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Abstra
tThis proje
t is aimed at ta
kling binary gravitational mi
rolensing events.Sin
e the early 
on
eption of gravitational lensing before Einstein's General Theoryof Relativity, physi
ists and astronomers of the early 18th 
entury spe
ulated that light,if treated as parti
le, 
an be a�e
ted by gravitational �eld.Gravitational Mi
rolensing is de�ned as a phenomenon o

urring when light 
omingfrom a distant (sour
e) star is bent by the gravitational �eld of an intervening mass (lens)
reating multiple image of the sour
e whi
h 
annot be resolved.In this proje
t, we applied a model for binary lens mi
rolensing events. We analyseddata obtained from di�erent observatories: PLANET, whi
h in
ludes SAAO, Sutherland,Canopus and Perth observatories, OGLE, Danish Teles
ope, LaSilla. For the observedmi
rolensing target OGLE-2011-BLG-265, analysis of the data using the program suppliedby Keith Horne, using di�erent minimization s
hemes and algorithms, I found best �tmodel to be a binary lens with mass ratio q = 0.0042 and separation of 
omponents isfound to be u = 1.034 where in this 
ase the separation falls under an intermediate binarylens topology.Finally, the deviation from the point-sour
e point-lens mi
rolensing events on the light
urve and small mass ratio suggested a planetary system. I also 
al
ulated the time, tp,that the sour
e needs to 
ross the diameter of the planet Einstein Ring radius, whi
h isrelated to the mass ratio, and is found to be 3.30 days.
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1.1 Histori
al Ba
kgroundThe de�e
tion of light by a gravitational �eld was suspe
ted well before Einstein's for-mulation of the General Theory of Relativity. In 1704, Sir Isaa
 Newton in his Opti
kspaper asked, "Do not bodies a
t up on light at a distan
e, and by their a
tion bend itsrays; and is not this a
tion(
aeteris paribus) strongest at the least distan
e?" (S
hneideret al., 1992).Several physi
ists and astronomers in the early 18th 
entury spe
ulated that if light
ould be treated like a parti
le, light rays might be a�e
ted by a gravitational �eld. JohnMit
hell in 1784 and later Johann Georg Soldner in 1804, explained the possibility thatlight propagating in the gravitational �eld of a spheri
al mass M 
ould be de�e
ted bythe gravitational �eld of the mass and determined the �rst known de�e
tion angle of thelight ray, using Newtonian me
hani
s, and obtained

α̂N =
2GM

c2ξ
, (1.1)where G and 
 are Newtonian 
onstants of gravity and speed of light respe
tivelyand ξ is the impa
t parameter, the 
losest distan
e of a light ray to the mass, M. Butthis de�e
tion angle was half of the value 
al
ulated with General Theory of Relativity17
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Introdu
tion(Pa
zynski, 1996). Later in 1795, Pierre-SimonMarquis de Lapla
e des
ribed the in�uen
eof a heavy body's gravitational for
e on light �ow. With the aid of General relativity it isnow possible to give a 
orre
t expression for the radius within whi
h light 
annot es
apefrom a given mass. This is now referred as the S
hwarzs
hild radius, and is given by :
R = Rs =

2GM

c2
, (1.2)(S
hneider et al., 1992), (S
hneider, 2006).Theoreti
al works regarding de�e
tion of light were done assuming that light 
ouldbehave as a test parti
le: during that time the 
on
ept of photons was not introdu
ed(S
hneider, 2006). But the advan
ement in the General Theory of Relativity, by AlbertEinstein, espe
ially the paper he published in 1911, helped him to obtain the same valuefor the de�e
tion angle from the prin
iple of equivalen
e as obtained by Soldner. Hederived the de�e
tion angle without the prior knowledge and work of Soldner (S
hneideret al., 1992). Some time after the theoreti
al work derived by Einstein, the de�e
tionangle was observationally 
on�rmed during solar e
lipse with some 30% error, thoughsome s
ientists did not a

ept this result due to the growing antisemitism in the early

1920s in Germany (S
hneider et al., 1992). But this de�e
tion angle was later 
on�rmedby observation using radio-interferometri
 method with 1% error (S
hneider, 2006).After all these works O.G Lodge in 1919 used the term 'lens' in relation to the grav-itational light de�e
tion, but emphasized that 'it has no fo
al length' (S
hneider et al.,1992; S
hneider, 2006). Then S
hneider et al. and S
hneider in their two papers (1992and 2006) des
ribed the next major step studied by Eddington regarding the formation ofmultiple images. Eddington also stated that when we observe from Earth, it is known thatprimary images appear and the se
ond dimmer image will appear on the opposite sideof the 
loser star. Soon after Eddington's remarkable work, Chwolson (1924) des
ribedthe formation of an Einstein ring when the sour
e is perfe
tly aligned with a foregroundmass. He 
on
luded that the sour
e should be imaged as a ring around the lens.In 1936 Einstein published a paper whi
h des
ribes the equation of gravitational mi-
rolensing by a foreground star (Gaudi, 2010) but at the same time he dismissed thepra
ti
al signi�
an
e of mi
rolensing e�e
t. He also 
on
luded "there is no great 
han
eof observing this phenomenon" due to the low rate of o

urren
e of gravitational mi-
rolensing. For some time studies in this �eld were a bit slow, even dormant (Gaudi,2010).Between 1963 and 1964 studies were made on lensing of galaxies by galaxies (Klimov,1963) and lensing by point mass lenses (Liebes, 1964; Refsdal, 1964). Refsdal also studiedthe time delay for the two images due to the di�erent light travel time along light rays18
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1.1 Histori
al Ba
kground
orresponding to ea
h image (S
hneider, 2006). These remarkable works initiated therebirth of gravitational lensing.Walsh et al. (1979) dis
overed the �rst 
ase of a double image 
reated by gravitationallensing of a distant sour
e, the quasar 0957 + 561 . In his paper, Pa
zynski (1996)(andreferen
es therein) also mentioned that a point mass in a halo of a distant galaxy would
reate two unresolvable images of a ba
kground quasar, but the time variation of theirbrightness 
ould be observed. This is also a method to dete
t the e�e
t of non-luminousmatter. Pa
zynski (1986) introdu
ed the term "mi
rolensing", whi
h des
ribes the e�e
tof gravitational lensing that 
an be studied by the 
hange in intensity of ma
ro-imagesmade from unresolved mi
ro-images.In his se
ond paper Pa
zynski suggested that dark matter halo 
an be dete
ted bystudying light variability of target stars in the Large and Small Magellani
 Clouds andGriest (1991) proposed that MACHOs (Massive Astrophysi
al Compa
t Halo Obje
ts) areresponsible for gravitational mi
rolensing, an event that 
ould be used to dete
t browndwarfs as well as to dis
over planetary 
ompanions to the primary mi
rolens star (Mao& Pa
zynski, 1991).Mi
rolensing in the sear
h of planets was studied by Gould & Loeb (1992) and laid thefoundation for the observational sear
h for planets (Gaudi, 2010). They also introdu
edtwo-phase observational eviden
e: the �rst one is to dis
over suspe
ted targets using onededi
ated teles
ope and alert observers to monitor these targets. In the se
ond phase, thealerted events will be monitored by many teles
opes all over the world.In 1995 several follow-up observation groups and 
ollaborations dedi
ated to planetsear
hing started monitoring mi
rolensing targets so as to �nd planetary deviations fromongoing events. These 
ollaborations will be dis
ussed in detail in the up
oming 
hapters.Although intensive monitoring was done in sele
ted targets, no 
ertain planet dete
tionswere made from 1995− 2001 due to the fa
t that the number of alerted events was quitesmall (50− 100 targets per year) (Gaudi, 2010). Gaudi (2010) also stated that some timelater in 2001, one of the 
ollaborations, OGLE, (Udalski, 2003) upgraded its teles
opewith a new 
amera with 16 times larger �eld of view whi
h enabled them to �nd manytargets as well as leading to the dete
tion of the �rst extrasolar planet using mi
rolensingin 2003 . This paved the way for other groups to upgrade their teles
opes. Among thesethe MOA (Mi
rolensing Observation in Astrophysi
s) 
ollaboration upgraded to a 1.8metre teles
ope with 2deg2 
amera in 2004. The two 
ollaborations then in
reased thenumber of targets to be monitored for planet sear
hing to 850 events ea
h year. 19
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Figure 1.1: Figure illustrating astrometry te
hnique (Adapted from :www.astro.wis
.edu/
∼ townsend)1.2 Te
hniques used to dete
t planetsExtrasolar planets are di�
ult to observe be
ause they are faint light sour
es as 
omparedto their host stars. So dete
ting extrasolar planets by the light 
oming from them isdi�
ult and hen
e indire
t methods are applied to �nd these planets. In this se
tion anoverview of the te
hniques used to dete
t extrasolar planets will be summarized.1. Astrometry: one of the oldest methods to sear
h for planets. It is a te
hnique tosear
h for planets by studying the exa
t position of a star and dire
tly dete
t thewobbling. In this method the mass of the host star is assumed to be larger than theplanet so that the 
entre of mass is mu
h 
loser to the host star and the two, planetand star, are orbiting around this 
ommon 
entre of mass 
alled the bary
enter,making the orbit of the star to be very small as 
ompared to that of the planet.In this method the main task is to observe the periodi
 
hanges in the positionof the star on the plane of the sky and this will be done by subtra
ting out thestar's apparent motion due to parallax motion and the proje
tion of its real propermotion through spa
e (Doyle, 2008). Though many attempts for planetary dete
tionaround nearby stars were made using ground based teles
ope observations, none ofthe possible dete
tions have been 
on�rmed with modern methods. This is due tothe fa
t that the 
hange in the position of the stars is very small. So the fate ofastrometry heavily relies on spa
e based observations. The Hubble teles
ope in its20
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1.2 Te
hniques used to dete
t planets

Figure 1.2: Illustration of Radial Velo
ity Method (Adapted from http:www.deep�y.org/TheNeighborhood/ 7
1)Fine Guide Sensor (FGS) was su

essfully used on 2−3 obje
ts to dete
t exoplanets(Perryman, 2011)(and referen
es therein). The European Spa
e Agen
y(ESA) isalso working on a mission 
alled GAIA, to be laun
hed in 2012, using astrometri
te
hniques (Perryman, 2000, 2011) to �nd exoplanets as it is illustrated in Fig.1.1.2. Radial Velo
ity: This is one of the most su

essful planet sear
h te
hniques fromground based teles
opes. This method requires intensive monitoring of the variationin the spe
trum of the light 
oming from the star. When a star-planet system rotatesabout their 
ommon bary
entre, the variation in velo
ity of the star 
an be measuredwhen it moves toward or away from the Earth and hen
e results in the variationof the spe
tral lines of the light emitted due to the Doppler e�e
t. Fig.1.2 showsthe illustration of radial velo
ity method, whi
h shows the Doppler shift due to thestellar wobble.When the star moves toward the Earth, an observed spe
trum line shifts to the blueand when it moves away, a red-shifted spe
trum is observed as it is illustrated in Fig.
1.2. The relation between velo
ity v and wave length shift ∆λ is ∆λ

λ
= v

c
. Be
ausethe star is mu
h more massive than the planet the value of ∆λ is very small.For the planetary system in our solar system, the amplitude of the radial velo
ityof the sun is about 13m/s for Jupiter and 0.1m/s for the Earth. The pre
ision
urrently obtained for radial velo
ity method is ∼ 1m/s (Doyle, 2008). Therefore,this te
hnique is limited to dete
ting Jupiter sized planets.3. Transit Method: This te
hnique relies on the drop in brightness of parent star when21



Univ
ers

ity
 of

 C
ap

e T
ow

n

Introdu
tion
Figure 1.3: Figure showing Transit method alignment (Adaptedfrom:http:www.deep�y.org/ TheNeighborhood/7
1)the orbital plane of an extrasolar planet is seen edge-on from Earth and the planethappens to pass in front of the parent stars. On
e in every orbit, there will be apartial e
lipse. This leads to dete
tion of periodi
 dimming whi
h 
an imply thepresen
e of a planet. The amount the star dims depends on the size of the parentstar as well as the size of the planet. This phenomenon is illustrated in Fig.1.3,showing a planet orbiting a host star 
auses a drop in brightness of the host star asthe planet passes in front of it whi
h is revealed in the light 
urve.The main advantage of this method is that the size of the planet 
an be determinedfrom the light 
urve. In 
ombination with the radial velo
ity method, whi
h 
anhelp to determine mass of the planet, it is possible to determine the density ofthe planet whi
h in turn leads to the study of the physi
al nature of the planet.The planet orbit 
an also be determined exa
tly. Using ground based observations,transit method 
an only dete
t gaseous and very large planets due to the fa
t thatthe drop in brightness of the host star may not be dete
ted for smaller sized planets.There are two main drawba
ks of the transit method: the �rst is, in order to seeplanetary signals using this method, planetary transits 
an only be observed whenplanets' orbit happen to be perfe
tly aligned from the observer's point of view. Thisalignment happens rarely. The other drawba
k of this method is, its sus
eptibilityto high rate of false dete
tion, be
ause many of the stars in our galaxy happen tohave binary 
omponents and multiple systems that lead to e
lipsing. This doesnot mean that a planet transit is happening. So, this method sometimes requiresadditional 
on�rmation from other methods like the radial velo
ity method.To dete
t Earth-like ro
ky planets, nowadays spa
e-based observations play a majorrole. One of these spa
e-based observations is CoRoT (Conve
tion, Rotation andTransit) is a mission laun
hed in 2006 and is playing a major role in exploringplanets. CoRoT is a 
ollaboration of the Fren
h spa
e agen
y CNES, ESA(European22
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t planets

Figure 1.4: Planets dete
ted using Kepler's Mission (Adapted from:www.onorbit.
om/Astronomy?)Spa
e Agen
y), Austria, Belgium, Brazil, Germany and Spain (Auvergne et al.,2009). The other spa
e-based mission in observing exoplanets is the Kepler mission,whose primary goal is to determine the frequen
y of Earth-size and larger planetsin the habitable zone. Habitable zone is de�ned as a region 
apable of supportinglife in the solar system or it is a distan
e from a star where Earth-like planets 
anmaintain water on their surfa
e and sustain life (Boru
ki et al., 2010).

23
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Introdu
tionFigure 1.4 shows the planets dete
ted by Kepler mission whi
h was sent to orbit in
2009, and monitors stars for a de
rease in brightness that results from transitingplanets. This mission dete
ted �ve planets in the �rst 43 days of data 
olle
ted. It is
urrently monitoring and measuring 
hanges in brightness of 150, 000 solar-like starsto study patterns in transit. This method also helps to get information about thesize of the planet with respe
t to the star and its orbital period (Boru
ki et al., 2010).Combining results from Kepler's measurement with ground-based spe
tros
opy, as-tronomers obtain stellar parameters, the planet radius, orbital semi-major axis andits lo
ation relative to the habitable zone. Endl et al. (2011) presented the �rst
on�rmed planet, Kepler-15b, a giant planet observed from the Kepler mission later
on�rmed with ground based observation in the Hobby-Eberly Teles
ope at M
Don-ald Observatory. Using the high-resolution-spe
trograph, the mass of the Kepler'splanet via radial velo
ity was measured. They also determined the stellar parame-ters as well as properties of the host star (Endl et al., 2011).4. Dire
t Imaging: This method fo
uses on dire
t observation of planets around otherstars, so that resear
hers analyze the light re�e
ted from the planet itself, determine
hemi
al 
omposition and assess the physi
al state of the planet. But this methodis di�
ult to use with the observing fa
ilities available on a

ount of a planets lowbrightness as 
ompared to the host star. There are ex
eptional 
ases like GQ Lupib (Neuhäuser et al., 2008) and 2M1207b (Mohanty et al., 2007) planets whi
h aredete
ted using dire
t infrared images by two groups using the European SouthernObservatory Very Large Teles
ope Array in Chile. These planets have masses verymu
h larger than the mass of Jupiter and they orbit at 50 AU from the parent star.5. Gravitational Mi
rolensing: It is one of the indire
t methods of extrasolar planetsear
hing te
hniques having di�erent prin
iples as 
ompared to the previous meth-ods. That is, when a light 
oming from a ba
kground sour
e passes 
lose to a verylarge mass, the lens, it will be de�e
ted by the gravitational �eld of this mass andresults in the formation of two images on opposite side of the lens mass, one ofthe unique features of gravitational mi
rolesing. To study mi
rolensing prin
iplesit is 
ustomarily to de�ne three di�erent planes: the sour
e plane, the lens plane(de�e
tor plane) and the observer's plane, whi
h are perpendi
ular to the opti
alaxis whi
h passes through the 
entre of the lens plane.The e�e
t of mi
rolensing results in the formation of multiple images with separationof the order of 2θE , where θE is the Einstein angular radius, whi
h is far below thelower limit of resolution set for observation (Wambsganss, 2006). Mi
rolensing in24
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1.2 Te
hniques used to dete
t planetsgeneral happens to o

ur for small mass obje
ts with large distan
e between sour
eand lens as well in 
ompa
t obje
ts with mass range between 10−6 ≤ M
M⊙ ≤ 106,whereM⊙ is the solar mass (Wambsganss, 2006). This mass range 
an be translatedinto Einstein radii/ angular separation of milli-ar
se
ond or smaller depending onthe two distan
e regimes. For an event supposed to be gala
ti
 mi
rolensing thesour
e-lens separation should be of the order of 10kp
 whereas extragala
ti
 or
osmologi
al mi
rolensing events have distan
es of the order of Gp
 (Wambsganss,2006). Gravitational mi
rolensing is di�erent from other methods of planet sear
hingte
hniques be
ause it is a purely gravitational method whi
h does not depend ondete
ting photons from either the planet or its host star (Bennett, 2010).The unique features of mi
rolensing, as stated in (Bennett, 2010), in sear
hing forplanets as 
ompared to the other te
hniques is its amplitude of planetary mi
rolens-ing signal whi
h typi
ally is ≥ 10%. Mi
rolensing is more sensitive to low massplanets and its sensitivity extends as low as 0.1 M⊙ mass planets regarding theorbital separation this method 
an dete
t planets in the range of 1.5−4AU and 
anbe used as a supplement for radial velo
ity method and transit. The other uniquefeature of mi
rolensing is its ability to dete
t old free �oating planets from groundbased observations as well as dete
ting planets orbiting unseen stars.Gravitational mi
rolensing observations have short
omings. Among these, one isdi�
ulties to identify the target under 
onsideration. In addition it is hard to studythe property of the stars. But the aforementioned 
hallenges 
an be ta
kled usingspa
e-based observations whi
h helps one to get information about the host starand in turn make it possible to study its properties.6. Pulsar TimingA Pulsar is a rapidly rotating/ spinning neutron star with a strong magneti
 �eld.Due to the presen
e of the magneti
 �eld, the radiation produ
ed by neutron stars isfo
used in two oppositely dire
ted beams. These radiation beams are swept a
rossthe sky as the star rotates. If the beam inter
epts the Earth on
e per rotationregular pulses of radiation 
an be seen. It is believed that some pulsars 
an existwith planets. So if a planet exists 
loser to the pulsar, both the planet and thepulsar rotate in their 
entre of mass, whi
h is 
lose to the pulsar be
ause it isheavier than the planet. After one 
omplete rotation the pulsar travels smallerdistan
e as 
ompared to the planet. Similarly as the methods dis
ussed before, thepulsar's wobble is small, but pulsar wobble a�e
ts the timing of pulses re
eived fromthe pulsar. 25



Univ
ers

ity
 of

 C
ap

e T
ow

n

Introdu
tionAs in Doppler method, when a pulsar moves away from the Earth, the time betweenea
h pulse be
omes longer and in reverse, when a pulsar moves toward the Earth,the time will be shorter. So by measuring periodi
 
hanges in pulse timing, theexisten
e of planets around the pulsars together with estimates of the semi-majoraxis of the planet's orbit as well as a lower limit on the mass of the planet 
anbe obtained. In sear
hing for extrasolar planets, unexpe
tedly, the �rst planetaryobje
t was dete
ted around a pulsar. The parent star was the pulsar PSR B1257+12,
500 p
 away, two planetary obje
ts dete
ted around it with 2.8M⊕ having a periodof 98.22 days and a 3.4M⊕ with a period 66.54 days (see Doyle (2008) and referen
estherein).In order to sear
h for planets using the pulsar timing method it is good to study thebasi
s on the time delay of pulses by 
onsidering a system 
onsisting of a planet ofmass Mp orbiting around a pulsar, ap distan
e away from the 
ommon bary
entreand a pulsar with mass M∗ and a∗ away from the bary
entre to the 
entre of thepulsar, where the bary
entre is a 
ommon point around whi
h the pulsar and theplanet rotate. During rotation, the motion of the pulsar around the bary
entre
auses the addition/subtra
tion of the light travel time whi
h in turn results indelay or early arrival of the periodi
 variations in the timing of the pulsar pulses.A pulsar and a planet rotating in a 
ir
ular orbit around a bary
entre 
ause amaximum amplitude of time delay given by:

τ = sin (i)
ap
c

Mp

M∗
, (1.3)where i is the in
lination of the planet's orbit (i = 90o, edge-on orbit), 
- the speedof light.For phase angles 90o and 270o, the pulses will be 'on time' whereas for phase angle

0o, the pulse will be late by an amount τ . For phase angle 180o, the pulse willbe early by an amount τ (Doyle, 2008). Using the light travel time a
ross thestellar-bary
entre distan
e, the pulsar timing method 
an be used to determine theplanet-star mass ratio, true orbital period of the planet and if the planet-star systemorbit is not 
ir
ular its e

entri
ity 
an be determined as well. Pulsar timing is verysensitive and is 
apable of dete
ting planets with ( 1
10
)thM⊕. Jovian or terrestrialplanets 
an also be dete
ted around normal slow pulsars (Perryman, 2000). Thismethod is 
apable of dete
ting mutual gravitational perturbations. Its analysis inturn 
an reveal information about the planet and its orbital parameters.26
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hniques used to dete
t planets

Figure 1.5: Te
hniques used to dete
t planets and the total number of planets dete
ted(Adapted from: http:exoplanet.eu/papers/ma
p-dete
tion-methods.pdf)The �gure above, Fig.1.5, shows the general overview of the methods to �nd ex-trasolar planets and their 
apabilities in �nding smaller mass planets. It alsoshows the existing 
apability of planet sear
hing and proje
ted plans for the 
oming
10− 20years.

27
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Introdu
tion1.3 Obje
tivesThis work aims to ta
kle problems related to modeling mi
rolensing events andaddress the following main points:(a) Review 
on
epts of Gravitational Mi
rolensing and its appli
ation in sear
hingextrasolar planets.(b) Rudimentary program is available, but needs more elaboration so that SAAO(the South Afri
an Astronomi
al Observatory) 
an join modeling e�orts toimprove e�
ien
y of network(
) Visualization of 
ir
umstan
es of events and predi
tion of light 
urves is re-quired1.4 Outline of the thesisThis work fo
uses on studying gravitational mi
rolensing in sear
hing for extrasolarplanets and is organized as follows:In the Introdu
tion, the thesis addresses the histori
al ba
kground of gravitationallensing and also gives a brief overview of di�erent methods of planet sear
hing te
h-niques as well as introdu
ing the main thrust of the work ahead. The se
ond 
hapterwill try to address the theoreti
al ba
kground of gravitational lensing. In this se
-tion gravitational lensing by single lens star, ampli�
ation, modeling point- sour
epoint-lens gravitational mi
rolensing events, their light 
urves and some exampleswill be presented. This se
tion will also try to give an overview about �nite-sour
ee�e
t.In Chapter Three, we extend the point-sour
e point-lens model to more 
omplexbinary lens events and the theoreti
al ba
kground of binary mi
rolensing formalismas well as overview of binary lens with the presen
e of shear is presented. Thefourth 
hapter addresses 
austi
s, 
riti
al 
urves, and topologies of binary lenses.The �fth 
hapter is devoted to giving overview of mi
rolensing in sear
hing extrasolarplanets, observational eviden
es and groups working on planet sear
hing as well asthe advantages and drawba
ks of the mi
rolensing te
hinique . In the sixth 
hapter,we review the planets dis
overed through gravitational mi
rolensing and the last two
hapters fo
uses on the main results of the resear
h work. Finally, in the appendix28
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1.4 Outline of the thesissummary of the optimization te
hniques used in analysis of mi
rolensing data ispresented.
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Introdu
tion
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Gravitational lensing during the early stages of its theoreti
al development wasmostly 
onsidered as a subje
t of 
uriosity whi
h is related to the bending of lightby the gravitational �eld of massive obje
ts predi
ted by the General Theory ofRelativity. However, for the last few years (2 − 3 years) this phenomenon wasobserved quite intensively so that many s
ientists have been engaged in studyingthese events. This has made gravitational lensing as one of the promising resear
hareas for both astrophysi
ists and 
osmologists due to the fa
t that studying theselensing events in one or in another way has a major impli
ation in understandingthe universe.In this 
hapter we will try to give a brief overview of lensing equations for singlelens mi
rolensing events, image formation, Einstein Ring radius, ampli�
ation, andthe �nite sour
e e�e
t so as to lay foundation for the binary mi
rolensing events tobe dis
ussed in the later 
hapters. 31
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Theory of Gravitational Lensing2.1 Gravitational Lensing by Single StarsThe simplest and easiest 
ase of mi
rolensing is due to the presen
e of a single lensin the lens plane and a single sour
e star in the sour
e plane. Lensing by a singlestar has some features whi
h will help us in deriving the lens equation. Among theseare the following:(a) The star is assumed to be spheri
ally symmetri
 and all light rays 
oming fromthe sour
e and approa
hing the lens in a distan
e range ξ > R, where R is theradius of the lens, ξ, the 
losest distan
e from the lens, and the basi
 physi
s ofGravitational lensing depends only on a single input from the General Theoryof Relativity, the de�e
tion angle α̂, given by:
α̂ =

4GM

c2ξ
, (2.1)where M is the total mass of the lens star.(b) The sour
e 
an be 
onsidered as a point sour
e if the angular size is smallerthan the Einstein Radius θE , further explanation of this term is going to begiven in the up
oming se
tion.2.1.1 Normalized Lens EquationsThe lens equation usually des
ribes a mapping from the lens plane to sour
e plane.Using these equations we 
an easily study all the properties of point mass lensesin
luding 
austi
 
urves and 
riti
al lines, whi
h give rise to in�nite magni�
ationat the sour
e or image positions, and also des
ribe the behavior of ampli�
ation ofsour
es 
lose to the folds and 
usps of the 
austi
 
urves (Mollera
h & Roulet, 2002)with little e�ort in numeri
al work.Gravitational mi
rolensing events o

ur when a foreground obje
t (lens) passes very
lose to our line of sight to a very distant ba
kground star (sour
e). Sin
e, asGaudi (2010) des
ribed, mi
rolensing is a relatively improbable phenomenon, toin
rease the 
han
e of dete
ting these events, astronomers usually sear
h for targetstoward dense stellar �elds, mostly toward the gala
ti
 
enter espe
ially for planetmi
rolensing surveys.32



Univ
ers

ity
 of

 C
ap

e T
ow

n

2.1 Gravitational Lensing by Single Stars

Figure 2.1: A s
hemati
 representation of gravitational lensing by a spheri
ally symmetri
single lens showing observer position O, lens position L and the two images S1 and S2.
DLS, Ds, and DL are distan
es from sour
e plane to lens plane, observer plane to sour
eplane and observer plane to lens plane, respe
tively (S
hneider 2006).To study the point-sour
e point-lens model, let us derive the lens equation, whi
hrelates the observed image positions to the a
tual sour
e position in the presen
e ofde�e
tors (lenses) by 
onsidering the simplest situation:

β = θ − α. (2.2)Introdu
ing the redu
ed de�e
tion angle α as α ≡ α̂DLS

DS
, and substituting ba
k thisvalue the lens equation 
an be rewritten as

θDS = βDS + α̂DLS, (2.3)where DLS and DS are distan
es from sour
e plane to lens plane and observer planeto sour
e plane. This is the equation that we are going to use to study singlelens mi
rolensing events and is hen
eforth referred to as the lens equation. Thisequation explains the relation between the real and apparent position of the sour
e.33
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Theory of Gravitational LensingThe lens equation given by equation 2.3 is non-linear, whi
h is going to be veri�edlater in this work. This equation provides the 
han
e to observe multiple imagesat the position θ 
orresponding to a single sour
e at the angular separation of β.The �gure above (Fig. 2.1), shows the position of the two images on either side ofthe sour
e labeled as S1 and S2. To make the lens equation 
lear, it is possible toredu
e the de�e
tion angle for the point-like lens using the 
losest distan
e ξ whi
h
an be written as ξ = θDL.Then substituting the value of α̂ from equation 2.1 one obtains,
α =

4GM

ξc2
DLS

Ds

. (2.4)Using the value of ξ on
e more this equation 
an be rewritten the following form:
α =

4GM

θDLc2
DLS

Ds

, (2.5)Substituting equation 2.5 ba
k into equation 2.3, by using the value of α from theredu
ed de�e
tion angle, and rearranging, the lens equation 
an be rewritten as:
θ2 − βθ − θ2E = 0, (2.6)where θE =

√
DLS

DSDL

4GM
C2 , 
alled the Einstein ring radius, is the unit to whi
h alllength and time s
ales in gravitational lensing are normalized to make all lensingvariables dimensionless. If we try to solve the lens equation for position of the sour
e

β, as shown in Fig.2.1 above, we 
an get the position of the image whi
h 
orrespondsto θ.Sin
e equation 2.6 is quadrati
 in θ, we 
an get two solutions, whi
h are positionsof the two images. Now let us investigate the image position for di�erent 
ases:(a) For β = 0, a spe
ial 
ase in whi
h the sour
e and lens are perfe
tly aligned,due to the symmetry of the lens 
on�guration, the image is a ring of angularradius θE 
alled the Einstein ring radius.(b) For β 6= 0, the 
ase of imperfe
t alignment, the solution of the lens equation isgiven by:34
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2.1 Gravitational Lensing by Single Stars

Figure 2.2: Figure showing lensing mass M, sour
e S and the two images produ
ed I1and I2 due to the gravitational mi
rolensing as well as the Einstein ring radius, the 
ir
leshown with dashed lines observed from the sky (Adapted from Pa
zynski, 1996).
θ± =

β

2
± θE

√
1 +

β2

4θ2E
. (2.7)One of the images, the major image, is always outside the Einstein ring radius

θ+ ≥ 1 on the same side of the lens as the sour
e and the other image 
alled minorimage is always inside the Einstein ring radius θ− ≤ 1 on the opposite side of thesour
e and the opti
al axis as it is illustrated in Fig.2.2 (Mao, 2008; Gaudi, 2010).We 
an also further study the angular separation of the two images as:
△θ = θ+ − θ−, (2.8)

△θ =
β

2
+ θE

√
1 +

β2

4θ2E
− β

2
+ θE

√
1 +

β2

4θ2E
, (2.9)

△θ = θ+ − θ− = 2θE

√
1 +

β2

4θ2E
. (2.10)35
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Theory of Gravitational LensingIf β < θE the deviation from the opti
al axis is small as 
ompared to the Einsteinangle and the image separation is approximately twi
e the Einstein radius. It is alsopossible to derive a dimensionless lens equation by dividing the lens equation with
θ, that is:

βθ = θ2 − θ2E , (2.11)
β = θ − θ2E

θ
, (2.12)

β

θE
=

θ

θE
− θE

θ
. (2.13)Now de�ne β

θE
= u and y = θ

θE
, so the lens equation will have the form u = y − 1

y
,redu
ed to a quadrati
 equation in y and hen
e resulting in two solutions y± =

1
2
{u ±

√
u2 − 4}. As dis
ussed earlier in this se
tion the nonlinearity of the lensequation is veri�ed here sin
e we get two solutions from the lens equation.Thus, a point-mass has two images for any sour
e, irrespe
tive of its distan
e yfrom the lens. Sin
e the Einstein angular radius is of the order of milliar
se
ondsfor typi
al lens masses M ≃ M⊙, sour
e and lens distan
e of the order of ≃ 3kp
in events toward the gala
ti
 bulge, the images are unresolved (Gaudi, 2010).2.2 Ampli�
ationGravitational lensing preserves the number of photons, it only redistributes them.An observer either re
eives more photons (ampli�ed) or less photons (de-ampli�ed)in 
omparison to the absen
e of the lens. In order to get the ampli�
ation or de-ampli�
ation it is relevant to dis
uss the 
hange in the solid angle of the sour
eto be observed. The �ux re
eived from a sour
e during observation is the produ
tof surfa
e brightness and the solid angle it subtends (Mollera
h & Roulet, 2002).Gravitational lensing 
onserves surfa
e brightness but, the di�erential de�e
tion oflight ray 
hanges the shape and solid angle that a sour
e subtends on the sky. Itampli�es the sour
e luminosity by:

A =
dΩ

dΩ0
, (2.14)36
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2.2 Ampli�
ation

Figure 2.3: Figure showing traje
tories of light rays from a surfa
e area dS of the sour
eand its 
orresponding two images dS1 and dS2 proje
ted on the lens plane (Adapted fromMollera
h and Roulet, 1996).where dΩ is the observed solid angle and dΩ0 is the solid angle in the absen
e ofgravitational lensing. We 
learly stated previously that a sour
e with angular po-sition −→
β has two images at θ+ and θ−. Consider a sour
e element dS in Fig.2.3,subtending a solid angle dΩ0 = dS

D2
s
= βdφdβ observed in the image positions sub-tending a solid angle dΩ± = dS±

D2
L

= θ±dφdθ±. Then the ampli�
ation of ea
h of theimages is given by:
Magnification =

Image solid angle

Source solid angle
=

Image area

Source area
. (2.15)The total magni�
ation if i is the number of images 
an also be written as:

A =
∑

i

Ai =
∑ 1

|detJj,k|i
, (2.16)where Jj,k is the Ja
obian and is the transformation matrix from lens plane ξ =

(ξ1, ξ2) to the sour
e plane η = (η1, η2) given by: 37
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Theory of Gravitational Lensing
Jj,k =

∂ηj
∂ξk

. (2.17)The gravitational lensing equation is a mapping from lens to sour
e plane. Due tothis mapping the area of the image is not ne
essarily equal to the sour
e area, thusthe sour
e is either magni�ed or de-magni�ed. The magni�
ation of ea
h image isjust the amount the sour
e area element is 'stret
hed', whi
h is given by the inverseof the determinant of the Ja
obian. Mathemati
ally, stret
hing is given by inversevalue of the Ja
obian determinant, of the mapping from image to sour
e evaluatedat the image position (Bozza et al., 2011)
A± =

dΩ±

dΩ0
=

θ±dθ±
βdβ

. (2.18)By using the lens equation we 
an rewrite the ampli�
ation as
A± =

1

2
± β2 ± 2θ2E

2β
√
β2 + 4θ2E

. (2.19)For the image appearing on the opposite side of the lens, at an angle θ−, the ampli-�
ation is denoted by A−, meaning the image is inverted. On the other hand, fromthe images produ
ed in Fig.2.2 the two images are stret
hed horizontally and are
ontra
ted radially (Mao, 2008; Gaudi, 2010). So, the ampli�
ation will have thefollowing form:
A± = |y±

u

dy±
du

|, (2.20)
A± =

1

2
{ u2 + 2

u
√
u2 + 4

± 1}. (2.21)The total magni�
ation is then redu
ed to the following form
A(u) =

u2 + 2

u
√
u2 + 4

, (2.22)where u = β

θE
and y = θ

θE
. As authors like Gaudi (2010) stated if u → ∞, then

A+ → 1 and A− → 0.38
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2.3 Light 
urvesThis implies two important results: the �rst one is that one of the images formed isun
hanged while the other does not exist during mi
rolensing. For image separationsof the order of milliar
se
onds, gravitational mi
rolensed images whi
h 
annot beresolved 
an be dete
ted by 
onsidering the total magni�
ation obtained from thesour
e.The total ampli�
ation in terms of the variables introdu
ed earlier 
an be writtenas: A = A+ + |A−| =
β2+2θ2

E

β
√

β2+4θ2
E

. Sin
e the original sour
e �ux is not known,measuring the total ampli�
ation, A, is di�
ult from a single observation. Whereasby taking into a

ount the relative motion of the sour
e and lens whi
h resultedin time-dependent ampli�
ation helps to measure the variation of the luminosityof the image (Mollera
h & Roulet, 2002). The Einstein 
rossing time s
ale for ami
rolensing event for a transverse velo
ity between sour
e and lens, V⊥, is givenby:
tE =

RE

V⊥
, (2.23)whi
h is equivalent to saying

tE ⋍ 70×
√

ML

M⊙
×
√

DS

8kpc
×
√

DLDLS

DS

× V⊥

200km/s

−1

days, (2.24)where RE is the Einstein radius (Perryman, 2011).2.3 Light 
urvesThe phenomenon of mi
rolensing o

urs when an obje
t happens to move in frontof the sour
e and results in the 
hange of magni�
ation. In mi
rolensing eventsthere is always a relative motion of the sour
e, lens and observer implying the timedependen
e of the angular separation between the sour
e and lens. This also leadsus to say magni�
ation is also a fun
tion of time. The lens-sour
e motion as a resultof uniform motion 
an be parametrized as:
u(t) = {u2

0 + (
t− t0
tE

)2} 1

2 , (2.25)39
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Theory of Gravitational Lensing

Figure 2.4: Light 
urves for point-sour
e point-lens mi
rolensing events with relativemotion between the sour
e and lens, for di�erent impa
t parameters.where u0 is the is the smallest angular distan
e between the sour
e star and the lineof sight to the lens and t0 is the time at the 
losest approa
h. Substituting equation
2.25 ba
k to the total magni�
ation equation given by Eqn.2.22 results

A(u(t)) =
u2
0 +

(t−t0)2

t2
E

+ 2
√
u2
0 +

(t−t0)2

t2
E

×
√

u2
0 +

(t−t0)2

t2
E

+ 4
, (2.26)where tE = DLθE

V⊥
, u0 is the smallest angular distan
e between the sour
e star and theline of sight to the lens normalized in Einstein ring radius, t0 the time of maximumampli�
ation and the Einstein 
rossing time tE, the time required to 
ross Einsteinring radius. The parametri
 equation in u(t) with time gives a smooth and sym-metri
 
urve known as a ′Paczynski curve′ (Pa
zynski, 1996; Gaudi, 2010), whi
his the familiar point-sour
e point-lens mi
rolensing light 
urve shown in Fig.2.4The �gure above, Fig.2.4, shows the light 
urve for di�erent impa
t parameters andwe 
an see from the light 
urve that the smaller the impa
t parameter the higher themagni�
ation would be and vi
e versa. The �gure shown in Fig.2.5 demonstratesthe relative tra
ks of the sour
e and the two images (major, shown on the bottomside of the Einstein ring radius with bla
k oval shape 
urves, and minor, smalleroval shapes shown inside the Einstein ring radius) with the sour
e tra
k shown in40
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2.3 Light 
urves

Figure 2.5: Pi
ture showing the relative tra
ks of the two images, extended bla
k ovalshapes, lensing mass lo
ated at the 
enter of the Einstein Ring, and the sour
e positionsalso shown with small 
ir
les, Einstein ring shown with dashed line making 
ir
le (Adaptedfrom Pa
zynski, 1996).small 
ir
les passing a
ross the Einstein ring radius. The big 
ir
le, Einstein ringradius, shown with dashed line.

41
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Theory of Gravitational Lensing2.4 Finite Sour
e E�e
tA point-sour
e point-lens model whi
h is parametrized by equation 2.26 is validwhen the sour
e size is small as 
ompared to the Einstein ring radius and theimpa
t parameter. However, if one of the 
ases mentioned fails, the light 
urve ofthe mi
rolensing event will be a�e
ted. As Witt & Mao (1994) des
ribed, when theimpa
t parameter u is very mu
h smaller than the radius of the extended sour
e
ρ , u << ρ, the peak of magni�
ation be
omes larger. In the limiting 
ase of theampli�
ation equation stated in earlier se
tions as u −→ 0, the magni�
ation forpoint-sour
e point-lens goes to in�nity, whereas the extended sour
es will have �nitemagni�
ation.Finite sour
e e�e
t was �rst investigated by Nemiro� & Wi
kramasinghe (1994).They demonstrated that if the impa
t parameter is smaller than the sour
e radius,the 
entral peak of the light 
urve is going to be modi�ed and be
ome wide and�attened as 
ompared to the point-sour
e light 
urves (Wambsganss, 2006). The�nite sour
e e�e
t is also 
on�rmed by observation later and among the observedmi
rolensing events in the gala
ti
 bulge Witt (1995) estimated that 3% of the eventsare a�e
ted by the �nite sour
e e�e
t. On the other hand, mi
rolensing events withhigh magni�
ation are also a�e
ted by �nite sour
e e�e
t due to the smaller size ofthe impa
t parameter.Al
o
k et al. (1997) observed �nite sour
e e�e
ts for the �rst time when the MACHOalert 95−30 data was �tted, the light 
urve near the peak was found to deviate fromthe expe
ted light 
urve. But for high magni�
ation events this kind of deviation is
ommon. He also des
ribed that the standard point-sour
e point-lens model allowsin�nite magni�
ation when the sour
e and lens are perfe
tly aligned. When theextended sour
e is 
onsidered the magni�
ation is limited due to the fa
t that theentire sour
e 
ould not be aligned perfe
tly with the lens. Hen
e an extra parameterwill be needed to model this type of mi
rolensing event.Studying �nite sour
e e�e
t plays signi�
ant role in determining the size of the Ein-stein ring relative to the angular size of the sour
e (Gould, 1997)(see also referen
estherein) be
ause θE 
onstrains the physi
al properties of the lens (Yoo et al., 2004).The following two light 
urves Fig.2.6 and Fig.2.7 shows an event whi
h is a�e
tedby Finite sour
e e�e
t for di�erent mi
rolensing events OGLE-2003-BLG-262 mod-eled by Yoo et al. (2004) and MACHO-1995-BLG-30 where this event is modeledby (Lee et al., 2009).42
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2.4 Finite Sour
e E�e
t

Figure 2.6: Light 
urve showing the mi
rolensing event OGLE-2003-BLG-262 a�e
tedby �nite sour
e e�e
t at its peak on 2003 July 19.34. Data points are 
olle
ted usingthree di�erent �lters I (OGLE- open 
ir
les, µFUN Chile - open triangles, µFUN Israel-
rosses), V(µFUN Chile -�lled squares, µFUN Israel -�lled 
ir
les) and H (µFUN Chile -�lled triangles ). The dashed line in the �gure represents the light 
urve for point sour
epoint lens model (Adapted from Yoo et al. 2004).
43
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Theory of Gravitational Lensing

Figure 2.7: Finite sour
e e�e
t shown in the mi
rolensing event MACHO-1995-BLG-30assuming uniform sour
e where the dashed line shows the point sour
e model. Datapoints 
olle
ted in R denoted by Red data points from MACHO, CTIO, UTSO, WISE,and grey points represent MJUO and, V are from MACHO points denoted in blue andUTSo labeled in green (Adapted from Lee et al. 2009).2.5 Modeling Finite Sour
e E�e
tGravitationally lensed extended sour
es have light 
urves whi
h are di�erent fromthe ordinary point-sour
e point-lens mi
rolensing events due to the �atness of the
urve at the peak. In modelling the �nite sour
e mi
rolensing light 
urve the totalre
eived �ux is a 
ombination of Fs, intrinsi
 �ux of the magni�ed sour
e star, FBthe ba
kground, unresolved �ux from the observed target and is given by Rahvar &Dominik (2008):
F (t) = FsA{u(t); ρ, I}+ FB, (2.27)44
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2.5 Modeling Finite Sour
e E�e
twhere the �nite sour
e magni�
ationA{u(t); ρ} 
an be 
hara
terized by (u0, t0, ωE =
µ

θE
= 1

tE
), u0 is the impa
t parameter, t0 the time at the 
losest distan
e, θE isthe Einstein ring radius and tE Einstein ring 
rossing time. Sin
e our assumptionregarding the sour
e star is uniform bright sour
e then the brightness pro�le fun
tionof the sour
e I = 1,

F (t) = FsA{u(t); ρ}+ FB, (2.28)where u(t) is the lens-sour
e separation assuming relative motion between the lensand the observer-sour
e line-of-sight. The parameters we are looking for are: theimpa
t parameter, u0, the angular separation at the time of maximum ampli�
ation,the sour
e radius ρ, the time it takes for a lens to 
ross a distan
e RE, tE , the timeof maximum magni�
ation, t0, and the unlensed or base magnitude of the sour
e(Peng, 1997).
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It is a well established fa
t that the majority of the Gala
ti
 Disk stars are binaries(Mao & Pa
zynski, 1991) (and referen
es therein) and hen
e observations towardthese regions 
on�rmed that a large fra
tion, 10%, of the lenses strongly displaybinary systems.Gravitational lensing by two point-like masses is one of the most promising and a
-tive theoreti
al �elds in gravitational lensing and hen
e attra
ts many authors, boththeoreti
ians and observational astrophysi
ists. This is due to the the 
omplexity ofmathemati
s involved in the theoreti
al investigation of binary mi
rolensing. Thistheoreti
al work has got emphasis after a pioneering work for the �rst time by Chang& Refsdal (1984) followed by S
hneider & Weiss (1986) despite the fa
t that thelatter never expe
ted any to be dete
ted (Gould, 2009), so as to study 
austi
s inquasar ma
rolensing.Causti
s (refer 
hapter 4 for detail dis
ussions) are indeed the new features of binarylensing as 
ompared to point lenses. These are the dire
tions in the sour
e planealong whi
h the ampli�
ation diverges or 
losed 
urves in the sour
e plane wherea point sour
e is in�nitely magni�ed. Chang & Refsdal (1984) also suggested thatfor an observed light 
urve in whi
h this is apparently not the 
ase, there are two47
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Binary Lensespossibilities: the �rst opinion is 'Blending', light 
oming from another ba
kgroundsour
e star or the system has more than two lenses.In the se
ond possibility, S
hneider & Weiss (1986) also derived analyti
ally the
riti
al 
urves (refer Chapter 4 for further dis
ussions) and 
austi
s for binary lensesfor a spe
i�
 value of mass ratio q = 1 (the two lenses have equal mass) and foundthree di�erent regions: 
lose, intermediate and wide binary regions. We will givebrief overview of these regions in the 
oming se
tions.3.1 Basi
 Lens Equations in Binary LensesIn the previous 
hapter we have explained the basi
 lens equation by point-masslenses, whi
h is 
hara
terized by its mass and its light 
urve also des
ribed by thedistan
e of 
losest approa
h and the time of 
losest approa
h. In this 
hapter weare going to brie�y explain binary lens equation and its properties.When we are studying binary lenses, we should be aware of the 
omplexity of themathemati
s involved due to the presen
e of the se
ond lens be
ause the presen
eof the se
ondary lens introdu
es three new parameters. These new parameters are:(a) The mass ratio q = M2

M1
≤ 1 where M1 and M2 are masses of the binary
omponents,(b) The binary separation (sour
e-lens proje
ted separation in units of Einsteinradius),(
) The angle φ between the sour
e traje
tory and the line 
onne
ting the twolenses.Now let us study the binary lens equation derived by S
hneider & Weiss (1986).Consider two point masses M1 and M2 pla
ed at a distan
e DL from the observeron the lens plane (ξ1, ξ2), the plane perpendi
ular to the opti
al axis (line of sight),where the axis ξ1 passes through the proje
tion of the masses on the lens plane and
hoosing the origin to be in the middle of the line joining the two masses. De�nethe sour
e plane 
oordinate system as (η1, η2), whi
h is parallel to the lens plane,its origin is situated at the interse
tion of the opti
al axis and is DLS distan
e fromthe lens shown in Fig. 3.1.To derive the lens equation for the binary lens 
ase, 
onsider a light ray 
oming froma sour
e where it is de�e
ted by the gravitational �eld of the masses at a distan
e48
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3.1 Basi
 Lens Equations in Binary Lenses

Figure 3.1: A s
hemati
 representation of gravitational lensing by two lenses, M1 and
M2 lo
ated at ρ1and ρ2, respe
tively where DL, Ds and DLS are distan
es from lensplane to observer plane, observer plane to sour
e plane and lens plane to sour
e plane,respe
tively. α is the de�e
tion angle, (η1, η2) are 
oordinates on the sour
e plane and
(ξ1, ξ2) are 
oordinates on the lens plane . 49
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Binary Lenses
d, assuming the 
losest approa
h distan
e d >> rs where rs is the S
hwarzs
hildradius. S
hwarzs
hild radius, also known as gravitational radius, is a distan
e thatde�nes the size at whi
h a spheri
al astronomi
al obje
t su
h as a star be
omes abla
k hole. A bla
k hole is an obje
t so dense that not even light 
an es
ape thepull of its gravitational for
e. Even parti
les moving with the speed of light 
annotes
ape the gravitational pull. Therefore, S
hwarzs
hild radius, rs, is the largestradius that a body with a spe
i�
 mass 
an have and still keep light from es
aping.This radius is given by

rs =
2GM

c2
. (3.1)From Fig.3.1 above, we 
an see that a light ray 
oming from a sour
e is de�e
tedby the two lenses M1 and M2. As S
hneider & Weiss (1986)(and referen
es therein)stated the total de�e
tion angle due to the two lenses is the superposition of the twoindividual de�e
tions and hen
e the total de�e
tion on the lens plane at ξ = (ξ1, ξ2):

α(ξ) =
4GM1

c2
ξ − ρ1
|ξ − ρ1|2

+
4GM2

c2
ξ − ρ2
|ξ − ρ2|2

, (3.2)where ρ1 and ρ2 are the proje
tion distan
es of the masses on to the lens plane.This system is no longer axially symmetri
 due to the presen
e of the se
ond lens,whi
h is responsible for the se
ond term in the equation above (Wambsganss, 2006).As mentioned earlier, the new phenomenon en
ountered due to the presen
e ofthe se
ond lens, asymmetri
 lensing, 
ompared to the isolated point lens has somefeatures su
h as the presen
e of extended 
austi
s in the sour
e plane, to be studiedin the 
oming 
hapter and the two dimensional magni�
ation distribution in thesour
e plane. Our primary target in this se
tion is to formulate the lens equationfor the binary lens system. When a light ray 
oming from the sour
e in the sour
eplane η is de�e
ted by the lens in the lens plane at ξ should satisfy the following
ondition so as to be observed by the observer:
η =

DS

DL

ξ −DLSα(ξ), (3.3)To make our approa
h 
lear it is ne
essary to de�ne the Einstein ring radius, whi
his similar to the Einstein ring radius de�ned in the previous 
hapter for point-sour
epoint-lens model but the di�eren
e arises due to the mass. In this 
ase we 
onsiderthe total mass of the two lenses.
θE =

√
4GM

c2
[
1

DL

− 1

DS

], (3.4)50
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3.2 Complex Formalism of Binary Lens Equationwhere M = M1 +M2 is the total mass.3.2 Complex Formalism of Binary Lens EquationTo make the binary lens formalism and 
omputational work easier, we are now ina position to modify the equation and write it in 
omplex formalism developed byWitt (1995). This type of representation will result in giving solutions separated asreal and imaginary parts and hen
e leads to the parametri
 representation of the
riti
al 
urves.Witt (1993) stated that the 
omplex formalism in mi
rolensing lens equations isuseful in some 
ases instead of the two-dimensional ve
tors be
ause expressing thelens equation in 
omplex formalism will allow one to �nd parametri
 representationof the 
austi
s whi
h enables to 
ompute the whole 
austi
 network of sample pointmasses. Another advantage of the 
omplex formalism is that it redu
es the 
onven-tional two dimensional lens equation in to one 
omplex equation and this allows oneto investigate more issues in lensing analyti
ally (Witt & Mao, 1995). After sayingthis, it is easy to rewrite the lens equation in 
omplex form by introdu
ing 
omplexformalism representation of the sour
e and image positions as:
ζ = η1 + iη2, z = x+ iy. (3.5)Rewriting equation 3.3 using 
omplex notation will give the following form
ζ =

DS

DL

z +DLSα(z, z), (3.6)where α(z, z) is the 
omplex de�e
tion angle. To understand gravitational mi-
rolensing in binary lens system, it is useful to work with angular variables de�nedin the 
omplex plane (Mollera
h & Roulet, 2002) then the simpli�ed form of binarylensing equation in 
omplex form is written as:
ζ = z +

µ1

ρ1 − z
+

µ2

ρ2 − z
, (3.7)where µ1 = M1

M
and µ2 = M2

M
are mass fra
tions of the individual lenses and and

M = M1 + M2 is the total mass, ρ1 and ρ2 are positions of the lenses, and z is51
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Binary Lenses
omplex 
onjugate of z. All lengths are normalized by the Einstein ring radiusgiven in the previous se
tion for the total mass of the two lenses.This equation 
an be written as a �fth order 
omplex polynomial and hen
e it isimpossible to �nd solutions analyti
ally. But it is possible to get solutions usingnumeri
al methods, whi
h gives us the position of the image z. This equation willgive either three or �ve solutions depending on whether the sour
e is inside or outsidethe 
austi
s (Witt & Mao, 1995). Sin
e the images resulting from mi
rolensing
annot be resolved due to the small separations between individual images, theampli�
ation 
an be obtained by the sum of individual ampli�
ations of ea
h image,
Aj . These ampli�
ations 
an be derived by the Ja
obian of the transformation ofthe lens equation given above in Eqn.3.7 evaluated at the image position:

J(z, z) = det

(
∂ζ

∂z

∂ξ

∂z
∂ξ

∂z

∂ξ

∂z

)

Aj =
1

detJ
|z=zj , (3.8)

detJ = 1− ∂ζ

∂z

∂ζ

∂z
. (3.9)A

ording to Chang & Han (2001), the fundamental geometri
al di�eren
e betweenbinary lenses and single point mass lens is the formation of 
austi
s whi
h 
anbe seen by 
loser study and understanding of these ampli�
ations. As the det(J)approa
hes zero, with small perturbation on the light 
urve, there are regions inwhi
h the magni�
ation be
omes in�nite and these pla
es are known as 
austi
s.3.3 Binary Lenses with External ShearThough this work does not give emphasis on lensing in the presen
e of externalshear it is worthwhile mentioning its e�e
t on gravitational lensing by binary lenses.When a mi
rolensing event o

urs in highly dense star �elds su
h as in Gala
ti
bulge, where mi
rolensing targets are prominent, or in globular 
lusters, it is a�e
tedby the shear from the global distribution of mass near the lens star (Ryu & Park,2007). A light bundle traversing a star �eld experien
es shear due to the tidal for
esprodu
ed by the stars (S
hneider et al., 1992). Chang & Refsdal (1984), when they52
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3.3 Binary Lenses with External Sheardeveloped the Chang and Refsdal model of mi
rolensing, it was 
hara
terized bytwo fa
tors 'Convergen
e' and 'Shear', where the 
onvergen
e depends on the massdensity within the beam and determines the magni�
ation of the image whereasthe latter depends on the mass distribution outside of the beam and determines thedistortion of the image (Ryu & Park, 2007).For a single lens mi
rolensing event in the presen
e of shear, the total ampli�
ationhas a shear term whi
h results in a deviation of the light 
urve from ordinary singlelens light 
urve. In the presen
e of shear the amount of deviation from the ordinarysingle lens is given by the ex
ess magni�
ation (Ryu & Park, 2007)
δA = Aγ −A0, (3.10)where Aγ and A0 represent ampli�
ation in the presen
e of shear and without shearrespe
tively. As Ryu & Park (2007) des
ribed in their paper, 
omparison of thelight 
urves with and without shear results the following:(a) The presen
e of shear in
reases the deviation of the light 
urve from Pa
zynski
urve whereas the impa
t parameter de
reases;(b) If the sour
e traje
tory is neither parallel nor perpendi
ular to the dire
tion ofthe shear, then the presen
e of shear results asymmetri
 light 
urve;(
) The magnitude of the shear produ
ed by the globular 
lusters is of the orderof 10−6 to 10−4, whi
h is di�
ult to observe this e�e
t. In the future there isa possibility of dete
ting this shear using mi
rolensing.As S
hneider et al. (1992) des
ribed the e�e
t of the external shear in the binarylens equation will make the lens equation more di�
ult to solve analyti
ally. Theaddition of the external shear also makes the algebrai
 equation whi
h will give
riti
al 
urves more 
ompli
ated and hen
e the resulting 
austi
s whi
h 
an beobtained by transforming these 
riti
al 
urves will have self interse
ting points thatmake the topology 
hara
terization of 
austi
s more di�
ult. The mass ratio, q, ofthe lenses will not have any e�e
t on the topology of the 
austi
s if we ex
lude theexternal shear but the mass ratio has an e�e
t on their size and detailed shape.
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n 4Causti
s and Criti
al Curves
In this 
hapter we are going to introdu
e Causti
s and Criti
al Curves in additionwe are going to write the lensing equation in parametri
 form so that we 
an developa FORTRAN program to get the solution of the lens equation.The binary lens equation, developed earlier in the previous 
hapter, 
an be rewrittenusing the 
omplex formalism for di�erent masses of lenses assuming that the largermass (primary) lens is situated at the origin, whereas the se
ondary is lo
ated at adistan
e d to the left:

ζ = z − 1

1 + q
(
1

z
+

q

z + d
), (4.1)where q is the mass ratio≤ 1, d separation of the binary stars in units of the Einsteinring radius for the total mass (m1 + m2). In this work we will adopt the methoddeveloped by Cassan (2008); Cassan et al. (2010).As mentioned previously, single lenses are di�erent from binary lenses due to thefa
t that the later generate 
austi
 
urves. It is obvious that the lens equationdeveloped earlier is a mapping of the lo
ation of the point sour
e ζ on the sour
e55
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Causti
s and Criti
al Curvesplane to the positions of its images at z on the lens plane. In the region of spa
e
φ ∈ [0, 2π], the 
austi
 
urve ζ 
an be parametrized as:

1

1 + q
(
1

z2
+

q

(z + d)2
) = e−iφ, (4.2)where z and φ satisfy the lens equation above (Cassan et al., 2010).For a binary lens system (q, d), it is possible to �nd the numeri
al solution of thepolynomial of fourth order assuming that a point sour
e ζ is situated on the 
austi
and its point-like image z on the 
riti
al 
urve in the lens plane satis�es the pre-vious equation. We 
an now simplify and rewrite the lens equation as a 
omplexpolynomial of degree four Cassan (2008); Cassan et al. (2010):

1

z2
+

q

(z + d)2
= e−iφ(1 + q). (4.3)This equation 
an be written as

z4 + 2dz3 + d2z2 − z2

e−iφ(1 + q)
− 2zd

e−iφ(1 + q)
− d2

e−iφ(1 + q)
= 0. (4.4)After some algebra, the equation will redu
e to

z4 + 2dz3 + (d2 − eiφ)z2 − 2deiφ

1 + q
z − d2

1 + q
eiφ = 0. (4.5)This equation 
an be solved for a given value of φ and 
an have four 
omplexsolutions whi
h result in 
austi
 
urves when φ runs from 0 to 2π. Here, we developeda FORTRAN program whi
h 
an �nd numeri
al solution for Eqn. 4.5 for a givenrange of q, d and φ, where its solution is a 
omplex number with real and imaginaryparts. Using gnuplot I ploted the solutions of this equation to get the 
austi
 
urvesshown below in green lines. I also developed a FORTRAN program whi
h 
an �ndthe solution for Eqn.4.1 by reading the solutions of Eqn.4.5. Hen
e the solutionsof Eqn. 4.1 gives 
riti
al 
urves shown below in blue lines. In Figs. 4.1, 4.2, 4.3,

4.4 and the blue lines are therefore solutions of Eqn 4.1 whereas the green lines aresolutions for Eqn. 4.5.56
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4.1 Criti
al Curves4.1 Criti
al CurvesAs we mentioned earlier in the previous se
tion the lens equation is a mapping fromlens plane to sour
e plane. This type of mapping is lo
ally invertible at some imagesof the sour
e. The lens mapping at some point 
an be invertible at all of its imageswhen the sour
e position does not lie on the 
austi
. A gravitationally lensed imagemay be
ome very intensely magni�ed. This o

urs when the sour
e has a uniqueposition with respe
t to a 
austi
 
urve that is either when it passes 
lose to the
austi
s or 
rosses the 
usp of the 
austi
s. However, no gravitationally lensed imageis ever really in�nitely magni�ed be
ause no real sour
e is point-like. Criti
al 
urvesare de�ned by the set of points in the spa
e of observed angular positions for whi
hthe Ja
obian determinant of the lens mapping vanishes (Dominik, 1999), i.e.,
det(

1

M
) = 0, (4.6)where M is the magni�
ation.4.2 Causti
 CurvesThe image 
urve under the lens mapping results in 
losed 
urves, whi
h 
an in-terse
t ea
h other (S
hneider et al., 1992). These 
urves are not smooth but 
anbe understood in terms of folds of the sky sheet and sometimes they are joined inpairs at 
usps (Mollera
h & Roulet, 2002). Cassan et al. (2010) de�ned 
austi
s aspositions where the Ja
obian determinant of the equation of lens mapping vanishesor lines of in�nite point-sour
e magni�
ation.Causti
s are imaginary lines on the sour
e plane of the sky where magni�
ationdiverges. Causti
s 
an also be formed by the set of points in true sour
e positionspa
e onto whi
h the 
riti
al 
urves are mapped (Dominik, 1999). Detailed investi-gation of 
austi
 
urves is an important 
omponent in gravitational lensing theorydue to the fa
t that the number of images 
hanges by two (±2) when the sour
epasses 
lose to the 
austi
s or 
rosses the 
austi
. So studying the stru
ture of
austi
 
urves plays an important role in studying lens mapping as well as imagemultipli
ity. Another important aspe
t in studying 
austi
 
urves is to investigatethe ampli�
ation of a sour
e. The ampli�
ation of a sour
e, (S
hneider et al., 1992),be
omes large as a result of the area distortion of the lens mapping assuming that57
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Causti
s and Criti
al Curvesthe sour
e is 
lose to the 
austi
s. In a gravitationally mi
rolensed star by a lenssystem 
omposed of two masses, the resulting light 
urve dramati
ally 
hanges fromsymmetri
 one of a single lens system (Han & Hwang, 2009). This deviation o

ursdue to the formation of 
austi
s for binary lensing system. Causti
s of a pair ofpoint masses may 
onsist of a single 
ontinuous 
urve, or two or three separate 
om-ponents of 
urves due to its lens 
on�guration (S
hneider & Weiss, 1986) and (Erdl& S
hneider, 1993). In the up
oming se
tion detail dis
ussion of the topologies ofbinary lenses due to di�erent 
on�guration of lenses will be dis
ussed.4.3 Topologies of Binary LensesS
hneider & Weiss (1986) developed 
austi
 
urves for equal mass lens systems andshowed that a binary lensing system displays in three di�erent topologies, whi
h aredes
ribed as 
lose binaries, intermediate binaries and wide binaries depending onthe separation of the two lenses in units of Einstein ring radius, θE 
orrespondingto the total mass as well as the mass ratio of the lenses q = M1

M2
(Dominik, 1999;Cassan et al., 2010; Gaudi, 2010).(a) Close Binaries: A

ording to Dominik (1999) and Dominik (2007), these typesof binaries lie in the separation distan
e range d < 1√

2
. In this topology weobtain one big and two small 
riti
al 
urves inside the bigger one. The mappingof these 
riti
al 
urves results in diamond-shaped 
austi
s with four 
usps forthe larger and two smaller triangular shaped 
austi
s pla
ed symmetri
ally oneither side of the bigger 
austi
 as shown in Fig.4.1 below.
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4.3 Topologies of Binary Lenses

Figure 4.1: Criti
al 
urves shown with blue dotted lines and smaller blue 
ir
les and
austi
s shown with green line for Close Binary system with mass ratio=1 and separationdistan
e = 1√
2
.The binary lens 
omponents are shown with bla
k dots, on the right andleft side of the 
entral 
austi
, green diamond 
austi
, on the line passing through theorigin and the 
enter of the 
entral 
austi
. The x and y-axes are the real and imaginarypart of the solutions of equations 4.1 and 4.5. Where the primary star is lo
ated at theorigin and the se
ondary situated at a distan
e 1√

2
to the left. The axes are annotated inunits of Einstein Radius.(b) Intermediate (Resonant) Binaries: For binaries of equal mass lenses q = 1, d =

1.414 is the transition separation distan
e from 
lose to intermediate binarieswhi
h is shown in �gure 4.2. As the separation distan
e in
reases, the topologyof 
riti
al 
urves also 
hanges. In this region, 1√
2
< d < 2, the two smaller
riti
al 
urves disappear and form one big 
riti
al 
urve and its transformationresults with the formation of 6 
usp 
austi
s. Resonant 
austi
s are formedwhen the separation between the lenses is similar to the Einstein ring radiusof the binary system (Han & Hwang, 2009).
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Causti
s and Criti
al Curves

Figure 4.2: Criti
al and 
austi
 
urves for intermediate binary lensing with mass ratio =
1 and separation 1.414. Coloured points, bla
k dots and axis units are as for Fig.4.1.(
) Wide Binaries: If the binary separation in
reases further, d > 2, the topology ofboth 
riti
al and 
austi
 
urves 
hange. The distan
e d = 2 is the transition oftopologies from intermediate to wide binaries. In wide binaries the two 
riti
al
urves, 
ir
ular in shape, move further away and the two 
austi
s move awayand form a degenerate 
austi
 (Dominik, 1999) as illustrated in Fig. 4.3 below.As separation in
reases the size of the 
austi
s de
reases. In this region it isalso possible to assume the behavior of the lenses as two independent singlelenses (Han & Hwang, 2009).
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4.3 Topologies of Binary Lenses

Figure 4.3: Criti
al and 
austi
 
urves for wide binary lensing with mass ratio = 1 andseparation = 4 . Coloured points, bla
k dots and axis units are as for Fig.4.1.

Figure 4.4: Left panel shows Causti
 and Criti
al 
urves for d = 0.8 and q = 0.01 andright panel shows Causti
 and Criti
al 
urve for d = 0.6 and q = 0.01. Coloured points,bla
k dots and axis units are as for Fig.4.1.The afore-mentioned topologies of 
riti
al 
urves and 
austi
s will remain the sameif we 
onsider a di�erent mass lens system (q 6= 1) but the mass ratio a�e
ts the
austi
s in size, position and the 
austi
s will be stret
hed. The four di�erent 
austi
and 
riti
al 
urve topologies shown in Figs. 4.4 and 4.5 demonstrate the variationin shape and stru
ture due to the 
hange in mass ratio and separation of the binary
omponents. 61
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Causti
s and Criti
al Curves

Figure 4.5: Left panel shows Causti
 and Criti
al 
urves for d = 1 and q = 0.8 and theright panel shows Causti
 and Criti
al 
urve for d = 1.25 and q = 0.1. Coloured points,bla
k dots and axis units are as for Fig.4.1.For an arbitrary value of the mass ratio (S
hneider & Weiss, 1986; Erdl & S
hneider,1993; Dominik, 1999), the topology at whi
h transition between the three regionso

ur whi
h depends on the mass ratio and the lens separation distan
e (q, d) is thebifur
ation value given by:
d8c =

(1 + q)2

27q
(1− d4c)

3, (4.7)
d2w =

(1 + q
1

3 )3

1 + q
, (4.8)where dc(q) and dw(q) are transition distan
es between 
lose and intermediate bina-ries and between intermediate and wide, respe
tively. Fig.4.6 shows the bifuri
ationvalues in whi
h transitions o

ur between 
lose and intermediate as well as inter-mediate to wide binary 
on�gurations dc(q) and dw(q), respe
tively.
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4.4 Model Light Curves for Binary Lens

Figure 4.6: Figure showing the topologies of binary Lenses and bifur
ation values dc(q)and dw(q).(Adapted from Cassan (2008, 2006), Gaudi (2011)).4.4 Model Light Curves for Binary LensIn this se
tion, I will try to show some examples of model light 
urves developedfor di�erent mass ratio values and separation distan
es using a FORTRAN programand I used gnuplot for plotting the light 
urves as well as Dominik (2007) formalism.Modeling binary lens needs three parameters (t0, tE , and u0) from the point sour
epoint lens model in addition three parameters from binary lens model (d, q, α) isrequired. This se
tion presents some light 
urves and sour
e tra
k as it passes a
rossthe 
austi
 
urve for randomly sele
ted values of binary lens parameters. 63



Univ
ers

ity
 of

 C
ap

e T
ow

n

Causti
s and Criti
al Curves

Figure 4.7: Left panel: Sour
e passing far away from the 
austi
 
urve and the right paneldemonstrates model light 
urve for a mass ratio of 0.5, and distan
e between 
omponentsis 0.5.The plot shown in Fig. 4.7 left panel shows the sour
e path and the right panelshows the resulting light 
urve due to the e�e
t of the sour
e passing a
ross the fa
eof the 
austi
 
urve and its path is 20o from the binary axis. It is 
lear from thelight 
urve that this light 
urve looks like a single lens mi
rolensing e�e
t due tothe fa
t that the sour
e is passing far away from the 
austi
 
urve.
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4.4 Model Light Curves for Binary Lens

Figure 4.8: Left panel: Causti
 
urve stru
ture and sour
e path at an in
lination of 55ofrom the binary axis for a mass ratio of 0.99 and binary 
omponent separation distan
eof 0.9, Right panel: Light 
urve produ
ed due to the sour
e 
rossing the 
austi
 
urve formodel binary lens shown in the left panel.The left panel in �g.4.8 shows the 
austi
 stru
ture (red 
urve) and sour
e pathshown in straight line. The light 
urve produ
ed is due to the e�e
t of the sour
e
rossing the 
austi
 
urve. As the sour
e getting 
loser to the 
usp the �rst smallhump is produ
ed in addition as the sour
e 
rosses the 
austi
 
urve, the magni�-
ation be
omes higher and we get the sharp peak. As the sour
e passes inside the
austi
 
urve the magni�
ation de
reases as it is shown in the light 
urve shown inthe right panel of �g. 4.8. The se
ond peak is obtained when the sour
e 
rosses the
austi
 
urve as it leaves the 
austi
 
urve and �nally the magni�
ation de
reasesas time passes.The left panel in �g. 4.9 shows the 
austi
 
urve and sour
e tra
k for a binary lenswith mass ratio of 0.99 and the dire
tion of the sour
e path is −230o. The onlydi�eren
e between the left panels of previous plots in Fig. 4.7, 4.8 and this plot inFig. 4.9 is the dire
tion of motion of the sour
e.The 
austi
 
urve (red line) generated in Fig. 4.11 is for a mass ratio of 0.5 andseparation distan
e of 0.7 and the dire
tion of the sour
e motion is −30o. The light
urve produ
ed due the e�e
t of the sour
e as it passes a
ross the 
austi
 
urve.The sharp in
rease in the magni�
ation is be
ause the sour
e enters to one of the65
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Causti
s and Criti
al Curves

Figure 4.9: Left panel: Causti
 
urve(Red diamond) produ
ed for given mass ratio of 0.99and sour
e tra
k., Right panel:The light 
urve produ
ed for a binary lens system withmass ratio 0.99 and distan
e between binary 
omponents is 0.9

Figure 4.10: Left panel:Plot showing Causti
 
urve and sour
e tra
k at a dire
tion of 45ogenerated for mass ratio 1 and binary 
omponent separation distan
e of 1, Right panel:Model light 
urve produ
ed due to the e�e
t of the sour
e passing through the 
austi

urve shown in the left panel.66
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4.4 Model Light Curves for Binary Lens

Figure 4.11: Left panel: Causti
 stru
ture (shown in red) for given mass ratio of 0.5 andseparation distan
e between binary 
omponents 0.7 and a sour
e tra
k (shown in straightline)., Right panel: Model light 
urve produ
ed for a binary lens system shown in the leftpanel.
austi
 
urves and stays for a short duration due to the small size of the 
austi
 andthe next sharp in
rease o

urs when the sour
e leaves the 
austi
 
urve.The light 
urve produ
ed looks a single lens mi
rolensing event ex
ept when thesour
e passes very 
lose to one of the 
austi
 
urves whi
h results in a short durationhump on the light 
urve. So, what we 
an learn from this se
tion is that it is possibleto generate di�erent kinds of binary lens models based on di�erent parametersne
essary to express binary lens mi
rolensing events. For a 
ertain value of massratio and separation distan
e if we take the dire
tion of the sour
e tra
k in 
lo
kwisedire
tion, the light 
urve that we get is the mirror image of the light 
urve produ
edusing anti
lo
kwise dire
tion of the sour
e tra
k as it is shown in �gs. 4.8 and 4.9.
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Causti
s and Criti
al Curves

Figure 4.12: Left panel: Causti
 
urve generated for a binary system of mass ratio 0.8and separation distan
e of 1., Right panel: Binary lens model light 
urve produ
ed fora binary mass ratio of 0.8 as the sour
e passes a
ross the 
austi
 line shown in the leftpanel.

Figure 4.13: Left panel: Causti
 
urve plotted for a binary lens system of mass ratio 1and separation distan
e of the binary 
omponents 0.7 where the dire
tion of the sour
etra
k is at angle of 30o shown in bla
k straight line., Right panel: Light 
urve produ
edfor a binary lens system of 
austi
 stru
ture shown in the left panel. The magni�
ationsare due to the e�e
t of the sour
e as it 
rosses the 
austi
 
urve.68
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4.4 Model Light Curves for Binary Lens

Figure 4.14: Left panel:Causti
 stru
ture (shown in red) for given mass ratio of 0.01 andseparation distan
e of 0.8, dire
tion of sour
e tra
k is at an angle of 220o from the binaryaxis., Right panel: Model light 
urve generated due the e�e
t of the sour
e as it passesa
ross the 
austi
 
urve as shown in the left panel.
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al Curves
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rolensing in Sear
hing for ExtrasolarPlanets
One of the methods to dete
t distant planets by monitoring mi
rolensing eventsin the gala
ti
 bulge is Gravitational mi
rolensing. This method needs intensivemonitoring of mi
rolensing events towards a dense �eld su
h as the Gala
ti
 bulge.Mao & Pa
zynski (1991) �rst pointed out that from observations toward the Gala
ti
Bulge, where the sour
e is 8kp
 and the lens is 2kp
 from the sour
e, the size of theEinstein ring in the lens plane to be:

θE ≃ 1.9AU

√
ML

0.3M⊙

DL

6kpc

DLS

2kpc

8kpc

DS

, (5.1)where ML is mass of the lens, DL,DLS and DS are observer plane-lens plane, lensplane-sour
e plane and observer plane-sour
e plane distan
es respe
tively.In studying binary lenses, a parti
ular lens 
ase 
onsists of a planet and a star,the 
ase shown in Fig.5.1 below, where the planet orbits the star. These types ofmi
rolensing events have spe
ial features like the mass ratio q = Mp

M∗
<< 1 where71
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Mi
rolensing in Sear
hing for Extrasolar Planets

Figure 5.1: Geometry of mi
rolensing event 
omposed of a planet and a star in whi
hlight 
oming from the sour
e is de�e
ted by the gravitational potential of the lens sys-tem.(Adapted from Rattenbury (2006)).
Mp and M∗ are the masses of the planet and the planet host star respe
tively. Thepresen
e of the planets 
an be seen in the light 
urve due to its perturbation on themagni�
ation as well as the presen
e of anomalies in the light 
urve.Intensive monitoring of planetary mi
rolensing events will lead to a deviation of thelight 
urve as shown in Fig.5.2. The light 
urve in the upper panel is equivalent tosingle lens mi
rolensing events and the lower panel is similar to the single lens modelbut for a short period of time it deviates from single lens and shows a behavior ofbinary lens light 
urve.The sensitivity of mi
rolensing in sear
hing planets depends on the planet-star sep-aration. The region between 0.6 to 1.6θE is the peak for dete
ting planets and we
all this region Lensing Zone. As Han et al. (2009) derived an analyti
al expres-sion for planetary separation (Lensing Zone) whi
h 
an be dete
ted through highmagni�
ation events as:

|
√

2q

ρ∗
−
√

2q

ρ∗
+ 1| ≤ d ≤

√
2q

ρ∗
+

√
2q

ρ∗
+ 1 (5.2)72
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Figure 5.2: Light 
urve of mi
rolensing events: Top panel shows light 
urve produ
ed bysingle lens giving smooth and symmetri
 
urve. Bottom panel:Light 
urve produ
ed inthe presen
e of planet. The small deviation is 
aused by the planet whi
h a
ts as a lensand magni�es the ba
kground sour
e and hen
e leaves a short duration peak.(Adaptedfrom PLANET mi
rolensing 
ollaboration Home page: http://planet.iap.fr/planet.html).and they also demonstrated that the lensing zone of 
entral perturbations is di�erentfor di�erent mass ratios whi
h is di�erent from the 
lassi
al lensing zone where thisis not a�e
ted by the mass ratio.Table 5.1: Lensing zones for gala
ti
 lenses (Adapted from (Sa
kett, 1997))Lens Type Disk lens (4Kp
) Bulge lens (6 Kp
)
1.0M⊙ Disk 2.4 - 6.4 AU 2.1 - 5.5 AU

0.3M⊙ Bulge Dwarf 1.33 - 3.5 AU 1.1 - 3.0 AU 73
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Mi
rolensing in Sear
hing for Extrasolar Planets5.1 Planetary Causti
sBinary lens 
austi
 stru
ture is determined by two parameters, the mass ratio q = Mp

Mand angular separation of the lenses. For arbitrary mass ratio, Ehlers & S
hnei-der (1993) determined the separation of lenses for whi
h transition between thesetopologies o

urs. As we explained earlier planets 
an be dete
ted by mi
rolensingte
hnique in two di�erent ways. The �rst 
ase is when the ba
kground sour
e star
rosses the planetary 
austi
s where these events 
an 
reate extended 
austi
s (one
entral and large planetary 
austi
). When a sour
e passes a
ross these 
austi
 lines,there will be a 
hange in magni�
ation. The total area of these 
urves is very smallas 
ompared to the surfa
e of the Einstein ring disk. But the presen
e of the planets
an be revealed on the light 
urve if the sour
e approa
hes very 
lose to or 
rossesthe planetary 
austi
s. These events basi
ally 
an happen at lower magni�
ation aswell.The se
ond s
enario o

urs when a lens 
rosses a sour
e star very 
lose to the line ofsight where the distan
e of 
losest approa
h is mu
h smaller than the Einstein ringradius implying high magni�
ation of the sour
e (Rattenbury, 2009). In the se
ondpanel of Fig. 5.2 the planet is a
ting as a mi
rolens and results in the distortionof the magni�
ation pattern and hen
e results in a hump in the light 
urve due tothe fa
t that a planet lo
ated in the "lensing zone" of its parent star may result inperturbed regions of high magni�
ation, in
luding in�nite magni�
ation on 
austi
s(Sa
kett, 1997). So, if a ba
kground sour
e passes through this region, it will resultin a short time deviation or anomaly on the light 
urve.5.2 Observational Eviden
e of Mi
rolensing EventsThe idea that a star's gravitational �eld a�e
ts the light 
oming from a ba
kgroundsour
e, so-
alled gravitational mi
rolensing, was �rst pointed out by Einstein in1936 and further studied and developed by Refsdal (1964) and Fukui et al. (2007).This event was di�
ult to observe due to its rare o

urren
e. So, for this typeof observation to have signi�
ant importan
e in mi
rolensing studies, systemati
sear
hes are required. The more advan
ed the sear
h of targets and the more starsobserved, the higher the probability of observing mi
rolensing events. Then usingadvan
ed observation tools the sear
h for gravitational mi
rolensing be
ame su

ess-ful sin
e the pioneering theoreti
al work by Pa
zynski (1986). He suggested that74
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5.2 Observational Eviden
e of Mi
rolensing Eventsthis te
hnique 
an be used as a tool to dete
t Massive Astronomi
al Compa
t HaloObje
ts (MACHOS) in the gala
ti
 halo (Ryu & Park, 2007). Pa
zynski (1986) also�rst estimated realisti
 rates for mi
rolensing toward 
rowded stellar �elds, su
h asLarge and Small Magellani
 Clouds and Gala
ti
 Bulge (Pa
zynski, 1991), to studygala
ti
 stru
ture, extrasolar planets and gala
ti
 dark matter.Systemati
 sear
hes fo
us on sear
hing for mi
rolensing event targets toward densestellar �elds su
h as the gala
ti
 bulge. For these targets the observation season islimited from May to September.As a result of intensive observation, the �rst mi
rolensing event 
andidates weredis
overed by three independent 
ollaborations: MACHO (Al
o
k et al., 1993);OGLE (Opti
al Gravitational Lensing Experiment) (Udalski et al., 1992); EROS(Experien
e pour la Re
her
he d'Objets Sombres) (Aubourg et al., 1993).After this breakthrough thousands of mi
rolensing events have been dete
ted, mostlytoward the gala
ti
 bulge. Among the 
ollaborations, OGLE (Fukui et al., 2007)dete
ted almost 600 events ea
h year. Developments in equipment and assign-ment of dedi
ated teles
opes in
reased possible dete
tion of mi
rolensing targets tomore than 1000. Sear
hes of mi
rolensing events in re
ent times have also beenextended towards the Andromeda galaxy, toward spiral arms and toward globular
lusters (Mollera
h & Roulet, 2002). Moreover, 
ollaboration of di�erent teles
opesaround the world have been 
reated to establish networks so that events are goingto be observed in real time and alerted to the mi
rolensing 
ommunity for followupobservation (Mollera
h & Roulet, 2002).5.2.1 Groups Working on Mi
rolensing ObservationsThis se
tion is dedi
ated to give an overview of mi
rolensing observation groups.More emphasis is given for groups working in 
ollaboration with the South Afri
anAstronomi
al Observatory. Those groups are 
hara
terized by sear
hing mi
rolens-ing targets toward the Gala
ti
 Bulge (Moniez, 2010).(a) PLANET (Probing Lensing Anomalies NETwork, (Albrow et al., 1998)) Sin
ethe establishment of the PLANET 
onsortium in 1995, this group has playeda major role in photometri
 followup of ongoing events. Its primary aim is toperform pre
ise and frequent multi-band observation of ongoing mi
rolensingevents. PLANET 
ollaboration is a followup network as shown in Fig.5.3 and75
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Mi
rolensing in Sear
hing for Extrasolar Planets

Figure 5.3: PLANET 
ollaboration in the southern hemisphere (Adapted from Zub(2009))mainly monitors signatures alerted by OGLE and MOA. PLANET 
ollabora-tion has following targets alerted by MACHO and EROS as well before 2001using the four teles
opes lo
ated in the southern hemisphere: SAAO (1m tele-s
ope lo
ated in Sutherland, South Afri
a), Danish 1.54m teles
ope (La Silla,Chile, South Ameri
a), Canopus Teles
ope, Tasmania, Australia, Perth 0.6mto get 24 hour 
ontinuous followup observations of several targets. In additionthe Boyden observatory (Bloemfontein, South Afri
a) was brie�y part of thenetwork. As dis
ussed earlier in Se
tion 5.2, intensive follow up is 
ru
ial toobserve and study short-lived binary lens events, su
h as 
austi
 
rossing eventsand planet dete
tion. Observations towards the Gala
ti
 Bulge by PLANETusually start in April and end in September be
ause the bulge is visible fromthe southern hemisphere.Ea
h night sele
ted targets are monitored by observers with high pre
isionphotometri
 observations around the 
onsortium and data is 
olle
ted at ea
hteles
ope and the data is redu
ed online to be sent to the 
entral server lo
atedin Fran
e.
76
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5.2 Observational Eviden
e of Mi
rolensing Events(b) Mi
roFUN (Mi
rolensing Followup Network)Mi
roFUN group is a 
onsortium of professional astronomers as well as am-ateurs from around the world dedi
ated to follow-up observations toward theGala
ti
 Bulge and gives more emphasis to high ampli�
ation mi
rolensingevents whi
h in turn lead to the potential dete
tion and dis
overy of planets.In early 2009, Mi
roFUN formed a working group with PLANET to enhan
etheir e�ort in identifying high magni�
ation events and also to use a largeteles
ope network whi
h allows greater sampling of the light 
urve giving themi
rolensing 
ampaign more sensitivity to short period mi
rolensing events.In this group the equipment ranges from a 0.25m teles
ope and basi
 CCD inPerth to the 2.4m teles
ope at Kitt Peak National Observatory (KPNO).On
e targets are sele
ted and an alert is set, astronomers all over the 
onsor-tium will follow up targets and then upload the data to the Mi
roFUN head-quarters for photometri
 pro
essing and PSF (Point Spread fun
tion) �ttingphotometry (M
Clelland, 2008). The main reason behind sending the data toone 
entral o�
e is to do the analysis with the same software and results appearin a uniform fashion. Taking into a

ount the results of the data pro
essingevents with spe
ial features whi
h are intensively observed and made ready forfurther detailed photometri
 time-series analysis using di�eren
e imaging.
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Mi
rolensing in Sear
hing for Extrasolar Planets(
) OGLE (Opti
al Gravitational Lensing Experiment, (Udalski et al., 1992))OGLE was established in 1992 and is based at Warsaw University. It worksin 
ollaboration with the Las Campanas Observatory (Chile), Prin
eton Uni-versity and the Carnegie Institution. The original obje
tive of OGLE wasto sear
h for dark matter in the Magellani
 Cloud and Gala
ti
 Bulge usingthe mi
rolensing te
hnique but now it 
on
entrates on sear
hing for extrasolarplanets towards the Gala
ti
 Bulge and to study variable stars. Their mainpurpose is to identify targets and announ
e target events to the mi
rolensing
ommunity so as to alert the observers (followup Networks).OGLE histori
ally had four phases. The �rst phase, OGLE-I, was the pilotproje
t phase and ran through 1992−1995 using the Swope 1m teles
ope at theLas Campanas Observatory. In the se
ond phase, OGLE-II, (1996−2000), thegroup built a 1.3m Warsaw teles
ope dedi
ated only for this proje
t. Then thethird phase, OGLE-III, in 2001 started observation using the newly 
onstru
tedse
ond generation CCD mosai
 
amera with an 8 
hip 8192×8192 pixel mosai
with 15µm size giving a full �eld of view 35×35 ar
min (Udalski, 2003). Sin
ethe data �ow is too mu
h photometri
 redu
tions are performed in real timeto avoid saturation (Udalski, 2003).OGLE-III monitored Gala
ti
 bulge, the 
onstellation of Carina and towardLarge and Small Magelani
 Clouds observing more than 2 million stars. Themost re
ent development in OGLE phase 
ame in 2010, OGLE-IV, after someengineering work in 2009 and started fun
tioning with 32-
hip mosai
 CCD
amera. Its main obje
tive is to in
rease the number of planetary dete
tionsusing mi
rolensing.(d) MOA (Mi
rolensing Observation in Astrophysi
s) It is a 
ollaboration of as-trophysi
ists from New Zealand and Japan where its main resear
h 
enter islo
ated at Mt. John, Tekapo, New Zealand. This group uses a 1.8m re�e
torteles
ope to monitor around 10 million stars toward the Magellani
 Clouds andGala
ti
 Bulge. They use gravitational mi
rolensing te
hnique to dete
t darkmatter, extrasolar planets and study stellar atmospheres from the southernhemisphere. MOA fo
uses on sear
hing for gravitational mi
rolensing eventswith high magni�
ation whi
h are sensitive to the presen
e of extrasolar plan-ets. As M
Clelland (2008) stated every extrasolar planet dis
overed usinggravitational mi
rolensing has some observational data from MOA.
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5.2 Observational Eviden
e of Mi
rolensing EventsIn the following table, we summarize the di�erent groups working on mi
rolensingand their followup targets.Table 5.2: Mi
rolensing survey groups, their targets and the approximate number of eventsobserved in di�erent dire
tions, as well as their running period (Adapted from Mollera
h,2002) Observing Groups Targets Events YearsMACHO Bulge 350 1992− 1999LMC 25SMC 2OGLE I Bulge 20 1992− 1995OGLE II Bulge 520 1996− 2000LMC 1SMC 1OGLE III Bulge 2001−SMCLMCOGLE IV 2009-EROS I LMC 4 1991− 1995EROS II LMC 1 −1997BulgeSpiral arms 7DUO Bulge 13 1994− 1994MOA Bulge 20 −2000Table 5.3: Followup networks (Adapted from Mollera
h, 2002)PLANETMPSGMANMi
roFunMindStepMOA
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Mi
rolensing in Sear
hing for Extrasolar Planets5.2.2 Binary Lens ObservationThe theory of binary lenses was extensively studied by S
hneider &Weiss (1986) andPa
zynski (1986) for a spe
i�
 value of mass ratio (q = 1). This great work paved theway for observers to �nd signals of binary lenses and in the mi
rolensing observingseason in 1993 the �rst binary lens was dete
ted with some spe
ial features havingtwo peaks and labeled as an 'unusual' event (Wambsganss, 2006). This target wasobserved by OGLE. Among the OGLE mi
rolensing 
andidates, OGLE No.7 showedunusual variation in ampli�
ation whi
h is di�erent from the variations of the knownvariable stars but the variation in ampli�
ation was similar to the theoreti
al light
urves developed for mi
rolensing by binary lens (Mao & Pa
zynski, 1991).The light 
urve in Fig. 5.4, top panel shows (V-I) Vs HJD and lower panel shows I(magnitude) with time (Julian Date) of OGLE No.7 in the 1992/1993 observing 
am-paign. The V-I 
al
ulation is very important in determining the type and propertiesof the sour
e star, by observing the target using two bands I and V. Mi
rolensingobservations are a�e
ted by blending that o

urs due to the additional light 
omingfrom a 
lose 
ompanion of a lensed star or from the binary lens itself. A

ording to(Udalski et al., 1994) in the 1992 observing season OGLE No.7 had 
onstant bright-ness I∼ 17.5mag and resulted in 
ategorizing this event as a non-variable star but inthe 
oming year observing season there was a dramati
 
hange in brightness whi
hrose by 2 mag and rea
hed 15.1 mag, then after rea
hing maximum brightness itstarted to fade and then be
ame dimmer and instantly it showed a rise in bright-ness followed by a de
rease in brightness. From this observation it was 
lear thatOGLE No.7 had two maximum brightness and analysis of the light 
urve resultedin binary mi
rolensing event not a 
ata
lysmi
 variable or low mass x-ray binaryor Dwarf Novae be
ause its duration was mu
h longer than the typi
al dwarf novaeoutbursts or supernovae outbursts (Udalski et al., 1994). The arguments raised to
lassify OGLE No.7 as binary lens event was based on, (Mao & Pa
zynski, 1991),statisti
al reasoning stating from OGLE events around 10% is expe
ted to be binaryand from observed 10 bright star samples one 
ould possibly be binary. The otherargument is the 
olor of OGLE No.7 showed the star was typi
ally Gala
ti
 Bulgemain sequen
e turn o� point star (Udalski et al., 1994).
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5.2 Observational Eviden
e of Mi
rolensing Events

Figure 5.4: OGLE7, The �rst binary Mi
rolensing event observed with mass ratio q = 1separated by one Einstein radius Udalski et al. 1994 (Adapted from Udalski et al. 1994).OGLE No.7 (Udalski et al., 1994) had two 
austi
 
rossings and its modeling wasdone by Mao & Di Stefano (1995). Fig.5.5 shows the stru
ture of the 
austi
 and
riti
al 
urves with the sour
e path. The sour
e 
rosses the 
austi
 
urve at twopoints. Fig.5.4 demonstrates the theoreti
al model of the light 
urve developed forOGLE No.7 .
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Mi
rolensing in Sear
hing for Extrasolar Planets

Figure 5.5: OGLE No.7 Geometry of the best �t binary lens model: The dashed linerepresents the 
riti
al 
urves and the solid line shows the 
austi
s proje
ted on the sour
eplane. The straight line shows the traje
tory of the sour
e moving in the dire
tion shownby the arrow (Adapted form A.Udalski et al.(1994)).But in some 
ases, the available data is insu�
ient to distinguish and 
hara
terizebinary and single lenses (Jaroszy«ski et al., 2004), more importantly when we tryto study more detailed parameters of the lens system.The improvement in the data redu
tion systems of groups working in mi
rolensingallows observation of mi
rolensing events in real time. In the 1998 mi
rolensing
ampaign, MACHO-98-SMC-1 was the �rst 
austi
 
rossing binary mi
rolensingevent to be observed in real-time, whi
h allows results in 
on
entrated photometri
and spe
tros
opi
 followup of observations (Al
o
k et al., 1999).During followup of this target, a sudden in
rease in brightness by 1.5 magnitude wasre
orded, in whi
h photometry from subsequent nights 
on�rmed that the targetwas likely to be 
austi
 
rossing event. During that time alerts were sent to themi
rolensing working groups giving them the opportunity to make the �rst real-time dete
tion of binary lensing mi
rolensing event towards the Small Magellani
Cloud(SMC) (Al
o
k et al., 1999)(and referen
es therein). The 
hallenge here was�nding a way for a

urate predi
tion of the time for the se
ond 
austi
 
rossing.82
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5.2 Observational Eviden
e of Mi
rolensing EventsContinuous observation allowed an estimate on the date of se
ond 
austi
 
rossingto be on June 19.3± 1.5UT to be issued June 15.3. Later data from June 15 madethis time approximation to be revised and estimated to be June 19.2±1.5UT. June
17 data provided information about predi
tion time to be June 18.2 when the se
ond
austi
 
rossing a
tually happened (Al
o
k et al., 1999).Later Jaroszy«ski & Mao (2001) showed that reliable predi
tion of the exa
t timingis intrinsi
ally di�
ult and this is only possible relatively late. Wambsganss (2006)stated in his paper that real-time analysis provides the possibility to analyze thelight 
urve of a mi
rolensing event while the event is ongoing inaddition it allowsastronomers to take a
tion qui
kly.In this regard the other very interesting and spe
ta
ular event in mi
rolensing obser-vation is EROS BLG-2000−5, R.A. =17h53m11s.5, de
l.= -30o55′

35
′′, l = 359o.14 b= −2o.43 alerted by EROS on May 5, 2000 (An et al., 2002). Later on June 8, 2000,the Mi
rolensing Planet Sear
hing (MPS) 
ollaboration dispat
hed an anomaly alertstating that the brightness of the sour
e in
reased by 0.5 from the previous nightand 
ontinued its brightness by 0.1 mag

40minute
. Then after, the PLANET (ProbingLens Anomalies NETwork) intensi�ed their observation using the four teles
opesin the 
onsortium, the Canopus (Tasmania), The Perth/Lowell(West Australia),SAAO, Sutherland, South Afri
a and the Yale (Chile), until August 2001. An et al.(2002)(and referen
es therein), stated that EROS BLG-2000− 5 has many uniquefeatures in
luding well 
overed �rst 
austi
 
rossing (entran
e), timely predi
tionof the se
ond 
austi
 
rossing (exit) and two time series of spe
tral observationsof the sour
e during the se
ond 
rossing, the unpre
edented four day length of these
ond 
rossing. The quality of the data was very good and event duration was longenough to measure parallax and proje
ted binary orbital motion, whi
h in turn areimportant for modeling the light 
urve.
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Figure 5.6: EROS-BLG-2000 − 5(2000 season only) PLANET I-band light 
urve. Datafrom SAAO shown in red 
ir
les, from Yale shown in green squares, blue triangles arefrom Canopus and the data from Perth are shown in inverted triangles (Adapted fromAn et al.2002).The light 
urve shown in Fig.5.6 is the I-band data from PLANET 
onsortium
onsisting of 1286 data points with three peaks. Among these two (labelled A andB) are main maxima in the light 
urve well over 3.5mag from the base line with verysteep rising or dropping �anks showing 
austi
 
rossing. The other peak (labelledby C) whi
h is shorter than the two shows 
austi
 passages. The �gure on the topright panel shows the sour
e star tra
k relative to the binary lens 
austi
s.84
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5.2 Observational Eviden
e of Mi
rolensing Events

Figure 5.7: The Geometry of EROS-BLG-2000 − 5(2000) season proje
ted on the sky(Adapted from An et al.2002)).
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Mi
rolensing in Sear
hing for Extrasolar PlanetsThe geometry of the event when proje
ted on the sky is shown in Fig.5.7, showingthe di�eren
es of the relative paths as seen from Earth- where the left side and theupward side represents Gala
ti
 East and Gala
ti
 North respe
tively and the originis the 
enter of mass of the binary lens system under 
onsideration. The solid 
urveshows the traje
tory of the sour
e relative to the lens as seen from Earth whereasthe short dashed line des
ribes the relative proper motion of the sour
e seen fromthe sun whi
h is the parallax e�e
t (An et al., 2002). The 
ir
le drawn using longerdashed lines is the Einstein ring radius with the 
austi
s inside it at two di�erenttimes (An et al., 2002).5.3 Advantages and Drawba
ks of Mi
rolensingThough planet sear
hing using mi
rolensing is a 
hallenging astrophysi
al phe-nomenon due to its 
omplexity in modeling and analysis, mi
rolensers implementedthe te
hnique and 
ontributed a lot in planet dete
tion for the last 
ouple of years,dete
tion of 10 planets (Perryman, 2011).Gravitational mi
rolensing is purely a gravitational �eld e�e
t on the light 
omingfrom the ba
kground sour
e as des
ribed by Einstein. In this se
tion the primaryobje
tive is to give a brief overview of its advantages and drawba
ks in sear
hingfor extrasolar planets, as elaborated by Wambsganss (2006).5.3.1 AdvantagesMi
rolensing is free of any bias for nearby stars and planets around the solartype/main sequen
e stars. This te
hnique of sear
hing for planets is sensitive toany stars along the line of sight to the sour
e star in the Gala
ti
 bulge at a dis-tan
e of 8.5kp
, most sensitive for a lens position half way in between. In a similarway this method is free of any bias regarding large mass planets be
ause the mi-
rolensing signal (deviation) on the light 
urve of an event is independent of theplanet's mass whereas the size of the sour
e star has an impa
t on the light 
urve inthe sense that the �nite sour
e diameter will a�e
t the smoothing of the light 
urveat the peak and hen
e results in lower amplitude signal leading to a lower dete
tionprobability.Another very important point in mi
rolensing is its ability to dete
t lower massplanets similar to Earth-size planets from ground based observations and followups86



Univ
ers

ity
 of

 C
ap

e T
ow

n

5.3 Advantages and Drawba
ks of Mi
rolensingshowing its high monitoring frequen
y as well as photometri
 a

ura
y. Mi
rolensingis most sensitive to regions from 0.6− 1.6θE , 
alled lensing zones, the region wherefor low mass main sequen
e stars 
onsidered to be habitable zone and this raisesquestions regarding the number of planets to be dete
ted in this region. The uniquefeature of mi
rolensing also in
ludes the possibility of dete
ting multiple planetarysystems. It also helps to dete
t long period planets with large semi-major axis(Wambsganss, 2006). It also plays a major role in dete
ting free �oating planetsand hen
e gives best statisti
s of gala
ti
 population of planets. So gravitationalmi
rolensing is an ideal te
hnique to �nd planets. But this method is not free ofdrawba
ks.5.3.2 Drawba
ksPlanet dete
tion using mi
rolensing has some limitations: among others, the 
han
eof dete
ting planet-lensing system by following up and monitoring arbitrary ba
k-ground sour
e star in the Gala
ti
 bulge is of the order of 10−8 or even smallerthis is be
ause of the rare o

urren
e of mi
rolensing. Additionally, in planetarymi
rolensing system the deviation from ordinary lensing system, on the light 
urve,and its duration is very short in the order of hours to days. In this method theplanets dete
ted are too far with distan
es in the order of few kp
. And sometimesit is hard to determine the exa
t distan
e of the planet unless additional informationis gathered about the target in 
onsideration and this even makes further study ofthe planet impossible. There is also a possibility of parameter degenera
y duringmodeling, with no relation between light 
urves and planet parameters.Planet dete
tion in this method as des
ribed earlier is possible but the di�
ultyarises in determining its mass. Instead this method allows to determine the massratio between the planet and its host star. The other main drawba
k in this methodis that mi
rolensing is a one and only one time event and further 
on�rmation is un-likely to happen. The afore-mentioned premises are not points against implementingmi
rolensing sear
hing te
hnique. Nowadays, due to the availability of software, in-tensive monitoring for almost 24 hours a day and 
ollaboration work among groupsworking on mi
rolensing te
hnique redu
es the drawba
ks in many aspe
ts.
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overed throughGravitational Mi
rolensing
6.1 Introdu
tionGravitational mi
rolensing as a te
hnique for sear
hing extrasolar planets is playinga major role in dete
ting extrasolar planets, planets beyond our solar system. Sin
eits 
on
eption up to date thousands of mi
rolensing targets were observed and an-alyzed by astronomers all over the world. In this 
hapter, we are going to revisesome of the planets dis
overed using mi
rolensing te
hnique.
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Review of Planets Dis
overed through Gravitational Mi
rolensing6.2 Planets Dis
overed through Mi
rolensing(a) OGLE-2003-BLG-235/MOA-BLG-53Alerted and reported by OGLE Early Warning System (Udalski, 2003), OGLE-
2003-BLG-235/MOA-BLG-53, OGLE-2003-BLG-235 (α = 18h05m16s.35, δ =-28o53′42”.0, J2000) during the 2003 observing season on 22 June but thistarget was independently dete
ted by MOA on 2003 July21 and was labelledas MOA-2003-BLG-53.The OGLE observation group, a

ording to Bond et al. (2004), observed thetarget in the I band with an exposure time of 120s on the other hand theMOA observation group observed the target with a broad band red �lter withan exposure time of 180s. The photometry for the two observing teams werederived using di�eren
e image analysis (Wozniak, 2000).Bond et al. (2004) stated that the mi
rolensing event was the �rst mi
rolensingtarget leading to the dis
overy of planet and they developed a model light 
urveshown below.OGLE-2003-BLG-235 (MOA-BLG-53) was observed sin
e 2000 and this longduration was a behavior for single point lens mi
rolensing events (Bond et al.,2004), but this event had a unique feature whi
h is a short duration deviationfrom known single lens mi
rolensing events. The spike resulted was due to thesour
e 
rossing the 
losed 
austi
s, where the �rst spike is due to the sour
e
oming in to the 
austi
 and the se
ond spike on the other hand is due to thesour
e exiting from the 
austi
. From the light 
urve shown below in Fig.6.1,the 
austi
 entry and exit was well 
overed by MOA on July 21, 2003. Bondet al. (2004) studied the time taking for the sour
e to 
ross the 
austi
s andfound to be short 12% of the total time needed to 
ross the Einstein ring radiusand they used this information with the small amplitude (25 per
ent) of thephotometri
 deviation to determine the mass ratio whi
h resulted in the eventto be a binary lens system with small mass ratio (q = 0.0039).Bond et al. (2004) used minimization s
hemes to sear
h χ2 lo
al minima byallowing all the parameters used to des
ribe the binary lens, tE the Einstein
rossing time, u0 the impa
t parameter, t0 time for 
losest approa
h to the
enter of mass, q the mass ratio, transverse separation of lens 
omponents,
φ the position angle and if the system is a 
austi
 
rossing event additionalparameters ρ apparent angular radius of the sour
e star with respe
t to the90
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overed through Mi
rolensing

Figure 6.1: OGLE-2003-BLG-235/MOA-BLG-53 best �t model where the OGLE andMOA data points are shown as red �lled 
ir
les and blue 
ir
les, respe
tively (Adaptedfrom Bond et al.2009).
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Review of Planets Dis
overed through Gravitational Mi
rolensingEinstein ring was in
luded furthermore two linear s
aling parameters betweenthe magni�
ation and the �ux units for ea
h passband, to vary all at a time.This minimization s
heme resulted in lo
al minima of χ2 = 1390.4 for 1267degree of freedom with small mass ratio of q = 0.0039. This mass ratio is astrong eviden
e of its se
ondary to be a planetary 
ompanion (Bond et al.,2004). Further analysis of OGLE-2003-BLG-235/MOA-BLG-53 resulted in
Dlen = 5.2+0.2

−1.29kp
 with 90% 
on�den
e level and Bond et al. (2004) used
Mlens

M⊙
= 0.123( θE

mas
)2Dsource

kpc
x

1−x
, where x = Dlens

Dsource
, whi
h gives relationship be-tween the lens mass and distan
e. The authors des
ribed the lensing system tobe an M2-M7 dwarf star with 0.36+0.03

−0.28M⊙ and its 
ompanion is a planet witha mass of 1.5+0.1
−1.2MJ where MJ is Jupiter mass. The planetary 
ompanion wasfound to exist at a distan
e of 3.2+0.1

−1.7AU, whi
h was 
on
luded to be in a wideorbit.
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6.2 Planets Dis
overed through Mi
rolensing(b) OGLE-2005-BLG-071This mi
rolensing target was alerted by Early Warning System on 2005Mar
h17using the OGLE-III observation and was predi
ted to have a peak about amonth time. But using the OGLE observation data points 3 days before the
losest approa
h and µFUN points the target was peaking a high magni�
a-tion whi
h in turn triggered intensive observation and follow up of the target.Udalski et al. (2005) des
ribed that a single lens �t to this observation resultedworse χ2 whi
h leads to a se
ond alert by µFUN stating about the start ofthe anomaly. Di�erent observatories 
overed the event. Udalski et al. (2005)used the data from OGLE (1.3m teles
ope at Las Campanas Observatory inChile), MOA (0.6m at Mount John Observatory in New Zealand), µFUN Chile(SMART 1.3m teles
ope at CTIO), Palomar (60in
h (1.5m) roboti
 teles
ope),MDM (Hiltner 2.4m at Kitt Peak), Au
kland (0.3mNustrini teles
ope at Au
k-land Observatory), Farm Cove (0.25m Meade at Farm Cove Observatory),Faulkes North (2.0m in Hawaii), and Canopus (1.0m at Hobart, Tasmania).Udalski et al. (2005) demonstrated that the event was a planetary mi
rolens-ing with a mass ratio, q = 0.0071 obtained from the best �t and 
onstrainedthe mass of the host star to be in the range 0.08M⊙ < M < 0.5M⊙ with theplanet's distan
e found to be in the range 1.5 < DL < 5kp
 and the mass ofthe planet is in the range 0.05 < mp

MJup
< 4 where mp and MJup are mass of theplanet and mass of Jupiter respe
tively and the planet was 
on
luded to be aJovian-mass planet.From the light 
urve shown in Fig. 6.2 as Udalski et al. (2005) stated the twopeaks were generated as a result of the sour
e when it is passing very 
lose tothe two 
usps of the 
entral 
austi
s. By observing the two peaks it is possibleto see that the size of the peaks have equal height whi
h is resulted due to thefa
t that the sour
e passed almost perpendi
ular to the binary axis, α ∼ ±90o.The other justi�
ation presented regarding the weakness of the middle peakwas due to the asymmetri
 property of the 
austi
s. OGLE-2005-BLG-71 wasthe se
ond planet dete
ted and was also the �rst high magni�
ation planetaryevent. Udalski et al. (2005) also stated the e�e
tiveness of sear
hing Earthmass planets from 
entral 
austi
 events.
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Review of Planets Dis
overed through Gravitational Mi
rolensing

Figure 6.2: OGLE-2005-BLG-71 best �t light 
urve showing a planetary 
ompanion :(Adapted from Udalski et al.2005)
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6.2 Planets Dis
overed through Mi
rolensing

Figure 6.3: OGLE-2005-BLG-169 best �t light 
urve shown on the top panel: Lower panelshows the di�eren
e between the model and the single lens mi
rolensing event model withthe same parameters : (Adapted from Gould et al.2006)(
) OGLE-2005-BLG-169 (Neptune like Planet)OGLE-2005-BLG-169 was a target alerted by OGLE 
ollaboration on 2005April 21 as a mi
rolensing event from the Warsaw teles
ope in Chile. Thenas Gould et al. (2006) stated this target was a high magni�
ation event. The
olle
ted data were redu
ed using OGLE data pipeline using DIA (Di�eren
eImage Analysis) developed by Wozniak (2000) where as the µFUN MDM datawere redu
ed using ISIS pipeline. Gould et al. (2006) on their best �t modelshown in Fig.6.3 demonstrated that OGLE-2005-BLG-169 was a 
austi
 
ross-ing event where the 
austi
 exit was properly resolved whi
h in turn resultedin a one dimensional degenera
y of model parameters.To analyze the data 
olle
ted from observation of the target to get the modelparameters, Gould et al. (2006) implemented parameter grid sear
h by �xingthree parameters: b (separation of the 
omponent in units of θE), α (angle ofthe sour
e traje
tory relative to the binary axis) and q (the mass ratio) whileminimizing χ2 over the remaining parameters and obtained a binary systemwith mass ratio q = 8+2
−3×10−5 and b = 1.00±0.002. Further analysis in
ludingparallax e�e
t, Finite sour
e e�e
t helped to determine the mass of the hoststar and the planet. Gould et al. (2006) assumed the parent star is a mainsequen
e star having mass M∼ 0.490.29−0.29M⊙ leading the planet to have a mass95
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Review of Planets Dis
overed through Gravitational Mi
rolensingof ∼ 13M⊕ with proje
ted separation of 2.7AU.(d) OGLE-2005-BLG-390(Cool Planet of 5.5M⊕)During the 2005 mi
rolensing observation season, OGLE Early warning systemannoun
ed a target OGLE-2005-BLG-390 (α = 17 : 54 : 19.2, δ = −30 : 22 :

38, J2000) and was monitored and observed by PLANET, OGLE and MOAobserving groups. As Beaulieu et al. (2006) des
ribed follow up of the targetresulted in a maximum magni�
ation of Amax = 3 on the 31st of July and
ontinuous monitoring of this event resulted a deviation from single lens light
urve on 9 August 2005 spotted by PLANET and the deviation �nally was
on�rmed and resulted due to a low mass planet orbiting the lens star. Thebest �t light 
urve shown in Fig.6.4 
learly shows the deviation from singlelens mi
rolensing event. The top right panel in the �gure shows the magni�edview of the planetary deviation.The analysis of the observed data revealed the presen
e of the �rst low massplanet with a mass ratio q = 7.6 × 10−5 and proje
ted planet star separation
d = 1.610± 0.008θE. In addition Beaulieu et al. (2006) 
al
ulated the angularradius using the surfa
e brightness relation with its 
olor and found to be
5.25 ± 0.008θE 
orresponding to a sour
e radius of 9.6 ± 1.3R⊙ where thesour
e star is assumed to be at a distan
e 8.5kp
. After the dis
overy, theplanet was named as OGLE-2005-BLG-390Lb where the su�x "Lb" refers tothe se
ondary 
omponent of the lens with planetary mass ratio (Beaulieu et al.,2006).Beaulieu et al. (2006) in their paper reported the implementation of Bayesiananalysis using the Gala
ti
 model and mass fun
tion. The distan
es and ve-lo
ities of the lens and sour
e star was averaged subje
ted to the 
onstraintsdue to the angular diameter of the sour
e and the parameters obtained afteranalysis resulted in high probability (95%) for the planet host star to be mainsequen
e star, 4% probability being a white dwarf and < 1% being a neutronstar or a bla
k hole. Then, further analysis using the medians of the lens starparameter probability distribution resulted in a 
ompanion mass of 5.5+5.5

−2.7M⊕and an orbital separation of 2.6+1.5
−0.6AU from the lens star with mass 0.22+0.21

−0.11M⊙situated at DL = 6.6 ± 1.0kp
. Another impressive result obtained from theanalysis done by Beaulieu et al. (2006) was the amount of radiation re
eivedfrom the host star and was found to be 0.1% and its surfa
e temperature wasassumed to be ∼ 50k, whi
h is similar to the surfa
e temperature of Neptuneand Pluto (Beaulieu et al., 2006).96
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overed through Mi
rolensing

Figure 6.4: OGLE-2005-BLG-390Lb best �t model plotted as a fun
tion of time Top rightpanel: The magni�ed view of planetary deviation.( Adapted from Beaulieu et al.2006)
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Review of Planets Dis
overed through Gravitational Mi
rolensing(e) OGLE-2006-BLG-109 (Jupiter/Saturn analog)The OGLE Warning System announ
ed OGLE-2006-BLG-109 as a non stan-dard mi
rolensing event with a sign of planet (Gaudi et al., 2008) and intensivefollow up and observations was done by µFUN and RoboNet. During followup, the event showed deviation from a single lens event on 5 April whi
h givesa 
lue of a binary lens. Between 5 to 8 of April this event resulted in additionalpeaks within 12hrs of the �rs deviation where a preliminary model indi
atedthat the �rst deviation was due to the presen
e of a Jovian 
lass planet. Themodel also predi
ted a peak to happen on the 8th of April but there were ad-ditional peaks on 5 to 6 of April whi
h in turn Gaudi et al. (2008) 
on
ludedthat this deviation happened due to a se
ond Jovian 
lass planet as it is shownin the best �t mi
rolensing light 
urve in Fig. 6.5.Further analysis of the event OGLE-2006-BLG-109, Gaudi et al. (2008) 
on-�rmed a multiple planetary systems with masses m1 = 0.71 ± 0.08MJ and
m2 = 0.27± 0.03MJ and orbital separation of ∼ 2.3AU and 4.6AU orbiting aprimary star with mass ∼ 0.5M⊙ at a distan
e ∼ 1.5 p
. They also dete
tedthe orbital motion of the outer planet. The orbital motion 
hanges the shapeof the 
austi
 
urve as it is shown on the top left panel of the �gure. Gaudiet al. (2008) suggested that if the target under 
onsideration is a planetarysystem, it may have the same property with our solar system and in generalOGLE-2006-BLG-109 
ould demonstrate a planetary system and 
ould be ableto 
onstrain solar system analogous through out the Galaxy.
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6.2 Planets Dis
overed through Mi
rolensing

Figure 6.5: OGLE-2006-BLG-109Lb best �t model for two planet system and the panel onleft 
orner shows the 
austi
 stru
ture 
reated by the two planet system with the sour
etraje
tory: (Adapted from Gaudi et al.2008)
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Review of Planets Dis
overed through Gravitational Mi
rolensing(f) MOA-2007-BLG-400Among the mi
rolensing targets observed during the 2007 observing seasonMOA-2007-BLG-400was the one with [(α, δ)J2000 = 18h09m41s.98, -29o13′26”.95)℄,whi
h was alerted by MOA 
ollaboration on 5th of September 2007. This targetwas alerted very late due to bad weather and the event time s
ale was short
tE ∼ 15 days.On the 7th of September Mi
rolensing FollowUP Network (µFUN) began ob-serving this target as a high magni�
ation event but intensive follow up andobservation was not done till September 10, whi
h is 15hrs before the peakmagni�
ation then intensive observation was done from seven di�erent ob-servatories, µFUN Bronberg (South Afri
a), µFUN SMARTS (CTIO, Chile),
µFUN CBA Perth (Australia), µFUN Farm Cove (New Zealand), µFUN Au
k-land (New Zealand) and µFUN Southern stars (Tahiti), µFUN Campo CatinoAustral (CAO, Chile). With a 5 minute exposure time, the peak and the plan-etary anomalies observed during the µFUNSMARTS (Chile) observations atCTIO, 4354.47 < HJD

′

< 4354.69 using the ADICAM opti
al IR dual 
han-nel 
amera and µFUN CAO (Chile) observations 4354.5 < HJD
′

< 4354.7observed in I band with quite few data points (8) in V to measure the (V-I)
olor (Dong et al., 2009).The data 
olle
ted from µFUN, CTIO and MOA used for analysis due to thefa
t that they provide all informations required to 
onstrain mi
rolensing mod-els. The MOA data and the µFUN CTIO data were redu
ed using the MOADi�eren
e Image Analysis (DIA) and DIA developed by Wo¹niak respe
tively.The model shows the mi
rolensing event MOA-2007-BLG-400 was a�e
ted by�nite sour
e e�e
t and it resembles a single lens light 
urve with �nite sour
ee�e
t in
luded as it is shown on the top panel of the �gure (Dong et al., 2009).Detailed investigation of the lower panel has a hump on the rising side of thelight 
urve and a negative spike on the falling side whi
h lasts for 30 minutes(Dong et al., 2009). The time for these deviations enhan
es that the twohumps (positive and negative) are due to the mi
rolensing e�e
t than stellarvariability. They suggested additional explanations for the two humps that iseither the sour
e is transited by 
austi
s resulted due to a binary or planetary
ompanion or the limb of the sour
e is not modeled properly. But if 
ir
ularsour
e is assumed the se
ond explanation would lead symmetri
 residual whereas the plot in the lower panel show other way.Sin
e MOA-2007-BLG-400 was a highly magni�
ation event, Dong et al. (2009)100
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6.2 Planets Dis
overed through Mi
rolensing

Figure 6.6: Top panel: MOA-2007-BLG-400 best �t light 
urve middle panel: Residu-als from best �t point lens model and its deviation from planetary model Lower panel:Residuals from a point lens model with the same parameter: (Adapted from Dong etal.2009)
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Review of Planets Dis
overed through Gravitational Mi
rolensingused "magni�
ation map" te
hnique for sear
hing 
ompanions over a widerange of masses. The main prin
iple is for a given (d, q) pair, rays were shotover a very narrow annulus in the image plane around the Einstein ring andsort the rays in pixel on the sour
e plane. Then, if there are pixels that interse
tthe sour
e, it is possible to determine weather the rays landed on the sour
eor not then one 
an evaluate the sour
e surfa
e brightness at that position.The results obtained after the analysis were the mass ratio whi
h is found tobe 2.5+0.5
−0.3×10−3 with d=2.9±0.2 and the 
ompanion was supposed to be CoolJovian mass planet. Dong et al. (2009) demonstrated the d ↔ d−1 degenera
yand obtained a mass ratio q = 2.6±0.4×10−3 with d=2.9−1=0.34+0.03

−0.02. In theirmodel Dong et al. (2009) also demonstrated the �nite sour
e e�e
t with sour
eradius relative to Einstein ring radius given by ρ = θ∗
θE

= (3.29± 0.08× 10−3)and MOA-2007-BLG-400 was also a�e
ted by limb darkening and blending.
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6.2 Planets Dis
overed through Mi
rolensing(g) MOA-2007-BLG-192Bennett et al. (2008) presented the analysis of MOA-2007-BLG-192, whi
h wasthe �rst planetary mi
rolensing event to be dis
overed without follow up ob-servations of the light 
urve. Observation was done using the 2.2deg2 �eld ofMOA-Cam3, mounted on the 1.8m MOA-II teles
ope whi
h helps to 
over awide range 50deg2 of the Gala
ti
 bulge every hour and the frequent samplingresulted in the dete
tion of MOA-2007-BLG-192 was one of the high magni�
a-tion events where planet dete
tion is possible from perturbation of the 
entralor "
entral" 
austi
s.Analysis of this event was done by Bennett et al. (2008) and during modelingthey in
luded parallax and xarallap (A mi
rolensing e�e
t 
aused by the orbitalmotion of the sour
e star where the sour
e star have a binary orbit). So,Bennett et al. (2008) obtained the best �t mi
rolensing model with �nite sour
ee�e
t and parallax e�e
ts shown in Fig.6.8 and used these values to determinethe lens mass M = 0.060.028−0.021M⊙, where m = 3.3+4.9
−1.6M⊕ whi
h was likely abrown dwarf planet orbiting the lens mass. Then further analysis of MOA-

2007-BLG-192Lb 
ould also have a habitable surfa
e temperature taking into a

ount that the host star provides small radiative energy(Bennett et al.,2008).(h) OGLE-2007-BLG-368Lb(A Cold Neptune-Mass Planet)Sumi et al. (2010) dis
ussed OGLE-2007-BLG-368Lb (R.A., de
l.)(2000)=
(17 : 56 : 25.96,−32 : 14 : 14.7)[(l, b) = (358o.3,−3o.7)] was alerted by theOGLE Early Warning System (EWS) on 2007July10 and was independentlydete
ted by MOA and alerted as MOA-2007-BLG-308 on 2007 July 12. Aftera series follow ups and observations a total of twelve light 
urves from sevenparti
ipating teles
opes were 
olle
ted. This event as Sumi et al. (2010) statedthe photometry was di�
ult as 
ompared to most mi
rolensing events due tothe presen
e of brighter star 
lose to the sour
e star. Due to this fa
t PSF(Point Spread Fun
tion) �tting photometry approa
h was in
onvenient so theyimplemented DIA (Di�eren
e Image Analysis).Sumi et al. (2010) modeled this event using the parameters from single lens,Binary lens parameters in
luding parallax and xarallap and obtained the pa-rameters ne
essary to des
ribe the event. Among these the mass ratio wasfound to be q = (9.5 ± 2.1) × 10−5 and the deviation due to this planet wasdete
ted in real time. They also implemented Bayesian analysis and obtainedthe mass of the planet to be Mp = 20+7

−8M⊕ with a proje
ted separation of103
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Review of Planets Dis
overed through Gravitational Mi
rolensing

Figure 6.7: Light 
urve showing part of MOA-2007-BLG-192 as it is observed by MOAteles
ope, The middle panel shows the magni�ed part of the light 
urve peak and thelower sub panel shows the deviation of the data from the best �t model: (Adapted fromBennett et al.2008)
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rolensing

Figure 6.8: Top panel: Light 
urve showing OGLE-2007-BLG-368 for the whole event:Lower left panel: Magni�ed part of the planetary deviation. Lower right panel: Plotshowing the se
ond 
austi
 
rossing, Bottom panel: Plot showing 
austi
s (red lines) and
riti
al 
urves (bla
k lines) the blue line shows the sour
e traje
tory. (Adapted from Sumiet al.2010)
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2.8+0.5

−0.6AU around a K-dwarf with mass ML = 0.64+0.21
−0.26M⊙ and stated thatOGLE-2007-BLG-368Lb was found to be the fourth Neptune-mass planet de-te
ted by mi
rolensing (Sumi et al., 2010).(i) MOA-2008-BLG-310Lb (Sub Saturn Planet)Dete
ted by Mi
rolensing Observation in Astrophysi
s (MOA) on 2008 July 9(HJD' ≡ HJD − 2450000 = 4654.458) as MOA-2008-BLG-310 [(R.A., de
l.)= (17 : 54 : 14.53,−34 : 46 : 40.99), (l, b) = (355.92,−4.56)] and was one of themi
rolensing targets during the 2008 observation 
ampaign. MOA then issueda high magni�
ation alert then the mi
rolensing Follow Up Network (µFUN)began intensive monitoring of this target (Jan
zak et al., 2010). Observation ofthis target was taken from six di�erent observatories MOA(New Zealand) 1.8mI, µFUN Au
kland (New Zealand) 0.41m R, µFUN Bronberg (South Afri
a)

0.36m un�ltered, µFUN SMARTS CTIO (Chile) 1.3m I, V, H, MiNDSTEP LaSilla (Chile) 1.54m I, and PLANET Canopus (Tasmania) 1.0m I. Among theseobservatories µFUN Bronberg 
overed the peak and the anomaly.The light 
urve shown below in Fig. 6.9 as dis
ussed in Jan
zak et al. (2010)for MOA-2008-BLG-310 was primarily modeled as a single lens mi
rolensingevent and the data 
olle
ted �t with this model with a prominent �nite sour
ee�e
t. Despite the e�e
t of the �nite sour
e e�e
t, whi
h made the peak of thelight 
urve wide and smooth, no deviation from single lens model was observedbut the maximum magni�
ation, Amax ∼ 400, a
hieved made the event tobe a good 
andidate for planet dete
tion. Jan
zak et al. (2010) studied thedeviations observed in the residual from the single lens �t (middle panel) anddis
overed that the lens model under 
onsideration was more 
ompli
ated thana point lens where the short time s
ale deviation near the peak of a highmagni�
ation event (middle panel) was a 
lue for existen
e of planetary orbinary 
ompanion.Detailed analysis by Jan
zak et al. (2010) resulted in a planet/star mass ratio
q = (3.3 ± 0.3) × 10−4 with angular separation θE = 0.155 ± 0.011mas. Theanalysis of this mi
rolensing event was done in
luding Limb darkening andblending (whi
h 
an be 
aused from the lens or 
ompanion to the lens, fromthe sour
e or any unrelated stars) but they used the blending due to the lensto estimate the mass of the lens and obtained ML = 0.67 ± 0.14M⊙ and theplanet's mass mp = 74± 17M⊕ with proje
ted separation of 1.25± 0.10AU.
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6.2 Planets Dis
overed through Mi
rolensing

Figure 6.9: Top panel: Light 
urve showing MOA-2008-BLG-310 plotted using the datafrom all the parti
ipating teles
opes where the plot was the best �t single lens model.Middle panel: Residuals to the best �t model of single lens mi
rolensing model. Lowerpanel: Plot showing the residuals to the best �t planetary model. (Adapted from Jan
zaket al.2010)
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Review of Planets Dis
overed through Gravitational Mi
rolensing(j) MOA-2009-BLG-319LbAlerted by MOA 
ollaboration on 2009 June 20 as an ordinary mi
rolensingevent, MOA-2009-BLG-319 [(R.A., de
l.)J2000)=(18h06m58s.13,−26o49
′

10”.89),(l, b)=(4.202,−3.014)℄ but was found to be a high magni�
ation e�e
t. The�nal and 
omplete observation data was 
olle
ted from 20 di�erent observato-ries in
luding MiNDSTEP, Infrared Survey Fa
ility teles
ope in South Afri
a.Miyake et al. (2011) presented the analysis of the event and showed that theevent exhibits a number of 
austi
 
rossings as it is 
learly shown on the light
urve. This mi
rolensing event was also a�e
ted by �nite sour
e e�e
t. Theauthors also measured the sour
e 
olor and used it to determine the limb dark-ening parameters.In order to derive the parameters ne
essary to explain the event, MOA-2009-BLG-319, Miyake et al. (2011) used Markov Chain Monte Carlo (MCMC)algorithm to �nd the χ2 minimum. Sin
e the number of parameters to 
om-pletely des
ribe this event are large, where three parameters taken from singlelens events: t0 , tE , u0, from binary lens model: q, d, θE), α (the angle ofthe sour
e traje
tory relative to the binary lens axis), ρ = θ∗
θE

(sour
e radiusrelative to the Einstein radius) in addition two parameters to des
ribe the un-magni�ed sour
e and ba
kground �uxes for ea
h band and data set. Wideparameter sear
h was implemented and obtained best �t model of mass ratio
q = 3.95 ± 0.02 with d = 0.97537 ± 0.00007. Miyake et al. (2011) studiedthe parallax e�e
t in MOA-2009-BLG-319 and studied the properties of thelens and the sour
e whi
h is found to be a bulge G-dwarf sour
e star with
Ds ≈ 8kp
. The analysis also revealed the sour
e star to be a K- or M-dwarfstar with mass of ML = 0.38+0.34

−0.18M⊙ and distan
e DL = 6.1+1.1
1.2 kp
, planetarymass mp = 50+44

−24M⊕ and proje
ted separation 2.0+0.4
−0.4AU.The following table shows the summary of the planets dis
overed using gravi-tational mi
rolensing from 2004 to 2011.
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6.2 Planets Dis
overed through Mi
rolensing

Figure 6.10: Top panel: The Best �t model and data points of the light 
urve showing aplanetary mi
rolensing event MOA-2009-BLG-319 with �nite sour
e and limb darkeninge�e
ts. Middle and Lower panels show the magni�ed view of the 
austi
 
rossing and theresiduals from the best �t model. Bottom panel: Plot showing the 
austi
 
urve (Solidline) and the sour
e tra
k (dashed line) where the sour
e star 
rosses the 
austi
 
urvefour times. (Adapted from Miyake et al.2011)
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Table 6.1: Table summarizing the number of planets dis
overed using gravitational mi-
rolensing, their parameters (host star mass, lens distan
e, proje
ted star-planet distan
e,planet mass)Adapted from (Perryman M., 2011).ML Events q DL(kp
) M∗(M⊙) MP a(AU)OGLE-2003-BLG-235Lb 3.9× 10−3 5.8± 0.6 0.63+0.07
−0.09 2.6+0.8

−0.6MJ 4.3+2.5
−0.8OGLE-2005-BLG-71Lb 7.1× 10−3 3.2± 0.4 0.46+0.04

−0.04 3.8+0.4
−0.4MJ 3.6+0.2

−0.2OGLE-2005-BLG-390Lb 7.6× 10−5 6.6± 1.0 0.22+0.21
−0.11 5.5+5.5

−2.7M⊕ 2.6+1.5
−0.6OGLE-2005-BLG-169Lb 8.0× 10−5 2.7± 1.4 0.49+0.23

−0.29 13+4.0
−5.0M⊕ 2.7+1.5

−1.0OGLE-2006-BLG-109Lb 1.3× 10−3 1.5± 0.1 0.50+0.05
−0.05 0.71+0.08

−0.08MJ 2.3+0.2
−0.2MOA-2007-BLG-192Lb 2.0× 10−4 1.0± 0.4 0.06+0.02

−0.02 3.3+4.9
−1.6M⊕ 1.0+0.4

−0.4MOA-2007-BLG-400Lb 2.5× 10−3 5.8± 0.7 0.30+0.19
−0.12 0.83+0.49

−0.31MJ 0.72or6.5OGLE-2007-BLG-368Lb 9.5× 10−5 5.9± 1.2 0.64+0.21
−0.26 20+7.0

−8.0M⊕ 3.3+1.4
−0.8MOA-2008-BLG-310Lb 3.3× 10−4 & 6.0 0.67+0.14

−0.14 74+17.0
−17.0M⊕ 1.25+0.1

−0.1MOA-2009-BLG-319Lb 3.9× 10−4 6.1± 1.1 0.38+0.34
−0.18 0.16+0.14

−0.08MJ 2.0± 0.4
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7.1 Introdu
tionIn this 
hapter the theoreti
al models of binary mi
rolensing events will be testedwith observational data obtained from di�erent observatories in the southern hemi-sphere. The �rst se
tion in this 
hapter is dedi
ated to give an overview of theobservation of the mi
rolensing target and the data redu
tion pro
esses as well asintrodu
ing the teles
opes we used for followup observations. The next se
tion in-
orporates all data analyses and dis
ussions with the best �t models along withparameters followed by future prospe
t of the proje
t is going to be presented.7.2 Observation and Data Redu
tionAlerted by OGLE-IV EWS Udalski (2003) the mi
rolensing target OGLE-2011-BLG-265 is found in the Gala
ti
 �eld BLG504.29 with R.A (J2000)17 : 57 : 47.72and De
(J2000) −27 : 23 : 40.3 (http:ogle.astrouw.edu.pl/ogle4/ews/blg-265.html).111
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Observations and Analysis

Figure 7.1: Mi
rolensing target OGLE-2011-BLG-265 lo
ated right at the 
enter.The image size is 2′ × 2′. North is up and East is to the Left: Courtesy ofhttp://ogle.astrouw.edu.pl/ogle4/ews/2011/blg-0265.htmlOGLE-2011-BLG-265 was among the the 1500 mi
rolensing 
andidates during theOGLE-IV observing season dis
overed by EWS. The target is lo
ated at the 
en-ter point as it is shown in the �g. 7.1. The OGLE photometri
 data pipeline isbasi
ally based on Di�eren
e Image analysis (DIA) photometry (Alard et al.1998,Alard, 2000), (Wozniak, 2000). DIA photometry basi
ally ensures better qualityphotometer in dense stellar �elds so in order to monitor the target in this 
ase Iband is 
hosen as a primary monitoring band with an exposure time of around 200s.The I band �lter was preferred be
ause with the short exposure times and in allphases of the moon it helps to obtain stable, pre
ise photometry in dense stellar�elds.Observation of the target was done from PLANET observation 
onsortium: the112
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7.2 Observation and Data Redu
tion
1m teles
ope at the South Afri
an Astronomi
al Observatory, Sutherland, SouthAfri
a, the 1.0 m Canopus teles
ope, Tasmania, Australia, The Perth 0.6m, PerthObservatory, Bi
kley, Western Australia, Australia and the OGLE 1.3m, WarsawUniversity Teles
ope in Las Campanas Observatory, Chile as well as the Danish 1.54m teles
ope at La Silla, Chile. These teles
opes are lo
ated at a widely separatedlongitudes in the Southern Hemisphere and observation and monitoring was donein 
oordinated monitoring 
ampaigns. Due to this fa
t PLANET observation groupis 
apable of providing a 24hr. monitoring of several mi
rolensing events (Albrowet al., 1998). The target under 
onsideration, OGLE-2011-BLG-265, was observedwith I �lter in all teles
opes. Pre
ise photometry was performed in ea
h and everyteles
ope of the PLANET observation group using di�erent pa
kages of photometry.La Silla and Perth used the DAOPHOT pa
kage (Stetson, 1987) to photometer theframes where as SAAO used DoPHOT (S
he
hter, 1993). As mentioned earlierfor di�erent observatories independent photometri
 system were assumed whi
h inturn helps in the in
lusion of the determination of independent (unlensed) sour
eand ba
kground �uxes for ea
h teles
ope and �lter band in the mi
rolensing dataanalysis. Data redu
tion was done in all sites but 
ommuni
ation among sites weredone to keep the observing 
ampaign strategy on tra
k. To maintain intergroup
ommuni
ation during observation in all weather 
onditions, sample star was 
hosenin the �eld as a se
ondary standard. The main importan
e of this star was to expressthe �ux of the mi
rolensed sour
e in terms of the average �ux of the sample starlater to be 
alibrated against photometri
 standards (Albrow et al., 1998). Thebehavior of the sample star was also used as a guide to redu
tion di�
ulties witha parti
ular image due to poor seeing, guiding errors or transparen
y �u
tuation.After redu
tion a total of 4291 data points were 
olle
ted for �nal analysis.The gravitational mi
rolensing target whi
h is assumed to be a binary lensing eventis observed between 5260.86264 < HJD <5873.50203 and HJD-2450000.0 is theHelio
entri
 Julian Date at mid exposure.
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Observations and AnalysisTable 7.1: Observational data usedTeles
ope used Teles
ope diameter Filters Time (HJD) Number of pointsSAAO 1.0 m I 5749.260378− 5790.448727 317OGLE 1.3 m I 5260.86264− 5873.50203 3686Perth 0.6 m I 5738.99421− 5760.12984 12Canopus 1.0 m I 5738.917747− 5785.112483 43LaSilla 1.54 m I 5749.541276− 5801.597230 233Total 42917.3 Program Used for Data AnalysisFor our mi
rolensing data analysis, we used a FORTRAN program developed byKeith Horne 
alled PLENS (http://star-www.stand.a
.uk/ ∼ kdh1 /plens/plens.html).PLENS is a FORTRAN 
ode to �t light 
urves of a mi
rolensing events. This 
odeuses PGPLOT for graph plotting and it in
orporates the following individual pro-grams whi
h work together for �nal mi
rolensing �tting. The plens.exe 
ontainsall the exe
utable images and plens.
om is a s
ript to 
ompile PLENS. The other
ode whi
h in
orporates �les with 
ommon blo
ks for global variables is plens.in
whi
h in
ludes �les, sites, multi-site, site names, lo
ations, data �les, number ofdata points, χ2 and degree of freedom, base line re-binning, site dependent param-eters, noise model parameters, base line, sour
e and blend �uxes, seeing and sky
orre
tions, s
ope id and �lter. In addition plot symbols and 
olors, seeing 
orre
-tions, �uxes are in
orporated in the program. The 
ode also in
orporates all theoptimization s
hemes des
ribed in the appendix.PLENS has main program known as plens.for with several subroutines lens1.for isa single lens subroutine, lens2.for is a binary lens subroutine, asp.for, dzw.for aremultiple lens and dete
tion zone subroutines respe
tively, mis
.for is a mis
ellaneoussubroutine whi
h in
ludes routines for data input and output, and time 
onversion,as well as subroutines from (Press et al., 1986) for 
omplex root �nding and forvarious simplex �tting methods. In this proje
t we spent enormous amount of timeand e�ort in trying to understand the program.PLENS reads light 
urve data �les with multi-
olumn ASCII �les with di�erent114
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7.3 Program Used for Data Analysisformats espe
ially it reads data with default data �le extension is .dat. It readsdata formats ranging from 3 
olumns to 8 
olumns. It has also a feature to a

eptdata points from single site to multiple observatories. If several site data points are
onsidered for analysis, the data format should be arranged in su
h a way that it is
ompatible with the 
ode with �le extension .lis 
ontaining all sites 
onsidered.PLENS point sour
e point lens model uses PSPL magni�
ation and impa
t parame-ters given earlier in 
hapter 2 equation 2.24 and 2.27. Regarding the �ux (magni�edsour
e and blend) �tting PLENS uses the following equation:
F k(t) = F k

s A{u(t)}+ F k
b , (7.1)The three parameters used to do �tting are t0, tE, and u0 whi
h are non-linearparameters, parameters normalized with Einstein ring radius, and 2N linear param-eters Fs(i) and Fb(i).The program is 
ompiled using an exe
utable image plens.exe. But before exe
utionwe 
reated .o �les for all subroutines with .f extension so as to 
reate plens.a by
ompiling all the .f �les. Here we also 
reated a folder to put all the subroutines sothat the plens.exe will �nd all the subroutines.After making all these �les, we are in a position to feed the observed data from �vedi�erent observatories to the program for analysis. Then after, a range of valuesfor the mass ratio, q, and separation, d, were 
hosen for grid sear
h. Sin
e thegeometry of the binary lens 
ould be any type depending on the two parameters(d, q), we need a starting value for analysis. The following table, table 7.2 showsthe relationship between the standard model parameter notation and the notationsused in this work.
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Observations and AnalysisTable 7.2: Relation between ParametersStandard parameter notations Notation in this model Des
ription
d u planet-lens separation (RE)

q q planet-lens mass ratio
σ f error bar s
ale
α α the angle between the line joiningthe binary axis and planetposition measured from the y-axis
FB b Blend �ux
u0 u0 Impa
t parameter
F0 m0 Base line magnitude
tE tE Einstein Crossing time
t0 t0 Epo
h of peak magni�
ationNow let us 
hoose di�erent values of u and q as q = 0.0001, 0.001, 0.005, 0.01, 0.015,

0.02, 0.025, 0.3, 0.035, 0.04, 0.045...0.75, 1 and u = 0.25, 0.5, 0.75, 1.0, 1.25, 1.5,
1.75, 2, 2.25, 2.5, 2.75, 3.0, 3.25, 3.5 for adequate sampling of the (u, q) spa
e. Weassumed that these values thoroughly 
overed the spa
e so as to �nd the lowest χ2value in the grid. In the meantime sear
hing all model parameters in this region
an be a
hieved. For a �xed value of (u, q, α), where α is the azimuth of the planetmeasured from the y-axis, we tried to build a χ2(u, q) map to identify the best �tmodel region in the (u, q) spa
e. For further parameter re�nement and sear
hingbest �t parameters, we took the 
oordinates (x, y) of the planet position, where wegot the lowest χ2. Then after 
onsidering the points where we got the lo
al minimaba
k to the main �tting program and editing the parameters for further re�nementof the parameters by allowing all the parameters to vary so as to get the best �tmodel from the data that we are analyzing.From randomly sele
ted values of (u, q) for minimum χ2 sear
h, (u, q, α) = (1.5,
0.025, 165o) is 
onsidered as a starting point for analysis. Then we obtained a lo
alminimum and re
orded the 
oordinates for further analysis. On the other hand,using the main program we made a χ2(x, y) map for a planet moving in the grid
x, y. The χ2(x, y) map shown below shows in Fig.7.2 where the data points under
onsideration are able to rule out planets, or where there is an eviden
e of a planet.If the se
ond s
enario is happening, then the darker regions, where χ2 is minimumputs the best �t planet lo
ation on the plot. We registered the 
oordinates so as116
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7.3 Program Used for Data Analysis

Figure 7.2: χ2(x, y) with 4 free parameters and representation of a moving planet, wherethe darker regions are possible planet positions. The bigger 
ir
le is the Einstein Ring,the dashed lines passing over the Einstein Ring is the major image whereas the bowlshape inside the lower part of the Einstein Ring is the minor image. The lowest χ2(x, y)is lo
ated where the two dashed lines meet perpendi
ularly 
lose to the Ring at (−0.9830,
0.4459). Further explanations of the �gure 
an be found in the text below.to put the value for further �tting pro
edures. From Fig. 7.2, the planet star massratio is 7.3× 10−5 and it is easy to draw the fa
t that the values of the χ2 de
reaseby 50 if one is moving to darker regions where planet signature is plausible whereasthe values of χ2 in
rease by 50 in the white regions where planet signature is ruledout. So (x, y, α)= (−0.9830, 0.4459, −66o) is where the lo
al minima is a
hieved,where the planet position (x, y) is measured in RE .The next step is to take this 
oordinate ba
k to the main program and edit theparameters manually for further re�nement. Allowing all the parameters to vary,one 
an get the best �t parameters.
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n 8Results, Dis
ussion and Con
lusions
8.1 Light Curve Fitting StrategiesThe magni�
ation for point-sour
e point-lens mi
rolensing events, as des
ribed ear-lier, is given by equation 2.24 whereas in order to model the light 
urve for su
hevents, it is ne
essary to have the equation for the predi
ted �ux whi
h is given by:

F k(t) = F k
s A{u(t)}+ F k

b , (8.1)where Fs is the the sour
e �ux and Fb is the �ux of any unresolved light (blendlight) that is not being lensed. This �ux, Fb, 
an be from the lens itself, or fromany unresolved nearby stars or light from a 
ompanion to the lens (Gaudi, 2010).As Gaudi (2010) stated, to model light 
urves for ordinary mi
rolensing events, it isimportant to 
onsider the �uxes rather than the ampli�
ations due to the fa
t thatduring real observations it is not the magni�
ation but the �ux of the photometrizedsour
e as a fun
tion of time is observed.So, the observational data (�ux as a fun
tion of time) are �tted to �ve free pa-rameters: t0, u0, tE , Fs and Fb. Sin
e some of the parameters are degenerate, one119
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Results, Dis
ussion and Con
lusionsneeds gross observable properties of the point-sour
e point-lens mi
rolensing eventlight 
urve su
h as tFWHM (time for full width half maximum), t0, the base andpeak �uxes. Among the �ve parameters stated earlier, four (u0, tE, Fs and Fb)are highly 
orrelated. Their 
orrelation is even revealed on the light 
urve, be
ausethere is no signi�
ant di�eren
e on the light 
urves of single lens mi
rolensing eventsplotted using di�erent values of these parameters with the same values of the grossobservables stated earlier.During �tting observational data, be
ause of parameter degenera
ies stated earlier,it is worthwhile to 
onsider an alternative way to parametrize these events by 
on-sidering the gross observables (Gaudi, 2010). He stated that di�erent observatory'sduring mi
rolensing observations use di�erent �lter band passes. The amount ofblended light is also dependent on the resolutions of the teles
ope under 
onsidera-tion. All these external fa
tors a�e
t the parameters that one uses for �tting singlelens mi
rolensing events. So, all external fa
tors should be 
onsidered (sour
e andblend �uxes for ea
h observatories �lter 
ombinations) during �tting .The total number of parameters is given by Nnl + 2×N0, where Nnl is the numberof parameters needed to show A(t) and N0 is the number of independent data sets.From the expression given earlier, the observed �ux is a linear fun
tion of F k
s and

F k
b . So for Nnl parameters whi
h are used to des
ribe the ampli�
ation, one 
anobtain the sour
e and blend �uxes using a least square �tting (Dominik, 2008; Gaudi,2010).In order to �nd the best �t model, it is possible to use hybrid methods su
h asMarkov Chain Monte Carlo (MCMC), Downhill simplex or grid sear
h so that thenonlinear parameters (u0, t0, tE) are varied. Then the best �ts Fs and Fb are easilyobtainable for ea
h trial of nonlinear parameters.8.2 Lens Parameter Best Fit ResultsIn the previous 
hapter, we tried to show how the lo
al minimum is a
hieved. The
oordinates obtained from the lo
al minimum, where possible planet signature is de-te
ted, were substituted ba
k in the FORTRAN program for further analysis. Then�tting was done using amoeba downhill simplex method allowing all the parametersto vary for small iterations.The table below, Table 8.1 shows the value of χ2

N−n
. Conse
utive de
rement in the120
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8.2 Lens Parameter Best Fit ResultsTable 8.1: Values of χ2

N−n
, where N − n is the Degree of Freedom

χ2

N−n
Values Des
ription

98072.188
4291−4

22.876648 b0 was 0.00 =⇒ −0.0077666

46315.617
4291−5

10.806257 sigmag0 was0.00 =⇒ 0.0575886779

46227.586
4291−6

10.788235 erbs
1 was 1.00 −→ 1.3258587

4326.1318
4291−7

1.0098346values for di�erent number of parameters is due to the fa
t that for �ve parameter �t,in the se
ond row of the table, it uses the normal error bars as reported in the data�les, whereas for six parameter �t it adds in quadrature an extra varian
e sigma2to the �uxes and s
ales the nominal error bars, sigma i by a fa
tor. These �ts haveparameters whi
h in turn 
an 
hange the error bars. So, the likelihood equationgiven in Eqn.9.11 (given in the appendix), −2 lnL(ai) minimizes χ2 +
∑N

i=1 ln σ2
i ,where σ2 = σ2

0 + (fσi)
2, here σ0 and f are 
onsidered to be two parameters, where

σ0 and f are base line �ux a

ura
y in mag and error bar scaling respe
tively. b0,the blend �ux, sigmag0, base line root mean square magnitude where its initialvalue was 0 be
ause the four parameter �t for point-sour
e point-lens mi
rolensingmodel was done with no blending and erbs
1 is the error bar s
ale fa
tor whi
hinitially was 1.00. The photometri
 programs that measure the brightness of themi
rolensing obje
t also produ
e an estimate of the measurement error. These errorsare generally based only on the 
ounts dete
ted in the star image. Other fa
torssu
h as 
rowding, seeing, teles
ope fo
us and image shape may add extra errors.This is allowed for in the �tting program, where, in parti
ular, a free parameter, f ,is determined, that generally in
reases the error used in the 
al
ulation, to make χ2equal to 1.0 for ea
h data set when the best �tting overall light 
urve is applied to it.In this way, data from di�erent observatories obtained under di�erent 
ir
umstan
es
an be 
ombined on an equal footing.
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Results, Dis
ussion and Con
lusionsTable 8.2: Best Fit parameters obtained from the analysis of OGLE-2011-BLG-265Parameters Best �t values Des
ription
t0 5760.2900± 0.018 time for Epo
h of peak magni�
ation
tE 50.99± 0.025 Einstein 
rossing time
u0 0.14± 0.036 Impa
t parameter
q 0.0042 mass ratio
u 1.034 Binary lens separation
A0 7.25± 0.019 Peak magni�
ation
m0 1576± 0.023 Base line magnitude
t 5746.3500 Event time s
ale
α −63o.00 the angle from the +x-axis to the sour
e path measured 
lo
kwiseTable 8.3: Best Fit parameters, fs, f0 obtained from the analysis of OGLE-2011-BLG-265Parameters Best �t values Des
ription

fs(AOB11265I) 1.82± 0.0072 sour
e �ux measured at SAAO
f0(AOB11265I) 1.80± 0.038 total base line �ux
fs(OOB11265I) 0.45± 0.00019 sour
e �ux measured by OGLE
f0(OOB11265I) 0.44± 0.00011 total base line �ux
fs(UOB11265I) 3.90± 0.014 sour
e �ux measured at Canopus
f0(UOB11265I) 21.42± 0.059 total base line �ux
fs(WOB11265I) 1.8± 0.0067 sour
e �ux measured at Perth
f0(WOB11265I) 3.5± 0.031 total base line �ux
fs(ZOB11265I) 1.83± 0.013 sour
e �ux measured at La Silla
f0(ZOB11265I) 1.8± 0.074 total base line �ux
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8.2 Lens Parameter Best Fit ResultsTables 8.2 and 8.3 summarizes the parameters of the best �t model for the binarylens mi
rolensing event. Using the outputs we got from the �t, we obtained themagnitude- residual light 
urve of the best possible solution of the data pointsanalyzed with χ2

DOF
= χ2

4291−7
= 1.01, where DOF = N −n, N is the number of datapoints and n is the number of free parameters dis
ussed before in the table 8.2. Afterre�ning the parameters we obtained best �t model with the following parameters: q= 0.0042, u = 1.034 and peak magni�
ation of A0 = 7.25± 0.019 a
hieved at epo
htime t0 = 5760.29. The base-line magnitude of the event m0 = 15.76 ± 0.023 withEinstein 
rossing time of tE = 50.99 days. The values of the sour
e �ux should havethe same value for di�erent observatories, but we got di�erent values. This 
an bedue to the seeing e�e
t, sky ba
kground and the sensitivity of the CCD used forobservation.The light 
urve shown below in Fig 8.1 shows the magni�
ation with time for mi-
rolensing event observed from 5 observatories. In the upper panel, the data pointslabeled by bla
k are from the South Afri
an Astronomi
al Observatory and 
oversthe target soon after the anomaly �nished its peak. It also 
overs some part after thepeak magni�
ation with Base line magnitude, unmagni�ed m0 = 15.76±0.023 withsour
e �ux fs(AOB11265I) = 1.82 ± 0.0072 and f0(AOB11265) = 1.81 ± 0.038,is the base line (unlensed �ux). Later in the pro
ess, it pi
ks a maximum mag-ni�
ation of 7.25 ± 0.019. Most of the data points in the light 
urve are 
omingfrom the OGLE 1.3m, Warsaw University Teles
ope in Las Campanas. The OGLEdata, (OB11265I), points 
overed the target from the beginning, the anomaly, thepeak magni�
ation as well as the later stage of the event till the end. By 
on-sidering the SAAO base line magnitude as a referen
e, the analysis of this datashowed a 
hange in magnitude of m−m0 = −1.5 with fs = 0.45± 0.00019mag and

f0 = 0.44 ± 0.00015mag. The data were modelled using a FORTRAN program de-veloped by Keith Horne. The �gures in this 
hapter are obtained from this programand although satisfa
tory for the present purpose, do not reprodu
e well.
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Results, Dis
ussion and Con
lusions

Figure 8.1: Best �t light 
urve for OGLE−2011-BLG-265 showing ampli�
ation with HJDand the lower panel showing residual. For detail explanation refer the text below.124
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8.2 Lens Parameter Best Fit ResultsThe data points denoted in green are obtained from Canopus Teles
ope 
overingimmediately before the anomaly, at the peak of magni�
ation and just down the exitfrom the peak magni�
ation with m−m0 = 0.83 with blend �ux, b = Fsourceflux

Ftotal base line flux
,

b = 4.48 and fs = 3.91 ± 0.014, f0 = 21.421 ± 0.059. The remaining two sets ofdata points are from Perth Observatory, blue points whi
h has m−m0 = −0.01 andblend �ux of 0.94 with fs = 1.8±0.0068, f0 = 3.5±0.031. La Silla, labelled by 
yan,
over quite few parts on the light 
urve with fs = 1.83 ± 0.013, fo = 1.81 ± 0.074and blend �ux of −0.01 with error bar s
ale of 1.33. Smith et al. (2007) stated thatthose data points with blend �ux, b = 1 are not a�e
ted by blending whereas for bapproa
hing 0 the observation is highly a�e
ted by blending.The planetary signal (anomaly) is not well 
overed as shown in the light 
urveFigs.8.1 and Fig. 8.3. Only OGLE data 
overed the beginning of the anomaly verywell but as the anomaly in
reases there should be intensive monitoring of the targetbut in this 
ase it is not well 
overed. This results in some un
ertainties in theoutput of the �nal �tting.From the χ2 map set up earlier the planet dete
tion zone with lowest χ2 was lo-
ated at (x, y) = (−0.9830, 0.4459). Using this 
oordinate for the �nal planetarymi
rolensing �tting and parameters re�nement, we obtained the position where thebest �t model is a
hieved.This planetary signal 
oordinate is found to be at (x, y) = (−0.9217, 0.4687) witherror bar s
ale f= 0.8876, where this value is the un
ertainty in the data. Theangle from the +x-axis to the sour
e path, measured 
lo
kwise, after re�ning theparameters is α = −63o. Using the �nal best �t parameters u = 1.034 and q =
0.0042, on whi
h the stru
ture of the binary depends, the best �t is plotted in Fig.
8.2 using the Dominik (2007) formalism.
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Results, Dis
ussion and Con
lusions

Figure 8.2: Con�guration of the 
austi
 
urve for the binary mi
rolensing lensing withsour
e path for the event, OGLE-2011-BLG-265 with planetary signal of mass ratio q =
0.0042 and separation u = 1.034. Where the planet is lo
ated on the -x-axis supposedto be on the left side of the 
austi
 stru
ture where as the host star is on the + x-axissituated on the right side of the 
austi
.The �gure shown in Fig.8.2 is plotted using the best �t parameters. Here theangle we used for this plot is obtained from the 
oordinates where planet signa-ture anomaly is observed, (x, y) = (−0.9217, 0.4687). From trigonometry, we have

tan−1 y

x
= tan−1(−0.508) = −26.95o'. This angle is measured anti
lo
kwise fromthe y-axis, and des
ribes the relation between the sour
e path and the line from thehost star to the planet (x-axis. From Fig.8.2, it is possible to draw the fa
t thatas the sour
e passes 
lose to the 
austi
s it be
omes magni�ed for brief amount oftime as shown in the light 
urve of Fig.8.3, where the model light 
urve plotted inyellow solid line. As the sour
e follows its path for short period of time there will bea maximum magni�
ation as seen in Fig.8.3. Then, as the sour
e moves away fromthe 
austi
s it results in the de
rease in magni�
ation and its e�e
t will be redu
edas time goes on.
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8.2 Lens Parameter Best Fit Results

Figure 8.3: Figure showing best �t mi
rolensing events: Upper panel: Best �t light 
urveof planetary signal mi
rolensing event, Middle panel: Normalized residuals (Data−model
σ

)plotted with respe
t to time and lower panel: Residual (Data- model), the deviation fromthe best �t model, having either positive or negative values depending on the deviation ofthe data points from the 
urve either above or below respe
tively, of the target , OGLE-
2011-BLG-265, under 
onsideration after �tting. 127
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Results, Dis
ussion and Con
lusionsA planetary mi
rolensing anomaly, as des
ribed by Horne et al. (2009), 
an berevealed on the light 
urve with a short duration hump. Horne et al. (2009) explainedthe relation between the planet's Einstein ring radius with Einstein ring radius REas well as the duration of the planet anomaly with the Einstein 
rossing time tEusing:
rp = REq

1
2 , (8.2)where rp is planet Einstein ring radius and RE is the Einstein ring radius

tp = tEq
1
2 , (8.3)where tp is duration of planetary anomaly, the time the planet needs to 
ross thediameter of the planet's Einstein ring, and tE is Einstein 
rossing time.Using the relations derived in equation 8.3, the Einstein 
rossing time for our best�t model is found to be tE = 50.99 days with mass ratio q = 0.0042. We alsoobtained the duration of the anomaly, where the image of the sour
e 
rosses theplanet Einstein ring radius, to be

50.99days× 0.0042
1
2 = 3.3045 days. (8.4)Intensive monitoring of the target is required to get su�
ient data points and mon-itoring the anomaly is fundamental to dete
t extrasolar planets. In our 
ase theanomaly is a planetary signal where the planet a
ts as a lens. From the separationdistan
e of the host star and the planet u = 1.034, it is easy to draw the fa
t thatthe binary lens will fall in the intermediate binary lens range, as it was explainedin Se
tion 4.3.

128



Univ
ers

ity
 of

 C
ap

e T
ow

n

8.3 Con
lusions8.3 Con
lusionsThis proje
t entitled, "Gravitational Mi
rolensing and the Sear
h for ExtrasolarPlanets", 
overed the theoreti
al aspe
ts of gravitational lensing, mi
rolensing andhigher order e�e
ts related to mi
rolensing su
h as �nite- sour
e e�e
t.By introdu
ing some parameter minimization s
hemes and algorithms and applyingthem to real observational data from the mi
rolensing event OGLE-2011-BLG-265,we 
on
luded that the light 
urve is best des
ribed by a binary lens mi
rolensingevent with a planetary 
ompanion of mass ratio of q = 0.0042. A

ording to Bondet al. (2004), the light 
urves of binary mi
rolensing events allow mu
h more a

uratedetermination of the mass ratio than the mass of the individual 
omponents. Theyalso des
ribed the 
riterion of the binary lens 
omponents based on the mass ratio.A planetary mi
rolensing events therefore are 
hara
terized by a mass ratio q <

0.03 (Bond et al., 2004). It follows that, the mi
rolensing target we analyzed,OGLE-2011-BLG-265 is under planet mi
rolensing event with a planet Einsteinring 
rossing time of 3.30 days, whi
h strengthens our 
on
lusion of the existen
e ofplanetary 
ompanion.
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Results, Dis
ussion and Con
lusions8.4 Suggestions and Future Prospe
t of the Proje
tThe FORTRAN 
ode we used to �t mi
rolensing events is not 
omplete be
ause itdoes not in
lude some higher order e�e
ts su
h as the �nite sour
e e�e
t dis
ussed in
hapter 2. Moreover in this �tting 
ode binary sour
e mi
rolensing e�e
ts, parallax,xallarap e�e
ts (A mi
rolensing e�e
t 
aused by the orbital motion of the sour
e starwhere the sour
e star has a binary orbit or xarallap is the inverse e�e
t of parallax)are not in
luded. So the 
ode 
an be more 
omplete if the afore-mentioned higherorder mi
rolensing e�e
ts are in
luded. The result of our �t is not exa
t solutiondue to the ex
lusion of some higher order mi
rolensing e�e
ts giving error bars inour �tted 
urve. So, large error bars due to the higher order e�e
ts 
an be removedand there is a possibility of getting a mu
h better �tting and reliable parameteroutputs whi
h 
an explain the mi
rolensing target under study very well.In the future, FORTRAN 
odes will be developed whi
h 
an in
lude higher ordere�e
ts to be in
orporated with the existing 
odes plens.for, whi
h is developed byKeith Horne.
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9.1 Important Optimization Te
hniques Used for Mi-
rolensing FittingThe purpose of this se
tion is to give an overview of the algorithms we used inmi
rolensing �tting. These algorithms help one to �nd the parameters whi
h 
anbest des
ribe the observational data that we have at hand. Modelling mi
rolensing,espe
ially binary lense events, is more 
hallenging due to the fa
t that the parametershave a large dynami
 range. For example the mass ratio 0 < q ≤ 1 and theseparation distan
e is 0 < d < ∞. This makes the standard χ2 goodness of �tmeasure of the 
ompli
ated high dimensional parameter spa
e very sensitive to small
hanges in the parameters (Kubas et al., 2005).For a given set of observational data, one 
an try to analyse and �t to the model soas to get relevant information from the observed data and study the nature of themi
rolensing event. So in order to do �tting, it is better to have some statisti
alknowledge so as to understand the events under 
onsideration. This 
an be done by
al
ulating the statisti
al measures of the goodness of the �t whi
h is des
ribed by131
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Appendixthe χ2 measure.As Press et al. (1986) stated for a model fun
tion given by y(x) = ΣM
k=1akXk(x)where Xk is �xed fun
tion of x, assuming that this expression is a linear model inwhi
h the model depends on the parameters ak, χ2 
an be de�ned as:

χ2 = ΣN
i=1(

yi − ΣM
k=1akXk(xi)

σi

)2, (9.1)where σi is measure of error (standard deviation) and N is the number of datapoints. A 
lose study of the 
al
ulated values will have a magnitude of the orderof N sin
e ea
h value of the sum is expe
ted to have a value very 
lose to 1(Kane,2000). This relation will tell us how good/bad our �t is. For example, if the valueof χ2 is mu
h greater than the number of data points, the deviation of the �t fromthe model is signi�
antly high and results in poorly �tted data. On the other hand,if the χ2 is mu
h less than N, the error is over-estimated and results in over-�t tothe model. Let us introdu
e DOF = N − n, by taking into a

ount the numberof free parameters under 
onsideration leading to 
al
ulate the number of degreesof freedom, where n is the number of free parameters and N is the total numberof data points. So the resulting value, χ2

DOF
, is known as redu
ed value of χ2. Theredu
ed χ2 will have a value 
loser to 1 for best �t model.

χ2
reduced =

χ2

N − n
. (9.2)After de�ning some terms whi
h are very important for further analysis, we are ina position to des
ribe some of the most 
ommonly used minimisation te
hniques.9.1.1 Downhill Simplex MethodThe downhill simplex method introdu
ed by Nelder and Mead in 1965 is a multidi-mensional minimization, whi
h helps to determine the minimum of the fun
tion ofmore than one independent variables (Press et al., 1986). Downhill simplex methodis easy for implementation and is qui
k and robust.To understand the downhill simplex method 
onsider an N dimensional spa
e 
on-sisting of N+1 points or verti
es and the lines joining these points, whi
h are 
alledsimplexes. In a two dimensional spa
e, a simplex is a triangle on the other handfor a three dimension the simplex is a tetrahedron. In order to study the downhill132
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9.1 Important Optimization Te
hniques Used for Mi
rolensing Fittingsimplex method, one must fo
us on simplexes whi
h are not degenerate. Non de-generate simplexes are the ones that en
lose a �nite inner N-dimensional Volume(Press et al., 1986).For a multi dimensional minimization, it is better to give an N ve
tor of independentvariable as an initial or starting guess. Sin
e the algorithm is supposed to make itsown way down hill through an N dimensional spa
e until it rea
hes to the lo
alminimum (Press et al., 1986).Regarding the starting point for this method, it is possible to take not only from asingle point but also from N + 1 points by de�ning an initial simplex .If one starts sear
hing the lo
al minima by 
onsidering a starting point P0 in n-dimensional model parameter, it is possible to take other N points by Pi = P0+λei,where ei is a unit ve
tor and λ is a 
onstant of the guess 
hara
teristi
 length s
ale(Press et al., 1986). After setting the initial guesses the downhill simplex methodtakes a series of steps by jumping from the highest point to the lowest point on theother side of the simplex as it is shown in Fig.9.1. In doing so the volume of thegeometri
 simplex is 
onserved maintaining its non-degenera
y. The following �gureFig.9.1 summarizes the possible ways of moving to �nd the lo
al minimum wherethe di�eren
e between verti
es falls well below a given toleran
e.
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Appendix

Figure 9.1: Possible ways of movement in Downhill simplex method during �nding a lo
alminima (Adapted from Press et al., 1986).
In Fig.9.1, the starting simplex for the downhill method is a tetrahedron. Afterapplying downhill simplex method, one of the possible results 
an be the outputsdisplayed in the �gures a, b, 
, or d.134
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9.1 Important Optimization Te
hniques Used for Mi
rolensing Fitting9.1.2 Maximum LikelihoodIf one is doing �tting to a model having M adjustable parameters aj with N datapoints, the model predi
ts let us say
y(xi) = y(xi; a1, ...aM), (9.3)minimizing the equation over the parameters a1, ..an, ΣN

i=1[yi−y(xi; a1, ...aM)]2 wherethe equation on the right side shows the dependen
e of the parameters. So hereobtaining the parameters using this method basi
ally depends on the probabilitywhere the data must not be too improbable for the 
orre
t 
hoi
e of the parameters.Maximum likelihood is a more intuitive method. The basi
 prin
iple in maximumlikelihood �tting pro
edure is for a 
olle
tion of N events whi
h 
orresponds to anindependent variable xi and dependent variable yi. The target is to obtain theset of parameters a1...am of a fun
tion given earlier. So the model fun
tion 
an be
onverted to normalized probability density fun
tion (Bevington & Robinson, 1992):
Pi = P (xi; a1, a2...am). (9.4)Assuming Gaussian distribution for the measurement of the error around the truemodel y(x) and assuming that σ, the standard deviation, is the same for all points,then the probability of the data set is given by:

P ∝ ΠN
i=1exp[

1

2
(
yi − y(xi)

σ
)2]∆y, (9.5)where the term (yi−y(xi)

σ
)2 = χ2 and the probability density 
an be written as:

P ∝ ΠN
i=1e

−1

2
χ2

∆y, (9.6)where ∆y is a �xed value to be added or subtra
ted on ea
h data point to makesure that the probability is di�erent from zero when the value of yi takes 
ontinuousvalues.Then maximizing this equation is equivalent to maximizing its logarithm, or mini-mizing its negative logarithm
lnP = [ΣN

i=1

(yi − y(xi))
2

2σ2
]−Nlog∆y, (9.7)135
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Appendixwhere N, ∆y and σ are 
onstants implying minimizing this equation, Eqn.9.7 isequivalent to maximizing ΣN
i=1[yi−y(xi; a1, ...aM)]2. From the dis
ussions above one
an see that if the measured errors are independent and normally distributed with
onstant σ, the least square �tting is maximum likelihood (Press et al., 1986).Authors like Cassan et al. (2010) also stated that the likelihood is a fun
tion ofparameters ai and a probability distribution over the data D. so,

L(ai) = P (D|ai) =
e

−1

2
χ2

(2π)
N
2 ΠN

i=1σi

, (9.8)where P(D|ai) is the likelihood, whi
h is a fun
tion of the parameters ai and aprobability distribution over the data D.As stated earlier, maximizing L(ai) 
orresponds to minimizing the negative loga-rithm as:
lnL(ai) = lne

−1

2
χ2 − [ln(2π)

N
2 ΠN

i=1σi], (9.9)
lnL(ai) =

−1

2
χ2 − [

N

2
ln2π + ΣN

i=1lnσi], (9.10)
−2lnL(ai) = χ2 +Nln2π + 2ΣN

i=1lnσi. (9.11)So from this expression above the maximum likelihood is equivalent to a minimumin χ2, when σi, the error bar, is known. This formalism, on the other hand, isa Bayesian analysis whi
h impli
itly assumes prior that is uniform on the 
hosenparameter interval (Cassan et al., 2010).
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9.1 Important Optimization Te
hniques Used for Mi
rolensing Fitting9.1.3 Bayesian Statisti
s and PriorsThe frequentist s
hool of thought de�nes probability as "the number of times anevent o

urs over the total number of trials, in the limit of an equi-probable repeti-tions" (Trotta, 2008). This de�nition has some limitations in explaining probability.Among others, this theory assumes that repeated trials have the same probabilityand it also la
ks to explain the probability of unrepeated events. In addition, the def-inition holds true for an in�nite sequen
e of repetitions whereas in general pra
ti
estatisti
al analysis is all about �nite number of measurements. These short
oming
an be avoided by taking a Bayesian stan
e on the de�nition. The de�nition ofprobability from Bayesian statisti
s point of view is "a measure of the degree ofbelief about a proposition" (Trotta, 2008). This de�nition in general holds true forany event.Bayes' statisti
s has advantage over the frequentist view in real life 
ases in su
h away that this method deals with nuisan
e parameters, parameters whi
h have ane�e
t on the data but not important for us. The other important point in Bayesiananalysis is the prior information has signi�
ant importan
e during analysis. Thismethod also deals with event data whi
h are observed unlike frequentist results thatdepend on what the experimenter thinks about the probability of data that havenot been observed.9.1.4 Bayes' TheoremAs Loredo (1992) stated, statisti
al knowledge plays a major role in astrophysi
sin su
h a way that understanding and explaining the 
on
epts of astrophysi
s needto know the prin
iples of inferen
e whi
h in turn helps how to extra
t relevantinformation from observational data and how theoreti
al predi
tions or models 
anbe 
ompared with the observational data. Bayes' theorem is a simple generalizationof the probability theory. Bayes' theorem, as stated in (Trotta, 2008), 
an be derivedfrom a set of 
onsisten
y requirements for 
onvin
ing reasoning 
alled 
ox axioms.So Bayesian statisti
s interferen
e is the generalization of logi
al dedu
tion whenthe information available is in
omplete.Before heading to the mathemati
al development of Bayesian statisti
s, let us givean overview of some of the probability rules. Consider a proposition Q and itsnegation Q̄, then: 137
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AppendixAddition rule
P (Q|S) + P (Q̄|S) = 1, (9.12)where P(Q|S) is probability of Q o

urring on its own from the information providedin S.Produ
t rule

P (Q,R|S) = P (Q|R, S)P (R|S), (9.13)whi
h is de�ned as the joint probability of Q given that R o

urs times the probabil-ity of R o

urring on its own. If we want to study the probability of R irrespe
tiveof Q both the rules stated earlier will give as:
P (R|S) = ΣQP (Q,R|S), (9.14)where P (R|S) is marginal probability of R. The other thing that we should beaware of is P (Q,R|S) = P (R,Q|S), then the produ
t rule will lead us in derivingthe Bayes' theorem:

P (R|Q, S) =
P (Q|R, S)P (R|S)

P (Q|S) . (9.15)Simple substitution of Q by the observed data d and R by the hypothesis H,
P (H|d, S) = P (d|H,S)P (H|S)

P (d|S) , (9.16)where P (H|d, S) is the posterior probability of the hypothesis, whi
h is proportionalto the sampling distribution of the data P (d|H,S) assuming the hypothesis is true,times the prior probability of the hypothesis P (H|S). This prior is any externalinformation we have, S, whi
h represents one's state of knowledge before having thedata (Trotta, 2008).In Bayesian statisti
s the prior 
hoi
e is the most fundamental ingredient for furtherinferen
e. In mi
rolensing analysis (Cassan et al., 2010) Bayes parameter estimationtakes into a

ount the prior distribution of the parameter spa
e (q, d). So theposterior probability distribution in Bayes' analysis is a fun
tion of the data. Hen
e138
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9.1 Important Optimization Te
hniques Used for Mi
rolensing Fitting
P (θ|D) =

P (D|θ)P (θ)∫
P (D|θ)P (θ)dθ

, (9.17)where P (θ) is the prior probability distribution on the parameter θ, and P (D|θ) isthe likelihood whi
h is a fun
tion of θ. Here one should noti
e that as a fun
tion ofthe hypothesis the likelihood is not a probability distribution (Trotta, 2008) be
ausethe denominator in equation 9.17 is a normalization 
onstant.9.1.5 Parameter Grid Sear
hBinary mi
rolensing 
ould have any geometry depending on two parameters (d,q)with 0 < d < ∞ and 0 < q ≤ 1. So in order to get the required parameters fromobservational data in mi
rolensing we are going to �x the two parameters d and qand try to build χ2(d, q) grid that we are going to lo
ate the best �t region (Kainset al., 2009).Bevington & Robinson (1992) des
ribed that grid sear
h method 
an be used forparameters in whi
h the variation of χ2 with ea
h parameter aj is not very sensitiveto the magnitudes of the other parameters. Then the optimum parameter values
an be obtained by minimizing χ2 with respe
t to ea
h of the parameters separately.The following summarizes the grid sear
h method as is stated in Bevington & Robin-son (1992):(a) Sele
t a starting point for the parameters aj with ∆aj in
rement for ea
hparameter, then 
al
ulate the value of χ2 with the starting parameters.(b) In the se
ond step in
rease one of the parameters by ±∆j and 
al
ulate χ2 andnoti
e the sign 
hange so that χ2 de
reases.(
) The se
ond step is repeated until χ2 stops de
reasing and starts to in
rease(d) Using the last value of the parameter aj and its χ2 to determine the minimum.(e) Minimize χ2 again with respe
t to ea
h parameter.(f) Repeat the pro
edure until the last iteration yields a prede�ned negligibly smallde
rease in χ2.Parameter grid sear
h method is advantageous be
ause it is simple to implementand helps to get the absolute minimum of the χ2 fun
tion in parameter spa
e withpre
ision. This method, on the other hand, has some limitations where the variation139
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orrelated whi
h makes the pro
ess of gettingthe absolute minimum very slow.9.1.6 Parameter Covarian
e Matrix: Parameter Error BarsIn this subse
tion, we are going to show the relation between the 
ovariant matrixand Hessian matrix by 
onsidering a model fun
tion whi
h is going to be �tted inthe form y = y(x; a). By de�ning a χ2 merit fun
tion as χ2(a) = ΣN
i=1[

yi−y(xi;a)

σi
]2and taking the �rst derivative of the χ2 with respe
t to the parameter under 
on-sideration, 'a':

∂χ2

∂ak
= −2ΣN

i=1

[yi − y(xi; a)]

σ2
i

× ∂y(xi; a)

∂ak
, ...k = 1, 2...M. (9.18)Taking the partial derivative of the above equation (Eqn.5.18) gives us:

∂2χ2

∂ak∂al
= 2ΣN

i=1

1

σ2
i

[
∂y(xi; a)

∂ak

∂y(xi; a)

∂al
− (yi − y(xi;a))

∂2y(xi; a)

∂al∂ak
]. (9.19)De�ning αkl =

1
2

∂2χ2

∂ak∂al
and βk =

−1
2

∂χ2

∂ak
, then the value of αkl is going to be the Hes-sian matrix whi
h depends on the �rst and se
ond derivatives of the basis fun
tionwith respe
t to their parameters (Press et al., 1986). The Hessian matrix,

Hkl =
∂2χ2

∂ak∂al
, (9.20)is symmetri
. So, the 
ovarian
e matrix of the parameters under 
onsideration isgiven by

cov(ak, aj) = [
∂2χ2

∂ak∂al
]−1 = [H ]−1 (9.21)The higher order term ∂2χ2

∂ak∂al
with yi−y(xi; a) 
an be negle
ted when it is 
omparedto the term 
ontaining the �rst derivative be
ause for good and su

essful model thisterm is the measurement of the error for ea
h point and in general not related to themodel hen
e resulting in the 
an
ellation of the higher order term when summed overall i. As Press et al. (1986) stated, the value of the matrix αkl(Hkl) has no e�e
t at allon the �nal value of parameters 'a' rea
hed, whereas it a�e
ts the iterative root that140
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9.1 Important Optimization Te
hniques Used for Mi
rolensing Fittingis passed to rea
h the �nal value. Covarian
e matrix 
aptures the varian
e and linear
orrelations in multidimensional data. If a data under investigation is N×M matrix,the 
ovarian
e matrix redu
es the number of 
olumns loosing a minimal informationand giving a (
×
) square matrix. So the matrix given above in equation 5.21 isrelated with the standard un
ertainties of the parameters estimated (Press et al.,1986).
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