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Synopsis

We present some aspects of congruences on lattices. An overview of general results on
congruence distributive algebras is given in Chapter 1 and in Chapter 2 we examine weak
projections; including Dilworth’s characterization of congruences on lattices and a finite
basis theorem for lattices. The outstanding problem of whether congruence lattices of
lattices characterize distributive algebraic lattices is discussed in Chapter 3 and we look
at some of the partial results known to date. The last chapter (Chapter 6) characterizes
the amalgamation class of a variety B generated by a B-lattice, B, as the intersection
of subdirect products of B, 2-congruence extendible members of B and 2-chain limited
members of B. To this end we consider 2-congruence extendibility in Chapter 4 and
n-chain limited lattices in Chapter 5. Included in Chapter 4 is the result that in certain
lattice varieties the amalgamation class is contained in the class of 2-congruence extendible
members of the variety. A final theorem in Chapter 6 states that the amalgamation class
of a B-lattice variety is a Horn class.
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Introduction

The development of the study of congruences on lattices was given impetus by the paper
of Funayama and Nakayama ({Fun42]) which proved one of the most important results
about lattices namely that they are congruence distributive algebras. The fundamental
paper of Jénsson providing powerful tools for the study of congruence distributive vari-
eties and therefore lattice varieties, appeared 25 years later (see Chapter 1). Funayama
and Nakayama's result together with the celebrated Gratzer-Schmidt characterization of
an algebraic lattice as the congruence lattice of some algebra ([Gra62]) tells us that the
congruence lattice of a lattice is a distributive algebraic lattice. Attempts to address the
converse conjecture have created a large body of partial results of so-called “representation
theorems” (Chapter 3). Despite the efforts of many this problem is to our knowledge still
open;

Dilworth’s characterization of congruences of lattices via weak projections initiated the use
of weak projections for solving other problems of lattice theory. For example Herrmann'’s
version of a finite basis theorem for lattices (Chapter 2).

In [Jon90] B. Jénsson characterizes Amal(V) for finitely generated lattice varieties and in
[Jip89] this result is generalized to residually small one-subalgebra congruence distributive
varieties. A consequence of this characterization is that if V is a residually small lattice
variety then each member of Amal(}) is congruence extensile. We show in Chapter 6 that
for a variety B generated by a B-lattice, B, Amal(B) is the intersection of subdirect powers
of B, 2-chain limited members of B and 2-congruence extendile members of B.

We begin in Chapter 0 with a summary of some basic results concerning varieties, filters,
lattices and congruences to be used in subsequent chapters. We also introduce most of the
notation and terminology used later.

Chapter 1 presents well-known general results concerning congruence-distributive varieties,
including Jonsson’s Lemma. We introduce the notion of a P-congruence extendible algebra
(in a variety) where a congruence § on an algebra A is called a P-congruence on A if
A/8 = P. We also prove some results concerning amalgamation and congruence extensile
algebras.

Chapter 2 reviews the definition of a weak projection and presents Dilworth’s character-
ization of congruences on lattices. Some results on modular and distributive lattices are
discussed, most of which are referred to in subsequent chapters. We prove results about
primitive subsets of lattices which are used in a proof of a finite basis theorem for lat-
tices. The notions of an S-lattice and a S-variety are introduced and we show that in a
S-variety, V, subdirect products of non-modular subdirectly irreducible members of V' are
closed under reduced products. A brief section on ideals and congruences is included in
this chapter.



In Chapter 3 we consider the problem of representing a distributive algebraic lattice as the
congruence lattice of a lattice. We also prove some results concerning the representation
of specific distributive algebraic lattices as the congruence lattices of particular types of
lattices. We present characterization theorems of lattices whose congruence lattices are
Boolean lattices and lattices whose congruence lattices are Stone lattices.

In Chapter 4 we give a characterization of 2-congruence extendible lattices. An algebra A
is said to be P-congruence extendible in a variety V if whenever A < C in V and  is a
P-congruence on A then there exists a P-congruence on C extending 6. We consider 2-
congruence extendibility in S-varieties.

L

Chapter 5 introduces the notion of an n-chain limited lattice where a lattice is called n-
chain limited if it does not have (n+1)-congruences. We characterize 3-chain limited finite
distributive lattices as semi-Boolean lattices.

Chapter 6 concerns B-lattices (lattices obtained by splitting an element a finite Boolean
lattice). We characterize the amalgamation class of a variety B generated by a B-lattice
and prove that Amal(B) is a Horn class.

Remarks: .

(i) We have attempted to keep this presentation self-contained, however the following stan-
dard texts on Universal Algebra and Lattice Theory can serve as a reference for concepts
not developed here: [Bur81], [Cra73], (Gra78] and [McK87] )

(ii) To prevent the size of this thesis from becoming too unwieldy we omit details and
simply outline the proofs of some long results (particularly those of Chapter 3).

(iii) Sections 5.2 and 5.3 of Chapter 5 are neither in print nor in the form of 2 manuscript.
They are the result of a collaboration of the student and her supervisor.

(iv) We have tried to cover (in our opinion) the more important directions of research and
have by no means attempted an exhaustive account of the topic this thesis.

vi



Chapter O

Notation, terminology and
preliminary results
| ;1

This chapter introduces the notation and’terminology to be used in subsequent chapters.
We include only the most general, introducing more specific terminology as it is needed.
We review some well-known results in the broad areas of varieties, subdirectly irreducible
algebras, filters, ultraproducts, algebraic lattices, congruences and homomorphisms. In-
cluded are precursory results to theorems appearing in later chapters. The important result
of Funayama and Nakayama (see Theorem 0.4.1) proving that lattices are congruence dis-
tributive algebras is also presented here. :

0.1 Varieties and subdirectly irreducible algebras

Let K be a class of similar algebras. Then we use the following notation:

AeH(K)if andonly if Ais a homomdri)hic image of some member of K.
A € S(K) if and only if A is isomorphic to a subalgebra of some member of K.
A € P(X) if and only if A is isomorphic to a direct product of members of K.

Let ¥ be a set of identities. Define Mod(X) to be the class of algebras satisfying ¥. For
an algebra A and set of identities ¥ we write A |= ¥ to denote the A satisfies ¥ and if
K is a class of algebras then X |= ¥ means A = X for all A € K. A class K of algebras
is an elementary class if it is the class of all algebras which satisfy some set of first-order
sentences.

A class K of similar algebras is called a variety if it is closed under homomorphic images,
subalgebras and direct products. We let XY denote the smallest variety contaiding K. In
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[Tard6] Tarski showed that £V = HSP(K). A variety V is finitely generated if V = HSP(K)
for some finite set K of finite algebras. A class K of algebras is an equational class if K
= Mod(E) for some set of identities . One of the first significant results in the study of
varieties is due to Birkhoff who showed that a class K of algebras is an equational class if
and only if K is a variety ([Bir35}). Thus every variety is an elementary class.

An algebra A is a subdirect product of algebras (A;);er if there is an embedding f: A —
[Tier A: such that m; 0 f{A] = A; for all i € I, where m; is the canonical projection onto A;.
For a class K of similar algebras we write A € Pg(K) if and only if A is isomorphic to a
subdirect product of members of K.

An algebra A is subdirectly irreducible if whenever A is a subdirect product of algebras
(Ai)ier , then A is isomorphic to A; for some ¢ € I. A is finitely subdirectly irreducible if
whenever A is a subdirect product of finitely many algebras A,,..., A, then A is isomorphic
to A, for some i € {1,...n}. For a variety V, Vgr is the class of all subdirectly irreducible
members of V and Vrgr is the class of all finitely subdirectly irreducible members of V.

We call a variety V of algebras a one-subalgebra variety if every member of V has a one
element subalgebra. For example the variety of all lattices.is a one-subalgebra variety.

Let K be a class of algebras and let F' be an algebra generated by a set X C F'. Then F
is K-freely generated by X if aiy map f: X = A € K can be extended to a homomorphism
g:F = A. If F € K then F is called the K-free algebra on |X| generators and is denoted
by Fie(X) or Fx(]X|). For a cardinal 8 # 0 Fi(8) does not necessarily exist, however if £
is a variety then by [Bir35) the K-free algebra on 3 generators always exists.

0.2 Filters and ultraproducts

Let L be a lattice. A filter in L is a sublattice F' such that if z € Fand z < y theny € F.
A filter F' is properif F # L, is principalif F = [2) = {y € L : ¢ < y} for some z € L and
is primeif for any z,y € L, zVy € F impliesz € F or y € F. A filter F' is an ultrafilter if
it is a-‘maximal proper filter. In a distributive lattice a filter F' is an ultrafilter if and only if
it is a proper prime filter. For an arbitrary set I, F is a filter over I if F is a filter in P(I)
(the lattice of subsets of I). Since P(I) is a Boolean algebra the following are equivalent:
(a) F is an ultrafilter over I.

(b) F is a proper prime filter over I.

(c) Whenever I is partitioned into finitely many disjoint blocks then F contains exactly
one of these blocks.

(d) For any X € P(I) exactly one of X, I\ X belongs to F.

We use the following two lemmas in the proof of Proposition 1.3.3.



LEMMA 0.2.1 If F is a principal ultrafilter over I then F = [{i}) for some i € I.

PROOF. Let F = [J) for some J € P(I). For all 1 € I, either {i} € F or I\ {i} € F. But
I'\{i} € F for all i € I implies J = §. This contradiction yields J = {{i}) for some i € I.
: a

LEMMA 0.2.2 If F is a non-principal ultrafilter over I then X € F for any finite subset
X of I.

PROOF. Suppose X € F for some finite subset X of I. we show that this implies that

= [{t}) for some i € X. Proof is by induction on |X|. The case |X| = 1 is trivial.
For |X| > 1 suppose the result holds for all Y € P(I) with |Y| < |X|. Since F # [X)
there exists an A € F such that A C X or A is non-comparable with X. In either case
ANX € F with [ANX| < |X|. By the inductive hypothesis F = [{i}) for some i € XN A
completing the proof. | o

See [Bur81] page 134 for a proof of the following lemma.

LEMMA 0.2.3 If F is a filter in a Boolean algebra B with a € B\ F then there is an
ultrafilter U in B with FCU anda € U.

The corollary below is used in the proof of Proposition 1.3.6.

COROLLARY 0.2.4 Let F be a filter in a Boolean algebra B. Then F = (U where U
is the set of all ultrafilters in B containing F.

PROOF. Clearly F C NU. Suppose F' # U. Then there is an @ € U such that a € F.
By the previous lemma there is an ultrafilter U with F* C U and a ¢ U. This contradiction
completes the proof. m|

Let C = [T;¢; C: be a direct product of a family of algebras. Then if F is a filter over |
we can describe a congruence ®x on C by (a,b) € ®r ifand only if {t € [ :a; = b} € F
where a; is the tth coordinate of a. ®f is called a filtral congruence in C. If F is a
proper filter/ultrafilter then the lattice C/®r is called a reduced product/ultraproduct of

the algebras C;. We use C/F and C/®r interchangeably.
For any class of algebras K let Py(K) denote the class of ultraproducts of members of K.

0.3 Algebraic lattiées

An element c of a lattice L is compact if and only if whenever ¢ < \ S for some subset S of
L, then ¢ < V&' for some finite subset S’ of §. A lattice is algebraic if it is complete and
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every element is the join of compact elements. For a lattice L we let C(L) denote the set
of compact elements of L and let L® = (C(L), V) denote the join-semilattice of compact
elements of L.

An element a of a lattice L is join irreducible if a = bV ¢ implies a = b or a = ¢
completely join irreducible if and only if whenever ¢ = \/ C for some subset C of L such
that \/ C exists in L then @ = ¢ for some ¢ € C. Dually c is meet irreducible if a = bAc
implies @ = b or a = ¢; completely meet irreducible if and only if whenever a = AC for
some subset C of L such that A C exists in L then a = ¢ for some c € C.

We denote the set of join irreducible elements of a lattice L by J(L).

The following is a lattice-theoretic version of Birkhoff’s subdlrect representatlon theorem
(see section 0.4 below).

THEOREM 0.3.1 In an algebraic lattice L every element is the meet of a set of com-
pletely meet irreducible elements. | {

PROOF. Let a € L and let D = {d € L : d is completely meet irreducible and a < d}.
Let b = A D. Clearly a < b. Let ¢ be a compact element below b. Suppose ¢ £ a. Let
X={z€L:a<zbutcL z}. Then a € X and, since c is compact, the join of any chain
in X is also in X. So by Zorn’s lemma, X has a maximal element m. Suppose m = AY
and m <y Yy€eY. Thena <m <y Vy €Y implies, by maximality of m in X that
c<y VyeY. SomVe<y VyeY ylelding mV ¢ £ m. This contradiction implies
that m is completely meet irreducible and therefore m € D. But then b < m contradicting
¢ € m. Thus for all compact elements ¢ below b, we have ¢ < a and so b < a, completing
the proof. O

We use 07, and 1, respectively to denote the bottom and top of a lattice L (0 and 1 if L
is understood). _
We write At(L) for the set of all atoms of a lattice L with 0.

In a lattice L with a,b € L we write a < b to denote that b covers a (i.e. @ < b and if
a<b<cthena=corb=c).

0.4 Congruences and homomorphisms

For an algebra A we let Con(A) denote the lattice of all congruences on A. For a,b € A
we let con(a,b) denote the principal congruence generated by (a,b) and 6, the largest
congruence on A separating a and b. Then Con(A) is algebraic with compact elements the
finite joins of principal congruences.

Recall that for §, ¥ € Con(A) we have § A¥ = 6N T and for (6;);c; C Con(A) we have
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(a,b) € Vigrb; if and only if there is a sequence a = eg,e€1,...,e, = b such that for all
i € {1,...,n} (ei-1,&) € 0;; for some j; € I. If A is a lattice then there is a sequence
aNb=1¢e < e < L e, =aVbsuch that the above condition holds. (Since (a,bd) €
Vierf: = (e Ab,aVb) € Ve 8; = there is a sequence (a Ab) = fo, f1,..., fa = (aVb) such
that for all i € {1,...,n} (ei-1,€) € 8;; for some J; € I. Let eg = fo, €iv1 = &; V (fis1 A fr)
for0<t1<n-—1 Then (aAd)=e < e <+ < ey =(aVb) is the desired sequence.)

We use the following notation. For an algebra A with a € A and 8 € Con(A):

a/8 is the congruence class of a modulo 4. If A is a lattice with 0 then we let K(6) denote
the congruence class of 0 modulo 4 (0/6).

A/ is the quotient algebra of A modulo 4.

A4 is the bottom element of Con(A).

V4 is the top element of Con(A) (we use A,V if A is understood).

Let ¥ be a congruence on an algebra A. We call ¥ a subdirectly irreducible congruence
if A/¥ is a subdirectly irreducible algebra. If ¥ is a congruence on a lattice L then we call
U a distributive congruence if L/ ¥ is a distributive lattice.

Let A, B be algebras with f : A - B a homomorphism. Then the kernel of f( {(z,y) €
A f(:c) f(y)}) is denoted by ker(f).

We will make frequent use of the following basic theorems:

Homomorphism Theorem : If f: A — B is a homomorphism then A/ker(f) & f[A].
Second Isomorphism Theorem : Let A be an algebra with ¥, € Con(A) and § C ¥. Then
U/8 = {(a/8,b/0) : (a,b) € ¥} is a congruence on A/4 such that A/V = (A/8)/(¥/9).
Correspondence Theorem : For any algebra A and § € Con(A4): Con(A/9) = [6, V).

The homomorphism theorem then yields the following result: An algebra A is a subdirect
product of quotient algebras A/§; if and only if Ng; = A.

We obtain the following useful characterization of subdirectly irreducible algebras.

An algebra A is subdirectly irreducible if and only if A 4 is completely meet irreducible if
and only if Con(A) has a smallest non trivial congruence (a unique atom).

Note that by the correspondence theorem a congruence 4 is subdirectly irreducible if and
only if it is completely meet irreducible.

Birkhoff’s subdirect representation theorem ([Bir44]) states that every algebra is a subdi-
rect product of its subdirectly irreducible homomorphic images.

For a subdirectly irreducible algebra A we say that A is (a,b)—irreducible if con(a,b) is the
smallest non-trivial congruence on A. We call the set {a,b}, a critical pairof A. If A is
a lattice then we may assume without loss of generality that a > b. In that case we shall
refer to the quotient a/b as a critical quotient of A.

Let A and B be algebras with f : A — B a surjective homomorphism. Let § € Con(A4) be
such that § = ker(f). We then call § is a B-congruence on A.



An algebra A is congruence-distributive if Con(A) is a distributive lattice. A variety V is
congruence distributive if for all A € V, A is congruence-distributive.

(

THEOREM 0.4.1 [Fun/2] Lattices are congruence distributive algebras.

PROOF. Let L be a lattice with 6, ¥,® € Con(L). The inequality (N @)V (6 N ¥) <
8N (®V ) holds in any lattice. Suppose (a,b) € N (@ V ¥). Then (a,b) € 0 and there is
a finite sequence a Ab=¢e < e; <--- < e, =aVbin L such that for each i € {1,...,n}
either (e;-1,€) € @ or (ei-1,€) € U. Since (a,b) € 8 we also have (a Ab,aV b) € 6 and
hence (ej-1,€;) € 6 for all i € {1,...,n}. Thus (ei-1,6) € 8V ® or (ei-1,¢) €  V ¥. But
this implies (a,b) € (8N ®) V (6N T), proving N (EV L) < (N I) V(N D). o

As a consequence of Theorem 0.4.1 every lattice variety is congruence distributive.

We say a system (¢;)ier of congruences of an algebra A is a direct representntfon of A
if the canonical map f : A — [];e; A/¢: given by f(a) = a/¢; is an isomorphism.

We use the following lemma in the proof of Theorem 1.3.6.

LEMMA 0.4.2 A finite system (¢o,...,%n) of congruences of an algebra A is a direct
representation if and only if ¢oNi...N¢n = A and for each i <n ¢ oNjuid; = V.

PROOF. Let f: A — [lic; A/¢: be the mapping defined above.

For the forward implication suppose (o, . . ., #r) is a direct representation of A and Mg ¢i #
A. Then 3Ja,b € A with a # b such that (a,b) € ¢ Vi € I. But then f(a) =
f(b) implying @ = b. This contradiction yields Ni_o# = A. Let a,b € A. Consider
(a/doy. .. a/Pi—1,b]dJra/Pis15 .,/ bn) € [ieg A/#:. Then, by surjectivity of f, 3c€ A
such that (a,c) € Niz; ¢ and (c,b) € ¢; giving (a,b) € ¢ 0 Niz; ¢

For the reverse implication suppose that ¢o N ¢;... N ¢, = A and for each i < n ¢; 0
Njz ¢; = V. Then f is injective since Mo ¢; = A. To show that f is surjective, sup-
pose ¢ = (ao/¢o,@1/P1y---yan/dn) € [lieg A/b:. It remains to find an a € A such that
(a,a) € ¢; Vi € {0,1,...,n}. We proceed by induction on n. For n = 1 we have
éo0 ¢ = V and the result holds. Assume that for n = k we have found such an @ and re-
place k by k+1. By induction there is a b € A such that (b,a;) € ¢;Vi € {0,1,...,k}. Since
Njsks1(#5 0 $r41) = V there is an a € A such that (b,a) € ¢;Vj <k and (a,ak41) € Pr+1-
Thus (a,a;) € ¢: Vi € {0,1,...,k+1}. a



Chapter 1

General results : congruence
distributivity and amalgamation

“

1

Sections 1.1-1.3 of this chapter deal with general results on congruénce distributive algebras
(lattices are congruence distributive algebras (Theorem 0.4.1) ). In Section 1.1 we present
Jénsson’s Lemma and its corollaries which describe some of the most important properties
specific to congruence distributive varieties. As a result of Theorem 0.4.1 we can apply
the powerful tools of Jénsson’s Lemma to lattice varieties. Section 1.2 gives Jdénsson’s
characterization of congruence distributive varieties in terms of Mal’cev conditions: the
so-called Jénsson polynomials. In Section 1.3 we consider some results on congruences on
products of congruence distributive algebras. Many of these results are referenced later
on. Section 1.4 contains some basic results on the amalgamation class of a variety laying
the ground for the development of Chapter 6. The notions of congruence extendible and
congruence extensile algebras are defined and we examine results concerning the extension
of congruences in congruence distributive varieties. Many of the results of this chapter are
well known and are included for completeness.

1.1 Filtral congruences and Jénsson’s Lemma

The following result is due to B. Jénsson. (Recall the definition of ®; from Chapter 0.)

LEMMA 1.1.1 [Jon67] If A is a congruence distributive subalgebra of a direct product
C = [Lies Ci and ¢ € Con(A) is subdirectly irreducible, then there ezists an ultrafilter U
over I such that ®yls C .

PROOQF. If ¢ = V then any ultrafilter over I will do so assume ¢ < V. Let [J) denote the
principal filter generated by a subset J of I and let o7 = ®(s)|4. Let D be the family of
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all subsets J of I such that oy C . Then D has the following properties:

i) JUKeD=>Je€Dor KeD
i) K2Je€eD=KeD
(iii) I € D,0 € D

For all J,K C I we have ojug = oy Nog. Soif JUK € D then ¢ = (¢ Voyuk) =
(¢ Vor)N (¢ V ok) by distributivity of Con(A). By meet irreducibility of ¢ in Con(A)
we have 0y C p or ox C . Thus J € Dor K € D and (i) is satisfied. For (ii) suppose
Je€Dand J C K. Then ox C 05 C ¢. Hence K € D. We have 67y = A and 0y = V.
Hence (iii) is satisfied. By Zorn’s Lemma there is a maximal filter ¢/ contained in D. Then

Qyla = U o7 C . We claim i is an ultrafilter over I. If not then there is a subset J of I
1 JeD ‘
such thét neither J nor I'\ J belong to U. Suppose HNJ € D for all H € U. Then by (ii)

U U {J} would generate a filter contained in D contradicting maximality of U. Thus for
some H € U we have J N H ¢ D. Similarly there is a K € D such that (I \ J)N K € D.
Wehave HNK € Dand HNK = JN(HNK)U((I\J)N(H N K)) contradicting (i) and
proving that U is an ultrafilter. O

COROLLARY 1.1.2 [Jon67] Let K be a class of algebras such thatV = KV is congruence
distributive. Then

(i) Vsr € Vrst € HSPy(K)

(i) V = PsHSPy(K).

PROOF. We always have Vs; € Vrss. By Birkhoff’s subdirect representation theorem
every algebra in V is isomorphic to a quotient algebra B/f where B is a subalgebra of
C = [lie;C; such that C; € K for all i € I. If B/ is finitely subdirectly irreducible
then @ is meet irreducible and by Lemma 1.1.1 there exists an ultrafilter &/ over I such
that ®y|p C 6. By the second isomorphism theorem B/ is a homomorphic image of
B/(®y|B). But B/(®u|p) is isomorphic to a subalgebra of the ultraproduct C/®y. Thus
B/6 € HSPy(K). -

(i) follows directly from (i) and Birkhoff’s subdirect representation theorem. - =

In Lemma 1.1.1 above we call U a Jdnsson ultrafilter and ®y a Jonsson congruence.

LEMMA 1.1.3 Let A be a congruence distributive algebra with A < C = [[;c1Ci. Let
9 € Con(A) be subdirectly irreducible and suppose Qr is a filtral congruence in C' with
Qrla C 0. Then there ezists a Jénsson congruence ¥ € Con(C) such that Qr C ¥ and
UlaCo.



PROOF. Let ¥ be a Jénsson congruence on C such that ¥|4 C 8 and let C be the Jénsson
ultrafilter inducing ¥. For K C I, let o and D be as in the proof of Lemma 1.1.1. Then
C is a maximal filter over I with respect to the property that C CD . Let K € F. For all
a,b € A we have :

(a,0)€ox =>{1€liai=b}D2KeF
=>(a,b)€Qf

Thus ox C Q|4 C 0. Consequently F C D and so F C C. We then have Qx C V. a

LEMMA 1.1.4 [Fra63] If K is a finite set of finite algebras, then every ultraproduct of
members of K is isomorphic to a member of K.

PROOF. Let 4 = [Ticr Ai be a direct product of members of X and let I/ be an ultrafilter
over I. Define an equivalence relation ~ on I by i ~ j if and only if A; = A;. Then
~ partitions I into finitely many blocks I, 1, ..., Im. Since U is an ultrafilter over I, it
must contain exactly one of the blocks I, say. Let X = A; = Aj for 1,5 € I,. Then
Tlier Ai/U = X', the isomorphism given by a/U + (¢;)jer,. Since X is finite we have
XX =A; ek =

COROLLARY 1.1.5 Let K be a finite set of finite algebras such that V = KV is congru-
ence distributive. Then

(i) Vsi C Vrsr € HS(K).

(i) V has up to isomorphism only finitely many subdirectly irreducible members, each one
finite.

(iii) If A, B € Vg1 are non-isomorphic and |A| < |B|, then there is an identity which holds
in A but not in B.

PROOF. (i) follows immediately from Corollary 1.1.2 and Lemma 1.1.4. (ii) follows from
(i) since HS(K) has only finitely many members. |A| < |B| implies B ¢ HS(A). Hence
B ¢ {A}Y and (iii) holds. ‘ : a

1.2 Jénsson polynomials: characterization of con-
 gruence distributivity

The classic theorem of Mal’cev [Mal54] showed that a variety V of algebras has permutable |
congruences if and only if there exists a ternary polynomial p such that the identities

p(z,y,y) =z = p(y,y,%)

9



hold in V.

An analogous characterization of arithmetical varieties (i.e. varieties in Wthh every algebra
is congruence distributive and congruence permutable) was given by Pixley [Pix63] :
variety V is arithmetical if and only if there is a ternary polynomial p such that the following
identities hold in V: /

p(z,y,y) =z =p(y,y,2) = p(2,y,2)
A. Day proved a similar result for congruence modular varieties (see [Day70]) :
A variety V is congruence modular if and only if for some positive integer n, there exist
quarternary poynomials po,p;, ..., P, such that for 1 = 0,1,...,n — 1, the following iden-
tities hold in V:
pO(xayazaw) =2z, pn(x,y)zaw) =w, pi(xayayax) =z

p’:(x’y’y>w) = Pi+1 (.’ZI, yayaw) for 1 Odd
pi(z,z,w,w,) = pit1(2, T, w,w,) for ¢ even.

These results led to the general concept of a Mal’cev type condition being formulated
by G. Gratzer in [Gra70] where conditions are presented for regularity and weak regu-
larity. The following theorem due to Jénsson provides Mal’cev conditions for congruence
distributivity. "

THEOREM 1.2.1 [Jon67] For any varzety V of algebras the following are equivalent:
(i) V is congruence distributive.

(it) Fy(3) (the V-free algebra on 8 generators) is congruence distributive.

(1i) For any A € V and any a,b,c € A : (a,c) € (con(a,c)N con(a,bd)) V (con(a,c)N
con(b,c)).

(iv) For some positive integer n there ezist ternary polynomials po,p1,. .., Py such that for
:=0,1,...,n — 1 the following identities hold in V:

5ol 3, 2) = @ »

pn(xaya ) ==z

pi(z,y,z) =1z

pi(z,2,2) = piy1(z, z, 2) for i even

pi(z,2,2) = pir1(2, 2, 2) fori odd.

PROOF. (i) = (ii) and (ii) = (iii) are obvious.
Assuming (iii), let A = Fy({a,bd,c}) with § = con(a,c),$ = con(a,b) and ¥ = con(b, ¢c).
Then there exist finitely many elements dg, d;,...d, in A such that

a=do(0NP)dh (0NYp)d2 (0NP)d3...dny (0N @) dn =c.
Fach d; is of the form p;i(a,b,c) and po(a,d,c) = a,pa(a,b,c) = c. Also

2 (aa bv a) g pi(aa ba C) 0 Pi+1 (aa b, C) 0 pi;-l (aa b) a)'
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But 8 resticted to the subalgebra of A generated by {a,b} is trivial. Thus p;(a,b,a) =
pi+1(a,b,a) and so pi(a, b, a) = a.
For i even we have

pi(a, a, C) ¢pi(aa b) C) ¢pi+1 (a) b) C) ¢ pi;l-l(a) a, C)'

But since ¢ restricted to the subalgebra of A generated by {a,c} is trivial, pi(a,a,c) =
pi+1(a,a,c). Similarly for i odd p;(a, c,c) = pit1(a, ¢, ¢). The equations in (iv) are satisfied
for z =a,y = b,z = ¢, and thus hold in V.

Now assume (iv) and consider A € V with 6, 6,1 € Con(A). Let § = popopop---(k
factors). Then 8N (dV) = U (8N6). To prove the distributivity of Con(A) it is sufficient

to show that § N, € (4N d)) V (8 ) for all k& € w. For k =1 the inclusion is obvious.
So assume it holds for a given value of k and replace k by k+ 1. Then dx41 = &k 0 8 where
B=¢or = zj; We claim:

906k+1c(906 DNo@né)o(@nBo(@nP)o(dNset)--- (1.1)

with 2n factors on the right. -

Assuming @ 8 c and a & b B c, let d; = piyi(a,b,c). Then a = do,c = d, and for

1 €{0,1,...,n}: o

d; = pi(a,b,¢) 8 pi(c,b,¢) = ¢ = pi(c,c,¢) 0 pi(a,c,c) and d; = pi(a,d,c) 8 pi(a,b,a) =a =

p;(a,a,a) 9 pi(aaaac)' |

For i even d; = pi(a,b,¢) &' pi(a,a,¢) = piri(a,a,¢) & pi(a,b,c) = diy1. Conse-

quently d; (6 N &;") pi(a,a,¢) (0 N 8) diys. For i odd di = pia,b,c) B pi(a,c,c) =

pir1(a,c,c) B piy1(a,b,¢) = diry. Thus d; (80 B) pi(a,c,c) (6 N G) diyr. Hence 1.1 follows
and consequently 8 N6, C (§ N @) V (8 N 1) as required. O

The polynomial pg,p1,. .., P are known as Jénsson polynomials. Note that the above
theorem offers an alternative proof of the congruence distributivity of lattices considering
the polynomials po(z,y,2) = 2, pi(2,¥,2) = (2 Ay) V (y Az) V(2 A z) and pa(2,y,2) = 2.

1.3 Congruences on products

LEMMA 1.3.1 Let B be a congruence distributive algebra with {3; : i € I} a finite set
of congruences on B such that N; = A. Then if § € Con(B) is subdirectly irreducible we
have ; C 0 for some i € I.

PROOF. We have § = 0V \;er ¥i. Thus by distributivity of Con(B) and meet irreducibility
of 8,8 =6V ,; for some i € I. O

The following corollary is a direct consequence of Lemma 1.3.1 above.

11



COROLLARY 1.3.2 Let A, B be algebras such that A x B is congruence distributive. If
8 € Con(A x B) is subdirectly irreducible then either ker(ms) C 8 or ker(wg) C 6.

A subalgebra A of a direct product of algebras (A;)er is called discrete if for all a # b in
A, a and b differ on only finitely many coordinates.

PROPOSITION 1.3.3 Let [[;c; A: be a product of congruence distributive algebras. Let
A be a discrete subalgebra of [1;c; Ai. If6 € Con(A) is subdirectly irreducible then ker(m;) C
0 for somei € I.

PROOF. Let U be a Jénsson ultrafilter over [ with ¥ € Con([];c; Ai) the corresponding
Jénsson congruence such that U|4 C 0. If U is not principal then by Lemma 0.2.2 we have
X ¢Ufora.llﬁn1tesubsetonfI Let a, bEAw1tha.#b Then {i€l:a; #b:} gU
since this set is finite. Thus {t € [ : a; = b} € U and so (a,b) € U|4. But then
VA = U|, C 0 and so ker(m;) C 6 for all ¢ € I. If U is principal then by Lemma 0.2.1

= [{i}) for some ¢ € I. Thus ker(m;) C ¥[4 C 6. I g

In general if B = [];; B is a direct product of finitely many algebras then Con(B)
embeds in [];c;Con(B;). We make frequent use of the following proposition which shows
that if B is congruence distributive then the embedding is an isomorphism.

'PROPOSITION 1.3.4 [Jon90] Let B = [l;c; B:i be the direct product of finitely many
algebras. If B is congruence distributive then Con(B) is isomorphic to [[;c;Con(B;).

PROOF. Define a map « : [[;c;Con(B;) = Con(B) which takes § = (6;)ics to 8, where
for z,y € B we have (z,y) € 0 if and only if (z;,4:) € 6; Vi € I. Then § is a congruence
relation on B. Now 6 C % in [T;c;Con(B;) & 6; C¢: Vi€ [ & 6 C 3.

Conversely, suppose § C . Then (a,b) € 8; & (z,y) € § where z; = a,y; = b and
z; = y; Vi# j. Thus (z,y) € ¢ and so (a,b) € ;. We have 8; C ¢; Vi € I, giving 0 C 9.
Thus o is an injective homomorphism. _

To show that « is a surjection let p; be the kernel of the projection from B to B;. For ¥ €
Con(B) we have h = VA =V Nier pi = ¥V ies(¥ V pi), by distributivity of Con(B).
Now B/p; = B; and p; C % V p;. Then for each i € I there exists a ¢ € Con(B) such that
(z,y) € ¥ V p if and only if (zi,y:) € ¢i (second isomorphism theorem). :

Consequently (z,y) € ¥ & (z,y) € [ (¥ V p‘
tel
Mg (xnyz) e Vie I

Thus ¢ = ¢ where ¢ = (¢;)iecs and so « is a-surjection. O
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LEMMA 1.3.5 LetlU,...U, be distinct ultrafilters over I. Then for each j € {1,...n}
we have Niz; Us T U;. . :

PROOF. Suppose ;.; U; C U; for some j € {1,...n}. Since the U;’s are distinct we have
Vi# 73 A €Uy — U But then Upy; Ai € Nig; Ui and Uyy; Ai € U (by primeness). a

The following result of Bergman is used in the proofs of Lemma 5.1.2 and Theorem 5.3.1.

THEOREM 1.3.6 [Ber89] Let S be a finite set of finite algebras generating a congruence
distributive variety. Then every finite homomorphic image of a product of members of S is

~s

isomorphic to a product of homomorphic images of those members of S i.e. HP(S)in =

PH(S).

PROOF. Let L = [[;c;S: be a product of members of S and let § € Con(L) be such
that L/6 is finite. Then 6 = oy N ... N, where each ¢ is completely meet irreducible.
Let ®,, be a Jénsson congruence (with corresponding Jénsson ultrafilter &f;) such that
du. C o (1 €t < n). The U;’s may not be distinct, so for U; = Uy replace both «;
and o by aj N a. Then we have pairwise distinct ultrafilters L(l, .Uy, and congruences
B1,...Bm such that § = By ... N By, and $y; C B; for each j = 1,...,m. (The B;’s are
not necessarily completely meet irreducible.) :

We claim that for each k € {1,...,m} we have (N;z ®u;) 0 Py, = V. To see this let
z,y € L and put V = Nz U;. Then V is a filter over [ and @y = MN;xx ;- Also, by
Lemma 1.3.5 we cannot have ¥ C U. let E € V \ Uy. Define z € L as follows:

o z;, 1€FE
“=Vy ieI\E

Then z ®y z &, y proving the claim. Since &y, < B V k € {1,...,m} we have
(N;2xB;) © Be = V and so (N;24(B;/8)) 0 Bx/0 = V. Lemma 0.4.2 and the second
isomorphism theorem yield

L/6 = HI(L/‘Q /(8;/6) = H(L/ﬂJ

Since ®y; C B; L/B; is a homomorphic image of L/®y;. By Lemma 1.1.4 L/®y; is isomor-
phic to S; for some ¢ € I. Thus L/6 € PH(S). _ a

An algebra B is a retract of an algebra A if there exist homomorphisms f : B — A and
g: A — B such that go f is the identity on B. Then f is an embedding and g is called a
retraction of f.

We make use of the following lemma in the proof of Lemma 6.3.1.
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LEMMA 1.3.7 [Jip89] Let A and B be congruence distributive algebras, a € A and let
~ {a} be a subalgebra of A. Let hy : B — A x B be the embedding given by ha(b) = (a,b) for
all b€ B. Then the projection Ilg : A x B — B is the only retraction of k, onto B.

PROOF. Suppose ¢: A x B = B is a retraction of A, onto B. By Proposition 1.3.4 there
are congruences 84 € Con(A) and 6 € Con(B) such that ker(g) = 64 x 0p. Since goh, is
an identity map on B we must have that g is the trivial congruence on B. To show that
g = Ilg we need to show that 84 = V4. It suffices to show that for any a, € A we have
(a1,a) € 04. For any by,b; € B with b; # b; we have g(a,b;) = b, # by = g(a,by). Now
if (a,a;) € 04 for some a; € A then there exist b;,b, € B such that g(a,b;) = b, # b, =
g(ay,b). Thus g(a,b2) = g(a1,b)) implying (b),5;) € g and (a,a;) € 04, a contradiction.

. ]

' 1.4 Extension of congruences and amalgamation

As an example of the connection between extensions of congruences and amalgamation we
have for V a residually small congruence distributive one-subalgebra variety (e.g. a lattice
variety) that members of the amalgamation class of V are congruence extensile in V. (See
Proposition 1.4.13). In this section we introduce the notions of congruence extensile and
congruence extendible algebras and review rudimentary results concerning amalgamation
and absolute retracts some of which will be used in Chapter 6. Also presented are re-
sults on the extension of congruences in congruence distributive varieties and Bergman’s
characterization of the congruence extensile members of an arbitrary variety ([Ber85]).

1.4.1 Congruence extendible/extensile algebraé

For a positive integer n we denote by ‘n’ the n-element chain.

An algebra A in a variety V is sald to be congruence eztensile in V or satisfies the
congruence extension property (CEP) if for any C € V with A < C, every congruence on A
can be extended to a congruence on C. Let Vogp denote the class of congruence extensile
members of V.

A €V is P-congruence eztendible in V if whenever C' € V and A < C then every P-
congruence on A can be extended to a P-congruence on C'. A is called congruence eztendible
in V if A is P-congruence extendible for every P-congruence on A.

In NV, the variety generated by the pentagon, N, we have A € A is 2-congruence extendible
implies A € Mcgp (see Proposition 4.2.11). However the converse does not hold since 2
€ Mcpp but 2 is not 2-congruence extendible in M. (Consider the embedding 2 < N
which takes 2 to the critical quotient of N.)
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1.4.2 Absolute retracts and essential extensions

An algebra A in a variety V is an absolute retract of V if for every embedding f: A — B
there is an epimorphism g : B — A such that go f is the identity map on A. Equivalently
A is an absolute retract if and only if A is congruence extendible in V. We denote the class
of all absolute retracts in a variety V by V4g.

THEOREM 1.4.1 [Jip89] Let V be a one-subalgebra congruence distributive variety.
Then every direct product of absolute retracts in 'V is an absolute retract in V.

Let V be a variety. An extension C of an algebra A is said to be essential if every
non-trivial congruence on C restricts to a non-trivial congruence on A. A is mazimally
irreducible in V if A is subdirectly irreducible and A has no subdirectly irreducible proper
essential extension in V. The class of maximal irreducibles in V is denoted by V.

A variety V is residually small if there is an upper bound on the cardinality of the
subdirectly irreducible members of V, equivalently; if the subdirectly irreducible members
of V (up to isomorphism) form a set. ‘

THEOREM 1.4.2 [Tay72]V is a residually small variety if and only if every member of
Vs has an essential extension in V.

LEMMA 1.4.3 In a vartety V, M € Vg if and only if M € Vs N V4g.

1.4.3 Amalgamation

" A diagram in a variety V of algebras is a quintuple (A4, f,C, g, D) where f : A < C and
g: A= D are embeddings with A,C, D € V. An amalgam in V of this diagram is a triple
(E, f',q") where f': C — Eand ¢’ : D — E are embeddings with £ € V and fo f' = gog'.
If such an amalgam exists, we say the diagram can be amalgamated in V. An algebra 4 € V
is called an amalgamation base for V if every diagram (A, f,C, g, D) can be amalgamated
in V. The class of all amalgamation bases for V is called the amalgamation class of V
and is denoted by Amal(}V). If Amal(V) = V then V is said to satisfy the amalgamation
property. By [Pie68] the variety of distributive lattices satisfies the amalgamation property.
However for any non-distributive finitely generated lattice variety V we have 2 ¢ Amal(V)
and consequently the amalgamation property does not hold in V.

THEOREM 1.4.4 [Ber§85] Every absolute retract of a variety V is an amalgamation base
of V. ‘
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Note that Lemma 1.4.3 and Theorem 1.4.4 imply that for a variety V, Var C Amal(V).

The following theorem generalizes Jénsson’s characterization of the amalgamation class of
a finitely generated lattice variety (see [Jon90]).

THEOREM 1.4.5 [Jip89] Let V be a residually small one-subalgebra congruence dis-
tributive variety. Then the following are equivalent:

(i) A €eAmal(V).

(ii) For any embedding f : A — C with C € V, and for any homomorphism g : A - M
with M € V1, there is a homomorphism h : C — M such that ho f = g.

(iit) Let h : A — M € Vuyy be a homomorphism and g : A < A X M be the embedding
given by g(a) = (a,h(a)) for alla € A. If f : A~ B is an essential embedding then the
diagram (A, f,B,g,A x M) can be amalgamated in V.

Let C = [1; Ci be a product of algebras and let f : A < C be an embedding. We shall
say that f is regular if for any distinct ¢,7 € I we have 6;|¢[A] # 8;|[A], where §; and 6;
are the kernels of the canonical projections of C onto C; and C; respectively.

The following lemma is Corollary 1.1.3 of [Bru92].

LEMMA 1.4.6 Let V be a finitely generated, residually small one-subalgebra variety.
Suppose that for any distinct C,D € Vg C is not an image of a subalgebra of D. Let
A be a subdirect product of members of Vayr. Then A € Amal(V) if and only if for any
reqular subdirect representation f : A — S where S is a product of members of Vyy, and
any homomorphism g : A — M where M € Vyy, there is a homomorphism h : S — M
such thatg =ho f. ' ' ’

1.4.4 Extension of congruences

PROPOSITION 1.4.7 Let V be a residually small one-subalgebra congruence distribu-
tive variety with M € Vpp and P a retract of M. Let A € Amal(V) andlet f : A — C be an
embedding with C € V. Then every P-congruence on A can be extended to a P-congruence

on C.

PROOF. Let 8 be a P-congruence on A. Then, since P is a retract of M there is a homo-
morphism g : A = M such that § = ker(g). By Corollary 1.4.5 there is a homomorphism
h:C — M such that ho f'=g. Let k: M — P be a retraction and let ¥ = ker(h o k).
Then ¥ is a P-congruence on C extending 0. ' a

PROPOSITION 1.4.8 [Jon90] Let A < B = [l;c; Bi be a subdirect product of finitely
many algebras. If A is congruence distributive, then every congruence on A can be eztended
to a congruence on B.
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of M; for M; # M;. Then every M;-congruence on A can be eztended to a M;-congruence
on [Tier M.

PROOF. Let § be an M;-congruence on A and let ¥ be a Jénsson congruence on [T M;
with ¥|4 € 6. Then by Lemma 1.1.4 ([TM;)/¥ = M; for some j € I. Since A/f —
(ITM;)/¥ we have M; — M; and since M; € V4g (Lemma 1.4.3), M; is an image of M;.
By assumption we then have M; = M; and so U is an M;-congruence on [] M;. Since
Al — A/¥|4 — TI M;/V we have A/ U|4 = M; and hence ¥|4 = 9. O

The following corollary is applied in Chapter 4 in the characterization of 2-congruence
extendible lattices.

COROLLARY 1.4.12 Let A and C be distributive lattices with A < C. Then every
2-congruence on A can be extended ;‘to a 2-congruence on C.

PROOF. Since C is a distributive lattice it is a subdirect product of 2: C < 2/, Thus
A < C < 27 and by the above proposition every 2-congruence § on A can be extended to
a 2-congruence ¥ on 2{. But then the restriction of ¥ to C is an extension of 8 to C and
A/ < C/¥|c < 27/¥ implies that ¥|c is a 2-congruence on C. O

PROPOSITION 1.4.13 [Jon90] Let V be a residually small one-subalgebra congruence
distributive variety. Then Amal(V) C Vcgp.

PROOF. We use Proposition 1.4.10. Let A € Amal(V) and let B be an extension of A.
Let 8 be a subdirectly irreducible congruence on A with vy : A — A/6 the canonical
homomorphism from A onto A/8. By Theorem 1.4.2 there is an embeddding g : A/§ — M
for some M € Vs and by Theorem 1.4.5 thereis a map h: B — M such that govg = hl4.
Then ker(h) extends § since for a,b € A we have (a,b) € ker(h)|4 & h(a) = h(b) &
govg(a) = gowvg(b) & vg(a) = ve(b) & (a,b) € 6. By Lemma 1.4.9 there is a subdirectly
irreducible congruence ¥ € Con(B) such that U|4 = ker(h)|4 = 6. Thus by Proposmon
1.4.10 A € Vegp. O

Using Proposition 1.4.13 and the fact that the variety of distributive lattices satisfies the
amalgamation property ([Pie68]) we can deduce the following well-known result.

COROLLARY 1.4.14 The variety of distributive lattices satisfies (CEP).
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Chapter 2

Weak projections, congruences and
ideals

-

In this chapter we focus on weak projections which play a crucial role in the study of
congruences on lattices given Dilworth’s characterization of lattice congruences via weak
projections. In Section 2.1 we present this characterization and then in Section 2.2 we
look at some basic results on modular and distributive lattices which are based on weak
projections. We include a brief section (2.3) on primitive subsets of lattices, proving some

results that are subsequently used in Herrmann’s proof of a finite basis theorem for lattices
~ (see Section 2.4) as well as in Chapter 6. In Section 2.5 we define a S-lattice and a S-variety
and using weak projections we prove that the class of subdirect products of non-modular
subdirectly irreducible members of a S-variety is closed under reduced products. We
conclude with a short section (2.6) on the link between congruences and ideals. Unrelated
to the rest of the material of this chapter it is tacked on here for want of a better place.

2.1 Dilworth’s Theorem

We begin with the Gratzer-Schmidt theorem which provides sufficient conditions for a
binary relation on a lattice to be a congruence relation. These conditions are then used to
prove Dilworth’s theorem.

LEMMA 2.1.1 (Gratzer-Schmidt Critera) [Gra58] Let L be a lattice with 6 a binary
relation on L. Then 0 is a congruence relation on L if and only if the following conditions
are satisfied for all z,y,z€ L :

(i) 8 is reflezive.

(1) (z,y) € 0 if and only if (z Ay,zVy) €9.
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(iti) If z < y < z,(z,y) € 9 and (y,z) € § then (z,2) € 4.
(i) If z < y and (z,y) € 0 then (z Aw,yAw) €8 and (zVw,yVw) €EYwe L.

PROOF. If § is a congruence relation on L then clearly (i), (ii), (iii) and (iv) hold. For the
converse we have for a,b € L that (a,b) € 0 if and only if (a Ab,a V b) € 6. Since V and A
are commutative we then have (b,a) € 6 and so @ is symmetric. For transitivity, suppose

(a,b) € 6 and (b,c) € 6. Then

(a,b) €0 = (aAbyaVb)eb (by (ii))
= ((eAb)Va,(aVbd)Va)el (by (iv))
= (a,aVb) €
= (aA(bAc),(aVB)A(bAC) €8 (by (iv))

Similarly (e Ab)V (bVe),aVbVc) € . Now we have a AbAc < (aVb)A(bAc) =
bAc<bVe=(aAb)V (bVc) LaVbVcand the formulas resulting from replacing <
by 8 in the above inclusions are also true. So by (iii) we have (a AbAc,aVbVec) € 6.
Also since aAbAc<aAc<aVc<aVbVcwehave (aAc,aVc)€ f (by (iv)). For
the substitution property suppose (a,b) € 6. Then (a Ab,a V b) € 6 (by (ii)). So by (iv)
((@Ad)Ve,aVbVe) € Gforany c € L. But (aAb)Ve<aVe<LaVbVe Thus
(@VeaVbVe) € 6 by (iv). Similarly (bV c,aV bV c) € 6 and so by transitivity and
symmetry (aVe,bVe) € 6. Soif (a,b) € 8 and (e, f) € 0 then (aVe,bVe), (bVe,bV f) €8
and by transitivity (a V e,bV f) € 6. Meets are handled in a similar way. Thus 8 satisfies
the substitution property and hence is a congruence relation on L. a i

b d
a/b My c/d a/b N\ c/d

Figure 2.1

Let L be a lattice and let a/b,c/d be quotients in L. Then a/b transposes up to
c/d (a/b 7 c/d) ifc=aVdand b= aAd. Dually a/b transposes down to c/d (a/b ™\ c/d)
ifa=bVcand d =bAc. Wesay a/band c/d are transposes (a/b ~ c¢/d) if a/b transposes
up or down to ¢/d; and a/b and c¢/d are projective (a/b =~ c/d) if there is a finite sequence
a/b=eof/fo,e1/f1,--.,en/fn = c/d such that e;/f; and €;,1/fi+1 are transposes for i < n.
We say a/b transposes weakly up into ¢/d (a/b 7y ¢/d) f b = a Ad and a < c. Dually
a/b transposes weakly down into ¢/d (a/b \yw ¢/d) if a = bV cand d < b. Now a/b
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transposes weakly into c¢/d (a/b ~, c/d) if a/b transposes weakly up or down to ¢/d and
a/b is weakly projective into c/d (a/b Xy c/d) if there is a finite sequence as above such
that e;/fi transposes weakly into ejy1/fiq; for i =0,...,n— 1.

We write a/b =, ¢/d if a/b is weakly projective into c/d in k steps.

THEOREM 2.1.2 [Dil33] Let Q be a set of quotients in a lattice. L. Let §g denote the
least congruence on L which collapses all the quotients in Q. Then for a,b € L,(a,b) € pe)
if and only if there is a finite sequence

aNb=e<e<--<e=aVb
in L such that each e;fe;~) (i =1,...,n) is weakly projective into some quotient in Q).

PROOF. We first show that g is a congruence relation by showmg that it satisfies the
Gratzer-Schmidt Criteria of Lemma 2.1.1.

Let a € L,c/d € Q. Then afa 7y, (a Ac)/(a Ad) N\ ¢/d. Thus a/a projects weakly
into every quotient of @ and so ¢ is reflexive. Conditions (ii) and (iii) hold easily for
fq. For condition (iv) suppose we have a < b and (a,b) € fg. Then there is a sequence
a=¢ey < -+ < e, = bsuch that for for each ¢ € {0,...,n} e;/e;; is weakly projective into
some quotient ¢;/d; of Q. Then forany f € L, aAf=eAf<---<e,Af=bA f and
(e N f)/(eizi A f) Sw eifeicy. So for each i € {1,...,n} (e; A f)/(ei A f) =y ¢;/d;. Thus
(aNf,bA f) € 8g. Joins are treated similarly.

Let § € Con(L) be such that (c d) €0V c/de Q. let (a,b) € §g. Then there is a finite
sequence a Ab=¢e < e <+ < e, =aVbsuch that for each 1 € {1,...,n} ¢/e;_; is
weakly projective into some quotient in Q. But then (e;,e;—1) € §. Since e/f N\w ¢/d and
(c,d) € 6 we have (cAe,dAe)= (e f) € 6. Similarly e/f 7, ¢/d and (c,d) € 6 imply
(e, f) € 6. By transitivity of § we have (a Ab,aV b) € 4, i.e. (a,b) € 6. Thus g C 6 and
f¢ is the least congruence on L which collapses all the quotients in Q. : O

The following characterization of principal congruences in a lattice is an immediate conse-
quence of Theorem 2.1.2.

COROLLARY 2.1.3 Let a/b,c/d be quotients of a lattice L. Then (c,d) € con(a,b) if
and only if there is a finite sequence

a=¢e<e < <e=b

such that e;/e;-1 &y c/d for all1 < i< n.
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2.2 Modular and distributive lattices

In this section we cover some results concerning modular and distributive lattices that
make use of the notion of weak projectivity and that are of relevance to work developed

in later chapters. For further details the reader is referred to texts such as [Gra78] and
[McKa87].

2.2.1 Modular lattices

A lattice L is said to have the projectivity property if whenever a/b is weakly projective
into ¢/d then a/b is actually projective with a subinterval of c/d.

THEOREM 2.2.1 (Dedekind’s Transposition Principle) Let L be a modular lattice
with a,b € L. Then y : x> £ Ab is an isomorphism between (aV b)/a and b/(a Ab). The
inverse isomorphism is ¢, : z > z V a. Moreover the image under either of these maps of
a subquotient is a transpose of that subguotient.

PROOF. For z € (a V b)/a we have ¢.(¢p(z)) = (z Ab)Va =2z A(aVb) =z Dually
for z € b/(a A b) we have ¢y(¢a(z)) = z. Let z/y be a quotient in (a V b)/a. Then
wo[z/y] = (zAb)/(yAb) and yA(zAb) = yAb. Also z < zA(bVa) < zA(BVy) = (zAb)Vy < z.
Thus (2 Ab)Vy ==z and (z Ab)/(y Ab) is a transpose of z/y. o

COROLLARY 2.2.2 Projective intervals in a modular lattice are isomorphic.

PROOF. Suppose a/b and c/d are transposes and assume a/b / ¢/d. Then a Ad = b and
aVd=c By Theorem 2.2.1 a/(a Ad) = (aVd)/die. a/b=c/d. m]

COROLLARY 2.2.3 Every modular lattice has the projectivity property.

PROOF. Let L be a modular lattice with a/b, c¢/d quotients in L. Suppose a/b is weakly
projective into ¢/d. The proof is by induction on the length n of the chain of weak
projectivity. The case n = 1 is straightforward. Assume the result holds for n = k and
replace k by k+1. Then a/b lew s/t for some quotient s/t and s/t ~,, ¢/d. By theinductive
hypothesis a/b is actually projective with a subinterval u/v of s/t. Suppose s/t 7, ¢/d.
Then sAd=1and s < c. By Theorem 2.2.1 s/(sAd) = (sVd)/d ie. s/t=(sVd)/d
and (uV d)/(vVd) is a transpose of u/v. Thus a/b is actually projective with a subinterval
of ¢/d. The case s/t \yw ¢/d is similar. ) a
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LEMMA 2.2.4 Let L be a modular lattice. Ifu/v is a prime quotient of L, then con(u,v)
is an atom of Con(L).

PROOF. Suppose A < con(r,s) < con(u,v) in Con(L). Then by Theorem 2.1.2, Corollary
2.2.3 and the primeness of u/v there is a finite sequence

rAs=e¢<e <es--<e=rVs

such that e;;i/e; is projective with uw/v. Then u/v is projective with a subinterval of
(r As)/(r V). By Corollary 2.1.3 con(u,v) < con(r A 5,7V s) = con(r,s) proving that
con(u,v) is an atom. i

LEMMA 2.2.5 Let L be a distributive algebraic lattice such that the top element of L is
a join of atoms. Then L is a Boolean algebra. Dually, if the smallest element of Lisa
meet of coatoms, then L is a Boolean algebra. |

PROOF. Let b € L. Consider A = {a € At(L) : a € b}. Let b* =V A. Then bAb* =
bAVA=Veea(bAa) =V0=0. Let B ={a € At(A) : a < b}. Then V B < b hence
VBV <bvd*. ie. 1 <bVb* and so bVb* = 1. Thus b* is the complement of bin L. O

THEOREM 2.2.6 Let L be a modular lattice. If L has finite length m then Con(L) is

isomorphic to a Boolean algebra 2™ where n < m.

PROQF. Let ap < a; < az--* < ap, be a maximal chain in L. Then by Lemma 2.2.4 the

principal congruences con(a;, ai+;) (¢ =0,1,...,m—1) are atoms (not necessarily distinct)
of Con(L) and their join collapses the whole of L. The result now follows from Lemma

2.2.5. : a

2.2.2 Distributive lattices '

LEMMA 2.2.7 Let L be a distributive lattice. If a/b and c/d are projective in L, then

either these two intervals are transposes or there are intervals u/v and u'/v' such that

alb Sufv\ c/d or
a/b\u' v Sefd

PROOF. It is sufficient to show that if a,o/bo' /" ay /by N\ az/b; then there is a a3/bs such
that ao/bo \ a3/bs / a3/bs (since then we remove the ’kinks’ as illustrated below).
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Figure 2.2

Let a3 = ag A ag,b3 = ag A by. Then

bo/\a3=bo/\(a0/\a2) =bo/\a2;F (ao/\bl)/\agzao/\(bl/\@) = ag A by = b3

boVa3= boV(ao/\ag) = (ao/\bl)V(ao/\ag) =a0/\(bIVa2) =ggNa; = ag
bg/\a3=bg/\(ao/\ag) =b'2/\aov= b3

bgVa3262V(ao/\a2) = (bl /\(12)\/((10/\(12) = (bIVao)/\aQ

The above equalities complete the proof. c

THEOREM 2.2.8 Let L be a distributive lattice with z,y,a,b € L and a < b. Then
(z,y) € con(a,b) if and only if zANa=yAaandzVb=yVb.

PROOQF. Define a relation ¢ on L by (z,y) € ¢ifand only if tAa =yAaand zVb=yVb.
Then ¢ is obviously an equivalence relation. To show that ¢ has the substitution property
let (z,y) € ¢,z € L. Then (cAz)Aa=2zAzAa=2zAyANa=(yAz)Aa Also
(zA2)Vb= (VO A(zVDd)=(yVb)A(2Vbd)=(yAz)Vb Thus (zAz,yAz) € ¢
Similarly (z V z,yV z) € ¢ and so ¢ is a congruence relation on L with (a,b) € ¢. To show
that ¢ C con(a,b) let (z,y) € ¢ and let § be a congruence on L such that (a,b) € §. We
havez =zV(zAa)=zV(yAa)=(zVy)A(zVa)d(cVy)A(zVb) =(zVy)A(yVd) =
yV(zAb)dyV(zAa) =yV(yAa) =y. Thus by transitivity (z,y) € & proving § C
con(a,b) and, since (a,b) € 8, § = con(a,b). a

The next result follows immediately from Theorem 2.2.8.

COROLLARY 2.2.9 Let L be a distributive lattice with z,y,a,b€ Landz<y<a<b
ora<b< z<Ly. Then (z,y) € con(a,b) =z =y.

LEMMA 2.2.10 In a finite Boolean algebra L every prime quotient in L transposes onto

a/0 for some atom a € L. Dually every prime quotient transposes. onto 1/c for some
coatom ¢ of L.
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PROOF. Let p/q be a prime quotient in L and let a be an atom below p but not below q.
ThenaAg=0and ¢<aVqg<p=aVq=pproving a/0 \,p/q. m)

COROLLARY 2.2.11 In a fintte Boolean algebra L, every congruence is a principal
congruence of the form con(0,b) for some b € L.

PROOF. Since L is finite, every congruence § on L is a principal congruence 8 = con(a,b) =
V1 con(p;, q;) where p;/g; is a prime quotient in (a V b)/(a Ab). By Lemma 2.2.10, for each
i € I there is an atom a; such that p;/q; is a transpose of a;/0. We then have 6 =
con(0, Vy a;). : m]

LEMMA 2.2.12 Let L be a distributive lattice with zero. Let a be an atom of L and let
B be a finite set of atoms of L. Then.a <\ B = a =b for some b € B.

PROOF. Assumea # bforallb € B. Thena < VB =aAVB=a= VplaAd)=a=
a = 0 and this contradiction completes the proof. a

The following lemma is used in Chapter 5 to characterize 3-chain limited finite distributive

lattices. Recall from Chapter 0 that a congruence 8 on a lattice L is a 2-congruence if
L/ =2,

LEMMA 2.2.13 Let D be a finite distributive lattice with

D=sg<s <" <s:=1
a mazimal chain in D. Then: |
(i) 8 is an atom in Con(D) if and only if § = con(s;,si41) for some i € {0,1,...,k—1}.
Moreover con(si, sis1) # con(s;,si41) for i # j, and thus dim(D/con(s;,si41)) = dim(D)
- 1. :
(ii) None of the distinct prime quotients of the above chain project onto each other.

(i) If p/q is a prime quotient of D then there is a unique ¢ € {0,1,...,k — 1} such that
p/q projects onto siy1/s;.

(iv) If § is a 2-congruence on D then for some 0 <1 < k—1 we have D/8 = {s;/0,5:41/0}.
(v) If d € D is a join of atoms of D then the principal ideal (d] is a Boolean lattice.

(vi) If d € D is a meet of coatoms in D then the principal filter [d) is a Boolean lattice.
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PROOQOF. (i) We have con(sg,s1)V con(sy,sz) V «+-V con(sk-1,8¢) = V in Con(D). By
Lemma 2.2.4 con(s;, si+1) is an atom of Con(D) for every ¢ € {0,1,...,k — 1}. Suppose
con(a,b) is an atom of Con(D). Then (a,b) Econ(sg, s1)V con(sy, sz) V -+ V con(sk-1, Sk)
and so by Lemma 2.2.12 con(a, b) = con(s;, si+1) for some z € {0,1,...,k —1}.

Suppose con(s;, Si+1) = con(s;, s;4+1) for some ¢ # j. Assume without loss of generality that
s; < s;. Then by Theorem 2.2.8 s; A s; = s;41 A s 1.e. s; = s;4) contradicting s; < si4;.

(ii) Suppose s;11/s; projects onto s;41/s; for some 1 < j, 1,7 € {0,1,...,k —1}. Then by
Theorem 2.1.2 con(s;, si+1) < con(s;,s;4+1) contradicting (i) above.

(iii) By Lemma 2.2.4 con(g, p) is an atom of Con(D). By (i) above con(g, p) = con(s;, si+1)
for some ¢ € {0,1,...,k — 1}. Thus p/q is projective with s;1;/s; for some unique i €
{0,1,...,k — 1} (by Theorem 2.1.2, Corollary 2.2.3 and (i) above).
(iv) Suppose (si,si+1) € 0 for all i € {0,1,...,k — 1}. Then 6§ = V contradicting the fact
that § is a 2-congruence. y -

. |
(v) Follows from Lemma 2.2.5.

(vi) This is the dual of (v). o

THEOREM 2.2.14 Let L be a distributive lattice of finite length m. Then Con(L) is

isomorphic to 2™.

PROOF. By Lemma 2.2.5 Con(L) is a Boolean algebra. By Lemma 2.2.13(i) above Con(L)
has m atoms and so Con(L) 2 2™. m]

2.3 Primitive subsets of lattices

The definitions and results of this section will be used in the next section of this chapter
to prove a finite basis theorem for lattices as well as in Chapter 6. Lemmas 2.3.1 - 2.3.4
are due to R. Wille.

A finite subset P of a lattice L is called primitive if there is a proper quotient ap/bp of
L such that ap/bp =, (cV d)/d for all ¢,d € P with ¢ £ d. We say that P is a primitive
subset of L with respect to ap/bp.

LEMMA 2.3.1 [Wil72] Every finite subset of a subdirectly irreducible lattice is primitive.

PROOF. Let L be a subdirectly irreducible lattice with Q@ = {z1/y1,...,Zn/yn} a finite
set of proper quotients of L. We show by induction that for any positive integer n there
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is a proper quotient a,/b of L such that a,/b generates the minimal non-zero congruence
of L and a,/b =, z;/y; for all 1 € {1,...,n}. For the case n =1 let a/b be a quotient in
L generating the minimal non-zero congruence of L. Then by Corollary 2.1.3 there is an
a; € L such that b < a; < a and a,/b &, z,/y;. Since b < a; < a we have con(a;,b) =
con(a,b). Suppose the inductive hypothesis holds for n = k. Then there is a quotient ax/b
of L such that ag/b ~, z;/y; for all ¢ € {1,...k} and con(ak,b) is the smallest non-zero
congruence on L. We then have (ak,b) € con(zg41,yk+1) and again by Corollary 2.1.3
there exists an agy; € L with b < ax4; < a and such that agy1/b ~y Ths1/yYre1 and agq, /b
generates the minimal non-zero congruence on L. Now we have ax11/b \yy ax/b and hence
ars1/b =y zify; for all ¢ € {1,...n}. a

For the next three lemmas let L and L’ be lattices with f : L — L' an epimorphism.

LEMMA 2.3.2 [Wil72] Let o' /¥ be a quotient of L' and c/d a quotient of L with o' /¥’ R
F(c)/f(d). Then there is a quotient a/b of L with a/b =, c/d and f(a)/f(b) = d'/¥.

PROOQOF. Suppose a'/b' \y, f(c)/f(d). Choose a” € f~*(a’). Definea =a"Ac, b=2a"Ad.
Then a/b N\, ¢/d and f(a)/f(b) = a’/b'. Dually for a’/t' 7, f(c)/f(d) there is a quotient
a/b of L with a/b 7, c/d and f(a)/f(b) = a’/b’. The assertion of the lemma then follows
from this. : 0

LEMMA 2.3.3 [Wil72] Let c;/d;,...,c./dn be quotients of L with f(¢;)/f(di)= f(c;)/ f(d;)
for 1 < 1,7 < n. Then there is a quotient a/b of L with a/b z2w c;/d; and f(a)/f(b) =
F(&)/(d:) for 1< i< n.

PROOF. Define @ = ¢; A ... Ac,. Then a/(a Ad;) \w ¢/d; for 1 < i < n. Define
b=(aAd)V---V(aAd,). Then a/b 7y a/(a A d;). Thus a/b 7y af(a A d;) \w c/d;
and f(a) = f(c1) A fea) A--+ A f(ea) = f(e) for L <4< n.

Also f(b) = (f(a) A f(d1))V---V(f(a) A f(dn)) = (flcr) A fdr))V -V (flen) A f(dn))
fld) V.-V f(dn) = f(di) for 1 <i <m. |

<
d;

oo

LEMMA 2.3.4 [Wil72] Let P’ be a primitive subset of L' with respect to a'[b'. If P 1is
a subset of L such that the restriction of f to P is a poset isomorphism from P onto P’,
then P is primitive in L with respect to a proper quotient a/b such that f(a)/f(b) = a'/b'.

PROOQF. For ¢,d € P with ¢ £ d we have f(c)/f(d) € P' and f(c) £ f(d). Thus
ap[bpr =y f(cVd)/f(d). By Lemma 2.3.2 there is a quotient a/b of L with a/b ~,, (cVd)/d
and f(a)/f(b) = ap://bp;. Hence by Lemma 2.3.3 there is a quotient ap/bp of L such that
ap/bp =y (cV d)/d for all ¢,d € P with ¢ £ d and f(ap)/f(bp) = ap:/bp:. |
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2.4 Finite basis theorem

An equational basis for a-variety V is a collection ¥ of identities such that ¥V = Mod(Z).
Baker’s finite basis theorem ([Bak77]) states that any finitely generated congruence dis-
tributive variety V is finitely based i.e. ¥V = Mod(Z) for a finite set of identities X. This is
not the case in general as can be seen by Lyndon’s seven element counterexample ([Lyn54]).
Since lattices are congruence distributive Baker’s result holds for any finitely generated va-
riety of lattices, an assertion made as early as 1945 by Schiitzenberger ([Sch45]). As proofs
of Baker’s theorem are available in many sources (e.g. [Bur81], [Jip92]) we present the
finite basis theorem for lattice varieties. This was first proved by McKenzie in [McK70]
where it is also shown that the lattice diagrammed in Figure 2.3 below is not finitely based.
We follow the model-theoretic approach of Herrmann [Her73] which gives a sufficient con-
dition for the existence of a finite basis without exhibiting an explicit set of identities. (In

contrast to Baker’s constructive proof.)
'

Figure 2.3

Bounded sets of quotients. A set of quotients of a lattice is called k-bounded if there is
a proper quotient weakly projective in k steps into each of them. If any such k exists then
we say the set is bounded.

LEMMA 2.4.1 Every finite set of proper quotients of a subdirectly irreducible lattice is
bounded.

PROOF. Let L be a subdirectly irreducible lattice with @ = {z1/y1,...,Zs/yn} a finite
set of proper quotients of L. Then P = {z;,y1,22,Y2,..+,Zn,Yn} is a finite subset of L.
Hence by Lemma 2.3.1 there is a proper quotient a/b of L such that a/b =, (¢ V d)/d for
all ¢,d € P with ¢ £ d. In particular a/b =y (z: V ¥;)/y: = zify: for all ¢ € {1,...,n}
proving that @ is bounded. 0

- LEMMA 2.4.2 If f: L — L' is a lattice epimorphism with ¢,/d,,...,c./dn quotients of

L such that {f(c1)/f(d1),..., f(ca)/f(dn)} is k-bounded, then {ci/d,...,cn/dn} is (k+2)-
bounded.
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PROOF. Let p/q be a proper quotient of L such that p/q ~w f(a)/ f(d ) for all 1 €
{1,...,n}. Then by Lemma 2.3.2 there are quotients a;/b; in L with a;/b; ~ Nw ¢;/d; and

f(ai)/f(b;) = p/q. By Lemma 2.3.3 there is a quotient ¢/d of L with ¢/d F:’?w a;/b; for
all ¢ € {1,...,n} and f(c)/f(d) = p/q. Then c/d is a proper quotient of L such that

c/d Sy cifd; for all i € {1,...,n} and so {c1/di,...,cn/dn} is (k + 2)-bounded. m

Defining equations for the variety KV where K is a class of lattices defined by
a finite set of positive universal sentences. We first show that the notion of weak
projectivity can be expressed as an open first order formula.

Let z;,y:, u, v, 2}, y! be variables and for any n, k € w, let z, x be the array z0,4?,...,z% ¥
(: =1,...,n). Define inductively:

Tr0(t 0, 200) = [\ufv = 2/yf
=1

n
an.O(xlayla oy TnyYn, U, 0, Zﬂ,o) = 771,0(‘”‘) v, Zn.O) A /\(.’E?/y? = xi/yi)' '
=1
n

Tn,k+1 (‘U,, v, Zn,k+1) = 7n,k(u) v, Zn,k) /\( k/yy, ~NMw xk+1/yk+l)
1=1

:Bn,k+1($1a Yy oo 1y Ty Yn,y, U, U, Zn,k+1) = Tnk+1 (ua v, Zn,k+1) A /\(x{c/yf = x’;/y;).
: =1

Then for each n,k € w, Br(Z1,Y1,. -+ TnyYny U, ¥, Zn k) translates as:
K .
For each ¢ < n, u/v =, z; /yt by means of quotients xo/y‘ s ZE/yE fe ufv = 20/yf ~
iyl ~vu s v 2T YT v Y = 2y

Let X be a class of lattices defined by a finite set of identities ¥£. Without loss of
generality we may assume that ¥ consists of universal disjunctions of equations:

az=Va...zm(\ FF(21e s 2ma) = 68 (215 -+ 0, Zma )

such that the inequalities f&(21,...,2ma) 2 §8(21,-++y2ma) (I < ¢ < ng) hold in any
lattice. We will now construct the deﬁning set of inequalities for the variety XV.
To each @ € ¥ and every k € w we assign a universal Horn sentence ax. Let p; =

ez, vy 2ma)y @ = 8(21,- -+ » Zmg). Define

ar =21 . 2 U020y k(Brk (P15 Q15 - « - » Pras Gnas Uy Uy Zna k) = U = U)
Then oy is valid in a lattice L if and only if there is no assignment of elements a1,...,am, to
the variables 21, . . . Zm, such that the set {f{(a, .. a.mc,,)/g1 (@1ye vy Bma)ser o fo (15000 my)

/95, (al, ama)} becomes k-bounded. Note tha’c Qi is equlva.lent to a Horn forrnula since
Bnx 15 a con_]unctlon of positive a,tormc formulas.

LEMMA 2.4.3 (i) o implies o and oy tmplies oy (1 < < k) in any lattice,
(it) In a subdirectly irreducible lattice, {ox : k > 1} implies c.

29



1

(iii) The validity of . 1is preserved under sublattices and direct products.
(v) If L' is an image of L and o4 holds in L for any given k > 3 then ay_, holds in L'.

PROOF. (i) Let L be a lattice in which « holds. let & € w and suppose there are

Q1y. ..y 8ma, Y,V € Lsuch that u/v F:fw fe(ary . yame) /g8 (a1, ... ame) forallie {1,...,nq}.
Since o holds in L, there is a j € {1,...,n,} such that f3(z1,...,%m,) = g5 (Z1,. .., Tm,)
forall z,...,Zm, € L. In particular f§(a1,...,am,) = g¥(a1,--,am,). But then we must
have u© = v and so «af holds in L.

Let I,k € w with 1 < [ < k. Then for any lattice L and quotients a/b,¢/d in L we have

a/b Ft".fw c/d = a/b Fe{cw ¢/d. Hence if o holds in L then so does «;.

(ii) Let L be a subdirectly irreducible lattice such that oy holds in L for all & > 1. Let
@1y .. y8mg € L. Then the set {ff(a1,...,am,)/9%(a1,.-.,8ma) : 1 < ¢ < ny} cannot be
bounded. hence by Lemma 2.4.1 we must have ff(ay,...,am,) = g§(a1,...,am,) for some
j€1,...,ny and so « holds in L.

(iii) This follows directly from the fact that ax is a universal Horn sentence.

. (iv) Let n: L — L' be a lattice epimorphism . Suppose o4 holds in L for some k& > 3 but

ag—g does not hold in L'. Then for some ay,...,an, € L' theset: {f(a1,...,am.)/9%(ay,...
yame) i 1 £ 1< ng}is (k—2)-bounded. But then by Lemma 2.4.2 the set fZ(n(a1),...,n(am.))
[98(n(a1)y...,n(am,)) : 1 £ ¢ < ny} is k-bounded, contradicting the fact that a4 holds in
L. Thus ak_, holds in L' ‘ O

PROPOSITION 2.4.4 Let K be a class of lattices defined by a finite set of identities L.
We then have: ‘

(i) KV is the class of all lattices satisfying {ax : « € T,k > 1}.

(ii) If L € KV is subdirectly irreducible then L € K.

PROOF. Suppose L is a lattice satisfying {ax : @ € X,k > 1}. Let S be a subdirectly
irreducible image of L. Then by Lemma 2.4.3(iv) S E {ax : « € £,k > 1}. Thus
by Lemma 2.4.3(ii) S = ¥ and S € K. Hence L € Ps(K) C KV proving Mod({ex :
a €X,k>1}) CKY. Wehave K = {ox : @ € T,k > 1}. (Lemma 2.4.3(1)). Hence
KV = HSP(K) E {ar : @ € £,k > 1}. (Lemma 2.4.3(iii) and (iv)). Thus XY C
Mod({ax : @ € Z,k > 1}) proving (i). ‘

(ii) This follows directly from (i) and Lemma 2.4.3(ii). . o

Weak (projective) radius. The notion of a weak (projective) radius is used to provide
conditions under which the variety generated by a class of lattices defined by a finite set
of equations is finitely based. :
A lattice L has a weak n-radius < s (wrn(L) < s) if any bounded set of at most n quotients
in L is s-bounded. We show that ‘weak radius’ is a first order concept. For any n,s,k
define the sentence:

Prsk = VZ1y1 . Tayn(Fuvzai(t # v A Brk(Z1, Y15+ > Zny Yny Uy ¥, Znk)) = Ipgzns(p #
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A :Bn.k(xl’ Y-+ 1 Zns Yn, Py 45 Zn’s)))-

The sentence p,,x holds in a lattice L if and only if every k-bounded set of at most n
quotients in L is s-bounded. Thus wr,(L) < s if and only if pp 4k holds in L for all &k > 1.
Define pps = pn,s,s+1- :

LEMMA 2.4.5 In any lattice pn s implies pnsx for all k > 1.

PROOF. Let L be a lattice. The proof is by induction on k. For k = 1 we have s > k
and so pn sk always holds in L. Assume the result holds for k& = j — “1ie. Pn,s implies
Pn,sj-1. Suppose L satisfies pn, and {z1/y1,.. zn/yn} is a j-bounded set of quotients of

L. Let u/v be a proper quotient in L such that u/v R N Ti i for a.ll i €{l,...,n}. Then

there are quotients a;/b; in L such that a;/b; ~,, z;/y; and ulv Ry ai/bi. By assumption
Pn,s,i—1 holds in L and so there is a proper quotient p/q in L such that p/q Ry ai/b; for all

s . . . . i
i € {1,...,n}. Hence p/q 'fg,,l, a;/b; for all + € {1,...,n}. Thus since pp, holds in L the
set {z1/Y1,---Ta/yn} is s-bounded. Consequently L satisfies p, ;,; and the assertion of the
lemma follows by induction. i

COROLLARY 2.4.6 In any lattice L, wrn,(L) < s if and only if pp s holds in L.

PROOF. This follows from Lemma 2.4.5 since wr, (L) < s if and only if L = Yk(pn ) if
and only if L = pns. a

COROLLARY 2.4.7 If pn, and o, are valid in a lattice L, then oy is valid in L for all
k>1.

PROOF. Suppose oy does not hold in L for some k& > 1. Then there exist a1,...am, € L
such that the set {ff(a1,---,ama)/gZ(a1,- .+ 1ama) : 1 £ 1 <ng}tis k-bounded. By Lemma
2.4.5 ppox holds in L. Hence {ff(a1, .+, ama)/95(a1, .+ ams) 1 1 <1 < ne} is s-bounded.
But this contradicts the validity of o, in L, proving that o4 is valid in" L. o

LEMMA 2.4.8 If L is a subdirect product of lattices (L;)ier such that wrp(L;) < s for
ali €I, then wrp,(L) < s+ 2.

PROOF. Let {a;/bi1,...a,/b,} be a set of quotients of L bounded by c¢/d. Then for
some 1 € I m;(c)/m:(d) is a proper quotient of L; where m; is the projection map onto
L;. Consequently {m:(a;)/mi(b1),...,mi(an)/mi(bs)} is bounded by m;(c)/m;(d) and hence
is s-bounded. By Lemma 2.4.2 {a1/b1,...an/bn} is (s + 2)-bounded. a

31



PROPOSITION 2.4.9 If K is a class of lattices defined by a finite set ¥ of at most
n-termed universal disjunctions of equations (i.e. no < nVa € £} and if for all subdirectly

irreductbles L € K there exists a positive integer s such that wr,(L) < s, then KV =
HSP(K) can be defined by a finite set of equations.

PROOF. Let V = HSP(K), L € V. Then L is a subdirect product of lattices (L;);e; where
L; € Vs1. By Proposition 2.4.4(ii) L; € K for all 2 € I. Thus wrp(L;) < sforalls e[
and hence by Lemma 2.4.8 wrp,(L) < s+ 2. By Corollary 2.4.6, pps42 holds in L. Thus
{a : k € L,k > 1} implies p, 442, by Proposition 2.4.4(i). By the Compactness Theorem
there is a finite subset 7' C {ax : & € £,k > 1} such that T implies pns4z. Let j = max
{s + 2,k : 3o € ¥ such that o € T}. We claim that the finite set {e; : @ € £} defines
V. Since s + 2 < j we have {a; : @ € L} implies {a,42 : @ € L}, (Lemma 2.4.3(i)). Also
for all @x € T we have k < j and hence {@; : @ € £} implies . Thus by Corollary 2.4.7
{ej: @ € ¥} implies {at : ¢ € ¥ : k > 1} and the result follows from Proposition 2.4.4(i).

i 4

We are now ready to prove the main theorem of this section:

THEOREM 2.4.10 (McKenzies’s Theorem) Let L be a finite lattice, then HSP ({L})
hqs a finite equational base.

PROOF. Let L be an n-element lattice. Let M be the class of all lattices M such that
M has at most n elements and M ¢ HSP({L}). Choose op to be an equation valid
in L but not in M. Let V be the variety determined by {om : M € M}, and let £ =
{Vizicj=n i = z;}. Then the class K of lattices in V which satisfy T is the class of at
most n-element lattices of V. Now L € K since L |= o for all M € M and L has n
elements. Thus HSP({L}) C HSP(K). Let A € K. Then A has at most n elements.
Suppose A € HSP({L}). Then A € M and A % o 4. This contradiction of A € K implies
that A € HSP({L}). Hence HSP(X) C HSP({L}) and we have HSP(KX) = HSP({L}).
Now wrn(A) € n? for any A € K. (Since A has at most n? quotients.) The assertion of
the theorem now follows from Proposition 2.4.9. a

2.5 Reduced products of S-lattices

In this section we introduce the notions of an S-lattice and a S-variety and show that the
class P of subdirect products of non-modular subdirectly irreducibles of a §-variety is closed
under reduced products. This result (Proposition 2.5.5),which relies on a characterization
of P in terms of weak projections, is used in Chapter 6 to show that the amalgamation
class of a special class of S-varieties (i.e. B-lattice varieties) is elementary.
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Let a/c be a quotient of a lattice L. We say that a/c is an N-quotient of L if, for some
b € L, the set {a,c,b} generates a sublattice of L isomorphic to the pentagon N in which
afc is a critical quotient:

f
Figure 2.4

We use the notation N(a/c,b) to denote that {a, c, b} generates a sublattice of L isomorphic
to the pentagon N with critical quotient a/c, or alternately to denote the sublattice of L
consisting of the five elements a,b,c,a V b,a A ¢, the meaning being clear from the context.

A lattice L is said to be semidistributiveif it satisfies the following two implications for
all a,b,c,d € L: '

a=bVe=>bVdimpliesa=>bV (cA d)and dually
a=bAc=>bAdimpliesa=>bA(cVd).

A lattice variety V is semidistributive if each of its members is a semidistributive lattice.
For further details regarding semidistributive varieties the reader is referred to [Jon79] and
[Ros84). A variety is semidistributive if and only if it does not contain the diamond (Mj3)
or the lattices L, La, L, L4, Ls illustrated in Figure 2.5. (We follow the notation used in
[Jon79] and [Ros84].)

A subdirectly irreducible lattice L is an S-lattice if L is a finite non-modular, semidis-
tributive, lattice such that none of the lattices L;; or L;; are embeddable into L. (See
Figure 2.6.) We call a semidistributive variety V a S-variety if V is finitely generated and
all non-modular members of Vg; are S-lattices.

In [Ros84] it is shown that any S-lattice has a unique critical quotient which is an
N-quotient. It is also shown that if a/c is the critical quotient of an S-lattice L, and if
b € L is non-comparable with a (and ¢) then N(a/c,b). An S-variety does not contain L,;
and Ly, since these are non-modular subdirectly irreducible lattices.

See Figure 2.7 for examples of S-lattices.
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.Figure 2.5

Figure 2.6
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Lyg ’ Lis

Figure 2.7. Examples of S-lattices
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The reader is referred to [Ros84] for the proof of the following lemma.

LEMMA 2.5.1 [Ros84] Let L be a semidistributive lattice that ezcludes Ly; and L. If
a,b,c,u,v € L, with N(a/c,b) and if u/v projects weakly into a/c, then N(u/v,b). Hence
if p/q is a quotient of L such that (q,p) € con(a,c) then N(p/q,b).

For the rest of this section let V be an S-variety and let S denote the (finite) set of all
non-modular subdirectly irreducible members of V (i.e. S is the set of all S-lattices of V).
Let P denote the class of subdirect products of members of S.

LEMMA 2.5.2 Let L € V. Then the following statements are equivalent:
(i) LeP.
(ii) For every proper quotient p/q in L there is an N-quotient s/t such that s/t =, p/q.

1
PROOF. (i) = (ii) : Assume L € P and let p/q be a proper quotient in L. Then there
is a subdirect embedding f : L > [];c; L; where L; € S Vi € I. For each i € I let f;
denote the surjection fom : L — L;. Let p/q be a proper quotient in L. Then there is
an ¢ € I such that fi(p)/fi(q) is a proper quotient of L;. Since L; is an S-lattice , the
(unique) critical quotient of L; is an N-quotient and, since the pentagon is a projective
lattice, there is an N-quotient u/v of L such that fi;(u)/fi(v) is the critical quotient of
L;. We have fi(u)/fi(v) =v fi(p)/fi(q) in L;. Hence, by Lemma 2.3.2 there is a quotient
z/y of L such that z/y ~, p/q and fi(z)/fi(y) = fi(w)/fi(v). By Lemma 2.3.3 there is a
quotient s/t of L such that s/t ~, z/y and s/t =, u/v. Then by Lemma 2.5.1 s/t is an
N-quotient of L and s/t =, z/y = p/q.
(i1) = (i) : Assume (ii) holds. Let {p;/qi : + € I} be the set of all non-trivial quotients
of L. Then, by assumption, for each ¢ € I there is an N-quotient s;/t; of L such that
S;[t; =y pi/qi. Let 8; be a subdirectly irreducible congruence on L such that (s;,t;) € 6.
Then 4; is non-modular and (p;,¢;) ¢ 6;. Thus N;8; = AL and hence L is a subdirect
product of S-lattices in V. ]

LEMMA 2.5.3 The class P is closed under ultraproducts.

PROOF. Let L = [[; L; where for all : € I, L; € P. Let F be an ultrafilter over I with @
the congruence on L induced by F. Let (p/®)/(¢q/®) be a proper quotient in L/®. Then
X={iel:pi>q}eF. Since L; € P for all i € I, it follows that for all 1 € X there is
an N-quotient s;/t; of L; such that s;/t; ~,, p;/g; (Lemma 2.5.2). For: € I\ X let s; = ¢;
be an arbitrary element of L;. Consider s = (s;)ier,t = (t:)ier. Then (s/®)/(t/®) is an
N-quotient in L/® such that (s/®)/(t/®) =~ (p/®)/(¢/®). By Lemma 2.5.2 L/® € P. O

As an alternative to the above proof recall from Section 2.4 that the notion of weak
projectivity can be expressed as a first order formula (as can the concept of an N-quotient).
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It then follows immediately from Lemma 2.5.2 that P is an elementary class. That P is

closed under ultraproducts then follows from Los’s Theorem (see for example [Cha7§]
Theorem 4.1.12).

LEMMA 2.5.4 Suppose A € P. Let (0x)rex be a class of congruences on A such that
Albr e P foralk e K. If ¥ = (\yex Ok then A/T € P.

PROOF. Since A/6; € P for each k¥ € K we have a subdirect representation A/, <
Hie,k(A/Hk)/(\If,-/ek) where (A/@k)/(‘p,/ak) € S forallie I, and ﬂ,-e,k(\ll,-/ék) = VA/gk._
Thus (by the second isomorphism theorem) A/0x < [Tier, A/W: where Nier, ¥ = 0, and
A/\I;,_ € S Y1 € Ik. Let J = UkEKII'C' Then U = ﬂkeK‘gk = n,_'e_]\lli. Thus A/\I; S
[lics A/ ¥, is a subdirect embedding with A/¥; € S for all ¢ € J. This proves A/¥ € P.
O
PROPOSITION 2.5.5 The class P is closed under reduced products and therefore P is

a Horn class. :

PROOF. Let L = [[; L; whereforalli € I, L; € P. Let F be afilter over I and let K be the
class of all ultrafilters over I containing F. By Corollary 0.2.4 F = N K and &7 = Myex Pu
where ® r denotes the congruence on L induced by F. By Lemma 2.5.3 L/®y € P for any
U € K. Hence by Lemma 2.5.4 L/® € P. That P is a Horn class follows from [Cha78)
and the fact that P is elementary. (See the comment following Lemma 2.5.2.) o

2.6 Ideals and congruences

Let L be a join semilattice. An idealof L is a sub-semilattice of L that is closed downwards.
We let Z(L) denote the set of all ideals’of L. Then Z(L) is a complete lattice and for ideals
I,J,(I5)ses we have INJ = INJ and Veesly = {i € L1 i <45y Voo Vi, for some’
n>1,s;,€SV;j=0,...,nand i, € I,;}. '

Recall from Chapter 0 that for a lattice L, L¢ denotes the join semilattice of compact
elements of L.

LEMMA 2.6.1 A lattice is algebraic if and only if it is tsomorphic to the lattice of all
ideals of a join-semilattice with 0.

PROOF. Let H be a join-semilattice with 0. Then Z(H) is complete and for all a € H,
(a] (={z € L:z < a}) is a compact element of Z(H) and I = V{(a] : a € I} for all
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- TeZI(H). Thus I(H) is algebraic. On the other hand let L be an algebraic lattice. Then
L¢ is a join-semilattice with O and the map f : a — (a} is an isomorphism between L and
Z(L®). a

For an ideal I of a lattice L we let 9[I] denote the smallest congruence ¥ on L such
that (e, f) € U for all e, f € I. An ideal I is called a kernel of a congruence relation 6 if I

is a f#-class.

The following theorem is an immediate consequence of Theorem 2.1.2.

THEOREM 2.6.2 Let I be an ideal of a lattice L and let a,b € L,a < b. Then (a,b) €
8[I] if and only if for some integer n there exists a sequence a = ey < e < --- < e, = b
such that for each i (0 < 1 < n) there ezists a quotient c;/d; € I such that e;/e;_1 =~y c;/d;.

COROLLARY 2.6.3 Let I be an ideal of a lattice L. Then I is a kernel of a congruence
relation if and only if fora € L, bye,d € [ a/b =, c/d = a € I.

PROOF. Suppose I is a kernel of a congruence relation. Then [ is a kernel of §[I]. Hence
if a/b ~,, c¢/d for b,c,d € I,a € L w then by Theorem 2.6.2 (a,b) € [I] and so a € I.
For the reverse implication suppose (a,b) € 8[I] for some a € L,b € I,a < b. By Theorem
2.6.2 there is a sequence @ = ¢y < e; < -+ < e, = b such that for each ¢ (0 < 7 < n)
there exist a quotient ¢;/d; € I such that e;/e;.; ~,, ¢;/d;. By induction on n we have that
{e;:0<i<n}CI Hencea€ Iandsoisakernelof §[I]. a

In a distributive lattice every ideal is the kernel of a congruence relation. The congruence
relation (I] is characterized in the following theorem:

THEOREM 2.6.4 [Gra58] Let I be an ideal of a distributive lattice L. Then (z,y) € 6[I]
if and only ifcVy = (z Ay) Vi for somei € I.

PROOF. We have 8{I] = \/{con(a,b) : (a,b) € I x I} = {J{con(a,b) : (a,b) € I x I and
a < b}. This follows from the fact that con(a,b)V con(c,d) C con(aAbAcAd,aVbVeVd).
" So (z,y) € 8[I] = (z,y) € con(a,b) for some a,b € I,a < b. By Theorem 2.2.8 we
have zVb =y Vb Now (zAy)V(bA(zVy)) =((zAy) VD) A((zAy)V(zVy)) =
(VO A(YVEA(zVy)=(VIA(zVy)=(zVyVbA(zVy)=2zVy. Thus the
condition of the theorem is satisfied withi =bA (zVy).

For the reverse implication suppose (zAy)Vi = zVy for some ¢ € I. Then (zVy)/(zAy) \¢
i/(z Ay A1) and so by Theorem 2.1.2 we have (zVy,z Ay) € con(z Ay Ai,i) C 8[I]. Thus
(z,y) € 08[1]. o

A lattice L is relatively complemented if every quotient a/b in L is complemented.
A generalized Boolean algebra is a relatively complemented distributive lattice with 0.
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We prove below that generalized Boolean algebras are characterized by a one-to-one cor-
respondence between congruences and ideals.

THEOREM 2.6.5 [Has52] Let L be a lattice. There is a one-to-one correspondence
between ideals and congruence relations of L under which the ideal corresponding to a
congruence relation 0 is a congruence class under 8 if and only if L is a generalized Boolean
algebra.

PROOF. Consider the map f :Con(L) — Z(L) defined by 6 — 0/8. Then for any ideal I of -
L we have I = 0/6[I]. (Since by Theorem 2.6.4 above we havea € I = aV0 = (aA0)Va =
(a,0) € 0[I] and (a,0) € 9[I] > aVO = (a AOQ)Vifor somei€l=>a=1i€l.)

To show that f is one-to-one let § € Con(L) and suppose a,b € L. Let ¢ be the relative
complement of aAbin (aVb)/0. Then (a,b) € § & (aAb,aVbd) € § & (aAbAc,(aVb)Ac) €
8 < (0,c) € 8. Thus § is completely determined by 0/8 and f is one-to-ox}e. W

Now let S be any partially ordered set. Then an order ideal of S is a subset of S that
is closed downwards. Let O(S) denote the collection of order ideals of S partially ordered

by set inclusion. Then O(S) is a complete sublattice of P(S) (the lattice of all subsets of
3S).

LEMMA 2.6.6 Fuvery distributive algebraic lattice is infinitely join-distributive.

PROOF. Let L be a distributive algebraic lattice with A C L and b € L. Then V,ea(bA
a) < bAVeepa. Let ¢ € C(L) with ¢ < bAVgega. Then ¢ £ b and ¢ < Vyeqa.
Since c is compact there is a finite subset A’ C A such that ¢ < V,cqra. But then
¢ <bAVges @ = Veen(bA@) € Vyea(bAa). Thus every compact element below bAV,eq @
is below V,ec4(b A a) and so we have Voea(bAa) =bAV,c 0. ]

LEMMA 2.6.7 Let L be a distributive algebraic lattice in which every element is a join
of completely join irreducible elements. Let P denote the partially ordered set of non-zero
completely join irreducibles of L. Then L = O(P).

PROOF. Define f : L - O(P) by f(a) ={z € P:z < a}for a € L. Then f is one-to-one
and both f and its inverse are order preserving. To show that the map is surjective let
I € OP). Thenz € f(VI) =z =2 AVI =z = Az Ai) (by Lemma 2.6.6). Since
z is completely join irreducible we have z = £ A ¢ for some : € I proving z € I and thus
f(VI) C I. The reverse inclusion follows easily proving that f(V /) = I and hence that f
is surjective. a

An element a of a lattice L is distributive if forall bc€ LaV (bAc)=(aVb)A(aVe).
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THEOREM 2.6.8 [Ore35] Let L be a lattice. Then the following are equivalent:
(i) b is a distributive element of L.
(ii) The relation oy on L defined by (z,y) € oy <> zVb=yV b is a congruence relation.

PROOF. (i) = (ii): o} is easily an equivalence relation and the substitution property
follows from the distributivity of b.

(i) = (i): Let z,y € L. Then zV b = (zVb)Vband so (z,zVb) € 0. Similarly
(y,yVb) € 0. Thus (zAy,(zVb)A(yVd)) € gp. Hence bV (zAy) =bV ((zVD)A(yVD))
andsobV(zAy)=(bVz)A(bVy). ]

THEOREM 2.6.9 Let L be a lattice with I a distributive ideal of L. Then (z,y) € §[I] &
zVi=yVi for somet € I.

PROOF. For all z,y € L we have (z,y) € ]I} & ((z], (y]) € o1 wheré o7 is the congruence
on Z(L) defined in Theorem 2.6.8. Thus (z,y) € (/] = (z]VI=(y]VI=>z <yViand
y < zVjforsomei,j €Il ThenzV(iVj)=yV(iVj)andiVyj € I On the other
hand suppose z Vi =y Vi for some : € I. Then (z] VI = (y] VvV I i.e ((z],(y]) € o1 and so
(o) € 611 o

Recall from Chapter 0 that for a congruence 8 on a lattice with 0, K(6) = 0/4.

THEOREM 2.6.10 Let L be a lattice with 0 and I a non-empty distributive ideal of L.
Then I = K(0[I]).

PROOF. We use Theorem 2.6.9. Let i € I. Then:Vi = 0Vi = (i,0) € §{I] = i € K(0{I]).
Conversely (z,0) € 0[I] =iV j=0Vjfor some j € I. Then: < jandso: € [. o
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Chapter 3

Congruence lattices of lattices :
representation theorems

|

As a consequence of Funayama and Nakayama’s 1942 result, the congruence lattice of a
lattice is distributive and algebraic. (The congruence lattice of any algebra is algebraic.)
The converse question as to whether these properties characterize congruence lattices of
lattices is a long standing open problem. We will call a distributive algebraic lattice
representable if it is isomorphic to the congruence lattice of a lattice. In this chapter we
examine the partial results known to date:

(i) Every distributive algebraic lattice in which every non-zero element is a join of com-
pletely join irreducibles is representable ([Cra73], [Gra62]). In particular every finite
distributive lattice is representable.

(ii) Every distributive algebraic lattice whose.compact congruences form a lattice is rep-

resentable ([Sch81], [Pud85}).

(iii) Every distributive algebraic lattice with up to X, compact elements is representable

([Huh8gb)).

The longer proofs of (ii) and (iii) above are not presented in their full details in order to
restrict the length of this chapter and because Tischendorf’s theorem presented in Sec-
tion 3.5 extends the above results and provides sufficient new conditions for a distributive
algebraic lattice to be representable.

The results of Sections 3.6 - 3.8 concern the representation of particular lattices as the
congruence lattices of specific types of lattices. We show that:

(i) Every finite distributive lattice is the congruence lattice of a finitely generated mod-
ular lattice ([Fre75]).
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(ii) Every finite distributive lattice is the congruence lattice of a complemented modular
lattice (which is a sublattice of the lattice of all subspaces of a countably infinite
dimensional vector space over the two element field ([Sch84]).

(iii) Every complete lattice is the lattice of complete congruences of a complete lattice

([Gra9l)).

In Sections 3.9 and 3.10 we characterize those lattices whose congruence lattices are
Boolean algebras and lattices whose congruence lattices are Stone lattices.

3.1 Preliminary definitions and results

Meet prime, join prime elements
An element a of a lattice L is join prime if for any b ¢ € L such that a < bV ¢ we have
a <bora<ec Dually, ais meet prime if whenever bAc < athenb<aorc<a.

LEMMA 3.1.1 In a distributive lattice L, a € L is meet irreducible if and only if a is
meet prime; join irreductble if and only if join prime.

PROOF. In any lattice meet prime elements are meet irreducible. Let a be a meet irre-
ducible element of L and suppose b A ¢ < a. Then a V (b A ¢) = a and so by distributivity
(aVb)A(aVc) = a. By meet irreducibility of a we have b < a or ¢ < a. The join statement -
follows dually. , .

Atomic, atomistic, weakly atomic lattices
We recall that a lattice L is relatively complemented if every quotient in L is complemented.

LEMMA 3.1.2 Every complemented modular lattice is relatively complemented.

PROOF. Let a/b be a quotient in a complemented modular lattice L with z € a/b. Let z
be the complement of z in L. Then z A ((z'Aa)Vb)=(zAz'Aa)Vb=(0Aa)Vb=5b
and z V ((z /\a)Vb) =zV(z'Aa)=aA(z'Vz) =aAl=a. Thus (2 Aa) Vb is the
complement of z in a/b. O

A lattice L with zero is atomic if for every non-zero z € L, there is an atom a < z;
atomistic if every non-zero element of L is the join of atoms below it.
A lattice L is weakly atomic if every proper quotient of L contains a prime quotient.

LEMMA 3.1.3 Every algebraic lattice is weakly atomic.
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PROOF. Let a/b be a quotient of L. We first show that a/b is algebraic. Let ¢ € C(L) be
such that ¢ < a and let § C a/b with bV ¢ <V S. Then ¢ £ V S and so there is a finite
subset S’ C S such that ¢ < V. S'. Since S’ C ¢/b we have b < VS and so bve <V 5.
Thus bV ¢ € C(a/b). For any z € a/b we have z = \/{bVec: ¢ < z and c € C(L)}. This
proves that a/b is algebraic.

Now let a/b be a proper quotient of L with ¢ > b a compact element of a/b. Consider
P ={z €a/b:z < c} as a subset of a/b. Then b € P. Let M be a maximal chain in P
with ¢ = V M. Then ¢ < ¢. Suppose g = ¢. Then there is a finite subset M’ C M such
that ¢ < \V M'. But, since M’ is a chain in P there is a m’ € M’ such that ¢ < m’. This
contradicts m' € P and so ¢ < c¢. Now suppose ¢ < z < c for some z € L. Then z € P and
M U{z} is a chain in P contradicting the maximality of M. Hence ¢/c is a prime quotient
of a/b and L is weakly atomic. |

LEMMA 3.1.4 FBvery algebraic complemented modular lattice is atomic.

PROOF. Let L be an algebraic complemented modular lattice with z a non-zero element
of L. By Lemma 3.1.3 there exist p,q € L such that 0 < p < ¢ < z. By Lemma 3.1.2 L
is relatively complemented. Let p’ be the complement of p in ¢/0. Then p'/0 \, ¢/p and
since p < ¢ we have by Corollary 2.2.2 that 0 < p’. Thus p' is an atom below z and L is
atomic. m]

LEMMA 3.1.5 Every algebraic complemented modular lattice is atomistic.

PROOF. Let L be an algebraic complemented modular lattice. Then since every element
of L is the join of compact elements below it we need only show that the statement of
the lemma holds for all compact elements of L. Let £ € C(L) and let A be the set of
atoms below z. Then by Lemma 3.1.4 A is not empty. Let b = \V A and assume b # z.
Consider the set B = {y € L: b <y < z}. Then b € B and if C is a chain in B then
b <V C < z. Suppose ¢ =\ C. Then since z € C(L) there is a finite subset C’ C C such
that £ <V C". Since C'is a chain there is a ¢ € C’ such that z < c¢. But this contradicts
c € B. Hence VC < z and so VC € B. By Zorn’s Lemma B has a maximal element m.
By Lemma 3.1.2 L is relatively complemented. Let m' be the complement of m in z/0.
Then m'/0 Ny z/m. Since m < z, Corollary 2.2.2 yields that m' is an atom of L. Then
m' < b < m contradicting m A m’ = 0. We must then have b = z and hence z is the join
of all atoms below it. - m

Distributive semilattices .
We will use the following characterization of distributive lattices:

LEMMA 3.1.6 A lattice L is distributive if and only if
z<yVzez= Yy <y <z(z=y V).
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PROOF. Distributivity impliesz < yVz=zA(yVz)=z= (zAy)V (2 Az) =z with
zAy<yandzAz< =z

For the reverse implication let z,y,z € L. We always have (zAy)V (zAz) <z A(yV 2).
Nowz A (yVz)<yVz So 3y <y,z < zsuch that zA (yV z) =y’ A2. But then
yY<zAyandz' <zAz SozA(yVz)<(zAy)V(zAz) proving the distributivity of
L. a

For the rest of this chapter a semilattice will mean a join-semilattice and we call a
semilattice S distributive if its ideal lattice is a distributive algebraic lattice. By Lemma
3.1.6 this is equivalent to saying that whenever we have elements z,y,€ S with zVy > z,
there are elements z',y’ € S such that z/ < z,y’ < yand z’' Vy' = =

Remarks : To investigate whether a given distributive algebraic lattice L can be rep-
resented as the congruence lattice of a lattice it is sufficient to show that the semilattice
of compact elements of L is isomorphic to the compact congruences of a lattice K. Since

then L = I(L¢) & I(Con®(K)) = Con(K).by Lemma 2.6.1.

Direct Limits
We consider some basic facts on direct limits of algebras. -

Let (I,) be a partially ordered, upward directed set (i.e. for every 7,7 € I 3k € I such
that k B¢ and k D 7). Consider C = {C; : ¢ € I} a class of algebras of some fixed type
F together with homomorphism e ; : C; — C; for every pair ¢, 7 € I with ¢ <9 j and such
that:

(i) Qg = idc‘, Yiel
() ajrooj=a YVidjdkel

Then the o ;’s are said to form a limit system and ((I,<9),C, (o ;)iq;} is a directed family
of sets. ‘

Consider the set U C; and define a relation p on U C; by zpy & z € Ci,y € C; for some
i€l i€l
i,7 € I and there exists a z € C such that i I k,j < k and ogk(z) = z,054(y) = 2. Then

p is an equivalence relation on | J C; and Cyp = (UC:)/p is the direct limit of the class C
iel
with respect to the homomorphisms «; ;.

The maps A : C; = Cy defined by Ai(c) = ¢/p are such that the following diagram
commutes for all ¢t Q 5 in [I: :

44



Figure 3.1

Note that if the «;;’s are embeddings, then so are the A;’s.

Suppose we have maps +v; : C; — D such that the following diagram commutes for all
i, € I with : J 5: '

ailj

Ci o o G
RL K
. D

Figure 3.2

Then there is a unique homomorphism « : Co, — D defined by v(c/p) = Ai(c) such that
the following diagram commutes for all : € I:

A
Cs‘ ® ® Coo
Y
i
o D
Figure 3.3

Note that if the +;’s are embeddings then so is A.
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3.2 Lattices in which every non-zero element is a
Join of join irreducibles

In this section we show that every distributive algebraic lattice L in which every non-zero
element is the join of completely join irreducibles is the congruence lattice of a lattice K.
This theorem has as a corollary that if L is finite then so is K. The proof is due to Dilworth
and was was first published by G. Gratzer and E.T. Schmidt [Gra62]. See also [Cra73].

We start with a few lemmas primarily concerning sectionally complemented lattices.

A lattice L is sectionally complemented if L has a zero and for every a € L, a/0 is
complemented.

LEMMA 3.2.1 Let L be a sectionally complemented lattice. Then for § € Con(L) we
have 8 = \/{con(0,z) : (0,z) € §}.

PROOF. Let a/bbe a propef quotient in L with (a,b) € 8. Then b has a complement ¢ in
a/0. We have (a,b) € 8 = (aAc,bAc) =(c,0) € 6 and (¢ V b,0V b) = (a,b) € con(c,0).
Thus 8 C V{con(0,z) : (0,z) € 8}. The reverse inclusion follows immediately. o

Recall from Chapter 0 that if 6 is a congruence on a lattice with 0 then we let K(4) denote
0/8 (the congruence class of 0 modulo 8).

LEMMA 3.2.2 In q sectionally complemented lattice L, 8 € Con(L) is precisely the least
congruence which collapses all the quotients in {z/0:z € K(8)}.

PROOF. Let ¥ be the least congruence of L collapsing all the quotients in {z/0 : z €
K(6)}. Then ¥ C 0 follows easily. Let (a,b) € 8 with c the complement of aAbin (aVb)/0.
Then (a,b) € § & (aAb,aVb) €8 = (aAbAc,(aVb)Ac)€l = (0,c) € = (0,c) €
U= (0V(aAb),cV(aAbd) el = (a/\b aVvb) eV & (a,b)e V. Thus § C \Iiprovmg
the statement of the lemma. m)

LEMMA 3.2.3 Ifp/q is a prime quotient in a lattice L, then con(p, q) is completely join
irreductble in L.

PROOF. Suppose con(p, q) = Vie; ®: where @; € Con(L) for all ¢ € I. Then (p,q) € Vier B:
and, since p/q is a prime quotient of L, we have (p,q) € &, for some ¢ € I. Thus &; =
con(p, ¢) and so con(p, g) is completely join irreducible. |

We are now ready to prove the main result this section:
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THEOREM 3.2.4 [Gra62] Let L be a distributive algebraic lattice in which every non-
zero element is a join of completely join irreducible elements of L. Then there is a lattice

K such that L = Con(K).

PROOF. Let P be the set of non-zero join irreducible elements of L. For each : € {0,1}
define H; = {p; : p € P} where the mapping p — p; is a bijection between P and H;. Set
po = py if and only if p is maximal in P. Agree that if p’ denotes any one of po,p; then p”
denotes the other one. Let H = Hy U H,.

Call a subset A of H closed if:

p<qandy, ¢ € A imply p"’ € A.

Then H is closed and the intersection of arbitrarily many closed subsets is closed. Con-
sequently for every A in H there is a least closed subset of H containing A. Denote this
closed subset by A. Let K be the lattice of finite closed subsets of H. Note that if A is
finite then so is A. Now for AAB€ K, ANB=ANBand AV B = AUB. For every
p € P the singleton {p'} is closed and so is {0, the zero of K. We associate p’ with the
singleton {p'}.

We first show that K is sectionally complemented. Let A,B € K with A C B. Define
A* = (B\ A) \ C where C consists of all p’ € A satisfying:

there exists a ¢ € P such that p < ¢,¢' € B\ A and p" € A.

We claim that A* is the complement of A in B/0. Suppose p < ¢ in P and p',q' € A*.
Then, since B is closed we have p” € B. If p" € A then by the definition of C' we
have p' € C contradicting p’ € A*. If p” € C then p' € A, again contradicting p’ €
A*. Thus p" € A* and A” is closed. We have AN A* = AN(B\A)\C = 0. Also
AUA* = AU (B\ A)\ C C B. We need to show that B C AV A*. Consider the set
D={z¢€ P:2 e B\(AV A"} Suppose D # 0. Then, by the finiteness of B, D
has a maximal member p. Now p' € AV A* = p' € C. So there is a ¢ € P such that
p < q,d € B\ Aand p" € A. By the maximality of p in D we must have ¢' € AV A*.
Then we have p < q,q' € AV A*,p" € AC AV A*. Since AV A* is closed we must have
p' € AV A*. This contradiction completes the proof that B C AV A*. Hence B = AV A*
and we conclude that K is sectionally complemented.

Fix r € P and define A, = {A € K :p' € A= p < r}. Then A, is an ideal of K. Since,
if Ae A, with BC Athenp € B= p' € A= p<r proving B € A.. Furthermore if
A,B€ A, thenp' € AV B = 3q € Psuch that ¢,p" € AUB and p < g. Then ¢’ € Aor
g € B. Hencep<g<randso AV BE€ A4,.

We show that A, is a distributive element of Z(K). Let A € A, and B,C € K. Define
At = QU R where Q = {p/,p" : p € A} and R=U{p,p" : p € BUC, p <r}. We
claim that for any D € K with D C BUC we have ATV D = ATU D. To show this let
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q,p' € AtU D with p < q. We show p” € At U D proving that AT U D is closed. If p’ € At
then p” € A! and we are done. Suppose that p € D. Then ¢' € D implies p” € D as D
is closed. Thus p” € A'U D. Otherwise if ¢’ € A' then either (i) ¢ € A in which case
p < ¢ <randsop € Rimplying p” € R and hence p" € A, or (ii) ¢ € R in which
case p < ¢ < r and p' € D implying p' € Af and so p"” € A'. Thus AtU D is closed and
AUD=AVD.

Now let I,J € Z(K) and Z € (A. VI)A (A VJ). Then Z C (AV B)A(AV C) for
some A€ A, Bel,CeJ. Thus ZC (AIVB)A(ATVC) = (ATUB)N(ATUC) =
AtU(BNC) € A, /\(IVJ) Hence (A-VI)AN(A-V J) = A, A(IV J) proving that A, is
a distributive ideal of K.

Let 6§ € Con(K). Then we show that § is completely join irreducible if and only if § =
con(0, p') for some p € P. For the forward implication let § be a completely join irreducible
element of Con(K). Then by Lemma 3.2.1 § = \/{con(0,X) : (0,X) € 6}. Since every
element of K is the join of finitely many atoms we have 6 = \/{con(0,7') : (0,p') € 6}. By
join irreducibility of § we have § = con(0,p’) for some p € P. For the reverse implication
let p € P. Then p’ is an atom of K and hence p'/0 is a pnme quotient in K. The result
now follows from Lemma 3.2.3.

We also have for each p € P, con(0,p’) = con(0,p"). Since if p’ # p” then'thereisa g€ P
with p < ¢. We have p” < p'V¢' and hence p"Vq' = p'Vq'. Thusp’'/0 \, (p'V¢)/q¢ / p"/O0.
By Corollary 2.1.3 we have con(0,p') = con(0, p"). From now on we will denote con(0, p')
by &.

Let p < ¢in P. Then p"/0 \yw (¢’ VP")/p' / ¢'/0. Thus ¢, C &,.

Let 8 be a join irreducible congruence of K. Then 8 = ¢, for some r € P. We show that
K(¢.) = A.. Let A€ A,,p € A. Then p < r and so ¢, C ¢, and hence (p',0) € ¢,.
This is true for all p’ € A proving that (A,0) € ¢, and consequently A4, C K(¢.).
For the reverse inclusion it is sufficient to show that K(¢.) C K(6[A,]) (by Theorem
2.6.10). Suppose (A,0) € ¢.. Then (A,0) € con(r’,0) and, since ' € A, we have
-con(r’,0) C 0[A,] (Theorem 2.6.10) and so (A4, 0) € 0[.A,]. We therefore have A € K(8[A,])
proving K(¢,) = 0[A,]. .

Consider the map r — ¢, of P onto the poset of non-zero join irreducible elements of
Con(K). Then ¢, = ¢ => A, = A, = r < p and p < r = p = r proving that the map is
one-to-one. ‘

Alsor <p= A < A, = K(¢) < K(¢p) = ¢ < ¢ (by Lemma 3.2.2) and so the
map is order preserving. To show that the inverse is order preserving let ¢, < ¢,. Then
K(¢,) £ K(¢p) implying A, < A, and so r < p. Hence, by Lemma 2.6.7 we have
L= O(P) = O(J(Con(K)) =Con(K). O

COROLLARY 3.2.5 If L is a finite distributive lattice then L is isomorphic to the con-
gruence lattice of a finite lattice. ‘

48



PROOF. If L is finite then K described in the proof of Theorem 3.2.4 is finite. 0

In [Sch75] E.T. Schmidt has shown that if L is a finite distributive lattice with exactly
one coatom, then there exists a finite lattice K such that L = Con(K) and and K has
length 5. This is a generalization of a result of J. Berman which proves the same in the
case that L is a finite chain ([Ber72].

3.3 Lattices whose compact elements form a lattice

In this section we sketch E.T.Schmidt’s proof of the result that a distributive algebraic
lattice whose compact elements form a lattice is representable We restate this theorem
for later reference.

! THEOREM 3.3.1 [Sch81] The ideal lattice of a distributive lattice with O is the congru-
- ence lattice of a lattice.

Recall the definition of a distributive semilattice from Section 3.1 of this chapter. Let
S, T be two distributive semilattices. Then a homomorphism f : S — T is weak-distributive
if f(a) = f(bV c)and bV c < a imply the existence of elements ¥’ > b,¢ > ¢ such that
f@®) = (), f(d) = f(c) and &' V ' = a.
The congruence relation induced by a weak-distributive homomorphlsm is called a weak-
distributive congruence.

A congruence relation 6 of a semilattice is called monomial if every congruence class of ¢
has a maximal element and 6 is distributive if it is the join of weak-distributive monomial
congruences. Note that a distributive congruence is weakly distributive (see Lemma 3.6.6.

of [Sch82}).

We call a map h between semilattices monomial/distributive if ker(h) is a mono-
mial/distributive congruence.

If (B,A,V) is a generalized Boolean lattice then (B, V) will be called a generalized Boolean
semilattice.

Let S be a distributive semilattice with 0,1 € S and let B be a Boolean semilattice with
unit 1p and zero Og. Then B is a pre-skeleton of S if there exists a mapping f: B — §
such that the following conditions are satisfied:

(i) fisa {0,1}-homomorphism.

(ii) If f/(1B) = zVy then there exist z;,y1 € B such that z;Vy, = 15, f(z1) < z,f(n1) <
Y.

49



LEMMA 3.3.2 Every bounded distributive lattice has a pre-skeleton.

A partial sublattice H of a Boolean algebra B is called a join-base if the following conditions
are satisfied:

(i) 0,1¢ H.

(ii) There is a dimension function ¢ from H onto an ideal of w such that z < y in H if
and only if z < y and §(z) = 8(y) + 1. The set of all z € H with §(z) = 7 is denoted
by H:.

(iii) For every finite subset U = {u1,...u,} of B there exists and ¢ € w such that each
H* (k > i) has a finite subset Az(U) with the property that each u € U has a unique
join representation as a join of elements of Ax(U).

(iv) If a,b € Hand aAb# 0in BthenaAb € H. If aV bexists in H and a,b are
incomparable then a,b € H*,aVbe H* ' forsomei> 1. Let a € H',c€ H" ', d ¢
H’ j <i,a < ¢ <d. Then there exist unique elements b € H*,ao,by € B such that
aVb=c, agVbo=d, aoA(aVbo)=a,bgA(aVb)=0b.

Now let H be a join-base of a Boolean semilattice B and let f : H — L be a homomor-
phism into a distributive lattice with 0. Then f can be extended in a natural way to a
homomorphism ¢ : B — L as follows: For a € B,a # 0 we havea = hy V...V h, with -
h; € HY1i € {l,...,n}. Define (a) = f(h1) V...V f(h,) and set ¢(0) = 0.

By condition (iii) in the definition of a join-base, this definition of ¢ is unique and ¢ is a
{0}-homomorphism of B into L. We call ¢ an L-valued homomorphism of B induced by
f.

LEMMA 3.3.3 Let L be a bounded distributive lattice and suppose ¢ : B — L is a
weak-distributive homomorphism of a Boolean semilattice B generated by a homomorphism
f:H — L of a join-base H. Then ¢ is a distributive homomorphism.

Let D be the class of all bounded distributive lattices and let (L;):er be lattices in D. A
lattice L in D is called a free {0,1}-distributive product of the (L;):er if every L; has an
embedding ¢; into L such that :

(i) L is generated by U{e:(a) : a € L;,i € I}.

(i) If K is any lattice in D and ¢; : L; = K is a {0, 1}-homomorphism for ¢ € I, then
there exists a {0,1}-homomorphism ¢ : L — K such that ¢; = @ o¢; forall ¢ € 1.
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Let (A:)ies be lattices with zero. The lower discrete product []4(A: : i € I) is the sublattice
of the direct product [];c; Ai consisting of elements a for whlch a; = 0 for all but finitely
many ¢ € I.

LEMMA 3.3.4 Let L be a bounded distributive lattice with (A;);er Boolean semilattices.
Ifoi: Ay = L (2 € I) are L-valued {0,1}-homomorphisms generated by f; : H; — L,
then the free {0,1}-distributive product A = []* A; has a join-base H and o homomorphism
f:H = L such that HN A; = H; for each i € I and flqa,) = €0 fi where € is as in
the definition of [T* A;. Consequently the L-valued homomorphism ¢ induced by f satisfies
Wi = Poeg;.

LEMMA 3.3.5 Let Ay, A; be Boolean semilattices and let ¢; : A; = L be L-valued {0}-
homomorphisms generated by homomorphisms f; : H; — L of the join bases H; C A; (1 =
1,2). Then H = H, U Hy is a join-base of Ay x A, and there exists a common extension

f Offl and f2 to H.

Let L be a distributive lattice with 1. Then a € L has order n (o(a) = n), if n is the
smallest positive integer such that there exists a sequence a = =y, 21, 23, . . ., Z,, satisfying:

a<aVzy<aVig<...<aVz,=1and

aVzVzyV--+Vz is incomparable with z; (i = 1,...,n). If no such sequence exists
then we define o(a) = oo.

We are now ready to outline the proof of the following proposition:

PROPOSITION 3.3.6 Let L be a distributive lattice with 0. Then there ezists a gener-
alized Boolean semilattice B and a distributive congruence 8 such that L = B/6.

We first assume that L is a bounded distributive lattice. Then by Lemma 3.3.2 there is
a pre-skeleton D of L with a {0,1}-homommorphism ¢y : D — L satisfying the following
condition: If ¢o(1p) = z V y then there exist z;,y; € D such that z; Vy; = 1D,<,ao(:c1) <
z,0(11) < y.

Now let u # 0p,1p be an element of D and let a = g(u). The principal ideal (a] of L is
a bounded distributive lattice and again by Lemma 3.3.2, there is a pre-skeleton B(a) of
(a] with {0,1}-homomorphism ¢, : B(a) = (a]. If v’ denotes the complement of w in D
then D = (u] x (u]. We construct a new Boolean algebra B[lp,u] = ((u] * B(a)) x (u/].
Then D and B(a) are Boolean subalgebras of B[1p,u]. (We identify elements z of D with
(z Au,zAu’) and elements z of B(a) with (z,0p).) By Lemmas 3.3.4 and 3.3.5 there exists
a common extension ¢ : B[lp,u] = L of g and ¢,. Then ¢ is a {0,1}-homomorphism
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with the following property:

IfreT = {0p,u}, o(r) = zVy, then there exist z,y1 € B[1lp,u| such that z, Vy; =
R 2 B Y T T AP (1).

Using the same method for an element v € D C B[1lp,u] we obtain from B[lp,u] a
Boolean algebra B[1p, u,v] satisfying (1) for T = {1p,u,v}.

Now let u,v € D with u,v # Op,1p. We show that B[1p,u,v] is isomorphic to B[1p,v, u].
Let B, denote the pre-skeleton B(pg(u)) of the principal ideal (u]. Similarly B, will denote
B(po(v)). We have D = (u A v] x (u Av'] x (¢ Av] x (u' Av]. Now B[lp,u,v] =
((u] * By) x (w'] = (((uAv] X (uAV]) * By) x (v Av] x (W' Av] = (uAv] x By) x ((uAv']
B,) x (u' Av'] x (u'Av] = ((uAv}*By) X (v Av]) x (((uAv]*B,) X (v Av']). Consequently
we get B{lp,u,v] = (v Av]* By * By) X ((v' Av]* B,) x ((uAv']* By) X (u' Av']. This
representation is symmetric in u and v, hence B{1p,u,v] = B[lp,v,u].

Note that if z € L has order one then there exists an @ € D such that po(a) = z.
Consequently each element of L which is the meet of elements of order one is the image of
an element of D. '

Continuing the construction above we get for arbitrary uy,us,...,un € B (u; # Op,1p)
a Boolean semilattice B[1p,u;,...,u,] with a homomorphism of this Boolean semilattice
into L such that the condition (t) is satisfied for the set T = {1p,u1,...,un}. These
Boolean semilattices form a direct family. Letting C; be the direct limit we have D = Cj
a subalgebra of C) and an L-valued homomorphism ¢; : C; = L, which satisfies (1) with
T = D. Let z € L be such that z is the meet of elements of order < 2. Then z = ¢,(y) for
some y € C). Starting with C; (instead of D = Cy) we repeat the construction above to
obtain a Boolean semilattice C; with C; a subalgebra of C; and corresponding L-valued
homomorphism ¢, : Co = L. Then C; satisfies (1) for T = C;. If z € L is a meet
of elements of order < 3, then there exists a y € C; such that p,(y) = z. Similarly
we get C; (4 = 3,4,...). These C;’s again form a direct family. The direct limit B is a
Boolean semilattice and the direct limit of the join-bases of the C;’s induces an L-valued
homomorphism @ : B — L. By the construction of %, the image of each non-zero element
of B is the meet of elements of finite order. Since (1) is satisfied for the whole of B, we have
that © is a weak-distributive homomorphism. By Lemma 3.3.3 @ is distributive. Thus for
every bounded distributive lattice L we have a Boolean semilattice B and a distributive
homomorphism ¢ : B — L mapping B onto the set of all elements of L which have a meet
representation of elements of finite order.

Now let L be a distributive lattice with 0. Then for every a € L,a # 0 the principal ideal
(a] is a bounded distributive lattice. Thus for every (a] we have a Boolean semilattice
B, and a distributive homomorphism ¢, of B, onto the set of all elements of (a] which
have a meet representation of elements of finite order. Consider the lower discrete product
B =TI4(B, : a € Lya # 0). Then B is a generalized Boolean semilattice and the map
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h: B — L defined by h(z) = V @a(z,) is a distributive homomorphism onto L proving
Proposition 3.3.6. a

Let B be a sublattice of a lattice A and let § be a congruence of A. Then there is a
smallest congruence relation §° € Con(A) such that §°|g > 8. The correspondence 6§ + §°
is a homomorphism of Con®(B) into the semilattice Con®(A). If this homomorphism is
onto then we call B a strongly large sublattice of A and A is a strong eztension of B.

We sketch the proof of the following proposition.

PROPOSITION 3.3.7 Let B be a generalized Boolean semilattice with 0 a distributive
congruence on B. Then there ezists a lattice K such that the tdeal lattzce of B/8 is iso-
morphic to Con(K).

PROOF. We first show that if § is a monomial distributive congruence of a generalized
Boolean semilattice B, then there is a lattice L such that Con(L) = Z(B/8). We consider
the subset A of B x B x B consisting of all elements (a, b, ¢) such that aAb=aAc=bAc.
Then A is a (modular) lattice and the elements {(a,05,05) : a € B} form a sublattice of A
isomorphic to B. Let L be the subset of A consisting of all elements (a, b, ¢) such that a is
a maximal element of a 6-class. For a/0 € B/8 let a,, denote the maximal element of a/6.
Then B/9 is isomorphic to the ideal I of L generated by (15,05,05), the isomorphism
given by a/6 — (am,0p,0p). Furthermore L is a strong extension of I and a congruence
relation of I has an extension to L if and only if it is of the form [I'] where I’ is an ideal
of L. Hence Con®(L) = I = B/f. Also the ideal J of L generated by (0p,05,15) is
isomorphic to B and INJ = {0p}.

Now let 8 be an a.rbltra.ry distributive congruence of a generahzed Boolean semilattice B.

Then 6 = V{; : j € w} where §; is a distributive, monomial congruence on B. For every
¢ € I consider the lattice L; as deﬁned above. Then L; has two ideals I; and J; such that
I; = B/0;, J; =2 B and we have Con®(L;) = B/f;. Consider the direct product [, B. Call

an element ¢ of [], B normal if for ¢ # j # k # 1 we have t; At; = ti Aty = t; Atg. Let

M be the sublattice of [], B consisting of all normal elements ¢t for which {¢; : 7 € w} is

finite. Let J* be the ideal of M consisting of all ¢ for which ¢; = Op if j # i. Then J* & B.

Furthermore M is a strong extension of J* and Con®(M) =Con®(J*) =Con®(B). Let M be

the dual lattice of M. Then J" is a filter of M, J' is a Boolean algebra and we have a natural

isomorphism J* = J* given by z — z'. Using the Hall-Dilworth construction (described
in Section 3.6 below) with M and L;, identifying J' and J; (for each i € w) we obtain a

partial lattice P. Then M and L; are sublattices of P and P is a meet semilattice. Letting

K be the free lattice generated by P, we have Con°(K) = B/6 proving Proposition 3.3.7.
‘ O

The main theorem (3.3.1) now follows immediately from Propositions 3.3.6 and 3.3.7.
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3.4 Lattices with at most X; compact elements

In this section we show that every distributive algebraic lattice L with at most ®; compact
elements is representable. The case that L has countably many compact elements was
settled by Dobbertin ([Dob86]) and independently and by different means in [Huh89a].
Our proof (due to A.P Huhn) makes use of the proposition below:

PROPOSITION 3.4.1 [Pud85] Every finite subset of a distributive semilattice D (with

0) is contained in a finite, distributive 0-subsemilattice of D.

An order filter of a partially ordered set P is a subset of P that is closed upwards.

THEOREM 3.4.2 [Huh89b] Every distributive algebraic lattice L with at most ¥, com-
pact elements is the congruence lattice of a lattice. .

PROOF. Let D be a distributive semilattice with 0 and assume that |D| = &;. We define a
directed family of finite subsets of D. Let a < w; be an ordinal. For a = 0 define h, = {0}.
For a = n+1(n € w) let hy = h,U{a} where a is an arbitrary element of D\ h,. Suppose
@ =wh+n,n €w. Then wf has a cofinal w-chain ap < &1 < &2 <.... For a = wpf
let ho = he, U {a} where a € D is such that a € Ay for y < wB. Fora =wf+n+1
let hy = han,; Uhay,,. U {a} wherea € D and a € hy iy < . Let H be the set of all
hy : @ < wy. The inclusion relation orders H diagrammed in Figure 3.4 below:

] b
| l/"
!
] l - hw.ﬂ-}-i PR -
] ] w24 ! '
] W+ ! _ _ - -
h; ] hy.242
| 2 -
h2 hw.2+1
- - hwﬁ
h1 hw.2
hy
hgo _
Figure 3.4 H

By Proposition 3.4.1, we can choose, by induction on «, for every h € H, a finite
distributive O-subsemilattice Dy of D containing h such that A < k = Dp C Dg. Then
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D'is the direct limit of the Dy’s. For h < k (i.e. Dy C D) define e(h,k) : D — Dy by
e(h,k)(d) = d. '

For every h,i € H with h < i let D(h,1) be the finite distributive lattice with the fol-
lowing join irreducibles: j € J(D(h,1)) if j is a mapping of an order filter P of the partially

ordered set [k,i] to | D, such that for all z € P,j(z) € J(D) (0 is not irreducible) and,
: z€P
whenever z < y z,y € P, then j(y) < e(z,y)(j(z)). The join irreducibles of D(h,1) are

ordered componentwise: i.e. (j(z):z € P) < (j'(z) : z € Q) if and only if Q@ C P and for
all z € Q () < 5'(a).

We now define 0-preserving lattice embeddings: ¢(hg,t): D(h,i) = D(g,1) for g S_ h<i
and @(h,ij) : D(h,i) = D(h,j) for h < ¢ < j such that diagrams (1), (2) and (3) of
Figure 3.5 are commutative.

1) (ki) ek ) . D(hj)
w(hg, 1) l s;(hg,j) gshsis)
D(g,1) ' ~ e D(9,4)
©(g,17) ‘
@) D(h,i) o elh. 9 . D(g,)
w(gf,1) fsgshss
w(hf,1)
[ ] D(f) Z)
) D(h,i) o elk, 4) o D(h,)
o(h, %) h<i<j<h
p(h,ik)
D.(h,k)
Figure 3.5

Note that if g < h then the join irreducibles of D(h,z) are join irreducibles of D(g,1).
We therefore get an embedding ¢(hg,1) : D(h,i) = D(g,) by mapping irreducibles j €
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D(h,i) to j € D(g,t) and extending the mapping in such a way that joins are preserved.
This mapping is one-to-one since the dual mapping by Priestley’s duality J(D(g,¢)) —
J(D(h,t)) maps (j(z) : z € P to (j(z) : = € PN [h,i]) and therefore is onto (see for
example [Dav90] Theorem 10.26).

Consider h < 7 < j and let (j(z) : ¢ € P) € J(D(h,i)). Define ¢(k,25)((j(z) :
z € P)) to be the join of all (j'(z) : z € Q) such that @ is an order filter in
[h,3,@ (1 [hyi] = P, 7'(z) € j(z) for = € P and (#(2) : = € Q) € J(D(h,7)). Ex-
tend this mapping to arbitrary elements of D(h,?) in such a way that it preserves joins.
To show that ¢(h,ij) is one-to-one we have to prove that its dual map by Priestley’s
duality is onto. First observe that we obtain [h,j] from [h,i] by adding finite chains
Q115812y++3Qlny § 21, @22y« «yQ2ny } ++-} Gmly@m2,«--,Amn, Successively to [h,i]. Now
suppose that (j(z) : £ € P) is a join irreducible in D(h,2). We show that there is a
(j(z) : ¢ € Q) € D(h, j) which gets mapped onto (j(z) : z € P) by the dual map. We
simplify the proof into two cases illustrated in Figure 3.6 below.

!

T r
|
z z
q q
() v (i) v
i p
T T
Figure 3.6

(i) Suppose that the adjoined elements of the chain are r and ¢ and the chain consisting
of the lower covers of elements ¢,q and r is z,y,z with j(z),j(y) and j(2) not defined.
Then we may choose j(q) € J(D,) such that j(g) < &(%,¢)(j(¢)) and similarly choose
5(r) € J(D,) such that 5(7) < e(a,7)(i(a))

(ii) Suppose that the adjoined elements are p, ¢, r with chain of lower covers z,y, z such that
J(2),5(y), j(2) are defined. We may choose j(r) € J(D,) such that j(r) < e(z,r)(j(z)) and
5(7) < (5 r)(i(w). Let @ = ey, q)(5(y))- Then j(r) < e(g,)(a) and a is & join of join
irreducibles in D, a = \/3,. Then j(r) € Ve(g,7)(8,) and so by join-primeness of j(r)
(see Lemma 3.1.1) we have j(r) < e(¢,7)(By,) say. Put j(q) = By. Define j(p) similarly.
Using these two cases we proceed inductively to obtain a vector (j(z) : z € @) which gets
mapped to (j(z) : ¢ € P) by the dual map.

We now show that diagrams (1), (2) and (3) of Figure 3.5 are commutative.

(1) : Let (j(z) : = € P) € J(D(h,i)). Then w(hg,7) o ¢(h,ij)((i(z) : = € P)) = V5§
where § = {(j'(z) : z € Q) : Q is an order filter in [h,j], @N [h,t] = P,(j'(z) : 2z € Q) €
J(D(h,1)) and j'(z) < j(z)Vz € P}. Also ¢(g,1j) o p(hg,1)((j(z) : z € P)) = VT where
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T ={(j'() : = € Q) : Qis an order filter in [g, j], QN[g, ] = P, ('(z) : = € Q) € J(D(h, 7))
and j'(z) < j(z)Yz € P}. Let Q be an order filter in [h, j] with @ N [h,i] = P. Then Q is
an order filter in [g,7] and @ N [g,i] = @ N [h,i] = P. Thus S € T. Also if Q is an order
filter in [g, 5] such that Q@ N[g,:] = P then Q C [h,j] and @ N [k,i] = @N[g,i] = P. Hence
T C S proving the commutativity of diagram (1).

(2) : This follows immediately from the fact that the ¢(hg,1)’s (h < g < ) are embeddings.
(3) : Let (j(z) : z € P) € J(D(h,1)) and let Z = {(k(z) : z € R) : 'R is an order filter
in [h,j], RN [h,i] = P, k(z) < j(z)Vz € P,(k(z) : £ € R) € J(D(h,k))}. Then
@(h,jk)ow(h,15)((j(z): z € P)) =V S where § = {(j'(z) : z € Q) : @ is an order filter in
[k, k] with @ N [h,j] = R,j'(z) < k(z) Yz € R where (k(z):z € R) € Z,(j'(z) : 2 € Q) €
J(D(h,k))}. Also @(h,ik)((j(z): z € P)) = VT where T = {(j'(z) : 2 € Q) : Q is an
order filter in [k, k] with QN [h;i] = P, j'(z) < j(z)Vz € P,(j'(z) : z € Q) € J(D(h,k))}.
Let (j(z) : z € P) € S. Then QN [h,i] = QN [hJ]N[hi] = RN [hyi] = P and
j'(z) < k' (z)Yz € R, k(z) < j(zg)Vz € P = j(z) < k(z) < j(z) Yz € P and hence
(5'(z) : z € Q) € S. Suppose (j'(z) : z € Q) € T. Then R = @ N {h,j] is an order filter
of [h,j] and RN [h,i] = @ N [h, 7] N [h,1] = QN [h,i] = P. Hence (j'(z) : z € Q) € S and

diagram (3) commutes.

¥(0,45)

(4) B(0,i) o ~ o -5(0,7)

$(0, jk) i<i<k
$(0, ik)

o B(0,k)

5) D(0,5) o x(0.%) o B(0,%)
#(0,j) ‘ $(0,5) sty

D(O)J) [ ] [ ] B(O:J)

x(0,7)
Figure 3.7:

We now define Boolean algebras B(0,%) (¢ € H) and 0-preserving lattice embeddings:
$(0,i5) : B(0,i) = B(0,5) for i < j, x(0,2) : D(0,i) — B(0,%) such that diagrams
(4) and (5) of Figure 3.7 commute. The atoms of B(0,7) are [(j(z) : z € P)] where
(j(z) : z € P) € J(D(0,1)) - the only difference being that in B(0,:) they are not ordered.
Define x(0,7) : D(0,7) — B(0,1) by x(0,:)(z) = V{[a] : ¢ < z,a € J(D(0,2)}. (Then
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D(0,4) can be considered as a {0,1}-sublattice of B(0,%)). Consider [(j(z) : z € P)] €
At(B(0,7)). Then ¢(0,ij)((j(z) : ¢ € P)) = VS where S = {(j'(z) : 2 € Q) : Q is an
order filter in [0, 7], @ N[0,7] = P,(j'(z) : z € Q) € J(D(0,)) and j'(z) < j(z) Vz € P}.
Define %(0,i7)([(i(z) : = € P)]) as V{[(j'(=) : € Q)] : (7(¢) : = € Q) € S}. Then
the commutativity of (4) follows from the commutativity of (3) and the commutativity of
(5) follows from the definitions of x and ¢. The dual map of % under Stone’s duality is
surjective. The proof is similar to that of the surjectivity of the dual map under Priestley’s
duality of ¢(h,2j). It then follows that % is a lattice embedding.

Let B(0,—) be the direct limit of all the B(0,%)’s and for each h € H let D(h,—) be the -
direct limit of the D(h,1)’s. Then there are embeddings (0,:—) : B(0,7) = B(0,—) and
@(h,1—) : D(h,i) = D(h,—) such that diagrams (6) and (7) of Figure 3.8 commute.

) D(hi) « ek, i)

> @ D(h)J)
o(h, j-) h<i<j
e D(h-)
") B(0,i) o v(0.4) )
1»L’(O)J_)
d B(0>_)
Figure 3.8
Let g < h <1< 3. Then
©(g,7—) o w(hg,j) 0 w(h,ij) = ¢(g,7—) 0 p(g,15) 0 p(hg,1) ~ (diagram (1))
= ¢(g,1—) 0 ¢(hg,1) (diagram (6))

Thus, since D(h,—) is the direct limit of the D(h,%)’s , we have a unique embedding
@o(hf,~): D(h,=) < D(f,—) such that diagram (8) of Figure 3.9 commutes for all ¢ < j.
Similarly by the commutativity of diagrams (5) and (7) we have a unique embedding
x(0,=) : D(0,—) — B(0,—) such that diagram (9) of Figure 3.10 commutes for all ¢ € H.
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@ D(h,3) o e i)

> @ D(h)—)
o(hf,i) o(hf,-) f<h<i
D(f,i) o e D(f,-)
Sp(f) i_)
Figure 3.9:
©) DO, o #(0.-) . « D(0,-)
x(0,4) ﬂm@
B(,i) o . B(0,-)
¢(0>i_)
Figure 3.10:

Consider f < g<h < z Then

o(hf, =) o plhyi=) = 9{f,i=) 0 w(hfi) (disgram (8))

e(f,i=) o w(gf,1) o p(hg,i) (diagram (2gg
)

i

©(gf,—)op(g,i—)op(hg,i)  (diagram (8

-)
= ¢(9f, =) o p(hg, =) 0 p(h,i~) (diagram (8

Thus by the uniqueness of p(hf, —) in diagram (8) the following diagram commutes:

(10) D(h,—) o (p(hg,-) o D(g,-—)
So(hf,") Sp(gfa‘_)
‘. D(f’ _)

Figure 3.11

For g < h < i define the maps ¢'(gh,t) : D(g,i) = D(h,%) on the irreducibles of D(g, 1)
by ¢'(gh,1)((j(z) : z € Q)) = (j(z) : € @N [k, i]) and extend this map to the whole of
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D(g,4) in such a way that joins are preserved. Then ¢'(gh, ) © ©(hg,t) = tdp(h))- Also,
¢'(gh,i) is a O-preserving join-homomorphism. By finiteness of the D(k,1)’s, ¢'(gh,1)
‘s monomial. To show that it is weakly distributive let (j(z) : = € Q) € J(D(g,1))-
Then w(hg,i) o @'(gh,i)((i(z) : = € Q) = (&) : & € QN [hil) = ((z) : = € Q).
Thus for all z € D(g,%) we have ¢(hg,1) o ¢'(gh,i)(2) 2 2. Now let a,b,¢c € D(g,%)
with ¢'(gh,8)(bV ¢c) = ¢'(gh,i)(a) and bV ¢ < a. Let b = @(hg,i) 0 ¢'(gh,i)(b) A a
and ¢ = o(hg,i) o ¢'(gh,i)(c) A a. Then, since ¢'(gh,1) 0 ¢(hg,i) = idp(nq) we have
©'(gh,i)(c') = ©'(gh,1)(c) and ©'(gh,1)(b") = ¢'(gh,i)(b). Also b’V < =a follows from
the distributivity of D(g,) and the fact that o(hg,1) o ¢'(gh,i)(a) 2 a. Thus ¢'(gh,1) is
weakly distributive.

(11) D(g,%) o #9,4) . D(g,])
@' (gh,1) Tiso’(gh,j) g<h<ilj
D(h,i) o _ _. ¢ D(h,5)
@(h, i)
Figure 3.12

We now show that diagram (11) commutes. Consider g < h < i< jandlet (j'(z) : z €
Q) € J(D(g,1)). Then ¢'(gh,7) 0 w(g,15)((5'(z) s = € Q)) =V S where S = {(k(z) : z €
RN[h,j]) : R is an order filter in l9,7], R0\[g,1) = Q,k(z) < j'(z)Ve € Q,(k(z):z € R) €
J(D(g,))}. And (h,ij)o ¢'(gh,1)((j'(z) : 2 € Q) =VT where T = {(k(z) : z € R): R
is an order filter in [h, 7], RN[h,1] = Qn[k,il,k(z) < j'(z)Vz € Qnlh,i),(k(z): z € R) €
J(D(h,s))}. Let (k(z): z € RN[h,j]) € S. Since R is an order filter in [g, 4], R = RN [k, j]
is an order filter in [h,7] and @ N [h,d] = RN [h,i] = RO [h,j) O [hyi] = R' N [h,i]. We
then have (k(z) : ¢ € RN [h,j]) € T and so o' (ghy3) © p(g,i3)((5'(z) : = € Q)) =
o(h,ij) o' (gh,1)((j'(z) : 2 € Q)). For the reverse inequality let (k(z):z € R) € T. Then
RN [k, = QN[h,i] # 0 and so [i,j/]C R. Let R = QU [i,7]. Then R' is an order filter in
lg,7], R' N [h,j] = R and R'N[g,i] = Q. Let p be the least element of Q N [k,1]. Consider
the sequence ((k'(z) : € R') defined by:

vy | Kk(z) ze RN
’“(x)“{k@ z € QNlg,hl.

For all z € R we have k(z) = ¥'(z). Consider (K(z):z € Rnihjl) = (k(z) : z € R).
Then this sequence is in S and hence ¢(k,ij) 0 ¢'(gh,d)((j'(z) : = € Q)) < ©'(gh,j) ©
©(g,17)((j'(z) : € € Q)) proving the commutativity of diagram (11).

The commutativity of diagram (12) below follows immediately from the definition of the
map ¢ |
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12) D(\i) o PUed | b

o' (fh, i)

Figure 3.13

For each 1 € H consider the map x'(0,¢) : B(0,z) — D(0,%) defined by x'(0,%)(a) =
V{((z) : z € P) € J(D(0,7)) : [(j(z) : ¢ € P)] < a}. Then x'(0,2) o x(0,%) = idp(o,). It
can be shown, in a similar way to ¢’(gh,1) that x/(0,1) is a monomial 0-preserving weakly
distributive join-homomorphism. The commutativity of the following diagram then follows
! from the definitions of the maps involved.

(13) B9 X0.) . o D(0,i)
¥(0,1) ©(0,14)
B(O:J)‘O >~ @ D(OaJ)
XI(O)J—)
Figure 3.14
LéthhS_iSj.Then ‘
(h,j=) 0 ¢'(gh, 3) 0 9(9,i5) = p(h, 7 =) 0 p(h,if) 0 ¢/(gh, 1) (diagram (11))
= p(h,i=) 0 ¢'(gh,1) (diagram (6))

Then, since D(g,—) is the direct limit of the D(g,¢)’s there is a unique homomorphism
¢'(gh,=) : D(g,—) = D(h,—) such that the following diagram commutes for all : € H:
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(14) D(3,1) o #lo: i) « D(g,-)

‘P(ha i"')

Figure 3.15

Now for g < h <1 we have :

p(h,i=) = ¢'(gh,i) o p(hg, 1) _ _
= ¢'(gh, =) 0 p(9,1) © p(hg, 1) . (diagram (14))
= ¢'(gh, =) 0 p(hg,~) o p(h,i—) (diagram (8))

Thus, since D(h, —) is the direct limit of the D(h,%)’s we must have ¢/(gh—) o p(hg,—) =
idp(r,—). Now ¢'(gh, —) is a O-preserving monomial weakly distributive join-homomorphism
and the proof of the commutativity of the following diagram follows from the commutativity
of diagrams (12) and (14) in a similar way to the proof of the commutativity of diagram

(10).

‘P/(fg; —)

(15) D(f)_). ,.D(g,—)
#(Fh,-) #lak )
* D(h,-)
Figure 3.16-

In a similar way we can define maps x'(0,—) : B(0,—) — D(0,—) such that x'(0,—)o
x(0,~) = idp(o,-) and x'(0,—) is a O-preserving monomial weakly distributive join homeo-
morphism.

We consider the congruences 8 associated with ¢'(0,h—) o x'(0,—) : B(0,—) = D(h,i—).
Then Vg Or is a distributive congruence on B(0, —). If we can show that F = B(0,~)/ Ve On
is isomorphic to D then we are done by Proposition 3.3.7. Now F' is the direct limit of
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the D(h,—)’s relative to the homomorphisms ¢(gh, —) and F has subsemilattices isomor-
phic to the Dy’s namely D(h,h) = Dh. Hence w(h, h—)[D(h,h)] = D and so DeF
completing our proof (see the remarks at the end of Section 3.1). o

3.5 Sufficient conditions for the representability of
an algebraic distributive lattice : Tischendorf’s
Theorem

In this section we present Tischendorf’s theorem ([Tis94]) which gives sufficient conditions
for the representability of a distributive semilattice as the lattice of compact congruences
of a lattice. This result has as corollaries Theorems 3.2.4, 3.3.1 and 3.4.2.

We start with definitions and basic results on colimits of algebras. Let (1,J) be a
partially ordered, upward directed set. Consider C = {C; : i € I} a class of algebras of
some fixed type F together with a limit system of homomorphisms e ; : Ci = Cj- (Recall
the definition of a limit system from Section 3.1.)

Let K = {c € [LierCi: (35 € I)(VEK >j)(ck = ak(cs)}- The element j in this definition
is not unique, since if j I j' and k B j' we have ¢ = a;k(c;) = ok © @;(ci) = ajr k(c5)-
Thus ;' would also work. Define a binary relation = on Kby

aEb@(EpEI)(Vqu) ap=bp

It follows from the upward directedness of [ that = is a congruence relation on K.

Let L = K/ =. Then L is the colimit of the class C with respect to the homomorphisms
o; ;. We write L = lim,(C, (c)ijer) or L = lim,C. Note that L € HSP(C). We will
denote the =-class of an element u € K by [u].

We can define homomorphisms ¢; : C; — L as follows. Let z € C; and define pi(z) € K by
(ni(2)); = cuj(z) f 227, and choose (ui(z)); arbitrarily otherwise. Let oy(z) = [pi(z)]:
We have a;j00; = o for all ilj. Sincefor z € C and k 27, (5 (csi(2)))e = iu(ei(z)) =

ain(z) = (pi(z))e-
LEMMA 3.5.1 If the maps ¢ defined above are one-to-one then so is every ;.

PROOF. a(z) = ou(y) = [ia(e)] = [ui(w)] = 35 € I such that pi(e)e = plu)e VK B
Let j' € J be such that §</,iQj'. Then pi(z)y = pi(y)y which implies o p(z) = 0 (y)
and so z =Y. : a
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LEMMA 3.5.2 Let [b] € L. Then [b] = a;(y) for some y € Cj,j € I.

PROOF Let _7 € I be such that aj,k(bj) = bk fOI‘ all k E] Then Otj(bj) = [u_,-(b_,-)] = [b] .

Let C be an algebra with a cofinal family C = {C; : 1 € I} of subalgebras of C such that
C = U{C; : i € I}. Then the direct union of C is the colimit lim(C, (o ;)ijer) where o ;
is the identity map embedding C; into C; whenever C; C C;. (The partial order on [ is
defined by i 9 j < S; C S;). This colimit is isomorphic to C.

Recall from Section 3.1 that to investigate whether a given distributive algebraic lattice
L can be represented as the congruence lattice of a lattice it is sufficient to show that the
semilattice of compact elements of L is isomorphic to the compact congruences of a lattice.
From now on let S be a distributive join-semilattice with 0. We treat 0 as a nullary
operation on S, ensuring that every sub-semilattice of S includes 0. We say that the
semilattice S is representable if it is isomorphic to the semilattice of compact congruences
of éome lattice.

Recall the definitions of a weak-distributive homomorphism, distributive homomor-
phism and a monomial congruence from Section 3.3. .
A join-homomorphism s : S — S is called a topological closure operator if z < s(z) =
s(s(z)) forall z € S. :
Note that a congruence 8 on S is monomial if and only if @ is the kernel of a topological
closure operator on S.
Let Sy, S; be distributive semilattices. Then by the above equivalence a map h: S; — Sy is
distributive if and only if ker(h) = Y ker(s;) where each s; is a weak-distributive topological
closure operator on S;.

A partially ordered set P is locally countable if every principal ideal of P is countable.
Let B be a generalized Boolean algebra with A : B — S a join-homomorphism onto §.
Then by [Dob86] if B is locally countable then A is weakly distributive if and only if A is
distributive.

Recall that a lattice with zero is atomistic if every non-zero element is the join of atoms

below it.

LEMMA 3.5.3 Let B be an atomistic generalized Boolean algebra with h : B — S a
join-homomorphism onto §. Then h is distributive if and only if h(a) € J(S)U {0} for all
a € AYB).

PROOF. Suppose h(a) ¢ J(S)U {0} for some a € At(B). Then h(a) = u V v with
u,v < h(a). Since h is onto there exist b,c € B such that h(b) = u and h(c) = v. (We
must then have b and ¢ non-comparable with each other and with a.) Then h(bV ¢) =
uV v = h(a) = h(d) where d =a VbV c. Now (by Theorem 2.2.1) (a VbV c)/(bVc) =
a/(aA(bVc)) =a/(anb)V(aAc)=a/0. HenceaVbVec>bVec,ie bVc=d Suppose
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there exist 8, € B with ¥ V ¢ = d, h(b) = h(b'), h(c) = h(c/). Thena < b’V = a <V
or a £ ¢' (by join-primeness of a). Assume without loss of generality that a < »’. Then
u = h(¥') 2 h(a). This contradiction proves that h is not weakly distributive, and hence
not distributive. For the reverse implication, suppose h(a) € J(S) U {0} for every a €
At(B). Let z,y,2 € B with zV y < z. Let a be an atom below z but not below z vV y. To
prove that h is weakly distributive it is sufficient to show that A(a) < h(z) or h(a) < h(y).
Since if, for instance, h(a) < h(z), wecan let 2’ = aVz,y = y. Thenz'Vy' = z
and h(z') = h(z), h(y') = h(y). If h(a) = O then this follows trivially. Suppose that
h(a) € J(S). Then h(a) < h(z) = h(a) < h(z) V h(y) = h(a) < h(z) or h(a) < h(y)
(by Lemma 3.1.1). Thus h is weakly distributive and, since B is locally countable, A is
distributive. '

We use the following result from [Sch81] (see Proposition 3.3.7).

THEOREM 3.5.4 Let B be a generalized Boolean algebra with h: B — S a distributive
join-homomorphism onto S. Then S is representable.

In what follows let § = {S; : ¢ € I} be a collection of finite distributive sub-semilattices
of S whose direct union is isomorphic to S and which contains {0} as its smallest element.

LEMMA 3.5.5 For every S; € S, let B; be a finite Boolean algebra with h; : B; — S; a
weakly distributive join homomorphism onto S;. If we have a limit system of 0-preserving
lattice embeddings fB; ; : B; < B; with the property :

hj ] ﬁg’j = h,;

then there ezists a generalized Boolean algebra L and a weakly distributive join-homomorphism

h:L—SontoS.

PROOQF. Let L = lim,B;, with §;: B; — L the embeddings such that 8; 0 8; ; = ; for all
1<4j. Then L is distributive and relatively complemented and hence is a generalized Boolean
algebra. Let z € L. Then by Lemma 3.5.2 we have z = §;(y) for some i € I,y € B;. Let
h(z) = hi(y). Then h : L — S is is well-defined since, suppose z = B;(y) = B;(z) for
i, € I,y € B;,z € B;. Choose k € [ with k i,k B j. Then Bi(y) = Be(Bir(y)) =
z = B;(2) = Be(B;x(z)). Since the §;’s are embeddings we have S;x(y) = Bjx(z). Then
hi(y) = he(Bik(y)) = he(Bix(2)) = hj(2). To show that h'is onto let s € S. Then s € S;
for some i € I and thus s = h;(b) for some b € S;. Then (;(b) € L and h(5;(b)) = hi(b) = s.
. Now let u = B;(z),v = B;(y). and let k € I be such that k B 1,7. Set z''= B;x(z),y' =
B;x(y). Then u = B;(z) = Bx(Bix(z)) = B(z') and so h(u) = hi(z’). Similarly v = Bi(y")
and h(v) = hg(y’). Thus h(uV v) = h(Bk(z') V Bk(y")) = h(Bc(z' V¥")) = he(z' Vy') =
he(z') V he(y") = h(u) V h(v). Thus A is a join-homomorphism. To show that h is weakly
distributive let uVv Jw in L with h(w) = h(uVv). As before choose k € I and z,y,z € L
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such that u = Bi(z),v = Bi(y) and z = Bi(w): Then h(u) = hi(z),h(v) = hi(y) and
h(w) = hi(2) implying hx(z) = he(z Vy). Now uVoVw =w = Bz VyVz) =
Bi(z) > zVyVz=z=zVy< 2 Since by is weakly distributive there exist z’,y’ € Bk
with z/ V y' = z and hx(z') = he(z), he(y’) = he(y). Let v’ = Br(z"),v" = Be(y’). Then
WV = Be(z'Vy') = Br(z) = w and A(u') = hi(z') = he(z) = h(v). Similarly h(v') = h(v)
proving the weak-distributivity of A. a

For the rest of this section let I = S and identify S; with 7 € I = S. By [4, j] we denote
the set of all k € I such that i 9k < j. (i.e. the set of all Sy € S such that S; C Sk € S;).
For each i € I define F; to be the set of all functions f such that :

(F1) dom(f) is an order filter in [0, 3}.
(F2) £(5) € J(S;) Vj € dom({).
(F3) 5,k € dom(f) and j D k = f(5) < f(k)-

The elements of F; are ordered by setting f > g < dom(f) S dom(g) and f(z) > g(z) Vz €
dom(f). We consider the following two conditions on S: |

(E) (Extension Property) Let :'d j € I,V an order filter in [0,3], W an order filter in [0, ;]
such that for every element z in the order filter generated by V' the set {yeW:zQy}
has a smallest element. If f is a function defined on V U W satisfying (F2) and (F3), then
there exists a functioh g € F; such that glvow = f.

(S) C is a lattice order on S.

THEOREM 3.5.6 (Tiéchendorf’s Theorem) If S satisfies (E) and (S) then S is rep-

resentable.

PROOF. Denote the induced meet and join operations in I by A and V. We define Boolean
algebras B; : i € I and mappings h; : B = Si, Bij : B = B; (for 1 Q j) satisfying the
conditions of Lemma 3.5.5. Define B; = P(F:) and h; : B; = S; by R(T) = S{f(2) :
f € T}. Then h; is a join-homomorphism mapping B; onto S;. By (F2) and Lemma 3.5.3
h; is distributive and hence weakly distributive. For 1 9 j in [ define G;; : Bi =& B; by
B:;(T)={f € F;: floj € T}. Then B;; is a lattice homomorphism. To show that f;; is
one-to-one suppose f; ;(T) = fi;(V). Then {f € F: flog € T} ={f € I : floggeV} -
Let f € T and let V = dom(f), W = {j}. We have f(z) € J(Si) & S;. Picka € J(S;)
with a < f(i). Consider the function g defined on V U W as follows:,

g.(:z:):{f(x) zeV

a zeW.

Then g satisfies the conditions of (E) and so g can be extended to a function ¢’ € Fj.
We have ¢'lo,) = glpyy = f € T. Thus ¢’ € Bi;(T) = Bi;(V) and so f € V. Thus
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T C V and similarly V C T proving that B;; is an embedding. f;; is obviously 0-
preserving and to show that the §;;’s form a limit system let i Jj Ik with T € B;. Then
Bix(Bis(T)) = {g € Fi : glpg € F; and glpg € T} and Bin(T) = {g € Fi : glpo.g € T}-
The inclusion B;4(B:;(T)) C Bix(T) is immediate. For the reverse inclusion suppose g € Fi
with g|jp,q € T. Then i € dom(g) and i Jj imply that j € dom(g). Thus g|j,; € F; proving
Bix(T) C B;x(B:j(T)) and consequently the §; ;s form a limit system.

Now hj(B:;(T)) = ={f(j): f € Fj and flpy € T}
< {f(i): f € Fj and flpq € T} (by (F3))
<S{fG): feT}
= h(T).

For the reverse inclusion let f € T. Then f(i) = 7., ap where a; € J(S;). Let V =

dom(f), W = {j} and for each p=1,...,m define a map g, on VU W by:

‘1
_J f(z) zeV

9(<) = { a, ‘TEW.

As before g, can be extended to a function g, € F; with g, € B;;(T). Now f@@) =
TGy = ey gp(4)- Thus f(i) < hj(Bi;(T)). This is true for every f € T and so
hi(T) < h;i(Bi;(T)). Thus hj o f;; = hy for all i > j and we may apply Lemma 3.5.5
to obtain a generalized Boolean algebra B and a weak distributive join-homomorphism
h: B — S mapping B onto S. :
It remains to show that h is distributive. We will define topological closure operators
si : B = B such that ker(h) = ¥;e ker(s;). We recall from the proof of Lemma 3.5.5 that
B is the colimit of the B;’s with respect to the embeddings §;; and the map Ah: B = S
is defined as follows: if z € L and z = B;(y) for some y € B;, then h(z) = hi(y). In what
follows let K be as in the definition of the colimit of the B;’s. Let [u] € B,i € [ and j 21
be such that ux = B;x(u;) Vk 7. Define s7 : K — K by:

0 _f{feF:f<glinand g€ u} ifk B
(7)) = { Fe otherwise,

and s; : B = B by s;([u]) = [s?(u)]. Then s; is well-defined, since [u] = [v] = 3j € I,j B
such that ux = v Vk > j. Then for all k& > j we have (s2(u))r = (s?(v))x proving
si(lul) = si(lo).

We now show that s?(u) € K. Sinceu € K thereexistsa j € I,j 21 such that B;.(u;) = uk
for all & > j. We show that B;x((s2(u));) = (s2(u))« for all k& > j. In this case we have
Bik((s2(u));) = {e € Fi : el € Fy,elps) < glp, for some g € v} and (sf(u))e = {f €
Fi: f < gl for some g € ux}.

Let f € (s(u))x. Then g € ux = g € Bix(u;) = glps) € uj = j € dom(g). Also
f < glpg = dom(g) N [4, k] € dom(f). Thus flp; € F;. We have flo,5] < (9l =
(9lio.i) i, and gl ) € uj. Hence f € Bik((s2(u));) and so (s¢(u))k € Bik((s7(w))e). On the
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other hand let f € B:;((s2(uw));). Then f € Fy, flio,j) < 9lfi.j) for some g € u;. We will show
that f < g'|s ¢ for some g’ € ug. Let V = dom(g), W ={z € [i,k] : z By € V,z ¢ V}.
Then W C dom(f) Since if z € W then there exists a y € dom(g) such that y<dz and y €
dom(g) =2y j=>yLzA;jdj ThuszAj € dom(g) [¢,7]. Then, since fljiq < gl
we have z A j € dom(f) implying z € dom(f). ‘

We define a function ¢* on V U W as follows:

. z) zeV
g($)={?((x)) z € W.

We show that g* satisfies the conditions of (E). Now V is an order filter in [0,1]. To show
that W is an order filter in {0,%] let z; € W with z; 2 z; in [0,k]. Then z; € [i, k] and
Jy € V such that z; 9 y. Then z; € [1,k] and z3 > y. Also 2z, € V = z; € V proving
that z, € W and hence that W is an order filter in [0,%]. Let z be in the filter generated
by V and consider {y € W : z <y} = Z. We show that Z has a least element. There are
three possible cases: (i) z € W, (i) z € V| (iii) z ¢ VU W.

For case (i) z is the least element of Z. In case (ii) let y1,42 € Z. Then y1 Ay, Bz €
V, y1 Ays € [1,k] and (since V is an order filter in [0,z]) yy Ay € V. Thus yy Ay, € Z
proving that Z has a least element. For case (iii) let y1,y2 € Z. Now = > 2z for some z € V
and y1 Ay, Bz > z. The argument that Z has a least element is as in case (ii). It is obvious
that g* satisfies (F2). To prove that g* satisfies (F3) let z,y € VU W with £ 9 y. Then
t €W =y e W and W C dom(f) yields g*(z) = f(z) =2 f(y) = g*(y). If y € V then
z € V and ¢g*(z) = g(z) > g(y) = g*(y). Suppose then that y € W,z € V. Set z =z V1.
Thenz € V = z € [0,5] = z € [t,7] and 2 J y. We also have z Vi € V. Thus (since
W C dom(f)) we have g*(z) = g(z) > g(2) > f(2) 2 f(y) = ¢"(y). This proves that g*
satisfies the conditions of (E). Then there exists a g’ € F} such that g'lyuw = ¢*. Since
'] = g € uj, we have ¢’ € uy (since ug = fjk(u;)). It remains to show that f < g'[; 4.
Let z € dom(g')N [z, k]. Then z Py for somey € VUW. If y € W then, since W C dom(f)
and z Py, we have z € dom(f). Suppose then that y € V. Thenz DyVvie VN[i,j] =
dom(g) N [¢,5] € dom(f) N {0,7]. Thus y Vi € dom(f) and so z € dom(f). This proves
f < d'lix. Let ¢ € dom(g') N [z,k]. Then z € VUW and so ¢'(z) = g*(z). If z € W then
g*(z) = f(z). If z € V then z € dom(g) N[i, k] = dom(g) N [z, 7]. Thus, since flo5] < 9li.1]
we have g*(z) = g(z) > f(z). Consequently f € (s?(u))x proving s{(u) € K.

We now show that s; is a topological closure operator. We have ux C (s?)x Yk € I. Thus
u < s?(u) and hence [u] < [s2(u)] = si([u]). Let f € (s2(s2(u)))x. Ik 2ithen 3g € (s7(u))e
such that f < g|j. But then 3h € u such that g < Algx. Thus f < gl < Al and
so f € (s7(u) Uk i then f € Fy and so f € (s?(u))x. Consequently s2(s? (u)) = s2(u)
and so si(s;([u])) = si([u])-

Let {u],{v] € B and k& B ¢. Then

{f€Fq:f<gliy for some g € (uVv)i}
{f € Fr: f < gl for some g € up} U{f € Fi: f < gl for some g € v, }

t

(si(u Vo)) =
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(s2(u))e U (s3(v))x
(s?(w) V s7(v))s-

The case k i follows immediately since in this instance (s2(uV v))e = Fr = (s2(u))i =
(s2(v))k- Thus s?(uV v) = s2(u) V s2(v) and so s;([u V v]) = si([u]) V si([v]) proving that
s; is a topological closure operator.

It remains to show that ker(h) = ¥ ;crker(s;). Let [u] € B and suppose j P ¢ is such that
= fB;x(u;)Vk B j. Then we have (s¢(u))x = B;e((s?(x));) and

hi((s3(u));) = £{f () : f € Fj and f < glp; ;) for some g € u;}
< hZEg({) : g € uj}

This together with the fact that u; < (sf(u)); gives h;(u;) = h;((s{(x));) and so h(s:([u])) =
A(fs?(u)]) = Ay((2(w);) = hy(us) = h((u]). i

Now let [u],[v] € B with s;([u]) = si([v]). Then h([u]) = h(si([u])) = h(si([v])) = h([v]).
Thus ker(h) > ¥;crker(s;). ‘ :

For the reverse inequality let [u],{v] € B with A([u]) = h([v]). Choose j € I such that
Yk > j we have B, k(u;) = ue and f;x(v;) = vk. Then h([u]) = hj(u;) and A([v]) = h;(v;).
Thus hi(u;) = hy(v;) ie SLFG) < £ € u;} = SLFG) = £ € v;). Since (j) s join prime
we have Vf € u; 3 gy € vj such that f(j) < gs(j). Let e € (s%(«));- Then e < f|y;,; for
some f € uj. But f(j) < g/(j) for some g; € v = € < fl; < 9fltig) = e € (s3(v));.
Thus (s%(u)); € (s2(v)); and by a similar argument (s2(v)); € (s3(u));. Now V.k B 5 we
have (53(u))s = Bin((s5);) = Bix(s5(0));) = (300D Thus 55([u]) = s;([o]) proving
ker(h) <ker(s;) < Zielker(sf) and completing the proof. 4 ]

COROLLARY 3.5.7 Euch of the following conditions implies that S is representable:
(i) Every element of S is the join of completely join irreducibles.
(ii) S is a lattice.

(i) |S] < K.

3.6 Finitely generated modular lattices

It is shown in [Sch74] that every finite distributive lattice D is isomorphic to the congruence
lattice of a modular lattice L. This result was refined by R. Freese ([Fre75]) who showed
that L can be chosen to be a finitely generated modular lattice. We present Freese’s proof
below.

In the following lemma let D be a (0,1)-sublattice of 27 for some set I. For any element
z € 21, let II. be the partition on I associated with z i.e. I, = {(i,7) € I*: z; = z;}.
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Let U= {(,5)€I*:di<djforalld € D} and D' ={z € 27 : z; < z; for all (4,5) € U
and g Alga A -+ Allge < II, for some d',d?,...d" € D,n € w}. ,

LEMMA 3.6.1 D'=D.

PROOF. Clearly D C D'. Also D' is a (0,1)-sublattice of 27, since for a,b € D' we
have Iz ATl < Hgap and I, ATl < M,ve. Suppose D # D'. Let z € D'\ D and let
OuA---Allgn <10, for somed?,...,d" € D. Fixd*,...,d" and let p denote I A+ - - Allgn.
Let J = {j1,...,jx} be distinct representatives of the blocks of p and let @ : 2/ — 27 be
the projection map. Define E' = {d € D' : lla A--- Allgn <115} and let E = E' N D.
We have 0,1 € E'. Suppose z,y € E' with ®(z) = ®(y), i.e. z; = yjfor all j € J. Let
i € I. Then (4,7) € p for some j € J. But then (3,7) € H,/\Hy and z; = z; = yj = ;.
Thus £ = y and ®|g is one-to-one. Let j € J. Define a = A{z € ®(E) : z; = 1}
and b = V{z € ®(E) : z; = 0}. Then a; = 0 and b; =:1. If for some k € Jk#_y
we have a; = 1, then by = 1. Since (J,k) € p 1mphes there isant € {1,...,n} such
that either d‘ land df = 0or ¢ = 0 and d} = 1. The first case contradicts the
definition of a since in that case a < d‘ but a; = 1 and % = 0. Similarly the second case
contradicts the definition of b. Then a and a A b agree on J \ {j} but disagree on j. Thus
the embedding ®(E) C 27 is an irredundant subdirect embedding and so dim(®[E]) =
dim(27) = k. Note that z € E' — E and since ®|p is an embedding, ®(z) & ®[F]. Let
z* be the unique inverse image of the least element of ®[F] above ®(z) and let 2~ be the
unique inverse image of the greatest element of ®{E] below z. We may assume that z is
chiosen in such a way that dim(®(2%)/®(2z~)) is minimal. Since ®(27) < &(2) < <I>(z+)

have dim(®(2*)/®(z7)) > 1 in ®[E]. So there is an z € E such that 2~ < z < z* By
the minimality of dim(®(z*)/®(z™)) we must have z V z € E. Consequently z V z = z*.
Similarly z A z = 2z~. If y is another element of F such that 2~ < y < 2 then as before
yVz=ztandyAz=2". Buttheny=yA(yVz)=yA(zVz)=(yAz)V(yAz)=
(zAy)V(Az)=zA(lyVz)=2zA(zVz) =z Hencedim(®(z*)/®(z") = 2 in
®[E]. Thus ®(z) and @(z) differ on exactly two coordinates, j and k say. We may assume
z; =0 =z, zx = 1 = z;. Now z € D' implies that for some d'€ {d*,d?,...,d"} we have
d; # di. We may assume d; = 1,dy = 0. We have d € E-and z = (dAzt)V 2z~ € E
contradicting z € E' — E. Thus D' C D and hence D' = D. m]

Recall that < denotes the covering relation in a lattice.
For a lattice L with z,y € L we write z Xy if z <y or z = y. If £ <X y then we define

= 1 fz<y
Y=2=10 fz=y.

Let L = []; L; be a direct product of lattices. Then if z,y € L are such that z; < y; for all
i € I then y — z is the element of 27 given by (y — z); = yi — z:.
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LEMMA 3.6.2 Let L be a modular lattice and let D be a distributive lattice with 0 and
1. Then L is isomorphic to a sublattice of a modular lattice L* (in the variety generated
by L) such that for any prime quotient a/b in L, the sublattice a/b in L* is isomorphic
to D. Moreover con(a,b)/Ar. in Con(L*) is isomorphic to Con(D). If L is simple then
Con(L*) = Con(D).

PROOQF. Let D be a distributive lattice with 0 and 1. Then D < 27 for some set . Let
U and D' be as in Lemma 3.6.1 and define L* = {z € LT : z; < z; for all (i,7) € U and
Iy A-- - Allyn < TI, for some d!,...,d™ € D}. Then L* is a sublattice of L7 and L embeds
in L*, the embedding f : L < L* given by f(z); = z for all : € I. For a prime quotient
a/b of L, we define an isomorphism g from a/b in L* to D’ by

0 if:z:;:b
9(2?)52{ 1 i

if ;= Q.
By Lemma 3.6.1 a/b in L* is isomorphic to D.

Consider 6 in Con(D) and define §* = (z,y) € L* such that there exists a finite sequence
tAy=¢e<el <. <e—:z:VylnL‘wmhe’-<e’+lfora.llz€I,]€{0 ,n—1}
and eit! — e < ¢ — d’ for some (¢/,d?) € 6. we show that 6* is a congruence on L*
by showing that it satisfies the Gratzer-Schmidt criteria of Lemma 2.1.1. Conditions (i)
- (iii) are immediate. For condition (iv) suppose z < y,(z,y) € 6* and z € L*. Then
we have a sequence z = €® < e' < ... < e™ = y such that el < et foralli € I,
JE {U,‘..,n -1} and 6j+1 el < ¢ — d for some (¢!, d’) € 6. Con31der the sequence
(:z:/\'z) =e’Nz<eAz< - <e"Az=yAz Since (e’+1/\z,)/(e Nz) Sw e’+1/e and
¢l < el wehave by Corollary 2.2.3that (e™ Az)/(elAz) /€17 /el and hence (Corollary
2.2.2) ( 1A %)/(€l Az;) and eIt /¢l are isomorphic. Thus (e”' Az)—(elAz) = el €]
and so (e”'1 ANz)—(e? Az) < ¢ —d proving (zAz,yAz) € 6*. Joins are handled similarly
proving condition (iv) of Lemma 2.1.1. Thus 8* is a congruence on L*.

Now let a/b be a prime quotient in L. If we identify D with the sublattice a/b in L*, then
for a congruence § on D we have 6* N (a/b)? = 6. To show this suppose (¢,d) € 6 with
¢ < d. Then for all ¢ € I we have ¢, d; € {a,b}. Thus ¢ < d; and so (¢,d) € 6* N (a/d)?

and 6 C 6* N (a/b)?. For the reverse inclusion let (c,d) € 6* N (a/b)*,c < d. Then
there is a sequence ¢ = €® < 81 < --» £ e* = d such that e/l — e/ < p? — ¢’ for some
(p",¢°) € 8. Suppose pl o= b Then we must have €' = b since el*! = o =
et —ed =1=pl —¢ = 1 contra.dmtlng ¢ <p. Thuspve =p Vv e""l. Dually
¢ AE = ¢ AL Ths %1/l N, (69 Ap) /(S A5) A (67 M)V @)/((& AP V )
Now ((e"**Ap ) V) /(€ ApP) V) C p7 /¢’ and so (¥, ¢7) € 8. 1t follows by transitivity
that (c,d) € 6. ‘

To show that the quotient con(a,b)/Ar+ in Con(L*) is isomorphic to D, we define o :
Con(D) — con(a,b)/Ar by «(f) = 6*N con(a,b) and B : con(a,b)/Ar. — Con(D) by
B(¥) = ¥N(a/b)*. Then a and f are order preserving. Let § € Con(D). Then (foa)(8) =
B(8* N con(e,bd)) = 6* N con(a,b) N (a/b)? = § N con(a,b) = 6. Thus f o « is the identity
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map on Con(D). Let ¥ C con(a,b) in Con(L*). Then (ao g)(¥) = a(¥ N (a/b)?) =
(¥ N (a/b)*)*N con(a,bd). Let (z,y) € ¥. Then (z,y) € con(a,b) and so there is a finite
chain zAy = e® < el < ... < " = z Vy such that e’t! /e’ is projective with a subquotient
¢’/d? of a/b. Thus (cf,d’) € ¥ N (a/b)? and (since e’*'/e’ and ¢//d’ are isomorphic)
el — el = ¢ — ¢4, Tt follows that (z,y) € (¥ N (a/b)?)*N con(a,b) and co J is the identity
on con(a,b)/AL.. m

Note that L* of Lemma 3.6.2 is such that all prime quotients in L become D in L*.
For the proof of the main theorem of this section we will require that in some situations
a prime quotient a/b of L becomes D while other prime quotients of L remain prime. We
construct a lattice satisfying this condition as follows: Let a/b,c/d be prime quotients
of L not projective to each other. Let § = con(a,b) and ¥ = 8. Then (¢,d) € ¥
and since L has the projectivity property we have § N ¥ = Ap. Thus L < L/¥ x
L/§ is a subdirect representation. Applying Lemma 3.6.2 to L/¥ we obtain a lattice
(L/¥)* in which the quotient (a/¥)/(5/¥) is isomorphic to D. As before L/¥ can be
embedded in (L/¥)* by the embedding z/¥ — (z/¥)* where for i € I, (z/¥)! = z/T!
L can be embedded in (L/¥)* x L/8 by the embedding z — ((z/¥)*,z/6). Under this
embedding a/b gets mapped to ((a/¥)*, a/6)/((b/T)*,b/0) = (a/V)*/(b/¥)* = D and ¢/d
. gets mapped to ((c/¥)*, ¢/8)/((d/¥)*,d/8) = (c/8)/(d/6) = 2. In Con((L/¥)*) we have
con((a/¥)*, (6/¥)*)/A =2 Con(D). And in Con((L/¥)* x L/6) == Con((L/¥)*)xCon(L/8)
(Proposition 1.3.4) we have con(((a/¥)*,a/8),((6/¥)*,b/6))/Aw/v)-xLss = con((a/T)*,
(b/\lf)*)/A(L/\p)-X con((a/@),(b/&))/A(L/g) = COI’l(D) x 1= COn(D)

We obtain the desired lattice K by taking the sublattice of L/ ¥ x L/8 generated by L and
a/b. Then Con(K) is the lattice obtained from Con(L) by replacing the prime quotients
of the form (con(a,d) V ¢)/o where ¢ < 844 by Con(D). «

Theorem 3.6.3 below uses the following Hall-Dilworth construction ([Hal44]): Let L,
and L, be two bounded lattices with F' a principal filter of L, and I a principal ideal of
L, such that F' = I. Let f : z — z’ denote this isomorphism and let L be the set L, U L,
where we identify z with z’ for all z € F'. The elements of L are ordered as follows : z <y
has unchanged meaning if z,y € Ly or z,y € L. For z,y € I = F,z < y if and only if
g€ L, y€ L;and 32€ Fsuchthat z < zin L; and z < y in L;. Then L is a lattice -
the Hall-Dilworth ”glueing” of L, and L,. For the rest of this section K; will denote the
four-generated modular lattice defined in [Day72] and illustrated in Figure 3.17.

In K, any two prime quotients are projective and if § is the congruence generated by
collapsing all prime quotients then K;/6 2 M, (the six element lattice of length two).
Thus Con(K,) = 3. For any n € w we obtain a new modular lattice K, by applying
Lemma 3.6.2 to K; with D = n+1, the (n + 1)-element chain. In K, the quotient
dle:d=dy > dy > -+ > dn-y > dn = € is a chain of length n. From Lemma 3.6.2 it
follows that Con(K,) is a 2" element Boolean algebra with a new greatest element adjoined.

We are now ready to prove the main result of this section:
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Figure 3.17 K,
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THEOREM 3.6.3 [Fre75] Let D be a finite distributive lattice. Then there is a finitely
generated modular lattice L such that Con(L) = D.

PROOF. We prove a stronger result by induction: If D is a finite distributive lattice, then
D = Con(L) where L is a finitely generated modular lattice. Moreover there exists an
a € L such that u/a is a chain, where u is the greatest element of L, and every congruence
on L is determined by its restriction to u/a.

Let P be the partially ordered set of non-zero join irreducibles of D. The proof is by
induction on the size of P. If |P| = 1 then D = 2 and we may take L to be 2. Suppose
|P| > 2. Choose a maximal element p € P and let {p1,p2,...,pPn} be the set of co-covers
of pin P. Let D' = Z(P \ {p}). We associate elements z of P\ {p} with principal ideals
(z] of D'. By the inductive hypothesis there is a finitely generated modular lattice L' such
that Con(L') & D'. Furthermore there exists an o' € L' satisfying the condition above.
Let u' be the greatest element of L'. Now each p;,i € 1,...,n is a join irreducible of D’

hence p; maps to a’join irreducible con(b},c}) of Con(L') under the isomorphism between

[ Bt ¥
D' and Con(L'). We may choose u' > b} > ¢} > o' in L'. Since con(b;, ¢;) is join irreducible
for each ¢ € {1,...,n} we can choose b} and ¢} such that b}/c; N b;/c; has at most one

element for 1 # j. For each ¢ € {1,...,n} we will construct a modular lattice 4; such that

. A; contains a sublattice isomorphic to the lattice diagrammed below:

r: Vug

s; Ay

Figure 3.18 A;

In Figure 3.18 we have v;/(s; A v;) = ¢i/a’, zifvi = b/c; and (i V u;)/u; = u'/b;. We
construct A; in three steps. First apply Lemma 3.6.2 to M3 taking the distributive lattice
to be bl/c, to obtain a modular lattice B; which contains M3 as a sublattice with each
prime quotiént in Mj isomorphic to bi/c! in B;. Then let C; be the direct product of bi/c.
and u'/b..
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Apply the Hall-Dilworth construction to B; and C; by joining them at their common points
to obtain a modular lattice D; with sublattice as in Figure 3.19. :

(6%, ')

(e, ')

Figure 319 D;

Repeat the above process with B; = b;/'ci X ¢;/a’ to obtain a modular lattice E; with
sublattice illustrated in Figure 3.20. ’

(65, a')

(c,a)

Figure 3.20 E;

Finally apply the Hall-Dilworth construction to D; and E; to obtain A; with the sublattice
in Figure 3.18 above. We now apply the construction in the comments following Lemma
3.6.2 repeatedly to K, in such a way that in the resulting lattice K, we have d;_,/d; = b!/c;
for i = 1,...,n. Let B be the lattice obtained by taking the direct product of u'/a’ (in
L') and d,/0 = €/0 (in K.). We then form the lattice L through repeated use of the Hall-
Dilworth construction. First form Lo from L' and B by identifying v'/a’ and (u',0)/(a’,0).
L, is formed from Lo and A, by identifying (u’,e)/(a’,€) and r/(sn V v,) (see Figure 3.22).

4
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Y Figure 3.21 Lo

Figure 3.22: L,
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L is formed from L;_; and A,_k+1 by identifying (P42 VUn—k+2)/ Sn—k+2 and rpogr1/(Sn-k+1 A

Un—ks1). This is repeated until we get L,, formed from L., and A, by identifying
(re V up)/sq and r1/(s; A vy) (see Figure 3.23).

d

b1/<:1 = d/d1
ba/ca = dy/dsy

Figure 3.23 L,

In L, the quotient sublattice (r; V u;)/u’ is isomorphic to d/0 in K. Let L be the lattice
obtained by identifying these quotients in the Hall-Dilworth glueing of L, and Kl. A
schematic diagram of the sublattice d/a’ of L is shown in Figure 3.24.

Now L is generated by the generators of L', the four generators of Kn, y; :2=1,...,n
and a. Thus L is finitely generated. Let z/y be a quotient in L. Then (zV d)/(y V d) \ww
oy (5 Ay M) P 2y and (2 A d) V) /(5 A D)V ) N (2 A D) (W Ad) o 2]y
Thus con(z V d,y Vd) V con((z Ad) V', (yAd)Vu)) Veon(zAu',yAu') € con(z,y). We
also have z/((z Ad) Vy) =z/(zA(yVd)) S (zVd)/(yVd), (zAd) vu')/((yAd) V') \
EAd/(@Ad) A Ad) V) = (2 Ad) (@ ne)V yAD) A (2 Ad)VE)/((&Au) V)
and (z Au)/(yAu) 2 (2 Aw)Vy)ly. Thus (z,(zAd)Vy) € con(z VdyyV d) ,
((zAd)Vy, (zAu')Vy) € con((zAd) V!, (yAd)VY')) and ((zAW)Vy,y) € con(zAu/,yAu').
Hence con(z,y) C con(z Vd,y V d) V con((z A d) Vu',(y Ad) Vu')) V con(z A,y A u')
proving con(z,y) = con(z V d,y V d) V con((z A d) V', (y A d)Vu')) V con(z A,y Au).
Now (zVd)/(yVd) € 1/d C 1/a where 1 is the top element of L (and of K7,). Also dfu'is
projective to 1/d and ((zAd)Vu')/((yAd)Vu)' C d/w'. Hence con((zAd) Ve, (yAd) vu')
is determined by its restriction to 1/d. Furthermore (z A u/)/y A ') lies in L and hence
con(z Au',y A u) is determined by its restriction to u'/a’ which is projective to d/a. Now
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Figure 3.24

cong: (di-1,di)la;_;/¢; = Dxy (1 # J) and so every congruence on L' has an extension
to a congruence of L. Moreover every congruence on L, with the exception of con(1,d)
is an extension of a congruence on L'. In particular every congruence of L is a join of
join irreducible congruences. Thus to show Con(L) = D it is sufficient to show that the
partially ordered set of join irreducibles of Con(L) is isomorphic to P. Each q € P\ {p}
is associated with a join irreducible 8 of Con(L’). We associate ¢ with the extension of
0, to L. Note that if 0 is the extension of a join irreducible congruence §' of L' then, by
the construction of L, § Ccon(l,d) in L if and only if ' C con(b},¢}) in Con(L') for all
i =1,...,n. Finally con(1,d) # V&, con(b},c;) since con(1,d) D Vi con(di-1,d:) in K,
This establishes the isomorphism between D and Con(L) and concludes the proof. 0

3.7 Complemented modular lattices

We outline the proof of the following theorem of by E.T. Schmidt. The reader is referred
to [Sch84] for details. '

THEOREM 3.7.1 [Sch8{] For every finite distributive lattice D there exists a comple-
mented modular lattice K such that Con(K) & D and K is a sublattice of the lattice of all
subspaces of a countably infinite dimensional vector space over the two element field.
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An ideal ] of a lattice L is neutral if for all J, K € Z(L):
UANDVIANRVEAD=IVIHAN(IVE)AN(K V).

We call a modular lattice M a locally finite complemented modular lattice if for every finite
subset X of M there exists a finite complemented sublattice M’ such that X C M’.

Let L be a modular lattice with 0. Then elements a;,az,...,a, and cjx : J # k, j,k =
1,...,n of L form a normalized frame of order n if the following hold:

(i) (a; : © = 1,2,...,n) is an independent sequence over 0 (i.e. the sublattice of L
‘generated by ay,as,...,a, is a Boolean algebra with atoms ay,a.,...,an).

(ii) {0, a:,a;5,¢i5,a: V a;} (i # J) is a diamond (i.e forms a sublattice of L isomorphic to
Ms).

B
i

(iii) Cij = Cji and c;j=(c,-chjk)/\(agVaj) for i,j,k:l,...,ni#j.-,ék#i.

We denote this normalized frame by F = (ai, ;). If (a; 14 = 1,2,...) is a denumerably
infinite sequence and ¢; (1 # 7,1,7 = 1,2,...) are elements of K satisfying (ii) in the above
definition, then F = (ai, ;) is a normalized frame of order oo.

For a vector space V we let L(V') denote the lattice of all subspaces of V. Let V denote
the the infinite dimensional vector space over the two element field 2. Then £ = L(V) is
a modular lattice and the finite dimensional subspaces of V form an ideal £/ of £. We let
V, denote the n-dimensional vector space over 2 and £, = L(V,).

Let L be a complemented sublattice of £. Then a prime quotient a/b of L is not necessarily
a prime quotient of £L. Let M be a {0,1}-sublattice of a/b. Then L\ M = {a,b} and
LU M is a relative sublattice of £L. We denote the sublattice of £ generated by LU M by
L{M].

LEMMA 3.7.2 [Her7{] Let F be a normalized frame of order n or co in L. Then the
sublattice (F) generated by F is isomorphic to L, or Lf respectively. The elements of F
are atoms of (F).

LEMMA 3.7.3 Let L be a sublattice of L isomorphic to L or L, and let a/b be a prime
quotient of L. If M is a locally finite complemented modular {0,1}-sublattice of a/b then

a/bN L[M] = M. For every congruence relation § of M there ezists ezactly one congruence
relation 8 of L[M] eztending 8.
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We consider a specific normalized frame in £. In V we choose as a basis:
€11 €12 €13 . '
€21 €22 €23 . .
€31 €32 €33 . . .

with infinitely many rows and columns. Let a; be the subspace of £ spanned by the ith
oW ; a; = |€1, €2,...] . Then {a; :1=1,2,...} is a denumerably infinite independent set.
Let c;; be the subspace [e;1 + €1, €i2 + €52, ...] . Then {0, a;, a;,¢ci;,a:V a;} forms a diamond
and so F = (a, ¢;;) is a normalized frame of order oo in £. Furthermore the prmapa.l ideal
(@] of L is isomorphic to L.

By replacing the lattice operations with their duals in the definitions of independent
sequence and normalized frame we obtain the notion of a dual frame. Let a! be the subspace
of V spanned by {e;x: 7 =1,2,...,k=1,2,...,7 # k}. Then ! is a complement of a; in
L. Let c¢i; = ¢;j V (al A af). Then .7"’ = (al,c};) is a dual frame in £. Let L = (F) (the
sublattice generated by F ) and let M be a locally finite complemented {0, 1}-sublattice of
(a1]. Then every congruence § of M is determined by the kernel I = K(8) (see Theorem
2.6.5), which is a neutral ideal of M. By Lemma 3.7.3 @ has exactly one extension & to
L[M |. Now L[M ] is a relatively complemented lattice and so & is determined by the kernel
T= K@) and TN (a;1) = I. Now (a;] and T are ideals of L[M] with (a,]N T a neutral ideal
of (a)]. Let S be the sublattice of L[M] generated by (a;} and 1. Then it can be shown
that every element s of S has a representation

s:aVz,aSal,zET, aaAs=a

and furthermore Con(S) & Con(M).

Let I' = {z € M : (z,1) € 8}. Then I' is a filter in M. Consider the sublattice L' (of
L ) generated by the dual frame F'. Since a1/0 and 1/a! are transposes, we can assume
that M is a {0, 1}-sublattice of 1/a}. As before we can extend I’ to a filter T of L'[M]. Let
S' be the sublattice generated by [a}) and T'. Then Con(5’) = Con(M). Now SN S’ =@
and X = SU S’ is a locally finite complemented modular lattice. This K is a sublattice of
L*[M] where L* is the sublattice of £ generated by F U F".

Now let D be the finite distributive lattice we wish to represent. Then O(J(D)) = D
(see Lemma 2.6.7). Thus to prove Theorem 3.7.1 it is sufficient to show that for every

finite partially ordered set P, there exists a locally finite complemented modular lattice

Kp such that Con(Kp) & O(P). Proof is by induction on |P|. If |P| = 1 then Kp = 2,
which is a {0, 1}-sublattice of L.
Suppose |P| > 2. Let m be a maximal element of P with co-covers m,,...,my in P. Let

Q = P\ {m}. By induction there is a complemented modular lattice Kq and an isomor-
phism ¢ : O(Q) = Con(Kg) with Kg a {0,1}-sublattice of L. Let (m1,...,mx) denote
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the order ideal of Q generated by my,...,ms. Then @((my,...,mi)) = 6 € Con(Kyg).
Now Kg is complemented and so § is completely determined by K(6) which is an ideal
of Kg. Let I' = {z € Kg : (z,1) € 0} and let M = Kg. We may assume that M is a
{0, 1}-sublattice of (a,] where F = (ai, cjz) is our fixed frame. Let Kp = K be the lattice
constructed previously from FU F', M and I.

K is complemented, hence every principal congruence is of the form con(0,u). If u € S
then con(0,u) is the extension of a congruence of M = Kg. If u € §', then u = a’ A z for
somea’ > a),z € I and @’ = uVd). Sinceu/(uAal) » (uVdl)/a, wehave con(uAd},u) =
con(a},u V a}) = con(af,a’) = con(ay,a). Thus con(u A a’,u) is the extension of a congru-
ence on M. Now con(0,u) = con(0,u A a})V con(u A a},u) implies that con(0,u) is the
join of con(0,u A a}) with a congruence relation which is the extension of a congruence
of M. Moreover con(0,a}) = con(0,a}) for arbitrary u € ', i.e. every join irreducible
congruence relation of Kp is either the extension of a join irreducible congruence of M or
it is con(0,a}). Then con(0,a’) > §, for some § € Con(M) if and only if § < o((m;)).
Consequently J(Con(P)) is isomorphic to P. m]

3.8 Complete congruences of complete lattices

The lattice of complete congruence relations of a complete lattice is a complete lattice. The
converse question as to whether every complete lattice can be represented as the lattice of
complete congruences of a complete lattice was raised by Wille in 1983 ([Wil83]). K.Reuter
and R.Wille provided a partial solution to this problem in [Reu87] where it is shown that
every distributive complete lattice in which every element is a join of join irreducibles
has such a representation and S.-K. Teo solved this problem in the finite case ([Teo90}).
A solution to Wille’s question was first announced by Gratzer in 1988 (see {Gra88]) and
we present the proof by Gratzer and Lakser in [Gra9l]. In [Fre9l] R. Freese, G.Gratzer
and E.T. Schmidt refine the result presented below by showing that the every complete
lattice L can be represented as the lattice of complete congruence relations of a complete
modular lattice K. A further improvement is given in [Gra95] where it is shown that if
n is a regular uncountable cardinal then every n-algebraic lattice can be represented as
the lattice of n-complete congruence relations of an n-complete distributive lattice. In
particular every complete lattice is isomorphic to the lattice of complete congruences of a
complete distributive lattice.

An equivalence relation 6 on a complete lattice L is a complete congruence relation if for
any I (z;,y:) € 6 Vi € I implies (Aier Ti, Aier ys) € 0 and (Vier zi, Vier %i) € 6.

For a quotient p = a/b of a lattice K we will write con(p) for con(a,b) and for 4 €
Con(K) we write p € § to mean (a,b) € §. We let con®(a,b) denote the smallest compact
congruence containing (a,b) and write Com(K) for the lattice of complete congruences of
a complete lattice K. For n € w, n will denote the chain of length n.
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Let L denote the complete lattice we wish to represent. For a lattice K let Ip(K)
denote the set of prime intervals of K. For p; = z1/y1, p2 = Z2/y2 € Ip(K) we consider
four specific elements of K x K:

o(p1,p2) = (¥1,%2), a(p1,p2) = (21,92), b(p1,p2) = (y1,22), 1(p1,p2) = (z1,22). Then
{0,a,b,1} forms a sublattice of L x L isomorphic to 2 X 2.

Let C be a chain. We define a colouring of C to be a map o : Ip(C) — L\ {0}. From
a chain C and colouring « we construct a lattice C(a). This lattice is formed by taking
all py,ps € Ip(C) with a(p1 = a(p;) and augmenting C' x C with new elements m(p1,p2)
in such a way that the elements o(p1, p2), a(p1, p2), b(p1,p2), m(p1, p2), 2(p1, p2) form a sub-
lattice of C(e) isomorphic to M3. We denote this sublattice of C(a) by M;3(py1, p2).

Figure 3.25: Ms(p;,p2)

The congruences of C' x C are of the form 6; x 6 where 6;,6; € Con(C) (see Proposition
1.3.4). Consider 6;,8; €Con(C') with the following property:

If p1,p2 € Ip(C) and a(p1) = o(p2) then p; €01 > pa €62 ... e (1)

and extend 6; x 6, to C(c) as follows: Let p1,p2 € Ip(C) with a(p;) = a(pz). Then if
o(p1,p2), a(p1, p2), b(p1, p2),2(p1,p2) are in the same congruence class modulo 8; x 8, let
m(p1,p2) be in the same congruence class as these elements. Otherwise, let m(p1,p2)/ (61 %
0;) be the singleton {m(p1,p:)}. Denote this extension of §; x 03 by 0; X, 0,. Note that 6,
and 6, collapse exactly the same prime quotients of C. In the special case where 6, = 02 = 6
we denote 0; x4 82 by ().

We then have the following lemma.

LEMMA 3.8.1 The congruences ofC'(a)'a.re ezactly the congruences of the form 0; X0,
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where 8,1, 0, satisfy property () above.

Figure 3.26: C
AN
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¥
Figure 3.27

As an example consider the chain C in Figure 3.26 with colouring o written to the
right of each prime quotient. Let # be the congruence illustrated on C. Then Figure 3.27

depicts the congruence 8(«a) on C{(«).
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Let A be a complete lattice with § € Con(A). Define the prime interior of 0 (pi(9)) by:

pi(8) = V{con®(p) : p € Ip(K) : con(p) C 6}.

A lattice A is strongly atomic if for any w,z € A such that w < z thereis a p € A such
that w < p £ 2. ‘

LEMMA 3.8.2 In a strongly atomic complete lattice A, pi(8) = 8 for any congruence 6
of A.

PROOF. The inclusion pi(d) C 8 follows immediately from the definition. For the reverse
inclusion let z < y with (z,y) € . By completeness of pi(f) there is a maximal z € y/z
such that (z,z) € pi(d). If z = y the we are done. Suppose not. Then, since A is strongly
atomic, thereis a p € A such that z < p'|§ y. But then (z, z) € pi(8) and this contradiction
of the maximmality of z completes the proof. a

Lemmas 3.8.1 and 3.8.2 yield the following result.

LEMMA 3.8.3 Let C be a complete strongly atomic chain. Then the complete congru-
ences of C(c) are congruences of the form C(f) where 8 is a complete congruence of C

satisfying property (1).

We now construct the lattice K which is such that Com(K) is isomorphic to L.

First consider non-empty subsets X C L\ {0}. Write X = {z:v < (x} where 1 < (x <
¢ =1|L\ {0}]. Let {X?®: & < x} denote the family of all such sets; the elements of X?¢ are
well-ordered: X°® = {zf : v < ¢} .

Define a chain X' = 1+ (w x X%) + 1 where for lattices A and B, A+ B is the ordinal
sum of A and B (i.e. we place B on top of A) and for ordinals «, 3 the ordinal product
o X B is the set {(v,d) : ¥ £ @, < B} with the ordering (y1,72) £ (81,02) & 1 < or
('71 = 51 and Y2 _<_ 52) ’ .

The unit and zero of X®' are denoted by 1° and 0° respectively, the other elements by :

3 =(0,28) < (0,28) < -+ < (3,28) < (4,2f) < -+ fori<w.
Now define a colouring of on X?' as follows.

o?([0°,5°]) = v X*
of (i, 28),u]) = z for i <w,y < {5 where
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(iazfﬁl) ify+1<6
G+1,28 ify+1=¢.

We then have the following important observation:

LEMMA 3.8.4 The chain X®' is well-ordered, 1° is a limit of X', In X%, for every
j4 <u< 1% and every y < (s thereisap € Ip([u,1%]) such that o (p) = zt.

We now construct a lattice Mys by first forming the lattice X 5" % 2 and identifying
(z,0) with z. Then X? is a complete sublattice of X*' x 2. We form Mys by adding an
element m? to X' x 2 in such a way that 0° < m® < 15. Then Mys is a complete lattice
and X?' is a complete sublattice of M xs. )

1 ' X,
x /4 (1%,1)

Xt

y (7%, 1)

, (0%,1)

Figure 3.28 Mxs

For each X% : § < x, construct the chain X¢" and form the ordinal sum :

o1+ Doy (X8) +1 if x is limit
T 14 Dae X if x is not limit.

Then C is a well-ordered cha.in with zero and unit denoted by 0° and 1© respectively. Next
we define a colouring « of C: For p € Ip(C):

of(p) if p € Ip(X?) for some § < x
a(p) =41 if p = [09,0°]
1 if p = [1%,0%+!] for some § < .
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1°

J (x°)
jO
00
0€

C .

1
Figure 3.29

!

Finally define the lattice K as C(a) augmented with elements m® : § < x. ie. K =
C(a) U {m?:§ < x} ordered as follows:

z < y retains its meaning in C(a)
mf < z if and only if (1%,0°) < z in C() for § < x
z < mf if and only if z < (0%,0°) in C(a) for 6 < .

Then K is a complete lattice, C(a) is a complete {0,1}-sublattice of K and (0%,0°) <
mé < (1%,0°) in K. Every chain in K is well-ordered and so K is weakly atomic. C is a
complete sublattice of K (if we identify the element (z,0°) with z in K).

It remains to determine the complete congruences of K.
Let z € L. We define a binary relation ®* on C as follows:
for v,w € C,v < w: (v,w) € 8 & a(p) < z for every p € Ip([v,w]).
Then &7 is a complete congruence on C. We have ° = Ag and &' = V. On C(a) define
6 = ®°(a). To extend 6% to K we need only make provision for m® : § < x.
For y,z € {0°,m%,1%} y # z, let (y, z) € 6% if and only if (0%,1%) € 6°.

For w € C(a): w ¢ {0°,m?, 1} let (w, m®) € 6% if and only if (0%,1°) € 6 and (w,1%) € 6°
in C(a). ‘
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LEMMA 3.8.5 Suppose m® < w = {wy,ws) in K and (m®,w) € 6° for some z < 1 and
§€yx. Thenw e C x 0.

PROOF. Suppose w € C' x 0°. Then w > (1%,0°) and thus m?® < (1%,0°) < (1¢,0°) < w.
By definition of 6%, (m®, w) € 6° implies ((1%,0°),w) € 6% (in C(e)). Then ((1%,0°),(1%,0°))
€ 6= which implies &([0°,0°]) < « contradicting o([0°,0°]) = 1. o

LEMMA 3.8.6 For allz € L, 6% is a complete congruence relation on K.

PROOF. 6% is an equivalence relation and by Lemma 3.8.3 6%|¢ (4 is a complete congruence
on C(a). Consider a < bin C(a) with (a,b) € 8% and (m?, w) € 6= for some § € x,m® < w.
By Lemma 3.8.5 w = (w;,0¢) for some w; € C. We first restrict our attention to the case
a,b € C x C. Let a = (aj,as),b = (b;,bs) and consider (a V m%,w V b). There are three
cases: (i) a < m?, (ii) m® < a,(iii) @ and m® are non-comparable.

i
i

In case (i) we have (a V m® ,w V b) = (m? (w; V b1,b;)). Since a < m® we have a3 = 0°
and since (a,b) € 6% we have o(p) < z for all p € Ip([0°,b,]). We must have b, = 0° since
otherwise b, > 0° and ([0, b,]) < z contradicting «([0%,b;]) = 1. Then

(m‘s,w) if b <wy

(avmé,wVb)=(m’,(w Vb,0°)) = { (m?,(61,0°)) if w; < by.

Now (m®,w) € 6° by assumption and (m?,(b;,0°)) € 6 if and only if (0°,1°) € &= and
(1%,b;) € ®=. Since (m® w) € 6° we have (0°,1°) € &= and since a < m® we must have
a = (a;,0°) < (0%,0°) . Thus, since (a,b) € 6% and (a,,0°) < (0%,0°) < (1%,0°) < (b;,0°)
we have ((1¢,0°), (b;,0°)) € 6°. Consequently (m?, (b,,0°)) € 6° completing the proof that
(avmd,wVb)e b=

For case (ii) we have

(a,(wy,b1)) if by < wy

(aVmé wVb) = (a,(w Vb1, b)) = (a,{w; V by, b)) = { (a.b) otherwise.

Now (a,b) € 6* by assumption, and if b; < w; then, since 1° < a; < b, < w; and
(1%, w;) € ®* we must have (a;,w;) € &% and so (a, (wi,b;)) € 6°.

For case (iii) we have (a Vm’,bV w) = (aV 18, w Vb) = ((a; V 1%, a3), (w; V by, b;)). Now
(az,by) € ®° by assumption and so it remains to prove (a; V1%, w;Vb;) € ®*. We must have
1% > a; since a1 > 1% = (a;,a3) > (1%,0°) = a > m?. Thus (a;V1%,w; Vb)) = (1%, w, V).
We have (1¢,w;) € = and (a1,5;) € ®*. Thus, since a; < 1%, we have (1%,b;) € ®*. This
gives (14, w; V b;) € ®,.

Now consider the case a = m(pi1, psz), b = o(p1,p2) for some p1 = z1/y1, p2 = z2/ys € Ip(C)
with a(p;1) = a(p:). Then 6 collapses M3(p1, p2). We have two cases: (i) m® < m(py, p;) =
a and (ii) m® and m(p;,p;) are non-comparable.
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For case (i) 1° < m(p1,p2) < i(p1,p2) = (y1,42) = 1° < y1. Now (aVml,bV w) =
(m(p1,p2), (w1 V 21,22)). If w < z; then this becomes (m(py,p2),1(p1,p2)) € 6°. If z; <
w; then, since 1° < y; < z; < w and (15,w) € ®° we have (y;,w) € ®*. We also
have (z2,y2) € ®° as 6% collapses M3(p1,p2). Thus ((y1,y2), (w1, z2)) € §° which implies
(?(Phpz),(wl,mz)) € 6% and so (m(p1,p2), (w1, 22)) € 6°.

For case (i) m*Vm(py, p2) = 1°Vm(py, p2) = 1°Vi(py, p2) = (1°,09)V (21, 25) = (1°Vzy, 23).
Now (m? vV m(py,ps),wVb) = ((1°V zy,z5), (w V z1,22)) € 6% & (1°Vzy,wV ) € 0% If
1 < z, then ' .

(231,.'1?1) if w; < 23

; _ _
Ve, wVa) = (z1,u Ve) —{ (z1,w1) if 21 < wy.

Now (z;,z1) € ®° and since (la,wl) € &% and 1° < z; < w; we have (z;,w,) € ®°. If
z; < 1° then (1‘5 Vzy,w V)= (la,wl) € ®%. Meets are handled similarly.

Finally to show that 6% is a complete congruence on K it suffices to show that for
(m%,w') € 6% for i € I and m% < w' we have (Vm%,V w'), (Am% ,Aw') € 6. Now
either Vm% = m? for some § = §;,4 € I or Vm% = 1. In the first case (V m%,V w') =
(mé,Vw') € 67 & (1%,0%) € ®° and (1%,V w') € 6°. We have (1%,w') € ®° for all 1 € I,
hence (V 1%,V w') € ®* by completeness of ®. Thus (1%,Vw') € &= and (1%,0°) € &°
follows from the fact that § = &* and (m%,w*) € 6. In the case Y m% = 1 we must have
Vw* =1 and so (V m%,Vw') € §°. Similarly (Am®, Aw') € 6°. a

LEMMA 3.8.7 Let 8 € Con(K ) be such that 8 collapses a quotient of M3(p1,p2) for some
p1 = T1/y1, p2 = z2/y2 € Ip(C) with a(p1) = a(p2). Then 8 collapses p, and p,.

PROOF. We have (a(p1,p2),0(p1,p2)) € 6 = ((z1,v2), (y1,92)) € 8 = ((£1,0°), (1,0°)) €
6 and so § collapses p;. Also (b(py,p2),0(p1,p2)) € 0 = ((y1,22), (y1,¥2)) € 8 = ({z2,22),

(z2,y2)) € 8 = (o(p2,p2), a(p2,p2)) € 0 = (0(p2,p2),b(p2,p2)) € 0 = ((22,22), (y2,72)) €
9 = ((z3,0°), (y2,0°)) € 6 and so 8 collapses p,. _ a

LEMMA 3.8.8 Let § € Con(K) be such that 8 collapses p; € Ip(C) and a(py) = o(p2)
for some py € Ip(C), p1 # p2. Then 8 collapses M3(py,p2).

PROOF. Let p, = z1/y1, p2 = Z2/ys. Then py € 6 = {(21,0°),(y1,0°)) € 6 =
((z1,¥2), (y1,¥2)) € 8 = (a(p1,p2),0(p1,P2)) € § = 6 collapses Mz(py,p2). a

Now define a map ¥ : L +Com(K) by ¥(z) =6* forallze L ....... e (%).

We show that U is the isomorphism between L and the lattice of complete congruences of
the complete lattice K.
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LEMMA 3.8.9 The map U defined in (x) above is one-one and order preserving.

PROOF. Let v,w € L with v < w. Then ¥ < $* and s0 8°|c(a) < 8¥|c(s). Then
8* < ¥ follows from the definition of these congruences extended to K. Thus W is order-
preserving. let v,w € L \ {0} and suppose that §* = “. Then by Lemma 3.8.4 there is a
prime interval p = z/y in C such that a(p) = v. Thus (z,y) € & = ((z,0°), (y,0°)) €
8 = ((z,0°),(y,0%) € 8 = (z,y) € & = v = a(p) < w. Similarly w < v and hence
w = v. We have 8 = Ay and since §° # Ak for all z € L\ {0} it follows that T is

one-to-one, g

In the following lemma for (a,b) € C x C we let (a,b) X z denote ({(a, z), (b,z)) in C* x C2.

LEMMA 3.8.10 Let p be a prime interval of K. Then there exists a prime interval 7 of
C such that conk(p) = conk (D).

PROOF. Let p be a prime interval of K. Then p is in one of the forms (a)-(f) listed below
where q), ¢; are prime intervals of C and z € C. (7 is given on the right hand side):

(a) {o(q1, @2), m(q1, ¢2)] - @ for a(q1) = a(qe)
(b) [m(q1,92),%(q1,G2)] - @ for a(q:) = o(qz)
(c) g1 x {z} - 01

d) {z} x ¢ - 01

(e) [m?,19) - (05,58 foré<x

(f) [Os,m‘s] - [05,3'5] for ¢ < x.

We show that for each interval p on the left hand side of the above list, con%(p) = conk(p)
where P 1s the corresponding interval on the right hand side.

This result holds for the intervals in (a) and (b) by Lemmas 3.8.7 and 3.8.8.

Let ¢» = z;/y1 in (c) and (d). Then (z;,z)/(y1,2) \v (21,0°)/(y1,0°) and so the two
intervals in (c) are thus projective.

Let 8 € Con(K). Then by Lemmas 3.8.7 and 3.8.8, ¢1 € 8 < M3(q1,q) is collapsed by
0 & (ag1,22), i@ @) € 8 & (71,31, (51,5)) € 0 & {2} X g1 € O, proving the result
for the intervals in (d).

For (e) we have 15/mf N\, 7%/0%,

For (f) (0%, m%) € con(0¢,m%) = (0% v (0%,0°), m? v (0%,0°))

€ con(0%, mf) = ({0%,0°), (1%,0%) € con(0?, m?) = ((0%,0°)A5%, (1%,0°)A5%) € con(0%,m®) =
(0%, 7%) € con(0%, m?). Thus cong (0%, 5%) < cong (0%, m®) and hence con% (0%, 5%) < coné (0%, m?).
For the reverse inclusion we have (0%, j%) € con% (0%, %) = (0°vm?, jévm¢) € conf (0%, j%) =
(m?,1%) € con% (0%, j%). Let u € [j%,1°]. Then (mf Aw,1% Au) € conf (0, 5%) = (0%,u) €
con$ (0%, 7%). Thus, by completeness of con$ (0, j%), (0%,1%) € con% (0%, j%) . Consequently
con (0%, m® C con% (0%, 1%) C con$, (0, §%), proving con§ (0%, m®) = cong(0°, 5%). 0
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It follows from Lemma 3.8.10 that in order to investigate the congruences con®(p) of K it
is sufficient to consider prime intervals p of C.

The following lemma is a consequence of Lemmas 3.8.7 and 3.8.8.

LEMMA 3.8.11 Let py,p, be prime intervals of C with o(p1) = (p2). Then conk(p1) =
cors (7). | |

LEMMA 3.8.12 Let X C L — {0}, X # 0. For each z € X U {V X} choose a prime
interval p. of C C K such that a(p;) = z. Then

conse(py x) = V{coni(pz) : « € X}.

PROOF. Let X = X for some é < x. By Lemma 3.8.11 the complete congruences are not
affected by which prime intervals of a given colour we choose. So let py/x = [0%, 5] and

- )
pe = [(0,28),ué] for £ = z? where

b={ Om) fr+1<G
v (l’xo) fy+1=4¢.

Consider the well-ordered chain Q):
ja = (0,.'123) < (O,QIf) <:+< (Z,.’Eg) < (Z’xi) <--< (Z,.’Ei) <

where 1 < w and v < (5.

Then each prime interval of this chain is of colour z for some z € X and so \/{conk(p:) :
z € X} collapses all prime intervals of Q. Now @ U {1°} is a complete sublattice of K and
1% is a limit of Q. Thus \/{con (pz) : € X} = coné (5%, 1%). We have

(5%,1%) € con%(5%,1%) = (5 Am%, 15 Am?) € conk(5%,1%)
= (0°,m%) € cong(5%,1°)
= (00 v (09,0°), mé v (0%,0%) € con%(ja, 1)
= ((0%,0°),(1,0°)) € conf(5°,1°)
= ((0%,0°) v 5%, (1%,0% Vv 5%) € con%(5,1%)
= (0%, 7%) € conk (5°,1%).

Thus con$ (0%, 7%) C con(5¢,1%). We also have

(0%, 7%) € con% (0%, %) = (m?,0%) € cong (0, 5%) (Lemma 3.8.10)
= (0% v m?, 4 v 0%) € con$ (0%, 5%)
= (m’,5°) € cong (0, 5°)
= (mfv 55,5V 5%) € cong (0%, %)
= (1%,5°) € cong (0%, 7).
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Hence con$(1°, %) € con% (0, 5%) and so \/{con%(pz) : z € X} = conk(5%,1%) = con (0¢, 5%) =
conf (py/ x)- d

LEMMA 3.8.13 Suppose a(p1) < a(ps) in K. Then con(p;) <cong(p2).

PROOF. Suppose a(p;) = a, a(p;) = b. Let X = {a, b} in Lemma 3.8.12. Then con% (ps) =
coné(p,)V con(py). Thus by Lemma 3.8.11 con$(pz) = con(p1)V conk(p2). o

LEMMA 3.8.14 Let p be a prime interval in C < K. Then con$(p) = 6%),

PROOF. We have p € §*®) hence con(p) C 6*¢?). For the reverse inclusion let u/v be a
quotient of C with (u,v) € ®*®). Then for all ¢ € Ip([v,u]) we have a(g) < a(p). Hence
by Lemma 3.8.13, ¢ € con%(p). Thus (u,v) € conk(p). So conf(p) defines the relation
9= on C which was used to deﬁnei §>(), The equality follows from this. 0

LEMMA 3.8.15 All complete conéruences # Ak of K are of the form 6% for some z €
L\ {0}.

PROOF. Let ® be a complete congruence of K. Since K is strongly atomic (every chain
in K is well-ordered), we have pi(®) = & (Lemma 3.8.2). Let X = {a(p) : p € Ip(C) :
con(p) < ®}. Then

@ = V{conk(p) : p € Ip(K) : con(p) < &}
= V{con%(p) : p € Ip(C) : con(p) < &} (Lemma 3.8.10)
=V{6*:z € X} (Lemma 3.8.14)
=gV X (Lemmas 3.8.12 and 3.8.14). 0

THEOREM 3.8.16 Themap ¥ : L —Con®(K) defined in (%) is an isomorphism between
the complete lattice L and the lattice of complete congruences of the complete lattice K.

PROOF. By Lemma 3.8.9 ¥ is one-to-one, by Lemma 3.8.12 it preserves joins. By Lemma
3.8.15 and the fact that Ax = 6°, U is surjective. O

3.9 Lattices whose congruence lattices are Boolean
algebras

In this section we present Crawley’s characterization ([Cra60]) of lattices whose congruence
lattices are Boolean algebras. These lattices are characterized in terms of their intrinsic
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structure as opposed to the following two earlier characterizations:

(1) T. Tanaka ([Tan52]) : For a lattice L, Con(L) is a Boolean algebra. if and only if L is
a discrete subdirect product of simple lattices.

(2) G. Gratzer and E.T. Schmidt ([Gra58]) : The congruence lattice of a lattice L is a
Boolean algebra if and only if L has the projectivity property and the congruences of L
are separable (where a congruence 8 of a lattice L is separable if Va,b,€ L,a < b, there is
a sequence a = €y < € < +-+ < e, = b such that for all 0 < ¢ < n either (e,,e,_H) € 6 or
for all proper subquotients u/v of eir1/es, (u,v) € 9).

A proper quotient a/b of a lattice L is said to be minimal if for every proper quotient
c/d of L such that c¢/d =, a/b there is a finite sequence

b=e<e < Le=a
such that e;/e;—) =, c/d foff every i € {1,...,n}.

THEOREM 3.9.1 (Charécterization) [Cra60] Let L be a lattice. Then Con(L) is a

Boolean algebra if and only if for every proper quotient a/b of L there is a finite chain
b=e <e <---<e,=a such that each e;/e;_; (i € {1,...,n}) is minimal.

PROOF. We first show that for any proper quotient a/b of L, a/b is minimal if and only
if con(a,b) is an atom of Con(L). let a/b be a proper quotient of L such that con(a,d)
is an atom of Con(L) and suppose c/d is a proper quotient of L weakly projective into
a/b. Then (c,d) € con(a,b) and so con(c,d) C con(a,b). But, since con(a,b) is an atom,
we must have con(a,b) = con(c,d). Hence by Corollary 2.1.3 there is a finite sequence
b=—¢cy<e <---<e,=asuch that e;_;/e; ~, c/dforalli e {1,...,n}. Thusa/bisa
minimal quotient in L. For the reverse implication suppose that a/b is a minimal quotient
in L and let ¢/d be a proper quotient of L with (c,d) € con(a,b). Then there exists a finite
sequence d = eg < €) < -+ < e, = c such that e;.;/e; =, a/bfor all i € {1,...,n}. Since
a/b is minimal and d/e; ~s, a/b there is a finite sequence a = fo < fi < --- < fr = b such
that fi_1/fi ~ d/e; for all i € {1,...,k}. But then (fi-1, f:) € con(d,e;) € con(c,d) for
all i € {1,...,k}. By transitivity (a,b) € con(c,d) and hence con(a,b) = con(c, d).

Now suppose Con(L) is a Boolean algebra. Then by Lemma 3.1.5 Con(L) is atomistic,
hence every non-zero element of Con(L) is a join of atoms. Let a/b be a proper quotient
of L. Then con(a,b) is a join of atoms con(s;,t;) where s;/t; is a minimal quotient of
L. Thus there is a finite sequence b = ¢y < ¢ < -+- < e, = a such that for each
i € {1,...,n} ei-1/e; =y s;/t; for some minimal quotient s;/t; of L. Thus con(e;-;,e;) <
con(s;,t ) Hence con(e;-1, €;) is an atom of Con(L) (since con(s;,t;) is) and so e;/e;—y is
minimal.

For the converse let a/b be a proper quotient of L. Then there is a finite sequence b = ¢¢ <
er <+ £ e, = ain L such that each e;/e;_; is a minimal quotient. Then con(e;, e;—;)
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is an atom of Con(L) for every ¢ € {1,...n}. We have con(a,b) = Vi, con(e;,e;—1) and
since every member of Con(L) is a join of principal congruences, every element of Con(L)
is a join of atoms. Hence by Lemma 2.2.5 Con(L) is a Boolean algebra. I=!

3.10 Lattices whose congruence lattices are Stone
lattices

In [Jan68] M.F. Janowitz proved that the congruence lattice of a complete relatively com-
plemented lattice is a Stone lattice and posed the problem of characterizing those lattice L
for which Con(L) is a Stone lattice. Such a characterization, presented in Theorem 3.10.5
below was provided by Igbalunnisa in [Iqb71}.

We begin by defining a Stone lattice and proving some prehmmamy results concerning
pseudo-complements.

Let L be a lattice with a least element 0. Let ¢ € L. Then a* € L is the pseudo-complement
of a in L if the following conditions hold:

(a) aNa*=0

(b)aAz=0= X <g*forallz € L.

A lattice L is pseudo-complemented if every element has a pseudo-complement in L.

A pseudo-complemented bounded distributive lattice is a Stone lattice if for all a € L,a*V
a™ =0.

An element a of a bounded lattice is simple if @ has a pseudo-complement a¢* in L and

aVa*=1.

LEMMA 3.10.1 Every complete infinitely join-distributive lattice is a pseudo-complemented
distributive lattice.

PROOF. Let L be a complete infinitely join-distributive lattice with @ € L. Define a* =
V{z:z € L,aAz=0}. Thenana*=V{aAz:z € L,aAz =0} =V0=0. Suppose
a Az = 0. Then, by definition, z < a* and so a* is the pseudo-complement of a. a

COROLLARY 3.10.2 Every distributive algebraic lattice is pseudo-complemenfed, and
hence for any lattice L, Con(L) is pseudo-complemented.

PROOF. Follows immediately from Lemma 2.6.6 and Lemma 3.10.1. O

We say that a quotient ¢/d of a lattice is a translate of a quotient a/b if ¢/d =, a/b.
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LEMMA 3.10.3 [Iqbb'b'] Let 8 be a congruence on a lattice L. Then the pseudo-complement
of 8. in Con(L) is the congruence ¥ defined by : (a,b) € ¥ & no non-trivial translate of
(aVb)/(aAb) is collapsed by 6.

PROOQF. We first show that U is a congruence relation by showing that it satisfies the
Gréatzer-Schmidt Criteria of Lemma 2.1.1.

(i) Let @ € L and suppose ¢/d /' afa. Then we have ¢ < a and cAa = d. Hence c = d.
Similarly ¢/d \w a/a implies ¢ = d. Thus ¢/d =~ a/a = ¢ = d and so (a,a) € T.

(ii) For a,b € L, (a,b) € ¥ & (aVb,a A b) € ¥ follows directly from the definition of ¥,
(iii) Suppose a < b < cin L and (a,b), (b,¢c) € V. If (p,q) € 6 and p/q =, c/a, then (p,q) €
con(a,c) = con(a,b)V con(b,c). By Theorem 2.1.2 there is a finite sequence g = ey < e; <
.-+ < e, = psuch that foreach i € {1,...,n} eithere;_;/e; &, b/a or e;_,/e; =, c/b. Since .
(p,q) € 6 we have (e;—1,¢;) € §forall i € {1,...,n}, hence e; = ¢;_; forall : € {1,...,n}.
Thus p = ¢ and (a,c) € 4. - ,

(iv) Suppose @ < bin L and (a,b) € ¥,c € L. Then (bV ¢)/(aV ¢) \vw b/a. Hence if
c/d =y, (bVe)/(aVc) then ¢/d =, b/a. Thus (aVe,bVc) € V. Similarly (aAc,bAc) € .
It follows from (i)-(iv) that ¥ is a congruence relation on L.

Suppose (a,b) € 6N T. Then (aVb,aAb) € 6 and (aV b)/(a Ab) =y (aVb)/(aAb).
Thus a = b-and § N ¥ = A. Suppose § N & = A for some & € Con(L). Let (a,b) € & and
suppose ¢/d is a quotient in L with (¢,d) € 6 and ¢/d ~,, (aVb)/(a Ab). Then by Theorem
2.1.2 (¢,d) € ©. Thus (¢,d) € 2 N6 and so ¢ = d. Consequently (a,b) € ¥ and so & C 7.
Hence V¥ is the pseudo-complement of 8 in L. a

LEMMA 3.10.4 [Igh66] A congruence on a lattice L is simple if and only if for any
quotient a/b of L there is a finite sequence

b=e<e<--<e=a

such that for each 1 € {1,...,n} either (ei-1,€;) € 8 or no non-trivial translate of e;—1/e;
is collapsed by 6.

PROOF. For the forward implication let 8 be a simple congruence on L. Then §V §* = V.
Let a/b be a quotient of L. Then there is a finite sequence b = ey < e; < -+ < e, = a such
that for each ¢ € {1,...,n} either (e;-1,€;) € 0 or (ei—1,€;) € 6*. The result now follows
from Lemma 3.10.3.

For the converse let a,b € L. Then by assumption there is a finite sequence a A b = ¢y <
e1 < --- < en =aVbsuch that for each i € {1,...,n} either (e;i_1,€;) € 6 or (-1, €;) € 6*.
(Lemma 3.10.3). Thus (a,b) €  V 6* and hence vV §* = V. ]

We are now ready to prove Igbalunnisa’a characterization:
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THEOREM 3.10.5 [Igb71] Let L be a complete lattice. Then Con(L) is a Stone lattice
if and only if for any 6 € Con(L), there ezists a finite sequence

O=e<e<-<en=1

such that for each i € {1,...,n} either no non-trivial translate of e;/e;_, is collapsed by 6
or every translate of e;/e;_1 has a non-trivial translate collapsed by §.

PROOF. To prove the forward implication let § € Con(L). Then 6* is simple. By Lemma

3.10.4 there is a finite sequence 0 = ey < e; < -+ < e, = 1 such that foreach i € {1,...,n}

either (e;—1,e) € 6* or no non-trivial translate of e;_;/e; is collapsed by 8*. The result
then follows from Lemma 3.10.3.

. For the converselet @ < bin L and suppose § € Con(L). We will show that (a,b) € §* v§**.

1 By assumption and Lemma 3.10.3 there exists a finite sequence 0 = ¢y < ¢; < --+ <

" e, = 1 such that for each i € {1,...,n} either (e;_1,€1) € 6* or no non-trivial translate

of e;/e;_; is collapsed by 6*. For each i € {0,...,n} let ¢; = (e; Ab) V a. Then for

t€{L,...,n} (ei-1,€) € 8" = (ci—1,¢i) € 6* and ¢/ cim1 \yw (6 AD)/(€im1 AB) My €if €1

Thus c¢;/ci—1 is a translate of e;/e;_;. So we have a sequence a = ¢y < ¢; <--- < ¢, =b

such that for each i € {1,...,n} either (c;_1,¢;) € 8% or no non-trivial translate of ¢;/c;i_1

is collapsed by 6*. By Lemma 3.10.4 6* is simple and hence Con(L) is a Stone lattice. O
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Chapter 4

2-congruence extendibility

This chapter is motivated by Chapter 6 and lays much of the groundwork for results of |
that chapter where the amalgamation class of a B-lattice variety is characterized using
2-congruence extendibility. In Section 4.1 we present a characterization of 2-congruenc
extendible distributive lattices in terms of smallest distributive congruences. Section 4.2
considers 2-congruence extendibility in S-varieties in preparation for Chapter 6 (B-lattices
are S-lattices). Amongst the results of this section we show that in a S-variety V, Amal(V)
is contained in the class of 2-congruence extendible members of V (see Proposition 4.2.4 for
a stronger version of this result), exemplifying the strong relationship between amalgama-
tion and congruences. An interesting problem (not explored here) would be to investigate
whether the class of 2-congruence extendible members of various lattice varieties are ele-
mentary. Most of the results of this chapter appear in [Lai96].

Recall that for a positive integer n, we denote the chain with n elements by n. Let X
be a sublattice of a lattice L. We say X is an n-sublattice of L if X = n and there is a
retraction of L onto X. For example in the pentagon in Figure 2.4, Page 33 {e, f} is a
2-sublattice but {a,c} is not.

4.1 Distributive congruences and characterization of
- 2-congruence extendibility

Recall that a congruence ¥ on a lattice L is a distributive congruence if L /¥ is a distributive
lattice and that an algebra A in a variety V is 2-congruence extendible in V if whenever
C € V and A < C then every 2-congruence on A can be extended to a 2-congruence on C.

LEMMA 4.1.1 Let L be an arbitrary lattice. Then U € Con(L) is the smallest dis-
tributive congruence on L if and only if ¥ = N, 6; where {8; : ¢ € I} is the set of all
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2-congruences on L.

PROOF. Since ¥ C §; V¢ € I we have ¥ C ();6;. For the reverse inclusion let a,b € L be
such that (a,b) € U. Let ® = 0/44/9). Then @ is a subdirectly irreducible, distributive
congruence on L/ and hence is a 2-congruence. Let 8 be the 2-congruence on L such
that ¥ C @ and ® = 8/T. Then (a,b) & 6 and hence (a,b) & N;0;. Thus N;0; C V¥ proving
¥ = nI 0,‘. a

For the next lemma recall that a quotient a/c of a lattice L is-an N-quotient of L if, for
some b € L, the set {a,c,b} generates a sublattice of L isomorphic to the pentagon N in
which a/c is a critical quotient.

LEMMA 4.1.2 Let L be a lattice which does not have the diamond (M3) as a sub-
lattice. Then ¥ € Con(L) is the smallest distributive congruence on L if and only if
U = Ygcon(us,vs) where {us/vs : s € S} is the set of all N-quotients of L. ‘

PROOF. Since ¥ is distributive it collapses all N-quotients in L. Thus con(u,,vs) C
U Vs € S and so ¥g con(us,v,) C V. Furthermore, since L does not contain the diamond
Ygcon(us,v,) is a distributive congruence and therefore ¥ C Ygcon(u,,v,) proving the
equality. a

v

THEOREM 4.1.3 (Characterization of 2-congruence extendibility for arbitrary
lattices) Let A,C be arbitrary lattices with A < C. Let ¥4 and V¢ be the smallest
distributive congruences on A and C respectively. Then every 2-congruence on A can be
eztended to a 2-congruence on C if and only if U4 = Ucla.

PROOF. Let X¢ be the set of all 2-congruences on C and let X4 = {® € X¢ : @4 is
a 2-congruence on A}. Assume that every 2-congruence on A can be extended to a 2-
congruence on C. Let § = (1 X4. Then by Lemma 4.1.1 ¥¢ C 8 and so § is a distributive
congruence on A. We also have 0|4 = U,. Thus Ug|s C 0|4 = Uyu. Now Ugls is a
distributive congruence on A (since A/¥c¢|4 embeds in C/¥¢) and so ¥4 C Yc|s whence
U, = Uc|a. For the converse, assume that ¥4 = U¢g|4. Then the map f: A/U 4 = C/T¢
given by f(a/¥4) = a/¥¢ is a well-defined embedding. Let 8 be a 2-congruence on A.
Then ¥|4 C 6 and so by the second isomorphism theorem /¥ 4 is a 2-congruence on A/ 4.
Let Q be the congruence on f[A/VU,] corresponding to 6. i.e. the congruence generated
by {(a/¥¢c,b/TVc) : (a,b) € 6}. Now f[A/V,] and C/¥¢ are distributive lattices with
flA/¥ 4] < C/¥c and Q is a 2-congruence on f[A/¥4]. Thus by Corollary 1.4.12 there is
a 2-congruence ® on C with ¥¢ C @ such that ¢ /¥¢ is a 2-congruence on C/¥¢ extending
). But then @ is a 2-congruence on C extending 6, since -
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(a,b) € ®l4 & (a,b) € D and (a,b) € A
© (a/¥c,b/Vg) € /U and (g,b) € A
& (a/U4,b/T4) € 0
& (a,b) € 4. '

COROLLARY 4.1.4 LetV be a variety which does not contain the diamond. Let C € V
and A < C. Suppose that every 2-congruence on A can be eztended to a 2-congruence on
C. Then for any distributive congruence 6 on A and any N-quotient u/v of C, we have
con(u,v)|4 C 4. ‘

PROOF. Let U 4, U be the smallest distributive congruences on A and C respectively and
let {uy/v, : s €5} be the set of all N-quotients in C. By Theorem 4.1.3 Ux|4 = ¥4 and
by Lemma 4.1.2 ¥ = Zgcon(u,,v,). Hence ¥y = (Tgcon(u,,vs))|a = Tscon(us,v,)|a
and the result follows from this equality. o

LEMMA 4.1.5 Let A and C be arbitrary lattices and let f : A — C be an embedding.
Suppose that every 2-congruence on f[A] can be eztended to a 2-congruence on C. Let
g: A= X be a surjective homomorphism with X a finite Boolean lattice. Then there is a
surjective homomorphism h : C — X with ho f = g.

PROOF. We have X = 2" for some n € w. Foreach: € {1,...,n} let m : X — 2 be
the ith projection and let 6; = ker(w; o g). Then §; is a 2-congruence on A. Let f(6;)
denote the congruence on C corresponding to 6; under f. Then by assumption f(§;) can
be extended to a 2-congruence §; on C. Let h; : C — 2 be the canonical surjection with
ker(h;) = 8;. Then h;o f = m0g. Defineh : C = 2™ = X by h(c); = hi(c) for all
c € C,i € {l,...,n}. Let £ € 2" Then there is an a € A such that g(a) = z and
h(f(a)): = hi(f(a)) = m(g(a)) = zi, where z; is the ith co-ordinate of z. Thus h(a) = z
proving that A is surjective and h o f = g follows from h; 0 f = m; 0 g. a

\

4.2 2-congruence extendibility in S-varieties

We now direct our study of 2-congruence extendibility specifically to S-varieties. Most
of the results of this section have their application in Chapter 6 in showing that for a
variety B generated by a B-lattice B, Amal(8) is 2 Horn class. The result is based on the
characterization of Amal(B) as the intersection of the 2-corigruence extendible members of
B, the 2-chain limited members of B and subdirect powers of B. Recall that a subdirectly
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irreducible lattice L is an S-lattice if L is a finite non-modular, semidistributive, lattice
such that none of the lattices L;; or L;, are embeddable into L; and that a S-variety is
a finitely generated semidistributive variety V such that all non-modular members of Vg,
are S-lattices.

LEMMA 4.2.1 Let L be a S-lattice and let ® be the smallest distributive congruence on
L. Then (a,1) € & for every a # 1 and (5,0) € ® for every b # 0.

PROOF. By Lemma 4.1.2 ® = Y scon(us,vs) where {u,/v, : s € S} is the set of all N-
quotients of L. Thus, if (a,1) € ® then by Theorem 2.1.2 there is a sequence a = ey <
e; < +++ < e, = 1 such that for each 2 € {1,...n }, e;/e;—; is weakly projective into some
N-quotient of L. But then by Lemma 2.5.1 e;/e;_; is an N-quotient for each ¢ € {1,...n}.
In particular 1/e,—; is an N-quotient, and this contradiction completes the proof that

(a,1) € ®. The second half of the lemma is proved similaj.rly. o

i

COROLLARY 4.2.2 Let V be an S-variety. Then every non-trivial member of V has

2-congruences.

PROOF. Let L < T]L; be a subdirect representation in V. Then L; is an S-lattice or is
isomorphic to 2. Thus every member of V has 2 or an S-lattice as an image. By Lemma
4.2.1, the smallest distributive congruence on an S-lattice K does not collapse the top and
bottom of K. The statement of the corollary now follows from this. a

Recall that for a lattice L, N(a/c,b) in L means that {a,c,b} generates a sublattice of L
isomorphic to the pentagon N with critical quotient a/c.

THEOREM 4.2.3 Let V be an S-variety. Then every 24congruence eztendible member
of V is a subdirect product of S-lattices in'V (i.e. of non-modular subdirectly irreducibles

inV).

PROOF. Let A € V be 2-congruence ex'tendible with A < T]; L; a subdirect representation.
Let J = {i € I : L; = 2} and suppose that J # 0 and j € J. Then ker(r;) is a 2-congruence
on A. Let L be an arbitrary S-lattice in V with critical quotient a/c. Let B = [; B; where

[ L iel\J
B“‘{L ieJ.

Consider the embedding f : [T; L; < B given by:

2 i€ I\NJ
f(.’l’:)i= a iGJ)mizl
¢ 1€ J, z;=0.
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Let 8 € Con(B) be a 2-congruence extending ker(r;) and let u = (w)ies,v = (vi)ier, 2z =
(2:)ier where u;/v; is the (unique) critical quotient of B; and N(u;/v;,z. We then have
N(u/v,2) in B. Now (u,v) ¢ 6 implies that N(u/v,2) cannot be collapsed by 8, contra-
dicting the fact that 6 is a 2-congruence. And (u,v) € 0 contradicts 8|4 =ker(r;). This
completes our proof. ‘ a

The following three results apply to S-varieties by Corollary 4.2.2.

PROPOSITION 4.2.4 Let V be a residually small variety of lattices in which some
member of Var has a 2-congruence. Then all members of Amal(V) are 2-congruence
extendible.

PROOF. Follows immediately from Proposition 1.4.7. | a

PROPOSITION 4.2.5 Let V be a residually small variety of lattices in which some
member of Var has a 2-congruence. Let C € V and suppose that for every 2-congruence
on C there ezists an A € Amal(V) and an embedding f : A — C such that the restriction
814) is a 2-congruence on A. Then C is 2-congruence extendible in ).

PROOQF. Suppose C < D € V and let § be a 2-congruence on C. Let A € Amal(V) with
f+ A= C an embedding such that |4 is a 2-congruence on A. By Proposition 1.4.7
there is a 2-congruence ¥ on D such that W|;4 = 0|4 . Then ¥|c = 0 proving that C
is 2-congruence extendible in V. o

-

THEOREM 4.2.6 Let V be a residually small variety of lattices in which every non-
trivial member of Amal(V) has 2-congruences. Then direct products of members of Amal(V)
are 2-congruence eztendible in V.

PROOF. Let C = [1; A; where A; € Amal(V) for all : € I. Let  be a 2-congruence on
C. Then there are u,v € C with u > v such that C/8 = {u/0,v/8}. Let ¥ be a Jénsson
congruence on C such that ¥ C 6 and let D be the corresponding ultrafilter over I. Setting
X ={i€l:u;>v}, wehave X € D. For each i € I let 2, € A; be fixed. There are two
possible cases:

(i) There is a j € I such that {5} € D.

(ii) For all j € I,{j} ¢ D.. :

For case (i) define an embedding f : A; < A as follows. For all z € A;:

)z oa=3
f(z)‘—{z,- ie I\ {5} | |
Then f(u;)/¥ = »/¥ and f(v;)/¥ = v/¥. Hence (f(u;),f(v;)) & 6 agd Olsia; is

2-congruence on A;.
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For case (ii) we have X \ {j} € D for all j € I. Since we are assuming that C has at least
one 2-congruence, (namely 8), there is a j € I such that A; is non-trivial. By assumption
there is a surjective homomorphism g : A; — 2. We define an embedding f : A; — C as
follows. For all z € A;:

z 1=
f(z)i = u; 1€ X\ {j}and g(z) =1
‘ vi 1€ X\{j}andg(z)=0
z L€ I\{X\{j}}.

Since g is a surjection there are z,y € A; such that g(z) = 1 and g(y) = 0. Then
f(z)/¥ = u/¥ and f(y)/¥ =v/¥. Thus (f(z), f(y)) € 0 and so 8|4, is a 2-congruence
on A;. It now follows from Proposition 4.2.5 that C' is 2-congruence extendible in V. D

PROBLEM 4.2.7 Can the above result be generalized to n-congruences? i

For a variety V let Py.(V) denote the class of direct products of finitely many members
of V.

Recall that an embedding f : A — C = []; C; is regular if for any distinct :,j € I we have
ker(m;)|s1a) # ker(m;)|s14) where 7; is the canonical projection of C onto C;.

LEMMA 4.2.8 Let V be a lattice variety with A; € V for all 1 € I. Suppose A <[[; A
is a subdirect representation where [[; A; € Ppn(V). . If every 2-congruence on A can
be extended to a 2-congruence on B where B € P n(V) and B is any regular subdirect
representation of A, then every 2-congruence on A can be eztended to a 2-congruence on

I, A

PROOQF. The subdirect representation A < []; A; can be restricted to a regular subdirect
representation A < []; A; for some J C I. For each i € I let e; be an arbitrary element of
A;. Define an embedding A : [[y A; — [I; Ai as follows: For all a € A let h(a); = a; for
i€ Jand h(a); = ¢; for i € [\ J. Let 6 be a 2-congruence on A. Then by assumption 8
can be extended to a 2-congruence §; on []; A;. By Proposition 1.3.4 8; = [];68; where
8; € Con(A;) for all j € J. Let h(fs) denote the congruence on A[[]; A;] corresponding to
8; under A. Define a congruence ®; = [[; ®; on [I; A; by &; = §; for i € J and §; = V4
for i€ I'\ J. Then Qrlngr, a0 = h(6;) and ®; is a 2-congruence on [[; A; extending 6. D

THEOREM 4.2.9 Let V be an S-variety with {T1,...T,} the set of S-lattices of Vsi.
Let B € V be an image of A where A is 2-congruence eztendible in V. Letr: B - T =
Th x v x TIn be a regular subdirect representation. Then every 2- -congruence on B can
be extended to a 2-congruence on T'.
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PROOF. Let Q be a congruence on A such that A/ = B. Let {¢p;; : i; € W;} be
the set of all Tj-congruences on A for j € {1,...,n}. Since the subdirect representation
r: A/QQ = T is regular, we may assume that for each j € {1,...,n}, I; € W, and
wi; = ker(m; orok) Vi; € I; where k : A > A/Q is the canonical quotient map and
m; Tj‘r"' — Tj is the i;th projection. Let § = T)"* x .- x TWn, I = Ui I, W =Uj, W,
Since r : A/Q = T is a subdirect representation N;c;(ker(mior)) = Ay/q le. Nigrpi = Q.
For each j € {1,...,n}, let 2; € T; be fixed. Let »: T — S be the embedding defined as

follows: Forallz e T '
h(z)i; = { Ty ;€1

zi y;EeEW \ 1.
Let D = h(T) and C'=hor(A/Q). Then C < D £ S. For 6 € Con(A) with Q < 4, let
d denote the congruence on C corresponding to the congruence §/Q on A/Q under ko r.
For a € A let @ denote h o r(a/f).
We will show that for every 6 € [A, 2] in Con(A) such that 8/ is a 2-congruence on A/Q,
8 can be extended to a 2-congruence on D. This then proves the statement of the theorem.

For each i; € I let p;; : A — T; be the surjective homomorphism given by p;;(a) = r(a/Q),;.
Then for all i; € I, ¢;; = ker(p;;). Fori; € W\ Ilet p;; : A = T; be any surjective
homomorphism with ¢;; = ker(p;;). Define p: A — S as follows: for a € A : p(a)
pi;(a) Vi; € W. Then p is an embedding since:

vy

p(a)i; = p(b)i; Vi; € W
= (a,0) €pi;, Vi;eW
=> a = b, since A is a subdirect product of T/s (by Theorem 4.2.3).

For every congruence i on A let p(y) denote the congruence on p[A] corresponding to ¥
under p. Now for each i € I,p(¢;) € Con(p[A]) can be extended to a congruence ¢} €
Con(S), namely ¢! = ker(m;). Each ¢! is induced by a principal ultrafilter F; (= [{i}))
over W. Put Q' = ;¢ ¢} Then p(Q) = Q' 4. Let F = N;c; Fi. Then F is z filter over
W which induces Q.

By Lemma 1.1.3 there is a Jénsson congruence ¥ € Con(S) such that ' C ¥ and ¥|,4 C
p(8). Let D be the corresponding Jénsson ultrafilter over W. Then F € D and since
I € F, we have I € D. Since f is a 2-congruence on C , § is a 2-congruence on A. So
there are u,v € A with u > v such that A/ = {u/0,v/0}. Then C/8 = {w/8,%/0}. Since
A is 2-congruence extendible in V there is a 2-congruence T on S such that ['|,j4 = p(8).
Let ¥ € Con(S) be a Jénsson congruence such that ¥ C T. Then X|,qa C T|,qap S p(9)
and so ¥ = V.

We have S/T' = (p(u)/T, p(v)/T") and since ¥ C I" we have (p(u), p(v)) € ¥. Now, for all
acA{ieW:plai=aw}2{iel:pla)i=a}={i€l:r(a/R);=(hor(a/Q))}=1
(by definition of k). Thus since I € D we have p(a)/¥ = @/¥ and hence p(a)/T = a/T.
Consequently p(u)/T' = ©/T, p(v)/T = o/ and T|p is a 2-congruence on D. Also [|p
extends § since (@,b) € § & (a,b) € 8 & (p(a),p(b)) € T|,14 © (a,b) € T. )
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COROLLARY 4.2.10 Let B,r and T be as in Theorem 4.2.9. If r . B - T is any
subdirect representation (not necessarzly regula,r) then every 2-congruence on B can be
eztended to a 2-congruence onT.

PI}OOF. Follows from Lemma 4.2.8 and Theorem 4.2.9. a

As a digression from this section of preliminaries to Chapter 6 we conclude with an in-
teresting consequence of 2-congruence extendibility in A, the variety generated by the
pentagon.

PROPOSITION 4.2.11 Let A € N. If A is 2-congruence extendible in N then A is
congruence eztensile in N,

PROOF. Suppose A < []; S; where S; € Nsr (= {N,2}) Vi € I. Let 8 be a subdirectly
irreducible congruence on A. If § is a 2-congruence then # can be extended to a 2-
congruence on []; S; by 2-congruence extendibility of A. Suppose that A/§ = N. Let U be
a Jénsson congruence on [[; S; such that ¥|4 C 6. Now ([1;S:)/¥ = N or ([1; S:)/¥ = 2.
Since A/0 = N and A/6 — A/V¥|4 — ([1;S:)/¥ we must have (T[;S;)/¥ = N. Also
(A/Y|4)/(0/9|4) = AJ0 = N = A/T|4. Thus VU is a subdirectly irreducible congruence
on []; S; extending # and the result follows from Proposition 1.4.10. o

Note that the converse of Proposition 4.2.11 is false since 2 is congruence extensile in A
but it is not 2-congruence extendible in V.
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Chapter 5
2 and 3-chain limited lattices

We will call a lattice n-chain limited if it does not have (n+1)-congruences. For e}é!a.mple

the lattices L§ (Figure 5.1) and their duals are 2-chain limited, L% (Figure 5.2) and their
duals are 3-chain limited and L} (Figure 5.2) and their duals L, are (n + 3)-chain limited.

For certain lattice varieties V, Amal(}) is a subclass of the n-chain limited members of
V. For example in Chapter 6 we show that for any variety B generated by a B-lattice, B
Amal(B) is the intersection of subdirect powers of B, 2-chain limited members of B and
2-congruence extendible members of B. This generalizes the result from [Bru92] that in
N, the variety generated by the pentagon, Amal(N) is the intersection of 2-chain limited
members of M and 2-congruence extendible members of V.

Lg:LG

Figure 5.1
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Figure 5.2.
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5.1 S-varieties with 2-chain limited members of the
"~ amalgamation class |

We begin with some results concerning S-varieties in which every maximal irreducible is
2-chain limited. Examples of such varieties include the varieties generated by L n € w
(see Figure 5.1) and B-lattice varieties (see Chapter 6). We show that for such S-varieties,
V, the amalgamation class of V is contained in the class of 2-chain limited members of V.
Furthermore we prove that with further restrictions on V products of members of Amal(V)
are also 2-chain limited (Theorem 5.1.5). Both these results are applied in Chapter 6 to
B-lattices; Theorem 5.1.5 being used directly in the proof that the amalgamation class of
a B-lattice variety is elementary. The results of this section appear in [Lai96].

LEMMA 5.1.1 Let V be a S-variety. Let A < C with A € Amal(V) and C € V. Let
M € Vyr with critical quotient afc and let g+ A - M be a homomorphism such that
g[A] is a distributive sublattice of M containing {a,c}. Suppose thath : C — M is a
homomorphism with hl4 = g. Then h[C] C (c] U [a) and so h[C] is an ordinal sum of two
distributive lattices.

PROOF. Since A € Amal(V) every 2-congruence on A can be extended to a 2-congruence
on C (by Proposition 4.2.4). Thus by Lemma 4.1.2 and Theorem 4.1.3 con(u,v)|4 C ker(g)
for every N-quotient u/v of C. But then con(u,v) C ker(h) and so h[C] is a distributive
sublattice of M. By results from [Ros84] (see Chapter 2 Section 2.5) we must then have
R[C] C (c] U [a) (since {a,c} C A[C] and if b € A[C] for some b which is non-comparable
with a or ¢ then N(a/c,b) C h[C] contradicting distributivity of A[C]). a

PROPOSITION 5.1.2 Let V be a S-variety in which every member of Vasr is 2-chain
limited. Then every member of Amal(V) is 2-chain limited.

PROOF. Let A € Amal(V) and suppose that A has a 3-congruence. There is an embedding
fiA—= 8= 5'111 x +++ x S where {S1,...8.} C Varr.” Choose Sy € {Si,...5,} and
let a/c be the critical quotient of Sk. Then there is a homomorphism g : A — Si with
g[A] & 3 and {a,c} C g[A]. By Theorem 1.4.5 there is a homomorphism 4 : § — S such
that ho f = g. Since 3 is distributive it follows from Lemma 5.1.1 that A[S] C (c]U [a) i.e

h[C] is an ordinal sum of distributive lattices. By Theorem 1.3.6 A[S] C PH({S1,...5.}).

But since it is directly indecomposable h[S] must be a homomorphic image of S; for some
L€ {1,...,n}. Then since g[A] C h[S], 3 is an image of A[S] contradicting the assumption
that every member of Vs is 2-chain limited, and completing the proof. a

LEMMA 5.1.3 Let V be a S-variety such that every member of Var is 2-chain limited.
Let C € V with 84, 8; two distinct 2-congruences on C. Put ® = §oN0; and let p,q,7,s € C
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be such that C/6y = {p/6o,q/b0} and C/8, = {r/6,s/6,}. Let A € Amal(V) and let
fo, fr i A = C be two embeddings such that {p,q} C folA] and {r,s} C fi[A]. Then & is
not a 3-congruence on C.

PROOF. Let (D, go,9:1) be an amalgam of the diagram (A, fo,C, f1,C) in V. Let h =
goo fo = g1 0 fi. By Proposition 4.2.4 there are 2-congruences 8o and 6; on D such
gla,t @h[A]_and t_‘)_II;,[AJ_correspond under go and ¢ respectively to b0l so4) and 1f,14). Let
® = 6o N 06;. Then @ is a 3-congruence on D and P|u4 corresponds under h to a 3-
congruence on A. This contradiction of Proposition 5.1.2 completes the proof. a

PROPOSITION 5.1.4 Let V be a S-variety in which every member of Varr is 2-chain
limited. Let C € V and assume that for any two distinct 2-congruences 8y and 6, on
C and some p,q,r,s € C with C/8y = {p/80,q/60} and C/6, = {r/01,s/6,} there is an
A € Amal(V) and there are embeddings fo,fi : A < C such that {p,q} C fo[A] and
{r,s} C fi[A]. Then C ‘is 2-chain limited.

PROOF. Suppose ® is a 3-congruence on C. Then (by the. correspondence theorem)
& = 6yN G, where by, 6, are two distinct 2-congruences on C. It follows from the hypothesis
of this proposition and Lemma 5.1.3 that & cannot be a 3-congruence on C and this
contradiction completes the proof. a

THEOREM 5.1.5 Let V be an S-variety in which every member of Amal(V) is a subdi-
rect product of members of Varr. Assume too that every member of Vasr is 2-chain limited
and has at least two distinct 2-congruences. Let C = []; A; where A; € Amal(V) for all
t € [.Then C is 2-chain limited.

PROOF. Without loss of generality we may assume that each A; is non-trivial. We use
Proposition 5.1.4. Suppose 6 and 8, are two distinct 2-congruences on A. We will show
that there is a j € I and embeddings fo, f1 : A; = C such that for some p, ¢,r, s € C with
C/bo = {p/60,9/60} and C/6, = {r/61,5/6:} we have {p,q} C fo[A;] and {r,s} C fi[A;].
Let v > v,w > z € C be such that C/6y = {u/bo,v/60} and C/6; = {w/6,,z/6:}.
Let ¥g and U, be Jonsson congruences on C with Uy C 6y and ¥; C 8,. Let Dy and
D, be the corresponding Jdénsson ultrafilters over I. Put § = {¢t € I : u; > v;} and
R={i€l:w; >z} Then S€ Dyand R€ D). Forall i € I let a; € A; be fixed. There
are three possible cases:

(i) There is a j € I such that {j} € Do N D;.

(ii) For all j € I, {j} € Do and {;j} € D;.

(iii) There is a j € I such that {j} € Dy, but {7} & D, or vice-versa.

In case (i) define the embedding fo : A; = C as follows. For all z € A;

= 1=7
fo(z)'"{ae i eI\ {5}
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Let fi = fo. Then (fo(u;),u), (fo(v;),v), (fo(w;),w), (fo(z;),z) € BaNb;. Let p = fo(u;) =
fi(ug), @ = fo(vj) = fi(v;), 7 = fo(w;) = fi(w;), s = fo(z;) = fi(z;).

Suppose that case (ii) holds. Pick any j € I. Then S\ {j} € Dy and R\{j} € D,. Observe
that since A; is non-trivial it is a subdirect power of members of Vprr. Thus there are at
least two distinct epimorphisms k,¢ : A; & 2. The embedding fo : A; < C is defined as
follows. For all z € A; ‘

z 1=7
folz): = u; 1€ S\ {sj}andi(z)=1
0L/ v; 1€ S\{s}andt(z)=0
a; 1€I\(SU{s}).
The embedding f, : A; — C is defined similarly. For z € A;:
T 1=7
fi(a) = w; 1€ R\{s} and k(z) =1
W= 2, ie R\ {j} and k(z) =0
a; 1€I\(RU{J}).

Since the maps k and ¢ are epimorphisms there are a,b,¢,d € A; such that ¢(a) = 1,#(b) =
0,k(c) = 1 and k(d) = 0. Setting p = fo(a),q = fo(b),r = fi(c) and s = fi(d) we have
(9, ), (4,0) € b and (r,w), (5,) € . |

The case (iii) is a combination of (i) and (ii). If there is a 7 € I with {;} € D, but
{7} € D then R\ {j} € D,. We then define fg as in case (i) and fi as in case (ii) and
let p = fo(u;),q = fo(vs),r = fi(c) and s = fi(d) where ¢,d are as defined in case (ii).
Otherwise , if thereis a 7 € I with {j} € D, but {j} & D, then S\ {7} € Dy. Thus define
fi as in case (i) and fo as in case (ii) and let p = fo(a),q = fo(b),r = fi(v;),s = fi(w;)
where a,b are as in case (ii).

In all three cases we see that C/8, = {p/bo,q/00}, C/61 = {r/b1,5/8:} and {p,q} C
folA;], {r,s} € fi[A;]- By Proposition 5.1.4, C is 2-chain limited. o

5.2 Characterization of 3-chain limited finite distribu-
tive lattices

In this section we characterize 3-chain limited finite distributive lattices as semi-Boolean
lattices. The results appearing here and in Section 5.3 arose out of an investigation into
3-chain limited lattices and are neither in print nor in the form of a manuscript. However,
as demonstrated by Theorem 5.3.1, they will undoubtedly assist in determining the amal-
gamation class of certain lattice varieties, for example varieties generated by K-lattices
(see Chapter 6) or {L3}Y (see Figure 5.2).

An element d of a lattice L is said to be Boolean 1f the principal filter [d) and the principal
ideal (d] are Boolean sublattices of L.

109



A finite distributive lattice L with Boolean elements is called semi-Boolean.
We call a congruence 8 on a lattice L semi-Boolean if L/ is a semi-Boolean lattice.

I dim(X)=1

dim(X)=2

O Qs B

Figure 5.3 Semi-Boolean lattices of dimension < 3

LEMMA 5.2.1 Let L be a semi-Boolean lattice with {zi,...z,} the atoms of L and
{y1,...yr} the coatoms of L. Put

u=z;VzaV---Vz,

and
v=yY1 AyYya A A Yk

Then v < u and d is a Boolean element of L if and only if d € u/v.

PROOF. Since L has at least one Boolean element d, which is a join of atoms and meet of
coatoms, we have v < d < u proving the first part of the lemma. For the second part let
z € L be Boolean. Then, as before z € u/v. Conversely suppose z € u/v. Then (z] is an
interval in the Boolean lattice (u] (Lemma 2.2.13(v)), hence is Boolean. Similarly [z) is a
Boolean lattice proving that z is a Boolean element of L. O

LEMMA 5.2.2 Let L be a semi-Boolean lattice with d a Boolean element of L. Let p/q
be a prime quotient in L, then ezactly one of the following conditions hold:

(a) There is a cover r of d such that p/q projects onto r/d in at most two steps.

(b) There is a dual cover t of d such that p/q projects onte d/t in at most two steps.
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PROOF. Let 0 =59 <83 <-++ <8 =d < -+ < s = 1 be a maximal chain in L through
d and let p/q be a prime quotient of L. By Lemma 2.2.13(iii) p/q projects onto sj4+1/s; for
some j € {0,1,...,k — 1}. But then s;4+1/s; C [d) or s;+1/s; € (d]. So by Lemma 2.2.10
S;j+1/s; transposes onto r/d (d/t) for some cover r (co-cover t) of d. By Lemma 2.2.7 p/q
projects onto r/d (d/t) in at most two steps. Suppose both (a) and (b) hold. Then r/d
projects onto d/t, contradicting Lemma 2.2.13(ii) applied to a maximal chain through r,
d and t. a

LEMMA 5.2.3 Let L be a semi-Boolean lattice with d a Boolean element of L. Let
z,y € L be such that z < d < y. Then the quotient y/z is a semi-Boolean lattice and d is
a Boolean element of y/z.

PROOF. d/z and y/d are Boolean lattices as they are intervals in (d] and [d) respectively.

Thus d is a Boolean element of y/z. 1 ]

LEMMA 5.2.4 Let L be a semi-Boolean lattice. Then L is 3-chain limited.

PROOF. Suppose 8 is a 4-congruence on L. Then by Theorem 2.2.14 and the correspon-
dence theorem we have [6,V] = 23 in Con(L). Now let 8;,6;,0; € Con(L) be such that
9 =6,N0;N 03 and let g; < p; be such that L/6; = {p;/8;,¢;/6:} for i = 1,2,3. Then by
Lemma 5.2.2 there is a cover (co-cover) r; of d such that p;/q; projects onto r;/d (d/r;).
Thus by Theorem 2.1.2 (r;,d) ¢ ;. So there are at least two covers or co-covers r; and
of d such that (r;,d) € ¥ and (ri,d) ¢ ¥ where ,% € {6,,05,03}. Thus (rj,r%) € 6. But
r;/8 and ri /6 are non-comparable (r; /6 < ri/6 = d/6 =r/0 or d/§ = r;/8) contradicting
the fact that L/6 is a chain. O

LEMMA 5.2.5 Let L be a finite distributive lattice, such that every proper image of L is
a semi-Boolean lattice. Then either L is isomorphic to 4 or L is semi-Boolean.

PROOF. Let sy,...,S,n be the atoms of L and ¢;,...,t; the coatoms of L. Put u =
sV +Vs8n,v =1t A+ Ate. Assume that L is not isomorphic to 4 and L is not
semi-Boolean. Then v £ u, since otherwise (v] and [u) are Boolean being intervals in
(u] and [v) respectively, contradicting the fact that L is not semi-Boolean. Thus either
v < v or u and v are non-comparable. If u < v then we claim that u < v. To see
this suppose u < u; < v; £ v and let P = L/con(u;,v;). Then P is semi-Boolean and
ufcon(uy,v;) = sp/con(uy,vy) V +++ V sp/con(uy,v;) and so u/con(uy,v;) is the largest
Boolean element of P. Dually v/con(u;,v;) is the smallest Boolean element of P. Thus
v/con(uy,v;) = u/con(uy,v;) and since dim(P) = dim(L) - 1, we have u = uy,v = vy,
proving © < v. Now, since L is not semi-Boolean, 1/v and u/0 are non-trivial intervals
in L. Let s be an atom in L and let R = L/con(0,s). Then, as before, v/con(0,s) is the
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smallest Boolean element in R. Thus (v/con(0,s))/(s/con(0,s)) is a Boolean lattice in
R and none of the prime quotients in v/s are collapsed by con(0, s) (Corollary 2.2.9). So
v/s — (v/con(0, s))/(s/con(0, s)) and v/s is a Boolean sublattice of L for any atom s in
L. Suppose dim(At(L)) > 2. Then 0 = A At(L) is a meet of dual covers of v and so [v)
is Boolean contradicting the assumption that L is not semi-Boolean. Thus L has exactly
one atom, u, which is the only dual cover of v. Similarly v is the only coatom of L and
the only cover of u. But then L is the chain 0 < u < v < 1 contradicting our assumption
that L is not isomorphic to 4.

In the case that u is non-comparable with v let p/q be a prime quotient in (uV v)/(u A v)
and let @ = L/con(p,q). As before v/con(p,q) is the smallest Boolean element of Q
and u/con(p,q) is the largest. So v/con(p,q) < u/con(p,q) giving (u,v) € con(p,q) and
contradicting dim(Q) = dim(ZL) - 1. a

THEOREM 5.2.6 Let L be a finite distributive lattice. Then L is semi-Boolean if and
only if L is 3-chain limited. i

PROOF. If L is semi-Boolean then L is 3-chain limited by Lemma 5.2.4. Suppose L is
3-chain limited. Our proof is by induction on the length of L. Clearly dim(L) = 1 implies
that L is semi-Boolean. Now assume that every 3-chain limited lattice of dimension < k
(k € w) is semi-Boolean. Suppose dim(L) = k + 1. Then every proper image of L is
semi-Boolean and hence by Lemma 5.2.5 so is L. a

COROLLARY 5.2.7 A finite distributive lattice L is 3-chain limited if and only if the
smallest distributive congruence on L is semi-Boolean.

COROLLARY 5.2.8 A lattice L is 3-chain limited if and only if every finite distributive

congruence on L is semi-Boolean.

5.3 S-varieties with 3-chain limited members of the
amalgamation class

We present a characterization of those S-varieties in which the amalgamation class is a
subclass of its 3-chain limited members. Examples of such S-varieties include K-lattice
varieties described in Chapter 6 (see Theorem 6.1.1(c)) and the varieties generated by L%
and their duals, as depicted in Figure 5.2.

THEOREM 5.3.1 Let V be an S-variety. Then every member of Amal(V) is 3-chain
limited if and only if for every M € Vpy, M/U is semi-Boolean where ¥ is the smallest
distributive congruence on M.

112



PROOF. The forward implication follows from the fact that Va; € Amal(V) (Lemma 1.4.3
and Theorem 1.4.4) and Corollary 5.2.7.

.For the reverse implication let A € Amal()) and suppose that A has a 4-congruence. Let
M € Vg with critical quotient a/c. Then there is a homomorphism g : A -+ M such
that g[A] & 4 and a/c C g[A]. We also have an embedding f : A — S = S* x Sk «
cee X S,{" where S; € Vyrfor all 1 < ¢ < k. It follows from Theorem 1.4.5 that there is a
homomorphism A : § —+ M such that ho f = g. Since 4 is a distributive lattice it follows
from Lemma 5.1.1 that A[S] C (¢] U [a). By Theorem 1.3.6 A[S] € PH({S1,S2,...,Sk})-
But, since h[S] C (c]U[a) it is directly indecomposable and so h[S] is a homomorphic image
of some S; € V1. Now g[A] C h[S] and so there is a retraction of A[S] onto g[A]. Then
g(A] = 4 is a homomorphic image of S; contradicting the fact that the smallest distributive
congruence on S; is 3-chain limited (Corollary 5.2.7). a

PROBLEM 5.3.2 Charactefize those S-varieties V for which every member of Amal(V)
is n-chain limited. !
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Chapter 6

Amalgamation in B-lattice varieties

A B-lattice is a non-modular, subdirectly irreducible lattice obtained from a finite Boolean
lattice, X, by splitting an element d of X where d is neither the top nor bottom element
of X. Given a B-lattice, B, we let B denote the variety generated by B. The main result
of this chapter (Theorem 6.3.6 ) tells us that Amal(B) is closed under reduced products -
hence is an elementary class determined by Horn sentences. This generalizes the [Bru92]
result that Amal(N) is elementary where N is the variety generated by the pentagon.
Theorem 6.3.6 is based on a characterization of Amal(B) in terms of 2-chain limited and
2-congruence extendible members of B (Theorem 6.3.4).

We begin in Section 6.1 with a short discussion of K-lattices as, by Proposition 6.2.1, the
class of B-lattices is a subclass of the class of K-lattices. In section 6.2 we show that every

B-lattice is an S-lattice and that every subdirectly irreducible member of B is essentially
embeddable into 5.

6.1 K-lattices

In [Day70] A. Day introduced the splitting of an interval in a lattice. Let L be a lattice and
let I = [u,v] be an interval in L. Construct a new lattice on the set L{I] = (L\ I)U(I x 2)
with the order relation given by z < y in L[]} if and only if one of the following conditions
hold:

(a)z,y€ L\Tandz<yin L

(b) z = (a,i),y€ L\ Tanda<yin L

(c)zeL\I,y=(bj)and z<bin L

(d) z = (a,t),y=(b,j)and a < bin L and ¢ < jin 2.
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Note that there is a natural epimorphism from L{I] to L given by:

_Jz zel\I

f(:z:)— { a z=_(a,1).

We will consider the special case in which the interval I consists of a single element d. In
this case the new lattice is defined on the set L[d] = (L \ {d}) U ((d,0), (d,1)).

We define a K-lattice to be a non-modular, subdirectly irreducible lattice L, obtained
by splitting an element d of a finite distributive lattice L'.
Let K denote the class of all K-lattices. Then K is contained in the class of all S-lattices.

Proofs of Theorems 6.1.1 and 6.1.2 can be found in [Ros84]. We use Theorem 6.1.1 to show
that every B-lattice is a K-lattice.

THEOREM 6.1.1 Let L' be a finite distributive lattice a,nci| let d € L' be neither the top
nor bottom element of L'. Let L be obtained from L' by splitting d. Then L € K (i.e. L is
non-modular and subdirectly irreducible) if and only if all of the following conditions hold:
(a) Every cover of d in L' is join-reducible.

(b) Every co-cover of d in L' is meet-reducible.

(c) Every prime quotient in L' projects onto a prime quotient p/q with p=d or ¢ =d.

For example in the finite distributive lattice in Figure 6.1 below, splitting the element
d yields a K-lattice, but splitting the element e does not as a is a meet irreducible co-cover
of e.

Figure 6.1
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THEOREM 6.1.2 Let L € K be obtained by splitting an element d of a finite distributive
lattice L'. Let ¢ = (d,0),a = (d,1). Then the following statements hold:

(a) a/c is the unique N-quotient of L and it is a critical quotient with L/con(a,c) = L',
(b) Every non-distributive, subdirectly irreducible member of the variety generated by L
belongs to K. '

(c) The principal filter [d) and the principal ideal (d) of L' form non-trivial Boolean sub-
lattices of L.

6.2 B-lattices

The results of this section and Section 6.3 appear in [Lai96]. We define a B-lattice and
show that every B-lattice is an S-lattice (Corollary 6.2.2) enabling us to apply the results
of Section 2.5 of Chapter 2 to B-lattice varieties. We show for a variety I3 generated by a
B-lattice, B, that B is the only maximal irreducible of B. We also prove some preliminary
results which are applied in Section 6.3 in characterizing the amalgamation class of a
B-lattice variety and in showing that the amalgamation class is elementary.

A lattice L is a B-lattice if it is obtained by splitting an element d of a finite Boolean
lattice L’ in which d is neither the top nor the bottom of L'. Examples of B-lattices include
the pentagon and L,3 and L4 of Figure 2.7 on Page 35.

The next proposition allows us to apply the results stated in Section 6.1 to B-lattices.
PROPOSITION 6.2.1 Every B-lattice is a member of K.

PROOF. Let L' be a finite Boolean lattice with d € L’ neither the top nor bottom of L'.
Let L be the lattice obtained from L’ by splitting d and let z be a cover of d in L. Then
since d is not the bottom of L', the ideal [z) in L' is a Boolean lattice consisting of at
least four elements. Hence z is join reducible and condition (a) of Theorem 6.1.1 holds.
Condition (b) holds dually. For condition (c), let u/v be a prime quotient in L. Then
by Lemma 2.2.10 , /v transposes onto a/0 for some atom a of L. Now, either a < d
or a and d are non-comparable. If a < d then, since the ideal (d] is a Boolean lattice,
there is some co-cover z of d such that a/0 transposes onto d/z (by Lemma 2.2.10). If a
is non-comparable with d then a V d is a cover of d and a/0 transposes onto (a V d)/d. In
both instances u/v projects onto a prime quotient p/q with either p = d or ¢ = d. m)

COROLLARY 86.2.2 Every B-lattice is an S-lattice.

PROOF. This follows from Proposition 6.2.1 and the fact that X is contained in the class
of all S-lattices. o
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For the rest of this chapter, let B be an arbitrary B-lattice and let a/c be the unique
N-quotient of B which is also the unique critical quotient. (See Theorem 6.1.2 and the
discussion of S-lattices in Chapter 2.) Let B’ be the finite Boolean lattice from which B
is obtained and let d be the splitting element of B’. Denote by B the variety generated by

B. '

The next proposition shows that every subdirectly irreducible member of B is essentially
embeddable into B.

PROPOSITION 6.2.3 B is the only member of By (up to isomorphism).

PROOF. We need to show that every member of Bg; is essentially embeddable in B. Let
S € Bgy. If S is'isomorphic to 2 then the embedding which takes 2 to a/c is the required
essential embedding. If S is not isomorphic to 2 then S is non-distributive and so by
Proposition 6.2.1 and Theorem 6.1.2(b), S is a K-lattice. Let u/v be the unique critical i
quotient of S and let S’ be the finite distributive lattice from which S is obtained by .'
splitting an element w. Since S € HS(B) (Corollary 1.1.5), dim(S") < dim(B’) and the
height and dual height of w in S’ must be less than or equal to the height and dual height
respectively of d in B’. It follows that there is an embedding f’ : §' < B’ such that
f'(w) = d. Hence there is an embedding f : S < B such that f(u) = a and f(v) = c and
f is the required essential embedding. g

We say an algebra A is automorphic in an algebra C, if for any two embeddings f,g :
A < C there are automorphisms h: C —+ C and k: A — A such that g=ho fok.

We will show that there is no B-lattice in B smaller than B which is automorphic in B; a
result required for Lemma 6.3.1. We first need the following lemma:

LEMMA 6.2.4 Let L and M be finite Boolean algebras with |L| < [M|. Let z € L and
y € M be such that

(a) The height of z in L is less than or equal to the height of y in M.

(b) The dual height of z in L is less than or equal to the dual height of y in M.

(c) z,y #0,1.

Then

(i) There is a Boolean algebra embedding g : L — M with g(z) = y.

(it) There is a lattice embedding f : L — M such that f[L] is a quotient in M and f(z) = y.

PROOF. (i) Considering the duality between finite Boolean algebras and finite sets, (i)
amounts to the following: Given finite sets X and Y with |X| < |Y/|, and given subsets
ZCXand W CY with |Z| < |[W| and | X — Z| < |Y — W| there is a surjective map
g:Y — X with g[W] = Z. This is clearly true. '

(ii) There is a chain C in M such that the height of y in C is equal to the height of zin L

117



and the dual height of y in C is equal to the dual height of z in L. Let u and v be the top
and bottom elements of C respectively. Then ¢ /v is a sublattice of M, hence is a Boolean
algebra with the same dimension as L. Thus u/v is isomorphic to L. We also have y € u/v
and y has the same height in u/v as z has in L. Thus there is a lattice isomorphism from
L to u/v mapping z to y. ’ o ]

PROPOSITION 6.2.5 Let A € B be a B-lattice which is not isomorphic to B. Then A

15 not automorphic in B.

PROOF. Let A’ be the finite Boolean algebra from which A is obtained by splitting an
element e. Let u = (e,1),v = (¢,0) in A. By Proposition 6.2.3 A embeds in B. Any
embedding of A into B must take u/v to a/c. Thus |A’| < |B’| and the height of e in A’
is less than or equal to the height of d in B’ and the dual height of e in A’ is less than or
equal to the dual height of d in |B’|]. Treating A’ and B’ as Boolean algebras and applying
Lemma 6.2.4, we have a Boolean algebra embedding ¢’ : A’ < B’ such that ¢/(¢) = dand a
lattice embedding f' : A’ — B'suchthat f'[A] is a quotient in B’ and f'(e) = d. Since A’ is
not isomorphic to B’, f/[A] is a proper sublattice of B’. Define embeddings f,g: A — B by
flu)=g(u) =a, f(v) =g(v) =cand f(z) = f'(z) Vz & {u, v}, g(z) = ¢'(z) Yz & {u,v}.
Note that g[A] contains both the top and bottom elements of B while f[A] contains at
most one of these. Hence there are no automorphisms A : B —+ B and kK : A — A such
that g=ho fok. m|

The following four lemmas are necessary for the characterization of the members of Amal(B)
in Section 6.3. '

LEMMA 6.2.6 Every B-lattice is 2-chain limited.

PROOF. Let A be a B-lattice with A’ the finite Boolean algebra from which A is obtained.
If ¥ is the smallest distributive congruence on A then A/¥ 2 A’ - a Boolean algebra. The
statement of the lemma then follows from this and the fact that A 2 3. 0

LEMMA 6.2.7 Let A € B and suppose that A ts 2-chain limited. Then
() Every non-distributive subdirectly irreducible image of A is isomorphic to a B-lattice.
(it) If A < B and A is non-distributive then A is a B-lattice.

PROOF. (i) Let X be a non-distributive subdirectly irreducible image of A. Then X is a
K-lattice by Theorem 6.1.2(b). Let X' be the finite distributive lattice from which X is
obtained by splitting an element e. Then, since X is non-distributive, e is neither the top
nor the bottom element of X’. Since A is 2-chain limited and X’ is an image of A, X' is
2-chain limited. Thus X’ is a Boolean lattice and so X is a B-lattice.
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(ii) Since A is non-distributive it must contain a/c as an N-quotient. Thus there is a
sublattice A’ of B’ containing d and such that A is obtained from A’ by splitting d where
d is neither the top nor bottom element of A’. Since A’ is an image of A and A is 2-chain
limited, so is A’. Thus A’ is Boolean, whence A is a B-lattice. m|

Recall that a finite subset P of a lattice L is primitive if there is a proper quotient ap/bp
of L such that ap/bp =, (cVd)/d for all c,d € P with ¢ £ d. We say that P is a primitive
subset of L with respect to ap/bp.

LEMMA 6.2.8 Let A€ B and X € K. Let p/q be the unique N-quotient of X. Suppose
that f : A = X is an epimorphism and that u/v is a quotient in A with f(u) = p and
f(v) = q. Then there is a primitive subset P of A with respect to u/v such that flp: P =+ X
is a poset isomorphism and u,v € P.

PROOF. We define a poset embeddinéi h : X — A such that f o h is the identity map
on X. This embedding is defined inductively on the height of elements of X. If z is the
bottom element of X (the unique element of height 0) then define h(z) = y where y is some
element of A such that f(z) = y. Now suppose that & has been defined for all elements of
X of height less than or equal to n for some n € w. Let z € X be of height n + 1, and let
y € A be such that f(y) = z. Let z,,...zx be all the elements of X strictly less than z
and let z =y V h(z,) V---V h(zk). Then z € A. Define h(z) as follows:

v z=p

v T=gq
h(z) ={ zAv z<gq

zVu z>p

oz otherwise.

Having defined h put P = h[X]. Then f|p is a poset isomorphism from P onto X. Also
X is a primitive subset of X with respect to p/q and hence by Lemma 2.3.4 P is primitive
in A with respect to u/v. , ' ]

LEMMA 6.2.9 If A is a subdirect power of B, then every non-distributive subdirectly
irreducible image of A is isomorphic to B. ‘

PROOF. Let X be a non-distributive subdirectly irreducible image of A. Let g: A =5 X
be a surjection and f : A = BY a subdirect representation. By Theorem 6.1.2(b) X is a K-
lattice. Let p/q be the unique N-quotient of X. Let b € X be such that N(p/q,b). Since the
pentagon is a projective lattice there are u,v,w € A such that g(u) = p, g(v) = ¢, g(w) = =
and N(u/v,w) in A. Let m; : B = B be the ith projection onto B for all i € I. Then there
isa j € I such that 7; o f(u) # 7; o f(v). But then 7; 0 f(z) # m; 0 f(y) for any quotient
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z/y in N(u/v,w). Thus, since a/c is the unique N-quotient of B and ;0 f(u)/m; 0 f(v) is
an N-quotient in B we must have 7,0 f(u) = a and ;0 f(v) = ¢. By Lemma 6.2.8 there is
a primitive subset S of A with respect to u/v such that u,v € S and (70 f)|s: S — Bis
an isomorphism. Then g|s : S — X is an embedding. Since, suppose g(d) = g(e) for some
d# ein S. Then as u/v =, (dVe)/e we have g(u)/g(v) ~y g(dVe)/g(e). But this implies
p/q =y g(e)/g(e) and this contradiction proves our claim. We have |B| = |S| < |X] and
since X is embeddable in B (Proposition 6.2.3), we have |X| < |B| and so X = B. a

6.3 Amalgamation

In this section we characterize the members of Amal(B) in terms of the 2-chain limited
and 2-congruence extendible members of B. We first show that every member of Amal(B)
is a subdirect power of B (Theorem 6.3.3). We conclude with the main theorem of this
chapter which states that Amal(B) is an elementary class closed under reduced products.

Let A be an algebra with X a subdirectly irreducible image 6f A. We call X a subfactor of
A if and only if there is a subdirect representation e : A — []; X; satisfying the following:
(a) For all 1 € I, X; is subdirectly irreducible.

(b) There are distinct elements z,y € A such that e(z); = e(y); for all ¢ € I such that
X & X.

The following technical lemma is needed to show that Amal(B) is contained in the class of
subdirect powers of B. '

LEMMA 6.3.1 Let A€ Amal(B) and let X be a non-distributive subfactor of A. Then
X = B.

PROOF. By Proposition 5.1.2 and Lemma 6.2.7(i), X is isomorphic to a B-lattice. We
will show that X is automorphic in B. Let f,g : X — B be two embeddings and let
e : A = []; X: be as in the definition of subfactor. Without loss of generality we may
assume that for all 1 € [, if X; & X then X; = X. Let J ={i € I : X; = X}. Then there
is a j € J such that e(z); # e(y);. Let m; : [I; Xi = X; denote the ith projection for each
i€l. Letk=mjoe: A— X and let p/q be the unique N-quotient of X. Then, since & is
surjective, there is a quotient u/v of A such that k(u) = p and k(v) = ¢. By Lemma 6.2.8
there is a primitive subset P of A with respect to u/v such that k|p : P — X is a poset
isomorphism. By Proposition 6.2.3, there is an embedding A; : X; — B foralli € I'\ J.
Fori e Jput \; =g: X — B. Deﬁne an embedding A : [T; X; — B! by A(z); = Ai(z:)
foralli € I. Let « = Aoe: A = B!, Define another embedding B:A— AxBby
B(a) = (a, f o k(a)) for all a € A. Then the diagram (A, o, B/, 8, A x B) has an amalgam
(C,o/,B") in B. Let 75 : A x B — B be the projection onto B. Define an embeddmg
f: B Ax Bby u(b) = (u,b) for all b € B. By Lemma 1.4.3 B'is an absolute retract in

120



B so there is a retraction p : C — B of 8o u. Then, since p 0 §' o pu is the identity map on
B,pof': Ax B — B is a retraction of u. By Lemma 1.3.7 we must have p o §' = np.
Now pocd'oa=poflof =mgofi=fokand fok(u) = f(p) = aand fok(v) = f(g) = c.
Thus f o k[A] contains a/c as an N-quotient, hence so does p o &/ 0 a[A] C p o &/[B1].
By Theorems 1.4.1 and 1.4.4, B! € Amal(B). Thus by Proposition 5.1.2 B! is 2-chain
limited and hence so is p 0 o/[BY]. Now p o «/[BY] C B and p o «/[B’] is non-distributive.
Thus by Lemma 6.2.7(ii) p o o/[B’] is a B-lattice. Let ¥ be a Jénsson congruence on
B! with ¥ C ker(po «'). Then ¥ is a B-congruence and p o o’[B’] must be an image
of B. (Since B! /ker(p o /) is an image of BY/U.) Since the only non-distributive image
of B is B itsself we have p o &/[Bf] & B and ¥ = ker(po ). Let D be the Jénsson
ultrafilter on BY corresponding to U. Let F = {i € I : a(u); # a(v);)}. We have
podoalu)=fok(u)=a#c= fok(v)=podoca(v). Thus (a(u),(v)) & ¥ and so
FeD.

Let G={i€l:a(z); #a(y)}. Nowpod oa(z)= fok(z)=fomjoe(z)= fle(z);) #
f(e(y);) =poa oaly). Thus G € D. Note that G C J and so J € D. _

There is a map q: P — X and a set {T, € D : p € P} such that for all p € P,T, CJ
and e(p); = q(p) for all.4 € T;,. To see this let p € P. For each 1 € J define J; = {j €
J : e(p); = e(p):}. Then the distinct J/s form a partition on J. Since X is finite there are
finitely many distinct Ji’s and since D is an ultrafilter and J € D we must have J;, € D
for some i, € J. Let T, = J;, and define q(p) = e(p);,.

Put T = NpT,. Since P is finite we have T € D. Let B = {i € I : (B, f o k(p))pep =
(B, a(p)i)pep}- Since B is finite, the structure (B, f 0 k(p))pep is definable by a first order
sentence and so, recalling that poo/ o = fok and po &/[B] = B it follows that E € D.

Let H =ENFNT then H € D. Thus H # 0. Let h € H. Thenforallp € P
we have 7, o e(p) = e(p)r = ¢(p) since h € NpT, . Thus ¢ = mh 0 elp. Since h €
J we have a(p)r = (A oe(p))r = An(e(p))r = g o q(p). Thus, since h € E we have
(B, fok(®)per & (B,a(p)r)rer = (B,g 0 q(p))pep- Also u,v € P and h € F implies
a(u), # a(v)s. Thus goqg(u) # gog(v) and so g(u) # q(v). Since u/v is the critical
quotient of P, ¢ is an embedding. Thus ¢ is bijective, since |X| = |P| and X is finite
and so ¢ : P = X is a poset isomorphism. Let p : X — P be the inverse of ¢ and put
r=klpop: X — X. Then r is a poset automorphism and hence a lattice automorphism.
We have (B, for(b))eex = (B, fokop(b))sex = (B,g0g0p(b))ex = (B,9(b))sex. Thus
there is an automorphism ¢t : B — B such that t o for = g. X is therefore automorphic
in B as desired and hence by Proposition 6.2.5 X = B. 0

LEMMA 6.3.2 Every member of Amal(B) is a subdirect product of non-modular subdi-
rectly irreducibles in B.

PROOF. The result follows from Corollary 6.2.2, Corollary 4.2.2, Proposition 4.2.4 and
Theorem 4.2.3. o
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THEOREM 6.3.3 Every member of Amal(B) is a subdirect power of B.

PROOF. Let A € Amal(B). Then by Lemma 6.3.2, A is a subdirect product of its non-
modular subdirectly irreducible images. Let {;: ¢ € I} be the set of non-modular subdi-
rectly irreducible congruences on A. Then (N; §; = A4. Assume that A is not a subdirect
power of B. Let Jo = {i € [ : A/0; & B}. Then there are distinct elements z¢ and yg of A
such that (zo,yg) € Ny, 0i- There exists a non-modular subdirectly irreducible image Xj
of A such that for some: € I, A/8; = X, and (zo,yo) & 6;. Suppose that for some positive
integer n we have a subset J,, of I such that J; C J,, distinct elements z,,y, of A with
(Znyyn) € Ny, 6: and an X, such that for some i € I, A/8; = X, and (z,,yn) € 0. Let
Jopr =JoU{1€1:A/6; = X.}. Since X, ¥ B we have by Lemma 6.3.1 that X, is not a
subfactor of A. Suppose for all u # v in 4 we have (u,v) € Nj,,, 0i- Then A <T];_,, A/
is a subdirect representation. Let £ # y in A. Then, since X, is not a subfactor of A,
there is some ¢ € J,41 such that (z,y) € 0; and A/8; %! Xn. but then N; 6; = A (smce
{t € Juy1 : A/6: ¥ X} = J,). This contradicts z, # yn and (2Zn,yn) € N, 6;. Hence
there are distinct elements Zny1,yns1 of A such that (Zay1,yn+1) € Ny,,, 6. Thus there
is a non-modular subdirectly irreducible image X,41 of A such that for some ¢ € I with

A/8; = X,y we have (Zn41,Yn41) € 0. By induction we obtain an infinite sequence of
non-modular subdirectly irreducible members of B which are distinct up to 1somorphism.
This contradlctlon completes the proof. O

THEOREM 6.3.4 Let A be a subdirect power of B. Then the following are equivalent:
(a) A€ Amal(B).

(b) A is 2-chain limited and 2-congruence ectendible in B.

(¢) A is 2-chain limited and for any (regular) subdirect representation f : A — B!, every
2-congruence on f|A] can be extended to a 2-congruence on B'.

(d) For any embedding f : A — C with C € B and any homomorphism g : A — B, there
is a homomorphismh : C — B withho f = g.

(¢) For any (regular) subdirect representation f : A — B! and any homomorphism g : A —
B, there is a homomorphism h: Bl = B with ho f = g.

PROOF. (a) = (b): Assume (a). By Corollary 6.2.2, Corollary 4.2.2 and Proposition 4.2.4
A is 2-congruence extendible in B. By Proposition 6.2.3, Lemma 6.2.6 and Proposi-
tion 5.1.2, A is 2-chain limited and (b) holds.

Clearly (b) = (c).

(c) = (e): Assume (c). Let f : A = BT be a subdirect representation and g : A.— B a
homomorphism. We have two cases:

Case (i): g[A] is distributive. Then since g[A] is finite and 2-chain limited it must be a
Boolean lattice. Also, since every 2-congruence on f[A] can be extended to a 2-congruence
on B!, we have by Lemma 4.1.5 that there is a homomorphism 4 : BY = B with ho f = g.
Case (ii): g[A] is non-distributive. By Lemma 6.2.7(ii) g[A] is a B-lattice. By Lemma 6.2.9
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g[A] is isomorphic to B. Thus g is surjective. Let § = ker(g) and let f() denote
the congruence on f[A] corresponding to ¢ under f. Then f[A]/f(f) = B. Let ¥ be
a Jénsson congruence on BT with U|s; C f(6). Then ¥ is a B-congruence on BI.
Since f[A]/¥|s[A] < B'/¥ = B we have f[A]/¥|s4 = B and hence f(8) = ¥|;4. Let
k : B = B be a surjective homomorphism with ker(k) = ¥. Then ker(k o f) = ker(g)
and ko f is surjective. Thus there is an automorphism ¢ of B such that toko f = g. Let
h=tok: Bl = B. Then ho f = g and (e) holds.

(e) = (a) by Lemma 1.4.6.

(a) & (d) by Theorem 1.4.5. a

LEMMA 6.3.5 Let A;,: € I be algebras with f; : A; = [1;, Bji,j) a subdirect representa-
tion. Then there is a subdirect representation of A = [1; A; in [1;; B ;j)-

PROOF. Let J = U J; (disjoint union). Define a map h : A — [1; B(;,;) as follows. For all
a € Alet h(.a)(,-,k) = fi(ai)(i,k). Then h is the desired subdirect representation. a

We are now"'rea,dy to prove that the amalgamation class of B is elementary.

THEOREM 6.3.6 (i) If C is both an tmage of A € Amal(B) and a subdirect power of B
then C € Amal(B). '

(it) Amal(B) is an elementary class. It is closed under reduced products and is therefore
definable by Horn sentences.

PROOF. (i) Let f : C — Bf be a subdirect representation. Then by Corollary 4.2.10
every 2-congruence on f[C] can be extended to a 2-congruence on BY. Also, since A is
2-chain limited (Theorem 6.3.4) and C is an.image of A, C is 2-chain limited. Hence by
Theorem 6.3.4(c) C € Amal(B). v

(ii) We first show that Amal(B) is closed under products. Let A = []; A; where A; €
Amal(B) for all 7 € I. Then by Corollary 4.2.2 and Theorem 4.2.6 A is 2-congruence
extendible in B. Since B is non-modular, B’ must be a Boolean algebra with at least
four elements. Thus B has at least two distinct 2-congruences. By Lemma 6.2.6, Propo-
sition 6.2.3, Theorem 6.3.3 and Theorem 5.1.5 we have that A is 2-chain limited. Thus
by Theorem 6.3.3, Lemma 6.3.5 and Theorem 6.3.4(b), A € Amal(B) and so Amal(B)
is closed under products. Now let &/ be a proper filter over I and let C = [], A;. By
Proposition 2.5.5 and Theorem 6.3.3 C is a subdirect product of non-modular subdirectly
irreducible members of B. Now C is an image of A € Amal(B) and so by Lemma 6.2.9
every non-distributive homomorphic image of A and hence of C is isomorphic to B. Thus
by (i) C' € Amal(B) proving that Amal(B) is closed under reduced products. In particular
it is closed under ultraproducts. By [Yas74] any amalgamation class of a variety which
is closed under ultraproducts is elementary. Lastly, any elementary class closed under
reduced products is definable by Horn sentences. (See [Cha78].) o
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