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Abstract

We consider deep inelastic scattering of leptons off a proton in the vstatistical model first pro-
posed by J. Cleymans and R.L. Thews. The interior of the nucleon is viewed as a thermalized °
assembly of up and down quarks and gluons. This enables oneto incorporate features which
are absent in the parton model. They include the presence of identical quarks and gluons
in initial and final states and of‘quantum statistical correlations which also have a role to
play in the propagation of particles when considering Feynman diagrams containing internal
- lines in next-to-leading-order calculations. These features are incorporated through the use
of Fermi-Dirac and Bose-Einstein distributions for., quarks and gluons, respectively. Stimu-
lated emission factors for final-state gluons and Pauli-blocking factors for final-state quarks
are incorporated. The propagation of particles through a many-body medium is taken into
“account by using thermal Feynman rules for propagators and vertices. The statistical model
could also be seen as an attempt to describe the interior of the nucleon at a more fundamental
~ level than that attained through the use of arbitrary parton distributions containiﬁg many
parameters in the parton model.

Our zeroth order in the strong coupling constant as calculation of the structure function
F; versus z at Q? = 4 GeV? produced a good fit to the recent 1990 data of J. Kwiecinski
et al. for x > 0.4. The analytical calculations by J. Cleymans and I. Dadi¢ of the O(as)
corrections are discussed in this work. The inclusion of the O(as) corrections in our numerical
calculations allowed the extension of the reproduction of the data of Kwiecinski et al. to values
~of z smaller than 0.4. A fit could be obtained for values of z > 0.25. This is compatible
with our estimate for the limited range of validity of our theory (z > 0.21) due to a finite-
size effect arising from the finite volume of the nucleon. The latter fit is possible for values
of temperature and chemical pofential in the immediate vicinity of T = 0.067 GeV and
tup = 0.133 GeV only (with pdown = uup/Q;‘ and as = 0.2).

The latter values of parameters, however, give rise to a large misfit of the structure
function R = oL /o to the experimental data of L.W. Whitlow. Even when taking into
account the fact that all measurements of R suffer from large experimental errors due to the
weak dependence of the deep inelastic cross section for charged leptons on R, the size of the
misfit remains unacceptable. It indicates a shortcoming of the statistical 1ﬁode1 in its present

form to reproduce the spin structure of the proton.
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Preface

To assist the reader in obtaining a pérspective on the comﬁosition of this work, a brief gﬁide
is provided in this preface.

The summary, .appearing in Chapter 5, serves as a quick means of orientation to the
reader.

A lengthier overview of this work could be obtained by reading the relatively short Chap-
ters 2 and 4 and Appendix D.

In our so-called statistical model, the nucleon is viewed as a thermalized assembly (heat
bath) of quarks and gluons. Our main attention is directed to the application of this model
to the process of deep inelastic scattering of leptons off a proton. We take into account the
propagation of particles through a many-body medium by using thermal Feynman rules which
stem from the real-time formalism of ﬁnite-temperaturevquantum field theory. Qur review
of the latter formalism, comprising the entire Chapter 1, is to a great extent independent of
the rest of the thesis and should only be regarded as a broad and general background to our
special application in the rest of the thesis. The main connection of this review with the rest
of the thesis (which is exclusively devoted to the consideration of deep inelastic scattering of
leptons off a proton in the statistical model and, as such, carries the most weight) are the
discussions, in Section 1.3.1, on the nature and manner of application of the thermal Feynmaﬁ
rules in the real-time formalism. However, it is to be noted that the discussions in Chapter 1
occur in the context of a scalar field theory. Nonetheless, the manner of application of the
thermal Feynman rules for quarks and gluons is the same as that discussed in Section 1.3.1 for
scalar particles, but with the Feynman rules themselves replaced by those given in Table 3.1.

It is hoped that the many cross references provided throughout will clarify the connections

between the different parts of this work.
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Chapter 1 a

Real-Time Green Functions in
Finite-Temperature Quantum

Field Theory (FTQFT)

1.1 Introduction

Whenever thermal effects are expected to be important in physical systems, quantum field
theory must be generalized to include such effects. In order to facilitate later discussions,
we shall assume that the physical system under consideration is in thermal equilibrium and

described, as a heuristic example, by a theory of scalar fields:

1 A )
£=5l@ 00 = mi¢ - 5%

The results for the cases of fermions and gauge bosons are given in refs. [1, 39, 40] (see also
Section 3.2).

At finite temperature the system will be statistically distributed over all of its excited
levels.. II'II calculating Green functions, the ground (or vacuum) state expectation value, which

is used at zero temperature,

Gr=0(z1,...,2,) = < 0!T[<ﬁ(z1)g§(zn)]|0 >

must now be replaced by a statistical ensemble average,

Tt [ePAT[§(21) ... §(zn)]
Tr[e—5H)

" Greo(y,...,2,) =

b
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where

In these expressions, as in the rest of this chapter, it is assumed that the chemlca.l potential
is zero (u = 0). Non-zero values for the chemical potential could be mtroduced if required
(see, for example, Section 3.2). ‘

In this chapter we shall mainly discuss ways of evaluating such thermal Green functions
and emphasize the advantages of the most recently developed methods. For further reading
the review article in ref. [2], which contains a very good reference list, is strongly recom-

" mended.

Finite-temperature quantum field theory is used in the study of, for example:

(a) Thermal effects in condensed-matter physics [3] - [6]:

=

o Thermodynamics of superconductors;
o Interaction of condensed matter with X-rays and neutrons;

o Transport properties, heat capacity, etc. of condensed matter.

(b) Early-universe calculations:

e Restoration of spontaneously broken gauge symmetries at sufficiently high tem-
perature (7], e.g., T. ~ 102 GeV for the Weinberg-Salam phase transition and

T. ~ 10 GeV for the grand unification transition;
e Primordial nucleosynthesis [8] — [10], where decay and scattering reactions take
place in the presence of high matter and radiation densities.

(c) Possible existence of a quark-gluon plasma [11]:

e In the early universe (T ~ 200 MeV for the deconfinement transition);

o In the centre of neutron stars (high baryon number densities at relatively low

temperatures, T' ~ 10 MeV);

o It is expected that a short-lived quark-gluon plasma may be created in the labo-

ratory by means of ultra-relativistic heavy-ion collisions.
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The evaluation of radiative corrections to the thermal production of ut*yu~: pairs in a
quark-gluon plasma in thermal equilibrium (see Figure 11) serves as a good example of the
considerations involved in finite-temperature calculations. The strong-interaction ’pa.rts of |
the physica.l_processes, depicted in Figure 1.1, do not take place in the ordinary vacuum, but
in a heat bath consisting of the background of quarks, antiquarks and gluons present at the
temperature under consideration. In consequence, the phase space integrals, associated with :
the external quark, antiquark and gluon lines, become generalized from the zero-temperature
case to the finite-temperature case as follows (12, p.349), [13, p.547-549]:

For T = 0 we have
3k d*k
/ T / Gy 27 (ko)o(k? — m?)

where wy = \/k2 + m2 and k = (ko, k), and for T # 0 we have for bosons for an incoming

particle

d3k
/(27r)32w1c np(wk)
and an outgoing particle

3
| Gt el

where np(k) = e—ﬁ—wkl—l.

For fermions we have for an incoming particle

d3k !
> wmeey

spins

and for an outgoing particle
- d%k
' g1 — np(w))]
spzh;s/ (27)32wy ()

1

where nF(k) = m

One notices that the incoming particles are in their thermal distributions, np(k) and ng(k)
 for bosons and fermions, respectively. For ‘outgoing bosons, the factor, [1 + ng(k)], denotes
the effect of stimulated emission similar to the same effect in a laser system. Due to the Pauli
exclusion principle applying to fermions in a many-body medium, we have the Pauli-blocking

factor, [1 — np(k)],“for’ outgoing fermions.
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——>—— fermion - q(@) = (anti)quark
~——>- —— antifermion g = gluon
MY photon 4~ = muon
“wereeeee  gluon - ut = antimuon

v* = virtual photon

-y F

q Quark-gluon g
q plasma at Y
A

Figure 1.1: Schematic illustration of some contributions to the thermal production of utp~
pairs in a quark-gluon plasma in thermal equilibrium. In this case, the quark-gluon plasma
is assumed to be created in an ultrarelativistic heavy-ion collision.
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One also requires expressions for vertices and internal lines of graphs, and it would there-
fore be very convenient to obtain Feynman rules adapted for the finite-temperature case. in
the rest of this ch‘apter we shall not discuss the specific process of ptu~ pair prqdud;ion, but .
rather concentrate on the methods which are used in the descyiptic;h of a general system at
finite temperature.

The various approaches to the evaluation of therma.l Green functions, discussed in this
chapter, can be summed up by noting the form of the free scalar propagator in each approach:
for T = 0 the free propagator is given by

=ik = k2—7;2_+ie
where k? = ky? — k2, and for T # 0 the imaginary-time free propagator is given by
;»?,7?_ = iDg(wn, k) = m
- .
-if

Analytic continuation from the discrete imaginary energies, wy [corresponding via a

1
n=0,+1,+2,... ; (= T

where w,, =

Fourier transformation to a finite imaginary-time interval, see eq. (1.11) further on and
the sentence before it], to real continuous energies, ko (corresponding to real time in config-

uration space), produces the indirectly derived real-time free propagator given by

: T Sk —m?) kP = kot — 2.

-—m2+i€+ eflkol — 1

Direct derivation of real-time Green functions, without analytic ‘continuation, produces a

2 X 2 matrix structure for the directly derived real-time free propagator given by

_/<>— = iDg(k)
i 27T ' 2 2 ) _27re_ﬁ|k0|/2 2
k? — m? + ie + eﬁlkol’_ 16(k -m) 1 — e~Blkol - m’)
- —9me—Blkol/2 ) ) 3 or e o
1 —“_e—__—ﬁ_lkol 6(k - m ) k2 _ m2 _ i€ + eﬁ|k0| _ 16(k - m )

The shortcomings of the earlier approaches and improvements brought about by the later
approaches will be pointed out.
Some of the recent examples of where the results from the direct derivation of real-time

thermal Green functions have been applied in diagrammatic perturbation expansions appear
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in refs.. [14] - [22], [8, 1]. Proceedings of two workshops; on thermal-field theories and their
applica.tions appeared in refs. [23] and [24](a). In ref. [25] recent developments in relativistic
thermal field theories are reviewed. In refs. [26] and [27], Landsman criticizes the sta.n_da.rd
perturbation theory of the;ma.l-ﬁeld theories. His criticism includes the possibility that the
| whole idea of diagrammatic perturbation theory might have to be abandoned. Gabellini
et al. [17, p.11] have referred to Landsman’s criticism in their work on electron—positron

annihilation in thermal quantum chromodynamics.

1.2 Imaginary-time formalism

The imaginary-time formalism provides the oldest and most commqnly employed way of
evaluating thermal Green functions. Its development started at about the time of the work
by Matsubara [28] in 1955. In the following example of the derivation of the imaginary-time
2-point function [see eq. (1.5)] for non-interacting scalar fields, we notice a formal analogy

between inverse temperature, 3, and imaginary time,viz.
Inverse temperature, § €—> Imaginary time.

We make use of a generalization to imaginary time of the well-known time evolution equations
for operators, .
A0 4(0, 2)eH%0 = §(zq, 7). | (1.1)
In the derivation of the thermal propagator we come across the quantity in (1.2). By rewriting
this quantity in the form appearing in (1.3) and comparing it with eq. (1.1), we can identify
the expression in (1.3) as the time evolution of the field operator to the imaéinary time, -0,

as denoted in (1.4).

PB4(0,7)e~PH ~ | (1.2)
eH(=i8) 40, 7)eH(~iB) (1.3)

1.2.1 Derivation of the imaginary-time free propagator

Boundary conditions which arise from the structure of the statistical average in
Tr(ePAT$(2)d(w)])

Tr(e—AH)
< T[¢(2)d(v)] > (1.5)

Il

iDp(z —y)
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are used to obtain a solution to the Klein-Gordon equation for the free propagator in,

(0. + m)Dg(z ~y) = ~6%z —y) S (e)

v - d? =
where T =(29,Z) and 0O;= - V2.
33:0

Since imaginary times are involved, one treats the time arguments, z¢ and yo, of Ds(z — y)

as imaginary and lying on a contour in the complex-time plane as shown in Figure 1.2. Time-

Im¢

A\

° > Ret

V- “0,-iBl

~igy

Figure 1.2: The finite imaginary-time interval of the 1ma.gmary-t1me formalism as a contour
in the complex-time plane.

ordering for imaginary times on this contour is defined in analogy to the zero-temperature
deﬁnition, i.e., the imaginary time nearest to the end point, ~3, of the contour is regarded

as the ‘latest’ time,

Zo, Yo € [0»_2:6] = ixo,iyo € [0,,3]
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el

iDp(s—y) = <Tda)dw)]>

< ¢(z)P(y) > for izg > iy, i.e. when zg is nearer
: - . to—if than yo

< $(y)d(z) > for iyo > izg, i.e. when yo is nearer
to —¢f than zg

In the following steps, the periodicity condition [also called the KMS (Kubo-Martin-

Schwinger) condition; see second-last paragraph of Section 1.3.6],

'L.Dﬁ(z - y)lzoz() = 'L.Dﬁ(Z - y)l:co:--iﬁ (1'7)
is obtained by making use of the cyclic property of the trace in eq. (1.8), inserting an identity

operator in eq. (1.9) and making use of the imaginary-time evolution equation, expressions

(1.2), (1.3) and (1.4), in eq. (1.10):

(Tre=#MiDp(e ~9)|, = Tr (e T(Bzo, £)d(v0,9)])|

z9=0
= Tr (efﬁﬁé(vyo,gj)&(o,f)) o
= Tr ($(0,8)e "7 3(30,7)) (1.8)
= Tr ,e*ﬁffeﬁﬁ,és(o,f)e“"f’&(yo,17)) (1.9)
1
= Tr (™" §(~if, £)d(30, 7)) (1.10)

= T (e PHT(d(a0, ) (30, D))

Lo=—10

_ zo=—if
Due to this periodicity condition over the finite interval along the imaginary-time axis
(“[0,—1B]" as in Figure 1.2), the Fourier representation of iDg(z — y) contains a sum over

discrete imaginary energies:

) 1 . B3k i -
iDp(z —y) = Yo emiwnlzo-w) / (i—k—e*’c-(f—y)wﬁ(wn,k) (1.11)

. 3
1B n=0,+1,42,... 2r)

_ 27

=25

where w,

The Fourier-transformed free propagator, iDp(wn, k) in eq. (1.11), is expressed in terms
of the discrete imaginary energy, wy, and is obtained from the Klein-Gordon equation in eq.
(1.6):

iDp(wn, k) = (1.12)

w2 — k2 — m?
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1.2.2  Analytic continuation from imaginary time to real time

Thé absence of real time in the imé,ginary-time forma.lism. has to do with the fact that fime
dependence is absent in a system in thermal equilibrium in the sense that thermodynamic
quantities, such as, for example, energy density, pressure, entropy and number densities are
staticin a system in thermal equilibrium. The imaginary-time Green functions or temperature
Green functions, as they are also called [4, 5], are thus well suited for the evaluation of
static thermodynamic quantities. [The terminology, ‘thermal Green function’, as opposed
to ‘temperature Green function’ may be used to denote the general (i.e. imaginary-time or
real-time) Green function at finite temperature.] In practice one can, for example, set up a
diagra'mmatic expansion of the thermodyna,mic potential in terms of imaginary-time Green
functions, from which many thermodynamlc quantities can be derived [4, 5], [29] - [32].

But there are dynamlcal questions wh1ch intrinsically involve real time. For example,
in the description of a scattering process in a heat bath, the propagators express the pres-
ence of a particle at one position and time in terms of its presence at another position and
another time. Since these times assume values on the continuous real axis, we need, af-'
ter a Fourler transformation to momentum space, Feynman dlagrams with continuous real
energies on external lines. The imaginary-time Green functions can be extended from the
discrete imaginary energies to real continuous energies through a process of analytic contin-
uation. But, for n-point functions with n > 2 or for graphs beyond the one-loop level, the
analytic continuation becomes impracticable [12, p.329], (2, p.144].

The analytic continuation of the free propagator from imaginary time to real time is
performed in an article by Dolan and Jackiw (33, p.3336]. This corresponds, in momentum
space, -t(; the analytic continuation from discrete imaginary energies, w, in eq. (1.13), to

continuous real energies, kg in eq. (1.14):

iDp(wn, k) = . 1.13
ﬁ( ns ) wn? — K2 — m? ( )
2mn . . .
where w,, = —-_iﬂ’ i.e., wy discrete and imaginary,
iDs(k) = 2T 52— m2), (1.14)

k2 —m2 4 4¢  ePlkol — 1

where k? = ko® — k2, ko real and continuous.
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The first term in eq. (1.14) is the usual zero-temperature free propagator. The second
term is interpreted in ref. [34] as the contribution from particles in the heat bath. This inter-
pretation is motivated by considering, in addition to a zero-temperature process, processes m
which on mass shell particles emerging from or going into the heat bath participate, and by
noting that, since in a heat bath the initial and final states in the two cases are completely
identical, one cannot distinguish such processes from the usual zero-temperature process by
any observations.

When one writes down the real-time Feynman rules for, for example, the graph in Fig-
ure 1.3, one notices [as shown in eq. (1.15)] that one picks up a factor, [§(k? — m2)]2, due to
the same momentum, k, on two of the internal lines of the graph. But, such a product of two

Dirac delta functions with the same arguments is not a well-defined quantity:

2 . ) 2w 2 2 2
(=) = 6P = [ + =%~ ™)
27 2
= ot (g ) 10F - mP | (115)
{

Figure 1.3: An example of a graph where the use of the indirectly derived real-time free
propagator leads to an ill-defined expression.

1.3 Real-time formalism

In order to get around all the problems mentioned in the previous section, two methods
that derive real-time Green functions directly (i.e., without analytic continuation) have been

developed relatively recentiy:
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" (a) An operator formulation of finite-temperature quantum field theory, called.thermo-ﬁeld
dynamics (TFD), was introduced in refs. [35, p.224]' and [36]. Reference [36] contains

the more general and readable introduction.

(b) The path integral approach (also called the time-path method) to the derivation of

real-time Green functions was followed in ref. [37).

Both methods lead to similar Feynman rules. To give an idea of what we are aiming at, the
Feynman rules will be shown first and, after that, aspects of their derivation will be discussed.
In Section 1.3.7 it will be explained in what sense the work of Mills [38]) and others may be

considered forerunners to the above-mentioned methods.

1.3.1 Feynman rules for real-time thermal Green functions [37, 39, 40]

The free propagator acquires a 2 X 2 matrix structure corresponding to the presence of two
kinds of fields, the physical field, ¢;, which is called type-1, and a thermal ghost field, ¢,,
called type-2:

°—k>-—*.’ = iDP(k)

i or . s —ore=Blkl/2 \
k? —m24ie  eblkol — 16(k -m) 1 — e—Blkal (k% —m?)
_ , (1.16)
1 — e—Blko} 6(k” —m?) k2 — m?2 — i eﬁ|k0'—16(k -m)

We shall see how this so-called doubling of degrees of freedom arises in the derivation of the
Feynm:m rules and further reasons for its appearance will be given in Section 1.3.5.
For the vertex one obtains the rule:
—iA 0
( 0 i) ) ] (1.17)

which may be interpreted as the presence of two types of vertices, némely,

type-1 vertex: —1A,
type-2 vertex: A,



12 | -~ . CHAPTER 1. REAL-TIME GREEN FUNCTIONS IN FTQFT

As will be seen in Section 1.3.3, only the physical type-1 fields appear on the external

lines:

external line: o (i;) = (%1) . ’ (1.18)

The topological and combinatorical structures of Feynman diagrams do not change in go-
ing from zero to non-zero temperature. Corresponding to each diagram at zero temperature,
one will have the same diagram at non-zero temperature, but the 2 x 2 matrix structure of
the free propagator and vertex in egs. (1.16) and (1.17), respectively, and the rule for the
external line in eq. (1.18) amount to the following situation (see the example in Figure 1.4):
Each diagram effectively becomes a sum of terms with type-1 vertices for the vertices con-
nected to exterﬁal lines and all possible combinations of type-1 and type-2 vertices for the
other internal vertices. This leads to a serious increase in the number of diagrams. How-
ever, the number of diagrams to be evaluated may be greatly reduced by making use of the
recently developed Cutkosky rules at finite temperature [12]. In the latter reference, Kobes
and Semenoff found a correspondence in the real-time formalism between decay amplitudes
and the graphs involved in finding the imaginary part of an associated self-energy diagram
at finite temperature. These techniques were applied in, amongst others, refs. {14] and [20],
in which the rate of p¥u~ pairs, produced in a thermalized quark-gluon p_laSma, is related
to the imaginary part of the associated electromagnetic thermal vacuum-polarization tensor,
which is then evaluated up to the two-loop level by means of the elegant ﬁhite—temperature

. Cutkosky rules. Further discussions about finite-temperature Cutkosky ruLés appear in ref.

[43].

One notices that the 1-1 component of the propagator in eq. (1.16) is identical to the real-
time propagator in eq. (1.14), which was obtained by analytic continuation of the imaginary-
time propagator. One would thus expect the same problem with products of Dirac delta
functions with coinciding arguments as in Figure 13 The other components of the propagator
in eq. (1.16) can also contribute to singularities. However, the two-component structure of
the formalism causes to each order the cancellation of singularities among themselves [42],

(2, p.205], [44]. Additional advantages of this formalism are discussed in Section 1.4.
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) (g—;)%(?%;ﬂ;(p )(=iX)iDg'(k — p)(~i\)iDR! (k)(~iX)iD2(1)

xiDg (k= D)(iAYi D3 (k)é1 (p)

where ¢1(p) = 1 for the scalar theory under consideration [41, p.149].

Figure 1.4: An example of the application of the real-time thermal Feynman rules

13
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1.3.2 Derivation of the Feynman rules for real-time thermal‘_G'reen func-
tions " '

In this section we follow the derivation of the 2 x 2 matrix structure of the real—time thermal,

Green functions in the path-integral approach [37]. We are interested in a perturbative

evaluation of . .
Tr [ePHT(§(21) .. $(wn)]
Tr[e—FH)

where, for real-time Green functions, the time component, ¢;, of each argument, z; = (i, Z5),

Gﬂ(ml,mg,. . ,:En) =

of Gg, must be real. We shall derive a path-integral representation of a generating functional,
Z[j], such that, if one takes functional derivatives with respect to the source, j, with real

time arguments, one obtains real-time Green functions,

1 6 5 5 ‘
Z[0] i6j(zn) " i85 (z2) iéj(zl)Z[J] izo (1.19)

where the definition of a functional derivative is

6Z[j(z")] lim Z[j(z") + e6*(z' - 2)] - Z[j(=")] .

Gﬂ(zl, e ,xn)

5](2}) e—0 €

An example of the operation of functional differentiation is

é 4 10! no_
57 ] =9 = 4(a)

We introduce a generating functional defined as follows:

Zlj] = Tr {e_ﬁﬁTC [exb (i/cdr/d3mj(r,§:')$(r,§:'))]}, ‘ (1.20)

where C is in general a contour in the complex-time plane (see Figure 1.5 for an example) and
Tc is a time ordering operator for times on the contour. This contour time ordering operator
is defined in a similar way to that which we had in Section 1.2.1 for the contour in Figure 1.2,
namely, times nearest to the end point of the contour, C, are treated as the ‘latest’ times.
The alternative name, ‘time-path method’, for the path-integral approach, stems from the
consideration of contours in the complex-time plane.

If the contour of time integration in eq. (1.20) includes the complete real-time axis, then
Z[j] will be a candidate for a generating functional of the required real-time Green functions.
If not, the functional differentiation with respect to a source, j, with a specific real time
argument will fail to produce a Green function with that real time argument, if that real

time argument does not lie on the contour.
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In order to evaluate the Green functions perturbatively, we shall have to treat.the inverse
temperature, 3, appearing in eq. (1.20), as an 1magmary time (see equatlons (1.27) and
(1.28)). In the derlvatlon it will then be necessary that the contour, C, also covers tlmes with
non-zero imaginary parts. In consequence, the Heisenberg fields appearing in eq. (1.20) will
once again be generalized to include complex time arguments. For the moment we assume
the contour to be the one in Figure 1.5. More will be sald about this specific choice of contour
later on. Some entltles whlch will appear in the followmg derivations are as follows (7 is in

general a complex time):

<,z§(-r, ) — field operator in the Heisenberg picture '
|¢(Z);7 > —  Heisenberg picture state vector describing” a state which
at time, 7, is an eigenstate of the field operator,
¢(r, %), with eigenvalue, #(Z):

JrDPE)T> = @)@ > . - (121

- At any given time, 7, the state vectors form a complete set of states [45, p.373]:

/’D¢|¢;-r >< ¢yr|=1.
Time evolution is given by
d(r+7,%) = eiﬁqug(T,i' gAY (1.22)
lp(@);r+7" > = eiﬁT'Iqb(:i:');T > (1.23)

For the trace in eq. (1.20) we use a complete set of eigenstates of the field operator at

the time 7 = 0:.

2li)= [ ¢ < 6:0lexp(~pi)Toexe [i [ 36| 1450 > )
where, from now on, ' _ v

i/chZ)E iLdT/d%j(T,i:’)(Z)(T,:i:’)E z/ d"‘xj(:z:BqZ)(a:).
In eq. (1. 25) we insert an identity operator in eq. (1.26) we make use of the cyclic property

of the trace and in eqgs. (1.27) and (1. 28) we make use of eq. (1.23) to translate states in

time to obtain

2] = [ D9 < b0l MR R exp(—p i To exp [ | d|lg0>  (125)

1
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= /Dd) < ¢;0|ei§Rexp(—ﬁIA1')Tc exp [i/chg]:e"ﬁngb;O;> (1.26) -

= /D&<¢p4ﬁaﬂ—ﬂﬁﬂbapkéﬂ4hm—R> (1.27)

=‘/D¢<¢rJh—wﬂbupPLJ%h¢—R>.‘ "'./ (1.28)

We next insert in eq. (1.28) a complete set of states at the times R, R — i3/2 and _»R. - 16/2

Imt

A ® |

—k > ¢ = TR Ret
Y Cs
-R—1ip3/2 o P |
- + R—iB/2
Ca |
~R-ig i

' Figure 1.5: The contour, C, of e.g. eq.(1.24) consisting of segments C;,C3,C2 and C4 in the
complex time plane. In order to have that C includes the complete real time axis, the limit,
R — o0, is implied.

(on the contour, C, in Figure 1.5) and obtain

2] = [DepyDEDE” < bi-R-iplToenp i [ 58| 16"-R-ib/2>
X< "-R—ip/2Toexp i [ o] 165 +R-ipj2> -

X< ¢+ R-ip/2Toe i [ 9] 165 R >

x<%RmmmPLj4MﬁR>. (1.29)

Each matrix element in eq. (1.29) has a path-integral representation. Standard manipulations



1.3. REAL-TIME FORMALISM _ 17
[4€, 47], [2, p.156] result in the representation
2= N [iaolertens {i [ ar [ @aln(r,ir,2) ~ g, 71+ 5r 2900} - (130

where ¢ is a time derivative of ¢ with direction tangential to the contour, C. In going from
eq. (1.29) to eq. (1.30), the field operators, $(T, ), have been replaced by c-numbers, ¢(r, Z).
The time argument, 7, of such a number indicates at which time it is considered to be an

eigenvalue in eq. (1.21):

$(r DN@); 7 >= §(r, 5)|$(&E); 7 > . (1.31)

Take note that ¢(7, &) is actually independent of time,
¢(7, %) = ¢(%), | (1.32)
in the following sense. In the Schrédinger picture one has
FB(E)H(E) >= HDIe(@) >s - | (1.33).

The Heisenberg-picture quantities in eq. (1.31) in terms of Schrédinger-picture quantities are

as follows:

Qg(T,f) - eiI:I‘ré;S(f)e—iI:I‘r’

l¢@)ir> = &F|g(z) >s .
Thus, from eq. (1.31), we have

D@y > = e ds(@)eTreifT|g(2) >
= M7 35(2)|9(3) >s
= MTY@)p(E) >s [by using eq. (1.33)]
= $@IH(@);7) > . (1.34)

Comparison of egs. (1.31) and (1.34) produces eq. (1.32). The trace operation in eq. (1.20)
 leads, via equations egs. (1.24) to (1.29), to the presence of a leftmost bra, < ¢; —R - if|,
and a rightmost ket, [¢; —R >, in eq. (1.29). In the lattef two kets the presence of the same
symbol, ¢ [as oppoéed to e.g. ¢',¢" and ¢ in the other kets appearing in eq. (1.29)}, points
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‘to the fact that these two kets have the same eigenvalue, ¢(%). In consequence, the path

integration in eq. (1.30) is over all fields satisfying the periodicityf condition:
#(—-R,Z) = ¢(—R — 1B, %). : . (1.35)
With a Hamiltonian density of the form
1,1 =9 2 T
Hig,7] = 57+ 39(=F* + m¥)g + V(9]
where, for example,
A3
V[¢] = 3‘,¢ ’

eq. (1.30) becomes, after the integration over the canonical momentum variables, 7(z), and

up to a normalization constant,

2= [lddlexpi [ (£ld)+i9) (1.36)
where l
Llg)= 2o(-Oc —mDé-VIgl,  Do=op-V (1.37)

and where the time derivative is the directional derivative along the contour. In eq. (1.36),

the change of variables

) 8(=) + [ d'uDye — 9)i(0), - am
where

(~8c = m")Dale ~ ) = fole ~ ), (1.39)

leads to

20i) = exp { =i [ @tV |3 fo,)]}exp{—% [t [ di@)Ds(e - i)} (140

By introducing a contour step function

bc(re: —1y) = /C: dr'’éc(t" — 1)

one may write

Dp(z - y) = D3 (2 - 9)90(7s - 7y) + D (3 = y)8c(ry — 7=) (1.41)
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The change of variable in eq. (1.38) and the periodicity condition, eq. (1.35), lead, via the
representation of Dg(z — y) in eq. (1.41), to the boundary condition (also ca.lled the KMS
condition; see second-last paragraph before Section 1.3.7) for eq. (1. 39)

D (15 =1y = iB,% — §) = D§ (15 — 1, & — 7). (1.42)
After Fourier transforming with respect to the spatial coordinates, the solution (an explicit

derivation is given in reference [48, p.279)) is [37, p.112]

i
2wk 1~ e“ﬁ“’k
+[e1wk(‘r—f ) + e-—ﬁwk-—zwk(f—f )]00(7_ _ T)} ,

Dg(T _ ‘r’;wk) {[e—zwk(‘r 7') +e ~Bwptiwk(T—7 )]ec(T _ T’)

wheré
wr = \VE2 +m2.

We next focus on the crucial steps leading to the 2 x 2 matrix structure. When one takes
the limit, R — oo, in order for the contour, C, in Figure 1.5 to include the complete real-time
axis, one obtains

Dp(m — 125wk) = 0 as R — o0 (1.43)

if 7y lies on C; or Cy and 7, lies on C3 or Cy4. This result follows from the Riemann-Lebesgue
lemma, the application of which in this case is explained in detail in ref. (2, p.171-173]. (See
also ref. [49, p.1202] for some further considerations involving this lemma.) The result in eq.

(1.43) has the immediate consequence that Z[j] in eq. (1:40) factorizes:
Zlj) = Z[j; C1C4) Z[5; C3Cy) (1.44)

where

Z[;01Co = exp {—-i /C LAY E 61,(‘1,)]}
xep{-g [ da [ di@Dse-nit}  (L49)
and where f0102 d*z means that the integfation variable, z¢, is restricted to C; and C; and
Z[j;C3C4] is similarly defined.

Real-time Green functions are generated by functional differentiation of Z [7] with respect

to sources, j, with real time arguments. Since only the factor, Z[j; C1Cq] in (1.44), contains
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sources, j, with time arguments on the real-time axis, C1, the factor, Z{j; C3C4], is irrelevant

in obytaining real-time Green functions and may be absorbed into the normalization of Z[5):
Z[j] = Z[j; C1Ca).

The time integrals over Cy in eq. (1.45) cover times with non-zero imaginary part. All

the time integrals in eq. (1.45) may be rewritten in terms of real-time integrals by some
' 5
appropriate redefinitions. Let '

@) = i(z), A =i (s0-28), (146)

Dpl(z - y) = Dp(z - y), Dg(z ~y) = Dp(y - 2), (1.47)
D¥(z—y) = -D§ (:co _ [go - g] i g) , (1.48)
D-v) = -0} ([o0- %] - w07-7), (1.49)

where all the time components, zo and yo, appearing in arguments of quantities on the
left-hand sides of each of the above six definitions are strictly real. '

These definitions enable one to rewrite eq. (1.45) as:

Z[j;C1Ca] = exp {—i /Clcz d'a'v E&jfz')]}
' X exp {—% /(1102 dz /Clc2 d*yj(z)Dp(z — y)j(y)} (1.50)
= exp{—z/ d:co/d3 ’( [15]123)] 4 [%6_7':(516’)])}

xexp{—gf_oo dxo/d3x /_oo dyo/d yja(z)Dg(z - y)jb(y)} (1.51)
2[5, 7] _ (1.52)

where a, b = 1,2 and a sum over a and b is implied.

The indices, a¢ and b, in ng label the matrix elements of the 2 x 2 mat;ix propagator
for which the momentum space expression is given in eq. (1.16). Note that a, b =1 in egs.
(1.46)-(1.49) and (1.51) are associated with times on C) in eq. (1.50), while a, b =2 are
associated with times on C; in eq. (1.50).

Since all time integrations in eq. (1.51) run from —o0 to 0o along the real-time axis, but
C3 in eq. (1.50) runs anti-pérallel to the real-time axis, one obtains a relative minus sign

~ between the two V’s in eq.b (1.51) and a factor of —1 in egs. (1.48) and (1.49). When times
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are on different’ contour segments as in egs. (1.48) and (1 49), the propagator is: necessarily

retarded. or advanced.

1.3.3 The physical and thermal ghost fields

In order to see the emergence of the physical and thermal ghost fields one may rewrite Z (71, 72]
in eq. (1.52), after comparison with Z[5] in eq. (1.36), as [37, p.113]

Zinid = [uslidsen | / dao [ & [~ dyo [ Ey8u(2)D5"" (= - v)s(v)
+ [ dzo [ @a(=VIg] + Vidal + ule)pal2) (1.53)
where, similar to eq. (1.46),

g

$1(z) = $(a), - a(e) = dlao— L. 2). (1.54)

Since, for real-time Green functions, the z; in eq. (1.19) must have real time components,
the functional derivatives with respect to j’s in eq. (1.19) correspondingly become functional

derivatives with respect to the j;’s and not the j3’s of eq. (1.46):

1 § ) 2L, jal
= Z[O’O] 26]1(3;”) ‘e i&jl(l‘l) J1,72

exp {i /_ : dzq / d3zj,,(x)¢,,(¢)} ,

in eq. (1.53), it may be seen that functional derivatives with respect to J1’s will yield ¢,’s,

Gp(z1,..yTn) (1.55)

J1=j2=0

From the factor,

i.e., fields ¢(zo,Z) with z¢ on the real-time axis, C;. Thus, the real-time Green functions,
Gp(z1,...,%,) in eq. (1.55), in terms of diagrams, will only have the physical ¢; fields on the
| external lines [corresponding to eq. (1.18)] while the ¢, fields will only appear on internal
| lines and are therefore called thermal ghost fields.

From eqs. (1.53) and (1.54) one sees that the physical field, ¢;, ‘lives’ on the contour,
C1, while the ghost field, ¢;, ‘lives’ oﬁ the contour, Cy. Each of the two types of fields self-
interacts but they are not directly coupled to each other as may be seen from the interaction
terms (V[...]) in egs. (1.51) and (1.53). They are, however, indirectly coupled through the
off-diagonal components of the propagator in eq. (1.16) (see also Figure 1.4.). The interaction
vertices for each of the two types of fields differ in sign [see eq. (1. 17)] due to the relative

minus sign between the two Vs in eq. (1.51).
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An alternative way of understanding the emergence of thermal ghost fields is in the context

of thermo field dynamics as may be seen in Section 1.3.6.
1.3.4 The choice of contour, C

‘At this stage we discuss the specific choice of contour, C, in Figure 1‘.5. The step, (1.28),
tells us that the contour, C, must start at —R and end.at —~R - if. 1t seems that one could
choose an arbitrary contour which starts at —R and ends at —R-— 18. Any specific choice
would depend on one’s choice of times at which complete sets of states are inserted, in the
same manner as was done in eq. (1.29). We already mentjoned that a restriction on a choice
of contour would be that it includes the (;omplete.real-time axis in order to enable one to
generate real-time Green functions.

A further restriction is that a time point, which moves along C from ~Rto —R - 18,
must have a non-increasing imaginary part, i.e., the contour, C, must never ‘rise’ in the
complex-time plane. This restriction comes from considering the domain 6f analyticity in
the time arguments of the Green functions [2, pp. 149, 150],[38, pp. 72-75}, [37, p.111].

Consider, for example, the two-point Green function
Gﬁ(&l?], 172) = 90(t1 - tg)GE(.’El,.’Eg) + gc(tg - tl)GE(.’E],.’Eg). (156)

Suppressing reference to spatial coordinates and expanding in eigenstates, |n >, of H, one

obtains for G7(z1,22):
[Tr e P71G3 (t1,15) = Trle PHeifh g(0)e~ Huieif2 g(0)e~H12]

Z < nleiﬁ(tl't2+iﬁ)$(0) E|m >< m| e'iﬁ(tl‘t’)q;(O)ln >

1
Z |< n|d(0)|m >|2 eiE"(t‘—t’+iﬁ)e"Em(t1"t2j. (1.57)

On the assumption that the exponentials dominate the convergence of the sum in eq. (1.57),

one sees that they converge whenever
-8 <Im(t; —t2) < 0.

The limit of an analytic function on the boundary of its domain of a,na,lyticity):is a generalized

function (distribution) so that G7(t1,t2) may be regarded as well-defined for

- p < Im(t —12) <0. | (1.58)
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In a similar way, it can be shown that G§(t1,t2) is well-defined for
0 S Im(tl - tz) S ,3 : ) (159)

Thus one may conclude that the domain of definition of Gp(t1,t2) is given by eq. (1.58) if ¢,
: precedes t; as one moves along C, while the domain is given by eq. (1.59) if ¢; precedes t;.

{In ref. (2, p. 150], the statement,

‘the two-point Green function is well defined on the strip

~B <Im(ty — ;) < 8
if we have 6 (t; — t2) = 0 for Im(¢; — ¢;) > 0.

is not completely correct since, when Im(t, —.tz) =0, one wants c(t; —12) # 0 when ¢,
precedes t; on a horizontal segment of C.} These conditions on the domain of analyticity
of Gg(t1,t2) impose the already mentioned restriction on C that a time point which moves
along C must have a non-increasing imaginary part. This restriction on C also guarantees the
analyticity of all higher order thermal Green functions with time arguments on C [2, p. 150].

The freedom that is left in the choice of contour, after the a‘bove restrictions on C, leads,
as discussed for the cases in Section 1.3.7, to the same statistical averages of time-ordered

products of fields. Take note that the contour in F igure 1.5 satisfies the above restrictions.

1.3.5 The doubling of degrees of freedom in the real-time formalism

The presence of physical and thermal ghost fields, as discussed in Section 1.3.3, is also referred
to as the doubling of degrees of freedom. There are three ways of understanding this doubling

of degrees of freedom:

.V

(a) As was shdwn in Section 1.3.2, only the two infinite contour segments, C; and C,
in Figure 1.5, are relevant in the path-integral approach to the evaluation of real-
time thermal Green functions. Each of these two contour segments has its own field
associated with it (see Section 1.3.3 where the existence of a physical and thermal ghost
field was pointed out). The necessity.of having at least both these contour segments in
the real-time formalism comes from setting out with the trace in eq. (1.24), requiring
the inclusion of the complete real-time axis and treating the factor, e=?H in eq. (1.20),

perturbatively. The latter treatment requires, via egs. (1.27) and (1.28) and bearing
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" in ‘mind the intermediate path-integral expressions, eqs. (1.30) and (1.35), that the

(b)

(©
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‘ contour, after having included the real-time axis, has to return to the point —R — if.

This requirement gives rise to at least a second infinitely long contour segment w_hich,l

for the case in Figure 1.5, is Cj.

The path-integral (time-path) method discussed so far is by its nature a method on the
level of Green functions. It islimited in the sense that one does not have available all the
tools of quantum field theory, since it is not on the level of operators. As was mentioned

at the beginning of Section 1.3, an operator formulation of finite-temperature quantum

field theory, called thermo field dynamics, has recently been developed. In this theory

one has at one’s disposal all the techniques of quantum field theory including not only
the Green function method and the Feynman diagram method, but also the method of
canonical transformations of operators as well as the concept of the finite-temperature

vacuum [50].

In Section 1.3.6 it is demonstrated how, in thermo field dynamics, a doubling of degrees
of freedom naturally arises when one attempts to represent the statistical ensemble
average of an arbitrary operator, fi, which involves a trace over an infinite number of

states, by the expectation value of 4 in a single finite-temperature va::uum, |0(B8) >:
< A >=[Tr e A1 Te(ePH A) =< 0(8)|A]0(B) > .- (1.60)

The requirement of a doubling of degrees of freedom has also been shown in the formal
and abstract field of axiomatic statistical physics through the use of th‘e.C *-algebra [2,
pp. 181-193]. The relation between this operator-algebra approach and thermo field
dynamics [referred to under the previous point (b)] has been clarified by Ojima [51].

1.3.6 Thermo field dynamics [36, 3]

The need for an operator formulation of finite-temperature quantum field theory was ex-

plained under point 1.3.5(b). In this section we follow some of the main ideas presented

in the paper by Takahashi and Umezawa [36] on such a formulation, called thermo field

dynamics. The ideas are easy to follow and are illustrated by simple examples.

The idea is to replace the trace operation in the evaluation of a statistical average by an

expectation value in a finite-temperature vacuum, |0(8) >, as indicated in eq. (1.60). Such

e
L
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a vacuum, however, cannot be constructed in the original Hilbert space as may be seen as

follows: Expand [0(8) > in terms of energy eigenstates, |n >,

08) >= Yln > fu(8), el
where |
Hin> = Euln>, (1.62)
<nlm> = bpp. (1.63)

Require that [0(8) > in eq. (1.61) satisfies eq. (1.60), i.e.:
<0(A)IAI0(B) >= 271 (B) Y < nlAln > e FEn, - (1.64)

where

Z(B) = Tr(e PH).
Substituting eq. (1.61) into eq. (1.64), one obtains
< 0BIAI0(B) >= 3 /2 (B)fm(B) < nlAIm >

which implies that
f2(B) fn(B) = Z71(B)e PEn b, (1.65)

in order to satisfy eq. (1.64). It is, however, impossible for c-numbers to satisfy eq. (1.65),

as may be seen by considering the case n = m in eq. (1.65):
|fa(B)I? = 271(B)e P (1.66)
- By writing f,(8) in eq. (1.66) in the form
Bt
fa(8) = (1271(8)lePPn)? & (1.67)

for some 6 and substituting eq. (1.67) into the left-hand side of eq. (1.65), one sees that one

can have

Sa(B) fm(B) # 0 for n # m,

which contradicts éq. (1.65).
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Takahashi and Umezawa [36] get around this problem by introducing a second fictitious
dyna‘mical system, identical to the original one, and denoting quantities associated with the
second system by the tilde,

Ha> = Eqla> ’ (1.68)
<Alm> = bum (1.69)

with E, the same as in eq. (1.62). They then work in the space spanned by the direct

product of |n > and | >, which is denoted by |n,7 >. Corresponding to

A=A ® i
one has
ZEi@Z
so that
< m,nldln',m > = <nlAln' > bnmr,  (1.70)
< rh,anIn',ﬁz' > = < mIZIm' > bpnt- . _ (1.711)

The finite-temperature vacuum is constructed in the direct-product space as follows:
0(8) >= 273(8) Y e PEn|n, i > . (1.72)
n

This construction leads, via eq. (1.70), to the required property in eq. (1.64).
By considering the simple example of an ensemble of free fermions with frequency, w, it

may be seen how a complete set of orthonormal vectors containing |0(3) > is constructed

[36). The Hamiltonian is
| / H=wda (1.73)
with
{a,aT} =1, {a,a} = 0. (1.74)
The orthonormal state vectors are |0 > and aTIO > where
al0 >=0 and | < 0/0 >=1.

To construct |0(8) >, a second, fictitious system is introduced:

i =wila
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| with ) ‘
{@aly =1 {a,@) =0 (1.75)
and where it is reqﬁired that [51, p.5]

{0,8} = {a,d!} = {al,a} = {al,al} _ 0. (1.765

The state vector space of the total system is spanned by
0>, dljo>, afo>, dlafjo> . (1.77)
where ‘|0,(~) > is denoted by [0 >. The state, |0(8) >, is then constructed by using the recipe

in eq. (1.72):

0(8) >= —I—Jr—\/%ﬁ{lo > +eP/2g15t[0 5. (1.78)

It is then straightforward to check that the statistical average of the number operator is

1

< 0(8)|aTal0(8) > o 11

= np(w).

as required for a system of fermions in thermal equilibrium.
It may also be seen that the state, |0(8) >, is obtained from |0 >= 10,0 > by a Bogoliubov

transformation. Let

u(B) = \/1- nr(@), of) = Jar(w). (1.79)

Then
u(B) +v(8)* = 1,
08)> = {u(B) +v(B)alal}jo>
= e_iGF|0 >,
where .
Gr = G}, = —i6(8)(da — o'ah),
with

cos 6(8) = u(p).
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‘The operators, a,d, are Bogoliubov-transformed as follows:
a(ﬂ) = ¢ CF ge'°F = u(f)a - v(ﬂ)dt +(1.80)

a(ﬂ) = e~i0F 3e'CF = u(B)d + v(B)al. o (1.81)

These newly defined temperature-dependent operators on the left-hand sides of egs. (1.80)
and (1.81) and their hermitian conjugates satisfy the same anti-commutation relatloqs as in

egs. (1.74), (1.75) and (1.76). Since

a(8)0(6) >= a(B)|0(B) >= 0, (1.82)

the state, |0(8) >, is called the finite-temperature or thermal vacuum. The physical picture
behind the Bogoliubov transformation is that al creates thermally unstable quanta, whereas
the quasiparti.cles created by al (B) are stable in view of eq. (1.82). The Fock space obtained
from eq. (1.77) by the Bogoliubov transformation is

0B) >, @Bl >, d@E) > dEa@le) s .

The latter states are not eigenstates of H in eq. (1.73). They are eigenstates of the combi-

nation
=1 -8 = oala-ala) = w o (B)a(p) - al (B)a(9)],

H|0(8) >= 0, Ha*(ﬂ)a’f (Blo(p) >= A

Hal(8)lo(6) >= wal (8)l0(6) >, Hal(B)lo() >= ~wal (B)lo(6) > .
Thus, H can be viewed as the ‘total’ Hamiltonian of the system consisting of non-tilde and
tilde quanta. When one is interested in the statistical average of the energy of a system at fi-
nite temperaturé, one evaluates < 0(8)|H|0(8) > and not < O(ﬂ)lfilﬂ(ﬂ) >. In the discussion
following eq. (1.88) more will be said about the meaning of )ig

In ref. [36], the cases of bosons, free fields and interacting fields are also treated along

similar lines as above. In the case of an ensemble of free bosons with frequency, w, one obtains,

for example for |0(8) >, instead of eq. (1.78), g
IO(,H) >= V1 —ebfw exp(e‘ﬂ“’ﬂatdt)lO,ﬁ >. (1.83)

The general rule which relates operators with tilde to those without tilde is formulated

in refs. (3, pp. 125-127) and (2, p. 188]. For any Heisenberg operator, A, which may, for
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éxample, be a function of fields, <f>(a:), a dual operator, .;i, is obtained by the following rules:

o~ P v ‘

A1A2 = A1A2 y ' ! (184)
N~ o3 o3 ' : ' '
AA; + A, = /\1A1 + /\2A2 , ' (185)

where A; and Az are complex numbers. In ref. [52, p.537] an indication is given as to why
the tilde conjugate of a c-number is its complex conjugate. The tilde form of the Heisenberg

equation [where the Hamiltonian in eq. (1.86) may contain interaction terms too],

[if,9] = 6 o (1.86)
is obtained by means of the rules in egs. (1.84). and (1.85) as

[—ﬁﬁ}$]=:;- (1.87)

By taking into account the (anti-) commutativity between the tilde and non-tilde objects

[see, e.g., eq. (1.76)], eqs. (1.86) and (1.87) can be unified into
[{(H - H),¢)= ¢ and [i{(H - H),4] = ¢. (1.88)
The operator,
A=0-41, (1.89)

is thus the generator of time translations in the doubled space. In accordance with eq. (1.89)

the ‘total’ Lagrangian is

-
a ~ ~

L=L-L (1.90)

The minus sign in eq. (1.90) is reminiscent of the minus sign between the two V’s in eq.
(1.51) and will also lead to a difference of sign between the type-1 vertices for the ordinary
fields and the type-2 vertices for the tilde fields in the thermo ﬁeld dynamlcs method. By

(2) - (3)

one can derive an expression for the free propagator by evaluating

d) \ /. R
t
< 0BT [( (zf ) ) (¢ (v) ,¢(y))} 10(8) > .

defining a ‘thermal doublet’ [53],
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‘The result vis similar to the 2 X 2 matrix propagator obtained in the path-intcgral approach.
Réal;time thermal Green functions can therefore also be obtained in the formalism of 'phermo
field dynamics where perturbative expansions involve similar Feynman rules as in the path;l
integral approach. '

| We conclude this section by drawing attention to a remarkable feature of thermo field dy-
namics which follows from the tilde substitution law (also called the thermal state condition).

The tilde substitution law is as follows [36, p.66]:
2 N . Q_“' )
PHI24|0(8) >= 04ePH/2A0(B) > (1.91)

where A is an arbitrary monomial of bose and fermi operators, b, bt, a and at, of non-tilde
type, A is obtained from A by the rules in egs. (1.84) and (1.85) and o4 is a certain phase
factor such that |0 4| = 1. The tilde substitution rule may be rewritten in terms of Heisenberg
operators,

A(t) = et demimt, At) = et jeimt
as follows:

A(®)o(B) >= UAZt(t —ip/2@B)>. (1.92)

It is derived in refs. [36, pp. 62,66] and [3, pp. 142-144] by generalizing eq. (1.96). The
tilde substitution rule is the origin of the KMS (Kubo-Martin-Schwinger) condition (54, 55]
in thermo field dynamics [36, p.66],[3, p.145]. [In the C*-algebra formalism for statistical
mechanics, mentioned under point 1.3.5(c), the KMS condition is a basic axiom whereas, in
the path-integral approach to real-tﬁne Green functions and in the imaginaryftime formalism,
the KMS condition is embodied in eqs. (1.42) and (1.7), respectively.]

From eq. (1.92), there follows the remarkable feature of thermo field dynamics that, for

an arbitrary A(t), there always‘vexists a certain combination of /i(t).and .;it (1), i.e.,
R st '
A(t) —o4A (t—106/2),

which annihilates the finite-temperature vacuum, |0(8) >. The fact that any operator is
associated with a generalized annihilation operator, provides one with a Qery wide class of
reduction formulae which frequently helps practical computations [56]. It also helps one

express retarded Green functions in terms of causal ones, which is useful in response theory

[56].
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1.3.7 The relation between thermo field dynamxcs and the time-path
method

The time-path method discussed so far can be traced back (2, pp. 144, 152] to the eerly work |
of Schwinger [57], Craig [58], Keldysh [59] and others on non-equilibrium quantum statistics
where a closed contour in the complex-time plane, running along the entire real-time axis and
back, was considered (the ‘closed time-path method’). As noted by Marinaro [60], one may -
regard the imaginary-time formalism of Matsubara, the time-path and thermo field dynamics
methods in the real-time formalism and the closed time-path method for non-equilibrium
systems from a unified point of view by considering the work of Miﬁs (38].

In 1969, Mills introduced a finite-temperature formalism by generalizing (in order to
consider statistical averages) the evolution operator at zero tempera',‘ture (4],

U(t,t) = Z (= ’) dt1 / At T(Hi(ty) ... Hi(tn)]
e A

where the time integrals are along the real axis (from #o to t) and Hi(t) is the interaction
Hamiltonian in the interaction picture, to

o) = 3> S8 [ [ anTolis(em) ... Bt

n=0

where T¢ is defined just after eq. (1.20) and C is an arbitrary path in the complex-time plane
with the only restriction that it must nowhere ‘rise’ in the complex-time plane [38, pp. 73-75].
This restriction is the same as the one derived in Section 1.3.4. The formalism of Mills is
the canonical quantization version of the time-path method already discussed in the path-
integral quantization approach (wherein different time paths may be considered) and, as
such, may also be referred to as'a time-path method. Mills showed that the Matsubara
method (corresponding to the time path in Figure 1.2) and the clos:ed time-path method of
non-equilibrium quantum statistics are particular cases of his general perturbative expansion.
Matsumoto et al. [61] took this point further by showing that the"perturbative expansions
obtained from the thermo field dynamics method and the Mills method coincide, provided
that the time path in the Mills method is suitably chosen. They considered a class of contours
in the Mills time-path method by varying o in Figure 1.6. They obtained a 2 x 2 matrix for the
. two-poilnt function with o-dependent off-diagonal elements, which reduces to the two-point
function in thermo field dynamics for the choice ¢ = B8/2 (correspoﬁding to the contour inb

Figure 1.5).
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Figure 1.6: The time-path considered by Matsumoto et al. in refs. [60, 61].

Furthermore, they were able to construct a perturbative expansion in a quantum field the-
-oretical formulation (which is a generalization, to some extent, of the thermo field dynamics
discussed in Section 1.3.6) corresponding to each perturbative expansion obtained in the Mills

time-path method for a specific choice of . They did this by making the cd;respondences,

8(t) — 9(t,7), AOEACEIR - (199)

L 21 . : 2
Bt —io) = $'(1,7), o (1 - i0) = 4(1,7), (1.94)
where v = 0 — /2, t is real and spatial coordinates are suppressed. The fields on the left-
hand sides of the arrows in eqs. (1.93) and (1.94) are those in the time-path method having
support on the horizontal contour segments in Figure 1.6, while those on the right-hand sides

are the newly introduced fields in the generalized thermo field dynamics. The latter fields

are regarded as satisfying the following relation (amongst others stated in ref. [61]):

[6(£,7),$(t,7)] = 0 (1.95)

even though the corresponding [via eqs. (1.93) and (1.94)] original fields $(t) and g{)t(t —- 10)
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in the time-path method do not commute. Thus, even thoughcontour, C, of e.g. eq.(1.24)
consisting of segments C1,C3,Cy and Cj in, corresponding to a specific value of o, the
perturbative expansions derived from the generalized thermo field dynamics‘ and fhe Mills |
method coincide, it is not correct to directly equate the tilde field, ;St(t,'y) of thermo field
dynamics, with the corresponding typé-2 field, ¢(t — io) (associated v'{/ith the lower horizontal
contour segment), in the time-path method. The reason for thls, according to Landsman
(2, p. 192], is that different representations of the algebra of operator fields [referred to under
point 1.3.5(c)] are involved.

Matsumoto et al. [61] furthermore prove that observable quantities are independent of
the value of o, which corresponds to the discovery by Mills [38] that physical results are
independent of the particular choice of contour in the complex-time plane. The proof of
Matsumoto et al. is based on energy conservation which holds separately for the tilde and
non-tilde fields.

In an ensuing article by Matsumoto et al. [62], they considered the class‘ of contours
| depicted in Figure 1.7. Again they generalized thermo field dynamics by associating an
independent field with each of the 2N horizontal contour segments, obtaining one physical

field and 2N — 1 thermal ghost fields. For each choice of the p; and 0;, where
1=1,2, ..., N; 0=p1<01<p2<02<...<pN<0N§ﬂ,

the perturbative expansions derived from the generalized thermo ,E"ﬁeld dynamics and the
corresponding time-path method coincided.

Since fhe two-point function involves a 2N x 2N matrix, this formalism is not conve-
nient. The hermiticity of operators in the generalized thermo field dynamics can also not be
preservéd for N > 1 while it can be preserved for N = 1 (corresponding to a two-component
formalism) and o = /2. In addition, the 2 X 2 matrix propagator becomes symmetric when
o = /2. Thus the value ¢ = B/2 for the case N =1, corresponding to the contour in
Figure 1.5, seems to be a privileged value in the two-component real-time formalism.

A four-component formalism (corresponding to N = 2) has found application in the treat-

ment of a quantum field theory coupled to a classical gravitational field [63].

1.3.8 Attempts to interpret the tilde objects in thermo field dynamics

According to Ojimé [51, p. 2],
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Figure 1.7: The time-path considered by Matsumoto et al. in ref.‘ [61].

‘the physical meaning of the tilde objects A is rather unclear’.

Umezawa, who introduced thermo field dynamics in 1974 [35], has the following to say in

1989 [64, p.313]:

‘Where does the tilde freedom come from? I simply do not have any answer to

this question.’

Nevertheless, attempts to interpret the tilde objects appear in the literature. We refer to
some of them.

Takahashi and Umezawa {36, p. 59] consider the ‘one particle state’,

d(B)lo(s) >



1.3. REAL-TIME FORMALISM 35

where, in this discussion, we use quantities defined in Sectlon 1.3. 6. From egs.: (1.81) and

(1.82), it follows that,

a(8)/0(8) >= (u(B)a + o(B)al) j0(8) >= 0 .

and therefore,

1
— G = al :
SO >= = el he) > (1.96)
The relations in eqgs. (1.80) and (1.81) may be inverted:
@ = uPald)+o(0)al(s), (1.97)
@ = u(p)a(h) - v(B)al(9). (1.98)

From egs. (1.96), (1.98), (1.82) and (1.79) it then follows that

0@ > = -—==aoe) >

1
= — 4t . .
e W) > (1.99)

Takahashi and Umezawa loosely interpret eq. (1.99) as follows:

“the ‘one particle state’ is built from the thermal equilibrium state [0(B) > by
adding one particle or by eliminating one particle with tilde. We may interpret

therefore that the particle with tilde is a hole of the physical particle.”

They interpret the normalization factor, Jl_—m , as characteristic of the quantum process
in which one quantum is added to a system containing np(w) quanta. (Recall our discussion
on the Pauli-blocking factor in Section 1.1.)

Considering expressions for [0(8) > such as those in eqs. (1.78) or (1.83), one may state
that there are an equal number of particles and holes in the thermal vacuum. Umezawa et al.
~ elaborate on these interpretations in ref. (3, p. 120]: For a system immersed in a heat bath,
there is 2 two-way exchange of energy between the system and the heat bath. The presence of
the heat bath maintains excited quanta in the system. Therefore the system al_)sorbs energy
either by exciting additional quanta or by Aannihilating ‘holes’ of particles maintained by the
heat bath. When the latter process takes place, they say that an d-quantum (hole) with
negative energy, (—w), is annihilated. The excitation of an additional quantum is described

~ by the creation operator, al (8), while the annihilation of an d-quanﬁum is described by a(g).

f..
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Since af ‘performs two independent operations, it is a linear combination of al (B) and @(B) as
in tHe hermitian-conjugate of eq. (1.97). These dual roles, according to Rivers [48, p. 275],
suggest the doubling of degrees of freedom discussed in Section 1.3.5.

Leplae et al. [35, p. 229] state that, since one needs only the non-tilde qua;nta in the zero-
temperature formalism, the tilde quanta are superfluous at zero temperature. However, the
st;Ltes which contain tilde (iuanta become important at non-zero temperature. The existence
of the tilde quanta is a manifestation of the freedom of thermal excitation‘ahd they call the
tilde quantum the thermon.

In refs. [52, pp. 538, 554] and [64, p. 312], the tilde quanta are regarded as hidden
variables but it is explained how, by modifying the thermal situation, they can have an
observable physical effect. It is also argued that the effect of randomization in statistical
mechanics is produced by the effects of the hidden tilde quanta.

Kreuzer and Kuper [65, 66] describe the approach of a system to thermal equilibrium
by allowing a weak interaction between the physical and tilde systems. This represents a
generalization of the thermo field dynamics formalism for systems at thermal equilibrium for
which no interaction between physical and tilde particles exist. In their analysis the system
of tilde particles is regarded as a representative member of a Gibbsian statistical ensemble.

The tilde-type freedom naturally appears in another area of physics. In an article by
Israel [67], who gives further. references, attention is directed to the thermal character of
the ‘vacuum’ perceived by stationary observers outside a black hole and a.lkso by uniformly
accelerated observers in Minkowski space-time. This is a consequence of the jnformation loss
associated with the presence of event horizons. Israel elucidates the close i)arallel of these
results with thermo field dyn@mics: Whereas in thermo field dynamics the system of tilde
-particles has a merely formal significance, in the context of Israel’s work, it can be interpreted

in terms of particle states on the hidden side of the horizon. Umezawa himself too discusses

this point in ref. [64, p. 313].

1.4 Conclusion: Advantages of the real-time formalism

Real-time thermal Green functions are needed in calculations involving -time-dependent pro-
cesses in a heat bath, such as decay and scattering reactions, and even in ref. [42] for

the evaluation of thermodynamic quantities. One of the main advantages of the real-time
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formalism is the direct way in which real-time thermal Green functions can be derived with-
. out having to perform potentially very complicated analytic continuations of imaginary-time

Green functions. The elegance of the formalism naturally leads to further advantag;es.

The Feynman diagram method involving thermal real-time caﬁsal Green functions is
formulated very much'like in the conventional zero-temperature formalism. The topological
and combinatorical structures of Feynman diagrams do not change in going from zero to non-
zero temperature, but are generalized to a two-component formalism so that, e.g., the free
propagator acquires a 2 X 2 matrix structure. This so-called doubling of degrees of freedom
provides a mechanism for the cancellation of singularities, which arise (see the end of Sections
1.2.2 and 1.3.1) from products of Dirac delta functions with coinciding arguments, among
themselves. As discussed in Section 1.3.1, the two-component formalism leads to an increase
in the number of diagrams, but, the number of diagrams to be evaluated may be reduced by

making use of finite-temperature Cutkosky rules.

In Section 1.2.2 it was mentioned that the thermodynamic potential, from which static
thermodynamic quantities can be derived, could be evaluated in the imaginary-time formal-
ism. However, the discrete energy summations [see eq. (1.11)] .associated with loops can be
very tedious to evaluate, especially in the presence of overlapping loops. These summations
are usually transformed into contour integrals. On the other hand, in the real-time formal-
ism the continuous energy integrals associated with loops simplify calculations. Niemi and
Semenoff [42] applied real-time methods to calculations of thermodynamic quantities and
found them much simpler than the imaginary-time methods. They were able to perform
systematic low-temperature and high-tempefature expansions, whereas low-temperature ex-
pansioné are less accessible in the imaginary-time formalism. The reason for this is that,
in the real-time formalism, the zero-temperature and finite-temperature contributions to the
free thermal propagator [eq. (1.16)] are well separated. This is not the case in the imaginary-
time formalism [see eq. (1.13)]. One notices that, in the zero-temperature limit (8 — o), the
off-diagonal matrix elements of the real-time free thermal propagator vanish and therefore
also the indirect coupling between the type-1 and type-2 fields. Since the second terms in -
each of the diagonal matrix elements of the real-time free thermal propagator vanish too, the

zero-temperature theory for the decoupled type-1 fields is recovered.

The influence of finite-temperature effects on the established results for zero-temperature
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‘quantum field theory has been extensively investigated. Usually, the real-time methods have
been found to be better suited for these investigations_ than imaéinary-time methods. For
example, Matsumoto et al. [68] found the proof of renorma.lizability more transparent and.
systematic using real-time methods. They found that all ultraviolet diyergenées in perturba-
| tion expansions of real-time causal Green functions at finite temperature can be eliminated to
all orders by the counterterms prepared at zero temperature, proyided the theory is renormal-
izable at zero temperature. The same result has been found in the imaginary-time formalism,
but with increased difficulty [69]. The fact that, at finite temperature, ultraviolet divergences
are treated in the same way as at zero temperature, stems from the fact that ultraviolet di-
vergences arise from the singular short-distance behaviour of quantum field theory, which is
unaffected by the presence of a heat bath. The presence of the heat bath, however, does
worsen the infrared divergences owing to an additional divergence in the que—Einstein sta-
tistical weights. This may be seen, for example, from the expression of Qle free thermal

propagator in-eq. (1.16) where a factor, such as

_ 1
eBlkol — 1°
diverges in the limit, kp — 0. Using real-time methods, the cancellation of all infrared
divergences at finite temperature has been proven for some physical processes although, so
far, only up to one-loop order [14] - [17], [20] - [22], [8]. In these references, a requirement for
the infrared singularities to cancel is that there exists a relation between the distributions of
fermions and bosons. This relation is provided by the principle of detailed balance existing
for thermal equilibrium. |
Finite-temperature field theory is not manifestly Lorentz invariant, since the heat bath
defines a preferred frame of reference. It is, however, possible to maintain manifest Lorentz

covariance in the real-time formalism by introducing a four-velocity for the heat bath [70]:
ut = 7(1’6)7

y=(1-9)"3, w? =1, c=1.
The boson thermal distribution .function, for ezample, is then written as

1
nB(k) = oAlkul _ 1’
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' where # is considered to be a Lorentz invariant parameter and interpreted as the inverse

. temperature of the heat bath for ¥ = 0. Thus, the expressions used in this thesis, e.g., -

1
eﬂlkol -1

are those for the heat bath at rest (¥ = 0). The importance of a Lorentz covariant treatment
of a system at ﬁnife temperature has been stressed by Ruiz Ruiz and Alvarez—Estrada [70].

In the thermo field dynamics approach to a real-time formalism, one has at one’s disposal
all the techniques of quantum field theory, including not only the Green function method
and the Feynman diagram method, but also the method of canonical transformations of
operators as well as the concept of the finite-temperature vacuum [50]. This leads to further
advantages of real-time methods in the thermo field dynamics approach (see, e.g., the last
paragraph before Section 1.3.7).. In refs. {50, 64}, Umezawa lists the achievements of thermo
field dynamics, which range from applications in condensed-matter physics to applications in
high-energy physics.

We conclude with an observation by Umezawa [64], the father of thermo field dynamics:

‘It impresses me very much that so many areas in physics seem to be gradually
developing a unified picture of laws in nature. The thermal field theories seem to

be very important elements in this new development.’
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Chapter 2.

A Statistical‘ Model for the
Structure Functions of the
N_ucleon

2.1 Imtroduction

In this work we consider deep inelastic scattering of leptons off a heat bath of quarks and
gluons to first order in the strong coupling constant ag. This process is of interest for a
discussion of models of the nucleon, the nucleus, the EMC-effect. or any other situation where
the effect of leptons on a system of thermalized quarks and gluons is needed. In this work
we restrict our attention to a model for the structure functions of the nucleon.

In ref. [71] Cleymans and Thews proposed a statistical model for the structure functions
of the nucleon based on the MIT-bag model [72] where hadrons are composed of almost free
quarks and gluons confined by the vacuum pressure. They calculated the scattering of high
energy leptons from a thermalized gas of quarks and gluons confined to a region of space equal
to the vblume of the nucleon by considering lowest-order diagrams in perturbative QCD. In
ref. {15] Cleymans and Dadié extended these consider:;tions to the first order in the strong
coupling constant ag since the effect of gluons is absent in zeroth order.

The statistical model incorporates features which are absent in the parton model [73].
The parton model has been successful in describing deep inelastic lepton-nucleon scattering
processes uN — uX and vN — pX, prompt photon production pp — 7X and the Drell-Yan
process pN — u+u~X. However, all predictions depend on the parton distribution functions
which are arbitrary functions containing many parameters [see e.g. eqgs. (4.1), (4.2) and (4.3)

which contain values for a total of 13 parameters).

4]
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The phenomenological success of the parton model indicates that the number of con-
stituents (partons) of the nucleon is very large due to the 1/z behaviour of the structure
functions at small z, where ¢ is the fraction of the nucleon’s momentum carried by thé

parton. To the extent that one takes this fact literally it diminishes, on _thé one hand, the
| acceptability of the parton model due to the implied infinite number of soff spin—% particles
inside the nucleon which contradicts the Pauli exclusion principle. On the other hand this
same fact supports the idea of viewing the interior of the nucleon as a hea_t' bath of quarks

and gluons.

Another shortcoming in the parton model is the neglect of the presence of identical quarks
and gluons in the initial and final states and of quantum statistical correlations which also
have a role to play in the propagation of particles when considering Feynman diagrams
containing internal lines in next-to-leading-order calculations. In the statistical model these
shortcomings are removed through the use of Fermi-Dirac and Bose-Einstein distributions
for quarks and gluons, respectively. Stimulated emission factors for ﬁna.l-s_ta,te gluons and
Pauli-blocking factors for final-state quarks are incorporated. The propagaition of particles
through a many-body medium is taken into account by using thermal Feynman rules for

propagators and vertices given in Table 3.1.

The assumption of a thermalized assembly of quarks and gluons could also be seen as
an attempt to describe the ”chaotic motion” of quarks and gluons inside the nucleon at a.
more fundamental level than that attained through the use of arbitrary parton distributions

containing many parameters in the parton model.

In their study of deep inelastic scattering of leptons off a heat bath of quarks and gluons,
Cleymans and Dﬁdié [15] took all processes contributing to order as (see Figure 2.2) exactly
into account. They were able to cancel all infrared, collinear and ultraviolet divergences
in the framework provided by the real-time formalism of finite-temperature quantum field
theory (reviewed in Chapter 1). These analytical calculations are discussed in Chapter 3 and
their final expressions given in Appendix D. In Chapter 4 we present results from numerical
calculations of these expressions. There it is shown to what extent recenit deep inelastic

scattering data can be reproduced by the statistical model. 3!

Research projects which are the most closely related to ours have been“reported on by

groups working in Nice [17] and Annecy [20] in France and Bielefeld [14] in West Germany.
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‘The main difference be"cween‘our project and the latter projects, besides being on different but
. related physical processes, is the kinematics involved. The fact that the Lorentz invariance
property, which is used in the usual zero temperature calculations, is lost due to the preferred ,
frame of reference defined by the heat bath, has the immediate consequence that the number
of calculations required is increased dramatically. For this reason all the above-mentioned
groups reduce the complexity of their calculations significantly by using special kinematics
'[e.g. in lepton pair production from a thermalized qﬁa.r'k gluon plasma they would use a
virtual photon with zero spatial‘momentum: ¢ = (90,4 = 0)]. In our case we perform
calculations for the case of general kinematics [i.e. ¢ = (go, 7 # 0)).

In ref. [24](b) Cleymans and Dadi¢ presented results from analytical calculations of
dilepton production from a quark-gluon plasma to order ag (¢*> > 0 for the photon giving.
rise to the lepton pair) which is closely related to the process of deep inelastic scattering of
leptons off a heat bath of quarks and gluons (g2 < 0 for the photon stemming from the lepton
beam). | '

[

2.2 Deep Inelastic Electron-Proton Scattering e”p — e X

Deep inelastic electron-proton scattering allows us to determine the quark and gluon structure
of the proton. A first order picture of the quark structure of the proton already presents itself
at O(ag), but one needs to consider at least O(as) contributions in order to take the effects
of gluons into account. The substructure of the proton can be revealed by increasing the
—g? of the photon to give better spatial resolution. For very large —q?, the large transfer of
energy breaks up the proton into multiparticle states as showﬁ in Fig. 2.1.

In our treatment of the case of deep inelastic scattering of electrons off a heat bath of
quarks and gluons, we simplify the calculations by considering only the part of the diagram
below the dashed line in Figure 2.1. This means that we consider the scattering of a virtual
photon with 4-momentum ¢ off the proton (considered as a heat bath of quarks and gluons)
with 4-momentum pp. To order as the processes depicted in F igure 2.2 contribute. According
to Figure 2.2 there can be more than two particles in the initial state of a reaction so that
the rate of reactions (as opposed to a cross section) is the natural quantity to consider
when relating the measured structure functions on the hadronic le:/el with the results from

our calculations of thermal averages of the fundamental (virtual) photon-quark interaction
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Invariant
mass W

proton

Figure 2.1: Picture of e"p — e~ X. In our calculation we work in the laboratory frame:
pB = (M,0,0,0).

processes. The interaction rate on the hadronic level is proportional to the hadronic tensor

[41]

q"q” 1 PB-¢ PB-q
W (pg,q) = Wi(v,¢%) (—g“” + 7) + Wa(v, qz)ﬁg— (PE - 'q—g—‘Z“) (P'é - -
(2.1)‘
The functions Wi and W, are functions of the Lorentz scalar variables that can be constructed
from the four-momenta at the hadronic vertex and M is the proton mass. The invariant mass

W of the final hadronic system is defined by
. w? : (PB + q)2

Since
W?=(pg+4q)? =M +2pp.q+d°,

and, for inelastic scattering, the invariant mass, W, may assume many different values for

the same fixed g2, one sees that there are two independent Lorentz scalar variables which we
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Figure 2.2: Processes contributing to deep inelastic scattering to first order in ag.
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choose to be

2 d P_B__-_q. 2.2
q an v= o )

The definition of the total cross section for scattering a space-like (¢* < 0) photon with-

polarization, €, inelastically off a proton is [41, p.185]

* 62 H1* v 47'('2(1 H1* v
ax(v'p = X) = m[GA] exdrMW,, = T[E’\] e/\Wuy.

where K = v + ¢%/(2M) is the "energy” of the virtual photon according to the Hand con-
vention, a is the fine structure constant and the factor 4w M originates from the standard
convention for the normalization of Wy, .

With § chosen along the z axis [¢ = (v,0,0,¢.)], the polarization vectors of the virtual

photons (helicity A) are [41, p.185] '
- .
A=+1: g = :}:\[E(O,l,ﬁ:i,o) (23)

A=0: 0,0,v). (2.4)

1
€ = ﬁ(fh’

By using the facts that W, has the form given in eq. (2.1), that
q.€) = 0 (25)

for each A [41, p.185] and that

. , ¢ _
Yo (-1 ey =—g"+ = (2.6)
A=%1,0

for a virtual space-like photon [41, p.185], the transverse and longitudinal cross sections,

respectively, may be written as
i
4na

1
o1 = (o4 +0-) = ——W(», ¢%) (2.7)
4r’a vl
oL=00= —f [(1 - 7) Wy(v,¢%) - Wa(v,¢%)] - (2.8)
q :
Structure functions are defined as usual [41]:

F(ng®) = MWi(ng) (2.9)

Fy(v,q") = vWa(v,q*) (2.10)

R(v,¢*) = =& | (2.11)

oT
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In the one-photon exchange approximation, the deep inelastic cross section for charged
. leptons can be written in such a form that it depends linearly on F, and non-linearly and
very weakly on R [74]. Experimentally, F, and R can be disentangled by Iﬁeasuring deep
inelastic cross sections at the same (z,Q?) point but at different values of the incident beam
energy. In practice, as these cross sections depend only weakly on' R, all measurements of
R suffer from large experimental errors. The structure functi.on Fy is much more precisely
measured than R. . | ’ ’

According to our definitions we have

2
B o= 4’;(0‘ Mo (2.12)
2
B = 4 a(0T+aL) = d (2.13)
qu F2
— —£_1 , 2.14

With the index ¢ serving as an index to distinguish between each contributing process one

can write
gy = Z g :\
i
The relation between the measured structure functions on the hadronic level and the results
from our calculations of thermal averages of the fundamental (virtual) photon-quark interac-
tion processes is discussed in refs. [71] and [15]. Applied to the above definitions, one obtains

on the hadronic level, as an example, for the O(as) process of gluon emission from a quark

in Figure 2.2(a):

= 52 2 [ o) | ol - weCae] [ Gt + naClel
oy Y (27) 32k: "EAR) | (on )32k’ RV (2n)32pe
g+ k- K Ve - 1 2 M., |? 2.15
x(2m)*6%(¢g+ k- k' - p) 2 drasdrace; Z | M, | (2.15)
: +a,%s!

g polarizations
according to the momentum assignments in Figure 3.2 and where V is the volume of the nu-
cleon. By ignoring the factors e and g in egs. (3.4), (3.5) and (3.6), the latter three equations
provide explicit expressions for the matrix element as it stands in eq. (2.15) (with coupling
constants, colour factors and fractional charges factored out into explicit normalization con-

stants). We take N¢ = 3 and include up and down quarks only in our model:

2
€ = +§ for ¢ an up quark
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eq=—2 for ¢ a down quark.

The fer.mion and boson distribution functions appearing in eq. (2.15) are defined in egs. (3.1),
(3.2) and (3.3). -

Values for variables appearing in our model are given in Chaptef 4 where numerical
calculations are discussed. These variables are the four-momentum squared of the virvtual
photon (¢?), the chemical poten'tial for each flavour of quark (j,), the temperature (T') and
the strong coupling constant (ag). Standard values for the proton mass appearing in eq.

(2.12) and the radius of the nucleon are used and are given in Table 4.1.



Chapter 3

Deep Inelastic Scattering (DIS) of
Electrons off a Heat Bath of
Quarks and Gluons

3.1 Introduction

According t.o the statistical model, discussed in the previous chapter, we consider deep inelas-
tic scattering of electrons off a heat bath of quarks and gluons. In this chapter we discuss the
phase space integrations of the matrix elefnent squared from contributing processes. Their
final expressions are summarized in Appendix D and their numerical evaluation discussed in

Chapter 4.

3.2 Feynman Rules for Quarks and Gluons at T # 0 and n#0

In order to take into account the propagation of particles through a many-body medium, we
use the thermal Feynman rules as shown in Table 3.1. The rules for the fermion and gauge
boson propagators that are used in this work are from ref. [40]. In the latter reference minus
sign ambiguities in earlier literatu.re on thermal Feynman rules are pointed out and corrected.
Further information about the expressions appearing in Table 3.1 is as follows:

Fermion and boson distribution functjbns can be defined in such a manner that they are

valid for both positive and negative energies. In Table 3.1 they are for a fermion

1

T (3.1)

np(zg) =

49
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Table 3.1: Feynman rules for quarks and gluons at T # 0 and g # 0. Further information
about these rules and the symbols appearing in them is given in Section 3.2.

) 1
1S (k) = Fomii om( 4+ m)8(k? — m?)np(zk)
c12() 2_ 2 Blzx+u)/2
Fermion (quark) iSM(k) = 2r(¥ + m)é(k* — m*)np(zk)e
t - qab
propagator, i.5%°(k) iS?(k) = —2m (¥ + m)b(k? - m2)np(z)eP @02
) —~1
1572 (k) = PE—— 21( 4+ m)é(k? — m)np(zx)
. i
'L.Dll(k) = m + 271'6(k2 - m2)nB(|k0|)
Gauge boson (gluon) iDY(k) = —2m6(k* — m?)np(|ko| )e?Iol/2
propagator, — g*iD®(k)
(Feynman gauge) iDM (k) = —2m6(k? — m2)nB(|ko|)eﬁ|k°V2
2201 —i 2 2
1D (k) = m + 271'6(]6 —-m ?nB(lkol)
€
Quark—qluon vertex o 5
(type 1) A = —iorTe)s
j i
€
Quark-qluon vertex i -
(type 2) = ig7*(Ta)ij
2 .
j 1
€p
Quark—photon vertex — oyt
(type 1) e
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where 4
o= Jkol = pue(ko) | | (3.2)

where €(ko) gives the sign of kg and for a boson

1 \ ‘ .
TLB(I’CQ') = oPlkol — 1 (33)

The typical QCD Lagrangian [41, p. 319]

1
~Ge Gg.u’

Loep = @(i7"0, — m)q - 9(q7*Taq) G — 1w

where G, = 0,G% - 2.G; ~ gfachZG,‘i, gives rise to the rule for the type 1 quark-gluon
vertex shown in Table 3.1, which is the same as the usual zero-temperaturé quark-gluon
vertex. The reason for the relative minus sign for the type 2 quark—gluon vertex in Table 3.1
is the same as that given in the context of a scalar field theory in the second-last paragraph -
~of Section 1.3.3. Since our calculations are only up to O(as), the type 2 quark—gluon vertex
will only appear in self-energy graphs since the vertices in all other graphs will be connected
to external lines and will therefore be of type 1 (see Section 1.3.1).
The photon stemming from the electron beam in deep inelasfic scattering is not considered
to be thermalized so that only the usual zero-temperature (type 1) Quark——photon vertex need

to be considered. The plus sign for the quark—photon vertex stems from the use of the typical

QED Lagrangian [41, p. 317]
_ _ 1 ,
»CQED = 1!1(2’}’#8# - m)dz + 61!1’)’#.4#1!1 - ZF;J.VF#

where F,, = 8,4, < 8, A, and where e > 0.

3.3 The Processes Contributing to DIS

The processes contributing to O(as) to deep inelastic scattering are shown in Figure 2.2.
We consider the four-particle process of gluon emission from quarks [Figure 2.2(a)] as an
example in the next section. Corresponding to the process in Figure 2.2(a) one has the
Feynman diagrams depicted in Figure 3.2; The results for this and the other four-particle
processes [Figures 2.2(b) —( f)] are summarized in Appendix D.

The three-particle processes (g) and (R) in Figure 2.2 also contribute to O(as). For

example, corresponding to process (g), one has the Feynman diagrams depicted in Figure 3.1.
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k/

k k
q
kl
+ +
k

= |Maq + Mgy + Mac + Mag + Mae + May|?

Figure 3.1: Diagrams for three-particle processes involving quarks.

In Section 3.5 we discuss the vertex correction to a quark arising from the interference of
diagrams M3, and Mgz, in Figure 3.1. In Section 3.6 we discuss self-energy corrections to a

quark. The results for three-particle processes are also summarized in Appendix D.

3.4 Gluon Emission from Quarks

3.4.1 The Matrix Element Squared

" The diagrams to be calculated for gluon emission from quarks are shown in Figure 3.2.
Kinematical relations which we use for this process appear in Appendix A. The corresponding

matrix element for a given polarization, €+, of the space-like (¢° < 0) virtual photon (v*)

stemming from the electron beam is given by
M. =M + M, (3.4)
where

My = (K, ) =il (k + g)en)ese(g)ulk,s) (35)
My = (K, )(ieva)e(@)iS™ (k ~ p)(~ign el (p)]"u(k, ) (3:6)
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and where we suppress reference to colour factors and fractional charges. For convenience we

. write 151(k) in the form

iSU(k) = i(f+ m)§ (k) | ) (3.7) .

where, due to the expression given for 15'(k) in Table 3.1, one has

= 1 1
Gl1(L) — v (k2 — m2 .
ST (k) k2—-m2+ie+2m6( , m)eﬂxk+1 (3.8)

where z is given in eq. (3.2).

In our calculations we have the following for the masses:
" quark mass = 0
gluon mass =m # 0
The gluon mass regularizes infrared and collinear singularities.
q p
2
+
k k'

Figure 3.2: Diagrams for gluon emission from quarks.

By squaring the matrix element, summing over all the spins for a massless quark according

to

Y- w(p)atl(p) =p

5=1,2

and summing over the gluon polarizations according to

. v, PP |
Y. [e@Iren) = —g* + e (3.9)
luo
polagrilzla?ions
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-we obtain

Y M P

ta,4sf ‘
g polarizations

= —2{ Tt [F7u(F+ o) o (0) Fltor @1 (K+ D115k + D)1
+ T [k o) £ (@) Fr(E= Dl @] 87k + g[SV Gk - p))
+ T K ()= Dva Br (k= Dl (1] 181 (K - p)?
+ T (K o (@) K- B Kl @F (K4 d07#] S5k = )V (K + )]} (3.10)

where the second term on the right-hand side of eq. (3.9) does not contribute in eq. (3.10)

due to the reqﬁirement of gauge invariance.

The first trace in eq. (3.10) is evaluated by using the trace theorems in ref. [75, p.
104, 105]. The resultant expression is simplified further by making use of the assumption
of massless quarks embodied by k% = 0 and k'.k’ = 0 and the fact that g.c = 0 for each
polarization state of the virtual photon [see eq. (2.5)]. By dropping the suBscript (v*) of €
the first term in eq. (3.10) then becomes

Tr [Kvu(K+ 4) £y (2) Ky (D) (K+ 4)7"]
= 8[2(k.q)(k.€)(K'.€*) + 2(k.q)(k-€*)(K'.€) + 2(k.q)(q.-k')(e.€*) — 4(k.k")(k.€)(k.€*) (3.11)
-—(k.k’)q?(e.e*) ~ 4(k.€)(k.e*)(q.k") + (k.€)g*(K'.€*) + (k.€*)g(Kk'.€).
We write the latter expression in terms of the invariant variables
s=(k+9)?=(¥+p) ' (3.12)
and ,
t=(k-q)=(k-p) (3.13)

by making use of the exact relations

gk = 3(s—d,
b= Ll
q'k - 2(q t)’

kK = :?1—(3 +t—q¢% —m?).
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and obtain

Te[E7u(k+ ) fe(0) Kldar (@1 (K+ 9)7%] |
=4[—-4(k.e)(k.e*)s+4(k.e)(k.e*)m2+2(k.e)(k’.ef‘)s | AT

+2(k.e*)(K'.€)s + ¢*(e.€*)m? — (e.€*)st]..
The last three traces in eq. (3.10) are evaluated by following the same steps as described for

evaluating the first trace and, in addition, by making use of energy-momentum conservation:
p=k+q-Fk.
The result is

S IM.P

g polarizations
= —e’g?4 {[~4(k.€)(k.€")s + 4(k.€)(k.e*)m? + 2(k.€)(K .€*)s + 2(k.e*)(k’;e)s
+eP(eenym? = (e.)st] |11k + g)? |
+ 22k (he)g + 2k (ke - () (e) - 22K K ) + e)s
+(eE ) = eI + 2K K. )s] 2Re {3k + IS - ')
+ [2(k)(K.€)g - 2(k.e)(k’;e*)s - 2(k..e)(k'.e*)t
(kK € )m? ~ o(k.e)(K )] 5k + QIS (K - )]
+ [2k K .)g + 2k (K €)g? - 2k (K .c")s
2k (K-t + 40K O] S - 5™k + g
+ [20k.)(K.€)t + 2(k.e*)(K €)1 + 2 (e.c")m? — 4(K .€)(K.e*)t

+4(K .€)(K' . )m? - (e.e*)st] [SM (k' Q)lz} .

(3.15)
In eq. (3.15) one has, for example,
& 1 1
11 _ L. .
S5 (k+q) = 'P‘S ird(s) + 2“‘5(‘9)e——_ﬁrk+q T3 (3.16)
where use has been made of egs. (3.8) and (3.12) and the relation
1_.
P 'P; F z7f6(s). _ (3.17).
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In Appendix A it is shown that s > 0 and ¢ < 0 for m2 > 0. These inequali‘ties imply that
terms containing. the factors 6(s) and 6(t) in the expressions for S11(k + ¢) [see eq. (3.16)]

and S'(k’ — ¢) do not contribute to the matrix element squared. Thus from now on we take,

_ 1
Sk =
_ 1
R
_ _ 1
SU(k+ S -l = —

in what follows. The expression in eq. (3.15) may then be written in the simplified form

> IMP

+9,+9!
g polarizations

2.2 - f_ s E _ 223
_eg{4e.e <s+t - :
1 . . ,
+3 [~4e.e'm?q? — 16(k.) (k. )m?] -
1 * 2 2 ’ ! o 2
+Z§ [-—46.6 m*q® — 16(k".€)(K'.€")m ]
1
. +;‘t‘ [86.5*(]4 + 8€.€*m2q2 + 16q2(k.e)(k.e*) + 16q2(k/.€)(k/,€*)

—16m?(k.c)(K'.€") — 16m*(k'.€)(k.e")| }
The matrix element squared for the longitudinal polarization, €, of the virtual photon is

calculated from eq. (3.18) by using the expression for €y given in eq. (2.4):

.6 = 1 (3.19)
(keo)(k.el) = —ql—z(qzko—ukz)2  (3.20)
(Feo)(65) = ={acky — kL) (3.21)
(keo)(K.) = (K.co)(k})

= = =lasko - k) (aiks = V) (3.22)

Since, in the rest frame of the heat bath, we choose the z axis to be along the direction of

the virtual photon, we have ¢ = (v,0,0,¢,) and threrefore that

s=(q+ k)2 = q% + ko — 2¢:k.
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24 kg —
S G 7. Tk

2¢;
~ and
t=(k-q)"=q¢" — 2wk + 2k,
N k,=t+21/k{,—q2
: 2q.
With these expressions for k, and k. inserted into eqs. (3.20~3.22) we obtain from eq. (3.18):
M, = Z |M€o]2
+s,+s’
g polarizations
22 44 (t s 2
=e g —-q—2 3 + 7 (2k v+gq q°)
4¢° 1
—q—_ [(2ko + v + ¢;)(2ko + v =)+ (2ko — v+ q.)(2ko — v — g:)]
2q 4m?q 1
e (2k0 +v+ 92)(2k0 +v - ‘IZ)_ 7 (2k0 —v+¢:)(2ko ~v - ‘IZ)t_z

+— zq [qz + (2k0 + v)(2kg - 1/)] }
(3.23)

The matrix element squared for the transverse polarizations, e+' and e, of the virtual photon
can be obtained from that for longitudinal polarization in eq. (3.23) and the sum over all

polarizations:

Mg = Y (-1 Y M

A=%£1,0 +3,+s’
g polarizations
= > 1M+ - M2} . (3.24)
+s,48 )

g polarizations

By using eq. (2.6) we obtain from eqgs. (3.24) and (3.18)

t s 2¢° 24 1 1
s 62"2{‘16<;+2‘7"T +1on'd (54 )

32, 4 2 2 2, 1 ¢
+st( q° - m‘q +mk.k)—f4 s+t -

1 2.2 (k.9 , 1 2 2 (K.g)* ,
+32 <_4m g° - 16 2 m* | + 72 —-4m*q” — 16——(12 m

" +f—t (q“ +m?’q® + 2(q.k)2 +2(¢.K)? ~ 4m2(—k-'q21#@)} '(3-25)
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where the first three terms and the remaining terms on the right hand side of eq. (3.25) are
a.ssociated with the —g# term and the ¢“¢"/q? term of eq. (2.6), respectively. By using the

relations

kg = %(s—qz)
1
/ 2
q = =(¢ -t
k'.q 5(¢ = 1)

kk = %(s +t-m?-g?)
in eq. (3.25) we obtain

' t s 1
— _@2.2)r, 2 2 AV IR
My = 8eg{s+t+2(q+m)st

1 1 1 1
2P +m?)(=+>)-m* =+ =) ;- 3.26
2(q +m)(s+t) mq(s2+t2)} (3.26)
The matrix element squared for the transverse polarizations can thus be obtained from the

expressions we derived for My and | My|?:

s Y M. P )

s,/
g polarizations

Mt

3.4.2 The Phase Space Integral for Gluon Emission from a Quark

For the phase space integral for gluon emission from a quark we have in accordance with our

discussion in Section 1.1

[ dune(@0)(t = ne(or)l(t + na(lpol) (3.28)

where the fermion and boson distribution functions are given in eqs. (3.1) and (3.3) and

wliere
PO S
H= (an)32ko (27)32K, (27)32p0

(27)*6* (g + k- k' - p). (3.29)

Thus we start off with nine integration variables which may be reduced to the four variables
ko, k§, z and 2’ as explained below. In Section 3.4.5 we show how the angular integrations
over z and z’ are analytically performed, leaving us with only the two integration variables

ko and kp. This last double integral will be calculated numerically.
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The integrand is a function of s and ¢ appearing in the matrix element and the energies
. appearing in the thermal distribution functions, phase space factors and the matrix element.

In eq. (3.29) the integral over d3p is trivially performed using 63(K + §— &' - ) Wherever |
it appears, p'is therefore substituted by 7= k+ §— K and the:refore.

po=(k+7- K> + m?)3. (3.30)
We are left with six degrees of freedom in [ d®kd%k’ and they are

kO, k(’)a 03 0’) ¢1 ¢’

as shown in Figure 3.3 (ko = |k| and k}, = |£| for massless quarks).

A
qg A
k
i
| g
|
| .
h I
I | {
6 .
]
|
| !
\\\ t | *;
T ! Y
¢ \ |\\ '
\\ l
@’ N -
N ~ o
SN

Figure 3.3: A pictorial representation of variables in the phase space integral

We concentrate next on the azimuthal integrals,

2 2T
/ o [ dg
0 0
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in [d3kd3k’. 1t is to be understood in the following discussion that ko, kj, @ and 6’ are
kept'ﬁxed in the outer integrals while the inner azimuthal integrations over ¢ and ¢ are

performed. The only place where one finds azimuthal angles in the integrand is in
E.E' = kokb[cos cos 8 + sin 8 sin 8 cos(¢ — ¢)] | . (3.31)
which appears via eq. (3.30) in
ool1+ na((poDIA(v + ko = po = k). (3.3

As far as the dependence of the integrand on the azimuthal angles is concerned, it may be seen
from eq. (3.31) that the integrand depends on only the relative azimuthal angle ¢~ = ¢ — ¢'.

We therefore introduce the change of variables:
b = 49 (3.33)

o1
ot = -2—(¢ + ). (3.34)

For any integrand f which, as far as its dependence on ¢ and ¢’ is concerned, is a function

of only cos(¢ — ¢'), one can use the identity

¢
[N

27 27 i L S ‘
/ dé / dd' f(cos(¢ — &) = 4r / f(cos ¢™)dg™. (3.35)
0 0 0
As already referred to at eq. (3.32), we have for the case at hand
o1 '
f(cos¢™) = 2—p0[1 + ng(|po])]6(v + ko — po — kp) ‘ (3.36)
" 0 i
= 47r/ f(cos¢™)d¢p™ = 4r (‘LE ) [—[1 + nB(|p0|)']] ; (3.37)
0 ’ 6¢ po=v+tko—k{ 2P0 po=v+ko—kj
where, according to eq. (3.30), po is given by
po = (F+q-FI+m)}
= (Jk+ @2+ ky? = 20k + 1k, cos p + m?)? (3.38)
where L
- /
0sp = E—,—(—]_c.——*-—@
kplk + g

In order to calculate the derivative of pg with respect to ¢~ appearing in eq. (3.37), we shall

refer in the following to Figure 3.4 which shows, amongst others, the newly introduced angles
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- p and f. For this purpose we make a convenient choice of axes in Figure 3.4: As is done in
. Appendix A, the z axis is chosen along the direction of q. Since at this stage of the discussion
the integration over the angle ¢ has been done and, according to eq. (3.35), the rémaining ,
relative azimuthal gngle, ¢~ = ¢ — ¢/, ranges from 0 to 7, we may now choose, for each case
of fixed values for kj), ¢, ko and 6 in the outer integrations, a new reference frame such that

k' lies in the z-z plane. In the reference frame shown in Figure 3.4 we then have:

Figure 3.4: The angle ¢~ in terms of the angles p, 8 and 8’ for calculating the denvatlve of
Po with respect to $~. We have ¢' = 0 for this choice of frame. :

k' = k)(sing,0,cos )

k+q = |k + ql(sin 8 cos ¢, sin Asin ¢~ cos 3)
-
= cosp = K.(k+q) = sin ¢’ sin # cos ¢~ + cos B cos ¢/ (3.39)

51k + g
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cosp — cos B cos 8’

' - 3.40
> cos¢ sin @’ sin B (340)
The restriction that the derivative,
’ dpo
o=’

in eq. (3.37) has to be calculated for fixed values of kj, 6, ko and 6 in the outer integrations
means, as may be seen frorﬁ Figure 3.4, that, when we vary ¢~, p will also vary while 6’ and
B will remain constant. The latter insight enables us to proceed with the differentiation of
po with respect to ¢~. According to eq. (3.38), po depends on ¢~ via p only [see eq. (3.39)].
Thus

Opp _ Opo Ocosp
0¢—  Ocosp O¢~
- —21%(—2@'-{— Flko)(= sin @' sin Bsin ™) (3.41)
but
sinf¢~ = 1—cos?¢” t‘
—7(cos B, cos ¢, cos
- WSy 2) (3.42)
sin” #sin” 6
where eq. (3.40) has been used and where
1(z,9,2) =2° +4* + 2> - 2zyz - 1. (3.43)

Since ¢~ € [0, 7] we must have that sin ¢~ € [0,1]. This implies that we must take the positive

square root of the expression in eq. (3.42):

v/=7(cos B, cos 0, cos p)

sing™ = - -
¢ sin 3 sin 6’

(3.44)

The sign of the latter expression is correct since sin Fsin @’ is positive as may be seen from

the following considerations:
¢ e¢[0,7r] = sinf €[0,1]

and from Figure 3.4 it can be seen that, since 8 € [0, 7] and 8 < 6, B € [0, 7] so that sin § € [0, 1}.
- Substitution of sin ¢~ according to eq. (3.44) into eq. (3.41) leads to

dpo |7+ Klkp

- - \/—7(cosﬂ,c050’,cosp).
0
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Thus eq. (3.37) becomes

. . “Vig- = Po
71—/0 f(cos.¢ Jdg Iq + klko\/—’Y(cos B,cos ', cos p) [217 1+ nB(IpOD]Lo:uﬂrko—ké

where, for the purpose of later performing the integration over z = cos 6, we obtain from eq.

(3.38)

B+ 3° + ko* +m? — b KE + 2kogoz + 2 + ko + m? — pB

cosp = ’ (3.45)
2k5]k + g1 2k(',\/k(2) + 2kog. 2 + ¢2
and from Figure 3.4 '
—yy . 2 .
cosff = q'(li_*- 2 = G:koz 4+ ¢; . (3.46)
Ik +4d g\ [k + 2kog.z + g2
The foregoing discussions enable us now to write eq. (3.29) as
du k&dkosin 0d6 kj>dkl sin6'df’ 1 4mpy
(27")32"30 (2m)22k; 2170 |7+ k|k vV/—=7(cos ¢, cos 3, cos p) po=vtko— kb
= kodk{dQQ : 3.47
8(2 )4 d 0 kO ( )
where
!
= — 2k0d2(€2 (348)
|G+ K|\/=7(cos 8, cos B, €05 p) |y 4yt

and where use has been made of

T 1
/ sin 00 = / dz.
0 -1

For the integration over z in eq. (3.47) one must be aware of the fact that cos 3 and cos p

_ appearing in eq. (3.48) are dependent on z as may be seen from egs. (3 45) and (3.46).

3.4.3 The Orlgm of Four Subreglons in the ko, & plane for Gluon Emission
from a Quark
In this section we shall see that the upper and lower limits which are to be used for the
integrals over z and 2’ in egs. (3.47) and (3.48) depend on the values of ko and ko in the
outer integrals. For some regions of the kg, k} plane the restrictions imposed by the energy-
momentum conserving Dirac delta function in eq. (3.29) cause one to replace the usual upper
limit of 1 and/or the usual lower limit of —1 for z or 2’ by expressions in terms of k¢ and
ky. In the following we show step by step how this reasoning leads to distinguishing four

subregions in the ko, k) plane according to the combination of upper and lower limits for
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z and 2’"which are obtained for eacﬂ subregion. These regions are shown in Figure 3.6. In
conséquence, the integrations over z and 2’ will lead to different analytical results for each
su‘bregion. | _ ‘

We start by determining the upper and lower limits of z and 2'. We have for gluon

emission from a quark that

I+ 51
ko? + 2kolpl cos 6, + |p1* — k§ — ¢
2koq; :

=y
o+

ol
I

= z=cosf =

The quantities, ko, kj, |p] and g, are all fixed as far as the angular integrations are concerned
so that z ranges between zy and 2z, where

_ (ko £1p1)* - Kk — 42
ZyL = .
2koqz

v
5

(3.49)

Since one must have that —1 < z < 1 but the expression for |zy | obtainable from eq. (3.49)

could become larger than one as one moves around in the ko, k{ plane, we conclude that

Zupper limit = M = min(1,2y)

Zlower limit = ®m = max(-1,21).

Limits on 2z’ = cos @’ are obtained analogously:

7-F| = |5-k
2 _ 9|plko cos b + k& — g% — ki’
Ry _
,_ _(eF) -k -g
>y = T (3.50)
=> zy = min(l,z)
zl, = max(—1,z).

Thus far we know that for gluon emission from a quark we have at least

o 0 M z}
/ dko / dk! / dz / M gy, © o (3.51)
0 0 zm 2

In the following discussions it may be seen how the region of support in the ko, kj plane
embodied in expression (3.51) is reduced to that shown in Figure 3.6 and how the subregions

arise. From ko + v = kj +.po we may deduce that ki < ko + v — m always. In the limit of
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ko

N ,k:):k'o-’rl/ l‘ q;.!—-l/

. ~
(0’ O) :f ,ko

Figure 3.5: Subregions in the ko, k}) plane for the process of gluon emission from a quark.
Subregion C’ can be further reduced to subregion C shown in Figure 3.6.

massless gluons this immediately provides us with the line, kg = ko + v in Figure 3.5. As
was already inentioned and as we shall see shortly, for certain values of ky and k{, some of
the quantities 2y 1, and Z{J,L could acquire magnitudes in excess of one. For such values of ko
and kg we force the integrations over dz and/or dz’ to range over a meaningful interval by
choosing a 1 or —1 instead of zy, 2y or 21, 2], respectively, for 2z, Z)f OF Zm, 2., Tespectively.
However, when , e.g., —1 < 21, < 1 is always satisfied for a certain region of the kg, k{ plane,
we may safely choose zm = zi, for that region. If, for another region of the ko, kj plane,
2, £ —1 we choose 2z, = —1 for that region. Similar reasoning applies for zy, zf, and z(;.

Thus the ko, ki plane consists of regions according to what we must take for 2., 2M, 2/, and
2 |
We start by investigating the condition 2, > —1. By replacing |5] by po (in the limit of

massless gluons) and subsequently incorporating energy conservation through po = v +ko— kg

the condition,

!/ 2 _ 12 2
2, = (ko lﬂ) ko q; >

-1,
2I‘?Oqz -
leads to
’ q —V . ’ q, +v
ko < ko — 2 if k< 3 (3.52)



66 CHAPTER 3. DEEP INELASTIC SCATTERING OFF A HEAT BATH

and L . S :
| Lol mxEIM (3.59)

The relations in (3.52) and (3.53) provide us. with the lines ky = ko — (¢; — ¥)/2 and ky =

kg > ko —

(¢ +v)/2in Figure 3.5 with (3.52) describing subregion D and (3.53) describing subregion A.
The fastidious reader would be interested to know the consequences of the simultaneous
condition 2z, < 1. By using arguments similar to those used in the case of the condition

21, > —1 we find that the condition 2, < 1 leads to

kgzko+q’2+" if kgg—% (3.54)
and
K<kt BXE i k> -2 (3.55)

The relations in (3.54) and (3.55) do not lead to any further subdivisions of the regions A, -
B, C' and D shown in Figuré 3.5, but they do provide the assurance that, by using 2y, = 2L,
in regions A and D, 2, as given in eq. (3.49) will never become greater than one.

We may thus conclude that z, = 2|, in regions A and D since in these regions we always
have —1 < 21, < 1. In the remaining regions B and C' shown in Figure 3.5 we must take
zm = —1. The region C’ in Figure 3.5 can be reduced to the region C shown in Figure 3.6 By
introducing the line ko = (¢; — v)/2 in Figure 3.6 which can be obtained from the following

argument: From eq. (A.7) we have for m? > 0

s=(g+k)? > 0

=> ¢4 2ko(v=g,cos8) > 0. (3.56)

But we have proven above that 2, = —1 in the region C’' shown in Figure 3.5. This means
that the cos® in eq. (3.56) can become equal to —1. Thus the condition,.s > 0, leads in

region C’ to the condition

2ko(v+¢q,) > —-q2 =—-(v—q)¥v+q) ©(3.57)
q. — Vv
5

= ko > (3.58)

This provides us with the line ko = (¢, — v)/2 in Figure 3.6.
It is to be noted that, for the process of gluon emission from a quark in the context of

deep inelastic scattering under consideration, the four-momentum conservation not only puts
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“p k) = ko + v iV
A /kz):ko— 2
/
/
A p B
o , |
- = = = - - - = 7:———-k6=“—qz+y_
/ 2
/ / :
/
v y
’
cC , D
Vd
Vd
s
i’ N
(-0’ 0) qz -V /ko
2 ' .

Figure 3.6: Subregions in the ko, k} plane for the process of gluon emission from a quark.
Subregion C is obtained from subregion C’ in Figure 3.5 by making use of the kinematical
constraint in (3.58). :

the restriction ko > (g, — v)/2 on the energy of the incoming quark but also on the angle, 8,
which it makes with the space-like photon as can be seen by writing the inequality (3.56) in

the form

Z <),

z

2
cosf < V_+_q_/(_2].c_0_) (<

q

i.e., the maximum value that cos6 can take is v/q, (< 1).
Next we investigate the condition —1 < 2y < 1. By replacing |p] by po (in the limit of
massless gluons) and subsequently incorporating energy conservation through pg = v+ko—ky

in eq. (3.59) we obtain

(ko + [P1)? — k& — ¢?

2y = ~ okon, (3.59)
_ v, &
B qz 2k0‘12
< 1

since kg, v and g, are each greater than or ‘equal to 0 and ¢% < 0 for "deep inelastic scattering
which also implies that v < g,.
We may thus conclude that the upper limit of z can always be taken as zy (and not

necessarily 1) in all the regions A, B, C and D in Figure 3.6.
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The condition, zy > —1, leads to. ko > (gz — v)/2 which is satisfied in all the regions A,
B, C.and D so that the choice zy = zy for all these regions will be safe also in this respect.

We may thus conclude that 2y = 2y in all the regions A, B, C and D since in t_hesé,
'regions we always have —1 S'ZU“S 1.

Next we investigate the condition —1 < 2{, < 1. Similar to the way conditions (3.52) and

(3.53) were derived, the condition z{, > —1 leads to

Ko ke-EZY i k> —%ﬁ (3.60)
and
B<ko— Y it kog—q’;”. (3.61)

The relations in (3.60) describe regions A-and C while the relations in (3.61) are irrelevant
‘for the process of gluon emission from a quark because they do not apply to regions A, B, C
and D for which kg > 0.

The condition 2{, < 1 leads to

kBSko-qu;-V

and

k6>k0+

if ko<

q: +v
9
These results show that z{, < 1 is satisfied in all the regions A, B, C and D and, thus,

specifically in regions A and C where 2z}, = z{, can be taken.
We may thus conclude that 2z}, = z{ in regions A and C since in these regions we always
have —1 < 2{, < 1. In the remaining regions B and D we must take 2}, = —1.-

Next we investigate the condition —1 < 2{; < 1. The condition 2{; < 1 leads to (since

q: > v)
v+q;

K >
0= 9

which describes regions A and B. The condition 2{; > —1 leads to

qQ: —V

K> —
0= 2

which means that z{; > —1 is satisfied in all the regions A, B, C and D and, thus, specifically

in regions A and B where 2y = z{; can be taken.
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We may thus conclude that 2z = 2y in regions A and B since in these reglons we always
. have —1.< 2{; < 1. In the remaining regions C and D we must take 2y = 1.

The values of (zm, zm) and (2], z}4) obtained in this section may be summarized aé follows:
region A:  (z,2u), (2],2(;) .
region B: (-1, zy), (—;1,2{1)
region C: (-1, 2y), (zf', 1)
region D:  (z1,2y), (-1,1).

3.4.4 The Origin of Collinear .D.ivergences for Gluon Emission from a
Quark

From the expressions for s and ¢ given in egs. (A.9)~(A.12) there follows that

s(zy) = - [(k6 +p0)? — k5 —¢2 — ¢ - 2kol/]
= mB R o
Po

where the latter step follows from eq. (B24) Similarly one can prove that
Po — ko
t(2y) = ot O(m?).

As mentioned at line (3.64), s and/or ¢ appear in denominators. of terms in the matrix
elements and therefore give rise to divergences in the limit of massless gluons whenever
M = zU> and/or 2y = z;, respectively,in angular integrations. These divergences are called
collinear divergences as may be seen as follows from the definitions of zy and z{; in egs. (3.49)
and (3.50), respectively: Egs. (3.49) and (3.50) were derived by putting 6, = 0 and 6. = 0,
respectively, which means having .a gluon collinear with the final quark and initial quark,

respectively.

3.4.5 The Integration over the Polar Angles

In this section we focus on the [dz [ d2' part of the phase space’ mtegratlons referred to
in expressions (3.28), (3.47) and (3.48). For these mtegratlons knowledge of the z and 2’
dependence of the integrand is required.

From the expressions for the matrix elements squared in eqs. (3.23) and (3.26) we see

that they contribute to the z and 2’ dependence of the integrand thrbugh the quantities s
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and t only where, from egs. (A.9) and (A.10),
. £
s = —2koq. (2 — d) = 3(2) (3.62)

‘and

t = 2kjq.(2' = 1) = (). : (’3.63)

The terms appearing in egs. (3.23) and (3.26) depend on s and t through factors of the
following types:

L and —. (3.64)
s s .

In addition, the quantity,

|+ El\/~7(#', cos B, cos p)

appearing in the expression for d{) in eq. (3.48), contributes to the z and 2’ dependence of
the integrand since, apart from the explicit 2’ dependence, the quantities |§+ EI, cos # and
cos p are dependent on z as may be seen from the expressions for cos p and cos 3 in egs. (3.45)

and (3.46), respectively and

|G+ F| = /@2 + 24:koz + k2.

The Integration over 2/

We perform the integration over 2’ first. As far as this integration is concerned we need to

evaluate ' . 5
tm

A, = /d !
* /=7, cos B, cos p)

where, as may be seen from line (3.64), the cases m = 0, £1, —2 need to be considered and, ..

(3.65)

as may be seen from egs. (3.45) and (3.46), cos p and cos 3 are independent of 2’.

We start with the easiest case m = 0 in eq. (3.65):

b 0
A = [a 3.66
0 A V—7(2, cos B, cos p) (3.66)
b, 1
= dz 3.67
/ /; * V(2" — cos b )(cosf_ — 2) (3:67)

where the integration limits @ and b will be specified shortly and where

cosfi = cos pcos 3+ sinpsin f = cos(p F ) (3.68)
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_ are the roots of the equation
v(2',cos B,cos p) = 2%+ cos? B + cos? p — 27 cos fcosp — 1 = 0:

From eq. (B.6) in Appendix B we obtain

z'=b

z’-—cospcosﬂ] (3.69)

sinpsin §

Ao = arcsin [
z'=a

The limits a and b are obtained from the condition that the argument of the square root in
eq. (3.66) must be positive: ,
—7(#',cos 3, cos p) > 0. (3.70)

This condition may be seen to also follow from eq. (3.42) where the trivial requirement,
sin? = > 0, leads to the condition in (3.70). From Figure 3.7 we see that the condition in

(3.70) requires that 2’ lies between the toots of the equation, (', cos 3,cos p) = 0. These

—?y(z',cos,[i,cosp)
A

cosfly = cos(p — f3) -
— 7
cosf_. = cos(p + B8) z'

(0,0)

Figure 3.7: The graph of —v(2’,cos 3, cos p) versus 2z’ whith needs to be considered in the
integration over 2’.

roots are given in eq. (3.68).

Next we show, by referring to Figure 3.4, that the root cos_ is smaller than the root
cos .. We have 0 ¢ [0, 7] but, as may be seen from Figure 3.4, 8 < 6 and therefore B €[0,7]
so that

sin 8 > 0. (3.71)
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Furthermore, as may be seen from eq. (3.35), ¢~ € [0,7] which implies, by referring to
Figufe 3.4, that p € [0, 7] so that
sinp > 0 (3.72)

and we can conclude that
cosf.. = cos pcos B — sinpsin B < cospcosf + sinpsin B = cosb.
For the integration over 2’ we take

a = cos(p + f3) b= cos(p — f) (3.73)

for all the regions A, B, C and D as opposed to the possibly expected
a =2 b= 2y ‘ (3.74)

with z], and z|; given, for each of the regions A, B, C and D, in the last paragraph before
Section 3.4.4. »

The choice of limits for 2’ given in (3.73) could be elucidated as follows: The fact that we
deviate from the choice of limits in (3.74) has to do with our choice to do the 2’ integration
before the z integration. In consequence, zy, and 2\ as given in the last paragraph before
Section 3.4.4 will remain as the limits for the outer z integration. However, for limits given
in (3.73) not to exceed the strict limits given in (3.74), we must have

cos(p+B) >z, and cos(p—P) < 2y (3.75)
That this is indeed the case may be seen from Figure 9 in ref. [15]. There it is shown that, if we
take zm and 2y as the limits for the outer z'integration, the limits for the inneﬁ_r' 2’ integration,
given in (3.73) and obtained from the condition in (3.70), will not range beyond their strict
limits 2, and 2. Furthermore; as one integrates over z from z, to zu, Figureig in ref. [15]
shows that the equal signs in (3.75‘) are valid for certain values of z in this range. The latter
fact guarantees that collinear singularities, originating from powers of ¢ in denominators (see
Section 1.48), are indeed encountered in regions of the ko, kj plane where z}; = z;. This is
to be expected since encounters with collinear singularities should not depend on the order
of integrations over z and 2’.
The qualitative behaviour depicted in Figure 9 of ref. [15] was determined by investigation

of asymptotic limits of the relevant expressions. As an alternative and somewhat more
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physical suggestion to the origin of the inequalities in (3.75) we show in the following that
. if one of.the latter two inequalities would be violated, it would mean that ¢~ ranges over
only a subset of the interval [0,7] which seems implausible when reminded of eq. (3'..35) and

Figure 3.4. From Figure 3.4 we see that

2’ =cosf = cos(p+ ) when ¢~ =0 ;

and that
- Z'=cosb =cos(p— ) when ¢~ = .

For values of ¢~ between 0 and 7, 2’ = cos 6’ assumes values between cos(p+ ) and cos(p—B).
(This dependence of 2" on ¢~ could, of course, bé traced back to egs. (3.35) and (3.36) where
the imposition of the Dirac delta function 6(v + ko — pg — k) introduced, via egs. (3.30) and
(3.31), the dependence of 2’ on ¢~.) If one of the inequalities in (3.75) would be violated, e.g.
if cos(p—B) > zjy, it would mean that we are forced to take 23y as the upper limit for 2’ since
we have already determined that 2y is a s_tfict upper limit. But since, in this hypothetical
case, 2’ would then not be allowed to become equal to cos(p — B) it would mean, according
to the above discussions, that ¢~ is not allowed to become equal to 7 and, therefore, ranges
over only a subset of the interval [0, x].
From egs. (3.69), (3.73) and (3.68) there follows that

Ao = arcsin(l) — arcsin(—1) = g - (_§>

= v (3.76)

Next we consider the case m = —1 in eq. (3.65):
b 1
A = [a
B VST PR R

b 1
= dz' 3.77
/a ¢ 2kgq.(2" — 1)\/—v(#', cos B, cos p) ( )
where a and b are given in (3.73).
Before commencing with the evaluation of eq. (3.77) we show that only the case
I > cos(p - B) _ (3.78)

out of the possible cases I < cos(p + B), cos(p + B) <1< cos(p—B) and I > cos(p — B) needs

to be considered in the evaluation. The case { < cos(p + ) is irrelevant since the relations,

cos(p + B) < 2' < cos(p = B) (3.79)
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obtained from (3.73) and

' t<0 = <l " (3.80)
obtained from eq. (A.10), must hold simultaneously. The case cos(p + ) < 1 < cos(p — )
is considered irrelevant too since, according to (3.80), { is a strict upper limit for 2’ so that,

for the same reason we required that cos(p — 8) < 2}y in (3.75) [The suggested reason is put

forward in the paragraph following on (3.75).]; we require that .

1 > cos(p — B).

This requirement guarantees, as explained at line (B.8), that
¥(1,cos B,cos p) > 0.

This condition in turn ensures that the argument of the square root is positive in the result
for A_; derived in Appendix B and given in eq. (B):

-7
2k(q.+/7(1, cos B, cos p)

Next we consider the case m = —2 in eq. (3.65):

(3.81)

/ d7'—= t
a \/—")'(Z',COS,B,COSp)

_ 1 /b iz’ 1
(2khg:)? (2' = 1)*\/=7(#', cos 3, cos p)
where a and b are given in (3.73). The final expression for A_ is obtainable from that of
A_1 given in eq. (3.81):

1

(Qko(h)2 dl (z —1)y/=7(2',cos B, cos p)
1 d

= (2Kg) EA“
1 d -7

(2k6q2)? di V(l, cos 3, cos p)
T l —cosfcosp

(2k042)2 [1(1, cos B, cos p)J*/2

Next we consider the case m = 1 in eq. (3.65):

A, =

t
A = / dz'
' 2 V=7, cos B,cosp)

%! / ' idind
ol J, v/—7(2',cos B,cos p)

(3.82)
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The final expression for A; derived in Section (c) of Appendix B is
Ay = 2kyg,m(cos B cos p — 1). ' - (3.83)

The Integration over 2

At the start of this Section 3.4.5 we described how the integrand for the [dz [d2' part of
the phase space integrations depends on z and 2'. Subsequently we obtained the results
~ for the integrations over 2’ by evaluating the expression in eq. (3.65) for each of the cases
m =0, £1, —2 which represent all the relevant 2’ dependent terms.

In the rest of this section we consider the subsequent integration over z. As an illustrative

I(i> = / L.
st/ st

With s, t and dQ2 given in egs. (3.62), (3.63) and (3.48), respectively, we can write:

exa.mple we explicitly evaluate:

! (i) T - 21:03?%0%) / / (z —d)(# - )\/= (lz’ cos 3, cos p)|q + k|

dz
2kpq? /zm (z=-d)|7 +»k|\/'y(l,cosﬂ,cos p)

(3.84)

where, in the latter step, use has been made of egs. (3.77) and (3. 81), and, 2y, and 2y are
given in the last paragraph before Section 3.4.4. As discussed just after (3.64), the quantities
cos 3, cos p and |G+ k| are 2 dependent In order to make the integration over z in eq. (3.84)

tractable, we make use of the identity (the proof is sketched in Section (d) of Appendix B):

7+ E|27(l,cosﬂ,cosp) k/2(k0 -v)y(2,H,J) (3.85)
where - |
m 3.86
H = 1+ Z_kom (3.86)
2
_ g Y (3.87)

—_— + —
2q2(k(,) - V) qz
Thereby the z dependence is explicit in the right hand side of eq. (3.85) since H and J are

z independent. According to (B.8), y(l,cos B,cos p) > 0 in the left hand side of eq. (3.85).
Therefore, it follows from eq. (3.85) that

Y(z,H,J) >0 (3.88)
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so that we obtain from eq. (3.85):

|7+ Fl\/7(1, cos B, cos p)

ko /
7%“96 - V‘ 7(27]1a‘])

M dz

> I (l) - T / . (389)
st 2kolky — Vg2 Jom (2 — d)V(2,H,J)
In Section (e) of Appendix B we show that the change of variables,
r=_t _HI- d, - ©(3.90)
z—d é
leads to ' "
: 1 T T(Zm) A - . .
e dr {é( 12 -—)] 3.91
I (st) 2kog2|ky — v| /T(ZM) T [c (T + 4¢? ' ( )
where
¢ = (d,H,J) (3.92)
A = —4H?-1)(J?-1). (3.93)

Since the quantities, ¢ and A, appear in the argument of a square root in eq. (3.91), their
signs will be important in further calculations. According to eq. (B.25), ¢ is positive in all

the regions A, B, C and D (see Figure 3.6) under consideration:
- ¢>0 in regions A,B,C,D. (3.94)
The sign of A is determined as.follows:
A=—-4(H-1)J?-1) (3.95)

but, from eq. (3.86), there follows that

(H2_1)=(H—1)(H+1):m(2+m). (3.96)

From Figure 3.6 it may be seen that kj > v in regions A and B whereas both the cases kg > v

and kg < v are possible in regions C and D. Therefore it may be seen from eq. (3.96) that

> 0 in regions A,B
H? -1 > 0 in regions C,D if k{ > v (3.97)
< 0 in regions C,D if kj < v.
From eq. (3.87) there follows that: '

v?—qr+ 2k61/ — 202 + 2q,(ky - v) _ (v+q.)(2kf—vFq.)
2q, (kg — v) - 2q, (kb = v)

2 / /
, oy 22k — v — q.)(2k0 — v + ¢2)
(J+1)(J-1)= i 1)

Jtl =

= Ji-1

o (3.98)
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From Figure 3.6 it may be seen that 2ky — v — q, is positive in regions A and B and negative
. in regions C and D whereas, since ¢, > v, 2k — v + g, is positive in each of reglons A, B, C

and D. Therefore :
J2_1 { < 0 in regions A,B (3.99)

> 0 in regions C,D.
The relations in (3.95), (3. 97) and (3. 99) enable us to conclude that

> 0 in regions A,B :
A <0 inregions C,Difkj >v - (3.100)
> 0 inregions C,D if kj < v.

i
In the following, we continue with the calculation of the integral appearing in eq. (3.91) for

the two cases, A > 0 and A < 0, shown in (3.100):

For A > 0:
7(2m) -1/2
—Easo = /( ) dr [& (1‘2 + l—l%)] (3.101)
T ZM
i /‘r(zm) 47252 i1 -1
f (zM> A
d:c

- \/E 1 V$2
where we changed variable:

s = £, - (3.102)

V2N

2 = ;CET(zM) zzz%r(zm).

The further change of variable, z = sinh y, leads to

(3.103)

1 rarcsinhz,

-F = — d
a>0 Ve arcsinhaz, y

= % [arcsinh <—3%r(zm)) — arcsinh (-j—%r(zM)H . (3.104)
In the calculation of Ea«o below we shall see that the result will involve arccosh as opposed
to the case of Eao above which involved arcsinh. Since, as may be seen from Figure 3.8, the
argument of arccosh must be positive we shall see in the following that, as opposed to the

case in eq. (3.102), 2 minus sign must be included in the change of variable in eq. (3.109) in

order to ensure that this requirement is met. Since the argument will, as in the case of eq.
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-(3.104), be proportional to 7(2y) and 7(2m) we first investigate the s1gns of these quantities.

In Section (f) of Appendix B it is shown that

T(zn) >0 and 7(2y) <0 inregions A,B - (3.105)
7(2m) <0 and T(zM) < 0 in regions C,D. (3.106)
3/? : _ :
= coshz

= arccosh z
1
0,0 >
0.9) 1 -

Figure 3.8: The graph of arccoshx versus = which needs to be considered in the derivation of
eq. (3.111).

For A < 0 one has A = ~|A] so that

(em) ~1/2 ' |
/ dr [e (1'2 + %)] | (3.107)
T(zp) ’ ‘

-1
_ / Tlem) A
Ve (zM) 42

/T(Zm) ( 47252 1) -1
- f (zM) 1Al

~Eaco

dz’ '
= (3.108)
-7l 7
where we changed variable:
, 2¢
' = ———=T 3.109)
4] (
2¢ 2¢ 2¢ :
o = — (M) = ‘_. —_1(2m) zh = — ———=7(zm)| -(3.110)
' V1A VE 2=y \/IA )]
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The relations in line (3.110) only hold, as far as the expressions containing absolute value
. signs are concerned, in regions C,D [see (3.94) and (3.106)] which are the relevant regions to
consider for the case of A < 0 under consideration [see (3.100))].

The further change of variable, 2’ = cosh ¥/, leads to

1 arccoshz)
—Ena<o - = dy’
\/E arccoshz}

7 [a.rccosh (I \/_r(zM) ) arccosh (‘\/_T(Zm)

The results obtained thus far may be summa.rized as follows:

it

)] . (3.111)

In regions A,B and in regions C,D for kj < v we obtain, from egs. (3.91), (3.104) and the
relations in (3.100),:

: u 28 (22
I (;;) | 2k0q§|k0 NV [arcsmh (—Wr(zm)) — arcsinh ( IAIT(zM))] . (3.112)

In regions C,D for kj > v we obtain, from egs. (3.91) and (3.111),:
)] . (3.113)

1 T
I (E) = _2koq3|k6 — !/l\/é [—-arccosh ( ) + arccosh (

The form which the latter results take in the limit, m — 0, can be obtained from the

267(2m)

18]

2¢r(2m)
1A

following relations which are proven in Section (f) of Appendix B:

In regions A,B,C,D:

2¢|T(2m)] _ 2¢|T(2vu)|
AIN V04|
- R \/ ¢ + O(m™1)(3.114)
(ko + v)m3 | ko(2kg + ¢. ~ v)|ky — vllg. + v — 2K '
= —‘12P0. ?

In regions A,D:

2¢](2m)| _ 2¢|7(2L)| _ _po \/—42(2% + ¢z — V)lgz + v — 2Kk

VIAT — VIAL T 4mkg kolkg — v

In regions B,C:

+ O(m) (3.116)

287 (am)| _ 280r(-1)] _ Po —g?ko|2Kh — v — g,
V1A VA~ m(2ko— g, +v) | Ky - u[(2k0 + g —w)

+0(m°%)  (3.117) |
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In Section (g) of Appendix B it is shown how the above relations, mserted mto egs. (3.112)
and (3 113), lead to the final results:

r roe*)? o
In m4k0k6(k0 T in region A

4ps(¢*)?
mA(ko + v)|kf) — v|(2ko — ¢, + V)(2k +q, — 1/)

) in region B

1
I(—) ~ il 53X 4
st q2P0q

kg (ko + 1)(= 2k’+qz+1/)) in region C

4p5(—g*)ko
m2(ko + v)(2kh + ¢; — v)(q: + v — 2kp)

( —p5q*(2ko — g + v)

) in region D.
(3.118)
The results in the latter equation is the explicit form of the result embodied by the first
equation at line (D.16). This may be checked by making use of the expreésions for A4 in
Table D.3, by noting that, according to Figure D.1, regions A,B,C and D are associated with
classes 1,3,4 and 2, respectively, and by obtaining explicit expressions for A4 friom egs. (D.12)
and (D.1).
As an example, we discussed the derivation of the results in eq. (3.118) in detail. The
other results given at line (D.16) are derived in a similar way. The way in which these results
from four-particle processes contribute to the structure functions of the nucleon can be seen

- by considering eqs. (4.5), (4.6) and (4.9)—(4.12) and the discussions in Appendix D.

A}

-

3.5 The Vertex Correction to a Quark

A correction of O(as) arises from the interference between the lowest-order diagram and the
vertex correction in Figure 3.1 represented by the amplitudes M3, and Ms;, Tespectively,

where

Ms, = 'E(k' ')(ie'y,,)e,';.(q)u(k,s) | (3.119)
Mg = o )4u(k' ) —igyu)(=g** )iDM (p)iS (k' ~ p),
(w'y,,)e,';.(q)iSu(k - p)(—ig7, )u(k, s). :

1
and where we suppress reference to colour factors and fractional charges. In the following

we shall make use of the notation appearing in Table 3.1, egs. (3.7), (3.8), (3.2) and (3.3).
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It is to be noted that k' = k + ¢ for the three-particle process under consideration. (For

. four-particle processes we have ¥’ = k + q — p.) For the interference,
M3 M3, + M3y M3, = 2ReM3, M3, , , © o '(3.120)

we need to consider the real part of (quark mass = 0 ; gluon mass = m):
!

> MuMiy = [ SPn{ienen(q) Fgv(k- HEEIE - PN @)
+s,ts’ (271’) - !

(=ier)(¥'= DS (K - PI (~g* )P (p)'ign} . (3.121)

Since, as may be seen from their expressions in Table 3.1 and the identity in eq. (3.17),
each ‘p‘ropagator can be decomposed into two terms, one corresponding to off-mass shell
propagation and the other one corresponding to on-mass shell propagation and containing
a Dirac delta function, the expression in eq. (3.121) contains terms with zero, one, two
and three Dirac delta functions. Terms with zero and two Dirac delta functions are pure
imaginary and therefor.e does not contribute since the interference is real as may be seen in
eq. (3.120). The term containing three Dirac delta functions also does not contribute due to
conflicting constraints imposed by the Dirac delta functions. Thus we only need to consider
the three terms containing one Dirac delta function each. According to whether this Dirac
delta function refers to the internal boson, fermion or fermion primed line in the O(as) vertex
graph in Figure 3.1, we call it the bosonic, fermionic or fermionic primed part of the vertex

correction, respectively. Thus we obtain (we drop the subscript (7*) of ¢)

9Re Z M3 M} = ieig(—z'e)(—g"")ig/(;:I;4TT{]6' #9) ]é%(k— AAD (K = B)ra}
*s,4s/ o . .
: {[”5. (06 =20 = 2mne o)t (- 20)| i 2 -
e 170 (0= #7) = 2enetones (00 - 99)] =

—1

+(k —p)2 (K :zp)z [7"5(1’2 - mz) + 271’”B(|Po|)5(172 - mz)]} + c.c.

4
= " [ G K A0 B DA~ F)
[l
(k' _ p)2(p2 - m2)
__ 78 (¥ - p)?)
(& = 2" - m)

[1 - 2nF(zk-p)]

[1 = 2np(zr—p)]
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_ 7r5(p2—~ %)
(k= p)*(K = p)?.

In the evaluation of the trace we make use of the a.séumption of massless quarks embodied

[1+ 2nB(|p0|)]} +c.c. 4 (3.122)

by k? = 0 and k".k' = 0, energy-momentum conservation (k' = k+¢) and the fact that g.c = 0

for each polarization state of the virtual photon [see eq. (2.5)] to obtain
T (K flg) (k= DIAI K - Pmd = ~4{l(@) +28°(k +K)p~p""lee”
+4(¢* - p2)|e._k|2 - 4qé(e*.k)(e.p) + 2¢%|e.p|?
+4p.(k + k' )(e.k)(e*.p)} -

Inserting the latter expression into eq. (3.122) we obtain

d4
e Y MaMi, = sne't [ X
+s,ts' (27r)

(¢ — Pl + 20k + K).p — 222 ][(k)(€"-p) + (€ ) (e:p)]

+.2q2|e.p|2} {(k’ i(}g;‘;(;;’)j)mz) [1 - 2np(zk-p)]

{[(‘12)2 +2¢%(k + K').p — P*¢*le.€

S =) (o
s |
6(p? — m?)
+ (k — p)2(k' — p)? [1+ 2”8(|P0|)]} . | (3.123)

In the latter expression, the terms proportional to é ((k — p)?), 6 (k' — p) ) and 6(p% — m?)
are referred to as the fermionic, fermionic primed and bosonic contributions, 'respectlvely In
Sectlon 3.5.1 we derive further expressions of this interference term for the cases of longltu-
dmal and transverse polanzatlon of the virtual photon after implementing the I‘eStI‘lCtIOIl on'

the a.ngle between k‘and ¢ due to energy-momentum conservatlon.
3.5. 1 The Phase Space Integral for the Vertex Correctlon -

By including the factor d*p/ (27r)4 from the loop 1ntegrat10n the phase space lntegral for the

vertex correction to a quark becomes, PR ’
/d,uvnp(zk)[l — np(zw)] , (3.124)
where , v
duy = (2:;3'“%0 (2:;f;k’ (@) 64 (K — k — q) (‘2141)’4 (3.125)
1 / lkldk&d‘bd”a(kg — ko~ u)m (3.126)

4(2m)?

eyt

_onae
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and where kj = || = |k + q]. |
We consider the integration over k for the time being in a reference frame with the 2 axis
chosen along the direction of §. This choice of reference frame is shown in Figure 3,9. Also
“shown in this figure are the vectors k, K and ¢ lying in the same pléne due to the relation
E=k+ d. The integration over the angle 6 between k and ¢, embodied by the integration
J dz where z = cos 6 in eq. (3.126), is performed next. The Dirac delta function §(ky— ko —v)

must be taken into consideration in the integration over z:

6(ko — ko = v) = 8 (g(2))

}
where -

9(2)= ko ~ko—v =k +dq ~ ko — v = /|2 + 2Flgsz + @ — [F] — v.
But

6(9( ))_ ZI /( )l zi)

where the 2; are the roots of the equation g(z) = 0. In our case

2
2 = L1 2kov | (3.127)
2|klg. -

is the only root. Since zg is the cosine of an angle, the restriction,

q + 2k01/ <

-1< <1, (3.128)
2|k|q, :

is understood to hold from now on in further integrations. Now

09(z) _ |Fla;
0z IE'I

> A = g )2 / dkoddf(1 — 20)6(1 + 26)-2 (3.129)

(2 )4
where the step functions introduced into eq. (3.129) embody the restriction given in eq.
(3.128). |

In order to continue with the integra.tioﬁ over ¢ we need to be aware of the behaviour of the
integrand. For this purpose we continue at this stage with the evaluation of the expréssion
in eq. (3.123). The contribution of the latter expression in the case of the longitudinal

polarization €g of the virtual photon can be obtained by using the expression for ¢y given in
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Figure 3.9: The reference frame in which we consider the integrations over the polar and
azimuthal angles of k. Subsequent integrations are considered in the reference frame shown
in Figure 3.10.

eq. (2.4). This leads again to eqs. (3.19) and (3.20) as well as

i

(ok)Gp) = (GK)(eop) = ~q%(qzko — vk,)(gsp0 — vPs) (3.130)

1
|€0-p|2 —55(‘1:4170 - sz)2 . (3.131)

In order to write the expression in eq. (3.123) explicitly in terms of the quantities (k' — p)?

and (k — p)? we make use of the following relations:

1

kp = S[p*-(k-p)?] | (3.132)

(K =p)? = (k+q-0)=q¢*+p*+ 2kov — 2k.7— 2k.p — 2¢.p (3.133)
1 ‘-

K.p = 5[172 - (K - p)? V (3.134)

T - 4 : 1 .
kg = |kllqlz = kog.z = 5(¢" + 2kov) (3.135)
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where, in the last step of eq. (3.135), use has been made of eq. (3.127). Furthermore, since
4= (V70r01q2)’ ) |

4P = VPo = 4:ps - (3.136)

From egs. (3.133), (3.135), (3.132) and (3.136) there then follows that

o, = ¥ =P) = (k= p)? + 20po

2q,

Since ¢ = (v,0,0,¢,), eq. (3.135) can also be Written as

kg =kyq, = —(q + 2kov)
from which it follows that .
k, = @? + 2kov .
2QZ

+ With these expressions for p, and k, inserted into egs. (3.20), (3.130) and (3.131) and by
using egs. (3.132) and (3.134), we obtain from eq. (3.123):

+s,ts’

[2Re > MOM{}
€=€Q

= B | {20~ (= pPA2ko + 10" - ) + 2] + (= P2

+[(k p)’+ (K = p)"lg*(2kopo — 1) + p**[v? + ¢ + 4KkZ + 4v(ko ~ po)]
& q’“‘”"’ [(a)? + 1202 — (®)° - 2(*)2[(2ko — po) + K + (ks — po)]
[k~ B PrCko + 1) + (k = p)2(K - p) + (K = p)Pkov

(k=) 1, GRS I,
R i
§(p? — m?) )
+(k PV = p)2[1 + 2na(|pol)]} - (3.137)

By using eq. (2.6) we obtain from eq. (3.123)

Z (—1)*M1 [QRe > MOMIJ

© o A=#1,0 +s,4s’
dt ; k)?
= 5rg” [P @+ 20+ ) 1) 4 ) 2R
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(k=)
{ =t e

§(p* = m?)
(k _ p)z(k/ _ p)z [1 + 2”13(']’0')]}

= ~lone’y’ / g% {02+ W +¢* = (K - p) — (k- p)2) + (K - p)*(k - p)*}

§ (K + p)?)
(k = p)*(p? — m?)

(1 - 2np(zi-p)]

+

{2 oo G e

p)*(p* - m?) (k = p)*(p* — m?)
§(p* —m?) -
+(k_p)z(k,_p)2[1+2n3(|p0|)]}. ‘ (3.138)

The interference term for the transverse polarizations of the virtual photon can be obtained
from eqs. (3.137) and (3.138) by means of the analogoubs method used in eq. (3.27).

From the expressions in eqs. (3.137) and (3.138) we see that the only dependence of the
integrands on the angle ¢ in eq. (3.129) is through the factors (k' —p)? and (k—p)?. From the
relations satisfied by the latter two factors in eqs. (3.132) and (3.134) and from Figure 3.9
it can be seen that the origin of any possible ¢ dependence can be further narrowed down to
the quantity k.p. However, since the [d*p loop integration covers all phase space, sufficient
symmetry is provided for the [d¢ integration in the reference frame shown in Figure 3.9 to

simply extract a factor of 27 from the [d¢ integration. Then eq. (3.129) becomes

3.5.2 The Bosonic Part of the Vertex Correction

In the last paragraph before Section 3.5.1 we mentioned the fermionic, fermionic primed and
bosonic contributfions. In this section we consider, as- an example, the bosonic contribution
in detail. Considérations in the cases of the fermionic and fermionic primed contributions are
similar and the results of their evaluations are summarized in Appendis( D.'

By including the factor §(p* — m?) from eq. (3.123), the phase space integral for the

bosonic part of the vertex correction to a quark becomes

1 d*p
d,LI,B = —8—7@/(“{700(1—20)0(1-{-20)/(2 1

1 [ |71%d|p1dQ,
= dkol(1 — 25)0(1 d —_t
> /(q,—u)/z 00(1 — 20)0(1 + 2o / Do / (2m)*

XQH[ (17= Vo= mt) +6 (12 + o - )|
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1 o . 1 00
= . R _— e d 2_ 2 ‘ .
Sra. /(qz_u)/zdkoé(l 20)0(1+20)2(27r)4 /_ N Poy/ P} m?dly (3.139)

Since we are, for the moment, considering the vertex correction to a quark, ko is.positive

with a lower limit of (¢, — v)/2 due to (1 — 20)6(1 + z).

As was already mentioned, the angular dependence of the integrand appears through the
factors (k' —p)? and (k—p)2. We must therefore take the angles between & and p and between
k and 7 into consideration when performing the [ d(, integration. Since the reference frame
shown in Figure 3.9 is not appropriate for this integration, we introduce the new frame of
reference shown in Figure 3.10. This choice of frame can be justified as follows: For each
fixed value of & and &' in the outer integrations shown in eq. (3.125), one is free to choose a
new frame of reference for the inner [ d*p integration such that & is always along the 2-axis
and ¥ is always in the zz plane. It is to be noted that the way the a,ﬂgles ¢ and 0 are defined
in Figure 3.10 differs from the way they were defined in Figure 3.9. .' However, no confusion
should arise in the following discussions since the angles ¢ and 6, as defined in F igure 3.9,
have been integrated out. We define the angles between k' and 7 and between k and P on
which the integrand depends as ¢ and 4, réspectively, according to Figure 3.10.

In the following we show how to transform from the ¢ variable in eq. (3.140) to the ¢

variable. According to the angles defined in Figure 3.10 we have
dQl, = sinfdfd¢ = dzdg  (3.140)
k' = |k'|(sinag,0,cos ap)

p = |pl(sinf cos ¢,sinfsin ¢, cos §)

k.5
=P sh = sin ap sin @ cos ¢ + cos ap cos @
|¥'||1
/ —
> cosp = cos0. cos?‘zB cosd (3.141)
sin ap sin @
dcos ¢ ., do
T = —sin an—é;
—sin§’ :
= — ) : 142
sin ag sin # (3 )

where, in the latter step, we differentiated only the first term in the right hand side of eq.
(3.141) with respect to @' since, as may be seen from Figure 3.10, when we vary ¢, 6" will
also vary while o and 6 will remain constant. From eq. (3.142) there follows that

—d(cos ')
singsinagsiné’

d¢ = (3.143)
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Figure 3.10: The reference frame in which we consider the [ df, integration appearing in  eq.

(3.139). It is to be noted that 6 and ¢, in this figure, are angles descrlbmg 7 relative to k as . .

opposed to Figure 3.9 where they describe k relative to q.

Since the [d2, integration is symmetric about the zz plane in Figure 3.10 we may write

2 L ’
d = 2 / do. O (314)

0 0

Then, since ¢ € [0,7], we have that sin¢ € [0,1] which implies that we have a positive sign

for the square root when expressing sin ¢ as:

sing = 4/1—cos?¢

\/ (cos @' — cos ap cos §)?

sin? ag sin? @

= sin ap sin @ sin ¢
1/2

[(1 — cos? ag)(1 — cos? 8) — cos? ' + 2 cos 8’ cos ap cos  — cos® ap cos? 0]

= \/—'y(z,z’,coé ap) . (3.145)
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where 2z = cosf, 2z’ = cos#’ and 7 is the function defined in eq (3.43). From egs. (3.144),
. (3.143) and (3.145) there follows that ‘ ' \

2d7
\/—'y(z, 2, cos aB)'

do =

From the latter equation and eq. (3.140) there follows that

2dzd?
V=1(z,7 cosaB)'

ds), = (3.146)

3.5.3 Performing the Angular Integratlon for the Bosonlc Part of the Ver-
tex Correction

In this section we focus on the [dz [ d2’ part of the phase space integrations referred to in

eqs. (3.139) and (3.146). In order to make the dependence of the integrand on z and 2’

explicit we define

s = (K —p)? = 2kp|5)(7 - vB) (3.147)
tg = (k—p)?=2ko|pl(2 - up) (3.148)
where
2k0p0 —_ m2

upg = T2 T 3.149
5 2ko| 7] (3.149)

2kgpo — m? T
g = —22 3.150
2K (3150

The terms appearing in eqs. (3.137) and (3.138) depend on B and tg through factors of the
following types: ,\ ' ‘
' 1 1 t

; 3B, B and (sptg)’. " ‘ (3.151)

6’15 13 sp ' spip y
In addition, the argument of the square root in eq. (3.146) contributes to the z and 2’
dependence of the integrand. However it is to be noted that cos ap does not contribute to
the z and 2’ dependence of the integrand:
kR _E(I+F) _ kogzo+ K3
| kok{, koky

cosap =

By inserting the expression for zp in eq. (3.127) and by making use of the relation ki = v+ko,

cos ap becomes
2

hoks + L. (3.152)

cos ap =
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Thus a typical integral has the form

[ [ a0,

= 2./;11 dzj;bdz'\/_ fz.7) ‘ I' (3.153)I

¥(z, 2!, cos aB)

Is(f)

where a and b are specified in (3.154) and where f(z,2') could be any one of the factors listed
in line (3.151).
As far as the integration over 2’ is concerned we need to evaluate
b s
Cn = / dz' B
"= Ja T /=2, 2, cos aB)

where, as may be seen from line (3.151), the cases m = 0,+1 need to be considered. We start

by considering the case m = —1:

1
b dz'
C_l E/ z .
a 2k|Pl(2' — vB)v/=7(2,7,cos ap)
From eq. (3.145) there follows that

—v(2,7,cosag) = sin’op sin? @sin® ¢

> 0.

By using an argument similar to the one used at Figure 3.7 we can deduce from the latter

condition that

a=zcosap — V1—z2sinag €< 2/ < zcosag + V1 — z%sinag = b.} (3.154)
The change of variable
= 1
T 2 -
leads to
-1 [-vg)™ dz

Ca

(3.155)

- 2k6|ﬂ (a-vg)~! z\/—7(vB + 1/2:72,(;05 aB)'
Before we proceed we show the existence of the two possibilities, 2’ > vg and 2’ < vg, which

means that the two cases, z = Vz? and « = —V/z2, repspectively, need to be considered in
further calculations of C_;. We shall show that

Z'>wvp alwaysfor py <0

Z' < vg always for . 0 < po < kg

Z' < vp for po > ko and v > b (3.156)
Z > B for po> ki and v < 2’ <b

Z < v for po > ki and 2’ <wg <b.
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Dlustrations of the latter three cases for which py > kf appear in Figure 3.12.
In these discussions ko and kj are both positive since we are considering the vertex cor-

rection to a quark. Consider

s = (k' — p)? = —2klpo + 2k)1/pE — m22' + m?. (3.157)

For po > 0 we obtain from eq. (3.157): | x

~2kopo — 2kopor/1 — m2/pd + m? < sp < —2khpo + 2khpor/1 — m?/pk + m?

’ W
= —4k{po + (ki;—p—o> m? 4+ 0O(m?) < sg< (Qgp_ko) m? + O(m?) (3.158)
0 : 0

where, in the latter step, we have Taylor expanded the square root for p2 > m?.

For po < 0 we obtain from eq. (3.157):

2kolpol — 2kglpoly/1 — m2/pd + m? < sp < 2kg|po| + 2kp|poly/1 — m?/pR + m?

’ o
5 (-O—IJ#‘)—') m? + O(m) < sg < 4k.|po| + (“’—‘)l'p—l—@) m’ +O0(mY).  (3.159)
0 . 0

From (3.159) we see that, in the case of py < 0, sg > 0 for m? > 0 and therefore, from eq.
(3.147), that 2’ > vg. In the case of pg > 0 we see from (3.158) that sg < 0 for m? > 0 and
Po < kg and therefore, from eq. (3.147), that 2’ < vg. For pp > 0, m? > 0 and Po > ki we
see from (3.158) that both the cases s < 0 and sg > 0 are possible. The following analysis
shows exactly when the corresponding 2’ < vg and 2’ > vg occur.

From eq. (3.150) there follows in the case of pg > 0 that

/ a2 2 2
SR = (1) 3]
2k{po (1 - %7) 2kypo 2p5
]
= 1- (M) m? + O(m*) (3.160)
2kop} ' '

From the latter expression it can be seen that vg > 1 for py < kg but for po > kf, vp becomes
less than one although its value stays very close to one for m? — 0. It is only in the latter
case of vg < 1 that 2’ > vp becomes a possibility for the case of py > 0 but, since vg is very

close to one and the upper limit of 2’ is given in (3.154) as
2/ < zcosap + V1 - 22sinap = cos(ap — 0) < 1, (3.161)

it is still a question whether 2’ > vp can obtain at all. From (3.161) it can be seen that the
- upper limit of 2’ becomes equal to one in only the case § = ag. Thus 2z’ > vp is possible for

Po > k(').
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The Integration over 2’ and z in the case of po > 0

In the following we consider the [dz [ d2’ integration in the context of the po > 0 part.of the
I, dpo integration in eq..(3.139).. |
According to eq. (3.160) we have for po > 0 that

Po — k6> 2 4
= — . . 2
vg =1 (2k’ z m* + O(m?) | (3.162)

From eq. (3.149) there follows in the case of pp > 0 that

2kopo — m? ( m?2 ) ( m2) 4
up = —20_ T = (1- 1+ == | + O(m
2koy/p§ ~ m? 2kopo 2 .
Do — kO 2 4 )
= 11— . : d
( e )m + O(mY) (3.163)

From eqgs. (3.162) and (3.163) we see that the following possibilities exist:

(1) po>0;ko>po; kg>p = wvp>landug>1
(i) po>0;ko>po; kg<po = wv<landug>1
(i) po>0; ko<po; kp>po = wvp>landup<l1
(iv) po>0;ko<po; kh<po = wp<landug<l.

(3.164)

Case (ii) must be ignored since for kg > po one can only have k§ > po due to the relation
t = ko + v. Cases (i), (iii) and (iv) correspond to the regions shown in Figure 3.11. The
origin of the line, ko = (g; — »)/2, in the latter figure is explained in the sentence following .. .
on eq. (3.139). -

For the [dZ integration we consider cases (i) and (iii) together but case (iv) separately.
We do so because vg > 1in cases.(i) and (iii) implies that 2/ < vg which in turn implies that’
z in eq. (3.155) becomes = = —v/z2. However, in case (iv) we have py > k} so that both the
cases 2’ < vg and 2’ > vg (z = —Vz? and = = V/z2) occur according to (3.156). Although
we consider cases (i) and (iii) together for the [ d2’ integration, we shall distinguish between
the two cases in the subsequent [ dz integration since up > 1 in case (i) and ug < 1 in case
(iif).

So for cases (i) and (iii), eq. (3.155) becomes

1 (b-vp)~* dz
T 2KG[] Jia-vg)1 V/—229(vB + 1/%, 2, cos 0B)
1 (b-vp)™* dr

2kp|p1 J(a—vp)-1 \/1:2(1 — cos? ap — 22 — v} + 2zvg cos ap + 2z(zcos ap — vB) — 1
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po/\ ] pO:k6:k0+V

(0,0) P 4 s

2

Figure 3.11: Three regions in the pokq plane that need to be separately considered in the
po > 0 part of the [° dpg integration in eq. (3 139)

But
1 — cos? ag — 2% - 11123 + 2zvg cosag = —7(2,vB, cos ag) <0

since the graph of 7(z,vg,cos ag) versus z is always positive in cases (i) and (iii) as may be

seen from the following analysis:

d .
21 = 2z — 2vg cos ap
dz
d
= —7=0 when 2 = vgcosag.
dz
But
_ _ .2 2 2 2
7(z = v cosap, vB,cosag) = vg + cos” o — vg cos®ag — 1

ks — po 2 2 2

= 1+(-k,—2>m + cos® ap — cos® ap
oPo
kl 2

= m? (k%, 21)0) sin? ag + O(m*)
Po

I —
—,(u) m? cos® ag — 1+ O(m*)

from which it can be seen that [y(z, vg, cos @B )|minimum > 0 for m? — 0 and £} > po which is

the case in regions (1) and (iii).
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Thus

: s

. - 1 )
- 2k6|ﬂv7(‘za ’UB,COSGB) )
« /(b—"B)'1 s [—x2 + 2z(zcosap —vg) 1 | 1712
v(z, vB,cos ag) v(z,vB, cos ap)

. (3.165)
(a—vg)~! -

The derivation now follows exactly the same steps as those leading from €g. (B.7) to eq.
(B.14). This may be seen by identifying the correspondences ! . vB, cos 3 —~ z and cosp —
cos ag and by taking care that certain arguments which were used in the defivations leading
to eq. (B.14) still hold in the present application. One such argument is the one leading from
eq. (B.9) to eq. (B.10) which in the present application becomes
(zcosap —vg)2 =G _ (1—2%)sin’cp

G? B G?

v1-—-2z%sinag
=> g = +"—’—E—

Q =

since one is free to choose, for each fixed value of k and k' in the outer integrations, the
reference frame in Figure 3.10 in such a manner that ap € [0,7] so that / sin? ag = +sinag.

From eq. (B.14) we may therefore deduce that eq. (3.165) becomes

Ca

-7
i : i) and (iif). 3.166
2k6|ﬂ\/m Oor cases (l) an (111) ( )

In case (iv) v < 1 so that both the cases 2’ < vg and 2’ > vp are possirble as explained
after eq.. (3.160). Thus we shall encounter the pole at 2/ = vg in C_; and w‘;e shall integrate
over it in the principal value sense since its origin is 1/(k' — p)? in eq. (3.122).

 Before continuing we prove that the case vg < a, where a = cos(8 + ap) is the lower
limit of the 2/ infegration,' need not concern us for the case of pg > kj under consideration.
From eq. (3.160) we have vg = 1 — O(m?) so that only for § = —ap is a = cos(f + ap) = 1
and therefore vg < a possible. But since 8 ¢ [0,7] and ap € [0,7], § = —aB is only possible
for § = 0 and ag = 0. But agp = 0 implies cosap = 1 which, according to eq.. (3.152)
and the fact that kj = ko + v, only occurs in the special limit kg — co0. Any contribution
that might have resulted in this limit is exponentially suppressed by the thermal distribution
factor np(zx) in (3.124).

In the following we show that the occurence of 2z’ > vg and therefore 2’ = vp (since

a < vp as explained in the previous paragraph) is determined by the values of z in the outer

-~
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mtegratlon In order to have that z’ > vg, the upper hrmt b of the J d? integration must

_satisfy b > v, i.e.,

b=cos(d —ag) = zcosap+ V1-— 2Zsin ap>wvg - - '(3.167)
= V1-2%sinag > wg— zcosag. ' (3.168)

(Since the lower limit a of 2’ satisfies a < vB, the occurence of 2/ < vg in addition to the -
occurence of 2’ > vg must be borne in mind when b > vg.) Since ag € [0,7] we have that
V1 —22sinag > 0 and since vg = 1 — O(m?) and the case cosag < 1 is, as explained in

the previous paragraph, of relevance, we also have that vg — zcosapg >

0 for all practical
purposes. Since both the left and right hand sides of the inequality in (3.168) are positive,

that condition becomes upon squaring:

(1-2%sinag > (v — ztosap)?

=> 2z —2zvgcosap + v§ —sin’ap. < 0.

The roots of the equation 2? — 2zvg cosap + v} —sinap = 0 are

2vg cosap + \/41)% cos?ag — 41% + 4 sin? aB‘
2

vgcosap + /1 - visinap (3.169)

where the latter square root is real since vg < 1 for the case (iv) under consideration. For

Ax =

It

the case (iv) we therefore express f_l_l dzh(z)C_1, where h(z) is any function that has to be
taken into account in the [ dz integration, as

Ao

I

) /_ ll_dzh(z)C_l a1 + / dzh(2)Coy + / dzh(2)C_y

According to the above analyses, z’ — vg <0 in I, and Iz while both the cases 2/ — vg < 0
and 2z’ — vg > 0 appear in I,. It should also be borne in mind that the range of 2’ in C_; is
still given by

cos(d + ap) = a < 2’ < b= cos(d — ap)
in each of I, I; and I3. The latter observations are represented by the sketches in Figure 3.12.

According to eqs. (3.169) and (3.152), the positions of A+ and A_ depend on the value of kg

in the outer mtegratlon and are not shown in Figure 3.12.
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b>;l)B |

v

b < vy I }

| |
i |
-1 a bvel

I 4

i

- Figure 3.12: Sketches showing (for the case (iv) for which pg > ki > 0) the occurence of both
2 < vg and 2’ > vg when vg < b = cos(f — ap) and. the occurence of only 2! < vg when
vg > b = cos( — ag) K

Since 2/ - vg < 0 implies that z = —Vz? in I, and I3, the evaluation of C_;, which
is embedded in I; and I, follows exactly the same steps as those leading from eq. (3.155)
. to eq. (3.166) since all the arguments that were used in the cases (i) and (iii) depended on
z' —vg < 0 and k§ > po which also apply for I; and I3. Thus we obtain
T A~ h(z)
- z
2kgpl J-1 \/7(2,vB,cos aB)
T 1 h(z)
—— z .
T2 YAz veycosap)

L =

(3.171)

I3=

(3.172)

Next we evaluate I,. Since both the cases 2/ — vg < 0 (which implies that z = —vz2) "~
and 2’ — vg > 0 (which implies that z = v'z2) occur for I3, we perform the fd2’ integration
in C_y over the pole at z’ = vpg in the principal value sense as was already envisaged in the

paragraph following on eq. (3.166):

{

C.‘ I v —¢ b dz' 5
R /a -I-/UB+C 2k{)p1(2 — vB) /(2,2 ,cos aB)

= Ji+J,
In Jp : z=(-v) <0 = z = —Va?
In J; : z=(-wvg)'>0 = z =V1?
The latter relations lead to
1 - dz
Ji = lim 7=
e—0+ 2kg|P] J(a-vg)-t V22 [—7(2,vB,c0s aB)] + 2z(2 cosap — vB) — 1
(b—‘uB)'_1
J, = 1 dz

— lm —— .
e—0+ 2kg|p] Je—r Vz2[—7(z,vB,cosap)] + 2z(z cosap — vB) — 1
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| Since J; and J; are imbedde(i in I for which .
’ }

‘A_ = vg cosap - V1 -v}sinag < 2 < vgcosap + /1 — visinag = A,
=  v(z,vB,cosag) < 0, ' (3.173)

we extract the factor [—7(z, vg,cosap)]~1/2 [as opposed to the factor, [y(2,vB,cos ag)]~1/2,

which was extracted in eq. (3.165)] to obtain

1

Ji = i
! et 2kg|plv/—7(z, v, cos ap)
—1/e _ -1/2
x/ dz [:1:2 _ Zo(zcosep —vp) | 1 ] (3.174)
(a—vp)~1 7(z, VB, COS OB) ¥(z,vB,cos ap)
] .
J = —1i
? ema0F 2kg|p1\/=7(z, v, cos ap)
(b—vp)™1 - -1/2
x/ B e [:1:2 _ 2z(zcosap — vp) 1 ] . (3.175)
1/e ¥(z,vB,cos ag) 7(2,vB,cos ap)
In Subsection (a) of Appendix C it is proven that
J1=-J3 = lim 1 ( a,rccoshl) (3.176)
TTTR T o 2kg|pl/~7(z,vB,cos ap) ) '
Thus we have proven that J; + J2 = 0 so th#t
I =0. (3.177)

Thus far we may conclude from egs. (3.166), (3.170), (3.171), (3.172) and (3.177) that

/_11 dzh(2)C_,

i /1 dz '—-7Th(2:) for Po > 0, ko > 0 and Po < ké,
-1 2kglpl\/7(2,vB,cos ap) : i.e., for cases (i) and (iii)
= ' : (3.178)
/A_ dz + ! dz —Th(z) for po > 0, ko < 0 and po > Ky,
-1 At 2kg|p1v/7(2,vB, cos ap) i.e., for case (iv).

For f(z,2') in eq. (3.153) equals to one of the factors proportional to sg' in line (3.151),
the cases h(z) = 2tp; 2t}; 2¢5" need to be considered in eq. (3.178). We continue with the
[ dz integration by considering the most complicated case of h(2) = 2¢5".

For cases (i) and (iii) we have from (3.178) and eq. (3.148) that

1 1 T 1 dz
I( ) = 2/ dA=1C_ = — / . 3.179
SBiB Bl 2koky|p1? J-1 (2 ~ up)\/4(z, vp, cos ap) ( )




1

98 CHAPTER 3. DEEP INELASTIC SCATTERING OFF A HEAT BATH

However, since ug > 1 in case (i) imblies z— up E< 0 only in case (i) while ugp < 1 in case
(iii) ifnplies both.z —up. < 0 and z — ug > 0 in case (iii), we shall treat ca.ées (i) a.ndv(iii)
separately when performing the [dz integration. Case (iv) also requires special atténtion"
and we shall return to it a.fter treating cases (i) and (iii) first. '

For case (i) the [dz integration may be performed following the same ‘steps as those
leading from eq. (3.89) to eq. (3.91). The latter steps include those in Su'bsection (e) of
Appendix B. We may do so by noticing that z—up < 0 implies that (z—up)~ 1= 1 = /7?2
and by establishing the following correspondence between the symbols used to obtain eq.

(3.91) and those involved in the evaluation of eq. (3.179):

d—ug H-—ovg J—cosap

= HJ—d—»vBcosaB—ugz-—g where b= 2(up — v cosaB)

¢=v(d,H,J) — ~v(vB,up,cosap) =c . (3.180)

A= —-4(H?-1)(J2-1) — —4(v} —1)(cos’ap — 1) =4sin®ap(vf — 1) (3.181)
= A.
Then the corresponding result in the present application becomes:

1 : 1 1 T 7(1) ) A —-1/2 | .
1 <SBtB) = 2[_1 dztg Cy = 2k0k |1_712 /(_1) dr [c (‘r + E)] : for case (i)
(3.182)

where -

1 b
—. .183
z——uB+2c (3 83)

7(2) =

At lines (C.7) and (C.10) it is proven that ¢ > 0 and A > 0 for case (i). The latter two
inequalities are comparable to the situation in eq. (3.101) where we also had ¢ > 0 and
A > 0 so that we may, in the evaluation of the expression in eq. (3.182), follow similar steps

as those leading from eq. (3.101) to eq. (3.104). Thus

I (;BlTB) = ~ ko] |1_’12\/_ [a.rcsinh (—2—\/%1-(1)) — arcsinh (—3——%7‘(—1))] for‘ca.se(:ii)l.&l)

In case (iii) at line (3.164) we have ug < 1 but —1 < z < 1 in the [dz integration so that we

shall encounter the pole at z = up in the evaluation of eq. (3.179). We integrate over this
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pole in the principal value sense since its origin is 1/(k ~ p)? in eq. (3.122):

( 1 ) T lim /"B‘ + 1 dz
= — |l
SBtB - 2k0k0|]_)12 «e—0t -1 ug+e (z — uB)\/y(z, VB, COS aB)'

The eva.luatlon of Ey follows the same steps as described for the derivation of eq. (3.184) in
case (i) since, in F;, we also have z — ug < 0, ¢ > 0 and A > 0 [The proof of the latter two
inequalities appears at lines (C.7) and (C.10).] Thus

E, = W Cgm [arcsinh (%T(UB - e)) — arcsinh (%T(—l))] .
The evaluation of E, follows the same steps as those followed in thé evaluation of F; except
that an overall factor of (~1) must be taken into account since now z — up > 0 for E,. Thus

we obtain from the result for E;:

T

. 2¢ . 2c
E, = TN ETMr Cl_lgl [arcsmh (ﬁ‘r(l)) — arcsinh (ﬁr(us + e))] . (3.186)
At egs. (C.16) and (C.17) it is proven that ’

1
li - = 1 - 187
iy -9 = tim (-3) (3187
. , . 1
ekr& T(up+¢€) = CEIél+ (z) . y (3.188)

Thus we obtain for case (iii):

I( 1 ) = El + E2
SBlB
m 2C 1 20
Y . 2 1\ . i
TR [msmh( \/ze) arcsinh (——/—AT( ))
: 2c . 2¢ 1
~arcsinh (_'ZT(I)) + arcsinh <—'Z Z)] | |
1 2'_'c 1 2c 'l
= T |1312\/— [arcsmh( ,_Ar(fl)) + arcsinh (TET(I))] for case (iii)

where the latter step was obtained by making use of the property, arcsinh(—z) = —arcsinh(z).

In case (iv) at line (3.164) we have from (3.178) and eq. (3.148) that

(55)
sBplp

N 1 .
2/ dztzlc.,
-1
_ T /'\-+/1 .~ dz
T 2kokl|P12 |/ Ia4] (2= uB)v/7(z,vB, cos ap)
= D, 4D, (3.190)

(3.189)
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From (3.164) we see that ug < 1 for the case (iv) under consideration. Similar to procedures
we foilqwed in previous examples, we require knowledge of the sign of 7' = (z — ug)~! in Dy
and D, in order to determine the sign of the square root when we write 7' = +v/72 in future‘,
calculations. According to eq. (3.163), up = 1 — O(m?) so that we should keep in mind that
up is only slightly leés than one. Nevertheless we should check whether, in D1, 1> A_ > up
is a possibility: According to egs. (3.169) and (3.162) we have |

- k§
Ao = (1+k°,€0m)cosaB—- pol 9msinap
2kopg

0P} B
= cosag — O(m).
Thus, in D1, A— > up only occurs when cosap ~ 1 which, according to eq. (3.152) and the
fact that kj = ko + v, only occurs in the special limit ko — co. Any contribution that might
have resulted in this special limit is exponentially suppressed by the thermal distribution
factor np(zk) in (3.124). We may thus conclude that ug > A for all practical purposes in
D; and therefore z — ug < 0 in D;. ’

In D, we have, by a similar argument as the one in the case of A_ above, that up > A4.
Since Ay < z<1and 1> ug > At in Da, both the cases z — up < 0 and z — ug > 0 occur
in Ds.

In Dy, z - ug < 0 implies that (z ~ug)™ ' = 7' = —V/77? 50 that we may use the same

steps as those leading from eq. (3.179) to eq. (3.182):
T (A=) 2 A -1/2 . ‘
D1 = _W /1-(-1) dr [c (‘r + Zc—z)] for case (1v) (3.191)

b

z—ug 2¢

where
7(z) =

Further calculations depend on the signs of ¢ and A. At lines (C.7) and (C.10) it is proven

that ¢ > 0 and A < 0 in case (iv). Thus we write D as

-1
Oy IAI)
= 2 2 .
D, 2k0k |ﬂ2\/_ /( 1) ( T 4c2 (3192)

(3.193)

~ 2hok} Wﬁ/ \/"2‘_

where we changed variable:
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] I (-1) 4= 2c
LT VA ERV/IN

'The further chaﬂge of variable, z’ = cosh ¢/, leads to

T(A2).

' - arccosh z ) L
.D1 = T ol a2 dy
: 2koko|p1%v/c Jarccosh

2c 2%
_'EEEEgﬁﬂ5:7i [arCC°Sh (;7E§TT(A—)>A-aIccosh (:7EE§T("1))] (3.194)

where the latter expression is well defined siﬂce, at lines (C.20) and (C.13), it is shown that

Il

7(A-) > 0 and r(-~1) > 0 so that the arguments of arccosh are positive.

As was already mentioned, both the cases z — ug < 0 and z — ug > 0 occur in Dy;. We
integrate over the pole at z = ug in the princip-a;l value sense since its origin is 1/(k — p)? in
eq. (3.122):

dz

D, = lim /
2 2kok0|ﬁ]2 e—0+ [ Ay uB+c] (2 — uB)v/7(2,vB,cos ap)
= F+5 : (3.195)

In Fy, z—up < 0 so that we may use the same steps as those leading from the expression for

D, in eq. (3.189) to the expression for Dy in eq. (3.192):

T(uB—c)

-1
TAY
S — 2 _ 120} ]
B 2kok'|P 2/c cl—»H(I)}P T(A+) o ( T e (3.196)

However, at lines (C.19) and (C.16), it is shown that 7(A4+) < 0 and 11m T(up — 6) <0 so

that we introduce a minus sign in the change of variable,

, 2c
T = ———r,

4]
in order to ensure that the arguments of arccosh, appearing in the final result, will be positive.

Thus

P T i /"’5 dz’
= —————— lim —_———
' 2kokp[pTPe oot St /o =1

!

2c
\/— T(Ay) = ﬁT( +) " Zg = "mT(uB —€) =

The further change of variable, z’ = cosh y, leads to

Ty = r(ug - €)|.

)] . (3.197)

2c
A

2c
k= Sk T IﬂZ\/E Cl_l}gl [arccosh (!\/_r(ug )) — arccosh Q_\Z_A_IT(/\“

~
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In I, 2~ ug > 0 as opposed to z — ug < 0 in Fj so that the intermediate result for F3 is

similar to that of F} in eq. (3.196) except for an overall factor of (—1) and different integration

-1
r ) [ 1l )
=i d 2= .
F2 2k0k6|ﬁ]2 [ c—lvlflJ!" [r(uB+c) T ( T 42 '

At lines (C.17) and (C.15) it is shown that lim+ 7(ug 4 €) > 0 and 7(1) > 0 in case (iv) so
e—0

limits:

that we may follow the same steps as those leading from the expression in eq. (3.192) to the
expression in eq. (3.194). Thus |

T

2c 2c
Fp= ———— i h| —==7(1)} - h . 3.198
R TNET = lim, [arccos (\/I_ATT( )) arccos ( IAIT(uB +e)>} ( )
Thus, in case (iv), we obtain from egs. (3.190), (3.194), (3.195), (3.197) and (3.198):

2¢

1 s 2c
I( ) = ————r i h| —==7(A-) | — arccosh | —==7(~1
spip 2kok)|p|2/c 6_1’I51+ [arccos ( |A|T( )) C ( ,—IAI ( ))
2c 2c .
—arccosh | |—==7(up — ¢€) ) + arccosh ( —=1(A4) )
| (.l\/IAI B
2 - 2¢ b
—arccosh —-T(l)) + arccosh (-———T(’ILB + e))]
(\/|A| VIA|
T 2c 2c
———————— |arccosh | —==7(A_) | —arccosh | ——==7(-1
s o (o)) s )
2c 2c
-—'r(/\+)> — arccosh (-—T(l))] in case (iv)
VIA| VIA| o
where the latter step follows from the fact that egs. (3.187) and (3.188) enable one to write:
. 2c
lim [-arccosh ( 7(up — €)

2¢
+ arccosh (————T(uB + e))]
e—0+ VIAl ) VI
= lim {-arccosh 2 1 + arccosh 2¢ 1
T ot VIA| € VN

= 0.

+arccosh (

The Integration over 2’ and 2z in the case of pp <0

In the following we consider the [ dz [ d# integration in the context of the po < 0 part of the
J2°, dpo integration in eq. (3.139).
From eq. (3.150) there follows in the case of po < 0 that

4
H

2kl pg — m? 2 m? |
B = — 0P : — + O(m*) = (—1 + 2:7 ) (1 + 2—5) +O(m?)
2k}(-po) (1 - 22) bPo %
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fc’ :
= -1+ ( 2 >m2 + O(m*) -‘ , " (3.199)
< -1 forp0<0andk6>0. v

From .eq. (3.149) there follows in the case of Po < 0 that

2k0p0 - m2
2ko(~po) (1 - 25)

m2 m2 .
(—1 + 2k0p0) (1+ ) + O(m?)

ko — Po) 2 4
-1 - (=1 .2
1 ( 2hop? m* 4+ O(m*) (3.200)

< -1 forpo <0 andky>0. (3.201)

+ O(m*)

up =

Thus for po < 0 we always have up < —1 and vg < —1 which mean that we always have

z'—vp > 0 and z — ug > 0 in integrations over 2’ and 2 since

' >a=cos(@+ap)>=1>nvp

and

z2 —1>ug.

Therefore we shall not encounter singularities at 2/ = vg and 2z = ug which circumvents the
need in the present case of py < 0 to separately consider regions in‘ the pokg plane as was

needed in the case of p > 0 shown in Figure 3.11.
The calculation of

I(—l—)—2/ dztg'C, 1 /1 z L /b dz
- \splp B - 2k0k 2kokh P12 (z—uB) Ja (2 — vg)v/=7(z,7',cosap) ’
. (3.202)

where d and b are specified in (3.154), proceeds as follows in the case of Po <0:In

dz'
o 277 — 08)v/ =2z, 7 cos am)

we introduce the change of variable,

z=(2~wvg)!

for which z > 0 implies that z = +v/z2 so that

1 r(b—vg)~? dz

Cog=—rz .
' 2ky|P} Ja-vg)-t /z*[—7(z2, vB, cos ap)]+ 2z(zcos ap — vg) — 1
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By considering v(z,vp,cosap) as a duadratic function of vg one can, similar to previous
cases, determine that the roots, vg, of the equation, y(z,vp,cosap) =0, areat

vg = cos(f +ap)=a and v} =cos(6—op)=b

‘so that
- 7v(z,vp,cosap) >0 for vp<a

which is always the case for pg < 0 since vg < —1 < a. We therefore write C_; in the form

Ca

1
2k} |plv/7(#, vB, cos ap)

(b—vB)"l : _ 1 ~1/2
x/ iz [—x2 + 2z(z cosap — vB) B ] .
( ¥(z,vB, cosap) ¥(z,vB, cos o)

a—vg)~!
The integral in the latter expression is identical to the integral in eq. (3.165). The result

of the integral in eq. (3.165) appears in eq. (3.166) and can be taken over in the present

application:

for po < 0.

O T
-1 2kg|pl/¥(2, vB, cos aB)

Therefore I (1/(sptp)) in eq. (3.202) becomes

I( 1 ) o /1 dz s

sptp/ 2k0k6|p‘]2 -1 (z — up)\/(z,vB, cos aB)' z"

At line (3.201) it was proven that ug < —1 for pg < 0 so that z — ug > 0 in eq. (3.203).

(3.203)

Except for the integration limits, the integral in eq. (3.203) is identical to the integral in the - -

expression for E, in eq. (3.185) since z — ug > 0 in E3 too. The result for E2 is given in eq.
(3.186) and can be applied to eq. (3.203) by checking that ¢ and A as defined in egs. (3.180)
and (3.181) are positive in the present case of pg < 0 too. This check is done at lines (C.22)‘
and (C.24). Thus

2

I (SBltB) _ "2k0k57|rp12¢6 [arcsinh <\/C_A_r(l)) — arcsinh (—\—j—%r(—-l))] for po < 0
(3.204)

where 7(2) is defined in eq. (3.183).

3.5.4 Summary of the Regularized Expressions for the Bosonic Part of the
Vertex Correction

In this section we summarize the results obtained in the previous section for

I( 1 ) 1 /ld 1 _/b dz'
= yA .
SBlB 2kok|p? Jo1 (2 —uB) Jo (2' — vg)\/—7(2,2',cos ap)
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We also derive regularized exbressions for these results which enable us to treat the m_2 -0
’ ~limit. | |

For ko > 0, kj > 0 (i.e. for quarks as opposed to anti- -quarks) and the pg > 0 part of the
22 dpo mtegratlon in eq. (3.139), we derived the following results for the regions (i), (iii)
and (iv) indicated in Figure 3.11:

1 T '
I,(thB) = 2kokp |2 /e
f [arcsinh (%T(—l)) — arcsinh (—5%7’(1))] for region (i)

[arcsinh (JZT( 1)) + arcsinh (\/_7'(1)>] for region (iii)
(3.205)
[arccosh (—\;I—CKIT(—I)) + arécosh (\;ICKIT(I))

' 2¢c 2¢
—arccosh (\/IKIT(/\_)) — arccosh (lmT(/\H )]

For ko > 0, kj > 0 and the pp < 0 part of the JZ%0 dpo integration in eq. (3.139), we derived

for region (iv).

\

the following result:

I (salt13> 2 IﬁP\f [arcsmh (%T(_l)) - st <%T(1)) ] “ po‘ <(30"206)

In Subsection (d) of Appendix C it is proven that all the expressions in egs. (3.205) and

(3.206) lead to the same single regularized expression in the m? — 0 limit:

I( ! ) = — ul scIn|Ag|  for both pp < 0 and po > 0 (3.207)
spiB po(—4%)

where

4¢ 212
pa(g®) '
Ap = . . 3.208
B m4k0k6(k0 - po)(k‘(’) —_ po) ( )

The results in the latter two equations is the explicit form of the result in the first equation
at line (D.21).

As an example, we discussed the derivation of the result in eq. (3:207) in detail. The other
results given at lines (D.21) and (D.22) are derived in a similar way. The wéy in which these
resuits from three-particle processes contribute to the structure functions of the nucleon can

be seen by considefing egs. (4.5), (4.6) and (4.9)-(4.12) and the discussions in Appendix D.
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3.6 The Self-Energy Correction to a Quark

3.6.1 - Introduction’

“The standard treatment of the fermion self-energy in conventional zero-temperature field’
‘theory must be modified in finite-temperature field theory which is no longer Lorentz covari-
ant due to the preferred rest frame of the heat bath. This observation and the associated
kinematic modifications which have to be introduced have been explained by Donoghue and
Holstein in ref. {76]. The way these considerations have been applied by Cleymans and Dadi¢

[15]) in the analytical part of our calculations is outlined in this Section 3.6.

3.6.2 The Fermion Self-Energy and Thermal Spinors

In ref. [76] Donoghue and Holstein explained that, due to the lack of Lorentz covariance in
finite-temperature field theory, the standard decomposition of the self-energy into a Lorentz
invariant mass shift and a wave function renormalization proportional to p—m is not obtained.

In consequence they write the thermal self-energy in the form [76, p.240)(b) ,

Zo(p) = B(p) + C(p)(¥ — mphys)+ P(p) (3.209)

where B,C and D, are not necessarily covariant functions of E, and §"and the meaning of

Mphys is discussed below. One introduces thermal spinors which satisfy

[ = 00 oy, | w2) =0

and define for notational convenience

F— = - mn - S(p). (3.210)

The particles which propagate freely in the heat bath at finite temperature are described by

the thermal spinors which satisfy

(- )ug(p) = 0. (3.211)

If ¥ were Lorentz invariant this would reduce to the Dirac equation with 7 being the physical
mass but, since the standard decomposition of the self-energy into a Lorentz, invariant mass
shift and a wave function renormalization proportional to p — m is not obtained [see eq.

*(3.209)], one must be careful in defining what is meant by the term "mass”.
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Donoghue and Holstein déﬁne the "phase space mass” from the location of the- pole of the

. propagator which occurs when p? = mghys where an expression for thhys is derived further
on and differs from /» and mp where mpg is the conventional renormalized mass"at Zero
temperature (mp is introduced to keep the discussion general for a‘while but fﬁrther on we
return to our consideration of massless quarks, i.e., mp = 0). As we shall see, Mphys 18 a
function of T', 1 and |p]. According to Donoghue and Holstein the terminology, ”phase space
mass”, arises from the direct association of Mphys with‘ the kinematics of the particle in a
heat bath and can be given an operational definition in terms of threshold dnd phase space
behaviour for particle reactions. For this pﬁrpose they consider as an example the decay of a
neutral Higgs boson (H°) into an e*e™ pair where the self-energy corrections to the leptons
are considered in finite-temperature QED and state that the decay cannot take place if the
HO mass is below 2mppys — even if the H® mass is above 2mp = 0. They go on to state that
one could imagine measuring the phase space mass by examining the threshold of various
reactions or by a careful study of phase space distributions of a particular reaction. Both

techniques are utilized in the search for the poséible neutrino mass.

From eqs. (3.209) and (3.210) there follows that

Pt = f—mg-B(p)-C(p)(¥-mgr)- P(p) .
70(Po = poC = Do) = 7.[f— C — D] — mp — B+ maC  (3:212)

It

where we replaced Mphys from eq. (3.209) by the fenormalized mass at zero temperature, mg,
since mppys = mp + O(as) and the replacement occurs in the presence of the factor C which,
due to its appearance in Xg, is already of O(as) so that the replacement causes a difference
of O(a}) which may be neglected since we work up to O(as) only. From eq. (3.212) there
-follows that

Po = po(1-C)~- Do _ (3.213)

3y

= M1-C)-D (3.214)

m = mg(l-C)+ B. (3.215)

i

In analogy to the way that one obtains solutions to the free Dirac equation at zero tempera-

ture, one directly obtains solutions to eq. (3.211) by making the necessary substitutions in
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the zero-temperature result:

(®)
X
Kp)=VE+m| &5 (3.216)
X .
EF+m

where

(1 @_|[0
w-(3)  e=(1)

and, according to eq. (3.213), E = E(1 - C) — Do with E = ,/|p|? + m2, . and where the
normalization of the spinors corresponds to having 2F particles per unit volume. Thus the

renormalized thermal propagator is ‘

iSR(z —y)
d3 s —\8 7 - r— s s i e
2 f = 2 [g(z" — yo)ul) (p)a§) (p)e™ " =¥) + 6(yo - z0)vs) (p)55) (p)eP y)]
( 7I') 2E 5=1,2
L p+ m)e P 5+ e (@=Y)
/ (27[')32E [6(130 - yO)(p + m)e tp.(z—y + 6(’_1/0 —_ a?o)(—p + m)e P- Y, ] (3.217)

For later use, an expression for the wave function renormalization constant in terms of
the newly introduced quantities is derived as follows: According to the definition of the wave

function renormalization constant, the propagator in eq. (3.217) should be equal to

i d4p Zz—-le—ip.(::-'y)
(2m)* § — mR — Zp(p) + i€
d'p Z7'(p+ m)e PV

= 3.21
‘) ertT Pomitic (3.218)

istz-y) =

where, in the latter step, we made use of eq. (3.210). In order to perform the integration

over po in eq. (3.218) we write the denominator in the form: -

pP2—-mi+ic = [po(1—-C)= Do) -[F1-C)- D)
—[mr(1=C) + B)* +ie : (3.219)
= 5 (P8 — 5 — mn,s(I9) + ic) (3.220)

where mpyys depends on |p] rather than 7 since in the rest frame of the heat bath the vectors
7 are distributed isotropically. The following mathematical trick can be used to obtain an
expression for k: Differentiate both the expressions in (3.219) and (3.220) partially with

respect to p and evaluate the result at the point p§ = m2 4+ |p]? so that the coefficient of
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| 0k /0p? vanishes. Then, by rriaking use of
d Oppd 1 0 Omp

—_ A0 ¥ ; =0
opt  0pidpe 200 3100 Jpo
one obtains | .
, 2 3] 2 B
ko= 1-C-pe2C 90 _ (o Do P'OC  1.0D mfdC mpdB
Opo  Opo Po Po Opo ' po’ Opo | Po Opo Po Opo

18,
= (1-0C) [1 -C- }Ea—m(mRB +P-D)]

where, in the latter step, use has been made of the fact that C, due to its appearance in Xg,

is of O(as) and that the coefficient of dC/3py is equal to:
1 1
POt A +mR) = —(=p+ 171" + miy) + Ofas)
= 0+ O(as) at pi=1p% + mghys,

s0 that terms containing dC/8po do not contribute to O(as).

An expression for mphys can also be derived as follows: From eq. (3.220) it follows that,
at the point p2 = |p|? + mphys, pPP—m?=0 will hold and therefore, from eqs. (3.213),
(3.214) and (3.215), that

[po(l -0)- Do)? - [p(1 - C) - DP —[mpr(1-C)+ B =0 (3.221)

at p? = |p|2 + mphys By making use of the fact that B,C and Dﬂ, due to their appearances
in ¥y, are of O(as), the result in eq. (3.221) becomes

p’~mk = 2mpB +2p.D+2C(p* - m}) + O(ad) (3.222)
= 2mpB + 2p.D + O(ad) (3.223)

where the latter step follows since, as may be seen from line (3.222), p? — m} is of O(es).

Since the result in eq. (3.223) has been derived for p2 = |p]? + m2, . one can conclude that

phys
mphys(l;ﬁ]) =m¥ + 2mpB + 2p.D.

At this point we continue with the derivation of the wave function renormalization con-
stant. The integration over po in eq. (3.218) is performed by making use of eq. (3.220):
4 —-1/= 2 \e—tp.(z~Y)
iSRz—y) = i/ g P Zy B+ m)ze -
(2m) & (98 — 72 = m2y (I81) + i€)
dp  Z;' -
= _— | — 7 =)= tP-(z-y)
(2792 « (620 ~ 30} + e~

+6(y0 = 20)(~5 + e (=] (3:224)
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where E'= |p]® + mphy8 By comparing the expression in eq. (3. 224) with the expression.in
(3. 217), one obtains

Z7l = ﬁzE(l_C)[l—C_p_om(mRBHD)]

©B B(1-C)~ Do
= 1-C= o2l (maB +p.D) + 72 + Ofas) (3.225)
= 2o Bpa BB+ p. z S _

3.6.3 Writing down the Self-Energy Contributions

Corrections of O(ag) arise from the interference of the lowest order diagram with the two self-
energy diagrams in Figure 3.1 represented by the amplitudes Ms,, M3C and Mjq, respectively,
where M3, is given in eq. (3.119) and

Ms. = u(K,s)iey ek (q)iS (k) [—iXg(k)] u(k, s) (3.226)

Myy = (K,s) [-iZg(k)] iS™ (K )ier, € (q)u(k, s) (3.227)

where colour factors are suppressed and where

- 250 = [ (i) (- ND S k- p) (i) (328)

where, in the latter expressions, only type 1 vertices are considered in accordance with dis-

cussions below. For the interference,
MSaM:;c + M3cM:;a + M3aMgd + M3dM:;a = 2Re [M3aMgc + M3aMgd] y (3229)

we need to consider the real part of (quark mass = mp ; gluon mass = m ; It is to be noted’
that mynys, mr and the bare fermion mass all differ from each other ‘by terms of O(as)
so that one may use anyone of them in expressions where they have coefﬁaents which are
already of O(as) since their respective use causes differences of O(o2) only. )

Y (Ma M3, + M3, M3)
+s,15s’

= [ G {0 + mdien e (@K + mu)igna (k= 4+ ma)iSV s - LD
X(=g igra( + ma)liS™ (k)] ()] (—ier)
+(F + mp)ier, €y (9)(F + mr)[eS. ()" (=ieva) (K +mp)[iS" (K)]*ig7e.

X(K~ ¢4+ mp)liS" (K ~ pIED" ()" (~9"Yigra } - (3.230)
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Since the vertices marked wifh 1,2 in the self-energy diagrams in Figure. 3.1 are connected
. to only internal lines, they may be of both types one and two ac’cording to the discussion in
Section 1.3.1. For the terms containing only type one vertices one proceeds accordihg to the
following considerations: ) |

Since, as may be seen from their expressions in Table 3.1 and the identity in eq. (3.17),
each propagator can be decomposed into two terms, one corresponding to off-mass shell
propagation and the other one corresponding to on-mz;ss shell propagation and containing
a Dirac delta function, the expression in eq. (3.230) contains terms with zero, one, two
and three Dirac delta functions. Terms with zero and two Dirac delta functions are pure
imaginary and therefore does not contribute since the interference is real as may be seen in
eq. (3.229). Terms containing three Dirac delta functions contribute only to the ill-defined
either §2(k2 — m}) or 62(k'* — m}) expressions which arise from' the fermion lines on both
sides of the self-energy loop. |

All the self-energy terms containing the internal type 2 vertex contain three Dirac delta
functions which will, for the same reason as given in the sentence preceding this one, con-
tribute only to the ill-defined expressions which cancel according t6 the mechanism provided
by the real-time formalism.

Of the terms containing only one Dirac delta function, we consider only those with either
the gluon on mass shell or the fermion line with momentum k — p or k' — p on mass -shell
since the terms with the internal fermion line between the gluon vertgk and the photon vertex
on mass shell also leads to ill-defined §? expressions due to the presence of the mass shell
Dirac delta function associated with an external fermion line wher'lA performing phase space
integrations. | |

Thus we only need to consider the terms containing one Dirac delta function stemming
from either the internal gluon, fermion with. momentum k — p or fermion primed with mo-
mentum k' — p line in the O(ag) self-energy graph in Figure 3.1. We call it the bosonic,
fermionic or fermionic primed part of the self-energy correction, respectively. Thus we obtain
(we drop the subscript v* of ¢):

2Re Y (MauM3, + Ma, M3,)
+s,+5’ )

= g [k [Tr (K +mr) ADK+ mu)y*(= B+ m)ra(F + mr)A0)))
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J__ w8((k-p)) Cone(se ] — mé(p? —m?)
d F—ma - 2] T ) e = )

x[1+ 2ms(lpol)]} + T {(¥ + mp) f@)(¥ + mR) A" (K + mr)r* (K~ #+mr)v.}

. w (K =p)) oz Y] w6(p? — m?)
A~ e e

[T+ 2”B(|P0|)]}] +c.c

In accordance with our conclusion in the latter paragraph we only consider those terms
in —iXg(k), as defined in eq. (3.228), containing one Dirac delta function stemming from
either the on mass shell gluon or the on mass shell fermion with momentum k — p. For the
same reason wé only consider those terms in —iXg(k’) containing one Dirac delta function .
stemming from either the on mass shell gluon or the on mass shell fermion primed with

momentum k' — p. Thus the relevant contribution from e.g. —iX(k) is —iReX(k) where

— d'p | 2_ 2 “ !
ReS() = 2ea? [ 3L (k- f ) [a(p N
+8 (k= p)? ~ m) (1 - 205 (2x-5)) ;ﬂ—;m?l . (3.231)
By defining the quantities B,C and D, in eq. (3.209) as i
B(k) = -mpC(k)
2
Clk) = (2g7r)3P/d4p0(k,p)
. R
D.(k) = - (2“’”)31) [ dippucti,p)
where
_ 1. J(1+ne(pd) _ mB(Ipol)
ck.p) = 7rI {(p2—m2+ie p2—m2—ie)
« 1 — ng(Tk—p) nF (Tk—p) ) }
(E=pV - mh +ic T (k= pP - mh—ie
1
= §(pP-m?)(1+ 2nB(|P9|)) =pP—md
+6 (k= ) = m) (1= 2np(2cp) =

the expression on the right hand side of eq. (3.209) exactly reproduces the expression on the

right hand side of eq. (3.231).
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In writing down the amplitude squared.| M3,|? for the "lowest order diagram” in Figure 3.1,

-an O(as) contribution arising from the use of the thermal spinor is to be noted:

Mso = ap(K Yievsesn(q)us(k) y
oo WMsal® = T {(F o+ mjienes (F + m)(~ien )i (o)}
| = 3 , |MBornl? [1 = C(k) — C(K')] + 4€® {[K".D(k) + k.D(k')]e.”
is:':.se[D(k).e*] — k.e*[D(K').€] - K €' [D(k).€] - k.e[D(K').€"]} (3.232)
where

Y IMBornl® = 4€® {(K€)(k-€) + (K .€*)(k.€) — (k.k)(e.€"))
+s,ts’

is the zeroth order in ag Born term contribution.
Since € and D, are of O(as) we see from eq. (3.232) that the "lowest order diagram”
contains both zeroth and first order in og contributions.

Other O(as) contributions are from self-energy and counter term contributions:

Re D [Moo(Msc+ Mse)] = =2 3 [Mporl* (27'(K) - 1) (3.233)
+s,ts’ +s,+s’

2Re ) [Mao(Msg+ M3g)'] = -2 3 |Mpggrol? (Z{l(k')-l). (3.234)
+s,ts’ +s,ts’

All the contributions so far must be divided by \/Z,(k)\/Zz(¥"). due to the wave finction
renormalization. Since Z = 1+ O(as), the only O(as) contribution from wave function

renormalization is from

2

E IJMBornl2 +2 E IMBom|2 K\/ Z7Y(k) - 1)

*s, ks’ +s,ts!
+ (\/Z;‘(k') - 1)] o (3.235)

Another source of O(as) contributions is from E and E’ appearing in the phase space

1

factors ‘
a3k @k &%k a3k’
(2m)32E (27)32E" ~ (2m)32ko (27)32k),

[1+ O(as)] (3.236)

where, e.g.,

E'=E' (1 - C(K)) — Do(k')

E' = \[ko® + mby,, ; ko = |k +

Ry

- (3.237)
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and where the use of 2E2E” in the denominators on the left hand side of eq. (3.236) stems from
the ﬁorma.lization of thermal spinors which, as mentioned just after eq. (3.216), corresponds
to having 2F particles per unit volume. Since we are working to O(as) only, 1};%1e O(as) terms‘.
in eq. (3.236) contribute, as in the case of the wave function renormalizat_ioé‘ constant, bnly

as factors of zeroth order in as contributions:

d3k d3k'
= - M 2
(21)32F (27)32F" :f;s,l Bornl

d3k a3k’ 2 . Do(k) Do(k')> 2
= | @2n)%2E (2n)2F igs' |MBornl (1 +C(k)+C(K) + ko + K + O(a3)

d3k d3kl 2 ’ Do(k) Do(k,))
- / (2m)32ko (27)32K], ;L; , |MBorn| (1 +C(k)+C(K) + ko + K

+0(ad 3.238
5

where the replacement of E and E’ with ko and kg [Line (3.237) shows the difference between
E’ and k{.] in the latter step can be shown to lead to no additional O(as) corrections.
For convenience we include the O(as) contribution from eq. (3.238) in the expression for

Z | Maa|? in eq. (3.232) and redefine the latter as a primed quantity:
+s,+5’

> M)

+s,4s5' 1

= > IMBoml*+ Y |Mpopml® [D ok) | D‘;c(,k’) +4e? {[K'.D(k) % k.D(K)]e.c
*s,ks! +s,+s' ko "o !
—k'.[D(k).€*] — k.e*[D(K').€] — k'.e*[D(k).€] — k.e[D(k").€*]} . (3.239)

~In Section (a) of Appendix E it is proven that Z;! in eq. (3.225) can be written as

Do(k) )

ko + O0(ad). (3.240)

Zy\ (k) = 14 =52

By using the latter expression for Z; ! in the addition of the self-energy contributions from
egs. (3.239), (3.233), (3.234) and the second term on the right hand side of eq. (3.235), one

obtains:

:L; | |Mpornl? {1 + DZE)k) + D‘;c(:') —2 [Z;l(k) ~1] -2 [z;?(k’) ~1]

+2 [,/z;l(k) 147 (k) - 1]} + 462 {[K.D(k) + k.D(K )Je.c'

—k' .€[D(k).€*] — k.e*[D(k').€] — k'.€*[D(k).€] - k.([D(K").€"]} + O(ag)



3.6. THE SELF-ENERGY CORRECTION TO A QUARK | 115

= Y |Mpopl® +4e? {[¥.D(k) + k.D(K)]e.c*
+s,+s’ .

—k'.e[D(k).€"] — k.e*[D(K').c] — k' .¢*[D(k).€] — k.e[D(K").€"]} + O(a?). (3.241)

The O(as) second term of the latter expression can be written in a convenient form for
angular integrations. To do so we write D, in the form (we consider massless quarks, ie.,
mg = 0):

Duk) =~ [atpmk ~

2
g
Dulk) =~ [ d'oulle = p)a
where A = Ag + Af + Apr and

Ap = 1+ 2ng(|pol) 8(p? — m?) (3.242)

(k—p)*(k' —py*
_ 1 - 2np(zk-p) | 2
A = _p)zfpzk_ —tl (¢ - p)?) (3.243)
_ 1- 2nF(z ’—p) ’ 2
e = o —p)z(pzk—mz)é (¥ = py?). (3.244)

The first term in eq. (3.241) is of zeroth order in g and is considered in Chapter 4 where
it contributes to the structure function F, according to eq. (4.7). For the present discussion

we consider only the O(ag) second term in eq. (3.241):

E. = 4e* {[K.D(k)+ k.D(k')je.c* — k' .e[D(k).€*] - k.e*[D(K').€]
—k'.€*[D(k).€] — k.e[D(K').€]} .

By making use of egs. (2.6), (3.132) and (3.134) and the relations

1 1
k,q = __2_q2 ; p.q — .2_ [(k —_ p)2 _ (k, _ p)2]
one obtains
dt 1 2 ]
1)L = _Rp2,? P ) 1o 2 r_oN2]t A2 N2
VB = adde | i {3 9P+ [0 =] - )

+ [k =] - k- p2w - 97} &
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3.7 Summary of Expressions Obtained after the Addition of
~ Self-Energy- and Vertex Corrections to a Quark

By adding the latter self-energy corrections to the vertex correction given in eq. (3.138) one:

.obtains

> (—1)/\+1{|:2Re 3 MS,IMg,,] +Ec=c,\} |
A=%£1,0 tsks' =

= eyt [ 8 {4+ 2l - 28— 9 = 2= )+ 20

F2(K = p)P + 4()? + 20k — (K = p)* = 5pPI(K — p)? + (k = )?]} A (3.245)

_ 8eg7|—/(2 )4{ ~9(¢?)? + 24%(k — p)2(1—2k,)+2q (K - p)2<1—2pTO>

ko + k§)(ko + ko — 2 ko = K
_4p?q? [4 (Ko )(40q PO)] — (k- p)X(K - p)z( 0. %

T T ke
2 2 2 2
L' i STy S . ko
+2k2+2k'2)+p(k 2 (2 a +qz+2k5,2+k6

k'2 2 2 ’
+P2(k' - p)2 (l + -2 ko + + EQ) } A (3.246)

2 ¢ 2k 2 ko

where the latter step follows by making use of the following relations which can be considered
as effective equalities valid under the three-particle phase space integrations (Their derivations

appear in Section (b) of Appendix E.):

(K -pia = (K -p)? {(k - p)? (—2% + %) +p? (—5% - EVE) + q—Z’;—"} £(3.247)
p“Aj = p {(k’ - p)? (— 2qq23 - k;;) + (k- p)? (— 2qq23 + ké’:)
+Z—Z[ 5t (ko+k ) (ko + kg —po)]} : (3.248)
(k-p)'A = (k—p)z{(k'—p)z<—q—2+E?)+p2 (—-—22- V,)-.
| 2k1% kg Kk
\ +q22’0 } A ‘ (3.249)

Similarly one obtains for longitudinally polarized photons:

l:2Re Z MSa,Mgb +Ec=co
+s,ts' ' e=€o
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4 2 '
.= 86292”/'(‘2171))4{ (‘;)[2+(2ko+l’—1’0)2+1’o—”]

;?,zk— 2 _ k! 2 ! )2 2 .
+¢1( P) [q 2vky p(q _V)}+2q(k P) [q +2uk0.

7 2 4k} ¢ 2
(L)) - [ - st
o g (8 )
N 2(qu ) [ 1/2 TV B (:?+ ifz)]
+pz(k’q2 ) [ v k/2+k0+ L (:; +%)J}A, . (3.250)

i
The expressions in eqs. (3.246) and (3.250) exclude phase space integrations associated

with the external quark lines. Such integrations have been discussed in detail for the example
of a contribution to the bosonic part of the vertex correctlon in Section 3.5. The results from
such phase space integrations of all the other three- partlcle contributions are summarized in

Section D 4.

3.8 The Cancellation of Collinear Singularities

3.8.1 Introduction

So far we have discussed the derivation of expressions for examples of four- and three-particle
processes. The results for all four- and three-particle processes are summarized in Ap-
pendix D. The expressions for four- and three-particle processes given in eqs. (D.17),(D.18)
and (D.23)~(D.25) contain collinear singularities due to the presence of factors of m in the
a.rgumeﬁts of some of the In functions. In ref. [24, p.387] it is mentioned that these singu-
larities cancel separately in four groups of contributions a.ccording;to the scheme shown in
Figure 3.13. It is also mentioned that the principle of detailed bg;nlance existing for ther-
mal equilibrium is responsible for the cancellations. In Sections 3.8.2 and 3.8.3 we discuss
explicit examples of the cancellations which lead to the final expressions for four-particle pro-
cesses given by eqs. (D.19) and (D.20) and for three-particle processes given by egs. (D.27)
and (D.28). In Section 3.8.4 we explain how the principle of detailed balance underlies the
cancellations.

In Appendix D it is mentioned that, for the purpose of the cancellation of collinear
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| —_ p.> 0
0
-(1)/(20\ \/ .
s ?\ Se /&K/c; s |
_ N ~ |

t‘ t 4lt|r S'
i weT ¥ RN /'F |
B |

4 PARTICLE 3 PARTICLE

Figure 3.13: The scheme according to which collinear singularities cancel

singularities, one transforms from the variables (ko,po) to the variables (J(,po) where K
is defined in eq. (D.1). The resulting regions of support in the K,po plane for four- and
* three-particle processes are shown in Figures D.1 and D.2, respectively. The necessity for the

transformation from kg to K is explained in Section 3.8.3.

o

3.8.2 A First Example

rr

- We start by discussing an example of cancellation according to the group of contributions
containing s~! type singularities with po > 0 (This group is denoted by the l@bel (1) in-
Figure 3.13.) The meaning of the group of contributions as described in the latter sentence
should become dear in the detailed discussions below. |
_. In the following we discuss cancellations in the context of expressions %or the sum over
all polarizations of the virtual photon, i.e., egs. (D.17) and (D.23)~(D.25). According to the
results of angular integrations. in (D.16) and Table D.3, the s~! singularity for four-particle
processes is associated with By in classes 1,2,3 and 4 which specifies fhe term proportional
to In|By| to be considered in eq. (D.17). According to the results of angulér integrations
" in (D.21) the sgl singularity for the bosonic three-particle contribution (to be considered
according to group (1) of the scheme for cancellations in Figure 3.13) is associated with Bg

which specifies the term pfoportional to In|Bg| to be considered in eq. (D.23). According
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to the results of angular integrations in (D.22) the sE,l singularity for the fermionic three-
- particle contribution (to be considered according to group (1) of the scheme for cancellations
in Figure 3.13) is associated with Bps which specifies the term proportionai to lﬁ‘|BF/| to |
be considered in eq. (D.25). In order to show the cancellation of collinear singularities, we
consider the latter three contributions in isolation in the following. Adding them up and
- suppressing common factors in their coeflicients as they appear in egs. (D.17),(D.23) and

(D.25), one obtains

Y4
E = e [ B - B i - Sasle?| [ - )1, 5y

~Sqpe(Be| | 2, 2A] In| B

- where the K, py support of all these terms ovérlap exactly since we a‘;e considering the In | B,|
term from four-particle processes only in classes 1,2,3 and 4 (where it contributes to collinear
singularities according to Table D.3) which; according to Figure D.1, have support on exactly
the same region of the K, py plane that the three-particle terms have. their support according

to Figure D.2.

According to the definitions of the quantities B4, Bg and Bps we can write (For the sake

of brevity we consider only the examples of classes 1 and 4.):

In BA +1n-—— in class 1
lnlB4| =
In 4p0Ac +In - in class 4
E
4p0A 1
In|Bg| = In B +lnm
1
In|Bp| = 1n|4ABH—ln—7;1—2.

Then k

£o [ B [ L o]

where, in order to prove the cancellation of collinear singularities we need to prove that

Rl E‘S4 bl 53}3 — €(p0)€(B)S3FI
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is zero and where

2 2
S4ln 4p§ — S3pln 4p§A — €(po)e(B)Ssp' In|4AB|  in class 1
Rz = .
' 2
Ssln 4p;jAc — S3gln 41;3‘4 — €(po)e(B)Sap In [4AB| " in class 4.

According to the regions of support under consideration according to the above discussions,
we have to prove that R; is zero for the cases (po > 0 is fixed according to group (1) in

Figure 3.13):

(i) po>0 ko>0 B=ko+v—po>0 ko+v>0
(ii) po>0 ko>0 B=ko+v—-pp<0 ko+v>0
(lll) po>0 ko<0 B=ko+v-—py>0 ko+v<0
(iV) po>0 ko<0 B=ko+v—-—py<0 ko+v<0.

According to the definitions of Sy, S3p and Sapr we have for case (i):

Rl[(i): po>0; k0>0; B=k0+V~po>0;k0+V>0]

1 1 1 1 ¢
eﬁ(ko—ﬂ) + 1 {eﬂpo -1 [eﬁ(k0+lf—‘#) + 1 - eﬂ(ko+u—po—u) + 1]

1 1 1 =0
+eﬂ(ko+u—u) +1 " eBlkotv—po—p) +1])
L
where the latter expression in curly brackets can be algebraically shown to be zero and
where the same expression in curly brackets can be written, for the purpose of discussions in

Section 3.8.4, in the form:

Af())] = na(IpoDlnr(er+q) = nF(Thiq—p)l + 70 (Tkto)[L — 7P (Zhtg—p)]
nF(Zkaq)[1 = 7R (Thtq—p)[1 + nB(|po])]

—F(Zktq-p)[l = NF(Zk+q)InB(|P0])- (3.251)

According to the definitions of Sy, S3p and Szpr we have for case (ii):

Ry[(ii): po>0;ke>0; B=ko+v—po<0;ko+v>0]

1 1 1 1
= eflko—p) 41 {eﬁpo -1 [eﬂ(ko+v-—u) +1 t ef(=ko—v+potu) 4 1 1

1 1 .
+eﬂ(ko+u—-u) + 1 eB(=ko—v+pot+u) 4 1} =0

where the latter expression in curly brackets can be algebraically shown to be zero and

where the same expression in curly brackets can be written, for the purpose of discussions in
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Section 3.8.4, in the form:

Af(i5)] = np(lpol)[nE(zheq) + nF(Zktq-p) = 1] + np(Tht g )nF (Thpq—p) .
= nF(Zktq)F (Zh4q-p)[1 + nB(|Po|)]

=np(lpoDlL - np(@esgl[1 — np(orsqp)] | (3.252)

Similarly one can show that Ry = 0 for cases (jii) and (iv). Thus we have proven that collinear
singularities cancel for the group (1) of contributions in Figure 3.13.

The fact that Ry = 0 can also be used to prove the cancellation of some kinematical
factors: Substituting 54 by S3p + €(po)e(B)Sap in class 1 and Sz by S4 + €(po)e(B)Sap in

class 4 one obtains for R,:

Bz
— in class 1
0

~€(po)e(B)Sap In p

R,

Saln|By| — Szpln |Bp| — €(po)e(B)SapIn | Bps| in class 4

where
_ 1 in class 1
By = —Bl in class 4
Epo
_ _ B2
Bg=1 - Bp = =
F pg

in agreement with eqs. (D.27) and (D.26) and Table D.4.
3.8.3 A Second Subtler Example '
As our final example we consider the cancellation of collinear singularities according to the
group (4) of contributions in Figure 3.13 which is subtler in that one cancels four-particle
contribufions with Po < 0 against three-particle contributions with py > 0 as indicated in
Figure 3.13. According to group (4) we consider ¢t~ type singularities. These arise from both
t~! type and 571t~ type terms. Here we shall present only the example of the cancellation
of singularities arising from the ¢~ part of s=1¢~1 type terms as explained in the following.
In the following we again discuss cancellations in the context of expressions for the sum
over all polarizatifilelons of the virtual photon, i.e., egs. (D.17) and (D.23)~(D.25). According
to the results of angular integrations in (D.16) and Table D.3 the s~1¢-1 type term for four-
particle processes is associated with A; which specifies the term proportional to In [A4] to be

considered in eq. (D.l?). According to Table D.3, A4 is proportional to either m®, m=2 or
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.m~* depending on the class for which it is defined. This fact has its roots in the fact that
the s1 part of the s~1¢~! type term associated with A4 contributes a factor of m~2 to Ay
in classes 1,2,3 and 4 since zy is, according to Table D.1, the upper limit of the 2 integratioﬂ_

2 according to the second paragraph of Section D.3. The

in the latter classes and s(zy) a m
t=1 part of the s~1t~1 type term also contributes a factor of m~2 to A4 in classes 1,3,5and 7
since z{; is, according to Table D.1, the upper limit of the 2’ integration in the latter classes

% according to the second paragraph of Section D.3. At present we consider

and t(z;) @ m
only the singularities due to the ¢~! part of the s~1¢~! type term according to the group (4)
of contributions in Figure 3.13. The singularities due to the s~ part of the s~1¢~1 type term
cancel separately according to a group of contributions associated with s in Figure 3.13 and
their cancellation is not discussed here.

In accordance with the latter discussion we separate only the singular terms due to the

t~1 part of the s™1¢t~! type term:

¢ 4 4
Pod 1.
ln |—£04 __ il
n —~3AaBb +In 3 in class 1
4 4 ’
Pod 1
In|——3—|+1n —
n S AbeD +1n ~3 in class 3 :
In|Aq] = A } (3.253)
2 2
pog D 1 .
In|==—|+1n—
n BoC +1n 7 in class 5 :
2 2
pPog a 1 )
1 In — .
k n Ce + nm2 in class 7

The latter singularities are to be cancelled by singularities due to the t5" part of the sg'tg"
type term [associated, according to the results in (D.21), with the term proportional to
In|Ag| in eq. (D.23)] and singularities due to the tz' part of the tz'[(k' — p)?|~! type term
[associated, according to the reéults ini_(D.21), with the term proportional to In |AF| in eq.

(D.24)). For this purpose we separate the singular terms as before:

- pig’ 1
nl Bl = Il | T e (3.254)
2,2
q"pgb 1
In|A = — — .
n|Ap| In Dd +1n — (3.255)

where it is to be noted that we do not separate the factor m~% due to the sg' part of
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In | Ag| since the latter sjngula;rity will caricel separately according to a group of contributions
. associated with s in Figure 3.13. - : ¥ ‘

The three-particle contributions as given as given in eqs. (3.254) and (3.255) co~r‘1tribute
to singularities everywhere where three-particle processes have their support as indicated in
Figure D.2. This seems to lead to a complication since the singularities stemming from the
four-barticle contribution In |A4| in (3.253) have support in classes 1,3,5 and 7 but, as may
be seen from Figure D.1, classes 5 and 7 lie in regions which do not have any overlap with
the regions of support for three-particle processes shown in Figure D.2. Thus it appears that
the possibility for the cancellation of singularities between four- and three-particle processes
exists only in regions associated with classes 1 and 3 for four-particle processes while in
regions associated with classes 5 and 7 singularities will remain.

The resolution to this potential problem is obtained by crossing the line between py < 0
and po > 0 as shown in Figure 3.13 when comparing four- and three-particle contributions
associated with the group (4) of contributions. From Figure D.1 it can be seen that, when we
turn the whole diagram for four-particle processes through one hundred and eighty degrees
around the axis defined by po = 0, all the regions of support for cla§ses 1,3,5 and 7 overlap
exactly with the regions of support for three-particle processes shown in Figure D.2. Thus, in
the example under consideration, we shall cancel singularities from f01:1r-par_ticle contributions
at a negative value of py with singularities from three-particle contributions with the same
magnitude of py but opposite sign of py.

Adding up the contributions in (3.253),(3.254) and (3.255) and suppressing common fac-
tors in their coefficients as they appear in egs. (D.17),(D.23) and (D.25), one obtains

Fr = S4ln|A4 - S3pln|Ag| - €(po)e(b)Sar In | Ap|
= F2 ln :r—i—z' + F3 |

where, in order to prove the cancellation of collinear singularities due to the =1 part of s~1¢-1

type terms, we need to prove that
F2 = 54 - S3B — €(p0')€(b)S3F (3256)

is zero and where F3 contains the remaining terms of F; which we need not consider further
for the example under consideration. According to the discussions in the previous two para-

graphs, the supporf of all these terms overlap exactly if we view the term containing S4 at a

¥
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po < 0 value while viewing the térms »containing S3p and Sap at a pg > 0 value' but with |pol
the s#me. Another requirement for the cancellation of singularities will be that one compare
terms at a fixed value of K as opposed to a fixed value of ko. The implementation ~of. the‘l
latter prescriptions will become clear in the following where we prove that Fy is zero.

The exact expression for F; depends on the signs of ko,ko +v,ko+ v - po,po and b =
(2K — po — V)/ 2 = kg — po. In consequence we must prove that F is zero for each of the
regions labelled (a),(b) and (c) in Figures 3.14 and 3.15. The signs of the relevant quantities

in each of these regions are given in Table 3.2.

Po

9z

Figure 3.14: Regions with pg < 0 for four-particle processes considered according to our
discussions on the group (4) of contributions shown in Figure 3.13

In region (a) of Figure 3.14 one has according to the definition of S4 and Table 3.2:

g, = ’1 B 1 ] ' 1 1
4 " eB(=kotu) + 1] eB(—ko—vtpotu) + ] e—Bro — |
[ 1 1 1
- _1 " eB(=K+(v=po)/24n) 4 1] eB(—K—(v—pa)/2+u) 4 1 e~Bro — ]
| 1 1 1
- _1 T eB(=K+(v+lpol)/2+u) + 1] eB(-K—(v+lpol)/241) 4 1 eBlpal — 1

where we first transformed from ko to K according to eq. (D.1) and, in the final step, wrote
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\ o

N
\

Figure 3.15: Regions with py > 0 for three-particle processes considered according to our
discussions on the group (4) of contributions shown in Figure 3.13

Po as —[j)o] for reasons to be explained shortly.

In region (a) of Figure 3.15 one has according to the definitions of S3g and S3F and

Table 3.2:

1 1 1 1
—S3B = - [1 " eB(=K+(v—Ipo])/2+n) + 1] eB(=K-(v+lpol)/2+u) 4 1 [5 + eblpol — 1]

1 1
—e(po)egb)S3F = [1 T eB(=K+(v=Ipo])/2+u) + 1] eP(=K—(v+lpol)/2+u) 4 1

1 1
X [5 T eP(=K+(v¥lpol)/2+n) 1 1]

where we wrote down only the final step in each case since intermediate steps are similar to
those shown for Sy.

By directly adding up the latter final expressions for each of the three terms of .Fz in eq.
(3.256), one obtains zero after some algebra. Thereby the cancellation of collinear singularities
for the case under consideration is proven.

It is to be noted that, after transforming from kp to K, we added the first term in eq.

(3.256) evaluated at a value of Po < 0 to the second and third terms in eq. (3.256) evaluated
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Table 3.2: Signs of quantities in regions labelled (a),(b) and (c) in Figures 3.14 and 3.15.
These signs are used in the discussions on the cancellation of collinear singulgrities.

Process: Four-particle | Three-particle

Figure number: 3.14 3.15

Label of region: | (a) (b) (c) | (a) (b) (c)

Sign of
Do <0 <0 <0|{>0 >0 >0
ko <0 <0 >0|<0 >0 >0
ko+v n.a. <0 >0 >0
ko+ v —po <0 >0 >0 n.a.
b=k0—p0 n.a. <0 <0 >0

at the same value of |pg| but with pg > 0. For the latter reason we expressed the latter
three terms in terms of F|po| and not pg in order to make them directly éompara.ble for
addition. The consequence of the latter treatment, for the case under consideration, is that
one adds the four- and three-particle terms at the same value of K (not the same value of
ko) and |po| with py having opposite signs between four- and three-particle terms. Had we
not transformed from k¢ to K but attempted to prove that F; is zero when we perform the-
addition of four- and three-particle terms at the same value of kg (not the same value of K )
and |po| with po having, as before, opposite signs between four- and three-particle terms, we

would have failed.

The proof that F; is also zero for the otiher regions (b) and (c) in Figures 3.14 and 3.15 is -
similar. Thereby the proof that collinear singularities due to the =1 part of s~1¢~1 vtype terms
cancel according to the group (4) of contributions shown in Figure 3.13 can be completed.
Similarly all the collinear singularities stemming from the t=! part of terms cancel according
to the groups (2) and (4) of contributions shown in Figure 3.13.

It is to be noted that, in the case of the groups (1) and (3) of contributions in Figure 3.13

(associated with the s~ part of terms), it is all the same, as far as the cancellation of collinear

‘.
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singularities is concerned, wﬁether one transforms from ko to K or not. The re#son for this
. is that, in these cases, pg has the same sign in the four- and three-particle terms which cancel
each other. An example of this was discussed in Section 3.8.2 where the cancelllation of .
singularities was proven without transforming from kq to K. Thus, as opposed‘to the groups
* (2) and (4) in Figure 3.13, collinear singularities cancel in the cases of groups (1) and (3)
wheﬂ one adds four- and three-particle terms at the same value of kg (and for that matter
the same value of K) and |po| with pg having the same sign in four- and three-particle terms.

The cancellation of collinear singularities leads to the final expressions for four-particle
processes given by egs. (D.19) and (D.20) and for three-particle processes given by egs. (D.27)
and (D.28). Due to the accompanying cancellation of kinematical factors, these expressions

are now also devoid of infrared (py — 0) singularities. ]
¢

3.8.4 The Principle of Detailed Balance Underlying the Cancellation of
Collinear Singularities '
In Section 3.8.2 we discussed examples of the cancellation of collinear singularities. In this
section we explain how the principle of detailed balance existing for thermal equilibrium un-
derlies these cancellations. For this purpose we consider the processes depicted in Figure 3.16

which are examples of some of the O(as) processes occurring in the heat bath of quarks and

gluons.

In the figure labelled (a) we have gluon emission from a quark, i.e.,

ko> 0 Ppo>0 ko—po > 0. _ (3.257)

The inverse reaction, namely gluon absorption by a quark, is depicted in Figure 3.16(D).
The four-momenta in (b) are equal to those in (a) and therefore also satisfy the relations in

(3.257). The rates at which the processes in (a) and (b) occur are proportional to

|M(a)|*nr(z6)[1 - np(ze-p)][1 + na(|pol)] § (3.258)
and ‘
[M )0 (2x-p)nB(|pol)[1 ~ np(zk)], (3.259)

respectively, where the accompanying thermal distribution-, Pauli-blocking- and stimulated

emission factors have also been written down.
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Figure 3.16: Examples of some of the O(ag) processes occurring in the heat bath of quarks
and gluons. The reactions labelled (b) and (d) are the inverse of the reactions labelled (a)
and (c), repectively. '

The principle of detailed balance requires that the rate at which reaction (a) takes place

must be equal to the rate at which reaction (b) takes place. This requires equality between the o

expressions in (3.258) and (3.259). Since the respective matrix elements squared in (3.258)

and (3.259) are equal, the principle of detailed balance requires that

np(zi)[1 — nr(2k-p)|[1 + nB(|pol)] = nF(zk-p)na(Ipol)L — nF (24)]. (3.260)

By observing that the replacement of k by k 4+ ¢ in eq. (3.260) is equivalent to the
requirement that the expression in eq. (3.251) is zero, we see that the cgpdition for the
cancellation of collinear singularities (embodied by A;[(¢)] = 0) is the same as the condition
derived from the principle of detailed balance.

As another example of how the principle of detailed balance underlies the cancellation of
collinear singularities, we consider Figure 3.16(c) which'depicts quark-antiquafk pair annihi-

lation into a gluon, i.e.,

ko > 0 ko — po < 0 po > 0. (3.261)
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The inverse reaction, namely quark-antiquark pair creation by a gluon, is depicted in Fig-
~ure (d). .The four-momenta in (d) are equal to those in (c) and therefore also satisfy the
relations in (3.261). The rates at which the processes in (c) and (d) occur are propprtional

to ,
Mg *ne(@x)nr(2x)[1 + 7(Ipol)] (3.262)

and . .
|Mo*na (Ipo(1 = ne(2i)1 - np(zk-p)], (3.263)

respectively, where, due to ko > 0, kg — pp < 0 and the definition of the thermal distribution

function for fermions in egs. (3.1) and (3.2), one has for example

1
nF(iEk) eB(ko—p) +1
1
nr(Tk—p)

eB(lko—pol+r) 4 1"

The principle of detailed balance requires that the rate at which reaction (c) takes place
must be equal to the rate at which reaction (d) takes place. This requires equality between the
expressions in (3.262) and (3.263). Since the respective matrix elements squared in (3.262)

and (3.263) are equal, the principle of detailed balance requires that

t

-

np(24)n(2h-p (1 + n(|pol)] = nB(lpol)[L - ne(2x)][1 ~ np(zr_p)] (3.264)

By observing that the replacement of k by k + ¢ in eq. (3.264) is equivalent to the
requirement that the expression in eq. (3.252) is zero, we see that, in this case too, the
condition for the cancellation of collinear singularities (embodied by A2[(31)] = 0) is the same

as the condition derived from the principle of detailed balance.

3.9 The Cancellation of Ultraviolet Divergences

The final expressions for three-particle proéesses in egs. (D.27) and (D.28) contain terms
which give rise to ultraviolet (UV) divergences in the py — oo limits encountered when
performing the K, pg integrations. These divergences cancel when contributions at a positive
and negative value of po (but with |po| fixed) are added. In this section we discuss explicit
examples of such cancellations.

As an example, we discuss cancellations in the context of the expression in eq. (D.27) and

restrict our attention to the duark side of the K, po integration region, i.e., K > (g — po)/2

¢

L
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in Figure D.2. By transforming fro;xl the K variable to the ko variable according to eq.
(D.l), the quark side of the kg, po integration region becomes that shown in Figure 3.17. By
transforming from pg to —pg in the jf_)oo part of the [°° dp integration and adding the resulfl
to the I5° part, the quark side of the ko, po integration region becomes that [(a) + (b)) shown

in Figure 3.18.

Po A

I |
!
|
1
]
!
1
|
]
!
i

r+t4-q —m>

|
!
|
Lo - - - - -

Figure 3.17: The quark side of the ko, po integration region obtained after transforming back
from K to ko on the quark side of the K, py integration region in Figure D.2.

It is sufficient to prove the cancellation of UV divergences in region (a) of Figure 3.18. In
region (b) of Figure 3.18 it is only possible to reach the pg — oo limit by lettiﬁg ko — oo too,
but then any UV divergence will be exponentially suppressed by the overa{l’l factor np(zk)
appearing in the statistical factors in eq. (D.27). By introducing the line po = ko + (v + ¢.)/2
which sepa.ra.té regions (a) and (b) in Figure 3.18, the discussion about the cancellation of
UV divergences can be simplified since, for region (a), the absolute value signé appearing in

the integrand in eq. (D.27) can then be removed.

As a first example we show how the UV divergence in the terms proportional to S3p
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N
9: Vv : I
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Figure 3.18: The ko, po integration region [(a) + (b)] obtained after transforming from pg to
—Po in the po < 0 part of the integration region shown in Figure 3.17.

cancels against UV divergences in terms proportional to Ssp and S3pr in eq. (D.27). After the
transformations explained in the previous paragraph, the contribution of terms proportional

to 53p in eq. (D.27) is as follows in region (a):

1 00 po—(u#qz)ﬂ -9 1
3B _ _—4P (y_ 1
= A d”"/(q,_u)/z | d’“°eﬂ<ko—u)+1(1 eﬁ(ks~u)+1)

X(l-l- 1 ) 1+k0+k_'0+q_2 _1_+L
2 efro -] ko ko 2 \ k¥ k2
where k{ = ko + v. The term proportional to
1 1 ko Ky & (1 1 |
- - —— ] = —F+ =+ ==+ 3.2
2po (1 T 1) 5 [1+ mtetolm?t e (3.265)
gives rise to an UV divergence when py — oo in the Po integration.

The contribution of terms proportional to Ssp in eq. (D.27) is as follows in region (va):
I3F — I3F + IEF

where I2F and I3F originate from the jf o and Jo° parts of the [22. dpo integration, respec-

tively, and where

1 o po—(v+g:)/2 1 1
3F  _ . v _
Ig T 4n3q, /z dpo /(.qz—u)/Z dkoeﬁ(ko—u) +1 (1 eBlko+v—p) 4 1)
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(- ) ¢ (ko £ o)’
2 eflEkotroFu) +1 2po (ko + p0)2 + (ko + po).l/ + q2/4
1 ko £ po)? 2713 2k 2k +2
N (Wg _)1n(o 2:Do) ¥‘_I_[_+( o+ v)( 02+V Po)]
4k 2ko s q: 14 442

(gz + v)(2ko £ 2po — g, + v) 1 K-k &k
+ko) | = g
X1n(‘Iz“V)(2k0i:2P0+Qz+V)+(p0 AN + k2+k0

Z

The contribution of terms proportional to Sap in eq. (D.27) is as follows in region (a):
I3F' — I3F' + IEF,
a

where I2F "and IEF' originate from the f and [;° parts of the J23, dpo integration, respec-

tively, and where

/ 1 o po—(v+q:)/2 1 1 -
3K __ e I
T = g / , /(q,—u)/z o ptho- 1 1 (1 eﬁ(ko+v—#)+1> _

X (1— : ) _qzl (k0+yip0)2
2 efEkotvtroFu) £ 1) | 2po - | (ko % po)? + (ko £ po)v + ¢2/4

+q? (43100 _ _}__) In (ko + v % po)? T ¢ [§ 4 (2ko + v)(2ko + v 2p0)]
2k} q;

4kH? Pd 4 4q2

/12 2 2
z 2 —k k
o (8 V) (2o £ 2po + ¢ +V)+(p0ik0iy)<_;__k0 8.« o)}

+
(g2 — v)(2ko £ 2po — ¢, +v) q? 2k ke

The UV divergence from I°® mentioned at line (3.265) cancels against similar UV diver-
gent terms in I°F and I°F ' wlhich are not proportional to In functions. The terms proportional =~
to In functions in I3F and I3F', however, also contain UV divergences but they cancel amongst
themselves since I°B does not contain terms. proportional to In functions. Examples of the
latter type of cancellations are discussed after the following discussion on the cancellation of
divergences from terms which are not proportional to In functions.

By adding the coefficients of the common factor,

1 o1 1 1 1
dndq, Plo—m 11\ oPksm 1 1) 2P®
present in terms not proportional to In functions in 3B, I3F [3F' [3F and I3F', in that order,

Y Ta ¥

one obtains

_ 2ko  2kh ¢ ¢° 1 k2 -k: ¢ k)
¢ = (‘2“ W R B opI) T2t T2 +2kg+k0
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1 kéé—kczj ¢ | ko
+(2" & Tt

= 0. f

Thereby we have proven the cancellation of UV divergences in _term;s)‘l‘,not proportional to In
functions. ' 1

It is to be noted that the cancellation of the above terms have been proven for region
(a) in Figure 3.18. In subregions of region (b) in Figure 3.18 these terms have relative sign
differences due to the absolute value signs in the original eq. (D.27) which leads to their
non-cancellation in parts of region (b) so that these terms ca,nnot‘ be disregarded entirely
in eq. (D.27). This observation, however, has no consequence on the UV finiteness of our
- expressions since, due to the reason given in the latter half of the second paragraph of this
section, it is unnecessary to prove their cancellation in region (b).

Next we consider the cancellation of UV divergences in terms proportional to In functions

appearing only in I3F and I°F', By adding the coefficients of the common factor,

1 1 (1 1 > 1
4n3q, eBlko—n) 4 1 eblko-n) 11/ 2°

present in terms proportional to In functions in IZF,I3F' I3F and I3F, in that order, one
i

obtains the following UV divergent terms: .

i

_ [af=po 1\, (ko+po)® - ¢ [3 , (2ko+v)(2ks+ v + 2po)
C, = “Po_ g tRetro) C a7 (3 0
4Kk~ 2k, ' % 12 4

«In (Qz+V)(2k0+2p0—Qz+V)} 2fzpo _ 1), (ko+v+po)
(g2 — v)(2ko + 2po + ¢z + v) 4kh? 2k, s
' [3 (2ko + v)(2ko + v + 21’0)] (g + v)(2ko + 2po + ¢ + V)
+ 124 In
4 4¢2 (gz — v)(2ko + 2po — g + V)

+{__q2 (go__ 1 )m (ko—po)2+gf[§+(2ko'+u)(2ko+u—2po)]

4k} 2ko 4 q: L4 442

xln(Qz+V)(2k0_2p0_Qz+V)} _r o LY, (kotv—po)
(g: = v)(2ko ~ 2po + ¢, +v) 4k 2k, P
¢ [§ 4 (2ko+v)(2ko + v - 2po)] 1y (92 + ¥)(2ko — 2po + g: + v)

. L4 4q? " (g — v)(2ko — 2po — ¢ + V)

q

where

2 ' 2
pomee Do pPo—00 Po Do

%
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' 2 k k 2
lim 1n_(_l€o-l-1/—2:tpol_ = lim (:i:? 0+V—(9+2V) +)
oo pf woe \" 0 R
. 2ko+2po—¢q. +v . ( ¢ . 2q.(2ko +v) )
= 1 %, 26kt V) )
7“1)1‘1’[}” In 2ko £ 2po+q. +v pomro q:Po + 4pt *

By inserting the expressions for the latter limits into the expression for C, one notices terms
proportional to py*,pd and po in Cz which give rise to UV divergences under the f;:’ dpo
integral. Each of these types of divergences cancel separately -amongst themselves in the
expression for Cj.

As was mentioned at the beginning of the second paragraph of this section, we discussed
the cancellation of UV divergences for the example of the quark side of the integration region
and in the context of the expression in eq. (D.27). The cancellation of UV divergences
can also be shown for the ahtiquark side of the integration region and in the context of the

expression in eq. (D.28).



Chapter 4.

'
i

Numerical Calculation of the
Structure Functions of the
Nucleon in the Statistical Model

4.1 Introduction

In this chapter we present the results from the numerical calculations of the structure func-
tions F3 and R [defined in egs. (2.10) and (2.11)]. So far we have considered deep inelastic
scattering of leptons off a heat bath of quarks and gluons to first order in the strong coupling
constant as. The numerical calculation was performed in two parts. The numerical calcu-
lations of the zeroth order in ag and O(as) contributions are discussed in Sections 42 and
4.3, respectively. Results from the total calculation, i.e., zeroth order plus O(as) results are
presented in Section 4.3.3.
We chose to fit to a plot of F; versus z, where

QZ
T oMy’ .

which is determined by parton distributions which reproduce a wide range of experimventa.l
data. Such parton distributions were published in 1990 by Kwiecinski et al. in ref. [77]. They
decide on a parametrization of the parton distributions at Q2 = —¢* = 4 GeV? and evolve
up in Q2 in order to test their parton distr_iButions against experimental data. According to

their so-called B_ fit, one obtains:
z[uy(2) + do(2)] = 0.382%%7(1 — 2)>9(1 4 9.921/2 + 17.7z) (4.1)
 zdy(z) = 1.50%%4(1 — 2)*%(1 + 1.085Y/2) , (4.2)

135



136 “C'HAPTER 4. NUMERICAL CALCULATION OF THE STRUCTURE FUNCTIONS

xS 2z(@ + d + 3)

1l

0.0168z~1/2(1 + 27.45Y2 4 263z)(1 — £)*° (43)
where the sea quark distributions are related by

Uy = Uy = dy = dy = 28, = 23,.
We express F; for a proton in terms of the latter parton distributions as follows:

2 2 1 2 - 1 2
F2 = (5) QI[uu + u; 4 ﬂs] + (5) QI[dU + ds + ds] + (5) 17[83 + 53]
3

4 2 2
] z Z 28, 4.4
= gz[uv + d,] gacdu + ng + QOzS ‘ (44)

Figure 4.1 shows the plot of F} in eq. (4.4) versus z [plot (a)]. In the same figure it is shown
that by dropping the contribution from strange sea quarks, embodied by the very last term
in eq. (4.4), one obtains slightly different values of F, at small values of‘ z only . Strictly
speaking we should fit the results from our calculations, which involve only up and down
quarks in our-model of the proton, to plot (b) but, due to the small difference between plots
(a) and (b), we keep plot (@) as our reference in this chapter.

The values for temperature and chemical potential which give the best fit for Fy ver-
sus z are used to calculate the corresponding plot of R versus  which we compare with
experimental data given by Whitlow [78] (Figure 4.2).

The zeroth order in ag contributions are calculated with ease. The numerical calculation
of O(as) contributions requires much effort. In our discussioné of the analytical calculations of
the O(as) contributions we saw in the previous chapter that phase space and loop .integrations
could be analytically reduced to an integrlation over the two energy variables K and pg as
shown in the final expressions.for four-particle processes given by egs. (D.19) and (D.20) and
for three-particle processes given by eqs. (D.27) and (D.28). These double integrals cannot
be analytically calculated. Their numerical calculation is discussed in Sectio;p 432

We distinguish between the zeroth and first order in ag contributions by, writing:
Fih = PO 4 FM. (4.5)

Since we are also interested in the structure function R which is expressible in terms of F;

and Fy according to eq. (2.14), we also calculate

it = pO 4 p®) (4.6)
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Figure 4.1: Plots of F, versus z for a proton at Q2 = 4 GeV2. Plot (a) corresponds exactly

to eq. (4.4). Plot (b) is the same as plot (a) except for the exclusion of the contributions
from strange sea quarks embodied by the very last term in eq. (4.4).

Zeroth order in ag expressions for F; and F) in the statistical model are given by Cleymans

and Thews in ref. [71]:

) 3M2zVT (14 Mz/2)? ( 2&)2 1 ( ME)
7= T (1 T Mazjv) & 2 v 1+ fo(zq)
6T
+7 ( )fl( q)+ f2(zq)+l‘q = THqy%g _’Zq} (4.7)
3M2zVT (14 Mz/2). 2 Mz
o'+ o2
1 812 (14 Ma/v)® % 2.4 A folz)
4T 2 -
+—z/— ( 'uq)fl( q)+ f2(zq)+l‘q = THey 2 — Zq} (4.8)
where the sum over g is over quark flavours only and where
Mz _ _ Mz
TRrT T T =T + 7 T
"d
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Figure 4.2: Plots of R = o,/oT versus z at Q% = 4 GeV? and Q? = 5 GeV? as presented
by Whitlow [78, p.106]. The discrete points are experimental data. The curves are some
theoretical fits discussed in ref. [78]. They are not our fits.

According to the discussions in Chapter 2 the O(as) part of expressions for F; and Fj in

the statistical model are:

1 K | (a ac) —qV
Fé ) = Al 0T S+ ‘7{, S)) ? (4.9)
W _ _K 5 ()
Fo= 47r2aMUT (4.10)
where -
L(ag)y 1V N / / A
or = 39K 47ras47ra E e M):S4du+w Bg . M Sgwdpw

+/M054dﬂ+ E /MO Sgwdll,w} (411)

W=B,F,F’
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2 _ ~ _
oles) %ch Lirasdra Y2 { / MoSadu+ Y . / M03W53wduw} (4.12)
{ 7 W=B,F,F’ :

with the expressions in curly brackets exactly as given in eqgs. (D.27), (D.28), (D.19) and
(D.20) and where the expressions in curly brackets has to be evaluated for each flavour of
quark, since the chemical potential appearing in the statistical factors Sy and Saw differ for
each flavour as we sum over the flavours of quarks. As-explained in Appendix D, the X, Po’
integration regions for three- and four-particle processes is as given in F igures D.2 and D.1,
respectively, and the integrand for four-particle processes is different in each subregion shown
in Figure D.1.

In all the numerical calculations we use fixed values for the quantities given in Table 4.1.

Table 4.1: Quantities for which fixed values are assigned in all our numerical calculations

Quantity Symbol Value
—¢? of virtual photon Q? 4 GeV?
Proton mass M 0.94 GeV
Radius of proton R 5.07 GeV™! (=1 fermi)
4
Volume of proton |4 §7rR3 :
Number of colours N¢ 3
Strong coupling constant ag 0.2

4.2 'The Zeroth Order in o Calculation

4.2.1 Introduction

In this section we discuss the numerical calculation of the zeroth order in ag contributions
at Q% = 4 GeV2. We calculate the structure function Féo) for different values of temperature
and chemical potential in order to determine the zeroth order in ag ﬁt';' to the plot of F,
versus z given in Figure 4.1(3,). The fit which takes the O(as) corrections into account too

is discussed in Section 4.3.3.
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In ref. [71] Cleymans and Thews presented results of the zeroth order in ag calcﬁlation of
I%. In the deep-inelastic scattering limit, , T, q finite with v going to infinity, the expression
for Fz(o) in eq. (4.7) is dominated by the fo term which can be evaluated analytically. The
result is .

FO(z)"=° 5%M?vrraﬁ Y e [In(l+e7*) +1In(1+e7™)] .
q

Cleymans and Thews used the latter expression to fit to the experimental data published in
1981 by Aubert et al. [79].

In this work we keep the full expression for Fz(o) as given in eq. (4.7) and fit to a recent
plot of F, versus x which is determined by the parton distributions pubﬁshed in 1990 by
Kwiecinski et al. in ref. [77] [see eq. (4.4)]. The values for temperature and chemical
potential which produce the best fit to the plot of F versus z of Kwiecinski et al. are used to
calculate Fl(o) in eq. (4.8) too. Then the structure function R which is expressible in terms
of Fz(o) and Fl(o) according to eq. (2.14) can be calculated and compared to the experimental

data in Figure 4.2.

4.2.2 Results and Conclusions

We obtained plots of F3 versus Iz according to the zeroth order in ag expression given in eq.
(4.7) for different combinations of values for the temperature and the chemical potential for
the up quarks and with the quahtities given in Table 4.1 kept fixed throughout. The chemical
potential for the down quarks Was kept fixed in terms of the chemical potential for the up

quarks according to

Hdown = g% (413)

(as was done in ref. [71]) in order to reproduce the ratio of up to down quarks as being 2 to
1. This is approximately the case for a quark gas at very low temperatures..

As opposed to the fo function, the functions f; and f,, which also appear in the expression
for F(O) in eq. (4.7), cannot be evaluated analytically. They were nun;erica]ly calculated by
means of a Gauss-Legendre integration technique.

For z > 0.4, the zeroth order in ag calculation produced a good fit to the Q=4 GeV2
data of Kwiecinski et al. as shown in Figure 4.3. The plots in Figure 4.4 show that other
cémbinations of values for T and p,;, do not produce an improved fit to the data of Kwiecinski

et al.



4.2. THE ZEROTI ORDER IN as CALCULATION : 111

According to the following rough estimates, the failure of the zeroth order jn ag theory
of the statistical model to reproduce the low z behaviour of I, could be understood from a
finite-size effect due to the finite volume of the nucleon.

From the mass shell condition on the four-momentum k' = k + g of the outgoing quark
in the zeroth order in ag Feynman diagram M3, in Figure 3.1, one obtains a lower limit
on IEI of the incoming quark as follows. From the mass shell condition for massless quarks

[(k + ¢)* = 0] and the relation = = Q?/(2Mv) one obtains

. i — 0
-1 < cosb;.= 2Akly - @ < 1.

h ke 2|k|VvT ¥ 2Mvz

The first inequality in the latter line produces

i > Q? _ 2Mvz
- W + 2 /1+g_)\§£ 2u+2u[1+0(§)]
= 2210(9). (4.14)

Another lower limit on |£| is obtainable from the Heisenberg uncertainty principle of the
general form AzAk > 1. Taking Az equal to the diameter of the nucleon (2 fermi = 10.14
CeV"), one obtains Ak > (10.14)~1. From this and the value of the lower limit on |E] in eq.
(4.14) one could deduce that our theory is only valid for z values satisfying

M
3fzuamrh

ie.,

z > 0.21.

The zeroth order in as calculation, however, was only able to reproduce the data of
Kwiecinski et al. for values of > 0.4. In Section 4.3 we investigate to what extent the
O(as) corrections are able to extend the reproduction of the data of Kwiecinski et al. to
values of z smaller than 0.4.

The zeroth order in as results for the structure function R are shown on plot (a) in
Figure 4.5. For z > 0.25 these results are consistent with the Q? = 4 GeV? experimental
data in Figure 4.2. The way the unexpected almost linear behaviour of the zeroth order in ag
results for It versus z comes about can be seen from the plots of A1q3/(—q2u) and I".Z(O)/Fl(u)
[which are quantities appearing in the expression for It in eq. (2.14)] in Figure 4.6. Plot (b)

in Figure 4.5 is discussed in Section 4.3.3.
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4.3 The Zeroth- Plus First Order in o5 Calculation

4.3.1 Introduction

In this section we take the O(as) corrections into account by numerically calculating the
quantities given in egs. (4.9) and (4.10) and adding them to zeroth order in ag results
according to eqs. (4.5) and (4.6). The zeroth order in as quantities given in egs. (4.7)
and (4.8) are calculated in the manner discussed in Section 4.2. Due to the modifications
introduced by the O(ag) contributibns, we search for new values of temperature and chemical
potential which will produce a fit to the plot of F; versus z of Kwiecinski et al. given in
Figure 4.1(a).

We include only up and down quarks in our statistical model. We keep the chemical po-
tential of the down quarks fixed in'terms of the chemical potential of the up quarks according
to eq. (4.13). The values for temperature and chemical potential which produce the best fit
.to the plof of F, versus z of Kwiecinski et al. are used to calculate Fl‘h in eq. (4.6) too. Then
the structure function R which is expressible in terms of F; and Fy according to eq. (2.14)

can be calculated and compa.réd to the experimental data in I'igure 4.2.

4.3.2 Technicalities of the Numerical Calculation of the O(as) Contribu-
tions

According to the O(ag) expressions, Fz(l) and Fl(l) in eqs. (4.9) and (4.10), one needs to
~ numerically calculate the double integrals in eqs. (D.19), (D.20), (D.27) and (D.28). The
K, po integration regions for four- and three-particle processes are shown in Figures D.1 and
D.2, respectively. These integrals are finite according to discussions in Sections 3.8 and 3.9.
However, individual terms in the Vintegrands can still become infinite along céftain lines in
the'K,po integration regions. This happens when factors in denominators or arguments of In

functions in some terms become equal to zero along certain lines (see Figure 4.7).

As an example we consider singularities which arise along the line along which the quantity
b is equal to zero. The latter singularity arises in the terms proportional to In |Cy| and |Gy
in eq. (D.19).

One of the subregions which contain the line along which b is equal to zero is subregion D

in Figure D.1 (Compare Figures D.1 and 4.7 to see this.). In region D the terms.proportional
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to In|Cy| and |G4| in eq. (D.19) are as follows:

1 /oo (ro+g:)/2 IPOI €(p0)
dpo/ dKS{2|( )1 G
4730 Jig.40)/2 (po—v)/2 | TR |Cal

N S )

2b
N N R SRR
4miq, (g=+v)/2 bo (po—v)/2 ! 1 46? © 2b 4dD
_(a+po)B
2b

where the unique signs of quantities in region D (defined by the integration limits in the
above expressions) allowed the removal of absolute value signs in the latter step.
Thé argument of the In function is expressible as follows:
2 2 1

Y B q _
4dD 402 +4bv + q2 1+ 4bu/q? + 4b2/q2

Therefore we have that

2
. q . 4qv ) v
i — —— — b
l]>—»”r(1) In 4dD ll>l—»n}) In (1 q? b) ll—»l% ( q? )

which leads to

A 2
. 2P0, g . pov
= In +— ) = lim 22<
im Ty %l_rfc')( T g2 n4dD) b0 b
1 q?
= 1 —g? =
imT = %‘i%( T 4dD) 2v
_ 5. —(a+p)B . —pov
imTy = lim ——=— =lim =~

The term T, is finite in the b — 0limit. The singularities from the terms T} and T3 cancel each
other. Even though they cancel, the terms T} and Tj individually give rise to singularities.
Therefore one should take care not to approach the line along which b = 0 too closely in the
numerical integration. For the same reason one should steer clear of other lines along which
other individual terms in expressions for three- and four-particel processes are singular. This
is accomphshed by implementing a two- dimensional lattice constructed i in such a way that
the two nearest successive lattice points to any of the ]mes with non-zero slope in Figure 4.7
are always located an equal distance on both sides of the relevant line. Such a lattice is shown

in Figure 4.10 for one quadrant. Before we discuss its construction, we consider the following.
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For the reasons given in the latter paragraph, we have decided on a trapesium integration
method whereby the integrand is evaluated at discrete lattice points. Thé value of the integral
is the stable value attained in successive numerical integrations in which, independently and
in steps, the del-lsity of lattice points is increased and the range of integration is extended
(The presence of thermal distribution factors in terms suppresses contributions at large values
of the integration variables.).

Since these integrals in the O(as) contributions to the structure functions have to be
calculated for many independent values of z, T, pyp and of parameters determining the
density of lattice points and thé range of integration, it is necessary to find ways to reduce
the time it takes to evaluate one integral. In the following we discuss two techniques each of
which reduces the duration of calculation. |

The first technique involves the use of crossing properties of the three- and four-particle
processes to map the second, third and fourth quadrants of integration regiovn‘s onto the first
quadrant. The resultant integration region is shown in Figure 4.8. Taking into account the
effect that the mapping has on signs of quantities and extending the definition of statistical
factors, one can in eflect integrate over all four quadrants by evaluating the suitably defined
integrand at lattice points located only in the first quadrant.

As a simple example we show how the integration region Y for the four-particle process
of gluon emission from an antiquark can be mapped onto the integration region X for gluon
emission from a quark as shown in Figure 4.9. In the following discussions we let K’ > 0
always and consider only points I’ which lie in region X. From Figure 4.9 it then follows

that all the points —JI{’ lie in region Y. From

ko([(,po) =K - v ;Po

and
V—DPo
2

ké(I(,po) = ko +v—p= K+

we see that

ko (I

i

~I',po) = ~ko(K = K',po) <0
ko(I = —I(',po) = —ko(I = K',po) <0
and from Table D.2(b) we see that
Syl = -K'< O?po)

Y
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A 1 1 1
T eBl-k(K==K"\po)+ 4] +1 [1 " eBl=ko(K=—K',po)+n] + 1] [1 + efpo — 1]

1 1 1
T eBlko(K=K",po)+n] +1 [1 - ePlko(K=K',po)+u] + 1] [1 + efro 1] ' (4'15) :

We also have that

2

’ !
LM oy v 5 4 a4 (K=-K\p)
spins v>0 kg <0 - :

2

— 7
- Z M » v ¢4 =« o 4 g (K =1 po)
spins vr>0 k>0 ky >0 po >0

Thus the contribution from gluon'e‘mission {from an antiquark, obtained by integrating over
region Y, can be determined by integrating the expression fqr gluon emission from a quark
over region X except that the statistical factor in line 4.15 is to be used. Thus both the
contributions from gluon emission from an antiquark and from a quark can be taken into
account by using the integrand for gluon emission from a quark, integrating only once over

the region X and, instead of using the statistical factor

1 P .
eﬁ(ko_ﬂ) + 1 eﬂ(k{,—u) + 1 eﬁpo -1

associated with gluon emission from a quark, using the extended statistical factor

1 1 1 1 1
- eflko—n) 1 \7 BK-n) 11 + efro — 1

1 1. ! 14—
eBliotn) 1\ oBlkp+n) 4 g efro 1 /"

Irom Figure D.2 it can be seen that three-particle processes will provide additional con-
tributions at each lattice pbint in region X. According to similar considerations as above, the
part of the contribution from the three-particle proce‘ss in Figure 2.2(h) which has support
in region Y can be mapped so that it contributes together with the part of the contribution
{rom the three-particle process in Figure 2.2(g) which has support in region X at each lattice
point in region X.

Continuing according to similar considerations we obtain expressions for both four- and
three-particle processes which have support in all the regions (other than region X too) in the
first quadrant and which represent contributions from all the quadrants shown in Figures D.1

and D.2. Ior each lattice point (I, P) in Figure 4.10 we let po = P and pp = =P in the
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‘ computer program in order to add contributions from positive and negative po, respectively,
at each lattice point.

A second technique which reduces the duration of integration on the computer is as
follows: In practice we found that, by only taking into account lattice points which lie on
certain strips in the first quadrant shown in Figure 4.10, the same result could be obtained
as that obtained when all the lattice points in Figure 4.10 are taken into consideration.
These strips, each of width 2r and centered on the lines in the first quadrant, are shown in
Figure 4.11. This technique is implemented by using program statements which filter out
points which do not lie on these strips. The durability of the fact that the same result could
be obtained by only taking into account lattice points which lie on certain strips as that
obtained when all the lattice points are taken into consideration, was checked at some of the
points in parameter space encountered as we moved through parameter space. Once the final
results were obtained, the latter check was also performed on them.

Next we discuss how a lattice can be constructed in such a way that the two nearest
successive lattice points to any of the lines with non-zero slope in Figure 4.10 are always
located an equal distance on both sides of the relevant line as referred to earlier in this
section.

We employ a trick which guarantees the latter requirement even when the positions of the
lines in Figure 4.10 shift as a result of the variations of ¢, and v when we consider different
values of z at fixed Q?. From Figure 4.10 it can be seen that such a lattice can.be constructed

by choosing v and ¢, to be integer multiples n, and n,,, respectively, of the same quantity A
v =mn,A ‘ and q. = ng, A, (4.16)

by letting the increment size in the K and P directions be

A
b = — and op =
2m

b

3B

respectively, where m is an integer by means of which increment sizes can be varied indepen-
dently of the other numerica] parameters and by choosing the leftmost point in the bottom

row of the lattice so as to lie on the coordinate

o (A A
(IQ,P)_(2m72m)'
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The expression for the quantity A can be derived from the expressions in eq. (4.16) and
Q? = ¢2 — v? and is as follows: '

Q2

o a R
nqz nu

A=

Values for n,, n,,, v, q, and A corresponding to each of the values of z for which data points

are plotted in Figure 4.12 are given in Table 4.2. It is to be noted that for each set of fixed

Table 4.2: Values of quantities involved in numerical calculations corresponding to each of a
discrete set of z values at fixed Q2 = 4 GeV2.

z | n | ng, |v(GeV)]q.(GeV) | A(GeV)

0.02 [ 5659 | 5660 [ 106.38 | 106.40| 0.019
0.06{ 629| 630{ 35.45 35.51 | 0.056
0.10] 226| 227| 21.24| 21.33 0.094
020 57| 58| 10.63 10.82| 0.187
0.25| 73| 75 8.49 8.72| 0.116
030{ 25| 26 7.00 7.28| 0.280 -
041 14| 15| .5.20 5.57 | 0.371
0.50f{ 19| 21 4.25 4.70 | 0.224
060 27{ 31 3.55 4.07| 0.131
0.71 5 6| 3.02 3.62| 0.603
0.80 4 5 2.67 3.33| 0.667
0.90{ 13| 17 2.37 3.10| 0.183
1.00| 43| 59| 2.13 2.92 ] 0.050

values for Q2%, n, and ng, Which determine unique values for A, v, ¢, and z, the parameter

m which controls the density of lattice points can be freely varied.

4.3.3 Results of the Total Calculation, i.e., Zeroth Order Plus O(as) Con-
tributions and Conclusions

In Section 4.2.2 it was mentioned that the zeroth order in as calculation is able to reproduce
the data of Kwiecinski et al. on F, versus z for values of z > 0.4 only. From Figure 4.12 it
can be seen that, by including O(as) correctivons, the reproduction of the data of Kwiecinski
et al. could be extended to values of z smaller than 0.4. A reasonable fit could be obtained

for values of z > 0.25. This is compatible with our estimate for the limited range of validity
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of our theory (¢ > 0.21 as derived in Section 4.2.2) due to a finite-size effect arising from the
finite volume of the nucleon.

TFor the fixed values of the quantitieé in Table 4.1 and the fixed expression for the chemical
poténtial of the down quarks in tefms of the chemical potential of the up quarks in eq. (4.13),
a fit to the dataof Kwiecinki et al. is possible for values of temperature and chemical potential
in the immediate vicinity of T' = 0.067 GeV and iy, = 0.133 GeV only.

Figures 4.13 and 4.14 show how the resuits for I, versus z from the calgulation including
zeroth order plus Oag) contributions vary as a function of temperature at fixed chemical
poténtial and as a function of chemical potential at fixed temperature, respectively.

From Figure 4.12 it can be seen that the O(as) corrections to F; is negative for large z.
Such negative values could in principle arise from interference terms from three-particle pro-
cesses since, by neglecting the O(aZ) contributions to the amplitude squared:c.orresponding
to the O(a?) and O(as) Feynman diagrams for three-particle processes (see Figure 3.10, the
positive definiteness of the amplitude squared is lost. | .

Results of the calculation of the structure function R with zeroth order plus O(ds) expres-
sions for F and Fy, as they appear in the expression for R in eq. (2.14) appea‘r. in Figure 4.15.
In the z > 0.25 region of interest the results typically lie a factor of 6 above the experimental
data for R shown in Figure 4.2. The absence of data for z > 0.8 in Figure 4.15 is due to
numerical instability encountered as Fj, appearing in a denominator in the expression for R
in eq. (2.14), goes to zero at large z. A comparison of the plot for I in Figure 4.15 with the
corresponding zeroth order in g plot for It [labelled (b) in Figure 4.5] shows the large effect

Feynman diagrams containing gluons have on results when O(asg) contributions are included.

IEven when taking into account the fact that all measurements of 1t sufler from large
experimental errors due to the weak dependence of the deep inelastic cross section for charged
leptons on R [as discussed at eq. (2.11)], the [actor of 6 misfit remains unacceptable. 1t

indicates a shortcoming of the statistical model in its present form to reproduce the spin

structure of the proton.
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Figure 4.3: PiOts‘of F, versus z at Q? = 4 GeV?; (a): in terms of the‘par‘t*ot‘}.distributions of
| Kwiecinski et al. as given in eq. (4.4) and (b): according to'the zérGth order in s expression .
‘given in eq. (4.7). ' '



Figure 4.7: Lines in the I,po plane along which the quantities defined at line (D.12) are
equal to zero. It is to be noted that the presence of sign functions in the definitions of some
of the quantities at line (D.12) causes those quantities to be zero only along segments of lines
and not along entire lines. -
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Figure 4.8: The integration region for the numerical integration obtained after mapping the
second, third and fourth quadrants onto the first quadrant in Iigures D.2 and D.1
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Figure 4.9: The mapping of the integration region Y for gluon emission from an antiquark
onto the integration region X for gluon emission from a quark
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Figure 4.10: Lattice points at which the integrand is evaluated in the numerical integration.



4.3. THE ZEROTH- PLUS FIRST ORDER IN as CALCULATION 155

Q2

I+ v

q: —V

O
T
nk

Figure 4.11: Strips containing lattice points which determine the values of the integrals under

consideration. By increasing the density of lattice points, more points can be made to fall on
strips of a given width. ' '
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Figure 4.12: Plots of Fy versus = at Q2 = 4 GeV?; (a): according to the zeroth order in ag
expression given in eq. (4.7) and (b): according to the zeroth order plus O(as) expression
given in eqs. (4.5) and (4.9) with as = 0.2.
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Figure 4.13: Plots of F, versus z at Q% = 4 GeV? as a function of temperature at fixed
chemical potential according to the zeroth order plus O(ag) expression given in egs. (4.5)

and (4.9) with as = 0.2.
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Figure 4.14: Plots of F; versus z at Q? = 4 GeV? as a function of chemical potential at fixed
temperature according to the zeroth order plus O(as) expression given in egs. (4.5) and (4.9)

with ag = 0.2.
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Chapter 5

Summary

In this work, we considered deep inelastic scattering of leptons off a proton in the statistical
model first proposed by Cleymans and Thews [71}. The interior of fihe nucleon is viewed as
a thermalized assembly of up and down quarks and gluons. This enables one to incorporate
features which are absent in the parton model. They include the presence of identical quarks
and gluons in initial and final states and of quantum statistical correlations which also have
a role to play in the propagation of particles when considering Feynman diagrams contaihing
internal lines in next-to-leading-order calculations. These features are incorporated through
the use of Fermi-Dirac and Bose-Einstein distributions for quarks and gluons, respectively.
Stimulated emission factors for final-state gluons and Pauli—blockiné factors for final-state
quarks are incorporated. The propagation of particles through a .n.lémy-body medium is
taken into account by using thermal Feynman rules for propagators and vertices. The sta-
tistical model could also be seen as an attempt to describe the interior of the nucleon at a
more fundamental level than that attained through the use of arbitrary parton distributions
containing many parameters in the parton model. |
We chose to fit to a plot of F; versus z, where
Q?
2Mv’ :

which is determined by parton distributions which reproduce a wide range of experimental

data. Such parton distributions were published in 1990 by Kwiecinski et al. in ref. [77]
They decide on a parametrlzatlon of the parton distributions at Qo - —¢2 = 4 GeV? and
evolve up in Q? in order to test their parton distributions against experimental data.

Our zeroth order in the strong coupling constant ag calculation of the structure function

Fy versus z at Q2 = 4 GeV? produced a good fit to the data of J. Kwiecinski et al. for

159
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z > 0.4. The values for temperature and chemical poteﬁtial which give the best fit are
T = 0.04 GeV and pyp = 0.21 GeV (with pgown = pup/ﬁ_). Other combinations of values for
T and pyp do not produce an improved fit to the data o‘vawiecinski et al. In consequence,
we investigated to what extent O(as) corrections are able to extend the reproduction of the
data of Kwiecinski et al. to values of z smaller than 0.4. The corresponding zeroth order in

ag results for the structure function R are consistent with experimental data.

The analytical calculations by Cleymans and Dadié [15] of the O(as) corrections are
discussed in this work. They took all processes contributing to order as exactly into account
and were able to cancel all infrared, collinear and ultraviolet divergences in the framework
provided by the real-time fdrmalism of finite-temperature quantum field theory (re;'iewed in

Chapter 1).

Finite-temperature quantum field theory takes into account thermal effects in fields of
physics ranging from solid state physics to.particle physics in the early universe and in
ultra-relativistic heavy ion collisions. Physical processes no longer take place in the ordi-
nary vacuum, but in a heatv bath. In the imaginary-time formulation of finite-temperature
quantum field theory, direct calculation of static thermodynamic quantities, such as energy
density, pressure, entropy and number densities, is possible, while the calculation of dynamic
quantities, associated with time-dependent phenomena, is only indirectly possible through a
process of analytic continuation to real time. An example of a time-dependent phenomenon
which intrinsically involve real time is a scattering process in a heat bath. Propagators ex-
press the presence of a particle at one position and time in terms of its presence at another
position and another time. Since these times assume values on the continuous real axis, we
need, after a Fourier .transformation to momentum space, Feynman diagrams with contin-
uous real energies on external lines. The imaginary-time Gfeen functions can be extended
from the discrete imaginary enefgies to real continuous energies through a process of analytic
éontinuation. But, for n-point functions with n > 2 or for graphs beyond the one-loop level,
the analytic continuation becomes impracticable [12, p.329], (2, p.144]. In recent years, a
real-time formulation has been developed, which makes direct calculation of time-dependent
quantities possible. Additional advantages of the real-time formulation are also discussed in

Section 1.4.

Research projects which are the most closely related to ours, in that next-to-leading-order
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contributions are considered in the framework provided by the real-time formalism of finite-

temperature quantum field theory too, have been reported on by groups working in Nice [17)

and Annecy [20] in France and Bielefeld [14) in West Germany. The main difference between

our project aﬁd the latter projects, besides being on different but related physical processes,

is the kinematics involved. The fact that the Lorentz invariance property, which is used_ in
the usual zero temperature calculations, is lost due to the preferred frame of reference deﬁnéd A
by the heat bath, has the immediate consequence that the number of calculations required is

increased dramatically. For this reason all the above-mentioned groups reduce the complexity
of their calculations significantly by using special kinematics [e.g. in lepton pair production
from a thermalized quark gluoﬁ plasma they would use a virtual photon with zero spatial
momentum: ¢ = (go,§ = 0)]. In our case we perform calculations for the case of general
kinematics [i.e. ¢ = (g0,7 # 0)].

The inclusion of the O(as) éorrections in our numerical calculations allowed the extension
of the reproduction of the data of Kwiecinski et al. to values of z smaller than 0.4. A fit could
be obtained for values of z > 0.25. This is compatible with our estimate for the limited range
of validity of our theory (z > 0.21) due to a finite-size effect arising from the finite volume
of the nucleon. The latter fit is possible for values of temperature and chemical potential in
the immediate vicinity of T = 0.067 GeV and Hup = 0.133 GeV only (with pgown = ;1‘,,,/2%
and ag = 0.2).

The latter values of parameters, however, give rise to a large misfit of the structure
function R = or,/o7 to the experimental data of L.W. Whitlow (78]. Even when taking into
account the fact that all measurements of R suffer from large experimental errors due to the
weak dependence of the deep inelastic cross section for charged leptons on R, the size of the
misfit remains unacceptable. It indicates a shortcoming of the statistical model in its present

form to reproduce the spin structure of the proton.
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Appendix A

Kinematics for Gluon Emission
from a Quark

In this appendix we introduce kinematical quantities for the specific process of gluon emission
from a quark. In Section D.2 some of these quantities are written in a generalized form in
order to be in accordance with our convention for treating the general four-particle process.

According to the momentum assignments in Figure 3.2 one has

717(a) + a(k) = (K') + g(p).
In this work we have .
<0,k =FK"=0 and p’=m2 | (A.1)
The latter two relations regularize both infrared and collinear singularities. In the resi; f—rame

of the heat bath we choose the 2 axis to be along the direction of the virtual photon:
7= (v,0,0,¢.) - (A2)

and
P=-Q*=v-¢g?<0 (A.3)

The momenta of the other particles are

k = (ko,k) b
Ko= (kB (A.4)
p = (Po,m

where, due to the assumption of masslessness for the quarks,
ko=|k| and K, = |

163
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The conservation laws are
| v+ ko = ko + po
and
f+k= B +7.
The invariant variables are

s=(k+q)’ = (K +p)’

t=(k -q)*=(k-p)"

(A.5)

(A.6)

Inequalities can be derived in the center-of-mass frame which show that s and ¢ are always

not equal to zero for m? > 0 (However, it has to be taken into account that, for some of the

other four-particle processes, s and t can become equal to zero as shown in Section D.2):

s = (k' +p)* “=" 2ki(po + |Bl) + m? > 0,

trivially. The proof that t < 0 is somewhat longer:

cm. $ +q2

q0_2\/§

s — 2

A St

and
s = (k' +p) = (k) + po)?
_but

|71 =" |F'| = ko

From the latter equation and eq. (A.7) we can write

s =" 2k (po + kp) + m.

The latter equation and eq. (A.8) lead to

2
K cm §—M
0 =

s

Now

t=(q—Kk)? = ¢® — 2kiqo + 2k}| ] cos Opz

(A.T)

(A.8)
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and therefore

. m s — m2 q2 m2q2 .
tmx=q2—-2k6(q0—,(ﬂ) e qz__ (% = <0

~ from which the strict inequality, ¢ < 0, follows.

The cosines of the 'émgles of the quark directions relative to that of the virtual photon as

shown in Figure 3.3 are

k.q

= g = cos #
kOQz
K.q

2 == 9 = cost
kon

For the purpose of angular integration, the invariants s and ¢ in terms of these angles are

s = =2kog,(z—d) (A.9)
t = 2khg.(2 -1) (A.10)
where
2
q° + 2kov
= 1 T2°07 A1l
¢ . 2koq, ( )
2 /
| = T4 t2kov (A.12)

2kyq,
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Appendix B

More Details on the Integration
over Polar Angles for Gluon
Emission from a Quark

In Subsections (a),(b),(c),(d) and (e) of this appendix we prove egs. (3.69), (3.81), (3.83),
(3.85) and (3.91) , respectively. In Subsection (f) we prove the relations in (3.105), (3.106),
(3.114), (3.116) and (3.117). In Subsection (g) we prove all the relations in (3.118).

(a) Eq. (3.69) is derived from eq. (3.67) as follows:

b 1
Ao = [ az
R A V(2 = cos 8y )(cos b ~2')

but
2 0, — 0_ 2
(2" — cosby)(cos0_ — 2') = — [z' _ cosby -;-cosﬂ_] + (cos b 4COS ) . (B.1)
Let
z = z'—g)ioi;;c—m)—g:-:z'—cospcosﬁ (B.2)
Ty = a—cospcosf ; z9=b—cospcosf (B.3)
— cosf_ ,
c = M:sinpsinﬂ. (B.4)
Then
T2 dz
Ao = / B.5
0 1 Vi — z? (B.5)
z2fc dy
B ~/1"1/c AV 1- y2
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where y = z/c so that

2'=b

z' — cos pcos ﬂ]
sin psin 8

. x [} .
Ap = arcsin y|zjfc = arcsin [

(B.6)

2'=a

which is the result given in eq. (3.69).

(b) Eq. (3.81) is derived from eq. (3.77) as follows: Let

in eq. (3.77). Then

M 1 /(b--’)‘1 —z7%dz
T 2kogz J(a-1) x‘l\/—7(l+%,cosﬂ,cosp)

-1 /(54)_1 dz
2k4az J(a-1)—1 :z:\/—*y(l + i,cos B, cos p)
but, since we have from (3.80) that 2’ < I, we can deduce that

1

s T <0
> T = —\/23. .
The latter equation enables us to write
1 (b-n-1?
Ay = / dz
o 2koq, J(a-1)—1

-1
X [\/:cz(l —cos2 8 — cos?p — 12 4 2l cos Bcos p) + 2z(cosBeosp — 1) — 1]

1 (6-n
= ] _ dz
2kgz/7(1, cos B, cos p) J(a-1)-1
' - -1/2
x [—x2 2z(cosfBeosp—1) 1 ] B7)
(1, cos B, cos p) ¥(l, cos 3, cos p)

where the factor [y(l, cos 8, cos p)]~/2 has been moved to the left of the integral sign in

the latter step. This factor is well defined since
(1, cos B,cos p) > 0 (B.8)

which follows from the fact that [see (3.78)] [ > cos(p—f) as may be seen from Figure 3.7
if we were to redraw the graph as —y({, cos 3, cos p) versus { instead of —(2', cos 3, cos p)

versus z'.



169 °

For convenience we define -

G = (I, cos 3, cos p).

_ Then
1 (-0 dz
A= e
2khg: VG Ja-n-1 /(~1)[z? = 2z(cos Bcosp — /G +1/G]
_ 1 vz dy
2k00:VG Ju V(-DIP - Q]
where :
y = x_(cosﬂcgsp—l) o
' cosfBcosp— 1) -G '
g = ! 52 ) (B.9)
sin? psin? B .
G? '
But

sin? psin? 8 sinpsing
V=T =G -
since G > 0 [see (B.8)] and sin psin > 0 as may be seen from (3.71) and (3.72). Thus

(B.10)

sin? psin? B y°G?

A . S 1 1 )
- 2k0q.VG Ju AR G? [sinzpsinzﬂ_ ]

1 G y2d ) y2G?
- 2k},q,v/G sin psin 8 Jy, y " sin?psin? B

= L _ [ 4 (B.11)
2k4q.VG Jy \/1-_3/;
where : :
¥ = yG/(sin psin ) (B.12)
aﬁd, since
G = 12+c052p+;:052ﬂ——2lcospcosﬂ——1
= —(1-cos®B)(1 - cos? p) + (I — cos p cos B)?
= —sin?Bsin®p + (I - cospcos B)?,
, G 1 cosfBcosp — |
no= sinpsinﬂ{cos(p+ﬂ)——l— G }

~ sin? Bsin? p + (I — cos p cos B)% + (I — cos p cos B)(cos p cos B — sin psin B — 1)
" sin psin B(cospcos B —sinpsinf —1)
= 1 (B.13)
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and, similarly, y5 = —1. Thus
1 n dy’ '
2k6qz\/§ [—1 \ /1 _ y12
-7

= _ (B.14)
2khgz\/v(1, cos B, cos p)

Ay

which is the result given in eq. (3.81).
(¢) Eq. (3.83) is derived from eq. (3.82) as follows:
A1 = 2k{q,(Ara — 1A1p)

where

zl

b
A, = /d’
' o =1(7,cos B, cos p)
b ]
Ay = /d’ .
"’ s /=17, cos B, cos p)

The result for Ay, is the same as that for Ap as may be seen from egs. (3.66) and (3.76):
Alb = AO =T.

The result for Ay, is obtained by making use in line (B.15) of the same step that led
from eq. (3.66) to eq. (3.67) and, in line (B.16), using eq. (B.1) and the same change
of variables as used at eq. (B.2): o .

/

b
A = / dz' z B.15
! . V(2" — cos 04 )(cosf_ — 2') - ( )
[ x4 (cosf + cosf_)/2
- /xl do o= (B.16)

where z1, 7, and c are given in (B.3) and (B.4). Eqgs. (3.68), (B.5) and (3.76) enable

us to write

cos @4 + cosf_ /“”2 d 1
/TR ———
2 z Ve —z?

= 7 cospcosf.

] Farthermore,
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since z1 = —sinpsin B, 2o = sin psin § and the integrand is an odd function of z. Thus,

A, = Wcospcosﬂ.‘
= Al = 2k6qz(A1a“‘lAlb)

= 2kjq,m(cospcosf — I)

which is the result given in eq. (3.83).

(d) In the following, we sketch the proof of the identity in eq. (3.85).

We first prove that all the 2z dependence can be shuffled into the arguments of the
gamma function: ,

|7+ EI%(z’,cosﬂ,cosp) = k2y(#', 2,cos ) (B.17)
where, at this intermediate step, it is to be noted that the left hand side of eq. (B.17)

has a z' where that of eq. (3.85) has an I and where cos a is given in egs. (B.19) and

(B.20). From eq. (3.42) there follows that
|7+ E|27(z',cosﬂ, cosp) = —|7+ Elz sin? ¢~ sin? Bsin? ¢'. (B.18)

By following steps similar to those surrounding eq. (3.40) we have, in the reference
frame shown in Figure 3.4,

-

kK = ky(sing’,0,cos ')

E = ko(sin 6 cos ¢~,sin 0 sin ¢, cos 6)

=> cosa = E—]E:— = sin 8’ sin 6 cos ™ + cos 8 cos §’ (B.19)
‘ kOko .
5 cosgm = cos a — cosf cos &'
sin §' sin @
= sin®¢~ = 1-— cos? ¢~

—7(cos 8, cos §', cos a)
sin? fsin% ¢/

where the latter step is the same as the one leading to eq. (3.42). The right hand side
of eq. (B.18) becomes
| sin? g3

'—I(T-i— k|2 sin® ¢~ sin? Bsin2 ¢ = 7'+ E|24(2, cos 8, cos a) .nz 7"
sin

But, as may be seen from Figure 3.4,
| sin? k|2
sin?@  |§+ k2 N
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so that we obtain (|| = ko):

~|7+ E|?sin? ¢~ sin? Bsin® @ = k2v(2',cos b, cos a)
and, thereby, eq. (B.17) is proven.
From eq. (B.19) and

B2 = |§+E—F|>=q®+ k2 +k)* +20.k = 20k — 2k

@+ Kk + k62 + 2¢.koz — 2q,kyz’ — 2kok cos @

there follows that

Ktk +a 17, @ e
= Z = -, B.20
cosa Dokl + zk6 z b ( )

By substituting 2’ by I in eq. (B.17) we obtain
|7+ Elz'y(l,cosﬂ,cos p) = k(2)7(l7z,_cos al)‘ (B.21)

where cos ¢ is obtained by replacing 2’ by ! in eq. (B.20):

k2 I ko I q Iﬂz q:
= z . B.22
cosqp = kok! +z k’ lko ( )
0

The identity in eq. (3.85) can now be proven by algebraic manipulations which involve

replacing, in the right hand side of eq. (B.21), ! by its expression given in eq. (A.12), . .

cos oy by its expression given in eq. (B.22) and subsequently substituting ! and |p}?
appearing in cos o by the expression in eq. (A.12) and |p|? = p& — m? = (v + ko —

k)2 — m?, respectively.

(e) Eq. (3.91) is derived from eq. (3.89) as follows: Let

M dz
= F E/
m (z—d)\(z,H,J)

' (zp) — A :
/ M drr’{}2+ﬁ+d2+H2+J2 2HJ—2dHJ—1} ’
' d

2
Zm) !

T'(zM _1
= / Lar 1+ 2d7' + (a2 + H? 4+ J3)r” — 207 — 2dHIT" - %] 7

'(2m)
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where, in the latter step, we made use of the fact that
1
-\
since we have from egs. (A.7) and (A.9) that
' 1
=2~ d<0. !
p

The gamma function defined in eq. (3.43) can be identified in the expression for E:

7'(zp1) , _1
E = / " g 94 B, ) + 27 d = BT) +1) 7

'(2m)

o) , HI-d1* (d-HJ)? 1 -
/f'(z,n) ar (7(d’H’J ){[ ‘7(d,H,J)] - [7(d,H,J)]2+7(d,H,J)})

1
T(zp\f) — 2 _ = 2
[l (- o)
‘r(zm) o Cc

where, in the latter step, ¢ is the gamma function as defined in eq. (3.92) and we

=

introduced the changevof variables [see eq. (3.90)]:

, HI-d 1 HJ-d

T=r1T ~
c z—d ¢

But _ '
(d-—HJ)?-¢ HYJ?2-H*-J?41 _=A
é? - é2 T 462

with A defined in eq. (3.93) so that
A
(7 +3)]

7(2Mm)
E:/ m[
7(zm)

Thereby the derivation of eq. (3.91) from eq. (3.89) is completed.

-1
2

ot

(f) In this subsection we prove the relations in (3.105), (3.106) and (3.114)- (3.117).

We start by proving eq. (3.115). From the last paragraph before Section 3.4.4 we have
zm = zy in regions A, B, C, and D and from egs. (3.90), (3.49) and (A.11) we have
that

(z) = 1 HJ-d {
ul= zy—d ¢

= 2kog; _H#J—d (B.23)

2 ~
<k6 + /P& - mz) — k3 — g2 — g% — 2kov
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But.

2
(ko + m2) - k2 — % = ¢* - 2kov

<k6+p0\/ —;) — (ko +v)?

[k6+po( - ——Zﬂ — (ko + po)” + O(m")

!
I L et L B v (B.24)
Po :

where the penultimate step was obtained by means of a Taylor expansion in the limit

m—+0and_k0+1/=k6+po.

We also obtain by making use of, amongst others, eq. (3.98),

¢ = d*+H*+J?-1-2dHJ
2\2 - 4k 2 4k2 2 2
(¢°)" + 0;"12‘*' LA "}
4kgq? 2"70("70 - V)
m? q*(2kg — v — .)(2kg — v + ¢2)
4k3(ky — v)? 4q2(ko — v)?

_ g2+ 2oy m? ¢’ v
ko (1 ¥ ol - V)) (2%(% T ‘12)

fe(m?)

f(0) + O(m?)

+

where

() + dkovg® +4k§0® | ¢*(2ko = v = 4:)(2ko — v + 4:)
4kgq? 4¢2(ko - v)?

_q2 + 2kov q* + v
koq. 2q.(kh—v)  q. )

Substitution of kj by k§ = v + ko — po in the numerators of the latter expression leads

f:(0)

to
(=pog?)’
(0) = el L
0= Taw, -y
¢p ’
= | ——21F0 2
=> &= (2qzk0(k6 — 1/)) + O(m*). (B.25)
Thereby eq. (3.115) is proven.
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Next we prove eq. (3.114). We have that

] m? al v\ ¢+ 2k
w-d = (1) (i z)- Tohr
' 2 .

2kog. (kg ~ v)
From egs. (B.23)—(B.26) it follows that

—~2koq;po

— mO. . | .
w2y + o) T O (8:20)

T(2y) =
From egs. (3.95), (3.96) and (3.98) it follows that

m? m? ¢*(2ky — v — ¢.)(2ky — v + g:)
A = =) (2 * Sko(k] = u)) ag2(ky — v)?
m2q*(2ky — v — g,)(2k, — v + ¢.)
Fo(h — v)3q?

+ O(m*). (B.28)

Thus, from eqs. (B.25), (B.27) and (B.28), it follows that

~ A 2
2jr(zo)l _ o __-4p0 ~2kog;po
I 2¢:ko(ky —v) ] |m?(kg + po)

-1/2 '
+0(m™1). (B.29)

o |2k — v — ¢;)(2ky — v + ¢,)
ko(ky — v)3¢?

In order to simplify the latter expression further we bear in mind, in the following

derivations, that

. > 0 in regions A,B
(2k0 v qz) { < 0 in regions C)D )

2k —v+q, >0 in regions A,B,C,D (since ¢, > v)

(kb — uj >0 in regions A,B and in regions C,D if &}, > v
0 <0 in regions C,D if kj < v

ko +po = ko +v
ko, v, kg, po, q; and m are each > 0 for the process under consideration.

Thus, in regions A,B,C,D, we have

Ml_ = 9 (_q2)2p(2) 2kog.po
N 4q2k§ (ko — v)? m¥(kg + po)
! N2 2 1/2
—¢>m2(2ky — v — ¢,|(2kh — v + ¢,)



176 - APPENDIX B, MORE DETAILS ON INTEGRATION OVER POLAR ANGLES

o 1/2
-¢2p} (—¢*)2kdq? ko(kb — v)2|ko — vig '
(ko + v)m3 \ g2kd(kh — v)* (—¢?)|2ky — v — ¢:|(2ko — v + ¢2)
+(9(m"1) : ‘

-9%p} -q’

(ko + v)m? (ko(%é ~ v+ g)lkg — vllg: +v -2k

1/2
|) +O(m™Y).

Thereby eq. (3.114) is proven.

Next we prove eq. (3.116). From the last paragraph before Section 3.4.4 we have
Zm = 2L, in regions A,D. Following steps similar to those followed in order to obtain

eqs. (B.23) and (B.24), we obtain

: —d
r(aL) = 2kog _HT (B.30)

. )
(k{,—\/pg—m2) — k3 - q2 — ¢% — 2kov ¢
!

and

| 2
(k(,— \/Pé - m2) — k% — % — ¢* — 2kov

2
= Kk’ - 2khpo + 2ka’—§— + P2 — Ky — 2kypo — p% + O(m*)
0

= —4khpo + O(m?). (B.31)

From egs. (B.30), (B.31), (B.25) and (B.26) it follows that

2kog:  pog® (2qzko(k6 -v
—4kopo  2koq.(ky — v) —4%po

2 1 1 ' i
_ kog-q* + 4kog-ko(ko V)+O(m2). (B.32)

))2+O(m2)

7(2L)

—2kypoq?
Thus, from egs. (B.25), (B.32) and (B.28), it follows that

2E|T(;’L)| _ 2( —¢*po )2
VIA] 2gzko(ko ~ v)

kog-q* + 4kog-ko(ky — v)
—2kgpog?

-1/2

+ (’)(m)

« _m2q2(2k(’, -v—q)(2ky—v+q)
ko(ky — v)°q2

(@) [ la*+ aks(ks = )"\
da:kolko v\ k(@)

I N2 02 1/2
X(_ ko(ko — v)?lko = vig: )) + O(m)

—q?m?|2kf — v — ¢.|(2ky — v + g2

1/2
B Po (¢*)!
= Ot iy (qzka(ka )
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) . 1/2
(LA R~ kol = vl -l O\
() —@2kh — v — ¢ (2k v+ q))

But
q* + 4ky(ko — v) = (2kh — v + ¢,)(2k) — v — ¢;)

) | (g (vt el v e\
VIAT T amky \ kol = o] T2k — v — g:[(2Ry — v ¥ g5)

_2(o! _ _opr\ /2
— Do ( Q(2k‘0+q; V)qu+1/ 2I"OI) +0(m)

4mky kolky — v|
Thereby eq. (3.116) is proven.

Next we prove eq. (3.117). From the last paragraph before Section 3.4.4 we have
zm = —1 in regions B,C. From egs. (3.90), (A.11), (B.25) and (B.26) we have that

1 HJ —-d
-1) = _
A s
2 20200 _ 1\2
= 2k0qz _ poq[ 4qzk0(k0 > V) + O(mZ)
—2kog. —'¢* — 2kov  2kog.(kg-v)  (q2)?p}
2 / 2
q°po — (kg — v)(=2koq: — ¢* — 2kov) 2
= 2koq, + O(m B.33
o (=2kog. — % — 2kov)g?po (m”) (B.33)
2lr (=D _ o (@), ¢, |20~ (ko = v)(=2kog: — ¢° — 2kov)
|Af 4q2k3 (ko — v)? 0% (—2kog, - q% — 2kov)q?po
1/2
: ko(k6 - V)3¢I3 0
X (—m2q2(2k6 -V —=q)(2k-v+q) +O0m?)

(q2)2P0
ko(ky — v)?

¢*po — (kb — v)(—2kog, — ¢* — 2kov)
(—2kog. — ¢2 — 2kov )q?
1/2
ko(k‘6 - V)3 0
| ok — v )k vt gy| T O™

The substitution of pp by po = v + ko — kg in one of the latter factors and the use of
=+ g:)(v — ¢.) lead to

i

¢°po — (ko — v)(—2kog. — ¢% — 2kov) q%ko — (ki — v)ko(—2¢; — 2) (B.34)
(—2kog. — ¢% — 2kov)¢? - (—2kog: — g% — 2kov)g? )
ko(g: +v) | (v = ¢2) + 2(k ~ v)
(@10 | (“2ho—v+a)g | B
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and, since ko > (g; —)/2 as may be seen from Figure 3.6, we have that 2kg—q,+v >0

so that we can write

2¢8|r(-1)| . 2o
—_— o(m™) +
VAN (m7) m(2ko — ¢; + V) |
@ Bk -y )’ ko(kl — v)° 12
k3 (ko —v)* (¢2)? (—¢*)(2ky — v — qz)(2k6 —v+q)
2 ', 1/2
_ Po Iq k0(2kol v—q,) N O(mo)
m(2ko — q; +v) |(ky —v)(2k§ — v + ¢2)

s N 1/2
— Po /q k0|2k0/ v q2| + O(mO)
m(2ko — ¢ +v) \ [ko — v|(2kg + ¢: — v)

Thereby eq. (3.117) is proven.
Next we prove the relations in (3.105) and (3.106).

From eq. (B.27) we immediately see that 7(zy) < 0 and since 2y = 2y in regions

A,B,C,D we have proven that 7(2m) < 0 in regions A,B,C,D.

To prove that 7(2m) > 0 in regions A,B and 7(2zm) < 0 in regions C,D we must bear in

mind that 2, = z1, in regions A,D and that z, = —1 in regions B,C. Thus we have to
prove that
> 0 in region A
m(a) { < 0 in region D (B.36)

> 0 in region B :
r(=1) { < 0 in region C. (B.37)

According to eq. (B.32) we have in regions A,D:

kog:[q® + 4kp(ky — )]
—2k{poq?

7(21) = + O(m?) (B.38)

but

k z . . '
L AN Y regions A,B,C,D (B.39)
~2kgpog?

and

2
¢ + 4k (kh —v) = 4 (.%2 — kyv + 24-)

where the roots of the equation, k62 — kjv + (¢%/4) = 0, are kéi = (v £ ¢q;)/2. Thus
> 0 if kf > 2= which is the case for region A

2 P
¢+ 4ko(ko — v) » { <0 if =5 < kp < 5‘—;35 which is the case for region D
(B.40)
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and the relations in (B.36) may be seen to follow from the relations in (B.38), (B.39)
and (B.40). '.

Next we prove the relations in (B.37). According to €gs. (B.33) and (B.35) we.have in

regions B,C:

ko 2kj-v-—gq
7(—1) = 2koq, — g E— 4 O(m? B.41
( ) oq Po (_qg)(2k0 +v— qz) ( ) ( )

But, as was motivated just after eq. (B.35), 2ko + v — ¢, > 0 and therefore

ko 1
2koq, — >0, . B.42
ot Po(—qz)(%o-i_-l/“ q:) ( : )

But

r > 0 in region B »
2k —v =g { < 0 in region C. (B-43)

Thus the relations in (B.37) may be seen to follow from the relations in (B.41), (B.42)
and (B.43).

Thereby the proof of the relations in (3.105) and (3.106) is completed.

(g) The relations in (3.118) are derived from egs. (3.112)- (3.117) as follows:

From eq. (3.115) we obtain for the common factor in egs. (3.112) and (3.113):

-7 _ - 2¢:kolkg —v] o«
2kog?|ky — v|VE  2kog?lky —v| (~¢®)po gzpog?’

(B.44)

In regions A and B we have, according to the relations in (3.112) and (3.105):

arcsinh ( 2|cA|T(zm)) — arcsinh (%T(EZM))
= arcsinh( 2 |7'(zm)|) — arcsinh (—- 2 |T(ZM)|>
vIAl 14]
2

. 2¢ .
= arcsinh (mIT(sz) + arcsinh (mh‘(zM)l) . (B.45)

Now

et = sinhz + coshz = sinhz 4+ y/1 4+ sinh? z
> T = ln(sinhz+\/1+sinh2a:’

and by letting = =arcsinhy in the latter equation, we obtain a useful identity:

arcsinhy = In (y +4/1+ y2) . ' (B.46)
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This enables us to write the expression in eq. (B.45) in the form:

2¢

' . 2¢ .
arc§1nh (——lgllr(zm)l) + arcsinh (ml‘r(m)l)
2% '

= In ()| + 1+(ilr(zm)|)2'\
4] \" T \VIAl

2

2¢ 2¢ \

X | —==|r(am)| + 4|1+ (——|r(zM)|) . (B.47)
RV \" T \VAl [

From this point onwards we distinguish betweem the cases of region A and region B.

For region A the derivation proceeds as follows: By bearing in mind that the expres-

sions in éqs. (3.114) and (3.116) are proportional to m~3 and m™!, respectively, the

expression in eq. (B.47) becomes

) 2 ) 2¢
s (o) i (i)
2¢ 2¢
In (2—lmlr(zm)l2m|T(2M)|>

i [ Po —q%(2kg + ¢ — v)lg. + v — 2ky|
2mk{ kolky — v|

il

(=2)a’p -7
(ko + v)m® \| Fo(2ky + 42 = )1k — v1las T v = 2K}
0 ro(a*)’
mtkoky(ko + V)|kb —v| )~
Thus the result for regidn A in eq. (3.118) follows from egs. (3.112), (B.44), (B.45) and.
(B.48). "

(B.48)

For region B we obtain, from eq. (B.47) and by bearing in mind that the expressions

in eqgs. (3.114) and (3.117) are proportional to m~3 and m~?, respectively:

‘csin i'rz arcsin —-&rz
a h(m|(m)|>+ h(ml(m)

2¢ . 2¢
= In 2————|r(zm)|2—|r(zM)|)
( ViA| VId)|
- I 2po —q2ko|2ky — q. — V|
m(2ko — g + v) \ ko — v|(2kg + ¢ — v)

(=2)¢*p} -¢?
(ko +v)m3 \ ko(2kg + g2 — v) kg — v|lg: + v — 2k}
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_ - . 4p4(q2)2 . :
= In (m4(ko + v)|kg — v|(2ko — g, +v)(2k} + qz — ,,)) (B.49)

Thus the result for region B in eq. (3.118) follows from egs. (3. 112) (B. 44) (B 45) and |
(B.49).

To prove the results for regions C and D in eq. (3.118) we have to, according to egs.
(3.112) and (3.113), contend with expressions in terms of arcsinh or arccosh according

to whether ki < v or kj) > v, respectively.

For kg < v in regions C and D we have, according to the relations in (3.112) and (3.106):

arcsinh (mr(zm)) — arcsinh (\/l—ATT(zM))
arcsinh (—\/—l—Nh(zm)[) — arcsinh (_\/_|Z——||T(zM)I)
. 2¢ . 2¢
= —arcsinh (ﬁh(zmﬂ) + arcsinh (\/TEIT(zM)I) . (B.50)

The latter expression becomes, by means of the identity in eq’ (B.46),

il

i 2 “sin 2 Ir(z '
—arcsinh (ﬁh’(zm)l) + arcsinh (m. ( M)|)
2% 7\~
‘ (mlf(zm)l) ) |

2% ’
1+ (mlT(zMN) . | (B.51)

From this point onwards we distinguish between the cases of region C and region D.

-
i

2
—mlf(zm)l +

2¢
TAllT(zM)l +

-

For region C the derivation proceeds as follows: By bearing in mind that the expres-
sions in egs. (3.114) and (3.117) are proportional to m~2 and m~!, respectively, the

expression in eq. (B.51) becomes
. 2¢ . 2¢c
—arcsinh (mlr(zm)l) + arcsinh (\/rATlT(ZM)I)
2 oo .
In { (2\/Iz—,|7'(zm)l) (2m17(‘zM)|) }

2m(2k0 —q. +v) [k —v|(2k)+ q. = V)
- = In -
Po —q%ko|2ky ~ ¢, ~ VI




182 APPENDIX 'B. MORE DETAILS ON INTEGRATION OVER POLAR ANGLES

« =24°p -2
" (ko + v)m3 \ ko(2k) + ¢ — v)|k§ — vilg: + v — 2kg|

2.2 _ ‘ :
= In Pod (Zko—g:Fv) | (B.52).
m2ko(ko + v)(—2k{ + q. + v) , '

Thus the result for region C in eq. (3.118) follows, for the case of k) < v under
consideration, from egs. (3.112), (B.44), (B.50) and (B.52).

For region D we obtain, from eq. (B.51) and by bearing in mind that the expressions

in eqs. (3.114) and (3.116) are proportional to m~3 and m™!, respectively:

R %
—arcsinh —|‘r(zm)|) + arcsinh ( |T(ZM)|)
(leI VIA| 3
-1 ’
2¢ 2c :
= In 2——|T(zm)|> (2——-——-|T(ZM)|) ';
{ ( VIal VIal ’
I 2mkj kolkh — v| ‘
po \ —¢*(2kg + gz — v)lg: + v = 2Kk
(=2)’p —¢
(ko + v)m® Y ko(2kg + g — v)lko — vllg. + v — 2k

4p3(—q?)k}
= 1 . { B.53
n (mﬂ(ko TR, + 42 — v)as + 0 = 2K (B-53)

Thus the result for region D in eq. (3.118) follows, for the case of kj < v under
consideration, from egs. (3.112), (B.44), (B.50) and (B.53).

For kj) > v in regions C and D we have, according to the relations in (3.113), (3.94)
—arccosh

and (3.106):
' 2¢ 2¢ |
('m‘r(zm) ) + arccosh (‘ﬁT(ZM) )
2¢ 2¢
—arccosh (—mlr(zm)l) + arccosh <_\7|T|IT(zM)|>
2¢ 2¢ :
= —arccosh (—mlr(zm)l) + arccosh (ﬁh(f‘MN) . (B.54)

It

Now

e = sinhz + coshz = coshz + \/cosh?z — 1
= ‘'z = ln(coshx+\/cosh2a:—1'
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and by letting z =arccoshy in the latter equation, we obtain another useful. identity:
arccoshy = In (y +yy? - 1) . . (B.55)

This enables us to write the expression in eq. (B.54) in the form:

2¢

2¢ :
—arccosh (—\/er(zmﬂ) + arf:cosh (\ATIIT(ZMN)

~1

2¢ 2¢

= In \/mlf(zm)lJr\ (mlf(zm)l) =1

2 :
(\/WIT(ZM)!) -113. - (B.56)

From this point onwards we distinguish betweem the cases of region C and region D.

2¢
TA“T(ZM)l +

-

For region C the derivation proceeds as follows: By bearing in mind that the expres-
sions in eqs. (3.114) and (3.117) are proportional to m~3 and m~1, respectively, the

expression in eq. (B.56) becomes
—arcsinh (ilr(zm)l) + arcsinh (—26—|T(2M)|)
VIA[ V14
2% 2%
= In { (2m|f(2m)l) (2m|T(ZM)|) }

= 1o [ 2(2ko — g: +v) [lko - vI(2Kky + g, — v)
Po —q%ko|2kg — ¢ — v|

(=2)¢*pd _ —¢? .
(ko +v)m3 \ ko(2kg + g, — v)|k) ~ v||q. + v — 2k}

= In ( __pgq2(2k0 - g +v) ) . | (B.57)

m2ko(ko + v)(—2ky + g, + v)

Thus the result for region C in eq. (3.118) follows, for the case of ks > v under
consideration, from egs. (3.113), (B.44), (B.54) and (B.57) and is exactly the same

result as was obtained for region C in the case when k} < v.

For region D we obtain, from eq. (B.56) and by bearing in mind that the expressions

in egs. (3.114) and (3.116) are proportional to m=3 and m~1, respectively:

2¢ 2¢
—arccosh (ﬁlr(zm)l) + arccosh (ml"(lMN)
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. -1
2¢ 2¢
o (e (Qm"("“)‘)}
o [2mE kolky — v]
po \ —q*(2ky + ¢z — v)lg. + v — 2k
« (=2¢°m —q?
(ko + v)m3 \| Ka(2kh + 42 — )k — vIla: + v = 2Ky

4p3(=¢*)ko N
1 . B.58
’ (m2(k0 +v)(2ky + ¢, — v)(g. + v — 2kp) ( )

i

it

Thus the result for region D in eq. (3.118) follows, for the case of ky > v under
consideration, from eqs. (3.113), (B.44), (B.54) and (B.58) and is exactly the same

result as was obtained for region D in the case when kj < v.

Thereby the proof of all the relations in (3.118) is completed.



Appendix C

More Details on the Angular
Integrations for the Bosonic Part

of the Vertex Correction to a
Quark

In Subsection (a) of this appendix we prove eq. (3.176). In Subsections (b) and (c) we
present, for the cases of the pp > 0 and py < 0 parts of the JZ% dpo integration in eq. (3.139),
respectively, the Taylor expansions of certain quantities which are required to write results
in their regularized forms. The results of Subsections (b) and (c) are used in Subsection (d)
to prove that all the expressions in eqs. (3.205) and (3.206) lead, in the m2 — 0 limit, to the

same single regularized expression given in eq. (3.207).

(a) Eq. (3.176) is derived from egs. (3.174) and (3.175) as follows: Follow the same steps as
those leading from eq. (B.7) to eq. (B.11) but keep in mind the following: '

(i) The correspondences I — vg, cos 8 — 2 and €osp — CosaB must be identified.

(ii) There is an overall factor of —1 in the argument of each of the two square roots

in eq. (B.7) relative to that of each of egs. (3.174) and (3175)

(iii) One of the two integration limits is not the same when we compare the integration

in eq. (B.7) with the integration in each of eqs. (3.174) and (3.175).

The result we obtain from eq. (B.11) by keeping in mind the above three points is

1 v2 !di/

J1 = lim
et 2kg|p1v/—7(z,vB, cos ag) Jy! \/y,z

(C.1)

185
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1 u  dy

Jo = —lim — . (C2)
2 e—0+ 2k6|p‘|\[_7(_z, vB,COS OB) Jy, ,'\/ylz -1
where o : . : A
[, (zcosap - vB)] [-7(z,vB,cosap)] | C3
v= [a: v(z,vB,cosaB)] . +/1- z2sinap ) ' (C.3)

It is to be noted that the latter change of variable has an overall factor of (—1) relative
. i
'to that in eq. (B.12) since in the present case of J; and J, we have [compare with eq.

(B.10)]

\/é“ (1-2%)sinag V11— 2%sinap
B G . G
where the latter minus sign appea,rs due to the fact that now G = 7(z,vB,cosap) < 0

as may be seen from line (3.173).

The integration limits, z = (a —vg)~! in eq. (3.174) and z = (b—vg)~! in eq. (3.175),
become, under the change of variable in eq. (C.3), y; = —1 and y; = 1, respectively

[see eq. (B.13)]. For y5 and v we have:

';'. ; .

- 1 (zcosap —vB)] [-7(2,vB,c0sap)]
" [—;— 7(2’”B’C°SQB)] V1 - 2Zsinap
- 21 ”B’COSaB)‘(_l) . (zcosap — vp) (c 4)
V1-z%sinog € V1= 2%sinap )
Y, = ~v(z, vB,cosaB)(_l_) _(_z_c_(_)s_(:t_B_——_v_B_)' (C.S) .
V1-2’sinap \€ V1 - 22sinag

The inequality in line (3.173) leads to <
. ‘5
zcosapg — V1 — z%sinag < vg < zcosag + V1 — 22sinap
VB — 2COSQ
1 - 22sinap

so that the second term in each of egs. (C.4) and. (C.5) is finite even when z — 1. The
inequality in line (3.173) also ensures that" o

—v(2, v, cos ag)

>0
V1 — 2Zsinag

so that, with the definition

—v(z,vB,cosap) 1

V1-2%sinag €’

1
¢
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we have

I
5

lim y} i (—l)
e—0t . ¢ —ot ¢
lim y; i (—1—) .
e—0t - =0t \€

In order to ensure that the argument of arccosh in the final results will be positive, we

il
=

introduce a further transformation, y” = —y/, in J; but not in J; and obtain

Jio=

1 1/e ”
lim —1/
@l0t 2ky|plv/—7(2, vB, cos aB)( ) 1 / " _
1

= lim (-—-arccosh—— + arccosh 1)
e'—0t 2k6]13]\/—7(z vB,cos ag) !

Jo =

¢ —.o+ 2k} |13]\/—7(z VB, COS O ) ./1/5' Jy'? -

1
= lim —arccosh 1 + arccosh—)
¢ L0+ 2k6|ﬁ]\/—7(z VB, COS OB ) ( ° ¢

which, due to arccosh 1 = 0, are the results given in eq. (3.176).

(b) In this subsection we present, for the case of the pp > 0 part of the [°_ dpo integration
in eq. (3.139), the Taylor expansions of certain quantities which are used in Subsection

(d) of this appendix to write results in their regularized forms.

From egs. (3.162), (3.163) and (3.152) there follows that

=R

c = v% + u% + cos? aB — 2upvg cosap — 1

= (uB —cosag)? + O(m?)
2)2
= 4(kq2]3,2 + O(m?) '_ (C.6)
0  in cases (i), (iii) and (iv). (C.7)

v

From egs. (3.162) and (3.152) there follows that

A = 4sin®ap(v] - 1)

(*)*  4¢° ) ko —po_» 4
- - m* + O(m
( Rt " Roky) g, T O

—q*(kg — po)
kok}?p}

it

e
(kok' + 4) m? + O(m*). (C.8)
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The factor ¢?/(kokp) + 4 in the latter expression is positive as may be seen by making

use of kl, =.ko + v and determining the roots, kI, of the equation k3 + kov + ¢2/4 = 0:

g o vE )
0 2
_ %L-v &tV
- 2 ! 2
q2 49—V C
—_ > ko > .9
= k0k6+4_0 for 02 =5 (C.9)

where the inequality, ko > (g; — v)/2, holds for all the cases under consideration (see

Figure 3.11). Thus we may conclude from eq. (C.8) that

(C.10)

>0 in cases (i) and (iii) at line (3.164)
A . .
<0 in case (iv).

From eqgs. (3.183) and (C.6) there follows that

(1) = 1 2(up — vp cosaB)

-1—-ug 27(vB,uB,cosap) )
1 L 1 ~ cosap + O(m?)
L1407 ()2 /(4kgky)] + O(m?)
_ 1 2kokg 2 '
= -5 By o) (C.11)

> 0 for ko>

qz —V
2

(C.12)

where the latter inequality follows from (C.9). Since ko > (g; — v)/2 holds for all the

cases under consideration (see Figure 3.11) we may conclude that
7(=1) >0 in cases (i), (iii) and (iv) at line (3.164). (C.13)

From egs. (3.183), (C.6), (3.152) and (3.163) there follows that

1 ug — VB COS ap
(1) =
1-ug 7(vB,us,cosap)
kop? 2kok}
>0 2050 4 o(m?). (C.14)

" m¥ko—po) ¢

In the limit m? — 0 the first term in eq. (C.14) determines the sign of 7(1). Therefore

- { ;g in case (i) at line (3.164) (C.15)

in cases (iii) and (iv).
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Similarly we can prove eqs. (3.187) and (3.188):

. 1 . ug— vé cos ap
lim 7(ug —€¢) = lim :
e—0+ e—0t ugp —€—up  Y(vB,uB,cosag)
iy [ o]
e—0t € .
. 1 .
= Jm (‘Z) (C.16)
and '
. L 2kek) \
i+ =ty [[ -t 0] |
~ 1
= lim -. C.1
c—le(]):}“ € ( 7)

From eq. (3.169) and the fact that Ay are the roots of the equation,

¥(vB, uB,cos ag) = 0,

there follows that

1 UB — VB COS OB
T(At) = 3
+—us 7Y(vB,uB,cosaB)
1 UB — VB COS QB

e—up (uB — A4)(up ~ A-)

—(uB. — Az)+ up — v cos ap
(uB = Ay)(uB - )
Fy/1-visinap

- ¥(uB, vB,cosap)

By making use of eqs. (3.162), (3.152) and (C.6) we can write the latter expression in

|

the form

Po—ky 4k Ky 2 |
T(Ar) = F -————k, 5—mV1 — cos? ap ) + O(m?)
oPo

__ [po— K} 4k0k'4-q24k2k’2 2
- A i o
. \/(Po — kb)(4kokh + q2)4k3ka

pi(-¢*)?
where the argument of the square root is positive since we consider 7(A+) only in the

m + O(m?). | (C.18)

case of (iv) at line (3.164) for which po > k} and since (4kok§+42) > 0 for ko > (¢z—v)/2.
Therefore, in the limit m? — 0, we have ‘
T(A4) <0 in case (iv) (C.19)
(A=) >0  in case (iv). ‘ (C.20)
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(c) In this subsection we present, for the case of the py < 0 part of the 122, dpo integration

in eq. (3.139), the Taylor expansions of certain quantities which are used in Subsection

(d) of this appendix to write results in their regularized forms.

From egs. (3.199), (3.200) and (3.152) there follows that

c = v% + u% + cos? ap — 2upvp cosap — 1

= (up+ cosap)? + O(m?)

I ' O(m?) (C.21)
TS

>0 for pop < 0. (C.22)

From egs. (3.199) and (3.152) there follows that

A = 4sin’og(vd - 1)
21 2
—¢“(ko—po) [ ¢ 2 4 :
= . 2
Fok!, 72 (k()% +4) m* + O(m”) (C.23)

By following steps similar tb those leading from eq. (C.8) to (C.10), we can prove from

the expression in eq. (C.23) that
A>0 forpp<0. C (C.24)
From egs. (3.183) and (C.21) there follows that

r(-1) = -1 UB — UB COS OB

—1—up c
1
= + O(m®
—1+ 14+ m2(ko — po)/(2kop}) )
2k0p% 0
Amz(ko — Do) (m) : (C2)

and

1 ug — vg COS OB

1—up c
1 -1 2 [(2kok! 1 f
- . + ¢*/( 002+ + O(m?)
2 (¢2)?/(4k3k5")
q® + 4kokg
2¢®

+ O(m?). (C.26)

(d) In this subsection we prove that all the expressions in eqs. (3.205) and (3.206) lead,

in the m? — 0 limit; to the same single regularized expression given in eq. (3.207).



191

Wherever square roots appear in the following expressions their arguments are positive.
This may be checked by referring to the way these expressions were derived in foregoin\g

discussions.

We start by simplifying the expression for the coefficient appearing in egs. (3.144) and
(3.145). By replacing |p}? by pa and ¢ by its expression for the m2? — limit, given in
eq. (C.6), we obtain

SR = ) (€21

The results for regions (i) and (iii) in eq. (3.205) can be whtten as one expression
by taking into consideration the results in lines (C.7), (C. 10), (C.15) and (C.27) and

makmg use of the property, arcsinh(—z) = —arcsinh z:

I (SBltB) - pg(zr-qz) [arcsmh (\/ZT( 1)) + arcsinh (I%T(l)l)] . (C.28)

The m? — 0 limit of the latter expression is obtained as follows: From egs. (C.6),

(C.8), (C.11) and (C.14) there follows that

2oy = Lo VTt (C.29)
VA ™ ako\[ky /Kb — po
> 0 for regions (i) and (iii)
2y = 1 (=)V=-¢ (=po)®
VA m® Sk (kb ~ po)(g® + 4kokb)(ko ~ po)

< 0" for region (i)
>0 for region (iii).

(€.30)

By making use of the identity in eq. (B.46) and by noticing that the expressions in egs.

(C.29) and (C.30) are proportional to =1 and m™=3, respectively, we obtain for region

(i):
[a,rcsinh (ﬁ ) + arcsinh (’72%1'(1)()]
[a,rcsmh <\/—Z- ) + arcsinh (—ﬁr(l))]

ln{ } { 2—7(1)}
g

Il
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( 1 (- q2)\/_—T (=po)? )}

- m? \/— ' \/(lc0 Po)(¢? + 4kokg) (ko — po) |

- ln{ 1 po(a*)? } in region (i) (C.31)
m* kok{(ko — po)(kg — PO.) , _ . .o

Thus our results in eﬁs. (C.28) and (C.31) for region (i) give exactly the result in eq.
(3.207). 5 Sy

& i ot
The m? — 0 limit of the expression in eq. (C.28) for the case of region (iii) is derlved

similarly and leads to exactly the same final result as given in eq. (3.207).

The m? — 0 limit of the expression for region (iv) in eq. (3.205) is obtained as follows:
From egs. (C.6), (C.8), (C.11) and (C.14) there follows that [Use is made of, e.g., the
fact that |A| = —A in region (iv).]:

Ny = (@) [Po—po)( ¢ |\ o 1 gkok
r(-1) = 2112 12,2 kk'+ m 9T 42
2k§k, koky®p§ okg 2 q
- Lgmirt e
m4k0\/k>6 po — ki) .

> 0  in region (iv)

1 (-¢)V-¢ (-po)®

B~ ]
s

1) = — | C.33
m m* Ky (o= Ko)(a? + dkokt)(ko = po) )
> 0 in region (iv).

From eqgs. (C.6), (C.8) and (C.18) there follows that
2c

~ Al |T(/\+)

_ (@) [Eho—po) (¢ ), o
2k2kEE | kokl?p?  \ Kok .

\/(Po — k)@ + dkokg)4kEky

p3(—4*)?
= in region (iv).

) =

— N
=B

By making use of the identity in eq. (B.55) and by noticing that the expressions in egs.

(C.32) and (C.33) are proportional to m~! and m™3, respectively, we obtain for region

(iv):

[arccosh (\/I—Z—IT( 1)) + arccosh (\/mr(l))

L, -
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2c

. | v 2c ~
—arccosh (—\/I—Z—TT(/\_)) — arccosh (‘—\/—I——A—ll (A4)

. . )

= In {2—|\/i—lr(—1)} +1n {2\/|K|T(1)} ~1In 1.— In(} - 1f)

4¢.2Y2
=»ln{1 Po(e’)

m? kok}(ko — po) (kg — po)
Thus our results for region (iv) in egs. (3.205), (C.27) and (C.34) give exactly the result
in eq. (3.207). : '

} in region (1v) : (C.34)

By following steps similar to those followed above it can be proven that the m? — 0

limit of the expression for pp < 0 in eq. (3.206) also gives ex'a,ctly the same result as
) ’

given in eq. (3.207). For this proof one must use the results for the case of po < 0in

Subsection (c) of this appendix.

Thereby we have proven that the m? — 0 limit of all the expressions in egs. (3.205)
and (3.206) lead to exactiy the same final regularized expression as given in eq. (3.207).
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Appendix D

1y

‘Summary of Expressions
Frequently Referred to

D.1 Introduction

In this appendix we summarize expressions derived for the phase space integrations of the
matrix element squared from four- and three-particle ;;rocesses given in ref. [24)(b) including
some expressions which have not appeared in publications, which are frequently referred to
in this work. The expressions given in this appendix include corrections to writing errors
observed in the expressions given in ref. [24)(b). These corrections are explicitly pointed out
at the relevant places in this appendix. |
The way in which the final expressions for four-particle processes in eqs. (D.19) and
(D.20) and for three-particle processes in eqs. (D.27) and (D.28) contribute to the structure
functions of the nucleon can be seen by considering eqs. (4.5), (4.6)‘and (4.9)-(4.12).

D.2 XKinematics for All the Four-Particle Processes

The final forms of the expressions for the matrix element squared for gluon emission from
a quark (dié,gram (a) in Figure 2.2) are given for the sum over all polarizations and for
the longitudinal polarization of the virtual photon in eqs. (3.26) and (3.23), respectively.
These expressions (which exclude integrations over phase space) can be considered as valid
for all the other four-particle processes (diagrams (b) to (f) in Figure 2.2) too {with the
exceptions that considerations, as discussed below for the processes of quark-antiquark pair
annihilation and pair creation for which s = 0 and ¢ = 0 are possible, are taken into account

and that an oyera]i factor of e(kokp) [see eq. (D.15)] is implicit in order to take into account

195
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the‘sign difference resulting from the sums over spins for the massless quarks .a_,nd antiquarks,
respeétively} through the following convention: To each of the diagrams (a) to(f) in Figure 2.2
there correspond the two Feynman diagrams in Figure 3.2. These two Feyrﬁnan diagra‘ms,‘,
as drawn in Figure 3.2 with exactly the same four-momentum assignments and directions
of arrows, are used for each of the processes (a) to (f) in Figure 2.2. When the energy
components of the latter four-momenta are all positive the two Feynman diagrams refer to
process (a) in Figure 2.2 and the energy of a particle in diagrams (b) to (f) in Figure 2.2 is
considered to be negative when it changes from the left hand to the right hand side or vice
versa relative to diagram (a) in Figure 2.2. The signs of ko, ky and po resulting from this
convention are given in Table D.2.

The result discussed in Section 3.4 for gluon emission from a quark thét the integrations
over phase space could be analytically reduced to integrations over only the two energy
variables kg and pg applies to all the other four-particle processes as well. According to
the mechanism by means of which collinear and infrared divergences cancel (as discussed in
Section 3.8) it is appropriate to transform from these variables (ko, po) to the variables (K, po)
where '

V—Po

I(=k0+ )

¢ (D.1)

The convention discussed in the first paragraph of this section enables one Zcd(_) view all con-
tributing four-particle processes simultaneously in the two-dimensional energy plane shown
in Figure D.1. | |

In Appendix A kinematical quantities for the specific four-particle process of gluon emis--
sion from a quark were introduced. According to the way we implement the convention
for the signs of energies of particles as discussed above for the general four-particle process
in Figur‘e 2.2, the quantities as defined in eqs. (A.1)-(A.6) remain the same while-other

kinematical quantities are generalized as follows {24](b):

k.q
z = cosf = IEI:II e(kypo)
2
-
? = cosf = |§'|Z €(kopo)
s = (k+q)? = —2|klg:(ze(kypo) ~ d) . (D.2)

t = (q— k) = 2F|g:(2'e(kopo) — &) (D.3)
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' po |
!

' ta+i—s

gl +q—>q+g ‘
u7 \H7 XF2 T"ta—q+g

* z -
7T +8—-q+43

Figure D.1: Regions of support for all four-particle processes in the I, po plane [24, p.381](Db).

d = 2kov +¢* | (D.4)
2|Elg,
¢ = Hv-o (D.5)
B 2|E,|Qz ‘ .

It is to be noted that the variables s and t can become equal to zero (even when m? > 0)

in some of the subregions for the processes of pair annihilation

:

T"+q+qd—g v ‘ (D.6)
and pair creation
g g+ (D.7)

depicted in Figure D.1. However, for the remaining four-particle processes it can be shown
that s and t are always not equal to zero for m? > 0 (see the proof for the example of gluon

emission from a quark in Appendix A). A faster and somewhat more physmal way of proving
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that s and ¢ can become equal to zéro for the processes in (D.6) and (D.7) than the way
folloWed to prove. the opposite for the process considered in Appendix A is as follows:

According to our convention the two Feynman diagrams in Figure 3.2, with exactly the'l
same four-momentum assignments and directions of arrows but appropriate signs of energies
of particles, are used for each of the processes in (D.6) and (D.7).

We consider the process in (D.6) as the first example. We check whether the assumption
that s = (k4 ¢)? = 0 for the internal line of the Feynman diagram oﬁ the left in Figure 3.2
leads to a contradiction or not. According to this assumption one has an on mass shell quark
on the latter internal line. For the process under consideration we have kg > 0, ¢o > 0 (and
therefore ko + go > 0 on the internal line), pp > 0 and kj < 0. This information tells us
that we have deep inelastic scattering at the left hand vertex which has two on mass shell
quark lines attached to it and quark-antiquark pair annihilation into a po;itive-energy on
mass shell gluon at the right hand vertex. Since both the subprocesses at the two vertices
ar’e kinematically allowed there is no contradiction and it can be concluded that s = 0 is
possible. Using similar arguments one can show that ¢t = (¢ — k’)? = 0 is possible for the
Feynman diagram on the right in Figure 3.2 and also that s = 0'and ¢ = 0 are possible for
~ the process in (D.7).

The ill-defined squares of Dirac delta functions with coinciding arguments resulting from
the on mass shell internal lines when s = 0 or ¢ = 0 cancel with contributions from self-
energy diagrams. The corresponding s and t singularities from the principal value part of
pfopagators are.integrated over in the principal value sense in angular integrations.

~ Other generalized kinematical quantities are as follows: In Section 3.4.2 we provéd for the

case of gluon emission from a quark that
d3k d3k’ d3p 4cd
k—k -
(Gr)o2ko 252k, (2r)pzpe 20 0 (4 P)
1 3

with dQ given in eq. (3.48). A more symmetric expression than the latter fo# d} is obtained

d

by using the identity [15, p.66]
“_‘; + ﬂzv(z’,COSﬂ,cos p) = k(2)7(z,z',cos a)

where cos & is given in ref. [15, p.66] for the specific case of gluon emission from a quark.

The generalized expressioﬂ for du, valid for any four-particle process, is given in ref. [24,
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| p.378](a) as

~ ek . B d®p 4 ;o
W = Cryalkl Grralk) Grelp o) L@t E-K - )

‘ 1
= | mdkod})odﬂ

(D.8)

where

dQ = 2d2d2[—4(z, 2, cos )] "1/2

with 7(z,y, 2) still as defined in eq. (3.43) but with cos a generalized to

cosa =

[k6? + k8 — 151% + a2 + 2|k|g. 2¢(khpo) — 2|F'|g.2"e(kopo)]e(kokb)
2|k||&'|

As was mentioned in the first paragraph of Section 3.4.3, one obtains in general different
analytical results according to the combination of up.per and lower limits for z and 2’ for
each subregion shown in Figure D.1. Relevant to the discussions in Section 3.4.3 was the
derivation of expressions for zy 1, and 231, [eas. (3.49) and (3.50), respectively] for the case
of gluon emission from a quark. Their generalized expressions, valid for all the four-particle

processes, are as follows {24, p.380](a):

[(F'] £ e(kopo)IB1)? — IKI? — g2Je(kopo)

L = = (D.9)
2|klg.
~[(1E] 2 2 _ 2
o = MR lhopo)ll)? = 1P glle(hom) (D.10)
' 2|k'|g, ¥

(D.11)

In the next section we mention how the latter quantities determine the collinear singularity

structure.

D.3 Summary of Final Expressions for Four-Particle Pro-
cesses

In Section 3.4.3 we explained how the choice of expressions for (zm, 2m, 24, 20,) determines
the four subregions for the procéss of gluon emission from a quark shown in Figure 3.6. The

corresponding choice of expressions for all the four-particle processes is given in Table D.1.
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‘There the Latin letters label.the subregions and the numbers label the class of the contribu-

tion. The class enters the discussion on the cancellation of collinear singularities in Section 3.8

Table D.1: Classes of contributions for four-particle processes [24, p.381](a).

Class | (2M, Zm, 23y, 21n) | Subregion

(2u, 21, 24,2,) | ALT,W
(2u,21,1,-1) D,F,P,Q G
(2u,-1,2,-1) | B,G,0,J,5,Z
(2u,-1,1,2) C,R
(l,zL,z{J,—l) K,V
(1,ZL,1,Z£) MaE
(1,-1,2(,7,) | HLNU

~N 3O A W N

Similar to the way we proved that s(zy) a m? and t(2{;) @ m? in Section 3.44, it can be

shown that

s(2y) @ m?

and

t(z)) a m* oy

also hold for the generalized s,t, zy and z{; given in egs. (D.2),(D.3), (D..9) and (D.10). Thus,
collinear singularities arise from integrals containing s or ¢ in the denominator in subregions
for which zm = zy or 2y = 2{j, respectively. From Table D.1 it can then be seen that the
s singularity appears in classes 1,2,3 and 4 and the ¢ singularity appears in _classes 1,3,5
and 7. The presence of these singularities in final expressions are pointed out explicitly in

Section 3.8.

In the following we write down the final expressions for all the four-particle processes in-

cluding statistical factors and integrations over phase space. In order to write the expressions
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in a simplified form, the abbreviations

= (2K + po +v)/2 a= (2K +po—v)/2

= (2K — po +v)/2 b= (2K — po—v)/2 :

= (2K + po + g:e(kokopo))/2 ¢ = (2K + po — g.€(koklpo))/2 -+ (D.12) -
= (2K - po + gze(kokopo))/2 d = (2K — po — g.e(koklpo))/2

= (v + g.€(kokypo))/2 e = (v — q,€(kokbpo))/2

are first introduced (24, p.382]. The lines along which these quantities are equal to zero in
the K, po integration region are shown in Figure 4.5.
We use the symbols
| / M;Sydy (D.13)
in the’ general context in the sense that 't_hey represent all the four-particle processes. The
geﬁeral phase space factor du is given in eq. (D.8). The explicit eXpressions for the various

four-particle processes of the general statistical factor : i

5= [5- L5200~ 20ne)] [3 + L (1 - 2o )] [F122 4 maina)] - (0.14)

are given in Table D.2. The symbol M; in (D.13) stands for the general matrix element
squared of a four-particle processes. Under the provisions explained in the first paragraph of
‘Section D.2 its expression is given by eq. (3.26) or (3.23). The latter two equations express
the matrix element squared for the sum over all polarizations (i = }°) and the longitudinal
polarization (7 = 0) of the virtual photon, respectively, where ¢ is the index of M;.

Angular integrals are defined as

L) = e(kokt) [ f(R)de (D.15)

where the origin of the factor e(kok}) is explained in the first paragraph of Section D.2. The

results for terms encountered in the angular integrations are as follows [24, p.382]:

! (s_1t> g:p0q?| poq"l tn |44l = 4WIE4112(k0k6)
(-1
I (é) = -%1(1_) + %’91 (%) B- p"(c - E)(C—e)l (IE:EP) (D.16)
I (-:1) = —%1(1) - L:OI (%) - B (D + E)I (|q’—ll_c; |2)

1( 1 )_47re(k0k6)|F4[ ! 1 ) 4dme(kokl)|Ga)
I§ 2 |§ — k)2 g
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Table D.2: Signs of energy variables according to the convention described in the first para-
graph of Section D.2 and explicit expressions for statistical factors of four-particle processes.

fliir;::szi; Sign of ko, kg, po Explicit expression of S4 in eq. ‘(D.14)
(a) ko>0ki>0py>0 m(l*m)(l'*'eﬁpol_l)
(b) ko <0ky <0po>0 <1 - eﬂ('-ko-lw) n 1) eﬁ(—ka-lw) +1 (1 i e"”°1— 1>
(c) 1ko>0ky>0po<0]| eﬁ(ko_lu) 11 (1 - eg(k;,_lu) ¥ 1) e—ﬁpi -1
(d) ko <0 ké <0pp<0 <1 - ea(—ko-lw) + 1) eﬁ(—kéiu) +1 e—/f’l’i -1
(e) ko >0ky<0po>0 eﬁ(ko—lp) + 1ea(—k;,41ru) +1 (1 + %1_1_1>
() ko < 0 kj >‘0 po <0 (1'— m) (1 - eﬁ(k{,—lp) +‘}£1) e—ﬂpi -1

- where the results for 1/s% and 1/t? type terms are not given since they disappear according
to the mechanism mentioned in ref. [24, pp.388,389]. The different analytical expressions
resulting from different choices of angular integration limits are classified according to class
and these differences appear in the quantities given in Table D.3. An example of the derivation
of the first result in (D.16) is discussed in Section 3.4.5 and some of its explicit expressions

are given in eq. (3.118).

By inserting the above results from angular integrations into egs. (3.26) and (3.23) and

ignoring only the overall factors e?g? in the latter equations, one obtains:

- g Ipol €(po)]
B - - E C -
+ie? ['j’;,' ”")] ln Cal + ok |1 + E Pl _)_( Y

Lletpo)d+e)(D+ E)|G4|]} (D.17)

2b
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Table D.3: Definitions of the quantities A4, By, ..., G4 appearing in egs. (D.16)-(D.18) [24]

Class A4 B4 C4 E4 F4 / G4‘
. Y,
) pogt | 4p3A | 4pdb 2 Po - Po
miAeBb | m?B | mla A(B - po) b(a + po)
9 p2¢’B 4AB q? B B B
m2ADd m2 4dD A(B - po) (d+e)(D+ E)
3 Pog’ | 4poEA | 4poBb | E E
miAbeD | m2c | m2D A(c - E) b(D + E)
p3g’e | 4poAc | poe ¢ c
4 d Poe | _,
m?2Aad | m?E ad A(c- FE) (d+ e)(a+ po)
5 p3a*D | poe | 4pobD D D D
m2BbC BC m2E. (B —po)(C —e) b(D + E)
6 eB | eB | ea | ., Po—¢€ Po—e
Cd poC | pod [T (C=e)B-po) | (atmo)(dte)
. pid’a 'l 4ab . a a
m2bCe 4Cc m?2 (C —e)(c—FE) b(a + po)
and
1 |2°] | Ipolg? ¢’ — 2By
= dpoSq | L1 POl 0 4" — 2B [,
/M054d# 4x3g, /dK PoS4 { 24 | 124 €(po) 2 n | Byl
2 2 2 2
¢ |Cc+ Dd 14°] {Ipolg q° + 2av v
5p0 z In|Aq4| + 2 __4bq§ + c(po)-—————2q3 In |C4
) .
v q B —po)(c— E)C —e
pelkokp) L [ 1Baf + = RAEZBC =9
d D+ E
+(a+p0)( ;‘be)( )|G4I]} :

(D.18)

respectively. These expressions are valid for all the four-particle processes with the K, pg

integration region given in Figure D.1.

The expression for the coefficient of In |C4| in ref. [24, p.385] contains writing errors and

is corrected in eq. '(D.17).
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: The e’xpvressions in egs. (D.17) an;i (D.18) with the quantities A4, By,..:,G4 as defined
in Ta.ble D.3 are the final results for four-particle processes before the cancellation of collinear
singularities. The final results for four-particle i)rocesses after the cancellation of collinear.. '
singularities, as discussed in Section 3.8, are given by the same expressions in egs. (D.17)
.and (D.18) but with only the quantities A4, B4 and C4 replaced by the quantifies A4, B4 and
Cy as defined in Table D.4: )

Y _ 2y [ |Pol 6(:DO)]
[ st = { InlAd +1671 | 125 — 2] B4
2; [1Pol €(po)] / [ (B = po)(c = E)(C —¢)
+e? [4,,2 L)) |Gl + (ko) |1l + - 11
and
v l¢%| | Ipolg® ¢>—2Bv|. =
/MOS4du = 4{5; A2A €(p0)~—533—— In |By|
Cc+ Dd Iq | [ Ipold® ¢+ 2w} -
2P0 —-z—l |A4| + - [41) g +€(po)T IIIIC4‘
B - C -
+e(kokh) [lE 4 p°)(c2 - E)XC = e)\p,
(a + po)(d +e)(D + E)
¥ Ea G|} (D.20)

D.4 Summary of Final Expressions for Three-Particle Pro-
cesses '

The final forms of the expressions for the matrix element squared for the three-particle pro-
cess involving quarks (including vertex and self-energy corrections) are given for the sum over
all polarizations and for the longitudinal polarization of the virtual photon in egs. (3.246)
and (3.250), respectively. These expressions (which exclude phase space integrations associ-
ated with the external quark lines) can be considered as valid for the three-particle process
involving antiﬁuarks (diagram (h) in Figure 2.2) too through the convention that to each
of the diagrams (g) and (h) in Figure 2.2 there corresponds the six Feynman diagrams in
Figure 3.1. These six Feynman diagrams, as drawn in Figure 3.1 with exactly the same

four-momentum assignments and directions of arrows, are used for each of the processes (g)
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bd
)

Table D.4: Definitions of the quantities A4, B4 and C4 which replaée the quantities Ay, B4
. and Cy in egs. (D.17) and (D.18) after the cancellation of collinear singularities [24]

Class | 1 2 3 4 5 6. 7’

- B> @B ¢B aD aB @2
Dd ¢D ad BC Cd Cec

= B> EB Bc pe eB ¢?
Po  poc poE BC pC 4Cc

Co |1 L Fo poe aD e
4 4dD poD ad poE pod P2

and (h) in Figure 2.2. For ko > 0 and kg > 0 we are considering t’ile three-particle process
(g) involving quarks and for ky < 0 and ko < 0 we are considering tile three-particle process
~(h) involving antiquarks. :

The result discussed in Section 3.5 for a typical contribution to the vertex correction
of a quark that the integrations over phase»s‘pace, including the loop integration, could be
analytically reduced to integrations over only the two energy variables kg and pg applies to all
the other O(ag) contributions to three-particle processes as well. According to the mechanism
by means of which collinear and infrared divergences cancel (as discussed in Section 3.8) it
is appropriate to transform from these variables (ko, po) to the variables .(K yPo) where K is
defined in eq. (D.1).

The above convention enables one to view both the quark and antiquark three-particle

processes simultaneously in the two-dimensional energy plane shown in Figure D.2.

In Sections 3.5.3 and 3.5.4 we derived, for the case of the bosonic part of the vertex

1
Is (SBtB )

correction to a quark, that.

1l

/ L iog
SBlB .

s
~ T In|Ag]
p(%(—q2) ¥
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Po A
\ \ \
\ \
4
—qz
1"+ §—§ 2 *
q 7, > 7 +q—q
' — K
2
_\z
\ \
\ \
—— 4 | VO

Figuie D.2: Regions of support for all three-particle processes in the K,po plane

Y

where Ip is defined in eq. (3.153), dQ)p is given as df), in eq. (3.146), AB; is given in eq.
(3.208) and
| ) sp = (K' - p)’ tg = (k- p)”.

The above-mentioned contribution is one example of the so-called bosonic contributions from
the phase space and loop integrations associated with three-particle processes and which are
characterized by the terms proportional to Ap in egs. (3.246) and’(3.250). One can define
similar angular integrals for the so-called fermionic and fermionic primed contributions from
three-particle processes which are characterized by the terms proportional to Ar and A,
respectively, in egs. (3.246) and (3.250).

Thus we define the general angular integral for three-particle processes as

I (F@) = [ £(@)daw

with W=B,F or F’ denoting bosonic, fermionic or fermionic primed contributions, respec-

—
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| tively, and dQlp given by the expression for d, in eq. (3.146). Expressions for dQlp and
‘ . dQp are.the same as that for dQdg except that cos ap in eq‘. (3.146) is replaced by cos ap and
cos apv, respectively, and except for different meanings attached to the variablés z = élos 6 and
Z' = cosd’ in eq. (3.146) according to the following arrangement: In the case of the bosonic
(W=B) contributions the meanings of aB,é and 6’ are shown in Figure 3.10. In the case of
the F and F’ contributions the meanings of ar, 8,6 and ap/,8,8 are shown in Figures E.1
and E.2, respectively. The latter two ﬁgﬁres are considered since we temporarily transform
from p to h=k— pand ' = k' - p in the angular integrations of F and F’ contributions,
respectively. After the angular integrations we transform back to p in order to express the

final results in terms of K and pq.

More details on the distinction between the cases W=B,F and F’ appear in the text
surrounding the appearances of Figures 3.10, E.1 ;and E.2, respectively.

In order to facilitate discussions on the éancellation of collinear singularities according
to the cancellation scheme shown in Figure 3.13, we refer to sg and tg as defined above in
: int(_agrals appearing in bosonic contributions. For the same reason ‘;ve refer to sp and ¢f in
integrals appearing in F’ and F contributions, respectively by letting

9 9 spr for F' contributions
po-m= { tr for F contributions.
It is to be noted that we do not define quantities sp and tp since, aﬁfels may be seen from the
following results, the quantities sp,tp,spr and tp are sufficient to pafametrize singularities
due to the m — 0 limit in three-particle processes.

Results from angular integrations are [24, p.386]

i .
I ( ) In|A Ig(1) = 4x
. sBtB Po| ?| 45l 5(1)

: 1 T
) = po—AlnlBBl Ip (g) = oo In|Cpg|

(1
Ip

In | Ap| Ip(1l) = 4m .

T
tr (K - p)2) - P3|q2|b

1 T ‘
Ir (% —p)2) lanF| Ir (Z;) = _Ehﬂcﬂ

(5

-IB( ) = 4r ;[ +§%(1+IH|CBDJ Is (ﬁ%) A [1+ ._2_(1+ln|BB|)
(
(

(D.21)
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IF(&Z_:F-I)—)Z):_%;[ - 2v G+WIHICFI]

g 2(g? b+ 4ad
Ir _t_F__)z_.zl _q2——2z/a+q(q Tt a)lanF|
q2 4ab

111 |AFI‘ IFI(l) =4r

sp(k — W)ZMHB

1 s
|I(FI| IF’ (g) = —A—B'lnlBFll

k—p)?) 2 Pog’
w( P )"A{ @'+ 2wA+ TprIniBpl

(D.22)

Sp or |, q*(¢®> — 4vB + 4AB) T
, — e — | = Kp
where
4 4 2 2
___Dboa _ 4pgA __ 4pga
AB = iaaBs DB T B Cs =12

_- qu%b Kp = (¢: + v)(2K — po — qz) Cp = 4ab
m2aDd (¢ —V)(2K —po+ q.) m?

(g2 +v)2K — po + ¢:) 44AB
= _BFI 2
(g = v)(2K - po - ¢z) m
The expressions for Ir (1/[tF(k' - p)2]), I (1/[3Fl(k - p)2]) and Ar in ref. [24, p.386)

contain writing errors and are corrected above.

An example of the derivation of the first result in (D.21) is discussed in the subsections
of Section 3.5 and its explicit expression is given in egs. (3.207) and (3.208).
In the following we write down the final expressions for all the three-particle processes

including statistical factors and integrations over phase space. We use the symbols

/ M3V Sawdpaw W=B,F or F'
]
where ,,
a3k a3k '
d — 464 ! 2 M2
W= ekl Graig ) 0 k”@ﬁ“w - Mw)
p?—m? for W=B
W2-My = { (k-p)? for W=F
(k' =p)? for W=F
1
Sag = S2(1+4 2n(|pol)] 3
' 1
S3F = 52 [1 - 2np(zk_p)] -2-
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Sapr = . 52 (1~ 2nF(-’Bk'-p)]%
50 = [3- 2201~ 2un(an)] [2+6(ﬂ+—”)(1—2m(zk+q))
T = Ikol—/.l.f(ko).

i
The factor S; describes the statistical factors for the ezternal eitheri quarks or antiquarks in

three-particle processes. The index i on M3W takes on only the v%lues t=Xor¢=0in
order to distinguish between the expressions for the matrix element squared for the sum over
all polarizations and for the longitudinal polarization of the virtual photon, respectively.

By inserting the above results from angular integrations into egs. (3.246) and (3.250) and

suppressing only the factors e2g? in the latter equations, one obtains

/MngsBd#B = y)o(1 +y)538{— =—|In|Ag]

~lg’| [Z;"z f(”")] In|Bg| - |¢*| [L’Zfl fg’f)] In|C|

= [pol [H%JF%J“%(EIEJ“ZI?)]} (D.23)
/Mngst#F = y)(1+ y)SaF{ 6(2132[ In|Ap|

.m LTI,

—(Ie [ 2 - -] In |G|

+lo| [% A . A i é]} ' (D.24)

2
: 2a a

/ M Sypudpp =

y)(1+y)ssF{ ( )'q2'1 g
_f(b)lql

q:

Do 1 A% — g? q? a
X [m — ]IHIBFII + IBI [ - q2 + 2A2 + A] }(D25)

z
i

345t 0t 4= 20 Kl - oI

where the K, py integration fegion shown in Figure D.2 is determined by the step functions

with
¢+ 2kov
h 2k0‘11 '

Corresponding expressions for the longitudinal polarization of the virtual photon (i = 0) exist

but we present them only in the version valid after the cancellation of collinear singularities
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in eq. (D 28)

A fter the cancellatlon of collmear smgularltles as discussed i in Sectlon 3. 8 the quantities
AB,BB,CB,AF,CE,AFI and BFI become:

_ b2 _ b2

AP=3p P

Ty - (D.26)
AFII:E‘E BFI=

po . A
‘The final results for three-particle processes after the cancellation of collinear singularities
are: -

/ MEVY Sawduw

DL+ ) {SSB('—lpon'[{ it (@ )
+Sar [—%‘—"ﬂm el = cbg?1 [ 2% — =] I

+e(b;lq2| [4 a:{;zA( +A- 2p0):| ln|Kp|v+ |b] [% + ézq—;ﬁ + 2—(1;5 i:-“
+ Sy { €(J-LQ?)Iq |1n|A |~ e(B)l 2 [4,42 2A] In|Bp|. 5

— Iei s, + &t 4 - o) e

1 A’-a q polpol(K + po/2)
Bll= g . ¢
+|_|[2+ z +2a2+AH+S T :

W= BFF’

(D.27)

The expressions for the coefficients of In |Ap| and In |Ap/| in ref. [24, p.389] contain writing
errors and are corrected in eq. (D.27). -

The correspondmg final result for the longltudmal polarization of the virtual photon is:

> /Mo Sswdiiw

W=B,F,F

|Po| ¢ le A ¢ (1 __)
{ SSB q V 4+ = ) A + + + A2
3 |¢*] 2 'l | q?
+53F f(b) Pod? IHIAF”‘I + 4K + pt - VP - f(b) ZE‘*‘V

_q + 2va _ lg?| . a+ A ‘ :
— }IHICF|'+€(b) . [“4 12 —5 (a+A- 2:00)] In | K|
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b v .2 (A, ¢

+€(”>g[“?”‘ tat+ |5+ 2a
+S3pr ¢ —€(B) l¢°l In |Ap|[ 2+4K2+p2-1/2]—c(B)——|q2| __q2 '—V .
3F 7 4pog? Fll9 0 24¢? Po 1A . :

WA - IfT1 a+4
_‘1—2——} 1n|BF:|—-e(B)’—Z-l [“Z" id (a+A—2P0)] In [Kp|
B[ 2 2 2 K 2
s o

The last term in each of egs. (D.27) and (D.28) has been introduced [24, p.389] to
make the integrations over pos_itive and negative py separately convergent for the purpose of
numerical calculation. From the definition of K it follows that K + po/2 is independent of
Po and therefore that the last term in each of egs. (D.27) and (D.28) contributes zero when
added at a positive and negative value of py but with |po| fixed.

From Figure D.2 it can be seen that the K, py integration region for three-particle processes
is not subdivided into subregions as in the case of four-particle processes (see Figure D.1). An
example of this result for three-particle processes appears in Sections 3.5.3 and 3.5.4 where it is
shown that subdivisions of the energy plane (see F igure 3.11) need only to be considered when

performing angular integrations in intermediate steps and that these subdivisions disappear

after angular integrations.
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Appendix E

Derivation of Expressions for
Three-Particle Processes

(a) In this section we derive the expression for Z;!(k) given in eq. (3.240).
By putting mp = 0 in eq. (3.225) one obtains

Zy'(k)=1-C(k) - —-——[k D(k)] + 2otk) DO(’“)

But
D = [k.D]o - %(1& —m} +m?)C (E.1)

where
(6Dl = 5 [ d*9{6(6" ~ m)(L + 2nn(lpo)] + 60" = md){1 — 2ne(e)])

is independent of ko and where m is, as always in this work, the gluon mass. From eq.

(E.1) it follows that

i

FEED] = ~koC(k) - S8 - m, + )2 o)

1 0 '
= —koC(k) = 5(K ~ mly, + m?)Z-C(k) + O(ad).  (E2)

For k on mass shell (k? = mghys) and in the limit of zero gluon mass the coefficient of

3%00(1&:) in eq. (E.2) vanishes and one obtains the result

Do(k)

ZyY k) =1+ + O(ad).

- 213
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(b) In. this section we explain how one derives the relations in eqs. (3.247), (3.248) and
‘(3.249). Since these relations are considered to be effective equalities valid under the
three-particle phase space infegra.tions, we shall sometimes make use of results a.lready'
discussed in Section 3.5 for the vertex correction and further useful results not discussed

there will be discussed here. ' {

~ In order to prove the relation in eq. (3.247) we make use of eqs. (3.242)-(3.244) to

write
@ - pra =0 - { G2 e+ SE =0 2na(le)]
(E.3)
Consider.
Ko= (K - pP P =) - B2y ) (B4)

(k - p)?
As can be seen from eqs. (E.3) and (3.242), K, forms part of the socalled bosonic

part of three-particle processes. We have already discussed an example phase space
integration for the bosonic part of a three—particle process when we discussed the bosonic
part of the vertex correction in Section 3.5.2. At present we are not concerned with
the actual performance of the phase space integrations but we make use of the ideas

encountered when performing them in order to rewrite the results in, e.g., eq. (3.245) in

the form given in eq. (3.246). Further on we shall also encounter the sc?called fermionic - -

[corresponding to eq. (3.243)] and fermionic primed [corresponding.to eq. (3.244)]
parts of three-particle processes. The relations derived for the latter two parts in the
present considerations are also useful for subsequent fermionic and fermionic primed

phase space integrations which we do not discuss explicitly.

By decomposing k' into components parallel and perpendicula,r to E,

and using the angles as defined in Figure 3.10, we obtain

I
Kp=—= P O cosapk.p + ¢1 cos¢ (E.5)

0
where ¢; = |K'||p]sin ap sin 8 is the projection of 7 onto the perpendicular to ¥ compo-
nent of k' and where, as usual in this work, we make use of the relation |k| = ko for

massless quarks.

Je—
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( b).

From egs. (E.4), (E.5) and the expression for cos aB given in eq (3.152) there follows

that

ko [_4° g cicosd] 2
Fof_9° _ _ §(n? — .
[ko (2k0k6 P " Skpke T hp | ™)

- Ky
! 2 ) 2 )

(E.6)

ko \ 2kok} (k = p)%ko

where the term proportional to cos ¢ has been dropped since it does not contribute
when integrated with respect to ¢ in the phase space integrations

(k p)Z) (E7)

Next we consider

K, = (K - p)? A
5 1= (K - p) o —mT
which forms part of the socalled fermionic part of three-particle processes and define

h=k-p = K -p=h+q.

For discussions concerning the fermionic part of three-particle processes, it is convenient

to introduce the symbols shown in Figure E.1. By decomposing § into components

parallel and perpendicular to £,
. gk (. gk
=k—=+ k=1,
BT (q |k|2)
and using the angles as defined in Figure E.1, we obtain
h= Z—- cos th k+c; cos(m — ¢’ ) (E.8)
0
where ¢ = [§— _‘%_ |h| cos ap sin@'. From k> = 0 and k' = k + ¢ there follows that
|
(k+ q)2 = 2k01/ — 2kog, cosap + ¢ =0
2
q° + 2kov
= — 9
= cos af o, (E.9)
This and eq. (E.8) enable us to write _
_ q + 2kol/ h0q2 ’
h.g=hk o2 T + cpcos ¢
Then K, in eq. (E.7) becomes
(h+q? o 2kt
K, = —22§(h 8(h
! (k= h)? (B%) = =555 ¢(A°)
(E.10)

> +2kov pog® 1 5
2k2 ko (k- h)? 5(h%)



216

APPENDIX E. DERIVATION OF THREE-PARTICLE EXPRESSIONS

Loyt

7/

zb/

Figure E.1: The reference frame in which we consider the fermionic part of three-particle
phase space integrations.

where the term proportional to cos ¢’ has been dropped since it does not contribute = -

when integrated with respect to ¢’ in phase space integrations.

By inserting the expressions for K{; and K from egs. (E.4), (E.6),(E.7) and (E.10) into
eq. (E.3) we obtain the result of eq. (3.247).

Next we prove eq. (3.248). One can write

p4A — 2 {6 (k - p)2) [1 _ 2nF(xk—p)] + (kl - p)2

(¥ p) el
K3[1 - 2np(zk—p)] + K4[1l — 2np(zp—p)]- (E.11)

Consider I{3 which forms part of the socalled fermionic part of three-particle processes;

By decomposing k into components parallel and perpendicular to ¢,
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and using the angles as defined in Figure E.1, we obtain
e ‘_. ’ kO -7 l
k.h = q— cos apg.h + c3 cos(¢)
) .
where c3 = |%||A| sin apsind’. Eq. (E.9) enables us to write

+ 2kov

o o
k.h = q.hd _ v(ko — po)(¢* + 2kov)

2q2 + kg _ kopo 2q2 C3 COSs ¢,.
Then K3 becomes
(k—h)?_ , —2k.h 2 ¢” + 2kov
K3 = 6(h°) = G 2 ) = o
3 (h+ q)2 ( ) 2h.q+ ¢ ( ) 2q3
1 | v(ko — po)(¢® + 2kov) | ,q% + 2kov 2
+ —2k(2) + 2kopo + +a o)
(b + g)? [ @ | %
6k—p2 q2 qz . , q2+2kl/
= (Lk:“#) {q_z g + glkot ko)(ko + ko = 2p0) | — (K~ p)*=— 5=
2khy — ¢?
+(k - p)onz“} - " -

where the term proportional to cos¢’ has been dropped since it does not contribute

when integrated with respect to ¢’ in the phase space integrations.

Next we consider K4 which forms part of the socalled fermionic primed part of three-
particle processes. For discussions concerning the fermionic primed part of three-
particle processes, it is convenient to introduce the symbols shown in Figure E.2. ‘Let

K=k —-»p = k-p=h'-q.

By decomposing &' into components parallel and perpendicular to ¢,

- Gk (- _§F
kl=qq2 +(k,_q 2 ).

z

and using the angles as defined in Figure E.2, we obtain .
, .

Yk . |
K'.h' = =2 cos ap k' + cqcos (E.13)

z

where ¢4 = |F'||R| sin ap sin 6. From k2 =0and k = k' — ¢ there follows that

(I;’ —q)? = =2kl + 2kl q, cos apr +¢2 =0

—¢? + 2kyv

= COS Qpr =
2kpy.
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Figure E.2: The reference frame in which we consider the fermionic primed part of three-
particle phase space integrations.

This and eq. (E.13) enable us to write

2kby — ¢? 2kby — ¢?
kK.h = Q-h’()‘?Tﬁ + ko(ky = po) — v(ko — PO)—“Oqu—q—‘ ~c4co8 ¢
Then K4 becomes : i
. (K'=h)?_, 2 -2k K ,2 2k — ¢2
(4 = ~—§h")=—m— =z 1
Ha (h' = q)? i , )= e ™) 2¢

+

1 2 2kgv — ¢* 2khy — ¢* )2
(h’ _ q)2 [_q 2q3 - 2k6(k6 - pO) + V(k6 - pO)T 6(h )

S(K-p) [ & ,1,, 2oy
- %‘:;,%) {3_2 [_% + 5 (ko + ko) (ko + kf - 2p0)] - DM
2kt —q? | |
L oy22k E.14

where the term proportional to cos¢ has been dropped since it does not contribute

when integrated with respect to ¢ in phase space integrations.
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By inserting the expressions for K3 and K4 from egs. (E.12) and (E.14) into eq. (E.11)
we.obtain the result in eq. (3.248). |

The result in eq. (3.249) can be derived by following steps similar to those followed to -
prove egs. (3,247) and (3.248).
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