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Abstract

Development of a Micromorphic (Multiscale) Material

Model aimed at Cardiac Tissue Mechanics

by Devin Dollery

Computational cardiac mechanics has historically relied on classical continuum models; however, clas-

sical models amalgamate the behaviour of a material’s micro-constituents, and thus only approximate

the macroscopically observable material behaviour as a purely averaged response that originated on

micro-structural levels. As such, classical models do not directly and independently address the re-

sponse of the cardiac tissue (myocardium) components, such as the muscle fibres (myocytes) or the

hierarchically organized cytoskeleton. Multiscale continuum models have developed over time to ac-

count for some of the micro-architecture of a material, and allow for additional degrees of freedom

in the continuum over classical models. The micromorphic continuum [15] is a multiscale model that

contains additional degrees of freedom which lend themselves to the description of fibres, referred to

as micro-directors. The micromorphic model has great potential to replicate certain characteristics of

the myocardium in more detail. Specifically, the micromorphic micro-directors can represent the my-

ocytes, thus allowing for non-affine relative deformations of the myocytes and the extracellular matrix

(ECM) of tissue constraining the myocytes, which is not directly possible with classical models.

A generalized micromorphic approach of Sansour [73, 74, 75] is explored in this study. Firstly, nu-

merical examples are investigated and several novel proofs are devised to understand the behaviour

of the micromorphic model with regards to numerical instabilities, micro-director displacements, and

macro-traction vector contributions. An alternative micromorphic model is developed by the author for

comparison against Sansour’s model regarding the handling of micro-boundary conditions and other

numerical artifacts. Secondly, Sansour’s model is applied to cardiac modelling, whereby a macro-scale

strain measure represents the deformation of the ECM of the tissue, a micro-scale strain measure

represents the muscle fibres, and a third strain measure describes of the interaction of both con-

stituents. Separate constitutive equations are developed to give unique stiffness responses to both the

ECM and the myocytes. The micromorphic model is calibrated for cardiac tissue, first using triaxial

shear experiments [80], and subsequently, to a pressure-volume relationship. The contribution of the

micromorphic additional degrees of freedom to the various triaxial shear modes is quantified, and an

analytical explanation is provided for differences in contributions. The passive filling phase of the heart

cycle is investigated using a patient-specific left ventricle geometry supplied by the Cape Universities

Body Imaging Centre (CUBIC) [38].
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Introduction

The field of computational mechanics has developed considerably over recent decades due to advances

in its theoretical formulations and faster, more powerful computational hardware. The use of compu-

tational mechanics in research and industry for science/engineering problems is now commonplace, as

it has the potential to be a tool of analysis for any variety of solid or fluid mechanics problem. The

exciting reality is that current capabilities in computational mechanics only really scratch the surface

of truly replicating the near infinite detail of a given physical system. In the quest to advance our

capabilities in computational mechanics, there is an on-going iterative progression between the discov-

ery of new enriched mathematical methods to approximate the mechanics of a system, and awaiting

adequate computational technology to compute such complex models in a meaningful time frame.

Biological materials and biomechanical processes are often more complex to describe with compu-

tational mechanics than conventional inanimate engineering materials. However, the motivations for

modelling biomechanics are numerous. Cardiovascular disease is a major cause of global mortality

[55], with a World Health Organization (WHO) study ranking it highest at 12.2% [9]. Clearly, there is

strong motivation to maximize research into treatments of cardiovascular disease. In turn, the research

area of computational cardiac mechanics is expanding rapidly, and brings inter-disciplinary expertise

together to bridge the understanding of physiological and mechanical phenomena of the heart.

Clinical treatments have developed over time largely by trial and error, and the testing of new ideas has

been stymied by the obvious risks associated with experimenting on in-vivo hearts. As computational

cardiac models improve, remedial medications and procedures on defective hearts could be prototyped

through computational simulations, which are risk-free, cheaper to implement, and faster to adapt and

retest. This study will explore the merits of the micromorphic continuum material model to replicate

the passive mechanics of the human left ventricle, in order to evaluate on its potential to contribute

to cardiac modelling in future.

1.1 Current advancements in cardiac modelling

Over the last three decades cardiac modelling has progressed to the point where mathematical models

of the complete cardiac cycle are realistic enough to evaluate the performance of the heart and its

response to medical treatments. Early cardiac models used rudimentary classical continuum theories

that were not able to elucidate the internal structure of the material, and were also limited by basic

geometric representations of the heart. Over time so-called multiscale mathematical models have



evolved, which begin to incorporate the internal architecture of a material. Additionally, advancements

in sophisticated imaging techniques such as electron microscopy, magnetic resonance imaging (MRI)

and optimized Diffusion Tensor Imaging (DTI), have expanded physiological knowledge of cardiac

(myocardial) tissue [3, 43].

Living tissues constantly morph and adapt through variations in mass and geometry (growth), rear-

rangement of the micro-structure (remodeling) and shape (morphogenesis) [31]. The long-term objec-

tive of cardiac mechanics would be to exhaustively incorporate the myriad physiological, chemical,

electrical and mechanical processes of the heart. The orientation of muscle fibres (myocytes) in the

heart is a key feature of cardiac tissue and has come under particular focus, as the orientation of

myocytes affects not only the passive response of the heart but also its contraction. It has been

found in numerous studies that muscle fibre orientation plays a significant role in circumferential and

circumferential-radial shear strains in the heart [86, 69]. There remains a lack of experimental data on

cardiac tissue, though studies on porcine [12] and human [81] cardiac tissue have shown that the tissue

behaves nonlinearly, and further responds differently depending along which direction the material was

deformed.

A noteworthy improvement in the mathematics to describe biological tissue behaviour came with

the advent of the Fung-type strain energy functions through the works of [22, 4, 40]. The Fung-

type constitutive law is advantageous as it can capture the non-linear stiffness response exhibited

by cardiac tissue, and was later expanded upon to include invariant-based models and the fibre-

orientated anisotropy that is common to mammalian heart tissue. Furthermore, orthotropic versions

of the material law have the flexibility to assign unique stiffness properties to the three characteristic

directions of cardiac tissue: the muscle fibres, the banded sheets formed by the muscle fibres, and the

direction normal to those sheets. Non-linear orthotropy has been successfully validated in studies such

as Usyk et al. (2002) modelling canine left ventricles [87, 88], as well as Holzapfel and Ogden (2009)

reproducing shear experiments on porcine ventricular tissue. There are other notable cardiac tissue

models, such as Kerckhoffs et al. (2003) and Costa et al. (2001), amongst others.

The improving realism of the mathematical models, coupled with patient-specific heart geometry and

data, has enabled cardiac modelling to cultivate remedial work, such as the study of Legner et al.

(2014) in analyzing the effect of hydrogel injections into regions of the heart damaged by myocardial

infarction. Real-time modelling techniques, such as the work of Rama et al. (2016) on proper orthog-

onal decomposition with interpolation (PODI), are gaining traction and aim to drastically reduce

simulation time by interpolating results from a database of cardiac models [67, 65, 66]. Evidently,

great progress has been made in the field of cardiac mechanics; however, there is still tremendous

scope for improvement, and it is believed that the micromorphic model explored in this study could

become a useful tool in cardiac modelling in future.

1.2 Multiscale modelling and micromorphic continuum theory

Continuum models are now widely used to simulate the deformation and failure modes of materials;

however, these models rely on averaging of atomic scale dynamics, and subsequently the precision of

the models will always be limited if behaviour averaging is employed [50]. Classical continuum models

use a representative volume element (RVE) that is large enough to approximate all micro-constituents
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of the material into an averaged set of material parameters, and therefore nanoscale and molecular

processes cannot be described within a continuum mechanics framework. Instead, molecular dynamics

(MD) models can be used for such intricate simulations; however, the computational cost of MD

models render them impractical for use on common engineering problems. The so-called multiscale

models, named for their ability to account for some of the micro-architecture of a material, are still

based on continuum theory, and although they use some simple statistical averaging, they are not

founded on molecular theories nor statistical mechanics [16]. Multiscale models are the most effective

models in use today, because they give a richer description of a material’s structure and composition

over classical continuum models, whilst completing simulations in a relevant time frame.

Various multiscale models evolved during the 20th century. Noteworthy generalized continuum theories

include Cosserat theory devised by the Cosserat brothers [Cosserat and Cosserat (1909)], microstruc-

ture theory [Mindlin (1964)], micromorphic theory [Eringen and Suhubi (1964)], and micropolar theory

[Eringen (1966)]. More recently the FE2 multilevel finite element method, such as Geers et al. (2007)

and Schröder (2014), has emerged as an exciting form of multiscale modelling, which includes a sepa-

rate micro-simulation to homogenize micro-scale properties with greater detail of the micro-structure.

However, the drawback of using the FE2 method is in its computational overhead. An example of

multiscale modelling is that of granular materials, where the size and properties of the individual

granular particles and the orientations of the granules can be incorporated [54]. Available studies

on cardiac tissue mechanics using generalized continuum models include the use of one-dimensional

Cosserat continua by Sack et al. (2016), and a micromorphic medium by Thurieau et al. (2017),

amongst others.

This research explores the micromorphic theory which caters for the local micro-structure and in-

trinsic motions of the material. Eringen (1966) believed the theory showed great promise for tackling

many phenomena, that were previously poorly modelled using a statistical mechanics approach. The

micromorphic theory offers the flexibility to encompass surface tension, couple stress, inertial spin,

distributed vortices and micro-anisotropy. However, Eringen did concede that the efficacy and success

of the model would need to be determined through future experimentation, and as such the author

intends to assess its suitability to cardiac modelling.

A micromorphic material contains a collection of deformable vectors, referred to as micro-directors.

In the context of cardiac mechanics, the micro-directors can represent muscle fibres and capture

non-affine deformations of the muscle fibres relative to the tissue surrounding them. This research

utilizes the novel interpretation of the micromorphic theory developed by Sansour (1998), Sansour

and Skatulla (2009), Sansour et al. (2010) and von Hoegen et al. (2017), which attempts to overcome

shortfalls in Eringen’s strain measures in terms of Euler-Lagrange equations by supplementing new

strain measures and corresponding field equations [73].

1.3 Motivation, aim and objectives

Numerical models are already used as a non-invasive technique to test new treatment ideas regarding

surgery and pharmacology for the heart. This includes prototyping mechanical alterations to the

cardiac system, such as the use of hydrogels to treat infarcted heart tissue [51], or looking at the

impact of rotary blood pumps on heart function [58]. However, the detail and precision of mathematical
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models are still limited by crude approximations of cardiac tissue and its behaviour. Currently muscle

fibre reorientation for classical models has been dealt with algorithmically or with additional iterative

procedures such as that done generally by Himpel et al. (2008), Hariton et al. (2006) and Fausten

et al. (2016) who modelled collagen fibre reorientation in arterial walls. In such algorithmic schemes,

a preferred fibre direction is consecutively identified based on the principal tensile stresses caused by

a specific loading condition, and subsequently the stress is recalculated for the new adjusted preferred

fibre direction.

The micromorphic model will be used to replicate the motion of muscle fibres without the need for

computationally expensive and algorithmically treated procedures. The implementation of the model

will be done in SESKA (see Appendix B), which is the in-house modelling software used by the

Computational Continuum Mechanics (CCM) group at the University of Cape Town. This study

continues from the work of von Hoegen et al. (2016) where a micromorphic model was calibrated to

porcine cardiac tissue shear experiments, and will calibrate a similar micromorphic model to human

cardiac tissue shear experiments. Numerical artifacts of Sansour’s generalized micromorphic model

are assessed to better understand the mechanisms driving the model, and novel proofs are devised

by the author. The author’s own alternative MDO micromorphic model is assessed as it attempts to

counteract potential numerical artifacts of Sansour’s micromorphic model that were uncovered in this

study.

Cardiovascular disease is a top cause of global morality [55], and therefore cardiac research is of great

importance. Furthermore, the left ventricle is most susceptible to myocardial infarctions due to its size

and workload, and will therefore be the focal point of this research topic given its importance. This

study uses a micromorphic model to simulate the left ventricle using patient-specific data segmented

by Hopkins (2017) from 3D cardiac magnetic resonance (CMR) scans of the human heart provided

by Cape Universities Body Imaging Centre (CUBIC). Particular focus will be placed on the ability

of the micromorphic micro-director to represent myocytes, and the potential for non-affine motion of

the myocytes relative to the bulk tissue surrounding them. This study will thus serve as a necessary

first step towards applying micromorphic continuum theory to patient-specific cardiac models, with

patient-specific modelling likely to be a staple of future medical treatments.

In summary this MSc thesis has the following aims:

� Assess the behaviour of the micromorphic model through a variety of numerical examples.

� Analyse the micromorphic model’s behaviour in terms of its mathematical formulation and provide

corresponding novel proofs.

� Introduce the author’s own interpretation of the micromorphic model to avoid undesirable numer-

ical artifacts of Sansour’s micromorphic model uncovered in this study.

� Calibrate Sansour’s micromorphic model to experimental cardiac data.

� Simulate the passive filling phase of the left ventricle using Sansour’s micromorphic model, and

assess its ability to account for non-affine motion of myocytes relative to the bulk tissue surrounding

them.
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1.4 Scope and limitations

The micromorphic continuum does offer limited resolution of micro-scale phenomena; however, it is

still a gross approximation of the makeup and intricacies of cardiac tissue. The challenge posed by

micromorphic theory is that it requires many material constants [97], and the problem therefore arises

of how do we correctly measure those constants? Due to lack of experimental data distinguishing

the properties of different components of cardiac tissue, this study relies on assumed contributions

only. This study will not explore the active mechanics of the cardiac cycle due to scope limitations.

Physiological simplifications into a mechanics framework are made, such as replacing the blood filling

the ventricular cavity with just a pressure force. It is worth noting that the mechanical behaviour of

the heart can be significantly altered by cardiovascular pathologies, such as cardiomyopathy; however,

these heart conditions are not examined in this study.

1.5 Layout of thesis

Following this introductory chapter, the physiology of the heart is introduced in Chapter 2, which

focuses on the features and processes included in present-day cardiac models, such as muscle fibre

composition and orientation. Classical continuum mechanics is discussed in Chapter 3, as it forms

the fundamental framework for computational cardiac mechanics. The concepts of kinematics and

stress are explained, along with the hyperelastic constitutive laws used to link stress to strain. The

micromorphic continuum model used in this study is examined in Chapter 4, including the deriva-

tion of its strain measures and variational principles. The numerical examples of Chapter 5 explore

simple problems to highlight the characteristics of the micromorphic model, including micro-director

displacement, model instabilities, and strain dependent anisotropy. Additionally, the author’s own

proposed micromorphic model is assessed as it attempts to counteract potential numerical artifacts

of Sansour’s micromorphic model that were uncovered in this study. The cardiac models investigated

during this research are presented in Chapter 6, which includes model calibration to cardiac tissue

experiments and models of the passive filling phase of the heart cycle. Finally, a summary of the

conclusions made in this study is presented in Chapter 7, and recommendations for future use of

micromorphic modelling in cardiac mechanics are provided.
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2

Cardiac Mechanics

Scientific understanding of the makeup, composition, and even function of the human heart has come

a long way over recent centuries. Interestingly, it was historically believed that the heart’s function

was to produce heat for the body, and it was not until 1628 that William Harvey concluded that

the heart’s purpose was to pump blood around the body and that this was reason for the heartbeat

[62]. Biological tissue adapts to the mechanical demands of its environment - an example is the loss of

bone mass and muscle atrophy caused by weightlessness. Furthermore, living tissue constantly morphs

and adapts through variations in mass and geometry (growth), rearrangement of its micro-structure

(remodeling) and shape (morphogenesis) [31]. The physiology and mechanics of the heart and its left

ventricle are outlined in this section, as these features need to be incorporated into the mathematical

model where possible to ensure the relevance of the numerical approximations achieved.

2.1 Structure

The heart has four chambers for pumping blood - the left and right atria and the left and right

ventricles, as illustrated in Figure 2.1. The atria are smaller and have thinner walls than the ventricles,

because the atria only need to pump blood to the adjacent ventricles and thus develop lower pressures.

The ventricles are tasked with pumping blood around the body. The right ventricle sends blood through

the pulmonary artery to be oxygenated and expel carbon dioxide in the lungs. The left ventricle is the

biggest pump in the heart, with almost double the thickness and triple the mass of the right ventricle,

as it must generate enough pressure to transport blood through the aorta to service the entire body

[44]. The left ventricle is most susceptible to myocardial infarctions due to its size and workload, and

will therefore be the focal point of this research topic given its importance.

The heart is predominately comprised of muscle fibres, known as the myocardium, which generate

the pumping action through synchronized contractions. The ventricle wall was found to be thickest

towards the top of the ventricles, also referred to as the base, where the atria connect to the ventricles

[27]. The bottom tip of the heart is referred to as the apex. The heart is encased in a thin sheet of

tissue called the pericardium that is mainly composed of collagen. It is so thin that its mechanical

properties can be treated as two-dimensional, and because it sits on the outer surface of the heart,

it can be excised and tested with limited risk to the patient [21]. The epicardium is a thin layer of

tissue on the outer surface of the cardiac tissue, and is adjacent to the pericardium. The cavities of



Fig. 2.1: Annotated cross-section of the human heart [95].

the atria and the ventricles are lined by another thin layer of tissue called the endocardium - refer to

Figure 2.2.

2.2 Myocardium

The heart wall muscle tissue, or myocardium, is predominately composed of muscle cells known as

myocytes, which are held together by connective tissue called the extracellular matrix (ECM). The

myocytes are long extended cells, typically between 50− 150µm in length and 10− 20µm in diameter

[25], and are grouped together in helical bands that wrap around the heart as shown in Figure 2.5.

Probing deeper into the micro-structure of the myocardium we find that myocytes are made up of

cross-striated myofibrils, as well as mitochondria which produce the energy required for contraction in

the form of phosphates [44], in conjunction with the calcium concentration in the ECM [45]. Further,

the myofibrils are divided into sarcomeres, which are a collection of myosin and actin filaments seen

in Figure 2.3. The sarcomere length helps govern the contractile force of the muscle, and the working

range of sarcomere length is 1.9 − 2.2µm [26]. The velocity of shortening of the sarcomeres during

contraction is also important to maintain the contractile force in the muscle as the activations of con-

traction are not uniform throughout the heart [11]. It is hoped the micro-director of the micromorphic

model, a method of fibre representation, can be suitably used to approximate the behaviour of the

myocytes in this study.

Collagen is also the most abundant protein in the ECM; it is also the most common protein in the

human body and provides 90% of bone matrix protein content. Collagen serves an important function

by maintaining myocyte alignment. The composition of the ECM can be seen clearly in Figure 2.4,
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Fig. 2.2: Layers of the heart: the pericardium, epicardium, myocardium, and

endocardium [68].

Fig. 2.3: Composition of myocytes [32].

as a result of current advancements in electron microscopy [43]. The connective tissue of the ECM

is distinguished by the endomysium surrounding each myocyte, the perimysium supporting groups

of myocytes, and the epimysium enveloping the entire muscle. Collagen of the ECM and titin of the

cytoskeletal proteins are the most dominant contributors to passive stiffness. Titin mostly accounts

for stiffness at smaller strains of the working range and collagen for larger strains. This is further

elaborated upon in regards to relevant constitutive law in Section 4.4 and documented in Figure 2.9.

The ECM contributions to the mechanics of the heart will be attributed to the macro-scale components

of the micromorphic model in this study.

2.3 Muscle fibre orientation

The muscle fibres in the left ventricle are joined together to form sheets that span the thickness of

the heart wall, and the orientation of the muscle fibres changes across these sheets. The muscle fibres

form helical bands with the epicardial fibres arranged in a counterclockwise spiral and the endocardial

fibers directed in a clockwise spiral from apex to base [56], as observed in Figure 2.5 and Figure 2.6.

It has been found in numerous studies that fibre orientation plays a significant role in circumferential

and circumferential-radial shear strains in the heart [86, 69].

In order to model the fibre distribution in the left ventricle, an orthogonal local fibre coordinate system

is introduced. The myocyte orientation is represented in Fig(2.7d) with the myocytes fibre axis (Vf ),

the sheets formed by connected myocytes sheet axis (Vs), and the axis normal to the sheet sheet-

normal axis (Vn). The fibre angles were historically extracted ex vivo; however, it is now possible

to record fibre angles in vivo through the use of sophisticated imaging techniques such as magnetic

resonance imaging (MRI) and optimized Diffusion Tensor Imaging (DTI) [3].

The transmural variation of muscle fibre angles is illustrated in Fig(2.7c). In the case of canine left

ventricles, Streeter et al. (1969) found the endocardium to have a fibre angle of approximately +60◦

relative to the circumferential direction, and −60◦ at the epicardium. Wong and Kuhl (2014) used

histological studies and DTI to conclude that human left ventricles have fibre angles of approximately
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Fig. 2.4: Transverse section of the connective tissue of the human heart. A) The collagen network

surrounding cardiomyocytes. B) The interstitial connective tissue comprised of endomysial and per-

imysial components presents a honeycomb shape. The perimysium (thick arrow) surrounds groups of

cardiomyocytes, and the endomysium (thin arrow) surrounds each cardiomyocyte. C) The endomy-

sium holds and joins individual cardiomyocyte fascicles. D) At greater magnification collagen fibers

exhibit interconnections on the surface of cardiomyocytes. [43].

Fig. 2.5: Muscle fibre helical grouping and fibre

orientation in the left ventricle [25].

Fig. 2.6: Illustration of the helix (αh) and trans-

verse (αt) fibre angles in a through-wall block of

tissue taken from the left ventriclar wall [69].

+80◦ for the endocardium, and−70◦ for the epicardium, and Papadacci et al. (2017) found the absolute

difference in fibre angle for epicardium to endocardium to be 104◦ ± 9◦. Fibre orientation is not only

relevant to the heart’s passive mechanics. Roberts et al. (1979) found that cardiac fibre orientation is

also important for electrical conduction velocity and tissue resistivity in canine hearts. The direction

of the force generated due to muscle contraction is also dependent on muscle fibre orientation, and

it is hoped that the micromorphic model will be more effective and versatile than classical models at

capturing changes in fibre orientation.
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Fig. 2.7: Schematic diagram of: a) the left ventricle and a tissue sample from the equator; b) the

composition through the thickness of the heart wall; c) five longitudinal-circumferential sections at

uniform intervals from 10% to 90% of the wall thickness from the epicardium showing the transmural

variation of fibre orientation; d) the layered arrangement of myocytes and the collagen fibres between

sheets define an orthogonal local fibre coordinate system (f0, s0,n0); and e) idealized cube based on

local fibre coordinate system with mean fibre orientation for f0 [35].

Muscle fibre orientation can be modelled using a prolate spheroid coordinate system, where the radial

coordinate is interpolated using Hermite basis functions that preserve continuity [60]. The fibre vectors

in the left ventricle were set up using an algorithm developed by Wong and Kuhl (2014) to solve a

scalar-valued Poisson problem, which is a computationally inexpensive method of fibre vector gener-

ation that accounts for the non-uniformity of the ventricular surface. However, the interpolation of

the muscle fibre orientation through the heart wall was achieved using the moving least squares based

approximation of Skatulla and Sansour (2016), as it is considerably faster than solving the Poisson

problem, whilst maintaining the helical spiral of the muscles fibres.

2.4 Phases of the cardiac cycle

The cardiac cycle, more commonly referred to as the heartbeat, has two phases; the period of muscle

contraction is termed systole, and the period after contraction in which the heart relaxes and refills
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with blood is termed diastole. The systole is divided into two sections: isovolumetric contraction where

the left ventricle contracts to pressurize the blood but with the aortic valve and mitral valve still closed

and thus no volume change in the left ventricular chamber; and ejection when the aortic valve opens to

let blood pump out through the ascending aorta to the body and the left ventricular volume decreases.

The diastole is also split into two sections: isovolumetric relaxation as the muscle is still contracted

but begins relaxing, before the mitral valve opens to allow blood from the lungs to enter; and passive

filling as blood refills the left ventricle and the heart wall is relaxed and expands to accommodate

the influx of oxygenated blood. These phases of the cardiac cycle and their impact on the ventricular

volume, pressure and electrical signal are illustrated in Figure 2.8.

Fig. 2.8: Events of the cardiac cycle for left ventricle function illustrated in a simplified Wiggers

diagram. The electrocardiogram exhibits the ‘P’ wave of atrial depolarization, the ‘QRS’ waves are

ventricular depolarization, and the ‘T’ wave is ventricular re-polarization. [29].

The Frank-Starling law of the heart states that for an increase in ventricular volume, there is a rise in

pressure development or stroke volume. Further, there is myofilament length dependent activation, in

which the stretch of the myofilament regulates the contraction activation [45]. Therefore, it is proposed

that the micromorphic model micro-director stretching could be coupled with the myofilament length

dependent activation in future work. More complex biological phenomena occur after diastolic filling,

such as active contraction involving calcium ion concentration, and sophisticated modelling techniques

are required to meaningfully mimic the minutia of detail in such phenomena. Modelling further phases

of the cardiac cycle after diastolic filling is beyond the scope of this research; however, the reader is

referred to examples where other processes of the cardiac cycle are studied [84, 38].
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2.5 Passive mechanics

Granzier and Irving (1995) performed experiments on rat cardiac tissue and found that collagen

and titin are the main contributors to the passive response of the myocardium. The intracellular

titin proteins of the muscle fibres were found to account for a large part of the stiffness at short

sarcomere lengths, while collagen was found to dominate the stiffness at longer lengths - accounting

for about 80% of the total stiffness at a sarcomere length of 2.20µm [26]. During diastole the perimysial

collagen begins to uncoil under small strains, later becoming fully extended under large strains, which

drastically increases the stiffness of the tissue, and protects the myocytes from overstretch. Therefore,

the collagen of the ECM accounts for the sharp spike in the pressure-volume curve and the stress-

strain curve seen in Figure 2.9(D). In Figure 2.9(A-C) there are two perpendicular orientations of

collagen; the perimysial collagen and the collagen struts, which give unique stiffness contributions

when strained in their directions, thus motivating the use of non-linear orthotropy to represent the

ECM.

Fig. 2.9: Extracellar matrix (ECM) component contributions to myocardial mechanics. A) Diagram

displays myocytes connected by collagen struts, perimysial collagen fibers orientated with the my-

ocytes, and proteoglycans associated with the collagen. B) Subjected to passive uniaxial stretch, titin

in myocytes initially absorbs most of the force as perimysial collagen fibers uncoil; once straightened,

collagen resists further extension, protecting myocytes from overstretch. C) Both perimysial collagen

and collagen struts fully uncoiled. D) Increase in resistance seen from prestressed collagen network.

[21].

The constitutive law used to describe the passive mechanics is discussed in Section 3.5 for classical

mechanics, and in Section 4.4 for micromorphic mechanics. Both the classical constitutive model and

macro-scale portion of the micromorphic constitutive model of this study make use of an orthotropic,

non-linear constitutive law introduced by Usyk et al. (2002). This study will not explore the active

mechanics of the cardiac cycle due to scope limitations. It is worth noting that the mechanical be-

haviour of the heart can be significantly altered by cardiovascular pathologies, such as cardiomyopathy;

however, these heart conditions are also not examined in this study.
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3

Classical Continuum Theory

Matter comprises of molecules, which are formed from even smaller particles known as atoms. The

behaviour of the molecular components, as well as the other micro-scaled architectures of a material,

results in a near infinitely complex material behaviour when subjected to forces. Further to this, when

examining a material in minute detail, we find that it is not continuous, because there are voids

between its molecular components. However, when modelling common engineering problems, such as

the deflection of a structure under loads, the drag force experienced by a plane traveling through air,

or for this research topic the filling phase of the human heart, it is possible to describe and predict

these gross (macro-scale) phenomena using continuum mechanics without addressing the molecular

structure of materials [48].

Continuum mechanics is based on the assumption that a material body is continuous, entirely fills the

space it occupies and is indefinitely divisible. We can characterize a material as a continuous medium

and approximate a very large number of particles with just a few key field quantities, such as stiffness,

density and temperature, which we then consider to be a macroscopic system [34]. Importantly, our

choice of a representative macroscopic continuum should try to represent averages over dimensions

that are small enough to capture high gradients and incorporate rudimentary micro-structural effects.

The topic of continuum mechanics can be divided into the following three areas:

� Kinematics (motion and deformation)

� Stress

� Balance principles (laws of physics)

The term classical continuum mechanics describes the most general form of continuum mechanics

that only allows for one degree of freedom per dimension to describe the position and composition of

any point in a body. Classical continuum theory has been expanded upon in various ways to produce

richer multiscale continuum theories that begin to incorporate the internal architecture of a material

on a so-called micro-scale. Such multiscale continuum theories include amongst others: a micropolar

continuum, a Cosserat continuum, a microstretch continuum and a micromorphic continuum. This

section will outline the fundamentals of the classical continuum theory, which will later be expanded

upon in Section 4 to include the micro-scale additions of a micromorphic continuum.



3.1 Kinematics of the classical continuum

The kinematics of a body refers to the placement or position of a point within a body, and to where

that point deforms or displaces over time due to unbalanced forces acting on the body, without

reference to the causal forces. Consider a body B in a three-dimensional Euclidean vector space in its

undeformed or reference configuration, also referred to as the material or Lagrangian description. B is

positioned in space with parameters of generalized coordinates X1, X2 and X3, which are associated

with generalized bases vectors denoted by G1,G2 and G3, respectively. The most common form of a

three-dimensional Euclidean vector space is that of a Cartesian coordinate system, which is orthogonal

(all axes are perpendicular).

After subjecting a body to specific boundary conditions, the body at time t is denoted by Bt in

its deformed or current configuration, also known as the spatial or Eulerian description. In order to

describe the transformation of the shape of the body, we introduce a non-linear deformation map

ϕ : B → Bt, which defines the relation of a material point in the undeformed configuration (X ∈ B),

to that of a unique spatial point in the deformed configuration (x ∈ Bt). Conversely, the inverse map

ϕ−1 : Bt → B returns the deformed material point back to its undeformed position

x = ϕ (X, t) , and X = ϕ−1 (x, t) . (3.1)

The gradient and divergence operators with respect to the undeformed (material) configuration and

the deformed (spatial) configuration are considered in Table 3.1.

Table 3.1: Gradient and divergence operations in the material and spacial configurations.

Operator Reference Configuration Deformed Configuration

Gradient Grad(•) = ∂
∂X

(•) = ∇(•) grad(•) = ∂
∂x

(•) = ∇t(•)
Divergence Div(•) = ∂

∂Xi
(•) · ei = ∇ · (•) div(•) = ∂

∂xi
(•) · ei = ∇t · (•)

The deformation gradient, F, is found from the gradient of ϕ. The displacement field is defined as

u(X, t) = x(X, t)−X, and thus F can be alternatively formulated in terms of u(X, t)

F :=
∂x

∂X
= Grad(ϕ) = I + ∇u (3.2)

The following summarized relations are all useful for mapping different geometric properties from a

material configuration to its spatial configuration. We map line elements of a material configuration

dX to its corresponding spatial configuration dx using the deformation gradient,

dx = FdX. (3.3)

The Jacobian J is calculated as the determinant of F, and is used to help map area and volume

elements

J = detF = det(Gradϕ). (3.4)

We map area elements using Nanson’s formula; it relates the surface element in its reference configu-

ration dA, with unit normal n, to its respective surface element in the spatial configuration da, with

unit normal ν, by

14



νda = J F−Tn dA. (3.5)

Finally, we map the volume change a body undergoes from B to Bt using J . We note that J must

be positive, as a material can be compressed but cannot disappear. Also we find that J = 1 for an

incompressible material, or if the motion of the body is volume preserving (isochoric motion).

dv = JdV (3.6)

The deformation gradient is a proper measure of strain; however, it contains rotations that are irrele-

vant when determining the deformation of a material. Therefore, we seek strain measures that capture

the relative deformation of a material. To do this we first calculate the quadratic stretch in the length

of a line after deformation from the spatial configuration dx2, to the material configuration dX2, as

follows

dx · dx = FdX · FdX = dX · (FTF︸ ︷︷ ︸
C

)dX, (3.7)

whereby the right Cauchy-Green deformation tensor C is defined as

C = FTF. (3.8)

From here we derive the Green-Lagrange strain tensor E, which represents the changes of lengths in

the continuum due to the displacements of the material points:

E =
1

2
(C− I) =

1

2

(
FTF− I

)
. (3.9)

3.2 Classical stress measures

A body subjected to external forces will deform in response to those forces and develop a distribution

of internal forces that are referred to as stresses. External forces acting on a body B are categorized

by body forces b applied to the entire material, such as gravity, or by surface tractions t(ν) acting on

a material surface with unit normal ν, such as pressure. For the resulting force ∆f acting on a surface

∆a within the body Bt, the Cauchy stress principle produces the traction vector t(ν) with unit normal

ν:

lim
a→0

∆f

∆a
=
∂f

∂a
= t(ν). (3.10)

The stress state at any point in the deformed body x ∈ Bt is calculated as follows

t(ν) (x, t) = σT (x, t)ν (x, t) , (3.11)

where the axial and shear stresses at a particular deformed point x are contained in the Cauchy stress

tensor σ. Conversely, if the stress is desired for the same particular point but with respect to its

undeformed configuration with surface dA, and undeformed unit normal n, then the Cauchy stress

lemma of Eq. (3.10) becomes

t(n) (X, t) = P T (X, t)n (X, t) , (3.12)
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where P is the first Piola-Kirchhoff stress tensor, which is instead a function of X. It is beneficial

to define yet another stress measure, the second Piola-Kirchhoff S, which is fully expressed in the

undeformed configuration, and is related to P:

P = FS. (3.13)

Furthermore, if we assume that a force acting on da is no different from the force acting on dA, then

df = Pn dA = σTν da = σT det(F)F−Tn dA. (3.14)

Finally we can reformulate the first Piola-Kirchhoff as

P = det (F)σTF−T (3.15)

3.3 Balance laws of continuum mechanics

Continuum mechanics is underpinned by the fundamental laws of physics and consequently any change

to a property in a system, such as force or temperature, must abide by these laws. A summary of the

three influential laws is listed here:

� Conservation of mass: The mass of a system is conserved and hence the change of mass must

be zero. Therefore an infinitesimal mass element in the undeformed and deformed configurations

must be equal.

m =

∫
Bt
ρ (x, t) dv =

∫
B
ρ0 (X) dV (3.16)

� Conservation of linear and angular momentum: The principle of the balance of linear mo-

mentum states that the change in linear momentum in time is equal to the sum of all external

forces acting on the volume and surfaces of a body B [94]:∫
Bt
ρ (x, t) a dv =

∫
∂Bt

t(ν) (x, t) da+

∫
Bt

b (x, t) dv. (3.17)

By making use of the Gauss’ divergence theorem as well as the Cauchy stress lemma the following

is achieved: ∫
Bt

{
ρ (x, t) a− divσT − b (x, t)

}
dv = 0. (3.18)

For a constant velocity field the acceleration is zero, a = 0, and thus the equilibrium equation

reduces to

divσT + b (x, t) = 0. (3.19)

Following the same steps, the equilibrium equation for constant motion in the undeformed config-

uration, known as the Lagrangian equation of motion, is given by

divP + b (X, t) = 0. (3.20)

The balance of angular momentum is defined as a moment of the linear momentum taken about

a particular point, and this energy form must be conserved too.

� Conservation of energy: The principle law of energy conservation dictates that energy cannot

be created nor destroyed - it merely changes form. Energy has numerous categories, such as kinetic,

mechanical, electrical, thermal and gravitational energies. However, this project only considers the

conversion of energy into deformations, known as elastic potential energy.
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3.4 Variation formulation

The variational principles for classical continua are used to solve a coupled system of nonlinear partial

differential equations involving deformation and strain measures. Cardiac mechanics problems can

be analyzed using these variational principles, though such problems are geometrically complex and

require computational solving techniques. This research uses the Element-Free Galerkin (EFG) method

- a derivative of the Finite Element Method (FEM) - which is based on the variational principles of

the governing equations, often referred to as the weak form or the principle of virtual work.

For classical continua considering deformations only, a single-field variational principle δΨ(u) for

an unknown displacement field for classical degrees of freedom u is utilized. A material body B
needs external energy transferred to it in order for it to deform and thus store that supplied energy

internally by deforming. The external work Wext acting on a body comprises of a body force b that

can act over the volume of the body B, and surface force t(n) acting on the boundary ∂BN of the

body with unit surface normal vector n. The external forces are catered for by a boundary value

problem, which comprises of two distinct boundary condition types: the Dirichlet boundary conditions

of prescribed deformations u = ū occurring on ∂BD ⊂ ∂B, such as support reactions, and the Neumann

boundary conditions of prescribed tractions t(n) occurring on ∂BN , such as surface pressures. These

two boundary conditions share the following linkage:

∂B = ∂BN ∪ ∂BD and ∂BN ∩ ∂BD = ∅. (3.21)

The strain energy function ψ(E) is used to quantify the internal work generated as a function of the

Green strain tensor E expressed as

Wint(u) =

∫
B

∂ψ(E)

∂E
: δE dV =

∫
B

S : δE dV. (3.22)

The external work done by body forces b on B and prescribed surface tractions t(n) on ∂BN is given

by

Wext(u) =

∫
B
ρ0b · δu dV +

∫
δBN

t(n) · δu dA. (3.23)

The conservation of energy is also maintained in the variational formulation, and as such the total

external work expended on a body is equal to the total internal work stored in that body. The full

variational formulation is therefore represented as

δΨ(u) = Wint −Wext = 0 (3.24)

=

∫
B

S : δE dV −
∫
B
ρ0b · δu dV −

∫
δBN

t(n) · δu dA = 0 (3.25)

where u = ū on ∂BD. For a more detailed description of the variational formulation the reader is

referred to Wriggers [94], Holzapfel [34], and Fish [20].

3.5 Classical constitutive law

The kinematic relations, stresses and balance laws presented thus far remain valid for all branches of

continuum mechanics; however, they do not distinguish between one material and another. A consti-

tutive law representative of the material is required in order to achieve a full set of equations to solve

17



a boundary value problem. The constitutive law serves to express the stress components developed in

a body B in terms of other field functions, typically strain. The stress and strain relationship in ma-

terials can be extremely complex, particularly for biological materials, with nonlinear stress responses

to applied strain. The stress and strain developed in a material can be established experimentally, and

a constitutive equation is used to relate the measured stress to the measured strain.

The phenomenological approach involves the calibration of a constitutive law to reproduce experimen-

tal data, which can then be used to approximate the stress caused by all deformations of the material,

with the quality of the approximation dependent on the intricacy of the material behaviour and the so-

phistication of the constitutive equation used to describe such behaviour. For instance, if the material

behaves linearly then a simple linear constitutive function might adequately approximate the stresses

developed in a material. However, in the case of cardiac modelling, a more complex constitutive law

is required, as it was found that cardiac tissue behaves nonlinearly, and further responds differently

depending on the direction along which the material was deformed [81, 12]. In order to comment

on the suitability and versatility of a micromorphic material model for cardiac tissue modelling, its

performance against existing classical models must be scrutinized.

There are three types of constitutive equations that can be used to model cardiac tissue: isotropy,

transverse isotropy and orthotropy. If the material does not exhibit directional dependence from its

stress response, then it is deemed isotropic. The material is transversely isotropic if it has one preferred

material direction of differing properties from the bulk material, with the plane perpendicular to the

preferred direction being isotropic. Finally, a material is orthotropic if it has unique responses along

three preferred orthogonal material directions.

From data collected by Sommer et al. (2015) and Rohmer et al. (2007) for human cardiac tissue,

as well as porcine [12], canine [52], rat [77], sheep [28] and bovine [24] studies, it is evident that

cardiac tissue has complex architecture and deformation modes along all three of its unique material

directions. Though transverse isotropy is often the first step in modelling anisotropic materials, it

was omitted in place of more versatile orthotropy, as guided by the findings of Usyk et al. (2000). It

was observed by both Sommer et al. (2015) and Dokos et al. (2002) that not only is cardiac tissue

orthotropic, but it also produces non-linear deformations. Cardiac tissue requires lower proportional

stresses for low strains, than it does for higher strains, and thus the stress grows exponentially for

prescribed deformations. Furthermore, myocardial tissue is only slightly compressible, therefore a

suitable constitutive law would need to cater for this near incompressibility [96].

There are three orthonormal material covariant directions of myocardial tissue: the muscle fibres Vf ,

the sheets containing the muscle fibres Vs and its sheet-normal direction Vn. Together they form the

bases of a local Green strain tensor E set in the orthonormal basis (Vf ,Vs,Vn) such that

E = EffV
f ⊗Vf + EssV

s ⊗Vs + EnnVn ⊗Vn + Efs
(
Vf ⊗Vs + Vs ⊗Vf

)
+Efn

(
Vf ⊗Vn + Vn ⊗Vf

)
+ Esn (Vs ⊗Vn + Vn ⊗Vs) . (3.26)

This local Green strain tensor E was used by Usyk et al. (2000) to formulate the left ventricular passive

filling constitutive law ψ[pass.], and was calibrated successfully for a canine left ventricle in [87, 88].

The formulation uses a Fung-type exponential constitutive equation developed in previous studies

of [22, 4, 41, 40]. The following constitutive law encompasses both the orthotropy and non-linearity

ψ[orth./exp.], as well as the near incompressibility ψ[comp.] of the material, and was thus adopted for
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this study:

ψ[pass.] = ψ[orth./exp.] + ψ[comp.] =
1

2
A
(
eQ − 1

)
+Acomp [J ln(J)− J + 1] , (3.27)

where

Q = bffE
2
ff + bssE

2
ss + bnnE

2
nn + bfs

(
E2
fs + E2

sf

)
+ bfn

(
E2
fn + E2

nf

)
+ bsn

(
E2
sn + E2

ns

)
. (3.28)

In Eq. (3.28) the material parameters bij determine the material anisotropy, and in Eq. (3.27) J is the

Jacobian, the parameter A is used as a global stress scaling coefficient, and Acomp is the compressibility

coefficient.

Legner et al. (2014) adapted Q to an invariant based approach [51], which uses structural tensors

Mf = Vf ⊗Vf ; Ms = Vs ⊗Vs; Mn = Vn ⊗Vn, (3.29)

where

QInv. = a1 (tr(MfE))
2

+ a2 (tr(MsE))
2

+ a3 (tr(MnE))
2

+ a4 tr
(
Mf (E)2

)
+ a5 tr

(
Ms(E)2

)
+ a6 tr

(
Mn(E)2

)
. (3.30)

Legner et al. motivated that the invariant approach is easier to implement; however, the problem it

creates is that the material parameters ai have overlapping contributions to different shear modes, and

as such it is harder to grasp what each parameter represents physically. Further, it is more difficult

to enforce convexity requirements discussed by Wilber and Walton (2002) using ai, whereas it is

straightforward to enforce with bij > 0. It is possible to relate material parameters ai in terms of bij

as follows

a1 = bff − bfs − bfn + bsn

a2 = bss − bfs + bfn − bsn
a3 = bnn + bfs − bfn − bsn

a4 = bfs + bfn − bsn
a5 = bfs − bfn + bsn

a6 = −bfs + bfn + bsn

(3.31)

Finally, the constitutive equation relating the passive stress S(Pass.) response of cardiac tissue to strain

is given as

S(Pass.) =
∂ψ

∂E
. (3.32)

It is also possible to use classical mechanics to model heterogeneous, or more particularly fibrous,

materials using the rule of mixtures, such as the studies on urinary bladder tissue [61] and brain tissue

[13]. For the rule of mixtures we find the stress contributions in the composite material (Ecεc) can be

separated additively into that of the fibres (Ef εf ) and that of the material matrix (Emεm):

Ecεc = fEf εf + (1− f)Emεm, (3.33)

where f is the volume fraction of the fibres compared with the total material volume. The use of the

rule of mixtures provides the computational efficiency of classical mechanics, however, we find that

the strain between the matrix and fibre is constrained such that εm = εf , and hence it would not

be possible to get independent motion of the muscle fibres relative to the matrix using this process.

Conversely, the micromorphic approach should allow for non-affine motion of the muscle fibres, and

hence offers greater versatility to capture cardiac mechanics.
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4

Micromorphic Continuum Theory

A micromorphic continuum falls under the category of continuum theories and was conceived in the

theoretical considerations of Ericksen and Truesdell (1957), but it was the seminal work of Eringen and

Suhubi (1964) that devised its terminology and firmly established the theory in its sphere of research

[78]. Micromorphic theory is part of an exciting field of multiscale continuum theories which attempt

to incorporate the internal architecture of a material on a so-called micro-scale. In a micromorphic

continuum, the average of all the micro-volumes dV ′ produces a continuous mass distribution at each

point of the macro-element dV , and hence gives the total mass dM and adheres to continuum theory

[15]. Eringen’s definition of a micro-continuum is a continuous collection of deformable point particles,

also referred to as fibres or micro-directors [18]. It is possible to attribute different properties to these

particles, and in turn develop sophisticated material behaviour.

This research explores the novel interpretation of the micromorphic theory proposed by Sansour

(1998), which attempts to overcome shortfalls in Eringen and Suhubi’s strain measures in terms of

Euler-Lagrange equations by supplementing new strain measures and corresponding field equations.

This section outlines the fundamental concepts of the micromorphic model in terms of kinematics

and stress, and then expands upon the interpretation of Sansour to include the subsequent work of

Sansour and Skatulla (2009) and a quadratic approach in Sansour et al. (2010). Finally, the author’s

own interpretation of the micromorphic model is outlined to address potential numerical artifacts

in Sansour’s micromorphic model with respect to its micro-director displacements and handling of

micro-boundary conditions observed in this study.

4.1 Kinematics of the micromorphic continuum

Micromorphic theory depicts a material body as a continuous compilation of deformable particles,

with each particle having finite size and inner structure. The micromorphic continuum goes beyond

the classical continuum of infinitesimal size and no inner structure, to take into consideration the

microstructure of a material whilst maintaining the advantages of continuum theory. The classical

deformable point is replaced by a micromorphic point, which is a geometric point containing an

additional set of vectors used to describe the orientations and deformations of all the component

materials that constitute the collective material [50], as depicted in Figure 4.1.

The following definitions, notation and terminology follow the conventions as per Eringen (1999), and

serve to introduce the micromorphic model using Eringen’s description. A material point P (X,Ξ) is



described by its centroid X and vector (micro-director) Ξ bound to X, as seen in Figure 4.1. The

point X is described by rectangular coordinates X1, X2, X3 in a coordinate frame XK ,K = 1, 2, 3, and

the vector Ξ with components ΞK(Ξ1, Ξ2, Ξ3) in the same coordinate frame XK [18]. The material

point P (X,Ξ) undergoes deformation to its spatial point P (x, ξ) such that

XK → xk = xk(Xk, t) (4.1)

ΞK → ξk = ξk(Xk, Ξk, t), (4.2)

where the macro-motion of xk in Eq. (4.1) accounts for the motion of the centroid of the particle, and

the micro-motion of ξk in Eq. (4.2) accounts for the motion of the inner structure. Eringen’s definition

1 of a micromorphic continuum states that a material body is deemed a micromorphic continuum

if its motion is described by Eq. (4.1) and Eq. (4.2) which maintain continuous partial derivatives

with respect to XK and t, and which are invertible uniquely. It is possible to map the deformation

of the inner structure of the particle using a micro-deformation tensor χkK , and because the material

particles are infinitesimally small compared to macroscopic scales of the body, a linear approximation

in Ξ is permissible

ξk = χkK(X, t)ΞK . (4.3)

In addition to the three classical displacement degrees of freedom of the centroid of a particle, the

micromorphic material also has nine independent degrees of freedom for both stretches and rotations

defined in the micro-deformation tensor χkK . The axiom of continuity, which stipulates that matter

is indestructible and impenetrable, is upheld by the macro-motion Jacobian J and the micro-motion

Jacobian j both enforced as strictly positive [91].

J ≡ det (xk,K) > 0 and j ≡ det (χkK) > 0 (4.4)

Eringen set out the polynomial that can be used to describe the intrinsic motion (micro-motion), ξ,

in terms of Ξ:

ξ = χK (X, t)ΞK +
1

2
χKL (X, t)ΞKΞL + ... . (4.5)

However, Eringen did stress that the use of just the first micro-deformation gradient χK or χkK is

already complicated, and thus the use of higher-order micro-deformation gradients is questionable and

impractical [16].

We now progress to the micromorphic theory of Sansour (1998), which will form the basis of the

model developed in this study, and thus all subsequent micromorphic notation in this study will follow

Sansour’s conventions. Sansour proposed that a generalized micromorphic continuum G is constructed

by the Cartesian product of a macro-space B ∈ E(3) (parameterized by curvilinear coordinates ϑp)

and a micro-space S (parameterized by curvilinear coordinates ζβ). Henceforth, the Latin indices

represent the macro-dimensions, and the Greek indices represent the micro-dimensions. In the case of

a three-dimensional macro-space we write the generalized micromorphic continuum as

G := B × S ⊂ E(3 + n), (4.6)

where the micro-space is n-dimensional to match the topology of the micro-structure. This is highly

advantageous as an infinite number of additional degrees of freedom can be added to every point of
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the basic continuum [73]. Furthermore, this generalized continuum definition allows us to integrate

over the macro and micro continua separately [74]. The micro-dimensions only refer to each vector

adding detail to the micro-structure, and these vectors are henceforth referred to interchangeably as

micro-dimensions, micro-directors or micro-coordinates. It must be clarified that although the micro-

space is referred to as n-dimensional or as having n micro-directors, we find the number of degrees of

freedom for each micro-director must still match the number of degrees of freedom of the macro-space,

in order for the micro-director to be orientated in the continuum. For example, in a two-dimensional

macro-space with a one-dimensional micro-space, we find a single micro-director that has two degrees

of freedom relative to X1, X2 to orientate the micro-director in the continuum. Similarly, in a three-

dimensional macro-space with in a five-dimensional micro-space, we find the five micro-directors will

each have three degrees of freedom relative to X1, X2, X3 to orientate the micro-directors in the

continuum.

4.1.1 Deformation measures

The deformation measures used to describe Sansour’s generalized micromorphic continuum are out-

lined in this section. We assume that the micromorphic placement vector X̃ of a material point

P (X̃ ∈ G) is of an additive nature and is the aggregate of its location in the macro-continuum X ∈ B
and in the micro-continuum Ξ ∈ S. The macro-placement vector X describes the origin of the micro-

coordinate system, in order for the micro-director Ξ to be relative to the macro-placement. The

macro-placement X is defined as a function of the macro-coordinates ϑp only, whereas Ξ is defined a

function of both the macro-coordinates ϑp and the micro-coordinates ζβ [75].

X̃ = X(ϑp) + Ξ(ϑp, ζβ) (Reference configuration) (4.7)

Similarly, in the deformed configuration we assume that the micromorphic placement vector x̃ of a

spatial point p(x̃ ∈ Gt) is the sum of its position in the macro-continuum x ∈ Bt and in the micro-

continuum ξ ∈ St.

x̃ = x(ϑp, t) + ξ(ϑp, ζβ , t) (Deformed configuration) (4.8)

The unique one-to-one mapping of a micromorphic material point X̃ to the corresponding spatial

point x̃, as seen in Figure(4.1), is achieved in accordance with the impenetrability and indestructibility

of matter by ϕ̃ : G → Gt to give

x̃ = ϕ̃
(
X̃, t

)
, and X̃ = ϕ̃−1 (x̃, t) . (4.9)

4.1.1.1 Linear approach

The most basic micromorphic particle is that of a linear ansatz, also suggested by Eringen [18]. The

micro-director is orientated through the material vector function of unit length a0
α(ϑp, ζβ) or its spatial

equivalent aα(ϑp, ζβ , t), providing together with the micro-coordinate ζα the micro-space placement

in reference and current configuration, respectively

Ξ = ζαa0
α(ϑp, ζβ), and ξ = ζαaα(ϑp, ζβ , t), (4.10)
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Fig. 4.1: Macro-motions and micro-motions of a micromorphic particle from the reference configuration

to the deformed configuration [90].

where the index α = 1, n for an n-dimensional micro-space, or n micro-directors. The micromorphic

placement in the combined macro-space and micro-space is then defined according to Eq. (4.7) and

Eq. (4.8) in either configuration as

X̃ = X(ϑp) + ζαa0
α(ϑp, ζβ) (4.11)

x̃ = x(ϑp, t) + ζαaα(ϑp, ζβ , t). (4.12)

As with the classical displacement field u(X, t), we introduce a micro-deformation wα(ϑp, ζβ , t) such

that

wα(ϑp, ζβ , t) = aα(ϑp, ζβ , t)− a0
α(ϑp, ζβ). (4.13)

In the most general form the micro-directors are not uniform through B and S, as is the case with

most biological materials. For the purpose of micromorphic cardiac tissue mechanics, we can identify

each a0
α at time t = 0 with the orientation of the myocardial muscle fibre/fibre bundle Vf in the

undeformed/unloaded configuration at the generalized placement X̃. The dependency of aα on the

micro-coordinate ζα stems from the fact that the orientation of the micro-space is capable of varying

in S. This fact is crucial when the influence of the spatially changing anisotropy of the tissue needs

to be addressed on the micro-scale. The principle merits of the micromorphic model to replicate

characteristic features of cardiac tissue can be adequately explored using this linear model. In fact,

the inherent complexities of the micromorphic model make it preferable to use a simplified version of

the model at this stage of analysis, as additional terms make understanding the contributions of the

micromorphic model harder to isolate and decipher.

4.1.1.2 Quadratic approach

The linear ansatz of Eq. (4.11) and Eq. (4.12) produce a second strain measure that is not full rank

[75]. To achieve full rank the approach is extended to a quadratic formulation as per Sansour et al.

(2010), where a further set of micro-vectors bαβ provides extra degrees of freedom.

x̃ = x (ϑp, t) + ζαaα
(
ϑp, ζβ , t

)
+ ζα ζβbαβ (ϑp, t) (4.14)
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This formulation requires many extra degrees of freedom; however, it is possible to simplify the mi-

cromorphic placement vector with fewer degrees of freedom as follows

x̃ = x (ϑp, t) + ζα
(
1 + ζβ χβ (ϑp, t)

)
aα
(
ϑp, ζβ , t

)
. (4.15)

The scalar field χα (ϑp, t) provides one extra non-physical degree of freedom per micro-director [89],

and is introduced to achieve strain measures of full rank with χ
(t=0)
β = 0. Eq. (4.14) is simplified to

give only 4 extra degrees of freedom for each micro-director in Eq. (4.15), and the extra degrees of

freedom are constant in S. The quadratic approach was successfully implemented by the author, but

it was not investigated in this study due to anticipated complexity in attributing material response

to its more numerous strain measures compared with the less complicated linear approach. However,

the quadratic approach was employed in the numerical examples of von Hoegen et al. (2017), which

will be used for comparison and validation of certain results from the linear approach used in this

research.

4.1.1.3 Spatial derivatives

In order to formulate the strain measures used to describe the kinematics, the spatial derivatives of

the macro-placement and micro-placement vectors are required. The derivative of the linear ansatz of

x̃ in Eq. (4.12) with respect to the macro coordinates ϑp is

x̃,p =
∂x̃

∂ϑp
= x,p + ζαaα,p , (4.16)

and the derivative with respect to the micro-coordinates ζα is

x̃,γ =
∂x̃

∂ζγ
=
∂ζα

∂ζγ
aα = δα.γaα = aγ . (4.17)

In the generic formulation up to this point, aα was also a function of the micro-space, and therefore

could have its own micro-derivative aα,γ . However, this was omitted in this study and it was considered

that higher-order contributions were not essential to assess the capabilities of the micromorphic model.

4.1.1.4 Tangent space

The tangent space T G in the reference configuration stems from the covariant curvilinear (natural)

basis vectors of the macro-scale T B and micro-scale T S pair (G̃p × Ĩα) given by

G̃p =
∂X̃

∂ϑp
(p = macro-coordinates); and Ĩα =

∂X̃

∂ζα
(α = micro-coordinates). (4.18)

The corresponding dual contravariant natural basis vectors are expressed as G̃p and Ĩα, and can be

calculated using the following property

G̃p · G̃q = δ.qp , Ĩα · Ĩβ = δ.βα . (4.19)

The associated tangent space T Gt in the deformed configuration is spanned by the curvilinear basis

vectors of the macro-scale T Bt and micro-scale T St pair (g̃p × ĩα) given by

g̃p =
∂x̃

∂ϑp
and ĩα =

∂x̃

∂ζα
. (4.20)
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It is important to establish that the tangent space is not trivial. The tangent of the projection maps

depends on the topology of the micro-space, and thus could allow for a curvature or complicated

microstructure to give a non-trivial projection map. Further, the tangent of the projection map defines

the conversion metrics used to evaluate the integrals over the micro-space found in the variational

formulation. In order to compensate for such complexities, the tangent space is elaborated as follows

G̃p =
∂X̃

∂ϑp
=
∂(X + ζβa0

β)

∂ϑp
= Vp + ζβ a0

β,p. (4.21)

In this study the standard case of a Cartesian coordinate system for the macro-space was used, and

therefore ϑp = Xk. Furthermore, the higher-order contributions of ζβ a
(0)
β,p were deemed higher-order

and ignored from the basis vector, resulting in the trivial case

G̃p = ep. (4.22)

For the micro-scale we elaborate on the tangent space as follows

Ĩα =
∂X̃

∂ζα
=
∂(X + ζβa0

β)

∂ζα
=
∂(ζβa0

β)

∂ζα
= δβ.αa0

β = a0
α. (4.23)

4.1.1.5 Generalized deformation gradient

To extract the various micromorphic strain measures to come, it is necessary to first describe the

generalized deformation gradient F̃ as

F̃ =
∂x̃

∂X̃
=

∂x

∂X̃
+
∂ξ

∂X̃

=
∂x

∂ϑk
⊗ ∂ϑk

∂X̃
+

∂ξ

∂ζα
⊗ ∂ζα

∂X̃

=
∂x

∂ϑk
⊗ G̃k +

∂ξ

∂ζα
⊗ Ĩα . (4.24)

We then substitute in the macro and micro spatial derivative of Eq. (4.16) and Eq. (4.17), respectively

F̃ = (x,i + ζαaα,i)⊗ G̃i + aγ ⊗ Ĩγ . (4.25)

4.1.2 Strain measures

In accordance with the definition of the classical right Cauchy-Green deformation tensor, the gen-

eralized right Cauchy-Green deformation tensor C̃ is calculated using the generalized deformation

gradient of Eq. (4.25) as follows

C̃ = F̃T F̃, (4.26)

and ignoring higher-order (quadratic) terms of ζα we find

C̃ =
[
x,ix,j + ζαaα,ix,j + ζαaα,jx,i

]
G̃i ⊗ G̃j

+
[
x,jaγ + ζαaα,jaγ

] (
G̃j ⊗ Ĩγ + Ĩγ ⊗ G̃j

)
+
[
aγaφ

]
Ĩγ ⊗ Ĩφ . (4.27)
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It is possible to decompose C̃ into a lower-order part C without dependence on ζα, as well as a

higher-order part Kα dependent on ζα.

C̃ = C + ζαKα (4.28)

Furthermore, the generalized strain can be separated into three types based on their natural basis

vectors: the macro-scale strain C̃(0) linked to T B (G̃k ⊗ G̃l); the relation between the macro-scale

and micro-scale - termed the mixed-scale strain C̃(1) relating T B ↔ T S (G̃j ⊗ Ĩγ + Ĩγ ⊗ G̃j); and

the micro-scale strain C̃(2) linked to T S (Ĩγ ⊗ Ĩφ) [74, 75]. These may also be referred to as macro-

bases, mixed-bases and micro-bases, respectively. This distinction is most beneficial when formulating

the constitutive law for modelling cardiac mechanics, because different constitutive equations can be

applied to each scale, thus enriching the model. The strain measures of the three scales are

C̃(0) = C(0) + ζαK(0)
α ; C̃(1) = C(1) + ζαK(1)

α ; C̃(2) = C(2) + ζαK(2)
α , (4.29)

where the lower-order strain measures are

C
(0)
kl = (xr,k xr,l) G̃k ⊗ G̃l (4.30)

C
(1)
jγ = (xr,j aγr)

(
G̃j ⊗ Ĩγ + Ĩγ ⊗ G̃j

)
(4.31)

C
(2)
γφ = (aγr aφr) Ĩγ ⊗ Ĩφ , (4.32)

and the higher-order strain measures are

K
(0)
αkl = (aαr,k xr,l + aαr,l xr,k) G̃k ⊗ G̃l (4.33)

K
(1)
αjγ = (aαr,j aγr)

(
G̃j ⊗ Ĩγ + Ĩγ ⊗ G̃j

)
. (4.34)

For the linear ansatz used in this study, the higher-order term on the micro-scale K
(2)
α falls away. It

is evident that the lower-order strain C(0) is akin to the classical right Cauchy-Green deformation

tensor, the mixed-scale lower-order strain C(1) characterizes the stretch and shear between the macro

and micro tangent spaces, and the micro-scale lower-order strain C(2) describes the micro-director

strain. The higher-order strains K
(0)
α and K

(1)
α account for scale dependent non-local fluctuations of

the material response [90]. Generally, the loading applied to the heart causes deformation of its bulk

material activating both the displacement field u and the micro-deformation wα. The evolution of the

displacements needs to be independently controlled by formulating a suitable constitutive law for the

different parts of C̃. We can thus formulate a micromorphic strain energy function as a function of

the generalized Green strain tensor

ψ̃ := ψ̃
(
Ẽ(0), Ẽ(1), Ẽ(2)

)
(4.35)

where the generalized Green strain tensor is defined as

Ẽ(i) =
1

2

(
C̃(i) − C̃(i)0

)
. (4.36)

4.2 Kinematics of the MDO micromorphic model

There were potential issues encountered during this study relating to the micro-director displacements

when using Sansour’s version of the micromorphic model. Subsequently, the author developed a dif-

ferent approach to alleviate these issues. The cause of these issues, and why it is believed the author’s
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alternative approach could remedy such issues, will be discussed later in Section 5. However, for the

sake of continuity the kinematics are set out here. The author maintains Sansour’s extraction of ζα

from Ξ in Eq. (4.10), but to simplify the model we treat ζα directly as the material’s internal length

scale rather than a micro-coordinate in this study. Therefore, we describe the alternative micromorphic

placement vector x̆, differentiated in notation with a breve, as follows

x̆ = x(ϑp, t) + ζαaα(ϑp, t). (4.37)

Unlike Sansour’s interpretation of separate macro-derivatives and micro-derivatives, the author is of

the opinion that it is more appropriate to use only the macro-derivative. The micro-directors are

situated at macroscopic points X, and therefore the micro-directors change from one macroscopic

point to the next; hence it is the belief of the author that only a macroscopic derivative is appropriate

for calculating quadratic length strain measures (C,E) for the overall material. This also ties in with

Eringen (1999)’s micromorphic continuum definition 1 mentioned already in Section 4.1 that states

the macro-motion and micro-motion both possess continuous partial derivatives with respect to XK

and t, whereby XK implies macro-derivatives. One notices in Eq. (4.37) that aα(ϑp, t) is no longer a

function of ζα as it was in Eq. (4.12), as the micro-derivative is dismissed from this interpretation.

Now, the only desired spatial derivative is with respect to the macro coordinates ϑp

x̆,p =
∂x̆

∂ϑp
= x,p + ζαaα,p . (4.38)

From here a so-called macro-derivative only (MDO) micromorphic model is developed by the author,

whereby its parameters are notated with a breve. The MDO generalized deformation gradient F̆ is

calculated as

F̆ = (x,i + ζαaα,i)⊗ Ği, (4.39)

where, as done in Eq. (4.22), we take the trivial case for the basis vector

Ğp =
∂X̆

∂ϑp
≈ ep. (4.40)

The MDO generalized right Cauchy-Green deformation tensor C̆ = F̆T F̆ to give

C̆ = x̆,m · x̆,n = x̆r,mx̆r,nĞm ⊗ Ğn

= (xr,m + ζαaαr,m)
(
xr,n + ζβaβr,n

)
Ğm ⊗ Ğn

=
[
xr,mxr,n + xr,nζ

αaαr,m + xr,mζ
βaβr,n + ζαζβaαr,maβr,n

]
Ğm ⊗ Ğn (4.41)

We find in Eq. (4.41) that all the strain terms are collected into a single strain tensor C̆. However,

there is then no flexibility in distinguishing the contributions of the different components of the fibrous

material. It is more desirable to isolate the strain into three different scales; macro-scale C̆(0), mixed-

scale C̆(1) and micro-scale C̆(2), as per the scale definitions in Section 4.1, in order to differentiate

the constitutive law contributions of each scale. The bases vectors were used by Sansour and Skatulla

(2009) and von Hoegen et al. (2016) to separate the scales, with von Hoegen et al. then attributing

bulk material interaction with (G̃ ⊗ G̃), relative deformation between bulk material and fibres with

(G̃⊗ Ĩ+ Ĩ⊗G̃), and the deformation of the fibres themselves with (Ĩ⊗ Ĩ). However, the author believes

that this does not result in the correct demarcations of higher-order strains K
(i)
α according to their

description of what each scale should represent.
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The author agrees that the classification of what the scales should represent physically is most log-

ical and useful: the macro-scale strain representing bulk material against bulk material interaction;

the mixed-scale representing bulk material against fibre interaction; and the micro-scale strain repre-

senting fibre deformations. However, if we accept this definition, the author proposes that the strain

components of the generalized right Cauchy-Green deformation tensor can only be distinguished by

its combination of macro-scale deformation measures ui and/or micro-scale deformation measures

aγ/aγ,i. To elaborate, a strain measure containing u,i ·u,j has macro-scale deformation measures only

and is thus a macro-scale strain measure, a strain measure containing u,i ·aγ,j has both a macro-scale

deformation measure and a micro-scale deformation measure and is thus a mixed-scale strain measure,

and finally a strain measure containing aγ,i · aβ,j has micro-scale deformation measures only and is

thus a micro-scale strain measure.

For example, this opinion is contradictory to Sansour and Skatulla (2009) in Eq. (19) and von Hoegen

et al. (2016) in Eq. (8) whereby the strain measure containing u,i · aγ,j was attributed to the macro-

scale strain tensor K
(0)
α , despite containing both macro-scale and micro-scale deformation measures.

Furthermore, the stiffness of a material is a result of the interaction of its constituents. In terms of

a numerical model, the numerical stiffness is derived from the derivatives of the strain and stress

measures, and dictates how the macro/micro degrees of freedom of one node affect the macro/micro

degrees of freedom of a neighbouring node, and hence the relevant strain scale. This further supports

the author’s demarcation of strain scales. Also, it can be shown that K
(0)
α does not interact with the

macro-scale degrees of freedom only between nodes in the numerical stiffness, but should rather be a

mixed-scale interaction.

We therefore define three separate strain measures from Eq. (4.41) of the MDO micromorphic model

as follows

C̆(0) = xr,mxr,nĞm ⊗ Ğn (4.42)

C̆(1) =
(
xr,nζ

αaαr,m + xr,mζ
βaβr,n

)
Ğm ⊗ Ğn (4.43)

C̆(2) = ζαζβaαr,maβr,nĞm ⊗ Ğn. (4.44)

The influence on the material deformation behaviour from C̆(1) and C̆(2) can be scaled by the chosen

size of ζα, in order to make the fibre (micro-director) contribution as significant as desired to approx-

imate the fibrous material. Again, we formulate the MDO micromorphic strain energy function as a

function of the generalized Green strain tensor

ψ̆ := ψ̆
(
Ĕ(0), Ĕ(1), Ĕ(2)

)
, (4.45)

where the generalized Green strain tensor is defined as

Ĕ(i) =
1

2

(
C̆(i) − C̆(i)0

)
. (4.46)

4.3 Micromorphic variational formulation

This section builds upon the classical variational formulation discussed in Section 3.4, and applies

the process to the micromorphic strain measures of the generalized right Cauchy-Green deformation

tensor C̃ from Section 4.1.2, and then also to the MDO generalized right Cauchy-Green deformation

tensor C̆ from Section 4.2.
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4.3.1 Generalized micromorphic variational formulation

Consider a non-linear boundary value problem in the domain B × S, where a volume element dV

is of the macroscopic domain B, with a surface element dA on its corresponding boundary ∂B, and

accordingly, a micro-volume element dS is of the microscopic domain S with its boundary confined by

∂S. It is presupposed that the body under consideration B×S is hyperelastic and possesses an elastic

potential Ψ̃ represented by the stored strain energy per unit volume ψ̃(C̃(0), C̃(1), C̃(2)) applied to the

micro-space S. The stored strain energy is additively decomposed ψ̃ = ψ̃(0) + ψ̃(1) + ψ̃(2), and hence

the generalized second Piola-Kirchhoff stress tensors:

S̃(0) = 2
∂ψ̃(0)

∂C̃(0)
; S̃(1) = 2

∂ψ̃(1)

∂C̃(1)
; S̃(2) = 2

∂ψ̃(2)

∂C̃(2)
, (4.47)

which confirms the necessary linkage between energy-conjugate stress and strain measures. The ex-

ternal forces acting on the body are the body macro-forces b and body micro-forces lα, as well as

the boundary macro-tractions t̂(n) and boundary micro-tractions q̂
(n)
α . The macro-forces act on the

degrees of freedom in u, whereas the micro-forces act on the degrees of freedom in aα. It is possible

to define additional external force descriptions, the reader is referred to [74, 90]. The external virtual

work Wext in the Lagrangian form, integrating the external forces over S and ∂SN , is defined as

follows

Wext (u,w) =

∫
B

b · δu dV +

∫
B

lα · δwα dV +

∫
∂BN

t̂(n) · δu dA+

∫
∂BN

q̂(n)
α · δwα dA (4.48)

The first law of thermodynamics with balance of mechanical energy, where ü = 0, provides the

following variational principle

δΨ̃(u,w)−Wext =
1

2

∫
B

∫
S

{
S̃(0) : δC̃(0) + S̃(1) : δC̃(1) + S̃(2) : δC̃(2)

}
dS dV −Wext = 0. (4.49)

The governing equations of the micromorphic variational principle (Eq. (4.49)) are found by substitut-

ing δC̃ = δC+ ζαδKα from Eq. (4.30)-(4.34), and expressed using index notation and to a curvilinear

coordinate system, to give∫
B

∫
S

1

2

{
S̃
(0)
ij G̃i ⊗ G̃j :

(
δC

(0)
kl G̃k ⊗ G̃l + ζαδK

(0)α
kl G̃k ⊗ G̃l

)
+ S̃

(1)
iβ

(
G̃i ⊗ Ĩβ + Ĩβ ⊗ G̃i

)
: [δC

(1)
jγ + ζαδK

(1)α
jγ ]

(
G̃j ⊗ Ĩγ + Ĩγ ⊗ G̃j

)
+ S̃

(2)
βγ Ĩβ ⊗ Ĩγ :

(
δC

(2)
λµ Ĩλ ⊗ Ĩµ + ζαδK

(2)α
λµ Ĩλ ⊗ Ĩµ

)}
dS dV −Wext = 0. (4.50)

Further, we integrate over the micro-space S to get homogenized stresses (S̃→ S) using the conversion

metrics G̃tv = G̃t · G̃v and Ĩαβ = Ĩα · Ĩβ to account for the double contraction of the basis vectors, as

follows

S(0)vw =

∫
S
S̃
(0)
rt G̃

rv G̃tw dS; S(1)kγ =

∫
S

4 S̃
(1)
rβ G̃

rk Ĩβγ dS; S(2)λµ =

∫
S
S̃
(2)
βγ Ĩ

βλ Ĩγµ dS, (4.51)

and homogenize the higher-order stress terms, notated by ζαS̃→Mα, as follows

M (0)α,vw =

∫
S
ζαS̃

(0)
rt G̃

rv G̃tw dS; M (1)α,kγ =

∫
S

4 ζαS̃
(1)
rβ G̃

rk Ĩβγ dS; M (2)α,λµ =

∫
S
ζαS̃

(2)
βγ Ĩ

βλ Ĩγµ dS, (4.52)

whereby all of the mixed-scale basis vectors double contractions are treated as complementary, and

hence we find 4 G̃rk Ĩβγ in Eq. (4.51)-(4.52). The integration over the micro-space S provides that the
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micro-structure characterizing internal length scale parameters lα associated with the different dimen-

sions of S are implicitly incorporated, such that the coordinates of the micro-space ζα are defined over

the intervals [− lα2 ; lα2 ]. It is worth noting that the conversion metrics are not required if stress tensors

with contravariant basis vectors G̃t and Ĩα are used instead in the variational formulation, as the

resulting contraction with the covariant basis vectors of the strain tensors would produce a Kronecker

delta, i.e. G̃t ⊗ G̃v = δ.vt ; however, this was not implemented in this study. We now substitute the

homogenized stresses of Eq. (4.51)-(4.52) and the strain measures variants from Appendix A.1.1 into

Eq. (4.50) to arrive at∫
B

1

2

{
S(0)kl (Frl δur,k + Frk δur,l) +M (0)α,kl (δaαr,kFrl + aαr,kδur,l + δaαr,lFrk + aαr,lδur,k)

+ S(1)jγ (aγrδur,j + Frjδaγr) +M (1)α,jγ (δaαr,jaγr + aαr,jδaγr)

+ S(2)λµ (δaλraµr + aλrδaµr)
}
dV −Wext = 0. (4.53)

We can then apply Gauss’ divergence theorem in the Cartesian frame (G̃i = G̃i = ei) and assume

δu = 0 and δwα = 0 on ∂BD to give∫
B

1

2

{
− ∂

∂ϑk
S(0)kl Frlδur −

∂

∂ϑl
S(0)klFrkδur −

∂

∂ϑj
S(1)jγ aγrδur

− ∂

∂ϑl
M (0)α,kl aαr,kδur −

∂

∂ϑk
M (0)α,kl aαr,lδur − brδur

}
dV

+

∫
B

1

2

{
S(1)jγ Frjδaγr + S(2)λµ aµrδaλr + S(2)λµ aλrδaµr

− ∂

∂ϑk
M (0)α,kl Frlδaαr −

∂

∂ϑl
M (0)α,kl Frkδaαr

− ∂

∂ϑj
M (1)α,jγ aγrδaαr −M (1)α,jγ aαr,jδaγr − lαrδaαr

}
dV

+

∫
∂BN

1

2

{
S(0)kl Frlnkδur + S(0)kl Frknlδur + S(1)jγ aγrnjδur

+ M (0)α,kl aαr,knlδur +M (0)α,kl aαr,lnkδur − t̂(n)r δur

}
dA,

+

∫
∂BN

1

2

{
M (0)α,kl Frlnkδaαr +M (0)α,kl Frknlδaαr

+ M (1)α,jγ aγrnjδaαr − q̂(n)αr δaαr

}
dA. (4.54)

Taking into account δu is a free variation and δaα is a free variation, and ensuring all variants δa have

the same index α, we identify the following equilibrium equations [74, 90] in and on the macro-space

− ∂

∂ϑk
S(0)kl Frl −

∂

∂ϑl
S(0)kl Frk −

∂

∂ϑj
S(1)jγ aγr

− ∂

∂ϑl
M (0)α,kl aαr,k −

∂

∂ϑk
M (0)α,kl aαr,l − br = 0 in B (4.55)

S(1)jα Frj + S(2)αµ aµr + S(2)λα aλr

− ∂

∂ϑk
M (0)α,kl Frl −

∂

∂ϑl
M (0)α,kl Frk

− ∂

∂ϑj
M (1)α,jγ aγr +M (1)β,jα aβr,j − lαr = 0 in B (4.56)

and corresponding Neumann boundaries

S(0)kl Frlnk + S(0)kl Frknl + S(1)jγ aγrnj

+ M (0)α,kl aαr,knl +M (0)α,kl aαr,lnk − t̂(n)r = 0 on ∂BN (4.57)
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M (0)α,kl Frlnk +M (0)α,kl Frknl +M (1)α,jγ aγrnj − q̂(n)αr = 0 on ∂BN . (4.58)

The linearization of Ψ̃(u,w) is found in Appendix A.2.1.

4.3.2 MDO micromorphic model variational formulation

The variational formulation for the MDO micromorphic model continues from Eq. (4.49) as follows

δΨ̆(u,w)−Wext =
1

2

∫
B

{
S̆(0) : δC̆(0) + ζαS̆(1) : δC̆(1)

α + ζαζβS̆(2) : δC̆
(2)
αβ

}
dV −Wext = 0, (4.59)

where Wext is defined as per Eq. (4.48). We then substitute the MDO strain measures variants from

Appendix A.1.2, and the conversion metrics for the basis vector contraction is accounted for with

Ğtv = Ğt · Ğv = δtv, because the simple case Ğt = et of Eq. (4.40) is used for this study. Thus we

find

1

2

∫
B

{
S̆(0)kl (Frl δur,k + Frk δur,l)

+ ζαS̆(1)kl (δaαr,kFrl + aαr,kδur,l + δaαr,lFrk + aαr,lδur,k)

+ ζαζβS̆(2)kl [δaαr,kaβr,l + aαr,kδaβr,l]
}
dV −Wext = 0. (4.60)

We can then apply Gauss’ divergence theorem in the Cartesian frame (Ği = Ği = ei) and assume

δu = 0 and δwα = 0 on ∂BD to give∫
B

1

2

{
− ∂

∂ϑk
S̆(0)kl Frlδur −

∂

∂ϑl
S̆(0)klFrkδur

− ∂

∂ϑl
ζαS̆(1)kl aαr,kδur −

∂

∂ϑk
ζαS̆(1)kl aαr,lδur − brδur

}
dV∫

B

1

2

{
− ∂

∂ϑk
ζαS̆(1)klFrlδaαr −

∂

∂ϑl
ζαS̆(1)klFrkδaαr

− ∂

∂ϑk
ζαζβS̆(2)klaβr,lδaαr −

∂

∂ϑl
ζαζβS̆(2)klaαr,kδaβr − lαrδaαr

}
dV

+

∫
∂BN

1

2

{
S̆(0)kl Frlnkδur + S̆(0)klFrknlδur

+ ζαS̆(1)kl aαr,knlδur + ζαS̆(1)kl aαr,lnkδur − t̂(n)r δur

}
dA

+

∫
∂BN

1

2

{
ζαS̆(1)klFrlnkδaαr + ζαS̆(1)klFrknlδaαr

+ ζαζβS̆(2)klaβr,lnkδaαr + ζαζβS̆(2)klaαr,knlδaβr − q̂(n)αr δaαr

}
dA. (4.61)

Taking into account δu is a free variation and δaα is a free variation, and ensuring all variants δa have

the same index α, we identify the following equilibrium equations in and on the macro-space

− ∂

∂ϑk
S̆(0)kl Frl −

∂

∂ϑl
S̆(0)klFrk

− ∂

∂ϑl
ζαS̆(1)kl aαr,k −

∂

∂ϑk
ζαS̆(1)kl aαr,l − br = 0 in B (4.62)

− ∂

∂ϑk
ζαS̆(1)klFrl −

∂

∂ϑl
ζαS̆(1)klFrk

− ∂

∂ϑk
ζαζβS̆(2)klaβr,l −

∂

∂ϑl
ζαζβS̆(2)klaβr,k − lαr = 0 in B (4.63)
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and corresponding Neumann boundaries

S̆(0)kl Frlnk + S̆(0)klFrknl + ζαS̆(1)kl aαr,knl + ζαS̆(1)kl aαr,lnk − t̂(n)r = 0 on ∂BN (4.64)

ζαS̆(1)klFrlnk + ζαS̆(1)klFrknl + ζαζβS̆(2)klaβr,lnk + ζαζβS̆(2)klaβr,knl − q̂(n)αr = 0 on ∂BN . (4.65)

The linearization of Ψ̆(u,w) is found in Appendix A.2.2.

4.4 Micromorphic constitutive model

The micromorphic model has additional strain measures over classical models, which increases the

ability of the model to replicate material behaviour as originated in the underlying micro-structure.

The stress responses to these additional strain measures are described by extra constitutive equations.

The micromorphic model has three scales of stress and strain measures (S̃(i), C̃(i), Ẽ(i)), and hence

three separate strain energy functions (ψ̃(i)): the macro-scale (S̃(0), C̃(0), Ẽ(0), ψ̃(0)) which are the same

as the classical stress and strain measures (S,C,E); the mixed-scale (S̃(1), C̃(1), Ẽ(1), ψ̃(1)); and the

micro-scale (S̃(2), C̃(2), Ẽ(2), ψ̃(2)). This study makes use of a micromorphic continuum with only one

micro-dimension/micro-director.

4.4.1 Macro-scale constitutive law

Section 3.5 motivated why there is a need to use orthotropic constitutive law to model the complex

deformations of cardiac tissue, and the additional micromorphic contributions can notably enrich

the orthotropy. However, in the process of validating and calibrating the micromorphic model both

macro-scale isotropy and orthotropy was used, as well as linear and nonlinear constitutive laws.

4.4.1.1 Isotropic macro-scale

In order to better understand the influence of the micromorphic mixed-scale ψ̃(1) and micro-scale ψ̃(2)

strain energy function contributions and their material parameters, it is most transparent to use an

isotropic constitutive law for the macro-scale strain energy ψ̃(0). A material is deemed isotropic if its

mechanical properties can be described without reference to directions [48], and thus any anisotropic

behaviour must then be attributed to the micromorphic mixed-scale and micro-scale contributions,

which allows for clear analysis of the mixed-scale and micro-scale material parameter effects. The

isotropic macro-scale constitutive law used in the numerical examples of Section 5 is based on an

isotropic linear elastic material, which is defined by the strain energy function

ψ̃(0)
(
Ẽ(0)

)
=

1

2
b0 tr

(
Ẽ(0)

)2
+

1

2
a0 tr

(
(Ẽ(0))2

)
. (4.66)

It is worth noting that, in conjunction with an isotropic macro-scale, the micromorphic micro-scale

contributions create a preferred material direction along the micro-fibre axis, and thus the overall

material law is in fact transversely isotropic.
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4.4.1.2 Orthotropic macro-scale

The motivation for using orthotropic constitutive law to model cardiac tissue was previously given

in Section 2.5 and Section 3.5. It is possible to create an orthotropic model from the anisotropic

contributions of the mixed-scale and micro-scale only. This can be achieved most effectively by using

two or more micro-directors with differing material parameters. Alternatively for the simplest case of

one micro-director, the mixed-scale shearing C̃(1) of the bulk material against the micro-directors has

components in orthogonal directions, and each component can have a unique material parameter, thus

resulting in an orthotropic response. The intended use of the micromorphic model is to interpret its

micro-directors as the muscle fibres in cardiac tissue, and the macro-scale would represent the ECM

holding the muscle fibres in place. However, the review of the contributions of the myocardium by

Fomovsky et al. (2010) highlights clear characteristic responses from the myocytes and the ECM. In

particular, the ECM exhibits significant nonlinearity coupled with directional dependency, and thus in

order for the macro-scale to represent the ECM accurately it would need have a nonlinear, orthotropic

constitutive law.

The ECM accounts for the majority of the stiffness of myocardial tissue at large strains, and thus the

same constitutive law for the classical model of Usyk et al. (2002) in Section 3.5 will be used for the

macro-scale of the micromorphic model, but with new material parameters to allow for the mixed-

scale and micro-scale contributions. Although the micro-directors representing muscle fibres will make

a smaller contribution to the tissue’s passive mechanics, the micro-directors will play a pivotal role

in future studies where the active stress of contracting muscle fibres can be implemented through the

micro-directors. Following on from Section 3.5, the three orthonormal material covariant directions of

myocardial tissue - namely the muscle fibres Vf , sheet Vs and sheet-normal Vn - can form the bases

of a micromorphic Green ‘fibre’ strain tensor associated with the orthonormal basis (Vf ,Vs,Vn) such

that

Ẽ(0) = Ẽ
(0)
ff Vf ⊗Vf + Ẽ(0)

ss Vs ⊗Vs + Ẽ(0)
nnVn ⊗Vn + Ẽ

(0)
fs

(
Vf ⊗Vs + Vs ⊗Vf

)
+Ẽ

(0)
fn

(
Vf ⊗Vn + Vn ⊗Vf

)
+ Ẽ(0)

sn (Vs ⊗Vn + Vn ⊗Vs) , (4.67)

where the macro-scale strain Ẽ(0) notation has replaced the classical strain E notation of Eq. (3.26).

Similarly, the classical strain energy function used by Usyk et al. (2000) to formulate the left ventricular

passive filling constitutive is adapted for the micromorphic model ψ̃
(0)
pass., where the orthotropy and

non-linearity is contained in ψ̃
(0)
orth./exp., as well as the near incompressibility in ψ̃

(0)
comp.:

ψ̃(0)
pass. = ψ̃

(0)
orth./exp. + ψ̃(0)

comp. =
1

2
A0

(
eQ

(0)
− 1

)
+Acomp [J ln(J)− J + 1] , (4.68)

where

Q(0) = bff (Ẽ
(0)
ff )2 + bss(Ẽ

(0)
ss )2 + bnn(Ẽ(0)

nn )2

+bfs

(
(Ẽ

(0)
fs )2 + (Ẽ

(0)
sf )2

)
+ bfn

(
(Ẽ

(0)
fn )2 + (Ẽ

(0)
nf )2

)
+ bsn

(
(Ẽ(0)

sn )2 + (Ẽ(0)
ns )2

)
. (4.69)

In Eq. (4.69) the material parameters bij determine the material anisotropy, and in Eq. (4.68) J

is the Jacobian, the parameter A0 is used as a global stress scaling coefficient, and Acomp is the

compressibility coefficient. For details on an invariant based approach for this constitutive law, refer

to Section 3.5.

33



4.4.2 Mixed-scale and micro-scale constitutive law

The mixed-scale and micro-scale are given strain energy functions that produce linear material be-

haviour for the numerical examples of Section 5, as well as strain energy functions that produce

non-linear material behaviour for the cardiac models of Section 6. The micromorphic mixed-scale and

micro-scale Green ‘fibre’ strain tensors are defined for single micro-director orientated with the muscle

fibres Vf , as done in Eq. (4.67), to give

Ẽ(1) = Ẽ
(1)
ff Vf ⊗Vf + Ẽ

(1)
sf

(
Vf ⊗Vs + Vs ⊗Vf

)
+ Ẽ

(1)
nf

(
Vf ⊗Vn + Vn ⊗Vf

)
(4.70)

Ẽ(2) = Ẽ
(2)
ff Vf ⊗Vf , (4.71)

where the shearing Ẽ(1) of the muscle fibre with the ECM can occur in all three characteristic directions

of the cardiac tissue (Vf ,Vs,Vn), whereas the fibre strain Ẽ(2) can only experience strain along its

axis (Vf ). We breakdown the strain energy functions with ψ̃(1)(Q(1)) and ψ̃(2)(Q(2)) such that

Q(1) =
(
Ẽ

(1)
ff

)2
+
(
Ẽ

(1)
sf

)2
+
(
Ẽ

(1)
nf

)2
, and Q(2) =

(
Ẽ

(2)
ff

)2
. (4.72)

4.4.2.1 Linear material behaviour from mixed-scale and micro-scale

In the case of the numerical examples of Section 5, it is more transparent to use a linear material

response from the mixed-scale and micro-scale to determine the respective behaviour of the scales,

and as such the mixed-scale ψ̃(1) and micro-scale ψ̃(2) strain energy functions are

ψ̃(1) =
1

2
A1Q

(1), and ψ̃(2) =
1

2
A2Q

(2). (4.73)

4.4.2.2 Non-linear material behaviour from mixed-scale and micro-scale

Muscle fibres will exhibit non-linear behaviour, as is common with biological tissues. It is therefore

useful to cast the mixed-scale and the micro-scale strain energy functions into an exponential function

as follows

ψ̃(1) =
1

2
A1

(
e(B1Q

(1)) − 1

)
, and ψ̃(2) =

1

2
A2

(
e(B2Q

(2)) − 1

)
. (4.74)

Now that the kinematics, variational principles and constitutive models for both Sansour’s model and

the MDO model have been set out, the fundamental behaviour of the micromorphic models is assessed

in the numerical examples of Section 5.
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5

Numerical Examples

The intent of this research is to apply a micromorphic continuum model to simulating cardiac tissue.

However, before launching into complex non-linear, orthotropic heart models with patient-specific ge-

ometries, it is important to get a better understanding of the micromorphic model’s characteristics on

clearer and more discernible numerical examples. For classical continuum models, it is more straight-

forward to identify the parts of the mathematical formulation that dictate the material response to

the various strain modes. However, the micromorphic model has three strain-scales with their own

strain measures that make overlapping contributions to the material response. The isotropic strain

energy function of Eq. (4.66) in Section 4.4 producing a linear material response for the macro-scale

ψ̃(0) was used in this section so that any anisotropic material response could be attributed to the

micromorphic mixed-scale and micro-scale contributions. Similarly, the strain energy functions in Eq.

(4.73) producing a linear material response for the mixed-scale ψ̃(1) and micro-scale ψ̃(2) were used in

this chapter to best interpret the influence of these scales. The effect of the mixed-scale and micro-scale

material parameters on the micro-director deformation, uniqueness of solutions, and strain-dependent

anisotropy are some of the properties investigated in this section through numerical examples such as

a simple tension beam or a perforated plate under biaxial tension.

5.1 Mixed-scale and micro-scale material parameter influence

Preliminary testing of Sansour’s micromorphic model revealed two important characteristics of the

model: the model cannot be solved for certain mixed-scale and micro-scale material parameter com-

binations; and whether the micro-director stretches or contracts can also depend on the mixed-scale

and micro-scale parameter combinations. Both scenarios can be explained using the energy balances

we derived in Section 4.3; the energy balance over the macro-scale displacement degrees of freedom

(u) in Eq. (4.55), and the energy balance over the micro-scale displacement degrees of freedom (aα)

in Eq. (4.56). For the following scenario: in the absence of body forces; ignoring higher-order terms

(lα � 1); exploiting the symmetry of S(2); and extracting the factor 4 absorbed into Eq. (4.51), we

find the energy balance of Eq. (4.56) becomes

4S(1)jγFrj + 2S(2)γµaµr = 0 (5.1)

∴ 2S(1)jγFrj = −S(2)γµaµr. (5.2)

It must be noted that Eq. (5.2) is dependent on the interpretation chosen for the double contraction of

the mixed-scale basis vectors in Eq. (4.51), whereby this study used a factor 4 as previously mentioned



in Section 4.3.1. The significance of the relationship shown in Eq. (5.2) will be explained in the following

sections.

5.1.1 Proof for unsolvable model scenario

It was uncovered in this study that there are scenarios where the micromorphic model does not

have a unique solution, and thus the model cannot be solved. This phenomenon is caused by the

material parameters of the mixed-scale and micro-scale. The author devised the following novel proof

to explain the cause of this problem. Let us examine a simple tension beam subjected to homogeneous

deformation with the beam’s axis aligned along the x-axis, as well as the undeformed micro-director

aligned along the x-axis (a0
γ = e1, where γ = 1), as seen in Figure 5.1.

Fig. 5.1: Homogeneous deformation tension beam example: undeformed beam seen in black; deformed

beam seen in red for ū(E)1 = 2 m; and initial micro-director orientation seen in green (a0
γ = e1). A

large prescribed displacement was chosen for this figure to emphasize the homogeneous deformation.

It is possible to include all the constituent terms with known values into Eq. (5.2), in order to solve

for the micro-director deformation or a material parameter as desired. Since the mixed-scale and

micro-scale stress terms in this example are derived from the strain energy functions of Eq. (4.73), the

stress terms can be divided into the corresponding mixed-scale (A1) and micro-scale (A2) material

parameters, and Green strain measures, given that S(i) ∝ AiE(i), and hence Eq. (5.2) becomes

2A1E
(1)jγFrj = −A2E

(2)γµaµr. (5.3)

Furthermore, the equation can be represented in terms of the right Cauchy-Green strains using the

fact that E(i) = 1/2(C(i) −C(i)0), and thus

2A1

(
C(1)jγ − C(1)0jγ

)
Frj = −A2

(
C(2)γµ − C(2)0γµ

)
aµr. (5.4)

We substitute the deformation terms of the right Cauchy-Green strains of Eq. (4.31) and Eq. (4.32)

to give

2A1

(
xs,jaγs − δsja0γs

)
Frj = −A2

(
aγsaµs − a0γsa0µs

)
aµr. (5.5)

This deformation-driven tension beam example is slender enough to ignore the effects of transverse

contraction, therefore the stretch λ of the macro-scale simplifies to λ = F11 , and we found from the

simulation that F22 ≈ F33 ≈ 1. Similarly, it was confirmed in simulations that the micro-director

deforms only in the axis of the prescribed macro displacement û1, as the micro-directors are already

orientated parallel with that axis and thus the only micro-deformation activated is in aγ1. We recall

there is only one micro-director whereby a0γ1 = 1, and include the only strain indices that change

when deformed in this example (r = s = j = 1), as follows
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2A1

(
F11aγ1 − δ11a0γ1

)
F11 = −A2

(
aγ1aγ1 − a0γ1a0γ1

)
aγ1 (5.6)

2A1 (λaγ1 − 1)λ = −A2 (aγ1aγ1 − 1) aγ1. (5.7)

It is evident there exist two trivial micro-director deformation solutions to satisfy Eq. (5.7) for the

following scenarios:

A1 → ±∞ or A2 = 0, then E
(1)
γ1 → 0, C

(1)
γ1 → 1, and thus aγ1 = 1/λ (5.8)

A2 → ±∞ or A1 = 0, then E
(2)
γ1 → 0, C

(2)
γ1 → 1, and thus aγ1 = 1. (5.9)

The solution to this homogeneous tension beam problem can be represented by rearranging Eq. (5.7)

to achieve a cubic function in terms of the deformed micro-director length f(aγ1) = 0 as follows

A2a
3
γ1 + aγ1

(
2A1λ

2 −A2

)
− 2A1λ = 0. (5.10)

A cubic function of the form f(aγ1) = 0 can have a maximum of three solutions. In the context of

this example, the solution achieved by the model will be the one that minimizes the energy in the

system by way of the least micro-strain, and thus the closest solution to aγ1 → 1. It can be seen in

Figure 5.2a and Figure 5.2b, for varying A1 and A2 respectively, that non-trivial solutions are evident

when A1 ≈ −A2, because it allows for larger mixed-scale strain and micro-scale strain whilst still

maintaining the equilibrium in Eq. (5.7). The two trivial solutions of Eq. (5.8) and Eq. (5.9) are also

clearly visible from the horizontal asymptotes. The model does not converge to a solution when the

parameters are defined as A1 = −A2 = A, and substituting this special case into Eq. (5.10) gives

−Aa3γ1 + 2Aλ2aγ1 +Aaγ1 − 2Aλ = 0 (5.11)

−a3γ1 + aγ1
(
2λ2 + 1

)
− 2λ = 0, (5.12)

(a) Fixed A2 = 1 kPa, varying A1. Discontinuity at

A2 = −A1 = 1 kPa. Trivial solutions: y-intercept gives a1 = 1

for A1 = 0 kPa, and horizontal asymptote of a1 → 1/λ for

A1 → ±∞ kPa.

(b) Fixed A1 = 0.1 kPa, varying A2. Discontinuity at

A1 = −A2 = 0.1 kPa. Trivial solutions: y-intercept gives a1 =

1/λ for A2 = 0 kPa, and horizontal asymptote of a1 → 1 for

A2 → ±∞ kPa.

Fig. 5.2: Homogeneous deformation tension beam example: mixed-scale and micro-scale parameters

influence on micro-director displacements for prescribed macro-stretch λ = 1.01, and macro-scale

linear isotropic material parameters a0 = 0.385 kPa and b0 = 0.578 kPa. Different fixed material

parameters of A2 = 1 kPa and A1 = 0.1 kPa show that the discontinuity is independent of the

material parameter magnitude, but it is dependent on the ratio of A1 : A2.
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and therefore the solution remains the same for any parameter A provided A1 = −A2. For a prescribed

macro-stretch λ = 1.01 the equation becomes

−a3γ1 + 3.0402 aγ1 − 2.02 = 0, (5.13)

and the graph of this function shown in Figure 5.3. The three solutions of the cubic function are

Fig. 5.3: Graph of the cubic function of Eq. (5.13), with f(aγ1) plotted on the y-axis and aγ1 plotted

on the x-axis, for the homogeneous deformation tension beam problem with prescribed macro-stretch

λ = 1.01, and micro-parameters A1 = −A2. The solutions of f(aγ1) = 0 for the possible deformed

micro-director lengths are aγ1 = −2.01, 0.92, 1.09, as labelled in red.

aγ1 = −2.01, 0.92, 1.09, or in terms of micro-deformations wγ1 = −3.01,−0.08, 0.09. The two solutions

of aγ1 = 0.92, 1.09 are almost equidistant from aγ1 = 1, therefore it is difficult for the model to

converge on a solution. A discontinuity in the solution is visible in both Figure 5.2a and Figure 5.2b

when approaching A1 → −A2, because approaching from one side of the discontinuity the solution of

aγ1 < 1 is closest to aγ1 = 1 for f(aγ1) = 0, but from the other side of the discontinuity the solution

of aγ1 > 1 is closest to aγ1 = 1 for f(aγ1) = 0. The understanding of the mixed-scale and micro-scale

parameter relationships is necessary to ensure model solutions when using the micromorphic model.

The same lack of a unique solution exists for a simple shear example when A1 = −A2 too; however,

this is not examined in this study.

It is worth noting that it is possible to calculate the micro-director deformation of a homogeneous

deformation tension beam problem without running the simulation but instead by simply finding the

roots of Eq. (5.10), and selecting the root that is closest to aγ1 = 1. Alternatively, if the desired

micro-director deformation was known along with one of the micro-scale/mixed-scale parameters, it is

possible to find the other corresponding calibrated micro-scale/mixed-scale parameter by substitution

into Eq. (5.10), without the burden of calibrating from simulations using a calibration script.

5.1.2 Micro-director deformation and macro-traction vector contribution

The tension beam under homogeneous deformation discussed in Section 5.1.1 was very useful for

understanding the fundamental deformation behaviour of the micro-director, and hence the same

example is further explored here. In addition to the lack of a unique solution uncovered, it was

observed that the micro-director does not necessarily stretch when the bulk material is stretched,
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nor does it necessarily contract when the bulk material is compressed. It was previously displayed in

Figure 5.2 that for prescribed axial stretching of the macro-scale (bulk material) the micro-director

could either stretch or contract depending upon the mixed-scale material parameter A1 in relation to

the micro-scale material parameter A2. Not only does this have an effect on the deformation of the

micro-director, but it also affects the external macro-traction vector t̂(n) of Eq. (4.57) through S(1),

and therefore the significance of t̂(n) will now be explained.

(a) Fixed A2 = 1 kPa, varying A1. Discontinuity at

A2 = −A1 = 1 kPa.

(b) Fixed A1 = 0.1 kPa, varying A2. Discontinuity at

A1 = −A2 = 0.1 kPa.

Fig. 5.4: Homogeneous deformation tension beam example: mixed-scale/micro-scale parameter influ-

ence on macro-scale traction vector t̂(n) for prescribed macro-stretch λ = 1.01, and macro-scale linear

isotropic material parameters a0 = 0.385 kPa and b0 = 0.578 kPa.

The resulting macro-traction vector t̂(n) depending on the ratio A1 : A2 for prescribed macro-

stretch λ = 1.01, and constant macro-scale linear isotropic material parameters a0 = 0.385 kPa

and b0 = 0.578 kPa of Eq. (4.66), can be seen in Figure 5.4a and Figure 5.4b. For a typical classical

model, we find that increasing a material stiffness parameter will increase the overall stiffness of the

material, i.e. for a displacement-driven problem the resulting components of t̂(n) should increase when

a material parameter is increased. However, we see in Figure 5.4a that this is not always the case

for the micromorphic model, because t̂
(n)
1 can also decrease when increasing A1. For example, from

A1 = −1.1 kPa to A1 = −0.1 kPa, we find t̂
(n)
1 decreases, despite an increase in A1. This phenomenon

is even more complex when both A1 and A2 are increased. For a physical system, if two materials with

identical geometry are deformed in the same way, the material that requires the largest components

of t̂(n) to deform is the stiffer of the two materials. Again, for a typical classical model this is achieved

by increasing the material parameter. However, for the micromorphic model we find that increasing

a mixed-scale or micro-scale material parameter does not necessarily increase t̂
(n)
1 , and therefore it

is best to use the resulting components of t̂(n) for a displacement-driven problem as a proxy for the

overall material stiffness, rather than interpreting that directly from the material parameters.
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The explanation of the deformation of the micro-director and its subsequent effect on the macro-scale

traction vector t̂(n) is attributed to the equilibrium equation over the micro-scale degrees of freedom

that was reduced to the clear representation of Eq. (5.3) from Section 5.1.1. We can approximate

Eq. (5.3), knowing that for small strains we find that F11 ≈ aγ1 ≈ 1, for one micro-director γ = 1,

and absorbing the factor 2 into A1 given that the factor is dependent on the chosen handling of the

mixed-scale basis vector double contraction mentioned in Section 4.3.1, with

A1E
(1)γ1 ≈ −A2E

(2)γγ (5.14)

S(1)γ1 ≈ −S(2)γγ . (5.15)

It is clear that the mixed-scale stress and the micro-scale stress have to be approximately equal and

opposite to enforce the equilibrium over the micro-scale degrees of freedom. This is the case for any

combination of A1 : A2 since E(1)γ1 and E(2)γγ will adjust accordingly to maintain the equilibrium.

This means that if both material parameters A1 and A2 are positive, then one of the strains must be

positive and the other negative to enforce Eq. (5.14). In the case of the tension beam this means that

the micro-director must contract wγ1 < 0 under macro-scale prescribed stretch u1 > 0 and A1, A2 > 0,

as this enables E(1)γ1 > 0 and E(2)γγ < 0, and thus Eq. (5.14) is satisfied. We note that the mixed-

scale strain E(1)γ1 can still be positive when the micro-director shrinks provided the macro-stretch

outweighs the shrinking of the micro-director (F11 > 1/aγ1), as follows

E(1)γ1 > 0, if wγ1 < 0, ∵ C(1)γ1 = Fs1aγs > 1, if F11 > 1/aγ1. (5.16)

In terms of what is anticipated in reality from a fibrous material subjected to prescribed stretching

of the bulk material, a complimentary stretch of the fibre would be expected. However, it has just

been shown that this would not seem possible using positive mixed-scale and micro-scale material

parameters. This artifact of Sansour’s micromorphic model will be discussed further in Section 5.3.

In Section 5.1.1 the trivial solutions of E(1)γ1 → 0 in Eq. (5.8) and E(2)γγ → 0 in Eq. (5.9) were

explained in relation to enforcing the equilibrium. However, in zones of A1 ∼ −A2, we find that the

LHS and RHS of Eq. (5.14) can both now be large whilst still equal. There is no trivial solution when

A1 ∼ −A2 because F11 6= 1 for prescribed macro-stretch, therefore zero micro-director deformation

would result in E(1)γ1 > 0 and E(2)γγ = 0, therefore the equilibrium would fail. The term A1E
(1)γ1

or rather S(1)γ1 features in the macro-equilibrium of Eq. (4.57) and thus contributes to the macro-

scale traction vector t̂(n)(S(0),S(1)). The stretch or contraction of the micro-director dictates the

sign of E(1)γ1, so that when multiplied with A1 the mixed-scale stress S(1)γ1 will be either positive or

negative and therefore increase or decrease t̂
(n)
1 . Using the example of Eq. (5.8) to illustrate an increase

or decrease t̂
(n)
1 , we define A1 → ∞, and hence know that E(1)γ1 → 0 to satisfy the equilibrium, or

C(1)γ1 → 1 and thus aγ1 → 1/F11. This means that wγ1 < 0, and thus E(2)γγ < 0. Therefore, whether

a positive or negative contribution is made to t̂
(n)
1 through Eq. (4.57) depends on the sign of the

undefined parameter A2, as to whether E(1)γ1 → 0+, or E(1)γ1 → 0−, as follows

A1︸︷︷︸
→∞

×E(1)γ1︸ ︷︷ ︸
→0+

+ A2︸︷︷︸
+ve

×E(2)γγ︸ ︷︷ ︸
−ve

= 0, ∴
(
E(1)γ1 > 0, S(1)γ1 > 0, t̂

(n)
1 ↑

)
(5.17)

A1︸︷︷︸
→∞

×E(1)γ1︸ ︷︷ ︸
→0−

+ A2︸︷︷︸
−ve

×E(2)γγ︸ ︷︷ ︸
−ve

= 0, ∴
(
E(1)γ1 < 0, S(1)γ1 < 0, t̂

(n)
1 ↓

)
. (5.18)

We find for Eq. (5.17) that S(1)γ1 > 0 and thus t̂
(n)
1 is increased through Eq. (4.57), whereas in Eq.

(5.18) we find S(1)γ1 < 0 and thus t̂
(n)
1 is decreased through Eq. (4.57), where the only difference is
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the sign of A2. In order to understand the effect of the material parameter ratio A1 : A2 on the overall

material stiffness using t̂(n) as a proxy, a range of mixed-scale and micro-scale material parameter

ratios were simulated. The behaviour of the micro-director and the overall material stiffness response

(using the resulting macro-traction vector t̂(n) as a proxy for this) is tabulated in Table 5.1, and the

effect of making either of the material parameters very large is seen in Table 5.2.

Table 5.1: Table of material parameter ratio A1 : A2 effect on the overall material stiffness, using the

resulting macro-traction vector t̂(n) as a proxy for this, for prescribed macro-scale displacement.

A1 A2 Relative w1 E(1)γ1 S(1)γ1 Material stiffness (proxy - t̂
(n)
1 )

A1 > 0 A2 > 0 - -ve: 1/F11 < aγ1 < 1 +ve A1 × E(1)γ1 = (+) x (+) = +ve Stiffer

A1 > 0 A2 = 0 |A1| > |A2| -ve: aγ1 = 1/F11 0 A1 × E(1)γ1 = (+) x (0) = 0 no contribution

A1 > 0 A2 < 0 |A1| > |A2| -ve: aγ1 < 1/F11 -ve A1 × E(1)γ1 = (+) x (-) = -ve Weaker

A1 > 0 A2 < 0 |A1| < |A2| +ve: aγ1 > 1 +ve A1 × E(1)γ1 = (+) x (+) = +ve Stiffer

A1 < 0 A2 > 0 |A1| > |A2| -ve: aγ1 < 1/F11 -ve A1 × E(1)γ1 = (-) x (-) = +ve Stiffer

A1 < 0 A2 > 0 |A1| < |A2| +ve: aγ1 > 1 +ve A1 × E(1)γ1 = (-) x (+) = -ve Weaker

A1 < 0 A2 = 0 |A1| > |A2| -ve: aγ1 = 1/F11 0 A1 × E(1)γ1 = (-) x (0) = 0 no contribution

A1 < 0 A2 < 0 - -ve: 1/F11 < aγ1 < 1 +ve A1 × E(1)γ1 = (-) x (+) = -ve Weaker

Table 5.2: Table of large material parameter values effect on the overall material stiffness, using the

resulting macro-traction vector t̂(n) as a proxy for this, for prescribed macro-scale displacement.

A1 A2 E(1)γ1 wγ1 E(2)γγ Equilibrium Material stiffness (proxy - t̂
(n)
1 )

A1 →∞ A2 > 0 0+ -ve: aγ1 → 1/F11 -ve A1 × E(1)γ1 +A2 × E(2)γγ = 0

∞× 0+ + (+)× (−) = 0 Stiffer

A1 →∞ A2 < 0 0− -ve: aγ1 → 1/F11 -ve A1 × E(1)γ1 +A2 × E(2)γγ = 0

∞× 0− + (−)× (−) = 0 Softer

A1 > 0 A2 →∞ +ve -ve: aγ1 → 1− 0− A1 × E(1)γ1 +A2 × E(2)γγ = 0

(+)× (+) +∞× 0− = 0 Stiffer

A1 < 0 A2 →∞ +ve -ve: aγ1 → 1+ 0+ A1 × E(1)γ1 +A2 × E(2)γγ = 0

(−)× (+) +∞× 0+ = 0 Softer

The interdependence of A1 : A2 is evidently crucial. Unlike classical models where a large material

parameter results in a stiffer material, that is not necessarily the case for the micromorphic model

as manipulating the ratio of A1 : A2 can have a greater impact on the material stiffness (quantified

using t(n) as a proxy) than simply making A1 very large on its own, or A2, as seen in Figure 5.4a and

Figure 5.4b. Furthermore, cautious selection of material parameters is necessary, because it is visible

in Figure 5.4a and Figure 5.4b that it is possible to get a compressive macro-traction vector t̂(n) for

prescribed axial stretching, which is clearly a non-physical result.
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5.2 Artifacts of displacement based strain

It was shown in Section 5.1.2 that for positive mixed-scale and positive micro-scale material param-

eters, the micro-director seemingly has no option but to contract even though a stretch has been

prescribed in u because of the equilibrium over the micro-scale degrees of freedom A1E
(1) ≈ −A2E

(2).

This artifact of the micromorphic model does not match what is expected of a fibrous material under

axial stretching in reality, as the fibres in turn would also be expected to stretch. For instance, the

grain in wood will also stretch when the wood is stretched, similarly the steel in reinforced concrete

will stretch if the concrete is stretched. The use of all positive material parameters would seem the

only physically justifiable option because the strain energy of all the scales should be positive. This

means that for the macro-scale the bulk material will store energy when deformed, for the mixed-scale

the cohesion or friction between the bulk material and fibres will store energy when deformed, and

finally for the micro-scale the fibres themselves will store energy when deformed. Furthermore, positive

material parameters ensure convexity of the strain energy function [36, 92]. Consequently, in the case

of axial stretching, it would be desirable that all three scales (macro/mixed/micro) produce strain

and stress that is representative of tension, such that the components of S(0)kl, S(1)jγ , S(2)λµ > 0 in

the direction of the prescribed stretch ūi.

For the same homogeneous deformation tension beam example of Section 5.1 with the same linear

constitutive law, it was hoped that by applying a tensile Neumann boundary micro-traction q̂
(n)
γ or a

stretching Dirichlet boundary micro-deformation w̄γ on the micro-director degrees of freedom, it would

force the micro-directors to stretch. Unfortunately, this was not found to be the case from the results

of this study. For a purely force-driven model on both macro-scale and micro-scale degrees of freedom,

with a tensile boundary macro-traction t̂
(n)
1 = 0.01 kPa and tensile micro-traction q̂

(n)
γ1 = 0.01 kPa both

on the member’s free end, and with prescribed zero boundary macro-displacement ū = 0 and zero

boundary micro-deformation w̄γ = 0 on the member’s fixed end, we still end up with the micro-

director contracting through the majority of the member, as seen in Figure 5.5a. Similarly, for a

purely displacement-driven model on both macro-scale and micro-scale degrees of freedom, with a

prescribed stretch boundary macro-displacement ū1 = 0.1 m and stretch boundary micro-deformation

w̄γ1 = 0.1 on the non-zero Dirichlet boundary, and with prescribed zero boundary macro-displacement

ū = 0 and zero boundary micro-deformation w̄γ = 0 on the member’s fixed end, we also end up with

micro-director contracting through the majority of the member, as seen in Figure 5.5b. Clearly, both of

these results seem to be non-physical artifacts of the model. This artifact of micro-directors contracting

under bulk material tension is also visible in the micromorphic example in Figure 6(b)-(e) of von

Hoegen et al. (2017), which serves as independent verification, although the issue was not highlighted

nor discussed there.

The author has established a novel explanation for this artifact of the model, and will now document

it here. In order to understand why Sansour’s version of the micromorphic model behaves this way,

we start from the variational formulation of Eq. (4.53), and shall ignore higher-order terms (lα � 1),

as was done in this study. If we were to take a perpendicular cut ∂Bx through the tension beam’s

length (x-axis) at any point, and after applying Gauss’ divergence theorem to Eq. (4.53) to produce

a surface integral representing the internal force acting normal to ∂Bx, in the absence of body forces,

and with the external traction t̂
(n)
r on the opposite end that keeps the divided member in equilibrium,

we arrive at the following energy balance over macro-scale degrees of freedom
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(a) Micro-director deformations wγ1 for tensile boundary macro-traction t̂
(n)
1 = 0.01 kPa, and tensile

boundary micro-traction q̂
(n)
γ1 = 0.01 kPa on free end (right face).

(b) Micro-director deformations wγ1 for boundary macro-displacement ū1 = 0.1 m, and micro-

boundary displacement w̄γ1 = 0.1 on the non-zero Dirichlet boundary (right face).

Fig. 5.5: Homogeneous deformation tension beam example: boundary micro-conditions influence on

micro-director deformations. Macro-scale linear isotropic material parameters a0 = 0.385 kPa and

b0 = 0.578 kPa in Eq. (4.66), and A1 = A2 = 1 kPa in Eq. (4.73). Prescribed zero boundary macro-

displacement ū = 0 and zero boundary micro-deformation w̄α = 0 on fixed end (left face). Despite

tensile boundary micro-traction or stretching boundary micro-deformation at the displacing end of

the beam, the micro-director still contracts in the majority of the member.

∫
∂Bx

[S(0)kl Frk + S(1)lγ aγr]nlδur dA−
∫
∂BN

t̂(n)r δur dA = 0 . (5.19)

Furthermore, since the problem is defined to produce homogeneous deformation, the surface area

A of ∂Bx is the same no matter where the cut along the x-axis is taken, because the cross-section

dimensions are the same everywhere. Thus we arrive at∫
δB

(
S(0)kl Frknl + S(1)lγ aγrnl − t̂(n)r

)
δur dA = 0 , (5.20)

and since δu is a free variation, we find that at any perpendicular cross-section ∂Bx in the member

S(0)kl Frknl + S(1)lγ aγrnl = t̂(n)r (Homogenous deformation), (5.21)

and therefore at any point along the beam the surface integral is satisfied and gives S(0),S(1) ∝ t̂(n) in

the direction of the surface normal at ∂Bx. We can see this is satisfied by plotting the stresses at Gauss

points along the beams length, as seen in Figure 5.6, whereby S(0)11 + S(1)γ1 = 0.015− 0.005 = t̂
(n)
1

at all points in the beam.

However, we cannot reach the same conclusion for the energy balance over the micro-scale degrees of

freedom. Instead, the variational formulation of Eq. (4.53), again ignoring higher-order terms (lα � 1)

and with no body forces, contains terms in the volume integral that have a variant in the form of a

displacement δaγr - instead of a strain gradient δaγr,l - as follows
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Fig. 5.6: Homogeneous deformation tension beam example: Graph of stresses at Gauss points along

beam’s axis for tensile boundary macro-traction t̂
(n)
1 = 0.01 kPa, and tensile boundary micro-traction

q̂
(n)
γ1 = 0.01 kPa on free end (right face). We note that S(0)11 + S(1)γ1 = 0.015− 0.005 = t̂

(n)
1 at all

points in the beam.

∫
B

[S(1)jγFrj + S(2)γµaµr]δaγr dV −
∫
δBN

q̂(n)γr δaγr dA = 0. (5.22)

This is a crucial difference because it means that Gauss’ divergence theorem cannot be used to

transform the volume integral into a surface integral at any cross-section ∂Bx as we did previously to

arrive at Eq. (5.19). As such, over the micro-scale degrees of freedom, we find only the volume integral

must be satisfied, but the surface integral at any point along the beam ∂Bx is no longer required and

therefore at any point on a homogeneous tension beam S(1), S(2) 6∝ q̂
(n)
γ in the direction of the surface

normal at ∂Bx, as seen in Figure 5.6. This allows for spurious, non-physical micro-director deformations

that were evident in Figure 5.5a and Figure 5.5b. We can see the micro-director deformations during

prescribed macro-boundary stretch λ = 1.01 for a range of boundary micro-tractions q̂
(n)
γ1 in Figure

5.7a and micro-director deformation relative to the end node in Figure 5.7b. The erratic nature of the

micro-director deformation solution is clearly visible in Figure 5.7a, although the relative behaviour

follows a pattern to some extent in Figure 5.7b. This behaviour should be investigated further in

future work.

We also notice from Figure 5.7a that the director displacement can fluctuate from positive and negative

at one node to the next. This brings into question a major concern the author has with Sansour’s

version of the micromorphic model. The model is based on the concept of a macro-derivative and a

micro-derivative, which together make up the generalized deformation-gradient of Eq. (4.24). However,

the micro-derivative is taken analytically ∂(ζαaα)/∂ζγ = aγ , instead of using gradient shape functions

as it typically done in classical mechanics with u,i. This results in dominant micromorphic mixed-scale

and micro-scale strain measures based on the deformation measure aγ as a proxy for strain, and not

strain gradient fields aγ,i.

The author believes that using displacement as a strain measure rather than a strain gradient allows

for non-physical model solutions, because the volume integral in Eq. (5.22) can still be satisfied by
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(a) Micro-director deformation.
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(b) Relative micro-director deformation.

Fig. 5.7: Homogeneous deformation tension beam example: boundary micro-traction q̂(n) influence on

micro-director deformation along beam length for prescribed macro-stretch λ = 1.01, and macro-scale

linear isotropic material parameters a0 = 0.385 kPa and b0 = 0.578 kPa, and material parameters

A1 = A2 = 1 kPa.

non-physical displacements wγ at any node, without affecting the strain gradient of adjacent nodes,

as the formulation is not reliant on aγ,i. In other words, for strain gradient displacement solutions,

the strain gradient is affected by strains at adjacent nodes, and thus a more realistic gradient is

achieved. However, this is not enforced for the displacement strain measure, and hence we saw in

Figure 5.7a the micro-director displacement could jump from positive to negative from one node to

the next. Additionally, the author also cautions the use of an analytical geometry in a finite element

approximation problem.

The use of mixed-scale and micro-scale strain measures based upon deformation and not strain gradi-

ents can be challenged succinctly using the following counter-hypothesis: “Does it make sense that in

a tension beam, if the micro-director is fixed at one end and stretched at the other end, the stress in

the micro-director at the fixed end is zero?”. To elaborate, if a fibrous material is fixed at one end by

both the bulk material and its fibres, and then both the bulk material and the fibres are stretched by

a prescribed amount at the other end, the fibre would be under stress along its entire length including

at the end at which it is fixed. However, for Sansour’s micromorphic model, the micro-director strain

measure is calculated directly from micro-director deformation, and since the micro-director deforma-

tion was fixed at this point āγ1 = 1, we find C(2)γγ = āγ1āγ1 = 1, and thus the Green strain E(2)γγ = 0

at the fixed node. The micro-director stress is therefore S(2)γγ = 0, and this does not seem physically

representative given the scenario. Furthermore, we can extend this scenario for a beam of 1 m length

and another beam of 10 m length. If the prescribed non-zero boundary micro-deformation is w̄γ1 = 0.1,

then the micro-stress S(2)γγ is the same for both beams at the boundaries. However, if the strain were

gradient based then the micro-stress S(2)γγ would be much larger in the shorter beam, as the strain

gradient is much larger for the same displacement over a shorter length ∂wγ1/∂L1 > ∂wγ1/∂L10.

45



The issue perhaps hinges on what the micro-directors represent physically in the material: are they

continuous throughout the body, connected at every point, or do they stand alone in the body and are

not interconnected? In the former case of continuous fibres, one envisages reinforced concrete, where

the steel is continuously connected throughout the concrete body. In the latter case of discontinuous

fibres, we consider a fibre-reinforced concrete, whereby the concrete contains short discrete fibres,

such as synthetic fibres. These small fibres help change the properties of the bulk material, but are

not joined together along the bulk material. In explanation of the findings, the author hypothesises

that Sansour’s deformation based micromorphic approach is best suited for discrete fibrous materials

where the fibres are not continuous through the body.

Mathematical explanation for micro-director contracting

It was proposed by the author that deformation based strain measures allow for non-physical micro-

director displacements, as shown in the tension beam example with contracting micro-directors. A

mathematical explanation to support why the micro-directors in the tension beam contract for a

prescribed boundary macro-stretching and positive material parameters A1, A2 > 0, as seen in Figure

5.5a and Figure 5.5b, was developed by the author. The explanation does not serve as a definitive

explanation based upon the fundamental theory, but rather addresses all the parameters that populate

the finite element equation system to identify what might be causing the micro-directors to shrink

unexpectedly.

The explanation will be simplified as much as possible by using a one element simulation for the same

tension beam example of Figure 5.1, because the same justification would apply for any additional

elements. Also, we will not prescribe boundary conditions on the micro-director to further simplify the

example. In the case of the tension beam example with only one hexahedral element of 8 nodes, which

has 4 fixed nodes at one end ūE(x) = 0, and prescribed macro-boundary displacement ūE(x) = 0.1

for the remaining 4 nodes on the other end of the element, we find that all the nodes in the system

are essential or Dirichlet conditions for the macro-scale degrees of freedom uE . Therefore, the only

free degrees of freedom to solve for the model are the micro-scale degrees of freedom in aF . We now

remind ourselves of the partitioning of a FEM system:[
RE

0

]
=

[
KEE KEF

KFE KFF

][
dE

dF

]
︸ ︷︷ ︸

(Internal Force)

−

[
FE

FF

]
︸ ︷︷ ︸

(External Force)

. (5.23)

We solve the free nodal displacements using the bottom row equilibrium (partition) of Eq. (5.23),

and since in the case of a displacement-driven model without body forces, there is no external force

applied to free nodes FF = 0, we find

KFFdF = −KFEdE . (5.24)

For the beam under axial stretch in the x-axis direction, we substitute the only relevant terms for free

nodal displacements dF (a1), because it was found in the simulation that dF (a2),dF (a3) ≈ 0 since they

are orthogonal to the loading direction, and non-zero prescribed displacements dE(u1) as follows

KFF (a1)dF (a1) = −KFE(u1)dE(u1). (5.25)

Furthermore, we know that any row of our partitioned system in Eq. (5.25) must be in equilibrium,

and thus we can simply examine a single row. For example, if we look at an arbitrary node that we
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shall call Θ and isolate its micro-scale degree of freedom (a1), this will correspond to a single row in

Eq. (5.25) such that

KΘ(a1),F (a1) · dF (a1) = −KΘ(a1),E(u1) · dE(u1). (5.26)

In the case where all the material parameters are positive, we find that every entry of the vari-

ous stress derivatives is positive H(i) = ∂S(i)/∂C(i) ≥ 0, and we can substitute the dominant lin-

earized terms from Eq. (A.27) of Appendix A.2.1 into the stiffness tangent terms of KΘ(a1)|F (a1)

and KΘ(a1)|E(u1). Additionally, the variant δa in both KΘ(a1)|F (a1) and KΘ(a1)|E(u1) is approxi-

mated from Gauss (quadrature) points with shape functions (Ni) which are always positive, such

that δa → Ni > 0. The remaining variant δu,i in KΘ(a1)|E(u1) is approximated from gauss points

using derivative shape functions (Br,i), and for this simulation the non-zero essential nodes sit on the

maximum x-axis value face, and thus δu1,1 → B1,1 > 0. Finally, for small strain we know F11, a1 ≈ 1.

Substituting the aforementioned and considering relevant indices, we find for the row of node Θ(a1)

of the partitioned system:

H(1)1γ1λ︸ ︷︷ ︸
(+ve)

F11︸︷︷︸
1

F11︸︷︷︸
1

∆aλ1︸ ︷︷ ︸
(node Θ)︸ ︷︷ ︸
(+ve)

δaγ1︸︷︷︸
(free nodes)︸ ︷︷ ︸

(+ve)

+

4 H(2)τωηφ︸ ︷︷ ︸
(+ve)

aφ1︸︷︷︸
1

aω1︸︷︷︸
1

∆aη1︸ ︷︷ ︸
(node Θ)︸ ︷︷ ︸
(+ve)

δaτ1︸︷︷︸
(free nodes)︸ ︷︷ ︸

(+ve)


·
[
dF (a1)

]
= −


H(1)1γ1λ︸ ︷︷ ︸

(+ve)

aλ1︸︷︷︸
1

F11︸︷︷︸
1

∆aγ1︸ ︷︷ ︸
(node Θ)︸ ︷︷ ︸
(+ve)

δu1,1︸ ︷︷ ︸
(Ess. nodes)︸ ︷︷ ︸

(+ve)

 ·
[
dE(u1)︸ ︷︷ ︸
(+ve)

]
, (5.27)

which can be simplified for the purpose of this exercise to the indicative form

KΘ(a1),F (a1)︸ ︷︷ ︸
(+ve)

·dF (a1) = −KΘ(a1),E(u1)︸ ︷︷ ︸
(+ve)

·dE(u1)︸ ︷︷ ︸
(+ve)

. (5.28)

Clearly, in order for Eq. (5.28) to be satisfied the majority of free nodes must solve to have negative

micro-director displacements

∴ dF (a1)
!
= −ve, (5.29)

and thus the directors must contract, which compliments what was seen in Figure 5.5a and Figure

5.5b. It is useful now to compare the equation system of Eq. (5.25) to that of a classical example,

in order to understand what drives the classical degrees of freedom δdF (u) of free nodes to stretch

under tension. For a classical model of the same tension beam example, but with two or more elements

otherwise there would be no free nodes to solve, we find for the row of node Θ(u1) of the classical

partitioned system

KΘ(u1),F (u1) · dF (u1) = −KΘ(u1),E(u1) · dE(u1). (5.30)

Substituting in dominant terms and indices, and seeing from a simulation that the prevailing products

of two shape functions in KΘ(u1),F (u1) are positive, we arrive at[
H1111︸ ︷︷ ︸
(+ve)

F11︸︷︷︸
1

F11︸︷︷︸
1

∆u1,1︸ ︷︷ ︸
(node Θ)

δu1,1︸ ︷︷ ︸
(free nodes)︸ ︷︷ ︸

(+ve)

]
·
[
dF (u1)

]
= −

[
H1111︸ ︷︷ ︸
(+ve)

F11︸︷︷︸
1

F11︸︷︷︸
1

∆u1,1︸ ︷︷ ︸
(node Θ)︸ ︷︷ ︸

(-ve)

δu1,1︸ ︷︷ ︸
(Ess. nodes)︸ ︷︷ ︸

(+ve)

]
·
[

dE(u1)︸ ︷︷ ︸
(+ve)

]
, (5.31)

47



which simplifies to

KΘ(u1),F (u1)︸ ︷︷ ︸
(+ve)

·dF (u1) = −KΘ(u1),E(u1)︸ ︷︷ ︸
(-ve)

·dE(u1)︸ ︷︷ ︸
(+ve)

. (5.32)

Evidently, in order for the classical equation system of Eq. (5.32) to be satisfied the majority of free

nodes must solve to have positive displacements dF (u1)
!
= +ve, and thus the body stretches. The

only difference in signs between the equilibriums of Eq. (5.28) and the classical version of Eq. (5.32)

is the resulting sign of KFE . Furthermore, the important difference between Eq. (5.27) populating

KΘ(a1),E(u1) and Eq. (5.31) populating KΘ(u1),E(u1) is the signs of ∆aγ1 and ∆u1,1, respectively. For

this tension beam example the largest weighted Gauss points that populate KFE are those in-between

the relevant interacting nodes, with the free nodes at lesser x-coordinates and the essential nodes at

the maximum x-coordinate. Given the free nodes are at a lesser x-coordinate than the gauss points,

we approximate the variant ∆u1,1 as a derivative shape function that is negative in that direction

∆u1,1 → B1,1 < 0; however, we approximate the variant ∆aγ1 as a shape function that is positive in

that direction ∆aγ1 → N1 > 0, because the shape functions are always positive, and thus we see the

difference in sign.

The aforementioned one element tension beam example was simplified to exclude boundary micro-

conditions, and in such a scenario we have already established in Section 5.1.2 directly from the

equilibrium equation that the micro-director must contract for all positive material parameters. How-

ever, the important finding from the breakdown of the partitioned FEM system is that it provides an

explanation as to why boundary micro-conditions will not fix the problem of micro-director contracting

for Sansour’s micromorphic model. If we were to add a stretching essential boundary micro-condition

dE(a1) = +ve, as was done in the example of Figure 5.5b, we also find that KF (a1),E(a1) = +ve as it

uses two positive shape functions, and hence the system of Eq. (5.28) will still only be satisfied with

negative micro-director deformations (contracting).

The author previously motivated that not having strain gradient based micro-director strain in Eq.

(5.22) causes spurious micro-director deformations, or contractions in this example, and that rather

having strain gradient based micro-director strain would be more appropriate for a material with con-

tinuously connected fibres. The analysis of the partitioned FEM system served as additional evidence

to support this hypothesis, as we can now see that if the relevant sections of the micromorphic KFE

can be made positive, it should be possible to achieve positive micro-director deformations (stretch-

ing) for a body under tension. Furthermore, the breakdown of constituting terms motivated that the

relevant sections of the micromorphic KFE would be made positive by changing the dominant mi-

cromorphic variant from ∆aγr to instead be ∆aγr,i, i.e. strain gradient based. In turn, this would

allow for approximations based on derivative shape functions instead of shape functions, which for the

tension beam should result in micro-director stretching instead of contracting. In order to achieve this,

the micromorphic formulation would need to be reworked, and thus the author developed an alterna-

tive micromorphic formulation to have the dominant micro-director strain measure as strain gradient

based, and not deformation based in Sansour’s micromorphic model. This alternative micromorphic

formulation, named the MDO model, was previously introduced in Section 4.2 and is now explored in

the following Section 5.3.
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5.3 Alternative MDO micromorphic approach

The discussion of micro-director deformation behaviour in Section 5.2 highlighted possible issues with

Sansour’s version of the micromorphic model, which was attributed to the use of displacement based

strain measures rather than gradient based strain measures. it is the opinion of the author that in

order for the micromorphic model to correctly depict a fibrous material under tension, it should

follow that the components of the stress measures are positive S(0),S(1),S(2) > 0 in the direction

of the prescribed stretch ū. This could still be achieved using a non-zero micro-boundary force or

displacement, however, a different micromorphic model would need to be formulated. The author thus

developed an alternative micromorphic formulation founded on strain gradient based micro-director

strain. The reader is referred back to Section 4.2 for the derivations of this gradient based method,

referred to as the MDO model henceforth.

The advantage of this MDO model over Sansour’s model is that, for the volume integral in the

variational formulation of Eq. (4.60), Gauss’ divergence theorem can still be used on all of the terms

acting on the micro-scale degrees of freedom, which was shown to not apply to the dominant terms

of Sansour’s model in Eq. (5.22). The reason for this is that for the MDO model only contains micro-

director strain gradients in its mixed-scale and micro-scale strain measures, and thus the subsequent

variant term in the volume integral of Eq. (4.60) is strain gradient based δaαr,l, instead of deformation

based δaαr for the dominant terms in Sansour’s model. For the homogeneous deformation tension beam

example of Section 5.1, but instead using the MDO model, if we were to take a perpendicular cut ∂Bx
through the tension beam’s length (x-axis) at any point, and after applying Gauss’ divergence theorem

to Eq. (4.60) to produce a surface integral representing the internal force acting normal to ∂Bx on the

micro-scale degrees of freedom, in the absence of body forces, and with the external micro-traction

q̂
(n)
αr on the opposite end that keeps the divided member in equilibrium, we arrive at the following

energy balance over micro-scale degrees of freedom

1

2

∫
δBx

[
ζαS̆(1)klFrk + ζαS̆(1)lkFrk + 2 ζβζαS̆(2)mlaβr,m

]
nlδaαr dA−

∫
δBN

q̂(n)αr δaαr dA = 0 . (5.33)

In the case of homogenous deformation, the surface area A of ∂Bx is the same no matter where the cut

along the x-axis is taken, because the cross-section dimensions are the same everywhere, and hence∫
δB

(
[
1

2
ζαS̆(1)klFrk +

1

2
ζαS̆(1)lkFrk + ζβζαS̆(2)mlaβr,m]nl − q̂(n)αr

)
δaαr dA = 0, (5.34)

and since δaα is a free variation, we find that at any perpendicular cross-section ∂Bx in the member[
1

2
ζαS̆(1)klFrk +

1

2
ζαS̆(1)lkFrk + ζβζαS̆(2)mlaβr,m

]
nl = q̂(n)αr . (Homog. def.) (5.35)

In the absence of a boundary micro-traction q̂
(n)
α1 , the same issue of opposing signs for the mixed-scale

and micro-scale stresses in Sansour’s model discussed in Section 5.2 persists here for the MDO model,

whereby S̆(1)α1 ∝ −S̆(2)αα. It is worth noting as a side remark that the use of gradient based strain in

the MDO model allows for negative micro-scale stresses S̆(2)αα < 0 even for micro-director stretching,

so long as the micro-director strain gradient is negative. The crucial difference with the MDO model

in Eq. (5.35) is that when there is indeed a tensile boundary micro-traction, it is now possible to

have both positive stress measures S̆(1)α1, S̆(2)αα > 0. Furthermore, we have shown that this must

be satisfied at all cross-sections of the beam due to Gauss’ divergence theorem, and not just in the
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overall volume integral as with Sansour’s model in Eq. (5.22). This is best illustrated by comparing the

uniform MDO model stresses at Gauss points along the beam’s axis in Figure 5.8, against Sansour’s

model stress in Figure 5.6.
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Fig. 5.8: Homogeneous deformation tension beam example: Graph of MDO model stresses at Gauss

points along beam’s axis for tensile boundary macro-traction t̂
(n)
1 = 0.1 kPa, and tensile boundary

micro-traction q̂
(n)
γ1 = 0.02 kPa on free end (right face). We note that S(0)11 + S(1)γ1 = t̂

(n)
1 , at all points

in the beam. Additionally, we find S(1)γ1 + S(2)γγ = q̂
(n)
γ1 , which was not achieved using Sansour’s

model in Figure 5.6.

The ability of the MDO model to allow for micro-director stretching in the tension beam example,

when all material parameters are positive for various boundary micro-tractions, is visible in Figure

5.9a. The example uses the linear constitutive equations of Eq. (4.66) for the macro-scale and Eq. (4.73)

for the mixed-scale and micro-scale, and has a prescribed zero boundary micro-deformation w̄γ = 0 on

the member’s fixed end. Furthermore, because the strain measures is strain gradient based, it enforces

continuity between adjacent nodes, and thus the relative micro-director deformation is uniform no-

matter the boundary micro-traction, as seen in Figure 5.9b. The author was not able to achieve these

result using Sansour’s model in this study, as per Section 5.2.

It is evident in Figure 5.9a that if a sufficiently large boundary micro-traction is applied, it is possible

to achieve positive micro-director deformations using the author’s MDO model. As such, the afore-

mentioned requirement of S(0),S(1),S(2) > 0 in the direction of the prescribed stretch u is satisfied,

which the author believes motivates that the MDO model represents the physical scenario of a fibrous

tension beam realistically. Having achieved micro-director stretching for bulk material stretching with

strictly positive material parameters, the author posed a new question: what is the minimum boundary

micro-traction required to achieve the desired micro-director stretching, and how does that boundary

micro-traction relate to the boundary macro-conditions? To answer this question, we continue from

Eq. (5.35), and exploit the symmetry of S̆(1), to give

ζαS̆(1)klFrknl + ζαζβS̆(2)klaβr,knl = q̂(n)αr . (5.36)
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(a) Micro-director deformation.
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(b) Relative micro-director deformation. Note: all lines overlap.

Fig. 5.9: Homogeneous deformation tension beam example for the MDO model: micro-boundary force

q̂
(n)
α influence on micro-director deformation along the beam length for prescribed macro-stretch λ =

1.01, and macro-scale linear isotropic material parameters a0 = 6 kPa and b0 = 15 kPa, and linear

mixed-scale and micro-scale material parameters A1 = A2 = 1 kPa.

Next we substitute the stresses with the Green strain and material parameters from the strain energy

functions of Eq. (4.73), such that S̆(i) = AiĔ
(i), and hence

ζαA1Ĕ
(1)klFrknl + ζαζβA2Ĕ

(2)klaβr,knl = q̂(n)αr . (5.37)

We now substitute the right Cauchy-Green strain using Ĕ(i) = 1/2(C̆(i) − C̆(i)0) of Eq. (4.42)-(4.44)

to give

1

2
ζαA1 (aαs,kFsl + aαs,lFsk − 2δkl)Frknl +

1

2
A2ζ

αζβ (aαs,kaβs,l − δkl) aβr,knl = q̂(n)αr . (5.38)

For the tension beam example with homogeneous deformation, the only significant terms are those

in the axis of prescribed deformation: F11 = λ; a1,1; and q
(n)
α1 , and after substituting these terms we

arrive at

A2ζ
αζβa31,1 + 2ζαA1λ

2a1,1 − ζαζβA2a1,1 − 2ζαA1λ = 2q̂
(n)
α1 . (5.39)

The critical minimum boundary micro-traction required to ensure all strain and stress measures are

positive occurs when there are zero micro-director displacements wα1 = 0, as was evident in Figure

5.9a, because as soon as wα1 > 0 all strains and stresses become positive. Therefore, for the special

case of wα1 = 0 along the member, we find a1,1 = 1, and thus Eq. (5.39) simplifies to

ζαA1

(
λ2 − λ

)
= q̂

(n)
α1 . (critical micro-boundary force) (5.40)

Finally, we deduce that the critical minimum micro-boundary force q
(n)
αr depends on the macro-

scale deformation gradient F, the mixed-scale material parameter A1, and the MDO micro-length

ζα. In the case of the simulation example used in this section, where A1 = 1, ζα = 1, and

the prescribed macro-boundary displacement giving λ = F11 = 1.01, we find Eq. (5.40) reduces to
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q
(n)
α1 = 1.012 − 1.01 = 0.0101. This micro-boundary force applied to the MDO simulation produced

the anticipated result of wα1 = 0, and thus confirms the proof. The preceding proof is only directly

used for a macro-scale displacement-driven model, where λ is prescribed. In the case of a macro-scale

force-driven model where t
(n)
α1 is known, we can calculate λ from the macro-equilibrium of Eq. (4.64)

by substituting for the special case of wα1 = 0 such that a1,1 = 1. Once we solve for λ, we can then

substitute λ into Eq. (5.40) to find the required critical micro-traction q̂
(n)
αr .

The need for a boundary micro-condition would seem logical because the total force ftot applied

at the boundary of a fibrous material would generally be split between a portion of force applied

through the bulk material (t̂(n)) and the portion of force applied through the fibres (q̂
(n)
α ), such that

ftot = t̂(n)A+ q̂
(n)
α A. If the MDO model were to be used further, the attributing of boundary forces

between the bulk material and the fibres would require consideration to ensure it reflects the physical

system, and to calibrate the reorientations of the micro-directors as the fibres in the material.

In summary, the author formulated the MDO model and was able to achieve micro-director stretching

in a tension beam using micro-boundary conditions and for strictly positive material parameters,

which was not achieved in this study using Sansour’s model. Furthermore, the author devised a novel

proof for predicting the critical minimum boundary micro-traction required to achieve micro-director

stretching. The potential drawback with the MDO model is that it must have some form of boundary

micro-condition, otherwise the model does not solve. This aspect of the MDO model renders it more

complicated for use in cardiac modelling, given the complexity of applying realistic boundary micro-

conditions to the geometries of the heart. Conversely, it could be questioned whether it is physical

to have a system that solves without the need for micro-boundary conditions, but that discussion

is beyond the scope of this work. The fact that Sansour’s model does not require boundary micro-

conditions means it more easily applied to cardiac modelling, and as such it shall be used instead

of the MDO model for the remaining modelling in this study. It is hoped that with more time and

resources, the capabilities of the MDO model can be explored in cardiac modelling in future work.

5.4 Natural basis vector conversion issue

In the process of implementing the micromorphic model an interesting numerical limitation was un-

covered inadvertently, whereby the following proposed method to convert mixed-scale terms from

natural basis vectors to Cartesian basis vectors was found to be invalid for only one micro-director.

The author determined the cause of the problem and developed the following explanation. The finding

is included in this thesis in the spirit of academic transparency in the hope that the problem can be

avoided by others, and because considerable time was spent uncovering the issue.

The generalized micromorphic variational formulation set out in Section 4.3 uses generalized basis

vectors, or natural bases. In order to make the model implementation into the in-house modelling

software SESKA less time consuming, it was decided at the outset that existing implementations of

Cartesian based constitutive law and stress measures from classical models in SESKA could be reused

with minor adjustments. However, the decision to use Cartesian based implementation requires a

conversion of the strain measures from the natural bases seen Eq. (4.30)-Eq. (4.34) to Cartesian basis

vectors. Finally, the Cartesian stresses are converted back to natural bases, so that it can be inserted
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back into the variational formulation. Note, the conversions are not necessary, but were only needed

in order to reuse Cartesian based implementation.

The aforementioned mixed-scale conversion issue affects strain and stress in the same way, but the

following demonstration is notated with stress S̃
(1)
rγ . The attempted conversions between natural bases

and Cartesian bases were devised from Eq. (1.224) of Holzapfel (2000), which states that for general

bases gj ⊗ gj = I, and hence

gr = (ei ⊗ ei) gr = (gr · ei) ei (5.41)

ei = (gr ⊗ gr) ei = (gr · ei) gr. (5.42)

Therefore, the natural bases stresses were converted to Cartesian stresses using Eq. (5.41)-(5.42) for

G̃r and Ĩγ , which gave

S̃(1)
rγ

(
G̃r ⊗ Ĩγ + Ĩγ ⊗ G̃r

)
(Natural) (5.43)

= S̃(1)
rγ

(
(G̃r · ei) ei ⊗ (Ĩγ · ej) ej + (Ĩγ · ei) ei ⊗ (G̃r · ej) ej

)
(5.44)

= S̃(1)
rγ

[
(G̃r · ei)(Ĩγ · ej) + (Ĩγ · ei)(G̃r · ej)

]
ei ⊗ ej (5.45)

= S̃
(1)
ij ei ⊗ ej (Cartesian). (5.46)

Once the Cartesian based implementation had transformed strain to stress, the process of converting

the Cartesian stress back to natural bases stress was attempted by exploiting

S̃
(1)
ij ei ⊗ ej =

1

2
S̃
(1)
ij (ei ⊗ ej + ei ⊗ ej) (Cartesian). (5.47)

The Cartesian bases were converted back to natural bases using Eq. (5.41)-(5.42) for G̃r and Ĩγ , which

gave

=
1

2
S̃
(1)
ij

(
(G̃t · ei)G̃t ⊗ (Ĩλ · ej)Ĩλ + (Ĩλ · ei)Ĩλ ⊗ (G̃t · ej)G̃t

)
(Natural). (5.48)

This was how the implementation was constructed; however, the model did not solve correctly, but

it was not clear why. After substantial investigation, the author noted the following restrictions to

gj ⊗gj = I from Eq. (1.224) of Holzapfel (2000), which had formed the basis of Eq. (5.41)-(5.42). For

a three-dimensional macro-space and a three-dimensional micro-space (three micro-directors), we find

the following (
G̃t ⊗ G̃t

)
= I &

(
Ĩλ ⊗ Ĩλ

)
= I (t = λ = 1, 2, 3), (5.49)

and thus the conversion from Eq. (5.43) to Eq. (5.46) would be valid. However, for a three-dimensional

macro-space with only a one-dimensional micro-space, we find the following problem(
Ĩλ ⊗ Ĩλ

)
6= I (λ = 1, and 3D macro-space). (5.50)

The statement of Eq. (5.50) would be valid for a truly one-dimensional space; however, the micro-

director has degrees of freedom in three-dimensional space. For example, let us assume a one-

dimensional micro-space in which a0 = e1, and from Eq. (4.23) we find Ĩλ = a0 = e1. We thus

prove Eq. (5.50) as follows

Ĩλ · Ĩλ = e1 · Ĩλ = 1 ∵
(
Ĩλ · Ĩγ = δ.γλ

)
(5.51)

∴ Ĩλ = e1 (5.52)(
Ĩλ ⊗ Ĩλ

)
= (e1 ⊗ e1) 6= I, (λ = 1, Ĩλ = Ĩλ = e1). (5.53)
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As such, the conversion from Eq. (5.43) to Eq. (5.46) would be invalid. It is typically valid for curvi-

linear basis vectors to use the aforementioned property I = gj ⊗ gj from Eq. (1.224) of Holzapfel

(2000); however, the author has shown that it is not valid to use this property when representing

a one-dimensional space S(1) using a single curvilinear basis vector that has degrees of freedom in

three-dimensional space E(3). The property is only valid when the number (m) of dimensions of the

micro-space S(m) compliments the number of dimensions of the macro-space E(m). For the three-

dimensional macro-space E(3) example of this section, the property would only be valid for a three-

dimensional micro-space S(3), and only then could this proposed method of bases conversion be used

correctly. Similarly, for a two-dimensional macro-space E(2) example, a two-dimensional micro-space

S(2) is required for valid bases conversions using this property.

5.5 Strain-dependent anisotropy

The micromorphic model is capable of describing strain-dependent anisotropy, which is useful for

cardiac modelling as muscle fibres respond dominantly for small strains while the ECM responds

dominantly for large strains [21, 26]. This section will examine the strain-dependent anisotropy of the

micromorphic model using the examples of a tension beam and a perforated plate, as both bodies

exhibit anisotropy over small strains but exhibit isotropy over larger strains. The myocardium does

not exhibit isotropy over larger strains, however, an isotropic response is used in these examples to

demonstrate strain-dependent material behaviour most transparently.

5.5.1 Tension beam example

von Hoegen et al. (2017) adapted the example used by Himpel et al. (2008) of a tension beam - with

angled fibres at 30 degrees to the beam’s axis as seen in Figure 5.10a - to highlight the capabilities

of the micromorphic model over the classical model. The findings of von Hoegen et al. are hence

reproduced in this section. The most basic micromorphic model was tested with the tension beam

to ensure transparent representation of its mixed-scale and micro-scale effects. The isotropic strain

energy function of Eq. (4.66) producing a linear material response was used for the macro-scale, as

this ensures all anisotropic behaviour is attributed to the mixed-scale and micro-scale. Additionally,

the strain energy functions of Eq. (4.73) producing a linear material response were used for the mixed-

scale and micro-scale. The transversely isotropic strain energy ψc producing a linear material response

was chosen for the classical model, in order to also make the classical model behaviour as transparent

as possible

ψc =
1

2
AcQ, (5.54)

where Ac is a stress scaling material parameter, and the orthotropic function Q of Usyk et al. (2002) in-

troduced in Section 3.5 in Eq. (3.28) was adapted to produce transversely isotropic material behaviour

by giving two of the preferred material directions equal material parameters as follows

bss = bnn and bfn = bfs. (5.55)

The material parameters used for the micromorphic model and the classical model are given in Table

5.3, and were chosen to produce a high degree of transverse isotropy caused by the preferred material

direction.
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Table 5.3: Material parameters used in the tension beam example with both the classical model

preferred material direction and the micromorphic micro-directors orientated at 30 degrees from the

beam’s axis.

Ac bff bss bnn bfs bfn bsn

Classical 0.3 152 7 7 2.5 2.5 3

units kPa - - - - - -

a0 b0 A1 A2

Micromorphic 40 60 2400 2400

units kPa kPa kPa kPa

Simulations were run for various prescribed horizontal displacements ūx on ∂BD, and no boundary

conditions regarding the micro-director. The behaviour of the micromorphic model compared with the

classical model is seen in Figure 5.10, and it is clear that the micromorphic model allows for distinctly

different deformations from the classical model. For smaller displacements both classical and micro-

morphic models exhibit significant anisotropy by deflecting downwards and produce almost identical

deformations. For larger displacements the classical model deforms to an s-shape because of the pre-

ferred material direction, as anticipated by Himpel et al. (2008) for transverse isotropy. However, the

micromorphic micro-directors can reorientate elastically to achieve an almost homogeneous elongation

of the bulk material (in terms of u) for larger deformations, which could only be achieved by Himpel

et al. using an algorithm that forces the preferred material direction to align with the maximum strain

direction as a dissipative reorientation.

The micromorphic model deformations are consistent with those produced by von Hoegen et al. (2017),

and are pertinent because they confirm the capability of the micromorphic mixed-scale and micro-scale

to replicate a strain-evolving material response for different ranges of deformation. This is particularly

useful for cardiac modelling, because the muscle fibres account for much of the cardiac tissue stiffness

at small strains, whereas the ECM dominates at large strains [26, 21].

5.5.2 Perforated plate example

The tension beam example of Section 5.5.1 was effective for demonstrating the contrast in deformations

between the strain-dependent anisotropy of the micromorphic model and the conventional anisotropy

of a classical model. The following perforated plate example confirms such differences for a more

complex material geometry. The perforated plate has outward prescribed displacements ū on ∂BD on

all four sides, and no micro-boundary conditions. The plate material has a preferred material direction

or micromorphic micro-directors orientated at 45◦ from the horizontal as seen in Figure 5.11.

The same rudimentary linear constitutive laws of the tension beam example in Section 5.5.1 were

again used for the perforated plate; namely the linear transversely isotropic constitutive law ψc for

the classical model, and the linear isotropic macro-scale with linear mixed-scale and micro-scale consti-

tutive law for the micromorphic model. The versatility of the micromorphic model to vary the effect of

strain-dependent anisotropy is highlighted by comparing stiffer micromorphic material parameters in

the strain energy function (labelled with ψ̃1) with more compliant micromorphic material parameters

in the strain energy function (labelled with ψ̃2). The material parameters for the three models tested

are found in Table 5.4.
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(a) The undeformed beam with classical anisotropy direction and micromorphic micro-directors orientated at

30◦ from the beam’s axis.

(b) Prescribed displacement - ūx = 0.75m. Both classical (red) and micromorphic (blue) models exhibit

significant anisotropy by deflecting downwards and produce almost identical deformations for smaller strain.

(c) Prescribed displacement - ūx = 2.25m. The classical model (red) continues to show significant anisotropy,

whereas the micromorphic model (blue) begins to deform isotropically.

(d) Prescribed displacement - ūx = 3.25. The classical model (red) at this larger strain shows severely

anisotropic deformation, however, the micromorphic model (blue) has returned to near perfect isotropic de-

formation.

Fig. 5.10: Tension beam deformations for various prescribed horizontal displacements ūx on ∂BD with

the classical model preferred material direction and the micromorphic micro-directors both orientated

at 30◦ above the beam’s axis. The linear transversely isotropic classical model are shown in red, and

those of the linear micromorphic model with an isotropic macro-scale are shown in blue.
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Fig. 5.11: Perforated plate example in its undeformed configuration with prescribed displacements ū

on ∂BD, and the classical model preferred material direction and the micromorphic micro-directors

both orientated at 45◦ to the horizontal. The sides of the plate are 7.5 m × 7.5 m and the radius of

the perforation is 1.25 m.

Table 5.4: Material parameters used for the perforated plate example.

Ac bff bss bnn bfs bfn bsn

Classical (ψc) 0.3 152 7 7 2.5 2.5 3

units kPa - - - - - -

am bm A1 A2

Micromorphic (ψ̃1) 4 6 150 150

Micromorphic (ψ̃2) 4 6 50 50

units kPa kPa kPa kPa

The deformations of the three models are shown in Figure 5.12. For the smaller displacement condition

of ū = 1.0 m we find non-uniform deformations from the classical transversely isotropic model in Figure

5.12e, and from the stiffer micromorphic model in Figure 5.12a. In contrast, the subtly non-uniform

deformations of the more compliant micromorphic model are seen in Figure 5.12c, thus demonstrating

how the extent of anisotropy can be manipulated as required. The deformation of the classical model

at ū = 3.0 m remains visibly anisotropic in Figure 5.12f, as expected. However, both micromorphic

models are able to return to an isotropic deformation (circular perforation) at larger deformations as

seen in Figure 5.12b and Figure 5.12d. The explanation for this changing behaviour at larger strains

is attributed to reorientations of the micro-directors such that the strain energy is minimized. For

the geometry of the hole plate subjected to biaxial tension, the minimized energy state is that of a

radial symmetric micro-director orientation [90], as seen by the circumferential deformations of the

micro-directors in Figure 5.13. The largest micro-director deformations occur where the magnitude of

the angle between the radial macro-displacements and the initial micro-director orientation is greatest,

as the micro-directors must deform to orientate radially.
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Once more, the micromorphic results produced by von Hoegen et al. (2017) were successfully corrob-

orated in this study. The evidence of anisotropy at smaller strains followed with isotropy at larger

strain achieved from elastic deformation by the micromorphic model promotes its potential usefulness

and suitability for cardiac modelling. Biological tissues generally comprise of a network of components

- each with unique stiffness contributions varying at different strain magnitudes. The sophisticated

material response of strain-dependent anisotropy was only achieved with classical models through

algorithmic treatment and supplementary iterative techniques, such as the methods implemented by

Himpel et al. (2008) or Fausten et al. (2016), and only for dissipative reorientation not elastic reori-

entation achieved with the micromorphic model.

In summary, this chapter has explored the fundamental behaviour of the micromorphic model to

better grasp uniqueness of solutions for the model, and the effect of mixed-scale and micro-scale

material parameters on the deformation of the micro-director and on the overall stiffness response

of the material. Furthermore, the capability of the micromorphic model to exhibit strain-dependent

anisotropy has been demonstrated. Equipped with an enhanced understanding of the micromorphic

model, we now apply the micromorphic model to cardiac tissue modelling in Section 6.
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(a) Stiffer micromorphic model (ψ̃1): ū = 1.0 m. (b) Stiffer micromorphic model (ψ̃1): ū = 3.0 m.

(c) Compliant micromorphic model (ψ̃2): ū = 1.0 m. (d) Compliant micromorphic model (ψ̃2): ū = 3.0 m.

(e) Classical model (ψc): ū = 1.0 m. (f) Classical model (ψc): ū = 3.0 m.

Fig. 5.12: Perforated plate deformations for prescribed displacements ūx on ∂BD using two micromor-

phic models and a classical transversely isotropic model. Undeformed preferred material direction and

micromorphic micro-directors at 45◦ to the horizontal. The micromorphic model displays anisotropy

at ū = 1.0 m, but then isotropy at ū = 3.0 m due to the reorientation of the micro-directors.
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(a) Stiffer micromorphic model (ψ̃1): ū = 1.0 m. (b) Stiffer micromorphic model (ψ̃1): ū = 3.0 m.

(c) Compliant micromorphic model (ψ̃2): ū = 1.0 m. (d) Compliant micromorphic model (ψ̃2): ū = 3.0 m.

Fig. 5.13: Perforated plate micro-director displacements shown as blue vectors for prescribed displace-

ments ūx on ∂BD using a stiffer micromorphic model and a more compliant micromorphic model.

Undeformed preferred material direction and micromorphic micro-directors at 45◦ to the horizontal.

The micro-directors deform circumferentially to align radially in order to minimize the strain energy

function, which is consistent with the results achieved by [90].
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6

Cardiac Models

The fundamental behaviour of Sansour’s micromorphic model was assessed in Section 5. The model is

now applied to cardiac models to assess the potential for the micromorphic micro-director to represent

myocytes of the myocardium. The model will first be calibrated to triaxial shear experiments, and

then further calibrated to a pressure-volume relationship. Subsequently, the passive filling phase of

the left ventricle will be simulated using patient-specific geometry of the left ventricle.

6.1 Calibration of material parameters

The diastolic filling of the left ventricle can only be realistically simulated computationally once

representative material parameters have been established for the strain energy function of the model.

In the case of the proposed novel micromorphic constitutive law, it is necessary to find calibrated

material parameters that can replicate the behaviour of heart tissue. The calibration procedures for

complex non-linear FEM models are usually computationally expensive, in particular if there are

many material parameters to calibrate such as in this micromorphic model, and therefore an efficient

optimization algorithm is employed to facilitate the calibration process.

6.1.1 Bounded Levenberg-Marquardt (BLVM) optimization algorithm

The calibration of material parameters, known as an inverse problem, requires a search for a com-

bination of material parameters that enable the numerical simulation to successfully approximate

experimental data [10]. The optimization algorithms used for material parameter identification can be

divided into two branches: gradient based algorithms [6] and non-gradient based algorithms [30]. The

gradient based algorithms - such as the steepest decent, Levenberg-Marquardt or Gauss-Newton meth-

ods - achieve fastest convergence to a local minimum; however, they are not typically robust in finding

the global minimum and are dependent on the initial parameters selected. In contrast, non-gradient

based methods are superior at finding a solution to a global minimum from a larger parameter range;

however, the convergence to the solution is slower than gradient-based methods.

The optimization algorithm used in this research is the Bounded Levenberg-Marquardt (BLVM) for

least-squares curve fitting problems and is based on the work of Levenberg (1944) and Marquardt

(1963). The method is referred to as bounded because the parameters are confined to acceptable

ranges. The BLVM scheme was implemented by the Computational Continuum Mechanics (CCM)



Group of the University of Cape Town, which was adapted from the MATLAB script of Le Riche and

Guyon (2000). Additionally, the scheme was supplemented in this study with simple error handling,

assigning a large default error when the script reached divergent mixed-scale and micro-scale material

parameter combinations to enable the script to continue its search without terminating. The cost

function that must be minimized is formulated using the difference between the numerically simulated

results and experimental data. The algorithm for the BLVM method is outlined in Figure 6.1.

  

Starting parameter set

(with bounding ranges set)

Numerical simulation

New parameter set

Cost function calculated

(difference between simulation 
and experimental data)

Converged?

Successful convergence

(calibrated parameters found)

No

Fig. 6.1: Flowchart of the Bounded Levenberg-Marquardt (BLVM) algorithm used for the calibration

of micromorphic model material parameters.

The cost function used by the algorithm was based upon the sum of squared error (SSE), which was

converted into a performance index (PI) based upon the number of calibration experiments m, as per

Eq. (6.1).

SSE =
n∑
i=1

(
xi(model) − xi(data)

)2
; PI =

SSE

2m
(6.1)

6.1.2 Triaxial shear experiments

The invasive nature of mechanically testing cardiac tissue has lead to a shortage of data on human

samples. Until recently the experiment conducted by Dokos et al. (2002) on porcine cardiac tissue

was considered a close substitute for human cardiac tissue, and was used by von Hoegen et al. (2016)

to calibrate a similar micromorphic model. However, there is now data available for human cardiac

tissue courtesy of the biaxial experiments [80] and subsequent triaxial shear tests by Sommer et al.

(2015). The triaxial shear experiments involved shearing myocardial tissue sample along the 6 local

fibre-specific planes, as seen in Figure 6.2, and were used for calibration in this study.

The results achieved by Sommer et al. are consistent with the porcine results of Dokos et al.; both

found the two shear planes of FS and FN to be stiffest, with porcine tissue having as much as twice

62



the stiffness of human tissue for those shear modes. Further, both studies found the shear planes of

NF and NS to be most compliant. Hussan et al. (2012) were able to distinguish myocyte contributions

in FN and FS modes, whereas NS and NF modes were attributed to the p-chain network of the ECM

that bind myocytes together.

Fig. 6.2: Triaxial shear experiment: the 6 simple shear modes for a cube of myocardium tissue in

terms of the tissue’s local axes with respect to the muscle fibre f0, sheet s0, and the sheet-normal n0

directions [81].

The myocardium tissue cubes excised for the experiments performed by Sommer et al. were 4 mm × 4 mm × 4 mm

in size. They investigated the micro-structure of the myocardium using second-harmonic generation

(SHG) microscopy and were able to aggregate the dispersion of the fibre direction. The myocytes were

found to rotate by 14.8◦ ± 6.9◦ per mm depth. The fibre dispersion for the calibration model with

sides of 4mm was therefore calculated to total 60◦, where the epicardium side of the cube was given

an angle of +30◦ and the endocardium an angle of −30◦. The top and bottom surfaces of the cube

were glued to plates, and the bottom surface was fixed while the top surface was sheared without any

rotations allowed to the top and bottom surfaces. The boundary conditions applied to the cubes were

such that uf = us = un = 0 mm on the bottom surface, and only one non-zero displacement on the

top surface, such as uf = 2 mm and us = un = 0 mm for SF and NF modes. This achieved 0.5 shear

strains, sufficient to show the non-linearity of the tissue’s stiffness. No boundary conditions on the

micro-director (wD) were prescribed, as further investigations into the consequence of micro-director

boundary conditions are needed.

The micro-director internal length scale was set to lα = 1 × 10−6 m in order to render the higher-

order contributions attributed to K̃
(i)
α negligible, so that the micromorphic mixed-scale and micro-

scale effects would be easier to interpret. The BLVM algorithm introduced in Section 6.1.1 was used

to calibrate the macro-scale parameters A0, bff , bss, bnn, bfs, bfn, bsn from the non-linear orthotropic
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macro-scale strain energy function of Eq. (4.68) and Eq. (4.69), where the compressibility coefficient

was fixed at Acomp = 100 kPa as per [79]. The mixed-scale and micro-scale material parameters of

A1, B1, A2, B2 from the non-linear strain energy functions of Eq. (4.74) were also calibrated in this

process. Convexity of the strain energy function is important and it needs to be positive definite

[36, 92]; this was enforced by keeping all material parameters positive , except B1 and B2 which can

be negative as they influence non-linearity only.

Even though the BLVM algorithm is relatively robust, it is still susceptible to converging to a local

minimum, and not the global minimum of best fitting parameters, depending on what the starting

material parameters are for the algorithm. The large number of material parameters in this model

introduces the curse of dimensionality with respect to the choice of starting parameters for the cali-

bration [2]. The problem is such that as the number of parameters increases, the number of starting

points for calibrations grows exponentially if an exhaustive calibration is desired [64]. Furthermore,

the interdependence of micro-parameters was proven in the numerical example of Section 5.5.1, and

this further compounds the curse of dimensionality problem.

The risk of finding a local minimum solution was mitigated by choosing various starting parameter

values for the algorithm, and a recurring global minimum was achieved to satisfy reasonable confi-

dence in the calibrated solution. The calibrated material parameters for the micromorphic model (ψ̃)

are found in Table 6.1, and it is worth noting that the result gave a near linear mixed/micro-scale

constitutive law because B1 ≈ B2 ≈ 0.

Table 6.1: Calibrated material parameters from triaxial shear experiments on left ventricular muscle

tissue for the micromorphic model (ψ̃(0), ψ̃(1), ψ̃(2)), the equivalent macro-scale classical non-linear

orthotropic model (ψe), and the classical non-linear orthotropic model (ψc) calibrated in Rama and

Skatulla (2018).

Parameter Value Units

macro-scale ψ̃(0) ψe ψc

A0 0.284 0.284 0.19 kPa

Acomp 100 100 100 kPa

bff 21.03 21.03 23.92

bss 8.02 8.02 5.89

bnn 0.22 0.22 0.59

bfs 10.68 10.68 12.74

bfn 8.12 8.12 10.19

bsn 9.71 9.71 11.70

mixed-scale ψ̃(1)

A1 26.72 - - kPa

B1 0.00 - -

micro-scale ψ̃(2)

A2 0.029 - - kPa

B2 0.0066 - -

lα 1× 10−6 - - m
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The calibration results can be seen in Figure 6.3, and the error performance index for the micromorphic

model was PI = 2.44× 10−3. The same shear experiment calibration was done by Rama and Skatulla

(2018) using the classical non-linear orthotropic model (ψc) proposed by Usyk et al. and previously

outlined in Section 3.5. Rama and Skatulla’s results were also plotted on Figure 6.3, and it can be

seen that the micromorphic model has improved the calibration over the classical model, particularly

for the largest shear modes of FS and FN. However, it is noted that the shear mode of NS was not

as close to the measured data. The classical model gave an error of PI = 3.81× 10−3, and therefore

the micromorphic calibration improved the performance index by 36%. The calibration appears better

from a qualitative perspective than that achieved by the micromorphic model of von Hoegen et al.

(2016) on similar porcine tissue shear experiments, particularly for shear modes FS and FN.

The effect of the mixed-scale and micro-scale in the micromorphic model was made visible by plotting

the equivalent classical non-linear orthotropic model (ψe) in Figure 6.3, proposed by Usyk et al. and

previously outlined in Section 3.5, using the same macro-scale material parameters of the micromor-

phic model. It is worth noting that it was confirmed in simulations that the micromorphic model

gives the same results as the equivalent macro-scale classical model as the micro-parameters tend

to zero: A1, A2 → 0 kPa. However, it is not possible to run a model with A1, A2 = 0 kPa as the

stiffness matrix is ill-formed. The gross difference and percentage difference in shear stress between

the micromorphic model and equivalent macro-scale classical model can be seen in Figure 6.4a and

Figure 6.4b, respectively. The percentage difference decreases with larger strain, which compliments

the hypothesis that the motion of myocytes relative to the ECM is predominantly mobilized at smaller

strains. For this set of material parameters the shear modes SF and SN are most influenced by the

mixed-scale and micro-scale. However, it was observed that for other local minimum calibrations with

different final mixed-scale and micro-scale material parameters, the mixed-scale and micro-scale could

affect different combinations of shear modes. This should be investigated in future work to ensure the

mixed-scale and micro-scale contributions match the actual contributions due to non-affine myocyte

motion that have been experimentally determined once such data is available.

The larger contribution of the SN and SF shear modes is explained in part by the fact that the micro-

director is activated and displaced, as seen in the magnitude of micro-director displacements |δw| in

Figure 6.5. Conversely, shear modes FS and NS did not have a noticeable mixed-scale and micro-scale

contributions and the micro-directors were barely displaced. It is not clear why the contributions

from shear modes FN and NF were negligible, even though there were significant micro-director

displacements. It is hypothesized by the author that those displacements are energy minimizing, such

that it makes a minimum contribution to the boundary macro-traction vector t̂(n) in Eq. (4.57)

through term S̃
(1)
jβ aβr, by displacing the micro-director wβ away (perpendicular) from the plane of

macro-displacements u, and hence nullifying its contribution.

The shear mode FS did not seem to have a noticeable mixed-scale and micro-scale contribution, which

corroborates with the simple shear example of von Hoegen et al. (2017), and their explanation for this

is now expanded upon by the author. For simple shear of ∂u2/∂X1 = γ and fibres orientated such

that f0 = a0 = e1, we find the right Cauchy-Green strain C̃(1) with

F =


1 0 0

γ 1 0

0 0 1

 , a =


1 + w1

w2

w3

 , C̃
(1)0
jβ = ITa0 =


1

0

0

 , (6.2)
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(a) Shear mode: FS.
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(b) Shear mode: FN.
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(c) Shear mode: SF.
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(d) Shear mode: SN.
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(e) Shear mode: NF.
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(f) Shear mode: NS.

Fig. 6.3: The orthotropic micromorphic model (ψ̃) calibration graphs against triaxial shear experiment

data from Sommer et al. (2015) on human cardiac tissue. The equivalent macro-scale classical model

(ψe) is presented to highlight the micromorphic mixed-scale and micro-scale contributions, and the

classical orthotropic model (ψc) results of Rama and Skatulla (2018) are displayed for comparison.
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Fig. 6.4: Influence of mixed-scale and micro-scale (ψ̃(1), ψ̃(2)) on all triaxial shear modes for the

calibrated micromorphic model highlighted by difference against equivalent classical model with the

same macro-scale parameters [σ(ψ̃)− σ(ψe)].

(a) Shear mode: FS. (b) Shear mode: FN. (c) Shear mode: SF.

(d) Shear mode: SN. (e) Shear mode: NF. (f) Shear mode: NS.

Fig. 6.5: The calibrated micromorphic model for the triaxial shear experiments: contour plots display-

ing the magnitude of displacement of the micro-directors |δw|.

C̃
(1)
jβ = FTa = Frjaβr =


1 γ 0

0 1 0

0 0 1




1 + w1

w2

w3

 =


1 + w1 + γw2

w2

w3

 (6.3)

and then the mixed-scale Green strain Ẽ(1) with
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Ẽ
(1)
jβ = C̃

(1)
jβ − C̃

(1)0
jβ =


w1 + γw2

w2

w3

 . (6.4)

The mixed-scale Green strain Ẽ(1) is the only mixed-scale and micro-scale strain that can directly

influence the macro-scale traction vector t(n) in Eq. (4.57), because the micro-scale strain Ẽ(2) does

not feature. It can be seen that the influence of γ is reduced by the small displacements of w2. Let us

compare this to a shear mode that has a more defined mixed-scale and micro-scale contribution such

as the SF mode. For simple shear of ∂u1/∂X2 = γ and fibres orientated such that f0 = a0 = e1, we

find the following mixed-scale Green strain:

F =


1 γ 0

0 1 0

0 0 1

 , a =


1 + w1

w2

w3

 (6.5)

C̃
(1)
jβ = FTa = Frjaβr =


1 0 0

γ 1 0

0 0 1




1 + w1

w2

w3

 =


1 + w1

γ + γw1 + w2

w3

 (6.6)

Ẽ
(1)
jβ = C̃

(1)
jβ − C̃

(1)0
jβ =


w1

γ + γw1 + w2

w3

 . (6.7)

For the SF shear mode γ is not diluted through multiplication with wi, and therefore it can have a

greater influence on t(n) and thus the material stiffness. The shear cube models used for calibration

included fibre dispersion f0 = a0 ∼ e1, therefore the response is not as idealized as shown in Eq.

(6.2)-(6.7), but is still indicative. It would be of interest to establish if the that the mixed-scale strain

of the MDO micromorphic model is activated more consistently across the different shear modes,

because of its differing mixed-scale strain formulation in Eq. (4.43), and this should be investigated

in future work.

The mixed-scale influence was limited to a one-dimensional fibre-continuum (one micro-director) with

no directional preference regarding relative shear motion between fibre and surrounding matrix. By

choosing the micro-space to be three-dimensional, it would be possible to account for different relative

shear motion stiffness with respect to FS and FN. Furthermore, the mixed-scale was limited to an

isotropic response for this study; however, it is possible to use orthotropic constitutive law for the

mixed-scale too. These additions should be utilized to improve the calibration in future studies.

6.2 Diastole of the left ventricle

This section describes the patient-specific ventricular geometry and corresponding boundary con-

ditions used to model diastole of the left ventricle. A secondary calibration to a pressure-volume

relationship is detailed, and results from the diastole simulation are presented.

6.2.1 Patient-specific ventricular geometry

At the advent of numerical modelling of the cardiac cycle, simplified geometries of the ventricles were

used, such as an ellipsoid. Nowadays it is possible to model the heart more accurately using patient-
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specific data that better approximates the real geometry of an individual’s heart. This study uses left

ventricle patient-specific data processed by Hopkins (2017) who took 3D cardiac magnetic resonance

(CMR) scans of the human heart provided by Cape Universities Body Imaging Centre (CUBIC),

Faculty of Health Sciences UCT, Groote Schuur Hospital, Cape Town, South Africa. The data was

processed into 3D models suitable for finite element simulations using the specialised segmentation

software Simpleware. The resulting left ventricle geometry can be seen in Figure 6.6, along with the

muscle fibre angles of +66◦ for the endocardium and −51◦ for the epicardium, as per Skatulla and

Sansour (2016). The rest sarcomere lengths were prescribed as 1.91µm on the epicardium surface and

1.78µm on the endocardium surface [79]. The 2014 data was used in this study, which gave an end

systolic volume (ESV) of 73 ml and an end diastolic volume (EDV) of 146 ml [37]. These values were

used to calibrate the left ventricle model to its pressure-volume curve.

  

αendo=+66°

αepi=-51°

Fig. 6.6: Patient-specific left ventricle geometry for sim-

ulations from CUBIC data [37], with prescribed muscle

fibre orientations at the endocardium and epicardium.

uz = 0

0 kPa < P < 1.5 kPa

k = 0.1 kN/mm

Fig. 6.7: Boundary conditions applied to left ventricle

model.

6.2.2 Boundary conditions

The choice of boundary conditions should mimic the biophysics of the left ventricle system as re-

alistically as possible, whilst maintaining a numerically stable simulation. Dirichlet conditions were

applied to the base to disable it from displacements in the vertical direction [1], because any struc-

tural analysis problem including the heart must be fixed at a certain location in space such that its

deformation can be computed relative to it. In this sense, the rigid-body motion of heart including

inertia-related effects are not reproduced but its deformation causing stress and strain can be expected

to be reasonably accurate. Furthermore, the blood vessel valves at the base of the ventricle are stiff

and restrict displacements [47].

uz = 0 on ∂BD (6.8)
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To restrict the ventricle from rotation in the plane of the base, a circumferential elastic line force

Neumann boundary condition of 0.1 kN/mm was applied along the epicardium and endocardium

edges of the base, as this would still allow some dilation of the heart wall at the base. Another

Neumann boundary conditions was applied to the surface of the endocardium as a cavity pressure P

which increased from 0 kPa to 1.5 kPa. This replicated the pressure increase as blood fills the ventricle

during passive filling. The location of all the boundary conditions can be seen in Figure 6.7.

6.2.3 Pressure-volume curve

The calibrated material parameters listed in Table 6.1 from the triaxial experiments were applied to

the left ventricle model. The triaxial shear calibration was achieved using human tissue data; however,

the data was presented as mean values from a collection of samples, and thus a secondary calibration

was required to better fit the model to the patient-specific heart geometry. This process was also

necessary for Sack et al. (2016) who needed to adjust material parameters across species; porcine

shear experiment calibrations were then re-calibrated to the pressure-volume curve of rat left ventricle

data [5].

The patient-specific left ventricle had an end systolic volume (ESV) of 73 mL, and an end diastolic

volume (EDV) of 146 mL for an end diastolic pressure of 1.5 kPa. It was decided that the muscle

fibre contributions had already been accounted for in the shear experiment calibration, and therefore

only the stiffness of the ECM would be adjusted in this pressure-volume calibration through the

macro-scale stress scaling parameter A0. The value of A0 = 0.284 kPa taken directly from the triaxial

shear experiments gave an EDV of 136 mL, which falls well within an acceptable range for a typical

EDV, and therefore A0 did not require much adjustment. This finding serves as good model and

data validation. The successful calibration of pressure-volume is seen in Figure 6.8, and the calibrated

material parameter is A0 = 0.194 kPa. The results of a mesh convergence analysis are also given

in Figure 6.8, and the mesh refinement accuracy had sufficiently converged at a mesh size of 1761

particles, thus this mesh size was selected for the remainder of this study.

The classical non-linear orthotropic model (ψc) of Rama and Skatulla (2018) introduced in Section

6.1.2 was again used to validate and critique the micromorphic model results in the passive filling

models. Interestingly, the material parameters for ψc shown in Table 6.1 for the triaxial shear experi-

ments were used for the same patient-specific left ventricle model and achieved an EDV of 147.0 mL,

which is extremely close to the target EDV of 146.0 mL, and therefore the material parameters were

left unchanged. Similarly, the calibrated micromorphic material parameters were run in the equiva-

lent macro-scale classical model ψe with A0 = 0.194 kPa, and the EDV achieved was 149.2 mL, and

therefore the micromorphic mixed-scale and micro-scale contribution reduced the EDV by 3.2 mL.

6.2.4 Left ventricle models

The main objective of this research project is to assess the suitability of the micromorphic continuum

model to simulate cardiac mechanics. This section contains results of simulations on the passive

filling phase of the human left ventricle. The classical non-linear orthotropic model (ψc) of Rama and

Skatulla (2018) introduced in Section 6.1.2 is used to validate and critique the deformations of the

micromorphic model. The micromorphic model and classical model (ψc) displacement fields at the end
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Fig. 6.8: Left ventricle pressure-volume curve during the passive filling phase for the calibrated micro-

morphic model with the macro-scale stress scaling parameter of A0 = 0.194 kPa. Mesh convergence

analysis using A0 = 0.194 is shown, with the refined mesh of 1761 particles chosen for the remainder

of study.

of diastolic filling are seen in Figure 6.9, and both exhibit similar patterns. The apex deforms more

than the base, which is consistent with the constraining effects of the valves at the base of the heart.

Also, both models deform more along the shorter diameter in the axis of the base. Subtle differences

(a) Micromorphic model ψ̃. (b) Classical model ψc.

Fig. 6.9: Model displacement fields for left ventricle at end of passive filling.
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are evident in the fact that the classical model has larger relative displacement at the apex, whereas

the micromorphic model has larger relative displacement on the short diameter towards the base.

The primary advantage of the micromorphic model for cardiac modelling is the ability to assign the

muscle fibre orientation to the micromorphic micro-director. The muscle fibre orientation and stretch

is of great importance to evaluate the behaviour of the ventricle. Spotnitz et al. (1974) found that the

heart walls undergo larger transversal contraction during diastolic filling which has been attributed to

fibre rearrangement resulting in a denser packing. The strain and stress relative to the muscle fibre is

therefore displayed in Figure 6.10 and Figure 6.11, respectively. It was found in the work of Humphrey

(a) 0.5kPa. (b) 1.0kPa. (c) 1.5kPa.

Fig. 6.10: Cross-section of left ventricle strain relative to muscle fibres at three intervals during passive

filling using the micromorphic model.

(a) 0.5kPa. (b) 1.0kPa. (c) 1.5kPa.

Fig. 6.11: Cross-section of left ventricle stress relative to muscle fibres at three intervals during passive

filling using the micromorphic model.
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and Yin (1989) and separately by Granzier and Irving (1995) that peak strains in the myocardium

develop at the endocardium [72], which is consistent with the results by the micromorphic model.

The restriction on movement of the base of the ventricle caused by the elastic boundary condition has

resulted in larger stresses developing towards the base of the heart which is to be expected. Similarly,

we notice slightly larger stresses on the long diameter of the base because it did not deform as much

due to the asymmetric geometry of the ventricle. The apex of the ventricle did not develop as much

stress due to its larger wall thickness.

Muscle fibre reorientation

The ability of the micro-director to represent myocytes is crucial to the utility of the micromorphic

model in cardiac mechanics. The two responses of reorientation and stretching of the micro-director

during passive filling are the most suitable metrics to assess the micro-director’s mimicry of the muscle

fibres. However, there was a lack of clinical data to do this adequately. The clear advantage of the

micromorphic model over classical models is the potential for the micro-director to move independently

from the bulk material, which is referred to as non-affine motion. The non-affine motion of the micro-

director is something that can be discussed in the absence of data for validation.

For classical mechanics the evolution of the undeformed myocytes V
0(c)
f to the deformed myocytes

V
(c)
f is controlled by the deformation gradient, such that V

(c)
f = FV

0(c)
f . This means that the myocyte

deforms in the same way as the bulk material or ECM. However, the micromorphic model includes the

myocytes in its degrees of freedom, and therefore the displacement δwf of the undeformed myocytes

Af to the deformed myocytes af is solved intrinsically in the model and simply extracted from the

global displacement vector d. A comparison of the myocyte orientations at the end of diastolic filling

for the micromorphic myocyte af and the classical myocyte V
(c)
f is seen in Figure 6.12. The final

myocyte orientations are similar, which is to be expected considering that in actuality the myocytes

are constrained by the ECM. However, on closer inspection there are differences between the two

approximations. The classical mechanics myocyte reorientation and stretching in terms of displacement

δV
(c)
f is calculated as

δV
(c)
f = (F− I) V

0(c)
f . (6.9)

The micromorphic myocyte reorientation and stretching in terms of displacements δwf is solved

directly in the model, and is merely extracted from the global displacement vector d. To get a better

understanding of the level of non-affine motion of the micro-director to the ECM, the comparison of

the micro-director displacement δw against the classical displacement δV
(c)
f is seen in Figure 6.13.

From a qualitative perspective it is clear that non-affine reorientation of the micro-director is possible

with areas of significant differences in δwf and δV
(c)
f .

A quantitative analysis of the non-affine motions of δwf against δV
(c)
f at three nodes on the epicardium

of the left ventricle is presented in the graphs of Figure 6.14. The graphs show a strong trend as the

micro-director displacement δwf is almost completely opposite to that of the classically computed

displacement δV
(c)
f . This finding can perhaps be explained by the effect of the material parameters of

the mixed-scale and micro-scale documented in Section 5.1.2, where micro-director displacements can

be the opposite of macro-scale displacements. The finding of δwf against δV
(c)
f is promising in the

sense that non-affine motion of the micro-director relative to the ECM is certainly possible. However,
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(a) Myocyte orientation: micro-director af . (b) Myocyte orientation: classical V
(c)
f .

Fig. 6.12: Myocyte orientation represented by the micro-director orientation af compared with classical

myocyte orientation V
(c)
f at the end of diastolic filling using the micromorphic model.

(a) Myocyte displacement: micro-director δwf . (b) Myocyte displacement: classical δV
(c)
f .

Fig. 6.13: Myocyte reorientation represented by the micro-director displacement δwf and classical

myocyte displacement δV
(c)
f at the end of diastolic filling using the micromorphic model.

74



0 0.5 1 1.5
Pressure (kPa)

-0.1

-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

N
od

e 
59

0 
- 

di
sp

la
ce

m
en

t (
m

m
)

Vf
x

a
x

Vf
y

a
y

Vf
z

a
z

(a) Node 590.

0 0.5 1 1.5
Pressure (kPa)

-0.1

-0.05

0

0.05

0.1

0.15

N
od

e 
10

42
 -

 d
is

pl
ac

em
en

t (
m

m
)

Vf
x

a
x

Vf
y

a
y

Vf
z

a
z

(b) Node 1042.

0 0.5 1 1.5
Pressure (kPa)

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

N
od

e 
17

44
 -

 d
is

pl
ac

em
en

t (
m

m
)

Vf
x

a
x

Vf
y

a
y

Vf
z

a
z

(c) Node 1744.

Fig. 6.14: Graphs of micromorphic myocyte displacements δwf compared with classical myocyte dis-

placements δV
(c)
f to highlight non-affine myocyte motion relative to the ECM at three nodes on the

epicardium of the left ventricle. Exact locations of nodes can be seen in Figure 6.13: node 1744 is at

the base, node 1042 is in the middle, and node 590 is near the apex.

for the micro-director to represent myocytes accurately, a smaller difference in δwf and δV
(c)
f would

seem more realistic, given that the muscle fibres are constrained in the ECM. Alternatively, given

that the displacement of the micro-director was almost entirely opposite that of the ECM for this

specific material parameter combination, a mirrored correlation between the myocyte mf and the

micro-director mf ∝ −af could be explored.

The assessment of the micro-director reorientation and stretching in relation to clinically observed

myocyte reorientations is excluded from the scope of this work due to a lack of experimental data.

Papadacci et al. (2017) were able to map myocardial fibre orientation and its reorientation over

time with a temporal resolution of 10 ms using non-invasive ultrasound-based imaging technique

called 3D Backscatter Tensor Imaging (BTI). This very promising technology would be of great use

to better validate the reorientation of the micro-directors. The testing of further combinations of

material parameters for the mixed-scale and micro-scale should be done in future work to calibrate

the micro-director reorientation. However, this is likely to be an intensive process, given the abundance

of material parameter combinations of the mixed-scale and micro-scale that affect the micro-director

displacement. Furthermore, the fact that muscle fibres are constrained by the tissue matrix of the ECM

would potentially involve some additional linkage of the macro-scale to the mixed-scale/micro-scale

in the model, for example by using the penalty method.

In summary, non-affine reorientation of myocytes represented as micromorphic micro-directors relative

to the ECM has been definitively achieved. However, the accuracy of the reorientation relative to clin-

ically observed myocyte reorientation has not been assessed due to lack of data and scope limitations.

Empirically, it would seem that the non-affinity of the reorientation is too pronounced, but it is hoped

with more time and resources this could be improved in future work through more testing of material
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parameter combinations, the inclusion of the penalty method to constrain the micro-directors in the

ECM, and the incorporation of micro-boundary conditions which was not investigated here.
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7

Conclusion

The main aim of this research was to test the suitability of the micromorphic continuum model, which

was implemented by the author into the in-house software SESKA, to describe cardiac tissue. The

testing was done in two stages: firstly, the fundamental behaviour of the micromorphic model was

assessed using simple numerical examples; and secondly, cardiac tissue experiments were replicated

and the passive filling phase of the left ventricle was simulated. The majority of the modelling in

this study was done using Sansour’s micromorphic model, which showed significant improvements in

cardiac tissue simulations compared with those of a leading classical model. In addition, the author’s

own interpretation of the micromorphic model was developed and implemented, and it was successful

in avoiding potential numerical artifacts found in Sansour’s micromorphic model. The findings of the

study will be summarized in this chapter, and recommendations will be made for future work using

the micromorphic model in cardiac mechanics.

7.1 Summary of cardiac models

This study found that Sansour’s generalized micromorphic model has good potential to model the

heart, and improvements over classical models were achieved. The steps taken to evaluate this micro-

morphic model with cardiac simulations, and the subsequent findings from the cardiac modelling are

summarized as follows.

Firstly, the necessary orthotropic constitutive law for modelling cardiac tissue using a micromorphic

continuum was developed in Section 4.4, and it was possible to attribute separate strain energy

functions for each of the kinematic scales (ψ̃(0), ψ̃(1), ψ̃(2)). The macro-scale was given a non-linear,

orthotropic constitutive law based on ψ̃(0), which would represent the ECM of the myocardium. The

mixed-scale was given a non-linear constitutive law based on ψ̃(1), as it would represent the linkage,

shearing and friction between the ECM and the myocytes. Finally, the micro-scale was also represented

using a non-linear constitutive law based on ψ̃(2), as it would represent the myocytes. The ability to

distinguish the strains of the components of cardiac tissue and to apply corresponding constitutive

equations is a very beneficial property of the micromorphic model.

The micromorphic model was calibrated for cardiac tissue using data from triaxial shear experiments

performed on human cardiac tissue by Sommer et al. (2015). The BLVM algorithm was employed

to facilitate the calibration, and a range of starting material parameter combinations was tested to

avoid reaching local minima. The error performance index of Eq. (6.1) for the calibrated micromorphic



model was PI = 2.44× 10−3, whereas the same calibration of a classical non-linear orthotropic model

(ψc) done by Rama and Skatulla (2018) gave an error of PI = 3.81× 10−3. Therefore, the calibration

using Sansour’s micromorphic model improved the performance index by 36%, and noteworthy im-

provements were made to the largest shear modes of FS and FN. The stress contributions from the

mixed-scale and micro-scale were highlighted, and the author was able to build upon the analytical

explanation offered by von Hoegen et al. (2017) to explain why certain shear modes activate the

mixed-scale and micro-scale stress contributions more than other modes.

The micromorphic model was then used to model diastole of the left ventricle using patient-specific

data of ventricular geometry courtesy of CUBIC, which had been processed by Hopkins (2017). The

stress-scaling parameter A0 was recalibrated to reach the target EDV of 146 mL. It was encouraging

to note that the previously calibrated value of A0 from the triaxial experiments gave an EDV of

136 mL, which was already well within in an acceptable range. The calibrated micromorphic material

parameters were run in the equivalent macro-scale classical model ψe and the EDV achieved was

149.2 mL, therefore the micromorphic mixed-scale and micro-scale contributions reduced the EDV by

3.2 mL. The micromorphic left ventricle model produced similar deformations to the classical model

ψc [66], and peak fibre strains in the myocardium developed at the endocardium of the model, which

is consistent with the findings of Humphrey and Yin (1989) and separately of Granzier and Irving

(1995).

The primary advantage of the micromorphic model for cardiac modelling is the ability to assign the

muscle fibre orientation to the micromorphic micro-director, as the muscle fibre orientation and con-

tracting/stretching are of great importance to evaluate the behaviour of the ventricle. The benefit of

the micromorphic model over classical models is the potential for the micro-director to move indepen-

dently from the bulk material, which is referred to as non-affine motion. Due to the lack of available

clinical data on muscle fibre reorientation, the focus of the modelling was placed on the non-affine

motion of the micro-director relative to the ECM. A quantitative analysis of the non-affine motions

of the micro-director δwf against classically computed displacements δV
(c)
f at three nodes on the

epicardium of the left ventricle concluded that non-affine motion of the myocytes is definitely possible

using the micromorphic model. However, a lack of experimental data and the scope of this project

meant that the accuracy of the myocyte reorientation using the micro-directors was not determined.

7.2 Summary of numerical examples

The key characteristics of Sansour’s micromorphic model were explored using simple model geometries,

in order to make more informed decisions when applying the model to cardiac simulations. The findings

of the numerical examples of Section 5 are now summarized as follows.

The numerical examples commenced with the illuminating problem of a simple tension beam under

homogeneous deformation. The tension beam example was useful in showing the existence of scenarios

without a unique solution, for which the micromorphic model does not solve. This phenomenon occurs

for material parameter sets where the mixed-scale parameter A1 and the micro-scale parameter A2

are related such that A1 ≈ −A2, provided there is no boundary micro-condition. The author was able

to devise a novel proof for this, by breaking down the mixed-scale and micro-scale stress terms in the

micro-equilibrium equation; first into the associated material parameters and strain measures, and
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then further into the deformation terms that constitute the strain measures. From that point, a cubic

equation was derived in Eq. (5.10) relating the macro-deformation gradient F, the micro-deformation

aγ , and the material parameters A1, A2.

It was shown by the author that when A1 ≈ −A2 there exist two energy minimizing micro-director

deformations - an equidistant stretch or compression - that satisfy the cubic equation of Eq. (5.10).

The existence of two equally suitable solutions causes the model to not solve. The author also noted

the ability to calculate the micro-director deformation of a homogeneous deformation tension beam

problem without running the model, but instead by simply finding the roots of Eq. (5.10), and selecting

the root that is closest to aγ1 → 1. Alternatively, if the desired director displacement was known along

with one of the mixed/micro parameters, it is possible to find the other corresponding calibrated

mixed-scale/micro-scale parameter by substitution using Eq. (5.10), without the burden of calibrating

from models using a calibration script.

The tension beam example was also used to show that the type of the micro-director deformation

(stretching or contracting) under axial tension was dependent on the ratio of the material parameters

A1 : A2. The author was able to attribute this behaviour to the equilibrium equations. Furthermore, it

was explained in Section 5.1.2 why the micro-director can only contract if A1, A2 > 0, even though the

member is under tension, and why the micro-director can make the overall material stiffer or softer in

terms of the required macro-boundary traction t̂(n), depending on whether the micro-director stretches

or contracts.

The fact that the micro-directors contract when the member is under tension using Sansour’s model

does not match what is expected of a fibrous material under axial stretching in reality - the fibres in

turn would also be expected to stretch. The author thus decided that boundary micro-conditions might

enforce realistic deformations. However, it was found in Section 5.2 that Sansour’s micromorphic model

gave spurious, non-physical micro-director deformations that were negative in sections of the member,

for either prescribed positive micro-boundary force q̂
(n)
γ or displacements w̄γ . The probable cause of

this issue was identified by the author and relates to Sansour’s use of an analytical micro-derivative of

x̃ with respect to ζα, which results in deformation based strain measures aγ , instead of conventional

strain gradient based measures aγ,i. The cause was described in terms of the variational formulation

using Eq. (5.22), and further supported by analyzing the partitioned FEM equation system resulting

in Eq. (5.28).

This motivated the author to devise an alternative micromorphic model, named the MDO model, which

was set out in Section 4.2 and Section 4.3.2. It was shown in Section 5.3 that the MDO model was

able to achieve micro-director stretching for the beam under tension using boundary micro-conditions,

whilst maintaining all positive material parameters A1, A2 > 0 and with the desired physical result

of all positive stress terms S(0),S(1),S(2) > 0 in the deformation direction. This scenario was not

achieved with Sansour’s model in this study. Furthermore, the author devised a novel proof ending

in Eq. (5.40) for the critical minimum boundary micro-traction q̂
(n)
α1 = ζαA1

(
λ2 − λ

)
of Eq. (5.40)

required to achieve micro-director stretching for the MDO model.

The author discovered a numerical limitation when converting the mixed-scale stress and strain tensors

between Cartesian bases and natural bases, and an explanation for the problem was given in Section

5.4. The crux of the issue stems from using the curvilinear basis vectors property gj ⊗ gj = I from

Eq. (1.224) of Holzapfel (2000), and the author demonstrated why it is not valid to use this property
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when a one-dimensional space S(1) is represented using a single curvilinear basis vector that has

components in three-dimensional space E(3). The author proposed that the bases conversion is only

valid using this property when the number (m) of dimensions of the micro-space S(m) compliments

the number of dimensions of the macro-space E(m).

The ability of the micromorphic model to exhibit elastic strain-dependent anisotropy was highlighted

in Section 5.5 with the examples of a tension beam and a perforated plate. In both scenarios it was

found that under smaller strains both classical and micromorphic models exhibit significant anisotropy

and produce similar deformations. However, for larger strains the classical model would continue to

deform anisotropically, whereas the micromorphic micro-directors can reorientate to achieve isotropic

deformations for larger strains. Strain-dependent anisotropy for classical models could only be achieved

by Himpel et al. (2008) and Fausten et al. (2016) using algorithm treatment and supplementary

iterative techniques, and only for dissipative reorientation not elastic reorientation achieved with the

micromorphic model. The tension beam and perforated plate examples successfully replicated the

results of a similar micromorphic model of von Hoegen et al. (2017), thus confirming the correct

implementation of the micromorphic model in this study.

7.3 Recommendations and future work

The use of Sansour’s generalized micromorphic model to simulate cardiac tissue has shown significant

potential in this preliminary investigation. The following suggestions are made regarding recommen-

dations for future work using the micromorphic model to describe the functioning of the heart.

The calibration of Sansour’s micromorphic model to triaxial experiments was successful in reducing

the error performance index compared with a leading classical model. However, considerable work is

required to ensure that the contribution of the mixed-scale and micro-scale matches the contribution

that the myocytes would make to the various shear modes, although current scope in this regard

is limited by available clinical data. Furthermore, only one micro-director representing myocytes f

was used, and future studies should attempt to use additional micro-directors assigned to the sheet

direction s and the sheet-normal direction n. The curse of dimensionality problem due to the large

number of micromorphic material parameters makes the calibration process vast and would require

systematic testing to converge on realistic parameter sets. The reorientation of myocytes in the triaxial

experiments and the left ventricle model should be calibrated to fibre dispersion scans, such as the work

of Papadacci et al. (2017) in mapping myocardial fibre reorientation using non-invasive ultrasound-

based imaging technique (BTI). It is safe to say that more clinical data is required in general for

cardiac mechanics, and at higher resolutions.

The finding of the micro-director deformations δwf against the classical fibre deformations δV
(c)
f is

promising in the sense that non-affine motion of the micro-director relative to the ECM is certainly

possible. However, for the micro-director to represent myocytes accurately, a smaller difference in

δwf and δV
(c)
f would seem more realistic, given that the myocytes are constrained in the ECM.

Alternatively, given that the displacement of the micro-director was almost entirely opposite to that

of the ECM for this specific material parameter combination, a mirrored correlation between the

myocyte mf and the micro-director af , such that mf ∝ −af , could be explored. Empirically, it

would seem that the non-affinity of the reorientation is too pronounced; however, with more time and
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resources, testing of further combinations of material parameters for the mixed-scale and micro-scale,

and constraining the micro-directors to the ECM using the penalty method, it is hoped that the

myocyte reorientation could possibly be optimized in future work.

In regards to the numerical artifacts uncovered with the micromorphic model and the complex relation-

ship between the mixed-scale parameter A1 and the micro-scale parameter A2, further investigation is

certainly necessary. In particular, additional intermediate benchmarking studies on less complex mate-

rials and geometries than cardiac tissue would be useful. The author raised concerns about the ability

of Sansour’s generalized micromorphic model to handle boundary micro-conditions in a physically

appropriate manner, and this should be investigated further. The potential benefits of the author’s

own MDO micromorphic model should be applied to cardiac models, and its performance should be

assessed against the Sansour’s micromorphic model. It is possible that the MDO model may better

handle the linkage of the myocytes to the ECM, using penalty methods on the micro-scale degrees of

freedom. However, the necessity of the MDO model to have boundary micro-conditions presents the

challenge of realistically assigning such conditions to complex cardiac geometries, and thus further

investigation is required.

In terms of modelling the cardiac cycle, this was a preliminary feasibility study, and the micromor-

phic model should be tested under the remaining phases of the heartbeat. In particular, the merits

of applying active contraction of the myocytes through the micro-directors should be investigated.

Furthermore, the use of bi-ventricular patient-specific geometries would improve the approximations

of the model, and the ability to run multiple heart beats would allow for appropriate residual stresses

in the ventricles, rather than starting from an unstressed state. The mechanical behaviour of the heart

can be significantly altered by cardiovascular pathologies, such as cardiomyopathy, and it would be of

interest to apply the micromorphic model to mimic these conditions in future work.
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A

Supplementary Derivations

A.1 Variants

A.1.1 Generalized micromorphic variants

The variants of the terms making up the generalized right Cauchy-Green tensor C̃ are derived here,

in order to be inserted into the variational formulation of Eq. (4.50).

C(0) = (x,k · x,l) G̃k ⊗ G̃l

δC(0) = (Frl δur,k + Frk δur,l) G̃k ⊗ G̃l (A.1)

∆C(0) = (Frl∆ur,k + Frk∆ur,l) G̃k ⊗ G̃l (A.2)

∆δC(0) = (∆ur,k δur,l + δur,k∆ur,l) G̃k ⊗ G̃l (A.3)

C(1) = (x,j · aγ)
(
G̃j ⊗ Ĩγ + Ĩγ ⊗ G̃j

)
δC(1) =

(
aγrδ(Irj + ur,j) + Frj

(
∂aγ
∂aφ

)
δaφr

) (
G̃j ⊗ Ĩγ + Ĩγ ⊗ G̃j

)
= (aγrδur,j + Frjδγφδaφr)

(
G̃j ⊗ Ĩγ + Ĩγ ⊗ G̃j

)
= (aγrδur,j + Frjδaγr)

(
G̃j ⊗ Ĩγ + Ĩγ ⊗ G̃j

)
(A.4)

∆C(1) = (aγs∆us,j + Fsj∆aγs)
(
G̃j ⊗ Ĩγ + Ĩγ ⊗ G̃j

)
(A.5)

∆δC(1) = (∆aγrδur,j +∆ur,jδaγr)
(
G̃j ⊗ Ĩγ + Ĩγ ⊗ G̃j

)
(A.6)

C(2) = (aγ · aφ) Ĩγ ⊗ Ĩφ

δC(2) = (δaγraφr + aγrδaφr) Ĩγ ⊗ Ĩφ (A.7)

∆C(2) = (∆aγsaφs + aγs∆aφs) Ĩγ ⊗ Ĩφ (A.8)

∆δC(2) = (δaγr∆aφr +∆aγrδaφr) Ĩγ ⊗ Ĩφ (A.9)

K(0) = (aα,k · x,l + aα,l · x,k) G̃k ⊗ G̃l

δK(0) = (δaαr,kFrl + aαr,kδur,l + δaαr,lFrk + aαr,lδur,k) G̃k ⊗ G̃l (A.10)

∆K(0) = (∆aαs,kFsl + aαs,k∆us,l +∆aαs,lFsk + aαs,l∆us,k) G̃k ⊗ G̃l (A.11)

∆δK(0) = (δaαr,k∆ur,l +∆aαr,kδur,l + δaαr,l∆ur,k +∆aαr,lδur,k) G̃k ⊗ G̃l (A.12)



K(1) = (aα,j · aγ)
(
G̃j ⊗ Ĩγ + Ĩγ ⊗ G̃j

)
δK(1) = (δaαr,jaγr + aαr,jδaγr)

(
G̃j ⊗ Ĩγ + Ĩγ ⊗ G̃j

)
(A.13)

∆K(1) = (∆aαs,jaγs + aαs,j∆aγs)
(
G̃j ⊗ Ĩγ + Ĩγ ⊗ G̃j

)
(A.14)

∆δK(1) = (δaαr,j∆aγr +∆aαr,jδaγr)
(
G̃j ⊗ Ĩγ + Ĩγ ⊗ G̃j

)
(A.15)

A.1.2 MDO micromorphic variants

The variants of the terms making up the MDO right Cauchy-Green tensor C̆ are derived here, in

order to be inserted into the variational formulation of Eq. (4.60).

Macro variants:

C̆(0) = xr,kxr,l

(
G̃k ⊗ G̃l

)
δC̆(0) = (Frl δur,k + Frk δur,l) G̃k ⊗ G̃l (A.16)

∆C̆(0) = (Fsl∆us,k + Fsk∆us,l) G̃k ⊗ G̃l (A.17)

∆δC̆(0) = (∆ur,l δur,k +∆ur,k δur,l) G̃k ⊗ G̃l (A.18)

Mixed variants:

C̆(1) = (aαr,k · xr,l + aαr,l · xr,k) G̃k ⊗ G̃l

δC̆(1) = (δaαr,kFrl + aαr,kδur,l + δaαr,lFrk + aαr,lδur,k) G̃k ⊗ G̃l (A.19)

∆C̆(1) = (∆aαs,kFsl + aαs,k∆us,l +∆aαs,lFsk + aαs,l∆us,k) G̃k ⊗ G̃l (A.20)

∆δC̆(1) = (δaαr,k∆ur,l +∆aαr,kδur,l + δaαr,l∆ur,k +∆aαr,lδur,k) G̃k ⊗ G̃l (A.21)

Micro variants:

C̆(2) = ζαζβaαr,maβr,n

(
G̃m ⊗ G̃n

)
(A.22)

δC̆(2) = ζαζβ [δaαr,maβr,n + aαr,mδaβr,n]
(
G̃m ⊗ G̃n

)
(A.23)

∆C̆(2) = ζαζβ [∆aαs,maβs,n + aαs,m∆aβs,n]
(
G̃m ⊗ G̃n

)
(A.24)

∆δC̆(2) = ζαζβ [δaαr,m∆aβr,n +∆aαr,mδaβr,n]
(
G̃m ⊗ G̃n

)
(A.25)

A.2 Linearization

A.2.1 Generalied micromorphic model linearization

The stiffness matrix ∆δΨ̃(u,w) is calculated as the derivative of the internal force vector δΨ̃(u,w) of

Eq. (4.53), and makes use of the following notation

H(i) =

∫
S
θ
∂S̃(i)

∂C̃(i)
dS; H(i)α =

∫
S
θζα

∂S̃(i)

∂C̃(i)
dS; H(i)αβ =

∫
S
θζαζβ

∂S̃(i)

∂C̃(i)
dS, (A.26)
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where θ = 4 for i = 1, else θ = 1/2, because of the chosen handling of mixed-scale basis vectors double

contraction, and thus we find

∆δΨ̃(u,w) =

∫
B

{
[H(0)pqmn FsmFrp + H(0)α,pqmn2Fsmaαr,p + H(0)αξ,pqmnaξs,maαr,p]

δ∆∆us,n δur,q

+ [H(0)pqmn FsnFrp + H(0)α,pqmn2Fsnaαr,p + H(0)αξ,pqmnaξs,naαr,p]
δ∆∆us,m δur,q

+ [H(1)pγqλ aλsaγr]∆us,qδur,p

+ [H(0)α,pqmn2FsmFrq + 2H(0)αξ,pqmn aξs,mFrq]
δ∆∆us,nδaαr,p

+ [H(0)α,pqmn2FsmFrp + 2H(0)αξ,pqmn aξs,mFrp]
δ∆∆us,nδaαr,q

+ [H(1)α,pγqλ aλsaγr]
δ∆∆us,qδaαr,p

+ [H(0)αξ,pqmn FsnFrq]
δ∆∆aξs,mδaαr,p

+ [H(0)αξ,pqmn FsnFrp]
δ∆∆aξs,mδaαr,q

+ [H(1)αξ,pγqλ aλsaγr]∆aξs,qδaαr,p

+ [H(1)pγqλ aλsFrp + H(1)α,pγqλ aλsaαr,p]
δ∆∆us,qδaγr

+ [H(1)pγqλ FsqFrp + H(1)αξ,pγqλ aξs,qaαr,p]∆aλsδaγr

+ [H(1)α,pγqλ Fsqaαr,p]
δ∆∆aλsδaγr

+ [4H(2)τωηφ aφsaωr]∆aηsδaτr

+ [H(1)α,pγqλ Fsqaγr + H(1)αξ,pγqλ aξs,qaγr]
δ∆∆aλsδaαr,p

}
dV

+

∫
B

{1

2
S(0)kl[∆ur,l δur,k]δ∆ +M (0)α,kl [∆ur,lδaαr,k]δ∆ +

1

2
S(1)jγ [∆aγrδur,j ]

δ∆

+
1

2
M (1)α,jγ [∆aγrδaαr,j ]

δ∆ +
1

2
S(2)λµ [∆aλrδaµr]

δ∆
}
dV. (A.27)

A.2.2 MDO micromorphic model linearization

The stiffness matrix ∆δΨ̆(u,w) of the MDO model is calculated as the derivative of the internal force

vector δΨ̆(u,w) of Eq. (4.60), and makes use of the following notation

H̆
(0)

=
1

2

∂S̃(0)

∂C̃(0)
; H̆

(1)απ
=

1

2
ζαζπ

∂S̆(1)

∂C̆(1)
; H̆

(2)αβθϕ
=

1

2
ζαζβζθζϕ

∂S̆(2)

∂C̆(2)
, (A.28)

and hence we find

∆δΨ̆(u,w) =

∫
B

{
H̆(0)pqmn [FsmFrp]

δ∆∆us,nδur,q + H̆(0)pqmn [FsnFrp]
δ∆∆us,mδur,q

+
1

2
[S̆(0)kl]δ∆∆ur,l δur,k

}
dV

+

∫
B

{
H̆(1)απ,ptql [aαs,qFrt]

δ∆∆us,lδaπr,p + H̆(1)απ,ptql [aαs,lFrt]
δ∆∆us,qδaπr,p

+H̆(1)απ,ptql [aαs,qFrp]
δ∆∆us,lδaπr,t + H̆(1)απ,ptql [aαs,lFrp]

δ∆∆us,qδaπr,t

+
1

2
[S̆(1)α,jl]δ∆∆ur,lδaαr,j +

1

2
[S̆(1)α,jl]δ∆∆ur,jδaαr,l

}
dV

+

∫
B

{
H̆(2)αβθϕ,pqmn [aβs,naϕr,q]

δ∆∆aαs,mδaθr,p

+H̆(2)αβθϕ,pqmn [aβs,naθr,p]
δ∆∆aαs,mδaϕr,q

+
1

2
[S̆(2)αβ,mn]δ∆∆aαr,mδaβr,n

}
dV. (A.29)
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B

SESKA

The in-house C++ software SESKA has been developed by Assoc. Prof. Sebastian Skatulla and his

students for over a decade. The software solves continuum mechanics problems using the element free

Galerkin method (EFG) and the Finite Element Method (FEM) based approximations. All necessary

calculations are contained in the code with some assistance of several external code libraries. SESKA

is advantageous as it has been parallelized and thus simulations can be solved over multiple processors

(CPU’s) through the Message Passing Interface (MPI) standard library. As such, it can be used on

desktop computers as well as on high-performance computer clusters to allow for higher-resolution

modelling.

Non-linear problems are solved using a Newton Raphson scheme, while shape-functions and derivatives

are calculated using the MLS method. The commercial software GiD is used for pre/post-processing,

such as assigning boundary conditions to the geometry or visualizing solutions. The main external

libraries employed by SESKA follow:

� Portable, Extensible Toolkit for Scientific Computation (PETSc) is used for solving

partial differential equations (PDE’s) for massive data problems using MPI. Numerical stability

is improved through the use of preconditioners. PETSc has efficient routines to deal with sparse

matrices common in computational mechanics problems.

� ParMetis is a parallelised library that produces efficient mesh partitioning and sparse matrices

for rapid solving.

� Linear Algebra Package (LAPACK) is fortran code for numerical linear algebra, such as linear

equation solving and eigenvalue problems.

� Basic Linear Algebra Subprogram (BLAS) executes common linear algebra operations, such

as vector/matrix operations.
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