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Abstract

Volatility modelling is used predominantly in order to explain the volatility smile
observed in the market. Stochastic volatility models are mainly used to capture
the curvature of a volatility smile while local volatility models generally model
the skew. Jackel and Kahl (2008) present a hyperbolic-local hyperbolic-stochastic
volatility (Hyp-Hyp) model which aims to improve upon existing local and stochas-
tic volatility models such as the stochastic alpha, beta, tho (SABR) and constant
elasticity of variance (CEV) models. The advantageous features of the Hyp-Hyp
model are corroborated by implementing the model. Jackel and Kahl (2008) in-
vestigate the accuracy of a scaled analytical approximation for implied volatility,
based on approximations presented by Watanabe (1987) and Fouque et al. (2000),
for the Hyp-Hyp model. They use the approximation to derive an expression for
the delta of an option. This dissertation analyses the Hyp-Hyp model, as well as the
approximation, by deriving expressions for other sensitivities and by investigating
the effect of the Hyp-Hyp model parameters on the volatility smile. The accuracy
of the analytical approximation for functional forms other than those defined by
the Hyp-Hyp model is explored. A derivation of the approximation is undertaken,
presenting corrections to the expressions introduced by Kahl (2007) and used by
Jackel and Kahl (2008).
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Chapter 1

Introduction

Volatility modelling has become popular amongst academics and practitioners in
recent years for a variety of reasons. It is often used to explain an observed model-
implied volatility smile but is also used to model the impact of volatility changes
on exotic derivatives that are particularly sensitive to these changes. Both local and
stochastic volatility models attempt to describe the dynamics of volatility, thus pro-
viding a generalisation of the constant volatility assumption of the Black-Scholes
model.

1.1 Stochastic Volatility

The introduction of stochastic volatility into a model allows one to describe an ob-
served volatility smile by introducing uncertainty into the dynamics of volatility.
It does this by modelling volatility as a stochastic process. Two popular stochas-
tic volatility models are the Heston (1993) model and the stochastic alpha, beta,
rho (SABR) model proposed by Hagan et al. (2002). Although the Heston model
is widely used in practice, it may not always accurately match market dynamics,
thus providing scope for new volatility models (Jackel and Kahl, 2008). Indeed, the
Heston model is so widely used predominantly because it is easily calibrated.

The SABR model better describes market-observed volatilities because it accu-
rately captures the scaling of the “volatility of volatility” as a function of the level
of volatility. The SABR model does, however, have shortcomings. It does not allow
for mean reversion of volatility, nor does it permit for time-dependent parame-
ters of the model. The lack of mean reversion is economically undesirable in that
uncertainty in relative volatility grows over time. Another shortfall of the SABR
dynamics is that higher order moments are not well defined. This can result in
numerical implementation problems with regards to convergence.
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1.2 Local Volatility

Local volatility attempts to describe the dynamics of volatility by defining it to
be a deterministic function of time, ¢, and the value of the underlying, x;. This
is advantageous because it is often difficult to calibrate pure stochastic volatility
models to short-term volatility smiles and skews. In practice, local volatility models
are often used to capture the skew of a volatility smile, while stochastic volatility
models are used to describe the curvature of the smile (Jackel and Kahl, 2008).
Local volatility models are either parametric or non-parametric models. A non-
parametric description of local volatility is one in which local volatility is given as
a numerical solution to the Dupire (1994) equation. For example, if the price of a
call option can be described as a function of maturity, 7', and strike, K, the Dupire

equation,

\/§ 80(@?K) _l_rKaCéYI“(,K)
U(Ta K) = ? 92C(T,K) ) (11)

OK?

gives the local volatility, o (7, K).

The Dupire equation makes use of either interpolation or fitting of a paramet-
ric function to market-observable call prices to determine the partial derivatives
needed in the equation. The same equation applies to put prices.

Parametric models are functional forms describing volatility as a function of ¢
and x; using parameters. For example, the constant elasticity of variance (CEV)
model is defined as

dry = Uacf dWy,

where W, is a standard Brownian motion and dz; describes the forward dynamics
of the underlying, ;. The local volatility in the above equation is the coefficient
of z;dW; and is thus defined as o (¢, z;) = o). This is a functional form of local
volatility defined by the parameters 3 and o. The displaced diffusion (DD) model
is another example of a parametric local volatility model (Rubinstein, 1983).

Two popular parametric local volatility extensions to existing stochastic volatil-
ity models are those associated with the models mentioned above: the CEV and
DD models. Under certain conditions, the CEV and DD models have the trait of
allowing for the underlying to attain a value of zero, which, while acceptable for
common interest rate derivatives, is undesirable in the pricing of derivatives on
other assets such as stock indices. For 8 < 1, the CEV model can attain zero. The
DD model can drop below zero if the displacement parameter is not specified to
avoid this. The valuation of derivatives using a model that allows the underly-

ing to attain zero is also economically undesirable. These undesirable traits are
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described mathematically and discussed in Chapter 2.

This dissertation investigates the hyperbolic-local hyperbolic-stochastic volatil-
ity model, henceforth referred to as the Hyp-Hyp model. In Chapter 2, a review of
literature, which describes the model, is conducted. Also presented are features of
the Hyp-Hyp model that are deemed by Jackel and Kahl (2008) to be advantageous
when compared with the aforementioned existing volatility models. An analytical
approximation, which was initially proposed by Kahl (2007), is also introduced in
this chapter. Chapter 3 follows a similar structure to Chapter 2 because it explores
in more detail the features of the model from Chapter 2 via the implementation of
the model. Chapter 3 thus serves to detail the model implementation, fill in any
gaps in the work done by Jackel and Kahl (2008) and verify the results through the
model implementation. Chapter 4 provides some new analysis by deriving expres-
sions for sensitivities using the analytical approximation, analysing the Hyp-Hyp
model parameters and exploring the accuracy of the approximation for functional
forms that differ from those describing the Hyp-Hyp model. Finally, this disser-
tation provides a detailed derivation of the analytical approximations, which is
presented in Appendix A.



Chapter 2

Literature Review

Jackel and Kahl (2008) introduce the Hyp-Hyp model, which attempts to address
the shortcomings of existing local stochastic volatility models discussed in Chap-
ter 1. In addition to this, an analytical approximation for Black-Scholes implied
volatilities of vanilla options is presented for two purposes: to increase the ease
of calibration of the Hyp-Hyp model to market-observed volatility surfaces and to
facilitate understanding of analytical features and sensitivities of the model.

2.1 The Hyp-Hyp Model

The Hyp-Hyp model is defined by the coupled system of stochastic differential

equations (SDEs),

da:t = aof(xt)g(yt)th (21)
and

dyy = —kyidt + aV2kdZy, (2.2)

where z; is the normalised value of the underlying asset (that is, z; = S;/S0), y: is
the volatility driver and oy, @ and « are constant model parameters. The Brownian
motions have a correlation, p, given by <th, dZt> = pdt. The initial condition
for the volatility driver is yo = 0 and for the underlying is o = 1. Hyperbolic

functions,

R (e A | CL T ) R

and
9(y) =y +Vy*+1, (24)
describe the local and stochastic volatility structures of the model, respectively. The

constant 3 is the local volatility parameter. It can be shown that the initial condi-
tions correspond to function values of g(0) = 1 and f(1) = 1.
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As defined above, the Hyp-Hyp model is a model of forward prices. The fea-
tures of the hyperbolic-local and hyperbolic-stochastic volatility functional forms
are considered independently of one another in Sections 2.1.1 and 2.1.2, respec-
tively. The hyperbolic-stochastic volatility function, g(y), is thus ignored in Section
2.1.1 and the hyperbolic-local volatility function, f(x), is ignored in Section 2.1.2.

2.1.1 Hyperbolic-Local Volatility

The hyperbolic-local volatility form presented in (2.3) agrees with the CEV local
volatility form, 2P, atz =0 up to the second derivative. It does, however, have
certain desirable features that the CEV and DD local volatility forms lack. Specif-
ically, as x — 0, f(x) converges to zero whereas the DD local volatility form does
not. As z — 0, f(x) has a finite slope whereas the CEV local volatility form does
not. Lastly, as x — oo, f(x) has a positive slope. As a result of these three features,
in the absence of stochasticity of volatility, (2.3) describes the implied volatilities of
options with very high and very low strikes as
Jim G (k) =

and

ao<ﬁ—1+ 1452+ (1—\/1+B2>)
lim OA'hyp(k) = ’
k—o0 ﬁ
respectively. The strike is incorporated through k := K/Sp.

The feature of f(z) having finite slope near zero is specifically advantageous
when it is desirable for the value of the underlying to be strictly positive. As dis-
cussed in Chapter 1, having finite slope near zero ensures that the value of x; does
not attain zero, which is allowed for in the CEV and DD models.

2.1.2 Hyperbolic-Stochastic Volatility

Equation 2.4 presents the hyperbolic-stochastic volatility form of the Hyp-Hyp
model that is required to maintain accurate scaling of the volatility of volatility
(as SABR has). The SABR model can be calibrated to capture volatility distri-
butions ranging from normal to log-normal (although, according to Jackel and
Kahl (2008), the fat tails associated with a log-normal distribution are undesir-
able). The Hyp-Hyp model should therefore avoid fat tails which are associated
with the log-normal distribution while maintaining its desirable properties. The
proposed stochastic volatility functional form, giy,(y), agrees with the log-normal
SABR functional form, attained by gexp(y) = €Y, in its value and first two deriva-
tives at y = 0. The third derivative is lower, which results in the slower growth
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and decline of gy, (y) as y — £oo. This, in turn, results in gy, (y) having thinner
tails than gexp(y), while still maintaining the desirable features of the SABR func-
tional form. In fact, the stochastic volatility functional form of the Hyp-Hyp model,
o = o0p g(y) from (2.1) can be solved along with the expression for ¢(y), given by

(2.4), to yield
_l/o 0o
v= 2 (O’o (o2 )

From this, one can see that as ¢ — o¢, the first term dominates and o ~ 20y,
which has the thinner tail of a normal distribution (compared with the log-normal
distribution). As ¢ — 0, the second term dominates and o ~ _2—‘;0, which is an
inverse normal distribution. The inverse normal distribution converges to zero in
value and all of its derivatives as ¢ — 0. This is economically desirable as the

volatility is suppressed near zero (Jackel and Kahl, 2008).

2.2 Analytical Approximation for Implied Volatilities

In practice, the model parameters of the Hyp-Hyp model, given by Qyyp—nyp =
{00, a, B, p, k}, are calibrated to market-observable volatility surfaces for vanilla
options. An analytical approximation for Black-Scholes implied volatilities is used
for this calibration procedure for numerical tractability. In addition to this, such an
approximation will help to better understand the model features such as sensitivi-
ties to the various model and option-related parameters.

The analytical approximation was derived by Kahl (2007) using perturbative
expansion techniques based on those outlined by Watanabe (1987). A perturbative
expansion is used to numerically approximate a solution to an equation using small
value expansions. Simply put, this involves the addition of an initially small term to
the exact solution of a solvable equation that is similar to the original equation. Sim-
ilar to the methods used by Kawai (2002) and Osajima (2006), the approximation is
derived using Watanabe’s expansion in conjunction with an It6-Taylor expansion
of the SDE that describes the process, x; (that is, (2.1)). Expansions are performed
in terms of short maturities and low volatilities but are later extended to longer
maturities and higher volatilities. Watanabe’s expansion requires, as an input, a
decomposition of the SDE in order of decreasing magnitude of noise terms — these
are determined using an Itd-Taylor expansion. The resulting implied volatility ex-
pression can be thought of as a truncated infinite sum, resulting in an expression,

o0
5(k,T) = 6ia(k,T)
=1

~ 60,Sl(k7 T) + a-1,sl(k‘a T) + 6-2751(]{77 T) + 63,51(}97 T) + 5‘4751(141, T)v (25)
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that is applicable for short maturities.

The 6, 4(k,T') terms are described by the model parameters, Qyy,—1yp, and op-
tion parameters as well as derivatives of f(z) and g(y). The model can be calibrated
by observing vanilla option prices, v(Sp, K, T'), and calibrating the model parame-
ters, Qy,yp—_nyp, Using

v(So, K, T) = Sy B(1,k,6,T),

where B(F, K,6,T) is the Black-76 formula for the option. The implied volatility,
d, is described by (2.5). The advantage of the stochastic volatility functional form
given by (2.4) is that it has g3 := ¢’’(0) = 0. Higher order derivatives are also zero.
This results in the approximation being accurate up to third order deviations of y;
despite it containing only derivatives up to g2 := ¢”(0).

As mentioned, (2.5) is derived by using expansions in terms of short maturities.
When the implied volatilities from this equation are compared to those given by a
Monte Carlo simulation of the SDEs, (2.1) and (2.2), Jackel and Kahl (2008) found
that the analytical approximation gave less accurate implied volatilities for longer
times to maturity. Specifically, the estimated implied volatility of longer-dated op-
tions tended to be lower than those from a Monte Carlo simulation. An approxima-
tion presented by Fouque et al. (2000) is more suitable for longer times to maturity.
However, the hyperbolic case does not have a closed form solution for the Fouque
approximation. Consequently, an approximation that is presented by Kahl (2007)
and is similar to the Fouque approximation is used for the Hyp-Hyp model. The
analytical approximation for the Hyp-Hyp model can then be scaled to incorporate
both longer and shorter times to maturity using the at-the-money (ATM) implied
volatilities from the Fouque and Watanabe approximations as follows:

~ ~ o ouque, A’ T
Ohyp—hyp(k; T) = Gwatanabe (K, T') ((ATV\i 4 - thi(%) (1—=h(T))+ h(T)) . (2.6)

The function i : R — [0, 1] is monotonically decreasing. A more detailed explana-
tion of how (2.6) works is provided in Section 3.3.1. For the Hyp-Hyp model, the
most suitable form of A is one that is hyperbolic as it does not decay as fast as an
exponential form of h. The equation,

Payp-scating (T) = 9 ( = VarT), 2.7)

which is suggested by Kahl (2007), makes use of the hyperbolic function g as de-
fined in (2.4). This is a useful form for h because, for small values of «, the Watanabe
expansion is particularly accurate (Jackel and Kahl, 2008). Thus, for a small «, the
function & is not required to approach the Fouque approximation rapidly. Equation
2.7 achieves this by scaling by «a.
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As mentioned in Section 1.1, the SABR model has time-homogeneous param-
eters. This is improved in the Hyp-Hyp model by introducing a time-dependent
instantaneous volatility, which is specified by allowing for a time-dependent o¢(t)
during calibration. Using time-dependent parameters allows the Hyp-Hyp model
to be more accurately fitted to observed implied volatility surfaces during calibra-
tion. In addition to this, a stochastic volatility inspired (SVI) projection, introduced
by Gatheral (2004), corrects the implied volatility from Watanabe’s expansion for
far-out-the-money options. An SVI projection may be required because Watanabe’s
expansion contains fourth order polynomial terms of K /F', which lead to inaccura-
cies for high relative values of K.

The analytical approximation can be used to compute the delta of an option.
The computation of the delta has to account for the change in the local volatility
parameters (in the function f(x)) when the value of Sy changes. Jackel and Kahl
(2008) derive a generic form of an option delta,

v OB OB 06 05 <

—:B—k——F% Uo(fl—l)af‘o—k%Jr (fns1 + faln — f1))

06
Tfn )
(2.8)

n=1

where B := B(1,k,5,T), fi = f®(1) and ¢ is defined by (2.5). The partial deriva-
tives can be computed using finite differences.

The analytical approximation is used to calibrate the model using market ob-
servable prices as discussed above. Once the model parameters, Qp,_1yp,, are de-
termined, Monte Carlo simulations can be used to price exotic derivatives. When
solving the coupled system of SDEs, (2.1) is approximated by a logarithmic Euler-
Maruyama scheme that is shown to remain positive by Jackel and Kahl (2008) for
the choice of f given by (2.3) and for # < 1, which is usually the case after cali-
bration. This is an advantage that this functional form has over the CEV and DD
models. Jackel and Kahl (2008) conclude by illustrating that the approximation
given by (2.5) is suitably accurate for approximately at-the-money options. In ad-
dition to this, an SVI projection can be used to correct for any deviations in the price
of far-out-the-money options, although these options tend to have very low values.

To summarise this section, an analytical approximation for implied volatilities
was derived using Watanabe’s expansion and It6-Taylor expansions. A scaling cor-
rection was then introduced in order to ensure that the approximation was accurate
for longer maturities. More flexibility was added to the model by allowing for the
instantaneous volatility to be dependent on time, o(t). An SVI projection was men-
tioned, which corrects the approximation for far out-the-money options. Lastly, an
expression for the option delta was derived using the analytical approximation.



Chapter 3

Model Implementation

In this chapter, the Hyp-Hyp model, along with the analytical approximation dis-
cussed in Chapter 2, is implemented in various stages and the features of the model
are discussed, based on this implementation and previous work done. Firstly, the
features of the functional forms given by (2.3) and (2.4) are confirmed. Thereafter,
Watanabe’s approximation, (2.5), is compared to Fouque’s approximation derived
by Kahl (2007) along with the scaled combinations of the two approximations. The
approximations are also compared to implied volatilities from a Monte Carlo sim-
ulation. This chapter also outlines in more detail the work presented by Jackel and
Kahl (2008). Any general statements made in the literature are expanded upon and
explained in order to improve understanding of the Hyp-Hyp model. The state-
ments made in Chapter 2 are verified and plots to demonstrate the features of the
Hyp-Hyp model are presented. The model is compared to the CEV and SABR mod-
els to verify the local and stochastic volatility features, respectively. This is because
these are particularly popular local and stochastic volatility models.

Before discussing details of the implementation, it is necessary to perform a
change of variables in order to verify initial condition of (2.1). For the SDE describ-
ing the value of the underlying, (2.1), Jackel and Kahl (2008) have assumed that
xzo = 1 and that f(1) = 1. If the SDE is described as

dS; = & f(S)g(ye)dWr,

with an initial value of Sy, then one can define

oo = 5f§050)7
Tt = 870
and )
o) = f(fEtSO). (3.1)
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From this arbitrary representation (¢ and f have not been defined), (2.1) can be
obtained from It6’s lemma:

d$t == 7dSt

=2 _57(sS dw,
750) F(St)g(ye)dWy
= fgc(t)so) & f(2¢S0)g(ye) AW,

iy ieny
= oo f(x)9(ye)dWy,

with zg = Sp/So = 1 and f(1) = f(So)/f(So) = 1 as required. As a result of the
change of variables given by (3.1), a vanilla call option, with price Cp, struck on
St can be valued by first valuing the same type of option struck on z7 and then
multiplying this price by Sy. This can be seen by considering the discounted risk-
neutral expectation of the option payoff,

Co = ™" Eg[(Sr — K)*]

+
S K
_ —7'TE e
e Q [So ( Se S
= SgeirTEQ[(:L‘T — ]C)Jr] =: Spco,

where Q is the equivalent risk-neutral measure and ¢ is the value of a call option
struck on z7. The same logic can be applied to the valuation of a vanilla put option.

3.1 Hyperbolic-Local Volatility

As discussed in Section 2.1.1, the hyperbolic-local volatility form presented in (2.3)
has certain desirable features over the CEV and DD local volatility functional forms.
The functional form of the CEV model, fcpyv(z) = 2P, and the DD model, fpp (x) =
Bx+(1—B)xo, are plotted along with the hyperbolic-local volatility functional form
in Figures 3.1 and 3.2 which show the features mentioned in Section 2.1.1.
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Fig. 3.1: Local volatility for the CEV (red, solid), DD (black, dash-dot) and hyper-
bolic (blue, dash) functional forms for g = 1/4 (left) and 5 = 3/2 (right).
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Fig. 3.2: Local volatility for the CEV (red, solid), DD (black, dash-dot) and hyper-
bolic (blue, dash) functional forms for 5 = 1/4 (left) and 8 = 3/2 (right)
plotted on a logarithmic scale.

Firstly, as z — 0, one can see that the CEV functional form, fcgv(z) — 0 and
that its slope f(py(z) = 8 % — oo for § < 1 (for example, 5 = 1/4 above). For the
DD functional form, the function value fpp(z) — (1 — )z and the slope f{,(z) =
B — Basx — 0. As x — 0, the functional form given by (2.3), denoted by fiyp(z),
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approaches
/32 _
ﬁwﬂx)—>/igﬂzza
while the slope is given by

(1-8+p%)  B—-1 (z—B%+ %)

Fhwpl®) = g T e oy G2
and approaches
/ 1-8+p 1

From this, it can be seen that the hyperbolic-local volatility functional form has a
finite slope as  — 0 which is deemed a desirable feature by Jackel and Kahl (2008)
as it ensures that the value of the underlying asset, z;, does not attain or drop below
zero. In this way, the Hyp-Hyp model has an advantage over a model with a CEV
local volatility functional form. In addition, the suppression of volatility near zero
(thatis, f(z) — 0 as x — 0) is also deemed desirable. The suppression of volatility
is therefore a desirable feature that the Hyp-Hyp model has over a model with a
DD local volatility functional form.

The functional form given by (2.3) agrees with the CEV functional form up to
its second order derivative at the initial conditions. The initial value of fiy,(1) =1
is in agreement with that of the CEV functional form: fcgv(1l) = 18 =1. Equation
3.2 gives the first derivative and it can be shown from this that f{_ (1) = 8, which
is identical to f(y (1) = B. The second order derivative of the CEV functional form
is fogpy(z) = B(B — 1)27~2 and thus flgy (1) = B(8 — 1). The second derivative of
the hyperbolic-local volatility functional form,

JONE P RS . S i 0 W I Y
BV BRI =2 (a2 4201 - 22)2)"
agrees with this. Thatis, fii (1) = 8(8 — 1).

Another advantage that, according to Jackel and Kahl (2008), the Hyp-Hyp

model has over the CEV model is that it has a finite slope as x — co. Depend-

ing on the value of 3, the CEV model has either an infinite slope or a slope of 0
(both of which can be seen in Figure 3.1 ). As x — oo, the CEV functional form
fegy(z) = B% — o0 if f > 1and figy(z) — 0if 3 < 1. However, for the Hyp-
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Hyp model, it can be seen that, as  — oo,

. x— 8%+ B 3@ = 5+ px)
limg, o0 = limg 00 1
Vo2 + 32(1 — x)2 E(\/xQ—l-ﬁ?(l—x)?)
) 1-2 1 g2
= Mg o
Jits -2 g

which means that, as ¢ — oo,

fiyp (@) =

which is finite as desired.

3.2 Hyperbolic-Stochastic Volatility

This section provides an introduction to various stochastic volatility functions that
are compared to one another. First, the functions themselves will be discussed.
Second, the densities of the functions will be compared to one another. In order
to compare the densities of the functions, the density of the volatility driver is de-
termined and transformations of this density (based on the functional form) are
performed. Finally, the densities will be analysed and the advantageous features of
the hyperbolic-stochastic volatility function will be discussed.

The hyperbolic-stochastic volatility is written as a function of a normally dis-
tributed volatility driver, y;, in (2.4). The function is henceforth referred to as
ghyp(y). Similarly, the SABR stochastic volatility can be written as an exponential
function of the volatility driver: gexp,(y) = €¥. This can be seen by considering the
SABR model SDEs,

dry = xiodWy

and
doy = asaBROAZ4, (3~4)

where agapr is different to a in the Hyp-Hyp model and o is the stochastic volatil-
ity. The solution to (3.4) implies that o; is log-normally distributed. The SABR
stochastic volatility function can therefore be written as gexp(y:) = o = e¥. In
addition, an affine functional form g.g(y) = y + 1 is also compared with gy, (y) in
Figure 3.3.
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Fig. 3.3: The exponential (red, solid), hyperbolic (black, dash-dot) and affine (pink,
dash) stochastic volatility functional forms.

As can be seen in Figure 3.3, giy,(y) is identical in value with gexp(y) at y = 0.
It is, however, also identical in the first two derivatives at y = 0. Trivially, g¢,,(0) =
Joxp(0) = 1. One can see that

Y

/
Ihyp(Y) =14+ ———
2

Hyp(v) = — e — 5
hyp \/?m (y2+1)3/2‘

These functions agree with gexp(y) at y = 0. However, gnyp(y) has a lower third

and

order,

=3y 3y?

"
Ghyp(Y) = (W2 + 1)32 - (W2 + 1572
and higher order derivatives than gexp(y). The third order derivative evaluates to

Ihyp(0) = 0. This feature results in guy,(y) increasing less rapidly as y — oo and

decreasing less rapidly as y — —oo than gexp(y). The consequence of this can be
analysed by considering the densities of each of the above functional forms that are
presented in Figure 3.4.

In order to compute the densities of these various functional forms, the density
of the volatility driver, y, needs to first be considered. The dynamics of y; are de-
scribed by (2.2). This is an Ornstein-Uhlenbeck process and can be solved using an
integrating factor. The SDE is given by

dy; = —kydt + aV2kdZ;,
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and has the solution
T
yretl = yoe“(o) —I—/ eftan/2kdZ;.
0
Because 39 = 0, one can see that

T
yr = av 2/{/ e T4z,
0

which implies, by It6 isometry, that

T
yr ~ N(O, 2/@042/ 6_2”(T_t)dt). (3.5)

0

Computing this integral, one arrives at the distribution of the volatility driver being
yr ~ N <0, 172> where 7 := av/1 — e~2+T_ If the instantaneous volatility from (2.1) is
defined as o; = 0pg(y:), then the density of o, (denoted as o for practical purposes)
can be determined from the density of y; (denoted as y for these purposes). For
Jexp(Y),
o =006 = logo =y +logoy
= logo ~ N(logao,nQ).

That is, o is log-normally distributed for the SABR functional form ge«,(y) (as
briefly mentioned above). A similar approach can be used to show that a func-
tional form of g, (y) implies that o ~ N (09, n?c3). For the functional form, gny,(v),
one has to be a more careful. The function h(y) is defined as

o = 00gnyp(y) = o0(y + Vy> + 1) =: h(y).

Inverting this results in

y=h"o)= (L) (36)

2 \og o

In order to transform the probability density function of y to that of o, it is necessary
to define the cumulative distribution function of o:

Differentiating both sides, one arrives at

oh~Y(z)
ox '

folz) = fy(h™!(2)) 3.7)
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where f, () is the probability density function of y that is normally distributed
with mean 0 and variance 7%, Differentiating (3.6) results in

OhHo) _ 1 | o0
do 200 202

By substituting this, along with the probability density function for the normal
distribution, (3.8) can be written as

2
xr _ 90
1 _@ 1 o)
fola) = ——5e” % Lao 57|

\/2mn?

This density function is plotted in Figure 3.4 and compared with the log-normal

(3.8)

density in order to verify its desirable features.
In Jackel and Kahl (2008), a CIR process is fitted to the hyperbolic density and
we replicate this result. The CIR process,

dv; = ko (Ocir — ve)dt + aciry/vidZy,
where v; = 02 and CIR parameters,
Qcir = {vo, @R, kIR, fcr} = {0.0625, 0.250847, 0.389852, 0.098938},

is found to fit the hyperbolic density (Jackel and Kahl, 2008). The CIR subscript
will be dropped for the purposes of this explanation but a, x and ¢ are still the
CIR parameters defined above. According to Vanyolos et al. (2014), the probability
density function of a CIR process is given by

2
s v, 0,0) = e () 12/, (39)

2k0

Whereq:?—l,cz(l_ii’im)

modified Bessel function of the first kind,

,u = cvpe " and v = cv;. In addition, I, (z) is a
00 (E)Qk—l-l/
I — SV A—
/(@) g FT(v +k+1)

Now, o is a function of v;: ¢ = /v;. Thus, performing a similar probability
density function transformation as that done to derive (3.7), one can obtain

fo(x) = 20 fy,(vi; 00,y K, 0). (3.10)

Plotting the density of the instantaneous volatility, o, based on gexp(y), gafi(y),
gnyp(y) and the fitted CIR process, results in Figure 3.4.
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Fig. 3.4: Probability density functions of the exponential (red, solid), hyperbolic
(black, dash-dot) and affine (pink, dash) transformations of the driving
Ornstein-Uhlenbeck process, o = oog(y), plus the density of fitted CIR
process (blue, dot). The parameters used were: oy = 25%, k = 1/2,T =5
and 1 = 1/2. The same densities are plotted on a logarithmic scale on the

right.

From Figure 3.4, one can see the features that were briefly mentioned in Sec-
tion 2.1.2. The affine stochastic volatility functional form, g,g(y), results in a nor-
mally distributed o while the exponential form, gex,(y) results in a log-normally
distributed o. It can be seen in the first plot that the normally distributed o has
thinner tails than its log-normal counterpart, which, as discussed in Section 2.1.2,
is desirable. However, the density of the normally distributed o does not converge
to zero as o approaches zero. Jackel and Kahl (2008) deem this a desirable feature,
as mentioned in Section 2.1.2, because it ensures that the value of the underlying,
x¢, does not attain or drop below zero (via Equation 2.1). It can be seen in the fig-
ure that the density of the log-normal o does have this desirable feature. Figure
3.4 clearly shows that the gy, (y) and the fitted CIR process have densities that
approach zero as o approaches zero while also having thinner tails than the log-
normal distribution corresponding to the gexp(y) transformation. They therefore
have the desirable features of both the g, (y) and gexp(y) while avoiding the unde-
sirable features. The discussion presented in Section 2.1.2 provides an explanation

as to why this is so for the gy, (y) transformation.
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3.3 Analytical Approximation

Approximations derived by Kahl (2007) based on Watanabe and Fouque’s approx-
imations are presented in this section. The detailed derivations of these approxi-
mations are outlined in Appendix A. The Fouque approximation presented in this
section differs from that used by Jackel and Kahl (2008) as it incorporates the two
corrections made to the Fouque approximation in Appendix A.1.

3.3.1 Approximations and Scaling Corrections

A major second achievement of the work presented in Jackel and Kahl (2008) is an

analytical approximation for implied volatility. The expansion is given by (2.5),
&(k, T) =~ 60751(]@ T) + OA'LS](k, T) + &stl(k, T) + &3751(/@ T) -+ &4751(1’6, T),
and the 6; 4 (k, T') terms are defined as

N ooz
= T ((fl )00 giop

—2Tk

72l = P04

(kT + el — 1)
Tr3/2 ’

12v/2e"" frg1ak%/ 2 (T (Tr — 1) 4+ 1) pooT?

Tk [em(ff —2fy — D)T3K202
— 6g20%(2e?T"T% k2 — 5e* T " Th + Tk — 8eTF + 662T“)p2}
— 6g2a? [(262T“T3m3(p2 T 1) 4+ (—9p2e2T 1 p? 4 5e2TR 1) T2k2
—2(eT" = 1)(=7p%e™" 4 p? + 3T — )Tk — 4p* (e — 1)2)]
+ 22 { —12v2e" g1 ar®?(eTF(Tk — 1) 4+ 1) pogT?
- Tk [62T”(2f12 +6f1 —4fy — 8)T3k%0
6o (46X T + 8eTF — 62T 2)102}

~ 6g2a? [(12;)262“ _ 462T“)T2/<52 i SPQ(BRT _1)2

—2(eTF — 1)(11p%eTr — p? — 3™ + 1)T/<a”

I

T3/2500
48

6—3,51 =

[—fi?’+f12+(2f2+3)f1—2f2+2f3—3

+ 222 [+ f+ (420 =2+ fo —6}],
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2 5
R T#0y

T4 = T 5760

[824 [191? +15f3 4+ (20 — 46 f2) f2 + 6(3f3 — 5f2 + 15) f1

40f5 + (16f2 + 15f3) — 6.f4 — 144}
_ 922 [11f{1 303 4 (20 — 4dfo) 2 + 6(12f5 — 10> — 45) fy

4 140fs + (44f2 — 60f3) + 361 + 209}

)

—3[3f{1—2(6f2+5)f12+16f3f1+12f22+20f2+8f4+7}

where z := (k—1)/(c0VT). A detailed derivation of these terms is given in Section
A2,

As discussed in Section 2.2, the approximation is based on a Watanabe expan-
sion but is scaled along with an approximation based on work done by Fouque
et al. (2000).

The Watanabe approximation, (2.5), contains terms that are functions of the
model and option parameters, (i, —nyp, k, 1" and various higher order derivatives
of (2.3) and (2.4). If one defines f; = f()(1) and ¢; = ¢(”(0), it has been shown
that fi = B and fo = (8 — 1) and that g; = go = 1. It can also be shown that
fs = —38(8—1)and fi = —3B(8 — 1)(82 - 4).

The Fouque approximation, which is introduced in Section 2.2, given by

R —1 4+ e 26T 2 a(—4ab + ot — 30?2 — 1) po?
OFouque :O'()\/( ) +2a2+1— ( )p 0

T 1 6—2}11 02 2

3/2
((2Tn +e2Th —1)a2 + T/i)

is scaled along with the Watanabe approximation using the scaling formula, (2.6).
The scaling formula, reproduced here for convenience,

R N OA'Fou ue,ATM(T)
Uhyp—hyp(ka T) = UWatanabe(k> T) (a_w . . b ATM(T) (1 - h(T)) + h(T)>7

adjusts Watanabe’s approximation based on maturity by introducing a maturity-
dependent shift. The equation can be seen as Watanabe’s approximation being
multiplied by a term (the entire bracketed term) which is only a function of 7. The
term makes use of the ratio of Watanabe’s and Fouque’s approximations for an at-
the-money option as this is the region in which both of these approximations are
the most accurate. The formula becomes a strict convex combination of Watanabe’s
and Fouque’s approximation for an at-the-money option.
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The hyperbolic scaling function given by (2.7),
hhyp—scaling (T) = 9( -V omT),

was found to be more effective than the exponential scaling form,

hexp—scaling(l) (T) = e_HTv (3.12)
while a second exponential scaling function,

hexp—scaling(Q) (T) =e omT’ (313)

is also more appropriate. As mentioned in Section 2.2, the hyperbolic scaling func-
tion, (2.7), is useful because the Watanabe expansion is more accurate, and should
thus be weighted more heavily, for small values of «. For this reason, (3.13) is ex-
pected to be more accurate than (3.12).

3.3.2 Monte Carlo

A Monte Carlo simulation of (2.1) and (2.2) was used to assess the accuracy of
the various approximations. Firstly, the simulation of the SDE given by (2.2) is
considered. As shown in Section 3.2, the distribution of y,

t
Y ~ N(yoe_”t, 2/{042/ 6_2”(t_“)du>
0
— o~ N (goe ™, 02(1 — 72, (3.14)

is the solution to the Ornstein-Uhlenbeck process describing y;. According to Finch
(2004), an Ornstein-Uhlenbeck process can be defined recursively as

Yt = Un + ”n(ytn - :un) + 1- K%O‘va (315)

where p, = E[y;, | = yoe " (from (3.14)), k,, = e~ and Zy is a normal random
number. The reason that the Ornstein-Uhlenbeck process needs to be defined re-
cursively is that the correlation between the Brownian motion driving y; and that
driving z;, p, needs to be incorporated at every time step.

The logarithmic solution of the SDE given by (2.1) is given by

t 2 t
Inz; =lnzg — ;0—(2)/0 (f(xiu)g(yu)> du + 00/0 <f5iu)g(yu)> dW,,.

A logarithmic Euler-Maruyama approximation scheme,

2
1 x T
Inz,, , =Inx, — 508 (‘f(mtt")g(ytn)> At, + o9 <f(mt")g(yt")> AW,, (3.16)
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is suggested by Jackel and Kahl (2008) for the discretised simulation of the SDE
(2.1). In (3.16), AW,, is a Brownian increment distributed as AW,, ~ N (0, At,,).

We make use of (3.15) and (3.16) in order to simulate the values of the under-
lying, z;, and the volatility driver, y;, at various time steps. The value of z; needs
to be updated with the previous value of both z; and y;, which is why this joint
simulation needs to be done. Once the value of the underlying at maturity, zr, is
simulated in this way, the value of a call option can be computed as the risk-neutral
expectation of the discounted payoff:

co = Egle™ " (27 — K)¥] = Egl(zr — K)7],

where r = 0 because 7 is the forward value of the underlying. The estimator for
the value of the call option is therefore

N @) gyt
Con = - Z(xT K)™,

where a:(Tl ) yeees x(T" ) are the n sample values of the underlying. The implied volatility

is then determined by solving for the ¢ that recovers the simulated ¢y using the
Black-76 formula mentioned in Section 2.2.

3.3.3 At-the-money Implied Volatility

The results of the Monte Carlo are compared to the implied volatilities recovered
from the Watanabe and Fouque approximations (and the various scalings thereof)
for various maturities. The implied volatilities are presented for at-the-money Eu-
ropean call options in Figure 3.5.

As can be seen in these plots, both Equations 2.7 (orange diamonds) and 3.13
(yellow squares) match the implied volatility of the Monte Carlo simulation rea-
sonably closely with (2.7) perhaps matching it slightly better. It can also be seen
that the Fouque approximation tends to overestimate the implied volatility while
the Watanabe approximation tends to underestimate the implied volatility. Lastly,
the scaling given by (3.12) can be seen to match the Monte Carlo implied volatility
poorly compared with the other two scaling functions.
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Fig. 3.5: Implied volatilities for an at-the-money option using the Fouque and
Watanabe approximations (and the different scalings thereof) compared
to a Monte Carlo simulation using (3.15) and (3.16). The parameters for
each of the plots are: « = 3/5, 8 =1,k = 1/2, 09 = 1/5 and p = 0 (left);
a=2/5=1k=1,00=1/10and p = —1/2 (right). The Monte Carlo
used a stepsize of At = 1/16 and N = 2?2 — 1 sample paths.

While the left hand plot of Figure 3.5 is identical to the result presented by
Jackel and Kahl (2008), the right hand plot differs slightly. Firstly, in order to ob-
tain both plots for the Fouque approximation in Figure 3.5, the expression given by
(3.11) is used. This expression differs slightly from the result given by both Jackel
and Kahl (2008) and Kahl (2007) and presents a correction to these expressions. As
mentioned above, the correction does not significantly change the result in Figure
3.5. The detailed derivation of this expression is given in Appendix A.1. Secondly,
the Watanabe approximation in 3.5 is shifted slightly up when compared with the
identical plot in Jackel and Kahl (2008). As shown in Appendix A.2, the expres-
sion for Watanabe’s approximation given by Jackel and Kahl (2008) is recovered
from the detailed derivation. The shift of this approximation may be as a result
of a different implementation of the approximation. It is important to note, how-
ever, that two independent and different implementations of the expression given
by (2.5) as detailed at the beginning of Section 3.3 result in the plot presented on
the right hand side of Figure 3.5. The first implementation makes use of the ap-
proximation described by (2.5) directly while the second implementation uses the
simplest expressions for the terms in (A.20) in Appendix A.2. It is also important
to note that the upward shift of Watanabe’s approximation in this plot results in
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an upper shift of all of the scaled approximations. This shift in the hyperbolically
scaled approximation results in it being very close to the Monte Carlo plot.

The plots of implied volatility as a function of maturity for at-the-money op-
tions is presented here first in order to first investigate the scaled approximation
for at-the-money options. Next, an expression for the delta of an option (which is
a byproduct of the analytical approximation) is presented. The effect that a chang-
ing strike will have on the implied volatility (that is, the volatility smile) is then
discussed in Section 3.3.5.

3.3.4 Delta

A by-product of the analytical approximation presented by Jackel and Kahl (2008)
is an expression for the delta of an option. Equation 2.8 gives the expression for the
delta of an option based on Watanabe’s expansion, (2.5). Because there is a closed-
form solution for delta given DD functional forms, these functional forms will be
plotted. The derived delta sensitivity can thus be compared to a closed-form solu-
tion. However, the expression will still be applicable to the hyperbolic functional
forms and the delta for the Hyp-Hyp model can be computed in an identical way
using the hyperbolic functions, (2.3) and (2.4). For the DD model, the higher order
derivative terms are

DD DD DD DD DD
1 pr— ﬁ7 2 pr— 3 pr— 4 pr— 5 p— O’
g =g5" =0, (3.17)

and fPP(z) = Br + (1 — B)zo and gPP(y) = 1. According to Jackel and Kahl (2008),
for the DD model, the exact value of a call option is given by

UDD = B(Z’O +X,K+X760-07T)7

where, as before, B(F, K,0,T) is the Black-76 formula for the option and X =
(1 — B)xo/B. The exact ¢ is determined by solving for ¢ in

vPP = B(xg, K,5,T) (3.18)

for various values of K. These implied volatilities are compared to the implied
volatilities computed using Watanabe’s approximation in the right hand plot of

Figure 3.6.
The delta expression presented by Jackel and Kahl (2008) is given by (2.8),
4
ov 0B 0B 06 06 96

n=1
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where B := B(1,k,5,T). The Watanabe function for &, the model parameters and
the functions given in (3.17) are used to compute the delta of an option using (2.8).
In order to evaluate the partial derivatives, g—‘z, % and 37?7; (fori =1,2,3,4), central
finite differencing is used. The approximations are

86’ 6(k+h7T7 UOafi) _(}(k—h,T,O'(),fi)

%

Ok 2h ’
ai ~ 6—(k7T7 oo+ h, fl) — &(kaT7 oo — h, fl)
oy 2h

and
o6 _o(k,T,o0, fi +h)—3d(k,T,00, fi —h)
of; 2h '

Q

where 6(k, T, 09, f;) is the Watanabe expansion, (2.5), written as a function of only
the variables of interest. Similarly, the partial derivatives, %—f and %—?, are evaluated

using the central finite differences,

6£ ~ B(an (k + h)l‘o, a-vT) - B($07 (k — h)l’o,é’,T)
ok 2h ’

and
OB _ B(x,K,6 +h,T) — Blwo, K,6 — h,T)

a6 2h

The exact call option delta (given by the closed form solution for the delta of the
DD model),

APD — <I><ln (;1))(()/(600\/?) +[300ﬁ/2>,

is plotted with the delta computed using (2.8) in the right hand plot of Figure 3.6.

In the figure, the approximate Black delta is computed using Black’s formula for

delta and the 6’s computed using Watanabe’s approximation. The at-the-money

DD,Watanabe

Black delta is computed using o¢. The derived delta expression, A; ».0g ,

given by (2.8) can be seen to very closely match the exact delta, A&%’ﬁﬁa, which
indicates that the expression accurately approximates the delta of an option across

a range of strikes.
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Fig. 3.6: Implied volatilities using Watanabe’s expansion, (2.5) (black, dash-dot)
compared to exact implied volatility solutions (red, solid) on the left. On
the right is the delta computed using (2.8) (black, dash-dot) compared to
the exact delta (red, solid), the approximate Black delta (blue, dot) and the
at-the-money Black delta (pink, dash). The parameters for these plots are:
oo=1/4,=1/32,a=0and T = 3.

3.3.5 Volatility Smiles

As mentioned in Chapter 1, volatility modelling is often used to describe a market-
observed implied volatility smile. The Hyp-Hyp model can be used in this regard.
In Jackel and Kahl (2008), the primary result is a plot of implied volatility as a
function of strike. The implied volatility is plotted as a function of k := K/, as
opposed to K, in order to normalise the strike as a function of the initial value of
the underlying. Because k is defined in this way, high values of k (that is, values
significantly larger than 1) represent far out-the-money options while low values
of k represent far in-the-money options.

Firstly, a Monte Carlo simulation of the SDEs (2.1) and (2.2) is plotted for a
range of strikes. The Monte Carlo is implemented as outlined in Section 3.3.2 and
gives the volatility smile that is produced by the model SDEs. In both Sections
3.3.5 and 3.3.6, the antithetic variates variance reduction technique was used in
the Monte Carlo simulation. Alongside this plot, the implied volatility from the
analytical approximations is plotted for comparison. In this way, the accuracy of
the approximation can be assessed by comparing these results to those of the Monte
Carlo.
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As seen in Section 3.3.3, the hyperbolically scaled analytical approximation,
(2.7), most closely matches the Monte Carlo results for at-the-money options. For
this reason, this implied volatility approximation is used to approximate the volatil-
ity smile. The approximation is referred to as the “Quartic Hyp-Hyp” model in the
tigures due to the local volatility terms in the Watanabe approximation being quar-
tic in terms of z (and thus in terms of k). The Monte Carlo and approximation
plots, as well as the absolute error between the two, are plotted in Figure 3.7. In
the volatility smile plots, the axis on the right hand side gives the error between
the approximation and the Monte Carlo values for implied volatility while the left
hand axis gives the implied volatility.

05 10.025 041 10.025

—+— Monte Carlo —+— Monte Carlo
—3¢— Quartic Hyp Hyp —¢— Quartic Hyp Hyp

0451 10.0225 10,0225

0.4% q0.02 1002

oaf

0.35] 10.0175 70,0175

03 410.015 10.015

error
o
o
(S
error

e 0251 10.0125 100125

0z2r 10.01 10.01

015

05} i skt ?t | 0.0075 10.0075

0.1

017 10.005 10.005

0051 10.0025 10.0025

0.4 0.6 0.8 1 12 14 16 18 2 0.4 0.6 0.8 1 1.2 14 16 1.8 2

Fig. 3.7: Implied volatilities using the hyperbolically scaled approximation (2.7)
(black, crosses) compared to Monte Carlo implied volatilities (red, pluses).
The parameters on the left are 8 = 3/10, a = 1/2, k = 1, 09 = 4/25,
p = —1/2 and T = 3 while the parameters on the right are § = 7/10,
a=3/10,k = 1,00 = 1/5, p = —=3/10 and T' = 1. The Monte Carlo
used a stepsize of At = 1/10 and N = 2!7 — 1 sample paths with antithetic
variates.

Figure 3.7 shows that the analytical approximation, (2.5), scaled with (3.11) is
reasonably accurate especially for at-the-money and near-the-money options. This
level of accuracy is considered to be well within the accuracy required for practical
purposes. As can be seen in the figure, however, the approximation is less accurate
especially for far out-the-money options. These trends are true for both smiles pro-
duced by the sets of parameters above. The implied volatility for far out-the-money
options can be adjusted using an SVI projection as outlined by Gatheral (2004) and



3.3 Analytical Approximation 27

mentioned in Section 2.2. However, far out-the-money options (for which the im-
plied volatilities are plotted) have very little value to begin with and the use of an
SVI projection was not considered within the scope of this dissertation.

3.3.6 Time Dependent Parameters

As discussed in Jackel and Kahl (2008), the calibration of model parameters to
market implied volatility surfaces requires the introduction of a time-dependent
model parameter. This is done in order to minimise the error between the market-
observed implied volatility surfaces and the volatility surface constructed from the
model (via the approximations). As market implied volatility surfaces change over
time, so too should the implied volatility surface produced by the Hyp-Hyp model.
It is thus suggested that the parameter oy is defined as a function dependent on
time. In this sense, oy can be interpreted as an instantaneous volatility. The defi-
nition of 0y as a function as opposed to a constant adds flexibility to the Hyp-Hyp
model that, in turn, allows it to more accurately capture market implied volatility
surfaces.

According to Jackel and Kahl (2008), the realised variance, ||c||,, is used to ap-
proximate the constant volatility for a given function o¢(t). The realised variance is

T
loll, = ,/;/O o0 (s)ds. (3.19)

When the Watanabe and Fouque approximations are used, the integral in (3.19)

computed using

can be computed using numerical integration. In the case of the joint Monte Carlo
simulation, however, the realised variance need not be used as an approximation
for the constant volatility as the function, o¢(t), can simply be evaluated at each
time step. The resulting plots, using affine functions to describe o(t), are plotted
in Figure 3.8.

In addition to introducing time dependence in order to calibrate to market im-
plied volatilities, the oy (t) functions have shifted the implied volatilities from Fig-
ure 3.7 up and down due to o¢(t) being the volatility level parameter. As can be
seen in Figure 3.8, the introduction of a time dependent parameter and the vertical
shift of implied volatilities does not significantly affect the conclusions drawn in
Section 3.3.5.
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Fig. 3.8: Implied volatilities using the hyperbolically scaled approximation (2.7)

(black, crosses and blue, squares) compared to Monte Carlo implied

volatilities (red, pluses and pink, squares). The parameters on the left are
B =3/10, a = 1/2, k = 1, 0¢(2),1)(t) = 4/25 £ 3/100, p = —1/2 and
T = 3 while the parameters on the right are § = 7/10, o = 3/10, k = 1,
o0,2),1)(t) = 1/5 £ 3/100, p = =3/10 and T' = 1. The Monte Carlo used
a stepsize of At = 1/10 and N = 27 — 1 sample paths with antithetic

variates.



Chapter 4

Extended Analysis and Results

After implementing the Hyp-Hyp model, this dissertation analyses the model in
more detail. Chapter 3 presented more detail on how the model is implemented
while the present chapter makes use of the implemented model to provide further
analysis of the Hyp-Hyp model and the analytical approximation. Section 4.1 firstly
considers the derivation of various other sensitivity expressions along the lines of
the derivation of an expression for the delta outlined in Section 3.3.4. In this section,
a local volatility surface using these expressions is also produced. In Section 4.2, the
effect of each of the model parameters on the model output (that is, the volatility
smile) is investigated. Lastly, in Section 4.4, the accuracy of the approximation is
assessed for functional forms other than those proposed for the Hyp-Hyp model. It
is in this final section that hyperbolic-local and hyperbolic-stochastic volatility are

assessed independently of one another.

4.1 Sensitivities

As an extension to the original delta expression, (2.8), this dissertation provides

similar expressions for other sensitivities, g%, 9v and adKUQ

In a similar manner to the delta expression derlvatlon in Jackel and Kahl (2008),
the partial derivative of v(Sy, K,T) = So B(1,k,5,T) is taken with respect to K,
ov _ 5,0k ok OB S()&B@@j
0K 0K 0k 06 OK Ok’
where k = K/Sy and B = B(1,k,5,T) as before and 6 = (00, k, T, f1, f2, f3, f1)-
Using the fact that g—[k( = 1/Sp, an expression for the strike sensitivity, g—}’(, of a

European option is given by
ov 0B 0BOc

oK ok 96 ok’

where, as before, %E , gf and &2 o% can be evaluated using central differencing. Takmg

(4.1)

partial derivatives again, the expression for the second order strike sensitivity, - K2 ,
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is given by
Po_ 0k B 0k 05 B 0k P5 0B 05[ 0k 05 0°B | Ok 0D
OK? 0K 0k* = OK 0k 060k = OK 0k? 06 = 0k | OK 0k 962 = OK 060k
0’B  _06 0°B 0’6 0B 06 \20°B
= o + o060k " w5 " ok ) 062 |/ (2
Lastly, the expression for theta is
ov 0B 06 0B
o = o1 t 5795 *.3)

As was done with the delta, the sensitivities are plotted as a function of strike.

They are plotted for the DD functional forms as this allows them to be compared

to the closed form solutions for these sensitivities. As with the delta, central finite

differencing is used to evaluate the partial derivatives

9B 9*B 9%

the second order partial derivatives 33, 555z, grz an

in Figures 4.1 and 4.2.
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Fig. 4.1: The theta computed using (4.3) (black, dash-dot) compared to the exact
theta (red, solid), the approximate Black theta (blue, dot) and the at-the-
money Black theta (pink, dash). The parameters for this plot are: o9 = 1/4,

f=1/32,a=0and T = 3.
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Fig. 4.2: The strike sensitivity computed using (4.1) (black, dash-dot) compared to
the exact strike sensitivity (red, solid), the approximate Black strike sen-
sitivity (blue, dot) and the at-the-money Black strike sensitivity (pink,
dash) on the left and the second order strike sensitivity computed us-
ing (4.2) (black, dash-dot) compared to the exact second order strike sen-
sitivity (red, solid), the approximate second order Black strike sensitiv-
ity (blue, dot) and the second order at-the-money Black strike sensitivity
(pink, dash) on the right. The parameters for these plots are: og = 1/4,
f=1/32,a=0and T = 3.

As with the delta expression, although Figures 4.1 and 4.2 are given for the
DD functional forms, the approximations are applicable to the functional forms
describing the Hyp-Hyp model. The accuracy of the approximations is simply con-
firmed by the DD functional forms. The above sensitivities fully describe the local
volatility surface via the Dupire equation, (1.1). The sensitivity expressions ( (4.1),
(4.2) and (4.3)) are used in conjunction with the Dupire equation to plot a local
volatility surface. This local volatility surface is given by Figure 4.3.

The local volatility surface below is a generalisation of the constant volatility
assumption of the Black-Scholes model. The surface simply gives the volatility for
each maturity and strike that is used in order to model the volatility smile.
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Fig. 4.3: The local volatility surface produces using the Dupire equation, (1.1), and

the expressions for sensitivities given by (4.3), (4.1) and (4.2). The parame-
ters for the surface are o9 = 1/5,k =1/2,a =3/5,4=1and p = 0.

4.2 Analysis of Parameters

An analysis of the model parameters, {2,y —nyp, is presented in the following sec-
tion. The output of the model is considered to be a volatility smile as shown in
Figure 3.7. The Monte Carlo values for implied volatility are not considered in this
section as the implied volatility from the approximation was deemed to be accurate
enough for practical purposes in Section 3.3.5. The analytical approximation used
for the analyses in this section is the scaled version of the Watanabe and Fouque
approximations given by (2.7). In this sense, the analytical approximation is useful
as a tool to analyse the effects of these model parameters. It is preferred to a Monte
Carlo simulation in that it has little to no computational limitations and any error
in the approximation is not specific to the sample used (as would be the case in a
Monte Carlo simulation). In analysing the effect of each parameter, the base set of
parameters used are: 5 = 3/10, a« = 1/2, k = 1,00 = 4/25, p = —1/2and T = 3.
These are the same parameters used in the left hand plot of Figure 3.7 so that the
results can use this plot as a reference point. In order to analyse the effect of each
parameter in isolation, each parameter is varied while all of the other parameters
are kept at their base level.
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Fig. 4.4: Implied volatilities using the hyperbolically scaled approximation (2.7).
The parameters on the left are 8 = 3/10, kK = 1, 09 = 4/25, p = —1/2
and T' = 3 with varying a while the parameters on the right are o = 1/2,
k=1,00=4/25p=—1/2and T = 3 with varying 5.

Firstly, the effects of o and /5 on the volatility smile are considered. The volatil-
ity smiles produced from varying the levels of these two parameters are shown in
Figure 4.4. As can be seen above, increasing « increases the curvature of the volatil-
ity smile. When a = 0, the implied volatility seems to be an almost flat function of
k while when o = 1, the volatility smile is highly convex. The model SDEs, (2.1)
and (2.2), make used of the parameter « to describe the volatility of the volatility
driver, y;. As alluded to in Section 1.2, stochastic volatility is generally used to
capture the curvature of a volatility smile. This can be seen in the left hand plot of
Figure 4.4 in that, by increasing the volatility of the stochastic volatility (through an
increase in «), the curvature of the volatility smile is increased. In addition to this,
an increase in « shifts the volatility level up slightly. This is especially noticeable
for at-the-money implied volatilities (that is, when £ = 1).

Considering the right hand plot of Figure 4.4, an increase in 5 can be seen to
shift the skew of the volatility smile. Specifically, alow 3 has a smile that is centered
around higher values of £ while a high 3 has a smile that is centered around low
values of k. The parameter 3 is only incorporated into the Hyp-Hyp model through
the local volatility function, (2.3). As such, /3 can be described as a local volatility
parameter. This is discussed more in Section 4.4.2. Jackel and Kahl (2008) mention
that local volatility is generally used to model the skew of a volatility smile. This
can be seen from the fact that /3, the only purely local volatility parameter, directly
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effects the skew of the volatility smile. A second observation is that, for all values
of 3, the smile passes through the same point for an at-the-money option. This is
because, for an at-the-money option, & = 1. For the hyperbolic-local volatility func-
tion (2.3), the initial condition was that f(1) = 1 for all values of 3. Consequently,
for an at-the-money option (k£ = 1), the parameter /3 does not effect the price of the
option and therefore has no effect on the implied volatility.
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Fig. 4.5: Implied volatilities using the hyperbolically scaled approximation (2.7).
The parameters on the left are « = 1/2, § = 3/10, 09 = 4/25, p = —1/2
and 7' = 3 with varying ~ while the parameters on the right are o = 1/2,
B =3/10,k =1, 09 = 4/25 and T = 3 with varying p.

As can be seen in the left hand plot of Figure 4.5, the effect of changing « is far
less significant than the effect of any of the other model parameters on the implied
volatility. As with «, the parameter « is used to describe the stochastic volatility
through the SDE for the volatility driver, (2.2). As with o, an increasing  seems to
increase both the level and the curvature of the volatility smile, although the effect
is a lot less drastic than that of «. This effect is due to x forming part of the diffusion
term of (2.2) and thus the volatility of the volatility driver. In addition to this, « also
represents the rate of mean reversion in the SDE (2.2).

At this point, it is useful to discuss the mean reversion of the volatility driver, y;.
Firstly, from the SDE, it can be seen that y; mean reverts to 0. This is not, however,
the level to which the volatility mean reverts (as would be the case in the Heston
model, for example). This is due to the hyperbolic-stochastic volatility function
(2.4) and the fact that, when y; = 0, the initial value of the function is g(0) = 1.
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Therefore, as y; mean reverts to 0, the stochastic volatility function mean reverts to
1 that, in the absence of local volatility, would result in the volatility in SDE (2.1)
mean reverting to og. The parameter « can be interpreted as influencing the rate of
mean reversion of the volatility to oy but this mean reversion is also dictated by the
functional form of g(y).

The right hand plot of Figure 4.5 shows that the value of p affects the convexity
of the volatility smile. An imperfect negative correlation (for example, p = —0.5),
results in a convex smile that seems to most accurately capture the shape of market
observed volatility smiles. That is, this specific shape is able to accurately capture
the higher implied volatilities for far in-the-money and far out-the-money options
that occur in the market. A negative value of p is therefore in line with the “leverage
effect”, which proposes that the volatility of an asset increases as the value of the
asset decreases (Black, 1976). Simply put, Black (1976) explains that, as the value
of a firm declines (analogous to x; decreasing), it becomes more highly leveraged,
thus increasing the volatility of x;.

In addition to affecting the convexity, the “average slope” of the volatility smile
is also affected by p. In the Heston (1993) model, a negative correlation decreases
the price (and implied volatility) of out-the-money options relative to in-the-money
options. This trend is seen by the fact that a perfectly negative correlation, p = —1,
results in an almost flat downward sloping smile. A positive correlation in the
Heston model results in higher prices (and implied volatilities) for out-the-money
options than in-the-money options. This trend can also be seen for p = 0.5 and
p = 1 for the Hyp-Hyp model in that these correlations result in upward sloping
volatility smiles.

Lastly, the effect of oy on the volatility smile is illustrated in Figure 4.6. This
figure shows a very simple effect that the parameter o has on the volatility smile.
An increasing value of oy simply increases the level of the volatility smile. This
is because oy is the volatility level parameter. As mentioned in the discussion on
the mean reversion of stochastic volatility above, oy is simply the level to which
volatility mean reverts.

To summarise this section, the individual model parameters are analysed in
isolation. While « has a very small effect on the volatility smile, the effects of the
other parameters are explained. Notably, « is used to capture the curvature of a
volatility smile, 3 is used to capture the skew and p describes the shape by effecting
the convexity. The level of the volatility smile is described by oy.
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Fig. 4.6: Implied volatilities using the hyperbolically scaled approximation (2.7).
The parameters are « = 1/2, k = 1, 8 = 3/10, p = —1/2and T = 3
with varying oy.

4.3 Implied Volatility Surface

Figure 4.7 shows the effect that the maturity of an option has on the volatility smile.
As can be seen, an increase in the maturity, 7', of an option decreases the curvature
of the volatility smile. According to Hull (2003), as maturity increases, the impact
of non-constant volatility becomes less pronounced on implied volatilities thus re-
sulting in a flatter volatility smile for longer maturities.

Figure 4.7 can also be plotted as a surface to yield the implied volatility surface
for the Hyp-Hyp model, as in Figure 4.8. The implied volatility surface shows
the same trends as the previous plot. The figure shows the volatility smile that
exists across a range of maturities. Specifically, far out-the-money and far in-the-
money options have higher implied volatilities, especially for shorter maturities. In
a Black-Scholes world, this surface would be flat.
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Fig. 4.7: Implied volatilities using the hyperbolically scaled approximation (2.7).
The parameters are « = 1/2, k = 1, § = 3/10, 09 = 4/25and p = —1/2
with varying 7.

Fig. 4.8: Implied volatility surface using the hyperbolically scaled approximation
(2.7). The parameters are « = 1/2, k = 1, § = 3/10, 09 = 4/25 and
p=—1/2.
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4.4 Analysis of Approximation for Different Functional
Forms

In this section, the accuracy of the analytical approximation scaled using (2.7) is
investigated for alternative functional forms (as opposed to the Hyp-Hyp model
functional forms). Importantly, for this section, the functional forms considered
need to agree with the functional forms of the Hyp-Hyp model at the initial con-
ditions. That is, it is required that f(1) = 1 and that g(0) = 1. This is because
the approximation is derived assuming that these are the initial values of the two
functions. In addition to this, the SDE described by (2.1),

dxy = oo f(w¢)g(ye)dWr,

has an initial volatility of o if these initial values of the functional forms are met.

4.4.1 CEV and SABR Functional Forms

First, the functional forms describing the SABR and CEV model are considered. The
functional forms used are f(x) = x” for the CEV model and g(y) = eV for the SABR
model. These two functional forms are considered in conjunction with one another
because separation of purely local and purely stochastic volatility functional forms
is considered in the next section. The volatility smile for the CEV and SABR func-
tional forms is plotted in Figure 4.9 using both the analytical approximation and a
Monte Carlo simulation.

Figure 4.9 shows that the analytical approximation is able to produce a volatility
smile that is reasonably close to that produced by the Monte Carlo simulation. De-
spite the approximation for implied volatility being reasonably close to the Monte
Carlo plot, the approximation is not as accurate for the CEV and SABR functional
forms as it is for the Hyp-Hyp functional forms. This can be seen by comparing
Figure 4.9 to the left hand plot of Figure 3.7.

The volatility smile produced by the approximation is almost identical to that
produced by the approximation for the Hyp-Hyp functional forms. This is because
the derivatives of the CEV and SABR functional forms that are used in the approx-
imation, that is f; = f@(1) and g; = ¢(?(0), are largely similar to those of the
Hyp-Hyp functional forms. For the CEV functional form, the first two derivatives
can be shown to be: fi = g and fo = (8 — 1), which are identical to the first two
derivatives of the hyperbolic-local functional form given at the beginning of Sec-
tion 3.3.1. Although the higher order derivatives are not identical to the hyperbolic-
local volatility higher order derivatives, the approximation is still almost identical
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because the higher order derivatives have less significant contributions to the im-
plied volatility: in Watanabe’s expansion, (2.5), the higher order derivatives only
form a part of the 73 and 644 local volatility terms. The SABR functional form
agrees with the hyperbolic-stochastic volatility form exactly in that g; = g» = 1.
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Fig. 4.9: Implied volatilities using the hyperbolically scaled approximation (2.7)
(black, crosses) compared to the Monte Carlo implied volatility (red,
pluses) for the CEV and SABR functional forms . The parameters are
a=1/2, k=1, =3/10,00 = 4/25, p = —1/2 and T = 3. The Monte
Carlo used a stepsize of At = 1/10 and N = 2!6 — 1 sample paths with
antithetic variates.

4.4.2 Local and Stochastic Volatility in Isolation

In this section, the hyperbolic-local volatility and hyperbolic-stochastic volatility
are considered in isolation of one another. Firstly, in order to consider only local
volatility, the hyperbolic-stochastic volatility function is set to g(y) = 1, resulting in
a purely hyperbolic-local volatility model defined by the SDE

dry = oo f(x¢)dW, (4.4)

where f(z) is defined as in (2.3).

Secondly, when considering hyperbolic-stochastic volatility, the local volatility
function is set to f(z) = x such that the hyperbolic-stochastic volatility model SDE
is given by

dzy = 00g(yt)wedWs, 4.5)
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with y; following the dynamics described by (2.2) and g(y) defined by (2.4), as be-
fore. The reason that f(x) takes on this functional form is that the diffusion term
in a forward Black-Scholes SDE is dependent on the value of the underlying, x;.
The above SDE describes the forward Black-Scholes dynamics with hyperbolic-
stochastic volatility, cog(y:). In fact, to define f(x) = z, the same hyperbolic-local
volatility function, (2.3), can be used with 8 = 1. The plots in Figure 3.5 in Section
3.3.3 therefore only consider hyperbolic-stochastic volatility as they make use of a
$ parameter of 1. The SDEs (4.4) and (4.5) result in the volatility smiles in Figure
4.10.

—+— Monte Carlo
—— Quartic Hyp Hyp

10.02

—+— Monte Carlo
—— Quartic Hyp Hyp

0.0225

0.3F
10.0175

10.015

efror
=)
o
]
o
2
]
o
error

10.0125

{0.01 fhaes - TORRRRRE oy +0.01
A 0.154

.
10.0075

0.1
10.005

0.05
10.0025

0.4 0.6 0.8 1 12 1.4 16 18 2 0.4 0.6 0.8 1 12 14 16 1.8 2

Fig. 4.10: Implied volatilities using the hyperbolically scaled approximation (2.7)
(black, crosses) compared to the Monte Carlo implied volatility (red,
pluses) for the hyperbolic-local (left) and hyperbolic-stochastic (right)
functional forms. The parameters are a« = 1/2, k = 1, § = 3/10,
oo = 4/25, p = —1/2 and T = 3. The Monte Carlo used a stepsize of
At =1/10 and N = 2'6 — 1 sample paths with antithetic variates.

The effects of hyperbolic-local and hyperbolic-stochastic volatility on the shape
of a volatility smile can be seen by considering them in isolation of one another
as in Figure 4.10. It is worth noting that the local volatility smile (on the left) is
a downward sloping smile with very little curvature. This reaffirms the assertion
made by Jackel and Kahl (2008) that local volatility is used to capture the skew
of a volatility smile as opposed to the curvature. This result further enforces the
discussion on the local volatility parameter, 3, in Section 4.2. The hyperbolic-
stochastic volatility smile (on the right) seems to look more similar to the combined
hyperbolic-local hyperbolic-stochastic volatility smile in Figure 3.7. This indicates
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that hyperbolic-stochastic volatility potentially has a more significant impact on the
combined hyperbolic-stochastic hyperbolic-local volatility smile than hyperbolic-
local volatility does. The initial skew (that is, the fact that the smile is not centred
at k = 1) of the hyperbolic-stochastic volatility smile is due to the asymmetrical
nature of the hyperbolic-stochastic function, (2.4).

The analytical approximation clearly does not compute the isolated hyperbolic-
local volatility functional form particularly accurately when compared to the Monte
Carlo simulation. In contrast to this, the analytical approximation seems to com-
pute the hyperbolic-stochastic volatility reasonably well. For hyperbolic-stochastic
volatility, once again, the approximation is particularly accurate for at-the-money
and near-the-money options while it is less accurate for far out-the-money options.
As with the hyperbolic-local hyperbolic-stochastic volatility smile given in Figure
3.7, the inaccuracy for far out-the-money options could be corrected for using an
SVI projection should the need arise. Jackel and Kahl (2008) explain that the ana-
lytical approximation is particularly accurate for computing implied volatilities for
the hyperbolic-stochastic volatility function, (2.4). This is because this function has
higher order derivatives (from the third derivative and higher) that equal 0. The
hyperbolic-local volatility function, (2.3), in contrast, has higher order derivatives
that influence the implied volatility but are not captured by the analytical approx-
imation, which only contains up to fourth order derivatives of f(x) despite two
extra terms for local volatility, 63 ¢ and 644, being incorporated into the expres-
sion. Appendix A.2.3 provides the additional terms in order to better incorporate
local volatility into the approximation. Despite this, the loss of accuracy due to
the existence of higher order derivatives of f(x), which are not incorporated into
the approximation, is why the analytical approximation does not compute implied
volatilities for hyperbolic-local volatility as well as for hyperbolic-stochastic volatil-

ity.

4.4.3 Other Functional Forms

Finally, the approximation accuracy for functions that do not have well known so-
lutions is investigated. The functional forms considered need to have initial values
that agree with the functional forms of the Hyp-Hyp model. That is, it is necessary
that f(1) = 1 and g(0) = 1. For this reason, the functional forms considered are

(z + d)°
T

which represents a shifted CEV model, and

f (fCt) = (4.6)

g(yt) = (ye +1)7, (4.7)
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which both agree with the initial conditions of the Hyp-Hyp model. As with the
previous sections, the volatility smile produced by the analytical approximation is
compared to that produced by a Monte Carlo simulation of the SDE specified with
these functional forms. The resulting volatility smile is shown in Figure 4.11.

054 \ | —0.025

—+— Monte Carlo
—— Quartic Hyp Hyp
I - 0.

o
2
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&

error

Fig. 4.11: Implied volatilities using the hyperbolically scaled approximation (2.7)
(black, crosses) compared to the Monte Carlo implied volatility (red,
pluses) for the functional forms, (4.6) and (4.7). The parameters are
a=1/2,k=18=3/10,00 = 4/25,p = —1/2, T = 3,d = 1/2 and
v = 2. The Monte Carlo used a stepsize of At = 1/10 and N = 26 — 1
sample paths with antithetic variates.

The approximation is less accurate for functions (4.6) and (4.7) than it is for the
Hyp-Hyp model and for the CEV and SABR functional forms. As discussed, the ap-
proximation works particularly well for the Hyp-Hyp model because the stochastic
volatility function has vanishing higher order derivatives. In addition, it was pro-
posed in Section 4.4.1 that because the CEV functional form has an f; and f> that
are identical to the Hyp-Hyp model, the approximation works particularly well for
this functional form. In contrast, (4.6) and (4.7) have higher order derivatives

o B fFB(ﬁ—l) f326(5—1>(6—2>
1+d’ (1+d)?° (L+ap
fa= B(ﬂ_l()ii_d)i)(ﬁ_g)’ g1 =", g2 =7(y—1),

which do not agree with the Hyp-Hyp functional forms for higher order deriva-
tives. The functions also do not have vanishing higher order derivatives. These
reasons are why the approximation is not accurate for (4.6) and (4.7).



Chapter 5

Conclusion

This dissertation explores the details of the Hyp-Hyp model presented by Jackel
and Kahl (2008) as well as an analytical approximation for implied volatility. The
advantageous features of the Hyp-Hyp model when compared to the CEV and
SABR models are verified. Hyperbolic scaling of the Watanabe and Fouque ap-
proximations (based on maturity) for implied volatility is shown to be accurate by
comparing it to implied volatility from a Monte Carlo simulation of the Hyp-Hyp
model SDEs as a function of both maturity and strike. The expression for the delta
of an option based on the Watanabe approximation is shown to be accurate by com-
paring it to the closed form solution for the DD model. A time dependent model
parameter, oy, is introduced and used to plot sufficiently accurate volatility smiles.

In line with the work done by Jackel and Kahl (2008), expressions for the sen-
sitivities g—;, g—}]{ and %
these sensitivities based on the DD model. Using these expressions, the Dupire

are derived and compared to closed form solutions for

equation is used to describe a local volatility surface. The effect of changing each of
the model parameters, while keeping all other parameters constant, is investigated
using the scaled analytical approximation. In a similar manner, the effect of chang-
ing the maturity on the volatility smile is investigated and an implied volatility
surface is plotted. Effects of the model parameters and maturity on the volatility
smile are in line with what would be expected from literature. The scaled analytical
approximation is found to be suitably accurate for a combined CEV and SABR local
stochastic volatility model despite it not being as accurate as it is for the Hyp-Hyp
model. The analytical approximation captures the shape of a purely local volatility
model although it is not particularly accurate. It is, however, sufficiently accu-
rate for a purely stochastic volatility functional form. Lastly, the approximation is
shown to be less accurate for other local and stochastic volatility functional forms
which do not have higher order derivatives agreeing with the Hyp-Hyp model

functional forms.



Bibliography

Black, F. (1976). Studies of stock market volatility changes, Proceedings of the Ameri-
can Statistical Association Business and Economic Statistics Section pp. 177-181.

Dupire, B. (1994). Pricing with a smile, Risk 7(1): 18-20.

Finch, S. (2004). Ornstein-Uhlenbeck process, Unpublished note pp. 1-2. Available at
https://oeis.org/A249417/a249417.pdf.

Fouque, J.-P., Papanicolaou, G. and Sircar, K. (2000). Derivatives in Financial Markets
with Stochastic Volatility, Cambridge University Press.

Gatheral, J. (2004). A parsimonious arbitrage-free implied volatility parameterisa-
tion with application to the valuation of volatility derivatives, TDTF Derivatives
Day Amsterdam .

Hagan, P. S., Kumar, D., Lesniewski, A. S. and Woodward, D. E. (2002). Managing
smile risk, Wilmott 1: 84-108.

Heston, S. L. (1993). A closed-form solution for options with stochastic volatility
with applications to bond and currency options, The Review of Financial Studies
6(2): 327-343.

Hull, J. C. (2003). Options futures and other derivatives, Vol. 8, Prentice Hall.
Jackel, P. and Kahl, C. (2008). Hyp hyp hooray, Wilmott Magazine 34: 70-81.

Kahl, C. (2007). Modelling and simulation of stochastic volatility in finance, PhD thesis,
Bergische Universitat Wuppertal and ABN AMRO.

Kawai, A. (2002). Analytical and Monte Carlo swaption pricing under the forward
swap measure, Journal of Computational Finance 6(1): 101-111.

Osajima, Y. (2006). The asymptotic expansion formula of implied volatility for dy-
namic SABR model and FX hybrid model, Technical Report . University of Tokyo,
Graduate School of Mathematical Sciences, Komaba, Tokyo, Japan.

Rubinstein, M. (1983). Displaced diffusion option pricing, Journal of Finance
38(1): 213-217.

Vanyolos, A., Cho, M. and Glasgow, S. A. (2014). Probability density of the CIR
model, Available at SSRN: http://dx.doi.org/10.2139/ssrn.2508699.


https://oeis.org/A249417/a249417.pdf
http://dx.doi.org/10.2139/ssrn.2508699

BIBLIOGRAPHY 45

Watanabe, S. (1987). Analysis of Wiener functionals (Malliavin calculus) and its
application to heat kernels, The Annals of Probability 15(1): 1-39.



Appendix A

Fouque and Watanabe
Approximation Derivations

This appendix gives a detailed derivation of the Fouque, (3.11), and Watanabe,
(2.5), approximations. The derivations follow those presented by Kahl (2007) very
closely but, in some cases, provide more detail. Section A.1 presents two corrections
which directly influence the resulting Fouque approximation given in the body of
this dissertation, (3.11). The corrections are typed in red throughout this appendix.
The derivation of Watanabe’s approximation directly recovers the expression used
in the body of this dissertation, (2.5). Kahl (2007) presents the derivation of the
Watanabe approximation for a purely stochastic and then purely local volatility
model. In order to avoid unnecessary repetition of the derivation presented for
these cases, the derivation of the approximation for a local and stochastic volatility
model is presented in this dissertation. Kahl (2007) simply provides a result for
this case as the derivation follows that of the purely local and purely stochastic
volatility model approximations.

A1 Fouque Approximation
In Section 4.2.7 of Kahl (2007), the Fouque approximation for implied volatility is
defined as:

&Fouque =ak+b+ 0(1/5)7 (A1)

1 . .
where k = — 7. In the same section, a and b are defined as:

Va

a = —%, (AZ)

20Rs

and v
b=0rms — r . (A.3)

ORMS
respectively. In the same section, (Kahl, 2007) goes on to show that

520rg = 03(1 4202 4 %(af” - 1)), (A4)



A.1 Fouque Approximation 47

and 5
Vo &~ 03(202 + 6a* — 208 + 8a8 ;p'
2 0 ( ) a\/ﬂ
Rewriting V5 for the purposes of simplifications which will follow results in
35 2 2 4 6y —2P
Vo = 052a0°(1 4+ 30 — o™ + 4a”)
a2k
= 4080 (—4a® + ot — 3a% — 1) h_. (A.5)
a2k

Substituting (A.4) and (A.5) into (A.3) and simplifying results in an expression for
b:

4oda?(—4a® +a* —3a% - 1)p
400\/1 +2a2 + 2 (e=2°T — 1)a/2k

a2
b=o0\/1+2a2+ K—T(G*Q"“T —-1) -

—1+ e 26T) 2 a(—4a8 4+ a* — 302 — 1) po2
:00\/( T ) +2a2+1— ( — )y . (Ab)
2(EHe e 202 1)k

Similarly, substituting (A.4) and (A.5) into (A.2) and multiplying (A.2) by k re-
sults in

4oda?(—4a® +at —3a% - 1)p In (%)
2 3/2 T
2(08 (1 + 202 4 &5 (e~ 27T — 1))) av/2k
B V20302 (—4a’ + a* — 302 — 1)p I (K)
- 3/2
08<1 +2a% + %(G_QNT - 1)) arkl/2T r

B V2a(—4a8 +a* —3a® — 1)p | (K)
- Com 3/2 2
<HT+2HTO£2+O¢2(€ 2 T—l)) k12T

ak = —

F
wT

B V2a(—4a% +ao* —3a% — 1)p I (
- 3/2
K—3/2T73/2 (/@T + 26T a? + a2e=2T — a2) / K1/2T
V2a(—4ab + ot —3a% — 1)p

== K
- k—1T-1/2 ((2T/@ + e 2Tk — 1)a2 /@) 3/2 In <F)

=

)

+T
V2T a(—4a5 + o* — 302 — 1)k K
— ( )3/’; In (f) (A7)
((2T/<a +e 2Tk — 1)a? + TK?)

Rewriting (A.1) by substituting in the above expressions for ak and b results in
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the final Fouque approximation

. —1 4 e 26T 2 a(—4ab + a* — 302 — 1) po2
OFouque —UO\/( ) +2a2+1— ( )P 0

T 1 6—2.‘11 02 2

3/2
((2Tﬁ +e2Th —1)a2 + Tﬁ)

A.2 Watanabe Approximation

In Section 4.2.5 of Kahl (2007), a derivation for the Watanabe approximation for
implied volatility of a local and stochastic volatility model is presented. An asymp-
totic expansion for z; based on the model SDEs, (2.1) and (2.2), is given by:

Ty = 29 + efoﬁ(gl (t) + €ga(t) + 62§3(t)...),
where the g;(t)'s are defined as:

_ W

qi(t) = — ~ N (0, 1),

~ 1 t t S

3(t) == — g1 / ysd W, + 00 fy / / AW,dW, |,
Vi 0 0 Jo
1 g2 t t s t s

g3(t) == — / ygdWS—l—aoglfl / ys/ qudW5+/ / YudWo, dW
VE\ 2 Jo 0 0 0 Jo

t S u t
+ od f2 / / / dequdWS+a§% fo / WdeS)
0 0 0 0

For simplicity, define f; := f()(x). The integrals defined above are for a local and
stochastic volatility model with the local volatility given by the functional form
f(z) and the stochastic volatility given by the functional form ¢(y). The functions
will be defined by the model being considered and the derivation which follows
therefore generalises to any local or stochastic volatility model.

In order to determine an approximation for the implied volatility, one can use
Watanabe’s formula,

. . 1
Cool(T, K) ~ e foooV'T E| Hy + eHy o + € <H1g3 + 3 295)}, (A9)

where H; := HY)(j; — 2) and H(x) := =T with

K- Zo
l‘oO‘o\/T.

Therefore, one obtains: Hy = (g1 — 2)%, Hy = LG > and Hy = 6(g1 — 2z). The
formula is based on a similar type expansion done on the SABR model which was

zZ =
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presented by Osajima (2006). It is based on an asymptotic expansion of the value of
the underlying asset in terms of some small parameter ¢ < 1. Watanabe’s method
then allows for the price of a European call option to be written as a sum of terms
with different powers of € as is presented by (A.9).

An expression for the Black-Scholes implied volatility can be derived by consid-
ering Watanabe’s formula for the price of a European call option under the Black-
Scholes model. The asymptotic Black-Scholes expansion, based on (A.9), can be
simplified based on the SDE describing the Black-Scholes model,

d.’l?t = O'.'Etth, (A].O)

where ¢ is constant. Making use of (A.9), an expression for the price of a European
call option based on the Black-Scholes model is given by Kahl (2007):

Cus(T, K) = efoboV'T (G(2) + p(2) (¢G1 (2, 50, 61) + ECa(2,60,61,62)) ).

where ¢(z) is the standard normal density function and, as given by Kahl (2007),
the G;(z) terms are defined as:

. .
Gr(2,60,01) = 5VTz60 + 2. (A.11)
00
1 1 T6d —667)22
Galz,60,61,80) = “T624 + Lv/Tg, 0~ (L0 —001)=7
8 2 1200
1 Té
gy, L0502 (A.12)
D 24 " 5y

Matching the terms of (A.9) for a local and stochastic volatility model with the
asymptotic Black-Scholes expansion, based on powers of €, one obtains:

o0 = 00,

G(Z :IE[I{()}7

¢(2)G1(z, 60,01) = E[H172], (A.13)
A o1

¢(2)Ga(z,60,01,62) = E|H1g3 + §H2g§ . (A.14)

In order to determine an expression for 1, one expands (A.13) and uses the
tower property as well as the expression for E[g2|g1] given in Section 4.2.2.1 of Kahl
(2007):

SO(Z)Gl(Z? 6—01 6—1) = [H{§1>Z}g2]

[—"

]I{gl >z}92|gl

ﬁ
=

(G1>2) = \f 1)]

B[E
[H{91>Z}E [92]91] }
~E[I
\; ( Li5,>:197) — [H{ﬁlzz}])7 (A.15)
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_ —rT
where k1 := ginpn1 + 00 AT, n = av2k and ny = 5=t
Simplifying using integration by parts:

. 1 >
E[H{glzz}g%] = \/%/ ze 2 dx

1 2o [ 2
:E[_MQ Z+/Z erm]
1 —z2 1 o g2
= Eze 2 +\/%/Z e 2 dx
= 20(2) + Ell5, 5. (A.16)

Equation A.15 therefore simplifies to

JN 1 . 01 - 1
@(Z)Gl(zaaoao-l) :SO(Z)<§\/TZO'0+ 6-70> :E[H{ngZ}QQ} = ﬁklch(’z)'
Solving for 61 and simplifying, the expression for 1,
&1781 =00 (\/1?]{1 — ;\/f00>2’
1 KT —1+e Ty 1 1

= — _ - T —=VvT
UO((\/TQNW( T2 ) + 200f1 ) 2\FUO>Z

002 (kT + et — 1)

NG ((fl —1)ooT + \/gglaPW ; (A.17)

is derived. The subscript sl is used to denote that the implied volatility is for a
stochastic and local volatility model. This, along with the local volatility approxi-
mation presented in Section 4.2.4 of Kahl (2007), is the result which forms a part of
the Watanabe approximation in Jackel and Kahl (2008).

A similar exercise on (A.14) yields

o — I
P2)Ga(2,60,61,62) = E[Ig, 115 + 50(01 — 2)33)

r B 1., o~
=E|E |:]I{§122}93 + 55(91 - Z)Q%‘Ql“

r L 1. 9~
=E _H{glzz}E[gfi‘gl] + 55(91 - Z)E[nggl]}

= B[l Elslan]] + JE[0G ~ DEBla)],  (A19

where expressions for E[j3|71] and E[§3|71] as functions of §; are given in Sections
4.2.2.2 and 4.2.2.3 of Kahl (2007). The first expectation contains terms with powers
of i, 33, g7 and §; due to the expression for E[j3]g1]. Integration by parts and
the use of the normal probability density function can be used, as demonstrated in
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(A.16), to verify the following results:

E[l5,>2391] = ¢(2),

E[l;5 1>z}91] 2p(2) + E[l5,>23),

E[lg5,>:191] = (22 + 2)(2),

Ell,5:81] = 2(2% + 3)¢(2) 4+ 3E[L5,5.3]. (A.19)

The second expectation in (A.18) can be evaluated by making use of the integral
of a Dirac delta function, [* 6(x — z)f(z)dz = f(z). One therefore has that, for
E[3]g1] (which is a function of §1),

E[6(31 - 2)E[3313]] / Oz = 2)E[g391] 5, (@)de,

=E[G3131]]. _ e(2).

g1==

Equation A.18 therefore simplifies to

(TO‘O — 601)

oA A 1
©(2)Ga(z,60,61,62) = (2)| <T632" + \folz -
8 1200

24 g0

1 To o
—l—gﬁalz—ﬁ—{— ~ ),

" 19
= E[1g,54) Eldslan]] + SEBI),, _,
where the first expectation is evaluated using the expressions in (A.19). Solving for
09 results in

1 1 L
SE3319:]]5, . + @E[H{glzz}E[gslgﬂ} T *fal(z +2)

9279015 8

Tog — 667 , Top

(A2
1202 ° T | A0

The complexity in simplifying this expression involves algebraic manipulation
of the terms E[§3|71] ’§1=z and E[H{glzz}IE[gg\glﬂ. The general strategy for recov-

ering the expression presented by Kahl (2007) and used for the Hyp-Hyp model
by Jackel and Kahl (2008) is to compute these conditional expectations and then to
match terms according to the order of the polynomial of g;, g2 and z or a combina-
tion of these. These terms are then manipulated to represent the equivalent terms
in the final expression presented by Kahl (2007).

A.2.1 Simplification of j; Conditional Expectation
Kahl (2007) defines the integrals in the expression for gs(7') using M; terms, thus
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yielding the expression

- 1 T s u
33(T) = —= (Q;Ml + 0091 f1(Ma + Ms) + of f1 / / / AW,y dW,, dW
0 0 0

VT
+a§f2f0/ W2dW>

Noting that, as given in Kahl (2007),

[

1@ - 3182
] = S

and that

~ 1 332 1. .3/
= —g373/2 _ Zg, 13/
} 391 g1t

and defining the other conditional expectations as m;(§1v/T) := E[M;|g1], one can
see that

E H{élzz}E[§3|§1]] = ( 2m1(1V'T) + oogr fi(ma (51 VT)

O e — T

_ /
+mz(1VT)) + 2—91( 63)T3 i - 0(2)];2f <3~%T3/2 §1T3/2)>].

(A.21)

Rearranging the expression for m1(§1V/'T) given by Kahl (2007) yields

my(1VT) = T3/2 (=2 + 8eTr 4 &2TR (4T K — 6))g}

+ (—24eT" + 6+ Tk + e T™(Tk — 2)(2Tk — 9))g1| =: AG: + Ba,

where A and B represent the coefficients of §; and g; defined above.
As in Section 4.2.2.1 of Kahl (2007), the integral M; can be decorrelated. The
SDE describing the dynamics of y; are

dyy = —kydt + aV2kdZ;

and the solution to this SDE is
t
yr = av2/£/ Kt=s)qz, = 7]/ —rt=s)qz,.
0

Evaluating the integral of M results in

T
M1 = / thth
0

T ¢ 2
_ / . / ert=0az. ) aw,,
0 0
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which has the conditional expectation

T t 2
/ e rt / e™dzZ, | dWilq
0 0

2
T t t
/ (pe_”t/ e AW, + /1 — pe e““dZu> dW;
0 0 0

E[Mi|§:1] = n’E

§1] ;

where Z; is uncorrelated with W,. The above result is attained from a Cholesky
decomposition of the Brownian motion Z;. The cross term (that is, the middle term
of the polynomial which contains an integral with respect to Z;) has an expectation
of 0 when conditioned on §; := W;/+/t. The final term in the polynomial is, by It
isometry,

2
t t
- 1
<‘ /1 — pZe—HT enudZu> — e—QKT(l _ PQ)/ e?f@udu _ 5(1 _ pQ)(l _ e—?/{t)’
0 0

which is a finite variation process and thus becomes zeros when integrated by dV;.
We thus have the result for Lemma 4.21 in Kahl (2007):

T ¢ 2
/ e "t / e dW,, | dW;
0 0

The expression for the conditional expectation is given by

T t 2
/ e rt / e dW,, | dW;
0 0

E[Mi|g1] = n°p°E

91] = mi (1 VT).

n*p’E 91| = Ag} + Ba.
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and can be combined with the expressions given in (A.19), to yield the result

r0— [l = S @) (A22)

:0’0

ﬁ%(A(zz +2) + B)
—2Tk

POy Y33
— 24¢TH 4+ 6+ Th + 22757252 — 136275 Ty 4 1862“}
e e

0%9 4T33
— 4+ 16eT" + 8e*TF Tk — 1262TF

T[( — 24 8¢ 4+ TR (4Tk — 6)) (22 + 2)

T[ — 222 4 8TR22 4+ 2TH(UTk — 6) 22

— 24T 4 6+ Tr + 262757242 — 1327575 + 18627%}

—2Tk
= 202 p?opa’kp 22 ZT3 3T[(262T”T2f€2 — 52" Tk + Tk
— 8eT% 1 62T 4+ 2) + (42T Tk + 8eTF — 62T — 2);?}
e—QTﬁ

005 s Lk [Ggga (2277722 — 5e2T5 Tk + Tk

— 8eTr 4 62T 4 2)
+ 699 (4e*TF Tk + 8eTF — 6e2Tr — 2)p2z2] . (A.23)
The result of (A.23) above agrees with the terms containing g, in the 5 term pre-
sented in Jackel and Kahl (2008).

The expressions for mz(§1v/'T) and m3(§1v/T) are summed and rearranged to
give

ma(1VT) +mg(1VT) = 2T3 - [glﬁe Tr((1VT)? 2Tk + €T(T?k% - 2)
+2) — T(4Tk + eT"(Tr(Tk + 2) — 6) + 6))

+ VT (GVT)? = 3T)(Tk(Tk — 2) - 267 +2)]

i LT [(2T2/<a2 — 9Tk + 2Tke~TF)g3

_(2T%2 — 2Tk + 2Tne*“)g1]
=mVT(3 - 251),

where n; is as defined before. In a similar manner to the decorrelation step done
with regards to the integral given by M, ) and p are incorporated into the expres-
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sion. We therefore have
1
( ) H{91>Z} JT

1 N -
= UomﬂPE [H{glzz}aoglfml(g% - 291)}

0091f1n1\ﬁ( —291)}

1

=00 Ty 2kpaogifim (22 + 2)¢(2) — 2¢(2))

= ogav/2kpg1 fing 2
Tk —1+e 1"

= o 2/€p91f1( T ) 2

o202 . . Y
= 217”73113 |:246 "av2kpgifi(e’ "(Tk — 1)+ 1)T*kz }
= ﬂ [IQﬁeT”glfla/i‘gm(eT“(Tn -1+ 1)p00T2(2z2)}

24T3K3 ’

(A.24)

A.2.2 Simplification of 5 Conditional Expectation
Kahl (2007) gives the expression

Eg31] = o (K@ — 26+ 1) + g2* (1~ Py (31V'T))

where
—9Tk

4T2 K3

o2 (@1VT) = ((e*T%(4Tk — 6) + 8e™* — 2)(1VT)*+

T(Tk — 8™ + 2T"(TK(2Tk — 5) + 6) +2)).
We therefore have that

gi1=2

SEBI]; . = o (MG =22 4 ) (1 - Py (VD)) (429

Considering the z* term of first term in (A.25), and grouping this with the other
terms containing 2* from (A.20) results in

1 2.4 1 2.4 1 /a3 1 % 2
7Tklz — éTUOZ — 5 TO'lZ 5782
2
1 1 1 1 1 1 1
L R O T Sy Py (LU Sv/; o DS (S N5 i
5T 3 Op% 7 o] T 1 5 og |2 2\ VT 1 5 oo | <
1 1 1 1 1 1
ﬁkQ 4 gTU%ZA — 50'0]?124 -+ ETUSZZL — ﬁk Z + klO'()Z — gTU 2'4 = O

Different powers of g; appear in the remainder of the k% term:

1 1
715‘)(1 -22%) = o (9?77%2%1 +o0Tg1 finpm + 17 1203) (1-22%).  (A26)
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Grouping the middle term in this expression with a term containing a 2? and g;
(from the 61) from (A.20) results in

1 1 —222)00T
UO(_2ﬁ612+( z%)og 91f177pn1)

2T
mn
I—%Uogmpmzz—*faoxf( 1)22 + Uoglj;mp L(1 - 2:2)
o)
= 50(—9122 + a1 fi — 291 [12%)aonpny — ZTZQ(]‘} —1)op

o KT —1+4 e T
= (g2 + o — 291f122)0004\/ﬂpT

5 —*TZ (fi — Do

—2Tk
_ go¢€ Tk, ,3/2(,Tk - .
= SiT53 [12\[6 ar’ (e’ (Tk — 1) + 1),000T (— 1z +91f1 — 29112 )}
1
= 172 (f1 = D)og. (A.27)

If one combines (A.24) and the first term of (A.27), one gets

O_OefQTn

2473 k3
age” 2" Tk . 3/2/.T 2 2 9
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which forms part of the approximation given in Jackel and Kahl (2008).

Grouping terms from (A.20), (A.21) and (A.26) which have no terms containing
g1 or g and using the expectations defined in (A.19) results in

— 3)T3/2

Tag 9 TUO 2
z
6

12 24

L2 2 1(01 0L 21— 222)

1
o) [ PEIT

1 1
= 00 <6Tf120'8@(2) []I{gl>z}( 391)]

T0'2 T 2 2T 2 2T 2
+ 29,2 Uo+00 f1_‘70 fle
12 24 8 4

To? To? o2Tf2 02T f?
200< Tfiod((2*+2)—3) + 120z2+ 240+ 08 L 04 L2

_ L g o000 1
—00<—12f100Tz —24f T+ UTZ +24a T>

0.06—2TK)

:24T3;<;3T”( T - DT )
0.06—2T/<;

+ 24T3K3

T/i( _ 2TR(9f2 2)T3/<;208) 2 (A29)



A.2 Watanabe Approximation 57

Simplifying the last term in (A.21) yields the result
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The final term in (A.27) can be expanded to
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Combining (A.29), (A.30) and (A.31) results in
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which is identical to the corresponding terms in the approximation given by Jackel
and Kahl (2008).

Lastly, considering the terms from (A.25) and (A.26) which contain g7, one has
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which is identical to the terms containing g7 in the approximation used in Jéckel
and Kahl (2008).

Combining the results from (A.23), (A.28), (A.32) and (A.33) with the expression
(A.20) would yield
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which is the exact approximation used in Jackel and Kahl (2008).

A.2.3 Local Volatility

As can be seen above, a local and stochastic volatility model contains two &;
terms. In Kahl (2007), the derivation of an implied volatility for a purely local
volatility model is presented. The expansion is done in terms of an SDE incorpo-
rating only local volatility,

dxy = oo f(x)dWy,

in using the same methodology as before. The first two ;| terms translate directly
to the purely local volatility terms in the expressions (A.17) and (A.20) (that is, the
terms which do not contain any form of a function for stochastic volatility, g). The
second two terms, 631 and 64 are incorporated into the approximation in order to
better encapsulate the effect that local volatility has on the implied volatility. These
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two terms,
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I
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are presented in Section 4.2.4 of Kahl (2007). For a local stochastic volatility model,

the above two terms are denoted as ;) = 6; 4.
The resulting expressions for 71, G2, 631 and 4 are identical to the 74

terms (for i = 1,2, 3,4) given in Jackel and Kahl (2008).
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