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Abstract

This study explores the notion of “spatial ability” from the perspective of mathematics
education. A review of the literature on “spatial ability” is used to compile a
preliminary model of the phenomenon. Certain questions related to interaction in
space arising from the literature review are noted in this model. Three aspects of this
interaction are the focus of the empirical study. The results of the research are used

to shed light on the preliminary model of “spatial ability”.

The three themes of the empirical study can be described as follows: the
visualisation of “objects” from different perspectives (in “small-scale” space); the
visualisation of “objects” from different perspectives (in “large-scale” space); and the

representation of a three-dimensional “object” in a two-dimensional net.

The results of the study suggest that a range of strategies can be used on the same
“spatial” activity, and that a learner can adopt a variety of different strategies on a set
of activities. Of the ten strategies identified in the study, some appear to rely on the
manipulation of visual imagery, while others suggest that the manipulation process
has been generalised resulting in a more “abstract” strategy. Interesting features
related to the use of physical manipulation in solving spatial tasks and the
communication of visual processes in the form of drawings and verbal responses are

discussed.

These results are used to expand the preliminary model of “spatial ability”. This
updated model suggests that a learner who has mastered four “abilities” and has a
working knowledge of visual conventions will be able to interact successfully in the
visual world. The different strategies identified in the empirical study are required
during this interaction in space. The researcher also identifies areas for further
research in the field of “spatial ability” and reflects on the methodology associated
with the assessment of this phenomenon. The potential value of the results of the

study for use in mathematics education is discussed.
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Chapter 1: Introduction

1.1 Trends in Curriculum Development: The Case of Geometry

The school geometry curriculum in South Africa has traditionally been restricted to
the study of plane figures, that is, the classification of these figures and the study of
their properties. In the senior grades most of the work has focused on the study of
synthetic geometry as an example of an axiomatic system. Those involved in
curriculum reform have, however, recognised that there is more to geometry than
this, and that these additional aspects can realistically be explored at school level.
One such aspect is the view that geometry is a body of knowledge which can
support interaction in space.’

Recent innovations in mathematics curricula in this country and elsewhere?® have
included calls for classroom activities that promote or require the use of “spatial
skills”.® For example, in Curriculum 2005 in South Africa, one of the ten Specific
Outcomes for Mathematical Literacy, Mathematics and Mathematical Sciences
requires that learners:

Describe and represent experiences with shape, space, time and motion,
using all available senses: Mathematics enhances and helps to formalise
the ability to be able to grasp, visualise and represent the space in which we
live. In the real world, space and shape do not exist in isolation from motion
and time. Learners should be able to display an understanding of spatial
sense and motion in time.

The four Assessment Criteria for each of the three phases* are:

Description of the position of an object in space

Descriptions of changes in shape of an object

Descriptions of orientation of an object

Demonstrate an understanding of the inter-connectedness between
shape, space and time.

L=

Department of Education (October 1997)

' Human (1998) has identified the following additional aspects of geometry as important:

Geometry is a domain of purely mathematical activity

Geometry is an activity that sheds light on the nature of mathematics itself

Geometry as the study of different objects, for example, figures, movemenis or representations
Geometry provides models and analogies for other areas of mathematics.

2 Standard 3 of the NCTM Draft “Standards 2000” Document suggests that mathematics instruction
programmes should pay attention to geometry and spatial sense so that all students, among other
things, “use visualisation and spatial reasoning to solve problems both within and outside of
mathematics”. One of the six strands in the Western Australian Curriculum focuses on “the
visualisation, analysis, representation and interpretation of shapes and objects in space”.

® As the aim of this study is to explore and obtain some clarity on “spatial ability”, inverted commas will
be used when referring to this notion.

* The three phases are the foundation (grades 1 to 3 ), intermediate (grades 4 to 6) and senior (grades
7 to 8) phases.

¢ & & »



Furthermore, research in the past few decades has studied links between “spatial
ability” and performance in geometry and in mathematics in general. Clements and
Battista (1992 ; 442-443) provide a summary of the work done in this area and quote
the work of Gardner, Hadamard, Krutetskii, Fennema and Sherman, Guay and
McDaniel etc. They warn that the relationship between spatial skills and the learning
of non-geometric concepts is not straightforward. Results of the research do vary:
Guay and McDaniel (1977), for example, suggest that high mathematics achievers
at elementary school have greater spatial ability than low achievers and that there is
a relationship between mathematical and spatial thinking for pupils with high as well
as low spatial ability.® In contrast, in a study of foundation year engineering students
in Papua New Guinea, Lean and Clements (1981) found that spatial ability and
knowledge of spatial conventions had less influence on mathematical performance
than the literature seemed to suggest.

1.2 The Development of a Malati Geometry Curriculum

Given the task of reconceptualising the school geomety curriculum, materials
developers in the Geometry Working Group at the Mathematics Learning and
Teaching Initiative (Malati) ® undertook an extensive review of current curriculum
innovations and literature regarding the teaching and learning of geometry and
formulated the following objectives for the study of geometry at school (grades 1 to
12):

e To develop spatial skills ‘

e To learn to use a number of tools o solve problems

e To develop a sense of the structure of mathematics.

The development of the Malati geometry curriculum to attain these objectives has
been based within the framework of the van Hiele Theory (as well as subsequent
research that has been done in relation to this theory) and Hoffer's five geometry
skills, namely, visual, verbal, drawing, logical and applied (1981).

As one of the materials developers charged with the task of creating tasks for the
development of “spatial skills” in the intermediate phase and, as a secondary school
teacher with no experience working in this phase, | undertook an extensive review of
the literature on “spatial ability”. This review revealed certain features of this field
which have implications for the development of materials for the Malati curriculum.

Firstly, there is little consensus on the definition of “spatial ability” and, in fact, there
is little consensus on the notion of “space” itself. The study of the field is
complicated by the use of a variety of terms, for example, “spatial reasoning”,
“spatial intuition”, “spatial perception”, “spatial thinking”, “spatial sense”, “spatial

¥ Guay and McDaniel (1977 : 211) define “low-level spatial abilities” as those requiring the visualisation
of two-dimensional configurations, but no mental transformations of these visual images. “High-level
spatial abilities” are characterised as requiring the visualisation of three-dimensional configurations,
and the mental manipulation of these images.

® The Mathematics Teaching and Learning Initiative (Malati) is a three-year project of the Open
Society Foundation of South Africa involving the universities of Cape Town, Stellenbosch and the
Western Cape. The brief of the Project was to develop mathematics learning and teaching materials
and to develop a model for both curriculum and teacher development. The Project has permission to
work in seven schools administered by the Western Cape Education Department.



orientation” and “spatial visualisation”. In some cases the different terminology is
used to refer to the same phenomena, whereas in other cases it is used to refer to
different “abilities” or “skills”. This concern is also expressed by Bishop (1983 : 184)
in his review of the literature on “spatial ability”: He suggests that the increased
interest in the field of “spatial skills” in education has encountered problems in that
definitions of what we mean by "spatial ability” are inadequate.

Secondly, there is little consensus on how to test or identify “spatial ability”. This
dilemma is particularly pertinent in the context of South African education: Egan
(1979 : 1) notes that there have been many examples in the history of science in
which qualitative measures of phenomena have been used before the phenomena
themselves have been understood. He notes that, although these measures have
not been based on a deep understanding of the mental processes, they have been
used for personal selection and classification.

Furthermore, some researchers identify different aspects of “spatial ability” with
particular tasks, whereas others refer to the processes involved. For example, some
researchers refer to “performance on tasks which require...”, suggesting that the
skills involved are task specific. Reference to “processes”, however, suggests that
an individual has a repertoire of skills which can be used on a variety of tasks,
possibly depending on the task and / or the individual.

Lastly, there is not much research on “space” and “spatial ability” in mathematics
education itself. Most work done in this area has been done by developmental
psychologists and factor analysts. This is confirmed by Bishop (1983 : 175). Recent
reviews of this literature (Clements (1983), Clements and Battista (1992), Bishop
(1980) and Eliot and Hauptman (1981)) have attempted to synthesise this literature.
The work of van Hiele, Lesh, Krutetskii, Skemp, Bishop, Mitchelmore, Wattanhawa
and Fennema has been identified as making a contribution in the field of
mathematics education.

This literature review suggested to me that the process of developing “spatial skills”
activities as part of the Malati geometry curriculum was going to be more
complicated than expected. Clements (1983 : 17) suggests what might be involved:
He suggests that, before mathematics educators can devise tasks for which “spatial”
strategies are likely to be used, they need to agree on criteria for deciding whether a
particular solution strategy is “spatial” in character and on a procedure for
determining the extent to which a strategy is “spatial”. Furthermore, he indicates that
the development of such tasks needs to be accompanied by the development of
methods which assist in the unambiguous identification of the strategies used by
individuals on the tasks. For it is only then, he suggests, that claims about the
relationship between “spatial ability” and performance on mathematical tasks can be
explored. Bishop (1983 : 181) describes the task for mathematics educators: “It is
clear (to a mathematics educator, at least) that there can never be a ‘true’ definition
of spatial ability: We must see definitions and descriptions of abilities and processes
that help us to solve our own particular problems”.

It seems, however, that simply clarifying the nature of “spatial ability” for our
purposes might not be enough: Berthelot and Salin (1998) suggest that mathematics



educators also need to focus on the actual teaching processes used in addressing
spatial abilities. For they use their research in French schools to suggest that the
treatment of “spatial abilities” might, in fact, be the source of many learning
difficulties experienced by secondary school learners as well as the source of many
deficiencies in spatial representation needed in real life!

1.3 This Study

With this daunting task in mind, | decided to intensify my study of “spatial ability”

from the perspective of mathematics education, in the hope that this would inform

the development of the Malati geometry curriculum, that is, in the

¢ The design of materials for developing and promoting the use of “spatial skills”

o The design of assessment tools for use with these materials

e The provision of support for Malati Project school teachers when using "spatial
skills” activities in the classroom.”

This process has involved the following:

1. A review of the literature on “spatial ability”, noting certain questions and
dilemmas that have arisen during reading.

2. The formulation of a preliminary model of “spatial ability” with this literature
review as a basis

3. The design and execution of a short empirical study in an attempt to shed some

light on the questions that arose in (1)

The re-formulation of the preliminary model in the light of the empirical study

A reflection on the methodology of the study, possible uses of the results and

directions for further research.

o~

7 The Malati Project works with teachers at four primary and three secondary schools in the Cape
Peninsula.



Chapter 2: Literature Review

2.1 What is “Space”? What is “Shape”?

If the topic of “spatial ability” is to be explored, the approach to the notion of “space’
needs to be clarified. What is meant when one talks about “space”? Views on this
notion will, of course, influence ideas on the nature of “shapes” within this “space”.
This, as Hershkowitz, Parzysz and van Doormolen (1996 : 161) point out, is not an
easy task: They suggest that one’s beliefs about space will depend on one’s beliefs
about the mind and the external world. The question is whether “space” is a “real”
thing, or whether the individual imposes “space” on reality.

i3

The Macmillan Dictionary of Philosophy (1979 : 332) identifies two “extreme” views

on the nature of “space™

1. According to the “absolutist theory”, space is regarded as a real thing in which
objects can be at rest or really moving (rather than appearing to move because
their relationship to other things is changing)

2. In contrast, the “relationist theory” denies the existence of an “absolute space”.
According to Leibniz, reality is composed of “non-extended mental items” and is
not spatial. Thus, according to Kant, the experience of the world as spatial is an
“act of the mind” and objects in themselves have no spatial properties.

Clements (1983 : 10) notes that it is common to use the terms “physical” and
“‘psychological” space respectively to distinguish between space in the external
world, independent of the mind, and space which exists in the minds of individuals
and would not exist if the mind did not exist.

A number of writers seem to adopt a compromise between these two “extreme”
views. For example, Liben (in Clements, 1983 : 10) is quoted as suggesting that
“psychological” and “physical” space cannot exist independently of one another. The
Macmillan Dictionary of Philosophy (1979 :332) refers to a “less strenuous”
relationist theory in which propositions about “space” are regarded as relations
among “ordinary things”. No indication is given of the status of “ordinary things” in
this framework, but what is important is the suggestion that space does not have
properties of its own, but that the properties are obtained through relations between
objects.

These relations between objects are also referred to in the Dutch “Realistic
Mathematics Education” (as discussed in Hershkowitz et al, 1996 : 177). Space is
not seen to have properties of its own. Rather, “experiencing space” is said to be
about the relative position of objects in space as well as the relative position of the
objects and the position of the observer of these objects.

This notion that the position of the observer in the space is involved in determining
space is explored by a number of researchers. According to Yi-Fu Tuan (1977 : 34-
36) the human body has an important role to play in “creating” this space: He refers
to “space” as “humanly constructed space” and indicates that “the human being, by
his mere presence, imposes a schema on space”. Reference points and landmarks
in space therefore only exist in relation to the co-ordinates of the human body. This



interaction between the individual and his / her environment also seems evident in
the work of Piaget and Inhelder (1956). In this framework the representation of
space is not a perceptual “reading off” of the environment, but is built up through the
progressive organisation of a child’s motor and internalised actions. They note, for
example, that sensori-motor space is “super-imposed” on various pre-existing
spaces. Each new space is regarded as a new mental construct.’

Fischbein's studies of “intuition” (1920 : 86-87) also suggest that “space” results
from interaction between the individual and the “world™ He suggests that intuition
about space is not innate, but consists of “a complex system of
conceptions...which exceed the data at hand and the domain of perception in
general”. “Subjective space” is thus only an interpretation of reality, not a
reproduction of it.2

Wheatley and Cobb (as quoted in Clements and Battista, 1992 : 446) also stress the
importance of interaction between objects and the individual: They claim that
‘individuals give meaning and structure to spatial patterns based on their
experiences, conceptual structures, intentions and ongoing social interactions”.
Patterns and structures are not “out there”, but are constructed through action.

In all the approaches discussed here, therefore, it is suggested that the “space” we
explore results from the interaction between the individual and the “objects” in
space.

Hershkowitz et al (1996) provide an interesting interpretation of the nature of “shape”
and “space”. They identify three “perspectives” about the possible roles of shape
and space and suggest that the meaning of “shape” depends on the changing role
of the term within and between the three perspectives. For example, they suggest
that in the first perspective (“interaction with real shapes in space”), interest lies in
“real objects” in the “real world” and relations between them. Of course, the use of
these terms says a great deal about beliefs on the nature of “space”. There are,
however, different levels of abstraction within this perspective: For example, when
objects are classified according to certain chosen properties, they come to be
regarded as representatives of a whole class of shapes.

In the second perspective (“shape and space are regarded as fundamental
ingredients for constructing a theory” - only the visual representations can remain),
shapes which are mainly geometric figures®, can in one regard be seen to represent
reality in a theory. Thus the figure can be seen as a tool for solving problems and for
constructing a geometric theory. On the other hand, geometric theory can be made

' Clements and Batfista (1992 : 426) note that this particular aspect of Piaget and Inhelder’s theory
has not been widely discussed by researchers (as opposed io their theory on the progressive
organisation of geometric ideas from topological to projective to Euclidean).

2An interesting view from the perspective of mathematics education is Fischbein’s claim (as quoted by
Clements and Battista /jbid. :428) that these intuitions do not automatically develop into
correspondence with logic or mathematics, as is suggested by Piaget and Inhelder.

? Hershkovitz et al (1996 : 164) note that the use of the word “figure” is in itself ambiguous: It can refer
to a geometrical object (conceptual or actually existing) or to a graphical representation of the object.



more accessible by constructing a model which can be visualised and represented
in the form of a diagram.

In the third perspective (“Shapes and visual representations are regarded as a
means for better understanding concepts, processes and phenomena”), shapes are
regarded as visual representations of mathematical entities.

I would argue, however, that if we are to regard “space” as a construction or
interpretation resulting from interaction between the learner and the physical world,
“space” is in itself a form of representation and it is perhaps not necessary (or even
possible) to distinguish between actual “objects” and their “representations”, for
example, drawings. For this reason | will be referring to “objects” in inverted commas
in the discussion that follows.

From this perspective, therefore, it appears, that the distinctions made by
Hershkowitz ef al as discussed above might not be necessary. For “real shapes in
space”, shapes acting as representatives of a class of shapes, visual
representations of geometric shapes, models and visual representations of
“mathematical entities” could all be regarded as “representations” of some form.

But Hershkowitz et al's classification points to two interesting aspects of space.
Firstly, it suggests possibilities for the content of “space” Hershkowitz et al suggest
that “spatial ability” might not only be necessary in interacting with the “physical
space” and its representations, but also with mathematical entities which do not
have any correspondence with the “physical world”. For example, the use of a graph
can be useful when working with an algebraic formula. The variety of “objects” with
which a learner is required to interact is also evident in Wessels and Van Niekerk's
identification of three different “models™ “full-scale models” (three- and two-
dimensional real life objects and representations); “conventional graphic images”
(drawings, projections and diagrams), and “semiotic models” (graphs, maps,
symbols, arts and systems) (1998 : 3).

Furthermore, Hershkowitz et afs classification suggests that there might be different
forms of interaction in space, ranging from interaction with concrete “objects” to that
with abstract mathematical entities. Interestingly, Hershkowitz et al do not indicate
that this interaction is in any way hierarchical.

2.2 ldeas on “Spatial Ability”

ldeas on the nature of “spatial ability” will not only be influenced by ideas on “space”
and “shape”, but also by fundamental beliefs about the nature of knowledge and the
mind. Eliot and Hauptman (1981 :63), for example, suggest that the rules and
criteria for. “spatial ability” and the vocabulary used are subject to change according
to changes in beliefs about content and scientific knowledge. Regarding “spatial
ability” as an intrinsic part of human thinking or as a set of mental operations will
influence debates about and studies of the phenomenon. Such questions have been
the object of study by factor analysts and developmental psychologists during the
past century.



Arnheim (as quoted in Gardner, 1983 : 177), for example, claims that visual and
spatial imagery is a primary source of thought.* Gardner (ibid. : 8) recognises the
importance of “spatial ability” in thinking: He suggests that this is one of several
“relatively autonomous human intellectual competences” called “human
intelligences” and claims that it is essential to “scientific thought™. Working from the
perspective of information processing on the other hand, Egan (1979) suggests that
performance on spatial tasks requires a set of distinct mental operations.

Beliefs about the nature of “spatial ability” are also reflected in the debate about
whether the phenomenon is a unitary trait or whether it consists of a set of “abilities”.
The early factor analysts were engaged in identifying one “spatial” factor distinct
from other factors like the “verbal” factor. Later researchers have suggested,
however, that the situation is more complex. Gardner (1983 : 177), for example,
refers to the “spatial domain” which consists of “an amalgam of abilities required for
success in the general domain”. It appears, however, that ideas on this aspect will,
in the end, be determined by the interest of those involved. Bishop (as quoted in
Clements, 1983 : 173) has suggested, for example, that from the perspective of
mathematics education it is more useful to focus on “spatial abilities”.

2.2.1 Factor Analysis

This work is part of the psychometric tradition and can be categorised by the study
of the performance of individuals on specific tasks. This performance is classified
using a test score and does not focus on the methods used. With regard to “spatial
ability” itself, Eliot and Hauptman (1981 : 52-53) suggest that factor analysts are
interested in individual differences in performance on “spatial” tasks, and that these
differences are obtained using a score obtained from a test. Egan (1979 : 2) notes
that in this tradition a test score is taken as a measure of some underlying factor.
The score places a learner on a dimension with respect to other learners, but gives
no insight into what the dimension is, nor what difficuity the learner might have.

Researchers using this approach tend to classify the actual spatial tasks, for

example as “spatial orientation” or “spatial visualisation” tasks. Eliot and Hauptman

(ibid.) classify the work in this area roughly into three phases:

¢ 1904-1938: Attempting to establish the existence of a “spatial” factor over and
above a general ability factor

e 1938-1957: Determining the extent to which “spatial abilities” differ from one
another, and the debate on whether the skill/'s should be regarded as “spatial
ability” or the plural, “spatial abilities” ,

o 1957-1979: Designating the status of spatial abilities in relation to other abilities,
for example, general mathematics ability.

2.2.2 Developmental Psychology

Researchers using this approach focus on the meanings attached to and processes
involved in solving “spatial tasks”. Data is usually gathered using clinical interviews.
The work of Piaget and Inhelder is usually quoted in this field, but Clements

* Gardner questions, however, how Arnheim regards this feature in relation to the importance of
language as a source of thought.
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(1983 : 15) notes that Werner, Bruner, Mitchelmore, Siegal and White, and Yi-Fu
Tuan have also attempted to describe “spatial ability” from the developmental
psychology perspective.

2.2.3 Other Contributions to the Debate

Work done in the area of information processing has also contributed to the debate
on “spatial ability”. This work focuses on the menial processes used by learners
when completing spatial tasks. Egan (1979 : 2) describes this work as “an attempt to
describe the flow of information in an organism that occurs between the onset of a
stimulus and the execution of an observed response”. The flow of information is said
to be represented by a sequence of hypothetical mental operations. Scores obtained
from information processing models represent estimates of performance on
hypothetical operations. Each spatial test can yield a number of different scores,
each representing information on a different set of operations. Each measure is tied
to a theoretical model of how learners typically perform a task.

Egan notes that the information processing approach is often used in the study of
“individual differences”. Again, psychologists and educationalists have differing
interests in this area of research. Bishop (1980 : 262) notes that there is some
interest in “within-individual” differences in the context of “spatial ability”, but that
studies of “outside-individual” differences such as cultural and environmental factors
are increasingly becoming the focus of interest in the study of “spatiat ability” in the
field of mathematics education. | would suggest that clarity on the notion of “spatial
ability” itself is imperative for the study of these differences.

Researchers working from the different perspectives described above clearly have
different focuses when it comes to the study of “spatial ability” and, it seems, there
has been little communication between the two approaches in the literature. It is
useful for my purposes, however, to scrutinise these, be aware of problems in each,
and to identify what could be useful in the field of mathematics education. Bishop
(1980, 1983) suggests, for example, that the factor analysis tests can be useful in
suggesting different classifications of “spatial abilities”, providing information on
possible ordering of and dependence between these abilities, and as examples for
the development of teaching materials for classroom use. Furthermore, of particular
interest in this study, the theoretical debates can be useful in conceptualising the
intellectual tasks and shedding light on the skills involved when completing the tests
used by the factor analysts.

Bishop (1983) stresses, too, the potential benefit of an acquaintance with the work
of the developmental psychologists: This work gives ideas on what can be expected
by children of different ages and what stages these children are likely to pass
through in becoming “spatially mature”. It should be remembered, however, that
these ideas were usually obtained in a clinical context and possibly need to be
adapted for the educational context.

Egan (1979 : 3) identifies three important benefits of understanding spatial tasks in
terms of mental processes as is the case in the information processing approach.
Firstly, it enables us to look at traditional interpretations in a new light. New



interpretations can provide a conceptual framework in contrast to the traditional
statistical approach. Secondly, Egan suggests that an understanding of the
processes enables further study of individual differences. Lastly, and related to the
aims of this particular study, Egan suggests that an understanding of processes
could improve methods for assessing abilities.

In the discussion of the literature and in my attempt to formulate my own framework
on “spatial ability”, | will be drawing on work from the variety of these approaches, as
well as on what has already been done in mathematics education itself.

2.3 An Initial Definition of “Spatial Ability”

Results produced in the first phase of the work of the factor analysts (1904-1938) is
particularly useful when attempting to establish a general definition for this
phenomenon as this was the phase in which researchers attempted to distinguish a
“spatial ability” factor from other factors such as the “verbal” factor or “numerical”
factor. '

The work of Kelley (as quoted by McFarlane Smith, 1964 : 46) in 1928 is a useful
starting point. He identified two spatial factors:
e ¢ "an ability involving sensing and retention of geometric forms”

o 0: “facility in mental manipulation of spatial relationships”.®

In 1935, El Koussy used reports of introspection and tests to claim that there exists
a factor named the “k-factor” which is “the ability to obtain and the facility for utilising
visual spatial imagery” (Eliot and Hauptman, 1983 : 53). McFarlane Smith (1964:55)
reports on his own research which yielded results similar to those obtained by El
Koussy and stresses that the group factor was present in tests which require an
ability to form and retain an exact impression of a figure or pattern.

These three definitions indicate the possibility of distinguishing two aspects of
“spatial ability”, these being: the ability to obtain and retain a visual image®, and the
ability to use this image in problem solving (possibly requiring manipulation of some
sort).’

Furthermore, McFarlane Smith (1964 : 51) notes that Emmett used El Koussy’s data
in 1949 to suggest there are differences in (a) the ability to perceive and retain

® Interestingly, McFarlane Smith notes that other research done in the 1920’s and 1930's showed no
evidence of this distinction.

® There is a debate in the literature regarding the nature of “visual imagery”, for example, are visual
images “pictures in the mind” which are isomorphic o the referents, or are they propositional in nature.
i am not in a position to comment on the actual nature of these images, but | do find Presmeg's
definition useful: She defines a visual image as "a mental scheme depicting visual or spatial images”
(1994 : 114). Bishop's (1989 : 8) review of the literature on visualisation is also useful for my purposes:
He notes that these visual images can be quite simple (eg imagining a door handle rotating), or they
can be relatively abstract (for example, an imagined right-angled triangle inscribed in a circle}, and that
they are a “very individual matter”.

7 Clements and Battista (1891 : 225) relate the first ability, that is the ability to form and retain a visual
image to the van Hiele levels of thinking: They suggest that there may be a level below van Hiele’s
first visual level. On this level it appears that a learner is not able to form certain visual images.
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spatial patterns “in the mind”, and (b) the ability to switch attention from one item to
another “when perceived in temporal succession”. This latter ability could be
regarded as the ability to compare different figures, for which mental manipulation
might be necessary.

Thurstone’s work over a number of decades yields important information on the
existence of a “spatial ability” factor, as well as on the nature of different aspects of
this factor. In his work of 1938 (as quoted in Eliot and Hauptman, 1981 : 54), he
claims that there is a space factor defined as “facility with spatial and visual
imagery”. This factor was found in tests requiring “facility in holding a mental image
and mentally twisting, turning, or rotating it to a different position, and then matching
this transformed image with a suggested solution”. Once again the distinction
between having an image and moving this image in some way seems to be evident.
The reference to "matching” the image with a suggested solution could be
specifically linked to the use of multiple choice tests, but could perhaps occur in the
solving of tasks in which no possible solutions are presented. For it is possible in the
latter case that a learner might use checking mechanisms on his / her work.

This distinction between the two aspects of “spatial ability” is evident in the
descriptions of other writers. For example, Gardner (1983 : 173) refers to “spatial
intelligence” as follows:

Central to spatial intelligence are the capacities to perceive the visual world
accurately, to perform transformations and modifications upon one’s initial
perceptions, and to be able to re-create aspects of one’s visual experience,
even in the absence of relevant visual stimuli.

This description suggests that the learner has to be able to form a visual image and
then modify this by manipulating these images. This should enable a learner to
obtain an “accurate” perception of the visual world. The sense of the interaction
between the two “abilities” is interesting, for it suggests that the relationship is a two-
way relationship in that the manipulations / transformations can be used to reflect
back on the original images, allowing for modification.

Furthermore, Lean and Clements (1981 : 267) define “spatial ability” as “the ability to
formulate mental images and to manipulate these in the mind”, again indicating a
distinction between being able to create and retain an image, and then manipulating
this image. This is also suggested in the work of Lohman (as quoted in Clements,
1982 : 34) who describes “spatial ability” as “the ability to generate, retain and
manipulate abstract spatial images”.

Clements and Battista (1992 : 420) use the term “spatial reasoning” to describe
similar abilities to the two discussed so far: This is described as a “set of cognitive
processes by which mental representations for spatial objects, relationships and
transformations are constructed and manipulated” (my emphasis). The interesting
aspect of this description is that it is framed in terms of “cognitive processes”, which
gives an indication of these researchers’ ideas on the nature of “spatial ability” itself.

1



Furthermore, it is also interesting to note that this explanation refers to mental
representations of both “objects” and the relationships between these “objects”. This
aspect is also referred to by Hershkowitz et al (1996 : 162) who identify certain
“dynamic” aspects of interaction in space, two of which are the "relative position of
shapes to one another” and the “relative position of the observer and the things the
observer looks at”.

Eliot and Hauptman (1981 :54) relate the two “abilities” discussed here to
underlying beliefs about the nature of “spatial ability” identified in the way the term is
used in the literature at the time:

e The ability to obtain and retain imagery is regarded as “an intrinsic aspect of
thinking”. They claim that “spatial ability” as an aspect of intrinsic thinking is seen
in “the ways we respond to the positional quality of things; both directly in our
response to the distribution of words, numbers, or letter-like forms on a page;
and indirectly in our organisation and representation of structured information”.

o The application of the imagery in problem solving is classified as “operations for
solving problems”. “Spatial ability” as a set of mental operations for solving
problems is seen in “the ways we respond to tasks which require the estimation
or prediction of rotated objects, and to tasks which require judgements about
object arrangements when imagined from different perspectives”.

2.4 “Spatial Ability” and “Visual Imagery”

The discussion above suggests that mental / visual imagery plays an important part
in “spatial ability”. But what is the relationship between the two? Clements
(1982 : 34) notes that, while there is consensus amongst psychologists that visual
imagery is necessarily involved in “spatial ability”, there have been few attempts to
unify the literature on the two aspects. Clements (ibid.) quotes Cook as claiming that
mental imagery is, in fact, a type of “spatial ability”. This is clear in his definition of
“‘mental imagery” which seems to overlap with the ability (a) above, that is, “the
formation and retention of an image that involves no mental movement of the image
once formed”. The work of Liben (as quoted by Clements, 1983 : 10) is also seen as
important in bridging the gap between the two fields: She identifies three “spatial
representations”, namely “spatial products”, “spatial thought™ and “spatial storage”.
Visual imagery is regarded as being an important aspect of "spatial thought”.

2.5 The Development of “Spatial Ability”

The discussion above suggests that “spatial ability” involves the use of mental
processes, but what is not clear in the literature is the nature of the relationship
between physical interaction in the environment or sensori-motor activity and these
mental abilities. Does “spatial ability” require that a learner work only with visual
images? What about a learner’s ability to manoeuvre in a particular environment?

A number of researchers have identified “stages” in the development from the
concrete to the abstract, but it is often not clear o what extent each stage is
regarded as being part of “spatial ability”. Clements (ibid.: 10), for example, makes a
distinction between “spatial behaviour” which he describes as sensori-motor
behaviour in the environment, and “spatial ability” which is regarded as being a
measure of the quality of a learner's spatial representations. It is not clear in this
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case whether this is simply a matter of specific use of terminology or a matter of
definition, that is, whether Clements is actually excluding the sensori-motor
behaviour from his definition of “spatial ability”.

This distinction between sensori-motor behaviour and the use of visual images is
also addressed by Piaget and Inhelder (1956): They refer to “perceptual” thinking
(related to sensori-motor activity} and “representational” thinking in which a subject
can mentally manipulate objects. They do not, however, seem to separate the
former from general “spatial ability”. The process of gaining “spatial intelligence” is
regarded as a developmental one and Piaget and Inhelder identify stages in the
development of each form of thinking. This development is not, however, regarded
as a one-way process: It is suggested that development on the representational
level is reflected back on perceptual activity.

A number of other researchers suggest that there are “levels’ of interaction in
“space”. Also working in the field of developmental psychology, Werner identifies
three stages in the development of “spatial ability”, namely, “sensori-motor”,
“perceptual” and “contemplative” stages (in Bishop, 1980 : 260).

Clements and Battista (1992 : 425) refer to work by Rosser, Lane and Mazzeo which

identifies a hierarchical developmental sequence:

(a) The reproduction of geometric figures requiring only encoding (“building and
matching a configuration of shapes with the original constantly in sight”)

{b) Reproduction requiring memory (“building a matching configuration by recall”)

(c) Transformation involving rotation and visual perspective-taking (“building a
matching configuration either from recall after a rotation or from another's
perspective”).

These approaches suggeét that the sequence follows from the use of “concrete
objects”, to the formation of a visual image (necessarily static), to the ability to
manipulate these images.

A similar approach appears in the Wattanhawa's DIPT System. Wattanawaha (in
Clements, 1983 : 15-16), a Thai mathematics educator, uses her review of the factor
analytic and developmental psychology to develop a classification system for spatial
tasks. Each task, she suggests, can be classified according to four criteria, namely,
the “Dimension” of thinking required, the amount of “Internalisation” required, the
manner in which the answer has to be “Presented”, and the “Type” of thinking
required. It is the second category that is relevant here: A task can be done on a
perceptual level;, can require the construction of a visual image but no
transformation; or can require that the visual image be transformed in the mind.
Wattanhawa does not, however, indicate that these approaches occur in a particular
sequence.

Owens and Gould (1998 : 4) have developed a framework of strategies used by
students in solving spatial problems and list these in the order in which they are

likely to emerge, namely, “emergent strategies”, “perceptual strategies”, “pictorial
imagery strategies”, “pattern and dynamic imagery strategies” and ‘“efficient
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strategies”. These range from manipulation in the physical world and perception, to
the use of strategies using visual imagery only, to the use of this imagery in problem
solving.

Van Niekerk (1995) also identifies different levels of interaction in space: She
distinguishes between “spatial orientation” ("basically a three-dimensional
experience”) and “spatial insight” (“a two-dimensional experience”). The ability to
work with two-dimensional “objects” is regarded as being more advanced (two-
dimensional representations of three-dimensional “objects” are included in this
category): She suggests that an individual must have experiences with a three-
dimensional cube before being able to describe it verbally, make a mental image of
the cube, or make a two-dimensional drawing of the cube. In her more recent work
with Wessels (1998 : 1), van Niekerk identifies four “skills” that are said to “enable”
spatial thinking, namely, “visual’, “verbal”, “tactile” and “mental” skills. The latter is
described as “the ability to mentally manipulate spatial images and thus to
understand the interconnectedness between these four skills...”. This suggests that
this ability might be regarded by these two researchers as being more developed
than the remaining three abilities.? It is interesting to note that Wessels and van
Niekerk include the notion of verbal competency in a discussion of “spatial ability”,
thus suggesting that communication is also part of this phenomenon.

Hershkowitz et al 's (1996) three perspectives discussed in section 2.1 (“interaction
with real shapes in space”, “shape and space as fundamental ingredients for
constructing a theory” and “shapes and visual representations as a means for better
understanding concepts, processes and phenomena”), seem to fit into this
framework, too, in that this perspective suggests varying degrees of abstraction. As
mentioned earlier, Hershkowitz et al do not, however, suggest an order in which a
learner might develop the ability to interact with these different aspects.

Del Grande (1990) refers to Hoffer's identification of seven “visual perception
abilities” which are thought to be refevant in the study of mathematics, these being,
“‘eye-motor co-ordination”, “figure-ground perception”, “perceptual constancy”,
‘position-in-space perception®, “perception of spatial relationships”, ‘“visual
discrimination” and “visual memory”.® Interestingly, Saads and Davis (1997)
conducted a study using the van Hiele levels and these seven “abilities”, the results
of which confirmed the hierarchical nature of the van Hiele levels, but found no such
relationship between the “spatial abilities”.

® The remaining three abilities are defined by Wessels and van Niekerk (1998 : 1) as follows:

«  “Visual skill”: “Includes all the abilities and competencies to view objects from different points
{lines / angles) and understand their characteristics in coherence”

s “Verbal skill”: The ability to talk about different views and interpret what is observed. This includes
the mastery of the use of and understanding of the terminology

« “Tactile skill”: The ability to “build, cut and paste, 10 sew, 10 construct etc according to a specific
plan or manual.

® Del Grande (1990) notes that Brennan, Jackson and Reeve identified nine aspects of “spatial ability”

{not specifically related to mathematics), these being, “visual copying”, “hand-eye co-ordination”, “left-

right discrimination”, “visual retention”, “visual rhythm”, "visual closure”, “figure-ground relationships”
and “language and perception”.
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Yi-Fu Tuan (1977) distinguishes between an individual's ability to manoeuvre in
space, for example walking (this is termed “spatial ability”), from “spatial knowledge”
in which “the mind learns to grapple with space”, for example holding a picture in the
mind so that one can analyse how one moves. Yi-Fu Tuan (ibid. : 26) raises a
question which possibly has important implications for education: It is suggested that
sensori-motor achievements do not necessarily imply conceptual knowledge of
spatial relations. He illustrates this by referring to Swiss children (aged 5 to 6) who
could get to-and-from school, but had difficulty explaining how this was done.

Liben (in Clements, 1983 : 10-11) adopts an interesting approach in this regard:
Rather than referring to different types of thought or “abilities”, she makes a
distinction between two aspects of one's relationship to space: She refers to
“specific space”, corresponding to an “individual's knowledge of and ability to
manoeuvre in a particular environment”, and “abstract space” referring to the “spatial
abstractions” which an individual may develop. It is not clear in the former case,
however, to what extent the knowledge is mental, nor is any indication given of a
possible relationship between a learner’s ability to work in the different “spaces”.

The approach adopted in “Realistic Mathematics Education”™ (as discussed by
Hershkowitz ef al, 1996 : 178 - 179) used in the Netherlands suggests an additional
dimension to this debate: The proponents of this approach identify the “What | See”
approach which requires that the learner is an observer or identifies with the
observer in a particular task (this would require the use of visual imagery). But they
distinguish another aspect, namely, “How | See”, requiring that the learner reflect on
‘how the observer sees”. This is regarded as requiring reflection as the individual
has to move from what s/he sees with the eye to what is seen in the “mind’s eye”
and it is suggested that when the learner answers questions of this type, s/he might
become aware of certain mathematical ideas.

Perhaps one could suggest that the two part “definition” of “spatial ability” formulated
in section 2.3, namely, that “spatial ability” is the ability to form and retain a visual
image as well as the ability to manipulate the image, could describe a certain level of
“spatial ability” that is attained during the process of interacting with space. Perhaps
one could not indicate that a subject is “spatially mature” until these skills have been
developed. | certainly would be hesitant at this stage to suggest that a learner who
can successfully manoeuvre in a specific environment has no “spatial skills”.

2.6 The Use of Images in Problem Solving

Although there might be some consensus on a general “definition” of “spatial ability”,
as discussed in section 2.3, the literature review suggests that there does not seem
to be consensus on the nature of the manipulations required in problem solving. For
the sake of completeness of the “spatial ability” model, | will be discussing a number
of areas of the debate, but have chosen to focus in more detail on three themes
which will be part of the empirical study.
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2.6.1 Visualising'“Objects” from Different Perspectives-“Small-Scale” Space "
| have interpreted this as being able to respond correctly to the following challenge:

Look carefully at this box7:

PN NN
AN ‘:\\ 5 Naid SO

(a)  Draw what you would see if you were looking at the box from behind.
(b)  Draw what you would see if you were looking at the box from above.
(c)  Draw what you would see if you were looking at the box from the side."

Reflecting on this example from the Malati materials, | would suggest that this single

task could be solved in either of these two ways:

e By the viewer re-orientating his/her position in relation to the box, and
attempting to view the box from a different perspective

¢ By the viewer mentally rotating the box so that it faces the other way.

Wattanawaha (as quoted in Clements, 1983 : 15) suggests that factor analysts and
developmental psychologists have similar overall ideas regarding a definition of
spatial ability: “...both groups believe that persons with well-developed spatial skills
should be capable of imagining spatial arrangements of objects from different points
of view and of manipulating visual images”. Closer analysis of their work, suggests,
however, that there are differences which require exploration.

% “Visualising” is being used in the sense that an individual can form a mental image of an “object” as

it is seen from different perspectives.

" “Small-scale” space is being used in the sense suggested by Clements (1983 : 11) to refer to space

which does not surround the individual {(aithough it might require multiple vantage points o be

apprehended). This can be contrasted with “large-scale” space which surrounds the individual and
requires muitiple vantage points to be totally apprehended. The size of the space is discussed further

in section 2.6.2.

2 Three aspects of this presentation should be noted:

{a} This picture is a two-dimensional representation of a three-dimensional object so is not, in fact, "a
box”, but a picture of a box. The issue of representing three-dimensional “objects” in two-
dimensions is discussed in the section “The Understanding of Visual Representations” in section
2.6.1

{b) The two-dimensional representations used in the Malati materials are not drawn in perspective,
but using parallel projection. The initial decision to use this form of presentation in the materials is
currently under review

{¢) The size of the box has been scaled down for the representation.
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