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Abstract

In this work, we numerically investigate the dynamics of conservative dynamical
systems using the method of Lagrangian descriptors (LDs), which has been ex-
tensively used to visualise characteristic features (like fixed points, periodic orbits
and their associated manifolds) in the phase space of nonlinear dynamical systems.
The computation of LDs is based on the accumulation of a positive scalar value
along any orbit of the dynamical system, making them a rather easily evaluated
quantity. Firstly, we use the method of LDs to study the escape of stars in an ana-
lytic model of a rotating galaxy. We find that the LDs are able to visually describe
the lobe structure of manifolds which govern the escape of stars, thereby providing
a computationally cheap and simple way to depict and analyse the model’s phase
space structures. Secondly, we develop and validate chaos detection techniques
which use computations of the LDs of nearby orbits, to characterise the chaoticity
of generic conservative systems. More specifically, we introduce the difference and
ratio of the LDs of neighbouring orbits as chaos detection diagnostics, and include
in our study a quantity related to the second spatial derivative of LDs, which was
recently developed by other researchers. Applying these techniques to three basic,
prototypical models, namely the two degrees of freedom Hénon-Heiles system, the
two-dimensional (2D) standard map, and the 4D standard map, we find that these
indices identify chaotic orbits with an accuracy of 2 90% when compared to the
Smaller Alignment Index (SALI) method, which is a well-established chaos detec-
tion technique. Furthermore, we determine the effect on the indices’ performance
of (i) the orbits’ integration time, (ii) the grid spacing between the considered
neighbouring orbits, (iii) the number and arrangement of the nearby orbits used
to evaluate the indicators and (iv) the overall extent of chaos in the system. A
basic outcome of our work is that these indicators can be used to efficiently char-
acterise chaotic behaviour of both low and high-dimensional dynamical systems
at short integration times, without solving the so-called variational equations for
continuous time systems, or evaluating the tangent map for discrete time models,
needed by other, traditional chaos detection techniques.



Acknowledgements

[ want to thank my supervisor, Associate Professor Haris Skokos, and co-supervisor,
Dr Arnold Ngapasare, for their invaluable input and continuous support. I would
also like to thank my colleagues in the Nonlinear Dynamics and Chaos group (Dr
Malcolm Hillebrand, Henok Moges, Samuel Cheong, Jean-Jacq du Plessis, Sané
Erasmus, and Dylan Theron) for the useful discussions and help in editing my
thesis, as well as Professor Steve Wiggins and Dr Matthaios Katsanikas for their
collaboration in the two papers emanating from this thesis. Lastly, I would like
to thank the Center for High-Performance Computing and the High-Performance
Computing facility of UCT, for providing the computational facilities used for this
work.



Publications related to this work

Parts of the work in this thesis have been presented in the following papers:

1. M. Hillebrand, S. Zimper, A. Ngapasare, M. Katsanikas, S. Wiggins, and
Ch. Skokos. Quantifying chaos using Lagrangian descriptors. Chaos: An
Interdisciplinary Journal of Nonlinear Science, 32(12), 2022.

2. S. Zimper, A. Ngasapare, M. Hillebrand, M. Katsanikas, S. Wiggins, and
Ch. Skokos. Performance of chaos diagnostics based on Lagrangian descrip-
tors. Application to the 4D standard map. 2023. Available on the arXiv at
https://arxiv.org/abs/2305.00978.


https://arxiv.org/abs/2305.00978

Contents

1 Introduction 7

2 Theoretical background and literature review 9

2.1 Dynamical systems . . . . . .. ... Lo o o 9

2.1.1 Differential equations and iterative maps . . . . . . .. . .. 9

2.1.2 Hamiltonian mechanics . . . . . . .. .. ... ... ..... 12

2.2 Numerical integrators . . . . . . .. .. .. Lo 15

2.2.1 Runge-Kutta integration methods . . . . . . .. . ... ... 16

2.2.2  Symplectic integrators . . . .. ... L 17

2.3 Chaos . . . . . . . e 19

2.3.1 Poincaré surface of section and its computation . . .. . .. 21

2.3.2 Tangent map and variational equations . . . . . . . ... .. 23

2.3.3 The Lyapunov exponents . . . . . . . .. ... ... ..... 25

2.3.4 The Smaller Alignment Index . . . ... ... ... ..... 27

2.3.5 The numerical computation of the mLCE and SALI . . . . . 29

2.4  The method of Lagrangian descriptors . . . . . .. ... ... ... 31

2.5 Code optimisation and parallelisation . . . . . . ... ... ... .. 39

3 Application of LDs to a galactic potential 40

3.1 The galactic potential . . . . ... .. ... ... ... ... ... 40
3.2 Visualisation of the phase space dynamics of the 2-dof galactic

model without escapes . . . . . . ... ... ... ... ... ... 43

3.3 Investigating the dynamics for energies permitting the escape of orbits 47

3.4 Computation of the Lyapunov orbits . . . . ... ... ... .... 53

4 Chaos detection diagnostics based on the LDs of nearby orbits 56

4.1

Application of the LDs-based chaos diagnostics to the Hénon-Heiles

System . . o.o. oL 59

4.1.1 Global dynamics . . . . . .. ... ... L. 60

4.1.2 Factors influencing the performance of the LDs-based chaos
diagnostics . . . . . . ... Lo 63



4.2 Investigating the chaotic dynamics of the 2D standard map by the

LDs-based chaos diagnostics . . . . . . . ... ... ... ... 68
4.2.1 Global dynamics . . . . . .. ... ... 69
4.2.2  Factors influencing the performance of the LDs-based chaos
diagnostics . . . . . .. L L Lo 71
4.3 Investigating the dynamics of a 4D symplectic map . . . . . .. .. 75
4.3.1 Dynamics on a 2D subspace . . . .. .. ... ... ... .. 7
4.3.2 Investigating the effect of various factors on the performance
of the LDs-based chaos diagnostics . . . . . ... ... ... 79
4.3.3 Dynamics on a 4D subspace . . . . .. ... ... ... ... 82
5 Conclusions 85



List of abbreviations

dof: degrees of freedom

ftmLE: finite time maximal Lyapunov Exponent
HPC: high performance computing

IC: initial condition

LD: Lagrangian descriptor

mLCE: maximal Lyapunov Characteristic Exponent
ND: N-dimensional

PSS: Poincaré surface of section

RK: Runge-Kutta

SALI: Smaller Alignment Index

SVD: singular value decomposition



Chapter 1

Introduction

The mathematical modelling of processes using either systems of differential equa-
tions for continuous times, or iterative maps for discrete times, is fundamental to
numerous scientific disciplines. The majority of these models are nonlinear and
therefore typically do not permit analytical solutions. To describe the solutions of
nonlinear models, a variety of numerical techniques have been developed to give
either a qualitative or quantitative description of the system. Qualitative descrip-
tions rely on a visual inspection of the properties of the system, in general giving
information faster and on a larger scale than quantitative descriptions. Quanti-
tative descriptions give exact information about the system, be it the location of
specific solution classes or a characterisation of the properties of these solutions.
The information gained from a qualitative analysis can then be used to identify re-
gions of interest in the solution space of the system, where a more exact description
using quantitative methods can be found.

Fixed points, periodic orbits and their associated stable and unstable mani-
folds form the most basic structures in the solution space of a dynamical system.
Knowledge of these basic structures gives one a great deal of information on how
generic solutions of the dynamical system behave. A key characteristic of a dy-
namical system is its chaoticity. Chaos is a phenomenon in nonlinear dynamical
systems where some solutions appear as random, even though they are governed
by deterministic equations. This is due to the solutions of a chaotic system being
extremely sensitive to the initial conditions (ICs). Chaos has been an ongoing
field of study in nonlinear dynamics, where a variety of quantitative indicators
have been developed to detect chaotic orbits.

The novel contributions of our work are twofold. Firstly, we apply the recently
developed qualitative technique, the method of Lagrangian descriptors (LDs) [1],
to study the dynamics of a rotating galactic potential, i.e., a dynamical system
which models the motion of stars in a galaxy [2]. Specifically, we demonstrate how
LDs can be used to visualise the lobe structures created by the manifolds of two



unstable periodic orbits which govern the escape of stars from the potential well.

Secondly, based on LDs, we develop quantitative chaos detection indicators to
study orbits of generic systems. We introduce two chaos quantifiers, the difference
and ratio of the LDs of nearby orbits (the D} and R} indices respectively) and
we also study the second derivative of the LDs (S}), which is a chaos quantifier
initially presented in [3]. The ability of these indices to correctly characterise
orbits as regular or chaotic is tested in various prototypical conservative dynamical
systems: the Hénon-Heiles system [4], the two-dimensional (2D) standard map [5],
and the 4D standard map [6]. We find that these indicators are accurate for 2 90%
of cases when compared to a standard chaos indicator, the Smaller Alignment
Index (SALI) [7].

The thesis is organised as follows. In Chapter 2, the theoretical background and
existing literature for the various topics of this work are discussed in detail, em-
phasising the numerical techniques we implement in our investigations. In Chapter
3, the results from applying LDs to study a galactic potential are presented. In
Chapter 4, the quantitative chaos detection techniques based on LD calculations
are introduced and their application to three test systems is studied. Some of
the results from this chapter are presented in [8, 9]. Lastly, in Chapter 5, the
conclusions of this thesis are given.



Chapter 2

Theoretical background and
literature review

2.1 Dynamical systems

Differential equations lay the foundation for mathematically modelling any pro-
cess that evolves continuously in time and space, while maps are used to model
iteratively evolving processes. The mathematical study of systems of differen-
tial equations and maps, referred to in general as dynamical systems, is therefore
extremely important. Such systems can be split into two categories: linear and
nonlinear systems. Linear systems consist of only linear terms (the variables of the
system are at most of degree one), while nonlinear ones have one or more nonlinear
terms (at least one of the variables of the system does not have a degree of zero or
one). Analytical solutions to linear differential equations can usually be found in
a straightforward manner, but for nonlinear differential equations, in general, no
analytical solutions exist [10]. Poincaré was the first to use a qualitative descrip-
tion to study nonlinear dynamical systems in [11]. Since this pioneering work, a
variety of qualitative and quantitative techniques have been developed to study
nonlinear dynamical systems and their solution structures.

2.1.1 Differential equations and iterative maps

Let us briefly recall some of the basic aspects of ordinary differential equations.
We note that the materials covered in this section are adapted from the discussion
found in Chapter 1 of [10].

In general a system of differential equations has the form

x =f(x,t), xe€RY, (2.1)



where the dot (") represents the derivative with respect to time ¢, x is a real vector
(often called the “state vector”) and f a vector field which is defined for some
subset S C RY. If f is explicitly independent of ¢, (2.1) is called an autonomous
system, while if f has explicit time dependency, (2.1) is called non-autonomous.
The vector field x generates a flow ¢(x,t) which is a smooth function, satisfying
equation (2.1), i.e.,

d
= (#(x,1)) = f(p(x, 7)), (2.2)

for all x € S and 7 in some time interval I. Given some IC xq such that ¢(xg,0) =
Xo, the flow ¢(x¢, t) defines the trajectory of this IC, i.e., an orbit of the system. As
the solutions of well-posed sets of differential equations are unique, orbits cannot
cross each other at the same time ¢.

For nonlinear dynamical systems, a variety of different classes of solution struc-
tures can be obtained, allowing for the study of the system without necessarily
having an analytical expression of its solution. Most of these types of solution
structures are forms of invariant sets of the system. In order to explain this term,
we note that for some autonomous dynamical systems described by (2.1), a set
S C RY is invariant if, for any IC in S (xg € S) the time-evolution of the orbit
from this IC, ¢(xq,t), remains in S, i.e., ¢(xq,t) € S for all ¢ € I, where [ is the
time interval of the existence of this solution.

The simplest class of such solutions are those corresponding to a fixed point.
For a fixed point, xy, f(x7) = 0, i.e., the trajectory of this point will remain
stationary for all time. Fixed points can be further characterised by their stability,
which defines how trajectories close to the fixed point behave. If all solutions x(%)
in a small neighbourhood of the fixed point x; stay close to the fixed point for all
time, then the fixed point is stable. Furthermore, if x(t) — x as t — oo then the
fixed point is called asymptotically stable (see p. 3 of [10]). A fixed point which is
not stable is called unstable.

The stability of the fixed points of sets of ordinary differential equations of the
general form (2.1), where f is a nonlinear function, is determined by studying the
linearised version of the system close to the fixed points (as in p. 8 of [10]). This
linearisation is given by

w = Df(x) - w, (2.3)

where w(t) = (dz1(t), 0xa(t),...,dzn(t)) is a deviation vector denoting small per-
turbations around the fixed point and Df(x) (D being a differential operator) the
Jacobian of the system,

ohn of
ox1 ttt o dan

DExp) = | ¢ | (2.4
IfN ofn
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The stability of this linearised system is determined by the eigenvalues of the Jaco-
bian, A\;. The linearisation, however, only determines the stability of the nonlinear
system if the fixed point is non-degenerate, i.e., if (2.4) has no eigenvalues with
zero real part (see the Hartman-Grobman theorem on p. 13 of [10]). If this is the
case and all the eigenvalues of (2.4) have Re()\;) < 0, the fixed point is stable;
if they all have Re();) > 0, the fixed point is unstable; if some eigenvalues have
Re(\;) < 0 and others Re(A;) > 0, the fixed point is a saddle with correspond-
ing stable and unstable manifolds, the directions of which are determined by the
eigenvectors of the Jacobian.
The local stable W*(xy) and unstable W*(xs) manifolds are defined as

Wéxys) ={x€ 5 :¢(x,t) > x5 ast— oo and ¢(x,t) € S for all t > 0},

Whxs) ={x€S:¢p(x,t) & x5ast — —oo and ¢(x,t) € S for all t <0},

where S C R” is a neighbourhood of the fixed point. For a 2D dynamical system,
the fixed points and their 1D stable and unstable manifolds can be used to divide
the 2D phase space into different regions of interest, as trajectories cannot cross
these manifolds.

Another class of solutions displaying both stable and unstable manifolds are
periodic orbits. A periodic orbit is a solution «(t) such that v(t) = ~(t + p)
for all t where p > 0 is the period of the orbit. Following the discussion in
Chapter 1.5 of [10], the manifolds and stability of a periodic orbit can be studied
by reformulating the evolution of the orbit as a map, known as the Poincaré map.
For a system of differential equations (2.1), the Poincaré map is constructed by
taking the intersection of the orbits of the system with a cross-section S C RV~!
of dimension N — 1. The Poincaré map for a cross-section S, P : S — S, has the
form

P(a) = ¢(a,tc), (2.5)

where q is a point of intersection of a specific orbit with S, q € S, and tc = tc(q)
is the time taken for the orbit starting at q to return to the cross-section. Applying
the Poincaré map iteratively will therefore show all the points of intersection of a
specific trajectory with S.

A periodic orbit v which initially intersects S at x,, and crosses S j times before
returning to x,, is called a periodic orbit of order j. Applying the map P’(q) [the
Poincaré map (2.5) applied j times] to - will return only one point of intersection,
i.e., this point x, is a fixed point of the map P’.

The stability of a fixed point of a nonlinear map with the generic form

Xit1 = M(Xl)7 1= 07 17 crey (26)

where M is a nonlinear vector valued function which iteratively evolves a point
x; to X;41, is found in a similar fashion to that of a continuous time dynamical

11



system (2.1), from the eigenvalues of the associated Jacobian matrix DM (x). Once
again, the linear approximation only holds if the fixed point of the map is non-
degenerate, i.e., if DM(x) has no eigenvalues of unit modulus (see p. 17 of [10]).
The stability of the fixed points can further be characterised by the magnitude of
the eigenvalues \; of DM(x). If |A;| < 1 for all eigenvalues then the periodic orbit
is an asymptotically stable “sink”; if |\;| < 1 for some j values and |A;| > 1 for
the remaining indices, the fixed point is a saddle; if |\;| > 1 for all j values then
the fixed point is an unstable source.

The stability of a fixed point x, of the Poincaré map, which corresponds to a
periodic orbit 7 of a continuous time dynamical system, reflects the stability of v for
the dynamical system. The periodic orbit also has stable and unstable manifolds,
with the manifolds of x,, being the cross-section of the manifolds of v with S. The
manifolds of the orbit are therefore one dimension greater than the corresponding
dimension of the Poincaré map manifolds. Periodic orbits (and their associated
manifolds) are crucial in understanding the behaviour of dynamical systems, as
they form the “skeleton” of the dynamics.

2.1.2 Hamiltonian mechanics

Let us now turn our attention to the specific type of systems of differential equa-
tions studied throughout this work, namely Hamiltonian systems. There exist
various equivalent formulations of the equations of motion modelling the move-
ment of particles, such as Newton’s classical mechanics, Lagrangian mechanics
and Hamiltonian mechanics. Newton formulated his equations of motion as

% = F(x,%), (2.7)

where x is the position of some particle in space and F the applied force. The
kinetic energy of the system is given by K = %ka, where m is the mass of the
particle. For conservative systems, where we can find some potential U(x) such
that F(x) = —VU, the total energy of the system, £ = K + U, remains constant.

An equivalent reformulation of Newtonian mechanics is Lagrangian mechanics.

A Lagrangian system is defined by its Lagrangian function

‘C(q> élv t) = K(q> CI) - U(q7 t)’ (28)

where q is the vector of the generalised coordinates, defined in the system’s config-
uration space, and q = (¢, . .., ¢n) the generalised velocities (see p. 7 of [12]). The
Euler-Lagrange equations of motion for a Lagrangian function £ (2.8) are shown

below i lor ar
— =)= 0. 2.
dt (%) dq ! (29)
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An advantage the Lagrangian formulation offers over the Newtonian formulation
is that it makes finding the trajectories of particles which are constrained to some
region in the configuration space far simpler. To account for these constraints,
a normal force is required in the Newtonian formalism, while in the Lagrangian
formalism the configuration space is restricted to the specific region. The use
of generalised coordinate variables in the Euler-Lagrange equations also makes
problems in different coordinate systems far simpler than the Newtonian one, which
primarily utilises a Cartesian coordinate system.

A further reformulation of the Lagrangian formalism is the Hamiltonian formal-
ism. The Hamiltonian reformulation derives the equations of motion of a system
from the corresponding Hamiltonian

N
H(qapat)zzpz%_‘c(qa(l?t)a 2:17277N7 (210)
i=1

where £ is the Lagrangian of the system (2.8) and ¢ is found from the equation
p = % where p; is known as the conjugate momenta of the ¢; coordinate ([12]
p. 8). In this formalism, the 2ND set of coordinates (q, p) defines the phase space
of the system. In general, we refer to a Hamiltonian having N degrees of freedom
(dof) if the system has N generalised coordinates which are independent of each
other. From the Lagrange equations we can then find Hamilton’s equations of

motion to be
d_q B oOH d_p B o0H o0H B oL

d¢ dp ' dt dq = o ot
which gives a system of 2ND first-order ordinary differential equations for the

positions and momenta of the system. For an autonomous Hamiltonian system,
the value of the Hamiltonian is conserved as

dH(q,p) OH (dp OH (dq\ OH OH OH (OH\
dt  Op \ dt +8q dt ) Op dq JrGq op =0, (212)

(2.11)

where Hamilton’s equations (2.11) were used as a substitution. For such an au-
tonomous Hamiltonian system where the kinetic energy has a quadratic form with
respect to g, the Hamiltonian is given by H = K + U, i.e., the Hamiltonian is the
total energy of the system (see [13] p. 66). In this thesis we study autonomous
mechanical systems, so the conserved Hamiltonian quantity will simply be referred
to as the energy of the system E. For an N-dof autonomous Hamiltonian system,
the energy conservation restricts the 2ND phase space to the (2N — 1)D energy
surface defined by H(q,p) = E (we refer to regions of the phase space for which
the energy conservation does not allow orbits as not energetically permissible). By
fixing the system’s energy to a constant value, the dimensionality of the phase

13



space is decreased by one and thereby the complexity of studying this model is
reduced.

Another important property of Hamiltonian systems is that the flow ¢(x,1),
which is the operator advancing an initial solution of the system in time ¢, is a
symplectic transformation wherever it is defined (following the proof in [14] p. 184).
A map M is symplectic if

DM” Jon DM = Jyy, (2.13)

where DM is the Jacobian, DM” the transpose and

Jon = ( On HN) , (2.14)

—Iy On

with Iy and Oy being the N x N identity and zero matrices respectively. Since
the flow of Hamiltonian systems is symplectic, it also preserves volume in phase
space: for some open bounded set S C R*V,

vol(¢(S,t)) = vol(S), (2.15)

for all time ¢, where vol(S) is the volume of S (see [14] p. 227 and Liouville’s
Theorem on p. 14 of [13]). The symplectic nature of Hamiltonian systems is an
important feature which allows for the construction of integration schemes which
cap the error of the numerical integration at some upper limit (see Section 2.2.2).

As an example of a Hamiltonian system we consider the Hénon-Heiles system
[4] given by the Hamiltonian

1 1 1

H = é(pi —|—p§,) + §(x2 + %) + 2ty — éy?’. (2.16)
This model stems from the study of galaxies and is a prototypical, low-dimensional
conservative system with rich dynamics, which has been used as a test model for a
variety of different nonlinear dynamical techniques. Because of the prior use of this
system in nonlinear dynamics, we utilise it to demonstrate the implementation of
a variety of techniques throughout this thesis. The Hamiltonian (2.16) can be split
into its kinetic K = §(p2 + p2) and potential U = 3(2* + ¢?) + 2%y — 31 energy
parts respectively. The corresponding Hamilton’s equations of motion (2.11) are

Y= by (2.17)
Pr = —x — 2xY

py:y2_x2_y7

giving a system of nonlinear differential equations.

14



2.2 Numerical integrators

Since, in general, the Hamilton’s equations of motion result in a system of first-
order nonlinear differential equations, all but the simplest Hamiltonian systems
will not be solvable using analytical methods. To approximate individual solutions
of the system, given some ICs, numerical integrators are used. Such integrators
are constructed by discretising the continuous differential equations of the system.
More specifically, discretisation is the process of turning a continuous differential
equation into a discrete difference equation, which is used to approximate the
solutions of the original differential equation. The continuous time interval of the
solution [t,¢s] is split into a discrete set,

to, ti=to+h, to=to+2h, ..., ty =ty+ Rh, (2.18)

where h is the time step size and R + 1 = (¢ — top + h)/h is the total number
of discretised time steps used. At each instance of the discrete set of times, the
solution of the system is approximated using the numerical integrator. Because this
discretisation does not solve for the solutions of the differential equation exactly,
there will be some errors between the computed and the exact solutions.

As the energy is conserved in autonomous Hamiltonian systems, this constant
quantity is used to determine whether a numerical solution approximates the so-
lutions accurately or not. The relative energy error is given by

_|E—H(q(t),p(t))
B :

E(t) (2.19)

where E is the energy of the system at t = 0, i.e., E = H(q(0),p(0)); q(t) and p(t)
are the numerically obtained values of the position and momentum using the inte-
grator at time t; H(q(t), p(t)) is the related, computed value of the Hamiltonian
function. For the computations performed in this thesis, we consider a numerical
solution to be accurate if the relative error E,.(t) < 107% for all ¢ for which the
solution is considered.

The errors of numerical integrators stem from two sources: rounding-off errors
and discretisation errors. A rounding-off error occurs due to the computer not
being able to store a number exactly. For example, the number 1/3 is not stored
as a fraction, but as a decimal, which the computer truncates after a certain
number of digits. In our work, double-precision accuracy is used, meaning that
numbers are stored with a total of 16 significant digits. At this accuracy, the
accumulation of rounding-off errors occurs at an order of 1071¢ and are therefore
not a big concern for the accuracy of the integration scheme.

Discretisation errors are usually the primary source of errors in numerical inte-
grators. The global discretisation error at a specific point in time ¢;, 1 = 0,1,2, ...,

15



is the difference between the exact solution and the computed approximation. This
error comes from two sources: the fact that the difference equation only approxi-
mates the differential equation, and that at the point ¢;_; = t; — h, the difference
equation is starting at the incorrect point due to the inaccuracy of the previous
approximation to the solution. The error of the computed solution at time ¢;,
assuming that the solution for ¢;_; is correct, is known as the local truncation
error of the method. The local truncation error can be quantified in terms of the
time step size h used in the integration method. A numerical method is said to
be j-th order, O(h’), if when h is decreased by an order of magnitude, the error
will decrease by a factor of 1077, Since higher order methods generally require
more CPU time to approximate the system with the same time step, finding the
optimal balance between accuracy and CPU time for the best integrator is not
always straightforward.

Two types of integrators are used in this thesis, a sixth-order Runge-Kutta
scheme (RK6) [15] and the ABA864 symplectic integrator [16].

2.2.1 Runge-Kutta integration methods

The Runge-Kutta (RK) methods are very popular integrators, giving high-order
truncation errors and not requiring the evaluation of any derivatives (see Chapter
5.4 of [17]). These schemes are constructed using Taylor’s Theorem as outlined in
[17]. The method used in our work is the RK6 scheme [15], which solves iteratively
the evolution of the orbit using the following algorithm for an autonomous system
of differential equations of the form (2.1),

k1 = hf (x(t;))
= hf(x(tz) )
= hf (x(t;) + [3ki + ko]/8)
hf (x(t;) + [8kq + 2ks + 8ks]/27)
hE(x(t;) + [3(3- V21 — T)k; — 8(7 — V21)ky + 48(7 — v21)ks
— 3(21 — v21)k4] /392)
ke = hf(x(t;) + [~5(231 + 51v21)k; — 40(7 + v21)ky — 320 - V21k;
+3(21 + 121 - 2)kyq + 392(6 + v/21)k3] /1960)
ky = hf (x(t;) + [15(22 + 7 - V21 )k; + 120k, + 40(7 - V21 — 5)k
—63(3- V21 — 2)ky — 14(49 + 9 - V21)ks + 70(7 — V/21)kg] /180)
X(tig1) = x(t;) + (9K, 4 64ks + 49k5 + 49kg + 9k-) /180.

014>
I

(2.20)
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While the step size h of the integration scheme can be adjusted to achieve a desired
accuracy, the error (2.19) of the RK methods always grow linearly with integration
time. This becomes problematic for longer integration times, as even a small h
can result in large errors at the end of the integration.

2.2.2 Symplectic integrators

The class of integrators used for the majority of computations in this thesis are
symplectic integrators (for some recent applications of these, see [16, 18, 19, 20,
21]). This is because for symplectic integrators the energy error (2.19) is capped at
some upper limit, while for non-symplectic ones, the error increases linearly with
time. A thorough investigation of numerical techniques and symplectic integra-
tors can be found in [14]. In this thesis, symplectic integrators constructed using
the splitting method are utilised. For a given Hamiltonian, H, the Hamilton’s
equations of motion can be rewritten as

%Z ={H,z} = Lyz, (2.21)

where z = (q, p)7 is the vector of generalised coordinates and their conjugate mo-
menta, {-,-} is the Poisson bracket and Ly = {H, -} is a differential operator. We
note that for any arbitrary functions of the generalised coordinates and momenta
u(q,p) and v(q, p), the Poisson brackets are defined as

Oou dv  Ov Jdu
= — ) 2.22
{u, v} ; (8%’ Op; 0g; api) ( )
The solution of the differential equation (2.21) is simply expressed as
z(h) = " 7(0), (2.23)

where h is the integration time step used. If the Hamilton’s equation of motion
are nonlinear, equation (2.23) does not usually have an analytic expression. For
a large number of Hamiltonian systems, however, the Hamiltonian can be split
into its kinetic and potential energy, H(z) = K(p) + U(q) = Ha(p) + Hp(q)
where the kinetic K and potential U energies are explicitly independent of q and
p respectively. As we show below, from this splitting a symplectic integration
scheme can be constructed. Applying this splitting to (2.23) gives

z(h) = eMEatlilg (). (2.24)

Since L4 and Lp are differential operators which do not commute, the exponential
cannot be written as a simple product of exponential terms. Instead, the Baker-
Campbell-Hausdorff ([14] p. 86) formula has to be used so that

ehLaghLn — h(LatLp)+5 (LaLpl+ by (LalbaLpll-(LpLaLe)t. (2.25)

17



where the commutator [La, L] = LaLp — LgL . From (2.25) one can obtain the
following simple approximation

z(h) = " Eatlelz((0) 2 hFaehleg (), (2.26)

for (2.24). Higher order approximations of the form

oh(Latlp) H hai(La) hti(Ls) 4 O+, (2.27)
=1

are constructed by considering higher order terms of (2.25).
The constants a;, b; in (2.27) can be found numerically as outlined, for example,
in [22]. Using the approximation (2.27) we obtain a map from z(0) to z’ = z(h) as

ha; ( LA) hb;( LB) (228)

7

Ilz“s

which results in the following succession of symplectic Euler maps

OH
q; = gi—1 + ha; apA (Pi-1)

OH
i = Pi-1 — hbi—— (i),
Pi = Pi-1 — by (a;)

(2.29)

for i = 1,...,p, with (qo,po) = z and (qp,p,) = z’. The succession of maps
(2.29), advances the solution of the Hamiltonian system z(0) by one time step
h to z' = z(h), so repeated applications of the maps describe the evolution of a
solution.

The map (2.29) exactly solves a Hamiltonian system, which is an approximation
of the original Hamiltonian system given by (2.27). In doing so, the map (2.29)
preserves both the symplectic nature of the approximate Hamiltonian and the
value of its associated energy, meaning that the energy error does not grow with
respect to the integration time but remains bounded for all ¢.

The specific symplectic integrator used in our work is the ABA864 scheme [16].
The ABA864 method is a fourth-order symplectic integrator with the following
form

g —eahLa bihLp yashLa JbohLp jashLa pbshLp pashLa gbihLp

(2.30)

6a4hLAeb3hLB eaghLAethLB €a2hLA€b1hLB€athAZ,
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Figure 2.1: (a) The E, (2.19) of the integrator RK6 for a trial orbit of the Hénon-
Heiles system (2.16) at an energy of H = 1/8 with IC 2 =0, y = 0 and p, = 0
with p, > 0 for a total integration time of 10* using a step size of h = 0.05. (b)
Similar to (a) but for the symplectic integrator ABA864 with h = 0.1.

where the constants a;, b;, 4, j = 1,2,3 and 4 are given in [16].

While symplectic integrators are used throughout this work for separable Hamil-
tonian systems, the galactic Hamiltonian discussed in Chapter 3 is not separable
and the RK6 (2.20) integration scheme is used instead.

To demonstrate the difference in the evolution of F, (2.19) between RK meth-
ods and symplectic integrators, the E, of a test orbit of the Hénon-Heiles system
(2.16) is shown with respect to the integration time 7 for the integrators RK6
[Fig. 2.1(a)], and ABA864 [Fig. 2.1(b)]. The energy of the system is set to H = 1/8
and the IC of the test orbit is z = 0, y = 0 and p, = 0 with p, > 0 calculated from
the Hamiltonian. Both integrators are computed for a final time of 7; = 10* time
units, with a step size of h = 0.05 for RK6 and h = 0.1 for ABA864. For both
integrators, E, stays below 107 up until the final time, but it can be clearly seen
from the results of Fig. 2.1 that E, grows linearly for RK6, while the maximum
E, for ABA864 remains bounded below 2 x 1078, While the linear growth of the
error for RK6 does not cause issues for short integration times, for integrations up
to very long times symplectic methods are far superior.

2.3 Chaos

Alongside the different types of solutions discussed in Section 2.1.1, another impor-
tant characteristic in studying nonlinear systems is their chaotic behaviour. Chaos
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theory is the mathematical study of dynamical models whose evolution might seem
random due to the fact that the deterministic equations governing the system’s
solutions are extremely sensitive to the ICs. A dynamical system is said to be ex-
tremely sensitive to its ICs, if orbits which are initially close diverge exponentially
as they evolve in time. The exponential divergence of nearby orbits makes predict-
ing the long time behaviour of an orbit impossible. While there are early examples
of dynamical systems in which chaos was displayed, such as Hadamard’s dynami-
cal billiard system from 1898 [23], chaos theory only arose in the latter half of the
20th century. At that point in time, computers were becoming far more available
and powerful, meaning that numerical techniques to solve dynamical systems were
becoming commonplace. From these numerical solutions, it was noticed that some
systems were extremely sensitive to their ICs. An early example of a numerical
solution revealing the chaoticity of a model was the Lorenz system, introduced
by Edward Lorenz in 1963 to study weather patterns [24]. The system is a fairly
simple nonlinear model consisting of the three coupled differential equations given
below,

d

d—f:a(y—x)

d

d—gt/:x(b—z)—y (2.31)
%—x —cz

dt_ y )

where a, b and ¢ are some constants, x is the rate of convection, y the horizontal
temperature variation and z the vertical temperature variation in the considered
weather model. Since this system is nonlinear, Lorenz used a numerical scheme to
solve it and, when doing so, he discovered that a small change in the ICs would give
completely different final results. During this time period similar observations were
being made for other systems as well, prompting the study of this phenomenon
now known as chaos.

A wide variety of definitions have been used to try and define when a system
is chaotic, one of these being the following by Devaney [25]. Let V' be a set and
f:V — V amap on this set. f is said to be chaotic on V if:

1. f has sensitive dependence on the ICs.
2. f is topologically transitive.
3. Unstable periodic orbits are dense in V.

The first point of this definition has already been discussed, so let us give a
brief overview of the second and third points. If a map f is topologically transitive
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on V', then an orbit whose evolution is determined by f will visit every non-empty
subset of V' at some time in the orbit’s evolution. Because of the topological
transitivity of chaos, we cannot divide a chaotic region into smaller, independent
regions and thus often refer to the chaotic region as a chaotic sea. To address the
third point, we note that unstable periodic orbits are dense in a set V' if for every
infinitesimally small neighbourhood in V', an unstable periodic orbit can be found.
Most commonly, chaos is detected using only the first point as a criterion.

Dynamical systems are usually not entirely chaotic, as they can exhibit both
chaotic and non-chaotic, namely regular, behaviours for different orbits. As dis-
cussed in Chapter 1.4 of [12], for Hamiltonian systems, as well as conservative,
symplectic maps, the regular motion occurs on the surface of hyperdimensional
tori, while chaotic orbits move “randomly” throughout the chaotic sea.

2.3.1 Poincaré surface of section and its computation

A standard numerical technique for visualising the phase space structure of some
dynamical system is the Poincaré surface of section (PSS). A PSS of an (N + 1)-
dof autonomous Hamiltonian system is a map showing the intersections of various
orbits with a 2/ND subspace of the phase space. This is the same as the Poincaré
map from the discussion of periodic orbits in Section 2.1.1. While the Poincaré
map was used to give an analysis of the stability and manifolds of periodic orbits,
here we outline how the PSS is practically computed and how it is used to visually
identify structures of interest in the phase space. The subspace of the phase space
on which the PSS is plotted is usually chosen to be the cross-section where some
variable, without loss of generality let us consider it to be qy.1, is a constant,
thereby reducing the dimensions of the system by one. The energy conservation of
the Hamiltonian system then reduces another dimension, usually to determine the
corresponding conjugate momenta py 1 of the specific orbit. The PSS is computed
on the cross-section of the other variables q1, ..., qn,p1, - .., pn. For some arbitrary
orbit, the PSS is generated by plotting all the intersections of that orbit with the
cross-section under consideration for some given time interval. Generating the PSS
of a variety of orbits on the same cross-section can be used to reveal the dynamics
of a system.

Since the continuous time systems are usually integrated numerically, it is
not straightforward to find the intercepts of an orbit with some cross-section. A
very accurate and computationally inexpensive method to find the intercepts was
described by Hénon in [26] which we outline below.
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Let us consider a set of 2(N + 1) Hamilton’s equations of motion

dq

% = fl(QIa"'7qN+17p17"'7pN+1)

dqn 41
dlf = fN+l(q17 - s qdN+1, P15 - - 7pN+1)

(2.32)
dp .
E = fN+2(Q1, <o s qdN+1, P15 - - ,PNH)

dpn
dt+1 — f2N+2(q17 e ,QN+1,p17 ... 7pN+1)7

for which we want to compute the PSS for ¢y, = A, with A being a fixed real
number. If for some orbit, whose evolution we evaluate using some numerical
integrator with step size h, we have that at ¢ time integration steps qni1(ih) <
A < qn41(h(i+1)), we know that the orbit crosses the PSS in between time steps @
and i+ 1. To accurately compute this intercept, we integrate the dynamical system
with respect to gy starting from time ih with a step size of A—qy1(th), as after
one integration step this will give the exact intercept on the PSS. The equations
which need to be integrated with respect to qyi1 can be found by applying the
chain rule to the original system of equations (2.32), giving the following system

dq _ fi
dgn+1 fN+1

dgn+1 1
dgn+1
dp _ Sni2

— 2.33
dgn+1 vt ( )

dpn1 Jon+2

dgn+1 B Iyt
dt 1

dgn+1 B vt '

The implementation of this approach provides an accurate determination of the
intercept and is also not computationally expensive.
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As a demonstration of the ability of the PSS to reveal the phase space structure
of a Hamiltonian system, we produce in Fig. 2.2 the PSS for the Hénon-Heiles
system 2.16 at an energy of H = 1/8, setting z = 0 and determining p, > 0 from
the Hamiltonian. From this plot, both the regular and chaotic regions can be seen.
The regular regions consist of the cross-section of the tori on which regular motion
occurs, represented as solid curves forming deformed rings, while the chaotic region
is represented as the points which look randomly scattered on the PSS.

0.4r

0.2r

—0.2+

—0.4r

Figure 2.2: The PSS of the Hénon-Heiles Hamiltonian system (2.16) with H = 1/8
on the cross-section z = 0, p, > 0.

While the PSS can be efficiently used to visualise the phase space of low-
dimensional systems, its applications to a higher-dimensional setting are severely
limited. For example, for a 3-dof autonomous Hamiltonian system, the energy
surface is 5D, so fixing a coordinate to compute the PSS would result in a 4D
PSS which cannot be easily visualised. Instead of solely relying on visualisa-
tion techniques, quantitative indicators, which can be used in both low and high-
dimensional settings, have been developed to characterise orbits as either chaotic
or regular. These chaos indicators are discussed in the upcoming sections and are
used widely throughout this work.

2.3.2 Tangent map and variational equations

As mentioned in the beginning of Section 2.3, a key characteristic of chaoticity is
the exponential divergence of initially close orbits. To measure this divergence,
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the time-evolution of the deviation vector, the vector from one nearby orbit to
another, is computed. A large set of chaos indicators make use of deviation vectors
to characterise an orbit’s chaoticity, so this subsection outlines the theory and
computation of the deviations vectors.

For some ND continuous dynamical system (2.1), an infinitesimally small per-
turbation of x, dx, is governed by the linearised dynamics around x. As dis-
cussed in Section 2.1.1, to study the linearised dynamics, the Jacobian of the

system has to be computed, giving the time-evolution of the deviation vectors,
w(t) = (dz1(t), 0xa(t), ..., 0xN(t)) as (see also (2.3))

w = Df(x(t)) - w. (2.34)
For a N-dof Hamiltonian system, the variational equations simplify to
w = Joy - D*H(x(t)) - w, (2.35)

where D?H (x(t)) is the Hessian matrix of the Hamiltonian function H calculated
on the reference orbit, x(t) = ¢(x(0), 1),

0*H

D*H(x(t))i; = ——— :
J ﬁxzé)xj x(t)

1,7 =1,2,...,2N, (2.36)
and Jon being the matrix given in (2.14).

On the other hand, the linearised dynamics of conservative maps M (2.6) are
governed by the corresponding tangent map. More specifically, the tangent map

of M is calculated as
w(i+1) = DM, - w(i), (2.37)

where w(7) is the deviation vector after i iterations of the map and DM, the
Jacobian of M evaluated at iteration 7.

Symplectic integrators can be used to give an accurate, numerical computation
of the variational equations of continuous dynamical systems (2.35) through the
so-called “Tangent map method”. This method was introduced in [27] and [2§],
where it was shown to be more efficient and accurate for solving the variational
equations than non-symplectic schemes. For a separable Hamiltonian system (see
Section 2.2.2), the Hamilton’s equations of motion and variational equations can
be written as the following set of first-order differential equations,

. _ 0K(p)
op
. aU(q)
P=""34 (2.38)
54 = D*Kép
op = —D*Udq,
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where K (p) and U(q) are the kinetic and potential energies of the system respec-
tively. This set of equations (2.38) can be approximated using the splitting method
discussed in Section 2.2.2 giving

q =p q =0
o — O o — _BU(Q)
Li: 4P o L:dP 7a (2.39)
0q = D*Kép oq =0
5p =0 §p = —DUdq

From the corresponding operators ¢4 and e*2, symplectic integrators can be
constructed in the same manner as for the usual Hamiltonian systems. For ex-
ample, we consider the Hénon-Heiles system (2.16), which has the following the
variational equations
0T = Op,
0y = 0py,
0p: = —(1 4 2y)ox — 2xdy
dpy = —2x0x + (=1 + 2y)dy.

(2.40)

Since this system can be split into its kinetic and potential energy terms, the
symplectic integrators constructed in Section 2.2.2 using the splitting method can
be applied to also integrate its variational equations. The two propagators for the
Hénon-Heiles system with a time step size of h are shown below

¥ =x+psh (¢ =2
Yy =y+ph y o=y
Py =De . =p.—a(l+2y)h
SLa_ )Py =Py s _ )Py =Py (=t —y)h
ox' = o0x+ dph ox' =dx
0y =dy+dpyh oy =dy
opl, = 0py opl, = 0py — [(1 4 2y)éx + 2xby|h
0P, = py (Op, = dp, — [2zdz + (1 — 2y)dylh

(2.41)

2.3.3 The Lyapunov exponents

Let us now discuss the chaos indicators used in our work, starting with the most
well known one, the maximal Lyapunov Characteristic Exponent (mLCE). The
mLCE is the greatest of the Lyapunov exponents, which measures the average rate
of growth of small perturbations of a system’s orbits [29]. Oseledec’s multiplicative

25



ergodic theorem [30] guarantees the existence of the Lyapunov exponents (given
some general conditions) and provides the theoretical basis for their evaluation.

We base our discussion in this section on the work presented in [31] and [32].
An infinitesimally small spherical region of initial values in the phase space around
an orbit x, will be stretched into an ellipsoid as the orbit and initial values evolve
(see p. 3 of [31]). This ND ellipsoid will have N principal axes, which are the line
segments from the centre of the ellipse along the perpendicular axes of symmetry.
The Lyapunov exponents are calculated using the lengths of the principal axes of
the tangent space, ;. Below, we discuss how the length of ; is calculated from
(2.34).

Solving (2.34) we have that w(t) = Y(¢) - w(0), where Y(¢) is known as the
fundamental matrix of solutions. This matrix satisfies the following set of ordinary

differential equations

d
Y = DE($(x, 1)) - V. (2.42)

with Y'(¢) being a square matrix, such that Y (0) = Iy and Df(¢(x,t)) the Jacobian
of the system at the location of the flow ¢(x,t) at time ¢. To analyse this, a singular
value decomposition (SVD) technique is applied to D¢(x,t) (as discussed in [31]
p. 3 and p. 4). This decomposition gives

Do(x,t)=R-Q-VT, (2.43)

<+ >y >0and Rand V are N x N orthogonal matrices (RRT = RTR =1y =
VVT = VTV with RT and VT being the transpose of R and V respectively).
Since VT = V! (due to V being orthogonal),

where () is an N x N diagonal matrix containing the singular values ¢ > g >

Dp(x,1)V =R - Q, (2.44)

ie.,
Dp(x, t)v = pr® i=1,... N, (2.45)

where v and r® are the i-th column vectors of V and R respectively. The
singular values therefore give the lengths of the principal semi-axes of the evolved
region around an orbit. The Lyapunov exponents are then given as

1
A; = lim = In (1), (2.46)

t—oo t
which are the mean logarithmic growth rates of the lengths of the principal axes.
The set of all Lyapunov exponents of a dynamical system is known as the Lyapunov

spectrum. For chaotic orbits, small perturbations grow exponentially fast, so the
mLCE A; will have a positive value as this corresponds to the greatest mean
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logarithmic growth rate of the perturbations. On the other hand, for regular orbits
of symplectic systems the mLCE will be zero, as perturbations do not diverge
exponentially. This allows one to determine whether an orbit is chaotic or regular
based on the value of the mLCE. For 2ND symplectic systems, the spectrum of
Lyapunov exponents has the property that (see p. 90 of [32])

Ai :AQN—i—‘rl) Z: 1,2,...,N. (247)
Furthermore, for Hamiltonian models
Ay =Ans1 =0. (2.48)

The mLCE can be calculated for a general orbit with IC x(0) using some initial
deviation vector w(0). Given that w(0) does not point in the direction of one of the
principal axes, w(t) will start aligning with the vector in which small perturbations
of the orbit are growing at the greatest rate. This vector w™* corresponds to the
largest singular value ;. Dividing by the initial magnitude of w(0) will therefore
give that (o)l

) w(t
PR o]~ 249
From this the mLCE can then be calculated as

.1 w@)
Ay tlgglo ; In oIk (2.50)
It was demonstrated in [33, 34] that when computing the mLCE with the initial
deviation vector chosen in the direction of one of the other Lyapunov exponents,
the deviation vectors will still align with the direction of the mLCE due to the
accumulation of computational errors.

The mLCE has been used to efficiently study chaos in a variety of models, such
as the motion of planetary satellites [35], disordered granular chains [36, 37], DNA
molecules [38], graphene nanoribbons [39], neural networks [40], black holes [41]
and soft architected structures [42]. However, due to the long CPU times required
to calculate the long time limit estimation of the mLCE (2.50), a variety of faster
chaos indicators have been developed. These include the Fast Lyapunov Indicator
[43] and its variants [44], the Mean Exponential Growth Factor of Nearby Orbits
[45], as well as the SALI [7] and Generalised Alignment Index [46]. An overview
of these numerous methods can be found in [47].

2.3.4 The Smaller Alignment Index

Alongside the mLCE, the SALI will be used as a chaos indicator in our work. Let
us recall from Section 2.3 that for autonomous Hamiltonian systems, as well as
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symplectic maps, regular motion occurs on the surface of a torus in the phase space.
As discussed in Section 5.3 of [32], the deviation vectors of a regular trajectory
will fall on the surface of the tangent space of this torus, with their magnitude
growing approximately linearly. For chaotic trajectories on the other hand, the
deviation vectors will be stretched in the direction of the mLCE, aligning with
the direction of the mLCE eventually. The SALI, first introduced in [7], makes
use of the alignment of the deviation vectors of an orbit in the direction of the
greatest growth in perturbations to identify chaos. For two randomly generated
initial deviation unit vectors, w(0) and w2(0) [(") denotes a unit vector|, where
w1 (t) and wy(t) are the deviation vectors at time ¢ > 0, the SALI is given by

SALI(t) = min{[[w (¢) + wa(1)]], [[wr(t) = Wa(2)[]}- (2.51)

The minimum of the sum and difference of the deviation vectors is considered
in (2.51), as for chaotic orbits both deviation vectors will be stretched in the
direction of ¢, aligning to have either the same or opposite directions. For regular
trajectories the deviation vectors will lie on the tangent space of the torus, but
for systems of a dimension N > 2 the deviation vectors will not coincide, so the
SALI will saturate to some positive constant. The SALI of a chaotic orbit, on
the other hand, will approach zero at an exponential rate due to the deviation
vectors aligning, letting one distinguish between regular and chaotic motion. To
summarise the behaviour of the SALI for systems of N > 2:

constant  for regular orbits

SALI(t) o {e_ml_w (2.52)

for chaotic orbits ’

where Ay and A, are the first and second largest Lyapunov exponents respectively
(see [48] and p. 136 of [49]).

For 2D maps, the regular torus is a 1D curve, so any deviation vectors on it
will be in the same or opposite directions. It was, however, demonstrated in [50]
that the rate of the alignment is exponentially fast for chaotic trajectories and
polynomially fast for regular ones, thus,

1

SALI(t) o {t_

672A1t

for regular orbits (2.53)

for chaotic orbits ’

letting one distinguish between the two types of orbits.

While the integration of two deviation vectors is required to compute the SALI
and only one deviation vector for the mLCE, since the SALI approaches zero (to
numerical accuracy) exponentially fast for chaotic orbits the computation can be
stopped when the SALI has reached this threshold and successfully identified the
orbit as chaotic. This results in the SALI being, in general, faster than the mLCE
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in determining whether a set of ICs are regular or chaotic. The SALI has been used
successfully in studying accelerator models [51, 52], problems in nuclear physics
[53], predator-prey populations [54], galactic potentials [55, 56], and Bose-Einstein
condensates [57].

2.3.5 The numerical computation of the mLCE and SALI

By numerically solving the Hamilton’s equations of motion and the variational
equations, the mLCE can be computed as the long time limit of

Xa(t) = %ln N:VVE?)’”’, (2.54)

ie, Ay = lim;, o X;(t). We refer to the quantity X; as the finite time maximal
Lyapunov exponent (ftmLE). Because regular orbits diverge at most polynomially
and chaotic orbits exponentially, the behaviour of X (¢) is (see Section 5.3 of [32])

X,(t) o {ln (t)/t  for regular orbits (2.55)

constant for chaotic orbits

Due to the exponential growth rate of |[w(t)|| for chaotic orbits, this implemen-
tation (2.54) fails numerically when ||w(t)| grows too large for the computer to
store. This issue was however circumvented in [33, 34], where the standard method
for the computation of the mLCE estimator is described. Instead of computing
(2.54), every kh time units (where k is an integer and h the time step used) the
deviation vector is normalised to v(kh) and its magnitude a; = ||w(kh)|| recorded.
Then the ftmLE X;(kh) can be computed as

k
1
Xu(kh) = -~ > o (2.56)
=1

For the next iteration w(kh), i.e., a unit vector, is used as the initial deviation
vector, thereby preventing computational blow-ups (for a more detailed description
see Section 5 of [32]). The SALI is computed in a similar fashion with the two
tangent vectors being normalised at every k time steps with the SALI then being
computed as (2.51).

To demonstrate the behaviour of the ftmLE, X;, and SALI for (N > 2)D
dynamical systems, we consider a regular and chaotic orbit of the Hénon-Heiles
system (2.16). In Fig. 2.3(a) the PSS of the system at H = 1/8 on the cross-section
x =0, p, > 0 is shown. The PSS of a regular orbit, with IC x = 0, y = 0.2 and
py = 0, and a chaotic orbit, with IC x = 0, y = —0.15 and p, = 0, are shown as
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light-blue and red points in Fig. 2.3(a) respectively. The evolution of X; (2.54)
with respect to the integration time 7 of the two orbits is shown in Fig. 2.3(b).
The dashed light-blue line in Fig. 2.3(b) corresponds to a slope of In (7)/7, which
is identical to the slope of X; of the regular orbit at later times. The values of
X, of the chaotic orbit can be seen to saturate to a constant value, as we would
expect from (2.55). In Fig. 2.3(c) the SALI of the regular and chaotic orbit is
shown, with the dashed black line corresponding to a slope of e™17 (since Ay = 0
for 2-dof Hamiltonian models). As expected from (2.52), the SALI of the regular
orbit remains at some positive constant, while that of the chaotic orbit decreases
exponentially fast, with a similar evolution to the dashed black line.

Double computer precision is used in all computations, so values at an order
of magnitude 107! correspond numerically to 0 (since only 16 significant digits
are used in the calculations). This means we can stop computing the SALI for an
orbit once it reaches 107!¢ and can identify this orbit as chaotic. The SALI of the
chaotic orbit in Fig. 2.3 reaches this threshold at approximately 7 = 1, 000.

Regular

Regular 1 —125

e —2.4[ —— Chaotic 1 —— Chaotic

T . . . L ;
—0.50 —0.25 0.00 .25 050 075 107 10% 10° 107 10° 10%
y T

Figure 2.3: (a) The PSS of the Hénon-Heiles system (2.16) at an energy of H = 1/8
on the cross-section x = 0, p, > 0. Light-blue and red points correspond to the
PSS of a regular orbit with IC z = 0, y = 0.2 and p, = 0 and of a chaotic orbit with
IC 2z =0, y = —0.15 and p, = 0 respectively, while the intersections of several
other orbits are plotted by grey points. (b) The time evolution of the mLCE
estimator X; (2.54) for the regular and chaotic orbit considered in (a), for a total
integration time of 7 = 1,000. The dashed blue line corresponds to a function
proportional to In(7)/7. (c) Similar to (b), but for the SALI of the two orbits
considered in (a). The dashed black line corresponds to a function proportional
to e~ M7,

As stated in Section 2.3.4, the SALI of a regular orbit for a 2D map will tend to
zero at a linear rate, while for chaotic orbits it will decrease at an exponential rate
(2.53). As a demonstration of the SALI’s behaviour for such systems, we consider
the 2D standard map [5], as a test case of a 2D iterative, symplectic map having
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the form
Ty =x + 2
(mod 1), (2.57)

Th =19+ o sin (2721)

with K being a real parameter and 2, denoting the next iteration of x;, i = 1,2.
Since both coordinates are modulo 1, we have z;,25 € [0,1) with the phase
space forming the surface of a 2-torus. This system is a prototypical model of
a low-dimensional, conservative map, which will be used throughout our work to
demonstrate a variety of numerical techniques. In Fig. 2.4(a) the evolution of a
regular (light-blue) and chaotic (red) orbit are shown for K = 1.5. The ICs of
the regular and chaotic orbits are (x1,22) = (0.6,0.2) and (z1,x2) = (0.2,0.1) re-
spectively. The regular orbit forms a ring, which appears discontinuous due to the
modulo, while the chaotic orbit creates points which look randomly distributed. In
Fig. 2.4(b) the ftmLEs, X, of both orbits are shown for 7" = 1, 000 total iterations,
with the dashed light-blue line indicating a function proportional to In (7')/T. As
expected, the ftmLE of the regular orbit decreases following the law In (T)/T,
while that of the chaotic orbit saturates to some positive constant. In Fig. 2.4(c)
the time evolution of the SALI is shown for both orbits. The dashed light-blue
and black lines in 2.4(c) correspond to functions proportional to 1/72 and e~ M7
respectively. The SALI of the chaotic orbit is seen to decrease exponentially, as
in the case of the Hénon-Heiles system [Fig. 2.3 (b)], but the SALI of the regular
orbit also shows a decrease with a slope —2 in the log-log scale of Fig. 2.4(c).
When using the SALI to differentiate between regular and chaotic orbits of a 2D
map, caution must be exercised, as the long-term limits of the SALI of the regular
and chaotic orbits are both zero.

The different behaviours of the ftmLE and SALI for regular and chaotic orbits
allow us to identify the chaoticity of both individual and large ensembles of orbits.
Colouring each IC of a set of orbits according to its ftmLE and /or SALI value after
some final integration time (or number of iterations in the case of maps), produces
plots from which the distinct regions of regular and chaotic motion can be seen.
When creating colour plots using the SALI, the two initial deviation vectors for
each IC should be randomly generated. Otherwise, the SALI plot will have some
artificial “structures” as discussed in pp. 161-164 of [49].

2.4 The method of Lagrangian descriptors
Recently, a new method to study the phase space of dynamical systems has been
developed: the method of LDs. This method is straightforward to implement,

it relies on simple numerical computations along the trajectories of various ICs,
and provides high resolution, lower-dimensional slices which can be used to study
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Figure 2.4: (a) The evolution of a regular orbit (light-blue) with IC (xy,22) =
(0.6,0.2) and a chaotic orbit (red) with IC (x1,x2) = (0.2,0.1) of the 2D standard
map (2.57) with K = 1.5 for T' = 1,000 iterations. The consequents of various
other ICs are shown in grey, to reveal the structure of the system. (b) The time
evolution of the ftmLE, X, for the regular and chaotic orbits considered in (a).
At later times, the evolution of the mLCE of the regular orbit matches that of the
dashed blue line with the functional form In (7")/T. (c¢) The time evolution of the
SALI for the regular and chaotic orbits considered in (a). The dashed blue and
black lines correspond to functions proportional to 1/72 and e~2M7 respectively.

the dynamics of high-dimensional systems. Introduced in [1] this method was
referred to as the M function until in [58] the use of the M function as an LD was
first described. While LDs were initially developed to study ocean flows, since its
inception this technique has seen use in a wide variety of fields: transition state
theory [59, 60, 61], dissipative systems [62, 63], stochastic systems [64], ozone hole
formation [65], the study of dividing surfaces [66], 3D vector fields [67], molecular
systems [68, 69], open and unbounded maps [70, 71|, cardiovascular flows [72], and
the study of bifurcations of periodic orbits [73].

For deterministic dynamical systems, the ICs determine all aspects of the evo-
lution of the orbits in the phase space. The method of LDs makes use of this fact by
assigning to each IC in some grid in the phase space a positive number, calculated
by accumulating values of some chosen positive quantity along the trajectory when
it is propagated both forward and backward in time. The most intuitive choice
of this positive quantity is the arclength of the trajectory (referred to as the ar-
clength LDs). If we have some dynamical system, described by a set of first-order
differential equations as in (2.1), and some IC x¢y = x(t() at time t¢, the forward
time arclength LD, of the trajectory is

to+T7
MY (0, o, 7) — / I, (2.58)

to

where 7 is some fixed integration time for which we follow the trajectory, and |||
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is the Euclidean norm. Similarly, the backward time arclength LD is

to
M® (xq,t9,7) = / l|%||dt. (2.59)
to—T

The arclength LDs characterise the phase space of the system by how far the
orbits move through the phase space. Although simple, this method reveals a
wide variety of information about a dynamical system’s solution structure. At
any fixed points of the system, the LD will be zero, as the solutions are stationary.
Orbits which do not start at a fixed point will not remain stationary, and therefore
will have positive LD values. Thus, from the scalar LD field on some grid of ICs,
the fixed points will be easily recognisable as the minima of the field (see for
example Figs. 24, 26 and 36 of [74]).

Similarly, LDs also detect the stable and unstable manifolds around a saddle
fixed point. In order to explain in more detail the behaviour of LDs for manifolds,
let us consider an orbit starting on the stable manifold and calculate its arclength
in forward time. Since orbits on the stable manifold approach the fixed point,
they have a finite distance they can travel, i.e., their LD values are bounded from
above. On the other hand, any other nearby solutions not on the stable manifold
will continue moving throughout the phase space, thereby increasing their LD
values. If an appropriate integration time is chosen so that trajectories not on
manifolds move further through the phase space than the distance of the points
on the manifolds to the fixed point, the stable manifold will be at a trough of the
LD scalar field leading to the fixed point. Integrating in backward time will reveal
the unstable manifolds in a similar fashion, so from the combined forward (2.58)
and backward (2.59) time integrals, both the stable and unstable manifolds can
be identified (with the saddle fixed point at their intersection).

To demonstrate the ability of LDs to detect manifolds, we consider the 1-dof
linear saddle system [74], whose Hamiltonian is

1

H(q,p) = 5(0° = ¢). (2.60)

From the system’s corresponding Hamilton’s equations of motion,
q=7p

pP=4q

(2.61)

a fixed point can be identified at the origin. Solving this simple system of differen-
tial equations, we find that the origin is a saddle fixed point, with the corresponding
stable and unstable manifold’s functional form being p = 4+¢. The colour plots of
the forward, backward, and combined LDs [using the arclength definition (2.58)
and (2.59)] with a total integration time of 7 = 10 are shown in Fig. 2.5 for a grid
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Figure 2.5: (a) The forward LDs of the 1-dof linear saddle system, (2.60), calcu-
lated using the arclength definition (2.58) on a grid of 401 x 401 evenly spaced ICs
on the intervals ¢,p € [—1,1] for a total forward integration time of 7 = 10. (b)
The backward LDs computed on the same grid of ICs as (a) for a total backward
integration time of 7 = 10. (c¢) The total LDs (combined forward and backward
LDs) for the grid of ICs considered in (a). In each panel, the ICs are coloured
according to their LD values using the colour scale on top of each panel.

of 401 x 401 ICs on the intervals ¢, p € [—1,1]. The ICs are coloured according to
their LD values using the colour scale seen at the top of each panel. The manifolds
and the fixed point can already be clearly seen from these plots at the places where
the LDs have minimum values. For generic dynamical systems it was demonstrated
in [75] and [76] that the invariant manifolds are represented as singular features in
the LD scalar field, i.e., the gradient of the LDs at the manifolds is discontinuous.
Numerically, this discontinuity is represented as a high LD gradient at the location
of the manifold. For a 2D grid of ICs, we calculate the magnitude of the gradient

of the LD field as
Mgrag = ) M3 + My, (2.62)

where M, and M, are the gradients of the LDs in the x and y directions, calculated
using a finite difference scheme, respectively. Plotting the gradient of the LDs in
Fig. 2.6, we see the manifolds as the regions where the gradient is at a maximum.

The arclength serves as a good introduction to LDs as it gives an easy-to-
understand explanation of why this method works. A wide variety of definitions
of LDs have been introduced since their inception, using different quantities that
are accumulated along the trajectory. In [77] it is described how to construct
LDs in general, suggesting that using any function that encodes some intrinsic
property of the phase space, not only the velocity, will reveal the properties of the
phase space. For example, the acceleration, time-derivative of the acceleration or
even the curvature, could be accumulated along an orbit’s evolution to compute
the LDs. Since all of these functions are time-dependent, they will display the
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Figure 2.6: (a)-(c) The gradient of the results presented in Figs. 2.5(a)-(c) respec-
tively.

boundary of regions with different time evolutions as an abrupt change in the
LDs plot. Not only can we change the function which we accumulate along the
trajectory, but also how we take the magnitude of this function. So far only the
Euclidean norm has been used, but a variety of different norm-like quantities have
been used in the literature to better indicate the geometry of the phase space.

The most popular of these “norms” is the so-called “p-norm”, introduced in
[76] as

s N
My(xo) = [ D |Fulx(t),t)Pdt , pe(0,1], (2.63)
T k=1
where Fj is the k-th component of the arbitrary vector quantity F which is accu-
mulated along an orbit’s path. It should be noted that for p < 1, the “p-norm” is
not actually a norm, hence the quotation marks in its name. Usually p is taken
to be %, as this gives the most noticeable discontinuity in the LD gradient at the
manifolds (see, for example, the results in [71, 78, 79]).
The LDs can be also be calculated for ND iterative maps (2.6) with the “p-
norm” LD, given by

T

M, (x0) = Z

p

, p€(0,1], (2.64)

xﬁl - x;;)

N
i=1

where 27" is the total number of iterations of the map, the subscript j denotes the
j-th iteration, and the superscript ¢ indexes the N elements of the state vector x.

The integration time/number of iterations, 7/T (for continuous time systems
and maps respectively) plays a key role in the calculation of the LDs of a system.
It needs to be long enough so that the LDs can display the different behaviours and
structures of the phase space, but also short enough so that not too much CPU
time is required for the calculation. Sadly, there is no rule of thumb to determine
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how to choose 7/T for different models and instead a method of trial and error
has to be used to determine what 7/7 is best suited for every specific problem.
So far, we have considered what are known as fixed time LDs because they are
computed for a fixed value of time 7 or iterations 7' (2.58). This approach works
efficiently for systems where orbits do not escape to infinity and, for example, are
trapped in a potential well. However, it can result in issues for open systems,
where the motion is not confined to some phase space region. In open systems,
some trajectories may escape to infinity in finite time, causing the LDs to blow up
if we accumulate the trajectories for long enough. This will hide certain regions of
the phase space, as the range of LD values is so large (with the LDs of escaping
trajectories far bigger than those of trapped orbits) that the LDs in the trapped
regions will be indistinguishable. Integrating for shorter periods of time often does
not fix this problem, as it does not allow for the trajectories to evolve long enough
to display the intricacies of the phase space. A way to tackle this problem is to
compute LDs at variable times, as discussed in [80]. According to that approach,
instead of only integrating for some fixed time, the trajectories are accumulated
for either some fixed time 7/T or until they leave some predefined region of the
phase space at time 7% /T (the superscript + denotes the forward and — the
backward integrations), whichever one is shorter. This restricts the calculation of
the LDs of trajectories which escape to infinity to some reasonable finite value,
as the evolution of these trajectories is stopped once they have left a predefined
region of the phase space, and also allows for non-escaping trajectories to evolve
for long enough time to display the underlying dynamical structure.
A relatively simple system, which we use to demonstrate this approach, is a
model having a cubic potential corresponding to the Hamiltonian function [81]
H= 1p2 — g+ 1q?’. (2.65)
2 3
For p > 0, this system consists of a saddle fixed point at (qo,po) = (—/11,0)
and a centre at (go,po) = (y/11,0). However, when plotting the fixed time LDs
(on a grid of 401 x 401 evenly spaced ICs on the intervals ¢ € [—1.5,1.75] and
p € [—1.25,1.25] with © = 0.25 for a total integration time of 7 = 8) in Fig. 2.7(a),
we see that certain parts of the phase space are obscured by the blown up LD
values for which the orbits have escaped to infinity (the white regions in the plot).
In Fig. 2.7(b) we show variable time LDs, with the restriction that trajectories
stay in the region defined by the circle of radius 15 centred at the origin of the
plane (g, p), on the same grid of ICs and integration time. From this figure, both
the saddle fixed point and centre can be clearly seen, with the manifolds forming a
fish-like shape. This figure reproduces some results reported in [81]. We note that
for an arbitrary dynamical system with escapes, choosing an appropriate phase
space region for variable integration time LDs is not always straightforward and
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Figure 2.7: (a) Fixed time LDs on a grid of 401 x 401 evenly spaced ICs for the
cubic potential (2.65), for a total integration time of 7 = 8 both forward and
backward in time. The white regions in (a) correspond to ICs where the LDs have
blown up due to the escapes. (b) The variable integration time LDs for the same
set of ICs as (a), for 7 = 8, with the trajectories restricted to a circle of radius 15
centred at the origin (if a trajectory leaves the circle for 7 < 8, the corresponding
IC is coloured according to the LD value at the time of crossing). Both panels are
coloured according to the colour scale seen at the top of each panel.

requires some investigation to find.

Let us now discuss what advantages LDs offer over the standard technique for
visualising phase space structures, the PSS (Section 2.3.1). The first problem with
constructing the PSS is that we need the trajectories of our ICs to return to our
phase space slice, something which is not guaranteed. This requirement places a
restriction on what trajectories we may want to consider for our PSS, a problem
we do not have with the method of LDs, as it is unimportant where the trajectories
of our ICs travel in the phase space, only what LD values they obtain from their
time evolution.

The next advantage that LDs offer over the PSS is that one immediately knows
what resolution of grid is being calculated for the LD plot, as the LD scalar field
has the same resolution as the grid of ICs we selected to calculate the LDs on.
However, for the PSS, we do not know how many points we will end up with, as
we have no indication of how many ICs and how much integration time is required
to find enough intersections for the PSS to reveal the phase space structure.

It should also be mentioned that LDs can be calculated for autonomous and
non-autonomous Hamiltonian systems in the exact same manner. This is not the
case for the PSS, which can only be calculated for non-autonomous systems if the
time-dependence is periodic [74].

Not only do LDs offer technical advantages over the PSS, but they also produce
additional information about the phase space, revealing the manifolds in regions
of both regular and chaotic motion. The PSS, on the other hand, simply repre-
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Figure 2.8: (a) PSS of the Hénon-Heiles system, (2.16), at H = 1/12, with x = 0
and p, > 0. (b) The combined forward and backward LDs on a grid of 1,001 x 1, 001
evenly spaced ICs on the intervals y € [—0.4,0.5], p, € [—0.4,0.4] for a total
integration time of 7 = 50. (c¢) The corresponding LD gradient of (b). Panels (b)
and (c) are coloured according to the colour scales at the top of the panels.

sents chaos as a collection of random-looking points from which we can gather no
information other than that a region is indeed chaotic, and represents the regu-
lar regions as consisting of deformed rings which do not indicate the presence of
manifolds. The LDs, however, will reveal the manifolds as a steep change in the
LD gradient in both regular and chaotic regions, letting us study the complexity
of the phase space (see for example [82]).

As a comparison between the PSS and LDs plots, let us consider their appli-
cation to the Hénon-Heiles system (2.16). Letting H = 1/12 the PSS on the y, p,
slice for x = 0 and p, > 0 is shown in Fig. 2.8(a). At this energy, no chaotic orbits
can be seen, which would be characterised on the PSS by a region of points which
appear randomly distributed. Instead, only the cross-section of the invariant tori
on which regular motion occurs can be seen. While this plot does show some of
the structure of the phase space, the manifolds of unstable periodic orbits cannot
be identified from it.

To reveal these manifolds, the LD and LD gradient plots for a grid of 1,001 x
1,001 evenly spaced ICs on the same cross-section for a final integration time of
7 = 50 is shown in Figs. 2.8(b) and (c) respectively. From the LD gradient in
Fig. 2.8(c), the manifolds can be seen as the darker curves. These manifolds do
not originate from the fixed points of the system, like in the case of the 1-dof
systems, but instead correspond to the manifolds of some unstable periodic orbits
located at the intersections of the stable and unstable manifolds.

So far, we have only considered a 2-dof Hamiltonian, but the drawbacks of
the PSS become even more pronounced when considering systems with higher
dimensions. If, for example, we consider a 3-dof autonomous Hamiltonian model,
we will be working on a 5D energy surface which we can restrict to a 4D PSS
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by letting some phase space coordinate value be constant. Analysis of this high-
dimensional PSS requires a combination of a 3D plot and a colour scale for the
fourth coordinate, as was done for example in [83], or to use the method of 3D
phase space slices [84]. For the LDs, we can create 2D subspaces of the whole
phase space simply by choosing a slice with a certain resolution and calculating
the LDs on that, as was done for example in [85].

2.5 Code optimisation and parallelisation

For plots of the chaos indicators, ftmLE and SALI, as well as the LDs, large
ensembles of ICs are required to reveal the structure of the phase space. Since each
IC has to be integrated for some total time, producing high resolution plots can
require a large amount of CPU time. Writing computer code which is as efficient
as possible is, therefore, highly important for producing results. All coding for
this thesis is done in Python version 3.8.8. While Python is generally not as fast
as other programming languages such as C or FORTRAN 90, with the use of the
Numba compiler, Python can be sped up considerably. Numba translates Python
functions into machine code, optimising the performance of numerical calculations.
Utilising it effectively results in a significant decrease in computational time when
integrating individual orbits.

To reduce the time taken to produce results on grids of ICs we make use of
the Python “multiprocessing” module. This module allows for the code to be
parallelised, i.e., running different parts of the code on the individual cores of the
computer simultaneously (as opposed to serial computing, where all the cores are
used for one task). It is straightforward to parallelise codes for computations on
grids of ICs as the grid can be split into however many cores are available, with each
core running a different splitting simultaneously. The obtained results can then
be joined together to form the larger set of outcomes once all computations are
done. The personal computer used for our work has 12 available cores, speeding up
computations when code is run in parallel, but the real advantage of parallelisation
comes with access to high performance computing (HPC) clusters. An HPC cluster
consists of a group of computers (nodes) acting as a single system. Running
parallelised code on HPC clusters greatly decreases computational time, as each
node has its own set of cores. This allows for far more cores in total than on
commercially available, personal computers. All the computations in this work
were performed on the Centre for High Performance Computing (CHPC) Lengau
cluster [86], making use of between 24 and 240 cores, depending on the size of
the job. This ensured that all results typically ran within two days of CPU time.
All computer codes used during our work can be found at https://github.com/
sebzimp/Masters-Project.
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Chapter 3

Application of LDs to a galactic
potential

To demonstrate the behaviour of the LDs and what benefits they offer in studies
of phase space structures, we utilise them to study the dynamics of a Hamiltonian
system which describes the motion of stars in a simple galactic model. Unless
otherwise stated, the LDs are computed using the “p-norm” definition (2.63), with
p = 0.5, both forward and backward in time.

3.1 The galactic potential
The system under consideration was previously studied for example in [2], and

models the transport of stars in a galaxy model rotating around the z-axis with
an angular velocity €2,. The system is described by a 3-dof Hamiltonian given by

1
H= Q(pi + o+ p2) + (2,y, 2) — Q(apy — ypa), (3.1)
where
(b . —GM1 GM2
\/m2 +92/a2 + [an + 22/ + B2)3)° \/962 +92/q2 + a2 + (/g + 13)7]°
(3.2)

is the functional form of the potential which attributes two Miyamoto disks [87],
with masses M; and Ms, to the galaxy following [2]. The variables z, y and z are
the spatial coordinates of a star in the galaxy and p,, p, and p, the corresponding
momenta of the star. Following the work done in previous studies of the model,
such as in [2], the parameter values are set to €, = 0.28262, M; = 2.05, My =
2547, q, = 1.2. g = 0.9 (g, and ¢, determine the geometry of the Miyamoto
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disks), a; = 0 kpe, as = 7.258 kpe, by = 0.495 kpe, by = 0.520kpc (the parameters
ay, by, as, and by are scaling factors), and the gravitational constant rescaled to
G =1 (setting the velocity unit to 209.64 km/sec and the units of M; and M; to
10" solar masses). The corresponding Hamilton’s equations of motion are

. od

) Pz = “or + Qpy

T =p, + QY aé

g =Dy — be py = _a_y - pra: (33)
Pe= g

To simplify the study of this system, we restrict our investigation to the 2-dof
version, by considering motion only on the symmetry plane z = p, = 0. The
reduced model has the following 2-dof Hamiltonian functional form

1 GM GM.
H = 5 (p24p,)—Q(wpy—yp:) - : =— 2 =,
\/x2+y2/Q3+ a1+ bi] \/x2+y2/Q2+ [az + bs)]
(3.4)
with the corresponding Hamilton’s equations of motion given by
. 0% O

«T:px+Qby px—_a_x—i_ bPy

. 0D (3.5)

Y =Dy — le' .

Py = _8_y — Dy

Since the galactic system is rotating around the z-axis at a constant angular
velocity 2, the dynamics can be described in the rotating frame of reference (see,
for example, [88]). The restriction of this potential on the reduced model (3.4) for
this rotating frame is known as the effective potential, given by

1
Pef(@,y) = B(x,y, 2 = 0) — (2" +7), (3.6)

and its contour plot shown in Fig. 3.1. The five points shown in red are the fixed
points of the system, for which

0Pog  0Ppfp

or oy

0, (3.7)

ie,r =9y = p, = p, = 0. In the study of galactic dynamics, these fixed points
are commonly referred to as the Lagrange points (see, for example, Section 3.1.4
of [89]). The Lagrange points Ly and Ly are saddle points of the effective poten-
tial, while L3 is a local minimum, and L4 and Lj are local maxima. The saddle
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Lagrange points L; and Lo define a critical value for the energy of the system,
Ee = —4.246969670045883, as when the energy is higher than F¢, stars can es-
cape from the interior region of the potential around the local minimum Ls.

The escape of orbits from an interior region of a potential is an important
feature in a variety of dynamical systems. LDs have been applied extensively to
study this phenomenon in transition state theory (see, for example, [90, 91, 92]),
which models the quantities of reactants and products in a chemical reaction using
the location of an orbit in the phase space (for an overview of this topic see [93] and
references therein). Of particular interest when studying escapes from a galactic
potential are the Lyapunov orbits [94], which are highly unstable periodic orbits
surrounding the saddle points of the potential. If an orbit crosses a Lyapunov orbit
with a velocity pointing outwards, then that orbit is classified as having escaped
the interior region of the galaxy [95]. We demonstrate in Section 3.3 how the
LDs are utilised to identify the location of the Lyapunov orbits as well as their
associated stable and unstable manifolds of the galactic model.
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Figure 3.1: Contour plot of the effective potential (3.6) on the configuration space
of the Hamiltonian system (3.4). The Lagrange points of this potential are denoted
as red dots.

The Hamiltonian system (3.4) is not separable (the kinetic and potential en-
ergies are explicitly dependent on both the coordinates and conjugate momenta),
so symplectic integrators cannot be straightforwardly applied to cap the relative
energy error (2.19). Instead, we use the RK6 scheme (see Section 2.2.1) from [15].
Unlike the case of symplectic integrators, the relative energy error grows linearly
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in time for the RK6 method. Using an integration time step of h = 0.025 keeps
the E, (2.19) of the orbits of this system below a threshold of 10~7 for integration
times up to 7 = 10%, so our numerical approximations to the solutions of this
system are accurate.

3.2 Visualisation of the phase space dynamics of
the 2-dof galactic model without escapes

Let us now start our analysis of the system (3.4) when the energy is slightly below
the critical energy value at &' = —4.3 < E¢ and escapes are not energetically
permitted. We reiterate that one of the primary objectives of our work is to study
the escape of orbits through L; and Ls, which are on the line x = 0, when the
energy is above Eg. For this reason, we investigate the surface of section given
when z = 0 and # > 0. In Figs. 3.2(a) and (b) we show the PSS and the SALI
plots for this subspace respectively. In particular, we compute the SALI on a grid
of 1,001 x 1,001 evenly spaced ICs on the intervals y € [—3.5,3.5] and p, € [—3, 3]
up to a final integration time of 7 = 10*. We identify from the PSS [Fig. 3.2(a)]
a periodic orbit in the large regular region, surrounded by the cross-sections of
tori on which regular motion occurs. The chaotic regions are characterised by the
“randomly” distributed dots in the PSS and the purple coloured regions in the
SALI colour plot [Fig. 3.2(b)] for which SALI < 107®. In both panels of Fig. 3.2,
we also observe smaller islands of regular motion in the chaotic sea, which are
revealed more clearly through the use of a SALI plot than a PSS plot. In neither
of these panels are the manifolds of the system shown.

To reveal the phase space structures in the chaotic regions, we make use of
the LDs. We compute the LDs on the same grid of ICs as was used for the SALI
computations in Fig. 3.2(b). Because we do not know a priori the integration time
7 necessary for the LDs to clearly highlight the prominent manifolds, some work
is required to find an appropriate 7 value. In Fig. 3.3 the LD and LD gradient
plots are shown for three different integration times: 7 = 50, 100, and 200. For
relatively short integration times, such as 7 = 50 [Figs. 3.3(a) and (b)] some of the
invariant curves around the periodic orbit in the regular region can be seen as high
LD gradient values, but there are no well-defined manifolds in the chaotic regions.
At 7 =100 [Figs. 3.3(c) and (d)], some of the manifolds in the chaotic regions can
now be seen as dark lines in the LD gradient plot. By increasing the integration
time further to 7 = 200 [Figs. 3.3(e) and (f)], we observe a corresponding increase
in the number of manifolds in the chaotic region such that it becomes difficult to
identify individual manifolds. This is due to the fact that unstable periodic orbits
are dense in chaotic regions, resulting in higher order periodic orbits and their
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Figure 3.2: (a) The PSS of the galactic system (3.5) on the plane z = 0, & > 0
at an energy F = —4.3. (b) The log,, SALI colour plot for the same plane as (a)
for a grid of 1,001 x 1,001 ICs evenly distributed on the intervals y € [—3.5, 3.5]
and p, € [—3,3], integrated for a total integration time of 7 = 10*. The ICs are
coloured according to their log,, SALI value using the colour scale at the top of
the panel.

manifolds causing discontinuities in the LD gradient plot when the integration
time is increased sufficiently. We will explore the relation between chaos and LDs
further in Chapter 4, where we will use diagnostics based on the LDs to characterise
orbits as either regular or chaotic.

From the results presented in Fig. 3.3, we identify 7 = 100 as the integration
time which shows the manifolds in the LD gradient plot the clearest. To extract
and visualise the shape of the manifolds, we zoom in on the chaotic regions we
see in Fig. 3.2(b). In Figs. 3.4(a) and (b) we show the LD gradient at 7 = 100
(of the combined forward and backward LDs) for a grid of 1001 x 1001 evenly
distributed ICs on the intervals, y € [-3,—1], p, € [-2,2] as well as y € [1.5, 3],
py € [—1.2,1.2] respectively.

The position of the manifolds for this grid of ICs corresponds to grid points
where the LD gradient scalar field values are high (see Section 2.4). We can
therefore extract the stable manifolds by considering all ICs of Figs. 3.4(a) and
(b) for which the gradient of the forward LDs are above an appropriate value.
Likewise, we can extract the unstable manifolds by considering the backward LD
gradient values. Setting both the forward and backward LD gradient threshold
to Mgqqa > 1, we show in Figs. 3.4(c) and (d) the stable (red) and unstable
(blue) manifolds from the ICs considered in Figs. 3.4(a) and (b) respectively. The
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Figure 3.3: Results obtained for the same ICs as considered in Fig. 3.2(b). The ICs
are coloured according to their LD values at 7 = 50 (a), 7 = 100 (c¢) and 7 = 200
(e) as well as their corresponding LD gradient in (b), (d) and (f) respectively, using
the colour scale at the top of each panel.
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Figure 3.4: Results obtained for the 2-dof galactic model (3.5) at an energy of
E = —4.3 on the subspace defined by x = 0, £ > 0. (a) A grid of 1,001 x
1,001 evenly distributed ICs on the intervals y € [-3, —1] and p, € [-2,2] in the
subspace coloured according to the value of the gradient of the combined forward
and backward LDs with a final integration time of 7 = 100 using the colour scale at
the top of the panel. (b) Similar to (a) but for ICs on the intervals y € [1.5, 3] and
py € [—1.2,1.2]. (c) The set of points considered in (a) for which the gradient of
the forward or backward LDs is greater than 1 (coloured red and blue respectively).
The region coloured in grey is the area which is not energetically permissible. (d)
Similar to (c¢) but for the set of ICs considered in (b). We note that the red
and blue curves in (c¢) and (d) correspond to stable and unstable manifolds of the
system.
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energetically forbidden regions are coloured in grey in these two plots. From these
results, we can clearly visualise the complicated phase space structures created by
the manifolds using relatively short CPU time. This demonstrates that the LDs
can be used to efficiently study the motion of stars in the interior region of our
galactic model 3.4.

3.3 Investigating the dynamics for energies per-
mitting the escape of orbits

Let us now increase the system’s energy further to F = —4.24 > Es. At this
higher energy, orbits can now escape the potential well through regions around
the Lagrange saddle points L; and Ly. Plotting the PSS on the plane z = 0, £ > 0
in Fig. 3.5(a), we see orbits that have escaped the interior region as well as some
forming bell-type curves [96]. Zooming in on the PSS in Fig. 3.5(b), we observe
the regular and chaotic dynamics at the centre of the potential. These dynamics
are shown again in the log;, SALI colourplot of this plane shown in Fig. 3.5(c).
We note that the SALI was calculated on a grid of 1,001 x 1,001 evenly spaced
ICs on the intervals y € [—4,4], p, € [—3, 3] for a total integration time of 7 = 10*.
Compared to the SALI plot of the system at £ = —4.3 [Fig. 3.2(b)], we now no
longer see regular islands within the chaotic sea, with the chaotic orbits escaping
from the potential well.

—15 —10 —5 0

Figure 3.5: (a) The PSS of the galactic model (3.5) on the plane z = 0, & > 0 at
an energy of £ = —4.24. (b) Zoomed in image of (a) on the intervals y € [—4, 4]
and p, € [—2.5,—2.5]. (c) The log,, SALI colour plot (using the colour scale at
the top of the panel) for the same plane as (a) for a grid of 1,001 x 1,001 ICs on
the same intervals as (b), integrated for a total integration time of 7 = 10%.

To visualise the manifold structure of the Lyapunov orbits governing the es-
capes through the bottlenecks, we use LDs. Using a fixed integration time of
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7 = 40, the LD and LD gradient for the same grid of ICs as Fig. 3.5(c) are shown
in Figs. 3.6(a) and (b) respectively. We note that while the possible escape of
orbits from the potential well could lead to blowups in the values of the LDs, we
find that for 7 = 40 the LDs clearly display the phase space without any extremal
LD values. In the chaotic regions around the bottlenecks, manifolds corresponding
to the Lyapunov orbits can now be seen. These are characterised by the high mag-
nitude values (dark curves) of the LD gradient plot [Fig. 3.6(b)]. The bottlenecks
are however very narrow at this energy level, so it is difficult to visually identify
the manifolds in Fig. 3.6(b).

Figure 3.6: Results obtained for the same grid of ICs as in Fig. 3.5(c), with the
ICs coloured according to their LD values at an integration time of 7 = 40 (a) and
the corresponding LD gradient (b) using the colour scale at the top of the panels.

Enhancing on the two bottlenecks, we compute the gradients of the forward and
backward LDs for a grid of 1,001 x 1,001 evenly distributed ICs on the intervals
y € [-4,-1], p, € [-1,1] and y € [2,4], p, € [-1,1]. In Figs. 3.7(a) and (b)
we show the two respective grids of ICs coloured according to the gradient of the
combined forward and backward LDs for 7 = 40, using the colour scales at the top
of each panel.

In these two panels, we can identify the structures created by the manifolds
as regions where the LD gradient is high [a high LD gradient corresponds to the
darker regions in Figs. 3.7(a) and (b) as well as the location of the manifolds].
We categorise points where the gradient of the forward/backward LD is greater
than 1 as the stable/unstable manifolds respectively. The points from Fig. 3.7(a)
which are identified as part of the stable (red points) and unstable (blue points)
manifolds are in shown Fig. 3.7(c). Figure 3.7(d) shows the manifolds for the ICs
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Figure 3.7: Results obtained for the 2-dof galactic model (3.5) at an energy of
E = —4.24 on the subspace defined by z = 0, £ > 0. (a) A grid of 1,001 x
1,001 evenly distributed ICs on the intervals y € [-4, —1] and p, € [—1, 1] in the
subspace, coloured according to the value of the gradient of the combined forward
and backward LDs with a final integration time of 7 = 40, using the colour scale
at the top of the panel. (b) Similar to (a) but for ICs on the intervals y € [2,4]
and p, € [—1,1]. (c) The stable (red curves) and unstable (blue curves) manifolds
extracted from the LD gradient (with a threshold of the forward or backward LD
gradients M,,q > 1) for the set of points considered in (a). The region coloured
in grey is the area which is not energetically permissible. (d) Similar to (c) but
for the set of ICs considered in (b).
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from Fig. 3.7(b). In both Figs. 3.7(c) and (d), the region which is not energetically
permissible is coloured grey. The manifolds identified by the LDs clearly display
the complicated phase space structures responsible for the escape of orbits from
the potential well.

Instead of the plane defined by x = 0, £ > 0, the manifolds can also be
studied on the system’s configuration space. The configuration space of the galactic
model (3.4) represents the positions of the stars (their x and y coordinates) and
as such is commonly used when investigating the escapes of orbits from some
interior region. Identifying the position of the Lyapunov orbits and visualising their
associated manifolds on the configuration space is therefore extremely important
when studying the dynamics of galactic systems. We will demonstrate how LDs can
be used to uncover the structures in the configuration space, with the restriction
that £ = —4.24, y = 0, i.e., p, = 2, and p, > 0 is determined from the system’s
Hamiltonian (3.4). In Figs. 3.8(a) and (b) we colour a grid of 1,001 x 1,001 ICs
evenly spaced on the intervals x,y € [—5, 5] according to their LD and LD gradient
values at 7 = 40 respectively. From the LD gradient, we can see the manifolds at
the top and bottom bottlenecks as purple and black lines.

100 200 300 400

Figure 3.8: (a) The LD colour-plot of the galactic model (3.5) on the configuration
space y = 0, £ > 0 at an energy of £ = —4.24 for a grid of 1,001 x 1,001 ICs
on the intervals z,y € [—5,5], with a final integration time of 7 = 40. (b) The
corresponding LD gradient of (a).

We zoom in on the bottleneck at the top of the configuration space, showing
the LD and LD gradient on a grid of 1,001 x 1,001 evenly spaced ICs on the
intervals x € [—4,4], y € [3.3,5] for 7 = 40 in Figs. 3.9(a) and (b) respectively.
We show the manifolds which are extracted from the LD gradient by setting a
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Figure 3.9: Results obtained for the 2-dof galactic model (3.5) at an energy of
E = —4.24 for a grid of 1,001 x 1,001 evenly distributed ICs on the intervals
x € [—4,4] and y € [3.3,5] on the subspace defined by § = 0, £ > 0. The ICs
are coloured according to their LD (a) and LD gradient (b) values, computed for
a final integration time of 7 = 40. (c¢) The stable (red curves) and unstable (blue
curves) manifolds extracted from the LD gradient for the set of points considered
in (a), using an LD gradient threshold of M,.q > 1. The region coloured in grey
is the area which is not energetically permissible and the green dot corresponds to
the Lagrange point. (d) Similar to (c), but for an LD gradient threshold value of

Mgrad > 3.
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Figure 3.10: Similar to Fig. 3.9, but for a grid of 1,001 x 1,001 evenly distributed
ICs on the intervals = € [—4,4], y € [-4.5, —2.5].
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threshold of Mg,¢ > 1 in Fig. 3.9(c). The red curves in Fig. 3.9(c) correspond
to the stable manifolds, the blue curves to the unstable manifolds; the Lagrange
point L, is shown as a green point and the region which is not energetically per-
mitted is shown as grey. From the results presented in Fig. 3.9(c), we can clearly
visualise the complicated manifold structure governing the escape of stars. Let us
recall from Section 2.1.1, that the location of an unstable periodic orbit is at the
intersection of its associated stable and unstable manifolds. In Fig. 3.9(c) there
are too many intersecting manifolds to identify the position of the Lyapunov orbit
on the configuration space. However, since the threshold for the LD gradient we
chose to extract the manifolds, M,,q > 1, was arbitrary, we can adjust this value,
so we see only the most prevalent phase space structures. If we instead consider
only the points with an LD gradient My,.q > 3, we extract the manifolds shown in
Fig. 3.9(d) [the same colouring scheme as Fig. 3.9(c) is used]. In this figure, we see
a far less complicated manifold structure, with only one intersection of the stable
and unstable manifolds occurring at (z,y) &~ (0,3.83). We will show that this is
a good estimation of the Lyapunov orbits’ location on the configuration space in
Section 3.4.

We can perform a similar analysis to the one of Fig. 3.9, for the bottleneck
at the bottom of the configuration space (Fig. 3.8). In Figs. 3.10(a) and (b) we
respectively show the LD and LD gradient for a grid of 1,001 x 1,001 evenly
spaced ICs on the intervals x € [—4,4], y € [-4.5, —2.5]. The manifolds obtained
by setting thresholds for the LD gradient at My,qq > 1 and My,.q > 3 are shown
in Figs. 3.10(c) and (d) respectively. We clearly see in Fig. 3.10(c) the manifolds
of the system forming the “skeleton” of the dynamics, similar to Fig. 3.9(c). In
Fig. 3.10(d), we identify the position of the Lyapunov orbit at the lower bottleneck
as the intersection of the stable and unstable manifolds at (z,y) ~ (0,—3.40).
From the results presented in Figs. 3.9 and 3.10, we can identify both the structure
of the manifolds governing the escape of stars from the potential well, and have
an estimation of the position of the Lyapunov orbit.

3.4 Computation of the Lyapunov orbits

Due to the grid size of the LDs only an approximate guess of the two Lyapunov
orbits’ positions on the configuration space can be made. To verify that the points
identified in Figs. 3.9 and 3.10 are a good estimation of the locations of the Lya-
punov orbits and to find more accurate approximations, we implement a multidi-
mensional Newton-Raphson method for finding periodic orbits.

Let us give here a brief outline of this scheme. We start with an initial guess
on the configuration space, and evolve this IC until an intersection with the con-
figuration space defined by y = 0, £ > 0 is found at t = t¢. The same method
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for finding the accurate intercept of an orbit with a plane for the computation of
the PSS (Section 2.3.1) is used to find the location of this intersection accurately.
We note that the resulting map is a Poincaré map (Section 2.1.1), for which a
periodic orbit is a fixed point. To find the location of this fixed point we use the
multidimensional Newton-Raphson’s method with the following form

Xi—l—l(o) = Xl(O) - (A - Hz)il(Xi(tc) - XZ(O)), 1= ]., 2, coey (38)

where x; is the i-th updated guess of the location of the periodic orbit, Iy the
2 x 2 identity matrix, and A a matrix which we compute at every iteration in the
following manner. Taking two orbits which are initially close to x;(0) and letting
w12(0) and wy 2(t¢) be the deviation vectors from x; to these orbits at ¢ = 0 and
t = t¢ respectively, the matrix A satisfies

Wia(te) = A-wia(0). (3.9)

We let wi(0) = (A,0)T, wy(0) = (0,A)T, wi(tc) = (a,b)", and wy(tc) = (¢, d)7,
where A, a, b, ¢, and d are some real constants and compute A as

A= % (Z Z) : (3.10)

from which we update our approximation of the location of the periodic orbit until
some desired tolerance for |x(t¢) — x(0)| is reached.

From the LD plots in Figs. 3.9 and 3.10, we have approximate locations of the
Lyapunov orbits’ intersections with the configuration space at (z,y) =~ (0,3.83)
and (z,y) ~ (0,—3.40). We use these approximate positions as our initial guess
for the periodic orbit finding algorithm outlined above. The deviation orbits used
are w; = (107'2,0)7 and wy = (0,107'?) with the algorithm being iterated until
a desired tolerance of 10~ is reached. We find the Lyapunov orbits to be located
at

(z,y) = (—2.2948185113096246 x 10°, 3.8445181482103776)

and
(x,y) = (—4.501505716185021 x 1075, —3.4087110481474063),

demonstrating that the information extracted from the LDs gave a good estimation
of the Lyapunov orbits’ positions.

In Fig. 3.11 we show the projection of the evolution of the Lyapunov orbits
on the configuration space with the energetically forbidden region shown in grey,
as well as the Lagrange points (green points) surrounded by the Lyapunov orbits.
We see that the Lyapunov orbits form ellipses surrounding the Lagrange points,
as we would expect from the discussion in Section 3.1.
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Figure 3.11: The projections of the two Lyapunov orbits (red and blue circles)
on the plane of the galactic potential defined by y = 0, £ > 0 at an energy of
E = —4.24. The Lagrange points L; and Ly are shown as the two green points,
with the energetically forbidden region of the plane shown in grey.

In this study we have demonstrated the ability of LDs to visualise the manifolds
of the galactic model 3.4 when the system does not allow for escapes [Fig. 3.4] and
when orbits can exit the interior region [Figs. 3.7, 3.9(c) and 3.10(c)]. Further-
more, we use the LDs to give good estimations of the Lyapunov orbits’ locations
[see the discussion of Figs. 3.9(d) and 3.10(d)]. These phase space structures are
crucial in studying the motion of stars in galactic models, with the LDs offering
a straightforward-to-implement and computationally-quick method of visualising
them.
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Chapter 4

Chaos detection diagnostics based
on the LDs of nearby orbits

As part of the discussion in Chapter 3 and the results presented in Fig. 3.3, we
demonstrated that at long integration times, we can visually identify chaotic re-
gions of the phase space as where the LD gradient is large. This is due to the
manifolds of the dense periodic orbits in the chaotic regions being revealed at later
times. Furthermore, in [97] it was demonstrated that LD values were “smoother”
in regular regions than in chaotic ones. To demonstrate this, we consider a line of
2,500 ICs for the Hénon-Heiles system (2.16) at H = 1/8, with x = p, =0, p, > 0
on the interval y € [—0.5,0.75]. In Fig. 4.1(a) we show the PSS of the system
for x = 0 and p, > 0 and denote the ICs on p, = 0 as the red, horizontal line.
From the PSS we can pick which ICs on this line are regular and which ones are
chaotic, but as a more accurate identification of the orbits’ natures, we compute
the SALI at 7 = 10°, presenting these results in Fig. 4.1(b). Let us recall from
Section 2.3.4 that the SALI characterises an orbit as chaotic if the SALI value is
log,o SALI ~ —16 and regular if the SALI is a positive constant, so we indicate an
appropriate threshold of log,, SALI = —8 as a horizontal red line in Fig. 4.1(b).
We show the LD values of the ICs on the line, computed using the “p-norm” def-
inition with p = 0.5 for a final integration time 7 = 1,000, in Fig. 4.1(c). In
this figure we see that for the ICs which we categorise as belonging to regular
orbits, from the results of the PSS [Fig. 4.1(a)] and the SALI plot [Fig. 4.1(b)], the
LD values have smooth variations, while the LDs of ICs in chaotic regions vary
erratically. This phenomenon is due to regular orbits which are initially nearby
each other behaving similarly, and therefore having close LD values, while chaotic
orbits diverge exponentially (with their deviation vectors growing in the direction
corresponding to the mLCE), resulting in their LD values being unrelated.
Following the observation that chaotic regions of the Hénon-Heiles system can
be visually identified from the LDs, we develop techniques for a global method to
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Figure 4.1: (a) The PSS of the Hénon-Heiles system at H = 1/8 for x = 0, p,, > 0.
The line p, = 0 is indicated by the red, horizontal line. (b) The log,, SALI values
at time 7 = 10° of 2,500 ICs on the red line in (a). To discriminate between ICs
of regular and chaotic orbits, the threshold log,, SALI is shown as a red line. (c)
The LD values at an integration time of 7 = 1,000 of the ICs considered in (b).

quantitatively characterise orbits as either regular or chaotic, using only computa-
tions of LDs. The newly developed chaos diagnostics are the difference and ratio
of the LDs of nearby orbits, which we introduced in our work [8], as well as a finite
difference approximation of the second spatial derivative of the LDs which was
introduced in [3] and later used in [98]. We investigated the application of these
three chaos detection methods to the Hénon-Heiles system and the 2D standard
map in [8] and to a 4D symplectic map in [9].

The quantitative LDs-based chaos detection indices make use of the LDs of
neighbouring orbits to characterise chaos. For an orbit with IC xq in an ND phase
space of a dynamical system, a set of neighbouring orbits is given by

v =x+o®e;, i=1,2,...,N, (4.1)
where o is the grid spacing between ICs in the i-th direction of the phase space
and €; is the i-th base unit vector. If we consider an orbit and its nearest neighbours
in an (n < N)D subspace of the phase space, the difference of the LDs of nearby
orbits, D7, is defined as

DL }(07

2nZ'M Xo,7) = MY, )| Mo, m) = MBI (o

M(X07 ) ’

where M is the LD computed using a generic norm, 7 the final integration time
at which the LDs are evaluated, and we refer to n as the order of the index. We
also define the ratio of the LDs of nearby orbits, R}, as

1 z": MY, )+ My?,r)

(4.3)



The third indicator we will discuss in this thesis is related to the finite difference
second spatial derivative of the LD scalar field. Although it was initially introduced
in [3] as the [|ALD||, in order to be consistent with the notation of (4.2) and (4.3)
and to emphasise the order of the index, we rename this to the S} with the following
functional form

n

Si(x0,7) = = 3

n <
=1

M(Y;—’T) B 2M(X07T) +M(Yi_77_)
(70 |

(4.4)

We note that we introduced the factor of 1/n in the definition of the S} to normalise
the quantity with respect to the dimensions used in the indicators’ computation.

The three LD based indicators (4.2), (4.3), and (4.4) quantify the smoothness of
the LD field at an IC, with smaller index values corresponding to smooth behaviour
and higher values to more erratic variations. In Figs. 4.2(a)-(c) we present the
log,y D} (4.2), logyy R} (4.3), and log;, S} (4.4) values for the ICs on the line
considered in Fig. 4.1 respectively. To compute the indices, the LD values shown
in Fig. 4.1(c) were used, setting the grid spacing between neighbouring ICs to
o =5x107% From Fig. 4.2, we see that the chaotic ICs [which we identify as the
ICs with SALI values below 1078 from Fig. 4.1(b)] correspond to higher values for
the LD based chaos quantifiers (log,, D > —3,log,, R} > —3.5, and log;, S} > 7)
and regular ICs to lower values. We can use the difference in indicator magnitude
to quantitatively distinguish between regular and chaotic behaviour for these ICs
and, since this behaviour holds in general (which we will demonstrate in this
chapter), for other dynamical systems as well.

1
logyo S}

050 025 000 025 05 5 X 2505 75 050 —025 0.00 025 050  0.75
y y y

Figure 4.2: The values of the log,, D; (a), log;, R} (b) and log;, S} (c) for the
ICs and LDs considered in Fig. 4.1(c).

A variety of factors, such as the grid spacing o, final integration time (or
number of iterations for maps) 7/7', and the order n used in the computations of
the indices, can affect how an orbit is characterised. We will discuss the impact
of these factors on the accuracy of these indicators later in this chapter. Let us

o8



remark that we only compute the forward LDs to evaluate the indicators, since the
backward LDs do not offer any additional information on the chaoticity of orbits.

4.1 Application of the LDs-based chaos diagnos-
tics to the Hénon-Heiles system

Let us now demonstrate the behaviour of the D} (4.2), R} (4.3), and S} (4.4)
indices for a low-dimensional Hamiltonian system, using the Hénon-Heiles system
(2.16) as a test case. We start our analysis of the indicators by considering a
regular and chaotic orbit of the model.

In Fig. 4.3(a) we show the PSS of the Hamiltonian (2.16) at H = 1/8 on
the cross-section x = 0, p, > 0. The light-blue and red points correspond to
the intersections of a regular and chaotic orbit respectively, while the grey points
belong to various other orbits. The IC of the regular orbit is y = 0.05 and p, = 0.25
and the IC of the chaotic orbit is y = —0.1 and p, = 0.1. We see that the light-blue
points form a ring-like shape, the cross-section of the torus on which the regular
motion occurs, while the red points are concentrated around some of the regular
islands before entering the large chaotic sea of “randomly” distributed points. In
Figs. 4.3(b) and (c) we plot the time evolution of the ftmLE, X7, (2.54) and SALI
(2.51) respectively for the two orbits. From these plots we see that both the
ftmLE and SALI accurately characterise the chaoticity of each orbit: the regular
orbit’s ftmLE decreases proportionally to In(¢)/t and the chaotic one’s ftmLE
saturates to a positive value [in accordance with (2.55)]; the SALI value of the
regular orbit remains constant, and for the chaotic orbit the SALI decreases at an
exponential rate [see (2.52)]. Furthermore, in Figs. 4.3(d)-(f) the time evolutions
of respectively, the log,, Dj, log;, R} and, log;, S} values are shown for these two
orbits. For these results, we set the grid spacing to ¢ = 10~% and compute the
indicators along the y direction. Our results show that, initially, the index values
for the regular and chaotic orbit are more or less of similar orders of magnitude,
but as the exponential divergence of the chaotic orbit makes itself apparent, a large
gap is seen to separate the indicators of these orbits. We are able to distinguish
between the regular and chaotic orbits based on the results of the three LDs-based
diagnostics, after approximately 7 = 100, a comparable integration time to when
the ftmLE and SALI are able to identify the orbits’ chaoticity, when the difference
in magnitude of the two chaos indicators for the regular and chaotic orbit becomes
noticeable. Let us note that the results of the D}, R}, and S} methods are similar
for greater values of n, with a large, constant difference in the indicator values of
the regular and chaotic orbits existing at later times.
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Figure 4.3: (a) The PSS of the Hénon-Heiles system (2.16) at H = 1/8 on the
cross-section x = 0, p, > 0. The intersection points of a regular orbit on this
cross-section with IC y = 0.05 and p, = 0.25 are shown as blue dots, and the
consequents of a chaotic orbit with IC y = —0.1 and p, = 0.1 are indicated by red
dots. To show the structure of the phase space, the intersections of various other
orbits are shown in grey. The time-evolution of the log,, X; (b), log,, SALI (c),
log,o D1 (d), log;o R} (e), and log;, S} (f) for the regular and chaotic orbit from
(a) for 7 = 1,000. The D! Rl and S} indices are evaluated along the y-direction
with o = 1073,

4.1.1 Global dynamics

Let us now test the ability of the LDs-based chaos quantifiers (4.2), (4.3) and (4.4)
to correctly characterise orbits as either regular or chaotic for large ensembles of
orbits of the Hénon-Heiles system. In particular, we apply the D}, R}, and S}
indices to a 2D subspace. From the results of Fig. 2.2 we can see that at an energy
of H = 1/8, the y, p, section with z = 0 and p, > 0 displays both regular and
chaotic motion, so we use this plane to test the indicators. Furthermore, since this
subspace is symmetric with respect to the line p, = 0, we restrict our study to the
region p, > 0 as the other half only gives redundant information.

To calculate the D}, R}, and S} diagnostics, the forward LDs using the “p-
norm” definition (2.63), with p = 0.5, are computed on a grid of 1,600 x 800
evenly spaced ICs on the intervals y € [—0.5,0.75] and p, € [0,0.5] for a final
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integration time of 7 = 1,000. Since we computed the LDs on a 2D plane, the
D}, R}, and S} are evaluated for n = 2 along the y and p, directions. Evaluating
in these directions makes use of all available LDs on the considered space and
does not require the computation of additional LDs with ICs not on the plane
under study. In Figs. 4.4(a)-(c) the studied ICs are coloured according to their
log,, D%, log;, R%, and log,, S%, values using the colour scale at the top of each
panel. From these plots, we identify the regular regions as those with low indicator
values (purple regions) and chaotic regions as those corresponding to high indicator
values (red and yellow regions). While we see that these indices clearly give a
visual description of the chaoticity of the system, we can also use the information
from the D?, R?, and S? indicators to give a quantitative characterisation of the
orbits. The distributions of the log,, D%, log,, R%, and log,, S% values are plotted
in Figs. 4.4(d)-(f) respectively. We see that these distributions are bimodal, with
two distinct, well-formed peaks. The peak at lower indicator values corresponds
to regular orbits, while the peak at higher values corresponds to chaotic orbits.
To distinguish between the two types of orbits, we select a threshold value as
the index value located at the minimum between the two peaks. The threshold
values selected are log;, D? = —2.9, log,, RZ = —3.4, and log;, 5% = 6.5, and are
represented by vertical, red, dashed lines in Figs. 4.4(d)-(f).

Using these thresholds, we characterise orbits below the threshold values as
regular and the remaining orbits as chaotic. For us to gain an understanding on
how accurately the D}, R}, and S} indicators identify the regular or chaotic nature
of orbits, we compare the characterisation made by them to the one obtained by
the SALI method at a final integration time of 7 = 10%. Since the SALI of chaotic
orbits saturates to 1071, while that of regular orbits stays at a positive, practically
constant value, we use a threshold of SALI = 10~® to discriminate between regular
and chaotic orbits. We assume that the SALI accurately identifies the chaoticity
of orbits and find that the percentages P, of correctly characterised orbits for the
LDs-based indices are Py &~ 91.8% (D?), P4 ~ 92.3% (R%), and P4 ~ 94.4% (S?%).
To further study which ICs were mischaracterised, Figs. 4.4(g)-(i) show the ICs
which were incorrectly identified by the D?, R? and S? methods respectively. The
points which were falsely classified as regular (i.e., according to the SALI these are
actually chaotic) are coloured red, while those incorrectly identified as chaotic are
coloured light-blue. From Figs. 4.4(g)-(i) we see that all three indicators struggle
in correctly characterising orbits on the borders of regular or chaotic regions. This
is due to the relatively large grid size used in the calculations of these indices,
meaning that for an IC on the edges of regular and chaotic motion, some of the
neighbouring ICs we consider in the computation of the LDs-based indicators will
have the opposite nature (i.e., if the orbit of an IC is regular/chaotic the nearby
ICs may be chaotic/regular).
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Figure 4.4: The (a) log;, D? (4.2), (b) logyy B2 (4.3), and (c) log;, S% (4.4), values
after 7 = 1,000 for a grid of 1,600 x 800 evenly distributed ICs of the Hénon-Heiles
system (2.16) on the intervals y € [-0.5,0.75] and p, € [0,0.5] with 2 = 0 fixed and
pe > 0 computed from the Hamiltonian function. The ICs are coloured according
to the colour scale at the top of each panel. Normalised distributions of the log,, D7
(d), log,q R% (e), and log;, S% (f) values of the orbits considered in (a)-(c). The
values log,, D? = —2.9, log;, R2 = —3.4 and log;, S? = 6.5 are denoted by a red,
dashed line as appropriate threshold values discriminating between regular and
chaotic orbits. The set of ICs of the system which are incorrectly characterised
by the (g) D%, (h) R%, and (i) S% indices, according to the classification obtained
by the SALI method computed for 7 = 10* forward iterations. Light-blue points
correspond to regular orbits which are falsely identified as chaotic, and red points
to chaotic orbits which are incorrectly identified as regular.
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Further inspection shows that the D? index [Fig. 4.4(g)] has more incorrectly
characterised points on the edges of regular islands, as well as falsely identified
the points on the border of the phase space. The R? indicator classifies better the
points at which the D? method fails to classify correctly, but has the drawback
of characterising more points in the chaotic seas incorrectly [see the red points
in the chaotic sea shown in Fig. 4.4(g)]. The S? quantifier seems to be in the
middle ground of the other two indices, identifying the orbits on the boundaries
of the energetically allowed space and distinct regular and chaotic regions better
than the D? index, but characterising more points in the chaotic sea incorrectly.
From the analysis of which points are mischaracterised, we conclude that the D}
method will have a better performance than the other indicators in systems with
a large degree of chaos and fewer regular regions, while the R} has the advantage
in regions with a more confined chaotic sea and more regular regions.

While the D%, R%, and S% indices are not as accurate in characterising orbits
as the SALI, they require less computational time to compute and are easier to
implement. We note that for the computation of the SALI, knowledge of both
the equations of motion and the variational equations is required. For computa-
tion of the LDs-based chaos indicators, on the other hand, only the equations of
motion of the system are necessary. This makes the LDs-based indicators easier
to implement, especially in systems where finding an analytical expression for the
variational equations is not straightforward. Furthermore, since the SALI requires
the calculation of two deviation vectors, the D%, R?. and S? methods are, in gen-
eral, computed considerably faster than the SALI for the same integration time.
While the LDs-based chaos detection methods do not provide a perfect charac-
terisation of the chaoticity of the system, they do offer a wealth of information
without too much effort and in quick time.

4.1.2 Factors influencing the performance of the LDs-based
chaos diagnostics

Let us now discuss the effect of the total integration time 7, grid spacing o, and
the system’s chaoticity on the performance of the LDs-based chaos indicators. In
Figs. 4.5(a)-(c) we plot the normalised distributions of the log;, D? (4.2), log,q R%
(4.3), and log,, S7 (4.4) values respectively, for the set of ICs considered in Fig. 4.4
for three different final integration times 7 = 100, 500, and 1,000. Similarly, in
Figs. 4.5(d)-(f) the normalised distributions of the index values at 7 = 1,000 are
plotted for ICs on the same subspace as Figs. 4.5(a)-(c) but for three grid spacings,
o=2x10731x 1073, and 5 x 107%. The threshold values used to distinguish
between regular and chaotic motion are indicated by the dashed, vertical lines
coloured according to the corresponding distribution. We note that the position of
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the distributions for the D7 and R? indices, and therefore threshold values, does
not vary greatly with respect to either parameter, while the position of the S%
distribution shifts to greater values for an increased integration time and decreased
grid spacing. Furthermore, we see that each distribution displays two distinct
peaks, the peak at lower index values consisting of the ICs of regular orbits, while
that at higher values is composed of the chaotic orbits. As the integration time is
increased, or the grid spacing decreased, we see the peaks growing more distinct.
Since more distinct peaks means that we can choose an appropriate threshold value
more accurately, we conclude that the indices will be more accurate in categorising
the nature of orbits at higher integration times and lower grid spacings.
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Figure 4.5: Results obtained for orbits having their ICs on the same subspace as
Fig. 4.4. The normalised distributions of the log,, D% (a), log,, R% (b), and log;, S%
(c) for fixed ¢ = 1072 and three different final integration times of 7 = 100, 500
and 1,000. (d)-(f) the same as (a)-(c) but the total integration time is kept fixed
at 7 = 1,000 and instead o is varied to 0 = 2 x 1073, 1 x 1073, and 5 x 107%. The
threshold value of each distribution is shown as a dashed, vertical line in the same
colour as the corresponding distribution.

We next investigate how the change in the parameters used to compute the
three indices affects the accuracy of the categorisation made. In Figs. 4.6(a)-(c)
we show the percentage of orbits correctly characterised, P4, when compared to
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the categorisation made by the SALI evaluated at a time of 7 = 1,000, by the D?,
R? . and S% indices respectively for ten different final integration times. The ICs
of the orbits are on the subspace considered in Fig. 4.4 and are evenly distributed
on the intervals y € [—0.5,0.75], p, € [0,0.5] with four different grid spacings o
being considered. From the results in this plot, we see that for all indicators there
is an initial increase in the accuracy as the integration time is increased, which
starts levelling out at later times. The initial increase is due to the more chaotic
orbits being accurately detected, as the exponential divergence of nearby orbits
makes itself apparent and the LD values in the chaotic regions start behaving
erratically [as we see in Fig. 4.1(c)]. As the majority of chaotic orbits are correctly
characterised, the P, starts levelling out. Furthermore, we see that the amount
of correctly identified orbits is greater for a smaller grid spacing at almost all
times. This is to be expected, as for smaller ¢ the indicators gain more accurate
information about the behaviour of orbits close to the IC under consideration.
For orbits on the borders of regular regions, which we noticed that the indicators
struggle to identify accurately [Figs. 4.4(g)-(i)], a more accurate identification can
therefore be made by decreasing 0. The drawback of decreasing o is that the CPU
time required to calculate the necessary LDs increases rapidly. If we consider
computing the D}, R}, and S} indices for n = 2 and reduce o by a factor of
10, the CPU time required to compute the grid points will increase by a factor
of 100. When computing the LDs-based chaos detection methods, the gain in
accuracy has to be practically weighed with the amount of CPU time available for
the computations, but we note that for early times and not too small grid sizes the
indicators are able to achieve an accurate identification of orbits [see in Figs. 4.6(a)
and (c) the P4 of the D% and S? indices at 7 = 400 and o = 1 x 107%]. We note
that the increase in accuracy as the parameters change are what we expected from
our discussion related to Fig. 4.5.

To further investigate the effect of the amount of regular and chaotic regions,
also referred to the chaoticity of a system, on the accuracy of the D}, R}, and S},
we consider the Hénon-Heiles system (2.16) at energies H = 1/6 and 1/9. The
PSS of the system at H = 1/6 on the cross-section x = 0, p, > 0 is shown in
Fig. 4.7(a). We clearly see that at this energy there are far more chaotic and less
regular orbits, than at H = 1/8 (Fig. 4.4). The total percentage of chaotic orbits
Pc of this PSS is Po ~ 96.7%, as categorised by the SALI at an integration time
of 7 = 10%. In order to have a global description of the dynamics, we calculate the
LDs on a grid of 1,600 x 800 evenly spaced ICs on the intervals y € [—0.5, 1] and
py € [0,0.6] for a final integration time of 7 = 1,000. From these computed LDs,
the D?, R?, and S% indices are calculated and appropriate threshold values for
each indicator are selected from the distribution of their values. Comparing the
characterisation made by the D?, R? and S? methods to the ones made by the
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Figure 4.6: The percentage of correctly characterised orbits P4 when compared
with the classification obtained by the SALI evaluated at 7 = 1,000 of the D% (a),
R? (b), and S? (c) for a total of ten different final times 7 and four different grid
spacings 0. The ICs were computed for the same subspace of the Hénon-Heiles
system (2.16) as in Fig. 4.4, with the total number of ICs corresponding to an
evenly distributed grid using the appropriate grid spacing.

SALI on the same grid of ICs for the final integration time of 7 = 10%, we find that
Py~ 99.4%, Py =~ 97.9%, and P4 =~ 98.2% of the studied orbits are categorised
correctly by the D?, R?, and S% indicators respectively. In Figs. 4.7(b)-(d) the
points incorrectly characterised by the three indices are shown, with the points
misidentified as regular or chaotic coloured red or light-blue respectively. As we
expected from our discussion in Section 4.1.1, the D% method [Fig. 4.7(b)] is the
most accurate of the three indicators at classifying the orbits of highly chaotic
systems, with the majority of incorrectly identified ICs stemming from the edges
of the few regular regions. The R? technique [Fig. 4.7(b)] categorises a large
number of ICs in the chaotic sea incorrectly, a drawback for a system with such a
large chaotic area.

The PSS of the Hénon-Heiles system at H = 1/9 for x = 0, p, > 0 is shown
in Fig. 4.7(e). At this energy, there are fewer chaotic orbits, with the regular
islands seen at H = 1/8 increasing in size. We find that at 7 = 10* the SALI
characterises this PSS to consist of Po ~ 30.9% chaotic orbits, significantly less
than the previous two cases. The LDs are calculated on a grid of 1,600 x 800
evenly spaced ICs on the intervals y € [—0.5,0.75] and p, € [0,0.5] for a final
integration time of 7 = 1,000 and the D%, R% and S% indices are computed
on this grid. The ICs which the three indicators do not identify correctly are
shown in Figs. 4.7(f)-(h) using the same colouring scheme as that of Figs. 4.4(g)-
(i) and Figs. 4.7(b)-(d). We find that Py ~ 85.4%, Pa ~ 88.5%, and P4 ~ 88.5%
for the D7, R?, and S?% indicators respectively. The accuracy of the methods
is clearly far lower than in the previous two cases, due to the large number of
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Figure 4.7: (a) The PSS of the Hénon-Heiles system (2.16) at H = 1/6 defined
by x = 0, p, > 0. (b)-(d) The points incorrectly characterised by the D% (b),
R? (c), and S? (d) indices on the PSS from (a) at 7 = 1,000. The ICs of these
points are on an 1,600 x 800 evenly spaced grid on the intervals y € [—0.5, 1]
and p, € [0,0.6]. (e) The same as (a) but for H = 1/9. (f)-(h) shows the points
incorrectly characterised by the D% (f), R% (g), and S% (h) indicators for the PSS
from (e). The ICs of these points are on a 1,600 x 800 evenly spaced grid on
the intervals y € [—0.5,0.75] and p, € [0,0.5]. In (b)-(d) and (f)-(h), the points
incorrectly characterised as chaotic, but which the SALI at 7 = 10* identifies as
regular, are coloured light-blue, while those incorrectly characterised as regular are
coloured red.

regular islands, at the edges of which the indices fail to characterise orbits correctly.
The R? index clearly performs better than the D? indicator for this energy, with
the D? method incorrectly identifying large regular regions on the edges of the
energetically permissible phase space. From Fig. 4.7(g) it can be seen that the
R? method once again characterises some ICs in the chaotic sea incorrectly, but
due to the smaller chaotic sea, this does not have a great effect on the overall
achieved accuracy. The R? and S? indices [Figs. 4.7(g) and (h) respectively]
perform similarly, with the incorrectly characterised points stemming from the
chaotic sea and the edges of regular islands.
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4.2 Investigating the chaotic dynamics of the 2D
standard map by the LDs-based chaos diag-
nostics

After showing how the D%, R? and S7 diagnostics can characterise orbits of a

low-dimensional, conservative, continuous system, using the Hénon-Heiles model

as a test case, we now investigate their performance in studying the chaoticity

of low-dimensional symplectic maps. As an example case of a low-dimensional,
symplectic map, we consider the 2D standard map (2.57).
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Figure 4.8: (a) The evolution of a regular (light-blue) and chaotic (red) orbit of
the 2D standard map (2.57) with K = 1.5 for 7" = 1,000 forward iterations. Grey
points correspond to the evolution of various other orbits. The IC of the regular
orbit is (z1,2z2) = (0.7,0.1) and that of the chaotic orbit is (z1,z2) = (0.2,0.2).
The time-evolution of the log;, X; (b), log;, SALI (c), logy, D} (d), log,, R} (e),
and log;, St (f) for the regular and chaotic orbits from (a). The D}, R}, and S}
indices are evaluated along the z; direction of the map with grid spacing o = 1073.

Let us begin by studying the behaviour of the indicators for individual orbits
of this map (2.57). In Fig. 4.8(a), the evolution of a regular orbit (light-blue) with
IC (z1,22) = (0.7,0.1) and a chaotic orbit (red) with IC (x,25) = (0.2,0.2) of
the map (2.57) with K = 1.5 is shown for 7" = 1,000 forward iterations. The
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regular orbit forms a ring [recall from Section 2.3.5 that the coordinates of the
2D map (2.57) are mod 1, so the opposite sides of the plot join together to form
a torus| while the points of the chaotic orbit are scattered “randomly” in the
phase space. The time evolution of the ftmLE, X;, and SALI for the two orbits
are shown in Figs. 4.8(b) and (c) respectively. From these figures, we see that
the mLCE estimator and SALI behave as expected for 2D systems, following the
laws provided in (2.55) and (2.53). More specifically, we see that for the regular
orbit, the ftmLE and SALI values decrease proportionally to In(7)/T and 1/T2
respectively, while for the chaotic orbit, X; saturates to a positive constant and
the SALI decreases at an exponential rate. In Figs. 4.8(d)-(f) the time evolution
of the log,, D}, log;y R}, and log,, S} values are shown respectively. These indices
are evaluated along the x; direction of the map with o = 1073. It takes longer than
the case of the Hénon-Heiles system [Figs. 4.3(d)-(f)] for there to be a noticeable
difference between the LDs-based indicator values of the regular and chaotic orbits,
but after about T" = 500 iterations one can clearly distinguish between them, as the
index values of the chaotic trajectory are approximately two orders of magnitude
larger than those of the regular one.

4.2.1 Global dynamics

In order to demonstrate the ability of the LDs-based chaos indices to study the
dynamics of the 2D map (2.57), we compute the LDs on a grid of 1,000 x 1,000
ICs on the intervals x1, 25 € [0,1) with K = 1.5, for a total of "= 1,000 forward
iterations. In Figs. 4.9(a)-(c) these ICs are coloured according to their log,, D%,
log,, R? and log,, S% values respectively, using the colour scale at the top of each
panel. We see, from a visual inspection of these plots, that the regular (chaotic)
regions correspond to areas of low (high) indicator values. To identify the threshold
for each indicator, which will allow for the characterisation of regular and chaotic
orbits, the distributions of the log;, D%, log;, B2, and log;, S% values are plotted in
Figs. 4.9(d)-(f) respectively. From these distributions, the thresholds are selected
as the minimum between the two peaks at log;, D} = —2.3, log;, R? = —3.1,
and log;, 5% = 6.5 [the locations of these values are shown as red, dashed lines in
Figs. 4.9(d)-(f)].

To gain an understanding of how accurately the D%, R? and S? diagnostics
identify orbits as regular or chaotic, we compare the characterisation made by
these indicators to that made by the SALI at 7' = 10*. Let us recall that the
SALI of regular orbits in 2D systems tends to zero at a linear rate (Section 2.3.4).
For a total of T = 10* iterations, the SALI of the regular orbits will however
still be above SALI = 107!2, while the SALI values of chaotic orbits are at the
order of 10716, Thus, we select SALI = 10~!2 as such a threshold and find that
the D2, R? and S? methods correctly identify P4 ~ 96.7%, P4 ~ 95.2%, and
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Figure 4.9: Results obtained for orbits of the 2D standard map (2.57) for K = 1.5
with ICs evenly distributed on a 1,000 x 1,000 grid on the intervals x, 25 € [0, 1).
The ICs are coloured according to their (a) log,, D% (4.2), (b) log,q R% (4.3), and
(c) logyo S% (4.4) values after T' = 1,000 forward iterations using the colour scale
at the top of each panel. (d)-(f) The normalised distributions of the log,, D7,
log,o B2, and log;, S? values of the orbits considered in (a)-(c) respectively. The
values log,, D? = —2.3, log;, B2 = —3.1, and log,, 5% = 6.5 are denoted by a
red, dashed line to indicate the threshold values of the indices. The set of ICs of
the system which are incorrectly characterised by the (g) D%, (h) R? and (i) S?
index, with respect to the classification obtained by the SALI method computed
for T = 10* forward iterations. Light-blue points correspond to regular orbits
which are falsely identified as chaotic and red points to chaotic orbits which are
incorrectly identified as regular.
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Py ~ 97.3% of the ICs respectively. The ICs of the incorrectly characterised
orbits are shown in Figs. 4.9(g)-(i) using the same colouring scheme as that of
Figs. 4.4(g)-(1). From Figs. 4.9(g)-(i) we can once again retrieve the following
general trends: the D? index fails to identify ICs at the edges of regular regions,
the R? indicator incorrectly characterises more orbits in the chaotic sea, and the S%
diagnostic shows neither of these pronounced drawbacks. Despite these outlined
shortcomings, all three indicators give a highly accurate characterisation of the
orbits, in general agreeing with the SALI for 2 95% of cases. Furthermore, since
the LDs-based chaos diagnostics require neither the evaluation of the tangent map
nor the computation of the deviation vectors, they are calculated significantly
faster than the SALI.

4.2.2 Factors influencing the performance of the LDs-based
chaos diagnostics

Let us now discuss the effect of the total number of map iterations 7" and grid
spacing o on the performance of the LDs-based indicators. In Figs. 4.10(a)-(c) the
distributions of the D?, R?, and S? indices for the 2D map (2.57) with K = 1.5,
for fixed grid size of ¢ = 1072 on the intervals x1, x5 € [0,1) for three different fi-
nal iteration numbers, T'= 100, 500 and 1,000, are shown. Appropriate threshold
values are selected for each distribution and plotted as vertical dashed lines in the
same colour as the corresponding distribution. The change in the distributions
due to the dependence on the total number of iterations is similar to what we
saw in the case of the Hénon-Heiles system [Figs. 4.5(a)-(c)]. We clearly see that
the distributions at each T display the same general shape, with distinct peaks
corresponding to the index values of regular and chaotic orbits (lower and higher
indicator magnitudes respectively). A slight shift to the left is seen in the distri-
butions of the D? and R? values as T is increased, while the S? index distribution
shifts further to the right. In general, the distance between the regular and chaotic
peaks grows larger as the number of iterations is increased. The larger separation
between the two peaks would suggest that at later times the indicators are more
accurate, since there exist fewer orbits of which one is uncertain on how to char-
acterise (as discussed in Section 4.1.2). While most of the threshold values for
the D? and R? indices are close, for the best characterisation of the orbits the
distributions should be plotted and the threshold selected from them.

In Figs. 4.10(d)-(f) we show the distributions of the D R% and S? values for
the 2D map with K = 1.5 for a fixed number of total iterations 7' = 1,000, for
three different grid spacings of o = 1073, 5 x 107, and 2 x 10~* on the intervals
x1, 22 € [0,1). We see that the peak in the distribution at high indicator values of
the D? and R? indices appear identical for each o, while the position of the peak at
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lower values shifts further to the left for decreasing o. For the S7 indicator, there
is a large shift to greater values as o is decreased, with the threshold values shifting
accordingly. Because the extent of the gap between peaks grows as ¢ is decreased,
we are able to pick a more accurate threshold value. From this analysis we draw
the same conclusions as we did when investigating the Hénon-Heiles system: a
decrease in o will result in a better classification of the orbits [see Figs. 4.5(d)-(f)
and the related discussion].
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Figure 4.10: (a)-(c) The normalised distributions of the log;, D? (a), log,, R% (b)
and log;, S% (c) for the 2D map (2.57) with K = 1.5 for a fixed ¢ = 1072 and
three different total iterations of 7' = 100, 500 and 1,000. (d)-(f) the same as
(a)-(c) but the number of total iterations is kept fixed at 7" = 1,000 and instead
o is varied to 0 = 1 x 1073, 5 x 107*, and 2 x 10~*. The threshold value of
each distribution is shown as a dashed, vertical line in the same colour as the
corresponding distribution.

Let us now investigate the effect of the total number of iterations and grid
spacings on the accuracy of the D%, R? and S? diagnostics in identifying regular
and chaotic orbits. To study the dependence of the percentage of correctly cate-
gorised ICs, Py, on these variables, we compute the D, R and S? indices for the
2D map (2.57) at K = 1.5 for ten different final iterations and four different grid
spacings (giving a total of 40 different cases). For each case, we select an appro-
priate threshold for separating regular and chaotic orbits from the corresponding
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distributions, and compare the characterisation of the orbits made by the three
indicators to that obtained by the SALI values computed for T = 10%. Figures
4.11(a)-(c) show the P4 acquired by the D%, R% and S? indices respectively, for
the ten different T and four different o values. From the result of Fig. 4.11 we
see, in general, similar results to those in Fig. 4.6, with the accuracy increasing
as T' is initially increased and o is decreased. We note, following our discussion
in Section 4.1.2, that these effects are due to the chaotic nature of orbits being
accurately revealed at later times and that closer ICs are taken into account when
considering a smaller grid spacing. Unlike the results of Fig. 4.6, in Fig. 4.11 we
see that at higher grid spacings, the indicators start falsely identifying more orbits
for very large T [for example in Fig. 4.11(a) the P4 of the D% for 0 = 2 x 1073
at log,, T = 4 is noticeably greater than at log;, 7 = 4.5]. The LDs-based chaos
diagnostics do however, generally, identify the large majority of orbits considered
in Fig. 4.11 correctly, demonstrating their ability to characterise chaos in the 2D
map for a variety of different parameters.
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Figure 4.11: The percentage of correctly characterised orbits P4 when compared
with the classification obtained by the SALI evaluated at T' = 10* of the D? (a),
R? (b), and S? (c) indices for a total of ten different final forward iterations T
of the map and four different grid spacings o. ICs were computed for the 2D
standard (2.57) map with K = 1.5 on the intervals z1, 25 € [0,1), with the total
number of ICs corresponding to an evenly distributed grid on these intervals using
the appropriate grid spacing.

Let us now discuss in more detail how the chaoticity affects the performance
of the indicators for the 2D standard map (2.57). The parameter K controls the
degree and magnitude of the chaoticity for this model, so since we have already
performed a thorough analysis of the dynamics for K = 1.5 (a relatively high
value), we now study the performance of the three indices for K = 0.75 and
K = 1.1. For both cases the considered grid spacing is kept fixed at ¢ = 5 x 10~*
on the intervals zq1,z9 € [0,1) (as K decreases, the phase space area covered by
regular regions will increase, so a low o is favourable) and the accuracy of the
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characterisation obtained by the LDs-based indices at ten different total iterations,
compared to that achieved by the SALI evaluated at T = 10*. In Figs. 4.12(a)-
(b) we show the grid of 2,000 x 2,000 ICs (corresponding to o = 5 x 107%)
coloured according to their log;, SALI value at T' = 10* for K = 0.75 and K = 1.1
respectively. From Fig. 4.12(a) we see that for K = 0.75, the phase space consists
of large regular regions (dark purple) with thin strips of chaos (orange) in-between
them. For the case of K = 1.1, considerably more chaos is detected, with it
occurring in large chaotic seas containing a variety of regular islands. The SALI
characterises the system to be comprised of Po &~ 13.0% and Pg = 57.0% chaotic
orbits at T' = 10* for K = 0.75 and K = 1.1 respectively. We note that for
the previously considered case of K = 1.5 in Fig. 4.11, the system consists of
Pc =~ 72.0% chaotic orbits.

-175 -150 -125 -100 =75 —5.0 -25 0.0 -175 -150 -125 -100 =75 =50 —25 0.0

2.0 2.5 3.0 3.5 4.0 4.5 2.0 2.5 3.0 3.5 4.0 4.5
logo T logyg T

Figure 4.12: (a) A grid of 2,000 x 2, 000 evenly spaced ICs on the intervals x;, z5 €
[0, 1) of the 2D standard (2.57) for K = 0.75 coloured according to their log,, SALI
values, after a total number of T' = 10* iterations, using the colour scale on top
of each panel. (b) The same as (a) but for K = 1.1. (c) The percentage accuracy
Py of the D7, R?, and S? indices for the ICs of (a) for ten different 7' (the P4 is
calculated by comparing the characterisation obtained by the LDs-based indicators
to that made by the SALI at 7' = 10*). (d) the same as (c) except for the ICs
considered in (b).

In Figs. 4.12(c) and (d) the total percentage of correctly identified orbits Py
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is shown for the D%, R?, and S? indices for the map with K = 0.75 and K = 1.1
respectively. For both cases considered, the indicators accurately identify chaos,
with P4 2 90% for most of the cases. Since, of course, there only exist Po =~ 13.0%
of chaotic orbits for K = 0.75, this could still mean a large number of these orbits
are incorrectly identified, especially those in the very thin chaotic strips in the
middle of the plot. While for K = 0.75 the P, is approximately constant for all
T values, for K = 1.1 the P, increases until levelling off at later times. For both
cases, the behaviour of the three different indicators is very similar, with there only
being at most a difference in accuracy of P4 ~ 1%. Unlike the case of K = 1.5
(Fig. 4.11) there is no decrease in accuracy of the indices at later times.

4.3 Investigating the dynamics of a 4D symplec-
tic map

Thus far, we have only discussed the implementation of the D}, R}, and S} indices
for low-dimensional dynamical systems. In higher-dimensional models, due to the
difficulty in obtaining a qualitative visualisation of the dynamics, quantifying chaos
accurately becomes extremely important. To demonstrate the ability of the D7,
R}, and S} indicators to characterise chaos in higher dimensions, as well as study
the effect of the order n on the performance of these indicators, the 4D standard
map [6] is used as a prototypical model of a conservative, higher-dimensional sys-
tem. The 4D standard map is composed of two coupled 2D standard maps and is
given by

/ /

B
Ty = Ty + — sin(27xy) — — sin[27 (23 — 21)]
, 2m 27 (mod 1), (4.5)
T3 =123+ Xy

Ty =14+ o sin(2mxs) — % sin[27 (21 — 23)]
where K and B are real parameters, K controlling the chaoticity and B the cou-
pling between the two 2D maps.

Let us begin our analysis by evaluating the D}, R}, and S} indices for individ-
ual orbits of the 4D map (4.5). We set K = 1.5 and B = 0.08 and in Fig. 4.13(a)
show the evolution of a regular (light-blue) and chaotic (red) orbit, projected on
the (x1,z2) plane for T' = 1,000 iterations. Additionally, we show the evolution of
various other orbits in grey, to outline the structure of the phase space. The IC of
the regular orbit is (z1, 2, x3,z4) = (0.6,0.05,0.54,0.01) and that of the chaotic
orbit is (z1, T2, x3, z4) = (0.784,0.094, 0.54,0.01). We see that the light-blue points
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Figure 4.13: (a) The projection of a regular (light-blue) and chaotic (red) or-
bit of the 4D standard map (4.5) with K 1.5 and B 0.08 on the
(x1,22) subspace for T 1,000 forward iterations. The IC of the regular
orbit is (x1, 9, x3,24) = (0.6,0.05,0.54,0.01) and that of the chaotic orbit is
(21, 22,3, 24) = (0.784,0.094,0.54,0.01). In grey, the evolution of various other
orbits are shown to indicate the phase space structure. The time-evolution of the
log; X1 (b), log,q SALI (c), logyy D} (d), log;o R} (e), and log;, St (f) values for
the regular and chaotic orbits from (a). The D!, Rl and S} indices are evaluated
along the z; direction with o = 1073,

form a ring-like structure, while the red points appear randomly scattered around
six lobes (at later times the chaotic orbit enters the chaotic sea, but as this is a 4D
subspace, projecting the evolution on the plane hides other regular regions). From
the time evolution of these orbits’ ftmLE, X, [Fig. 4.13(b)] for T" = 10* iterations,
we see that the X values for the regular orbit decrease proportionally to In(7T)/T
while for the chaotic orbit the ftmLE saturates to a positive constant, following
(2.55). In Fig. 4.13(c) we see that the SALI values of the regular orbit remain prac-
tically constant while they start decreasing exponentially fast at about 7" = 500
for the chaotic orbit, as expected from (2.52). Both the ftmLE and the SALI only
reveal the chaotic nature of the orbit at far later times than in the Hénon-Heiles
system [Figs. 4.3(b) and (c)] and the 2D standard map [Figs. 4.8(b) and (c)], with
the X; value suddenly increasing and the SALI only reaching log,, SALI = —16
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at about T = 4,000. Figures 4.13(d)-(f) show the evolution of the log;, D; (d),
log;o R} (e), and log;, S; (f) evaluated along the z; direction with o = 1073 for
both orbits. We see that the two orbits can be distinguished at 7" = 2,000 by
the large differences in their index values, which we also saw at earlier times in
Figs. 4.3(d)-(f) and 4.8(d)-(f). The behaviour of the indicators for the regular and
chaotic orbits are typical and are seen for other orbits as well.

4.3.1 Dynamics on a 2D subspace

Having verified that the indicators D}, R}, and S} behave as expected for individ-
ual cases, we now investigate their ability to correctly characterise large ensembles
of orbits. To begin this study, we consider ICs on 2D subspaces of the 4D phase
space. In Figs. 4.14(a)-(c) the ICs considered, on an evenly spaced grid on the in-
tervals 1, 25 € [0,1), while 23 = 0.54 and z4 = 0.01 remain fixed, for the 4D map
with K = 1.5 and B = 0.08, are coloured according to their log,, D% (a), log;y R2
(b), and log;, S? (c) values after T = 10* forward iterations of the map. Since
the coupling constant B has a rather low value, the phase space on the (xy,z5)
plane is very similar to that of the 2D map with the same K value. We note that
chaotic orbits of the 4D map take longer to reveal their nature than those of the
2D map (as we see in Fig. 4.13), hence a total of T = 10* forward iterations are
used in the computations as opposed to T" = 1,000 for the 2D standard map. The
normalised distributions of the log;, D%, log;, R? and log;, S7 values are shown
in Figs. 4.14(d)-(f) respectively, with appropriate threshold values, for identifying
regular and chaotic orbits using these indices, indicated by the dashed, vertical,
red lines at log,, D7 = —2.4, log,, R? = —3.6, and log,, S? = 7.1. The character-
isation of the ICs, made by the D%, R? and S? methods using these thresholds,
is compared to that performed by the SALI at the same number of total forward
iterations 7' = 10*. We note that the threshold used for the SALI to distinguish
between regular and chaotic orbits was set to SALI = 1078, as was also done for
the Hénon-Heiles system (see Section 4.1.1). The total percentage of orbits which
are correctly identified as regular or chaotic are P4 ~ 94.2% (D?), P4 ~ 95.2%
(R%), and Py ~ 96.7% (S%). In Figs. 4.14(g)-(i) we show the points which are
mischaracterised by the D7, R, and S7 indices. Points which the SALI identifies
as chaotic, but the indicators incorrectly characterise as regular, are coloured red,
while those falsely identified as chaotic are coloured light-blue.

From Fig. 4.14(g) we see that the D? indicator fails to correctly categorise
a large number of chaotic orbits at the edges of the large regular regions, as we
have seen in similar studies for the Hénon-Heiles system (Section 4.1.1) and the 2D
standard map (Section 4.2.1). The R? and S? indices [Figs. 4.14(h) and (i) respec-
tively| primarily mischaracterise orbits with ICs in the regular regions, something
we had not seen in the two previous cases [see the results presented in Figs. 4.4(h)
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Figure 4.14: Results obtained for orbits of the 4D standard map (4.5) with K = 1.5
and B = 0.08 having their ICs on an evenly distributed 1,000 x 1,000 grid of the 2D
subspace (x1, z2) and z3 = 0.54, x4 = 0.01. The ICs are coloured according to their
(a) log;o D% (4.2), (b) log,y B2 (4.3), and (c) logyy S% (4.4) values after T = 10*
forward iterations of the map using the colour scale at the top of each panel.
Normalised distributions of the log,, D% (d), log,q R% (e), and log,, 5% (f) values
of the orbits considered in (a)-(c). The values log;, D? = —2.4, log,, R? = —3.6
and, log,;, S? = 7.1 are respectively denoted by a red dashed line as appropriate
threshold values to distinguish between regular and chaotic orbits. The set of ICs
which are incorrectly characterised by the D%, R% and S? indicators, according
to the classification obtained by the SALI method computed for 7' = 10* forward
iterations, are shown in panels (g)-(i). Light-blue points correspond to regular
orbits which are falsely identified as chaotic and red points to chaotic orbits which
are incorrectly identified as regular.
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and (i) as well as Figs. 4.9(h) and (i)]. The accuracy of the characterisations made
by the LDs-based chaos diagnostics are however very high, indicating that these
indicators can be used to successfully investigate the dynamics of 2D subspaces of
the 4D map.

4.3.2 Investigating the effect of various factors on the per-
formance of the LDs-based chaos diagnostics

The effect of the total number of map iterations 7" and grid spacing ¢ on the
distributions of the LDs-based indices is shown in Fig. 4.15, where the distributions
of the indicator values are plotted for three different total map iterations with
o = 1073 [Figs. 4.15(a)-(c)] and for three grid spacings for a fixed T = 1,000
[Figs. 4.15(d)-(f)]. The ICs of the ensemble of orbits we consider in this figure
are on the same 2D subspace as in Fig. 4.14. We indicate the threshold values to
distinguish between regular and chaotic motion by dashed, vertical lines, coloured
according to the corresponding distribution. The change in the shape and positions
of the distributions due to the change in T" and ¢ are similar to the results presented
in Figs. 4.5 and 4.10, with the two peaks growing more distinct as 7' is increased
and o is decreased. Additionally, the positions of the distribution of the log,, D%
and log,, R? values do not vary greatly while the log;, S? values increase for greater
T and smaller . Because the parameter effects on the distributions of the indices
are consistent throughout the results presented in Figs. 4.5, 4.10 and 4.15, we
conclude that they are general features of the indicators, which we expect to see
in generic conservative dynamical systems.

We study the effect of T" and o on the percentage accuracy P, of the LDs-based
methods for the 4D map (4.5) in Fig. 4.16. As we did in Figs. 4.6 and 4.11, we
compute the P, of the indices at ten different total iterations and four different
grid spacings. The ICs of the orbits we consider lie on the plane investigated
in Fig. 4.14. From this figure, we see that the indicators are more accurate at
identifying chaos for a larger number of iterations and smaller grid spacings. These
results are consistent with those of Figs. 4.6 and 4.11. Due to the chaotic orbits
of the 4D map taking long times to reveal their dynamics (take for example the
orbit under consideration in Fig. 4.13) the LDs-based chaos diagnostics should be
evaluated at long times as well [consider the significant increase in accuracy we see
for the D7 index from T = 2,500 to T' = 5,000 in Fig. 4.16(a)]. At larger T, all
indicators are exceptionally accurate with P4 = 90%, demonstrating their ability
to accurately study the chaotic dynamics of 2D subspaces of higher-dimensional
systems.

In our study of a 2D subspace (1, x2) with x3 = 0.54, 4 = 0.01 of the 4D map
(4.5), we computed the D}, R}, and S} indices for order n = 2. However, since
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Figure 4.15: (a)-(c) The normalised distributions of the log;, D? (a), log,q R% (b),
and log,, 5% (c) values for the 4D map (4.5) on the same subspace as in Fig. 4.14,
for a fixed grid spacing ¢ = 1072 and three different total iterations of 7' = 100,
500, and 1,000. (d)-(f) the same as (a)-(c) but the number of total iterations is
kept fixed at 7' = 1,000 and instead o is varied to ¢ = 2 x 1073, 1 x 1072 and
5x 107*. The threshold value to discriminate between chaotic and regular motion
of each distribution is shown as a dashed, vertical line in the same colour as the
corresponding distribution.

the map is a 4D system, orders of n = 1,3 or 4 could be used in the calculation
of the indicators as well. As the order is increased, we consider more nearby
orbits in the computations of the LDs-based chaos diagnostics. Since, however,
the deviation vectors of chaotic orbits will all grow in the direction corresponding
to the mLCE, increasing the order of the indices would not necessarily lead to a
better characterisation of an orbit’s nature. Furthermore, an increase in the order
would come with the drawback of an increase in CPU time, as we need to calculate
the LDs for additional grid points. Let us note that computing the three indices
of an individual orbit for n = k£ > 1, takes k times longer than computing the
indicators for n = 1.

We show in Fig. 4.17 the distributions of the log,, D}, log,, R}, and log;, ST
values for the same set of ICs that were considered in Fig. 4.14, for n = 1,2, 3,
and 4. For n = 1, the indicators are evaluated along the z; direction, for n = 2
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Figure 4.16: The percentage of correctly characterised orbits P4 when compared
with the classification obtained by the SALI evaluated at T' = 10* of the D? (a),
R? (b) and S? (c) indices for a total of ten different final forward iterations T
of the map and four different grid spacings o. ICs were computed for the 4D
standard (4.5) map on the same subspace as in Fig. 4.14, with the total number
of ICs corresponding to an evenly distributed grid on these intervals using the
appropriate grid spacing.

along the x; and x, directions, for n = 3 in the x1, x5, and x3 directions, and for
n = 4 all coordinate directions are used. From the results in Fig. 4.17 we see that
for all three indices the positions of the regular and chaotic peaks remain at the
same location. In fact, for the R} index, n seems to have no impact on the shape
of the distributions at all. For the log,, D} and log,, S} values, the peaks become
more distinct as n is increased, with the distance between them increasing. Since
there are only small changes in the positions and the shapes of the distributions,
the associated threshold values for the indices also do not change greatly.
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Figure 4.17: The distributions of the log,, D} (a), log,, R} (b), and log,, S} (c)
values for n = 1,2, 3,4, for orbits whose ICs are located on the same grid as in
Fig. 4.14 for 7 = 1, 000.

In order for us to determine the effect of n on the accuracy of the indicators, we
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compute the related P, results for the four n values on six different 2D subspaces
of the system’s phase space. The six 2D subspaces we consider are the (xy, z5);
(1, 23); (w1, 24); (T2, x3); (x2,24); and (x5, x4) planes, with the other two variables
fixed at 7 = 0.6, x5 = 0.2, z3 = 0.54, and x4 = 0.01, depending on the plane
under consideration. These ensembles of orbits respectively consist of Po = 80.8%;
Po =~ 94.6%; Po ~ 93.3%; Po ~ 87.2%; P ~ 84.8%; and P- ~ 89.5% chaotic
orbits as characterised by the SALI at T' = 10%.

The D}, R}, and S} indices are evaluated along the following directions for
the different orders: at n = 1 along the coordinate x; with the lower index ¢ of the
plane under consideration; in the directions of the two coordinates of the plane for
n = 2; along the directions of the coordinates of the plane as well as that of the
lower index fixed coordinate not on the plane for n = 3; and along all coordinate
directions for n = 4. For example, let us consider the (xs, x4) plane. This plane
consists of ICs on the intervals xq, 24 € [0,1) with 27 = 0.6 and z3 = 0.54 fixed.
We evaluate the three indices along the x5 direction for n = 1, the x5 and x4
directions for n = 2, and the 1, zo, and x4 directions for n = 3. For each plane
and n, the distributions of the indicators are created, and the thresholds used
to distinguish between regular and chaotic orbits selected as the minimum of the
distribution between the two peaks.

In Fig. 4.18, the P, is shown for the D7} (a), R} (b), and S} (c) indices for the
six slices. For both the D} and R} methods, the accuracy stays approximately
constant for all values of n, with a high accuracy of P4 = 90% for all subspaces.
An increase in accuracy can be seen from n = 1 to n = 2 for the S}, but for
n > 2 the accuracy remains practically constant. This information would suggest
that n = 2 is sufficient for the evaluation of the LDs-based chaos diagnostics to
achieve an accurate characterisation of the chaotic or regular nature of orbits in
high-dimensional systems.

Furthermore, in Fig. 4.19 we show the percentage accuracy P4 of the indices
for n = 2 with respect to the total percentage of chaotic orbits Py for the six
subspaces we considered in Fig. 4.18. We see that the indicators categorise more
orbits correctly for the more chaotic planes, as we had demonstrated for the Hénon-
Heiles system and 2D standard map in Sections 4.1.2 and 4.2.2 respectively.

4.3.3 Dynamics on a 4D subspace

While the ensembles of ICs studied thus far were on 2D subspaces of the system’s
4D phase space, we now apply the D}, R}, and S} indices to a 4D subset of the
phase space of the 4D standard map (4.5). The subset under consideration is given
by z; € [0.5,0.6), x5 € [0,0.1), and z3,24 € [0,1). This subset constitutes 1% of
the full phase space volume of the map and consists of Po ~ 83.1% total chaotic
orbits, as characterised by the SALI at T' = 10* iterations. Since the results from
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Figure 4.18: The percentage of correctly characterised orbits P4 of the D} (a), R}
(b), and S} (c) for n = 1,2, 3, and 4, for a total of six different planes of the 4D
map (4.5). The indicators were evaluated at T'= 1,000 on a grid of 1,000 x 1,000
evenly distributed ICs on each respective plane.

Fig. 4.18 indicate that n = 2 is sufficient for an accurate evaluation of the chaoticity
using the LDs-based indicators, the D%, R?  and S% indices are computed for an
evenly distributed grid of 100* ICs on this subset (for each coordinate direction in
the subspace 100 ICs are considered) for T = 10* iterations. The three diagnostics
are evaluated along the z; and x5 directions with the grid spacing set at o = 1073.

In Fig. 4.20 the distributions of the log;, D? (a), log;y B2 (b), and log,, S%
(c) values for the considered ICs are shown with appropriate threshold values, for
discriminating between regular and chaotic orbits, at log,, D = —2.7, log,, R =
—3.6, and log,, S? = 5.1 indicated by the vertical, red, dashed lines. The shape of
the distributions are similar to what was seen from the previous cases [Figs. 4.4,
4.9 and 4.14], with two well-formed peaks at low and high indicator values cor-
responding to the regular and chaotic orbits of the map respectively. Using the
selected thresholds to characterise the orbits and comparing this characterisation
to that obtained by the SALI at 7' = 10*, we find that the indicators characterise
Py =~ 96.7% (D%), Py =~ 96.4% (R%), and P4 =~ 97.6% (S%) of orbits correctly.
We note that the LDs-based chaos identifier give a very accurate categorisation
of the chaoticity of the orbits in this 4D subspace where, as opposed to the re-
sults presented in Sections 4.1.1, 4.2.1, and 4.3.1, we cannot use them to visualise
the dynamics. This analysis demonstrates the ability of these indicators to cor-
rectly characterise the nature of orbits of high-dimensional systems using the same
methodology as in low-dimensional systems. From the investigations performed in
this section, as well as Sections 4.1 and 4.2, we conclude that the LDs-based indices
can be used as accurate chaos diagnostics for both lower and higher-dimensional,
conservative dynamical systems.
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Figure 4.19: The percentage of correctly characterised orbits P4 of the D%, R?,
and S% indicators for the six different planes considered in Fig. 4.18, with respect
to the total percentage of ICs Pr which correspond to chaotic orbits.
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Figure 4.20: The distributions of the log,, D? (a), log,, R% (b), and log;, 5% (c)
values for the 4D standard map (4.5) with K = 1.5 and B = 0.08 on a grid
of 100* evenly distributed ICs on the intervals z; € [0.5,0.6), x5 € [0,0.1), and
x3,24 € [0,1) for T = 10*. Appropriate threshold values, to distinguish between
regular and chaotic motion, for each distribution are indicated as red, dashed lines
at log,, D* = —2.7, log,, R? = —3.6, and log,, S? = 5.1.
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Chapter 5

Conclusions

In our work, several numerical investigations were performed to study the abil-
ity of LDs in revealing the characteristics of dynamical systems. In the first two
chapters of this thesis, an overview of the theory of nonlinear dynamics was given,
with a particular focus on Hamiltonian systems and symplectic maps, as these
are the types of models on which we focused our attention. Due to the nonlinear
nature of a large number of these dynamical systems, analytical solutions do not
exist in general, so a variety of numerical techniques have been developed to study
them. These numerical methods rely on accurate integrators, two types of which
(a sixth-order RK and a fourth-order symplectic integrator) were implemented in
this thesis. The most popular qualitative method for studying low-dimensional,
time-continuous systems is the construction of the related PSS, which depicts the
orbits of a 2ND phase space on a 2(N — 1)D subspace. While this method offers
a great deal of information for low-dimensional systems, for a more quantitative
analysis, a variety of chaos indicators, like the mLCE or SALI, are used. The
mLCE measures the growth/shrinking of the deviation vectors of an orbit to char-
acterise its chaoticity. While the mLCE is one of the most popular chaos indicators,
for a faster characterisation of the orbit’s nature, the SALI, which measures the
alignment of two deviation vectors, is used.

The primary computational method studied in this thesis was the recently de-
veloped phase space visualisation technique, the method of LDs. This method
gives a qualitative description of the system’s phase space, allowing for the iden-
tification of fixed points, periodic orbits and their associated manifolds.

The main results of this thesis were presented in Chapters 3 and 4. In Chap-
ter 3, LDs were applied to study a Hamiltonian system modelling the movement
of stars in a galaxy (3.5). This was a novel application of LDs to galactic dy-
namic models, demonstrating the applicability and behaviour this method allows
for such systems. The LDs were applied to the system at various energies and
the behaviour of the method for different integration times and for visualising
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the manifolds of the system, discussed. A key feature of galactic models is the
ability of stars to escape from the galaxy through the phase space region where
Lyapunov orbits exist. The LDs were utilised to visualise the intersection of the
Lyapunov orbits’ manifolds with the configuration space of the system. From the
approximate location of the Lyapunov orbits, identified by the LDs plots, a quan-
titative method was then used to accurately find the locations of the orbits. Our
work demonstrates the ability of the LDs to study galactic models and reveal their
phase space structures.

In Chapter 4, three chaos indicators, the D} (4.2), R} (4.3), and S} (4.4)
indices, which use calculations of LDs on a grid of ICs to quantitatively charac-
terise orbits as either regular or chaotic, were discussed. The ability of the D7,

7, and S} indicators to efficiently distinguish between individual regular and
chaotic orbits was demonstrated for three basic dynamical systems: the Hénon-
Heiles Hamiltonian (2.16), the 2D standard map (2.57), and the 4D standard map
(4.5). These models are respectively prototypical examples of: a low-dimensional,
conservative, continuous system; a low-dimensional, symplectic map; and a high-
dimensional, symplectic map. The three indicators were shown to be capable of
discriminating between individual regular and chaotic orbits for all three test sys-
tems, and they were also applied to investigate large ensembles of ICs from these
test systems. For the performance of global analyses, the orbits are characterised
as regular if their D}, R}, and ST values are below a threshold value, defined as the
minimum between the regular and chaotic peaks of the indicator distributions, and
as chaotic otherwise. The characterisation made by the D7, R}, and S} indices
was then compared to the one obtained by the SALI method, with the indicators
agreeing with the SALI for 2 90% of cases. This demonstrates that these indi-
cators can be used to give an accurate estimate of the chaoticity of both low and
high-dimensional conservative systems. Additionally, since these indicators do not
rely on the computations of the variational equations or the tangent map (for con-
tinuous and discrete time settings respectively), they are both easier to implement
and are computed faster than other standard chaos detection techniques.

The effect of various parameters, such as the final integration time for continu-
ous time systems or the total number of iterations for maps, the grid spacing, the
degree of chaos and the order n of the indices D}, R}, and S}, was also discussed.
These parameters had the following effects on the indicators’ accuracy:

1. As the integration time or total number of iterations is increased, the indi-
cators’ accuracy P4, in general, increases as well [see the results presented
in Figs. 4.6, 4.11, 4.12(c)-(d), and 4.16].

2. The accuracy increases as the size of the grid spacing is decreased; this
however comes with the drawback of the additional CPU time required for
a smaller grid spacing [Figs. 4.6, 4.11, 4.12(c)-(d), and 4.16].
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3. From the discussions in Sections 4.1, 4.2, 4.3.1, and 4.3.2 we conclude that all
three indicators perform better for more chaotic systems, i.e., systems where
the total percentage of chaotic orbits P is higher. The D7 index has the
drawback of misidentifying numerous orbits on the edges of regular islands,
while the R} method identifies more points in the chaotic sea incorrectly.
The S} indicator finds a middle-ground between the other two, not having
as obvious drawbacks for certain regions of the phase space (this can be seen
from the results presented in Figs. 4.4, 4.7, 4.9, and 4.14).

4. The order, n, used in the evaluation of the D7}, R}, and S} indices was

found to have an insignificant impact in the accuracy of the indicators, with
n = 2 being sufficient in achieving an accurate characterisation, even for
high-dimensional phase space subsets (see the results presented in Fig. 4.18
and Section 4.3.3).

This investigation demonstrates how these newly introduced chaos detection diag-
nostics can be applied to generic conservative, dynamical systems.
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