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ABSTRACT

.The formulation of a generalized trapezoidal rule for the integration of the consti-
tutive equations for a convex elastic-plastic solid is presented. This rule, which is
based on an internal variable description, is consistent with a generalized trape-
zoidal rule for creep. It is shown that by suitable linear extrapolation, the standard
backward difference algorithm can lead to this generalized trapezoidal rule or to a
generalized midpoint rule. In either case, the generalized rules retain the symmetry
of the consistent tangent modulus.

It is also shown that the generalized trapezoidal and midpoint rules are fully equiv-
alent in the sense that they lead to the establishment of the same minimum princi-
ple for the increment. The generalized trapezoidal rule thus inherits the notion of
B-stability and both rules offer the opportunity to exploit the second order rate of
convergence for o = % However, in the generalized trapezoidal rule, the equilibrium .
and constitutive equations are fully satisfied at the end of the time increment. This
may be more convenient than the generalized midpoint rule, in which equilibrium

and plastic consistency are satisfied at the generalized midpoint.

A backward difference return algorithm for piecewise linear yield surfaces is then
formulated, with attention restricted to an associated flow rule and isotropic material
behavior. Both the Tresca and Mohr-Coulomb yield surfaces with perfectly plastic
and linear hardening rules are considered in detail. The algorithm has the advantage
of being fully linked to the governing principles and avoids the inherent problems
associated with corners on the yield surface. It is fully consistent in that no heuristic
assumptions are made.

The algorithm is extended to include the generalized trapezoidal rule in such a way
that the general structure of the backward difference algorithm is maintained. This
allows both for the computational advantages of the generalized trapezoidal rule to
be utilized, and for a basis for comparison between this algorithm and existing back-
ward difference algorithms to be established. Using this fully consistent algorithm,
the return paths in stress space for the Tresca and Mohr-Coulomb yield surfaces with
perfectly plastic and linear hardening rules are identified. These return paths thus
provide a basis against which heuristically developed algorithms can be compared.



DECLARATION

I, Leslie John Rencontré, declare that this thesis is essentially my own work and
that it has not been submitted for a degree at any other University.

| Signed by candidate | lo\c\\ \a)

L.J. Rencontre. Date.



ACKNOWLEDGMENTS

I would like to express my gratitude to the following people and organizations:

My supervisor, Professor Martin for his invaluable guidance and encouragement dur-
ing my research.

The Foundation for Research Development (FRD) and the Centre for Research in
Computational and Applied Mechanics (CERECAM) for financial support.

My colleagues at the Centre for Research in Computational and Applied Mechanics,
especially Mike Snyman, Tony Pretorius and Greg Mitchell, for helpful discussions.

My mother, for her continuous support and interest in my studies.



TABLE OF CONTENTS

1 INTRODUCTION

2 FINITE ELEMENT SOLUTION FOR PLASTICITY
2.1 Introduction . ... ... ....... i N
2.2 Basic Equations for Elasto-Plasticity . . . . .. ... ..........
2.3 Finite Element Solution Procedure . . . . .. ... ... .. e e

2.3.1 The PredictorStep . . . . .. ... ... ...
2.3.2 The Corrector Step . . . . . . . . . i it i i i vt e ..

2.4 The Stress Update Algorithm . . . ... ... ... ...........
2.4.1 Incremental Holonomic Methods . ... ... ...........
2.4.2 Return Mapping Algorithms . .. ... ..............

2.5 Comparative Studies . . . . . . .. ... i e e
2.5.1 ACCUTacy . . . ¢ ¢ o i i e e e e e e e e e e e e
2.5.2 Stability . . . . . ... e e e e e e
2.5.3 Symmetry of the Tangent Modulus . . . . .. ... ........

2.6 Time Integration Schemes . . . . . ... ... ... ... ... .....
2.6.1 The Generalized Trapezoidal rule of Ortiz and Popov . ... ..

2.6.2 The Generalized Midpoint rule of Ortiz and Popov . . . . . . .. 4

2.6.3 The Generalized Midpoint rule of Simo etal . .. .. e
2.6.4 The Backward Difference Scheme . . . . . .. ... ... .. ...

2.7 Piecewise Linear Plasticity .. ... ... ... .. ... ........
2.7.1 Difficulties in Piecewise Linear Plasticity .. ...........
2.7.2 Classification of Solution Algorithms . . . . . ... ... .....

2.8 Conclusions . . v ¢ v v v v i e e e e e e e e e e e e e e e e e e

3 AN INTERNAL VARIABLE FORMULATION
3.1 Introduction . . . . ¢ . v i v v i i e e e e e e e e e e e e e e e e

3.2 Basic Equations for the Internal Variable Formulation . . .. .. ...

© 00 00 1 =~ 1O A A

—
[ )

— b
GV N

[ S S —
o O O

—
Qo



3.3 Time Discretization . . . . . . . . . . . . . . ..
3.4 Tterative Solution Algorithm . .. ... ... ... ... ........

3.5 Conclusions . . . v v v v i e e e e e e e e e e e e,

4 TIME INTEGRATION SCHEMES FOR PLASTICITY
4.1 Introduction . ... ... ... ... e e e
4.2 The Generalized Trapezoidal Rule . .. ... ... ...........
4,3 The Generalized Midpoint Rule. . . . . ... ... ...........

4.4 The Relation between the Generalized Trapezoidal rule and the Gen-
eralized Midpointrule . . . . . .. ... ... . ... ... . ... ...

4.5 Conclusions . . . . . .« o e e e e e e e e e e e e

5 FORMULATION OF THE CORRECTOR STEP
5.1 Introduction . ... .. Y ¢ . .
5.2 Formulation of the Corrector Algorithm for a Genera.llYield Surface .
5.3 Specialization to a Piecewise Linear Yield Surface ... ... ... ..

5.4 Specialization to the Tresca and Mohr-Coulomb Yield Surfaces . . . .
5.4.1 A framework for the Tresca and Mohr-Coulomb yield surfaces . .

5.4.2 The Tresca plane stresscase . ............ e e e
5.5 Extension to the Generalized Trapezoidal Rule . . . .. ... .. ...

5.6 Conclusions . . . . .« . v i e e e e e e e e e e e e e e

6 CORRECTOR STEP ALGORITHMS
6.1 Introduction . . . . . . . @ . i i i e e e e e e e e

6.2 The Quadratic Programming Problems for the Tresca Yield Surface .
6.2.1 The perfectly plasticcase . . ... ... ........ .
6.2.2 The linear kinematic hardening case . . ... ... ... .....
6.2.3 The linear isotropic hardening case . . . . .. ... .. ......

6.3 The Quadratic Programming Problems for the Mohr-Coulomb Yield

Surface . . .. . ...
6.3.1 The perfectly plasticcase . . . .. ... ... ... .. '....

6.3.2 The linear isotropic hardening case . . . . .. ... ... .....

i

31
31
31
37

42
44

46
46
46
50

52
52
54

54
60



6.4 Uniaxial Examples . . . . ... .. ... . ... . ... . . ... ... 70

6.5 The Return Paths in Principal Stress Space . . .. ... ... ... .. 72
6.5.1 The Trescayieldsurface . . . . .. ... ... ... ... ...... 73
6.5.2 The Mohr-Coulomb yield surface . . . . ... ........... 79

6.6 Conclusions....;......: ..................... 81

7 CONCLUSION : 84
i1



NOMENCLATURE

‘This is a list of the symbols used in the main text of this thesis.

Special Symbols

(accent) differential with respect to a time scale
(accent) incremental change in
(accent) for the interval as defined in the text
1 (superscript) inverse of a vector or matrix
(superscript) transpose of a vector or matrix
differentiation with respect to
partial differentiation with respect to
increment in
gradient of
of the order of

OGN

Lowercase symbols

¢ cohesion (Mohr-Coulomb)

f strain energy

k scalar value (Tresca)

t time

e deviatoric strain

e? deviatoric plastic strain

m unit normal vector defined in the text
n unit normal vector defined in the text
T plastic flow direction

s deviatoric stress

sk : elastically predicted deviatoric stress

8

nodal displacements

iv



Uppercase symbols
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dissipation function
Young’s modulus

shear modulus

tangent shear modulus
scalar hardening constant
convex potential function
convex potential function
volume of the body

RS R
N

SESECE-

discretized compatibility matrix
matrix defined in the text
elasticity matrix
consistent tangent

tangent modulus

consistent tangent modulus
matrix defined in the text
matrix defined in the text
matrix défined in the text
matrix defined in the text
matrix defined in the text

—

o

reduced matrix defined in the text
reduced matrix defined in the text
matrix defined in the text

external nodal force vector

out of balance residual force vector
transformation matrix
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Greek Symbols

" time integration parameter
angle defined in the text
scalar hardening value defined in the text
angle of internal friction (Mohr-Coulomb)
hardening parameter
scalar multiplier
Poisson’s ratio
yield function/surface
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Superscripts

(4)

Subscripts

"GN2§

scalar defined in the text
total strain :
elastic strain

plastic strain

internal variable

vector defined in the text
stress

stress update algorithm
elastically predicted stress
contact stress

conjugate force

vector defined in the text

iteration number |
trapezoidal rule indicator (forward step)
trapezoidal rule indicator (backward step)

time increment number
time increment number
element

number of

vi



CHAPTER 1
INTRODUCTION

The formulation and solution of the incremental problem for a convex elastic-plastic
solid is a fundamental problem in rate-independent computational plasticity. At
some point within the finite element solution of the problem, it becomes necessary
to integrate the constitutive equations governing the material behaviour. This cal-
culation, which is carried out by an integration algorithm based on an appropriate
time integration scheme, directly affects the overall accuracy of the analysis.

Classical approaches to the formulation of the integration algorithm have been es-
sentially heuristic in that they are not fully linked to the governing principles*. This
is especially so in the case of piecewise linear plasticity, where the algorithm needs
to be formulated within the confines of Koiter’s rule.

Due to the advantages associated with the backward difference integration scheme,
there has been an increasing acceptance of this time integration scheme for piece-
wise linear plasticity??371!, Further, recent research has concentrated both on
the improvement of time integration schemes (in terms of the accuracy and rate of
convergence of the overall analysis) and on understanding the links between these
integration schemes and the governing mechanical principles®810:12,

By exploiting the links between the classical and the consistent mathematical pro-
gramming formulations provided by the internal variable approach®?, a consistent
backward difference integration algorithm can be formulated. The algorithm is writ-
ten in the form of a mathematical programming problem and is fully consistent in
that no heuristic assumptions are made. In the application to piecewise linear plas-
ticity, it has the advantages of being fully linked to the governing principles and
avoiding the inherent problems associated with corners on the yield surface under
the classical formulation. It thus provides a basis against which heuristically devel-
oped algorithms can be compared.

The algorithm can be improved by including a generalized trapezoidal rule for the
integration of the constitutive equations. The formulation of this rule is also based
on the internal variable approach and is fully linked to the governing mechanical
principles. The generalized trapezoidal rule shares with the generalized midpoint
rule of Simo et al '%1? the notion of B-stability and the opportunity to exploit
the second order rate of convergence for a = %, while retaining the symmetry of
the consistent tangent modulus. It may however be regarded as more convenient
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than its generalized midpoint counterpart, in the sense that the equilibrium and
constitutive equations are fully satisfied at the end of each interval rather than at
the generalized midpoint.

The thesis is set out as follows: In chapter 2 the formulation and solution of the
incremental elastic-plastic problem is cast in terms of the classical approach. A
number of important computational aspects related to the choice of time integration
schemes and their implementation in piecewise linear plasticity are considered.

Chapter 3 deals with the formulation and solution of the incremental problem using
the internal variable approach. A time discretization in terms of a dual sequence of
discrete instants is introduced together with a backward difference time integration
scheme. The formulation provides the basic framework for a finite element model of
the elastic-plastic problem and is used in the following chapters.

The generalized trapezoidal rule is introduced in chapter 4 and it is shown that by
suitable linear extrapolation, the standard backward difference algorithm can lead
to either this rule or to the generalized midpoint rule of Simo et al %12, Further,
it is shown that the generalized trapezoidal and generalized midpoint rules are fully
equivalent in the sense that they lead to the establishment of the same minimum
principle for the increment.

In chapter 5, an internal variable formulation of a consistent backward difference
algorithm for the corrector step is considered. The algorithm is developed for piece-
wise linear plasticity and is restricted to isotropic materials with an associated flow
rule. It is first specialized to the Tresca and Mohr-Coulomb yield surfaces with lin-
ear hardening and then extended to include the generalized trapezoidal rule. The
extension is carried out in such a way that the general structure of the backward
difference algorithm is maintained in that the same convex quadratic programming
problem is established for both cases.

Finally, the quadratic programming problems for the Tresca and Mohr-Coulomb
yield surfaces with perfectly plastic and linear hardening material behaviour are
developed in chapter 6. These are then used to develop the said basis of comparison
in the form of the classical return mapping algorithm by identifying the return paths
in principal stress space associated with an elastically predicted stress.
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| CHAPTER 2 |
FINITE ELEMENT SOLUTION FOR PLASTICITY

2.1 INTRODUCTION

In this chapter, the formulation and solution of the rate-independent elastic-plastic
problem is cast in terms of the classical framework. Attention is restricted to an asso-
ciated flow rule and an isotropic material with linear hardening. Various important
computational aspects in rate-independent computational plasticity are introduced,
and particular attention is paid to the choice of time integration schemes to integrate
the constitutive rate equations.

Secondly, the elastic-plastic problem in piecewise linear plasticity is considered and
solutions in terms of the classical framework discussed.

2.2 BASIC EQUATIONS FOR ELASTO-PLASTICITY

In small strain plasticity, under isothermal conditions, the total strain € can be
decomposed into elastic and plastic components

e=e +e . (2.1)

The stress o is related to the elastic strain component by means of the symmetric
elasticity matrix D

o= De . | (2.2)
The plastic strain rate is given by the flow rule
€ = Ar(a,x) (2.3)

where A is the scalar multiplier which denotes the magnitude of the plastic strain
rate, r is the plastic flow direction and s is a hardening parameter.
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The onset of plastic flow is defined by a convex yield function ¢(o,x) which is
homogeneous and of degree one in o and delimits the elastic response region. This
yield function is traditionally visualized as a yield surface in Cauchy stress space,
its position in this space dependent on the hardening parameter k.

For an associated flow rule, the plastic flow direction 7 is normal to the yield surface
in stress space (normality condition) ‘

0¢(o,K)

T(UI)K’) - aa ’ (2'4)
and eqn. (2.3) can be written as
& = (28] (2.5)

do

Eqn.(2.5) is the basic plastic constitutive equation which relates the yield function
and the plastic strain rates.

The scalar multiplier A is evaluated using the loading-unloading conditions. These
can be expressed in the Kuhn-Tucker form as the requirement that the following
constraints be simultaneously satisfied at all times:

d)(aa K’) S 0 (2.63,)
A0 | (2.6b)
pA=0 (2.6¢)

This in turn implies the plastic consistency condition, which must be satisfied during
plastic flow and has the effect of confining the stress trajectory to the yield surface.

. 0. 09¢.
¢=a_ja+_a§n=o @)

In computational analysis it becomes necessary to integrate the constitutive equa-
tions given by egns. (2.1)-(2.6). This is now described within the framework of the
finite element method. .
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2.3 FINITE ELEMENT SOLUTION PROCEDURE

In the displacement finite element method, the elastic-plastic body is spatially dis-
cretized. External forces P(t), which are given functions of time, act on the un-
constrained nodes. Displacements, represented by the vector u(t), are measured at
the unconstrained nodes and both the strain field €(t) and the stress field o (t) are
defined at points where the constitutive equations are integrated (Gauss points).

The rate problem, described by eqns. (2.1)-(2.6), is recast in terms of an incremental
problem by dividing the time domain into a sequence of discrete instants in time.
We consider the time interval (t,,tn+1 = tn + Al) defined by two such instants.
The initial conditions o, €,,€, k,, defined at the instant ¢,, as well as the strain
increment for the interval A€n41, are assumed given. A solution o'ny1,€h 1, Kn41 is
sought at the end of the interval at instant ¢,41.

In seeking the solution, the equilibrium equations are weakly satisfied at time ¢,
£, /V BTondV = Pryy (2.8)

Subscript [e = 1,..., M elements] denotes the spatial discretization of the volume V,
while B is the matrix relating strains at the Gauss points to displacements at the
nodes.

A stress update algorithm, which incorporates the integration of the incremental
(rather than the rate) constitutive equations, is defined in the following form:

Tn4l = &(Aen-‘{-l,anaen’eﬁ’“’n) (29)

The stress update algorithm, in conjunction with the discretized compatibility equa-
tion, allows the equilibrium equations to be written in terms of the nodal displace-
ment increments. '

5, / BT6(B(Dtng1)sny€ny € kn)dV = Prpy | (2.10)
14

The non-linear equations defined by eqn. (2.10) are solved by an iterative procedure
based on the Newton Raphson method!®2°. Each iteration within a particular time
interval consists of what will be referred to as a predictor and a corrector step.
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2.3.1 The Predictor Step

In the predictor step, new estimates of the nodal displacement increments are ob-
tained by an appropriate linearisation of the incremental constitutive equations. If
the linearization is consistent with the stress-update algorithm, the consistent tan-
gent D of Simo and Taylor®® is obtained.

ﬁ _ 8&(A€n+1, an,enae-ﬁy K”n)
ae'n.+1

(2.11)

For a trial solution after the (7)-th iteration, the predictor step, for the (z + 1)-th
iteration, then reduces to the solution of the following set of linear equations in Au

[K]Aw = [ze /V BTﬁdeJ At = P,y — T. /V BToW) av (2.12)

where the term in brackets is the tangent modulus and the term on the right hand
side is the out-of-balance nodal force vector or residual. The new estimates of the
nodal displacement increments is given by

AultD = Ad) 4 Aa (2.13)

2.3.2 The Corrector Step

In the corrector step, new estimates of the strain increments at the Gauss points
are obtained directly from the nodal displacement increments using the discretized
compatibility equation. The stress update algorithm of eqn. (2.9) is then used, to
determine the stresses associated with the new estimates from the full (rather than
linearised) incremental constitutive equations. The updated stresses lead to the
residual (eqn. 2.12) which is the starting point of the next iteration.

2.4 THE STRESS UPDATE ALGORITHM

Two distinct approaches to the stress update algorithm exist, namely formulations
based on incremental holonomic methods and those based on the concept of return
mapping algorithms. The second of these approaches, although essentially heuristic®,
is treated in detail as it forms an integral part of the classical framework.
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2.4.1 Incremental Holonomic Methods

The development of incremental holonomic methods is based on the concepts of
incrementally extremal paths®!820:2! and has the advantage that it is closely linked
to the governing mechanical principles. A distinct correspondence exists between
these methods and the internal variable formulation given in Chapter 31°.

2.4.2 Return Mapping Algorithms

Return mapping algorithms have been the subject of a considerable amount of study
since finite element incremental analysis was first attempted!!:2%28, Traditionally,
as illustrated in Figure 2.1, the stress update algorithm has been conceived in stress
space as a two-step algorithm. The stress at the end of the n-th increment, o, is
known, as is the total strain increment estimated for the (7 + 1)-th iteration of the
n + 1-th increment, Aef:j:ll ). At each point where the stresses are calculated, it is
first assumed that there is no plastic deformation in the increment, and the stress

increment is computed as

AGESH) = pa) . | - (2.14)

If the estimated updated stress (known as the elastically predicted stress)

oE ) = o 4 AGE (H) (2.15)

lies within the yield surface, the assumption is correct, the increment is indeed elas-

tic, and the final stress point oD is given by the elastically predicted stress. If
n+1 g

not, the final stress point affill ) on the yield surface and the plastic strain increment

Ae”n(ﬁl) is computed, such that Ae”n(f{l) is normal to the yield surface according
to some time integration scheme. Incremental plastic consistency (algebraic coun-
terpart of eqn. 2.7) is satisfied by enforcing the yield criterion ¢(c,x) = 0 at the

end of the time increment. Thus

o) = ont DA - a0 Y (162
A€ ﬁﬂ)___mr(a,ﬁ) ’ o ' (2.16b)
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Elastic
response
region

Convex yield surface
#(o, ki) = 0

Convex yield surface
gij Ho,kp)=0

Figure 2.1: Geometric illustration of the return mapping algorithm

where 7 is evaluated via the normality condition (eqn. 2.4) at some point within the
increment.

If the initial stress o, lies within the yield surface, as depicted in Figure 2.1, a contact

stress state agiﬂ) on the yield surface first needs to be computed'!1é, However, for
simplicity, we choose the initial stress state on the yield surface (i.e. a'g’ﬂ) = 0On),

which in no way restricts the generality of the discussion.

For hardening solids the yield surface may also change during the increment. Eqn. (2.16a)
describes the movement of the elastically predicted stress point af+(1’+1) back onto
the appropriate yield surface, and is illustrated in Figure 2.1. Set in this frame-
work, the stress update algorithm has been termed the return mapping algorithm
and the numerical integration of the constitutive equations reduces to the solution

of eqns. (2.16).

2.5 COMPARATIVE STUDIES

As the precision in which the constitutive equations are integrated within the stress
update algorithm impacts directly on the accuracy of the overall analysis, compar-
isons of various algorithms have been made’4. Three criteria for comparison have
been established, namely the accuracy of the algorithm, the stability of the algo-
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rithm and the symmetry of the tangent moduli. Each of these criteria is considered
briefly. ‘

2.5.1 Accuracy

A numerically integrated solution o'ny1,€n41,€h 1, Kny1 is accurate if it agrees with
the exact solution o(t,+1),€(tn+1),€”(tn+1), K(tn+1) obtained using the full rate con-
stitutive equations (egqns. 2.1-2.6).

As the numerical integration of the constitutive equations is carried out for a given
strain increment Aén+1, the total updated strain

€ntl = €, + A€n+1 (217)

is a function of the time increment Af. The numerical solution is implicitly defined
via the integration of the constitutive equations and thus on41,€%_;,Kn41 are also
functions of At. Further, by choosing ¢ to be sufficiently smooth, ony1,€b ;, Kni1
are differentiable functions of At (the implicit function theorem) and may be ex-
panded using a Taylor series.

0(on41) A2 3% (on41) 3
oy = o, + Ap Tt At 0ignt1) ¢ 2.1
Tnh1 = n+ A= g T 2 ToAr At=o+O(A ) (2189)
a(e? ;) At? 3%(€P ) '
p — P n+1 n+1l 3
e, = et 4 At L) ACTlen)l | pad) (2.18b)
OAL |ppy 2 OALE |py g
- a(ﬂn+1) At2 32(nn+1) 3
o1 =k 4 Ap Dfontr) 28 T fntr) 2.1
Kn+1 = Kn + At At T 2 TOAR At=0+0(At) (2.18¢)

The stress update algorithm is first order accurate (or consistent with the consti-
tutive equations) if the above numerically integrated values agree with their exact
values to within second-order terms in At¢. Similarly, the algorithm is second order
accurate if the numerically integrated values agree with their exact values to within
third-order terms in At. Any algorithm that is second-order accurate incorporates
first-order accuracy. ' '
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2.5.2 Stability

First order accuracy and stability of the stress update algorithm are necessary and
sufficient conditions for convergence as the time increment At tends to zero'4. Thus
an acceptable algorithm needs to satisfy these two criteria.

Ortiz and Popov!* introduced a general methodology for numerical stability of the
elasto-plastic problem in which the yield surface is smooth. Within this methodol-
ogy, an algorithm is stable in the energy norm if infinitesimal perturbations in the
initial conditions are attenuated. ‘

More recently, Simo and Govindjee®? introduced the notion of B-stability3!32:33:34
in which the algorithm is contractive relative to the natural norm defined by the
complementary Helmholtz free energy function. The notion of B-stability is the
appropriate notion of non-linear stability for rate independent plasticity. It is in-
dependent of the smoothness of the yield surface but relies on the convexity of ¢
(which is assumed) and the normality condition (eqn.2.4).

2.5.3 Symmetry of the Tangent Modulus

In order to preserve the quadratic rate of asymptotic convergence of the Newton
Raphson method, the linearization of the constitutive equations in the predictor
step must be consistent with the stress update algorithm, leading to the consistent
tangent of Simo and Taylor?®. These consistent tangents may however not preserve
constitutive symmetries: i.e. the tangent modulus (eqn.2.12) may not be symmet-
ric. The symmetry of the tangent modulus is necessary for numerous regularity
properties and bounding theorems of plasticity? and thus it is important that it is
preserved by the numerical procedure. As the consistent tangent is dependent on
the stress update algorithm (eqn. 2.9), a desirable feature of such an algorithm is
that it ensures symmetry of the consistent tangents.

2.6 TIME INTEGRATION SCHEMES

The time integration scheme forms an integral part of the return mapping algorithm
of eqn. (2.16). Ortiz and Popov!4 have generalized the concept of return mapping
algorithms and postulated two generalized time integration schemes which categorize
a wide range of these algorithms. These generalized schemes are consistent with the
return mapping algorithm described in section 2.4.2, in that incremental plastic
consistency is enforced at t,4+1. The algorithms associated with these generalized
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schemes are first order accurate and in general do not ensure symmetry of the tangent
modulus except for the specific case of the backward difference scheme!3.

Simo and Taylor?6 and Simo and Govindjee?? have proposed an alternate generalized
midpoint scheme in which incremental plastic consistency is enforced at a generalized
midpoint. This scheme, which also leads to first order accurate return mapping
algorithms, has the advantage that symmetry of the tangent modulus is ensured. A
further advantage of this scheme is that it leads to a second order accurate algorithm
if the true midpoint is chosen.

2.6.1 The Generalized Trapezoidal rule of Ortiz and Popov

For the generalized trapezoidal rule eqn. (2.16b) can be written as

A ) = axrlTY (2.19a)
P =(1-a)ra + ar$t) 0<a<l , (2.19b)

where
Tn =7(0On,6n) (2.19¢)
) =r( @S0 | (2.194)

The return in stress space, associated with this time integration scheme, is a single
step return in direction TS:_:—;) and is illustrated in Figure 2.2. Alternately, the return
can be visualized as consisting of two substeps, the first in the initial plastic flow
direction 7, (normal to the yield surface at o, kn) and the second in the final plastic
flow direction rflj_'l) (normal to the yield surface at af:j_'ll ), S:Ill )) The parameter

a gives the relative proportions of these substeps.

For a O the return mapping algorithm is explicit and for « > 0 it is implicit.
For o = 5 and the von Mises yield functlon, the algorithm coincides with the mean
normal procedure of Rice and Tracy??; and for a = 1, it coincides with the backward
difference or closest point algorithm (a generalization of the radial return algorithm
of Wilkins?® for the von Mises yield function).
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¢(a, xSt =0

Figure 2.2: The generalized trapezoidal rule of Ortiz and Popov

For a yield surface of constant curvature (eg von Mises) and for a > %, the algorithm

is unconditionally stable in the energy norm. The algorithm is also second-order

accurate for a = %

2.6.2 The Generalized Midpoint rule of Ortiz and Popov

For the generalized midpoint rule eqn. (2.16b) can be written as

AL S = AxE) (2.20a)
rff_f_;) =r((1-a)o, + aag_tll),(l — a)kn + ang_tll)) 0<a<1. (2.20b)

The return in stress space, associated with this time integration scheme, is a sin-
gle step return in the plastic flow direction rsl'i'al) (normal to the yield surface at
(+1) _(i+1)

an+a ' "nt4ao

Kpto ) and is illustrated in Figure 2.3.
For a = 1, this rule coincides with the generalized trapezoidal rule. The two rules
also coincide for all a for the von Mises yield function with elastic perfectly plastic

and linear kinematic hardening.
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E (i+1)
an+1

/DA

n+a

(i+1)\\ a(H'l)
\

O nta n+1

\\ #(a, 'cg:-l-l-ll)) =0
\ (ﬁ(O’,K(H-l)) -0

n4a

¢(0, Kn) =0

Figure 2.3: The generalized midpoint rule of Ortiz and Popov

Unlike the generalized trapezoidal rule, the generalized midpoint rule is uncondi-
tionally stable in the energy norm for a > % irrespective of the yield surface. The

generalized midpoint rule is also second-order accurate for o = .

2.6.3 The Generalized Midpoint rule of Simo et al

The essential difference of this rule is that incremental plastic consistency is en-
forced at a generalized midpoint ¢,,44. This implies that the plastic strain increment
A€l -|E11+1) is computed such that the stress point UEZI;), defined at the generalized

midpoint, lies on the yield surface. Eqn. (2.16b) thus become

i 1 i
AL = —axl) (2.21a)

rsf_'l'_'i) =7r((1-a)o, + aag_:'ll),(l — @)k, + anffj_‘ll)) 0<a<l. (2.21b)

Eqn. (2.21b) coincides with eqn. (2.20b). The geometric interpretation of this return
mapping algorithm is given in Figure 2.4, in which the enforcement of incremental
plastic consistency at t,44 is clearly illustrated.
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(i+1) |
a'n+1 )

\ ¢)(0’, ns:-tll)) = 0

Honi) =0

n+o

¢)(0’, K'n) = 0

Figure 2.4: The generalized midpoint rule of Simo et al

This rule preserves the symmetry of the tangent modulus for 0 < @ < 1 and is
second order accurate for a = % Simo and Govindjee?® have also shown that the
algorithm is B-stable for a > %

2.6.4 The Backward Difference Scheme

The backward difference scheme is a special case of the generalized trapezoidal and
both generalized midpoint rules for & = 1, in which all three rules coincide. This
scheme implies that the plastic strain increment has the direction of the normal
to the yield surface at the updated stress point (ie Ae”gﬂ) has direction rg_l"_'ll) =
r(agrll ), ngj_'ll )) in the context of the integration rules quoted above). This ensures
that consistency is enforced at time t,4+o = tn+1. This is the only time integration
scheme in which the contact stress ag""'l) need never be calculated for an initial

stress o, not on the yield surface.

The backward difference algorithm, although only first order accurate, is the only
member of both generalized rules of Ortiz and Popov that preserves the symmetry of
the tangent modulus'®26, It is also the only member of the trapezoidal rule that is
unconditionally stable in the energy norm for a yield surface with corners. Further,
the algorithm, as a member of the generalized midpoint rule of Simo et al 2328 js
B-stable. ‘
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Ortiz and Martin!® put forward arguments to show why the backward difference
algorithm meets sufficient conditions for symmetry, while the generalized trapezoidal
rule of Ortiz and Popov!4 does not. Further, they show that the backward difference
algorithm can be brought into correspondence with algorithms formulated using
holonomic methods.

2.7 PIECEWISE LINEAR PLASTICITY

Piecewise linear yield functions of the Tresca and Mohr-Coulomb type are widely
used in metals and soils plasticity. These yield functions are distinguishable by the
fact that they describe piecewise linear (singular) yield surfaces. We shall briefly
consider the implications and methods of solution associated with piecewise linear
plasticity.

2.7.1 Difficulties in Piecewise Linear Plasticity

When the incremental problem, formulated with a piecewise linear yield function,
is solved using the finite element method, numerical singularities may occur in the
corrector step. This is due to the fact that the normal to the yield surface at a
singularity (a corner or apex) lies within the fan (or singular region) defined by
adjacent normals at the singularity. The plastic flow direction 7, a necessary piece
of information for the numerical integration of the constitutive equations, is thus
not uniquely defined at this point.

The ambiguity of the plastic flow direction is removed by Koiter’s generalization,
in which piecewise linear yield functions are considered to be made up of a number

of continuously differentiable yield functions®. The elastic response region is then
given by

dp(o,k) <0 p=12,...,N (2.22)

where N is the number of continuously differentiable yield functions.

The flow rule (eqn. 2.5) becomes

N
. d6,(a,
€r = p§=1: ,\¢”—(,§:'32 (2.23)
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Gy _ g
910 Fatr’) Singular

region

$a(a, k) = 0

~ Figure 2.5: Return at a singular region

and the loading-unloading criterion (eqn. 2.6) apply for any ¢,.

This generalization allows the plastic flow direction to be constructed from the adja-
cent normals at the singularity. It also allows for multiple yield surfaces to become’
active at the same time (i.e. ¢, >0, p>2) and leads to the concept of multivector
return paths in the framework of the return mapping algorithm?3411,17.19,24

Singularity indicators have been developed to determine whether the elastically pre-
dicted stress point is in a singular region and a multivector return is necessary to
return the stress to the corner #1724, Problems can be encountered during harden-
ing when the elastically predicted stress lies in a singular region but does not return
to the corner as illustrated in Figure 2.5.

The problem is further complicated by the fact that piecewise linear yield functions
of the Tresca and Mohr-Coulomb type are expressed most naturally in terms of the
principal stresses. Nayak and Zienkiewicz!? introduced a form of stress invariants
which allows for a compact description of the yield functions, but these invariants
still need to be calculated at each iteration.

A mention of other approaches, not utilizing Koiter’s generalization is appropriate
at this point. These include; using the normal of the smooth yield surface that
passes through the singularity!® (an approach which results in a discontinuity in the
normal at this point), rounding the yield surface locally in the singular regions??
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and rounding the entire yield surface®.

2.7.2 Classification of Solution Algorithms

Once again, it is convenient to classify solution algorithms employing Koiter’s gener-
alization in terms of the integration schemes used. Due to the advantages associated
with the backward difference scheme there has been an increasing acceptance of this
scheme for the return mapping algorithm?2417.24, The essential differences between
these algorithms is located in the singularity indicators used.

Marques!!, however, uses an explicit scheme with subincrementation which allows
the singular regions to be identified. De Borst? has shown that this formulation
does not satisfy incremental plastic consistency for all active yield surfaces at a
singularity.

Crisfield??, De Borst* and Pankaj and Biéanié!” all apply a backward difference
scheme and enforce incremental plastic consistency for all active yield surfaces at
a singularity. Each uses a different singularity indicator and considers the Mohr-
Coulomb yield function with elastic perfectly plastic behaviour. All advocate an a
posterior: check for hardening,.

Simo et al.?* and Pramono and Willam!® consider hardening and employ an iterative
return mapping based on the backward difference scheme. Simo et al?* propose a
procedure that assumes all yield surfaces violated by the elastically predicted stress
(ie ¢p(af+(f+1),fcn) > 0) are active. In the iterative return, active yield surfaces are
deactivated one by one when the corresponding plastic multiplier becomes negative.
Pramono and Willam have proposed an opposite approach which encompasses soft-
ening behaviour as well. Here, the yield surfaces are activated one by one when they
are violated during the iterative procedure.

2.8 CONCLUSIONS

The incremental elastic-plastic problem has been formulated in the classical frame-
work of the finite element method. Various time integration schemes, the relative
merits of each scheme and the incremental problem and solution in piecewise linear
plasticity have also been introduced.

Next we wish to explore the formulation and solution of the same problem in terms
of an internal variable formulation.
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- CHAPTER 3
AN INTERNAL VARIABLE FORMULATION

3.1 INTRODUCTION

In this chapter, an internal variable formulation for the classical time-independent
elastic-plastic problem is provided. The formulation provides the basic framework
for a finite element model of this problem and allows for clear comparison of existing
numerical techniques. This is a specific form of a general thermodynamically based
formulation of the form initially given by Rice® and Martin*.

In this work, attention is restricted to associated plasticity and simple linear hard-
ening rules. Further, a backward difference scheme is chosen, which assures that a
minimum principle, or mathematical programming problem can be written for this
formulation3*.

3.2 BASIC EQUATIONS FOR THE INTERNAL VARIABLE FOR-
MULATION

Consider a finite element model of an elastic-plastic body under isothermal condi-
tions. The unconstrained nodal displacements are represented by the vector u(t),
where t represents time. External forces P(t) act on the unconstrained nodes, and
are given functions of time. Internal variables are defined at Gauss points, and are
represented by the global vector A(t).

The strain energy f of the body is assumed to be a homogeneous quadratic function
of u(t) and A(t) and is given by

| f=tu®TKu(t) + Ju@®T(L + LT)A@) + %A(t)TH A(t) . (3.1)

The equilibrium equations can then be written in the following form:

of _ _
Bud) = Ku(t) + LA(t) = P(1) , (3.2a)
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a_?\{'t‘) = LTu(t) + HA(t) = —x(t) . | (3.2b)

The internal forces x(t) are conjugate to the internal variables A(t). The matrices
K,L,H are fixed, and may be formulated by standard methods?. The stiffness
‘matrix K is assumed o be positive definite, and H is assumed to be positive semii-
definite.

A convex global dissipation function D(A) which is positive, homogeneous and of
degree one in the components of A is introduced. The basic plastic constitutive
relation then relates the internal forces x and the internal variable rates A :

oD
= —-— 3-3
X= 73 (3.3)

The dissipation function D is assumed to be zero if and only if A =0 and to
be positive for A # 0. The dissipation function (illustrated Figure 3.1) is thus a
generalized cone in a D — X space, formed by radial generators. The derivatives
of D will certainly be discontinuous at the origin, and may be discontinuous along
radial lines in the A space. At such points of discontinuity, 3D/ is taken to
represent any value within the fan defined by adjacent values.

Substitution of eqn. (3.3) into eqns. (3.2) leads to

Ku(t)+ LA(t) = P(t) , (3.4a)
T 9D _
Liu(t)+ HX(t) + A e o . | (3.4b)

The dissipation function D will in fact be the sum of contributions from individ-
ual Gauss points. Eqn. (3.4b) can be subdivided into a sequence of independent
equations for each Gauss point; the equations are independent in the sense that the
components of A and X which appear in any one Gauss point equation are only those
associated with that Gauss point.

Eqns. (3.4) provide the basic framework of the equations for a finite element model
of an elastic-plastic body for a wide class of linear kinematic hardening materials, in-
cluding perfect plasticity. Suitable generalization can be incorporated to extend the -
model to cover isotropic hardening®, but the model described by eqns. (3.4) is suffi-
ciently general for our present purposes. The generalization to isotropic ha.rdening
is incorporated at Gauss point level in Chapter 5.
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Dissipation
function

Figure 3.1: The dissipation function

3.3 TIME DISCRETIZATION

In the incremental problem, the time history is divided into discrete intervals by
defining discrete instants in time. Two such sequences of discrete instants are in-
troduced. The first sequence is denoted by to = 0,¢y,...,8n—1,%n, tn41,--., and for
simplicity it is assumed that the interval between the discrete instants is fixed, and
is given by At. The second sequence will be denoted by Ti,...,Tn_1,Tn, Tns1s-- -
Again, the interval between these instants is fixed at At and ¢, < Trny1 < tny1. The
two sequences are shown diagrammatically in Figure 3.2.

Consider the interval (t,,Ty+1). For this interval

Tht1 — tn = @At (3.5a)
where 0 < a < 1, and

tht1 — Tnp1 = (1 — a)At . (3.5b)

Values of the variables u(t), A(t), P(t), x(t) at time t,, will be denoted by u,,An, Pr, X,
and at time T, by un, An, PN, XN-
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T, in Tn+1 tnt1

alt S

At

At *=(1-a)At

Figure 3.2: The time sequences t and T

The governing equations must be satisfied at the end of the discrete interval (2n, Trn41),
so that at time T4 '

K’lLN+1 + LAN+1 = PN+1 3 (36a)
oD :

LTuny + HAypi+ —|. =0 . 3.6b

N+1 N1t o3 S (3.6b)

The term involving An41 in eqn. (3.6b) must be expressed in terms of An41 and
previous values An, AN, An—1,---. This is achieved by applying the classical back-
ward difference assumption over the interval (t,,Tn+1). This assures a choice of a
minimum work path for the change in stress from o, to afﬁ_’ll ) 1 and in turn the
existence of the minimum principle®®. In this assumption A(t) is fixed in direction

over the interval (¢n,Tn+1), and thus
A() = Awat = ——[Ans1 = Al = AKX @
()— N+1_aAt N+1 nl = LAt n+l ()

where
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Ain+1 = AN+1 —An - (3.8)

Since D is homogeneous and of degree one, the derivative 9D/ O is homogeneous
and of degree zero. This implies that dD/ O depends only on the direction of X,
and not on its magnitude. Since @ > 0, this implies that

- oD
E))

_ 0D

: | (3.9a)
AI‘J+1 aA AAn+1

It is also convenient to regard D as a function of A\, rather than A, and we can
thus put

dD(N) _aD(AN)

3 S = ToAN IS, (3.9b)
Introducing the increment
Aty = UN41 — Un (3.10)
the governing equations (eqns. 3.6) may then be recast in incremental form:
KAty + LAX41 = Pryr = (Kun + LX) (3.11a)
LT Aty + HAN 1 + v oD = —(LTu, + H),) . (3.11b)
OAX AN,

The solution of eqns. (3.11) can also be regarded as the minimization of a convex
function Up(Au,AMN), given by

S A YT T K L AUIDA)\
p—i{AA} [LT H}{A,\}Jr( )

— AuT(Pynyr — Kug — LX) + AXT (LT, + HX,) . (3.12)



Chapter 3 ' _ 27

3.4 ITERATIVE SOLUTION ALGORITHM

In a finite element implementation, the incremental problem is solved by an iterative
procedure based on the Newton Raphson method”!°, The classical Newton-Raphson
algorithm can be considered to be a two-step iteration made up of what will be
referred to as a predictor step and a corrector step.

Let the trial solution after the i-th iteration be Aﬁfﬂ_l , A)\( 3_1 In the predictor step,

eqns. (3.11) are approximated by expanding dD/JAMX to first order about the trial
solution, and solved for a new trial value of the displacement increment Aﬁf::il ),

This new value is then substituted into eqn. (3.11b), which is solved for the new

1
trial value of the internal variable increment A/\S_:l )

The expansion of dD/JAM to first order is equivalent to the expansion of D(AX)
in the convex function U, (eqn. 3.12)to second order. In order to avoid difficulties,

D is expanded only at Gauss points where AS\,(: _{_1 is non-zero; these Gauss points,
associated with the expansion, are defined as active for this iteration. Inactive
Gauss points are ignored, eliminating the contributions for these Gauss points from
eqns. (3.11a) and (3.11b). Reduced matrices L,H are thus defined. .

The solution of the approximate, linearised form of eqns. (3.11) is denoted by

S 1
Au ,(:Ll) ,AA::j The vector AA::_%, defined only at the active Gauss points, is

an intermediate value which is not computed. It is convenient to define the incre-
mental changes

Ad = Aal) - aal), (3.132)
AX = AA:::PI A9, (3.13b)

The linearised form of eqns. (3.11) can then be written as
KAu+EAX = Pyyy — K(un + Adl)) = LA, + ARD) ) (3.14a)

LT aa+(H+E)AA = ~x@, LT (wataa?) ) ~H (A +A3%,) = 0. (3.14b)

The right hand side of eqn. (3.14b) is zero as a consequence of the application of
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the corrector step in the i-th iteratior; this point will be referred to later. In this
equation :

G _ oD

X < (i 3.14¢
N+1 = ZAN ’ ARO, (3.14c)
at active Gauss points, and

~ 8°D

C= s ., (3.14d)

n+1

Except for situations in which unrestricted pla,stlc flow may occur in the body (Wthh
are not of direct interest), the matrix (H + C) is positive definite®. Thus AX may
be eliminated using eqn. (3.14b), and eqn. (3.14a) may be written as

KA =R (3.152)
where

K.=K-LH+&'E" | ‘ (3.15b)

RETD = Py — K(un + Aal))) ‘L(/\ +a39 )y | (3.15¢)

The matrix K, is the consistent tangent modulus defined at structural level, and is

symmetric and positive definite. The vector R$z+1) is the residual at the end of the

i-th iteration.

In the corrector step, the value

AaltD = aal), + Aa (3.16)

'

is adopted as the new trial displacement increment, and eqn. (3.11b) is written as

(+1) 0D

— T ' =(i+1)y _ '
HA,\n+1 + AN Aj\f.'::) =~L" (un + Aty ’) - HAn . | (3.17)
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These equations can be solved independently at each Gauss point. Note that the
concept of active and inactive Gauss points falls away at the end of the predictor
step; eqn. (3.17) is applied at every Gauss point.

Eqn. (3.17) can also be written as

X§HY = ~ L7 (un + Aa830) - HOW + ARG | (3.18)

This justifies setting the right hand side of eqn. (3.14b) to zero.

The predictor and corrector steps defined in this way are exactly equivalent to the
consistent tangent predictors and the return algorithms classically used in Newton-
Raphson schemes in finite element analysis?*®. Note that in the first iteration, the
starting trial values are taken as Adiny; = 0, AXn41 = 0, and by definition all Gauss
points are inactive in the predictor step.

If the time sequences coincide i.e. tp41 = Tpyy oI a=1in eqns. (3.5), the formu-
lation of the problem and the predictor and corrector steps reduces to the classical
backward difference incremental formulation (i.e. for the interval (t,,%,41)).

3.5 CONCLUSIONS

An internal variable formulation for the finite element solution of the incremental
elastic-plastic problem is presented. It is shown that the choice of a backward
difference assumption leads to the standard Newton-Raphson algorithm with the
consistent tangent modulus. The advantages linked to the use of the consistent
tangent modulus, as discussed in the previous chapter, thus apply.
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~ CHAPTER 4
TIME INTEGRATION SCHEMES FOR PLASTICITY

4.1 INTRODUCTION

It has been established that the symme*ry of the consistent tangent medulus is
an important criterion of integration algorithms for the finite element analysis of
convex elastic-plastic problems?. The implicit backward difference algorithm leads
to such symmetry®?2, but is only first order accurate®. The question is thus to find
an algorithm which is second order accurate and which preserves the symmetry of
the consistent tangent modulus.

Simo and Taylor? and Simo and Govindjee® consider a generalized midpoint rule in
which the governing equations (equilibrium and the constitutive law) are satisfied
at the generalized midpoint®. They show that this rule preserves symmetry and
further, when the true midpoint is chosen, provides second order accuracy.

In this chapter, a generalized. trapezoidal rule, that is symmetry preserving and
contains a second order accurate algorithm, is introduced. This rule is not the same
as that of Ortiz and Popov3, but appears to be more consistent with a generalized
trapezoidal rule for creep. :

The relation between the generalized trapezoidal rule, the backward difference rule
and the generalized midpoint rule of Simo et al %7 is examined in terms of the internal
variable formulation of chapter 3. It is shown that, by suitable linear extrapolation,
we may generalize the backward difference algorithm while preserving symmetry of
the consistent tangent modulus. If results from the previous step are incorporated,
the generalized trapezoidal algorithm is recovered, while by projecting forward, the
generalized midpoint algorithm of Simo and Govindjee® is obtained.

4.2 THE GENERALIZED TRAPEZOIDAL RULE

Utilizing the time discretization introduced in chapter 3, we consider the time se- .
quence Ty,Tr4+1 to be the prime sequence. The backward difference formulation of
chapter 3 provided un4+1,AN41 at time T4, given %n41, A1 at time ¢,41. The
problem is now framed in terms of the interval (Tn,Tn+1); i.e. find unt1, AN41,

w
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XN+1
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XN difference
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: AN+1
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i AXR
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Figure 4.1: The generalized trapezoidal rule
gi\}en UN, AN
We apply a generalized trapezoidal rule to the increment
AXN41 = AN$1 = AN . (4.1)
- Thus,for0 < a <1
AAn1 = @At + (1- @)AnAt . (4.2)

Eqn.(4.2) is consistent with the creep problem in which the creep rates are known.
However, due to the non-real time nature of the elastic-plastic problem, only the
plastic increments and not the rates are known and eqn.(4.2) can be written as

AAN41 = AA?V_H + AAK,_H ) (4.3)

where
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AXGyq = @Ay At (4.42)

. 1- V
ANE,, = (1 - a)AyAt _ a“)A,\;’v . (4.4b)

Eqn. (4.3) is the incremental form of the generalized trapezoidal rule. This can be
can be visualized as a two step integration scheme and is illustrated in Figure 4.1.
First, a forward difference integration scheme is applied over part of the interval
(Tn,tn). Then a backward difference scheme is applied over the remainder of the
interval (t,,Tn+1). The relative proportions of these two steps are governed by the
parameter a.

From the basic framework, X, and hence x will lie on or inside the yield surface.
The increment AAy4;, in keeping with the notion of a two step integration, is
divided into two parts. The component ANy, is associated with xy: if xv lies on
the yield surface, ANg, 41 Will be normal to the yield surface at x, while if x lies
within the yield surface, AA}; +1 Will be zero. Similarly, AAY,, is associated with

XN+41:

This is a distinct difference from the formulation suggested by Ortiz and Popov3,
where the direction but not the magnitude of AAY,; is assumed known if x lies
on the yield surface. If x lies within the yield surface, unlike this formulation, the
direction of AR, is then evaluated at the contact stress and not set equal to zero.

In keeping with the formulation of Ortiz and Popov, the governing equations (equi-
librium and plastic consistency) are enforced at time T5,41. First, by defining the
increment

A’UN+1 =UN41 —UN (45)

the governing equations (eqns. 3.6) can be written in incremental form

KAuny + LAA?V_H = Pn+1— Kuy — L(AN + AA%+1) , (4.63)
T ' 0 oD T P
L Aunpr + HAN 1 + . =—-L uy — H(AN + A’\N+1)° (4.6b)
OA Ay

Noting that D() is homogeneous and of degree one in its argument, we can put
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dD(X) _ dD(AN) )
N SR 7 SN V9 U '
and egns. (4.6) become
KAunyt + LAXy,, = Pyt — Kuy — LW + AXS,,) (4.82)
LT Auny + HAXS . + 9D = ~LTuy — HAn+ ANy ). (4.8b)
+ N1t BAX ANy A

+

If we set @ = 1 in eqn. (4.4b), we recover a backward difference formulation for the
interval (Tp, Tpt1)-

To further explore the relation between the generalized trapezoidal rule and the
backward difference scheme, the displacement increment, in a similar way to the
internal variable increment AApny41, is divided into two parts:

Aunyr = uny1 —un = Aulyy +Audy; - (4.9)
First, we associate Augy, ;,AA},; with the increments of our basic formulation
A‘U.?\H_l = A‘&n+1 ) AA?\H—I = AAn+1 , (410)

and adopt the governing equations (eqns. 3.11) for the backward difference for-
mulation for the interval (tp,Tn41). Second we assume that Auj ., ANL_; are
determined by projecting forward from the previous interval. Specifically, we put

Al = a - Daug (4.11a)
ANE,, = (—I%QA,\;, : (4.11b)

It follows then that AuY,, ;, AN}, ; are known a prioriin the incremental problem.
To formulate the problem in terms of the increments Aub, 1 AN, s Aul ), AN
we put
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up = uy +Aufy,, , (4.12a)
An = AN+ AN, (4.12b)
and substitute into the governing equations (eqns. 3.11). This gives

KAulry 1+ LAN 41 = Pryr —~ K(un +Aul ) - L(AN + AN, ), (4.13a)

0D

T

'LT(‘"'N + A'"’RIH)
N41

—H(AN +ANS,,) . (4.13b)

On inspecting these equations, it is evident that it is not necessary to distinguish .
between Auf,; and Auj,,; these terms can be combined, and eqns. (4.13) are
rewritten as

KAunyy + LAMy4; = Prys — Kuy — LAV + AXNR,,) (4.14a)

oD

LTAu +HAA + —
N+1 N+1 aAA AN a1

—LTun— HAN+AN,,,). (4.14b)

These equations retain symmetry and convexity in Aunii, AAN+1 and are equiva-
lent to eqns. (4.8).

In considering the predictor step, we put
Adng = Ault) - Aul,, . (4.15)
Substituting into eqns. (3.15), we write

K AuN+1 RHY (4.16)

where K is defined as in eqn. (3.15b). It should be noted, however, that a Gauss

point is active if Az\;’vﬂ is non-zero. The residual Rgvil) is given by
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Figure 4.2a Figure 4.2b

Figure 4.2: The corrector step for the generalized trapezoidal rule

R%-}l-ll) = PNy — K(un + A“%)H) =LA~ + A’\g)-kl) ’ (4.172)
with
Ay, = Ax,, + A  (41m)

The corrector step is written, from eqn. (3.17), as

) oD )
o (1+1 T 1+1
HAN )+——a Axlaxg e = —LT (un+Ault ) —H(AN+ANE, ). (4.18)

The essential features of the backward difference formulation are thus retained, in the
sense that both the predictor modulus K. is symmetric, and the return algorithm
is applied in the same way.

The corrector step is shown diagrammatically as a return map in x space in Fig-
ure 4.2. Eqn. (4.18) is written as :

X = O~ A - BNy~ HAR( (4190



Chapter 4 » - : , 37

where

~(,'4_1) _ 0D

XN+1 = AN A (4.19b)

The vector (xn — LTAu%:II)) is the equivalent elastically predicted: value of x%ill),

the vector -H ANy 4118 the equivalent return associated with the forward difference

scheme and the vector —H Az\;’vgffl) is the equivalent return associated with the

backward difference scheme.

As AXR, +1 is determined fully from the result of the previous increment, some
apparently paradoxical features are encountered. If the N-th increment involves

plastic deformation, and (xn — LTAu%:ll)) is inside the yield surface (unloading),

AX(HD may not be zero, although AA}’Vﬁ'l) will be zero. Further, for the specific

N+1 ! :
unloading case illustrated in Figure 4.2b, AA;VSZTI) will not be zero and will cancel

AAfV 41 toensure plastic consistency is enforced at 7},+1. This behaviour is consistent
with the limiting case of the generalized trapezoidal rule applied to Norton creep!.

Alternatively, the vector (x — LTAu%:ll)) — HAM},,, can be taken to represent

the equivalent elastically predicted value of x%ill). The vector —H AA}’#TI) is then
the equivalent backward difference return with AA}’VS;TI) normal to the yield surface
at x}:,ill) . Recast in this form, the corrector step takes on the classical form of the

backward difference return mapping algorithm of chapter 2.

4.3 THE GENERALIZED MIDPOINT RULE

The relation between the generalized midpoint rule of Simo et al *7 and the back-
ward difference scheme is now examined. An internal variable formulation of the
generalized midpoint rule is given by Reddy and Martin®.

The time sequence t,,t,+; is now considered to be the prime sequence. The back-
ward difference formulation given in chapter 3 provides un41, ANy at time Thy,
given u,, A, at time t,. We choose to project forward linearly, as shown diagram-
matically in Figure 4.3, to obtain wn41,Ant1.

Thus, we put

UN41 — Up Up4l — Up
= 4.2
alrt At (4.202)
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A'n+1
ln T'n.+1 t'n.+1
- t'n.+oz »
Figure 4.3: The generalized midpoint rule
or
1 | 1.
Unt1 = Un + a(uN+1 = Un) = Un + —Abnp (4.20b)
Similarly
1 1 <
Ang1 = An + E(/\N+1 = An) = An + =Adnp (4.20c)
It follows also from eqns. (4.20) that
unyr = (1 — a)up + aunyr (4.21a)
AN+1 = (]. - Q)An + aA.,H.l (421b)

This is recognizable as the form of the generalized midpoint rule, with the governing

equations being satisfied at time

Tn+1 = tn+a = tn + alt

(4.22)
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It is instructive to rewrite the governing equgtions in terms of the variables
AUpyy = Upgy — Up (4.23a)
AXpt1 = Apg1 — A . | (4.23b)
It follows, on comparing eqns. (4.20) and (4.23), that
Afiny1 = 0Atunyy , Adpyr = aAdnyy . (4.24)

In view of the fact that dD/JAM is homogeneous and of degree zero in the compo-
nents of A\, and that a > 0,

dD(AN) - oD(AX) - dD(AX) (4.25)
OAX AA OAXN  |aAX 41 OAX |AXni:
Hence the governing equations (3.11) can be written as
| aKAu,i1 + aLAXt1 = Pyp — (Kun + LA,) (4.262)
oLTAupiy + aHAN 4 + 9D = —(LTu, + HX,) . (4.26b)
OAX AN .41 ‘

If we define

Aty = 6D - Aul) (4.27a)
it follows that

Aw=AaD - Aal) | = aAdLy . (4.27b)

The predictor equations (3.15a) then become

oK A = RETD - (4.28)
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where K. and R(+1) are defined as in eqns. (3.15b) and (3.15c).

The corrector step eqn. (3.17) becomes

0D

(#+1)
aHAM + — AN A/\('“)

G = LT (u, + adulIDY - HA, . (4.29)

n+41

We may thus formulate the problem directly in terms of the increments Aw, 41, A, 41,
and we retain the essential structure of the backward difference formulation, in the
sense that the predictor modulus oK is symmetric, and that the corrector step, or
return algorithm, is applied in a similar way.

The comparison between the generalized midpoint rule and the backward difference
formulation for the interval (%,,%,+1) can be better understood by recasting the
equations slightly. First, if the time sequence ?,,%,+; is the prime sequence, it would
be consistent to assume that the data for the problem is given at these instants, so
that we are given P,, P,41. If this is so, we must interpolate to find Py4q. It is
consistent to interpolate linearly, and hence we put

Py,=(1-a)P,+aP,y1 =P,+aAPyyy (4.30a)
where

APni1 =Py — P, . (4.30b)
The equilibrium equation (4.26a) then becomes

aKAunyy + aLAXp1 = aAP gy + (Pr — Kuy, — LX) . (4.31)

If equilibrium is satisfied at the beginning of the step, the term in parentheses on the
right hand side will be zero. This will not of course generally be so, since the iterative
scheme is terminated with some residual, but acceptable, error. Nevertheless, if we
assume that equilibrium is satisfied at time ¢,, eqn. (4.31) reduces to

KAun+1 + LAAn.f.l = APn.H . (432)

It then follows that
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1’ = —QHAA,,H.I

Figure 4.4: The corrector step for the generalized midpoint rule

K’un+1 + LAn+1 = Pn+1 ) (433)

i.e. equilibrium is satisfied at the end of the step.

Continuing with this assumption, the residual RS:III ) (eqn. 3.15¢) can be written as

n

R = (AP~ K Aul) —LANY) ) 4(Po—Kun—L),) = aREH)(4.342)
where

RED = AP, - KAul) —LAXY) . ' (4.34b)
The predictor equations (4.28) then become

K A,y = RETD . | (4.35)

Note that this equation does not depend on «, and is thus identical for the backward
difference algorithm ( & = 1 ) and the generalized midpoint rule (0 < a < 1).
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The corrector step is shown diagrammatically as a return map in x space in Fig-
ure 4.4. Eqn. (4.29) is written as

x§1) = x, — LT AWl — aH AN (4.362)
where
+1) _ 0D
The vector ( x, — aLTAuS:L )) is an elastic value of x%ﬁ_?- if this vector lies within
the yield surface, it provides vaj_ll), and AA( “1) is zero. If it lies outside the yield
surface, we must find xs\',r_ll) on the yield surface and AAS:_:': ) such that eqn. (4.36a)

is satisfied and AAS:LI ) is normal to the yield surface at x%‘fﬁ). The diagram in

Figure 4.4 is drawn assuming that A and H A have the same direction; this is not
necessarily the case, but it simplifies the diagram. Then .

1 1 (i+1 '
A,f'::l) Xn t+ ;(ngj-l) - Xn) . . S (437)

It is clear from this diagram that when o = 1 we recover the classical backward
difference return algorithm. It is also clear that, for a # 1, xgill ) will not in general
lie on the yield surface. It should also be noted that, for & # 1, x,, may lie within or

£+1) may thus lie within or beyond the yield surface.

beyond the yield surface and x

The algorithm described in this section is identical to that of Simo and Govindjee.

4.4 THE RELATION BETWEEN THE GENERALIZED TRAPE-
ZOIDAL RULE AND THE GENERALIZED MIDPOINT RULE

Again, the generalized midpoint rule is applied over the interval (¢,,%,4+1) and the
generalized trapezoidal rule over the interval (5, Tp41)-

From a comparison between the two rules, illustrated in Figure (4.5), the following
can be noted

Al

AXi = aBAnpr AN AN L = A (4.38a)
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Figure 4.5: Comparison of the generalized rules
.A'"'?V+1 = aAu’n+1 un + Au?v.l.l =Un . (438b)
dD(AX®) _ 0D(AN) (4.380

AN ANS,,  OAX |Ax..

Substituting the above into the governing equations (eqns. 4.8) for the generalized
trapezoidal rule, we obtain

aKAunyy +aLlAXiyy = APy + (Pp ~ Ku, — LA,) (4.39a)
oLTAvunyy + aHAN 4y + oD = —(LTu, + H),) . (4.39b)
OAX|AX4,

Eqns. (4.39) are recognizable as the governing equations for the generalized midpoint
rule (eqns. 4.31 and 4.26b). Thus the generalized trapezoidal rule and the generalized
midpoint rule lead to the same minimum principle for the increment and in this sense
are equivalent.

As the prime sequence for the generalized midpoint rule is ¢,,%,41, it is consistent to
assume that the data for the problem is given at these instants. Even though equi-
librium is satisfied at these instants, both equilibrium and the constitutive equations
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are only satisfied at the generalized midpoint ¢,,44 = Tyn41. It is thus meaningful to
report the results un 41, AN41, Xv4) at the generalized midpoint?.

In contrast, for the generalized trapezoidal rule, both the equilibrium and constitu-
tive equations are fully satisfied at the end of each interval, where the data for the
problem is given. In this sense, it can be argued that the generalized trapezoidal
rule is more convenient.

4.5 CONCLUSIONS

First, as the preservation of the symmetry of the consistent tangent modulus is an
important criterion, the formulation of the generalized trapezoidal rule should be
done on the basis given in this chapter.

Second, the generalized midpoint rule of Simo et al %7 and the generalized trape-
zoidal rule as defined in this chapter are fully equivalent. The generalized trapezoidal
rule thus inherits the notion of B-stability associated with the generalized midpoint
rule. It could also be argued that the generalized trapezoidal rule is more conve-
nient, in the sense that the equilibrium and constitutive equations are fully satisfied
at the end of each interval. -

Third, the symmetry of the consistent tangent modulus is associated with the back-
ward difference formulation over part of the interval in each case. Thus the general-
ized midpoint rule and the generalized trapezoidal rule should be regarded as equiv-
alent generalizations of the backward difference formulation, in which the essential
advantageous characteristics of the backward difference formulation are retained.

Fourth, both the generalized midpoint rule and the generalized trapezoidal rule offer
the opportunity to exploit the second order rate of convergence for a = % demon-
strated by Simo and Govindjee®, as opposed to the first order rate of convergence
associated with the standard backward difference formulation. ‘
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| CHAPTER 5
FORMULATION OF THE CORRECTOR STEP |

5.1 INTRODUCTION

- -As discussed in chapter 2, the corrector step has traditionally been formulated in the
form of a return mapping algorithm. This essentially heuristic approach has been
extended to piecewise linear plasticity, together with an increasing acceptance of the
backward difference scheme for the integration of the constitutive equations!3:89,
The question is thus to formulate a corrector step for piecewise linear plasticity
that is closely linked to the governing principles and utilizes the computational
advantages (second order accuracy and B-stability) associated with the generalized
time integration rules of chapter 4.

In this chapter, an internal variable formulation of a backward difference algorithm
for the corrector step is considered. The backward difference integration scheme is-
chosen as it assures that a minimum principle can be written®7?, and it is readily
extended to both generalized rules of chapter 4. The resulting algorithm is written
in the form of a mathematical programming problem and is fully consistent, in that
no heuristic assumptions need to be made.

Suitable generalization to include linear isotropic hardening is introduced and the
algorithm is first specialized to encompass piecewise linear plasticity and then spe-
cialized for the Tresca and Mohr-Coulomb yield surfaces with linear hardening (ex-
amples in chapter 6). The algorithm is also extended to include the generalized
trapezoidal rule in such a way that the overall structure of the backward difference
algorithm is maintained. This allows us to utilize the computational advantages of
the generalized trapezoidal rule.

5.2 FORMULATION OF THE CORRECTOR ALGORITHM FOR
A GENERAL YIELD SURFACE

The internal variable formulation of chapter 3 is developed at structural level. For.
the corrector step, it is now necessary to restate the formulation at Gauss point
level. The kinematic variables are thus strain components € and internal variables
X (representing slips within the continuum) defined at an individual Gauss point.
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The specific free energy f for an isothermal element is assumed to be a homogeneous
quadratic function of € and A. We thus write

f= %eTC’e + %GT(E +ED+ %ATHA . (5.1)

In general the matrix C is positive deéfinite, while H is positive semi-definite®. The
equations of state give the stresses o and the internal forces x at the Gauss point:

of _
7= = Ot EA _(5.2a)

-x = g{ = ETG +HM . v : (52b)

The minus sign is introduced into eqn. (5.2b) to define x as the forces applied by
the elastic continuum to the slips rather than the reverse.

A convex, non-negative dissipation function D(A) which is homogeneous and of
degree one in the components of A is introduced. Again, the dissipation function .
is assumed to be zero if and oaly if A = € and to be positive for A # 0. -The -
dissipation function is thus a generalized cone in a D — A space, formed by radial
generators. The derivatives of D will be discontinuous at the origin, and may be
discontinuous along radial lines in the A space. At such points of discontinuity, .
dD/8X is taken to represent any value within the fan defined by adjacent values.
The dissipation function is defined at the individual Gauss point, unlike the global
dissipation function of chapter 3, which is a sum of contributions from individual
points.

The internal forces x and the slip rates A are related through a kinetic equation:

Combining eqns. (5.2) and (5.3), leads to the constitutive equations for a class of
elastic-plastic solids:

Ce+ Elx=c0c , (5.4a) .

oD
ETe + HN+—=0 . : 5.4b
€+ + o | 4 (5.4b)
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It is pertinent to note that eqn. (5.4b) corresponds to one equation in the sequence
of equations defined by eqn. (3.4b).

Utilizing the time discretization introduced in chapter 3, the time sequence t,,Ty4+1
is again considered ‘to be the prime sequence. The constitutive equations (eqns. 5.4)
must be satisfied at time T5,41. Thus

C€N+1 + EAN+1 =ON41 (55&)
’ oD

Efenyi+ HANy  + —|. =0 . 5.5b
N+1 N+1 6A /\N“ ( )

We introduce the increments
Aén+1 = €EN41 — €n 7 (56)
: Ax'n.+1 = AN+1 - y (57)

and apply a backward difference as_sumption over the interval (t,,Tph41). As D is
homogeneous and of degree one in A, we can put

oD _dD(N) _8D(AN)

=1 . = : = ——— (5.8)
aA AN+1 aA Axn{.l aAA AA,,.,,]
Eqns. (5.5) can then be rewritten as
" CAépyr + EANy1 = 0Ny — (Cen + EX,) (5.9a)
< oD
T € - =
E* A€y + HAN 1 + AN Axn“ Xn - (5.9b)

Eqns. (5.9) are the incremental constitutive equations for a class of elastic-plastic
solids that encompasses perfectly plastic and linear kinematic hardening solids. In
order to include isotropic hardening it is necessary to constrain the signs of the com-
ponents of . Alternatively, a simpler modification can be effected by introducing
into the expression for f, given by eqn. (5.1), a term representing dissipated work
stored elastically but irrecoverably in the solid®. For the case of linear isotropic
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hardening, the term H~2/2 is added to f, where H is a scalar constant and v is a
scalar va.lue given by

y= /Otp(x)dt . | (5.10)

In view of the backward difference assumptlon, we note that we can write, for
t <t < Tn+1 )

TN+1 = Tn + D(BAns1) o (5.11)
and hence ‘ .
87 A‘y oD

lim

Thus, again following through the steps of the previous argument, eqns. (5.9) become

CAén+1 + EAXTL-}-I =ON41 — (Cén + EAn) y (513&)

E A€n+1 + HAAT,,.H + — [(1 + H‘)’n)D(Az\)

6AA
+ %HD?(AA)]l A, = —~(ETe, + HX,) . (5.13b)

With suitable choices of the constants C,E, H and H, this model can represent
perfectly plastic, linear kinematic and linear isotropic hardening.

Implementing these equations as the corrector step, we note that €,, A, and v, are
known, and A€, 4; is given. We see then that the problem can be uncoupled. First,

eqn. (5.13b) can be solved for AXnyi1, and then oy recovered from eqn. (5.13a),
which can be written as

ont1 = Clen + Aény1) + E(An + Adny1) - : ‘ (5.14)

The solution of eqn. (5.13b) can be written as a convex, non-linear programming
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problem. Without giving a rigorous argument, we can define a function Un41(AX)
whose least value is given by A\, 4, , where

Uns1(AX) = (AL EAN+ €T EAXN + ATHTAN)
+ IANTHAN + (1 + Hv,)D(AX) + LHD*(AN) . (5.15)

5.3 SPECIALIZATION TO A PIECEWISE LINEAR YIELD. SUR-
FACE

A formal relation can be established between the yield surface in x space and a
level surface of the dissipation function D in X space®®. In view of the backward
difference assumption and eqn. (5.3), D may be written in terms of the increments
AX, and

_ 902X

A (5.16)

A piecewise linear yield surface is associated with a dissipation function with piece-
wise linear level surfaces, as shown diagrammatically in Figure 5.1. The relationship
between these two surfaces is a relatively straightforward one. A flat region on the
yield surface, identified by a normal vector n, becomes a vertex on a level surface
of dissipation lying on the radial line defined by n. Similarly, a vertex on the yield
surface will become a flat region on a level surface of the dissipation function.

We choose to represent the increment A\ in terms of the set of unit vectors ny,nq, ..., 7%

which identify each of the radial lines in AX space on which vertices of the level sur-
faces of the dissipation function lie. We then write

AX = AAny + AAgng + ...+ AAny = NTAA | (5.17a)

with

AA; >0, i=1,.,k , (5.17b)

and where AA is the vector with components AA;, and N7T is the matrix whose
columns are the vectors n;. '
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X2 AN,
A
n .
- A\
n2
piecewise linear yield surface a level surface of the

dissipation function

Figure 5.1: A level surface of the dissipation function associated with a piece-
wise linear yield function

Along the radial line defined by n; in AX space, the value of the dissipation function
is given by

D = xq;AAN; , (no summation) (5.18)

as D is homogeneous and of degree one and AA; is non-negative. The coefficient
Xo: can be identified as the shortest distance between the plane on the yield surface
with normal n; and the origin in x space (Figure 5.1).

The value of D associated with any given AX can be expressed as a linear program-
ming problem?” ; :

D(AX) = min( xaAA : NTAA=AX, AA>0) , (5.19)

where x, is the vector with components xg;.

This linear programming problem may now be embedded into the convex non-linear
programming problem of eqn. (5.15)

We thus seek
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min( Un41(AA): AA>0) (5.20a)

where

Un41(AA) = LAATNHNTAA + AeT, ENTAA + (1 + Hy,)xTAA
+1HAA X xIAA+ TENTAA + ATHTNTAA

' = (A& E+elE+ATHT)NT + (14 Hy,)xZ]a4
+1AATINHNT + HxoxFlAA  (5.20b)

This may be recognized as a convex quadratic programming problem in AA. We
denote its solution by AA, 41, and recover AX,4; from the relation

Adnt1=NTAA; . (5.21)

Al the information needed to solve the corrector step as a quadratic programming
"problem is contained in the dissipation function and the free energy function. The
dissipation function contains information about the yield surface while the energy
function contains information on the hardening model.

5.4 SPECIALIZATION TO THE TRESCA AND MOHR-COULOMB
YIELD SURFACES '

5.4.1 A framework for the Tresca and Mohr-Coulomb yield surfaces

For both the Tresca and Mohr-Coulomb yield surfaces, the internal variable incre-
ment A can be construed as the plastic strain increment Ae?, and can equally be
expressed in the form of the symmetric cartesian tensor of order 2, AJ;;.

F Ady ]
Adgs Ad;; Al Al |
AX :
Al = A)\‘:z AA“J: A)\12 A)\gg A/\23 . » (5.22)
A)is AXiz AXyz Alss
[ A)gs ]
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Similarly the principal tensor AAj; can be expressed in the form of the principal
vector AX*. :

C AN T
2?2 A/\l ' A/\l 0 0
AN = 03 = A) AX;=1 0 A 0 (5.23)
0 Ak 0 0 Ak
| 0

where A)y, A)X,, A)s are the principal components of the internal variable incre-
ment. The same applies to the conjugate force vector x.

The Tresca and Mohr-Coulomb yield surfaces, ¢(x), are only piecewise linear in
principal conjugate force space. Thus, for the time interval (¢,,T,+1), the quadratic
programming problem of eqn. (5.20) needs to be solved in principal AXn41 space,
rather than in the reference space in which the problem is initially stated. It is
therefore necessary to establish a framework that facilitates a transformation be-
tween these spaces.

To define a transformation between reference and principal A:\n+1 space, we need to
compute the principal directions of A:\,H_l a priori (i.e. at time t,,). For a backward
difference scheme, the increment A:\n+1 is evaluated at time T,4; and is a scalar
multiple of \7Pdn+1- As dn41, and hence 7PN 41, can be described in terms of the
principal basis of x4, the principal directions of A:\n+1 and x4, correspond.
Further, the tensor H is isotropic and for a perfectly plastic or linear kinematic
hardening rule, eqn. (5.9b) can be written as

~(AELE + e  E+ ATHT) = (xy + HAN 1) (5.24)

Thus both terms in parentheses in eqn. (5.24) have principal directions corresponding
to those of AX 11 and, by determining the principal directions of the left-hand term,
we can establish a transformation between reference and principal AX,4; space a
priori. This is equivalent to first formulating the problem at each iteration as a
holonomic problem in x space. ’

Similarly, for a linear isotropic hardening rule, eqn. (5.13b) can be written as
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—~(A&LLE + el E+ MTHT) = (xnyy + HAAN 1 +

8—2X[H7nD(AA)+%HD2(A/\)] - ) . (5.25)

As before, both terms in parentheses in eqn. (5.25) have principal directions corre-
sponding to those of AA,+1 and the transformation can be established a priori.

A framework can now been established where, while the corrector step at each itera-
tion of each timestep is formulated in reference (6-dimensional) space, the associated
convex quadratic programming problem is solved in principal (3-dimensional) space.
The corrector algorithm for the Tresca and Mohr-Coulomb yield surfaces is obtained
by embedding the appropriate quadratic programming problem in this framework,
which is illustrated in Figure 5.2.

5.4.2 The Tresca plane stress case

To validate the transformation process, it is necessary to ensure that a normal return
in principal x space corresponds to a normal return in reference x space. The plane
stress case allows for a geometric validation of this sort. The Tresca yield surface is
constructed in o1; — 022 — 012 space, which is equivalent to the reference x space
for an elastic perfectly-plastic material. The subspace 017 — 022 then represents the
principal x space and is shown in Figure 5.3.

The transformation for the plane stress case is a purely rotational transformation
about the major axis of the yield surface. Also, each cross-section of the yield surface
normal to the major axis can be represented by an appropriate Mohr circle of stress,
as shown in Figure 5.3. Thus, as normals to the yield surface lie on radial lines
in the Mohr circle representation, a purely rotational transformation ensures that a
correspondence exists between normal returns in principal space and reference space.

5.5 EXTENSION TO THE GENERALIZED TRAPEZOIDAL RULE

The corrector step is now extended to incorporate the generalized trapezoidal rule,
while maintaining the general structure of the backward difference algorithm. As
discussed in chapter 4, this is possible as the trapezoidal rule applied over the interval
(Tny Tnt1) is equivalent to a forward projection from T, to ¢, and the application of
a backward difference scheme over the interval (t,, Thy1).
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|

Find principal directions of Q(Aéf+1E +eIE + ATHT) -
and set up the transformation matrix T

Transform —(Aé?;“E + eI E + ATHT) to principal

basis using T'

. Solve the quadratic programming
problem in AAni; — { eqn. (5.20b) } These steps executed

in terms of |
principal basis.

Solve for AXny1 — { eqn. (5.21) }

Transform AX,; to global basis using T

Solve for on41 — { eqn. (5.14) }

Figure 5.2: Framework for the Tresca and Mohr-Coulomb yield surfaces {back-
ward difference)
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Figure 5.3: The Tresca plane stress case
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We now consider the sequence T,,,7T,4+; to be the prime sequence and apply the
trapezoidal rule over the interval (T,,T,+1). The governing equations (eqns. 4.8)
are written at Gauss point level as:

CAeny1 + EANYyy = on41 — (Cen + EAy + EANYy,) (5.26a)
ETAeni1+HAN  + :ADA . =—(ETen+HAN+HAN,, )(5.26b)
ANy,
whe?e
AAN1 = AXjyy +ANY,, (5.27a)
AN, = (1 ;")A,\;’v . (5.27b)

We introduce the modification to include linear isotropic hardening and decompose
the scalar value A« in a consistent manner

AYN41 = N1 = IN = BN + APy (5.28a)

(1 ;a) A,),ON . o (5.28b)

AYPN4 =

Following in the steps of previous arguments, the governing equations (eqns. 5.26)
then become

CAGN.H + EAA7V+1 =ON+1 — (CGN + EAN + .EAA;’V_I_I) ) (5293.)

ETAensr + HAM1 + 515 A 5 (1 + Hyy + HAyPy 1) D(AN)

+1 HD2(A,\)] | AN, = —(ETey + HAy + HAN, o) - (5.29b)

Implementing these equations as the corrector step, we note that ex, Ay and yy are
known, AN, +1 and A9, are forward projections and are thus known, and Aen4q
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is given. Again the problem can be uncoupled. First, we can solve eqn. (5.29b) for
AX$r,1, and then recover o x4 from eqn. (5.29a), which can be written as

ont1 = Cleny + Aeny1) + EQAN + ANG,;, + AXRy) - (5.30)

The solution of eqn. (5.29b) can be written as a convex, non-linear programming
problem. The function Un41(AX), whose least value is given by AAY,,, is defined
as

Un+1(AX) = (A E + €5 E+ ALHT + AN HT)AX
+1AXTHAN + (1 + Hyy + HAY)D(AN) + LHD?(AN) . (5.31)

It is evident that the Gauss point solution procedures of eqns. (5.30) & (5.31) and
eqns. (5.14) & (5.15) are equivalent. Thus, in specializing the corrector step to a
piecewise linear yield surface, we may embed the linear programming problem of
eqn. (5.19) into the convex non-linear programming problem of eqn. (5.31). The
resulting convex quadratic programming problem in AA for the generalized trape-
zoidal rule is then given by '

min( Uny1(AA): AA>0) (5.32a)
where
Un+1(A4) = [(Aef B + R E+ AFHT + ANRT, HT)NT +
(1+ Hyn + HAYS )XY ] AA+ LAATINHNT + HxoxI1AA . (5.32b)
We denote its solution by AA%,;, and recover AA};,, from the relation
AXpy = NTAAY,, . , (5.33)

In .extending the framework for the Tresca and Mohr-Coulomb yield surfaces to
the generalized trapezoidal rule, the quadratic programming problem of eqn. (5.32)
needs to be solved in principal AA},; space, rather than in the reference space.
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|

Calculate forward projections
Az\g’vH — { eqn. (5.27b) }
AR — { eqn. (5.28b) }

Find principal directions of
(A€l E+ L E + XFHT + ANRT HT)

and set up the transformation matrix T

Transform -—(AE}C,HE + E%E +AVHT + A'\KilHT)

to principal basis using T'

Solve the quadratic programming
problem in AA%,, — { eqn. (5.32b) } | These steps executed

in terms of
principal basis.

Solve for A%, ; — { eqn. (5.33) }

Transform AAy,, to global basis using T

Solve for o471 — { eqn. (5.30) }

l

Figure 5.4: Framework for the Tresca and Mohr-Coulomb yield surfaces (gen-
eralized trapezoidal)
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For a perfectly plastic or linear kinematic hardening rule, eqn. (5.26b) can be written
as '

~(Aef i E+ R E+ARHT + AN HT) = (xver + HANyy)  (5:34)

and, for a linear isotropic hardening rule, eqn. (5.29b) can be written as

~(Aef E+efE+AVHT + ANYEHT) = (X1 + HAN 4
i}

HETS)

[H(YN + AN )D(AN) + $HD*(AX)]| ) . (5.35)

N+1

As the increment AA°y . is evaluated at time 7,41, and following a similar argu-
ment given in section 5.4.1, both terms in parentheses in eqns. (5.34) and .(5.35)
have principal directions corresponding to those of AX°n4;. Thus, by determining
the principal directions of the left-hand term, a transformation between reference
and principal AX°N41 space can be established a priori.

This is again equivalent to first formulating the problem at each iteration as a
holonomic problem in x space, except now the forward projection A)\ﬁ’vzl HT is
included in the holonomic step. The transformation and minimization are then
carried out in exactly the same way as for the backward difference algorithm, in the
sense that the same quadratic programming problem is solved in each case, This
facilitates a simple extension from the backward difference algorithm to an algorithm
using the generalized trapezoidal rule. The extended framework for the Tresca and
Mohr-Coulomb yield surfaces is given in Figure 5.4.

5.6 CONCLUSIONS

Firstly, a backward difference corrector algorithm for piecewise linear plasticity has
been presented. The algorithm is written in the form of a convex quadratic program-
ming problem and is fully consistent, in that no heuristic assumptions are made.

Secondly, for the particular cases of the Tresca and Mohr-Coulomb yield surfaces,
a framework is established that is equivalent to first formulating the problem as a
holonomic problem in x space. This allows the associated convex quadratic program-
ming problem to be solved in principal space, while the corrector step is formulated
in reference space.
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Thirdly, the algorithm is extended to include the generalized trapezoidal rule. For
the Tresca and Mohr-Coulomb cases, this entails a modification of the framework
by including the forward projection as part of the holonomic step. The general
structure of the backward difference algorithm is thus maintained, in the sense that
the same quadratic programming problem is solved in both cases.
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CHAPTER 6
CORRECTOR STEP ALGORITHMS

6.1 INTRODUCTION

In this chapter, the quadratic programming problems for the Tresca and Mohr-
Coulomb yield surfaces with perfectly plastic and linear hardening material be-
haviour are developed. These quadratic programming problems are solved in princi-
. pal space and, provided the problem is first formulated as the appropriate holonomic
problem in conjugate force space, are common to both the backward difference and
generalized trapezoidal rules.

Because the corrector algorithm formulated as a quadratic programming problem is
fully consistent, the quadratic programming problems can be used to provide a basis
against which heuristically developed algorithms can be compared. This is done in
the form of the traditional return mapping algorithm in which the return paths in
principal stress space associated with an elastically predicted stress are identified.

6.2 THE QUADRATIC PROGRAMMING PROBLEMS FOR THE
TRESCA YIELD SURFACE
,‘

‘The derivation of the quadratic programming problems for the Tresca yield sur-
face with perfectly plastic, linear kinematic and linear isotropic hardening material
behaviour, is now considered. For principal conjugate forces x;, x2, X3, the yield
surface is the envelope bounded by

¢:i%(X1“X3)_k=0
p=230x1—x2)— k=0
= i%(Xz“Xa)"":O (6-1)

where k is a scalar constant.

Eqns. (6.1) describe the surfaces of an infinitely long regular hexagonal prism in
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+

Al
Radial lines in = plane

Figure 6.1: Level surfaces of the Tresca dissipation function

principal x space, with an axis in the hydrostatic direction. Associated with this
yield surface is a dissipation function with piecewise linear level surfaces in the
principal AX deviator plane, as shown in Figure 6.1.

The matrix N7 and the vector xZ are given by

1 _1 _1 1 g g
V2 V2 V2 V2
T B 1 A L
N'= |0 07 -7 T (6:2)
NS R 0 0 1 _ 1 .
L~V » Vi TV
T (1 1 1 1 1 1 v
xo =25 5 VAV (6.3)

For this case AX = Ae€P and, as A lies in the deviator plane, the plastic strains
are deviatoric. We can thus divide the incremental problem for the time interval
(tn, Tn41) into its hydrostatic and deviatoric components and solve the hydrostatic
component as an elastic problem and the deviatoric component as an elastic-plastic
problem. We thus only consider the deviatoric elastic-plastic problem for the three
material models.
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6.2.1 The perfectly plastic case
The specific free energy is given by
f=G(e—eP)(e~eP) ' (6.4)

where G is the shear modulus. The deviatoric strains e replace the strain components
€ and the plastic strains e? the internal variables A of the general formulation of
chapter 5. The equations of state then give

s= %ﬁ- = Ce + Ee? = 2G(e —eP) , : (6.5a)
-X = 91 = ETe + He? = —2G(e — €?) = —s | ' (6.5b)
de? :

where s is the deviatoric stress, in place of .

Using the arguments given in chapter 5, the convex quadratic programming problem
is given by

min( Un41(AA): AA>0) | (6.6a)

where

Uns1(AA) = [(-A&l,; - ef +€PL)2GNT + x71AA
+1AAT[N2GNT|AA . (6.6b)

6.2.2 The linear kinematic hardening case

The specific free energy is given by

f=G(e—eP)(e~eP)+ irePe? | (6.7)
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where k is the hardening parameter given by

GrG
G-Gr

and G is the tangent shear modulus.

The equations of state give

_9f _ P = P
s—~ae_Ce+Ee =2G(e - e?)

__(')__L_ T P — P
X = 5.5 = FE’e + HeP = -2Ge + (2G + k)eP

and the convex quadratic programming problem is given by
min( Un41(AA): AA > 0)

where

Uns1(AA) = [ePT(2G + k)NT — (A&l + eI)2GNT + x31a4
+1AATIN(2G + k)NT]AA .

6.2.3 The linear isotropic'hérdening case

The specific free energy is given by

H72

f=Gle-ene=en)+ =

where

t .
7=/ D(eP)dt ,
0

(6.8)

(6.9&)

(6.9b)

(6.10;)

(6.10b)

(6.11)

(6.12)
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GrG

H= % =FG-c (6.13)
The equations of state give
of '
=55 =Ce+ Ee? = 2G(e - €P) ‘ (6-143)
-X = % = ETe + He? = -2G(e™— e?) + H‘y% . (6.14b)
Fort, <t <Th41,
¥ = 1n + D(Ae?) , (6.15)
and the convex quadratic programming problem is given by
min( Un41(AA): AA20) (6.16a)
where
Uny1(AA) = [(-A&7,, —ef +€71)2GNT + (14 k%‘yn)xg]AA
+1AAT[N2GNT + E’;xoxg JAA . (6.16b)

6.3 THE QUADRATIC PROGRAMMING PROBLEMS FOR THE
MOHR-COULOMB YIELD SURFACE

We next consider the derivation of the quadratic programming problems for the
Mohr-Coulomb yield surface with perfectly plastic and linear isotropic hardening
material behaviour. For principal conjugate forces x;, X3, X3, the yield surface is
the envelope bounded by
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¢=1+3(x - X3) £ 3001 + x3)sind — ccos§ =0
¢ =13(x1 — x2) £ 3(x1 + x2)sinf — ccos § = 0
¢=2t1(x2 — x3) £ 1(xz + x3)sinf — ccos§ =0 (6.17)

where ¢ is the cohesion and 4 is the angle of internal friction.

Eqns. (6.17) describe the surface of a cone whose normal section at any point is
an irregular hexagon in principal x space. The axis of the cone coincides with
the hydrostatic axis and the apex is at the point given by x; = x; = x3 = ccotf.
Associated with this yield surface is a dissipation function with piecewise linear level
surfaces in principal A\ space, as shown in Figure 6.2.

The matrix N7 and the vector xI associated with this dissipation function are
given by

(sinf+1) (sinf—1) (sinf-1) (sinf+1) 0 0
2 2 2 2
T _ sin 641 sinf—1 infd—1 sin 841
NT = 0 0  (LingtD) [infol) (indol) (mfrD) | (6.18)
(sinf—1) (sinf+1) 0 0 (sinf+1) (sinf-1)
2 2 P P
x: = [ ccosf ccosf ccosf ccosf ‘ccosf ccos0] . (6.19)

6.3.1 The perfectly plastic case
The specific free energy is giveﬁ by
f=1(e- e’ ) ' D(e - €?) (6.20)
where D is the principal isotropic elaétic constitutive tensor given by
(1-v) v v

v (1-v) v (6.21)
v | 1/ (1-v)

B E
T (l+v)(1-2v)

D
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Y Hydrostatic axis

Radial lines

A/\1 ' A)\z

Figure 6.2: Level surfaces of the Mohr-Coulomb dissipation function

and F is Young’s modulus and v is Poisson’s ratio.

The plastic strains €? are identified as the internal variables A of the general formu-
lation and the equations of state then give:

_9f

0= = Ce+ Ee? = D(e — €) , ' (6.22a)
_of _ o1 _ _
-X = 3eF = E'e+ He? = —-D(e— €)= -0 . (6.22b)

Using the arguments given in chapter 5, the convex quadratic programming problem
is given by

min( Un41(AA): AA>0) (6.23@)

where

Uns1(A4) = [(-AEL,, — €l + €T)DNT + x7]A4
+1AATINDNT|AA . (6.23b)
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6.3.2 The linear isotropic hardening case

It is assumed that the internal friction angle § remains constant during hardening
and that the parameter that varies is the cohesion ¢. The specific free energy is then

given by
1 T Hy?
f: §(€—€p) D(G—Gp)+T
where
t .
v = / D(eP)dt
0
K GrG

H= (ccos6)? - (ccos8)?(G - Gr)
The equations of state give

a—_-&-:Ce-i-Eep:D(e—ép) ,
— of — T, o P — _ —€P _al
—x_.aep—E €+ He? = —D(e e)+H7a€p .

Fort, <t<Tht1,

Y=Y+ D(Aep)

and the convex quadratic programming problem is given by

min( Uny1(AA): AA > 0)

where

(6.24)

(6.25)

(6.26)

(6.27a)

(6.27b)

(6.28)

(6.29a)
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K t

— -T T, sT\pNT
Un41(AA) = (A&, ~ €, + €7 )DN" + (1 + (ccos B2 "

)xs1A4

- +1AAT[NDNT 4 71aA4 . (6.29b)

K
(ccos 6)? XoX

6.4 UNIAXIAL EXAMPLES

We now consider the material response associated with the quadratic programming
problems developed for the Tresca yield surface by carrying out a uniaxial test. As it
is convenient to illustrate the material response in stress rather than conjugate force
space, the test is carried out along a line of pure shear in principal deviatoric stress
space. For the Tresca yield surface, these lines have the same direction as radial
lines defined by n; passing through the vertices of level surfaces of dissipation. The
material response for the perfectly plastic, linear kinematic hardening and linear
isotropic hardening cases are plotted in deviatoric shear stress/shear strain space in
Figure 6.3.

For the linear isotropic hardening case, the increment in the scalar value k£ can be
derived geometrically as

Ak = GCiGéT(Aef-Aeg) : | (6.30)
or
_Gr. e _E

where s is the elastically predicted deviatoric stress.

These equations are the Tresca equivalent of the equations for the Von Mises yield
surface for a holonomic incremental problem?.
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Figure 6.3: Uniaxial examples (Tresca yield surface)
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6.5 THE RETURN PATHS IN PRINCIPAL STRESS SPACE

The quadratic programming problems developed in this chapter are solved in prin-
cipal space and contain no heuristic assumptions. They can thus be used to identify
the correct return paths in principal stress space for both a backward difference and
generalized trapezoidal integration rule. This is done in the form of the traditional
return mapping algorithm described in chapter 2. ‘

In this form, the return path for the (¢ + 1)-th iteration of the n + 1-th increment

is from the elastically predicted stress point af, +(_§+1) to the final stress point a%t_ll) ‘

in stress space. We thus need to identify each 0%111) corresponding to all given

]E\", _SH) . Further, for hardening solids, the yield surface in stress space may change

during the increment and we also need to identify this change.

In adapting the framework for the Tresca and Mohr-Coulomb yield surfaces of chap-
ter 5 to the form of the return mapping algorithm, the elastically predicted stress
aﬁ +(_'1+1) needs to be brought into correspondence with the holonomic step in conju-
gate force space. For the backward difference scheme, we write

o% 0 = o, + DAEETD | (6.32)

and for the generalized trapezoidal rule, we include the forward projection ANy,
by updating the yield surface from ¢n to ¢, and writing

o5 = oy + DAY ~ DAN,, (6.33)

Having defined the yield surface and the elastically predicted stress in this way,
the return paths in principal stress space for both the backward difference and
generalized trapezoidal rules coincide.

It is pertinent to note that, for all time increments, both the Tresca and Mohr-
Coulomb yield surfaces remain fixed in conjugate force space for hardening solids,
and that all the returns presented below for these surfaces correspond to a closest
point return in this space.

For the description of the return paths in principal stress space, however, it is con-
E (i+1) .

venient, for a given yield surface and hardening rule, to group the o)y /1"’ in such a
way that the Ae?vgffl) associated with the said oh flﬂ) lie on level surfaces of the
E (i+1)

dissipation function D. The o ;" grouped in this way form concentric piecewise
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linear surfaces in principal stress space, with axes coinciding with the current yield
surface axis. Only for the linear kinematic hardening case are we unable to construct

‘surfaces of af, +(i+1) that correspond to level surfaces of D. For this hardening case,

the surfaces of af, +(;+1) defined for the perfectly plastic case are used.

E (i+1 . ;
As the surfaces of oy +('1+ ) are concentric, each o'f, +('1+1) can only lie on one such

surface and thus, we need only consider the change in the yield surface associated

with, and the return paths from, the af, +(§+1) on one of these surfaces.

6.5.1 The Tresca yield surface

The piecewise linear surfaces of af, +('1+ ) associated with the Tresca yield surface are

infinitely long concentric 12-sided prisms in principal stress space. Further, as the
plastic strains are deviatoric, we need only consider the return paths in principal
deviator stress space.

We divide the area around the appropriate yield surface in the deviator plane into flat
and corner regions, defined by adjacent normals n; at the corners of the appropriate
yield surface. Due to the symmetry of the yield surface, we need only make a
distinction between flat and corner regions, and not between individual flat regions
or individual corner regions respectively. '

The perfectly plastic case

For a perfectly plastic solid the yield surface remains fixed in principal stress space
for all time increments. Thus the current and subsequent yield surface is the initial
yield surface ¢o.

The surface of elastically predicted stress points af, +(’1+1) for this hardening case is
illustrated in Figure 6.4, and is constructed with reference to the initial yield surface
g, as are the flat and corner regions. The return paths associated with the af, +('1+1)
on this surface are characterized below.

All a]b:, +(;+1) on the surface within a flat region return to a%ill) on the flat surface
of the yield surface ¢9 along the normal n; at ag\',tll). All 0']% +('1+1) on the surface

within a corner region return to aj(\'fill) at the corner of the yield surface ¢o. These

return paths are illustrated in Figure 6.4.
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The linear kinematic hardening case

We consider the same surface of elastically predicted stress points o N+ EG + ) as defined
for the perfectly plastic case, except it is now constructed with reference to the
current rather than the initial yield surface. This surface, which does not correspond
to a level surface of D for this hardening case, is illustrated in Figure 6.5, together
with the flat and corner regions which are also constructed with reference to the
current yield surface ¢,,.

(1+1)

We identify the stress points oy, that return from o N+ EG + )

on this surface and
construct a surface of these stress points. The surface of agv"_;_l) does not coincide
with any one yield surface and is illustrated in Figure 6.5 together with the return
paths which are characterized below.

(+1)

All o& ©+Y) on the surface within a flat region return to o p., on the flat surface

N+1 : 5
of the subsequent yield surface along the normal n; at ag\',':_ll) . All a’ﬁ _,E'I'H) on the

-surface within a corner region return to ag\’,j_ll) at the corner of the subsequent yield

E (i +1)

surface dn41. This return is along the stralght line joining oy ,," ' and the corner

of ¢n.

During the time increment the yield surface translates. This translation is given by

nAeN("H) and is in the opposite direction to the return path 2G’AeN('+l) We
can thus identify the subsequent yield surfaces on which the stress points lie. These
are illustrated in Figures 6.6 and 6.7 for a flat and corner region respectively.

The linear isotropic hardening case

For this hardening case, we consider a surface of elastically predicted stress points

af, fl"'l) constructed with reference to the subsequent yield surface ¢n41. We also

define the flat and corner regions with reference to the subsequent yield surface ¢n4;.-

This surface of a’f, flﬂ) and the appropriate regions are illustrated in Figure 6.8

together with the return paths which are characterized below.

All af, fl“) on the surface within a flat region return to 0'%111) on the flat surface

of the subsequent yield surface along the normal n; at a%ill). All a']E\;, le) on the

surface within a corner region return to 05:,111) at the corner of the subsequent yield

surface ¢n41. The surface of these stress points a%"_;_ll) coincides with the subsequent

yield surface ¢y 4.

As the yield surface expands in stress space during the time increment, the corner of
the subsequent yield surface lies on the radial line through the corner of the current
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(and initial) yield surface. This expansion of the yield surface in stress space can be

measurgd by the increment Ak%ﬁ_ll). This increment is linked to a level surface of D

ie
AKGEY « D(aeR ) (6.34)

and corresponds to the largest of

i+1 T i+1 i+1
A’“§\l+1) = iG Gr (Ae 11)N+1) Ae; §V+1))
i GGT ) 1+1
i = 42290 (a2 - a2
GGT

i+l i1 i+l ‘
AP = + 7T (Aeh (B - ad; (FY)) (6.35)

G-Gr

for the flat regions only.

There is a correspondence between eqn. (6.35) and eqn. (6.30) for the uniaxial case.
We can make use of eqn. (6.35) to construct the concentric surfaces of oy fﬂ)
about the current yield surface. From these we can then identify the subsequent

yield surface ¢n4+1 and hence the stress point a%ﬁ_ll).

Traditionally, the flat and corner regions have been constructed with reference ‘to
the current yield surface ¢, rather than with reference to the subsequent yield
surfacé. The return paths have also been associated with these regions of ¢,. We
can identify the return paths given above in terms of these regions of ¢, by defining
two secondary regions within each corner region of ¢,. The return paths within the
flat regions of ¢, and these secondary regions are then characterized by those of a
flat region of ¢x41. The return paths within the remainder of the corner region of
¢, are characterized by those of a corner region of §n41. These secondary regions
can be calculated from the shear and tangent shear moduli by

Gt

V3G

tanf = (6.36)

and are illustrated in Figure 6.9.
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Figure 6.8: Return paths for the Tresca linear isotropic hardening case
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Figure 6.9: Corner detail for the Tresca linear isotropic hardening case
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6.5.2 The Mohr-Coulomb yield surface

The piecewise linear surfaces of oy EG + ) associated with the Mohr-Coulomb yield

surface are infinitely long 12-sided cones in principal stress space with axes coinciding

with the current yield surface axis. Again, we divide the area around the appropriate

yield surface into flat and corner regions, defined now by vectors m; = Dn; at the

corners of the appropriate yield surface. Due to the symmetry of the yield surface,

we need only make a distinction between flat and corner regions, and not between

individual flat regions or individual corner regions respectively. We further define
an apex region defined by vectors m,; at the apex. These three region types are

identified in Figure 6.10.

The perfectly plastic case

For a perfectly plastic solid the yield surface remains fixed in principal stress space
for all time increments. Thus the current and subsequent yield surface is the initial
yield surface ¢g. '

A surface of elastically predicted stress points oy, E G + ) is illustrated in Fi igure 6.11.
This surface, together with the flat, corner and apex regions, is constructed with
reference to the instial yield surface ¢y.

The return paths from this surface of df, +(_i+1) are also illustrated in Figure 6.11 and

are characterized as follows. All df, fl“) on the surface within a flat region return

to a%ﬁ_ll) on the flat surface of the yield surface ¢y along the vector m; at d%-:_ll).

All df, ﬁﬂ)' on the surface within a corner region return to a%ﬁ_ll) at the corner of
the yield surface @9 along the vector Dd¢o/dc at the corner passing through the

particular oy fl“), All oF ('+1)

‘75\?:-11) at the apex of the yleld surface ¢g. | )

on the surface within the apex region return to

These return paths correspond with the return paths, and the apex region coincides
with the inverted pyramid, of Pankaj & Biéanié !.

The linear isotropic hardening case

E (i+1)

We now consider a surface of elastically predicted stress points o ;" "’ constructed
with reference to the subsequent yield surface ¢ny1. We also define the flat, corner
and apex regions with reference to the subsequent yield surface ¢ny+1. The return
paths from this surface of o B + ) are illustrated in F igure 6.12 and are characterized
below. ‘
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Figure 6.10: Corner, flat and apex regions of the Mohr-Coulomb yield surface

All af, 4(-i+1) on the surface within a flat region return to 05\',111) on the flat surface

of the subsequent yield surface along the vector m; at a%t_ll). All af, 4(_i+1) on

the surface within a corner region return to "S\’rt-ll) at the corner of the subsequent

ield surface ¢4, along the vector Dddn41/00 at the corner passing through the
y Y+ B g g
particular af, +(_'1+1). All oy 45’1-“) on the surface within the apex region return to

0%111) at the apex of the yield surface ¢ny;.

The yield surface expands in stress space during the time increment with no change
in the friction angle 8. Thus the corners of the subsequent yield surface lie on radial
lines through the corners of the current (and initial) yield surface, and the apex
of the subsequent yield surface lies on the hydrostatic axis, but at a now greater
distance from the origin.

This expansion of the yield surface in stress space can be measured as an increase

in the cohesion Acgill) and is quantified as the largest of

AdiH) _ 4 GG (Ad 4 - ad D)
N+t = =G -Gr i cos()

A _ 4 GOT ad Y - ag it
N1 ™ 7G-Gr cos(f)

L. o
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_ i+1 i+1
AT — 4 GGr [(Aq %++1) - Ag §V++1)) (6.37)
SN G -G cos(0) )
for the flat regions only.
E (i+1)

‘We can make use of eqn. (6.37) to construct the concentric surfaces of o N+1
about the current yield surface. From these we can then identify the subsequent

yield surface ¢4 and hence the stress point a%ill).

6.6 CONCLUSIONS

Firstly, the quadratic programming problems of both the Tresca and Mohr-Coulomb
yield surfaces with perfectly plastic and linear hardening material behavior are con-
sidered in detail.

Secondly, the return paths, associated with the traditional return mapping algo-
rithm, are identified in principal stress space from the quadratic programming prob-
lems. These return paths provide a correct basis against which heuristically devel-
oped algorithms can be compared.

Thirdly, provided the yield surface and the elastically predicted stress are suitably
formulated in stress space (equivalent to the appropriate holonomic formulation in
conjugate force space), the return paths in principal stress space are common to
both the backward difference and generalized trapezoidal rules. ’
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CHAPTER 7
CONCLUSION

The internal variable formulation of the incremental problem for convex elastic-
" plastic materials presented in this thesis has facilitated the development of a gen-
eralized trapezoidal rule that is consistent with a generalized trapezoidal rule for
creep. Further, it has provided the understanding of the relationship between this
and other integration rules in terms of the governing principles. Indeed, it is shown
that the generalized trapezoidal rule and the generalized midpoint rule of Simo et
al 12 are fully equivalent in that the same minimum principle is established in each
case. The generalized trapezoidal rule thus inherits the notion of B-stability and
offers the opportunity to exploit the second order rate of convergence for a = %

associated with the generalized midpoint rule.

The generalized midpoint rule and the generalized trapezoidal rule can also be re-
garded as equivalent generalizations of the backward difference scheme. The essential
advantageous characteristics of the backward difference formulation (amongst oth-
ers, the symmetry of the consistent tangent modulus) are thus retained under these
rules. However, the generalized trapezoidal rule may be regarded as more convenient
than its generalized counterpart, in the sense that the equilibrium and constitutive
equations are fully satisfied at the end of each interval rather than at the generalized
midpoint.

The internal variable formulation of a backward difference corrector algorithm for
piecewise linear plasticity provides us with a consistent algorithm for the integration
of the constitutive equations. The algorithm is written in the form of a mathemat-
ical programming problem and is fully consistent in that no heuristic assumptions
are made. It further has the advantages of being fully linked to the governing princi-
ples and avoiding the inherent problems associated with corners under the classical
formulation. '

For the particular cases of the Tresca and Mohr-Coulomb yield surfaces, by first for-
mulating the problem as a holonomic problem in reference space, a convex quadratic
programming problem can be established in principal space. The backward differ-
ence algorithm can then be extended to include the generalized trapezoidal rule by
simply modifying the holonomic step. This allows the general structure of the back-
ward difference algorithm to be maintained, in the sense that the same quadratic
programming problem is solved in both cases. In this way, the computational ad-
vantages of the generalized trapezoidal rule can be exploited.
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Finally, as the corrector algorithm is fully consistent, the quadratic programming
problems developed for the Tresca and Mohr-Coulomb yield surfaces are used to
provide a basis against which heuristically developed algorithms can be compared.
This is done in the form of the classical formulation of a return mapping algorithm
in which the return paths in principal stress space associated with an elastically
predicted stress are identified.
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