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Abstract

This thesis concerns higher order perturbations of the standard model of cosmology. The
theme is addressed in two distinct research areas. The first area deals with linear per-
turbations of Bianchi type I model filled with dust whose flow is irrotational, and which
is an analogue to second order perturbations about the standard model. We investigate
both density perturbations and gravitational waves in the shear dominated and the mat-
ter dominated regimes. We find that whereas the analysis of perturbations in the matter
dominated regime recovers the standard FLRW results, the analysis of perturbations in
the shear dominated regime reveals that density perturbations and gravitational waves

decouple only when the background shear is locally rotational symmetric.

The second part of this thesis is about the second-order perturbations of FLRW model.
We discus a novel way of defining second-order gauge invariant variables. At second order,
the various perturbations modes about FLRW present us with new challenges, ranging
from gauge-problems to mode coupling. We develop a covariant method for extracting
the various modes at second order. We apply the techniques developed to analyse grav-
itational waves generated by second-order effects during inflation. Although we find the
gravitational wave spectrum to be negligible, we have identified a new contribution to the
Non-Gaussianity parameter; fx¢¢ parameter, which needs to be taken into account when

testing the consistency relation.
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Notations, conventions and

assumptions

The following assumptions, conventions and notations are used throughout the thesis,

unless otherwise stated. We adopt the units c =k = k=1 = 82G.

e {- cosmic time,

* = u®V,- derivative along an observer worldline,
e 7- dimensionless time,

e 7- conformal time,

!

- derivative with respect to conformal time,

Flo

e Latin indices (a,b,¢,d ) run from 0 to 3,

e Latin indices (3, j, k) run from 1 to 3,

® V,- covariant derivative with respect to g4, { with signature (- + + +)},
e V,- covariant derivative with respect to hgp,

e | = V; Covariant differentiation with respect to v;;,

e ; = 0; Partial differentiation.

2






Chapter 1

Introduction

This chapter deals with the current status of modern cosmology. It addresses two issues
that seem to contradict; on one hand, the evidence in support of the standard model and
on the other hand, observations that can not be accounted for by this model. The latter
set of issues provides the motivation for investigations beyond the standard model, which
is the subject of this thesis. The chapter ends with a mathematical description of the

standard model of cosmology.

1.1 The best-fit Model

The current best-fit model of the Universe is the ACDM model. This model depicts a
Universe that is spatially flat, and which is homogeneous and isotropic on large scales.
The constituents of this model include ordinary matter, radiation, a cosmological constant
A and cold dark matter (CDM). The primordial fluctuations in this model are adiabatic,
nearly scale-invariant, Gaussian and random [49]. Six cosmological parameters are used
to characterise the properties of this model; the density of matter (,,h2), the density
of baryons (2,h?), the Hubble constant Hp, the amplitude of the primordial fluctuations
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o3, the slope for scalar perturbation spectrum 7,, and the optical depth (7)!, where A is
the dimensionless Hubble parameter. These parameters are robust enough to predict the
statistical properties of the cosmic microwave background (CMB) sky and the large scale
distribution of matter and galaxies [48].

The primary goal of most current and future surveys is to determine these parameters,
and other observational constraints, and thus place tighter bounds on this model of the
Universe. Whereas the power law ACDM models fits Wilkinson Microwave Anisotropy
Probe (WMAP) first year data, a stronger constraints on the cosmological parameters is
obtained by combining WMAP data with data from surveys like the Sloan Digital Sky
Survey (SDSS), the 2dF Galaxy RedShift Survey (2dfGRS) and a range of other experi-
ments [46]. From WMAP third year data, Q,h? = 0.127330% Qh? = 0.022310.%00, h =
0.7313%8 n, = 0.95173915 7 = 0.097333 and o5 = 0.7433% [48]. With the basic param-
eters fixed at the last scattering surface (z = 1100), the ACDM model is therefore able
to predict both the galaxy and the gravitational lensing power spectra; it is also able to
constrain the range of the Hubble constant, and the luminosity distance relationship. In
addition, information about the conditions and the ionisation history of the early universe
may come from the analysis of the polarization of the CMB temperature anisotropy. On
large angular scales, the polarization can in principle probe the Universe at its infancy

i.e., when it was about 10~3%seconds old.

1.1.1 Gravitational waves

Gravitational waves are ripples in space-time and are a generic feature of General Rela-
tivity and therefore an expanding Universe, irrespective of the mechanism through which
they are produced. The existence of primordial gravitational waves was first suggested

in [149] by Starobinsky in 1979.

1'We use 7 in Chapters 3 and 4 to denote dimensionless time,  without a subscript to denote conformal
time and o with letter subscripts to denote shear tensor



Experimentally, the goal is to determine the density spectrum of gravitational waves,
denoted by Qcw, and which is proportional to a transfer function derived from the wave
equation (2.33) (see Chapter 2). So far a number of terrestrial experiments such as LIGO
[128], VIRGO [86], TAMA 300 [126], and GEO [127], have been set up to try and
detect gravitational waves from a variety of sources. The most promising experiment for
gravitational waves is the Laser Interferometer Space Antenna (LISA) [123] which is
planned for launch in 2015. LISA technology is set to reach the sensitivity levels required
for the detection of waves from most compact binary sources having periodic spacetime
strains of 1072}(Hz)Y/2, where Hz is the gravitational frequency in Hertz. [148]. The
detection of primordial gravitational waves is however much more challenging due to the
sengsitivity levels required. The planned Planck mission may have the sensitivity required
to detect primordial gravitational waves (see Fig. 1.1).

The power spectrum of gravitational waves plays a crucial role, for example in cosmo-
" logical studies, in that it provides a link between theory and experiment. The quantity
usually determined is the ratio of the power spectrum of the tensor to that of the scalar;
r = Pr/Pr. Slow-roll inflation predicts r = 16¢, where € is the standard slow-roll pa-
rameter [100]. It follows that WMAP gives the upper the limit of these fundamental
quantities, r < 1.28 (95%) which implies that ¢ < 0.08, and which then provides an upper
bound on the energy scale of inflation < 3.8710' GeV [119]. Although the direct detec-
tion of gravitational waves remains a challenge, requiring improvement in technology, an
indirect detection of gravitational wave background may come from the successful extrac-
tion of the B-Mode polarization in the CMB temperature anisotropies. This is of great
interest to cosmology as a detection of polarization for | < 100 would lead to a better
understanding of the physics of the early universe, at energy scales of 10> — 106 GeV
[55]. A major challenge in extracting the B-mode polarization of CMB anisotropy is fore-
ground contamination. The way around this is to allow the experiment to run for a longer

period of time, thereby allowing for a more accurate estimate of the noise level [55]. The
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situation should improve with the launch of Beyond Einstein Mission [3], whose primary
responsibility will be to map out CMB polarization.

These experiments target stochastic gravitational wave background predicted in the
inflationary paradigm, and which are in agreement with the isotropic and homogeneous
models. But as we shall point out in the next section, there are several anomalies in the
CMB that motivate the analysis of anisotropic models and non-linear perturbations of
FLRW. In light of this, we shall cdnsider pure gravitational waves in perturbed Bianchi I

universe field with dust in Chapter 3.

1.1.2 Discrepancies

It may appear that the issue concerning a model that correctly describes the evolution
of the Universe has been settled, given the review presented this far. However, continued
assessments have revealed some discrepancies with our best-fit concordance model. In
this model, anisotropies generated by primordial fluctuations in the inflationary field are
imprinted in the CMB, which should then be statistically isotropic and Gaussian. Based
on this, most statistical studies of the CMB seek to determine if there exists any violation
of these properties. In some cases we may not be in a position to unequivocally determine
such violation. For example, a primordial density field is theoretically a single realisation
of some random process [90], and to test this idea, it is necessary to observe and average
over a number of such realisations. The problem is that we only have one universe to
observe and thus there will be a variance in our average. It clear that we can not do
anything about this average which is referred to as the cosmic variance. The issues that
turn to next are more disturbing.

First there was the initial detection of a curiously low quadrupole amplitude by Cosmic
Background Explorer (COBE [47]), which was discussed in detail by Efstathiou in [36].
This was followed by claims that there exists a strange planarity and alignment of the

quadrupole (I = 2) and the octopole (I = 3), with the possibility that this alignment
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extends to higher multipoles [45,96, 130,52, 53, 51, 50, 30, 59]. There is also a report of
the detection of non-Gaussianity, seen as a very cold spot on the sky of angular scale 10
degrees. The alignment that extends between the first four multipoles (I = 2 — 5) has
become as known the Azis of evil [96]; which if proved to be an intrinsic feature of
the anisotropies, may break the magical spell of the concordance model. In principle,
such an alignment may point to the existence of a feature in the CMB that picks a
preferred direction or a form of statistical anisotropy. Although this could arise from
foreground contamination, results from the difference maps constructed from the WMAP
foreground corrected maps indicate that such contamination is unlikely to lead to the
levels observed [62]. The fact that the alignmenf includes the quadrupole suggests that
the anomaly may be an intrinsic feature of the cosmological model and therefore provides
a motivation to investigate anisotropic cosmological models. For example, in [62], the
authors have used what they call the best-fit Bianchi model (Bianchi type VII;) to correct
a combination of various WMAP sky maps. They find among other things, that the
Bianchi corrected maps exhibit greater isotropy compared to the uncorrected maps. They
also find that the general shape of the corrected spectrum is flatter than the WMAP best-
fit power spectrum, which agrees with the theoretical fit made to the northern hemisphere

data in [50]. This further strengthens the motivation to analyse anisotropic models.

1.1.3 Non-Gaussianity

Primordial cosmological density fluctuations are usually studied within linear perturba-
tion theory since they are small; comparable to CMB temperature anisotropies (67'/T ~
1075). In standard slow-roll inflation, density perturbations are Gaussian and are pro-
duced when the inflaton field ¢ slowly rolls down its potential V'(p), thereby giving rise
to the fluctuations in ¢ and the metric (see Kolb and Turner [95], page 272). At the
end of inflation, the inflaton oscillates about the minimum of its potential and decays,

which leads to the reheating of the Universe. It is then thought that the final temper-
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ature anisotropies are the result of inflation lasting for different amounts of time in the
different regions of the Universe, leading to adiabatic perturbations. The single field sce-
nario presented above is just one of the several competing inflationary scenarios. Density
fluctuations could also be produced through other mechanisms, such as the inhomoge-
neous reheating of the Universe [139,70,69,93,121], the D-acceleration in the AdS/CFT
correspondence [147] or even by ghost inflation [44], and therefore the debate over the
origin of these fluctuations is far from over. The present WMAP data and data from
future surveys will enable us to distinguish between the various competing inflationary
paradigms.

The first and third year WMAP data sets [48] highly favour the slow-roll inflationary
paradigm. It must pointed out, however, that claims such as the very cold spot in the
WMAP sky data [59] merit investigating non-Gaussianity, as its presence may indicate
that a mechanism other than the slow-roll inflation may have been responsible for these
fluctuations. Other claims such as those of a preferred direction in the CMB temperature
anisotropies do point to the possible existence of some Bianchi type phase. Neverthe-
less, these anomalies provide sufficient motivation to go beyond the standard model in a
different way. Statistically, a pure Gaussian distribution is completely described by its
two-point correlation function. Non-Gaussianity is usually parametrised by the quantity
fnr associated with Bardeen’s gravitational potential ® = ®; + fy;®2 [119]. This equa-
tion indicates that in order to keep track of the level of non-Gausianity for the evolving
Universe, one needs to perform a perturbation around the homogeneous background up
to second order. Current theoretical estimates indicate that for WMAP data, the non
Gaussianity should be detectable through a non-vanishing three-point function of scalar
perturbations if fyz > 20 [56]. Data from the planned Planck mission will lower this
limit e\}en further to fyr > 5, however the critical level of fyr ~ 1 necessary to detect
the non-Gaussian contributions from second-order perturbations may still prove challeng-

ing. In Chapter 6, we shall examine a new contribution to the fyr parameter given by
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second-order effects arising from density perturbations.

1.2 Basic concepts

Observations indicate that the universe is homogeneous and isotropic on large scales, but
it is also clear that in regions nearby, the universe is highly inhomogeneous, with clumps
of matter in the form of stars, galaxies and clusters of galaxies distributed across the
visible universe.

In practice, the dynamics of the Universe is usually studied in two parts. The large
scale behaviour of the Universe is described by a homogeneous and isotropic background,
with the small-scale irregularities superimposed. For much of the evolution of the Uni-
verse, these irregularities can be considered as small perturbations of this background
and are usually treated using linear perturbation theory. But as indicated in the previ-
ous section, there are a number of factors that motivate the development of higher order
perturbation theory. This thesis is therefore an attempt to go beyond linear perturbation
theory. We first consider the basic concepts upon which the rest of the thesis will be built.

1.2.1 Standard Model of Cosmology

Most well developed models of standard cosmology begin with two basic assumptions.
The first assumption is that on large scales, the distribution of matter in the universe is
homogeneous and isotropic (i.e. the cosmological principle) and the scales at which such
smoothness is observed can be self-consistently determined by the model. It has been
argued that if the expansion of the universe were anisotropic, we should be able to detect
equivalent levels of anisotropies in the CMB [95].

The second assumption is that gravitational interactions determine the large scale
structure of the universe and that such interactions are described by General Relativity.

By assuming that matter in the universe is distributed uniformly on large scales, we can
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use General Relativity to compute the corresponding gravitational effects of such matter.
Since gravity is a property of space-time in General Relativity, this would be equivalent
to computing the dynamics of the space-time itself. The general consensus today is that

the two assumptions mean the following:

1.2.2 Metric

The first assumption indicates that the large scale geometry can be described by the
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric of the form,

dr?

1-Kr2

ds® = —dt?+a’(t) + r2(d6? + sin? 0d¢2)] : (1.1)
where a(t) is the scale factor, while r, # and ¢ are spherical polar co-ordinates. The
constant K is the scalar curvature. We note that this constant takes three types of values
with important implication on the geometry and the evolution of the model. When K < 0,
the curvature is said to be open and the model corresponds‘to a hyperbolic universe. When
K = 0, the curvature is said to be flat and the model corresponds to a universe with flat
spatial sections. When K > 0, the model corresponds to a closed universe.

A consequence of the homogeneity of the spatial hypersurfaces is that a unique time
dimension is picked out. This effectively splits the 4-dimensional spacetime into three
spatial and one tempora.l. The time coordinate will be denoted by ¢ and is referred to
as the proper time or equivalently the cosmic time. A more useful time parameter is the
conformal time defined by

a(n)dn = dt. (1.2)

This allows a scale factor of a?(n) to be taken out of the metric, leading to a line element

of the form,

+ r2(d6? + sin® 8d¢?)]| . (1.3)

dr?
2 _ 2 am2
ds® = a(n)[ " + [T
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Conformal time is significant as it determines the particle horizon. In terms of comoving
distance, this horizon is equal to the conformal time 7, that has passed since the Big
Bang times the speed of light c. In other words, the finite distance light signal can travel
between the big bang and the present [131].

1.2.3 Einstein’s Field Equations

The presence of matter introduces curvature in the spacetime geometry, this curvature
in turn influences the motion of matter. The second assumption suggests that these
relationships between matter and curvature may be given by Einstein’s equations with

energy momentum tensor acting as a source,
1
Gap = Rap — 5 Rgap = Tas, (1.4)

where Gap, Rap, R, gap, and Ty, are the Einstein tensor, the Ricci tensor, the Ricci scalar,
the metric tensor, the energy-momentum tensor respectively. The most general form of
equation (1.4) includes the term (-Agep) on the rhs, where A is the cosmological constant.
The energy momentum tensor T, represents the physical properties of the different types

of matter fields.
The conservation of the energy-momentum tensor follows from equation (1.4) and the

twice-contracted Bianchi identities, where
ViG® = 0= VT = 0. (1.5)

From this compact conservation equation, the separate conservation equations for the
energy and the momentum are easily obtained. The energy-momentum tensor encodes
the physics of the matter fields. In what follows, we examine the most commonly used
form of this tensor, which turns out to be sufficient for the discussion of the standard

model.
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1.2.4 Energy momentum tensor

Whereas the lhs of equation (1.4) is determined by the metric tensor of spacetime given
by the line element (1.3), the rhs requires matter to be of a perfect fluid form, due to the
homogeneous and isotropy condition. In general, other types of sources may be important
in the EFE and therefore need to be taken into account. The energy momentum tensor

for a perfect fluid takes the form

Top = (i + p)uatiy + PGab, (1.6)

where u® is the fluid 4-velocity, p = Tou®u® is the energy density, p = 3T5h® is the
isotropic pressure and g is the metric. If we assume that p = 0, we have the simplest
case: pressure-free matter (dust or Cold Dark Matter).

In general, one needs to specify the equation of state, the simplest being one that links
p and p. These not withstanding, It is usually required that one or all of the following

energy conditions hold,
p>0, (p+p)>0, (p+3p)>0, (1.7)

(the scalar fields in inflationary universe models, which we consider in section (1.2.6),

however violate the latter condition). In addition it is usually required that the isentropic

op
au s=const

O§c§51=>05(a—p-) <1, (1.8)
’ au s=const

which is required for local stability of matter (lower bound) and causality (upper bound),

speed of sound

obeys

respectively. In these expressions and inequalities, s is a measure of the entropy.
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1.2.5 Exact Solutions

Substituting (1.1) into the EFE (1.4) with perfect fluid, one finds the Friedmann and the
Raychaudhuri equations,

a\?2 ua2
and
a” a\? 1
—- (Z) = —z(u+3p), (1.10)

respectively. The immediate consequence of these two equations is the continuity equation

or the energy conservation equation,
p +3H(p+p) =0, (1.11)

where H = aH (H = a/a is the Hubble parameter). This equation can also be ob-
tained from the energy-momentum conservation equation(1.5). In order to determine the
cosmological evolution, it is easier to combine (1.9) and (1.5).

We shall assume that the equation of state (EOS) for the cosmological matter is of
the form p = wy, where w is constant. This EOS includes the two types of matter that
are important in cosmology, radiation given by w = 1/3 and dust given by w = 0. The

integration of the energy conservation equation (1.11) gives
p o @~ 30Hw), (1.12)

Now substituting (1.12) into (1.9) and taking the model to be spatially flat (X = 0), one

finds that,
a 2 /1'00'2 a —3(1+w)
; = ---3-—- a—o . (1 . 13)
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In this case, the subscript 0 stands for quantities evaluated today. It is clear that,
a'/a o a~(1+3)/2 and H = 2/(3w + 1)n. The evolution of the scale factor in the universe
dominated by non-relativistic matter; a o< 1%, and in a universe dominated by radiation;
a < 1. We also note that the cosmological constant corresponds to an equation of state
w = —1 (it can be shown that this corresponds to exponential growth in the proper time
coordinate). We now turn to scalar fields which play an important role in the physics of

the early universe.

1.2.6 Scalar fields

Let us consider a minimally coupled scalar field with Lagrangian density,

Ly=—V/=g[3VadVob+V(9)], (1.14)

where V(¢) is a general (effective) potential expressing the self interaction of the scalar
field. Using the conventions of [168], we note that the Hilbert-Einstein action in presence

of matter is defined by,
A= [da*v=gmkaR+ L], (1.15)

The equation of motion for the field ¢ folIowing from Ly is the Klein - Gordon equation

VaV—V'(4) =0, (1.16)

where the prime? indicates a derivative with respect to ¢. The energy - momentum tensor

of ¢ takes the form

Tap = VadVso — gas [V VD + V(8)] 5 (1.17)

2Not to be confused with the use of prime elsewhere e.g. derivative with respect to conformal time

1.2).
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provided ¢, # 0, equation (1.16) follows from the conservation equation
V,T® = 0. (1.18)

We shall now assume that in an open region U of spacetime, the momentum density V*¢
is timelike:

VapV? < 0. (1.19)

This requirement implies two features: first, ¢ is not constant in U, and so {¢ = const.}
specifies well-defined surfaces in spacetime. When this is not true (i.e., ¢ is constant in

U), then by (1.17),
Vap=0 & Typ=—gaV(p) = V =const., (1.20)

in U, [the last being necessarily true due to the conservation law (1.18))] and we have an
effective cosmological constant in U rather than a dynamical scalar field. As we shall see

in Chapter 6, this is a significant feature of slow-roll inflationary paradigm.

1.3 Chapter conclusion

In this chapter we reviewed the current status of cosmology, highlighting issues that the
standard model fails to explain. The anomalies reviewed in this chapter provide the

motivation for the work presented in the rest of this thesis.



Chapter 2

Cosmological Perturbation Theory

The main aim of developing cosmological perturbation theory is to examine the properties
of primordial density fluctuations necessary to explain the observed large scale structures
of the Universe, and to clarify the origin and the evolutionary behavior of such density
fluctuations. The other aim, which is not any less important, is to examine the properties
and evolution of gravitational waves. This chapter reviews linear perturbation theory in
cosmology. The metric (equivalently the co-ordinate based approach) and the covariant
formalisms are presented separately, followed by their compa.risoh. Although this chapter
is primarily about linear perturbation theory, it ends with a motivation for developing
higher order perturbation theory, which is the major theme of this thesis. We begin by

reviewing the idea of cosmological perturbations as given in [152].

2.1 Linear Perturbation Theory

In general, a spacetime can be regarded as a pair (M, g,) of a smooth, four dimensional,

connected, Hausdorff! manifold M endowed with a smooth Lorentz metric gqpof signature

1A topological space M is said to be a Hausdorff space if it satisfies the Hausdorff separation axiom:
Whenever z and y are two distinct points in M, there exists disjoint open sets U and V in M such that
zeld and yeV  [79]

19
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(— + ++). A perturbation of (M, g) can then be thought of in three different ways: (1)
As the process of changing (M, g) to a slightly different spacetime (M, §), or (2) as some
measure of the difference between (M, g) and (M, ) where M is the real spacetime, or
(3) a result (M, §) of changing (M, g) slightly. The first and the third ideas may sound
similar, however it should be noted that the former emphasises the process while the latter
emphasises the result, a distinction worth keeping. Perturbation theory therefore deals
with two spacetimes that differ slightly.

The two widely used perturbation formalisms, as already mentioned, are the metric
approach and the covariant approach. The metric approach is the more widely used and
involves perturbing the metric and the matter variables. For a long time, gauge issues
in the metric based method hindered the development of perturbation theory as a tool
for cosmological analysis. This lead to the development of two main approaches to deal
with these gauge artefacts. The first method involves fizing the gauge, while the second
involves working with gauge-invariant variables. These remedies were first suggested in
Bardeen’s major paper [§8]. A thorough review of the metric approach can be found in
[8,118,92].

Building on the work of Bardeen, Ellis, Bruni and coworkers, developed an alternative
approach based on variables that are covariant and gauge invariant. This alternative
method is referred to as the covariant approach. A review of this formalism can be found
in [41,43], while a comprehensive review of its applications can be found in [160]. We

first examine the metric approach.

2.2 Metric approach

In the metric approach, fundamental quantities of the FLRW universe such as the metric
(gas), are perturbed. A perturbed metric then leads to a perturbed line element, while the -

perturbation of the Ricci tensor and energy momentum tensors lead to perturbed Einstein
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Field Equations (EFE). In order to build linear perturbation theory in this framework, one
needs the complete list of linearly perturbed quantities. We note that the same scheme

can be extended to higher-order perturbations (see Chapter 6).

2.2.1 Linearly perturbed metric tensor

The mathematical form of the perturbed metric can be written as follows:

9ab = 92 + 8 gas, (2.1)

where the unperturbed background metric is denoted by a superscript (0). It is possible
to show that the metric perturbations further split into a divergence-free and trace-free
part that we will refer to as the pure tensor, a divergence-free part called a pure vector
and curl-free part called a pure scalar. This splitting is based on the way these parts
transform on the spatial hypersurfaces (for detail see [92] or [118]). In the case of the

perturbed metric, we have

goo = —a*[1+2¢], ¢%°=—a"?[1-24], (2.2)
g = a’By—E&), ¢%= a~?[BY - &), - (2.3)
9 = a*[(1—-2¢)w; + 2By + 2Fq) + &),

g7 = a7 (14 29)y7 — 2B — o€l _ g4, (2.4)

where (¢, v, Band E) are scalars, (£; and F;) are vectors and (£;) is a tensor (8'6; =0 =
8E;).
The linearly perturbed FLRW line element now reads

ds® = a’(n){~(1+ 2¢)dn® + 2(By; — &;)dndz’
+ [(1 - 2¢)7§j + 2E|,'j + 2F’(i|j) + gij]d:cid:cj}. (2.5)
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The background metric is easily recovered by dropping all first order terms from this line

element.

2.3 The connection and Ricci tensor
In a torsion-free metric, the connection coefficients are given by the Christoffel symbols
I = 29° (dabe + Gacy — Gbe,a) (2.6)

from which one can obtain the individual connection coefficients. The Riemann tensor is

given by,
Rabcd = Fabd,c - Fabc,d + F“ecFebd -_— F“edFebc. (27)

Given the Riemann tensor R%.4, the Ricci tensor is obtained by simple contraction of a
and c. A further contraction of b and d yields the Ricci scalar R. The components of the

unperturbed Ricci tensor and Ricci scalar are,

Ry = —3M, | (2.8)
Ry = 0, (2.9)
R; = (M +2H*+K)vy, (2.10)
R = S(H+H+K), (2.11)

where H = d’//a. The linearly perturbed connection coefficients can be obtained by

simplying the products of the metric and the perturbed metric, from which we obtain,

6T%q = 169% (9abd + Gadp — vda) + 39° (09ab,a + 09adp — Ogba,a) - (2.12)
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The linear perturbation of the Riemann tensor is given by,
OR%%eq = 5Pabd,c - 5Pabc,d 4+ T2 0% + 0% e %0q — I eqb%pe — 61%q . (213)

From this expression, we calculate the linear order Ricci tensor by contracting over the

first and third indices, which give,

§Roo = 3H¢ +V3¢+3(" +Hy) + V(B +HB) - VX(E" + HE'),  (2.14)
SRy = 2Mgy+ 20 + (H +2H2)(B; — &) + V(& + F)), (2.15)
6R; = [-H¢' —2(H +2H?)(p+¢) — ¢" — MY + Vv — Biij + Py
— (Bji; +2By;) — HV*(Byi; + E'vj) + [E" + 2HE' + 2(H' + 2H?)E)
+ Ea) + 2MEq5) + Fliyjy + 2HF5 + 2(H + 2H2) Fyy) + 3€05 + HE;
(M +2H?)E,; — LV3E,. (2.16)

Finally, the first order Ricci scalar takes the form

R = H[-6HEy +¢) -6y +2V*(2¢ — ¢) — 12£ ¢
— 6HV%(B - E') - 2V¥(B' - E")], (217)

where V2 = ViV;.

2.4 The perturbed energy momentum tensor

In order to find the linearly perturbed EFE, we also need the linearly perturbed energy
momentum tensor. This can be obtained in a manner similar to that we have used to

obtain the linearly perturbed Ricci tensor. In particular,

Ty =T + 6Ty, (2.18)
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In this section we present the linearly perturbed energy momentum tensor of the imperfect

fluid. The perturbed momentum tensor takes the form,

0T o = (p + 1) (vabVs + 0vas) + (Ot + 0p)vavs + 2(q(a0vs) + V(0Gs)) + OTan, (2.19)

where

v = %[—qﬁ, 6v], (2.20)
5'00, = a[—-¢, (S'Ui + B,i - gi], (221)
from which it follows that,
0T = a26p+ 2a¢p, (2.22)
6T = —adg; —a®(u+ p)ov; — a®u(By; — &), (2.23)
6Ty = a*0pyij + 0mj + a’p(—2y;; + 2By + 2F ;) + &) (2.24)

where v; is the velocity vector, g; is the energy flux and m; is the anisotropic stress tensor,

all defined on the 3-hypersurfaces.

2.4.1 Perturbed Einstein Field Equation

The general covariance of the Einstein field equation guarantees that the linearly per-
turbed equation takes the form,
(SGab = (STab, (2-25)

where both side should ideally be expressed in terms of gauge invariant variables. Gauge-
invariant formulation in the metric approach was first given by Bardeen [8] and later
developed in [92,118,35]. In this approach, one considers ways of defining gauge-invariant

variables based on how the various first order quantities transform. Assume, for example,
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that the quantities, (¢,, E, B, &, F}, &;) transform to (¢, ¥, E, B, £, &.;), where the
scalars and the vectors obey their individual transformation properties.

The perturbation of any scalar quantity f about a FLRW background transforms as
8f =6f — L°f). (2.26)

Therefore scalars on the hypersurfaces, such as spatial curvature, acceleration, shear and
the density perturbation only depend on the choice of the temporal gauge, L°. The spatial
gauge, determined by L, will only affect the components of the 3-vectors and 3-tensors
on this hypersurface.

Vector quantities that are derived from a potential, such as the velocity potential v,
only depend on the shift L within the hypersurfaces and are independent of L°. It can

therefore be shown that the velocity potential transforms as,
t=v+ L. (2.27)

The function L* only affects the components of divergence-free 3-vectors and 3-tensors on
the 3-hypersurfaces. A quantity such as the velocity perturbation v* therefore transforms
as,

7 =0 + L7, (2.28)

There are no tensor type gauge transformations in linear perturbation theory. Because
the metric and the matter perturbation defined in the previous section are not gauge
invariant, one usually tries to find linear combinations that are gauge-invariant in order
to proceed towards a gauge-invariant formalism. A detailed review of this can be found
in [118]. In general there are several possible choices that allows for gauge-fixing. The

simplest gauge-invariant linear combinations of the scalars (¢, 9, E, B) were first given by
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Bardeen and read,
d=¢+1[(B-EY), VT=y-%L(B-E) (2:29)

which turn out to coincide with the metric perturbations in the longitudinal gauge as
discussed in the next section. Gauge-invariant perturbations can also be defined based on

other choices of space-time time-slicing. We consider a few of these in the next section.

2.4.2 Other gauge choices

In this brief review, we shall only give a few gauge choices without showing the gauge-
invariant combinations. The synchronous gauge choice is obtained from setting (q~5 =B=
0). This choice, which was first used by Lifshitz [102], does not completely fix the gauge.
The other common choice is the longitudinal (also called the conformal-Newtonian) gauge.
This is arrived at by setting (1~3 =F= 0). Unlike the synchronous choice, the longitudinal
choice completely fixes the gauge. It follows that in this gauge (¢ = ®,9 = ¥). The
Comoving orthogonal gauge is chosen by requiring that the 3-velocity of the fluid vanish
(9 = 0). The orthogonality of the constant-n hypersurfaces to the 4-velocity, then requires
# 4+ B = 0. One can also choose the Uniform density gauge. In this choice the matter
content is used to pick out uniform density hypersurfaces on which perturbed quantities
can be defined. In general, setting §fi = O implies L® = p/uf. This has been used to
define the gauge-invariant curvature perturbation ¢ [29,114,87] on these hypersurfaces
given by

(=P =9 +Hbp/m. (2.30)

The remaining degrees of freedom can be set by demanding that either B, E or © be zero.
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2.4.3 Scalar perturbations

Let us consider scalar perturbations in the longitudinal gauge. In this gauge ® = ¢ and
¥ = 4, in addition ® = ¥ for perfect fluids and scalar fields. In the case of perfect
fluid, substituting the individual parts of Eq. (2.2), equations (2.8) and (2.14) into the
perturbed Einstein field equation given that 0Gj = dRp — % ghoR — %R& g5, where R} =
g%6Ry + Rapdg® for a = b = 0, yields an‘ equation with perturbed energy density as
a source. In the Newtonian limit, this equation is the usual Poisson equation for the
gravitational potential induced by some energy-density perturbation. The substitution of
(2.10), (2.11), and (2.16), into the perturbed EFE yields an equation with the perturbed
pressure as a source. Applying the adiabatic condition §p = c?,0u, and setting ¢ = w,

the two equations combine to give,
" + 3H(1 + c2)®' — 2V2® = 0. (2.31)

This variable characterises the evolution of density perturbations in the metric approach,
as it is related to a gauge-invariant density contrast [118]. The standard approach is
then to Fourier decompose this wave equation ie. ® = 3 ®,Q%) , where Q is a scalar
Fourier basis obtained by solving the Helmholtz equation.

The usual approach involves the introduction of a new variable( see [118]) that simpli-
fies its form and then leads to desired solutions for given k. It can be shown, for example,

that in the case of dust,
®x(n) = Yk + Var/7°,

where ); and ), are constants with respect to n. The radiation case solutions are

o), = (?ﬂ'ﬁ% + \/3) cos (%73-1) + ((—kl'%gﬁ - m%@-%) sin (%%l) , (2.32)

where again ) and ), are the constants of integration.
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2.4.4 Tensor perturbations

Since there exists no tensor type infinitesimal gauge transformation, g_ij is gauge-inva.riant
by itself. Applying the process used to isolate scalar perturbations to the case of tensor
perturbations yields

& +2HE; — V?E; =0, (2.33)

where equations (2.4) and (2.11) are used. Here again, one applies Fourier decomposition

using a tensor basis. It can be shown that in the case of dust one obtains the solutions

& = (ke + i) coo(kinl) + (e — cdife ) sinkinl), (2.34)

where X; and X, are the constants of integration. The radiation case solutions are

& = (ﬁ% sin(k{n|) + G"—]ﬁ,“ﬁ cos(k|n)), (2.35)

where again X and X’ are constants. We now turn to the covariant formalism before
comparing the two approaches at linear order. Adopting the approach usually employed
in discussing perturbations in this method, we first present the full nonlinear covariant set

of equations, then drop terms to obtain the linear perturbations of the standard model.

2.5 Covariant approach

In the 1+3 covariant formalism developed by Ellis and Bruni [41], kinematic quantities
based on a fundamental 4-velocity, the energy momentum tensors of matter sources, the
electric and the magnetic parts of the Weyl curvature tensor are used rather than the
metric. The fundamental equations are the Ricci and Bianchi identities, applied to the
4-velocity vector, with the Einstein’s equations included via algebraic relations between

the Ricci and the energy momentum tensor.
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2.5.1 Average 4-velocity of matter

In order to define a 4-velocity, we need to consider a general spacetime given by the pair
(M, g). For such spacetime, it is usually assumed that there is a well-defined preferred
motion of matter and hence a unique 4-velocity. At late times this is taken to be the
4-velocity defined by the vanishing of the dipole of the CMB. This is reasonable as only
one 4-velocity will set this dipole to zero. This 4-velocity is given by

w = & ugu® = —1, (2.36)

where t is the proper time measured along the fundamental observer worldlines [43).

2.5.2 Projection and Permutation Tensors

Given u?, there are defined unique projections tensors,

U = —utup = UPU% = U%,U% = 1, Untt® = 1, (2:37)

Pab = Gab + Ugtip => h®h% = h%, h% = 3, hgpu’ =0, (2.38)

where the first projects parallel while the second orthogonal to the velocity vector u®.

There is also a volume element for the rest-spaces,

Eabe = UNdabe => Nabe = Mabd), Nabc® = 0, (2.39)

where 7)gpeq i8 the 4-dimensional volume element and e, defines a permutation tensor.
We can define the covariant time derivative along the observer wordlines, where for any

tensor 7%,
T2 = utV, T%,, (2.40)
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and the orthogonal projected covariant derivative V,, where for any tensor T,
VT®oy = h®th® hP hIhT Y, T, (2.41)
We next consider variables relevant to this formalism.

2.5.3 Kinematical variables

Using these projection tensors and covariant derivatives, the 4-velocity u, may be split

into its irreducible parts given by their symmetry properties [38]. This reads
Vaty = —usdy+ Vaty = 10hgy + 0ap + was, (2.42)

where Ay = 1 = uVup, © = f7,,u“, Oab = V~7<aub), Wap = V7[aub] (W = %e“"cwbc). O is the
volume-rate of expansion of the fluid (such that © = 3H, where H is the normal Hubble
parameter in the FLRW model). The trace-free symmetric rate of shear tensor is given
by oa (such that ogiub = 0, 0%, = 0). The vorticity is given by the skew-symmetric
tensor weap, (wWapu® = 0). It is important to note that V, coincides with the 3-dimensional

covariant derivatives, in the case where the vorticity vanishes.

2.5.4 'Weyl Curvature Tensor

In general the Riemann tensor Rypg takes the form,
Ravea = Cabea + GalcRbja — gbjcRaja — § Rabed- (2.43)
In this equation, gabed = Gacgbd — Jaagbe, and

Cabed = (GabpgGedrs — MabpqNedrs JUPU" EY + (NabpgGedrs + Jabpgodrs )uPu” HE, (2.44)
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where Cipeq is the Weyl tensor. The quantities Eq, and Hyy are the electric and the

magnetic parts of the Weyl tensor, alternatively given by,

Eab = Cacbducud, Hab = %nadeCd‘beuc, (2.45)

such that
E% =0, Ey=Eg, Eusu®=0, (2.46)
H% =0, Huy = Hgy, Hau®=0. (2.47)

These tensors represent the free gravitational field, enabling gravitétional action at a
distance, and influence the motion of matter and radiation through geodesic deviation
equation for timelike and null vectors, respectively [23,132,133,153,154]. We now look

at the matter tensor.

2.5.5 Matter Tensor

The matter energy-momentum tensor Ty, can be decomposed relative u® as follows:
Ty = pugup + gaUp + Uags + Phap + Tab, (2.48)

where 1 = (Tyuub) is the relativistic energy density relative to u®, ¢* = —Thubh®® is
the relativistic momentum density, that corresponds to the energy flux relative to u®,
p = 3(Twh®) is isotropic pressure, and me = Tegh®gh%, is the trace-free anisotropic
pressure or stress.

The physics of the situation is determined by the various components making up the
energy momentum tensor. It is common to impose the perfect fluid restrictions

¢ =7 =0, (2.49)
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which reduces the energy momentum tensor to
Top = gty + Phap. (2.50)

It is also standard to give the equation of state, relating pressure to the energy density

(see Chapter 1).

2.5.6 Nonlinear Covariant Equations

From EFE (1.4) and its associated integrability conditions, one finds three sets of fun-
damental equations. The first of these sets arises from the Ricci identities for the vector
field u®, i.e

VaVous — VyV,ul = Rgpqul. (2.51)

The various velocity gradients can be substituted for using Eq. (2.42), while the rhs can
be substituted for using the Einstein field equation. The resulting equation can then be
separated into the orthogonally projected part and the parallel part. The orthogonally
projected parts can be separated further into a trace, symmetric trace-free, and skew
symmetric parts. These procedures yield three propagation equations and three constrain

equations. The first of these is Raychaudhuri equation [138]:
O = V,A°® — 10? + (A,A%) — 0®0up + (w™was) — L(1 + 3p) + A, (2.52)

which is interpreted as the equation of gravitational attraction and which shows the
repulsive nature of a positive cosmological constant. The p + 3p term counteracts the
repulsive cosmological term and is interpreted to be the active gravitational mass density.

The second equation is the vorticity equation given by,

Wiay = 3€ancVPA® — 28w, + 0Py, (2.53)
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When the vorticity is zero, it follows from (2.53) that the curl of acceleration vanishes.
Most significant however, is that the vanishing of vorticity allows us to define orthogonal
hypersurfaces and leads to the spatial derivative coinciding with the 3-surface spatial
gradient. Vanishing vorticity will be a recurring assumption in this thesis.

The third equation produced by the Ricci identities is the shear propagation equation
which takes the form,

Olab) = 6(aAb) - %90’@ + A(aAp) — WiaWp) — 0c(a0t)° — Eqp + %Wab- (2.54)

Apart from the three propagation equations, the Ricci identities also produce the following

constraint equations. The divergence of shear constraint is given by,
(Ch)a = V00s — 2V,20 + €ape[VouwC + 24%) + g, = 0, (2.55)
while the vorticity divergence identity is given by,
(C3) = Vow® — Agw® = 0. (2.56)

The Ricci identities give the a constraint equation for the magnetic part of the Weyl

tensor:
(C3)ab = curl (0ap) — Hap — 2A(qwiy — 6(.,%) = 0. (2.57)

This equation shows how distortion of the vorticity and the rotation of shear determines
the magnetic part of the Weyl tensor. We note that this constraint has no contribu-
tion from the non-perfect fluid terms. In the absence of vorticity, the magnetic part is
completely determined by the curl of the shear.

The next set of equations arise from the twice-contracted Bianchi Identities. These

are the energy density propagation equation and the momentum propagation equation,
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given by
= =Vag® — O+ p)pu — 245q° — (00p7™) (2.58)

da) = _€7ap - ebﬂ'ab = %0%, —(u+p)A, - Uba‘]b - Abﬂ'ab - €abcwcha (2-59)
respectively. In the case of the perfect fluid, these two equations reduce to,

fr=—O(u+p)u (2.60)

and

0=Vap+ (n+p)A, (2.61)

where u + p is the inertial mass density. For ordinary matter, one requires that u+p > 0,
which corresponds to the energy condition (1.7) The last set of equations come from
Bianchi identities:

VieRogae = 0. (2.62)

Besides the conservation of the Einstein tensor which results from the double contrac-
tion of these identities, two propagation and two constraints also arise.

The 1+3 splitting of the electric and the magnetic parts of the Weyl tensor (2.45), the
Einstein field equation which includes the cosmological constant and the once-contracted
Bianchi identities give the two last propagation and constraint equations needed to form a
closed system of covariant equations. These are the propagation equations for the electric

and the magnetic parts of the Weyl tensor given by,

Egay = —17% + curl Hyy — %‘7(‘1%) — 1+ P)0us — O(Eap + £7ap)
+305,(Bye — 5M)c) — Aty + €ca@[2A°Hy® + w(Ey® + 3my%)], (2.63)
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and,

H(ab) = -—ecd(a[ZAch)d - %O'b)ch - wcHg] + curl (%71’05 - Eab) —©OH, + 3U€aHb)c + %w(aQb)’
(2.64)

where the curl By = ecd(aﬁch)d. The two equations (2.63 and 2.64) form the foundation
of the covariant analysis of gravitational radiatidn, a theme we return to in Chapters (3,
5, 6).

The two constraints arising from the identities (2.62) are the divergence of the electric

and the magnetic parts of the Weyl tensor. These are,

(Co)a = VPEup+ 3VPra — 3Vap + 36g, — 10%ags — 3w Hap — eancob H — 3wbq] =0,
(2.65)
(Cs)a = VPHa+ (b +p)wa + 3w (B — 17ab) + Eancoy( B + 4n°?) = 0. (2.66)

Whereas the divergence of the electric part of the Weyl tensor is an analogue of the
Newtonian Poisson equation [43], the magnetic part has no Newtonian analogue.
Equations (2.63-2.66) are very similar to Maxwell’s equations in a curved expanding
background (which is why Eg and Hy, are referred to as the electric and the magnetic
part of the Weyl tensor [43]). This important difference will be exploited when analyzing
gravitational waves. It can be seen from (2.65) that the divergence of the electric part
of the Weyl tensor has gradient of the energy density as a source. This represents a
tidal action at a distance. The magnetic part of the Weyl tensor on the other hand has
vorticity as a source. Together these equations describe the couplings that occurs between
the 'free-gravitational field’ represented by these parts of the Weyl tensor, and the the

dynamics of the fluid flow.
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2.5.7 Ricci tensor and Ricci scalar

The contraction of Riemann tensor R®. gives the Ricci tensor R%;, while that of the
Ricci tensor gives the Ricci scalar R. Let Sy, be the traceless part of Ricci tensor; Sg =
Rab — 39 R. Tt follows that,

Sab = —%Oaab + O'C(an)c + wWewp + Eab + %ﬂ'ab, (267)
SR = —20% + 00 — 2wew® + 2 + 24\, (2.68)

where A is the cosmological constant. One can define a 3-surface by setting the vorticity
to zero (w® = 0), and therefore 38,5 corresponds to a 3- tensor and 3R a 3-Ricci scalar of

these surfaces.

2.5.8 Friedmann- Lemaitre- Robertson-Walker Model

The FLRW background is characterised by energy density u, pressure p and expansion
6, assuming A = 0. The basic standard model equations can now be extracted from the
covariant equations in a direct manner. Setting all other terms to zero lead to the desired

background equations,

= —O(u+p), (2.69)
6 = —36°—(u+3p), (2.70)

which are just equations (1.10) and (1.11) and provide the first matching between the two
formalisms. The power of 143 formalism lies in the fact that one begins with a general set
of equations suitable for studying any cosmological model containing matter with known
equation of state.

In the perturbative approach, one decides before hand, the model one wishes to study.

This involves determining variables that do not vanish in a chosen background, for example
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the background variables in the FLRW model would be ( u4,© and p), while those of
Bianchi model would be (4,0, p, 0. and E,;). The variables then represent the zeroth
order solution of the cosmological model. The spatial derivatives of these values and
all the remaining terms that appear in the covariant equation for perfect fluid vanish in
the background and are considered to be first order in magnitude [41] and [72]. This
guarantees that linear order variables satisfy the gauge-invariant condition [152]. By
definition, all the first order quantities are small compared to the background values and

are assigned perturbative order O(e), where € is a measure of smallness.

2.5.9 Linearisation

Equations representing first order perturbations are then obtained by linearising the full
set of covariant equations for perfect fluid about the chosen background. In this process,
products of two or more first-order terms [O(e)] are neglected. Linearization of the exact
equation about FLRW background yield the required first-order propagation equations.
In order to proceed, one stipulates the nature of matter. For example, if we assume that
matter is of perfect fluid form and that the vorticity vanishes, we find the propagation

equations.

g = —©(u+p), (2.711)
0 = —16%-1u(1+3p), (2.72)
6b = —260a — Ea, (2.73)
Ew = curl Hy — 3(u+p)os — OFEa, (2.74)

Hab = —curl Eab—eHab, (275)
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and constraints equations,

(Cr)e = VPou—2V,0=0, (2.76)
(Cy) = Vow,=0 (2.77)
(C3)ap = curl(og)— Hgp =0, (2.78)
(Cila = VPEu—1iVau=0, (2.79)
(Cs)e = VPH, =0. (2.80)

These linearized equations represent the coupling of various perturbative modes. We now

focus on individual perturbations as handled in the covariant approach.

2.5.10 Scalar perturbations

In the absence of vorticity, inhomogeneity in FLRW models are covariantly characterised
by the variable D, = aV,u/u [43], a quantity that represents the usual density contrast
in the comoving gauge, which features in the metric approach. It can be shown that this

quantity obeys the second order equation,
D!+ H(1 - 3w)D, — [L(1 — w)(1 + 3w)a’p + 2Kw] D, — a®>w¥V2D, =0,  (2.81)

where w = const. The properties of this second order equation have been examined
extensively [105,33,73,72]. The importance of D, lies in the fact that its magnitude
D is both gauge invariant and corresponds to a real spatial fluctuation. The method for
solving this equation is to first assume the spatial and the time dependence of the variable
D, are separable, which is achieved via a harmonic decomposition [77].

The standard procedure employs a basis Q, which is covariantly constant, @ = 0
(equivalently @' = 0), to decompose the perturbation variable. This harmonic is defined

as eigenfunctions of the covariant Laplace-Beltrami operator V2Q = —«2Q/a? [105].
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It follows that, D, = ¥ D,(n)Q% (z), where = denote spatial direction. The harmonic
decomposition of Eq. (2.81) has the added advantage in that it enables one to define a
long wavelength limit, given by k/H << 1. This allows one to effectively neglect the
Laplacian term in Eq. (2.81). Consider for example the radiation case (w = 1/3) in a flat

(K = 0) universe, it follows that the long wave length solution is
D,=dn+d_n'?

where d; and d_ are constant with respect to 7. For wavelengths shorter than the Jeans
length [43], the equation becomes the damped harmonic equation giving oscillations. The
solutions for dust case are

Dy =din* +d-1n>,

where again d; and d_ are constant with respect to #. This the famous solution first

discovered by Lifshitz and Khalatnikov [101], demonstrating gravitational instability.

2.5.11 Tensor perturbations

The Weyl tensors were first used to characterise gravitational radiation by Hawking [78].
A lot of work has since appeared based on this approach. Gravitational waves in FLRW
models have been considered in [129,21,81,137]. It has been shown that the magnetic

part of the Weyl tensor obeys the second order wave equation,
H', + 6HH., + 6H*(1 — w)Hy, — a?V2H,, = 0. (2.82)

To solve this equation, one applies a tensor harmonic decomposition [78]. Note that the

decomposition takes the form;

Hoy = a2 k* (HQW + B0, (2.83)
K
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where Q; is the usual tensor basis such that Q/, = 0. It follows that the solutions to the

decomposed equation are;

— 2:2—';51% 5+3w 5+3w
H.=n [clJ (m,nn) + Y ('2'(3;‘;,_“7"‘”7)] , (2.84)

for one parity. J and Y are Bessel functions of the first and the second kinds respectively.

These recover those found in [129)].

2.5.12 Consistency

A fundamental issue with the covariant equations is the consistency of constraints with
the propagation equations. It follows that the full non-linear constraints equations evolve
consistently with the propagation equations for the case of dust and for the case of imper-
fect fluid [109,162]. Further to this, the constraints equations arising from linearization
about FLRW evolve consistently [109,162,32]. It has been shown that there exists a
linearization instability for the case of silent models (models with Hg, = 0). In other
words consistency is satisfied at linear level but not at non-linear level for these models
[76]. What is never stressed enough is the fact that consistency check should ideally be
performed on two levels.

In general it is assumed that the constraints arising from linearization are satisfied
at some initial time. The issue is whether or not these constraints are conserved under
time evolution. We have independently confirmed the case given by [109] and have
included the full calculation in the appendix (B) for completeness. In Chapters 3 and
4, we shall present new detailed consistency check for pure density perturbations and
pure gravitational waves for perturbation of Bianchi type I models with irrotational dust

respectively.
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2.6 Comparison of covariant and Bardeen formalisms

Before going further it is instructive to compare the two formalisms and understand how
they relate to each other. In this section we only make comparisons at linear order, which

coincide with those of [106]. Comparison at second order will be made in Chapter 6.

2.6.1 Scalar perturbations

We have seen that the evolution of the scalars perturbations in the two appraoches take

the form;
®" + 3H(1 + ) — 2V + [2H' + (1 + 3c2)(H? - K)]® = 0, (2.85)
and
DI +M(1 - 3w)D, — [3(1 - w)(1 + 3w)a’y + 2Kw] D, — a>wV?D, =0,  (2.86)

respectively for the adiabatic case where w = const and the vorticity is zero. We note

further that ® o< pa?| D).

2.6.2 Tensor perturbations

We have also seen that gravitational waves are represented by the equations,
&l +2HE, — V?E; =0, (2.87)
where &;; is the tensor perturbation defined in (2.4)and

H}j, + 6HH,, + 6H*(1 — w)Ha — a*V2H,, = 0, (2.88)
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in the two approaches respectively. At the background level the scale factors a and
expansion rates H introduced in each formalism agree, so we keep the same notation. At

linear order we have,

oy = o, (2.89)
E; = —3(&;+ V%), (2.90)
H; = nkl(iakg_};)’lE(CGI"E(I)’)H. (2.91)

Note that g is the completely antisymmetric tensor normalized such that my23 = 1, which
differs from €,45.. We shall return to a more detailed term by term comparison in Chapter
6. Detailed comparisons of the metric and the covariant approaches can be found in [84]

and [105).

2.6.3 Beyond the Standard Model

In the introduction, we looked at several motivations for going beyond the current best-
fit model of cosmology. We shall attempt to do this via perturbation theory about this
model. In summary, the desire to go beyond this model are motivated by the need to

determine:
e how large perturbations have to be for linear theory to breakdown,

e the accuracy of our linear order approximations through a correct determination of

the next higher order correction.
e if CMB anisotropies violate the predicted statistical isotropy and Gaussianity, and

e levels of- and to verify the existence of anomalies in the WMAP data that were

recently reported.
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There are two main ways of going beyond the linear perturbation of the standard model.
One approach is consider linear perturbations of a model which contains the standard
model as a subcase, for example the anisotropic models. The second approach is to
consider second-order perturbations of about the standard model. This thesis examines
both approaches. As has been stated, the primary motivation for second-order theéry
is the need to analyse non-linear effects which inay be important, for example in the
inflationary paradigm. Once developed, predictions that arise from the application of the
higher-order theory can then be tested against the high precision data coming from the
various running or upcoming surveys.

Although the 143 formalism given above is elegant and easily applicable to linear
perturbations about isotropic and homogeneous models, it requires further specialisation
for it to be useful in inhomogeneous and/or anisotropic situations. In the next section,
we review the 143 orthonormal approach and make mention the 1+1+2 approach, two
approaches that will allow us to analyse perturbations beyond linear perturbations of the
standard model. The 143 orthonormal frame approach is complimentary to 1+3 covariant
approach presented above, but has the advantage that it is easily and more transparently
applicable to modelling of dynamical process involving anisotropic and inhomogeneous

situations.

2.7 General tetrad formalism

A primary consideration in any modelling procedure, is the issue of the relationship be-
tween variables in use and the existence of corresponding situations they represent. In this
context, it is important then that one is able to completely determine the metric and con-
nection from variables used in cosmological modelling. The 143 covariant equations are
however incomplete in this respect. Besides this fact, it turns out that a tetrad or 1+1+42

formalism is what is required for a detailed analysis of anisotropic and inhomogeneous
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models.

Detailed reviews of the tetrad concepts can be found in [157,80, 26, 88, 166, 42] while
those of 1+1+2 are given in [25,15]. In our casé, we define and make use of orthonormal
tetrad based on the normals to the surfaces of homogeneity. The 143 covariant equations
will then appear as a subset of the resulting tetrad equations. The presentation given
here follows the structure and form used by [164] and [165]. The 1+1+2 formalism will
be discussed in Chapter 4. Let us begin by defining what a tetrad is. A tetrad is a set
of four orthogonal unit basis vector field {e,} which can be written in terms of a local

coordinate basis by means of tetrad components e2(z?),? where

ea = e2(zP) 5, €2 = ea(z”).

One can also define the inverse tetrad component e2(z?). Together the tetrad component

and its inverse give,
ea“e“ﬁ = 6aﬁ. (2.92)

A change from one tetrad basis to another involves tensor-like transformations, in partic-
ular e, = A% (z%)e,.. The inverse also transforms as follows, ey = A% (z*)e,. The metric

tensor components in the tetrad form are then given by,

9ab = Jaga’es” = €5.€5 = Ty, (2.93)

where 74 =diag(-1,1,1,1). These components play a central role in definition of other
fundamental quantities. We now turn to these quantities, beginning with commutation

relations.

2a, f=1,2,3 are the coordinate basis
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2.7.1 Commutation functions

From the commutators of the basis vectors, one can define commutation functions v%,,(z*),by
[ea; €] = Ycec- (2.94)
In terms of the tetrad components,
VPoo(2') = %67 0jec’ — el 06’ = —2ep'eI Ve, (2.95)
The connection components I'*,, for the tetrad are defined by the relations,
Ve, 80 = Iape, (2.96)

which represent the c-component of the covariant derivatives in the b-direction of the a-
vector. This shows that all covariant derivatives can be written out in tetrad components

in a way completely analogous to the usual tensor form. An example is

VaTse = €a(The) — MaTie — TeaTha. (2.97)

2.7.2 Application in cosmology

For cosmological models, we choose e to be the unit tangent of the matter flow u®. This
fixing implies that the initial six-parameter freedom of using Lorentz transformations has
been reduced to a three-parameter freedom of rotations of the spatial frame {e;}. The

algebraically independent frame components of the space-time connection I'%,, can then
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be split into the set,

Two = i, (2.98)
Ty = 308+ 0y — e, (2.99)
Tijo = €S, (2.100)
Tijk = 2005 + euny + 36 k3085 + 045 — egjuw®. (2.101)

Kinematical variables arise from the first two sets.

The rate of rotation of the spatial frame {e;} with respect to Fermi-propagated basis
is expressed in the third set by (. Lastly, the quantities *w* and n;; (symmetric) describe
the 9 spatial rotation coefficients. We now list all the evolution and constraint equations
in the tetrad formalism. A detailed discussion of this formalism is given by [164], [165]
and [43]. From the Ricci identities we get the evolution equations for expansion, vorticity

vector and the shear tensor for a perfect fluid.

eo(®) = e(@)— 107+ (4 — 2w — (0%;07;) + 2wiw' — 3(p + 3p) + A{2.102)
eo(w) = 3efke;(aF) — 200 — Intid — Le M g — 2wjwi] + (0%5w7), (2.103)
eo(o) = 6k(iek(ﬁj)) - %60"7 + (,&(i + w(i)ﬁj) — ool — WGl — EY
+ i+ F20400 5 — ni)yay), (2.104)
eo(w) = —eild’) —O(u+p)— 2t — mi)q' - (o'57), (2.105)
eo(d’) = —d8e;(p) —e;(n) — $0¢' — o's¢’ — (u+p)¥’ — (4 — 3wy)7*
— ¥ [(ws = Dy)g; — ngem®], (2.106)

3We have used w rather than the notation a used in [164].
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eo(E) = —Ln'l + Mgy (HY) — L6*ey(e) — 3(u +p)o” +O(EY + Ln¥)
+ 300, (BN — Lnilk) 4 Lok HY — 306 B — 1(20¢ + )¢

+ 6’““[(2’&;c — wk)Hj)l + (wk + 2Qk)(Ej)¢ + %ﬂ’jz) + %nj)qu],

(2.107)
eo( HY) = —eéMey (B + in?))) — OHY + 304 HI* + %w(iqi) + In*L(BY — 1n")
+ 30'(515(E'7.)’c - %ﬂ’j)k) + Ckl(i[wk(Ejz - %ﬂ‘j)l) e 2’(lkEj)z + %O'j)le + (wk
+ 20,)H)). (2.108)

From the Ricci identities and Jacobi identities, the twice contracted Bianchi identities

and the EFE 1.4 one finds the following constraint equations,

0 = (C1) = (e; — 3w;)(0¥) — 2e;(B) — n'j + ¢’ + €7¥[(e; + 24

— @) (wk) — 110k, (2.109)
0 = (Co) = (o — s — 2a) (W), (2.110)
0 = (C3) = HY + (e + 20¢ + @) (w?) — In*io¥ + 3nliyol*

— Mi[(er — wr)(07) + n?wy], (2.111)

0 = (Cy)' = (e — 3w;)(EY + §7%) — 307e;(u) + 30¢" — 30'i¢’
- 3w,-H"j - Cijk[O'ﬂHlk - %ijk + nﬂ(Elk + %ﬂ’lk)], (2.112)
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0 = (C5)' = (ej —3w;)(HY) + (u+p)o’ + 3wj(EY — §n¥) — in's¢f

+ ¥ [L(e; — w;)(qr)ot(E'% + 3n'k) — nuHY), (2.113)
0 = (Cj) = (e — 2w;)(n”) + 20w + 20*ju + €¥¥[ej(wi) — 2w, (2.114)
0 = (Co)¥ =89+ 100" — oli o — Wl 4 2W4QN — (EY 4 1), (2.115)

0 = (Cg)="R+20%—(d';0%;) + 2wiw' — 4(wi") — 2u — 27, (2.116)
where,
38y = eul(wy) + 2bug — (e — 2m) (nyp), (2.117)
SR = 2(2¢; — 3w;)(w') — 1b', (2.118)
b = nk(in"j) - n"knij. (2.119)

To complete these equations, we also need the evolution equations for the commutation
functions w* and n;;. These arise from the Jacobi identities. They can be arrived at by

eliminating the frame derivatives e; of ©, 0;; and w*. They are,

eo(w') = —3(68; - 30') (@ + ') +jn'i’ — 3,
— Le*[(dy + wy)wr — nactk — (€5 + U5 — 2w;) %] + (1), (2.120)
eo(n) = —1On¥ — oliyni* 4 Loiink, — (4l 4 wl)(w? — HY) (2.121)
+ (6%Ce, + 4')(¥) - 2549 [2(uy, + wp)w® — a®inly + (e + 1) (%)
— (0 + wi)o?; — (wi + 2] — 269 (Ca) + (Cs)Y. (2.122)

These equations generalise the 1+3 covariant equations (2.52-2.66) and provide a basis
for characterising particular families of solutions. We employ these equations to comple-
ment the 1+3 equations in the analysis of perturbed Bianchi I model in the two next
chapters. Tetrads have, for example, been used to study locally rotational symmetric

space-times [39,151] and Bianchi universes in [42, 166].
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2.8 Chapter conclusion

This chapter reviewed the basic concepts in linear cosmological perturbation theory. The
two most commonly used formalisms; metric and covariant, were presented and compared
in the gauge-invariant framework. We also reviewed the 143 orthonormal frame approach,
which generalises the 143 covariant equations and is suited to the analysis of anisotropic
and in-homogeneous situations. With these tools, we are now able to begin analysis of

spacetimes that go beyond the standard ACDM model.
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2.8. Chapter conclusion




Chapter 3

Density perturbations of Bianchi I

model

In this chapter we consider density perturbations of a Bianchi type I model filled with
irrotational dust. In general, scalar, vector and tensor modes are coupled in such models
unlike in perturbations of FLRW models. We first examine how to characterize pure den-
sity perturbations, then we perform a detailed consistency analysis of the arising covariant
equations. Although the analysis is primarily performed in the 143 covariant forma,lism;
it turns out that the 1+ 3 orthonormal tetrad approach is necessary for a complete anal-
ysis. The chapter ends with a discussion of the evolution of the inhomogeneity and a

presentation of exact solutions for the inhomogeneity variable D,.

3.1 Introduction

As discussed in the introductory chapter, our understanding of the dynamics of the phys-
ical universe comes from the development of ideas which are built on the isotropic and
homogeneous models (the FLRW models) and their linear perturbations.

Linear perturbations of anisotropic models were once intensively studied, because it
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was thought that they could help explain the origin of large scale structures by virtue
of their faster growth rate [37,16,74,28,155]. However, anisotropic models have since
become unattractive because they are incompatible with the inflationary paradigm in
which a number of cosmological questions are answered. In particular, it was shown in
[167] that Bianchi models with a positive cosmological constant isotropize at late times
implying that inflationary era leads to the decay of anisotropies. As was pointed out
in Chapter 1, current observation suggest that the CMB is statistically isotropic and
Gaussian. However, some anomalies have been discovered in the analysis of both the
first and the third-year WMAP data [46]. In particular, one such anomaly hints at the
existence of a feature in the CMB that statistically picks out a preferred direction [45,59].

Statistical anisotropy and non-Gaussianity are closely linked, in isotropic Gaussian
processes, the power C; of each realisation is randomly distributed among all multipoles.
A preferred direction is said to exist, if one can identify an axis n about which there
is an over concentration of power, when there is an alignment between the n and the
z-axis. In general this m-preference, which is a measure of anisotropy, does not survive
realignment. It was found in [96], that although there is such an alignment for low
multipoles [ = 2,..,5 (and to some extend a preferred Cartesian axis) this does not pick
a specific m. Hence there is no preference for particular shapes, which suggests that
any model with a preferred axis could be responsible. In order to pin down the model we
therefore have to consider models that go beyond the standard- homogeneous and isotropic
model. Models such as Bianchi I, which have different rates of expansions in the three
spatial directions therefore make for good candidates for investigation. Analysis of linear
density perturbations in Bianchi models may therefore prove invaluable in unravelling the
so-called azis of evil. Previous studies of anisotropic models include [60, 159, 124, 166],
however as yet no self-consistent presentation of pure density perturbation has been given

using the 143 covariant approach.
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3.2 Bianchi I model

Bianchi type I models have a metric of the form,
ds® = —dt? + o®(t)dz® + F*(t)dy® + ¥*(t)d2?, u® = &%. (3.1)

The spatial sections are mutually orthogonal and have different expansion scale factors.
The effective scale factor for the model is given by the average expansion scale factor
a(t) = (aBy)Y3. 1t is clear that FLRW is a subset of this model, which follows when the
three scale factors are equal. The spatial sections of constant time in Bianchi I models are
flat and all the invariants depend only on the time coordinate. The fluid flow, which is
orthogonal to the spatial surfaces, is geodesic and irrotational. These models are therefore

covariantly characterized by,
0=u*=0uw® 0=Vau=V,0=V,.p, 0=Ru, (3.2)

where the variables have the definition given in Chapter 2. Equivalently, these models
are characterized in the tetrad formalism (Chapter 2) by

0 = W=uw=0@ 0=0"=n;e(O)=elon), (3.3)

0 = e,-(u) = e,-(p), 0 =3 .R"j :3 R=0 :3 Sij = 0, (34)

where a tetrad can be chosen as follows (ef; = a(t)~'d,',efs = B(t)~'6; and eis =
v(t)~165*). The substitution of these conditions into the tetrad equations (2.102-2.115)
generate the desired tetrad equations describing the Bianchi I model. It is clear from
equation (2.111) that H;; = 0 and therefore e;(E*¥) = 0, given the above conditions.
Similar conclusions arise in the 143 covariant formalism.

Bianchi I models can also be thought of as homogeneous perturbations about FLRW

models. This is because in the 1+3 formalism, the concept of perturbation involves a top-
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down approach rather than a bottom-up approach as is the case in the metric formalism.
This is to say, that one begins with the set of full nonlinear covariant equations (2.52-2.61),
which are then linearized about a background of choice. The Bianchi I background has
two extra terms when compared with the FLRW background. These extra terms are the
shear tensor and the electric part of the Weyl tensor. Therefore, from the full nonlinear
equations, one can first linearize about a Bianchi I background, which can further be
linearised about FLRW background. This makes the Bianchi I model an intermediate
linearization state, between the full nonlinear and the FLRW equations. For this reason,
we consider the study of linear perturbations about Bianchi I models as a first step towards

a full non-linear description of perturbation about FLRW models.

3.2.1 Pressure- and vorticity- free Bianchi I model

The background variables in this model are u,0,0, and Ej. We begin by applying
the linearization procedure discussed in Chapter 2, to the full set of covariant equations
(2.52, 2.53,2.54,2.55, 2.56, 2.57, 2.58, 2.59 and 2.61). Taking vorticity to be zero, the

linearization process leads to the following propagation equations,

B o= —en, (3.5)
e = —%92 — o0 — %u, (3.6)
Gap = —2O04 — 0c(a0t)® — Eab, ' (3.7)
Eup = curlHy — ©FEg + 3006Ey° — Lo, (3.8)

Hab = —curlEgyp —©OH, + 30’c(aHb)c, (3.9)
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and the constraints equations

0 = Vbo,—-2V,6, (3.10)
0 = curlog — Hg, (3.11)
0 = 6bEab—-15@au—eabcade°d, (3.12)
0 = VPHu + carwo’aE. (3.13)

Since we are interested in pure density perturbations, we need to subject the above covari-
ant equations to further restrictions that will isolate density perturbations. In particular,
we need to eliminate tensor perturbations. The process of how this is achieved is the

focus of the next section.

3.3 Pure density perturbations

Because the background is anisotropic but homogeneous, all first-order gauge-invariant
vector may be split into a curl-free and divergence-free part, usually referred to as scalar

and vector parts respectively, which we write as
Vo=V, + Wy, (3.14)

where curl Vi, = 0 and divl{, = 0. Similarly, any tensor may be invariantly split into

scalar, vector and tensor parts:
Ta,b = Tgab + 'I\Ilab + T"ab’ (315)

where curl s, = 0 , divdivly = 0 and divly, = 0. It follows therefore that in the above

constraint equations we can separately equate scalar, vector and tensor parts and obtain
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equations that characterize the evolution of each type of perturbation. Perturbations
about Bianchi I background include, the spatial gradients of the background variables
and the magnetic part of the Weyl tensor. Apart from the magnetic part of the Weyl
tensor which can be split into vector and tensor parts, all other perturbations can be split
into scalar, vector and tensor parts. Now consider the case where only scalars modes are
excited at first order. This is equivalent to setting Hqy = 0. It follows that pure density

perturbations may be characterized by the conditions,
Vou #£0,V%0 £ 0,V%2 £ 0, Hy, = 0, (3.16)

where only the scalar part of the gradients are considered. These conditions imply that
there is no information exchange via gravitational waves (characterized by Hy,) or via
sound (with p=0). Models with these conditions are called Silent universes and have
been analysed in [140,104]. Now that we have a way of characterising pure density
perturbations, we can proceed to determine how this characterisation affects the flow of
fluid in this model. Note that these conditions generate the following set of constraint

equations,

(C)a = Vboa—2V,0 =0, (3.17)
(C3)ap = curlog, =0, (3.18)
(Coa = VFus—1¥an=0, (3.9)
(Cs)a = Eapc0’aE? =0, (3.20)

(CS)ab = curl Eab =0. (321)
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C, is the divergence of vorticity constraint. Let the collective notations of these equations

be
(Ca) = {6”0,,1, - §V~a6, curl 6,5 — Hgp, -}, (3.22)

a notation borrowed from [109], where A = 1...6. Since these constraints express the
nature of relationships between variables, say at some fixed time ¢, it is of interest to
know if such relationships are preserved with the passage of time. Time here is measured
relative to thé observer worldline. Ideally, we need to find out if C4 = F. 4(Cg) , where F4
do not contain time derivatives. In other words, can the propagation of each constraint be

expressed in terms of the original constraints? We perform this check in the next section.

3.4 Evolving the constraints

First consider constraint (3.17). Taking the time derivative of this constraint, making use
of the commutation relations (A.7, A.8, A.3), the evolution equations (4.13, 4.14), and
the constraint equations (3.17, 3.18 and 3.19), we find

(Ch), + O(Ch), + (Cy), — 26,%04%(C3) 4 = 0. (3.23)

Taking the time derivative of (3.18), making substitutions using the propagation equation
(4.14), the constraint equations (3.17, and 3.18), and the commutation relations (A.5 and

A.11), we obtain
(C5)gy + O(Cs)as + €0y (C1)a = 0. (3.24)

Propagating (3.19), making use of the evolution equations (4.12, 4.14 and 4.15), the

constraints equations (3.17, 3.19 and 3.20), and the commutation relations (A.3 and A.7)
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yield,
(04)11 + %6(04),, - %Ea"C’lb - %0’,}(04)1; + %/J'(Cl)a - %curl (C5)a = (3), (3 25)

where C,§3) is given below. As for constraint (3.20), we require the propagation equations

(4.14, 4.15 and 3.20). These yield,
(Cs), +86(Cs)a = ¢, (3.26)

where Cé"‘) is given below. Propagating equation (3.21), making use of the identity (A.11),
the propagation equation (4.15), and the constraint equations (3.18, 3.20 and 3.21), it

can be shown that,
(és)ab + %e(cs)ab - %(Cl)c(aEb)c - %(C‘i)c(aab)c + %/‘I’(C:;)ab = S)’ (327)

where the source terms to equations (3.25-3.27) are given by,

(@, = —e(B¥(C3)eg — 0%(Co)ea) » (3.28)
<(4)a — _sabco-e(bo.d)eEcd _ €abc0'bd0'e(cEd)ea (329)

(O = 3curl (07,Erc) — % [a“c%Eb)a—%Eb)ﬁea%—gab)ﬁeEg]. (3.30)

Using the propagation equation (4.14), it can be shown that (g (%) takes the form,

<(4)a = sabc[abdae(cé'd)e (c d)eo. d+0'd0' (co'f(d)o'e)f—(f (¢ d)CO'f g4) ] (3 31)
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In general, the terms in this equation identically cancel. Again using equation (4.14),
the electric part of the Weyl tensor can be eliminated from C‘g). To show that this term
vanishes we turn to tetrad formalism. In particular, we can find a set equivalent to the
perturbed Bianchi I model with dust equation of state and with vanishing vorticity.

It follows from equation (3.20), that one can choose an eigenframe in which both the
shear and the electric part of the Weyl tensor are diagonal. It was shown in [9] that this
implies

0 = ny1 = ngz = ngs, (3.32)

which can be seen from the diagonal components of constraint (3.21) and evolution equa-
tion (4.16). It was also shown that the eigenframe e; of 0;; and E;; are Fermi-transported
a long u, which implies,

Q' =0.

This arises from the vanishing of the off-diagonal components of the evolution equations
of both the electric part of the Weyl and the shear tensors. Together with the vanishing
vorticity, these conditions imply that e; is spanned by four hypersurface-orthogonal basis
fields. This means that we can find local co-ordinates on the spacetime with respect to
which the metric tensor field g is diagonal [76].

We note that the evolution of constraints in the 1+3 formalism given in the previous
section can be presented in an equivalent form in the tetrad formalism. However to avoid
duplicity, we 6nly consider the constraint (3.21) and the source term arising from its

propagation (3.30). It follows that (3.21) is equivalent to the three tetrad equations,

0 = )2&(91 — w1 )(Ex2 — E33) - 342@7‘&23(15'22 + E33), (3.33)
0 = (e2 - Wz)(E33 + 2E22) + 3ng3; Eag, (334)

0 = (es—ws)(2Es3 + E) + 3n12Ess. (3.35)
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These equations are equivalent to equations (64, 65 and 66) of [76].
The propagation of these equations yield three source terms equivalent to the single

equation (3.30) and which in tetrad formalism are,

0 = e(O)E_ + 3(0-)er(p) — 2(wi0- + /3noy)EL — 2(wio, + %n%a-)E_,
(3.36)
0 = ex(8)(Ey — %5E-) + (304+ — 5550-)ea(w) + 2(w2 — na1) (04 + J50-) B
+ wy(F504 —20_)E- —na(Fos + Jo_)E_,
(3.37)
0 = e3(0)(E++ J5E-) + (30+ + 550-)es(u) + 2(ws + naz) (o4 — 530-)Es
- wi(Fos +20-)E_ — nia(F04 — Fo-)E-,

(3.38)

where we have used trace-free-adapted irreducible frame components for o, and Eg

defined by

oy: = —%011 = %(022 +033), o0-:= ﬁ:?(aﬂ — 033), (3.39)
E,: = —%Eu = %(E22 + E33)1 E_:= ﬁﬁ(Eﬂ - E33)' (340)

We note that, if 0— = 092 — 033 = 0 = E_ = Egy — E33 = 0 (i.e degenerate) is identically
satisfied. In this case, (3.37) and (3.38) reduce to,

0 = E+e2((-3) + %0’.{.62(#) + 2(W2 - n31)a+E+, (341)

o
Il

E+e3((-3) + %0’.{.63([.1.) + 2(W2 + n12)a+E+. (342)
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As was shown by [76], from constraint equations (2.102-2.116), one can also derive the

following equations,

0 = e0)+ (wy—na)oy, (3.43)
0 = e3(0)+ (w3 + niz)oy, (3.44)
0 = jex(w)+ (w2 —na1)oy, (3.45)
0 = jex(p)+ (w2 +ng)oy. (3.46)

These equations show that (3.41) and (3.42) are identically satisfied. Putting everything
together, it follows that ¢°,, is satisfied when the background shear is degenerate (i.e.
092 = 033), which leads to the closure of the set of evolution equations for the constraints.
It can be demonstrated that LRS yields similar results. Note that, this shows that one
can consistently decouple density perturbation from gravitational waves if the background
is degenerate. This was first shown by Perko et al (see page 976 in [61]).

The first presentation of a detailed analysis of constraints equations in the ‘1 + 3’
formalism was given in [109], for the case of general nonlinear perturbations in FLRW
models with irrotational dust. A detailed consistency analysis for the barotropic perfect
fluid case was given in [162]. Having successfully shown that the constraint equation
for a characterisation of pure density perturbations evolve consistently ( with respect to
the propagation equations), we are now in a position to analyse the evolution of these

perturbations.

3.5 Evolution of inhomogeneity

We follow the standard approach, where inhomogeneity variables are given by the co-
moving spatial gradients. In the case of Bianchi I model, these are the spatial gradients

of the energy density, the rate of expansion and the shear-scalar. Note that these in-
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homogeneity variables are constrained by the spatial gradient of the Ricci scalar for the

3-surface, as can be seen from the generalised Friedmann equation (2.68), i.e.
aV3R = —40aV,0 + 2aV,0? + 2aVap, (3.47)

where 3R is the 3-Ricci scalar, a = a(t) is the scale factor and 0® = 104,0%. The evolution
of equation (3.47) governs the growth of inhomogeneity. We can now define variables
which represent each of the terms on the right hand side of this equation. We denote the

co-moving density gradient, the co-moving spatial derivatives expansion and the shear by,
D, = a@au/ﬂ, Z.=aV,0, T, = aV,o, (3.48)

respectively. The gradient of the generalised Friedmann equation in terms of the new

variables becomes
R, = —£6Z,+ 40T, +2uD,, (3.49)

where R, = aV3R.
Since the 3-Ricci scalar is important, it follows that we also need to examine the 3-
Ricci tensor. In particular, the traceless part of this tensor which is denoted by S,;, takes

the form
@ Spe = @Ry — 2h P R = ~63c — O0pe. (3.50)

This variable evolves as
Sbc + -f;GSbc + %Rdbc - Sd(bUc)d = 3[020bc - Ud(bdd)edde]. (351)

It is straight forward to show that the rhs vanishes if the background is LRS. Notice that
if @Ry, is isotropic ¥ Ry, = %hg)R = Sj = 0. This has the implication that S is first
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order as it vanishes in the background. Using the traceless part of the 3-Ricci tensor, we

define the auxiliary variable,
S, = aV,S = aV,(c*S;.), (3.52)

which is also a measure of inhomogeneity. We now examine how these variables evolve.

3.5.1 Evolution of the new variables

Taking the time derivative of (3.48), using equation (A.3), we obtain the following evolu-
tion equation,

D, +0,°Dy+ Z, = 0. (3.53)

The propagation of (3.48) requires (A.3), (3.48), (3.48) and (3.48). The net result is the
evolution equation,

Z, + 207, + 40T, + 0,°Z, + suDg = 0. (3.54)

Propagation of (3.48) requires (3.48), (3.48), (3.48) and (3.52) and reads,
20T, + O0T, + 200,°T + 20*Z, + S, = 0. (3.55)

This equation involves the new variable S,. The evolution of this variable requires (3.52)

and (A.3), leading to
Sa + %95} + %Raaz + UabSb + %%Sa =0. (356)

The system is closed as it stands since R, can be written in terms of Z,, T, and D,. For

completeness, we note that R, obeys the following evolution equation,

R,+26R, +0.’Ry + 25, =0. (3.57)
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The system given by equations (3.57-3.56) can be expressed in terms of D,, R, and S,.
We have four equation in four unknowns. However, it turns out that we can express this
system in a more compact manner without loosing any information. Notice that using

equation (3.49), T, can be eliminated from equation (3.54) leaving,
Zy+20Z,+ Ry +0,°2Z, — 3uD, = 0. (3.58)

This leads to the elimination of (3.55) from the system. Also notice, that using the time
derivative of (3.53) and equations (3.53) and (3.58), we can eliminate Z, as well from the

system. The system now takes the form,

D.+ 26D, + 20,°D, + (B0, + Uacacb)Db + %uDa — R, =0, (3.59)
Sa+ 5068, + JRa0% + 048y + 258, = 0, (3.60)
R, + 26R, +0,°R, + 25, = 0. (3.61)

We choose a shear eigenframe of the form
diagoay = (~ 250, 730, 750), (3.62) -

where the fluid is taken to shear in the z!direction. We can now analyse the evolution
of these inhomogeneities in the three spatial directions, keeping in mind that we have
a preferred direction (z'). We first consider the coefficients for in the system given by
equations (3.59-3.61) and which are made up of background variables. It is clear that
these background variables are coupled via their evolution equations.

The background is flat, therefore taking the time derivative of (2.68), using (4.12-4.14)
and keeping only the background terms (R is first order since the background is flat), it
follows that,

0 = —0Bo0, (3.63)
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where 02 = 04;0%°/2. It is useful to define a dimensionless expression (i.e £ = o/(H4/3)),
where H is the usual Hubble parameter. It is also convenient to define a dimensionless
time variable 7, where dr = Hdt. The derivative with respect to the 7 is denoted using a

prime!, while the covariant time is denoted by a dot. It can be shown that
¥ =-31-2H)% (3.64)

The fixed points are ¥ = 0, 1. The zero value represents a matter dominated regime that
correspond to the FLRW universe, while the non-zero values represent shear dominated
regimes which correspond to the Kasner universes. We can now recast the system into
one with derivatives with respect to 7. It follows that we also need the following Hubble-
normalised variables; D, = Dy, R, = R,/H? S, = S,/H®. The system then takes the

form,

D+ Dy(3 - 3% + 22D} + (§ — $=%)D, + (3% + %8-)Dy — Ra =0,  (3.65)
R, — (14 35)Re+ &Ry +25,=0, (3.66)
Si+ (A +25 - 2598, + &S, + RZ2=0.  (3.67)

In order to solve the above generic system, we need to resolve the terms 0,°/H. Implicit
in this analysis is the fact that the background shear is diagonal and is given by (3.62). It
follows that diag(o,’/H) = (—2%,%,X), and are determined by the values for the shear
fixed points. In the next section we solve for D, and D, for each of the shear fixed-point.

1This should not be confused with the use of prime elsewhere where it represents derivative with
respect to conformal time.
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3.5.2 Positive shear fixed-point

When ¥ = +1, the above system reduces to,

Dl + 3D, + 2% D, + (3% + %9°)D, — R, = 0, (3.68)
R, — 4R, + %Ry + 25, = 0, (3.69)
S, — 25, + %8, + Ry =0, (3.70)

which can then be analysed for the various choices of the index a. We note that there are

two principle directions, these are denoted by z! and z? respectively.

Solutions for D; and D, when ¥ = +1

When a = 1, 0,°/H = —2% = —2, while 0,°/H = £ = 1 when a = 2. In both cases
¥ = +1. It can be shown easily that the system forms a fourth-order differential equation

in D; and D, respectively. The solutions to these are,

D, = D= d§+)e-—1' +dg+)e2r +d:(3+)€(5+\/3)r +d‘(1+)e(5-\/3)1' (371)
D, = D, =A§+)e—r+ (+)€_4T+A:(3+)€(2+\/3)T+A‘(1+)€(2-‘/3)T, (372)

where the coefficients dg"'), d§+), d§+), d‘({"), A§+), A§+’, A;(,"') and A‘({") are set by initial con-
1
ditions. It can be shown that a(t) « ¢3, by solving the background evolution equations.

1
Since a(t) o €7  t3,it follows that,

1 2 (5+v/3) (5—v/3)
D, = dPt3+dPts +dPt 3 +dPt 3 (3.73)

1 4 (2+y/3) (2-v3)
Dy = AP35+ AP+ AP 3 + AP 3. (3.74)
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3.5.3 Negative shear fixed-point

When ¥ = —1 the system reduces to,

D! + 3D, + 22D} + (3%~ + 22 YD, — R, = 0, (3.75)
R, — 4R, + &R, + 25, =0, (3.76)
S, — 68, + %Sy +Ra=0. (3.77)

The solutions to the the system in the two principle directions can be found in a process

similar to the one used when ¥ = +1.

Solutions for D, and D; when ¥ = -1

The two principle directions are given by a=1 and a=2 respectively. Since the background
shear is diagonal 0,°/H = 2% = 2 for a=1 and 0,%/H = & = —1 for a=2, given that
= —1. It follows that the system again forms a fourth-order differential equation in D,

and D, respectively. The solutions to these are,

Dy = d7Ve +d7e™S + d eV 4 g eC-var (3.78)

D, = AP + A e 4+ AT OHT 1 AT, (3.79)

As in the previous case, these solutions can be expressed in proper time as follows,

0,2 4.5 oy, 3+y/3) -y, 8=v3)

Dy = dOt 3 +d0 5 +d0 3 +d07t 3 (3.80)
4.1 4.2 -y, (6+v/5) -y, 6=v5)

Dy = A4+ A S+ AT 3 + A0 3. (3.81)
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3.5.4 The zero shear fixed-point

This is the matter dominated (or the FLRW regime). In this case ¥ = 0, following which
the first equation in the generic system (3.65-3.66) decouples. The relevant differential

equation is the second-order equation that reads,
D)+ %D; — ‘-2’1),, =0,

and whose solutions are

3
Da = Cle_ET + CgeT. (382)

These are the results for evolution of inhomogeneity in the FLRW and can be expressed
in proper time as,
2
D, = Cit™! +Cyt3. (3.83)

3.6 Chapter conclusion

We have developed a framework for dealing with decoupled density perturbations in
Bianchi type I model filled with irrotational dust. We found that density perturbations
decouple from gravitational waves when the background is LRS, confirming the results
first found by Perko et al [61]. We note that in order to examine a link between den-
sity perturbations about Bianchi I model and the existence of a preferred direction in
the CMB temperature anisotropies, it will be necessary to extend this framework to a
multi-fluid case along the line given by Dunsby [31] and to implement it in a CMB code
such as CMBFAST [2]. Such extension will necessarily include a Boltzmann description

of radiation and neutrinos. We will pursue this in future.
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3.7 Conclusion

The apparent anomalies in the CMB anisotropy have raised questions about the our
so-called concordance model. With improved precision in the measurements of CMB
anisotropy, one would expect greater confirmation of the isotropic and homogeneous model
with Gaussian distribution. As reported by the authors of [78], this is not the case. There
seems to be a clear asymmetry in the CMB anisotropies and a non-Gaussian cold spot.
Models with shear and vorticity may explain this asymmetry [62,63]. Bianchi models
are the obvious starting point for the search of a model that can explain the anomalies.
The authors of [63] explored the issue of chance alignment by applying template-fitting
methods to CMB data and compared the Bianchi model of type VII, to WMAP first year
data. Our analysis is complementary to this, in that we demonstrate that pure density
perturbations about Bianchi I model filled with irrotational dust decouple and evolve
in a consistent manner. Although the anisotropic Bianchi models come with directional
preference and hence good candidates to consider in the search for the answer to the CMB

anomalies.
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3.7. Conclusion




Chapter 4

Gravitational waves in a perturbed

Bianchi I model

This chapter examines the evolution of gravitational waves in perturbed Bianchi I models,
complementing the analysis of pure density perturbations given in the previous chapter.
It is known that scalar, vector and tensor modes couple in anisotropic models [61], which
makes the process of isolating and analysing any one particular mode difficult. Since there
exist various classes of anisotropic a.nd homogeneous models (Bianchi Models) [166], itisa
standard practice for one to choose a class best suited for the situation under investigation.
A good example of factors influencing such a choice can be seen in the recent article [63],
where Bianchi VII, is used. This was motivated by the need to address the issue of
existence of shear and possibly vorticity in the WMAP data [62].

Our intention is somewhat different but complementary to these studies. We examine
the cosmological model rather than determine the best-fit model for data. First, because
of mode-coupling, any observed feature such as polarization, intensity or spectrum may
have contributions from more than a single mode. Secondly, the growth behaviour may
influence such feature in different ways and these need to be understood. What we seek

is a way to isolate and determine the growth pattern of a particular mode. In general,

71
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the analysis of perturbations in any anisotropic model is a complex undertaking. This
is due to the mathematical complexity involved and the lack of clarity concerning the
physical significance of such perturbations. It is therefore useful to begin our study with
the simplest possible anisotropic model. Consequently, we investigate the evolution of
pure gravitational waves in a dust filled perturbed Bianchi type I model with vanishing
vorticity w* = 0. We carry out our analysis in the covariant approach because the
development is straightforward and it is easy to extract the meaning of the perturbation
variables. The chapter first looks at a covariant characterisation of pure gravitational
waves, which is then followed by a detailed analysis of the constraint equations arising in
the characterisation of pure gravitational waves. The treatment is analogous to that of
pure density perturbations presented in the previous chapter. This chapter ends with the

solutions to the long wavelength gravitational waves in this model.

4.1 Introduction

As pointed out in the introductory chapter, studies of gravitational waves in perturbations
of isotropic and homogeneous models (FLRW) are of interest because the detection of
primordial gravitational waves and the analysis of their properties (e.g. polarisation,
intensity, and spectrum) might reveal important information about the nature of the
early universe [55]. However, the contribution to the CMB anisotropies from these waves
is extremely small in comparison to the contribution from density perturbations. In order
to analyse them, higher levels of precision in the collection and the analysis of data is
required. But with these levels of precision comes the possibility of discovering new and
starﬂing results (see 1.1.2), such as the possible existence of a preferred direction in
the CMB temperature anisotropies. These findings in turn demand the re-examination
of the standard model, in particular the assumptions that go into building this model.

Taking our cue from the claims in section (1.1.2), we now consider gravitational waves in
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a perturbed Bianchi I model.

As we saw in Chapter 2, gravitational waves propagating in the standard model are
described as weak perturbations of the background metric in the metric approach (2.33)
or by the transverse and trace-free degrees of freedom in the electric and the magnetic
parts of the Weyl tensor in the covariant approach. The covariant approach has its origins
in the paper by Hawking [78], in which both the electric and the magnetic part of the
Weyl tensor, denoted by

Eap = Copegti®u®,  Hoy = LeacaC%s0?, (4.1)
were used. A necessary condition for these fields to describe radiation is that their spatial
curls and distortions should be nonzero (curl E,p # 0, curl Hy, # 0, ?(cEab) # 0 and
6(cHab) # 0) [136). In addition, the spatial divergence should vanish for a pure radiative
field [20).

It is our goal to investigate if properties of linearised gravitational waves about FLRW
presented above, carry through to linearisation about Bianchi I models filled with ir-
rotational dust. In particular, we examine the divergence-free condition on the mag-
netic part of the Weyl tensor and the implications this has on gravitational waves in
a perturbed Bianchi I model. Previous studies of perturbations in anisotropic models

include [64,61,124, 11,10, 85, 20, 22,83,82).

4.2 Pure gravitational waves

For irrotational Bianchi I model filled with dust, the background quantities are the energy
density (1), the expansion (@), the shear (o4), the electric part of the Weyl tensor (E,;)
and their temporal derivatives. Consider an almost Bianchi I universe, in particular one
where the magnetic part of the Weyl tensor and the spatial gradients of u, o, and Ey; are

nonzero. These extra quantities are first-order perturbations about our Bianchi I model.
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Now consider the case where the gradients of scalars vanish. In particular,

Vof =0, (4.2)

where f is any scalar such as y, © or scalar product such as . The above condition
should be understood to mean that the gradients of scalars are at-most second-order (
i.e. they vanish in the background and at first order). Since density perturbations are
characterised by the scalar part of D, = a(@bp) /1 (extracted via a scalar harmonic de-
composition) in covariant perturbations about FLRW background, setting Vep = 0 is
equivalent to eliminating inhomogeneity. Condition (4.2) therefore eliminates contribu-
tions to inhomogeneity from other scalars. The magnetic part of the Weyl tensor is now
a variable characterising perturbations about our Bianchi I background. We shall use
this tensor to characterise gravitational waves in this model. We shall not presume that
transverse degree of freedom holds for the magnetic part of the Weyl tensor, but rather
determine the conditions under which this will be true.

Subjecting the covariant equations (3.10-3.13) to condition (4.2 ) leads to,

(CHa = Vlou=0, (4.3)
(Ca = V.8=0, (4.4)
(Cap = curlog — Hg =0, (4.5)
(CHe = VPE. — eapc0’aH® =0, (4.6)
(C®% = Vap=0, (4.7)
(C% = VPHa — €ape0’aE? =0, (4.8)
(C®e = Vyo’=0. (4.9)

Although a Bianchi I model is flat (K = 0), the perturbed model is not necessarily flat.

This implies that the contributions from Ricci tensor and Ricci scalar, which are first order
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according to our classification, need to be taken into account. We find that the traceless
part of Ricci tensor, denoted by Sg», plays a role in the dynamics of the constraints given
above. This term, whose divergence arises in the propagation of the above constraints,

can be constructed from variables that already exist in our system of equations as follows,
Sab = 3R - -‘.lghabaR = ‘6'ab - 90,,,,, (410)

where equation (4.14) is used. The divefgence of this term has the useful property that
it vanishes when condition (4.2) is used. This arises as follows, using the fact that for

3-surfaces V*3R,, = 1V,2R (see (A.1) for proof),
ViSw = V¥Rg— 1V, R=1V2R. (4.11)

The gradient of R can be expressed in terms of gradients of scalars using the generalised
Friedmann equation (2.68) and hence in terms of known constraints (4.4, 4.7 and 4.9),
which are known to vanish. This has the important implication that on application of
(4.2), VS, = 0, showing that S, is divergence-free and induces tensor modes. The

propagation equations for Bianchi type I with irrotational dust are,

L = —Ou, (4.12)
0 = —16%—0u0” - iy, (4.13)
Oap = —%90,,,, — Oc(a0° — Eas, (4.14)
Eg = curl Hyy— ©OFu + 30cuEy® — Luoas, (4.15)
Hy = —curl Eg — ©Ho + 30coHy. (4.16)

We now examine how constraints equations (4.3-4.9) evolve, subject to propagation equa-

tions (4.12-4.16).
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4.3 Evolving the constraints

Assume that C4 = O represents a set of solutions to the initial data and which are satisfied
on an initial spatial surface at a time ¢y (denoted by Cals, = 0). We seek to determine if
these constraints always remain satisfied along the dust worldlines. We do this by evolving
the constraints.

Taking the time derivative of (4.3) and making substitutions using (4.14), (4.3), (4.4),
(4.5), (4.6), (A.7) and (A.8) produces,

C), +0CH, +4C®, + 20,°C, + CW, = 2645,0°4CO . (4.17)

The propagation of constraint (4.4) requires (4.4), (4.5), (4.7), (A.3) and (A.5). This
yields,
C@,+6C?, + 100, +0,,0®, +20®,=0. (4.18)

Propagation of (4.19) requires (4.5), (4.14), (4.16), (4.3), (4.4), (4.5), (A.11) and yields,
C® g+ OCH 4 + a0y [CVy — 20D = 0. (4.19)

The next constraint requires (A.7), (4.15), (A.10) and (A.1). The propagation and

substitution processes yield,

C), + 40CW, — Lo,CW, — $ESCW,
—1aun €O, + ELC®, + LuC®, + 16,°C®), = 0. (4.20)

The propagation of equation (4.7) requires (A.3), (4.12), (4.4) and (4.7) and produces,

C®), + 4009, + 0,°C®), + uCc®, = 0. (4.21)



7

Constraint 4.9 requires (4.14), (4.4) and (A.6),
C®), +16C®, + 7,509, 4 20°C?D, = V0% Sh. (4.22)

We now require that the gradient of oS}, should vanish. We shall denote this auxiliary

constraint as follows
CU0 = V,0%S,. (4.23)

The propagation of constraint (4.23) requires (4.14), (4.15), (A.5) and (4.11)
Cc(10), + 20019, 4 ,bC19), = —202VS, + Va [e*curl Hy ] + a“@a[Sd@ac)d]. (4.24)

Each term to the right of (4.24) can be handle separately. Notice that the first term on

the rhs can be expressed as follows;
ViSw = C® = 100, 4+ 10®, - 2602, (4.25)

and hence does not need to be propagated.

The second term on the rhs of (4.24) can be expressed as follows
Va(d®curl Hy) = 0%V, V(CP) - VAC®) + 40°C?, (4.26)

where we have used (4.11), the fact that the background is flat (3-Ricci scalar is therefore
first order) and the identity (A.13).

The last term on the lhs of (4.24) can also be expressed in terms of a known constraint.
To do this we turn to the 1+1+2 formalism developed in [15] and [25] . Notice that what
distinguishes this model from the FLRW model is the presence of shear. This is usually
given by the shear tensor o4. Consider the case where the background is locally rotational

symmetric [43], in which case there exists a preferred direction. The way to make this
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information useful, is to extend the 143 decomposition to the 1+1+2 decomposition.
Detailed description of the 1+1+2 decomposition and its application can be found in [15]
and [25].

In the 14142 method, a further slicing of the spatial section of the spacetime with
respect to a unit vector n® is perfofmed. The 143 projection tensor hap = gap + UalUs,

together with this vector generate a new projection tensor N,
N, = heb — nenb = g° + uqu® — ngn?, (4.27)

which projects vectors and tensors orthogonal to n® and u®*(n®Ng = 0 = u®Ny,) onto a
2-surface (N,* = 2).

The 1+3 covariant vectors and tensors quantities can now be split relative to the new
unit vector n®. Since the source involves the shear tensor multiplied by a first order
quantity, the shear must take its background value for the product to remain linear.

Relative to the unit vector n®, the shear tensor decomposition takes the form,

Oab = i':(nanb - %Nab) + 2i:(anb) + i:aba
= f)(3nanb - hab) + Zﬁ(anb) + f:ab- (428)

The tilde on the ¥ serves as a reminder that this variable is different from the ¥ used in
Chapters 5 and 6. The first, the second and the third terms in equation (4.28) are the
scalar, the vector and the tensor parts respectively. The vector and the tensor parts have
the property £,n® = 0 = £,n® For an LRS background, only the first term in (4.28)
is non-vanishing. In the rest of the chapter, we shall require the background to be LRS
(with 02% = 03% i.e. degenerate shear).

Using the 1+1+2 decomposition and applying the LRS conditions, it is straight for-
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ward to show that
0"V a(Sap0e)?) = Va(0%Sup09%) + O(2) = 3£2V,(n’nSu) + O(2) = 3ECLY, (4.29)
where the condition (4.2) has been used.

4.3.1 Divergence-free condition on the magnetic part of the
Weyl tensor
The divergence-free condition on the magnetic part of the Weyl tensor leads to the sepa-

ration of constraint (4.8) into two new constraints ;

c*), = VH,, =0, (4.30)
CD, = g,,0°E“ =0. (4.31)

When these two new constraints are propagated, they yield,

G = O, +16(4CM, — %@ ) — g b(LC0MW, + C%y) 4 LeurlCW,, (4.32)
Sa = Cé(z)a + %ece(z)a - %a.abCG(Z)b, (433)

where

So = EabcO gcurl H, (4.34)

Equation (4.32) requires (A.7), (4.16) and (4.30). Equation (4.33) requires (A.7), (4.14)
and (4.15). As in the previous consistency check, we seek to show that (4.34) either
vanishes or can be expressed in terms of known constraints. Using (A.9), the source takes

the form

Eapc0igcurl H9 = %V, H,. — 0*V, H,.. (4.35)
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We shall now concern ourselves with the first two terms on the right hand side.
The magnetic part of the Weyl tensor can be replaced by its 1+1+2 decomposition.
Note that this decomposition takes the form,

Hg, = H(ngny — % ) + 2H(ans) + Hap, (4.36)

where all the terms (scalar, vector and tensor) are first order in magnitude. It is also
necessary to expand the spatial derivative of the unit vector, again we only retain products

that are linear in magnitude. This yields,
0PV Hye = 3£V, (H), (4.37)

since gradients of scalar are zero by virtue of (4.2), and n®N,, = 0. Similar analysis will

show that,
o, H,e = 15C8 + 19, ((nbna + NO)EH - HenS + 2an.,2) . (4.38)
These results imply,
Eabco’gcurl H = —~10,°C8, — 18CE + Vo (EH) + L VH(EHn, — VE(EHn,).  (4.39)

It is clear that this leads to additional constraints and so the divergence free conditions
is not preserved. This implies that the wave equation for the magnetic part of the Weyl
tensor is not a pure tensor wave. In order to obtain gravitational waves, we need to
extract the pure tensor part of the wave equation. We shall show in the next section that
for a diagonal Hg, the divergence-free condition is met. Gravitational waves propagating
in this background can be characterised in two different ways. The first is to use the
magnetic part of the Weyl where the divergence-free condition is relaxed. In this case the

issue of extracting pure tensor arises or one takes the magnetic part of the Weyl tensor
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to be diagonal. The second is to use the traceless part of the Ricci tensor S, keeping
in mind that the background is flat (X = 0) and S, is first order. The issue of whether
this represents genuine gravitational waves is debatable. It has been conjectured in [6]
that there exists a link between the Cotton-York tensor of hypersurfaces in spacetime and
the presence of gravitational waves. We note the the curl of the traceless part of 3-Ricci
tensor (denoted by curl Sy, ) is proportional to the Cotton-York tensor. In this thesis we
shall only consider wave equation given by the magnetic part of the Weyl tensor. The

case of the traceless part of the Ricci tensor will be addressed in future.

4.3.2 Wave equation for the magnetic part of the Weyl tensor

with vanishing divergence and diagonal H,,

The starting point in deriving the wave equation is the evolution equation for the magnetic

part of the Weyl tensor given by,
Hay + ©Hy, + 30(,°Hyye = —curl Egp. (4.40)

Differentiating the above equation with respect to time, making substitutions using (4. 14),

(4.15) and (4.16) and the appropriate commutation relation, we find,

Hap — V2Hgy + 10H,, + (202 + 20%) Hoy — 9000 Hyy® — 9ea Hyy® — 30 HE
+3V (Ve Hye — 6H (40040 + 0ca H 00 — 0o H® 043 + 00 (o Hipa
= —3curl (0 Ep°) + aecscd(a@eEb)d.

(4.41)

Notice that for a = b, @(G@CH e = 0. This follows when one substitutes for the divergence
of the magnetic part of the Weyl tensor using (4.8) and applies the LRS (equivalently the

degenerate shear) condition. Similar conclusions have been arrived at by [64], who use a
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tetrad approach. Now note that the first term on rhs of (4.41) can be expanded as follows,
—3curl (0., Ey°) = 3scd<a§e(a°eEb)d), (4.42)

where the last equivalence can be demonstrated by replacing the the electric part of the

Weyl tensor using equation (4.14) and applying identity (A.5). But
3€cd(aﬁe(0'ceEb)d) = 3€cd(a0'ceﬁe(Eb)d) + 3€cd(aEb)d€7€(0'ce), (443)

where the last term vanishes given that (4.3) holds. This implies that the source reduces

to

4€04(a0% V' (Ep?). (4.44)

It can be shown that for LRS (equivalently degenerate shear) background, the rhs
contributes terms equal to the product of shear and curl of the electric part of the Weyl
tensor on one hand and product of the electric part of the Weyl tensor and the magnetic
part of the Weyl tensor on the other. We demonstrate this for the component Hy;. The

source for this components takes the form,

decan0°VeEY? = 4 (aze@eEls - ase@eElz)
= 4o% (WEJ" - 63E12) , (4.45)

where the shear is taken to be diagonal and degenerate, i.e. 032 = 033, Let us now

examine the source term to equation (4.40), for the case Hy;. In this case note that,
curl Byy = £,40V°Ey? = V2E® — V3E% (4.46)

This demonstrates that in isolating thie components of the H,,, and applying the de-

generate shear condition, one can effectively replace the source with the product of the
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corresponding version of H,; and a diagonal component of shear. This can then be moved
to the left leaving a homogeneous equation. The source term for the other components
are more complex but can be analysed in a similar manner. In order to proceed, we first
apply the projection tensor h®*on (4.41) thereby raising one index. It turns out that it is
much easier to work with one index raised. We introduce and make use of the following

notation
H, = H, H, = H%;, H3 = H?;,

as they lead to a neater presentation. We also transform to a dimensionless time variable

7 where dr = Hdt, H is the Hubble parameter. The derivative with respect to 7 will be

denoted by a prime’, in contrast to the proper time derivative denoted by an overdot.
The long wavelength approximation of the diagonal components of the wave equation

(4.41) in dimensionless time take the form,

H! + (% +T - 2% H] + (6 + 33 — 18T%)H; = 0, (4.47)
Hj + (5 + - §5%)H; + (6 + 335 — 145%)H, + 25°H; = 0, (4.48)
Hy + (A +3 - 39 H, 4 (6 + 33% — 145%) H; + 25%H, = 0, (4.49)

where we have used expansion-normalised shear elements given by
o1/H = -2%,00/H =03/H =%,

which follows a choice of shear-eigen frame of the form diag o = (——%’3-, 7"3-, 7"5) In order

to solve the above system, the values for X are required. These are given by the fixed

1The prime in chapter (2) denoted derivative with respect to conformal time. In this chapter and in
chapter (3), the prime denotes dimensionless time (7)
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points for the evolution equation for . It can be shown that for this background,

3
Y= —5(1 -z (4.50)

The fixed points are £ = 0, 1. In the next section, we shall solve the system of equations
given by the diagonal components of the magnetic part of the Weyl tensor, subject to
these shear fixed points.

4.4 The non-zero shear subcase

The shear regime is characterised by the two nonzero shear values. We look at each of

these, beginning with the case where the shear is positive.

4.4.1 Positive shear subcase

In this case the solutions to the system of diagonal elements are,

‘ 5 5
H1 = Cle'T, Hz = —%(Cl + Cg)e'T, H3 = —%(Cl - Cg)e_if, (451)
where,

Cift)=¢a sin(>2&9-7') + ¢ cos(ﬁggﬂ'), Co(T) = ¢3 sin(-‘r%éT) —c COS(§32QT). (4.52)

The small c(s) are the integration constants and are determined by the initial conditions.

In the shear-dominated regime, the Hubble parameter H = =3 o« ¢~!. We can now
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convert back to proper time, in which case the Hubble-normalised solutions read,

My = Hy/H? = Cyts, (4.53)
He=Hy/H? = —1t*5(C; +Cy), (4.54)
Hs=Hy/H* = —15%(C, - Cy), (4.55)
and
Ci(t) « [cl sin (3% ln(t)) + ¢z cos (3@ ln(t))] , (4.56)
Co(t) [c3 sin (56@ ln(t)) — ¢4 COS (56@ ln(t))] . (4.57)

It follows that these coupled components oscillate with growing amplitudes. It is also
clear that the components grow faster than the growing mode in the FLRW case, which
implies that the presence of shear boosts the amplitude of gravitational waves. Next we

consider the case where shear is negative.

4.4.2 Negative shear subcase

In this case the solutions to system (4.47-4.48) are,

3+3421
H = e 2 "(c1+ce™™), (4.58)
343,21 3+/173
H, = —%e‘+"(c1 eV f e 2 T(Cy — cyeV™), (4.59)
343,21 3+y/173
Hy = —le7 2 "(a1+ce™?)—e™ 2 "(ca— cseV'™), (4.60)
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where the coefficients are again determined by the initial conditions. As in the previous

case, the Hubble normalised solutions expressed in proper time read

9-3y21 9+34/21
Hy = Hi/H)={cit” 6 +cpt” 6 }, (4.61)
9-3,/21 9+3,/21 9—/173 9+1/173
H, = ffg/ff2 = —%{Clt 6 +4cot 6 } +ct 6 —cqt 6 (462)
9-3,/21 9+3,/21 9—,/173 9+4/173
Hy = H3/H2 = —%{Clt 6 +cot 6 } +cgt 6 —cyt 6, (463)

In this case we have both growing and decaying modes. Again, the presence of shear lea.ds-
to an increase in the rate of growth and a decrease in the decay rate, when compared to

the FLRW case.

4.5 The zero shear subcase

In this case the equations in the system (4.47-4.49) decouple, with each component evolv-
ing separately. One can apply harmonic decomposition, using the basis presented covari-
ant section of Chapter 2. The long wave length approximation of the decomposed wave

equation takes the form;
H; + Y H, +6H, =0, (4.64)

for one parity, with the opposite parity obeying a similar equation. The solutions to this
wave equation are,

3
H, = Cie” 2" + C26_4T.

This can be converted to proper time. From the solutions to the evolution equations for

2
background shear and energy density, it can be shown that the scale factor a o ¢3, which
implies that in proper time,

. 8
H, = C]_t_l + Cot™3.
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The dimensionless form of this solutions then read,
2
He = H./H?> =Cit +Cyt73,

where H is the Hubble parameter and is equal to % in this regime. These recover the

standard FLRW results found in the detailed analysis given in [129]

4.6 Chapter conclusion

We have looked at the decoupling of gravitational waves from density perturbations in
perturbed Bianchi type I model filled with dust. We found that the background model
must be LRS for the constraint equations to propagate, after setting the gradients of
scalars to zero. Whereas the issue of purely radiative gravitational field (divH, = 0) can
easily be demonstrated for gravitational waves in perturbed FLRW, this is not the case
for perturbations about Bianchi I model filled with dust. It turns out that the divergence
of thé magnetic part of the Weyl tensor vanishes when H,, is diagonal. We have presented
the solutions to the wave equation with diagonal H,;, however the issue of whether or not
these are genuine gravitational waves is still open. Our analysis extends those of [109] to
the case of pure gravitational waves in perturbed Bianchi I model with irrotational dust

and also complements the analysis by [82].
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4.6. Chapter conclusion




Chapter 5

Second-Order Gauge-Invariant

perturbation theory

The introductory chapter to this thesis reviewed how well the current standard model
fits observations. As pointed out, there exists some discrepancies (see section 1.1.2). In
order to address some of these discrepancies it is necessary to refine the current standard
model. A possible refinement may come from second order perturbations of this model.
This chapter re-examines the covariant a.nd gauge invariant approach to second-order
perturbation theory initiated in [24] and extends it in a significant manner. We first
revisit the motivations for developing techniques to study Second-Order effects, before
presenting the formalism. The focus is on second-order tensor perturbations about FLRW
with dust on the one hand and with a general barotropic equation of state on the other.
Solutions to the wave equations are presented, where possible. The chapter ends with a

discussion of some outstanding issues and the work in progress.

89
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5.1 Introduction

Cosmology is now firmly data driven [160], where considerable emphasis is placed on de-
termining the key cosmological parameters discussed in our introductory chapter. Large
amounts of high quality data is now available from large scale surveys of galaxies red-
shifts, the measurements of the CMB temperature anisotropies and polarization, é.nd
measurements of the magnitude-redshift relation of distance supernovae, to mention a
few. The precision in the measurements of the CMB temperature anisotropies in partic-
ular, is nearing the levels where it may be possible to extract imprints left by non-linear
effects.

The study of small perturbations, giving rise to large-scale temperature anisotropies
of the CMB is usually treated with first-order relativistic perturbation theory techniques,
either in a gauge invariant manner or by specifying a suitable gauge [92,118,8,34, 141].
On small and intermediate angular scales, where the description in terms of linear order
perturbations theory is no longer accurate, second-order perturbation theory is necessary.
A further motivation for second-order perturbation theory is that there is no way, within
the linear theory, to decide when the perturbations have become too large for the theory
to handle [122,24]. For these reasons, second-order perturbation theory is beginning to
receive considerable attention [161,122,24,115,7,156,68,142,67,125,113,24,97,98,89,122].

Second-order cosmological perturbations dates back to Tomita [158], where for the
first time second order terms from scalar modes were examined. More recently, the au-
thors of [68] looked at second-order perturbations of a flat dust FLRW models with a
cosmological constant, while those of [142] considered the case without a cosmological
constant. Second-order effects during inflation was studied in [161], allowing for the pre-
diction of the bispectrum of perturbation from inflation. The full relativistic treatment
of second order perturbation theory have also been considered in [135,116,141,125]. In
Chapter 6, we shall consider gravitational waves generated by second order effects during

slow-roll period of inflation. Meanwhile the authors of [113,57] have considered the evo-
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lution of curvature perturbations on super-Hubble scales after inflation which they find to
be constant. The authors of [120,121] have also shown that second order effects may lead
to detectable non-Gausianity in the CMB, while those of [143] have considered second
order contributions to CMB polarization.

The literature cited above, with a few exceptions, develop and apply metric based
formalisms in their analysis of higher-order perturbations. Our interest is to develop a
covariant and gauge invariant approach to complement these efforts.

In [24], a covariant approach to nonlinear perturbation theory was initiated, and the
formalism used to study second order gravitational waves sourced by first order density
perturbations and second order density perturbations sourced by gravitational waves at
first order. However, only the dust equation of state was considered in that work. We
develop a parallel approach that represents a significant extension of the analysis in that
paper and one that is able to deal with a wide range of barotropic fluids. Let us first

re-examine the basics of scalar perturbations in the covariant approach.

5.2 First order dynamics

The study of linear perturbations of a FLRW background are relatively straightforward
to study. Let us begin by defining the first-order gauge-invariant (FOGI) variables cor-
responding respectively to the spatial fluctuations in the energy density, expansion rate

and spatial curvature for a fluid with barotropic equation of state (p = wu):

X, =V, (5.1)

2, = V0!, (5.2)

1This differs from the notation used in (3.48), where a scale factor is involved
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C, = a®V,R. (5.3)

The quantities are FOGI because they vanish exactly in the background FLRW spacetime
[152]. As we saw.earlier, It turns out that a more suitable quantity for describing density

fluctuations is the co-moving gradient of the energy density:
Xa, (5.4)

where the ratio X,/u allows one to evaluate the magnitude of the energy density per-
turbation relative to its background value and the scale factor a guarantees that it is
dimensionless and co-moving. From equation (2.52-2.66), it follows that the set of lin-

earized equations satisfied by the FOGI variables are given by,

Gab = —200m — 0¢a0t)° — Eap + Viady, (5.5)
Egp = —OEu+ curl Hy — 3p(1 + w)og, + 300 Ey°, (5.6)
Hpy = —OH,, — curl By + 30,0 Hy)® — 2€04a Ay, (5.7)
X, = —3$0X,(1-%) -z, (5.8)
Z, = -0Z,-1X,(1+w), (5.9)

together with the constraint equations,

0 = diva, — 22, (5.10)
0 = H,, — curlog, (5.11)
0 = divE, — 3 X, (5.12)
0 = divA,, (5.13)
0 = curlX,, (5.14)



93

where div(E,) = V.E,®. Because the background is homogeneous and isotropic, each
FOGI vector may be uniquely split into a curl-free and divergence-free part, usually

referred to as scalar and vector parts respectively, which we write as
Vo=V, + W, (5.15)

where curlV;, = 0 and divl{ = 0. Similarly, any tensor may be invariantly split into

scalar, vector and tensor parts:
T = Rab + Logp + Trap (516)

where curl Ts,, = 0, divdivly = 0 and divIy, = 0. It follows therefore that in the above
equations we can separately equate scalar, vector and tensor parts and obtain equations
that independently characterize the evolution of each type of perturbation. It follows
from the above discussions that pure scalar modes are characterized by the vanishing of
the magnetic part of the Weyl tensor: H,; = 0, so the above set of equations reduce to a
set of two coupled differential equations for X, and Z,:

X, = —$6X,(1—-3) - pZ,, (5.17)
2, = -02,-1X,(1+w), (5.18)
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and a set of coupled evolution and constraint equations that determine the other variables

Gap = —200m — 0e(a08° — Eap + V(o Ay, (5.19)
Ep = —OFEqy— ipu(1+w)oaw + 30caEyc, (5.20)
0 = div(os) — 22, (5.21)
0 = cur(ow), (5.22)
0 = div(E,) - X, (5.23)
0 = curl(X,), (5.24)
0 = curl Ey, (5.25)

when A€ is first order. Our aim is to develop a formalism for studying second order tensor
perturbations generated by first-order scalar modes. Unlike in first-order dynamics, where
the different modes decouple and evolve separately, these modes couple in second-order
dynamics. A mode extracting scheme is therefore necessary in situations where a specific
mode needs to be analysed. In the next section, we present new covariant mode extraction
procedures useful for extracting scalars, vectors and tensors. We shall then apply the

tensor extractor in the rest of the chapter.

5.3 Mode extraction

We assume an FLRW geometry of curvature K, and all relations are defined on this
background. Under a perturbation at order n, all relations below hold for objects of
perturbative order n; for lower perturbative order, the commutation relations below have
curvature correction terms added to them. Given the usual 4-velocity u®, we use the
spatial metric hqap = gab + UqUsb, defined in Chapter 2. All rank-1 and -2 tensors used
here are orthogonal to u®, and rank-2 tensors are symmetric and trace-free (PSTF) which

we denote using angle brackets on indices. We define the conformal spatial covariant
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derivative acting on scalars or spatial tensors as 6,, = aghV, = a@a, where a is the scale
factor and V, is the spatial derivative normally used in the covariant approach. We use
ﬁa as it commutes with 4®*V, and is the covariant derivative normally used in the metric
approach to perturbation theory. The irreducible parts of the spatial derivative of PSTF

tensors are the divergence, curl, and distortion, defined as

divXp.c = V°Xap.c, (5.26)
Wl Xap.e = EaeaViXy 00°) (5.27)
dis Xea.p = VicXa.p)- (5.28)

Note that the divergence decreases the rank of the tensor by one, the curl (= acurl)
preserves it, while the distortion increases it by one. Keeping this in mind one can drop
the indices on differential operators as long as it’s explicit the valence of the PSTF tensor
which is being acted on (which can sometimes be confusing). This considerably simplifies

the appearance of the equations. For a rank-1 spatial tensor the following relations hold:

diveurl = 0, (5.29)
discurl = 2curldis, (5.30)
curl’ +¥2 = Vdiv + 2K, (5.31)
divdis = 1VZ+1iVdiv +K, (5.32)
Vidiv = divV?—2Kdiv (5.33)
Vieurl = curl V2, (5.34)

Vidis = disV?+4Kdis. (5.35)
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Here we have used the notation whereby V with no index represents the gradient of a

scalar. Acting on any PSTF rank-2 tensor, the following commutation relations hold:

arlV? = Viarl, (5.36)
curldiv. = 2div curl, (5.37)
crl” +¥? = idisdiv + 3K, (5.38)
(disdiv)curl = curl (disdiv), (5.39)
Vidiv = divV? - 4Kdiv, (5.40)
Vidivdiv = divdivV?— 6Kdivdiv, (5.41)
diveurldiv = 0, (5.42)
disdiv = 3divdis — V25K, (5.43)

where the last equation is given in [137].

5.4 Rank-1 tensors

For rank-1 tensors the scalar and vector parts correspond to the curl- and divergence-free
parts respectively. Given a spatial rank-1 tensor on an FLRW background at maximum
perturbative order, X = §% + V¢ = ves + Ve, it is easy to form quantities which are

pure scalars or vectors by the following rules:

Scalar: S, = 6ad-i'vX =V, divS = V,V2S

Vector: V.= caurl X, = curl V. (544)

By taking spatial derivatives we have quantities which are scalars and vectors but which

remain local. We can then formulate the non-local variables from the original tensor by
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the formal solution

§ = VidivX (5.45)
-,\"1 =
Vo = (20-?) curl °X,. (5.46)

While X¢, § and V¢ have compact support, S does not [152]. Part of the conceptual
utility of defining local scalar and vector quantities via equations (5.44), which preserve
the rank of X@, is that the differential operations involved commute with the Laplacian 62,
and time derivative. Therefore, if X satisfies a wave equation with source, L[X,] = S,,
where L is a linear differential operator containing the Laplacian, then we may locally
extract the covariant scalar and vector parts to find [,[5’.,] = 6adTvS and [,[17;] = curl Sa.
One may further relate the local and non-local decompositions in Fourier space (which
is inherently non-local). Defining a scalar harmonic basis in the usual way, 6262(5) =
—k2Q, we find §® = —k29®. Similarly for vectors, V2QY’ = —k2QY", where we have
two parities of orthogonal harmonics, (k2 + 2K)/2Q") = curl Q) & (k2 + 2K)/2Q(V) =
curl Q"™), in Fourier space the local extraction involves a parity switch. However, this

feature can be trivially removed by defining V, = curl curl X, instead of equation (5.46).

5.5 Rank-2 tensors

For rank-1 tensors the above considerations are trivial to find, and well known. For rank-2
tensors, on the other hand, the local decomposition into scalar, vector and tensor modes
is not quite so easy. A general projected, symmetric, and trace-free rank-2 tensor has the

decomposition

Xao = Sav+ Vap+Top
= ViuVS + ViaVsy + Tus, (5.47)
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where the non-local scalar part is curl-free, the vector part is solenoidal, divV =0 =
divdivV = 0 (and dTvVa # 0), while the tensor part is transverse, div T, = 0. The
question is, how do we form local scalar, vector and tensor quantities from X, and relate
them to the non-local split given above? That is, what differential operations do we need
to act on X, to leave only the scalar, vector or tensor part? Furthermore, let us assume

that X,; obeys a wave equation with source of the form
L[{Xa) = Sabs (5.48)

where £ contains time derivatives and Laplacians, and any derivative operations which
preserve the rank of X, —i.e., curl , dis div or div dis , or combinations thereof. Ideally we
would like the local extractions to be differential operators which commute with £. To
show this we need only show that the Laplacian and curl commute with our extractions
below: time derivatives commute trivially; disdiv commutes if curl and V2 does by

equation (5.38); and div dis therefore will by equation (5.43).

5.5.1 Scalars

Clearly, S = divdivX is a (covariantly defined) scalar and can only depend on S, so let

us define
S'a,b = j[Xab] = ﬁ(,ﬁb) div divX = 6@65)666‘1)@4
= VVpdivdivs
ViV (62 + 3zc) v28. (5.49)

Wi
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The non-local scalar S is given formally from X, by

3
2
3
2

S = (62+31c)_1 $-2div div X

- -1 - w
(v2 + 31c) v-23. (5.50)
This latter relation trivially gives the relation in Fourier space by replacing V2~ —k2.

Defining Sa to preserve the rank of the original tensor allows us to find the wave equation

it satisfies easily. First, note that any curls in £ commute with & trivially, and note that

V2 (Vo Vndv div ) = (VT div div ) 2. (5.51)

We then see that the locally defined scalar quantity S obeys

ﬁ[gab] = j [Sab] = 6@6;,) d—i‘V d—i‘V S . (5.52)

5.5.2 Vectors

We begin by noting that the operator curl div = 2div curl knocks out the scalar and tensor
part of X, and is solenoidal by equation (5.42) (note that it forms a rank-1 tensor from
Xap); thus, V, = curl div X, is a locally defined vector. The rank-2 extraction of vector

modes may be given by taking the distortion of this operator,

v

Vb

V[ X o) = dis curl div X,

= Ecd(aﬁb) 6°66Xed

= dis curl div dis V, | (5.53)
= Ldiscirl (V2+2K) Ve, (5.54)
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The non-local vector V, may be given formally from X,; by

— -1 - —
v, = 2(—V4+41c2) corl div X,

— -1 — Y]
= 2(—v4+4ic2) carl V. (5.55)

This last relation enables us to relate the local and non-local vectors in Fourier space
as V) = 1(k? + 2K)V2(—k? + 2K)V®, with the same relation for the opposing parity.
Again, the otherwise superfluous preservation of the rank of X,; in defining the operator
¥ — the extra dis term — allows ¥ and £ to commute [to prove this for the Laplacian,
we use equations (5.35), (5.34) and (5.40); for curl, we use equations (5.37) followed by

(5.30)], giving our wave equation for V,; as

LVa) = P[Sw) = dis curl div Sp. (5.56)

5.5.3 Tensors

The key difficulty here lies inlﬁnding the differential operator which when acting on dis Vab
produces zero by virtue of V, being solenoidal (while obviously leaving the transverse part
of Xgp). It is straightforward to verify that [chI 2 + %dﬁ div — K] dis V,, = 0 for divV = 0,
which follows from equations (5.30), (5.32) and (5.31). We must also take an extra curl

to remove the scalar part. Therefore, our local tensor extraction may be defined as

Tab

T Xu) = [_62 + 2K + 2dis d?v] curl X
= e [(-V2 +2K) VX, + Vi ToVX, 9]
+ecseV (aVEVEX,
= [—‘72 + 2IC] curl Ty, (5.57)
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Note that curl commutes with the operator in square brackets. It is relatively straight-
forward to verify that T, is transverse, div T, = 0, showing that this represents a tensor

mode as expected: First note that we may write
A — - 2 -
g =3 [VZ +4curl — GIC] curl, (5.58)

which follows from equation (5.38), so that

dvd = % [_‘2 + curl 2 ZIC] div curl
= 1Vdivdiveurl =0, (5.59)

which uses equations (5.37) and (5.40) on the first line, then equation (5.31) to get to
the second, and finally equation (5.29) to show the last expression is zero. The formal,
non-local, TT tensor T,; is given in terms of the original tensor X, by taking a further
curl to obtain

Ty = (—62 + 31c) - (—62 + 21c) ! Plcir Xa). (5.60)

. . . S0 (T
To convert our extraction into Fourier space we define tensor harmonics as Vfolb) =

—k2Q'D), where we have two parities of orthogonal harmonics, (k2+3K)"/2Q%) = curl QD &
k2 + 3K)Y2Q'D = cirl QD). We therefore find
ab ab

T = (8 +3K) /? (k2 + 2K) T®), (5.61)

with the same relation for the opposite parity. In order for J to be useful it will have
to operate on a wave equation, equation (5.48). It is clear from the form of g given in

equation (5.58) that £ and J commute, so that T, obeys

Lia] = FlSul = [~V + 2K + 2dis div] curl S
= [Sedisdiv - 3div dis +8K] cirl X, (5.62)
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We are now in a position to determine the key second-order tensor variable. Consider the
situation where only scalar modes are excited at first order, a tensor such as the shear
0qb Will only manifest the scalar part. Let us denote this by o.b,. Applying the tensor
extractor (5.58) on o, will therefore extract the tensor part (see equation 5.63). This
part is second order given that only scalars are excited at first order. Since we do not have
vectors and tensors at first order, it is sufficient to use curl as a tensor extractor rather
than the full &. This is more so because the pre-factor (—62 + 2K), which appears on
(5.57), is rank preserving and commutes with the time derivative. In what follows, we

revert to the standard curl (= curl /a).

5.6 The key second order variable

As discussed above, we consider tensor modes excited by first-order scalars. Limiting our
discussion to dust (w = 0 = A* = 0 = p = 0), we can group variables into background,

first and second-order respectively:

e background: y,©.
o first-order: X, Z,, 0up, Eup.

e second-order: curl ogp.

This implies that at linear order, all rank-1 and rank-2 variables have only scalar contribu-
tions. But for vanishing vorticity curl o, = Hgp, which has both tensor and vector parts.
curl o4 should therefore give a second-order tensor, in the case where vectors vanish. Let

us formally define a quantity with this characteristics,
Yab = curl g, (5.63)

with respect to FLRW background and where only scalar modes are excited at linear

order.
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It follows that equation (5.7) becomes an evolution for our second-order quantity, when

the third order term is dropped:
Yap = —OZgy — curl (E)gp. (5.64)

Taking the time derivative of (5.64), making use of the evolution equations for FOGI

quantities and using the commutation relation (A.12), it follows that

f)ab + curl curl g5 + %eilab + (92 — W = ecd(a[g-Eb)ddiv(ac) + %O'b)dﬁeEec
+0'ecﬁ|e|Eb)d] — 3curl (O'C(aEb)c).
(5.65)

There is an alternative route to obtaining this evolution equation, first note that one
can derive the general wave equation for first-order shear in a straight forward way. This
follows from taking the time derivative of equation (5.19), for the case of dust and using

the evolution equation for aai, and E,;. From these we obtain,
Now taking the curl of this equation produces,

curl Gap + curl curl curl oap + $curl (B6as) + €cd(ay)?[2OVO — 3Veu] + (467 — 21) T
= curl {0403y + O0c(a0)°)-

(5.67)
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We can now expand each term and re-express it in terms of ¥,, where possible. Note that

equation (5.64) can be written as,

curl a5 = Tap + 100 + €ca(a0 Vo0 . (5.68)
The time derivative of this equation takes the form,
curl Gop = Eap + 2604a0°°V 67 + (30 + 10%) T + 2050, + €ca(a0*Vion) . (5.69)

It can be shown that the remaining terms take the following forms:

curl curl .y = curl curl curl o, (5.70)
2 curl (O6as) — gecd(a&g)div(ac) = g@)jab +36%%,, + geecd(aa“%dab)d, (5.71)

€cata®)'[§OV°O — §V°p]

[38¢€caaon) *div(0°) + Secaaony®div(c®)], (5.72)
curl (0¢(a0yy) = —%ecd(a(?e[&g)a“ + 03y6%)), (5.73)

curl (90’0<a0'b)c) = —@ecd(aﬁe[ab)daec],. (5.74)

Substituting (5.70-5.69) into (5.67) gives,

Y + curl curl Ty + %@53.,b + (02 — )Ty = ecd<a[—3&,‘f)div(ac) - 4605)ddiv(ac)
—30’t,)ddiv(0"c — gaec@'do-.g) — gé'ecﬁgddd)d - %eoecﬁkm'b)d].

(5.75)

This is just equation (5.65) with the source expressed in terms of shear rather than the
electric part of the Weyl tensor (see 5.19).
We now seek to show that the source term to equation (5.75), which we denote by

Fab, is also gauge invariant. Ideally we need to demonstrate that F,, = 0 when Xy, = 0.



105

From equation (5.65), we see that
Fap = —3curl (0.0 Ey°) + ecd(a[%Eb)ddiv(ac) + %ab)dﬁeEec + aecﬁe'Eb)d]. (5.76)

However, one can expand the first term in this source and express it in terms of T as

follows,

3curl (0o Bp°) = curl E, +Ocurl By + %ecd(aEb)ddiv(ac) — curlcurl Ty
+1pT0p + Secaaondiv(E®). (5.77)

Upon substituting into equation (5.76) and using commutation relation (A.11), we
find

Fu = —curl By — Ocurl E,p + curl curl £, — %uZ‘ab + ecd(aa“ﬁdEb)d
= —(curl Ep) — 50 curl Eg + curl curl Sg — $uTgp. (5.78)

Note, from equation (5.64), that X, = 0 = curl Ey; = 0 and so F,, vanishes at first order
as required and implies that F,; is also gauge-invariant. In order to the X, wave equation,

we need to determine how F,; evolves. This will be addressed in the next section.

5.7 Amnalysing the source term F

In order to discuss the source term, it is useful to introduce new variables to denote the

first order products that make up this source [24]. These are,

Vb = €a@diV(0%)on®, o = €ciadiv(c®)a),
Vsab = €oa@div(69)on?,  Yaas = €ciadiv(6®)a,

(5.79)
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and

_ S 4 _ e’ _ d
§1d = €0 V)gon®,  Eaab = €cd(a0° Vo),

&ap = ecd(ao'ecﬁlelé'{;i), Eaab = ecd(a.é'ecﬁlel“7'1‘,1)- (580)

It follows that the source takes a very simple form when expressed in these new

variables,

Fab = —3%20b — 40%106 — $930p — 4306 — $6€10s. (5.81)

Taking the time derivative of each variable given in (5.79), and making use of (A.6), we
find the following closed set of first order differential equations,

Vi = Voab + Y3ab — $0V1as, (5.82)
Yoap = —20%nab + Yuab — (367 — 2p)1as, (5.83)
Paab = —260%sap + Yuaab — (36 — Ep)hras, (5.84)
Yap = —(36% — 2u)oay — ($67 — S)vsa — L Otuas. (5.85)

It is clear that this set takes the form v, = U, and can be solved relatively easily.
Similarly, the time derivative of (5.80) gives rise to a system of differential equations of
the form; éab = Z€m, where = = V. The substitution of the solutions to these sets of

differential equations into equation (5.81) yields,
— _I 1
Fab = aapt™ + Bapt ™3 + Yt~ 3, (5.86)

where (Qgp, Bap and 4p) are the integration constants determined by the initial conditions.
An alternative method for determining Fg; involves taking the time derivative of (5.81),

expressing the resulting equation in terms of the original variable and isolating a new
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source;

Fap +20F g5 = Agp, (5.87)

where

Agp = 694ab + 400205 + 40305 + O P10 + 40€4as + SO0 + 26300 (5.88)

Now taking the time derivative of (5.87), expressing the resulting equation in terms A

and isolating a new source term leads to,

Agy + 80 A, = By, (5.89)
where
Bipy = —20%ab — §0uas — FO°Psa — 0920 — 20’105 — 0600
—20%50 — $0%14. (5.90)

Finally, it follows that the evolution equation for (5.90) can be expressed in terms of By,

and A, and takes the form,
By + L 0B, — 2uAq = 0. (5.91)

The solution to the coupled system of equations given by (5.87, 5.88, 5.91) reproduces
(5.86). So far we have only resolved the source term to equation (5.65), we now proceed

to solve the wave equation.
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5.7.1 Solutions

From equation (586), it follows that
i:a.b — 62241, + %@2@ + (@2 — u)Z)a,, = Fapp= aabt + Bapt™ 3 + 'Ya,bt_ (5 92)

Notice that ©2/3 = p if the background is flat. In fact we shall consider this case in
the following analysis. We begin by performing a harmonic decomposition of the above
equation. In order to achieve this, we use the 1+3 tensor harmonics introduced in Chapter
(2). Details of this decomposition can be found in [77,43,105,21]. Since X, and Fy
are function of time and space, they should ideally be written as Z,4(t,z) and F(t, z).
The harmonic decomposition of these variables into temporal and spatial dependent parts

take the form;
Tab(t, z) = a2 Z K2 [Z® (£)Qap(k, 7) + £ (t)Qus (5, )] , (5.93)

and

Fap(t,z) = a2 Z K2 [f'(”)(t)Qab(n, z) + f'(“)(t)Qab(n, :c)] . (5.94)

It follows that the decomposition of (5.92) reduces to,
£ 4 B350 4 IOEW 4 (20280 = F©), (5.95)

for one parity. The opposite parity has a similar structure. It is straight forward to show

that the solutions to the homogeneous part of the wave equation (5.95) are,

50— o)t T (5, 5), P =CRteY (850, (5.96)
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where C)(k) and Cz(k) are the constants of integration, while J and Y are the Bessel
functions of the first and the second kinds respectively. The general solutions can then

be found using Green’s method as follows,

11 11
W = Cyr)tTeJ (2,5) + Colr)t 6 Y (&, 5¢) + E5(7 / £ FW gt + 2580 / = F®at,
(5.97)

For completeness, we also present numerical solutions to the wave equation in figure (5.1)
demonstrating how sensitive the wave is to the initial conditions. The results in this
section recover those found in [24]. We now turn to w # 0 case, where we obtain new

results. We next consider a barotropic fluid with vanishing vorticity.

5.7.2 Barotropic perfect fluid

The starting point is again the situation where only scalar perturbations are allowed at
linear order, this implies that ., is second order. In this case the presence of pressure

gives rise to an extra term in the source to the evolution equation for ¥,;. In particular,
Sab + O s + curl (E)gp = —2€c(aA°Ep?, (5.98)

where we have used A° = 4° # 0 (This should not be confused with the .44 used in
(5.88)). Using the momentum conservation equation and equation (5.23), we can now

express A° in the following form,

c Vap _ w@au _ 3wV, E*e
= TMitw) T Aitw) (5.99)

~ (u+p)

where w is taken to be constant with respect to spatial derivatives (i.e. the spatial
derivatives vanish). Note that w may still vary with time (see Chapter 6). To begin with,

we consider the case where w is constant with respect to both time and space. Therefore
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Gravitational wave in the dust regime

0.8

0.6/

2lkt
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Figure 5.1: These curves represent munerical solutions to the gravitational wave equation
(3.95) given different sealing of coefficients of the smirce terni. The initial conditions are k) =
nix) ,K'Et[]‘} = 1.8(k) =0, k/a = 25. The red eurve (with arraw head) vepresents the numerical
solntion for the homogeneous wave. ‘The green eurve (with dots} ig the soltion with o = 0,3 =
08, v = ~0.03. The black curve is the solution curve for GW whose source has the coefficients;
a=0157=0-"v ~—002
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taking the time derivative of (5.98), where w is a constant, gives rise to

Zab + curl curl Zgp + Z08gp + [07 — p(1 + 2w)]|Zap = Fap, (5.100)
where the source is given by,

Fap = Ecd<a[%Eb)ddiV(0'c) + %(1 + w)ab)dﬁeEec + 40'ecﬁ|e|Eb)d]

B cata By div( E°) + UL Qe o iy div( EF). (5.101)
In deriving this equation, we have used the commutation relation [163],

(curl Top) = curl Ty — %9 curl Ty — ecd<aaecﬁ|e|Tb)d + ecd(a[Ach + %GACTb)d + 3H( Ty )
(5.102)
Further simplification of the source is obtained by making use of the following relations

for 0,4 and div(o)° given by

p 2(E¢ + OE%) - ‘
= 8 0 7 5.103
Op ”(1+w) 3 ( )
dive® = _2(div(E)° + OdivE )’ (5.104)
u(l+w)

which follows linearization of equation (5.6). The downside to using these relations is
that they do not apply when w = —1 which would correspond to cosmological constant
or dark energy dominated regimes, cases that are topical at the moment. For now, our
substitutions lead to a source that is made up of products that involve only the electric
part of the Weyl tensor. These are ecd<aEb)ddivE° and ecd@E”ﬁMEb)d and their temporal
derivatives. One can demonstrate that the propagation of these two terms give rise to

two separate, but structurally similar, systems that have identical solutions. The source
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now takes the following simplified form,
Fap = ey, Bdiv(E°) + =R Qe By Ydiv( E°). (5.105)

We shall apply the techniques similar to those employed in the analysis of the dust subcase,
in our analysis of the waves equation (5.100) where w # 0. In particular, we define and

make use of the following new second-order variables,

Visb = €cdlaBry’div(E)°, (5.106)
Yoap = €aatalrgydiv(E)°, (5.107)
Vs = ecalgdiv(E)°, (5.108)
Yaap = HecaiaLyldiv(E)", (5.109)
Ysap = MecdiaLey div(E)", (5.110)
Veab = MecdiaLiydiv(L)", (5.111)

where Lg, = ﬁ(aAb). Whereas the first two terms appear in the source term F,;, the

remaining arise in the propagation of the source. Similarly, we define

flab = €cd@BV)eEn’, (5.112)
ob = €@V Bl (5.113)
3b = otV B, (5.114)
C1ap = €ca(al® Vi En’, (5.115)
fsab = €ottaB* Ve B, (5.116)
oab = €cdal®VieLiy?, (5.117)

where the first two terms appear in the source term Fg.
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5.7.3 Analysing the source F, for w # 0

We now use a method similar to that employed in the analysis of the source term for the
dust case, which relies on the fact the system of differential equations closes and can be

solved with relative ease. The propagation of the variables (5.106-5.111) yields;

Vi = —3O%1a + 220s, (5.118)
Yaap = —(1+ §w)0%10p — (3 + w)Oau + Ysap — 3(1 + W) aat, (5.119)
taap = —2(1+ Fw)O% a0 — (X + 2w)Oth3ap — (1 + W)Wsan, (5.120)
Vaab = —20%uab + Ysap + WhteeaaV20p  div(E)", (5.121)
bsap = —(1+ 3W)0%aap — (4 + w)Osap — Fu(1 + Ww)teas + Whecae V30w tdiv(E)e,
(5.122)
Yoab = —(& — w)OPgap + Wheeaa Ly V2div(c)® + 2wuecd<a@20b)ddiv(L)°. (5.123)

We now apply the standard 14-3 harmonic decomposition to system of equations. We
only present the case for one parity. In order to do this, we introduce a new notation for

the harmonic decomposition of our new variables. For example,

Y1 = Y B1(K) B (K)eoaa@n V@™ = > 11 (K, £)ecaiaQu* (K)divQ (). (5.124)

K=K k=K'

All the terms in the above system can be decomposed similarly. Notice in particular that,

Wteoiia V20y GV(E)° = rBsenaV? (E,‘,’ + €-)E,,d) div(E)°
= ﬁi_%c;;f[%(ﬁ; K) + ¥1(k, £')]€caa Qb (k)i Qe (5.125)
~ d .. . .
WheadaV 2oy div(E)® = ﬁiw—.,’f;;![%(& K') + 1 (K, &)} €caia Qe (K)diIVQe ('),

(5.126)
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and

WHEca(a V200 “div(L)° +2wptecaia Ly *V 2div(o) = ﬁ“fw[zp(n, &) a+20(k, K )s)€ca@Qp (k) divQe(K').
(5.127)

It is clear that these terms vanish in the long wavelength limit, which leads to the closure

the harmonic decomposed system. This reduces to a system of the form 9, = W, where

n = 1..6 and ¥ is the coupling matrix given by

[ -le 2 0 0 0 0 \
-1+3w)e* -@B+w)e 1 —1(1+w) 0 0
0 —2(1+ jw)e? —(¥ +2w)e 0 —(1+w) 0
0 0 0 —20 1 0
0 0 0 —(1+;w)0* —(¥ +w)0 —1u(1l+w)
\ 0 0 0 0 0 ~(¢-w)o )

The system can now be solved given that © = oyt +w)t in the background. Solving this

system, and using the solutions to reconstruct F,; yields ,

2! 2+w) 2(—2+3w) §—7+9w2 !—7+15w!
Fao = oyt (1"'“’) + ag,t 1) 4 g, t 30+w) 4, t30+w) 4 g ¢ 3(1+w)

1743w
+ o, t 30+w) (5.128)
where
@y, = Dao(—24w)(—248 + 112w + T2w?), (5.129)
@y, = Zao(—24w)(—253+ 110w + T5w?), (5.130)
@, = 2ab(—24 w)(—253+ 104w + 69w?), (5.131)

@, = “ab(—2+ w)(—248 + 130w + 90w?), (5.132)
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os,, (—2 + w)(—248 + 118w + T8w?), (5.133)

s, (—2 + w)(—258 + 96w + 66w?), (5.134)

and where ¢, , are constants of integration which are determined by the initial conditions.
Now applying the standard 1+3 tensor harmonic decomposition to the second-order wave

equation gives,
50 + Z50 4 195® + 2021 —w)E®W = Fk., (5.135)
for each parity. The solutions to the homogenous part are
6(1+w)’ 6(1+w)’

11-3w 11-3w
=P = Cy(m)t W00 7 (S8 1), B0 = O S0HY ($1251),  (5.136)

where a.g'a.i’n J and Y are the Bessel functions of the first and the kinds respectively. Here

too, the general solutions can found using Green’s method i.e.
=® = 50 4+5P+2® / 2 3P 5® gt + o / 2 5®s®ds  (5.137)

where

5+3 K 1149 K 543 K 1149 K
w = J(520, 5y (G u) -y (S ) (S5 ).
(5.138)

Figure (5.2) represents the numerical solutions for gravitational waves in the dust and

radiation dominated regimes.
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Gravitational wave in radiation and dust dominated regimes
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Figure 5.2: The red (dotted) line is that of gravitational wave amplitude ¥ = £(*)/ 2(()") in
the radiation dominated regime while the black line that in the matter dominated regime. It
is clear that the wave decays much faster in the radiation regime. The initial conditions are
o =10-5, 2®' =0, k/a =25, a=B=7=0.1
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5.8 Chapter conclusion

Cosmology has entered a phasé where observations is beginning to drive this whole field of
research, thanks to the abundance of data from various experiments. Perhaps the greatest
feature of this data is their ever improving precision. This in principle will allow us to
determine the role played by nonlinear effects in cosmology. The greatest hindrance to
the study of nonlinear relativistic effects is mathematical, for this reason perturbation
theory remains the only recourse. However, nonlinear perturbation theory is made even
more complicated by gauge issues and complex equations.

In this chapter, we discussed a new second-order gauge invariant formalism suited for
studying models with barotropic fluids. This formalism is an extension of the dust-based
formalism initiated in [24]. We found that the presence of pressure leads an even more
complicated system of equations. We have shown that the system derived in our analysis
generalises that given in [24].

As observed in the [24], the main difficulty encountered in the 1+3 covariant ap-
proach at second-order is linked to the gauge-issue. Whereas equation (5.105) can be
written by crossing off third-order terms, they are not in general integrable. This has
to do with the fact that unlike the metric approach which solves for operators at first
order, the covariant approach only solves for physical variables. In order to integrate
the second-order equations therefore, derivative operators must operate only on variables
which vanish at first-order and in the background. These second-order gauge invariant
variables are L.p, Y(n)ab, {(n)as- We found Xy, by extracting the tensor part of first-order
o Notice that ¥, vanishes at first-order since only scalar modes are excited at this
order. The %(n)ap and &(n)ap, Which make up the source for the L,, wave equations, are
products of first-order scalars. These SOGI variables highlight the two different ways in
which second order gauge invariant variables may arise. We have presented new covariant
methods for extracting the various modes and have used the tensor extraction in our

‘subsequent analysis of second-order gravitational waves.
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The greatest challenge in the above development is finding a way to deal with the
source term. We have presented a new way of handling the source term which complements

the approached used in [24].
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Chapter 6

Gravitational waves from
second-order effects during inflation

In Chapter 5, we developed a method for characterising second-order tensor modes in-
duced by first order scalars. In this chapter, we use this method in conjunction with a
metric based approach to study gravitational waves induced by second-order effects during
inflation. The chapter first reviews scalar field dynamics, followed by methodical devel-
opment of tools that are needed in the subsequeht analysis. We then pursue a parallel
approach, where the two main perturbative formalisms discussed in Chapter 2, are de-
veloped. We find that in-order to determine useful measures of .gravitational wave power
spectrum, we have to use the metric approach. The chapter examines the power spectrum
of the wave induced by the first order scalars. We also examine a new contribution to the

non-linearity parameter fyr, which is a measure of non-Gaussianity.

6.1 Introduction

In this chapter we study the generation of gravitational waves during inflation arising
from the non-linear coupling of scalar and tensor modes.

The generation of gravitational waves (GW) is a general prediction of an early in-
flationary phase [149]. Their amplitude is related to the energy scale of inflation and

they are potentially detectable via observations of B-mode polarization in the cosmic
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microwave background (CMB) if the energy scale of inflation is larger than ~ 3 x
10'5 GeV [107, 146, 108,91]. Such a detection would be of primary importance to test
inflationary models.

Among the generic predictions of one-field inflation [117,150,87,75] are the existence
of (adiabatic) scalar and tensor perturbations of quantum origin with an almost scale
invariant power spectrum and Gaussian statistics. Even if non-linear effects in the evolu-
tion of perturbations are expected, a simple calculation [12], confirmed by more detailed
analysis [112], shows that it is not possible to produce large non-Gaussianity within single
field inflation as long as the slow-roll conditions are preserved throughout the inflationary
stage. Deviations from Gaussianity can be larger in, e.g., multi-field inflation scenar-
ios [12,145,13,66,5,71] and are thus expected to give details on the inflationary era.

As far as scalar modes are concerned, the deviation from Gaussianity has been pa-
rameterized by a (scale-dependent) parameter, f ni. Various constraints have been set on
this parameter, mainly from CMB analysis [49, 94,56, 58] (see [119)] for a review on both
theoretical and observational issues). Deviation from Gaussianity in the CMB can arise
from primordial non-Gaussianity, i.e. generated during inflation, post-inflation dynamics
or radiation transfer [120]. It is important to understand them all in order to track down
the origin of non-Gaussianity, if detected. Among the other signatures of non-linear dy-
namics is the fact that the Scalar-Vector and Tensor (SVT) modes of the perturbations
are no longer decoupled. This implies in particular that scalar modes can generate gravity
waves. Also, vector modes, that are usually washed out by the evolution, can be gener-
ated. In particular, second-order scalar perturbations in the post-inflation era will also
contribute to B-mode polarization [143] or to multipole coupling in the CMB [144], and
it is thus important to understand this coupling in detail.

In this chapter, we focus on the gravitafional waves generated from scalar modes via
second order dynamics. Second-order perturbation theory has been investigated in various

works [158,68,142,67,125,113,24,97,98,89,122] and a fully gauge-invariant approach to the
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problem was recently given in [122]. Second-order perturbations during inflation have also
been considered in [161,112], providing the prediction of the bispectrum of perturbations
from inflation.

As discussed in (2), two main formalisms have been developed to study perturbations,
and hence second order effects: the 1 + 3 covariant formalism [41] in which exact gauge-
invariant variables describing the physics of interest are first identified and exact equations
describing their time and space evolution; are then derived and approximated with respect
to the symmetry of the background to obtain results at the desired order, and the coor-
dinate based approach of Bardeen in which gauge-invariants are identified by combining
the metric and matter perturbations and then equations are found for them at the ap-
propriate order of the calculation. In this chapter we carry out a detailed comparison of
the two approaches up to second order, highlighting the advantages and disadvantages of
each method, thus extending earlier work on the linear theory [105]. This chapter also
extends the work of [97,98], in which the relation between the two formalisms on super-
Hubble scales is investigated. In particular, we show that the degree of success of one
formalism over the other depends on the problem being addressed. This is the first time
a complete and transparent matching of tensor perturbations in the two formalisms at
first and second order is presented. We also show, using an analytical argument, that the
power-spectrum of gravitational waves from second-order effects is much smaller than the

first order on super-Hubble scales. This is in contrast to the fact that during the radiation

,, s:can be large enough to be

Hoa

6.1.1 Kinematical quantities

Following the scalar fields dynamics given in section 1.2.6, we now give a formal description
of the scalar field in terms of fluid quantities; therefore, we assign a 4-velocity vector u®

to the scalar ﬁeld itsel‘f.é This will allow us to define the dot derivative, i.e. the proper
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time derivative along the flow lines: T%%,..4 = u¢V,T%",. ;. Now, given the assumption
(1.19), we can choose the 4-velocity field u® as the unique timelike vector with unit

magnitude (u®u, = —1) parallel to the normals of the hypersurfaces {¢ = const.} [111],

a

ur = —y Vo, , (6.1)

where we have defined the field ¥ = ¢ = (—V,$V°¢)!/? to denote the maghitude of the
momentum density (simply momentum from now on). In the case of more than one scalar
field, this choice can still be made for each scalar field 4-velocity, but not for the 4-velocity
of the total fluid.

A number of frame choices exist for the 4-velocity of the total fluid, the most common
being the energy frame, where the total energy flux vanishes (see [105] for a detailed
description of this case). The choice (6.1) defines u® as the unique timelike eigenvector
of the energy- momentum tensor (1.17). The quantity ¢ will be positive or negative
depending on the initial conditions and the potential V; in general ¢ could oscillate and
change sign even in an expanding phase, and the determination of »® by (6.1) will be ill-
defined on those surfaces where V¢ = 0 = ¢ = 0 (including the surfaces of maximum
expansion in an oscillating Universe). This will not cause us a problem however, as we
assume the solution is differentiable and (1.19) holds almost everywhere, so determination
of u® almost everywhere by this equation will extend (by continuity) to determination of
u® everywhere in U.

The kinematical quantities associated with the “flow vector” u® can be obtained by
a standard method [40,99]. We can define a projection tensor into the tangent 3-spaces

orthogonal to the flow vector:

hab = gab + Uty => h%h° = B%, hgu’ = 0; (6.2)
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with this we decompose the tensor V,u, as
Vbua = Vbua - ita’u,b, Vbua = %ehab + Ogp, (6.3)

where 6,, is the spatially totally projected covariant derivative operator orthogonal to u®
(e.g., Vof = ho®V,f; see the Appendix of [106] for details), i, is the acceleration (uub =
0), and o, the shear (0%, = o4,u® = 0). Then the expansion, shear and acceleration are

given in terms of the scalar field by

0 = —V.(¥'vig) = -y [V(g) + 9], (6.4)
Oap = "‘"/)_1 h(achb)dvc [Vd¢] y (65)
Uy = ""/)_1 6a"/) = —"/)—l(va"/) + ua"/.))a (6'6)

where the last equality in equation (6.4) follows on using the Klein- Gordon equation
(1.16). We can see from equation (6.6) that v is an acceleration potential for the fluid
flow [43]. Note also that the vorticity vanishes:

Wap = "‘hachbdv[d ("/)_lvc]¢) =0, (67)

an obvious result with the choice (6.1), so that V, is the covariant derivative operator in
the 3-spaces orthogonal to u%, i.e. in the surfaces {¢ = const.} as discussed in Chapter 2.
As usual, it is useful to introduce a scale factor a (which has dimensions of length) along

each flow-line by

e Ie

e=4H, (6.8)

[ ]

where H is the usual Hubble parameter if the Universe is homogeneous and isotropic.

Finally, it is important to stress that
Vap =0, (6.9)

which follows from our choice of u* via equation (6.1), a result that will be important for
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the choice of gauge invariant (GI) variables and for the perturbations equations.

6.1.2 Fluid description of a scalar field

It follows from our choice of the four velocity (6.1) that we can represent a minimally
coupled scalar field as a perfect fluid; the energy- momentum tensor (1.17) takes the
usual form for perfect fluids

Tab = UUgUp + phab, (610)

where the energy density u and pressure p of the scalar field “fluid” are given by

b= WPV(9), (6.11)
p = WP-V(9). (6.12)

If the scalar field is not minimally coupled this simple representation is no longer valid, but
it is still possible to have an imperfect fluid form for the energy - momentum tensor [111].
Using the perfect fluid energy - momentum tensor (6.10) in (1.18) one obtains the

energy and momentum conservation equations

p+v%0 = 0, (6.13)
Y +Vap = 0. (6.14)

If we now substitute 4 and p from equations (6.11) and (6.12) into equation (6.13) we
obtain the 1+3 form of the Klein - Gordon equation (1.16):

¢+6¢+V'(p) =0, (6.15)

an exact ordinary differential equation for ¢ in any space- time with the choice (6.1) for
the four - velocity. With the same substitution, equation (6.14) becomes an identity for

the acceleration potential . It is convenient to relate p and p by the index v defined by
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This index would be constant in the case of a simple one-component fluid, but in general

will vary with time in the case of a scalar field:
1=06(y-2)-2%. (6.17)

Finally, it is standard to define a speed of sound as

2
]

g=l=y-1-&. (6.18)

6.1.3 Background equations

The previous equations assume nothing on the symmetry of the spacetime. We now
specify it further and assume that it is close to a flat Friedmann-Lemaitre spacetime
(FLRW), which we consider as our background spacetime. The homogeneity and isotropy
assumptions imply that

02

[ ]

0a0® =0, wep =0, V,f =0, (6.19)

where f is any scalar quantity; in particular
Vapp =Vap=0 = Vap=0, 0, =0. (6.20)

The background (zero- order) equations are given by [105]):

3H +3H? = [V(¢) — ¥7] , (6.21)
3H? = [14* + V(¢)] (6.22)
Y+ 3HY+V'(¢) =0 & i+ 3HY? =0, (6.23)

where all variables are a function of cosmic time ¢ only.
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6.2 Gravitational waves from density perturbations:
covariant formalism

In Chapter (5), we developed in detail a covariant approach to gravitational waves induced

by first order scalars. In this section, reformulate this in the context of scalar fields.

6.2.1 First order equations

We discussed the basics of scalar field in the introductory chapter to this thesis. In this
we developed the perfect fluid argument. The study of linear perturbations of a FLRW
background are relatively straightforward. Let us begin by defining the first-order gauge-
tnvariant (FOGI) variables corresponding respectively to the spatial fluctuations in the

energy density, expansion rate and spatial curvature:

~

Xa = Vapu,
Z, = Vg6,
C, = a*V,R. (6.24)

The quantities are FOGI because they vanish exactly in the background FLRW spacetime
[152,17,19). It turns out that a more suitable quantity for describing density fluctuations

is the co-moving gradient of the energy density:
Xa, (6.25)

where the ratio X,/u allows one to evaluate the magnitude of the energy density per-
turbation relative to its background value and the scale factor a guarantees that it is
dimensionless and co-moving.

These quantities exactly characterize the inhomogeneity of any fluid; however we
specifically want to characterize the inhomogeneity of the scalar field: this cannot be

done using the spatial gradient Y~7a¢ because it identically vanishes in any space-time by
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virtue of our choice of 4-velocity field u®. It follows that in our approach the inhomo-
geneities in the matter field are completely incorporated in the spatial variation of the

momentum density: 601&, so it makes sense to define the dimensionless gradient

Vat, (6.26)

[1]

<o

a

which is related to D, by

D, = £5, = 45, (6.27)

sl

where we have used equation (6.11) and v is given by equation (6.16); comparing equa-
tion (6.26) and equation (6.6) we see that Z, is proportional to the acceleration: it is a
gauge-invariant measure of the spatial variation of proper time along the flow lines of u®
between two surfaces ¢ =const. (see [40]). The set of linearized equations satisfied by the

FOGI variables consists of the evolution equations

X, =—4HX, — y*Z,, (6.28)
Zo = —3HZ, - 1X, + V,diva, (6.29)
Gab — Viatiny = ~2H0zs — Eas, . (6.30)
Egp — curl Hyy = —1y%0,, — OF,, (6.31)
Hay + curl By = —3HH,; (6.32)

and the constraints



128 6.2. Gravitational waves from density perturbations: covariant formalism

0 = 1X,-dvE, (6.33)
0 = 27, divo, (6.34)
0 = divH,, (6.35)
0 = Hgy — curlog, (6.36)
0 = curlX,, (6.37)
0 = aurlZ,. (6.38)

The curl operator is defined by curl ¢ = (curl9)q, = e.,d(ﬁ%p;,‘) where €, is the com-
pletely antisymmetric tensor with respect to the spatial section defined by €pqd = €apeqi®,
€abed DeINg the volume antisymmetric tensor such that €123 = v/—g. The divergence div
of a rank n tensor is a rank n — 1 tensor defined by (divy));, ;._, = 6""%1,.,,-".

Because the background is homogeneous and isotropic, each FOGI vector may be
uniquely split into a curl-free and divergence-free part, usually referred to as scalar and

vector parts respectively, which we write as
Vo=V, + Wy, (6.39)

where curl ¥;, = 0 and divi{ = 0. Similarly, any tensor may be invariantly split into

scalar, vector and tensor parts:
Tab = T;ab + Rab + T;'ab (640)

where curl Tz, = 0, divdivly = 0 and divlr, = 0. It follows therefore that in the above
equations we can separately equate scalar, vector and tensor parts and obtain equations
that independently characterize the evolution of each type of perturbation. In the case
of a scalar field, the vorticity is exactly zero, so there is no vector contribution to the

perturbations.
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Let us now concentrate on scalar perturbations at linear order. It is clear from the
above discussion that pure scalar modes are characterized by the vanishing of the magnetic
part of the Weyl tensor: H,, = 0, so the above set of equations reduce to a set of two

coupled differential equations for X, and Z,:

X, +4HX, = —4*Z, (6.41)
Zo+3HZ, = ~1X, —yV?X,, | (6.42)

and a set of coupled evolution and constraint equations that determine the other variables

Gab = =2V (o Xy — 2How — Eg. (6.43)
Egp = —14? 04 — 3HE, (6.44)
divo, = 2 Z,, (6.45)
curlogp = 0, (6.46)
divE, = 1 X,. (6.47)

6.2.2 Gravitational waves from density perturbations

The preceding discussion deals with first-order variables and their behavior at linear order.
It is important to keep in mind that we were able to set Hy, = 0 only because pure scalar
perturbations in the absence of vorticity implies that curlo,, = 0 at first order. As was
discussed in (5.6), the vanishing of the magnetic part then follows from equation (6.36).
However, at second order curlog # 0. We denote the non-vanishing contribution at
second order by [24]

Yap = curl ogp.

The new variable is second-order and gauge-invariant (SOGI), as it vanishes at all lower

orders [152,152]. It should be noted that the new variable is just the magnetic part of
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the Wey! tensor subject to the conditions mentioned above i.e.
Ya = Hgp. (6.48)

We are interested in the properties inherited by the new variable from the magnetic part
of the Weyl tensor. As demonstrated in Chapter 5, the new variable is transverse and
traceless at this order and is thus a description of gravitational waves. It shduld be
stressed that in full generality, there are tensorial modes even at first order. By assuming
that there are none, we explore a particular subset in the space of solutions. From the
”iterative resolution” point of view, this means that we constrain the equations in order
to focus on second order GWs sourced by terms quadratic in scalar perturbations. In

doing so, we isolate and switch off GW perturbations at first order.

6.2.3 Propagation equation

The propagation of the new second-order variable now needs to be investigated using a
covariant set of equations that are linearized to second-order about FLRW. We make use
of equations (6.13), (6.14) and the following evolution equations which are up to second

order in magnitude;

Eab = _eEab + CUI'I Za - %wzaab + 3Uc(aEb)c, (649)
Yo = —OXg — curl By — 2€cd(a'llch)d, (6.50)

together with the constraint
Wt = — V% = —SdivE". (6.51)

Unlike at first-order, where the splitting of tensors into their scalar, vector and tensor
parts is possible, at second order this can only be achieved for SOGI variables.
We may isolate the tensorial part of the equations by decoupling ¥,,: since it is

divergence free it is already a pure tensor mode, whereas E,;, is not. We saw in (5.7.2),
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that the wave equation for the gravitational wave contribution can be found by first taking
the time derivative of (6.50) and making appropriate substitutions using the evolution

equations and keeping terms up to second-order. The wave equation for X4, then reads:

Sab — V280 + THE g + (12H? — 2¢2) Sy = Saa, (6.52)
where the source is given by the cross-product of the electric-Weyl curvature and its

divergence (or acceleration):
Sw = = [20Ve + 16H — 15HcZ] (FrecataBn dvE) . (6.53)
To obtain this, we have used the fact that with éﬂat background space-time
crlcurl Ty = —V2Ty, + 3V odivTh
and we have used the commutation relation
(curl Tg) = curl Ty — %ecurl Top— ecd(aa“DlelTb>d + ecd(a[ﬂch + %611“Tb>d].

We have also used equations (6.17) and (6.18) to eliminate v)/¢ from the source term. It
can also be shown that Sy, is transverse; illustrating that equation (6.52) represents the
gravitational wave contribution at second order. Note that this is a local description of
gravitational waves, in contrast to the non-local extraction of tensor modes by projection
in Fourier space. Since ¥, contains exactly the correct number of degrees of freedom
possible in GW, any other variable we may choose to describe GW must be related by
quadrature, making this a suitable master variable.

In order to express the gravitational wave equation in Fourier space, we define our

normalised tensor harmonics as

Qab — ab eik-x’ (654)

= nyre

where £% is the polarization tensor, which satisfies the (background) tensor Helmholtz
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equation: V2Qu = —(¢?/a?)Qas. As g, is required to satisfy g,u® = 0 in the background,
it can thus be identified with a 3-vector and will subsequently written in bold when
necessary. We denote harmonics of the opposite polarization with an overbar. Amplitudes

of L may be extracted via

ok, t) = / d*k [Zas(x, 1)@ (k, %)), (6.55)

with an analogous formula for the opposite parity. This implies that our original variable

may be reconstructed from
Tap = / &Pk [Z(k, £)Qas(k, X) + E(k, £)Qus(k, X)) - (6.56)

The same relations hold for any transverse tensor. Hence, our wave equation in Fourier

space is
T'(k, ) + 6HZ'(k,n) + [k* + 12H* — 2¢°|2(k, n) = S(k,7), (6.57)

with an identical equation for the opposite polarization. We have converted to conformal
time 7, where a prime denotes derivatives with respect to 7, and we have defined the
conformal Hubble parameter as H = a’/a. The source term is composed of a cross-product
of the electric part of the Weyl tensor and its divergence. At first-order, the electric Weyl
tensor is a pure scalar mode, and can therefore be expanded in terms of scalar harmonics.
To define these, let Q) = et /(2r)%2, be a solution to the Helmholtz equation: V2Q() =
—(¢?/a%)Q'). Beginning with this basis, it is possible to derive vectorial and (PSTF)

tensorial harmonics by taking successive spatial derivatives as follows:
QY = V.Q¥) =iLQ®, (6.58)

6 = VeViQ¥ = -7 (g4 — had’) Q¥
(6.59)
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This symmetric tensor has the additional property ¢°¢*Q%) = —(24*/342)Q®). Using this
representation we can express our source in equation (6.57) in terms of a convolution in

Fourier space, by expanding the electric Weyl tensor as

E(q,n) = / ExEQI(a, %). (6.60)

Then, the right hand side of equation (6.53) expressed in conformal time, accompanied
by appropriate Fourier decomposition of each term and making use of the normalization

condition for orthonormal basis, yields:

S(k,n) = / d*qA(q, k) {2(E(q,n)E(k — q,n)]' + (16 — 15¢&2)H E(q, ) E(k — q,7) }
(6.61)

where
Aq,k) = ZHreaatng® (k° — ¢°) |k — ql*6* (k), (6.62)

with a similar expression for the other polarization. In principle we can now solve for the
gravitational wave contribution X,;, and calculate the power spectrum of gravitational
waves today. For this however, we need initial conditions for the electric Weyl tensor (or,

alternatively ¥,).

6.3 Gravitational waves from density perturbations:
coordinate based approach

As discussed in Chapter 2, in this formalism we consider perturbations around a FLRW

universe with Euclidean spatial sections and expand the metric as
ds? = a?(n) {—(1 + 2®)dn® + 2widz'dn + [(1 — 2¥)8;; + hyj] dz’dz’}, (6.63)

where 7 is the conformal time and a the scale factor. We perform a scalar-vector-tensor
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decomposition as

Ww; = D,B - B,',, (664)

and

hij = gij + Dig—j 4 ngi + 2D,-Dj£, (6.65)

where B, £; are transverse (D;€' = D;B'=0), and &;; is traceless and transverse (£} =
D,-E—J@ = 0). Latin indices ¢, , k... are lowered by use of the spatial metric, e.g. B* =+ B;.
We fix the gauge and work in the Newtonian gauge defined by B; = £ = B = 0 so that
® and ¥ are the two Bardeen potentials. As in the previous sections, we assume that
the matter content is a scalar field ¢ that can be split into background and perturbation
contributions: ¢ = ¢(n) + d¢(n,x). The gauge invariant scalar field perturbation can be
defined by

Q=06+4¢'%, (6.66)

where H = a'/a = aH. We denote the field perturbation in Newtonian gauge by x so
that Q@ = x + (¢'/H)¥. Introducing

£, (6.67)

£ =

[ -1 )

(Note that this differs slightly from the often used version ¢ = %%—:—2? The difference is
due to the type of derivative used in defining the acceleration potential. We have used
the covariant derivative and hence equation 6.67). The equation of state (6.16) takes the
form v = w+ 1 = 2¢/3. We thus have two expansions: one concerning the perturbation

of the metric and the other in the slow-roll parameter e.

6.3.1 Scalar modes

Focusing on scalar modes at first order in the perturbation, it is convenient to introduce

v=aQ (6.68)
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and
z=a$, (6.69)
in terms of which the action (1.15) takes the form
Su =1 [ i [0 - G + 07, .70

when expanded to second order in the perturbations. It is the action of a canonical scalar

2

2 = —2"/z. v is the canonical variable that must be

field with effective square mass m

quantised [118]. It is decomposed as follows
a(x,m) = / ok [on(m)e™ i+ v (m)e*%a | (6.71)
Here vy, is solution of the Klein-Gordon equation
vp+ (=)o =0 (6.72)

and the annihilation ali'd creation operators satisfy the commutation relation, [dk, &;’(,] =
d(k — k). We define the free vacuum state by the requirement é,|0) = 0 for all k.
From the Einstein equation, one can get the expression for the Bardeen potential
(recalling that ¥ = ®)
ae=1% (2, (%2) =4 (6.73)

z

and for the curvature perturbation in comoving gauge
R = —v/z. (6.74)

Once the initial conditions are set, solving equation (6.72) will give the evolution of
vk(n) during inflation, from which ®4(n) and Ri(n) can be deduced, using the previous
expressions.

Defining the power spectrum as

(RiRy) = B Pr(k)6® (k — k'), (6.75)
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one easily finds that

Palk) = £ |2 76

Note also that z and € are related by the simple relation

715 z = av/E, (6.77)
so that
x=Q- 0 =Q- (V2)2. (6.78)

6.3.2 Gravitational waves at linear order

At first order, the tensor modes are gauge invariant and their propagation equation is
given by
£+ 2HE; —V?E; =0 (6.79)

since a minimally coupled scalar field has no anisotropic stress. Defining the reduced

variable
Hij = ag—ij ’ (680)

the action (1.15) takes the form
S s = § [ i [ = Gut? + % (0s5"], (6.81)

when expanded tosecond order. Developing &;;, and similarly p;;, in Fourier space:

Ei= % / kel (ke (6.82)
A=+,X

where ef} is the polarization tensor, the action (6.81) takes the form of the action for two

canonical scalar fields with effective square mass m? = —a"/a

S tens = %Z/d"xdn [(10)? — (Bpa)® + 3] - (6.83)
>
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If one considers the basis ( e;, ez) of the 2 dimensional space orthogonal to k then
e} = (ele] — €7€3)02 + (e} €2 + efe})ox.

oy are the two degrees of freedom that must be quantized [118] and we expand them

o) = 3 [ it [eatme b
e B 5| (k). (6.84)
W is solution of the Klein-Gordon equation
pp + (K = <) py = 0, (6.85)

where we have dropped the polarization subscript. The annihilation and creation opera-
tors satisfy the commutation relations, [IBk,A, 3;'(, v =0k — k')0yn and [, I;L, 3 =0. We
define the free vacuum state by the requirement by 4J0) = 0 for all k and .

Defining the power spectrum as

(ExpEr ) = B Pr(k)6® (k — K)o, (6.86)
one eagsily finds that
Pr(k) = & |&]’, (6.87)

where the two polarisations have the same contribution.

6.3.3 Gravitational waves from density perturbations

At second order, we split the tensor perturbation as &; = c‘:',(; ) + c‘,—',-(;) /2. The evolution

equations of c‘,_'i(f) is similar to equation (6.79), but inherits a source term quadratic in
the first order perturbation variables and from the transverse tracefree (TT) part of the
stress-energy tensor

a? [T ™" = 47 [8,x8,x] ™" - (6.88)
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It follows that the propagation equation is
EQ" + 2MED — AED = 5.TT, (6.89)

where SifT is a TT tensor that is quadratic’in the first order perturbation variables.
Working in Fourier space, the TT part of any tensor can easily be extracted by means
of the projection operator
Lij (K) = 6,5 — kik;, (6.90)
where k' = k/k (note that L;; (k) is not analytic in & and is a non-local operator) from

which we get

Sz_;rT(ka 77) = ['Lg'Lg _% -Lij-Lab] Sab(ka 77)
P (k) Sas(k, ). (6.91)

The source term is now obtained as the TT-projection of the second order Einstein tensor

quadratic in the first order variables and of the stress-energy tensor

Sab = Sg) ss T S(i,) st t S(i,)TT‘ (6-92)

al a

The three terms respectively indicate terms involving products of first order scalar quanti-
ties, first order scalar and tensor quantities and first order tensor quantities. The explicit

form of the first term is

]TT

SiT = 4[0:99;® + 1 6ix9;x (6.93)

The first term was considered in [18] and the second term was shown to be the dominant

contribution for the production of gravitational waves during preheating [54]. In Fourier
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space, it is given by
S = —4 [ / d*q 3¢.8(q, )@ (k — q,7)

+3 / d*q gsgax(a, Mx(k — q,n)| - (6.94)

uu)(x n) can be decomposed as in equation (6.82), using the same definition (6.80) at

any order. The two polarizations evolve according to
a4 (k? - ) 1P = 20 P28 sgell. (6.95)
Since the polarization tensor is a T'T tensor, it is obvious that Rf"’ef\J = e,\ , SO that

a4 (k= L) ) = —daed / d*qgig; [#(q,m)®(a—k,7) + 5 x(a,mx(a —k,n)] .
(6.96)
From the equation (6.95), we deduce that the source term derives from an interaction

Lagrangian of the form
S int = / dnd3x4a [8,<I>8,¢> + -é-aixajx] p,ij . (697)

It describes a two-scalars graviton interaction. In full generality the interaction term woﬁld
also include, at lowest order, cubic terms of three scalars, two gravitons-scalar and three
gravitons. They respectively correspond to second order scalar-scalar modes generated
from gravitational waves and second order tensor modes. As emphasized previously, we

do not consider these interactions here.

6.4 Comparison of the two formalisms

Before going further it is instructive to compare the two formalisms and understand how
they relate to each other. Following the sketch of comparison given in Chapter 2, we

now extend this comparison to first and second-order perturbations. Note that we go
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beyond [106], where a comparison of the variables was made at linear order. Here we
investigate how the equations map to each other and extend the discussion to second
order for the tensor sector. At the background level the scale factors a and expansion
rates H introduced in each formalism agree, which explains why we made use of the same
notation.

The perturbations of the metric around FLRW space-time has been split into a first-

order and a second-order part according to
X=x041x® (6.98)

We make a similar decomposition for the quantities used in the 1+ 3 covariant formalism.
As long as we are interested in the gravitational wave sector, we only need to consider
the four-velocity of the perfect fluid describing the matter content of the universe which

we decompose as
ut = %(6{,‘ + VA (6.99)

Its spatial components are decomposed as
Vi=8'V 4V, (6.100)

Vi being the vector degree of freedom and V' the scalar degree of freedom. As V¥ has
only three independent degrees of freedom since u# satisfies u,u* = —1, its temporal
component is linked to other perturbation variables. We assume that the fluid has no
vorticity (V? = 0), as it is the case for the scalar fluid we have in mind and consequently

we will also drop the vectorial perturbations (&; = 0).

6.4.1 Matching at linear order

At first order, the spatial components of the shear, acceleration and expansion are respec-
tively given by
o) =a (80 V W + £Y") (6.101)
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,&gl) =0, (<I>(1) +HVD + V(l)') , (6.102)

560 = 1 (30 — 3o + AVW) (6.103)

The electric and magnetic part of the Weyl tensor take the form

EJ = 83050V - 1 (& + A&y) , (6.104)

H,-(jl) = T)kl(iﬁ"é_’;)l Y= (carl EM,; . (6.105)

Note that m; is the completely antisymmetric tensor normalized such that 7553 = 1,

which differs from £,,.. We deduce from the last expression that
(curl E(l))ij =—n [(curl f:'(l)”)ij + (curl Ac‘f“))ij] : (6.106)

where we have used simpler notation by writing (cﬁrl £ )ij as curl g,vj. We also note that
the derivative along u, of a tensor T of rank (n,m), vanishing in the background, takes
the form

Tit-in = Tt 4 (g — ) HTWn (6.107)

J1..Jm J1ejm J1eJm

at first order, or alternatively

@) _ g 6.108
am-—n J1-dm ( : )

Again, recall that a dot refers to a derivative along u#. Indeed at first order, it reduces to
a derivative with respect to the cosmic time but this does not generalise to second order.

Now, equation (6.32) can be recast a

-2 (azHi,-)' + curl Eij =+ HH,'J' =40. (6109)
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Using the expressions (6.104-6.105) for the geometric quantities, this equation takes the
form
curl [ (&) + 2HE}; — AEG)] = 0. (6.110)

Similarly equation (6.52) can be recast as

(azHab)..
a’

2 ' B ~
+3H0 jﬂ“") +2(H? + H)Hy, — VZH,, = 0, (6.111)
so that it reduces at first order to
~ - - - !
curl [2—15 (8,-‘,-1’” +2HEY — As,.(,.”) ] =0. (6.112)

Thus, equation (6.112) maps to equation (6.79) with the identification (6.105), if there
is no vector modes. This can be understood from the fact that in the Bardeen formalism,
equation (6.79) is obtained from the Einstein equation as curl _l[cﬁrl Gy =0.

In the case where there are vector modes, equation (6.105) has to be replaced by
Hi(jl) = (cﬁrl g(l)l),'j + %nk;(iakaﬁf(l)"

and H,; is no longer a description of the GW, i.e. directly related to the TT part of the

spacetime metric and the matching is not valid anymore.

6.4.2 Matching at second order

At second order, the matching is much more intricate mainly because the derivative along
u# does not match with the derivative respect to cosmic time any more. Let us introduce
the short hand notation

(X xY)y; = nuaX*Yy (6.113)

for any tensors X* and Y'™. If Y!™ = 8'd™Z, or X* = 3*W, we also use the short-hand
notation Y = 00Z X = oW.

Among the terms quadratic in first-order perturbations, those involving a first-order
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tensorial perturbation can be omitted, as we are only interested in second-order effects

sourced by scalar contributions. At second order, the geometric quantities of interest read

HY = (cﬁr|£(2>') ~ 4 (VD x 5o@W) (6.114)

ij ij

(rdB®) = -L [(cﬁrl ")+ (cin Aéﬂ))_l — 2[ (0% x d00W)
ij

1] ij

+H (0V) x 868 — (V) x 990W) | . (6.115)

ij ij

ij

From the latter expression, we remark that H,(f ) has a term quadratic in first-order
perturbations involving V" and ®®. This terms arise from a difference between the
two formalisms related to the fact that geometric quantities, such as H;; E;; etc., live on
the physical space-time, whereas in perturbation theory, any perturbation variable at any
order, such as V1), 8,-(].2) etc., are fields propagating on the background space-time.

It follows that the splitting into tensor, vector and scalar modes is different. In the
covariant formalism, the splitting refers to the fluid on the physical space-time, whereas in
perturbation theory it refers to the co-moving fluid of the background solution. Indeed,
this difference only shows up at second order as the magnetic Weyl tensor vanishes in
the background. The one to one correspondence at first order between equations of both
formalisms disappears, as the second order equations of the covariant formalism contain
the dynamics of the first order quantities.

When keeping terms contributing to the second order, equation (6.32) has an addi-

tional source term and reads
Hap + curl Egp + 3HHap = —2€04(aU° By (6.116)

If first order tensorial perturbations are neglected then H,, vanishes at first order and

equation (6.107) still holds when applied to Hy,. Thus equation (6.116) can be recast as

2Hop)' .
ﬁ“—au—"l + curl Bqy + B Hyp = —2€04a0°Ey. (6.117)
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Substituting the geometric quantities for their expressions at second order, and making

use of equation (6.108) to handle the derivatives, equation (6.109) reads at second order

cirl [£ (€9 + 2HEY — AED)| = -2 (08 x 502 ) — (3V® x a0 ™), |
-2 -1 (v x 808W), |
(6.118)

Using the momentum and constraint equation (6.34) at first order
oW + oM = (H' — HZ) V) (6.119)

and the background equation H' — H2 = —1u(1 + w)a?, that we deduce from the Ray-
chauduri equation and the Gauss-Codacci equation at first order, we can link it to equa-

tion (6.89) as it then reads

Leurl [% (Eg)” +2HEY — As',.‘,?))] = Leurl [26,0M8;8M + o*(u + P)B,V Mo,V V)] .
(6.120)
When applied to a scalar field, this is exactly the gravitational wave propagation equa-

tion (6.89) with the source term (6.93).

6.4.3 Discussion

In conclusion, we have matched both the perturbation variables and equations at first
and second order in the perturbations. This extends the work of [106] which considered
the linear case, and has not been previously investigated.

Even though we restrict to the tensor sector, this comparison is instructive and illus-
trates the difference of approach between the two formalisms, in a clearer way than at
first order. In the Bardeen approach, all perturbation variables live on the unperturbed
spacetime. At each order, we write exact equations for an approximate spacetime. In

particular, this implies that the time derivatives are derivative with respect to the cosmic
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time of the background spacetime. In the covariant approach, one derives an exact set
of equations (assuming no perturbation to start with). These exact equations are then
solved iteratively starting from a background solution which assumes some symmetries.
The time derivative is defined in terms of the flow vector as u®V,. Indeed, at first order
for scalars, this derivative matches exactly with the derivative with respect to the back-
ground cosmic time. At second order, this is no longer the case. First the flow vector
at first order does not coincide with its background value. This implies a (first-order)
difference between the two time derivatives which must be taken into account. Then,
the geometric quantities, such as H;; E;; etc., “live” on the physical space-time, whereas
in perturbation theory, any perturbation variable at any order, such as V), 8,-(1-2) etc.,
live on the background space-time. This explains why e.g. H,(]2 ) has a term quadratic in
first-order perturbations involving V() and &,

The master variables and corresponding wave equations in both formalisms are also
different in nature. In the metric approach the wave equation with source is defined
non-locally in Fourier space; in the covariant approach, we are able to derive a local
tensorial wave equation which, because it is divergence-free, represents the gravitational
wave contribution. Of course, we can make a non-local decomposition in Fourier space
as required. Furthermore, on one hand the T'T part of the metric in a particular gauge
is a perturbative approach used to describe GW, and this tells us the shear of spatial
lengths with respect to a homogenous and isotropic background, referring implicitly to
a hypothetical set of averaged observers. On the other hand, the covariant description
using H,, which is built out of the Weyl tensor and the comoving observer’s velocity,
directly describes the dynamically free part of the gravitational field [129, 136, 110] (up
to second-order when rotation is zero) as seen by the true comoving observers. This
is part of the dynamic spacetime curvature which directly induces the motion of test
particles through the geodesic deviation equation, and it accounts for effects due to the

non-homogenous comoving fluid velocity. There is one more difference between the two
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formalisms, concerning the initial conditions. In the Bardeen approach, as we recalled in
section 6.3, there is a natural way to set up the initial conditions on sub-Hubble scales
by identifying canonical variables, both for the scalar and tensor modes, and promoting
them to the status of quantum operators. In the covariant formalism such variables have
not been constructed in full generality (see however [134] for a proposal). Consequently
this sets limitations to this formalism since it cannot account for both the evolution and

the initial conditions at the same time.

6.5 The illustration: slow-roll inflation
6.5.1 Slow-roll inflation

In this section, we focus on the case of a single slow-rolling scalar field and we introduce

the slow-roll parameters
) ,
-’L;#a , 0= ——'LHw. (6.121)

ol

£ =

Using the Friedmann equations (6.21-6.22), these parameters can be expressed in terms

of the Hubble parameter as
—o[z@]® § =25 (6.122)
E=m0] = “He -
Interestingly equation (6.21) takes the form
H*(1-1¢) =1v(9), (6.123)

which implies
i _ 2
¢=(1-¢)H" (6.124)

The equation of state and the sound speed of the equivalent scalar field are thus given by

w=-1+2%, Z=-1+1%6 (6.125)
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The evolution equations for € and § show that & and & are of order 2 in the slow-roll
parameters so that at first order in the slow-roll parameters, they can be considered

constant. Using the definition of the conformal time and integrating it by parts, one gets

a(n) = —g= 12 (6.126)

assuming ¢ is constant, from which it follows that
H=aH =~-1(1+¢) +0(2), (6.127)
where 7 varies between —oo and 0. This implies that

"o "o -36
o’ _ 243 2= 2;%521. (6.128)

a n<

The general solution of equation (6.72) is

vi = V/~mn/4 [ HD (=kn) + . HP (=kn)] , (6.129)

with ;|2 — |ez|? = 1, where H” and H® are Hankel functions of first and second kind
and v = 3/2+ 2¢ — . Among this family of solutions, it is natural to choose the one with
c2 = 0 which contains only positive frequencies [118]. It follows that the solution with

these initial conditions is
we(n) = GEv/—nHMD (—kn). (6.130)

On super-Hubble scales, |kn| < 1, we have
v — 277321 (v) [T(3/2)(2k) /(= km) ™ +1/2.

Now, using equation (6.126) to express 7 and equation (6.77) to replace z in expres-



148 6.5. The illustration: slow-roll inflation

sion (6.76), we find that

v— v —2]/ 1

Pak) = 2 [2E] v - 7
k
H

(—)_2"+3 , (6.131)

where we have set M? = G™' = 8r, since 87G = 1. At lowest order in the slow-roll

parameter, it reduces to

Pa(k) = &5 ()" (6:132

The evolution of the gravitational waves at linear order are dictated by the same

equation but with vr = 3/2 + ¢, so that

u () = YEv/=nHY (—kn). (6.133)

Similarly as for the scalar mode, we obtain

Prlk) = B8 ()7 (6134

P

6.5.2 Gravitational waves at second order

The couplings between scalar and tensor modes at second order imply that the second

order variables can be expanded as
R=RY +} (R +RQ +RE)

and a similar expansion for £, where, e.g., Rq(g stands for the second order scalar modes
induced by the coupling of first order scalar and tensor modes etc. The deviation from

Gaussianity at the time 7 of the end of inflation can be characterized by a series of
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coefficients %2 defined for example as

1RQ) = G [ 8k + ke~ 1060, m)E ke )
FREE (K, Ky, kg, 7)dk,d%Ks. (6.135)

These six coefficients appear in different combinations in the connected part of the 3-point

correlation function of R and €. For instance

(€, Ray Ris)e = [ 2507 (K1, ka, ka) Pr(ks) Pr(ka) + f e (ki Ka, ka)PR(ka)Ps(kl)]
X 63(1{1 + k2 + k3) (6136)

and fRRR is the standard fyp, parameter. One can easily check that (R, Ri; Rics ) e

involves foc®, (Ex,ExgRis)e involves f5E% and fRE%) and (i, Eigbics)e involves fEE8,

6.5.3 Expression for fg RR

From our analysis, we can glve the expression of fs RR  Starting from the fact that
—€R = ®(1 + €) + ¥'/H and from the expression (6.78), we get that & ~ —eR — &' /H
or & = —en [ Bdn, and Jzx ~ —/E[R — & /H]. It follows that the source term (6.93)

reduces at lowest order in the slow-roll parameter to
Syt =4[eROR]™T.
The interaction Lagrangian is thus given by
Sint = / dnd®x4a e d;RO;R u¥, (6.137)

which reduces to
Sint = / dnd®x 28,0 ;v EY. (6.138)
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This is the same expression as obtained in [112].

In full generality, during inflation, we should use the “in-in” formalism to compute
any correlation function of the interacting fields. As was shown explicitly in [65] for a
self-interacting field and more generally in [169, 103], the quantum computation agrees
with the classical one on super-Hubble scales at lowest order. Note however that both
computations may differ (see [161] versus [112]) due to the fact that in the classical
approach the change in vacuum is ignored. The difference does not affect the order of
magnitude but the geometric k-dependencé. In order to get an order of magnitude, we
thus restrict our analysis here to the classical description. This description is also valid
when considering the post-inflationary era.

In the classical approach, we can solve equation (6.96) by mean of a Green function.
Since the two independent solutions of the homogeneous equation are \/:—_EHH,(;/ 2)(——Im),
the Wronskian of which is 4i/(wk), the Green function is given by

Gk,n,n') = —if~/my [HE (—kn)HD (—kr)
~HY (—kn')HD (—kn)] . (6.139)

It follows that the expression of the second order tensor perturbation is given by
n
WA = o [ ata) Gk, m)
—00 .
/ d*q (gigs€5) Rq(n)Ru—q('). (6.140)

We thus obtain

]ff)‘LRR(ka q1,; 492, TI) = [Rm (W)qu (77)]_1 a%j [_ﬂ dnla(fll) g(k, n, TII) (qliqueg‘j (k))
X Ragy () Rga(n). (6.141)

If we want to estimate equation (6.136) in the squeezed limit k; < k3, k3 the contri-
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bution coming from the term involving ff,"LRR(k, g1, qa,n) can be computed by use of the

1\ YV 1\ VT
super-Hubble limit of the Green function |G(k,n,7’)| ~ 324? [(Ij’-) " (2’-) ] This
contribution will be proportional to H’ﬂ%k; 8 (kaikgsey ) 6%(k1 +ka +ks), which is the same

P
order of magnitude as in [112], but do not have the same geometric dependence as it goes

like k5 k73 instead.

6.5.4 Orders o_f magnitude

When we want to estimate (81(‘2,)\(77)81(3);, (n)), we have to evaluate the connected part of
(Ra()Ri-a(n" )Ry (n")Rjy_,(n")), where q and p are the two internal momentum and
7’ and 7" the two integration times. From the Wick theorem, this correlator reduces
to R(g,7)R*(g,7")R(|k — al,7")R*(|k — al,7")é(k — X')[6(q — p) + é(k — q — p)] and
because kie;; =0 the two terms give the same geometric factor. Thus, the integration on
p is easily done and we can factorise §(k — k’). Now, note that the terms in the integral
involve only the modulus of q and k — q so that it does not depend on the angle ¢ of q
in the plane orthogonal to k. This implies that the integration of ¢ will act on a term of
cos? 2y, sin? 2 and cos 2 sin 2 respectively for ++, x x and + x so that it gives a term

méyx- In conclusion, defining the second order power spectrum ’P}z) by
KEDER ) = BPP (B)6D (k — K)oa, (6.142)
it can be expressed as

P?)(k) = (—2;r—)§;r'%-5 /dfl'dn"a(n')a(n") 2 g(k, n, n’)g*(k, n, 77”)
x [ a @) R )R (@, YRk - aly )R (k - al 1X6.143)

Setting k - q = kqu, this reduces to

2

3 K ’ | / ’ /
PO(k) = ﬁW/qedQ(l—uz)zdn’/ dn’ a(n') £ G(k,n,7")R(g, ") R(Ik — al, )| ,
(6.144)
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after integration over ¢ which gives a factor m (1 — p2)? ¢*.

We can now take the super-Hubble limit of this expression at lowest order in the slow-
roll parameters. In order to do so, we make use of the super-Hubble limit of the Green
function given above, and we perform the time integral from 1 /k to n and keep only the

leading order contribution:

4 —2€
PR®) = s (#) Fled) ()™, (6:145)

where, with the definitions y = q/k and n = k/k,

Fled)= [ (vin—u) ¥ yPay (1 - 47)" du (6.146)

is a numerical factor. In this approximation, the ratio between the second order power
spectrum and the first order power spectrum at leading order in the slow-roll parameters,
is given by:

PO (i 2
T = i (1) Fled). (6.147)

Indeed there are ultraviolet and infrared divergences hidden in F'(e, §). We expect the
infrared divergence not to be relevant for observable quantities due to finite volume effects
(see for instance [14]). The ultraviolet divergence, on the other hand, has to be carefully

dimensionally regularised in the context of quantum field theory (see e.g. [169,103]).

6.6 Chapter conclusion

In this chapter we have investigated the generation of gravitational waves due to sec-
ond order effects during inflation. We have considered these effects both in the covariant
perturbation formalism and in the more standard metric based approach. The relation be-
tween the two formalisms at second-order has been considered and we have discussed their
relative advantages. This comparison leads to a better understanding of the differences

in dynamics between the two formalisms.
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As an illustration, we have focused on GW generated by the coupling of first order
scalar modes. To characterize this coupling we have introduced and computed the pa-
rameter f5. It enters in the expression of (&, Ri, Ri,)c that was shown to be of order
(H/My)*/e, as {Ry, Rk, Ris)e- On the other hand the power spectrum of GW remains
negligible. |

This shows that the contribution of (Ex, Rk, R, ). to the CMB bispectrum is important
to include in order to constrain the deviation from Gaussianity, e.g. in order to test
the consistency relation [27]. In this chapter, we have considered slow-roll inflation to
illustrate the formalism for studying gravitational waves resulting from quadratic effects.
In principle, the formalism is applicable to a wide range of scenarios, and in pérticular

other inflationary scenarios. We reserve the investigations into these scenarios for future

work.



Chapter 7

Thesis Conclusion

In this thesis, we have examined two seemly contradictory issues; the agreement between
observation and the standard model on the one hand, and discrepancies between the two
on the other hand. The discrepancies highlighted in the introductory chapter underline
the motivation for the study undertaken in the rest of thesis. In particular, linear per-
turbations about anisotropic and second-order perturbations about isotropic models have
been considered.

The motivation for studying linear perturbations of anisotropic models comes from
reports of discrepancies between the prediction by the standard model, and the analysis
of WMAP data from the observation of the CMB. In the Standard Model picture, the
anisotropies which are generated by primordial fluctuations in the inflationary field give
rise to imprints on the CMB that are statistically isotropic and Gaussian. It has been
claimed that there exists a strange planarity and alignment of the quadrupole [ = 2 and the
octopole ! = 3, with the possibility that this alignment extends to higher multipoles [45,
96,130,52,53,51,50,30,59]. The alignment that extends between the first four multipoles
l = 2 — 5 has become known as the ¢ Azis of evil’.

In principle, such an alignment may point to the existence of a feature in the CMB
that picks a preferred direction or some form of statistical anisotropy. Although this could

arise from foreground contamination, results from the difference maps constructed from

155
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the WMAP foreground corrected maps indicate that such a contamination is unlikely to
lead to the levels observed. The fact that the alignment includes the quadrupole, suggests
that the anomaly may be an intrinsic feature of the cosmological model and therefore
strengthens the need to investigate anisotropic cosmological models. Initial analysis, in
relation to this problem, was given by [62]. The authors used what they called the best-fit
Bianchi model (Bianchi type VII,) to correct a combination of various WMAP sky maps.
They found that the Bianchi corrected maps exhibit greater isotropy compared to the
uncorrected maps. They also found that the general shape of the corrected spectrum is
flatter than the WMAP best-fit power spectrum, which agrees with the theoretical fit
made to the northern hemisphere data in [50].

Our approach is somewhat different but complementary to these studies. We examined
linear perturbations about Bianchi I model rather than determine the statistical best-fit
model for the available data. In Chapter 3, we considered density perturbations in Bianchi
type I model filled with irrotational dust. Since the various modes are coupled in Bianchi
I model, we first examined how to characterize decoupled density perturbations. We then
performed a detailed consistency analysis of the arising covariant equations. Although
the analysis is primarily performed in the 1+3 covariant formalism, it turns out that the
1+ 3 orthonormal approach was necessary for a conclusive result. In general, conditions
used to characterise pure density perturbations lead to the modification of the original
covariant equations.

We have analysed the consistency of the new set of constraint equations and found
that the background shear needs to be diagonal and degenerate, for consistency to be
achieved. We then presented the analysis of the growth behaviour of inhomogeneity in
this model, where we considered the behaviour in the shear and matter regimes. The
behaviour in the matter, as expected, recovers the FLRW results. Although Bianchi
models are anisotropic and come with directional preference and hence good candidates

to consider in the search for the answer to the CMB anomalies, it should be emphasied
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that these models are incompatible with inflationary theory. A model responsible for the
preferred direction will also need to produce the acoustic peaks now measured at even
smaller scales in the CMB, if its to be the accepted for our universe.

Chapter 4 is a work in progress. In this chapter we are concerned with two prob-
lems; the first first problem concerns ways of consistently setting inhomogeneity variable
to zero, while the second problem concerns giving a consistent characterisation of grav-
itational waves. We found that one could consistently set the inhomogeneity to zero if
the background shear were diagonal and degenerate. The second problem is linked to
the problem of describing pure gravitational waves in Bianchi I model. We naively as-
sumed that the tensor describing such waves should be divergence-free as is the case for
gravitational waves in the FLRW models. We were unable to show that the constraint
equations arising from such a condition evolve consistently, even when the background
shear was degenerate. This was not surprising given that the residual term has also been
found by the authors of [20]. These authors reached the same conclusion. This is not
to say that there are no gravitational waves in a perturbed Bianchi I model filled with
dust. The point seems to be that the transversal wave is inextricably coupled to other
perturbations. Other restrictions such as insisting that the magnetic part of the Weyl
tensor be diagonal, may lead to constraint equations that evolve consistently, and may
also make the wave equation tractable as we have shown. The critical issue, and one that
we are still trying to understand is the physical significance or lack thereof, of a wave
with such restrictions. The analyses presented in this thesis extend those of [109] to the
case of pure gravitational waves in perturbed Bianchi I model with irrotational dust and
also complement the analysis given in [82]. In Chapter 5, we re-examined and extended
the covariant and gauge invariant approach to second-order perturb'a.tion theory initiated
in [24].

In [24], a covariant approach to nonlinear perturbation theory was initiated, and the

formalism used to study second-order gravitational waves sourced by first-order density
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perturbations and second-order density perturbations sourced by gravitational waves at
first order. Also developed in this thesis is a parallel approach, which not only recovers
the results in that paper but one that is robust enough to deal with a w1de range of
barotroplc fluids. We have also presented new covariant methods for extractiﬁg the vanoﬁs
modes and have used the tensor extraction in the subsequent analysis of tile second-order
gravitational wave equation. The greatest challenge in the above develophleht was ﬁnding
a way of dealing with the source term. We have presented a new way of handlmg the
source term which complements the approached used in [24]. Extending the method to
situations involving pressure introduces complexities not found in the analysis of the dust
subcase. The second challenge in this analysis has to do with determining the solutions.
We have demonstrated that the case for fluid with barotropic equation of state is tractable,
given the long wavelength approximation.

Chapter 6 illustrates the applicability of the techniques developed in Chapter 5. In
this chapter we studied the generation of gravitational waves during inflation arising from
the non-linear coupling of scalar and tensor modes. Part of the major result of Chapter
6 chapter is the detailed comparison of the two perturbative approaches up to:second
order; where we have highlighted both the advantages and disadvantages of each-method,
thus extending the earlier work that made a similar comparison but only up-to linear or-
der [105]. This chapter also extends the work of [97,98], in which the relationship between
variables in the two formalisms on super-Hubble scales is investigated. In particular, we
have shown that the degree of success of one formalism over the other depends on the
problem being addressed. This is the first time a complete and transparent matching
of tensor perturbations in the two formalisms at first and at second order has been pre-
sented. We have also shown, using an analytical argument, that the power-spectrum
of gravitational waves from second-order effects is much smaller than the first order on
super-Hubble scales. This is in contrast to the fact that during the radiation era the

generation of GW from primordial density fluctuations can, in principle, be large enough
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to be detected [89).
As an illustration, we focused on GW generated by the coupling of first-order scalar

modes, where we have introduced and computed the parameter f577~

. This parameter
characterises the above coupling and enters in the expression of (€, Ry, Rk, ). that was
shown to be of order (H/M,)*/e, as (Ry, Ri;Ri,)c. We find that the power spectrum of
GW remains negligible. This shows that the contribution of (&, Rk, Rx,). to the CMB
bispectrum is important and should be included in order to constrain the deviation from
Gaussianity, e.g. in order to test the consistency relation [27]. We only considered slow-
roll inflation to illustrate applicability of the formalism in studying gravitational waves
resulting from quadratic effects. In principle, the formalism is applicable to a wide range
of scenarios, and in particular other inflationary scenarios. We reserve the investigations
of these scenarios for future work. It was interesting to note, during the final phase of
completing this thesis, that the authors of [115] have determined the bounds on tensor-
to-scalar ratio for a situation involving gravitational waves sourced by scalars during
inflation. This sets the bounds on equation 6.147. They find that for gravitational waves

generated from scalar perturbation, an upper bound of 10~® exists on the tensor-to-scalar

ratio for a metric perturbation of no more than 103,
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Appendix A

Coinmutation Relations

The following commutation relations are derived for a scalar quantity, fand PSTF-tensor

quantities, Ty, and V,, in the case of dust with vanishing vorticity.

Eance™® = 2h%R%,

EabeTOpTP VA = —Tope® TV,
(Vaf) = Vaf = 509uf ~ 001,
ViuVyf = 0,

curl (T, = eod(a@e{Tbc)Tde},
(VoToe) = VaTie— %eﬁaTbc = 04°ViThe + 2H, 4T,
(VPT) = VT, — %ex?bTa,, — 0%V Top + €apc H 4T,
EapeTlacurl V4 = TV, Vi, — TV, Ve — %Taﬁcv"c,
crl (fT) = fourl (T)ay + ecaaT VS,

(A1)
(A.2)
(A.3)
(A4)
(A.5)
(A.6)
(A7)
(A.8)
(A.9)

- 1 .
(Vbeurl Tpy) = §ea,,cvbvdT°d + ea,,ch,,(%ea“’ — E®) — 0460, T?d, (A.10)

) 1 .
(curl Tpp) = curl (T)ap — §6curl Top — aeceod(aVCTb)d +3H, . Ty, (A.11)

161



162 A.1. Divergence of Ricci tensor

curl curl (T)ab = ‘“€72Tab + gﬁ(achb)c + (,0 - %92)7’“ + 3Tc(a{Eb)‘° - %@db)c}
+UchCddab - T""acaabd + UCdG‘c(aTb)d.‘ : (A.12)
Also
Va(V2f) = *Ra’ Vs f = V2(Vaf) (A.13)

A.1 Divergence of Ricci tensor

Let us consider the simple case of dust. It can be shown that when the vorticity vanishes

the Ricci tensor takes the form,
3Rab = —Gab — O0g + 2ha’ R, (A.14)
which can also be written in terms of the electric part of the weyl tensor as follows,
*Rap = Egp + 0c(a0t)° — 36000 + 1has’ R. (A.15)
The divergence of this equation leads to,
VB Rap = VP Egy + Vb(04(001°) — 10V (0w) — 20,V (0) + 1V3R. (A.16)

Using the divergence equations for shear (2.73), the divergence equation for the electric

part of the Weyl tensor (2.74) and commutation relation (A.8), its can be shown that,

6b(dc(aab)c) = —6bEab + %6#& + %602 + %Uabvb@. (A.17)

Substituting this equation into (A.16) generates,

Vot +iVo? - 20V,0 + 1V,.2R,
o (2u+ 207 — 26%) + 1V,°R,

663 Rab _

il
Nl= o= Wl
<t

(A.18)

<l
QW
ay)
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This relationship between the divergence of the Ricci tensor and spatial derivative of Ricci

scalar hold for model with dust and with vanishing vorticity.
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Appendix B

Propagation of constraints

In this section we present fully worked out illustration of constraint propagation for a

nonlinear system with irrotational dust.

ol = f7baa,,_§me

. . 2 .
Ci = (VbO'ab)' - §(Vae)',
. . 1 - .
(Vbolab)' = Vbé'ab - Eevbaab - Ucbvcaab + eabcI{de'Cd,
. . . 2 . 3
(Vbaab)' = —OVP04 — 0.°V00 + € HP 40 — Z0,°V,0 — Vb(ac(aab)c) —V°E,.

3
(B.1) -

The propagation of the gradient of expansion yields,

- g-(f/,,e)- - —g[—evae - %mp — 0aPV40 — 2V,07] (B.2)

The terms can now be regrouped to yield the desired result.

. ~ 2~ ~ 1=
C! = —O[Vloy — §Va6] — [VPE, — 3 VaP — €asc0 24H®) + 2€ape0’glcurlo™ — H
= —6C! — C? + 2¢,%0,2C2,. (B.3)
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As in the analysis of the previous constraint, we use the identities and the propagation of

relevant terms

C2 = curlog — Hg,
CZ,, = (curI U'ab)' - Hab,
(curlog) = curldg, — %chrl Cab — aececd(a@‘ab)d + 3H (o 0%)° (B.4)
. 2 2 do c
(curldep) = —gecurl Tab — 2€ci(a0b) VO — curl (0¢(a01°) — curl Eg,
"(Hab)' = OHy — 3Uc(aHlf) + curl Egp (B.5)
ecd(a6e{0'ec0'b)d} = ecd(aab)dﬁe{aec} + O'ececd(a@e{ab)d}. (B.G)
The sum of (B.4), (B.5), (B.5) and (B.6) yields
. . 2 .
Cgb = —e[curlaab — Hab] - ECd(an)c[VeUde - §Vd@] - C’U/I‘l(O'c(an)c) + ecd(aVe{aecab)"}
(B.7)
where the two last terms identically cancel leaving,
C% = -OC% — e,y Cl. (B.8)
The complete equation therefore takes the form,
Cc: = V°E, - %@ap — eaqpe0’aH? (B.9)
: - 1 -
C¢ = (VPEw) - §(Vap)' — €abe(0®aH™) (B-10)
(VPEw) = VPEgp— %9@"1’7@ — 0 ’V°Eg + €asc H'4E%, (B.11)
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where we have used the identity (A.8). On making substitution for the gradient of the

propagation of E,; , we get

(V'E) = _i;-e@bE,,b — OV Euy + aseHUGES — B,PV,0 + 39%(04(uES)

- 1 - 1 ,e
+Vbeurl Hy, — EpVbaab — EGGbep. (B.12)
Using the identity (A.5) and substituting for the dot of p, one finds
1, - 1. 4 =~ ~ b
- §(Vap) = —§[—§9Vap - pVae — Oq4 pr] (B13)
The propagation equations for 0%y and H* give

5
- Cabc(deHCd)' = §Geabc(a"dH°d) + Eabc(O'e(bO'd)eHcd) + Cabc(EdeCd)
—3eabe(0%30e CHD®) + €ape(0® seurl E). (B.14)

The above expressions can now be re-expressed as follow,

- 3 b 3
— (ExV'0) = —EEabVCO'bC + 5E(,"c,,l (B.15)

36b(ac(aE§)) = g[ac,,@bEbc + BV + E.VP03 + 04°VPE,] — Vo(0wE®). (B.16)
Using the identity (A.11) we find

V*(curl Hy) = %eakﬁb(ﬁdm") + %GGGbchdac‘i — €apc HP G E® — 046%40,.Hy. (B.17)
From the first constraint equation, it follows that

1 - 1 <
- §pVGG = -é-p[Vbaab - C;] (B18)
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We need the curl 'of the fourth constraint. This has the form,
1 4 1 exb(/cvd e gf |
Ecurl C, = 5€ab VO((VEHeg) + €cepo® B9,

1 N -
= 5ea,fv"(vde,) + V(0 EyF),

1 =1 = 1 ~ 1 -~ - -
= e (T Ha) + 5 BP0 + 50T E - %achbEca - -;—E:V"abc.

(B.19)

It is straight forward to show that,
1
3
+%curl [VeH,y + €abc0’a %) + %aab[echc - %@,p — €50a0°H®] — Eyle,[curl 00 — Hey
+€apc0tqeurl B + €4pc Bl gcurla® + %Eabﬁcabc + BV, + %aacﬁbEbc + 0 VPE,,

—Va(0%Epe). (B.20

. 4 . . 5 . 1 . .
c: = —EO[V"EM, ~ =Vap — €anc0’a H + %Eab[vcacb - ;Vbel - EP[VbUab - gvb@]

In terms of C’s we find,
3 4.3 B3 1 a1 b 1 na ke b cd
C; = —EGCG + EE“ C, + EcurlCa + 57 Cy - EPCa — Ey%€,°Cly + €abe0 gcurlE
1_,= ~ 1 .= - -
+eabchdcurla°d + —Ea”Vcabc + EbCV”am + EaachEbc + O'chbEac - Va(O'bchc).

2
(B.21)

where the three last terms are but two forms of the identity (A.9) that vanish.
We next consider the constraint given by the divergence of the magnetic part of the Weyl

tensor.

C: = 6bHab + GabCO'deCd (B.22)

C = (VPH,) + €ape(a® g H) (B.23)
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(VPH,,) = VP Hg, — %eﬁbﬂab — 0PV H,y, + eapc HP g H.

(B.24)
Substituting for H,, one gets
. 4 . . . . -
(VPHy,) = —EGV"HM, — 0 PVeHy + e HP 4H® — H,PV,0 + 3Vb(oc(a ) — VbeurlE,.
(B.25)

On substituting for & and E%, we find
eabc(odec")‘ = —geem(odeCd) - eabc(oe(bod)eEcd) — eabc(Edec")
+3€abc(0bdoe<cEd)e) + Gabc(O'deUfl HCd) - %pﬁabc(o'bdo'ai)° (B26)

From (B.25) it can be shown that

— (HpV'0) = -%H,,"ﬁco,,ﬁ-g-ﬂa"q} (B.27)

- 3 . - . . .
3V oe@wHyy) = E[ocaV"H,,c + HyVP0eq + Hy*VP0pe + 04°VP Hye] — V(00 H™).
(B.28)
Using the identity that involves the gradient of the curl of E,, one finds

- Vb(CUTlEab) = —%éabcﬁb(ﬁdEcd) - %eﬁabchdO'Cd -+ EabchdECd -+ O'GbEdeO'ceEed.
(B.29)
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We note that,
Ecurle = %e,,,,cvb[(vdEcd) + %0/ Hyl,
1 -y o~ o
= Efabcvb(vdEcd) + V¥(ouaHy"),
= l (Eabcﬁb(ﬁdEcd) + Hbc6b0'ca + Uca@bec - O'bc?bHca - Hg&bdbc) ’

2
(B.30)

where &g4,6%° = 21h9(,h%) has been used. It follows that,

. 4 = 3 ~ 2. 1 ~ 1=
Cg = --:—3-9 (VbHab + EabCO'bECd) + EHab[VcUcb - EV,,E-)] - Ecurl [VbEab - §Vap - EabcddeCd]
+%aab[@°Hb_c + €bq0° B — Hyle,™[curl 0oq — Hoa) + €anc0®gcurl H + eqpe H ycurl 0%
1. .- . . o .
5 H V00 + 900 + 5000 Hoe + 010 Hoe ~ Va(0™ i)

(B.31)

and in terms of C’s

Ct = —geCﬁ + g—HabC,} - %curle + —;-aa"C',‘,1 — Hy%,%C2; — egpeo®acurl H + ey Hgcurl 0
+%Hab\"7¢a,,c + H 00, + %aacﬁbﬂ,,c + 0, T Hy — Fa (0% i), (B.32)

which is just
v4 4. 30 1 3, 1 b d_ bey2
Ci = _:_3_900 + EHa Cl - EcurlCa + 50" C, — Hy)%e, °Cy. (B.33)

This completes the consistency analysis of the constraint equations for irrotational dust.

These findings recovers those given by Maartens Ref. [109].
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