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INTRODUCTION

In 1969, Lutzer proved that a linearly ordered topological space

with a G, ~diagonal is metrizeble (32). This appears to be the first

&
work in the field of metrization of ordered topolbgical spaces. \Very
little seems to have been done in this direction. This thesis is a

study of the various conditions necessary for metrizebility of such

spaces,

One of the earliest paspers concerned with ordered topological
spaces is that of Eilenberg (18). Since then, ordered spaces have
been considered by various authors, but few considered the caonditions
gnder which such spaces would be metrizable. Bennet gave a character-
izati;n of metrizability for a linearly ordered topological space with

ao-point finite base.

A linearly ordered topological space is a space for which the
interval topology coincides with the original topology for the space.
We investigate the metrizability of lineerly ordered topological space
satisfying certein covering properties, countability'condition{on the
base, certain conditions on the diagohal and spaces which admit a
symmetric. We obtain four characterizations of metrizability for
linearly ordered topological space in terms of some of the above

notions.



Summarx

Chapter 1 is concerned with the possibility of defining a linear
order on certain spacesvsuch that the order topology coincides with the
given topology. Eiienberg (18) obtained a characterization of order—
ability for connected spaces. This result was enlarged upon by Kok (30).
Lynn gave several conditions necessary to ensure the orderability of
subsets of the real line, and Rudin (45) e characterization of ordered
subsets of the real line. To my knowledge, however, a complete

characterization of orderability of generel spaces has not been found.

In Chapter 2 we consider various conditions that need be satisfied
by a linearly crdered topological space to give metrizmbility. We consider
certaiéNEovering properties and establish two characterizations of
metrizebility in a linearly ordered topological spece in terms of chering
properties; namely that a linearly ordered topological space is
metrizable if and only if it is a p-space (see DeFinition 2.11) with a
point countable base and that a linearly ordéred topological space is
metrizable if and only if it is developable. Bennet (7) showed that a
connected linearly ordered topological space is not only metrizable, but

is homegmorphic to a subset of the reasl line,

We consider also certain conditions imposed on the diagonel of a

space; namely spaces with Gy - Bg -, and ﬁg ~diagonals



(see Definitions 2.29 and 2.30), the latter fwo being introduced by

Hodel (28) and Borges (10) respectively. As mentioned above, Lutzer
showed that é linearly ordered topologicael space with a Gg —diagonal is
metrizeble: we supply a proof of the converse. We show also that the

Gg q; and 56 conditions are equivalent in the case of a linearly ordered
topological space. To conclude Chapter 2, we show that any symmstrizable
linearly ordered topological space is metrizable -~ a result proved by

Nedev (40)? but whose proof is reconstructed here as Nedev's paper was

unobtainable,

In Chapter 3 we discuss various types of bases for a space.
Alexandroff (2) introduced the notion of e uniform base, whose definition
was strengthened by Arkhangel'skii (8) to get a strong uniform base, a
céndition which he showed wes eguivalent to the metrizability of a space.
We deduce that a linsarly ordered topological space is metrizable if and
only if it has a uniform base. Quasi uniform bases wefe introduced by
Lutzer (33), as a property common to linearly ordered topological space
and compact Hausdorff spaces which accounts for the similarity in a

number of metrization theorems for these two spaces,

For the sake of completeness, we include in Appendix I Bennet's
result (7) that a connected linearly ordered topologicel space is homeo-
morphic to & subset of the real line, and in Appendix II Bing's Theorem (9)

that a collectionwise normal Moore space is metrizable - a result that



plays an important part in this exposition.

The notation used is.standard and any undefined concepts may. be
found in (29) or (22). We use N to denote the natural numbers, and
cl, S to denote the closure in X of a subset S, although where it is
clear from the context, the X is omitted. Unless otherwise stated,
I denotes the interval topology (see Definition 1.1). We use the

abbreviation "iff" for "if and only if".
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CHAPTER 1 - ORDERED TOPOLOGICAL SPACES AND ORDERABILITY

81 QORDERED TOPCLOGICAL SPACES

We give the definitions and some preliminery results of the basic

conbepts we shall be concerned with.

Definitions 1.1

A linear order on a set X is a binary relation, < , which is

reflexive, transitive, antisymmetric and decisive; i.e. the relation
satisfies the prpperties:

(=) Fd*xéx, x€ x

(b) For x, yo 2.6 X, x<y and y< z implies x< z.

(c) If x¢y and y< x than x = y.

(d) For every x, yec X, either xgy or y< x.
As usual, x<y if x<y and x #4 y. |
It can be seen that X then has a subbase consisting of all sets of the
form {x:.x <a} or {x: x> a} for some a€ X. This is called the order

(interval) topology on a linearly ordered set.

Definition 1.2

A linearly ordered topologicel space (abbreviated LOTS) is a space

X with a linear order such that the interval topology coincides with the

original topology on X.



A topological space (X, T) is ordersble if there is a linear order
on X such that the interval topology coincides with T.

The interval topclogy on a subspace is weaker than the relative
topology. It is a well known, yet surprising fact, that a subspace
of an orderable space need not be orderable, An example 1is the space
X obtained from the real line by deleting the interval (0,1} . In
the interval topology every neighbourhood of 0 contains points > 1,
but this is not so in the relative topology. = However, the relative
topology on a compact or connected subset of an orderable space
coincides with the interval topclogy on that subspace (see & 2).

It is clear that every LOTS is a Hausdorff space, by (d) of

definition 1.1.

De?inition 1.3

A EEEEEE is a real velued fgnctian d on the product of a set X
satisfying the fallowing:

(a) d (%) y) = d (y,x)>0 for &ll x,y¢ X.

(b) d (x,y) =0 iff x = y.

(c) d (xyy) + d(yyz) > d(x,2) for all x,y,x€ X.
We call the set {y: d (x,y) < r} a ball of radius r about x.

A space is metrizable if it admits a metric.



82 CONDITIONS FOR ORDERABILITY

It is interesting to see under what conditions a space is orderable.
It has been shown, (49), that any discrete space in orderable, as is
every finite Hausdorff space; also any compact or connected subspace

of an orderable space is orderable,

In 1941, Eilenberg (18) gave the characterization of Theorem 1.4
for orderability in the case of a connected space. He showed further
that the order in a connected spacev is unique ( two orders in a connected
space are either identical or inverse to each other). The diagonel of
a Space X is denoted by A = {(x,x): x EX} . An order is continuous if
for x <y there are neighbourhoods U and V of x and y respectively, 'such

that x<¢y® and x'¢ y whensver x*¢ U and y' € V.

Theorem 1.4
A connected topologicel space 1s orderable by a continuous order

iff XX =A 1s not connected,

Proof: Suppose X is ordered by a continuous drder.
Let A(x) = {(x,y): >’<<y} and B(x) = {(x,y): y<x} . Since the order
is linear, X»xX ~A a A{x)u B(x) and A(x) N B(x) = @.

By the continuity A(x) and B(x) are open, so XxX-p is not connectad.



Conversely, given (x,y) in XxX- A , let p(x,y) = (y,x}. By (18,
Theorem 3.1), XxX-A can be decomposed into two open disjoint sets A and
B such that p(A) = B. We define x ¢ y iff (x,y) € A. It can then be

seen that < is a continuous linear ordering.

Proposition 1.5

Let X be a LOTS, If (Y,T) is a subspace of X, and I is the

interval topology on Y, then I < T.
Proof: Follows from the continuity of the identity map of (Y,T) onto

(YyI). Thus if T < I then (Y,T) is a LOTS.

Certain conditions for orderability of subspaces of the real line
have been obtained by Lynn {35, 36). We denote the real line with its

usual linear ordering by R,

Definitiaons 1.6

A space X is not linearly ordered at a point x ¢ X from below {above)

if x is a right hand (left hand) end point of a component of B-X, which

is a half open interval. If this is not the case, X is linearly ordered

at the point x € X from below (above). If X is linearly ordered at a

point x € X from below and above, we say X is linearly ordered at x.




Proposition 1.7 (35)

A subset of the real line, X, i# a linearly ordered space in the

relative topology iff it is linearly ordered at each of its points.

Proof: Suppose X is not a linearly ordered space. By 1.5 there is
and x € X which is an I-limit point of the set S= {YG Xs y‘<x} , but
not a T-limit point. Thus x is the left hand end point of a component
CcR-X which is a half open interval, since if C were an open interval,
the right hand end point of C would be in X, and hence x would not be
an I-limit point of X. Thus X is not linearly ordered at x.
Conversely, suppose X is not linearly ordered at x€ X. Then x is
an end point of a companent Cc R=X which is a half open interval.
Thus x is an I=limit point of the set S of points in X on the other side
of C, sincg otherwise C would‘be an open interval. But x is not a T-limit

point of 5, thus X is not a linearly ordered space.

Corollary 1.8

(a) Any open or closed subspace of the real line is linearly
orderable.

(b) Any dense subspace of the real line is linearly orderable.

Proposition 1.9 (2356)

Every subset of the reel line which contains no interval is linearly

orderable.



>

The following proposition follows as a corollary to a result in

(38). e omit the proof as it is rather long and involved.

Proposition 1.10

(a) If xcA contaiﬁs no compact open set and has only countably
many components, then X is linearly orderable.

(b) If XcR contains no isolated interval closed in R and its
components are intervals, fhen X is linearly orderable,

(c) If X is the union of open or half open intervals, then X is

linearly orderable.

Rudin, (45), has abtained a characterization (theorem 1.13) of
orderability for subsets of R and necessary end sufficient conditions
for orderability of a subspace of an ordered space. Closures are taken
in R and.Q will denote the union of all non-trivial components of a

space Xc R, all of whose endpoints belong to the closure of (X—X).

Theorem 1.11

A subspace X< R is linearly orderable iff one of the follawing
hold.
(a) 1If (x-@) is compact and (X-Q)n @ = P then either @ = # or
(T-0) = #.

(b) If I is an open interval of R and p an endpoint of I and



‘.

{p};;(lt\(x-a)) is compact and {p} is the intersection of
the closures of (InQ) and (In(X-Q)) then the component of

X containing p, if any, is trivial.

The conditions for orderability of a subspace of an orderable space
are slightly more complicated than those for R. With the necessary
changes, Rudin cobtained similer conditions to Theorem 1.11 above
(Theorem 1.12).

Let X be a linearly orderable topological space and let T c X.

If pe T, let A(p) be the set of all monotonic (in the ordering) sequences
of points of T epproaching p and which have no subseguence of Qmaller
cardinality aepproaching p. Let G denote the set of all points g

of T such that: {a) if p is the first or last (in the ordering) point
of X or any point of X not in the component of T containing g, then the
intervalf g, p| of X does not intersect T in & compact set; (b) either
the component of T containing g is not trivisl or there are terms of

A(qg) of different cardinality or there are terms A and A' of A(q) such

that every subseguence of A’ approaching g has a limit point not in cle.

Theorem 1.12

If X is a linearly orderable space and TcX, then the following

conditions are necessary and sufficient for T to be linearly orderable.

10



(a) 1If (7-Q) is compact and does not intersect cl.@ then either
Q=for (T-G) = f.

(b) If I is an open interval of X and p € (T-I) and (In(T-8))v {p}
is compact and non-trivial and intersects the closure of

(InQ) in p and only in p then (i) the component of T containing

p is trivial and (ii) no term of A(p) is uncountable.

Kok (230), has obtained necessary and sufficient conditions {Theorem
1.13) for the orderability of & connected space, including Thecrem 1.4.
A subset AcX is a segment if A is & component of X- {x] for

some xg X. A pair (A,B) of subsets of X is a separation {of AuB) if
Ad@d,BE @ AnB o @ and both A and B are open in AuB. If x,y,z€X,
we say x separates y and z if there is a separation (A,B) of X ~ix}such

thatiye A and z€8. A point x€ X is an endpoint if X -~ {x} is connected.

Theorem 1.13

A connected Hausdorff space is linearly orderable iff any of the
following conditions are satisfied.
(a) %XxX - is not connected.
(b) For every pair of distinct points x and y of X there is a z €X
such that z separates x and y; and every point of X has at

most two distinct segments.

"



(c) Every comnected subset of X has at most two endpoints and every
. point of X has at most two distinct segments.
(d) For every three distinct points of X, there is one which
. o
separates the other two.

(e) For every three distinct, connected, proper subsets of X,

there are two which together do not cover the space.

In (49), Venkatamaran et al. give conditions for orderability of a
topological space whose underlying space is a topological group.

Finally, Ostaszewski (43), has recently given the following
characterization of compact separable ordered spaces. (An ordered set

is compact iff every subset has a supremum and an infimum (22)).

Theorem 1.14

| Lét X be a non-empty linearly ordered set. The interval topblogy
is compact iff X is order isomorphic to a subset Yc [ 0,1] x {0,1}
with Y ordered lexicographicelly (see 29), provided that Y [.0,1] x {o}
is a closed subset of the interval topology of [0,1 x {0} and

that (t,1) ¢ Y =» (%0) € Y.

We give some examples of spaces which are not linearly orderable,

12



Examples 1.15

(a)

(b)

(d)

The subspace (0,1)v {2} of A is not linearly orderable, since
a one-one, continuous map of the connected space (0,1) into‘a
linearly ordered space Y is order-preserving or order reversing
(18). So a homeomorphism of X in Y consists of a connected
open interval G end an isolated point y. . But sinﬁe G has
neither a first point nor a last point, y is an I-limit point
induced by the linear order in Y on {y}vG.

A compact‘extremely disconnected space is not linearly
orderable, since such a space contains a copy of 8N (22)

which is not orderable (49).

The Sorgenfrey line (the real line with the left half open

"interval topology) is not linearly orderable, since it is

non-metrizable since it is regular and Lindeldf and separable
but does not have a countable base (29 p59), and has a

Gy -diagonal (see Theorem 2.27).

An open and closed subset of a linearly orderable space need
not be linearly orderable. If X is (0,1)u {2} which is not
orqerable and Y is a countably infinite discrete space, then

XxY is orderable, and any Xx{y} is an open and closed subset

‘homeomorphic to X.

13



CHAPTER 2 - COVERING PROPERTIES AND METRIZATION

We shall be concerned in this chapter with conditions for metrizability
of LOTS in terms of properties of coverings. Conditions on countability
of bases has proved important in the theory of metrization. The
following result of Miscenko (39) is an example: A compact Hausdorff

space with a point countable base is metrizable,

Arkhangel®'skii (6) has shown that a perfectly normael, collectionwise
normal space with ao -point finite base is metrizeble. We shall obtain
similar theorems for LOTS and investigate which can be strengthened for

the case of a LOTS.

We begin by giving some properties of LOTS,

14



81 BASIC PROPERTIES

Bing's result (9) that a peracompact Moore space is metrizable
has indicated that usefulness of paracompactness in the theory of
metrization. We therefore give a condition (Theorem 2.3) for paracompact-
ness in a LOTS; A LOTS in paracompact iff every open cover of the space

has an open point countable refinement..

Definitions 2.1

(a) A collection B of subsets of a set X is a point countable

(point finite) collection if each element of X is in at most

countably (finitely) many elements of & .

$ is a gpoint finite collection if .u{@ : i€ N} where

each ®‘. is a point finite collection.

A base § for a space X is a point countable base ( o-point

finite base) if @ is a point countable ( g-point finite)
collection. For example, a metric space has a point countable
base by balls of radius% .
(b) A collectionA of sets is coherent if for any subcollection
@) of A there is an element of ® that intersects some element
of A-bH.

® 1is a maximal coherent subcollection of A if there is no

15



coherent subcollection f: oF.A such that Q) is a proper
subcollection of b . |
If% 4is a collection of sets we denoté %* o U {Ge %E.

(c) A subset A of a linearly ordered set is convex if when
a,b €A then {xeX: acx<b} ¢ A
The union of any collection of convex sets with non-empty
intersection is convex, so every subset of X can be uniquely
expressed. as the union of disjoint maximal caonvex sets, called
convex components, |

Every intervel is convex but not conversely.
We can now obtain the condition for paracompactness mentioned above.

Lemma 2.2 (7)
‘,I'_.et% be a collection of non-empty subsets of a set X. Let f; be
the family of all maximal (with respect to c) coherent subcollections of

% . Then ﬁ =Uf, and 1f H andK are distinct elements of {, then

#H'%h K = 8.

Proof': For each §c¢X, the family @o = {ch : ScC} is coherent. By

Zorw's Lemma, Q;o is contained in a maximal coherent collection. Hence

Uk=§ .

. x % '
LetH and K be maximal coherent collections. Assume HoaK £ 8. Then

16



there is an HeH and a KeK such that HAK ¢ . Then

4 v (k] is coherent, contradicting the maximity of H.

Theorem 2.3 (?7)
A LOTS is paracompact if every open cover has an open point

countable refinement.

Proof: Let X be such a LOTS. LetU be an open covering of X and
letl‘s be an open point countable refinement of U . We may assume
the elements of,g are convex.
Let% nu{&a . € A7] where eachﬁ,a is a maximal coherent
‘ * x
subcollection of% . Bylemma 2.2, if a ¢ B then @a N B’B = f and
for each a € A there is a countable subcollection H = {H(a,1) : 1€ N}
. _
such that H = @' .
a a
Thus '5(1- {H(a,i) ta € A} is a locally finite collection and

Ko U{‘K s ie N} is a oc-locally finite open refinement of U,
i

Thus X 1s paracompact.

Corocllary 2.4

A LOTS with a point countable hase is hereditarily paracompact.

Proof: Let X be a LOTS with a point countable base. Every ope‘n

subspace of X is the pairwise disjoint union of its convex components.

17



Now every maximal convex subset A of an open set G is open, since if
we take x€ A, there is a nsighbourhcod U of x such that Ue¢G. U is
convex, and UnA # . Thus UvA is convéx and UVUACA so U is open
and hence A 1s open. Thus each convex component is open,

Let V be an open convex component and let T be the relative topology
on V. Let I be the interval topology on V. Let x€ WcV where W is
open in T. Then W is ogpen in X and hence there is @,b) such that

X ei(a,b)c VW and thus W is open in I. Since, by Proposition 1.5,
I<T, the two topologies coincide.

Thus each of the convex companents is a LOTS in its relative topology,
by Corollary 1.8(a). Alse each has a point countable base and is thus

paracompact. Thus each open subspace of X is paracompact.

We shall now examine the Lindel&f property and the countable
chain condition in LOTS. It is known that in metric spaces the above
are equivalent to the second axiom of countability. Any space which is
hereditarily Lindeltf satisfies the countable chain condition but not
conversely (for example, the "tangent disc" of (48)). Lutzer and
Bennet (34) have shown that for a LOTS the conditions are in fact

equivalent.,

Definition 2.5

A space X is Lindeldf if every open covering of X has a

countable subcovering.

.18



A space X satisfies the countable chain‘condition (abbreviated

CCC) if any disjoint collection of open sets is countable.

A space X is collectionwise normal if every discrete collection of

sets can be»covered by a pairwise disjoint collection of open sets,

each of which covers just one of the original sets.

Theorem 2.6 (34)

A LOTS which satisfies the CCC is hereditarily Lindeldf.

Corollary 2.7

If X is a LOTS satisfying the CCC and Y is a discrete (in the

relative topology) subspace of X then Y is coyntable.

Theorem 2.8 (34)

. A separable LOTS is hereditarily separable.

Qutline of Proof: Let X be a separable LOTS and let A< X. Let

I(A) = {aGZA : fal is relatively open in A}.. By Corcllary 2.7, I(A)
is countable. Let D be a countable dense subset of X. Let

D= §{rys) : rys€Dd, rcs and An (r,s) 4 gl . For each interval

Jed , choose a point a(J) ¢ And. Let D(A) =I(A)u {a(Jd) : JeD} .

Then D(A) is a countable dense subset of A.

19



It is well known that a LOTS is normal (22). However, Steen
(47) bas proved the folleowing stronger result, which shows that a

LOTS satisfies all the usual separation axioms. We omit the proof

as it is rather lengthy.

Theorem 2.9

A LOTS is hereditarily collectiorwise normel.



82 WMETRIZATION OF A LOTS WITH OCOUNTABLE BASE

Bennet (7) has shown that a LOTS with a point countable base
which satisfies the CCC satisfies the second axiom of countability.
The result of Arkhangel®skii mentioned above, that a perfectly
normal, collectionwise normal space with a 4 —point finite base is

metrizable, together with Theorem 2.9 gives the following:

Theorem 2,10 (7)

A LOTS X with a g ~point finite base is metrizable if X satisfies
either of the following.

(a) X satisfies the CCC

(b) X is perfectly normal.
Egggtﬁ:/; fﬁe condition cannot be weakened to "X has a point countable
base" since in (7) it is shown that if there exists a Souslin space
(a non-separable LOTS satisfying the CCC) then there exists a Souslin

space with a point countable base.

If we add some kind of completeness condition to the spaces above,
we can obtain further metrization theorems. One such condition is
that 6f a p-space introduced by Arkhangel'skii (4), who showed that

every complete space is a p-space.

21



63 p-SPACES

Definition 2.11 (4)

A space X is a p-space ce if there is a sequence {g where each g
is a collection of open sets in the Stone-éech compactification of

X and is a cover of X such that for each x¢ X,Q st(x,q,n)éx.

(st(xp ) =uf | XE g‘} J.

The sequence ia’n}m 1is called a feathering on X.

If a feathering ia‘nin: is such that for each x€ X there is an m such

that cl st(x,a ) € st(x, a,) then {al is a strict feathering. A
B x n n

space with a strict feathering is a strict p-space.

Proposition 2.12

(a) A paracompact p-space is a strict p-space.
' (b} A feathering (ol on X is a strict feathering iff
n
n clest(x,a.n) = (;\1 st(x,a.n) for all x¢ X.
(c) A locally compact T, space X is a p-space.
(d) A metric spece or a completely regular Moore space is a strict
p-SpaCE-
(e) If X has a feathering in any compactification bX then X has a

feathering in its Stone-Cech compactificationg X.

22



Proof: (a) By (12: Corollary 1.8).
(b) By (1),
(c) Since any locally compact space X is open in g X if we let
a
¥y = {x},{ﬂ is a feathering for X.
n n n=1
(d) See Definition 2.19 and Theorem 2,20,

(e) Every compactification bX is a continuocus image of g X.

The following two propositions are interesting in that they give
internal characterizations of p-spaces and strict p-spaces; i.e. the
spaces are characterized without the use of compactifications. A

[- -]
sequence i%(x) 1“1 of subsets of X with x€A (x) for each n€N is an

x-sequence if . €A (x) implies that i’hxn: has a cluster point in X.

Proposition 2.13 (12)

A ctompletely regular space X is a p-space iff there is a
o
sequencse Z%i 101"‘ open covers of X satisfying thet condition that
ns
if x€X and B € %n such that x €6 , then
(a) fn\ chnis compact

k
(b)zlf)1 clG s ke N} is an x~-sequence,

Proposition 2.14 (14)

A completely regular space X is a strict p-space iff there is

o
a sequencezgn}n-1 of open covers of X satisfying:

23



(a) P, -g st(x, %n) is a compact set for each x¢ X.
(b) The family {st(x, gn) : ne N} is a neighbourhood base

for the set Px'

Outline of Proof: 1If X is a strict p-space, there is a feathering

ia} for X inFX. We may assume gq is a refinement of ¢ . Let
n n 1 ' n

P cl st = t = Xz .
. ?\ s (x,a,n) gs (%, a,n) and %n {6n G Eqi}
Then P is a compact subset of X, P = ) st(x, %n) and ist(x,g‘n) tn€ N}
x X n
is a neighbourhood base for Px' '
Conversely, suppose {gn’;n=1 is a sequence of open covers of X
satisfying (e) and (b). Let o be the collection of all sets G*
n
open in gX such that Gtn X 59 . Then ia’r} is a strict feathering
n

for X.

' ,,.TFuPtI18r, Pareek obtained another characterization of p-spaces
without appealing to: the compactification. If iFs Tt s¢ S} is a family .

[--]
is a countable family of covers of X,

of subsets of e set X and {a L
n =1

then {Fs : s€ S} has sets which are base point strictly small relative

to {a. in iff there exists x_€ X such that for each n, there is s € S
nn=1 . o n

and Anea.n for which no xoe An and FBnE An'
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Proposition 2,15 (44)

A completely regular space X is a p-space iff there is a
sequence iangnzzof open covers of X such that for every family of
closed sets {Fg : s€ZS} which has the finite intersection property
and contains sets which are base point strictly small relative to

{a’nin' then N(F, : s€8) 4 @.

We now give an example of the type of theorem mentioned at the end

of 82,

Theorem 2.16 (17)

A paracompact p-space with a point countable base is metrizable.

We can thus deduce the following characterization of metrizability

for a LOTS.

Theorem 2.17

A LOTS X is metrizaeble iff it is a p~space with a point countable

base,

Proof: Let X be a LOTS with a point countable base and which is a
p-space. By Corollary 2.4 it is paracompact and thus by Theorem 2.16

is metrizable.
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Conversely a metric space has a countable base by balls of radius%,

and by Proposition 2.12 (d) a metric space is a p-space.

Corollary 2.18

A connected LOTS with a point countable base is metrizable,

Proof's Since a connected LOTS is locally compact, it is a p-space.

Then by Theorem 2.17 it will be metrizable.

Bennet (7) has shown that in fact a connected LOTS with a point
countable base is homeomorphic to a connected subset of the real line,

This is given in Appendix I,



8§ 4 DEVELOPABLE SPACES

The concept of a developeble space can be traced back to the
Alexandroff-Uryschn Theorem that & Ti spaca is metrizable iff it has a
development {Gni such that for each n, the union of any two
elements of q1+1having a point in common is a member of %1. It has
been shown that every paracompact developable space is metrizable (9).
It will be evident that the notion of & developable space plays an
important role in the metrization of LOTS; in fact we will show that

developability of a LCTS is equivalent to metrizability.

Definition 2.19

A space X is developable iff there is a sequence iEhanT of
-]
open covers of X such that for x¢ X, ist(x,Gn)&1~1is a local base at x.
This'sequence of covers is called a development, Often the extra

condition is imposed that %roc Gn’ but it 1s unnecessary to state this

1
as any given development can be modified to satisfy this extra conditiaon.
Developable spaces are first countable and metric spaces are
developable, since the sequence of open coverings by balls of radius
-% is a develppment. However, in generel, a developable space is not

necessarily metrizable. Counter examples are "Cantor's Tree' and

Moore's "Road Space" (48).



A regular develgpable space is a Moore §Eace. Thus in view of
2.8, a LOTS is a Moore space iff it is developable. We can now obtain

the following.

Theorem 2.20

A LOTS is metrizaeble iff it is a developable space.

Proof: This follows from the remarks above, and Bing's result (9)

that & collectionwise normal Moore space is metrizable (see Appendix II).

We now consider the relation between developable spaces and

p-spaces.

Theorem 2.21 (31)

A completely regular developable space is a strict p-space.

©0
Proof: Let bX be a compactification of X and {q k , @ development,
AT n

For each n and each Gn.€ a_ o, choose V. open in bX so that V.AN X = G _.
n n n n
We denote the collection of all such sets V, by .
n
Let x¢X and let U be any neighbourhood of X, open in bX,
Since bX is regular, there is a neighbourhood W of x, open in bX, such
that c1 WcU. Since ia,nl is a development there is an integer m

fx

such that st(x, “m) c WaoXcW. But st(x,q,m) = Xn st(x,pm),
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so c%x st(x,q,) = X n st(x,pm), since X is dense in bX, and St(x’HE)
is open in bX.
Thus st(x c cl [st{x = cl (st(x ccl Wcl.
( ol-lm) bx( ( vpm)) bx( ( 'Gm)) b x
It than follows that §, “is a strict feathering of X in bX, if

nnzl

wveletUa= st(%,ah). In fact /l st(x,gn) = {x} for each xEX,

we shall givé a characterization of developable LOTS which will

be used later.

Theorem 2.22

A LOTS is developable iff it is a symmetrizable p-space.

Proof: From Theorem 2.9 and the result that a completely regular space

is developable iff it is a symmetrizable p-space (12).
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5 ~OIAGONAL CONDITION

The diagonal of a space is closely related to many properties of
the space. We will find that the Gg-diagonal plays a large part in
the metrization of LOTS. Several results on p-spaces with a
Gy ~diagonal are known, In particular, (24), a paracompact p-space
with a G -diagonal is metrizeble. Burke (13) has shown that a

p-space with a G_ -diagonal is not necessarily developable. However,

6
it will be seen that a LOTS with a 65 ~diagonal is developable and hence

metrizable (Theorem 2.27).

Definition 2.23

A space X has a Gz —diagonal if A = {(x,x) $ x¢ X} is a GB
subset of XxX.

Ceder (15) has given the following characterization of a 65 ~diagonal

in terms of covers.

Proposition 2.24

-]
A space X has a G, ~diagonal iff there is a sequeﬂcezgn}ll_1 of

)
open covers of X such that if x ¢ y there is an n such that yd st(x,%n).



Efffi: Suppose A aQ An where each An is open in XxX. For each
n, put %n“ {G : G is open in X GxGCAn} « Then if x £ y there is an
m such that (x,y)}¢ A, and hence y f st(x, gn)

Conversely, let M’Jn‘: be such a sequence of covers. For each

nput A = st(x,%n). ThenA = Q A,e

Theorem 2.25 (32)

ALOTS with a G 5-ci:i.agcmal is symmetrizable and has a point

countable base,

Proof: Let X be a LOTS with & Gy —diagonal. Letj = Q W(n) where
we may suppose that W(n+1) € W(n) for each n. For each x€ X and each

n there is an open interval g(n,x) in X such that

(xsx) ¢ g(nyx) x g(n,x)& W(n) and g(n+1,x) € g(n,x).

This collection {g(n,x)} “is then a point countable base.
: ne1

Suppose yg X and let <x(n)> be a sequence in X such that
ye g(nyx(n)) for all n>1. If z €rf‘]g(n,x(n)) then (z,y) €4 .
Thus if r<y< s there is an integer N so that if rysd g(n,x(n)) for n2.N,
then x(n) €[r,s] for n3N and thus x(n) converges to y.

We can now see that this g satisfies the conditions of the following

theorem of Heath (25):
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A T, space is symmetrizable if there is a function g from ZxX
to the open sets of X satisfying
. o
(a) For each x¢X, zg(n,x)}n=1 is a non-increasing sequence
~ which forms a local base for x3
(b) If y is a point of X and x is a point sequence such that
for each m, y € g{(my,x(m)) then x converges to y.

Corollary 2.26

A LOTS with a Gy ~diagonal is paracompact.
Proaf: Follows from Theorem 2.4.

This leads to a significant characterization of metrizability in a
LOTS, It is an interesting analogue to the well known result that a

compact Hausdorff space is metrizable iff it has a Gg -diagonal (17).

Theagrem 2.27

A LOTS is metrizeble iff it has a G g —diegonal.
Proof: Let X be a LOTS with a G ~diagonel. From Thearem 2.25 X

has a point countable base, and is symmetrizable. Heath (27) has shown

that a symmetrizable space with a point countable base 1s developable and.
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then by Theorem 2.20 X is metrizaeble.
We shall obtain an alternative procf to this in Theorem 2.38 and

shall obtain the converse from Remark 2.33.

Proposition 2.28

ALOTS with a G 8 -diagonal is a strict p-space,

Proof': By the result of Heath mentioned in the above proof, a LOTS
with a G 5 -diagonal is developable and then by Proposition 2,12 it is

a p-space.

Two other conditions on the diagonal have been considered by

Hodel (28) and Borges (10) respectively.

Definition 2.29

o
A space X has a G*;,-diagonal if there is a sequence i%nlnﬂ of open

covers of X such that x # y implies that there is an n such that

y tdxs't(xv%n) .

Definition 2.30

A space X has & 55 ~diagonal if there is a sequence of open

-3
covers {%} n=1 of X such that

(a) x ¢ y implies there is an n such that y¢ ét(x,%n), and
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- {b) Given x€ X and n, there is an m such that ¢l st(x,gm)
x

c st(x,%‘n) .

It is clear that if X has a 56 -diagonal then X has a

s x
Gy —-diagonal, and if X has a Gy -diagonal then X has a G§ —diagonal.

Proposition 2.31 (24)

*
A strict p-space with a Gg —diagonal has a G§ -diagonal.

Corollary 2.32

*
A LOTS with a Gy ~diegonal has a Gy -diagonal.

Proof: By Proposition 2.28 such a space is a strict p-space, and

thus by Proposition 2.31 has a G; ~diagonal.

Proposition 2.33 (24)

A completely regular space is developable iff it is a strict

p-space with a 56 ~diagonal,

Remark 2.33
We can now get the converse proof required in Theorem 2.27.
A metrizable LOTS is developable and thus has a 55 -diagonal and

therefore has a Gy -diagonal.
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Proposition 2.34

A LOTS X with a G& ~diagonal has a 55 ~diagonal.

Proofs By the above X is developable and thus by Theorem 2.32 has a

56 ~diagonal.
We have thus shown the following:

Proposition 2.35

In a LOTS X the following are equivalent.

(a) X has a G, —diagonal

b
(b) X has a 65 ~diagonal

(¢) X has a G% -diagonal
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8c SYMMETAIZABLE SPACES

We shall show that a symmetrizable LOTS is metrizable. This
will offer an elternative proof for Theorem 2.27. The result is due
to Nedev (40) but the proof is reconstructed here as Nedev's paper

was not avallable.

Definition 2.36

A symmetric d(x,y) on a space X is a real valued function defined
on XxX such that
(a) d(x,y) = d(y,x)>0.
(b) d(xyy) = 0 iff x = y.
(c) P is closed iff P contains every point x such that
{d(x,y) : ye P} = 0.
' A;symetr‘ic is coherent if for a sequence <xn7 €EX and y€X

d("nt)'n) »0, d(”n"‘) -0 = d(yn,x) + 0.
Lemma 2.37 (50)
If a symmetric d on a space X is coherent then (X,d) is

matrizéble.

Theorem 2,38

A symmetrizeble LOTS is metrizable.
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Proof: We note first that a LOTS with a2 symmetric d is a first countable
1

space since the balls of radiusj form a countable base at each point.

It is also a Hausdorff space.

We now define an eguivalent distance function p satisfying:

(a) p(xyx) = 0.

(b) If x <y then p(x,y) =x€8l31'p$zi d(z,y)} .

(c) Ify < x then p(x,y) = o (ysx).
This satisfies the condition x<y<z = o (x,y) ¢ p (x,z) since p(x,y)
is the supremum of elements of a subset of (x,2). That p satisfies
condition (c) of Definition 2.36 can be seen a5~Fo'llows: If P is closed
and x€EX-P then there is an open ball B of radius a 0 around x such
that BEX-P. Thus p(x,y)>a for every yeP. Conversely, if P contains
all points such that {p(x,y) : ¥€ P| = 0 then if x¢ X-P there is a
ye P such that P (x,y) = av0 and a ball of radius% around x will be
- a neighbdurhood of x in X-P, So X-P is open and P is closed.

We will now show that p is coherent. Assume

p(x,xn) - O’P(’ﬁ'yn) » 0 and P(x,yﬂ) $ 0. Then by choesing a
subsequence of );1 we get, for some € >0,

p (x'xn) = 0, P(xn’ Yn) =0 andp(x,yn)>€70.

We may assume that ><n > x for all n (or X < x for all n in which
case the proof is similar).

We can then obtain a sequence

x 2 X P which still convefges to X.
n, n,
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Relebel these x .  Now consider two cases:
n
(a) For infinitely many nts, Y, S %,
- L
(b) For infinitely many nis, Yo 2 %n o
In case {a) by a similar relebelling process we can get
p (x,xn) -0y p (xn,yn) + 0 and o{x,y,)2€ with
L 2 L BN 2 L]
2 X 2 2 xn and X% ¥
If xgyg x then o(xy ) € p (%,x ) sop(x,g ) =0, and if
: n n n n
yns x sxn then p(x,')ﬁ) € p(xn,);l) snp(x,yn) -+ 0, vhich is a
contradiction in either case.
In case (b) we have y,> x except for finitely many n.
Then as above we get x sxns Y,
Let €> 0 be given and let N be such that if n > N thenp (x,xn) <E€E.
Naw o (xN,xn) decreasses with n. Let a = i,?Fp(XN'xn) which is
positive since xNécl v, o (an X -cly , a neighbourhood of x).
Thus for m2 N, p (xm;‘) 2 p (xNu%) 2a > 0, so p(x oYy ) i 0,

which gives a contradiction.

Thus p is coherent and by Lemma 2.37 X is metrizable.
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TABLE OF RESULTS

The following is a summary of the various implications

discdssed fdr the case of a LOTS.

perfectly normal

o—Point Finite Base 4
} \,
Countable Chain Condition
u' G 5 ~diagonal .
Paracompact : ->
A
1 ﬂ connected
Point Countable Base ->

A
. Metrizable
p-Space
A \
N symmetrizable
Paracompact

Developable €&==> Moore | ——=

Gg -diagonal

Strict p-space

[ A
<

\G5 -~diagonal R
ﬁ:.—-.:.:_—-:.—’:

ﬂ v

G s—diagonal & G; ~diagonal = 56 ~diagonal |¢E&=———>

=) denotes unconditional implication for a LOTS
~——3 denotes conditional implication with a .suf’f‘icient condition alongside.
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CHAPTER 3 -~ QUAST UNIFDSM BASE

The concept aof a uniform base used in the metrization theory was
introduced by Alexandroff {2). The definition of a uniform base was
strengthened by Arkhandel'skii (§) to obtain a strong uniform base,
which he showed is equivalent to metrizability. Lutzer (33) originated
the concept of a qua;i uniform base as a common property of compact
Hausdorff spaces and LOTS which account for the similarity of a number

of metrization theorems of these two types of spaces.

Definitions 3.1

A base for X is a uniform base if faor each x € X and each neighbour-

hood U of x, only a finite number of the base sets which contain x
intersect X-lJ. Eguivalently, a base B is uniform if for all x€ X any
infinite subset of elements of B is a local base at x.

A base B 1s a strong uniform base if we replace x with a compact set

K in the above definition; i.e. if for any compact subset K of X and
any neighbourhood U of K, only a finite number of the base elements
intersect both K and X-U,

A space is metacompact if every open cover of the space has an

open point finite refinement,



e mtr Wl e 4 o

A metric spaee has a Qniform base since for each integer n the
open covering by balls of radius'% has a locally'finite subcovering.
A space with a uniform base is metacompact. Alexandroff (2) has shown
that a collectionwise normal space with a uniform base is metrizable
and that a pearacompact space with a uniform base is metrizable. Both
of these follow from a result of Heath (26) that a reguler space has a
uniform base iff it is metacompact and developable, From the above

we can obtain the following:

Proposition 3.2

A LOTS is metrizable iff it has a uniform base.

Arkhangel®skii (3) showed that a space is metrizable iff it has a
strong uniform base. Each uniform base is a point countable base and
Heath has shown that every symmetrizable space with a point countable
base is develppable.

We shall also consider bases of countable order, introduced in
Arkhangeltskii in the following theorém: A paracompact Hausdorff space

is metrizable iff it has a base of countable order. This has been

shown to generalize the Alexandroff - Urysohn theorem mentioned in Chapter

2 8a, It turns out that the concept of a quasi uniform base is common
to spaces with uniform bases, spaces with bases of countable order and

LOTS,

a1
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Definition 3.3

A base of countable order is a base ® such that if & is a perfectly

decreasing subcollection of ® and x is an element common to ell elements
of b, then b is a base at x.

A space X is g -refinable iff for every open covering:H of X there

is a countable femily % such that each 3’ € 6 is a collection of open
sets which is a refinement of jﬂl covering X and for every point x€ X
there is ana" € Qg which is finite at x.

A space is essentially T, if for any points x,y either cl {x} = cliy}

or clixqﬂ does not intersect cl{y'i . This property is also called R;

and is equivalent to the condition: if x€ V, open then clxcV,

Worrell and Wicke have shown that the concept of ¢ -refineability

generalizes that of metacompactness, and also obtained the following

' charéjbterization of developable spaces and metrization theorem.

Theorem 3.4 (51)
A topological space is developable iff it is essentially T,

8 =refinable and has a base of countable order.

Theorem 3.5 (51)

A collectionwise normal 'I’1 space is metrizable iff it is o -refinable

and has a base of countable order.
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Proof: By Theorem 3.4 the space is developable and the result
follows from Bing's theorem that a collectionwise normel Moore space

is metrizable. (See Appendix II)

This theorem generalizes the theorem of Arkhangel'skii mentioned
previously, that a paracompéct Hausdorff space is metrizable iff it has
a base of countable order, since a paracompact Heusdorff spece satisfies

the conditions of Theorem 3.5.

Definition 3.6

A subspace Y is p-embedded in X if there is a sequence
i% (n)% of covers of X by open subsets of Y such that if x€ X then
Aletlxg ()fex.

Thus a p-space is a space which. is p-embedded in its Stone-Cech

compaC£ification.
Lutzer (33) defined the notion of a quasi uniform base as being that
property responsible for the common aspect of the following two pairs of

theorems.

Theorem 3.7a

A compact Hausdorff space with a G%-diagonal is metrizable.
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Theorem 3.7b

A LOTS with a G 5 -diagonal is _metrizable.

Theorem 3.8a

A paracompact space with a G_ -diagonal which can be p-embedded

&

in a compact Hausdorff space is metrizable,

Theorem 3.8b

A paracompact space with a G5 —diagonal which can be p-embedded

in a LOTS is metrizable.

Definition 3.9

A quasi uniform base for X is a sequence i&(n)} of bases such

that a subcollection J* € 91{@('1)1‘ is a neighbourhcod base at x€ X ifs
-(a)- F is e filterbase.
(b) A B(n) @ for infinitely many n> 1 .
(¢) n % - ix} = Na¥,

If @(n) =@ (1) for each n then X has a strong guasi uniform base.

Theorem 3.10
\

X has a quasi uniform base if any of the following conditions are
satisfied:

(a) X is compact.



(b)

Proof':

(b)

X is a LOTS.

X has a base of countable order.

X 1s developable,

X has a uniform base.

(a) From (29:5F) it can be seen that any base for a compact space

1s a strong quasi uniform base.
The femily of all open convex subsets of a LOTS form a strong

quasi uniform base.

%

(c) Let B be a base of countable order and let F € % be o

ﬂhw%msﬂhﬂhgn?‘siﬂn(\d?. Then either
4 is perfectly decreasing or § x} € 3‘ ; in either case T is

a local base for x.

d) and (e] Both follow from (c} and Heath's result mentioned after
(d) (e)

v;» Definition 3.1 that a space with a uniform bese is developable,

and a developable space has a base of countable order (Theorem

3.4).

It 1s shown in (33) that the concepts of quasi uniform base and uniform

base are inherited by open subspaces but not by closed subspaces, Also

the arbitrary product of spaces with a strong quasi uniform base has the

same property. It is further shown that:
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Theorem 3,11

If X is p-embedded in a space Y which is either a compact Hausdorff

space or a LOTS then X has a guasi uniform base.

Proof: We give an gutline of the proof ih the case where Y is a LOTS,
Let z&r& be a sequence of covers of X by open subsets of Y which satisfies
nn { st( x, 911 )} € X for sach x€X. We may assume that %nﬂ refines % n

for each 1t ,
Let 3 = { I : I is an open convex subset of Y} y and let
. (r) ={1e3 : cly (T) € G for some G € %ni'
tet B(n) = iTnX :Ted (n)} . Then each ( (n) is a base for X and
C o ) -
®(n+1)c ® (n). Suppose FC ny1i®(n); is a filter base which satisfies
nta ix}a n Rel,(F) : Fe}} and % A(n) # @ for infinitely
many.n>1 . Then 3’/\ b (n) # P for each n .
- (-]
Letd = {T € YJ(n) : Thx €'¥l. Then? is & Filterbase and
n e, = ix'ﬁ . Since the members of e are convex, ¢ isa neighbourhood

base for x in Y. Hence 3' is a neighbourhcod base for x in X.

Lutzer's main result is that a regular space with a Gg ~diagonal
and a quasi uniform base has a base of countable order. From this, Theorems

3.7 and -, 3,8 and various other results follow.



Theorem 3.12

A regular space with a G ~diagonal end a quasi uniform base has
a base of countable order.
Proof: tLetd =xi;1w(n] where each w(n) is open in XxX and w(n+1) c w(n)
for each n. Let | (n)} be a quasi uniform base. Since each & (n)
is a base for a regular space X, for each x€ X we can choose a seguence

iB(n,x)} such that

(xsx) € B(mx) X B (nyx) ¢ clg(n,x) X clB(n,x) < w(n)
with B(n,x)€ B (n), and B(~+1,x) c B(o,x) for all n3> 1.
Let % (n) iB(n,x) ! Xx€ x} . Each % (n) is an open cover of X.
Suppose PEX, J ¢ J 4 ... and G;jf % (jk) with p€ ij..’j: ij.

Then p€ N { ij rk21}c r\{cl%k; k>1} and if

a€N {cl6, :kz1] then (p,a)e N Aw(g ) sk 1}a 4.

J
I
Hence N.§ €16, ¢k > 1] = {p}. SinceG, € 6 (3,) it follows from
k K
Definition 3.9 that {Bj t k3 11 is a local base for p in X.

k
Ths sequence iB(n,p)] is a locael base at p and then from a characterization

of spaces with bases of countable order in (33), X has a base of countable

order.

Corollary 3.13

If X is regular, the following hold:
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{a) X is developable iff X is 8 -refinable, has a G § ~diagonal
and has a quasi uniform bass. |

(b) X has a uniform base iff X is metacompact, has a G, -diagonal
énd has a quasi uniform base,

(c) X is metrizeble iff X is paracompact, has a Gg -diagonal and

has a quasi uniform base.

Proof: (a) From Theorem 3.12 X has a base of countable order, and by
Theorem 3.4 a regular space is developable iff itvis 8 -refinable .
and has a b;se of countable order.

(b) From (&), X is developable and the result follows:from Heath's
result mentioned in Definition 3.1 above that a space has a
uniform base iff it is metacompact and developable.

(e) From (&), X is developable and the result follows from Bing's

- Theorem (9) that a paracompact developable space is metrizable,

Corollary 3.14

A completely regular space X is developable iff X is-a 0 -refinable

p-space with a G g -diagonal.
Proof': Follows from Theorem 3.11, Theorem 3.12, Corollary 3.13.

The following corollary has recently been obtained by Bennet and Berney

" (8).
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Corollery 3.15

A p-space with a G 5 ~diagonal has a base of caountable order.
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TABLE OF RESULTS

The following is a summary of the various implications discussed

in Chapter 3.

Developable
o~ ;
A e-refiqable )ﬁ
I + Gg-diagonal e-ﬁpfinable
6 —ref. I + essentially T1
+Gg ~diag
S p-Space
regular :
~diagonal
(% gona collectionwise
3 J/ normal + g-refinahle
7
symmetrizable Base of or paracompact
Countable Order , paracompact
or collectionwise
Point normal Metrizable
Regular +
Bountable 1
Gé-dlagonal
Base N | ’
¢ Strong
GQuasi Uniform Base paracompact > Unéform
metacompact + Gg-diagonal ase
I
+ regular metacompact
J’ + Gg-diegonal
J
<&
Uniform Base paracompact .
or collectionwiée
normal

= denotes unconditional implication.

o denotes conditional implication with a sufficient condition elongside.
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APPENDIX I

We give the result of Bennet (7) mentioned in Corollary 2.18 that
aX connected LOTS is homeomorphic to a subspace of the real line. The
proof involves a characterization of paracompact LOTS in terms of

Q-gaps (21).

Definition I.1

An interior gap of a LOTS X is a Dedekind cut (A/B) (see 22) of
X such that A has no last element and B has no first element: it may
be regarded as a "virtual® element u of X that satisfies the ordering
relations a<u<b for a€ A and b€ B,

If the set X has no 'f'ir'st (laét) element, we can introduce a
virtual element u such that u< x (u»x) for all x¢ X : u is called a

left (right) end gap. The linearly ordered set of all elements and all

. +
gaps of x will be denoted by X .

A gap u of X is called a Q-gap from the left (right) iff there

exists a régular initial ordinal ® and an increasing (decreasing)

+
sequence i xBl B« wa} of points of X such that u ﬁli:) X3 and if
' “a

A< wd is any non-=zero limit ordinel thenﬁ]z:(lnm >13 is a gap of X. A gap
a

u of X is a Q-gap if it is & G-gap from the left and from the right.
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Proposition 1.2 (21)

A LOTS is paracompact iff every gep of X is a G-gap.

It has been shown (23) that in a LOTS the concepts of paracompactness

and metacompactness coincide.

Theorem 1.3 (7)
A connected LOTS with a point countable base is homeomorphic to

a connected subset of the real line.

Proof: Let X be a connected LOTS with a point countable base. By
Corollary 2.4, X is paracompact and thus every gep is a Q-gap. Then
since X is connected, the regular initial ordinal associated with any gap
must be o We consider three cases.
i(as If X has both endpoints, X is compact and has a point countable
base. Thus by (38) X is metrizable and thus separable.
(b) If X has one endpoint, say the right end point b, then the
left end point v is a virtual element;qfﬂfand there is a point
sequence { 451 of elements of X which converge to v. For
each n€ N, [Vxn,b] is a compact metric space and thus separable.
Hence X “1&?1 {ﬁ1'b] is separable. |
(¢) If X has no end points, then both end points u an& v are virtual

+ .
elements of X and the proof proceeds as above.



Then, by a characterizaticn of the arc given in Hall and Spencer,
"Elementery Topology® (1955), X is homeomorphic to a connected subset of

the real line.

Remarks The space {{x,y) : 0Sx< 1, O<y< ‘l} ordered lexcogrephically

shows that "connected" cannot be replaced by "locally connected" in the
above theorém, since this space is locally connected, has a point countable

base but is not separable (29).



——

APPENDIX I

For the seke of completeness, we record Bing's Theorem (9) that
a collectionwise normal Moore space is metrizable, a result that has been

used repeatedly.

Definitions I1.1

A space X is screenable if for every open covering 3‘there is a
sequencef gJ of collections of peirwise disjoint open sets such that
Vv g is a refinement of 3'

A metric space is screenable'as is a paracompact space.

Proposition I1.2 (9)

A normal screenable Moore space is metrizable.

Proposition 1I1.3

For each open covering H of a developaeble spece there is a
sequence i%} such that each xn is a discrete collection of closed sets,

which is a refinement of Xn and of H and U Xn covers the space.

+1
Procf: Let W be a well ordering of H and ZGJ a development such that
Gh+1 refines Gn. For each h €H let x(hh) be the union of all points p

such that no element of H that contains p preceeds‘h in W and each

element of Gn containing p is a subset of h,
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If X is the collection of all sets x(h,n), X "is a discrete
n
collection since no element of G intersects two elements of X . If
. n n

p is a point and h(p) is the first element of H and W containing p,

then for some integer n, [h(p),@]contains p. ThusVX covers the space.
n

Theorem 11,4

A collectionwise normal Moore space is metrizable,

Esggf: For each open cover H of X there is a sequence EXA} as in
Proposition II.3. Since X is coilectionwise normal there is a pair-
wise diSjoint collection {YI} of open setsbcover;ng Lixn such that
no element of Y intersects two elements of Xnbut each is a subset of
H.

Theﬁi‘t} satisfies the condition in the definition of screen-—

ability, and the Proposition II.2 ensures that X is metrizable.
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