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INTFODUCTION 

In the pap~r 'Rings of funqtions determin~d by 

zero-sets' ~ugh Gordon [1971] introduces t~~ no~ion of a 

zerq-set space~ These spaces are shown to lie naturally 

between the proximity spaces and ~he topological spaces. 

Gordon defines pseudocompactne~s and realcompact~ess for 

zero-set spaces in a natural way and shows that the zero,­

set sr~c~s are emin~ntly suitab~e for the st~dy of th~se 

concepts and of the related f1,1.pction rings. 

M.J, Canfel+ (1973] ~hows that zero-set :;;pac~s pro­

vide a natural and very general setting for the qeyelo:pJJfent 

of di~ension th~ory. 

We are concerned in this thesis with the intrinsic 

properties of zero-set spaces qnd their relationship to 

other topological-type structures. Our d~finition of a 

z-space coincides with tha~ of Gordon's zero~~et space 

without the point separation axiom. It is of interest that 

C:a11fell also omits th;i.s axiom. 

This thesis is divided into threy chapters which can 

be s4mmarised as follows: 

In chapter 1 we give some basic resultij on z~spaces. 

We find it useful to study these from a categorio~l po~nt of 

view, especially as an application of initiality consider-

ations. . vJe ·characterise certain special morpflipms in Zero, 

the category of z-spaces . 
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Ip chapter 2 we el~borate on Gor~on's results cQn-

c~rni~g the r~lationship of z-$paces to cqmpl~tely regular 

spaces, pro~imity spaces and uniform spaces. 

Chapter 3 contains characterizations of pse~do-

compqctness f9r z-spaces. 

In detail: Section 1.1 contains basic definitions 

and properties of z-spaces. We prov~ a Urysohn lemma fqr 

z-spaces. 

In section 1.2 w~ g1ve the analogues of C- and 

c~·:,..eJTilieddings for z-spaces and obt9-in results aDa],ogous to 

those for completely regular spaces. 

In section l.a we show Zer9 to be initiality c9m~ .......,.._.... 

plete and hence coinitiality complete an~ we characterise 

the coinitial z-structures. '(!je also give an ini tiali ty 

character~zation of Zeros, the category of separated 

z-. spaces. 

In section 1.4 we use the res41ts of the previous 

section to ch9-racterise the epimorphisms and extreme mQno-

morphi~ms, and hence the epi-ref1ective s~pcategories of 

Zero and Zeros. 

In section 2.1 we study the relationship between a 

z-space and its underlying topology, and discuss the liftip~ 

of epireflectors from the category of Tychonofff spaces to 

Zeros. 
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In seqtion 2.2 we examine the right inverses of th~ 

forgetful functors F' : Prox ~ Zero and F" : Un ~ Zero, 

where Prox and Un are the categories of proximity spac~s 

and uniform spaces respectively. We study the relationship 

between these right inverses and analogous functors between 

Un, Prox and the category of completely regular spaces. 

In particular we obtain reE;ul ts Q.bout . u~·:, the wep]<est 

right J.nverse of F". 

In section 3.1 we use our results on z-complete 

separation to obtain an alternative to Gordon's character• 

ization of BX for z-spaces. We give ~ordon's definition 

of realcompactness for z-spaces and present hi~ ana~ogue of 

the Hewitt realcomppctification. 

In section 3.2 we use Gordon'~ definition of a 

pseudocompact z-space to obtain various characterizations of 

pseudocompactness. A summary of ~h~se charaqterizations 

appears at the end of the section. 

\ 
Section 3.3 contains a brief sketch of appli9a~ions 

of z-space theory and some open prob~ems. 

At the end of each chapter there is a short sect~on 

qf bibliographica~ notes. 
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PRELIMINARIES 

The term "function" shall be resE?rved throughout the 

text for a rea~-valued map. T'he fuqct~onf? on q ~et X fo:rm a 

ring under the usual pointwise operat~ons and q lattice under 

the operations A and v where: 

( f 1\. g) (X) = mi r. { f (X) , g (X)} 

( f V g ) ( x) = max { f ( x) , g ( x) } 

By a l;"ing or latti~e of functions on X we qpall meap 

a supring or sublattice of the ring of all functi0ns on X • 

W.e denote by f+ and f,.. the funct~ons f v 0 

respectively a,nd define I fl = f+ + f- ,· 

We write fl A for the restriction of a fu11ction to a 

subset A of its domain X and f- 1 B for the preimage of a 

set B, i.e. f-1 B = {x E: X: f(x) E: B} • 

the "zer0- set" of f , wi 11 be denoted by Zf • 

vJe denote by JN , the ;5et 0 f natural numbers { 1 , 2 , 3 } • 

The standard structures on the real line require a notation of 

their own. 

JR 

m sp 

JR su 

the real line v:i th 

as a set (depending 

the r~al line Y..'i th 

the real line with 

structure. 

its u~ual topology, or regaJ;>ded 

on the context). 

its standard proximity structure. 

the standard (metric) uniform 
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The closure of a set A· ln a topolog~ca], space X will 

b~ denoted by clxA or, where no confusion arises, by ~. 

We emphasise that by a completely regular space we do 

not necessarily mean a Hausdorff completely regular space. 

The terminology on categori~s closely fol~ows that of 

Herrlich [1968] , Herrlich anq Strec;ker [1973] . If C is a 

category, then 1£1 denotes the class of obje<:::ts of C . 
' ..., 

We denote the set of ,3ll morphisrr.s: X+Y in C by f<X,Y) 

Ens is the category of sets. Prox, Un denote the 
-~' '--:-

categories of completely regular spaces, proximity spaces and 

uniform spaces respectively. The corresponding subcategories 

of separated spaces t-lill pe denoted by Crgs, Proxs, and Uns,­

All functors under consideration will be covariant. We 

shall u:;e G for the forgetful f~nctor : Zero + Ens and rg --. 
and rg* for thos,e functors : Crg + Un which induce the initial \ 

uniform structure for the continuous and the ~ounded continuous 

functions to ~su respectively. 

On page 76 there are diagrams which su.rrqr:arlse the 

functors which are mentioned from section 2.1 onwards. 
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CHAPTER 1 Z-SPACES 

1.1 BASIC CONCEPTS 

In this sect~on we introduce the concept of a z-space 

and g1ve a few basic results. Our definition of the separated 

z-spaces coincides with that of the zero-set spaces of Gordon 

[1971] . 

1.1.1 Definition. A z-structure on X € lEns! 1s a collection 

Z 6f subsets of X satisfying: 

( 1) Z is closed under finite un1ons; 0 € Z • 

( 2) Z is closed under countable intersections; X € Z • 

( 3) If A, B € Z and A fl B = 0 then there are C, D € ~ such that 

A fl C = 0 = B fl D and C U D = X . 

( 4) If A € Z then there are Ap A2 , ••••• € Z such that 

X- A = U An. 
1 

X with the above structure is called a z-space (with 

z-structure Z) • 

If we further require: 

( 5) for each pair of distinct points of X there is an A € Z 

which contains just one of the points, 

then we refer to X as a separated z-space ~nd to Z as a 

separated z-structure~ 



1. 1. 2 Remarks. (a) Gordon [1971] studies only the 

separated z-~paces. 

(b) It will sometimes be useful to deno~e a z-space by a 

single symbol X • We then denote the z-structure of X by 

2 

z-str X . The members of z-str X are called the zero-sets 

of X and their complements with respect to X are the 

cozero-sets of X • 

1.1.3 Examples. (a) The closed sets of~ clearly satisfy 

the axioms for a separated z-structure. We refer to this as 

the standard z-structure of F and denote the corresponding 

z-space by ~ • z 
(b) The totality of closed sets of a T0 topological space 

satisfy (1) , (2) , and (5) and if the space is normal (3) is 

also satisfied. 

(c) The closed sets of the space r of Gillman and Jerison 

[1960 . Exercise 3K] satisfy (4) but not (3) . 

Any uniformly closed ring of bounded functions, on a set 

X , which contains the constants generates a z-structure on X 

in the following way: 

1.1.4 Theorem. Let X € I Ens I . If M is a ring of bounded 

functions with the above properties then 

Z = {Zf : f € M} 

is a z-structure on X . 

~ 



Proof. 0€~and Z(fg) = ZfUZg hence (1) of 1.1.11s 

satisfied. X € Z and 

00 00 

z r < I f I ,.. tn) = n z f 
1 n 1 n 

satisfying (2) • 

If A = Zf , B = Zg are such tpat A() B = 0 , then 

C = Z<lgl-lfl)+ and D = Z<lfl-lgl)+ satisfy (3). 

If A= Zf, define A= ZCifl-1)-, then (4) is n n 
satisfied. 

1.1.5 Corollary. If M in the above theorem separates 

points, then~ is a separated z-structure on X . 

1.1.6 Definition. If X and Y are z-spaces, we call a 

3 

·mapping f : X-+ Y a z-map if f-1 A € z-str X for each A € z-str Y . 

1.1.7 Remarks. (1) The definition is equivalent to the 

requir~ment that f- 1 c is a cozero-set of X , for each cozero-

set C of Y . 

(2) The composition of two z-maps is a z-map. Thus we 

can form the category Zero (respectively Zeros), whose objects 

are the z-spaces (respectively the separated z-spaces) and 

whose morphisms are the z-maps. 

(3) The closed intervals in :R form a countable subb~se 

for the closed sets of E . Hence by the definition of mz 

(1.1.3(a)) we have that f: X-+:Rz is a z-function precisely 

when r 1 A € z-str X for each closed interval A of m . 
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1 • 1 . 8 Lemma • Let B be a collection of subsets of X closed 

under finite union and countable intersection. Let M be the 

set of all functions f such that f- 1 F € B for each closed set 

F of R Then M is a uniformly closed ring. 

Proof. For the sake of completeness we g1ve a sketch of 

the proof which can be found in Gordon [1971 , 2.4] . 

Let C = · {X- A : A € B} . Then C is closed under finite - -
intersections and cpuntable unions and M is the set of functions 

f such that f-1 U € C for every U open in :ffi. • If f 1 ,f 2 € M then 

define g by 

I~ can be shown that the inverse image of an open set 

under the mapping~ k• g and ~o g , where k (ex, 8) = ex - B and 

~(c.x,S) = cxB , lies ~n C 

are in M . Thus M is a r1ng. 

M is uniformly closed. For suppose f1 ,f2, ....• € M and 

let f n-+ f uniformly. It is sufficient to show that f- 1 (ex, B ) £ C 

whenever ex< B • For each positive integer k , choose n such 

that 

I f nit ( x ) - f ( x ) I < ~ 
for all x € X . Let 

Then Uk € .£ and Uk c f -t (ex, B) for all k . But each 

x € f -l ( c.x 1 B) belongs to Uk for some k . Hence 
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1.1. 9 Remark. We denote the set of all z-functions of 

X € I Zero I to JRz by S (X) and the bounded z- fun~t ions to JRz by 

S0 {X) Then S(X) is a uniformly closed ning by 1.1.8 and 

hence so is S0 (X) . 

If f € S(X) then so 1s I fl and hence 

fvg = ~(f+g+ lf-gl> € S. 

Thus S and S* are lattices. 

1.~.10 Definition. Let X € I Zero I . Subsets A and B of X 

are z-completely separated in X if there is an f € S* {X) such 

that 0 :li:: f ' 1 and 

f{x) = 0 

f{x) = 1 

VxEA 

Vx€B 

We now give a straightforward adaption of the classical 

Urysohn lemma to z-spaces. 

1.1.11 Urysohn lemma for z-spaces. Let X € I Zero I . Any 

two disjoint zero-sets of X are z-completely separated in X • 

Proof. Let A and B be disjoint zero-sets of X . Then 

X-B = G1 is a cozero-set. We can find cozero-sets G, and G,* 
2 2 

such that 

A C G, C X- G,* C G1 
2 2 

For we have by (3) of 1.1.1 that if A,B€ z-strX are 

disjoint then there are zero-sets C, D with A C X-C , B C X- D 
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and (X - C) n (X - D) = 0 • Set 

X-C = G1 , X- D = Gt (A) 
2 2 

Assume that we have found cozero-sets G and G * k/2n T k/2n 

(k = 1, ••.. , 2~) such that 

Set G 1 2m/2n+ 

and G * by requiring that 
(2m+1)/2nt1 

and that 

That such sets exist follows by arguing as in (A) above. By 

induct ion we define Gr and G.; for each r € R where 

E = · { ~n : 1 ~ m ~ 2n , m, n € lJ} 
Then Gr and Gr* satisfy: 

(B) 

Define 

f(x) = inf { r r€R ' x € Gr} \:;/X € Gl = X-B 

f(x) = 1 Vx€B 

Then f(x) = 0 Vx€A 

f(x) = 1 Vx€B 

and 0 ~ f ( x) ~ 1 
' 

for each x € X 
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It only remains to show that f is a z-function. It is 

suffici~nt to show the preimages of intervals of the form 

[o ,a) or (b, 1] are cozero-s~ts. 

Now 

0 ~ f ( x) < a <-> x € Gr , for pOme r < a • 

For if x€Gr, r <a, then f(x)~r <a. Conversely, if f(x) <a 

then there is an r € R such that f(x) < r <a , thus x € Gr • 

Hence f ·l [ 0 , a) = V { Gr : r € B. , l!' <a } 

which is a countable union of cozero-sets and is ~hus a cozero-

set. 

We sl}ow f"l [ 0 , b] · a zero-set. (Thus f ·l ( b , 1] a co zero-

set.) 

Now 

0 ~ f ( x) ~ b <=> x € Gr , 'V r > b • 

For suppose x € Gr for each r > b , then f(x) ~ r for each r > b • 

That is f(x) ~ b • On the other hand 

f ( x ) ~ b -=> f ( x ) < r , 'V r > b 

"'i"> x€G r 'Vr>b 

Thus f-1 [o, b] = f\ {Gr r>b, r€~} But for each r > b 

there is an r' € R such that r > r' > b . It follows by (B) that 

Gr :::> X-G* r' :::> Gr' 

Hence 

() G :::> () (X - G/. ) :::> rlG 
r>b r r'>b r'>b r' 

Thus 

() G 
r>p r 

=()(X-G*) 
r'>b r' 

which l.S a countable intersection of zero-sets, thus a zero-set. 
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The following theorem is the main result of this section 

and jus~ifies Gordon's terminology. Our proof follows tpat of 

Gordon [19~1] but is more direct in that we use our theorem 1.1.11 

instead of going via an induced proximity structure as does Gordon. 

1. 1. 12 Theorem. Let X € 1~1 . Then 

z-str X = {Zf f€S(X)} 

f € S*( X)} = {Zf 

Proof. Let Z = {-Zf f € S(X) } • For each f € S(X) , 

Zf = f-1 {0} and {0} is a zero ~et of :Rz • Thus Zf € z-str X • 

Hence Z C z-str X • 

Let Z * =. {Zf f € S*(X)} • Then Z* C Z and thus 

Z* c z-str X • 

On the other hand, let A E: z-str X 

.... 

00 

Then X - A = V An 
1 

where An € z-str X , by (4) of 1.1.1 • Then AnAn = 0 for each n . 

Applying 1.1.11 for each n , we can find an f n E: s* (X) such that 

Then A C Z f n C X - An • 

Vx€A 

00 

But A = n ( X - An ) • 
1 

00 

Thus A = n Zfn , 
1 

where Zfn £ '!:...* • However Z* is closed under countable inter-

sect ions by 1. 1. 4 and 1. 1. 9 , hence A € Z * . 
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.:.1..:.·.:1..:.·.::1.;::.3_.:.;R:.=e.:.::m:::a~r..:..:k. If f E S(X) ~nd f vanishes nowhere, then 

f E S(X) (The inverse image of each open interval in :R under f 
is the inverse image under f of some open set.) 

The following theorem characterizes S in terms of S*. 

1.1.14 Theorem. Let X £ I Zero I , f : GX-+ G:Rz 

are equivalent: 

(9.) f E S(X) 

(b) (fl\a)v (-c;x) E S*(X) fo+> each a>O. 

The f0llowing 

(c) There are cozero-sets U1 ,U 2 , •••• and f 1 ,f 2 , •••• E S*(X) 

sue}) that 

for each n , and 

Proof, (a) => (b) follows immediately ·since S(X) is a lattice. 

For (b) => (c) , let Un = r 1 (-n ,n) and fn = (fAn) v (-n) . 

(c)=> (a) is clear·, si:nce f-1 (a,B) = y [unnf;: (a,B)] is a 

cozero-set for every open interval (a,B) of :R . 
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1.2 S AND S*-EMBEDDING 

Many problems of z-space theory involve the ext~nsion of 

z-functions. Before we giv~ the main results about S*-

embedding and S-embedding we must introduce the concept of a. 

z-subspace of a z-space X . To this end we need the following 

lemma. 

1.2.1 Lemma. Let ~ 0 b~ a collection of Stfbsets of X € I En? I . 
Let Z be the collection qf all countable intersections of 

fini t~. unions of sets in ~0 • Suppose that for each A € ~0 

there is an f : X -+ JR such that both Zf = A and f-1 F € Z for . r-

every F closed in JR • Then Z is ~ z-structure on X . 

Proof. Given any f : X-+ R such that f-1 F € Z for each F closed 

in JR , then the function If!~ 1 also has this property and 

Zf = z ( I f !A 1) . 

Let M be the set of all bounded functions f X -+JR 

with the above propenty and let ~· = {Zf f € M} • 

Then ~0 C ~· by hypothesis. By lemma 1.1 ~ 8 M lS a 

uniformly closed ring and since we understand the definition 

of Z to imply that 0 ,X € Z , M contain~ the constants. Thus ,... 

Z' is a z-structu~e on X by theorem 1.1.4 

Now Z'= Z . For certainly Z' C Z and hence we need 

only show Z c Z' But £' is closed under countable inter-

sections and finite unions, being a z~structure, and Z' ~ ~ 0 • 

Thus Z' ~ Z • 
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t.2.2 Corollary. If in the above lemma we assume that Z 0 

has the property that for each pair of dist~nct points of X 

there is an A € Z0 containing just one of them, then Z is a 

separated z-structure on X • 

Proof. M separates points. 

1.2.3 Definition. 

then 

is a z-structure on A 

If X € 1~1 and A is a subset of X 

B € z-str X} 

A with this induced structure 1s a 

z-subspace of X and Z 1s the relative z-structure on A with 

respect to X • 

We must check,that this does in fact ¢efine a z-$tructure 

on A • Z is clearly closed under finite unions and countable 

intersections. 

Let M be the set of restrictions to A of z-fun9tions'on 

X . Then ~very set in Z is the zero-set of a fu~ction in M 

(applying 1~1.12 to X and restricting the function obtained). 

On the other hand, the inverse image of each closed set 

ofF , under a function in ~ , is in Z • Thus applying 1.2.1 

we see that Z is a z-structure on A . 

The follo~ing th~orem gives a useful characterization 

of the z-completely separated sets of a z-space. 
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1.2.4 Theorem. Two sets are ~-completely separated in 

XE !Zero! if and only if they are contained in disjoint zero-

sets. 

Proof. The "if" part ()f the theor~m is a direct consequence 

of 1.1.11 . 

Conversely if A and B are z-completely separated 

then there is an f E S*(X) with 

f(x) = 0 Vx€A 

= 1 v X E B 

Let 

Then Z1 , Z2 Ez-strX and A C Z1 , B C Z2 with z1 disjoint 

from z2 • 

1.2.5 Definition. A z-subspace A of X E I~~ is 

S-embedded in X if every function f € S (A) can be extended 

to a function in S(X) 

A is s*-emb~dded 1n X if every function f € S* (A) can 

be extended to a function in S*(X) . 

The proofs of the following two theorems are trivial 

adaptations of the proof~ for the topological cases which can 

be found in Gillman and J erison [19 6 0 , 1.17 , 1.18] • It need 

only be pointed out that in the case of the real l~ne 

SOR
2

) = CCR) , where C(ffi) is the set of all continuous 

functions mapping F to F . 
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1.2.6 Urysohn's extension theorem for z-~aces. 

A z-sl,lbspace A of X € I Zero I ~s S*-embedded in X if and only 

if any two z-completely separated sets in A are z-completely 

separated in X . 

1.2.7 Theorem. An s*-embedded subset of X € I Zero I is 

S-embedde4 if and only if it is z-completely separated from 

every zero-set disjoint from it. 

1.2.8 Remark. If A is a zero-set of X , then any zero-sets 

of the z-subspace A are zero-sets of X • Hence, applying 

1. 2.4 and 1. 2.6 , every zero-set of X is S*-embedded in X • 

Furthennore, by 1.2. 7 every z~ro-set of X is also S-embedded 

in X • 



.. 
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1.3 INITIALITY, COINITIALITY AND Z-SPACES 

The z-spaces under consideration in this section are 

not nec~ssarily separated. The definitions of initialit¥ and 

the nomenclature are those of Brummer [1971] . 

Throughout this section B and C will be categories with 

a faithful functor M : B-+ C . 

1.3.1 Definition. Let X € I~ I . A class { f j : j € J} of 

B-morphisms fj : X-+ Yj (with common domain X ) is an M-ini tiali ty 

(.e!_ X) if, whenever B-morphisms hj : Z + Y j (with the same 

arbitrary Z as codomain) are given together with k: MZ+MX 

such that Mfj .k = Mhj (j € J) , there exi:;;ts m: Z +X with Mm = k . 

An M-initiality {f} consisting of a single morphism is c~lled 

simple • 

1.3.2 Remarks. (a) M being faithful ensures that m 1s 

unique and that f. m = h. 
J J 

(b) The dual concepts are M~coinitiality (at X) and simple 

M-coinitiality. 

(c) We set out the piagrarns for the situation of definition 

1.3.1 as follows: 



r .~ 

\ . 

j ' 
i 

\ ' 

\' 

-1 
J· 
i 

' ' 

( 
·, 

X .. 
I 

I 

m! 

z 
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B 

c 

1.3.3 Definition. Given objects Yj in~ and C-mo~phisms 

~ : C-+ MYj (j € J) • \-Je say that X f I !!I is M-initial (over C) 

for the gj to the Yj , written 

X = inM( C , gj , Y j : j £ J) , 

if there exist fJ. :X-+ Y. such that Mf. =g. and {f. J. f J} is 
J J J J 

an M-initiality at X . 

1.3.4 Remarks. (1) We may express the above situation 

by saying that X is a solution to the M-initiality problem 

( c ' gj ' y j : j f J ) . 

(2) The qual notion is: 

the Y .. 
J 

I 

X is M-coinitial for the g. from 
J 

(3) If the index class J is non-void then C 1s determined 

by the gJ· and we may abbreviate the not at ion to (g. , Y. : j E: J) • 
J J 

-
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(4) When J is void the statement reduces to "X is M-initial 

over C" which means : For ~ach Z € I~ I and each k : MZ -+ C , 

there exists m : Z-+ X with Mm = k • Thus in this case we do 

require that the source C be prescribed. The following 

proposition then remains valid for void M-initiality problems. 

1.3.5 Proposition. Between any two solutions of the same 

initiality problem there exists a unique isomorpnism h such 

that Mh = 1 • 

Proof. Follows from the un1queness of m 1n 1.3.1 . 

1.3.6 Definition. Th~ faithful functor M : B-+ C .:j.S amnestic 

if, whenever h is an isomorphism in B with Mh = 1 , then h = 1 • 

1.3.7 Remark. lf M is amnestic, then by 1.3.5 each 

M-initiality problem has at most one solution. 

T0e following result i? useful later on 

1.3.8 Proposition. Let X € I Zero I . Then 



-

Proof. 
X 
... 
I 

w 

GH 

Zero 

Gf 

Ens 

Clearly we need only show that Zero(X , ! 2 ) lS a 

G-initiality at X . 

17 

Let hf€Zero(W, ! 2 ) and k: GW-+GX be g1ven such that 

G f. k = G h f for each f € Zero ( X , I z ) • 

If A € z-str X , then P. = Zf for some f € Zero(X, ! 2 ) • --.--

(Certainly A= Zg for some g €S(X) . Let f = (gv 0) A 1 .. ) 

Now k-1 A = Z(Gf.k) = Z(Ghf) € z-str W since hf E Zero(W, I 2 ) • 

Hence k is lifted to a z-map W +X . 

It is clear from the above proof that X=inG(Gf ,F2 : fES(X)). 

In the terminology of Brummer [1971] I 2 and F 2 are G-sufficient 

objects in Zero. 

1.3.9 Definition. The pategory B is M-initiality complete 
- , I 

if every M-initiality problem (inclu~ing void M-initiality 

problems) has a solution, 



I " 
I • 
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We now give the fun-damental construction for the 

initiality completeness of Zero. 

1.3.10 Theorem. Given a family {Xa} of z-spaces and maps 

fa : X+ GXa t-{ith common domain X£ 1~1 , let ~o be the collection 

of all sets of the form fq1 A where A £ z-str Xa • Let Z be the 

collection of all countable intersections of finite unions of 

sets in Zo • Then 

(1) Z is a z-structu~e on X , anq 

(2) X with z-structure Z is G-initial for the fa to 

the Xa • 

It follows that Zerp is G-initiality complete. 

Proof. ( 1) We show that for each B £ Zo there is an -
f: X + JR with Zf = B and f-1 F £ Z for each closed set F of JR • 

The result then follows from lemma 1.2.1 • 

If B € Zo then B :: f(/ (A) for some a and some A € z-str Xa . 

Then there exists g € S(Xa) v1ith A= Zg . Let f =g. fa . Then 

B = f~1 A = f~1 (Zg) = Z(g. fa) = Zf 

Furthermore if F is closed in JR then 

" But g -l F £ z-str Xa which complet~s the proof of ( 1) • 

( 2) Clearly fa : X-+ Xa is a z.,..map for each a . It only remains 

to show that {fa} is a G-initiality at X • 
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X 
~ 

Zero 

w 

Ens 

GvJ 

Given ha. : H-+ Xa in Zero and k : GW-+ GX suc[l that Gf a.. k = Gl).a. 

for each a. . Let B £ z-str X(= Z) Then B is a countable 

intersection of finite unions of sets of the form f~A where 

A £ z-str X a. . The proof is completed by observing that 

k-1 (Gf ) -l (A) 1s a zero-set of W . a. 

The following two results ~re direct conseqpences of 

1.3.10 • 

1.3.11 Corollary. Zero is G-coinitiality complete. 

Proof. The concept of M-initiality completeness is pelf-

dual. That is, q category is M-initiality complete if and 

only if it is M-coinitiality complete. See for example 

Antoine [~966] or Brummer [1971, 1.2.2] . 

t· 
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1.3.12 Corollary. Zero is complete and cocomplete and G 

preserves limits and colimits. 

Proof. See Antoine [1966] or Brummer [1971 , 1. 2. 6] . 

Returning to the general case of a faithful functor 

M : 8-+ C we define.: 

1.3.13 Definition. If X,Y E l_gl , then X E;;MY if and only 

if there exists a mqrphism f : Y-+ X with Mf = 1 . 

We say that X is M-coarser than Y , Y is M-finer than X . 

1.3.14 Remarks. (1) Consider the forgetful functor 

G : Zero-+~ . for X, Y E l ~ero I , we clearly have X~ Gy if 

and only if z-str X C z-str Y . 

(2) It follows from the proof of 1.3.10 (2) that the z,structure 

defined in 1.3.10 (1) 1s the G-coarsest z-structure on X making 

each fa a z-map . 

(3) If X ~Gy andY ~GX then clearly X= Y . Giv~n any iso­

morphism f : X-+ Y with Gf = 1 , then there exists a g : Y-+ X 

with fg = 1 and gf = 1 . Then Gg = 1 and hence X = Y . It follows 

from the faithfulness of G that f = 1 . Thus G is amnestic, 

and G-initiqlity problems hav~ unique solutions. 

(4) Zero is complete and hence has products. The category 

product of z-spaces is the cartesian product with th~ initial 

z-structure for the projection maps. 
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( 5) A z-rsubspace A of X € I Zero I has the initial z-structure 

for the inclusion map i : A-+ X • 

Given a family· {Xa} of z-spaces and maps fa : GXa-+ X 

with common codomain X € 1~1 , the existence of a G-coinitial 

z-structure on X for the fa from the Xa is ensured by the 

coinitiality completeness of Zero. This z-structure is the 

G-finest z-strupture making each fa a z-map. The following 

theorem gives a useful characterization in terms of initiality. 

1. 3.15 Theorem. Given Xa € I Zero I and maps fa : GXa-+ C in 

Ens . Let the z-space X be G-initial to mz for those 

functions g : C -+ :R which satisfy g.fa € S(Xa) for 'Fach a . 

Then X is G-coini tial for the fa from the Xa• 

Proof. Suppose ha € Ze-ro (X a, B) and let k : C-+ GB be such 

that k.fa = Gha for each a . 

JRZ 
g' 

X X a 
I 
I Zero I 
I 
I 
I 
't 

B 

Ens 



.. 
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Each fa lifts to an f~ : Xcx-+ X • B is G-initial for all 

R. € SOn to lR2 (by 1. 3. 8) . For each R. and et , 

(GR..k) .fet = GLGhet € S(Xet) , so GR..~ ~s one qf tl)e g Hence 

by G- initial~ ty of B for the R. , k is lifted to a z-map X-+ B . 

1.3.16 Remark. The zero-sets of the G-coinitial z-structure 

on X given in the theorem above are the countable int~rsections 

of finite unions of sets ~ with the following property: there 

exists g : GX -+ lR with A= Zg and g. fa € S(Xcx) for each et • 

1.3.17 Definition. A morphism f in B is ap 

M-injection if Mf is an injection, 

M-surjection if Mf is a surjection, 

M-ernbedoing if f ~s an M-initiality anp M-,~njection, 

M-quotient if f 1S an M-coinitiality and M-surjection. 

1.3.18 Remark. Given a G . .,..surjection, the existence of a 

quotient z-structure is ensured by 1.3.11 . 

1.3.19 Definition. An object X of ~ is M-separated if 

every simple M-initiality at X is an M-ernbeddin~. 

Armed with the above definitions we g1ve a characterization 

of Zeros , the category of separated z-spaces. 
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1.3.20 Proposition. The objects of the category Zeros are 
I 

the G-separated objects of Zero. 

Proof. Let X E: 1~1 . Define an equivalence relation on 

X by : x :: y if and only if there is no ~ero-set of X containing 

only one of the points. 

Let sX be the quotient z-space obtained by this relation 

and let sX be the associated quotient map. Th~n sX is a 

G-ini tiali ty at X • For suppqse h E: ~ (W, sX ) and k : GW ~ GX 

are such that Gsx.k = Gh . 

X .. 
I 

vJ 

GX 

GW 

Zero 

GsX 

Eps 

Let A E: z-str X • Then there is an f E: S(X) with Zf =A 

Let sX(x) = x* • Define f* : GsX -+- :R by f*(x*) = f(x) . 

f* is well defined. For suppose f*(x*) +f*(y*) • Then 
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f(x) r:fof(y) , and hence x¢ f-1 (f(y)) . But· {f(y)} €. z-str JR
2 

so that xfl- + y* • 

Then f*. sX = f and hence, by definition of a quotient 

z~structure, f* is a z-function. 

Now 

k-1 A = k-1 (ZGf) = Z(Gf.k) = Z(Gf*.GsX.k) 

= Z(Gf*.Gh) 

= h-1 (Zf*) € z-str W 

Thus k is a z-map and sX 1s a G-initiality. 

It follows that if X is a G-separateq object, then sX 

is a ~-embedding and a G-surjection and hence an isomorphism. 

But sX is separated. For if x1* + x2* , xi* €. sX , then there 

are x 1 ,x 2 €. X with s(x.) =X·* 
X 1 1 

Hence there is an A € z-str X 

containing x 1 but not x 2 , say. Now A= Zf for some f € S(X) • 

Define, as above, f*(x*) = f(x) where sX(x) = x* . Then 

Thus X iq a separated z-space. 

Conversely let f be a simple Grinitiality at the 

separated z-space X . The zero-sets of X are preimages under 

f of zero-sets, hence f distinguishes points. Thvs f is a 

G-injection and hence a G-embedding. 

Aq the terminology on initiality has now served the 

purpose qf clarifying concepts, we may henceforth adopt the 

following 

CONVENTION. We omit the prefix M 1n terms such as M-initiality, 

M-injection, M-ernbedding etG., if M is the forgetful functor to 

Ens. 
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1.4 EPIMORPHISMS AND EXTREME SUBOBJECTS 

The knowledge of special morphisms such as the epimorphisms 

and extreme $Ubobjects of a category proves very useful. For 

example, in a "nice" category, if a property is closed under 

the taking of products artd ext;reme su l:objects then it is epi­

reflective [Herrlich 1968, 10.2.1] 

To characterise these morphisms we use the notion of the 

double of a space Y along a subset U . That ip we identify the 

coproduct of two copies of Y along U • In the case of separated 

z-spaces it is necessary to impose some condition on U to ensure 

that our double is separated. For the non-separated case IfO 

such condition is necessarY· 

To be precise, let i 1 ,i2 : Y-+ Y II Y be the two inclusions 

into the coproduct of two copies of Y E: I Zero I .. Define an 

equi yale nee relation on Y II Y by: 

a ::b if and only if either a= b or ii1 (.a) = i 2-
1 (b) E: U or 

i 1-
1 (b) = i 2-1 (a) E: U • Let q: Y ll Y-+ Q be the natural map defined 

onto the space Q with the quotient z-structure. Let r = q. i , . n n 

(n = 1, 2) 

It will Q~ convenient to consider Q as a pushout. 
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1.4.1 Proposition. The double, Q , of Y e: I Zero I along U 

is the following pushout in Zero : 

Y----.......----_.. 
rl 

Q 

where j 1s the inclusion map. 

Pro0f. 

u 
j y 

~ 
j YIIY 

/. ~ 
r2 

y Q 

' ',k 
' 

•x 

Given hn e: Zero (Y ,X) with h 1 • j :; h 2 . j , there exists a unique 

function k: GQ+GX with k.rn= hn (n = 1,2) . Hence (k.q).in = hn 

(n = 1,2) and by coinitiality of Y U Y for i 1 ,i2 we have k.q 

a z-map. Finally, since Q is ~oinitial for q , k is a z-map. 
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1. 4. 2 Lemma. For each (separated) z-space Y and each 

(zero-set) subset U of Y there is a (separated) z-space Q 

and z-maps r 1 ,r2 : Y + Q such that U = {y E: Y : r 1 (¥) = r 2 (y)} 

Proof. Construct the double Q as in the previous proposition. 

ror the non-separated case rl and r2 of 1.4.1 c~early satisfy 

the required conditions. 

In the case wheFe Y 1s separated we need to show that 

Q is separated. Consider the tollowing diagram: 

u j y 

/, 
j YliY 

/. ~ 
y 

y 

~y the pushout property in Zero ther~ ~xists a unique 

p E:Zero·(Q,Y) with pr1 = pr2 = 1y. 

It will be helpful to keep the following representation .. , 

of Q in mind: 



'· 

2~ 

u 

Case 1. x r:l= y in Q and p ( x ) f p ( y ) Then p(x) + p(y) 1n Y , 

which is a separated z-space, hence there is a zero-set A of Y 
I , 

containing only one of p(x) and p (y) . Then p -1 A is a zero-set 

of Q containing just one of x and y . 

Case 2. xi=y in Q and p(x) = p(y). Th~n either x.e:r1 (Y-U) 

and y e: r 2 ( Y - U ) or y € r 1 ( Y - U ) an c;l x e: r 2 ( Y - U ) Suppose the 

for~er to be true (th~ argument in either case 1s identical). 

Thus x € r 1 (Y- U) and y e: r~ (Y- U) • By hypothesis 

U € z-str Y , hence there exists an f € S(Y) such that U = Zf . 

Define g : GQ -+ JR by: 

on Y- U 

g = 0 otherwise. 

Then Q- r 1 (Y- U) = Zg and it will thus suffice to show that 

g ~ 8 ( Q) , for then Zg lS a zero-s.et of Q containing y b4t not x . 

vJe show that g-lF e: z-str Q for each F closed in :jR • 

Every closed set F of ~ is the zero-set of some continuous 

(and hence z- ) map : :ffi +JR • Explicitly, F is the z~ro-set of 

the function k € C (JR) = S (~) defined by k(a) = d(a,F) where 

d(a,F)=inf{lt-al :te:F}. 
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Hence g-1 F = (k.g)-1 {0} = Z(k.g) • Thus by definition 

of the quotient structure on Q we need only show that 

(k.g).q E: S(Yll Y) • By coinitiality of YII Y for i 1 ,i 2 this 

is equivalent to showing that (k.g).r E: S(Y) (n = 1,2). . n 

Now (k.g).r• = k.f E: S(Y) and (k~g).r2 = J<(O) a constant 

function and hence a z-function on Y . 

1.4.3 Corollary. If Y E: I Zero~ I and U is a zero-set then 

the diagram of proposition 1.4.1 is a pushout in Zeros . 

In ~ell-known terminolo~y, a &enerator in a category~ 

is an object P such that for each parallel pair f ,g : X~ Y in 

~ with f + g the:re exists an h : P ~X S\1Ch that fh r:l= gh . 

1.4.4 Example. The one point set P = {x} with its un1que 

z-structure is a generator 1n ~er~. 

1. 4 . 5 Rema:rk. The zero-sets of a z-sp~ce X , being clo~ed 
I 

under finite unions, form a base for some ropology qn X. By 

a closed subset of a z-~pace we mean closed in this topology. 

Thus ~he closure A of a set A in this topo+pgy is given by: 

A = n { B : B E: z- s t r X and A C B} 

1. 4. 6 Theorem. Let f X-+ Y be a z-map in Zero (respectively 

Zeros ) 

(1) f a mone>mCQrphism <=> f an injection 

( 2) f an epimorphism <=> f a surjection (respectively, f dense). 
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Proof.(1) Suppose f is not an injection. Let f(x) = f(y) but 

x + y • Let P = {p} be a generator in Zero and define 

g,h € ~ (P,X) by g(p) = x and h(p):;: y • Then fg = fh but 

~ + h and henc~ f is not a monolJlorphism. 

The converse is trivial. 

(2) Non~separ~ted case. Suppose f is not a surjection, then 

by 1.4.2 th~re is a z ... space Q and r
1 
,r

2 
£Zero (Y,Q) such that 

f(X) = {y£Y:r1 (y) = :r 2 (y)}. Thp.t is r 1 f = r 2 fbut r 1 +r 2 • 

Hence f is n9t epic. 

The converse is tri vi~~. 

Separated case. Suppose f(X) ; 'f and that there; exist 

g,h £Zeros (Y ,W) with hf = gf . 

If h + g , i . e • f is not epic , th~ n there exists y £ Y 

with h(y) + g(y) • Since W is separated it follows from 1.1.1 

that there are disjoint cozero-sets C1 and C2 of W with 

h(y)€C 1 , g(y)€C 2 • 

· h -1 C 
1 

and g -l C 2 t d h t · Y are cozero-se s an ence open se s ~n 

and have non-empty iittersec~ion since y is common to both. 

Their inte~section is open in Y and since f(X) = Y there existr:; , 

~n x € X such that f(x) € h-1 C
1 

n g·1 c 2 

Thus hf(x) = gf(x) € cl (\ c2 giving us our required 

contrc;3.diction. 

Conversely, if f is not dense then 

Y + f(X) = n {A: A € z-str Y , A :::> f(X)}. Hence there exists 

A € z-~tr Y with f(X) C A "if Y . By 1.4. 2 there is a Q € I Zeros I 
with r 1 ,r2 E. Zeros (Y ,Q) such that A = {y € Y: r 1 (y) = r 2 (y)} • 

Then r 
1 

f = r 
2 

f but r 
1 
+ r 

2 
s inc e A .P Y . 
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1.4,7 Corollary. Zero 1s well- and cowell~powered. _____,. 

1. 4. 8 TheoT>em. Let X, Y € I Zero I (respectively I Zeros I ) 
t~en for each z-map f: X-+Y the follo"'ing are equivp.lent: 

(1) f 1S an embedding (res pe cti vely a closed embedding). 

( 2) f is an equaliz;er ( respectively a multip~e equalizer). 

(3) f is an extreme subobject. 

Proof. ( 1) ~ ( 2) Non~separated case. Set U = f (X ) 1 n 

1. 4. 2 Then there exist r 1 , r 2 E: Zero (Y, Q) with 

f(X) = {y € Y : r 1 (y) = r 2 (y)} . Then f is the equalizer of 

X 
f y 

rl 
Q 

~ 

/ 
r2 

' ' 
h'" 

' ... 
' w 

Then g(W) C f(X) . But f 1s an embedding hence we can 

define h € Zero .(W ,X) by fh = g . Uniqueness of h follows 

immediately, since f is an injection. 

Separated case. If f is a closed embedding then 

f(X) = n {A: A~ z-str Y and f(X) C A} • Each A= ZfA for some 

fA~ S(Y) . We show that f equalizep the fA . Denote the 

constant map with value 0 by Q . 
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Let h : W-+ Y be g1ven. 

X 
f y fA 

JRZ • 

~ ' ' m'' 
' ' VI 

Suppose fAh = fBh £:or all A, B . Then Z(fAh) = Z ( f Bh) 

for all A,B Thus, for fixed A h -1 Zf 
A = n h -1 Zf 

B B = h -l n Zf 
B B 

= h -1 [f (X) J However 0 lS one of the fA . Thus 

h -l zo = h -1 y r: vJ • That lS vJ = h -1 [ f <X)] . 

He can thus define m by m(VJ) = x where f(x) = h(w) • 

m is t-lell defined since f 1s an injection .;:tnd m lifts to a 

z-map s1nce f is an ini tiali ty at X . Clearly m is unique. 

( 2) => ( 3) This holds true 1n general and is well known. 

For example see Herrlich [19 6 8 , 7 .1. 3] • 

( 3) => ( 1) Let U = f(X) (respectively f(X)) with the 

induced z-structure, and let the inclusion· map h : U-+ Y be the 

associated err~edding (respectively, closed embedding). 

Define g : X-+ U , by restricting the range of f . Then 

hg = f ~ But g is onto ( respectively, dense) and hence, 

by 1.4.6, ep1c. Thus by hypothesis g is an isomorphism. 

Hence f = hg is an embedding (respectively, a closed 

embedding) • 
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1.4.9 Remark. Since Zero is complete, well- and cowell-

powered, a full subcc,tegory .§.. is epi-reflecti ve in Zero if 

and only if .§. is prod1,1ctiv~ and hereditary [Herrlich, 1968 ,10.2.1]. 

1.4.10 Proposition. Zeros is epi-reflecti ve 1n Zero . 

Proof. Each z-subspace of a separated z-space 1s certainly 

s~parated. 

If IIXi denotes the product in Zero of separated z-spaces 

xi and Tii are the ~ssociated projections to xi ' then II X o 

l 
is 

a ~eparated z-space. For if x,y € IlXo 
l 

with x + y , then for 

some J , Tt'.(x) + '!To(y). 
J J 

Since Xo 
J 

1s separated, there exists 

A € z- str X j con,t aining just one of '!Tj ( x) 

-1 
1r. A € z-str(ITX o) contains only one of x 

J l 

1.4.11 Corollary. Zeros 1s complete. 

and TI o (y) . 
J 

Then 

and y . 

Proof. Each reflective subcategory of a complete category 

is complete [Herrlich and Strecker, 1973 , 36.14] . 

1.4.12 Remark. Zeros 1s also well-and cowell-powered, 

hence a full subcategory S 9f Zeros is epi-reflective in 

Zeros if and only if it is prpductive and closed hereditary. 



34 

t.S NOTES 

The res4lts of section 1.1 are on the whole those of 

GoFdon [1971] . Our approach differs from Gordon's in two· 

ways. Firstly we need to introduce the non-separated z-spaces 

pecause the category Zeros of separated z-spaces is not 

initiality co~plete: Consider the initiality problem posed by 

the constant map from a two point set to a one point space. 

Secondly we wanted a unified approach tq z-spaces and 

he~ce we eliminated the need for introducing other str~ctures, 

such as proximity structures, by our th~orem 1.1.11 . 

In section 1.2 , lemma 1.2.1 and the obvious definition 

of a z;-subspace structure are due to Gordon [1971] . The re­

mainin& definitions and results on z-~om~lete separation, S­

and S*-ernbedding are our own. 

The definitions in section 1.3 involving prbitrary 

. categories ~ and .f. and a faithful fvnctCDr M : B ~ C as well as 

proposition 1.3.5 are due t0 Brummer [1971] . The remaining 

results of this section are own. 

The notion of a double as used in section 1.4 is well­

known e.g. Thornton [1971] , Herrlich [1968, 15.2.1] , The 

suggesti0n to treat a double as a particular pushout came from 

my supervlsor. This led to a more elegant presentation of our 

results in the rest of section 1.4 . 
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Z-SPACES TO OTHER STRUCTURES 

2.1 TOPOLOGICAL STRUCTURES 
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In 1.4.5 we saw that the zero-sets of a z-space X form 

a oase fo~ the closed sets of some topology on Xo We 

how study this relationship in greater detail. 

1n the following sections other structures will be 

introduced and it will be $hown that Zero lies n~turally, 

that is by means of "forgetful" fun~tors, between Prox and ~q~, 

the categories ?f proximity spaces and completely re~~lar 

qpaces r~spectively. 

Given a z-space X, the underlying 

topology of X 1s that topology h~ving as a pase for i~s closed 
! 

sets the zero-sets of X. 

2.1.2 Remarks. (1) The cozero-sets of X form a base for 

the open sets of the ~nqerlying topology. 

(2) z-st~ X is easily seen to satisfy the conditions of 

De Groot and Aarts [1969] for a f~mily to be a base of closed 

sets for a completely regular topology. We now give 4 direct 

proqf : Let A be a closed set in the underlying topology and 

let x € X-A. Since A is closed, 

A = n {B : B E z-str X , B ~A}. Thus there 1s ~t least one 
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B € z.-st:t;' X such that B ::> A and X ~ B. By l.:;t..l2 

there exists f € s:';<x> with B = Zf. Then f is con-

tinuous for the underlying topologies, f(x) ·f. 0 and 

f(A) c {O}. If X is a separated z-space, then the 

underlying topologica~ spqce of X is a complete~y reg~lar 

(~) The underlying topology of X is delivered by the 

"forgetful" functor F : ~ + Cq~ ? ¥Jhic:h leaves maps 

un9hanged. That each ~~map is continuous in the underlying 

topologies is qbvious. We shall henceforth reserve the 

symbol F for this functor • 

. .... 

2.1.3 Examples. (1) Different z-structures may have the 

same underlying topolo~y. For ~xamp~e, the Baire sets on 

a metric space form a z-structure which has for its under-

lying topology the discrete topology, and the obvious 

discrete z.-structure on a set also has the discrete topologyr 

(2) A completely :t;'egular space X wh~ch has the propert~ 

~hat every open subspace is Lindelof? admits a unique 

z-struc~ure. F9~ if X = FY for some Y € !Zero!, then 

each open set U of X ~s a union of cozero-sets of Y. 

Each cozero-set 9f Y is, op~n in X, hence W ~s a 

countable union of cozero-sets and ~s thus itself a cozero-

set of Y. 

(3) By (2) above we pave that each X € !Crgl which 

has a countable base ad~its a unique ?-structy:t;'e. Thus 
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JR
2 

has the unique z-structure admi ttii=d b¥ JR • 

Let H,E A ~ B be functors between categories A 

and B. If M B ~ C is a faithful functor then we WTite 

H ~ 11 E if HX ~M EX for each X € ~~~- He say that H 

is 11- coarser than E. If further E 'M H and M . I is 

amnestic, then clearly E = H. 

2. l. 4 Theorem. Let L : A ~ B be a f~ithful f~nctor. 

If R is a right 1nve~se of L suq~ that lA ~L RL, then 

(l) R is adjoint to L 

(~' L preserves initiality for every faithful 

H B ~ C. 

Proof. (l) The adjunctions (1 8 ) : 18 ~ LR and s : RL + lA 

(given by lA ~~ RL) satisfy t0e req~ired conditions for 

R to be adjoint to L (see for example Mac Lane [1971] ), 

(2) We must show that if Y = inML (C,gj,yj : j € J) 

then LY = lnM (C,g.,LY. 
J ~ 

j E: J). 

f. 
J Let y = inML (C,gj,Yj : j € J) ,. Y. 

rj and let MLf. = g .. Certc;:tinly 
J J . 

A · Lf. € B (LY,LY.). We neeq 
J - J 

only show that {Lf.} is an 
RLY. J 

J initiality at LY. 
RX Rh. 

J 



2.1.5 Theorem. The forgetful functor r : Zero -+ Crg has 

a unique right inverse R, ~nd this R is left adjoint to 

r. 

Proof. Jret X € I Crg I o Applying l.lo4 to ~*(X) we see 

that the zero-setp of functions in C(X) form a z-stru~ture 

on ;>c. This z-structure is delivered by a functor 

R : Crg -+ Zero which leaves maps unchangeo; we need only 

check that Rf € Zero (RX ; RY) for each. f € Crg (X , Y) o 

Let A € z-str RY. Then there exists g € C(Y) wit~ 

Then (RfT1 A = ~(g.f) where g.f € C(X)o Hen<;::e 



·~ 
'•. 

,. 

'\ 

·~~ 

'J' ., 
• 

. ~j' ,. 

39 

R 
X RX 

IF 
FRX 

If A ~s closed in FRX~ then it is qn intersection 

of zero-sets of RX and hence an intersection of zero-

sets of function~ in C(X). Thus A ~s ~los~d in x. 
Conversely, the zero-sets of functions in C(X) fopm 

a base for tJ"le c;Losed sets of X [Gillman and Jerison, 

1960, 3.2]. Hence e~ch set close9 ~n X is ~learly closed 

in PRX. 

·Thus for every X €. I frpl, X·= FRX. T~at is FR = 1, :. 

vJe now observe that: 

ov - .;'1"1 (Mt= , I
2 

J.\J\. - .......... G :~ f E: erg < x , ;o > . . . . . (A) 

wher~ M : Crg ~ Ens in the obvious forgetf4l functor. 

This follows since if A E: z-str RX, then there ~xists 

f c Crg (X I) witlt A = Zf :: r 1 {o L But 
' 

{0} f. z-str Iz hence A E: ~-str inG {Mf 
' Iz : f ( Crg (X 

' 
Since for each f €. Crg (X ' I) we have Rf €. Zero _,_.,.. (RX 

' 
I ) 

z ' I 

the reverse inclusion follows immediately. 

.If L is any 9tl)er ;r-ight inverse of F then 

Lf €. Zero ( t..X 
' 

LI) for each f E Crg (X 
' 

I). But 
. I --
LI = Iz by 2 .1. 3 ( 3) ' hence Lf €. Ze;r-o (LX 

' Iz). 

Thus by (A) above, RX ~ LX for each X €. I Crgl. 

That ~s' ~ is the coarsest right inverse of r.· 

I)}. 



'' 

i ' i 

\ 

40 

For each Y € 1~1 , Y ~ RFY since: 

If Y E: jZerol then Y = in8 (Gf , ;!:
2 

f E: Zero ~y I )) ' . z 
by 1. 3. 8. 

(Y 
I ' 

If f E: Zero 
' - z then Rff E: Zero (RfY 

' Iz) by 

again appl:ting 2.1.3(3). 

But RFY = lnG (Gf 
' 

I f € Zero (RFY Iz)) ' z ' 
pence y ~ RFY. . . . . . 03) 

Thu$ ~f L is an¥ other ri~ht inverse o~ F qnd if 

X t. ICrgl then 

J-,X ~ RFLX = RX. 

R is ~hus the finest ri&ht inverse of f and hence the 

un~qu~ right inverse to F. 

(B), Y ~ RFY for each Y E: IZE;;roj. _...,.. Thus 

l ~F RF so that, by 2.1.4, R is left adjoint to F. 

2 .l. 6 Cor0l+ary. 
,t 

The forgetful funytor P : 2ero + Crg 

preserves initiality for the forgetful functor 

M : Crg r+T Ens. 

2. 1. 7 Remark. By 2.1.3 (1) R lS not a left ~nv~rse to 

F. Thus F : Zero + Crg is not an isomorppis~. :further 
I 

examples of completely r(2gular spaces whi.ch aqmit unlque 

z-structures will be given in later sections. 
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2 .1. 8 Remark. Once aga1n it is convenient to consid~r 

a functor L : A + B. Let r be a ~eflector in B 

and denote by B(r) the full, isomorphism closed, reflective 

subcategory of B GOrrespond~ng to r. Furthermore .l~t 

L-1(B(r)) denote the full, isomorphism closed subcategory 

of A such that A € IL1 (~(r))j if and only if 

LA € I B ( r) I . 
T 

Given that A is completel well-and cowell-ppwered, 

then L1 (8(r)) is epireflective lP A if either 

(i) L preserves products and e~treme pubobjects, or 

(ii) L preserves limits. [Brummer, 1971, 1.9.2.] 

If L1 (B(r)) is epi~eflective in A then we denote 

by ~L the epireflector (unique up. to natura~ equiva~e~ce) 
T 

which is such that L 1 (B(r)) = A(rw). We say that r ~ 

be lifted against L. 

If in addition L pr~serves e~imorphisms and has q 

right inverse R : B + f.::., then there exists a natural 
I 

equivalence L r .: Lr R. 

[Brummer, 19 71 , 1. 9 • 4 • ] 

2.1.9 Proposition. ~f r is an epireflector 1n Crg 

then r can be lifted againpt F : 

reflector L r 1n Zero. !1oreover 

is as in 2 • l. 5 • 

Zero + Crg 
r---rT" ~ 

L 
r = fF R, 

to an epi-

where R 

The same holds, mutatis mutandis, for the restric~ed 
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forgetful functor Zeros ~ Crgs, where Crgs qenotes the 

separated subcategory of Crg. 
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Pr9of. We need cn~y note, firstly, that Zero and Zeros 

are complete, w~ll-and aowell-powered (1,.3.12, 1.4.7, 1.4.11, 

1.4.12). Secqndly, F preserves initiality (2.1.6) and 

hence preserves ~rqduct~. Thirdly we have charqcteri~ed 

th~ epimorphisms and ~xtreme monomorphisms in Z~ro and 

Zero.s ( 1. 4. 6, 1. 4. 8), and it is known that i;h~ epimorp}fisms 

in Crg anQ Crgs are the surj~ctions and the dens~ maps 

respectively, while the extreme SUPQbjects in ,erg apd 

Crgs are the embeddings ~d the clo$ed embeddings re9~ect­

.ively. [Herrlich, 1968]. 

2.1.10 Examples. 
I ' 

(1) Zeros i$ the full, ep~refleqtive 

subcategory of Zero obtained by lift~ng the T epi­
o 

reflector in Top, the category of topological spaces, 

against the forgetful functor F. 

( 2) . Both the compact and the realcompact completely 

regular spaces lift against F to fu],l epireflective sub-

.c~tegories of Zeros. 

In view of 2.~.10 (2) above we now give the obvious 

definition for a ~ompact zrspace. 

2 .1.11 Definition • A z-sp~ce X is com~act if its underr 

lying topology is compact. A compact space ~ is a 
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compactification of a z-space X if X lS a dense 

z~qubs~ace of Y. 
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2.1.12 f~marks. (l) Clearly, the z-space X is compact if 

and qnly if ev~ry covering of X by cozero-s~ts has a 

finit~ subcovering. 

( 2-) By 2. 1 ~ 10 ( 2), the compact separated H-spaces form 

a full epireflective subcategory of Zeros. 'Fhis calf b~ 

seen directly by observing th~t cqmpactness is p~oductiv~ 

an~ closed hereditary. We qenote by 8X th~ compact 

reflection of X € !Zeros!. As the n9tation impl~es, 

B:X is the analogue of the S~one-Cech <;::ompactification of ,a 

separated completely regular space. No ambiguity will 

arise from this notation as the following propos~tion sh9ws. 

2.1.13 Prop9sition. Let Y € I yrg I · If Y i~ compact 

then it admits a unique z-structure. 

Proof. If X is a compact z-space, then by 1.1.8 

M = {ff f E S(X)} is a uniformly closed ~ing of continuous 

functions, separating points and containing the constants. 

~hus by the Stone-Weierstrass theorem, M = C(FX). 

Thus S(X) is determined by the topology, and hence 

z-str X is determined by the topology. 

Further results concerning compactness and 8X for 

z-spaces will be developed later. 
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2.2 PROXJMITY N~D UNIFORM STRUCTURES 

We now develop further t~e rel~tionship of Zero to 

other c~tegories. 

Given any X E: I Prox I , wh~re Prox is the category 

of proximity space$, it would be pleasa~t ~f the zero-sets 

of the proximity f4nctions on X formed ~ z-strijcture on X. 

Tnis unfortunately is not alwa¥s true sine~ the proximity 

functions neeq not form a ring (closure under addit~on may 

fail, [Fenstad, 1964] ). The situ~tion however can b~ 

remedied. 

2. 2. 1 Theorem. Given X E: I Prox I . Let Z be the -o 

collection of ~11 zero-sets of proximity functio~s X -+ :IT< • 

Then ~' the family of all count~ble intersections of 

finite uniqns of set$ in ~0 , is a z-structure on x. 
Moreover Z is delivered by a functor F' Prox r+ Zero. -.-

s:p 

Proof. 
I 

By 1.2.1 we need only show that for ~ach A E: Z -o. 

the re ex is t s f : X . -+ JR such that A = Z f and f-i f E: Z 

for every F closed in JR. It ~learly suffices to show 

that f~F E: Z for each 
-o 

Let 

f E: Prox (X, JR ) • _____, . sp 

We recall that TI<. has the sp 

standard proximity on JR, g1ven by A ~ B if there exists 

E > 0 St,J.Ch that 

lx-yl < E}. 

V A ('I V B = 0 w he re 
E E 

VA :i {x :3 y E: A, 
E 
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If A is qlosed in JR then it is the z~ro-s~t of the 

function h : :R-+ ;IR where h(q.) ;: d(.;i,A) and 

d(a,A) =in£ {jx-al : x t: A}. 

By a straightforward application of th~ triangle in-

equality it ~an be shown that h lS a proximity function. 

Then A = Zh and f~A = Z(~.f). 

We define F' : Prox -+ Zero to be the fu~ctor which 

leave? maps unchanged. To verify functoriality, consider 

f E Prox (X,Y) with A t: z-~tr F'¥· __,_...,.,.. T~en A is a countable 

intersection of finite u~ions of ~ero~sets of the form Zg, 

where g E: Prox (Y ,JR ) • sp 
i~tersection of finite unions of sets of the for~ Z~~·F'f), 

which are zero-sets of F'X. Hence f e: Zero (f'X,F'¥). 
---:--

2.2.2 Corollary. If X € jProxsl then F'X t: !Zeros!. 

Proof. If x and y are qistinct poin~s of X then 

there ~s a proximity function which completely separates 

them [ Ce ch ~ 19 6 6 , 2 5 C5] . 

We now define a proximity $tructure on a ~-spaqe X. 

Let us define two sets in X to be distal if they pre con~ 

tq.ine9 in disjoint zero-set~, thqt is, if they are z-

completely separated. That this does in fact defin~ a 

proximity s~ructure on X is easily verified by checking 

the axiQms for a proximity structure eg. Naimpally and 

Warrack [1970]. 
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The proximity structure defined above is delivereq by 

a functor P : Zero -+ Prox which leaves maps unchanged. 

(To prove functoriality of P, consider f € Zero (X;Y) 

and let A and B be distal sets in PY. Then there 

exists g ~ S(Y) which z-completely separates A and B. 

Then g.f 1s a z-function which z-completely separ4tes 

Thus P~ € Prox (PX,PY)). 

2.2.3 Proposition~ Given X € I Zero I • 

it and only if f C Prox ( PX , JR ) • 
--·- sp 

l?roof. Let f : X -+ JR be a z.,.map. ' z Then Pf : PX -+ PJR z 
is a proximity map. Clearly PJR is finer than 

z 
JR sp 

Conversely let f c Prox CPX , :ffi ) • . sp Consider the open 

interval (a,8) in JR. The interval [ a + ! n' 8 ... !] 
n 

:rn.- (a,8) are distal in JR for each sp integer n, anq 

hence their inverse images under f are distal in X. 

Thus :for each n there are disjoint zerq-sets and 

and 

A' n 

of X with l + -n' and r 1 < JR ..,. < a. , 8 ) ) c A ' n· 

Thus 

Then 

r 1 [ a + 1. s - !] c A c x - A ' c r 1 < a , B ) n' n n n 
co 

:f'1 
( a , B ) = u 

n=l 
(X-A I) 

n 

which is a countable union of cozero-sets of X and is hence 

a coze:J;"'o-set. 

Let X € IUnl, where Un is the category of uniform 
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spaces. The uniformly contipuqus function$ generate a 

z•structure on X in exactly the same way qS the proximity 

f~nctions oo for a proximity space. In detail: 

2.2.4 Theorem. Given XC !Unl. Let Z be th~ co~leqt­
~o 

~on of all zero-sets of uniformly continuous functions 

Then ~' the fc;unily ?:f all <;:ountab~e inte;rs~ctio;ns 

of finite un~ons of ~ets ~n z -o' 
which is delivered by a functor 

i~ ~ z-structure on 

F" : Un -t Zero. 
+-

X 

Proof. Obs~rve that the function D : F ~ F defined in 

'2.2.1 by h(ca) = d(a,A), where A is any closed set in 

~, is uniformly continuous with ~espect to the usual (metric) 

uniformity on JR • The proof that Z is a z~structure 

follows along the lines of the proof of 2.2.1. 

Once again F" is the obvious functor which leaves maps 

unchang;ed. 

2,2.5 Corolla~y. 
I, 

If X € IUnsl th~n F"X € !Zeros!. 

Proof. pistinct potnts of a separated uniform space can 

be s~parated by a uniformly continuous f~ction. 

2.2.6 Remark. Since the sum of two uniformly continuous 

functions is uniformly continuous, z 
-0 

of 2.2.4 is c;Losed 

under finite unions. Thu~ ~n fact we need only consiqer 

the cou~table intersections of zero-sets of uniformly 
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qoQtinuous f4nctions t9 generate a z-st~uctur~ on a Mqiform 

space. 

A uniform space Y can be thought of as a set with a 

family of ps~udometrics defined on it, which generate the 

uniformity; we denote this family by u-str Y; 
I 

it c 0nsists 

of the pseudometrics wnich are un~formly cont~nuous 

YxY, + JRsu (Kelley, 195y) . 

.Given X € I Zero! we can define a pseudom~tric, for 

each f e: S(X), on X by pf(x ~;;) :: jf(x) - f(y)l. The 

uniform structure defined by {pf : f € S~X)} is den.oted 

by ux and that defined by {pf : f € s~: < x >} by u~·:x. 

Let X € ! Un I· It ~s well-knowp th~t we cijn ¢efine a 
I 

proximity structure 6 on X by: A 6 B i~ and only if 

H(AJ r\ B '/. 0, where H(A):: {y: (x,y) £ H, x £A}. This 

structure is delivered ~Y a forgetfvl functor Q. 

2.2.7 Theor~m. Let X e: I Zero!. 
~ 

Thep PX is the pr9~ 

ximi~y structure induc~d on X by both UX and U*X. 

Proof. We give a sketch of the proof g1ven by Gordon 

(1971, 4.2]. 

If A and B are distal in PX then there exists a 

bounded z-map f whiGh z-completely sepanates them. Then 

H = {(x,y) : pf(x,y) < l} is an entourage for both UX and 

U*X with H(A) r\ B = 0. 
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• 

Conversely if A is distal from B ln QCVX) or 

Q(ll*X) ~hen there is an entourage ~ such that 
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H(A) n B = 0 • Then (x,y) f. H for each x £ A a,nd y £ B, 

In both case~ there are f 
1

, ••• fn £ S (X) and 

£
1

, ••• £n > 0 puch that: 

by tpe metrization lemma. 

If we let g. = .l (1-Jf· £. l for each +, then 

and, y £ B, lg;i(x) " g. <y >I ~ 1 l for some i. 

g : X -+ :nf by g(x) = (gl(x) , .. • ,gn(x)). Then 

if X £ A 

De tin~ 

d ( gA ,gB) ~ 1 where d is the u~mal :E;uclidean metri9 on JR" • 

De fine f : :ffin -+ :m by f ( t ) = d ( t , gB) 1\ l.. Then f l$ 

continuou$ and f.g is a z-map whi~h z-complete1y separates 

A and B. 

2. 2. 8 Theorem. Let X € !Zero!. -.--- UX and U*X are 

delivered by functors U and U* respeqtively which are 

r~~ht inverses of the forgetful functor f" : Un -t Zero. 

Proof. UX and u~·=x are de J,i vered by the 9bvious functqrs 

which for convenience we denpte by U and U* respectively. 

W~ need only check that U*f € Un (U*X,U*Y) fo~ e~ch 

~ E: Zero (X,Y). 

v~·=y 

g E: s~·=cY>. 

is defined by pseudo-metrics of the form 
I 

Since f is a z-map, f.g E S*(X). 

(a ,b) t----+p (fa,:fb) = p f(a,b) g g. 

Pg 

Thus 

with 
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~s one of the pseudometrics defining l,J:':x and hence f is 

uniformly continuous. 

To show that U and u~·: are right inverses we stlow 

that the following diagram ~ommute$ for e~ch 

(That the diagram for 

analogeous way.) 

X 

If x £!Zero! let 

sc;me f 
,... ,... / ,, ' But t. ;(J\Ido 

Thus A € z-str F"UX. 

1 ]"'· 
1-''' is commutative is shown in an 

u ux 

IF" 
F"UX 

A € z-str x. Then A = Zf ;for 

f £ Un (UX, R ) by definition of - su ux. 

Conversely let A E: z-str F"UX. rhen A is a CO~Btable 

interseqtion of zero-sets of ~niformly continuous {unctions 

from UX to :R • su But if f € Un (UX,Rsu) then 

f ~ Prox (QUX,:R ) = Prox (PX,~ ) since each uniformly qon-_,........,- sp -. -- sp 

tinuous map is a proximity map for the underlying p~oxi~ity 

structures and QUX = PX by 2.2.7. Thus, by app~ying 

2.2.3, f £ s<x>. 

Then A is a countable intersection of zero-sets of 

func;tions in S(X) and is thus a zero-t=;et of X. 

2.2.9 Corollary. P = qu = qu~·:. 
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Proof. This follows ~~ediately from ~.2.7. 

2.2.10 Remarnk. Ne~ ther UJR nor U;':JR J.S the usual 

(metric) ~ntform~ty on JR. Sine~ S(JR) = C(:ffi.), the uni""r 

form structure generated by {pf : f ~ S(JR)} is the initial 

un i form s t ru ct u re for C ( JR) t o JR $U. Thus each f E. C(F) 

i9 uniformly continuous in this struyture. But npt all 

~ontinuous functions are uniformly continuous ~ith resp~ct 

to th~ metric uniformity on m. 

Notice however th~t F" JR = JR = F'' U;': JR su z z 

2.2.11 Pr-oposition. L~t X € jZerol. Then 
~ 

ux = ~nGF" (Gf,V,. f € S(X)) 
su 

and 

u:·:x = inGF" ( Gf 'iRsu f € S;':(>()). 

ProoL Let f E. S(X) lift to f 1 E. Un ( UX, UJR ) • 

f 1 € Un (UX,JR ) ...,_ su 

is finer than JR su 

ux 
+ 
I 
I 
I 
I 

w 

and G F" f 1 = G f . 

fl 

- ' z 

Thus 

;IR su 

It is 

Un 
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Gf 

Ens 

GF"W 

We need only show that {f'} is an initiality at UX. 

~F''t·J -+ G~ be gl ven 

such th4t Gfl' f I • k = Gf. k = GF"h . . f! for each f f S(X). 

Consider (a,b) 

hf' € Un (VJ ' :ffi ) ' hence 
-. -. su 

each f E: ? (X) • Thus 

map \'J -+ ux. 
k 

pf 1 (ka,kb) =ph (a,b). 
. f' 

Then 

p is a pseudometric in W for 
hf' 
lifts to a uniformly continuous 

It is well known that the complete uniform spqceq form 

an epirelfective subc~tegory of Uns. Let y denote the 
I 

completeness epireflector in Uns. Tne following res~lt 

has a ~ell-known analogue for comp+etely regular spqces, 

2.2 .. 12 Proposition. y u ~·: - u ~·: s • 

Proof. SX being compact is the completiqn of X for 

pome uniform structure on X. SX admits a unique uni-

formity and ~*SX = ~*(SX) where ~* is the uniform structure 

defined by pseudometpics of the form Pf where f E: q':(X). 

SX can be considered as a separated complete~y regul9r space 

hence I@:':(BX) is admissible [Gillman and Jerison, ~960, ],5.6~. 
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Thus the uniformity ~qmitted by BX is V*8X. 

But u:·:ax I X = u:·:x' hence sx is the complet~on of 

:t for u:·:x. 

2.2.13 Proposition. 
I 

Let X € I Zero I . U1'X is the finest -.-
admissible precompact uniform structure on ·X. 

Proof. A unifo~m structure is precomp?ct if its completion 

is co111pact. Sy 2.2.12 U*X is certainly precomp~ct. Jn 

fact every ~tructure genera~ed ~y a su~family of pseudo-

metrics of the form Pf' f E S*(X) is pre9o~pact since 

U*X is fi~er than each of these structures. Thu,s we need 

only sho~ that every admissible precompact structure is 

gene:rq.ted by a subfamily of {pf : f E s:': (X)}. 

lf D is an gQ~issible precompact structure on X, 

then yD is compact. Being compa,c;t f"yD admits a unique 

uniform struct~re, thus yD = u:'r ( f"yD). 

But u:·:cr"yD) ~s generq.ted by pseudometrics of tpe 

form Pf wher~ f E s:·: < f" yD >. 

Tpur:; yDix = D is generated by pseudo~etrics of the 

form Pg whe;r'e g ( s:·: < F"yD) 1 x c s:·:cx>. 

2.2.14 Proposition. U .•. .. i~ the weakest right inverse 

of F". 

Proof. Let X E I Zero j. We must spow tfiat u:·:x ~ r,.x 

for any right inverse L of f" • 

Let I, be a right ~nverse of F". If f e Zero (X,I ) 
·4--.-,-



,. 

I 

then Lf ~ Un (LX,LI ). - z But Iz is 90mpact, hence 

Thus Lf€ Un (LX,I ). su 

Hence by 2.2.11, U*~ ~ LX. 

We have now d~veloped enough m~chin~ry tq st~dy t~e 

functor P : Zero ~ Prqx -..,...-- in greater detail. 
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2.2.15 Theorem. P lS the only right invers~ of the forget-

ful functor F' Prox .,... Zero. Moreover P ~s left 

adjoint to F'. 

Proof. That P is a right inverse of F' is a str~i&ht-

forward v~rification involving 2.2.3. 

By the well-k+lown isomorph.i..::;m u.r· to th~ category 

of preco~pa~t uniform spaces, uniqueness of f will follow 

if we show that there is a unique right inver.s~ of tpe 

restriction of F" : Un -+ Zero to th~ fX'ecompC;l.Cft s:paces, 

This follows immediately from 2.2.13 and 2.2.14. 

By 2 .1. 4 p is left adjoint to F' if 1 ~ Pf I • 
"F' 

Let X C 1~1 a+1d let A and B l;le distal ln ·X. 

Then there ~xists f ( Prox (X,:m ) .-- sp w[lich separates A C;lDd 

B [ C~ch, 1966, 25C5]. Then F' f ( Zero ( F' X ,:ffiz) 

z-comp~etely separates A and B. Thus A and B are 

distal in PF'X, i.e~ X 'r' PF'X for each X ( I Pr,ox I . 

2.2.16 Remarks. (1) P is not an isomorphism, since not 
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every prox,i.mi ty struc;:ture arises from a z-str) .. H:;ture. For 

example, m admits a ~nique z-structur~ but many pro~imity 

structures. In generq.l, a proximity structure arising 

from a z-structure has the ~roperty that its proximity 

funGtions form a ring~ but as mentioned earlier, an arbitrary 

proximity structure need not have th~s property. 

(2) It shou~d be remarked here that the usu~l forgetful 

f~nctor K : ~ : Crg has a ~n1que ri~ht i~yerse V 

whic~ is a left aojoint. A proof as ~T1 2.2.15 can ~e g1ven 

based on the result of Brummer [1~70, 1871] that the forget-

ful functor Pcu ~ Crg frpm the category of precompact 
--.--r ' 

uniform spaces to the category of completely regulc;1r spaces 

has a unique right inverse. 

(3) P has a right adjoint F' and is c;1n ~mbedding. 

Thus Zero is isomorphic to a full bicoreflective sub-

category of 

We now show that the arrows in Figure 1 co~ute. This 

is summarised by the following theorem. 

2.2.17 Theorem. (1) F'Q = F" 

( 2) FF I = K 

( 3 ) FF" = T 



' . 

Proof. ( 1) 
Q 

Un Prox 

f" 
Zerp 

Let X £ I Un I· Any zero-set A of F"X lS a countable 

intersection of finite unions of zero-sets .of 4·niformly 

continuous functions f € Un (X, TI< ) • 
- S'4 

Such f is in 

Prox (QX,m ) and hence by definition of _,.. sp 

A € z-str F'QX. 

F' 
' 

~onversely, if A € z-str F'QX then it is ~ co4ntable 

intersection of fin~te unlons of zero-se~s of proximity 

functions g € Prox (QX,JR ), Then (gv-~)" 1 = __,_,... sp 

h e Prox (QX,I~_) and Zg = Zh. Since I is 90mpact 
~·~- "'1-' sp 

we can apply 12.],1 of Naimpally and Harrack [1970] to h. 

Hence h C Un (X, I ) • su Thus A € z-str F"X. 

( 2) 

F' 
Prox Zero 

~lF 
Crg 

Let X € I Prox I. If A is ~losed in FF'X then it is an 

inters~ction of ~ero~sets of F'X and ~hus an ~nterse~tion 

of finite unions of zero-sets of proximity functions 

f e:~ (X,JRsp). 

is closed in KX. 

Such f is in Crg (KX ,lR). Thus A 

56 
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Conversely, if A is clo$ed in KX then e .;:tch y E: X-A 

is diStfil from A. Hence we may chaos~ f E: Prox (X,JR ) 
y sp 

such that fy(A) = 0 and fy (y) ,.. 

Clearly A = n {Zf : y E: X-A} y 

1. 

and since the ~era-sets 

of proximity funct~ons form a subbase for the elos~d sets 

of FF'X . , A is closed in FF'X. 

( 3) 
F" 

Un 

Let X e: I Un I . ..- The zero~sets of uniformly contin~ous 

fuflctions on X f<;>rm a base for the clqsec;l sets of FF"X. 

Thus each s~t closed in FF"X is clearly t;::losed in TX. 

If A is closed in TX then A = n {K : d(x,A) = O, 

d e: u-str X}. Thus A is an intersection of zero-sets 

Qf Ufliforrnly continuous fun~tion~ on X. Tnus A is eloped 

~n FF"X. 

Further relationqhip$ between the forgetful functors 

and their right inverses are given in the foll9wing theorem. 

The arrows involved are indicated in Figure 2. 



2.2.18 Theqrem. (l) rg:·=r = U"' .. 
( 2) F'V = R 

( 3 ) PR = v 

( 4) u:·=R = cg ••• .. 
( 5 ) qtg:': = v 

( 6 ) F"H = R 

where H ~s any right inverse of the foT!ge~ful functor 

r : un -+ Cq?· In ( 1) ' ( 4 ) and (5) the functors are re-

stricted to the separated categories. 

Proof. (1) We have that: 

yf?:':r cg:': B f = u:·=s - yu:·: - (2./?.12) 

Thuq y f!?:': F yu:·= and u··· 'f ~·: F • .. = -

(2) F(F'V) = (FF' )V = KV = 1 (2.2.11 (2), 2.2.~6 (2)). 

But R is the unique right inverse of f (2.1.5), thus 

F'V = R. 

(3) FF'.PR = F(F'P)R = F1R = 1 (2.2.1~). B~ 

uniqueness PR = V. 

(4~ By ( 1) rg:·: F = u··· .. 
' 

hence t'i=FR = Ul'=R and since 

FR = 1, (/J ·'· ' .. = u:'•R. 

( 5 ) ... Qrp.•. = QU~=R = PR = v (2.2.9). 

( 6 ) Let H be any right irlVerse of T = FF" 

(2.2.17 (~)). FF"H = TH = 1. 

But R is the uniq11e right inverse qf F, hence F"H = R. 

In particular: F" rg = R 

F"r' :': = R 
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2.3 NOTES 

The structures PX,U*X,UX were introduced by Gordon 

[1971], who also showed that they are compatible with X 

Cior a separated z-space ~). We have added the consider-

ations about functoriality, adjointness, and uniqueness 

of right inverses. The obvious definition of compactnepS 

is Gordon's as well as results 2.1.12 (1), 2.1.13, 2.2.3 

9-no 2. 2. 7. · 

With the exception of 2.1.4 (1) anq 2.1.8 which are 

due to Brummer [197~] the remainin~ result~ are our own. 

Th~ formulation of 2.1.6 as the general re~ult 2.1.4 ~2) 

was suggested by my superv1~or. 

without proof 1n [Brummer, 1971]. 

The latter result oqcurs 
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We give the following counterexample; T the 'fychonpff plank 

is pseudocompact (in Crg) and admits a unique uniform qtructure, 

hence a unique z-structure RT • Th~s CCT) ~ S(~T) and RT 

is pseudocompact (in Zero). But T, and hence RT, contains 

a closed, countable, discrete s1.,1bset N which is not pse\}do-

compact. Also COO = S(N) since N has ,;1 countab;J..e base. 

Thus N is not pseudocompact in Zero. 

Conseque~tly, pseudocomp~ctness is not epi-refleQtive 

1.n Zeros. 
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3.4 NOTES 

The results ano definitions of section 3. 1 , 1n one form 

or another, are, with the exception of 3.1,1 3~1.6 ~nd 3.1.7 

those of Gordon [19 71] . . It should be noted that 3. 1. 1 is 

probably not ·in its most geperal form (~f. Gillman and Jerison 

[1960 , 6. 4]), but time and the faGt that more generality was 

qot needed di~tated its form, 

Results 3.2.2, 3.2~3, 3.2.4, 3.2.9 and 3.2.10 are due to 

Gordon [19 71] and Lorch [196 3] . Moreover GoFdon proves the 

reverse implication of 3.2.10. The methop we used to, 9btain 

this implicatiop · howev~r, led to further characterizations of 
' . . . I 

pseudocompactn~ss an9 used machirery wh~ch ryad alre·p_dy been 

developed for otper con9ideratio~s such ap the not~on of z-

complete separation in section 1.2, the characterization of 

epi-reflectors in section 1.4 as well as 2,2.13. 

The remaining results of thiP section were, or the whole, 

· motivat~d by problems from G,illman and JeFison [1960] . Problem 

3.3.2(2) was posed by my supervisor. 

Further properties of pseudocomp~ctness and realcomvactness 

for z- spaces can be found in Gordon [19 71] • We note in par,-

ticular that the product of pseudocompact spaces is pseudo-

compact. The obvious questi?n to ask is wpether or not pseudo­

com~actness ~s closep hereditary in Zeros. 

) 
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.{ 3) In the study of the rig{lt inverses U and U* of 

F" : ~ ~ Zero we haq to invoke the induced prpxi~i ty structure 

PX • This w0uld not be nr:;cessary if F" had a lari i.e. a 

left. adjoint right inverse. Existence of a lari is equivalent 

in our situation to s~ying that F'' preserves initiality 

[Brummer, 1971, 1.6.9]. 

Thu? does F" ,preserv~. ini tiali ty {or coini tiali ty) ? 

(4) Zero ip embedded in Prox as a full bicoreflectiye. 

suoc~tegory (f. 2.16 ( 3)). Herrlich [1973] shows that Pr.ox is 

embedoed as a b~reflective full $Ubcat~·gory P-Near of Near, 

the category of nearness spaces and nearneS$ preserv1ng maps. 

How is Zero embedded in Near, and· what is an internal 

characterization of the z,..spaces in Near? 

(5) In 2.1.10 w~ observed th~~ t~e realcompact comp:etely 

regu;Lar spacef? lift against F : Zero ~ Crg to a full epi­

reflective subca~egory of Zeros. We have failed to show that 

a realqompact z-space has a real~ompact underlying topolpgy 

or vice versa, i.e. is FuX = uFX? (where the diff~rent 

meal')~ngs of u should be rtoted). 

(6) It is apparent in 2.2.1~ that we have no knowledge 

abo1.,1t the relationship between ~ ano U • There is probably 

some connection between this problem and (5) above ·(see 3.1. 8). 
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3.3 PROBLEMS AND APPLICATIONS 

3.3.1 Applications. (1~ The non-separated z-spaces 

provide a natural ~etting in which to dev~lop dimension theory . 

The subspace theorem does not in generql hold in arbitrary 

topologi~al spaces [Gillman and Jerison , 1960 , 16M9] • 

Cp.nfell [1973] defines a covering dimension for z-spaces and. 

shows that the subspace theqr~m~ produ~t theorem and the sum 

theorem hold. More~ver he deduc~s a subspace ~heorem for an 

arbi tr>ary t0pological space X by cOJt~id~ring the zero,... sets 

of functions in co~) . 

(2) ~ordon [1971] discusses the Baire set~ apd Baire 

functions derived fvom a ~-space and show~ that this Baire 

system is a 4-space. Then a z-space is realcompact if and only 

if the derived Baire system is. 

3.3.2 Problems. (1) In 1.4.8 we characterised the multiple 

equalizers \n Zeros, the category of separated z-spaces. · What 

are the equalizers (of pairs) in Zeros? 

(2) We saw in 2.1.3(2) that a completely regular space 

with the property that every open subspace is Lindelpf admits 

q unique z-structure. The conve~se is false. A separated 

cQmplett=lY regular Lindelof space is normal anq~ for examp],e, 

the Tychonoff plank T is a space whim admits a unique uniform 

structure (and 0ence a unique z-str~cture) but is not rormal. 

What is an internal characterization of those spacep 

which admit a unique z-structure? 
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3.2.15 PrQposition. P. z-space X 1s pseudocompact if and 

only if l1X is the same for ~acn right inverse M of 

F" : Un + Zero . 

Proof. If X is pseudo compact t}fen it p.drnits a uniq4e 

uniform structu~e. 

Conversely, if each right inverse M of F" is such that 

MX is the s arne th~n UX :: U*X and X is pseudocompact. 

3. 2 • 16 S4rnmary. 

for a z-space X . 

The following co.ndi tions are equivalent 

( 1 ~ X is pseudo compact 

( 2) spo = s* <x > 

( 3) Every admissible uniform structure l.S pre compact 

( 4) X admit::; a un1que cQmpacti ficati9n 

( 5) X admits a un1que precompqct uniform structure 

( 6 ) X admits a unique uniforl'jl structure 

{i) ux = U*X 

( 8 ) MX is the same for each right 1nver:"se M of F" Un + Zero. 



.. 

.. 

. ,. 

Hence for ev~ry admissible precompact uniform struct~re Y 

on X , disjoint zero-sets of X Cfill b~ separated by 

a uniformly continuous function g = fly on yY!y = Y 

to :R 
su 

Hence U*X is the unique admissible precompact uniform 

structure on X ( 3. 2 • 8) • 

Thus by 3. 2. 7 if X J.s ps~udocompa<;:t th~n X acdmi ts a 

unique uniform structur~. 

Conversely, if X admits a un1que uniform structure then 

this structure is U*X and the condition of 3.2.7 is satisfied 

for X to be pseudocompact. 

S. 2. 13 F.emark. Eac:;h compactifica't;ion of X is the complE;!tion 

fer come pn~ccmpact uniform stry.cture on X . Tims if X ~dmi ts 

a un1que uniform structure, which is thus precompact, then X 

admits a uniq,ue compactification. Thus we may replace "Hence" 

in 3.2.12 throughout by "if and only if" . 

3.2.14 Proposition. 
I 

A z-space X is pseudocornpact if and 

only if ux = u*x • 

Proof. If X is pseud~compact then it i,s immediately 

apparent from the r~spective definitions that ux ~ u*x . 

Conve'l:"'sely, if X is not pseudocornpac"j: then uX + ~X • 

Thus y(UX) + y(U*X) anq, since UX and U*X have the same 

underlying sets, UX ~ U*X . 
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3.2.10 Corollary 1 If a z-space X 1.s pseudocompact then 

it admits a unique compactification (that is, unique up to 

an isqmorphism leaving X pointwise fixed). 

Proof. Let )\ be pseudocompact and let Y be any ~ompacti-

fication of X By 3. 2. 9 there exists X' isomorphic. to u:X 

with X C X' C Y . But uX = BX , hence X' is compact and 

thus closed in Y • It follows that X' = Y and SX is the 

un1.~ue compactifica·tton of X . 

3 ~ 2 • 11 Re rna rk • The above result, which i$ due to Gordon, 

does not hold for Tychonoff spa~es r The followin& character-

~zations of pseudocompactness depend to a large extent on this 

result. 

3. 2 .12 Theorem. A z-space X l.S pseudocompact if and only 

if X admits a unique uniform structure. 

Proof. Let X be pseudo compact 

Hence X admits a unique compactification (3.2.10) 

Hence for every admissible grecompact uniform structur~ Y 

on X , yY = U*BX • 

Hence for every admissible preco~pact uniform structure Y 

on X, since X is S*-embedded in BX (3.1.2), 

disjoint zero-sets of X can be separated by an 

f € C(SX) = C(F"yY) which is uniformly continuous 

for yY to F. , s ~nee yY is ~ompact. 
su 
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separates A and B . Hence X is s~-embedded in F"yY (1.2.6). 

But 8X is the unique compactification in which X is s*-

ernbedded 0.1.2). Thus, since U*B - yU* , we have that 

yU*X is uniformly isomorphic to yY . As U*X ~d y have 

.the s <;1me underlying qet, it follows that u*x ;:: y . 
It only remains to shovJ that u*x has the requir~d 

property. Let A and B be disjoint zero-sets of X Then 

Thus there exists f € C(BX) = S(SX) 

which z-..completely separates c1
13

XA and clBXB • But each f € C ( 8 X ) 

J.S uniformly continuous. It follows that P. and B will be 

separated by the restr~ction of f to X . But sxlx = yU*XIx 

= u*x . Thus fJx J.S uniformly continuo4s for u*x to :ffi ' su 

3. 2. 9 Theorem. Let Y be a reQ.lcompact · z-sl?ace and X c Y. 

Then there is an X' C Y which is uX in· the sense that is is 

isomorphic as a z-space tQ uX under an iqomorphi~m leaving X 

pointHise fixed. 

Proof. We g1ve ~ brief sketch of the proof g1ven by GordoB 

[1971 '7.9]. 

Let 1 :X+ Y be the inclusion map.· By the epi-reflective 

property of u in Zeros vJe can extend .i 

Then iu 1s injective. 

.\) 
to a z-map l : uX + Y . 

T)1e proof is completed by observing 

that i u is zero-set preserving, that is if A£ z-str uX then 

and i u is thus an isomorphism. 
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uniform structure on X (2.2.13). Thus vx lS not pre compact. 

Conversely, let 't be an admissible uniform structure 

on. X which is not pre compact. Then there exists, for som~ 

d € u-str Y , an infinite d-d~screte set A in Y [Gillman and 

Jerison , 1960 , 15 .16] 

We can define an unbounded function g <:m A to .F 1n 

the obvious way. Since A is d- dis crete, g is a z- funct;iofl 

: A -+ :n<z . But each d-discrete set is ? zero-:~et of X and 

hence A 1s $-embedded in X ( 1. 2. 8) • Hence we can extend g . 

to C;l z..,.function on X which is unbounded on X . Thus 

S*(X) .f= S(X) and X is not pseudocompact (3.2.4). 

Before we g1ve further characterizations of pseudo~om~ 

pactness we need the folJnwing two results. 

3.2.8 Propos~tion. U*X is the un1que admissible precompact 

uniform stru~ture on a z-space X in which any two di~joint 

zero-sets. of f< can be separated by a yniformly continuous 

function. 

Proof. We firstly show un1queness. Let Y be an admis,sible 

precompact uniform 9tructure with the property that any two 

disjoint zero-sets of X can be separated by a function Hhich 

1s uniformly continuous Hi th respect to Y • 

Given disjoint zero-sets A and B of X , let f be a 

bounded uniformly continuous function on Y (to m ) which -14'su 

completely separates A and B . Then f can be extended to 

f* ·on yY. Since yY is compact, f* is bo].lnqed and z-completely 
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I 
3. 2. 4 Theorem. A z- space X is pseudocompact if and am;Ly 

if eacn z-function on X is bounded. 

Proof. By 1.1.13 , the existence of p.n unbounded. z-function 

on X is equ:j. valent to the existence of ? bounded ;z;- function f 

v.lith f(x) > 0 for all x e:X b4t inf { f(x) : x €X} = 0. 

Such f extends to a z-function f(3 on (3X which vanishes some-

wher~ on BX but nowhe:r>e on X. By 3.2.2 the proof is complete. 

3.2.5 Definition. Let y be a vni~orm space' and let 

d € u-str Y . A subset A of Y is d-discrete if there exist~ 

o ;> 0 sue}) that d(x,y) ~ c for each x+y in A. A set B 

- in Y is d-closed if ci- cl B = B where d- cl B = {x: d[A,x) = O}. 

3. 2 . 6 Remark. ~et Y be any admissible uniform structure 

on a z-space X, J..e. F"Y =X Si1fce x .,___...,.d[A,x) 1s 

I 
uniformly continu<:)US fon y to F 

su' 
every d- closed set J.n y 

i 

lS the zero-set of a z-map : F"Y = X -+ JRZ • But each d- dis ~rete 

set in y lS d- clOSI2d ln y and hEmce lS a fero-set in X • 

3. 2. 7 Theorem. X € I Zero! is pseudocompaclt if and only if 

every admissibl~ uniform structure is precompact. 

' 
\ 

Proof. If X is not pse1..,1doco/Tlpact then uX + (3X and hence 

But UX and U*X have the same underlying 

set hence UX .P. U*X . But U*X is the finest admissiple precompact 

~·· 
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3.2 PS~UDOCOMPACT Z-SPACES 

In this section w~ g1ve ~ordon's definition of pseudo-

compactness for a z..,space anq also some characterizations of 

ps~udocompactness. 
\ 

The method of study is ana+ogeous to that for complet~ly 

regular sp9c~s, though som~ of ~he re~ults obtaineq are unlike 

those for completely regular spaces, 

3.2.1 Definition. A z-space X is ppeudocompact if it has 

no hyperreal z-ultrafilter; that is' if ux = ex. 

The following twq propositions are formulations, due to Gordon, 

of two theorems of Lorch [1963 , Theorems +1 and 9]. 

<1 
3.2.2 Proposition. 

pactification of X . 

Let X € I Zepos I and let Y be any com­

Then X ir;; pseudoc<Dmpact if and only if 

every non-empty zero-set of Y meets X . 

3.~.3 Proposition. 

pactification of X 

Let {< E; I Zeros I ~nd ;Let Y be any corn­

Then X is realcompact if and only if 

each p € Y- X is contained in a zero-set of Y which does not 

meet X . 
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CHAPTER 3 PSEUDOCOMPACT Z-SPACEp 

3. 1 COMPACT AND REALCOMPACT Z-SPACES 

Throughout this chapter we wil~ only consider the 

separated z.,..spaces unless we sp~cifically state otherwise . 

Gqrdon [1970] qonstructs the usual compactification 

determined by a uniformly closed ring of bounded functions, 

which contains the constants and separates points, on a set 

X . If S* (X) , where X € I Zeros I , is t})e ring under ~on-

sideration, then the com~actification of X resulting is a 

compqctification of X as a z-space a~d is characterised as 

the un~que (up to an jsnrnorphism leav~ng X pointwise fixeq) 

compactification of X in which X is S1"-el')'lbedded [Gordon, 1971 ,5.5] 

Thus s1nce each f € S* (X) 1s a z-map into the compact subset 

f (X) of JR and since BX 1 s epi reflective in Zero~ , BX ( a;:; 

defined in 2.1.12 (2)) is for all purposes precisely GordQn's 

compactification as described above. 

~. 1. 1. Theorem. Let Y be any c;::ompactif;i.cation of X € I Zeros I . 
Then the fo~lowing statements are equivalent: 

(1) X is S*.-embedded in Y 

(2) Any two disjoint zero-sets of X have disjoint closures 

1n Y 
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Proof. (1)->(2) St;.ppcse X is S*- embedded in Y and 

that A and B are disjoint zero- sets of X • Thep A ~nd B 

are z-complet~ly separated in x __ and tnus,_by 1.2.6, are 

z- c<Dmplete ly separated l.n Y Thus there rxist disj oipt 

zero-sets C and D of Y containing A 9-nd B respectively. 

The proof is completed by observing that C f:ind D ~re closed 

in Y 

( 2) => ( 1) : If A and B are any two z-completely 

separated s~ts ln X then they ~re contained in disjoint z~ro-

sets C and D of X By hypothesis clyC n clyD = 0 ~ But 

disjoint closed sets ln ~ compact space are cornpl~tely 

separated by a continuous, qnd hence a z-, map [Gillman ~nd 

Jerison , 1960 , 3.11] Thus A and B pl;"e z-complete1y 

separated· in Y and, by 1. 2. 6 , X is sit~ embedded in Y . 

3.1.2 Corollary. 8X is the unique compac;::t~fication of 

X f l Zeros I satisfying either of the equivalent c;ondi tio!)S in 3.1.1 . 

The notion of a z-filter is well-known ln the thep~y of 

topologi9al spaces. We now give an analogue for z-spaces. 

3.1.3 Definition. Let X f I Zero I A non-empty subfami~y 

f of z-str X is called a z-filter on X provided that 

(1) 0/-!. 

(2) If A, B € f, then AnB E£ 

(3) If A f F, B fz-strX , and B ~A, then Bf!,. 
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· ..... is in the sense th~t lL 

-ultrafilter. called a z 

l. f 1. t · s real A z-ultrafilter 1 ----
under co'l).ptable i!? closed 

intersection· 

contains a countable is hyperreal if it A z-ul trqfil ter . -- . 

i~tersection is e~pty. collection of sets whose I' By a classical 

Z - ul trafi 1 ter is hyperre al if and only proof, a 

real. 

if it is not 

£very ~-ul trafil t~:r on X € I Zero I ~on verges to some point 

of SX . ~1oreover each point of BX is the limit of a urn que 

:;:-:-ultrafilter on x· [Gordon , 19 70 
' 3. 2 and 3. 3] . 

Let uX denote the z-subspace <Df BX which consists of 
I 

the limit points of real z-ul trafilters on X . Each :point X of X is the limit of the z-ul trafilter r on X consisting 
of those zero-sets toJhich contain x . 

Thus F is real. Then 

X C uX and furthermore X is a dense z-subspace of uX . The 

!3.nalogue for uX in the completely regular spaces is th~ 
Het-:i tt real compacti fi cation. 

3.1.4 Definition. 
I A z-space X is realcom;eac;t ~f ev~ry 

real Z""'l,lltrafilter on X converges to a po~nt of X 

3.1.5 Remark . 
X is realcoll')pact if and on~y if uX = X . 
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The realcompact z~spaces fopm a full 

epi-reflective subcategory of Zeros. 

Proof. We show directly that the epi-refl~ctive property 

holds. 

Let X € I Zer0s I , and let f : X + Y be a z-map into a real-

compact z-space Y • Then f :j..i fts to U f € Un ( UX , UY ) ah d as ....,... 

y i? an epi!"'reflector Uf has a unique uniformly continuous 

exi;ensiOIT't (Uf)' : YUX + YUY. But Gordon [1971 ,6.4] proved 

UuY r yUY so that F" (Uf)' is the unique z-map : uX + uY = Y , 

t-.rhich extends f . Denote the reflector by u • Then u is 

the realcompact epi-:neflector in Zeros since X is dense l.B 

uX (1.4.6) . 

3.1.7 Corollary. Realcompactness 1.n Zeros 1.s productive 

and closed-hereditary. 

- . -r 3. 1. 8 Theorem. We have i;he natural equivalence 

Uu :: yU . 

Proof. As previously mentioned Gordon [1971, 6,4] proved 

UuX = yUX for eac;h X E. I Zeros I . The nqt~rallity of 

iqX UuX + yUX follows by i;he 4niqueness of the extensions 

of mans from X to maps from vX anq yUj) respectively. 

-----
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