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ABSTRACT

The application of a kinematic minimum priﬁciple involving a
confinuous functional subject to inequality constraints is described
for the incremeﬁtal analysis of elasto-plastic continua. A simple
algorithm is used for solution of the resulting mathematicgl programming
problem. The formulation_is presented for problems in plahe stress,
plane strain or axial symmetry, using triangular constant strain finite
elements, and is extended to the use of cubic quadrilaéeral.isoparametric
elemehts for which a numerical integration technique is employed to account
for elasto-plastic interfaces within elements. The material is assumed
to obey the von Mises yield condition, and be either elastic-perfectly
plastic or linear kinematic‘hardening. Compﬁtational details and solution
techniques are described, and numerical examples compéred with experimental
and numerical results in the literature. Some assessment is made of

the relative computational efficiency of the method.
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NOTATION

Weighting factor for Gauss quadrature

‘Deformation matrix

Isotropic tensor relating elastic strain to stress
Weighted Cartesian strain tensor, Gij = V'eij

Area of triangular finife element

Inverse of Cijkl

Elasticity matrix

Cartesian strain tensor

(Superscript or subscript) denotes elastic part

Young's modulus

Plastic modulus
Body‘force

Positive definite scalar

Ratio of equivalent stress to yield stress for a point to be
treated as plastic

Shape function for isoparametric finite element
Jacobian operator

System matrix

Non-negative scalar

Non-negative scalar

Poisson's ratio

Number of displacement degrees of freedom

Gradient matrix

(Superscript or subscript) denotes plastic part
Number of plastic multipliers

Nodal locad



Natural coordinate system for isoparametric finite element

Polar coordinate system

Cartesian stress tensor
O.. - el

1J P 14
von Mises equivalent stress
Uniaxial yield stress
Surface of Body

Surface traction

Displacement

Displacement components

Functionals used in kinematic

Functionals used in extended kinematic minimum principle

Yield function

Volume of body

minimum principle

Band width of elastic system stiffness matrix

Cartesian coordinate

Cartesian coordinate system

(Prime) denotes quantity associated with a finite element



CHAPTER 1

INTRODUCTION

The simplicity of the laws governing the mechanical behaviour
of elastic solids in many cases permits an analytical solution. In
elastic problems of greater complexity with regard to geometry, boundary
conditions, loading or nonhomogeneous material properties, recourse
is generally made to numerical solutions which exploit.the minimum
principles governing the mechanical behaviour of elastic éolidsl In
particul;r the finite element méthod has been extensively used to
determine approximate solutions by discretizing the description of the
spatial field to a finite number of parameters.

For elasto-plastic solids the complexity bf mechanical behaviour
generally prohibits an analytical solution. Although the minimum
principles governing the mechanical behaviour of elasto-plastic solids
have been established for some time (Prager [1], [2]; Hodge and Prager [3];
Greenberg [4], [5] and Koiter [6]), it was only with developments in
numerical methods that thelr exploitation become feasible. More recently
Ceradihi [7] and Maier [8] have given alternative forms for the minimum
principles using elastic solutions for residual fields. Maier's
kinematic minimum principle was derived from quadratic programming
arguments. |

Direct methods of.élasto—plastic analysis which use the minimum
principles and the finite element method include initial strain/initial
stress and tangent modulus approaches. in the initial strain method

e
deg}oped by Galagher, Padlog and Bijlaard [9], and Argyris [10], plastic



strains during a load inéremept are tfeated as initial strains, the
system stiffness matrix remaining elastic and unchanged. This iterative
prdcedure.fails for an elastic-perfectly plastic material as plastic
strain increments are not uniquely described. The initial stress
approach of Zienkiewicz, Valliapan and King [11] entails the iterative
elastic distribution of 'initial stresses' until the requirements of
eéuilibrium, the kinematic relations and constitutive laws are satisfied,
again the system matrix remaining unchanged. Since the stress dis-
tribution is uniquely described by increments of strain, ideal plasticity
can be accémmodated. For the initial strain/initial stress methods the
system matrix need be inverted once only, however the numbér of iterations
required for convergence at each load increment may increase as plastic
strain increments become larger. In these methods elastic unloading
is automatically accommodated as thevsystem matrix always reflectis elastic
stress-strain relations.

The tangent modulus or variable stiffness method of Pope [12],
Swedlow [13], Marcal and King [14], and Yamada, Yoshimura and Sakurai [15]
requires reformulation of the system matrix at each stage in the incremental
loading procedure, taking account of adjustment to stress-strain relations
due to plastic strains. Further, iteration is required for any load
increment in which elastic unloading occurs as the system matrix must
reflect the true stress~strain relations. This method can be used for
perfectly plastic materials. Marcal [16], in comparing the two methods,
derived fhe initial sfrain formulation from the tangent modulus approach.

More recently efforts have been directed towards formulating
elasto~-plastic problems as formal mathematical programming problems
and to use standard programming techniques to determine a solution.

Some examples are the work of Hodge, Belytscho and Herakovich [17],



Sayegh and Rubenstein [18], Giacomini, Maier and Paterlini [19],
de Donato and Maier [20], end Anand and Garg [21]. As shown by de
Donato and Franchi [22] a linear complementary problem emerges which is
fully equivalent to two dual quadratic programming problems. The
solution can be determined from any one of the five formulations. However,
in applying nonlinear programming algorithms, the size of matrices to
be calculated for any of the formulations is prohibitive even for small
numbers of finite elements. The most efficient_formal programming
technique for incremental elasto-plastic analysis appears to be the
'multistage loading' and 'reduced problem technique' used by de Donato
and Franchi [22] and de Donato and Maier [20]. For this the yield
surface is piecewise liﬁearized, transforming the domain of permissible
stress states into a series of linear inequalities. Since a plastic
multiplier and linear inequality are associated with each yield plane
the numbers of variables and constraints increaseé rapidly. '"Multistage
loading' consists of the initial division of the load into a given number
of 'sub-loads' each of which is increased from zero to its final wvalue.
Elastic unloading éan only be considered at the beginning of each loading
stage. To decrease the large number of variables the 'reduced problem
technique' is employed in which yielding modes that appear unlikely to
be activated are omitted from that stage of the problem, and any standard
nonlinear programming technique used to determine the solutioh. Violation
of ignored constraints necessitates iteration. To the writer's knowledge
there is an absence in the li%erature of numerical applications of the
formal mathematical programming approach to three-dimensional gontinuum
problems, which though conceptually quite feasible, must present a formidable
computational task.

In investigating Maier's theorem [8] derived from quadratic

programming arguments, Martin [23] has given a simpler result in a



kinematic minimum principle for the rate problem in elasto-plasticity,
involving a continuous functional subject to inequality constraints.

This was applied in incremental form to the plane truss problem by Martin
and Reddy [24], resulting in a quadratic programming problem. A

simple algorithm was suggested in which the prqgramming problem reduced
to solution of simultaneous iinear equations subject to checks on
constraints, violation of which necessitates iteration. In this thesis
application of this minimum principle»is extended to the incremental
analysis of elasto-plastic continua. For the resulting progremming
problem it is not necessary to piecewise linearize the yield surface

as in thg formal quadratic programming approach, and thus the céntinuously
differentiable von Mises yield function is assumed. For simplicity
discussion will be limited to two-dimensional problems (plane stress,
plane strain and axial symmetry); however the extension to general
three-dimensional continua is directly obtained by inclusion of field

variable components ignored in the two-dimensional case.



CHAPTER 2

SOME FUNDAMENTAL. CONCEPTS

2.1 Introduction

In this thesis discussion is limited to bodies composed of
an isotropic, homogeneous material. In the plastic range the material
is assumed to obey the von Mises yield condition, and be either
elastic-perfectly plastic, or linear kinematic hardening. Deforma-
tions are assumed to be isothermal and small in the seﬁse that kine~
matic‘relations are linéar in strain and displacement and equilibrium
equations linear in stress and force. Loading of the body is assumed
to be quasi-static so that inertia terms can be ignored.

In developing the genefél relationships governing the deforma-
tion of an elasto~plastic continuum, consider a body of volume V
and surface S in a Cartesian coordinate system xi(i =1,2,3). The
body is subjected to body forces Fi(xk) on V, and surface tractions

T, (x

i k) on part of the surface ST. On the remainder of the surface

S, displacements ui(xk) are prescribed. The governing relations

comprise equilibrium equations, kinematic relations and constitutive

relations.

2.2 Equilibrium

The equilibrium equations are characterized by

—id = ,
o, *F = 0 on V, | (2.1)



o = 0,., (/2.2)
ij ji
and Uijvj = Ti on S, » : (2.3)

where oij(i,j =1,2,3) is the stress tensor, and v; is the outward
normal vector at a point on the surface. A statically admissible
set of body forces Fi’ surface tractions Ti’ and stresses Oij must

satisfy equations (2.1), (2.2) and (2.3).

2.3 - Kinematic Relations

The strain field €; is obtained from the displacement field

J

uy by means of the strain-displacement relatiohs

1 aui Ju, '
613 = E{-B;J— + _‘laXlJ N (2.}4)

Further, the compatibility condition ensures the integrability of the

strain field to within a rigid body motion, and may be expressed as

2 2 2 2
.9%e, 9 Ekl R 9 €ik 3 €jl

1]
= + (2.5)
Bxk axz Bxi axj axj o9x Bxi Bxk

L

A kinematically admissible set of strains and displacements must

satisfy equations (2.4) and (2.5).

2.4 Constitutive Relations

The constitutive relations are written after breaking the

strain tensor €ij into an elastic part €§j and a plastic part 653

such that



The elastic strain and stress are linearly related:

e
€5 = Cigxe %2 o (2.7)
where Cijkl is an isotoropic fourth order tensor.

A yield function ¢ is introduced to describe plastic behaviour.
In this thesis it is assumed that the yield function is a convex con-

tinuously differentiable scalar function and may be written as ¢ = ¢(cij)

for elastic-perfectly plastic materials. For elastic—plastic'or harden-
ing behaviour we shall limit our discussion to a linear kinematic

hardening model for the material. In this case the subsequent

yield function may be written as ¢ = ¢(o,.,€eP.),

. where the plastic
1J° 14J v

strains EEJ represent the history of plastic strain from the virgin

unstressed state, [25].

Yielding occurs when ¢ = O and stress states such that ¢>0
are inadmissible. The plastic strains remain unchanged for any stress

increment imposed on a stress state for which ¢ < 0 (elastic behaviour),
or for which ¢= 0 and 3§¢— dcij < 0 (unloading). Thus changes in

. ij
plastic strains can only occur for stress increments imposed on stress

states for which ¢= 0 (yielding) and 3§¢ dcij > 0 (loading or neutral
%15

loading).

Figure 2.1 shows directions of stress increments from points

on the yield surface ¢ = 0 in stress space. - In the case of hardening

¢ = ¢(Uij§§j) and thus the curve ¢ = 0 in stress subspace represents

the current yield surface corresponding to current plastic strains.
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<0

Figure 2.1 Directions of stress increments in stress space

When plastic strain changes do occur the plastic strain increment
is proportional to the gradient of the yield function. Defining a

non-negative scalar field A(xi), we write the plastic strain increment

as
ae?, = 0 if ¢ <0,
ij
or ¢ = 0 and 2 45, . < 0; (2.8)
30, . ij
ij
_ P _ 3¢ . - 39
and deij A 5o if ¢ = 0 and Y doij > 0. (2.9)

ij ij



11

In the case of an elastic-~plastic or hardening material

r» o= o= qo (2.10)
a0, kL
ke
where the scalar G is positive definite. We shall consider the more

general problem of a hardening solid as the elastic~perfectly plastic

problem can be recovered as a special case.

For perfect plasticity stress changes such that 3%9—-dcij >0
. iJ
are inadmissible since they lead to stress states for which ¢(cij) > 0.

From equation (2.9) it follows that A can then only be non-zero when

Egi_ dcij = 0, and hence in equation (2.10)_A can only be finite and
ij - ‘
non-zero .if G + =, Thus the elastic-perfectly plastic case is recovered

from the elastic plastic case as the limit G - «, in which case A is

non-negative but otherwise undetermined.

........

2.5 Von Mises Yield Condition and Linear Kinematic Hardening

The von Mises initial yield condition [2§] assﬁmes that'plastic
deformation becomes possible when the shear stress on a particular plane,
the octahedral plane which is equally inclined to the three principal
axes, reaches a limiting magnitude k. This is conventionally written

in quadratic form so that the von Mises initial yield function is

= 42 2 '
$ = o, -~ Kk, (2.11)
where %o is the octahedral shear stress. Expanding 9o in terms of

stress components in arbitrary Cartesian coordinate directions this

becomes
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1 1
¢ = §'{Uij o5 - §-(ckk)2} - k2. (2.12)

"For a hardening material the yield function is ¢ = ¢(oij,e§j).
Adopting a kinematic hardening model such that subsequent yield
surfaces are translations of the initial yield surface in stress space,

retaining a constant shape, size and orientation, we may write the

von Mises subsequent yield function as

- 1 p p iy P y2 2
¢ 3 {(oi.j - celJ)( i3 " ceij) 3(0kk cekk) } - %2,
(2.13)
where ¢ is a constant. (The term ceik vanishes since there is zero

volume change associated with plastic deformation).
The most convenient idealization for the scalar hardening

coefficient G in equation (2.10) is

1 _ 09 3 |
T = c [ aoklrackl ]. (2.1k4)

7
- This leads to a bilinear stress-strain curve in a monotonic loading

test in simple tension, from which c = Ep, the plastic modulus, [25].

Thus writing

5., = (o,, ~E¢€r.), (2.15)

(5,02} - x2, | (2.16)

-
1
wi{H
e,
Ql
i
Wi+
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where © =-0 The limiting value of octahedral shear stress k

kk kk*

is conventionally related to the uniaxial yield stress Sy as

2 - 2 2
k¢ = 900, (2.17)

)2 - %og}. | (2.18)

The elastic-perfectly plastic case is recovered by setting Ep = 0,

in which case 0., = 0,..
ij ij

2.6 Plane Stress

In formulating particular continuum analysis problems it is
often possible to reduce the complexity of a general three-~dimensional
formulation to one of two dimensions.  Such idéalizations include
probléms in plane stress, plane strain and axial symmetry. In this
thesis we shall limit our discussion to this class of problems,
although the formulation presented may be readily extended to general

three-dimensional continua.

In the case of plane stress we consider thin sheets (platés) of
ﬁaterial subjected to loads and imposed displacements at the boundary
of the sheet aﬁd in the plane of thé sheet. Let such a sheet lie
in the x,y plane of a Cartesian coordinate system x,y,z. The non-
Zero s?ress components are Gxx’ ny gnd ny, which are assumed to be
constant through the thickness of the sheet - (z-direction), while the

components Gzz’ Gyz and sz are taken to be zero throughout the body.



1k

In consequence the associated strain components €, € and € are
2z’ Tyz zZX
ignored in the analysis, which leads to minor violations of the com-
patibility condition (equation 2.5). However, the assumptions of
plane stress provide very good approximations for thin plates under
in—pléne loading.
If u and v are respectively the displacement components in the x

and y directions, then the strain-displacement relations (equation 2.k4)

reduce to
du _ v _ ou v
€xx x5y T Sty T %y T (2.19)

For an isotropic material the elastic constitutive relations (equation

2.7) are
e = l—(o - vo_ )
XX F ""xx yy' °?
e 1 ‘
€y = E Koyy - voxx) . (2.20)
and e € - _2..(_11\)_) [o] R
Xy E Xy
where E is the elastic modulus and v is Poisson's ratio. Further,

the von Mises yield condition for a kinematic hardening material

(equation 2:18) in plane stress reduces to

shear strains with Cartesian subscripts x,y,z denote engineering

(and not tensorial) shear strains,

e.g. Exy = €5 + €1 = 2812 = 2821.
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2 [=2 = - = =2 2
= = + - - :
¢ 5 {Gxx %%y~ Txxyy + 3ny oo}, (2.21)
where o = ¢ -E¢€® | ete.
XX xx XX
2.7 Plane Strain

A body is considered to be in a state of plane strain if it
extends a large (theoretically infinite) distance in, say, the
z-direction, and has boundary conditions independent of z. In this
case a representative sheet of unit thickness is considered in the
analysis, as the displacement components u,v are functions of x and
y oniy, and displacement in the z-direction is zero. It‘is evident
that the strain components e€__, € and € are zero.

zz® Tyz zZX
The stress components o__, © and ¢ can be non-zero, but
X VY xy
although the shear components Gyz and 0,y are taken to be zero through-
out the body, in general 2 does not vanish. Thus if plastic

‘deformation occurs (6 = 0) then

ac? = A 2% - (2.22)

Z2 - " 30 :

ZZ

However, plane strain assumptions give the total strain in the

z-direction to be zero. Therefore, from the incremental form of

equation (2.6) we have

de = de + aeP = 0,
22 72 A
€ = - P l ’
or dezzv dezz’ (2.23)

& condition which must be imposed in the analysis.
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Thus the strain-displacement relations (equation 2.4) reduce
to those of the plane stress problem (equation 2.19) with the additional
relation €0 = 0. For an isotropic material the elastic constitutive

relations of equation (2.7) become

e _ 1
. T E { XX v(cyy * ozz)}’
es = ;-{o -vio _+ 0o )} (2.24)
Yy E YVyy XX zz’?? )
e _ 1
€2z = E {Gzz - (Gxx * ny)}’
and e = gilill O«
xy E Xy

The von Mises yield function for a body in plane strain and composed

of a linear kinematic hardening material is

2.8 Axial Symmetry

A problem frequently encountered in the analysis of continua
is that of a body qf revolution (axisymmetric solid) under axisymmetric
loading; As in the cases of plane stress and plane strain the
geometric representation can be reduced to one of two dimensions.
From considerations of symmetry the state of strain at a point in the
body is completely described by two displacement components lying in

the plane containing the point and the axis of symmetry.
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A polar coordinate system is conventionally employed. Let
r and 2z denéte respectively the radial and axial directions, and let
8 denote the circumferential or tangential coordinate direction.

Any displacement in the radial direction will cause a circum-
ferential strain €9g° but since stresses and strains are symmetrical
with respect to the z-axis and are therefore independent of 6, it
follows that the stress components 9.6 %20 and strain components
€.9° 26 must vanish throughout the body.

If u and v are respectively the displacement components in the

r and z directions then the strain-displacement relations may be

written as [27]

€ =_3_L1_ [ =_3l. € =E € =3_u+8_v .
rr or ? z2 ?z ? GL:) r?’ Trz 9z ar

(2.26)

For an isotropic material the elastic constitutive relations are

e _ 1

frr T E {Grr ol 2z T Gee)}’

e = {0 -vio_ +0o,} (2.27)

27 E zZZ rr e ’?

e _ 1

€06 = F 196 = V(o * 9,0}
and ee = gili!l o__.

rz E rz

For the axisymmetric case the von Mises yield function of equation

(2.18) reduces to



D
¢ = & 2 =2 =2
9.{crr * ozz * °ee

al
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CHAPTER 3

THE KINEMATIC MINIMUM PRINCIPLE FOR THE

RATE PROBLEM IN ELASTO-PLASTICITY

3.1 Introduction

As a fundamental problem in elasto-plasticity we consider the
response of a body to successive increments of load throughout its
entire.stress history. This incremental analysis is formulated

initially in terms of rates (time derivatives) of the field variables.

3.2 The Classical Rate Problem in Elasto-~Plasticity

The classical rate problem in elasto~plasticity may be stated
as follows. Consider a body of volume V and surface S in a Cartesian
coordinate system x;, subjected to known body force rates Fi(xj)
on V, known traction rates Ti(xj) on part of the surface S, and
known displacement rates ﬁi(xj) on the remainder of the surface Su.

As solution to the rate problem we seek displacement rates ﬁi(xj)

T

and a strain rate field éij(xk). The governing equations comprise

the rate forms for infinitesimal displacement of the equilibrium equations,

on S, and V, reaction rates T.(x.) on S_, a stress rate field 6, .(x ),
i) u ij 'k

kinematic relations and constitutive relations.
‘Since the equilibrium equations and kinematic relations
(equation 2.1 through 2.5) are linear in force, stress, displacement

and strain, it follows that the rate forms of these equations will be



linear in force rates, stress rates, displacement rates and strain

fates, and thus

-and

form we

90,
2+ F = 0 onv, (3.1)
9x i
J
Gij vj = Ti on S, (3.2)
U U (S | (3.3)
i} 2 x X,
J i
Rewriting the constitutive equations of section 2.4 in rate
have
,e .P
= + o

eij eij eij’ (3.4)
e _ .

Eij Cijkl G po (3.5)
P _ .

eij 0 if ¢ <

or $.=0 and =25 . <o,
g.. 1
1)
o= A2 irg=0 anda =22 5., >0 (3.7)
ij a0, . .. 1J —
1J 1d
and where for hardening materials
v o= o6 (3.8)
: Bokl k2

~with G a positive definite scalar.

For elastic-perfectly plastic

behaviour A is non-negative but otherwise undefined.

20



Although all the governing equations (3.1 through 3.8) are
linear in rates of the field variaﬁles, it is not known a priori
whether loading, néutral loading or unloading will occur in plastic
regions of the body (¢ = 0), and thus the rate problem is not truly
linear.

The rate problem at time t may be considered to be preceded by
a succession of rate problems over the time interval 0 < 1 < t.

The response of the body over this interval is characterized by body
,T), displacements ui(xk,r),

forces Fi(x ,T), surface tractions Ti(x

J J
stresses oij(xk,f) and straips Eij(xk’T)' Tt is assumed that at time
t = 0 the body is unstresseQIand-the material in its virgin state.
.Khowing thé compléte solution at time t we consider body force
rates ﬁi on V, surface traction rates éi on ST’ and displacement rates
ﬁi on Su. The rate forms of the'gbverning equations permit a unique
solution for the traction rates Ti'on Su, displaéement rates ﬁi on
ST and V, the stress rate field 6ij and the strain rate field éij'
Before formulating the kinematic minimum principle for the
solution of the rate problem, it is necessary to discuss inversion of
the constitutive relgtions to give the stress réte 6ij in terms of
the total strain rate éi..

J

3.3 Inversion of Constitutive Equations

Denoting thg inverse of Cijkz by D, .. ,» €quation (3.5) is

i3k

inverted as

. - €

21
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Hence, for ¢P = 0 we have

1]
815 = Dijxp g ToT <0
= 3¢ .
or ¢ = 0 and Dijkl o Epg S0 (3.10)
1J
If for hardening behaviour é?j # 0, then substituting for the elastic
and plastic strain rates, equations (3.5), (3.7) and (3.8), in the

expression for the total strain rate, equation (3.4), we have

. . 09 3¢ . .
g.. = C, § + G 5 . . (3.11)
iJ ijke kl. ,aoij ack2 k2
Rearranging as
s = & . g8 3
Ciske %ke T %15 T © 30.. 3o, ke (3.12)
ij ke

and premultiplying by Dijkl‘ gives

. = . _ 3¢ 3 .
513 D; jxg [ to - G5 =0 . (3.13)
k2 mn
. . ¢
Further, multiplying by o leads to
iJ
0¢ . . ¢ . 3¢ 3¢ 3¢ .
6,., = D,. € - GD G, .
Bcij ij ijke Boi, ke ' mnpq Bomn acpq aoij ij

from which it follows that
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D 9
ijk® 3o.. k&
% 5., = 1) : (3.1%)
aoij ij [1 + 0D 3¢ 3¢ ), :
mnpq Bomn Bopq

Substituting this expression in equation (3.13) and multiplying out

gives finally

2 .
3¢ pars 90 rs
%3 7 Pigke Sk T -Dijkz 30 1 55 3 (3.15)
. : k| =+ D 99
G mnhg 930 Yo
mn h
for $ = O and D % _ . 5o
ijk® 9o, ki —

Equations (3.10) and (3.15) are thus the inverted constitutive
rate equations for hardening behaviour, the elastic~perfectly plastic.
case being recovered as the limit G »+ « in equation (3.15). The

inversion of the constitutive equations may be shown to be unique, [25].

3.k The Kinematic Minimum Principle for the Rate Problem

Martin [23] has proposed an extended kinematic minimum principle
for the rate problem in elasto-plasticity. Consider the inverted
constitutive equations (3.10) and (3.15). These may be derived from

a discontinuous potential functional W° defined by

W o= wo(e, ) 5, = L (3.16)
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where
o _ 1 . s
W 5 Dijkl P (3.17)
for ¢ < 0
or $ =0 and D, LY 0
or ¢ =1L and J;4ke b0, k& =’
and
5 2
. N (Dijkl 30, ke §
o= 5 Diske Gisfe - 2 T TR (3.18)
' ' G pars d0__ 30
jole] rs
= 39 .
for ) 0 and Dijkl aoij €1 > 0.

So as to construct a kinematic minimum principle for the rate
problem let us suppose that é?j’ ﬁ? defined on V satisfy the rate
form of the strain-displacement relations (equation 3.3) and the
kinematic boundary conditions ﬁ? = ﬁi on Su. The solution of the rate
problem is that member of the class é?j’ ﬁ? which renders an absolute

minimum the functional

WO (ex,, u¥) = wo(e* )av - F.0%¥dV - T, a¥ds .
p 1] i i i1 i"i
v v Sp

(3.19)

Because the functional W° is discontinuous, Martin broadens the
class of variables and replaces w° with a continuous potential

functional Ww° subject to ineqﬁality constraints. Dividing the body
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into two regions, let the plastic part of the body (where ¢ = 0)
be denoted collectively by VP, and the elastic part of the body
(where ¢ <-0) be denoted collectively by V.. Defining a non-

negative scalar field A*(xk) over‘Vp, Martin introduces the functional

WP (a% ¥) = L s%  _ a% 09 y(ax _ ax 99
Wo(Edy, A¥) 5 Digy (Bfy = A% g Mg, - 4% 50— )
i kg
2
(A%)
+ G (3.20)
and the constraints A* = 0 in V_ : . (3.21)
A¥ > 0 in V_ .
' - p
For an arbitrary choice of A¥
Wo(er, , %) > wo(e, ) (3.22)

with equality occurring when A¥ takes the value which gives the minimum
value of W° subject to the constraints of equations (3.21). 1In

this case the actual plastic strain rate is given by

o= w2 (3.23)

The proof may be obtained by differentiating the quadratic W° with

respect to A¥, A stationary value occurs for
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D 9 .
1kt 30, K
A* = J ) , (3.24)
%’+ D 33 32
’ rs o
Pd pqg *r

S

The second derivative of W° with respect to A¥ is

% * Diske aa aa
+J %35 %xg

and since G > O this expression is positive definite and indicates

the stationary point is a minimum.
From equation (3.24) we see that the sign of A¥ is governed by

the sign of D,, 2 & . Substituting the expression for A¥ in
ijk® Bcij k& : _ :

equation (3.20), the least value of W° is given by equation (3.18) if

/) | (3.25)

T

J
p,,. 2 & 5o,
ijk& Boij kg —

If the expression (3.25) is less than zero, the least value of W is
given by A* = 0, in which case W° reduces to equation (3.17).

The minimum principle (3.19) is thus extended: the solution
of the rate problem is given by that member of the qlass ﬁ*(xk),

é?j(xk)’ A*(xk) which renders an absolute minimum the functional

TO(a¥,e% ,A¥) = J WO(&% ,A%)av - J F.0%dV - J T,u%ds
p 1’713 v ij y 11 g il
T
(3.26)
subject to the constraints A¥ = 0 in Ve (where ¢ < 0)
= 0) (3.27)

and A¥* > 0 in Vp (where ¢
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CHAPTER b

APPLICATION OF THE KINEMATIC MINIMUM PRINCIPLE

TO THE CONTINUUM PROBLEM

.1 Introduction

The complexity of the governing equations for the extended
kinematic minimum principle excludes the possibility of an analytical
solution to any realistiq problem. However, by employing numerical
analysis techniques the minimum principle can be exploited directly.
To this end we discretize the spatial field into an assemblage of
finite elements. The degree of accuracy with which the numerical
solution corresponding to the asSemblage of eléments approximates
the true solution of the original continuum problem, depends on the
fineness of the finite element subdivision and the sophistication or
complexity of the individual elements.

Limiting discussion to the two-dimensional case we initially
consider subdivision of the body intd simple triangular constant strain
finite elements, as the constant strain (ana the?efore éonstant stresé)
condition within each element enforces elastic-plastic interfaces
to occur only at inter-element boundaries. Later the formulation will
be extended to higher-order finite_eleménts where numerical integration
techniques permit elastic-plastic interfaces to occur within individual

elements.
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4,2 Application to Constant Strain Finite Elements

We discretize a continuum into an assemblage of m triangular
constant strain finite elements. These give continuity of velocity
“along common boundaries of adjacent elements. Velocities of the
assemblage are described by velocity components at each node.

Consider a generic element lying in the x-y planevof an X,y,z
coordinate system, with apices 1,2,3 numbered anti-clockwise and having
coordinates (xl,yl), (x2,y2), (x3,y3). Since discussion is limited
to problems in plane stress, plane strain or axial symmetry, the
velocity field of the element is described by two components of

velocity 4, ¥ respectively in the x,y directions, at each apex.

Adopting the approach of Zienkiewicz [34], we choose a linear

velocity function over the element

1]

alx,y) X + ay + ag,
T(x,y) = X + ogy + ag. ‘ (4.1)

The six constants Ops ++vy Op are obtained by solving six simultaneous

equations produced by inserting nodal coordinates and corresponding

velocities.
Thus
Wx,y) = I {xo@, + xoh. + xatn}
> 27 171 272 3737
(x,y) =‘ l—'{x V. o+ XV, +X V) | (4.2)
> 2A 7171 272 3°3°° )
where Xp = & + blx + c Y
Xo = &, + b2x + CoYs (4.3)

x3 é a3 + b3x + c3y;
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and where
& = X2Y3 - X3Y2s
by = ¥, - Vg | o (4.14)
¢, = Xg - Xp,

with remaining coefficients obtained by cyclic permutation of sub-

scripts in the order 1,2,3. Further
20 = 1 X ¥y = 2 x area of triangle 1,2,3.
1 X, Y (k.5)
1 x3 y3

For the case of plane stress the strain-displacement relations of

equations (2.19) give in rate form

C Y
1 [ ] !
€ ex b1 0 b2 0 b3 0 )
V1
= i
syy > = 5h 0 cl 0 c, 0 Cq ﬁg )
. ‘ (
sny cl bl s b2 c3 b3 Vs
L .
U3
"
|73 )
(L.6)

and for plane strain
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il
o w B 7]
exx bl 0 b2 0 b3 0 vy
bl
£ 0 c 0 c 0 c 2
T 24 7,
€ 0 0 0 0 0 0
ZZ
H3
exy ¢y bl s b2 c3 b3 )
\\ 7 i V3
e .\ J
(4.7)
Writing equations (4.6) and (4.7) in matrix form
{&'} = [B'H{u'l, - (4.8)
where the prime denotes an element matrix or vector. Components of

{i'} are element node velocities, and [B'] is a linear matrix which
depends on element nodal coordinates only. The third row of [B']
is zero in equation (4.7) enforcing the plane strain requirement
of zero total strain in the z-direction.

So as to employ a consistant notation, for the axisymmetric

case we replace r, z and 6 with coordinate subscripts x, y and z

30

respectively, to give the rate form of the strain-displacement relations

(2.26) as
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-
~
re bl 0 b2 0 b3 0
Eyy - 0 cy 0 ¢, 0 c3
i = L ',
€0 dl 0 d2 0 d3 0
xy') ¢y bl <, b2 c3 b3
( ! |
(%.9)
where d; = =+ b +c = ' . (4.10)

with similar éxpressions for d2 and d3 obtained by interchange
of subscripts.

In view of equation (L4.10) coefficients corresponding to the
circumferential §train rate ézz are dependent on position within the
element. To facilitate integration of the strain rate field by
enforcing constant strain conditions, it is convenient to treat the
centroidal value of circumferential strain rate as constant across
the element. Thus the x,y varisbles in equation (L.10) are replaced

by centroidal values X,y, where
) Fo= 2y ty ‘ ya) - (k.11)
g 3 W Yty '

Hence equation (4.9) may also be written as {&'} = [B']{a'},
where [B'] is a linear matrix depending only on element geometry.
Breaking the strain rate tensor into elastic and plastic parts

as before, it is convenient to introduce weighted strain rates defined

by
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«€ = 1 €
Gij V Eij 2
SR,
(Sij V ElJ 4
. — .e .p
= +
6ij 6ij 6ij . (h.12)

where V' is the element volume. In the case of plane stress the element

is assumed to Be of uniform thickness and in plane strain unit thickness,

so that the element volume is given by the product of element.area

and thickness. _ For the axisymmetric case the element volume is that

of a pddy of revolution and is therefore given by 2mxA, whefe X is the

radius to the element centroid and A is the triangular sectional area.
Consider now the assemblage of elements. It is assumed that

certain nodal velocity components are constrained to be zero throughout:

the loading history. Ordering remaining velocity components we

define the velocity vector'{ﬁ} of say, n components. Ordering the

elements of the gssemblage and taking weighted strain rate components

in turn gives a weighted strain rate vector {é} of say, k components.

Using the strain rate-velocity relationship of equatioﬁ (4.8) for

each element of the assemblagé'and taking account of the element volume

leads to a k by n weighted deformation matrix [B] for the system:

{5} = [Bl{ul}. (4.13)

The inverted elastic constitutive equations for an isotropic

material are written in matrix form for an element as

{o'} = [D']{e%}r, (4.1k)
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where for plane stress

-
1 v 0
[D'] = E v 1 0 (k.15a)
= l—\)zl ’ . . a,
l-v
0 0 5

and for plane strain or axial symmetry

F v v
1 1-v 1-v 0
v )
p'] = E(1-v) 1-v 1 1-v 0
Zl+v5z1—2v5 ‘
v )
1-v l-v 1 0
1-2v
L 0 0 0 5(1-v)

(4.15b)

Writing the constitutive relations (4.14) in terms of weighted strains

and in rate form gives
{6 = 2 DGt (4.16)

Taking stress rate components of the ordered elements in the same manner
as the weighted strain rate vector {§} we define a stress rate vector

{6}, also of k components. Using equation (4.16) for each of the
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ordered elements in turn, we may assemble a weighted elasticity matrix

[D] such that
{6} = DU, (4.17)

The matrix [D] is k by k, symmetric and block-diagonal.

Weighted plastic strain rates are given by

b = vy 09
sij = V'A 3°ij . (4.18)

Differentiating the von Mises yield function for plane stress (equation

2.21) gives
( 9 r . — =
ép 20 - ¢
XX XX ¥y
S R U
Soy [ v } . 25 o CHNE (4.19)
52 65
L XY C xy J
where O = g - E P , etc.

For plane strain or axial symmetry the yield functions of equations

(2.25) or (2.28) give plastic strain rates as
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.D N - - - h
(5 20 - 0 - 0
xx | p'od Yy zZz
§P 20 - 0 - 0
yy Yy XX ZZ
«J r» = V'A< > (4.20)
32 ' 26 - o.. - 0
Z%7 22 XX Yy
32 65
L XY - Xy /

It is convenient to normalize the gradient vectbr Sgg— by setting

iJ
1
-7
(h.21)

o o] Te; ’

[ =2y - a¢[a¢ a¢]
i) 15 L 99y 3%,

and introduce a different scalar A such that the weighted plastic

strain rates of equation (4.18) become

A | (4.22)

Defining a vector {A} as being the ordered multipliers for the assemblage
of m elements, and using equation (4.22) for the ordered elements in

turn, a gradient matrix [N] is assembled for the system:
(8P = [wl{a}. (4.23)

The matrixl[ﬁ] is k by m and has in its first column the gradient vector
'{%g-' for the first element appearing in the first few rows; -in its
second column the vector’{ggJ'. for the second element appearing in
the next few rows, and so on. All other elements of [N] are zero.

In section (2.5) the idealization cbosen for the scalar

hardening coefficient G is
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L. g [_BL _w_] \ (k.2h)
G P .

(4.25)

Q-
i
=

Thus we introduce a k by k diagonal matrix [Dp] whose non-zero
. E
entries consist of the terms 2 for the ordered elements. The

V'
elastic-perfectly plastic case is recovered as the limit Ep + 0.
Consider now the functional 5; of equation (3.26) and assume
for the present that all elements of the assemblage undergo plastic

deformation. Expressed in matrix form the volume integral of the

functional W° of equation (3.20) is

j WPav = 2630 - fol(es} - (¥1€a)
v

+ 37D 1), (4.26)

Velocities on the boundary of the assemblage can be expressed
as linéar functions of velocities at boundary nodes. Hence the
rate form of potential energy of the boundary tractions Ti can be
written in terms of a load rate vector {P} and boundary node velocities.

The elements of {P} are calculated from

TP} = J Tiﬁids. ’ (k.27)
Sp
In the absence of body forces, substitution of equations
(4.13), (4.26) and (4.27) in the expression for the functional ﬁ;

(equation 3.26) yields
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T = pwiEelEr - o IEonlw (4.28)

- %{ﬁ}T[NTDB]{A} + %{A}T[NTDN + Dp]{A} - ’{ﬁ}T{é}.

Introducing a column vector {i:A} comprising of n elements of {i}

and m elements of {A}, this becomes

ﬁ; = Q:A}T[K*]{ﬁ:A} - '{ﬁ:A}T{é:O}, (4.29)

l\)’_LI-'—'

where the system matrix [K¥] is symmetric and given by

I :
[BTDB] [- BTDN] 1

[xk%¥] = — . (4.30)
[- NTDB] [NTDN + Dp]

The upper left submétrix [BTDB] is the usual displacement method
elastic system stiffness matrix. . Indeed, if {A} = 0, then e
réduces to the rate form of potential energy for the system.

The solution to a particular rate problem is thus given by

that value of {{i:A} which minimizes ﬁ; in equation (4.29) subject to

the constraints that for each element of {A}

A= 0 if ¢ < O (elastic), (4.31a)
¢

and A = 0 (plastic). (4.31b)

|v
o

if

Tt is implicit that {P} is given, and that {0} and {eP} are known for

the assemblage so that the constraints (4.31) can be explicitly determined.
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Since U° is homogeneous in the rates we may determine the
solution to the incremental problem: minimize ﬁ; with respect to

{Mu:A}, where

ﬁ; = %‘—{Au:A}T[K*]{Au:A} - ‘{Au:A}T{AP:O}, (4.32)
subject‘fo the constraints of equations (4.31).

. This constrained.minimization probleﬁ can be stated as &
formal mathematical programming problem and a general algorithm
employed to determine the solution. Defining a vector'{¢} corresponding
to megnitudes of the yield function for the ordered elements,.the

quadratic programming problem is
min {ﬁ;(Au_,A) | {4} > 0, oyt = o}. (4.33)

A quadratic functional is to be minimized subject to bounds (non-
negativity constraints on‘{A}) and linear constraints to ensure A
is zero if ¢ < 0.

The state-of-the-art in general qﬁadratic programming
algorithms is such that computer running times increase significanfly
with inerease in numbers of variables and constraints. Moreover
.this problem must be solved for each load increment and hence computation
time for any realistic continuum problem becomes prohibitive.
Fortunately because of the nature of the minimization problem and
its coﬁstraints, it 1s possible to develop an efficient intuitive
solution algorithm which does not rely on formel mathematical programming

techniques. This will be presented in the following section.
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4.3 An Algorithm for the Minimization of ﬁ;

. In Martin and Reddy's [2L4] application of the minimum prineciple
to the truss problem, an algorithm was suggested for solution of the
programming problemf This algorithm may be extended to the continuum
finite element formulation.

Consider the assemblage of elements at an arbitrary stage in
the loading program when the load on the stfucturg, which was
initially in the virgin state, is {P}. Further, let {P} be such that
at least part of the structure is plastic (i.e. some elements in Vp).
The displacements, elastic stréins, plastic strains and stresses of
the assemblage corresponding to the load {P} are knowﬁ.

For the solution to the nexf load increment {AP} we are required
to minimize ﬁ; (equation 4.32) subject to the constraints of equations
(4.31). Those elements governed by constraipt (k.31a) are elastic
(ie in Ve) and afe easily identified. However for those elements
which are plastic and are therefore governed by constraints (4.31b)
we do not know a priori which will load or which will unload.

If all elements of the vectori{Au:A} are non—zefo the least
value of the quadratic functional ﬁ; is given by solution of the set

of simultaneous linear equations
[k*]{Au:A} = {P:0}. (Lk.34)

This suggests an algorithm for the minimization of ﬁ; based on an
initial guess that elements in Vp are such that A = 0 or A # O,

We proceed as follows. Identifying all elements for which
) <>O, and those elements for which ¢ = 0 and in which unloading is

guessed to occur, we eliminate corresponding rows and columns of [K*].
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The remaining simultaneous linear equations (4.34) are then solved
for {Au}l and proposed non-zero elements of {A}, This represents
a trial solution for {Au} and {A}. |

Necessary and sufficient condifions for the solution to be
correct are: elements of {A} are non-negative if they were assumed to
be non-zero, and 5%%7 Aoij < 0 for those elements for which ¢ = O
but were guessed tolge unloading. If these checks are not satisfied
the solution has not been found and we must revise the choice of
elements in Vp for which we guess A is zero, and re-solve equations (L.3W).

In revising the choice of loading or unloading finite elements
in V_ we consider those elements of {A}'whicﬁ did not setisfy the
constfaints of equations (4.31b). If oﬁ one hand A was assumed to be
zero and sg%— Aoij > 0, this element of {A} is now assumed to be non-
zero. On ige other hand if A was assumed to be non-zero and A is
negative, it is now assumed to be zero.

Convergence of the iterative procedure has not been conclusively
proved, but experience indicates that it is rapid and fails only as the
limit load is approached in the elastic-perfectly plastic case.
Furfher, it will be shown in the following section that the formulation
and minimization elgorithm can be redﬁced to the conventional tangent
modulus approaeh. If loads are increased monotonically unloading of
elements very seldom occurs, and thus the best initial guess in the
iterative procedure is that A is non-zero for all elements in VP;

This initial assumption was also used for non;monotonic loading, in

which case the algorithm was found to converge within one or two

iterations.
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b.h Reduction to Tangent Modulus Approach

Consider an arbitrary stage in the loading program at which
some finite elements are plastic. For the next load increment the
system métrix [K*] is evaluated and, following the minimization
algorithm, particular rows and columné are eliminated corresponding
to elastic elements, or plastic elements guessed to unload. To
perform this elimination process it is convenient to consider these
rows and columns as set to zero and unity inserted on the leading'
diagonal, thus retaining the original dimension of [K¥].

Let the sysfem.matrix corresponding to the correct solution

be [E*]. That is, the solution of the equations

[K*T{su:A} = {AP:0} (4.35)

-

is {Au:A} = {Au:i} where {Au:A} satisfy the constraints of equations

(4.31). Expanding [K*] in equation (4.35) this becomes

BTDB - BTDN Au AP
T - T = R - (4.36)
- NTDB NTDN + Dp A 0

with certain rows and columns set to zero.

Partitioning equations (L4.36) gives
[~ N'DB]{Au} + [N'DN + D 1A} = {0}, (4.37)

Since [D] and [Dp] are positive definite it follows that
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{(y = Int

DN + Dp]‘l[NTDB]{Au}. (4.38)
Substituting for {A} in the remainder of the partitioned equations

(4.36) gives
[8]7[D][B]{Au} = {AP}, : (4.39)
where [D] = [D - DN (NTDN + Dp)‘lNTD]. ' (4.4%0)

This stress-strain matrix [D] reflects the current constitutive
relations for each element of the assemblage. Solving equation (4.39)
will yield {Mu} = {AG). |

Investigating the form of [D] we see that like the élastic
system elasticity matrix [D], [D] ié also symmetric and composed of
submatrices along a diagonal band. Each matrix corresponds to an
element of the assemblage. For the ith element, these submatrices
are %3[D']i and %3[53]1, and the normalized gradient vector is {gﬁ};.

Consider this ith element of the assemblage., If it was
elastic, or plastic and unloading, Ai was assumed zero and the

corresponding row and column of [K¥] set to zero. Evaluating equation

(L.40) will result in

[D']., = [D']i. (4.41)

i

If Ai was assumed non zero the ith submatrix of [D] in equation (4.40)

is equivalent to
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[p1¢2% " (89 Tpry
[D']. = [D'] _ 90 20

(L.42)
i c 00" T 1,00,
B, + (32 "0 113

which is in an identical form to the element elasto-plastic matrix
[D]:p derived by Zienkiewicz et al [11] for the conventional tangent
modulus approach.

In following the steps of the tangent modulus approach a
block-diagonal matrix [DT] is assembled for the system by considering
each finite element in turn and using equation (h.41) if the element
is elagtic, or plastic and guessed to unload; and equation (L4.42)
if the element is plastic and guessed to load. Having assembled

[D ,'a solution for {Au} is obtained from the equation

N

[8]7[D ] [B]{au} = {ap}, . (4.43)
and Acij evaluated for each plastic element. The solution is correct
if for each element in V_: ag¢ Acij < 0 for elements guessed to

9 i 1
unload, and sgi— AciJ > 0 for elements guessed to load. If these

iJ

constraints are not satisfied new assumptions are made as to loading
and unloading plastic elements and a new tangent modulus matrix [DT]
assembled. - The process is then repeated.

In the programming approach a solution is correct if: A =0

. L) .

for elastic elements; - Acij < 0 for plastic elements assumed
4 i3
to unload; and A > O for plastic elements assumed to load. This

non-negativity constraint on A is identical to the constraint on the

sign-sgi— Acij for loading plastic elements in the tangent modulus approach.
ij
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Recalling equation (2.10)

A= 62 4,
o0

9
k2 ke

and since G is positive definite,

We have thus shown that the solution algorithm suggested for
the kinematic minimum principle reduces to the conventional tangent
modulus approach for incrgmentdl elasto-plastic analysié. The matrix
[D] is‘identical to [DT], and is a tangent modulus stress-strain matrix
to account for modified stiffness under loading;

To the writer's knowledge convergence of the conventional tangent
modulus algorithm has not been proved, althougﬁ it is widely accepfed
and used, [1L4], [15], [28]. Hence reduction of the solution algorithm
suggested for the gquadratic programming problem to the tangent modulus
approach certainly provides a measure of confidence in the iterative

procedure suggested in the preceding section.

4.5 Solutioh Procedure for the Incremental Problem

In presenting the application of the minimum principle to
constant strain finite elements we have discussed the evaluation of
the system matrix tK*] on a global basis. In so doing all m elements
of the .assemblage are represented in each submatrix of [K*], resulting
in an (n+m) square system matrix. ‘Then, following the algorithm for
minimizing ﬁ;, rows and columns corresponding.to elastic elements and

unloading plastic elements are deleted and a solution obtained.
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In the computer implementation of the minimum principle both computational
effort and computer storage requirements can be substantially reduced
by evaluating only relevant element submatrices of [K¥].

Further, for each load increment only part of [K*] need be
reformulated. As noted previously the [B?DB] submatrix is the usual
displacement method elastic system stiffness matrix and remains
unchanged for each determination of [K*]. However, the remaining
submatrices of [K*] must be calculated for each load increment since
the gradient matrix [N] depends on current stress, and_in the kinematic
hardening case, current plastic strain.

Instead of the global approach pfesented above we take each
element in turn and evaluéte the element deformation matrix [B‘]i,
(1=1,2,...,m. These matrices are stored for later use. Each
six by six elastic element stiffness matrix [ﬁTDB]; (i =1,2,...,m
ig explicitly evaluated and assembled in appropriate positions corre~
sponding to element node displacements, to form the n by n elastic
system stiffness matrix [BTDB]. This is stored so that it may be
retrieved for each reformulation of [K¥*].

The body is assumed to be initially in the virgin state and
therefore all elements of the assemblage are elastic. Thus, since
"{A} = 0, the solution of the first load increment éorresponds to a

linear elastic analysis
[B'DE]{m} = {aP}, (4 k)

where {AP} need give only relative magnitudes of components of the
load vector. On the basis of this solution relative magnitudes of
stress components are calculated for each element, and the smallest

load factor determined to cause at least one element to enter Vp.
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(Fortuitously or through symmetry more than one element may correspond
to the smallest load factor). For the assemblage, increments of
stress, strain, load and displacement are scaled by this load factor
and become current totals of each respective quantity. All plastic
strains are zero but for ﬁhe following load increment there is at
least one plastic element.

Cénsider this as representing an arbitrary stage in the loading
program when part of the structure is plaétic (i.e. some elements in Vp).
The syétem matrix [K¥] is required for the following load increment.
Firstly, the elastic system matrix [BTDB] is retrieved from storage and
entered into [K¥*]. To determine the remainder of the symmétric
system matrix only terms on and above the leading diagonal are
evaluated. Recall that the best initial guess for the solution
algérithm is that A # 0 for all elements in Vp. Beginning with [K¥]
corresponding to the elastic matrix [ﬁTDB], each element is considered
in turn, and if plastic the next row and column of [K¥] assigned to it.
For each of these elements in Vp a six by one element matrix
{ - [B']T[D']{%%}'} and scalar %;['{%fifT[D'] {%%i' + Ep is
evaluated and entered into the appropriate positions of its assigned
column to form the upper triangle of [K¥].

Thus a condensed system matrix is produced wherein the number
of columns in the [ - B?DN] submatrix is equal to the number of elements
currently in Vp. The plastic submatrices of [K¥] are also stored in
case of iteration within a load increment, in which case rows and
éolumns are deleted corresponding to unloading plastic elements.

Having determined a satisfactory solution to the current load increment,
totals of stress, strain, load and displacement are updated and [K*]

determined for the Succeeding load increment.
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In this way the magnitude of each load increment is determined
by the lowest load multiplier which causes an elastic element.to
yield. Without significant loss of accuracy the total number of
load increments is decreased by including in Vp elements close to
yielding, and correcting stresses after the load Increment. Farther,
symmetry and sparseness of the system matrix may be exploitéd and an
efficient storage scheme and associated solution routine employed.

These computational details will be described in Chapter 5.

L.6 Application to Higher Order Finjite Eleéments

The use of constant strain finite elements in the apﬁlication
of the minimum principle to continuum problems requires discretization
of the body into a large number of elements (especially in regions
where plastic deformations occur), if results-qf an analysis are to be
meaningful. This in turn‘implies~a large nﬁmber of displacement
.degrees of freedom, and since an additlonal degree of freedom corresponds
to each loading plastic element, computer étoragé requirements and
'computational effort increasé significantly when large regions of
the body are plastic.

A saving of storage requirements and computational effort can
be achieved by use of higher order finité elémentsu Again limiting
discussion to the cases of plane stress, plané strain and axigl symmetry,
we shall in particular consider use of cubic quadrilateral isoparameﬁric
finite elements, [29].

"Since each of these elements is connected to twelve nodes

(one at each corner and two on each side), a cubic variation of thé
displacement field is defined across each elément. This implies
quadratic variation of strain within an elément and thus the strain

displacement relations [B'] are no longer comstant. In the case of



linear eléstic analysis, integration of the strain field cannot be
performed explicitly, necessitating use of a numerical integration
technique such as Gauss gquadrature. This technique is further
exploited in the elastoeplastic case.

Discretizing a continuum into an assembiage of cubic
quadrilateral isoparametric finite elements consider a.generic
element lying in the x, y plane of a global Cartesian coordinate
system x, y, z, as shown in Figure k.1 A natural coordinate
system r, s is defined on the element as shown, whére -l <r <1,

-1 <s < 1. Coordinates x, y of any point within the element are

smel

Figure b4.1 A cubic quadrilateral isoparametric finite element

L8
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described in terms of element node coordinates by means of shape
functions. A shape function hi is associated with each node of
the element and has unit value at that node and zero value at all

other element nodes. The coordinate interpolations are

12 12
x = iE hix,, y = iE hyy. s (L.L45)

where x.,yi(i =1,2,...,12) are the global coordinates of the twelve
nodes of‘the element.

The shape functions hi are defined in terms éf the natural
coordinate system of the element, which has variables r, s that vary
frqm -1 to +1. Defining the quantities rg, = rr, and s, = 88y

for the ith node of the element, then for the corner nodes (i = 1,2,3,4)

the shape functions are

h, o= i (1 + ro)(l + Sé) {-10 +9(r2 + s2)}, (k.Lk6a)

i 32

For the remaining element nodes (i = 5,6,...,12)

h, = %—2— (1 + 2 )(1 = s2)(1+9s) (4. 46D)
for (r,s;) = (-1,-2),(1,-3),(-1,3) and (1,3);
and
h, = —2—5 (1 + s )(1 - x2)(1 + 9r) (4. 46c)
for (ri,si) = (—%3—1),(%3—1),(—%31) and (%31)-

In view of equations (4.45) and (4.46) an advantage of the isoparametric

formulation is apparent in that elements can have curved boundaries.
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The basis of the isoparametric formulation is that the shape
functions hi used to describe geometry are also used to describe

displacements at any point in the element in terms of displacements

at the element nodes. Thus
12 12
u = ii hyu, , v = ii hivi’ : (L.47)

where u,v are displacements respectively in the x, y directions at
a point in the element, and Ui, vy are the element node displacement
components. As a consequence of (4.45) and (h.h?)_the cubic gquadri-
lateral isoparametric element is both compatible and complete, [29].
Element strains afe obtained in terms of derivatives of dis-
placements with respect to global coordinate directions. But, because
element displacements are defined iﬁ the natural coordinate system
(equations 4.L4T7), the inverse of the Jacobian operator is used to relate

7

global coordinate derivatives to natural coordinate derivatives:

9 3
0x T
= g7t , | (L.48)
2 2 |
oy 9s
[~ n
X 3y
ar or '
where J = . (L.49)
3x oy
_Bs asJ

The inverse of J exists provided there is a unique correspondence
between natural and global coordinates for the element. Using equations
(2.4), (4.47) and (4.48) element strains e;; are obtained from element

node displacements U for any point within the element:
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Eij(r,s) = Bijk(r’s) U (4.50)

where the subscripts i,j refer to the relevant strain components for
plane stress, plane strain or axial symmetry. As before in the
case of plane strain elements of Bijk corresponding to ezz are zero.

The element elastic stiffness matrix is

f BijDiJlekldV, (L.51)
V'

[x'] =

where the integration extends over the element volume.

Writing this in matrix notation

k'] = I [2'pB]" av. (4.52)
V! ‘
Since the elements of [B'] are functions of the natural coordinates r,s the
volume integration is performed over the natural coordinate volume by

writing the element volume differential 4V in terms of r,s. This is
AV = t det J dr ds (4.53)

where det J is the determiﬁant of the Jacobian operator (equation L4.49),
.In the case of plane stress t is the element thickness, in plane strain
t is unity, énd in the axisymmetric case t is 27 times the radius from
the axis of symmetry to the point (r,s).

In general the inverse of J in equation (4.48) and the integral
in equation (4.52) cannot be explicitly evaluated and thus numerical
integration must be used. The twenty-four by twenty-four element elastic

stiffness matrix is evaluated as
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anywhere in the assemblage. vIn a manner which is analogous to the
treatment of constant strain finite elements discussed previously,
the elastic-plastic interface is determined by evaluating the yield
function at each Gauss point of the assemblage and on this basis
dividing the body into an elastic domain Ve where ¢ < 0, and a plastic
domain Vp where ¢ = 0.

To formulate the minimum principle the functional Wo bf equation
(3.20) is required, integrated over the body. Defining a functional
WZ for the qth elemént of the assemblage as

.

7 = -]L ’ BQ . _ BQ . L .
WZ 2 Digxe (“ij - Aacij)(ekg Aaokz )+ 55 (4.55)

it follows from the discretization of the body into m elements that

f'ﬁo v = I Wz av, (4.56)
V! '
where V is the volume of the body and Vé is the volume of the qth
element of the assemblagé.

Substituting the rate form of the strain-displacement relations

(4.50) into the expression for WZ gives in matrix form for the qth element

g0 o L IR TR 3" Tro,y RTEY 3%, ﬁ
1 5 ([B'I{u'} - MG ) Ip (B 1{ar} - M2 ) + 55
(4.57)
1) a; ' 39,
where {i'} are element node velocites, and [B'], A and {80} are
functions of the element natural coordinates r, s.
Exploiting the numerical integration technique, a plastic
multiplier A is associated with each Gauss point of the body, so that

the plastic strain rate for the 2th Gauss point is given by

——
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CONEIRYE SN | (k.58)

Hence, using Gauss quadrature to integrate equation (L.57) yields

J Wav = x oy W°(ri,s.)t det J, (4.59)
q 1y Hoa 3

and substituting this in equation (4.56) we have finally

,f Pav = 1 o1 o) 4 WZ(ri,sj)t det J. (L.60)
q=1 i,

To formulate ﬁ; the rate form of the potential energ& of the
boundary tractions is required. In the isoparametric formulation
velocities along the boundaries of an element are described directly
by the shape functions and elemenf node velocities. Thus the rate
form of the potential energy of the traction rates T (r,s) can
be written in terms of an element nodal léad rate vector {P'} and the

element node velocities {u'} as

{ﬁ'}T{f'} = [ ﬁ(r,s)i(r,s)ds. (4.61)
1 .
ST
In general numerical integration must be used to evaluate the integral.

Using Gauss quadrature the expression for {P'} becomes

12
t - \
{p'} R (= H (ry,8,)T(r, ,s, )t det J, (4,62)
i,d p=1
where H is a vector of shape functions. The global load rate vector

{P'} is obtained by summing contributions from each element nodal
load rate vector in appropriate positions corresponding to the ordered

velocity vector {1} for the assemblage.
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In the absence of body forces the minimum principle for the

assemblage of isoparametric elements becomes:

minimize Ug = J W av - {ﬁ}T{f} 7 (4.63)
v

subject to the constraints A = 0 in Ve'and A>0in Vp' In a manner
similar to the formulatibn for constant strain elements, a system matrix
[K*] corresponding to all possible degrees of freedom mgy be assembled
from equation (4.63). Since a plastic multiplier A is associated with
each Gauss point of the body, the size of this system matrix will be
(ﬁ-+9m) square. As befqre the governing eguations are'homogéneous
in thé rates and hence a solution may be determined for a load increment
{AP} by employing the minimization algorithm to delete appropriate
rows and columns. In so doing each Gauss point of the body is
considered in an analogous manﬁer to the treatﬁent of each constant
strain element, as described in the minimization algorithm given in
section (4.3).

The global formulation for the isoparametric problem has been
presented for the sake of completeness and for comparison with the
global constant strain formulation. In practice the full (n + 9m)
square system matrix [K¥] is not evaluated. We proceed as follows:
at the start of the analysis problem the elastic systém stiffness matrix
[BTDB] is evaluated and stored. Since all integration points are in
Ve the first load increment corresponds to a linear elastic analysis.
These results are scaled by a load factor just large enough to ensure

$ = O for at least one integration point.
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At an arbitrary stage in the loading when part of the body
is plastic we wish to assemble the system matrix. As before the
elastic system matrix is‘retrieved from storage and entered ‘into

[K¥]. Considering each Gauss point of the assemblage in turn we

‘identify those points in Vp and, beginning from [K¥] [BTDB], assign

an additional column and row of [K*¥] to each plastic integration

point. For the 2th plastic éoint the terms to be entered in appropriate
positions of the 2th additional column are evaluated as the vector
{aij[B']T[D']{%gﬁ’t det J} and scalar aij({§%4'T[D']{§%4' + Ep}t det J5
where [B'], {%%}', aij,'t and det J are evaluated at the point £.

Having assembled the condensed system matrix the solution algorithm

may proceed as descfibed-for the constant strain finite elements

but aﬁalogously we consider each integration point instead of each

element.

Provided the isoparametric element discretization is not too
coarse, it is found that a further saving in computer storage and
computation can be achieved if only one column of the [-BTDN] and
[NTDN + Dp] submatrices is assigned to each plastic or partially
plastic finite element, and contributions from all plastic integration
points ﬁithin that element added into this sihgle column. Thus. whether

an element is totally plastic or an elastic-plastic interface occurs

within the element a single 'average' value of plastic multiplier A
e T e e - - - e e e ma ePTSeTn T e

is associated with all non~zero plastic strains within the element.

s | mame - WA LTI T L SRevnm tmeesy e [ e = e S EPE

e e i o 4
In plastic regions stress gradients are generally small, especially

in the case of no strain Hardening. It follows that variation in

yield function gradient (and thus plastic strain direction) across the
plastic domain will also be of the same order. The effect therefore,

of associating only one plastic multiplier with each plastic or partially

plastic element is to average out plastic strain magnitudes across the

N
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element. However employing this device results in large savings in
computation and computer storage, while still providing a reasonable
approximate solution to the problem.

Illustrative numerical examples will be presented in Chapter 6
for both constant strain finite element analyses and cubic quadrilateral
isoparametric finite element analyses. In the following Chapter

solution techniques and computational details will first be given.
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CHAPTER 5

SOLUTION TECHNIQUES, UNIQUENESS AND

SOME NOTES ON THE COMPUTATIONAL PROCEDURE

5.1 Introduction

The structure of the system matrix [K*] may be exploited to
minimize computer storage requirements and reduce computational effort.
Consider solution of the system of simultaneoﬁs linear equations
(4.34).. Let there be n displacement increment variables and at an
arbitrary stage in the loading history, p plastic mﬁltiplier variables.
Since only relevant element submatrices of [K*] are evaluated the
system matrix is (n + p) square. [K*] is symmetric, and the n by
n submatrix [BTDB] is banded, the band-width depending on the nodal
numbering of the assemblage. Let the half band-width be w. In
generael, employing a judicious nddal numbering scheme, w << n, | The
p by p submatrix [NTDN + Dp] is diagonel, while the n by p submatrix
[-BTDN] is sparse but of no fixed form. We may depict the set of

(n + p) simultaneous linear equations as follows:

n¢ Au AP
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The symmetry and sparseness of [K¥] permit annefficient
computer storage scheme:
(i) only half the band of the elastic system stiffness matrix
[BTDB] is evaluated. As this submatrix is identical for all system
matrices [K*] throughout the loading program, it is stored on a |
peripheral storage device (magnetic-drum, -disc or -tape) and retrieved
at the start of each load increment.
(ii) the submatrix [—BTDN] must be recalculated for each load in-
crement as entries dépend on current yield function gradients for those
'stfess points on the yield surface. For each load increment this
submatrix is stored on a peripheral device as unloading.of stress
pointé may occur necessitating iteration within a load increment.
(iii) +the submatrix [NTDN + Dp] is also dependent on current stresses
and is therefore evaluated for each increment, but since it is diagonal
only the diagonal elements are stored.

The minimum storage required to evaluate the (n + p) unknowns

'in core' is that required in (i), (ii) and (iii) above, plus an

additional work area of size p by p. This gives a total core requirement
of (nw + (n+l)p + p2?) for [K*¥]. 1In general w << n and p varies from
zero according to development of plastic regions in the body. However,

'in the analysis of realistic problems the maximum value of p is
usually of order p << n. In comparison, core storage required for
the complete system matrix is (n? + 2np + p2) storage lqcations.
Usé of minimum storage requirements and variation in p throughout
the loading history suggest consideration of alternate solution

techniques for the set of simultaneous linear equations.
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Figure 5.1 Minimum core storage requirements for system matrix [K¥]

5.2 Partitioning and Triangular Decomposition

Rewriting equation (5.1) concisely as

K Au _ AP

and eliminating displacement increments from the second set of

the partitioned equations gives

-1 '
5> K] AP}, (5.3)

T
2

. -1 . . T
[K3 - K5 Ky K2]{A} = {-K
where we note that the inverse of the elastic system matrix [Kl] is

required. This appears attractive as [Kl] is unchanged for each load

increment and therefore need be inverted once only for each analysis

problem. However the inverse of a symmetric banded matrix is symmetric



but not banded and therefore approximately % n? storage locations
would be required to store a lower or upper triangle. Instead,

using elementary row operations [Kl] is decomposed into the product
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of two triangular matrices, each retaining the half,band-width of [Kl].

- Further, since-[Kl] is symmetric these triangular matrices are

transposes of one another, and thus we may write

(x,1 = [v)lv], | (5.1)

where [U] is an n x n upper triangulaf matrix Wiﬁh band-width w.
Entries in the band of [U] are determined from [Kl] in situ, occupying

the storage space originally allocated to the half band of [Kl].

Sﬁbstituting for [Kl] in equation (5.3) gives
[k - Kg(UTU)-1K2]{A} = '{-Kg(UTU)'lAP}; (5.5)
and writing [V] = [(UT)-1K2] this becomes
[K, - V'VI(A} = (v (uh)7har) (5.6)
In evaluating [V] the ith column is calculated from
= TR, (5.7)

or more conveniently

T. _.
[U"]{v}, = {Ke}i, : (5.8)
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~ where the triangularity of [UT] reduces evaluation of {V}i to a
forward substitution process only. The columns of [V] are calculated
in situ in [K2] and thus no additional storage is required. Once

[V] has been determined the p by p matrix [K3] can be formed, where

= T
K = -
and is stored in the p by p work area described previously.

Using forward substitution on [UT] and pre-multiplying by [VT],

the right-hand side of equatién (5.3) is evaluated as

B = (T lery, (5.10)
and hence -equation (5.3) reduces to

[E 1A} = (B}, (5.11)

where the matrix [K3] is éymmetric. Hence the p plastic multipliers
are obtainéd using Gauss elimination and back substitution.

The élastic submatrix [Kz] which was destroyed in the formation
of [V] is now retrieved from peripheral storage (where it was retained
in the event of iteration within a load increment). Writing the first

n equations of (5.2) as
[0ulaw = (8P - KA, (5.12)

the right hand side is evaluated expliqitly-as'{P*}. Introducing a

new vector {v} such that
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v} = [ul{mul, | (5.13)
equation (5.12) becomes
[0T1{v} = {P*}, - (5.1h)

from which {v} is determined by forward substitution. Displaéement
increments {Au} are then obtained through baék substitution in
equation (5.13).

The [UT][U] decomposition of [Kl] is performed only once in
the analysis procedure. Since the subsequent (p + 3) sﬁbstifutions
on [ﬁ]'(or [UT]) do not require much'computational effort, the solution
technique is efficient when p is small -~ that is when loading is
such that only a small part of the body is plastic. Computational
effort increases significanfly as p increases bécause in addition to
forward and back substitutions on [U] or [UT],‘the plastic multipliers
are determined from equation (5.11). This entails evaluation of

. [K3] and {P*¥}, and Gauss reduction of p simultaneous linear equations.

5.3 Gauss Elimination

The second technique considered involves Gauss elimination
operating on both elastic and plastic submatrices of [K¥] for each
solution. Again referring to the matrices of equation (5.2) only
the half band of [Kl] and elements of [Ke]-and [K3] on and above the
leadiné diagonal are stored as depicted in Figure (5.1). A modified
Gauss elimination procedure is employed to operate on the distorted

matrix and load increment vector, reducing [K¥] to an upper triangular
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form. Plastic multipliers and displacement increﬁents are then obtained
by baék substitution.

Note that this solution procedure entails Gauss elimination
of the constant submatrix [Kl] for eagh solution, and is therefore

inefficient when p is small.

5.4 Relative Computational Efficiency

In the preceding sections two different solution techniques
have been proposed for solution of the set of simultaneous linear
equations (4.34). The computational effort required by eéch method
can be aéproximately assessed,

Since zero entries in the system matrix permit a reduction in
the arithmetic required to produce a solution, the density, or number of
non-zero entries in a matrix, affects the computation time. Employing
a Judicious nodal numbering scheme, for most assemblages of finite
elements the elastic stiffness matrix [Kl] is tightly banded. For
convenieﬁce let us here assume that the band-width is fully populated
with non-zero entries. Density of the [K2] submatrix is known:
in the case of triangular constant strain finite elements there are
only six non—zéro entries per column, while for cubic quadrilateral
isoparametric elements there afe-twenty—four non~zero entries per column.
However, the number of arithmetic operations performed on [K2] during
either solution procedure is dependent on the position of the first
non-zero entry encountered in each column of [Ké]. This, in turn,
is dependent on the nodal numbering scheme and node numbers corresponding
to plastic elements. Although overall computational effort expended
in producing a solution by either method is therefore problem dependent,

an ‘'average' assessment can be made.
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Again consider the solution of a system of equations (5.2) in
n displacement increment variables and at a stage in the loading when
there are p plastic multiplier variables. As before let the half
band~width of [Kl] be w. Assume that the [U°1[U] decomposition of [Kl]
has elready been performed. Treating a computer subtraction operation
as equivalent to oné of addition, and considering only significant
 third-order terms in n, w and p, we find that the technique ofvpartition—
ing and triangular decomposition requires approkimately (np2 + 2nwp)
additions and (np2 + nwp) multiplications to produce a solution. The
second technique (Gauss elimination of [K¥]) consists of approximately
(]Ji-np2 + nwp + 2nw?) additions and (%np2 + nwp + nw?) mulfipliéations.

‘ Since an addition operation takes approximately three quarters
of the execution fime required to perform a multiplication operation,
the number of computétions for each technique may be written in termé
of aeddition operations only as (2,3np2 + 3,3nwp5 and (O,6np2 + 2,3nwp
+ 3,3nw2) respectively; " Equating these numbers of addition .operations,

the two methods have approximately the same efficiency when
1,7p% + wp - 3,3w? = O, (5.15)

i.e. whenp = 1,1lw. (From eqﬁation (5.15) the comparison of
computational effort for each of the two methods is independent of n).

In summary, we deduce that the technique of partitioning
and triangular decomposition  is more efficient than Gauss elimination
of [K¥] until the number of plastic multiplier variesbles is approximately
l]'

equal to the half band-width of [K If p increases beyond this we

expect the latter technique to become more efficient.
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Figures (5.2a) - (5.2d) show the execution time' required
per solution plétted against p, for foﬁr analyses of continua, each
with monotonic increase of load. The nodal numbering of each problem
was such that the band of [Kl] was densely populated, having few zero
terms. In Figures (5.2)(a) and (b) the analyses employed isoparametric
finite elements, while those of Figures (5.2)(c) and (d) are results of
constant strain finite element analyses. Note in (c) and (d) the curves
intersect at a value of p slightly greater than p = 1,1lw.

As nofed previously the number of arithmetic operations
performed on the [K2] submatrix of equation (5.2) is dependent on two
factors. Firstly, sincé a string of 2ero entries in.a column of
the ;ubmatrix permits a reduction in computation, the position of the
first non-zero entry encountered during solution affects the total com-
putation time. The second factor (which directly influences the
first) is the overall density of [K2]' In the quantitétive aséessment
of numbers of arithmetic operations resulting in the computational
equivalence of the two solution methods at p = 1,1w, average density
and random locations of non-zero entries in [KQ] were assumed. In (c)
and (d) the additional sparseness of [K2] for constant strain element
analyses (six non-zero entries per column compared with twenty-four)
causes the partitioniné technique to remain more efficient for values
of p slightly greater than p = 1,1w.

In the computer programs developed by the writer to implement
the application 5f the minimum principle to elasto—plastigvanalysis
of continua, both solution techniques are available. Since relative
computational efficiencies of the two techniques are problem dependent

with variation related to node numbers of plastic elements, the computer

+ Computation times refer to a UNIVAC 1106 computer
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programs select the solution method arbitrarily on the basis of
P<worp>w if p < w partitioning and triangular decompsition

is used, and if p > w Gauss reduction of [K¥] is used.

5.5 Uniqueness of Solution in Elastic-Perfectly'Plastic Case

The functional Wg of equation (3.20) subject to constraints
(3.21) represents in rate form, the strain energy of the body. It
foliows therefore, that in the numerical application of the minimum
principle the system matrix [K¥] is positive definite unless flow
occurs in the elastic-perfgctly plastic case.

‘Consider ah assemblage of elastic-perfectly plastic constant
strain finite elements at the‘point of flow. Let there be say, p
plastic eleménts at this stage. Ordering the plastic elements
and taking the weighted plastic strain rate compénenfs in turn leads

to a vector {ép}. At flow the plastic strain rate is the total

strain rate, hence
&Py = (B4, | (5.16)

where {4} is the vector of nodal velocities and [B] is a condensed
system deformation matrix containing only rows of [B] corresponding

~ to elements of {6P}.  From equation (L.23)
&Py = [Fln, (5.17)

vhere [N] is a condensed gradient matrix containing only columns of
[N] corresponding to non-zero elements of {A}. Combining equations

(5.16) and (5.17) gives
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Bl = (F)n). N (5.18)

Now defining [D] as a block diagonal matrix containing element

elasticity matrices %3[D'] for the ordered plastic elements, the system

of equations at flow is

(P} (5.19)

i}

[BIDB]{a} - [BDN1{A}

il

and . -[N'DB){a} + [F'DRI{A} = {0},  (5.20)
Substituting for [B]{u} from equation (5.18) in the partitioned

equations (5.20) gives

[-FTPR  +
that is

[0l{a} = {0}, : (5.21)

indicating that the system matrix [K¥*] is singular at the load correspond-
ing to incipient plastic flow. The results (5.21) was obtained by con-
sidering an assemblage of constant strain finite elements. Following a
similar argument for elastic—perfectly plastic isoparametric finite
elements leads to an identical result.

In the numerical analysis of test problems the value of the
determinant wés found to be unreliable in establishing the limit load.
This is attributed to two causes. Firstly, the analysis procedure is
incremenfal and piecewise-linear in the sense that elastic and plastic
regions of the body are treated as unchanged during a load increment
of finite magnitude. New elastic-plastic boundaries are then established

and the next load increment applied. In this way the limit load of the
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assemblage is not approached asymptétically, but in increments of finite
mégnitude. The second cause is a%tributed to numerical error accumulation
during successive ihcremental solutions. Since the determinant is
.evaluatéd as the product of terms on the leading diagonal of the tri-
angulated system matrix, possible ill-conditioning of the system of equations
as the limit load is approached mekes the value of the determinant un-
reliable. At.this stage the'minimization algorithm‘does‘not always
converge, but may iterate repetitively interchanging the same groups of
loading and unloading plastic elements in successive cycles.

- In elastic-perfectly plastic problems a good estimaté of limit
load is obtained by dete;mining the load at which load'incrément mag-

nitudes become negligibly small for several successive load increments.

5.6 Load Increment Magnitude

In.the finite element application of the minimum principle, the
maximum magnitude of any load increment is determined by the smallest'
>increment of load which causes an element of Ve (where ¢ < 0), to enter
Vp(where ¢ = 0).

Consider an arbitrary stage in the loading program of an assemblage
of elements. Current totals of stress, elastic strain, plastic strain,
load and displacement are known., For thé next load increment the system
matrix [K¥] is assembled. In determining a solution for this inecrement
the load incremen£ %ector {AP} need only reflect relative magnitudes of
load components. After a solution is determined satisfying the constraints,
we have increments of stress, elastic strain, plastic strain and dis-
placement corresponding to the arbitrary magnitude of applied load

increment {AP}.
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To determine the correct load increment magnitude we consider
each elastic element (for the isoparametric case each elastic integration

point) and determine a factor p such that 4)(0ij + pAoij, egj) = 0, where

Cij and e?j are current totals of stress and plastic strain at completion
of the previous load increment, and Acij is the stress increment corre-
sponding to the current load increment {AP}.

From the expression for the von Mises yield function (equation

2.18) we have

1 - - 1,- 2 2 2 _
:;{(oiJ + pAoiJ.)(cij + pAoij) - §(okk +.pAChh).} - 9% = 0
(5.22)
To solve for p define a quantity ¢* as
* 1 1 | |

$%(0,8) = Fas By - Fobyl s (5.23)
and expand equation (5.22) to give

029%(80,00) + 209%(3,00) + *(5,3) - S0 = 0 (5.24)

‘Since ¢¥(0,A0) and ¢*(0,0) are non-negative and ¢#*(Ac,Ac) is always

greater than zero, the positive root of equation (5.24) is given by

—¢*(T,A0) + Ao# (5,000} - ¢#(80,00){4%(5,5) - §'°§f
p = o* (Ao, Ac)

(5.25)



73

A value of p is calculated for each element of Ve and the smallest, pmin’
identified. | All increment quantities for the current solution are

' scaled by this factor pﬁin aﬁd added to curreﬁt fqtals to give the new
state of the assemblaée. The element of Ve associated with pmih is
included in Vp for the next load increment, as its stress point now

lies in the yield surface. v As noted previously, fortuitously there

may be more than one element of Ve associated with pmin’ withih the

bounds of computational accuracy.

5.7 Determination of V
—P _

Following the procedure described in the previous section for
determining load increment magnitiudes leads to a large number of load
increments, with actual magnitudes of increments becoming very small
as large regions of the body become plastic. So as to decrease overall
computation time elements of Ve for which ¢ is close to zero are included
in V_.

b

At an arbitrary stage we wish to determine elements of V‘p for

evaluation of the current system matrix [K¥]. For the previous load

increment Ppin Vas determined and all increment quantities scaled by this

n
factor. Hence, current totals of stress, strain, load and displacement
were established. Considering each element of the assemblage in turn,

(for the isoparametric case each integration point), the von Mises

equivalent stress Ueq is evaluated, where

= Y4(5;,) + ol (5.26)



L4

If Ueqwi noo, where n is a preassigned constant, the element (inte-
‘grafion point) is included in Vp for the start of the current load
increment. After this increment stress corrections are made to ensure
that ¢ = 0 for each element in Vp.

Yamada et al [15] follow a similar procedure and arbitrarily
set n =.0,995, However, for all the numerical examples investigated
by the writer a value of n = 0,99 was found to introduce negligible
errors while decreasing computation time significantly. Unless other-~

wise stated or for the purpose of comparison of computation time, this

value 6f n is adopted for the numerical examples of Chapter 6.

5.8 ’VCorrection of Stresses in Vp for Elastic-Perfectly Plastic Case

In the elastic-perfectly plasfic case stress points which do not
unload undergo neutral loading, and for an infiﬁitesimal stress increment
the stress point moves in the yield surface. For a stress increment of
finite magnitude the stress point moves along the tangent to the yield
surface at that point, resulting in an inadmissible stress state for which
¢$ > O.. The stress éoint is returned to the yield surface along a radial
path by scaling stress components by a suitable factor.

In so doing equilibrium of the assemblage is violated. This
could be accounted for by determining the nodal loads corresponding to.
the equilibrium violation and adding to the current total of load,
continuing in an i£erative menner until equilibrium is satisfied.
However, for the numefical examples inveétigated by the writer this
was deemed unnecessary as correction factors smaller than 0,998 did not

occur.



15

CHAPTER 6

NUMERICAL EXAMPLES

6.1 Introduction

To illustrate application of the extended minimum principle
representative results for analyses of some numerical examples are
given below. Where possible comparisons are made with published results,
thereby indicating orders of accuracy and éfficiency. - In particular
results are given for & Vee-notched tension specimen iﬁ plane stress,
plane‘strain or axial symmetry for either perfect plasticity or strain
hardening. Comparisons are made ﬁith experimental and numericql results
frdﬁ the literature. The second numéricalvexample is a deep cantilever

in plane stress subjected to a parabolic shear distribution over the

free end. No strain hardening is éssumed, and upper bound values

of the 1limit load are obtained for monotonically increasing load. Flasto~
plastic loading and unloading are shown for cyclic loading. Results

are compared with those of other numerical analyses. Finally, an

axisymmetric pressure vessel-flush nozzle junction is analyzed under
increasing internal pressure. Comparisons are made with experimental

and numerical results.

6.2 . Vee-Notched Tension Specimen

One of the earliest papers giving results of a numerical analysis |
of an elastic-plastic continuum is that of Marcal and King, (1967) [1L4].
A notched tension specimen was analyzed in plane stress, plane strain

and axial symmetry, assuming an elastic-perfectly plastic von Mises
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material. This problem has subsequently been investigated by others
such as Yamada, Yoshimura and Sakurai, (1968) [15], Zienkiewicz,
Valliapan and King (1969) [11], and Anand and Shaw (1977) [30], each
giving results for plane stress analyses only. Experimental results
for such a specimen have been reported by Theokaris and Marketos (1963) [31],
who used a technique of birefringent coating and polarized light to
determine principal strain distributions for the elastic-perfectly
plastic plane stress problem.
The geometry of the specimen is shown in Figure 6.2.1. The
notch-depth to half-width ratio is 1 to 2 and notch angle 90°. ~ For
the present analysis mechgnicai properties of the material afe E = 20000 kg/mng
v =0,3; o =30 kg/mm?, and for the case of hardening Ep = 650 kg/mm®.
From Pigure 6.2.1 it may be seeh that due to two way symmetry
only one quadrant need be considered in the analysis. Loading consists
of a uniformly distributed tensile load applied to the ends of the specimeﬁ.
Using the computer programs listed in the appendix various analyses
of the notched specimen were performed for monotonically increasing tensile
loading; - The first set comprises constant strain finite element'analyses
using 2kl elements and lh3 nodes. The element discretization of a

quadrant is shown in Figure 6.2.2,

A
k———— 70 70 ﬁ{
2] ! \/ N
-] 3 T—l -
- | < -~
- _4% — S T
- 3 -t-—l -
: |
N ! ,/’<i;:>\\\ N

—

Figure 6.2.1 Vee-notched tension specimen
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FPigure 6.2.2 Constant strain finite element mesh for quadrant of

vee-notched specimen

With no stréin hardéning, plastic elements at some representative
stages of calculation are shown in Figure 6.2.3, 4 and 5 respectively
for the cases of plane stress, plane strain and axial symmetry. In
“these Figures load levels are given in dimensionless form as cm/co
where o, is the mean sfress at the minimum section. The effect of
orientation of triangular constant strain elements, previously observed
by Yémada et a1l [15] and Anand and Shaw [30], is clearly evident.

For the plane stfess analysis the plastic enclaves of Figﬁres
6.2.6b and 6.2.6c were drawn by smoothing the jagged elasto-plastic
boundaries of finite element anslyses duye to Yamada.et 2l and the present
method, respective}y. Experimental results reported by Theokaris and
Marketoé [31] are shown in Figure 6.2.6a. Although the results of the
present analysis are iﬁ excellent agreement with those of Yamada ét al,
the experimental results show development of a contihuous plasfiq region
across thé width Qf the specimen at a lower load than that indicated by
the numerical anslyses. This is’attributed to the fact that Theokaris

and Marketos give only a minimum value for the uniaxial yield stress 0o
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1,158
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Figure 6;2.3 V-notched specimen, plane stress: constant strain finite

element analysis, plastic elements at values of oﬁ/oo
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Figure 6.2.4 V-notched spécimen, plane strain: constant strain finite

element analysis, plastic elements at values of om/co



Figure 6.2.5

V-notched specimen, axial symmetry: constant strain
finite element analysis, plastic elements at

values of ¢ /o
m "o

80
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Figure 6.2.6 Vee-notched specimen, plane stress: plastic enclaves

at values of om/oo; (a) Theokaris and Marketos,

experimental; (b) Yamada et al; (c) Present analysis
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from which the enclaves at dimensiohaless load levels in Figure 6.2.6a
were drawn. If the true yiéld stress was slightly higher than this
minimum value, then all plastic regions of the numerical analyses would
be in reasonable agreement with those of the experimental results, with
the exception of the value of initial yield load. For the numerical
analyses the initial yield load is dependent on the finite element

mesh in the region of the notch root, while for the experimental
investigation the notch root radius was 0,18 of the notch depth. Thus
comparisons of initial yield load are not meaningful.

Figure 6.2.7 shows in dimensionless form the maximum strain
versus applied load for plane stress, plane strain and éxisymhetric
analys;s using constant strain elements. The dashed curves in the Figure
represent results of analyses a;suming 8 kinematic hardeningvmaterial
with plastic modulus Ep =650 kg/mm?, (Ep = O,Q325E). For all anaslyses
the maximum longitudinal strain occurred in the element which had become
plasfic at the initial yiéld load. Again strain magnitudes are
dependent on the finite element meéh af the notch root. The‘influence
of work hardening is only significant at high loads..

Zienkiewicz, Valliapan and King (1969) [11] give results for the
elasto-plastic analysis of a similar V-notched specimen under conditions
of plane strain. No strain hardening was assumed. Mechanical properties
are given as E = 7000 kg/mng v = 0,2 and o, = 24,3 kg/mm?. Plastic
enclaves due to Ziekiewicz et al are shown in Figure 6.2.8a for rep-
resentative values of om/oo. Using the same constant strain finite
element mesh as used by Ziekiewicz et al (149 elements, 94 nodes), plastic
enclaves resulting from an analysis using the present method are indicated

in Figure 6.2.8b for similar load levels. Good agreement is obtained.
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Figure 6.2.7 Load-strain curves for V-notched specimen, constant
strain finite element analysis
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V-notched specimen, plane strain: plastic enclaves

Figure 6.2.8
' (a) Zienkiewicz et al;

at values of o./0_
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(b) Present analysis
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The next.set of results represent cubic quadrilateral isopara-
metric analyses of a similar notched tension specimen. A mesh of 15
elements and 100 nodes was used for the quadrant as shown in Figure 6.2.9.
Nine integration pbints are indicated for each element, corresponding
to third order Gauss integration. Because of the coarseness of the
mesh, a plastic multiplier X was associated with each integration
point (and not one 'average' multiplier for each element). With no
strain hardening plastic integration points are shown in Figuré‘6.2.10,
11, and 12 respectively for cases of pléne stress, plané strain and
axial symmetry. Eveﬁ though a coarse finite element mesh was used
fhesevplastic‘regions are similar to those of constant'strain finite
 element analysis shown in Figure 6.2.3, U4 and 5. Further,,the curves
of maximum longitudinal strain versus applied load shown in Figure
6.2.13 for the isoparametric results are in excellent agreemént with
those of Figure 6.2.7. In both these Figures solid lines correspond
to elastic-perfectly plastic analyses while dashea curves result from a
hardening material Ep = 0,0325E. In the case of Figure 6.2.13 the
‘maximum longitudinal strain occurs at the Gauss point closest to the

notch root.
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Figure 6.2.9 Cubic quadrilateral isoparametric finite element mesh

for quadrant of V-notched specimen



85

Figure 6.2.10 V-notched specimen, plane stress: isoparametric finite

element analysis, plastic integration points at values

of om/oo



86

Figure 6.2,11 V-notched specimen, plane strain: isoparametric finite
' element analysis, plastic integration points at wvalues

a
m/ 0O



Figure 6.2.12

V-notched specimen, axial symmetry: isoparametric

finite element analysis, plastic integration points

at values of o /o
: n' "o

87
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‘'The influence of the factor n (see section 5.7), the Gauss
integration order, and the number of plastic multipliers associated with
each element, are summarized in Table 6.2.7. Sixteen analyses of the
V-notched specimen were performed using the element configuration of
Figure 6.2.9, to a load of om/oo = 1,473. Conditions of plane strain
and no strain hardening were assumed, The.columns of Table 6.2.1
represent the following: analysis number; n, ratio of von Mises equivalent
stress to yield stress for an elastic integration point to be treated
as plastic; integration order; number of load increments to a final
load of cm/do = 1,473; number of plastic integration points at final
load; number of plastic integration points at final léad as'percentagé
of_to£al number of integration points; u, longitudinal displacement
(in mm) at ehd_of specimen on axis of éymmetry; and CPU time (mins:secs)

to produce result on a UNIVAC 1106 computer.

: _ ..axisymmetric
-
1,15} -
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——— =" 7 stress

- -
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maximum strain in fongitudinal direction -E.—
°
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o

™

Figurg 6.2.13 Load-strain curves for V-notched specimen, isoparametric

finite element analysis



Analysis n OigZ; A/elem. ing;;gs. iii?s;i:- % Plastic  -u (mi) C?g:§§me
1 1,600» L 16 58 5T 2h 0,0927 10:30
2 1,000 3 9 32 31 23 0,0929 3:06
3 0,995 h 16 2l 59 25 0,0929 3:23
L 0,995 3 9 19 32 2l 0,0930 1:38
5 0,990 L 16 19 63 26 0,0931 3:00
6 | 0,990 3 . 9 15 3k 25 0,0933 1:20
7 0,975 L 16 1L 70 29 0,0942 2:11
8 0,975 3 9 11 37 27 0,0942 1:0L
9 1,000 I 1 26 25 " 10 0,0905 1:45
10 1,000 3 1 17 16 12 0,0906 - 0:57
11 0,995 I 1 21 33 1L 0,090k 1:32
12 0,995 3 1 12 20 15 10,0906 0:43
13 0,990 b 1 17 40 1T 0,0905 1:16
1L 0,990 3 1 10 22 16 0,0907 0:38
15 0,975 L 1 13 .55 23 0,0907 1:02
16 0,975 3. 1 9 . 28 21 10,0908 . 0:38
Table 6.2.1

V-notched specimen, plane strain: analyses to 0~m/oo = 1,&73

68
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The plastic integration points of Figure 6.2.11 correspond
to analysis 6 in the Table. It may be assumed that analysis 1 produced
the most accurate results since fourth order integration, sixteen plastic
mﬁltipliers per element, and fifty-eight load inérements were required
to reach the final load, taking a total of 10 min 30 secs CPU time.
With a small éacrifice in accuracy computation time can be drastically
reduced. Consider, for exampie, analysis 6. This consists of third
order integration, nine plastic multipliers per element, and a value of
0,990 for n. This reduced the number of load.increments to fifteen,
résulting in an 87% reduction in computation time. - The sacrifice in
éccuracy‘amounted to a l%.difference in the percéntage 6f pléétic inte-
gratién points, and 0,65% difference in deflection u. In analyses 9 to
16 it is apparent that the finite element mesh is too coarse to consider
only one 'average' plastic multiplier per element. Although in these
cases the deflection u is feésonabiy close to fhe value of analysis 1,
the extent of the plastic region (shown by the percentage of plastic
integration points) is not reliable. In comparison, the deflection u
corresponding to a triangular constant strain element ahalysis to the same’
load was found to.be 0,0938 mm. |

Comparisons of computational efficiencies for different elastor
.plastic analysis techniques are not élways meaningful. By considering
an analysis method alone (and not the associated computer progrém) it
is not possible to assess even approximate numbers of arithmetic'operations
to be performed, and thus the only measure of relative efficiency is in
comparison of computation times required for the same numerical example,
However, not only are program running times machine dependent, but certain
quantifies are dependent on the methpd of analysis - for example, number
of stages in the analysis to a particular load. Thus strict comparisons

of execution times for the present method and published results are not
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Reference Method o Element Nodes Elements Load 62, Stages Computer Time(min)
. o
Marcal & King o 7] 150 250 1,232 8 IBM 15
Tangent Constant ' : 7050
Yamada et al Modulus Strain 149 259 1,192 31 _ 70
Yamada et al ' Triangle - 1hk 2h5 1,224 51 HITAC 29
’ : 5020E
Present analysis ik ‘ 143 2kl 1,188 - 34 W 11
Present analysis 1 Mint. pt. ] ] ' ' 23 UNIVAC - 3,5
Isopara~ ) ] 1106
etric 100 15 1,257
Present analysis 1 A element i metr | ' 15 ] 1
Linear Strainm '
. : _ - ]
‘Anand & Shaw | Tangent Triangle 5 1,236  IBM 46,5
Anand & Shaw Modulus Constant 172 - 370/158 21,5
Present anal Sis ‘ ' T§§:ilie 30 1210 ‘20 UNIVAC 2,5
Y . ee 1106 ’
Table 6.2.2 V-notched tension specimen in plane stress, no strain hardening

6
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meaningful. Further, numerical results in the literature generally do
not state whether 'computation time' is taken to be total machine time
or central processing unit (CPU) time, foen significantly different.
In this thesis all computation times given for results of the present
analyses are CPU times.

In view of the above, computation times listed in Table 6.2.2
for the vee-notched specimen in plane stress should be assesséd as only
indicative of the order of magnitude of times required by the vérious
analysis procedures. With this in mind the present approach appears
attractive in terms of relative computétional efficiency. More meaning-
ful comparisons with pub;ished results fér which similér combuters were
uSed,'and to the éame load level, will be given for the following

numerical example.

6.3 Deep Cantilever in Plane Stress

| The elasto-~plastic analysis pf a cantilever pf rectangular cross-
section in plane stress and with length to depth ratio equal to unity has
been reported in the 1itérature; Zienkiewicz and Valliapan (1971) [32]
used a constant elastiéity matrix initial stress method, whereas de Donato
and Franchi (1973) [22] and de Donato and Maier (1973) [20] employed
quadratic programming techniques to determine a solutjon. Using a finite
difference technique Neal (1968) [33] established a lower bound for the
limit load by determining loads corresponding to safe and statically
admissible stress fields.
| The cantilever depth_d is equal to the length L as shown in
Figure 6.3.1. The built-in condition is represented by an I by 24 plane
of the same material, dlso of unitvthickness; ana fully constrained at
the three internal boundaries. Loading consists of a vertical shear

force distributed parabolically over the free end BF as shown in the Figure.
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Figure 6.3.1 Deep cantilever in plane stress
If the magnitude of the applied shear stress at point D is s then the J

total load is W = %ﬁ,g, and the shear stress on BF given by Oy = gy(dz - hyz).
Constraining horizontal displacement components along the axis of symmetry
CD, only one half of the structure need be considered.

In eachlof the papers cited above « mésh of 158 triangular constant
strain finite elements and 97 nodes was used to represent the half
structure. Mechanical pro?erties for the elastic-perfectly plastic von
Mises material were given as E = 1000 kg/mmz; v = 0,0; and 0, = 32 kg/mmz.
These values were used in the present analysis. Figures 6.3.2(a) and
(b) respectively éhow configuration of the 158 constant strain elements,
and an isoparametric element mesh consisting bf 31 elements and 192//
nodes. In both cases the element size is decreased in the region of

point A, the extreme fibre’on the line of maximum moment AA'. The

parabolic end load is represehted by equivaient nodal loads on BD.
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Figure 6.3.2 Finite element meshes

The lower bound on the limit load established by Neal is

M/Mo = 0,921; where M = WL and Mo is the fully plastic moment for the

section given by MO = %—bdzoo. Figure 6.3.3 shows plastic regions of the

cantilever resulting from various numerical analyses to this load level.
Referring to this Figure, (a) results from the present analysis using

constant strain elements. The effect of element orientation is again

The plastic integration points of (b) and (c) are from iso-

- in (b)

apparent.
parametric finite element analyses using the present method

one plastic multiplier is associated with each integration point, while

in (c¢) one average multiplier is associated with each element. The

plastic enclave shown in (d) was obtained using the nonlinear computer
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Figure 6.3.3 Plastic enclaves at M/Mo = 0,921

(a) Present analysis, constant strain

(b) Preseﬁt analysis, isoparametric, 1A/integration point
() Present analysis, isoparametric, 1)/element

(d) . Program NONSAP

(e) de Donato and Franchi

0,929

(f) Zienkiewicz and Valliapan, M/Mo

95



96

program NONSAP developed by Bathe [28], which uses a tangenf modulus»
approach for material nonlinearity. A mesh ofvl58 triangular constant
strain elements and 97 nodes was also used. The extent of the plastic
region is in good agreement with those shown in (a), (b) and (c).

At the same load level plastic elemeﬁts‘from de Donato and Franchi are
indicated in (e). This significantly larger and irregular plastic region
is not in agreement with other results. The plastic enclave of (f)

was giveniby’Zienkiéwicz and Valliapan and corresponds‘to a slightly
higher load M/Mo = 0,929,

The horizontal stress o on the line AA' (see Figure 6.3.2) is
plotted in dimensionless fprm in Figure 6.3.4 for the loéd M/MO = 0,921.
Stressés from the present analyses are in good agreement with those
resulting from the program NONSAP, but do not agree with those of the
de Donato and Franchi or Neal, espeéially in the region which is.not
undergoing plastic deformation. However Neal'é stress distfibution
results from limit analysis in which stresses in the elastic region are
not known -~ any safe and statically admissible stress field is permissible
for the lower bound solution.

Pigure 6.3.5 shows displacement in the y-direction along the céntre
line CD at the load M/MO = 0,921. Again'results of the present analyses
are in good agreement with Bathe's program NONSAP, but do not coincide
with de Donato and Franchi.

To illustrate elastic unloading after plastic deformation the
hysteresis loops A and B in Figure 6.3.6 correspond to load cycles A and B
shown diagrammatically in Figure 6.3.7. In both Figures the vertical
axis is the applied load M/Mo' The horizontal axis in Figure 6.3.6 gives
in dimensionless form vertical deflection at point D on the freé end of
the cantilever (see Figure 6.3.1). These results are from a constant

strain finite element analysis using 158 elements and 97 nodes. The total
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Figure 6.3.6 Load-deflection characteristics for cyclic loading
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Figure 6.3.7 Cyclic loading programs A and B
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numbers of elements_defofming plastically at fepresentative values of
load are given in the diagram of Figure 6.3.7.

Load cycle A begins from the initial unstressed and undeformed
stéte, incrementing thé load until M/Mo = 0,921. At this stage thirty
elements are plastic. The direction of loading is then revérsed which
causes all plastic elements to unload elastically. However, before the
total load has become zero three elements again defnrm plastically.

After reaching zero, load is then re-applied until M/Mo = 0,921. At
this stage only fourteen elements become plastic again, while the vertical
deflection at D is within 0,2% of its value at termination of the first
load direction ofvcycle A,

' For load cycle B the direction of loading is also reversed at
M/MO = 0,921, but is then maintained in this direction until M/MO = -0,921.
Load is then re-applied in the initial direction up to the value M/Mo = 0,92..
Cycles between the two extreme load values shon similar numbers of plastic
elements at norresponding load levels of loading or unloading.

Figures 6.3.8 and 6.3.9 give results obtainea for the cantilever
from isoparametric finite element analyses either asodating a plastic
mulfiplier A with éach integration point, or associating one average
multiplier with each element. - From the load-deflection curve it is
seen that using a single average multiplier for each element leads to
an apparent increase in stiffness. Since evén small regions undergoing
large plastic strains can cause large displacements, decreasing these
peak strain values‘by averaging the plastic multiplier over the element
would cause the assemblage to exhibit stiffer load-deflection characteristics.

Horizontal stresseé o, on the line AA' are plotted for two load
levels in Figure 6.3.9 and indicate the disparity in stress distribution
-for the two analyses. Since the elastic part of any strain increment

is evaluated as the difference between increments in plastic strain and

B
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fotal strain, any error in plastic strain due to averaging plastic
multipliers within an element introduces errors in stress increments

and hence in total stresses. However this approach does provide reasonable
espimates of such quantities as the extent of plastic regions and limit

load for the elastic-perfectly plastic case, while requiring much less
computer storage and computation time.

Plastic regions indicated in Figure 6.3.10 correspond to the
stages at which the present analyses were terminated when successive load
iﬁcrement magnitudes become less than 0,5% of the total load applied.
Load.lé#els.indicated are thus estimates of the limit load according to
the analysis performed. In this Figure (a), (b) and kc) cérrespond

respecitvely to the analysis of Figure 6.3.3 (a), (b) and (c¢). Since

»

LI LI
sovenes

£ - - . - o L
(b)
A B
ofifgis
il
- - - - - .o
(c)
FigurF-6.3.lO Plastic enclaves at termination of present analyses

(a) Constant strain elements, M/Mo = 1,083
(b)  Isoparametric elements, 1A/integration point, M/Mo = 0,955

(¢). Isoparametric elements, 1X/element, M/MO = 1,063



Time

Reference Method Element Nodes Elements Load M Stages Computer . o _
My (min:sec) .
de Donato - - - Ly
& Franchi Q.F. T 6 11:43
+ Tangent Constant 8 ¢ 648
NONSAP Modulus S?raln 97 15 26 UNIVAC :
Triangle
Present analysis i ] ] 0,921 26 1106 1:37
i /i ‘ T ] 18 2:28
Present analysis 1 Mint.pt. ] Isopara~- A
Present analysis 1)/element metric 192 i 31 ] 17 1:38

8 node quadrilateral isoparametric degenerated

Table 6.3.1

Deep beam in plane stress

to constant strain triangle

c0T



103

the present formulation is derived from a kinematic minimum pringiple,
these estimates of ultimate load correspond to upper'bounds on the limit
load, while Neal's lower bound value is M/Mo = 0,921. The constant
straiﬁ analysis required 5 ﬁin 58 sec CPU time, and consisted of h3 load
increments. - The isoparametric analyses consisted of 24 load increments
for the case of one plastic multiplier per integration point, taking

3 min 45 sec CPU time; while using one average multiplier per element
required 2 min 45 sec for a total of 29 load increments.

As noted previously categorical comparisons of computation times
for the present analyses and published results cannot be made. HoweVer,
the times listed in‘Table.6.3.l are more meaningful thaﬁ those given -
in Tabie 6.é.2 for the previous example, as in this case all analyses
were performed to the same load (M/Mo = 0,921), and on similar computers.
Constant strain triangular elements were not directly available in the
program NONSAP, and therefdre eight noded quadrilateral isoparametric
elements were degenerated to form three noded constant strain triangles.
In this way the same number of displacement degreeé of freedom as the
present constant strain element analysis was ensured.

It is evident from the Table that in this case the present approach

is significantly more efficient in terms of computation performed.

6.4 ‘Pressure Vessel - Flush Nozzle Junction

An experimental investigation into the elasto-plastic behaviour
of flush nozzles in spherical bressure vessels has been reported
by Dinno and Gill [35]. A numerical analysis of one of these specimens
has been performed by Nayak and Zienkiewicz [36], using eight noded parabolic
quadrilateral isoparametric finite elements. The geometry of the specimen

considered is shown in Figure 6.4.1, while the mechanical properties of the
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material were given as E = 29120000 1b/in®; v = 0,3 and o, = 40540 1b/in ,
with no strain hardening assumed. Loading of the axisymmetric specimen
consisted of a uniform internal pressure.

Using the present method results were obfained for analyses of the
vessel under increasing pressure using 26 cﬁbic quadrilateral isoparametric
elements and 209 nodes. This mesh is shown in Figure 6.4,1 with the
enlargement of the weld region ABCDE shown in Figure 6.4.3(c). So as to
compare results an anlysis was performed using the program NONSAP, [28].
Since this program used eight noded parabolic quadrilateral elements a
mesh was used similar to that used by Nayak and Zienkiewicz, consisting
of 53 eléments and 225 nodes. The element discretization of the weld
regioﬂ is shown in Figures 6.&.3(&) and (b).

In Figure 6.4.2 vertical displacement of point A on the inside of the
vessel is plotted against increasing internal pressure for various analyses.
Excellent agreement between numerical and expefimental results is obtained,
Again use of one 'average' plastic multiplier for each element in the present
method produces a stiffer analysis.

Under the loading considered plastic deformation is confined to the
sphere~cylinder junction. The progression of plastic regions at increasing
values of internal pressure is shown in the enlargements of the weld region
in Figure 6.4.3. In this Figure (a) shows results of the analysis of
Nayakrand_Zienkieﬁicz to a pressure of 1080 1b/in?, while (b) was oﬁtained
using the program NONSAP. Plastic enclaves from the present‘method are
shown in (c) in which the elastic-plastic interfaces corresponding to
analyses using one plastic multiplier per integration point or one 'average'
muitiplier per element are only slightly different at high pressures.

(The dashed lines at pressures 1000 and 1080Aln/in2 éorrespond to the analysis
using one multiplier per elemént). Possibly because this is essentially a

thin shell problem good results are obtained usiﬁg a coarse mesh of only
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26 cubic quadrilateral eleﬁents. In particular use of one 'éverage'
multiplier per element introduces negligible errors in this example -
local stress concentrations as well as over-all behaviour are adeguately
described,

The analysis using NONSAP consisted of 30 load increments to a
oressure of 1080 lb/inz, and required 10 min 42 sec CPU time on a UNIVAC
1106 computer. The present analyses to this value of internal pressure
required 40 load increments and 11 min 22 sec CPU time for the case of one
multiplief per integration point; and 36 load increments and 3 min 24 sec
CPU‘time using one multiplier per element. These analyses were also
performed using a UNIVAC ;106 computer. = Nayak and‘Zieﬁkieﬁicz did not-

give computation time required for their analysis.
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CHAPTER T

DISCUSSION AND CONCLUSIONS

An efficient method of solution has been presented for the
elasto-plastic analysis of continua in plane stress, plane strain or
axial symmetry. Application of the extended minimum principle to three-
dimensional continuum problems can be readily achieved by inclusion
of field variable components ignored in the two-dimensional problem,

The method appears attractive for three—dimensiénal'anaiysis'in view of

- the sm;ll increaée in size of the system matrix in passing from the

elastic fo the elasto~plastic problem. In the formal quadratic programming
approac@ the quadratic constraint on the value of the yield function is
plecewise linearized, introdﬁéing.a plastic mulfiplier and linear con-
straint for each yield plane of the assemblage, and thereby increasing

the size of the problem manyfold.

Incremental plasticity requires determination of a complete
solution for each load increment. In the conventional tangent modulus
approach the entire system matrix is reformulated at each stage, while
the initial straiﬁ/initial stress methods require iteration at every |
load increment. For the mathematical programming approsgch a 1inear
complemenfary problem or quadratic programming problem musf be solved
at each stage. In the present method only part of the system matrix
is reformulated for each increment. Further;'the form of the system
matrix is exploited to minimize compufational effort, especially for
load increments in which plastic deformations occur onlj.in a small region

of the assemblage.
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The aléorithm used to determine a solution for the present
programming technique seidom requires iteration for monotonically
increasing loading. in this case elastic unloading occurs infrequently
and thus the best initial assumption is that all plastic regions remain
:plastic for the ne#f load incréﬁent. For numerical load cycling problems
invéstigated,reversal of the load (which causes elastic unloading‘of
the whole structure) was found to require a single iteration before the
constraints were satisfied. In general the present approach thus reduces
téfsolving a set of simultaneous linear equatio;s at each stage Withr |
possibly an occasional additional solution iteration. Although con-
vergence of the algorithm has not been conclusively préved,'it has been
shown‘to be équivalent to the tangent modulus~;pproach, which has\widé '
acceptance. Fallure to converge occurred only as the limit load was
approached in the case of perfectly-plastié plane stress problems;

Exaét comparisons of compﬁtational eff@rt required by the present'
| and other methods of analysis were not possible. But, from gross
comparisong of computer times made for the numerical examples of thé
preceding chabter the order of magnitude of relative efficiency of the
present method is clearly evident, while the order of accuracy is similar.
From consideration of the form of the system matrix it is noted that
problems for which the present method is especially suited are those in
which plastickdeformation is.confined to small regioﬁs. This class of
problem covers those in which stress concentrations occur, for exdmple
through abrupt change in geometry or through intersection of sections.

In these problems of localized plastic deformation advantage is taken
of the proposed solution method in which the system matrix is partitioned

and the elastic part inverted once bnly.
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In the tangent modulus approach, if one has a priori knowledge
of the region in which plastic deformation takes place, and further if
it is possible to label finite element node numbers in such a way that
this region is represented near the bottom of the banded system matrix,
then a saving in computation can be achieved as the system matrix can
be partially inverted once only. For each load‘increment change in the
matrix to account for plastic elements is confined to thevbottom of the
band. The inversion is completed, and displacement iﬁcrements evaluated
by back substitution. However, labelling the nodes of a structure iﬁ_
this way without adversely affecting the band width. of the elastic system .
matrix is usually not possible. = The feasibility of this sheme is
| therefore entirely problem dependent,
Anand and Shaw [30] compared the use of constant strain and
linear strain triangular finife elements in elasto-plastic solutiéns,
using a tapgent modulus appfoach. Contrary tb their conclusion the
results of,the_present method indicate that use of higher order elements
is generally more efficient in' terms of accuracy and computational
expenditure.: The use of one 'average' plastic multiplier associated
with all plastic strains within an isoparametric element gives reasonable
. results while offering vast sa&ings‘in computation and storage requirements.
Further areas of research include the possibility of improving the

accuracy of this latter technique by redistributing the 'average'

multiplier according to some scheme, thereby improving the approximate:

variation in plastic strains across an element.



10.

11.

12,

111

REFERENCES

PRAGER, W., ‘'Fundamental theorems of a new mathematical theory of
plasticity, Duke Math. Jnl., 9, 1942, 228.

PRAGER, W., 'Variational prlnc1ples in the theory of plasthlty .
Proc. 6th Int. Congr Appl. Mech., Paris, 19L6.

HODGE, P.G; and PRAGER, W., 'A variational principle for plastic
materials with strain hardening', J. Math. & Phys., 27, 1948, 1.

GREENBERG, H.J., 'On the variational principles of'plaéticity',

Tech. Report A11-54,  Div. of Appl. Math., Brown Univ., 1949.

GREENBERG, H.J., 'Complementary minimum principles for an elasto-
plastic material', Quart. Appl. Math., 7, 1949, 85.

KOITER, W.T., 'Stress-strain relations, uniqueness and variational
theorems for elasto-plastic materials with a singular yield surface',
Quart. Appl. Math., 11, 1953, 350.

CERADINI, G., 'A maximum principle for the analysis of elastic-—
plastic systems', Meccanica, 1, 1966, TT7.

MAIER, G., 'Some theorems for plastic strain rates and plastlc strains',
J. de Mécanlque, 8, 1969. 5

'GALLAGHER, R.H., PADLOG, J. and BIJLAARD, P.P., 'Stress analysis of

heated complex shapes', Jnl. Amer. Rocket Soc., 32, 1962, 700,

ANGYRIS, J.H., 'Elasto-plastic displacement analysis of three

dimensional continua', Jnl. Royal Aeronaut. Soc., 69, 1965, 633.

ZIENKIEWICZ, 0.C., VALLIAPAN, S. and KING, I.P., 'Elasto plastic
solutions of engineering problems initial stress, finite element
approach', Int. J. Num. Meth. Eng., 1, 1969, 75.

POPE, G{G., 'A discrete element method for the analysis of plane
elasto-plastic stress problems', The Aeronautics Quart., 17, 1,

1966, 83.




13.

1k,

15.

16.

17.

18.

19,

20.

21.

22.

23.

2,

25.

112

SWEDLOW, J.L., 'Elastic-plastic cracked plates in plane strain',
Int. Jnl. Fracture Mech., 5, 1, 1969, 33.

MARCAL, P.V. and KING, I.P., 'Elastic-plastic analysis of two-
dimensional stress systems by the finite element method', Int. J.

Mech. Sci, 9, 3, 1967, 1kL3.

YAMADA, Y. YOSHIMURA, N. and SAKURAI, T., 'Plastic stress-strain
matrix and its application for the solution of elastic-plastic problems
by the finite element method', Int. J. Mech. Sci., 10, 1968, 3k43,

MARCAL, P.V., 'A comparative study of numerical method of elastic-
plastic analysis', AIAA Jnl., 6, 1968, 157.

HODGE, P.G., BELYTSCHKO, T. and HERAKOVICH, C., 'Plasﬁicity and
uadratic programming', Proc. Computational Approaches in Appl. Mech.,

ASME), 73, 1969.

SAYEGH, A.F. and RUBENSTEIN, M., 'Elastic-plastic analysis by
quadratic programming', Proc. Eng. Mech. Div. ASCE., 98, (EM6),

1972, 1547,

GIACOMINI, S., MATER, G. and PATERLINT, F}, 'Complete solutions of
elastic-plastic discretized structures by linear programming',
presented at SMIRT L, San Francisco, 197T.

DE DONATO, 0. and MATER, G., 'Finite element elastoplastic analysis
by quadratic programming: the multistage method', presented at
2nd Intg Conf. Struct. Mech. in Reactor Technology, Berlin, 1973.

ANAND, S8.C. and GARG, V.K., 'Shakedown of rolling wheel under
hub loading', Jnl. Eng. Mech. Div., 100, (EM6), 197k, 1237.

DE DONATO, O. and FRANCHI, A., 'A modified gradient method for finite
element elastoplastic analysis by quadratic programming', Comp. Meth.
Appl.’Mecp. & Eng., 2, 1973, 107.

-MARTIN, J.B., 'On the kinematic minimum principle for the rate

problem in classical plasticity', J. Mech. Phys. Solids, 23, 1975, 123.

MARTIN, J.B. and REDDY, B.D., 'A programming approach to the solution

of the rate problem in elastic plastic solids', Mechanics in Engineering,

ed. R.N. Dubey and N.C. Lind, Univ. of Waterloo Press, Canada, 1977.

MARTIN, J.B., 'Plasticity', MIT Press, 1975.



113

VON MISES, R., 'Mechanik der festen KOrper in plastisch deformablen
Zustand', Gdttinger Nachr. Math. Phys. Ki., 1913, 582.

'TIMOSHENKO,'S. and GOODIER, J.N., 'Theory of Elasticity',
McGraw Hill, - 2nd edition, 1951.

BATHE, K.J., WILSON, E.L. and IDLING, R.H., 'NONSAP a strucutral
analysis program for static and dynamic response of nonlinear systems',
Report no.UC SESM 74-3, Struc. Eng. Lab., Univ. Cal., Berkeley, 197Th.

BATHE, K.J. and WILSON, L., 'Numerical Methods in Finite Element
Analysis', Prentice Hall, 1976. '

ANWAND, S.C. and SHAW, R.H., 'Use of linear strain triangular elements
in elasto-plastic solutions', to be published in Comp. Meth. Appl.
Mech. and Eng. ’ .

THEOKARIS, P.A. and MARKETOS, E.,- 'Elastic-plastic strain and stress
distribution in notched plates under plane stress', J. Mech. Phys.,
Solids, 11, 1963, ki1,

ZIENKIEWICZ, 0.C. and VALLIAPAN, S., 'Analysis of real structures for
creep, plasticity and other complex constitutive laws', Strucutre,
Solid Mechanics and Engineering Design, ed. M. Te'eni, Wiley
Interscience, 1971, 27. '

NEAL, B.G., 'Limit load of a cantilever in plane stress', in
Engineering Plasticity, Cambridge Univ. Press, 1968, 4T3.

ZIENKIEWICZ, 0.C., 'The Finite Element Method in Engineering Science'’,
MeGraw Hill, 1971. :

DINNO, K.S. and GILL, S.S., 'An experimental investigation into the
plastic behaviour of flush nozzles in spherical pressure vessels',
Int. J. Mech. Sei., 7T, 1965, 817.

NAYAK, G.C. and ZIENKIEWICZ, 0.C., 'Elasto-plastic stress analysis.
A generalization for various constitutive relations including strain
softening', Int. Jnl. Num. Meth. Eng., 5, 1972, 113.

- DITTMER, C.T. and MARTIN, J.B., 'A programming approach to the analysis
of elasto-plastic continua by means of an extended kinematic minimum
principle', presented at NATO-ASI on Plasticity and Math. Programming,
Univ. Waterloo, Canada, 1977. :




A-1

APPENDTITX: COMPUTER PROGRAMS AND USER MANUALS

A.l, General Description

The computer programs EPTCS (E;asto-g;astic analysis using
Triangular Constant §ﬁrain.finit§,elements) and EPCQI (E;asto-g;astic
analysis using Cubic Quadrilateral Isoparametric finite elements) may be
used for the incremental elasto-plastic analysis of continua in plane stress
plane strain or axial symmetry. The material of the body must be either
elastic-perfectly plastic or linear kinematic hardening, and is assumed
to obey the von Mises yie;d condition. Loading of the'assemblage consists
of a séries of piecewise linear proportional load paths. The magnitudes
of individual load increments are determined internally during execution
of the program.

The programs are written in FORTRAﬂ v aé implemented on the UNIVAC
1106 computer. This computer has a thirty-six bit word which gives
eight significant figures for arithmetic performed in single precision.
Moreover, the set of simultaneous linear equations to be solved for each load
increment is well conditioned (unless the 1limit load is approached in the
elastic-perfectly plastic case). Thus, excluding special algebraic
operations such as the square root function, all arithmetic in the programs
EPTCS and EPCQI is performed in single precision without loss of accuracy.

vThevoverall logic of each of the programs EPTCS and EPCQI i1s similar,
but computational Aetails differ. Each program consists of independent
external subroutines linked by a main.program. The function of each of
the subroutines and the sequence in which they are called from the main
program, is described in broad outline by means of the macro-flowchart-
in Figure A.1. .Complete listings of EPTCS and EPCQI are given in

sections (A.5 ) and (A.6) respeétively.



rrogram EPCOI only

‘ subroutine HMAT

1 |

I evaluate shape |
functions and I

derivatives 3

L"ﬂ"

subroutine ELTMAT
evaluate and store

perform [U%1[U]
decomposition and
store band of [U]

half band of [BTDB];  ———

subroutines SOLVE 1
and SOLVE 2
determine displacement
increments and plastic
multipliers

A=2

/
»f subroutine DATA

call ELTMAT

call SOLVE 1

e linear elastic

analysis

call DATA fo ) recad input data

call STRSTR-

~ subroutine PLASM
evaluate plastic

submatrices of [K*]
T

ie [-B DN],[NTDN+DD]'

. call PLASM

\

subroutine ITER
call solution routine;
- check constraints,
iterate if necessary

Figure A.1l

'

call ITER

subroutine STRSTR
determine load multi-
plier magnitude;
update totals;
determine elements
in V_3
output rgsults

i

subroutine QUTPUT
print results for
end of current load
increment

Macro~flowchart for EPTCS and EPCQI




A.2. Storage Allocation, Dimensioning of Arrays, and Execution

For any realistic problem the programs require relatively large
amounts of-core storage. Therefore it is expedient to adjust dimensions
of arrays to suit each particular analysis problem, thereby minimizing
storage requirements.

To implement this'dynémic dimensioning of arrays is employed
“where possible. Values of dynamic parameters are defined in the MAIN
program, lines 5 to 11 for program EPTCS, or lines 5 to 12 for program
EPCQI; (see program listings sections A.5 and A.6). The parameters
have the following representation:

FNDFP maximum number of displacement degrees of freedoﬁ (i.e. maximum

number of nodes multiplied by two)

NECPV maximum half-band width of elastic system stiffness matrix
[ BTDB]
NPCP maximum number of plastic multipliers to be determined for any

load increment

NNP maximum number of nodes
NEP maximum number of elements
ISP maximum number of stress components considered at a point in

the body, i.e. ISP = 3 .for plane stress, ISP = 4 for plane -

strain or axial symmetry

NLPP maximum number of piecewise linear proportional load paths,
plus one
IOP (for program EPCQI only) maximum integration order for Gauss

quadrature; maximum value 4, recommended value 3
For each analysis problem the values of these parameters should be adjusted
to ensure sufficient storage allocation. During program execution

dimension 1limits of arrays and values of parameters are checked to
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ensure they are compatible with the data input. If not a relevant

error message is printed and the analysis terminated.

On the UNIVAC 1106 the collector limits direct core storage
access to 64K words. However, with extended storage facilities
_approximately 130K words can be accessed in core. For this reason
the two largest submatrices [BTDB] and [-BTDN] are assigned to
external core storage in arrays named RKE and RKP respectively. This
is achieved by the inclusion of a FORTRAN V statement COMPILER (xM = 3)
at the head of each routine in which the arrays RKE and RKP appear.
Furthér, these two arrays must be dimensioned explicitly (parameters
are not permitted) in thg first labelled common block EXT. ' Arrays‘
RKE ;nd RKP appear in subroutines MAIN, ELTMAT, SOLVEl, SOLVE2,STRSTR
and ITER. When altering the dimension limits of the programs each
of these elements must be edited and the explicit dimensions given
for RKE and RKP, each a two-dimensional arra&. The dimension
limits for RKE must be the same as the values of parameters (NDFP,
NECP); while those for RKP must be the same as the values of parameters
(NDFP,NPCP). (see program listings, sections A.5 and A.6).

After FORTRAN compilation of the altered symbolic elements,
all relocatable elements are collected into an absolute element ABS,
énsuring that the external labelledbcommon block EXT is assigned at

the top of the data bank. The programs are coilected as follows:

@MAP,TE EPTCS.ABS @MAP,IE EPCQI.ABS
IN EPTCS.MAIN IN EPCQI.MAIN
IN EPTCS.DATA IN EPCQI.DATA
IN EPTCS.ELTMAT - IN EPCQI.ELTMAT
IN EPTCS.SOLVEL IN EPCQI.HMAT
IN EPTCS.SOLVE2 IN EPCQT.SOLVEL
IN EPTCS.STRSTR "IN EPCQI.SOLVE2
IN EPTCS.PLASM . IN EPCQI.STRSTR
IN EPTCS.ITER IN EPCQI.PLASM
IN EPTCS.OUTPUT IN EPCQI.ITER
IN EXT 1IN EPCQT.OUTRUT

IN EXT



Peripheral drum storage files are used to store the half band of
the elastic system matrix [BTDB], the band of the triangular decomposed
matrix [U], the plastic system matrix [-BTDN], and for the isoparametric
case the element deformation matrices [B']. The logical-unit numbers
associéted with these files are 11, 12, 13 for the program EPTCS and 11,
12?13,lh for the program EPCQI. (These logical-unit numbers are specified
in the MAIN programs).

Thus typical runstreams for éxecution of the programs on a UNIVAC

machine are as follows:

@RUN @RUN

@ASG,A EPTCS. @ASG,A EPQCI.
@ASG,T 11 @ASG,T 11
‘@asG,T 12 @ASG,T 12
@ASG,T 13 @ASG,T 13
@XQT EPTCS.ABS | @ASG,T 1k

@XQT EPQCI.ABS
data
@FIN | data
| @FIN |
Data input is in free format, separated by blanks or commas.. The
programs are independent of the units of the input data, and thus units

of the output will be consistent with those of input data.

Turn to Pye A-23 for EPCQT

A.3. Program EPTCS

The program EPTCS does not have an automatic triangular finite
element mesh-generation capability, and thus nodal coordinates as well as
element incidences are given explicitly as data. Data input required for

execution may be divided into the seven sulgraips listed in the following
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section (A.3.1), and described in section (A.3.2). These sections

should be read in conjunction with the example

listed in section (A.3.3).

A.3.1 Data Input for EPTCS

HEADING1
HEADING2

TYPE
NN,NE,E,EP,RNU,SZERO,ETA, (THIK) ,FRAC
X .Y, %,,Y,.

e e e X Yo

TA) 15TA) pbTA) 5 TAy 1uTA 5

C e e TAvg 1 TAyg, 20 TA5E, 3

IX,IY ]

NN N el -1 ]

. L . - _J

-1

NLP,N,I__,SIZE ]
Xy

NNy

Px,Py J

-1

continued

L

of data input for EPTCS

i) heading statements

ii) structure statements

iii) nodal coordinates

iv) element incidences

v) Dboundary conditions
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e T . vi) loading program
e oo ]
-1
-1 ]
PRINT .
IE ,IE ,IE ,...,IE ,-1
2 o e k vii) output requested
S S SRS |
IOUTa,IOUTb,IOUTc,...,IOUTk,—2 . i

A.3.2 Description of Data Input

(i) Heading Statements
HEADING1
HEADING2
where
HEADING1 each a string of alphanumeric characters of maximum length
HEADING2 eighty. Can be used to identify problem, record units

employed etec. Printed at top of output.

(ii) . Structure Statements

TYPE.
NN,NE,E,EP,RNU,SZERO,ETA, (THIK) ,FRAC

where

TYPE (alpha) either PLANE STRESS, PLANE STRAIN OR AXISYMMETRIC

NN (integer) total number of nodes



NE (integer) total number of elements
E (real) Young's modulus
EP (real) plastic modulus for linear kinematic‘hardening;

for elastic-perfectly plastic case enter 0.0

RNU (real) Poisson's ratio
SZERO (real) uniaxial yield stress
ETA (real) n, ratio of von Mises equivalent stress to yield stress

for an elastic stress point to be treated as plastic.
Recommended value 0.99 (see section 5.7)

THIK (real) plate thickness if plane stress analysis. Omit for
plane strain or axisymmetric analysis

FRAC (real) for determining the limit load in thé elaétic-perfectly
plastic case. The analysis is terminated if for three
successive load increments the ratio of load increment
_magnitude to total load magnitude is less than the wvalue of
FRAC (typically, 0.005). Oﬁit if material is strain

hardening .

(iii) Nodal Coordinates

XpSYy XYy e e

e e e XNN’YNN

where

Xi’Yi (reals) are global Cartesian coordinates of ith node

(iv) "Element Incidences

IA I

l,l’IAl,Q’IAl,3 IA

2,1°T4 o

w1 oIy oo Thyg 5

where
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IA IA (integers) are node numbers of apices of ith element

i,2°T44 3

in counter-clockwise order.

i,1°

(v) Boundary Conditions
IX,IY (%)
NS NS DRSS B
IX,IY )

Ce e e
-1

where

IX,IY (integers) are boundary conditions:

IX = 0 if constrained in global x-direction

IX = 1 if unconstrained in global x-direction

'IY = 0 if constrained in glabal y-direction

IY = 1 if unconstrained in global y—direction

(Note in axisymmétric case radial direction coincides with global x-direction).
NN N e e, (integers) are node numbers of nodes which have boundary.
conditions IX,IY of the previous line, A -1 aftervNk indicafes the

end of the line. A data subgroup such as (*) above corresponds to each

set of boundary conditions IX,IY. Only one line of data Na,Nb,Nc,...Nk,—l
corresponds to the boundafy conditions IX,IY immediately preceeding it, and
must be terminated by -1. If there are too many nodes for one line of data
these must be broken into two or more subgroups (*), each having the

same boundary conditions IX,IY. Totally unconstrained nodes need not appear

in the boundary conditions. A line containing only -1 indicates the end of

the boundary conditions.
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(vi) Loading Program
NLP,N,I_ ,SIZE ]

Xy
W]

(*)

Px,Py |
. . . . (**)
-1 _ i
where
NLP (integer) ‘sequential number of the proportional load path (¥%¥)
N (integer) node number at which load is to be checked to indicate

end of load path NLP
Ixy (integer) coordinate direction in which load at node N is to be
checked: Ixy = } for load éheck in x-direction;
Ixy = 2 for load check in y-direction
SIZE (real) load at node N (in coordinate directionIIxy), at
which load path NLP is to be terminated
Ni’Ni (integer) is the number of node, repeated, which carries
external loads Px’Py applied in the global x,y . directions.
Nodes which have no.external loads need not appear in the load-
ing program. A nodal load subgroup such as (¥) above corresponds to
each node which has any external 1§ading for load path NLP. Should con-
secutive node numbers N,,N, 15-+-,N have the same loads Px’Py these
can belinput as
Ni’Nk

P_,P

Xy

A line containing only -1 indicates the end of the load path NLP. A
loading data subgroup (#¥¥) musf be entered for each segment of the piecewise

;inear proportional load path. The end of all load path subgroups is

indicated by a line containing only -1.
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(vii)  Output Requested

PRINT ]

IEE’IEb’IEc""’IEk’-l

Na,Nb,Nc,...,Nk,-l

IOUTa,IOUTb,IOUTc,...,IOUTk,-E

where

PRINT if results are to be given at every node and for all
elements, enter ALL. I results.are desired only
at certain nodes and elements, enter SOME. If
ALL ié used the two lines of data following are omitted.
If SOME is used:

IEi (iﬁteger) are elements for which results are to be printed

Ni (integer) are nodes for which results are to be printed
Only one line of each is permitted, and the end of
each line indicated by -1. |

TOUT, (integer) are the numbers of load increments for which results
are to be printed. Ir IOUTk = -1 the analysis will

be terminated after IOUTk—l load increments. The
end of the line is indicated by -2. In addition
results are printed after termination of each pro-

portional load path.

A.3.3 Example of Data and Results for EPTCS

The pages immediately following list data and results corresponding
to a triangﬁlar constaﬁt strain finite element analysis of the deep
cantilever in plane stress described in section 6.3. The element mesh
consisting of 97 nodes and 158 elements is shown in Figure 6.3.2. The

result of this analysis is listed in Table 6.3.1.
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32 30,29,37 38,34,57 40,31,39 40,32,31 N1,32,00 41,33,32

33 42,483,081 34,335,422 435,34,42 35,344,433 N4,35,03 3h,35,44.

3y 05,36,04 37,%6,45 06,357,445 38,337,406 #7,3R, 04 49,39,4R8

35 49,40,39 50,480,449 S0,a41,40 SY,01,50 Sj,42,41 52,42,51

s Se,d3,82 53,483,852 53,440,8% 94,084,583 45,440,544 55,05,54
37 046,45,55 Sh,16,55 07,046,566 S7,147,56 S9,4R,58 .

38 H9,48,59 6N0,09,59 S4,49,60 S1,%0,60 S1,60,61 52,51,61

39 S2s61,62 53,582,062 65,53,K2 54,583,633 °55,54,63 SS5,h3,060

40 S56,%95,A4 05,566,060 S7,50,h% 0h,57,65 S8,67,h8 59,58,68

41 59,689,699 60,59,60 A1,60,69 61,69,70 h2,61,70 71,62,70

42 A3,62,71 64,683,710 AU, TY,72 65,564,727 65,72,73 66,65,173

a3 T4,6h,73 67,75,76 A8,67,76 69,68,76 69,176,177 10,69,77

a4 70,77,78 71,70,7R 71,7R,79 712,711,719 72,79,R0 7%3,72,80

’IS 7.‘:3”7“‘ 7“:731”1 70:7““"2 ‘I"II‘PIHI 71'71"185 77'R3161’

ne T8, 77,24 18,840,858 79,]8,8% 79,%4,4A RU,79,Ra 00,806,487

47 R1,uN,RT7 83,R2,88 AL, HA,AY HU,A3,89 24 ,H9,90 85,R4,90

na R5,9n,91 86,885,991 R6,91,92 A7,R6,97 RL,93%,94 89,R8,94° T
19 R9,94,95 90,R9,95 9),95,96 91,90,96 91,96,97 92,91,97 J
SO 0,1

51 3,7,12,17,25,30,38,47,57,66 =1

52 n,0

53 TUu,B1,87,92,9%3,94,94,496,0) «f

Sa -1

54 1,3,2,211,R3

56 1,1

57 Neyla

Loy 2,?

H9 N, R,

(vi)

Heading statements

Structure statements

Nodal coordinates

Element incidences

Boundary conditions

Loading program

TV
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RESULTS AFTER 1

LOAD INCREMENTS

NEXT FLEMFNTS TN VNDERGD PLASTIC NDEFORMATION o A9

AT LOAD FACTOR

«278373+01

LNAD VERTAR | s CUMULATIVE LOAD FACTOR = ,27RB873401

ELEMENT

6?

64

65

66

67

oA -

69

71

72

77

74

STRATIN INCREMENTS

)

PLASTIC

ELASTTC

-.5U277-02
-.30232202
LU8TRG~0?

-.33187=92

=, 2RA87=-(2
3053502

3318 7=0?
- 1565402
c1R1N2=p?

=.17976=02
= 181340
«2NURZ=(?

=.17976-02
=e53529=03
e 1320507

L00a0g
-.76984-01%
.19147-02

EPY-LELETYI]
-, 132%7=-01
25911-01

=, 150%4=91
=a9538PH=02
1286901

«.109h0=01
-, 48652=02
38234202

- 1098001

EPCLE R H R
JHS0R4-0?

o HIHA 4y

= U6250-02

L2N850-0?

00000
00000
«NONGO

LAMRDA

00000

STRESS
INCREMENTY

-, 54277401
-, 39232401
.22393401

=, 33187+01
=, 28R57401
162768401

-. 3318740}
=, 15653401
- 2 9050R+00

=.1797A401
- 18138401
12042401

- 17974401
-.53520400
L66N27400

.N0000
-, 769844+00
<957 46400

-.?«lui,oé
- 137237402
12956402

=, 15094402

-.9532R4+0
RLYA TSN B]

=.10960402
-~ UBKS2401
17117409

-, 10960402
. AHTG40Y
JA2A4P 40

= RIRKT40
- 06250401
12275401

g

CURRENT VALUES

/= emeemcccnsmmcamccssarnansnanananenn o

STRATNS

P T N 1 T Y T ity

ELASTIC

-,54277=02
=.3923%2=0?
LU4NTR6=02

-~ 331RT=02
- 2R857-0?
23053602

~.331A7=0?
-e15653=9y2
. 1810202

= 17976=02

= 18134202

«20yYR3=(2

~e17976=0?
-.53529=-0%
«13205=02

L00000
- 76984203
.19187=02

=,26345=01
-.132%7~-01
«25911=01

~e15094=01
-~ 95528=07
«12869-01

. 10960=01
- 4865202
. 30234-02

-, 109A0=01
- 3lUay?
JHS0RU~(?

-.818R3=02
- 16250=07
2USS0-02

PLASTIC

00000
00000
00000

.00000
.00000
.00000

00000
200000
L00000

00000
00000
00000

00000
+00000
<0UN00

.00000
<0000
.00000

00000
L00000
.00000

+N0000
.N0000
«NON0O

«N0N00
.00000
L0000

00000
SN0N00 .
000N,

.00000
00000
LU0y

TOTAL

=.54277=02

=.392%2=-02
LUUTR6=02

-.3%3187=02
-.2A887=02
.30536=02

=.331A7-07
-, 15653=02
+1R102=02

=, 17976=02
=, 1R134=02
+240R3-02

=.17976=02
-.53529-0%
«13205=02

.00000
~.76984=03
21914702

=.2h313=01
=.132%7=01
+25911=01

~.15094~01%
=.953248=02
.12869=-01

=.10960=01
= 48652-02
«34234=02

=.10960=01
- 6R3I8YW)?
«856RU=02

-.81H4A83=02
- 4h250=02
«284550=02

/
. YTELD
STRESS FUNCTION
=, 54277+01 -
~.39232401 =,98540+03%
22393401
«.33187+01
~.28A57401 =,10072404
« 15268401
~.33187+01
=.15653+0] «=,10133404
«9050R4+00 :

e, 17976+01
-.18134+01
«120474+01

=, 17976+0)
=,53529+00
«ho0274+00

«00000
~,76984+00
957356400

=, 2634%402
~.13237+02
«129564+02

<.15090402
-.95328401]
+h8346401

=,10960402

=, 886572+01
17117401

=-.10960402
- 68344401
JN2RU2+ 01

-.101644048

-.10201+04

-.10207+04

=, 45776=04

-,72498407%.

-.92474403

-.,87701403%

= 81R43+01

=, 06250+01
J12275+0)

-.96891+03

STRESS
CORRECTION
FACTOR

00000

gT-v



X - 6N1880=(2 -

= 60R4040) =, 645800=07 ,00000 =.64840=02 -,64R40401
76 Y = U3617«02 - - =.43617401 =,43617=02 ,00000 “el83517=02 «,83617+0]1 ~,9R8654+403 -
Xy 18416202 - .92427400 ,18485-02 00000 «1R4RS=02 92427400 :
X @,5243%a02 . =.5283%401 «,.52033-02 ,00000 =.52433<02 «,52033401
78 Vo =,32592a402 | - .- =.32592401 =,.32592-07 ,00000 3759202 «,32592+01 ~,10024404 .o
XY L9N272-013 . JA813h400  ,90272-0%  ,00000 - «90272=03 45136400
X =, 1543101 - = 15821402 «,.158%31=01 00000 = 15831201 = 15831402 :
86 Y «,18978.01 - - =, 8978402 <, 1R978-01 00000 = 1A978<01 = 18978402 «, 62627402 -~
xY e 29Uh2=0(1 - LUTI402  L29462-01 ~WN0000 «29462=01 14731402
CURRENT PLASTTC ELEMENTS :=
69
LOAD TNCKFMFNT TOTAL LOAD DYSPLAtEMFNT INCREMENT TOTAL DYSPLACEMENT
: /omencmccnsaenancaecamen/ Joecmmnsscncucncnannensans/ /emcccncccncmcnanrccanena/ /emecccaccaccncranananen/
NODF nPx NPy Px Py ny nv u v
1 000000 195211402, .nbouno .195211402 =,179400+01 +40S5R3+01 ~e179400401 405583401
? 000000 JQURILB0O2 000000 . 94R168+02 =, 8355900400 LN06216401 -.835900+00 «8406216401
3 LNONNB0Y HUIUNT 42 000000 641407402 T L 000000 406216401 + 000000 406216401
7 .D0000D L000000 000000 .N00000 e 0UN000 . 2799526401 «000000 «299526+01
1? L000(0Y LNO0ONQ 000000 L00N000 «NO000NO .222560+01 .000000 «222560+01
17 000000 : L000000 000000 000000 «NONONO .1528%39+01 000000 «152839+01
23 «N0N00Q «N0NONO 000000 000000 .NO000D ' .111298+01 «0N00000 «111298401 -
in LN00000 LNO000NO 000000 000000 sNYNpOL . 7610394+00 L00NUNO 761039400
L% LAN00000 LNO0000 000000 LNunYno LN00000 «SUAYASFNO 000000 «S4Hhuh5+0D
47 000000 09N 0NY . «00NQ09 000000 LN00000 377537400 L0yno0do « 377537400
S7 000000 .NUNYNY 000000 LT 000000 220491400 < 000000 « 220491400
66 0000090 000000 «0unonD 000000 ouneny . 366498=-01 «000000 «366498~01
74 000000 DL T «00N000 .000000 000000 L00N000 000000 «000000
LOAD TNLREMENT' 8 ITERATINN 1
ELEMEN] Sh UNLOANDING 1t LAMADA = «, 63085703
LOaf TNCREMENT 19 ITERATION 1
ELEMENT 84 UNLOANDING ¢ LAMRDA = -. 959574003
LOAD TINCRFMFNT 148 ITERATION 1
ELEMENT 86 UNLDANING : LAMBDA = «,178h43-02
LDAD THCREMENY  1a4  ITERATINN 1
ELEMENT A7, UNLNANING ¢ LAMRRDA = =, 133927~03
LNAD THRCRFMFNT 18 ITERATINN ?
ELEMENT H7  LNANING }
SCALAR PRODUCT NOF GRANIENT OF YTELD FUNCTTON AND NORMALTZED STRESS INCRFMFNT VECTOR = .382127400

LNAD TUCREMENT 19 [ TERATION

1

6T~V



ELEMENT 86 UNLOADING ¢ L AMARDA

.
L4

LNAD TNCHFMFNT 20 ITERATINN
ELEMENT 84 UMLOADING ¢ LAMRDA

LOAN TNERFHENT 21 ITERATION
ELEMENT Bh  UNLOADING ¢ LAMARDA

LOAD TNCRFHMENT 22 ITERATION
ELEMENMNT 4 UM NADING ¢ (AMRDA

LNAD TNCHEMFNT 3 ITERATION
ELEMEMNT 86 UNLOADING ¢ L&MRDA

LOAD TNCKRFMENT °3 ITERATION
ELEMENTY 87 UNLOADING ¢ LAMRDA

LNAD TNCRFMFENT 3 ITERAT NN
ELEMENT BR  UNLNADING ¢ L8MBDA

-,11;37@-02

~e9h61031-03

-a916677=03

-.113285-02

- 545R18-02

T =e20B202-02

1368400

02-v¥



RESULTS AFIFR 6 LDAD.INCREHENIS

END OF LOADTNG 1

e MAXIMUM LOAD REACHFED AT NODE

AT LDAC FACTOR _,6N4ALAN]

LNan VECTOR 1 : CUMULATIVE LOAD FACINR =

ELEMENT

64

65

[-1]

67

6A

69

11

72

13

70

STRATN [NCQEMENTS

/ocmccnncnnnnmam—n/

ELASTIC

- 23677-03
- 1P24R4=03
~.336M6=0%

=.32611=93
-, 26027=03
«28413-43

“.3”611=03
-, 927153-01
2094303
~.18651-03
. 16692-07%
.210h3-0%

-,1%651-03

= 35345-04

.13932=01

00000

- 6R499a0n

e16279<93

-.49519+05
-,51213-05
- 12109204

15633404
1212604
256104

=.32457-p4
"e1%U17403
-.17232-03

LY P
~, 20401 -0l
308800

-, 2412201
«IP2h 3~
=, 1N{0%<-y3

PLASTIC

-, 8823703
-.92725-04
LT4770-03

-~,11067-01
-,26U455.02
.11297=01

=.R1933.02
-, 1858102
+79638.02

«.59350-02
«R0N32-04
.33254-02

-.5987hun?
- 1d4737.02
LBB072-02

- 4223002
+51932-04
199750

LAMADA

89462201

«16031=01

L 1157601

«6R8036-02

SJAUT05202

24671902

.921000+01

STRESS
INCREMENT

=. 23677400
=, 12480400
=.16R23400

«.32611400
=, 26027400
14207400

«.32611400
7.9?751-01
10071400

=, 14651400
=, 16692400
«10531400

=, 14651400
=,35345-01
h9b5Ra01

.00000
=.hB199.01
«P1396eny

=, 19519~02
~.51213=02
-, h0548.n2

18683201
= 1212han]
1330501

=.32457~01
213417400
-.h1150-01

LPU10P-0]
- POR0DTaN]
J15940.0

-.28182-01
W92P63-0)
=-.53523%=-01

3

YA LD LT T e

CURRENT VALUES

STRATINS

/-----.------------.----------)

ELASTTC

=.301R1=01
=.19035=01
«20836=01

-.171R9=01
-, 15327-01
o 163A7=01

- 17189201
-.6R113=07
L12922-01

-, 87179=-02
-, 78959=02
«13617~-01

«.87179-02
-, 28372-02
«92702-02

.00000
- 41518=02
1 1126=01

«.35379-01

-,23458-01
«16126=01

=.33960=01
- 2P260=01

L18960=01

-.35883=01
~.17402=01
99724-02

=.33/S50=-01
= 2249501
< 1d668-01

-a3h 18801
~.17638=-01

JHAG20=02

‘PLASTIC

-, 10786=02
-, ?20050=03
«16999=n

200000
.00000
.00000

+N0NQ0
00000 -
00000

00000
00000
« 00000

00000
.00000
00000

L00000
. 00000
«N0000

50084400
«12R924+00"
«S5R59400

+3US96400
«29711a01
234219400

.18019+00
.14909=01
JA3605=01

18233400
Jb5R2T=01
222097400

.9624Ra01
2072902
«36340=01

TOTAL

-.31259=01
~.19245201
.27536=01

~.171R89+01
-.15327=0t
«16367=01

«.17189=01

C e 68113=02°

«12922-01

=,87179-02
-, 28959.092
«13617=01

-.87179=02
-, 20372202
.92702-02

00000
- 4151892
«11126=01

-.53622+00
-, 15238+00
57472400

=.33992+00
=-.111974060
«35715+00

-.21608+00
=, 209%2=07
«93577-01

~.21608+00
-, 8A322-01
«239644+00

=.13204+00
- 85604902
LUUAT2=01

STRESS

=.30176402
19032402
«10416402

=.17189+02
=-.15327+02
«B18364+01

=.17189+02
=.68113401
ebldb114+0}

- wawn/

YIELD
FUNCTION

-~.30518«04
=.,55617+03

-, 67398403

~B87179+01 -

-.%89594+01
«hB086+N1]

=.871794+01
-,243772+01
«46351+401

«N0OOOO
- A151R 401
+55629+01
~.33162+02
-.21R944+02
JT5492401

~.33415+02

‘= P1R35402
..7509b+01

~.35592+02
~.17284+02
«09537+01

-.3339G+02
=.222274+02

«.79727+03%

-.89885403

-.91393403

~.45776-04

-.305|Bf04
=,45776=04

~.30518=04

J72301401

=.35968402
= 17546402
202234401

=-.15259=~04

STRFSS
CORRECTION
"FACTOR

« 99994400

210000401

L100004+01

«99998+00

210000401

.999994+00

Te-v



K
76 Y
XY

X

=.52490=05 =,23202=02

=.305h8«040
=e26334-04

=.795%3=~0%
-,130N9=p3
=~ 41628=04

T=L.12022«~01
«60134=~05
- 8395605

.79222-04
«71702-03%

CHRREMT PLASTIC ELEMENIS :a

n1

79

F Ty Vg Sy

42 13 4a

87 ] 99

as 46

91  10S

LOAD TNCRFMFNT

npx

. 000000
2000000
0Ga000
<0000 -
«N0DB000
JNONONG
sNONGNY
LA0N0L0Y
JA0NYNY
LNC000Y
.NON0HO
.N000NQ
LA00000

nePy

123370400
LPUSHEIH0
L1391 107401

000000
000000
«N0NB00
LN00000
MIEGET ]
2000000
«N00000
000000
000000
000000

-.52490=-02

«2U297=42 =, 3456R-01

[/%.)

54

T

T e sy 4

P x

000000
L0000

" .00000¢

.NONQNoO
«N0000(
000000
LNUNNHNY
000000
000000
LNONY0Y
000000
000000
SNY0gnY

=, 13167=01

-,7953%400
=, 130094+0¢
-, 2051401

- 12092201
AO133.02

- 41978202

5% 56

NTAL LOAD

~e30574-01
- 17365201
.57217=92

-.54278=-01
~.152R2=01
«19672-02

- P08A1=01
= 2R723-01
:22662=-01

57 SR S

Py

84700402 -

<3
.21
.NO
0
.00
00
N0
.Ou
.00
.00
.00
<00

3140403 -
1830+03
0p00
nono
neoo
0000
o0no
0000
Npno
0000
ngoo
0600

= ?9041=01

-.65615=01 =,36491+02

«?187R=N2 «,15207=01 «,17327402

«711096=02

< 00000
L00000
L00090

- UBATR=02

-.11824=01
3579501

9 60 61

«12871=01

~.31278-01
~.152R2=01
«19672=02

-.25728=01

- 4nsd7=01
«5R0S7=01

62 69

DISPLACFMENT INCREMENT

Py

JAUNTAL=01
L457281=01
000000
N0n000
«N00000
000000
«NUNOo0Y
sNUNONO
2000000
N000N0
.N00000
000000
LN0N00Y

/e nncncrncnacnnvanee/

=~ 3427R+ 02
-, 152824+02
98359400

~.15259=04 - ,10000+01

=.13640¢03

-.20495402

=.281964+02
11064402

70 71

-.19624402

72 73

74

75 76

TOTAL DISPLACEMENT

/ovmccccanrcansccnnnccne/

Ny 1] v
«”13328400 -, 768891401 ‘178457402
«21%475400 e 362323401 o 1784665402
213452400 000000 174655402
< 162675400 .000000 2130776402
+125078+00 000000 +98A035+01
JABAOAD=01 000000 «690594+01
.647978-01 000000 506720401
LA23805=01 000000 3438327401
L 2TR624=01 000000 240680401
«1670R0~01 000900 - «159099+01
L764444-02 .N0N000 «A62167+00
«651903~93 000000 «11R6LT4+00
000000 «000000 .000000

.
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A.4.1  Data Input for )

HEADING1

HEADING2

TYPE

NN,NE,E,EP;RNU,SZERO,ETA,IO,NLAM,(THIK),FRAC |

1,N,,N,,. .. N, NTYPE

S A0 A% SUPPINS %

NLP,N,Ixy,SIZE

IE,ISIDE,TX,Ty,NTYPE 1(%*)

continued

]

(***)

A-23

i) heading statements

ii) structure statéments

iii) element incidences and
nodal coordinates

iv) boundary conditions

V) loading program



A-2L

..... cee ceeeed] h
es e 0 e oo . ]
-1
-
Ceeeas ]
LI 1
-1 1
-1 |
PRINT
IE_,16_,TE, ,1G,,...,IE 16, ,-1
Na’Nb’Nc"'f’Nk’—l ’ vi) output requested
TOUT, ,IOUT, ,TOUT _,. .. ,TOUT, ,-2 ]

A.4.2 Description of Data Input

(1) Heading Statements

(as for program EPTCS; see section A.3.2.(i))

(i1) . Structure Statements

TYPE
NN,NE,E,EP,RNU,SZERO,ETA,T0,NLAM, (THIK) ,FRAC

(as for program EPTCS; see section A.3.2.(ii)), and where

I0 (integer) integration order for Gauss quadrature; maximum

value 4, recommended value 3.
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NLAM (integer) number of plastic multipliers associated with each
element: NLAM = 1 for one 'average' multiplier
per element; or NLAM = 102 for one multiplier

per integration point; (see section L4.6).

(1ii) Element Incidences and Nodal Coordinates

1,8 1 2,..., 12,NTYPE (*)

X] Yl,X2,Y2,...,Xk,Yk i

Cgteenessssasssnnens ]

NE, e iieeernnnensnns

where.

LA PR 10 (integer) element incidences (see Figure 4.1)

NTYPE (integer) =1 if boundaries of element are straight;
# 1 if any boundary of element is curved

Xl’Yl’;"’Xk’Yk. if NTYPE = 1 then k = 4, i.e. input global

coordinates>of corner nodes of element only;
if NTYPE # 1 then k = 12, i.e. input global
coordinates of all nodes of element (see
Figure 4.1)

A data subgroup such as (¥) above corresponds to each isoparametric element.

(iv) . Boundary Conditions

(as for program EPTCS; see section A.3.2.(v)). (?qa&_ A_a
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(v) Loading Program

NLP,N,IXy,SIZE

(as for program EPTCS; see section A.3.2.(vi)) FGZV, ﬁ)-’()\>

IE,ISIDE,TX,Ty,NTYPE](*)

where
IE (integer)

ISIDE (integer)

TX,Ty (real)

NTYPE (integer)

number of element

number of element side on which boundary traction

T ,T _acts:
Yy

for side s = +1 enter 1

enter 2

1
]
'_l

for side r
(see Figure L.1)

n
I
=

for side s enter 3

+1 enter b

for side r

boundary traction components respectively in global
e e vt — B

X, ¥ directions: force per unit area acting along
element boundary ISIDE. (fér axisymmetfic case do
not multiply by 2j).

if element boundafy ISIDE is straight enter 1;

if element boundary is arc of circle with centre
the origin of global coordinate system, enter 2.

In this caseTX is radius of circular arc, and Ty
is magnitude of radial force per unit area.

(see example of data input, section A.h.3)

A data sybgroup such as (*¥) above corresponds to each element

side whichhas non-zero boundary tractions. A line containing only

~1 indicates the end of boundary tractions for load path NLP. If

there are no boundary tractions for load path NLP enter -1.

nodal point loading for load. path NLP (as for program
et e e P s,

EPTCS, see section A.3.2.(vi))
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A line containing only ~1 indicates the end of nodal point loads for

load path NLP. If there are no nodal point loads for load path NLP

enter -1. ?“‘?
/ 'R’DW ‘ 1

A loading data subgroup (*¥¥*) must be enetered for each segment
of the piecewise linear proportional load path. The end of all load

path subgroups is indicated by a line containing only -1.

(vi) Output Requested

PRINT
IE_,IG,,IE ,IC,...,IE ,IG, ,-1

Na Nb’N ,...,Nk,-l_

IOUT IOUTb,IOUT ,...,IOUTk-2 i

(as for program EPTCS; see section A.3.2.(vii), and where

IEi’IGi (integer) are element and integration point numbers for which
stresses and strains are to be printed. Integration
points are numbered for each element on lines of
constant r value, beginning at the Gauss point
closest to (r,s) = (-1,-1), and increasing in
magnitude in the positive local s coordinate direction.
For example third ofder numerical integration has Gauss

points 1,3,7,9 respectively closest to corners (r,s) =

(-1,-1), (-1,+1),(+1,-1) and (+1,+1). (see Figure 4.1)

EPCATL
A.4.3 Example of Data and Results for -BRICS

The pages immediately following list data and results corresponding

to a cubic quadrilateral finite element analysis of the deep beam in plane

stress described in section 6.3. The element mesh consisting of 192 nodes

and 31 elements is shown in Figure 6.3.2. The result of this analysis

is listed in Table 6.3.1.



COLAFPLQAT(1).0A

DEFP BFAM
UNTTS ¢ K6 MM

(i) Heading statements

PUANE SIPFSS 7
192,31,{1000.1,0.0,0,0,32,0,0.,995,3,9,1.050,005

v/ko.,xa 0.,32. 0.,00060,,0,
P X8, T7,06,37 P5,19,h,5 1R, 24,435,348

1
2
3
4
5 v 32,4,1,29 ?4,18,%,2 17, 23%,30,31 1 '
h
7
& v/ao..hu D60, 0,32, hU.,32,

] -

27935 26,20,9,8 19,25,3h,37
10 >< Qb..h( o OhTg, b, 60, ,0d,

11 WTTTR, 00,38 27,210,102, 1122026, 39,40 1

12 7 h2aa 1280 0128, 0nsne Bl aad

13 5 84,16,13,00 24,22,15,14 21,27,02,48% 1

14 V%ﬂ..!on. Dot 128, 62,,128,

15 b bh0,32,29,57 S2,46,31,30 45,51,5R,59 1

16 120,,2A, 00, ,32, 60,0, 120,,0,

17 7 63%,35,32,60 53,47,30,3% Bha,82,A1,672 1

1R 120,,%2, 60,,bl, 60,,32, 120,,7h,

19 R 66,3%,%5,6% 54,48,37,36 47,53, 648,65 1

>0_ ‘f’-nlllno (,ﬂ.,‘)ﬁ.. bnolf\”- l?()-'q(’

21 O LG, 41,3A,6h 85,49,00,39 NA,450,47,6R 1

2?2 120,112, R2.,128, 60,96, 120,,78,

23 10 72,00,01,bh8 SK,80,4%,12 49,55,70,71 1

24 12k, 1A0, AU, 160, »2,,124, 120,,112.,

>5 11 89%,h0,57,85 Bn,74,59,88 73,79,8K,87 1

6 157,106,272, 120,,26. 120,,0, 157 46,0,

21 12 91,h3,60,88 11,75%,a02,61 71,80,RQ9,90 1

PR 157 .86,4, 120,,52, 120,,2h. 15/7,0AK,22,

>y 13 99,h6,6%,91 42,76,65,h8 15,R1,972,93

R4 197 26,00, 120.,7R, 120,,52, 157.4k,94,

Tt 14 97 ,h/9,66,% B3, T77,68,R7 7&,32.94.“6 1

12 1ed,, b0, 120,,1172, 120,.,78, 157 16,6

33 14 no 7> hY,97 AY,7R,71,70 77,8%,%, 90 1

34 . 160,160, 126,,160, 120,,112, 160_,u40_

g [ﬁlb TY4,8R,R5, 111 107,102,87,R6 101,106,112,113 1
LT B0, ,20, 15,086,222, 157 46,0, 180,00,

17 Y7O117,91,88,104 10K, 103,90,R9 102,107,115,116 1
L) 180, ,40, 1S7 ub, 00, 157, 46,22, tR0,,20,

19 1 120,9%,91,117 100,104,9%,92 10%,104,118,119 1
D)) 180,60, 157, 4A,h0, 157 86,44, 1RQ,,40.

11 19 125,97,94,120 110,10%,94,95 104,109,121,122 1|
ng 180,,80, 1h0,,R0, 157 U6,h0, 180.,50,

ni 20 137, 114,110,1%4 130,125,113,112 124,129,135,13%6
ny 210,,20, 199,20, 1&0_,0, 210,,0.

) 21 100,017,014, 137 131,126, 116,115 125%,130,13%38,139
46 20,40, 1RO, ,N0, 14D, ,20, 210.,°0,

a7 S22 1A3,120,117,140 132,127,119, 118 126,13%1,141,102
na 210,60, 1R0,,hu, 180_,40, 210,,710,

49 23 1146,123,120,143 133,128,122,121 127,132,114,145
50 P10, K0, (RY,,RO, 1RO, ,560, 210,.,A0,

51 P4 VA0, 137,134, 187 155,148,1%6,135 187,152,158,159
9] PRO L, 20N, 210,20, 210,,0, P60_,0,

5% . PS 1A TR0, 137,160 154,119, 139,138 118,153,161,162
Sy PN, un, 2'0,,M0, 210,20, 2A0,.,°0,

S5 Ph ThA, 1M, 100,163 156,150,1480,141 149,154,164, 165
e , ARD L AN, D0, ,AL, 210,00, 2An., N0,

<7 Pl 1AY, LR, 18, 1A 150,151, 14,10 156,155, 1A7, 168
L) “)nn_,s" 2tug,Pa, #10,,60, 260, ,A0,

4 A AR, PR ST TR0 175, 171,159,158 170,175,1R1, 182

}- (ii) Structure Statements
S

- (iii). TElement incidences and nodal coordinates

92-v.




A0 - 320.,20. 260,,20. 260,,0. 320,,0,

A1 29 1RA, 163,140,183 177,172,162,161 171,176,1R4,185 1

L2 220,40, 2A0,,80, 260,20, 320,,20,

63 20 1R9,146,163,1R6 178,173, 165,164 172,177,1R7,1R8 1

hy 320,60, 260,,A0, P60,,40, 320,.,10, .

65 21 192,149,166,1R9 179,174,16R,167 173,178,190,191 1

ab 220, , B0, 260,,R8D, P&N,,h0, 320,,K0, J

¥} 0,1 ‘ . 3

6B 17,2%,29,45,51,57,73,79,85,101,111,124,129,134,147 =1

69 n,t

70 152,157, 170,175, 180 =1 : .y
7 a,0 . ~ (iv) Boundary conditions
72 1,2, %, 0,5,6,7,8,9,10,11,12,13%3,14,15,16,22,28,44,50 =1 .
75 0,0

74 S6,72,7T0,80,100 «1

LAY - J

76 1,180,2,=36,R187 )

77 -1

78 —~ 180,180

79 0, ,=h 9DAR

A — 181,141 \

Ry 0.,=15,720 !

“2 — IE?,?H? 3 -

R3 0.,=-13,432 ;

R4 143,143 i

AR5 N,,=12,4982 :

Ak — 134,180

ay Nep=12.2%0

RA — 185, 1R

RQ N,,=11.416

Qg — V1RA tHA .

oy N.,=10.340 P = - 10.9972 s (v) Loading program
Q2 ~ 187,147 ) / . .

Qy 0.,=9,112 4

0y —~ 168,148 ;

a5 N ,=T . R)? ;

% — 1R, 1130 :

a7 N,p=b Nyn i

98 —19n,1yn |

99 n.,=-n.21h
100 ~191 191

Iﬂl ”-1’9.700

172 - 192 19?2

1.0% N, ,=0_ 281 |
1ny -1 /
108 -1 ’ J

i0a SOME .
107 16,1 1h,2 16,3 17,1 t7,2 17,% 18,1 18,2 18,3 19,1 19,2 19,3 =} .
108 1,29,57,85,111,1%4,157,180 =1t (vi) Output requested
1009 t -p .

AXAT FOCOT ARG

DAPND, P

EPCAL.0R
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DFEY REAM

NUMFRTCAL ANALYSIS NSTRG TwN DIMENSIONAL TWFLVE NODF
PL AME STRFSS, PLAMNE STRAIN NR AYISYMMETRIC PROGRAM
CHATC IMTIFRPOLATION FIINCTTQONS

GUADRATTIC STRAIM VARIATTON

NUMFRICAL INTFGRATINN USIMG GAUSS UUADQATHRE
ORDFR OF THNTEGRATION = 3
PLANE SThFSS ANALYSTS

VAN MTSFS YTELD CONDITINN

ELASTIC, PERFECTLY PLASTIC ¢+ ANALYSES TERMINATED WHEN 1LOAD INCREMENT MAGNITUDE DFECREASFS T0 ,005 OF TOTAL LOAD

1SOPARAMETRTC FINTTE ELEMENTS

IMTEGRAVION PNTNTS WITH VON MTSFS EQUIVALFAT STRESS WTTHIN .9YS  OF YIFLD STRESS TREATED AS PLASTIC

uNITS @ G MM

STOPARE AVATLABLE

16 e re se se n

STNRAGE KWFOUIREND

e s e e

MATERTAL FONSTANIS ELASTIL MODULUS 100000400

MAXIMUM NUUMKRFR QF NUDES

MAXTMUN NUMRER NF ELEMENTS

MAXTMINM NHUMRER NF DFGREFS OF FRFENGM
MAXTMUY HALE BAND-WIDTH OF ELASTTC MATRIX
MAXTMUM NHMARFER NfF PLASTTIC ELEMENTS
MAXIMUM NUMHER OF PROPOKTIONAL £.0aAD PATHS

NUMKER OF NODES

NUMAER OF FLEMENTS

NIMBER NfF DEGRFFS OF FRFENOM

HALF AANNWINDTH NF ELASTIC MATRIX

e e 10 se s on

: PLASTIC MODULUS = _ngogog
t POTSSONS RATTO = ,000000
¢ YIFLD STRESS = 320000407
PLATE THICKMESS * LLN0000+0Y
COORDBTNATES OF NMONES
MOF, 13 Y MONE X Y
! -0da00 .honpo ? LL0n0g 10687402

192
31
3Rd
64
30

to2

384
&4

NNOF
3

00000

Y
21333402

NODE

X
+00000

Y
« 32000407

0g-v '



2HA2h6T74+02
«A5333402
12800403
JNONoo

12700403
JOUNDNLNL
00060

JA2K6T 402
LA5%3340p2
<128%p0+0%
LN0000

L 12267404
cN60aNs02
N000N0

L34ARTHN2
LAY 402
L11200403
ROHLT]

10133403
JAEARETEN2
LA0N0N0

.279%33402
57333402
LB0000402
.hunpn

JRUNODEN2
H133T402
13333402
LH000n402
HohbTen2

LPUN0nyn2.

JNounpn

L2uNpnenp
20000402
LAN666T4+02
« 733353402
LAunQneng
LP0NNN2
L0000

26h6T402
53333402
LR0000402
50000402
LA0n00402
hbbETy0]
343453402
JAUOONNR

«53333+02
«96000+02
.13867403
«37000402
« 15000403
«QHON0+(?
S106hT7402
«533334p2
296000402
+138A7403

«30000+02 -

15000403

JBU4000402 -

eRALAT+O1
«43333402
«TRN00+0?
32800403
L2U6617402

14000403

NLELYEY
« 73333401
«IhOhT+02
68000402

106674073

.21333402
00000

JHN00D+0?
2N000+02
JUBEHTH02

« 733334902

40000402
20000402
L000NQ

e 2hbA74+02
«53334402
LENON0R0P
«60pNO+02
LU4N0N0+9?2
NI LYEYA

«3%333402

LH00004+02
00000

<B00N0+02
sbN0N0+0?
n1333%402
LU0DNQe0?

NLILYEY F:

117

187
191

+00000
+N0000

L N0000

«20000402
<B0D0ND2
LA133%,402
60000402
JHO0D0402
h0EET 402
«63333402
«RO000N4N2
10000403
10067403
«120004073%
« 12000403
12000403
« 12100403
« 132409403
14897403
< 1UR6T403
15744403
« 15746403
«15R8314+n3
160004038
< 16497403
«172494+03
18000403
18000403
JIBNOO40T
18000403
« 19000403
« 20000403
« 21000403
221000403
«2100N4+03
22067403
e 2667403
24333403
. 26000403
« 26000403
«PH6NNN403
.28000403
« 30000403
30000403
e 3200N403
32000403
.32000403

R L b Dt YT S U U RSSO SR

5 .N000D
9 .Nonon
13 hongn
17 20000402
21 «P0RHTH02
2y LA0000402
29 LADNONENL
13 LA0DNNN2
37 A0000402
a1 h2npnen
us LRON0G0+N2
u9 1333402
S3 LA000N0403
s7 12000403
3 12000403
AY L12000403%
A~ 12000403
73 J137240403%
717 «13333403
a1 L18897403
"y L574A403
RQ J1574A403%
ay AST4AeNT
97 16000403
101 16197403
108 16674073
109 1724809403
113 J1RN0DD+NT
117 RELTTNHFYES
121 18000403
125 19050403
179 20000403
133 20000403
137 RAUNUEY R
14y 21000403
145 21000403
119 P2h67403
153 " ,24353403
157 26000403
1A1 JPRO0NANG
164 26000403
1AY P0NAN4 03
173 LPBNONLDY
1774 ,%000n40%
1994 32000403
1 85 2X20Nn4 034
189 232000403
ELFMENT
1 32
? 15
3 8
] #1
s ny
[ Al
7 A

!
4
7
10
12
29
32

29
12
75
34
1
57
A0

) 00000
10 - ,00800
14 00000
14 220000407
22 .2133340°7
2h 40000402
30 60000407
34 HNNON+0P
3A L60000+02?
42 «bPbhT4(?
ub RNQNO+N?
50 JHUART+0?
54 100006403
58 «12000+03
62 « 120006403
6k «12000+0%
70 12200403
74 «13214940%
TR « 13733401
a7 10497403
Hb 15746403
90 187106403
94 « 15786403
94 216000403
10° 16497403
106 « 17219403
10 «173%3403
114 «180N0+p3
118 < 12000403
122 L1R0004+073
126 «190004+03
130 20000403
134 21000403
13R 210004073
142 21800403
146 «21000403
150 226h743
154 203334073
15A 2h0004+403
162 f2h0ND4073
1hbh ,2h0004(¢73
170 2R000+03
174 L2R0N0+03
178 230000403
182 «3200040%
186 L32000407%
190 « 320004073
NONE 8
24 18 k)
5 19 [
26 20 9
27 21 12
28 22 15
52 né ES |
S3 ny 3y

17

[ SRV V)
-
®

11. 20
14 21

33 e

>3
24
2s
6
27
51
52

3
34
17
l]o
a3
59
A2

+64000402
. 10667403
14933403
«64000402
00000

L12R00403
o 21333402
JHUDD0EN2

o 10ALT 403

«14933403
«60000+02
.00000

«11733403 .

«17333402
«52000+02
.89333402

14400403 -

«49333+02
«N0000

«WH67+02
JN4k6T7402
+AU0004+02
«659333%+02

13333403
‘o l26674+02

220667402
+0N0000

P6hb6ET+02
«53333402
<RO00N+02
«h0000+02
JH0000¢02
Lb6H67+01
« 33333402
JH00004+02
00000

+R200004+02
60000402
13333402
LA0000402
. b666T 402
220000402
.00000

JRO000402

«20000+02
JUH6h6T402
. 73333402

168
172
176
180
1448
188
192

«00000
«00000
+00000
«20000+02
«40000+0?
lU2667402
«600n004+0?
«600004+02
«H133854¢2
«64000+02
«80000+0°
+10000403
«10533403
«12000403
«120004+4073

12000403

+12600403

«132494+07%

214497407
10867403
« 15746403
«1574640%
«15915403
«16000403
216497403
«17249407%
«+18000+073
« 180004073
« 18000407
«19000403
+20000+03
«21000+407%

- «21000403

«21000+03
« 22667403
+2U333403
«2U43334073

«26000403 -

« 26000403
«26000+4073
«28000+403
«30000+03
«327000+03
«32000+403
«32000+03

«11733403

. «16000+03

«32000+02
«164000+03
«3200040°2
71667407
11733407
«16000+03
«90000+02
22R000+02
«160004+03
« 26000407
«bN6AT+02
100674073
« 160004073
«7333340°2
« 23333402
«1£0004+03
« 22000402
«SN6ATHO2
«TULETH0?
16000403
62667402
«U1333402
2 bh6ET+01
« 33333402
60000402
L 00000

«800004+02
«60N0004+02
«13%3333402
LA40000+02
66667402
20000402
L00000

80000407
«200004+402
JUA6H6T4+0?
«733334+02
LAN0004+02
«20000+02
+00000

26667402
«533334+02
«80000+02

Te-v



163
166
149
183
1R4
189
192

8
n
ny
A0
h3
Ao
~9

72

a8
91
A1 2]
ay
114
17
120
1723
137
100

B L)

146
1A3
163
166
1A9

35

0t
57
AOD
h3
66
h9
AL
R
91
a9y
111
114
117
120
134
137
140

103

157
160
163
146

ROVNNARY CANDITIANS @

NODF

17
3
29

- -
- S C X NT SN e

Y

DD DD DO DDIDODD D
Y T Y e N Y R Y
DD D DD DD D DD D e

0

1

63
66
69
85
RA
€Nn
Qg
Q7
111
114
117
1?20
134
137
140
143
157
160
163
1h6
189
1R%
1R6
1A9

54 a4
55 LT
56 50
RO T4
At 75
az 76
A3 77
Aq 78
107 1n2
108 103
109 104
119 108
130 125
131 174
132 1727
133 127R
157% 1K)
154 the
155 150
156 151
176 171
177 172
178 173
179 174
CONMNSTRATNFD

UNCONSTRATINFD

37
no

59
62
65
B
7

20
93

113
116
119
122

136

139
142
145
159
1h2
168
thR

173%

53
sS4
55
79
RO

Ap

a3
106
107
108
109
129
1%0
139
132
152
153
154
155
17%
176
177
178

190

191

A%
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KESHLTS AFTER 1

HEXT POINTS TO UNDERGN PLASTIC NEFURMATION = C(ELEMENT ¢ INTEGRATION POINT)

AT LUAD FACTOR

«1/89503+01

LOAD INCREMENTS

LNAD VECTOR 1 1 CUMULATIVE LNaD FACINR

FUFMENT,
INT, PT,
16 ¥
1 Y
XY
16 ¥
2 Y
Xy
14 ¥
3 Y
XY
17 X
1 Y
Xy
17 ¥
? Y
Xy
17 X
3 Y
XY
1R ¥
] Y
XY
JR b4
? Y
XY
1R
3y
aY
19 X -
1 Y
XY
19 X
? Y
XY
1Q X

G1L0RAY
cnoros

16000403
LPUSUNG N

216030403
L10RET402

16000403
19321402

160004034
«PU229402

16000403
3Ph862402

L160004+03
L4109540p

L1HOONENT
4580402

L160004073
S350

16000403
61295402

16025403
LH5U00%+02

PN AR}
JT1T7S8402

16200403

STRATN [NCREMENTS

/mmennaicccanenne—./ -

ELASTTIC

L41871-03
e11394~07
~.16708-02

A07R6=-02
269527
=e1h30=0?

217394202
J12889-¢>
-, 1695402

LE28N3=0?
1092807
=.175%1=02

3060102
21809492
=e20594-()?

JAT279-02
.29220-9?
-, 2h378=-0?

L5150 3202
L3RGET=?
-.20525.02

.53950-02
L4 505-y?
-.1R92440p

«HMN2-y?
.5P29Ua0?
~.213%1=02

LHU958=02
7156302
- 1R7R4-0?

JHA9A =01
BA210<-07
w11 731-01

L2h3a5-01

PLASTC

00000

.169503401 {To}u\—.-. f, 695 » 10,59

LAMRDA

STRESS
INCREMENT

LA1R714+00
113984009
=.R3542400

10766401
LOUR2T74+00
=.A1650400

L 17393401

L12R5040
-~ R4T760400

22803401
L1492R4+401
- A76554+0¢0

L34A01 401
PlR094+01
=, 10297+01

LN7279401

L29220401

=, 13189401

JS1523401
. 36047401
«,12263+01

.53950401
84305401
=.9UA28400

LR2N02401
522494401
=, 10666+01}

"LA49S5A+0]
71567401
-,93922400
A% 3402
JREP1N01
-.58A91 40}

263954072

192

STRATNS

3

= 167}_ ‘

CURRENT VALUES

/eemmeem e eccm s enccm e ecarac e e m e enn———/

[ L s T T Ty

ELASTIC

JH1B8T1=03
o11308-0%
=, 1A 70R=?

w107h86=0?
«69527-03
-.1h330-02

«17393-y?
.12859«=07
=.1A953-02

J2PH0%=02
<11928~07?
“,17531=02

<30601-02
2130902
=.20594=-02

.47279=02
«29220=02
=,2h378=42

152302
«3hQUT =P
= 2052502

+53950=y2
L40%05«0p
=.1R92G5=9p

$562002-02
.52294=-0?
=.2133%1=02

LBA958=02
e 11563=02
-, 1A7R4=?

«1089A3=01
LB0210=-02
=~ 11738=01

L 26%05=91

PLASTIC

«00000
L00000
.N0000

«00000
.00000
«N0000,

00000
«N0000
.00000

.00000
.00000
00000

«N0000
.00000
«00000

200000
00000
.00000

«00000
«00000
«NONOD

00000
«00000
«00000

L00000
00000
00000

.00000
.0pNoo
JNpnon

.N0000
00000
00000

N0000

TuTAL

SU1871=0%
«11394=03
=, 16708=02

«10766=-02
«69527=03%
-.16330=02

«17393=02
«12859-02
-.16953~02

«22803-02
«14928=02
-.17531=~02

«34601=02
.21809-07
=.20594=02

«47279=02
«29220=02
-, 2637802

«51523-02
«36947=02
.o 2452502

«53950-02
LU44305=02
“.18926-02

62002202
5229y ~p?
~.2133)1~02

+84958=~02
«715A3=02
= LAT7AU4=0?

.11963<01
LBU210=02
-, 1173801

.26%95=01

YTELD
STRESS  FUNCTIDN

01871400
« 11398400 =,10218404
-, 83542400

J10706+01
«HYR2T+00 =, 10211407
~. 81650400

« 17393401
L12859+01 =,101944048
=, 84764400

«22R03401
14928401 «,10177+04
~.876554+00

«3UA01¢0Y
«21809+401 -, 10116404
. 10297+01

LUT279¢0%
29220401 ~-,10017+04
~. 15189401

«5152%+01
«36047401 -,99833403
- 12263401

«539504+01
JA44705401 «,996488403
=~ UA2U+00

T . h2002+01
52294401 = 9R722+03
=, 1606401

LRA95RA4N]

sT1563401 =,95876403

~.93922+00

214963402

LARUP10401 =,75187403
~.58691401

. 26395402

STRESS
CORRECYIOM
FACTOPRP

cE-v



3 Y 78146402 ,10272-01 ,N0000 00000 10272402 ,10272-01
XY -.25636=-01 00000 -.12R18402 =,256%6=01

CURRENT PLASTIC POINTS « (ELEMENT : INTFGRATION POINT)

00000 »10272=01

«10272402 -,61035-04

+00000 -,25636=01 ~,12818402

DISPLACFMENT INCREMENT

ov

0N00000
-, 1945631~01
=_.1830R8+00
- 193479400
=, ,R21990+00
-, 141792401
-, 268781401

192 3 : '
LOAD TNCRFMENT . TOTAL LOAD
P Y T L L s /—---—------------------’ ’----------------‘-‘----,
NNDE NP X nPY PX PY nu

1 LN00000 000000 .N0N0N0 L000000 000000
29 000000 .N00000 LN00000 000000 L000000
87 000000 LN00ON0 000000 .NONONO L00N0N0
as JN0NYNQ 000000 000000 000000 000000
11 N00000 ) L000000 L000000 .000000 2000000
134 LNO0000 .000000 RUNLTGT] .0000N0 L000UN0
157 LN00000 LO0N0NY 000000 JNp0eng 2000000
184 .N00000 -, 117093402 000000 -, 117093402 2000000

-~ 442982401

TOTAL DISPLACEMENT

/ecscnemrancmcacsanenaana/

u

2000000
«000000
.000000
UL
+000000
000000
000000
000000

v

.000000
=.194631=01
~.1830R8+00
=, 493479+00

«,R219904+00°

-.141792+01

=.26R7R1+01

-, 4429R2+01

.00000

9¢-v



RESVLTS AFTEK 18 1LOAD INCREMENTS

END OF LOADTING

AT LUAD FACTOR ,238755«01

¥

LOAD VERTNR 1 ¢ CUMHLATIVE LOAD FACTNR = .5379R6+01

ELFMENT,
INT, PT,
16 X
1 Y
XY

16 X
I Y
XY

14 ¥
3 Y
XY

17 X
1 Y .
XY

17 X
? v
Xy

17 ¥
R Y
XY

18 X
1 Y
XY

18 X
>y
XY

1A X
3 Y
XY

19 Y
| Y
XY

19 ¥
>y
XY

STPATN INCREMENTS

Gl 02Al L T ey
c0oRHs ELASTIC - PLASTIC

16000403 _20862-08 -~

« 2454940 ATHRD=8 -

-, 16048103 -
16000403 7 _32409-04 -
LI0RBT4+N2 ,STBP3.04 -

-, 14327=n% -
<A6N004NS L0104 -
19321402  _10874-03 -

-, 14290=03% -
L16000408 1365403 -
LAUP29402  (11872-01% -

-.9%121-04 -
216000403 39460 =03 -
«32h62402 18325403 -

- 207U0=0% -
16000403 _71227-0% -
<MI095402  _19784=03 -

-, 47579=0% -

16000403 1150703 ,91274-03
LUSR034N2 (19953404 PSA8S-03
2313303 =, 0602503

16000403 7940308 _{716R=Np
.S3549402 «,311ABeR _PHANLNT
fAT062«03 =~ 1586b=0p

216000408 S13500-04 ,25953.0)
61295402 «, 157208 2137803
«12121=03 =, 2(412=n2

SNENPSEN 4 32215208 _T14292=0D
JAGHOT4 NS w 324 T5404 JANNRDA=NT
HTORB=00 - 328 3/anp

16113403 2 10583-05 _SHAYS=0)
STI7TRHN2 « 101A0=0N _FH5 3203
= 586Nu=08 -, N8990-0)

‘LAMRDA

1349502

«23553-02"

«33714=02

LATUS =02

«76556-02

1 ¢ MAXIMUM {0DAD RFACHED AT NODE tARg

>

STRESS

INCREMENT

20062201
LRISR2=02
- A0P07-01

.32009401
LS7R23.01
-.71633=01

49681201
LTUABTa400
-, 7144901
+13A5M400
LA1R72400
-, 06561-01

. 39860400
16345400
-, 12370400

71227400

L19780400
-, 23790400

116UT¢00
1995301
11567400

L79803.01
- T316R-02
LR5311-01

.51300=01
=, 15736=01
«60603=01

.32235-01

R PLELIY K

LPRSHN-0]

- 1084%-02
- 1916001
~ 2TRUP=02

P = 5. B29646 % 110.59 =

ELASTIC

02’910-02_

«31892-93
~.111A9=01

«53445-02
«38193-07
=e11302=01

«8ATNHB=02
«TAT79=42
- 12442=-01

.115A7=01
«B92hA3-132
-.11729-01

«1T7775~01
« 1302101
=.13854=-01

«25679=01
+17619=-01
=.18607=01

STRAINS
U
PLASTIC . TOTaL
00000 .21930-02
00000 +31892~0%
00000 =, 11169=01
.00000 +53Ul85-02
.Nonyo «3R193~902
«0000N =.11302=-01
.00000 B6748=02
00000 2T0779-02
.00000 -, 12402-01
00000 «11567=01
00000 8926302
.0gngQo0 . -, 1172901
.Np000 s17775=01
00000 «13021-01
~.00000 =.13854=01
00000 «25679=01
00000 ~17619=-01
«00000 =.1R647=-01

«33071=01
« 2259401
~.11965=01

«33935-01
«2N8S8-01
- 19270=01

«3U624-01
«19328=-01
=e13609=01

«43814=01
17 N6=01
w,15071=01

+35094=01
1924701
- 18338=01

589. 429

CURRENT VALUES

/---------.-----s-----_-------------.----------------/

SN2095-02  ,37320=01
12421=02 _2TR37~01
= 87683=02 =,19734-01

.33561=-01  ,b67d96=-01
JHBURUb=02 . 2730201
= B0054=0) = 54328201

«716548=01 ",10628400
«96121=02 _2R940-01
=eR1T51=01 =,95360~=01

12527400  ,15908+¢0
£ 16565-01 1639201
=, 13062400 =,10569400

«27Hh02+400 31112400
2216495=01 (4094201
=~P6R24400 = 2RP5H+0N

STRESS

«21930+01
«31892+00
-,558474+01

53445401
38193401
=.56512+01

«B6T4RL01.

L74779401
=.622104+01

«11567+02
89263401
-, SHhUS+0Y

17775402

« 13021402
-, 69272401

25679402
17A19402
-.93238401

« 33056402
.225H84402
=, 74792401

33814402
. 20782402
=, 71055401

»34334402
«19160402
=.67306401

« 13625402
« 19629402
~,TUARLUR 4N}

L3UP1T402
. 18719+02
=, 69164401

YIELD
FUNCTION

-.92622+03
-.905854+03
-, 84160403
-.81060+03
~.62600403
-f20581+03
*,15259=048
f.BOSIB-Oa
-,30518=04
-;05776-00

- (15 7T6=04

v

STRESS
CORRECTION
FACTOR,

,99?97f00
.99999400
.99999400
21000040}

.100004+04

LE~Y



19 X 16200403 =.31535-05 .A4PUA=02 -.31533=02 .36005=01 ,05058400 48658400 ,30573+02
3 Y LT8106402 o, 21538-048 ,02318<03 ,10630=01 =, 21338-01 L193R81-01  _2BA4%9~01 ,4B031-01 - ,18537402 ~ _30518-04

. .10000+01
XY -, 110%0-04 = 6UhB1=N2 “.55189202 «,13844=01 =,#41195400 ~,42579400 -, 64798401

CURRENT PLASTIC PNINTS  « (ELEMFENT 3 [MTFGRATION POINT)

13+ 7  13: A 13: 0 14z 7 14t A 1ar ) tgz 2 1Az 3 1A: S 18: 6 18T 9 1921 196 2 19: 3  19: 4

16 S 192 A 19 7 t9: 9 25: 3

LNAD TNCKFMENT CTOTAL LDAD DISPLACFMENY TNCRFMENT TOTAL OISPLACEMFNT
/-—----—-------——-------/ /------—------—------'U-/ /----"-----------------/ /----------—-----l.------/

NODF ney npy PX PY nu nv v v

1 000000 000000 JOu0anND LO0N000 000000 L00n000 000000 000000
29 000000 .np0nng 000000 .000000 JNONOND -, 249011=-0% «N0N0000 -,576302~01
57 LN0000Y L000000 L000000 000000 000000 -, 4528R6=02 = ,000000 =, 677289400
As LN0N00Y L L00N000 LO00000 LApnono LN00000 -, 186929-01 L000000 -, 211922+01
111 050000 L000000 fNongno L000000 L000000 -.366278-~01 000000 . =e37%671+00
134 000000 000000 L00no0y LNp0gyno L000Q000 - A53602-01 LN00000 -,56498448401
157 LNonp00 .000000 J0unang LNONu00 .000000 -, 116072+00 .000000 -.119123+02
RN LNONGOD . 168932400 .0onoNg -, 26R1AT74+02 000000 =.179059+00 .000000 .. 190412402

geL-v



A-39

A.5 . EPTCS Program Listing



COLAFPTCS(1).MAIN

1 COMPTILFR (XM=3)
2 o
3 . SFT VALUES 0F PARAMFTFRS
0 o
5 i CPA?AMETER  upsP = 194
[ PARAMETER NFCP = 24
7 PARAMETER  NPCP = 44
A PARAMETER NMP = Q7
9 PARAMETER NFP = 15§R
10 PARAMETER [SP = 3
1 PARAMETER NILPP = 2
12 f ’
13 COMMON sFEXT/ KKETHNOFP,NFCPY,RKP(NDFP,NPCP)
14 COMRON TA,MN,NE,MPPTS, MPFS,MDF ,NDFA,NHWS , NBW,NPCS,NPC,NDFBWS,
15 LPL ML, ISTOP, TCHECK,E,EP,FPS, Ru!l, SZFKN,SLFRNS, THIX ,RMIN, LS,
L) INLT,MeRKE ,MWRKP,F T8, TG, NNEWP,NOUT, LUL,LLU2,LUT,FRAC
17 r. :
14 € SET LOGICAL UNIT NUMBFRS NF TFMPORARY FILFS
19 C
20 [MYR = 1
21 L2 = 12
22 LUl =
03 I .
24 C INITIALYZF AwRAYS
25 C _ .
24 AIMENSTON PR(NLPP,NDFP)Y,CONKN(NNP,2), IFLT(NEP,3),1RC(NDFP),
27 PPMAXINLEP,2),1NUT(100),NFLTPR(NEP) ,NODFPR(NNP) ,UINNFP),
24 IP(MDFEY ,FSTRM(NEP,TSP) ,PSTRNINFP, ISP),STRSINFP,13P),NQINPCP),
29 USTRBARINER, ISP), TPFLTSINFP,3),RLAMINFP) , A(MEP,TSP) ,RKI(NPCP,NPCP),
20 SCE(NFPY,APINNER ), DUNDFRY ,DESTRNONFP, ISP), TPPT(NTPY, RMINC (NLPP),
11 ONRSTRRINER, 1), P TRN(NER, TSP) ,pSTRSIHFP, [SP),STRNINFP, 1SP),
12 TERT(MER) ,004,4), VUl (MERPY,,B(NFP,ISP,6),NTAGINPCP) ,DTAR2(NPCP),
33 HATN(NER , A, TSP) , T TRT(NEP,A),BTDN(A) )
14 c
7Y T READN STRUCTURF DaATA
34 . r .
17 CALL DATA (NFE, NP, NDFP, TSP, NENP, NECP, NLPP,
A SPR,CANRD, IFLT, T80, PMAX, TAUT MELTPR,LONFPR,TIR])
39 [
a0 C CALCULATE AMND STORE ELASTTIC STIFFNFSS MATRIX (RTNDH) IN TEMPORARY FILE
a1 C
a? ' CALL ELTMAT (NEP,NMP,MDFP, TSP NECP , NPCP,NLPP,
43 PP, COURD, TELT, Tur,n,VOL,R8,8TN, TTRY)
Hau r
4% . INITIALTZF FCUHNTERS FNR FTRST LOAD TNCKFMENT: LINFAR FLASTIC ANALYSIS
[ C
a7y LP=1q
IR NOHT=1
49 NPRTS=0
51 MPezn
S [
c? CSNVYE KN DISPLACFMFINT TINCRFMENTS
5% C
na 3 Call SOLVEY (NDEP,NPCP,NLEP,PP,DU,NIAG,UR,RKTY)
55 C
S5 £ DSTFRMINE PLASTIC FLEMENTS
a7 c :
S5 PoCALEL STRSTIR (HLFP NMP,KNEC, TSP, PP, NOCP, NLPY,

) AL, FSTRM, PSTRM, 3100, $TES, STHLAK, PR, TELT, PMaAX, TulT,

o=V



100

I Nyl

IO

[ e B 1

[}

O OO

BNEL TPH,NOI)EPp,n, TPFLTS,RLAM,A,CF,DP,VOL 'R,RIND,RMINC,
$NU,NESTRM, NPSTRN,DSTRN,DSTRS, [PPT,PHI, TTR])

TECISTAP EN,-1) GU TN 2

TF(HPPETS . EQ.0) GO TO 3

EVALUATFE PLASTIC MATRICES (~RINN) -AND (NTDN+DP) -

DO 4 J=1,NPC
NIAGrIY =0,
N0 a4 I=1,NDF
N RRP(T,I)=0,
no oS IF=z1,NE
IF(IPELTIS(TE, 1Y .FQ,.0) 6O IN S
CatL PLASHM (MEP,TSP,IE,A,STGRAR,VNL,D, HTDN.ENTDN.HTD)
Wr-lPELIS(YE.E)
N s 121,
L:lTRl(lF,T)
A RKP(L,MNCI==BTDM(T)
NIAGENC)Y=ENTNN
5 rFOMTTINUE

APPLY BOUNDARY CUNDITIONS TN PLASTIC MATRIX (=-BTDN)

NO 7 (=i,nN0F
TFOIRCCIY.FO.1) GO TO 7
) 8 J=1,8PC

a BKP(T1,J)=0,

7 CONTIMUE

SOLVE, CHFCK XINEMATIC CONSTRAINTS NN ELASTYIC AND PLASTTC REGIONS
AND ITERATE IF NECESSARY -

CALL ITER (NEP,NNP,NDFP, TSP, NECP,NPCP, NLPP,
STELT,IRC,0,IPELTS,RLAM,A,PP,DU,STGRAR, VOL,R, ITRI,RMINC,
BOQ,ESTRN,U,P, IPPY,NSTRS, nSTRN nesSToN, DFSTRN,DP,cF PMaX.RK}.
$TOUT ,NFLTPR ,NOPEPR,PSI®N,STRN,STRS,PHI,DTAG,DIAG?)

APPLY NEXT LOAD INCREMENT
GO T0 1

2 STnp
END

-V



COLXEPTCS(1),.DATA

OP~NT T EWN -

10

A00

[ e R )

AANn AN

e Nelel

el

[n e Ral

SURROUTINE DATA (NFP,NNP,NDFP,ISP,NECP, NPCP,NLPP,
$pp'CnURD,IELT,TBC,PMA"]nUT,NELTPR.NnDEPR,I'RI)

COMMON JA,NN,NF , NPPTS,NNDFS,NOF ,NDFA,NRQWS,NRW,NPCS,NPC,NDFBNS,
21P, 30, TSTOP, TCHECK,E,£P,FPS, PN, S7FRN, SZFRNS, THIK,RMIN, IS,
INLT,NHRKF ,MAPKP ,FTA, T, NNFWP,NOUT, LIJ1,1.U2,L U3, FHAC ’

NIMENSTUM PR(NLPP,NDFPY,CONKN(NNP, D), JFLT(MEP, 3}, IAC(NDEP),
2PMAX(NILPP,?), [0UT (100}, 7L TRPR(MNEP) ,NORFPR (NNP), :
3TTRI(NFP,L6),PPP(2), TITLF(12),1THE(2)

‘RFAD AND PRINT HEADTHG

READ 101,TTILE
101 FORMAT(1244)
PRINT 201, TITLF
READ 101, TITLE
201 FORMAT(141i,1246,7)
100 FORMAT()

RFE AN TYPE OF ANALYSTS

READ 104,1,J

104 FOPHAT(24A6)
TF(J.EN.'STHFSS!') Taz==~i
TF{JENL,'STRAIN'Y) TA=Q
TF(JLER,*MFIRIC') TA=}
TE(TANEL0) RO TN 13
TF(J,EN,'STRAIN'YY GO TN 13
PRINT 223

223 FOMAT(IHO,3P('%x'),/," TYPF NF ANALYSIS INCORRECTLY SPECIFIED®,/,

$' ANALYSTS 1FRMINATED',/,39('x*))
s1np

REAN COUMSTANTS ¢ NUMRER NF NNDFS, NUMRER OF ELEMENTS,
ELASTIC MODUHLUS, PLASTIC MNRULUS, POISSON'S RATTO,
UNTAXTAL YEIFLD SIRFSS, RATIO UF VON MISES FORUIVALENT
STRFSS TU YTELD STRFSS FOR SIRESS PNINT TN AE TREATED
AS PLASTIC, PLATF THTCKNFSS IF PLANE STHFSS ANALYSIS

13 1F(IA,FJ.~1) READ 190,NN,NF,F,FP,RNI,S7ERY,ETA, THEK,FRAC
TFCIA, GT =~1) RFAD 100,NN,NF,F,FP,RNU,S7ERD,ETA,FRAC
TF(IALFY.0) THIk=1,
1S=4
TFOIALEQQe=~1) IS=3
FpPS=Fpagep
SZERNS=S7ERUASZERD

RFAD NODAL CUORDINATES
READ 100, ((COORD(I,JI),J=1,2),1=1,NN)
REAN FLEMFNT TNCIDENCFS

PEAD 100, ((IFLT(T,.0),Jd=1,3),1=1,NE)

DETERMINE CONSTANTS FNR SNLUTTON POUTINE AND HALF BANN=WINTH OF ELASTTC MATRIX

NjfuW =0
DY 172 1=1,NE
T =anSOIFLT Y, D) =1FLT(T,2))

I

en-v



110
11
112
113
114
115
116
17
114
119

c
C
C

S o

J2=ARSCIFLT(I, 1)=1FLT(1,3))
JI=ARSCIELT(T,P)=IFLT(I,3))
“AXTMAXO(J1,J2,03)
12 IF(NRW LT MAX) NRWIMAX
NEW=fnBW+1) a2
NDF NN
MDFS=NDF~1
MDFA=NDF +1
MHWS=NRW=~1{
HOFHWSZNDF aNANKS
MURKF =HF aMAW

PRIMT HFADINGS AND VALUES OF CONSTANTS

PRINT 2192 ’

21?2 FORMAT(//,' NUMERICAL ANALYSTIS USING TRIANGULAR CONSTANT STRAIN FI
INITE ELEMENTS',//," PLANE STRESS, PLANF STRAIN OR AXTSYMMETRIC PRU
FORAMY, /) .

TEOIA FQ,.=1) PRINT 215

215 FORMAT(1HO,'PLANF STRESS AMALYSIS',/)
TF(IAFQR,0) PRINT 222

22?2 FURMAY(1HO, "PLANF STRATN ANALYSIS®,/)
TEOIA FQ,1) PRINT 203

203 FURMAT(IHO, 'AXT.SYMMETRIC AMALYSIS',//,' VARYING CIRCUMFERENTIAL ST

SRATNS AND SIRESSFS AVERAGED AT CFNTKRNIN OF ELEMENT SFCTION',/)
PRINT 211 )
21t FURMAT(IHO, tVON MISES YIFLD CaNDTITTIQN',/).
TE(EP ME. 0,.0) PRINT 210
P14- FURMATOIHO, 'KINEMATIC HARPFNING', /)
TF(EPF,0,0) PRTNT 221,FRAC

221 FORMATOIHG, *FLASTIC, PERFECTLY PLASTTC : ANALYSTS TFRMINATEb WHEN.

2 LOAD TNCHFMENT MAGNTTHDE DECKRFASES TOQ',F6.3,' 9F TNTAL LOADY, /)
PRINT 247,FTA
PA4T FOuMAY(IHO, *FLFMFNTS wiITH VON MISES FQUIVALENT STRESS WITHIN',
$F6.35," OF YIELD STRFSS TREATED AS PLASTIC ELEMENTS',/)
PRTNT 220, VI{LE
220 FORMAY (1H0,124A,7)
ToMLPP=
PRTNT 213,NNP,NEP,NDFP,NFCP,NPCP, 1 )

213 FORMATCLHO, *STNRAGE AVAILARLE  :',19X,*MAXIMUM NDMRER OF NODFS 2!
$,1567,P70%, "2 ,16%, *MAXTMUM NIMBER OF ELEMENTS -3',15,/,20X,
$':',6X,'MAXIMUM NUMBER OF DEGREES OF FREEDOM L 15,/7,20X,

T$%: MAXTMIM HALF BAND=wTDTH OF FLASTIC MATRTX g Ib /,20X,%2,BX,
HUMAXTHUM HUMAER OF PLASTITC foMle% ey 15,/,20X%, s MAXTMIM NUMAER
SPF PROPORTTOMAL LUAD PATHS 1',75,/) ’

PRTNT 202 ,NM, F NOF , NHW

202 FOHMAT(!“O,'SIGRAGE REAUTRFD 2',27X, "NUMBRER OF NNDES 3¢,1%,
8/,720X,%:",24X, "NUMRER Of FLEMENTS $',15,/,20X,%:", 14X,
3*'NUMRER NF DFGREES OF FRFENOM :*,15,/,20%,':',9X,
3'HALF BAND=WIDTH UOF FLASTIC MATRIX 2',15,7)

PRINT 217,F,FP,RNU,S7ERN
217 FHZMAT([HO,'NATFQIrL CNNSTANT

S t FLASTIC M4NDULUS =0 ,E11.6,
F/7,20%, s PUASTIC MODULYUS  =*,E11.6,/,20%,'s POISSOMNS RATTU =*,
$F11.6,7,20%, ' YTELD STRFSS =V, E11.6,7)
TEOIA F_«1) PRINT 216, THIK
216 FORMAT(IHO, "PLATF THICKNFSS 2,11 .6,7)

CHECK AVATLABLUE STNHRAGE

TR (NOF JLF NOFPY G 70 S

En=v



120
171
122
1235
124
175
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
112
144
tay
11S
146
147
148
149
159
151
152
153
154
185
1Se6
157
158
159
140
161
1n2
163
1464
165
166
167
168
149
170
171

172

173
174
175
176
177
178

179

f e B ]

aEeNel

O

PRINT 231
231 FORMATC(IHO,60('4%),/,1H ,*AVAILARLFE STORAGF
$WS IM ELASTIC MATRIX',/,61('%%))
STnp
S2 TF(NBALF _NECP) GO TO 53
PRI&NT 232
P32 FORMAT(LHO,63( %), /,14 ,*AVAILARLF STNRAGE
$1LUMNS TN ELASTIC MATRIX':/.b“('*')) :
S1ap
S3 TFINN.LF. NMP) 50 TN Syg-
PRTINT 233
233 FURMAT(1IHO,40(" " %x*),/,1H , " AVATLABLF STORAGF
SNOFES?, 7, A5¢ %))
stap )
S4 TF(NE,LE.NFP) GO TN SS
PRINT 234
234 FURMATIIHO,47("4"),/,1H , ' AVATLARLF STNRAGF
SLEMENTS !, /7, 4R ("))
STApP
S5 IFCIS.LELISP)Y GO Tn 10
PRINT 245
246 FOIMAT(1HO, bﬁ('*‘)./,ln ¢ "AVATLARLE STNKRAGF
$NWS TN DFFORMATION MATRIX®,/,6h('%x"))
STnp

PRINT NODAL CNORNDINATES

10 TROTA_LT.1) PRINT 204
204 FORMAT(1HO, 'COORDINATES NF NODFS',//,' NODF!
$3(10%, "RODE?, 6%, "X, 11X,°'Y")) '
TFCIAFL,1) PRINT 2pn
224 FURMAT(1IHO,'CONRNINATES NF Nans',//, NNDE*
FRO10X, "RODE? LAY, "R, 11X,'7'))
PRINT 205, ¢(T,(CNORDCL,)),.0=1,2)),T=1t,MN)
205 FORMAT(SH00(IH ,I%,2E612,5,306%X,13,2E12,.5),7))

PRINT ELEMENT IMCTOFNCES

PRINT 206

EXCEEDED

FEXCEFOFD

EXCEENED

EXCEFDED @

EXCEEDFD

r6X, X, 11X,

16X, 'R, 11X,

Too

Ton

TO0

T00

Ton

'Y'

IZI

’

206 FORMAT(//,* FLFEMENT', 7Y, 'NODFS®,3 (14X, 'ELEMENT Y, 7X, *NODES"),

B/o10X, /7 130 =Y,/ 3 (1A%, /7 ,13( =), /")
PRINT 207, ((T,(IFLT(1,J),J=1,3)),1=1,NE)
207 FORMAT(S00CIH ,10,1X,3T6,3¢C10Xs18,1%,316),7)
READ AND PRTINT ROUNDARY (COANDITINNS

TFCIALLT.1) PRINT 208

/)

)

208 FOSMAT(//,* ROUNDARY CONDITIONS ¢ 0 = CONSTRAINED®,

$/,74x%,'1 =~ UNCONSTRATNED',/,' NODE',3xX,'X,
TFCIALFQ.1) PRINT 225

Y*,7)

225 FORMAT(//,° ROUuDARY CONDITIONS ¢ 0 = . CONSTRAINFD®,

$/,24%,'1 =« UNCONSTRATNFD',/,' NODE',3X,'R
N 1 I=1,80F
THO(T)=1
7 RERD 100,1
TF(1,ER.=-1) GO TN ?
READCO, 100 TIRC(Y1),TIACED)
READ 100,1
¥z
T K=K4¢1

-

22, 7)

FEW RO

FEW CO

MANY N

MANY £

MANY R

oy



180
1A1

182
183
1R4
1R85
tR6
1A7
1R8
189
190
191

192
193
194
195
196
197
198
199
2no
201

202
203
204
2ns
2Nk
207
2na
2n9
210
211

212
213
214
21s
21h6
217
2148
219
220
221
2re
2?73
224
275
226
e27
2”8
2729
239
EAS]

e%e
213
23%a
23S
2%
217
21A
FAS

=SSO0

e N ]

READ(0,100) (INUT(J),J=1,K)
IF(INUT(XK) NF.=1) GO TN 3
KzKei
nO 4 [=1,K :
- PRINT 209,10UT(1), (1TBC(.)),J=1.2)
209 FURMATIIH ,13,4x,I1,',',T1)
TI=(TGUTCf)w=1)22
nO 4 J=1,2
N TaC(II+J)=TIRCC(J)
Gi) TN 7

READ AND PRINT LOADTING PROGRAMME

2 PRINT 210 .
210 FORMAT(//,' LLOADING PRNGRAMMF ')
Q READ 1N0,]
TK=]K+1
TFOIX.LE.NLPP) GO TO 14
PRTHT 248
248 FUORMAT(IHO,49('*'),/,1H ,'AVATLARLE STORAGE EXCEEDFD : TOO MANY L
$NAD PATHS!,/,50('%%)) .
S1NK
14 TF(H.,LF.=1Y RO ID S
- READLO,100) TJ,1,J,PMAX(TJ,2)
TRCEA LT 1 AND,J L EN 1) JP=tX?
TECTALT 1 AND T, £0.2) JP="Y’
TEOTALFQ 1, AND, J FR, 1) JP='R?
TEOLALFO 1, AMD ) EN.2) P12
ARINT 218,7J,1.0,7,.0P,PMAX(T],2)
P1AR FORMAT(//,* LOADINGY, T4, ¢+ END LOADING*,T3,
CB' OWHEN TOTAL COAD AT NOPET,TH, %  IN %,A1,° ~DIRECTTON (S 'E11.6)
L=l(1=1)%24+)
Omax([.J,1)=F1 DATCL)
19 READ 100,1
TF(l.tA,=1) G} In 21
READ(D,100) Nt,N2
RESD 100,PPP(1),PPP(2)
Ny 11 T=MNy, NP
11t PRIaT 219,1,PPP(1),PPP(2)
219 FORMATC1SX,13,1X,2(2%X,E11,.6))
JJz24(N1=1) '
TI=NDP=Nys
no 16 1=1,7]1
NG 16 J=1,?2
RRENRES
16 PPOTI,JI)=PP(1I,JJ)+PPP(])
. fy 10 19

APPLY BOUNDARY CONDITTIONS TO LOAD VECTOR

21 PO & I=1,NDF
A TFCIRCO[YLEQ.0) PP(I], Ty=0,

PRINMT RFLATTVE MAGNTTUDFS OF COMPONFNTS UF LUAD VFCTOR

TFCIN.FR,1) RO TN o
PRINT 237,71J
P37 FURMATC/, 10X," s FOMPONENTS OF PRNPORTIONAL LOAD VECTOR',13,
B/,10X, (-, /)
PRINT P38, (PPLTI, 1), T=1,N0F)

o=y



_ 2490
241
242
243
204
fa4s
2Ub6
217
248
219
250
251
252
253
254
255
256
257
258
259
2h0
261
2h2
263
260
2565
2hb
2h7
268
269
270
271
272
273
274
275
276
217
278
279
280
281
2A2
2433
2R84
2RG
286
2R7
2R8
2R9
299
271
202
293
204
295
2%
297

C
€

C

23A

g

FORMAT(1H ,200(12€10.4,/,14 V)
60 10 o
PHAX (1K, 1)==1

READ AND PRINT NUTPUT REQUESTFD

?39

103

28
29
240

23

33

2s
241

2b

3

27
243

24l
30

32

245

PRINT D10 : .
FORMAT(/,1HO, *RENUFSTEN NUTPUT OF RESULTS :=',7,30(*="),/)
READ 105,JP

FORMAT(AD)

TF(JP.NEL'ALY) GO TO 23

N0 2R TE=1,NF

NELTPR(IF) =)

NO 29 T=1,NN

NUDEPR(TI) =1

ORTINT 240 :

FORMAT(' PRINT RESULTS FOR ALL ELEMENTS AND ALL NUDES', /)
Ga TN 30

READ 100,1

TFCILEN.=1)Y GO TO 26

K=n

Kz=Kqt

READ(O,100) (INUTCY)pJd=1,K)
TECINUT(K) NF.=1) GO TO 33
LEL TS

Ny 25 t=1,K

REANILASS ]

NELIPRCOJ) =Y

PRINT 241 .
FORMAT(IH L, 'PRINT RESULTS FOR FLFMENTS 3=°)
PRYNT 240, (10UT(J),J=1,K)

READ 100,1

TF(E.EQ.=1) GO TN 30

K=0

K=K41

READ(0,100) C(INUT(T),J=1,K)
TEOTT(K) NF =LY 60 TN 3y

KzKm}

ro 27 T=1,K

REREVIIASE D]

NODEPR(J) =1

PRINT 243 )

FOR#AT (140, 'PRINT RESULTS FOR MONES :=')
PRINT 244, (10UT(J),J=1,K) .
FrdmAT(IH ,33)14)

READ 100,1

K=y .

KzX 41 .

READ(0,100) (INUT(I),J=1,K)

TECINUT(K) NF.=2) GO TO 32

PRINT 249

.FUDMAI(IHO,'WESULTS PRINTER AT END OF FACH PROPORTIONAL LGAD PATH

2AND AFTER LUAD INCREMUNTS :a')
Kz =

TEOIOUT(K) ,EN,=1) K=K=t

PRINT 244, (10UT(1),J=1,kK)
RETURN

Enn

9=



COLSEPTCS(1) ELTMAT

LT NV & N~

SO

DN ()

SO0

fr e

FOR EXTFNNED STNRKAGF GIVE EXPLICIT SIZE QF ELASTIC AND PLASTIC ARRAYS

IF

IF

18

Ev

17

FOx PLANE STRFSS, PLANE STRAIN OR AXISYMMETIRIC ANALYSTS =

COMPTILER (XM=3)
SURROUTINE €1.TMAT (NFP,NNP,NDFP,TSP,NECP,NPCP, NLPP.
¥PP,COORD, IFLT, THC,D, VOL,B,RIN, TTR])

COMMON ZEXT/ PKE(194,2¢) , REKP(194,0a0)

COMMON 1A&,NN,NF,MPPTS,NDFS, NDF,NDF A, NBWS,NRB#, NPCS, NPC, NDFBRS,
21.P, 1L, ISTUP, ICHECK,E,EP,FPS,RNU, SZFRN, SZERNS, THIK,RMTN, IS,
IMNLT ,NwRKF, NNPKD FTA, TU,NNEWP,NOUT,LUT ,LL2,LUS,FRAC

NIMENSTON PPlePP NpFPRY, rOﬂRn(NNP.?)'lFLT(kEP 3), IRCINDFP),
an(a,a), vOL(NFP) ,A(NEP, TSP, 5) ,RTDINFP,6,15P), TTRI(KFP,6),
IAT(2Y,AJ(2),0L¢2),RTNN(4,6)

DOURLE PRECISINN FACT

YFCIA.GT.=-1) N TO 1A

PLANF STRESS ANALYSIS, EVALUATE FLFMENT FLASTICITY MATRIX (P*)

NUMz=E /(| . =RnHIARNLY)

LIS PR B EDIT
D(1,2)=RNU*DI
N(P.2)=Dth
N2,1)=0(01,2)
ND(3,3)=(1,=RNUY) /7 . »DHIM
R) 1N 17

PLANE STRATN UR AXTSYMMETRIC ANALYSIS, EVALUATE ELASTICITY MATRIX

PUM=F* (1 ,=RNU) Z (1. 4RNUD) /01 =2 *KRNY)
P(Y,1)=DiM

DL, 2)sRNUZ T =RNU)Y «NUM
P{1,8)=0(1,2)
N(?2,1)=0€(1,2)
N(2,2)=hHiM
nNg2,0x=nrt,2)

N, )=E/72,./7(01 . 4RNY)
Ne8,1)=001,2)
n{L,2)=n(1,2)

DU, n)=puM

ALUATF FLEMFNT DEFORMATTON MATRICES (B')

AR RARARKAANRR R KRR RARRARRAANATARANA N AR AR ARRRN

Ny 2 If=1,NE

TaTELT(IF,1)

J=TELTOIF,?)

L=T1ELTC(IF,3)

po 1 Ji=t,?

AI(JJ)=CNORDIT, )

AJOID)I=CNBRD (I, J))

A (JI)=CNnRDIL, )
VOLCTE)=ARS(AJIIIXAL(2)=AL M1 2AJ (2 VAT (1) AL C2)
PHAL L) #AT(2)+AT (1) 2AJ(2)=AJ(V)2AT(2))
NUMS L, /ZVAL(]F)

B(TE, 1, 1)=2d(2)Y=AL(2)

n*)

L=y



105
106
1n7
108
109
110
111
112
13
114
1Y
116
117
115
11y

e Ye Xa N

RITE,1,3)=AL(2)=A1(2)
B(TE,1,S)Y=AI(2)=AJ(2)
B(TE,2,2)=AL(1)1=8J(1)
R(TE,2,4)=8](1)=4AL(])
R(TE;2,6)=8J(1)~A1(1)
B(TE,3,1)=R(T1E,2,2)
R(TE,3,2)=R(TE,1,1) -
ROTE,3,3)=R(TE,2,4)
q(‘Tl‘.ISr“):Q,('Eylr:S)
RITE,3,5)=0(TE,2,6)
R(TE,$,6)=R(TE,1,5)
THOTALFUL1) RO 10 1}
N0 3 1=1,3
PO 3 d=1,6

X A(TE,1,JY=R(TE,1,J)*NUM
VOL(TE)=VOL(TE) /2, #THIK
Gt TN 12

IF AXTSYHMMETKTC AMALYSIS, EVALUATF FOURTH ROW OF FLEMENT
DFFOKMATIDON MATRIX, AND EVALUATE ELFMFNT VOLUME

11 RE=CATCIY+AJO1)Y+ALCLY) /3,
IH=(ALE2)+AJ(2Y4AL(2Y) /3,
PCTE, N, 1)=CAT (1) 2AL(2)~AL (1) *AJ(2)+R(IF,2,?)*2R)/RR+A(IE,1,1)
RETE,4,3)=(AL (1)2AT(2)=AT(1)2AL(P)+B(1F,2,8)*ZR)/RAR+B(IE,1,3)

A(TE,4,5)= (ATCII*AT(2)~AT(1)*AT(2)+R(1F, 20 6)*ZR) /RALR(TES1,5)
nNO 15 T=1,4 _

P 1S J=1,4
1S O(TE,I,J)=R(TE, I,J)aDUN
VOL(TE)=VOL(TEYaRB*3, 1415927

EVALUATE ELFMENT STTFFNFSS

iaNe Eu)

12 N0 4 I=1,6
ny o4 J=1,18
PO 4 L=1,18
N BINCIE, 1, J)=RIN(TE,1,JY+R(TE,L, 13xD(L,J)
PO S I=1,0
PO S J=I,6
RIDK(L,d)=0,
p]¢] 5 L= 1']§
S RINECE,J)=RIDB(I, J)oRTD(TE 1,L)aR(YE, L))
Ny & I=1,s
PG & J=1,6
'RlDH(I;J) RINBC(I, J)*VOL(IF)
6 RIS, 1I=RTNH(T,d)

[ B N ]

ADD INTO SYSTEM ELASTIC MATRIX (RINA)

K=t

ng 7 I=1,3

LaCIFLT(TE,1)=1)22

ny 7 J=1,2 -

TTRICEF,K)=L+J
T wzk4

Ny 1A 121,A

NR=ITRT(TE, ]
L NRSzNi -]

NIy 14 I=1,A

NMC=1ToT(TE, )

ghv



170 TFINC,LT.NR) GD TO 16

171 MC=NC=NRS ’

122 RKE (MR,NC)=RKEC(NR,NCI+RTINH(],J)

173 16 COMNTTINUE

174 2 LOMTTINUE

129 c

1726 € APPLY HOUMDARY CONDTTIONS 70 SYSTEM,ELASTIC MATRIX (RTnn)
127 C . .

128 PO 8 1=1,NNF

t?g . THCISCCIY.FQ.1)Y GO TO 8

130 DO 9 J=2,NM

131 9 RKE(T,.1)=0,

132 PRE(T,1)=1,

133 . TE(L.60,1) GO TO 8

134 TI=I~1

139 TK=2

136 Jd=T=nRn41

137 TEOJI,LT.1) JJ=t

138 DO 10 TJ=IT,0d, =1

139 . RKF(TJ,1X)=0,

14y ' 10 Th=[K41

141 ' R FONTTNUE

142 C ’

143 £ STORE BAND OF SYSTEM ELASTJC MATRIX (BTpR) IN TEMPORARY FILF
144 r :

145 : Cal.lL NTRANCLUL,1,NWRKE,RKE,L,2?)

1us © TFIL.EGJNWRKF) 60 TO 27

147 PRINT R20,L

108 A20 FORMAT(' ERROR ON WRITING SYSTEM ELASTIC MATRIX (gTpR)*,
149 3' ¢ ERROR CODF TS+,14) '

IS0 . SInp

151 c ) '
152 C DFCOMPUSE ELASTIC SYSTEM MATRTIX (sTDR) INTO PRODUCT (UTaU)
153 - C . '
154 27 PO 21 1K=1,NNFS

159 JH=IR¢+1

156 TBR=TR+NRNS .

187 . i TIFC(IRB,GT NDF) IRH=NDF

158 NCOLL=NHHS

159 1c=2

tho D 24 T1=T4,I1IRA

161 ©oTeesTC .

162 TFERKE (IR, TC).FQ,0,) GO TO 25

163 FACT=RKE(IR,TCI/RKE (IR, 1)

164 : TFCIR,GT . NDFRWS) NCOLL=NDFA=T

145 - B 26 Jd=1,NCOLL

160 . PRE(T, J)=RKECL, J)=FACT#RXE (JR, ICC) !

167 ) 26 TCA=TCCH

168 25 NCOLL=NCOLYL =1

149 24 1C=IC+1

170 : ) FACT=DSURT(RKE(IR,1))

171 RKF (IR, 1) =FACT

172 v FACT=1,/FACT

173 TOMEOLL =MW

174 COTECIR, BT.MDFHNS) NCOLL=NDFA=TR

175 N 21 I=2, NCOLL

176 21 PKF(TR,JI=RKF(TR,JYaFACT

177 . BKE(MOF ,1)2SORT(RKF (NOF, 1))

178 r

179 C  STURE wAND OF "DFCOMPUSED SYSTFM FLASTIC MATRIX () TN TEMPURARY FTLF

Kl



170
181

" 1R2

1R3
1R4
185
186
1R7
1Ry

CALL NTRANCLUZ,1,NWRKESRKE,L,22)
TF(L,EN_NWRKF) GN .TO 13
PRINT A21,1.
A21 FORMAT(' ERROR ON WRITING DECOMPOSED SYSTEM ELASTIC MATRIX
$' = ERRNR COLF 1S',14)
STnp
13 RETURN
Fnh

wye,

06~V



COLxEPTCS(1),SOLVEN

p-—

SO0 N o, an

e Ealel

C
C

o

COMPILFR (XM=3) .
SURKOUTINE SDLVEY (NDFP,MPCP,NLPP,PP,DU,DIAG,0B0,RK3)

FOR EXTENNED STORAGE GIVE EXPLICIT SIZE OF FLASTIC AND PLASTIC ARRAYS
COMMUN /EXT/ RKF(194,24) , RKP(194,40)

COMMON A, NN,NF,NPPTS,NDFS,NDF,NDF A, NBWS, NBW,NPCS,NPC,NDFBWS,
ZLP,XL,TSTUP,lCHECK,E,EP.EPS,VN“,SZERD,SZEROS,IHIK,RMIN,ISf
3NLY.NNQKF,VWRKP,ETA,Tﬁ.NNpNP,NOUY,LUl,LU?,LUX,FRAC

NIMENSTUN DIAGINPCP),PP(Ny PP,NDFP), DU(NDFP) ,RKI(NPCP,NPCP),
s cecr) .

S DOMLE PRECTISION FACT

APPLY LOAD VECTONR

PO 1 I=1,HNDF
1 DUCL)=PRPILP,T)

PERFORM FORWARD= AND RACK=SURSTITUTYIQONS ON (UTwU) DECOMPOSED
ELASTIC SYSTEM MATRIX ) ’

CALL FORSUR(DY)
rall BAKSUR(DL)
TE(NPCLER,D) 60 TO 2

CALCULATE PLASTIC S$''3MATRICES CF PARTITIONED UNCOUPLED SYSTEM MATRIX

DO 3 I=1,nPC
ST B TN
N0 3 J=1,N0F
3 GO =NNL)I=RKP (T, TYADU(T)
. DD & I=1,NPC
4 CALL FORSUR(RKP(1,1))
PO S I=1,wPC
no %5 J=t,NPC
CRK3(1, ) =0,
TEOILE0LT) RK3(1,J)=PIAG(T) .
nO 5 K={,NDF
S RKI(T,J)=RK3(1,J)=RKP(K,T)*RKE(K,J)

SOLVE FOK MMLTIPLTERS USING GAUSS KFDUCTION AND BACK=SURSTITUTINN

TEF(RPC,EG.1) 60 TO 6
MPCS=NPC=1
PO 7 [Rx1,NPCS
TH=[R+1
NG 7 1=1R,NpPC
TF(RK3 (IR, T) ,k0.0,.) GO 0 7
FACT=RK3I (IR, T)/RK3 (IR, TR)
Py 8 J=1,NPC

B RKI(T,J)=¥$(],J)=~FACTHRKI(IR, )
DL CIYE0G(I)=FACTAUN(TR)

7 COMETNUE
N 9 1RsMPF,2, -1
TF(RACTIRY,FR,0,.) GO TU 9
NUCTRI=ZUN(TRY/RKI(TR, IR)
T=]R=~1
DU 1N Tz1H,1,=1

16—V



115
116
117
118
119

In e e

SOON

s No Rel

C
C

c-

10 ON(1)=R0(1)=RK3(T, TR)*NQCIR)
a9 CONTINUE
6 NG(1)=NQRC1)/RKI(1,1)

READ PLASTIC MATRIX (=RTDN) FRON TEMPDRARY FILE
CALL NTRANCLYZ, 10,2, NWRKP, RKP, L ?22)

TFIL.ENNWRKP)Y g0 TO 11
PRINT RY40,1L

B4 FORMAT(' ERROR OM READTNG SYSTFM PLASTTIC MATRIX (=RBTDN)?,

$' ¢ ERROR CODE 1$°',14)
STOP '

CALCULATE HHS VECTOR OF PARTITIONFD UNCOUPLFD SYSTEM MATRTX
11 DO 12 T=1,NDF

NUCII=PPCLP,T)

NG 12 Tz, NP
12 PUCDI=PUCD) =RRP(T,J) %30 ()

SOLVE FOK DTSPLACFMENTS USING FORWARD= AND BACK= bUBSlIIHITON
ON (UTxI) DECN4PHSED FLASTIC SYSTEFM MATRIX

CAlLL FORSUR(NY)
CALL BAKSUR(Di)
? RETURN

SUSRUNTINE FUR FURWARD=SURSTITUTION ON (UTal) DFCOMPOSED FLASTIC SYSTEM MATRIX

SURKOUTINE FORSUR (RHS)
NIMEMSTUN RHS(MGFP)
NI} 1 IRzt ,NDFS .
TF(RHSCIP) (£0,0,) GO 10
RHS(TH)SRHS(TRI/RKF (TR, 1)
To=[2+1
THR=ZTR ¢NRKS
TECIRGS 6T NDF) [RB=NDF
J=?
N2 I=(A,18R
QHS(T)=KHS (1)~ RKF(TR JYARHS (TR)
FERES P
CUNTINUE
RHS (MHF ) =RHS CNDF ) /RKE (NDF , 1)
RETURMN

—

S“HQUUTTNF FUR RACK-SUBSTTITUTITON ON (UT*U) DECOMPOSED ELASTTC SYSTEM MATRIX

SURROUTINE BAKSUR (RHS)
NIMEMNSTUN RHS(MpFP)
NO 1 [R=NDF,?,~}
TFIRHS(1R) ,EN,0,) GO TN 1
RHS(TRY= RH%(IR)/RKF(TR 1)
Tad=[R=
ThRzTH=1AWS
TFOIRB LT, 1) IRu=t
=2
Ny 2 1z=1R, THR, =)
FHS(T)SHHS([)=RKF (T, J)«RHS(IR)
2 I=T41
t COMTINIE

as—‘v
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COL*EPTCS(1),SOLVE?

c
r

o

e Ne Nyl

ooHo

A mdMan

oYM O

InEe]

COMPTLER (XMz3)
SUSRNUTINE SOLVE2 (NDFP,NPCP,NLPP,PP,DU,DIAG,GN,RK3)

FOR EXTENDED STORAGE GIVE EXPLICIT SIZE OF ELASTIC AND PLASTIC ARRAYS
COMMUN ZEXT/ RKF(194,24) , RKP(194,80) '

COMMON 1A, MN,NF,NPPTS,NDFS,NDF o NDFA, MHHS , NRW, NPLS,NPC, NDFBNS,
2LP, IL, ISTUP, TCHECK,E,EP,FPS,RNU, SZERD,SZEROS, THIX ,RMIN, IS,
5”'—11"""RKF-NNQKP'FTA§ ,U'NNFNP'NnUT'LU1 LLUP,LU3, FRAC

© DIMEMSION DY{AGINPCP), PP (NLPF,NDFP),DU(NDFP) ,RKI(NPCP,NPCP),
BNG(HPCP)Y”
DOUKLE PRECISION FACT

AUGMENT WITH LOAD VFCTOR
N0 18 T=1,NDF
18 NUCDI=PP(LP,T)

STORE DTAGOMAL PLASTIC MATRTX (NTDN+DP)

ng 12 T=1,NPC
nRc1Y=0,
NG 1?2 J=T1,NPC
12 RK3(T,J)=0,
DO 22 T=1,NPC
22 RXI(T,1)=DTAG(IL)

GAUSS KREDNCF TO UPPFR TRIANGULAR MATRIX
KAKIA T ARARRRARAA RN RN N ARRAARARANAARANAN

FIRST N wOnS

DG 1 IR=1,MpF
TEOIR.FQ.NDFY GO 1D 19

ELASTIC MATRIX (RTNDR)

1B3=1R+1
THR=TR+NANS
TF(IRR, GY NDF) IRHB=NDF
NCOLE sNHWS
(=2
Ny 8 1=IR, 18R
1CC=1C
TF(RKE(IR,TC).FR.0.) GN TO 24
FACT=RKECIR, TC) /RKE(TR, 1)
TFOIRL.GT.NDFAWS) NCOLL=NDFAT
DU 9 J=1,NCOLL
RRF(I,J)=RKE(1,J)=FACT*RKECIR,ICC)
9 ICh=TCC+1
ATV WORNN 3 Y 1Y
16 PRP(T,J)=RKP(]1,J)=FACT*RKP(IR,.])
NYCDI=PUCI)I=FACT*DI(TH)
2 HCDLL =NCOLL -1
R TC=Irs1
10 TF(RPC.ER, D) D T

PLARTTC MATPIX  (=HTDM)

RG=y



A-56

UNd

NuNL Ja
(1Y) a7 Inaz=(s1ing pi
L+#1I=1] o1

¢t
2c1
et
Gel



COLAEPTCS(1),STRSTR

3 COMPILER (XM=3)
2 SURRNUTINE STRSTR (NEP,NNP, NnFP ISP, NECP,NPCP,NLPP,
3 $P LU, FSTRN,PSTRN,STRN,STRS,SIGEAR, PP, TELT,PMAYX, TUIIT,
4 SNELTPR,NOUFPR, N, IPELTS,RLAM,A,CF,DP,VOL,R,RTN,RMINC,
S snu,UFSYkN nP*lRu DSTRN, DS]ﬁS.IDPT PRI, IVRI)
) C
7 c an tX)ENDEh STNRAGE GIVE EXPLICITY SIZ¢ OF FLASTIC AND PLASTIC ARRAYS
8 [
) COMMON /EXT/ RKF(194,24) , ReP(194,00)
10 (o}
1 COMMNN 1A, NN, NF,MPPTS,NDFS,NNF,NNFA, NBWS, NAW, NPCS, MPC,NDFEWS,
12 ZLP.II.ISTUP TCHFPK.E,EP FpPS,Rntl, Q(Fpn SZFROS, THIK,RMIN, IS,
13 3MLT, NaRKF ,NWRKP,FTA, TH, NNESP,NOUT, LU, LU, U3, FRAC
14 NIMEMSTOM P(NDFP),II(NDFPY, EbTRM(MtP vsP),PSTRN(NFP 1SP),
15 2STRNUFP, 15P), RTnstFP.I%p) SIGBAR(NFP, ISP),PP(NLPP,NDFP)Y,
16 STELTANFY, 8) ,PMAXTINLPP,2), T0UT(100) ,NFLTPR(NEP) ,NODFPR (NNP) ,
17 A0C4,4), IPELIS(NEP,3) ,RLAM(NEP) ,ACNFP, ISP),CFENER)Y , DP(NDFP),
18 5vn|(NfP).B(NFP,1%P,6) RIND(NEP,A,TSP), DU (NDFP), nr%rwaNFP.ISP).
19 GNPSIRNINEP, [SPY, NSTRN(NEP, qu),pﬁ1P5(NFP,1SP) IPPY(NEPY,
29 THEAP (SN}, TTRT(HER, &) s KMINC (11 PP) . DFL ()
1 DUMHLE PRECLISINN DM
22 RmInN=t E30)
25 [
2d C FOR EACH ELFMFNT :a
25 C XAXAARRRAAAKRFRRAAAARK
26 c
27 NU.3 IF=Y,ME
2H I »
29 €  CALCULATE RFLATTVF NAGNTTUPFS OF TOTAL qTPAIN INCREMENT
30 [
11 ' ne ot 1 te 6
30 JIRICIF,T)
33 1 DEL(T)=pU(T)
34 My 2 1=1,18
15 PSTRN(TE, I)=0,
LU Ny 2 J=t,6 i ’
17 2 DSTRM(TE, T)=NSTRN(TE, 1)+R(TEL1,J)ADEL ()
18 TFCIPELTS(TE, 1Y ,EG,1) GO TO § .
19 C .
a9 € FNR ELASITC ELEMENTS CALCULATFE RELATIVE MAGNITUDES OF ELASTIC STRAIN
i C AND STKFSS INCRFMENT VECTORS, AND SCALAR MULTTPLIER TN CAUSF STRESS
a2 C POIMT IO REACH YIELD SURFACF, FROM ALL FLASTIC ELFMENTS DFIERMINE
.03 C  SMALLFST SCALAR MULY[OLTER
a4 [ :
as 0 4 1=4,1S
LTS NPSTRN(IE, T)=0,
a7 NESTRN(IF,T)=DSTRN(IFE, 1)
na NSTRS(T1E,1)=n,
a9 Ny 4 J=1,1S
S0 ) . @ DSTIRSCIE, 1V=DSTRS(IE, 1) N (T, J)»DSTRNCIF,J) N
St TFaCT=1
52 Catt ROEOT(PUM,PSTRS(TE,1),NSTRS(TE,2),NSTRS(TIE,3),DSTRS(IE,4),
53 $SIGRARCLF, 1), STGRARCTE,2),SIGRARCIE, 3),STGRAR(IE,4))
S4 Ni=pIIM
55 TE(RMIN,GT DN) HMIN=N]
56 o TH 3%
s7 (o
55 € FMd PLASTTIC tLLMENT< CAYCUVILATF PELATIVE MAthTUntq OF ELASTTC STRAIN,

59 C PLASTTC STHAIN, AMD STRFSS IACKFEFNT VECTORS

Lo~y



116

118
119

SO0 0

[z ExEnNzKe]

[nEsNeNeNal

zEuEuks]

S DO 6 I=1,1S
DPSTRN(IF,T)=RLAM(IEYAA(TE, 1)
6 NESTRAN(IF,1)=DSTRNC(IE, T)-DPSTRH(IL.I)
NG 7 I=1,18
NSTRS(TE,1)=0,
DY 7 J=1,18
7 NSTRS(TE,L)=DSTRS(TE, 1Y+N(T, J)knFSTHN(It J)
3 CUNTTNUE

CHECK IF PROPOSED MAGNITUDE OF TOTAL LOAD IN CURRENT LOAD DIRECTION
COMPLIES WITH LOADING PRUGSRAMME

TR:[FIX(OMAX(LP,l))
DUMSPMAX(LP,2)=P(TR))/PP(LP, ]R)
TECRMIN LT pHM) GO 1D 18
RMTHN=DIM
TCHECK=]

18 RATHEC(LP)Y= RMINF(LP)QRH!N

MULTIPLY ALL THNCKFMENT QUANTITIES Y SwALLEST MULTIPLIER, AMD DfTFRMINE
CHUKRENT TOTALS OF LNAD, DISPLACEMERNT, ELAS(IVL STRAIN, PLASIIC STRAIN
AND STRFSS

PO 17 T=1,NMDF
PUCTI=PUCT) ARMTIN
HAPHIISSELTVIGH]
DPIL)=PHMINXPP(LP,])

17 PR (D)I+0P ()

A0 11 TE=1,NF
ny 12 I=1,1s
NSTRM(TE,J)= n,rnu(re.J)gnnrw
MESTANCIF, L) =0FSTRM(TE , J)aRMTIN
DSTRS(TE,JISNSTRS(TE,J) a1} -
STRMIIF, J)=STHNCTE,J)#nNSTRE(TE, 1)
FOSTRM(TE,JI=FSTRN(TIE,J) ¢ DESTRATIF, )
TFOIPELTS(TE,1).F,0) 60 TD 19
TPPSTRNITE, J)=UPSTRN(TE,JYsaPMT K
PSTHM(TE,JY=PSTRN(TE,JY+NPETRNC(IFS )
19 STIRSCIF,)=STRS(TEL,JI+NSTieSCTF, )
12 SIGRARCIF, 1)=STRS(IE,JY=FOrpSTAN(]F,])
TFCIPELTS(TE, 1Y .FQR.0) GO 1N 1y ’
PLAMCIF)=RLAM(IF)ARMATHN

IN FLASTIC-PERFECTLY PLASTIC CASF, NEUTRAL-LOADING STRESS POINTS
MOVF TANGENTIAL TN YIFLD SURFACF, THEREFORE CORRECT CHURRENT
STRESSES RY KFTUKNING STRFSS POINT TQ YTELD SURFACE

TFACY=2
CaLL ROOT(DUM,STRS(IF,1),STRS(TE,2), S[QS!IF 3),STRS(TE,Q),
FPSTRN(TE, 1) ,PSTRN(TE,2),PSTRN(TE,3), PSTRN(IE 4))
CECIF)=DUM
ni) 4 J=1,TS
STRS(1F,J)=STRS(VTE,JIXCF(1F)
14 SIGBARIIF,J)=STRS(IE,J)=FP+PSIRNC(IF,
11 COMITUNE

DFTFRMTHE CURREMT PLASTIC ELFMENTS, FOR FLASTTIC ELEMENTS CHECK RATIN
OF VO™ “{SES FUPIVALEMT STRFSS TO UNIAXTAL YIELD SIRESS FNR STRESS
PAIMT 10 RE TREATED AS PLASTIC

8s-v



120
121
122
123

124 .

1°5
126
127
174
179
130
131
132
133
134
13%
136
137
138
139
149
141
142
143
114
149
145
147
148
119
150
151
152
183
154
155
156
157
1548
159
160
1h1
142
163
164
165
168
167
168
169
170
171
172
173
174
175
176
177
178
179

r -
NPPTS=pn
NNFWP=0
N0 15 TE=t,NF
TFOTPELTS(TE, 1) . FQ, 1) GO TN 10
TF(IA.GT.=1) GN TO 9 .
NUMzNSORT (SIGHARCIE, 1) ASTGRAR(TE,1)=SIGHARCIE, l)tthRAR(IE.E)
5+STGRAR(TE ) 2)*STIGBARIIF,?)+3 . aSIGHARCIF,3)#SIGRAR(TE, 3))
GO 1N R
9 NUM=NRSART(SIGBARCIF, 1)ASTGRAR(TE, 1V4SERHARCIE,?)
S*SIGHAQ(TEhe)7SJGHAN{1F,U)lSTGnAQ(IE:U)'SIGBAR(IF,')
STGRAR(TE,2)=SIGRARCIF,2)*STGERAR(TE, g)~SIGBAR(IF, 1)
S*SIbHAD(IE,Q)ol *STGRAR(TE,3)I2SIGHARIIE, %))
R DUM=DUM/SZFRN
TECOHM, LT, FTA) 6D TO 1S
IPFLTIZC(IF,1)=1
NNFENP2NNF wP 4
MEWP ENNEWPYTE
1N MPPIS=MPPTS 41
TPPT(NPPTISI=TE
TPFLTS(IF,?)=nPPTS
1S CUMNTINUE
NP z=MNPPTS
NPCS=nPC=1
[

C CHECK IF 1LOAD INCREMENTS RECOMING CONSISTANTLY LESS THAN 'FRAC' OF TOTAL LOAD
c ' '
TF(EP.GT.0.0) GG Tn 20
IF(RMIN/PMTN((lP) 6T, FRAC) G0 TG 21
NMANT=NKNT 41
TFENKANTLTL3Y G0 TN 20
PRINT 201,FRAC
201 FORMATIIHOL.B3(***),/,* LNAN TNCREMFNTS LESS THAN',Fb6.3,
$° OF TOTAl t0aDp FNR PRECENING 3% LNAD INCRFMENTS',//,
' ANALYSTS TFHMINATEN',//,' RESULTS AFTER CURRFNT LOAD -INCREMENT L
STSTED RELDWY, //7,R4('%%)) E ’ -
TSTUP=zwy
CTOUTINOUTI=NL T+
21 NKN1=¢

OYTPUT CURRFNT QUANTITIES

TIYOYO

20 CALL OUTPUT (NEP,NNP,NNFP,TSP,NECP,NPCP,NLPP,
$PSTRN, STRN, 5TRS, SIGHAR, PMAX, TOUT ,NFLTPR, NODEPR, KMINC,
$PHT, IPFLTS,RLAM,CF,DP,DU, DESTRN PPSTRN,DSIRN,DSTRS, IPPT,
35,1, FSTRN,NEWP)
TFCISTOP.EN,=() 60 10 16

CHECK AVATLAKLE STORAGE

in e Xl

NNRKP=NDF aNP(

TF(NPC,LFE . NPCPY GU 10 13

PRINT 202 . :

P02 FURMATEIND, SN 2%),/,* AVATLARLE STORAGE EXCFENED ¢ PLASTTIC MATR]

X TO0 4 ARGF?,/7/," ANALYSIS TERMINATED?,//,* RESULTS AFTER PREVIOUS
5 LOAD INCRFMFNT LISTFD RFLNR',//,55('x%))

TOUTINNUT ) =N |

MLTINL Tt

CALL OMTPUT (WFP,NNPLHDFP, TSP, HNECP, NPCP, NLEP,
$DSYHM,STWH,S1«S,SlGuAR,PMAX,Iu”l,NFLTPW,HHGEPR,Rwlwc,

65-Y



180 $PH1 TPFLTS,Rt AM,CF,DP,DU,NDFSTRN, DPS]RN.DQTRN,DSIRS iePPT,

1R} P, U, ESTRN,NEWP)

1R2 . STOP

1A% C

1R4 C REaD ELASTIC MATRIX (BTDR) FROM TEMPORARY FILE
1R5 ot :

16 13 TE(NPC,LF NBW) (| lJ=LLy? .

187 TFI(NPC,GT . NBW) L=t Ul i

184 CALL NTRAN(LY,10,22,2,NWRKF,RKF,1.,22)

1R9 TF(LLEN,NWRKF) 6D T(O 14

199 PRINT R20,1

191 A2N FCRMAT(' ERRDR ON READTNG SYSTFM ELASTIC MATRIX (BTDR)',
192 . $* = ERROK CNDF 1S5',T4)

193 S1NpP

194 th RETURN

19% C .
196 C  SUBRNUTINE FOR DETEQPMINING SCALAR MULTIPLTIERS FOR ELASTTIC ELEMENTS,
197 C  AMD FOK RFTURNIMG STRFSS POINTS 10 YIELD SURFACF FOR PLASTIC FLEMFNTS
198 [

199 SURRNUTINE RODT(RT,X1,%2,X3,X4,Y1,Y2,Y3,Y4)

2ng NUUHLE PRECISINN AA,RH,(CC,RT

2n1 ) TFOIALGT,.=Y) 60 TO 2

2ne AASXT AN =Xt AX2+X2aX243 ,aXT2ax3

2n3 . IFOIFACT FN, 2 AND FP_EN_0) GO T g

204 RUZXTIAY 1m0, 54 (X1AYP+X22Y 1) 4X2AY2 4+, aXB2Y3

204 CCTYInY1=YT1aY2+YPAY2 43 aYTaY]

2he GO0 TN 4

207 2 AASXI AN EXPAXL24XARNU=X AP =XP X ga Xt aX Y43, aXZAXT
2ng TFOIFACT EN. 2, AND FEP.EQ_N) GO TO o

2Ny RE=X1AY1+X2&xY2+XNxYUu=0, sa(¥1*y>+xeav'+xetva+xu-v>
210 SHXTAYL4XUAY LI+ _*X3aY3

211 CC=Y1RAY 1 4Y2RY 24X UAY =Y aY2=YPaY i~ YI:Vuo} *YIRY
212 4 TFEOLIFACT EN,1) GO TO §

213 RRz=R{I*EE

21y . CC=CC*FPS

215 S RI=(DPSART(RBAKR=AAX(CC=S7ERDS)I-ARYI/AA

216 RE TURN

217 t RI=S7ERO/DSQURT(AA)

21K RETURH

219 FND

09~V



COL*PTCS(1).PLASH

14

WA - OO ~NwT NS W=

Iz Ee el

2 Xa )

IO O

DO

SURROUTINE PLASM (NEP,ISP,TF,A,STGRAR,VOL,N,BTNN,ENTRN,BYD)
COMMON [A,NN,NF,NPP'S,NDFS'N“F S NDFA,NEWS, NRW, NPCS, NP, NDFRWS,
2LP, 11, ISTOP, TCHECK,,E,EP,FILS, RN, SZFRN,SZFRNS, THIK,RMIN, IS,
INLT,NWRKF ,NwRKP,FTA, TA,NMEWP,NOUT, LU, U2,LU3,FRAC

DIYENSTON B (NEP,TISP),STIGRAR(NEP,ISP), VALINFP),D(4,48),
2RIND(NEP,A,TSP),ATD(4) ,RTNN(S)

DOMBLE PRECISION DUM

CALCULATE GRADIENT OF YTIELD FUNCTTIQN i

TFOIAGT,=1) GO TO |
ACTE,1)=SIGLARCIF,1)+4STIGRAR(TF,1)=SIGBAR(IF,?)
A(TE,2)Y=SIGHBAKR(IF,?2)+STGRAR(TE,2)=SIGBARCIE,1)
A(TE,3)=h aSTGRAR(TE, 3)
S0 TN 2
1 ACTE, I =SIGhARCIE,1)+STGRAR(TF ,1)=SIGHARCIF,2)
$=5TGRAP(TE, )
ﬁ(!t.?‘:»lGﬁAH(lF.?)*SIGHAQ(YF'E)-SIGHBR(IE'1)
$=STGRAR(TE, 4)
B(TE,3V=A_*STGRAR(TE,3) _
ACTE,4)=SIGBARCIF,4)+STGRAR(TE , 4)=SIGBARCIF,1)
3=STGRAR(IE,2)

NNKMALTIZE GRADIFNT OF YTELD FUNCTITQM

2 DuM=0,
nO 3 I=1,1S .

T PUM=DIMEA(TE, IIAACTE, )
nYM=z1,/70SQRT (1H'IM)
no 4 1=1,18

4 A(TE,I)=A(TE, IYaDumM

CALCULATE (=~rIDN) VECTOR

noS I=1,6
RINDN(I)=N,
no s J=1,I8
S RIDNCL)=RTIDNCI)+RINCIE, I, JI*ACTELY)

CALCULATE (NTDN4NP) TERM

Do 6 1=1,18
ATD(T) =0, :
nO 6 J=1,1S .
H AID(T)=ATDIIV+ACTIE, J)aD(SI,T)
FNTOM=EP
PO 7 J=1,1S

.7 ENTDNzENTOM4ATD(J) *ACIE, )

ENTOMZENTDN/VOLCIE)
RETURN ’
FND

T9-v



COL*EPTCS(1).ITER

1 COMPILER (XM=3)
2 SURRNUTIME ITER (NFP,NNP,NNDFP, TSP, NEMP,NPCP, NLPP,
3 BTELT,IRC,D,1PELTS,RLAM,A,PP,DU,STGRAR,VOL ,R, ITR],RMINC,
u $AY,ESTRMN, U, P, IPPT,NDSTRS,NSTRN,NPSTRN,DFSTRN, NP, CF,PMAX,RK3,
5 $TOUT , NFLTPR,NODEPR,PSTRN,STRN,STRS,PHI,DTAG,DIAG?)
6 £ _ . . .
7 € FOR EXTFMDED STNRAGF GIVE EXPLICIT SIZF OF FLASTIC ANP PLASTIC ARRAYS
8 C
9 COMMUN /EXT/ RKF(194,24) , RkP(194,4¢0)
10 r
11 COMMON [A, MN, NF,MPPTS,MDFS, NDF ,NDF &, NBWS, NIRW, NPCS, NPC, NDFHHS,
12 2LP, IV, ISTOP, TCHECK,E,EP,FHS, RN, SZFRN, SZFRNS, THIK, RMTN, IS,
13 CSINLT,NwRKF ,NuRKP ,FTA, TU,NNEWH , NOUT, LUS,LU2,LUS,FKAC
14 OIMENSTOM TELTONFR, 3), THC(NDFPY,D (1, 0), IPELTS(NEP, ),
15 ' CRLAMINER ), A(NEP, TSP),PP(NLPE,NNFP),DU(NDFP),SIGHARINFP, ISP)Y,
16 SV()L(”(:P)onNF"’.ISF"bMYYQ]HFP'h\.T()IIT(IOO).“ESTPN(NFP:ISP)-
17 . UNSTRS(MEP,TSP) , P (NRFPY ,NDTFAGINPCP ), N (MPCP) ,RKI(NPCP, NPCP),
18 SPUMTL6) ,DUM (Y ,DTAGP (NPCPY,PMAXIRNLPP, ) , HMIMC (1 PP), P (NDFP)
19 3,U(NDFP) :
20 c .
21 C AS TIFRATTION MIGHY RE NFCFSSARY, STOARF PLASTIC MATRIX (=-RTDN)
22 C IN TEMPORARY FILE
23 (M
24 CAlL NTHANCLUZ,10,22,1,NWRKP,RXP,L ,22)
FLS T OTFIL.EN,NWRKP) G0 Ty 1 ’
?6 , PRINT R20,L
27 A20 FURMAT(' ERRAR ON WRTITING SYSTEM PLASTTC MATRIX («RTPN),
’8 §' * ERPROR COpPF T1S°*,T4)
29 S1Nnp
30 1 P S [=1,MPC
31 S NIAG2(T)=DTAR(T)
32 C
33 C INITIALISFE TTFRATION COUNTERS
33 c
15 1=t -
36 NLTA=NLT+1]
37 c .
38 T SNLVE SYSTEM MATRIX FOR DTSPLACFMFNT INCREMENT VECTNR AND LAMADAS:
39 % .
uo 16 TF(NPC.LF MHW) CALL SOLVF1 (NDFP,NPCP,NLPP,PP,DU,DTAG,NQ,HKT)
a1 TEANPCL,GT,NBW) CALL SULVF2 (NDFP,NPCP,NLPP,PP,DU,DTAR,NU,RK3)
a2 TK=0
o3 r : :
aq € CHECK KINFMATTC CONSTRATHTS FOR FaCH PLASTIC FLEMFNT 2~
05_ (‘ Qlkthhﬁt!ltnt!*til**lh*ﬁ.tcht*t***l*t*ﬁ*ﬂtﬁtitn*tttAk.kﬁ
a6 C ’
a7 nU 4 JF=1,ME
a8 TF(IPELTS(TE,1) ,EQ.0) GO 10 4
a9 T=TPFLYISCIF,?)
50 . RLAMUIF)=n(T)/ynL(IE)
St TFCOIPELTS(TE,3).FU.1) 6o TO 2
52 £ -
53 € (132 FOR | aMsNDAS 8SSUMED MONLZERG CHECK THAT LAMBDA NONNEGATIVE
Sa c - -
55 TFORLAM(TEY GF,0,) 60 TQ 4
56 TEOAARS (KL AM(TE) ) .GF 1 ,F=6) GO TO 30
|7 . RLAM{IF)=0,
LYY o0 on

S9 30 TK=1)

29~V



119

o0 s Be X SO0 00

e Nele]

s e Xnkel

c
[
[

r

fn N }

TPFLYS(IF,3)=1
PRINT 201 ,NLTALIT,TE,RLAM(TE) .
20t FORMAT(1HO,/," LOAD TNCRFMFNT *,74,° ITERATION *,1a,/,
$' FLFMFNT ', T4d,' UNLOADING ¢ LAMBDA = ',E12.6)
RO 10 # .

(2): FOR LAMHDAS ASSUMED 7ERO CHECK, THAT SCALAR PRONUCT OF GRADTIENT OF
YTELD FUNCTTON AND NORMALIZFD STRESS .INCREMENT VECTOR NON-POSITIVE

ELEMENT NODE DISPLACEMENT INCREMENTS

200 6 1=1,6
J=TTIRICIF, T)
6 DUML(IYI=DLUCY)

CALCULATE RELATTVE MAGNITUDFS OF COMPONFNTS OF ELASTIC STRAIN
INCREMENT VECTOR

nO 13 T=1,15
ULYISBES N
PO 13 I=t,h -
13 NUMED) =NUM2CIY+R(TE, T, J)2NUMY ()

CALCULATE RFLATIVF MAGNTTUDFS OF COMPONENTS OF STRESS INCREMENT VECTOR

PO 8 I=1,18
nUMEI1Y=0,
DO # J=1,18
8 DUMLCD) =NUMLCEY 4D (T, J) &R M2 ()

NORMALIZE RELATIVE MAGNTTUDES OF COMPONENTS OF STRESS INCREMENT VECTOR

DMz,
no 10 T=1,18 .
10 DUMzNUM+DUML (1) *DUMLI(T)
NYM=1,/SNRT(DUM)
ng 19 1=1,18
19 NUME(1)=NUML(])xDUM

CALCULATE AND CHECK SCALAR ﬁwnnUcT OF GRADIENY. OF YIELD FUNCTION AND
NORMALTZED STRESS INCREMENT VECTOQR

DuM=zn,
ng 9 [=1,18

O NUM=NUMeA(TE, I1YADUML(])
TFpUM LT .B) GN TO 4
TKk=1 ’
TPELTS(IF,3)=0
PRINT 202,NLTA,IT,TE,DUM ’

202 FORMATI1HO,/,' LOAD INCREMENT ',Tq,* ITERATION *,14,/, o '
$' FLFMFNT ', Ta,' 1LOADING',/,' SCALAR PRADUCT OF GRADIENT OF YVELD
$ FUNCTTION AND NORMALTZED STRESS TNMCRFMENT VECTAR =°,F12.6)

4 CUMITINIE

IF TIFRATTON CONSTRAINTS SATISFTED, CONTINUF
TF(IX,FQ,0Y (U TO 12

IF TIFRATTUM PROCFSS NUOT COMVFRGING TFRMINATE ANALYSIS

€9~V



120
121

122

123
174
175
176
127
173
129
170
131
132
133
134
135
136
137
138
139
140
141
ta2
143
144
145
146
107
148
149
150
151
152
153
154
155
156
157
158
159
140
161
162
A3
1hY
165
166
167
168
169
170
171
172
173
174
175
176
177
174
179

DD

e Ne EeRel

b T |

TFCIT,L.T,10) GO TO 11
PRINT 200 .

200 FORMAT(1HO,S0('2"), //, "STILL IN ITERATION LOOP AFTER 10 ITERATION
$5',//,' ANALYSIS TFRMINATED',//,* TOTALS AFTER PREVIOUS LOAD INCRE
SMENT LTISTED REILOW!',//,51('%')) '

RO 10 29

Al
IF TTERATION NECESSARY, READ FLASTIC ANDIPLASTIC MATRICES FROM
TEMPORARY FILFS

11 TT=]T+1
TF(NPC,LF NiW) LUi=L12
CTFINPC,GT NBW) LU=LUL )
CAtL NTRAN(LV,10,22,2,NNRKF,RKE,L,?2)
TF(L.EN,NaRKF) 6N TO 21
PRINT A30,L .
A30 FURMAT(' ERKNR ON READTNG SYSTFM ELASTIC MATRIX (BTOR) ',
$' *  ERRAK CONF 1S*,14)
sTOP _
21 CALLL NTRANCLY3,10,22,2,NWRKP,RKP,L,27)
TFILEN MARKP) GO TO 17
PRINT R4N,1
R40 FORMAT(' ERRNR ON READTNG SYSTEM PLASTIC MATRIX (=ATNNY*,
$' ¢ ERRNR CODF 18',T4)
STNnp
17 DO 7 I=3,NPC
7 DIAGEIY=DIAG2(T)

FOR PLASTIC EVEMENTS ASSUMED UINLOADING, DFLETE APPROPRIATF
RNOW AND COLIMN FROM PLASTIC MATRICES (=BTDN) AND  (NTNN¢DP)

nn 14 JE=1,NF
TFCIPELTS(YE,3).FU.0) GO TN ta4
NCzIPEl TS(1E,2) .
N0 1S T=1,NOF

15 RKP(T,NC)=0,
NIALING) =T,

14 CONTINUE

RF=S0t VF

fO TN te
29 TOUT(NOUT)=NL1
 NLT=NLT=1t
NO 27 TE=1,NF
TPFLYSCIF,1)=0
no 27 J=1,1S
NESTRNIIE, 1) =0,
27 DSTRS(1E,J2)=0,
N 28 T=1,NDF
PPCYI=0,
28 Puftl)=o0,
Al L OYIPUT (NFP,NNP,NDFP, TSP, NFCP,NPCP, NLPP,
BPSTRN, STPN,STHS, SIKRAR,PYAX, TO”T NFLTPR,NUDEPR,RMINC,
EPHY,TPFLTS, RLAM,CF,DP, DU, DFSTRN,DPSTRN,NSIRN,ISTRS, IPPT,
$P, U, FSTHN,NEWP)
sTINp

h9=v

ITERATINN PROCENURE HAS CONVERGED ¢ RECORD CURRENT LNADING AND
UNMLOANTNG PLASTTIC ELEMENTS
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COLXFPTCS (1) .0UTPYT

c
C
c

SO0

@

SURRNUTINE QUTPUT (NEP,NNP,NNFP,TSP,NECP,NPCP,NLPP,
3PSTRN,STRN,STRS,SIGHAR,PMAX, TOUT ,NFLTPR,NODEPR,RMINC,
$PHT, TPFLTS, RLAM,CF,DP, DU, DESTRN, PPSTRN,DSTRN,DSTRS, [PPT,
3P, 1, ESTRN, NEWP)

fOMMON ) A, NN, NF, HNPPTS, NOFS,NDF,NDF A, NBHS, NAW, NPCS, NPC,NDFRWS,
2P, 1L, TSTUP, TCHECK,E,FP,EPS,RNI,SZFRN,SZFRNS, THIX,RMIN, IS,
INLT ,MWRKFLAWOKP , F YA, TH,NNEWE,NOUT Lyt ,L02,LU3,FKAC

DIMENSTUN PSTRN(NEP, TSP),STRN(NEP, TSP),STRS(MNEP, TSP),
2SIGRARINEP, [SP),PMAXINLPP,2), 1NUT(100),NELTPR(NER), -
INONEPK (NNP) ,PHT(NEP) , IPELTS(NFP, 3) ,kLAM(NEP),CF(NEP),
GFSTRN(NEP, TSP) ,NFWP(S0),NP(ENEP) ,DI(NLFPY,,RHING (NDFP),
SPESTRN(NFP, TSP) ,DPSTRMNONE), TSPY,NDSTRN(NEP, ISP),
6NSTHS(NEP, TSP), IPPT(NEP) ,P(NDEP) ,UINNFP)

NLT=NLT41

TEONLT N TUUT(HNUT) LAND,ICKHFCK ,FQ,.0) GO YO 7

TEONLTLEA, TOUTCINOUT)) NOUT=NOUT 41

PRINT HEANINGS

PRINT 200,NLT
200 FORMAT(IHL,*RESULTS AFTERY, 14, ?x,'Loan INCREMENTS?*,
TFOICHFCK.FO,1) GO YO 1
PRINT 201, (NFRP(T},1=1,NNERP)
201 FORMAT(IHO, *NEXYT ELEMENTS TO UNDERGO PLA@TTC DFFORMATION :',1015S,
$0(/7,07%X,1015))
[V N 4 =
1 T=(IFIX(PMAX(LP,1))¢1)/2
PRINT 202,LP,] .
207 FORMAT(1HU,*END OF LOADING *,14,2X,'s MAXIMUM LOAD RFACHFD AT NODE
$',T4)
? PRINT 218,RmMIN
21R FORMAT(1HO, *AT 1L.OAD FACTOR',F11,.h)
nO 6 I=1,LP
b PRINT 221, T,RATNC(T) -
P21 FURMAT (1Hy, 't 0AD VECTORY, 1%, : CUMULATIVE LOAD FACTNR =',F11,6)
TFC(IAFR.1) PRINT 219
219 FORMAT(1HO, 'NOTE: rIRcUMFERENIIAl STRATINS AND STRE%sEs (M) CORRESP
$NND TO CENTKNINS OF FLFMENTS',/,1H+, 44X, =, /7,6("'="))
TFCICHFCK FO,0) B0 T0 23
LP=LPst
1CHECK=0
2% PRINT 204
206 FOWMAT(1H0,74X, 'CURRENT VaALUFS',/, 55!.'/'.52('-’).'/'./.1ax.'STRAI
§N TNCREMFNTS® 37X, ' STRATMNS' ,3RX, *STRFESSY, /7, 12X, /', 1R('=*),'/1,14X
$,'SIP[SS'.UX.‘/‘.29(‘-'),'/',lﬂx.'YIELD'.SY"CORRECTTON',/r
B CLEMENT', 8%, "ELASTITC  4X, "PLASTITC,ax, *LAMBDA?Y , aX, ' INCRFEMENT Y, 3X,
BELASTTIC' »AX, "PLASTIC' 5%, TOTAL',6X, 'STRESS®,3X, 'FUNCTION?,SX,
S'FACTUR', )

EVALUATE YIFLD FUNCTION FOR FLEMENTS REQUESTED AS OBTPUT

nU 4 {F=1,ME

TEFONFLTPR(TE) MEL1Y GO TN a

TEOLA G .=1) 6D T B .

PHY(TEY=SIOBARCIE, 1)*STGRAR(TE, 1)=SIGRAR(IF,1)*STGRAR(TE,2)
S+STGRAR(TE,,2)ASIGRARCIF,D)+3,2aSIGHARCIF, t)tSIGRAQ(rt,3)
»=S57HR(D

L0 1IN .
A PHT(TEYSSTABARIIF, 1) *STGRAP(TE, 1Y+ SIGRARCIF,2)«STGARAR(TE,2)

99-v



(a Ve Re Ne ]

DOO

s N Nel

[aBa e

(e B N ]

SO0

3+STGRAR(TE,4)*SIGBAR(IF,n)~SIGRAR(TE,1)*81GBAR(IE,?2)
$=STGRAR(TE,2)ASTGBAR(IE,8)~STGRAR(TE, 1) ASIGRAR(IF,4)
3¢3,xSIGBARCIF,3)*SIGRAR(IE,3)~ QZFRUS

"84 CONTTNUE

PRINT ELEMENT QUANTITTES FOR NUTPUT REQUESTFD
AAKARRARARARRRARARRARRARARRRRARRARRARARKRARRARA

TFCTA) 9,1%,10
PLANE STRFSS ANALYSTS 3= ~

Q NY 12 TE=1,NF .
TE(NFLYPR(TE) NF,1) GO TO 12
TFOIPELTS(TE,1Y.FQ.0) 60 TN 3

PLASTIC ELEMEMTS

ORINT 207,RESTRNCIF,1),DPSTRN(TE,1),NSTRS(TE,1),ESTRN(IE, 1),
$PSTRM(IE, 1), STRNIIE, 1), STRSCIE, 1), TE,DESTRN(TE,2),NPSTRANCIE,2),
$ALAM(IF),DSTRS(IF,?),ESTRN(IF,2) ,PSTRN(IF,2),STRN(TE,2),STRS(IF,2)
$,PHICIFY,CF(TEY,NESTRNCTIF,3),DPSTRN(TE,3Y,NPSTRS(TE,3), ESTRN(TE,3),
$PSTRN(TE,3),STRNCIF,3),STRS(T¢,3) :

207 FURMATCINO,7X, "X ',2(1%,F10.5),11%,5C1%,F10,5),7,1S5,3%X,°'Y *,

CSTOCIX,E10.5), 7, TX, ' XY *,2(1X,E10.9),11%,S(1X,E10.,5))
G TN 12

ELASTIC ELEMENTS

3 PRINT 205,NESTRNCIF,1),NSTRS(IF,1),ESTRNCIF,1),
SPSTRM(TE, 1), STRNCIF,1),STRS(TE» 1), TE,DFSTRN(IE,2),
$NSTRS(TE,2),FSTRN(IE,2Y,PSTRN(TL,2),STRN(IE,2),STRS(TE,2),
$SPHT(TE) ,NESTRN(TIF,3),0STRS(IF,3) ESTIRNCIE,3),PSIRNC(IE,3),
$SIRNCIF,3),STRS(TE,3)

205 FORMAT(IHO, 7%, X'y 2XsE1045,5X, " ==*,15X,5(1X,F10.5),/«

$TS,3%, 'Y ,PX,EV10,5,5X, '==?,09Y, 'e=?,u%X,6(1X,E10,5Y,5X,
Blaat , /o TX, ' XY, 2X,F10,5,8X, ==, 15Y,5(1X,£10,9))

12 COMYINUE :
) T0 po

PLANE STHAIN ANALYSTS :=

13 PO 21 TE=1,NE
TF(NELTPR(IE) . NFE,1) GO TO 21
TFCIPELTS(TE,1Y.EN.0) GO TN 14

PLASTTC tLEMENIS

PHRINT 212,DESTRN(IE,1),DPSTRN(IE,1),DSTRS(TE,1),ESTRN(TE,1),
SPSTRN(IE'l),STRN(IEol)pSTRS(TE-l’uTE:DFSTRN(TE:E).DPSTRN(IE.?).
SPLAMCIF),OSTRS(IF,2),ESTRN(IF,2),PSTRN(IE,2),STRN(TE,2),8TRI(IF,2)
$,PHICIF),CF(TE),NESTRNCTIF,4),NPSTRM(TE,4),NSTRS(TEL,4),FSTRN(IE,U),
$PSTRM(TE ,4),STRNC(IF, 1) ,STRS(TE ,4),DESIRNCIF, ) ,DPSTRM(TE, ),
ANSTHS(TE,3)Y s FSTHM(TE ,3),PSTRMN(TE,8),STRNITE, ) ,STRS(TE,3)

212 FORMATEIMO, 7Y, X P,201F10,5), 11X, 501X, F10,5),/,15,3%,'Y !,
SIO001Y,FI0,58),/7,8X, %2 *,201%,F10,5),11x,501%,E10,5),
¥/7,TXx, XY '.Z(IY.FlO.ﬁjol1X.5(1Y'F10.q)‘
RO TN P

ELASTYC FI EMENTS

9=V



120
121
122
123
124
125
1726
127
128
129
130
131
132
133
134
135
136
1%7
134
139
140
101
142
113
144
145
146
147
118

199

1S0
1514
152
153
154
155
154
{87
158
159
160
161
162
143
164
165
1h5
167
1h8
169
170
171
172
173
174
175
176
177
175
179

C

I R e ]

(e 2w Ne ]

SO0

[z EeXe]

o e ]

14

213

21

AY

10

21

11

218

2?
PR
2n
203
210

1R
204

PR

PRINY »>13,NESTRN(IE,1),DSTRSC(1E,1),ESTRN(IE,1),
SPSTRN(TE,1),STRNCIF,1),STRS(TE,1)Y,TE,DESTRN(TE,2),
ENSTRS(TE,2)4FSTRM(TE,2)Y,PSTEN(CTE,2),STRN(IE,2),STRS(TF,2),
$PHTCTE) ,PESTRNCIF,A),0STRS(IF,4),ESTRNCIF,8),PSTRNIIF,A),
SQTRN(IF'“)ISTRQ(TEIQ,'DFST"N(IFI-‘)ID31RS(IEII)IFSTQNfIE'!)'
BPSTRHCTE,3),STRNCIF,3),STRS(TF,3)

FURMATCIHO, 7%, "X, 2X,E10.%,5Y, ==, 15%X,5(1%,F10,5),/,

SIS, 3, Y, PX E10,5,9%, e, 09X, Taa? ,UX,6(1X,E10,5),5X,
Broat /A%, T 2%, F10.5,5X, ==, 15X,5(1%X,F10,5),

By TXp 'YX 2K E10,5,5%, ==, 15X,5(1X,€10,5))

COMTTINIE

cu 10 20

ISYMMETRIC ANALYSIS =

NO 22 TE=1,NF
TE(NFLTPR(TE) NE.1) 6O TO 22
TFCIPELTS(TE,1).FO,0) RO TN 1Y

PLASTTC ELEMENTS

PitINT 211,DESTPN(IF,1),DPSTRN(TE,1),PSTRS(1E,1),ESTRN(TE, 1),
EPSTRM(TE, 1), STRNCLF, 1) ,STRS(TIE, 1), TE,DESTRN(TE,2),DPSTRNCIF,2),
BRLAMCIF),OSTRS(IFE,?) ,ESTRN(IF,?),PSTRAN(IF,2),STRN(TE,?),STRS(IF,?)
$,PHICIF) ,CFOTE) ,DESTRNCIF, 8) ,DPSTRN(TE,4),DSTRSC(TE,4) ,FSTRN(IE,4),
BOSTRN(TE,4), STRNCLF,N),STRS(TE,4),PESTRNCIF,3),PPSTRN(IE,3),
ENSTRS(TE, 3, FSTRN(TE,3),PSTRNCTE,3),STRNCLF,3) ¢ STRS(TE,3)
FORMATOIHO,7X, 'R *,201Y,F10,5),11X,5C1X,F10,5),/,15,3%x,'Z ',
SIOCIX,FI0,5),/7,8%,'0 *,201%,F10,5),11X,S5C1%,F10,.5),

S/ VHE,TXs =/, TX, "RV L,2 01X 610.5),11X,5(1%,E10.5))

GU 1IN 22 :

ELASTIC ElEMENTS

PRIMT 21U4,NESTRN(IF,1),DSTRS(IF,1),ESTRN(IF, 1),

SPSTRM(TE, 1), STRNCIF,1),STRS(TE,L 1), TE,DFSTRN(TE, 2),
ENSTRS(TES2) s FSTRMCTE)2) PSTNC(TIE»2),8TRNILIF,2),8TRS(TE,2),
$PHT(TEY ,DESTRNCIF,4),0STRS(1IF,4),ESTRNCIF,n),FSTRNCIF,4),
SSTRNCIF,4),STRS(TE, W), NESIRNCIE,3),OSTRS(IE,T),ESTRN(IF,3),
SPSTHM(TE, 3),STRNC(IF,3),STRS(IF,3)

FORMATCLIHO, 7X, 'R, 2X,E10.5,5X, ==",15X,5(1X,E10.5),/,
STS,_SY,'Z',?,X,E‘O.S")X,'-",9‘,'--"UX"S(‘X'E‘O.S)'§X'
B'e=t /B, 0, 2K ET0.5,5X, Yeet, 15X,5(01X,F10,5),

B/0 R+, TXp ="y /0 I%, 'R7 " ,2X,F10,5,5x, ==, 15%X,5(1X,E10,5))

COMTINUE ) .

INT CHRRENT PLASTIC E{EMENIS

PRINT 203 :

FORMAT(1HO,/, ' CURRENT PLASTIC ELEMENTS t=!,/,27(%w=?))
TF(NPPTS NF.0) GO TO 18 : -

PRINT 210

FURMAT(LHO, 'NIL")

G0 10 19

PRINT 204, (IPPT(T),1=1,NPPTS)
FORMAT(1HO,2515,//,10(1%,251%5,//7)) ’

INT HFADINGS FOR MODE GUANMTTTTES
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1RO
181
1R2
1R3
124
185
1R6
187
1A8
1R
190
191
192
103
194
195
1956
197
[RE)
199
200
201
202
203
204
ens
°hb
207

2nN8

[n e Xe e

19 JFCIA,LT,1) PRINT 204 '
20A FORMATC1HO,/,13X, 'LOAD INCREMENT', 16X, ' TOTAL LDAN',12X, 'DISPLACEM
_BNT IMCREMENT !, AX, *TOTAL OISPLACEMENT',/,SX,4(3X,%/',23( =),1/%),/,
B MOPE', 7X, DR, 11X, *NPY 1, 11, 'PX*, 12X, 'PY!, 12X, '0U",12X,'0V?,
313X, 'u, 18X, V", /)
TFOTALFQ.1)Y PRINT P1S§ ,
215 FORMAT(IHO,/, 13X, *LOAD INCREMENT!, 16X, 'TOTAL LNADY, 12X, 'DISPLACEME
ENT INCREMENT' R, *TUTAL DISFLACEMENT® ,/,5%X, 803X, /%,23(*="),%/%),/,
$' NODE', X, 'DPRI, 11X, * NP7, 11X, 'PRY, 12X, *P2Y, 12X, DU, 12X, DV,
513X;'U';1I3X"V"l/) ’

PRINT NODF QUANTITIFS FOR OUTPUT REOUESTED
l*ttiltiﬂtlttttltttttt!‘itﬁtttttitttti.ﬁ*tl’

NG S I=1,NN
TFINDDFPR{T) NF_ 1) GO TO 5
NRz(T=1)%2
I=MR ¢}
I, =NR¢2
PRINT 209,T,0P(J),NDPILY,P(T),PIL)Y,NYCI),NDUCL),UCT),UCL)
209 FOPMATIOLIH ,T0,A(3X,E11.6))
S FUMTTINUE

CHECK FOR JFRMINATIMG ANALYSIS

7T T=TFIX(PMAX (I P, 1))
TE(ILER =1 OR,TOUT(NNUT) ,ER,=~1) TSTOPz=]
RETURN
FnD

69~V
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A.6 EPCQI Program Listiing




COLXEPCAT (1) MAIN

1 COMPILER (XM=3)

2 C

3 € SET VALUES NF PARAMFTERS

4 c -

S PARAMETER NDEP = 384

6 - PARAMETER NFCP = A4

7 PARAMETER NPCP = 30

] PARAMETER NNMP = 192

9 PARAMETER NEP = 3

10 PARAMETER: INp = 13 )

1 PARAMETER 1Sk = 3 7

12 PARAMETER NLPP = )

13 PARAMETER INSP = TP » IpP

14 C :

15 COMMON /EXT/ RKE(NDFP,NECP)Y,RKP(NOFP,NPCP)

16 CUMMNN TA; TD, NN, NE,MPPTS,NDFS, MDF ,NDF A, NRHS , NRW,NPC ,NPCS,

17 2MDFRWE,LP, IL, ISTOP, INHECK,F,FP,EPS,RNY,87FR0,SZEROS, THIK,

18 $OMTIN,18,TUS, TOSM,NLI,GP(N,8),uGT(4,0),NWRKF ,NKRKP,

19 : GFTA, NOUE, LN, LH2,L03,LUg, N AM,FRAC
20 [ ’
71 € SET LNGICAL UNIT NUMKFRS NF TEMPORARY FILFS
22 (N
?3 Ltut = 11
24 Lu2 = 12

S ’ Lty = 13

26 R R VE = 14

27 [

28 C INITIALIZFE ARRAYS

29 c o

30 PIMENMSTON PPINLPP,NDFP),CONRNINNP,2), IELT(NEP,12), TBC(NDFP),
31 2PNAX (NI PP,2),10UT(100) ,NFLTPR(NEP,TOSP),NONEPR(NNP)Y,

32 } 3H(TOS8P,12),0H(TOSP,12,2)Y,RMINCINLPP) ,DTAGR2INPCP), -

13 ' GUNOFP)Y ,FSTRM(NEP,TOSP, TSP)Y,PSTRN(NEP, TOSP, 1SP), P (NDFP),

14 SSTRS(NFP, JOSP, TSP),STGRAR(NEP, TOSP, ISP), TPFLYSINFP,INSP,3),
35 6RLAM(NFP,INGP), A(NFP,JOSP,TSP) ,DTAG(NPEP)Y, A (NPCP),RK3(NPCP,NPCP),
6 TOF(NFP, TDSP) , NP (NGFPY, DUINDFP) , R STRN(NEP, TOSP, ISP), IPPT(NNEP,2),
17 BOPSTRN(NFR, IDSP, TSP) ,DSTRN(NFP, INSP, TSP),USTRS(NEP, INSP, ISP),
T8 Q3 T1R(NFP, 1NSP, TSP),PHI(NEP, TO5P) , &5TNR(24,24),004,4),

19 YGPCERN(MEP, 105K, 2) , RIDN(24) ,NFWP(S0,2), PET(MEP, TOSP)

ne N ) .

a1 C  READ STRUCTURF DATH

a2 c

ug CALL DATA (NFP,NNP,NDFP_TOSP,ISP,NFCP,NPCP,NLPP,

aq §PP,L,COORL, IFLT, THBR PMAX, JOUT,NELTPR, NODEPR,DET,H, DH)

45 C .

a6 € CALCUILATE AND STORF IN TEMPDRARY FIULES, ELASTIC STIFFNESS MATRIX (BTDB)
a7 € AND STRAIN=DISPLACEMENT MATRIX (R*) FNR EACH INTEGRATTON POINT .
48 r

a9 CALL ELTMAT (NEP,NMP,NDTD, TOSKE, 1SP,NECP,NPCP,NLPP,

S0 : $PP,CNORPD, IFLT, TRC,N,DET,H,NDH,GPCRD,BTDHR)

S1 c

82 C INITIALIZF COUNTERS FOR FTRST LDAD INCRFMENT: LINEAR ELASTIC ANALYSIS
83 & :

Sy =

5% NUOHT=1

So NpPPTSz0

57 : MpPC=n -

SR c

L) £ SOLVE FNx DISPLACFMENT TNCREMENTS

-V




61 i 3 CALL SONLVEV (NDFP,NPCP,NLPP,PP,DU,DIAG,00,RK3) "
h2 C
A3 . DETERMINE Pt ASTIC IMIFGRATION POINTS
Y] c
hS t fALL STRSTR (NFP,NNP,NDFP, TOSP, [SP,NFCP,NPCP,NLPP,
66 $P,Y,FSTRN,PSTRN,S5TRN,S5TRS,S1GRAK, PP, TELT,PMAX, TOUT,
67 - SNEI TPR,NODFPR,N,DET, IPFLTS, Kl AM, A, CF,DP,NEWP,NNEWP,
L} SNUY,DFSTRN,DPPSTRN,DSTRN,NSTRS,GPCRD, IPPT,PHT,RMINC)
h9 TFCiSTNPP EN,-1) GO TD 2
70 TFINPPTS,EN,0) 6N YD 3
71 (%
72 € RFATND TP“P”KARY FILE IN WHTCH TINTEGRATION POTNT nEFORHATYON
73 C MATRICES (R') ARE STQRED
74 (%
75 CALL NiRAN(LDY,10,22)
76 r
77 C EVALUATF PLASTIF MATRICES (=RTDN)Y aAND  (NTDN+DP)
78 [»
79 PO 4 J= 1!NPC
Y NIAG(J)=0,
fi1 NGO 4 I=1,NDF
R2 4 RKP({T,.)=0,
R3 Nw=()
ay MNWE0
as N0 S IF=1,ME
R6 NNy Ir-!.lus
RrR7 TFCIPELIS(TE,1G,1),EAN,N) GN TO )
AR MaNH=NNp
A9 NNWSNw+l
Q0 CALL PLASM (MEP,TOSP,ISP,IF,T1G,1PELTS,A,SIGBAR,
9 IN,OPORD, TELT ,OFT,WT,RTNDN,ENIDN,N)
92 NC=IPELTS(TE,IG,2)
Qa3 R na s I=1,12
94 NRR=(IFLT(TE,]J)=1)a?2
13 NRF=({]=1)%2
96 Ny 6 J=1,2
a7 A PKP(MNRR4T,MCISRKP(NRR+.J,NCI=RTDN(NRE+JIANWT
98 - DIAGINC)SDTAGIMCY+FNTONANWT .
99 S NNZHW4N
100 Cc
101 C  APPLY BNUNDARY CONDITTUNS TN PLASTIC MATRIX (=RTNN)
102 o
103 N0 7 I=1,NDF
1na TF(IRC(I).FR.1) GO TO 7
104 nNo 8 J=t,NPC
10s "8 RKP(I1,J)=0,
107 7 CONTINHE
108 c
109 C  SOLVE, CHFCK KINEMATIC CONSTRAINTS ON ELASTIC AND PLASTIC REGIONS
1109 C AND [TERATE IF NECESSARY
111 C
112 CALL JTER (NFP,NNP,NDFP,TOSP,ISP,NECP,NPCP,NI PP,
113 $TELT,IRC,D,0FT, IPELTS,RLAM,A,PP,DU,NFWP NNFWP,NTAG? ,RMINC,
114 AU, GPCPD,STGRAR,BIDPN,ESTIRN,U,P, IPPT,NDSTKRS,NDSTRN,NPSTRN,DTAG,
115 FOESTRN,DP, CF,PHAX, TOUT,NFLTHR,NUNEPR,PSTIRN,STRN,STRS,RK 3)
116 f.
117 C  APPRLY KRFXT LUAD INCREMENT
1A n '

119 onoIn g

2L~y



A-T3

UN3
duls ¢

e
0zt



—_——

COL*EPCQT(1),DATA

1 SURRNUTINE DATA (NEP,NNP,NDFP,TUSP,T1SP,NFCP,NPCP,NLPP,
2 $PP,CNURD, IFELT, TRM,PMAX, INUT,NELTPR,NDDFPR,NET,H,DH)
3 COMMDN 1A, T0,NM,NE,NPPTS, NNFS,NDF ,NDF A, NAWS, NHW, NP, NPCS,
4 PHDFRWS ,LP, TL,ISTOP, ICHFCX,E,FP,EPS,RNU,STERD,S7ERUS, THIK,
5 IRMTIN, IS, TUS, TOSM,NLT,GP(4,0),wGT(4,4),NWRKF,NWRKP,
6 ATTALNGIT LU, LH2 L U3, L4, ML AM, FRAC
7 DIMENSTON PP (NLEP,NDFP),CONRP(NNMP, 2), IFLT(MEP, 12), THE (NDFP),
8 ARHAX(NLPP,2), INUT(10N) ,NF| TRR(NEP, TOSP) , NODEPRINNP)Y ,,DET(NEP, TOSP),’
9 34(T0SP,12),0M(T0OSP,12,2),PPPI2Y, TITLF(12),V1IRC(C2),
10 Arne12,2) ,FX(2),DPP(12,2),NDERTV ()
11 NATA GP / 0,0, =,577135027, =.77459667, =-.8h113631L,
12 $0.0, S7735027, 0.0, «.33994108, 0.0, N. 0O, 77059647,
13 3,3%39981004, 0.0, 0,0, 0,0, JBAI1SK3Y /
14 NATA wAT /2.0, 1.0, 5595855k, (347RS4AS5, 0,0, 1,0,
15 B3 HARARBARG, (AS2148515, 0.0, 0.0, ,55545556, «65210%15,
16 30,0, 0.0, 0,0, ,347HSURS ¢ ' .
17 c
15 C RFAD AND PRINT MEADTNG
19 C
20 READ 101, TYTLE
21 101 FURMAT(12AAK)
P2 PRINT 201,T1TLF
23 CREAD 10Y,TTILE
?u 201 FORMAT(1H],12Ah,/)
?5 ) 100 FUPMATL)
26 1
27 C RFAD TYPE OF ANALYSTS
28 r .
29 PEADR 104,1,J
T 104 FURMAT (24601
31 ' TFOJLENL'STRESS') TAzel
17 TFTJ.EN,"STRAINY) TA=0
13 TF(JEN "MFTRICY) TA =%
14 TECIALNE.OY 6D TO 17
15 TECJ.ED,'STRAINGY GO TN {7
6 PRINT 223 .
317 P23 FORMAT(IHO,3R('x"),/,* TYPF OF ANALYSIS INCORRFECTLY SPECIFIEN',/,
18 $' OANALYSTS TFRMINATEN',/,30('x%)) . '
1y STHy
an [» .
a1 C  READ CONSTANTS ¢ NUMBER NF NODFS, NUMRER OF ELEMENTS,
42 € ELASTYC MNpULUS, PLASTIC MOpHLUS, POISSON'S RATIO,
a3 C UNIAXTAL YIFLD STRESS, NATTIO OF VON MISES FRUIValgNT
ny C STRFSS Tu YIELD STRFSS FOR STRESS POINT TN 8E TREAIFD
us € AS PLASTIC, INTEGRATTIUN ORNER FOR GAlJSS NUADRATURE,
06 € PLATE THICKMESS [F PLANF STRESS ANALYSIS
n7 P
[ 17 TE(I8,Fu,=1) RFAD 100,MN,NF,F,FP, kM, S7FRO,ETA,IN,NLAM, THIK,FRAC
ny TFEIA AT  =1) KFAD 1Q0,%nN . LE,F ,FP,kNU,SZERU,ETA, 10, NLAM,FRAC
S0 TFOIALFE,0) THTK=1,
S T1S8=4
52 TFCTAF ,=1) 18=3
53 FPS=EpPapp
Sa S/FRNS=37ERUIAS7LRO
55 TUS=TO+IN
56 THSM= NG =
s7 C

SH G RFAN FLEMFHT INCIDENCES AMD NNDAL COORDINATFS

wl-v



109
110
111
12
113
114
115
11s
117
118
119

D

C
r
C

NO 13 1J=1,NF .
READ 100,1F, (IFLT(TIE,JY,J=1,12),1CS
TFCOICS,EN,1) GN YO B :
READ 160, ((CP(T,J),Jd=1,2),T=1,12)
Ny 10 1=1,12 '
L=TELTC(IF,.]) :
CONKD(L ,1)=CN(.J,1)

10 COUNRD(L,2)=CN(I,?)
Lo 1IN Y3

R PEAD 100, ((CN(T,J),J=1,2),T=1,4)

=4 :

N o1a T=1,4-
J=141
TF(J.EN,5) J=1
TI=IFLT(TE, 1Y
JI=IFLT(TE, )
L=+
LL=IFLY(TIE,L)
IS
LLLSTELTOIF, L)
Nir 48 K=1,2
PUM=(CP(I,K)=CN(T,K)I /3,
CUNRND(TI,KYIZCD(T,K)
FONRN(IT, KI=CPIJ,K)
COMAP UL, K)=CDIT,K)+DUM

45 CONRO(LLL ,¥)=CNORDCLL,K) +DUM

12 COMTTNIIE :

13 CONTINIE

DETERMINE CONSTANTS FOR SOLUTTON ROUTINE AND HALF BAND=WINTH OF ELASTIC MATRIX

NpW=0

N3 17 TE=1,NF

Ny 12 T1=1,11

TIi=1+1

N 172 J=I1,12?

MAX2ABS(TELTCOIF,1)=IFLY(TE.J))
12 TFONAW, LT MAX) NRWZMAX

NWalRue Yap

MOFz=NNEP

MOFAZNDF 4}

MNDFS=NDF =1

NHWSENAK =]

MOF NS =NDF =NAWS

MAQRE=MDF xN[3W

PRIMI HFADINGS AND VALUES OF CONSTANTS

PRINT 212
P12 FORPHAT(//,"' NUMERICAL A»ALYSTS USING TWO DIMENSIONAL THWELVE NCDE
BISNPARAMETRIC FINITE ELEMENTS',//,' PLANF STRESS, PLANF STRAIN OR
PAXTSYMMETRTIC PROGRAM®,//," CUHTC INTFRPOLATION FUNCTTUNS',//,
$' DUADRATIC STRATN VARTATION',//,¢ NUMFRTICAL INTEGRATION USING GAU
385 GHANRATHRFY, /)
PRINT 227, T
P27 FORMAT(IHO, NROER OF IMTEGRATION =, T4,7)
TFOfAFU,=1) PRINE 214
215 FORMAT (1M, "PLANF SIPESS ANALYSIS', /)
IFOIAFG,0)Y) PrINT 222 -
Pe? FORMATCO1IMO, 'PLANF STRATHN AMALYSIS?', /)

GL-v



121
172
123
124
125
1726
127

128

1?9
130
131
132
133
134
115
136
137
138
139
140
141
142
113
144

145

116
147
144
149
150
151
152
153
154
155
156
187
154
159
160
161
162
163
1hy
1565
1h6

167

1A8
1A9
170
171
172

173

174
175
170
177
178
174

e Nal

TFIIA.FQ,1) PRINT 203
203 FORMAT(1HQ, *AXTSYMMETRIC ANALYSTIS', /)
PRTINT 211
211 FORMAT(1HND, *VON MISES YIELD CONDITIQN®,/)
TELEP NE,0Q,0) PRINT 214
P10 FORMAT(IMO, *KINEMATIC HARDFNING', /)
TRCEP.FQ,0,0) PRINT 221,FRAC
P21 FORMAT (1HO, *FLASTIC, PFRFECTLY PLASTIC:: ANALYSIS TERMINATED WHFN
2 LOAD TNCREMFNT MAGNTTUDE DECKREASES T0',F6,.3,' 0NF TOTAL LOaAD', /)
PRINT 247,FTA
247 FORMAT(1HO,"TNTEGKRATION POINTS wYTH VON MISES EQUIVALENT STRESS WI
STHIN',Fh.3," DF YTELD STRESS TRFATED AS PLASTTIC',/)
PRTNT 220, TTILE '
220 FURMAT(IHO,1246,7)
T=M_ Phay
PRYNT 213, NNP,MEP,NDFP,NFCP,NPCP, ]
P13 FURHAT(IHO, *STORAGE AVATLARLFE ¢, 19X, *MAXTMUM NIIMBER OF NODFS ¢°
$,15,7,20%, ' 24, 16X, *MAXTMIM NUMARER OF FLEMFNTS $',15,/,720X, :
»15,7,20X%,
¢ 15,7,20%X, %20 ,AX,
't MAXTMUM NUMRER

B'rt, Ak, "MAY IMUM NUMHER OF DEGRFES NF FREEDNM ¢
$': MAXTMIIM HALF RAND=WIDTH OF ELASTIC MATRIX ¢
FPuAXTHIM NUMBER NF PLASTTC ¢l EMENTS 2',15,/,20

S $NF PROPORTITUMAL LUAD PATHS =',15,/)
PHINT 202,MN, NF,NDF, NAW

202 FuRMATLIHD, 'STPRAGE REQUTRFD 27, 27X, *NUMRER OF NDDES :',15,

B/,20%, 120,200, CNUMRER OF F1LEMENTS 1, 15,/,20%,%:',14X,
EUNUMRER NE FGREFS UF FREENOM $',15,/,20%,':',09X,
SUOALF RAMD=WTIDTH UF FLASTIC MATKTIX 3°',14%,7)

PRINT 207,F,FP,KNU,SZERD

217 FURHMAT (M0, "MATERIAL CONSTANTS : ELASTIC MODULUS =',Fftt.6,

$/,20%, s PLASITC MODULUS  =°,E11.6,/,20%,': POTSSONS RATTO  =*,

H
’
.
X

$FYV.6,7,20¥, s YTIELD STRFSS SV, EVL1.6,7)
IFCIA FU,=1) PRINT 214,THIK
216 FORUAT(IHO,'PLATF THICKNFSS $'WF11,.6,7)

CHECK AVATULABLE STORARE

IF (NDF ,LF MILFP)Y GU TD S2
PRINT 231 ‘ ’
P31 FORMAT(IMy,a0( e'),/,1H ,VAVAILARLF STORAGE EXCEFDED
$WS TN ELASTIC MATRTIX',/,61('1)) .
SfEnp
52 TF(NRW _LF MECP) GO TO a4
PrinY 232
232 FORMAT(1HO,63(*a%),/,1H , AVAILARLF STORAGF FEXCEFDED
BLUMNS TN ELASTTIC MATRIX',/,64('x'))
STNp
4h TF(NN T E.NNPY GO TN 47
LPRTNT 233
233 FURMAT(IMO,40( &%), /,1H ,YAVAILARLF STORAGE FXCEFDED
IPDFS', /,85( %))
s1Np
47 TE(NF_LE,NFP) GO TN A8
PRINT 234
238 FURFAT(1HY,4T7(*+*),/,1H ,'AVAILABLF STNRAGE FXCEFDFD
ILEMENTS Y /7, 0R('2%))
S1np
4 TFfIﬂnYU.LF,YUSP) A0 1O ag
CrThT 235
P38 FORHMAT(IHO,5A("x%),/,1H ,VAVAILARLFE STORAGE EXCEEDFD
THOORDER TLO HIABY, /,87(t%1))

TO00 FgwW RO

TOn FEW CO

T00 MANY N

TUO MaANY €

TNTEGRATIO

9L~V



180 sTnp

181 49 TFC(IS.LELISP) GO 10 S8

1R2 PRINT 2ubn

183 246 FORMAT(IHO,65('%%),/,1H ,*AVAILARLE STORAGFE EXCEFDFD : TOO MaANY K
1Ry $NWS IN DEFORMATION MATRIX',/,66('="))

1RS 5108

1Ps ¢

187 C  PRIMT NNODAL CNORDINATES

128 c .

tRG 58 TF(IA.LT.1) PRINT 204

190 200 FURMAT(1HO, 'COORDINATES NF NADFS',//,* NODE 1, 6%, ' X', 11X%,'Y",
191 $1(|0¥,'NnDF,'pr,'X',1lX,'Y')) :
192 TE(IA.FQ.1) PueINT 224 . . .

193 P24 FURHMAT(14Y0, 'CONRPINATES NF NODFS',//,% NODF ', 6%, R, 11X,%2°,
194 F3C10X, "NODE* , 6%, 'R, 11X,°7"))

194 PRTINT 205, ((T,(COORD(T,J),d=1,2)),T=1,NN)

196 205 FORMAT(S0UCIH ,13%,2612.5,3(6%,13,2F12,.5),7))

197 r .

194 . PRINT ELEMENT INCTDENCES

199 C

200 PRINT 20A

201 206 FORMAT(//,* FLFMENT', 28X, *NODES®,/,9X, /' ,6B(*=1),'/1,/)
202 PRINT 207, (T, (IFLT(T,J),J21,12)),T=1,NE)

2n3 207 FORMAT(IM ,I4,1%,1216)

204 C :

2ns € READ AND PRTINT RUUNDARY CNANPITINNS

2ho ¢

°nt THOTA LT, 1) PRINT 298

208 P0R FURMAT(IHO, ' BOUNDARY CNANDITTONS ¢ 0 = CONSTRAINED!,
209 $7,25%,'1 =~ UMCONSTRAINED',/,' NODE',3X,*'X,Y',/)

210 TFOIA.FW.1) PRINT 225

211 225 FOURMAT(1HO,* BOUNDARY CONDTTIONS ¢ 0 = CONSTRAINED',
212 $/,25%,'1 = UMCNNSTRAINED',/,' NODPE',3X,'R,2',/)

213 N 1 I=1,NNF ) :

214 - 1 THC(T)=1

215 7 READ 100,11

216 TFIO1.EN,=1Y GO TN 2

217 READ(D,100) (ITRHC(.J),J=1,2)

218 “READ 100,] )

219 K=t

270 T KaKay :

271 . READ(D,100) CINUT(J)Y,J=1,K)

222 TFOIOUT(K) NF,=1) GO 10 3

223 K=K=1

224 NO 4 1=21,K :

2°5 © PRINT 2009, T00T(1Y,(1TBC(J),J=1,2)

226 209 FORMAT(IH ,13,AaX,11,%',°,11)

227 TI=(TQUT(I)=1) %2 :

22’8 no 4 J=t,2

229 B TRC(T1+)=TIRC (D)

2%0 GO 1N 7

231 c

232 €  RFAD ANN PRTNT LUADTING PRNGRAMMF

233 [ :

Y] 2 PRINT 210

235 . PIN FORMATI(//,* LUADING PROGRAMMF ')

2?36 O READ 100, 1

217 TK=]1K4+1

238 TEOIM LF HLPP) GO TO 1A

219 PIMT 226

LL=¥



210
241
2n2
243
244
245
246
247
2R
249
?Ro
25

?<2
253
254
255
256
257

259
260

67
26hH
2h9
270
271
°12
273
274
215
276
217
274
279
2R0
A1
2R2
283
294
285
2R6

2R3

a0n

224

18

218

ay

F0F

23

30

20

36
35

44

3A

a1

40

57

5%

FORMAT(1H0,40("%"),/,1H ,*AVAILABLFE STNRAGE EXCEFDFD @
$NAD PATHS'./,SO( x'))

sTnP

TF(1.£0,.-1) GO 1IN0 S

READIO,100) TJ,1,J,PMAX(TJ,2)

L2(1=1)%x2+¢J

PrAX{Ld, 1)=2FLOAT(L)

THOIA LT 1,ANDJLER 1) JP="'X! H
TFUIALLTL1LAND . JER.2) JgP="'Y’
IFOTAEQ, 1 aND L JER, 1) JgP='R?

TECIA FA,1.AND.JLEN. D) JP2*7?

PRINT 218,7J,1J,1,JP,PMAX(1J,2)

FORMAT(//," VOADTNG, 10, « END LNADING',T3,"

$'  WHEN TOTAL LUAD AT NODE',TS,* TN ',A1,°=DIRECTTON TS

READ 100,11
TF(I,LF,0) 60 Tg 19

R ursrﬁraﬁan LOADN CALCULATF FAQUIVALENT NODAL LOADS

READ(O,100) TE,ISTPE,FX(1),FY(2),ILD
Rz,

S=1,

RO 10 (23,24,23, ?u),!STDE
TFOISINE,,EN,3) S=-1,
TOFRTV=1

ho 34 Tx=g,In

Rz=rP(I0, IX)

CALL HMAT (lnSP,H'nH'IX,R,S)
GO TN 15

TFOISINELEN,?) R==t,"
TOFRTY=p

PO 36 TYZ1,ID

S=6PIN, TYY

FALL HMAT (10SP,H,DH,1Y,R,S)
nH 4l T=1,12

Py 44 0=1,2

nPP(T,J)=0,

CTEEOIVDLRF 1) RADS FX(?)/F!(I)

N 42 1G=24, 10
SN 3R T=1,2
RERIV(T)=0,
NPy 3R K=1,12
2TELICIFE,X)
DERIV(T)=DFRIV(IY+PH(IG,X,TDFRTVIXCONRN(L,T)
PUM=SERTIDFRIVI{)ANERIV(1Y+DERTV(2IANERIV(?))
IFCIALNELT) GO TN 40
THIK=0,
PO 41 T=1,12
L=TELT(IF,T)
THIK=THIK¢H(TG, I)tFOOR,\L,l)
THIK=THIK %A PHT1A5Y
WISWGT (1N, 16)xTHTK«DUM
TFOILD,ENLY)Y) GN TO 55
N Sk T=q,2
Fxt1)=0,
PO ST Jz=1,12
K=TFLT((F,0)
FXOPYSFXOIY+H{TG, JYRCOORD(K, T
FX {11 =Fx (1) xRAN
™M) 4?2 Tz,

TOO MANY L

‘El1.6)

gL~V



360 Ne 42 J9=1,?

N 42 DPP(I,J)=DPP(I,J)+H(TG, IYxFX(J)aWT
3n2 no 37 1=1,12

In3 TISIFLY(TE, ) %2

304 PPETT, TI=1)=PP(TJ,TI=1)¢DPP(T,1)
505 37 PPOIJ,YI)Y=PP(LI,TIY+DPP(T,2)

3fb GO TN 43

iny7 19 ®fan 100,1

308 TFLI.LF,.0) GN TO 18

3nq READCO,1N00)Y MY, NP

310 TFONY HELU) GO TN 1S

11 . READ 100, (PPR(T),J=1,2)

312 JJz2x(M1=1)

313 TI=nP=N] 4+

314 ny otk 121,71

315 NG 1k =, ?

316 JJ=0041

317 1A ”P(IJ,JJ):PP(1J,JJ)+DPP(J)

i1H GO oI 19

319 C

320 - C APPLY HOUNDARY COMDTITTIONS 10 LOAD VECTQR
321 r

322 15 D0 1Y Y=1,NDF

323 11 YFOIRC(I).FQ.0)Y PPCLJ,T)=0.

324 r '

3104 € PRIMYI DINFCTINN OF LOAD VFCTOR

3246 [ ' ‘

327 PRINT 219,TJ

378 219 FORMAT(/,14X,'s COMPONFNTS OF PROPORTIONAL LNAD VECTOR*, I3,
3129 $/,16%,38('=Y,7/)

330 PRINT 228,(PP(YTJ,1),1=1,NDF)

313 1228 FORMAT(IH ,200(12E10,4,/7,1H ))
312 fy 1N o

313 S PMAX(IK,1)==}

14 C

314 C  RFAD anh PRINT OUTPUT REGUESTFD

335 N>

337 PRINT 2139

LAY 239 FURMAT(/, 140, 'REQUFSTEN OUTPUT OF RESHLTS tet,/,30(%=), /)
3319 READ 103,JP

340 107 FORHAT(AP)

101 TE(JP MELYALY) GO TO 6

302 N0 2R TE=],NF

3a3 np 2% T6=1,10S

30y 2R NELTPKR(IF,TG)Y=1

345 N 29 I=1,NN

N6 29 MODEPR(I)=1

a7 PRINT 2u4n

313 PUN FURMAT (! PRINT RFSULTS ENDR AlL INTEGRATION POINTS AND ALL NODES?
309 by /) )

350 60 TN 39

351 6 READ 100,1

152 IF(I.EN,=1) GD TO 24

353 K=t

354 21 KzX4D

384 READCN,100) C(INUTC(I),J=1,K)

156 TEOINUT(K) JNF.=1) GO TO Dy

357 Kz=K=D

154 PO 2N Tzt ,K,?

159 . d=101701)

6L~V



360 L=TUMT([+1)

3h1 25 NELTPR(J,L)=t

ing K=K 41

343 PRTNT 241

KLY P41 FORMAT(IH ,'PRINT RESULTS FOR :~ (ELEMENT t INTEGRATION POINT)')
3KS PRINT 242, (10UT(S),J=1,K) :

346 242 FORHATONR L 1A(T3,%2°,12,2X),//7¢10(1X,18(T3,%2%,12,2X),/7))
ih7 2h READ 100,] :

LYY} . TFeI,EN,=1) GO 1IN 390

369 Kzt -

370 31 KXyt

371 REANDCH,100) £I0UT(J),d=1,K)

312 TFOINUT(XN) NF,=1) RO 1IN 3y

373 KzX el

374 nY 27 T=1,K

37% Jztouie1)

376 27 MODEPR(JY=1

377 ) PRINT 243

378 243 FOPMAT(1HO, "PRINT RESULTS FDR NQODES ta?)

379 PRINT 2un, (10UT(1),J=1,K)

399 244 FURMAT(1H ,3314)

34y 30 READ 10,1

337 K=

383 32 KzK4i

389 READ(O,100) C(INUT(J),J=1,K)

34 TFOINUT(K) NF.=2Y G0 TN 3

1A 4 . P<xINT 245 R
387 208 FURMAT(1IHO,'RESULTS REQUESTEDN AFTER LOAD INCREMENTS s:=')
3AR Kzt

10y THOINUT(K) EN_ =1) KzKat

390 PRINT 244, ([DUT(T),J=1,K)

391 . RE TURN

3ap Fd

08-V,



COLAFPCQT (1) . HMAT

- - e - -
S E WA OTNTWNE WY -

8y
13

[»
C
C

SURKAUTINE HMAT (INSP,M,DH,I1G,R,S)
DIMENSTON H(TOSP,12),0H(T0SP,12,2)
RP=z1,¢R

SpP=t,+8

Ru=zy =R

SK=21,=S

RRM=t  ~R2R

385M=1 =58

EVALUATF SHBPF FUMNMCTINNS AND NERIVATIVES

RIPZ1 43 R
S4P=1,+3,48
Piv=y =3 *R
S3Mz =35
RP=P AR
822 %S
RifA=14,aR
S18=t4, xS
CRRZY 2 (R*R4+SAS) =110},
H{T6G,1)=RPxSP 2R
H(T6,2)=RMASP AR
H(T6,3)zRMaSManp
H(TG,4)=PP2SMRR
H{TG,9)=2SP*RRANRIP
H(TG,6)=SPARREARTIM
HTG,7)sSRMASS4283P
H{TG,RISRHASS RS TN
HTG,9)=S5HewRMaRI
HITG,10)z8MaRRMARIP
H(TG,11)=kP2S5¥-R3M
H{TG,r12)=KPRBES5MaS 4P
OHIIR,1,1)=52xNR+R1AXRP2SP
NHOIG,1,2)=KPxH$S1HARPASP
MHOL1G,2,1)==SPAHR+RIAARMRSP
NHIIG,P,2)SRMAMR+STHARYASE
NMHOIG, 3,1 )z=aSHaliRsR | RANMESM
DHEIN, 3,2 )celieitii4SIAARMESM
PHOIN,U,1)=5MaRRIRIB*RPASH
PHOIR,U,2)==PpPrpReS|ARRPASM
DHOIR, 5,1 )s=R2*5PARIP+T +SPaRRM
S DHEOIG,5,2)=RAMaRTP
DROIN, A1) =mR25xS5PARIMaT _ ASPARRM
PHIIG,A,?)=rRM R T4
PHOIG,7,1)=~S5Ma5P
PHO1G,7,2)==S2*KkMaS3P+T _xgkMaSSM
PDHEIG,AR,1)=aS5MaS M
DHOJGR,R,2) =S xiMaSIMal «RMASSM
PHOIG,9,1)==R2aSMARIMT A SMARKM
PH{I6,0,2)==PKMaR M
NHITIG, 10, 1) ==RPaSMARIP+, xSMARRM
NHEETG,10,2Ys=KRM4RTP .
PHIOTGR,11,1) =S4 ARy
NHIIG,11,2)=5220PxS53Ma  4RPASSH
PHOIG,12,1)1=85H283P
DHIIN,12,2)==5322PPxSTH 43, xPEASSM
Nzt /742,
[ATS I B =8 PR}
HETGL IYSHTL, TYanyH

g~V



A-82

UN4
Nai L 3y

WOGs (L/T91dHA=(M 19T )HYy

2i=r 2 Uu
RNUY(L9LIH=C(T*91)H
c¢l’s=1 ¢ au

Wiilt¥ *6=niy

WNGH (PP L91IHO=C(L /1 *9T ) Hy

1= 1 Oy

gy
L9
99
Sy
"y
£y
9
iy



COL*FPPQYfi) ELTIMAT

VPN NS \NI\J"‘

10

i B B ]

f ]

oM

[ Je Be Ne |

COMPILER (XM=3)
SURRNUTINE EI TMAT (NEP,NNP,NDFP,TOSP, ISP,NECP, NPFP NLPP,

" $PP,COORD, IELT, THE,D,NET,H,DH, GPCRD,BTHR)

1F

IF

18

FAr EYTENDEN STORAGE GIVE EXpLICTIT éIZE 0F ELASTIC AND PLASTIC ARRAYS

CNMMON /EXT/ RKF(3#4,64) , RyP(384,30)

COMMON TA,TO,NN,NE,NPPTS,NNFS,NDF,NDFA,NRWS,NBH®,NPC,NPCS,
2NDFRAS,LP, TL,1STNP, [CHECK,E,EP,EPS,RNU,S7ERD, S7TERDS, THIK,
3RMTN, 15,708, TOSM,NLI,GRP(4,4),WGT(4,0),NWRKF ,NWRKP,
AFTA,NOUT, LU, L2, L1H3,L0 0, MLAM,FRAC

DIMENSTON PP(NLPP,NDFP)Y, CONRD(NNP,2), [FLT(NEP,12), THC (NUFPY,
2D(8,8) ,DETINFP,INSP),HEIOSP,12) ,NDHITOSP,12,2),0PCRD(MEP, TUSP, 2)

DIMENSTON R(4,24),RTD(A),BTOR{28,20),RI(2,2),RI1(2,2)

MYILE PRECTISINN FACT

TEOIANE ,=1) N TO IR

PLANF STRESS AMALYSIS, EVALUATF FLFMFNT FLASTICITY MATRIX (N)

NUM=F /(1 ,=RNITARNI))
NCt,1)=D1Nn
R(1,2)=RNUaDlM
N(?,2)=DUM
nNE2,1)=n001,2)

N, R )=(1,~RMU)Y /P2 2DNM
no 1IN 17

PLANF SIRATN UR AXTSYMMETKTC ANALYS]S, EVALUATE FLASTICITY MATRIX

PUMZFA(L 4=RNU)/(1.4RNUY /(1 =2 . %*RNY)
N, 1)=D0M

Ner,2)s= RVU/(!.-RNU)*DUH
NEL,M=p(01,2)

nNe?2,1)=p01,2)

N(2,2)=DHiM

nE2,8)=np1,2)

P(3,3)=k/2./7(1,4RNI})

SPU,1)=N(1,2)

EvV

17

1?

)
L]

1

ND(L,2)=0(1,2)
DO, H)=DUM

ALUATE SHAPF FUNCTIONS AND DERIVATIVES

IG=0

nO 1?2 Tx=%,10

R=GP(IN, IX)

ni) 12 Ty=1,I0

SzhRP(IN, 1Y)

I1G=IG+1 :
CAt{. HMAT (IﬂSP H NH,I1G,R,S)

R EACH FLFMFNT o
AEALXARKANRRANARR

Ny 2 TF=1,NE
P 1 I=1,24
na 1 J=t,24
RG], JYzn,

mn*)

€9~V



A00m

22Xk

[ N

DD

Pl

16=0

FOR EACH TNTEGRATTON POINT ¢
.li'kiﬁRﬁllilt.lliiilililﬁtkl"l

no-a Ix=1,10
no 4 1Y=1,1D
TG2In+1 S

EVALUATF NETERMINANT OF JACOHTAN MATRTX

Ny s T=1,2
no ts J=1,p
RJtI.J)=0,
ND 15 K=1,12
L=TELTLIF,K)
15 RICL,IV=RI(T,JI4DHIIG,K,TI*COORD(L,J)

PET(TE, IG)=RI(1,1)4RI(?,2)=RI(1,2)sR.I(2,1)
TEDFT(IF,T16).AT,0.1F=07) GO TN 14
PRINT 200,TE,K,S

200 FORMATOIMI,41(°x'),//,* FRROR : JACORIAN NFGATIVF FOR ELFMENT °,

$14,/77," TNTEGRATTON PUTNT (R,S) =*,F10.8,' , *,F10.8,/7/42('%"))
STAp. i .

EVALUATE TINVERSF NF JACNBTAN MATRIX

16 DUMZY J/DFT(IF,TG)
PAT(1,1)23RI(2,2)xDHH
RIT(1,2)=2=RJ01,2)%NUM
RIT(2,1)z=RJI(2, 1) &xNUM
QJT(2,2)=RI(1,1)+DUM
Koe)

EVALUATF STRATN=DTSPLACEMENT MATRIX (R')

ng 20 T=1,12
K=K+?
LzkKet
A(Y,%)=0,
gy, )=0,
n(};",.‘():().
n(2,L)=0,
nn 21 J=1,2
AL, K)=HOL,KY+RIT (1, 3)aDH(TG,1,J)
21 R(2,L)=5(2,L)+RJT(2,I)2DH(TG,T1,J)
R(3,K)=H(2,L)
20 R(3,L)=H(],K)

CALCUL ATE CARTESIAN COORDINATFS OF GAlUSS INTEGRATTON POTNTS

GRPCRND(TE, IG,1)=0,
GPCRD(TE, IG,2)=0.
Ny 2?2 T=1,12
TL=IFLICTE, )
ny g2 J=y,?
22 GRCRN(TE,IG,J)=GPCRDIIF, TG, dY+H(IG, I)ACUORN(TL, )

[F PLANE SIRATN P AXTSYMMETRIC ANALYSIS FVALUATE FOURTH ROW DF (H')

TF(14) 2R,29,2%

MATRTX

19~



1290
1714
122
173
1724
125
176
1727
178
129
130
131
132
133
134
138
136
137
133
139
110
141
142
143
144
145
146
147
148
149
1506
151
152
1S53
154
155
156
(187
1S8
159
tA0
161
the
163
164
165

167
168
169
170
171
172
173
174
175
176
177
174
179

[aRe N

MAN oo

e Relel

C
C
C

23
24

25

2h

2Q
27

TF(GPCRO(IF,16,1).6T,..1E=7)
ne 24 T=1,24
AR(a,T)=8¢1,1)

G0 1N 2§
DUM=1,/GPCRD(IE, TG, 1)
J=0 '

no 26 T=1,12

1=.7+42

R4, J=1)=HIIG,T)anlIM
Rea,3)=0,

Gy 1N 23

NQO 27 Tz=1,024
R(4,T)=0,

GO 10 25

STORE INTFGRATION POINT DEFNRMATION MATRIX (R') IN TEMPORARY FILE

2R

CALL NTRAN(LYU,)1,96,R,1,22)
TF(L.EN,96) GO TN 3
PRINT 210,T1E,1I6,1.

210 FORMAT(® EPROR ON WRTTING B MATRTX FOR ELEMENT', 14,

S  INTFEGRATION POINT?', Ty,
STP

t FERRQR CODE 1S8',14)

TF AXTSYMMETKTC AMALYSIS DETERMINF RADIUS TN TNTEGRATION POINT

3 TFCIALFQ.1) THIK=GPCRD(IF,T1G,1)25,2831853

CALCULATE WFIGHTING FACTOR AND MULTTPLIFR FNR GAUSS NUMERICAL INTFGRATION

WT=WGT (IO, IX)YAWET(TO,1Y)ATH

IKANET(TE, IG)

EVALUATE COMTRIRUTION TO ELEMFNT STIFFNFSS

]

in

AD

N 4 I=1,24

N0 S K=1,18

RIN(K)=0,

DO S L=1,18
RTN(K)=RTDIKI+R(L,TIxDC) ,K)
no a4 J=1,04

NyM=0,

Ny 6 K=1,18
DUMZDUMIRTN(K) AR (K, J)
RINDKII,JI=BTRRCT, J)+DUMKWT
no 30 T=1,24

Ny 30 JI=1,24
RIPHEI,1)Y=RTIPACY, )

D IMTND SYSTFM ELASTTC MATRIX

N 2 I=1,1?
MC=IFLT(IE, 1)
NO 2 J=1,1°
MC=IFLY(TE, D)
TEONC LT M0) GD Ty 2
MNF=(MC=)xp
MNP iNCey)xp
THF=([=1)aD
JHF=( J=1 )22
ALY N S P

| k=t 4L

(RTNB)
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1R0Q
1R
182
183
184
1R
196
187
18
1R9
190
101
192
103
194
195
196
197

19y

199
200
2
292
2n3
2n4
205
2n6
en7
20H
N9
210
211
212
213
214
215
216
217
218
219
220
221
2?72
2?3
274
2?25
2?26
2?7
274
2?9
230
231
232
213
234
215
236
237
234
239

C
C

Ix]

OO

e e }

7
2

AR

10
A

LE=INF+|

PO 7 LL=t,?

LLK=NNF+LL

TF(LLR,LT.LKY GO TO 7

LLK=LLK=l.K+1

LLF=INF 4L .

FKF (LR LLKY=SRKF(LK,LLR)+RTIDBC(LE,LLF)
CONTINUE

CUMTINUE

PLY BOUMDARY CONDTTTIONS TO SYSTFM ELASTIC MATRIY (RTNH)

NG o/ I=f,NDF
TFCIRC(L) . FU,1) GO TN 8
NN "9 J=2,NRwW

PKE(T, =0,
RKF(1,1)=1,
IF(I.EQ,Y) 6N TO 8
Ti=1-1

Tk=¢

JJzl=NAwe
TFOJILT 1) Jo=1

Py 16 1J=11,JJ,=1
RKF (1J,1K)=0,

TKz K41

CONTTNUE

STURE HAND NF SYSTEM FLASTIC MATRIX (BTDB) TN TEMPORARY FILF

az2n

CALL NTRANCLIIL, 1 ,NWRKE,RKF,L,22)

TF(L.EN NWRKF) GO TO 3%

PRINT R20,1.

FORMAT(' ERROR ON WRTTING SYSTEM ELASTIC MATRIX (RTNY)',
$' : ERRNR CODF TS',T4)

STNP

DECOMPOSE ELASTIC SYSTEM MATRIX (BTDN) INTO PRODUCT (UT=U)

33

N0 13 IR=1,NDFS .
I8=IRP+1

THRSTR+NRWS

IF(IAB.GT.NDF) 18B=NDF

. NCOLL=NBWS

32

14

1C=2

Ny 14 T=18,1R8

1ce=1g

TF(RKE(IR,ICY,FGR,0,) GO TO 31
FACT=RKE (IR, TC)/RKF(TR,1)
TECIR AT NDFRWS) NECOLLENDFAT
NG 372 J=1,.NCOLL .
QKF(‘:J)=HKE(I;J)‘FACI*RKE(IR'ICC)
1CC=ICC+1

NCALY =NCOLL =1

IC=1041

FACT=0SURT(KRKE(IR, 1))

PKF (TN, 1)=FACT

FACTI=1,/FACT

NCOLL =MHW

T OLIR GT.HNDFRWS) NCOLLSNDFATR
N1 J=2,N0000 :
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210
2al
242
243
2144
245
246
2u7
248
249
250
251
252

13 RKE(TR,JY=RKE(IR,J)*FACY
RKE (NDF, 1)=SORT (RKE (NDF, 1))}

STORE BAND OF OECNMPOSEN SYSTFM ELASTIC MATRIX (M) 1IN TEMPORARY FILE

i NaXy)

. CALL NTRAN(CLU2,1,NWRKE,RXE,L,22)
TF(L.EN,NWRKF) GN TO 11
PRINT R21,L i

A21 FORMAT(' ERRNR ON WHRTTING DECOMPOSED SYSTEM ELASTIC MATRIX (U)*,
$* ¢ ERRNR CNDF 1S5',T4)
STAP .
11 RETURN

END

gy



COL*EPCQTI(1) . SNLVEY

L2~ N E NN -

IaEnEal

P

oA

n]

DOOD

DY OD

[
[
C

COMPTLER (XM=3)
SUBROUTINE SOLVE?" (NDFP ,NPCP,NLPP,PP,DY,DIAG,Q0,RK3)

FOR EXTENDED STnRAGF GIVE FXPLICIT SI7¢ OF FLASTIC ANM PLASTIC ARRAYS
COMMON ZEXT/ RKF(384,64) , RKP(384,%0)

COMMON JA, TO,NM,NE,NPPTS, NDFS,NDF,NDF A, NRWS,NBW, NPC,NPTS,
2NDFRWS,LP,TL, I310P, ICHECK,F,FP,EPS,RNU,STERD, STERUS, THTK,
3RMIN, IS, T0S, TUSM,NLI,GO(8,4),WGT(4,04),NWRKE ,NnRKP,

AF TA,NOUT LY, LU2,L03,LHa,NL AM, FRAC

DIMENSTON NIAGLINPCP),PP(NLPP,NDFP), DI (NDEP) ,RKS(NPCP,NPCP),
103 (NPCP) ' ‘

NOUALE PRECISINN FACT

APPLY LOAD VECTOR

NO 1 Is1,NDF
I DD =PPILR, )

PFRFURM FNRWARD- AND RACK=-SURSTITUTTIONS ON (UT#U) DECOMPOSED
ELASTIC SYSTEM MATRIX '

call FORSUR(DY)
CALL RAKSUA (DY)
TFINPCLEN.O0) 6N T 2

CALCULATE PILASTTIC SUBMATRICFS OF PARTITIQNED UNCOUPLEDN SYSTEM MATRIX

Py 3 I=1,NPC
aIY=0,
NY 3 J=1,NDF
3 NQCI)zRARCI)=RKP(J, T)ADU(T)
NO 4 I=1,NPC
8 Cabl FORSUR(RKP(1,1))
PO S 1=1,nPC
DO S J=1,NPC
RK3I(T,J)=0, .
TF(L1.ER,J) RK3(L,J)=DTAG(])
DO S K= ,NDF .
S RKR(I,J)ZRKI(T1,J)=RKP(K, T1)*RKP(K,J)

SOLVE FOR MULTIPLTERS USING GAUSS REDUCTION AND BACH=SURSTITUTINN

TF(NPCEQ, 1) GN TO 6
NPCS=NPC=1
NDO 7 IRzt,NPCS
Tuzlk+1t
NO 7 I=1R,MPC
TF(RX3(IR,T),EQR,0,) GO 1" 7
FACT=RK3(IR,T}/RK3(IR, IR)
nO # J=1,NPC

R RKI(Y, I)=KKE(L,JY=FACTaRK{(IR,))
DA IIZAGEI)I=FACT*AN(TR)

7 COMTINGIE
NG § [RMNPC,2, =1
TECCR(TIRY.FY,0,.) GO TO 9
OUlIRI=ZUNCTIRY/RET(TR, IR)
TH=IR=)
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114
s
116
117
114
119

C
c

(e e Rw ]

t Be lie Ko ]

10
9
LY

RF

R40

no 1o I I8,1,~1

A (I)=NQ(I)=RK3(T, IR)*QO(IR)
CONTTINUE
A19(1)Y=NQ(1)/RK3I(1,1)

AN PLASTIC MATRTX (=RTDN) FROM TEMPARARY FILE

CALL NTRAN(LU3,10,2,NWRRP,RKP,L,22)

TFILLEA.MARKP) GND TO 11
PRINT Ra0,L

FORMAT (' ERRNR ON PEADYNG SYSTEM PLASTIC MATRIX wBTDN'

$' ¢ ERRNR CODF 1S8',74)
SI1npP

CALTULATE WHS VECTOR NF PARTITINNFD UNCOUPLED SYSTEM MATRTIX

i1

12

S0
ON

?

SURRUNTINE FOR FURWARN=SURSTITUTION ON

-

N0 12 T=1,NDF
PUCIY=PP(LP,T)
no 12 J=1,MpC
DULT)=NULI)=RKP(T,))*x0R(.J)

LVE FNR DTSPLACFMFNTS USING FORWARD= AND RACK=SUBRSTITTUTTON

(HTaU)Y " DFCAMPOSED FLASTIEC SYSTFM MATRIX

CALLL FARSUR(NY)
CALL BAKSUR(DY)
RETURN

SURROUTINE FNRSUR (RHS)
NDIMENSTON RHS(NDFP)

Ny 1 IP=1,NDFS

TH(RHS(IR) ,EN,0,.) GO TN 1t
PHS(TK)=RHS(TRI/RKF (IR, 1)
TR=IR+1

THR=TH+NRWS

TFOIRE, GT.NDF) IRB=NDF

J=2

N 2 I=1R8,1IBR

RHS(T)= kHS(l)-pKF(IR JY=RHS(IR)
J=J+1

CONTINUE

RHS (MDF ) =RHSINDF) /RKE (NDF, 1)
RETURN

SUBROUTTINF FOR RACK=SUHSTITUTTION ON

" SURROUTINE BAKSUR (RHS)

2

NIMENSTON RHS(NDFP)

N 1 JRz=NDF,?, -1

TE(KRHSCIR) EQ_N ) 60D TN o

”HQ(THY QH%(IR\/DVF(TH 1)
=[R=1

YHR TRenAWS

TROIBR, LT 1) I8p=y

1=2

Ny 2 1=13,TRR, -4

PHS (TR HS I Y=RRF (T, J)aRHS(IR)

RERER

C(uT#y)

(UT=U) DFCOMPUSED FELASTIC SYSTEM MATRIX

DECOMPOSED ELASTIC SYSTEM MATRIX
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COLAFPCOT(1),SOLVE2

1 COMPTLER (XM=3)
2 SURRNUTINE SOLVE2 (NDFP,NPCP,NLPP,PP,DU,NIAG,QN,RK3)
3 c
4 C FOR EXTENDED STORAGE GIVE EXPLICIT SIZE OF FLASTIC AND PLASTIC ARRAYS
S c .
[} COMMON /EXT/ RKE(384,64) , RKP(384,30)
7 o :
8 COMMON 1A, T0,NN,NE,NPPTS,NNFS,NDF,NDFA,NAWS,NGW,NPC, NPCS,
9 ] 2NDFBWS,LP, TL,ISTAP, ICHFCK,F,FP,EPS,RNU,SZERD,S2EROS, THIK,
10 39MIN, IS, TUS, TOSM,NLE,GP(4,4),K0GT(4,4) ,NNRKF ,NWRKP,
11 GFETALNOUT LI, L2, L103, LHa, NELAM, FRAC ’
12 DIMEMSTIQN NIAGCHPCP),PP(NLPP,NDFP), DI (NDFP),RKI(NPCP,NPCP),
13 290 (NPCP)
14 NOUBLE PRECISION FACT
15 c
16 C  AUGMEMT WITH LOAD VECTOR
17 c
18 NO 1A T=y ,NDF
19 1R PUCLI=PP(LP,T)
20 [«
21 C  STORE DTAGONAL PLASTIC MATRIX (NTON4DP)
22 c
23 NO 12 T=1,NPC
24 AG(1)=0,
’5 no 1?2 J=1,NPC
26 12 RK3(1,J)=0,
217 Ny 22 1=t ,NPC
28 22 RK3(T,1)=DTAG(T)
29 ¢ ’ :
39 C  GAUSS RFDUCE TO UPPFR TRIANGULAR MATRIX
31 C ARRRAXAKRRAAANARRARRARRRARARARARARRRRNRNR
32 o
313 € FIRST N  ROWS
34 c '
15 DO 1t IR=1,NDF
36 TFOIR.EQ.HNPDFY GO TN 19
37 C
3A . ELASTIC MAJRIX  (RTNY)
19 [
a4 TH=IR+1
a1 THR=TReNRNWS
w2 TFC(IRH.GT . NDF) IRB=NDF
a3 NCOLL =MEWS
u4 1c=2
as No B I=IR,THR
46 1ce=7¢ .
a7 . TF(RKE(IR,TC) FR,0,) GO TQ 20
L.} FACT=RKE (IR, TC)/RKF (TR, 1)
49 TFCIR,GT ,NDFRAWS) NCOLL=NDEAT
50 NO 9 J=p,NCOLL
S1 PKF (T, J)=RKE(L,J)=-FACTARKE (IR, ICC)
]2 9 T(CC=TICN+
53 NG 1A Jz=1,NPC
5y 1A RKP(1,.0)sRKP (], )=FACT*RKP(IR,.])
55 NYCIY=RUC Y =FafTxpH(TR)
56 20 NCOLL =NCOLT =)
s7 R TC= |4t
S5 10 THONPOLEA,0) 60 To o

CT6=Y



105
106
107
108
109
110
1
112
113
114
118
116
117
114
119

SO0

SO OD

OO D

e Ra}

PLASTIC MATRIY (=BRTDN)

NCOLF=Y
nO 1S I=t,MPC
TF(RKPCIR,NCNLF) ,,EN,0,) GO TO IS
FACTSRKP (IR, NCNLF)/RKECTIR, 1)
DO 17 J=NCOLF,NPC

17 RKI(T,1)=RKI(L,J)I=FACT*RYXP(IR,})
NAICTI=NACII-FACTEDH(IR)

1S NCOLF=NCOLF +1

1 CONTTNUE

PLASTIC MATRIX (NTIDN+DP)

TFINPCEN,0) 6N To 21
TFONPCLEN,1) GN Ty 1t
MCNLF=1
N 2 TR=t,NPCS
THA=TR+]
TCTNLOLF +1
nO 3 I=IRA,NPC
TFIRK3I(IR,TCY.FRL0,) 60 Tn 3
FACT=RK3( 1R, TC)/RKI(TR,NCOLF)
PO 4 J=1C,NPC

4 PK3I(1,1)=re 3L, J)Y=FACT*RKI(IR,J)
OUCII=NUCT)=FACTAQO(TR)

T 1C=ir+

? MCOLF=NCNLF 4

11 CONTINNE

BACK SuUaSTITUTE
ARARRRARRKA KA KR

EVALUATE {L_AMHDAS

NAINPCI=NGINPCY /RKI(NPC,NPC)
TFINPZ EN 1) 6N TO 7
NCOLF=NPC
PO S IR=NPLS, 1,1
TiI=IR+1
N 6 J=NCOLF,NPC :
RECIR)=UA(TRI=RKI(TR,J)2NQ(IT)
b TI=11T+1
MEOLF =NCNLF =1
S NOCIRI=AN(TRI/RKI(TR, NCOLFY

ELIMINATE LAMRUAS

7 DO 13 I=g,NDF
no 13 .J=1,NPC :
13 PUCI)ENUCTI=RKP (T, ])*QA(J

EVALUATF DISPLACEMENT INCREMENTS

21 NHENDE)2DUNNRF ) /RKF (NDF L, 1)
NG 14 TR=pNFS, 1 ,=1
TI=IR+?
NCOLE =MW
TEOIR AT RPFRaS) LCOtL=NNFA=T K
Neya Tz, MO

! -y

26-Y
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COLtFPFQT(il STRSTR

03\10‘\1\&\#!\!"

SO n0

YO

o

oS00 OO0

COMPILFR (XM=3)

SURROUTINE STRSIR (NFP,NNP,NDFP,T10SP, 1SP,NECP,NPCP,NLPP,
$P,1,FSTRN,PSTRN,STAN,STRS, SIGHAR, PP, TELT,PMAX, TOUT,
SNELTPR,NODFPR,D,NET, IPELTS,RLAM,A,CF,DP,NEWP, NNEWP,
$NU,NESTRN,NPSTRN,NDSTRN,DSTRS, GPCRD, IPPT,PHI,RMING)

FOR EXTENDED STORAGF GIVE EXPLICIT SIZE OF ELASTIC AND PLASTIC ARRAYS

COMMON JEXT/ RKE(384,64) , RKP(384,30)

COMMON TA,TQ,NN,NE,NPPTS,NDFS,NDF ,NDF A, NBWS,NBW,NPL, NPCS,
2NpFBWS, LP.!L.lﬁlnP erFcK F.,FP, FPS.HNU.S7&RU SZERDS;THTKr
3RMTIN, IS, TOS, TOSH,NLI,GP(0,0),WGT(4,4),NARKF,NWRKP,
4F TA,NOUT, LUl.LHe.Lus Lua NLLAM,FRAC

nl“EHSIUN P{NDFP)Y ,IH(NDFP),FSTRN(NEP, TOSP,ISP), P%TNN(NEP 10SP,18P),
2STRNINFP,INDSP, TSP),STRS(NEP, TSP, ISP),SIGBAR (NFP, 1ns5P,15P),
3PP (NLFP,NUFP), TELT(NFP,12),INUT(100),NFLTPR(NEP, TUSP),
uMOhEPR(NNP).n(u,u).DEIrNEP.InsP),IPELIS(NEP.YUSP.BI.MENP(SO.Z).
SRLAM(NFP,10SP), A(NFP,INSP,T1SP),RMINC (NLPP),PMAX (NLPP, ),
6CFINFP, [OSP),DPIMDFR),DUINDFP) ,DFSTRN(NEP, T0OSP, ISP),
TOPSIRN(NEP, INSP, TSP),DSTRM(NFP, 10SP, TSP) ,DSTRS(NEP,10SP,TSP),
BGPCRD(NEP, TUSP,2), TPPTINDFP,2),PHI(NFP,I0SP),55(4,20),DEL (24)

POUALE PRECISINN DM

RFWINN TEMPORARY FILE IN WHICH INTEGRATION POINT DEFORMATTON
MATRICES (B') ARE STGRED

CALL NTRANCLING,10,22)

FOR EACH FLEMENT =
AARXARRKARRARREAARNRR K

"RMTIN=1,.E30
N0 3 IE=1,NE

ELEMENT NODE DISPLACEMENTS
=0
PO 1 I=1,12
TI=(TELTCIF,I)=1) 42
no 1 J=1,2
Lzl+
1 NEL(L)=DU(TI+J)

FOR EACH TNTEGRATTON POINT ¢
AARARKRRARKRRNKRARRNARARRA AN A AR

hPo 3 I6=1,708

REAND TNTEGRATTON POINT DEFORMATION MATRIX (B') FROM TEMPORARY FILE

CALL NTRANTLUYG,2,9h,R,L,22)

TE(L.EN.96) GO TN 13

PRINT 210, TE,IN,L
210 FORMAT(' ERRNKR M READTNG (B) MATRTX FOR ELEMENT',Ta,

$' IMTFGRATION PNINT',Ta,* : FRROR CONE 15°',14)

STNp

13 CONTINUE

6=V



119

DIIODIOHOHND

D OO0

i Xn Re Ne]

DO D

CALCULATE RFLATIVE MAGNTTUDE OF TOTAL STRAIN TNCREMENT

IS N0 2 I=1,1IS8
NSTRM(TE, IG,1)=0,
ho 2 J=1,24

? DSTRN(TIE,IG,T)=DSTRNCIE, YGII)OR(‘ J)*DFL(J)
TFCIPELTS(IE, IR, 1) ,EN 1Y GgN TO S

FOR ELASTIC IMTFGRATINN POINTS, CALCULATE RFLATIVE MAGNITUDES OF *
ELASTTC STRAIN AND STRESS INCREMENT VECTURS, AND SCALAR MULTIPLIER TO
CAUSE STRFSS PUTNT TD REACH YTELD SURFACE. FROM ALL FLASTIC
INIFGRATION POIMTS NETERMINF SMALLEST SCALAR MULTIPLIFR

N 4 121,18

nPSIPN_(IE,TG.I)=0.

NESTRNCIF, TG, 1)=NSTRN(TE, IR, 1)

NSTRS(YE,1G,T)=0.

no 4 J=1,18
4 NSTRS(TE,IG,V1)=pSTRSCIF, Ic.laontr.l)-nSTRNlevYG'J’

TFACT=

CalL RﬂuT(DUM.DSTkS(IE.]G.l);DSIRS(IF,Tb,Z),DSTRS(TE.IG,!)i
$NOTRS(TE,I16G,4),STGRAR(TF,16,1),STGRAR(TE,16,2),5TGARAR(TE,IG,3),
$STARARCIF,16,4))

Np=DtNK

TFERMIN GT ,0N) RMINzZND

G0 10 3%

FNR PLASTIC IMTIFGRATION POINTS, CALCULATE RFLATIVE MAGNTTUDES OF
ELASTIC STRAIM, PLASTIC STRAJN AND STRESS INCREMENT VECTORS

5 D0 6 121,18

NPSTRNCIF,IG, [)=RLAMCIF, Ib)AA(lE'IG.T)
6 NESTRN(IF,TG, [)=NSTRN(TE, IG.T)-DPSTRN(TF 16, 1)

ny 7 1=1,18

DNSTRS(YE,I6,1)=0.

R 7 Jd=1,18
7 RSTRS(TE,IG,T)=0STRS(IF, IG.I)on(I.J)*nFSTRN(TE.IG.J)
3 CONTTNDE

CHECK IF PROPOSFD MAGNITUNE OF TOTAL LOAD IN CURRENT LOAD DIRECTION
COMPLTIES WITH LNADIMG. PROGRAMME

TR=IFIX(PMAXILP, 1))
DUM= (PMAX (1P, 2)=P(TR))/PP(LP,IR)
TE(RMIN,LT,DUM) GO TO 22
RMIN=DUM
ICHECK=]

22 RMINC(LP)Y=RMTINC(LPY4+RMTIN

T MULTIPLY ALL TINCRFMENT OUANTITIES BY SMALLEST MULTIPLTIER, AND DETERMINE

CHRRENT TOTALS OF LO0AD, DTSPLACFMENT, ELASTTIC STRAIN, PLASTTIC STRAIN
AMD STRFESS

PO 23 T=1,NDF

PDUCTYSRMINADL(T)

HET)=hi(IY+DUC L)

NPOI)=RMIN®PP (L P, )
23 PrT)-REY4NR(])

PO 1Y Te=),NF

nyOYY TeE1,10%

66~V



120 no 12 J=1,18

121 NSTRN(TE,I6G,J)=DSTIRNCIE, IG,J)4aRMIN

122 NESTANCIF, 16, JY=NESTRN(IF,T1G,J)+RMIN

123 NSTRS(TE,16G,J)=DSTRS(IF, TG, J)*RMIN

124 . STANCIF,16G,J)=STRN(IF,TGsJY+NSTRN(TE,16G,J)

12% FSTRMITE, G, J)=ESTRMCIF,1G, JY+DESTRNCIF,T16G,J)

176 THCIPELTIS(TE,IN,1),EN.0) GN TO 21

1217 NPSTRNCIF,T16,J)=PPSTRN(IF,TG,J)2RMIN

1248 PSTRN(TE, I6,J)=PSTRNIIF, ¥G,JY4DPSTRNITIE,1G,J)

129 21 STRS(IF,T16,J¥=SIRS(IF, 16, J)Y+NSTRS(TE,16G,J)

130 1?2 SIGBARCIF, TG, J)Y=STRS(IF,TG,J)=-FP*PSTRNCIF,T16,J)

131 TFCIPELTS(TE,IG,1) ,k0.0) GO YO 11

132 PLAM(IF,YGI=RLAM(IF,IG1tNMYN

133 C

134 € IM FLASTIC-PERFFCTLY PLASTIC CASE, MNEUTRAL=! UADTING STRESS POINTS
115 £ MOVF TANGENTIAL 1N YIFLD SURFACF, THEREFURE CORREGT CURRENT

136 . STRFSSES RY kElHRNlNG STRFSS POINT TQ YTELD SURFACE

137 r

138 1FaCT=?

139 - Call RﬂUT(nUM §Tﬁb([F lh,1) STRS(IF, TG, ZY,SIVS(IF 16, 3),

140 SSTRS(IF,1G,4), PSTHN(TE IG,1),PSTRN(]1E,T16G,2), PSTRN(TE,16,3),
111 FPSTHN(TE,IG,8))

tne CEOIF,TG)=NUM

143 Ny 26 121,15

144 STRS(IF,T1G,J)=STRSIIE, TG, JY*CF(IF,TG)

145 2h SIGRAK(IF, lb,J) SYRh(lF TG,J)=FP*PSTRN(IF,1G,J)

146 11 CONTTNUE

147 C o

18R € DETFRMINE CURRENMT PlASTYF"NYFGRATlnu POINTS, FOR ELASTTC INTFRGATION
119 € PNIMTS CHFCK PATIO ‘0OF VON MTSFS ECUTVALENT STRESS T0 UNYAXIAL YIELD
150 £ STRF5S FUR STRESS PO]NT IO HE TREATFD AS PLASTIC

151 C

152 NP =0

1573 L IF=zn

154 : MPPTS=n

159 - NNF Pz

156 no 25 TE=1,NF

157 no 25 T6=1,1NnS8

158 TFCOIPELTS(TE,IG,1).E0.1) Gﬂ T0 32

159 TFCIA,REL0) 60 TO 34

160 NUMEPSNORT(SIGHARCIF ,, TGo 1) aSIRBARCIF, TGy 1)~SIGBARCIE, TG, 1)x .
161 ISIRHARITF, 1b.2)+$[rﬂak(lf 1G,2Y%S1GBARCIF, 1G,2)+3.2STGRAR(IE, IG,3)
162 $xSTGRAR(TE, IG, 1)) “

153 GO TN 34

1h4 36 DOM= nsnkT(SIGHAR(lF Ih.a)aserAR(IF Ib.1)+SIFBARtIF 16.,2)

145 SxSIGRAR(TE, 16, 2)+STGRAR(TE, IR, N)«STGRAR(TE,16G,0)=STGRAR(TE,16,1)
166 $~SIUHA°(T£'lC,P)-STpRAP(TE:lG.P)*SYGRAQ(IE,IG,M)-S!GRAR(IE,IGil)
147 ' $ASIGRAR(YE,ln;u)+3.nSIGBAH(lE.YG,}):SICBAR(IE,IG,}))

168 3R PYM=DUM/SZERND

169 - ' TF(DUMLT.ETAY: GO TO 25

170 TPFLYS(IF,1G,1)=1

171 MNF WP ZNNE WP 4.

t72 NFWP(NMENP,I\-TE

173 NE RSB (MEWP,2Y=T(

174 32 TFO(F.FN_LTE.AND NLAM,FO,1) 0 10 A

175 MPLoNPM e

176 1LIF=Tf

171 8 MPPTS=NPPTSH)

174 CTFPICHPPTS, 1)=T¢

179 TROTOHPETS, 2Y=T(

96"V



1ha
18]

182

1R3

124 -

185
186
187
1R8
1R9
190
191

192
193
194
109
196
tay
198
199
2990
20

2ng
ens3
204
2ns
206
eniy
208
209
210
2l
212
°13
214
215
216,
217
218
219
22n
221
272
2’3
2724
22S
2726
2217
278
229
230
231
232
33
2%
39
236
237
AT
e"!n

OoHD

TPFLTS(IF IG, ?):MPP
25 FONTTNHE
NPCS=HPCa]

[nEaNal

'Fftb G1.0,0) GO 7O 33

YF(RMLN/PH1NF(IP) GT.FRALY GD TU 9

NKNT=NKNT 41

TF(NKNT L TL3) RO TO 33

PRINT 201,FHAC

201 FORMAT(IHO,83('#'),/,' LNAD TNCRFMENTS LESS THAN',F6.3,

3'  0F TOTAL LOAL FOR PRECENING 3 LOAD TNCKEMENTSY,//,
3' ANALYSTS TFRMIMATED®,//,' RESULTS AFTER CURRENT LUAD INCREMENT L
BYSTEN RELOW',//,R0("4%))

T5T(Pz=t

TOUT(NNUT)=NLT+1

Q MKNT=gQ

r
€ OQUTPUT CURRENT RUANTITIES

C R
3% CaLL OUTPUT (NFP,NMP,NNFP,T0SP, ISK,NECP,NPCP,NLPP,
BPSTRM,STRN,STRS,SIGRAR,PMAX, TOUT,NEL TPR, NODEPR,
BPHIL,JPFLTS ,RUAM,CF,DP, N, BFSTRN,DPSTRN,NDSTRN,0STRS,GPCRD, IPPT,
BP, U, FSTRN,NEWP ,NNEUWP , KM NC)
TFCISTOP.EN,.=1) GO 10 24
CHECK AVATLABLE STURAGE
MARKP=NDF aNPC
TEINPC LENPCPY GO TO P9
PRINT 20?2 o
207 FURMAT(1H0,50( '), /," AVATLABLE STURAGE EXCEENED : PLASTIC MATRI
§X TUN 1LARGF*, 7/, ANALYSIS TERMINATED, 7/, RESULTS AFTER PREVIQUS
% LNAD INCRFMFNT LISTFD RFLOW',/7/,55("'%x*))
FOUTINOUT Y 2NL T
MLT=NLTw-1
Call QUTPUT (NFP,NNP,NDFP,TOSP,ISP,NFCP,NPCP,NLPP, .
$PSTHN,STRI,STRS,SIGBAR,PMAY, TOUT,NFLTPR,NUDEPR,
SPHT, TPFLTS,RI AMLCF DR, NULDFSTRN,DPSTRN, DSTRN, PDSTRS, GPCRD, 1PPT,
$P,t, ESTRN ) NEWP , NME WP, RMINC )
s10k
C
C READ FLASTIC MATRIX (BTOR) FROM TEMPORARY FILE
[
PO TFINPC.LF.NBW) M=t Uu?
TEFEMPC . GT . NRH) LU=) U1
CALL NTRANCLY,10,2,NWRKE,RKE,L,22)
TF(L.EQ NWRKF) GN TO 24
PRINT R20,L _
820 FORMAT(' ERRDR ON READTNG SYSTEM ELASTIC MATRIX (RTNB)*,
$' : EPROR CODF 1S',14)
STNP
2% PETyYRN
o
C SUHHPOUTINE FOR DLTERMINTNG SCALAR MULTIPLTERS FOR ELASTTC INTEGRATION
C PNINTS, AMD FOR RFTURMING STRFSS POINTS TN YIELD SURFACF FOR
€ PLASTIC INTFGRATIAN PNIHTS
C

SURKNUTIHE SOOT(RT, XY, ¥2, X3, %a,Yt,Y2,Y3,Y4)

CHECK IF 1L 0AD INCREMEMTS RELOMING CONSISTANTLY LESS THAN 'FRAC' of TOTAL LOAD

L6-_'V_



2n9
any
2n2
243
244
245
244k
247
248
249
250
est
252
255
254
255
256
257
254
259

NOYBLE PREFISION AA,AB,CC,RT

TFOIA,GEL.Q0) 6O TO 2
AASX1AX1=X1aX24X24X243 £ XTxX3
TFIIFACTLEN 2 ANDEP.ERA.N) GO TD 1

REZX1AY1=0 Sa(X12Y24X2kY1)4X22Y243 aX3uY3
CC=Y1aYlaYtaY24Y2RY243,4Y32YD

[V A N
AASXTAXT4X2aX24XUxXGaX e X2=X2aXU=X1a XYt aX3aX3
TRCIFACT EN, P2, AND EP_EN, 0) GN TO 1

RESX1aY 1 4XPaY24XUnYUe(Q Sa(X1AY24X2RY I 4X20YA4XGxYD

FAXIAYU4XARY 1)+ aX2LY] )
COzYIaY I 4Y 2 Y24 YUY L=YIaY2=Y2aYO=YTIaY 443, 2Y32YS
TFOIFACT,EN,Y) GO TO 5
AH==PE*EP
fC=CC*FPS
RT=(NSOKT (RB#BR=AAN(CC~SZFROS))=RE)/AA
RETURN
RT=SZERQO/DSGURT(AA)

RETURN
END,

Q6-V



COLAEPCQY (1) .PLASM

OHOD

ia e Xw)

[aNe Ne)

OOM

SURROUTINE PLASM (NEP,TNSP,ISP,IF, !G.IPELTS A,SIGBAK,
$D,6PERD, TELT,DFT,WT,RTON,FNTDN,N)

COMMON LA, TQO,NN,NE,NPPTS,NDFS,MDF ,NDFA,NBKS, NHW,NPC,NPCS,
PNDFHWS, LP, TL, ISTNP, ICHFCK,F,FP,EPS,RNU,SZERO,S7ERDS, THTK,
ARMTIN, 1S, TOUS, TUSM, NI L,GP(4,2),WGT M4, 0) ,NWRKF, NWRKP,
UFTA,NOUT, LU, 002,003, Litu,NL AM,FRAC

NIMENSTON TRPFLTS(MFP,IDSP,3), A(NFP,I0SP, 1SP),SIGRAR(NEP, T08P, I8P),

2N(48,4),GPCRO(HNFP,1NSP,2), IFLT(NEP,12),DET(NEP, TUSP) ,ATDN(20),
38(4,24),RID(2U,4),ATD(1)
POHRLE PRECISION DUM -

CALCULATE GRADIFNT OF YIELD FUNCTTOM

TFCIA.GELO0Y G1) TN ap
ACTE,IG,1)=STGHRAR(TE,1G,1)+STGRAR(TE,IG,1)=SIGRAR(TE,16,2)
ACTEC1G,2)=STGAAR(TE,IG,2)+STGRAR(TE,LIG,?)=SIGRAR(IE,IG,1)
ACTE,IG,3)=6,2SIGBARCLIF,TG,3)
Gy 10 a2
40 A(TE, 16, 1)=STGRAR(TE,IG,1)+STGRAR(IF,I6G,1)=SIGRAR(IE,IG,?2)
$=STGRAR(TE,IG,N)
A(TE,IG,2)=STGRAR(TE,I6,2)+STGRAR(IE,16,2)=STGRAR(IE, 1G,1)
$=STGRAR(TE,IG,N)
A(TE,1G,3)=6,2SIGKARILIF,IG,3)
ATE,IG,4)=STGRAR(TE,IG,4)+STGRAR(IE,IG,8)=STGRAR(TE, IG,1)
$~STGRAR(TE,IG,?)

NORMALIZE GRADIFNT OF YIELD FUNCTTOM

up nyM=n_
N a3 1=1,1S

4% DUM=NUMSACTE,IG, T)*ACIF,1G,1)
UM L . /DSERTIDUNM)
nO 30 T=1,75

30 ACTELIG,T)=ACIFE,IG,1)aDUM

RFAD INTEGRATTION POTNT nEFonnnlroN'NATRIX (B') FROM TEMPORARY FILE

CALL NTRANCLI'G,6,N,2,95,R,1,22)
TF(L.EN,20) GO TO 4S
PRIMT 210,1E,IG,L
210 FOPHMAT( EPRNR ON READTING (p) MATRTX FOR ELEMENT', T4,
$' INTFGRATINN pn[wl',!u, : FRR(R CyDE IS',l4)
STNP

CALCULATE  (HTD) SUHBMATRTX

5 NO 44 121,24
no 44 J=1,1S
ARTN(T,J)=0,
DO 44 K=1,1S :
44 RIND(T,I)=pTO(1,J)+R (K, T)*D(K,J)

CALCULATE (BTDN) VECTIOKR

Ny 17 1=1,24
ATpMCOIY=0,
nog 1™ J=1,1s8
17 BIDNCEY=RINLCII4RTIN(T, J)RACIF, TG,J)

66=v



oo,

[ e Ko

CALCULATE  (NTON#DP) TFRM

no 18 I1=1,18
ATN(T)=0,
no 1R J=1,T18
18 AIN(TI)=ATD(IY+A(TE,1G,J)+n(J, 1)
FNTDM=FP
nn 19 J=1,1§ .
19 FNTONZFNTONSATD(J)2ACIF, TG, )

CALCULATE WEIGHTING FACTOR ANMD MULTIPLIER FNR GAUSS NUMERICAL INTFGRATION

T=(1G=1)/71n

TXx=14+1

Ty=]R=T10*]

TECIA FR,1) THIK=GPCRO(IE,JG,1)%6,.2831853
WI=AGT IO, IX)IRMGT (T, IY)XDFT(IF, TIGY&THIK
RETURN

Fun

00T~V



COLATPCOT (1), ITER

1 COMPILFR (XM=3)
2 SURRDUT INE ITER (NEP,NNP,NDFP,TOSP, ISP,NECP,NPCP,NLPP,
3 STELT,IRC,D,DFT, IpFLTS'RLAMIA'PP'DUJNF_NPINNENPIDIAG?'QMINCI
4 304, GPCRH,STGRAR,ATPN,ESTPN,U, P, 1PPT,PSTRS,NSTRN, NPSTRN,DTAG,
5 SNESTAN,UP, CF,PMAX, TOMHT ,NFL TPR,NONEPK, PSTRN, STHN, STRS,RK3)
6 [ .
7 C FOR EXTENNEN STORAGE GIVE FXPLICIT SI7¢ GF FLASTIC AND PLASTIC ARRAYS
8 [
9 CNMMON /EXT/ RKF(384,64) , RKP(3K4,30)
10 ®
11 ’ COMMAN T1A,T0,NN,NE,NPPTS,NDES,NDF, NDF 2, NRHS , NBW, NPC,NPCS,
t2 2NDFEWS,LP, TL, ISTOP, INHFCK,F,Fp,ePS,RNU, SZERU, STEROS, THTK,
13 3PM1N;]S,IUS)IUSM.NLI.G”(H,M),wGTfu,u),NNRKF,NHRKP,
14 AF TA,NOUT ,LUL,LU2, L3, L0g, MLAM, FRAC
1S NIMENSTON TELTONEP,12), IRCINNFP) , (4, 4),NDET(NEP, TOSP),
16 ?!PFLTS(NFP.IOSP,K),RLAM(MFP,TOSP),DU(NhFP),DSIDS(NFP,{GSP.ISP)'
17 3A(”P°;TUSP,lSP\,PPfNLPD,MnFP),nESTPN(NEP,IUSP.ISP);OP(NDFP)p
18 ACPCRD(NEP, TOSP,2),S1G8ARILFP, INSP,TSP),B8TDN(24),TONI(100),
19 SPIAGINPCP), DTAGR(NPCP) ,0A(MPCP),RKI(NPCP,NPCP), PNAY(NLPP;Z)p
20 6DUML(24),DUMR(4),11(4,24),RMIMC (NLPP)
21 r
22 L AS TIFRATIOM MIGHT RE NFCESSARY, STNRF PLASTIC MATRIX (=RTINN)
23 € IN TEMPNRARY FILE
24 f
25 CALL NTRANCLUZ,1n,1,NwRKP, RKP,L,22)
26 TF(L.EQ.NWRKP) GO TU
7 PRINT R20,L
4 R20N FORMAT (' ERROR ON WRITTIIG SYSTEM PLASTIC MATRIX (-HTnN)'
29 $' ' ERRDR CNDE 1S°',14)
30 STnp
31 t DO 7 I=1,NPC
T2 7 DIAG?2(1)=DTAR(Y)
13 o
34 C INITIALISFE ITFRATTON COUNTERS
35 C
24 TT=1
7 NLTA=NLI+Y
38 C
39 C SOLVE SYSTEM MATRIX FOR DISPLACFMFNT INCRFMENT VECTOR AND LAMRDAS
a0 c
a1 ) 16 TFINPC,LE.NBW) CALL SOLVE1 (NNFP,NPCP,NLPP, PP,DU,DTAG,B3,RK3)
42 TF(NPC,GT NRW) CALL SOLVF? (NOFP,NPCP,NLPP,PP,DU,DTAG,QQ,RK3)
43 TK=0
ny C
ny £ CHECK KTNFMATTC CONSTRATINTS Fnk‘cAcH PLASTIC TINTEGHRATTON POTINT ¢a
né f tttkliiitttiﬂaktitRttitttiigtkiiktRiiti.iiittttitt.tiiﬂitk.iit.kttk
0y c : ~
ay CALL NTRANC(LU4,10,22)
a9 _ Nw=0
S0 NNWz=n
51 nO 4 IF=sY,NE
52 NN 4 I16=1,T08
5 YFOIPRLTS(TE,IG,1).E0.0) GN Tn 4
LY T=TPFLTISCIF,T16G,2)
55 RLAMIIF,TUY=NRGT)
56 TFOIPELTS(TE,IG,3).EN.Y) gD To 2
s7 [ .
58 £ (1): FUR LAMBDAS ASSUMED NONoZFRQ CHECK THAT LAMBDA NONNFGATTVF

TOT-V



119

(o Ne Ne ] MmMOD DO - OODHOIDHOD

e ]

707

- 703

(2

EL

?

L}

RF

210

- CA

N

10

13

CA

A

TF(RLAM(IE,IG)GF.0,) GO TO 4

IFrARS(RLAN(YE,IG)) LE.1.F=4) GO TN 4

TK=1

TPFLTSCIF,T1G,3)=1

PRINT 702,NLTA,IT :
FORMAT(1HO, 'L OAD INCREMENT ',Ia,? TTERATION *,T4)

PRINT 703, TE,16,RLAM(CIF,TG) .

FORMAT(IH ,*FLEMENT', T4, " INTFGRATION POINT*,Ta,* UNLOADING',
$/,' LAMBDA =*,F11,A)

GO TN 4

) FOR 1.aMBDAS ASSUMED ZERO CHECK THAT SCALAR PRODUCT OF GRADIENT OF

YTELD FUNCTION aAND DPIRECTION OF STRFSS INCREMENT VECTOR NON=POSTTIVE

EMENT NODF DISPLACEMENT INCREMENTS

L=0

no 6 I“lnl?
TIS(TELTCIE, 1) =1 ) %2 -
nO & J=1,2

Lzl 4+
PUMIELY=DOTTIT+])

AN TNTEGRATION POTNT DEFQRMATION MATRIX (B') FROM TEMPORARY FILE

Nz=MA=NNW
NNW=NnN+ U

CALL NTRANCLIYG,6,N,2,96,8,1,22)

TFIL.EN,9) RO TN 10

PRINT 210,1E,16,L

FORMAT(' ERROR ON READING (R) MATRTX FOR ELEMENT’ulﬂu
§' IMIFGRATION POINT',T4,* 3 ERROR CODE IS',I4)

S10p

LCULATE RFLATIVE MAGNITUDFS OF COMPONFNTS OF FLASTIC STRAIN
CREMENT VECTOR

nO 13 121,18

PUMPATIY=0,

N 13 1=1,24
NUM2TIY=DUM2(I)+R(T,J)aDHML(T)

LCULATE RELATTVE MAGNITUDES OF COMPONFNTS OF STRESS INCREMENT VECTOR

re 8 I=1,18

PUMICIY=0,

Ny 8 J= 1.1%
PUMYL(IY=PUML(II+D(T,J)aDIM2 ()

NORMALIZE RFLATTVF MARNTITUDES OF COMPNNENTS OF STRESS INCREMENT VECTOR

18

10

Ch
MO

NYM=0,

NO 1R T=1,1S
nU”:“U"fﬁU"lf[)uDUle}\
DMzt /SORT (NUM) )
Ny 19 T=1,18
NUATCIY=PUML (L) #DUM

LRUNATE AND CHEFK SCALAR PRADICT NF GRANIENT OF YTELD FUNCTTUN AND
RMALI7ED STRESS [MCREMENT VF(CTOR

20T~V



120
121

172 .

123
124
175
17?6
127
128
129
t30
1314
132
133
139
135
1%
137
138
139
1ao
141
142
143
144
149
116
117
ina
149
150
151
182
153
154
155
156
157
154
159
160
161
1.2
153
144
168
166

167

168
169
170
171
172
173
174
175
176
177
t7n
179

SO0

]

D000

DO

PuM=o0,
PO 9 1=1,18
9 DUM=DUMHA(TE, IG, 1) *DUMI(T)
TFDUMLY, 0,) 0 10 4
TK=1
TPELYSCIF,1G,3)=0
PRINT 702,NLTA,1T ) i
PRINT 701,TE,16G,NUM
701 FORMAT(IH ,'FLFMFNT*,14,* INTFGRATION POINT',T4,' LOADING',
$/,' SCALAR PRODUCT OF GRADIENT OF YIELD FUMCTION AND STRFSS INCREM
$FHNT VEQTNR =',F11,.A)
1 Muyz=NWeH

IF TIFRATION CONSTRAINTS SATISFTEN, CONTINUF
TFOIX,FGL0) GU TO 12
IF TTERATTON PROCFSS NUT CONVERGING TERMINATE ANALYSIS

TRECITLLT,10) GN TU 11
PRINT 200

200 FORMAT(1HO0,50( ~%),//,* STTLL IN ITERATINN LOOP &FTER 1¢ ITERATION'

$5%,/7," ANALYSTS TERMINATENY,//,' TNTALS AFTER PREVINUS LOAD INCRE
FMENT LISTED RELOW!,//,51('x?))
Gi) 10 2?9

IF TIERATTOM MECESSARY, RFEAD FLASTIC AND PLASTIC MATRTI(FS FROM
JEMPOURARY FTILFS

11 1T7=17+1
TEFONPCLF NBW) Lt=tyu?
TEINPC ,GT  NHK) LtizLUt
CAlLL NTRAN(L”I10'2'NwRKEIRKFIL'22)
TF(LEN _MNURKF)Y GN TO 21
PRINT AN, L

A30 FORMATL' EPRAR OM READING SYSTFM EULASTTIC MATRIX AINR!,
$' ¢ ERROR CORF IS',T4) '
SInp

21 CALL NTRANCLD3Z, 10,2 ,NHRKP,PKP,L,22)

TFIL.EQ NWRKP) GN TO 17
PRINT A4O,1. )

Ryn FORMAT(' ERKOR (N READING SYSTFM PLASTTC MATRIX -BTON?,
§' : ERROR CODF 15',T4) '
s10p

17 Dy 2n T=1,MPC
20 DIAG(IY=N1AG2(T)

FOR PLASTIC INTFGRATION POINTS ASSUMED TO BF UNLOADING,
SUBTRACT CONTRIRJTION 10 PLASTIC MATRICES (-BTDN) AND (NTON+DP)

CALL NTRANTLIIE,10,22)

Ny

N W= N

PO 14 TE=1,NF

Pt Th=t,108 .
TEOIPELISITE,IG,3).FR,0) G 10 14
Nz tpe NE

Mgdzta b d

CALE PLASH (D, TOSP,[SP,1F, TG, 1PELTS, A,SIGRAR,

E0T-V



180
181
182
183
1R4
185
186
tR7
188
iR9
190
101
192
193
174
tos
196
197
198
199
200
201
202
203
2ng
205
208
207
208
209
210
211
212
21
2y
215
216
217
218
19
220
221
22
223
224

DO

iy Fe X

15
14

RE

29

27

2R

17
UN

12

ED,GPERD, TELT,OFT,WT,RTON,ENTNN,N)
NC=IPELTS(IE,1G,2)

P 5 I=1,12

MRR= (IFLT(TIE,[)=1) %2

NRF=([=1)%?

PO 5 J=y,2

RKP(MHP+) NCY=RKP(NRR+J,NCY+RTDNINRES T3 wWT
DIAGINC)=DTAG(NCI«FNTDNANT
TECDTAG(NC) (GT 1.E=7) GO TN 14

Dy 18 T=t,NDF

RKP(T,HNC)=0

n[AG(nC)zx;

NE=NW42

=SOLVF

G 11 14
TOUTENNUT)=NL ]
NLI=MLT=1

N 27 TE=y,NF

Ny 27 1G=1,1N0S
TEFLTS(IFE,16G,1)=0
Ny 27 J=1,18
n(»QIDN( IFI I[::J“:ﬂ-
NSTRSCTE, IR,J)=0.
PO 28 T=1,NDF
PP(IYI=0

Nu(IY=0,

Catl OHTIPUT (NEP,NNP,NDFP, TOSP, ISP, NFCP,NPCP,NLPP,
FOSTRN,STRN, STRS,SIGRAR, PMAX, InHT ,NFLTPR,NUDEPR,
BPHY, THFLTS,RLAM,CF,DP, DU, NESTRN,NPSTRN, DSTRN,DSTRS, GPCRD, IPPT,

P, U, FSTHRY, NEWR , NNEWP , RMINC)
synp

ERATION PROCENURE HAS CONVERGFD ¢ RECORD CURRENT LNANING AND

LNADING PLASTIC INTEGRATION PNINTS

N 3 IF=1,NE

P 3 IR=t,T08
TFCIPELTS(TE,IG,3) €8, 0) GO TO 3
TPFLTS(IF,T1G,1)=0
IPFLYISCIE,1G,3)= 0

CUNMY TRIE

RETURN

Frn

HOT-Y



FOLirPFGT(') DUT°UT

P
OCO:N?LIIDV‘N—

o
c
C

C
C
r.

SURRAUTINE OUTPUT (NEP,NNP,NDFP, TOSP, 18P,NECP,NPCP,NLPP,
2PS5TRN,STRN,STRS, SIGHAR,PMAX, TOUT,NFLTPR, NODEPR,
3PHT, TPELTS,RLAM,CF,DP, DU, DFESTRY, DPSTRAN,DSTRN,DSTRS, GPCRD, IPPT,
4P, 1, FSTRN,NEWP ,NNEWP ,KMINC)

COMMON 18, 10,NN,NE,NPPTS,NDFS, NDF NDFA,MRWS,NHW,NPC,NPCS,
2NDFBNS,LP,TL, ISTNP, ICHFCK,F,FP,FPS, ANU,SZERQ, SZERUS, THTK,
SQMIN,IS.IOS.IURM.Ni1.GP(a,ﬂ).wcr(a,u);NuRKE,NNRKP,
UETALNOUT, LU, L2, L03, L1014, NLLAM, FRAC

DIMEMSTON P(HMOFPY,U(NOFP) ,FSTRN(NEP,TUSP, 1SP),PSTRN(NEP, TOSP, I[SP),
RSIprNFP,lﬂSp,TSp)'SYRS(NPP,YOSP,IRP),S[GBAR(NFP,IQSP,TSP)r
3PMAXINLPP,2), TOUT (100} ,NFLTPR(NEP, TOSK) , NODEPR(NNP) ,PHT (NEP, T0OSP),
4TPFLYS(NFP, [0SP, 3) ,RLAM(NER, TOSPY,CFINFP, INSP), IPPT(NDFP,2),
SOPIHNFR) DU(HDFP) ,NESTRN(NFP, INSP,TSP),DPSTRN(MEP, TOSP, ISP,
6NSTRM(MEP, TOSP, ISP) ,NSTRS(MEP, TOSP, ISP)Y,BPCKN(MEP, TUSP, 2),
TNEWP(50,2) ,RMINC (NLPP)

NLT=NLT+1

TEORET  NF  TONT (NOUT) JAND, JICHFCK . F,0) 60 TO 7

TEONLLLFO TOUT(NOUT)YY NOUT=NOUT 41

SPRIMT HFADINGS

PRTNT 200 ,NLY
200 FORMAT(IHL,"RESULTS AFTERY,14,2X,'LLUAD INCREMENTS', /)
TFOICHFCK FG,1) GO 10 1
PRINT 201, ((NEWP(I,J),J=1,2),1=1,NNEKWP)
201 FORMAT(LIHO, *NEXT POINIS Ty UNDFRGO PLASYIC DEFORMATION = (FELFMEN
T ¢ TNTEGRATTIOUN POINT) ', 2X,6015,%:,T12),9¢//,77X,6(15,%2',12)))
G0 TN P .
U T=(IFIY(PMAXCLP,1))+1) /2
PRINT 202,LP,1]
202 FORMAT(1HO,'FND OF LOANING *,14,2Xx,*s MAXIMUM LUAD RFACHED AT NODE
$',T4,/7)
? PRINT 218,RMTIN
218 FORMAT(LIHO, AT LOAD FARTNR',E1L, b)
Ny 6 I=t,LRP
6 PRINT P24, 1,PMINC(T) ' )
221 FORMAT(1HO0, *LOAD VECTUR*,T3,' ¢+ CUMULATIVE LNAD FACTNR =',E11,6)
TFCICHFCK,FQA.0) GO 10 23
LP=LP+1
TCHECK=(Q
23 PRINT 204k
206 FORMAT(IH ,BU4X, 'CURRENT VALUES?®,/,65%,'/',52('=*),"/,/,24%,'STRA]
2N INCREMENTS', 37X, 'STRAINS',38%, *STRESS®,/," ELEMENT,',4Y%,
S3YGLORAL Y 3%, 7,18 (=), /0, 14X, '
4'STRFSS! 0,1/ ,29(%=*), "7 tuX,'YTIELD' ,5X, *CORRFCTINN, /
S' TNT, PT. ', 0%, "CONRNS ! ,dx, "ELASTICY , 4%, *PLASTIC® ,4X,*LAMBNAY,EX,
6' INCREMENT ', 32X, *FLASTIC' 4%, "PLASTTC' ,5%, ' TOTAL,6X, *STRESSY, 3X,
T'FUNCTTION® ,5%, *FACTOR' /)

EVALUATF YIFLD FUNCTION FOR INTFGRATION POINTS REOUESTEb AS OUTPUT

DU 4 IF=1,ME

N 4 IR=1,T0S8

TEINFLTBR(TE, [6) ,NFL1) GO To 4

TECIALRELD) Y 7O R

PHT(TFE, I6)=STGRAR(TE, IN,1)aSTGRAR(TE, IR, 1)= =STGRAR(TE,I1G,1)
CBESTGRAR(TE, 16, ?)+STGRA”(TF1]n.7)'&TGRAQ(TE:IG'7)
$H3 xSIGHBARCIF, TG, SYASIORARCIF, 7(7,1) SZFRNS

N 1N 4

- GOT-Y



112
113
114
115
116
117
118
119

t

Bzl

te Mo

in}

PRINT INTEGRATION POINT GUANTITTES -FOR NUTPUT REGUESTFD ;3

RRRRARR R AR KRR R AR KRR R AR AR R AR AN AR ARA AR RARARAARARNANARANRARR

A PHI(IE.IG):SIGRAP(IE.lG,l)*STGRAP(IE.lG'i)+SIGBAR(YE.IG.?)»
S45TGRAR(TE,IR,2)+STGRAR(TIF,I6G,a)*STGRAR(TE, IG,N)=STGRAR(TE,1G,1)
$2SIGRAR(TE,IG,2)=STGRAR(TF,16,?)*STGRAR(TE,1G,3)=SIGRAR(TE,1G,1)
F23IGRAR(TIE,IG,4) 43, xSIGHARCIF,TG,3)aSIGBARCIF,1G,3)=82FRNS

4 COMTINNE

TFCI8) 9,13,10

PLANE STRFSS ANALYSTS:

9 DU 12 TEz1,NE '
M) 12 T6=1,1INnS
TE(NFLTPR(TE, IR)NF,1) GN T 312
TECIPELTS(TE, [6,1),ER.0) GO TO 3

PLASTIC TNTEGRATTON POTINTS

PRINT 207, TE,GPCRDCIF,T6,1),PESTRNCIE, 1G,1),PPSTRNIIF,1G,1),
2NSTRS(TE, I6,1),ESTRNCIF,T6,1),PSTRN(TE,IG,1),STRN(TE,16,1),
3STRSUIF, 16,1, TG, GPCRUCIE, TG,2),PESTRN(TF,16,2),
4NPSTRNCIF,1G,2),RLAMCIE,1G),NDSTRS(TE,IG,P),ESTRNCIE, 1G,2),

CSPSTRN(TE,IG,P), STRN(TE,16,2),STRS(TF,16,2),PHICIE,TG),CF(IF,16),
6NESTRN(IF,TG,3),PPSTRN(IF,1G,3),NSTRS(TE,IR,3),
TESTRM(TE.1G,3) ,PSIRNCIF,1G,3),STRN(TF,T5,3),5TRSCIF,IG,3)

207 FORMAT(LIHO,14,3%,'X",3(1X,E10,5),11X,5(1X,F10.5),/,15,3%,°Y",

STIOIXGFIN,6), /7, 7%, ' XY 11X, 20(1%,F10,5),11X,5(1%X,E10,5))
G0 10 t2

FLASTIC TNTEGRATTON POTNTS

3 PRINT 20S,TE,GPCROCIF,1G, 1), NESTRNCIF,TG,1),DSTRS(TE,IG,1),
2FSTRN(TE,IG,1),PSTRNCIF,TG,1),STRNCIF,16,1),STRS(IF,T6,1),
'HG;(:‘PCPD(IF,1(;.2),nES”?N(IE:TG-Z),DSTRS(TErIG:?)p
UESTRN(TE,IG,?2), PSTRNCIF,TG,2),STRNCIE,TG6,2),STRSCIF,15,2),
SPHT(TE,IG) ,DFSTRN(TE,IG,3),GSTRS(IF,T1G,3),ESTRN(TE, IG,3),
hF’STHN(IE,IG,’&):STRN(TE,IG,'&):STRS(H::IG"S)

205 FORMATOLIHO, T4, 3X, "X, 201X, F10,5),5X, ==, 15X,5(1%,F10.5),/,

27'),31"Y'p?(lX,Fl'().S)'qX"--',QX,'--',"X,b(lXpF.ln.S),sxo
:5'-":/'7x0'XV'rl?X'E'U.S'CAY'""llSXlS(]xiElnaq)’

12 COMTTINUE

6070 20

PLAME STRAIN ANALYSTS:

13 N0 21 TE=]1,NF

no 21 16=1,108
TFINFLTPR(TE,IG)oNEL1) GO TO 21
TF(IPELTS(TIE,1G,1).EQ.0) 6O TO 14

PLASTIC TNTEGRATION POTNTS

PRINT 212, TE,GPCRDCIE, TG,1) ,PESTRNCIF, TG, 1Y ,NPSIRNCIF,TG,1),
eNSTHS(TE, IR, 1), ESTRNCIFR,16G,1),PSTRN(TE,IG,1),STRN(TE,1G,1),
3STRSCIF, 16, 1), 1G,GPCROCIF,T6,2),DESIRNCIF,T6,2),

CUNPSTRNCIE, TG, 2), RLAMCIE, 16, DSTRS(TE,16,2) ,ESTRN(IF, 1G,2),
5”3TR”(TE:IG,>),STKM(TE,]G.?),STNS(IE.IG,?).PHI(IF,TG),CF(IF,TG),
b“FSIWN(TF.YGydl,ﬁVSfP%(XF,IG.Q).hsTNS(TEpIC,“),hQTQN(IF,TG,U),

90T-Y -



120 TPSTRNCTE,I16,0)STRN(TE,16,4),STRS(TE,I1G,4),0FSTRN(TE,16,3),

1”1 BNPSIRNCIF,1G,3), nsTR%(rf.Ic,l).tSlRN(IF 16,3), PsTRN(!E.IG.K).
122 9STRN(IF,16,3),STRS(IF,1G,3)

1?3 212 FORMAT(LIHO,I8,3X,°%X*,3(1X%, F10,5),11%X,5(1%,F10,5),/,15,3%,'Yy",
174 21101%,F10,5),/,4X, '2'.llx POIX,BEV10L5),18X,S(1X,E10, S,

175 37,70, XY 11,2 (IX,E10.9), 11 X,5(1%,E10.5))

176 U In 21

1727 c :

178 © FLASTIC INTEGRATTON PDINTS

129 c

130 14 PRINT 213,TE,GPCPD(1E,YG,1),DESTRN([E,TG.I),DSTNS(IE,IG,!),
13 EFSTNN(YE:IG'l):PSTQN([F,1G:l),STRN(IF;TG'l)iSTRS(lE'TG;l)r
132 SIG,GVCPD(IF,IG,P),nEST”N(IF.!GIE),DSTRS(IE.16.2).

133 MFSTkH(IE;!G,?),PSIRN(IF,YG,?),STRN(IE,TG.E).STRS(IF.IG'Z),
134 SPHT(TE,I6), OFSTRNCTE, IG,4),DSTRSCIE, TG, 4) ,FSTRNC(TE, IG,4),
135 6PSTRN(TE,16,0),STRM(TE, 16 u),sTRS(IE.IG,U) DESTRM(TE,16,3),
136 TRSTRS(TE,IG,3) ,ESTRNCIF,TG,3),PSTRN(TE,IG,3),

137 BSTRNIIF,1G,3Y,STRSCIF,T(,3)

138 P13 FURMAT(1HO, 14, 1x,'x',2r|x FI0,5),5%, '»=* , 15X,5(1%X,F10,5),/,
139 2159, 3Y, Y , 21X, F10.5),5%, Vmat 0K, tau? P NX,601%,F10,5),5X,

140 3te=t,/, HY.'Z',IEX,F]“.Q,QX.'--',ISX.q(IX,F1O.5).

141 U7, 7%, " XY, 12Y,F10,5,5%, =<, 15X,5(1X,E10,9))

142 21 COMTINME

1n3 (TR DY)

144 C

14as f AXISYMMFIRIC ANALYSIS:

116 r

1u7 10 DO 22 Te=1,NF

148 N 22 T16=1,108

149 TRINFLTPR(TE,IG) NF 1) GN TO 2?2

150 TECIPELTS(TE,IG,1),ER,0) 6N TO 11

151 r

152 Cc PLASTIC TNTEGRATION POTINTS

153 fr .

154 : PRINT 213, TE,GPCRDCIF,TGs1),DESTRN(TIF,1G,1), PPSTRNC(IFE,IG,1),
155 2NSTRS(TE, 16, 1), ESTRN(IF, TG, 1) ,PSTRN(TE, 16,1),STRN(TE,IG,1),
156 3STRS(:F,1G,1), IG,GPCPD(IF 1Gs2),PESTRNC(IF,T1G,2),

157 ANPSIONCIE, TG, 2, RLAMIIE, T),NSTRS(TF,I6,2), ESTRNC(IF,1G,2),
158 SPSTRNITE,IG,?), aTRN(YE'IC,?).Squ(TF,IC.?),PHI(IF 16),CF(IF,TG)
159 ONESTRNCIF,16,4),NPSTANCIE,TG,4),DSTRS(TE,I16G,8) ,ESIRNCIF,TG,4),
160 IP°TRN(Tk.IG'”),STRN(Tk.[B."),STHQ(lFoIG,N) DESTRN(TE,IG,3),
161 BORPSTRNCLF,T6G,3),DSTRS(TF, IR, Xr.EQIPN(IF 1G,3), PbTRN(TE 16,3),
102 GSTRN(TF,T643), q]Rb([FrTG:'{)

1A P11 FORMAT(IHO, T4, 3%, 'Ry 3 ¢1x,F10, 5).llx SO1X,F10,5),7,19,3%x,'2?
164 CHLONX,F10,.5),/,8Y, 0" ) 11X, 21X, E10.58),11X,5(1X,E10, 5,

165 5/,IH+,7x,'-',/,7¥.'R7'.llX.Z(1Y,Flﬂ.q).llX.S(lX.EIO.R))

166 G TN 22 ) ’

167 [t

168 C FLASTIC TNTEGRATION POINTS

169 [

170 11 PRINT 214,1E,6PCRDCIF, IGII) NESTRNC(IE,T6,1),NDSTRS(TE,I10,1),
171 RFSTRM(TE, (B, 1), PSTRNCIF,T16G,1),STRNCIF,16G,1),STIRS(IF, YG.l)-
172 3TU,G°CPU(If,YU,?),DES]QNrIE,YG;E).“STRS(TE,IG,2).

173 BFSTRE(TE,16,2) yFSTRNCLF, TG, 2Y, STPMOLF,T6G,2),STRS(IF,T6,2),
174 SPHT(TE,16)  uFSTRN(TE, 16,0),DBSTPSOIF,TG,4),FSTRN(TE, IR,4),
175 hPSTkN(YE'16,“),STNN(YE.lﬂ.u).STRS(Th,lﬂru).DESTRN(TE,]C.3):
176 IWSTHQ(Ik,IC,K),ESIQN(IF,IG,Z),PSTR“(IE,IGIK);

177 BSTPLILFE, TG, 3),STUS(VF, 16, 4)

174 210 Fuwwér(luu,lu,lx,'”',2(xY,F10.§),5i,'--',1%1,%(1Y,F1n.<),/,

17y HYHI5Y,'/',9(1L,F1U.H),qx.‘--',”(.'~-',ﬂﬁ,c(!X,F10.ﬁ),SY,

LOT"-VA



180
181
{R2
183
180
{RS
tR6
127
18
{R9
199
191
je2
173
194
195
196
197
198
129
200
201
2ne
293
204
- 20nS
206
2n7
20H
209
210
211
212
213

214

215
2lo
217
218
219
229
221
v22
223
224
2?5
226

[
r
C

I Ne e Ny

e B e

3'e=t, /0 BX, 0 ,12%,F10,5,5%, o=t ,15Y,S(1X,E10.5),
47,144, 7x.'-'./.7x.'uz',1Px F1045,5X, '==",15%,5C1X,E10,5))
22 CONTINUE

PRlMT CURRENT PLASTIC INTFGRATINN POINTS’

20 PRINT 2p% . -
203 FOPMAT(1HO,/, ' .CURRENT PLASTTC PNINTS = (ELEMENT : INTFGRATION P

SOINTY' , /7,57 ('="))

TFINPRTS NF,.0) D T )R

PRTHT 210
210 FURMAT(IHO,'NTY *)

o TN 19

IR PRINT 204, CCTRPT(L,J),J=1,2),121,NPPTS)

P08 FORMAT(OIHO,ISC(T3, 2, 12,2X),7/,10( 1%, 15(T3,%2,12,2X),//))

PRINT HEANINGS FOR NODE QUANTTTTES

19 TH(TA L T,1) PRINT PQR
POA FURMATOIHO,/,13%, "LOAD THCREMENT', 16X, *TOTAL LNAD', 12X, *DISPLACEME
ENT JHOREMENT Y ,RX, ' TUTAL DISPLACEMENT?,/, SX,8(3X,0/,23(*=2),"'/'),/,
b \‘U'W‘,7X.'DPX',11X,"WY'.UX:'F’X'HZX"PY' 12X, 'DUY, 12X, %DV,
BEIX, ', 18X, !, /)
TEEIAFOL1Y PHINT 215
215 FOQMAT(1H0,/,11X,'LUAD INCREMENT ' 16X, ' TOTAL LOAD', 12X, "DISPLACEME
EMT INCREMENT' ,AX, 'TOTAL DISPLACEMENT?, /,S%,4(3X," s ,23( =), s%),/,
51 NONE  TX, DPRY L 1IX, NP7, 11X, PR 12X, "PZ?, 12X, Nyt , 12X, 'DV?,
¥13X, 0 13X, 'YV, /)

PRIMI NODF QUANTITIFS FOR OUTIPUT RENUFSTEN
*ti**aAﬂk**ﬁikiﬂkitt'kﬂ'ﬁk**ﬁi*ikfﬁikkni**k**

NG S D=y, kN .
TFONODEPR(T) NEL1) GD T0 S
MR=(T=t1)%2
J=MR+ 1
=N 2
PRINT 209, 1,0P(4),NP(L)Y,P(J),P(L),NUCI),NUCL),Y(JI),U(L)
2009 FORMAT(IH ,14,A(3X,E11.6))
S CUMTINUE

CHECK FOR TERMIMATING ANALYSIS

T T=TFTX(PMAX(LP,1))
TEOL.EN.=1.0R, TOUTINNUT) FR, =1 YbTUP'-l
Rt TURN
FND

80T~V



Methodologx :

Since the methods of analysis are rather complex and mathematical they
cannot conveniently be dezlt with in lectures of this nature. Sonme
of the more important methods will, however, be given in brief outline.

(i) Regression : The proportion of zonal trips by each mode is
expressed as a function of the system trip and user characteris-

tices, ecge:

Y

a + lel + BZXZ + ooooo-eooo'B X

Tran51t rldlng time and (Walk and wait and transfer)
time. Dr1v1ng tlme and terminal time.

vhere X

1

X, = Median family income for 2zone of production.

( X3 = housing units/net residential acre. -
~ Zone ( ' : '
of .g X, = cars/housing unit.
Production (
' ( X5 = accessibility to employment (tramsit/car).

X6 = 9 hr. parking cost (average rate per hour).
X7 = 3 hr. parking cost (average rate per hour).
Xg = employment/gross acre.’

;’X9 = accessibility to population (transit/car)
Y = percentage trips by transit.

(1i) Discriminant Analysis : Develop a linear function of the form

f = a,] x1 + aa X2 + ecescdocevsce + an xn'

which will distinguish,between travellers making different .
mode-choice decisions on the basis of a set of variables x
defining the characteristics of the travellers of the alterna-
tive choices available to them.

Let £ = (a, x,) + (aa X5)

be a discriminant function.

cost difference mode 1 versus mode 2 |

Where Xy
time difference mode 2 versus mode 1.

%2
Choose values for 249 85 such that f is small for travellers

using mode 1 and large for those using mode 2.

Utility and Preference Analysis :

Individual preference for travel modes may be estimated by subjecting

a set of travellers to a structured series of modal alternatives,

defined in terms of varying values of relative cost, time, comfort, etc.
and evaluating their "threshold" response (i.e. the point at which a

change in a particular modal characteristic would bring about a change

in mode choice). Ideally, such an experiment should be based on actual
changes in the transportatlon system; it may be approximated by means

of a laboratory or interview experiment. Equivalent analysis may be
performed for route choice, ranking modal and route characteristics in
order of importance and evaluating response to new forms of transportation.



h/9

since the water resistance had to be taken into account, it

was necessary to use a voltage comparator (LM 319) which would
output either 5 v or 0 v when the output from the probe itself
was > 4,5 v or < 1 v respectively. This was compared with the
volﬁage at the comparator created by either resistors R1 and

R2 or resistors R3 and R4, depending on which probe was under

'vconsideration. The essential difference between the two

circuits was that the potential at probe 1 was inverted.

.4, 2 RC Oscillator

+5v

.__IVV\I .
14k \]N , 1k
—— LM311 8k
. - ‘ C.
g i
‘ Lok
18kT Tk '-J: c
‘ 680nF
L 1
FIGURE 4,5

The RC oscillator was designed so that the temperature co-
efficients of R and C cancelled each other out. To achieve

this the following components were used:

metal film resistor - temperature coefficient = - 50 ppm/°C
poly-carbonate capacitor =~ temperature coefficient = + 50 ppm/°C
Thus,

1 _ 1

f  2mRC
where

R is resistance in ohms
C is capacitance in far ads

f is frequency





