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Abstract

Cavity QCD has been used for more than two decades to describe the prop-
erties of ordinary hadrons in terms of interacting quarks and gluons. In the
framework of perturbative Cavity QCD, a variety of non-diverging and diverg-
ing, but renormalizable Feynman diagrams have been evaluated to order ag
and ak.

The purpose of tﬁis thesis is to explore the properties of exotic mesons
of the type ¢?3® and ¢°3° to order ag. In the past, g°¢% mass spectra have
been calculated using the linear M.I.T. bag boundary condition for quarks of
masses My > 0. The present work extends these calculations to include a new
boundary condition which is equivalent to introducing negative quark masses
mg < 0. This new boundary condition is then applied to the well-studied case
of ¢*3* states, and to ¢°° states which have not been investigated before.

In principle, the sign of the mass in the Dirac equation can be rotated away
trivially with a «s transformation. However, once the quark boundary condition
is chosen, the sign of the quark mass matters. As the quark mass varies from
. positive to negative values, the results smoothly interpolate between the M.LT.
(mgq 2 0) and the S.L.A.C. bag (mgq — —o0) boundary conditions.

For simplicity, the calculations have been done for equal mass up and down
quarks residing in the lowest cavity mode. The many-body wave functions
of the exotic mesons are calculated taking into account the colour, spin and
isospin degrees of freedom of the quarks and the Pauli principle. The P-, C-
and G-parities are determined for each state, and the technique of coefficients
of fractional parentage is used to evaluate the two-particle interaction matrix
elements at the tree level, in the framework of perturbative Cavity QCD. The

results are compared with the experimental hadron spectrum.
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Chapter 1

Introduction

Today there is little doubt that QCD ([1], [2], {3]) is the correct theory of the strongly
interacting of quarks and gluons, even though there are still many open issues where
our understanding of this relativistic quantum field theory is not complete. One of
these areas is the low-energy domain, where perturbative expansion of the theory is
not expected to yield meaningful results, as the strong "fine structure constant” ag
is large and the number of Feynman diagrams to be calculated increases rapidly with
the order of the perturbation expansion. These are the main reasons why QCD is
performing so poorly compared to QED, where the perturbative expansion converges
asymptotically. In fact, in some partiéular cases, QED corrections calculated per-
turbatively agree with the experimental data to even 9 digits, as for the case of the
anomalous magnetic moment of the electron. However, achieving similar accuracy in
the calculation of QCD seems hopeless at present.

Today it is believed that quark confinement, which plays an important role in
hadronic physices, is an inherently non-perturbativé phenomenon which cannot be
handled analytically at present. Even if one expects that confinement is contained
within the framework of QCD, at this stage it is unknown how to derive it from the
fundamental theory. Thus, at present, we are forced to use a model that incorporates
confinement phenomenologically. This will of course, lead to results that depend on
the chosen confinement mechanism. However, we are confident that at least some
general features will be independent of the confinement mechanism on which this

work is based.



The framework used here is perturbative Cavity QCD where confinement is in-
troduced by imposing the linear boundary conditions of the M.I.T. bag model [6] on
the field operators describing the particles of the theory. It has been shown that per-
turbative Cavity QCD can be calculated [7], and the MS renormalization technique
for evaluating diverging graphs within cavity field theories has beén developed ([8],
[9], [10], [11]). Predictions of quantities calculated in perturbative Cavity QCD as
e.g. the weak vector and axial current coupling, the anomalous magnetic moment of
the nucleon, the general electroweak properties of the nucleon have been compared
to the experimental data with success.

The main drawback of Cavity QCD is that the rigid boundary condition breaks
both translational and Lorentz invariance. Also chiral symmetry is lost due to the
boundary condition. These disadvantages are largely compensated by the fact that
nearly all interesting processes and quantities can be calculated in Cavity QCD and
a good phenomenological understanding of subhadronic physics is achieved in this
way. This is perhaps more satisfactory than trying to solve QCD non-perturbatively
that usually leads to insufmountable mathematical problems. The results obtained
in perturbative Cavity QCD, so far, describe the experimental data well, so that one
may be confident that this framework could capture the essential features of exotic
states. Thus, we do not claim that perturbative Cavity QCD is the full answer to
low-energy hadron physics, but it is perhaps a reasonable starting point.

Hadrons are generally assumed to be a combination of either three quarks or a
quark-antiquark pair. These are the simplest sets of quarks and antiquarks that can
be combined to colour singlet states. But in the realm of QCD, there are other possi-
bilities to combine quarks, antiquarks and gluons so that the final hadron is a colour
singlet and the constituent particles obey the correct statistics. The most general
state satisfying these requirements is ’q33 (qg)M gV > with B, M,N =0,1,2,.... These
states are in principle allowed by the theory, but convincing evidence for their exis-
tence is still lacking. There are, however, some recent indications that exotic states
may exist, as e.g. the isovector J©“ = 1~* exotic resonance at 1593 + 8MeV (E852
Collab., [4]) and 1620+ 20MeV (VES Collab., [5]) which have been observed recently.

There are in principle three possible attitudes towards tackling the puzzle of

exotic hadrons:



(1)either exotic states do not exist, but then a mechanism should be found that

forbids the existence of these states or

(73)the exotic states exist, but as many other particles in physics, they have

not been discovered yet, or

(#13) as there are lots of these perhaps short-lived states, they might merely
contribute to a continuous hadronic background in scattering or decay

processes.

We will explore in this work the second scenario and calculate the mass spectrum
for general exotic states of the form ¢%3? [6] and ¢33 for both the original and the
new boundary condition. The mass spectrum of ¢3¢ states has not been reported in
the literature to our knowledge.

The properties of exotic states of the form ¢%3%, qdg, ¢°g, qdg®, ¢°4°, qdg® and
¢*g® have been studied in the context of Cavity QCD by Zimak [21] and Viollier et
al. [16]. Similar techniques are used in this work for calculating the mass spectrum
of g% and ¢°@® states.

In the second chapter we present the main results developed in Cavity QCD to
order ag. The field operators are expanded into cavity modes that obey eigenvalue
equations. The energy shift of the interacting states is calculated to order ag while
including two-particle interactions via one-gluon exchange and one-gluon annihila-
tion.

In chapter three, the wave function of an exotic state is constructed and the general
theory is presented. Subsequently, the transformation matrices between two different
choices of many-particle wave functions are calculated. We then briefly discuss how
the P-, C- and G-parities are defined for exotic states.

In the following chapter, we describe the results of our calculations. The spec-
trum for ¢2§% and ¢ states are presented for m, = 0.

In chapter five, the model is extended to include a new linear boundary condi-
tion. This boundary condition [28], is equivalent to the standard linear boundary
condition of the M.I.T. bag where the mass of the quark is taken to be negative. This
interpretation helps to make a smooth connection between the M.1.'T. bag boundary

~condition (m, > 0) and the S.L.A.C. bag [37] boundary condition (m, = —00). The

9



spectra are then recalculated for the new boundary condition and non-zero quark
masses. The final results are plotted for positive and negative values of m, in the
case of standard boundary condition.

In chapter six we present the results in terms of graphs. The mass spectra for ¢*§*
and ¢°¢° states calculated for m, € [~10...10] in natural mass units, are presented
and analyzed.

Finally, in chapter seven, conclusions are drawn.

10



Chapter 2
Cavity Quantum Chromodynamics

In this chapter, we present the foundations of Cavity QCD. The notation and descrip-
tion of the theory follows closely the theory developed in the mid-eighties by Buser,
Viollier and Zimak [16]. We first review the Free-space QCD. In order to quantize
this theory, the gauge should be fixed, which breaks local gauge invariance. However,
introducing the Faddeev-Popov [17] ghost term, a modified local gauge symmetry
is recovered and the modified theory is now invariant under the so-called Becchi-
Rouet-Stora transformation {[18],[19]). Based on the Gell-Mann and Low theorem
in the symmetric form due to Sucher [24], and Dyson’s expansion, the eigenvectors
and eigenvalues of the full Hamiltonian operator can be obtained as a perturbative
expansion of the time-evolution operator in terms of Feynman diagrams. The dif-
ference between Cavity QCD and Free-space QCD is merely that the field operators
are expanded in terms of the cavity modes of a spherically symmetric and static
cavity instead of plane-wave states. Restricting ourselves to tree graphs, the gq,dg
and gg interaction via one-gluon exchange and the ¢g interaction through one-gluon

annihilation are calculated to order ag.

2.1 QCD Lagrange and Hamilton Densities
The QCD Lagrange density is given by
L= PlnD* —m )y — i) — [P
m%,xaum L 8,AY —i8,x - Dw, (2.1)

11



where 1) is the quark field, m; is the mass of the quark, A* is the gauge field describing
the gluon and X and w are the Faddeev-Popov ghost fields. The first term of the La-
grangian density (2.1) describes the locally gauge-invariant interaction of the quarks
and gluons. The second and third terms are kinetic terms for the quarks and gluons.
The fourth term, which contains the gauge parameter A, is a covariant gauge-fixing
term which is globally gauge-invariant. The last term is the Faddeev-Popov ghost
term which make the Lagrangian density invariant under (local) Becchi-Rouet-Stora
(BRS) transformation.

The covariant derivative D# is defined as
1
Dy = (0" — ~2-ig)\~ A*) (2.2)
and the covariant derivative in the adjoint representation of the gauge group D* is
given by
Diw = Hw+gAH X w. (2.3)
For the Lagrange density, the eight-dimeénsional scalar and vector products operating
in the color space of the gluons have been used

8 8 ,
A-B=Y A,B, : (AxB)y=Y" fuedsB.. (2.4)

a=1 b=l

The X’s are the eight Gell-Mann matrices, the f,,. are the structure constants of

SU(3)coiour and X parametrizes the gauge. |

The Hamilton density is derived from the Lagrange density by using the Euler-

Lagrange equations [16]. The Hamilton density obtained in this manner, can be
written as

H = Ho + Hins, (2.5)

where H is the total Hamiltonian, Hp contains the free fields which are independent

on the strong coupling constant g,

1 e 1 1
Ho = ¥ (_ S0 + M) v+ (6:A! - BAY) - (A - BAF) + S

1
-ﬁ-nﬂ T+ I1F - 5 A° — TI° - §,AF — i - X—iBix - Opw, (2.6)
and H,y,, is the interaction term that depends linearly and quadratically on the cou-

pling constant g
Hine = —%9%@@0 A~ -;-g (B:A' — BA%) - (A x AT) — gTI*. (A% x A%) +

12



+992 (A* x w) +ighx: (A% x w) + ng (AFx A% (AFx AT (27)

For the free Hamiltonian Hj, the canonically conjugate momenta of the gluon and
two ghost fields are IT*, €2 and X, respectively. The various terms of the interaction
Hamilton density, describe the quark-gluon, three-gluon, ghost-gluon and the four-
gluon interactions.

The Hamilton densities eqs. (2.6, 2.7) are quantized by interpreting the classical
fields as field operators and imposing equal-time anticommutation or commutation

relations for the field operators. For the quarks and gluons these relations are

{Q,L’cfa(xa t); ?!i';r'f’u’ (Y; i)} = écc'5ff‘5aa‘5(3)(x - Y)
[A4(x,8), I (y,1)] = 16,6 (x—y), - (28)

where the quark field subscripts denote the colour, flavour and Dirac indices.
Although the ghost fields have integer spin, they satisfy anti-commutation rela-

tions given by

(walx,8), W(y, )} = —i6u6@(x—y)
{xa(x,8), Xp(y, t)} = —z’éab(S(S)(x—y). (2.9)

All other commutators or anti-commutators between field operators, which do not
appear here explicitly, are understood to vanish.

With the quantization, the fields have become operators in the Heisenberg pic-
ture. It is useful for further calculation to transform all the field operators into the
interaction or Dirac picture. This is realized by using a unitary transformation U(t)

which satisfies the differential equation

.0
zaU(t) = U () Hine(1). (2.10)

Therefore, a Heisenberg state 1) transforms into a Dirac state ];{3 (t)> under U(t)

as

-

G () =U)|b). | (2.11)

The anti-commutation and commutations relations (2.8) and (2.9) remain unchanged

in the Dirac picture. The field operators satisfy the non-interacting field equations

13



(47,0 — m) b o= 4 (é'yu B —~m) ={ (2.12)
OA* + (A= 1)8*9,AY = 0 (2.13)
O& = Ox=0. (2.14)

The properties of QCD which have been discussed so far are quite general; no bound-
ary conditions have been imposed yet. As we are interested in analyzing the properties
of the mesons, we will introduce a finite volume of space in which the colour carrying

particles are confined, i.e. we will develop Cavity QCD.

2.2 Boundary Conditions

Confinement of the colour-carrying particles is achieved by imposing boundary con-
ditions on a static sphere of surface S. The boundary conditions must be compatible
with the field equations. They are chosen by requiring that no colour charge escapes
through the surface S. In the case of a static and spherical cavity, these boundary
conditions are simply those of the M.LT. bag model [6] which are linear in the field

operators and independent of the strong coupling constant

(imev® — 1) @z}[s = it (iniy* + 1)]3 =0 (2.15)
ni (FAY ~ 8,Ak)|, = meA¥| = mid* (8,A%)], =0 (2.16)
nedta|, = ned* x|, = 0. (21

The vector n# = (n® %) denotes a spacelike unit vector
nhn, = -1, (2.18)

where 7 is perpendicular to the cavity surface S and pointing cutward. By imposing
the boundary conditions (A.2) to (A.4) to the non-interacting field equations (2.12)
to (2.14), we obtain the quark and gluon cavity modes (see Appendix A).

14



2.3 The Quark Propagator

The quark-field operator can be expanded in terms of the cavity modes as

z[;cf =Z (écfnun (;’:) e—égﬂt + Eanu—n (5) eient) N (219)
firft

v>0

where n denotes the set of quantum numbers n = {v, s, u}, which characterize the
radial, angular momentum and magnetic quantum numbers of the quark, respectively,
with ~n = {—uv, —k, —u}. The expansion coefficients 4 and b' are quark annihilation
and antiquark creation operators. The spinors u, (5) are the cavity modes given in
Appendix A, and &, being the energy of the mode.

The quark propagator is defined as the vacuum expectation value of the time-

ordered product of the fields
i (@1, 72) = (0] T [y (21) ey (22)] [0) (2.20)

== 5cc’6ff' E [R«n (3?]) Uy, (3'?:2) @(t} - tg) - Up (.’1"}»1) (T (;%) @(t2 — tl)} e-éenltx-tzi’
Koy pt .
v>0

where the spinor indices have been suppressed. It can be written as

€

) , L o [ dw eIt
38(3’:1, 172) =z zacc‘éff’ Zﬁ: Un (.’Bl) U, (.’Eg) gm (221)
by using the integral representation of the theta function
o) =lim —— f PR | (2.22)
TR0 2 Jooo i F dE '

Tlie sum over n now includes both positive and negative radial quantum numbers.
The usual Feynman prescription for the poles should be employed when performing
the contour integral, i.e. the poles with positive (negative) energy acquire a small,
imaginary negative (positive) part. The ‘quark propagator is a Green’s function of

the Dirac equation

(i8; - m) S (z,y) = 6°(z,). (2:23)

15
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2.4 The Gluon Propagator

The gluon-field operator can be expanded in a way similar to the quark-field operator

in terms of the gluon cavity modes as

s 1
Ab(z) =
&

The functions al»(Z) are the gluon cavity modes (see Appendix A), the operators

- il -y ik »
[cfmaﬁg(x)e ARt 4 651 gH (Te th}. (2.24)

¢t and éZ, are the gluon creation and annihilation operators, m = {N, J, M} denotes
the radial, angular momentum and magnetic quantum numbers, and the label ¥
denotes the scalar S, longitudinal £, transverse magnetic M and transverse electric
£ polarizations of the gluon, respectively. The propagator of the gluon is defined as

the vacuum expectation value of the time-ordered product of the gluon field operators

iD (21,30) = (0T {At(z2) Af(z2))
b3S H

0) (2.25)

~i02E [ty g

-~ g
= =4 § : ::1 z :n Zaje )
= mi \/2&172 E( 1) E( 2)

where the metric tensor in polarization space g% is defined in Appendix A. By using
the integral representation of the theta function (2.22), the gluon propagator can be
written as

dw e~ wilti—tz}

, 2.26
21 w? — (Q2)° + 10 (2.26)

D4y (%1, 20) = =8 ZQ amz(ﬂ’fl) mz(%)

in the Feynman gauge. The gluon propagator satisfies the inhomogeneous d’Alembert
equation
OD% (z,y) = 6ug" 6 (z,y) . (2.27)

2.5 " The Gell-Mann and Low Theorem

Assuming that perturbation theory is valid, Cavity QCD can be expanded as a power
series in the strong coupling constant g. In Cavity QCD, the interactions, e.g. the
one-gluon exchange between two quarks may be expressed in terms of the shift in
energy produced by the interaction. The usual way of calculating energy shifts is via

the Gell-Mann and Low theorem [22], in the form given by Fetter and Walecka [23].

16



The Gell-Mann and Low theorem may be expressed in terms of the time-evolution

operator U(t,t) which is related to the unitary transformation U(t) of section 2.1 by

Ult,to) = UR)U(to). (2.28)
The time-evolution operator satisfies the same differential equation as U()

BU(t,40)
2—7%——— = Hm;(t)U(t, t()), . (229)

subject to the initial condition U(tp,t) = 1. The time-evolution operator U(t,ty)

transforms a state at time ¢y into a state at time ¢,

[b(2)) = U(t,to) [i (t0)) - (2:30)

The solution of the differential equation (2.29), with the specified initial condition,
is given by Dyson’s expansion in terms of the Hamiltonian in the interaction picture

Hfm( )

8

US(t, o) =

/ dtaT (Bt B(t), (231)

where T' is the time—ordering operator. We have also introduced adiabatic switching
on of the interactioﬁ by
H,(t) = e Hine(8), (2.32)
with € being a small positive number.
There is a link between Dyson’s expansion and the energy shift due to the inter-
action. The total Hamiltonian can be written as H(0) = Ho + Hing(0). Let 1g5k> be
a complete and orthonormal set of eigenvectors of the non-interacting Hamiltonian

and E? the eigenvalues of the same Hamiltonian, then
Ho|r) = ES | ) - (2.33)
The Gell-Mann and Low theorem states that if a state vector }12 ) is given by
00,29
RAC A==y

and exists to all orders, then it is an eigenstate of the full Hamiltonian with the energy

(2.34)

Ey given by
H(0) i) = Bx ) (235)

17



The energy shift between the interacting and non-interacting systems can be written

as

(] HE (U0, —00) | e
=B (@}Uﬁ 0,-00) [s)

There is an alternative form of the Gell-Mann and Low theorem, given by Sucher [24]

Ek—Ek;

(2.36)

which makes use of the S— matrix that is symmetric in the time integrations. In this

formulation, the energy shift becomes

E, - E° =lim ic (]S, ng}ﬁ/an (2.37)
2 (BSile)

where the subscript ¢ implies including connected diagrams only. The adiabatic S

-matrix Oy, can be written as
Se=1+ 3 S ' (2.38)
na=1
with
-3\ poo
5i) = ( ;?) [ "ty [ ey (A6 (1) B, (1)) (2.39)

Taking the limit 7 — 1 in eq. (2.37) and substituting eq. (2.38), one finds

SO 4 2(SY +3(SE) + ..
AF = %26 1<+ <2’(”> < <S§>2)> <<8§3)>> + o

(2.40)

Expanding the denominator in a Taylor series, a more workable expression is

obtained for the energy shift, i.e.
8 = i £ [(s0) +3(s)+3(5)

e—0 9

— (SO 4 (s’ —3<s§1>><s§?>>}. (2.41)

If only the terms which connect to the asymptotic state of the mesons are taken, one

is left, up to the order O(g?), with

A =lim 3-;» {2 () - <S§1>>1 . (2.42)

The first term produces the one-gluon exchange and annihilation diagrams and the
second is responsible for cancelling the poles in the Feynman diagrams. We are
interested in calculating the interaction between two quarks up to second order in
g. Therefore, the following calculations will take into consideration only the <S§2)>

term.

18



2.6 Two-Particle Interactions

In this section we present the energy shifts due to one-gluon exchange and one-gluon
annihilitation contributions to the quark-antiquark interaction. The part of Hyp,(t)
that describes the quark-gluon vertex is given by the first term of the Hamiltonian

density (2.7) integrated over the volume

-

R Ao 5 »
Hoslt) = =g [ a2 () w2 At (), (2.43)

since all other terms are either of different order or not connected to the asymptotic
states considered in this work.

The quark self-energy is also contained in this term of the interaction Hamiltonian,
but we will not discuss it here. The calculation has been described in detail in ref.
[28]. If the relevant interaction Hamiltonian (2.43) is inserted into the <S’§2)> term,

one obtains

AE = hm 25 /d“ /d% e—elitl+e2))

5—*4,

X<X{T[<g¢;%ize@gga) (gi)q«#—fﬁg‘z@) }}X}, (2.44)

]
where PX > is an asymptotic quark-antiquark state. This eigenstate of the non-
interacting Hamiltonian can be written as a linear combination of quark-antiquark

creation operators acting on the vacuum

|X) = al, 0, B!

ey finy Yeafong

0). (2.45)

Using Wick’s theorem, the time-ordered product may be expanded in terms of normal-
ordered products. Because we are interested here in the one-gluon exchange or anni-

hilation diagrams, only the gluon fields are contracted, yielding

AFE = lim Zé‘ /d4 /Cf4$ et +]e2()

x1

x (X|T ng’n;" Ar w) (9%— fy*w) mj %), (2.46)

Substituting in eq. (2.46) the cavity-mode expansion of the quark fields and the gluon

propagator, one gets for one-gluon exchange case

Aa Aa P
aZIflalbzt!gfﬁf ("2“’) (‘— "‘é") acfabdgg }X> (2.4‘?)
c'e did
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— =€) -1 i,
Z 20% sz A //dtldt emelitalHial it (er-ei) gita e prmeu) ~i0B It ol
and for one-gluon annihilation case

Ao PYRY -
i/f/alb;/glﬁ: (E’) (?) acfabdgﬁ IX> (248)
c'd! cd
PH )

g mi ~m23 —~e(|ta|+t2]) pit1(enten) Sita(erteqr) ,—i00E |81 — 1o
oqE @ Tan | dtidise e e e .
N m

AEI = lim Eg 6fl léfg<

e—04

The quantities Q’EE denote the quark-gluon vertex integrals as defined in Appendix
A and the subscripts n () and n' (7') describe the initial quark (antiquark) and the
final quark (antiquark) quantum numbers.

Solving the integrals and interpreting the shift energy AF as a two-body operator
V sandwiched between the states ]X >, the final expression for the two processes are

A 2 Aa )\a 28 mi mE 1
G ) se \ 2 )4 o fégg(QE) 3 Qi QR0 prarBirgprGerabass,  (2:49)

> 2 [ Aa Aa g~F AmE ot ot
‘/’an proend -—g 7 7 5figl5fgm Q —fin C f,'al d’ 'ﬁ'acfabdgﬁ- (250)
dqt cd (Qm)

As we are calculating the interaction energy for many-quark systems, it is conve-
nient to have a two-body operator (eqs.(2.38) and (2.50)) expressed in first instead of
second quantization. The two-body operator which corresponds to V can be written

as

Vig = _"'Fl F, Z paa(J) Ko (J (2.51)

where R is the radius of the cavity, F; is the SU(3), generator of the i-th quark,
12 and Kyo are two-body operators that act on the radial and angular part of the
two-body wave function and J is the total angular momentum of the corresponding
state. Ky can be expanded in terms of angular momentum as
<’I’L’,’I~l’l K}_Q(J) |7‘L,'ﬁ> = (2J + 1) Z (—1)MF]M(nI,n)FJ_M(ﬁ’,ﬁ), (252)
M
where n (i) is a generic label for all the quantum numbers carried by the quark

(antiquark) and F'is a factor which arises from the angular integration i.e.

J g i J 3
0 -3 -y M pu

L,

FJM(TL’,TL) ( 1)#+1/2§!j5 (253)

B
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The matrix element of the operator pj» arises from the radial integration (see Ap-

pendix B) and for one-gluon exchange it has the form

T 2 g%z 1

[y = . = Im E{n L,

<'f?, ;T l#iﬁ(‘]) |7’L,7’L> - &= 32J + ISn’nS-n-—n RQQ%
z

1 1
2.
X<Q§%+ene-5n+ﬂ§n+sﬁéwsﬁ)’ (2:54)

while for the one-gluon annihilation we obtain the expression

(07| gD ln7) = - Zgi%smsm :
B L N P Y I ety Zo

b

1 1
. . 2.
X(Qg~en—sﬂ+ﬁg+en,+sﬂ,> (2.55)

For convenience we also introduce a dimensionless form of the interaction operator

R
4&12 = EVR- (2'56)

The operators Ay, for quark-quark interaction through one-gluon exchange and through

one-gluon annihilation are then given by

one-gluon exchange Fia[p12(0) 4+ 4p12(1)S12]

one-gluon annihilation | (3 — Tio)(Fiz + 5)[e12(0)(3 — Si2) + p12(1) (2 + S12)] ’
(2.57)

where we have used the abbreviation X;3 = X, - X, to denote the product of two

generators of colour, spin or isospin. Note that the two operators {2.57) do not
exhaust all the possible interaction operators to order as. For a detailed treatment
of all the possible interactions at the tree-diagram level, the reader is referred to [7].

The separation of the angular and radial part brings a simplification into the
calculation for two reasons. First, by splitting the two-body operator in two parts,
the effective calculations become easier to follow and various checks can be done
to verify the accuracy of the method. Second, in pursuing the goal of this work,
the angular part is not affected by the mass of the quark (egs. (2.52), (2.53)) and
therefore it remains unchanged and no extra calculations are required. Instead, the
radial part {eq. (2.54)) is sensitive to the mass of the quarks (both § function and

the eigenenergy ¢ depend on m, ).
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Chapter 3

The wave function of exotic states

The quarks and antiquarks of the exotic meson are carrying the quantum numbers
of colour, flavour and the orbital. Considering only equal-mass up and down quarks,
flavour degenerates to isospin symmetry. As the exotic meson must be colourless, the
overall colour wave function will be a sum of products of colour triplet (or antitriplet)
wave functions transforming as a colour singlet under SU(3).. As the quarks and
antiquarks are assumed to reside in the lowest-energy 1sy/y cavity mode, the overall
orbital wave function will be a sum of products of spin 1/2 wave functions. Finally the
overall flavour wave function will be a sum of products of isospin 1/2 wave functions.
As quarks and antiquarks are fermions, the colour, isospin and spin parts of the wave
function is antisymmetric with respect to interchange of any two quarks or any two
antiquarks. This chapter illustrates how the wave function is calculated for exotic

mesons of the form ¢%§% and ¢°¢°.

3.1 SU(3) Colour Wave Function

The colour degree of freedom of the quarks, antiquarks and gluons is described by

the group SU(3).. A quark will be represented by a tensor [20] with one index
¢, i=1,2,3 (3.1)

where the index 4 labels different colours of the quarks (i = R red, G green, and B
blue). An upper index is used to denote a quark and a lower index denotes an anti-

quark. Under a general SU(3) transformation ¢* and ¢; transform as the components
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of a contravariant and a covariant tensor respectively. Thus ¢t is a vector in the fun-
damental representation {3} of SU(3) and ¢; is a vector in the adjoint fundamental

representation {3}. For completeness, the gluon is described in its tensorial form as

Gy, i,5=1,2,3 Gi=0. (3.2)

1

The gluon carries two indices because, unlike the quark {3} and the antiquark {3},
the gluon resides in the {8} representation of SU(3). Using Einstein’s summation
convention, the condition G% = 0 projects out the colour sinélet {1} part of the ten-
sor. This condition implies that gluons cannot be colourless and it ensures that only
eight gluons exist.

In summary, the tensor representation of the SU(3) group constitutes the frame-
work for constructing the colour wave function and the building blocks used to obtain

the exotic states are ¢’,¢; and G

3.1.1 Two-Quark (or Two-Antiquark) System

Having the tensor form for one quark ¢!, the tensor form of two quarks can be
constructed by combining ¢* with ¢/. But the tensor product cic? is reducible to a

symmetric and antisymmetric combination
¢ +c¢t and - (3.3)
in accordance with the Young Diagrams for the SU(3) group
{3te{3}={3}& {6}, (3.4)

where the {3} representation is antisymmetric and the {6} is symmetric. Antisym-
metric combination found above describing two quarks has two upper indices and

corresponds to a {3} representation of SU(3). As was mentioned before, the {3}
ik

representation is bearing a lower index. Using the Levi-Civita’s tensor £¥% or &,
the antisymmetric form can be rewritten as
¢ — et~ epyctd (3.5)

leaving only one lower index.

Therefore, for the system of two quarks, two colour wave functions
) = oo 4o
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[gale = eric'c. (3.6)
are possible. In order to normalize these, the product ({gq}¥, {qq}"'jl) must be eval-
uated. Using the identity ¥, €ijnénrt = 6i6j — 030;x, we arrive at

(lag}", {agy' ) = 266" +67'6%)
({ga}”, lagls) = O
(laqli, lagly) = 264 ' (3.7)
For the case of two antiquarks, the wave functions are obtained simply from those

of the two quarks by exchanging the upper and lower indices. The symmetric and

antisymmetric combinations for antiquarks are {gg}.; and [qq]’, respectively.

3.1.2 Quark-Antiquark System

The combination of a quark {3} with an antiquark {3}, according to the Young
diagrams for the SU(3) group, results in a singlet and an octet

{8te{3t={1} & {8}. (38)
The product cc; is reducible and can be split in a scalar trace and a traceless tensor
lgg] = ce
i 1

c'cj — -ééjckck (3.9)

i

[qal;
corresponding to the {1} and {8} representations of SU(3). The normalization coef-

ficients are calculated, as in the previous section for two quarks yielding

(lgg].[q@]) = 3
(lq7],lqq]}) = ©

i [t i 1
<[QQ]jz[QQ]j’> =0 6jj'_§6j6j" (3.10)

In an analogous way, the gluon can be introduced and coupled with the quark, an-
tiquark or another gluon. Because, in this work the exotic states studied do not
contain explicitly the gluon, the treatment of the gluon will be omitted. It would be
necessary to study the tensor form of the gluon-quark and gluon-gluon systems for

glueballs and hybrid exotic states only.
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3.1.3 Two Quark-Two Antiquark System

The next step in constructing the colour part of the wave function for the ¢°g® system
is to construct the ¢?G* system. One is faced now with two possibilities, to build a two
quark-two antiquark state because (i) it is possible to assemble two quarks, then two
antiquarks and finally combining the two or (ii} it is possible to assemble a quark with
an antiquark, another quark-antiquark state and at the end to couple them together.
Both combinations are used to calculate the energy of the exotic states. For the
study of the quark-quark and antiquark-antiquark interaction, the first combination
is important, i.e. (¢?)(g? ) while for the quark-antiquark interaction we need the
second combination, i.e. (¢§)(qq).
Following the first option, two quarks (¢?, {3} @ {6}) are combined with two
antiquarks (g2, {3} @ {6}). There are four possibilities to combine two quarks with

two antiquarks. According to the Young diagrams these are

{31e{3} = {1}e{8}

{6} @ {6} = {1}&{8}+{27}

{3te {6} = {8te {10}

{6} ® {3} = {8} {10}. (3.11)

Combining two pairs of quarks and antiquarks (¢g, {1} & {8} ) to the final state ¢*g?,

the following representations are possible

{1e{1} = {1}

{1}e{8} = {8}

{8 {1} = {8}

{8}@ {8} = {1}®{8}.®{8l.® {10} @ {10} @ {27}, (3.12)
where the indices s and a stand for symmetric and antisymmetric.

In order to get the colour wave functions for the exotic state ¢g? those combi-

nations which reside in colour singlet state are picked up. These states are

4, 3%) |93, 47)
(3135 {11) | 1y (1)) | - (313)
{6}, {6} {1}) | 18}, {8} {1})
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Here the notation for the state vectors for the two columns |g? 3%} and |qg, qq) is
]{qu}, {N2}; {Nq2§2}> and I{Nq-g-},{Ng§};{qu§z}>. In terms of the tensors, these

normalized colour singlet states are described by

oy d B3 (1) = ledllqal 3
(¢°)(@") { 1{8}’ {g};{1}> - ;W{QQ}&{W}@ (3.14)
@l 0 = il -

18}, {8): {1}) = laalileall

Of course there is a linear transformation between the complete and orthonormal base
(¢%)(g%) and the overcomplete base (q3)(q7) ([21] [16]).

The transition between the two basis is given by

@R 1 (1 VI Iman )

6}, By 1) | VBlvE o1 {8}, {8} {1})

The above colour information is sufficient if one wants to describe ¢%g? exotic states.

However, for ¢°g® exotic states, it is necessary to consider the octet state g°7* as well.

3.1.4 Three Quark-Three Antiquark System

In this section we calculate the colour wave functions for an exotic ¢°g® system. Due
to the fact that the state should be physical, it is necessary that its representation is
a singlet {1} of colour SU(3). Because later the ¢ — ¢ and ¢ — § interaction will be
needed, we express the wave function in both the (¢*)(g®) and the (¢%g%)(qq) bases.
For the first base a quark (antiquark) is added to the two quark (two antiquark)
system presented in section 2.1.1. Because the ¢ — § can reside in a {1} or {8}
representation, the corresponding {1} and {8} representations for ¢?g? system are
needed. Details of the calculations for the ¢°g° system can be found in Appendix BI.

The main results for the complete and orthonormal base are
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{3}.1,{3},1;1) = }laqq)[a7g]
{3},8.,{3},84:1) = 735laqqllagal!
{6})88;{'6}:88:1> T{QQQ} {QQQ}3
e (3.17)
{3},8.,{6},84 1) = ;X laaal: {7aq}!

1{6},8s, {3},84: 1) = 2z {9qq};[qq9)?

| 161,10, {8},T0; 1) = 54ns{aqa} {700} ise-

The notation used here is }{ Nz}, Nga, {Ng}, Ngs; N, g3§3> and all five numbers denote

a representation . The curly bracket is reserved for diquark states. The overcomplete

base has the following basis vectors

{3}1,{3},1,1;1) = }[qqk[zallea]
{3},{3},8,8,1) ﬁ{ )’ lqql;
{6},{6},8,81) ﬁ{qqmqq}a}m
)=
) =

i

il

i

(¢°7")(q7) ¢ (3.18)

{3},{6},8,8;1) = 7ze*™lagl: {7} s lqaly,
16, {31,8,8,1) = Zrmcun {ag} gl ladl
| {6}, {8}, 1.11) = 75 {aa} (g} sladl.

The notation used here is [{Np}, {Na2}, Nyage, Nog; Nyaz > As seen from the above

*g*
table, the original states {2}, {N;2} must be specified in each base element in order

to distinguish among ¢°g® singlets obtained from ¢%g* and q7 states.

The matrix transformation between the two bases is given by

431,143}, 1;1) 1 22 g 0 0 0 {3}, {3}.1,1;1)
{3},8.,{3},84; 1) B2 1 g 0 0 0 {3},{3},8,8;1)
{6},8,, {6},85 1) | o o ~¥5 2 g 0 {6},{6},8,81)
{6},10,{8},10;1) 0o 0 %2 £ o oo {6}, {6},1,1;1)
{3},84,{6},85 1) 0 0 6 0 1 0 {3},{6}.8,8,1)
1{6},8,,{3},84; 1) 0 0 0 0 0 -1 {6}, {3},8,8;1)
(3.19)

We have now calculated the colour wave functions for the exotic states ¢°g° and ¢?g>
and the transformation matrices between the overcomplete and the complete and
orthonormal bases. The next step is to construct in a similar way - using the group
SU(2) this time - the spin and isospin wave functions for the exotic states and then

to combine all of them in a single wave function.

27



3.2 SU(2) Spin and Isospin

In this section we construct the SU(2)pin and SU(2)is0epin Wave functions in analogy
to the previous section. The g¢, GG and ¢g systems are discussed first, and then these
will be coupled to ¢*g? and ¢°F° states in various ways.

Since the isospin symmetry group is identical to that of the spin group, the isospin
wave functions are essentially the same as those of the spin. Only the latter will be
considered here. All the constructions are valid for the up and down quarks, having

spin 1/2 and isospin 1/2.

3.2.1 Two Quark-Two Antiquark System

The combination of two spins 1/2 will produce a total spin of 0 or 1 where the first
combination is symmetric and the second antisymmetric [12] . For the two quark-two
antiquark system, the total spin is 0,1 or 2. As in the colour case two bases are used.
These are denoted by ]J 2,525 J, 3> and ‘ ey qq,J j> where J2 and Jy stand for
the spin of the two quarks and two antiquarks respectively, Jyz {J q) denote the spins
of the quark-antiquark pairs and J and ;7 are the spin of the exotic state and its
projection. Recoupling the four spins of the four quarks, we obtain the well known

9-j symbols [21], [16]

1/2 1/2 Jp
[ Jai 0, ) = S Jpdpdgig| 172 12 g |Vadg i), (3:20)
Yai e Ja Jg J

where J = VvVeJ+1.

3.2.2 Three Quark-Three Antiquark System

The spin wave function of this exotic state can be obtained from the ¢?g* and ¢7 spin
wave functions or from the ¢* and §° spin wave functions, as in the case of colour.
The relationship between the two bases can be established by recoupling the spin
Jp2, Jz2, Jg and J5. The results are given in Appendix B where all the elements of the
two bases are listed.

As explained above, the situation for the isospin is identical to that of the spin,
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so all the results obtained for the spin are valid for isospin too. This means that for
the exotic state (¢°7®) there are 6 possible wave functions for colour, 20 for spin and
20 for isospin. Therefore all combinations of colour, spin and isospin which obey the

Pauli principle and are colourless, are possible exotic states.

3.3 P-, C- and G-parities

Before gathering all the information obtained for the colour, spin and isospin parts
of the wave function, a short discussion concerning the parities of the final states is
necessary. It turns out that it is important to identify the states not only by their J
and [ quantum numbers but also by their P-, C- and G-parities.

Parity is defined as a transformation which changes the sign of all the spatial
components of a wave function and nothing else. For the present ¢§°case, it is
interesting to study the parity of a quark-antiquark pair. As it is known [13] [14], the
intrinsic parity of a fermion is opposite to that of an antifermion. When a system of
two particles is investigated, its parity is a product of the intrinsic parities times a

factor which depends on orbital quantum number [
P = (~1)! % intrinsic parity of components,

where [ is the relative orbital quantum number of the components. For a meson

consisting of a "n” quark-antiquark pairs in the lowest-energy state, the parity is
P=(-1)" (3.21)

so that for all two quark-two antiquark states, the parity is pdsitive while for all three
quark-three antiquark states the parity is negative.

For the C or charge conjugation parity, the problem is not so simple as it was
for parity. By definition, the charge conjugation operator C changes particles into
antiparticles and vice versa. The charge conjugation operator changes the sign for
additive quantum numbers (e.g. charge, strangeness) and leaves momentum and spin
unaffected. Moreovér, not all the states are eigenstates of the charge conjligation
operator further complicating the matter. In order to understand how the charge

conjugation quantum number is related to colour, spin and isospin, we will look at
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each quantum number separately. In general the charge conjugation operator looks
like
c=cc.c/.ct.css (3.22)

where different terms describe the action on the colour, spin, isospin and a factor
related to the spin-statistics of the state. The following explanations will refer to a
general state ¢vg".

For the colour wave function, the action of C on any number of quark-antiquark
pairs is +1. This can be easily shown by considering eq. (C.1). After the charge
conjuéation operator having changed each particle into its antiparticle, we obtain
back by simple permutation, the quarks and antiquarks in their original state, and
the colour gi’ves no contribution. Taking the quark-antiquark system in its {8} colour
representation as an example, the colour state is described by

1
[af; = ¢'e; = 565" en. (3.23)

Acting with the charge conjugation operator C on this state, the result is

Cccé = CCCj = C:”
, . . . 1.
CCqql; = C%ce;— éé;c”cn) = ¢;¢d — g&}cnc“
. 1, .,
= e — §§;C Cn. : (3.24)

In the last equality the quark wave function was interchanged with that of the an-
tiquark without affecting the colour wave function. Note that a factor C%°(= —1)
should be considered due to the Fermi-Dirac statistics.

Interchanging the quarks in the spin wave function yields a factor of (—1)1%%2-7
where 7, and j; are the spins of the quarks and the antiquarks respectively, and J is
the total spin of the exotic state. The above factor is a result of a rearrangement of

two spins. Using from [12] the relation
i1, 52 Jm) = (=1)7F277 |5y, g; Jm) | (3.25)
the action of C on spin is
C7 41, da; Jm) = |ga, J1; Jm) = (1) |Gy, ju; Tm). (3.26)
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A permutation was applied on the [fy, j1; Jm) factor to get the initial spin order,
which produced the rearrangement of the spins and an extra factor due to relation
(3.25) .

For the isospin, the same rearrangement in eq. (3.25) is necessary and further
care should be taken due to the fact that the charge conjugation changes the third
component of the isospin ( Q = 1/2Y + I3 ). We thus arrive at

Cl iy, dg; Imy) = (—1)mtme gy G T — mt) (3.27)

Eq. (3.27) shows that not all the vectors are eigenstates of C due to the different
spins of the constituents. Two cases can be described. First, if 4; = i and m; = 0,

the vector is well defined and applying C on it yields
Cli,4;10) = |i,q; 10) . (3.28)

Thus the state is an eigenvector for the charge conjugation operator. For the second

case, when %, # 15 and m; = 0, the vector is an eigenvector for C if it is chosen to be

. 1, . L
|31, 395 Imy) . = —= (|91, 492; Imy) & |ig, 14; Imy)) . (3.29)

Ng)

The action of C on eq. (3.29) yields

C' i1, i9; 10), = £(=1)"7%|ig,iy; 10 . (3.30)

The last factor in eq. (3.22) which plays a role in the overall charge conjugation
is the spin-statistics factor. Because the particles composing the exotic state are
fermions, they should be permuted back to their original position, so that a factor
(=1)¥ arises.

The third discrete operation, the G-parity, arises as a consequence of the fact
that not all members of an isospin multiplet are eigenstates of C operator. In order
to rectify the problem, G parity is defined as a product of C parity and the second

projection of the total spin operator, I3. The exact mathematical relationship is

G = e™2C. (3.31)

The application of the second projection of the total isospin [y has the property
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of restoring the sign of the Iy after C has changed its sign, obtaining in this way
the original vector. Having this property, G leaves all the members of the isospin
multiplet in their original form and in this manner all the members of the multiplet

are eigenvectors for G and their eigenvalues are given by the relation

G=C(-1). (3.32)

3.4 The Total Wave Function

- The total wave function for the ¢?3* system was calculated by Zimak et al. [15],
[16]. We follow a similar path to construct the wave function of the ¢*§® system. In
order to get all the allowed combinations, we use the fact that the three-quark system
was studied in detail (see Appendix B). The starting point is the ¢* system which
was built to obey the Pauli principle, and no restrictions were imposed on the total
colour. If one wants to have the § built in the same way, by simply applying a C
transformation on ¢3, all the results can be translated to the three-antiquark system.
The total wave function for ° is identical with that of the g® system if all the colour
indices are flipped (lower <> upper), the spin is unchanged, the total isospin remains
the same, only its third component changes the sign. Now, if one brings together
the wave functions for three-quark and three-antiquark system and demands that the
final colour is in the singlet representation, we obtain the exotic state. The Pauli
principle is built in for quarks and antiquarks separately (see appendix B). Quarks
and antiquarks are distinguishable particles so they do not obey the Pauli principle,
the colour is {1}, therefore all the conditions are fulfilled to get the correct total wave
function.

In the table below the states (¢°)(g%) with J = 0 are shown:

I=0 NP°N{® AYAY | NIN] | NYNE?  ALAL | NING
2 2 9 2 2 5 2 2 2 2 Vi P
I=1 | Ni°N;®| A3A% | ASNE - | NSAS + | NiN] | NINT | ALAL | NINE
2 2 2 7 2 2 2 2 2 4 2 2 2 2 2 2
I=2| ABA% | A8N8 - | NBAS + | ALAL
2 2 2 ] 2 a2 2 ]
I=3 ASAY | ALAS
2 2 2 2




For J =1 the following states are possible

I=0| NPN{°| A$AY | NIN} | NONY
NYNS | A3AY | NSNS | NENS
I=1| N{° Qio Aiﬁi ASlN;S_ - | A% _g -
2 2 2 2 2 2 2 2
N3AY +| NIND | NEN% | NIAL *
NSNS | ALNY - | ALAL  NSAS - (3.34)
2 2. 2 2 2 2 2 2
N§N$ | NENG
2 2 2 2
I =2 Aiﬁi AN _f + A%N% - NEA% -
2 2 2 2 2 vl 2 2
NiAS * | AYNT - | ALAY | NEAY *
2. 2 2 2 2 2 2 2
I=3] AYAY | ALA}
For J = 2 the states are
I=0| NIN3 | AYAL | NENS | NENG
2 2 2 2 2 i 2. 2
I=1|ASNS - | NIAL + | NENS |ALND- | ALAL | N3AS +| N3N | NN
2 2 2 2 2 2 2 bl 2 2 2 2 a 2 2 3
[ =2 Aiﬁg - NiAlg + AlgNi - Algﬁlg NSAE +
2 2 2 2 2 2 2 2 2 2
I=3 AlA}
and for J = 3 the states are
I=0|A}AY | N§N§
I=1|A3A% | NN
2.2 2 (3.35) .
I=2 A}A}
I=3|A}A}
2 2

where the label ” £ refers to a state |ab)=1/+/2 (|ab) + |ba)) .

There are 76 states listed in the tables above. It is not worthwhile to list all the
states (g°3%)(gg) because they can be easily obtained by considering their colour, spin
and isospin in a identical manner as for the (¢%)(g®) states.

The relationship between the two bases yields a large matrix, and its elements
represent the coefficients of fractional parentage. Some elements in the (¢°)(¢®) base
transform to the (¢%3%)(gq) base in up to 92 elements, a fact that makes difficult to

reproduce here all the coefficients. In Appendix C two examples are presented in
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detail. Using the rules determined in this chapter for colour (egs. 2.17-2.19), spin
(egs. B.20-24) and isospin (egs. B.20-24), these coefficients of fractional parentage

are calculated numerically.
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Chapter 4

Results for ¢°3° states for massless

quarks

In this chapter we discuss the ¢°§® mass spectrum for massless up and down quarks.
For completeness the q2§? mass spectrum which has been obtained in earlier calcu-
lations [16] is included. The M.LT. mass formula is introduced. We calculate the
wave function for all the states of various quantum numbers. Then the mass spec-
trum is calculated based on various two-particle interaction operators. Using the
(¢%)(g®) base, the one-gluon exchange interaction is obtained, while the overcomplete
(¢*3*)(qq) base is used to evaluate the one-gluon annihilation interaction. These in-
teractions, together with the coefficients of fractional parentage make the calculation
of the energy of the non-interacting system possible. The energy of the real system is

obtained by diagonalizing the Hamilton matrix. Finally we plot the mass spectrum.

4.1 The M.I.T. Mass Formula

We denote a multiquark-antiquark state by ¢V g". The effective Hamiltonian operator

of the interacting system in a cavity is
H =H 4 V97 + V9, (4.1)

where the first term in the right hand side is the non-interacting Hamiltonian, V%
represents the quark-quark (or antiquark-antiquark) interaction and V% represents

the quark-antiquark interaction. When H® acts on a non-interacting state |¢,), its
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eigenvalue is V% where w is the non-interacting quark energy in dimensionless units
(see Appendix B). The lower index ” A” of the wave function, denotes any state. Later,
two different states will be involved in calculation and for the second state, the lower
index " B” is used. To order a5 one would have to consider the quark self-energy [25],
26], [27], [8], [28] as well, but for the purpose of this calculation, this term is ignored.
The self-energy will be introduced later when the complete spectrum is calculated.
A general state can be written in terms of the (¢V)(§") base as a linear combi-

nation

Iéz‘i) = Z <Ka:kaKéx kc’z ]KA:kA> ]¢a> ]@E) (42)

Kaka
Ky ks

or in terms of the (¢7)"~!(qg) base as

6a) = 5 (Kye, kiye K, by | Ka, k) ooy [60) |5) (4.3)
Ky ke
Ky kg

where Cy+p are the coeflicients of fractional parentage introduced in Chapter 3. The

following notation has been used for diﬁerent states

a=q¢"a=¢";b=qjand b* = (g7)" ". (4.4)
The elements of H can be now expressed as

(4l H|68) = N= To4aB + Vi bap + V%, (4.5)
where H? and V¥ are diagonal in the (¢")(g") base (eq. (4.2))

AA - <¢AE qu @A) z ¢a¢a qu l¢a¢a> (46)

The V% interaction matrix is not diagonal, but it can be calculated easily by using
the (g9)"~*(qg) base (eq. (4.3))
VIL = (04l Vo) = (s do| VO |Gpes) - (47)
b*b
The two bases used to express the Hamiltonian are non-interacting bases. The aim

of these calculation is to evaluate the energy of the interacting system in terms of the

energy of the particles involved (w) and the dimensionless interaction operator (Ajs,
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eq.(2.56)). This is achieved by diagonalizing the Hamiltonian (eq.(4.5)). The result
is
_Nw as

Ba="7 T %

Here we have assumed a fixed cavity by taking into account the linear boundary

Ay (4.8)

condition of the M.I.T. bag model only. However, considering the quadratic boundary
condition, the particles in the cavity will exert a pressure on the surface which must be
matched by the exterior pressure B [6] of the nonperturbative vacuum. By introducing
the new parameter B, the radii of all hadron bags can be calculated. This pressure
contributes to the total energy with a volume energy 4 R*B.

The total energy in the M.I.T. bag model should be corrected with the zero point
energy Ly

Z

-z 4
EQ R: ( 9)

which scales the mass and radius for mesons and baryons. Physically, the term
describes the C.M. motion and the Casimir effect [29] due to the fields.

With all these corrections, the total energy in the cavity is

4 N . VA
E4(R) = ?WRSB + —f t-g %Aw (4.10)

The energy of the bag [6], [32], [33] given by the eq. (4.10), can be rewritten as
Nuw, Zy ash 4«

BER) = ' -g+—p +5B
A 47r3
E= S T — 4.11
R+3RB ( )

with A = qu - Z() -+ Olsﬁ.

The last term containing the bag pressure B, ensures that at the surface of the bag
there is a balance between the spherical internal quark pressure and external vacuum
pressure. The balance of the pressures at the surface of the bag is equivalent to
the fact that an infinitesimal displacement of the of the surface requires no energy.

Translated into mathematics, the condition is

oF
A ~ 4.12
3B 0 | (4.12)
from which we obtain
—iz +47RIB =0, (4.13)

Rg
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if the masses of the up and down quarks are taken to be zero. For the case of massive
quarks the method has to be changed (see Chapter 6). Using eq. (4.13), the radius
of the bag is Ry = @TA;%’K’ The mass thus takes the form |

M = E(Ro) = g (47B)* (Nuwy — Zo + asA)¥4. (4.14)

Making use of the mass of a few well-known states (the nucleon, the delta and the
rho), the three parameters B, Zg and ag are determined. The set used in this work

to calculate the mass spectrum when m, = 0 is [34]
as =22, BY* = 146MeV, Zo = 1.84. (4.15)

Having calculated the single particle energy w, within the M.I.T. bag model, the
parameters of the model and the energy interaction A {eq. (2.57)), the mass spectrum

can be now easily evaluated.

4.2 The ¢33 Wave Function

Due to the fact that the wave function for the ¢°3° system is quite complicated, we
present here only one example of how the wave function has been constructed. For
the other states, the wave function is calculated in a similar manner.

The state with the quantum numbers singlet colour representation {1}, total spin

J =0 and total isospin [ = 3 is taken as an example. The state is obtained from the
combination of three quarks in the state A}, and three antiquarks in the state Al /2

(3.33).

4.2.1 Colour Wave Function

In terms of colour, both the ¢* and §° systems are in the colour singlet representation
{1}. The wave function for the three quarks system is presented in Appendix A. The
same wave function is valid for the three antiquark system if the indices are flipped

around. Combining the two expressions, 36 different terms emerge
1 - . - - - -
|colour {1}) = g:rgbfg'b — rgbFbg — rgbgrb + rgbgbt + rgbbrg — rgbbgr
—?‘bg'f§5 -+ ?"bg?*ggf + rbggTh — ?’bgg‘zﬁ‘ — rbggfg 4 rbgf-)g’?"
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—grbigh + grbrbg + grbgrb — grbghr — grbbrg + grbbgF
+brgrgh — brgFbg — brggrb + brgghF + brgbrg — brgbgF
—bgrgh + bgrbg + bgrgrb — bgrgh? — bgrbFg + bgrbgr
+gbrigh — gbribg — gbrgrb + gbrghe + gbrbFg — gbrbgr)(4.16)
where 7, g and b represent the colours red, green and blue. Note that the colour {1}

representation does not allow any two-(anti)quarks to have the same colour. However,

this will be possible for the octet or decuplet representations.

4.2.2 Spin and Isospin Wave Function

The spins of the two three-particle systems are both 3/2 . Using the Clebsch-Gordan
coeflicients [31] to couple 3/2 with 3/2 to | 0,0), we obtain the spin wave function

1
0,00 = £18/2,8/2)18/2,-3/2) - & 18/2,1/2)3/2,-1/2)
+13/2,1/2)13/2,1/2) - £ 13/2,-3/213/2,3/2) . (417)
For the isospin wave function, the two systems have each I, = 3/2, and they are

combined to a total isospin / = 3. Using also the Clebsch-Gordan coefficients [31],

we arrive at the total isospin wave function

1 3
3,0) = 72——6[3/3;3/2”3/2;*3/2)+Ei3/2,1/2> 13/2,—-1/2)
3 1
+"\/'2:Oi3/2>"1/2> f3/2;1/2>+\/'—§—5

By combining the expressions (4.16), (4.17) and {4.18), we obtain the total wave

13/2, -3/2)13/2,3/2) . (4.18)

function for ¢3¢®. For all the other combinations of colour, spin and isospin (allowed
by the Pauli principle for quarks and antiquarks taken separately and requiring that
the physical state does not carry colour), the path to be followed to get the total wave
function is identical to the one described above.

It is worthwhile to have the wave function of any state written in the (¢24%)(¢q)
overcomplete base to study the quark-antiquark interaction. This is achieved by using
the expressions (3.19), (B.23), (B.24) and (B.25) derived in the sections 3.1.4 and B.2

respectively. Using the above example with the quantum numbers {1} for colour, 0
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for spin and 3 for isospin, the transformation to the (¢?3?)(gq) base reads

11,0.8) = (U1 {1H D 13/2,3/250) e 13/2,3/2:8) 10 (.19)
- { i + 22 sy {8}1]
[\/“

colour

0,0;0) — 12,1; 3)

isoapin

\/—lllo}spm
_ 1*/" IO HLLOY - == 11112 (1)1, 1)

M %8 1,02 483,01 - 222 e 1) kLY,
where the notations (¢*) — (§*) — (¢°¢®) for the first three lines and (¢23%) —(¢§) — (¢*3®)
for the last two lines were used. Since in this base the wave functions may contain as
many as 92 components, the coefficients of fractional parentage have not been listed
here. In Appendix C a detailed example is presented. The remaining coefficients are
calculated in a similar way.

What it is left, is to evaluate the P, C and G parities. The P parity for three
pairs of quarks is (—1) because each pair contributes with a (—1) factor and it is
assumed the relative orbital angular moment is 0. The C parity for the above state is
according to eq. (3.22), (=1)/~/1=2(=1)1-12(—1)¥ = +1 and the G parity is given
by eq. (3.32) and it is —1.

With these informations, the particular state treated in the above section can be

labeled as 37(0~*), where the standard notation [31] /¢(J¥) has been used.

4.3 The Mass Spectrum of Exotic States for m,; =0

The quarks and antiquarks are assumed to be in the lowest cavity mode k = —1
and v = 1 (Appendix A). Using the formalism presented in Chapter 2 and 3 and
Appendix A, the values of the number y are calculated for the interaction via one-

gluon exchange and via annihilation into a gluon. These values are

0.0098
~0.1770 (4.20)

Il

#qé(o)
:U*qé(l)

H
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for the first kind of interaction and

teg(0) = 0
fq(l) = —0.0124 (4.21)

for the second. These results agree with those calculated by Buser et al. [7]. When
the final results are presented, the quark self energy is added to the single particle
energy. With the relations (4.20) and (4.21) the A operator (eq. (2.57)) is calculated.
Its value is used in eq. (4.14) together with the parameters defined in eq. (4.15) and
the mass spectrum is obtained.

For completeness, the spectrum of ¢2§” state is reproduced here but it was cal-
culated previously [16]. The figure 4.1 shows the mass spectrum of the ¢%§° state.

A discussion on the exotic states will be deferred to the end of the paper because
the states presented in this chapter turn out to be a particular case of the final exotic
states presented in Chapter 6.

For the case of ¢°3® system, the next graphs exhibit the states with J = 0,1, 2 and
3 (figures 4.2, 4.3, 4.4 and 4.5). It is expected that the lowest state for the ¢°3® exotic
mesons to be the state with J = 0 and [ =0 and its mass should be approximately
1000 MeV, taking into account that the ¢°§® state can be written as a product of a
¢*§* and a qg pair. The lowest ¢° state with J = J = 0 has a mass of 700 MeV and
a quark-antiquark pair has a mass of ~ 300 MeV. From our figure 4.2, we can see that
the lowest exotic meson has indeed the spin and isospin zero but its mass is much
higher than the estimated values. The explanation is that in reality the ¢3¢® meson
is predominantly a ¢?§? core with J = I = ( combined with a ¢g pair, but rather in a
linear combination of all possible states. In table 4.1 the six states with the quantum
numbers of J = [ = 0 are listed. It can be seen that in reality the combination
mentioned above (with masses 700MeV and 300MeV, respectively) contributes only
5% to the total mass of the ¢ state. Other heavier states weight much more in the
linear combination of ¢3® state and therefore determine the increase in mass of the

lowest state.
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0.0000 0.0000 -0.2121 | -0.1442 | 0.0000 0.0000

0.0000 0.0000 -0.4360 | 0.1919 0.0000 0.0000

0.0000 0.0000 -0.1090 | 0.2327 0.0000 0.0000

0.0000 0.0000 -0.4725 | 0.0587 0.0000 0.0000

0.0000 0.0000 -0.0847 | -0.1999 0.0000 0.0000

0.000C 0.0000 -0.0547 | -0.1999 0.0000 0.0000

0.0000 0.0000 -0.2390 | 0.2327 0.0000 0.0000

0.0000 0.0000 -0.4725 | 0.0587 0.0000 0.0000

0.0000 0.0000 -0.1156 | -0.1767 | 0.2837 -0.1833

0.0000 0.0000 -0.1306 | -0.1921 | -0.2505 | -0.1830

0.0000 -0.3435 | -0.0846 | -0.0179 | 0.05867 0.1826

0.0000 0.2501 -0.1083 | 0.0210 | -0.4885 | 0.2694

0.0000 0.4211 -0.1543 | 0.0849 0.4728 0.0196

0.0000 «0.3031 -0.1772 | 01519 | -0.3265 | Q.0978

0.0000 -0.1657 | -0.1935 | 0.0802 | -0.4351 | -0.0388

0.0000 0.1118 -0.3148 0.0743 0.2994 -0.1128

0.0000 0.3401 0.0000 | -0.0800 | 0.0000 0.0000

0.0000 -0.2273 0.0000 | -0.1883 | 0.0000 0.0000

0.0000 0.0000 0.0000 0.0712 0.0000 0.4198

0.0000 0.0000 0.0000 | -0.2952 | 0.0000 | -0.1364

0.0000 0.0000 0.0000 | -0.1989 | 0.0000 0.0000

0.0000 0.3481 0.0000 | -0.0800 | 0.0000 0.0000

0.0000 -0.2273 0.0000 | -0.1883 | 0.0000 0.0000

-0.1801 0.2532 0.0000 0.0808 0.0000 0.0000

-0.2871 -0.1699 0.0000 0.0289 0.0000 0.0000

-0.1891 -0.2085 0.0000 -0.1583 | 0.0000 0.0000

-0.2562 0.1775 0.0000 -0.1737 0.0000 0.0000

-0.2830 0.0000 0.0000 -0.2384 | 0.0000 0.0000

-0.3861 0.0000 0.0000 0.0333 0.0000 0.0000

0.0000 0.0000 0.000C | -0.1998 | 0.0000 0.0000

0.0000 0.0000 0.0000 0.0712 0.0000 0.4198

0.0000 0.0000 0.0000 -0.2952 0.0000 -0.2464

-0.2830 Q.0000 0.0000 -0.2384 | 0.0000 0.0000

-0.4671 0.0000 0.0000 0.0333 0.0000 0.0000

-0.2780 0.0000 0.0000 0.1735 0.0000 0.0180

-0.2370 0.0000 0.0000 | -0.0498 | 0.0000 | -0.2896

-0.1231 0.6000 0.0000 | -0.2591 0.0000 -0.2015
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-0.3098 $.0000 0.0000 -0.1024 | 0.0000 0.4617

Table 4.1 The linear combinations of ¢%§% and ¢g states that make up the ¢*¢ state
for J = I = 0. The first six columns indicate the coefficients of the (¢*3%)(¢g)
combinations and the next columns indicate the colour, spin and isospin of the ¢?,

qd, q* and §* states in this order.
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Figure 4.1: The mass spectrum for g3 states with m, = 0. The notation is I(JFC).
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Chapter 5

The Boundary Condition

The linear boundary condition for the quark fields has been introduced originally in
the M.LT. bag model, in order to confine the quarks in the interior of the cavity [6]. It
is worth mentioning that this boundary condition is by no means the only one which
is confining the quarks and is at the same time compatible with the field equations.
In this chapter we will investigate another linear boundary condition for the quark
fields which was considered long time ago by the creators of the M.I.T. bag model [6].
It was recently re-examined by Lindebaum [28], who showed that imposing this new
boundary condition, is equivalent to introducing quarks with negative mass in the
cavity. By varying the mass from positive to negative values, we obtain results that

interpolate smoothly between the M.I.T. and the S.L.A.C. bag boundary conditions.

5.1 The New Boundary Condition

The standard boundary condition that was chosen for the M.I.T. bag model is

(7" + 1) % (M) gurrace = 0 (5.1)

where n,, is a four-vector perpendicular to the surface of the cavity pointing outwards
and obeying the normalization condition n,n* = 1. An equally acceptable linear

boundary condition would be

(=i + 1) % (1) s pece = O, (5.2)
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the only difference to the standard boundary condition being the minus sign in front
of the four-vector normal to the boundary.

Both boundary conditions are consistent with the field equations and confining
the quarks. Confinement of the quarks requires that the current j# = 1Jy*y vanishes

at the surface of the cavity, i.e.
ni‘jpfsu?faca =0. ) (53)
Multiplying eq. (5.2) with 3 to the left, taking the adjoint equation of (5.2) i.e.

¥ (1) (7" + 1l g ace =0 (54)

and multiplying it with 4 from the right yields

—ithy) = n vy = i (5.5)

sur foce sur face )

The fact that both equations (5.2) and (5.4) have a common term in,y* has been
used to get condition (5.5). The scalar density thus vanishes at the surface

= 0. (5.6)

surface

%?1;’7’”?11 = 15%1’

Therefore the new linear boundary condition takes care of the quark confinement and
has many of the properties of the standard boundary condition.

It is necessary now fo study how the quark field is behaving with the new bound-
ary condition. Consider a field ¢, a new letter is used for this field {9 describes a
quark under the standard boundary condition) which obeys the Dirac equation and

the new boundary equation simultaneously

(iv8, —m)¢(r) = 0 (5.7)
(miny(‘f“ + l) (ré(r)!surface = 0. (58)

Multiplying the two equations from the left by 7v° and commuting the +° to the right,

the former boundary condition of the M.I.T. bag model is recovered

(70, +m)¥'¢(r) = 0 (5.9)
(inﬂf}ﬂu + l) ﬁfﬁ QS(TM.surface = O’ (5]‘0)
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but the field that obeys these equations is now ¥ = y°¢. What it is more interesting,
the Dirac equation has now a negative mass term.

A short discussion is necessary at this stage to try to clarify the meaning and
implications of the Dirac equation with a negative mass term. It has been shown
that a field that obeys the Dirac equation and the new boundary condition behaves
~ identical to a field which obeys Dirac equation with a negative mass term and the
standard boundary condition. This means that we can recalculate all the physical
quantities for the new boundary condition by only replacing the quark mass m with
—m and using the standard boundary condition.

The quark fleld 1 which corresponds to the negative mass term has the upper
and lower components flipped relative to those of ¢. This means that, in order to
keep the same meaning for the k quantum number for the ¢ field, it is necessary to
use the substitution £ — —&. Thus the fundamental state K = —1 which was used
for the ¢ field becomes k = +1 for the ¥ field.

Another observation is that for the free space, the sign of the mass in the Dirac
equation is meaningless, as it can be rotated away with a 7° transformation which
flips the upper and lower components of the Dirac spinor. In the cavity the sign of

the mass must always be seen in conjuction with the boundary condition.

5.2 The Cavity Modes with New Boundary Con-
dition

In this section, the quark cavity modes and the renormalization constants are re-
calculated for the new boundary condition [28]. The gluon cavity modes are not
recalculated here as they do not affect our calculations. A solution of equation {A.1)
was calculated in Appendix A, eq.(A.2), with the upper and lower components given
by the spherical Bessels functions (eq.(A.3) and eq.(A.4)). Instead of using the stan-
dard boundary condition eq. {A.8), we impose the new boundary on the quark field

(—-in#"‘,’” T+ 1) é(?ﬂjlsmface =0
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so that the eq. (A.9) reads now -

fjf(xn) = D; (511)

where the notation is that used in Appendix A, (egs. (A.10)-(A.12)). The only
difference is the "minus” sign between the two terms. As a consequence of the new
boundary condition, the normalization constant N, (eq. (A.15)) is given by the

expression

A2 1 : Tn 2
» T 2w, (wn +8) — ¢/l (31 (xn)> ' (512)

The absolute value of the mass ensures that the expression is also valid if one uses
the negative mass interpretation.

As discussed in the previous section, the fundamental mode is obtained for & = +1
instead of —1 as for the usual M.I.T. bag model. Using in eq. (5.11) the value +1 for
the Dirac quantum number, the eigenvalue equation becomes

o)~ —H o (o) = 0, (519)

where again, the absolute value of the mass is used to accommodate the negative
mass interpretation.

If one tries to solve this equation, it turns out that there are only real solutions
for pn when |m| < 1.5. For |m| > 1.5 only purely imaginary solutions exist for
Pn. Imaginary values for momentum are not unusual in quantum mechanics. The
best known example is the tunnel effect, where there are no classical solutions, but
quantum mechanics provides a sclution with an imaginary momentum.

As it is not pleasant to work with an imaginary momentum, the momentum is
made real by redefining it. To redefine the momentum it is necessary to look at the
Dirac equation, more specifically to its radial part. The equation can be written as a
system of two equations where each component of the Dirac spinor eq. (A.2) satisfies
one of the equations. For the upper component one gets

- k(k+1)
T

g;-f (r) + %%f (r) + (39 ) f(r)=0, (5.14)

and its solution is the Bessel function j (pr). If a purely imaginary momentum is

considered now, eq. (5.14) still holds but it can be rewritten taking into account the
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complex nature of the momentum as

(5.15)

Note that p is now real. The solution of the new equation [35] is given by the modified
Bessel function k; (pr) . The modified Bessel function can be expressed in terms of
the original Bessel function as

ks (o) = 7 (pr). (5.16)
Because of the complex nature of the momentum, the energy-mass relation should be
rewritten as €2 = —p? 4+ m2.

Finally, the normalization constant is recalculated for the complex momentum

by using its definition given in eq. (A.14)

N = (5.17)

1 ( Pn )2
25 (k= &n) +Im| \Gi (paR) )

To summarize this section, the boundary conditions and the normalization con-
stants are listed below for three regions and a figure 5.1 of the one particle energy
and momentum is plotted for my, in the range [~10,10], expressed in natural units
defined in Appendix D.

The three regions presented in table 5.1 are

region I I I
mass -10 to —1.5 -1.50 to 0 0 to 10
momenturm imaginary real real
energy 2= —p?tm? g =p?+m?|e? =p+m?
K +1 +1 -1

Table 5.1. The one particle mass, momentum and energy in the

range [—10,10].
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Their boundary conditions and normalization constants are given in Table 5.2.

region | bound. cond. & norm. const.

I | ki (poR) ~ Bl ko (pnR) =0

_ 1 ?
J\j:f T Zen(k—en)tim] (kl(PnR))
I | 51 (paR) — =22 jo (pnR) =

eq R+im
N?

2
o 1 Pn
n T Zeplen—s)-im (7’1(;%13})
I | jo(paR) = 2By (pR) =0

3
- 1 Pn
’N:lz T Zepleataltm (ja(p,&%})
Table 5.2. The boundary conditions and norma-

lizations coefficients for different regions of mass.

region || bound. cond. & norm. const.
L k(o) = Rliko (pR) = 0
N2

. 1
n o 2sn{&man2+im} (kz(an))
11 71 (PaR) ~ R+m130 (- R) =

M= seism (j;(p:m)g

I | jo(paRR) - ;%%Jl{pn )=0

3
p n
N" 2€n(5n+“§)+m (.’io(PnR))
Table 5.3. The boundary conditions and norma-

lizations coefficients for different regions of mass.

We now plot the single particle energy and momentum for the three regions described
above versus the mass of the quark. Note that, in spite of the different equations
describing the momentum and energy for the three regions, the wave functions and
their derivatives are continuous.

With this understanding of the negative mass of the quark, we can now plot all the
characteristics of a state for m, from —~co to +o0. For m, — —o00, the characteristics
of the wave function and the one particle energy approach those of the 5S.L.A.C. bag
model [37]. In these calculations, the mass m, of the quark has been chosen to be

within the bounds —10 €< m, < 10.
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Figure 5.1: The one-particle energy and momentum of the state of lowest energy

versus quark mass.
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Chapter 6

Results and Discussion

The calculations presented here, produced some interesting results when the mass of
the quark is allowed to vary from positive to negative values. In this chapter, the
calculated mass spectra are analyzed and compared to both experimental data and
theoretical results obtained using other models. A up to date discussion is presented
to provide an overview of the situation in this field.

Conflicts still persist among experiments [39] performed at KEK, GAMS at CERN,
VES and BNL - E852 in the search of exotic mesons. Unanswered questions remain
between the accumulated experimental data and the predictions made by the theo-
retical models, even if the agreement between them is good in general.

This chapter is structured as follows: in the first section, our calculations are
discussed. A few details involving the computer logistic are given and the tests per-
formed to check the consistency of the calculations are presented. What is expected
from the model, which are the results and what are the implications of changing
the boundary condition are discussed. The second section presents the experimental
facts, the possible candidates for exotic states and possible identification of our states
with the experimental ones. The third section, which concludes this chapter, reviews

the other theoretical models available and their predictions.
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6.1 Our Calculations

A few computer codes have been used to calculate and check the coefficients of the 76
states presented in this work. As a partial test of the calculations, the orthogonality
of the base (¢*)(g®) is checked. The norm is found to be +1 for all the states. Another
test for checking the correctness of the coefficients of fractional parentage, is to use the
operator 0 ;- 0 ; (the spin-spin operator). The eigenvalues of the spin-spin operator
are calculated in both bases, the (¢)3(g)® base and the (¢%3%)(gg) base. The eigenvalues
of the spin-spin operator should be the same in the two bases, if the coefficients of
fractional parentage are calculated correctly. The test has been performed for each
element of the base (¢)*(g)® and (¢?3%)(gq) base and the values found were identical.

A challenge has been to recalculate the R and u functions (defined in Appendix
A and chapter 2) for the situation when m, varies. The implication of changing
my is that the one-particle energy ¢, for both quarks and anti-quarks is changing.
Another consequence is that the normalization constant N, (eq. (A.15)) is changing
with the mass of the quark and had to be reevaluated. The new boundary condition
also changes the value of the Dirac quantum number x (the components of the spinor
are flipped around) which is now +1 for the fundamental state. This change of & is
propagating to the orbital angular quantum numbers [ and [. Even more, the complex
momentum which appears in the mass range of —10. .. — 1.5 natural units, affects
the Bessel functions by changing them into modified spherical Bessel functions (eq.
(5.18)).

All these changes affect the calculation of R's functions. Therefore, computer
codes have been designed to tackle separately each of the three regions of —10...10
mass interval (table 5.1).

A few tests are employed to check the reliability of the results obtained. First, the
one-particle energy and momentum of the quark were calculated and plotted against
the mass and their graphs were found to be continuous (figure 5.1). Another test is
to check the symmetry relation €_, = —&, where n and —n denote sets of quantum
numbers defined asn = {f,v, k, u} and —n = {f, —v, —K, —p} (see Appendix A). This
property is very important as it is a general symmetry relation for quarks irrespective

of their quantum numbers or mass of the quark. Therefore, this symmetry relation
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has been verified on each one of the three sectors.

Another indication that the calculations are reasonable is given by the plot of the
radial interaction operator ;s as a function of quark mass for one-gluon exchange
and one-gluon annihilation with J = 0 and 1. The functions are continuous and their
derivative are continuous too (figure 8.1) at the boundary of the sectors described in

table 5.1,

The last test performed, was to compare the values for the interaction operator
from figure 6.1 for my = 0 with the values already calculated by Viollier and Zimak
[16]. The agreement for the case m, = 0 is evident. '

It is worthwhile saying that not all the polarizations of the gluons give a con-
tribution to the two-particle interaction. The most significant case is the one-gluon
annihilation with J = 0 where all the polarizations are prohibited to appear for the
two quarks with £ = ~1, and consequently this eigenvalue of the interaction operator
is zero for any mass. This happens because the interaction operator (eq. (2.54)) has

a built in parity selection factor (eq. (A.37)).

The connection of coefficients of fractional parentage, one-particle energy and
energy shift due to two-particle interaction with the total energy of a multiparticle
state is made in the framework of the M.I.T. bag model. The bag model provides an
expression (eq. (4.11)) to calculate the total energy.

Few words are necessary to be said about the quark self-energy. Much effort has
been put in the calculation of the quark self-energy. To order «g, the self-energy has
been calculated for m, = 0 by [25], [26], [27], [8]. More recently, Lindebaum [28]
has calculated the quark self-energy as a function of mass in the M S renormalization
scheme. Therefore the graph of the quark self-energy (figure 6.2) is scheme dependent,
but it is believed that any renormalization scheme would produce the same shape of
the graph.

It was pointed out by Goldhaber et al. [27], that in the on-mass shell renormal-
ization scheme, the second order corrections are larger that the first order corrections
for m, near zero. In the M S scheme this problem does not appear. It is interesting
to observe that the self-energy of the quark has a maximum value around m,; = 0 and
decreases for both m, — £10. Moreover, the quark self-energy becomes negative as

the mass of the quark approaches the value 2.5. Hence, the mass spectra of the exotic
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Figure 6.1: Two-particle interaction energy for one-gluon exchange and one-gluon
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states include all first order Feynman diagrams.

Before discussing how the total energy formula is used to get the parameters of
the model and the energy itself, the link between the radial integral and the interac-
tion operator is discussed briefly.

For the ¢§ interaction, the overcomplete base of (¢24%)(gd) has to be used. The A
operator is sandwiched between two exotic states and then each state is decomposed
in ¢ pairs. A lengthy sum results, sometimes having up to 92 terms. For a well-
defined J and I, few exotic states can be constructed. It is necessary to sandwich
the A operator between all the states with the same J and I so that a nondiagonal
interaction matrix is obtained. For the gg and g case, the interaction matrix is di-
agonal while for the ¢ interaction the matrix has off diagonal terms. To obtain the
total interaction matrix, the two matrices described above are summed up and the
total matrix is diagonalized. The diagonal elements of the diagonalized matrix are
the eigenvalues of the interaction operator A.

The process of calculating all the nondiagonal elements it is time consuming. In
the case of J =1 and I = 1 there are 14 states. For this specific case, approximately
300 hours were needed to perform the calculations as all the values are repeatedly
calculated for different my, in total 200 times. Another technical problem is the way
in which Turbo Pascal 6.0 allocates the memory for arrays of data. In order to handle
correctly and completely the process, the computer has to read 200 times a 14 x 14
matrix, to diagonalize it and to calculate its eigenvalues. Trying to store all this data
produced a conflict of memory. Luckily, the next generation of Turbo Pascal, the 7.0
version, came in time, with the memory limit extended, so that with one code all
the states have been calculated and the problem of A operator solved. The Jacobi
method is used to calculate the eigenvalues for a matrix. This is possible due to the
fact that the interaction matrix is symmetric.

The calculation of the total energy (eq. (4.11)) of an exotic state has been de-
scribed in Chapter 4 for massless quarks. For the massive quarks case, the calculations
are different because the one-particle energy and the eigenvalues of the interaction
operator A depend on (,, the reduced mass (eq. (A.12)} of the quark. The parame-
ters of the model ag, B and Z; are calculated by fitting the energy of nucleon, A**

and p meson. Therefore, indirectly, the one-particle energy and A operator depend




on the radius of the cavity. For the case of massless up and down quarks, this indirect
dependence on R does not exist and an analytic solution (eq. (4.14)) is found when
the condition OF/OR = 0 (stability of the bag) is imposed.

For the massive quarks, when the derivative of the energy with radius R is per-
formed, two extra terms arise in contrast with the massless case, namely a term
proportional with the derivative of wy, and another one proportional with the deriva-
tive of A. The experimental value of the masses of the three particles mentioned above
(mp = 938, ma++ = 1232 and m, = 770 MeV) are set to be equal with the masses
predicted by the M.IT. bag model. A set of three equations are obtained. Another
set of three equations results when the condition which reflects the stability of the
bag is imposed for each particle. In total there are six equations and six unknown
quantities, as, Zy, B, Ky, Ra++ and R,. By substituting the radius of each state into
its corresponding energy, the system of six equations is reduced to three. Using a root
finder program code for a system of equations, the above parameters are calculated
for all the values of m,. The step between two consecutive masses has been chosen to
be 0.1 in natural units and all the calculations and graphs involve 200 values of m,
from —10 to +10.

The figures 6.3, 6.4 and 6.5 show the values of g, B and Z;.

In the first graph (figure 6.3), the strong coupling constant is plotted against the
mass of the quark. The value of a5 for m, = 0 is 3.04, higher than the standard value
of 2.2 for the M.LT. bag model. The reason for this is the quark self-energy, which is
not incorporated in the original calculations of the M.L.T. bag model. As a test, the
quark self-energy was set to zero and the strong coupling constant was recalculated
using the same codes. The result is very close to the original values of the M.I.T.
group. The same trend was obtained for the other two parameters, B and Zy. The
set of parameters does not coincide identically with the original set because of the
two extra terms which appear when the derivative of the total energy is taken.

As the mass of the quark is increased, the coupling constant increases. The op-
posite is true when the mass of the quark takes negative values. Apparently, the
coupling constant tends toward a limit as the m, — co. The smallest value of g in
the graph presented corresponds to m, = —10 and is 0.65.

Figure 6.4 shows the bag pressure constant B at power 1/4 versus m,. An ab-
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Figure 6.3: The strong coupling constant ag versus mass, calculated in the M.I.T.

bag model.
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The Casimir energy term in the M.LT. Model vs mass
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Figure 6.5: The Casimir energy, another parameter of the M.I.T. bag model versus

mass

solute minimum is observed around m, = 1.0 for which BY* = 117.68 MeV. For
values of the quark mass bigger than 1.0 the value of B*/* is increasing linearly. For
mg < 1.0 the value of B4 increases as well.

Finally, figure 6.5 shows the Casimir term Zy. It exhibits an absolute maximum
of 2.81 around m, = 1.5 and decreases in both directions of my. When m, becomes
negative, the tendency of Zy is towards a constant value.

By substituting in eq. (4.11) the one-particle energy, the self-energy, the eigen-
values of the diagonalized interaction operator & and the parameters ag, B and Zy,
the energy for an exotic state can be calculated for‘mq € [~10,...10].

A final test was performed to check the consistency of the calculations. The ex-
otic states g2§? were calculated using the software codes déveloped for the ¢°§° states
(of course with the necessary changes N, = 4 ). The spectrum obtained here for %4
states fit almost exactly the spectrum calculated by Zimak and Viollier [16] for the
case my = 0. It is said "almost exactly” because one should be reminded that in this

work the self-energy of the quark is included.
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A few observations can be made about these calculations.

The first refers to the Cavity QCD. It is known that models are often based
on idealizations. They arise either from insufficient knowledge of the underlying
physics or they are intended to make the theoretical description more transparent and
more accessible to quantitative analysis. Cavity models, which occupy a prominent
place among hadron models, furnish a typical example for such idealizations. The
confinement of relativistic quarks inside hadrons is imposed in a region of modified
vacuum by static boundary conditions at a cavity of radius R. Whereas the real
vacuum is expected to return to its normal phase outside of the hadron gradually,
however, this simple prescription leads to an infinitely thin bag boundary and thus
to an abrupt transition between the two phases.

It is expected that such an approximation affects the features of the physics of

the hadrons, in other words, the results will have a certain degree of inaccuracy.

An improvement of the boundaries of the model is therefore necessary. There are
some attempts [40] to use the fuzzy set theory [41], [42] in order to implement an
extended boundaries. The main motivation of using fuzzy sets is that their applica-
tions to the transition between the inside and outside regions of the bag suggests itself
naturally, since fuzzy sets were specifically designed to implement smooth transition
between unrealistically distinct domains in simplified models.

The fuzzy bag model should be useful for the investigation of observables with an
enhanced sensitivity to the surface properties and for studying interactions among
hadrons. Perhaps one of the next steps will be to integrate the fuzzy theory to the
Cavity QCD. |

A second observation to be made, is that it has not been possible to determine
very accurately the absolute mass of the exotics. This is due to the fact that the quark
self-energy was calculated in the M S scheme, thus the results are scheme dependant.
Another factor which contributes to this inaccuracy is the Zg term in the mass-energy
formula, the zero-point energy (which includes correction of the centre of mass and
the Casimir energy) which is a parameter of the model and has been fit to the N,
A*" and p states. It is not known how this parameter is behaving when the number
of particles is increased and when the mass of the quark is changed.

Therefore, some caution should be taken when the spectra are fitted to the ex-
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perimental data. The difference in energy among various states must be the same for
experimental and theoretical cases because it is believed that the above mentioned
factors shift the spectrum as a whole.

A possibility to circumvent the above problem is to fit a known exotic state to one
of our states. The energy difference between these two states can be then substracted
from all other calculated states. At this stage no exotic state is known with precision,
hence the method is not applicable yet.

A third observation about the calculations is that a large number of exotics are
found (figures 6.6-6.12). The spectra seem to approach the continuum in general.
However, the spectra have a common structure, a few low-lying and well-separated
states followed by states which lie very close. It is presumably not possible to observe
the higher excited states in experiments because they are very broad and not well-
separated from each other. They will be part of the background. Consequently, we

will focus our attention on the low-lying exotic states.

An advantage of the multiquark states is the fact that pairs of ¢ — § are allowed
to reside in the colour octet representation. If the other quantum numbers are J = 1
and [ = 0 then this particular pair is called w® state. The pair can annihilate because
it carries the quantum numbers of a gluon. Here the one-gluon annihilation diagram
comes into the calculations. Since the interaction via virtual annihilation turns out to
" be repulsive, states with low isospin and large w® components are heavier then states
with high isospin. This common feature of all the multiquark states can be observed
in the figures 4.1-4.5 and 6.6-6.12.

All the above remarks are generally valid, for any exotic state calculated here. Let
us analyze in more details the terms which make up the mass-energy formula (4.11).

Figure 5.1 shows that the single-particle energy increases linearly with the mass of
the quark and the momentum remains almost constant. For the negative mass region,
the opposite is true, i.e. the energy remains constant and the momentum increases
linearly.

In the first case ( my > 0 ), the quark’s kinetic energy remains constant and its
rest energy is increasing. This means that the quarks move towards a nonrelativistic
region. Analyzing the figure 5.1 in conjuction with figure 6.2, one could observe that

the quark self-energy becomes negative which make the sum of one-particle energy
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and the quark self-energy to be almost constant. This behaviour affects the spectrum
of the exotic states as it can be seen in figure 6.6 and 6.7.

For negative values of m,, the one-particle energy remains constant but the mo-
mentum increases, therefore the quark becomes more energetic and a relativistic treat-
ment is absolutely necessary. The combination of one-particle energy with the quark
self-energy is again constant as the quark self-energy is constant in the range of 0.4 -
-0:9 MeV. This feature appears nicely in figures 6.6-6.12.

An important term in the mass-energy formula is the interaction term asA. The
figures 6.1 and 6.2 show the dependence of the ag and A on mass.

In the first graph, it can be seen that the one-gluon exchange contribution for both
J =0 and J =1 is increasing for my > 0, not as in the one-gluon annihilation case,
where the value of A is decreasing. In the same region of m,, the strong coupling
constant is increasing drastically. Hence, the product agA is increasing for one-gluon
exchange and it is decreasing for one-gluon annihilation.

Due to the negative sign of the J = 1 exchange contribution, the total energy of an
exotic is smaller than the sum of the energies of the components, which prevents the
fall-out phenomenon. These different combinations of increasing/decreasing values
for g and two-particle interaction energy will result in an increase/constant mass
spectrum for exotics.

There have been objections that the coupling constant is to high, even for mg =0
(ag = 2.2), and the use of perturbative QCD is not justified. As it has been argued
in [7], the particles inside the cavity must occupy cavity modes of a certain energy.
Thus, it is not possible for a quark to radiate off a gluon with arbitrary small energy
in QCD cavity. A second reason supporting the use of perturbation approach is
that the expression derived for QCD cavity appears to be very much similar to old-
fashioned perturbation theory. Hence, a combination of ag, energy denominator and
vertex integral determine the convergence of the perturbation expansion. The energy
denominator and the vertex integral usually decrease very rapidly for the higher cavity
modes, therefore a perturbative QCD is appropriate for the bag model.

For negative values of mg, the coupling constant approaches a constant value (0.65)
and the two-particle interaction becomes constant for J = 1 in both exchange and

annihilation cases and is increasing for J = 0 case. The almost constant behaviour of
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the interaction energy and coupling constant for m, < 0, coupled with the fact that
the same behaviour is exhibited by the one~pafticle energy and self-energy, give rise
to a constant energy value for an exotic state.

Qualitatively this expectation for the exotic spectrum is fulfilled. It can be seen

in all the graphs (figures 6.6-6.12) that the energy is not sensitive to m, for mg < 0.

6.2 Comparison to the Experimental Data

As it was discussed and explained in the previous section, the absolute value of total
energy for an exotic state has a degree of inaccuracy, therefore the evaluation of the
energy difference between the states is the first step in comparing our results to the
experimental data.

A common feature of the states plotted in the figures 6.6-6.12 is that the ground
state is shifted upwards as the number of the quarks (antiquarks) is increased from 4
to 6. This is expected as the mass-energy formula’s (4.11) main term is proportional
to the number of the quarks.

A common feature for figures 6.8 and 6.9 is the shrinking of the relative energies
among the states. It can be seen that the energy difference between two consecutive
¢*§ states (the lowest) vary from 240 MeV (n like state) to 366 MeV (7 like state).
For the ¢33 states, the same difference varies from 50 MeV (p like state) to 170 (w
like state) and the spectrum approaches the continuum.

No pattern can be observed in the ordering (in terms of the energy) of the ground
state energy levels. For the g§ mesons the order is w, 1, p and w, for 23 states the
order is n,w, p and 7 (note that the P, C and G parity numbers for a ¢2§? state are
not the same as those of a meson, but for simplicity we use the same notation), and
for the ¢°3° states the order is p,n, 7 and w.

Comparing the [¢(J¥) numbers of the multiquark states calculated here to those
from the Particle Data Group, it is found that all the experimental quantum numbers
but one are explained by our model. The only combination of parities, spin and isospin
numbers which is not covered by our calculations is the f; state, 01 (17%) with 1285,
1420, and 1510 MeV. This state is probable a hybrid or glueball [47].

As the non-g§ mesons are difficult to distinguish from the many conventional gg
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Figure 6.9: The mass spectrum for ¢°¢° states. The notation is [¢(JFC).
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states which populate the meson spectrum, much effort has been put in the past years

JPC

to produce mesons with manifestly exotic quantum numbers. It is known that a

9q meson with orbital angular momentum [ and total spin s must have P = (—1)H!
and C = (=1)"*3. Thus, a state with J7¢ = 07~ 0%~ 1=+ and 2*~ must be exotic.
It can be a glueball ( 2g, 3g, ... ), a hybrid ( ggg" ) or a multiquark state ( gVg").

We note that all the identifications made in this work are based mainly on quantum
numbers and secondly on the total energy. As the total energy can be shifted either
ways by future model improvements, we proceed to identify experimental states from
those calculated by us.

In a recent paper [40], the E852 Collaboration has shown that an exotic meson
with JP€ = 17* and having the mass 1370416 MeV is very probable to exist. Lattice
calculations [43], [44] for 17 hybrid meson estimate its mass to be in the range of
1.7 to 2.1 GeV. Our calculations for the 17+ ¢*¢® multiquark state shows (figure 6.9)
a mass range from 2.1 to 2.3 GeV.

The experimental results of the above exotic state appear to be inconsistent. Alde
et al. [45], in an experiment at CERN (the GAMS experiment), claimed to observe
a 177 state at 1.4 GeV. Aoyagi et al. [46], at KEK observed a 177 state at 1.3 GeV.
A third experiment [51] Crystal Barrel reported a resonance with mass 1.4 GeV.

However, the observation of an exotic state is definitely a sign that the research
in this direction is well justified and necessary.

Another sector where states beyond the prediétions of the quark model have
emerged in the past years is the w-family. There are two isovector 0~% states in
the mass region 1.4-1.9 GeV, [49]. The masses of the resonances are 1790 =6 MeV
for 7(1800) and 1580 +42 MeV for the new resonance. All other known quark models
[50] predict only one state in this mass region. Our model predicts for this quan-
tum numbers two states with energy 1910 and 2050 MeV (figure 6.8) respectively.
If we rely on the energy difference between states (as discussed) one sees that the
experimental energy difference is 210 MeV and our energy difference is 140 MeV.

The experimental data for the fy family is marked by controversy; A clear un-
familiar peak in the pp annihilation at rest into 37 states has been reported by the
ASTERIX Collaboration [52] and the Crystal Barrel Collaboration [53]. In the first

analysis, they suggested that this new peak is caused by the production of a new ex-
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otic meson AX(1565) or X,(1515) with I9(JF¢) = 0% (2++). Later, the Crystal Barrel
Collaboration [54] and Anisovich et al. [55], reanalyzed the data and reached quite a
different conclusion. They suggested that the new peak is caused by the production
of two fairly narrow resonating states fy(1335) and fo(1505). The too new resonances
are assumed to be four-quark states. Qur model predicts masses of 1250 and 1475

MeV (figure 6.6) for the quantum numbers 0*(0**) required.

Anisovich et al. suggested in their analysis the possible existence of another f,
rescnance with mass around 1.7 — 1.8 GeV. We remark that the fourth state 0 (0++)
in our spectrum (figure 6.6) has a mass of 1.8 GeV, and it could be assigned to this
resonance. In fact even from theoretical point of view the scalar ¢ is very controversial
[56], [57] and [58].

For the p-family ( 1*(177) ) there are various experimental results suggesting
exotic states responsible for the states with the mass in the range 1.3 — 1.8 GeV.
Two resonances p(1420) and p(1770) have been found by Bisello et al.[39], a low lying
resonance p{1300}) has been founded by LASS [60], a p(1780) rescnance has been
discovered by Killian et al.[61], and a broad resonance p(1520) has been found by
Aston et al.,[62]. If one tries to fit the experimental data to our states (figure 6.9),
apparently there is a discrepancy between them. At a closer look, the separation of
the states appears to be the same.

The energy separations among the experimental data are 120, 100 and 250 MeV
respectively. If we consider that our 1800 and 1850 states, and 2175 and 2200 states
(figure 6.9) are the components of a single state around 1800 and 2174, respectively,
then the energy differences are 200, 150 and 250 MeV. However, it is difficult to make
a clear identification as the separation of the events caused by the ¢*3°, ¢*§* and qg
states is not easy revealed in any experiment and the mass spectra of these states
overlap each other. No attempt has been made to fit the states presented in figures
6.11 and 6.12 with the experimental data as their spin/isospin is high and they are
very improbable to be clearly observed.

There are many other states [63], [39] which are believed to be exotics but un-
fortunately we can not even attempt to interpret them. For a reliable comparison
we need at least two exotics from the same family in order to compare the energy

difference with ours. Therefore, the states depicted in figures 6.10-6.12 need more
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experimental data in order to be analyzed. However it is believed that due to their
high energy they contribute to the background and cannot be observed.

As a final observation to this section, we note that the f3(980) and a¢(980) states
are known to be inconsistent with ¢§ mesons. An alternative assignment as KK

molecules [64] is widely believed to be at least qualitatively correct.

6.3 Other Theoretical Models

There are many models available today which predict exotic states. In the following,
we list a few of them, the most common ones, and we analyze briefly their predictions.
One of the first model which accommodated and predicted the possibility of exotics
is the M.IT. bag model [6]. Based on the M.LT. bag model many calculations have
been done. We mention here those of Chanowitz et al. [65], and Barnes et al. [66].

Chanowitz et al. [65] have calculated the spectrum of hybrids with JF¢ =
(0,1,2)"% and 177, by performing the calculations to first order in cavity pertur-
bation theory. The incorporation of the self-energy effects, significantly improved the
quality of the fit to the baryons and their static properties.

Barnes et al. [66] have been presented detailed calculations of the highest hybrids
within the spherical cavity approximation to the M.I.T. bag. They concentrated on
the JPC = (0,1,2)"7 states with their mass between 1 and 2 GeV and as = 2.2.
Their results are in good agreement to those of Chanowitz et al. [65].

An alternative to the M.I.'T. bag model is the lattice gauge theory. Most effort
has gone into the determination of the masses of states that can be constructed using
quark and antiquark propagators. However, the extension of these studies to include
states with excited orbital momentum ! is important in order to gain a complete
insight and better understanding of the QCD spectrum.

Perantonis et al. [72], have used a static potential in the SU(3) lattice gauge theory
and they studied the spectrum of the low-lying hybrids. Lacock et al. [72], have used
the same model to study excited ¢§ mesons and hybrids mesons and to calculate their
;pectra. Predictions for masses of the spin—exotic mesons with JF¢ = 1% 07~ and
2+~ are given.

Another model which gained credibility has been developed in mid eighties by
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Isgur et al. [67], [68]. The flux tube model is based on the strong coupling Hamilto-
nian lattice formulation of QCD. In this picture, mesons consist of g7 connected by a
cylindrical bag of coloured fields the 'flux tube’. When the flux tube is in its ground
state, the excitation of the ¢§ degree of freedom yields the conventional meson spec-
trum. Excited modes of the flux tube lead to a set of states that have to be confirmed
by experiments. The model has been applied with some success to the decays of the
conventional mesons [69], and has also given some limited predictions of decays of a
few hybrid states [70], specifically those with light flavours and exotic J¥¢ quantum
numbers. It is the latter paper that has in part motivated the experimental search
strategy for hybrids. They have found that the predictions of the decays of relatively
light mesons (ordinary mesons ) are very similar to the successful 3Py model. The
authors have managed to reproduce with their model nearly a hundred well-known
decay amplitudes;.

Using the same model with an harmonic oscillator approximation, Close et al.
[71], have been predicted the signature for a hybrid meson J¥¢ = 1= in the mass
region 1.6 — 2.2 GeV. Other possible hybrid states calculated by them are 0~ and
2°t,

In a more recent paper [74], the multiquark ¢?§” states have been studied using
the static SU(2) lattice Monte Carlo method. Its main conclusion is that 'the lattice
artefact are still large’.

A different approach in the line of lattice theory has been used in the work of Green
et al., [76]. They have constructed an interquark potential model that reproduces
lattice results for the simplest multiquark systems. The model explains the energies
of a series of four-quark systems.

The Nonrelativistic Potential Model is another strong candidate model which
predicts and calculates hybrid and multiquark states. Weinstein et al. [76], have
examined the ¢2§° states in the framework of nonrelativistic potential model with
colour-dependant confinement forces and hyperfine interactions by solving the four-
particle Schrodinger equation variationally. They found that the ¢°g* bound states
are a model for the weak binding and colour-singlet clustering observed in nuclei.

There are many other models in literature which reproduce more or less the avail-

able experimental data. We list in the following a few more models without any
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details of their methods or results.

An interesting analysis of the multiquark states is given by Uehara et al. [77],
using the diquark cluster model. Gerasyuta et al. [78], were using a relativistic four-
quark equation in the framework of dispersion relation technique, to analyze exotic
mesons. Not on the last place, the QCD sum rules [79], [80] , [81] have came with
interesting predictions for hybrids and glueballs.
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Chapter 7
Conclusions

In this paper the spectra of the lowest ¢%3% and ¢°3® systems composed of light quarks
were calculated in the framework of Cavity QCD. The main question for a conclusion

is; what has been achieved with this work?

One of the aims of the thesis was to study the ¢33® multiquark state. This state is
often called in literature, but to our knowledge no one so far has tried to calculate its
spectrum. Somehow, the reluctance is understandable because of the high energy of
the states but we believe that is worthwhile knowing exactly where these states are
lying in the meson spectrum.

Then, by calculating the states ¢°3°, the model’s possibility to predict more exotics
has been tested. The results have shown that the mumber of states increases severely
and the spectrum is becoming almost continuous. Some multiquark states have their
energy very close to the g§ mesons or other exotics in the range of 1.0 — 2.5 GeV.
This suggests that interference of states is possible.

The ¢°3® states offer a reach variety of exotic quantum numbers, I¢(J7Y), a few
of them being observed in experiments.

Another aim of the thesis was to extend the study of the ¢g%3? and ¢®@® exotic states
using the new boundary condition. The suggestion of this new boundary condition
has been made by Jaffe et al. [6]. It has been later developed by Lindebaum [28]. The
consequences of the new boundary condition are a reduction of the strong coupling
constant { to 0.9 ) and an interesting constant behaviour of the energy spectrum for

various values of my.
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The spectra of the exotics for my = 0 has been compared to the experimental
data. Because the absolute value of the energy is not exactly known, the energy
différences between states have been compared. Good results have been obtained for
the isovectors 0°* and for the p-family.

The absolute energy problem can be fixed in a few ways, as it was suggested in
the previous chapter. The most attractive way is the softening of the present rigid
boundary by using a fuzzy sets boundary condition. Another way to fix the absolute
energy problem is to calculate more precisely the Casimir energy of the quarks in the
bag. Some work is in progress in both directions.

As more and more research papers are predicting that the hybrids have a lower
ground energy than the multiquark states, it will be useful to evaluate the spectrum
for these exotics in this model. We should mention that the properties of the hybrids
and glueballs have been studied [16] with this model for m, = 0, up to the tree level.
The spectra for the hybrids and glueballs can be calculated relatively easy in this
model with new boundary condition and including the quark and gluon self energy.

An interesting issue is how the mass spectrum and self-energy of the gluon and
quark would be affected by including the next order corrections. Our calculations
have been performed at the tree-level approximation. Some preliminary results from
an attempt to calculate the spectrum of hadrons to second order are encouraging [82].

One comment about the mass of the quark is necessary as the mass of the quark
is the central issue in this thesis.

It is known that quarks’ masses cannot be measured directly, but must be deter-
mined indirectly through their influence on hadron properties. As a result, the values
of the quarks’ masses depend on how precisely they are defined. There is no one
definition that is the obvious choice. Therefore, the masses only make sense in the
limited context of a particular quark model.

A final remark is that despite of having so many theoretical models, no one is
making full predictions regarding the spectra of the mesons and exotic mesons, so
that, at this stage, taking into account the controversy in the experimental sector, it
is rather impossible to rule out any model or to fully confirm another.

It is hoped that the situation will soon be clarified by the new results. The relevant

experiments, both on-going and planned throughout the world, should shed light on
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the missing and uncertain members of the exotic states. New results are expected
from the BNL-E852 data, IHEP data taken by the VES and the GAMS groups.
Further new information should come from the massive statistics being accumulated
by the Crystal Barrel and Obelix collaboration at LEAR.

Towards the end of this decade and at the beginning of the next millennium, one

can look forward to getting new insights from the new experiments planned at CERN
SPS, KEK, Beijing 7-charm factory and upgraded AGS and RHIC at BNL.
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Appendix A | |
Cavity QCD

The quarks are confined to a spherically symmetric and static cavity. The Dirac
equation provides a solution for the wave function of the quarks. The boundary
condition imposed on the wave function (in order to prevent the quarks from escaping)
yields the one-particle energy w of the quarks. The same is true for the gluons with the
difference that the Dirac equation is substituted by the d’Alembert equation. Using
the cavity modes of the particles, the vertex integrals are calculated. The radial
and angular parts are separated as explained in section 2.2. With the expressions
for the vertex integrals, it is a problem of computer programming to calculate the
dimensionless interaction operator, to diagonalize it and to find the spectrum of the

states.

A.1 Quarks inside the Cavity

The quarks are described by the time-independent Dirac equation
(—-if?’f? + mf> un(7) = €27 un(7), (A1)

where &, is the energy and m; is the mass of quark with flavour f. One solution of

the above equation in a spherical cavity [30] is the Dirac spinor

A .
marelu
Un(7) = 'g () ),«\ (A.2)
ifn (r) xE(r)
where n = {f, v, k, 1} stands for flavour, radial, Dirac and magnetic quantum numbers

and X';(?) is the two-component spherical spinor. The radial functions g,(r) and f,(r)
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are given in terms of the spherical Bessel functions as

N,

9nlr) = 7 (Par) (A.3)
ann‘ g .

B0 = e gy e, (4.

where R is the radius of the cavity, p, is the momentum of the quark and j(z) is a
spherical Bessel function. The index of the spherical Bessel function are the orbital

angular momenta ! or [ which are defined as

j(k) = |l -3 (A.5)
(k) = j(m)+%sgnn (A6)
I(k) = j(&)—ésgnﬁ. (A7)

The linear boundary condition of the M.I.T. bag model yields another equation for

the Dirac spinor
A
(ﬁ 7 +1) tn (7) rr= 0 (A.8)
which can be re-expressed in terms of the spherical Bessel functions as

T,SENK
ZnSEnK (za) =0

H A9
wn"Jf”ngz ( )

Ji (mn) +

1

where the dimensionless energy w,, momentum z,, and mass (, are given by

Wy = exR=sgnv /22 + (? (A.10)

Tn = PR (All)

Substituting the egs. (A.10), (A.11), and (A.12) in eq. (A.9), the energy of the quark

can be calculated (see table below).

k|| FI L] state || wy
-1 5/0]1] s |204
1 i[1]0] py |381 (A-13)
-2 3|1]2| pg |320
2 3|21 dg |512
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The normalization constant A, can be calculated from the condition that the norm

of the Dirac spinor is unity

1= /dsr ul (F) un (7). (A.14)

N, is therefore given by

1 Ty 2
Ny = 2w (Wn + &) + ¢ (j; (:cn)> ' (A.15)

A.2 Gluons inside the Cavity

In the Feynman gauge (A = 1), the cavity modes of the gluon are solutions of the

time-independent d’Alembert equation
2
[A + ()

subject to the linear M.I.T. bag model boundary conditions. The conditions, as in

anz(f) =0 (A.16)

the case of the quarks, prevent the gluons from leaving the cavity, i.e.

ni (8°AY - av,&k)]s =nA* =n,8* (8,A%)] = 0. (A.17)

, s
The cavity modes are labelled according to the gluon polarization £ = S, L, M and €
and m = {N, J, M}. The cavity modes can be expressed in terms of spherical Bessel

functions and vector spherical harmonics as

ams(F) = %i'z;%éjj (5r) Yo (7)

e (7) = %[ﬁjjnl (95r) Vit () + VT F Tios (957) 427 (7)]
Gmm () = ’;";‘;‘; 31 (5 Vi () (A.18)
Gme (7) = —-ﬁ% (VT F T35 (%) Yiig (7) = VTdaan (95r) Vi ()]

The eigenvalues of the gluon energy (X are found by imposing the line;ar M.LT. bag
model boundary conditions

Jis (QBR) - Q&Rjs41 (Q5R) = 0for £=5,L (A.19)

( +1)is (% B) = O Rirr (WR) = 0 (A.20)

is (Q5R) = o. (A.21)
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The scalar and longitudinal modes obey the same equation and therefore have the
same energy spectrum, except that there is a zero energy scalar mode and no corre-

sponding longitudinal mode. The normalization constants are

9 -2 _Layas J(J+1)
mS T Nmﬁ - 53] (‘QmR) (l - (Q%R)g (A?E)
IR G J(J+1)

Nodo = 503 (2 R) (1 “orat) (A.23)
- 1

Nai = 5it (90R) | (A29)

for all the gluon modes with one exception. The zero energy scalar mode has the

normalization constant
_2 1

moS = -g (A‘25)

The quantum numbers of the zero energy mode are mqg = {0, 0,0}, and thus the mode

.13
Omgs = ;‘i; (A%)

The gluon modes are a complete and orthonormal set,

is

S aRaE ) = 50 (- )
mz
[ 9@ () = g7 b
where g*% is the diagonal metric tensor in polarization space, defined as
§%% = =gt = —gMM = _gFE = ] T =0T £ T (A.27)
Under complex conjugation, the gluon cavity modes transform according to
A (7) = G (=1)" a (7), (A.28)
where m* is defined as m* = {N,J, —~ M} and the phase (3 is

+lfor¥=LE
(x = { (A.29)

—~lfor L =38 M

85




A.3 The Vertex Integrals

The vertex integrals describe the absorption or emission of a gluon by a quark. They

are defined as :

Q=1 [ ()t (72t (7, (A.30)
where n and m stand for quark and gluon quantum numbers, T for the polariza-
tion of the gluon (S, £, M, ), and a¥ are the Hansen functions or solutions of the
d’Alembert equation for the gluon.

The radial and angular parts can be separated yielding for the angular part

Q@ = ROPRE,, [x (?) You (?) X" (?) d; £ =5,L,€

QM = ROPRM, [ (é‘») Yin (»?) X (9) a0, (A.31)
where Y, are the spherical functions.

The radial matrix elements turn out to be of the form

33
RS, = —NS /0 31 (U5r) S (r) r2dr (A.32)
~NE (R . . |
Ry = 52 [ {08 55a(Q5m) = JiAQ5U 0y
+ (k= &) 25T, ()} (A.33)
+ R
Rl = WMQ | s (91) T () 12 (A.34)
NE R .
Rom = GO b U+ D0 (1)

+ (15— &) U3s(QEr) = Qris(Qr) T (r)}dr,  (A35)
where the notation

Snn" = g’ngnf + fﬂfﬂl
T’n‘nf = gnfn: e fﬂgn‘
U'rm' = gﬂfn' - f'ngn’ (ASG]

was used for the radial functions of the quark. These radial integrals are combined
with a factor which governs the parity selection rules, and they are used in further

calculations as

& 1 — mpg=B(—1)H7H e

-_ i
nn'm 2 nn m’

(A.37)
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where 7y is +1 for £, € and —1 for S , M gluon modes.
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Appendix B

Coefficients of Fractional Parentage

The coefficients of fractional parentage appear when a multiquark state is constructed
in two different bases [15], [16]. Usually one base is well defined from the mathemat-
ical point of view, (i.e. all the states are linearly independent) while the second is
overcomplete (i.e. the "basis” vectors are not linearly independent). However, this
second base is very useful because it is a physical base (e.g. meson-meson base),
and from the physics point of view it is more convenient to study a process in this
base. The transformation between these two bases it is realized with the help of the
coefticients of fractional parentage.

The quarks, antiquarks and gluons are carrying the colour, spin flavour and or-
bital quantum numbers. Considering only equal-mass up and dc;wn quarks, flavour
degenerates to isospin symmetry. By combining the quarks, antiquarks and gluons to
obtain the exotic states, care should be taken so that the quantum numbers couple
in a correct way. It is worthwhile to separate the overall wave function of the exotic
state in a colour SU(3)¢, spin SU(2) and isospin SU(2) part. The exotic state should
be colourless and the constituents should obey the correct statistics (Fermi-Dirac for
fermions and Bose-Einstein for bosons).

In general, one would also have to include an orbital wave function. However,
due to the fact that we consider in this study only the lowest-energy cavity modes,
the particles are all in the same orbital state and the corresponding wave function is
just the symmetric product of one-particle functions. In the following this factor will

be omitted.
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B.1 The Three-Quark System

B.1.1 SU(3) Colour

The notations introduced in chapter 3 for quarks, antiquarks, gluons, two quarks and
two antiquarks are used here. To construct the wave function of three quarks, we add
a new quark to the already known two-quark system. The three-antiquark system will
be derived from the three-quark system through a C transformation. The possible

colour representations of the three quarks are
{3le{3te {3} ={1} e {8} & {8}; & {10}, (B.1)

where a and s denote the symmetry property of the colour wave function with respect
to the first and second quark. In terms of SU(3)c tensors, the three quarks can be
written as

lagq] ~ [gglic’ = eunc’c’c” (B.2)

. 1
lggal; ~ laglic’ = 568;laalec”
, 1.
= gictcct — gé;Eg{kaCtCm (B.3)
in analogy with the quark-antiquark system described in section 2.1. The first ex-
pression describes the colour singlet representation (no indices, antisymmetric in all
the quarks) and the second describes the octet representation of SU(3)¢ that is an-

tisymmetric (with respect to two quarks). The symmetric octet and the decuplet (a

symmetric combination in all the quarks) can be written as
{qaa}; ~ emfagt™e
= & (céc;C + c"’c’) ¢, - (B.4)
and
{aga}"™" ~ {gg}7¢" + {gq}"d + {aq}’*¢’
= (' + I + (Fet + feF)d + (I + cF), {B.5)
respectively. The norms can be calculated as

(laqq), lqgq)) = 2869 =6
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T ¢ i’ 1
(logdl;, lgadly) = 206" 65 = 3
i i i .
({aga};i {aaa}y) = 6(6" 65 — 56,65)
({aga) 7", {gaq}' ") = 6(6% 67 6 + 6957 6% 4 55 0 gt 4 gk 5 g

+69'67% 64 4 6% 9961, (B.6)

5;6%)

Note that the scalar products among different representations vanish.

In order to keep the notation as simple as possible we use the symbolism

1) ~

~—lagd)
NAGE
8a) ~ %[eqqli

8s) ~ %{qqq}j}
10) ~ -\}g{qqq}""k- (B.7)

The reason for which the curly bracket was dropped from the notation (usually the
colour representations are in a curly bracket) is to distinguish the exotic state ¢
from the ¢ and the ¢* systems. »

We now determine how the colour wave functions behave under permutations of two
quarks. Because the final wave function should obey the Pauli principle, it is useful
to know how each component of the wave function (colour, spin and isospin) responds
to a permutation.

Therefore, permuting the quarks 1 and 2, the colour wave functions are (anti-) sym-

metric by construction

Ppll)y = —[1)
Pip[8.) = —18)
P |8s) = +18s)
Pu|10) = +]10). | (B.8)

We need to know another permutation, in order to be able to calculate all the per-
turbations. For example, by knowing the Py; permutation, the Pi3 can be calculated

as

Pzz = Pmpz:spm« (B.Q)
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By transposing the particles 2 and 3 in the eqs. B.2-B.5 and calculating the scalar

product with the original functions, we obtain for the Fy3 permutation

Pyull) = —11)

Pult) = 218+ 28,

Palt) = L) -1

P10y = +]10). ’ (B.10)

B.1.2 SU(2) Spin and Isospin

For the spin and isospin wave functions, we follow the same procedure used to
construct the colour wave function. Only the spin is considered here, as the formalism
for isospin is identical.

As in the colour case, the spin 1/2 of a quark is added to the ¢* system. The
group SU(2) is well known and it does not require a detailed tensorial treatment to

get the wave functions [12]. The vectors describing the ¢* system are
10;1/2),(1;1/2) ,and 1;3/2) (B.11)

where the first number represents the spin of two quarks and the second number is
the total spin. The total spin of the three quarks system can be either ;1; or % . Again
the permutation operators are required to check the Pauli principle. The effect of Py
is easily obtained as the two quarks can couple to a 0 antisymmetric total spin or to

a 1 symmetric total spin

Py (0;1/2) = —|0;1/2)
Py |1;1/2) +11;1/2)
Py |1;1/2) +11;1/2). (B.12)

For the calculation of F3 a base where the spins 2 and 3 couple directly is necessary.

With the help of the 6-j symbols, we can write

[noA SERPSUPNPR B ST - S S0 TN RN
\(J172)712, 73 I =Z 312323(—1)31+32+J3+3{_ ) }1311(3233)323;3?31).

728 J3 7 J23
(B.13)

91



Acting with the operator FPy3 on the elements (B.13) and taking their scalar product

with the original elements (B.11) we arrive at

Pal12) = S10i1/2+ /)

Paltit) = Loy -
Pull;1/2) = +1;,1/2). (B.14)

B.1.3 The Antisymmetric Wave Function

The colour wave function of the three-quark system is known, as well as the spin and
isospin wave functions. We also know, how the transposition operators act on these
wave functions, so the final wave function can be assembled and its antisymmetry
checked. In principle, all the possible combinations among the colour (eq. (B.7)),
spin (eq. (B.11)) and isospin (eq. (B.11)) wave functions will be taken into account.
Then, we require the wave function to be antisymmetric under the transposition of
any two particles. This is equivalent to demanding that Pjs = —1 and Py = —1 since
Pig = Py PPy = ~1.

To illustrate the method, we calculate the nucleon-like state. This means that
we are looking for a wave function with the quantum numbers N = {1}, J = 1/2
and I = 1/2. The wave functions which can contribute to the antisymmetric wave

function are
11)10;1/2)10;1/2) 1) 10;1/2) [1;1/2) (B.15)
111172y [1,1/2) 11)[1;1/2)(0;1/2),
where the first vector represents the colour, the second spin and the last isospin.
We see that the wave functions in the second row are symmetric under Pi5. There-
fore these functions do not contribute to the final wave function. The functions of the

first column probably mix up to forin the antisymmetric wave function. Considering

a linear combination of them, the action of Po3 on it is required to be
Pysla|1)(0;1/2)0;1/2) +b]1) [1;1/2)[1;1/2)] = ~1, (B.16)

where a and b are coefficients of the linear combination which need to be determined

and the products of kets refer to colour, spin and isospin in this order. Substituting
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the expressions (B.10) and (B.14) for the action of Py on colour, spin and isospin,

we obtain

Poalaf1)10;1/2)10;1/2) +8{1)[1;1/2) [1;1/2)]

= -2 02 - 2 ) e
/3 V3

~ L= )11 105172 10,1/2) ~ Yoa - ) |1) [1,1/2)[131/2). (BA)

Equations (B.16) and (B.17) are satisfied for a = b. Demanding that the wave
function is normalized, we arrive at the antisymmetric wave function
1 1 :
14,1/2,1/2) = —=|1)10;1/2) 10;1/2) + —= |1} |1;1/2)]1;1/2). B.18
{1},1/2,1/2) \/il)l /2)10;1/2) \/iIH /2)11;1/2) (B.18)

In a similar way all the other combinations which obey the Pauli principle can be

found. They are listed in the table below

¢ mIa v [ ]y
{31,000 1 &= 0 | 4] 0 | 0 | O
B} F 1 1 | =3 5 | F | 0 | (B.19)
1{6},0,1)| 0 | 0 | -3 =% | 0 | =
{61,100 | 0 | 0 |=1| 0 |~4 |~

where in the first column, the two-quark content is indicated, in the first line the
three-quark states are listed, V or A denote the total isospin (¥ stands for I = 1/2
and A stands for I = 3/2), the upper index indicates the colour representation and
the lower index stands for the spin. The other positions in the table indicate the
coefficients of the linear combination and together with the two-quark column can be
used to reconstruct the full wave function for any three-quark system.

Of course not all the states listed above can be identified with physical baryons,
due to their colour ({8} or {10}) but the reason why all these states were calculated

is that for ¢°3° system all of them are playing an important role.
ying

B.2 The Three-Quark Three-Antiquark System

For the ¢%3° system, the colour wave functions are presented in section 3.1.4. In this

section, we discuss the spin wave functions for the two bases (¢°)(d°) and (9%3%)(¢9)
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The isospin wave functions are identical to those for spin.

The state vector |(Jgz2), 73, (4g2), Jg3; J) describes a state in which the spin of two
quarks is coupled with the third quark, the total spin of two antiquarks is coupled
with a third antiquark, and finally, the spins of three quarks and three antiquarks are
coupled to the total spin J. For the second base, the notation |(Jj,2), (52), 74252, Jogs )
is used, where two quarks are coupled to two antiquarks and then they are coupled
to a pair of quark-antiquark. To establish the transformation matrix from one base

to the other, the four spin are recoupled as

qu jq jqa
. : , . A A A . o
{(363)13931 (}qﬂ),}qfi; J} = Z 13337 2q2 ] qg Jg J7 Jg X
Jq2g2:daq . )
Jegr Ja J
|(Ga2), (Gg2), Jaras Jags J) - : (B.20)

One thus obtains the following states

(0),3,(0),4,0) |(1),3.(1),%1)
(1),3,(0,50) [(1),3,(1).3:1)
(1),3,(1),40) |(1),5,0),31)
(1),8,(1),50) (1).3,(1),51)
NN 0),4,(1), 5:0) 1(1),%,(0),3:2
|(G2), 32, (), Jg3 J) (0)’;(0)};15 (1)’%?(1)’%;25 (B.21)
(0),4,(1),51) |),4,01),%2)
0),3,(1),%1) (1).30).%2)
(14,0, 51) [(0).4,1),%2)
(1,40, 51) |(1).31),%3)

e
g
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for J =1 and

0 0 +1 0 0

500 44
-k 0 0 F £ (B.25)
B9 0 £ 9

0 +1 0 0 0

for J = 2. For J = 3 there is only one element in each base and the transformation

"matrix” is +1.
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Appendix C
Examples

In this appendix, two examples are presented for calculating the coefficients of frac-
tional parentage. The first example is chosen to be very simple, in order to get used
to the notations.

The ¢°3® state described by C = {1}, J = 3 and I =0 is illustrative for our purpose.
This state can be obtained either from the A} ,Aj,, combination or from N§,N§),,
where the notation has been introduced and explained in chapter 3. Any other combi-
nations of three-quark or ﬁhree-antiquark states that are allowed by the Pauli principle
cannot be coupled to C = {1}, J = 3 and I =0. We now concentrate on the A3 ,A} )
combination. This state vector can be written as a product of the colour, spin and

isospin parts of the wave function, i.e.
DypBin = {11,3/2,3/2:{1},3/2,3/2) (C.1)
= {13, {15 {1)° 13/2,3/2,3)7 [3/2,3/2:0)".

The colour, spin and isospin parts of the total wave function refer to the partitions
l¢*,3% ¢°3®). In (C.1) we have made use of table B.19 to express the three-quark-
system as a product of |¢%) |¢) . Using the colour matrix (3.19) transformations in-
troduced in chapter three and the spin and isospin matrix transformations defined in

the previous appendix B.23 we arrive at

03, (1 (11)°13/2,3/2:3)” 13/2,3/2:0)' [ k) + 2216, ) {1}}

; (€.2)
x |2,1;3)’ [g 0,0;0) — ? |0,0;0>} ,
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where the coupling of the quarks is now ¢°§ — g4 — ¢°§°. After rearranging the terms,

the final result is

Bl = L3,2010h10 - 2ian2 ) 1n1 (c3)

2‘/- 2VIZ18),2,01{8},1,0) - -2-\—/:- 18}, 2,1) |{8},1,1)
where the quark order is ¢°§%(C, J,I) — ¢q(C, J, I).
For a more complex transformation from (¢%)(3%) states to (¢*3*) (¢g) states, we ana-
lyze the C = {1}, J = 0 and I = 0 state. A colour singlet with zero spin and isospin
can be written as Nfﬁﬁfﬁ,, Nfﬂ]\?ig/?, Ng/gf‘:’g;z, N%?zﬁll,?zv 53;/25;;2, or Aiﬂé&?ig. We
calculate in detail only the term Ngﬂi\:’?ﬂ. As before, we separate the colour, spin

and isospin

Ngj;oNg,, = |{8},3/2,1/2;{8},3/2,1/2) (C.4)
{8}, {8} {11)° [3/2,3/2,0)” |1/2,1/2;0)",

]

where the order is as in the previous example. Next, we use the table B.19 to write

the three-quark (three-antiquark) system as a product of (¢%)(q) and (§%)(g),

NipaNsja = [{EH:’S};{BHCM;W) 11/2) --—f-l{s} {8}) 11;3/2>°’£0;1/2>’}

[_{‘{3} {8he11;8/2)7 11;1/2) —ft{ﬁ} {8h 11;3/2>*’10;1/2>f},

where the first quantum number inside the ket stands for the q* ( §* ), while the

second denotes ¢° ( @ ) wave functions. By working out the products, we get

N3. s = 2 1(3H(8), (3HEH (1N° [)3/2. (13/2:0)7 I(1)1/2, (1)1/2,0)"
~ 2 1(3HB}, (618 {(1h° 1(13/2,(1)3/2;0)" (1)1/2, (0)1/2 0
—-1-1{6}{8} (3HEK (1h° 1(1)3/2, (1)3/2:0)7 (0)1/2, (1)1/2,0)"
+5 HEHB), (818 1)° 1()3/2,(13/2:0)” [(01/2,(0)1/2,0)".

The notation used here is |¢2, ¢°, 3%, ¢% ¢*3°) . Using the transformation matrices for

colour (3.19), spin and isospin (B.23), to express the (¢%)(¢)(g%)(g) vector in terms of

98



(¢*3%)(qq) vectors, yields

Man = 3 [SYEH003 0 - F1esh ) {1}r
X {”\gﬁ: 10,0;0) — -\g—g{l,l;())}j {-Vs—lg 10,0;0) + —\g—g- llﬂ,O)}
180 007 [ R 000 - 0] o)
2D}, 85 (1)° Vloom B 0] iy
[~ F s, o3 0n+ 2 ]
X {—? 10,0;0) — l’;—g 1, 1;o>r 10,0;0)7, (C.5)

where the notation is [(¢%§?), (¢9); ¢°¢°) . After all the products are calculated, the
final state has 16 terms.

All the other elements of the (¢*)(§®) base follow the same pattern as the two example
presented here with the difference that the number of (¢%3%)(gg) terms is becoming
large (up to 96 terms).
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Appendix D
Units and Conventions

The flat Minkowski space is used with the metric
.Q’W = Guv =diag(1:"1r"11-]—)} gﬁ =5§ (Dl)

The Greek indices (g, v,...) can take the values 0,1,2 and 3, Latin indices (k,!,...)

the values 1,2 and 3 when they refer to space-time. The Dirac matrices that satisfy

the Clifford algebra , ‘
{77} =2, (D.2)

may be represented as

I 0 0 oF
0 _ } k= ) D.3
¥ (0 _I) ¥ (_gk 0) (D.3)

where the ¢* are the 2 x 2 Pauli matrices

al=(01), an(U -i), oraz(l 0). (D.4)
1 0 i 0 0 -1

The usual 3j-, 6j- and 9j-symbols, vector spherical harmonics and spherical spinors
as defined by Edmonds [12] are used.
Throughout this thesis, natural units with A = ¢ = 1 have been used. These fac-
tors may be restored in the final results of the calculation using simple dimensional

analysis. Some useful numerical values are

he = 197.327053 MeV fm (D.5)
1 GeV = 5.06768963 hc fm™!
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The cavity radius has been set to 1 fm and is the natural unit of length in the

cavity. To convert the mass and energy into dimensional units,

YL

and |
whk W
=% ~ o173 oY (D7)

have been used.
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