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LIST of SYMBOLS

We give a list of the symbols used, which may not be standard symbols to the reader, and
a brief indication to their meaning. - |
To those symbols, for which we have given their definitions, we will give a reference to the

page where it is defined.

Symbol Page ~  Meaning

B(x,r) closed ball of center x with radius r in the norm topology
B (A) 53 n{B> A : B closed ball}

] 3(S)» _ ‘ | boundary of set S

6(S) 10  diameter of set S

cl(S) closure of set S in the weak topology

S closure of set S in the norm topology

7—l(S) 69 , closure of set S in the topology of weak pointwise convergence
co(S) convex hull of set S

co(S) norm closure of the convex hull of set S

F(T) 6 set of fixed points for a map T, in its domain

N(F) 69 : {f . C — C : fis nonexpansive and fx = x for all x € F}
Ix(A) 10 sup {d(x,y) :y € A}
1(H,K) 22 inf {rx(H) : x € K}

«(H) 22 inf {r(H) : x € X}

¢(H,K) 22 {x € K: 14(H) = r(H,K)}

cE) 22 {x € X: 1,(H) = £(H)}
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INTRODUCTION

Fixed point Theory is a branch of mathematics having a wide spectrum of applications in
not only areas of mathematics, but also in many practical fields such as physics and

economics. For example, in economics, the proofs of the existence of equilibrium for various

economic systems are based on fixed point theorems.

Although a significant proportion of the theory lies in the branch of functional analysis,
fixed point theory also resides in areas such as algebraic topology and degree theory in the
sense that proofs of some fixed point theorems use arguments involving these areas. For
example, there have been different approaches taken to prove the well kﬁown Brouwer
fixed point theorem: a proof via degree theory is possible, but the most concise argument

seems to be an a.l_ge'br’éic topdlogica.l one uéing homology functors.

As we are concerned with fixed point theorems for nonexpansiw}e mappings, we shall confine
ourselves to functional analysis, where we will be interacting mainly with related areas of
mathematics such as General Topology, the theory of Locally ConvexSpaces and Measure

Theory.

Many results have been produced on the topic of fixed points for (non—linear) nonexpansive
mappings in Banach spaces, as early as in 1965. We therefore find it justifiable to give a

unified presentation of some of these results.

By a nonexpansive mapping, we mean a mapping which maps a metric space into itself
such that it does not increase distances. The most obvious example of a nonexpansive
mapping is any linear operator on a normed space which has norm less than or equal to

one.



Some authors use the term contraction mapping instead of the term nonexpansive
‘mapping. However, we shall use the term contraction mapping to imply that it is mapping
in a metric space which strictly decreases distances.

Thus, clearly, contraction mappings are special cases of nonexpansive mappings.

As for applications, a significant publication by Browder ([Browder0]) appeared in 1965,
where nonexpansive mappings were used to find periodic solutions for nonlinear equations
of evolution.

Moreover, the classical Banach fixed point theorem for contraction mappings gives rise to
applications in finding solutions to differential equations and integral equations; yielding
both existence and uniqueness theorems for such equations in function spaces. For some
other applications of Banach’s fixed point theorem see, for instance, [Kreyszig] chapter 5 or

[Smart] chapter 1.

Let us now give a brief outline of the direction we shall take.
Chapter 0 contains the necessary definitions and some standard theorems and examples.
Chapter 1 is focused on obtaining fixed points for single nonexpansive mappings.
Schauder’s fixed point theorem tells us that any compact convex set in a normed space has
the fixed point property. It is thus interesting to ask in what ways one can weaken the
assumptions on the domain and/or space, and still obtain a fixed poir_lt. We show that a
nonexpansive mapping T: C — C has a fixed point if: |
— Cis a bounded closed convex éet, where C has a compact subset which is repeatedly
‘approached by all orbits of the map (1.2.1);
— Cis a bounded closed convex set with normal structure in a Banach space, where C has
a weakly compact subset which is repeatedly approached by all orbits
of the map (1.2.4);



— Cis a nonempty bounded closed convex set with normal structure in a reflexive Banach
space (1.3.2); o | | o

— Cis a nonempty closed convex (not necessarily bounded) set with normal structure in a
reflexive Banach space such that the map has a bounded orbit (1.3.5); |

— Cis nonempty, bounded closed and convex in a uniformly convex Banach space (1.4.3);

' — Cis nonempty, bounded closed and convex with asymptotic normal structure in a
reflexive Banach space (1.5.3).

In addition, we also look at some results involving nonexpansive mappings in Hilbert

spaces.

Followrng this survey, we consider the speclal class of metric spaces known as hyperconvex
, spaces This class is fannhar to categorrcal topologrsts but not so familiar to analysts

However, we wrll prove some 1mportant results 1nvolv1ng nonexpansrve mapprngs in .

hyperconvex spaces.-

The two sections following this give some conditions under which the set of fixed points of

a nonexpansive mapping is a nonexpansive retract of the domain.

K Finally, we give an example of a weakly compact convex set which lacks the fixed point
property for nonexpansrve mapprngs As mentroned earlier, the results we have in our
survey whrch assume weaker conditions than compactness were proven only by 1nclud1ng
. additional assumptrons- It is evident to us that when the authors proved these results the
V_ question on whether fixed pornts existed without such additional assumptrons remained
open But consrdenng thJs example whrch appeared in 1981, we find it Justrﬁable that the

additional assumptrons should be 1ncluded



In chapter 2, we extend these ideas to commuting families of nonexpansive mappings.
Markov and Kakutani have given a weak extension to Schauder’s fixed point theorem by
showing the existence of common fixed points for families of commuting continuous
mappings which are affine. The assumption on the mappings to be affine makes this a weak
extension to Schauder’s fixed point theorem. |

Indeed, a theorem of De Marr gives a proper extension to Schauder’s fixed point theorem
for nonexpansive mappings, by assuming the domain to be compact and convex.

On the other hand, by giving a counter example, we will show that assuming weak

| compactness instead of compactness may not yield a common fixed point for a family of

nonexpansive mappings in a Banach space.

In addition to extending the ideas in chapter 1 to families of nonexpansive mappings, we
will introduce a specific class of mappings called demicompact mappings, where we

generalise the theorem of De Marr which we have mentioned above.

The following results are original and to the best of our knowledge they are not available in

any published literature: 1.7.10, 1.7.11, 1.7.12, 1.7.14, 2.1.2, 2.1.6, 2.7.6 and 2.7.7.



CHAPTER.Q

BASIC CONCEPTS

~ The purpose of this chapter is to equip the reader with the prerequisites in fixed point
theory necessary to understand the remaining chapters.
Nearly all the definitions and results are quoted without any reference as they are

obtainable from standard books on fixed point theory, such as [Smart}.

To avoid pathology we assume throughout this thesis that the domains of functions are
nonempty.
We will also assume that the reader is familiar with basic ideas from Functional Analysis,

General Topology, the theory of Locally Convex Spaces and Measure Theory.

0.1 DEFINITION
Let X be a set and let S be a nonempty subset of X. -

A map f: S — X is said to have a fixed point if there exists some x in S for which f(x) = x.

0.2  DEFINITIONS
Let X be a metric space and let T: X — X.
Then T is said to be
(i) a nonexpansive mapping if for every x, y € X, d(Tx,Ty) < d(x,y)
(ii)  a contraction mapping if there exists some k € (0,1) such that

for every x, y € X, d(Tx,Ty) < k d(x,).



'Remarks:
It is clear that contraction mappings are special cases of nonexpansive mappings.
Further, from the definitions of nonexpansive mapping it is clear that nonexpansive

mappings are continuous (in fact, uniformly continuous).

0.3 Dm‘mmon
AsetSina topolog1ca1 space X is said to have the fixed point property if every

continuous mappmg which maps S mto 1tse1f has a fixed point in S.

0.4 DEFINiTION 3

Aset Sina metnc space X is said to have the fixed point property for nonexpansive
mappmgs if every nonexpanswe mappmg which maps S into 1tse1f has a ﬁxed pomt in S.
0.5 DEFINlleN-

Let (X,d) be a metric space and let f : X — X be a continuous mapping.

Suppose e > 0. If there exists x in X such that d(f(x),x) < ¢ then x is said to be an e—fixed -

point for {.
It is clear that a fixed point will always be an e—fixed point for any ¢ > 0.

Alternatlvely, some authors use the term almost ﬁxed points to mean e—fixed pomts

However, we shall be consistent by using the term e-—ﬁxed points.

0.6  NOTATION |
Let X be any set and let S be a nonempty subset of X. Suppose T maps S into X,
i.e. T: S — X. Then we denote the set of fixed points for T in S by F(T).



The following is a trivial observation which is a property of a fixed point set. But it is

worth noting it here as we will be using it without much reference.

0.7 PROPOSITION _

Let X be a Hausdorff topological space and let f : X — X be a continuous mapping.
Then F(f) is closed.

The proof of this is trivial by using nets and uniqueness of limits.

However, a word of caution: If the ﬁlap f is defined on a subset, say S of X, then F(f) need
not be closed in X (unless S is closed in X). Instead, it will be closed in the subspace
formed by restricting the metric to S. For example, restrict the identity mapping to the
open interval (0,1) in R, where R has t_he_usual meric. The set of fixed 'poixits_is clearly (0,1),
which is closed in (0,1), but not in R.

This will not be of much concern to us because we will be working with mappings thaf have

closed domain.

Let us state some well known results which we shall be using quite frequently.
These results can be found in standard books on fixed point theory such as [Smart] or

[DG] (Dugundji, J and Granas, A), and so we omit the proofs.
The following is a classical result well known to analysts as Banach’s fixed point theorem.
0.8  THEOREM

Let X be a nonempty 'complete metric space and let T: X — X be a contraction mapping.

Then T has a unique fixed point.



The following result is known as Schauder’s fixed point theorem.

0.9  THEOREM (Schauder)

Any nonempty compact convex set in a normed space has the fixed point property.

Note the strengths and the weakness of this result: it is demanded that the domain be a
compact convex subset of a normed space. Under these hypotheses, however, any

continuous mapping has a fixed point.

We shall now give a generalisation of Schauder’s fixed point theorem  known as Tyehenov's

fixed point theorem.

0.10 THEOREM (Tychonov)
Let X be a locally convex space and let C be a closed convex set in X. Iff: X — Xisa

continuous mapping such that closure of f(C) is compact then f has a ﬁxed point.

If X is normed and if C is compact then, by continuity of f, {(C) is compact and hence
closed, since X has the norm topology. Thus I{C) = {(C) is compect. Hegee Schauder’s

fixed point theorem is contained in Tychonov’s fixed point theorem.

The following definition leads us to a useful proposition as we will be usihg it in some of

our proofs in the following chapters.

0.11 DEFINITION [Kreyszig]' 6.2—2
A norm ||.|| is said to be strictly convex if for all distinct x, y of norm 1, ||x + y|| < 2.
A normed space with such a norm is called a strictly convex normed space

(or simply stricly convex space).



As an example, [Kreyszig] shows that any Hilbert space norm is strictly convex
(lemma 6.2—4). . |

The proof is straightfoward by the use of the parallelogram identity.

0.12 PROPOSITION
Let X be a strictly convex space. Let C be a convex set in X and let T: C — X bea

" nonexpansive mapping. Then the set, F(T), of fixed points for T is convex.
The following theorem is known as the Schaefer’s theorem.

0.13 THEOREM (Schaefer)
Let X be a normed space and let T be a continuous mapping of X into X which maps every -
bounded set into a-compact set. Then either . | — -
(i)  the equation x = ATx has a solution for A = 1,0r

(i)  the set of all such solutions x, for 0 < A < 1, is unbounded.

So far we have discussed some elementary properties, such as closedness and convexity, of
the set of fixed points for a continuous mapping. The following definitions describe a

- property for sets, in general, which is important for our purpose.

0.14 DEFINITIONS
Let X be a topologlca.l space and let S and S be subsets of X.
Then S is said to be a retract S if S C S and there exists a continuous ma.ppmg

T: S — S such that r g, = I, where I denotes the 1dent1ty mapping on S
: 1

The mapping r is said to be a retraction from 82 onto S1



I X is a metric space and risa nonexpanslve mappmg then S is.said to be a

t

nonexpansive retract of S and r is said to be a nonexpansive retractlon from S onto S
We shall be using the following notations frequently._

0.15 DEFINITION [Baillon]

For a bounded subset A of a metric space X, define:

(a) r(A)=sup{d(x,y):ye A} forxe X
(b) | 6(A) = sup {rx(A) : x € A} = sup {d(x,y) : x, y € A}; the diameter of A.

10



CHAPTER 1

EXISTENCE OF FIXED POINTS FOR NONEXPANSIVE
MAPPINGS

Our aim here is to investigate the existence of fixed points for nonexpansive mappings in
some nontrivial cases and to discuss some properties of sets which are related to the fixed
point property.

§ 1.1 is concerned with preliminaries.

§1.2t0§1.6 é.re concerned with the existence of fixed points for nonexpansive mappings in
either the general class of Banach spaces or in some specific classes of Banach spaces such
as reflexive Banach spaces or uniformly convex Banach spaces.’ ‘

In § 1.7 we introduce a special class of metric spaces called hyi)erconvex spaces, where we
show that a bounded hyperconvex space has the fixed point property for nonexpansive

mappings.

In § 1.8 and § 1.9 we discuss some cases in which the set of fixed points for a nonexpansive
mapping is a nonexpansive retract.

In § 1.10 we will give an example of a set which does not have the fixed point property for-
~ nomnexpansive mappings, which answers the quéstion of whether or not a weakly compact

convex set in a Banach space has the fixed point property for nonexpansive mappings.

11



§1.1 " Preliminaries

Let us state and prove the following well known theorems.

1.11 THEOREM

Let X be a nonempty metric space and let T: X — X be a contraction mapping. Then for

every ¢ > 0 there will an e—ﬁxe_d point fer T.

PgeOF :
Let ¢ > 0.
. -Since T is a contraction mapping, there exists 0 <k < 1 such that
d(TxTy) <kd(xy) VYxyeX. | |
Hence for any X € X we have that d(T x T x) <k® d(Tx x).
i d(Tx x) = 0, for some x € X; then x is a ﬁxed point and hence x is an e—ﬁxed point.
* So assume that d(Tx,x) # 0 for every x € X.
Let x € X. ' _ v
Now k" d(Tx, x) < eforanyn > (lne—In d(Tx,x)) / In k.

Hence T x is an e—ﬁxed point, for any n satisfying this inequality.

1.1.2 THEOREM .

Let S be a nonempty bounded convex set in a normed space X

If T S—Sis nonexnanswe then for every € > 0 there will be an e—ﬁxed point for T in S

PrOOF -
Assume w.l.0.g. that S contains .
(If not we translate the set.)

If §(S) = 0 then the result follows. Suppose that §(S) > 0

12



Let ¢ > 0.

Define T’ = [1 - 2—5557} T.

Then T’ : S — S since S is convex, invariant under T and 0 € S.

Forx, yeS, [Tx =Tyl ¢ [1 - ggfy] b= vl

Hence T’ is a contraction mapping. By the above theorem T’ has an %— fixed point, say x,.

Thus || Txo —xof| < ||Txo — T'xo|| + || T"x0 — xo|| < 75537 | Txo|| + -2§$ €. 0

13



§ 1.2 Existence of fixed points for nonexpansive mappings whose domains include

sets repeatedly approached by all orbits of the mapping

The strong result of Schauder guarantees the ﬁxed point property for any compact convex
set in a normed space. Tl:us every nonexpansive mapping which maps a compact convex
set into itself has a fixed point. If we delete compactness from the assumption then we may
not obtain a fixed point'for a nonexpansive nlapping and hence, in general, for a continuous
mapping. An example given in this chapter (\1'4;4) suffices to show this.

However, the follewing theorems show that we can still obtain a fixed point by assuming,
under some suitable 'conditie'ns,‘ theexistence of a subset of the domain satisfying a

property which we define as follows:

1 20 . DEFINITION
Let C be a nonempty setina normed space and T: C — C a continuous mapplng

Let Sbea nonempty subset of C

i Then S wﬂl be said to be repeatedly approached by all orblts of T, 1f for every x in C, the .

sequence {T x: n € N} has a closure point in S.

Remark: _ _
Note that if xis a fixed point for T, then the orblt {T x: n € N} is just x 1tse1f
Clearly then any set S Wthh is repeatedly approached by all OIbltS of T 1nc1udes all the -

fixed points for T.

* The following theorem shows that this set of fixed points is nonempty whenever such a set

S is compact and the domain is bounded, closed and convex.

14



121 THEOREM [Gohde]

Let C be a bounded closed convex set in a normed space X. Let S ¢ C be compact and let

T: C — C be nonexpansive such that S is repeatedly approached by all orbits of T.

Then there exists at lea_st ohe fixed point for T in S.

- ProoF

W.l.o.g. assume that 0 € C.

For 0 < q< 1 define T = q Tx. Then we easily see that T, is a contraction mapping of
C into itself. | |

Thus by 1.1.2, for every e > 0, T has an e—fixed point x4(¢) in C.

Thus [Tgxa(e) —xo( ] € |

Now.e =1— 9 implies that ||T xq(€) —xq(€)ll <1 -

Hence  |[Txg(d) = xq()l -
- - ITxg() — 4 Txg(e) + @ Txgle) = xo )]

¢ (1 - ) ITxq( )l + 1 Tqxe(e) = x(e)]

¢ (1= e + (1= a)

- (1-a) (1 + ITxg( ).

Hence, since T is noné@ansive by tbhe above inequality we get

||Tn+J1cq(e) T xq(e)|| ¢(1—q)r forevery n, wherer = 1 + | Txq( )|l

Let vaq(e) ={T xq(e) ‘ne N} and let 5_.> 0.

By hypothesis, there exists yq(€) € Sx—q(;) ns.

Thus ]|Tnxq( €) — yq(e)ll < § for somen €. |

Now || Tyq(€) = ya(el - !
O I~ TRl TR — Tl + [T k() — valAl

< _5+(1—q)r+:,6. N

Since this is true for évéry 6> 0, ||qu(e) - yq(e)ll <(1-q)r.

15



If we enumerate the rational values of q in (0,1) as a sequence we see that by compactness
of S, {yq( €)} has a convergent subsequence Yq .(e) -y € S when q; — 1. -
Thus limi”qu (¢) — ¥q (e)]] < limj(1 —qi) r = 0.

unl_yqi( €) vhmlyqi( €)
But qu.(e) — Ty by continuity of T.

1 R .

Hence Ty = y. _ , _ , u]
In the next theorem we weaken the assumption on the set S; assuming S is weakly compact
rather than norm compact. However, in order to reach the same conclusions as previoilsly, :
it is necessary to assume the normed space to be complete and the domain to have normal

structure:

F122 Dermmor | d [BM]

A convex.set S in a Banach space'Xv is said to have hormal structure if for ea.ch bouﬁded
convex subset H of S which contains more than one point, there exists a point x € H such
that x is not a dlametncal point of H. '

i.e. There exists x € H such that 1(H) = sup {I]x vl : y € H} < §(H), where 6(H) denotes
the diameter of H_de_ﬁned in 0.15.

It is clear that any convex subset of S will also have normal structure.

1.2.3 , .EXAMPLE

Let S be a nonempty compact convex set in a Banach space X. Then S has normal :

structure.

Proor

Let C be a convex subset of S such that C has at least two elements. Now C is compact

16



and convex.
We shall now prove the following claim which was giveﬁ as a lem'mar in [DeMarr] for
Banach spaces. However, it is valid in general for normed spaces. _( |
Claim: ~Let S be a nonempty com;_act subset of a normed space X and let

K = co(S). If §S) > 0 then there exists u € K such that

sup {[x — ] : x € S} < &S). | |

(Since S is nonempty and compact there exist x;, X € S such that ||x; — xof| = &8).

Now there exists a maxima.l set M C S such that x;, xp€ M and ||x—y| = .6(S) forx,yeM
and x # y.

M is finite: if not we can ﬁnd a sequence {xp} of distinct pomts in M with

— || %m —xnll = 6(S) > 0 for m # n. Then Xn € S and S being compact Xn must have a

convergent subsequence which is clearly not possible.

So let M = {xy,..... xn} Deﬁneu—E— kz—ExkeK

Again, since S is compact there exists y € S with [|y —uf| = sup {||x —u|| : x € S}.

Now |y — u = <3 2 lly—xdl € &9).

n
’y - Ellm{

Suppose ly —ull = 5(S) then ||y —xkl| = §(S) for every 1 £ k <n.

This implies that yE€ M by the ma,x1ma.hty of M. Then y = xx for some 1 < k < n, Wh1ch is
a-contradiction. 4 _

‘Hence sup {[|x —ul| : x € S} = [ly — u|| < &S).)

 Hence claim.

If we take a compact convex set S in a normed space such that §S) > 0 then it follows -

from this claim that there exists u € S with sup {||x —u|| : x € S} < &(S).

17



Thus applying this claim to our case we have some u € C such that

sup {Jlu—x|| : xe C} < 5(C).

But §(C) = &(C) and sup {[[u — x|| : x € C} < sup {JJu—x]| : x € T}.
Choose uq € C such that [ju —.uoﬂ < 1/2 (§C) —sup {|lu—x|| : x € C}).
Now ||x — ug|| < ||x — uf| + ||u — ug|| for every x € C.

Hence sup {||x — uo|| : x € C} < sup {|lx —uf| : x € C} + [lu — ug]|.

Thus sup {Jluo — x| : x € C} < §(C). .

Hence S has normal structure.

Remarks:
It clearly follows that any nonempty bounded closed convex set in a finite dimensional
space will have normal structure. A |

In 1.5.2 we will give an example of a space which lacks normal structure.

1.2.4 THEOREM [BellKirk]

Let C be a nonempty bounded closed convex set in a Banach space X. Suppose that C has

normal structure and let S be a weakly compact subset of C.

Let T: C — C be nonexpansive for which all orbits of T repeatedly approach S.

Then there exists at least one fixed point for T in S.

ProoF

Let o = {M’c C: M’ # ¢, closed, convex, T(M’) c M" and M’ n § # ¢}. Clearly, ¢ is
nonempty since C € ¢/. Order o by 3. Let & be a chain in ¢f. Each M € ¢/ is
‘weakly closed since it ié closed and convex. Since S is weakly compact, each M’ n S is
weakly closed and so each M’ N S is weakly compact.

But {M’ nS: M’ € €} satisfies the finite intersection property since ¢ is ordered by >.
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Thus N {M'n'S: M’ ¢ if} #¢. Hence A® =N {M’': M’ € #}is nonémpty, closed, con;ex
and invariant under T. Hence A4 = n {M":M’€ #}isa lower bound for ¥ in{of’.
- Therefore by Zorn’s lemma there exists a minimal element M in .

Our aimis to show that M is a singleton.

Suppose that §(M) > 0.

By normal structure, if 6(M) > 0 then there exists a point x € M such that

sup {[lx—zl|:ze M} =1< 6(M)

Let K = co(T(M)). | |

- Now K ¢ M since T(M) c» M and M is closed and cohvex;

Hence T(K) ¢ T(M) ¢ EE(T(M)) = K. Also T(M) C;K; By hypothesis on T we have
: thatT(MjﬂS#d). HénceK'hS#(b._ - _  I |

' By minimality of M we have that K = M. |

Let C, = {z € M: ||z — y|| ¢ 1 for each y € M}. Note that C is nonempty since x € C; -
Let Cy = {2 € M: |l —y]| < rfor each y € T(M)}. Clearly, C; ¢ C,.

Nextletz € C, . | | | '

Then, clearly, the closed ball B(z,r) must contain T(M). |

Hence it must contain M = K = co(T(M)) and soif y € M then lz—yll <1
ThuszeC, . |

Hence C, ¢ C;- |

* G =0

Letze C andlety e T(M). Then y = Tx for some x € M.
© Now Tz € M and ||Tz — y|| = || Tz —Tx" <|lz—x|| < 1. Thus Tz € Cy = C;.
Hence T(C,l) c Cy.
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But C1 is closed and convex, and so T{ Cli C C1 )
By hypothesis on T we have that T{ Cli N S is nonempty. Hence C 1 NS¢ $.
Hence by minimality of M we have that C1 = M.

However, for any x, y € C; we have that |lx —y|| <r.
Thus §(C;) <1 < §M).
This yields a contradiction by which we have that §(M) = 0.

This implies that T leaves the point in M fixed.

But M nS#4¢.

This implies that the fixed point is in S.
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§1.3 Existence of fixed points for nonexpansive mappings in reflexive Banach

" spaces with domains having normal structure

As we have seen, weakening the assumption of compactness of the domain of a
nonexpansive mapping will under suitable conditions yield a fixed point for the mapping.
Another possibility is to weaken the type of compactness involved, for example, to éonsider
weak compactness. |

The theory is most satisfactory in reflexive spaces: the useful property we have in reflexdve
spaces is that the unit ball is weakly compact. Thus it follows that a weakly closed
bounded set is weakly compact, which is an improvement on nonreflexive spaces. Moreover,
normed closedness is equivalent to weak closedness provided that a given set is convex.
Thus in a reflexive Banaph space, all we need to deduce the weak compactness of a
bounded convex éet is either closedness or weak closédnéss.—

Unfortunately, if we have a nonexpansive mapping which maps a nonempty weakly
compact convex set into itself in a Banach space then we are not guaranteed a fixed point
for the mapping, as shown in the last section of tilis chapter (§ 1.10).

It is our aim here to investigate some appropriate conditions which, in addition to

weak compactness, will give a set the fixed point property for nonexpénsive mappings.

The following theorem of Kirk commences this section where we assume the dbmain of a

nonexpansive mapping has normal structure.
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Let us first introduce some.concepts.

1.3.1 DEFINITION cf [BellKirk1]

Let H and K be nonempty subsets of a metric space X, where H is bounded. We define :
(i) (HK) = inf {r(H) : x € K}

i) #(HXK) = {x € K: 14(H) = r(H,K)}, where r(H) is defined in 0.15.

If K'= X then, for short, we shall denote r(H,K) and #(H,K) by r(H) and C(H)
respectively.
In such an event, we shall refer to r(H) as the radius of H and C(H) as the cente;: of H
- (in X). |
Thus it follows that r(H) = inf {rx(H) : x € X} and C(H) = {x € X : 1o(H) = r(H)}.

1.'3._2 THEOREM  [Kirk] _
Let C be a nonempty bounded closed convex set in a reflexive Banach space X. Suppose
that C has normal str'u-ctur'e. If T: C — C is nonexpansive then T has a fixed point.

Before proving this we must establish the following results which we need for the proof.

133 LemMa = - [BellKirkl] ‘
Let X be a Banach space. Let K be we'aklly' compact and convex in X. If H is a bounded set
~ in X then #(H,K) is nonempty, closed and convex.

PrOOF |
For x € H, let F(x,n) = {yeK:|x—yl| € r(HK) + 1/n}.

Let C, = n_F(xn).
xeH
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We shall now showthat each Cn 1s nonernpty. |

Let n € N. Then there exists yn € K with ry (H) < r(H,K) + 1/n.
3 yn € F(x,n) VXEHK | |

3 ¥n € Cn

Hence each Cn is nonempty.

Thus for every x in H, F(x,n) is nonempty. Moreover, for every x in H, F(x,n) is closed and
convex.
Thus each Cn is closed and convex since it is an intersection of nonempty closed convex

sets.

: Now Cn+lc _CIl slnce A

yE Cn+1
2  ye€F(xn+l) -Ver
3 y € CIl '

Hence {C } forms a decreasmg sequence of nonempty closed convex subsets of K. Each C
is weakly closed and hence weakly compact since K is weakly compact “Also {C } satlsﬁes

the finite mtersect10n property Hence n C # 0. In addltlon n CIl is closed and
nelN nel -

convex.
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We now aim to show that #(H,K) = n C_ which would complete the proof.
nelN '

Let y € K(H,K)

3 yeK

Fix any n € N. Now ry(H) =x(H,K) < r(H,K) + 1/n.
3 Ix—yll <ry(H)<r(HK)+1/n VxeH

3 y € CIl

Since n is arbitrary,ye n C_.
n
nel

Nextlety e n Cn.
nelN

3 yECn= n}l;‘(x,n)‘ VYVonelN
XE€

3 ye€Kand|x—y|| <t(HK)+1/n VxeH neN
3 ry(H) <r(HK)+1/n  VYoneN

5 n(H)<rHK) |

3 ry(H) = 1(H,K)

3 ye #(HK)

3 n C, ¢ $(HK)

Hence #(HK)= n C_. | 0
nel
1.3.4 - Lemma cf [Kirk]

Let F be a bounded closed convex set with at least two elements in a Banach space X. If F |
has normal structure then § ¢ (F,F)) < §F).

Proor

By definition of normal structure there exists x € F with 14(F) < §F).
If z, w € €(F,F) then ||z — w|| < 1(F) = 1(F,F).
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Hence §( #(F,F)) = sup {||z— w]| : w, z € €(F,F)} <1(F,F) < 1(F) < &F). o
We are now ready to prove 1.3.2.

Proor (1.3.2)

Let & = {K cC: K ¢#¢, closed, convex and T(K) ¢ K}. ¢/ is nonempty since C belongs to
o’. Order o’ by ). Let F be a chain in ¢’. Each element of ¢/ is bounded (since C is
bounded) and weakly closed. Therefore each element in o is weakly compact since X is
reflexive. Now . satisfies the finite intersection property since ¢ is ordered by J.

Hence AF =N {K: K € &} is nonempty. Moreover, A ¥ is closed, convex, and invariant
under T since each element of & is invariant under T.

Thus A is a lower bound for F in .

By Zorn’s lemma, ¢ has a minimal element M. -

If we show that M is a singleton then the proof is complete.

So assume the contrary.

Let us show that ¢(M,M) € .

Note that since M is weakly compact and convex, #(M,M) is nonefnpty, closed and convex
by 1.3.3. If we show that #(M,M) is invariant under T then #(M,M) € .

So let x € ¢(M,M).

© Then [ Tx—Ty| < [x—y] < ((M,M) VyeM. Hence T(M)C B(Tx,r(M,M)).

Let B, = B(Tx,r(M,M)). Now M n B_¢# ¢, closed, convex and

T(M nB,)c T(M) c M n B, . By minimality of M we have that M N B_ = M. If not, we

will have that M 0 B_ C M contradicting the minimality of M.
#

Let y € M. Then || Tx — y|| < i(M,M) since M = B_n M.



3 IT¥(DJ) < (M, M). |

But Tx € M since x € ¢(M,M) ¢ M.
3 (M,M) = _rTx(M))

Therefore Tx € ¥ (M,M).

Thus #(M,M) is invariant under T.
Therefore ¥(M,M) €. &/.

Since ¢(M,M) ¢ M and M has normal structure (M is a convex subset of C, where has
normal structure), by the above lemma (1.3.4) we have that #(M,M) is strictly contained

in M. This contradicts the minimality of M.
Hence M is a singieton. . L ' A o

Remark:
Although Kirk stated the following as-a corollary, we shall state it as a theorem since it is
an improvemierit 6n the above;theorem (1.3.2) as it does not require C to be necesSarily

bounded.

1.3.5 THEOREM [Kirk]

.. Let C be a nonempty closed convex (not necessarily bounded) set with normal structure in

~ areflexive Banach space X and let T: C — C be nonexpansive. Let the seguencé {Tnp} be .
bounded for some p € C. Then T has a fixed point. ' |

. PROOF

Let S = {Tnp}'.' Choose r > 0 such that S ¢ B(p,r). Let B, = B(Tnp,r) and let
C =B nC.
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We shall now SilOW that each Cn is nonempty.

Let x € Sandletn € N.

3 x=Tmpf0r somem € N. .

3 Tmp € B(p,r) N

Now [ T'p — T'xl| = | T"p — T" "Il < I T" o = T"pll < I T"p — pll < r.
3 T'x ¢ B 1 .

But T x € C.

Hence T x € Cn . Therefore Cn is nonempty.

In addition, C_ also contains Tn(S).

Next, let.Wk =anCn and let W =k LEJ ka .

Claim(1): Wis nonempty

(Let us show that W is nonempty, i. e. n C # ¢, by Wthh we shall a.fﬁrm the claim.

| Each C is closed and convex and hence weakly closed. But each C is bounded.
Therefore, since X is revﬂexlve, each C].1 is weakly compact.

Hence n‘r’le n¥ ¢ prbvided that the system {Cn ‘n E_[N}_satisﬁes the finite intersection
property. So all we need to verify is that any finite number of elementsin {CIl :n €N}
intersect. | |
To this end, consider a system o = {C; : i € F ¢ N} where F is finite. Fix any i € F. Let
j€ Fbe arbltrary (i# _]) Assume w. 1 0.g: that i < j. |

Now ||T p—-T p]| < ||T p p|| < rsince S ¢ B(p,r). Thus if we ple an any i € F then the
.centers of every other balls B(T p,I), for which B(T p,r)nC=C. i € o, are contained in
- B(T p,r) Thus, clearly, A o ¢ ¢ J)

Herce claim(1).
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Claim(2): W is bounded, convex and invariant under T. |

Let x ¢ W. Then x € W, for somek € N. Thusx€ C_ Vn2k

Now f|x|| = lx= T p+ T pll <t + |T°p]| V¥ n2k ButS={T"p}is bounded.

Hence W is bounded.

Next let x, y € W and let « € [0,1]. Then x € Wk and y € W for some k, m € N. Assume
w.lo.g. that k< m. Hence ax+ (1 —a)y € Cn Y n > m, since each CIl is convex.
Thus ax + (1 —a)y € W ¢ W. Hence W is convex.

Finally, let x € W. Then as above, for some m, x € CIl Vn>m.

Now Tx € C and ||Tn’1p-Tx[[ < |]Tnp—x [¢r Von2m ThusTxeC,~ Vn2m+1
Hence Tx € W ;¢ W.)

Thus claim(2).

By continuity of T we have that T(W) ¢ W.
Moreover, W is convex and bounded.
Since C has normal structure so does W.

By theorem 1.3.2, T has a fixed point in W.
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§1.4 Existence of fixed points for nonexpansive mappings in

unifomﬂx convex spaces

In this section we focus some attention on a narrower class of reflexive spaces called

uniformly convex spaces:

1.4.1 DEFINITION [DG] § 2 (7.9)

A Banach space X is said to be uniformly convex if there exists é, monotone increasing
surjection. ¢ : [0,2] — [0,1] continuous at 0, with ¢(0) =0, ¢(2) =1 such that
lx—g—ln <(1—g(e)) forx,yeX.

Hx]l <1, lyll < 1and |}x —y|| > € implies that

Remark: |

A uniformly convex space is stiictly convex. To Seé.this:' :

| Suppose ic, y € X such that x # y' and ||x]|, l|¥ll < 1. Then Ix —y|l 2 ¢, for some € > 0.
Thus by definition of of uniform convexity it follows that ||x + y|| < 2(1 — ¢(e)).
But ¢(€) > 0. Hence ||x + y|| < 2.

1.4.2 EXAMPLE

Any Hilbert space is uniformly convex.

ProoOF _ '

Define ¢ : [0,2] — [O,Ij by p(x) =1-— !1 — x?/4 which is a monotone increasing
surjection and it is continuous at 0 with ¢{(0) = 0 and ¢(2) = 1. |

Suppose that || < 1, )l ¢ 1 and flx ~y1| 2 e

By the parallelograrh identity Ix + ylI* + |Ix —Y||2.= 2 ||x|v|2 + 2 |ly|l?, we have that
e+ yl2 < 4= fx—yl2 g 4~ e |
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thos 242 <1 - [g]
X + €)?
s S A

But (,o(e)=1—ll — [—;—]2

Thus 3‘-—’2“—1” <1—pfe).

In fact, B.J.Pettis showed in [Pettis] (which appeared in 1939) that every
uniformly convex space is reﬂ‘exive. '

Dugundji and Granas credit Brodskii and Milman for the result that if K is a bounded
closed convex set in a uniformly convex Banach space X, then K has normal structure
(IDG] § 2 (712 (e))). -

It then follows that the following theorem is a special case of 1.3.2.

It should be noted, however, that both these theorems were published in 1965. Moreover,
neither Kirk nor Browder have made any reference to the result of the other except that
Browder acknowledges having received én unpublished_ version of Kirk’s paper, subseqﬁent
to him sending his note for publication. Thus it is evident that these results were
discovered independently.

Therefore we find it interesting to study the proof and so we shall give a separate proof of

this theorem.

143 THEOREM [Browderl]

Let C be a nonempty. bounded, closed and convex set in a uniformly convex

Banach space X. If T: C — C is nonexpansive then T has a fixed point.
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Proor

Let o ={SCC:S#¢, T(S)CS,Sis closed and convex}.Now ¢ # ¢ since C € of. Order
o by 2.

Ndw o satisfies the ﬁniteAintersection property and each element of o is weakly compact
since they are bounded and weakly closed in the reflexive space X (note that X is reflexive
by the result of B.J Pettis).

Thus if % is a chainin ¢ then A% =N {S: S € €} is nonempty. Moreover, A % is closed,
convex and invariant under T. Thus A € is a lower bound for ¢ in ¢/. Hence by Zorn’s

lemma ¢ contains a minimal element M.

Now T(M) ¢ M and hence co(T(M)) ¢ M. Thus T(co(T(M))) ¢ T(M) ¢ co(T(M)). Hence
by minimality of M, S(T(M)) = M. - | : o

We now show that M is-a singleton.

Assume the contrary.

Then M has at least two elements. Let d = §M) > 0. There exists x,, x, € M such that

X, + x
lix, — x| 2 % Letx=——" Then x € M by convexity of M.

(- Y+ (- Y) |
ForanyyeM,x—y = . Now ||x;—y|'<d, ||x,—y|| <dand-
2

6ty = 3) = G =l =l =gl 2 5
e [Bg ) ¢, [Eg ] ¢ 1ana B g el Ga s

) ) (x; —y) + (x, — )
Hence by uniform convexity,
2

ie |lx—yll <(1—¢(1/2)) d < dsince 0 < p(1/2) < 1

<(1—p(1/2)) d.
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Letd; =[1-¢(1/2)]d<d=4M)andlet M'= n {ueM: lu—yll <d; }.
yEM
Then M’ ¢ M and M’ is nonempty since x € M’.
i S

Moreover, M’ is a closed convex subset of M since it is an intersection of closed

convex sets.

Claim: T(M') ¢ M’

(Let z € M/, and let y € M. Since co(T(M)) = M, for every € > 0 we can find a convex

combination i§1)‘i T(x;) (where {x;} ¢ M) such that Iy - ig__lil)\i T(x;)

|<e,where05)\igl

n
and ¥ A; =1
1=1

Hence  |[Tz—yl
’ : n

< Tz —.gl A T(xi)n + El)\i T(x;) — y“
1= =

i

< Tz —é‘)l)\i T(xi)” + €

n

+ €

=

< i§1 AillTz — Txyf| + e
But ||Tz — Tx;l| < ||z —x;]| < d; sincez € M" and x; € M for1<i<nm.
. Il
Hence ||Tz —y}| ¢ .21)‘1 d, + €. Since € was arbitrary, |Tz—ylf<d; VyeM.
i=
Further, Tz € M. Thus Tz € M".

Hence M is invariant under T.)

Thus claim.

However, this causes a contradiction to the minimality of M.

Hence M is a singleton by which we obtain the result. o
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Remarks:
An interesting feature of this theorem is that it does not require C to be compact, so that it -
is a partial extension of Schauder’s fixed point theorem.

On the other hand, if T is weakly continuous-theﬁ T(C) is weakly compact, since C is
weakly compact (X is reflexive and C is weakly closed and bounded).

Thus cl(T(C)) = T(C) islwea,kly'compa,ct. Thus this theorem becomes a special case of

Tychonov’s fixed point theorem.

Browder published an earlier version of this theorem for Hilbert spaces in [Browder]. We
shall state the Hilbert space version in § 1.6 which deals with nonexpansive,mappings in

Hilbert spaces.

The following example (which Browder owes to Richard Beals) shows that the above

theorem (1.4.3) is not extendable to the general class of Banach spaces.

144 - Example [Browderi]

Let X = ¢y, ihé space of sequences converging to zero, with the supremum norm, and let B
be the unit ball in ¢ |

Define T: ¢y — ¢o : (X1,%2,X3......) — (1,X1,X2,X3......)

Then |[Tx-— Tyl

= 0= 1x= i yae)l

= lx-yl

Hence T is nonexpansive.

Clearly T maps B into B.

But T has no fixed points in B since ¢, consists of sequences converging to zero. o

33



o

Remark: v , :
o As mentloned at the beguung of § 1.2, th1s example shows that Schauder s ﬁxed pomt\ .

\ :theorem fa.lls 1f we delete compactness from its hypotheses
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§ 1.5 Fixed point property of sets (for nonexpansive mappings in reflexive

Banach spaces) which have asymptotic normal structure.

Ba.ilion and Schoneberg refered to a Banach space X having the Browder—Gohde—Kirk -
property (abbreviation: B—-G—K property) if every nonempty bounded closed convex subset
C of X has the fixed point property for nonexpansive mappings.
The reason for this terminology is that both Browder and Géhde independently proved
that every uniformly convex Banach space has the above—mentioned property, while Kirk
established this property for the wider class of reflexive Banach spaces by assuming that C
has normal structure. | ;
All three of these results appeared in 1965: we have seen B;owder’s theorem in 1.4.3,
| Gohde’s theorem can be found in [Géhdel], and Kirk’s theLrem was seen in 1.3.2.
The following fheorem (1.5.3) of Baillon and Schéneberg extends 1.3.2 by establishjng this
property for reflexive Bzinach spaces, by assuming that the set C has a weaker structure

than normal structure, called asymptotic normal structure:

1.5.1 DEFINITION cf [BS]

A convex set S in a Banach space X is said to have asymptotic normal structure, if every
bounded closed convex subset C of S, where C consists of more than one point, satisfies the
following condition: |

if {x,} is any sequence in C satisfying x;, —x,,; — 0 (n — o), then there exists a point

x € C such that lim inf_[|x, —x|| < §C).

Remark:
Note that normal structure implies asymptotic normal structure.
To see this :

Let S have normal structure and let C be a bounded closed convex subset of S which
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consists of more than one point. Suppose that {x,} is a sequence in C with
X, — X, — 0 as n — o . By definition of normal structure, there exists x € C with
sup {|lx —y|l : y € C} < §C). Hence ||x, —x|| <sup {|lx—yl[[:ye C} < §C) Vn

3 a, = inf llx, —x|| <sup {||x—y|| :ye C} < &§C) Vn
I2n

3 lim e <sup {||x -yl : y € C} < §C)
i.e. lim inf [x, —x|| < §C)

Hence S has asymptotic normal structure. o

Let us state the following theorem which will serve as an example to show that asymptotic

normal structure does not imply normal structure.

- 1.5.2 THEOREM  [BS]

Let #> 1andlet X 8 be the £ 2 space renormed according to

|lx||ﬂ = max {||x|2, B ||x]l,} where [|x]|_ denotes the £ norm.
Then

(i) Xﬂ has normal structure if and only if f < /2 and

(i) X 8 has asymptotic normal structure if and only if # < 2.

From this theorem it is clear that asymptotic normal structure does not imply

normal strﬁcture. Further, as mentioned in the remark following 1.2.3, this theorem gives
examples of spaces which lack normal structure (for example, X2 ). A

Since for our purpose this theorem serves only to provide examples, we shall omit the

proof.
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1.5.3 THEOREM [BS]

Let X be a reflexive Banach space. Lef C be a nonempty bounded closed convex set in X.

Suppose that C has asymptotic normal structure.

If T: C — C is a nonexpansive mapping then T has a fixed point in C.

We first establish two lemmas which will be needed for the proof of this theorem.

1.54 LEMMA [BS]

Let X be a reflexive Banach space, C be a nonempty bounded closed convex set in X and

let T: C — C be nonexpansive. Then there exists a sequence {x,} ¢ C such that

xn—Txn—’O\MXn—xn,l—’Oasn—»m.

Proor

Fix any z € C.

For each ne N, defineT,: C—C:x—z/n+ (1 —-1/n) Tx. Then T : C— C by
convexity of C. Further, each T, is a contraction mapping. Since C is closed, we can apply
Banach’s fixed point theorem on C to get a unique fixed point, say x, , for T .

Thus x, = z/n + (1 — 1/n) T(x,).
z - T(xn)

Hence x, — Tx, = I

— 0 (n — o) (note that {Tx,} is bounded).
By nonexpansiveness of T,
1% = %gadl

1
”ﬁ-ﬁﬁ- (Z - Txn) + [1 - m](TXn - Txnﬂ)

1 1
¢ amrle-Txll + [1 _n+_1] [l = %gudll

llz = Txyl
Hence ||x, =X | ¢ ——— —0 (n— ). 0
n
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The hard work in the proof of 1.5.3 comes in the following lemma which says that e—fixed

points in a minimal closed convex set are nearly "ends of diameters".

1.5.5 LEMMA [Karlovitz]

Let S be a weakly compact convex set in a Banach space X andlet T: S — S be

nonexpansive.

Suppose that S is minimal in the sense that it contains no proper closed convex subset

which is invariant under T. Let {x,} be a sequence is S with ||Txy — xq|| — 0.

Then lim ||x —xaf = §S) Vxe€S.

- PrOOF

Suppose x € S.

| By the weak compactness of S, {||xn — x||} is bounded.

Suppose {||xny — x||} is anyvconvergent subsequence of {||xn — x||} with limit s’(x). It will
suffice to show thaf s'(x) = 6(S).

We first show that for any z € S, {lIxox — 2l|} — s°(x).

Suppose {||xnk1 —1z||}is an& convergent subsequence of {||xny — ill} with limit s”’(z). By

the same reasoning as before, it will be sufficent to show that s*(z) = s(x).

Claim(1): ||x,;kl —zf| = 5'(%)

Let E = {y € 5: im supylxny, —y[| < min {s”(2),5"(x)}}-

E is nonempty:

If s/(z) < s’(x) then z € E, and if 5'(x) < 5(z) then x € E.
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E is convex:
Suppose yy, y2 € E and t € [0,1].
- Then lim suplllxnkl —tyi—(1—t)yal

IA

t lim sup1||xnkl —yi| + (1 —t) lim sup1||xnkl -yl

< min {s"(z),s'(x)}.
E is closed:

Suppose {y;} CE and y; — y.

Then lim sup||xp;, —yl| ¢ lim supy([lxae —yill + llyi —yll) - Vi

3 lim suplllxnkl — y]| ¢ min {s"(z),s"(x)} by taking limits in i
E is invariant under T:

Suppose y € E.

3 lim suplllx-nkl — Ty||

< lim supluxnkl - Txnle + lim supl||Txnkl — Tyl|

= lim sup || Txn, — Ty||  since [|Txn — Xn|| — 0
1

< lim supy[|xn, —y||  since T is nonexpansive
1

¢ min {s"(2),5'(x)}

So Ty € E.

By the minimality condition on S it follows that E = S.

Hence for every y € S we have that lim suplllxnkl —yl| ¢ min {s"(2),s'(x)}.
But since ||xnk1 —z|| — §”(z) it follows that s*(z) < s'(x)

and since [|xn) — x|| — s(x) it follows that s’(x) < 5"(z).
Hence 5"(z) = s'(x).)

Thus claim(1).
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Thus we have established that for any z € S, ||xn) — z|| — s'(x).

We now complete the proof by showing that s'(x) = §(S).

Claim(2): s'(x) = &S) -
(Clearly s'(x) < §(S).
Let F = {y E S: |y —Z" <s’(x) VzeSh
F is nonempty:
By weak compactness of S, there exists a weakly convergent
subsequence {x"kr} of {xn; }, with limit u € S, say.
Then for every z € S,
llu— 2]
= - [lw-lim Gy —2)]
< lim infr"x“kr —z|| (by the weak lower semicontinuity of the norm) |
= s’(x), as previously established.
Thus u € F.
F is convex:
Suppose y1, y2 € F and t € [0,1].
For z € S,

It yi+(1—1t) y2~2l

< tllyi—zll + (1 —t) ly2 -z
< s’(x). .-
T is closed:

Suppose {yi} CFand y; — y. Let z € S.
Then ||y —zf| < lyi —z2ll + lyi —yll < s°(x) + [lyi —¥l-
3 lly — z < s’(x) by taking limits ini

40



F is invariant under T:
Suppose y € F and ¢ > 0 is given.

Note that by the minimality condition on S,'S = co(T(S)).
Hence for z € S we can find a convex combination f}lz\i Tx; (where {x;} C S)
1=

such that ||z — _351,\i Txi| < e.
1=

Then ||Ty — z||
. _
< Ty — iglAi Txi|| + €
) v
< ZAilly —xill + e

< s'(x) + ¢ sincey € F.

Thus || Ty — z|| < s°(x), since € was arbitrary.
~ Note that Ty € S.
 Thus Ty € F.

Hence F is invariant under T.

By the minimality condition on S it follows that F = S.
Thus s'(x) > §S), and so s’(x) = §(S).)

Hence claim(2).

Thus any convergent subsequence of {||x, — x||} has limit §(S), and this

completes the proof.
We shall now prove 1.5.3.

Proor (1.5.3) _
Let = {K ¢ C: K # ¢, bounded, closed, convex and T(K) ¢ K}.
Then o #¢ since C € .
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Since X is reflexive, each element of o is weakly compact. If we order o by ) then o
satisfies the finite intersection property. Thus if € is a chain in o then A is nonempty.
- Moreover, A € is bounded, closed, convex and invariant under T. Hence A # is a lower

bound for # in of. By Zorn’s lemma ¢ has a minimal element M.

Claim: M is-a singleton

(By 1.5.4 there exists a sequence {x,} in M with x, — Tx, — 0 and

Xp —Xpy—0asn—ow. | | -

Hence, since M is weakly compact, by 1.5.5 it follows that for every x in M

Ix, —x|| = &M) asn— o .

Suppose that M has at least two elements.

By asymptofic normal structure of C there exists y € M with lim infnll'xn —-yll ‘< §M):
However, according to-.\'vhat wehav_’é said abqvé by usihg 1.5.5, putting y for x we seé that )
6(M) = lim_[|x, — yl| = lim inf,_|lx, — yI| < &M).

This gives the required contradiction.)

Hence M is a singleton which is fixed under T. ‘ a
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§16 Fixed point theorems for nonexpansive mappings in Hilbert spaces

Throughout this section, ¥ will always denote a Hilbert space.

First, as mentioned in § 1.4, we shall now give the following special case of 1.4.3 which was
published earlier than 1.4.3. N |

Note that the theorems in § 1.3 and § 1.5 which require the space to be r_eﬂexive are valid

for Hilbert spaces in particular.

1.6.1 THEOREM [Browder]

If T: C — C is nonexpansive, where C is bounded, closed and convex in ¥ , then T has a

fixed point in C.

" In 1.4.2 we showed that evefy Hilbert space is uniformly convex. Thus it is clear that this
theorem is a special case of 1.4.3. Since we have already provén a general version of this

theorem (1.4.3), we shall omit the proof here.

The following theorem serves as an example to show that the unit ball in an arbitrary
Hilbert spaée need not have the fixed point property for maps which are "arbitrarily close

to being nonexpansive".

1.6.2 THEOREM = [Browder]

- Let e> 0', % of infinite dimension. Then there exists a mapping T of the unit ball Cin ¥

into C such that T has no fixed points in C while for every u, ve C

[Tu —Tv]| < (1 + ¢) Jlu—vli.

ProoF

We first establish the result for the Hilbert space £ 2. Suppose € > 0.
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Define T: £2 — £ % (x4,X,.....) — (€ (1= lx)1)x1,x2,.....)
If§=gthenT§¥Q=§. _ |

If 0 < x|l < 1 then || Tx]| > Ix].

Hence T has no fixed points.

Also note that- the unit ball C is invariant under T.

If x, y € C, then ‘
|| Tx — Tyl |

= e —lixl) e + Rx—e (1 ~|igll) e; — Ryll

= fle(llzll = IIxll) ¢, + R(x -yl

¢ elly—xl +IRE x -2l

= (+9lx-yl o

Hence [ Tx — Till <1+ Ix—yll V¥xyeC.

For any separable space ¥ . we have that ¥ © £2; so the result holds for separable Hilbert
spaces. '
If ¥ is not separable we form a subspace % by forming a countable orthonomal basis.
“Then 7(5 Ng2 Let P be the orthogonal projection: ¥ : — ¥, and let T_o be a fixed point
free map: ¥, — ¥, , with the required property: ||To(u) — Ty(v)]| < (1‘+ €) flu—v||
for u, v in the unit ball of %; . Define T: ¥ — % by T = T, o P. |
Let x,y € C, where C is the unit ball in ¥ . | | .
 Them |Tx-Tyl

= I Ty(Px) - T,(PY
(1+ ¢ [[Px —Py]|
< 1+ o lIP] lx -yl
= (1+¢lx—yl as|P|=1

I

44



1.6.3 . TxeoreM  [DG] § 2 (1.5)

Let_C be the closed ball of centér 0 and radius §in a Hilbert space % and let T.C—%

be nonexpansive. Then either

(i) T has a fixed point or

(i)  there exists x€dCandade (0,1) such that x = ATx.

We first establish the following lemma.

164 Lemws  [DG]§ 2(1.4) |
Let ¥ be a Hilbert space and let C be a closed ball with center 0 and radius é.
x iffx|[< s

Define a mapr: % — C by 1x = - o
| o ifl2e ‘

Then r is nonexpansive.

Proor

W.l.o.g. assume that ¥ is a real Hilbert space.

Claim:. <u—ru,;v—ru><0ifu,v#0
(Xf [lufl < 6 then ru = u; hence claim.
Next assume that ||uf] > 6.

§ .
\I“W (<u, v>— 6 |ull) if v <&
We have <u —ru, v —ru> = 1
_1—"5” ﬂ—jn<u,v> = & lul| i vl 2 6.

. \

Since | <u, v> | < ||ufl ||v|| , we have <u—ru, rv — ru> < 0 when ||uj] > &, since ¥ is real.)

Hence claim.
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Now x —y = IXx — Iy FX—IX+Iy—y=IX—1y + awherea:x—fx +1y—y.
Hence f}x — y[|2 = lix —ryll? + [lalf? + 2 <a, X —1y>.
Hence from our claim we have the following:
<a, Ix —Iy>

= <X —IX+ Iy — ¥, IX —Ty>

= — <X —IX, Iy — IX> - <y —ry, IX —Iy>

> 0 ifx,y#0. | \,
Hence [Jx — y[1? 2 jrx — ryll” |
Note that if x = 0 or y = 0 then the inequality holds.

Hence result. : | 0
Let us return to the proof of the theorem.
ProoF (1.6.3)

o By'1.6.4,Asince the map r : ¥ — C is nonexpansive, so is r o T: C—C.Byls6.1

there exists x € C with rTx =.x:If Tx € C then x = r'Tx = Tx by which x is a fixed point

for T.

If Tx ¢ C, then x = rTx = ]‘]S’T%[{[

Hence x € dC. |

Pptting A= Wf‘_x" < 1.we get x = ATx.. L | o
Remark:

- Note that.if T hasno fixed pointsithen the conclusion of this theorem is quite the opposife

to the conclusion of Schae_fer; s theorem in 0.13.
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1.6.5 CoroLLary [DG] § 2 (1.6)

Let ¥ be real. C a closed ball with center at 0 and radius of § and let T: C — 7% be

nonexpansive.

* Suppose that for each x € dC any one of the following conditions holds:
(a)  NITx|| < lix]]

(b)  HITx|| < lIx— Txi|

(c

(d) <x, Tx> < [|Ix]|%

p

ITx||? < flxfl® + fix — Tx||?
Then T has a fixed point.

PRrOOF
Assume the contrary. Then T has no fixed points.
By 1.6.3 tﬁere exists x € dC and a A > 1 with T}; = )\xA.
The following hold:
@) Tl = Alix]l > {|x[
(b)  Ix=Txl| = [Tx—x|| = [|Ax = x|| = (A = 1) [lx|| < A{lx]| = | Tx]]
(d)  <x, Tx> = <x, Ax> = A <x, x> = A [|x||? > [|x||?
Clearly (a’), (b’) and (d’) contradict (a), (b) and (d) respectively.
Hence at least (c) must hold. Now
(¢) for X' = } we have that 0 < \’ < 1and A'Tx = x.
Moreover, by (c), | Tx||2 < |A"Tx]|? 4 ||’ Tx — Tx||%.
Hence 1< (\)2+ () —1) 2 (J|Tx|| # 0 since Ax # 0).
But (1')% + (/\ ~1) 2< X + (1= X)=1 contradicting the above inequality.

Hence T must have a fixed point.
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" §1.7 Nonexpansive mappings in Hyperconvex spaces

In the previous sections we have dealt with normed spaces in which either the whole Space
has a specific property (eg § 1;4, §.1.6) or the domain of a nonexpansive mapping has a
specific property (eg § 1.3). B

The ty pical spaces were Hilbert spaces or classes of spaces for which Hilbert spaces are -
standard examples, such as uniformly convex spaces or reﬂenve Banach spaces.

In this section we concentrate on a special class of metric spaces called

hyperconvex spaces. Even when ‘consideririg hyperconvex normed spaces; it transpires that

this class is quite distinct from the class of Hilbert spaces: it will be seen that (real) £” is

" hyperconvex (but not Hilbert) and the real Hilbert space R?is not hyperconvex.

" We first define the notion of hyperconvexity aﬁ.d'étudy_some basic prooerties which are
relevant to us, since this not_ion is not lso well known in.functional analysis.

However, a‘theorem of Nachbin and Kelly states that a feal Banach space is hypercoovex if
and only if it is a spacé C(E) of continuous real functions on a stonian (extremally | ’ |
disconnected compact Hausdorff) space E; i.e. the self adjoint part of a commutative

von Neumann a'.lgebra.-See [Baillon] and [Takesaki]. Thus (real) £® and L ® are
hyperconvelc. | o
Moreover, h‘ypércon‘vex spaces have some significance in Category Tlieory since, due to an

: 1mportant result of Aronszajn and Pamtchpade (whlch we shall give in 1. 9 2) it follows '
that in the category of metric spaces Met, with morplusms all nonexpansive mappmgs an

object (X,d) is injective if and only if it is hyperconvex.

An interestihg aspect of this theory is that the existence of fixed points for nonexpansive
mappings in hyperconvex spaces does not rely on the usual assumptions on the domain of

the nonexpansive mapping, such as compactness or convexity. To begin with,
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hyperconvexity is, in general, defined for metric spaces and thus convexity does not play
" any role. Further, we shall show that a bounded hyperconvex space has the fixed point

property for nonexpansive mappings where the space need not be compact.

1.7.1 DEFINITIONS [Baillon]

A metric space (M,d) is called:

(a)  metrically convex if for any two distinct points, x and y, and for any a, § > 0
such that d(x,y) = & + B, implies that there exists z € M with d(x,z) = o and
d(y.z) = 8.

(b)  hyperconvex if for any indexed class of closed balls in M, B(x3,r3), i € I, satisfying

the condition that d(x;,x;j) < ri + rj for all i, j € I, we have that 0 B(x313) # ¢.

ie I
Remarks:
Any convex set S in a normed space is metrically convex:
Let x, y € S be such that ||x — y|| = a 4+ § for o, § > 0.
ﬂx ay _ PBx ay
Thena+ i +a+ﬁ ES.Letz—a+ ﬂ+a+ B
- Now ||x —z|
- c_Bx oy |
a+ f a+ F|
_ ox + fx — fx — oyl
B a+ B l
_ ax — “
- a + %
a
= m”x—)’”
= Q.
. =Bt ey — oy — By||__ B |l =
Similarly, lz | = | =B = gl =

Thus S is metrically convex.
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Now if B(x;,r;) and B(xj,1;) are closed balls in a convex set such that [|x; — x;|| < ri + 1
then from this érgument above, it is clear that there exists some z such that

llxi — 2]| < riand ||x; — 2| € rj . Thus B(xs,r5) N B(x;,r5) is nonempty.

_:l‘hus a convex set satisfies the definition of hyperconvexity, provided we restrict the

indexed class of balls to having only two elements.

Next, hyperconvexity implies metric convexity:

" let H be hyperconvex. Let x, y € H and let d(x,y) = @ + §, @, # > 0. Then for

z € B(x,a) N B(y,A) it follows that d(x,z) ¢ @ and d(y,z) < f which are in fact equalities

since d(x,z) + d(z,y) 2 a + B.

1.7.2 DEFINITION [Baillon]

" Let H be a metric space. H is said to have the binary intersection pfoperty if for any set of

closed balls B(x;,r3), i € I, such that every two balls intersect, then: 0 B(xy,r3) # ¢.
' iel

1.7.3 DEFINITION [Baillon]
A family {Ha}a cA of hyperconvex spaces is said to have the finite intersection property

if any finite intersection of elements in the family is nonempty and hyperconvex.

1.74 PROPOSITION [Baillon]

" A metric space H is hyperconvex if and only if it is both metrically convex and has the

binarv intersection property.

PrOOF
Assume hyperconvexity.

Suppose B(x,r;) N B(xj,r;) #¢ Vi, jeIthend(xix) <ti+r; Vi, jel
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Hence N B(xj,ri) # ¢ by hyperconvexity. Hence the binary intersection property follows.
iel

In addition, in our remark above, we have shown that hyperconvexity implies metric
convexity.

Conversely, assume that H is metrically convex and H has the binary intersection property.
Take any indexed class of closed balls in H, B(x;,r1), i € I, where

d(xi,xj) {ri+1; Vi, jel

W.lo.g. we assume thatr; >0 Viel

Let i, j € I. If d(x1,x;) = ri + rj then by metric convexity B(x;,r1) N B(x;,rj) # ¢ .

If d(xj,xj) < 15 + 1j then d(x1,xj) = o -i—irj d(xi,x;) + H——%L;J- d(xi1,x;)-
USRS & W e o Ij el . . )
Let ai = TET d(xi,x;) and let o = — d(xi,x;). Then again by metric convexity

B(xs,a1) N B(xj,05) # .
5 B(xsm) 0B(gr)#¢ Vi, jel

Hence N B(xj,ri) # ¢ by binary intersection property.
iel _

Hence hyperconvexity. o

1.7.5 ExampLes  [Baillon]

(a)  The real line R with its usual metric is hyperconvex.

(b)  The (real) space £” is hyperconvex.

Proor

(a)

Suppose that we take a system of closed intervals [a;,bs], i € I for some index set I such
that every two of the intervals intersect. Then, by using induction and the fact that the
intersection of any finite number of intervals , say [a;,by),.....,[ax,bx] is nonempty if and

only if max {aj,.....,ax} < min {by,.....,bk}, it can be shown that the intersection of any
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finite number of such intervals is nonempty.
Then the intersection of the whole system is nonempty by compactness of these intervals.
Thus R has the binary intersection property. Clearly, R is metrically convex.

Hence R is hyperconvex.

(b)
We have shown in the remark following 1.7.1 that any convex set is metrically convex.
Thus it follows that any normed space is metrically convex.
- So in order to show that £ ® is hyperconvex, we now show that it has the binary
intersection property. .
Let {B(x;,ri): i € I} be a system of closed balls in £ such that every two balls intersect.
Leti,jel
s B(xumi) NBxin) £0
Then there exists y such that ||x; — z|-| <r1jand ||x; —ylf < 1j.
3 sup {|%i,n — ¥n|: n € N} < 15 and sup {|xj,n — yn|: n € N} <15
3 - |xiyn—yn| ¢riand |Xjn —yal <15 VnEN .
Thus yn € B(xi,n ,I5) N B(Xjn,rj) VYneN Fixanynel. _
Now {B(xi,n ,Ii):1 € I} has the binary intersection property since they are all closed balls
inv R, where R is hyperconvex.
3 3z, € N B(xj,n ,I3)
iel :

ie. |Xin —2n] <13 Viel
- Since n is arbitrary, sup {|Xi,n — 2zn|: n € N} < r; for everyie L
Thus ||x; — z|| < ri for every i € I. Clearly z € £°.
3 7€ B(x;r;) Viel(inl®)
3 0 B(xi,ri) # ¢

iel
Hence £ ® has the binary intersection property
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Combining the binary intersection property and metric convexity, it follows from 1.7.4 that

£® is hyperconvex. , ' 0

1.7.6 ProposiTioN ~ [Baillon]

Any hyperconvex space is complete.

Proor

Let {xn} be Cauchy sequence and let p, = sup d(x,;,,xn). Then foranym,n €N, m > n
m?>>n

d(xp,Xn) < pn + pm and similarly for n > m d(xp,Xp) < Pn + P

By hyperconvexity there exists x € N B(xp,pn).
nel

Hence d(xn,x) < pn — 0 (n — w) which implies that x, — x (0 — ). o

1.7.7 EXAMPLES

Note that R? is not hyperconvex. Indeed, a simple diagramatic argumel_lt' suffices to show

_ this. In particular, any circle with radius strictly larger than zero is not hyperconvex. Thus
neither completeness nor closedness (nor, indeed, compactness) imply hyperconvexity.
However, note that if a set S is hypeiconvex in a metric space H then it is closed in H since
S is complete by the above proposition.

However as already noted, R is hyperconvex in itself, so a hyperconvex set need not be

compéct.
1.7.8 DEFINITION [Baillon]

For a bounded subset A of a metric space X, define

Z(A)=n{B:B> A and B a closed ball}.
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1.7.9 PROPOSITION [Baillon]

Let A be a bounded subset of a hyperconvex space H.

Then the following hold:

(i) Z(A) =n {B(x,14(A)) : x € H}

(ii) §(A) = 2 1(A) B
(iii) Ix( B(A)) = 1x(A) forany x € H

PROOF

(i)

Let S = n {B(x,1x(A)): x € H}.

Suppose y € B(A).
o2 ye€B VB2JA, B aclosed ball

3 y € _B(x,rx(A)) Vxe H, since B(x,Ix(A)) contains A for every x € H
3 yeS _
Thus Z(A)CS

Conversely suppose y € S.
If z € H such that B(z,8) > A for § > 0 then 1,(A) < 6.

But y € S implies that y € B(z,r(A)). Hence d(y,z) < 6.

3 y € B(z,0)

Since B(z,6) is arbitrary, y € 2(A).

Thus S ¢ Z(A)

(i) |
‘Let a, b € A. Then d(a,b) < §(A) = 6 (say) = §/2 + §/2.

By hyperconvexity there exists x € N B(a,§/2).
aceA
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5 d@x)<62 VaeA

s rA) <82

3 1(A) < §/2

3 21(A) <6

Fix any x € A. Let y € A. Now d(x,y) < d(x,z) + d(z,y) VzeH.
3 d(x,y) < 1z(A) + 1,(A) = 21,(A) VzeH "

s dixy) <21(A)

5 n(A)<21(A)

3 6= 6(A)<2r(A) (since x is arbitrary)

Hence §(A) = 2 1(A).

(iii)

. L-et x € H. |

For any y € B(A), y € B(x,rx(A)).

k) <o)

Hence 1x(.Z(A)) = sup {d(x,y) : y € B(A)} < 1x(A).
Conversely, for any y € A, y € 2(A).

+ d(xy) <1<(2B(A))

+ 1x{(A) {1x( 2(A))

The following three propositions are extensions of some unproven observations included in

[Baillon] Theorem 5.
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1.7.10 PROPOSITION

Let {Ha : a € A} be a family of nonempty hyperconvex spaces contained in a metric space
(M,d).

Let {B(x;,r;) : i € I} be a system of closed ballé in M such that {xi}i e1€ Ha VaeA

and nB(xi,ri)nHa#(b YVaceA.
i€l

Then n B(xj,ri) N Ha is hyperconvex for every a € A.
iel

Proor

Let a € A be arbitrary and let B_ = n B(xgr;) NH .

¢ el ¢
We need to show that Ba is hyperconvex.
Let {B(xj,r;) N B : j€ J} be a system of closed balls in B  such that da(:_cj,xk) <1y + Ik

for every j, k € J, where d_(xj,xx) = d(xj,xk)'l B,

To show that B  is hyperconvex, we need to show that n (B(xj,r5) N Ba) is nonempty.
jeld
Let K=1UJ.

Claim: n _(Blxjr;) B, )#¢
: jeld |
(Let je J. Then x; € Ba'
3 d(xixj) <13 Viel
Since j € J is arbitrary, d(xi,x;) <riri+1; VielL jed.
Further, d(xil,xiz) < ril+ I, for i, andi, € I, since N B(xj,ri) is nonempty.
. iel
Thus d|H (x1,xj) < 13 + r; Vi, jeK, since xj, xj € Ha Vi, je K.
o _

By hyperconvexity of H , N (B(xyrs) NH ) # ¢ since B(x3,ri) N H , is a closed ball in

1€
H foreveryie K. Thus n (B(x;r)NB )#¢.)
! ied o
Hence claim.
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Hence Ba is hyperconvex.

Since a € A is arbitrary, n B(xj,ri) N Ha is hyperconvex for every a € A. o
"ield

1.7.11 ProrosiTioN

Let A be 4 nonempty bounded set in a hyperconvex space H. Then C(A) # ¢ and

C(A) = nB(x,r(A)).

XE€

ProOF
For each x € A and n € I, let C(x,n) = {y € H: d(x,y) < 1(A) + 1/n} = B(x,r(A) + 1/n).

Let C = n B(x,r(A) + 1/n). Then each C_ is nonempty since for every n € N there exists
X €

y € H such that ry(A) < 1(A) + 1/n. Moreover, {C_} is a decreasing sequence.

Hence any two elements in the sequence intersect. But each C_ is an intersection of closed
balls. Thus any two balls in the system {B(x,r(A) + 1/n) : x € A, n € N} intersect.

Thus since H has the binary intersection property (recall that hyperconvexity implies the
binary intersection property), we have that

nC =n N B(x,r(A)+1/n)| #¢.
M nellxe v

Claim: C(A)=n,C_

(Let y € C(A).

2 I(A) =r1y(A)

3 d(x,y) <r(A)<r(A)+1/n VxeAnel
3 y € nnCn |

Conversely let y € nncn .

3 d(x,y) <r(A) +1/n VxeA neN

3 1y(A)<r(A)+1/n VneN

2 ry(A) = 1(A)
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3 'y € C(A))

Hence claim.

Thus C(A) is nonempty.
Next y € C(A)
e  1y(A)=1(A)

& d(x,y) <r(A) VxeA

= y € 0 B(x,r(A))
x€EA

Therefore C(A) is nonempty and C(A) = n
X €

B(xx(4)) :

1.7.12. ) P'ROPOSITiON - | B

Suppose that H is a hyperconvex space. Let A be a nonempty bounded subset of H.

Then C(A) 1 (A) # ¢, where 2(A) = 0 B(xz,(4)) as in 1.7.9 (i).
X €

PrOOF

By 1.7.11, C(A) is nonempty and equals N B(x,r(A)).
x€A

Consider the following system of closed balls

¢ = {{B(x,r(A)) : x € A} U {B(x,rx(A)) : x € H}}. Since H is hyperconvex, all we need to
show is that the distance between the centers of any two closed balls in o is at most equal
to the sum of their corresponding radii, by which it follows that A of = C(A)n B(A)#¢.
Thus we need to consider the following three cases in'order to show this. '
(i)

Let x, y € A.

~ Cousider the balls B(x,r(A)) and B(y,1(A)).

Then d(x,y) < x(A) < §(A).
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But §(A) = 2 r(A) by 1.7.9. Hence d(x,y) < r(A) + r(A).

(i) | -
Let x € A and let y € H.

Consider the balls B(x,r_(A)) and B(y,ry(A)). Then d(x,y) < ry(A) < 1y(A) + r(A).
(iii)

Let x, vy € H.

Consider the balls B(x,rx(A)) and B(y,ry(A)).

Let a € A. Then d(x,y) < d(x,a) + d(a,y) < 1x(A) + 1y(A).

Thus under (i), (ii) and (iii), and using the hyperconvexity of H,
we have that C(A) N B(A) =A L #¢. O

| We now show that a nbnempty bounded .hyperconvex space has the fixed point_prOpe_rty for
nonexpansive mappings. Following this, we will show that any closed ball in (real) £ is

hyperconvex, which will give a nontrivial example of a bounded hyperconvex space.

1.7.13 . THEOREM [Baillon]
If H is a nonempty bounded hyperconvex space and T: H — H is a nonexpansive mapping
then the set of fixed points for T is nonempty and hyperconvex.

Proor

We prove this in three parts. The first part shows that F(T) # ¢, the secdnd part shows
that F(T) is metrically convex and the third part shows that F(T) has the binary
intersection property. Combinig the second and third parts we conclude that F(T) is

hyperconvex by 1.7.4.
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(1) F(T)#¢:
Let # ={ACH:A#¢, A= B(A)and T(A) c A}. The system ¢ is nonempty since
He &.

n

Order by 3. Let # be a chainin o and let Ay,...,A, € . Then 0 B(A;) = ﬁlAi £0,
i= . 1=

since ¢ is ordered by J. Now each element of & is an intersection of closed balls since

- B(A) = A for every A in o/. Hence if we take any finite collection of closed balls, say B,

each containing some A; € ¢, then they intersect sinceifj lAi = irrjl.fé’(Ai) 6.

By hyperconvexity of H (using the binary intersection property) we conclude that if we
collect every closed ball in H which contains at least one element in & and if we intersect
all these balls then the intersection of all these balls are nonempty.

This is equivalent to A € # ¢.

We now show that A% = B(A £).

B(A#) I A€ is clear.

Next,ify € Z(A %) then y € B(x,1x(A¥)) VxeH.
But ix(A€) <1x(A) VYxeH,Ae ¥

3 y€B(x,1x(A)) VxeH, Ae &

3 ye€ NnB(xx(A)) VAe¢?®
XE€

3 ye Z(A) YAe#
2 yeA VAe ¥

2 YEAE

 Thus B(A€) =Ar%.

Clearly, T(A¥) C A .
Hence A ¥ is a lower bound for € in ¢

Thus by Zorn’s lemma o has a minimal element M.
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If we show that M is a singleton then it follows that F(T) is nonempty.

Claim(1): M = n B(x,14(T(M)))
x€H

(Clearly, for any set S ¢ H, 2(S) = 2(2(S)). -

Since T(M) ¢ M it follows that Z(T(M)) ¢ B(M). |

Hence B(B(T(M))) = B(T(M)) and T(B(T(M))) ¢ T(B(M)) = T(M) ¢ 2(T(M)).
Since T(M) is nonempty, so is Z(T(M)).

Hence Z(T(M)) € .

. But B(T(M)) ¢ 2(M) = M. Hence M = Z(T(M)) by minimality.

3 M = n B(x,1x(T(M))) by 1.7.9(i))

X €

Hence claim(1).

It follows that ro(M) = rx( B(T(M)) = 1x(T(M)) (for any x € H) by 1.7.9(iii).

We now aim to show that C((M) N M € .

Now C(M) # ¢ and C(M) = n B(x,1(M)) by 1.7.11.

x €M
Further, by 1.7.12 we have that C(M) n M is nonempty since M = n B(x,1x(M)).
xeH
If y € C(M) thent (M) =r, (T(M)) < 1y(M) = 1(M).
y y

3 rTy(M) = (M) (by definition of r(M))
Hence Ty € C(M). | |
3 T(C(M)) c C(M)

Thus T(M n C(M)) ¢ M n C(M).

Claim(2): M C(M) = 2(M n C(M)).
(M n C(M) c 2(M n C(M)) is obvious.
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Now Z(M n C(M)) c #(M) =M and

B(Mn C(M)) ¢ B(C(M)) =n {B: B3 C(M),B closed ball}.
But C(M) € B(x,r(M)) Vx €M by 1.7.11.

3 2(C(M)) ;x 2 181 (x,r(M)) by definition of 2(C(M))

By 1.7.11, n B(x,r(M)) = C(M).
xeM

5 2(C(M)) c C(M)
Thus (C(M)) = C(M) which implies that #(M n C(M)) ¢ B(C(M)) = C(M).
3 B(M n C(M)) c M n C(M)

Hence claim(2).

Thus we have shown that M n C(M) is nonempty, invariant under T and it is equal
to (M 'n C(M)). |

By minimality of M we have that M = M n C(M).

3 (M) = (M n C(M))

We now show that §(M) = (M).

Let y € C(M) N M.

3 y € C(M)

2 1y(M) = (M)

3 1y(C(M) N M) = (M) since C(M) nM =M

Since y € C(M) n M is arbitrary, r(M) = ry(M n C(M)) = ry(M) VyeMnC(M).
5 1(M) = 6(M n C(M))) |

3 6M)=1(M)

But §(M) = 2 r(M) by 1.7.9 (ii).
Thus (M) = 0.
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Hence M is a singleton. Thus T leaves the point in M fixed.

(2) F(T) is metrically convex:

Let x, y € F(T), let d(x,y) = a + ffor a, § > 0 and let S = B(x,a) n B(y,f).
The set S is nonempty, since H is metrically convex, and bounded.
Moreover, if we take each H = H, M = H and {B(x;,r3): i € I} = {B(x,a), B(y,f)} in

1.7.10, then it follows that S is hyperconvex.

If z €S then
d(Tz,x)
= d(Tz,Tx) (since x € F(T))
< d(z,x) (since T is nonexpansive) -

< a

Similarly, d(Tz,y) < f.

Thus S is a nonempty bounded hyperconvex space, where T:S—S.
Hence by (1), T has a fixed point z in S. Thus there exists z € F(T) with
d(x,z) < aand d(y,z) < 6.

But a + 8= d(x,y) < d(x,z) + d(z,y) S a+

3 d(x,z) = aand d(y,z) = B

Hence F(T) is nietrica.lly convex.

(3) F(T) has the binary intersection property:
Consider the indexed balls B(xi,r;) N F(T), where i € I, B(x;,1;) is a closed ball in H for

everyi €I, x; € F(T) and d(x4,xj) <ri+1; Vi, jeL
(We are first assuming that every two of these balls in F(T) intersect, by which we get the

inequality above.)
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Let §'= n }I3(xi,ri). Then S’ is nonempty by the hyperconvexity of H and S’ is bounded.
1€

Further, by 1.7.10 (if we take M = H and H, =H VaeA)S isseen to be hyperconvex.

Let y € §”. Then d(x;,y) < r; for every i € I. Moreover, since x; € F(T) for everyi € I and T

is nonexpansive we have that

d(x;,Ty)
= d(Tx;,Ty)
< d(xiy)
< I for everyi € I.

Thus T(S") ¢ S".
Hence S’ is a nonempty bounded hyperconvex space, where T: §* — §’.
Hence T has a fixed point in S’ by (1).
Thus $’ N F(T) # ¢. |
ie n (B(xirs) N F(T)) # ¢
iel
Therefore F(T) has the binary intersection property.

By (2), (3) and 1.7.4 we have that F(T) is hyperconvex. O

Remark:

Note that boundedness is necessary in the hypothesis of this theorem to guarantee the

“existence of a fixed point for T, since, as an example, if we consider the equation

Tx = x + 1in R then we see that T is nonexpansive but has no fixed points.

1.7.14 COROLLARY

Any closed ball in (real) £® has the fixed point property for nonexpansive mappings.
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Proor

Let B be a closed ball in £®. We have seén that £® is hyperconvex.

Taking M = {°, H = { for every a € A and {B(x;,15) : i € I} = {B} in 1.7.10 we have ~
that B n £® = B is hyperconvex.

Since B is bounded, the result follows by the above theorem (1.7.13). | 0

Remark:

A more general version of this corollary is that any nonempty set which is an intersection
of closed balls in a hyperconvex space has the fixed point property forvnonexpansive
mappings, which we show as follows:

Let S be a nonempty intersection of closed balls, say B(x;,r;) for i € I, in a hyperconvex
space H.

If we take M-= H and e_aLch H =Hfora € A, in 1.7.10 then it follows that : 2 Iii(x{,ri)‘n H
is hyperconvex. But this is precisely N B(x3,r3).

iel
Moreover, N B(xj,r;)is bounded.
i€l |
By 1.7.13 it follows that n B(xj,r;) has the fixed point property for nonexpansive

iel
mappings.

However, the specific version above (1.7.14) is much more interesting.
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§1.8 A set of fixed points as a nonexpansive retract

It is well known that any closed convex set in a Hilbert space ¥ is a nonexpansive retract
of ¥ . (See for instance, [Diemling] § 9 Proposition 9.2.)

If T: C — ¥ is a nonexpansive mapping, wh;re C is closed and convex, then since ¥ is
strictly convex F(T) is convex by 0.12. Further, F(T) is closed in % . Thus F(T) is a
nonexpansive retract of ¥ .

However, the following example adapted from [Bruckl] shows that this need not be the

case in the general class of Banach spaces.

1.8.0 ExampLE (of a map whose set of fixed points is not a nonexpansive retract) -
Let C = B(0,1) be the unit ball in C[0,1] and let f € C[0,1], where
o '{2t’ 0<t<1/2 '
f(t) =

1 1/2<¢t<1
Define T: C[0,1] — CJ[0,1] : g(t) — f(t) g(t)
Clearly T maps C into C.
Further, T is nonexpansive since for g, h € C we have that

| Tg — Th

= sup {Ji(t) g(t) —f(t) h(t)] : t € [0,1]}
< sup{lg(t) —h(t)| : te[o,1]}
= Jg—tl. |

However, we will show that we cannot find a nonexpansive retraction of C onto F(T).

To see this :
Assume the contrary.

Clearly, F(T) = {geC:gt)=0for0<t <1/2}.
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Now there exists a nonexpansive retraction r : C — F(T).
Let k denote the constant function 1/2.
s k¢F(T)

For any g € F(T) we have that

(*) Nk —rg]l < [k —gl| = ||k —xg]|.
But rk(1/2) = 1(1/2) and since rk € F(T) we have that tk(1/2) = 0.
Thus rk(1/2) = 1(1/2) = 0.

Then there exists some tq € (1/2,1) with rk(t,) < 1/2.

If not then we have rk(t) > 1/2 V1t € (1/2,1) which breaks.down the continuity of rk.

0 0< t <12
Define h(t) = ';o“_1122 1/2 < t < to

1 to ¢ t <1
5> heF(T)

Now |k —h|| =sup {|1/2 —h(t)| :0<t <1} =1/2.
But ||tk — th} = ||tk — h|| > |tk(to) — h(to)| > 1/2 = ||k — h||. This contradicts (*).

Hence there can be no nonexpansive retraction. u)

However, we will establish in 1.8.7 that F(T) is indeed a nonexpansive retract in a Banach

space (not necessarily a Hilbert space) under suitable conditions.

First let us establish some definitions and notations.
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1.81 DEFINITION (Bruck1]
Let C be a nonempty closed convex set in a Banach space X.
Then C is said to have the conditional fixed point property (for nonexpansive mappings) if
every nonexpansive mapping T: C — C satisfies
J -

(CFP): either T has no fixed points in C or T has a fixed point in every

nonempty bounded closed convex T—invariant subset of C.

1.8.2 DEFINITION [Bruck1]

Let C be a nonempty closed convex set in a Banach space X.

Then C is said to have the hereditary fixed point property

(for nonexpansive mappings) if every nonempty bounded closed convex subset of C has the

fixed point property for nonexpansive mappings.

Remark: _

As an example, any compact convex set C has the hereditary fixed point property for
nonexpansive mappings, since if S is a nonempty closed convex subset of C then S is
compact and hence it has the fixed ppint property by Schauder’s fixed point theor_em.

Thus in particular, S has the fixed point property for nonexpansive mappings.

One sees quite clearly that the hereditary fixed point property implies the conditional fixed

point property.

Notations:

Lét X denote the topological space where X is a normed space and it is equiped with the
weak topology. Analogously C will denote the subspace of X induced by C, where C ¢ X.
We shall say a set C is locally weakly compact if every point in C has a weak

neighbourhood (in C) which is compact in C.
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1.8.3 " DEFINITIONS [Bruck]

Suppose that Fis a nonémpty subset of a closed convex locally weakly compact set C iﬁ a
Banach space X. | ,

Define N(F) = {f: C — C : { is nonexpansive and fx = x for all x € F}, which clearly
describes the set of nonexpansive mappings:v C — C which fix every point of F. Note that
N(F) is nonempty for any nonempty F, since the identity mapping belongs to N(F).

- Fix xo € F and define C_ = {y € C : [y — xol| < |lx — ||}, which clearly describes the set of
points that are closer to xg than x is.

DefineP = II C_.
' xeC ¥

Notation:

ForScP= 1 Cx , 7—l(S) will denote the closure of S in the topology of weak
xeC ‘ v

pointwise convergence.

1.84 LEMMA [Bruck]

Let C be nonempty, closed, convex and loca.ll‘y weakly compact in a Banach space X.

For a nonempty set F ¢ C, N(F) is compact in the topology of weak pointwise convergence.

PRrOOF
Fix x4 € F.
Then C_ = B(xo,6x) N C where b = |[x —x|.
Note that if x € C and f € N(F) are arbitrary, then f(x) € C and
1£(x) = xll = [1£(x) — Kxo)l| < flx = xoll
Therefore f(x) € C_ .
Hence N(F)c I C_=P.
xeC
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- Claim(1):  For every x, € C, there exists some neighbourhood B(x,,6) such that
B(xo,6) n C is weakly compact (in X).

(Let xo € C. Then xo has a weakly compact neighbourhood in C . This implies that

there e);ists some neighbourhood U € % . (where % . denotes the neighbourhood system of

xo in X) such that U n C is compact in C .

Now there exists an open set say V in X such that xo € V ¢ U. But V is open in the norm

topology. Thus there exists some § > 0 such that B(x¢,6) C V by which we have that

B(x0,6) c V C U.

But B(x,6) and C are both weakly closed and so B(x,,6) N C is weakly closed.

i.e. B(xq,6) N C is closed in X

- Since U n C is compact in C , it is compact in X .

‘This implies that B(xo,é) nNCcuncC is compact in X .) _

Thus claim(1). - |

Claim(2): Each Cx is convex and weakly compact.

(W.Lo.g. assume that xo = 0. Convexity of C_ is immediate from its definition.

For weak compactness we proceed as follows.

By the above claim, for xq € C, there exists some spherical neighbourh:.od

B(6) = B(x0,6) N C which is weakly compact in X.

If §x < §then C_ ¢ B(6) implying that C_is weakly compact (sipce C, is convex and
norm closed and hence weakly closed) ‘

Next,if 6x > 6> 0 then C, (B(xo,éx) nC)c b 7= B(), since if y € C and ||y — xof| < 6«
then "-5—y xo|| = 5—- lly —0l] < §and z—y € C(0eCand Cis convex).

Since & 7= B(6) is weakly compact, so is C, by the same argument in the previous case.)

Hence claim(2).
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Hence if Cx is given the weak topology then P is compact in the corresponding product

topology, by Tychonoff’s theorem.

Claim(3) N(F) is closed in P with P having the product topology

(Let f € 7—l(N(F)). Then there exists some net {f, : A € A} in N(F) converging to f.
Thus for each x € C, {, (x) *- f(x). Thus since C is weakly closed f(x) e C  Vx € C.
If x € F then f, (x) = x for each A € A. Hence f(x) = w—lim, f,(x) = xforx eF.
Moreover, [f(x) ~ £(y)]| = [lw—lim (fyx — f,y)[ < lim,inf]f, (x) — £, (V]| € Ix — ]
for every x, y € C.

Hence f is nonexpansive.

Hence f € N(F).)

Hence ciaim(3).
Thus the result clearly follows from claim(3).

1.8.5 LEMMA [Bruck]

Let F be a nonempty subset of a closed convex locally weakly compact set Cin a

Banach space X.

Then there exists r € N(F) such that

[[{(xx) — {(zy)]] = ltx —ry|| forallfe N(F)and x,y € C.

PRrOOF

Define an order < on N(F) as follows:

f<giff Ji(x) — 1)l < llg(x) —g(y)ll Vx,ye C. Clearly, < defines a partial order on
N(F).

For { € N(F) we define the initial segement of f, Is(f), by Is(f) = {g € N(F) : g < f}.
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Claim(1):  Is(f) is closed in N(F), where N(F) is given the topology of weak

pointwise convergence.
(Let g € =<l(Is(f)). Then there exists some net {g, : A € A} in Is(f) converging to g.
Thus for each x € C, g, (x) * g(x). Thus since C is weakly closed, g(x) e C  Vx € C.
If x € F then g/\(x) = x for each A € A. Hence g(x) = w—lim g/\(x) =xforx e F.
Moreover, |
llg(x) — gl = llw—lim, (g,x — g,y)|| < lim,infllg,(x) — g, (¥)Il < {If(x) — ¥} < lIx -yl
for every x, y € C. Thus g < { and g is nonexpansive. |
Hence g € Is(f).)

Hence claim(1).

Hence Is(f) is compact in the topology of weak pointwise convergence, since N(F) is -

compact in the same topology by the above lemma ( 1.8.4).

Claim(2):  (N(F), <) satisfies the hypothesis of Zorn’s lemma

(Let {g, : A € A} be a chain in (N(F),<). Then the family {Is(g,) : A € A} is linearly
ordered by inclusion. Now the family {Is(g, ) : A € A} satisfies the finite intersection
property. Since each Is(g /\) is compact in the topology of weak pointwise convergence and
clearly nonempty, there exists g € n,Is(g, ).

Hence there exists g € N(F) such that B4 8By for each A € A.)

Hence claim(2).
Thus by Zorn’s lemma there exists a minimal element r in (N(F),<).

If f € N(F) then ||f(rx) — f(zy)]| < ||tx—1y]] V¥ x, y € C, since f is nonexpansive.
Hence fr < 1. Clearly fr € N(F). If ||f(rx) — f(ry)|| < ||1x — ry|| for some x, y € C, then we

have a contradiction to the minimality of 1.
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Hence equality holds. o

1.8.6 THEOREM [Bruck|

Let C be a nonempty closed convex locally weakly compact set in a Banach space X and let

F be a nonempty subset of C. Suppose that for each z € C there exists h € N(F) such that

h{z) € F. Then F is a nonexpansive retract of C.

Proor

By the previous lemma there exists r € N(F) such that

(*)  |f(xx) = {(zy)]| = |ltx —1y]] Vie N(F)and x,y e C.

Since r fixes each point of F we need only to show that r(p) € F for each p € C, in order to
show that r is a retraction.

Solet p € C be arbitrary.

By hypothesis, for r(p) = z € C there exists h € N(F) with h(z(p)) € F

Let y = h(r(p)) for 1(p) = z € C.

By (*), [Ih(x(p)) — h(x(y))ll = lix(p) — x(¥)Il.

Since y € F, 1(y) = y € F and so h(z(y)) = y. By definition of y, y = h(z(p)).

Hence 0 = Hh(r(p)) ~h(z()] = llt(p) — r(y)|| by which it follows that r(p) = z(y).

Hence r(p) =y € F. a

1.8.7 THEOREM [Bruck]

If C is a nonempty closed convex locally weakly compact set in a Banach space X

and if T: C — C is nonexpansive satisfying CFP. then F( Tj is a nonexpansive retract of C.

Proor
Assume w.l.0.g. that F(T) is nonempty.
Fix any z € C. Let K, = {f(z) : f € N(F(T))}.
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Claim: K, is weakly compact

(Now K, is the image of N(F(T)) under the 2™ coordinate projection map: P ——»'Cz , where

P, C, and N(F(T)) (with F is replaced by F(T)) are defined in 1.8.3.
| By 1.8.4, N(F(T)) is compact in the topology of weak pointwise convergence. Hence K, is

compact in C_ since the projection: P—C,is continuous. )

Hence claim.

Thus K is weakly closed and bounded. Also KZ is clearly nonempty.
Next, let {(z), g(z) € K, and let A € [0,1]. Then, clearly, Af + (1 —A)g € N(F(T)) which
implies that Af(z) + (1 — A)g(z) € K, . Thus K, is convex.

Hence convexity together with weak élosedness of Kz would imply that Kz is closed.

Thus Kz is a nonempty bounded closed convex subset of C.

Further, T o f € N(F(T)) if { € N(F(T)). Thus T(K,) C K, .

Since T satisfies CFP and F(T) is nonempty, T has a fixed poiﬁt in Kz .
ie. There exists h € N(F(T)) with h(z) € F(T).

Since z is arbitrary, by the above theorem (1.8.6) F(T) is a nonexpansive retract of C. 0
Remark:

In [Bruckl], Bruck proves that in 1.8.7 the assumption that C is locally weakly compact

can be replaced with separability.
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§1.9 A set of fixed points as a nonexpansive retract in hyperconvex spaces

Our aim here is to prove the following result analogous to 1.8.7 under the hyperconvex
space setting.

Klthough Baillon has proved the following result for families of commuting nonexpansive
mappings (which we shall give in chapter 2), we shall treat the version for a single

nonexpansive mapping separately, by giving this result here.

1.9.1 THEOREM

Let H be 2 nonempty bounded hyperconvex space and let T: H — H be nonexpansive.

Then F(T) is a nonempty nonexpansive retract of H.

‘We need to establish the foilowing theorem and a corollary in order to prove this theorem.
" The following theorem gives the relationships between hyperconvex spaces and
nonexpansive mappings. This theorem has an application, which we have mentioned in the

introduction of § 1.7, in Category Theory.

1.9.2 THEOREM [AP] ’
Let H be a metric space. .'

Then H is hyperconvex

i :

(*)  every nonexpansive mapping T from any metric space D into H has a nonexpansive

extension T, from M into H where M is any metric space containing D metrically.-

PRrOOF

(¢)

Assume (*).
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We show that H is metrically convex and has the binary intersection property. Then
hyperconvexity of H follows from 1.7.4. | |
Let x,y € Handleta, b > 0 with d(x,y) = a + b. Let D = {x,y} and let T be the
identity mapping: Iz — H. Put E = D U {¢} where ¢ ¢ H and the distance d on E is
- extended as follows:

4(£,6) =0, d(£,x) = d(x,€) = a and d(£,y) = d(y,€) = b.
Then there exists a nonexpansive extension T,: E — H.
Now T\¢ € H and d(Tx,Ty) < d(x,y) < d(x,T,€) + d(y,T ).
3 a+b<d(x,TeE) + d(TLy)

But d(x,T,¢§) = d(Tx, T £) < d(x,§) = a and d(y,T§) = d(Ty,T{) < d(y,§) = b.
Hence d(x,T £) = a and d(y,T &) = b.

Hence H is metrically convex.

Next, take an indéxed class of balls B(x,r1),i € I, in H in which each two of them
intersect.
ie d(xix;) ST+ Vi, jel
Let D = LEJ %xi} and let T be the identity mapping on D. Let E=D U {€} for £ ¢ H as

i
before. The distance on D is given by the distance on H and the distance on E is extended
by
d(¢,€) = 0 and d(¢,x) = d(x,£) = inf {r : there exists i € I, B(x,r) 3 B(x;,r;)} with x € D.
Now there exists a nonexpansive extension T, from E into H with T £ € H and |

d(x;, T €) = d(T x5, T,€) < d(xi.€) < 13 for each i. Hence T ¢ € N B(xj,r1).
: : 1€l

Hence binary intersection property.

Therefore by 1.7.4 it follows that H is hyperconvex.
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(=)
Assume that H is hyperconvex. We show (*).
Let D be any metric space, T a nonexpansive mapping: D — H. Let D ¢ E metrically.

Consider the system

o = {(Tp, F) : Tf is nonexpansive: F — H and D ¢ F ¢ E metrically} and the restriction

of Tpon D is T. Then ¢ is'nonempty since (T, D) € o. Order o by (Tp F) < (T ,G)

G)
1fchGandTG'F—T Let?f—-{( Fy Fg):P e A} bea chain in o

Then Dcvé CcE. Ifxe Ug FB then x € Fﬁ for some B € A. Hence define

T

veg U Fp—HbY T o (x) = TFB(X).

ThenT\”glFﬁ FB VFge ?fandTvg|D=TsinceTFﬁD=T VBeA

Further, by our definition of T, ., (and using the fact that & is an increasing chain) it is

clear that T, _, is nonexpansive. Thus % has an upper bound v %. With this order o

A
satisfies the hypothesis of Zorn's lemma.

Hence there exists'a maximal element (T, , F,) in ¢.

Assume that there exists no nonexpansive mapping TE :E — H with TE =T.
' D

Then E # F for each (TF ,F) € /. In particular F, # E. So there exists z € E
such that z ¢ F,.

Let F* = F, U {z}.

We now define a nonexpansive extension of T, on F” :

Consider the balls B(T x,d(x,z)), x € F,.

Now d(T x,Ty) < d(x,y) < d(x,2) + d(y,z) Vx,yeF,.

Since H is hyperconvex, these balls interseét.

So there exists ¢ € N B(T x,d(x,z)).
X €

Define T : F — Hby T’z = {and T'x = Txforx e F, .
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Now d(T'z,T'x) = d(§,Tx) < d(z,x) VxeF,.
Hence T’ is nonexpansive.

Also T” F,= T, . Hence (T",F") > (T ,F)).

A contradiction to the maximality of {T,F,).
Hence there exists a nonexpansive extension: E — H.

Thus (*).

1.9.3 COROLLARY [AP]

If H is hyperconvex and is contained metrically in a metric space M, then there exists a

nonexpansive retraction of M onto H.

Proor _ ,
The identity map i : H — H is nonexpansive. By the above theorem (1.9.2) it has an

extension i’ : M — H, where i’ is nonexpansive. -
We shall now prove 1.9.1.

Proor (1.9.1)

By 1.7.13 F(T) is nonempty and hyperconvex.

But F(T) is metrically contained in H.

VTherefore by the above cofollary (1.9.3) it follows that F(T) is a nonexpansive

retract of H.
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§1.10 Alspach’s solution

In § 1.3 we stated that a nonempty weakly compact convex set need not have the

fixed point property for nonexpansive mappings. It is our aim here to prove this by giving
an example given by Dale E. Alspach (in [Alspach]), which appeared in 1981. This solved a
long stzinding question on whether various additional assumptions placed on K, in order for

it to have the fixed point property for nonexpansive maps, were needed.

Thus it seems to us that when the resultsin § 1.3, § 1.4 and § 1.5 were published the

question of a weakly compact convex set having the fixed point property for nonekpansive-

mappings remained open as they appeared much earlier than 1981.

Moreover, these results required additional assumpﬁons such as normal structure, uniform

convexity or asymptotic normal structure, and thus they were not necessarily applicable in .
| a éenera.l situation, where the domain was‘weakly conipact aLnd> convex in any Banach

space. A

It is worth noting that when Kirk proved his result (theorem 1.3.2) he raised the question

of whether normal structure is essential in the hypothesis of the theorem. Thus it is clear

that at that stage the question of a weakly compact convex set having the fixed point

property for nonexpansive mappings was open.

1.10.1 DEFINITIONS [DG] § 2 (7.14)

Let K = {fe L;[0,]] : ffdu=1/2with0<<1a.e}wherel=[0,1].
I
Let T: I2 — 12 be the "Baker’s transformation" given by
- (x/2, 2y) 0<y<1/2
T(x,y) = {
(x/2+ 1/2,2y—-1) 1/2<y<1

which can be seen as first sdueezing 1% into the rectangle {(x,y) : 0 < x<1/2,0<y <2}

then cutting off the top and placing it next to the lower half. It is known and intuitvely
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obvious that T is measure preserving.

A A min [2f(2x), 1] 0 <x<1/2 .
Next define T : K — K by Tf(x) = .
max [2f(2x -1)—1,0] 1/2<x< 1

A
The graph of T is obtained from the graph of {, after the top half of the squeezed rectangle

is placed next to the lower half.
Throughout this section, y will denote the Lebesgue measure.

1.10.2 PROPOSITION [DG] § 2 (7.14)

A
T is nonexpansive.

Proor
First note that if Afis the ordinal set {(x,y) € I2: y < f(x)} for f € L,[0,]

then T(Ag) = An .
Tf

A A '
For £, g € L[0,1] we have | Tf— Tg]| = y(An A An | where An A A is the
Tf  Tg Tf g

symmetric difference of the ordinal sets.

Now pfAa AAA]

Tf Tg
= #T(Ag A T(Ag)) (sjnce A’/I\‘f = T(Ag) forf € L,[0,1])
= MT(Ar A Ag)) (since T is one—to—one and onto)
= u(Af A Ag) (since T is measure preserving and bijective)

= |t-él 0
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1.10.3 PROPOSITION [D_G]v §2(7.14)

K is weakly compact.

First, we need to establish some results on which our proof depends.
We make use of the following result, which was given as a corollary in [DS], to show that K

is weakly sequentially compact.

1.10.4 LEMMA [DS]IV.8.11

If {S) < w and if A is a bounded set in L{(S,%,») with lim [fdu=0as E) — 0
E
uniformly for {fin X, then X is weakly sequentially compact.

11.10.5 LEMMA

- K is weakly sequentially compact.

PROOF

In order to establish weak sequential compactness, all we need to check is that we have
satisfied the hypothesis of the above lemma.

First note that u(S) = u([0,1]) < w.

Let € > 0. Choose § = ¢. If E € & (Borel oc—algebra) with x(E) < § then

for any f € K, ffdugu(E) since 0 < f< 1.
E .
Thus y(E) < § = e implies that ff du < e.
E
Clearly the set K is bounded.

Thus by the above lemma (1.10.4) K is weakly sequentially compact. o
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1.10.6 LEMMA cf [Alspach]

K is weakly closed.

Proar

It suffices to show that K is strongly closed and convex.

Convexity of K is clear.

Next, let f € K. Then there exists a sequence {f,} € K with f, — { strongly.

Hence 0 < f < 1. Further, by the Lebesgue’s dominated convergence theorem f fdu=1/2
I
Hence K is strongly closed. ol

ProoF (1.10.3)
Now L,[0,1] is a Banach space.
From 1.10.5 and 1.10.6 it follows that K is weakly sequentially compact and weakly closed

respectively.
Therefore by the Eberlein—Smulian theorem it follows that K is weakly compact. al
1.10.7 PROPOSITION [DG] § 2 (7.14)

A
T has no fixed points in K.

ProoF

A ' ’
Suppose that T has a fixed point f,in K. Thenf=0orf=1a.e.

This would imply that f fdut1/2.
I
A contradiction.
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CHAPTER 2

FAMILIES OF NONEXPANSIVE MAPPINGS AND THEIR
~ COMMON FIXED POINTS

Kakutani and Markov have shown that if we have a family of affine continuous commuting
mappings inb a normed space, which leave some nonempty compact convex set invariant,
then the family has a common fixed point in that invariant set.

A natural question arises: if we weaken the assumptions, or remove some assumptions
completely, do we still obtain a common fixed point. For example, can we just drop the
word “affine"? No.

For instance, [Huneke] gives methods for constructing commuting pairs of cdntinuous
functions which map [0,1] into [0,1] with no common fixed point.

In this chapter we address this question to nonexpansive mappings in Banach spaces.

We establish some generalised results, by various authors, in which the assumptions are |
progressively weakened in most cases. Theorem 2.4.5 is to our knowledge the greatest |

weakening of the assumptions available in the published literature.

Sections 2.1 to 2.5 are primarily devoted to investigating the abovementioned question. In
addition,‘§ 2.4 and § 2.5 are extensions of what we had in chapter 1 regarding the set of
fixed points being a nonexpansive retract.

In § 2.6 we give an example of a family {Ti}oioz1 of nonexpansive mappings for which any '
finite subfamily has a common fixed point, but there exists no common fixed point for the
entire family.

In § 2.7 we briefly introduce the concept of demicompact mappings in metric spaces, where

we show that a family of commuting nonexpansive mappings (in a Banach space) which
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.map a nonempty bounded closed convex set mto 1tself has a c0mmon ﬁxed pomt prov1ded

| 'that at least one element in. the family is dermcompact
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§21 Existence of common fixed points for families of nonexpansive mappings in

compact sets

We commence our investigation with-a theorem of De Marr. Here we have a strong

assumption on the domain of the family in question, namely that it should be compact.

2.1.1 THEOREM [DeMarr]

Let S'be a nonempty compact convex subset of a Banach space X and let & be a nonempty

commutative family of nonexpansive mappings: S — S.

Then & has a common fixed point in S.
Let us establish the following lemmas which are needed to prove’ this theorem.

212 LEMMA

Let M be a nonempty compact set in a normed space X. Let & be a family of continuous
mappings: M — M. Suppose that M is minimal in the sense that, for any T in &, it
contains no proper nonempty compact T—invariant set. |

Then T maps M onto itself, for every T in F.

PRrOOF

Let Te 5.

Then T(M) is compact. Also M is invariant under T.

Suppose that there exists some T’ € F with T(M) = N # M. For any y € N there exists
x € M such that T'x = y. Since elements of & commute we have that

Ty = T(T’x) = T’(Tx) € N since Tx € M.

Hence T(N) ¢ N CM.



But this would contradict the minimality of M, since N ¢ M, N is compact and N is
; :

nonempty.

2.13 LEMMA [DeMarr]

Let S be a nonempty convex set in a Banach space X and let T: S — S be nonexpansive.

Suppose that there exists a compact set M ¢ S such that M is mapped onto itself and M

has at least two points.

Then there exists a nonempty closed convex set K 1 such that K 1 N S is invariant under T

and M intersects the complement of K1 )

Proor

Let K = co(M). -

By our claim in the proof of 1.2.3, since M has at least two points, there exists u € K such
that p, = sup {llx =u]| : x e M} < §M).

For eachx € M, let U(x) = {v € X: |y —x|| $p, }.

PutK, = n U(x). Then K, is nonempty since u € K, .
x€eM

Clearly K 1 is closed and convex.

Let us now show that K1 N S is invariant under T.

Assume w.l.o.g. that K1 n S is nonempty. -

Let x € K; N S and let z € M. Then x € U(z) by definition of K,. Hence lx —z|| < p,-
Since M = {Ty : y € M} there exists y € M withz = Ty.

Now ||Tx—z| = |Tx—Ty| ¢ lx—yll <p, (Since x € U(y) by definition of K, .)
ie. Tx € U(z)

Since z € M was arbitrary, Tx € K1 . Further, Tx € S.

Thus Tx € K, nS. -
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Since M is compact there exists xo, x; € M with ||xo — x| = §M) > p .
1
Hence x; ¢ U(xo) 2 K1 )

ie.x;eMN ch

Thus M intersects the complement of K, . ‘ _ o
Let us now prove theorem 2.1.1.

ProoF (2.1.1)

Let & = {K ¢ S: K #¢, compact, convex, T(K) cK VTe F}.

The system ¢ is nonempty since S € /. Order ¢’ by ). Let € be a chain in ¢’. Every
element in ¥ is compact and hence closed. Now # satisfies the finite intersection property.
Hence A€ =N {S: Se €} is nonerhpty, closed, convex and invariant under each T € &.
Being a closed subset of every element in % which are all cbmpa.ct, A ¥ is also compact.
Hence A % is an element of o and is clearly a lower bound for & in <.

Thus by Zorn’s lemma, ¢ has a minimal element, say L.

If L is a singleton then we are done.

So assume that L has at least two points.

Again applying Zorn’s lemma to the system of nonempty compact (not necessarily convex)
subsets of L. which are invariant under each T, we obtain a minimal element M in this
vSystem as before.

By 2.1.2 we have that any element of & maps M onto M.

Let us again assume that M has at least two points. If not the theorem is proven.
Applying 2.1.3 to each T € & we see that there exists a nonempty closed convex set K1
such that K1 N L is invariant under each T € &. |

(Note that although we apply 2.1.3 separately for each T € &, the set K1 remains
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universal for every element of ¥ since the construction of K, in 2.1.3 was not dependent

on T in 2.1.3.)

» Claim(1): X, n L is nonempty

(Let us refer to the proof orf 2.1.3 in accordance with the notations used in its proof.
The set L is closed and convex in our case. Hence co(M) = K C L.
NoquKl.vButuEKcL.)

Hence claim(1).

Since K1 is closed and convex, K1 N L is a nonempty compact convex subset of L.

¢ we have that L n K1 # L which contradicts the

By 2.1.3,since¢ # M N K, c L n K,

minimality of L.

- Hence L is a singleton. ' a

The following simple examples show that we cannot delete compactness or convexity from

the hypothesis of the above theorem (2.1.1).

2.1.4 ExAMPLE

Define the farhily {T,} of mappings by T, : (0,1) —(0,1) : x— x/n

The interval (0,1) is convex but not compact in R.

Now |T x — Tnyl =1/n |x—y| < |x —y|. Hence each map is nonexpansive. Clearly, the

family commute, but we see that they have no common fixed point. . o

2.15 EXAMPLE
Let C be the unit sphere in a finite dimensional space. Then C is compact but not convex.
DefineT:C —C:x— —x.

(the map which maps each point of the sphere to its diametrically opposite point). Let S be
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the identity map on the sphere. Then S and T commute and they are both nonexpansive.

However, T has no fixed point in C. o
As a—simple application of the above theorem, we have the following corollary.

2.1.6 ‘COROLLARY

Let S be a nonempty compact convex set in a Banach space X. Let T: S — S be a not

necessarily continuous mapping.

Suppose that there exists k € N for which T" is nonexpansive for every n > k. Then T has a

fixed point.

Proor
The commuting family {Tn: n > k} has a common fixed point, say x, by the above theorem,

since each element of the family is nonexpansive.

Now T(T'x) =T  x=x=Tx V¥n>k

. k
Hence T xis a fixed point for T. o

As we have shown, compactness and convexity are needed for 2.1.1. However, the following
theorem shows that we can relax these conditions to some extent under an additional
assumption, namely, that there exists a compact subset of the domain C which is
repeatedly approached by all orbits of some map in the family; a hypothesis considered by
Gohdein 1.2.1. We show this by proving the following theorem, which generalis}es 2.1.1
since it does not require S to be invariant under T for any T € & or S to be convex or C ;o
be.compact. On the other hand, taking C to be equal to S we get 2.1.1.

In addition to the following theorem, we shall give another generalisation of 2.1.1

‘(to "demicompact" mappings) in § 2.7.
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2.1.7 THEOREM [BellKirk]

Let X be a Banach space.

Let C be nonempty, bounded, closed and convex in X and let S be a compact subset of C.

Let & be a commuting familyof nonexpansive mappings which map C into C such that for

for some T, € &, all orbits of T, repeatedly approach S.

Then there exists a point x in S such that Tx=x VTe¢ &.

Proor

Let @":{HcC:H#¢,Hisclosedconvex,HnS#'¢andT(H)CH VTe 5}

Order o by 3. The system o # b, since C € of. Let % be a chain in ¢f. Then % has the
finite intersection property.

~ Therefore the system {H N S: H € #} also has the finite intersection property. Since S is
closed, Hn S closéd for each H € /. Hence since H n S is compact for each H € €,
N{ENS:He )46 |

3 N{H: He ¥} +¢

Hence n {H: H € ¥} is a lower bound for % in ¢, since in addition to being nonempty, it
is closed, convex and invariant under every element of &.

Thus by Zorn’s lemma we can get a minimal element M ¢ Cin ¢.

Let "= MnS. Then S’ # ¢. Further, S’ is compact, since M is closed and S is compact.
Let x € M ¢ C. Then the sequence {Tlnx} has a closure point in S. This implies that the
sequence {T lnx} has a closure point inMnS = S’, since {Tlnx} ¢ M and M is closed. ’
If we replace C by M, S by S and T by T in 1.2.1 we see that T, has a fixed point in §'.
Further, from the remark preceeding 1.2.1 we see that the set FM(Tl), of all the fixed
points for T, in M is contained in §’. |
Now Fp(T) is closed. Hence Fy¢(T,) is compact since §” is compact.

Since & is a commuting family, F(T,) is mapped into itself by any T € & .
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i.e. T(Fp4(T,)) ¢ Fy(T) forany Te &

Let o) ={K CFp(T) : K#¢,closedand T(K)cK VTe F}

Now o, ¢ ¢ , since FM(T1) € o . Order of; by 3. Each element of ¢f; is compact since
FM(T1) is compact. Every chain ¢ 1 has the finite intersection property. Let & 1 be a
chain in e}"l . Then A ¥ 1 is nonempty, closed and invariant under every T in &.
Hencen{K:K¢e ¥ 1} is a lower bound for ¢, in ¢, . Therefore by Zorn's lemma, o

has a minimal element H’. By 2.1.2, T(H') = H' for every T € &.

Now S’ is compact in the Banach space X. This implies that co(S’) is compact.

Hence co(H’) ¢ co(S’) is compact.
We now aim for a contradiction by supposing that 6(co(H")) > 0.

If §(co(H’)) > 0 then by the claim in the proof of 1.2.3, there exists x’ € co(H’) such that
(*)  sup {[ix" —zl| : 2 € Co(H")} = 1 < &co(H")).

Let S; = {we co(H): ||[w—z||<r VzeH} andlet

So={weM:|lw—z||<r VzeH}

Clearly, S, is nonempty since x’ € co(H") ¢ co(S’) ¢ M.

Clearly, S, N co(H') = {w € co(H') : [w—z||<r VzeH} =85,

Let Te 5.

Claim: T(S,) ¢ S,

(Let x € S and let z € H'.

Now T(H’) = H’. Thus z = Ty for some y € H".

Now | Tx — 2]l = | Tx — Ty|| ¢ x ¥l ¢ r) *

Hence claim.
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Further, note that if x € S, then {T,"x: n e W} ¢ S, , since S, is closed. Thus by
hypothesis, Sn S2' # ¢. But S2 is a convei subset of M.

By minimality of M we have that S2 =M.

Hence S, N co(H) = S, implies that S, = co(H’).

Since 6(co(H’)) =6(H’), there exists x, y € H' with ||x —y|| > r (r < §(co(H’))in (¥)).
But H' ¢ co(H') = S, .

Hence ||x - y|| < t.

This contradiction shows that §(H’) = 0 and hence H’ € S’ consists of a single point which

is fixed for every T € &.
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§2.2 Extension of a fixed point theorem of De Marr, for families of nonexpansive

mappings on a uniformly convex space.

Our aim here is to extenii 2.1.1 for S compact, by removing the compactness restriction
which is however replaced by a requirement of uniform convexity. The proof fbllows closely
Markov’s original proof of the Markov—Kakutani theorem. This is possible since Markov
uses the "affine" requirement in his theoremvonly to show that each F(T /\) is‘ convéx, and

0.12 shows that this property is true for nonexpansive mappings in strictly convex spaces.

2.2.1 THEOREM [Browder1]

Let X be a uniformly convex Banach space and let & = {T /\} be a commuting family of
nonexpansive mappings: C — C, where C is a nonempty bounded closed convex set in X.

Then {T,} hasa common fixed point in C.

Proor

First let us show that F(T, ) is convex for each T} :

Since X is uniformly convex, it is strictly convex by the remark following 1.4.1.

Therefore since C is convex 0 is F(T/\), for éach Ty by 0.12.

For each T ) e have that F(T /\) 1s nonémpty, by 1.4.3, and clearly closed. Moreover, each
F(T /\) is invariant under each element of the family {T /\} since the elements of the family
commute. |

Hence by 1.4.3 again, T 3 has a fixed point in F(T /\) for any T g and T iﬁ the family.

But the set of fixed points for Tﬂ in F(T,) is precisely F(T,) n F(Tﬂ), where F(T,) and’
F(T ﬂ) are the fixed point sets Qf T 3 and T g respectively, in C.

This implies that F(T ﬂ) N F(T ) is nonempty bounded closed and convex. Proceeding
inductively we see that the family {F(T /\_)} has the finite intersection property.

Now each F(T /\), being bounded, closed and convex in the reflexive space X, is
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weakly compact.
(Recall that X is reflexive by the result of B.J Pettis. See § 1.4.)
Hence n {F(T,): T, € F}+#¢.

But this is precisely the set of common fixed points for the family. o

Remuk:

In chapter 1, 1.4.3 gives the same theorem for a single nonexpansive mapping.

Following this, 1.4.4 gives an example to show that 1.4.3 cannot be extended to the general
class of Banach spaces. Thus it clearly follows that this theorem (2.2.1) cannot be extended

to the general class of Banach spaces.
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§23 Existence of common fixed points for families of nonexpansive mappings

when their domain has normal structure

Kirk established the existence of a fixed point for a nonexpansive mapping in a reflexive
Banach spacg which maps a nonempty bounded closed convex set with normal structure
into itself (theorem 1.3.2).

The following theorem of Belluce and Kirk extends this to finite families of commuting
nonexpansive mappings. Further, it generalises 1.3.2 since it does not require the space to
be reflexive. Further, it also generalises 1.4.3 since we have established in § 1.4 that 1.4.3 is

a special case of 1.3.2.

2.3.1 THEOREM  [BellKirk]

Suppose that C is a nonempty weakly compact convex set with normal structure in a

Banach space X.

Let & be a finite family of commuting nonexpansive mappings of C into itself.

Then there exists x € C such that Tx = x forall T in &.

Proor

Let & = {T,T,.....,T }.

Let o = {M’C C: M #4¢, closed, convex and T(M’) c M’  VTe F}. Since C is weakly
closed and convex, it is closed. So we have that C € /. Order & by J. Let & be a chain
in ¢’. Every element of ¢ is closed and convex and hencé weakly closed. Thus since C is
weakly compact, so are these elements of ¢f. Now & satisfies the finite intersection
property. Hence A & is nonempty. Moreover, it is closed, convex and invariant under every
 element of F. Thus A ¥ is a lower bound for & in o’. Hence applying Zorn’s lemma as

usual, we obtain a minimal element M in &*.
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The set M has normal structure, since it is a convex subset of C, where C has normal

structure. Now T: M — M. Ofcourse, T is nonexpansive.

Also {’I‘nx: n = 123,... } ¢ M for every x € M, since M is closed.
Now M € ¢/ is weakly compact. If we replace C by M in 1.2.4 and if we then take S = M in

1.2.4 then we see that the set of fixed points for T (in M), denoted by Fy1(T) is nonempty.

Claim(1): T(Fpg(T)) = Fp,(T) for every 1 <i<n
(Now Ty(Fy((T)) ¢ Fpf(T) for each 1 <i < n since M is invariant under every element of
&, & is finite and elements of & commute. |
Mm(T)-

3 x=TT,..Tx=TT..T; Ti..Tx -

letxeF

Let Ty = T,..T; Ty, T, . Now Tyx € Fp((T) since Ty(Fyo(T)) € Fpg(T) for 1 ¢i ¢ .

Hence proceeding inductively we see that T";x € Fy ((T).
Hence F)(T) ¢ Ty(Fy,(T)).)
Thus claim(1).

Let K = co(Fy¢(T)). By normal structure of C there exists x" € K with
sup {||lx" —z| : z € K} = 1 < §X), provided §(K) > 0.

Suppose that §(K) > 0. Once we obtain a contradiction we are done.

Let C; ={xeM:|lx~z|| <r VzeK} Thenx'€C;#¢, closed and convex.
Further, let Co = {x € M: [x—z|| <1 Vz e Fy(T)}.

Clearly C, € C, . Next, if x € C,, then the closed ball B(x, r) will contain F,(T).
Hence B(x, r) 3 K. Thus x € C;.
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Claim(2): Ty(Cy)cC, forl<i<nm

(Let T; be arbitraty for 1 <i < n.

Let x € C, and let'z.E FM(T) ‘

Then there exists y € Fy((T) with T;y = z since T'i(FM(T)) = FM(T). Now T,(x) € M and
IT3x ~ 2l = | Tix = Tyl < lx — vl ¢ 1. Hence Tyx € C, )

Thus claim(2).

By minimality of M we have that C1 = 02 =M.
But §(C; N K) <1 < §(K).
This would imply that since M n K = K, §(K) = (M nK) = §(C; n K) < §K) giving a

contradiction.

Hence Fy((T) is a singleton.
Since T;i(F(T)) = Fp(T) for 1 <i<n by claim(1), we see that F(T) contains the desired

fixed point. : . . o

Remark:

When Belluce and Kirk proved the above theorem they did not know whether the theorem
remained valid in general for infinite fa,mjliés. However, they did know that if the norm on
the space was strictly convex then the result holds for inﬁnite families. (For if the norm is
strictly convex, the fixed point set for each T € & becomes convex in addition to being '
nonempfy’, bounded and closed. Hence these fixed point sets are weakly compact due to the
weak compactness of C. Further, they satisfy the finite intersection property by our
theorem above (2.3.1). Thus there exists a point common to all of them.)

In order to prove the theorem for arbitrary families of nonexpansive mappings (without
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assuming strict convexity of the norm), they strengthened the notion of normal structure

by defining complete normal structure:

2.3.2 DEFINITION . [BellKirki]

Let C be a bounded closed convex set in a Banach space X. Then C is said to have
complete normal structure if every closed convex subset K of C which contains more than
one point satisfies the following condition: | |

For every decreasin-g net { K, :aeh } of subsets of K for which r(K-a , K) = (K, K)

foraeA; U & '(Ka , K) is a proper nonempty subset of K. (cf 1.3.1)
: a€ A

In the remark which follows the proof of 2.3.3, we will mention some examples of sets

which have complete normal structure.

233 TxEoREM  [BellKirki]

~ Let.C be nonempty,weakly compact and convex with complete normal structure in a

Banach space X.

Let F be a commutative family of nonexpansive mapﬂ pings of Cinto C.’

Then there exists x € C such that Tx =x VTe &.

‘Belluce and Kirk gave a condensed proof. The proof below is lengthy since we have given

the proof in every detail.

~ The outline of the proof is as follows:
 Wefind a-set M ¢ C which-is minimal in the sense of being nonempty, closed, convex and |
* . invariant under e'.ver.jr element of &. Once we establish that M is a singleton, the result

 follows. To this end, we assume that this set consists of more than one point. We then

construct a decreasing net {M_,: o€ F;} of subsets of M for which f(M_, M) = r(M,M)
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foroe 7. We then show that U @ (M, M)is closed, convex and invariant under
Ge F
- f

every element of .

But by definition of complete normal structure it follows that since M consists of more

than one point, U & (M_, MJisa proper nonempty subset of M. This would
' ‘oe F
- f

contradict the minimality of M. Hence M is a singleton.
Let us get down to the proof.

ProOF
Let o ={ScC:S#4¢,closed, convex and invariant under each T € F}.
- Note that C is closed, since it is weakly compact-and convex. ‘

Then o # ¢, since C € . Order o By ). Let € bea chainin & Thén ignsat‘isﬁ—es the -_
| finite intersectioﬁ property. Every element in ¢/ is weakly compact, since they are weakly
closed subsets of the weakly compact set C. Thus A% # ¢. Also A & is closed, convex and ‘
invariant under each T € . Hence A % is a lower bound for ¥ in .
Hence by Zorn’s leMa we obtain a minimal element, say M, in .

Thus M is weakly compact.
I M is a singleton the proof is complete. So assume that '6(M)>v 0.

Let 5, be the family of all nonempty finite subsets of & .
By the preceeding theorem, for each o€ I, M_={xeM:Tx=x VTed}+¢.
Let 0, be arbitrary but fixed in Fand let 6§ = f(M  ,M). Then

v _ 0

(a) 6 < o(M, M) since I;((‘Mao) <(M) VxeM.

Foroycolet H ={xeM: M _c B(x,0)}. .
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Claim(1): Each H (o, C o) is nonempty

(Let 01 g, . Note that if x € M then (M ) < 1o(M_)since M _c M _.
| o o o~ o,
3 r(M(I M) < r(MUo,M)

Also $€(M(I ,M) is nonempty by 1.3:3. Hence there exists x € M such that
rx(MU) =1(M_ M) < (M ,M) = 6. This implies that for every y € M, lx=yll <6
0

3 M c B(x,0))
Thus claim(1).

Now each H  is convex, since for a € [0,1] and for x,y € H _ we have that
ax+(l—a)yeMand M _cB(ax+ (1—a)y, §). Thus convexity.
Let us direct the family {0 : o € F;} by C. Then the net {M : 0 € F} is decreasing and

the net {H_: 0 € F} is increasing.

Hence {H : o€ F;, 0, C 0} is an increasing net.

~ Claim(2): HUo = ‘K(MUO, M)
(Letxe H .ThenxeMand M _ ¢ B(x,6). Hence ||x—yl|<6 VyeM _.
i To To
3 M _)<é
Ix( 00) 2
But by definition of §, rx(M(I ) > 6. Thus rx(M(I )=26
: ) 0
Hence x vE K(MUO,M).
Conversely, if x € #(M_ ,M) thenx ¢ M and (M _) =
0 0
s lx—yl<s VyeM,
: 0
3 Mao'c B(x, )
3 X €eH )

0

Hence claim(2).

100



Nowlet H={xeM:xe€ Ha , for some o, C g}. Clearly, H is nonempty. Moreover, H is

convex since each H _is convex for g, C o and the net {H_: g, C 0} is increasing.

Claim(3): H is invariant under each T € &
(Let x € H and let T € &. Since the family of H 's (o, C 0) is increasing there exists o,

such that o, C o, with T € o, and x € Ha .
1

ForyeM_ ., | Tx —y} = |Tx — Ty|| < ||x — y|| < 6. Further, Tx € M. Hence Tx€ H )
t - t

Hence claim(3).

Since each T € ¥ is nonexpansive and T(H) ¢ H, we have that T(H) ¢ H. Since H is

convex so is H. Thus by minimality of M, H = M.

Now let € > OandiethM. -

Claim(4):  M_cB(x,6+ ¢) for some ¢ ) g,

(There exists y € H such that ||x —y|| < e. By definition of H there exists ¢ 3 g, with
M_ C B(y,6). Let t € M_. Then [lx —tf| < [lx—y|| + ly—t]l < e+ 6)

Hence claim(4).

Thus co(M ) ¢ B(x, &+ ). This implies that for every x € M there exists o(x) J g,

such that EB-(MU(X)) C B(X, 6+ f).

Each c_o(MU) is weakly compact since they all are subsets of C.

- The system {EB(MU) 10€ T, 0 3.00} is decreasing and hence has the finite intersection
property. |

5 ¢# nToM)c ncoM ) C NB(x,6+€)
o2 ao( 7 a(x))ao( o) "xeM

3 3 ze nco(M))c N B(x, 6+ ¢
oo, xeM
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3 (M) <6+ ¢
Hence i(M, M) < § + «.
Since ¢ > 0 was arbitrary, by (a) we have

(b) 0= r(MU , M) = (M, M), for o, arbitary.
0

Since the sets { Ma c0€ Fe } form a decreasing net in M,

by definition of complete normal structure, §# U & (M

M) cM.
o€ 5'f #

g )

Claim(5): H_= g(M_, M) for each g € F.
(Let xeH .

3 x€Mand M_C B(x, §)

3 (M) < 6

But by (b) 6 ¢ rx(Ma) .

3 (M) =6

3 xe ¢(M M) = {x € Mi (M ) = (M, M)} ={xeM(M )= 6} by (b).
Conversely, let x € if(M& , M).

3 x€Mand (M ) = (M M) =6

s Ix-yl<s Vyer,

3 M ¢ B(x,6)

3 xeH

3 tM_, M)cH_ )

- Thus claim(5).

Now U #¢(M_,M)= U H isconvexsince each H is convex and family of H s are
K4 € yf a . g€ 5{ .

increasing.
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Claim(6): U i?(M , M) is invariant under each T € 9’f

o€ 9’f

(Letxe Uif(M , M)..

g€ ‘7f
B xeﬂaiforeomeale F¢ . _
Let Te ¥ '
.. 3 Tevazfor some g, € F¢
3 o = o, U o,is finite
3 xEHU'andTec74

Again, since the family {H _: o€ F ¢} is increasing, we have that x e H _and T € 0.
Ify € M then | Tx — y|| = [|Tx — Tyl < x—yll < 6

| 23 Tx '€ HO,

3. Txe $(M_,M))
Thus claim(6).

Hence U ¢ (M , M) is closed, convex and invariant under each T and yet, a proper
g€ F 2 _ : 4
f

nonempty subset of M. This contradicts the minimality of M.
Hence §(M) = 0 which concludes the proof.

Remarks: _ ‘
_ Let us now show how thlS theorem generahses 2.1.1 and 2.2.1.
Belluce and Kirk proved in their paper ([BellKukl]) that a set C has complete normal
| structure if '
either
(1) Cis bounded, closed and convex in a em'formly convex Banach space
or

(ii)  Cis compact and convex in a Banach space.-
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Now the hypotheses of 2.1.1 require S to be compact and convex. Hence S is weakly
compact, and by (ii) S has complete normal structure. Thus the above theorem (2.3.3)
generalises 2.1.1.

Next, it also generalises 2.2.1. To see this:

2.2.1 requires X to be a uniformly convex Banach space and C to be nonempty, bounded,
closed and convex. Hence by (i), we have that C has complete normal structure. Further,
by the result of Pettis (in [Pettis]) which we have mentioned in § 1.4, we have that X is

reflexive. Hence C is weakly compact.

Apparently, neither Belluce nor Kirk knew of an example of a weakly compact convex set
which did not posses normal structure or complete normal structure. However, Alspach’s
paper ([Alspach]) indirectly solves this problem:

Indeed, Alspach gave an example of a nonempty weakly compact convex set Kina Banach
space which lacks the ﬁxed point property for nonexpansive mappings. This implies that
for an arbitrary family of commuting nonexpansive mappings: K — K it does not follow
that the family has a common fixed point. This would imply that according to our theorem
above (2.3.3), K cannot have complete normal structure.

(To be precise, K cannot even have normal structure by 2.3.1)

Since Belluce and Kirk proved the above theorem (2.3.3) in their paper which appeared in
1967, the question of the existence of a common fixed point for inﬁnife families under the
normal structure setting remained unsolved until Lim produced the following strong result

which appeared in 1974.
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2.3.4 THEOREM [Lim]

Let C be a nonempty weakly compact convex set with normal structure in a Banach space

X. Let  be an arbitrary family of commuting nohexpansive maps from C into itself.

Then ¥ has a common fixed point.

" Transfinite induction is used to establish this result. The proof is neatly done. However, it
relies on some propositions which involve some complicated notions and these notions in
turn, yield complicated arguments in their proofs. We therefore omit the proof.

Clearly 2.3.4 gevneralises 2.3.1 and 2.3.3.

Note that for our purpose this result relegates the notion of complete normal structure to

being merely of historical significance.
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§2.4 When is n F(T ) a nonexpansive retract?

In chapter 1 (§ 1.8) we considered some conditions under which a set of fixed points for a
single nonexpansive mapping vis a nonexpansive retract. Here we extend this possibility to
families of nohexpa.ﬁsive mappings.

In addition, we give a theorem of Bruck (2.4.5) as ; way of generalising the main results in

the preceeding sections.

24.1 THEOREM [Bruck]

Let C be a nonempty compact convex set in a Banach space X. Let {Ta ra€A}bea
family of commuting nonexpansive mappings with T  : C — C for each a € A.

Then naF(T a) is a nonempty nonexpansive retract of C.

Remark:
Note that n aF(T a) being nonempty in the above theorem is nothing but 2.1.1. However,

2.1.1 makes no assertion of naF(T a) being a nonexpansive retract.
Before proving this we need to establish some results.

24.2 LEMMA [Bruck]

Let C be nonempty, weakly compact and convex with the hereditary fixed point property

in a Banach space X. Let R be a nonempty nonexpansive retract of C and let T: C — C be

nonexpansive such that T(R) c R.

Then F(T) n R is a nonempty nonexpansive retract of C.

ProOF
There exists a nonexpansive retraction r : C — R. Hence Tr : C — R ¢ C is nonexpansive.

Since C is bounded and has the hereditary fixed point property, F(Tr) # ¢. Now C has the
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conditional fixed point property. Hence Tr satisfies CFP defined in 1.8.1.
Since C is weakly compact, it is locally weakly compact. Hence by 1.8.7 F(Tr) is a
nonexpansive retract of C.

Once we show that F(Tr) = F(T) n R we are done.

Claim: F(Tr)=F(T)nR

(Clearly, F(T) n R ¢ F(Tr) since every element of R is a fixed point for r.
Next assume that Trx = x for some x € C. Now rx € R and T(R) ¢ R.

3 Xx€ER

2 IX =X

But this implies that Trx = x = Tx.

Hence x € F(T) nR.)

Hence F(Tr) = F(T) nR.
Thus the result follows. a)

243 THEOREM [Bruck]

Let C be a nonempty weakly compact convex set with the hereditary fixed point property

in a Banach space X. Let {T; : 1 < i < n} be a family of commuting nonexpansive mappings

with T;: C—C for every i.

n
Then .an(Ti) is a nonempty nonexpansive retract of C.
i=

PROOF
Proof is by induction on n.
Let n = 1. Since C has the hereditary fixed point property, it follows that C has the

~ conditional fixed point property. By definition of conditional fixed point property we have
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that every nonexpansive T: C — C satisfies CFP. Moreover, C is locally weakly compact
since it is weakly compact. | |

Thus by 1.8.7 it follows that F(T) is a nonexpansive retract of C for every

nonexpansive T: C — C. Also F(T) is nonempty by deﬁmtlon of the heredltary fixed point
property. |

ﬁence for n = 1 the theorem holds.

Suppose that the theorem holds for any set of cardinality n and that {T;:1<i<n+ 1}is

" a commuting family of cardinalj‘ty n+ 1.

1 » _
Let F =I.lﬁ2 F(T,). By the induction hypothesis, F is a nonempty nonexpansive retract of C.
i=

Claim: T(F) CF

(Let x € F. ThenTx—xforn+1>1>2

Hence TiT1x=T1Tix=T1xforn+ 1>1>2 Hence TIXEF(T)forn+ 1>i>2.
3 TxeF)

Thus claim.

By 2.4.2, F(T,) n F is a nonempty nonexpansive retract of C.

But F(T)n F —_-’,‘ﬁip('ri)., - o
1= .

244 ~ LEMMA ~ [Bruck]

Let C be nonempty, closed, convex and locally weakly compact in a Banach space X.

Let {Fa : a € A} be a family of weakly closed nonexpansive retracts of C.

If the family is directed by J, then na Fa is a nonexpansive retract of C.

ProoF
Let F = NFo- W .lo.g. assume that F # ¢.
Let z € C and define K = {f(z) : f € N(F)}, where N(F) is defined in 1.8.3.
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By 1.8.4, N(F) is compact in the topology of weak pointwise convergence.
Thus K is weakly compact by the claim in the proof of 1.8.7.

Since Fa is weakly closed, each Kz nF o is weakly compact.

Claim: Kz n Fa is nonempty for each a € A

(Let a € A be arbitrary. There exists a nonexpansive retraction T, of C onto Fa . Since
FCF_ wehavethatr e N(F). Hence ra(z) €K, . But ra(z) e F  also.

Hence K NF # $)

Thus claim.

Since Fa’s are directed by ), the family {Kz'n Fa : a € A} has the finite intersection
property. Since each K _nF is weakly compact, n K _n F.# d.

ie. K NFfo o

This implies that there exists he N(F) such that h(z) € F.

Since z is arbitrary, by 1.8.6, F is a nonexpansive retract of C. : ]
We shall now prove 2.4.1.

PROOF (2.4.1)

The set C has the hereditary fixed point property since it is compact and convex. Also C is
weakly compact. So 2.4.3 applies.

Let . be the fa,mﬂy of sets of the form n {F(T ) a € A’} where A’ runs through all
possible finite subsets of A. Each element in & is a closed subset of the compact set C and
hence compact. Hence each element of & is weakly compact.

By 2.4.3, each of these elements are nonempty nonexpansive retracts of C.

Note that C is locally weakly compact.
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Let us direct & by >.

ie. mF(T ﬂF(T g e A A,

a € A 2
Then by 2.4.4 we have that n {F : F € $} is a nonexpansive retract of C which is then
nonempty, since each of these elements are compact and finite intersections of these
elements are nonempty.

Finally, NF(T )=n{F:Fe 5}.
a€e A

Hence the result follows. ‘ o

Next, we state a strong result by Bruck (in [Bruckl]) which generalises 2.1.1, 2.2.1, 2.3.1,
2.3.3 and 2.3.4.

24.5 THEOREM [Bruckl]

Let C be a nonempty closed convex set in a Banach space X.

Suppose that C has both the fixed point property (for nonexpansive mappings) and the

conditional fixed point property and C is either weakly compact or bounded and separable.

Then for any commuting family & of nonexpansive mappings of C into C, the set F( ¥) of

common fixed points of & is a nonempty nonexpansive retract of C.

The proof of this result is lengthy. We therefore omit the proof.

However, this theorem is of great importance. To see this:

~ As we have seen, 2.3.3 unifies 2.1.1 and 2.2.1. Then 2.3.4 unifies 2.3.1 and 2.3.3. Thus to
affirm the importance of this theorem, we need only to show that it generalises 2.3.4.

In 2.3.4, Cis a nonempty weakly compact convex set with nor}mal structure. By 2.3.1, C
has the fixed point property (for nonexpansive mappings). |

Next, if S is any nonempty closed convex subset of C then S is weakly compact and has

normal structure. Thus every nonexpansive mapping: S — S has a fixed point, again by
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2.3.1. Thus C has the conditional fixed point property.

‘Moreover, the above theorem (2.4.5) does not require C to have normal structure as in
2.3.4.

Thus the theorem of Lim (2.3.4) is a special case of the above (2.4.5).

111



§25 When is n_F(T ) a nonexpansive retract in hyperconvex spaces?

In chapter 1 we showed that if H is a nonempty bou'nded hyperconvex space and T: H — H
is nonexpansive then F(T) is nonempty and hyperconvex and thus a nonexpansive retract
of H.

It is our aim here to extend this to arbitrary families of commuting nonexpansive

mappings. This is achieved in theorem 2.5.3.

The lengthy part of getting to this extension.is the following theorem.
It is interesting to note that this theorem establishes a result for hyperconvex spaces that is

quite similar to'an analogous result for compact sets.

2.5.1 THEOREM cf [Baillon]

Let M be a-hyperconvex space. _ |
Let {H a} ac A be a decreasing family of nonempty bounded hvgerconvex‘subsets. of M
indexed by A. | |

Then na Ha is nonempty and hyperconvex.

This proof is lengthy (9 pages!), since we have given every detail.

PRrOOF

The proof is divided into 6 parts:

(1)  Notation and definition

Denote the product space by &8 =11 o Ha with the projection 7o O 7% onto Ha by

7 (%) = x(a) if (x(@) = x.
Since the family is decreasing, A can be totally ordered by:
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For any bounde@ subset E of M, define B (E) by B (E) ==x rE] B(x,r(E)).

L i : e
Note that if E ¢ H  then Ba(E) =N{BJE: B aclosed ball in Ha} by 1.7.8 (¢) and
1.7.9 (i). Further, B (B (E)) = B (E) by 1.7.9 (iii). 7
Consider of = {A = I,A,: At A cC Ha’Ba(Aa) nNH_ =A,, Aﬂc A B2 a}.

The system ¢/ is nonempty since % € o”.

(2)  Minimal element of ¢/

The inclusion is the natural order of <.

Claim(A): o satisfies the the hypothesis of Zorn’s lemma

(Let {A ie I} be a totally ordered family ‘of elements of o with A =. n A Then A is a
' iel.

lower bound for {A, : i € I}. Moreover, we have:

(a)  A=1,7(A)where 7 (A) - Iwa(Ai).

(b)  for each a€ A, H , is hyperconvex and 7ra(Ai) is an intersection of closed balls in

H .
a
If we show that - :
(i) Atdand T (A)CH_,

ii B n AY)n H = n A.) and
(1) | o (1e1 )) 7T"‘(-iel ‘)-
(i) - wﬂ(A) C,Wa(A) iff>a v
then it follows that A € . This will affirm the claim.
(i)

F1x any a € A.
F1rst each A, #¢ Next, 7 (A)—7r ( n A) =n 1ra(A)
PNer YV el

For any finite I c1(in partlcula,r, when I has only two elements), N A, #¢, since
. 1 ’

mclusxon is the order. Hence' N (A;) # ¢. But each 1ra(Ai) is an intersection of closed
iel” '
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balls in Ha . Therefore by hyperconvexity of H,, 0w (A ) is nonempty.

iel @
3 7r(A-7r( )#¢ for each a € A
iel ‘
3 At ¢
Further, 7 (A) c 7 (A,) and'wa(Ai) CH, Viel
2 T (A)CH,
Hence (i).
(i)
Letye Ba(ﬂ'a(. n Ai )n H,.
3 yeH andyGB(xrx(vr( A)))) VxeH,
1el :
But 7 =0 7 (A)cr (A) Viel
atel i) i€l "ot

a(IEI ) Srx(7 (A)  Viel

3 y€ B(x,rx(wa(Ai))) - VxeH, i€l
3 yEBa(wa(A.))nH =7r(Ai) Viel

3 ye nr (A)=r
ie1® a(IGI
3 nH cw
atel tel
Next, letyevr(
1EI
3 ye n 7 (A.)
ier ¢!

3 yeB (r (A)NH, Viel

Sincey € : n I7r0[(Ai), d(x,y) € rx(i 2 Iwa(Ai)) VxeH,

3 yEerx(nvr(A))) VxEHa

1el
3 yeanrx(nw(A)
xEH 1€l
3 yEBa(lglwa(Al))
) YEB a(lEI
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el iel
Hence equality.
(iii)
g i 2 i\l) =i 2 I7rﬂ(Ai) Cﬁﬁ(Ai) C 7ra(Ai) for every i € Iif > o by our definition of .

3 7o NAYC 0 7 (A)=7_( NA, iff> «
ﬂiell) el O‘ieI‘)

ie. wﬁ(A) cr (A) if2a
Hence it is verified that A € ¢.)

) T nAi)cBa(vra nAi))nHa

Thus claim(A) is true.
Hence there exists a minimal element A in <.

(3)  Operation B, and minimal element A

From now on, A  will denote 7, (A) where A is the minimal element in of (which we have
found in (2)).
For any fixed f € A, define A’ by the following way:

. (A) = Bﬁ(Aﬂ) nA, fora<p
o A . for f< a
a

Note that Bﬁ(Aﬁ) n Aﬁ = Aﬁ since A € o (so that 7 (A’) is well defined).

Claim(B): A’€ o

- (The only conditions worth checking are A" ¢, 7, (A) C T, (A’) for o, < a, and
2 1

B (r (A))nH_ = (A’) for a € A. The condition 7 (A") C His clear.
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At

(f f< athend# A =7 (A"). Next, if a < § then AgCA,.
Hence ¢ # Aﬂ= Bﬂ(Aﬁ) n Aﬂc Bﬂ(Aﬂ) nNA, =n,(A).
Hence A" £ ¢.)

7ra2(A’) C 7ra1(A') for a; < ay:

(We show this for each of the following three possibilities:
(i) B sa

7ra2(A’) = Aa2 C Aal-z 7ra1(A’)

(i1) o, <a,¢fB
7ra2(A’) = Bﬂ(Aﬂ) n Aaz..c Bﬂ(Aﬂ) n Ao[1 = rql(A/)
(iii) o, < f<a
7ra2(A’) = Aa2 C A'ﬂ'—‘ Bﬂ(Aﬁ) n Aﬂ C Bﬂ(Aﬂ) nA,

Thus 7ra2(A’) C 7ra1(A’) for o, < o, .

= 7, ()

1

Next, B (7 (A))nH = (A):

(If B < athen clearly the equality holds. So assume that a < £.
Lety € B (r (A))nH, .

3 yEBa(Bﬂ(Aﬂ)nAa)nHa

3 yEHaandyexgg(x,rx(Bﬂ(Aﬂ) nA.)

o
3 y € B(x,1x(A ) Vxe€H  (since Bﬂ(Aﬁ) NA, CA)
2 yeB_(A,)
3 yeB (A)NH, =A
Let us now show that y € B ﬂ(A ﬂ)'

Since a < § we have that Hﬂ C Ha'
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‘Now y € xfg IIic(!x,rx(Bﬂ(Aﬁ))) (since Bﬁ(Aﬂ) Q_Aa C Bﬁ(Aﬂ))_
3 y€ B(x’,rx(Bﬂ(Aﬂ))) Vxe Hﬂ

3 y € B(x,rx(Aﬂ)) Vxe Hﬁ (by 1.7.9 (iii))

3 y€ Bﬁ(Aﬂ) |

3 y € Bﬂ(Aﬂ)nAaz 7 (A)

3 B (1, (A))NH, C7 (A)

Nextlety € m (A) =ByAg NA CH_ .

3 yeH_ andye Ba(B_H(Aﬂ) nA_)

3 yE€ Ba(jra(A’)) nNH,)

Hence équality.

Then A’ € o with A" C A.)

Thus claim(B) is true.

Hence A’ = A by minimality of A in ¢.

Now Aﬂ C Aa C Bﬁ(Aﬂ) for at f. This implies that Aac Hﬂ for a < 6.
Thus Bﬁ(Aﬂ) C Bﬂ(Aa) C B[,.(Bﬁ(Aﬂ)) = Bﬁ(Aﬂ) for a< f.

Hence B (A 5) = Bﬂ(Aa) for a<f.

(4)  Radius of A,
Now rx(Aﬂ) = rx(Aa) Vxe Hﬂ ;md B> a |
(We get this by noting that BH(Aa) = Bﬁ(Aﬂ)’ Aa ¢ H_ and using 1.7.9 (iii))
Then r(Aﬂ)
= 6(Aﬂ)/2, |
= )lcn(fgﬂ rx(Aﬂ) (since Aﬂc Hﬂc M)
8 v
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= inf 1.(A )
o
X € Hﬂ

> inf 1A )
x €H @

= 6(Aa)/2- (since A, CH,C M)
r(Aa) iff> a.
But Aﬂ C A implies that r(Aﬂ) <r(A )

Hence r(Aﬂ) = r(Aa) for 8> a

(5) A, isasingleton
Define A” as follows:

T (A”) = C(A ) NnA_ where C(Aa) is the center of A | (in M) defined in 1.3.1.

Claim(C): A" € o

(First, A” # ¢ :

CA)NA ¢ ¢:

(Taking H = H, and B=B (A )NH_ in 1.7.12 we see that C(Aa nH, )N A, is
nonempty.

3 CA)NA, =CA nH )nA ¢9¢)

3 T(A)#¢ VaeA

Next, B (C(A )nA )nH = C(Aa) NA,:
(Clearly, C(A)NA, cB (CA)NA )NH .
Nextlety € B (C(A) N A )nH,_.

3 yeA,sinceB (A )nH = A,

Now y € B(x,rx(C(Aa) NA)) VxeH,

3 y€ B(x,rx(C(Aa))) VxeH,
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We shall now show that rx(C(Aa)) <r(A) Vxe A,
Fixanyx e A .LetzeC(A ).

3 rz(Aa) =1(A)

3 d(x,z)‘ < r(Aa)

Since z is arbitrary, =(C(A ) < 1(A )
Thus 1(C(A a)) < r(Aa) for every x € A by which we have that y € B(x,r(Aa)) for every

xEAa.

Now y € B(x,r(Aa)) for every x € A implies that ry(Aa) < r(Aa).
3 ry(A,) = r(Aa)
+  yeC(A))
_ T_h“S_Ba(C(Aa) NAJNH_ cC(A )NA, .‘)
Thus B (C(A ) N A )N H_=C(A,)nA_andalso
C(Aﬂ) n Aﬂ = {x¢€ Aﬂ: rx(Aﬂ) = r(Aﬂ)} ={x¢€ Aﬂ 1x(A ) =1(A )} CC(A ) NA
if > o. Hence rﬂ(A”) cr (A")iff2a
Clearly, C(Aa) NA,CH_ forevery a€A. Hence A € f.)

Thus claim(C) is true.

But A” C A.
Thus C(Aa) NA,=A, VoaeAbyminimality of A. Further, by 1.7.11

CAg) = nB ((Ix,r(Aa)).

Claim(D):  §(C(A)NA ) =1(A)
(Letxe C(A ) NA

5 xeB(yrAy) VyeA,

5 dxy)<x(Ay) VyeA,
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3 rx(A,) < T(A,)

But r(A ) = inf {rx(A ) : x € M}
> rA)=1(A)
| Since x € C(A ) N A is arbitrary, i(A ) = 1x(A ) = 1(C(A ) n A )
for every x € C(A ) n A,

> i(A,)=6§C(A)NA))

Thus claim(D) is true.

Thus 6(Aa) = §(C(A )nA_)=r(A) Thus 6(Aa) =0since2r(A ) =§A ) =r(A ).
(6)  Conclusions

A = {x(a)} contains Aﬂ = {x(f)} if B> a. Hence x(a) is constant for any a € A.
Thusn_H_ # 9. |

We now show that H = N, Ha is hyperconvex:

Let {By(x,ri): i € I} be a system of closed balls in H such that dg(x;,xj) < 13 + 1; for
every i, j € I, where BH(xi,ri) = B(x3,ri) N H and dH(Xi,Xj) = d(xi,xj)IH Vi, jel
(where d is the metric on M).

Now {B(xj,ri) N H i € I} is a system of closed balls in each H and N B(x3,r;) N H is

, iel
nonempty for each o € A (by hyperconvexity of each Ha)’

Thus each Ba = : 2 113(xi,ri) n Ha is hyperconvex by 1.7.10. Thus {Ba}a €A is also a
decreasing family of hyperconvex spaces, since {H a} a€ A is a decreasing family.

—

Therefore by what we have shown above, N B #¢.
1e ﬂa(i 2 113(xi,ri) n Ha) ¢

3 ﬂB(xi,ri)ﬂH#(b
iel
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2 (X,, 1) #‘1’

i E I
Thus H is hyperconvex. a

2.5.2 CoroLLary  cf [Baillon]

Let M be a hyperconvex space.

Let {Ha : @ € A} be a family of bounded hvperconvex subsets of M with the finite

intersection property (as defined in 1.7.3).

Then naHa 1s nonempty and hyperconvex.

PROOF

Let & = {I C A for all nonempty finite J C A, m H, #¢and hyperconvex}
) a€lul —.

 Order & by inclusion. ¥ is nonempty since ¢ € F.
Let € be a chain in &.

Claim: v & is an upper bound for ¥ in &
(First v& ¢ A. Let J be finite and let I’ = v# U J. Now for each I € ¥, ﬂ H i

a € IuJ
nonempty and hyperconvex by definition of &. Since & is ordered by inclusion,

{ ﬂ H :1e¢ if] is a nonempty decreasmg family of hyperconvex spaces. Thus by the

el &
above theorem (2.5.1) it follows that n H is nonempty and hyperconvex.
| Ie€ a € 1UJ |
Hence it suffices to show that N H_= n ﬂ H o in order to prove the claim.

ael” ® le€aclul

First n H ﬂ H, Vie ¢ (sincev® ={aclle ¥}).
aEVE €l

3 n Hac ﬂ H VIie 4.
ael a € IuJ
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. an.n‘nH

ael’ ® 1ebaclul @

Next,letye n’ m H .
leFaclul @

3 ye.m H
a € IulJ

3 ye n H
acl” @

Thus equality.)

, Vle#.

Thus the claim is proven.

Hence F satisfies the hypothesis of Zorn’s lemma.
Hence there exists a maximal element Iin &. For any a€ A, IU {a} € &.

By maximalityof I, a€I .Y a€ A.

2.5.3 THEOREM  [Baillon]

Let Ta : H - H be a commuting family of nonexpansive mappings from H into H, where -

- H is nonempty, bounded and hyperconvex.

Then = n F(Ta) is nonempty and hyperconvex.
@€ A

Moreover, & is a nonexpansive retract of H.

PrOOF

Let o, € A.

B F(Ta) is nonempty hyperconvex by 1.7.13. Since T , and T 8 commute,

' Tﬂ(F(Ta)) ¢ F(T ;). Thus by 1.7.13, there exists x , € F(T ) such that x € F(Tﬂ).

Hence F(T ) n F(T ,3) is nonempty.
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‘Next we show that F(T ) n F(T ﬂ) is hyperconvex:

Let Tﬂ = TﬂIF(Ta) . Then Tﬂ F(Ta) — F(Ta)' By 1.7.13, F(Tﬂ) is nonempty and
hyperconvex. But this is precisely F(Ta) n F(Tﬂ).

Thus proceeding inductively in the same manner, we see that {F(Ta) ca€ A} is a family
of bounded hyperconvex spaces with the finite intersection property.

Thus by the above corollary (2.5.2), naF(Ta) is nonempty and hyperconvex.

By 1.9.3, naF(Ta) is a nonexpansive retract of H.
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§ 26 An example of Schechtman

In chapter 1 (§ 1.10) we had Alspach’s example of a nonexpansive mapping with a weakly
compact convex domain that had no fixed points. Here we present Schechtman’s extension
of this idea to families of nonexpansive mappings. -
We construct an infinite family of commuting nonexpansive mappings with a weakly

compact convex domain such that the family admits no common fixed points but any finite

subfamily has a common fixed point.

2.6.1 DEFINITION OF THE OPERATOR T _ [Sch]
Let (S, &, p) be a measure space and let 771:S — [0,1] x S be a measure preserving
transformation, where 7 : [0,1] x S — S is bijective.

~ Define an operator T on {fe LI(S) :0¢<f<1} by TTf(s) = Xr{(t,5) : 0 < t < £(s)) .

2.6.2 ~ ProposITION [Sch]

TT is an isometry on {f € Ll(S): 0<f<1}.

Proor

Let fe {feL(5):0<1¢ 1}

3 fTdeu

= pyr{(t,s) : 0 <t <A(s)}).

Now () {(15) 0 <1}
- p{(r™h)? ((t,s) :0<t<1f(s))} (since 77! is measure preserving)

= p{7 ((t,8) : 0t <f(s))} (since 7is bijective).

3 w({(t,s) : 0 <t < £(s)}).
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= (A=) {(ts):0<t <f(s))

= S0 ¢t ety O

1
B f f X{(t,5) 1 0 < t <A(s)} dAdy  (by Fubini’s theorem) -

Hencef Tdep=f_fdp.,

Since T_{ and f are positive functions, ||T_f]}; = Il - _ a

2.6.3 PROPOSITION [Sch]

TT is nonexpansive.

Proor
Letf,ge {feL (S):0<f<1}andlet A= {xe€5: f(x) > g(x)}-
IT £ T gl

= fITTf—TTgl dp + flTTf—-TTg-I du
A Ac

fTTf—Tng,u - fTTf—Tngp (sinceTszTTgﬁfZg)
A Ac

= ff—gdu — [f—gdu (by linearity of the integral and [ T _fdp= [ fdw
A A°
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I

[lt—gl du

= ft-el,

Hence Tr is nonexpansive.

- 2.6.4 LEMMA [Sch)

T andT commute as operators on {f € Li(5):0<1¢ 1} if and only if
(*)  7([0,1] cr(B)) = o([0,1] x 7(B)) a.e for every B  [0,1] x 5, B measurable.

ProoF

Assume (¥*).

. Then T_oT f
V ‘T' ag

XT([O,].] x.o{(t,s) : 0 <t <1(s)})

Xo([0,1] * T{(t,s) : 0 < t < f(s)})
T,oT_{ Vfg {'fe Li(S):0¢1¢ 1}. ‘

Conversely, if T and T, commute then taking f = a x A for A € & and for a € [0,1]

we have that

XT([O?l] x a{[0,e] x A})
= X([0,1] x o{(t,s): 0< t < £(s)})
= ' T'r o Taf
— _TU o'TTi'
= Xg([0,1] x T{(t,s): 0 < t < £(5)})

B , XU([OJ-] x T,{[O’Q] x A}) ,
Thus 7([0,1] x q{[Q,a] x A}) = o([0,1] x 7{[0,a] x A}) a.e for every sets of form [0,0] x A.

Thus true for all measurable B ¢ {0,1] x S.
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2.6.5 DEFINITION OF Wa,ﬂ [Sch)
For0<a<f<1 deﬁneWa’ﬂ= {feLy(S):0¢f<1,a< 1< h}

2.6.6 PROPOSITION - cf [Sch]

The set W ; isa T_—invariant convex subset of Ll(S). '

)

Moreover, if 4(5) < o then W 8 is weakly compact.

Proor

Note that by definition of Tr and by what we have shown above (in proving that TT is an
isometry), we have that TT(Wa,ﬁ) C Wa,ﬁ .

Convexity follows from the linearity of the integeral.

Suppose that x(S) < .

We now aim to prove that Wa A is weakly cdmpact.

Claim(1): W‘a A is weakly sequentially compact.

(Let € > 0. Choose §= ¢ > 0. Let E ¢ 5. If 4(E) < 6 then for any f € Waﬂ

f fdu < W(E) < e. Hence by 1.10.4, we justify our claim.)
E
Thus weakly sequentially compact.

Claim(2): W, gis weakly closed

(Let fe W _ B “Then there exists {f;} € Wa,ﬁ with ||f, —f|| — 0 (n — o).

a
3 0<f<1

Also f fdu= 1imn f f, dp by the Dominated convergence theorem.
# al <P

Thus strongly closed.

But Wa, 8 is convex. Hence Wa, 8 is weakly closed.)
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Thus claim(2) is true.

Hence Wa ; is weakly closed and weakly sequentially compact.
Now Ll(S) is a Banach space.
Therefore by combining our claims and using the Eberlein—Smulian theorem, we see that

Waﬂis weakly compact, provided that y(S) < w. o

2.6.7 LEMMA [Sch]

Let0<a<f<1.

T hasa fixed oint X, in Wa,ﬂ if and only if there exists a set A € & with a < yA)< 8
and 7([0,1] x A) = A ae.

PROOF

First note that if A € & then {(t,5): 0<t < x,(s)} = [0,1] x A a.e.

Supposing there exists A € & with a < u(A) < fand 7([0,1] x A) = A a.e then
T X

R (D ESESNO)

= Xr([0,1] x A)

= XA - '

Conversely, if x plsa fixed point then A € & and it is apparent that 7([0,1] x A) = A a.e

by the equalities used above in proving that x A is a fixed point for TT .
We henceforth suppose that S = [0,1]m.

In the following definition we remind the reader of the canonical s—algebra and the

measure defined on this product space. (See [KT] for details.)
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2.6.8 DEFINITIONS
Let X, = [0,1] for i € N, let F; be the Borel o—algebra on X; and let p; be the
Lebesgue measure on X, .

Let & be the product o—algebra of subsets of [0,1][N which is generated by the cylinder sets

m
of the form E1 x E2 x ...ox By ox irzlmxi , where Ei € F;

for1<i<k+1.

Let p denote the unique measure on & such that

Given a one—to—one measure preserving transformation p : [0,1] — [0,1], Schechtman

defines 7(p) : [0,1] * [0,1 — [0, (& (15,0 — (Pl t.5255...)

2.6.9 LEMMA [Sch]

If P, and , commute then T'r(p ) and T'r(p?) commute.

PROOF

By 2.6.4, it suffices to show that 7(p)([0,1] x 7(p,)(B)) = 7(p,)([0,1] x 7(p,)(B)) a.e for
every B  [0,1] x S, B measurable, where 7(p,), 7(p,): [0,1] x S — S.

Let y € 7(p,)([0,1] x 7{p,)(B)) for any measurable B ¢ [0,1] x §.

2 y
= T(P1)(’_C)
= (p(pa8 )bt 850

= (po(p,(5)))stst" Sgy-....)  (since p, and p, communte)

— 7(p5) (4,(0(5,),t" 895w ))
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= (o) (t,(p)(t'(s;85----)))-

~ But (t,7(p)(t',(5pSg-----))) € [0,1] x (p,)(B).

2 yet(py)([0,1] x 7(p)(B))

Hence 7(p,)([0,1] x 7(p,)(B)) € 7(p,)([0,1] = 7(0,)(B)).

Other inclusion is done by interchanging 7(p,) and 7(p,) in the above equalities which were

used to show that (p,)([0,1] x (p;)(B)) € (p,)([0,1] x (5 ,)(B)). :

- 2.6.10 THEOREM [Sch]

There exists a weakly compact, convex subset W of LI(S) and a sequence T,,T,,..... of

commuting nonexpansive operators of W into itself such that any finite number of them

have a common fixed point but there exists no common fixed point for the entire family.

PRrOOF

Let W=W as defined in 2.6.5 and let {r;} be an enumeration of the rationals in

1/2,1/2
[0,1].

For any given n, let m be a common denominator for ry,.....,In and let
m-1
Ag =kl}0(k/m, k/m + 1/2m).
Then [I,(Ao) = 1/2
Define p; : [0,1] — [0,1] by p;(t) =t + ri (mod 1) and let T; = TT(p-) .
) 1

Then p; is measure preserving and bijective. Hence 2.6.9 applies.

By 2.6.9, {Ti}c:=1 commute.

Claim(1): T(pi)j’1 : [0,1]["’I — [0,1] [0,1]m 0 (51,52,83,---.) — (52,0;7(51),83,-----) 18
measure preserving

(Fist note that since p; is bijective, so is 7(p;)-

LetA=A1xA2x ..... x A

1]
K = iI;IkﬂXi be a cylinder, where X, = [0,1].
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We need to show that u( (7(p;) ) Y(A) ) = w(A).
Thus it suffices to show that y(7(p;)(A)) = w(A). To this end,

(r(p)(A)) = pi(Ag) x Ay x o x Ay« T X,

s Wrle)A) -

= i(p3)(Ag))-pilAp) - pi(Ay)

= po(Ag)-by(A ) n(Ay) (since p; is measure preserving and bijective)
= uA))

Hence claim(1) is true.

Thus 2.6.3 applies. Further, note that since x(S) = 1 < w, 2.6.6 applies.

By 2.6.3, each T; is nonexpansive.

By 2.6.6, W is weakly compact in Ll(S),convex and invariant under'Ti )

Now p;(Ag) = Agfor1<ig n Moreover, for any i, 7(p;) ([0,1] x Ag x S) = p;(Ag) x S
and p;(Ag) x S = Ao x S a.eif and only if p;(Ag) = Ag ae.

Let A=Ay xS. By 2.6.7,, Xp isa fixed point for T; where 1 < 1 <n.

Suppose that x  is a fixed point for {Ti}():=1 . |

Then 7(p;) ([0,1) x A)=A VieN

Claim(2): mp,) ([0,1] x A) = A for any p , of the form
plt)=t+a (mod 1) for a € {0,1].
(Let a € [0,1) and let € > 0.
Choose r; such that |a—ri] < €/2.
Now g{7(p;)([0,1] = A) A T(pa)([O,l] x A)) < ¢, where A is the symmetric difference.
But 7(p;)([0,1] * A) = A. |
Since e is arbitrary, A= 7(p )([0,1] x A).)

Hence claim(2) is true.
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> Agx S = r(pa)([O,l] x Ag x S)
3 po(Ao) = Ao
But if ais irrational then P, is ergodic.

3 p(Ao) = 0 or 1 giving a contradiction.
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§27 Demicompact mappings

A method one sometimes adopts to show the existence of a fixed point for a continuous
map is to construct a sequence {xn} of e—fixed points (say in a metric space X) and to
show that it converges to some x in X. Then by the continuity of the map, say f,

f(xn) — f(x). Then it follows that f(x,) — x also, since the squence contains e—fixed
points, by which x becomes a fixed point.

Obviously, in order to» adopt this method, we rely heavily on the assumptidns of the
theorem. For instance, the proof of the Banach fixed point theorem useé this method,
where we are given that X is a complete metric space and the map is contractive. This
enables us to construct a convergeﬁt sequence of e—fixed points.

The concept of demlcompactness allows us to relax the assumptions on the space and even

the mapping itself to some extent and stlll adOpt this method.

2.7.1 DEFINITION cf [NSW]
Let X be a metric space. A mapping T: X — X is said to be demicompact if it is
continuous and every bounded sequence {xn} for which d(x,,Txn) — 0 contains a

convergent subsequence.

The essence of this definition is that if we have e—fixed points for every € > 0 then we are

guaranteed a fixed point, provided that the map is demicompact.

2.7.2 EXAMPLES

2.7.2.1 ,

Let X be any normed space. Define T: X — X by Tx = kx, where k is a constant such that
k#1.
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If {xn} is a bounded sequence for which || Txn — xn)] — 0 (n — @) then

(1 —k) ||xnl| — 0 (n — o). Thus {x,} is convergent.

2.7.2.2 _

Define T: R — R by Tx = x + ﬁfﬂ _Tf | Txn — Xa| — O then {xn} is unbounded.

Thus T is demicompact in a vacuous sense.
As a trivial example, any continuous mapping whose domain is compact is demicompact.

At this stage, we are not sure of any application of this concept in terms of generalisations

or extensions of results involving nonexpansive mappings except in the following theorem.

2.7.3 THEOREM  cf [NSW]

| Let X be a Banach space and let C be a nonempty bounded closed convex set in X. Let &

be a family of commuting nonexpansive mappings: C — C, where F(T)#¢ VTe &

and % has at least one element which is demicompact.

Then & has a common fixed point.

Let us establish the following lemmas as we need them to prove of this theorem.

2.7.4 LEMMA

Let S be a nonempty bounded convex set in a normed space X.
If T: S— S is demicompact and nonexpansive then T has a fixed point in S.

PrOOF
By 1.1.2, for ew}ery € > 0, T has an e—fixed point in S.

By definition of demicompactness, T has a fixed point.
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2.7.5 LEMMA [NSW]

Let X be any metric space and iet S be ;i bounded closed subset of X. If T: S — Sisa

demicompact mapping then F(T) is compact.

Proor

Assume w.l.o.g. that F(T) # ¢

~ Let {xn} be a sequence in F(T). Then d(xn,Txp) =0 Vne [N.‘

By demicompactnéss of T there exists a subsequence Xn, converging to some x in S since S
is closed.

By continuity of T we have that x = Tx.

Thus x € F(T).

Compactness of F(T) follows.
Let us now prove 2.7.3.-

Proor (2.7.3)
By hypothesis, there exists a demicompact mapvping T":C—Cin &.
Let ¢ = {SCC:S ¢#9¢, bounded, closed, convex and invariant under each T € F}.

The system o is nonempty, since C € ¢.

Claim(1): IfSe e?’v then the set {x € S : T’x = x} is nonempty and compact;

i.e. F(T’) n S is nonempty and compact.
(Let S€ . Then T': S — S. If {x,} is a bounded sequence in S such that
lIXn — T'xy|| — 0 then {x5} has a convergent subsequence {xn,}, by demicompactness of
T’: C— C. But S is closed. Thus {xn;} conver.’ges to an element of S. Hence T” is
demicompact on S also. Hence 2.7.4 and 2.7.5 apply.

By 2.7.4 we have that the set {x € S : T'x = x} is nonempty.

135



By 2.7.5 we have that {x € S : T’x = x} is compact.)
Thus claim(1).

Order ¢ by 2. Let € ={S,: aeA} beécha.inin of' _
Let ae Aandlet F ={x€S_:T'x=x} Then {Fa: o € A} satisfies the finite
intersection property, since ¥ has the total order 3 . But each Fa is nonempty and
compact by claim(1).

Hence F = n {Fa : a € A} is a nonempty subset of A% =N {S,:a€eA}

3 AE$ O

Further, A% =n {S ol QE A} is bounded, closed, convex and invariant under each T.
Hence A€ € ¢’ is a lower bound for 4.

~ By Zorn’s lemma, o has a minimal ele_ment M.

Let H={xeM: T'x = xf}. By élajm(l), Hisa nonempty compact sub§ét of M.
Forxe H, T'(Tx) = T(T'x) = TxeM VTe &.

Hence TH)CH VTe 5.

Let &/ = {H1 ¢ H: H; nonempty, compact and T(Hl) cH, VTe F}.

Then ) # ¢, since H € eY’l . Order o}’l by ) If % is a chain in eY’l then % has the
finite intersection property and hence A # 1 is nonempty since every element of # 1 is
compact. |

Now A € 1 is a closed subset of every H1 in € 1 . Hence A ¥ 1 is compact. Clearly, A &€ 1 is
invariant under every element of &. Thus A ifl is a lower bound for ifl in of’l .

By Zorn's lemma, o, has a minimal element M, .

By 2.1.2 we have that T(M;) =M; VTe .

1

Suppose that M1 consists of more than one element.
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By our claim in the proof of 1.2.3, there exists u € co(M,) with
p=sup {|lx—ulf: xe M;} < &M, ). Since M, ¢ M we have that u € M. For each x € M,
we have that u € B(x,p).

Let B= 0 B(x,p) and let BM = B N M. Then B, is nonempty, closed and convex.
xeM -
1

Claim(2): T(BM) CBy VTeJs |
(LetzeBandlet Te & Then|x—z||<p Vxe M.

Since T(M;) = M, , for each x € M; there exists y € M, with Ty = x.
Now [Tz —x|| = [Tz - Ty|| < llz—yll ¢p  VxeM.

- Hence Tz € B(x,p). VxeM,.

3 T(B)cCB VTeSF

Also T(M) c Mforeach T € &.

3 T(By)CBy VTeF)

Hence claim(2).

Hence BM € .

By minimality of M in ¢ we have that B M.

M=
Since M, is compact there exists xo, yo € M; such that [|xo — yol| = §M;) > p.
"3 yo# B(xop)
2 - Yo#B
But this would imply that yg ¢ BM = M giving a cdntradiction, since M1 c M.
Thus M, is a singl_eton. |
Hence the point in M1 is a common fixed point for the family since we have established

that T(M,) = M1 for all T in &.
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2.76 EXAMPLE
In the hypothesis of 2.7.3, we cannot delete the assumption that at least one mapping must

be demicompact.

PrOOF

Consider the set W in 2.6.10, which is nonempty, weakly compact and convex in the
Banach space L(S).

This implies that W is closed and bounded.

The situation in 2.6.10 is that we have a family {T;} of commuting nonexpansive mappings
which map W into itself such that any finite number of mappings have a common fixed
point. This implies that F(T;) # ¢ for every i € I.

However, there exists no common fixed point for the entire family.

Hence none of the maps in the family can be demicompact. o

Remark:

Due to the assumption of at least one of the mappings being demicompacf in 2.7.3, we
cannot claim this theofem (2.7.3) to be a generalisation of the previous theorems involving
families of nonexpansive mappings, unless the domain of the family of mappings is
compact. The reason for this is that if the domain of a continuous mapping is compact‘,
then by definition of demicompaétness the map is demicompact, as mentioned in one of our

examples.

2.7.7 THEOREM

: Let X be a Banach space and let C be a nonempty bounded closed convex set in X. Let &

be a family of commuting nonexpansive mappings: C — C, where F(T)#¢ VTe &

and & has at least one element T’, for which T’(C) is compact.

Then & has a common fixed point.
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PROOF

Let the hypothesis hold.

Then T’(C) is compact for some T’ € F. Let {xn} be a sequence in C such that

“ IT"%Xq — xulf — 0. By compactness of T'(C), {T"xn} has a subsequence {T"xp, } converging
to some T'x.

Now 0 < [lxny = T'x}| < [[xny = T'%nyll + [T %ny — T'x|| — 0 as k — o.

Thus T’ is demicompact.

By the above theorem (2.7.3) the result is immediate. 0

Remarks:

As mentioned in § 2.1, clearly, this theorem (2.7.7) generalises theorem 2.1.1, since the
domain in 2.1.1 is compact.

It is worth hofing that 2.7.7 does not place stroné aésuxilptions on set C when compared to
2.4.5, which we have seen to be the the most general theorem compared to its predecessors.

In this way, 2.7.7 is a short and a neat generalisation of 2.1.1 when compared to 2.4.5.
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