
QUALITATIVE AND NUMERICAL ANALYSIS OFQUASISTATIC PROBLEMS IN ELASTOPLASTICITYWeimin Han B Daya ReddyDepartment of Mathematics Department of Applied MathematicsUniversity of Iowa University of Cape TownIowa City, Iowa 52242, USA 7700 Rondebosch, South AfricaGregory C SchroederMathematical Institute, Oxford, UKAbstract. The quasistatic problem of elastoplasticity with combined kinematic-isotropichardening is formulated as a time-dependent variational inequality (VI) of the mixed kind,that is, it is an inequality involving a nondi�erentiable functional and is imposed on asubset of a space. This VI di�ers from the standard parabolic VI in that time derivatives ofthe unknown variable occurs in all of its terms. The problem is shown to possess a uniquesolution.We consider two types of approximations to the VI corresponding to the quasistatic problemof elastoplasticity: semi-discrete approximations, in which only the spatial domain is dis-cretised, by �nite elements; and fully discrete approximations, in which the spatial domainis again discretised by �nite elements and, in addition, the temporal domain is discretisedand the time-derivative appearing in the VI is approximated in an appropriate way.Estimates of the errors inherent in the above two types of approximations, in suitableSobolev norms, are obtained for the quasistatic problem of elastoplasticity; in particular,these estimates express rates of convergence of successive �nite element approximations tothe solution of the variational inequality in terms of element size h and, where appropriate,of the time step size k.A major di�culty in solving the problems is caused by the presence of the nondi�erentiableterms. We consider some regularization techniques for overcoming the di�culty. Besidesthe usual convergence estimates, we also provide a-posteriori error estimates which enableus to estimate the error by using only the solution of a regularized problem.1 IntroductionThe aim of this work is to provide a qualitative and numerical analysis of a problem arising inthe description of quasistatic behaviour of elastoplastic bodies. The quasistatic (as opposed to1



simply static or steady) nature of the problem is due to the fact that plastic behaviour can onlybe correctly described in terms of rates of change of certain variables (such as plastic strain);thus these contribute to the presence of rate quantities, and the problem is not therefore merelya boundary-value problem. On the other hand processes are assumed to occur su�ciently slowlyso that inertial e�ects may be ignored. Thus acceleration does not appear in the problem. Thequasistatic problem, while an approximation, is an important special case both mathematicallyas well as from a practical point of view, as is con�rmed by the large number of papers on bothof these aspects.In abstract form, the problem is formulated as a time-dependent variational inequality of themixed kind (see Section 3). It is nonstandard, and di�ers from the standard parabolic VI (see(1.1) below) in that rate quantities occur in all of its terms. A similar VI arises in the study ofelastic bodies which are subject to frictional contact (see [1, 8, 27, 28], for example).The literature on VIs and their numerical approximation includes investigations of variationalinequalities arising in plasticity (see, for example, the works by Glowinski, Lions and Tr�emoli�eres[11] and by Hlav�acek et al [16]). The �rst systematic mathematical study of the elastoplasticproblem is due to Duvaut and Lions [8], who considered the problem for a perfectly plasticmaterial. Johnson [19] subsequently extended the analysis in [8] by approaching the problem intwo stages; in the �rst stage the velocity is eliminated and the problem becomes a variationalinequality posed on a time-dependent convex set. The second stage involves the solution forthe velocity. The contributions of Duvaut-Lions and Johnson also predated, and were thereforenot in a position to draw on, the important works of Matthies, Strang, Temam and others[29, 30, 37] on existence for the displacement problem in perfect plasticity; this work gave riseto the de�nition and study of the space BD(
) of functions of bounded deformation, which arecentral to a proper study of the existence problem for perfectly plastic materials.Analyses of �nite element approximations of the elastoplastic problem have enjoyed limited butsteady attention, in contrast to the voluminous literature devoted to computational and algo-rithmic aspects of this problem. Havner and Patel [14] and Jiang [18] analysed approximationsof the so-called rate problem; this is an elliptic variational inequality in which the primary un-knowns are the velocity, rather than the displacement, and the plastic multiplier. Johnson [20]has considered a formulation of the elastoplasticity problem in which stress is the primary vari-able, and has derived error estimates for the fully discrete (that is, discrete in both time andspace) problem (see also related work by Hlav�acek [15] and a summary account in [16]). In a laterwork, Johnson [21] has considered fully discrete �nite element approximations in the context ofplasticity, while Brezzi, Johnson and Mercier [5] have treated �nite element approximations ofthe time-independent Hencky problem for elastoplastic plates.All of the above studies di�er from that undertaken here in that, �rstly, the model probleminvestigated here is a VI of the mixed kind; it is an inequality both because of the presence of anondi�erentiable functional and becuase the problem is posed on a closed convex cone in a Hilbert2



space. Secondly, unlike the standard parabolic VI which is of the form: �nd u : [0; T ]! V suchthat ( _u; v � u) + a(u; v � u) + j(v)� j(u) � l(v � u) for all v 2 V; (1:1)rate quantities occur in all of the terms of the VI (see (4.1)).We make use of a formulation which has been extensively treated both theoretically and com-putationally over the last decade by Martin, Reddy and their coworkers [33, 35, 36]. The chiefcharacteristic of this formulation is that, unlike conventional formulations in elastoplasticity(such as that presented, for example, in [8]), it is a logical extension of the standard displace-ment problem of linear elasticity in the sense that it reduces to this problem in the event thatthe body behaves elastically. We con�ne this study to one involving materials which undergohardening; thus solutions are sought in Sobolev spaces. The existence theory for this problemhas been treated, for the case of kinematic hardening only, in [33]; here we extend this theory toaccommodate the case of isotropic hardening.The outline of the remainder of this work is as follows. In Section 2 the model quasistatic problemis described, while the corresponding VI is formulated in Section 3. This VI is considered in anabstract context in Section 4, where conditions for its well-posedness are established. Section 5 isconcerned with semi-discrete �nite element approximations of the abstract VI, while Section 6 isdevoted to fully-discrete approximations. In Section 7 we apply the results of the previous sectionsto the quasistatic problem of elastoplasticity with combined kinematic-isotropic hardening as wellas the special case of kinematic hardening only; in the latter case the VI reduces to one of thesecond kind, in which the nondi�erentiable functional is present but the problem is posed on theentire space. We establish error estimates for the semi- and fully discrete approximations. Inthe last section, we consider regularization techniques for handling the nondi�erentiable terms,and derive a-posteriori error estimates.2 Formulation of the problemWe consider the initial-boundary value problem for quasistatic behaviour of an elastoplastic bodywhich occupies a bounded domain 
 with Lipschitz boundary �. The plastic behaviour of thematerial is assumed to be describable within the classical framework of a convex yield surfacecoupled with the normality law.The material is assumed to undergo linear kinematic and isotropic hardening. The assumption ofa hardening material, apart from the fact that it represents realistic material behaviour, servesalso to allow for a complete analysis within a Sobolev space framework, the case of perfectplasticity requiring special treatment (see, for example, [25]). The model incorporates also theclassical assumption of no volume change accompanying plastic deformation.Suppose that the system is initially at rest, and that it is initially undeformed and unstressed.3



A time-dependent �eld of body force f (x; t) is given, with f (x; 0) = 0. We are required to �ndthe displacement �eld u(x; t) and plastic strain �eld p(x; t) which satisfy, for 0 � t � T ,the equilibrium equation div �(u;p) + f = 0 ; (2:1)the elastic constitutive equation �(u;p) = C(�(u)� p) ; (2:2)the strain-displacement relation �(u) = 12(ru+ (ru)T ) (2:3)and the condition of plastic incompressibilitytrp := I � p = 0 (2:4)or pkk = 0. Here and henceforth summation is implied on repeated indices, unless otherwisestated.Equations (2.1) { (2.4) are required to hold in 
; here � is the stress tensor, � is the straintensor, u the displacement vector and p is the plastic strain tensor. The quantity C is a fourthorder tensor of elastic coe�cients.In addition we have to specify the plastic 
ow law. For this purpose let 
 represent the internalvariable associated with isotropic hardening, and de�ne the (thermodynamic) conjugate forces� and g by [36] � = � � k1p; g = �k2
 (2:5)here k1 and k2 are nonnegative scalars. The region of admissible conjugate forces is then de�nedto be the set K = f(�; g) : F (�) + g � c0g; (2:6)here c0 is a positive constant and F is a convex function known as the yield function. Theboundary of K is known as the yield surface, while its interior is known as the elastic region.The term k1p in (2.5) is the back-stress, and de�nes the amount by which the yield surface istranslated as a result of previous plastic behaviour. The term g in the de�nition of K governsisotropic hardening, that is, the amount by which the admissible region expands as a result ofprevious plastic behaviour.In its classical form the 
ow law is ( _p; _
) 2 NK(�; g) (2:7)where NK(�; g) denotes the normal cone to K at (�; g). If the yield function is smooth this maybe rewritten in the form 0@ _p_
 1A = �0@ rF (�)1 1A (2:8)4



where � is a nonnegative scalar. Thus � may be identi�ed with _
.We will �nd it advantageous to consider the 
ow law not in this form, but in a form which isdual to the relation (2.7), in the sense of convex analysis. We introduce the support function Dof K, de�ned byD :M3 � IR! IR [ f1g; D(q; �) = supf� � q + g� : (�; g) 2 Kg: (2:9)Here M3 is the set of all symmetric 3 � 3 matrices. The support function is denoted here bythe symbol D since in plasticity it has the interpretation of the dissipation function. We willhenceforth use this latter term to describe this function.The dissipation function is a gauge; that is, it is proper, nonnegative, convex, positively homo-geneous and lower semicontinuous: D 6� +1; (2.10)D(q; �) � 0; D(0; 0) = 0; (2.11)D(�p + (1� �)q; �
 + (1� �)�) � �D(p; 
) + (1� �)D(q; �);8 � 2 (0; 1); 8p;q 2 M3; 8 
; � 2 IR (2.12)D(�p; �
) = �D(p; 
); 0 < � 2 IR (2.13)limn!1D(qn; �n) � D(q; 
); 8f(qn; �n)g; (qn; �n)! (q; 
): (2.14)In analyzing the variational inequality for the elastoplasticity problem, it will be convenientto consider the dissipation function D on its e�ective domain domD = f(q; �) 2 M3 � IR :D(q; �) <1g. It is easy to verify that domD is a non-empty, convex, closed cone in M3 � IR.From Corollary 2.4 in [9], if D is bounded above over a non-empty open set, then D is locallyLipschitz continuous on domD. Since D is positively homogeneous and domD is a cone, localLipschitz continuity of D on domD implies global Lipschitz continuity of D on domD. Thus wewill assume that D is Lipschitz continuous on domD. (2:15)As an example, we consider the popular von Mises yield condition. For this case, we haveF (�) = j�Dj � q�Dij�Dij ;where �D = �� 13 (tr�) I is the deviatoric part of �. One can show that (see [36])D( _p; _
) = 8<: c0j _pj if j _pj � _
;+1 if j _pj > _
: (2:16)Obviously, on domD = f(q; �) : jqj � � a:e: in 
g, D(q; �) = c0jqj is Lipschitz continuous.By exploiting the fact that the dissipation function is the Legendre-Fenchel conjugate of theindicator function of K we can express the 
ow law (2.7) or (2.8) in the form(�; g) 2 @D( _p; _
); (2:17)5



that is, D(q; �) � D( _p; _
) + � � (q � _p) + g (�� _
); 8q 2M3; � 2 IR (2:18)where the inner product in M3 is de�ned by p � q = pijqij. The relation (2.18) is equivalent to( _p; _
) 2 domD; D(q; �) � D( _p; _
) + � � (q � _p) + g (�� _
); 8 (q; �) 2 domD: (2:19)We assume, for the coe�cient functions in (2.5), that k1; k2 2 L1(
), and that there are con-stants �ki (i = 1; 2) such that ki(x) � �ki > 0; a.e. in 
: (2:20)The elasticity tensor C has the symmetry propertiesCijkl = Cjikl = Cklij ; (2:21)and we assume that Cijkl 2 L1(
) (2:22)and that C is pointwise stable: there exists a constant c0 > 0 such thatCijkl(x)�ij�kl � c0j�j2 8 � 2M3 ; a:e: in 
: (2:23)Finally, we take the boundary condition to beu = 0 on � ; (2:24)while the initial conditions are assumed to beu(x; 0) = 0 and p(x; 0) = 0: (2:25)3 The variational problemFunction spaces. Before addressing the question of the variational formulation of the problemposed in Section 2, we introduce the function spaces which will be required.We use multi-index notation for derivatives of functions; that is, let � = (�1; �2; : : : ; �n) be ann-tuple of nonnegative integers and set j�j = �1 + �2 + : : : + �n. Then D�u denotes the �thderivative of a function u, de�ned byD�u = @j�ju@x�11 @x�22 � � � @x�nn :For integers m � 1, we denote by Hm(
) the space of (equivalence classes of) functions in L2(
)whose distributional partial derivatives of order j�j, j�j � m, are in L2(
). The space Hm(
) isa Hilbert space equipped with the inner product(u; v)m;
 = Z
 Xj�j�mD�u(x)D�v(x) dx6



so that kukm;
 = kukm;2;
 = [(u; u)m;
]1=2 :When the domain of a function is contextually apparent, we use the simpler notationk � km;p = k � km;p;
; k � km = k � km;
:We will also use the following semi-norm de�ned on Hm(
):ju jm;
= 0@Z
 Xj�j=m jD�u(x) j2 dx1A1=2 : (3:1)We denote by H10 (
) the subspace of H1(
) comprising functions whose values vanish on theboundary �, in the sense of traces. The semi-norm (3.1) with m = 1 is a norm on H10 (
),equivalent to the standard H1-norm.The spaces of displacements and plastic strains are de�ned respectively byV = [H10 (
)]3; Q = fq = (qij) : qji = qij; qij 2 L2(
)g:We will also need the space Q0 of traceless functions, de�ned by Q0 = fq 2 Q : trq =0 a.e. in 
g. Both V and Q are Hilbert spaces with inner products(u;v)V = Z
 @ui@xj @vi@xj dx and (p;q)Q = Z
 p � q dx = Z
 pijqijdx ;and norms jjvjjV = (v;v) 12 ; jjqjjQ = (q;q) 12 . Furthermore, Q0 is a closed subspace of Q.The space M of isotropic hardening variables is de�ned by M = L2(
). We de�ne the productspace Z = V �Q0 �M which is a Hilbert space with the inner product(w;z)Z : = (u;v)V + (p;q)Q + (
; �)Mand norm jjzjjZ = (z;z) 12W , where w = (u;p; 
) and z = (v;q; �). We also need a subset of Z,de�ned by K = fz = (v;q; �) 2 Z : jqj � � a:e: in 
g:Obviously, K is a non-empty, closed, convex cone in Z.For any Banach spaceX, we denote by Cm(0; T ;X) the space of continuous functions u : [0; T ]!X that have continuous derivatives up to and including those of order m on [0; T ], with the normjjujjCm(0;T ;X) = mXi=0 max0�t�T jju(i)(t)jjX; (3:2)and by Lp(0; T ;X), for 1 � p < 1, the space of all measurable functions u : (0; T ) ! X forwhich jjujjLp(0;T ;X) =  Z T0 jju(t)jjpX dt!1=p <1: (3:3)7



The space of measurable functions u : (0; T )! X which are essentially bounded is denoted byL1(0; T ;X), and this space is endowed with the normjjujjL1(0;T ;X) = ess sup0�t�T jju(t)jjX:Some properties of these spaces are listed in the following theorem. For a proof, see Zeidler [39].Theorem 3.1 Let m be a nonnegative integer and 1 � p � 1. Let X and Y be real Banachspaces. Then:1. Cm([0; T ];X) with the norm (3.2) is a Banach space.2. Lp(0; T ;X) is a Banach space if we identify functions that are equal almost everywhere on(0; T ).3. If X is a Hilbert space with inner product (�; �)X, then L2(0; T ;X) is also a Hilbert spacewith the inner product (u; v)L2(0;T ;X) = Z T0 (u(t); v(t))X dt:The topological dual of a Banach space X is denoted by X�, and the operation of an elementu� 2 X� on an element u 2 X is indicated by hu�; ui. IfX is separable, then the space L1(0; T ;X)is separable and L1(0; T ;X)� = L1(0; T ;X�):We de�ne by W 1;2(0; T ;X) the space of functions f 2 L2(0; T ;X) such that _f 2 L2(0; T ;X),equipped with the norm kfk2W 1;2(0;T ;X) = kfk2L2(0;T ;X) + k _fk2L2(0;T ;X);where _f denotes the generalised derivative of f on (0; T ). We de�ne w = u(n) to be the nthgeneralised derivative of the function u on (0; T ) i�Z T0 �(n)(t)u(t) dt = (�1)n Z T0 �(t)w(t) dt for all � 2 C10 (0; T )is valid. Note that these integrals are de�ned whenever u;w 2 L1(0; T ;X) (see, for example,Zeidler [39], page 418). This generalised derivative is unique.We record the fundamental inequalitykf(t)� f(s)kX � Z ts k _f(� )kXd�; (3:4)which holds for s < t and f 2 W 1;2(0; T ;X) (see, for example, Zeidler [39]). We have thatW 1;2(0; T ;X) � C([0; T ];X), with the embedding being continuous.8



We introduce the bilinear form a : Z � Z ! IR de�ned bya(w;z) = Z
 [C(�(u)� p) � (�(v)� q) + k1p � q + k2
�] dx= Z
 [Cijkl (�ij(u)� pij)(�kl(v)� qkl) + k1pijqij + k2
�] dx; (3.5)the linear functional l(t) : Z ! IR; hl(t);zi = Z
 f(t) � v dx (3:6)and the functional j : Z ! IR [ f1g; j(z) = Z
 D(q(x); �(x)) dx; (3:7)where as before w = (u;p; 
) and z = (v;q; �).The functional l(t) is easily shown to be bounded. From the properties of D, j(�) is a con-vex, positively homogeneous, nonnegative, lower semicontinuous (l.s.c.) functional on Z, and isLipschitz continuous on domD = K. Note, however, that j is not di�erentiable.We are now ready to de�ne the variational problem.Problem EP. Given l 2 W 1;2(0; T ;Z�), �nd w = (u;p; 
) : [0; T ] ! Z with w(0) = 0, suchthat for almost all t 2 (0; T ), _w(t) 2 K, anda(w(t);z � _w(t)) + j(z)� j( _w(t))� hl;z � _w(t)i � 0; 8z 2 K: (3:8)The formal equivalence of Problem EP to the classical problem de�ned by (2.1) { (2.4) is readilyestablished (cf. [33, 35], for example). We take as fundamental the variational problem EP,though.4 An abstract variational inequality4.1 The formulationWe study the elastoplastic Problem EP in the framework of an abstract VI, of which Problem EPis a speci�c example. This VI closely resembles a parabolic VI, with the important distinctionthat the rate quantity occurs in the arguments of all the functionals in the inequality. Apartfrom elastoplasticity, another application in which this VI may be found is that of elasticity withfrictional contact (see [8] and [31]). In that case, though, the problem is posed on the entirespace rather than on a convex subset. Furthermore, it will be seen that the methods adoptedhere are quite di�erent from those used in the works cited, and we will present a wider range ofresults in the case of approximate problems.We now take as fundamental the following abstract variational problem.9



Problem P. Find w : [0; T ]! H, w(0) = 0, such that for almost all t 2 (0; T ), _w(t) 2 K anda(w(t); z � _w(t)) + j(z)� j( _w(t))� hl(t); z � _w(t)i � 0; 8 z 2 K: (4:1)Here H denotes a Hilbert space, K a non-empty, closed, convex cone in H. The bilinear forma : H � H ! IR is symmetric, bounded and H-elliptic, l 2 W 1;2(0; T ;H�). The functional j:K ! IR is convex, positively homogeneous and Lipschitz continuous, which is not assumed tobe di�erentiable. We call the problem P a variational inequality of the mixed kind, because ithas features of variational inequalities of both the �rst kind (the presence of the convex set K)and the second kind (the presence of the non-di�erentiable term j). For a classi�cation for thekinds of variational inequality, see [10].Questions of existence and uniqueness of solutions to this problem have been investigated in thecontext of elastoplasticity with kinematic hardening, by Reddy [33].We extend the functional j from K to the whole space H throughJ(z) = 8<: j(z); z 2 K;+1; z 62 K:Since K is a non-empty, closed and convex cone, and since j is convex, positively homogeneousand Lipschitz continuous on K, the extended functional J : H ! IR [ f1g is proper, positivelyhomogeneous, convex and l.s.c. From now on, we will identify j with J , i.e., we will use thesame notation j(z) to denote the extension of j(z) from K to H by 1 for z 62 K. With thisidenti�cation, we observe that (4.1) is equivalent toa(w(t); z � _w(t)) + j(z)� j( _w(t))� hl(t); z � _w(t)i � 0; 8 z 2 H;i.e., the inequality problem is not a�ected whether the test functions z are taken in H or onlyin K. We will have occasion to use this property later; in particular, we observe that ProblemP is equivalent to the problem of �nding functions w: [0; T ]! H and w�(t): [0; T ]! H� suchthat for almost all t 2 (0; T ),a(w(t); z) + hw�(t); zi = hl(t); zi; 8 z 2 H; (4.2)w�(t) 2 @j( _w(t)); (4.3)where @j( _w(t)) denotes the subdi�erential of j(�) at _w(t).From the de�nition of the subdi�erential, we observe that, because of the positive homogeneityof j, the relation w�(t) 2 @j( _w(t)) is equivalent tohw�(t); zi � j(z) for all z 2 H; and hw�(t); _w(t)i = j( _w(t)): (4:4)A feature of the proof of the existence result presented below is that it employes a discretizationmethod closely related to one which is used in practice for computational purposes (see forexample Reddy and Martin [35], [36]). The method of proof has interesting parallels with thesemi-discrete approximations of Problem P, for which an estimate of the rate of convergence ofthe approximations is derived in Section 5. 10



4.2 Existence, uniqueness and stabilityExistence. The existence proof involves two stages: �rstly discretizing in time and establishingthe existence of a family of solutions fwngNn=1 to the discrete problems. The second stage involvesconstructing a linear interpolate in time w� of the discrete solutions and showing that the limit,as the time step size � approaches zero, of these interpolates is in fact a solution of Problem P.The proof technique was employed in [33] for the problem with isotropic hardening only. Here,for convenience, we give a sketch of the proof for the existence of a solution to the problem undersomewhat more general assumptions stated after (4.1).Time-discretisation involves partitioning the time interval [0; T ] by 0 = t0 < t1 : : : < tN = T ,where tn � tn�1 = �. For given l 2 W 1;2(0; T ;H�), ln = l(tn), which is well-de�ned by theembedding W 1;2(0; T ;X) ,!C([0; T ];X), for any Banach space X (see Section 3). We de�ne�wn to be the backward di�erence wn � wn�1 corresponding to a sequence fwngNn=0.We start with the followingLemma 4.1 For any given flngNn=0 � H�, there exists a unique sequence fwngNn=0 � H, withw0 = 0, such that for n = 1; 2; : : : ; N , �wn 2 K anda(wn; z ��wn) + j(z)� j(�wn)� hln; z ��wni � 0; 8 z 2 H: (4:5)Furthermore, there exists a constant c, independent of �, such thatk�wnkH � c k�lnkH�; n = 1; : : : ; N: (4:6)Proof. The inequality (4.5) may be rewritten asa(�wn; z ��wn) + j(z)� j(�wn) � hln; z ��wni � a(wn�1; z ��wn); 8 z 2 H: (4:7)We proceed inductively. For n = 1, since by the assumptions the bilinear form a(�; �) is continuousand H-elliptic, the functional j(�) is proper, convex and l.s.c., and the functional de�ned by theright hand side of (4.7) is bounded and linear, the problem (4.7) has a unique solution �wn = w1(cf. [10]). Obviously, j(�wn) <1. Hence, �wn 2 K. Assuming now that the solution wn�1 isknown, we similarly show the existence of the solution wn = �wn+wn�1. To derive the estimate(4.6), set z = 0 in (4.7) to geta(�wn;�wn) � h�ln;�wni � a(wn�1;�wn)� j(�wn) + hln�1;�wni: (4:8)We now show that �a(wn�1;�wn)� j(�wn) + hln�1;�wni � 0. By replacing n by (n� 1) andsetting z = �wn�1 +�wn 2 K in (4.5) we obtain0 � a(wn�1;�wn)� hln�1;�wni + j(�wn�1 +�wn)� j(�wn�1)� a(wn�1;�wn)� hln�1;�wni + j(�wn);11



where we have used the convexity and positive homogeneity of j(�). Hence from (4.8) we obtainthe inequality a(�wn;�wn) � h�ln;�wni;from which estimate (4.6) follows by the H-ellipticity of a(�; �). 2Lemma 4.2 Assume l 2 W 1;2(0; T ;H�), then the solution fwngNn=0 de�ned in Lemma 4.1 satis�esmax1�n�N kwnkH � c k _lkL1(0;T ;H�); (4.9)NXn=1 k�wnk2H � c � k _lk2L2(0;T ;H�): (4.10)Proof. The estimates are consequences of (4.6) and (3.4) (see Reddy [33], Lemma 3). 2We construct a linear interpolate w� of fwng by settingw�(t) = wn�1 + �wn� (t� tn�1)for tn�1 � t � tn. Clearly w� belongs to L1(0; T ;H) while _w� 2 L2(0; T ;H). For any sequencefzngNn=1 � H, we de�ne a step function z(t) byz(t) = zn for tn�1 � t < tn; n = 1; � � � ; N � 1;z(t) = zN for tN�1 � t � tN :Let zN+1 = 0. We divide both sides of (4.5) by �, and use the positive homogeneity of j to obtaina(wn; z � �wn) + j(z)� j(�wn)� hln; z � �wni � 0; 8 z 2 H;where �wn = �wn=�. Taking z = (zn + zn+1)=2 in the above inequality, multiplying by �, andsumming over n, n = 1; � � � ; N , we �nd thatNXn=1 � a(wn; (zn + zn+1)=2 � �wn) + NXn=1 � j((zn + zn+1)=2)� NXn=1 � j(�wn)� NXn=1 � hln; (zn + zn+1)=2 � �wni � 0: (4:11)We have NXn=1 � a(wn; (zn + zn+1)=2) = Z T0 a(w�(t); z(t)) dt;NXn=1 � a(wn; �wn) � Z T0 a(w�(t); _w�(t)) dt;NXn=1 � j(12(zn + zn+1)) � NXn=1 � 12(j(zn) + j(zn+1)) = Z T0 j(z(t)) dt� 12 � j(z1)12



(using the convexity of j), NXn=1 � j(�wn) = Z T0 j( _w�(t)) dt;NXn=1 � hln; 12(zn + zn+1)i = Z T0 hl�(t); z(t)i dt;NXn=1 � hln; �wni = Z T0 hl�(t); _w�(t)i dt+ NXn=1h�ln;�wni � Z T0 hl�(t); _w�(t)i dt + c�Z T0 k _l(t)k2H� dt;where, l�(t) represents the linear interpolate of flngNn=0 and c is the constant appearing in (4.6).Thus, from (4.11), we see that w� satis�es the variational inequality0 � J� � Z T0 [a(w�(t); z � _w�(t)) + j(z)� j( _w�(t))� hl�(t); z � _w�(t)i] dt�12�j(z1) + 12c�Z T0 k _l(t)k2H� dt: (4.12)From (4.9), (4.10) and the de�nition of w� we see by direct evaluation thatkw�kL1(0;T ;H) � C1 and k _w�kL2(0;T ;H) � C2:Now we �x a stepsize �0 > 0, and consider the sequence of stepsizes �k = 2�k�0, k = 0; 1 � � �. Itfollows that there exists a subsequence fw�kig of the sequence fw�kg and a w 2 W 1;2(0; T ;H),such that w�ki �* w in L1(0; T ;H) and _w�ki * _w in L2(0; T ;H) as i!1:It can then be proved that0 � lim supi!1 J�ki � Z T0 � a(w(t); z � _w(t)) + j(z)� j( _w(t))� hl(t); z � _w(t)i� dt;for any step function z corresponding to a stepsize �ki, i = 1; 2; � � �. Approximating any z 2L2(0; T ;K) by its piecewise averaging step functions z�ki , it then follows thatZ T0 � a(w(t); z(t)� _w(t)) + j(z(t))� j( _w(t))� hl(t); z(t)� _w(t)i� dt � 0; 8 z 2 L2(0; T ;K):Here, we used the Lipschitz continuity of j on K and the fact thatz 2 L2(0; T ;K) =) z�ki (t) 2 K a:e: t:By a standard procedure of passing to the pointwise inequality (see for example Duvaut andLions [8]), we �nd from the above inequality that w satis�es the variational inequality (4.1) a.e.on [0; T ]. By the Sobolev embedding theorem,W 1;2(0; T ;H) � C([0; T ];H), and we observe thatw 2 L1(0; T ;H) and _w 2 L2(0; T ;H) is equivalent to w 2 W 1;2(0; T ;H).13



Uniqueness. Suppose that Problem P has two solutions, w1 and w2. Denote by �w the di�erencew1�w2. From (4.1), on setting w = w1, z = _w2 2 K and then w = w2, z = _w1 2 K respectively,we have a(w1;� _w) + j( _w1)� j( _w2) � hl;� _wi;�a(w2;� _w) + j( _w2)� j( _w1) � �hl;� _wi:Adding, we get 0 � a(�w;� _w) = 12 ddt a(�w;�w):Integration, the H-ellipticity of a(�; �) and the initial conditions w1(0) = w2(0) = 0 together yieldw2 = w1, as required.We summarise the above analysis in the following theorem.Theorem 4.3 (Existence and uniqueness) Let H be a Hilbert space, K � H a non-empty,closed, convex cone, a: H�H ! IR a bilinear form which is symmetric, bounded and H-elliptic,l 2 W 1;2(0; T ;H�), and j: K ! IR convex, positively homogeneous and Lipschitz continuous.Then there exists a unique solution w of Problem P satisfying w 2 W 1;2(0; T ;H). Furthermore,w: [0; T ]! H is the solution of the Problem P if and only if there is a function w�(t): [0; T ]! H�such that for almost all t 2 (0; T ),a(w(t); z) + hw�(t); zi = hl(t); zi; 8 z 2 H; (4.13)w�(t) 2 @j( _w(t)): (4.14)We observe that from (4.13), w� has the regularity propertyw� 2 W 1;2(0; T ;H�): (4:15)If we assume l 2 W 1;p(0; T ;H�), 1 � p <1, then (4.10) can be replaced byNXn=1 k�wnkpH � c �p�1k _lkpLp(0;T ;H�):As a result, fw�g is uniformly bounded in W 1;p(0; T ;H). Hence, from the existence proofabove, the solution w 2 W 1;p(0; T ;H). Similarly, if l 2 W 1;1(0; T ;H�), then the solutionw 2 W 1;1(0; T ;H).Stability. We discuss the stability of the solution w of (4.1) with respect to l. Let l1; l2 2W 1;2(0; T ;H�) be given, and let w1 and w2 be the corresponding solutions whose existence isassured by Theorem 4.3. Thus, for almost all t 2 (0; T ), _w1(t) 2 K, _w2(t) 2 K, anda(w1(t); z � _w1(t)) + j(z)� j( _w1(t))� hl1(t); z � _w1(t)i � 0; 8 z 2 K; (4.16)a(w2(t); z � _w2(t)) + j(z)� j( _w2(t))� hl2(t); z � _w2(t)i � 0; 8 z 2 K: (4.17)14



Take z = _w2(t) 2 K in (4.16), z = _w1(t) 2 K in (4.17), and add the two resultant inequalities toobtain �12 ddta (w1(t)� w2(t); w1(t)� w2(t)) + hl1(t)� l2(t); _w1(t)� _w2(t)i � 0;that is, 12 ddta (w1(t)� w2(t); w1(t)� w2(t)) � hl1(t)� l2(t); _w1(t)� _w2(t)i:Denote e = w1 � w2. Observing that e(0) = 0, we have12 a (e(t); e(t)) � Z t0 hl1(t)� l2(t); _e(t)i dt= hl1(t)� l2(t); e(t)i � Z t0 h _l1(t)� _l2(t); e(t)i dt:Since a is H-elliptic, we haveke(t)k2H � c kl1(t)� l2(t)kH�ke(t)kH + c Z t0 k _l1(t)� _l2(t)kH�ke(t)kHdt:Let M = sup0�t�T ke(t)kH, thenke(t)k2H � c kl1(t)� l2(t)kH�M + c Z t0 k _l1(t)� _l2(t)kH�M dt:Hence, M2 � cM kl1 � l2kL1(0;T ;H�) + cM k _l1 � _l2kL1(0;T ;H�);and, M � c �kl1 � l2kL1(0;T ;H�) + k _l1 � _l2kL1(0;T ;H�)� :In conclusion, we have provedTheorem 4.4 (Stability) Under the assumptions of Theorem 4.3, the solution of the problem(4.1) depends continuously on l: for l1; l2 2 W 1;2(0; T ;H�), the corresponding solutions w1 andw2 satisfy kw1 � w2kL1(0;T ;H) � c �kl1 � l2kL1(0;T ;H�) + k _l1 � _l2kL1(0;T ;H�)� :5 Semi-discrete internal approximationsIn this section we consider semi-discrete internal approximations of the model Problem P. As inthe last section, we assume that H is a Hilbert space, K � H is a non-empty, closed, convex cone,a : H � H ! IR is bilinear, symmetric, bounded and H-elliptic, and that l 2 W 1;2(0; T ;H�).The functional j : K ! IR is convex, positively homogeneous and Lipschitz continuous, i.e.,jj(z1)� j(z2)j � c kz1 � z2kH ; 8 z1; z2 2 K:15



Let h 2 (0; 1] be a mesh parameter and fHhg a family of �nite dimensional subspaces of H, withthe property that limh!0 kz � zhkH = 0; 8 z 2 H: (5:1)Denote Kh = Hh \K. Then a semi-discrete internal approximation of the model Problem P isProblem Ph. Find wh : [0; T ]! Hh, wh(0) = 0, such that for almost all t 2 (0; T ), _wh(t) 2 Khand a(wh(t); zh � _wh(t)) + j(zh)� j( _wh(t))� hl(t); zh � _wh(t)i � 0; 8 zh 2 Kh: (5:2)We note that for any given h, Kh is a non-empty, closed, convex cone in Hh. Thus, the existenceof a unique solution wh to Problem Ph follows from Theorem 4.3 with H and K replaced by Hhand Kh. We also note from Theorem 4.3 that wh 2 W 1;2(0; T ;H). This regularity result impliesthat wh 2 C([0; T ];H); in particular, the value wh(0) is well-de�ned. From Theorem 4.4, wehave the stability estimate:kwh1 � wh2kL1(0;T ;H) � c �kl1 � l2kL1(0;T ;H�) + k _l1 � _l2kL1(0;T ;H�)� ;for semidiscrete solutions wh1 and wh2 corresponding to l1 and l2.The main purpose of the section is to give an estimate for the semi-discrete approximation errorw � wh. For convenience, we will use the notationkwk2a = a(w;w):Note that k � ka is a norm equivalent to k � kH. The strategy used in the following to derivethe error estimate is inspired by ideas contained in [7], though the problems and analyses di�ergreatly.Set z = _wh(t) 2 K in (4.1) to obtaina(w(t); _wh(t)� _w(t)) + j( _wh(t))� j( _w(t)) � hl(t); _wh(t)� _w(t)i: (5:3)We now add (5.3) to (5.2) and obtaina(w(t); _wh(t)� _w(t)) + a(wh(t); zh � _wh(t)) + j(zh)� j( _w(t)) � hl(t); zh � _w(t)i: (5:4)Using (5.4), Theorem 4.3 and (4.4), we have, for any zh 2 Kh,12 ddtkw(t)� wh(t)k2a= a(w(t)� wh(t); _w(t)� _wh(t))= a(w(t)� wh(t); _w(t)� zh) + a(w(t)� wh(t); zh � _wh(t))� a(w(t)� wh(t); _w(t)� zh) + a(w(t); zh � _wh(t))+a(w(t); _wh(t)� _w(t)) + j(zh)� j( _w(t))� hl(t); zh � _w(t)i= a(w(t)� wh(t); _w(t)� zh) + j(zh)� j( _w(t))� hw�(t); zh � _w(t)i� a(w(t)� wh(t); _w(t)� zh) + j(zh)� j( _w(t)) + j( _w(t)� zh);16



where in the last step, we used (4.4) which in turn is derived based on the positive homogeneityof j(�). On the other hand, we have the regularity estimate (4.15) directly from (4.13). Thus,we have w� 2 C([0; T ];H�), and�hw�(t); zh � _w(t)i � c kzh � _w(t)kHwhich can be used in deriving (5.5) below. Now, using the convexity, positive homogeneity andLipschitz continuity of j(�), we �nd that12 ddtkw(t)� wh(t)k2a � a(w(t)� wh(t); _w(t)� zh) + C kzh � _w(t)kH; 8 zh 2 Kh: (5:5)Since a(w(t)� wh(t); _w(t)� zh)� a(w(t)� wh(t); w(t)� wh(t))1=2a( _w(t)� zh; _w(t)� zh)1=2� c �kw(t)� wh(t)k2a + k _w(t)� zhk2H� ;from (5.5), we �nd that for any zh = zh(t) 2 Kh,ddtkw(t)� wh(t)k2a � c �kw(t)� wh(t)k2a + k _w(t)� zh(t)k2H + k _w(t)� zh(t)kH� : (5:6)We multiply the inequality (5.6) by e�ct and integrate from 0 to t to obtainkw(t)� wh(t)k2a � c ect Z t0 e�cs �k _w(s)� zh(s)k2H + k _w(s)� zh(s)kH� ds:Therefore, we have the C�ea-type inequalitykw(t)� wh(t)kL1(0;T ;H) � c infzh2L2(0;T ;Kh) k _w � zhk1=2L2(0;T ;H): (5:7)The inequality (5.7) is the basis for various convergence order estimates (see Section 7).6 Fully-discrete internal approximationsIn this section, we consider the simultaneous discretizations of the temporal variable and thespatial variables. We keep the same assumptions on the data as in Section 5. We divide the timeinterval I = [0; T ] into N equal parts. Denote k = T=N , the stepsize, tn = nk, n = 0; 1; : : : ; N ,the nodal points, and In = [tn�1; tn], n = 1; 2; : : : ; N , the subintervals. For a continuous functionv(t), with values in H or H�, we use the notation vn = v(tn), vn�1=2 = v((tn + tn�1)=2), �vn =vn � vn�1, �vn�1=2 = vn�1=2 � vn�3=2 and �vn = (vn � vn�1)=k. In this and later sections, nosummation is implied over the repeated index n.We will consider two di�erent kinds of discretizations for the di�erentiation with respect to thetemporal variable t. 17



6.1 Backward Euler schemeWe �rst consider a backward Euler scheme. The fully-discrete approximation problem isProblem Phk1 . Find whk = fwhkn gNn=0, where whkn 2 Hh, 0 � n � N , and whk0 = 0, such that forn = 1; 2; : : : ; N , �whkn 2 Kh anda(whkn ; zh � �whkn ) + j(zh)� j(�whkn )� hln; zh � �whkn i � 0; 8 zh 2 Kh: (6:1)The existence and uniqueness of the solution whk to the problem Phk1 follows when the argumentin proving Lemma 4.1 is applied to the case of a �nite dimensional space. It can also be similarlyproved that max1�n�N kwhkn kH � c1;NXn=1 k k�whkn k2H � c2:We also have a stability result for the fully-discrete solution. Let l1; l2 2 W 1;2(0; T ;H�), and letwhk1;n and whk2;n, 0 � n � N , be the corresponding fully-discrete solutions. Then for n = 1; 2; : : : ; N ,we have �whk1;n; �whk2;n 2 Kh, anda(whk1;n; zh � �whk1;n) + j(zh)� j(�whk1;n)� hl1;n; zh � �whk1;ni � 0; 8 zh 2 Kh; (6.2)a(whk2;n; zh � �whk2;n) + j(zh)� j(�whk2;n)� hl2;n; zh � �whk2;ni � 0; 8 zh 2 Kh: (6.3)Denote en = whk1;n � whk2;n. We take zh = �whk2;n in (6.2) and zh = �whk1;n in (6.3), and add the tworesultant inequalities to obtain a(en; �en) � hl1;n � l2;n; �eni:Since a(en; �en) = 1k (a(en; en)� a(en; en�1)) � 12k (a(en; en)� a(en�1; en�1)) ;we have a(en; en)� a(en�1; en�1) � 2 hl1;n � l2;n; en � en�1i:Hence, noticing that e0 = 0,a(en; en) � 2 nXj=1hl1;j � l2;j; ej � ej�1i= �2 n�1Xj=1h(l1;j+1 � l1;j)� (l2;j+1 � l2;j); eji+ 2 hl1;n � l2;n; eni� c n�1Xj=1 k(l1;j+1 � l1;j)� (l2;j+1 � l2;j)kH�kejkH + c kl1;n � l2;nkH�kenkH :18



Using (3.4) and the H-ellipticity of a, we obtain the inequalitykenk2H � c n�1Xj=1 Z tj+1tj k _l1(t)� _l2(t)kH�dt kejkH + c kl1;n � l2;nkH�kenk; 1 � n � N:Let M = max0�n�N kenkH . We �nd from the above inequality thatM2 � cM Z T0 k _l1(t)� _l2(t)kH�dt+ cM kl1 � l2kL1(0;T ;H�):Hence, we get the desired stability estimatemax0�n�N kwhk1;n � whk2;nkH � c �k _l1 � _l2kL1(0;T ;H�) + kl1 � l2kL1(0;T ;H�)� :Our purpose now is to derive error estimates for wn � whkn .Theorem 6.1 For the solution w of P and the solution whk of Phk1 , we have the inequalitieskwn �whkn k2H � c k nXj=1� infzh2Hh kzh � _wjkH + k�wj � _wjkH� ; n = 1; 2; : : : ; Nand max0�n�N kwn � whkn k2H � c k NXn=1� infzh2Hh kzh � _wnkH + k�wn � _wnkH� :Proof. Denote en = wn�whkn , n = 0; 1; � � � ; N . Consider the quantity a(en; �en). First we havea lower bound:a(en; �en) = 1k [a(en; en)� a(en; en�1)] � 12k [a(en; en)� a(en�1; en�1)] :For an upper bound we write, for any zh 2 Kh,a(en; �en)= a(wn; �wn � �whkn )� a(whkn ; �wn � �whkn )= a(wn; _wn � �whkn ) + a(wn; �wn � _wn)� a(whkn ; zh � �whkn )� a(whkn ; �wn � zh)= a(wn; _wn � �whkn )| {z }I1 + a(wn; zh � _wn)| {z }I2 + a(whkn ; �whkn � zh)| {z }I3 + a(wn � whkn ; �wn � zh)| {z }I4 :Since I1 = �a(wn; �whkn � _wn) � j(�whkn )� j( _wn)� hln; �whkn � _wniand I3 = �a(whkn ; zh � �whkn ) � j(zh)� j(�whkn )� hln; zh � �whkn i;we have I1 + I3 � j(zh)� j( _wn)� hln; zh � _wni:19



From Theorem 4.3 and (4.4),I2 = hln; zh � _wni � hw�n; zh � _wni � hln; zh � _wni+ j(zh � _wn):Hence, a(en; �en) � j(zh)� j( _wn) + j(zh � _wn) + a(en; �wn � zh); 8 zh 2 Kh:Combining the upper and lower bounds for a(en; �en), we �nd that12k [a(en; en)� a(en�1; en�1)]� a(en; �wn � zh) + j(zh)� j( _wn) + j(zh � _wn)� 12 a(en; en) + c k�wn � zhk2H + j(zh)� j( _wn) + j(zh � _wn):Using the properties of j, we getkwn � whkn k2a � 11� k kwn�1 �whkn�1k2a + c k �kzh � _wnkH + k�wn � zhk2H� : (6:4)Hence, kwn � whkn k2a � 11 � k kwn�1 � whkn�1k2a + c k � infzh2Kh kzh � _wnkH + k�wn � _wnk2H� :Applying the above inequality recursively, we �nd thatkwn � whkn k2a � c k nXj=1(1 � k)j�n � infzh2Kh kzh � _wjkH + k�wj � _wjk2H� :Since (1 � k)�n � c for n � T=k, we obtain the �rst inequality. The second inequality is anobvious consequence of the �rst. 2As a simple consequence of Theorem 6.1, we haveCorollary 6.2 Assume the solution w to the problem P satis�es �w 2 L2(0; T ;H); thenmax0�n�N kwn � whkn k2H � c k NXn=1 infzh2Kh kzh � _wnkH + c k2k �wnk2L2(0;T ;H):5Proof. We rewrite the term �wn � _wn:�wn � _wn = 1k Z tntn�1 _w(t) dt� _wn = 1k Z tntn�1 ( _w(t)� _wn) dt= 1k Z tntn�1 Z ttn �w(� ) d� dt = �1k Z tntn�1 �w(� ) d� Z �tn�1 dt= �1k Z tntn�1(� � tn�1) �w(� ) d�:20



Thus, k�wn � _wnk2H � 1k2 Z tntn�1(� � tn�1)2d� Z tntn�1 k �w(� )k2H d� � k3 k �wk2L2(tn�1;tn;H):Hence, Corollary 6.2 follows from Theorem 6.1. 2We have seen that the scheme Phk1 is �rst-order accurate in time t, which is expected since weused the backward di�erence to approximate the derivative. When the solution w is smoothwith respect to the time variable, it is natural to use a scheme with a higher order accuracy intime. We present and analyze a Crank-Nicolson-type scheme for solving the problem P in thenext subsection.6.2 Crank-Nicolson schemeThe discrete problem isProblem Phk2 . Find whk = fwhkn gNn=0, where whkn 2 Hh, 0 � n � N , whk0 = 0, such that forn = 1; 2; : : : ; N , �whkn 2 Kh anda �12(whkn + whkn�1); zh � �whkn �+ j(zh)� j(�whkn ) � hln�1=2; zh � �whkn i � 0; 8 zh 2 Kh: (6:5)For the existence and uniqueness of the solution whk to the problem Phk2 , we haveProposition 6.3 The problem Phk2 has a unique solution whk.Proof. Since j is positively homogeneous, (6.5) is equivalent toa �(whkn + whkn�1)=2; zh ��whkn �+j(zh)�j(�whkn )�hln�1=2; zh��whkn i � 0; 8 zh 2 Kh; (6:6)which can be written as12 a ��whkn ; zh ��whkn �+ j(zh)� j(�whkn )� hln�1=2; zh ��whkn i � a �whkn�1; zh ��whkn � ; 8 zh 2 Kh: (6:7)We can then prove the existence of a unique solution by mathematical induction, as in the caseof Lemma 4.1. 2For the Crank-Nicolson solution, we have the following stability result.Proposition 6.4 Assume that l1; l2 2 W 1;2(0; T ;H�). For the corresponding Crank-Nicolsonsolutions whk1;n and whk2;n, 0 � n � N , the inequalitymax0�n�N kwhk1;n � whk2;nkH � c �k _l1 � _l2kL1(0;T ;H�) + kl1 � l2kL1(0;T ;H�)�holds. 21



Proof. The fully-discrete solutions whk1;n and whk2;n satisfy �whk1;n; �whk2;n 2 Kh anda �12(whk1;n + whk1;n�1); zh � �whk1;n�+ j(zh)� j(�whk1;n)�hl1;n�1=2; zh� �whk1;ni � 0; 8 zh 2 Kh; (6:8)a �12(whk2;n + whk2;n�1); zh � �whk2;n�+ j(zh)� j(�whk2;n)� hl2;n�1=2; zh � �whk2;ni � 0; 8 zh 2 Kh: (6:9)Denote en = whk1;n � whk2;n. We take zh = �whk2;n in (6.8), zh = �whk1;n in (6.9), and add the twoinequalities to obtain a ((en + en�1)=2; �en) � hl1;n�1=2 � l2;n�1=2; �eni;that is, kenk2a � ken�1k2a � 2 hl1;n�1=2 � l2;n�1=2; en � en�1i:Thuskenk2a � 2 nXj=1hl1;j�1=2 � l2;j�1=2; ej � ej�1i= 2 n�1Xj=1h(l1;j�1=2 � l1;j+1=2)� (l2;j�1=2 � l2;j+1=2); eji+ 2 hl1;n�1=2 � l2;n�1=2; eni:We can then proceed as in the stability proof for the backward Euler solution to obtain therequired inequality. 2In particular, if we take l2(t) � 0, then whk2;n = 0, 0 � n � N , and from Proposition 6.4, we get abound on the discrete solution of the problem Phk2 .Corollary 6.5 For the solution whkn , 0 � n � N , of Problem Phk2 , we havemax0�n�N kwhkn kH � c �k _lkL1(0;T ;H�) + klkL1(0;T ;H�)� :Before proving an error estimate for the Crank-Nicolson solution, we need some preliminaryresults. We will use the notationDwn = 12 (wn + wn�1)� wn�1=2; n = 1; : : : ; N:Lemma 6.6 Assume that �w 2 L1(0; T ;H); thenkDwnkH � k28 k �wkL1(0;T ;H):Proof. We use Taylor expansions at tn�1=2:wn = wn�1=2 + k2 _wn�1=2 + Z tntn�1=2(tn � t) �w(t) dt;wn�1 = wn�1=2 � k2 _wn�1=2 + Z tn�1tn�1=2(tn�1 � t) �w(t) dt:22



Hence 12 (wn + wn�1)� wn�1=2 = 12 "Z tntn�1=2(tn � t) �w(t) dt+ Z tn�1=2tn�1 (t� tn�1) �w(t) dt# :Therefore k(wn + wn�1)=2 � wn�1=2kH � k28 k �wkL1(0;T ;H): 2Lemma 6.7 Assume that w(3) 2 L1(0; T ;H); thenkDwn �Dwn+1kH � c k2kw(3)kL1(tn�1;tn+1 ;H):Proof. We again use Taylor expansions at tn�1=2:wn = wn�1=2 + k2 _wn�1=2 + 12  k2!2 �wn�1=2 + 12 Z tntn�1=2(tn � t)2w(3)(t) dt; (6:10)and wn�1 = wn�1=2 � k2 _wn�1=2 + 12  k2!2 �wn�1=2 + 12 Z tn�1tn�1=2(tn�1 � t)2w(3)(t) dt: (6:11)Thus Dwn = k28 �wn�1=2 + 14 "Z tntn�1=2(tn � t)2w(3)(t) dt� Z tn�1=2tn�1 (tn�1 � t)2w(3)(t) dt# ;and so Dwn �Dwn+1= k28 � �wn�1=2 � �wn+1=2�+ 14 "Z tntn�1=2(tn � t)2w(3)(t) dt� Z tn�1=2tn�1 (tn�1 � t)2w(3)(t) dt#�14 "Z tn+1tn+1=2(tn+1 � t)2w(3)(t) dt� Z tn+1=2tn (tn � t)2w(3)(t) dt# :The estimate follows from the above inequality and (3.4). 2Lemma 6.8 Assume that w(3) 2 L1(0; T ;H); thenk�wn � _wn�1=2kH � k28 kw(3)kL1(tn�1;tn;H):Proof. Using (6.10) and (6.11), we have�wn � _wn�1=2 = 12k "Z tntn�1=2(tn � t)2w(3)(t) dt+ Z tn�1=2tn�1 (tn�1 � t)2w(3)(t) dt# :Hence, k�wn � _wn�1=2kH � k28 kw(3)kL1(tn�1;tn;H): 223



From the next theorem we see that the Crank-Nicolson-type scheme provides a more accurateapproximation to the solution of ProblemP when the solution of the original problem has greaterregularity.Theorem 6.9 For the solution w of Problem P and the solution whk of Problem Phk2 , ifw 2 W 2;1(0; T ;H) and w(3) 2 L1(0; T ;H), then the inequalitymax0�n�N kwn � whkn k2H � c k4 + c k NXn=1 infzh2Kh kzh � _wn�1=2kH ;holds for some constant c depending on k _lkL1(0;T ;H�), kwkW 2;1(0;T ;H) and kw(3)kL1(0;T ;H) only.Proof. Denote the error by en = wn � whkn , n = 0; 1; : : : ; N . We will use c to denote a genericconstant independent of n and k, but which may in general depend on k _lkL1(0;T ;H�), kwkW 2;1(0;T ;H)and kw(3)kL1(0;T ;H). Consider the expressionDn = 12a �(wn + wn�1) � (whkn + whkn�1); �wn � �whkn � :It is easy to verify that Dn = 12k �kenk2a � ken�1k2a� :On the other hand, for any zh 2 Kh, we writeDn = 12a((en + en�1); �wn � zh) + 12a((en + en�1); zh � �whkn ):Now a(12(en + en�1); zh � �whkn )= a(12(wn + wn�1); zh � �whkn ) � a(12(whkn + whkn�1); zh � �whkn )� a(12(wn + wn�1); zh � �whkn ) + j(zh)� j(�whkn )��hln�1=2; zh � �whkn i:From Problem P at t = tn�1=2 we havea(wn�1=2; �whkn � _wn�1=2) + j(�whkn )� j( _wn�1=2)� hln�1=2; �whkn � _wn�1=2i � 0:Hence a((en + en�1)=2; zh � �whkn )� a((wn + wn�1)=2; zh � �whkn ) + j(zh)� j( _wn�1=2)+ a(wn�1=2; �whkn � _wn�1=2)� hln�1=2; zh � _wn�1=2i= a((wn + wn�1)=2; zh � �whkn ) + j(zh)� j( _wn�1=2)+ a(wn�1=2; �whkn � _wn�1=2)� a(wn�1=2; zh � _wn�1=2)� hw�n�1=2; zh � _wn�1=2i� a(Dwn; zh � �whkn ) + j(zh)� j( _wn�1=2) + j(zh � _wn�1=2)= a(Dwn; �wn � �whkn ) + a(Dwn; zh � �wn) + j(zh)� j( _wn�1=2) + j(zh � _wn�1=2):24



Thus, using the Lipschitz continuity of j and Lemma 6.6,a((en + en�1)=2; zh � �whkn )� a(Dwn; �wn � �whkn ) + c k2kzh � �wnkH + c kzh � _wn�1=2kH : (6:12)So an upper bound for Dn is given by the expressionc (kenka + ken�1ka) kzh � �wnkH + a(Dwn; �wn � �whkn ) + c k2kzh � �wnkH + c kzh � _wn�1=2kH :To further simplify the presentation we introduce the notationcn;h = infzh2Kh kzh � _wn�1=2kH; n = 1; 2; : : : ; N:Now from Lemma 6.8,infzh2Kh kzh � �wnkH � cn;h + k�wn � _wn�1=2kH � cn;h + c k2: (6:13)Combining the various estimates above, we haveDn = 12k �kenk2a � ken�1k2a�� c (kenka + ken�1ka) (cn;h + c k2)+ 1k a(Dwn; en � en�1) + c k2(cn;h + k2) + c cn;h:Thus kenk2a � ken�1k2a � c k (M + k2) (cn;h + k2) + c k cn;h + a(Dwn; en � en�1);where M = max0�n�N kenka:We then getkenk2a� c (M + k2) (k nXj=1 cj;h + k2) + c k nXj=1 cj;h + nXj=1 a(Dwj; ej � ej�1)= c (M + k2) (k nXj=1 cj;h + k2) + c k nXj=1 cj;h + n�1Xj=1 a(Dwj �Dwj+1; ej) + a(Dwn; en)� c (M + k2) (k nXj=1 cj;h + k2) + c k nXj=1 cj;h + c n�1Xj=1 kDwj �Dwj+1kHM + c kDwnkHM= cM (k nXj=1 cj;h + k2 + n�1Xj=1 kDwj �Dwj+1kH + kDwnkH) + c k4 + c k nXj=1 cj;h:Hence, using Lemmas 6.6 and 6.7, we �nd that M satis�es the relationM2 � cM  k NXn=1 cn;h + c k2!+ c k4 + c k NXn=1 cn;h: (6:14)It is easy to verify that if a; b; x � 0 and x2 � ax + b, then x2 � a2 + 2 b. Thus, the requirederror estimate follows from (6.14). 225



7 Applications to the elastoplastic problemThe problem with combined kinematic-isotropic hardening. First we apply the re-sults of the previous three sections to the quasistatic elastoplastic problem with combined linearkinematic-isotropic hardening considered in Section 2. The variational problem is Problem EP,and is given by (3.8).We apply Theorem 4.3 to obtain an existence and uniqueness result for Problem EP. We identifyH in Theorem 4.3 with Z, and de�ne K = fz = (v;q; �) 2 Z : jqj � � a:e: in 
g. We willshow that the bilinear form a(�; �) is Z-elliptic; the remaining assumptions of Theorem 4.3 areobviously true. In particular, j inherits the properties that Theorem 4.3 requires of it, from thecorresponding properties of the dissipation function D.Lemma 7.1 The bilinear form a : Z � Z ! IR is Z-elliptic, that is, there exists � > 0 such thata(z;z) � � kzk2Z; 8z 2 Z:Proof. For any z = (v;q; �) 2 Z we have, using the pointwise stability assumption on C,a(z;z) � c0 Z
 j�(v)� qj2dx+ k1 Z
 jqj2dx+ k2 Z
 j�j2dx� c0� Z
 j�(v)j2dx+ �k1 � 11� �� Z
 jqj2dx+ k2 Z
 j�j2dx;for any � 2 (0; 1). The result then follows by choosing � = k1=(2c0 + k1) and using Korn'sinequality (see, for example, [8]). 2Applying Theorems 4.3 and 4.4 to Problem EP, we thus haveTheorem 7.2 Under the assumptions made on the data in Section 2, the quasistatic elasto-plasticity problem EP has a unique solution w = (u;p; 
) 2 W 1;2(0; T ;Z). Furthermore, if w1and w2 are the solutions corresponding to l1; l2 2 W 1;2(0; T ;Z�), thenkw1 �w2kL1(0;T ;Z) � c �kl1 � l2kL1(0;T ;Z�) + k_l1 � _l2kL1(0;T ;Z�)� :Let Zh = V h �Qh0 �Mh be a �nite dimensional subspace of Z. Let Kh = Zh \K = V h �Kh0 ,where, Kh0 = f(qh; �h) 2 Qh0 � Mh : jqhj � �h in 
g. Then in the semi-discrete internalapproximation of the problem EP1, we �nd wh = (uh;ph; 
h) : [0; T ] ! Zh, wh(0) = 0, suchthat for almost all t 2 (0; T ), _wh(t) 2 Kh, anda(wh(t);zh � _wh(t)) + j(zh)� j( _wh(t))� hln;zh � _wh(t)i � 0; 8zh 2 Kh: (7:1)From the discussion in Section 5, we know that the discrete problem has a unique solution wh.Since j(z) depends on q only, a careful examination of the argument in Section 3 shows we may26



modify the error estimate (5.7) to readkw �whkL1(0;T ;Z) � c h infvh2L2(0;T ;V h) k _u� vhkL2(0;T ;V )+ inf(qh;�h)2L2(0;T ;Kh0 ) �k _p� qhk1=2L2(0;T ;Q)+ k _
 � �hkL2(0;T ;M)� i: (7:2)The inequality (7.2) is the basis for various error estimates. For example, suppose that weuse linear elements for V h and piecewise constants for both Qh0 and Mh. Assume that _u 2L2(0; T ; (H2(
))3), _p 2 L2(0; T ; (H1(
))3�3), and _
 2 L2(0; T ;H1(
)). Then from standardinterpolation error estimates for �nite elements (cf. [2], [6]), we haveinfvh2L2(0;T ;V h) k _u� vhkL2(0;T ;V ) � c h:Let qh = �h _p be the orthogonal projection of _p onto Qh0 with respect to the inner product of Q.We observe that on each element, �h _p is the average value of _p on the element. Similarly wetake �h = �h _
 to be the orthogonal projection of _
 onto Mh with respect to the inner productof M . Since _w 2 K, we have (�h _p;�h _
) 2 Kh0 . Thus, from (7.2),k _p��h _pkL2(0;T ;Q) � c h;and k _
 ��h _
kL2(0;T ;M) � c h;we get the error estimate kw �whkL1(0;T ;Z) � c h1=2: (7:3)If _p 2 L2(0; T ; (H2(
))3�3), we can use discontinuous or continuous piecewise linear functionsfor Qh0 . By choosing �h _p to be the piecewise linear interpolation of _p, we havek _p��h _pkL2(0;T ;Q) � c h2:Then the error estimate for this case becomeskw �whkL1(0;T ;Z) � c h: (7:4)Now let us consider fully-discrete approximations. As in Section 6, we divide the time interval[0; T ] by evenly-spaced nodes tn = nk, n = 0; 1; � � � ; N , with k = T=N the stepsize.In the backward Euler approximation of the problem EP, we computewh = (uh;ph; 
h) : [0; T ]!Zh, wh(0) = 0, such that for n = 1; 2; � � � ; N , �whkn 2 Kh, anda(whkn ;zh � �whkn ) + j(zh)� j(�whkn )� hln;zh � �whkn i � 0; 8zh 2 Kh: (7:5)27



We have a unique solution for the backward Euler scheme. By Corollary 6.2, again noticing thatj(z) depends only on q, we �nd that, if �w 2 L2(0; T ;Z), thenmax0�n�N kwn �whkn k2Z � c k NXn=1 h infvh2V h k _u� vhk2V+ inf(qh;�h)2Kh0 �k _p� qhkQ + k _
 � �hk2M� i+ c k2: (7:6)Assume _u 2 L2(0; T ; (H2(
))3), _p 2 L2(0; T ; (H1(
))3�3), and _
 2 L2(0; T ;H1(
)). If we uselinear elements for V h, piecewise constants for both Qh0 and Mh. Then similarly as above, wehave (�h _p;�h _
) 2 Kh0 , and infvh2L2(0;T ;V h) k _u� vhkL2(0;T ;V ) � c h;k _p��h _pkL2(0;T ;Q) � c h;and k _
 ��h _
kL2(0;T ;M) � c h:Therefore we have the error estimatemax0�n�N kwn �whkn kZ � c (h1=2 + k): (7:7)If _p 2 L2(0; T ; (H2(
))3�3), and we use discontinuous or continuous piecewise linear functionsfor Qh0 , then the error estimate for this case becomesmax0�n�N kwn �whkn kZ � c (h + k): (7:8)Similarly, the Crank-Nicolson scheme for the problem has a unique solution, and for the twodi�erent choices of the �nite element spaces, under suitable smoothness assumptions on thesolution of the original problems, we have the error estimatesmax0�n�N kwn �whkn kZ � c (h1=2 + k2); (7:9)and max0�n�N kwn �whkn kZ � c (h + k2); (7:10)to replace (7.7) and (7.8), respectively.Finally, we make a remark on implementation of fully-discrete schemes. As an example, weconsider the backward Euler scheme (7.5), which is equivalent to�whkn 2 Kh; k a(�whkn ;zh � �whkn ) + j(zh)� j(�whkn )� hln;zh � �whkn i � a(whkn�1;zh � �whkn ); 8zh 2 Kh: (7:11)28



Clearly �whkn 2 Kh is the minimimizer of the probleminffJ(zh) : zh 2 Khg; (7:12)where J(zh) = k2 a(zh;zh) + j(zh)� hln;zhi+ a(whkn�1;zh): (7:13)Once we have the solution of the problem (7.12), called �whkn , we compute whkn through theformula whkn = whkn�1 + k �whkn :We observe that J(z) is a strictly convex function of z. Algorithms based on direct minimizationof J have been treated, for example, in [36]. An alternative approach is to observe that J is notdi�erentiable, due to the non-di�erentiability of the term j, and to use a regularization techniqueto overcome this di�culty (cf. [10], [11], [12], [22], [34]). More precisely, let j" be a sequence ofdi�erentiable functions approximating j when "! 0. For example, we may takej"(z) = Z
 c0qjq(x)j2 + "2 dx:Then, instead of the problem (7.12), we solve a sequence of approximate di�erentiable optimiza-tion problems: inffJ"(zh) : zh 2 Khg; (7:14)where J"(zh) = k2 a(zh;zh) + j"(zh)� hln;zhi + a(whkn�1;zh): (7:15)For the �nite element subspaces discussed earlier, the requirement zh 2 Kh is equivalent toa set of linear inequalities. Thus, an element in Kh satisfying Kuhn-Tucker conditions is thesolution of the problem (7.14) (cf. [24]). For details on the regularization technique, as well ason a-posteriori error estimates for solutions of the regularized problems, see Section 8.The problem with kinematic hardening. The quasistatic problem of elastoplasticity withkinematic hardening is a special case of the more general problem with combined kinematic-isotropic hardening. Besides its importance in certain applications, the problem with kinematichardening allows a simpler treatment. The simpli�cation comes from the fact that in this case,the functional j is Lipschitz continuous on the whole space. Indeed, for the case in which plasticbehavior is governed by the von Mises condition, the conjugate force is � = � � k1p, instead of(�; g) as de�ned in (2.5). The region of admissible conjugate forces is K = f� : F (�) � c0g, andthe dissipation function is D(q) = c0jqj; q 2M3:We assume the remaining ingredients of the problem setting are the same as in Section 2. Thenthe variational problem is, instead of (3.8), to �nd w = (u;p) : [0; T ]! Z with w(0) = 0, suchthat for almost all t 2 (0; T ),a(w(t);z � _w(t)) + j(z)� j( _w(t))� hl;z � _w(t)i � 0; 8z = (v;q) 2 Z;29



where Z = V �Q0, anda(w;z) = Z
 [C(�(u)� p) � (�(v)� q) + k1p � q] dx (7:16)and j(z) = Z
 c0 jq(x)jdx: (7:17)From Lemma 7.1 (with k2 = 0) it is seen that a is W -elliptic. Thus we haveTheorem 7.3 Under the assumptions made in Section 2, the quasistatic elastoplasticity problemEP with kinematic hardening has a unique solution w = (u;p) 2 W 1;2(0; T ;Z). Furthermore, ifw1 and w2 are the solutions corresponding to l1; l2 2 W 1;2(0; T ;Z�), thenkw1 �w2kL1(0;T ;Z) � c �kl1 � l2kL1(0;T ;Z�) + k_l1 � _l2kL1(0;T ;Z�)� :Now we consider discrete approximations to the solution w of this problem. Let V h and Qh0 be�nite element subspaces of V and Q0, and set Zh = V h�Qh0. Then a semi-discrete approximationof the problem is to �nd wh = (uh;ph) 2 Zh, wh(0) = 0, such thata(wh(t);zh � _wh(t)) + j(zh)� j( _wh(t)) � hl(t);zh � _wh(t)i; 8zh = (vh;qh) 2 Zh: (7:18)The semi-discrete approximation problem has a unique solution wh(t), t 2 [0; T ]. Since thefunctional j(z) depends on the second component q of z only, the term c kzh � _w(t)kH on theright hand side of (5.5) may be replaced by c kqh � _p(t)kQ. Thus, the error estimate (5.7)becomes, for this case,sup0�t�T kw(t)�wh(t)k2Z � cn infvh2L2(0;T ;V h) k _u�vhk2L2(0;T ;V )+ infqh2L2(0;T ;Qh0) k _p�qhkL1(0;T ;Q)o: (7:19)Now we consider fully-discrete approximations of the problem. As in Section 6, we divide [0; T ]into N equal parts, and use k = T=N for the stepsize. The backward Euler method amountsto �nding whk = fwhkn gNn=0, where whkn = (uhkn ;phkn ) 2 Zh, 0 � n � N , whk0 = 0, such that forn = 1; 2; : : : ; N ,a(whkn ;zh � �whkn ) + j(zh)� j(�whkn ) � hln;zh � �whkn i; 8zh = (vh;qh) 2 Zh: (7:20)The discrete problem has a unique solution. Once again we observe that the term kzh � _wnkHon the right hand side of the inequality (6.4) may be replaced by kqh � _pnkQ. Therefore, theerror estimate from Theorem 6.1 and Corollary 6.2 for the case of the problem (7.18) becomesmax0�n�N kwn �whkn k2Z � c k NXn=1 infqh2Qh0 kqh � _pnkQ + infvh2V h kvh � _unk2V !+ c k2k �wk2L2(0;T ;Z):(7:21)30



For the Crank-Nicolson scheme, we have to computewhk = fwhkn gNn=0, where whkn = (uhkn ;phkn ) 2Zh, 0 � n � N , whk0 = 0, such that for n = 1; 2; : : : ; N ,a((whkn +whkn�1)=2;zh � �whkn ) + j(zh)� j(�whkn ) � hln�1=2;zh � �whkn i; 8zh = (vh;qh) 2 Zh:(7:22)The discrete problem has a unique solution. Assuming that w 2 W 2;1(0; T ;Z) and w(3) 2L1(0; T ;Z), we have the error estimatemax0�n�N kwn �whkn k2Z� c k NXn=1 infqh2Qh0 kqh � _pn�1=2kQ + infvh2V h kvh � _un�1=2k2V!+ c k4: (7:23)The inequalities (7.19), (7.21) and (7.23) are the basis for various convergence order estimates,which can be obtained as in the combined isotropic-kinematic case.8 Regularization technique and a-posteriori error esti-matesIn this section, we take the backward Euler method (7.20) for the problem with kinematichardening, as an example. We will apply the regularization technique to solve (7.20). Besidesan a-priori error estimate showing the convergence of the regularization sequence, we will alsodevelop an a-posteriori error estimate giving a computable error bound once the solution of aregularized problem is computed. The discussion on the model problem (7.20) can be extendedwithout di�culty to the regularization technique with other discrete schemes and the schemesfor the problem with combined kinematic-isotropic hardening.First we notice that, by the positive homogeneity of j, (7.20) can be equivalently written asa(whkn ;zh ��whkn ) + j(zh)� j(�whkn ) � hln;zh ��whkn i; 8zh = (vh;qh) 2 Zh; (8:1)or a(whkn ;zh �whkn ) + j(zh �whkn�1)� j(whkn �whkn�1) � hln;zh �whkn i; 8zh 2 Zh: (8:2)A di�culty in solving (8.2) is caused by the non-di�erentiability of the functional j (cf. (7.17)).The idea of the regularization technique, which has been widely used in applications (cf. [10, 11,22, 34]), is to approximate j by a family of di�erentiable functionals j", " 2 (0; 1), and to solvea sequence of approximation problems for (8.2) with j replaced by j". Thus, let us introducej"(z) = Z
 �"(q(x)) dx; (8:3)31



where, �" are di�erentiable functions approximating �. Speci�cally, the conditions satis�ed by�" are: �"(q) is convex and continuously di�erentiable; j�"(q)� �(q)j � c "; 8q: (8:4)There are many regularization functions satisfying (8.4). For the von Mises condition we willmake the popular choice �"(q) = c0qjqj2 + "2: (8:5)The regularization technique corresponding to a given regularization function for (8.2) is tocompute whk";n 2 Zh, such thata(whk";n;zh �whk";n) + j"(zh �whkn�1)� j"(whk";n �whkn�1) � hln;zh �whk";ni; 8zh 2 Zh: (8:6)Since j" is di�erentiable, (8.6) is equivalent toa(whk";n;zh) + hj 0"(whk";n �whkn�1);zhi = hln;zhi; 8zh = (vh;qh) 2 Zh: (8:7)As usual, we have an a-priori error estimate.Theorem 8.1 The regularization method converges, whk";n ! whkn in Z as "! 0, andkwhk";n �whkn kZ � cp":Proof. We take zh = whk";n in (8.2), zh = whkn in (8.6), add the two inequalities, and use theZ-ellipticity of a and (8.4) to obtain� kwhk";n �whkn k2Z� a(whk";n �whkn ;whk";n �whkn )� j(whk";n �whkn�1)� j"(whk";n �whkn�1) + j"(whkn �whkn�1)� j(whkn �whkn�1)� c ": 2The main part of the section is devoted to a-posteriori error estimations for the regularizationmethod. To do this, we need a result from convex analysis (cf. [9]). A-posteriori error estimatesfor the regularization technique for other application problems can be found in [12], [13] and [17].Let Z, P be two normed spaces, and Z�, P � their dual spaces. Assume there exists a linearcontinuous operator � 2 L(Z;P ), with transpose �� 2 L(Z�; P �). Let J be a function mappingZ � P into R, the extended real line. De�ne the conjugate function of J by:J�(z�; p�) = supz2Z;p2P [hz; z�i+ hp; p�i � J(z; p)]Theorem 8.2 Assume that(1) Z is a re
exive Banach space, P a normed space.32



(2) J : Z � P ! R is a proper, l.s.c., strictly convex function.(3) 9 z0 2 Z, such that J(z0;�z0) <1 and p 7! J(z0; p) is continuous at �z0.(4) J(z;�z)! +1, as kzk !1; z 2 V .Then the problem infz2Z J(z;�z) (8:8)has a unique solution y 2 Z, and� J(y;�y) � J�(��p�;�p�); 8 p� 2 P �: (8:9)For de�niteness, assume we are using piecewise linear elements for V h, and piecewise constantsfor Qh and Qh0 = fqh 2 Qh : trqh = 0g. Let us apply Theorem 8.2 to the following problemsetting: Z = Zh; with the norm of V �Q;P = Qh; with the norm of Q;�zh = �(vh);J(zh; s) = Z
 "12 C (s � qh) � (s� qh) + k12 jqhj2 + c0jqh � phkn�1j � fn � vh# dx:We identify Qh� with Qh, and use s� to denote a generic element in Qh�. It is easily seenthat the discrete problem (8.2) is equivalent to the minimization problem (8.8) with the aboveidenti�cation. After a lengthy computation, from the de�nition of the conjugate function we �ndthat J�(��s�;�s�)= 8>>>>><>>>>>: Z
 " 12k1 �jk1phkn�1 + s�Dj � c0�2+ � k12 jphkn�1j2 � phkn�1 � s� + 12 C�1s� � s�# dx;if Z
 h�(vh) � s� + fn � vhi dx = 0; 8vh 2 V h;+1; otherwise; (8:10)where, s�D = s� � (1=3) tr(s�) I, and x+ = maxfx; 0g.Now let us consider the di�erenceD = J(whk";n;�whk";n)� J(whkn ;�whkn ):First we derive a lower bound for D. From (8.2) with zh = whk";n, we get the inequalityZ
 hC ��(uhkn )� phkn � � h��(uhk";n)� phk";n�� ��(uhkn )� phkn �i+ k1 phkn � �phk";n � phkn �+ c0jphk";n � phkn�1j � c0jphkn � phkn�1ji dx� Z
 fn � (uhk";n �uhkn ) dx: 33



ThusD = Z
 h12 C ��(uhk";n)� phk";n� � ��(uhk";n)� phk";n�+ k12 jphk";nj2 + c0jphk";n � phkn�1j � fn � uhk";n� 12 C ��(uhkn )� phkn � � ��(uhkn )� phkn �� k12 jphkn j2 � c0jphkn � phkn�1j+ fn �uhkn i dx� Z
 h12 C ���(uhk";n)� �(uhkn )�� �phk";n � phkn �� � ���(uhk";n)� �(uhkn )�� �phk";n � phkn ��+ k12 jphk";n � phkn j2i dx� � kwhk";n �whkn k2Z :In the last step above, we used the Z-ellipticity of the bilinear form a. On the other hand, wehave an upper bound for D from (8.9) and (8.10):D � Z
 h12 C ��(uhk";n)� phk";n� � ��(uhk";n)� phk";n�+ k12 jphk";nj2 + c0jphk";n � phkn�1j � fn � uhk";n+ 12k1 �jk1phkn�1 + s�Dj � c0�2+ � k12 jphkn�1j2 � phkn�1 � s� + 12 C�1s� � s�i dx;8 s� 2 Qh�; such that Z
 h�(vh) � s� + fn � vhi dx = 0; 8vh 2 V h:Now we choose s� by using the solution whk";n of the regularized problem (8.7). We have, from(8.7), that 8zh 2 Zh,Z
 hC ��(uhk";n)� phk";n� � ��(vh)� qh�+ k1 phk";n � qh + c0 �phk";n � phkn�1� � qhqjphk";n � phkn�1j2 + "2 � fn � vhi dx = 0;that is, Z
 "C ��(uhk";n)� phk";n� � �(vh)� fn � vh# dx = 0; 8vh 2 V h; (8:11)and Z
 24�C ��(uhk";n)� phk";n� � qh + k1 phk";n � qh + c0 �phk";n � phkn�1� � qhqjphk";n � phkn�1j2 + "235 dx = 0; 8qh 2 Qh0:(8:12)Because of the relation (8.11), an admissible choice for s� iss� = �C ��(uhk";n)� phk";n� : (8:13)From (8.12), we then �nd a useful relations�D + k1 phk";n + c0 phk";n � phkn�1qjphk";n � phkn�1j2 + "2 = 0: (8:14)34



And we �nd jk1phkn�1 + s�Dj = 0@k1 + c0qjphk";n � phkn�1j2 + "21A jphk";n � phkn�1j:After some simpli�cations, we obtainD � Z
 ( c0jphk";n � phkn�1j "2qjphk";n � phkn�1j2 + "2 �qjphk";n � phkn�1j2 + "2 + jphk";n � phkn�1j� � k12 jphk";n � phkn�1j2+ 12k1 hk1 jphk";n � phkn�1j � c0"2qjphk";n � phkn�1j2 + "2 �qjphk";n � phkn�1j2 + "2 + jphk";n � phkn�1j�i2+) dx:Combining the lower bound and the upper bound for D, we get the a-posteriori error estimate,� kwhk";n �whkn k2Z� Z
 ( c0jphk";n � phkn�1j "2qjphk";n � phkn�1j2 + "2 �qjphk";n � phkn�1j2 + "2 + jphk";n � phkn�1j� � k12 jphk";n � phkn�1j2+ 12k1 hk1 jphk";n � phkn�1j � c0"2qjphk";n � phkn�1j2 + "2 �qjphk";n � phkn�1j2 + "2 + jphk";n � phkn�1j�i2+) dx:(8:15)We observe that the summation of the last two terms of the integrand on the right hand side isnon-positive, so that a simple consequence of (8.15) is� kwhk";n �whkn k2Z � Z
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