly similar. The atoms of the lattice of uniformitics are
also just the svimetric counterparts of the atoms in the lattice of guasi-
uniformities (see Corollary 5.2.12). Upon comparing the anti-atoms, we sece
that in both cases there is a strong relationship between the anti-atoms of
these lattices ¢ ud ultrafilters on X. The nature of this link is also for cach
of them determined by whether or not the anti-atom i question induces the
discrete proximity. In addition to this, it is interesting to note that the same

#See the explanation al the beginning of Section .31



condition that is both necessary and sufficient for an anti-atom of the lattice
of uniformities to be proximally discrete is also necessary and sufficient for
an anti-atom of the lattice of quasi-uniformities to be proximally discrete
(Propositions =.3.9 and 5.3.15).

We bring it to the reader's attention that some of the most interesting
new results on the lattice of quasi-uniformities obtained during this investi-
gation arc collected in [11] for possible publication. The proofs given in this
dissertation and in [11] respectively may sometimes differ, but the reacler will
be made aware of this if this is the case.

This dissertation starts with some preliminary delinitions and notation,
which are givey in the next chapter. The aforementioned chapter contains
two separate sections on quasi-uniformities and quasi-proximities respec-
tively. each of which lists sonie often used basic definitions and results needed
to understand this dissertation. Chapter 3 consists of a short summary of
the lattice of topologies on a set X, and is intended as an example as to
what may be achieved with the lattice of quasi-uniformities. Chapter 4 is
on the lattice of uniformities. 1t lists the most nmportant results obtained
for this lattice thus far, though in a more in-cepth manner than was doue in
the previous chiapter. The majority of the results in this chapter have heen
translated fron: using the covering definition of @ uniformity to the entourage
definition. Finly then Chapter 5 starts an investigation into the lattice of
quasi-uniformities, and this dissertation ends with the Conclusion (Chapter
G) in which a f»w unsolved problems are listed.

In this dissertation, the axiom of choice (AC) is assuned to hold through-
out. and its use need not be exphcitly indicated. However, the reader will
be made aware of the use of the continuum hyvpothesis via the svinbol (CH),
which will he jlaced at the beginning of the result in question. We have also
abbreviated “i” and only if” by “iff”. Refercnces for results will be placed
at the beginning of the proofs, unless only the statement of the result was
obtained from the referenced document. In this case. the reference will he
at the beginning of the statement, and the proof given here may differ from
the one in the cited document. A list of the most important symbols defined
and used throughout this dissertation is given at the end of the Conclusion
(Chapter 6). just before the Bibliography. It includes references to where in
this dissertation these symbols were first introduced.

e



Chapter 2

Preliminaries

In this chapter we smnmarize the most often used general definitions and
notation used throughout this dissertation. We also sununarize some often
used definitions and fundanental results relating to (quasi-) uniformities and
(quasi-) proxinities on a set X.

2.1 General Definitions and Notation

In this section we introcduce some general definitions awd notation used in
this dissertatio.n.

Special Sets and Cardinalities

For any set X, |X| denotes the cardinality of X. ¢(X) denotes the powerset
of X, e, o(N) ={A | AC X}, andif A C X, X — 4 denotes the

complement of A. The symbol w denotes the set of natural numbers, and,

as usual. its cardinality is denoted by Ry, R is the set of real numbers. and
¢ denotes the cardinality of R (i.c. ¢ = 2%).

Relations

If 17 is a relation on a st X, R is called a pre-order i it s reflexive and
transitive, and is called a (partial) order if it is also anti-symmetric. R
s an equivalence relation it it is reflexive, transitive. aund symmetric. By
the transitive closure of R s nicant the smallest trausitive relation on X
containing .

[uba ]



If 4 C X, the diagonal of A is defined as Ay = {{(v.0) | € A} If
A = X and there is no danger of confusion. we write Ay simply as A,

[fACXNxNand B C XXX, then 4oB = {(v.z) | 3y € X such that (2,y) €
Aand (y.2) € B}. A% denotes Ao A, AY denotes Ao A o A, and so
on. If U is ary subset of X x X, then U™! = {(x.y) | (y.2) € U}. If
r e X then Uz) = {y € X | (v,y) € U}, and if A C X we denote
U(A)={y e N | (x.y) €U for some x € A}.

If f:X — Y isa function, then fx f: (X x X) — (Y xY) is the
function define 1 by (f x f){a.y) = (f(x). f(y)). If A C X, then f|, denotes
the restriction of f to the set A.

Filters

Given a set X', a nou-empty family & of subsets of .\ is said to have the fi-
nite intersection property provided that the intersection of every non-empty
finite subfamilv of & is non-empty. If & has the finite intersection prop-
erty, the filter gencrated by S is given by fil(§) = {S € X | OH C
S for some nor -empty finite subset H of S}. If .S is a subset of X then
fil(S) denotes the filter generated by the base {S}.

An wltrafilter on X i a maximal filter, 1.e. a filter that is not properly
contained by any other filter on X. Note that if X is an infinite set, then
the nunber of ultrafilters on X is 227,

Lattices

If <is a partizl order on X, (X, <) is called a partially ordered set. In any
such partially ordered set, a € X is called a mazimal element if z € X and
a < ximplies ¢ = a. Mimimal elements are defined similarly. Zorn's Lemma
states that if (X, <) is a non-empty partially ordered set such that every
non-cnipty chain of X has an upper bound. then X has a maximal element.
The greatest lower bound @ Ay of two members o and y of X is called the
meet of « and gy, and the least upper bound VvV y of & and y is called their
join. If {a; | 7 € I} is any collection of members of L. then Vo, o and
Ay i ave defined similarly.

A partially ordered set L = (X, <) such that the meet and join of any
two clements of L always exist i1s called a lattice (note that by «w € L we
mean @ € X). It is called a semilattice with respect to sup (or inf) if 2 vV y
(respectively o A y) exists in L for all .y € X. L is complete if arbitrary



meets and joins always exist in L. In this case the top (greatest) element of
L is denoted by 1 and the bottom (least) element is denoted by 0. If 4 is
asubset of XL <fy = < M4 xA) and K = (4. <]y). then A s called a
sublattice of L i for every w,y e N, avVye N aund v Ay e IV,

If v.y € L, then z is said to cover y if y < @ and there is no z € L such
that y < z < a. If & covers y, then @ is said to be an immediate successor
of y, and y an immediate predecessor of w. An clement « of L is called an
atom if it covers 0, and an anti-atom if it is covered by 1.' « is said to be
atomic if it can be written as the join of atoms, aud anti-atomic if it can be
written as the meet of anti-atoms. L is called atomic if every element of L
otlier than 0 is atomic, and an anti-atomic lattice 1s defined similarly.

If v e L.theny € Lis called a complement of v if 2 Vy =1 and x Ay = 0.
L is called compleniented if every o € L has at least one complement.

A map from alattice L to alattice N is called a lattice homonworphisme it it
preserves finite nieets and joins. The map is called a complete homomorplhism
if it prescerves arbitrary meets and joins. A homomorphism is called an
embedding if it is one-to-one, and a (lattice) somorphism if it is one-to-one
and onto. [ is called an automorphism it it is an isomorphisni mapping
a lattice L iuto itself. A lattice (X. <) is called sclf-dual if it is lattice
isomorphic to (X.>) (here >= (<)7!) . and > is called the dual order of <.

L is called rwodular if )y, z € L and @ < z implies oV (yAz) = («Vy)Az.
L is said to be distributive if for every w.y. 2 € L. aV(yAz) = (xVy)A(zVz)
(and 2 A {yVz)=(rAy)V (A z)) Every distributive lattice is modular.
Proposition 2.1.1. A lattice is

1. non-modular if and only if Ny can be embedded into it. and

2. non-distributive if and only if N5 or My can be embedded into it.
Proof. Sce [10. pg. 89]. The lattices Ny and Ay are as shown in the below
ficure. ]

A lattice L s called wpper semi-modular if for distinet @ and y in L such
that 2 anud y cover an element z € L, &V y covers both « and y. A lower
semi-modular Tattice is defined dually. If L is a complete atomic lattice with
its st of atoms denoted by AL L is said to be tall if for every S C A, with

s=\V{r]jreSh wehwe{vred | v <s}=(|{{B|SCBCAHA »rye
B and z < 2V y implies z € B},

INote that these definitions allow 0 to he an anti-atom and 1 to be an atom.

-1






A quasi-uniforn ity will be called non-symmelric if it is not a uniformity.

Notation 2.2.2. If I/ is a quasi-uniformity, then ! is the quasi-uniformity
given by {U™' | U € U}, and is called the conjugate of U. It is casily seen
that a quasi-uniformity is a uniformity iff 4 = =",

Definition 2.2.3. If (X i) is a quasi-uniform space and A C X is non-
empty, let U|4 = {UN(AxA) | U elU}. U], is called the restriction of U
to A. and (A.U],) is called a subspace of (X.U).

Definition 2.2.4. I{ I/ is a quasi-uniformity on X, B is called a base for U
if BCU and for every U € U there is a B € B such that B C U. B is called
a subbase for U it {VH | H € B,H is non-cmpty and finite} is a base for .

Notation 2.2.5. If I and V are quasi-uniformities on X, U is said to be
coarser than V (and V finer than ) it Y C V. The discrete uniforniity Dy
on X is the filter generated by the base {A}. and the indiscrete uniformity
Ty on N is {X x X}. If there is no danger of confusion. Dy and Iy will be
denoted by D and 7 respectively. It is clear that every quasi-uniformity is
coarser than D and finer than 7.

Definition 2.2.6. If (X.) and (Y. V) arc (quasi-) unifor spaces. then a
map [ XN — Vs called (quasi-) uniforly continuous if for every Ve V.
(f x /)Y V) eU. fis called a (quasi-) uniform isomorphism if it is one-
to-one, onto, and f as well as its inverse are (quasi-) uniformly continuous.
If there exists a (quasi-) uniform isomorphisim between U and V we write

U~V.

Definition 2.2.7. Let {(X;,U;) | i € I} be a family of (quasi-) uniform
spaces. Then the product (quasi-) uniformity on [],., Xi. denoted by [, Ui,
is defined to b the coarsest (quasi-) uniformity which makes all the projec-
tions 7« [, Xi — X; (for cach i € T) (quasi-) uniformly continuous. The
product of two quasi-uniformities U and V' is alzo denoted by U x V.

Definition 2.2.8. Let & be a collection of quasi-uniformitics on a set X
Then we define the supremum of § to be

\/5 =Vyes =Hl({ULn ..U, | for cach 1 <i<n U €Y
for some U; € S.n € w}).

V'S is the coarsest quasi-uniformity finer than cach U € S.

9



Pseudo-Metrics and Quasi-Pseudo-Metrics

Definition 2.2.9. A quasi-pseudo-metric on a set X is a function d : X X
X — [0.00) such that

1od(z,z) < d{a,y) + d(y, z) for all w.y, z € X, and
2. d{w.a) =0for all v € X.

d is called a pseudo-metric if it also satisfies the following synunetry
condition:

3. d(w.y) =d(y.x) for all w,y € X.

A pseudo-n etric is called a metric if the second coudition above is re-
placed by
d(z,y) =0iff v = y.

Definition 2.2.10. Let p be a quasi-pseudo-metric on X. The collection of
all sets of the form U? = {(a,y) | p(e.y) < ¢} (also denoted shuply by U,
if there is no dauger of confusion) form a base for a quasi-uniformity called
the quasi-uniformity generated (ov induced) by p, which is denoted by U,. If
p is a pseudo-n.etric, U, is a unifonnity.

The coumection between quasi-uniformities and quasi-pseudo-metrics be-
comes clear below.

Lemma 2.2.11. Let (U )new be a sequence of reflexive relations on a set X
such that for each n € w, Uy, 0U, 10U, CU,. Then there is a quasi-
pseudo-metric d on X such that U,y C {(x.y) | d(v,y) < (%)”} C U, for

cach n € w. Iy each of the U, are symmetric, then d can be found to be a
pscudo-metric.

Proof. Sce for :xample [23, Lemma 6.12]. Here the proof is done for sym-
metric U, and pseudo-metrics, but by leaving out the symmetry conditions
one immediatelv obtaing a proof for this lema. 0

Corollary 2.2.12. Given a set X, cvery (quesi-) uniformity U on X can be
written in the jorm
U=\,

el

for some family of (quasi-) pseudo-metrics {d; | i € I} on X.

10



Definition 2.2.13. A quasi-uniformity is called quasi-pseudo-metrizable if
there exists a juasi-pscudo-metric p such that ¢, = U4, A wiformity U is
similarly callec (pseudo-) metrizable if there exists a (pseudo-) metric p such

that U, = U.

Corollary 2.2.14. A quasi-uniformity U is quasi-pseudo-metrizable tof and
only ifU has ¢ countable base.

Transitive Quasi-Uniformities

Definition 2.2.15. A quasi-uniformity ¢ on a set X is called transitive if it
has a base consisting of transitive relations on X,

Proposition 2.2.16. If {U; | i € I} is « collection of transitive quasi-
uniformitics on a set X, then \/,.; U; is transitive too.

Proof. This follows from the fact that the intersection of transitive relations
1s transitive. O

Topologies Induced by Quasi-Uniformities

Given any quasi-uniformity I/ on a set X, we can obtain a topology on X as
follows:

Definition 2.2.17. Let (X, U) be a quasi-unitori space. The topology in-
duced by U is given by

TU)={G C X |forevery v € G there is a U € U such that U(z) C G}.

If 7 is a topology on X then U is said to be compatible with T if T(U) =T
and (X.7) is said to admit Y.

bl
Several useful facts concerning these quasi-uniformly induced topologies
are listed below.

Proposition 2.2.18. IfU and V arc quasi-uniformities on a set X such that
UCY. then TU) CTV).

Proof. [14. Proposition 1.29)]. O

Proposition 2.2.19. Suppose f: (X.U) — (Y. V) is quasi-uniformly con-
tinwous. Then [ (X.T(U)) — (Y, T(V)) is continuous.

11



Proof. [14, Proposition 1.14]. O

Proposition 2.2.20. For any family of quasi-uniformitics {U; | i € I} on a
set ‘\7, T(HIEI U,) - HiEI T(Z/{L>

Proof. [14, Section 1.16]. O]

Proposition 2.2.21. If {U4; | i € I} is a collection of quasi-uniformities on
aset X, then T(\ o, Us) = Ve, TU).

Proof. [14. Section 2.3]. 0

Totally Bouinded Quasi-Uniformities

Definition 2.2.22. Let U be a quasi-uniforinity on a set X U is said to be
totally bounded if for every U € U there is a finite cover {A; | 1 < i < n}
(for some n € w) of X such that for each 1 <i<n, A, x A, CU.

Proposition 2.2.23. Let U be a totally bounded quasi-uniformity and {U; |
i € 1} a collection of totally bounded quasi-uniformities on a set X. Then
the following lolds:

1. Any quasi-uniformity coarscr than U is totally bounded, and
2. Ve, Ui 15 totally bounded.
Proof. [14. Section 1.32]. O

Given a tosology 7 on X, we can always find a quasi-uniformity com-
patible with it. namely the Pervin quasi-uniformity. This is proven in the
below proposition:

Proposition 2.2.24. Let (X.7T) be a topological space and let § = {(X x
X)—(Gx (N =G)) | GeT}. Then S is a subbasc for a totally bounded
transitive quasi-uniformity P compatible with T, called the Pervin quasi-
uniformity for (X. 7).

Proof. [14. Proposition 2.1]. O

Proposition 2.2.25. Let (X, T) be a lopological space. The Pervin quasi-
uniformity is the finest totally bounded quasi-uniformaity compatible with T .

Proof. [14, Section 2.2]. O



A concept that is closely related to total houndedness is that of precom-
pactness.

Definition 2.2.26. Let U be a quasi-uniformity on a set X Then f is
said to be precompact it for each U € U there is a finite FF C X such that
U(F)=X.

Remark 2.2.27. It is not too difficult to see that every totally bounded
quasi-unifornity is precompact, and that a uniformity is totally bounded if
and onlv if it ix precompact.

2.3 Proximities and Quasi-Proximities

In this section we mention some basic results on (quasi-) proximities used in
this dissertatio 1. Again, readers that are fauniliar with proximities and quasi-
proximitics mav opt to skip this section. The notation and conventions used
mostly correspond to those used in [14].

Definition 2.3.1. A relation § on @(X) is called a quasi-proximity on X iff
it satisfies the following conditions (here A0 B means (A. B) € 4, and AdB
means (4. B) ¢9):

L Xof and 00X,

2. Co(AUDB)if and only it CA or CdB3, and
(AU B)aC if and only if ASC or BIC.

3. {apo{u} tor each v € X, and
4. if AdB. there exists a € C X such that A0C and (X — C)4B.

A proximity is a quasi-proximity satistying the following additional sym-
metry conditio

5.0 =0"h

If 0 is a (quasi-) proximity on X, (X,0) is called a (quasi-) prozimity
space. If there is no danger of confusion. we will simply refer to X as a
(quasi-) proximity space. A quasi-proximity space is called T -separated if
the third condition above is replaced by

{a}o{y}iff w =1,

13



Definition 2.3.2. If A and B ave subsets of X' in the quasi-proximity space
(X.0), Aissailto be near B it AJB and A is said to be far from B if A0B.
If § is a proximity, then A is near 3 iff 3 is near 4. In this case. we simply
sav that A anc B ave prozimal.

Definition 2.3.3. If § and p are two quasi-proximities on a set X. then we
say that ¢ is finwer than p (or pis coarser than d) if § C p. The discrete
prozimity is defined by letting A0B iff AN B # (). This is the finest quasi-
proximity on X. There is also a coarsest quasi-proximity on X, defined by
letting A0B iff A # 0 and B # {).

Topologies Induced by Quasi-Proximities

Definition 2.3.4. Let (X, d) be a quasi-proximity space. Then the function
cls + (X)) — (X)) defined by cls(A) = {& | {a}0-} for A C X is a closure
operator for a ropology ou X. The topoloey 7 () generated by this closure
operator is called the topology induced by 9.

If (X.7) is a topological space, it is said to admit a quasi-proximity §
(and 0 is said to be compatible with T ) if § induces 7.

Quasi-Proximities Induced by Quasi-Uniformities

So far we have seen that a guasi-uniformity can induce a topology, and that a
quasi-proximity can induce a topology. Now we show how a quasi-uniformity
can induce a guasi-proximity.

Definition 2.3.5. If (X.U) is a quasi-uniform space. the quasi-proxvimity
induced by U 1s the quasi-proximity dy, dehined by letting Ady B ift for each
Uel. (Ax L)NnU # 1§ (or otherwise put, U(A) N B # §). Note that if U
is a uniformity. then dy is a proximity. If Ady, B, we sometimes say that A is
near B in (or with respect to) U.

Given a quasi-proximity 4 on X, a quasi-uniformity & on X 1is said to
be compatible ~vith 0 if é, = ¢. The class of all quasi-uniformities that are
compatible with a quasi-proximity ¢ will be denoted by 7(d), and is called the
quasi-proxvinity class of 0. If § is a proximity. 7(d) is also called a prozimity
class.

Definition 2.3.6. A quasi-uniformity is called proaimally fine iff it is the
finest among a | quasi-uniformities inducing its quasi-proximity, e, iff it is

14



the finest menber of its quasi-proximity class. Note that not every quasi-
proximity class need have a finest member. When speaking in the context of
uniformities orldy, as in Chapter 4, a uniformity is called proximally fine iff
it is the finest uniformity inducing its proximity.

Quasi-unifc rnities that induce the same proximity as the discrete uni-
formity (namely the discrete proximity) are called provimally discrete. 1t
a quasi-uniformity is not proximally discrete, it is called proximally non-
discrete. It is easily seen that the indiscrete unifority induces the coarsest
quasi-proximity on X — sece Definition 2.3.3 (the indiscrete uniformity is in
fact the unique member of its proximity class).

Proposition 2.3.7. If U and V are quasi-uniformities on a set X such that
UCYVY, then oy C oy

O

Proof. [14, Proposition 1.29].

Proposition 2.3.8. Let U be a quasi-uniformity on a sct X. Then T(U) =
T (). Hence. if U is compatible with the quasi-prorimity 6. then T(U) =
T(0).

Proof. Supposc G € T(U). We show X — G is closed in T (dy). Suppose z €
G. then for some U € Y we have U(x) C G. Hence ({a} x (X =G))NU =0,
so {1}y (N — @) aud @ ¢ cly, (X — ). Therefore. X — G is closed in 7 (dy),
aud hence G € T (0y).

Now suppose that G € T(dy). Then X — G is closed in 7(d). Suppose
r € G. Then {2}0y(X — &), and therefore there is o U € U such that
({a} x (X = G))NU = 0. Hence U(x) C G, proving that G € T(Y).

Hence T(U) =T (dy). I U is compatible with 4. then 6 = §. so T (U)
T (o) =T(0).

O

Quasi-Uniformities Induced by Quasi-Proximities

Definition 2.3.9. Given a quasi-proximity & on X. the quasi-uniformity
induced by 6, dnoted by Us, is generated by the subbase {(Xx X)—(4Ax B) |
AdBY}. If & is « proximity, then Us is a uniformity.

We have now obtained both a quasi-proximity from a quasi-uniformity
and a quasi-uniformity from a quasi-proximity, i.c. we have a map of the
form

U — oy — U,

o



In light of this, a natural question to ask is whether the correspondence
between quasi- miformities and quasi-proximities on a set X is one-to-oue.
This is not exe ctly the case, but the below theorem does show that there
is in fact a one-to-one correspondence between quasi-proximities and totally
bounded quasi-uniformities.

Theorem 2.3.10. Let (X.0) be a quasi-provimity space. Then Us is the
unique totally bounded quasi-uniformity conpatible with 6. and Uy is the
coursest quasi-wniformity compatible with §.

Proof. [14, Theorem 1.33]. O

Definition 2.3.11. If I is a quasi-uniformity. we let 24, denote the totally
bounded quasi-uniformity compatible with ;. In other words, we denote

Z/{(; ])\ Z/{W,.

i

Remark 2.3.12. It is worth noting that

U, = fI{(N x X) = (Ax B) | 3U €U such that U N (A x B) = (1}).

<!

[t is casily scer that U, is the finest totally bounded quasi-uniformity on X
that is coarser than U. This follows from Theorem 2.3.10 and because any
quasi-uniformity V such that ¢, C V C U is compatible with &, since both
U and U, are (see Proposition 2.3.7).

Proposition 2.3.13. Two quasi-uniformitiecs U and V on a set X induce
the same quasi-procimity if and only if U, = V.

Proof. [14, Section 1.37]. O
Proposition 2.3.14. For cacl quasi-uniformity U (U1 = (U)L.

Proof. [14. Section 1.40)].

O

Proposition 2.3.15. For any quasi-uniformity U, T(U,) = T (U).

I

Proof. Since U, = Uy, and hence U, is compatible with oy, we have T (U,
T (Sw). But Ttay) = T(U) by Proposition 2.3.8, and hence 7(U,) = T(U

N~

O
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Chapter 3

The lattice of Topologies

The lattice of topologics on a set X has alrcady been studied in detail.
and much has become known about this lattice. In this chapter we give
a sunnnary of the most iimportant discoveries. The intent of this chapter is
mainly to illustrate what can be achieved when studying lattices of structures
on aset X in general. Hence, proofs of theoremns are mostly omitted, and we
do not go into ~oo much detail. A large portion of this chapter was obtained
from [32].

3.1 Introduction

Notation 3.1.1. We will denote the collection of all topologies on a set X.
ordered by set inclusion C, by S(X).

Theorem 3.1.2. For any non-cmpty set X, S(X) is a complete lattice, with
bottom element the indiscrete topology and top element the discrete topology
on X. If C is a collection of topologies on X, their join \J C in T(X) s
the topology generated by the base {Gy 0. 0G| for cack 1 <i<n, G, €
T; for some T, < C, n € w}, and their meet is given by () C.

Proof. Sce [5]. O

There have been extensive efforts to determine the exact cardinality of
E(X) for any given X. In the case that X is infinite. this goal has certainly
been achicved - it turns out to be the set-theoretic maximun.

_ ‘)Q‘X

Theorem 3.1.3. If X is infinite, then |S(X)

17



Proof. See [15 . O

However, finding the cardinality of 2(X) when X is finite is not quite so
straightforward. There is no known formula. but some partial results have
been obtained. a few of which are listed below.

Theorem 3.1.4. Suppose that X is finite. If |X| = 1.2.3.4.5,6 or 7, then
|S(X)] = 1.4,29, 355, 6942, 209527 and 9535241 respectively. If | X| =n # 1,
then 27 < |R(X)| < 2n=1),

Proof. This theorem was proved piccewise in several different papers. Sce
[32. Theorem & .5] for the list. C

3.2 Atoms in %(X)

Atoms in (X)) turn out to be relatively simple structures. as we shall sece
below. Relevant questions to ask would be how many atoms there are in
(X)) for a given set X, whether the lattice is atomic and. if not, which
topologics will be the atomic members of £(X). These questions are all
answered below without too much effort.

Theorem 3.2.1. [60] A topology T is an aton in 2(X) if and only if it has
the form {0.G. X}, where ) € G C X.

Proof. Clearly cach topology 7 having the above form is an atom. Con-
versely, if 7 dces not have the above form. it is cither the indiscrete topology
or contains at least two sets Gy # X and Gy # X that are not empty. Then
{0.G). X} ©T.s0T is not an ato. O

Corollary 3.2.2. [60] 2(X) is an atomic lattice.

Proof. For any non-indiscrete topology 7. wiite 7 = {G, | ( € I} =
Ve, {0.G:. X} for some index set 1. C

Corollary 3.2.3. [60] If X s finite, non-empty and |X| = n, then 2(X)
has 2" — 2 atoms. If X is infinite, S(X) has 2¥1 atoms.

Proof. The number of atoms in L(X) is [o(X)] — 2 for anv non-empty set

X. 0



3.3 Anti-Atoms in X(X)

As was the case with atoms, all the obvious questions regarding anti-atoms in
$(X) have been answered. We show in particular that (X)) is anti-atomic,
and give a full description of the anti-atoms in £(X).

We will necd the following definition.

Definition 3.3.1. Suppose that F is an ultrafilter on X and that a & () F.
Denote 7(x. F) = {G € X | v & Gor G € F}. T(x.F) is called an
ultratopology on X, and it is said to be principal or non-principal depending
on whether F is principal or non-principal.

Theorem 3.3.2. A topology T is an anti-atom in (X} if and only if it 1s
an ultratopolog,.

Proof. See [15]. O
Corollary 3.3.3. (X)) is an anti-atomic laitice.

Proof. Sce [15]. .
Corollary 3.3.4. If X is finite, non-empty and |X| = n, 2(X) has n(n—1)
anti-atoms. Otherwise, if X is infinite, L(X) has 2° Y anti-atoms.

Proof. See [15] O]

3.4 Adjacent Topologies in ¥(X)

In this section we present sonie results regarding which topologies have im-
mediate successors and which have innmnediate predecessors in 3(X).

Before we continue we note that, in general, any two adjacent topologies
are related 1 the following manner:

Proposition 3.4.1. Suppose that T and O are adjaccnt topologies on X,
say T C O. Then O s the topology generated by the subbase T U {A} for
some A & T.

Proof. [35, Lenuma [.1.4] Pick A € O — 7, and let ‘H be the topology gen-
erated by the subbase 7 U {A}. Then 7 C H C O. Since O and T are
adjacent. we must conclude that H = O. L
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3.4.1 Immediate Successors

We start by mentioning some topologies which will alsways have immnediate
successors in X (X). We will then also give examples of topologies whicli do

-

not have inmnediate successors in L(X).

Theorem 3.4.2. Let T be a (completely) regular but non-Ty topology on X .
Then T has ar immediate successor in S(.X).

Proof. [35. Theorem 1.2.9; Corollary 1.2.10]. O

Corollary 3.4.3. Every pscudo-metric topology which is not a metric topol-
ogy has an imiediate successor in S(X).

Proof. [35. Theorem 1.2.11] Every psendo-metric topology 7 is regular. If in
addition to this 7 is not a metric topology, it is not 7. and heuce this result

follows from Theorem 3.4.2. O

The condition that 7 be non-T) in the above results cannot be omitted.
In [36. Example 4.1] and [35, Example 1.4.2] it is proven that there exists a
completelv regular topology that hias no immediate successor.
Theorent 3.4.4. Let T e a Ty, first countable, completely normal topology
on X. Then T does not have an immediate successor in 2(X).

Proof. [35. Theorem 1.4.3]. O

Corollary 3.4.5. No mctric topology on X las an immediate successor in

S(X).

Proof. [35. Theorem 1.4.7] A metric topology is T}, completely normal and
first countable, so this result follows from the above theorem. O

3.4.2 Immediate Predecessors

We now sumimarize some results regarding which topologies will have imme-
diate predecessors in 2(X).

Theorem 3.4.6. Let T e a non-indiscrete topology on N that is either reg-
ular, completely veqular or Hausdorff. Then T has an immediate predecessor

in S(X).



Proof. [35. Theorem I1.1.8, Theorem 11.1.10, Corollary I1.1.11]. O

Corollary 3.4.7. Let T be a non-indiscrete pseudo-metric topology on X.
Then T has an immediate predecessor in S(X).

Proof. [35. Theorem I1.1.12} This follows trow the above theorenn, as every
pseudo-metric 1opology is regular. O

It clearly follows from the above corollary that every non-indiscrete metriz-
able topology 1 as an immediate predecessor in 2(X). In the light of Corol-
lary 3.4.5. this is somewhat surprising, sceing as 1o metric topology has an
immediate successor. Ou the othier hand, it is interesting that every pseudo-
metric topology that is not a metric topology will always have an immediate
successor and predecessor (Corollaries 3.4.3 aud 3.4.7).

3.5 Complements in »(X)

The questions of whether %(X) is complemented and of lhow many com-
plements a given topology can have have been answered to a large extent
already. We list the most inportant of these results here.

Proposition 3.5.1. For any sct X, (X)) is complemented.

Proof. See [61] and [58]. O

Theorem 3.5.2. [f X is infinite. cuery topology in (X)) (ercept the discrete
N

and indiscrete topologics) has at least complements.

Proof. See [55]. O

Theorem 3.5.3. If X is infinite, there exists o subset of 32(X) of cardinality
N| such that any two elements in this subset are complements of cach other.

Proof. Sce [2]. O



3.5.1 AT Topologies and Complements in >(X)

The idea of an AT topology has been very prominent in the area of com-
plementation cf topologies. Results illustrating the role of AT topologies
in complementation are given throughout [62]. We will not elaborate too
much on the subject here: however. this notion will prove to be useful in the
chapters to come, and hience we give a siall introduction to these topologics
helow.,

Definition 3.5.4. Let (X, <) be a pre-ordered set. The Alexandroff-Tucker
(AT) topology for (X, <) is the topology generated by the base {{y € X
y>r) e X}

Lemma 3.5.5. If T is the AT topology for the pre-ordered set (X. <),
v<<y & VWeT, velU=yel) & yel,.

where U, denotes the intersection of all open neighbourlioods of x inT. Hence
U.’I? - {U ’ y 2 -’14}~

Proposition 3.5.6. A topology is an AT topology if and only if arbitrary
mtersections of open scts are open.

Proof. Suppose first that 7 is a topology on X such that arbitrary intersec-
tions of open scts are open. Define the pre-order < on X by letting & < y iff
foralU eT,»elU = ye€U. Then 7T is the AT topology for (X. <).
Conversely, arbitrary intersections of open sets in a given AT topology
on .\ are open. since by the above lemma, U, is open for cach € X, O

Proposition 3.5.7. [62, Section 2] The sct of AT topologies on X under
nclusion and the set of pre-orders on X under reverse inclusion are isomor-
phic.!

Proof. (Sketch If S and R are pre-orders on N. and the collection of all
pre-orders on X is ordered by reverse inclusion, then SAR = . (SUR)"
(the transitive ‘losurc of SUR) and SV R = SN R.

Using the above lemma it is easy to prove that, if AT(R) denotes the AT
topology generited by the pre-order R, AT(R A S) = AT(R) AN AT(S) and

new

ENote that {62, Section 2] claims that the set of AT Topologies on X ordered by inclusion
Is 1somorphic to tae set of pre-orders on X ordered by inclusion.
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AT(RV S) = AT(R) Vv AT(S). It also follows easily that the relationship
between pre-orlers on X and AT topologies on X is 1-1 — no two distinet
pre-orders induce the same AT topology. U

Proposition 3.5.8. Fuery topology in 5(N) has a complement that is an
AT topology.

Proof. See [62. Proposition 3. O

3.6 Lattice Structure of ¥(X)

In this section we look at the lattice structure of X(X), i.e. properties like
distributivity. tallness and self-dualness.

The structure of £(X) twrns out to be not at all simple, as the following
theorem illustrates.

Theorem 3.6.1. [f |X| > 2, then (X)) is non-distributive, non-modular
and not cven upper or lower semi-modular.

Proof. [58]. [60" and [33]. O

From the scctions on atoms and anti-atoms we see that if X has more
than three clenents, £(X) has more atoms than anti-atoms. This leads to
the following observation.

Theorem 3.6.2. If | X

> 3, then 2(X) is not self-dual.
Proof. [58] This follows immediately from Corollaries 3.2.3 and 3.3.4. O

Finally. we have below yvet another theorem demonstrating the complexity

of S(X).
Theorem 3.6.3. X(X) s tall iff X is finite.

Proof. Sce [18] O]



3.7 Morphisms of ¥(X)

In this section we take a quick look at a few theorems concerning the nmuinber
of homomorphisms of £(X), and the group of antomorphisms of 2(.X). These
results have important implications for the topological properties of members
of (X)), which will he mentioned as well.

Theorem 3.7.1. For every lattice L, there crists a set X such that L may
be embedded in L(X).

Proof. [32, Thcorem 1.9]. O

Theorem 3.7.2. If | X| # 2, 2(X) has only trivial lattice homomorphisms,
i.e. every lattice homomorphism of (X)) onto a lattice L is either a lattice
isomorphism, ¢r L consists of a single clement.

Proof. See [18] 0

Theorem 3.7.3. If X contains one or two elements or is infinite, the group
of lattice automorphisms of (X)) is tsomorphic to the symmetric group on
X2 Otherwise. if X is finite and contwins more than two clements. the group
of latticc automorplisms of L(X) is isomorphic to the direct product of the
symmetric grovp on X with the two-element group.

Proof. [15], [18 . O

Remark 3.7.4. [32, pg. 181] Suppose X is au infinite set. It follows from
the above thecrem that any automorphism of 3(X) simply permutes the
elements of X', Heuce, every automorphisim of 2(X') would map a topology in
¥(X) onto a homeomorphic image. Consequently. the topological properties
of a member of £(X) must be determined by its position in Z(X). In other
words. the abore theorem has the following consequence:

Let X be an infinite set and P a topological property. Then the
set of toplogics in L(X) possessing property I may be identified
simply from the lattice structure of X(X).

2The synmunetr ¢ group on X is the group Sy = {f: X — X | fisa bijection}. Hence,
Sy 1s essentially o group of permutations on X, as the meinbers of Sy just permute the
clements of N



The follow ng theorem illustrates the coucept mientioned in the above
remark.

Theorem 3.7.5. If T is an anti-atom in L(X). then T is Ty iff it has no
maximum complement in 2(X).

Proof. Sce [54 . O

3.8 Maximal and Minimal Topologies

A concept that is closely related to atoms and anti-atoms in 2(X') is that of
topologies that are maximal or minimal with respect to a given topological
property. A topology 7 on X is said to be maatmal with respect to a
topological property P if 7 has property P and 7 C 'H for any topology
H on X impliss that H does not have property I’. It is clear that such a
mmaximal topolbgy need not be the greatest topology that has property P. If]
however, this is the case, then 7 is called macimum with respect to property
P. Topologies that are minimal and mingmum with respect to a topological
property are defined sintilarly.

As we shal sce, topologies that are maximmal oy miniimal with respect to
a given topological property can often be characterized very specifically in
terms of their underlying topological structure.

It mayv alsc be the case that a property possessed by a topological space
can be characterized in terms of a certain property the space is minimum or
maximum with respect to. For example:

Theorem 3.8.1. Let (X, T) be a topological space. The following conditions
are cquivalent:

1. Fvery or e-to-one map of (X, T) onto itself is a homeomorphism.
2. T is mar imum with respect to a certain topological property .

3. T is macinune with respect to a certam topological property Py,

Proof. See [31. Theorem 1]. In the proof of [31, Theorem 1] a space (Y, 7y)
is defined to have property Py if there exists a one-to-one, onto, continuous
map [ (Y. Tor — (X, 7). It is defined to have property P, if there exists a
one-to-oue, onto. continuous map f: (X, 7) — (Y. 7y). O



A result sinilar to the above involving minimal and maximal topologies
and continuous one-to-one maps can be found i 49].

Before continuing, we note that there need not be a maximal topology
for every topological property:

Example 3.8.2. {32, pg. 190] Let X be an uncountable set. Then it is easy
to see that neither the property of separability nor the property of second
countability has a maximal topology. On the other hand. if X were countable,
the discrete topology would be the maximmn separable and second countable
topology. As [32, pg. 190] notes, it is clear that the discrete topology will be
maximum with respect to a nmnber of topological properties. For example,
it 1s maximum 7y. 73, 75, regular, normal and disconnected. to name but a
few.

(32, pg. 1¢1-192] continues by giving two tables of characterizations of
maximal and minimal topologics respectively in terms of a number of well-
kunown topological properties. We list only a fow of these here as an illustra-
tion. For the references, sce [32, pg 191 - 192}

Property Characterization of Maximal Topologics

Compact maximal iff the closed subscts are precisely the
compact subsets

Conntably Compact maximal iff the closed subsets are precisely the
countably compact sets

Sequentially Compact | maximal iff the closed subsets are precisely the
sequentially compact scts

Lindelot maximal iff the closed subsets are precisely the
Lindelof subsets

Non-Ty maximal iff 1t has the form
T (. 61({y}) N T (. il ({})

Non-Tj maximal iff it is a principal ultratopology

Table 3.1: Characterizations of topologics that are maximal with respect to
certain topological properties.



Property | Characterization of Minimal Topologies

Ty winimal iff it is Ty, nested (a chain). and the complements of
the point closures generate the topology

T minimal iff the closed proper subsets of the topology are
precisely the finite subsets

7, minimal iff it is 75 and every open filter with a unique cluster

polut converges

Ty mimimal iff it is T4 and every regular filter with a unique cluster
point converges

AMetrizable | minimal iff it is metrizable and compact

Table 3.2: Characterizations of topologies that are minimal with respect to
certain topological properties.

3.9 Subcollections of Members of >»(X)

Many subfamilies of X(X) which are also lattices have been investigated.
Among these are the lattices of Ti-topologics. partition topologics. regular
topologics. co1pletely regular topologies, and many more (see [32. pg. 181
- 189]). Such cubcollections can be studied in much the same way as (X))
has been studied. In this section, however, we will concentrate on the lattice
of T-topologics.

Notation 3.9.1. The lattice of T)-topologics on a set X ordered by set
inclusion C will be denoted by A(X).

It is casy to see that A(X) is a (complete) sublattice of ¥(X). The table
below gives a shiort summary and comparison of these two lattices.® Refer-
ences given in this table are for the results for A(X), as the corresponding
results for () have already been cited throughout this chapter.

Most of the other lattices mentioned at the beginning of this section,
thougl, are not sublattices of 3(X). Take for example the lattices of regular
topologies and completely regular topologices. We know that the join in ()
of (completely) regular topologies is (completely) regular. but that this need
not be the case for the meet of (completely) regular topologies.

3See [32. Sect on 1] for more details on A(X).



Lattice Prope ty LX) A(Y) | References
Complete v v 5}
Atomic v X 4], [60]
Anti-Atomic v v (151
Complemente 1 v X 57|
Modular/Distributive X X [4]
Upper/Lower Semi-Modular X v (33]
Cardinality for

Finite X Generally > 1 1 [15]
Cardinality fcr

Infinite .\ 22! 22" [15]

Table 3.3: A comparison of 2(X) with its sublattice A(X). v indicates that
the lattice possesses the given property. and x indicates that it does not.

The below table lists some topological properties; indicating which are
preserved under finite meets, arbitrary meets, finite joins and arbitrary joins
respectively. From this table it is possible to identify which subcollections
of £(X) will be sublattices of £(X'), and which will be comnplete sublattices.
This table was obtained from [32, pg. 184].

Topological Property ANANITVIV]IC|D
T VIVIV I Vx|V
Ty, T5. Totallv Disconnected X I x|V IVvVIx|V
T;. Regular, Completely Regular,

Zero-Dimensional X | x|V IV ]| x|X
First and Sccond Countable X x|V | x| x| x
Principal VIVIV ] x| x| x
Cowmpact. Lit.delof, Connected, Separable VIV ix I x|V x
Locally Conn.cted VIV x| x| x| x
Ty. T5. (Completely) Normal, Paracompact.

Locally Compact X | x| x| x| x| x

Table 3.4: A table of topological propertics preserved under meets and joins.
v indicates that the property is preserved, » indicates that it is not.

We will no™ investigate any of these collections of topologies anv further
~ for some examples discussed in detail see [32].
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Chapter 4

The Lattice of Uniformities

In this chapter we study the lattice of uniformities on a set X', which, in
this presentation, will be ordered by set inclusion. A large proportion of the
results presented are due to J. Pelant, J. Reiterman, V. Rodl and P. Simon,
and the main references are [45], [46] and [17]. It is fair to warn that all
of the above use rcverse inclusion as their order on the uniformities of X
Hence. for example, their meets will be our joius and their atoms will be our
anti-atoms. They also define uniformities in terms of covers of X, whereas
we lave used entourages to define uniformities.! All of the results in this
chapter are presented in terms of entouwrage uniformities.

In order tc avoid repetition it will sometimes happen that we state a
result in this chapter but delay its proof until Chapter 5. There it is then
cither done for the more general case of quasi-uniformities, or derived from
other results ootained there.

4.1 Introduction

Notation 4.1.1. Consider the collection of all uniformitics on a set X. When
this collection is equipped with the partial order C (set inclusion), one obtains
a lattice which will be denoted by W(X).

It is clear that the top clement of W(X) will be the discrete uniformity
and the bottom element the indiscrete uniformity, Given a collection S of

ISee for exan ple [20] and [13. Section 8.1]. The former uses uniformities defined in
terms of covers throughout their exposition, and the latter gives a proof of the equivalence
of the two definitions.
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uniformities on X, the join of all the uniformities in S is given by \/ S, which
was defined in Definition 2.2.8. It is also clear that, if we write S = {U; | i €
I}, then

/\S C ﬁl({U U | U el for cach i € 1})

el
ns.

Hence, we can summarize V(X)) as follows:

Il

Theorem 4.1.2. For any set X, V(X) is a lattice with top element D and
bottom element I. If § is any non-empty collection of uniformities on X,
then \J S =fl({U; NU,..NU, | cach U; € U, for somel; € S,n € w}).
Hence, since W(X) 1s bounded below, it is a complete lattice and \ S is given
by the join of all the uniformitics coarser than (8.

4.2 Atoms in V(X)

Most of the results regarding the atoms of W) can be deduced innnediately
from a set of corresponding results obtained for quasi-uniformities in the next
chapter. Hence we will leave the proofs until we have dealt with the quasi-
uniform case (see Section 5.2). We do mention the most important results

here, though. with references to where the proofs are given.

Example 4.2.1. The simplest example of an atom in W(.X) is what is called
a trivial atom. Such an atom has the form

(X — {2}) % (X — {a}))UA)

tor any . € X It is clear that this is in fact aw atom i W), since if U is a
svunnetric rele tion on X such that (X — {&}) x (X = {a})) UA C U, then
UolU =X x X.






Proposition 4.2.3. A is an atom i W(X) if and only if A ="H, for some
non-empty proper subset A of X.

Proof. See Corollary 5.2.12. O

Corollary 4.2.4. If X 1s finite. non-empty and | X| = n # 1, U(X) has
2020 1 aton s, If X is anfindte. W(X) has 2N atoms.

Proof. See Cordllary 5.2.13. O

Proposition <.2.5. All atoms in V(X) arc transitive and totally bounded,
and a uniformity is an atomic member of W(X) if and only if it is transitive
and totally bounded.

Proof. See Corsllary 5.2.16. O

Finally theic is still a question that has not vet been counsidered. Is ¥(X)
atomic? The answer is no. In fact, we will give an example of a uniformity
that does not contain a single atom of W(X). However. as this example
answers the sane question for the quasi-uniform case, we will delay it until
the next chaptor. See Example 5.2.18.

4.3 Anti-Atoms in V(X)

We start this section with some basic results on anti-atoms in W(X). We will
then proceed to study the proximally discrete and proximally non-discrete
anti-atoms of W (X) separately.?

Our first basic result uses Zorn's Lenuna to prove the existence of anti-
atoms in V(X .

Proposition 1.3.1. For any set X and cvery non-discrete uniformity U on
X, U is contarned by an anti-atorn in W(X).

Proof. This proof is done for the more general case of quasi-uniformities in
Proposition 5.3.1. 0

2A good percentage of the results stated on anti-atoms in W(X) can be found in [46]
and [47].



Exaniple 4.3.2. As a concrete example of an anti-atom in W(X), consider
the uniformity A generated by the pre-order {(v.y). (y.2)} UA, for @ # .
It is clear that A is an anti-atom, and A is called a trivial anti-atom for
similarly obvio 1s reasons.

Notation 4.3.3. Supposc that @,y € X such that @ # y. The trivial anti-
atow fil({{x.y)} U {{y. )} UA) of ¥(X) will be denoted by K, -

The below proposition shows that trivial anti-atoms are an exceptional
case, as they are the only anti-atoms that are not Ti-separated and do posses
a nou-isolated point. From these results it will also follow that W(X) is not
anti-atomic.

Proposition <.3.4. [46, Proposion 2.4] All anti-atoms of W(X), except the
trivial ones, are Ty-separated and all their points are isolated.

Proof. Suppose that U is an anti-atom that is not Tj-separated. Then we
can find a point (2,y) € (U such that @ # y. Then U C K., and hence
U = K- 50 4 is trivial,

Now suppose that v € X is not isolated with respect to 7(U), where
U is a non-trivial anti-atom in ¥(X). Suppose also that for some V € U,
VC ({o} x A)U(X x {a})UA, and let ' € U be symmetric such that
U2CV. I (vey) € U and (@, 2) € U where y.z # o, then (z.y) € U% C V,
so z = y. So there is at most one y # a such that (. y) € U. Hence, since
UC {a}xNuX x{eh)UAandUd #D, U ={(ax.y)} U{(y.2a)} UA for
some y # x, contradicting that U is non-trivial. Hence, every member of
contains an element of ((X — {z}) x (X — {«})) — A. Therefore, if V is the
uniformity generated by the equivalence relation ((X —{2}) x (X —{a}))UA,
UV VY is not discrete, and it is strictly finer than ¢ since x is isolated with
respect to 7 (U vV V). We have contradicted the fact that ¢/ is an anti-atom,
and the proof s complete. O

Corollary 4.5.5. If X is infinite. W(X) is not anti-atomic.

Proof. [46, Covollary 2.4] Suppose U is a Ty-separated uniformity on an in-
finite set X such that there is at least one @ € X that is not isolated with
respect to T(Uf). Let U' = UVHI(((X — {a}) x (X = {z})) UA). Then U’
is strictly finer than U bhecause ((X — {2}) x (X — {2})) UA is not in U.
Note that U cannot be coutained by a trivial auti-atom, as it is Ty-separated.

Hence. if A is : 1 anti-atom such that U © A (XN —{a}) x (N —{a}))uAd € A
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by the above proposition, and hence Y C A, Consequently U can not be the
meet of anti-at nns, O

For the purpose of studying the anti-atoms of W(X) further, we have
divided them into two categorics: the proximally discrete and the proximally
non-discrete anti-atoms. We will see that every auti-atom of W(X') is related
to an ultrafilter on X in a certain way. and that the category to which
an anti-atom 1 elongs is determined by (and determines) the nature of this
relationship.

4.3.1 Proximally Discrete Anti-Atoms

In this section we will give a necessary and sufficient condition for an anti-
atom of W(X) to be proximally discrete in terms of ultrafilters on X.

Before we start, we make a note on the cxistence of proximally discrete
anti-atoms in W{X).

Remark 4.3.6. Suppose that X is infinite. Then since D, is totally bounded
and D s not, D, € D. Hence, if X is infinite. there is always at least
one non-discrere uniformity inducing the discrete proximity. By Proposition
4.3.1, D_ must be contained by an anti-atom of W(.\'). which then has to be
proximally discrete because D, is. Therefore. (LX) will always have at least
one proximally discrete anti-aton.

However. if X is finite, all uniformitics are totally bounded and hence
unique in thell proximity classes. Hence, since D will be unique in its prox-
nnity class, there will be no proximally discrete anti-atomns.

The first step in establishing the relationship between the proximally
discrete anti-atoms of W(X) and ultrafilters on . is to make use of a filter
on X to define a uniformity on .

Definition 4.3.7. {47, Section 1.1] Suppose F is a filter on X. Then Ur is
defined to be -he uniformity generated by the base consisting of all sets of
the form

(Fx FYUA,

where I' € F. Ur is called the filter uniformity with respect to F.



Remark 4.3.8. If F is au ultrafilter on X, Uz is proximally discrete. For
supposc that A and B are two uon-empty proper subsets of X such that
ANB ={. Thcneither A€ For X — A € F. If we assume the former, then
(A x A UA € Ur. and since ((A x A)UA) M (A x B) =0. Ais far from B

m Ur. The latter case is similar.

Proposition 4.3.9. An anti-atom A of V(X)) is proximally discrete iff Ur C
A for some nou-principal ultrafilter F on X. If A is a prozimally discrete
anti-atom, then the ultrafilter F such that Ur C A is unique.

Proof. Sce [46, Proposition 2.2] and [47, Proposition 1.3]. The proof is also
done for the more general case of quasi-uniformities in Proposition 5.3.15. O

Corollary 4.3.10. If X is finite, there are no provimally discrete anti-atoms
in U(X). If X s infinite, the number of prowvimally discrete anti-atoms ts
22"

Proof. Suppose X is infinite. Every proximally discrete anti-atom must cou-
tain Ur for sowe unique ultrafilter F on X (by the above proposition), and
every Uy must he contained by at least one anti-aton (by Proposition 4.3.1).
Hence there must be at least as many anti-atoms in W(X) as there are ul-
trafilters on X. Since the number of ultrafilters on X is ‘22“\", and because
set-theoretically there can be at most 22" uniformities on X, the result is
proveil. O

Corollary 4.3.11. If X is infinite, there are 2° - uniformities on X.

A natural cuestion to ask is whether Uy will ever be an anti-atom in
U(Y), and if so, when. If X is countable, it can be established exactly when
Ur will be an anti-atom. To do this we need the following definition.

Definition 4.3.12. Let X be a countable set. A nou-principal ultrafilter F
on X is called selective (or Ramsey) if for every partition P of X into N,
pieces. either 77 NP #£ § or there is an F € F such that F N P has one
element for every P € P.

Remark 4.3.13. The existence of selective ultrafilters on a countable set X
can be proved sing the continuum hypothesis (CH). It is however consistent
with set theorv that selective ultrafilters do not exist.  Sce |22, pg. 76,
Theorem 7.8].
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Proposition 1.3.14. Suppose that X s countable and that F s a non-
principal ultraflter on N ThenUs is an anti-atom of V(X)) iff F is selective.

Proof. [46, Proposition 2.3]. O

Another reasonable question to ask is whether the anti-atom containing
Ur will be unigue. This need not be the case, as the below result shows, But
first we need to define the following order on ultrafilters.

Definition 4.3.15. For ultrafilters F and G on w. we write F = G iff there
exists a map J : w — w such that fu(F) = G (here fi(F) = {A C w |
f7H(A) € F}). This order is called the Rudin-Keisler order for ultrafilters.
If f is finite-to-one (i.e. f7'(«x) is finite for every @ € w). then F is called a
finite-to-one lijt of G.

Theorem 4.3.16. (CH) Let | < s < Ry and let G be an wltrafilter on w

Then there is an ultrafilter F = G onw such that there are precisely s distinct
anti-atoms fincr than Ur. All of these anti-atoms are transitive, and cach of
thent has a base of the form {V N U | U € Ur} where V=, p(I2 x D) for
some partition P of w.

Proof. See [47. Theorem 4.1|. O

In contrast to the above theorem, we have the following almost opposite

case. where Uy is shown to be contained by a unique anti-atom. In fact. it
shows more — that there are uniformities that have exactly the same form as
the anti-atows constructed above that will never be anti-atoms.
Theorem 4.3.17. (CH) Let G be an ultrafilter on w. Then there crists an
ultrafilter F = G on w such that for each partition P of w, the uniformity
with the base [V U | U € Ur}. where Vo= Uy o2 X P). is never an
anti-atom of W(X'). Moreover, there cuists ceactly one anti-aton A such
that Ur C A, and this anti-atom 1s transitive.

Proof. [47. Thorem 4.2 O

Finally we aention that certain parts of Theorem 4.3.16 can be extended
cousiderably, 1 roving that sometimes the number of distinet anti-atoms con-
taining Ur niav even be the set-theoretic maximuin.

Theorem 4.3.18. (CH) Let G be an ultrafilter on w. Then there cuists an
ultrafilter F > G on w such that there arc 2° distinct anti-atoms finer than
Ur. (Note tha 27 is the cardinality of the set of all uniformities on w.)

Proof. [47. Thoorem 4.3]. ]
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4.3.2 Proximally Non-Discrete Anti-Atoms

We now take a closer look at the proximally non-discrete anti-atoms of W(.X).
We will show that each proximally non-discrete anti-atom is related to an
ultrafilter on X.

First we ai1n to find an example of a proximally non-discrete anti-atom
in W(X). It is clear that every trivial anti-atom is proximally non-discrete.
To find a non-trivial example, we need the following construction.

Definition 4.3.19. [46, Scction 2.1} Let F be a filter on a set X. Then the
collection of all sets of the form

Up={ (.1 (e.2)) e e F}U{((z.2). (. 1)) |x e F}UA

for '€ F fors a base for a uniformity on X x {1.2}, which we denote by

Jr.

Proposition 4.3.20. [46, Claim 2.1] If F is an wltrafilter on X. then Jr is
a proximally non-discrete anti-atom in W{X x {1.2}).

Proof. Let V be another non-discrete uniformity on X x {1,2} such that
V & Jr. Then there is a symmetric V € V such that V &€ Jx. Define

F={x]((x.1),(2.2)) € Vaud ((x.2). (2. 1)) € I'}.

Clearly F' ¢ F because otherwise V€ Jr. Hence X — F € F. Since
VAUv_p=A VVJr=D. So Jris an anti-atom as claimed.

It is clear tl at Jr is proximally non-discrete, since X x {1} and X x {2}
have an empty intersection but are proximal in Jr. U

The above example of a proximally non-discrete anti-atom is quite signifi-
cant. Anti-atoins of this form can in fact be used to find a general description
of the proximally non-discrete anti-atoms in W(X).

Proposition 4.3.21. Suppese X is infinite and let A be a uniformity on X .
Then A is a proximally non-discrete anti-atom in V(X)) iff A is uniformly
wsomorphic to [T for some ultrafilter F on X. Hence. every prozimally non-
discrete anti-atom is transitive.”

FAlthough the original result was obtained from [46, Proposition 2.1], we have added
some elements of Hur own to both the statement and the proof of this proposition.
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Proof. [46, Proposition 2.1] The (<) part has been proven above.

Let X be o set and let A be an anti-atom of W(X) that is proximally
non-discrete. Then there are two subsets A and B of X such that ANB =0
but U(A)NU(B) # 0 for all U € A, We may assume that B = X — 4. We
now let 17 = (1 x 4A) U (B x B) and create a new uniformity V on X with
hase

{UNV |U e A}

Note that we cannot have V' € A because V(4) = A and V(B) = B, and
ANDB = . Het ce ¥V must be strictly finer than A, Since A was an anti-atom,
this means V is the discrete uniformity. Consequently there is a U € A such
that U NV = A. Choose a syminetric H € A such that f o I C U. Note
that UUH C (A X B)U (B x A)UA.

If 2.y, 2z € X are all distinet, we cannot have (z.y) € H and (2. z) € H: If
so. then (v.y) € Ax B and (z,2) € Ax B say. and hence (z.y) € UN(Bx B).
a contradiction. Let < be any lincar order on X Let /i : A — X x {1.2} be
a bijection sucl that if @ <y and (v, y) € H. h(w) = (. 1) and h(y) = (2.2).
Then we can write

(hx D)Y(H) == {((2.1). (2,2)) | v € FyhU{{(x.2). (x. 1)) | v € Fiy} UA

for some Fyp € X.

For every Iv € A such that ' € H, set Fry = {x € X | ((z,1).(2,2)) €
(h x h)y(IW)}. 1t is clear that Fr, N Fr, = Fran,, aud hence {Fy | K €
A K C H} forus a base for a filter on X, call it G.

We show tht h is a uniform isomorphisim between A and J;. So suppose
that ¥ € A i symmetric. Then KN H C H and hence Fray € G, 80
(hxI(KNNH) e Jg. Hence (hx h)(K) € Jz. Now suppose that G € §. We
have that Fir € G for some symmetric K € H. Then K = (h x b)"YUpg,.) C
(h x h)="YUg), and hence (h x 1)"(Us) € A. Hence I is indeed a uniform
isomorphism between A and Ug.

Let F be an ultrafilter on X such that G Z F. Then Jg C© Jr. Since A
is an anti-atomn in W(X), Jg has to be an anti-atom in U(X x {1.2}), and
since Jr is alsn an anti-atom, Jg = Jr. But this means that F = G: If
e F then Uy € Jg, and hence there is a G € G such that Ug C Uy, Hence
G C F and the efore F' € G. So F = G as claimed, and hence A is uniformly
1somorphic to [/r.

O
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Corollary 4.3.22. If X is finite and |X| = n, there are n(n — 1)/2 anti-
atoms in V(X . all of which are proximally non-discrete. If X is infinite,
the number of proximally non-discrete anti-atoms in V(X)) 1s 22,

Proof. 1t X is fnite, A is an anti-atom of U(X) ift A = K, , for two distinct
elements v,y € X.

Suppose now that X is infinite.  Suppose that F and G are distinct
ultrafilters on .\, For any bijection b : X x {1.2} — X, (I x h)(TF) and
(h x h)(Jg) are distinct anti-atoms of ¥(.X): By the above proposition, they
are both anti-atoms. We also caunot have that (h x 0)(Jz) = (I x I)(Je).
since there is a1 A4 € F such that X' — 4 € §. and

(/1 X /l)(U_\) N (/l X /L)(U‘\'_A) = Ii/L X /l)(U,\ N U‘\'*A)
(hx D) (Axxpay)
- Ay

Hence there must be at least as many proximally non-discrete anti-atoms
. , . o N — .
in W(.) as the ¢ are ultrafilters on X, namely 227, which is the cardinality
of W(X). ]

4.3.3 Proximally Fine Anti-Atoms

Recall that a vniformity is called prozimally fine ift it is the finest among
all uniformities inducing its proximity (Definition 2.3.6). Note that D is
the finest member of its proximity class, and thercfore no proximally discrete
anti-atonm of W(X') can be proximally fine. Hence. our attention in this section
will he restricted to proximally non-discrete anti-atoms, i.e. essentially to Jr
for ultrafilters £ on X. In this section we give. under the assumption that
X is countable. some conditions under which Jz will be proximally fine and
O-proximally fine (defined below). CH is assumied throughout. as we will be
working with sclective ultrafilters (see Remark 4.3.13).

Definition 4.3.23. A uniformity ¢ is said to be O-prozimally fine if it is
proximally fine with respect to transitive uniformities, i.e. if it is the finest
transitive uniformity inducing its proximity.*

The “07 in “C-proximally fine” stands for “zero~dimensional”. which is another word

for “transitive”.
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Consider the following property that an ultrafilter F on w may have:

(R) Given two maps «, §: w — w with a(F) = J(F). there is an
F e F sich that a|p = f|p.

Then:

Theorem 4.3.24. (CH) Let F be an ultrafilier on a countable set X. Then
1. if F s sclective, Jr is provimally fine,
2. if Tr is prozimally fine, 1t is O-prozimally fine, and
3. Tr is O-prozimally fine iff F satisfies property R.

Proof. [46. Theorem 3.3]. O

It can be shown that, under CH, there exists an ultrafilter F on w such
that Jr is proximally fine, but F is not selective ([46, Example 3.7]). It
can also be shown that there exists an ultrafilter F on w such that Jr is
O-proximally fine but not proximally fine ([46. Theorem 3.9]).

Remark 4.3.25. [46, pg. 8] Recall that in the Introduction (Chapter 1) we
mentioned tha' the possibility exists to use uniformities for the classification
and investigation of ultrafilters on X. It appears from the above results that
whetlier or not an anti-atomn Jx is proximally fine depends on the propertics
of the ultrafilt v F. Hence, the problem of which anti-atoms of W(X') are
proximally finc could give a nice classification of the ultrafilters on Y.

4.3.4 Non-Transitive Anti-Atoms

In Proposition 4.3.21 we showed that all proximally non-discrete anti-atoms
are transitive. Hence, all non-transitive anti-atoms would have to be prox-
imally discrete. But upon reflection we see that all concrete examples of
proximally dis rete anti-atoms given up to this point have been transitive
(see Proposition 4.3.14 and Theorens 4.3.16 and 1.3.17). This raises the
question of whether non-transitive anti-atoms exist in W(.\') at all. which is
addressed below,

As [47, Section 5] aund [51, Section 1] explain, assuming that they do
exist, non-traunsitive anti-atoms are very complicated structures. The fact
that thev are I proximnally discrete illustrates this. The following remark
substantiates this claim further:
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Remark 4.3.26. [47, Section 5] Suppose that A is a non-transitive anti-atom
in W(X). The there is a U € A that does not contain a single transitive
member of A Moreover. for every equivalence relation T such that 70 C U,
there must be « Up € A such that Ur C U and Uy N T = A, Otherwise, the
join of the filter generated by 7" with A would give a uniformity strictly finer
than A that is not discrete. In addition to this, for any two such equivalence
relations Ty and 75 on X, we may not have Up N Up, = A.

Hence. non-transitive anti-atoms arve very difficult to find. They have
been proven to exist in certain special cases. though. For example, below
we give a thecrem which shows that for X' = w. thev do exist. But first
we present a tieorem that gives some information on the structure of non-
trausitive anti-atoms in W(w) in general.

Theorem 4.3 27. Fvcry non-transitive anti-atom of V() refines some wni-
formity of the form UV Ur, where Up =1l pon (R X R)). R is a partition
of w into finite sets and the ultrafilter F is a non-trivial finite-to-one lift (of
its image under any map ¢ w — w, with R = {g7({n}) | n € w}).

Proof. [47, Corollary 5.1]. O
Theorem 4.3.28. (CH) There exists a uniformity N generated by an ultra-
filter F onw and a partition R of w into finite sets. i.c. N = UV Ur where
Ur =ll({Jper (2 x R)). such that

1. N is an anti-atom in the lattice of transitive uniformities on w. and

2. N s not an anti-atom in the lattice of wniformitics on w. but there arc
at least ¢ patrwise uniformly non-isomorphic anti-atoms finer than N,
and thes: anti-atoms are all non-transitive.

Moreover, F can be constructed to be a finite-to-one lift of any given ultrafilter
g onw.

Proof. [47. Theorem 5.7]. O

4.4 Adjacent Uniformities in V(X))

[1 this section we aim to introduce methods for constructing inmmnediate suc-
cessors and imniediate predecessors for a given uniformity in W(X).”

°The main relerence on adjacent uniformities is [36G].
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4.4.1 Immediate Successors

We show that if ¢/ is a uniformity that is not topologically discrete, ¢ has
an immediate successor in W(X).

We need the following notation.

Notation 4.4.1. Let @ € X be given. We will use &, to denote the unifor-
mity generated by the equivalence relation £, = (N = {z}) x (X —{z}))UA.
Note that &£, is in fact the trivial atom Hy,y.

Lemma 4.4.2. Suppose that U and V are uniformities on X. x € X and
UCYVCUVE. Then one of the following holds:

1. V=UVE,, or

2. whenever U € U and V €V we symmetric such that U N E, CV,
there exists ay € X such that y # v and (r.y) € UNV.

Proof. [36, Lemma 2.1] Suppose point 2 above does not hold. Then there
exist symmetric U € Y and V € V such that UNE, CV but (z,y) e UNV
implies v = &. We show that VNU C UNE,. Sosuppose that (a,b) € VNU.
If « =2 orb-==athen a = 0= 2 by assumption. If ¢ # 2 and b # 2 then
(a.b) € E,. 50 (a,b) e UNE,. Hence VNU CUNE,, and since UNV €V,
£, ¢ V. Thercfore point 1 holds. ]

Theorem 4.4.3. Let U be a uniformaty on N such that {a} & T(U). Then
UV E, 1s an tinmediate successor of U in W(X).

Proof. [36. Thorem 2.2] Since E, € U. we have Y CUV E,.

Suppose that Y TV C UV E,. We show that ¢ = V by showing that
for cach synmetric Ve V, VoV € Y. So suppose 17 € V is syinmetric.
Then we have U’ N E, C V for some € > 0 and pseudo-metric p such that
U, CU. By Lemma 4.4.2 there exists a y # « such that (z.y) € UPNV. We
have p(x.y) < € and hence if we set 6 = (¢ — p(a,y))/2, then 0 < § < € and
Uy cur.

It will be cnough to show that U €V o V. So suppose that p(a.b) < 4.
If @ # 2, then («.b) e UrNE, CV. If « =0 and b # » then

ply.b) <ply.x)+ pla,b) = plae,y) + pla b) < pla.y) + 8§ < e

Hence (y.0) ¢ Urn E, C V. But we also have (.y) € V and hence
(a.b) = (2. 0) = VoV Similarly () € Vo lTif a # v and b = «. Hence
U C Vol as claimed. 0



Not every uniformity. however, has an inunediate successor in W(X). To
prove this. we need the following preliminary definition and result.

Definition 4.4.4. Let m be an infinite cardinal nunber. A uniformity &/
on X is called m-bounded if for every U € U there is a cover C of X with
strictly less the u m sets such that for cach ¢ e C. C x € C U. According to
this definition, ¢ is totally bounded iff it is Ny-bounded. U is called strictly
m-bounded if it 1s m-bounded and not n-hounded for any cardinal n < m.

Proposition 4.4.5. Let Xy < m < n™ and suppose that U is a uniformity
on X that is 1ot n-bounded. Then there are at least 2" strictly m-bounded
uniformities below U in the proximaty class of U.

Proof. [50. Corollary 2.1.2]. O

The following example has been adapted from [36. Example 2.3]. where
it was proven ¢pecifically for X = R.

Example 4.4.6. Let X be an infinite set and cousider D,,. the totally
bounded unifo mity on X which generates the discerete proximity. D, # D
since D is not totally bounded. Let ¥V be a uniformity on X such that
D, < V. Since V has to be in the same proximity class as D,,, it cannot
be totally bouaded i.e. it cammot be Rg-bounded. Letting n™ = RS = m in
the above proj.osition, we sec that there have to be at least 2% uniformities
between V and D,,. In particular, there has to he at least one uniformity
U such that T, C U C V, proving that D, has no imnediate successor in
UY).

The method used to construct an hmmediate successor for a uniformity
in Theorem 4.1.3 is not the only wav to describe such a successor. This is
lustrated by the following theorein.

Proposition 4.4.7. Let V be an tmmediate successor of U in W(X). Then
there exists a pseudo-metric d on X such that'V = U V Uy.

Proof. [36, TlLeorem 2.4] Sec also Proposition 5.4.1, where this proof has
been generalized to the quasi-uniforin case. U
Example 4.4.8. [36. Example 2.5] Let X" he any infinite set and let Y €
Y(X) be such that & = Z. Let d be the pseudo-metric on X defined by
letting d(z.y) = 1if @ # y and d(xv.y) = 0if # = y. Then Uy = D and
UV Uy = D. Consequently U V U,y canmot he an hmnediate successor of U,
proving that t 1c converse of the above theorem does not hold in general.
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4.4.2 Immediate Predecessors

In this scction we prove that every non-indiscrete uniformityv has an imme-
diate predecessor in W(.\X).

The following preliminary lemma is needed.

Lemma 4.4.9. IfU is a quasi-uniformity on X. then {U | U e U and U is
TU ' xU)-opny and {U|U el and U 1s T(U x U™ )-closed} respectively
arc bases forl.

Proof. See [14. Corollary 1.17, Corollary 1.19]. L

Theorem 4.4.10. [fU is a non-indiscrete uniformity on X, then it has an
immediate predecessor in W(X).

Proof. [36. Throrem 3.1] Since U is not indiscrete we can find two distinct
elements 2,y € X such that (x,y) € (U. We define U# to be the uniformity
generated by tie basc consisting of all sets of the form

U = U U(U(x) x Uly)) UiU(y) x U(r)
for symmetric 7 € Y. We have (x,7) € (U* and hence U# CU. Let
V= \/{V eW(X) |V CUand (x.y) e[V}

Then Y% CV Z U. We will show that V is an immediate predecessor of .

So suppose that V C W CU. We show that YW = U. Since V is the finest
uniformity below U such that (v, y) € (V. there must be a closed symmetric
117 € W such that (x,y) is not in 1 (this follows from Lemma 4.4.9 above).

Suppose that U € U. Then since W C U, 117 is closed with respect
to 7(U x U) and hence there is a svinmetric H € U such that H € U and
(H{(x)xH(y))J(H(y)x H(x)))NIV = @. Hence H¥NIV = HNIV C H C U.
But 4#* C ¥V C W by assumption, so H# € W and therefore U € W. Hence
U T W as neec ed. O

4.5 Complements in W(X)
We start by giving some basic results regarding complements in W(X). We
will then mention a few operations on uniformitics which preserve the prop-

erty of having a complement. Some results regarding complements for metriz-
able uniformitics on a countable set X" will then also be presented. The latter
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have implications for complements in W(X) for a general set X which will
be noted as well .0

It is interesting to note that a number of the results on complements i
U(X), especially those mentioned below and in Section 4.5.1, have general-
ized to the quasi-uniform case. See Scection 5.5.

We start by considering the question of when W(X') will be complemented.

Proposition <£.5.1. No non-discrete uniformity inducing the discrete prou-
imity has a comnplement in W(X).

Proof. [45. Remark 1.4] See also Proposition 5.5.3, where this proof has been
generalized to tlie case of quasi-uniforniities. 0

Corollary 4.5.2. W(X) is complemnented iff X is finite.

Proof. See [45, Section 1.3, Remark 1.4]. Note that the (=) direction follows
from the above proposition and Remark 4.3.6. O

Corollary 4.5.3. An anti-atom in W(X) has a complerent (f and only if it
is procimally 1 on-discrete, and every atom i V(X)) has a complement.

Proof. See Corollary 5.5.5, where the proof is done for the more general case
of quasi-uniformities. O

Below we see that, given a uniformity that has a complement, it will
always have at least one complement that is in some sense quite simple.

Proposition 1.5.4. Suppose that U € V¥(X') admits a complement. Then it
admits a pscudo-metrizable complement.

Proof. [45. Remark 1.8] The proof for the quasi-uniform case is given in

Proposition 5.5.0. O

4.5.1 Operations Preserving Complements

In this sectiol. we mention some operations on and between uniformities
which preserve the property of having a complenient.

“The majority of the results on complements in W) can be found in [45].



Proposition 4.5.5. If X and Y are disjoint, U has a complement in U(X)
and V has a coriplement in W(Y'), then the sum of U and V (given by {UUV |
Uel.V eV} has a complement in W(X UY").

Proof. [45. Section 1.6 Claim (a)]. See also Proposition 5.5.8, where the proof
has been generalized to the quasi-uniform case. O

Proposition 4.5.6. Let U have a complement U i W(X) and V have a
complement V' in U(Y). ThenUd' x V' is a complement of U XV in U (X xY).

Proof. [45, Secion 1.6 Claim (b)]. The proof has been gencralized to the
quasi-uniform case in Proposition 5.5.9. O

Proposition 4.5.7. Suppose that (Y, V) is a uniform space and that X is a
dense subset of Y with respect to T (V). If the restriction U of V to X has a
complement in W(X), then V has a complement in W(Y').

Proof. [45. Proposition 1.7]. A similar result for the quasi-uniform case is
given in Proposition 5.5.10. O

4.5.2 Complements for Metrizable Uniformities

We will now present a theorem that characterizes the metrizable uniformities
which have complements in W(X) for countable X. This theorem (namely
Theorem 4.5.9) also has implications for complements in ¥(X) where X is a
set of cardinality other than N,

We need the following notation:

Notation 4.5.8. We let 7 denote the uniformity on X = {X | n € w}
induced by the usual metric on R. Note that 7 can be seen as the uniformity
of a Cauchy sequence.

Theorem 4.5.9. Let U be a metrizable uniformity on a countable set X.
Let (C.C) be the subspace of (X, U) such that C' is the set of all non-isolated
points in (X.T(U)). Then U has a complement in U(X) iff at least one of
the following conditions hold:

1. (N U) admits two disjoint uniformly discrete subspaces which are proa-
imal, or
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2. C s anfiite and C 4 J .7
Proof. See [45 Theorem 3.1]. O

Example 4.5.10. It hmnediately follows that 7 is an example of a unifor-
mity that does not have a complement, as both of the points in the above
theorem are viblated. The second point is obvious (there are no non-isolated
points in 7 (7). For the first, suppose that 4 and B are two disjoint proxi-
mal subspaces of 7. For each € > 0 we have (Ax B)NU, # 0, where U, = U?
and pis the usual metric on R. Hence, for every n € w. A coutains a wember
of X smaller than % (this follows from the structure of X). A must therefore
be infinite anc hence (A x Ay N U, # A,. Consequently, (A7
uniformly disc cte subspace of 7.

A4) s not a

The proof of the necessity of Theorem 4.5.9 does not use the fact that X
is countable, and hence we have the following:

Proposition -£.5.11. If (X,U) is any uniform space such that U has a com-
plement in W(X), then either point 1 or point £ of Theorem 4.5.9 holds.

Proof. [45, Proposition 3.2]. O

Corollary 4.5.12. Theorem 4.5.9 is valid for any metrizable uniformity U
such that (X.7T(U)) is separable.

Proof. [45, Re nark 3.2]. O

Corollary 4.5.13. Every metrizable uniformity on an uncountable set X
such that (X.T(U)) is separable has a complement in W(X).

Proof. [45. Ccrollary 3.2] This follows from the fact that an uncountable
separable space has uncountably many non-isolated points,” and Corollary
4.5.12 (since point 2 of Theorem 4.5.9 is satisfied). O

"There is a misprint in [I') Theorem 3.1 = there the theorem reads ¢ ~ 7 instead of
CrJT.

*Tf an uncounr able space ouly has countably many non-isolated points, it has uncount-
ably many isolated points making it impossible for it to have a countable dense subset.
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Conversely, if | X| = 3, W(X) = Ay since every uniformity that is neither
discrete nor indiscrete has the form K., for some v # y. By Proposition
2.1.1 it is hene> not distributive, but modular. However, if | X| < 3, there
are at most two uniformities on X, and since neither A3 nor Ny can be
embedded into such a lattice; W(X') is distributive. O

Proposition 4.6.2. V(X)) s self-dual of and only if |X| < 4.

Proof. It |XN| == 3, U(X) = My, and if |X| < 3, there are at most two
uniformities on X. Hence if |[X| < 4, W(X) is self-dual. Conversely, if X is
finite and | X| == n > 4, (X)) has 20"~Y — 1 atoms and n(n —1)/2 anti-atoms
(sce Corollaries 4.2.4 and 4.3.22). These numbers are not cequal for n > 4
and hence W(X) is not self-dual. It X is infinite. W(.Y) has 2" atoms and

PO . . . .
2°7 anti-atoms and is therefore not self-dual either. [
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Chapter 5

The Lattice of
Quasi-Uniformities

In this chapter we start an investigation into the lattice of quasi-uniformities
on a set X similar to the one presented for W(X) in the previous chapter.
We have tried t> indicate where possible the correspondence (or lack thereof)
between the results obtained for W(X) and those obtained for the lattice
of quasi-uniformities. The role of uniformities within the lattice of quasi-
uniformities wil also be noted where applicable.

5.1 Introduction

Notation 5.1.1. When cquipped with the partial order C (set inclusion),
the collection of all quasi-uniformities on a set X forms a lattice, which will
be denoted by 9(X).

The below theorem summarizes the lattice ©(X).!

Theorem 5.1.2. For any set X, O(X) is a lattice. with greatest element D
and least element L. If S is any non-empty collection of members of O(X),
then \/ S is the filter generated by the base {Uy N ..MU, | for each 1 <
i < nU; € U for someld; € S;n € w}. Since O(X) is bounded below, it
is therefore coraplete, and \S is given by the join of all quasi-uniformities
coarser than () S.

ISee Section 4.1 for a more detailed explanation of Theoremn 5.1.2 — the explanation is

for W(.X), but is easily extended to O(X).



Notice that the description of the meet of quasi-uniformities given in the
above thieorem is in fact not very descriptive at all. Observe that we will
definitely not have U AY =U NV in general:

Example 5.1.3. It & aud V are quasi-uniformities on X, Al{U UV | U €
UV € V}) ueed not be a quasi-uniformity. For example, if vy, 2 € X are
distinet and we let Y = il({(z, y) }UA) and V =fil({(y. z) JUA), then NV =
fil({(z.y), (y. 21} UA). However, U AV =1fil({(z.y). (y. ). (x.2)} UA).

Unfortunately, we can give no better description of the meet of quasi-
uniformities than the one given in Theorem 5.1.2. The meet is generally
not very well behaved either. For example, although it is almost trivial that
the join of transitive quasi-uniformities is always transitive, the same cannot
be said for the meet of transitive quasi-uniformities, as we shall see below.
First, however, we need the following preliminary results, which also further
describe some special meets and joins in O(.Y).

Proposition 5.1.4. If U is a quasi-uniformity, then U VU and U AU}
are untformitics.

Proof. From the description of joins given in Theorem 5.1.2 it is easy to see
that 4 VU™ 15 a uniformity for any quasi-uniformity .

We nced to show that U AU ™! is symmetric. So suppose that H is a quasi-
uniformity suci that H € U and H C U~". Then clearly H™! C Y~ and
H™' C U too. Since H VH ! is a uniformity, it follows from the description
of meets in Theorem 5.1.2 that U4 AU ™1 is essentially the join of uniformitics.
which is a unit ity by the below proposition. U

Proposition 3.1.5. If S C (X)) is any collection of uniformities on X,
then \/' S and \'S are uniformities on X. Hence, W(X) is a (complete)
sublattice of © X).

Proof. From the description of joins given in Theorem 5.1.2, it is easy to see
that the arbitrary join of uniformities is a uniformity.

Suppose that § = {U; | i € I} is a collection of unitormities on X. Then
it @ is a quasi-uniformity such that Q@ C U, for each i € I, then Q7! C U,
and so QV Q1 C U, for each i € I. By Proposition 5.1.4 and Theorcin
5.1.2 it follows that A S is essentially the join of uniformities. and is hence a
uniformity. D



Lemma 5.1.6. If (X.T) is a completely reqular topological space, it has
a finest compatible totally bounded uniformity, which we denote by C*. In
this case. C* ic a transitive uniformity if and only if (X.T) is a strongly
zero-dimensional space.”

Proof. The first part follows from [59. Theorem 21.8). and the second from
[14. Theorem 6 4, Section 6.5]. O

Proposition 5.1.7. Let (X, 7T) be a completely reqular topological space
that is not strongly zero-dimensional, and lct P denote the Pervin quasi-
uniformity for 1 X.T). Then P AP~ is not transitive.

Proof. Since X is completely regular, it admits a finest compatible totally
bounded uniformity which we denote by C*. It also has a finest compati-
ble totally bour.ded quasi-uniformity, namely the Pervin quasi-uniformity P.
Hence C* € P. and since C* is a uniformity, C* € P A P71 We therefore
have

T=T(C)CT(PAP HYCT(P)=T.

Now since 7 is totally bounded, so is P A P~ By Proposition 5.1.4
P AP~ is a uriformity, and hence P AP CC*. So C* = PAP~L By the
above lemma, (* is transitive iff X is strongly zero-dimensional. Hence if X
is not strongly zero-dimensional, P A P! caunot be transitive. O

Hencee not even the meet of a transitive quasi-uniformity with its conju-
gate (which is also transitive) need be trausitive.

Having illustrated that the meet of quasi-uniformities can be very badly
behaved. we note that there are however a few cases where the meet behaves
well and is easily described. The one mentioned below mtroduces another
important sublattice of ©(X). Note that a quasi-uniformity has a finite base
iff it is generated by a pre-order on X. We have:

Proposition 5.1.8. Let U and V be quasi-uniformities on X with finite
bases. say U =1l(S) and V =H1l(R), where S and R are pre-orders on X.
Then UVY =t1(SVR) and UV =HI(SAR). where SA R is the transitive
closure of SUR and SV R=SNR."?

2A completely cgular topological space is called strongly zero-dimensional iff it satisfies
one of the six conditions in [14, Theorem 6.4]. Hence. a completely regular space could in
fact be defined to be strongly zero-dimensional if C* is a transitive uniformity.

3T his proposition is also valid for W (). except that an adjnstment is required in that
U is a uniformity with a finite base if ¢ = fil(R) for some equivalence relation R on X.



Proof. Clearly f V'V =1fil(SV R) holds.

Note that SAR = [, (SUR)". It is clear that fil(SAR) CUNV since
SUR CSAR. Now suppose that ‘H is another quasi-uniformity on X such
that H C U and H C V. Let H € H. Then for each n € w thereisan £ € 'H
such that " C H. But SUR C FE aud hence (SUR)" € E* C H. Since
this holds for every n € w we have UH&,(S UR)"C H. so Hehil(SAR).
Hence H Cfil(5 A R). and therefore U AV =HI{S A R). O

Corollary 5.1.9. The collection of all quasi-uniformities on X with finite
bases forms a sublattice of O(X), and this sublattice is isomorphic to the
lattice of pre-orders on X ordered by reverse inclusion.

Corollary 5.1.10. If X is finite. O(X) is isomorphic to the lattice of pre-
orders on X o.dered by reverse inclusion. Hence, for finite X, ©(X) and
E(X) are wsomorphic.

Proof. For finite X, every quasi-uniformity is generated by a pre-order on
X, Also. everv topology on X is an AT topology by Proposition 3.5.6.
Combining Proposition 3.5.7 with the above corollary now shows that ©(X)
is isomorphic to S(X). O

Remark 5.1.11. If X is finite, £(X') can in fact be shown to be isomorphic to
O©(X) by identitying each topology 7 on X with its Pervin quasi-uniformity
P(T). For given any set X, it is always true that if 73 and 7, are two
topologies on .Y, then P(77) A P(T,) = P(Ty A Tp).* If, in addition, X is
finite, it follows from the above corollary that [©(X)| = |2(X)|. Since every
topology 7 has at least one compatible quasi-uniformity (namely P (7)),
it follows that every quasi-uniformity on X is the unique quasi-uniformity
inducing its topology. Hence, if U € O(NX). then U = P(T(U)). It follows

that if 77 and 75 are topologies on X, then
P(T)VP(T) = PT(P(T)VP(T%L))

P(T(P(1)) Vv T(P(T)))
P(Ti Vv Ty).

We have TTn T, C T and Ty ATy € Toos0 PITy AT) € P(T)) and P(Ty A To) C
P(Ty). tU C P(L) and U C P(T3), then T(U) C Ty AT, and U is totally bounded, so
U PTU) CF(T NT).



Corollary 5.1 12. If X is infinite, there are 22 quasi-uniformities on X.
If X is finite and | X| =1,2,3,4,5,6 or 7, then |O(X)] = 1. 4,29, 355,6942,
209527 and 9535241 respectively. If | X| = n > 1, then 2" < |O(X)] <
2:1(1171)'

Proof. If X is infinite, there are 92 yniformities on X (Corollary 4.3.11),
which is set-theoretically the maximum number of quasi-uniformities that
can be defined »m X,

For finite N, the result follows from the above corollary and Theorem

3.1.4. 0

5.2 Atoms in O(X)

One would exp »ct the atoms of ©(X) to be relatively simple structures. In
particular, it would not be all that surprising if all the atoms of ©(X) had
finite bases. We will show that this is exactly the case, and that the atoms of
O(X) are quasi-uniformities with a special kind of pre-order as base. From
this it will then follow that the atomic members of ©(X) are exactly the
transitive totallv bounded quasi-uniformities on X. The implications of these
results for the atoms of W(X') will be mentioned throughout this section.

Clearly, if A is an atom in O(X), then A~ is too. One would also expect
cvery atom A to be totally bounded, seeing as A, C A. To prove this, we
need the followmg lemma.

Lemma 5.2.1. 7 is the unique quast-uniformity in its provimity class. In
other words. if U is a quasi-uniformity such that U # T. then U, # T.

Proof. Suppose that U # Z. Then for some U € Y, there is an z € X such
that U(z) # X. Let A = {2} and B = X = U(«x). Then (Ax B)NU = 0 and
Lhence A s far trom B, Thercefore (X x X) — (A x By el . soU. #T. O

Corollary 5.2.2. If A is an atom of O(X)., A, = A Hence all atoms are
totally bounded

Proof. This follows immnediately from Lemma 5.2.1, since if A is an atom of

OX), AAT, A, #T ad A, C A 0

An indication of what an atom of ©(X) could look like in general comes
from the following example.









2. v € X —U(A). Then (z,y) € (X —U(A)) x X C Spray.

Hence U C Sy 4y. If U # X x X, then for some non-empty A € X we have
U(A) # X. If we write B = U(A). we have Sp CU. O

Corollary 5.2.8. If A is a transitive atom in O(X), then A= 5, for some
non-empty proper subset A of X.

Proof. If A is transitive, it contains S,y for some § € A C X by the above
lemma. Since hoth &, and A are atoms, 4 = §,. ]

Hence A is a transitive atom in ©(X) ift 4 = S, for some non-empty
proper subset 4 of X. As we mentioned before, we want to show that A is
an atom in ©(.Y) iff A = Sy for some non-empty proper subset A of X. This
Is achieved by means of the below proposition:

Proposition 5.2.9. There are no non-transitive atoms in O(X).

Proof. Suppose we had a non-transitive atom U € (X). We have U = U,
by Corollary 5.2.2, and hence {(X x X) — (A x B) | A is far from B} is a
subbase for .

Now let A be far from B, and suppose there is a ¢ C X such that
ACC C X — B where € is far from X — C. Then So € U. Since
AX BCC x (X ~—CC), it follows that S¢ C (X x X) — (A x B). Now S¢ is
transitive, so 1. for all subsets A and B of X such that A is far from B we
could find such a C, U would be transitive, a contradiction. Hence we can
find at least or e pair of sets A and B such that A is far fromm B and there is
no such C.

For this A and B we can find a W € U such that W?*(A)NB = @ (because
A is far from I3). Set

D =W?3A) —1W(A).

e show that D is non-empty. We have W(A)NDB = (. Hence A C 7 (A) C
X — B. By th: assmmption on A and B, T'{A) has to be near X — 1V (A).
Hence we can find a point (z,y) € W N (IWV(A4A) x (X — 1W(A))). Then
(x.y) € W, (a ) € W for some a € A and y € X —117(A). It follows that
y e W?2(A) -1V (A) = D.

A is far from D in U because 1V(A) N D = ). We now create a new
quasi-uniformi -y on X, call it &#, having a base consisting of all entourages
of the form

U* = U U (U A x U(D))

i
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for U € U. Clewrly U7 is strictly coarser than U, as A is near D in U¥.
In U#, D is far from B since W(D)N B C 1173(A) N B = @ and hence

(D x BynW#
= (DxBYNW)YU((D x B)n (IWHA) x 11(D)))
- 0

Thercfore Y# cannot be the indiscrete uniformity. Since Y# C U, this con-
tradicts that ¢ 1s an atom. O

Corollary 5.2.10. A is an atom of O(X) iff A =S4 for some non-empty
proper subset A of X.

Corollary 5.2.11. For any infinite set X, O(X) has 29 atoms. If X is
finite, non-empty and | X| = n, then O(X) has 2" — 2 atoms.

Proof. If A and B are distinct non-empty proper subsets of X, then S, and
Sy and hence Sy and Sy are distinct. Hence this result follows from the
above corollary — the number of atoms in @(X) must be {p(X)| — 2, since
the empty set and X are the only members of p(XX') which cannot be used
to construct an atom of O(X). O

Corollary 5.2.12. A is an atom of V(X)) iff A = H. for some non-empty
proper subset A of X

Proof. The preof that H4 is an atom in W(X') is the symmetric analogue of
the proof of Proposition 5.2.6.

Conversely, suppose that A4 is an atom in U(X). A proof that follows
the same lines as that of Proposition 5.2.9 shows that there are no non-
transitive atoms in W(X) (use symmetric entourages only and set U# =
UUU(A) xUD)) U (U(D) x U(A))). Hence A is transitive, and so by
Lemma 5.2.7 contains S,y for some 0 € A € X, Ais svinmetric. so it contains

(S4)7! too. and hence by Remark 5.2.5. H4 € A. Therefore A = H 4. ]

Corollary 5.2.13. For any infinite set X, W(X) has 2¥ atoms. If X is
finite and | X| =n > 1, U(X) has 20"V — 1 atoms.

Proof. For A and B non-empty proper subsets of X, Hy = Hp iff B= A or
B = X — A, Hence the number of atoms in W(X) will be (|o(X)] —2)/2,
since X and @ are the only two members of U(.X) which cannot be used to
construct an atom of W(X). O






Proposition 5.2.15. A quasi-uniformity 4 # T on X is an atomic member
of ©(X) iff it s transitive and totally bounded.

Proof. We shov that U is transitive and totally bounded iff it has the form

Vs

FEe&

for some collection & of non-empty proper subsets of X. Clearly \/ ., Sg
will be transitive and totally bounded for any such £. since it is the join of
transitive and rotally bounded quasi-uniformitics.

Now suppcse that U # T is a transitive and totally bounded quasi-
uniformity on X. For each U € U there is a finite cover AY of X such
that for each A € AY, A x A CU. Let B be a base of transitive entourages
not containing X x X for . and set

E={UA) | Ac AY and U € B}.

We show U =/ .. Sk

By Lemma 5.2.7 we have \/ ;.. S € U, since U C Sp:( 4y for each A € AY
whenever U € B.

Now we show that U € \/ ;.. Si by showing that B C \/ ... Sp. Suppose
U € B. We show that Spiay N .o N Spea,y C Ul where AY = {410 A}
(n € w). Suppose that (z,y) ¢ U. Since AY is a cover of X, there must
be an A € A" such that © € A C U(A). But then y ¢ U(A): Otherwise
(a.y) € U for scome a« € A. Siuce A x A CU. we have (.a) € U and hence
(z.y) € U* = 7, a contradiction. Therefore @ € U(4) and y € X — U(A),
50 (x.y) & Sy as needed. O

It is clear that given any topology on X, the associated Pervin quasi-
uniformity P i3 atomic. This follows from be above propositiown, but is also
clear from the definition of P (sce Proposition 2.2.24).

Corollary 5.2.16. All atoms in W(X) are transitive and totally bounded,
and a unifornity is an atomic member of W(.X) if and only if it is transitive
and totally bounded.

Proof. Clearly all atomic members of W(.\') are transitive and totally bounded,
as they are the join of transitive and totally bounded uniformities (sce Corol-
lary 5.2.12).
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Let U4 be a uniformity on X that is either not transitive or not totally
bounded. Theuw it is not the join of atoms in O(X) (see Proposition 5.2.15).
Suppose it was the join of atoms in W(X). Since for each H4 C U we have
SaV (S4)7! = H,, this would mean U is the join of atoms in O(X), a
contradiction. U

Corollary 5.2.17. ©(X) (respectively V(X)) is atomic iff X s finite.

Proof. If X is finite, eacl quasi-uniformity (uniformity) on X is generated by
a pre-order (respectively, equivalence relation) on X. and is hence transitive
and totally bounded. If X isinfinite, however. it is clear that D is not totally
bounded. U

Whereas some quasi-uniformities are not atomic, it need not even be the
case that cvery quasi-uniformity contains an atom of ©(X). The following
example illustrates this, and it also proves the corresponding result for W(X).

Example 5.2.18. Consider the usual uniformity ¢4 on X' = R, with p the
usual metric on R. Let A be any non-empty proper subset of X and let € > 0
be given. It is easily seen that A is near its complement with respect to p, and
hence we can find an @ € A and a y € X — A such that the distance between
rand yis less than €, i.e. (2,y) € U’ (this follows by the connectedness of R,
since either A or X — A is not open). But (2.y) € A x (X — A) and therefore
UrZ Sy Henee Sy U and S, € U, proving that U does not contain any
atoms of ©(.X). We also have, for the same reasons, that U” € H 4 and hence
U contains no atoms of W(X) either.

From the ahove exaniple it is clear that whenever (X. V) is a quasi-uniform
space such that (X, 7(V)) is counected, V will not contain any atoms of ©(X)
or U(X).

The reason that the usual uniformity on R contains no atoms of O(R)
appears to be « consequence of the fact that every set is near its complement
with respect to the usual metric on R. This observation is generalized as
follows:©

Remark 5.2.19. A quasi-uniformity ¢ will contain an atom S, of ©(X)
if and only if A is far from its complement with respect to ;. Hence, the
atoms below a quasi-uniformity U are determined by the quasi-proximity it
induces. Howerer, it 1s clear that the atoms below ¢ by no means completely
describe gy, as can be seen from Example 5.2.18.

“This remark -an be adjusted for W(X) in the obvious way.
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5.3 Anti-Atoms in O(X)

In this section we investigate the anti-atoms of the lattice of quasi-uniformities
on a set X. We will start with soine basic results, aud we will then show that
there is a strong relationship between the anti-atoms of ©(X') and ultrafilters
on Y. The proximally discrete and proximally non-discrete anti-atoms will
then be described separately, and we will also discuss the proximally fine
anti-atoms. Tl.e reader is warned that the approach taken in this section on
anti-atoms of O(X), including the subsections on proximally discrete, proxi-
mally non-disc ete and proximally fine anti-atoms, differs from the one taken
in {11].

Clearly. if .4 is an anti-atom of ©(X), A~ is an anti-atom too. Also, as
was the case with the lattice of uniformitics, Zorn's Lemma guarantees the
existence of anti-atoms in (X ):

Proposition 5.3.1. FEuery non-discrete quasi-uniformity U 1s contained by
an anti-atom in O(X) .

Proof. Let S == {V € O(X) |U C V.V # D}. S is non-empty since Y € S.
We show that every non-empty chain in § hias an upper bound in §. So
let C be a nou-empty chain in §. Then clearly \/C is an upper bound of
this chain. Now suppose that \/ C = D. Theu there are entourages V., ..., V,
(n € w). cach ; € V; for some V; € C, such that Vin..NV, = A. Since C
is a chain, we may assuine that V; € ... CV,. Hence V; € V, for 1 <7 <mn,
implying that V, = D. This contradicts the definition of S.

So \/C # D aud hence \/C € §. By Zorn'’s Lenuna S has a maximal

element, and t s maximal element is clearly an anti-atom of ©(X). ]

Naturally. the above existence proof is entirely non-constructive — it does
not provide any examples. Hence, sone exainples are provided below:

Example 5.3.2. The simplest examples of anti-atoms in O(X) are called

trivial anti-atoms. They have the form fil({(2.y)} U A) for any .y € X
such that a 2 .

Notation 5.3.3. Let x.y € X such that @ # y. The trivial anti-atom fil
({(x.y)} UA) of ©(X) will be denoted by G, ).

We now give another example of an anti-atom in ©(X). It is based on
the idea of a trivial anti-aton.



Example 5.3.4. Let v € X and let F be an ultrafilter on X such that F #
fil({}). Let ¢f =fl({({z} x FYUA | FF' e F}). We show that U is an
anti-atom of €(X). Suppose that 44 € V C D. Then since Y C V, if we
choose any F ¢ F, {(({a} x F)UA)NV |V € V}is a base for V. Hence. if
we write G = fil({ FNV(x) | V € V}), then {({2} x G)UA | G € G} is a base
for V. Sinced €V C D, we have F C G #fil({x}) and therefore F = G.
Consequently If = V. aud hence U is an anti-atomn of O(X') as claimed.

It is clear that it F =fil({y}) for some y # @. U is just the trivial anti-
atom G, . Similarly, ¢4 would also be an anti-atom of ©(X) if Y =il
{(F x {zh UA | F € F)).

Definition 5.3.5. Let 2 € X, and let F be an ultrafilter on X such that
F Afil({zx}). I'U is the quasi-uniformity that has either

{({ubx FYUAFeFlor {(Fx {a})UA|F e F}
as base, it is celled a semi-trivial anti-atom (of O(X')).

Remark 5.3.G. Recall Proposition 4.3.4. which says that every non-trivial
auti-atomn in W(X) is T)-separated and has no non-isolated poiuts. In the
case of a semi-trivial anti-atom U of ©(X), though, it is clear that z will
not be isolated with respect to 7 (U) for whatever ultrafilter F # fil({z}) we
choose. Hence Proposition 4.3.4 cannot be extended to the quasi-uniform
case. It is how:ver true that an anti-atom of ©(.X') contains a nou-isolated
point if and only if it is semi-trivial.” Tt is also still the case that every
non-trivial anti-atom of ©(X') is Ti-separated.

Note that a consequence of the above comment is that the proof of Corol-
lary 4.3.5. where W(X) is proven to be non-anti-atomic for infinite X, cannot
be extended to O(X),

The above examples of anti-atows in O(X) are all non-symmetric. Of
course, one mizht ask whether a uniformity could ever be an anti-atom in
©(X). The below proposition shows that this will never be the case.

Proposition 5.3.7. Suppose U is a non-discrete uniformity on X. Then
there 1s a non-symmetric quasi-uniformity @ on X such thatd C Q C D.

IfY € ©(X) aud . is a nou-isolated point with respect to T (U). then U C H1({({x} x
FYUA | I' € F}) for some ultrafilter F # il({r}). Note also that if ¢ is isolated, then
UZAI{({e} x I)UA € F}) for any ultrafilter F on X other than Al({}).
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Proof. Let 1V be any linear order on X aud let Q@ = UV fil(W). Clearly
U C Q C D. First, we show that @ # D. So let VV € Y. and let U € U
be symmetric such that U C V. Then there are .y € X such that o # v,
(v.y) € U CV and (y,2) € U C V. Since IV is linear. either (x,y) € VNIV
or (y.x) € V1, which proves that V N 117 # A, Hence Q # D.

We have 117 € 9, and W contains no symmietric relation on X other
than A since it is anti-syimmmetric. Hence Q is non-syiminetric. and therefore
Q#U.

Sol € Q D as claimed. O

Corollary 5.3.8. No uniformity can be an anti-atom of ©(X ).

Recall that there is a strong relationship between the anti-atoms of W(.X)
and ultrafilters on X (scc Propositions 4.3.9 and 4.3.21). There is a similar
link between tic anti-atoms of ©(X) and ultrafilters on X, which we now

describe.
We need the following definitions:

Definition 5.3.9. Suppose that F and G ave filters on X. We let
FxG=H({FxG|FeF.GegG}).

Definition 5.3.10. Let F and G be filters on X'. We define Ur,g to be the
quasi-uniformity generated by tlie hase

{(FxG)UA|FeF.Gegl.

It F = G, we simply denote Uryg by Ur. Ur as defined liere is the same
uniformity Uz defined in Definition 4.3.7. Note that if F is principal, then
Ur =1D.

Remark 5.3.11. Let F and G be ultrafilters on X such that F £ G. Then:

1. F x G has a base B such that BNA = 0 for each B € B. This follows
because there is an A C X such that A € F and X — A € G, and hence

B={(FxG)N{Ax (X ~1))

FeF.Gegy

i1s such a base for F x G.

G4



2. It Y is any filter on X x X such that Ur.¢ € U. then Y has a transitive
base. Fou if we pick A C X as in point 1 above, then B = {U N ((A x
(X —A))UA) | U €U} is a transitive base for U, since A and X — A

are disjoint.

Lemma 5.3.12. Let A be an anti-atom in O(X). Then there are unique
ultrafilters F and G on X such that Urg C A.

Proof. Supposc A is an anti-atom. Let G be the filter generated by {(U —
A)X) | U € A} and let F be the filter generated by {(U™' — A)(X) | U €
A}®

Both F and G are ultrafilters on X. For the sake of contradiction, suppose
that F is not. Then for some A € X, A ¢ F and X — A ¢ F. Then
(AxX)uA Z Aand (X — A) x X)UA ¢ A Since both of these are
pre-orders on X and A is an anti-atom of ©(.Y). there must be a U € A and
aV e Asuch that UN((AXx X)UA) = A and 1'N{((X =A)x X)UA) = A.
Then U C (X —A) x X)UA and V C (A x X)UA. Therefore UNV = A,
contradicting that A # D. Hence F must be an ultrafilter after all, and
similarly G is an ultrafilter. Clearly Ur,g € A.

Now suppose that Uyx, € A for ultrafilters H and £ on X such that
either H # F or £ # G. Assumne the former. Then there is a subset
Aof X such that A € Hand X — A € F, s0 (Ax X)UA € A and
(X —A)x X, UA € A Conscquently A € A, a contradiction. So H = F
and similarly £ = G. Therefore the ultrafilters F and G on X such that
Urxg € A are unique. O

As we did with the anti-atoms of U(X'), we will now deal with the prox-
imally discrete and proximally non-discrete anti-atoms of ©(X) separately.
We will see that if A is an anti-atom, the ultrafilters F and G on X such that
Urvg € A determine (and are determined by) whether A is proximally dis-
crete or proximally non-discrete. It will in tact be shown that A is proximally
discrete iff Ur, g is a uniformity.

5.3.1 Proximally Discrete Anti-Atoms

In this section we will give a necessary and sufficient condition for an anti-
atom of ©(X) to be proximally discrete in terms of ultrafilters on X

8F and G can be seen as the left and right projections of A respectively.



We start with a simple fact regarding proximally discrete anti-atoms in
O(X).

Remark 5.3.13. A is a proximally discrete anti-atom of ©(X') iff 47! is.
For since D is a uniformity, D, is a uniformity too. If A is a proximally
discrete anti-atom. D, € A and hence D, C A7' so A7 is proximally
discrete as well.

In Remark 1.3.6 we noted that W(X') contains a proximally discrete anti-
atom iff X is infinite. The same is true for O(X):

Remark 5.3.14. Suppose that X is infinite. Then since D, is totally
bounded and D is not, D, € D. Hence, there is always at least one non-
discrete quasi-uniformity inducing the discrete proximity (nanely D,,). By
Proposition 5.3.1, D, must be contained by an anti-atom of ©(X). This
anti-atom has to be proximally discrete because D, is. Hence ©(X) will
possess at least one proximally discrete anti-atom.

However, it X is finite, all quasi-uniformities are totally bounded and
hence unique in their quasi-proximity classes. Since D will be unique in its
proximity class. there will be no proximally discrete anti-atoms in ©(X).

We are imnediately in a position to give a characteristic of the proximally
discrete anti-at s in ©(X) that follows from Lemma 5.3.12. [t is interesting
to note that the relationships between the proximally discrete anti-atoms of
O(XN) and W(.X) respectively and ultrafilters on X are exactly the same
(compare Propssition 4.3.9).

Proposition 5.3.15. An anti-atom A of ©(X) s provimally discrete if and
only if U C A for some non-principal ultrafilter F on X. If A is a proxzi-
mally discrete anti-atom, then the ultrafilter F such that Ux C A is unique.

-

Proof. Supposc A is an anti-atom of ©(X). Let Uy C A for some 1101-
principal ultradilter F on X. Ux is proximally discrete — sce Remeark 4.3.8.
Hence A is proximally discrete.

For the converse, suppose Urxg C A for ultrafilters F and G on X such
that F # G (Lemnna 5.3.12). Then there is a non-empty proper subset A of
Xsuchthat Ae Fand X —A e G. Then (Ax (N —A)UA €lr,g C A
Since A # D. this meaus that A4 is near X — A in A. Therefore A is not
proximally discrete. O
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Corollary 5.3.16. If X is finite, there arc no proximally discrele anti-atoms
in @(X). If X is infinite, the number of prozimally discrete anti-atoms in

O(X) is 22

Proof. Supposc X is infinite. By Proposition 5.3.1. for each non-principal
ultrafilter F on X. Ur is contained by an anti-atom of ©(X). This anti-
aton is necess: rily proximally discrete by the above proposition. The above
proposition also states that every proximally discrete anti-atom contains Ux
for some wunigre non-principal ultrafilter F on X. Hence, there must be
at least as many proximally discrete anti-atoms in ©(X) as there are non-
principal ultrafilters on X. This number is 227 — [X| = 227 | which is the

cardinality of ©(X). O

In Theoren, 4.3.17 we showed that it is possible for U7 to be contained
by a unique anti-atom in W(X). The question is whether this could happen
in ©(X). The Helow remark answers this question:

Remark 5.3.17. It will never be the case that there is a unique anti-atom
in ©(X) containing Ux for an ultrafilter F on X. For let A be an anti-atom
containing Ux, which is of course a uniformity. By Corollary 5.3.8, A has
to be a non-symmetric quasi-uniformity. and hence Ur C A and Ur T A1
Since A1 is also an anti-atom, Ur is contained by at least two anti-atoms

in ©(X).

5.3.2 Proximally Non-Discrete Anti-Atoms

In this section we show that Lemma 5.3.12 leads to a satisfying characteriza-
tion of the proximally non-discrete anti-atoms in ©(.X') in terms of ultrafilters
ot X and ultre filters on X x X', This characterization is given in Theoren

5.3.20.
We start this section with an hmmnediate consequence of Lenmma 5.3.12:

Proposition 5.3.18. If A s an anti-atom of O(X). it is prorimally non-
discrete of and only if Uryg C A for two ultrafilters F and G on X such that
F #G. If Ais a prozimally non-discrete anti-atom, then the ultrafilters F
and G such tha'Uryg € A are unique. Hence, every prozimally non-discrete
anti-aton 15 transitive.
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Proof. This fol ows directly from Lennma 5.3.12 and Proposition 5.3.15. The
fact that A is transitive follows from Remark 5.3.11(2). O

Corollary 5.3.19. [f X is finite and | X| = n. there are n(n —1) (prozimally
non-discrete) anti-atoms in O(X). If X is infinite. the number of provimally

. . . YRS
non-discrete arti-atoms in O(X) is 227"

Proof. If X is fiite, A is an anti-atom of O(X) iff A = G,y for some x # y.

Suppose X is infinite. Then by Proposition 5.3.1. for each two distinct
ultrafilters F and G on X, Uryg 1s contained by an anti-atom which is
necessarily proximally non-discrete (by the above proposition). Since the
above proposition also states that every proximally non-discrete anti-atom
contains Uryg for two unique but distinet ultrafilters F and G on X it
follows that the number of proximally non-discrete anti-atoms in ©(X) is at
least

ol X

22 (227 L) = 22

which is the cardinality of ©(X). O

As a result of the above proposition, we have the following neat charac-
terization of the proximally nou-discrete anti-atoms of (.Y).

Theorem 5.3.20. A quasi-uniformity A on X is a proximally non-discrete
anti-atom of O(X) if and only if it has the form G({H UA | H € H}) for
some ultrafilter H on X x X such that F x G C'H for two distinct ultrafilters
F and G on X

Proof. In this proof we will use the following notation: If I/ is a non-discrete
quasi-uniformity on X, we denote

Hy =H({U - AU U}).

which is a filter on X x X. If, on the other hand. H is a filter on X x X, we
denote

Up =EI{HUA | H € H}).

Note that U = Uy, for every quasi-uniformity & on X, and H C Hy,,.

If A is a proximally non-discrete anti-atom of O(N). Uryg € A for
two distinct ul-rafilters F and G on X by Proposition 5.3.18. By Remark
5.3.11(1). F x g has a base cousisting only of scts not intersecting the diag-

oual, aud thercfore F x G C H4. If H is another filter on X x X such that
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Hy CH. then F x G CH. Note that A & H. since F x G C H implies that
H also has a base consisting of sets not intersecting the diagonal, and hence
Uy # D. Since we also have Ury,g C Uy, it follows by Remark 5.3.11(2) that
Uy is a quasi-waiformity. But A = Uy, C Uy, and hence A = Uy Therefore
H. = Huy,, 2 H, proving that H 4 is an ultrafilter on X' x X

Conversely, suppose that H is an ultrafilter on X x X and that F and G
are distinct ultiafilters on X such that FxG CH. ThenUryg C Uy, Uy # D
by Remark 5.3.11(1) and Uy is a quasi-uniformity by Remark 5.3.11(2). If V
is another nou- liscrete quast-uniformity such that ¢4y C V. then ' H C Hy,, C
Hy. so H = Hy and Uy = Uy, = V. Thercfore Uy 1s an anti-atom. and it is
proximally non-discrete since Ur, g C Uy O

A natural ¢uestion to ask is whether, if F and G are ultrafilters on X

{ ) y

U could ever be an anti-atom in ©(X). In light of the above theorem

FxG o )
the auswer is quite intuitive:

Corollary 5.3.21. Let F and G be ultrafilters on X. Then Uryg is an
anti-atom of O(X) iff F x G is an wltrafilter on X x X and F #G.

Proof. Suppose first that F # G and F x G is an ultrafilter on X' x X. Then
it follows immediately from Theorem 5.3.20 that Uryg is an auti-atom of
eX).

Note that it F = G, Urg = Ur and lience cannot be an anti-atom
because it is a uniformity (see Corollary 5.3.8).

Now suppose that F x§ is not an ultrafilter on X x X. Suppose that Urg
was a (proximally non-discrete) anti-atom. Then by Theorein 5.3.20, Uz, g =
fil({HUA | H € H}) for some ultrafilter H on X x X such that A ¢ H. By
Remark 5.3.11(1), F x G has a base of sets not intersecting the diagonal, and
since A g H (XN xX)—AeH. Hence FxG =fl({H-A|HeH})=H.
But then F x ¢ is an ultrafilter, a contradiction. O

Suppose that X is countable. Recall Proposition 4.3.14. which states
if Fis an ultrafilter on X, Ur is an anti-atom in W(X) iff F is selective.
We now show that, provided that X is countable, Ur, g is an anti-atom in
O(X) if and ouly if the ultrafilters F and G are distinct and either F or G
is principal. The following preliminaries arc needed to do this. They also
introduce an example of a proximally non-discrete anti-atom in ©(X) that
is not (in general) semi-trivial.
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Definition 5.3.22. Suppose that F and G are filters on X. We have already
defined a tvpe of product between filters. namely F x G. We now introduce
another — define

F-G={ACX x X |{x

A(x) € G} € F}.

F-Gisafilter on X x X such that F x G C F-G. It is also not too difficult
to check that 1" F and G are ultrafilters on X, then F - G is an ultrafilter on
XN x XUV

Example 5.3.23. Suppose that F and G are distinct ultrafilters on X. Since
F -G is an ultrafilter and F x G C F -G, il{HUA | H € F-G}) is a
proximally non-discrete anti-atom in ©(X) by Theorem 5.3.20.

Lemma 5.3.24. If F and G are countably incomplete ultrafilters on a set
X. F x G is not an ultrafilter.

Proof. (Adapted from [9, Corollary 7.24]) Suppose neither F nor G are count-
ably complete. Then there exist chains (F,),e. and (Gy)ue. in F and G
respectively such that

FDFDF
G122 Gy DGy

and (e, Fi = Nhew Go = 0.1 For cach n € w. let 4, = F, — F41. Let
A =U,e (A xG,). Then {&] A(x) € G} = FL € F.so A e F- G We
show that A ¢ F x G.

Suppose we could find an F' € F and a G € G such that ' x G C A.
Suppose that for each n € w there is an z,, € F), such that 2, € F. Since
A(r,) € G, for cach n € w, 1t follows that G C &, for cach n € w. So
G = 0. a contradiction. Hence there must be a maximum n € w such that
there is an @ € F, N F. Therefore, F N F,4; = 0, contradicting that ' € F.

Hence A ¢ F x G, so F x G C F -G aud therefore F x G is not an
ultrafilter. ]

YR,

U U
Uy

Corollary 5.3.25. Let X be countable and F and G be ultrafilters on X.
Then Urwg 1s a (proximally non-discrete) anti-atom of O(X) if and only if
either F or G is principal and F # G.

9See [9, Lemn.a 7.20] for the details on F - G
WThere must be a decreasing chain (£, )ne, in F such that £ = ﬂneu 2, & F. lence
X —-FEeF, and fweset I, = E, 0 (X - L) Yn €w. then (Fp)pe, 1s such a chain in F.
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Proof. Suppose that both F and G are not principal. Then by the above
lemma F x G is not an ultrafilter, and hence by Corollary 5.3.21 Ur,g is
not an anti-atcim. It also follows from Corollary 5.3.21 that Ur«g cannot be
an anti-atom i F = ¢G.

For the converse, if F # G and either F or G is priucipal, then Uz, g is a
semi-trivial anti-atoni. 0

5.3.3 Proximally Fine Anti-Atoms

Recall that a gnasi-uniformity is called prozimally fine it it is the finest quasi-
uniformity ind 1cing its quasi-proximity, i.e. iff it is the finest member of its
quasi-proximity class (Definition 2.3.6). Note that not all quasi-proximity
classes need have a finest member. Note also that since D is the finest member
of its proximity class, no proximally discrete anti-atom will be proximally
fine. Hence, otr attention in this section will be restricted to the proximally
non-discrete anti-atoms of ©(X). Our goal is to give a characterization of
the proximally fine anti-atoms, which is achieved in Theorem 5.3.32.

First, a sin ple fact regarding proximally fine anti-atoms:

Remark 5.3.26. If A is a proximally fine anti-atom of ©(X), then so is
AL For suppose that V is a quasi-uniformity such that V,, = (A™!),. Then
(V1) = A, (by Proposition 2.3.14). Hence, since A is proximally fine,

VICAsoVCAL

I order to give the prowmised characterization of the proximally fine anti-
atoms of O(X , the following preliminary results are needed.

Lemma 5.3.27. If F and G are filters on « set X such that F C G, there
is an ultrafilter H on X such that F CH and G £ H.

Proof. [9. Lemma 7.17] Choose A € G —F. Then FU{X — A} is a subbase
for a filter on X. For suppose not. Then there exists a B € F such that
BN (X —A) = 0. But then B € A, a contradiction. Hence, if H is an
ultrafilter containing the filter generated by F U {X — 4}, we have F C 'H
but G € H (since A € G and X — 4 € H). O

Corollary 5.3.28. Suppose F and G are ultrafilters on X. Then if F x G
s not an ultrafilter on X x X, there are at least two distinct anti-atoms of
O(X) containing Uryg.
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Proof. If F = ¢, this has already been proven in Remark 5.3.17.

Now suppose that F # G. Suppose F x G is not au ultrafilter on X x X.
Then Uryg is 1ot an anti-atom by Corollary 5.3.21. Let A be an anti-atom
containing Ur, g. Since Uryg T A, A is proximally non-discrete. Hence we
can write A =fl({H U A | H € H}) for H an ultrafilter on X x X such
that J x £ C H for two distinct ultrafilters 7 and £ on X (see Theorem
5.3.20). F = J and G = L since otherwise A = D. F x§ # H and hence by
Lemma 5.3.27 there exists an ultrafilter K on X x X such that 7 x G C K
but H # K. By Remark 5.3.11(1), H and K both have bases consisting of
sets none of which contain any points on the diagonal. because F x G doces.
Hence. if we wiite & =fil({KUA | k' € K}). £ is an anti-atom of ©(X) such
that A 2 €. Since Ur,g C &, the proof is complete. O

Remark 5.3.29. Note that in Remark 5.3.17 we showed that s will never
be coutained by a unique anti-atom in G(X). It follows by the above result
and Corollary 5.3.21 that if F # G, neither will Ur,g, unless it is itself an
anti-atom.

Lemma 5.3.30. Suppose U is a non-discrete quasi-uniformity such that
Ursg C U for ultrafilters F and G on X. Then U and Uryg induce the
same quasi-proimity.

Proof. Suppose that A and B are non-ciupty proper subsets of X. Clearly, if
A s far from E' with respect to Uryg, then A is also far from B with respect
toU.

Now suppose that A is far from B with respect tod. Then ANB = . We
have that eithev A € For X—A e F. X -4 € Fthen (X—A)x X)UA €
Uryg and heuce A is far from B with respect to Uryg. If A € F, we cannot
have B € G siice otherwise (A x B)UA € Ur,g C U # D, contradicting
that A is far from B in /. Therefore X —B € G, (Ax (X — B))UA € Ur,g
and hence A is far from B in Ur,g.

We have sl own that A is far from B in U it 4 is far from B in Ur,g.
Hence the quesi-proximitics induced by U and Ur.g respectively are the
saine. U

Corollary 5.3.31. Suppose that A is a proxvimally non-discrete anti-atom in
O(X) and that F and G are the distinct ultrafilters on N such thatUr g C A.
Then A s procimally fine iff F x G is an wltrafilter on N x X .
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Proof. Supposc first that F x G is an ultrafilter on X x.X'. Then, by Corollary
5321, A = Uryg. Suppose that V is a quasi-uniformity that induces the
sanle quasi-preximity as A, We need to show that V € A, Suppose not.
Then there is a V € V such that VN ((Ax B)UA) = A for some A € F and
B € G, since A = Ur,g and A is an anti-atomr. Since F and G are distinct
ultrafilters, we may assume that AN B = @, and hence VN (4 x B) = .
Henece A is far rom B in V, but clearly A is near 3 in A, Therefore A and V
induce different quasi-proximities, a contradiction. Hence V C A4 as claimed.
proving that A is proximally fine.

Now suppose that F x G is not an ultrafilter on X x X. Then A # Uryg
by Corollary 5.3.21, and hence by Corollary 5.3.28 there is at least one other
anti-atom & of ©(X ) such that Uzryg € €. By Lenuna 5.3.30, A and £ induce
the same quasi-proximity, and hence 4 is not proximally fine. O

Theorem 5.3.32. Suppose that A is a proximally non-discrete anti-atom of
O(X), and let [F and G be the distinct ultrafilters on X such that Uryg C A.
Then the folloving are equivalent:

1. A is proatmally fine.
2. F x G is an ultrafilter on X x X.
3. A=Ury;.
Proof. Combine Corollarics 5.3.31 and 5.3.21 n

Suppose that X is countable, and let F be an ultrafilter on X. Recall
that in Theorein 4.3.24, even though no necessary condition was given for the
uniform anti-atom Jr to be proximally fine. [46] was able to give a sufficient
condition. nani-ly that F be sclective. For ©(.X). however. we are able to give
the following characterization of the proximally fine anti-atoms for countable
X. Note its sinaplicity compared to the corresponding results for the lattice
of uniformities - as we noted in Remark 4.3.13, it is even consistent with
set theory that there cxist no selective ultrafilters, and we need to assume a
condition such as CH to ensure their existence.

Corollary 5.3.33. Suppose that X is countable. A provimally non-discrete
anti-atom A of O(X) 1s provimally fine iff it is semi-trivial.

Proof. Combine Theorem 5.3.32 with Corollary 5.3.25. O
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5.4 Adjacent Quasi-Uniformities in ©(X)

In this section we aim to establish which quasi-uniformities will hiave imme-
diate predecessors and which will have immediate successors in G(X). An
miportant are: of study that also falls into this section is that of the dis-
tribution of uniformities in ©(X). In particular, we will be considering the
question of wlh-ther between any two distinet uniformities there is always a
nou-symmetric uasi-uniformity.

5.4.1 Immediate Successors

In this section we show that not every non-discrete quasi-uniformity has an
immediate successor in O(X ).

Before we give an example of a guasi-uniformity without an immediate
successor, we give a general description of inunediate successors in O(X).
The below proposition is the quasi-uniform analogue of Proposition 4.4.7 for
uniforities.

Proposition 5.4.1. Let V be an immediate successor of U in O(X). Then
there exists a cuasi-pseudo-metric d on X such that V =U V Uy.

Proof. Since U C V there must be a quasi-pseudo-metric d on X such that

Uy TV but Uy € U. Hence U CT UV U; € V. Since V is an immediate
successor of U it follows that V =U VvV U, d

Example 4.1.8 shows that the converse of the above proposition need not
hold.

Recall that in Example 4.4.6 we showed that if X is infinite. then D, has
10 innnediate successor in W(X). We now prove that for infinite X, D,, does
not have au in mediate successor in (X)) cither.

Lemma 5.4.2. LetU be a quasi-uniformity on X. ThenlU 1s totally bounded
if and only if both U and U™ are hereditarily precompact.

Proof. [27. Leimna 1.1]. O
Example 5.4.3. Let X' be an infinite set. Let V be a quasi-uniformity on X

such that D, ¢ V. Because D,, is a uniformity. we also have D,, C V7. Since
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V belongs to tle proximity class of D, it is not totally bounded. Hence, by
the above lemma, either V7! or V is not hereditarily precompact. Suppose
that it is V=1 We will construct a quasi-uniformity Q such that D, C Q C
V. By symmetry it will then follow that if it is V that is not hereditarily
precompact, there is a quasi-uniformity @ such that D, € @ C V! and
hence D, C Q"' C V.

So suppose that V! is not hereditarily precompact. Then for some V4 € V
it is possible to construct a sequence ()¢, such that

vy & Vot ag) whenever b < p < Ny, or otherwise put.
ap € Vo(a,) whenever k < p < Ny. (%)

For each n € w set.
A, =A{x. | n*<s<(n+ 1)}
Note that the .1, arc pairwise disjoint. Also. for each V7 € V. define
My =V U U{V‘I(A,L) X V(A | n < k<Rl

aud set H =fl {A- |V € V}).

We show tlat H is a quasi-uniformity on X. Let IV € V he given and
choose H € V ruch that H? C VyNV. Note first that H(A,)NH *(A,) =0
whenever n < k < g, since otherwise z, € H?*(2,) C Vy(z,) for some
p < r < Rg, oomtradicting (%). With this fact n mind, a straightforward
computation now shows that (AMy)* C M. Hence H is a quasi-uniformity
o X. as claimed.

Set @ =D, VH. It is clear that D, € Q C V. We have that (22, 2,2) ¢
My, whenever 11 < k < Ro: Suppose not. Then (g2, 2,2) € Vy ' (4,) x Vo(A4y)
for some p < ¢ < No. Now @,z € Vy(A,) implies that (x,,.2,2) € V; for some
mosuch that ¢ < m < (¢ + 1)? and n® > m. and hence n > ¢. Similarly
p>kand hencen > g>p >k, son >k

It follows that {x;2 | k¥ € w} is 1ot a precompact subspace of (X, Q71).
But it is a preccmpact subspace of (X, (D,)™1), because D, is totally bounded.
Hence @ £ D,

We now show that @ # V. For the sake of contradiction, suppose that
Vo € Q. Ther thercis a U € D, and H € V such that U N My C V.
Since D, is totally bounded, there is a finite cover {D; | i < n} of X for
some n € w stch that D; x D; € U whenever / < n. Then since A,, has
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more than n elements, there is a j < n such that D; contains two distinct
members of A,. say z; and z, for s < < Vy. Since A, x A, C My, we have
(x,.25) € UN My, Since (2, 25) ¢ Vo by (%). this is a contradiction. Hence
Vo ¢ Q and therefore Q # V.

Hence D, Z Q C V, proving that D, lias no hnmediate successor in

O(X).

5.4.2 Immediate Predecessors

We will show “hat, as was the case in W(X\'). every non-indiscrete unifor-
mity has an innuediate predecessor in ©(X ). Unfortunately. every quasi-
uniformity need not, and we will give an example of such a quasi-uniformity.

We start by mentioning certain types of non-indiscrete quasi-uniformities
which will always have immediate predecessors in ©(X'). The first result is
a basic consequence of Zorn's Lemma.

Proposition 5.4.4. Suppose that U is a quasi-uniformity generated by a
pre-order T # X x X on X. Then it has an immediate predecessor in (X ).

Proof. Let S := {V € O(X) | V CU.T & V}. § is non-empty because
Z € S. Let C he a non-cmpty chain in §. Then \/ C is an upper bound for
C. T ¢\ Csineotherwise T € V for some V € C,'' and hence \/C € S. By
Zorn’s Lemma it follows that S must have a maximal element V. Suppose
W is a quasi-uniformity such that V C W C Y. Then since W contains T
and U is the smallest quasi-uniforinity containing 7', W = U. Hence V is an
immediate predecessor of . U

Note that 17 7= A, then the innediate predecessor found above is an
inmediate predecessor of D, and hence an anti-atom (compare Proposition
5.3.1).

Another type of non-indiscrete quasi-uniforinity which will always have an
immediate predecessor in ©(X ), namely the doubly point-symmetric quasi-
uniforuity, is defined below. Directly below this definition we show cvery
such quasi-uniformity has an immediate predecessor, and from this it will
follow that eve -y uniformity has an immediate predecessor in O(X).

HFor a detailed proof, see for example Proposition 5.3.1. where this is done for the
special case of T = A,
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Definition 5.4.5. A quasi-uniformity ¢ is called point-symmetric it 7(U) C
T(U™"). Tt is called doubly point-symmetric if both U and U~ are point-
symmetric, ie. if 7(U) =T U1).

Lemma 5.4.6. Fach doubly point-symmetric quasi-uniformity U4 £ T on a
set X has an inmediate predecessor in ©(X).

Proof. Supposc that U # Z. Then there exists a 7 € U such that for some
r.y € X, (z.y) & V. We show that

U P Gy = I({H U (H () x H(y)) | H € U}). ()

It is clear that Gl({HU(H Ya)x H(y)) | H e U}) CUNG(, ). Suppose
that U € U A Gz, and choose W € U A G,y such that ¥ C U. Since
W e U NGy there must be a P € U such that PU {(x,y)} € W. Hence
(P~ Y z)x P(y))UP C W3 C U, and therefore U € fil({ HU(H ! (x) x H(y)) |
HelU}). SoU NGy =Hl({HU(H ' (z) x H(y)) | H € U}) as claimed.

Clearly U » G,y € U. Suppose now that Q is a quasi-uniformity such
that U NGy € Q@ C U. Since Q € Gy, there must be a @y € Q such
that (x,y) € Q). Choose @ € Q such that (Q,)* C Qq. Since (a,y) € Qo it
follows that (Q1(x) x Q7 (y)) N Q= 0. (1)

Consider any U € UU. Since (}; € U and U is doubly point-symmetric,
there is a V' € U such that V C (Q, N U), V71{z) C Qi(x) and V(y) C
Q7' (y). Thensince UAG, ) C Q C U, we have VUV Ha)xV(y)) € Q (sec
(). But (VUL () < V()))NQr € (VU(Qu(x) x Q5 1))@y = V € U
from (f). Hene» U € Q and therefore U = Q.

Consequently U A G,y must be an immediate predecessor of i. O

Corollary 5.4.7. If U is a uniformity other than T on a set X, it has an
immediate preaccessor in O(X).

Proof. This foliows directly from the above lemma. O

The above -orollary can be seen as a partial generalization of Theorem
4.4.10, which se ys that every non-indiscrete uniformity has an innnediate pre-
decessor in the lattice of uniformities. Of course, the next question is whether
this result generalizes completely, i.c. whether every quasi-uniformity has an
nnmediate predecessor in the lattice of quasi-uniformities. As was mentioued
earlier, though. this need unfortunately not be the case:
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A quick proof: Assume the contrary. Set h = max{c; | d; < d,i = 1,...,n}

(if the set is empty, sct h = —oo). We always have ¢; < d;. Hence. if
h = ¢;. then I < ¢ by assumption, and if h = —>, I < ¢ too. We have
MiZ; A7Y (d) 2 (h,oo). But since A7j(d) = [¢,00), this is a contradiction

because h < ¢. Hence the claim is verified.
Suppose now that A, € H. Then by the above claim there is an
o

A, € UUW sich that %Q <c<d<UD, because H =U VvV W. By definition
of Wit follows that A.q € W, so A.q € U. Since A.4 C A,y it follows that
A,y € U. a contradiction.

Hence we nust have Y € H C V and it follows that V has no immediate
predecessor in O(R).

5.4.3 The Distribution of Uniformities in ©(X)

In this section we attempt to answer the following question:

Problem 1. Given any two uniformities!d and V on a set X such thatUd C
V, is there a non-symmetric quasi-uniformity @ on X such thatid C Q C V?

A related problem is of course whether it is possible for two uniformities
to be adjacent in the lattice of quasi-uniformities. A full answer to the above
question has not yet been obtained, but in this scction we present some
partial solutiouns.

One approa :h to solving the above problemn is as follows: Supposed C V.
Then there is a pseudo-metric p on X such that U, € U and U, C V.
What we need is to find a non-symmetric quasi-uniformity Q@ on X such that
U QCUVU, The following related result applies this idea to equivalence
relations (as of posed to pseudo-metrics).

Proposition 5.4.9. Let U be a uniformity and R an equivalence relation on
X such that R € U. Then there is a non-symmetric quasi-uniformity @ on
X such that U € Q CHI(U U{R}).

Proof. By the wiom of choice, we may assume that the set of equivalence
classes of R ave linearly ordered by <. If 2.y € X, we set o+ < y iff R(x) <
R(y). Clearly < is a pre-order on X, and if v <y and y < z then R(z) =
R(y). Therefor: < N >= R. Siuce < is a lncar order, we must always have
either v <y or y <z, and hence < U >= X x X.

79



Set @ = UV fil(L). Since R C< we have Y € Q C UV AI(R). We show
that Q is non-synnnetric. Suppose not. Then QV Q7! = Q. and hence there
is a U € U such that (UN <) C>. Now >¢ U, since otherwise <€ U and
therefore B € U/, a contradiction. Hence there is a point (x.y) € U— >. But
then 2 <y since < U >= X x X, and consequently (r.y) € (UN <) C>, a
contradiction.

So Q cannot be a uniformity, and therefore Y C Q C UV fil(R) as needed.

O

Suppose thet R = A in the above proposition. Then R(z) = {«} for each
x € X. and heuce the linear order <1 chosen in the proof may in fact be any
lincar order on X. The proof of Proposition 5.3.7 1s therefore just a special
case of the above proof.

More speciel cases in which Problem 1 has been solved are given below.
It follows that, if it is possible for two distinct but comparable uniformities
to have no nou-symietric quasi-uniformity between them. they will belong
to the samme proximity class, and neither of them will be the totally bounded
member of that proximity class.

Proposition 5.4.10. Let U and V be two uniformities on X belonging to
distinct proximity classes such that U T V. Then there is a non-symmetric
quasi-uniformuy Q on X such thatd C Q C V.

Proof. Since U and V belong to distinct proximity classes, there must be sets
A.B C X such that A is near B with respect to U but A is far from B with
respect to V. Let

Q=UVHI{V UV A xV(B) |V eV}.

Clearly U € Q C V. We show that Q is not symmetric. Clearly A is
near B with respect to Q. We show that B is not near A in @. Since V is a
uniformity. there is a symmetric V- € V such that VN(BxA) = V(B)NA = {.
Hence (VU (V7HA) x V(B))) n (B x A) = . Therefore B is far from A
with respect to Q.

The above shows that @ is non-symmetric, and henced C Q C V. [

Corollary 5.4.11. No uniformity on X can be an atom of ©(X).
Proof. 1t U is o uniformity such that U # Z. then U, # Z (Lemma 5.2.1).

The result now follows from the above proposition. ]
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Definition 5.4.12. Let U be a quasi-uniformity on X and let A be a non-
cmpty subset of Xo Then if U € U and (A x A)Nnl = A,y A s called
U-discrete. If there is a U € U such that A is U-discrete, A is also called
U-discrete, or if there is no danger of confusion, simply discrete. Note that
A s a U-discrere set if and only if (A.U|4) is a discrete subspace of (X.U).

Lemma 5.4.13. Let U be a uniformity and V' a quasi-uniformity on X such
that U C V. and suppose there is a V-discrete set A C X that is not U-
discrete. Then there is a non-symmetric quasi-uniformity @ on X such that
UV,

Proof. By assuanption there is a V5 € V and an injective sequence {23 | 3 <
a} for some cardinal nmunber a such that a3 & 145(2;) for all 3. 5" < « such
that 3 # 3, but {xg | § < «} is not U-discrete.

For each V € V we define

My =V U U{Vﬁl(:vﬂ) x Vieg) |3 <3 <a}
and set H =fil({My | V € V}). We show that H is a quasi-uniformity on
. Let V € V and choose H € V such that H*> C VyNV. We show (Afy)? C
AL, Note that whenever 3 # ' < a, then
H N ag) N H(ay) = 0. (%)

since otherwise 2y € H*(z3) C Vi(zy), a contradiction. Suppose (x,y) €
My and (y.z) = My. There are four cases to cousider.

1. (x.y) € Hand (y, z) € H.

2. (a,y) € H, (y,25) € H and (2g,2) € H for some 8 < # < a. Then
(v.23) € H* CV so (x,2) € V7 (xy) x V(xy) C M.

3. (y.2) € I, (z,2g) € H and (2p,y) € H for some 3 < ¥ < a. Then
(v3.2) € H* CVso(x,2) € Vi ay) x Vivy) C Ay

4 (x,y) € H (ag) x H(zy) and (y,z) € H Y (ay) x H(z,) for some
G<f <aandy <y <o If =~ then (v.2) € H W ag) x H(zy)
where 8 <+ < a, and therefore (x,z) € M- If 3" # ~, this case is
inipossible because it contradicts (*).
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Now set @ :==U VH. Then U C Q C V. Next we show that {25 | J < «}
is @V Q -discrete but not O-discrete.

So suppose that (zy,25) € My, O (M) and 3 # 3. Then we must
have (vy.23) € Vy ' () x Vo(a.y) and (2. 2) € Vo(z) x V7 (2,) for some
v< v <aadkr <k <a Hencey ==+ and n =3 =+ But
then 3 < 3" and 3 < 4. a contradiction. Hence {25 | 3 < a} is indeed
Qv Q discrete.

Now suppose that () € Q, and choose an H € V and a symmetric U € U
such that U N My C Q. Then since {zg | 7 < a} is not U-discrete and
U is symmetric, there are § < [ < «a such that (xg,25) € U. Hence
(xg.2) € UN My C @ and therefore {z3 | J < a} is not Q-discrete.

Since {xz | 7 < a} is V-discrete, we hence know that @ # V. Also, since
{a;].3 < a}is not Q-discrete but is QV Q l.discrete. @ is not a uniformity
and thercfore Q # U. Hence Y € Q C V), as needed. O

Lemma 5.4.14. Let U and V be two uniformities on an infinite set X.
Suppose that for some infinite cardinal number m. U is m-bounded but V
is not. Then there 1s a non-symmetric quast-uniformity @ on X such that
U Qg Y.k

Proof. We find a V-discrete set that is not U-discrete. Since V is not m-
bounded, there is a pseudo-metric p on X such that ¢, C V and an ¢ > 0
such that no collection C of strictly less than m subsets of X such that for
cach C' e C,a.y e C = plr,y) < ewill cover X. Write B = UE"/Q. Choose an
arbitrary &) € X, and for every other a < m. choose v € X —J,_, B(xy).
If A={z, | <m}, then clearly (A x A)N B = A,. Hence A is B-discrete
aud therefore V-discrete.

The set A. however, is not U-discrete: Let U € U be given. aud let C be a
cover of X with strictly less than m sets such that foreach C € C, O'xC C U.
Since |A] = m, some C' € C must contain more than one member of A, and
hence there is a point (z,y) € (C' x C)N(A x A) CUN (A x A) such that
T #y.

The result now follows from Lemina 5.4.13. O

Corollary 5.4.15. Let X lbe infinite. If U is a totally bounded uniformity
on X and V s any uniformity on X such that U4 C V. then there is a non-
symmmetric quasi-uniformity @ on X such thatUd C Q T V.

12See Definitior 4.4.4 for the definition of an m-bounded uniformity.
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Proof. 1f V is totally bounded, the result follows from Proposition 5.4.10. So
suppose that V is not totally hounded. Then it is not Ryg-bounded, whereas
U is. The result now follows from Lemima 5.4.14. O

5.5 Complements in O(X)

In this section we discuss complementation in ©O(X). We have generalized
several results obtained in [45] for complements in W(X) to complements
in ©(X). For example, we will show that ©(X) is complemented iff X
is finite, and also that most of the operations preserving complements for
uniformities do so for quasi-uniformities as well. We will finally also construct
complements for certain biresolvable quasi-uniformities in ©(X).

Recall that W(X) is complemented iff X is finite (Corollary 4.5.2). Below
the same is preved for O(X).

Proposition 5.5.1. Every member of ©(X) generated by a pre-order on X
has a complem -nt that s also generated by a pre-order on X .

Proof. Combining Corollary 5.1.9 with Proposition 3.5.7 shows that the sub-
lattice of ©(X') consisting of all quasi-uniformities generated by a pre-order
on X is isomorphic to the lattice of AT topologies on X'. By Proposition
3.5.8, every AT topology has a complement that is an AT topology, and
hence every quasi-uniformity generated by a pre-order has a complement
also generated by a pre-order. O

Corollary 5.5.2. If X is finite, ©(X) is complemented.

Proof. If X is finite, U is a quasi-uniformity on X iff 4 =fil(R) for some
pre-order 2 on X. The result now follows from the above proposition. O

The below proposition is the quasi-uniform analogue of Proposition 4.5.1
for uniformities.

Proposition 5.5.3. If X is infinite, ©(X) is not complemented. In fact, no
non-discrete quasi-uniformity inducing the discrete prozimity has a comple-
ment in O(X).
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Proof. Let U # D be any proximally discrete quasi-uniformity on X. and let
Y be a complement of /. Since U is proximally discrete, V,, C U,,. Now since
UNY =T, U, NV, =T and hence V,, = 7. By Lemma 5.2.1 it follows that
VY = T, which is impossible.

If X isinfinite, Remark 5.3.14 shows that there is at least one non-discrete
proximally discrete quasi-uniformity on X . U

Corollary 5.5.4. ©(X) is complemented iff X is finite.
Proof. This fol ows directly from Corollary 5.5.2 and Proposition 5.5.3. U

Corollary 5.5.5. An anti-atom of ©(X) has a complement if and only if it
is not proximally discrete. All atoms of ©(X) have complements.

Proof. If an an-i-atom A is proximally discrete, the above proposition shows
that it does not have a complement. If it is not proximally discrete, there
must be a set ) C A C X that is near its complement with respect to A, and
hence S, ¢ A. It is clear that §4 will be a complement of A, since S, Z A,
S, 1s an atom wd A Is an anti-atom. If. on the other hand. A4 is an atom,
A = 8, for sonie non-empty proper subsct A of X (by Corollary 5.2.10). By
Proposition 5.5.1, it has a complement in ©(.Y). O

[t is easy to see that complements in ©(.\') need not be unique. Cousider
for example the atom Sy for §# € A C X such that A has two or more
elements. Then we can find two points (x,y) € A x (X — A) and (a,b) €
A x (X — A) such that (z,y) # (a,b). Clearly G,y and Gy are both
complements o 8.

Proposition 5.5.6. If U has a complement U' in O(X), it has a quasi-
pseudo-metrizable complement.

Proof. Let U € U and U’ € U’ be such that U N U’ = A. There must be a
quasi-pseudo-n_etric d on X such that Uy CU" and UL C U’ for some € > 0.
Then clearly Uy VU = D. and since Uy CU' U AN U =T. O

5.5.1 Operations Preserving Complements

In this section we preseut some results regarding operations on or between
quasi-uniformities which preserve the property of having a complement. Most
of these results have been generalized (to differing degrees) from correspond-
ing results for (X)), originally due to [45] (see Section 4.5.1).
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The main -esults in this section are all consequences of the following
lemma, which was originally stated in [45, Section 1.2] for the uniform case:

Lemma 5.5.7. IfU,V € O(X), then

1. UNY =T iff the only quasi-pseudo-metric p on X such that U, T U
andU, CVisp=0 (ie. pla.y) =0 foralz.ye X)

2. UNVY = D iff there are quasi-pscudo-metrics p and o on X and a
K > 0 such that U, CU, U, TV and p(x,y) + o(x,y) > I for all
T£Y.

Proof. 1. First suppose that UAV = T, and let p be a quasi-pseudo-metric
on X such that U, CU and U, C V. Then U, = I, and hence p = 0.

Now suppose that if p is a quasi-pseudo-metric on X such that U, C U
and U, C V, then p = 0. If H is a quasi-uniformity such that H C U
and H C V, and p is a quasi-pseudo-mctric such that i, C H, then
U, CU and U, V. Hence p = 0, and therefore H = 7.

2. Suppose first that 44 vV = D. Suppose that for all quasi-pseudo-metrics
p and o on X such that U4, C U and U, C V, and for all I > 0, there
exist elements 2 # y of X such that p(z.y) + o(2,y) < K. Then
olr.y) < K and p(z,y) < I{, so UE N UL # A This contradicts the
fact that Y V'V =D.

Now supoose that p and ¢ are quasi-pseudo-metrics on X such that
U, CU and U, C V respectively, and that there is a /' > 0 such that
for all x # v, p(x,y) + o(x,y) > K. Note that if p(a.y) < ]7{ and
og(ar.y) < %‘ then p(a,y) + o(x,y) < IN. Hence Ui NUL = A, and
therefore U V'V = D. ’ :

O

Proposition 5.5.8. Suppose that X and Y are disjoint, U has a complement
in O(X) and V has a complement in O(Y). Then the sum of U and V (given
by {UUV | U UV €V}) has a complement in O(N UY).

Proof. We will denote the sum of U and V by U + V. Let Y and V' be
complements of Y and V respectively. Let H be the quasi-uniformity on
X UY generated by all quasi-pseudo-metrics p such that:

LUy, CU and U, C V', and



2. e e X andy €Y, then

(@) pla.y) = ple,x0) + plyo, y), and
(B) ply.2) = p(y, wo) + plzo. )

where 19 € X aud yg € V are arbitrary but fixed points.

We show that H is a complement of U + V.

Given two quasi-pseudo-metrics & on X and v on Y respectively such
that Us CU ard U, C V', it is easy to construct a quasi-pseudo-metric p on
X UY satisfying the two conditions above. One defines, for auy z, 2,20 € X
and y.yr1.pp €Y,

n
v

(2

(n ﬁ
(, 10) ¥ (Y0, y), and
(v, v )"

i)
—~
- H - "
e N N S
Lol
S 2

Olrg. L)

|
\g

Hence there is at least one such quasi-psendo-metric p, and H is well-defined.

First we show that H A (U + V) = Zyyuy. Suppose that d is a quasi-
pseudo-wetric o X UY such that Uy CH and Uy CU + V. Then Uy|y CU
and Ugly € V. By the way that H was defined. we have that H|y C U’ and
lence Uyl C L. Similarly Uyly C V' Thercfore Uyl x = Zx and Uyly = Ly,
and hence d(z),x9) = 0 and d(y1,y2) = 0 for all xy, 25 € X and y;,y2 € YV
(by Lemma 5.5.7(1)).

For every @ € X and y € Y we have d(z,y) < d(x,20) + d(xo,y0) +
d(yo,y) = d(zo. yo). We note that for every quasi-pseudo-metric p described
in points 1 anc 2 above, we must have p(xq.y0) = 0. For eacli € > 0 there
must be a p satisfying points 1 and 2 above and a § > 0 such that Ul C U4,
since Uy C H. Since (zg.yo) € Uf, we conclude that (@g.yo) € U? for every
¢ > 0. Therefore d(xo.yo) = 0 and hence d(a.y) = 0. Similarly d(y.z) =0
and hence d = 0. By Lemma 5.5.7(1) this means that H A (U + V) = Zxuy.

Now we must show that H V ({ + V) = Dyyy. Let p be a given quasi-
pseudo-metric on X such that ¢4, C U’ We can extend p to a quasi-pseudo-
metric p on X UY by defining p'(y;,12) =0 for all y;. 90 € YV, and if v € X
and y € Y we define p'(2,y) = plx,x0) and p'(y.2) = p(rg.2). BEach such
P’ now also satisfies the conditions 1 and 2 above, and hence " C H|x.
Therefore H|y VU = Dy and similarly H|y- V'V = Dy. Hence there are
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Hie¢ Hand U € U such that H,NU = Ayxy. and Hy € H and V' € V such
that HoNV = Ay. So (Hi N Hy) N(UUV) = Axyy, as needed. O

Proposition 3.5.9. Let U have a complement U' in O(X) and V have a
complement V' in O(Y). ThenlU' x V' is a complement of U XV in (X xY).

Proof. Write H = U x V, and let H' = U" x V. We show that H' is a
complement of H.

First we slow H A H' = Zy.y. So suppose that p is a quasi-pseudo-
wetric on X x Y such that i, CH and U, C 'H'. Let 22 € X be fixed. Define
a quasi-pseudc-metric d on Y by letting d(y;.y2) = p((z.y1). (2, 92)) for all
y1.yp € Y. We show Uy C V. Sosuppose € > (). Then there is an H € 'H such
that H C Ur. We may assume that H = (my x7y) {(U)N(my xmy ) 7HV) for
some U € U and V € V (here my and 7y denote the projections of X xY onto
X and Y respectively). Then V' C U For suppose (a.b) € V. Then since
(x,2) € U, we have ((x,a), (x,b)) € H CU’, so d(a.b) = p((z. @), (x.b)) <€
and hence (a,l) € UL Hence Uy C V as claimed. Shnilarly we have Uy C V'
and therefore ¢ = 0, by Lemina 5.5.7(1). This holds for whichever z € X we
fix. and similarly p((z1,9), (x2,y)) = 0 for all z;,2y € X whenever y € Y.
Hence. if zy.2: € X and y1, 10 € Y,

/)((l'l- U1). (2.12)) < p((x ). (21 .1/2)) + p((r1. y2). (2o y2)) = 0,
proving that p = 0, as needed.
Now we show HV H' = Dxyyy. SinceU VU =Dy, we can find a U € U

and a U’ € Y such that UN U’ = Ay, Similarly there is a V € V and a
V' e V' such that VNV’ = Ay. It is not hard to see that

((mx x 7)) N (my x 1) "HV))
Ay x 7)) (U N (my x 7)) HV)) = Axsy

O

Proposition 5.5.10. Suppose that (Y. V) is a quasi-uniform space and that
X 18 a densc subset of Y with respect to T(V) and T (V™). If the restriction
U of V to X nas a complement U in ©(X). then V has a complement in

o).

Proof. Let V' he the quasi-uniformity generated by all quasi-pseudo-metrics
pon Y such that U,| v CU', p(x,y) <1 forall 2,y € YV and p(z.y) = 1 if
x # y and either z or y is in Y — X. Then V' is a complement of V.
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First we show VvV V' = Dy. We kuow there are U € Y and U’ € U’ such
that U N U’ = Ay. Now we have that U = "N (X x X) for some V € V.
Also, we may assume that U’ = U? for some € > 0 and quasi-pseudo-metric
pon X such that U, CU’. p can be extended to a quasi-pseudo-metric j on
Y by letting py.y) = 0 for all y € YV and plr.y) = 1 whenever v # y and
either 2 or y i in ¥ — X. We may assume that e < 1. If we write V' = U?,
then VNV = Ay, since V' = U U Ay,

Now we show V AV = Ty. So suppose p is a quasi-pseudo-metric on Y
such that U, €V and U, C V. Then U,|x C U. From the definition of V'
it also follows that U,|x C U": We have U, C V'. Hence, for each U € U,
there is a quasi-pseudo-metric d on Y and an ¢ > 0 such that Uy|x € U" and
Ut C U. Therefore U N (X x X) €Y and hence U, |y CU'.

Hence p(xy.22) = 0 for all 1,25 € X. Now suppose that y;,y» € ¥ and
let € > 0 be given. Then, since X is dense in (Y. 7 (V)). there is an @, € X
such that p(y;.a)) < 5. Since X is dense in (Y. T (V7). there is also an

D
xy € X such that p(xy, y2) < 5. Hence p(y.y2) < plyr, 21) + plr, 2z) +
pla.yn) < €. This shows that p(y;, 72) = 0, and hence p = 0. O

5.5.2 Complements for Biresolvable Quasi-Uniformities

We lave seen that there are some quasi-uniformities which will never have
complements i1 O(X). We have, however, constructed complements for a
certain class of quasi-uniformities on X, and this class is a subclass of the
biresolvable qu asi-uniformities on X. In this section this construction is pre-
sented.

We have defined biresolvable quasi-uniformities as follows:

Definition 5.5.11. Let U be a quasi-uniformity on a set X. Then the quasi-
uniforn space (X, U), or just the quasi-uniformity i, is called biresolvable if
there exists a subset D of X such that D is dense in 7(U) and X — D is
dense in T(U™1). If this is the case and U is a uniformity. the uniform space
(X.U) is shmp y called resolvable (since T(U) = T (U™Y)).

Lemma 5.5.12. Let (X,U) be a biresolvable quasi-uniform space such that
UNUTY AT Then U has a complement in O(X).

Proof. Siuce U AU™Y # T, it contains an entourage U #£ X x X. Choose a
svinmetric entohurage V € U AU such that VY C U.
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Suppose that (z,y) € V? - then V3(2) U V3(y) # X. since otherwise
XXX =030 uViy) x (VI a)ul3y) v CU.

Set R = ((N x X) = VHUA. We have that R? = X x X Suppose that
(x.y) € V3. By the above comment we can find an a € V3(2) UV3(y) — then
(r.a) € V¥ anc (a.y) € V3. Hence (v.a) € R and (a.y) € R. so (x.y) € R?.
Hence R? = X x X as clahmed.

Since (X.U) is biresolvable we can find a D C X such that D is dense in
(X, T(U)) and X — D isdensein (X, T(U™")). Set Dy = D and Dy = X —D.
Let T'= ((Dy x Dy) = V)UA. Then T is transitive, because D) and D,
are disjoint. ILet V be the quasi-uniformity generated by 7. Then since
VNT=A,UVvV=D.

We show that U AV =T, Let L € U AV and choose M € U AV such that
AMC C L. Then thereis a W € U such that TUTY C A, and R C IWoT oW as
we now prove. Suppose (2,y) € R—A. Then thereis a d; € Dyn(VNV)(x)
and a dy € Dori(VOW) = y), since V. W € U and by the denseness of Dy and
Dy in T(U) and T(UT) respectively. For the sake of contradiction, suppose
that (dy,dy) € V. Then since (x,dy) € V and (do,y) € V, (x,y) € V?
By the definitin of R this means that (z,y) € R, a contradiction. Heuce
(dy,dy) € T by definition of T. It follows that (x,y) € W oT oIV and
therefore R C W oT o W as claimed.

Hence X x X = R2 C (WoToW)o(WoTolV)CAMSCL SoUAV =T
and V is a complement of . ]

Corollary 5.5.13. Let U be a uniformity on a set X such that (X.U) is
resolvable. Then U has a complement in O(X).

Proof. This fol.ows immediately from the preceding lenmna. O

5.6 Lattice Structure of ©(X)

In this section we study some important aspects of the lattice structure of
O(X). namely modularity, distributivity and self-dualness.

We start by proving that ©(X) is in general neither modular nor dis-
tributive. It is in fact only for very small sets X that ©(X) will ever have

such an organized structure. The same is true for self-dualness.

Proposition 5.6.1. O(X) s modular (distributive) if and only if |X| < 3.
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Chapter 6

Conclusion

In this dissertation many aspects of the lattice of quasi-uniformitics on a set
X have been described, such as the atomns, anti-atoms. lattice structure and
complementation. The main results are listed, with references to where in
this dissertaticn they were proved, at the end of the Introduction (Chapter
1).

However, a number of questions regarding this lattice still remain unan-
swered, some of which we now briefly discuss. Firstly, as was mentioned in
Section 5.4.3, it is still unknown whether two uniformities can be adjacent in
the lattice of quasi-uniformities. More generally:

Problem 1. (fwen any two uniformitiesUd and V on a set X such that U C
V, is there a non-symmetric quasi-uniformity @ on X such thatid C Q C V¥

Continuing with the idea of uniformities in ©(X), there also remains open
a question regarding their complements. Recall Example 4.5.10, where it is
mentioned that the uniformity J of a Cauchy sequence has no complement
in W(X). The immediate next question is ol course whether 7 has a com-
plement in ©(X). If not, it seems natural to ask whether there does exist a
uniformity not having a uniform complement that does have a quasi-uniforin
complement. In other words, the question is:

Problem 2. If a uniformity has a quasi-uniform complement, does it neces-
sarily have a v niform complement?

Despite the numerous similarities (and differences) between W(X) and
©(X) noted throughout this dissertation, there also still remain some ques-
tions that have been answered for the former but not for the latter. Two of
these stand out, one of which is the following;:
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Problem 3. s ©(X) anti-atomic? If not, which members of O(X) can be
written as the neet of anti-atoms?

The first part of this question has been anuswered for W(X) in the negative
(Corollary 4.3.5). It was however noted in Remark 5.3.6 that the approach
used there cannot be extended to prove the same for ©(X). Since we do not
as yet have a complete characterization of the proximally discrete anti-atoms
of ©(X) (or U(X)), the second part of the above problewm seens particularly
noun-trivial.

Similarly, the complicated structure of proximally discrete anti-atoms
makes finding a non-transitive anti-atom in ©(X) difficult, since all non-
transitive anti-atoms are proximally discrete.! YWhereas in Theorem 4.3.28
we cited a result which proves the existence of non-transitive anti-atoms in
U(w), their existence in ©(X) has not been proven for any X as yet. This
then is another problem solved in the case of W(XX') which remains open in

o(x).

Problem 4. Does there erist a non-transitive anti-atom i G(X)¥

Although tiese and many other questions remain to be answered for
(X)), the results obtained thus far are an indication of the significance of
(X) in the theory of quasi-uniforinities. Proposition 5.2.15; for example,
shows that the rransitive totally bounded quasi-uniformities on X are exactly
the atomic members of @(X). This suggests that the position of a quasi-
uniformity in ©(X) can be an indication of the properties it possesses.

Other areas of mathematics, however. can benefit as well. For example,
Kiuzi mentions in [25, Section 1] that some results obtained in [7] relating

S)
&)

to the semi-lattice of compatible totally bounded quasi-uniformities on a
topological space X can be used to study certain lattice-theoretical questions
using the theory of quasi-uniformities.?

More in the scope of this dissertation, though, is the link with ultrafilters
on X. In Proposition 5.3.15 and Theorem 5.3.20 we found that there is a

'See Section 4 3.4. Here more reasons are given as to why such an anti-atom would
be difficult to fiud. Although meuntioned in the context of U(X). these comments are also
valid for ©(X).

2The result in question shows that every core-compact topological space X adinits
a coarsest (totallv bounded) quasi-uniformity, i.e. for every core-compact space X. the
semi-lattice of co1ipatible (totally bounded) quasi-nuiformities is a lattice. See [7. Lemma
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strong connection hetween the anti-atoms of ©(X) and ultrafilters on X.
This may mean that Pelant et. al.’s suggestion (in [46]) to use uniformities
for the investigation and classification of ultrafilters could be extended to
quasi-uniformities (see Chapter 1).

Of course, since quasi-uniformitics are niore general than unifornities, the
anti-atoms of O(X) may have less intricate structures than those of W(X).
It is hence possible that, in some cases, they may not provide as much infor-
mation as in the uniform case. Our characterization of the proximally fine
anti-atoms of €©)(X) found in Theorem 5.3.32 substantiates this claiin. Con-
centrating specifically on the case where X is countable (Corollary 5.3.33),
we saw that a necessary and sufficient condition for an anti-atom A of ©(X)
to be proximally fine is that it be semi-trivial. Upon comparison. the prox-
imally fine anti-atoms of W(X) seem significantly more complicated. Not
only does a characterization of these anti-atoms not exist as yet, but in the
case of countable X, selective ultrafilters were used to find examples (The-
orem 4.3.24). The relationship between the properties of an ultrafilter F
and the proximal fineness of the uniform anti-atom Jx hence scems to be
more in-depth than the relationship between ultrafilters and anti-atoms in
the quasi-uniform case.

The above, however, is not reason enough to believe that the relationship
between ultrafilters on X and anti-atoms of ©(X) is insignificant, as can be
deduced for example fromi Lemina 5.3.30. This proposition essentially states
that for an anti-atom A of ©(X), the ultrafilters F and G on X such that
Urvg C A completely determine the quasi-proximity induced by A. Hence
it is clear that the ultrafilters 7 and G do play some role in determining the
properties of the anti-atom A.

Through this dissertation it has become clear that. besides tlie obvious,
O(.Y) also has the potential to provide insight into the properties of quasi-
uniformities on X, lattice theory in its own right and ultrafilters on X. This,
of course, need not be (and probably is not) an exhaustive list. So although
this dissertaticn has come to an end, the future of The Lattice of Quasi-
Uniformities is secured.
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Symbols

X — A The ~omplement of the set A §2.1
o(X) {A| AC X} (the powerset of X) §2.1
UoV {(z,:)] 3y e X such that (z,y) € U and (y.2) e V} §2.1
U? Uol §2.1
U {(g) | (y) € U) §21
Ay {(z,) | x € A} (the diagonal of A, where A C X) §2.1
A Ay § 2.1
fil(C)  Filte - generated by the subbase C (where C C p(X)) §2.1
fil(C)  Filte with base {C} (where C € p(X)) §2.1
w The set of natural numbers §2.1
N Cardinality of w §2.1
R The set of real numbers §2.1
¢ Cardinality of R (i.e. ¢ = 2%) §2.1
[A] Cardinality of the set A §2.1
A Greatest lower bound §2.1
\ Least upper hound § 2.1
0 Bottom element §2.1
1 Top element §2.1
A (or Zy) Indiscrete uniformity (on X) 2.25
D (or Dy ) Discrete uniformity (on X) 2.2.5
Ut {U="| U € U} (conjugate of the quasi-uniformity &) 2.2.2
Ul {Ur(Ax A)|U eU} (U a quasi-uniformity) 2.2.3
U~V UanlV are (quasi-) uniforinly isomorphic 2.2.0
TU) {GC X |Vaxe G 3U el such that U(x) C G} 2.2.17
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{(z,u) | pla,y) < €} (p a quasi-pseudo-metric)
fil({(/7 | e > 0}) (p a quasi-pseudo-metric)

(A.B) €4, ie Aisnear B (4 a quasi-proximity)
(A.D) €94, ie Aisfar from B (§ o quasi-proximity)

{(A.B) | VU cU, UN (A x B) #0} (U a quasi-uniformity)

{U € O(X) | oy = 6} (§ a quasi-proximity)

{X - AJA={z]|{2}dA}} (0 a quasi-proximity)
fil({1X x X) — (A x B) | AOB}) (0 a quasi-proximity)
Us,

The 1attice of topologies on X

The lattice of Tj-topologies on X

The lattice of uniformities on X

The lattice of quasi-uniformities on X

Rudin-Keisler order for ultrafilters

{((z.1),(2,2) |z € FYU{((x.2).(x.1)) | r € F}UA
il({Jp | F € F}) (F afilter)

l({t Fx FYUA | F € F}) (F afilter)

The uniformity of a cauchy sequence

(Ax A)U((X —A4) x (X — A))
fil(H 4)

(Ax A U(X—-A)xX)
BL(S )

Al({ z.y)} U {{y, )} UA)

fil({ z.y)} UA)

Hyy

Hixy

Axiom of Choice is used
Continuum Hypothesis is used
if and only if

2.2.10
2.2.10

2.3.1
2.3.1
2.3.5
235
2.3.8
2.3.9
2.3.11

3.1.1
3.9.1
4.1.1
5.1.1

4.3.15
4.3.19
4.3.19
4.3.7
4.5.8

4.2.2
4.2.2
5.2.4
52.4
4.3.3
5.3.3
4.4.1
4.4.1

Ch 1
Ch1
Ch1
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