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Abstract

Many real-time computer games contain virtual worlds built upon terrestrial landscapes, in
particular, “sandy” terrains, such as deserts and beaches. These terrains often contain large
quantities of granular material, including sand, soil, rubble, and gravel. Allowing other
environmental elements, such as trees or bodies of water, as well as players, to interact naturally

and realistically with sand, is an important milestone for achieving realism in games.

In the past, game developers have resorted to approximating sand with flat. textured surfaces that
are static, nongranular, and do not behave like the physical material they model. A reasonable
expectation is that sand be granular in its composition and governed by the laws of physics
in its behaviour. However, for a single PC user, physics-based models are too computationally
expensive to simulate and animate in real-time. An alternative is to use computer clusters to
handle numerically intensive simulation, but at the loss of single-user affordability and real-time

interactivity.

Instead, we propose a GPU-based simulation framework that exploits the massive computational
parallelism of a modern GPU to achieve interactive frame rates, on a single PC. We base
our method on a discrete elements approach that represents each sand granule as a rigid
arrangement of particles. Our model shows highly dynamic phenomena, such as splashing and
avalanching, as well as static dune formation. Moreover, by utilising standard metrics taken from
granular material science, we show that the simulated sand behaves in accordance with previous
numerical and experimental research. We also support general rigid bodies in the simulation by
automated particle-based sampling of their surfaces. This allows sand to interact naturally with
its environment. without extensive modification to underlying physics engine. The generality of
our physics framework also allows for real-time physically-based rigid body simulation sans sand,
as demonstrated in our testing. Finally, we describe an accelerated real-time method for lighting

sand that supports both self-shadowing and environmental shadowing effects.
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Chapter 1

Introduction

Modern computer games often use complex terrains as navigable environments in which players
can travel about and interact. Sandy terrain, in particular, features extensively in games depicting
natural outdoor settings. Often these terrains contain highly detailed grasses and trees, which
may sway in simulated wind or bend aside from passing vehicles or players. Where such vegetation
is sparse, however, the underlying surface is visible. Here game engine designers have resorted to
modelling sand as textured geometry, which, under close inspection, lacks the granular behaviour
and physical interactivity we expect to see. For deforming sandy surfaces, where geometry changes
in response to an applied force, the result is still unattractively continuous, if not physically
implausible. Thus, while low level-of-detail models may be enough for simple terrains that are

hidden from view, there is a sore lack of high level-of-detail models for visible sandy terrain.

Producing high level-of-detail virtual sand entails modelling both its appearance and behaviour
of its real-world counterpart. In reality, sand may be characterised physically as a granular
material: a collection of solid macroscopic particles called granules [JN92]. Granules, as the
sole constituent of sand, therefore determine the appearance of sandy terrain, while the forces
produced both during collision among granules and between each granule and the surfaces in the
environment, determine the global behaviour of the material [JN92]. This mechanical simplicity,
however, belies the many ways in which granular materials, like sand, differ from other substances
in both appearance and behaviour. We are accustomed to dividing matter into gases, liquids,

and solids. Granular materials span these categories.

Consider a sand dune. Exerting a force vertically into its surface produces solid-like resistance,
while its surface gives way to a relatively small force when pulled, comparable to scooping out
a volume of thick fluid [HLY&]. Unlike a Huid, however, sand must expaud before it can deform,
since granules need to first disentangle themselves from their tight packing. This makes sand
prone to clogging a conduit, such as a metal pipe, when forced through. Yet sand, like many
materials, can transition from a solid-like packed state to a fluid-like flowing state, as in an

avalanche. Importantly, this may occur without a significant change to thermal energy [JN92],
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in contrast to the melting of most solids [HRWS3].

Cranular malerials also have many disbioel belaviowrs, Grannles of the same slee, for example,
will separate info layvers whoen an inhomogencons sranular wixtors is subjceted to vibration. Such
sime seprogation s commonly roforeed to as Brocil-nut effect [HQLO1], Specifically, if we shake a
eonlainer of variously sized grannles {or mutsl we notice thal larger grarmles Qoal to Che top of
the mixtyree, while swoaller onee move downward. This sclf-sorting of pramiles ocedrs in part from

the downward migration of smaller grains through open channels between larger grams [RSPHET

Anvther distinetive beluvionr of sand @5 due to the geometric packing of gratmles.  Locofized
gtress tmets JNDBOG| rosult frow the arching of gramiles in heaped sand, as demonsrated o
Figure |1 This resulis o indeacdual granules having a lavge cflect on the propecties of the Leap,
For examnple, I we Ll a large ciopdy prain silo 1o the brime withs waler, we cxpect the prossore al
the Dothor of Lhe sily to be proportional o its height. With a sand-filled siloe, howrever, no such
dependoney exists, Both the arcing and the friction aleng the walls of the container are suthiclent

to withstand the excra weight lving ahove [JNG2],

Figure 1.1; Stess tract in a sand pile. | ike A more odarad arrangament of bricks that make up
an gchway a andom arangement of grandes may form arcs (dotted back ine) with cmipty spaces
heow Such amcs can serve as netwerks fur conducting fercg through the sand e the sides of the
conlainer. Subject to enough exdrinsic compression. however, these amcs may collapse and cons.Jme
the emply space benealh.

A nabural way of producing hiphly detailed granulae hehavionrs, 35 to simmlate sand wechanically
at the level of individual grains veing Newton’s baws of tusion, Unforounacely, hoth maintaining
the physical propertios of willions of grains awd calenlating the forces thal vecwr among themn,

makes physically-based approaches prohibilively expeosive lor o single P

Resenrch has tded to address rhis problem throngh el gster-fosed methods that spread sunulation
wirkload across wltiple processing units (CTTs) inoa computer network W9, Kivas, CHE kG,
Fordl], In the cime taken by a single processor to simulde a small volrooe of sand. a chaster
sinnlates Lhe sramdar belaviour of a vmch larger voloe, as needed for eealistic landform
modelling. Corputer generated seenes in films are one arca where chis has been applied, Tor
vaawple, in the recent Al Spafer-Mae 3, 8 contral character in che story, Saediran, is composed
entirely of sand. A key seenc shows Sandman cmerging from a pile of sand and taking on hutnan
furm [ABCTOT]. This computer-gencrated sct-picee Ineludes close ups of Huwing sand geains,
A laler soens, shows a larger version of Sandan arising from a pile of sand and delris at a
construction gite |PTHT . Thus. virtual sand is scen interacting with isell and olher environmental

walerials, Such highly-detailed hehaviour is impoctant 0o the believabilidly of the final animmsticn,




vel requeres many hours of comnputation nzging a large cluscer |[PTPOT]. Moreower, maintaining and

couling i cluster 15 simply loo expensive [ar a swigle teer Lo manapge,

As an alternative to cluster-based mothods, moch recent rescarch has explored the nse of
vamualily graphivs hardware to run physics caleulacions io patallel oo a single PO ln partienlar,
mirdern graphics cards hive prorammable grophics proceszors (GPUst [NVIO8a supperting
generinl purpose cornpubation, The messivelv-threaded GPU [owwl onomese commodiey graphics
cards, supports o high desres of threwd parallelisme Lomportantly, each theead s able o oren
wimerical computacions writcen in one of the many high-leve]l programming languages avadlable
fur this purpose [FROS, KBROS, Halis],

Previoms wark has successfully implemented fnid [Hacds), smoke [LLAIT| e [ZWEFT3],
clouds HBS'3 | hair [KHS0M |, and cloth [HIKOG] simolation an o GPLU racher than o elnster,
moducing results of comparable quality as a significantly faster rase. However, apart from hair,
wost of these sienelalions model Lhe wlerlviog malercial as & eontimeunt ar Hoid, whicl Gails o

caplire many granuluo bebiviours, as previonsly meotiooed,

In eontrast, distinct clerment metfieads (DEM) take o conscitutive approach that models ardividiunl
sand grameles, thus remaining Bachinl o the gromlas composition of real sand [TNG2, Faed7],
In purticular, o DEM represents cich granebe as o sinple particle o seft sphere, wlich aceeprs
sorme interponstrativn with other sphevical particles.  Using soitable plosical laws to oppose
this iterprnerration, plausible rosponses to collisions and resting contacts are madeled SDWOG,
BD98. A resulling [rame of amunation might look like the llustration in Figure 1.1 for a two-
dirnensional DEM,

While some DEM models exist Jor Lhe offline sitation of samd oo a ehaster BYMOG, Fedll |
culy revent research has simmlated praonlar material on a GPT YHKEL. However, real-
time seene lighting efferts, sneh as sraonle selfshadowing and cnviroumental shadows, were
mi expored for the thres-dimensiooal material, Instead, cwo-dimensional DEM without GPU
arccleration [MSW 1 08] and three-dimensional non-DEM models [LM93, Nor0G, DBROT] have
received attention,  Inaddition, previous GP1U-hazed DEM models [or sand use shuple foree
models [YHEOS], wliel are known to produce norealistic belusvionr SDWO6 . Finally, previons
GP U -based DEM sivm|ations fail to address the necd for an easy mothod to add arbitrary objoccs
o a sandy environment and allow these objects o internet with sand, Chister-based sal

simulation, however, provides such melhods TYMAGE |

Ths, an unexplored guestion is whether granular samd, In both appearance sud behaviowr, van be
repricnecd o real-time using a physicallv-based high level-of-detail DEM approach, aceeleraled

b the massive parallelism available in a modern GPLL

o




CHAPTER 1. INTRODUCTION

1.1  Our approach

To recapitulate, there are three major problemns with curreot sawed representalions in virtual

elviroliments:

Problam 1 The sond wodeled in games and olther real-time applicalions lacks the pranular

DBehaviour we expect to see, eluding piling, rolling, and shifeing.

Problem 2 Similarly, In-game sand often lacks real-time pshvsical responsecs to other materials
in ity emvironment. Thae is, sawd cannet flow around fised abstacles, react to iwpact froom a

projectile. or be Lransportes] in s container,

Problem 3 In wddition, withouv explicit graonlar representation, prodocing subtle surface
texturing due to prain self-shadowing ond the shadows cast by sand onits environuend (inelodiog

charactoristically uneven dune silhoucttes) is nontrivial,

This thesis addrosses these problems with a nnifed architecture that produces real-tinme granolar
sand, m both appesrance and behavienr: for arbitrary ewviropments, The aforementioned
prohlews wre dealt with naturally o thres parts, as sketehed below. 'I'he gltitsee view is (hat
thiz high level-ofdetail pranular simulacion will form part of {uture rescarch into a complete

level-of-detall svstem for sandy terrain siumlstion,

1.1.1 Problemm 1: GPU-based sirbulation of granular material

The first componene is 0 shader-based physics framework for simulating the dynomical behavionr
of ripgil arcaugement s of one or more sofl-sphere paciicles on the GPU. Lo partienlar, 4 modified
distinet element melhod s employved, which models each saned srapule a5 s fixed arranesemend
of suft-spheres. allowing siv degrees of freedom (throe rotation, three translational). 'U'his beads
to noncrivial behaviours, such as comples dune formetion, that are computationslly diflicult
to achicve with less sophisticated one-to-one particlepraoule models (that 5, wich only three
deprees of translational freedow), Moreover, the simmlation produces Lhese complox beliavionrs

e resl-time, sinee yraonle physics is haodled eatively o parallel on the GPLUL

For o diseussion of the physics tnvolved, see Chapter 3. For GPU-specific implementation detadls
soe Chaptor 4.

1.1.2  Problem 2: GPU-based mesh-to-particle conversion

T'he second component simplifies nclusion of acbitrary objects into che simulation by implament-
inge o P U-bascd mechod [or cransforming the surface of s arbitracy closed criaognlae mesh o

a porticle-hased representation of itsell. This effectively makes the mesh into g large saod pramile,

t




12, CONTRIBULIONS

albeit with a dillerent mess aud particle countl, wuieh 15 inchided jato the first compnnent with

oty brivial extensions reqguired e the inplementation.

Seee Chapter 6 for dotails on o GPU-based conversion implementation,

1.1.3  Problem 3: Lighting the sand

Shudwws are important for the fooling of depeh they provide to otherwise Hat objects. The
elird eomponeus, therefore, implements real-time P U-Based renderivg and shadowing ol sand
pramues. Borh self-shadowing amongy greins and coyvironmental shadowing b grains 15 supported,

This implementaeion formns the visualization part of the Drest compomnent meotioned shove,

See Claptor 5 for more details ou oo owell-known shadowing technigque chat has been adapoed to

sceelerate the rendering of laree sand pranole svstoms,

1.2 Contributions

Provious work has shnubaced The granular behaviour of sand exploitiog the paallelizm available o
clusters to accelerate cxpeisive plivsios. Reoent work Teas looked al GPU based particle sinoilatioa

as i aleeraative to closter techiigues. Oor worle improves on the latter o the followiug ways:

o We have implemeonted o CPU-aceclerated real-vime parccicle sitilallon of sand that pesforms
all phy=ics calcudation and rendecing on Lhe CPT Io particuler, the framework demonsirales
sircndalion performance elear is comnpetitive with similar GPU based DEM simnlatious, widle

exceeding previons TP hased simmlatious.

e We Lave accnunted [or ider-granule {orees specilie to saod oo pactionlar, clee simlation
framework demonstrales physientty vatid sand Debavionr, as verified by standard motries

use] 12 the Bebl ol pravular waterial scienee.

e W have developed and hoplemented a owowvel fighting method to aecelerate complex self

sttty v siefuce shodowing for gromles.

o Wo have developod and implemensed o sovel GPU-based mesh-to-partiele comceersion redfod
that wapidly produces 5 parcicle-basod representacion of » mesh for direet inclusion o onr
simnlatiou. Uhis permits construction of an arbitvary environment able Lo jaleracl wilh

Tl

¢ The genceulily of our GPU-pecelerated phiysies cnmine alloswes for roal-time plgsioadly-boscd

rigid fody stmnlefiorn, irrespective of the preseuce of graalar material.

i




CHAPTER 1. INTROD CTI0MN

1.3 Thesis organisation

The remaning chapters of this thesis are arganised as follows: Chapter 2 reviews previovs work
ont sanrd sinulation technigues relevant to the whole thesis, while subsequent chapters beain with
Lheir wwn specifically relevant backeronmd, Chapter 3 presents s distinet cloment. model able
to prodiuce complex granolar bebavicur. In Chapler 1 we introduce onr QP -hased method
for seeelerating the sund model, Cliapter 5 extends the GPU-lased approsel oo add real-Line
lighting. Chapter 6 intraduces 2 GPU-hised method for converting acbitrary meshes into objecls
thal ey be inelwded iuwo vhe simulation and interact with sand. Chapter 7 presents physical
alidition of the elalmed graoular bebaviour, T also looks al performance results tor simuolation
aned rendering. Comchisions and hituee work are presented o Chapter 8, which ends the main
hody of the thesis. An Appondi presents additionad techuicnl detadls, prooks, sad souree code,

which supports the main toxt.




Chapter 2
Background

Sand is a term that way bave different meanines to different people. I0owe lives near s beach, for
example, perhaps white dnues of coral sand come to wind. Still cthers may toagine handreds of
stquare kilometers of desert or the alluvium depostted by rivers, This thesis, however, sddresses
ouly a snbsection of the groat varicty of sands, namely the dry granular tvpe, made of small but

visihle grains.

The exelusive mtevest of this thesis s G U-based simulation of this dry granular sand usivg a
high-fdelity DEM model. This chapter, therefore, describes previens work o DEM maodellinge
and GPL based acceleration of grannlar material simulation. In addition, wethads nnrelated
to DM and wethods thar way casily extend to modelling grammlar material are disenssed for

COMPATALIVT PLFTHOSES.

This chaprer besins with an averview of previows work i granular material sinmlation, followed

by separate sections discnsstng odividoal toechnigues in groater detail.

2.1 Overview

Frevious work has atiempted fo model drey graoular sangd with varions representations for the
muderlying material. As mentioned in Chapter L, sand’s hehasiour aeises from fine-scale gyanule
responscs o forces acting on the material as whole, This results in a dicholomons relationship
between the iwdividusl cranule responses and che collective belavionr of thousands of gramles.
[ndeed, this relationship s used i Lhis chapler to classify the level-obdetail of the underlying

material representation, as Hustrated o Figure 201,

Al one extreme, condinuum methods do not consider pranules st all, b model samd as a ooiform
vislune ol viscons thid, The adsvantage of this simplet ropresentation, however, must bo balaneed

against the loss of certiin gravnlar effects, siuee no separate material pleces are hoing stnmlated.

]
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224, CELLULAR AUTOMATA

responds o compression by closing spaces between grains, subsequently returming to its original
shape, like an elastie, when Lhe stressor ends, On the ather hand, sand vesists shiear stresses or

torees acting parallel ta its surface, which is typical of many viseons Hids

Oone of the At applicalions of Lhe conrinuum approach to granular material simulation wis
by Sowvage. who modeled graoulae wechanies on the continoum equations of motion and kinetic
theories [SavT8]. Jenkins and Savage later adapted the Uermodynamies equations for grantlar

matetials, accounting for the alwence of a terperature cffect on gramide belvior [JS83 .

A recent technioue bl commputer praphics by Zho and Breidsen, wses o fluid-based wodel for grandare
material simulation [ZB05]. In chis method, o cloud of particles tracks the motion of a sueface,
while an auxiliary grid preserves ineompressibilicy and boundary conditions. "Uhis technigue nses

an existing fuld solver adapted to loclode both inter-giain amd benondary friction,

Althongh Hiid-tased models such as these reproduce toany propertics of spnd, they lack important
aspects of pramular behavionr. In particular, they often lack solid-like behavionr, such as dune
formation, resistance to pushing, and expansion betore deformation. Covversely, foid wehaviours
iy persist i these simalations, Bany finkds expecience zere divergence, for cxample, where the
sawe nucober of particles will enter 8 region gy leave (L But dhis docs wob happen 4o a significant
exlont ina grarmlar material, o dry sand, both acration and supporling gromlar aces may adapt

tn compression by eollapsing a littde fest [JINO2].

Feowr Lhiese reasons, mdeh research bas Tocwsed on discrete metbods, such as e cellular sulomalon.,
2.3  Cellular automata

Cancnically, a cellular aulowaton (CA) [CDYS] s a collection of cells, either ocoupied or empty,
forming poeeld. 1L esedves at cach time step, acconding to aoser of miles based on cach coll’s

state. In gencral, oo tule set applics o single npdate scheme, adjusting eclls either individually or

ir1 groups, as seen o Figure 2.3,

[ ]

{a] Eorder occupancy {b) Fatern matching
Figura 2.2: Ccllular automata update schema, Cols are cither emphy (white] or occupicd (black}.
(@) Cne scheme adjusls cel state fred dot)] acecording te border cell cocupancy (Blue dotsh In this
exampee. having twe out of oght occupied border cells icads to cell death. (b} Another schemse
malches the occupancy patiern (yellow dols), %or each disjeint subsecten of the gnd, to a speciic
autput pattern.

To miesdel sand, we can form a ground layer fram a collection of unmodifiable eells, while marking
varions modifiable cells i1 upper lavers as ocedpied by granules, A siodavion then adjusis

modifiable graoule cells at each time step, producing dowoward Aow and eventual sand pile
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formation, In this way, 4 CA equipped wille 4 ressonablo mule set can create the dlusion of gravite
aur pranilar belsvionr, as seew io Figure 2000 This techodgne easily extends too chree dbnensions,

inchuling consideration tor a ool mass, velagity, and displacement from the groand [LOG 07

1;11;!|'m s
| Lok b . sl
o (e

Figure 2.3: Sirmulation of sanc pile with cellular automata. Far each neighoeushood of cells, the rule
sel specifiss a unigue nexl arrangement of graoules (modfisbie cells). For nondelesministic behaviour,
rules can have likebhooos associalec with ther aclivation. The rules given aoove mimic the effect of
gravily anc granule coliisions to produce dune farmalion.

While sinple m desizn, OA models have surprisiogly wide application to modelling complex
Lrabiawionrs, suel as laeternal aod ounour geewebs, fuid turbulence, smwoke evolution, samd e, Tor
gramilar hehaviours, sellular automata bavee found application in wedelling waalanches BTWHRT,

NGOL, sand pile foomation COH 98], and parcicle sepregation 3.

As stabed i [LOGTO7 , CA wodels see faster Wan wany alternatives and bave the abilily Lo
kel non-smench geometry. o concrast, concimios wodels ey tun slower and are lmired ro
sitnpli surtace goommnetey or sphevical particles. Distinet elemont methods, which wadel individual
particulate clements, faoe the untime cost of having to track many particles. Componnding this
are the expeusive foree calenlations they must peelorm for cach collision belween particles, which

may preclude real-time simulation,

A models. however, are Dmited in their ability to prodict the bebaviour of the waterial they
toodel LOG T OF] Ome reason is Lhat OA sinmlation is diserete, while space is continuens in realicy.
Another is that material picees lnteraet phyvsicadlv, while the OA clements hehave according to

fixed rule set, instead of physical laws. o bolh cuses, wnrealistic larpe-scale behaviour may resulc.

The lack ol physically-based leraction between cells, however, can be rectilied by fixing the
posstione of the lowest layer of eells and warying their vohmee Instead. In canputer graphics, Lhis

technigne is relerred 1o s w height-feld.

12




24 HEIGHT-FIELDS

2.4 Hcight-fields

A heiglt beld is s Computer Graphics approach to solume representation. The techinique divides
n volime of material into vertieal colwans bing on a rectilinesr grid. As with the cells in a CA,
the behavious of a colunn is governed by the properties of the columus that boreler it In this
sense, & height fiekl ix 4 special ease of a 2D cellular automaton, with each cell fixed in position
aml storing at Jeast o height property. The latter allows ug to visnalise the helght Held as 6 3D
surfnee, as seen in Fignee 2.4

Figure 2.4: Example of a height-field, & 20 rectilinear plane divides 303 space into a grid of rectangular
cells, Each cell stores the elevation of a discrete paint ar a cowmn lying above the plane. We can
visualise this grid either as a cul ection of columns ar as a tangulaled poind set (mesh),

Hiaght-fiekd methods have produced attractive resulls, mcheling realistic behaviours absent from
fluid models Sumper ot al. deseribed an appearapee-based ethod for producing foorprines,
tyre tvacks, and skid marky iu o material [SOH99]. The production of these offccts dependeal
an various parameters, including s “lguidits™ parametor that attemptod to model sand, nold,
ur snow, from low Lo high water eoncencration, sespectively, However, these parwmeters do
not resemble quantitative physical properties of the material being madeled. This, qualitative
svaluativn = needed to produoge the desired result.

Li and Moshell developed a height field simulation to model real-time soil slippage [LMS3
The sand composing the height-Aeld evolves until it reaches a static equilibrivin. When this
eqpuilibrin is disturhed, such as when the sides of a dune excend the angle of repose for sand,
then voluae i shifted to restore the equilibeinm.  Unlike the wethod of Sumner of nl, this
teehnique estimates volume shilts using a foree model hased on physical propertics of sond, such
us tnass, Their cechnique also allows nsers to =hift, cell volume hotizontally. as well as diy and pile
wnnel. Sand interaction, however, is noc supported for arbiteary objects, thus precluding, effects

such as tracks or fbotprints,

Omonw and Nishita ONOF use & nulti-valusl height field to achieve scparate volmne transpoct.
Each column of sand may have multiple separate sand volumes within that column, where the
lowest scetion rests on the wrowsd plane, while the next rests on an abject. In this way. a
sl g be transported ina bueket across the surlace, Later itnprovements by Zeny ot al.
anffet .Im.:;r.r.ucuh;m-'lmud. object interaction to the leight-ficld, thus enabling more jhysically-

13




CHAPTER 2. BACKGROUND

realistic volume changes [ZTY*07].

Another physically-based model, by Chanclou et al., achieved soil compression, piling, and track
formation [CLH96]. They represented the influence of soil on an external object with a particle-

based model at the contact surface.

However. these height-ficld techuiques fail to model high-speed events, such as sand spattering
away from projectile impact, where granules must rapidly exchange energy [BYMO5]. Instead,
a particulate model is needed where granules involved in such energy exchange are represented
explicitly with their own physical properties such as velocity. Techniques that model individual

interacting elements in this way are known as distinct element methods.

2.5 Distinct element methods

The distinct element method (DEM) represents a class of numerical techniques that model the
motion of large quantities of particles, such as grains of sand [WHM87]. A seminal application by
Cundall and Strack applied a DEM to the modelling of rock mechanics [CS79]. They introduced
the use of distinct spherical particles to model rocks, applying ideas from molecular dynamics

(MD) to granular systems.

While the terms MD and DEM are often used interchangeably, they have important differ-
ences [Rap04]. In contrast to DEM, MD particles are restricted to groups of atoms, so that
distances are atomic and the time-scale of interactions is in nanoseconds. Further, particles
follow a global potential gradient that relies on relative particle positioning. Finally, MD
simulations typically use periodic boundary conditions, which reduces the number of particles
in the simulation, while removing boundary effects that do not conform to the assumption of a

uniform environment.

While DEM and MD particles are both spherical, DEM particles are usually macroscopic (rocks
and boulders) or mesoscopic (granules and powders) in size [CS79]. In addition, interactions
between particles occur at perceivable distances and on a millisecond time-scale. Also, these
interactions are generally free of thermodynamic effects. which is true of sand as well [JS83].

Finally, the simulation boundaries are modeled explicitly with geometric surfaces.

The application of DEM to modelling sand entails representing mesoscopic granules as particles
driven by forces produced during collision. These forces are important, since they determine the
overall behaviour of the material [CS79]. Therefore, the next section examines the forces involved

in modelling sand granules as spherical particles.

2.5.1 Forces

We may separate the forces experienced by granules into two types [IN92]. First, a strictly

repulsive force occurs with head-on collisions, akin to two billiard balls elastically rebounding

14



2h. TISTINCGT ELEMENT METIIODS

aff ome another, Ilowever, sinee saud coimes 1o rost, a secoml dissipative foree must be at worl.
CUe source of this foree s inelestio eoffision, which refers 1o colliding bodies Lhat do not scparate
after impact, A sccomd souree 15 tangentied frction, which acts araiust the relative motion of Ao

colliding badics,

When gramiles achicve rest eolleetively a thicd less high-eoergy force Llakes effect, This force,
called stutic friction, acts hotween hodies that comain in persistent contace. Ingraolar material,

it 15 respowsible for holdisg the pranular farmalion topether, producing dunes.

Finallv, loang-remge forces aceur between aranules. Most of these foroes, including Calawred foree s,
vanse iusignificant attraction betareen gratules and are safely imaorcd [JNO2]. Far mesoscopie and

mserescopic pactieles, howsver, only Lthe long-range effect, of gravity is significant [JNBOG .

These forces impartant to mescscople particles are llnstrated in Figure 2.5,

8::842

[ay Camping (b} Salo Irictien [} Targen sl fncl ar [d) nolashc cohsion
Figure 2.5! Farces duc 1o particle collisians, (2 & slight amawrd of dearmation pradices damping.
which anls synchronously and opposilely to velooity, (b)) Shight deformalion al & comtaet poird and
slatic friction keeps & sphers from §ipping down the pie (o) Calliding spheres act lanaontially on 2ach
ather praducing friction apposing relative mation. (d) Inelastic colision results in spheres remaining in
cantact after calision, instead of rebounding off one anather.

Civen an appropriate farce model for the these interactions [SIVWOG], sand gramales can he
represented directly as belividoeal particles with assoeiated phvsieal properties such as mass,
position awd velocity, Parliele-beased simolacion beeins by placing sll pactieles 1o their scarving
posttions and sctting their initial velocities.  Far cach diserete fime interval, or fire step, the
simulation will necd to caleulate all forces acting an the granular material. These forees are wsed

to produce Lhe motion of particles, which ulthimately results in glabal material bebaviour,

Unfortumately, inding all the farces necded in the last step s a computationally expensive task,
sinee it entails finding which particles hoave collided.  This problem and varions sclutions are
discusscd in the fallowing section.

2.5.2 Collision detection

Spacc-ocenprving spherieal particles, when used to simulace gronular assemblies ar other macerials,
wist ressproinl bo luber-particle collisions. owesver, lwding collisions or possibly colliding particle

pairs among thousands of partieles s nontrivial




CHAPTER 2. BACKGROUND

The problem is easier than for rigid bodies, as discussed in Section 2.6, since we deal only with
spheres. A positive collision is when the distance between two particles is less than the sum of
their radii. A simulation is further simplified by having all particles of the same radii, since no

explicit radius value needs to be stored in memory.

Many force models in particle simulation work on resolving binary contacts as an estimate for the
multiple simultaneous contacts that occur in reality [CS79, SDW96, BYMO05]. Thus, the problem
is to find positive contacts among all the possible contact pairs, which naively means checking

intersection of each particle against all others, as illustrated in Figure 2.6a.

A further optimisation is to consider only particles that lie within a small neighbourhood of
one another. This simplification is valid, since we have established that forces in a granular
material arise either from gravity (a uniform force) or from local contact between particles.
Limiting searches to local neighbourhoods lowers the collision search cost for each particle, since

the simulation now checks only local particle pairs, rather than all possible pairs.

Various implementations of this idea exist. For sand simulation, one method is to triangulate
the network of possible collisions among particle pairs [Fer01], as illustrated in Figure 2.6b. This
markedly reduces pair count, but also discards some potential collision pairs. However, the

triangulation is used to resolve these lost pairs during simulation.

Another approach is to subdivide the simulation into a rectilinear grid, as shown in Figures 2.6¢
and 2.6d. The subparts of this grid, called cells, store the identities of particles that occupy
the same space as the cell. Such grid-based methods have been used extensively for GPU-based
particle system simulation [KLRS04, KKK*05, KvdDP03], but these methods do not necessarily
apply to DEM particles. General particles, for example, are often represented as a collection
of point sprites, thus avoiding inter-particle collisions calculation, but preventing pile formation.
More applicable are the GPU-based methods that treat spherical particles as the space-occupying
material that evolves through time based on physical laws [HBS1T03, LLW04, Har05, HKK07].

There are many cases when either large storage demands or the lack of uniform grain size become
issues in DEM simulation. In these instances, instead of using uniformly divided grids, an adaptive
subdivision approach can be taken. In the two-dimensional case, a well-known alternative is the
quadtree [FB74, Sam84]. For a set of points on a square two-dimensional surface, tree construction
consists of recursively subdividing space into four quadrants until the final squarcs (leaf nodes
of the tree) contain only one point, as seen in Figure 2.6e. Octrees follow an analogous three-
dimensional process that recursively subdivides a cube into eight parts until points are isolated.
Importantly, both generic [LSK*06] and specific [KLST05] GPU implementations exist for this

approach.

With collision detection in place, the simulation can now accumulate forces to produce motion of
particles. Particles represent approximations to near spherical grains. However, many sand types
have grains with faces and edges [Mah02]. In addition, calculating static friction for spherical

particles can be computationally expensive, since particle contact has to be tracked across the
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(a) Brute force (b) Triangulation (c) Coarse uniform grid

: @ s f\'
6@ Q) e
@Q@' olc
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| 17

L

(d) Fine uniform grid (e) Quad tree (“2D Octree”)

Figure 2.68: Spatial subdivision for collision detection. (a) The naive approach is to test each particle
for intersection against all others. However, for n particles, this algorithm uses on the order of n?
pair-wise tests. (b) Triangulating the particles reduces the number of pair-wise comparisons, but may
be offset by the cost of constructing the triangulation itself. (c) A faster approach is to consider only
particles that lie within a small neighbourhood of one another, since only local forces are needed. A
grid can be used to divide the domain into equal-sized sections called cells (blue squares) storing
granule occupancy based on their centre positions. This limits searches to local neighbourhoods,
thus lowering the collision search cost per particle. (d) However, a fine balance exists between grid
resolution and cell-size, since every cell, whether occupied or not, is allocated in memory. (e) The
quad tree and octree try to mitigate excessive space use by storing only occupied cells. A quadtree
structure is used to record cells centres by progressively quartering the domain to locate particle
centres. However, a construction cost is involved in producing these trees.

evolution of the simulation [LH93].

Bell et al. [BYMO05] circumvent the expensive static friction calculation by modelling grains of
sand as non-spherical bodies made from an arrangement of spherical particles constrained to move
together. Modelling sand grains with an irregular arrangement of geometry has the advantage
of automatically handling static friction. In sand, these static forces occur between motionless,
packed grains and contribute significantly to dune formation. Since the shape of the granules leads
to their interlocking, there is no need to estimate inter-grain static friction with expensive and
empirical inter-particle force calculations. Instead, the tangential force used in collision processing

will naturally impede slippage.

Another approach is to forgo spherical particles and use polyhedrons with faces approximately
matching a desired grain geometry. The simulation of polyhedrons requires rigid body

interactions, which is discussed in the next section.
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CHAPTER 2. BACKGROUND

2.6 Rigid body dynamics

Rigid body dynamics deals with objects that occupy hnite space and have various geometric
properties, including a centre of mass, moments of inertia, and so on [Wit77]. While real-world
materials may undergo deformation during collision or resting contact, the geometry of a rigid
object is unchanged by an applied force: the distance between any two points inside a rigid body
remains constant across time, regardless of any external influences. This avolds the difficultics of
having to handle a changing centre of mass; detecting and resolving self-collisions; and calculating

internal tension and various other properties related to deformation behaviour.

Fortunately, as sand granules and many other materials experience negligible deformation, we
can model them naturally and accurately as rigid bodies. Matuttis et al. have modeled sand
in the two-dimensional case as polygons and compared these results to a similar particle-based
simulation using two-dimensional spheres (disks) [MLHO00]. In both cases, they observed arching
and stress-chains in the presence of a rough ground surface, but without intergranule friction.
However, spherical granules produced piles with smaller angles of repose. Similar behaviour is
observed with regular many-sided polygons, which are close to spheres in shape. This suggests

that regular many-sided geometry offers little advantage over a DEM approach.

In addition, three-dimensional particle-based representations allow movement in three mutually
exclusive directions (three degrees of freedom). However, a rigid body representation includes
rotation around these axes, giving six degrees of freedom in total, as seen in Figure 2.7. This leads

to more calculations per moving component in the simulation when using rigid-body dynamics.

Figure 2.7: One mutually exclusive axis adds two degrees of freedom to rigid body motion.

Nevertheless, rigid-body methods may still apply to simulating certain granule shapes. While
little work has been done in computer graphics relating specifically to the simulation of granular

material, various rigid body simulation methods may apply to simulating granule behaviour.

Mirtich described an impulse-based approach, improving on previous constraint-based methods
that continually calculate separation forces between contact points [Mir96]. This method models
all interactions between rigid bodies as collisions. It simulates all types of mechanical behaviour,
such as rolling, sliding and resting, in this way. While simple and efficient for many purposes,
this model does not handle prolonged contact between bodies correctly and results in oscillation
or slow shifting of supposedly stationary stacked objects. Similarly, the method cannot model
static fiction. The result is static friction creep (Figure 2.8) where objects supposedly at rest slide

slowly down an incline. This is a significant drawback for granular material simulation, where
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prolonged contact and static friction are integral to proper behaviour.

Figure 2.8: An example of static friction creep. Impulse-based approaches can lead to rocking
behaviour because of small and sequentially reactive forces produced from seemingly negligible
interpenetration. This results in a rigid body progressively sliding down an incline.

Guendelman et al. [GBF03] produced rigid body simulation using a dual representation for
geonietry as both a triangulated surface and signed-distance function (see Section 6.1) defined
on a grid. A time integration algorithm that clearly separates contact resolution from collision
was used to prevent artifacts, such as objects which jitter when seemingly at rest. This avoids
the common empirical approach of using improvised threshold velocities to remove these special
cases from the collision model. They also described a shock propagation algorithm, applied
after contact propagation, which prevents stacked objects from slowly interpenetrating. Finally,
they show stacking of one thousand nonconvex rigid bodies with friction, thus demonstrating

applicability to granular material modelling.

However, thousands of granules are needed to model real landforms. This method and many of
those mentioned in other sections are limited by the computational cost of the physics calculations
they employ. In Chapter 1, we alluded to the importance of graphics hardware for accelerating
these physics calculations. The next section briefly discusses previous work applicable to sand

simulation that has taken advantage of graphics hardware to produce real-time results.

2.7 GPU-based simulation

The graphics processor (GPU) has evolved into a powerful data-parallel computational device,
specifically designed for arithmetically intensive processing. Much of the driving force behind
these developments is an increasing demand for larger rendering performance in games. The bulk
of GPU rendering concerns processing batches of vertices and pixels. In particular, the GPU
processing is parallel, working separately on transforming vertices or colouring pixels. Owens et
al. discusses the many GPU-related algorithms that have exploited this parallelism [OLG*07].

In Section 4, we provide a detailed look at how this parallelism is exploited in this thesis.

Kipfer et al. [KSWO04] animated large particle sets by taking advantage of the GPU. A special
geometry container, called a pixel buffer object. stores position and motion data for particles,

which are sent to the GPU to be updated. The results are then read back to the CPU. Their
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method accounts for inter-particle collisions by sorting particles into collision pairs directly on
the GPU.

Kolb et al. [KLRS04] produced a GPU-based particle system simulator able to render a
dynamically growing particle system of up to one million particles in real-time. Their main
contribution is a collision detection algorithm based on surface normal data and depth maps,
which capture the distance values of visible surfaces in the scene. The first step is to store
this information in textures for fast access by rendering operations. The collision detection
algorithm then compares arbitrary particle positions to local objects by reconstituting object
surface information from the static texture data. Hardware-acceleration is due in part to rendering
operations driving storage, updates, and queries of the texture data. They also present a GPU-

based parallel algorithm for depth sorting that orders particles for transparency effects.

Advancement in GPU programmability has lead to more sophisticated simulations being carried
out on the GPU. Harada et al. [HKKO07] and Venetillo et al. [VCOT7] have demonstrated particle
simulations on the order of millions of particles running in real-time. They perform collision
detection, force calculation, and motion updates entirely on the GPU. The results of the

simulation are visualised in real-time as well.

Similar to the work presented in this thesis, Yasuda et al. [YHKO8] have recently demonstrated
granular material simulation on the GPU. However, static friction behaviour is not addressed in

their method, which must forgo large angles of repose and complicated pile formation.

2.8 Summary

Unsurprisingly, no single simulation model has accounted for the great variety of granular
behaviour exhibited by sand and related materials. In particular, the strongest division among
previous methods is the level of detail they use in simulating granules, and the behaviour resulting
from this decision, both successfully produced or not. In addition, while many relevant techniques
in the real-time simulation of physical materials do not deal with sand or other granular material
specifically. they trivially extend to such simulation. Nevertheless, we summarise the capabilities

of previous methods in Table 2.1.

Model Real-time GPU* Cluster* Weaknesses

Discrete Yes Yes No Lacks physical basis
Continuous Yes Yes Yes No granular effects

Rigid bodies Yes Yes No Limited granule count
DEM Yes Yes Yes Static friction is expensive

Table 2.1: Comparison of methods available for simulating sand. The above comparison
assumes a large quantity of material is simulated.

* Implementation platform

The simulation presented in this thesis exploits the granular behaviour and speed advantage of
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DEM simulations [HKKO07], as well as the modelling accuracy of a non-GPU approach [BYMO5]
to produce real-time granular material simulation. An underlying DEM force model is developed
first to handle complex static friction behaviours that are needed for pile formation. The latter

development is the topic of the next chapter.
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Chapter 3

A DEM model for sand

In the previous chapter, we discussed various techniques for simulating the behaviour of sand. We
found the DEM approach well suited to modelling sand behaviour at a high level-of-detail, that
is, using grain-grain interaction. However, we also found the DEM approach has two challenging
drawbacks. The first is the overhead and special handling required to produce static friction
for spherical DEM particles. The second is the expensive physics calculations needed for large
particle counts, which model realistic landforms. Given the importance and attractiveness of the

DEM approach, however, the latter two problems need to be addressed.

This chapter describes a DEM-based model able to simulate the granular behaviour of sand. The
model presented here addresses the first problem of static friction production by modelling grains
as multiparticle bodies. Thus, the advantages of DEM are maintained, while mitigating expensive
calculation and storage costs through implicit geometric “roughness™ of the grains. Intergrain
force models are discussed, which are relevant to the behaviour of the material as a whole. The
approach presented in this chapter is calibrated to real-world experimental results, where possible.
Finally, we discuss the physics involved in producing the resulting grain motion. The remaining
problem of accelerating the DEM physics calculations, as presented in this chapter, is left to
Chapter 4.

3.1 Overview

The DEM simulation described in this thesis follows the basic procedure outlined in Section 2.5.
Collisions between granules are detected; the force produced by granule contact and collision
is calculated; and the motions of the granules are updated. The difference is that we use a
multiparticle model for individual granules, as suggested by Bell et al. [BYMO5], instead of a
single particle for each granule. In this model, as shown in Figure 3.1, each multiparticle granule
consists of four rigidly positioned particles that move together as a single body through space.

Thus, while granules are modeled as a “rigid body”, the physically-based handling of the granule
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is Lhandled v a DEM, rather than by tigid body dyoamics'. The advantages of this is the

wheence of expensive collision tests for vortes, edae, and face peometry, and bandling of multiple

ponetration points for foree caloulation [Mir9t, Deoll3

Furtherwore, the regulr efrukedrl arrangemaent of four parsicles snjovs two advansages over
alternane conheurations. Firstly, the centres of any arrangement of three particlos {or loss) will
alwavs lie on a plane, producing s eramle with al wost lwo-dimensional ratacional symmetry.
Lo comirast, the ventres of four parcicles ean form s nonplenar arransement called a general
tetraledron, In Lhe lavter case, I wo space particles ovenly, we have s repdior tevrabedion with
chroo-dimensional rotatinnal syiumetey, Unlike the two-dimensional ease, rotational inertia for the
ropulat tetrahedron is the same irrespective ol the axis ol rotation. This fact hoth simplities sand
gecelerates calonlalion of rotalional momenta. We alsa speculsie chat coneave Teglons between
the spheres promote interlocking among granules, thus mimicking seatic friction. 'The second
advantage of a totrohedral arrangoment is faster simulation, ss Ue nexl regular scructure with
ralationally invariant inercia is s cnbe, which wonld require the siwulavion Lo manipulate and

store twlce the vumlber of particles por gramale.

Figure 3.1: Particle-granule mocels. The lefl model represems a grandle in a stangard DFM moceol,
which uses a3 one-lo-ane granule-particle mapping. The DFM prosented in this chapter, however,
maps gach granule to fod- particles positioned at the corners of a tetrahedron,

Tarticle and granule propercics, such as cheir position and veloeity, evolve throngh Lime, based
om the forces they cxpenence. Sinee we canpol sample these properties with infinite precision,
finite obsorvations nmst be minde af parcegler time otervials, These inlervals, callod fime-steps.
way vary in length. However, chis thesis cmploys o lxed-gize time-step At (see Sectivn daby. The
actions Laken by the simulation o prodice the observation ot time £ - A2 from the observation

ab wine 1 oare lsted in Fignre 5.2

Forces acling oo particles aver the interval &t are summes] to give the total loree seting on Lheir
parent pramules. Bumerical integration of the resadliog foree allows the simulation to ealeulate
e prangle positions and velocities at time ¢+ Aé Finally, the resuliing graoule proporeics »f

Lime ¢ + &¢ are useed o derive che new proporties of thoir particle eonstituenes ol Lhal Lioe,

This desizn assumes thae roes beve acted for o dwation 3¢ on graooles whose properties ams
Srwed wl time {0 Natice that this is not stricoly valid, sinee forces acting on granules chamgs
gramule properties inslaotaneously. Nevertheless, wich sufficiently small At, simulations are able
tor relinhily estimate continmons belaviowr Bard?,

"The ner of multiparticle granles entails handliog particle aod pranule processing soparatoly. Far Chis reasor,
Buth in this chapter and che next, Lhe term vighd by s uasd when referriog to a tetrahedrad graoole, as
chisbioguislie ] Doy ibs particle coostioients.
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Figure 3.2; Simulalion behaviour, Crce collisions have been detected, a comlact madel 15 applied
to colliding granules to fird forces acting on each particke.  1he iatal force acting an each particls
iz accurmilated and wsed to caicdlale the total force acling on each granule. The laller farce is
imegrated to produce new values for granule {rigid body] position and velacily, The opdated properties
af partices can be deqived fraom the new properties af granules they compose, The collision detection
structure (grid) is then rebuilt using parlicle posilions and simulation processing returns to the first
shep.

Ancther consequence of the discreie time interval is 1hal particle geometry way iulerpenetrale,
as illysteated in Figure .5 In the next section, we shall see the soft sphere model gives physicad

mesning Lo this overiap, for small Ad
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Figure 3.3; Interpenel-ation resulling rom discrale ime slepping. Both particles (700 circles) are
sepaale at time £, while they nlerpenetrate (lwo dashed circles) at time £ + 250 Far a hand sphere

modal. however, the simulatian wauld have to run backeards to time < ¢ - ¢ where contact first
CCoUrs, since interpenelration is nol allowsd.

A reiated proldein vocwrs wilen pacticles reac sulliciently high welocivy, allowing chem ta “pass”

throngh one snother during an interval, I Chis oceurs, the sinndaticn observes e inter penetralion
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CHAPTER 3. A DEM MODEL FOR SAND

at time t + At and thus finds no collision event. For this reason, the simulation must ensure

velocities are within a certain limit, as discussed later in Section 3.3.1.

We now turn to the most important part of a DEM, the modelling of forces between granules.
However, as described above, the model is applied between particles, before deriving the granule’s
response based on its particle constituents. Thus, the remainder of this chapter deals with the

forces and motion of particles, unless otherwise indicated.

3.2 Intergrain force models

The DEM presented here is sometimes referred to as a soft particle method, as mentioned in the
previous section. This means that particles may interpenetrate one another during the course of
the simulation. Indeed, this penetration is necessary, since it represents the virtual deformation
behaviour of the particles. That is, intergrain contact handling parameterises and estimates a
body’s deformation and its consequent response to deformation, by the depth of particle overlap.
Much like pressing a balloon into the floor, the more force you apply, the more compression
and deformation the balloon experiences, and the higher it will rise when released. For colliding

soft spheres, the same analogy applies, except the spheres do not change shape, as illustrated in

Figure 3.4.

(a) Deformation {b) Rigid penetration
Figure 3.4: Estimating deformation by penetration depth. (a) In reality, colliding spheres experience
deformation, the extent of which is determined by their material composition. (b) However, the soft-
sphere model does not modify rigid spherical geometry during collision. Instead it estimates the
change in spherical shape by the penetration depth (blue line).

More sophisticated force models, however, use other collision parameters as well. These

parameters are examined next.

3.2.1 Parametrising collision between two particles

We consider general contact between two soft-sphere particles, each on separate granules
G; for i € {1.2}. These particles have radii R;, positions r;, velocities v;, and angular velocities

w; for ¢ € {1,2}, as illustrated in Figure 3.5.

As mentioned above, particle deformation is parameterised according to the depth of particle

overlap &, , which is given by

gn — max {07 Rl + RQ — HI‘l — I‘2||} . (31)
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Particle 1 Particle 2

e, —

Figure 3.5: Parameterised collision between two soft-sphere particles in a DEM simulation.

When considering the collision from the perspective of particle P, we are concerned with forces
produced by the action of particle P, on P;. From the remainder of this chapter, when F is
used, we mean the force Fi5 that P, applies to P;. This comes without a loss of generality, since
Newton’s third law of reciprocal action gives that P exerts an equal and opposite force Fa; on

Py, such that Fop; = —Fs.

It is convenient for contact modelling to decompose forces and velocities with respect to their
components in the coordinate frame having one axis in the normal direction, that is, from P, to
Py and the other axis in the tangent plane T produced by the intersection of the particle surfaces.

The unit vector n identifies the nonnal axis and is given by

r; — I
=" (3.2)
T2 — 11|
The relative velocity for the contact point is given by
Ve = (V2 - Vl) . (33)

Thus, we can calculate the relative velocity acting in the normal direction by projecting it onto
n to obtain

v, = (Ve -n)n. (3.4)
The tangential components are similarly obtained, but with the projection onto the tangential
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CHAPTER 3. A DEM MODEL FOR SAND

plane, which is equivalent to removing the normal component of the relative velocity:
Vs =Ve— vV, =V (Ve n)n (3.5)

A more convenient notation, used later on, is to let én, = v.-n, which represents the rate of change
of the distance between the particles in the normal direction. Rewriting relative tangential velocity
using this notation gives

Ve = Ve — Epn. (3.6)

If the force F experienced by each particle is not collinear with n, then there is a tangential force

component and v, # 0. For this case, we may derive the unit tangential vector s by

s= ¢ (3.7)

Importantly, we have assumed that all variables, whether vector or scalar, are functions of
the simulation time t. We do not show this explicitly to avoid notational clutter. Thus, any

differentiation with respect to time, such as for &,, is well-defined.

The preceding definitions give us enough parameterisation of the collision event to begin discussing
DEM contact models. These are methods the simulation may use to calculate the force produced

by each intergrain particle-particle collision.

3.2.2 Contact model I: The linear spring-dashpot

The linear spring-dashpot is a widely used and simplistic model for simulating granular
material [CS79]. The idea is to insert a normal and a tangential spring at the point of contact
between two colliding grains (particles in this work). These “virtual springs™ exist throughout the
contact phase, producing force until the particles have separated. Each virtual spring is modeled

as a linear spring combined with a dashpot, as illustrated in Figure 3.6.

The linear-dashpot model can be formulated as

Fn = ikngn - "/nsc'n~ (38)
Fs _ksgs - ’)sé» (39)

where F,, is the force measured along the normal direction. This value depends on the relative
size, shape, and positions of the particles participating in the binary collision. The values k,, and
4n are the normal stiffness and normal damping coefficients, respectively. They determine the
respective amount of force contributed from normal displacement &,, and relative normal velocity
én at the contact point. & is the tangential displacement of the contact point and és is the speed

of this displacement.

The shear force F, tangential to the normal, differs from the normal force in that it is a vector
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3.2, INTERCGRAIN FORCE MODELS

Figure 3.6: Lincar spring-dashpet maode for normal and tangenbal oroes, Springs arc applied ooly
during parlicle avarlap, hesever, fordlustrative purposes, parlicles are shown here as separated. The
normal Spring asscomated with sliffness &, when compressec. prodlces a reactive ‘uree that pashes

the: padicles away from each other, antil overlaps remeoved. Sirilarly, a tangential spring, asseciatea

with stiffness f0, ano its matching dashpot, resdts in a shear ‘oroe that hindors the parlicles from

sliding over each ther. The prasence of dashpots (ringed inred) is to imit the amount by which their
matching springs can be shortened from compression  While particles may peneirate beyond this
mirnrmum dislance, the force produced by spnngs never excecas the lirmit impased by ther dashpots.
This mitigates the production of anreaoastically large forces in the normal airection, when the time slep
cadses large particle owerlaps. Inthe tangential case, once the dashpot limit s reached, particles
Begin 0 slide over each ather (@5 suggested by the blue ollers)

rather than scalar quantity, Strictly speaking, F. is a 2-vector, since it ropresents the total farce
restricted to two degrees of freedom i the tangent plane T Topether with £, it captures the
tutal lorce aeting 1 30 space. However, woe express By o 3-veetor lovo abawe, sinee il sitnplifies
the calenlation aof the total foroe o

= Fun | F, (3.10)

I Fequation 349, the tangential displacoment £, is found by integrating the taongential velocity

aver sitlation time as

E.,,=j'v$dr. (3.11)

T the case of fwo 20 splieres colluliog, Bgoation 3,11 reduces to a sealar integral, which is sasily
solverd. For the 3D ease. however, the caloulation is more complicated. As mentioned carlior, ¥
hias two degrees of freedom in 1, which does not prechsde T itself changing orientation. 1t s this
change of T over time that makes caloulating the &, and &, computationally sxpensive, This is

seert by deriving a recurrence relation for £.01 + AL {see |[Fazll? ), specifically
L4 AV =F,08)  {£:00) om(F | Arn(E) « vi(t - AN (512

This cquation allows us Lo explicitly derive £, a3 needed. The iutaition behind Chis squation is
tlinh the first s Last ternes togetler represend, s typicad backward Euler integration scheme for

upedating £, The soeond torm however, adapts E,04) slightly so that it will e in P+ Ad).
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CHAPTER 3. A DEM MODEL FOR SAND

The downside to explicitly calculating &, is the large extra storage, retrieval, and read costs for
calculating tangential force. Equation 3.12 needs the new tangential plane orientation given by
n{t+ At) and the new relative tangential velocity v4(t-+ At), which we expect to calculate anyway
at each time step. However, it also requires the previous calculated value for the tangential
displacement &,(t) and the previous normal vector n(t). In addition, we must still compute

&s(t + At), which necessitates storing its previous value as well. Of course, these dependencies

are for just one of many possible binary collisions the particle may participate in at time £ + At.

Calculating tangential force in this way allows us to model both static and sliding friction [CS79,
LH93|, at a heavy cost to real-time interactivity. An alternative is to estimate static friction
behaviour by using only dynamic (sliding) friction. One of the simplest ways of doing this is to
use viscous damping. This produces a force in opposition to tangential velocity and proportional
to it as well. Formally, it is given by

Fg = —vs (3.13)

where 4 1s a viscous damping term. Unfortunately, this can give problems because it does not
necessarily obey Coulomb’s law
IIFs |l < pllFll (3.14)

which says that the tangential force is bounded by the normal force. Put another way, the harder
a solid object is pressed into another, the more force is needed to move that object transversely
away from the contact point. This relationship is specified on a material basis by the coefficient
of friction u. Incorporating this dependence on the normal force and the coefficient of friction
into Equation 3.13 gives
F, = —Lan = —suF,. (3.15)
[[vsl]
However, this equation presents numerical difficulties with small relative velocities as well as a
discontinuity when v, = 0. The solution to this is to combine Equations 3.13 and 3.15 [SDWY6]
to get
F, — —pkysif By < qsl|vsll, (3.16)
—~sVy  otherwise.
This formula is computationally cfficient to use, but supports only sliding friction. However, our
irregular grain geometry should account for static friction through locking between grain surfaces,
provided sliding forces work to prevent motion when the velocity is small. That is, we need the
parameters of this equation balanced so that sliding behaviour is accounted for and reasonable
agreement is achieved with contact dynamics simulations [LH93, BD98, RSD*97]. Doing this
means selecting the “best” value for ~,, since u is already known. This choice is a heuristic one,
but one where a reasonable estimate can be made [Faz07]. For example, we could consider the
maximum velocity attained in free fall over the duration we expect a typical collision to last. If
we then consider some particle participating in a collision, when its velocity lies above this value,
we make the reasonable assertion that the particle is sliding and should experience sliding contact

friction. Below this value we could then assume viscous damping.
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3.2. INTERGRAIN FORCE MODELS

For completeness, we mention an alternative approach to modelling tangential friction that
differentiates static and sliding friction, unlike Equation 3.16. The distinction between static
and sliding cases is usually made by applying a threshold [BYMO05}, which is usually taken to be

the maximum force below which grains remain static.

Thresholding particle forces, however, is a history dependent operation, because we need to
know what the forces were previously to check whether these have been exceeded. In terms
of the tangential forces, previous work by Lee and Hermann [LH93] used a viscoelastic mode}
that introduced springs when particles first come into contact. They also stored the subsequent
displacement of the particles, which was used to viscously damp particle motion for sufficiently

small relative tangential velocity. The equation describing this scenario is

] L
F, = -mm(an.’ySHLH)m, (3.17)

where L represents the total displacement of the spherical particles from their initial point of
contact. This procedure is computationally expensive due to its history dependence. The
alternative we use is to introduce irregular grain geometry, as described in Section 3.1, where
each grain is built of a number of particles. This allows us to simulate the cut-off distance
behaviour of Equation 3.17 as geometrical locking between granules. That is, with sufficiently

small relative tangential velocity, granules are unlikely to escape tangentially from their contact.

3.2.3 Contact model II: Hertz theory

For the normal forces better predictive models exist as well. Hertz contact forces between spheres

is given in elasticity theory [LL86] as
1 3
Fn, = "771571 2&71 - kn§n 2. (318)
The stiftness coeflicient ky, is given in terms of the properties of the materials in contact by

4
kyp = g eff V Reg (319)

where F.g and Reg arc the effeetive mass and the effective radius of the particles, respectively.

These parameters are given by [BYMO5]

1 1 1
= — 4+ —, 3.20
Reg Ry N Rs (3:20)
1 1 - 1/12 1-— I/22
= , 3.21
Eew E, * Es (3:21)

where £; and v; are the Young’s modulus and Poisson ratio for each particle, respectively. Young’s
modulus is a measure of stiffness for a aterial, provided we are considering a material that

displays the same elastic properties in all orientations. It is determined experimentally from the
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CHAPTER 3. A DEM MODEL FOR SAND

slope of a stress-strain curve during tests of tensile behaviour of a material. We use a Young’s
modulus between 10MPa to 100MPa as is used in the simulations of Bell et al. [BYMO5].

The Poisson ratio is a measure of how materials change volume under stress. Most materials
resist a change in volume more than they resist a change in shape. The reason for this is that at
a molecular level, inter-atomic bonds realign and stretch as molecules move to accommodate a
stress. This behaviour usually produces bond lengthening in the stress direction and shortening
in other directions. The Poisson ratio for sand is somewhere between 0.2 and 0.45. Note that in

our case all parameters have the same values for both particles.

An important issue to address with the Hertz model is that collision duration t,, is now dependent

on normal impact velocity [SDW96] (without considering the viscous damping produced by
3
_k71£71§):

[ 1N]

tn43m<2ﬁ)\wm*§ (3.22)

where v,, here means the initial normal velocity and meg is the effective mass derived analogously
to the effective radius given in Equation 3.20. Achieving sufficient numerical accuracy, therefore,
requires that At be dependent on the maximum relative velocity that can be expected during the

simulation.

In comparison, for the normal force discussed earlier in the linear-dashpot model and presented
in equation 3.8, we can solve for the necessary collision duration analytically [SDW96] using some

initial conditions, such as &,(0) = 0 and &,(0) = v,, to get

kn k21 2 - %
tn*ﬂ< (! )) , (3.23)

Mg 2men

where k,, and -, are the values taken from the linear-dashpot rather than the Hertz model. The

previous analytical method also gives the coeflicient of norinal restitution as
— ¢,
€, = € 2Mett (3.24)

which we can solve to find the value for -, as

—Ilne,

Tn = 27neﬂ' (325)

T

That is, the normal damping depends on the contact duration ¢, and the normal restitution
coefficient e,,. The latter is a ratio of the normal velocities following and preceding a collision.

That is,
en = —2, en € [0,1]. (3.26)

i
vn,
where v/ and v! are the final and initial normal velocities for a collision. The restitution

cocfficient e,, is a value that characterises dissipation due to a collision. That is, it describes

the loss of kinetic energy, which during a collision is converted to other forms of energy, such as
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sound waves or heat.

Restitution is an important property when considering viscoelastic models such as the Hertz
model, as given in Equation 3.18, where there is a mixture of viscous damping and elastic
behaviour. It has been found through experiment that restitution decreases with increasing
impact velocity as given in the relationship (1 — e,) x v [KK87]. The Hertz model has e,, — 0

with increasing v! . agreeing with experiment [SDW96].

3.2.4 Summary

The forces used in our granular model of sand as rigid particles are given by the following equations

L. 3
[‘n = 7’711671 2 571, - kngn 2, (327)

Vs

FS = 777“‘”(HF71~75HVSH)W~

where the vector version of the normal force is given as nF},. The stiffness. damping, and normal
restitution coefficients are calculated according to Equations 3.19, 3.25, and 3.26, respectively.
The duration is derived as in equation 3.23 and sets the upper bound for At. In general, we want

to have At <« t,,, but for GPU simulation this is too much to ask.

The values for the parameters mentioned above and their relevance to time-step size are discussed

further in Section 7.2.

3.3 Grain dynamics

The general position of an object can be given by taking the object in some coordinate frame,
then rotating it about some vector (axis) and translating it relative to the origin of the coordinate
frame. However, to simplify the equations of motion, we usually simplify this picture by assuming

that a rotational axis goes through the object’s center of mass.

The first two sections to follow describe the translational and rotational equations governing
granule motion. Importantly, however, rotation must precede translation, when applying these
equations to grain motion. In addition, later chapters of this thesis present algorithms that
need explicit particle information. This information can be derived from the properties of parent

granules, as described by the third section below.
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CHAPTER 3. A DEM MODEL FOR SAND

3.3.1 Translation

We assume that all forces arising from intergrain and grain-surface contacts, as well as gravity,

have been accumulated. For each particle p;, we have this total force as

Fi = Z Fij + Z F” + Fi.gravity (329)
jec Jjes

where C is the set of those particles in contact with particle i. C, however, does not include
particles from the same grain as p;. S represents the particles on a particle-sampled surface in

contact with particle ¢, such as a wall (see Chapter 6). Once all the F; have been computed, then

the force acting on grain Gy comprised of particles P;,, P;,, P, and P;, can be calculated as
F*=F;, +F, + F, +F,,. (3.30)

We have omitted functional notation for readability, but recall that all forces calculated above
are functions of time. In addition, we now omit the superscript from variables and assume we are

working at the grain level. Thus, using Newton’s equations of motion, we know that

F(t) = am = %m, (3.31)

where a, v, and m are the acceleration, velocity, and mass of grain Gy, respectively. Using a
simple first-order integration scheme, such as the forward Euler method [PTV*92], we can derive

the grain’'s new position and velocity as follows

r(t + At) = r(t) + v(t)At, (3.32)
v(t+ At) = v(t)+a(t)At, (3.33)

where r represents the grain’s position as a function of time. This integration scheme is known as
an explicit method, since r(t + At) and v(t + At) are defined explicitly in terms of known values.
The backward Euler method [PTV 92, BW98|, however, is given by

r(t+At) = r(t)+v({t+ AtAL, (3.34)
v(it+ At) = v({t)+ %F(f + At)At, (3.35)

where the F(t + At) entails computing the force based on the grain’s position r(t + At) and
velocity v(t + At). It is an implicit method in that an equation must be solved in order to
find r(¢ + At) and v(t + At). The backward Euler has the advantage of being unconditionally
stable, allowing the use of large simulation time-steps without error magnification or divergence of
the simulation into nonphysical behaviour. The advantage of larger time-steps is the simulation
proceeds more quickly. However, a common approach is to estimate the implicit function with

a Taylor expaunsion [PTV™92|, which requires that a sparse linear system be solved at each
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3.3. GRAIN DYNAMICS

step [BW98]. The sparsity of the system permits the use of specifically tailored solvers [BBCT94].

The lightweight forward Euler method, however, as represented by Equations 3.32 and 3.33, is
easy to implement. In addition, stability is reasonable as long as the Courant-Friedrichs-Lewy
(CFL) condition [CFL67] is satisfied. This condition says that for a discretised space, such as
the grid space we use in the simulation, a time-step exceeding some calculable quantity in the

simulation should not be taken.

The intuition here is that information must be given enough time to “spread” through the space.
That is, we should at least ensure that particles do not attain velocities that move them the
breadth of a grid cell in single time step. We can handle this either by using sufficiently small

time-steps or by limiting maximum particle velocity 2.

There are other integration schemes including the leap-frog method [FLS63] and wvelocity
Verlet [Ver67]. The former method has the disadvantage of not keeping positions and velocity in
synchronisation over time-steps and therefore an estimate to the grain’s velocity is used. Velocity
Verlet, however, does explicitly represent velocity and produces more accurate results than the
forward Euler method. The disadvantage is that more information is stored and accessed from
the previous time-step, which may slow down a GPU-based implementation with large particle

counts.

Another variable to consider is the time-step size At. which could remain fixed throughout
the simulation or vary with each step. Variable time-step algorithms, such as the Runge-
Kutta-Fehlberg method [Feh69], where step-size is chosen such that the (local) error produced
is maintained below some threshold. However, these high-order methods are computationally
demanding. For one simulation step, velocity and position must be solved for different time

intervals, which are then appropriately combined to minimize error.

Instead, we use the forward Euler method because it is fast and suited to implementation on
the GPU, where recomputing the entire system, even twice, for a single frame of animation
can severely hinder real-time interactivity. One problem with this method is that it tends to
produce kinetic energy, resulting from its large error term [Faz07]. A collection of sand grains,
however, is highly dissipative, which alleviates some of the problem. The expectation is that
energy introduced by numerical error is offset by energy dissipation from intergrain and grain-

surface collisions.

3.3.2 Rotation

In a similar fashion to the translation section, we now derive the rotational component of granular
motion that arises from forces produced with intergrain and grain-surface collisions as well as from

gravity. We can express the force produced by particles acting tangentially on grain Gy at the

2We speak of particles instead of grains, since the grid collision detection structure. which effectively discretises
the simulation space, works at the particle level, not the grain level.
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grain’s particle constituent P; as

Ti=)» (r; xFij)+ > (r; x Fyj). (3.36)
jeC JES

where C represents the collection of particles from other grains in contact with particle p; and
S represents the particles on a particle-sampled surface in contact with particle p;. The vector
r; represents the relative position of the particle to the grain’s centre of mass, that is, the centre
of a regular tetrahedral grain. Similarly to summing translational forces, the torques T; acting
on the grain at each of its particle constituents are accumulated to produce the total torque
T+ = Ty, + Tk, + Ti, + Tk, acting on the grain Gj. Again, all vectors are a function of time,

though r; is of constant length, since grains are assumed to be rigid.

Using Newton's equation for the rotation of each grain, gives
I(t)wi(t) = T(t) (3.37)

where I is a three-by-three matrix called the mass moment of inertia for a grain, while wy and

T* are the angular velocity and total torque acting on the grain.

We may think of the matrix I as the rotational equivalent of the grain’s “inertia”, which is given
by the scalar mass. For rotations in three dimensions, a scalar quantity like mass is generally
insufficient, since a rigid body’s behaviour depends on its shape and the rotation axis. For
example, rolling a metal bar between your hands “feels” easier than spinning it like a baton.
The intuition is that I affects how much angular velocity is produced from an applied torque.
Specifically, the matrix I describes an intrinsic coordinate-independent property of the sand

granule that determines the angular velocity produced from a torque T* acting on the granule.

However, calculating the mass moment of inertia for platonic solids is a algebraically involved
task, though automated calculation exists for triangulated closed surfaces [Kal06]. We merely
state that the moment of inertia tensor for a solid regular tetrahedron is [Lou0§]

%mR2 0 0

I(0) = 0 SmR? 0 (3.38)

1 2
0 0 EmR{’

where m is the mass and R is the distance from the center of a tetrahedron centered at the

origin. Examining equation 3.37 again, we see that to solve for wy(t) means calculating I(t)_l.

Fortunately, a simple relation gives the conversion from the local coordinate system of the granule

to a world coordinate system as
I()” = R(I(0)'R(®)". (3.39)

where R(t) is the rotation matrix describing the grain’s orientation at time t. A rotation matrix
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is the typical way to represent the orientation of a three-dimensional rigid body. It gives the
objects current orientation by specifying the rotation to perform from a fixed reference state,

which we store at the beginning of the simulation.

However, there is a large degree of redundancy with rotation matrices. Consider representing
a 2D position. We could use a 2-vector, but a 3D or even nD vector works as well, provided
we constrain it to move in a two-dimensional plane. In the 3D case this means constraining a
3-vector v by v - n = k, where n is the plane normal and k is a constant. This representation is

clearly wasteful, since two degrees of freedom suffices.

Similarly, the three-by-three rotation matrix R has nine degrees of freedom, when only three are
needed: one degree of freedom for each rotation performed around three orthogonal axes. While
the matrix could be appropriately constrained, a large amount of numerical error is associated

with use of matrices for rotation [Ang06].

The widely used alternative is the quaternion (see Appendix B), which consists of four values
that offer four degrees of freedom and one constraint that a quaternion be of unit length. This

representation is numerically stable and is easily used in our integration scheme.

The change in a quaternion g due to a constant angular velocity w (a 3-vector) acting over a short

time-step At is given by

0 fn(B) ()]

Using this we express the quaternion at time t + At as
q(t + At) = dg x q(t). (3.41)

Now, with rotational and translational motion described for the grain, we turn to describing the

derivation of the properties of their particle constituents.

3.3.3 Deriving particle motion

The positions and velocities of particles can be derived from the properties of their parent granules.
We begin by indexing grains according to their particle constituents, such that each grain G;
contains P;. In addition, we assume that n grains have angular velocities w; relative to their
centers g; for i € {1,2,...,n}. We also assuine that cach grain lLias an orientation specificd
as an orientation matrix R. This matrix is assumed to rotate a vector relative to the grain’s
original orientation into its relative position for the grain's current orientation, irrespective of
grain translation. That is, given the relative positions o; for j € {1,2.3,4} of the particles
belonging to the grain with center g;, we can express the absolute positions of particles in space

as
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CHAPTER 3. A DEM MODEL FOR SAND

r; =g; + Ro;. (3.42)

Thus, the velocity of the particle at the collision point is given as v;/

which uses the grain’s linear velocity V; and the rotational effect of its angular velocity on the

contact point p.

3.3.4 Summary

The set of equations governing the motion of grains during the simulation is given by

a(t) = % (3.44)
v(t+ At) = v(t)+a(t)At, (3.45)
r(t+ At) = r(t)+ v(t)At. (3.46)

where we solve for the acceleration given the total translational force F acting on the grain at
time ¢t and then compute the granules velocity and position at time t + At. For the grain’s new

orientation, we perform the following in order

R(t) « q(t). (3.47)
I()7" = REL0)R(), (3.48)
w(t) = I(t)'T, (3.49)
Gt + A = q(t)+%[w(t),0]q(t)At. (3.50)

The first step in Equation 3.47 requires converting the old orientation to a rotation matrix using
the conversion scheme given in Appendix B. The result is then used to find the inverse of the
moment of inertia tensor at time t given the tensor stored at the start of the simulation. This
result allows us to calculate the angular velocity at time ¢, which is then used to produce the new
orientation q(f + At). The new orientation is then stored for the next iteration. For the purpose
of animation, we can rotate the relative positions of particles composing the grain according to

this new orientation by applying equation B.8.

3.4 Conclusion

While DEM models exist for simulating granular material behaviours, they are computationally

expensive, in part, because of spherical granules needing special static friction handling. In
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3.4. CONCLUSION

this chapter, we described a DEM model for multiparticle granules that produces static friction
intrinsically through irregular granule geometry. In addition, we presented a force model tailored

to simulating sand behaviour through pairwise (particle-particle) interactions between grains.
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Chapter 4

GPU-based simulation

In the previous chapter, we described a distinct element model (DEM) for sand, which provides
a straightforward and efficient way to simulate physically-based sand behaviour. While other
physically-based models have produced comparable sand behaviour, they have failed to realise

sand animation in real-time'.

In this chapter, we introduce a GPU-based simulation framework able to produce real-time
physically-based sand behaviour for more than 256K granules (one million particles). The
implementation of this framework relies heavily on graphics pipeline concepts and general-
purpose GPU programming, both of which are reviewed briefly in a background section. The
main focus of this chapter, namely GPU-based simulation, then begins with a section describing
the simulation loop, which manages flow control among simulation components. All subsequent
sections, deal individually with each of these components, describing the GPU-based algorithms
and implementation details involved. In particular, we look at how to represent sand on the
GPU:; how to detect collision and calculate forces using this representation; and how to update
this representation to reflect grain motion. In addition, nongrain rigid bodies are addressed, thus
allowing inclusion of the sampled surfaces produced by the mesh sampler described in Chapter 6.
However, a novel mechanism that avoids unnecessary storage of models is also described. This

can be used when the surface is simple and fixed in position.

4.1 Background

The specificity of GPU design to graphics applications such as games entails using an architectural

model that produces snapshots or images of virtual scenes [Ang06]. These scenes consist of

1We interpret real-time to mean speeds above 10-15 iterations per second. which applies to either animation or
simulation rate. This we measure through a variable called frame rate. Importantly, we can trivially render nothing
for each frame and thus measure simulation time alone. If we ignore physical calculation and render particles alone,
then the frame time indicates animation speed. In Chapter 12, we quantify this and other framework performance
results, as well as explore various limiting factors, such as the influence of granule count on frame rate.
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CHAPTER 4. GPU-BASED SIMULATION

geometric elements, specifically: points, lines, triangles, and quads, which may be positioned
and oriented together to form more sophisticated objects, such as surfaces. The appearance
and visibility of this geometry depends on properties, such as colour, assigned to them and the
positioning of light sources within the scene. The final essential element is the virtual camera,
which is positioned and oriented within the scene, providing a user with an on-screen rendition

of the virtual world.

The production of this final on-screen image, given the scene geometry, can be achieved through
an algorithmic approach known as the rendering pipeline [Ang06]. The pipeline is divided into
several stages [Hai06)], which gradually transform geometry step-by-step into image elements. A
graphics API such as OpenGL [SA08] implements the full rendering pipeline in software. The
components of this the pipeline, their key operations, and the data operated on are illustrated in

Figure 4.1.

In the presence of graphics hardware supporting one or more pipeline stages. OpenGL can ofload
emulation work to hardware instead, thus forgoing slower emulation. However, hardware may
also support features not part of the core OpenGL API or the rendering pipeline per se. In
these special cases, extensions to the OpenGL API must be loaded [GLEO8] in order to allow an

application access to unique hardware features.

In recent years, the full rendering pipeline has been incorporated into the GPU, allowing OpenGL
applications to offload the entire graphics workload onto graphics hardware [Ang06]. Much like
the parallel behaviour of the CPU pipeline, the hardware-implemented rendering pipeline also
benefits from multiple stages that perform different stage operations in parallel [SA08]. This
pipeline parallelism is further supported by orthogonal expansion of stages, where a single stage

contains multiple processing elements that work in parallel, as illustrated in Figure 4.2.

The arrival of programmable stages, supporting multiple pixel and triangle operations simultane-
ously, has allowed a stream processing model to be applied to the GPU [OLG*07]. This is due to
the SIMD (single-instruction multiple-data) approach taken by the modern GPU to transforming
vertices and shading pixels. This results in individual processing and floating-point units on the
GPU running the same set of instructions, each acting on the same dataset (vertex positions, for
example). but at different positions in the data. Moreover, these instructions are modifiable by

uploading user-defined code to the GPU.

The stream processing view of the GPU is used in this chapter to perform parallel physics
calculations, detect collisions, and produce granule motion on the GPU. However, this entails
meeting three underlying demands inherent in a physically-based simulation. Physical parameters
need to be stored, calculated, and updated. The GPU supports these requirements through the
use of tertures and vertex buffer objects (VBO) for storage; shaders for calculation; and rendering
with framebuffer objects (FBO) for updates. These structures and their behaviours are explored

in further detail below.
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Figure 4.1 The renderng pipeine. An OpenGL application indidles rendering by passing vertices 1o
the pipeling, Verhces may eiher represent individual painls ar geometnic primitives, where gecimestry
recuires vortox oridcring, That is, two ordered vertices implies a tne, while throo ordored vorticos
implics a frigngl: Quads and other mare complex suraces, intum. are represcnted by collections
of triangles thal share edoes or verlices. Al geometry, howeven, s ullimately decamposed by laler
pipeline stages into fragments, o potentia pacture elements. Each of these picture ciomants or pives,
represents one of the indivisible coour elements that campose the final image in video memary. The
objerts in videa memary thal slore those images are cal ed Framebofers, Mulliple framebulfers might
axisl when varnous effBcts are desired,  However, ang al these usoally halds the final image sent
to the uscrs sorecn. n the past, framebuffors cxistod in memory accessible anly to the weriox and
raslensatian stages, as indicated by the red paths. However, lavo olher slages now have the ability
to ancess s infarmation. as indicated by the Dlue exiensions  Stages ringed Iy a dashed linge arc
pragrammatie, a conocpl cxplained lator in the chapter
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Figure 4.2: Pipeline paralleism and crthegenal siage paralielism. The vertex stage may have
rultiple vertex processoers (VP that pedorm the same ransfannation cn &l vertices simultaneously
and indesendently, Subsequent gecmetry procossing. therefore, has access fa the entire primibiee
ithe rotated yellow triangle] aftor one vortex processing step. rather than three sleps. Similarly.
after rasterisaton, mulliple fagmenls generated from anather triangle (fragmentled green riange)
are processed simultanecusly and indspendently by corresponding ragment processars (FP, which
alzo ndependently white their shaded pixels out to tha framenulfer. Fipeling parallelism is achieved by
synochroncus operation of the vertex and fragment stages. That is, while the vertices fom ona triangle
arn baing transfarmed, ragmends from ancther triange are being shadad,

4.1.1 Storage arrayvs

Temtures provide w way [or information te e stored on she GPLU, sllowing GPT-based programs
rapil aceess to phvsical parnimeters, withool suffering the time cost of CPUt0-GRPL transfer.
The texture, however, is not alane in providing GPU-based storage. The verter buffer abject
(VRO s ancther GPU-memery resident data ssrueture, which iss unigoe advancages and certain

shorteomines eomparced Lo exiures.

VBO

The vertex buffer object (VHO) [HOADG| 15 o wellkuown and widely supported OpenGl.
extension, whicl has since become a core part of the OpenG L APT SAR . I provides a container

type for storing vertex dala lhoa graphics card’s high-performanes wienory,

We tay think of this container simply as an a one- dimensiona array of values, When specifving
a VB0, the progruuer must indicate the type of data it stores. such s floaling-poinl o integer
values, During rendering, however, the arvungerent of chis data is peeded as well: be itoa list of

points, vertices, or triangles. The concept s llustrated jo Figure 4.5

The VL) cxtension also cxposes Openlal functions for transferring this dala bolweon memory
spaces. Thatl is, by storing vertex data on the graphices card, rather than in che host's machine

memary, VBOs avoul repoatedly havingg to copy this data between the two,

Uinfortumatels VI lack read cachiog, sinee Lhe pipoline expects the vertices to be sent s

aocontiguons lst. Inoaddition. VHBOs cannot serve as rendering largets, which prechides dasa
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Figure 4.3: Vertex buffer ohject. The array [series of boves) holds the floating-point values, which are
ropied by the OpenGL application to the GPU. During rendering, this data is sent inlo 1he rendering
pipeling, using a lef-to-right orderng. The pipzine must be informed ol what the data represents.
Hara wa have assumed a list of verfices is sent. However, this couid egually be interpretad as a
triangle, specitied oy ils three 3-vectar vertices.

slorage direcily on the GPT.2 The absence of these properties bas meant looking to Llexlures as

iomeans to store, road, and update data directly on the GP15

Toxtures

Textures are a keyv data structure in GO programming and preferred in this thesis over the
WL Both these data structures store similar data in G memery. The imporctane diflerence

i5 how, when, wud where this data enlers the rendering pipeline.

Textures are array-like storage arcas which allow aceess to the GP'U memory assignad to them.
They vonsist ol vne, fwo, or three-dimensionnl arrays of fexture elements, or feeels [Angih
These elements come in vecter formats with o cholce one e four Hoating-point values per texel.
However, the choice of texel formnt 1= woiform aoress s enlive texture, 5o thal we may specily a
3D teactire with 4 vector toxels or w21 texture of [-vector texels Fipure 4.4 dllustrates the case

of a0 five-by-five towtore with d-voctor toxels.

When creaclny a toxture, an applicalion must specify width, beighi, and deptly for che 20 and
D cases, In the past, OpenGLoand bardware limiced tecture dioeasions to powers of two,
embling more efficient texture filkering and packing [MBOG . However, the trend toward larger
testiee remory on the GPL INVIOEQ], as well as the absenee of special filtering requirements in
wany applications, has usherad o the reclongidor ferfore [KS05 . U'his widely supperted OpenGlL

extension permits arbitrary toxtore dirensiens wichin hardware-supported Lmicos.

Unlike vertices, which were wre crdered awd tssoed to the pipeline, texsl dala is resd {hroggh
valls 1o a texture wt (Lypically by shaders ruunmg in the pipelmed Owel7]. The advantage
tiv i fetare stormee approsch s the presence of tepfure caching, which increases texel read rate
[tor shaders that employ o spatially loeal aceess pattern [PRFOS] The simulation describied in this

thesix perforios texture reads of affthe data in a srain or particle texoure, at cice. 16 alse pertorms

Fhe situstion fas Becn amaliceat el seeceUly Beon wniliod sppreach 1o ©PU archilesture To particular, @ reesnt
OB extausion, valled e testuee Ballee object [Botts). inplonents & VOO attachment ss a data source for &
temb e wnil, Chuz addowing zhoders cached necess to vertex data, Furthermore, the new seometty processing stame
il sbroirn oud facilities to the GPTL An Gpeolil extension, called tranaform feedback |FIEWOR . syppaorta this
breliwdaonue by abboeaang a VIO to be bonnd as a atream outpt Largest.
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Figure 4.4: Five-by-five lexiure wilh d-vector 1esels. The lexlare surface (lan redgion) s representad
fy & tive-hy-five hlock of texels (small tan squarcs), 1oxels storc thair data at their contors white dots),
rathizr than owver their entire suface. The lexcls atwwe store a d-vector of (FUGEA) red, groen, bae.
and alpha; at theoir contros. Since textures are sufaces, howoves cach toxture masl have a fiflering
mechanism defined for ieading from an off-centre position. MNearest-reiphbour [Hlering, for example
given an arbilrary point (red cross), reloins the vaive of he closest lesel cenlre. Alternatively. fillering
by interpolation entails the use of surrounding texel centres W cacdate the valie at an arbitrary
poirt (groen cross). Texturcs, thorefors, include a boundary rogion of toxels surreinding the toxtang
sJarface. Thoso aro Jsed whon intorpelalion is nocossary or lexture access is clamped to the boundary,
Camping oocars when a position is read oulside of the normaised region 1 1 * [[L L Tor standard
textures and the unnirmalised region [[J, Tu.] x [[J, T,,: far reclanguiar textures,

spatiallv-local reads of the prid eollision decection structure, Thus, a texturing approach is an
attractive way to increase throughput per read operation. A nother impoctant feature of textures
is that they may serve hoth as a data source and target. when an FRC and shader are used, as

discus=ed 11 Section 1.1.3.

4.1.2 TParallel caleculation

Modern GPUs have application-progrmmable vertex, pritnitive, and agment pipeline stages,
which allow programmers to replace default pipeline behaviours with their cwn methods. This 15
supported now by vapous C-like programming languages, including Lhe OpenG L Shader Language
{GLSLY [KBROS] and NVIDIA's Cg |[FIK03], which give high-level programmalide arcess ro the
underlving pipeline functionalicy.  Most aewer languages are predated by various  assembly
languages, which continue to provide low-level wecess to the GPUT [LY06, BH0F . They are
useful when hardware specific optimisations aee needed, Tn peneral, however, betier Jdesizn is
achieved with hish-leswl lunpmases, which provide sbstraction sway from the hardware aod allow

programmers to locus on algorithmic detuils tustes] [NV I, RV I0RD].
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4.1. BACKGROUND

High-level graphics pipeline abstractions

High-level graphics languages, however, still operate within the graphics context, requiring
that programmers use rendering idioms to produce general-purpose computation on the GPU.
Metaprogramming languages, however, support further abstraction away from graphics concepts,
presenting programmers with a general-purpose environment for stream processing. Various
metaprogramming languages, such as Brook [BFH04] and Sh [NMQP02, MTP*04], have been
developed with these goals in mind. Importantly, metaprogramming languages ultimately compile

to rendering code that executes within the graphics context.

Recently, certain high-end GPUs [NVI08a] have also acquired architectural support for stream
processing, called the Compute Unified Device Architecture (CUDA) [CUDO08]. Programs
produced using the accompanying API compile to machine code that executes within a
nongraphics context on the GPU. In particular, the GPU is seen entirely as a concurrent thread-

based processor [Hal08].

The advantage of using a metaprogramming language or an architecturally supported API, is
that graphics resources are virtualised, instead of being managed by the programmer [BFH*04,
Hal08]. In addition, a metaprogramming language is subject to logical analysis by the compiler,
whereas before it was the programmer’s responsibility to ensure logical behaviour, while using
the rendering pipeline in a general-purpose but nonlogical way. Architectural support, however,
obviates having to understand graphics pipeline features, instead requiring an understanding of

a purely thread-based environment.

The disadvantage of a metaprogamming approach is that programmers no longer explicitly control
resources, where particular applications may benefit in performance from specifically tailored
resource management. In addition, desired results are often achieved by nonlogical rendering
schemes. An example of this is given in Section 4.4.3, where the simulation stores particle IDs

through non-trivial use of depth and stencil buffers over multiple rendering passes.

This thesis does not use metaprogramming or architecturally-supported APIs. In particular,
multiple pass rendering mentioned above, requires atomic operations, since multiple execution
contexts read from and write to the same memory location. While supported transparently in
the graphics context through buffers, atomic operations have only recently acquired general-
purpose architectural support {SA07, NBG108]. In addition, since our purpose is to animate
sand, working within the rendering pipeline presents more opportunities to couple simulation and

animation.

Thus, the simulation described in this thesis accesses GPU parallel processing units through
programs that are written in a shader programming language. These programs use the rendering
pipeline both for physics-based calculation and high-fidelity rendering, making them key to

achieving real-time simulation.
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CHAPTER 4. GPU-BASED SIMULATION

Shader programming

Many high-level shader languages such as GLSL have syntax that resembles standard C code,
including C-like functions, data types and control-flow constructions. Similarly, main functions
are mandatory, but in this case one needs to be defined for each shader stage replaced. A shader,
therefore, refers to a single main function and its associated supporting (non-main) functions.
Usually the terin is qualified by the stage nae the code intends to replace. That is, shader code
must adhere to the particular set of constraints, such as what it can read and what it must write,

predicated on whether it expects to act as a vertex, geometry, or fragment shader [KBRO0S].

In the interest of alleviating clutter, actual OpenGL code for setting up and using shaders
is avoided. There are many widely available sources that give specific details on how this
achieved [WND97, Ros06]. Still others provide details on shader-based algorithms [Fer04,
PF05, Ngu08]. The pseudocode used in this thesis assumes an underlying OpenGL and GLSL
implementation. However, other shader programming languages, such as Cg [FKO03], which

support OpenGL interoperability and have similar functionality to GLSL, can be used instead.

The compiled shader code runs inside the rendering pipeline, accepts vertices or fragments, and

outputs modified vertices or pixels, respectively.

4.1.3 Parallel updates

The rendering pipeline rasterizes transformed geometry to produce fragments. Those fragments
that pass various checks, such as depth testing, go on to form a 2D array of pixels in a memory
area called the framebuffer. The framebuffer contains a collection of 2D arrays that separately
accept pixel colour, depth, or other associated data. Thus, apart from the colour buffer type,
whose image usually appears on screen, several other logical buffer types exist. including the
depth and stencil buffers. The graphics driver software could update a user’s screen with the
contents of any onc of these buffers. However. the OS-provided framebuffer. a colour buffer, is

the default storage area for the final on-screen image.

A recent OpenGL extension called the framebuffer object (FBO) [JS08] provides a way for a user
to create extra framebuffers. These serve as nondisplayable render targets for OpenGL pipeline
output. An FBO instance has attachment points for colour, depth, and stencil buffer types.
Importantly, these attachment points accept either a texture or a default storage type called a
renderbuffer. Both of these can be used as underlying storage for the FBO’s colour, depth, or
stencil buffers. Textures, however, can be read by shader programs (user-written GPU code) at

a later time, while renderbuffers are nonreadable in this context.

An OpenGL program using one texture as a source and another as a target bound to an
FBO is thus able to emulate a read-compute-write paradigm inside the rendering pipeline. For
computations that only depend on previously updated information, two textures are enough. In

particular, an updated target texture serves as a new source texture, while the previous source
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texture, now storing defunce informacion, is overwritlen will new apdales,

Texture to textwre transfer

Achieving exture-to-texoure transler within the rendering pipeline, however, requires a mecha-
nl=nit for tappiong souree and target texels to one anothor. The most straighotorsacd approach is
to map texel concres to corresponding centres. Achieving this in the rendering pipeline regnices

using an orffogonal projection during rendecing, as ilhgstrated o Figore 4.5,

i
|
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%
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Targot--.
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Figure 4.5: One-lo-one quad-texture mapping for textace Jdpdates. Peior o rendering, the quad is
assigned lexlure coordinales in @ one-to-nne fashion, so that toxel centres rom the sodrce texture wili
match equa ly to fragmentls (blug squares), which are produaced by rasterisation of the quad during
rencering.  These fraoments initiate per-‘ragment shaders (that is, vser-willen code), which has
access to the fragment’s assigned testare coordinate and texture source. Once relevant texel data
is retteved and compulation finishes, sach fragment s weitten as a pizel wooa framebufer or an FBC,
The use nf an orthagonal projection (indicated oy dashed lines) leads o a vne-te-nne oorrespandence
vetween fragments and the pixels thay preduce. |nthe case of an FBO, an underlying texlure is used
as the store for pixel data, While pixels ocoupy surface ares (white sguares), they sture a aniform
walue acruss that surface. Thas, the FBO maps the data represented ab the pivel o corresponding
texcl contras on a target texture. Due Lo orlthogonal projection, both source and target text.oras have
the same dimensiens.

Multiple updates simnllanesusly

Oflen a shader-based calenlation must retrieve multiple resules from previous ealenlations, which
are stoted on difforent texture suclaces,  While shader proprams and hardware allow reading
mltiple times from deferend textures, previons hardware allowed wricing to only & single oulput
toooure. Thus an application would heve to resend all the geometrs mudtiplo cimes to stoce resulus
ter cach swtace. This fterated process is not only slow, but forces the O to synchreonise s

snrface writing to the applicalion process rpmming on the CPL, reducing GPU pacallelisi,
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Heoweser, modern mraphics cards [NVIOT allow mwlteple remder targets in a programmable
fragmenl shader used wille an FRO. Thus, with moliiple render targer supporl, o single pisel
can shade matching positions on mualtiple FRC-attached target surfaces wich only a single pass

of seometry throngh the pipeline, o= illustrated in Figure 4.6
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Figure 4.6: We may have up o 8 textures bound b an (A} FEO instance. The (B) pisels produced by
a ‘ragrment shader (F3) can consist of up ted walues,; that is, 8 d-vects of red, green. Bloe, and alpha
(RGBA) For each fragment inpul. the shader can produce up b 3 d-veclors, (o) which il can store in
the scparate ioxtures bownd o the FEQ.

Sefective updales

In some cises, we may wish to contral whore texel updates pocur, such as when selectively storing
values that meet soane criveria. Thal is, we need a mechooisie that rejects pisel production from
a matching fragiment instanee, T the graphics contest, the depth and stencid ronderbffers, like
thelr non-FBC conmterparts. coable or disable drawing to o target eolour surface on o per-pisel
Irasi= [MDO5. Anglfi . Uhis also implies that depth and steneil tuffers bhave the same dimensions
as the tarpet colour surtace, In addition, depih aond stencil buffers store ouly & single value Lor

cach matching pixel elemernl.

A depth buffor chooses whether to allow a fragment shader Lo weite (deaw] wr a qurlace pixel
hased on a fragment's depth value, whick is derived from rasterisalion ol a geomelric primitive.
Inn particular, the frasiment’s depth and the depth of the pixel stored in the depch butfer must
satisfy u prespecified binary relationship. which s chosen through an OpenGL command, The
twir used 1 this thesis with FBOs are the less-thin aned greafer- e Dmelions, The values held
i the depth buffer ace in the range [0, 1] by delault, owever, unmormalised sabies can be ased

through an Open(GL estension [B505] on supportiog hardware.

The stencdl buffer. ke the depth buffer, is used to conditionally select whether fragments
are writteu to @ surface.  However, instead of Hosting-poim values, e stencil buller slores
ninnegative integer valiues in the range [0, 2% —1] where n s che mwnnber of bits per pixel [WNDHT
A stercdl test invalves the comparison of this memegative value oo reference value st by

Opentily usIng a less-tha or greader-thar lunclion, anong others. Ao exaonple of depth and

na
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stencil ttersetion i llustrated o Fiyeoare 4.7
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Figure 4.7: Depth and stencil bulfer example. The tap row represent multiple ragment values that
are writter: to the same aixel position in the framebuffer. The middle and battam ~ows represent
thie framebuffer depth and stencl value, respectively, for thal pikel posiion. We assume the depth
tesl is sel o gregter-lhan, hat s, o accepl enly fragments o depth greater than the stored depth
valug, Lnike depth, howewer the stencil test uses a reforence sfenc! valua rather than ihe fragment
informatian, 0 this examp e we set the stencil reterence o 3 and the stencil test Lo greater-than, This
means an y those fragmenls where the reference value is grester than the fragment's matching stenci
value are accepled. Further, & slencil value can be updated based an the the passing o taling of the
depth and stenci lests in Lhis example, & successful depth and stenci test for a fragment leads to an
incrertent af the matching stencit value, white any other fallure-pass combination resulls inno change
ta the stenci.

The impartanee of depth and stencil buffors beeomes apparent in Section 443, where fragients
wriling ta the same pizel position most be ardered. Such an ordeving is nerssary sinee nser-code

running on e GPU has specifically altered rendering leading Lo coincident. pixe] writes,

The disenssions provided ahove provide enough backgronm] ta begin discussing the GIPU-based

simnlatinn self

4.2 Simulation loop

The simulation can he decomposod into 4 serics of events, or simdation oo, namely, sectiog up
initial material state as well as handling and obscrving state changes in the conrse of simnltioe.
The handling of state clanges way be Dreiber decomposed into defectiog collsions among
gravles, producing forees from these collisions, and updating pranele motien, Observation of
npdabed stale enladls visualising 1his molion, The latter, Twwever, needs special treatmeot that
15 lefl to Chapter 5 The Qow of mforostion for the GPU-Based simnlation is illustrated i

Fignre 4.5,

This is now used as the basis for unplementing a GPU-based algorithm, as deseribed in the

[ollowing secliones,

>
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i
Force wpdale l—— —-

Figure 4.8; GFU-based DEM slgonthm. Colowred baxes represenl GPU-based starage that halds ad
ard updated vaiuos on separatc wxtures. Storcd values include aramn pasition (P, vo ocity (W), angular
wilocity (8, and aricntation [0, a5 well as particle positions, volocitics, and relative positions (rel.
pos. . These stores are assumed to be initialised before the start of the simolation. Dotted coloored
lines transmit ofd values. whiie solid lines carry values Lpdated duning the courrent Lime-step For solid
black lines. however, the source of this data is shader-based caloulation, rather than tesures.

4.3 Distinct geometry storage

The sinlation setup invelves loowling eranule data from a Gle. which inelhides the world positian
af gramales; the relative positions of the particles composing each gramale; the orientations of
pramules; as well as Lhewr lmear and angular womenta, Nole Lhee relative parlticle positioning,
that = relative to grnule centres, implicitly represents granule orientation. Nevertheless, we
stare botl for fime efficiency purposes, s detailed Jater. This Gle may alka contain date for
nongrarmle tigikl bodics. We store these in the same way as for granules, exeept nongranule
badies have an associated particle count, wheress pranules are assumed 1o always consist of four

particles,

Performing real-time rigi] body simoulation on a GIPU reguires chat mest af the simulacion data
exist i GPU momory, Specifically, che shader code tanning cn the GPT needs rapid access
to granule positian and velocity information, amongst other data, Twa high-performance Jata
structires that meet this eriteria are textures and Y3Os, Section 4.1.1 discusses chese siruelures

ang the reasous for using textures instead of VBOs [or grain, pactiele, and rigid body slorapc.

HE!
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4.3. DISTINCT GEOMETRY STORAGE

4.3.1 Granule and particle storage

The natural choice of grain representation is to use a single spherical particle for each grain.
For DENM simulations, which typically use spherical particles, theory suggests that tangential
forces dominate in heap formation [WRD98]. The tangential forces meant here are static and
dynamic friction. As our discussion of Equation 3.17 at the end of Section 3.2.2 pointed out,
a spherical particle model of static friction exacts a heavy computational cost that can hurt

real-time interactivity.

Instead, we use rigid particle arrangements to form sand granules, as discussed in Section 3.1
and depicted in Figure 3.1. The force model used for particle-based contact among grains
is summarised in Section 3.2.4. It includes both repulsion forces that act normal to particle
contacts, keeping grains separate from one another and tangential forces that slow down tangential
velocities. In the latter case, the geometry approximates part of the static friction by preventing

grain boundaries from shifting when subject to slow tangential velocities.

In addition, the tetrahedral grain model is an cfficient represcutation. since it is the swallest
arrangement of two or more particles where the moment of inertia for each primary axis is equal.
This means the moment of inertia for a tetrahedral grain is simply a scalar times an identity
matrix. Thus, we can forgo the matrix-vector multiplication used in Equation 3.37 and perform

cheaper scalar-vector multiplication instead.

Now that we know how grains are represented, we want to make their positions, momentums,
and their other physical properties available to code running on the GPU. In particular, this data
must be rapidly accessible, which means storing it in GPU memory. We use the texture as a
GPU memory resident data store that provides both rapid read and write access to its contents

(see Section 4.1.1).

Granules

Grain storages requires that we assign to each granule a unique identification number g; =
0,1,....gmax. Each g; is mapped one-to-one to a unique two-dimensional texture coordinate as
shown in Figure 4.9. The equation used to move back and forth between the one-dimensional
and two-dimensional (texture surface) orderings are

id, id

(y) = Gd=w-|Z] 5], (4.1)

id = z+y w (4.2)

where (z,y) and w are the texture coordinate and width, respectively, and id holds the value g;.
The floor function | |7 is defined by |z| = max {n € Z | n < x} for a floating-point value z. That
is. it produces an integer from a floating-point value. As we shall see later, fragment programs
are used to manipulate and update both granule and particle data stored in textures, where each

program instance manipulates the data of a single granule or particle. Thus, the previous equation
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pives a fragment progeam aomeans to d calenlale the bl of s associated particle ot granule.

Farticle toxture

e

Figure 4.9: Mapping ganules anc particle propedics to tegels, 10 he absence of nongranule rigid
hodies, overy quartet of particles, starting from e bottom left of the texture ane moving right, is
associates wilh a single granule. Thus, grande properties. sach as velocity, are ardered in the same
way as the matching properlies of theie particle canstitucnts.

Tlhos, for cach grambar property (mweuely, posibion, linear yelocity, angular seloeity, and
orienbation) we creale a texture,  For ench graine we store its individual properties to (helr

mmtclung textures, bul always al the same two-dimensional coordinate.

In Section 4.1.1, a texcure is deseribed as a pwo-dimensional array of 4 ovecloes. which nominally
stores o colonr i the form (red, green, duc, adpha), usually written (rog,. 000 The Iatter bs
umimportant toons, save for the fact thal each veclor elemenl haolds a single-precision fAoating
point value that a shader instonce anving om the GPT can cither read from o write to depending
on how rendering s sel up, o w shader programming language, such as GLSL [KBROA]: we may
roefer o o stored testure vilue as (e, zow) instead of (rogfa), 8 practice we follw for the

remmaitnder of this chapter.

Particles

Particle properties are storod and aceessed i much the same way as for grains. Each particle is
assigned 8 wndgue ideatification pp — 00 L2, 0 Puse where each iy ig mapped tooa anigue two-
dimensional Lexture cosreinale, However, ag shown o Figore 489, paeticles have an additional
urdering eomstraimt that reguires parbicles from the same grain to have contiguons ikls. The fowe-
parlicle ardering itself, however. 35 ummportant. Thal s, grain propertics da vot depend on the
orcer in which particles properties, such as foree, are acenmmlated, only that they are accumulated

from the correct four particles.

The alterpalive 15 to *hard code” relative positions and ool load chis data froon ik However,
runtime relative positions allow Lhe simulatian to support extensions fo guintel gramles or other
particle connts and arrangements, thal is, without hivang to modily the sinulation algorithm

el

I'he mapping belween particles and their toxture is specified by equations 4.1 and 4.2 used in the
argin-texture mapping, excepd thal particle texture coordinates and width are wsed instead, so

that #ef helels the value p..
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4.3. DISTINCT GEOMETRY STORAGE

As with grains, particle textures® are needed for position, linear velocity, relative position, and
g P p Y P )

force, with individual texels matched to individual particles.

For the case where a particle property is used to update a grain property or vice versa, a mapping
between particle and grain ids is needed. Since each granule is associated with a quartet of
particles, as illustrated in Figure 4.9, the transformation between particle and parent grain ids

involves a simple and fast calculation, namely

pij = 4g:+j for 7=0,1.2,3, (4.3)
Pk
g = L7k (4.4)

where p; ; is the one of four particles composing grain g; and py, is a particle that is known a priori
to belong to a grain (opposed to a nongrain rigid body). The main function of equation 4.4 is to
check whether two particles are from the same grain, since collision checking and force calculation
are not, carried out for same-grain particles. Equation 4.3 is used primarily to locate the forces
acting on grain particles. These forces can then be accumulated into a total force acting on the

grain.

However, both previous equations can be avoided by taking advantage of the fourth coordinate
of the 4-vector properties of granules and particles. For each granule, we may store its id in
the w-coordinate of the granule’s associated position texel. In the granule's linear velocity texel,
however, we use the fourth coordinate to store the id of the first particle in the quartet constituting
the granule. In this way, no extra calculation is needed, as both granule position and linear velocity
are accessed for particle updates, making the id values automatically available (see Section 4.6).
Similarly, a particle position and velocity can store the ids of the particle and its associated

granule, respectively. Figure 4.10 illustrates this idea.*

Id conflicts

A problem may arise when storing particle and rigid-body ids from the interval [0, n — 1] instead
of [1, n]. If the particle or rigid-body count is less than the number of texels in matching property
textures, then some texels are not used. This thesis assumes that all unused texels are set to a
value of (0.0,0,0). Thus, in the case of a velocity texture, for example, the values stored by an

unused texel cannot be distinguished from a particle or rigid body with id 0 and velocity 0.

3I'wo of the first three textures arc strictly unnccessary. since the values they store are derivable from the
properties of their parent grains. That is, given relative particle positions and absolute grain positions, absolute
particle positions can be found. Alternatively, since relative positions are needed for force calculation on the grain,
both grain and particle absolute positions are needed. In addition, since either a relative or absolute position
texture is used, a separate (CPU-bound) rendering pass must be performed to update their values. Given the high
texture fill rates of modern GPUs [NVI08a], writing texels to multiple surfaces incurs little overhead versus single
surface writes. Thus, all particle properties can be updated at the same time. Finally, particle velocity requires
reading all granule properties or simply a single value stored at the same time particle positions were stored. The
latter is the preferred approach in this thesis.

4Note that each texel element (x,y, z w) is a 32 bit floating-point value.  Since the id value is stored in
the w-coordinate, the space of possible ids depends the IEEE 754 floating-point standard, as supported by the
GPU [IEES85]. Fortunately, this guarantees an exact representation of any integer with an absolute value less than
or equal to 224, which clearly provides enough id-space for our needs.
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Particle properties

Granule properties

Figure 4.10: Expicit storage of particoe-granule mappings. On the left. we see howy the ids stored
e parlicle's position and velooily (previos!y ead lrom a lexture or received as inpul) can be usad
to access related properties, that is, lram the same texel posibon on ancther particle texture. The
aszocigted granu' ¢ id ¢ can be wsed to find parent granule properties as well, An analogows idoa
applics o a given granule position and welooity {illustrated on the right), except that the panicle id pis
fur the first particle constituent associated with the granule id 4.

The solution used in this thesis is to ncrement particle and rigid-bady ids ey one, before chey
are stored (o textire, while decremonting ids by one, when they are read from the exowe at
i later stage. We shall refer to this as the erement-store read decreanent (ISR numbering,
Alternatively, the simulation conld store and manipnlate ids exclsively in the interval [1oal,
Howover. cquations such as 4.3 and 4.1 rely on particle and grains with ids starting atg 0, Adjusting
these equations, to account for the new interval, amounts to the same caloolation costs as in ISRD

mymbering.

Thus, we assume for the rest of the chapter thae all shader besed manpulation performed on il

values for partivles, pramiles, and general rigid bodies, uses 1SRD nombering.

4.3.2 (eneral rigid body storage

A general rigid body can be viewed as o grain with ap arbitvary particle count. Thus, uongrain
rigid bodies hawve their positions. linear velocities, angular velocities, and arlentations stored in
the sine textures as granule properties. Similarly, the positions, velocities, and relative positions
of particles matched to wongrain rigid bodies are stored slougside the propertios of the gramale

particlos.
Thus, we continue to assipn ids to rigid bodies and particles i the same way ax for prains and

their particles, using

r=giaie e B = T2 (1.5}

4y = Mast | ¢ far i — ﬂ: 152.* s | ["LG}
up to programmatic masimom body and particle conots, B i g The valines g, woed
Dlasr are the ids [or the last stored prains and grain particles, respectively,

For nongrains, the mapping between particle and rigid body ids, given in eguation 1.3, continues

tor work, provided the rigid bodies concain exactly [oour particles. Once a Tody with il fy and a

hH
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4.3. DISTINCT GEOMETRY STORAGE

different body particle count is stored, then bodies with ids bgy1.bgy2, bg+3. ... no longer resolve
to the correct starting particle. However, provided we know the particle counts a; for all nongrain
rigid bodies with ids b;, then a more general equation gives us
j—1
Gsj =4bo+» a;+s for s=01,23....a;,—1, (4.7)
i=0
where by refers to the id of the first nongrain rigid body and g, ; is the id for the (s +1)th particle

of the nongrain rigid body b;.

However, the reverse operation, that is, going from an arbitrary rigid body id to a particle id, is
not trivial. In addition, equation 4.7 involves a summation, which entails substantial calculation
for larger quantities of nongrain rigid bodies, unless precomputation is used. In both cases, an
easier mechanism, as illustrated previously for granules and their particles (see Figure 4.10), is
to store ids explicitly in the fourth component of position and velocity texels, thereby obviating

the use of equation 4.7 and its reverse.

A remaining problem is that particle count, mass, and mass moment of inertia must be given
explicitly for each nongrain rigid body, since we cannot assume these values are the same for all
bodies, as we did for granules. These values may be transformed into a fixed-sized n-vector, such
as

b; — [mg, ni, M), (4.8)

where each general rigid body b; is assigned a mass m;, particle count n;, and a serialized moment
of inertia matrix M; (written as a 9-vector rather than a three-by-three matrix). For all nongrains,
the matching b; can be stored consecutively, in the same order as granules and using a fixed number
of adjacent texels. Since b;, represents 11 consccutive floating point values. every texel triplet
can be used. While one floating-point value is wasted, the advantage is knowing precisely where
the 11-vector information can be located. Otherwise, keeping track of the changing pattern of

overlap for consecutive values is needed.

In addition, either particle count or mass could be stored in the fourth coordinate of a body’s
angular momentum texel, instead of in b;. However, since orientation is represented as a 4-vector

{quaternion), not enough space is available to store both values.

Similarly, a body’s particle constituents have no space left to store their rigid mass, other than in
the fourth coordinate of the relative position vector. However, this is not accessed during force
calculation, since granule properties are not needed. Thus, the part of b; holding the body mass
and particle count must be accessed during force calculation to compute the fraction of the body’s

total mass held by a single particle constituent. In either case, one texture read is required.

Before force calculation can proceed, however, collisions need to be detected among particles. As
discussed in Section 3.2, forces arise from particle collisions. Therefore, the next section discusses

how to locate particle collisions with the particle storage format described above.

59



L

@t
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4.4 Collision detection

Simulating granule behaviour means finding the forces that act on them. That is, we need to find
colliding pairs of grains and grain-surface collisions. Our approach models geometric surfaces and
arbitrary rigid bodies as particle arrangements, which means we need only detect particle-particle
collisions to find all possible contact forces in the simulation. To avoid having to examine every
potential pair, we use a grid acceleration structure. It has the advantage of a straightforward

GPU implementation as well as producing fast construction and query operations.

4.4.1 Grid structure

A grid, as an underlying data structure for particle-based collision detection, enables a simulation
to search around an arbitrary point in simulation space in order to locate nearby particles. This
is achieved by discretising the simulation domain into a 3D rectilinear grid of cells, called vozels,

where each voxel contains the ID of any particle having its centre inside that voxel.

Thus, each particle position is associated with some voxel. Searching inside and around that
voxel produces a list of occupants, which represent potential sources of collision. For a discussion
on the relative merits of this scheme compared to other collision detection approaches, please see

Section 2.5.2.

4.4.2 Grid storage

As discussed in Section 4.1.1, textures provide an attractive way to store data in GPU memory.
A natural representation of simulation space, therefore, might be to map each voxel to a unique
texel in a 3D texture. While this schema makes cell storage and lookup straightforward, 3D
textures have various limits. For example, writing to a 3D texture is highly CPU bound, since
only one 2D “layer” (the set of voxels with the same z-coordinate) at a time, can be rendered to
and updated. Each rendering pass is begun by the CPU and all the particles must be sent to
the pipeline for each pass, since the grid structure itself provides the spatial ordering on particles
and the grid is not available during its own construction. Finally, not all hardware is guaranteed

to support 3D textures.

An alternative employed in this thesis is to use a flattened 3D texture. That is, we map a
3D texture onto a 2D surface. The advantage is we get a higher degree of fragment processor
parallelism because of reduced rendering passes [HBS103, LLWO04]. Following this approach, we
map the region of 3D space making up the simulation domain to a 2D texture surface, with

one-to-one correspondence between voxels and texels, as illustrated in Figure 4.11.

While the idea is simple, subtle difficulties may arise. These are best observed, as well as overcome,
once we have an understanding of the parameters involved in both spatial domain representation

and grid texture storage.
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s

I

tile af texels

Figure 4.11; Simulalion space mapped 1o a flattened 30 tedore. The simuolation space s diviced
inta equally-sized cuboids or voxels, Walking along the zZ-axis away hiom the oridgin, we encounter
“laynrs” of voxols having the same z-coordinate |0 this instance, there are five layers, whers cach
layer consists of a five by-live grouping of vorels. To each layer the simulation assgns o subsection
of the grid texiure. called a e, Each tlile consisls of & free-by-live grooping of 1exels, so thal one texe:
stores the data for a unigue vorel. Tiles are arranged fom ihe botlorm lelt ol the grid texture moving to
the right ar hegnning a new row. as z-va ues increase. Finally, the simulation maps the ics of particles
whoso contros oocupy the came space as a voxel to the texe assaciated with that voxel,

Simulation space parameterisation

Suppose the simulation domain = a cuboid O (Ahal is 8 parallelepiped with reclanpular faces)
having width €, hedeht O, and depth O Sinilarly, cach coll {voxel) o conposing the enboid

bras width o, hedght o and depth e, The telationship beoween these values s sivou by

T, = HEees
(-:'If.l = klll.r'lnln' :
Cig = k.j,f.fd,

[or positive olewers &, kg awd kg, which count the wuober of vosels alone the wideh, height.
andl breadih of the arid, respectively, Thus, O consists of exactly by - ey -k oeells and each
depth laver €0407) af O has &y, - &y cells for depth £ — 001,02, &y — L T addition, note that the

dimensions af € and ¢ can be nonintezer valnes.

However, a problem remains in Leving to siamlate the propertios for real-workd grannles vl exisi

on the scale of millimelers, The plvsical quantities resulling from simlation, such s [oree, wnay
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CHAPTER 4. GPU-BASED SIMULATION

be subject to rounding and truncation error, because the GPU supports only single-precision

floating-point computation [NVI08a).

The solution used in this thesis is to adjust the grid dimensions and cell dimensions to meet the
peculiarities and limits of the graphics system and GPU. To address GPU floating-point limits, we
use larger than “real-world” magnitudes when writing particle and grain data to texture or when
rendering particles. However, as physical calculations demand proper physical units, we introduce
scaling factors, one for each dimension. These are used to scale down particle properties, such
as position and size, from which other physical quantities are calculated. Properties that result

from these calculations are then scaled up before storage.

In addition, the simulation in this thesis uses cubic cells, so that separate scaling factors for each
dimension are unnecessary, so that a single scaling factor, cg. sutlices for all physical valucs. To
further simplify calculation, we may use cells of unit side length, that is, with ¢, = ¢, = ¢, = 1.
This has implications for particle diameter, because the grid must usc a finite texture to store its
particle content. Specifically, the grid maps the ids of particles in each grid cell to a unique texel,
which limits cells to at most four particles. To update cells correctly, we set the unscaled particle
radius, for all particles, to a little less than half the distance between the antipodal corners of a
unit-sided cell, that is, to v/3—¢ for some small e. This allows four particles to fit into a single cell.
We also notice that particle diameters are close to unity, that is, a cell's side length. This means
that setting the previously described scaling factor to a value roughly equal to the diameter of a

real-world grain will scale the whole system to real-world physical dimensions.

Grid texture storage

The texture surface, used for grid storage, has positive integer width 7, and height T}, which
provides T, - T}, one-by-one texels for cell storage. Two conditions apply to the texture surface.
First, is that ky, - ky - kg < T, - Th so that suflicient texels exist to store all cells. Second, we
must have k,, < T, and k;, < T}, so that at least one depth laver Cy(i) can fit inside the texture.
In addition, we are free to use rectangular textures, as discussed in Section 4.1.1, provided they
are within hardware limits. The simulation in this thesis was developed and tested on a graphics

card® supporting textures with both T, < 8192 and T}, < 8192.

To create an easy mapping between simulation and texture spaces, we tile a texture with layers
Cy4(?) in the order i = 0,1,2,...,kq — 1. That is, thinking of each layer as a tile, we fill texture
space (T, T3) by placing tiles side by side, starting at the bottom left with tile (layer) Cy(0) and
moving to the right for subsequent tile placement. This is performed until either a tile cannot
fit into the remaining space (if any) or no tiles remain. In the former case, remaining tiles are
placed in the next row directly above the finished row using the same procedure as before. The

result of such a tiling is illustrated in Figure 4.11.

We are still free to select different texture dimensions, provided the tiling procedure produces

5NVIDIA 8800 GTX [NVI08a]
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an arrangement that fits. However, such an arrangement may not form a rectangle, nor cover
the entire texture surface, which means many texels are left unused (unmapped). The questions
remains as to the “optimal” choice of texture dimensions, that is, leading to the least space

wastage.

In Appendix A.l, a procedure for finding such an optimal covering is given. Among other
guarantees, it makes possible the assumption that a texture used for grid tile storage fits tightly
to the total width of the tile arrangement. Specifically, T, = Z—“ the number of tiles per row of

tiles in the texture, is an integer.

Given the texture dimensions, we need a mapping facility for transforming an arbitrary position
P = (pr.Dy.p:) (relative to the origin) in simulation space to a two-dimensional texture coordinate
(s.t) on the grid. First note that q = (|£=], L%J, |22 ]) represents the grid index for the cell

enclosing p. This vector corresponds to the corner of the cell closest to the origin, which uniquely

identifies cach cell. Thus we can find the matching texture coordinates by

s = (QZ % 71(:)kuv + 4, (49)
t = kh[ﬁ}—zj + e (4.10)

where ‘%’ represents the modulus operation, which returns the remainder after integer division.
In shader programming, this operation may not always be available since not all graphics cards

support integer operations. Therefore, an alternative calculation is
q
s = (Qz _QZE,?J)kU,'—FqI* (411)

which uses the floating-point floor operation ‘| |" instead.

Thus. equations 4.9 {or 4.11) and 4.10 enable the simulation to write a particle’s id, based on its
cell position, to a matching texel. This allows the simulation to update the grid data structure,

as we see in the next section.

4.4.3 Grid updates

The first issue is finding a way to update the grid texture using the rendering pipeline. The
method applicable in this case is render-to-texture, where a texture is set as the target surface
using an FBO and the fragment shader draws (writes) to the texture surface, storing particle
ids in texels (see Section 4.1.3). However, a fragment shader cannot alter the position of the
surface point to which it writes. This means that the output texel cannot be selected using a
fragment shader alone. A vertex shader is needed as well, to position fragments so that a texel,
matched to a particular cell, receives the ids for the particles in that cell. Figure 4.12 illustrates

this approach.

Thus, we see that by implementing equations 4.9 (or 4.11) and 4.10 in the vertex shader, 3D
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4.4. COLLISION DETECTION

(R,G,B,A) pixel is written out to the texel. For the fragment shader writing (p;,pi.pi,pi)s a
successful update produces ty = (p;,0,0,0).

For the situation in which four particles occupy the same grid cell, exactly four different shader
instances will write their matching particle ids to the same texel. Setting the mask so that
m[j] = 1 for some j (meaning the jth element of m counting from 0), we know that component
tk[j] is written to four times. In addition, we know the order of writing, since it is the same as
the order vertices are issued to the rendering pipeline, that is, the order they are stored in the
VBO. As a result of this ordering, ty[j] holds the last particle id written. Thus, to produce the
correct value in the first component, we sets an initial mask to (1,0,0,0) and render vertices from

largest to smallest, based on their particle ids, as illustrated in Figure 4.13.

R g 3 (PaP3pPaps) g g (P2P2.P2.P2)  p, ¢ (PrP1piP1) 5 g (Po.Po.PoPo)  py g

, .
A B ) (1,0,0,0) 0.0 (1,0,0,0) 0 0 {1,0,0,0) 0\9 (1,0,0,0) 0 0 )

Figure 4.13: Storing pg in the first texel position. The texel centre stores the 4-vector (R,G,B,A) where
all components are initialised to zero, thatis, R = G = B = A = 0, at the start of the grid update.
The diagram illustrates one rendering pass in which four fragment shader instances write their colour
data (p;, p:, pi. p;) to the same texel centre. This occurs whenever four particles occupy a single grid
cell, since a cell is mapped by calculation to exactly one texel centre. The order of these writes is the
same as the order corresponding vertices are sent to the pipeline, that is, the order of vertices in the
VBO. For one rendering a pass, a single mask (below each arrow) is applied to all writes. The result
here is for particles sent to the pipeline in reverse numerical order of their ids.

However. supposing the first pass wrote py to ty[0], trying the same rendering technique for a
subsequent mask, such as (0,1,0,0), produces (po,pp.0,0) in ty. Clearly, this technique alone is

not sufficient to store all particle ids correctly, only the smallest id.

The previous approach fails because it lacks a mechanism for comparing what is already stored
to what is being stored. However, Harada et al. [HKKO07] demonstrate how to produce these
comparisons, using depth and stencil buffers as additional particie id filters (sce Section 4.1.3
for a discussion of these buffers in an FBO context). This technique assumes both buffers are
attached to the FBO used for updating the grid texture (itself, attached to the FBO's colour
buffer). In addition, the stencil buffer is initialised to zero and the depth buffer is initialised to

the value pyax + 1, where puay is the largest stored particle id”.

We also assume the presence of a vertex shader, as mentioned previously, for setting the pixel
target of the matching fragment shader. The latter shader will attempt to write both a “colour”
(pi.pi-pi-p:i) and a fragment depth dr = p;. The method of Harada et al. [HKKO07] now proceeds
in four stages, each initiated with a rendering pass. For each pass, all the vertex data is sent to
the GPU with the FBO and shaders activated.

The first rendering pass places py at t4[0]. This is achieved by using a colour mask (1,0, 0,0),

"We are assuming depth values are not normalised. This is a valid assumption, since the shader writing these
values can normalise them using the maximum particle id pmax to give p;’ = ;T,,ﬁﬁ where p;’ € [0, 1]. Shaders that
read these values from texture then produce the unnormalised id by a reverse calculation. Alternatively, an OpenGL
extension supported on many GPUs, allows writing of unnormalised depth values to the depth buffer [BS08].
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disabling the stencil buffer, enabling the depth buffer with a less-than comparison function, and

then rendering the vertices from smallest to largest ordered by particle ids. Figure 4.14 illustrates

this step.
0 0 (Po.Po.Po.PO) o I g (PTPLPIPY)  po o (PzP2.P2.p2)
—_— _— : — efc.
0 0 (1,0,0,0) 010 (1,0.0,0) 0 0 (1,0.0.0)

Pmax 0 590”0 Po 0
o o X o X

Figure 4.14: First rendering pass. Both depth testing and depth updates are active, while the stencil
buffer is inactive. The depth test is set to pass for depth values /ess than the stored value. In addition,
a value passing the depth test pass replaces the stored depth value. Thus, once the value pg is written
to both the surface and the depth buffer, all other (subsequent) id values mapping to the same depth
position (that is, texel position) will be greater than py by definition, thereby failing the depth test.

The second rendering pass places p; at ti[1]. This is achieved by using a colour mask (0, 1,0, 0)
and switching the depth buffer comparison function to greater-than. In addition, stencil buffer
is now activated with a greater-than comparison function and reference value of 1. That is, the
stencil test passes when the reference value is greater than the stencil value s, at the pixel. The
stencil increment function is set to increase the stored stencil value s, by one when both the

depth and stencil test pass. Finally, the vertices are rendered as before. Figure 4.15 illustrates

this step.
0 : (po Po.Po.Po) P00 (P1,P1,P1.P1) Po P (P2.P2.P2,P2) po p1  (Po.Po,Po.Po) )
' —_— : —_— efc.
0o ©.1 00) 0\9 {0.1,0,0) 00 (0,1,0.0) 00 (0.1,0,0)
P4 1 Pt 1
D S D S D S D s

Figure 4.15: Second rendering pass. Both the depth (D) and stencil (S) tests use a greater-than
comparison. The depth test passes for values greater than the stored depth. The stencil test is given
a reference value of 1, so that a pass occurs when the reference value is greater than the stored stencil
value. If both the depth and stencil tests pass, the stencil update function increments the stored stencil
value. For the first masked vector, the matching fragment shader instance writes a depth value of pg,
failing the depth test. The next write passes the depth test, since p; > dy. In addition, the stencil test
passes, since 1 > s, = 0. Since the fragment passes both tests, the depth is updated to d = p;
and the stencil value sy is incremented by 1. Any subsequent writes will involve particle ids that pass
the depth test, but fail the stencil test, so no writing or updating occurs.

Both the third and fourth render passes proceed analogously to the second pass. The third
pass clears the stencil buffer (so that s, = 0 for all k) and renders particles using the next write
mask (0,0.1,0). The fragment with depth po is the first to pass both tests. Thus, the next
fragment py fails the stencil test and does not overwrite ps. Finally, the fourth pass clears the
stencil buffer, sets the write mask to (0,0,0,1), and renders the particles again, so the fragment

with depth py is the first and last fragment to pass both tests.

Thus. excepting the first pass, we have used the depth buffer to keep track of what was stored

successfully in the last pass, while using the stencil buffers to inhibit further storage once the
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correct particle id is stored during a pass.

4.4.4 Grid collision detection

Collision detection is much easier now with the heavy work of constructing the grid out of the way.
For each particle instance, its position in the simulation domain, p = (p,.py.p:), is converted
to a position in grid space, p’ = p — o, where o is the vector pointing from the origin of the
domain to the origin of the grid space. This covers the case when the domain and grid are not
coincident, but continues to assume parallel sides and matching orientations. In addition, the

grid is assumed to cover or contain the entire simulation domain.

The simulation in this thesis uses a grid of the same size, origin, and orientation as the simulation
domain, giving p’ = p. In addition, the simulation assumes cube-shaped grid cells of unit side
length, that is, c; = ¢, = ¢, = 1.

’

Thus, the cell index is given by q = (L{’——/J, L%J | =), for which equations 4.9 (or 4.11) and 4.10
give the matching texel coordinate (s,t). The same texel coordinate retrieval can be done for the
26 cells surrounding the particle’s cell. For each texel coordinate, the matching texel is retrieved
and the particle ids it contains are converted to actual particle positions. The latter is achieved
through equations 4.1 and 4.2, which govern granule ids, but work analogously for particle ids by

replacing granule texture width with particle texture width.

Lastly, we must distinguish between zero values and the particle of id 0, since the latter may
be confused with an empty component rather than the id of a cell occupant. This confusion is
avoided by always incrementing a particle id before storing it and decrementing the id when it
is read from a texel. Thus, a texel component of value 0 implies the absence of a particle, rather

than the presence of particle py.

A runtime problem might arise if large forces compress more than four particles into a single cell.
Provided such forces remain within expected physical limits, the simulation can continue running
without instability. The issue here is that a fifth or sixth particle will not have its id stored in the
texel matched to its grid cell. This makes these particles invisible to surrounding particles, which
cannot detect their presence in the grid. On other hand, these invisible particles still detect other
particles whose ids reflect in the present and nearby cells. These forces serve to push the errant
particles away from preexisting cellular occupants, keeping the simulation stable. Unfortunately,

this can create oscillating behaviour in the material.

The algorithmic detail for collision detection is described in Pseudocode 4.1, assuming a fragment

shader implementation, as is needed for force calculation.

The fragment shader, given in Pseudocode 4.1, retrieves its grain id for free, since this value is
contained in the associated particle’s velocity, which is needed for later force calculation. This
assumes that at least one positive collision occurs, thus resulting in a force calculation. The

assumption is valid, since positive collisions are expected to occur for the majority of particles,
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Pseudocode 4.1 Grid collision detection (for force calculation)

GPU:
Fragment program:

p < read position texture using fragment texture coordinate
v « read velocity texture using fragment texture coordinate
myld < p,,  //fourth component stores the particle’s id
myGrainld < v,,  //fourth component stores the particle’s parent’s id
2r « particle diameter
(gw+gn.gq) < grid dimensions  //width, height, and depth
cs +— scaling factor

//the following ensures only vozels instde the grid volume are looked up
if (p, <r) then z; « O else z; « —1

if (py <r) then y; « Oelse y; + —1

if (p, < r) then z2; < 0 else z; + —1

if (p, > gu —7) then zo « 0 else x5 « 1

if (py > gn — ) then y < 0 else yy 1

if (p, > gq— 1) then z;, « 0 else 25 « 1

for z =2, to zo do  //loop depth values first to access texels on one grid tile
(s.t) < derived from particle position p and = //grid texel position of centre vozel
for y = y; to y; do
for £ = x; to 24 do
T « read grid texture at position (s + z.t +y)  //4-vector terel returned
for i :=0to 3 do
id T[] -1
(p, q) « convert id into particle texture coordinate
v’ « read velocity texture at (p, q)
if id # —1 and id # myld and v, # myGrainld then
p’ « read position texture at {p,q)
if p and p’ interpenetrate then
scale particle position p and other particle position p’ by ¢,
...compute forces here...
end if
end if
end for
end for
end for
end for

when they compose granules forming a sand pile. The other particle’s velocity is also read, initially
to obtain an associated grain id. However, this value is less likely to be used subsequently. This
situation can be improved when no general rigid bodies are used in the simulation, that is, when
each body is composed of exactly four particles. In this case, checking whether particles are from
the same grain amounts to checking if the values ﬂﬁl—d and 7—;—’ are equal, assuming integer division
(where the division operator discards remainders). Of course, at least one general rigid body, the
floor surface. needs to be present. However, this can be handled implicitly outside of rigid body

computation, as discussed next.
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Implicit rigid bodies

Simple stationary boundaries in the simulation, such as the floor and walls, admit uncomplicated
representations, either as implicit functions or as flat rigid bodies. In the latter representation,
we create the rigid body explicitly (as described later in Chapter 6) and store this data in a file.
The simulation then loads this at runtime in the same manner as normal rigid bodies. The only
difference is that a body's variable properties. such as velocity and orientation, are kept constant

to prevent movement.

The explicit approach has the convenience of ignoring surface-based properties like normals, as
particle-particle contacts drive all grain-surface interaction. In contrast, for an implicit function
approach, we need to have computable expressions for two surface quantities. These are the closest
surface point to any given point in space and the normal at any given surface point. Having the
first expression enables the simulation to decide, given a particle’s position, if it lies close enough
to the surface to produce contact. In this event, the second expression allows calculation of the

normal contact force.

Thus, we are able to treat each implicit surface point as a particle having zero radius. However,
this would produce a smooth surface, which defeats our goal of using particulate roughness
to emulate static friction. Instead, we sample the implicit surface evenly. to produce a finite
quantity of particles of non-zero radius. These together comprise a “thick” particulate version
of the underlying surface without any holes. Importantly, this requires a third property for each
implicit function, namely, having a coordinate chart (2D representation) for the surface, which we
can sample evenly with grid points (particle positions). The process is illustrated in Figure 4.16

for a plane surface.®

Whether collisions occur among grain particles or between a grain particle and a rigid body or

implicit particle surface, forces must be computed.

4.5 Force on particles

Force calculations are applied when collisions are located. In particular, the force calculation
to follow is assumed to occur at the place indicated previously in Pseudocode 4.1. The latter
code thus forms part of a fragment shader for force calculation. In particular, once a collision
is detected a function in the fragment shader can be called for computing the resulting force.
This function is described in Pseudocode 4.2 and represents an implementation of the DEM force
model (summarised in Section 3.2.4). This function is assumed to have access to the variables it

accesses either through global scope within the force fragment shader or through its arguments.

8Finding the four closest particles entails projecting the vector p — s onto the plane’s surface to obtain the
vector p’ = (p—s) — ((p — s) - n)n where n is the normal vector for the plane. This vector position for the particle
on the plane is divided into components along the directions given by a and b. These components can then be
used to locate the one or two closest plane particle centres along each direction. Thus, one, two, or four possible
collision tests may result. These correspond to the cases where a particle lies directly above one, between two, or
at the centre of four plane particles.
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4.6. GRAIN MOTION

Typical values for the effective Young's modulus E.y. restitution coefficient e,, and viscous

damping term A, are 3.0 x 107, 0.65, and 10.0, respectively.

The result of this stage is a force texture containing the total force acting on each particle. The

next section discusses how this is used to produce grain motion and update particle properties.

4.6 Grain motion

The previous stage stores the total force acting on each particle in the simulation. These forces
need to be accumulated and converted into motion at the grain level. The equations governing
this conversion are summarised in Section 3.3.4. They provide the simulation with a grain’s new
linear velocity, angular velocity, orientation, and position, based on the total force acting on the

grain.

Grain property update

The total force summation for grains is simplified by decomposition of forces into their linear
and rotational components. The linear force acting on a grain is simply the summation of the
total forces acting on each of its particles (see Section 3.3.1). Similarly, the rotational force is the
summation of the torques that act on the grain at each of its particles (see Section 3.3.2). However,
the latter involves taking a cross-product of a particle’s relative position (to the grain’s centre
of mass) and the force acting on the particle, before accumulating the result to the total torque.
The fragment shader algorithm for performing both linear and rotational force accumulation, as
well as grain property updates, is described in Pseudocode 4.3. When rigid body position and
velocity are updated in the code, we assume that the fourth component is unaltered. That is, the
final position and velocity written to the output texture surface have the same fourth components
as the position and velocity that are read from the matching input textures. Finally, the rigid
body property texture holds the values that are not uniform across nongranule rigid bodies, as

discussed in Section 4.3.2.

Additionally, the simulation can damp the rotation of grains experiencing low angular velocity.
This avoids jitter from inaccuracy in the low-order integration scheme, which would otherwise
lead to slow oscillation of supposedly motionless particles. The calculation is described in
Pseudocode 4.4, which is inserted into Pseudocode 4.3 right before the final angular velocity

w is written to a colour surface.

Particle property update

Relative particle position could be derived using the new grain orientation to transform particle
relative positions lying in model space to their new relative positions. Provided each grain has

the same model-space positioning, the canonical relative positioning could be made part of the
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Pseudocode 4.3 Grain property update

Fragment program:
// Values read from their matching textures, based on current fragment coordinate:
p « rigid body (RB) position
v ¢ RDB linear velocity
w + RDB angular velocity
q <- RDB orientation
//Read from RDB property texture
n,m, I « particle count n, RB mass m, and mass moment of inertia I

id «— p,—1  //ISRD numbering

if id == -1 then
discard this fragment  //no updates to the output texel position occur
end if

P« PpP-Cs //scale RB position by scaling factor
f« (0.0,0) //final force
t < (0,0.0) //final torque
fori:=0ton—-1do
r < read particle texture at coordinate specified by particle id pid + 1
r<r-c, //scale relative position
f’ + read force texture at coordinate specified by particle id pid + i
f«—f+1
t« t+rxf  //vector cross-product in the second term
end for
ve v+ (F-dt)/m
if length(v) - dt > 1 then
v ¢- 4-normalise(v)
end if
q' + normalise(q)  //compute normalised orientation (quaternion)
R « computeRotation(q’)  //find rotation matriz representation
I=' <~ R-I-transpose(R)
w=1"1-t-dt //matriz times vector times scalar
if length(w) - dt > 7 then
w =w - (3 /dt)/length(w)
end if
// ...Insert Pseudocode 4.4 here...
ColourOutput[0] :=r
ColourOutput|l] := w
ColourOutput(2] := p + ‘—’Cﬁ //unscale position
ColourOutput[3] := computeOrientation(q. w, dt)

I

Pseudocode 4.4 Damping step (within grain update shader)

Fragment program:
if length(w) < € then
if length(w) > vgamp then
w = w — normalise(W) - Vggmyp
else
w=20
end if
end if
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shader or uploaded from the CPU as a uniform variable.

This assumes that all grains are the same, which decreases the generality of the simulation.
One alternative, is to store the original relative positioning of each grain and derive the current
relative positions using the current grain orientation. The second alternative is to keep relative
positioning up-to-date when other particle parameters are being updated. The latter case has the
advantage that each relative position update is carried out in a separate particle shader, whereas
the first alternative means bringing four particle relative positions up-to-date for each grain,
decreasing parallelism. The simulation, therefore, adjusts relative position to match orientation

on a particle-by-particle basis.

The update of particle properties, including relative positions, is based on the result of the previous
grain updates. The derivation of particle position and velocity is described in Section 3.3.3.

Pseudocode 4.5 produces these updates.

Pseudocode 4.5 Particle property update

Fragment program:
input: scaling factor c;
r < relative particle position read from matching texture at fragment coordinate
v « particle velocity read from matching texture at fragment coordinate
Gid &< vaw — 1 //fourth coordinate of particle velocity gives parent grain id

if g;g == —1 then
discard this fragment  //no updates to the output texel position occur
end if

(s,t) « convert g;4 to 2D texture coordinate

p « rigid body (RB) position at (s,t)

v + RB linear velocity at (s,t)

w < RDB angular velocity at (s,t)

q < RB orientation at (s, t)

r’ « store the result of rotating r by the quaternion q

ColourOutput[0] :=r'+p //p.w stored in fourth coordinate
ColourOQutput[l] := v+ w x (r' - ¢s) //v.w stored in fourth coordinate

/

ColourOutput(2] :=r' //r.w stored in fourth coordinate

4.7 Summary

The prominent role, but poor representation of sand in many real-time games has previously
received little attention. Drawing on nontrivial rendering techniques and GPU-based program-
ming, this chapter has demonstrated a framework for simulating the physics of a high level-
of-detail granular sand model, entirely on the GPU. In this way, both collision detection and
grain property updates are accelerated to real-time performance inside the rendering pipeline.
In addition, we have described a novel mechanism for representing simple surfaces implicitly as
particles. The advantage of the implicit representation is the implicit rigid body surfaces and
their particle constituents do not consume GPU texture memory. Thus, texture space is freed

for additional, explicitly represented rigid bodies and their particles. The final output, while
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compelling in its granular behaviour, lacks visual appeal.

following chapter.
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Chapter 5

Rendering granular material

In the previous chapter we described a real-time GPU-based framework for simulating large
numbers of interacting sand grains. We now turn to the task of visualising the motion of these
grains and their particle constituents. The focus of this chapter is real-time visualisation and

high-quality lighting of sand.

Unfortunately, standard rendering techniques do not produce real-time results for large granule
counts. Naively representing particles as spheres. for example, leads to poor GPU performance,
since spheres must be approximated by polyhedrons. For each polyhedron, a higher vertex count
produces more circular silhouettes and a smoother appearance. However, all vertices for each
polyhedron must pass through the rendering pipeline. In addition, each visible vertex requires
expensive lighting calculations for diffuse shading and possibly specular effects. The problem here
is that using one additional vertex for a poorly approximated particle representation produces a

multiplicative increase in vertex workload and vertex-based calculation.

In this chapter, we address this problem with a novel technique requiring only one vertex for each
particle. In addition, the demonstrated method produces diffuse and specular lighting. as well as

grain self-shadowing and environmental shadowing, in real-time.

The chapter begins with a brief review of previous work addressing the visualisation of granular
materials. In addition, relevant and well-known computer graphics rendering techniques, used in

the rendering implementation, are explained.

5.1 Background

This thesis is concerned with the visualisation of particles composing granules. In particular,
the framework requires that visualisation uses particle positions as they evolve, in real-time. In
addition, granules require lighting so that they appear three-dimensional as well as shadow their

particle constituents, other granules, and their environment. Previous work on both these topics
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is reviewed briefly in the following sections.

5.1.1 Visualisation

Many approaches to rendering granular materials have focused on visualising the sand pile as a
whole. Continuum visualisation, specific to granular material, has been achieved through offline
ray tracing and texturing of saved simulation data [ZB05]. In contrast, height-map approaches
have demonstrated real-time results [Nor06, DBMO07], including additional particle effects [Nor06).
Height map representations for hydraulic erosion of purportedly sandy terrains has also been

demonstrated in real-time using GPU acceleration [ASA07, NIDHO7).

Of greater interest, however, are the few techniques for visualising granular material at the level
of individual grains. A recent technique visualises two-dimensional DEM data with the aim
of evincing physical properties of grain interaction for each frame of captured data [MSW*08].
Microstructure is visualised as glyphs showing force behaviour between single-particle granules.
However, the focus is on visualisation of scientific data, not on producing realistic looking sand

for real-time graphics applications.

A related technique for visualising particle data is point splatting [PZvBT00, RL00, ZvBG01].
This involves projecting a disc for each point into screen space. Various techniques have been
used to shade, blend, or filter the resulting fragments to produce a seemingly complete unaliased
surfaces. The advantage here is that points are not connected to one another and therefore are
processed as independent geometry. In contrast, polygonated models result in increasingly costly
scanline conversion, as the vertex count increases, since more triangular faces must be converted
line-by-line into fragments [LW85]. More recent work has used a GPU to accelerate phong shading

and environment mapping for surfel-based visualisation [PZvB3T00].

Point splatting inspired the technique described later in this chapter. However, instead of
blending, we give dises implicit spherical geometry, thereby modelling spherical particles and
allowing the framework to shade and light granules as a whole. The lighting techniques used in

this thesis are based on well-known real-time algorithms, which are discussed in the next section.

5.1.2 Real-time lighting

Shadows are important in animation for the feeling of depth they provide to otherwise flat
objects. Scene shadowing usually involves one of two possible procedures. Either we apply a
physically correct lighting model such as ray tracing [WH80] or use rasterization. In general,
ray tracing is slower [Gla89], though GPU-based implementation are beginning to provide real-
time performance [PBM™05]. Nevertheless, we use rasterisation, as it is generally understood to

produces real-time results at present [WSB101].

For rasterisation, we render a scene to screen space, where each pixel of this screen space is

lit independently of all others, irrespective of whether they originate from the same surface (as
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discussed gt the heginning of Section 4.1). Howewer, determining the light reaching that pixel
i5 not simple, al this stage of (lwe process, since explicil grometry information for the whole
seene is 0o longer available within the rendering pipelioe, Maoy techniques Lhat addeess lighting,
thevefore, loak al how 1o relate the cologr result of a pixel to the scene geometry at this stase of
the rendering prowvess. We briefly review telleciance and shadowing with this rendering pipeling

l1riitation 1o mind

Phong reflectance mindel

Lnlike compuialicuwally expensive ray Lraciog algorithms that mode] reflicctance bohiavionr based
on a theoretical understanding of light, the Phong rellectance model takes 8 cheaper enpicical
approach that boasts compelling lighting at a fraction of the cost [Pho7h, BIETT. The model,
hiwever, 15 lonited o ceflectance Beliaviour alone ond does noe address compdex light bebhavior,
such as refractiom. In particular, the wmoedel distingoishes between three types of reflection Ll

ocenr with variations in local surface microstructure, as illnstrated in Figure 5.1,

(@] &bl [Ea) L] e () Sapesalar (el Cemnibn-azi

Figure 5.1: Phong refiectance model  (a) Ambient reflection representz 2 messure of the indiroct
lighti~g in a scene. Specificaly it refers to te light reflected aff monshing sufaces, such as carpeted
oz ar matte-fimshed wals, which luminates other areas of the ssene et in direct view of the light
soUCE Mote that t=e aniform solouring produces a "flat” wrus (B Diffuse [ghting aives @ matte
appearance to sudfaces in direct view of the ighl source. (o] Specular reflection models perfectly
reflected lig-t behaviowr and produces miror-ike gossy surfaces, lypical of 2=iny metals, {d) The full
phong reflectance model 13 the additive combination of the i=dividual rellections.

The speenlor component of the eeflectance model, however, 1s computationally exprnsive, Lhe
probdem s a dependence oo the sngle belween the viewer and the ray rellected ofl e surlace,
which st be recalenlated for ench pixel during & frame of anbimation, Instead, this thesis wses the
Alinge-Phong mode], which estimates this angle i a efcw-radependont way, provided we consider
the viewer and light souree (o be at infinity? [BIT7], This approsch is the delaull for divectionsl
lighting in OpenGiL, The advwntage i the estiimated value 5 calenlated only onee for each light
source and rewsed at each pixel in the frome, In addition to its compntational elliciency, recent
wirk has shown this model sives o better fit to reflectanee data, as captured from resl-world

maderials [NIAOL

Soevertheless, these madels are [mited 1o focold dffamanation and Eail Lo wecount for eJects due 1o

L' e viswer is plevend al pnlinity For Tiglding, purposes goly
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CHAPTER 5. RENDERING GRANULAR MATERIAL

global surface geometry, such as shadowing. The absence of a theoretical underpinning to these
models precludes a natural extension to shadowing behaviour. Thus, specific techniques, such as

shadow mapping, are needed to account for global lighting behaviour.

Shadow mapping

Shadow mapping or projective shadowing is a technique for producing scene shadowing that has
been used extensively, since its introduction two decades ago [Wil78]. It is based on the use of a
depth buffer with texture storage, which is now supported in hardware [SKvW192] and accessed
through an OpenGL extension [Pau02]. This technique is used widely in games because of its
real-time performance. It has also found use in movie animation, such as Toy Story. However,
it is only one of many different strategies for producing lighting in a scene and therefore it has

some clear limitations and advantages over other techniques including shadow volumes [Cro77].

Shadow mapping meets an earlier requirement that an efficient query at the level of a pixel shader
can decide the lighting characteristics of the matching pixel. It works by performing a test of
whether a pixel is visible from the point of view of light sources in the scene. For each light
source, a comparison is made to a matching depth image, which is stored in a texture in GPU
memory. Specifically, a certain point in the depth image is queried and the value returned is
compared to the distance between the light source and surface point represented by the pixel. If
this depth image value is smaller, then the surface point is occluded by something closer to the

light and the pixel is not lit by that light source. Figure 5.2 illustrates this idea.

Shadow mapping is advantageous in its ability to support other lighting models such as phong
shading and specular highlighting without interfering with their quality. For example, specular
highlights do not appear in the shadowed regions, even though shadow mapping does not concern

itself with enforcing this.

However, while shadow mapping and the phong reflection model work well together, they both
perform poorly for large granule counts. The next section, therefore, begins with the focus of this
chapter, which is the acceleration of the aforementioned algorithms to mcet the specific needs of

granule visualisation and lighting.

5.2 Enhanced particle rendering

For a smooth three-dimensional object, a triangulated mesh is only a plecewise linear approxi-
mation to the actual surface. In addition, the linear components (triangular faces) that compose
the object may each possess a normal. The latter is important in many lighting algorithms,
where the surface normal for a point determines the amount of light the point reflects in the

camera’s direction. Thus, by increasing vertex count, we produce both a tighter and smoother
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framckuffer
. i s Light source
framebufer -~
\\. Il.l
‘\. J"
[
Camera

Figure 5.2: Shadow madging algarithm. In this ilustration, a planc and cuke are present in the scene
(a5 seen from above) To bening the algoothm oroduces a framebuffer of soconc depth values as
determined by & lig-t source’s ponl of view, Since the cubesin ront of the olane, relative to the liget
source. bre plane area delimited by the ends of the dashed arrows (crmanating From the light source)
must be in shadow. Mow. ifwe look at & posilion in the L ghl's ramekufler L malching to & suface point
cr lhe cube 57, we read values tral are smaller lhan expected [ the the matching plane suface point
5. The nexl step is to ender the scene inte & colour framebufer as uswal, fom the camera's paint of
wienw. Fora given framebuffer pivel 0, match’ng 10 & sarface paint &, we can delermine whether iLis in
shadow. by transform ng tee Ay & in camera space inlo the ray bon liget space. Since tis gives the
deplh of & relalive to the ight sou-ce. we can compare this against he valug slored al Lo Inthis case,
we find the transformed depth is lerge: than the value stored at [ indicating 2 c ose- and inte-vening
sudace point (57 ex sts between § an the lig-t source, puttng & in shadow.

approximation to the underlving surface,

Thizs might suggest that lighting the smooth curved serface of a sphere rogeires o mesh with a
large wertos conl, However, Lle splieoe & unigue o that ils centre alone determines the normal
for anv given point on its surface, Iu turn, all surface points are determined once the radivs of
vhe sphore is known as well. This implics that we can light o sphore gleen aoly ils posilion and
radinug. However, the renderioy pipeline mmst prodoce ao image consisting of muitiple Eeagments
{or pixels) for each sphere, ruther than s single frapment represeutine oue vertex [the particle

CeLbre).

e way to solve this probloim is to send a guad [or cocls spherg, aligned 1o the viewer's direction,
thig ensoring thal sofficient fragments are available (o form a spherics] image. This technique is
called bl fbogealiveg and is llusteated o Fipare 503

Howewer, [our tines the smoonr of gecmerry s being sent for one particle position.  The
salution s to exploit & recent extension that enables the rastorisation of points into sjze-varving
squares |Crald]. For this to work, we need the vertex shader 1o speeily the slae of Lhe poiol Lo be

rnsterized, based on Lhe particle’s distance Lo the camera, The scaling [acter to use [or the sides

it




CHAPTLER 5 RENDERING CEHANTLAR MATERIAL

Bilibaazrd

Carmrorz

Figurc 5.3 A biliboarding approach to particle visuzslisstion, For each parlicle. one square quad
contred at the particle’s position s rondored. A vertex shader must trznsfurm the four cormers so
that each quad is porpendigular b the view direction of the camera (dashed black lines). A fragme
shador must shen Siscard thoso piccos of the quad that Bl outside of a circle centred within the guasd.
This creates o illusion of & spherc, as tho camerz moses, since the ond result s alwaye 8 vircie,
Implying & sprericsl nhigst in throe dimeansione.

of Lhe squars 1o achiseve this eflect s

4= i’y ) [5_1}
um(%F‘ﬁJ iy

where wy s 1he heiphl of the OpeuGL oulput sereen seen by the user. 1) = the distance o
the sdewer in the scenc. and Fois the viewor's fiold of vision, The lstter can be visualised, o
bwo dirensions, e the angle between the bhack arrees cmanaiing from the camera’s position in

Figure 5.5,

Thus, the vertes shader, wsing couation 3.1, sols the nppropriate point size as woell as fransforms
the particle posilion to dwo-dimeusirusl sereen spoee ([or rasterization}, The square produced
tfrom this information by the bardware after verlex processing 5 nterpolated aniformly with s
sgnare sor of toxiure conrdinatos in che range [CI, 'l: x [I:II, 'J]. Rastorisation converts cach teaturn
coordingle iuto s nuigue feagment, which 1o tarn produces a matchiug lrapment progra instancee,
Each instanes or shader rocokbves informackon om both its position and the sassockaicd particlc's
posilion within sereen space. Dased on this information, i the fragment’s ooordinate les more
than & unit distance from the parvicle’s centee, the shader will discacds ils outpul. For each
negbsenred particie, the edfleetive result is o cirenbar array of pixels in seroon space, Howewer,
wi gnog step urther and view this as a projection of o hemisphere onbo sereen spoee. This
interpretation allows the Fagment shader to calenlate the heicht and normal of the hemisphere
at the point dircctly above the frasment’s tw-dirmensional coordinnte? Taking the provious twen

values vefative to the particle's position 1o the 3T} seene, the sheder is tree to apply the nsnal

“Altornacively, we mizht precalenlate the heighes and snefoee oormals and gteee thess values at matehiog
covridinales intwe testures, called o normal map s o oailloard [3ch07 ) respectively,. Each frogroent <hader poar
reacds i sipale tewel from each texonpe o gaig eoongh informarion ta gghc it sneiace poiot. Howeser, this has 1l
disadvantao: of coupling rendering to texture memory veads. Morcover, interpoletion is necessary bocRuse miore
temtuibe onaridinates g peccied e particles Jvieg sdaser to thee viewee aeod vtee veesss Thos, given bl siregslicigy
and low computationsl cost, we tecaloulate the position acd normal tor esch fragmens,

el




5.4, ENHANCED PARTICLE RENDERING

lighting algorithim to caleulate the matching pixel’s eolour. The eollective resnlt 35 o convincingly
lil sphere at Lhe particle’s position in screen space, The specific algorithm folliwsed 15 detailed in

Pseudocode 5.1, The billhoard resulting on screen fromm this process iz tlnstratedd in Figoee 3.4

Pseudocode 5.1 Tolnl cxpansion apiorithmu

WErlen progra
input: v «— vertex repeesenling cenlre of 4 particle
Inpul: r + the particle’s radius
input: &+ the point’s sealing faceor
input: ¢, + particle sealing factor
e+ transform v into eve space, without projecting to screen space
v’ transtorm and project v to screcn spane
PointSizeOutput :— #&Nhiv}
PasitionOutput -— v
Fragment program:
input: {5 1] + texoure coordinate generated by hardware
(afot') e (e t) - (20- 20+ [ L0} fftransform the coprdinates to vange [ L1 = [ 1, 1]
T u’w
if v = 1 then
discard fragment [/ fragmeent nol wrilten Lo surface
end if
el —v* i the zocompanent of the spheres surface poing
entre (& 17 and z tegether speeify suvface poind, thus caleulade lghting.

Figure 54; Producing three-dimensional narmals fram the billboard. Wsing the bil board's cenlre,
we can map 2ach paint of the billboard, corresponding 1o 1ve positios of a single fragment, g to g
rmatching position on a hemisphers. This praduces 3 na-mral that we can use in the Prong refection
radel to produce the thes-dimensonal shading scan on he righl.

Ome possilile rendering probleu s =-fighting [MBOR], which can coear with closcly overlapping
peomnerty and especially when surfaces are Hat and parallel (o one another. The resalt appears
as seemingly ramndom pixels showing through the fromt surface with the coloms of the estensibly
ovclided surfaces hehind, This & caused by the depth-bulfer lacking the necessary precision bo
distingmsh depth values of closely positioned geometey. Furthennore, as depth is view-dependent,
the effcct vares aceording 1o changes in the seene or viewpoint., Fortunately, siven nniformly
colored spherical peomelry, imerpenctration artifacts are hard to spot. In addition. for this
error to ceeur, partielos would necd Lo occupy alinest the same position [n space. Since forees
bocome inereasingly larse with grealor particle overlap and prevend particles mom overla pping

more Lhan theie radii, we do not consider «-fighting a problem,

Shadow mappine can now be teivially aceeleraced by sinply rendering the cirealar regions once,
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CHAPTER 5. RENDERING GRANULAR MATERIAL

without any lighting being performed, to produce the depth image. This works because the light’s
position “sees”, that is, the depth buffer records, only the closest particles based on the order
of overlap. Importantly, while different pixcls from the same particle’s surface necessarily have
different depths, this is irrelevant in our case, because particles cannot self-shadow themselves.
Thus, we may ignore the three-dimensional geometry of particles and the granules they compose,
however, we must render other scene components as proper three-dimensional objects, when

constructing the depth image.

Higher quality lighting is also possible using ray tracing, though at the cost of real-time
performance. The principles behind ray tracing are discussed later, in a related visualisation
context (see Section 6.4). However, the next section briefly discusses the applicability of those

methods to ray tracing a particle set.

5.3 Ray tracing

Ray tracing offers a high-quality, although computationally intensive alternative to rasterisation.
In ray-tracing sand, the main problem is locating ray-particle intersections. The tracing
algorithm, given a ray’s origin and trajectory, must locate particles that lie in the ray’s path. The
simulation, however, stores particle positions in a two-dimensional texture without consideration
for three-dimensional positioning in the simulation domain. Fortunately, we have already solved
this problem by storing particle ids in a spatially meaningful way within a grid (as presented in
Section 4.4). Reusing the grid data structure, we can adapt the tracing algorithm to query grid
cells ahead of the ray, thus amassing candidate particle ids. The algorithm sorts the candidates
by their distance to the ray, which means a positive collision test immediately identifies the closest

intersected particle.

Note the ray-particle intersection test itself is fast. It simply requires checking if the ray passes
within a radius of the particle’s centre. The cost of determining grid occupancy, however, accrues
as the ray progresses through the simulation domain. Moreover, the time taken by the slowest ray?
to finish equals the minimum possible frame time. Thus slow rays lead to volatile frame rate as
the viewpoint changes or the granular pile evolves. Rays that exit the domain without a collision
may then intersect other objects in the scene or ultimately take on the scene’s background colour.
However, intersection testing with nongranular material, such as walls, needs different handling,
which might not be amenable to acceleration. For these reason, we have avoided a ray-tracing

approach to visualising the simulation.

3Such a ray, for example, might traverse through antipodal corners of the grid, performing collision tests at
cach step, but always failing to hit a particle.
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5.4. SUMMARY

5.4 Summary

Iluminating a large granular sandpile is computationally expensive, especially with naive
approaches. In this chapter, we demonstrated a method to accelerate the rendering of the
thousands of granules. In particular, we used the underlying particle representation of granules,
an implicit sphere model, and a recent OpenGL extension to produce both surface reflection

behaviour and shadowing.
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Chapter 6

Arbitrary rigid bodies

In Chapter 4, we described a GPU-based sand simulation able to produce real-time granular
behaviour by directly modelling the mechanics of grains. The simulation algorithm we proposed,
handled all physical interactions, be they among granules or between granules and arbitrary
objects, using grain-grain collision physics. The underlying assumption, of course, is that we
already have a particulate representation for each arbitrary (nongrain) object or surface used in

the simulation.

For walls, floors, and other objects with simple geometric boundaries, we proposed using an
implicit representation. However, for 3D geometry in general, finding a mathematical description
for an implicit surface, one that admits efficient runtime particle sampling, is not straightforward.
In these cases, explicit particle representations are needed. The difficulty, however, remains having

to manually transform an arbitrary surface or mesh into its particle-sampled counterpart.

In this chapter, we make three contributions to automated mesh transformation. The first is to
take a GPU-based technique [ED06] that converts an arbitrary closed triangle mesh to a discrete
field representation and extend it to use modern GPU features. In particular, we show how the
geometry stage of the GPU rendering pipeline allows offloading more of the algorithmic handling
of triangles to the GPU. This results in less CPU-bound processing and faster field generation.
The second contribution is a GPU-based particle sampler that simulates particle motion and
repulsion inside the field. We demonstrate that injection of enough particles close to the mesh
surface leads to a dense and even surface sampling. The final contribution is a hybrid ray-casting-
rendering technique that simultaneously visualises both the field and the sampling process on that
field. In addition, il uses information from rendering the samples to accelerate field visualisation.
The purpose of the visualisation is to provide immediate feedback on the resulting particulate

mesh representation without having to run a later sand simulation.
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CHAPTER 6. ARBITRARY RIGID BODIES

6.1 Background

The two fundamental problems we need to overcome are the generation of a signed-distance field
and the particle-based sampling of an implicit surface represented in the field. Signed-distance
fields have a wide variety of uses in computer graphics including multibody dynamics [GBF03],
collision detection for cloth [BMF05, HK06] and polygons [SGGT07], and shadows [KNO1]. For
a survey see [EHKT04, JBS06]. We are interested here in using signed-distance to demarcate the
region in which particle sampling will occur. In addition, the distance values form a gradient

potential, which drives particles onto the implicit surface.

While we aim to achieve this entirely on the GPU, much work has already been done on serial
processing algorithms and partial GPU implementations that still involve a large amount of CPU

processing or preprocessing. We briefly touch on relevant previous work in these areas.

6.1.1 Signed-distance field

A distance field is a discrete scalar grid of voxels (much like the grid of cells discussed in a previous
section) in which the model is placed and usually centered. In addition, each voxel (or cell) stores
its distance to the closest geometric feature of the model placed in that field. Geometric features

in this case could be a vertex, edge or face of polygon, whichever is closer.

Brute force

Given a mesh, a naive approach to generating a distance field is by computing for each voxel the
distance to the closest polygon in the mesh. In effect, this creates a scalar field in which points
with zero value lie on the mesh and non-zero valued points represent the shortest distance to the
mesh from that position. Figure 6.1 gives a two-dimensional representation of a distance field
built by the naive approach. Speeding up this approach may involve using bounded hierarchies
of geometrical features to decrease search times when testing distances to find the minimum. A
signed-distance field adds the requirement that for a closed mesh (one without any holes in the

surface), the distances stored inside that mesh have negative sign, while those outside are positive.

The problem, however, is that we generally want to produce a high resolution grid. That is,
ideally. the voxels representing the values 0 in the field should as closely as possible approximate
the original mesh., which is achieved by using finer voxelisation. However, producing a high
resolution grid means computing the values for many voxels and finding the closest surface poiut
for each of those voxels. Even when we require values in the narrow-band around the model up
to a distance n away, the problem is then finding those cells that distance away or less. One way

to get around this problem is a change of perspective.
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Figure 6.1; 20 disvrete scaar distanee figlds  Considering only positive values, the diagram
represents a distanee fie'd gererated by the Erute-foree approach. Picking negstive £1 values givas
a sigred-distance feld

Distance meshing

One solulion is to eonsider the problem [fom Uhe geomelle perspeciive and compute distances
away from the geometry, Spreifically, following [HIKL 89, disfance funetions are used {or verlex,
edge, and polveon. These [unclions are typleally hyperboloids o cones, which ave meshed. These
are rastorised, peor slice of the field, into a depth butfer. This, at the end of oue rasterisation
rrass, the depth buffers contains the Voroned regions [dBvEO 00 fae gooenetric features of model
geomelny of Lthe model Cha le 1o thal shice, The downstde of this method is its dependence on
the detail of the distmu fanetion meshiog, depth buifer resolntion, and size of the meshes for

the distance functions [where larper meslies means slower running times).

Sean conversionn

Another problem 18 thar signs have not been cmmiputed. One way to bandle tlis i nsing seen
ceneysione which relies on Voronod regions, it in this case ther 3T countorparts. Tt imvalves
srat-couverting Lhe seometric bonudary repion conlaining poinls thet e closer to a sperilic
geonnetric feature an the madel than to any other geometric featnre. This is nothing more than
A0 Voronod regions will geomelrie leatures, a5 belove, weaniug each polvgon's lace, vertex, edye,
or sotne coenbination of these. The ovevlap of these resions forms a Lthin shell around the model

that scan-comverts 1o a Beld aronnd the mordel

Sean conversion lor the S0 case weans perlormng a 20 scan conversion indwvidually [or slices
al the 30 space, Howeser, a two-pass algorithom is usually needed DG4 For one of Lhese
passes Lhe inpul mesh (or Lhe relevanl subpact of 00 = transforeoed inte o collection of geometric
bonndavy reglons [forming the narraow-hand thin shell], which are then converted Ly 2D scan
conversion into voxels (instead of the 213 case whore pixecls aoe the output]. For that layer, each
vooon] coltaing the shorfest distance to the its closest geomeetrie featurn, which by defipition it

kuows feom Ahe previous step (s a poinl inside a Voronol region),
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Hewrver, there are three sonrees of error that requice a subsequent pass to alleviate, These are
from planariiy testing. bounded solime constructinn, and Tolds in tle model polygons, These
euil lesd to Dncorrect sign compulations aod, 1o sowe eases, ineorect distance wloes ss well, Lo
particular, the algorithm nsed in this thesis does not cater for folded polveons (justead we cxpect

well-behaved meashes),

EBeayond scan convarsion

The problam of sign and distanece error mentionad [or scan conversion does ol sceur [or o wisel
positicaed closest o exactly one facd, For escanple, piven s voxel st position pthat is closest to
a faee with normal no then compaling s distance and the correct sign s achieved apsily with
ip— %) Siice pormals are uodelined [or vertices sod edpes Lhere 15 uo Imnediate way 1o
valeulate the correet sign for viowels closest to s vertex or edge. Lhere are some ways wo may try
tir gt arong this, however, there are special eases where naive appecaches beeak down. These
coses and their solutinn, the use of prewdo-tormals [BAOS, EDHK], are illustrated and diseussed

L Figurs 6.2,

|:a:| Mormals ool pEeerlrnnrals [b:l L=a5e qainst Singlr':. renrrid

Figure €.2: An cxample of producing the incormaet gign o wen calcu'ating "normals” for vartices and
edges. In(a). avoxe' at position s equally far away from bath Bces incident at v [an edge viewed
sida onin 300, I this wara truly 20 gaomatry, than we could simply average the normals o produce
a corectly signed result, Tz idea fails in the 30 caze. as illkustrated in (b, Now pis equaly close
10 all five biacs triangles and wea shall assume thal e alone woudld produce the incorredt sign. We
mig-t try to nitigate the effact of such a vector by taking the average of 1ne no ria's. giving each enqual
weighting. Howewer, if we arbitrarily subdivida ane of tha fares as ilustrated by the brown lines, then
tre incocract normal dominates e avacage Instead, e solution is to use the aogle spanned by e
carnar of eac ncident faca toowaiget its normal whan calcwating the averape. The resuling noemals
[blue daszhed | nas) a%e wnown 8s PEeUde-N0rmalE,

Onee the sipued-distenes eld has besn constoicted, we mmst sample the implicit surface
reprasanted in the discrele field. Tu particular, we favour methods that sample a surface using
particles rather than dimensionless points. The next section diseusses previous work in mesh

st pding,
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6.1.2 Particle ssunpling

In ome sewse, 2 model 5 alveady sompled by s verlices, Thal s, taking esch vertex as a sammple
point, we place a particle there of larpe enoogh radiug that the particles together [orm a elosed
surface, as illustraied in Figure 6.3, However, when vertices arve sparse, particles are nocessarily
very large, thus disterting {he models shape. This alse does pot suit the umplernenbation iu
this thesis, sinee particles ame assured for grains and thus all ogid bodics to have a small and
ieboren stee. For sullicient sampling, boweyver, yvertiees sy have Irregular spacing doue to oregular

tnangulation. One wiy to approach this problem is to resample the mesh.

s

Figure 6.3; Farlicle-sampled representation of geametry, The spher.cal mesh on tne right most be
approgimated by a paticulate rigid hody (particle-samp'ed surface), a5 seen an the left, Tris alows
the simulation framewok to handle surface-arancle wteractions naturally, through parlicle-particle
force calculatians.

For esxcnmuple, a cepulsion scheme whero pacticles ropel one another buat move gver the mesh socface
miay produce a uniform sampling [Turd1], The problem with this approach is that it does nat
address the case of baving large trisngles and relatively small particles. When this ocowrs, then
the final sampling interpolates the mode] and collectively reproduees the rcsh’s friangulited
appearsnce, While this matches well to the mesh, the mesh itsell s 0 many cases regarded us a
plernwize linear approximation to the true object. Preferably, we would like to have our particles

arranped woilorely across Lhe surlace senplied by the mesh,

e extension of the previous idea trests the mesh as 8 samplod version of the implied object, Lo
derive the surface that is trplicit in this sampling [WHS4]. Next, particles are canstrained to move
over the implicit surface, as constrocted from the polyponal surface, as well as repel one another,
leadding to o uniboren sampline. The disadvantage to this is that there is large computational
eost novalved inescl time step, since an iwmplicit surlace fittng s weeded, A siponed-distance field
(another inplicit representation), on the other hand, s compited onee and can be rensed. This
ig only applicable to the static case, as addressed in this thesis. Tn additicn, the signed-distance

field is o diseretiestion of oo oplicit surlaee snd therefore net smooth 0 the same sense.

A special eoase, howewver, is when the surfoce hos a koown implicit equation, The same idea
of physically-based distribution of particles over the implicit surtices then applies but new
nsing [AFAMT ' 92]. They scatter particles throngh three-dimensional space and have foroes that
pall them ta the surface and [orces the vepel thew so that they uniforady sample the surface.

Hewever, vnder evrtain comedilicns Lhe dillerential squations lor the process can e s0ll, leading
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to slow convergence or producing artifacts in the sampling.

In modelling nonreal-time granular material, [BYMO05] propose using a simplified repulsion model
of [WH94] but using a signed-distance ficld as the underlying implicit surface representation. This
is the approach adopted in this thesis. However, we extend this by executing sampling entirely

on the GPU allowing real-time visualisation of the sampling process.

6.1.3 Surface extraction

Before sampling occurs, however, particles must be placed in space. In particular, a physically-
driven process requires that particles start within the subvolume of three-dimensional space
occupied by the signed-distance field. Otherwise, the only active force is particle repulsion,

without any surface attraction, leading to diffusion rather than sampling.

One option for initial particle placement is to situate particles directly on the original triangular
faces and send these as the initial positions to the GPU. Since a uniform distribution applied
independently to each flat triangular face does not equate to the final uniform sampling, a random

initial sampling can be used [BYMO5].

An alternative approach is to extract a surface from the signed-distance field and use this instead
for the initial sampling positions before simulation-based sampling. One reason to do this is that
the original mesh might not be uniformly triangulated, leading to irregular initial sampling. In
particular, this may lead to the use of too few particles initially and a sparse final sampling.
Another reason is that a low grid resolution distorts the implicit surface. Thus, extracting the
new surface and sampling the result, might lead to better final uniform sample placement. Of

course, this is a poor alternative, since it fails to sample the original surface closely.

This idea of isosurface extraction has been studied a great deal in computer graphics. One
of the first algorithms for isosurface extraction is the marching cubes algorithm [LC87], which
places surface elements in each voxel based on that voxel and surrounding voxel content. A key
feature of this method is that geometric elements (polygons) in each voxel match up to form a
contiguous surface. A problem with this method, however, is poor triangulation. This is handled
by an extension known as marching tetrahedra, which produces near uniform triangulation and
lower triangle count than marching cubes, under reasonable conditions [TPG99]. The tetrahedral
method of Labelle et al. [LS07], in particular, guarantees topological and geometric accuracy

under certain conditions, including a smooth isosurface of bounded curvature.

Many real-time GPU implementations exist for isosurface extraction [RDG*04, CHC™* 06, TSDO7].
Most methods, however, are structured around producing real-time visualisation, which often
entails handling only view-dependent extraction [CHC* 06, TSD07] as opposed to extracting the
entire object or surface. Nevertheless, trivial modification of these algorithms produce the entire

extraction.
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6.2, FIELD CREATION

6.2 Field creation

As mentioned in ihe introduction, vur method s bassd ou work by [EDOE]. Their dalgorithom
can be broken into two stages. The brst stage 15 the constryction of g tetrahedeal 1hin-shell.
This shell encases the mode] in a band of wsec-specified nckoess, In sddition, this band s
rolprsed eriively of letrabedrons, The band s constructed on the CPUL This works by taking
each tringular e and Stting ao otlented bounding box to it as illustrated and deseribed in

Figure 4.

Figure 6.4: Fitting an atiented bounding box arcund & triangular face. The vector o represents tra
triang e's lngest edoe, while g is the haight of the Sriangle measured orthogonal to e, Finally vectar
iy is orthogonal to both previous vectoms. Together these vectors form a2 local coordingte system
for the trigngle, namely, (1., 1), 2], which are the unit yactas of 0, 1y, and ne, cespectively The
close-fitting rectang'e (gray) surrounds the triangle in the plane {uy, ug). To generate the arieted
bounding bkox. the rectangle is extended on all sides by some « (ndiceted oy the Black arrows). Its
faur corners 2nd Up forming the cormes of a larger rectangle (eiue border). These new corners ate
used o make the eight corners of the box by e-extension of tre lgaer rectangle (blue border) in =uy
d rectians,

The value ¢, introdured m Figure 6.4, represenrs the maximom distance away from the mesh én one
divection 1he signed-distance Oeld will reach. Thus, o wser-specifed narrow-band of thickness 2e
iz buill from sll bounding boxes, Howsver, as we shall later sea, intersection 15 great]y simplified
if we use 4 tetrabedron rather than o cube. Forlunately, every resulting bos can always be

decomposed into five tetrabiedro. vs llustrated o Figure 6.5,

The provess so far is summmarised in Paendocode 6.1

Paendnocode #.1 GrE.EI,LI:E L',-u:'u:L shell
CPU:

L :— emply list of tetrabedrons

for all trianpular laces 44 & wmesh do
generale fve tettahedrons T, T T, Ty, Ty [rom £
add all Ty 10 L

enel for

sort(T.) by increasing mimimim z-value
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Figure 6.5, Cube dissected into five tetrahedrons. An analegous cuts produce five etrabedrans for 2
rectangular faced bounding bow. ar parallelepipeds in gerneral.

The next ztep involves flling exactly one shee of the signed-distapes Aeld with veseel-distopes
data. This is done by CPU-interseclion lesling, where specific planes sre intersected with
Letrahedrons to produce triangular cross-scctions, Fipure 6.6 illustrates the resulting triangle
or quad intersections. The latter intersectinn is decompossd trivially into two tmangles sa 1hat

all intrrscction Lests produce W Giangle oadpad. Degenerate imlerseciions see discarded,

€r o

(&) Duadranguiar slice [c] Trianm. ar sics
Figure 6.6: Flarar slices thriugh a tetracedron. Three degencrate gases are nob included here,
These are plane-vertes, planae-rdge, and planc-face intersections.

{a) Tel-ahedror

The planes used for the slicing are wsually taken to be z-axis alisned, thongh conceptually, any
slicing direction could be used. Howewer, we use a cubaid space 1o make signed-distance leld
cotstruction and particle-siinolated sampling easier, This weans axis-aligned slices use meore nf

the texture surface for storage than for other divections, when large fields are generated.

Ancther advantage is that Lo carey oul the slicing algoritbimically, we siaply sort the e-coordinate
values for g tetralbedrons coruers py. pr. Pz. sl pg. with the z-value being tested. Depending
upon where the z-valne is positioned we can immediately establish which of 1he lines pepy were

intersected. The remaining work is o pevfovin line-plane dorseclion Gesting.

The euuned, however, is subdivided teivially inbo bwo triangles. T'his mocans Lhal only Uriangles ace
produced. We shall reler Lo Lhese as indfersection friewgles Lo distingaish Lhetm [rom 1he onginal
Lriangle used for comstoncting the bounding box. Intersection triangles are sent to the GPU to be

raslerised. Note that trisnples produced by the intersecting snd their resulting fragments cary

g
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inforimation throngh the pipeline concorning the originating teisngle. This bs gzed by W fragnent
shader to calenlate the shartest distance Derween Chat Tragment {represeating o voxel in the sliee)
and the originating toisngle [given by variables passed along wich the fragment). Figore G.7
illustrates what varinblos are needed and bow they are nged for calenlating the distanes, as woulid

be carried out bv a [ragment sleler,!

{a) vanzhles admlagle b @ sk asr | bb e D edling

Figure 6.7: How a fragmert shader comp.tes distance and sigr. Figure (&) shows original triangle
data accessible fu each intersection triangle and their resulticrg ffagments. that s, shador irstances.
The values o, by N (Blue) are scalars representing the combired base length o + & and the height & of
the triarqular face. The weclors e; and v; are the edge and verlex psesdonormals, rospoct vy
Finally. (e, uy. ugl is the local coord rale syslem situated as descrbed for the bounding box
construction. (k) The coordinate system available to the fragmert shader, as shown ir {a3), divides
three-dimensional space inlo six regiors as shown. The region in which the particle Les docs offcct the
fegtire used for finding the minimum distance (black cashed line) Gwen that foature, the associated
pseudonormal by comparison Lo (8} will be used to determine the sign.

The entire process, Pronn taking au ioieisl trisogolar face frow a model to converting this iutn

fragruent prograu ontput o be stoved. 35 smmoarised in Psendocade 6.2,

Pseudocode 6.2 Sran-conversicon of lelrabedrans
el
L+ list of all tetrahedrons T
for z 1= Zupin t0 S do
forall T, 2 1. where T; 712 £ i do
fivn] Veloopdor crosssections by, b oo 2 99 fftue when guid fntersection
vemeder({y, t2)  //node that QPU only used of this stage
and for
end for
GEL
Frogment prograim;
Compu Le shorlest sigued distanes s from this Raement to the oviginnl trianele
ColourOutpul -— (d.s) M Sceetor (psrudo Inormal and sealar signad distener
DepthOutput (— & Sl unsigned magnitude

Motice that the suclace (peevdoluormal (3-vector) is stovod a8 woll as the siened distance, Tlsing

YThs adzeelion ‘s posalde besanse geomerry and vertex procrams are able o pass along additicnal infammatioe
abaut triangies thew aperare oen Thiz Soforiasion s availadde e all che fraznients and nssociatal Tagment. program
instances producis when a apecide criangle 4 rasterised. In G051, For ssnple, such varaldos moy be reforred o
ae flut (a3 onposal Lo Cprecpolated ), which means that cach frammene chader epawoed by the rastevieed teiangle
reccives the annes informarian senn by eriginaciog verlog or geometry shador,

ol
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a 4-vector texel allows us to store the 3-vector and the scalar value together for each matching

voxel, thus providing particles in the sampling process both direction and distance information.

In addition, the unsigned magnitude is written to the depth buffer. This must occur, since oriented
bounding boxes generated earlier for each face must overlap, since the mesh is closed and faces
are adjacent. Overlapping boxes, lead to overlapping tetrahedrons and multiple fragments being
generated for the same voxel. Thus, by setting the depth buffer to an initial maximum value
and the depth test to pass only lesser depth fragments, the final signed-distance texels will hold
the correct values for their matching voxels. Notice that with increasingly large values of ¢ (see
Figure 6.4), more overlapping fragments are produced, leading to more wasted calculation, since
only one of the competing fragments produces the correct values. On the other hand, ¢ must
be large enough to ensure that the shell is computed correctly for voxels closest to edges and

vertices.

6.2.1 Enhanced GPU algorithm

The previous method handles the expensive distance calculation simultaneously for all voxels
by parallel execution on the GPU. However, this is not the only expensive part of the process.
The expansion of triangular faces to oriented bounding boxes (see Figure 6.4) and subsequent
intersection testing (see Figure 6.6) involve significant computation as well. Importantly, these
computations occur independently for each triangular face suggesting a possible avenue for

parallelisation.

A natural question is: can we implement this on the GPU? The answer is yes, if two problems can
be solved. This first problem is that the number of intersection triangles generated for each face
is not known ahead of time, unless significant parts of the computation are run as a preprocessing
step on the CPU, defeating the purpose of parallel GPU performance. Intersection count is
necessary, because a vertex program can only transform triangle information sent to it. That is,
we can load data for each triangular face (into a texture, for example), but we must send the
maximum number of possible intersection triangles for each face. For valid intersections (perhaps
associated with particular tetrahedron positions for the bounding box and marked by an id value
asserting its validity), the vertex program performs a transformation sending the vertex to its
correct position. Thus, the entire bounding box calculation is run three times for each valid

intersection triangle.

The second problem is that this must be performed for each slice of the space holding the signed-
distance field, since 3D textures can only be rendered to a slice at a time, among other limitations

(as discussed previously in Section 4.4.2).

This thesis solves these two problems. The first is handled by exploiting the new geometry stage.
This stage of the rendering pipeline processes an entire geometric primitive for each invocation,
such as an entire triangular face, which it may transform using the same operations available to

the vertex stage. Secondly, the geometry stage can emit zero, one, or several primitives for a
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single input primitive invocation. That is, for each triangular face sent to this stage, multiple

intersection triangles may leave.

However, this still will involve multiple computations for each triangular face, depending on how
many planes it intersects. This problem is solved by using a flattened 3D texture similar in
design to the flattened grid structure used for collision detection in section 4.4. However, instead
of storing particle positions, we store distance and sign-values. The geometry stage now simply
outputs all possible intersections. A vertex shader, similar to the one used for collision detection,

transforms slices so that they are rasterised to correct layer represented in the grid.

The result is that a single rendering pass using the triangular faces alone suffices to construct the

entire signed-distance field. The process is given in Pseudocode 6.3.

Pseudocode 6.3 Enhanced scan-conversion
CPU:
for all triangular faces F; € triangulated mesh do
render(£;) //GPU called here
end for
GPU:
Geometry program:
input: face F
generate parallelepiped P from F
decompose P into five tetrahedrons 71,75, 75, Ty, T5
for all T7; do
for z ;= argmin(z NT; # §)) to argmax(z NT; # 0) do

find triangular cross-sections tq,¢5 from zNT;  //two when quad intersection
emit(t,,t2)  //passed down pipe for rasterisation
end for
end for
Vertex program:
Input: Vertex v; of an intersection triangle ¢
transform v; from 3D space to 2D texture coordinate (s, t)
PositionQutput := (s,t,0) //orthogonal projection onto texture surface
Fragment program:
...same as for previous version...

With the signed-distance field constructed, we now turn to looking at the sampling processes

performed on the field.

6.3 Sampling

The idea for sampling is to allow the physical repulsion between particles and the gradient of
the signed-distance field to drive the sampling process, as illustrated in Figure 6.8. To produce
this behaviour we need to mathematically determine how to move the particles. Based on the
method of Witkin et al. [WH94], Bell et al. [BYMO5] have proposed a simpler version of the

particle velocity model. This approach ignores force action and instead estimates the final particle
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veforities Lhat ipht resule from such fovecs. Specifcally, a particle’s welocity s the sum of the
veloeity #p resulting frow the gradient in the signed-distance field scting on Lhe particle aud 1he

veloeily v, thal arises from repulsion Bedsecon particles. This, we have o — vp — 2.

Figure B.8: & particle moving in the signed-distance field. The ouwer partole is driven by a force (blug)
that operates along the gadient of the signed-d stance fie'd from high to low sbsciate values. This
directs the particle towsnds the implicit surtace reprosented by zeros. The particle alsc experences
an additive repulgive forge (red) that drives it away friom other particles. The |atter fosce comprises
the repeling action of &l bordering particles. Moreover, repulsion falls off witn increasing distance
hetwaen particles. This implies the need for @ fine balance hetween ine strength of tme field and
strengts of bordering particle infl.ence

Using a welocily -basced model, the Frat velocity component invalves particles moving towards the
implicit surfaco. as represented by voxels will signed-distance values af (L0}, thal 15 a 3-vecor
gutlace “nnrmal” (in this case. effeetively no normal) and asealar stgned distanee, For a parlicls

dt position p, the Beld velovity towards 1he boplicie surlace s given by
1y = —s(pldip) (5.1)

where s s the signed distanec stored at the voxel containing the particle snd d is the surface
porral Tor the unspecifed surface poird? closest 1o the that vosel. The anteame i that particles
lying in positively and nepalively signed voxels mose lowards the woro voxels thas collectively

estirnale the geomeiric surface.

Finally, we ensure particles distribute Lheniselves unilormly by applying a repulsion selacily given
by
I L P
v = allle pil)—— (6.2)
Z [ I il

b=
where pis Lhe particle whose selocity we ave compiting, 5 15 the sed of all particles with positicns
in e comipact suppoct of a beeael farction & To particular, @ should be o real-valined Binetion
that vanishes al nlimty, Onoe natural keroel s the Goessien fienction: Twlead, 1his thesia employs

the Graussian funclion, but deviates from Bell et al [BYMO5] by approximaring (e conipacl,

*Tha surface point itself 15 not stored, nor de we peed it 2 the sorons] adooe determioes Che partice’s Leajectory.
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support using a cut-off distance. That is, while ¢ is nonzero for all particle positions, we only
consider particles lying in the 27 voxels adjacent to and including the voxel containing the particle
with position p. To make this approach valid, we simply ensure that ¢ is sufliciently small for
distances of more than r, where r is twice the diagonal distance between antipodal corners of a

cubic voxel. The appropriate Gaussian function and its derivation can be found in Appendix A.2.

6.3.1 GPU Algorithm

The GPU-based algorithm needs two position and two velocity textures corresponding in size,
so that matching texel coordinates store properties related to the same particle. In addition, a
single VBO stores a set of 2-vector texture coordinates that collectively would cover any of the

aforementioned textures. Section 4.4.3 describes the same grid update process as used here.

After updating the grid, another rendering pass produces corresponding fragments for each texel
position. The fragment instances, representing individual particles, read the grid texture to
accumulate bordering particle influence in a manner analogous to the neighbourhood search
described in Section 4.4.4. The same fragment instance also reads from the signed-distance field
texture, which is created once off, as previously described in Section 6.2. The values it accumulates
here effect the particle’s velocity as well. The final velocity is then multiplied by a time-step and
added to the old particle position to give its new position. Choosing the correct time step as well
as other properties, such as particle radius, is discussed briefly in the next section. The procedure

followed by the algorithm is given in Pseudocode 6.4.

Notice that signed-distance values are interpolated in the fragment program. The method we
employ is called trilinear interpolation and is illustrated in Figure 6.9. It calculates the normal
direction and signed distance for all positions in the field, not just the voxel centres, as stored in

the texture.

In the cases where hardware does not support trilinear interpolation directly, we can calculate
this directly, albeit at significant computational cost. Given the eight texel values Ty, located

at the centre of cells Cy, ., we can calculate the interpolated value I at position (x,y, 2) as

I(z,y,2) = Tooo(1 — )(1 - y)(1 - z)
+ Tro0z(1 - y)(1 — 2)
+ Toro(1 — z)y(1 — 2)
+ Toor (1 ~ 2)(1 - y)z 6.3)
+ Tio1z(1 — y)z
+ To11(1 — 2)yz
+ Thory(l - 2)

+ T111.’Eyz
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Psoudocode G.d FEuhaoced praticle swopling
CIPTT:
set fwo render darpels 1o one particle textore and one wlocily lexlare
aclivate shader program foc updaling particle pesition and velocity
attach to texture units: inpul posilion. wlocity, signed-distance Geld, amd grid cexires
render ong guad with Lexiure coordinates mapping fraguent positions 1o waleling Lexels
deactivate shader poogram
reset render terpels Lo ong fur oulpur lo screen
L Rl B
Fragrment paograny:
P+ read position texluee vsing lragmend texiure coodinate
v o read velocily Texlire sing fragment lextiure coordinats
=0
vie— 0
for all 27 vosels @y o
read grid texture wt coordinale malched to wy to pel particle ids J). o, Ja, 04
for all particle 1ds j do
g +— rewdd particle posivion texture al ke coordivate wateling id o
wedd to v the velocity-based influence of 3y ou position p
end [or
end for
ida.sol idy, sl dr, 570+ vead B losest tewels fo o from field tecre
il 21 ¢ - perform trilinear inferpolation on [di, 55 at p
add tir ¥ the welochy-Tased effect of the firld valne {d.4)
p=p - B lwhere U s the Wi slep
ColaurOutput[0] == p’ [/stered to render fomgel 0 (posilion terture)
ColourQuiput[l] -— v f/stand lo render large! T feelocily texture)

Cll]

Figure 6.9: Trilinearinterpolation for 3 cube, A sample point p ired) dot is chescn in 30 space, Actusl
vomel centars atke at C_q‘._!. Unlike the caollision detection geid exture, the signed-distance Tield texiue
daes nol use the texel value to represent the entire conlents of the voxel. The exel value [d, s)
[narmal direction, scalar disiance] represents these values al the cenire of the voxe' Therefore, we
must inlerpolate to find the matching (d, 5 valug, ever i pis enclosed in 3 single voxel,
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Notice we assume a cubic arrangement with unit side length. For the general case, we would

simply scale the arrangment before performing Equation 6.3.

However, the advantage of using a 3D texture over the flattened 3D texture is having fast
hardware-supported trilinear interpolation available. This method needs to read the eight texture
values corresponding to the centres of eight bordering voxels. If these values are stored in a 3D
texture, then due to their spatial locality, texture prefetching will accelerate reading of all these
values. In contrast, using a flattened 3D texture, only 2D caching for each set of four adjacent
voxels is possible.® In addition, the shader must perform the interpolation calculation explicitly,

since hardware lacks native support for flattened 3D textures.

Specifying time step size, particle radius, and particle count

There is no clear guideline to choosing a “good” time step. However, we might presume that
a particle travels no more than a cell’s breadth during a single time step. This is justified by
the same stability reasons given for particle movement in the sand simulation (see Section 3.3.1).
Using this idea, we calculate the magnitude of the maximum velocity that could act on a particle

and divide this into the smallest side length of a cell, thus yielding a reasonable time step.

However, calculating the magnitude of the maximum velocity is not straightforward. We may
derive an estimate by recalling that this velocity is necessarily produced by summing two other
velocities. The first is the velocity contributed by the signed-distance field. In this case, we seek
the maximum scalar value occurring in the field. We can find this value by copying the completed
signed-distance field from the GPU to the CPU and searching for the maximum absolute value.
We shall assume this velocity acts in the same direction as the second velocity contribution,
namely the velocity due to repulsion from neighbouring particles. To calculate the latter, we
assume the existence of enough bordering particles to fill the nine signed-distance field cells lying
to one side of the particle’s cell.® This allows us to calculate the maximum repulsive velocity
pushing the particle in a single direction. Adding the magnitude of this result to the signed-
distance field result gives the final magnitude. Importantly, this value overestimates maximum
velocity, since the field and repulsive forces typically act against one another, as in the case of a

single particle pushing others aside while the field pushes it towards the implicit surface.

Choosing a “good” particle radius is another problem, which is complicated by grid cells storing
at most four particle ids (due to a 4-vector texel limit). In the sand simulation, we set the particle
radius so at most four particles fit into a cell and, in addition, we use both collision detection and

repulsion forces to keep interpenetration to a minimum. In the velocity model, however, we cannot

3The one advantage to 2D caching is that the cache is less likely to be saturated when many particle positions
are interpolated in the signed-distance field.

4We might calculate the maximum scalar value before producing the signed-distance field by recalling that a
user sets the shell size for the field produced around the model. Assuming cubic field cells of unit side length,
we use the fact that shell size limits the largest extent of the field. This limit is an estimate for the maximum
distance value we scek. This value is accurate for face distances, but may slightly underestimate corner distances,
since these arise at the intersection of the bounding boxes forming the shell.

5The nine cells form one face of a cube of 27 cells in the signed-distance field.
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easily prevent interpenetration, which otherwise leads to more than four particles occupying a
voxel. When this occurs, a grid query will only detect the particles with the lowest four ids,

leaving the other higher-id particles “invisible” to neighbours.

All is not lost, since the undetected particles still experience a repulsion force induced by their
neighbours, namely the same-cell lower-id particles and those in bordering cells. This allows for
later separation when compressive behaviour might have eased. However, tighter packing induces
a much larger repulsion velocity, which might overcome the field gradient resistance. This leads
to particles rising off the surface, against the gradient. To address this, we might nse a different
or modified kernel function that increases the weighting of distant particles. This is an attempt to
produce a greater total repulsion velocity, which may inhibit particle clumping in the first place.
A second approach is to use a thinner shell and to set all field cells to a special “empty space”
value, before starting field generation.® Now, the sampling process, specifically the fragment
shader, can detect when a specific particle has pushed into an unsigned region of the field. The
particle’s interaction with other particles is ignored and the particle itself is repositioned into a
special unoccupied corner cell of the domain, such as the origin cell. Of course, this now repeats
indefinitely, effectively removing that particle from the sampling process. Importantly, storing
the final model now requires that we consider only those particles not lying within the designated

“waste” cell.

The latter provides an easy mechanism to rid the sampling of excess particles. However, we still
need to address choosing a particle count large enough to sample the implicit surface without
holes. Reusing the idea of copying the signed-distance field from the GPU to CPU, we can count
in CPU-readable memory the quantity of field cells with distance zero. This value, multiplied by
four, gives an estimate of the maximum number of particles we could use. Thus, the problem
of achieving a finer sampling, is now handled by choosing higher resolution grids for the signed-
distance field and collision detection. The only limit to this approach is the maximum 3D texture

size available on the GPU.

Finally, we note that particles can be injected into the sampler at runtime. This involves ensuring
the position and velocity textures are large enough to accommodate any additional particles. We
proceed by first copying the texture data from the GPU to the CPU and then insert additional
particles with unique ids.” Similar to initialisation at startup, the final texture data is uploaded
to the GPU. The simulation then proceeds in the next time step with the additional particles
appearing instantaneously in their assigned spatial positions. This procedure provides a way to
position particles into gaps where repulsion and field-gradient velocity have failed to move them.

However, this thesis does not address algorithmically locating such gaps.

We now turn to visualising the field and sampling process.

SFor example, we might set all field cells to ((1,0,0),0). This value is not a valid result of field generation,
since zero-valued cells are the implicit surface and thus have no associated normal. Of course, field generation will
overwrite these default values where appropriate.

TInstead of using only unoccupied texels, we may reuse the texel storage and ids of “waste” particles that have
moved irretrievably into empty field space.
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6.4 Visualisation

Field visualisation calls for methods such as those mentioned in Section 6.1.3, which were found
to be unsatisfactory for implicit surface extraction. Here, however, we are no longer concerned
with geometry per se, but rather with creating a visual representation of geometry. The latter
distinction is important, since it informs many rendering tactics, such as culling geometry not

visible to the user.

The technique of throwing away unseen geometry is supported in hardware through depth
buffering (see Section 4.1.3). This allows the particle visualisation to mitigate unnecessary
fragment calculation for nounvisible particles. For field visualisation, the same particle depth

buffer is exploited with an additional culling technique to accelerate ficld visualisation.

6.4.1 Particles

Particle visualisation proceeds in the same way as described in Chapter 5, except that shadow
mapping is unnecessary. However, a first rendering pass with no lighting needs to be performed so
that the depth buffer can be saved. The depth image is generated from the camera’s viewpoint,
which allows for optimised field visualisation as explained in the next section. The code for
creating the depth texture containing the depth image is given in Pseudocode 6.5. The code
listing lacks vertex and fragment program code, since these are the same as for sand visualisation,

except that no specular, diffuse, or shadow mapped lighting is computed.

Pseudocode 6.5 Particle depth storage
CPU:

activate point-sprite expansion
activate FBO associated with particle textures
unset FBO render targets  //no colour output is captured by FBO
set FBO depth buffer to point to a depth texture
activate shader program for point to particle expansion without lighting
render the VBO that stores particle positions
deactivate shader program
reset render targets to include colour surface output
deactivate FBO
deactivate point-sprite expansion

Once the depth texture is stored, particles are rendered again, without shadow mapping, to the
final colour surface. Diffuse lighting may be used to provide the user with a visual aid to particle
positioning in the field (relative to the light direction), though this is not strictly required. The
next step is to “fill” in the gaps between particles, through which the signed-distance field is

visible.

An example of the visualisation, during the sampling of a trefoil model, is given in Figure 6.10.

Here, we see the progression from an initially poorly sampled surface to a fully covered surface.
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Figura 6.10; Visuaiisation of the sampling pracess running on & tretoil mady|.

f.4.2 Signed-distance field

For sealsr field visualisstion, we might apply the surface exiraciion wethods discussed in
Scotion 6.1.3. These wethods bring out the latent surfaee by affiang peotuctty to the wero
distance values in the {ield. In particular, they perforen this g Hodted vies-dopende way,
so that offort is expended only on what the user mipht see. rather than extracting all peoneiry
unnecessarily. The toangulated geomeotry that s extracted can be visuslised by rasterisation ta
the sereen. Dhoplemwenting this o veal-thine s straightforward and nesds Al most a single vortex
shader [GRI1305 .

An allernative 1o rastersalion thal bypasses geomnetry peodietion is to “rolour 0" the final
sereent ditectly, Oe such method, calisd ray casting, shoots or casts a tay out from the camera’s
viewpoint theaugh each frnmeby fier {seveen) pixel. A ray may strike a geometric surface v the
seete or pass by withoul collision. When s collision oeenes, the |ixel associated wilh the colliding
ray 15 assigned the colour of the surface point intersected by that ray, When ravs miss all seene
gronnelty, they are assigned] adefanlt ockground eoloar. The resulting framebuffor jmage, mach

fike a pholograph, caplures the rays of hghi radiating froon the part of the scene i sees.

A similar approach is used tor viswalising the cuboid of voesls contaiming the signed-distance field
on Lhe G In particular, a screcn-sized quadrilateral s rasterised to the framaebaffor, resulting
in the production of frapment shader instances for each screen pixel. Each fragoeut carvies onl
tay mtersectian tosting against the vaxelised cuboid. Again, rays arc modeled as if they originate
al the canwera position and travel in the capera’s view dircction 1o pass through Their matching

pixels oul into the scete,

This thesis employs 8 ray casting technigue to validate signed-distunce fisld production and
aid the nser o qudging the samplers corroctness.  Howower, while ay casting 35 simple to
irnpletnent . geametty extraction s attractive because it pravides the nser with o model of the
inaplicit surlace that admits & nalural comparison Lo Lhe initial jnodel. The problem is theso
fechnigues oftetl employ different peometric primitives and alporilbins 1o extract the suefaee,
which leads 1o different modet outpat. This would wean choosing the “best” technmgue. which

sy didfer according o input madel. Ray casting ensures we see the same underiying sipned-
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distanee field. Furthermore, we add nething new to the disossion by addressing GEPU-basod

genmelric extraction, which has alrcady peceived moch attenlion i Ve Titeral ure,

Unlike peometriec ray casting, however, we do not color a fragment’s pixel sccording to the
interscotion point. Instead, for cach pixel, ihe associated fragroent shader instance calculates
the path taken by Tragmend’s vy crough che voselised euboid. When an ccoopied vomel s
struck, s contents indicate the presence of the Beld, as illustrated in Figore G110 'Uhe pixel
value is eoloured an appropriate nombackaround coleur. Tn contrast, if tho ray passes woogh the
cuboid withour stviking an acenpied voxel, twen its pixel is set 4o the backpground color, Voxels
are only considersd to be oceupied if thev eontain a zero-distance value, The tesnlt. therefore, 5

an image of the woplicit surface in the amebuffer and ultimiately on sereen.

o oloio
0 o
. e

Figure 6.11: Progressive sampling of texels by a ray, The ray £ (black line)is cast in a z-plane through
the cuboid. thereby Sampling ene layer of voxels [yollow scuanes) by reading their assoc ated testurn
valucs {grecn dots) Sinee no intersection tosting is peformed inside the oubo'd, the ray relies on
regulzarly spaced samples frod crosses) e know when it is ins de the next voxel. This means same of
the intersected veoeels and their toxal values are missed (blug dots), Thisis nat 8 issue since ol least
one sample is taken, terminating the ray as needed. A related prob'ermn occwrs when samples fall oo
a corner edge, or face shared by adjacent wimels. Ths is hasdled by the uscal arbitration schemes.
such as picking he waxel lyving closest o the arign.

Exploiting particle positioning

MNotice that we can simply vender the particles over the Imupe that resalls from ray casting,
Hewever, this means wasting frapient caleulation for those pixels that are eovered by subsequent
particle plxels. A better approsch 5 to render the particles frsh, as assumed ' the particle
visnalisation, and use the depth wiermation 4o avold unpecessary raprment caleuladion, The

algarithrn for ray casting combined with depil checking is deseribed in Pseadocode 6.6

The code renders only four verdices, that is the [our corners of the quad, However, direction for
raciy ray 15 slored as s varying shader variable, which means that when the quad 15 rasterised,
direcdion is linearly interpolated seross the guad’s surface, thns producing individnal divection

rays for each resnlting frasrendt.
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Pseudocode 6.6 Ray casting
CPU:

activate shader program for ray casting
attach to texture units: signed-distance field texture and particle depth texture
render a quad with texture coordinates mapping one-to-one to framebuffer pixels
deactivate shader program
GPU:
Vertex program:
Input: untransformed vertex p
Define: r as a varying variable  //value is interpolated across a triangle
Define: o as a flat variable  //value is unchanged across a triangle
0« M71.(0,0,0,1) //finds camera’s position using modelview matriz M
r « normalise(p —0)  //cameras view direction to vertex
Output position := project vertex p to framebuffer surface
Fragment program:
Input: o « camera origin
Input: r « interpolated direction
d < read the depth texture using this fragment’s texture coordinates
if d altered from default depth value then
discard the fragment  //no further calculation and pirel not written
end if
84 =—  [/step interval size
(tn,t fﬁné— calculate near and far intersection distances, respectively
Le(ta+5)-r+0 //line L at a position half cell width into cuboid
for i «+ 1,n, do

1

(u,v) « convert (t,,tf) to texture coordinates for signed-distance field
end for

Enhanced GPU algorithm

A problem with the previous approach is that if the cuboid does not take up much of the screen real
estate, then many ray-cuboid intersection misses result, leading to wasted fragment calculation.
In contrast, the ray casting approach used in this thesis produces exactly those fragment instances
whose corresponding rays do intersect the signed-distance cuboid, saving unnecessary fragment

calculation.

The method begins by rasterising the camera’s view of the signed-distance cuboid with the usual
perspective projection. That is, we render a polygon model of a cuboid that has rectangular
faces of the same dimensions as the abstract cuboid represented within the signed-distance field
texture. The fragments resulting from rasterisation indicate exactly which pixels produce a ray
intersecting the cuboid. Therefore, no ray calculation is wasted in this approach, as illustrated

in Figure 6.12.

The code required for this is the same as in Pseudocode 6.6, except that the cube is rendered
instead of a quad. An example final visualisation is given in Figure 6.13, which views one frame of

the sampling process either with the signed-distance field alone or with particle sampling included.
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Lianmern

Fraanehuffer

Figure €.12; Ray casfing througn voxplised cuboid containing the signed distance field. lg=oni=g tre
mplicd subdivision of the large cubod (blue incs). we sbserve the inilial process where the cubaid
% re~dered {projeded)] enlo fre fmmebutior Bs secn from the camera viewpoint.  Trus, “coloured’
pixels (the intersecton of the red vedor witn the framebufier) indica= thal a ray [sold red vacor)
cast from fic camera viewpdinl INro.gr thal pixel would strike tne cuboid. A white psel indicates
hackgmyand. implying its associaled ray (dasred red vecter) doos not inersect re ¢ bo'd, The parn
of the intersecting ray, howsver, is Oliowsd voxel-by-voxel (yellow cubes) u-til the ray exils the cuboid
or slrkes 3 non-amply voxel. Inthe latler cass (re pael carrespanding bo the -2y can now be colourad
basad on the voxel content

Flgure 6.13; Visualisaticn of tre samphng process runcing an a trefoil model. Tre rignt iImage shows
tre signed-distance field aloneg and the =i image shows tre samphing process acting on tre figld

1005



CHAPTER 6. ARBITRARY RIGID BODIES

6.5 Summary

In this chapter, we demonstrated construction of a signed-distance field in a single rendering
pass, that is, where the entire triangulated mesh is sent once to the GPU. In particular, we use
the new geometry processing stage (found on modern GPUs) to produce intersection triangles
within the rendering pipeline, thereby avoiding having to resend triangle data multiple times. We
further support this processing by employing a flattened 3D texture. This enables the storage of
plane-intersection data (fragments) from any z-plane, immediately, rather than on separate CPU-
issued passes (as would be required with a 3D texture). Finally, we demonstrated a real-time
technique for visualising simultaneously both the particle sampling process and the underlying
signed-distance field. In addition, optimisations for mitigating unnecessary shader computation

when producing the visualisation were discussed.
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Chapter 7

Simulation framework

The central claim of this thesis is that our framework for GPU-based sand simulation
produces valid sand behaviour faster than previous CPU-based approaches, while matching or

outperforming related simulation on the GPU. In this chapter, we provide support for this claim.

We begin by corroborating physical validity, which entails analysing, under varying conditions,
the measurable static and dynamic features of the simulated material. The features we address
and the test cases we perform are selected because of their ubiquity in the granular material
science literature. The results of our testing are in line with previous DEM simulations. In one
instance, the sand framework outperforms previous single and dual-particle models, in providing

a superior match to physical experiment (see Section 7.2.1).

Next, we analyse framework performance, focusing on the gquantity of sand simulated and the
simulation speed. Results are compared to previous DEM simulations, including multiparticle
models, where a multicore CPU-based machine or the same GPU has been used. We address
differences in previous experimental conditions by normalising results to reflect per-granule
performance. Lastly, we assess the effect of high-quality lighting on simulation performance,

for which we find only a marginal decrease in rendering time.

7.1 Testing environment

All algorithms and methods described in this thesis have been implemented in C++. The sand
simulation framework compiles with GNU GCC 4.1 and executes under GNU/Linux (Ubuntu
7.04). However, the instrumented driver for the graphics card, which provides extensive real-time
information on GPU performance, failed to work under GNU/Linux. Therefore, testing has been
performed under Windows Vista™ (32-bit), using the Microsoft Visual Studio 2005 IDE for

compilation.

Single-precision floating-point values are used throughout the framework, in shaders, textures,
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and the CPU-based orchestration. This restriction ensures that numerical data remains
consistent between the CPU and the single-precision floating-point processors on the GPU.
While methods exist to emulate double-precision on GPUs lacking native support [GSTO05], the

expected computational throughput is about half that achieved when running in single precision
mode [GST07, GS08].

Testing hardware consisted of an Intel(R) Core(TM)2 6600 (clock speed of 2.40GHz) with 2048
MB of RAM and an EVGA GeForce 8800 GTX/PCI/SSE2 graphics card with 768 MB of
dedicated memory. To support the latter, we installed the NVIDIA display driver, version 181.20.
For shader orchestration and rendering, we used OpenGL 2.1, along with the OpenGL Utility
Toolkit (GLUT) 3.7, to handle windowing and user input. The OpenGL Extension Wrangler
Library (GLEW) 1.5.1, provided access to special features of the graphics card that are not
natively supported by OpenGL 2.1. Finally, we used the NVIDIA PerfKit 6.5, to gain card-

specific access to the real-time GPU performance counters.

In the next section, we explain our approach to physically validating the simulated sand. We
present details on the testing methodology used and discuss quantitative findings. Simnulation

performance is addressed similarly in Section 7.3.

7.2 Granular physics validation

Confirming physically valid behaviour in the sand simulation framework requires that we
first identify characteristic features of static and dynamic granular assemblies (sandpiles). In
particular, we seek features that admit comparison to previous DEM simulations and empirical
work on real-world sand. In the former case, we must distinguish between simulations that use
monodisperse particles, where all particles have the same shape, size, and mass, as opposed to
polydisperse particles, which vary in these properties. Furthermore, we are interested in the

distinction between multiparticle and single particle models of sand.

As characteristic behaviours of a sandpile arise from mesoscopic (or microscopic) granular
mechanics [JNB96], much previous work in granular science has focused on granule-granule
contacts. Experiments with photoelastic disks and particles [MB05], under various packing
conditions [VHC*99] and with local force perturbations [GHL*01], have suggested the presence
of heterogeneous force-bearing networks (or chains) within dry granular material [OR97].
Understanding the behaviour of these force chains, as well as their spatial correlations, in
the absence of a load or in the presence of applied forces, is a fundamental goal of granular
mechanics [MB05]. In particular, the distribution of normal contact forces in these networks has
been addressed extensively in the literature [RJ M+96, MJINGS, TVCI8, LMF99, TWO0, OLL102,
BEH*03, RBP*04, MB05, ZLW™*06, vEEVH07].

By convention, the distribution of normal contact forces, denoted P(f), is calculated from

normalised forces, so that f = fn/ fn, where fn is the average normal force. For notational
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7.2. GRANULAR PHYSICS VALIDATION

convenience, we shall assume that forces f, and f; refer to their normalised analogues, allowing
us to distinguish between the normal contact force distribution P(f,) and the tangential contact
force distribution P(f:).

Experimental measurements of P(f,,) are typically conducted at particle-wall contacts because of
the relative simplicity of boundary force measurements, as opposed to bulk force measurements.
Physical experiments have used carbon paper at the base and the sides of a cylinder packed with
glass beads to derive P(f,) [MJIN98]. In contrast, DEM simulation readily permits measurement
of forces, and many other properties, both within the bulk and at the boundaries of the simulated
sand pile [SGL02|. In these measurements, independent of whether particles are monodisperse,
amorphous, or vary in their packing order, two important features arise. First, the distribution of
normal contact forces is indiscriminate with respect to particle friction [BMM™*01] and packing
structure. Second, the distribution exhibits an exponential tail at large f,, by which we mean
fn > 1, and a plateau or peak near f,, = 1 [MJNO98|. Indeed, an empirical functional form for the
distribution has been suggested [MJN98], namely,

P(fa) =a(1 - be™/»")e=/, (7.1)

where a, b, and § are fit parameters. Previous work has shown that Equation 7.1 provides a
good fit for the entire range of forces recorded in both experimental work [MJN98] and DEM
studies [SGL02]. In addition, previous work in DEM simulation, using the exponential fit, has
suggested the tail of the tangential contact force distribution P(f:) decreases slower than the tail
of P(f,) [SGL02].

More recent experiments [BEHT03, MB05, ZLW'06] and DEM simulations {RIM*96, TW00,
OLL'02, vEEvVH'07] have found that the tail of P(f,) decreases faster than predicted by an
exponential fit. In particular, DEM simulation [VEEVH*07], as well as experimental techniques
using photoelastic particles [MB05] and droplet emulsions [BEHT03, ZLW ™ 06], has suggested a
Gaussian tail. Thus, for large particle (or granule) counts, where sufficient statistical information

can be accumulated, previous work [RIM796, MIN98, vEEvH07] gives

P(fn) ~ exp(*cfna)w (72)

as a fit to the tail of the distribution (f, > 1). Values for an exponent have varied between
a = 1.5+ 0.4 [RIM'96, MIN98] and o = 1.7 £ 0.1 [vEEVH"07]. The question of whether the

tangential contact force distribution P(f;) has a similar tail is not answered in previous work.

For a sand pile subjected to uniazial compression, previous experimental work, DEM simulation,
and theoretical analysis have all found peak formation near f, = 1. Radeke et al. [RBP104]
discuss the appropriateness of the gamma distribution as a fit to the distribution of force

magnitudes for granular media in a loaded dense state. For comparison to Equations 7.1 and 7.2,
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we reslale the panuna probability distrbution suitably as

1
Tia) b

P[f.-z:l xo f"r.'—'l r?(—fn_,-'bjll r-vl:j:]

where o, b £ 2 0 and e} = (a0 — ]! Bor o s positive integer.

Figure 7.1 prowides a comparizson of the exponential, Gaussian, aned pamina il lunelions, For the
case of uniaxial compression, the paoma i evidences a peak near f, = 1, while under standard
conditions, we expect a flalloning ofl in this region, as sugpested by both the exponondial and
Clanssian it funetions. Morcover, the Gayssian s likely to produee 2 Tietler fil Lo the rail of the

distrnbution, where it decreases faster than Uhe exponential [,

Pl
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Figure 7.1: Fit functions for normat contact foree d stribution of a sandpile. The expo-ental fit has
paramewrs ¢ — 2,550 = 0.65, 7 = 1.35; the Gaussian funchon uses 1 — 1.5 and the Gamma
function uses @ — b, b = .21,

Given the importance of the normal contact foroe distribuytion in proving phesieal validicy. as
well as the availabillty of goml cmpirical functional {ils, we view siwilar testing performed on oo

simulated sand a5 mandatory,

Apart from fivee distribution. previous work has examined the spofiol corvelolion smong
forces [MINSS, SCLOZ. Thus, based on previous work |MINGS, LMEOS, SGLO2Z. wo define

the spatial feree-force correlation function Frh as

T E_;i:.ui iy ?‘}fif_!'l
2 Ej}f ry; =)

Fir) = (2]
where vy 15 Lhe Ded-distance booween the contres of particles § and 3, while f; 13 the magnionde
ol Lhe normslised normal contact foree acting on particle i Formally, the function 4 s sero
everywhere, exeeptiug thar (40 — 1. However, we allow for o swmall tolerance e, less thaa s
particle’s radius. to accownt for hnprecision io particle positicns, That s, é8(e) = 1 for @ & [—e €]
Traportantly, since the ealeulalion of loree-foree correlation is perlormed at the particle-level, we

agsine particles & and §oare wod part of the same grain,

Besulis Lave varied. with some provious cxperimmentsl work seeing no spatial correlation smong

forves [NLIN%S|, while others find only weak correlations at the base of the ple, extending
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onit approximeately five particle diameters |EAEF99, Previons DEM simualation hes fousd [orce
cartelations over shovrer distances, within the bl af the material, extending no more than three

particle disineters |SGLOZ

These findings provide an additinual test case for physically validating the siongisled samd, 1le
wiost Lavouralile ouccome lor such 2 test would e Tuding uo spatial cnvelation among forces, n
agreement with previous experimental wock, I spatial corvelolion i [ound, we exprel this to be

highly localised. extending 4 few particle diameters, at most,

Another importanl propecty of sialic sandpiles is che condaet geometry annng ite gramlar
coustituents.  lo percticalst, we refer W0 the peowetric arrangement of grain-grain coutaces
within the sandpile.  (ranole contact geometry has heen stndied under swriows packing
condilions [BMM*T01, SCLUZJ, with sotne work lnoking at che disceilution of eotitact angles P(#)
amoug gramiles and the influence of friction oo this distribolion [SGLOS, To the later study,
cotthact angles hetween partiofcs were moasnend velative fo a local spherical system. ay shown in
Fimue 7.2, Two key resulls [eorn the slady were that [riction l:as only & weak influence on {he
distrimytion of contact angles. Inoaddition. large forces are comcentrated st smaller anples to the

verticsl, sapeesiing o verfioed sipporl SUFLCLIE.

Figure 7.2: Measerement of contact angles wsing a local spherical soordinate system The contact
angle thelo for a gairof bordering particles is measured relative to the verdical (6 — (. A honzontal
vanlact prodeces a conlacl ang'e of & — 9 degraes,

The wilue of perlormiveg suels o rest is in the geomctvic information it extracts from the
simulated sandpile. This informalion setves as o meloic, allowing steacloral camparizans to other
sitmilations, while acemnting for differences in the nnderlving grain copresentation. The specilic
gdvantage 15 Lhat we need only cawualade the Qistrilation of covntact angles based on the sontreids
of each tetrahedral grain in the samd stomlslion camework, Such o cotnpacizon, meed oo particle
prsitions alone. may be complicated by the righd coupling between bordering particles that lorm

part of the same tetrabedral srain.

Cromrinuing with geotmerric confact among granules, measupement of forees In sranular materisls
have Tound inhomogeneity in loree magnitudes among graoulcs o mutual contact [SGTO2)
In particalar, heteropeneous [oree nefworks have been eliciled by experimenlal work with
photoelastic particle packings |VHCT90], piles of photoelastic particles sulject to locsl point-

farees (GHE ! (M|, and frictionless water droplets [ZLW 6], Furthermore, computer simulation
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has suggested the presence of mechanically complementary subnetworks, distinguishable by the
magnitude of the forces they propagate through the granular material [RWJ*98]. A “strong”
force network appears to be formed by particle-particle contacts propagating forces greater than
the average normal contact force. Similarly, a “weak” force network appears to conduct smaller

forces through the material.

A natural hypothesis is that the strong force network supports all the stress in the system,
while the weak force network acts merely to support the latter framework [SGL02|. However,
Silbert et al. [SGL02] found no clear evidence of a distinction between weak and strong force
phases in the force-bearing structures. They found that half of the contacts in the strong force
network contribute approximately 80% to the average contact force, which is not as large as
expected [SGL02].

Performing a similar test case, to quantify the contribution of these supposed subnetworks to
the average normal contact force in the bulk of the simulated sand, would allow comparison to
previous work. In achieving similar results, we may provide further validation for the presence of

expected granular behaviour in the simulation framework.

The contact structures and behaviours mentioned thus far also affect global features, such as a
sandpile’s response to stress. In an oedometer test, a stress is applied to a specimen along its
vertical axis, while the corresponding strain in the horizontal direction is impeded [CE09]. In this
instance, shear stresses and strains, as well as compressive stresses and volume changes might
occur. However, the material is prevented from failing in shear, implying that compression is the

dominant source of strain [CE09].

In such an experimental test, Coetzee et al. [CE09] compressed corn granules in a loaded
cylinder, using a low compression rate to prevent dynamic effects. In addition, they replicated
their experimental setup using numerical simulation of two-dimensional grains. Of comparative
relevance to our simulation, they model each grain as a rigid arrangement of two partially
interpenetrating spheres, thus emulating the two-dimensional silhouette of the experimental
corn grains. While the simulated grains lack three-dimensional correspondence to the real-world
material, comparison between their experiment and simulation is justified by the one dimensional

action of the strain.

The experimental and DEM results indicate elastic hysteresis at the start of unloading, however,
only the experimental results show two-thirds recovery of strain at the end of unloading phase.
These behaviours may be explained by interlocking among granules preventing full elastic

reversion to a previous state.

A similar test performed on our simulated sand would produce, at best, both elastic hysteresis
and roughly two-thirds strain recovery in the unloading phase, thus reproducing a global feature

of sand in the simulation framework.

Another, perhaps better known, global feature of sandpiles is the angle of repose (AOR): The

mazximum angle at which sand will remain stationary, once it has been dumped in a pile, as
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shown in Figure 7.3, Measurement of this angle assnmes the sundpile has reached an equilibrinm

canfiguration, involving the cessution of all grain movement, fncluding sliding and volliug,

Figure 7.3: Angle of rcpose for a pile ot spherical grains An Ara'cgous Mersuremert works for
multiparticic g-aing, where eievation is calculated at the particle-'evel as wall,

The ACGKH af o sandpile iz kaswn to vary according bo global material properties, such as densily;
local propertiss, such as pranule shape; and boundscy condicions, which are present doring and
at the end of pile construction [ZXY 01, For cotmparizon to previons work, we limit our fornis
to the cncfficicnt af frictian (a local propeety) and s affect an Lhe AOR. Tn paeticnlar, we look

at slidity frictiee and iznore the atfects of rolling friction aod stetie {riction.?

The coetticient of sliding frictian contrals the forco impeding the travslational motan among
particles in canlact ZXY 11 In parliculay, o sufficiently Jarge coeflicienl, suppotls larger elastic
deformation tangentiolly, at the contact polnt Letwesn particles. 'Uhns by inereasing particle
contact time fud facilitating the dissipation of kinetic enermy, shiding fietion supparts interlocking
e pranules, & sessonable prediction, therefore, 15 that larger covticients shonld produce piles
with larger wogles of repose. Tndesd, Zhou ot ol [ZXY 102 And a power low relationship. that is,
ay" + ¢ where g is The castficicnt of sliding Triction.

Thus, an additional test case for phosical validation s to cheek whether piling siombated sand

produces an ACGH that 1= 10 a pawer Jaw relationship to the cocfficient of sliding friction.

A final Jmportacsl and dynaede Beature of sand s the weight-independent constant mean flow
rare of sund thrangh an orifice. A typical hourgloss (eonsisting of upper and lower “balbs™), for
cxaniple, relics an this interssting feabire of granilay material;, Grapules pass theough the centreal
opening betwsen the bulbs sl & constant mean How rate that s independent of the amonnt of
materinl rernainding in the upper butlh,. Thus. it an bourglass is taened over before the npper bulh s
drained, the time taken for the matorial to relen Lo Lhe inivial Toally is egqual 1o Ul e elapsed so
lar. Chher substances, including most Holds, do oot demonstrale this behavioor, Indeed, many
historical watler clocks boast inlricate desipng that altempt to overcome a decreasing (that s,
heighl-dependent’ Auid ow rate [LMY92).

“The simulation framewerk docs not acceunt for pardicis-tevel roiling or gtatic feiction, rince tha gronwde itsalf
ultnately procduos thee peomssore pobationas ) respoese or stationary behavivar, For rolling frictien, vizeous dampiog
is applicd to the torgques acting ob rach gratuale, While for acacie feietion, we assime that gliding ftic o provides
eoarph “rongelirss" to pacticles so that stable interlodking among seometrically irregular graoules can ocour,
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As a recognised property of (mesoscopic) granular material, constant mean flow rate is an
important test case for physically validating the simulation. In particular, we expect to find flow
decreasing linearly with time. Moreover, the diameter of the aperture has an equally important
influence on flow behaviour. A widely accepted law proposed by Beverloo et al. [BLvdV61]

predicts that grain flow rate through an orifice depends on the aperture diameter Dy via
=3
W = Cpyv/3(Do — kdy)3, (7.5)

where p, and g are the apparent density and gravitational acceleration, respectively, while C and
k are the empirical discharge and shape coefficients, respectively [MJAT07]. The dependence of
C on the friction coefficient is implicitly assumed here. The validity of the law has been tested
for monodisperse granules with diameter d, larger than 0.5mm [MJAY07]. Comparison to this

work would provide physical validation of the dynamic behaviour of the simulated sand.

In summary, we have looked briefly at previous research in granular material science that addresses
important physical features of sand. The physical features requiring validation, as identified in
this section, are summarised in Table 7.1. In all cases, the literature provides quantitative data for
simulated or real-world sand. Confirming the physical correctness of the simulation framework,
amounts to careful comparison of our results to this previous data. The testing methodology for

extracting these results from the simulation framework is the topic of the next section.

Feature Expected findings

Force distribution (standard)* Exponential fit, as well as a Gaussian fit to the tail

Force distribution (compression)! Gamma function fits the entire range

Force distribution (tangential)? Exponential fit; and possible Gaussian fit to the
tail; with the tail decreasing slower than for normal
contact forces

Force-force spatial correlation Only a small local spatial correlation is seen, less
than a few particle diameters

Contact angle distribution Friction has only a weak influence on the distribution

Contact network Weak distinction found between “weak” and
“strong” force-bearing structures

Stress-strain behaviour Elastic hysteresis and two-thirds strain recovery
observed during unloading

AOR Friction-dependent behaviour obeys a power law

Orifice flow (fixed D)} Constant mean flow rate, with slower throughput for

increasing interparticle friction

Orifice flow (variable D)% Relationship between flow rate and orifice diameter
D obeys Beverloo’s law

Table 7.1: Sand features to test for in the sand simulation and the expected result of each test.

* Normal contact force distribution for sandpile at rest in cylinder

t Normal contact force distribution for sandpile under uniaxial compression

 Tangential contact force distribution for sandpile at rest in cylinder

§ Orifice diameter is fixed across all simulations

¥ Orifice diameter is fixed for the duration of a simulation, but varied across simulations
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7.2. GRANULAR PHYSICS VALIDATION

7.2.1 Testing Methodology

Physically validating the sand simulation requires assaying five aspects of the sandpile: force
distributions and force-force correlation; contact structures; stress-strain behaviour; AOR with
respect to friction; and granule flow rate through an orifice. In this section, we construct test
cases able to measure these features and thereby give an indication of whether the simulated sand

meets the expectations summarised in Table 7.1.

Forces

To analyse the force characteristics of our sand simulation, we adopt the experimental setup of
Silbert et al. [SGLO02]. This choice is justified by our framework’s particle-level similarity to their
granular model, where they use uniformly-sized spherical particles. They differ in allocating each
particle as a separate 3D grain. Nevertheless, their force model similarly assumes cohesionless,
inelastic particles, which interact via either the Hookean (linear) spring or Hertzian contact laws,

where our simulation employs the latter at the particle level.

The multiparticle framework presented in this thesis, however, stands in contrast to much of
the previous work in DEM simulation, including Silbert et al., where single-particle granules are
used. In particular, the latter simulations usually need explicit static-friction modelling, which
may influence measured physical properties, such as the distribution of force. Therefore, we
need to collect physical data on granules and their particle constituents, thus ensuring that any

deviation from physically valid behaviour, at the grain- or particle-level, is detectable.

Similar to Silbert et al. [SGL02], we use a cylindrical container, with surfaces set to the same
frictional and elastic properties as the grains themselves. As illustrated in Figure 7.4, the cylinder
is constructed from a “rough” (particle-sampled) circular base, while a smooth implicit surface is
used to model the cylindrical walls. While both rough and smooth boundaries are addressed in
Silbert et al., the rough case requires depth-average normalisation of forces. The latter is needed
to account for periodic packings due to “granular” (particle-sampled) sidewalls, in contrast to the

smooth case. Nevertheless, they find no significant differences between the two approaches.

For simulation of a stationary sandpile, under previously stated conditions, we record both the
normal and tangential contact force magnitudes experienced by 64K grains and 256K particles,
during a single simulation time step. Since particle forces are stored in the force texture, we
simply copy particle force data directly from GPU texture memory to CPU memory and save
the data to disk. For grains, however, the total force is calculated and used only during grain
dynamics, but not stored in a texture. Thus, we use an ad hoc texture image in the simulation and

set this as an additional render target in the fragment shader handling grain property updates.

In each case, the probability distributions for the recorded forces are computed by a general
procedure that we apply to any input data for which a probability distribution must be derived.

We begin by calculating the Kaplan-Meier estimate [KM58] of the cumulative distribution

117



CHAPTLER 70 SIMULALION FHAfE!PIWﬂHK

Plunger
Srmooth wall ————
O
e ¥ %
Particulate base —— et

Figure 7.4: The cylinder setup used to hod the simulated sand during test ng, Sylinder surfaces are
represented imebcitly, with a particle-samplzd base adding “roughness’ and smooth wal s preventing
periclic effects, The plunger is used in later tests te apply 2n axal stross to the material, The suffie'd
indicates units of particle diameter. The imags an the right shows the actuzl sirmulation arangement,
including 65,536 grains, with part of the cylinder removed for clarity

function {edf} from tnput valies [either grain or particle forces, in the present cass). to produce
an crmpdriced cdfl The resulting odf valnes, caleulated st discrete poluts, are binned scoording Lo
the Freedniau-Daconis tale [FOEL]. The result 35 “differentiated” by applying Anite diffrences
tir the edf, to prodhice values tor the matching prebability density function, that i3, the probability

distritation of the [upul data.

Messuring forees in # sendpile under uniaxisl compression, roguires using o phimger in the
simulation (s Figure 7.4). tooadd a compressive seress at the top of piles Tostead of dyoatiue
compression, however, we apply a vertical force of bxed magnitude snd wait for the pile to
stubilive.  The latter means ensering all graing have near zoro lincar and rotational velocity.
When this condition is wet, all foree magnitudes are recorded D o single siimulalion tite stepr,
Frodueing Lthe novtal contact fovee distribulions Bos this dats follows the saine procedure ss

described ahove [or 4 ssndpile under standard conditions,

Fuor force-foree spratal roreelations. we need to know not only foree magnioades, but granule and
particle positions a5 well (zee Bguation 7.4). The use of position dats in the correlation fonetion
F,oadds significant cormputational complexity to the calealation. In the cose of parlicles, for
cxatmple. computing o single value of F, sy at v, requires thal we locate {or eqeh particls, aff
other parlicles Iving a distance + away, As seen in Figure 7.5, Lhe maxiinutn owinber of aoilormly
sieed spheres able touch ao equivalent sphere, withoul producing intersections, % 12 |Ans(d
Therefore, for distances of only one particle dispwter, the caleulation already entails siguificant

computstional cost, Ao anslogons arguiment holds for erannles as well.

The problens can be mitigated 10 & wanageable cetent by using o neighbourhood data stroctire,
such as an octrec.  This allows searching around an arbitrary point o space, oo exatple, a

prarliele's centre, For Qhose pacticles 1hat lie wilhin o gpecified distance of the contre poine. The
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Figure 7.53: One possible arrangement of spheres that achicees the maxirnum adjace-oy count of
12. The central sphere has boen removed, making v sible one sphere at the Dack, A~sther sprore is
concenled, accepting a fractonal part visible botween tho tag rightrost sphores,

advantage is that the staller particle ocighbourhonds mreatly reduces the wamber of candidure
particles, thus ereasing cornpulational speed, Howeser, many of Lhese dard structures return
particles inoa eutrcal, as opposed to spheriond noighbourhood, conteed avound the guery poing.

This reguires further validation of che particle positions, to ensune they He of the correct distaner.

While the spatial correlstion fuoction reguires Boding particles lying st s distauce ¢ from another
pareicle, we con rcarrange the summations (see Fquation 7.4} ro make nse of neighhowrhood
querying, For ewch particle @, we caleulate distances 7y awd force products 0, relative 1o
all parlicles § lving within the spherical neighbourhood of radius vy, The Foree products are
acerue] to tatching Fr, initislly set tooeera, while matching ac, initially zevo, ar incvementel
by one. When all particles have been processed in Lhis way, we merely divide the secrued {orees

by their matching counts to find F{r) = F /e

While Lhe previcus enhooeements work Tor pariicles, proins presant tweo npicbanl complicstions:
Selecting an appropriate diameter fur a tetrahedral erain = nonerivial, as is calculating the
distance hetween two prains. - The diameter i5 used to novmalise the distanees 1, e which
Lhe correlation i compuled, thereby allowing meaninglful comparison W previous work,  The
distance belwren grains would nesl a heuristic, such as the smallest distanes hepwean their
particle comstituents.  This requires ten compasrisous between particles oo different grains o
the worst case. Along with neighbourhood searching, grain-level correlation is computationally

expensivi. Thus, we caleulace anly payfele-Gascd force-foree spatial corvelation.

Contact geometry

A sitilar methodolosy o spolial correlation is fullowed Lo produce Lhe disirdbution of confaet
ragles. which provides information on the contact peomctry within the pile. Hepe, we arc most
interested in the distribution of gimdn contact ansles, a5 grains are the smallest mobile rigid
nnits comprising the sandplle. Nevertheless, [or comparison, wo compute tle distribation of
Parvticle contact angles as well. The latter entoils vsing neishbouchood gueries 1o locate particle-
leval conlacts among distimed prains, while ignoring same-proin particle contacts, a5 chese do
inform abour the juteraction between moving components. Thes, 0 deriving both distributions,

w el o resalve parcicle 1Ds into their parent granules” s, The required mapping betwesn
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CHAPTER 7. SIMULATION FRAMEWORK

these ID spaces is given in Section 4.3.1.

Global features of intergranule contact, namely, the contact network can be examined indirectly.
For comparison to the result of Silbert et al. [SGLO02], we quantify the contribution of the “weak”
and “strong” subnetworks to the average normal contact force in the bulk of the material.
In particular, using a variable threshold force, f..:, we may calculate the fraction of contacts
remaining in the force network whose contact force is greater than f.,; (for strong forces) or less
than f., (for weak forces). Similarly, we are able to calculate the percentage contribution each

network makes to the average force.

Stress-strain

The global response of a material to a large uniform stress is an important mechanical
consideration, since this determines, in part, how the simulated material will interact with
arbitrary objects in the environment. Using the same test setup as before (see Figure 7.4),
including the plunger for compression, we simulate the stress-strain experiment of Coetzee et
al. [CE09]. Sand is compressed initially by a small force to produce a flattened top, after which
the plunger is eased upwards to the lowest height at which zero compression is recorded. The
experiment then begins by recording the deformation of sand in response to increasing force
applied downwards by the piston. The compression rate used is small to prevent dynamic effects

and allow the sandpile adequate time to respond.

AOR

Another global feature of the sandpile is its AOR. Numerous methods exist to measure the
AOR [Car70], at least two of which employ direct measurement of a stationary pile, formed by
either grain injection {GH97] or grain discharge [ZXY*01]. Alternatively, indirect measurement is

achieved by tilting a leveled heap, typically in a rotating drum, until avalanche occurs [PSOT06].

We use an injection scheme, as shown in Figure 7.6, modeled on the discharge scheme of Zhou
et al. [ZXY™*02], but differing in two crucial ways. Firstly, our test case discharges sand from
a reservoir, through a single scupper, into the sump below. Since the AOR is measured for
the pile in the sump, our approach is technically an injection scheme. Zhou et al., in contrast,
measures the AOR of sand released into the reservoir. This measurement is made once excess
runoff has discharged via two scuppers located on either side of the reservoir. We do not use this
approach in our case, since friction and interlocking between non-spherical granules may hasten
scupper discharge by “pulling” otherwise stationary granules into the outflow. The resulting
AOR, therefore, fails to accurately model pile formation under conditions of more gradual runoff
and, instead, estimates the resulting AOR after avalanching. Secondly, Zhou et al. use a container
with an initial depth of four particle-diameters, which is varied across experiments. Instead, we

choose to use a much larger container depth to reduce sidewall effects.
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Sand reseryoir

Fild

e —— (][I

Figure 7.6: Test case setup far angle of repose. & sandpile consisting of 64000 granules is placed into
b~ seservar. The outlet or scupper, running the entire 100d depth of the container, is toen cpenad,
trus releasing granules to fow into tre sump below. After appraximately 24000 granules ~ave passed
into the sump. the outlet is closed and t~c ADR of t~e materal in the sump is measutad. The result of
an actual gimdlation run is shown an the right.

Granular flow

The final simolation property to measure is the Aew rate of sand theough an omfice, such as prasent
belweer 1le “balbs" of an hoorplass, While arbivrary hoarglass desipgns are nol poaramiesd Lo
progliee constant meal How rate, speeific boundary camditions almicting this whavicur have been
founed copirically [NTS'82]. In partienlar, an inverted cone (hourglass) exhibits couslant mean
flow rate while the material iL helds stays at & heipht of two-and-hall tanes its widlh (W) or mwore,
[n additicn, the width of the waterial needs to conform to the inequality W = 7} — 30d, where
7 b= b diareter of e oufel HROL . Fiually, the Oow rate itself is eelatively smootl provided
4 < D < 6d, where values of D smaller than the lower bound aften produce blockage [ELROL].

Censidering these condil fans, we conatraet 1he teer case as shewn i Figuve 7.7, Tn partielar, we
exainine lwo determinavls of low rale, namely, tlerpariicle friction and the outle! duameter £

In the fatter casc, the cutlet dinmeter takes on values in the interval [Sd. 24d]

7.2.2 Resnlts and analysis

ln the previcus section, testing procedioees for Ave aspects af the sandpile wore ontlined. Tn
this seetion, we give Lhe vesults of those trats. For forees, we give the distpbilions for novmal
ard Langeniial conlact under slandaed econditions sud under uniaxial conipression, as well as the
reanlts for force-locce spatial correlalion, The cadact peomieley among pranules is quantified
indirectly, through contact angle distributions and changes in intergrannle contact count over
different [oree thresholds. We show the strain in a sandpile relative to an applied stress. Finally,
we quantify the effect fricticn has on sandpile AOR and gramule flow eate. In the latter case, we

alzn abserve fkow rare acress diffleeent outlel diametors.
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S0

Figure 7.7: Test rase for flow rate through funrel An imverted come wit~ an aperture of 45 degrees is
siced artrogonally to ite certral axis, thereby remoying its aped and producing a funnel” with a ~ole
af radius 84 The funnel is made ssFiciently 12mge o confartably cortain B4K granules and is placed
witm its ~ole at & height of 504 above t~e foor The funne' dself .5 modalad implicitly. as a smoots
surface.

Forcoes

Figure 7.8(a) shows the distributions of normal comtact force mageitwdes for particles aud
grannles, 1o an noleaded sandpile, asing & coeflicient of fetion 0 = 050 For both particles
and granules, the mwatching exponential iits {described by Egoation 7.1) show good apresinent
with the cxpmrmential (it of Silkert of al [SGLO2). Interestingly, while the fit parametors B
particles and prapules sre numwrically close 1o one anather (see Table 721 their graphs show
4 marked deviation from one anotler, bemnning with forees fwo to thres times the mean toree,
that s, [, = 2. Io addition, while the exponential G appears o give a closor approximwation e

the particle distribution, the lalter distribution also starts deviating [rom the 0L, near £, — 4,

Tesl case Exponeniial Cranssian Gainmma
ey Fs A i o 1
[ricticow 230 01 1229 1.51
Particles Nofriction 278 .72 146
Campression 336 080
Fricton 31 066 1.24 345
Granules Nofriction  LLOF Lol 213
Cotnpressian 1 0a6
S5ilbert ot al.  Friction 257 DAE 135

Table 7.2: Comparison of tre parametars for fiting functions across test cases. The values for
particles and granules are from the simulated material. Test cases imvolving friction use g0 — (15,

The deviation between particle and grangle distribution s not unexpected, as some of the large
forces that acl oo particles, acl fongentially (o the parent prains centre. In this way, they oy
weibralise ane anct her throvgh comversion inle epposing angular accelernlions, O greater interos!
is the finding of o dissgresment between the exponential Gt and the distributions aronod f, — 3.

For comparison, we bave incloded in Figure T.8{a) the Gaussinn approcimations to the teils of
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reormal ‘orge cistnbotions, undar standard conditions with o= 0.5
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Figure 7.8: Results for normal and tangential force distributions, under standard canditions, with
narmal forces recorded under uniaxial compression as well.
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the distributions. Surprisingly, in both cases, the Gaussian fit, with exponents in the expected
ranges (see Table 7.2), provides a visibly better approximation over the entire distribution, not
just the tails. This result suggests that the distribution of small forces (f, < 1), which are not

included in the Gaussian fit calculation, are predicted by the distribution of larger forces.

While agreeing strongly in the tails of the P(f,), the smaller force regions appear to lack
an obvious peak or plateau near f, = 1. However, we found disagreement among previous
experimental work and DEM simulation concerning the behaviour of P(f,) as f, approaches
0 [SGL02]. In addition, we face the burden of a single-precision floating point arithmetic on the
GPU, where rounding or numerical imprecision may invalidate comparisons based on small force

magnitudes.

Nevertheless, previous work in DEM simulation finds, for forces less than the mean, the
distribution bends downwards when 1 = 0 and upwards when friction is present in the
simulation [SGLO2]. We find the same result, as seen in Figure 7.8(b), where both distributions
evidence a peak near f, = I. In addition, the Gaussian fits to the tail data provide better
approximations to these distributions, as before. This result again shows that smaller forces can
be estimated from tail data alone. It also suggests the Gaussian fit is useful across different

coeflicients of friction.

Our results for uniaxial compression are shown in Figure 7.8(¢), along with a gamma distribution
fit in each case. The gamma fit for the particle and grain force distributions appear to closely
match the data (see also Table 7.2). We also observe clear peak formation near f, = 1 and a
much smaller force range than seen in previous distributions. The latter two observations may be
explained by the presence of force bearing structures in the sandpile, each conducting forces of
different magnitudes. When these structures are overwhelmed by a much larger applied force, a
more uniform force structure is produced in the pile. Thus, a larger mean force dominates among

the recorded forces, producing peak behaviour at the mean and a smaller normalised force range.

For completeness, we show the distribution of tangential forces P(f:) in Figure 7.8(d), which
includes the Gaussian fits to the normal contact force distributions for comparison. As before,
normalised forces have been used. The results show that P( f+) decays more slowly than P(f,),

which is in agreement with previous DEM simulation [SGLO02].

Finally, all force distributions in Figure 7.8 appear to flatten out at the end of their tails. This
is partly a result of the velocity and penetration constraints employed by the simulation, which
prevents particles and grains from disobeying the CFL condition [CFL67], thus guaranteeing
stable simulation behaviour. This amounts to preventing excessive penetration during a
simulation time step, which would otherwise produce larger forces than expected and numerical
instability. Thus, large forces arise only sporadically in the simulation and correspond to unit-
sized bins at the far end of the force histogram. Conversion of the latter into a distribution of

unit arca results in the apparent flatness at the lower end of the logarithmic scale.

In Figure 7.9, we give the spatial force-force correlation derived from the bulk of the simulated
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material, Distanees in the disgram ave normalized by particle diameter and are found 1o e
in the range [(1 - ) 4d]. The upper bound was chosen belorehand [or comparison with the
rafge sed in previous work, Uoseever, the lower bonod results from o physical constraint sot in
the simulation that limits particle peoetration depth to one tonlh of o particle dismeter. This

provents the production of very laree forces and consequent mumecical instability,

The luiler peustralion constraint is reflected ss a large inerease o B for @ oear [1— 11_|;|:'d1 whers
furees of similar magnitude divect particles away from one ancther. Inaddition, we sec a neeligilile
~ffect of iction on the correlation inetion. where Lhe presence of Diction resulled in only 2 very
slight increase o doval correlation in previous DEM sroulation |SGLOY]. For all three cases in the
fignre. localiscd correlation is oherryod extending roughly two particle diameters into the bulk,

suggesting an nulocalised styuelure Lo foree trat=mission network.

i
12| H I - L, nEmal
i —— o = .5, nzrmal
'
u : I =- v o= ILF, targeah
H
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Figure 7.0. Zpatial force-pair corralation Lnction fer normal and tangential contact forces The results
far o — land p — 0.5 are plothed aganst a d stanee ¢ normalised by the fixed particle diameter o,
The dashed kack lings indivates £ = 1, while the red dashed [ne s al & = 1269

We dertve the previcus obeervotions based on the reference line & = L2649, which we found
throngh s livear fif, constrained by a a2cro gradicent.  'This produces the cxpected 1apering off
al I beyowd v = 2,54 Mrevious works Auds the sae behaviour, but relative 1 the ling & =
1 [SGLO2, MINGS|. Ope possible cause for this anomaly. is that we hase our caleulations on
particles.  'Lhe incerlockine between grannles mizht prodines long range oetworks of contact,

leading Lo o slight nnilorm increase in I

Contact geometry

The contact angle distributions are given in Figure 7,10, where we give results for the presence sod
alsenee of [Heliow in the sinwlstion, For the frictional case, we include a second distribution of
contact anples, but only among grains expericncing foree magnitiudes lavger than twice the mesn
force,  [mportantly, these distribations are devived from o mdergrenade covlacts, thereky helpine
to diseern grometric strnctuee bolbween mobile clrnents in the sawdpile. The resnlis show thal,

friction doss ot play a significant role in Lhe relative orieatations of erains, In Lhe presence of
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friction, previous work has fouud large forces coneentrated at lower angles, where we absesve a
small merease in concenlration of large forees at lavge angles, that s, in the horizomtal plane,
Thi= sugpests terlocking amoug irregular gravules, which results in contact “networks™ that

dissipate forees ta the sides of the container.

w14 !
LR
1]~ 5 He — =1Ll B
re— L — fLA
25 ) _ —mmmp =LA e w2

P

U]

Figure 7.10: Probability distribution £(#)] for grain-grain contact angles. Here, & is given relative to
te local spherical system and defined as the angle the contact pair makes with the verbical, # — 0

Trus, harizonta’ contacts arc given by & — M. The cotted line indicates the distribution of forces twice
the mean fone,

In Figure 711, we show 1he fraction of coutacts selnainiug o Ue foroe netwerk, for contact forees
grealer than or less than the ontoff foree Seore Lhis indicates the size of the "strong™ and fweak”
foree hearing parts of the sandpile, respect ively, suppartiog the cutald force. Alsa shimen 13 1he

percentage coulribulion Lhese struclures make Lo averape foroe. piven a specibic culoff foree,

The moain result, indicated by the arrow in the bgore, is that half of the contacts in the *strong”
farce netwark {where fy = four) contribute approximately 81% 1o the average coutacl force, Lhe
latter distinetion 5 ool s large ax oue mipght expect, However, this result 1= in agreement with
Silbert et al. [SG102 . who fanmd ne cear evidence of a distinction hetween “weak” and “strong”

foroe phases 1 the foroe-bearing structures.

Stross-strain

I Figure 7.12, we show the change o siress and sirain in a coutined saodpile produced by
serial loading and unloadivg. The results show elostic hysteresis at the sturt of the unloading
phase, ws cxpected by elasticity theors aned covmoborated by experiment [CFOY. We also see
roughly fwe-furds of the strain recovered at the end of the nnloading phase. which aprees with
the erpertmertal mdings of Coetzes et ol [CEOY . Surprisingly, their nwmeriond sirmwdation, which
naed dual-particle granules, [Ailed to show this hehaviour, This sugmests thal the advanlage of
our moddel arises rom Inteclocking among complex pranules, possessing pronounced convex and

cancave sWiTave features, Such peometrical “roughness" mwy facilitate irreversible sliding, when
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Figure ¥.11: Fractonal costr Bt on to the bulk normal costact force (solid | nes) and the perec-tage of
carticle cottacts trat make up that contribution (dashed lings). as a funct on of irpoeed costact foroe
threshald £, for & sa-d pile with o — 1.3 The blus lines {dofted and solid) indicate contributions
from nermal forces larger than the cukolf farce, whils black lings are for forces sneailer than the cunaiff.
The arrow ind cates thal 50% of particle fontacts canir'bute fo 81% of the buls average contact force.

grains expericnen cnough comprossion to rearrange into a pattern that provents particlesconeavity

diserpapetnent.

45

-3

-2 |-

-15 |-

Axial st*eas (KPa)

unlaading

Bl sfraln {50

Figuee 7.12: Uniaxial stress-strait kehaviour for & sandpile in seral loading and unloading phases.
Hysterasisis ses as e urloadityg phase relurnitng alotng a dilferel path, Inadd't an, wnloadizg doss
not return 1o the origin, showing an incomplete recovery of toe initial straia,

AOR

-

[n Figure 713, the resilts feomm the ACR measproments across different coefficient of sliding
friction arc shown, Tmportantly, the AT measwrement involves o large degree of yueertainty

{with 45% confidence interval of ten deprees), caused by nonlinear slope [eatnres. We attempt
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Lo mitigate same of Lhe dificully o compuling Lhe slope by using a robost linear least-sgqures
repression with bisquare welghling on surface granules. This minimizes the offeet of ontliers,
while prowiding a good fit Lthe entive range of surface granules. As evirdenved o Figure 713, Lhe
resulting ADTs appear (o follow o power law, which is o agreenenl with Hodioes of Shou et
wl [ZXY o2,
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Coeftigient of sliding friction

Figure 7.13: Angle uf reposs versus the cosfiicient of slidmg fricton Particle, wali and floor restitution
is set to (1.5 Frictios at the walls and floor s Fxed at 1.5 The line represents a power function fit to
the data with an exponent of 1151,

Granular How

In Figure 7.1, the number of graoules remaining in the cone (upper bully) is given as a (unetion of
time, for different values of the particle-particle friction coelficient. We obscrve a constant mean
flows rate 11 the omfAow fromm the rverted fannel, visualised as astrong lnear ralationship in graio
guanlity awd sioedation tioe, The lalier Qoding and the chessrvation thal increaszed interparcticle

trietion leads to longer drsimige time, are in accordanee with experiimental vesults [MIA 07

In Fignre T.0% we provide sinmilation resnlts for mass flow ratc in relation to aperturs
diameter,  We ses good apreainenl with Beverluo et al [BLvdV61| and previous numerieal
simulation |[MJATO7], Linporlantly, this test was performed with G4l particles. which conforms

to the height requirement for msterial above the orifice, as discusser in Seetion 7,21,

7.2.3 Discussion

The main aim of testing was o corrcborate valid gramilar bebavior in the sirnilation. In line
wilh this goul, we guantified key physical proportics of the siimulated sand awl compared our

resilte fo previons work.

Tesiirw Began with weasurement ol loree distribulions o the sandpile.  Comparison of the

parameter values of the Gaussian wnd cxponential fits, ss well as our snbjective intevpretation of
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{3rains remaining

Simulation time [secons)

Figure 7.14: Flow rate through anhour ¢lass” (inverted conel. 16K grains, each weiching (001 13Kg,
pass threugh a hoie of diameter 84 in 1he bottom of an inverted cene having an aperture of 45 degrees
anrd a particle-wall friction coeff cient 0 — } 2. Since grains a7 dopped nto the cone at the start of
simulation, we discounl nilisl dynamic efects by collected date ance 1K craing have passed through
the hole. The ~esolution of the recorded dziz s five imes denser than indicatec by the plot matks.

wli?

o |- 4 N =7

o4 |- iy -

0 e
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Figure 7.15: Flow rate 1, of grains versus the aperiure dameter O of the inverted cane. W, is the
numee- of grains fallen per unit ime, The dasted line indicsies the best best fit using Equation 7.5,
which iz given by W7, — T840 — 4.11_1?]%. where the first constant nca-porates the censity and
gravitational coefficienls

the distribution shapes, indicated a close match 1o previous work [SGL0E|. Meoreover, our results
correhoraterd] vocent pramilar science research that advecstes the superiaricy of the Ganssian [ir,
rilative to the expouential b, for a sandpile under standard conditions (OLL -0, BEH 0, M35,
ZIW -0, vEEVHYUT]: We saw the Ganssian watching clascly to and srderpolading the om pirical
distributions over mest of their force vanges, wheve the cxponenlial Gts failed beyoud forees twice
to thees tines the wean. For asandpile andor imiaxin] compression, we fonnd Lhe Gamma fit
imterpolated most of the data, snpporting s use in madelling compressed granalar heaps, as

suggested] by provions work [REBPH4],
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CHAPTER 7. SIMULATION FRAMEWORK

Digging deeper into sandpile morphology, we tested force-force spatial correlations. The results
revealed localised correlation, which was not unexpected [SGL02]. The unexpected, however, did
occur in the distribution of intergranule contact angles. This useful indirect measure of contact
geometry showed that our granules appeared to distribute forces horizontally, to the sides of the
container, rather than vertically, as with spherical granules [SGL02]. However, both localisation
and supporting sidewalls are supported by the idea of localised stress tracts in sandpiles, which
are implicated in the arching behaviour of heaped granules [JNB96]. The same behaviour was
mentioned in the introduction to this thesis, where we referred to the depth-independent pressure
found in full grain silos. This is thought to arise when the arching behaviour and the friction

along the walls of a silo are sufficient to withstand the extra weight lying above [JN92].

Frictional behaviour among granule contacts also influences the angle of repose (AOR) of a
sandpile, as our testing has shown. This relationship is expected, since sliding friction among
particles and between particles and container walls plays a key role in controlling the linear
and rotational motions of heaped particles [ZXY102]. In the case of multiparticle granules, our
results indicate a possible power law between sliding friction and AOR. agreeing with uniparticle
granule simulation of Zhou et al. [ZXY*02]. However, we stress that while these conditions are
necessary, they are not suflicient to recognise a power law relationship. Full corroboration would
require extensive testing, using varied grain sizes and other orthogonal features. Nevertheless,
without further testing, the simulation evidences compelling AOR-dependent behaviour, such as
dune formation, as seen in Figure 7.16. Here, sand is dropped in two columns into a container,

resulting in a typical dune-like surface.

In another test, pushing down on the sandpile and then removing this compression, produced an
initial elastic hysteresis, followed by two-thirds recovery of the strain by the end of unloading.
This simulation result reproduces the physical experiment of Coetzee et al. [CE09], where their
numerical simulation did not. The advantage of our sand simulation framework is likely due
to the irregular grain geometry, which may model interlocking among granules, and thus better

inhibit full recovery of the initial strain.

Finally, we examined another well-known feature of sand and similar granular materials: its
constant mean flow rate through an outlet, which makes simple hourglasses possible. Our
experiments reproduced constant mean flow rate, across different sliding friction coeflicients,
as well as in accordance with Beverloo’s law, across different outlet diameters. An example of the
hourglass simulation is given in Figure 7.17, where the sand in the funnel evidences a meniscus

(central depression) due to faster outflow at the centre.

Thus, for modelling the physically valid behaviour of real sand, lying in a container or interacting
with its environment, including being compressed from above or flowing out from below, the
simulated sand has demonstrated its applicability in all cases. Morcover, our findings show that a
multiparticle model of irregular grain geometry is able to mimic many interesting and characteristic
behaviours of sand. The only question left to answer is whether the computational cost involved

in producing physically compelling behaviour admits real-time performance.
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Figure 7.16: Stoble dune fuormation with 8> uneves surface,

Figure 7.17: Sand flowing out of an inveried cone. Sand is imbially droppad into the top of the iwerted
funnel, whic mimics an hourglass in supparting constant mean f ow rate through the batlom apaning
In addition, pile forration is demonstrated underneat~ the opening.
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CHAPTER 7. SIMULATION FREAMEWORK

[t these examples, we show rizid Dsdies Dderactiog with sand.  In Figore 718, an avalanche
caiies o oamall stoweture o topple. The owo-block strueture experiences o loree o 1ls bovcom,
coausing it to [all slighily lowanls the oncoming deluge. When the sand settles, rhe hlocks swiy
backwards, with soowentuan causiog the stoucture Lo topple, Lo Figure 720, we give an example

of migid body interaction without sand.

Figure T.18: An avalanche topoling a siructurs,

7.3  Granular simulation performance
I this seetion, we answer two ley ouestions about stimalarion performsece:

1. How muneh sand can Lhe framework simnlare on a single G

2. How gnickly does this sand evolwe?

We bepin answering these guestions by analvsing bow changes insand volwne allect sinulalion
specd. I addition, we address vacous destgn s that detine bow well the frumework will seale

with [uture developaoents i havdware.

7.3.1 Testing methodology

Similar Lo the dosts pecformed for phvsical validacion, we ase a cyvlinder of tading 30d and heighr
Lkl The walls of the eylinder are smoolh, while the Qoo s “rogeh” (particlo-sampled )
Hepe sand is dropped nto the cvlinder in batches of 16,384 prains, where sach balch consists
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of 32x32x16 grains (that is, 16 grains in height). Grains in each batch are spaced with their
centres approximately two particle diameters apart, allowing for a small random perturbation in
position, as well as randomised orientations. Each batch is centred above the cylinder’s Hoor and
dropped from roughly 15d above the pile’s top, excepting the first batch, which starts 50d above
the floor. For each batch dropped, we wait for both the mean collision count and the mean frame
time to stabilise for 30 seconds wall-clock time, after which the mean values are recorded and the

next batch is dropped.

Importantly, since grains are added progressively to the simulation, reallocating storage and
copying data into new textures would needlessly waste GPU compute time. Instead, we
preallocate sufficient space to contain all granules, up to and including those in the last batch.
Furthermore, since the implied particle and granule ids for empty texture space are numerically

zero, they are ignored in physically-based calculations and in particle and granule updates.?

Finally, most of our tests quantify independent variable performance relative to either elapsed
frame time or the variable’s percentage contribution to total frame time. The former measure
aids comparison across different trials, while the latter measure allows in-trial comparisons.
Furthermore, isolating and quantifying computational performance requires that we turn off
particle rendering in Section 7.3.2. Later, in Section 7.3.3, which addresses visualisation and

lighting performance, we turn rendering on again.

7.3.2 Speed and volume

The effect of sand volume on simulation time is a key determinant in framework performance.
In Figure 7.19, we quantify this volume-time relationship and observe that increases in total
simulation time (as measured by frame time) are in direct proportion to increases in grain quantity.
That is, adding sand grains into the simulation produces a predictable linear increase in the total

time spent simulating the entire sand volume.

The question remains as to what causes the increases in total simulation time seen with larger
grain counts. Given that grain-based processing alone determines this relationship, we argue a
priori for four dominant causes, viz. greater cost maintaining particle and grain properties; longer

grid construction time; more grid queries; and more physically-based calculation.

Firstly, for particles and grains, we have already eliminated allocation costs by preallocating the
total texture space (as discussed previously in Section 7.3.1). This leaves the cost of updating
the property textures. We measure this by disabling force calculation and grid operations. The
result, as revealed in Figure 7.19, shows that property updates contribute as little as 4 milliseconds
(2.6%) to the total cost of simulating 256K grains. Moreover, this contribution is manifestly less

than other variables in the figure.

2A fragment shader is spawned for all texel positions, empty or otherwise. However, each shader first checks
to sce if it is associated with an empty id. If so, it discards its output immediately, thus ceasing activity before
any physics calculations run.
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Figure 719 Simuator performance measured by companing compuancna fime versus sacd
wolume Wie quactify variables by the frame time they consume.  Indiidually measured vadables
include the tme spect updaticg the grid, perfaring grid guetdes, calgulaticq particle forces, ac~d
updating particie &-d granule proweries, The ial simwatos tme (ohig ing) is showee along with its
li~rar fit (red dashed ling).

Next, the computational cost ool grid constraeticn s found by disabliog sl phesically-based
caleulation avd skipping particle and gramle updates.  We ignore the onee-off cost of grid
allgcation and instead measnrn only grid update performance. The resull, given v Figure 7110,
shows grid upcate time increases Hneady with increasing satd volume. However, the coateibuticon
it makes to total simulation time remains balow 20 millisecouds, for up to 266K prains {ouo million

particles).

A related inbuence on sitonlation time s the cost of querving & flly-coustraeled and updated
arid. Computing this cost durlng a simlation s problamatic, as it calls for elimingting collision
caloalations thal otherwize prevenl particle nterpenetration, Sach unrestraioned [nberpemstration
soon reanlts i an ovalid grid, which affords little meaningtnl dynemee information vu rtimoe
prerformance,  Instead, we settle for wecording stefie performance by disabling nod omly force
calenlations, butl particle and pranale apedates gs well, This eeses paciicle and pranale positions
and resulis o a typleal (pile-like) particle-td distribution i the grid. Constructing the grid ouce
amed reusing 1 foc queries produces the result shown in Figure 700, For 256l grains, we A 43
mnilliserund gquery cost, Tepreseating a 19% contribition wo total simulation lime® This reinficess
the negligible contribytion of orid oporations, iuchyding both queries aned ypdates, to the total

shimulation rost, especially a5 sand volime inrenses.

Finally, sinee saned (partially) fills the cvlinder, additions] graing aee expected to prodoce more
collizion events and more physically-based foree caleulations,  The relationship between grain
count and eollision conut is visualiscd in Figure 7.20. where we ohsorve lneer sealing, This resnlt
may b explaived, in part, by o goometric limit in the maximum oymbeor of spheres that can

T It vontact with one another at any given thme, sinee most collisions occur in the balk of the

“* I'bis rosule 38 surprising, A= cvery ahader ingtance, for oach of the one million particles, querics its oorn particle's
vomel aod Gwenty-six 2urcoundimg voxels, The low cost bere ansy follss feoro sur guery algorithoo., whick nsels
the gricl in lavers. Specilically, nine voxels are voad Feoonea single laver of the grid, which marcch to nine bardering
texcls oo the prid texture. This may facilitate prefetching from the texture wnits, making lecal querios fast.
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malerial, where this lmiting bebiavionr plays aorole. o turn, this sygoests o possible consal role of
inerenzing collision connt on Increasing sionlation time. This & supported in Figure 718, where
wie il thet toree caleulation is the dominant contributor to total simalation cosc

w o

Collision court

1r Al 44 £4 AL > ne: 128
g Lou o ER
Figure 7.20: Collizion count versus grais count for grains added o a oylindsr The red dashed ling 1=
a hirear fi- to the data.

We [nd lurther suppore for Lhe importance of foree calenlation by directly analysing havdware
perlormanee, viz, fragment shader, vwertex shader, geometey shader, and texture uuit wse, lor
inercasing callision pounis, The resules of this andlveis corded oul for stationary sund piles of

varylog size, s given In Table 7.3

Uragmenl shader  Texture busy  Texlure waits  Frame thne

Cloadlisins 16562 [(H5] LELIR0L05) LA (0000 )
Frapmeut sharder i LR (1T [hetild [(hIL]
Texbire busy N L.TTRAE (0.08) [h.3 143 [0L00)

Table 7.3: The significant correlations found betwean GPU hardwars cownters. Sorelations are shiown
with their matching p-va'ues in brackets. For cxample, colisons and fragment shader activity is read as
Ls362 {p <0 KOS We measured GPL performance acriss siktesn stationary piles witt grain quantities
from 16K to 128K incluswe, at 18K incroments. For cach pile, we recorded GPU data fir 20 seconds wall-
Clock time and avoraged the results to obtain the firal readings. The recorded data included frame time:
fragmeat, vertox, and fragment shader activity; and the percentage of GPU comp.ate ime shaders spent
waiting for texture uaits, We also incloded colligins counts as measured previousiy The table shows on'y e
significant coTelations we found.

We note the strong correlations In collision connt versus fragment shader aclivicy and collision
crint worss lextnre unil use. These sre explained by fragment shaders containing all the
phvsically-lased caleulstions and the wajority of texture vead iostructions, which togother result
in lengthy comnpure {imes and resonree nse. Indead. we find pivel shador activity strangdy

correlstes with texture unit acrivits

In comparizon, most vertex shaders perform simple coordinaie transiovmations. However, e
most important of these is selecting the positions Lo wrile particles ids o i Lhe grid texture,

Yob, our reanlis show ue signilicant correlalions relatiog to verlex shaders, which egain confrms
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the neelisible contribution prid operations meake to simulation Lie,

The carrelations found aceoss different collision connts, support the avgumene that incrcasing
waridpile walume (in the evlinder). lengihens [rame e Ty Tncreasing the acwiit of physically-
hased collision ealenlation pertorioed. We fnrther validate this assertion by recocding the activity
of an ad fee geametry shader added 1o 1le poid comstruciion pragran? Tlhe activice af (he
geommetry shader in Figure T.21 corroborates Lhe lack of wnfluence of prid construction, thooph it
does not disconnt the effect of grid queries. However, we observe pixel shader activity and frame
i Both inerveasing aned loveling off ol stmilar tivies durving the test, which again snpports the

relationstip between stnolotion time and physically-bosed calealalion,
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Figure 7.21: Hardware pofarmacce measured by frame tme a-d scsource use vorsus wall-clock
time. Frame tme, indicated By o, 1% plotted with respect to the left vortical axis. Al other variabics
findicated in the lege~d} are measurcd against the right vortica! axis, as percontage use of their
respeciive resouUrces.

lu pddition, Figoo 7.21 alsa maximal use of the CPLL with coratie bebavioor doe to both
aviraging af duad-CPT activicy and CPT-GRPT commuanieatrion time. However, the G is nsed
oeaxitnally ws well, dewonstraling ellicienl resouree wse and CPU-GPU Lransler, Tn the case al

incficient trunster, we wonld see less GPLU activity ss resources are stalled by duta transfer,

The results of this seetlon logether soggest specific hardwarve limits affecting franocwork
performenee,  ¥We specnlate, I fulure hardware Leends conlime Lo meelade more shader copes,
mre sand conld be simulated, at similar frame times. Howover, simnlating the same volime
of sand at a higher rate. would need larger Lexiure memary bandwidlh; faster texture acenss;

impprovemient o che underlying shmulacion algoeichm: ar some combination of thrse.

WL peplaennd Ve vertes shiader, wsed oo constoue oo, wildna Leivial {pes Uroughl shiuer aoe ermploed
w geomtetty shader to handle the oonrdinate tranafenm work. Importantly, the geametsy shader veplicates al. che
funceionality of che versex choder. with httle modification to tie underlving code. This allows us to distinguish

grid conss e Bon perforanee: T atlun infhaenses by chseryving geomelry shader activity elative to vertes and
pixe] ghader activity
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7.3. GRANULAR SIMULATION PERFORMANCE

Comparison to previous work

Providing meaningful comparison to previous work is not straightforward. In particular,
different simulations may use different time step lengths or lack results for specific grain counts,

complicating frame time and frame rate comparisons.

We resolve these difficulties by basing performance comparisons on the Cundall number, which
normalises differences in computation time, grain quantity, and iteration count.® Specifically, we
compute C = N,N/T, where N; is the number of simulation time steps, N is the number of
rigid bodies, and T is the computational time taken by the CPU or GPU [Cle09]. Therefore,
the Cundall number C' can be thought of as the number of granule time steps per computational
second. In Table 7.4, Cundall numbers are used to compare performance results with previous

work. Note that we have used our worst Cundall number over the range of 16K to 256K grains.

Framework Harada et al.* Venetilo et al.t Ferrez!
Parallelism® GPU GPU GPU SMP
Particle sizesY Uniform Uniform Uniform Multiple
Cundall number  1.490 x 10°  6.652 x 10° I 4.736 x 10% ** 2.0234 x 10* T

Table 7.4: Performance and feature comparison of the sand framework to other DEM simulations.
*[HTKT07;  T{vC07] ¥ [Fer01]
8 SMP PC with four Pentium III Xcon processors or an NVIDIA 8800 GTX (GPU) in all other cases.
“ Refers to support for monodisperse (uniform) or polydisperse (multiple) particles.

1 Based on 16K four-particle chess pieces simulated at 40.6 fps
** Based on 128K particles simulated at 37 fps
1 Based on 12,000 particles simulated for 1000 iterations in 593 seconds

The Cundall numbers demonstrate the sand simulation performs two orders of magnitude more
granule time steps compared to a CPU-based DEM simulation, while matching the performance of
previous GPU-based simulations. The discrepancy in Cundall numbers between our GPU-based
multiparticle rigid-body simulation, and the monodisperse single-particle simulation described by
Venetilo et al. [VCO07], indicates monodisperse simulation performs better. The latter’s advantage
arises from ignoring three degrees of rotational freedom, which means less calculation, but at the
cost of less diverse behaviour. Finally, while the GPU outperforms the CPU for monodisperse
simulation, we note that polydisperse granular simulation has only been addressed on the CPU.
Nevertheless, most of the behavioural diversity associated with polydisperse simulation is handled
adequately by our multiparticle sand framework, as corroborated by the physical validation

carried out in Section 7.2.

5Comparing different simulations, based on their (fixed) Cundall numbers, assumes an ideal situation, namely,
these simulations demonstrate lincar scaling between computational time and grain count. If a simulation exceeds
linecar scaling, such as with larger grain counts, then its Cundall number decreases for these values. Therefore,
favouring previous work, we calculate their Cundall numbers based on available data for the smallest grain count
(usually implying the smallest computational time). This scheme ensures that any comparison to previous work
represents the strongest criticism of our results.
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7.3 GRANULAR SIMULATION PERFORMANCE
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Figure 7.23; Hardware pedormance measared under simple lighling and shadowing. Framd timi,
indicatce by 0, 15 plottee with respect 1o e lefimoss verbcal axis. All other vanables (ndicaled i
the legendd) are measured aganst the rghimost verlical 2xis, a2s peroentage uge of thoir respeclive
resources. Toe graph (@) indcates smple bghting conditions, while (b shows the szme variables
measured with s~acow mapoing enabisd.

texture, determines both shadow quality a5 well s shisdow map comstruction rate,

An example of the wvisual resnlts achicvable with real-time shadow mapping is shown in
Figure 7.24. The images in the figuee are screon captures token duving the lonmel flow experiment .
To aid wisibility the funnel iself s not viswalised, but remsins plivsieally present, as o the

rxprerimental setap (sec Fipoe 7.7 The cxample demonstrates sand shadowing both itself and

> 2 <
+23 2

Figure 7.24: Hourglass with reai-tee lighting and shadows The sPght "soattering” of granules, seen
i the too loft image. resulted frar droopicg the gand aita t-e funnel at the start of simulation.

s environment,
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CHADP'TER 7. SEIMULATION FRAMEW{RIK

7.4 General rigid body simulation

While: the DEM twde] frie sand (see Claprer 39 is able too reprodnce complex gramlar behaviour,
it is also applicable to igid body simnlation sens sand. Indeed, we handle Ahe mechanics aof rigid

Brodics and prangles similacky throogh pacticle-particle endlisinn pancrssing,

Cranular physics aside, Lhe dilferenee belween cur [ramework aod a genern] rigid body sinolalioa
i our superior perfurinance when dealing with a very Iavge number of small pacliculate stroctures
{like tetrabedval prabesi In adiivion, we have desceibed o mechanism for secelerated lighting

ol these slructures [see Chapter 37,

UM conrse, the end tesult 3s an unattractively bumpy surface, bot (his is remedied by rendecing, for
each righd body, ile triangulaced mesl, inseead of ies particle-sampled counterpart, 'This requires
a trivial exlension, where we otate and translate the friangnlated goometry of eoach gid Lndy,

when it is rendercd. according to the body’'s current oriendation atd posilion, especlivels,

Tu Figee T.25, we showe an exatiple of this tvpe of simmlation, where a metal hall iy shot indo s
stack of buves. Loside the framework, this scone consists entively of particulate peomelry, where all
mteractions, among Lhe floor, glass walls, imetal ball, and boses, are handled throuegh intorparticle

corllisines,

Figure 7.25: Bowling

7.5 Summary

In this chapier. we bave scen Lhat the sand simolation [ramework is able to produee physically

valid graunlar hehaviowr, at jotersctive frame rales, using high-quality real-time [ighting with
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7.5. SUMMARY

shadows. Testing has shown that the simulated sand reproduces many important properties of
its real-world counterpart. Our results also support previous work in granular material science,
where we have corroborated recent work on force distributions, as well as reproduced stress-strain
behaviour in line with experiment, where previous DEM simulation has failed. Along with the
reproduction of well-known behaviours like constant mean flow rate, our results support the use of

multiparticle models for modelling the characteristic behaviours of granular materials, like sand.

We have demonstrated that adding more sand into the simulation leads to a predictable linear
increase in simulation and rendering time. The correlation between grain quantity and simulation
time was explained by corresponding increases in the amount of physically-based calculation, due
to increases in the number of pixel shader instances computing forces between particles. Thus,
if future trends in hardware continue to add more shader cores, as well as maintain texture unit
bandwidth at a suflicient size to serve these cores, we can expect to simulate much larger volumes
of sand at the same speeds. Finally, producing high-quality sand visualisation, with lighting and

shadows, exacts an almost negligible cost on total simulation time.
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Chapter 8

Conclusion and future work

Aany real-time computer games contain virtual worlds built upon terrestrial landscapes, in
particular, sandy terrains, such as deserts and beaches. Akin to real-world landscapes, these
terrains often contain grass, trees, lakes, and rivers, and share their borders with oceans.
These terrain elements contribute to enhancing realism, particularly when sophisticated material
simulation is used, allowing plants to sway with the wind and water to ripple when disturbed.
Unfortunately, the same is not true of the underlying terrain itself, which remains inert,

uninteresting. and nongranular.

The problem is that present techuniques employ low level-of-detail (LOD) models that represent
sandy terrain as a flat textured surface, producing computationally cheap, but poor quality sand.
In contrast, high LOD techniques, such as the distinct element methods (DEM), model sand
at a much finer granularity, thereby reproducing interesting and expected granular behaviour.
The catch is that DEM exacts a large computational cost from having to update and store the

mechanical properties of millions of individual granules, many times each second.

Our approach to this problem has been inspired by many current techniques that exploit the
processing power of the modern GPU, to make possible the real-time in-game simulation of
fluid, fire. and cloth, on a single PC. While other techniques have addressed simulation of grain
assemblies on the GPU, this thesis goes further in creating a complete framework for physically-

accurate simulation of granular material inside a general environment.

8.1 GPU-accelerated granular physics

A major problem facing single particle models of granular material is the computationally
expensive static friction handling needed to produce pile formation. A major theoretical

contribution of this thesis is a multiparticle model, based on the work of Bell et al. [BYMO05],
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CHAPTER 8. CONCLUSION AND FUTURE WORK

tailored to address this problem. For grains, we choose the smallest possible multiparticle
arrangement having three-dimensional symmetry: a regular tetrahedron comprised of four
particles. Its symmetry, in particular, allows us to accelerate orientation and direction dependent
physically-based calculation. Based on this grain structure, we have described a DEM-based
multiparticle simulation model that reproduces static friction intrinsically, through locking
behaviour among irregular grain geometry. In addition, we have presented a force model tailored
to simulating complex (nonlinear) sand behaviour, yet simple enough that it is expressed easily,

through pairwise (particle-particle) contacts among grains.

As a practical contribution, we have achieved real-time sand simulation by performing expensive
physics calculations (needed by our physically-based DEM model) entirely on the GPU. These
improvements include collision detection and grain property updates, which are performed in
the rendering pipeline. In addition, we have described a novel approach for representing simple
surfaces implicitly, as particles. The advantage of this approach is decreased texture memory

consumption, which frees up space for storing explicitly represented bodies and granules.

8.2 GPU-accelerated rigid body physics

Another practical contribution is our GPU-accelerated mesh-sampling process, which enables
the rapid transformation of an arbitrary closed mesh into its particle-based representation. The
particulate surfaces that result can interact both among themselves and with sand, through

pairwise contact handling on the GPU. Our specific contributions in this area are the following:

o We modified an existing GPU-based sampling technique [EDO06], so that computationally
expensive triangle processing is now offloaded to the geometry stage of the modern GPU.
This includes handling bounding box construction and plane intersection, inside a geometry
program. The resulting computation is less CPU-bound, leading to rapid generation of the
signed-distance field (SDF).

e We implemented a GPU-based particle sampler, which simulates the constrained motion of
particles over an implicit surface (namely, the zero subfield) within the SDF. This allows
for an even sampling of the mesh, given suflicient particle density, as particles repel one

another, thus diffusing evenly over the surface.

¢ We implemented a hybrid visualisation technique that combines ray-casting into the SDF
volume with rendering of the evolving sampling process. Since these are run simultaneously,
we have accelerated the visualisation by depth-based ray culling. Specifically, we ignore rays
that intersect the implicit surface in areas overlapped by particles. Our visualisation allows
a user to see whether particle density is unnecessarily high or low, without having to run

rigid body simulation.
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8.3. REAL-TIME LIGHTING

The result is a GPU-accelerated framework equipped with an easy mechanism for introducing
arbitrary closed meshes into a simulation. This leads to a framework well-suited to general rigid
body simulation, with or without the presence of granular material. Furthermore, when a large
quantity of identical rigid bodies need to be simulated, the framework is highly attractive, both

in its GPU-accelerated handling of these structures and for its real-time lighting performance.

8.3 Real-time lighting

Another major practical contribution is an illumination model that mitigates the computationally
expensive lighting needed with large grain counts. We have described a method to accelerate
granule rendition by exploiting its underlying particle representation. Specifically, we have used
an implicit sphere representation to produce real-time surface reflection and shadowing. where

previously, lighting of complex explicit geometry was needed.

8.4 Sand simulation

Our framework reproduces many important physical properties of real sand, including dynamic

flow behaviour and response to extrinsic forces, as results from compression or projectile collision.

For real-time visual effects involving granular materials, the framework’s appeal lies in the linear
scaling between grain quantity and frame time. In addition, being able to handle large sand
volumes of up to one million granules, suggests larger offline applications, such as visual cffects
for film. Provided GPU hardware development continues to add more processing (shader) cores
and larger supporting texture memory interfaces, we expect the framework will handle and evolve

much larger sand volumes at a similar rate.

Further, many useful scientific applications exist in the granular sciences, where these materials
are studied for their static and rheological properties. In particular, the simulation framework
has been shown to agree with previous scientific rescarch dealing with force distributions, spatial
force-force correlations, and internal sandpile geometry. The simulation has also demonstrated
important dynamic behaviours, including both elastic hysteresis and strain-loss in the unloading
phase of compression: constant mean flow rate of grains in an hourglass; and pile formation with
an angle of repose predictably dependent on intergranule friction. Our results support the use of
the sand simulation framework as a means to produce physically valid granular behaviour, which
conceivably admits real-world applications. These include diverse modelling applications, from
settling of corn grains during transport and storage to the toning process in electro-photographic

copiers.
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CHAPTER 8. CONCLUSION AND FUTURE WORK

8.5 Future work

The long-term view of this thesis is towards incorporating the high level-of-detail granular
simulation, as preseuted here, into future research encompassing a full level-of-detail (LOD)
model of sandy terrain. The major impediment remains a limit in grain quantity. The sand
volume represented in the simulation amounts to only a small section of sandy terrain. Thus, the
challenge will be to integrate multiple terrain divots into a seamless whole, managed according to
a LOD model. In particular, we expect that GPU simulation would produce localised granular
simulation, under high LOD conditions, while coarser representations would substitute in low
LOD conditions, such as for sand seen at a distance. In the latter case. height fields might be used
to supplant large sand areas with a textured, grossly modifiable surface that LOD management
might disassemble dynamically into a particulate representation, when grain-level simulation is

required.

A more ambitious project is to bring together large-scale simulation, achieved in continuum (fluid)
mechanics models, with finer models, such as DEM. On one hand, there is no complete continuum
theory accurately predicting macroscopic granular features and only a few microscopic models.
On the other hand, the DEM approach provides grain-level accuracy, at a high computational cost.
The goal then is to develop a model that predicts macroscopic flow behaviour, while providing
micro- or macroscopic (grain-level) property estimation. However, special considerations are
needed at the grain-level, as a continuum-based solution is not well posed to handle nonaffine

granular motion.
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Appendix A

Proofs

A.1 Optimal texture size for flat 3D grids

As mentioned in Section 4.4, we hope to find the optimal texture size for representing a flat 3D
grid. Specifically, viewing layers C; as tiles, we are seeking texture dimensions (7., Tx) such that
some tiling of that texture, using all k4 tiles, minimizes the number of wasted (unmapped) texels
given by W =T, - Ty — ky, - kp, - kq. Furthermore, since graphics cards support finite-sized textures,

we assume that (T, 7Th) fits within maximum texture dimensions, (AL, Mp).

We shall also assume from now on that at least one tiling exists, whether optimal or not. If this
is the case, then the solution given in this section will find the optimal tiling. Otherwise, no tiling

exists, which is an easily identifiable case, as explained at the end of this section.

We define a wvalid texture as the smallest possible enclosing rectangle capable of holding all the
tiles of some arrangement while remaining inside maximum texture boundaries. See figure A.1

for an illustration of two possible valid textures for ky = 7 tiles.

(a) Unoptimal {b) Optimal
Figure A.1: Tile arrangements. Grey tiles represent layers C; and white areas represent possible
positions for these tiles. The light grey background square represents the maximum allocatable
texture size (Al,., My). The blue rectangles represent the texture (T, T%) allocated for enclosed
tile arrangement. White space inside a blue rectangle represents “wasted” texture surface area, W.
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We are now able to define

! (A1)
= 132 (A2)

where s and ¢ are the maximum quantity of tiles that can fit on the bottom row and left column,
respectively, of a texture with dimensions (M, M}). Our assumption that at least one tiling
exists implies s,t > 1. Of course, the valid texture enclosing the resulting arrangement may be
smaller than the maximum possible texture size, depending on whether the tiles fit exactly or

not.

Now suppose b is the number of tiles on the bottom row of a tiling matched to some valid texture,
since at least one such texture exists. Thus, b is an integer with 0 < b < s. Furthermore, the
division algorithm [HWC60] guarantees the existence of integers ¢ and r such that ky = bg + r

for 0 < 7 < b. Since the tiling is a valid one, we must have g < ¢, where equality implies r = 0.

Visually, the previous paragraph says there exists some tiled rectangle of width bk, and height
gkp, which fits inside the bounds (M, Mp). If r = 0, then all tiles were used to construct
the rectangle. Thus the valid texture is allocated using the same dimensions as the rectangle it
encloses, without any texel wastage, since (W = 0). If » > 0, then we allocate a texture of the
same width as before, but use a height of (¢ + 1)k, instead, since a gth row partially filled by r

tiles is included. The resulting texture fits within the maximum bounds, since ¢ < t.

A.1.1 The solution

Finding an optimal tiling, therefore, means checking for each b if ¢ < t. If ¢ > t, then b is not a
possible solution and we try another. Otherwise, we must check make sure r = 0 when ¢ = ¢. If
the latter is in fact the case, then we have an optimal solution given by a valid texture (bk.,, ¢kn)
where no texels are wasted. Otherwise, we know that this particle value of b wastes b — r tiles
worth of texel space. We remember this value and continue checking other values of b until either
we find a no-wastage situation or until no other possible values for b remain. We can then pick any
b with a minimum value for » — n and use a texture with dimensions (bk,.. (¢ + 1)k). However,

if we have found no b with a matching valid ¢, then no solution exists.
Finally, we mention that computing ¢ and r is quick:

q = L%J, (A.3)

r o= kg— gb. (A.4)



A.2 Gaussian support size

If we use a Gaussian function as a kernel, then we must find the correct parameters so that the
Gaussian is less than some floating-point value f > 0 for all points lving outside some cut-off
distance r > 0. In particular, we wish to choose r so that the repulsion velocity, as discussed in
Section 6.3, is calculated from those neighbour particles that lie within the particle’s own voxel

as well as the 26 voxels that surround it.

The Gaussian requires the setting of a constant scaling factor, central axis, and standard deviation.
Theorem A.2.1 explains how to set these parameters to meet the constraints imposed by f
and r. Here we are considering a three-dimensional Gaussian centred at the origin with same
standard deviation for each coordinate axis. This ensures an unbiased weighting to particles in

the surrounding space.

Theorem A.2.1. Let f,r > 0 for some values f,r € R and let g be a three-dimensional Gaussian
centred at the origin with standard deviations ¢ = o, = 0, = 0, and a constant scaling factor

A>0 Ifo< \/ﬁ and ||(z,y, 2)|| > r for some vector (x,y,z) € R, then g(x,y,2) < f.
mr

Proof. Consider the three-dimensional Gaussian g given by

o) wow? | o2
R

g(x,y,Z)=Aef< g z =, (A.5)

where g = yg = zg = 0 so that g is centered at the origin. Let ¢ = 0, = ¢, = o, and

(x,y,z) € R® such that ||(z,v,2)|| > r. Thus, we have

oa,y.z) = ae”(T275),

M(;y_wz) (A.6)

1

:Ae_<

< Ae™ (),

2
which follows from KT"f'z)” > 1. Equation A.6 now simplifies to ¢ < f as required.



Appendix B

Quaternions

The quaternions are a number system, technically termed a normed division algebra over the real

numbers. They were introduced in computer graphics by Shoemaker [Sho85].

A quaternion ¢ = [v, s] is usually described by vector v and scalar s. The conjugate of a quaternion
is defined to be

g =[-v,s]. (B.1)
Addition of quaternions is defined as
q1 + g2 = [v1,81] + [va, s2] = [v1 + V2,81 + s3], (B.2)
while multiplcation is defines as
@192 = [v1, s1][Ve, s2] = [v1 X va + s1v) + s2Va, $182 — Vi - V), (B.3)

where ‘X’ and ‘-’ refer to the usual 3-vector cross product and dot product, respectively. The

norm or “length” of a quaternion is defined as

2
lgl = Vagx = \/Il][” + 2. (B.4)
Thus, a unit quaternion is any non-zero quaternion ¢ with |¢| = 1. Any non-zero quaternion g

can be made into a unit quaternion by dividing it by its norm.

An important property of unit quaternions is that they describe a three-dimensional rotation.

Specifically, given a quaternion ¢ such that |g| = 1, then we get the rotation matrix

1—2¢y% — 227 20y — 28z 2rz + 28y
R = 2zy +2sz 1 —2z% — 222 2yz — 2sx (B.5)
22z — 25y 2yz + 2sx 1 - 222 — 2y°
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In many graphics API’s such as OpenGL, a rotation is usually given in the form of an angle! §
and the rotation axis specified by a unit vector n. The formula that relates this axis and angle
to the quaternion is

qg= [sin(g)n, cos(g)}. (B.6)

Another useful properties of the unit quaternion is that we can combine rotations directly, rather
than having to convert to and from rotation matrix representation. That is, given unit quaternions
g1 and gz representing two rotations as described above, the unit quaternion ¢, representing a

rotation first by ¢g, then by ¢y, is
de = q1G2- (B.7)

This rotation can be applied to a vector without having to convert to a rotation matrix
representation. That is, given a quaternion ¢ representing a rotation we wish to apply to a
vector v to get the rotated vector v,, we can produce this rotation in quaternion notation by

calculating qug*, where w = [v,0]. Written another way, we get

[V, 0] = [t ][0, O]~y s} (B.8)

1\We use radians.





