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ABSTRACT

The Kroll-Lee-Zumino theory, an Abelian renormalizable quantum field theory of charged pions and a neutral p meson, pro-
vides a framework to compute corrections to the tree-level Vector-Meson-Dominance model[1, 2]. Despite a large pm coupling
(gpnr = ), the loop suppresion factor of 1/(47)? helps give reasonably small NLO (one-loop) corrections. When it comes to de-
scribing hadronic physics, one might say, these one-loop results achieve moderate to excellent success [3, 4, 5]. Where the one-loop
results show less than impressive agreement with experiment, it seems plausible that the NNLO (two-loop) corrections would rem-
edy the situation. In this thesis the two-loop contribution to the p° meson is calculated. It turns out to be larger than the one-loop

result and so one must conclude that perturbation theory breaks down at this level.
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Introduction

The theory of the strong force, Quantum chromodynamics (QCD), has the peculiar properties of assymptotic freedom and con-
finement. This peculiarity makes it notoriously challenging to calculate the low-energy consequences in any meaningful way. It s
not surprising then to find that a great deal of research on the strong force involves the use of effective models; this thesis is no ex-
ception.

To give some context we revisit the old notion of vector meson dominance (VMD) [1, 2, 6]; an idea is inspired by the observa-
tion that, in strong interactions, the virtual photon behaves like a hadron.The vector meson dominance principle, in its narrowest
form, asserts that in the interaction of hadronic matter with electromagnetism, the electromagnetic current is identical the neutral
rho-meson (p°) field. In other words, the virtual photon in such interactions couples directly to a neutral rho meson, as shown in
figure 1 for example. A more general form of the principle asserts that the electromagnetic current is identical to a linear combi-

nation of neutral vector meson fields. For the purposes of this thesis, it suffices to consider the narrow formulation VMD which
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Figure 1: The process ete > nta— according to VMD.
maybe expressed via the following current-field-identity (CFI)[2]:
M2
(J)u"y)iSOVCCtOr = <'f‘p) V'u ’ (O.O.I)

where V), represents the p" field, M is the mass of p° and f,, determines the decay rate I'(p° — eTe™). In 1967 Kroll, Lee and
Zumino (KLZ) formulated this idea in terms of a renormalizable Abelian Quantum Field Theory[7], and the following is the part

of their Lagrangian that describes p-m dynamics:

1 1
Lyrz = O,motr* — mirn* — T Ew P+ §M2V#V“ + GprrVid ¥ + G Vi Vi TT* (0.0.2)
where 7 is a complex pseudoscalar field representing the charged pions and m is the pion mass. We also have

F., =0uuV, —0,V,, (0.0.3)

<~
JE =ig* 0T . (0.0.4)

The KLZ Lagrangian was shown to be renormalizable, despite the explicit mass term of the p® meson, since the p° field couples to

the conserved current [7]. This means that there are no new free parameters needed at each order in perturbation theory, thereby



giving the KLZ theory more predictive power than an unrenormalizable effective field theory. The relatively mild p77 coupling
(gpnr = 5) along with loop suppression factors of 1/(4)? gives hope for a sensible perturbative expansion in the coupling. This
theory then, allows for systematic calculation of corrections to tree-level Vector Meson Dominance. In this regard it has a clear ad-
vantage over ad-hoc tree level models.

Over the years these favourable properties of the theory have been exploited to calculate the pion’s electromagnetic form factor
and radius [3], as well as it’s scalar form factor and radius [s, 4]. In [3] the electromagnetic form factor in the space-like region is
calculated using the formula

M? + F,, (0) M2
M2_q2+Fvac(q2) M2_q

Fro(q?) = 5 (G(¢®) - G(0)) (0.0.5)

where Fi,c(¢%) was calculated from the one-loop self-energy diagrams of figure 2 and G(¢?) involves the three-point diagram shown
in figure 3. The results for the form factor in the space-like region are in spectacular agreement with experiment as seen in figure 4.
The electromagnetic radius of the pion was calculated to be (r2)_ = 0.46 fm? , which compares much more favourably with ex-
periment (r2), = 0.439 £ 0.008 fm? than tree-level VMD which predicts (r2).., = 0.39 fm? . However, there is still room
for improvement with regards to the electromagnetic radius; the same goes for the form factor in the time-like region as seen in fig-
ure 5. The authors suggest that the main source of systematic uncertainty in this determination stems from the NNLO (two-loop)
contribution.

In the case of the scalar radius which plays an important role in chiral perturbation theory [8, 9], the NLO (one-loop) calcula-
tion in the KLZ theory gives a value of (r2) = 0.40 fm? [4] which lies below the range of values from determinations using 77
scattering as well as Lattice QCD [ro, 11, 12, 13, 14] (ri)s ~ 0.5 — 0.7 fm?. In this case it is yet again suggested that the NNLO

contribution is the main source of uncertainty.

]7‘51\/' p p

Figure 2: One-loop contribution to the pO self-energy. The double lines represent the pO meson and the dashed lines are pions.
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Another interesting application of the KLZ theory was carried out by Gale and Kapusta [15], who used it to calculate the ther-
mal production rate of lepton pairs in a hot pion gas, but in end they find that temperature effects are rather modest. In the conclu-
sion of their paper it is suggested that two-loop contributions to the p° self-energy are required to determine the thermal produc-
tion rate of real photons.

Looking at all the applications of the KLZ theory just recounted, one sees a strong case for pursuing NNLO (two-loop) calcula-
tions. This has the potential to extend the work of [15] to include new phenomana viz. thermal production of photons. In the case
of the electromagnetic form factor in the time-like region as well as the work done in [3, 4], there’s the potential to reduce systematic
uncertainty and improve agreement with experiment. The prospect that a simple model, in the form of a renormalizable Abelian
quantum field theory, can describe low-energy hadronic physics with a precision matching Lattice QCD and effective theories such
as Chiral perturbation theory, is exciting.

This thesis pursues such a NNLO computation, and in particular, the two-loop contribution to the P self energy is calculated;
the results disabuse us of any hope of improving the afore mentioned results. It will be shown that while the loop suppression fac-
tor 1/(47)?, mentioned earlier, gives reasonable NLO corrections, at NNLO the loop suppression factor (now 1/(47)*) cannot

quell the growth of the two-loop integrals. The NNLO contribution is unreasonably large and so perturbation theory breaks down.
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Figure 4: KLZ theory one-loop correction for the pion’s electromagnetic form factor(solid blue line) compared to the tree level VMD prediction (red dashed line) in the space-like
region [3].
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Figure s5: KLZ theory one-loop correction for the pion’s in the time-like region [16].



KLZ-Lagrangian

Let’s take a closer look at the Lagrangian of Kroll, Lee and Zumino which may be expressed as:

1 1
Lyxrz = |Dyr|* — m*m*m — 1P Fu + §M2V“V# (r.0.1)
N————

Ly

Ly

where again 7, 7 are charged pion fields, V* is the p field, m and M are the pion and rho-meson mass parameters respectively.

We also have:

FH = 9rVY — 9V VH (r.0.2)

D,=0,—1igV, . (r.0.3)

Where g = gpnr is the coupling constant for p° to pions.



1.1 HIDDEN GAUGE SYMMETRY

The KLZ Lagriangian does not, at face-value, seem gauge invariant because of the vector mass-term. However, it was shown by [17]
that its gauge invariance is revealed using Stiickelberg’s trick [18, 19, 20]. We give a summary of how this is demonstrated. We focus

on the non-gauge-invariant part of the Lagrangian Ly,. Consider the slightly modified version, the Stiickelberg Lagrangian:
1
Le=Ly+ 58,@8‘% + M¢po,V* (r11)

where we have introduced a dynamic scalar field ¢ (Stiickelberg’s ghost). Under the following local transformations:

Vi =V, +0ux
¢ — o+ Mx (rr2)
the Stiickelberg Lagrangian transforms as
Ly — Lo+ 0, (Mpd"x + M>xV* + M>x9"X) (r.13)

where X is an arbitrary function of space-time. The total derivative in (1.1.3) vanishes when we integrate over space time so the con-
tribution of Ly to the action is invariant under the transformations (r.1.2). This means if we take the following modified version of

the KLZ lagrangian (1.0.1):
2 2__x 1 wv Lo 3 1 u u
Liny = |Dym|” — m*n*m — ZF F + §M VEV, + 50#(,253 ¢+ Mpo, V", (1.1.4)
then the action S, = f d*zLi,, ,is invariant under the following gauge transformations:

7 — 9@ , V= Vu+0,0(x) (r.1s)

= e—ig&(m)ﬂ_* , ¢_> ¢5—|—M9($) ]



with this gauge-invariant action in hand, quantization is done in the path-integral formalism. A standard requirement for perturba-

tion theory in the path-integral formalism is gauge fixing; the following class of gauge conditions is considered:
FV,,¢]-C(z)=0, (1.1.6)
where C(x) is an arbitrary function and
FV,,¢] =0,V +EMo . (r.1.7)

This has the effect of adding a gauge-fixing term to the Lagrangian

1

‘Cﬁx = _25

CALERIV (1.1.8)

accompanied by a contribution from the Fadeev-Popov determinant:

Lep = (8,m*)(8"n) — EM>n*n (1.1.9)

where 77 and n* are Grassman fields (Fadeev-Popov Ghosts). Perturbation theory can then be done using the following effective

Lagrangian

'Ceﬂ: = *Cinv + 'Cﬁx + 'CFP

1 1 1
= |Dy7> — mPn*m — T Fu + S MV, — % (8, VH)?

1 1
+ 50u80" ) — SEMPG? + (0,m")(0"'n) — EM " . (1.1.10)

Note how the choice of gauge-fixing functional (1.1.7), has eliminated the ¢-V mixing term and given the Stiickelberg ghost a gauge-
dependent mass. The above Lagrangian (1.1.10) describes a massive vector (V,,) interacting with charged scalars (7%, ), the Stiickel-

berg ghost as well as the Fadeev-Popov ghosts are just free fields, spectators. The true dynamics are captured by the first part of the



Lagrangian

1 1 1
Luaz = | Dyl —m*n"m = L Ey + S MPVIV, = 22 (9,V7)

(L)

The gauge parameter £ can be changed arbitrarily with no bearing on the physical implications of the theory. With the gauge choice

& — 00, we recover (r.0.1). Thus the hidden gauge symmetry is revealed.

1. WARD-TAKAHASHI IDENTITIES

Following [17], we will use the gauge invariance of the theory to derive Ward Identities. First we introduce the Generating func-

tional for full n-point Green’s Functions:
WI] = / D (V") exp (iSims + ks + iSep + 15,)
where

S, = d*z (0,V" — Még)®

1
2¢
Sp = /d4x {0um*)(0"n) — EMPn* n + Jyen*™ + Jyn}

S; = /d4x (FVu + Jam + Jpm™ + Jp) .
Let’s consider the behaviour of W[.J] under infinitesimal gauge transformations:

T — T+ igo(x) T, Vi = Vi + 0,6 ()

7 = " —igdA(x) T, ¢ — ¢+ MoA(z) .

The only terms that break gauge-invariance in (1.2.1) are Sg, and S, each of which transforms as follows:

(r2.1)

(r2.2)

(1.2.3)

(12.4)

(1.2.5)



St = Sgyx — / d%‘”éx) (D + §M2> (auw + M§¢> , (1.2.6)
S\ =S+ / B [0, + ig(m Ty — 7 Tpe) + My SA(x) |

when working to first order in A (). Since a gauge transformation inside the path-integral amounts to a change of integration

variable, the value of the path-integral doesn’t change, and so

SWI] =0

= 0= /D (Vum*mgn*n) {exp (iSi,, + iS¢, + iStp + 1S7) — exp (1Siny + 1S5x + Spp +i57)}
o.0= /d4x / D (Vyr*mdn™n) exp (iSimy + i56x + 1Sp + 1S 5) {—2 <D + §M2> ((’LV” + Mfgb)

=gt +ig(mJe — 7" Jpe) + MJy} 6X(2) (1.2.7)

Since §A\(z) was arbitrary the integrand in the preceding equation (1.2.7) vanishes identically and so we arrive at the Ward identi-

ties:

) = 0 W+ MW +ig (g

_([O+em?) 5 W SW B
0. T 00

§ “ié’j#(x) + Mi5J¢(x) ) =0. (1.2.8)

We introduce two more generating functionals: first is the generating functional for connected Green’s Functions Z[J] for which

we have:

W1J] = exp (iZ]J]) (1.2.9)

n—1 n
OTeu o) = (7)o

]

()

= Uconn (xla v 7xn> ) (I.Z.IO)

10



secondly we have the generating functional, I'[®], for proper vertex functions. It s related to Z[J] in the following way:

T [V, 7% 7o b = 217 — / Qo (V4 Tome + Toeti™ + Jode) | (1211)
with
A v, P emw. Mo Plosw. e
We can then write the Ward identities (1.2.8) in terms of these generating functionals giving:
_¢“€M“<a‘” M ”’)—mﬂmwwwaw+m(ﬁii—igﬁi)=ov (1:2.13)

£ " 0ju(z) 84 (x)

(O+&EM?) or or . or ., or B
f(aﬂvy + Md)c) + @m — M5¢C(x) — g <7TC57TC(1‘) — 7} 577*(30)) =0. (1.2.14)

FuLL RHO-MESON PROPAGATOR

Let’s discuss some quantities that are of great interest in this thesis. The full momentum space propagator of the rho meson, de-

noted D" (p?) ,is defined by the following equation:

1 52 Z[J)] ;
+ _ d4 2p~(:vfy)D;u/ 2 .
i o (x)d5¥ () §j=0 / be ®") (x215)
and for our Lagrangian (1.3.10), it takes the general form:
Hp” —i P’ —i
D’“’p2=(l“’—pp)< )_|_ . 5 , 1.2.16
= ) e men) T (e ) o

which involves the p° self-energy:

v w _ PP P'p
11 (r*) = (gl - pg) It (p*) + 2 I (p?) , (1.2.17)

II



D (p?) = p————v + W

Figure 1.1: Momentum space self-energy and full propagator of the rho meson. Here the rho meson is represented by a double line.

a quantity obtained from the one-particle-irreducible Feynman diagrams as shown in figure 1.1. A related quantity is the p-p proper

vertex function in momentum space, I'%"” (p?) , defined as follows:

52T [®]
Ve (2)0Ver (y)

= /d4peip'(m_y)Fg”(p2) . (1.2.18)
V=0

To relate T (p®) to D (p*) we use the following relations from (r.2.12)

ore .,

Sy~ (1219)
021J] _ Mz 1.2.20
(Sj#(ﬂ?)_‘/;(). (1.2.20)

Taking the functional derivative of (1.2.20) with respect to V;, (y) and then using (1.2.19) gives:

5°T[®] 2zl v
- s G ) (220

if we now set all fields to zero and go to momentum space, (1.2.21) becomes

e (p*) Do (p%) = ig",, - (1.2.22)

We can then immediately deduce the form of Fg” to be:

rh(p?) = (g“” - ﬂ) (M? = p* + 1Ix(p?)) +

ppY [ —p* + EM?
p2

" LOE ) (12.29)

I2



To connect to the ward identites, we take the functional derivative of (1.2.14) with respect to V., () and then set all sources to zero

yielding:

O, + M2 5’1 [®)
———000(x — Y)9" + Orpp =7 =0, (12.24)
§ ! ( ) g 5ch(m>vcl/(y> V=0
and in momentum space this reads:
2 2
—p° + M= v . v
—%Zp + Zpul_"; =0, (1.2.25)
if we now use (1.2.23), we get:
I (p*) =0 . (1.2.26)
In other words 111 (p?) is transverse, and so we may write this self-energy as
Y (p*) = (9"” - W) Fuc(p?) (12.27)
P p2 vac bl VN

where we have adopted the notation Fy,. = Il to be consistent with [15].

1.3 RENORMALIZED FEYNMAN RULES

In preparation for perturbative calculations, we work in n = 4 — 2¢ dimensions. This has the effect of introducing the renormaliza-

tion scale 1t which has dimensions of mass. The effective Lagrangian for p-m dynamics is the following

* * 1 v 1 "
Lxiz = (9M7r0 oy — m%wo o — EFOl FOp,V + §M2V0l VOM

1

2% ((%VOH)Q + igop Vo' (Wo*ggﬂo) + gop* Vo' Vo umo ™o (r3.1)

« _»

The fields and parameters in the Lagrangian have subscripts “o” to emphasise that the quantities are unrenormalized. They can

be related to their physical(renormalized) counterparts by introducing renormalization constants in the following way

3



T = ZQ?T, VE)“ =V ZSV’L7

Zomi = m? + dm? ZsMg = M? 4 6M?
goZaN Z3 = gZ1, 90°Z273 = g* 7},

1 1 1
)

&0 T\g
and for each of the Z-factors we have:

Z1=1+62,, Zoy=1+462,, Zs=1+4675, Zy=1+627.

The renormalization constants above, are understood to be an expansion over the renormalized coupling g:

o0 o0 o0 o0
02y = 62l 2= 62 ad 025 =Y 62 ad 62y => 6219l |
j=1 j=1 j=1 j=1

om? =" Um?al,  sM? =) VM, 5@) => ¢V (2)041 :

=1 =1 =1
where

g2

“T Ter2

(13.2)
(133)
(13.4)

(13.5)

(1.3.6)

(13.7)

(13.8)

(13.9)

Each of the coefficients § Z {j ), 60 m? etc. is to be determined order-by-order in perturbation theory. If we substitute the renormal-

ization constants into (1.3.1) the Lagrangian takes the following form:

1 1
Lz = Our"'m = mPn"m — JFMEyy, + S MV,

1
2%

1 1
+ 6220, 0" — Smlrim — Z(SZgF“”FW + §6M2V“VM

(0, V")? + iguVH (w*g,fw) I
1 /1
- 5() (6,11/“)2 +igd ZypufVH (ﬂ'*ggﬂ') + G262 VIV, T

26 \¢

14

(1.3.10)



from which the Feynman rules shown in figure 1.2 are obtained. They are written in arbitrary gauge, but we will take the Feynman

gauge (§ = 1) to simplify calculations. We can distinguish two parts in the Lagrangian: the renormalized Lagrangian:

1 1
L =0,7""r —m?n*m — 1 s + §M2V“vﬂ

1

% (3“‘/“)2 + iguV* (ﬂ'*ggﬂ') + GV, (1.3.11)

which has the same form as the unrenormalized Lagrangian, and the counter-term Lagrangian:

1 1
Lo = 6250, 07 — dmPm*m — 1028 F" By + §6M2V“VM

1 1
- 256(£> ((%V“)2 + g6 Z pcVH (ﬂ*gﬂ)ﬂ') + g6 Z VIV, mr (1.3.12)

which is tasked with absorbing any divergences from perturbative calculations.

It follows from (1.3.4) that Z1, Zo and Z] are related by:
VARAVA (13.13)
expanding both sides in o gives:

1420620 +0(a?) =1+ adZ) + a6 28V + 0(a?)

— 62, =252 — 575 (13.14)

RENORMALIZED SELF-ENERGY

Note that in the previous section about Ward-Takahashi identities, we were working in terms of unrenormalized quantities. So

equation (1.2.26) should, strictly speaking be written as

HOL(pZ) =0, (1.3.15)

I5



and so it is in fact the unernormalized self-energy that is transverse. However, the unrenormalized self-energy is related to the renor-
malized one, and for the longitudinal parts in particular, the relationship is the following:

I (%) + 602 = %5 (1)

oL (p®) = 7 . (1.3.16)

We can now see that the renormalized self-energy will also be transverse provided the gauge parameter and the rho-meson mass

don’t get renormalized in the theory, that is provided:

1
) (£> =0=0M>. (1.3.17)
M v —1 [(g/“/ o p’;;’) pzjlvfz —+ %p2/££M2:|
7
"""" T oTT 2 —m?
P1 v P1
P 7
H :n: igps(p1 + p2)* : 2ig? p2eghv
AR RS
b2 H P2
" Q v [(gw _ %) (602 — p2625) + 228 (5M2 —p% (%))]
LT s i (p?6Z5 — 0m?)
b1 v Y41
A A
iz :®: igp0Z1(p1 + p2)* : 2ig* 5 21 gHv
>, 3
P2 2 P2

Figure 1.2: KLZ Feynmanrules in arbitrary gauge.
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3.1  R-RATIO

The R-ratio, defined by

o (ete™ — hadrons)
o(ete” = ptp™)

R(s) =

is a well-measured observable [21]. It is related to the current correlator

" |isovccr.or = Z’ / d4xe_zp‘7: <O‘ TJ!II;I (x)JE:Vm (‘r) |O>iSOVCCt0r

= (=¢""p* +p'p") Uem (1:3.18)
as follows
R(s) = 127 Im L, . (1.3.19)
The current-field identity[2]
(s = =1 V" (1320)

provides a connection between current correlator (1.3.18) and the full propagator of the p°-meson in the KLZ theory:

i / die= 7T (O TJH(2)J" () |0). . = zAfi; / e (0| TVH(2)V* (z) |0)

isovector

M4 v,2 v 1
= p2fp2 (_g/‘l‘ P —|—py’p ) —M2 — p2 T Fvac . (I.}.ZI)
Comparing (1.3.21) to (1.3.18) we immediately see the following relation
M* 1
e (p?) (13.22)

B pig M27p2+Fvac ’

17



orin real-imaginary form:

M4 Mz_p2+ReFvac M4 Ivaac

1_[em p2 = —1
®) Pf2 (M2 —p? + Re Fo)® + (Im Fp.)® P22 (M2 — p2 4+ Re Fio)* 4 (Im Foy)

5 - (1.3.23)

Equation (1.3.19) above then becomes:

B %4 —127 Im F,.(s)
5f2 (M2 = 5+ Re Fue(5))* + (Im Fioe(s))?

R(s) (1.3.24)

The above equation (1.3.24) provides the link between the KLZ theory and experiment, all we have to do is determine Fi,. (or equiv-

alently, the p° self-energy).

18



There is no royal road to science, and only those who do not dread the
Jatiguing climb of its steep paths have a chance of gaining its luminous

SUMMILS.

Karl Marx

Reduction of the p° Self-Energy

The self-energy of the p” meson is obtained from the one-particle-irreducible diagrams shown in figure 2.1. Adding all these dia-

grams up (including symmetry factors) gives us the self-energy up to order a?

]' v ]' v v v v v v 17 v 17 v v v Hp¥
IW+J“”+§§{‘ +§£§‘ +QMY 4221 L AX P L WHY 4 AR 1 2C1 +CYY +2C5" +C +CEY = <g“ —ppf >Fm,
(2.0.1)

which should be transverse, while the individual diagrams are not necessarily transverse. Also note that p is the external momentum

in each diagram.

19



— — jEHY — s OMY
',-L~ =1 Ry ~~_Z£1 ,‘)~~:ZQI
L4 hd 4 . L4 .
J M ) 1 ’ [
1
[] . A \ 4 [ ———
) ) ) ' [y '
. . . . L
.
> ——t ~ - ’ W,

E iC(éLII
Figure 2.1: All diagrams contributing to the self energy to two-loop order.
To prepare for calculations, we adopt the following notation
2
o= LQ , (2.0.2)
167
" d"k
D"k = (2.0.3)
-2 n—4
im2 (2mp)
This means we can make the following replacement in our Feynman diagram calculations
(2.0.4)
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Applying the Feynman rules to the one-loop diagrams in figure 2.1 yields:

d"k 1
STUY 2 2e v
il = =2g"p"g" /7(%)" FE—
1
k2 _ m2

1
- IHV = 720{9””/@”]{}@ 5

= 2iag’“’/©"k

s Tuy 2 2 d"k (2k+p)#(2k+p)l’
W= / @m)" (k2 —m?) ((k+ p)? — m?)
i [onp (2k+D)(2k+p)”
= /i’ 02— 2 (k1 p)? —m?)
(2k + p)“(2k + p)¥
(2 —m?) (k+p)2 —m?)

e J’“’za/@”k

Proceeding similarly with the remaining diagrams we get:

1
(k2 —m?)® (¢ — M?)
(2k + p)*(2k + p)¥
(k2 —m2)? ((k +p)? — m?) (¢ — M?)
(2k + q)?
(k2 —m?)* ((q — k)2 — M?) (¢> — m?)
(k +q)*(2k + p)* (2k + p)”
(k2 = m?)* ((k+p)2 —m?) (g — k)2 = M?) (¢ —=m?) '
(k+ q)"(2k + p)”
(k% =m?) ((k +p)? —m?) (¢ — k)* = M?) (¢ —m?) ’
1
((k+p)2 —m?) ((qg — k)2 — M?)(¢* —m?) ’
(k+q) - (k+q+p)(2k+p)"(2¢ +p)”

W= 4no¢29‘“’/©”k©”q

)

B = 2na2/©”k®”q

b

O = —2a2gh” / D"ED"g

ZM = az/’D”k’D”q

XM = —2a2/©"k©"q

WH = da?gh / D"ED"q

(2.0.5)

(2.0.6)

(2.0.7)

(2.0.8)

(2.0.9)

(2.0.10)

(2.0.11)

(2.0.12)

(2.0.13)

w = [ AP A i T

We now consider the counter-term diagram C'y, applying the Feynman rules yields

(2k + p)*(2k + p)”

Y n 2 o 2
iCy" = za/@ k(k‘2—m2)((k—|—p)2—m2) (k: 025 5m).
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Recall that 672 = Y 075 () gn , but we are only working to two-loop order(i.e order &?) so we only require (522(1)04 as the other

factor of o comes from the Feynman diagram. Similarly we will take om? = dWm2a. We may then express the above equation as

o . 2k + p)"*(2k + p)¥ (1)
o =— 2/@% ( A
s e m?) ((k + p)® — m?) (w62,
v (2k + p)H(2k + p)© 25,(1)
— M = "k k<67
g /g —m2><(k e G

Proceeding similarly for the remaining counter-term diagrams we get:

O — 902 /anm(szgh _ 52
= 2
2 g (k2 — m2)2

/,LV 2 n 2k + p)ﬂ(2k + p)V
7, /© 2 —m?) <<k TP —m?)

7

o = 20257} M gt / ks

m2
C’gw—oz{<
ol

22

_ 5<1>m2>

- 5(1)m2) .

LV

) 51)M2 25Z§1)> _|_p é’ (5(1)M2—p25(1) <1)>}
p §
(1IN

) (oo 2 o ()

(2.0.14)

(2.0.15)

(2.0.16)

(2.0.17)

(2.0.18)



2.1 T-INTEGRALS

A one-particle-irreducible diagram— call it i-:#¥ — that contributes to the p° self-energy can be decomposed as follows

N L, PEPYN . pHp” .
i (%) = <g“ p) i) + L1 i )

into a transverse part X7 and a longitudinal part X1, both of which are scalars. It will be our strategy to focus on calculating these

scalars which projected out in the standard way

p;tpu
SL(p®) e S (p%)
ZT(pQ) = L ghv — w x l,(p2). (2.1.1)
n—1 p? "

At one-loop level it was shown by Passarino and Veltman[22], that ¥¢ and 31, can be written as linear combinations the follow-

ing scalar integrals

1
Ag(m?) = / @”kﬁ , (2.1.2)

—m;

1
Bo(p*;m;,m3) = /an(kQ —mZ)((k+p)2—m3) (2.13)

J

It turns out that analogous basis integrals, called T-integrals, can be found in the two-loop case[23]. As the T-integrals will be so
useful to us, we will now review them extensively. First note how in all our diagrams, we were able to assign to each propagator, one

of the following momenta

ki =k, ko =k+p, ks =q—k, ky=gq, ks =q+p. (2.1.4)
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The T-integrals are defined as follows

1
2 2 2 n n
oot (P35, ) = [ Oy
11 J1 J2/ """ r Ir

2

whereeachi; € {1,2,3,4,5} labels an internal momentum and the j,’s are arbitrary indices labelling masses. This means for

example:

1
2. 2 n n
Tt nt) = [ O
1
— ©7Lk33n ,
/ Tr 2 —m2) ((a— k)2 —md) (& —m2)
1
WH = 4a? W/@”k@”
* “d T+ 2 —m?) (g — k)2 = M2) (2 — m?)

= 4a2g“"T234(p2; m2, M2, m2) .

In the intermediate steps of our self-energy calculation, we will encounter integrals of the form

K2E2 - k2

lllg l 2

Yzltz i (p m?l,mi,...m?r) :/angnq(k,? _ )(k2 7m ) ‘ (k2 — ) )
71 .77‘

for example:

Vi (5080 ) = [ N e

It turns out that these ”Y-integrals” can be reduced to T-integrals [23].

Looking specifically at our o0 self-energy calculation note the appearance of the following factors, exclusively, in the propagators

Dy =k? —m? Dy = k3 —m? D3 = k2 — M? Dy = k3 —m? D5 = k2 —

where, remember, m and M are the masses of the pion and p° respectively. This allows us to drop the arguments in the T-integral
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notation, writing

Thiy i = / @"k@"qm . (2.15)
So, for example, 112345 is understood to mean
Th2345 = /gnkgnq;
D1DyD3DyDs
-/ R e T I @ AT

1
(k2 =m?)? ((k + p)* = m?) (¢* = m?)

and T1124 = /’D”k@”q

We similarly extend this notation to Y-integrals eg.

k2
Y = | 9"k g—t——
2345 / q DoDsDyDs

2.1.1 PROPERTIES OF T-INTEGRALS
INDEX SHUFFLE

Keeping with the argument-free notation above, consider the effect of the following variable changes on D1, Do, D3, Dy, D5

k——-k—p q— —q—p (2.1.6)

k=gq. (2.1.7)

From (2.1.6) weget D1 & Doy, Dy & Dsand D3 — Ds. From (2..7) weget Dy & Dy, Dy & Dsand D3 — Ds;and

performing (2.1.6) and (2.1.7) sequentially gives Dy == Ds, Dy &= Dy and D3 — Ds3. Since variable changes do not alter the value
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of an integral, we conclude that all T and Y-Integrals (in the argument-free notation) are invariant under the following index swaps

(1=2)4=5), (2.1.8)
(1=4)(2=5), (2.1.9)
(1=5)(2<=4). (2.1.10)
So we have for example
T34 = T35 = Tiga5 = Tos45 - (2.1.10)

INTEGRATION-BY-PARTS IDENTITIES AND MASTER INTEGRALS

There are, in principle, infinitely many T-integrals we can construct since repeated indices are allowed. However, some of them
are just products of the one-loop basis integrals Ay and By, and those that are bona fide two-loop integrals are all reducible to a
handful master integrals, viz. T134, T1134, T234, T1234, T11234, and T12345 [23]. One of the ways of doing this reduction makes use

of the following property of Feynman Integrals in dimensional regularization

B
Ne— fH =
/@ b (k) =0,

which gives rise to the so-called integration-by-parts identities [24, 25]. We can use integration-by-parts to reduce the

integral

2 n 1
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in the following way

/9 kaku k?—m2 =0
=>/ZD k{Dl }
n n 2D1—|—2m
/gk{D }

. nAg(m?) — 240(m?) — 2m*A; (m?) =

n—2
2m?2

— A (m2) =

Another commonly occurring integral is

1

2 n
Blo(P m m) /:D k(kz 2 m2)2((k+p)? — m?)

which we reduce similarly using

n i k* —
/9 Yok ) (k)]

— (4m2 —pQ)Blo(pQ;m2,m2) =(n-— 3)Bo(p2;m2, m2) —

The following T-integral reduction formulas are direct consequences of (2.1.12) and (2.1.13)

(4m? — p*)T1123 = (n — 3)Tha3 — Thi1s

(4m* — p*)T1124 = (n — 3)T124 — Th1a

Ag(m?) ,

)

Al(m2

).

(2.1.12)

(2.1.13)

(2.1.14)

(2.1.15)

(2.1.16)

(2.1.17)

these will come in handy in the reduction of the p° self-energy diagrams to T-integrals. The T-integrals in the formulas above are

just products of one-loop integrals, we now turn our attention to true two-loop integrals. It is interesting (and will later prove use-
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ful) to consider what happens to the master integrals when we set p? = 0; The vacuum integrals 7% 34 and 1134 will be unaffected

since they don’t depend on p?. For the rest of the master integrals we easily deduce the following

To3a|,2g = T34 , Ti234] 2o = T1134 ,
p*=0 p2=0

Th1234] 09 = Th1134 T2345] o9 = Th13a4 - (2.1.18)

The last two equations above involve 171134 and 771344 which may be reduced with the help of the following integration-by-parts

identities

/@nk@nqaiﬂ ((k:2 —m2) ((k — ql;:s_ M2 (2 — mQ)) =0

— M2T1334 = (]. — 2€)T134 — 2m2T1134 R (2.1.19)

[ <<k2 — ) (k- qu — ) (2 —m2>) B

= (2m* — M*)T1134 + Ti13 — Tiia — M?T1334 =0, (2.1.20)

[ =¥ ae () =0

= 2T1114 — 211113 = (Ti1z — Thia) (2.1.21)

€
m2

0 (k4 q)*
nk n fr—
[o2 s (o ) =
= 2(4m? — M*)Ti1134 = —2(e + 1)T1134 — 2T1334 + 2T1133 + 2T1114 — 2T0113

(2.1.22)

[ =2 (o =) =

= (4m?* — M*)Ty1340 = —2€T1134 + Ti1a4 — 21133 + 2T 1334 - (2.1.23)
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We can then write the following reduction formulas for 771134 and 171344

2(1 —¢ €
2(4m? — M) Ti1130 = —2(€ + 1)Th134 — 2T 1334 + (WTH?) + oo (Th13 — Tha) (2124)
1—¢ 2(1 —€
(4m? — M?)T11344 = —2€T1134 - T4 — %TIIS + T1334 - (2.125)

ASSOCIATED SCALAR DIAGRAMS

Each master integral involves an assignment of propagator momenta with which we can associate a scalar Feynman diagram that
gives rise to the same combination of propagators. In figure 2.2 one can see the scalar diagram (also known as a topology) associated
with each master integral. This enables us to study the analyticity of each master integral through the physical thresholds of the
associated diagrams. This tells us the values of p? for which each T-integral may acquire an imaginary part. We see, for example,
that Th2345 (p?; m%, m3, m3, m3, m2) has physical thresholds at the following values of p?: (mq + m2)?, (m1 + m3 + ms)?,

(ma + ms3 + my)? and (my + ms)?. This can be used as a consistency-check for our rather long calculation.

T134 T1134 T234 m
1 3 4 3
)

2
4
T1234 m T11234 1 1 T12345
3 3
N \
2 2

Figure 2.2.: Associated scalar diagrams of master integrals.
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212 EVALUATING T-INEGRALS

Since, as we have claimed, the p° self-energy calculation hinges on the master integrals , it is well worth our time to take a closer look

at them. There are six of them and I write them explicitly below

O e e e (126)
Tisss = [ D00 3 = (127)
Tana = [ O e (128
Tiass = [0 I (2129)
Tias = [ O e e (1:30)
Tiaus = [ 90— e

THE VACUUM INTEGRALS

The vacuum integrals T34 and 77134 can be found in the literature, calculated using a variety of methods [26, 27, 28, 29, 30]. They

maybe expressed in the following way

1 1(3
Ty3q = ﬁ(ZmQ + M?) + = {2(2m2 + M?) - 2m?L,, — MQLM}
€ €

+ (; + «2)> (2m? + M?) +2m?(L?, — 3L,,) + M*(L3; — 3Ly)

2
1 2792 m2 1 . 1-—A 2 1—A 2 m2 '/T2
2.7\/[ In <M2>+2)\{ 4L12< 5 )+21n 5 In e + 3 (2.1.32)
1 1/1 1 1 1 1-—A
Tizsa==—+-(=—Ln — 4+ —C(2)+ L3 — Ly, — —{ —4Lip | —=
1134 2e2+e<2 >+2+2<()+ m 2/\{ 12( 2 )
1-A 2 2
+21n? <2> — In? (;}2) —|—7;} , (2.1.33)
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where

(2.134)

Note that T’ 134 and T34 are actually related. The relation can be easily deduced from (2.1.19) and (2.1.20) to be the following

(4m? — M*)T1134 = (1 — 2€)T134 + Ti1a — Th13 -

KREIMER’S DOUBLE INTEGRAL REPRESENTATION OF 172345

(2.135)

Of all the master integrals, T’ 2345 is the only one that remains finite as n — 4. It will be evaluated numerically using the following

integral representation, first derived by Kreimer [31]:

1
2.2 92 92 9 9
Th2345(p°; m7, my, m3, my, ms)

1

oo

4 4
w4/d e ) (kv p)? — ) (g F

(w1 4+ w3 + wy

we + w3 + ws)

4 7 1 1

= —— d d 1
p2/ x/ Yl —wfuw?—w? "
A

o0
where
2
m .
wy = (|22 — — +ie
D
2
m
2 .
w2=\/(l‘+1)2— 7 tie,
p
3
w3 = (x—l—y)Q——z—i—za
i
wy = 2 — 5 i,
p
2
m
_ _1)2 _ 5 ;
w5\/(y 1) > .
We note that this representation holds for arbitrary masses, and to recover T2345 (inn = 4-dimensions) we simply set my

mo = my = ms = mand mg = M.

31

(

(w1 “+ w3 + ws

)
)

:
(
(

wo + w3 —|—w4)

)? = mi) (¢* = mi) (g +p)* —m

).

(2.1.36)

(2.137)

(2.1.38)

(2.139)

(2.1.40)

(2.1.41)

2
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Following [30], we map this integral to a unit square in the first quadrant by first mapping the whole -y plane to the first quad-

rant:

o0

/dz/dyF(:c,y

then using the transformation

/da:/dy ,y) + F(=2,y) + F(z,—y) + F(-z,—y)] ,
0 0

(2.1.42)

The integration over =’ and 3 was done using the VEGAS [32] Monte Carlo integration program. We used three iterations with

50000 points to train the grid and three iterations with soooo0 points to compute the final answer. The results are listed in Ta-

blez.1.

p*(Gev?) ReT19345 ImT79345
0.1521 -13.46012(26)  -23.05974(25)
0.1764 -9.91831(23)  -22.57568(23)
0.1936 -7.95558(21)  -22.04279(21)
0.2209 -5.48979(19)  -21.07034(21)
0.25 -3.48594(18)  -19.98935(18)
0.2704 -2.35966(17)  -19.24347(18)
0.3025 -0.92800(15)  -18.11935(16)
0.3364 0.24604(14)  -17.01236(16)
0.359256 0.88998(14)  -16.31476(14)
0.37271 1.22365(14)  -15.92181(14)
0.39753 1.76577(13)  -15.23153(14)
0.410253 2.01108(12)  -14.89378(14)
0.434967 2.43323(12)  -14.26719(13)
0.44957 2.65364(12)  -13.91484(12)
0.472656 2.96345(11)  -13.38250(12)
0.49 3.16865(11)  -13.00191(12)
0.504768 3.32695(11)  -12.69005(13)
0.53325 3.59531(10)  -12.11783(10)
0.573958  3.906132(96)  -11.36228(12)
0.598751  4.061144(94) -10.934604(97)
0.601555  4.077032(97)  -10.88758(11)
0.604506  4.093675(93)  -10.83868(10)

Table 2.1: Real and imaginary parts of 712345 (p2; m2, m2, 1\/[27 m?2 s mz) (including the statistical error from the Monte Carlo Integration) in units of Gev—2 ,withm =

.13957 GeVand M = 0.7755 GeV.
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THE SEMI-NUMERICAL ALGORITHM

The remainder of the p2-dependent integrals, T534, T1234, 111234, will be evaluated using the semi-numerical algorithm described
in [30], in conjunction with some analytically calculated integrals from [33]. The goal of the algorithm is to write an integral T as
asum Ty + Ty, where T'4 is an integral involving massless propagators and so can be expressed analytically in a relatively simple
way, and Ty is finite in n = 4-dimensions and is therefore amenable to numerical evaluation. Let’s consider the case of T34 with

arbitrary masses

1
Tosa(p?:m2,m2,m?) = /@"k@”q . (2.1.43)
P 3, Mg, ) G+ P =) (b= O = ) (@ — 7))
The algorithm entails a substitution using the following simple identities

1 1 N m3 ( )

= , 2.1.44

(k—=q)?—m3 (k—q)? (k—q)*((k—q)?—m3)
1 1 m3
F-md P P -md) -85

On the right-hand side of each of the above equations, note how the first term replaces a massive propagator with a massless one
and how the second term— by contributing an additional factor of momentum-squared to the denominator— decreases the degree

of divergence of the integral. Equation (2.1.43) then becomes:

2.2 2 2y nygyn 1 m3
Toaa(p*s ma, mg, ma) /9mqﬂwﬂ%ﬂ@w—Wf+w+w—%mmmtmmmmw

3 N m3m3 }
i —m) (k— 2@ —md @ (ks p)? — ) (k—0)° — m) (k— (& — )

+
(
- T234(p2; mgv 0; 0) + m§T2334(p2; mga m?’)v 07 O) + miT2344(p2; 7m§7 07 miv O)

2 2 2.2 2 2
+m3m4T23344(p 7m27m3a07m470) 9
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which simplifies to

To3a(p*;m3, m3, m3) = Toza(p?;m3, m3,0) + Taza(p?;m3,0,m3) — Toza(m3,0,0)

+ mgmiT23344 (p2; mg, m%, 0, mi, 0) . (2.1.46)

The first three terms on the right-hand side of (2.1.46) have analytic expressions that can be found in the literature [30, 33], and the

last term is finite as n — 4. So the goal of the algorithm is achieved in the case of T34 and we write:

Tozan(p®sm3, m3,m3) = Toza(p*;m3,m3,0) + Toza(p®;m3,0,m3) — Tasa(m3,0,0) , (2.1.47)

2. 2 2 2\ __ 2, 2 2. 2 2 2
T234N(p 7m2,m3am4) - m3m4T23344(p ; Mo, Mg, Oa m470) .

The remaining two integrals

1
Thosa(p?;m?, m2, m2, m /@"k@” , (2.1.48)
(0% mi s, i) = 0 =) (O + 9 — ) (O — @) — ) (@ — )
1
T11234 p,m 7m27m27m ,m /angn 9 (2'149)
(i i i) = 07 =3P (k9 =) (k= a)? = m3) (@ — i)
can be treated in the same way using (2.1.44) and (2.1.45), to yield:
Ti2304(p*;m3, m3,m3, m3) = Thaza(p?; mi, m3,0,0) , (2.1.50)
T1234N(p2; m%a mg7 m%a mi) = m§T12334(p2; m%? m%v m%» 07 O) + miT12344(p2; m%a mga 07 mzzla O)
+mngT123344(p2;m%am§7m§707m421a0) 9 (Z‘I'SI)
as well as
Ti12344(p%;m3, mi, m3,m3, m3) = Ty1234(p°; m3, m3, m3,0,0) , (2.152)

2. 2 2 2 2 2\ __ 2 2. 2 2 2 2 2 2. 2 2 2 2
T11234N(p 7m1am1am2am3am4> _m3T112334(p 7m17m17m2am37070)+m4T112344(p 7m17m17m2703m450>

2,2 2. ,,2 2 2 2 2
+ m3m4T1123344(p 31y, My, My, M3, 07 My, 0) . (2153)
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Analytic expressions for (2.1.50) and (2.1.52) are derived in [33] using a combination of: Cutkosky’s cutting rules to extract the
imaginary part of the integrals; and dispersion relations to recover their respective real parts. Equations (2.1.51) and (2.1.53) only in-
volve finite integrals in the limitn — 4 and so can be treated numerically. Berends and Tausk show us how to evaluate these inte-

grals by adapting Kreimer’s method to obtain analogous double-integral representations [30, 31]:

o0 o0
+ ws + ’LU4)(U)2 + w3 + 12)4)
T 2mZ, m2, m2) = —4p? / dx / dy In (w2 - - , 2.1
Tio3an (p%;m3, m3, m32,m3) = 4 / dz / dy ! In (w1 w3 + wa) (w, + Dy + @) (2.1.55)
1234N ) 1> 29 3 4 ’LU% — wg (w2 + w3 + w4)(w1 + 11,}3 + 11,)4) 5 I
4 T 7 1 (w1 +w3—|—w4)(w2—|—w3+w4)
T; Zm2,m?, m2 m2,m?) = = / dx / d {ln( = —
11234N (P 1, M1, My, m3, my) P2 y(w% — w%)g (ws + w3 + wa)(ws + @3 + W)
_ (wf —wd) (w3 + g — w3 — wy) (2.056)
2w1(w1 + ws + w4)(w1 —+ ’11)3 —+ 1I)4) o
Note the appearance of the new terms
w3 = /(7 +y)? +ie, (2.1.57)

Wy = \/y? +ic . (2.1.58)

To evaluate the above integrals numerically on, we again have to map the integration region to a unit square. In the case of (2.1.54)
and (2.1.55) we use exactly the same transformation as we used for T%2345. In the case of (2.1.56) we map the 2-y plane to the first
quadrant as in the previous cases, then, following [30], we split the z-integral over two intervals: [0, zo) and [z¢, 00), where g =
m1/+/P?. The first integral is mapped to a unit square using the transformation = = o(1—'2)/(1+2'2),y = 3'/(1 —y'), and
the same is done for the second integral using z = xo(1+2'?) /(1 —2'%),y = y' /(1 —y'). The resulting Jacobians are respectively
4oz’ /(1 +2)(1 — y'))? and 4zoz’ /(1 — 2"%)(1 — v))%.

To check my integration code, I computed the integrals (2.1.54),(2.1.55), and (2.1.56) using VEGAS with special values for the
masses and compared the results to [30]. Tables 2.2,2.3 and 2.4 below contain the results, which show agreement between our re-

sults and [30] to within the statistical error reported by VEGAS.
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Table 2.2: Theimaginary part of p%T234N (pz; m%, m%, mﬁ) withmy = 3,m3 = 5,andmy4 = 7. A: Result | calculated independently using VEGAS (including statistical
error reported by VEGAS); B: Result from VEGAS reported by [30]; C': Absolute statistical error in 3.

% (Gev?) A B C
30.0 -0.294550(78)  -0.294209  -0.0003824
45.0 -0.496377(69)  -0.496721  -0.0002433
60.0 -0.641151(38)  -0.641142 -0.0001731
75.0 -0.741584(24)  -0.741894 -0.0001261
90.0 -0.791391(16)  -0.791552  -0.0001029
105.0 -0.808574(12)  -0.808654 -0.0000889
120.0 -0.799040(13)  -0.799139  -0.0000695
135.0 -0.7689001(83) -0.769102  -0.0000592
150.0 -0.726279(11)  -0.726426  -0.0000508
165.0 -0.676523(11)  -0.676688  -0.0000453
180.0 -0.6235225(85) -0.623591  -0.0000392
195.0 -0.5692108(64) -0.569248 -0.0000347
210.0 -0.5150881(58) -0.515157 -0.0000314
225.0 -0.4619109(78)  -0.461933  -0.0000273
240.0 -0.4138200(68) -0.413841  -0.0000232

Table2.3: Tya34N (102;'m17 m27 0 m4)W|th m1 = 1 = my,mo = 2. A: Result | calculated independently using VEGAS (including statistical error reported by VEGAS);
B: Result from VEGAS reported by [30]; C': Absolute statistical error in B.

Real Part Imaginary
2 (Gev?) A B C A B C

0.01 -0.98748(10)  -0.998834 0.005194

o.1 -0.993406(72)  -0.993464 0.0004769

1.0 -1.0559(21) -1.05622 0.001690

2.0 -1.146778(75) -1.14637 0.0002063

4.0 -1.412163(47) -1.41243 0.0001836 0.000049(43)  ©0.00003568 0.0001891
4.1 -1.431323(38) -1.43119 0.0001861 -0.000088(42)  -0.0000108 0.0002052
4.2 -1.451380(39) -1.45113 0.0001741 -0.000233(42)  -0.0001076 0.0001937
4.4 -1.495018(43) -1.49518 0.0001794 -0.001784(45) -0.001814 0.0001814
4.6 -1.543093(45) -1.54299 0.0001697 -0.005799(44)  -0.0056238 0.0001800
4.8 -1.595237(46) -1.59521 0.0001595 -0.012840(47)  -0.0129236 0.0001809
5.0 -1.651404(46) -1.65176 0.0001619 -0.023861(45)  -0.0238376 0.0001859
7.0 -2.376032(63) -2.376 0.0001568 -0.455645(57) -0.455946 0.0001778
9.0 -3.3756(12) -3.3751 0.006413 -3.44392(37) -3.44189 0.002581
10.0 -1.051572(72) -1.05144 0.0001577 -2.864938(56) -2.8651 0.0001604
100.0 0.1687905(72) 0.168776 0.00001857 -0.2262435(34) -0.226256 0.00001290
1000.0 0.03432256(93)  0.0343229 3.776x1070  -0.02825224(40) -0.0282523 2.232x 1076
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Table 2.4: p?Ti1234n (P?; m%, m% s m%, 0, mi) withm] = 1 = my, ma = 2. A: Result | calculated independently using VEGAS (including statistical error reported by
VEGAS); B: Result from VEGAS reported by [30]; C": Absolute statistical error in B.

Real Part Imaginary

p? (Gev?) A B C A B C

o.1 0.022143(76) 0.0222252  0.0000244477

0.9 0.2155(43) 0.22454 0.00123497

1.0 44130(23652) 5.7 x 106 3.477 x 106

I.I 0.2846(31) 0.279069 0.00167442

2.0 0.59348(92) 0.590465 0.000307042

3.0 1.072426(63) 1.07237  0.000171579

4.0 1.81875(49) 1.81909  0.000272864

4.1 1.91855(39) 1.91854 0.0002.8778 0.00036(21) ©0.0002918 0.0004377
4.4 2.26161(82) 2.26285 0.000633597 0.00768(22)  0.0077592  0.000364682
4.8 2.83860(62) 2.83883 0.000539378 0.06288(30) 0.0627915  0.000621636
5.0 3.18242(91) 3.18413 0.000700509 0.12206(47)  0.121994 0.000536774
7.0 9.3748(49) 9.38086 0.00140713 3.9752(20) 3.9742  0.00206658
8.0 15.8856(86) 15.9048 0.00318097 13.7584(36) 13.7599  0.00316477
8.9 31.887(51) 31.8909 0.022.0047 102.281(16) 102.2.99 0.0204597
9.0 -1.403(50)x107  —2.9 x 108 1.537 x 10® 1.47135(25)x107 1.8 x 108  1.26 x 103
9.001 -1277.69(53) -1277.27 0.75359 -27.48(23) -27.5309 1.10124
9.01 -374.578(90) -374.544 0.134836 23.696(s5)  -23.7722 0.175914
10.0 -15.524(12) -15.543 0.00341946 -6.0237(42) -6.01643 0.00318871
100.0 -1.7409(38) -1.74756  0.000681549 -0.0020(12)  -0.001904  0.00039984
1000.0 -1.6509(47) -1.65614  0.000679018 -0.00020(95)  ©0.0009338  0.00056028

We end this section by presenting analytical parts of the T-integrals for mass-values relevant to our calculation, but first we adapt

our index-free notation to the semi-numerical algorithm:

Tozan = Toza(p?;m?, M?,0) + Taza(p*; m?,m?,0) — Thza(m3,0,0) ,

Tozan = M>*m*Tozz4a(p*; m?, M?,0,m?,0),

Ti2344 = Thi234(p%;m*,m?,0,0) ,

Tiozan = M?Ti2334(p*; m?,m?, M?,0,0) + m*Ti2344(p*; m?,m?,0,m?,0)

+ M2m2T123344(p2; m27 m27 M27 0) m27 O) )

2. 2 92 9
Th12344 = Th1234(p*;m*,m=,m*,0,0) ,

2 2.2 2 9 ;9 2 2. 2 2 2 2
Ti123an = M*T112334(p”; m=, m=, m=, M=,0,0) + m*T112344(p”; m=, m~,m>,0,m=,0)

2. 2 2.,.,2 2 2 2 2
+M m T1123344(p ym-,m-,m aM ,O,m 70) .
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Below are the analytical parts of the T-integrals we obtain using results from [30, 33]

1 1 3
Tosan = ?(2m2 + M?) + - {3m2 + 5M2 —2m?*L,, — M*Ly; — fp } +2m? —3Ly,)

1 1 1 2
+M? (L3, —3Ly) + 5Ll + 3(2m® + M?) + 5M2c(2) — 1(m2 + M?)1n? <m>

1, ., 9 o [(m? — M? ( M?%—m? 1, p? p? 13
1 2\ 2 M2 2 2 1 2 2 2
o2 () o (50) I () v om (B B m(1-
4 P2 P2 M2 2 P2 m2 m2
L o, 2 Lo, 2 2\ B
—g(p +2m )R—i(p +m”*+ M*)R
»? 2
_ m2L12 (m > +2m <]_ — p> {LIQ (]. — 7’1) + Lis (1 — 7"2)}
M? 1-— 1—7 2 M?
et (125 ) {on (5) w1 (52) -1 ()}
p —T1 —’I“Q m
m? - - M? —m?
+M2 (1 — ]ﬂ) {Lig(l — T‘1) +Li2<1 — T2) — Lio (]\4,2>} , (2.1.65)
1 1(5 19 3
Tigsan=55+-95—Lm+Rp+ = +5C2)+ L2, — (5+2R) Ly,
2¢ € |2 2 2

2 2 2
+ (le) ln<1p> + Lip (‘”2) +4R
D m2 m
m?2(ry —ra)

1 1
2p2 {11’12(1 —I—’I"Q) — 1n2(1 +7"1) + 2Lio (1 —|—T2) — 2Liy (1 —|—’l“1> — Lis (]. — 7“1) + Lis (1 — 7’2)

—Lig (r2(1 —1r2)) — 1 (1 - 5;,7"2) In(ro(1—r2)) + Lis (ri(1—r1)) +n (1 - 7}:277“1) In(r1(1 — rl))} )

(2.1.66)

_J1 P’ 2 R 1. (P 1 (m? P2
T11234A_{6_2Lm+7’712_2m W—ELIQ W +W pT_]. In 1_W

LR =) [ 2 (1) 4200 () = 2T () — Lis(1 — 1) + Lis(1 — )
2p(4m? — p?) ? R G 2\ 15, ) e e

2

—Lig (r2(1 —1m2)) — 1 (1 — TZZLQ’T2> In(re(1 —7r2)) + Lia (ri(1 —71)) + 7 (1 — :;,7‘1) In(r1(1— Tl))} .

(2.1.67)
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where

M2

LM = YE + In (47[_“2) s (2168)
m2

Ly =9+ <47TM2) ) (2.1.69)
]

Lipj =7 +In Al ) (2.1.70)

and g is Euler’s constant, defined by:

. 1
et (3

We also have the following definitions

p
T = Vel (2.1.71)
2
m
y = i (2.1.72)
2 _
Ro™ (r12 T2) nr (2.1.73)
p
~ 17 —179 s -
R= 3 (ln 71 —In 7"2) , (2.1.74)
with
1 p? P\
1 p? P\’
- 1 2
A=g{lty ot Ve -y -1 -4y}, (2.177)
N 1
Po=g{lty—a— e —y-17 -4y} . (2.1.78)

Note that all the above T'4’s are invariant under the exchange of 71 and 3 (similarly 71 and 72). They also involve the dilogarithm,
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defined by
*  In(l-—
Liz(z) = —/ dzu . (2.1.79)
O Z

It has a branch cut along the real axis for z > 1 inherited from the principal branch of the logarithm. Ambiguities about values on
the branch cut are resolved by taking p? to have a small positive imaginary part. We also define the n-function which helps in the

addition of logarithms with complex arguments

n(a,b) =In(ab) —lna —Inb

= 273 [0(—Ima)f(—Imb)f(Im(ab)) — 0(Ima)f(Imb)§(—Im(ad))] . (2.1.80)

2.2 REDUCTION

We will now take the expressions obtained from the Feynman diagrams and write them in terms of the basis integrals discussed in
the previous section. We start with the one-loop diagrams I#* and J#¥. One can decompose I*” into a transverse part and a longi-

tudinal part as follows

oV LoV
= (gw_ppf )IT+ppf I,

with

It = —2aAy(m?) (2.2.1)

I = —2aAg(m?) . (2.2.2)

We can decompose J# in the same way

JTNY LoV
JHV:<g;w_pp )JT+pp]29 g,
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and the longitudinal part can be projected out as follows

p2

" 1

= J. = 2aA0(m2) .

We similarly have

P ::au/@nk(%+p+p%C%-p+p%
o (k2 —m?) ((k +p)* —m?)

_« ”2k.p+p2 / n
—p2{/© om0

4k2% + 4k - p + p?

2k -p+ p?
k+p)? —m?

G T = C“/ O ) ((h + p)? — )

= a {449(m?) + (4m? — p) Bo(p%s m2,m?)}

which we use to get the transverse part of J*”

(67

Jr = ——[(4m® —p*) Bo(p*; m*, m®) + 240(m?)] .

n—1

Proceeding similarly with the rest of the diagrams we get*:

"

v w P
é-j}ljb = (g‘ - p2 >§1T+

2
Sir =4na” T3,

§1L = 4na2T113 .

pp”
éu/ e <g}U/ _ p2 ) §2T +

Sor

—2a°nTya3 ,

§2L = —2a2nT113 .

prp”
p2

pHp”
p2

§1L )

§2L )

(2.2.3)

(2.2.4)

(2.2.5)

(2.2.6)

(2.2.7)

(2.2.8)

* . . . . . . . . ..
Each of the reductions involves straight-foward completing-the-square in the numerator to cancel factors in the denominator. To see this done explicitly refer

to [34].
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oV LoV
Qﬂv(gwpf >QT+p§ o
p b

Qr = o? {—ATy34 — ATy15 + 2T114 — 2(4m* — M*)T1134}

Qr = o® {—4T134 — 4T3 + 2T11a — 2(4m® — M?)T1134}

oV JTINY
W"”(g“”p]; >WT+p§ WL,

p p
WT=4OZ2T234;

WL = 4CV2T234 .

LoV LoV
X = (gwppf >XT+pp§ X,

a2

Xr = — 1{ — 3To31 — Tiza + Tiza — Tizs — Yoggs — (Tm? — 2M* — 2p*)Tiasa }

XL = 720[2T234 .

y ., p'p” pl'p
Z#Z(Q#— 2>ZT+ 5 2L
P p
a? om2 — M? — 4p? Am? — M? + 2p?
Zr = — { = P Toas + P P Tyg - (n = 1)T124

+ 2(n — 1)T123 + (4m2 — MQ)T1134 + 2(8m2 — M2 — p2)T1234

2 2
+(4m? — p*)(4m? — M?)Ty1234 + ETB - p2Y2134} )

4m? — M? — 2p?
7 =a? {— 5 P Ti3q + 27113 — Th14 + (4m2 - MQ)T1134

LoV LoV
A#V:(gw_pp )AT+ppp A

p? 2
a? X : i 2 2
Ar = n—1 4Y3345 + FY234 — 8T94 — (8m* — 2M? — 4p*)T045 + 47123
2(2m* — M?) 2(4m? — M? — 2p?)

Ti34 +4(Tm? — 3M? — 3p*)T1234

p2

4
—FT13 + (4m? — 2M? — p*)(4m? — M? — 2p2)T12345} ,
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(2.2.12)

(2.2.13)
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where

w
cy” =

(-

v

p'p

ap

[L
ClL )

—9
C(l)nTAO(mQ) + 26Z§1)A0(m2)} ,

w
cy =

Cor = 202 {2az§1>Ao( 2) +200M o

Cyp = 202 {2az§1>A0( 2) 4200

C’7(r1) = m26Z§1) —

( o ppp )02T N

C3h” = (QW Pp )CBT +
p?
2
«
Csr =
—
Csp = 202571 Ag(m?) .
p, v
Cy" = <9W -2 ) Cur + Py
p?
Cur = —20257,M Ag(m?)
Cur = —2a262"M Ag(m?) .
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{(n —1)CW By (p*; m?, m?) + 25Z§1)A0(m2) + (4m? — p?

C2L )

n —

1)”

CVBL ’

C4L ’

§Mm?

Ao( )} ;

AO( )} .

D1 (am? — p*)Bo(p*; m?, m?) + 240(m

2)}7

024" Bo(p*sm?,m?)

(2.2.18)

(2.2.19)

(2.2.20)

(2.2.21)

(2.2.22)

(2.2.23)

(2.2.24)

(2.2.25)

(2.2.26)

(2.2.27)



LoV oV
G = <9W - p—f ) Cst + p—f Csp
D p
Csr = a6V M? - p?527) + 2 (5P M? - p252{Y)

cumafomse- o () e o (3)

TRANSVERSE GROUPINGS

We will now show that when summing each of the groups of diagrams shown in figure 2.3, the longitudinal parts cancel out

class of diagrams is transverse. First consider the one-loop diagrams of figure 2.3a, for which we have:

e = 1 4 g

(2.2.28)

(2.2.29)

i.e. each

p'p” pp”
= <g’“’ - 5 (IT + JT) + 3 (IL + JL) .
p p
A -~ Q P 3
1» “ 'v ~‘
) . ’ '
— ) [ ——] [ —— ]
' ' ' ’
vt oot
I > >
Pae . J Pae S X 1&' “d w 'o')‘~‘ Z >
A Y
A S T A R A
' . . 2 o X x » =
A . . . \J U A ’ . ’
Se o L R 4 A k4 . k4 . .
< “ea=’ Yea=’ Yea=’
(a) One-loop diagrams (il_[gy). (b) Pure two-loop diagrams (iﬂ‘%u).
- Q- PRI
71 ib ~"‘ Ofﬂ " \‘
—s — ——: —
‘ b s K
‘e s Yay e’
& &2 > 1
. <. . ~<* ’—®~~ -= .~
. . v Y . . . .
. A ’ A . ) ' . \
A v = ] — Cy Y A Yo !
\\ ,l \‘ 'l . ’ . 'l
-~ ’ N . ~. .~ .
- ~<* - R

(c) One-loop-separable diagrams (zH‘é") (d) Counter-term diagrams (ng’).

Figure 2.3: Transverse groups of diagrams.
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From (2.2.2) and (2.2.3) we see that the longitudinal part of this sum is given by

IL + JL = —20{140(’”’7/2) + 20¢A0(m2)

=0. (2.2.30)
This means Héy is transverse:
v v Y
g = (9“ - 22 ) I, (2.2.31)
Q@
with Iy = — {(4m® — p*) By (p*; m*m?) — 2(n — 2) Ag(m®)} . (2.2.32)

We call the diagrams of figure 2.3¢ “one-loop separable diagrams” because their associated integrals may be expressed as products of

one-loop integrals. In this case we have:

1 1
[ 117 - nZ
" =54 +2><(2>€2
y PPV (1 php” (1
= <9“ T ) (2§1T+§2T) + 2 (251L+§2L .

Using (2.2.6) and (2.2.8), we see that the longitudinal part vanishes since:

1 1
§€1L + &2 = 3 (4na®Ty13) + (—2na’This)

=0 <<= Hg” is transverse , (2.2.33)
v_ '’
Hg _<9W_ p2 )HS’
with H8 = 2a2n(T113 — T123) . (2..2..34)

In contrast with the one-loop-separable diagrams, figure 2.3b shows pure two-loop diagrams given by the following sum:

Y = QW 4 WH 44X 2707 4 AP

o o PP pp”
=g an (Qr+Wr+4Xr+2Z1+ Ar) + pe (Qu+WL+4XL +2ZL + AyL) .
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Substituting (2.2.10),(2.2.12),(2.2.14),(2.2.16), and (2.2.18) in the longitudinal part above gives:

Qu+ WL 44Xy + 27, + Ay = o {—4T134 — 4T113 + 2114 — 2(4m® — M) Ty134 + 4134
2(4m? — M? — 2p?)

— 81534 — T34 +4T113 — 21114

p2
4 4 2(2m? — M?
+ 2(4m2 — MQ)T1134 — 7T13 + *21/2134 + %Tzﬂ
p p p
4 4 2(4m?2 — M? 22m? — M? -2
+]?T13 - EYQ134 + ( 2 )T134 A 2 ?) T234}

=0 <= I istransverse.

Using (2.2.9),(2.2.11),(2.2.13),(2.2.15), and (2.2.17) we can find the transverse part to be:

Iy = Qr + Wr +4X1 + 2Zr + At

2
«
—— 1200 = 1)(Thaa = Thz4) = 4(n = 1)(Taas — Tr23) — 4(n — 2)Tiza + 4(n — 2)Tose

— 2(n — 2)(4m2 — M)T1134 + 4(8m2 — 2M2 — 2]92)T1234 — (8m2 — 2M2 — 4p2)T1245

+2(4m? — p?)(4m?* — M*)T11934 + (4m? — 2M? — p?)(4m? — M? — 2p*)Tio345} .
We now turn to the counter-term diagrams of figure 2.3d. Here we have

Iy = 201" + C8¥ +2C5 + CY”

o o PP pp”
=19 - pT (QClT + CQT + 2C3T + O4T) + p2 (201L + CQL + 203L + C4L) .
Substituting (2.2.20),(2.2.23),(2.2.25), and (2.2.27) into the longitudinal part we get the following:

2011 + Cop + 2Cs1 + Cyp = —20° {52{“’ — 262 4 525”} Ag(m?)

which clearly vanishes if we recall that the renormalization constants that appear above are related by

7, =252 — 571
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So the counter term diagrams are transverse

and using (2.2.19),(2.2.22),(2.2.24), and (2.2.26) we get:

Mg = 2C11 + Cop + 2C31 + Cyr

n— 2m

o? n—2
= 1{2(71—1)053)( 2Ao(m2)—Bo(p?;m2,m2)>

+2 (6Z§1) - (521(1)) (2(n — 2)Ag(m?) — (4m® — p*) By (p*; m?, m2))} . (2.2.37)
Having shown that the classes of diagrams in figure 2.3 are transverse we may express the full self energy to two-loop order as:

H};V _ H/él/ + Hgy =+ Hél/ + H%V + CE);UJ

p'p
p2

JTINY v
= (g“” — ppf ) (e + Iy +1g +1lg + Csr) + Csr . (22:38)

We note that the self-energy above should be finite, and we also note that it’s longitudinal part(as it appears above) is made entirely
of counter terms, the primary purpose of which is the absorption of divergences. Working to two-loop order, this longitudinal part,
C'1, is finite if and only if each of 0 M 2and § (%) is finite to order o/, meaning we do not need these renormalization constants.
Setting both to zero i.e. SOM?2 = 6@ p2 = 5 (%) =532 (%) = 0, we get C5; = 0, which tells us that the self-energy is
transverse up to two-loop order. By this very fact we may gain confidence that our reduction of the self-energy Feynman diagrams is

correct. The self-energy may now be written in the following way:
LoV
e = (W - ppf) (H@ + 10, + Ty + Mg — ap?0Z5") — a2p252§2>) . (2239

Almost all the diagrams have been expressed in terms of basis integrals, we just have express the counter terms that appear in (2.2.37)

in terms of known quantities. To do this we need to calculate some one-loop diagrams.
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2.3 ONEe-Loor DiaGrams

As already seen, the p° self-energy at two-loop order involves renormalization constants that must be determined from one-loop re-

sults. We need the constants 5Z1(1),5 Zg(l), C7(r1) and we obtain them by evaluating the pion self-energy and the pr7-vertex-function.

ProN SELF-ENERGY

The pion self energy (shown in figure 2.4) is given by:
) 1. . .
=ty = izPl — 1Py — 1P

where

. . n 1
—ZP1:QZTLO[/® km

B — —ie [ O" (k + 2p)?
S = /9 k(kz—mQ)[(/Hp)?—MQ] ’

—iP; = i (p26Z2(1) - 6(1)m2) +0(a?).

These reduce to

P1 = —2TLOZA0(M2) s (2.3.1)
Py = a{240(M?) — Ag(m®) + (2m* — M? + 2p*) Bo(p*; M?,m?)} (232)
Py = —a (p2522(1> _ 5(1)m2) , (233)

Q "*~~
I _ ¢ \‘
ey = e A + _)_u>-. + === =@=>---

Figure 2.4: Pion self-energy to 1-loop order
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from which the following result is obtained

Moy = @ [=(n = 2)Ag(M?) = Ag(m?) + (2m? — M2 = 2p%) Bo(p?sm?, M?)] - o (p?625") — 6m?)

Imposing the on-shell renormalization conditions

HW|p2:m2 =0

d

dp

2 H7r|p2:m2 =0 )

means that m, which was arbitrary up to this point, now represents the experimentally measured value of the pion mass, we get:

WY =m?5Z, — om?

and

(2 —n)Ag(M?) — Ag(m?) + (4m? — M?)By(m?; M?,m?)

578 = 2By (m?; M2, m?) + (4m? — M?)B}(m2; M2, m?)

where

n
HF%&
1 _ PN
[y =
P/1 P2

Figure 2.5: The one-loop vertex function

8 2 2 2
= 87])230(2? s M=,m”)
St
+ AN
/ﬂ/ \\\
p1 P2
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prm-VERTEX-FUNCTION

The prm-vertex-function to one-loop order is the sum of the one-particle-irreducible diagrams that are seen in figure 2.s. Here the
external pions are placed on-shell i.e. p? = m? and p} = m? leaving the diagrams dependant on the single momentum scale

q® = (p1 — p2)?. We write

re =10 + IH+ S+ S5+ T (2.3.8)

P p7r

where, according to the Feynman rules, we have:

DO " = igu(p1 +p2)" | (2:3.9)
% = igu(p1 + p2)adZy") (2.3.10)
o =ianta [k Gat)
St = =i [ ¥ G )
S = ‘e [ 0 ey o)

The integrals in (2.3.11),(2.3.12),(2.3.13) must now be reduced to known scalar integrals. Let’s begin by evaluating .#*, as a first step

we prove the following result:

Claim 1. (p1 —pg)uf“' =0

Proof.

p2)p It = ign 04/33" k+2p1 ) - (K +2p2)[(2k + p1 + pa) - (p1 — p2)]

(p1 = M) ((k+p1)* = m?) ((k + p2)? — m?)
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We introduce the following notation

Ao =k* — M?
Al = (k+p1)2 —m2

Ay = (k+p2)? —m?,
So that the numerator in the above integral becomes

(k+2p1) - (k+2p2)[(2k 4+ p1 + p2) - (p1 — p2)] = (K* + 2k - p1 4 2k - p2 + 4p1 - p2) (A1 — Ay)
(k+2p1) - (k+2p2) /an(k+2p1) : (k+2p2)}

= - IH =igus "k
(p1 p2)u g« {/9 AoA, Aol

and the integral reduces to
2k -p1

L — € n n 2kp2
(1 = P2),. 7" = igp O‘{/@ I s~ T <<k+p1>2—m2>}

+igu‘a {(4p1 - p2 + m* — p3)Bo(p3; M?,m?) — (4p1 - po + m® — p}) Bo(p}; M?,m?)}

. ¢ P1-D2
=igu‘a pe {AO(MQ) - Ao(mz) + (m? — M? fpg)Bo(pg; MQ,mZ)}
2

2

- zgufaplp' PL{40(M?) — Ag(m?) + (m? — M? — p?) Bo(p3: M?,m?)}
2

+igu‘a {(4p1 - p2 + m* — p3)Bo(p3; M?,m?) — (4py - po + m® — p}) Bo(p}; M?,m?)}

when we put the pions on-shell i.e. setting p? = p3 = m?, the right hand side clearly vanishes. O

A consequence of this result is that ## has the following form

I =(p1+p)' ST,

SI



with

A straight-foward reduction shows that

]_

__igpa /Q”k(k +2p1) - (k+ 2p2)[(2k + p1 + p2) - (p1 + p2)]
4m?2 — ¢2

(k2 = M2) ((k + p1)? = m?) ((k + p2)? — m?)

= igna { L (0%) — o) + (2= 22) Batm M%)

4m? — 2¢% — M?
_l’_

4m?2 — ¢2

{230(m2; MQ,mQ) — QBO(qQ; m2,m2) + (4m2 —— 2M2)Co(q2)} }

and so

) 1 M?
I =igus(p1 + p2)'a {mg(Ao(Mz) - Ao(m2)> + (2 - mQ> Bo(m? M?,m)

4m? — 2¢%> — M?
+ 22

[2B0(m2; M27m2) — 2Bo(q2; m2,m2) + (4m2 —— 2M2)Co(q2)} }

4m

where the scalar integral

2\ __ n 1
Colg >_/© AR (Gt o) — D) (b ) — )

remains finite in 4-dimensions; it will be studied later.

We now look at the diagram S}', which must be of the form (Lorenz-invariance demands it):

S =piS,
. 1 "
with 81 = ﬁplﬂsl .
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Carrying out the contraction with p; shown above, we get

2igue k- py + 292
Slzg“a/zwk( b1t o

e (RN
__igpfa /anAl — Ag + 4p? — M?
1

m2 A()Al

4m? — M?

= —iguea{mQ(Ao(MQ) — Ag(m?)) + Bo(p?;MQ,mQ)}

m2
w e 1 2 2 4m?* — M? 2,272 2
S = —iguap! W(A()(M ) — Ag(m?)) + TBO(m s M=, m*) b .
By exchanging ps for p; we get a similar reduction for the diagram S4':
n e 1 2 2 4m® — M? 2. 002 2
Sy = —igpap, W(AO(M ) — Ag(m?)) + TBo(m s M7 m®) o

From (2.3.20) and (2.3.21) it follows that:

4m? — M?

" ’ - € 1
St + 8¢ = —igu (o1 + po)¥ { i (Ao(04%) = Aalo®)) + T

With all the reduction of diagrams complete, we can express the one-loop pmm-vertex-function as

Fgfrﬂ' = ZQME(Pl +p2)“rp‘n’ﬂ’<q2)

4m? — 2q2 — M?
2

Lonn(q®) = 1+04{—2Bo(m2;M7m)+ [2Bo(m2;M2,m2)

4m? —q

—2By(¢*;m?,m?) + (4m? — ¢* — 2M2)C0(q2)} } + a(SZfl) )
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Bo(m?; M2,m2)} .

(2.3.19)

(2.3.20)

(2.3.21)

(2.3.22)

(23.23)



Imposing the renormalization condition I'yr (g2 = 0) = 1 we determine the charge renormalization constant to be:

Am? — M?
52V = 2By (m?; M2, m?) — m4T (230(m2; M2, m?) — 2By(0;m2,m?) + (4m? — 2M2)Co(0)>
Am? — M? )
= 2By(m% M2, m?) — sz (BO(mQ;MQ,mQ) - "2m2 Ag(m?) + (2m? — M2)00(0)> L (2324)

In the last line we made use of the integration-by-parts identity 2.1.12. That’s the last of the renormalization constants.

2.4 FURTHER REDUCTION

In (2.3.6) and (2.3.24), there appear terms that can be reduced further, viz. C(0) and B’ (m?, M2, m?). We begin by paying spe-

cial attention to Cp(0). It is easy to show that Cjy(¢?) has the following Feynman-parameter representation:

l1—z

Cole?) = - / i [r+0 (ﬁu) (2.4
0 0

where

Ar=1-2)*m*+Pylx+y—1)+azM?*. (2.4.2)

Setting g2 = 0, this representation reduces to the following:
g % g

1

1—2z Ac| 20 -
Co(0) = — [ do— " T(1+e (‘1) : (2.43)
0( ) J AC|q2:0 ( ) 471_”2
AC'qZZO = (1 — {IJ)Q + .’17M2 . (244)

Compare this to the Feynman-parameter representation of By (p?, M2, m?):

1 —€
BO(pZ; M2a m2) = /d.’I}F(E) (4?;2) ) (2.4-5)
0
Ay = (1 —x)(m? — 2p?) + = M? . (2.4.6)
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Taking the derivative with respect to m2 yields

1
a 1—2 Ab —€
WBO(an M27m2) = — /d:v Ab F(l + 6) (471_#2) y (247)
0
for p* = m? this coincides exactly with 2.4.3, so we have just shown the following
9 2. 272 2
Co(0) = p) QBO(p s M=, m*) . (2-4.8)
m p2_>m2

The analytical expression for the right hand side above can be found in [33] substituting this into (2.3.24) gives:

4m?2 — M?
2m?2

57" = 2By (m?; M2, m?) (Bo(mz; M2 m?) —

7
+(2m® — M?) ( By (p*; M?, m2>) ) : (2.4.9)
om? p2—m?

Next we turn to the derivative that appears in (2.3.6), and to do this we note that a derivative with respect to p® can be expressed in

the following way:

1o} 1 0
o VR
8p2 - 2p2p (9])” I (2"4'10)
0 pH 0 1
I 5 2,M2 PANES n
gE WML = 50 op+ <(k2 = M?) ((k+p)? —m2)>
S 2k - p +2p*
22 ) =) (k) = )
1 k 2 _ 2\ _ k2 _ M2 2 _ M2
:_2/9%(( +p)? —m?) —( ) +p tm ’ (o)
2 (k2 = A22) ((k +p)° = m?)
the integral on the right splits into three terms: the first is
/ D"k 1 = Bo(p?*; M? m?) (2.4.12)
(k2 — M?) ((k +p)* —m?) T ’
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the second is

1 1
[o B
(k+p?—m?)" (k> —m?)
n—2
= 2m2 AO(mZ) ) (2‘4‘13)
and lastly
okt (0 + m— %) 50 B (% %, m?) (2.414)
= — s M=, . 2.4.1
(k? = M?) ((k +p)* — m?)* om? ™ .
(2.4.11) therefore becomes:
0 Bo(p*; M?,m?) = L Bo(p*; M?,m?) — ”—_2A0(m2) + (p* + m?* — M?) 9 B (p?; M?,m?) (2.4.15)
8p2 ) ] 2p2 ) ) 2m2 87’712 0 ) ’ . T
Setting p? = m? we arrive at the desired derivative
Bly(m?; M? m?) = g (m% M2, m?) — 2~ 24 (m?) + (2m? — M?) 9 p (p?; M2, m?)
0 ) ) 2m2 0 3 5 2m2 0 8’[’)12 0 3 ) e 5
(2.4.16)
substituting this into (2.3.6) we get the following expression for the wave function renormalization constant:
1 (4m? — M?) n—2
024" = 2Bo(m®s M?,m®) = S By(m®s M?,m?) — S Ag(m®)
2 2 9 2 02 2
+ (2m*~ — M?*) By (p*; M=, m*®) (2.4.17)
om? 22 sm?
and comparing this to (2.4.9) we immediately see that:
57" =575V . (2.4.18)
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This greatly simplifies the counter-term contribution to the self energy (2.2.37), giving

n—2

Iy = 202CW
® « sy 2m2

Ao(m®) = Bo(p*;m?, m2)> , (2.4.19)

and now substituting (2.2.21), we get

n—2
2m?

1o = 20 (2 = m)A0(02) — Aa(m) + (4m = 24%) B %) ) (5 o) = By ) )

=a’ {2(2 — n)(Ti1s — Th23) — 2(T11a — Thoa) + T} (2.4.20)
where

n—2
2m?2

Ty = 2(4m?* — M?)Bo(m?; M?, m?) ( Ao(m?) — BO(pQ;m2,m2)> , (2.4.21)

and we have replaced some products of one-loop integrals by their T-integral form. This is the last piece we need in order to express

the p° self-energy in terms of known basis integrals. Recall that the p° self-energy is given by:

v v PP
Hg = <g# - p2 ) Fvac ) (7"4'7‘2)
and it follows from (2.2.39) that
Frae = g + 10 + 10y + g — ap?025" — a?p?62{" (2.4.23)

when working to two-loop order. Substituting (2.2.32),(2.2.34),(2.2.35), and (2.4.20) into (2.4.23) above yields:

Foe = aFY 4+ o?2F®) (2.4.24)

vac vac )
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with

1

) = 39 {(4m® — p*)Bo(p*;m*,m?) — 4(1 — €)Ag(m?)} — p*625(1) , (2.4.25)
1

Fv(a%) = n {—8(1 - 6)T134 + 8(1 - 6)T234 - 4(1 - 6)(4m2 - M2)T1134 + 4(8m2 — 2M2 — 2p2)T1234

—(8m? — 2M? — 4p*)Tio45 + 2(4m® — p®)(4m® — M?)Ti1234 + (4m® — 2M? — p*)(4m® — M? — 2p*)T2345 }

+ Ty — p25Z§1) . (2.4.26)

THE SELF-ENERGY AT p? = 0

The pV self-energy can be written as:

Fvac
sz = gI“ijac - pupu 9 ) (2"4'2‘7)
p

yet we know it has cannot have a pole at p> = 0, since that would imply the existence of a massless intermediate state [35]. A look
at the one-particle irreducible diagrams that contribute to I/ in figure 2.3 reveals the absence of such a state. In fact the lowest
physical threshold is the one required for the creation of two pions, p? = 4m?. The second term on the right-hand side of (2.4.27)

should be regular at p? = 0 and so the following condition must hold true:
Feclp2z0=10. (2.4.28)

For consistency, this should be true of the two-loop result we arrived at in (2.4.24),(2.4.25),(2.4.26). We will now show that this is
indeed the case.

Claim 2. FW|,2—0 = 0= F% |2

Proof. From (2.4.25), we see that Fv(;c) | p2=0 is proportional to

Am? (BO(O;mQ,mQ) _ 1T;2€A0(m2)) — a2 (Al(mQ) _ 177;26A0(m2)>

2)

which vanishes by the identity (2.1.12). In the case of F¢ 2_g first note that Tt vanishes for p> = 0 in a way similar to FY |p2=0-

v
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. 2 . .
This means that Fi\2 | p2=0 is proportional to

— 8(1 — 6)T134 + 8(1 — 6)T134 — 4(1 — 6)(47’712 — M2)T1134 + 4(8m2 — 2M2)T1134
- (8m2 — 2M2)T1144 + 8m2(4m2 — MQ)T11134 + (4m2 — 2M2)(4m2 — MQ)T11344
= — 4(1 - 6)(47’712 - MQ)T1134 + 4(87’77,2 - 2M2)T1134 - (8m2 - 2M2)T1144

+ 8m2(4m2 — MZ)T11134 + (4m2 - 2M2)(4m2 - MQ)T11344 .

Here we made use of (2.1.18). As soon as we substitute (2.1.15),(2.1.24), and (2.1.25), the expression above vanishes. O

We have finally reduced the self-energy to basis integrals, and consistency checks show that this reduction is correct. All the scalar
integrals that contribute to the self-energy above ((2.4.24),(2.4.25),(2.4.26)) are known either analytically or numerically, and they

can be found collected in the next section.
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2.5 SCALAR INTEGRAL REPOSITORY

This section is devoted to collecting all the scalar integrals that are required for evaluating p° self-energy. We will give some analyti-

cal expressions where possible, and numerical results otherwise.

DEFINITIONS

Let’s begin by collecting some commonly occurring terms.

and g is Euler’s constant, defined by:

Define

M?
LM=7E+1H<4 2) ;
m
L, = 1 )
et n(4ﬂu2)

Mm=W+m<mw>a

S

. 1
et (3

j=1
.
a:—M2
Ve
20,
R:m (7"12 r2) Inry
p
Rzlﬁ_@(lnf —lnf)
2 T 1 2)
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(2:5.3)

(25.4)
(2:5.5)

(2.5.6)

(25.7)



with

1 »? P2\ 2
n=g et (Q—mz A (5:9)
1 »? P2\ 2
2=y 2_mz_ (2_m2 A (59)
1
r1:§{1+y—z+\/(l’—y—1)2—4y}a (25.10)
1
r2:§{l+y—m—\/($—y—1)2—4y}. (2‘5'11)

In addition, we make the following definitions:

1-7r - 1—179
w= — = W= — = (2.5.12)
r2—n 1 — T2
71(1 — 7g) . To(1 —71)
R zZ= Fara (2.5.13)
_ 1- 1 - 1-— 72
wy = Wy = (2.5.14)
To —T1 Ty — T2
- 7“1(1—’/“2) - T2(1—T1)
20 = a— Zo = i (2.5.15)
We will make use of the dilogarithm, defined by
* In(1 —
Lip(2) = 7/ d,zu . (2.5.16)
0 z

It has a branch cut along the real axis for z > 1 inherited from the principal branch of the logarithm. Ambiguities about values on
the branch cut are resolved by taking p? to have a small positive imaginary part. We also define the 7)-function which helps in the

addition of logarithms with complex arguments

n(a,b) =1In(ab) —Ina —Inb

= 27 [0(—Ima)f(—Imb)f(Im(ab)) — O(Ima)O(Imb)O(—Im(ab))] . (2.5.17)
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ONE-LOOP SCALARS INTEGRALS

AO (m2)

1
[omgt
m2

1 1
— +m?(1 — L,,) + em? {2§(2) + 5L?n — Ly + 1} . (2.5.18)
€

Bo(p*;m?, M?) = /@”k !

1
Bo(p*;m?,m?) = E+R+2_Lm+

n m?2(ry

(k2 —m?) ((k +p) — M?)

-1 -
Y hy+ R

1
— 5 (Lm + Lag) +2 -

+

NI | =

1 1 -

—1 ~ 2(y—1
+(Lm+LM) <2+y lnyR) fwlny
2x T

T1 —Tg
+

. [lnw Inz —In®wln Z + Lis(2) — Lia(Z) + Lig(w) — Li2(ﬂ~)):| } . (2.5.19)

€

2{«@+8+L§—ﬂR+m+4R

p2—7“2) |:1Hw0 In zZo — In ﬂ~)0 In 5() + LiQ(ZO) - Lig(éo) + Lig(’u}()) - Lig(ﬁ)o):| } . (2,.5.2.0)

Two-LOOP SCALARS INTEGRALS

We now write the scalar integrals

T-integrals:

where T}, _;; p contains:

in a way that is most useful for calculation. Let’s introduce the following subscript notation for the

Ti.i; =Ty..i;,p+Tiy. i;F
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i. The divergent part of T3, .
ii. Terms dependent on the renormalization scale f.

T}, ...i; F contains the remainder of the finite (order €Y) terms of T}, ...i;- For some of the T-integrals, T}, . ;, r will be, at least

partially, calculated numerically using Kreimer’s double integral representation.

FULLY ANALITICALLY EVALUATED INTEGRALS

1—
Ty = Top + Tor = 2(4m?* — M?)By(m?;m?, M?) ( m;Ao(mz) — By (pz;m2,m2)) , (2.5.21)

where

Top — _§<4m2 ZM2)(R+2) + (4m® — M2)(R + 2)(3Lm + Lar) (2:5.22)

2
m o . . . .
Tor = o (4m® — M?) (r1 — r2) {Inwg In 29 — In g In Zo + Lis(20) — Liz(Zo) + Liz(wo) — Lia (o)}

+ (4m2 _ MQ) (R+2) {(1 — ?f{j) In (;ZZ) -8—R p2_m2} . (2.5.23)

Similarly we have

1 1
T1245D = 672 + E (2R + 4— 2Lm) + 2L72n - 4(R + 2)Lm 5 (2..5.24)
2
T1245F = R2 + 8R + ].2 =+ C(2) + %(Tl — 7“2) {lnwo ln zZ0 — lnﬁ)o ln 20 + LiQ(Zo) — L12(20) + LiQ(’LUO) — LIQ(’[Z)())} s
(2.5.25)
1 1 3
Tiaap = 272(27712 + M?) + - (3m2 + §M2 —2m?*L,, — MQLM) +2m?2(L? —3L,,) + M*(L%; —3Ly),
€ €
(2.5.26)
Tizar = Z+@ (2 2+M2)—1M21n2 m i d s (122) pom2 (122 _ i m
BIF= 57T mn 2 M2) "9 2\ 79 2 M2
2
+7;} , (252'7>
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1 1/1
Tiizap = 55 + . (2 - Lm) + L2, — L, (2.5.28)

2€
T —1—1-1((2)—i —4Li 1-A +21n? =X —In? m -|-7Lz ( )
H34F = 5 T 5 I\ 12 2 9 M2 3 ) 2.5.29
where \ = 1—%.

SEMI-NUMERICAL INTEGRALS

1 1 3 1
Tosap = ﬁ@m? + M?) + - (3m2 + 5M2 —2m? Ly, — M?Lys — 4p2) +2m?*(L2, — 3Ly,) + M?(L3; — 3Lyy)

1

—I—inL\p\ 7 (2.5.30)
1 1 m? 1 m? — M? M? —m?

_ 2 2 2 2 24 1,12 2 2 . .

Tozar = 3(2m” + M )+§M C(Z)—Z(m + M*)In <M2> —|—§(m - M ){L12 (m2 )—L12 (M2 )}

2 2 2\ 2 2\ 2 2 2 2 2
9 P P 13 1, m M m 1 5(m p p
P {mmz“ Mﬁz}up ) o\ ) (o)t e )

1 1 . 2 2
~5 (p* +2m*) R — §(p2 +m? 4+ M?)R — m*Liy () +2m? <1 - 7;) {Lis (1 = 71) + Liz(1 — r2)}

2 M? (1—=71 (1=, - /m?%— M?
+m 1-— 5 L12 7 +L12 3 7L12 T
p - ]

p
_ 4p2 / dx dyIn <(w2 + ujg +wa) (wp + s + 134)) , (2.5.31)
(wa + W3 + wa)(we + w3 + Wa)
1 1(5
T1234p = 2 + - {2 — Ly, + R} + L2 — (5+2R)L,, (2.5.32)

19 3 m? p? 1. (p? m?(ry —73) ;1 o 2
Tio34F = -5 T 54(2) + <pg - 1> In (1 - m2> + §L12 (mz) + 4R+ o {In*(1 4 ry) —In?*(1+ )

+ 2Li ! 2Li L) L1 =) — Lis(1 =)
12 1+T2 12 1+7‘1 12 T2 12 1

2 2

—Lis(ra(1 — 72)) — 1 {1 - :12,7“2} In(ra(1 — r2)) + Lia(r1 (1 — 1)) + 1 [1 - fﬂ,m] In(r (1 — 7"1))}

o0 oo 1 ) N( ~
44 / i / dy—s _In <(w1 + ws + wy)(we + ws + ?134)) ’ (2.533)
wi — w3 (we + w3 + wy) (w1 + W3 + Wy)
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1 R 2R
- Lm 9 .S.
€ (4m2—p ) (4m2_p ) (2:5:34)
R 1 (p? 1 /m? P>
Ti1234F = ( - ) e R Lip (mQ) + 3 <p2 —1)ln(1- o

m?(ry — ra) 2 . 1 . 1 . .
—— = In“(1 —In“(1 2L — 2L — Lig(1 — Lis(1 —
2p (4m2 — ) n ( + r2) n ( + Tl) + 12 1+ ro 12 14+ r 12( Tl) + 12( T2)

Th1234p =

—Lis(ra(1 — r2)) — 1 [1 - pz,m] In(ra(1 = r2)) + Lia(ri (1 — 1)) + 1 {1 - p22 : 7«1} In(ry (1 — rl))}

+i/dﬂf/dy ! {m(<W1+WS+w4><wz+ws+w4>>_ (w? — wd) (s + by — w3 — wy) }
p? w%—wg)Z (wg + w3 + wy) (w1 + W3 + wy) 2w1 (w1 + w3 + wy)(wy + B3 + @g) [

(2.5.35)

Last is 112345, the only finite one among the scalar integrals considered. It is evaluated fully numerically using Kreimer’s double

integral representation

4 T i 1 (’LU1 + w3 + w4)(w2 —+ w3 + ’LU5)
Tio345 = —— / dx / d ln( . 2.5.36
128 p? Y (w? = wd)(wi — wl) (w2 + w3 + wa) (w1 + w3 + ws) (2536)

For each of the T-integrals above, the imaginary part remains zero below the lowest physical threshold. In the case of T334 the
only threshold is (2m + M)? = 1.11 GeV?, accordingly the real part is zero in the range p? € [0, 1 GeV?] as seen in figure 2.6.
The lowest threshold is 4m2 = 0.0779GeV?, for each of T1234,T11234, and Ti2345; this is in agreement with figures 2.7,2.8, and2..9,
in each of which the imaginary part is zero below the threshold. We also note the similar behaviour of T 12347 and T12345 to that

given by the independent calculation of [36] albeit with different mass values.
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Figure 2.7: Real and imaginary parts of 17234 withm = 0.13957 Gev2and M = 0.7755 Gev2.
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68



Evaluating The Self-energy

Now that we have fully reduced the p° self-energy and collected all the required scalar integrals required for its evaluation, we will
go ahead and evaluate it. We will proceed systematically: first considering the case of the one-loop contribution Fv(alc), then turning
to the more complicated two-loop contribution Fv(fc).

To have any hope of a meaningful result, we need to ensure that the self-energy calculated is indeed finite, and to this end we

impose the on-shell renormalization condition:

Re FvaC|p2:0 =0 ) (3'0'1)
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which according to (2.4.24), translates to the following:

=0.

31  ONE-LOOP CONTRIBUTION

We turn our attention to the one-loop contribution to the self energy which is given by

P = 3 (1 5) {lam® = 2Bt ) — a1 = o)}~ 26240 4 00

Substituting in (2.5.18) and (2.5.20), then expanding to O(€”) the above equation becomes:

1 2 2
FL = 3 {—pe +p* Ly + 8m? — 8% + (4m? — pQ)R} —p*Z) + 0(e)

Note that R, the function of p? given in (2.5.6), can be expressed in real-imaginary form as follows:

4m2 % 1—,/ 4m2
R (1—) In|————— 4 = +i779(p2—4m2)
144/1 m

+ <4";‘ - 1) : cos™! (1 229) [0(v* — 4m®) — 6(p%)]

and so (3.1.2) becomes:

3 Am2
2 Am2\ 2 1+4/1 -5
vglg— L Ly +8m2— 2L +p2<12> In P —in6 (p* — 4m?)
1— /1 —4m2
p
2 (42 N\ e (1= 2 [og? - am?) — 02 2570 L0
(- cos =55 ) |07 —4m®) = 0(p%) 5 +O0(e)
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(3.1.1)

(3.1.2)

(3.1.3)



the on-shell renormalization condition

Re =0,
p2=M?2

gives us the one-loop contribution to the p” wave-function renormalization constant:

2
e 2 am2\Y2 |14y /1—
52‘(1):7 _7+Lm+8ﬂ_§+ ]_—ﬂ IH—W
3 3 € 3

MZ M2 | (7O
1—4/1-5F
and the one loop contribution to the self-energy (taking € — 0):
3 Am?2
4 2 2 1 =+ 1-— — 8 2
o [\ VIR e | e
3 p? _ — am? p?
1 1 >
P
4 2 % 2
m —-1 p 2 2 2
+(]32_1) cos (1_27712) {H(p —4m)—9(p)}—|—0}
where
82 am2\3?  [1—4/1 ‘ﬁ\?;
C=——%+ (1 ) In
2 2 ;
M M 14 /1 4m2
Recall that F,, is expressed as
Foe = aFv(alc) +0(a?)
and so Fy,. to one-loop order is given by:
4m?
2,2 4m2\ 2 1+4/1 -5 {m?2
F..= g p2 < — n;) In LA (p2 - 4m2) + %
487 p 1—./1— 477;2 p

(3.1.4)

(3.1.5)

(3.1.6)

(3..7)

(3.1.8)



Comparing this result to [15], where the following formula for Fy,. at one-loop is given:

4m2
,/ 1
2p2 4m? 3/2 + 8m?
Foex(p?) = gP <1 - )

—imh(p* — 4m? —4+C 5
T ") inf(p* N+t (3:19)
2

p

we see a difference in the region 0 < p? < 4m?, otherwise the formulas are identical. Taking g = 4, for the moment, we get the
plots shown in figure 3.1 and figure 3.2.
Looking at the graphs, it is clear that our formula (3.1.8) gives regular behaviour as p?> — O0and F. p2=0 = 0 asexpected. The

formula in [15], on the other hand, has a jump discontinuity at p? = 0 and is therefore incorrect in this region.
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Figure 3.1: Comparison of the real parts of (3.1.8) and (3.1.9).
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Figure 3.2: Comparison of the imaginary parts of (3.1.8) and (3.1.9).
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3.2 Two-Loor CONTRIBUTUION

To analyse the divergences of the two-loop contribution to the self-energy, Fv(a%), we write the self energy in the following way

2{ —8(1 — €)(Th3ap + Ti3ar) + 8(1 — €)(To34p + Toar)

—4(1 — €)(4m? — M?)(Ty134p + Th13ar) + 4(8m?* — 2M? — 2p?)(Ti234p + Tho34r)

— (8m? — 2M? — 4p?)(Th2asp + Th2asr) + 2(4m?* — p*)(d4m? — M?)(T11234p + Th1234F)
+ (4m® — 2M? — p?)(4m? — M? — 2p2)T12345} + Tap + Tor — p?6257

= Fg) + FJE“Q) - p25Z§2) ) (3.2.1)
where

1 2
F[()2) = g <1 + 36) { - 8(1 - €)T134D + 8(1 - E)T234D - 4(]. - 6)(4m2 — MQ)T1134D

+ 4(8m2 —oM? — 2p2)T1234D — (8m2 —oM? — 4p2)T1245D + 2(4m2 — p2)(4m2 — MQ)T11234D} +Tsp,
(3.2.2)

and

1
B = { — 8T134r + 8Tasar — A(4m> — M) Trizap +4(8m® — 2M? — 2p°)Triazap — (8m® — 2M2 — 4p*) Troasp

+2(4m? — p*)(4m?® — M>)Th1934r + (4m? — 2M? — p?)(4m? — M? — 2p2)T12345} +Tor . (3.2.3)

Note that the formulas (3.2.2) and (3.2.3) above only hold when we work to order €°. This is adequate for our purposes since in the
end we will set € to zero, ridding ourselves of all terms proportional to €.
Now let’s study the divergent terms of Fv(a%), that means looking at F’ [()2) and p?6 23(2); F 1572) is completely finite. The great promise

of renormalization is that the divergent terms in F’ g) be cancelled out by the appropriate choice of the constant § Z 352)’ which has
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the general form

a—1
k-1

572 — W b+ L g+ 0(), keN.
3 Ek €

. . - 2 ‘ (2
Here each of the ay,’s is a constant (doesn’t depend on p?). This places a severe restriction on F ](3 ) all divergent terms in F’ 1() ) must

be of the form p? a—;, anything else cannot be cancelled out by p2§ Z§2). We proceed to show that F’ ,(32 ) does indeed have the re-
€

)

quired form. F’ 1(32 in (3.2.2) appears as a linear combination of the following terms:

2
Tep = —g(4m2 — M*)(R+2) + (4m* — M*)(R+2)(3Lm + L) , (3.2.4)
1 2 2 1 2 3 2 2 2 1 2
Tosap = —(2m*+ M=)+ = | 3m“ + =M= —2m*L,, — M“Ly; — -p
2¢2 € 2 4
1
+2m?2 (L3, — 3L,,) + M*(L%; —3Ly) + §p2L‘p‘ , (3.2.5)

Tisap = 2—12(21712 + M?) + % (3m2 + gMQ —2m?2L,, — M2LM>

+2m? (L3, — 3L,,) + M*(L3; —3Ly), (3.2.6)
—4(1 — €)(4m? — M*)Th134p = 612 (—8m?* +2M?) + %Lm(lﬁmQ — 4M?)

+ L2 (—16m? + 4M?) + 8m?* — 2M? (3.2.7)
4(8m? — 2M? — 2p*)T1934p = E%(leZ —4AM? — 4p*) + 1{80m2 — 20M? — 20p°

+ Ly (—32m? 4+ 8M? + 8p*) + R(32m?* — 8M? — 8p2)}

+ L2,(32m® — 8M? — 8p?) + Ly, { — 160m® + 40M? + 40p?

+ R(—64m* + 16M? + 16p) } , (3.2.8)
—(8m? — 2M? — 4p*)Tyo45p = 6%(4;)2 +2M? — 8m?) + 1{3(8;92 + 4M? — 16m?) + 16p* + 8M*>

—32m> + L, (—8p* — 4M? + 16m2)} + L2, (8p® + 4M? — 16m?)

+ L, { R(—16p* — 8M? + 32m?) — 32p® — 16M* + 64m>} (3.2.9)

1
2(4m? — p?)(4m? — M) T11934p = ER(8m2 — 2M?) + Ly, R(—16m? + 4M?) . (3.2.10)
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In some of the above terms, the divergences appear with rather complicated coefficients such as B(32m? — 8 M? — 8p?) (recall

that R is a complicated function of p?), so it is not at all obvious that F g) will have the required form. Putting the above terms

into equation(3.2.2) yields (after some spectacular cancellations) the following result

2 2 2 2 2 2

2 _ 2p 8p 4p 9 9 M 4 9 9 M 5 2p

Fy ——?+?Lm+7L‘p‘+(4m —M)<1m<m2 +3 R+2(4m* — M?) (In ) t3) 5
(3.2.11)

which has just the right form of divergence to be cancelled by p? 5Z§2) and render the whole self energy finite. Also note that all
1

terms proportional to — have also vanished.
€

We will now determine 6 Z ?(,2) explicitly and we will do so by imposing a renormalization condition on the self energy. We may

now write (3.2.1) as

2p* | 8p? 4p? M2\ 4 M2\ 5
2) _ 2 2 2 2
F2 f7?+7Lm+7L‘p|+(4m ~M?) (In —3)*3 R+2(4m? — M?) (In —3)+3
2p2
-3 + Fff) — p25Z§2) , (3.2.12)
and imposing the mass-shell renormalization condition
(2)
Re | F =0
‘ [ F pZ—MJ
9 2 8 4 4m? M? 4
- 523(, ) = —E + ng + gLM + <]\42 -1 In ) + g Re |:R|p2:M2]
4m? M? 5 2 1 )
+2 (W — 1) <1I1 <m2> + 3> - g + WRC [FF p2—]w2:|
2
am2 |1—/1— 4%
but Re [R|p2:M2} 1 e In — >
L+4/1— 3
s0 we get
(2) 2 8 4 4m? 3/2 M? 4 L=y/1- %VT;L;
04y ===+ zLp+-Ly— (1 — — In + - ) In|——==—
e 3 3 M? m2 3 1 | _ dm?
TV e
4m? M? 5 2 1 )
21— —1 1 - - =4+ -— F . 2.
+ (M2 ><n<m2>+3> 3+M2Re[ o p2—1\/12:| (3.2.13)
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Here F I(;Z) has yet to be determined. Putting (3.2.13) back into (3.2.12) gives the following

Fv(aQC) =f(*) + F1(<ﬂ2) ) (3.2.14)
where
Lo Ap? p? ) ) M? 4 P2 4m2 |1 - 1_%
=—lIn|— Adm* — M?) (In | — - R———51/1- 1
f(7) 3 n’Mz + (4m )(n(m2)+3) M2 ezt L+ 1 am
M?

M? 5 p? p?
2 2 (2)

We notice that Fv(azc)

p2—M2:| ’

is free of divergences and that, after imposing the mass-shell condition, dependence on the renormalization
scale 42 has vanished. The mass-shell condition also ensures that M is the physical mass of the p° mesoni.e. M = 775.5 MeV.
All that remains is I’ 122), and we will have complete knowledge of the two-loop self energy. Fortunately this is easily done using

the scalar integrals collected in the “repository section”. In the figures that follow, we plot all the terms that contribute to Fv(a%) as
functions of p? (except for 11345 and 11345 which are constants), and in figure 3.11 is a graph of Fv(fc) itself. In all the contributing
)

terms we note that the imaginary parts always vanish below p? = 4m? = 0.0779 GeV?, hence this behaviour is displayed by Fv(a%

itself. This is to be expected since this is the lowest threshold of all the two-loop diagrams contributing to the p° self-energy.

1 JRTR— L | L L L | L L L | L L L | L L L | pZ(GeVZ)
[ 0.2 0.4 0.6 0.8 1.0
10:, \‘h
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I >~ ! 1 | m=——- Real Part
= RN Imaginary Part
| . maginary Pa
-30+f “\\
f TN
—40-F Sso
r ~
L ~
[ \\\\
-50-+ ~

Figure 3.3: Real and imaginary parts of f(p?).
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Figure 3.5: Real and imaginary parts of T 245¢.
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Figure 3.6: Real and imaginary parts of T1234f.
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Figure 3.7: Real and imaginary parts of 2(4m? — p?)(4m? — M?)T112345.
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Figure 3.8: Real and imaginary parts of (4m? — 2M? — p?)(4m? — M?2p>)T12345¢.

8o



Tor (GeV?)

40+

20+

————— Real Part
Imaginary Part

-20+

~40-+

-60

-80

Figure 3.9: Real and imaginary parts of ToE.
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Figure 3.10: Real and imaginary parts of FI(,Q).
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Figure 3.11: Real and imaginary parts of Fv(a%)
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...when you can measure what you are speaking about, and express it in

numbers, you know something about it...

Lord Kelvin

Contact with experiment

We have determined F,. to be:

Foe = aFv(alc) + asz(fc)

and we have full knowledge of both Fv(alc) and Fv(a%). However, the constant o = (g s )2 has yet to be determined, to fix it we use
an experimentally measured observable such as the width of the neutral p-meson, I', = 0.149 MeV [21]. Now, according to the

vector meson dominance model, the width of the p° meson is given by:

1
r,= i Ivaac|p2:M2 . (4.0.1)
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This allows for o to be found using the linear equation

«
__ @ (1)
r,= i ImF, i’
when working to one-loop order, and the following quadratic equation
T, = [mFY O I F®
P__M mL e p2=M2 M meig,. P22

Fyac to one-loop order (a E (GeVz))

vac

0.05+
-0.05
N e Real Part
Imaginary Part
-0.10
-0.151
-0.20+

. . . . . 2 .
Figure 4.1: The real and imaginary parts of F,c when working to one-loop order i.e. Fiac = (gi%) F\,(ap,mth Jprn = 5.97

8s

(4.0.2)

(4.03)



for a two-loop order truncation. The above equations involve the following easily evaluated factors:

M? 4m?\ %/
(1) M2t
ImF, g s 3 (1 2)
= —0.5114GeV? | (4.0.4)

M? 4 4m? 3/2
(2) — A2 &M = _am (2)
ImF,; oz M <ln (mQ) + 3) (1 2> + ImFy; P

= —75.31 GeV? . (4.0.5)

The solution for the one-loop case (4.0.2) is & = 0.2259 or equivalently gprr = 5.97. In the full two-loop case (4.0.3) we find
a = 0.03592 which is equivalent to g,rr = 2.38. This big change in g, ~, when going from one-loop to two-loops, means that
the two-loop contribution does not produce a small modification to the one-loop result, suggesting that perturbation theory has

broken down. The fact that the order o term is indeed larger (in magnitude) than the order o term is clearly visible in figure 4.3.

Fyac to two-loop order (a F +a? F2 (GeVZ))

vac vac

-0.02

-0.04
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-0.10

-0.12

-0.14

2 4
Figure 4.2: The real and imaginary parts the full two-loop Fiac = (gz%) Fv(a}:) + (gi%) Fv(ag),with gprm = 2.38.
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Figure 4.3: Comparison of order (g’i%) and order (gi%) contributions to the full two-loop Fiac, with gprrr = 2.38.
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We can now compare our results to CXpCI‘iant using the quantity

MM —127Tm Fc(s) .
R(s) = = f2 (s — M2 + Re Fue(5))? + (Im Fuc(5))? (4.0.6)

where f, = 4.97 & 0.07 [3]. The predicted R(s) above (4.0.6), is compared to experiment in figure 4.4. Here we see the one-loop

result is in much better agreement with experiment than the two-loop result.

M2 M2 ~127T ImFyge (S)
Rie)="""F5— ";C 5
§ fp® (s-M?+ReRyac (5)) HIMRac (5))
R(s)
8 -
61 PDG Data
— 1-loop KLZ
— 2-loop KLZ
4+
2 -
0 | | ‘ s (Gev2)
oi 02 03 0l4 0,5

Figure 4.4: R(s) from one and two-loop KLZ theory compared to experiment[21]
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The proof of the pudding is in the eating.

English Proverb

Conclusion

The self-energy (or equivalently the propagator) of the neutral rho meson was calculated within the framework of the Kroll-Lee-
Zumino quantum field theory and the result behaves as expected: Firstly, the self energy comes out transverse, a result consistent
with the theory’s Ward Identities; Secondly, the self-energy acquires an imaginary part only at values of 2 greater than the thresh-
old for pion-pair-production; Lastly, at p? = 0 the self-energy is regular, in other words Fi,| p2=0 vanishes as expected. By all indi-
cations then, the result obtained for the NNLO contribution to the p° self-energy is correct. This contribution, however, is larger
than the NLO result despite the smallness of the expansion parameter cv. So at this order, perturbation theory cannot be trusted.
To drive this point home we compared theory against experiment for the observable R(s), it was shown that the two-loop result
compares poorly experiment, a far cry from one-loop prediction. This result does not come as a complete shock as quantum field
theories are notorious for producing asymptotic series, as in the case of QED for example [37].

This is a disappointing outcome, considering the encouraging NLO results. Nevertheless, regarding the question of whether

NNLO corrections can improve agreement between the KLZ theory and experiment... the proverbial pudding has been eaten.
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