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In the case of the Molodensky BVP, the height anomalies (; are computed at ground 

level from free-air gravity anomalies defined by Ag = g, - Y Q, where, gp is the gravity 

at point P and Y Q is the normal gravity at point Q, as denoted in the figure (2-3): 

Fil2-3: The Geometry of the OuIieal BVP and the MoiodeDlky BVP 
(Sideris and Forsberg, 1990; Heiskanen and Moritz, 19(7) 

2.2.3 Geometric Method: GPS derived Geoid. 

In this method the orthometric heights of control points distributed homogeneously 

over an area. are used to compute geoid heights. The ellipsoidal height of III control 

point is arbitrarily defined and the GPS vectors are adjusted using I. least .. squares 

minimum constraint adjustment. Relative geoidal heights at other control points can be 

estimated via (2-1). The geometric determination of the geoidal undulation along a 

short profile can be simply modelled using linear interpolation, however, since GPS 

surveys are seldom conducted along profiles it would be appropriate to fit a plane to 

(2-1): 

(2-17) 

Ii 
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where the coefficient Do represents a bias, a. and al represent the tilts of the geoid or 

quasi-geoid plane in the directions of latitude and longitude. A minimum of three 

points are required to be occupied for aps observations in order to solve for the 

coefficients above. If more than three points are occupied the coefficients in (2-17) 

can be obtained trom a least-squares solution. Once the coefficients are obtained 

geoid/quasi-geoid heights can be interpolated at the required points. The method of 

interpolation could vary trom that of a simple linear interpolation to collocation and 

bicubic spline interpolation (Merry, 1993). 

The primary advantages of the geometric method are: (1) it ensures that ellipsoidal 

heights are consistent with the orthometric heights in the survey area and abIorbl any 

biases in such area and (u) it can model a small Ilea using Ii simple linear interpolation. 

The disadvantages of the geometric method are: (1) it is subject to erron inherent in 

orthometric and aps heighting which propagate through the process of interpolation 

and (u) it makes the assumption that the geoid can be accurately modelled by I. plane 

or a low-order polynomial surface (Featherstone, et aI., 1998). 

2.2.4 Fut Fourier TnDlform (FFf) Tecbniqua 

The amount of data available nowadays for the solution of gravity field convolution 

integrals has increased abundantly in size and type. This has called for more efficient 

data processing teclmiques and numerical solutions. Since much data is DOW available 

in gridded form the use of spectral techniques in gravity field modelling has become 

popular in recent years (Schwarz, et aI., 1990). 

Fut Fourier Transform (FFT) techniques permit the use of vast amounts of data over 

extended regions for improved results in local gravimetric geoid determination. 

Computationally FFT methods are very fast and efficient provided that gridded data 

are available. Stokes' formula (2-9), the Molodensky G. term (2-15), terrain 

correction integrals and deflections of the vertical. with some modification and 
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approximation can be written as convolution integrals which can be evaluated 

efficiently using the FFT methods (Schwarz et al., 1990). Using the properties of the 

Fourier Transform (cf. chapter four) there is no need for time consuming pointwise 

numerical summations and the evaluation of convolution integrals in the space domain 

is replaced by multiplication in the frequency domain. FFT provide results on the same 

grid on which the data were given (Forsberg and Sideris, 1993). 

Over the last two decades works by (Sideris and Schwarz, 1986; Harrison and 

Dickinson, 1989; Schwarz et al., 1990), have introduced efficient algorithms for the 

FFT computation of terrain correction integrals, integral formulae of Vening Meinesz, 

planar form of Stokes' formula, the Molodensky series and deflections of the vertical. 

(Strang, 1990) shows that the spherical form of Stokes' formula can be expressed as a 

convolution integral which makes its evaluation possible via an FFT algorithm. 

(Forsberg and Sideris, 1993) generalise the concepts in (Strang, 1990) and propose the 

method of geoid computations by the use of I 'multi-band spherical FFT approach'. 

These methods are based on the two dimensional FFT procedure which can easily be 

implemented in software routines. (.Haagmans et al., 1993) introduces a new method 

of one dimensional FFT evaluation on a sphere. In contrast to the other proposed 

methods, the approach of (Haagmans et al., 1993) results in an exact evaluation of 

convolution integrals on a sphere and not an approximate solution. The one 

dimensional spherical FFT approach can be applied to the integral formulae of Vening 

Meinesz, HoMe, Poisson and that of Stokes. 

Considering all available geoid computation methods inclusive of the spherical form of 

Stokes' formula and modifications of it, the astrogeodetic method and the technique of 

least squares collocation, the FFT methods by comparison are the fastest. 

14 
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l.3 THE EGM96 GEOPOTENTIAL MODEL AND EGM96 GEOID 

Previously the application of Stokes' formula was limited to the dassical method in 

which a discrete version was applied to the global numerical integration of gravity 

anomalies relative to the DOroW ellipsoid suitably weighted by Stokes' fimction. The 

effect of the gravity anomalies attenuate with increasing c:Iistance from the computation 

point. With the introduction of a geopotentW model the integration can be restricted 

to a circular cap of limited radius around each computation point. In addition to this 

advantage, the gravity anomalies referred to the computation point are much smaller 

than those referred to the ellipsoid which in effect reduces the integration errors. 

Geopotential models are usually made available with four components (Smith, 1998): 

(a) a set ofharmomc coefficients from degree 2 to N 

(b) the gravity-mass constant (aM) used in the computation of the geopotentia1 model 

(c) the equatorial scale fictor of the geopotential model and 

(d) the permanent tide system of the model 

Further description of these quantities as well as their magnitudes are to be found in 

(Anonymous, 1997a). The above information is sufficient to compute the gravitational 

potential outside a sphere (as well as inside the sphere) using equation (2-18) below 

(Smith, 1998): 

V(r,a,1)=-L ~ L(C"", cos(m1)+S",.. sin(m1»)P",..(cosa) GM N ( )" " 

r -0 r -0 

v = gravitational potential to degree N from geopotential model 

", a, 1 = geocentric radius, co -latitude, longitude of computatiooal point 
a = equatorial scale factor 

GM = gravity mass constant of geopotentia1 model 

Ji,. = fully normalised Legendre fimctiODJ 

C II1II' S _ = fully normalised coefficients of geopotentW model 

(2-11) 

IS 
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A geopotential model together with additional information are combined in the 

generalised Bruns equation to produce a global geoid model. Gravimetric geoid 

determination bas been successful in recent yean owing to the accessibility of 

gravimetric data from the territory of the former Soviet Union and its satellite states, u 

wellu China. Satellite altimetry missions provide a clearer indication of the figure of 

the geoid over marine areu. 

Airborne gravity surveys by the National Imagery and Mapping Asency (NIMA) since 

1990 over Greenland, parts of the Arctic and Antarctica surveyed by the Naval 

Research Lab (NRL) have helped to fill the remaining gaps. 'Ibis new information 

combined with high quality satellite tracking results have beea utililed in the global 

geoid model EGM96 (Vermeer, 1998; Anonymous, 1996&). The NASA (National 

Aeronautics and Space Association) Goddard Space Flight Centre, NIMA and Ohio 

State University (OSU) have collaborated to produce the NASAlOSUINIMA EGM96 

geopotential model, an improved spherical harmonic model of order 360 representing 

the earths gravitational potential. The use of terrestrial, aUbome and altimetry data 

together with satellite tra.cldng data from more than twenty satellites, including new 

data from GPS and TDRSS, u wellu altimeter data from TOPEX, GEOSAT and 

ERS·l have helped in the realisation of EGM96. EGM96 consists of a combination 

solution to degree and order 10, a block diagonal solution from degree 71 to 359 and a 

quadrature solution at degree 360 (Fuhir et al., 1998). This new p:opotential model 

bas been used as a geodetic reference to update World Geodetic System 1984 

(WGS84) and its application will encompus precise orbit determination, 

oceanographic and geophysical studies (Lemoine et al., 1996; Anonymous, 1996&). 

The EGM96 geoid undulations are baed on the height anoma.liel computed from the 

harmonic coefficients of the geopotential model. In order to reference the quasi-geoid 

to the WGS84 eUipaoid Ii correction of -0.53 metres bas been applied. The value of -

0.53 metres represents the difference between an 'ideal' earth ellipsoid in a tide free 

system and the WaS84 ellipsoid (Anonymous, 1997a). The EGM96 geoid gives Ii 

maximum variation of about 15 meters in the North But Atlantic: and Indonesian 

16 
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--- ---- - --
regions and it minimum variation of about - lOS meters to the South of India and Sri 

I.dllka FG\f'J6 g~oid ha, a >pallal resolLltion of ahout one degr~e ill lal itude and 

longitude ( I 00 kilometen in extent) and j, thus a smooth model y, hich doc.I flO! exhibit 

local variations inlhc gcoidal undulations_ The EGr>.l96 geoid undulahon on it fifteen 

mim)!e grid ap pears in figllre 0-4) , It, slat i,tics in 'mils ofmd"oS on a global basi, al~ 

as j,)llows ' 

M""" ,(157 i 
Standard De\-ullion 3(1 56 

! , 
Minimum -l()(i '1') 

I M"~jmum 8~_39 

T ahle 2-1: Stllt;,[;cs "r EG 1\196 G~()id (11 nits- ill) (Anonymous, 1997 a) 

" 1.0' '" ". '" 
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" 

" 
" ., 
." 
" 
" " " '" '" m " , ,,' 

EGM961S M INlTE GEOID CI _ 2 Mel", 

Fig 2-4: EG:VI96 Geoid (Anonymous, 1996b) 
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Chapter Three 

The Geoid in South Africa 

3.1 A BRlUHIsrORY OF GEODETIC SURVEYING IN SOUTH AFRICA 

Abbe de LaCaille made the first measurement of an arc of the meridian at the Cape in 

1752. A short arc of meridian If in length was measured from Cape Town 

northwards. LaCaiUe's results being affected by gravity anomalies indicated that the 

curvature of the earth was less at southern latitudes than correspondins DOrthem ones. 

A result contrary to Newton's theory. In 1820-21, Sir George Everest visited the 

Cape and examined LaCaiUe's survey. He showed that deflections of the plumbline 

caused by mountains adjoining the observation stations could account for the 

discrepancy in LaCaiUe's result. Between 1841 and 1848 Sir Thomas Maclear sought 

to verify and extend LaCaille's arc. Maclear made certain that his observations were 

not affected by the gravitational effect of mountain muses (Zakiewicz, 1997). 

The measurements of the lengths of arcs increased in the 19th century. The 

determination of ellipsoids from the measurement of arcs, and from Struve's in 

particular, were already known and being utilised when the African Arc of the 30th 

meridian commenced. Sir David Gill initiated the measurement of the Arc of the 30th 

Meridian. In extending Maclear's triangulation chain to cover the Cape Colony. 

David Gill proposed to seek a datum point that would be free of large deviations of 

the plumb-line. Observations and calculations carried out by Gill were reduced to the 

Clark 1880 spheroid which was most recent at the time of the survey and in agreement 

with the figure of the earth in South Africa (Zakiewicz, 1991; van (lysen and Krynski, 

1993). 

18 
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The reference ellipsoid for the Cape Datum was the modified Clarke 1880 ellipsoid 

with semi .. major axis a == 6378249.145m, semi-minor axis b==6356514.967mand 

a flattening of 11293.466. The Cape Datum is defined by the parameters of the Clarke 

1880 ellipsoid and by the geodetic co-ordinates of the initial point, Buffelsfontein, of 

the datum. These co-ordinates derived indirectly from astronomical observations are 

('0,10)=(-33°59'32.000",25°30'44.622"). This definition is by no means 

complete: the azimuth to a second point, the geoidal height and the deflection of the 

vertical at the initial point are required to complete the definition. The azimuth is 

explicitly defined and with Buffelsfontein being close to the sea, it is reasonable to 

assume a geoidal height of zero. Studies comparing Gill's geodetic co-ordinates with 

the satellite Doppler results of the South African contribution to the Amcan Doppler 

Survey (ADOS) and Doppler translocation between these ADOS points has shown a 

consistent scale of between 4 and S parts per million (ppm) (van (lysen and Krynski, 

1993; Merry and Rena, 1989; Wonnacott, 1986). 

In 1960 the former Department of Land Surveying, at the University of Nata!, sought 

to determine a geoid profile along the parallel 30° south. Astronomic latitude and 

longitude at 20 km intervals were determined at points of the South Amcan and 

Lesotho geodetic networks. The profile was continued across the southern Orange 

Free State, northern Cape and Namaqualand, to reach the Atlantic Ocean close to the 

area of Port NoUoth. The east .. west components of the deflection of the vertical were 

determined from the astronomic longitudes. An east-west geoid profile by the 

integration of these deflections over distance could then be obtained (van (lysen and 

Krynski, 1993). The interest in a geoid for South Affica emanating from the above 

investigations has led to significant contribution by South Amcan geodesists towards 

the study of geoid modelling. 
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3.2 THE SourH AnuCAN HEIGHT SYSTEM 

In general three height systems may be defined namely the ortilometric, normal and 

dynamic height systems which may be expressed by the following formulae 

respectively (Heiskanen and Moritz, 1967): 

(3-1) 

g, yand G respectively represent the mean actual gravity along the piumbline, the 

mean normal gravity along the plumbline and a standard gravity value. C is the 

geopotential number (a potential difference) which is common to aU three height 

systems and its value is independent of the route used by the levelling line to relate a 

point to sea level. 

Heights are determined by applying corrections to observed height differences. In this 

respect the dynamic corrections are much larger than the orthometric and normal 

corrections and will not be discussed further. A rigorous computation of orthometric 

heights requires the gravity observations be made along a levelling route and requires 

the actual gravity along the plumbline of the point being levelled to. Practically it is 

difficult to measure this and the various methods used to approximate g, make 

assumptions regarding the density of the earths crust and the effects of topography. 

To circ::umvent this difficulty we need to have gravity within the earth and hence the 

need for assumptions about the densities along plumbUnes by replacing the actual 

gravity field by a normal gravity field. Heights obtained in this manner are termed 

normal heights. The reference surface for normal heights is the quasi-geoid while 

orthometric heights are referred to the geoid. 

" 
" 

I' 
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The system of heights used in South Africa is based on the theory of Rune. This is 

approximately an orthometric height system in which the correction to height 

differences is made up of (i) a spheroidal orthometric correction and Oi) a geoidal 

orthometric correction. Heights based on these correction are identical to Vagnal 

normal heights which are used in Europe. This system has been investigated by 

(Merry, 1977) and is considered to be a 'poor' approximation to the true orthometric 

height hence it is generally termed 'approximate ortbometric', 'normal ortbometrie' or 

'spheroidal orthometric' system ofheigbts. The Jpberoidal ortbometric correction has 

been applied to all South African geodetic levelling while the geoidal ortbometric 

correction has been applied only to a few levelling lines prior to 1965. The difference 

between the orthometric and spheroidal orthometric heights is on average 10 

centimetres across South Africa and has a maximum value of about 32 centimetres 

near Harrismith. The difference between the normal and spheroidal ortbometric 

heights is at most J centimetres. Theoretically, the spheroidal ortbometric height of a 

point is path dependent resulting in its loop closures not being zero. Practically this 

system of heights is a poor approximation to the ortbometric and normal height 

systems leading to larger loop closures than those obtained ftom methods employing 

actual gravity (Merry, 1977). 

3.3 GEom MODELUNG IN SOUTH AFRICA 

3.3.1 The UCfl6A Quui-Geoid 

Early attempts in computing a regional quasi-geoid for South Africa il described in 

(van Gysen and Merry, 1985). The method employed for the quasi-geoid 

computation was the least squares spectral weighting technique which combines data 

from the RAPP78 geopotential model and the UCT83 data set of IS' xiS' free air 

gravity anomalies. A weighted Stokes' function, W(W)sin w, is employed. The 

estimated standard errors of the spectral components of each data set are used to 

weight the contribution of each data set. For a comprehensive description of the data 

setl used, the interested reader is referred to (van Gysen and Merry, 1985). The 

11 
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quasi-geoid determined by this method IS well IS the quasi-geoid heights implied by 

the RAPP11 geopotential model were compared at 1 points with Doppler derived 

quasi-geoid heights. The' overall fit' of the results are reproduced in the table below: 

QUASI-GEOID RAPP18 UCT86A 

Mean Diffenmce 0.08 -0.11 

R.M.S~ 1.74 1.44 

Standard Error ~ 1.74 1.43 

Table 3-1: Comparilou of Doppler Derived Quui-geoid" Heights with the 

Quui-Geoid implied by RAPP11 aud the UCI'16A Quui-Geoid 

computed usiug the Spectral Weightiug Techuique (Uuiu-m) 

(van <lysen and Merry, 1915) 

The statistics above are plausible and an improvement would be DOticed if the longer 

wavelength enor sources such IS the effects of the atmosphere and the eccentricity of 

the Cape Datum (Cape Datum not being geocentric) 011 gravity anomalies had been 

considered. A further source of error to be considered are the effects of terrain which 

could produce localised man of up to 2 metres. The figures for the computed quasi­

geoids are not reproduced here, however, an inspection of these figures in (van <lysen 

and Merry, 1915) show that the long wavelength features implied by the RAPP11 

quasi-geoid are dominant in the quasi-geoid obtained from the method of spectral 

weighting. The latter, however, characterises the short wavelength features IS is 

expected. 

3..3.2 The UCT81A Quui-Geoid 

The UCT81A (figure ) .. 1 below) quasi-geoid was computed trom a combinatiOD of 

UCT86 and the OSUII geopotential model. Gravity anomalies deduced trom the 

geopotentW coefficients are combined with terrestrial data into a conventiODal 

integration of Stokes' formula. UCTI7A uses an approximation to the function 

S('V)sin 'V giving greater weight to the gravity anomalies than the function employed 

22 
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in the computation of UCT86A The computations of the UCT86A and UCT87 A 

quasi-geoids use the same data sets in different forms. Although the method. of 

computation of the quasi-geoid, differ, the results to be expected Ihould be similar. 

(Merry and VI1l Gysen, 1987) note that this is not the case owing to the UCT86 and 

08U81 gravity Illomalies not being compatible. 

Figure 3-1: UCT87A QUali-Geoid - Contour Interval 1 m 

(Merry Illd VI1l Gysen, 1987) 

13 
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A comparison of the UCT86A and UCT87 A quasi-geoidl with a Doppler derived 

quasi-geoid were made to examine the quality of the quasi-geoid models. Certain 

points with a suspected bias were excluded. The table below gives an indication of 

the 'overall' statistics: 

QUASI-GEom UCT86A UCT81A 

Mean Difference ·1.66 0.67 

Stmdard Error Difference 2.58 1.33 

Table 3-2: Comparison or Doppler Derived Quul-teoWaI Heilliu 

with the Quai-Geoid. UCf86A and UCR7A (UDiu-m) 

(Merry and van Gysen, 19S7) 

A significant improvement olthe mean difference and the standard error difference of 

the UCTS7 A quasi-geoid as opposed to the UCTS6A quasi-geoid with the Doppler 

derived quasi-geoidal heights is notable. The statistics of each country tabulated in 

(Merry and VID Gysen, 1987) further indicate that the UCTS1 A quasi-geoid is more 

consistent with the Doppler derived quasi-geoid. 

A recent study (Crone and Merry, 1996) compared the UCT86A and UCT81A quasi­

geoid models directly with a GPS-derived quasi-geoid for the Cape Peninsula. These 

results once again indicate that the UCTS7 A quasi-geoid conformI significudy better 

than the UCT86A quasi-geoid with respect to the GP8-derivcd quui-geoid. The 

statistics reproduced from (Crone and Merry, 1996) follow in table (3-3): 
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DIFFERENCES Mean RoM.S RoMoS Dift'eftDce 

IN QUASI .. GEOIDS Difference Dift'ereDt:e (biu and tilts 

removed) 

GPS-UCT86A -2.22 2.21 0.06 

GPS-UCT81A 0.11 0.01 0.05 

Table 3-3: Comparison orUCT86A and UCTl1A Gravimetric 

Quasi-Geoidl with GP8-derived quasi-aeoid (Uniu-m) 

(Crone and Merry, 1996) 

3.3.3 A Precise Quasi-Geoid ror the Wettem Cape 

In (Merry, 1998) a precise quasi-geoid for the Western Cape is computed by the 

application of convolution to the planar form of Stokes' integral. The global 

geopotential model used is the EGM96. The basis for the quai-geoid computation is 

the 'remove-restore' technique. Here, the long wavelength component is removed 

from the gravity anomalies to produce the reduced anomalies. The Gl CClI'I'fJCtion term 

(computed from a I'd' digital elevation model in combinatioD with a correspooding 

grid of predicted fteo..air anomalies) is added to the residual anomaU. ud the result 

is applied to a convolution ofMolodensky's formula to predict q~ heights 

for the test area. 'Ibis represents the short wavelength contribution to the qwW-geoid. 

The final quasi-geoid is determined by «adding back' the long wavelensth component 

of the quasi-geoidai heights implied by the same geopotential model to the short 

wavelength component. 

The results of this computation are not reproduced in this part of the thesiI as a 

detailed analysis is done at a later stage with the quasi-geoid coanputed in this thesis. 

However, to mention in passing, a 6 centimetre root meaD aquare differeuce was 

obtained between the (Merry, 1998) quasi-geoid against a GPS/LeveUiag derived 

quasi-geoid. 
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Chapter Four 

Introduction to the Fourier Transform 

4.IINTRODUcnON 

The Fourier transform has become a popular application in science and engineering. 

It is used in linear systems analysis, antenna studies, optics, random process 

modelling, probability theory, quantum physics and boundary value problems 

(Brigham, 1988). In recent years the Fourier transform has been extensively applied 

to gravity field modelling. The extensive application of the Fourier traDlform to 

convolution and spectrum analysis is due to the rediscovery in the nineteen sixties by 

Cooley and Tukey of a fast algorithm to compute the c:tisc:rete Fourier transform. This 

algorithm is known IS the fast Fourier transform (FFT) with the number of required 

complex multiplications proportional to nlol2'l in comparison to the complex n" 

multiplication's required by the conventional Fourier transform (Sideris, 1994). The 

time saving advantage allows for its use in the computation of large deDH data sets 

and implementation in a small computer. Many variations exist in the formulation of 

the FFT algorithm and the interested reader is referred to (Sideris, 1994; Bracewell, 

1978; Jackson, 1986) inter alia. Convolution integrals of physical geodesy can be 

evaluated very efficiently by the use of the FFT provided that gridded data are 

available. The FFT technique provides a homogeneous coverage of results on the 

same grid on which the data were given thus making interpolation convenient. 

4.l THE FOURIER TR.A.NSFORM AND ITS PROPERTIl'.S 

4.2.1 DermidoD of the Fourier Transform 

The Fourier transform decomposes or separatel a waveform or function into siousoids 

of different &equency which sum to the original waveform or function. It 
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distinguishes the different frequency sinusoids and their respective amplitudes 

(Brigham, 1988). The Fourier transform of a function f(t) is defined 81 (Weaver. 

1983): 

(4-1) 

Transforming F(m) by the same formula yields: 

(4-2) 

where t is time (usually represents the distance in geodetic applications). 1 is the 

imaginary unit (I == H) and mis the cyclical frequency. The cyclical frequency is 

related to the period, T, and the linear frequency,/, by the expressioneD = 21C/T == 27f . 

Equation (4-1) is called the direct Fourier transform of f(t) and equation (4-2) is the 

inverse Fourier transform of F(eD). Conditions for the existenc::e of the above 

integrals are to be found in numerous texts on the subject of Fourier' transforms such 

81 (Bracewell, 1978). There are functions for which the Fourier transform does not 

exist, however most physical functions have a Fourier transform, especially if the 

transform represents a physical quantity. Notationally, equations (4-1) and (4-2) can 

be expressed 81: 

F(eD) == F[.f(t)] 
(4-3) 

f(t) == F-1[F(m)] 

where F and yl denote the direct and inverse Fourier transforms respectively. 

21 
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4.2.2 The Two Dimenlional Fourier Transform 

The Fourier transform pair of I. two dimensional function I(%,y) it defmed by: 

F(u, v) == I I:/(%,y)e-2l1ri(u+1I)')dRfy 

I(%,y) == I I: F(u, V)elllri(U+1I)')dudv 

In analogy to the definition of the one dimensional Fourier transform, the first of 

equations (4004) represents the direct Fourier transform of the fi.mction/(%,y), and the 

second equation is the inverse Fourier transform ofF(u, v) fa, '" are the wave-
• 

numbers or spatial circular frequencies corresponding to the % and y spatW c0-

ordinates respectively and i is the imaginary unit. This can be expressed II: 

F(u, v) == F[.f(%,y)] 

I(%,y) == F-i[F(u, v)] 

here F and yl being the two dimensional (20) direct and inverse Fourier transforms 

respectively (Weaver, 1983; Bracewell, 1978). 

4.1.l Properties or the two dimensional Fourier Transform 

This section Usts some properties of the Fourier transform wIUcb will be required in 

chapters to follow. A further listing of properties can be found in (Weaver, 1983; 

Schwarz et ai., 1990) and for the proofS the reader is referred to (Bracewell, 1978). 

We follow (Schwarz et aI., 1990) for the list of required properties: 

<a) Linearity 

qf(%,y)+ bg(%,y) ¢:) oF(u. v)+bG(u, v) 
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(b) Scaling 

f(ax,by) ~ 1 ~:, ;) 

(c) Shifting 

f(x-a.y-b) ¢:) e-2K(mI+Iw)F(u, v) 

(d) Convolution 

f(x,y) * g(x,y) ¢:) F(u, v) G(u, v) 

where * is the convolution operator. 

(e) Correlation 

* f(x,y) ® g(x,y) ¢:) F(u, v)G (u, v) 

where G* (u, v) is the complex conjugate of G(u, v) and ® denotes correlation. 

4.2.4 The 2D Diluete Fourier Transform (DIT) 

In physical geodesy applications, function values are given only at discrete values of 

the independent variable in a finite domain, -x /2 ~ % ~ X /2. -y /2 ~ JI ~ Y /2, hence the 

definitions of equations (404) and (4-5) cannot be applied. In the numerical 

evaluation of the transforms we apeak of the discrete Fourier transform which can be 

considered u an approximation to the continuous Fourier transform. 

With the data known only at discrete points of ill regular grid with sampling intervals, 

llx and Ay we may express the record lengths of the data by: 

X=Mllx, y=NAy (U) 

where M and N represent the number of points along the x and y directions 

respectively. 

29 

I'· ' , . 

-' 



Univ
ers

ity
 of

 C
ap

e T
ow

n

Using the discretiIId data, the 2D Fourier transform integral may be approximated by 

the sum: 

J- Ill) M-l N-l -2, -+-
F(mAu,n4v) = L Lf(kAr,/Ay)e M N /lxAy 

1..0 1..0 

where m = 0,1, 2, ... ,M -I and 11 = 0,1,2, ... , N .. l 

with inverse: 

M-IN-l 2{-+1Il) 
f(kAx,/Ay) = L LF(mAu,1IAv)e M N AuAv (4.1) 

1..0 1..0 

where k=O,l,2, ... ,M .. I and 1=0,1,2, ... ,N-I 

The approximations (4-7) and (4-8) form the bllil for connecting the 2D continuous 

and 2D discrete Fourier transforms. Assuming the function to be periodic, with 

periods X and Y in the x and y directions, then the Fourier transform (spectrum) 

becomes discrete with frequency spacings at: 

1 1 1 1 
Au=-=-- Av=-=-

X MAx' Y NAy 
(4-,) 

in units of cycles per sampling interval over the range - M /2 Au Sus M /2Au and 

- N /2 Av s v s N /2 Av. Due to the discreteness of the data the bighest recoverable 

frequencies are: 

MIN 1 
uM =±-Au=±- vN =±-Av=±-

2 2Ax' 2 lAy 

30 
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UM and UN in the above equation are called the Nyquist frequencies and are the highest 

:frequencies that can be resolved from the given discrete data set (Sideris.. 1994). 

4.2.5 The Fut Fourier Tnmsfonn (FFT) 

The fast Fourier transform (FFT) is a discrete Fourier transform (DFT) algorithm 

developed by 1. W. Cooley and 1. W. Tukey in 1965. The FfT reduces the number of 

computations from something of the order n 2 to nlo81'. The algorithm sequentially 

combines progressively larger weighted SUmi of data samples so as to produce the 

DFT (Weaver, 1983). There are basically two types ofTukey..cooley FfT algorithms 

in use, decimation in time and decimation in frequency. An intuitive development of 

the FfT algorithm is given in (Bracewell, 1978). 

4.3 CONVOLtJTION AND CORREI.ATION 

4.3.1 Convolution 

The convolution of two functions lex) and g(x) is defined by: 

g(x) * /(x)::: I:g(s)/(h-s)dS' ( .... 10) 

The function g(x)can be considered as a filter that il applied to the function lex). 

Equation (4-10) can be written as: 

lex) * g(x) ::: /(s)g(1I - s)ds ( .... 11) 

hence the convolution can be interpreted as the filtering of one function by another. A 

powerful tool in the analysis of discrete data is the convolution theorem which states 

31 
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that 'convolution in the space domain can be replaced by multiplication in the spectral 

domain and vice versa' (Schwarz, 1984). Mathematically this can be expressed as: 

1(%). g(%) (::) F(u)G(u) 

I(%)g(x) (::) F(u).G(u) 
(4-12) 

where (::) denotes the Fourier transform pair. Most integrals in gravity field 

approximation such as Stokes' integral and the terrain correction integral can be 

expressed as convolution integrals. The convolution theorem replaces the integration 

in the space domain by multiplication in the frequency domain. The theorem gives an 

insight into the operations performed on sampled data such as averaging and 

smoothing. In two dimension, the convolution integral is defined as (BraceweU, 

1918): 

I(x,y). g(x,y);. I: I(r,y)g(%-r,y- y}tb!dy' (4-13) 

The convolution is obtained by rotating one function 180 dqvees about the origin (by 

reversing the sips of % and y), displacing and multiplying with the other function. 

The product il integrated to obtain the value of the convolution integral for that 

p~cular displacement. 

Discretisation of equations (4-11) and (4-13) yield: 

N-I 

1(%) • g(x) ;. L I(x')g(% - %,)Ar' 
r...o 

(4-14) 

JI-IN-l 

I(%,y) * g(%,y);. L LI(%',y)g(%-x"y-y')Ar'Ay' 
y'-or-O 

which repraem the one and two dimensional discrete convolutions respectively. 

32 

I 



Univ
ers

ity
 of

 C
ap

e T
ow

n

4.3.2 Convolution Properties 

The two dimensional convolution is defined in the same way and enjoys the same 

properties as in the one dimensional case. The properties for the one dimensional case 

are stated below without proof (Weaver, 1983); 

(a) associativity 

I(x) III [g(x) III h(x)] = V(x). g(x)] III h(x) 

(b) commutativity 

l(xJ-'.(x) = g(x) III lex) 

(e) distributivity 

I(x) III [g(x) +h(x)] = lex). g(x) + l(x)lIIh(x) 

4.3.3 Covariance aDd Correladon 

For two dimensional stationary data the cross-corre1ation it defined as (Schwarz et aI., 

1990): 

1 IX''}. [12 Rk = lim - I(~,y')g(x+~,y+ y)dx'dy' 
X~XY -XI'}. TIl 

(4-15) 

T~ 

Using the relation from section (4.2.3) (e) we can express (40-15) II: 

(4-16) 

The cross-correlation describes the degree of linear dependence between the two 

functions a distance (x"y') apart. In computing the cross-correlation of two 

functions, the complex conjugate of the second function is taken and displaced by an 
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amount - x. In the case of a convolution the second function is rotated and then 

displaced. The cross-correlation is associative and distributive with respect to 

addition, but unlike convolution it is not commutative (Weaver, 1983). The spectrum 

of the cross-correlation function is the power spectral density given by: 

1 • 
F (u,v)G(u,v) (4-17) 

F is the 2D Fourier transform operator and F· the complex conjugate of F. The 

power spectral density (PSD) describes the geueral frequency composition of the data. 

The correlation function, R Jg, can be obtained from the PSD via the relation: 

(4-18) 

If the mean of the two functions, /(x,y) and g(x,y) are known, that is., 

. 1 IX,2 fY
/2 IJ. J = X~ XY -X12 _Y/2/(x<;y)dxdy 

Y-+aD 

(4-1') 

• 1 IXI2 fYI2 
IJ.g = x~ XY -x/2 _YI2g(x,y)dxdy 

Y-+ao 

then the covariance function can be defined by: 

(4-20) 

When the function /(x,y)and g(x,y) are equal, that is, /(x,y) = g(x,y) , we call (4-

16), (4-11) and (4-20) the autocorrelation, auto power spectral density and auto­

covariance respectively (Schwarz. 1984; Schwarz et ai., 1990). 
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4.4 ERRORS IN DB DISCRETE FOURIER 1'RANSFoRM 

4.4.1 Circular Convolution and Zero Padding 

For discrete data sequences as opposed to theoretically defined data sequenc::a the 

Fourier transform cannot in general be computed. In this respect. the discrete Fourier 

transform (DFT) is defmed for N samples It N uniformly spaced frequencies around a 

unit circle. Multiplication of two OFf sequences corresponds to convolution of the 

two sequences, but this convolution is circular and has to be appropriately 

implemented (Jackson, 1986). The properties of the OFf are smular to the Fourier 

transform except that the shifts and convolutions are circular. The convolution of two 

N element sequences. cannot be contained in an N element sequence. Zero padding is 

the operation of extending a sequence of length NI to a length N" > Nt, by appending 

N 1 - Nt zero samples to the given sequence. The two prime reasons for doing this 

are: 

• circular convolution can be used to implement linear convolution if the two 

sequences contain sufficient zero samples to prevent circular wrap-around or 

overlapping of the result 

• The density of the OFf samples are increased from NI to N2. Therefore, the 

spectrum between the OFf samples can be interpolated to III arbitrary density by 

sufficient zero padding (Jackson, 1986). 

4.4.1 Alwing 

Sampling of discrete data is performed at equally spaced intervals. Sampling of data 

points which are too close together results in correlated and highly redundant data 

which could be time consuming and laborious. Sampling It data intervals too far 

apart results in confusion between the high and low frequency components of the 

original data. High frequency components am 'mimic' low frequency components 

for large sampling intervals. This phenomenon is known II aliasing. Aliasing can be 

removed if the sampling rate is chosen to be at least twice as high as the highest 

35 



Univ
ers

ity
 of

 C
ap

e T
ow

n

frequency present in the data, that is, twice the Nyquist frequency (cf. equation (4-9» 

(Bendat and Piersol, 1971; Schwarz et al., 1990). 

4.4.3 Labge 

Owing to a signal having a limited data length discontinuities become inherent at the 

boundaries of the signal. The finite data recold length does not permit the long 

wavelength components to be accurately represented. This effect is called leakage 

because some energy leaks from the main lobes to its side lobes. Leakage can be 

overcome by the use of a windowing function such as the Hamming or Hanning 

winciow. Winc:lOWIII are applied to the data in oroer to reduce the ciiscontinuities at the 

boundaries of the data set. Windowed data sets are smoothly truncated to zero at the 

boundaries 10 that the periociic extension of the data becomes continuous (Harris, 

1978). 

4.5 DIE SPLlT COSINE WINDOW 

The split cosine winc:low is basically a cosine lobe of width t N that is convolved 

with a rectangular winc:Iow of width (1- t)N. The window smoothly tapers the data 

values at the edges of a data set reducing them to zero (Harris, 1978). The edge 

tapering is customarily done in the spatial c:Iomain. However this is also possible in 

the spectral domain by applying a series of transfer functions such as Stokes' kernel to 

the data. 

For the data sets usec:I in this thesis the coline taper is usec:I to suppreu the signal 

content at aU frequencies in a particular spatial domain namely the edges of the ciata 

sets. In this respect the coline window iI applied only to the data edges. This is 

typically the reason for it being termed a 'split cosine filter' as it uses 'ones' in the 

midc:l1e of the data ~ hence no attenuation of the data in the lnidc:lle. 
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Chapter Five 

Theoretical Development Towards a Quasi-Geoid 

5..1.1 IntrodudiOD 

Assumptions regarding the density distributions of the masses within the upper 

layer of the earth are required when geoidal heights are computed from terrestrial 

_ which weaken the confidence in the computed entities. Molodenlky put 

forth the concept of Ii quasi-geoid to circumvent the practical problems associated 

with geoidal computations. Quasi-geoidal heights, generally termed the height 

anomaly, are computed without assumption and in theory can be computed 

exactly. The quasi-geoid has no physical meaning: it is purely a mathematical 

abstraction and is not an equipotential surface of the earth'. gravity field. There is 

no disadvantage in using the quasi-geoid as Ii reference system for heights and has 

been adopted in many Eastern European countries, the former U.S.S.R and South 

Afiica (Vanicek and Krakiwlky, 1981; Merry, 1911). 

Expanding equation (2-14), the height anomaly can be expressed as: 

(; = (;0 + (;. = 4: II AgS(w)da + 4: II G.S(w)da 
CJ CJ 

(5-1) 

In its first approximation the Molodensky's solution yields Stokes' integral (see 

equation, 2-9). In addition we have Ii small correction, (;1' which can be 

considered a correction term to Stokes' formula. G. is the correction term which 
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largely represents the effect of topography. Reformulating (2-1S), the Gl term can 

be expressed on the plane by: 

(5-:&) 

where the horizontal distance I, between the two points is given by: 

k%p .. %)2 +(yp" y)2 ~ , for %p ~ % or Yp ~ y. 

~~= ~ 

o , for %1' = % and Yp = Y 

h(%p,yp) is the normal height of the point of interest, h(%,y) and Ag(%,y) 

represent the normal height and the ftee..air gravity IOOmaly at the dummy point in 

the integration (Merry, 1998; Sideris and Schwarz, 1916). Free air gravity 

anomalies can be represented by a linear relationship, Ag = Q + bh. where Q is 

essentially the Bouguer anomaly which is independent of irregularities in the 

topography and b is equal to the Bouguer gradient of approximately 0.1119 mgal 

per metre. Statistically, this represents a linear correlation of the ftee..air 

anomalies with heisht. The solution for the height anomaly, equation (2-14) 

assumes this relationship (Moritz. 1966; Moritz, 1968). To a first approximation 

the Gt term corresponds to the gravimetric terrain correction (Torse. 1991). 

5.1.2 Practical EvaluadoD oftbe Gl Term 

S.1.2.1 Ouadrature 

Practical evaluation of the Gt term is an exercise in numerical integration 

(quadrature). The Gl term can be determined as such by the expression: 
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THEORETICAL DEVELOPMENT TOWARDS A QUASI.oroID 

(5-4) 

where dx = R cD.. cos Cpp and dy = R dcp, dcp, cD.. correspond to the spatial resolution 

of the data which are generally available in gridded form. Numerical integration 

of (5-4) can be quite time consuming for areas which are large in extent or where 

there is a high spatial resolution of the data. The principal limitation is that the 

summation has to be repeated for each and every point at which the Gl 

contribution is required. From a computational point of view this can be 

numerically intensive requiring large amounts of memory and computational time. 

The availability of gridded height and gravity anomaly data, the development of 

the FFT algorithm and the convolution form of many geodetic integrals, have led 

to attractive alternatives in computational methods. In the next section the 

computation of the G1 term via the FFT is examined. 

5.1.2.1 The FFT Approach 

The integral (5-2) can be expressed as a convolution integral and as such can be 

efficiently evaluated via the FFT. Equation (5-2) can be expressed in convolution 

form as follows (Sideris and Schwarz, 1986): 

where'" denotes the 2D convolution operator and r(x p. y p) == r3 (x p' y p). 

Convolution in the space domain can be replaced by multiplication in the 

frequency domain by simply multiplying the spectra. The G1 correction term can 

be evaluated in the frequency domain by: 
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THEORETICAL DEVELOPMENT TOW AIIDS A QUASI..oWID 

t ' "t '? 

Gt (X, y) = _1 [F-l { F{h(x, y)l\g(x, y) }F{r(x, y)} }-
2x 

h(x,y)F-1 
{ F{l\g(x,y)}F{r(x,y)} } ] 

(5-6) 

where F and F·1 denote the two dimensional direct and inverse Fourier transforms 

respectively (Sideris and Schwarz. 1986). 

When dealing with real data there is usually some type of limited spatial extent. 

Implementation of the FFT assumes periodicity of the data. If the data is just 'fed' 

into the FFT algorithm. a c;y~!~_~onvolution will_~esult since the gridded data set 

is treated as if it has a torodial geometry. To avoid cyclic convolution a fifty 

percent pad is generally applied to the data sets, that is, double data length in each 

dimension. Usually a zero pad is applied (see section 4.4). A discontinuity exists 

where the data transitions into the padded region. This generates a Gibbs 

phenomenon and a 'ringing effect' can be seen around the circumference if a 

synthesis is done after the FFT analysis (Milbert .. 1999; Bracewell, 1978). To 

remove this effect windows are applied to the data which smooth out the existing 

discontinuities at the boundaries of the data sets, thus eliminating from the 

spectrum any frequencies which are not really in the data. Windowed data sets are 

smoothly truncated to zero at the data edges so that the periodic extension of the 

data becomes continuous. A popular choice for such a window is the split cosine 

filter previously discussed in chapter four (Sideris and Schwarz. 1986; Milbert, 

1999). 

5.2 GRAVIMETRIC QUASI-GEOID 

5.2.1 The Remove-Restore Approach 

The remove-restore approach has become a popular method in the computation of 

gravimetric geoidslquasi-geoids. In this approach most of the long and medium 

wavelength components which are provided by a global geopotential model are 

removed from the gravity anomalies according to: 

(5-7) 
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TlIEORLTICAL DEVLLOPMENT TOW ARoo A QUA~I-<)LOI" 

where !;g, i~ the redueed gravity anomaly, !;g.r are the free-air anomalie~ and 

!;gL is given by the following spherical harmonic expan,ion ' 

.1;;1. =--L - (n - l)L(C.,. cosm"'+S ... sinm"')l' ... (cosO) GM • ("j" " - - -
ar .... l\.r ",-(J 

where G is the Nev.tonian gravit~tional constant. Al i~ the mass ofth~ ~olid earth. 

oc~ans and atrnosph~r~ , r i~ th~ r~dial di~tanc~ to the compuj~tion point. a IS the 

length of the :;cmi-ll1Iljor axi ~ of the reference geocentric ellipsoid, C,," and S,," 

are the fill!y normalised harmonic cocfl1cienls of degree n and order III, P"", I~ the 

fully normalised Legendre function, 8, A are the geodetic co-latitude and longitude 

of the computation point ~nd k is the maximum degree of the slJ!llmHlion The 

global geopotcnti~1 model is as,umcd to hav~ the sam~ origin, ma~s and 'uTfacc 

potential as the g~ocentric reference ellipsoid removing the need for the zero and 

first degree terms 

The re~idual gravity anomalies in equation (5-7) can be used to comput~ the short 

wavelength contribution to th~ qua~i-g~oid also teTTI1~d the 'residual qua~i-geoid' 

using the formula given in (S-i), The medium and long wavelength quasi-geoid 

heights computed from the same global geopotentia! mode! are re~torcd to this 

'residual quasi-geoid' solution. The spherical harmonic expansion of the medium 

and long w~velens"h contribution~ to the quasi -g~oid h~ight~ is given by: 

with y being the norm~l gravity. The qu~si-geoidal height is thus the ~m of both 

the long wavelength, C;L ' and short wavelength, C; " contributions, thaI i~ 

c: = ~L +~, (Meny, 1998; Vella and Feather,lone, 1999; Fotopoulos et ai, 1999) 
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Thert art two important advanlagts in using the remove-restore approach 

• The re,idual quantities are numerically much smaller than tht original ants , 

Globally, gravity anomalies could be hundreds of milligals and geoid 

undulations as much as one hundred metres, In removing, a priori, the global 

spherical harmonic model, the re,idual quantities will be only tens of milligal, 

or submt/re respe~1ively, Error '5Our~es such as the oblateness of the earth and 

numerical round-off errors are significantly reduced. 

• Long rangt ~orrelation's are also ,ignificantly reduced. Pra~1i~ally no global 

model is perfect and some long range correlation's will still exist, however, 

with an appropriately chosen global model these can be ignored (Vermter, 

1(92), 

5.2,2 Specir~1 Techniques for Gcuiti Cornput~tion 

5.2.2.1 Planar Approxjmatjon of Stokes' Formula 

In order to express Stokes' formula a, a convolution integral, the spherical surface 

must bt approximated locally by a tangent plane. In [his case, the ~pherical 

di,tan~e, v,is ,mall and Stokes' function (2-8) can be derived as a nat earth 

approximation' 

I 2R 
S(,v) = , +"'=-,-' 

sin 12 'v 
(5_W) 

Substituting (5-10) into Stohs' inttgral (5-1), we can txpress the quasi-geoidal 

height as a two dimensional convolution integral (Schwarz et aI., 1990; Strang, 

1990): 

(5-11) 
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',"WWH'C"" " •. , .""I". ... _,·r 10"'''.''' "QI' ''SI.(It" ~I) 

where ' dCflotes the t .... ,o dimension~ 1 con"olut ion operator. I = ( r l + yl )-111 is llle 

integflll kemel function, ;1.g are tile reduced gravity anomalies (ineluding the G, 

term). d\" -= Rj,(jl, j,y=Rcosqlli.}. (Q is the mean latitude) and r is lb~ normal 

IOravity which can be computed from tll(l closed formula of Somigl;ana given by 

{Anonymous, 19970<): 

(~Il ) 

(I, b represent the semi-major and semi· minor axes of the reference ellipsoid 

r~~p~ctiv~ ly 

r •. r, r~pr~Solnt the th~oreticallOravity at the equamr and poles, r~ :lpectivdy 

el i~ lilt: lind numeri<:a\ e<:c~ntricily 

(jl i$11It: K~odetic latitude 

Equatioll (5-1 1) Gan be ("valualed in Ihe f1't'qut'TtCy domain by a two dimensiollal 

FFT (Sideris, 1994): 

The s;ngnlarity of the int~gral kentel ;:1 evaluated separately at the computation 

point. The c~ntral area or the inner Z(>!1e CL)nmbutHm is considered 10 be Ihe I"oor 

;nner1Tl(>S\ bloch with the r~dius of a circle having the !.arne ;>ru as the foor 

blocks The inru:r zone contribmion ( is given by. 

~ , =:'4g , , (.'l- U l 
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I R 1~(pliA.co ~ (p . h •. I I . d f h f' W lCfC r ,-- -v It ,WI1 \p ""mg tIC mean atllu eo I e area 0 mteresL 

Equations (5-11) and (5-13) can be conceptualised in terms of "input-output' 

relations As discussed in chapter four, sec tion (4.3.1), the convolution of two 

functions can be interpreted as the filtering of one function by the other. In this 

respecl we can express lhe equalions (5-11) and (5-13) by: 

C;(x,y) =/(x,y)* lig(x,y) <::> C;(u. v) = I.(u. v)"'G(u, v) (~_l~) 

In the context of linear systems., the gravity anomalies, ~(x,y), can be 

considered the input fimction ~nd the kernel, l(x,Y). the filtering function C;(x.y) 

is the output function which in this case represents the quasi-geoid heights. The 

SpCCIl1Jm of the kemel denoted by L(u, "lis referred to as the transfer function_ 

These relations can be expressed by means of a simple diagram depicting the 

input-output relation~: 

~(x,y) -->~ 1!(x,y)1 --+~ I:;(x,y) 

Fig 5-1: A ,ingle-input-single-ol1tput system 

For funher examples of single ~nd multiple input-output sy~tems the interested 

reader is referred to (Schwarz et ~L 1990; Benda! ~nd Piersol , 1971). 

Stokes' integral i~ valid for the exterior of the earth~ sphere and can be expressed 

i n g eographic~ 1 co-ordin~ te > as (Strang, 1 <)<J()) : 

1:;( rpi',1·P) = 4: f J t.;;(~Q' AQ )S(v PQ )costpQd~QdAQ 
" 0 ' -0 

(~-16) 

- - ., 
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fhi " integral Ca n b., cxp!ess~-d as ~ convolUl ioll intCl!!lI1 by represent ing 'IIf'Q only 

., 1 ., I ( ).,1 (")1 '-
loin "2 '¥1'Q "' SIn '2\<P" -"'e! T.$In 2 " p - " <I oos '" -

5inl~(9p_<P<l)1 
(~ t 7) 

where ~ is the meAn lat il ude of the area In (5 - 17), ,¥, is expressed a~ a function 

o flat itudc all<! lo~gilU d ~ difTen:m:c.; onl)'_ i\~ a rU"II we can exprcs. (5 -1 6) a. a 

co~wl" I io~ ;n </l a nd ;' or Stokes' fi lllct ;OIl ",ith ~COS 'l'. Wirh _~ = $; n tV. 

SIokcs' function can be cvalulII ed by-. 

S(v) =].. - 4 - 6., 1- 1 Os' -- (3 _ 6.t1 ) In(s H ,l ) 
• 

and (5 -16) &.111 be If8/lSfotmed inlu the follow;og convolulion illtegral. 

(~l'J 

where ' is the two dim~i\Si onal com:(llu llun uperator. The convolution inl egral (5 -

19). catl be .waluated , b the FFJ in the frequeuc), domain by· 

(~ lO) 

(5 -1 9) a~d (5-21)) mak~ it poSSIble to comp" te quasi·geoid heights over large areas 

o n Ihe sphere for all grid poInI3 u~ing tha IWO dimensional coll"oluliQfl Of FOutier 

transfOflll oper"lOr re$p.e~1i veJy 11kl comribulion o f the illller w ne is computed 

from (5- 14) TIlol di~d,·anlage is that Iarb'<: amounts o r compull'r ml'IDQry arc 
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requir"d 8irn;e z~ro padding is applied in the latitude and longitude direction. 

Additionul errors are introduced due 10 lhe approximations mude on the kernel 

function (Sideris, 1994), Neor the equator the error is minimum while al high 

latiludes lhese errors become mort 5lgmficant. TIlt' reason is thaI at high latitudes. 

the i'I\p,d). blocks art no longtr reclangular blocks owing 10 meridian 

convergence. To circumvent this probkm oth"r block sizes need to be introduced 

instead of having equal !I(~, i'lA blocks (Strang. 1990). 

5,2 ,2.3 Tht 2D_lVulti-b'UJJiSpherical I-Fl (SH'T) Aoproam 

The two dimensional multi-band SFFT approach is an exttnsion to the two 

dimtn5ional spherical FFT technique proposed by (Stnlng, 1990) In the multi­

band approach the area of inttrtst lS divided into an even number of equidi8tant 

latitude bands extending from the nortlltrn to southern limits , An improvement to 

the expression,sin1-tW . in (5-17) can be expressed as (Forsberg and Sideris, 

1993): 

.! l " l( ) , 1(, ) 't' , Sin -'1'1'" = Sill - 'PI' - \p" , Sill 1\." -.n os CD " C08 1'''11 i· 
2 ~ 2 • .- 2 ". " 

coslp p sinlpr sin!l<jl] (3-2t) 

The approximation (5-21) e.~presses Stokes' function a5 a P dtpendent function 

Stokes' function may Ix ~valuat ed correctly along a parallel. 

~' -= lpp, yielding an ~xact solution [or quasi-geoidal h~ight s computed either by 

(5-1 9) or (5-20) along thi5 par"lkL Spherical errors will still txi5t. however the 

magnitude of the errors will be mlKh smalkr c1o~~r to the reference paralkl. 

Tilt arta of interest is subdivided into an ~vtn number o[ overlapping Z<.Jne~ each 

with mean latitude, (jI The overlapping is required btcause o[ the need for 7.ero 

padded extensions utilistd in the FFT approach so that only the central part of the 

band is us~d (Blai s, 2000). A eomjXlsite solution result at a latitude lp, bttw~tn 
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two oons~c·utive reference band, (jl; and fIli " can be obt,uned by a linear 

interpolation oftlJe geoidal heights obtained in each overlapping band (see figure 

5-2): 

N(o)= 'P - (.1;>\ 

'Pi - 0i" 

<rmax 

(~-ll) 

Fig 5-2: Linear interpolation of solutions frum overlapping bands 
(Forsberg and Sideris, 1993) 

The de,ired accuracy depends on the number of reference bands selected. The two 

dimensional spherical FFT approach is equivalent to the multi-band SFFT technique 

with one band. In order to reduce the number of transforms required, the reference 

band structure may be limited to cover a particular latitude zOne of imere"l, especially 

when zero padding is used to minimise the etTects of cydie convolution. 
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5.2.2.4 Jlle lD Spherical EFT (SFFO Appro~ch 

(llaagmans et ai, (993) proposed a on~ dim~nsional sphtrical FFT method to produce 

exact geoidal htights for ~II points along a parallel. In this approach tocre is no need 

10 approxim~te Stokes' kernel. The evaluation is implem~nt~d by use of the following 

formula: 

(5-23) 

with ¢> p fix"d . 

The advantage ofth<: ID SFFT approach is that it is an exact evaluation of the qu~si­

geoidal heights along a parallel and yields the same results (when zero padding is 

applied) as direct numerical integration of Stokes' formula. It utilises less 

computational memory ~s opposcd to its 2D counterpans since it d~a1s ouIy with one 

complex arr~y at ~ time. HowevC[, it is burdensome in terms of computational time as 

each operation is performed parallel by parallel. (Tsiavos, 19%) showed that for a 

grid dimension of 512x512, the 10 SFFr used almost ten hours of computational time 

as opposed to the 2D SFFT which utilised ~bout 23 minutes. 

The implementation of the ID SFFT algorithm was unsuccessful in this thesis. 

However, this is not a serious drawback since for areas in the mid latitude regions (as 

in the test areas used in this thesis) all the HT methods outlined above yield similar 

results 
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TuwnnChL DEVIlOPME\-T TO\\,/.JWS A OUASI".>:O![) 

5.3 Ql'ASI-GI::OIDYALIDATlOf'i 

5.3.1 Bicubic Interpolation 

Thc ovaluation of the quality of a gravimetric quasi-geoid ean be determined by 

interpolating the grid p<'lint.~ oflhe gravimeu1c geoid (muv. to a network of points 

where quasl·geoidal height, have been dcrived from the CPS/levelling 

observation!;, lhat is C(',pS The interpolation method chosen for thi.~ s.!udy i.~ thc 

bicubic inlerpolation The method fits a bicubic surface through the data points_ 

The value of the interpolated point IS ubtained by a combination of the values of 

the closest .<;i"teen point, The interpolation can be easily implemented on a 

.~tandard package such as MAnA" (Anonymuu.'<, I 99Th)_ Simple transformation 

mudel" such as the planar and four parameter tr~nsfonnatiun model ean be "scd to 

determinc the statistics of the re.~idual quantilY M. '" CG/U.v - Ccps A discu.~sion 

ofthcse models follow, 

5,3.2 PlaiiarTrnnsrormation .... Iodel 

The tilting of the gravimctrie qua,i ·geoid to lhe GPSl1evell ing contrul points can 

be done via a planar transformatiun model of the form: 

(~·24) 

where x is the vector of unknown paramelers, A is the vector of known 

coefficients, v denote, a residllal random nuise tenn, Go represents a bias in the 

vCl1icai level, "I and G, are the tilts in the <lirections of lungilude and latitude 

respeclively, A .. , '+'.. respectively denote the mean longitude and mean latitu<le of 

the poinlS at which the quasi·geoid is vah<lated The coefficients Qj (i ~ 0,1,2) Can 

be determincd from a simple parametric least squares adjustment. Th~ maximllm 
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til! bdw<:en the two surface5 can be computed by the application of distance 

formula to the values of a, and a, 

S.J.J Four l'aram~tH Transformation Model 

The four parameter transrormation model can also be used to compare the quality 

of fit between the gravimetric quasi-geoid all<! the qua5i-g<:oid determined from 

the GI'S/levelling, Mathematically it is r<:pres<:nted by the following <:"pres5ioll 

(Heiskanen and Moritz, 1967): 

&:; = AT x ... v = a~ ... a, eos,+,cos)",'" a, cos,+,sin)"' ... GJ sin \fI (5-2~) 

The four parameter transformation m()del absorbs most of the datum 

inconsistencies among the height datascts as well as geoid bia5e5 du<: to the long 

wavd<:ngth component 

In both the models above, (5-24) and (5-251. the adjusted values for th<: re5iduals 

obtain<:d rrom a kast squares adjustment give a more realistic picture of th<: level 

of agreement between the gravimetric quasi-geoid and the GPSllev<:lIing qua5i­

g~oid , The final residual values are a combination of gravimetric (jua5i-geoid 

<:rrors, levelling and the GPS errors The parametric part AT x , describes all 

p05sible datum i~C0f15i5tencies and syst~matic effects in the data sets (Fotopoulos 

et aI" 1999; Kotr.aki5 all<! Sideris 1 m) 
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Chapter Six 

Numerical Investigations 

6,0 lNnWlJUCnON 

In this chapter the fa~t Fourier transfo rm methods are ~pplied to evaluate the Molodensky 

G, k rm, 'lua,i-geoid~ fo r the test are~s of the South \Ve5tern Cape and GatLteng A 

rC5idual quasi-gcoid for South Africa computed tL,ing the variou~ ~pectral techniques 

from gravity anomalies generatd by thc program (JEO(JRA V is compared to the residual 

quasi -geoid gen~rated by the ~ame program. 

Joor the G j tcrm, we look at the differcnt mcthods for its evaluatiDn. namdy, the 

quadrature ap proach, the convolution approach and th~ FFT aprroach. The G, term i, 

evaluoted On gri d ,izes of 5,3, 2 and I minute re,pectivcly. The results obtai 'lCd from 

the three methods as well as thdr computational time requirements arc also comrarcd 

Grid difl'orencing in order to d~t~rmine convergence of the RMS di,crepancy bttween the 

dilrer~l\l grid re~ltLt ion, compard is further inve~tigat e d. The G, contribution to the 

qua>l-gcoid for ;1 grid dlmen,ion of one minute i ~ abo compllled. 

In computing thc quasi-geoid thc planar, spherical and multi-band spherical rrT 
app ro ximations arc ~pplied to Molodens:'::y's formula DiJTerellCc5 between tlw methods 

were examincd in order to dctemlinc the most dlkicllt method that could be used to 

cOlllpllle a South African qllasi-geoidal model Thc quasi-geoids for the Somh Wcstcrn 

Capu and Gautcng w~r~ validatcd ~g~i nst GPSfLevelling derived quasi-gcoids. rinally, a 

qu~si-g e oid for South Africa i5 calculated to test the ~ccur~cy (If the different spectral 

method, ov~r a larg~r area. 
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6. t THE l\101.0Dn.;SKY G l T LR.\! 

6. t.! Description of Data used in the Computation 

The initialtcst arc" for the computation of the GL term ~nd the lJua5i-~eoid (see section 

6.2) made use of gravity and elevatiolL data of the south wcstcrn Cape. a coastal provilLce 

of South Africa ·I"he computation of the G] tcrn] requires a consistent set of gndded free 

air anomalies and a concomit~llt digit~1 elevltion model (DE:-'l) . Thc dala W llS made 

available by Prof"c!;sor C. l\.leJl"y of the DepLrtment of Geom~tic s at the University of 

Cape Tc)\vn We bricfly discuss the compilation of the data sets used for the ev~iuationof 

the Gl ternl and later in the computation ofthequa,i-geoid 

Free_ ~ir graviTy and elev~tion da ta ue required on both land and sea as the test area i8 a 

coJstal province. The land point gravity da:a are taken from the University of Cape 

Towns· gnvity dat~base whidl h~s been compLied from a vanety of sourccs o,·cr mally 

years (Van Gysen and :-'Jerry. 1937) "nd h", been predormnantly improved by data 

provlded by the Council lor Geos.cience in 1997. The data are irregularly 8paced and 

.wme l[]terpoiation L5 required to obla111 a conSlstelltly gridded data set. The In terpo lation 

proces.1 ,imply extract5 the BOllguer allomal ie, ofa particular test area and this scattered 

data is imerpolated onto a One minute grid using the Kriging method contained in the 

software package SlIrfi'!" (Keckler, 1995). 

Bouguer anomaiie, are used for the interpolatioll as they vary smOQthly and are thu, 

ea5ily to illterpolate. Free air anomaiLes are strongly correlated with elevation The 

Bouguer anomalie, arc conver1ed to frce air anomalics using the Bouguer gradient of 

01119 milligal per metre (mgal/m) and a one minute DEM. The DEM was compiled 

Hom a seric5 of 1·50 000 topographic maps via manual interpolation Thc marine data 5et 

On a three and a half minule gr,d was made available by the Danish l\ational Survey and 

Cada,lre (Anderson and Knud,en. 1998) and this wa, inlerpolated using Kriging onto a 

one minute grid (Merry, 1998. Merry and Amod 2(01). Grids of size fLve. three and two 
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minutes were Lnlcrpolated Ii-om the one nlLnule grid li)r numerical and compulational time 

companSl)]lS These grids were produced by simply deleting, fClr example, every >econd 

point to obtain a two minute grid. The grid resolutilJll of one minute w~s the best 

av~ilable dMa set for the CClmputation> elTected I,,, the G, corlLpulation aJld the 'luasi-

geoids fln the test ~reas of the South West err. Cape all d Gauteng Figures (6- 1) ar.d «(; _2) 

arc plot> of the Ii-ee air anomaly d~w ~nd tim digit~l cle"'~lil)]l mode: of the test are~ 

respecti vel y TilNe (6- 1) gl ve> an Llldicalion of the dala st~lislic s 

.,..,,, ; f1 
17.M 

Figure 6-1: F,-ce Air G,.,., it} anOlllalic, - South " 'estern C'lP~ 
(Contour Inlen'a]: lO!ll~~I) 
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Fig"re 6-2: Digital C1e"~tion J'lodel- South Wrstern Cape 
(Contour lnlrr .... al 100m) 

-_.- -------_. - .•. 

FRU: Am UCIGllTS 
A'W»TALlES 

------ .. _-------- -- ---- (rngal) (Ill) 
Maximum 161 54 2 1S0.r)() ... 

r.,·linin'un .,17,H2 o 00 
Mc~ n I 8 OS 10') 51 

----- . 

SwnJm d DcviMion 25 67 _~33 54 
.. 

.. 

Table 6-1: Statistics of the Fn~ ui,· anomaly and Ueight 

data for the South 'Vestern C~pe 
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The South Westcrn C2.pC is an !!I'C2. deflned by mount2.i~ou, topography ",ith elevations 

clo~e to 2500m and the rclicfin gcneral is rather brokcn The magnitudes of the Iree air 

anomalie~ vary from approximatcly --48 ~lga[s to approximately 165 mgals_ A glance 2.t 

thc figurcs (6-1) and (6-2) show that there e~ists a strong C(1,relation betwee~ free air 

2.nomalies and topography and later we ded'lCe same by an application of i' F r correlation 

t" these dat2. sct~ 

6.1.2 Numericallnwstig.1tioll5 of/he l\-lolodensky G, term 

6, I ,2 Comp'\riSQns betwet~ Quadrature Co~volutio~ a~d FFT 

From thc origmal data~et of one mi~ute, gnd sizes of five, three a~d two minute werc 

i nterpolatcd in order to compute the G I contribution for d incren! grid rcsolmions Thc Gl 

term W2.~ computed using the techniques of numerical imegration, tw" dimension2.l 

convolution anJ the tw" Ji:llenslO~al FFT The proceJure lilr e2.ch cumpUl2.tion2.1 

2.lgorithm is bridly c"p!aincJ_ In principal, 2. gridded Jata sct offi'ce air anomalies and 

an accomp2.nyi.:g Jigita! elevation nwdel wilh Imitude anJ longitude positions /iJr the 

gri d points are required for the eValU2.tlon of the G, term for e2.ch of tr.e methods 

Kumerical integration of the G, term is ~n a~plic~tion offormula (5_4), The summation. 

in theory, is carried Ollt over thc cmirc carth, l 'he contributio~ of J2.ta point5 decrea~e' 

rapidly as tLe points move nlIl:lCr a\vay from thc computalional point lnlhis regard, grid 

points within a vicinity of 10 kilometres of the computational point wcrc used to 

Jeter:lline the G, c.ontribution ofthc computational point The code for the ~Igorithm wa, 

impleme~ted using the AtA lL4fJ solh,arc packa2c, 

The implemenl.lion of lormula (5-5) was used to determine the G, term for the 

convolution approa~h. Thc two dimensional convolution operalor, cor_',-?, ilvailable in 



Univ
ers

ity
 of

 C
ap

e T
ow

n

"'IMUll' AI. ''iH.n'GATI()T<S 

the AIA1LAlJ wllware p~cbge w~.\ u,;eJ to ev~lu~te equ~tion (5-5) The advantage of 

the cor:v 2 function i,; that il automatically aprli"" zerO padding to the periphery "fthe 

datil sets, ell'ectiv ely increaSlng the grid si7e, fmm (p, q) tLl (2p-l, 2q- l) (Anonymou" 

19970) The algorithm developd lO compute th~ G, l~rm viJ lh~ eonvolut ,[m approach 

ills() oonsiders p()ints within a vici nity often kil ()met res tLl d~term in e t~e G, term fo r e~ch 

ofth~ grid points 

I mpl em entiltion of ~quati ()n (5-6) ~ll ()WS f()r t~c evaluati ()n of t~ e G, term using the f~st 

Fourier transfLl rm (FFT) The inlplementati01\ us6 the !t.IA1LA/3 two d i rll~1\si01\al fast 

Fourier transform op~ralOr f f t 2 To reducl' di,continuiti e' at the edge of the data sets, a 

split c()sine taper (cf. 4,5, C~l~t e r Four) "'~s ~~p ll ed to the griddd datil sets of hClghts 

and free air anomalies, A, in the convolut ion approach, ,ero padding wa, apphed to lhe 

periphery of the dilt~ sets, To maintilin ,'.onsistcnt dimensions for the purpose of the 

mat rix ()pcrati ()ns involved, the entire ke rnel funct ion was used in the eva luation ofth~ G, 

contri l::<Jtion for each grid Imint ilr.d Iwt jllst I~e pvints wilhin a vicinity of JO kliometr es 

oflhe CO[llPlltil\ior.~1 poillt. 

We now examine the G l results for the individual grid SI7.eS (5, 3, 2 and 1 minute 

respectively) for which th~ G, knn wa,; com?utd and examine the CLln~sp()nding pINS 

and statistics, Tilble (6-2) summarises the slalisti" ofth~ computations for the G, term 

or. the respective grid interval. Not e that th~ matrix dim~n,iLln Llf the grid si7.es is 

required to be odd ir. order to implement the collvoluliLlll. The ,tati,ties reflected in t~ble 

(6-2) are C()m~uted after 10'% of th~ dala a\(mg the circumference Llf th ~ border were 

r~nmved This was don~ sir.c~ a 10% cos ' ~~ wind()w had be~n applid w the data s~t 

prior to the computatiLlll of the G, term us ing the FFT meth()d, Complltalions were 

ex~cukd on a \\ThTIO\VS NT pl~tfLlnn wi:h 64 megilbytes ()f random access memory 

(RAlv1) on a Per:lium II with a 466 megah~lv proce,sLlr 
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,---------- ---

I CRID DIMENSION 45,,31 (I 395datal'Oints) 

AREA 345" < <;1 < _320°, 178" < /, < 2L5" "'rp, "';, __ 5' 
- -

l'lAX. l\lI~. 
, l\lEA1" 

I 
STO DEV. ! COMPo TIME , 

, (mgnl,) (mgnh) (mgals) l",g,ds) ; (in secnnds) , 
-

Quadrature 6.235 , _428·1 o ."i 16 , 
, 008 166_31 

--
Cou vol u t ion , 6270 -4 335 0.530 I Ol1 0_2 7 

fFT _ .1 __ ~_:_~J _4 ,38R 0,6')] 1,085 L16 

CRIU UL\IJ:::'\SIO~ 75 x 51 (3 ~25 data pa;t\!.\) 

AHE,\ _ 345" < <;1 <-320", 17 8') <I.<2L5') D-9, L'o.).. _ 3' 
---- -- ---- ..... ---- -_._._._-- --_._._---------

Quadratllrc 15.870 -8067 0.568 1.611 I 192 

Co "yollil ion 16,746 .8 ,301 0,(;30 I WI 073 , 
- -- - ----- - ---

FFT 17601 -9.245 1021 1961 I 2.29 , 
----_. __ . -- -

GRID DIMENSION 111 x 75 (~ 32 ~ d"la p::>;nl") 

14S"<rp< 320') 178"<).<2IS" A(~ A) 2' , , - . . - , - . , . 0 

- ._--------
Quadratm'e 21 ,545 ·13,8~J 0.R36 

'355 . I 6 169 , , , -
Convolution , 21.545 -13 ,'-J.12 , 0_863 i 2385 1<> , ! -----------

FFT 22,184 -1 5, 131 1_281 2.653 I 4.53 , 
! --- -------- -- - -

i GRID DI~IEl\SlO"'· lSI x 241 (43 621 dala painl") 

_ 345° <rp< - 31 5" 17S') - ~1 5' L'o.Q. !'I). " I' ! AREA __ .. <' A<'_ 
, 

40:72U-
-- --

Quadrature -36.883 0_985 3 671 , 1 ~7)00 
L . 

, 
- - . -, Convolution 

i 
40.363 -36.750 1.0]2 , 3,711 13 ~9 , 

-, FFT I 40,R3R -38.87-1. 
I I 

1,453 I 3988 45 91 
-

fable 6-2: Stali,tic ~I Analysis of the G, term in res p~d of E., :Ilu:ltion 1\1 cthods 
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Exami~ing table (6-2) \Ve see that each computatio:lal method reveals sim ilar values for 

the maximum, mi~limum, mea:l and standard deviation for the differe~lt grid si.,es The 

maximum value for the G, contribution increase~ positively (figure (6-3)) while the 

mi:l:mum va lue in~reases negatively {figure (6-4)) as the daw sets become more dense. 

For a gr:d size of five minutes in which the poinls are approximalely 8 kilometres apart 

the maximum alHl min,mum value for the G, wntributio~l are 6.235 mgals and -4.284 

mgals respectively ('luadrature melhod) while Ibr a grid siLe ofonc minutei:l which the 

poillls have a ,pati,11 eXlell! ofoboul 1.6 kilometres thesc maximum and minimum value~ 

are 40,720 mgals a~ld -36,88~ mgals respectively. This is indIcative of the nature of the 

G, lerm "hich in pri:ldple mirrors the wpog;aphy (see fL gure (6-5), page 61) For grids 

with a low spali . .,,1 re,olutio~, where rugged an(1 mUU~lta:~lQUS dC!~ils of the topography 

are not well def'~led we ,,,auld expect the maximum and minimum mag~liludes of the Gl 

contribution to be smaller than in grid reso:ulions "herc the featurcs of topography are 

wcll depicted, 

Co~tour pints of the G, cuntribution for each grid "ze evaluated u,ing the methuds of 

quadrature, convolution a~ld ITf are illustmtd in figures (A I) 10 (All) in the appe~ldix 

'['he plots have :,een generated using the Sw/er software u,ing the process of Kriging for 

the data gridding (Keckler, ]'>95), Medium smoothing was ,elect~d as default for the 

COlllour li~lCS. for e~ch gr:j size, we see lh~l e~ch methoj ofcomputation reveals s:milar 

plots of the G, co:ll,ibulio:l. l\ote thaI the CO~ltOur plms of the ITT method sho\\' some of 

the edge effects ~IO~lg the tlQnh eastern border, SulTLce it to ~ay, a plut at a contour 

illlerval or o~le milligal or iess, wwld reveal such edge effects along the periphery of th~ 

plot 

The plots li.lrther show the correlatiun of the G: term with tupograph)' In areas of rugged 

and mounwinous topography, from the north eastern to south eastern ar~a ofth~ CO:ltour 

plot, we see that the G, co~tributio~ is quite sig:lif,canl. \Vhile [he denser griJs (o~ e a:ld 

two mi:lule grids) reveal mm~ lucal detail cO:lt,ibulions of the G, knn, the marSer grid 
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rc,;oILltion,; (three and f,ve minute grids) ncv~nhclcss highlight the G, contributions in the 

ar~as coinciding" il h rough and mountainous topography. 

, , 
Q\lUSfLE 

Figure 6-3; G'"aphicat TItustration of the i\1a~i!Hu!H G] Contribution 

(UnitFmgaI) 

r----

Grid S;", 

",~,-,,~"­
'.<P 

Fig" re 6-4: Gra phicaI Ill" stration of the l\ lin imu m G, Contribulion 

(1: n its=nr gn I) 
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3150 I 

-32.50 

-33,00 
• 
~ , --• 
~ 

-33.50 

-34,0 

·34.50 

I 
1-

17.50 

X\J).LUU CAL j"VfSTIG"TIO~s 

n 
/'...) :1 ;;-_f 

, , , 

() \j 

c: 

,----
lB,OO lB.50 19.00 19,50 20.00 2G,5G 21M 

Longitude 

.Figure {,-5: Evaluatiun of the G, Contribution via Quadrature 
Grid lnterval - t m;nllt ~ 
(Contour Intu\'~15rngal) 

(' .. \ , ' 
u 

21.50 

------------------------------------"' 
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Th~ method of qLladratLlr~ lS demanding in lerms of the computational time required lor 

the ~valuution of the 0, term for ~ grid dimension con,isting of I 395 data iX'int>; (5 

minute glid), evaluation of th~ 0, contribUlion by quadrature is approximalely three 

minutes while th~ method>; 01' convolution and FFT r~qwre ~bout 30 and (,0 seconds 

resp<:ctively 

For high resolution grids the computational lime requirement is quite stlingent On a one 

mlllLlk grid con;;i~ting of appro~imatdy 44 (){)O dat~ points th~ qu~drature method 

Lltilised about 52 hours ofcompLllational time lilr th~ evaluatlon ofth~ G, tenn whik th~ 

convolution and FFT method>; t()Ok under a minute tor th~ same computallon A tilrther 

simulation (not tabulated in lable (6-2») was carded out on a 0.25 minute grid consisting 

of approximately 62 O()() points The convolution and FliT methods utilised 43 and <)0 

s~con(b ofcomputationaltim~ re>;pectivdy, while the quadratur~ approach a >;tartlmg 96 

hOllr~1 We bridly look at t.h~ grapillcal Jllu~tration' of the computational tlm~ r~'lLm~d 

hy the three methods in ilgure (6-6) helow: 

" 
IOOO()()O IxnOIl , 

"'0<>00 " , • 10000 

.~ " 0 1000 0 • 0 " , , 100 " -• 10 ~ 
U 

Quadrature CU<l\(}ILlli(}n FH 

Computational '1 ~lhnd 

Fij!.ure Ii-Ii; Computational Time Requirements for Different I\lelhuds 
for a Grid Resolution of one minute 
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The graph basically illustrates the large amount of computational time required by the 

quadrature method. There a minimal difference between the convolution and FFT 

method indicating that their computational time requirement does not differ significantly. 

Note that for the convolution method only data points within a ten kilometer radius from 

the computational point were used to evaluate the G. contribution while in the FFT 

method all the data points were used. 

A comparison on the one minute grid was carried out using the convolution approach 

when points within a ten kilometer radius of the computation point are considered against 

that when all grid points are taken into account. The computational time required for use 

of the entire distance kernel was 300 seconds as opposed to the 13.89 seconds (table (6-

2» required when points within a limited radius are considered. It should be noted that 

the FFT computation on the same grid dimension which, as wen, uses the entire distance 

kernel required 45.91 seconds of computational time (table (6-2». This result highlights 

the computational efficiency of using FFT methods in gravity field modeling. 

Nevertheless, the statistics of the differences when using a full distance kernel and 

modified distance kernel are not very significant as illustrated in table (6-3) below. 

GRID DIMENSION 181 x 241 (43621 data points) 

AREA -34.5° <q><-31.So,17.5° <A<21.5° Aq>,AA=l' 

MAX. MIN. MEAN RMS 

Convolution: full vs (mgals) (mgals) (mgals) (mgals) 

modified 2.866 -2.903 0.340 0.592 

Table 6-3: Statistics of the Differences between Full and Modified Distance Kernel 

63 -------------------------------------------------------------------
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The absolute value of the maximum and minimum discrepancies does not exceed more 

than 3mgals. The root mean square discrepancy (RMS) between the two computations is 

not significant and has a magnitude of approximately O.6mgals. From a computational 

point of view. it would be beneficial to evaluate the Gl contribution of a point from data 

points within a limited radius of the computational point. A plot of the differences, figure 

(A. B) in the appendix, shows that the maximum and minimum values occur at points on 

the sampling grid that coincide with mountain peaks and rugged topography. 

6.1.2.2 Differences of Quadrature with remect to Convolution and FFT 

In this investigation the differences between the method of numerical integration with 

respect to the methods of convolution and FFT are examined. Examining the statistics in 

tables (6-4) and (6-5) there is a general tendency in the magnitudes of the maximum, 

minimum, mean and root mean square values to increase from the low resolution grid of 

five minutes to the more higher resolution grid of one minute. This is primarily due to 

the higher resolution grids reflecting more details in the topography. 

The statistics of the differences between the quadrature-FFT comparison are much larger 

than those of the quadrature-convolution differences. In particular, note the plot of the 

root mean square (RMS) differences figures (6-7) and (6-8). The RMS discrepancy of 

the quadrature-FFT comparison is approximately greater by a factor of 10 than the 

quadrature-convolution comparison. This is possibly due to the quadrature and 

convolution methods using only data points within a 10km radius of the computation 

point as opposed to the FFT method which uses all the data points. The effects of 

enforced periodicity. spectral leakage and aliasing errors associated with the Fourier 

transform are also possible sources of error. These sources of error cannot be completely 

eliminated but are significantly reduced by applying edge tapering windows as well as 

zero padding along the periphery of the data sets. A similar analysis between the 

convolution-FFT comparison yielded no discernible results: an RMS difference of 

0.0 14miiligal. 

64 
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GRID DIMENSION 45 x 31 (l 395 data points) 

AREA -34.5° < cp < -32.0°. 11.80 < A. < 21.50 Acp,AA.= 5' 

MAX. MIN. MEAN RMS 

(mgals) (mgals) (mgals) (mgals) 

Quadrature -

Convolution 0.061 -0.185 -0.014 0.028 

GRID DIMENSION 7S x S 1 (3 82S data points) 

AREA - 34.5° < cp < -32.0°. 17.8° < A. < 21.5° Acp,AA.= 3' 

Quadrature -

Convolution 0.523 -0.904 -0.062 0.1542 

GRID DIMENSION III x 7S (8 325 data points) 

AREA -34.5° <cp<-32.00, 17.8° <A. <21.5° Acp.AA.= 2' 

Quadrature -

Convolution 0.278 -0.462 -0.027 0.066 

GRID DIMENSION 181 x 241 (43 621 data points) 

AREA -34.5° <cp<-31.5°. 17.So <A.<21.So Acp,AA. = l' 

Quadrature -

Convolution 0.814 -0.625 -0.035 0.092 

Table 6-4: Statistics of the Differences between Quadrature-Convolution 

Evaluation of G1 term 
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GRID DIMENSION 4S x 31 (l 395 data points) 

AREA -:-34.5° < cp < -32.0°. 17.8° < A < 21.5° Acp.AA=S' 

MAX. MIN. MEAN RMS 

(mgals) (mgals) (mgals) (mgals) 

Quadrature -
, 

FFf 0.280 -0.715 -0.177 0.239 

GRID DIMENSION 7S x S 1 (3 825 data points) 

AREA - 34.5° < cp < -32.0°. 17.8° < A < 21.5° Acp,AA=3' 

Quadrature -

FFf 1.685 -2.587 -0.453 0.699 

GRID DIMENSION 111 x 7S (8 325 data points) 

AREA -34.5° <cp<-32.00, 17.8° <A<21.So Acp,AA=2' 

Quadrature -

FFf 2.423 -2.530 -0.446 0.673 

GRID DIMENSION 181 x 241 (43 621 data points) 

AREA -34.5° <cp<-31.5°. 17.5° <A<21.So Acp,AA= l' 

Quadrature -

FFf 3.210 -3.236 -0.605 0.765 

Table 6-5: Statistics of the Differences between Quadrature-FYI' 

Evaluation or the Gt term 
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CD 0.20 0.15 
u 
c 0.15 e. 
!Ii 1 0.10 
C E 
rn- 0.05 
::IE 
0::: 0.00 

5 3 2 1 

Grid Size 

Figure 6-7: Root Mean Square Discrepancy between Quadrature-Convolution 

Evaluation of the G1 term 

- 1.0 0.765 i 0.8 
0.699 0.673 

---!, 
0.6 o.~ • 8 

~ 0.4 
~ 0.2 .... = 
~ 

0.0 

5 3 2 1 

Grid Size 

Figure 6-8: Root Mean Square Discrepancy between Quadrature-FFT 

Evaluation of the Gl term 
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6.1.2.3 Comparison of en Contribution between One minute and Comer grid 

Resolutions 

The statistics of the differences between the densest resolution grid ( I' minute) with 

respect to the coarser grids (5'.3' and 2') is investigated in this section. Table (6-6) 

below reflects the differences in units of milligals: 

Grid Size Comparison 1'++ 5' 1'++ 3' 1'++ 2' 

No. of Common Points 1395 3825 8325 

MAX. 30.060 30.880 

MIN. -28.820 -22.100 -17.520 

MEAN 0.840 0.567 0.408 

RMS 3.444 3.041 2.471 

Table 6-6: Statistical Comparison for Differences in the Gt term between I' 

and Coaner Grid Resolutions (Units=miUigals) 

There is no significant reduction in the maximum difference of the l' ++ 5' grid 

comparison to that of the l' ++ 2' grid comparison: a difference of about one milHgal. 

The statistics of the minimum and mean differences however do reflect a more noticeable 

decrease as the grid comparisons become more dense. 

It is anticipated that the denser the resolution of the grid comparisons, one would expect 

to see a convergence in the value of the root mean square. Although such convergence is 

not apparent in figure (6-9) below. there is a slight decrease in the RMS value. 

68 ----------------------------------------------------------
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3.444 4 --3.041 
taIiI -L &\ - 2.471 3 E ......... 

-e u u 
2 = f 
1 ~ .-= 
0 

~ 

~ 1'-5' 1'-3' 1'-2' 

Grid Comparison 

Figure 6-9: RMS Discrepancies of Gl term between a I' grid 

with respect to 2',3' and 5' Grid Sizes 

The convergence of the RMS difference depends largely on the nature of the 

topographical relief. In areas of rugged and mountainous topography such as the Western 

Cape, we would expect to see a convergence in the RMS value if detailed digital 

elevation models of 200 and 400 metres are employed in the analysis. For areas where 

the relief is in general smooth such as the Gauteng region, north east of South Africa, one 

could anticipate a convergence of the RMS difference on a grid comparison of l' ++ 2' . 

Such analysis is useful in order to determine the optimal grid resolution one would 

require to evaluate the 01 term. While the data capacity becomes considerably large for 

dense grid resolutions, the evaluation of geodetic integrals are not insurmountable 

considering the computing power and techniques nowadays available. 
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6.1.2.4 .G:! Contribution to the Ouasi-geoid 

A simple investigation to detennine the contribution of the 01 term to quasi-geoidal 

heights is carried out by an application of formula (5-11) (cf. Chapter 5, section 5.2.2.1). 

In formula (5-11) the' Ag' tenn was simply replaced by the '01' values already 

computed for the various grid sizes previously mentioned. For a grid with a spatial 

resolution of 5' the contribution is as much as I5.5cm while the densest grid resolution of 

l' yields a maximum contribution of 42.5cm with an RMS value of 7cm (table 6-7 

below). A graphical illustration (figure (6-10» of these tabulated results clearly indicate 

that the statistics of the 01 contribution show a tendency to increase as the grid 

resolutions become more dense. This highlights the importance of the 0 1 term especially 

in areas of rugged and mountainous topography. A plot of the 01 contribution to the 

quasi-geoid for a grid size of one minute is shown in figure (A. 14) in appendix A. 

GRID RESOLUTION MAX. MIN. MEAN RMS. 

(minutes) (m) (m) (m) (m) 

!!I 0.155 0.029 0.095 0.029 

3 0.250 0.045 0.134 0.040 

2 0.317 0.057 0.164 0.048 

1 0.425 0.055 0.212 0.072 

Table 6-7: Statistical Analysis or the Gl Contribution to the Quasi-geoid 
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liS 
113 

C2 
1111 

FigW'e 6-10: Gnphical mURntion of Statistical Analysis of Gt 

Contribution to the Quasi-geoid 

Finally a comparison of the G l contribution to the quasi-geoid between a grid resolution 

of r with respect to the grid sizes of 2'. 3' and 5' respectively was initiated. Table (6-8) 

gives an indication of these statistics in units of metres: 

Grid Size Comparison 1~5 1~3 1~1 

No. of Common Pomts 828 2301 5133 

MAX. 0.270 0.190 0.120 

MIN. 0.050 0.040 0.030 

MEAN 0.133 0.095 0.067 

RMS 0.140 0.098 0.069 

Table 6-8: Statistical Comparison of the Differences for the Gt Contribution 

to the Quasi-geoid between l' and Coaner Grid Resolutions (Units=m) 

--------------------------------------------------------- 71 
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The statistics appearing in table (6-8) are not surprising. We note a decrease in the 

statistical differences as the comparison varies from a grid resolution of 5' to one of 2' - a 

significant decrease in the maximum difference from that of 27cm to 12cm with RMS 

discrepancies of14cm and 6.9cm respectively. 

It has been suggested that the 01 term can be approximated by the terrain correction 

under the assumption that the free air anomalies are linearly dependent on elevation. An 

investigation by (van Gysen, 1991) found that use of the terrain correction had led to 

results much worse than that obtained when the terrain correction was excluded. (Sideris 

and Schwarz, 1986) carried out an investigation to determine the effect of the higher 

order terms (0. and 02 terms) of the Molodensky series as well as the terrain correction 

on height anomalies and deflections of the vertical. The effects of these corrections were 

computed in the White Sands Area in New Mexico. The extent of the area was 6° x 6° 

covered with a five minute grid of free air anomalies and heights. 

(Sideris and Schwarz, 1986) recommend that the 02 term may be neglected when 

computing height anomalies as the maximum effect on the test area was about 0.2cm. 

However, the effect of this term on the deflections of the vertical amounted to a fraction 

of an arcsecond and hence it must be considered in this case. The effect of the terrain 

correction and the 0 1 term on the height anomaly and deflection components are 

reproduced below from (Sideris and Schwarz, 1986): 

Terrain Correction Gl term 

l; l; 11 l; l; 11 

(cm) (arcsec.) (arcsec.) (cm) (arcsec.) (arcsec.) 

MaL Effect 4.0 0.6 1.0 8.0 1.9 2.9 

Table 6-9: Effect of Terrain Correction and Gl term on the Height Anomaly 

and DeOection Components (Sideris and Schwarz, 1986) 
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The results clearly indicate that the Gl tenn has a greater effect on the height anomaly 

and the deflection components in comparison to the terrain correction. The computation 

of the terrain correction always yields positive values while the Gl corrections could be 

positive and negative. For grids with a higher resolution the effects could be much larger 

and one would expect to see the importance of also considering the G:z term which is 

affected by higher frequencies of the gravity field. 

6.1.2.5 FFT Correlation 

Autocorrelation and cross correlation functions have also been computed for the south 

western Cape region using the data from the grid resolution of one minute. Correlation 

functions are important in the processing and interpretation of geodetic and geophysical 

data. 

Figure (B. I) in the appendix represents the height autocorrelation function. The digital 

elevation model (6-2) shows the topography of the South Western Cape to be pronounced 

in the northern and eastern directions. The height autocorrelation function reveals a plot 

which is isometric indicating that the northern and eastern trends of the topographic 

masses cancel each other. The same trend is further noticeable in figure (B.2) where the 

autocorrelation function of the Gl term was determined. A relationship between the 

secondary features in figure (B.2) and the distribution of the G1 term figure (6-5) can also 

be seen where the contribution of the Gl term is quite significant. It was previously 

mentioned that a strong correlation exists between the free air anomalies and height data 

sets. this can further be inferred from the cross correlation function of these quantities 

presented in figure (B.3) in the appendix. Using MATLAB'S corrcoef function a 

strong linear correlation of 0.75 was obtained between the free air anomalies and heights. 
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6.1 A QUASI-GEOID FOR THE SOOTH WESTERN CAPE 

6.1.1 Description of Data and Computational Methods 

The quasi-geoid was computed on the densest grid resolution of one minute. The 

remove-restore technique (cf. 5.2.1, chapter five) was used in which the long wavelength 

contribution implied by the EGM96 geopotential model is removed from the free air 

gravity anomalies and the resulting reduced anomalies are processed to obtain residual 

quasi-geoidal heights. The long wavelength contribution to the residual quasi-geoid 

heights implied by the same geopotential model are then restored to obtain quasi-geoidal 

heights. The program GEOGRA V made available by Professor C. Merry of the 

Department of Geomatics at the University of Cape Town was used to compute the quasi­

geoidal heights and gravity anomalies from the EGM96 geopotential coefficients. 

The spectral methods employed for the quasi-geoid evaluation were the 2D planar 

approximation of Stokes' formula (equation 5-13), the 2D spherical FFT approach 

(equation 5-20) and the 2D Multi-band spherical FFT approach. These methods have 

been discussed comprehensively in chapter five. The computational routines for the these 

approaches have been developed by the author using the software package MATLAB. No 

window was applied to the reduced gravity anomalies as a global model was removed a 

priori. However, zero padding was applied to the data sets to avoid cyclic convolution. 

In section (6.2.2) we analyse the results of the residual quasi-geoids obtained after the 

application of the three spectral methods and in section (6.2.2.5) we go on to validate the 

quasi-geoids against a GPS/Levelling d.erived quasi-geoid. 
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6.2.2 Numerical Investigations of the Spectral Methods used in Residual Quui­

Geoid Evaluation 

6.2.2.1 Comparison between Planar. Spherical and Multi-Band SFFT Approximations 

For the planar and spherical FFT approximations a residual quasi-geoid is computed for 

the entire grid dimension while the multi-band SFFT requires the area of interest to be 

divided into equidistant overlapping bands. The test area which spans about 350x350 Ian 

was divided into two equidistant bands. The overlaps are required for the zero padded 

extensions associated with the application of the Fourier transform. Since we have 'two 

solutions' in each of the overlapping regions a linearly weighted distance interpolation 

(equation 5-22) is applied to the overlapping regions to obtain a composite solution. At 

this point, it was thought appropriate to investigate the effect of employing different sizes 

for the overlapping area and a fun investigation (see section 6.2.2.4) was carried out in 

this respect. Nevertheless, we quote the statistics of the residual quasi-geoids in respect 

ofa 20,40,60 and 80 minute overlap in table (6-10) to follow, as well as those obtained 

via the planar and spherical approximation. 

The last column of the table reflects results of a residual quasi-geoid computed with an 

overlap of 80 minutes with no linear interpolation being performed in the overlapping 

regions. The intention here was merely to obtain a significant contribution of the gravity 

field when computing the residual quasi-geoid for each band. 

The statistics indicate no significant difference in the methods employed. The RMS 

value of the planar and spherical FFT methods are almost equivalent and only differs 

from the multi-band SFFT approach by a maximum value of approximately 4cm in the 

RMS value. Figures (C.l), (C.2), (C.3) and (CA) in the appendix depict the contour plots 

of the residual quasi-geoid computed via the planar FFT, spherical FFT. multi-band SFFT 

(20 minute overlap) and multi-band SFFT (80 minute overlap) respectively. All 
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the plots show similar features of the short wavelength content of the residual quasi­

geoid. 

AREA -34.5° <ep<-31.5°,l'.So <1<21.5° .dep, .d1 = l' 

Multi-Band FFT with 1 Bands 

Overlap in minutes 

20 40 60 80 80 
Planar Spherical 

No 
FFT FFr 

IDterp. 

MAX. 0.619 0.639 0.641 0.663 0.653 0.652 0.656 

MIN. -1.141 -1.141 -1.113 -1.111 -1.261 -1.206 -1.168 

MEAN -0.208 -0.218 -0.199 -0.214 -0.235 -0.255 -0.251 

STD. 0.312 0.308 0.328 0.325 0.328 0.331 0.125 

RMS. 0.315 0.311 0.381 0.389 0.403 0.418 0.4111 

Table 6-10: Residual Quasi-Geoid Heights via Planar, Spherical and Multi-band 

SFFf Approaches (Units=m) 

Figures (6-11) and (6-12) below respectively represent the quasi-geoid from the EGM96 

model and the final combination quasi-geoid via the planar FFT. The combination quasi­

geoid represents the unification of the short wavelength (residual quasi-geoid) and long 

wavelength (EGM96 model) quasi-geoida! models. Figures (C.S) and (C. 6). in the 

appendix, represent combination quasi-geoids computed by the spherical FFT and multi­

band SFFT (two bands, 80 minute overlap) respectively. A comparison offigures (6-12), 

(C.5) and (C.6) with respect to figure (6-11) show the dominant features of the EGM96 

model. The computational time was less than five minutes for the cases above indicating 

no significant discrepancies between the methods. 
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11.50 18.00 18.50 19.00 19.50 20.00 20.50 

Figure 6-11: Quui-Geoid EGM96 - South Western Cape 
(Contour Interval O.2m) 

Lonlftude 

21.00 

Figure 6-12: Quui-Geold via Planll" FIT - South Western Cape 
(Contour Interval O.2m) 
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6.2.2.2 Planar versus SpheriCAl and Multi-Band SFFT Approximations 

The quasi-geoidal heights obtained from the planar FFT were compared to those results 

obtained via the spherical FFT approach and the multi-band FFT approach (with the 

different sizes for the overlapping regions). Table (6-11) indicates the statistics obtained: 

AREA - 34.50 < cp < -31.50
• 17.50 < A. < 21.50 Acp,AA. = l' 

MAX MIN MEAN RMS 

Spberical FFT 0.053 -0.035 0.010 0.016 

20' 0.084 -0.246 0.056 0.092 

40' 0.066 -0.177 0.037 0.061 

Multi- 60' 0.14S -0.121 0.010 0.038 

Band 80' 0.144 -0.100 0.009 0.032 

FFf 80' 0.083 -0.110 0.012 0.027 

(No 

Interpol.) 

Table 6-11: Statistics of tbe Differences between tbe Planar FFf witb 

respect to Spberical and Multi-Band SFFf Metbods (Units=m) 

The differences between the planar and spherical FFT method applied to the test area is 

reasonably small in magnitude - about Scm and -3.5cm in the maximum and minimum 

differences with an RMS difference of about 1. Scm. With respect to the multi-band 

approach we note that there is a tendency for a decrease in the RMS values as the size of 

the overlapping area is increased. The magnitude of the maximum difference tends to be 

random as the extent of the overlap is increased while there appears to be a notable 

decrease in the minimum value as well as the mean value. 
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Of significance are the statistics of the multi-band approach when no interpolation of the 

overlapping regions is executed. The results in this case are much smaller than the case 

where a linear interpolation of the overlapping regions is carried out. One could surmise 

that when a significant overlap is considered with no interpolation, then the statistics 

would be equivalent to that of the spherical FFT method for the particular test area. In 

summary, figure (6-13) re-iterates that in case of the multi-band FFT approach with 

significant overlap (as wen as significant overlap and no interpolation) the RMS 

differences obtained by the multi-band approach tend to converge to those obtained via 

the spherical FFT approach. 

0.10 

0.09 

- 0.08 
!. 0,(11 

I 0.06 

~ 0.05 

= 0.04 

! 0.03 

0.02 

0.01 

0.00 
Spherical 

FFI' 

4(1 (IJ 80' 

Multi-band FFI' 

8O'(No 
Interpol) 

Figure 6-13: RMS Differences between the Planar FFT with respect to the 

Spherical and Multi-band SFFT Approaches 
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Figure (D. 1) in the appendix depicts a contour plot of the quasi-geoid differences 

between the planar FFf and spherical FFT approaches. We note that the differences are 

reasonably small for the test area (as previously commented) but further note that the 

larger differences occur mostly along the north-eastern border and are more pronounced 

along the southern border. One would expect to see the spherical effects along both the 

northern and southern borders where we have a convergence of the meridians. We 

nevertheless infer that these effects are not significant for the particular test area and that 

both methods produce identical results. 

Figures (D.2) to (D.4) (in the appendix) represent the quasi-geoid differences between the 

planar FFf approach with respect to the multi-band approach using overlapping regions 

of20, 40 and 80 minute respectively. The differences appear to be 'stratified' layers with 

the larger differences occurring at the edges of the overlapping regions. This is due to the 

linearly distance weighted interpolation employed which gives a larger weight to the 

quasi-geoid solutions closer to the mean latitude of a particular band. 

Figure (D.S) (appendix) represents the quasi-geoid differences between the planar and 

multi-band SFFT with an 80 minute overlap and no linear interpolation. We also note a 

'stratified' dispersion of the contours but the larger discrepancies occur closer to the 

mean latitude of the test area rather than at the edges of the overlap. 

6.2.2.3 Spherical FFT versus Multi-Band SFFT Approximations 

As in section (6.2.2.2), a similar analysis was performed of the quasi-geoid differences 

between the spherical FFT and multi-band SFFT. Table (6-12) below reflects these 

statistics: 
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- 34.5° < cp < -31.5°, 11.5° < A. < 21.5° Acp,AA. = l' 

MAX MIN MEAN RMS 

20' 0.089 -0.251 -0.061 0.101 

40' 0.062 -0.201 -0.046 0.011 

60' 0.145 -0.141 -0.019 0.045 

80' 0.141 -0.121 o"FoOl" 0.033 

80' 0.011 -0.138 0.002 0.025 

(No 

Interpol.) 

Table 6-12: Statistics of the Differences between the Spherical 

FFf and Multi-Band SFFf Methods (Units .... m) 

We see a similar distribution of the results as those depicted in table (6-11) - a tendency 

for a smaller RMS value associated with an increase in the size of the overlap. We note 

that in both tables (6-11) and (6-12) the mean difference is almost zero when the overlap 

is greater than a degree. Contour plots of the differences between the spherical FFf and 

multi-band SFFT also appear to be 'stratified' with larger discrepancies occurring at the 

edges of the overlapping regions (linear interpolation employed), in the case of no 

interpolation these discrepancies occurring at the mean latitude of the area of interest -

these plots have not been reproduced in the thesis. 
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6.2.2.4 Analysis of the Multi-band Solutions 

In this section the results from using overlap sizes of 20', 40' and 60' were compared to 

that obtained using an 80' overlap. Such analysis to some extent allows one to determine 

the optimal overlap to be considered when employing the use of the multi-band SFFT 

approach. Table (6-13) reflects the results: 

Grid Size Comparison 20'++ 80' 40'++ 80' 60'++ 80' 

MAX. 0.245 0.136 0.105 

MIN. -0.029 -0.029 -0.077 

MEAN 0.065 0.046 0.019 

RMS 0.088 0.059 0.030 

Table 6-13: Quasi-geoid Differences between 80 minute overlap with respect to 

overlaps or 20, 40 and 60 minutes respectively (Units=m) 

The maximum discrepancy between a 20 minute overlap with respect to an 80 minute 

overlap is 24.5cm with an RMS difference of approximately 9cm. This is important and 

implies that the extent of the overlap must encompass a significant portion of the gravity 

field. A notable decrease is evident in the statistics as the size of the overlapping region 

is increased. For a comparison of the 40-80 minute overlap the maximum discrepancy 

drops to 13.6cm with an RMS of 5.9cm. The overlap of one degree compared to the 80 

minute overlap yields results that are reassuring - an RMS difference of 3cm, almost 

three time smaller than the 20-80 minute overlap comparison. 

The optimal overlap will depend on the frequency content of the data and the overlapping 

region would be required to be more than the sizes of the overlaps considered here. 

(Sideris, 2001) recommends that the size of the overlap should be one degree at 

minimum. 

82 --------------------------------------------------------------------



Univ
ers

ity
 of

 C
ap

e T
ow

n

NUMERICAL INVESTIGATIONS 

6.2.2.5 Qyasi-Seoid Validation 

The quality of the gravimetric quasi-geoid computed in the previous section was 

evaluated against a GPSlLevelling derived quasi-geoid. The evaluation principally 

comprises the comparison of the interpolated values of the gravimetric quasi-geoidal 

heights at the points corresponding with the GPSlLevelling quasi-geoid. The 

comparison is made in a least squares sense by fitting a transformation model to the 

two surfaces. Examples of two such models have been given in chapter five (cf. 5.3). 

The coefficients (al) of the respective models are solved for by minimising the sum of 

the squares of the residuals and the adjusted values for the residuals give a more 

realistic indication as to the quality of fit between the two surfaces. 

The GPSlLeveUing quasi-geoid model was provided by Professor C. Merry in the 

Department of Geomatics at the University of Cape Town. A brief discussion of the 

model ensues. 42 GPS determined ellipsoidal heights were made at selected 

benchmarks and levelled town survey marks spanning the south western Cape area. 

This network of GPS points is tied to the International Terrestrial Reference Frame 

(ITRF) site at Hartebeeshoek resulting in absolute ellipsoidal heights for the 

respective points. The difference between the ellipsoidal and normal heights of these 

points yields their quasi-geoidal heights. For further discussion on the compilation of 

this data set. the interested reader is referred to (Merry, 1998). 

Of the 42 points provided, only 40 of the points were interpolated to as we removed a 

10% window from the periphery of our test area owing to edge effects. hence two of 

the points feU outside the interpolation region. The interpolation was executed on 

MATLAB using the bicubic interpolation option in which sixteen of the closest 

points are used to determine a value for the interpolated point. A planar 

transformation model was used to determine the quality of fit between the two 

surfaces. The statistics displayed in table (6-14) show the level of agreement of the 

different methods used to compute the gravimetric geoid with that of the 

GPSlLevelling quasi-geoid and table (6-15) reflects the statistics after the fit was 
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applied to the two surfaces. The last column of both tables represent the results of the 

spherical FFf computation of the quasi-geoid with the exclusion of the Gt term. 

with Gt term I excluding G1 

PlanarFFf Spherical Multi-Band FFf Spherical 

FFf (80 min. Overlap) FFf 

MAX -0.321 -0.316 -0.318 0.000 

MIN n.568 -0.564 -0.553 -0.420 

452 -0.453 -0.454 -0.230 

RMS(mean 0.042 0.045 0.040 0.10 

removed) 

Table 6-14: Level of Agreement between Gravimetric and GPSlLevelling Quasi­

geoids (Units=m) 

with Gt term excluding G1 

PlanarFFf Spherical FFT Multi-Band FFf Spherical 

(80 min. Overlap) FFf 

Coefficients aO= -0.452 aO= -0.453 aO= -0.454 aO= -0.230 

al= 0.012 al= -0.001 al= -0.003 al= 0.154 

a2= 0.015 a2= 0.011 a2= -0.030 a2=0.090 

MAX. 0.108 0.108 0.108 0.143 

MIN. -0.129 -0.121 -0.125 -0.136 

MEAN. 0.000 0.000 0.000 0.000 

RMS 0.041 0.044 0.038 0.062 

TILT (sec) 0.03 0.03 0.06 0.34 

Table 6-15: Level of Agreement between Gravimetric and GPSlLeveUingQuasi­

geoid! after Planar Transformation fit (Units=m) 
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A plot, figure (6-15), of the discrepancies between the gravimetric and 

OPSlLeveUing derived quasi-geoids shows that the maximum residuals, not 

surprisingly, occur at the points situated in the mountainous terrain of the test area: 

Longitude 

Figure 6-15: Residual Differences between Gravimetric and 

GPS/Levelling Quasi-geoid. 

(Contour Interval: O.Olm) 

In the last column oftable (6-14)/(6-15), the computation of the spherical FFT method 

is executed without including the 01 term. The results are rather interesting and we 

note that omission of the 01 term yields higher RMS discrepancies in the quality of 

the gravimetric quasi-geoid: an RMS difference of 10cm (prior to fit) which is 

reduced to 6cm after a planar.transformation fit (figure 6-15) with a significant tilt 
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of 0.34 seconds. - a tilt. greater by a factor of 10 in comparison to the planar and 

spherical FFT methods. The inclusion of the 01 term displays two important facts: it 

implies that the South African height system is more tailored toward a normal height 

system and the use of the 01 term significantly improves the quasi-geoid validation. 

The results obtained here are an improvement to the quasi-geoid computed by (Merry, 

1998) which we for convenience denote as UCT98WCape. UCT98WCape is 

computed via a two dimensional convolution to the planar approximation of Stokes' 

formula. A comparison with the 42 OPSlLeveUing derived quasi-geoid points 

(previously discussed) yielded a bias of 47cm with an RM:S of 10cm which reduced 

to 6cm after removal of a tilt. When the 01 term was excluded in the computation of 

UCT98WCape. a bias of 30cm with an RMS of 16cm which reduced to 9cm after 

removal of the tilt was achieved. 

The discrepancies between the quasi-geoid computed for the south western Cape in 

this thesis and UCT98WCape lies in the manner in which the 01 term was computed. 

UCT98WCape evaluated the 0 1 term from one minute data but for every fifth data 

point while we have computed the 0 1 term for every data point. In this respect 

modelling the 0 1 term at every grid point gives a better reflection of the high . 
frequency content of the gravity field. Table (6-16) gives the statistics of the 

UCT98Wcape quasi-geoid differenced against the quasi-geoid computed in this thesis 

(denoted UCT2000WCape in the table): 

MAX. MIN. MEAN RMS 

UCT98WCAPE - 0.310 -0.260 0.043 0.115 

UCTlOOOWCAPE 

Table 6-16: Differences between UCT98WCape and UCTlOOOWCape 

Quasi-Geoids (Units=m) 

The discrepancies are significant with maximum and minimum values at the 

decimeter level. Figure (6-16) depicts a contour plot of these differences. Note that 
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the maximum and minimum differences occur in the areas of mountainous and rugged 

topography. In summary, it is important that the G. term adequately models the short 

wavelength features owing to its sensitivity to topography. 

·32.()(}-I!-----"'----.--+--..---...I--...",---...I.----.--..J...,-----+ 

-32. 

I -33. 

-33. 

-M .. DO-!----...:l"--.,..--.:l...---li...-L,--..:::..--'--..--.l-...l"----.---.l--'-r----=:::...---+ 
18.00 18.50 19.00 19.50 

Lo~tude 

20.00 20.50 21.00 

Figure 6-16: Differences between UCT98Wcape and UCT2000WCape 

Quasi-Geoids (Units=m) 

(Contour Interval: O.OSm) 

Similar results on much larger scales have also been reported in (Fotopoulos et al., 

1999) and (Milbert and Smith, 1996). A new gravimetric geoid computed using a 

one dimensional FFT in Canada evaluated at 1300 GPS benchmarks yielded an RMS 

difference of 13cm after fitting the two surfaces to a four parameter transformation 

model. For the central part of Canada an RMS difference of 9cm was obtained 

(Fotopoulos et al., 1999). The GEOID96 model also computed using a one 

dimensional FFT for the United States was tested at 2729 GPS points on levelled 

benchmarks. After the removal of a bias, tilted plane and an empirical conversion 

surface an RMS error of S.8cm was achieved (MUbert and Smith, 1996). These 

results once again highlight the possibilities of producing quality gravimetric geoids 

consistent with accuracies obtained via GPS. 
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6.3 A QUASI-GEOm FOR GAUfENG 

6.3.1 Description or Data and Computational Methods 

Gauteng is a province situated north east of South Africa, an • economic powerhouse' 

and an area of rapid urban development. The infrastrucrural development owing to its 

population expansion over the last few decades has placed a significant demand on 

large scale engineering projects such as the construction of dams which require 

precise heighting. 

A quasi-geoid for this area bounded by - 26.333 < (j) < -26.0, 27.667 < A. < 28.5 was 

computed on a one minute grid using the planar FFT approximation. The Ol term 

was first modelled: Bouguer anomalies provided by Professor C. Meny. Department 

of Geomatics at the University of Cape Town were converted to free air anomalies 

using the standard Bouguer gradient of 0.119mgaVm. A digital elevation model on 

the same grid as the gravity anomalies was made available by the Chief Directorate of 

Surveys and Mapping in Mowbray, Cape Town. Figure (6-17) depicts a contour plot 

of these elevations: 

27.60 27.70 27.eo 27.90 28.00 28.10 28.20 28.30 28.40 

Longitude 

Figure 6-17: Contour Plot orElevations - Gauteng 
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Gauteng is on average approximately 1200 meters above mean sea level with 

elevations close to 1700 meters. For our test area we note the maximum elevations at 

the north eastern and western half parts of the grid (figure 6-17). In general we note 

that the topography is quite smooth. 

The elevation model with its accompanying map of free air anomalies was used to 

compute the Gl correction for the test area. In the computation of the quasi-geoid, the 

gravity anomalies implied by the EGM96 geopotential model (computed by 

GEOGRA V) were removed from the free air anomalies (including the G1 

contribution). a residual quasi-geoid was computed via a planar FFT and finally the 

long wavelength contribution to the quasi-geoidal heights implied by the same 

geopotential model were restored to the residual heights. The gravimetric quasi-geoid 

was validated against 15 GPSlLevelling derived quasi-geoid heights distributed over 

the test area. These 15 points were made available by the Chief Directorate of 

Surveys and Mapping in Mowbray. Cape Town. 

6.3.2 Discussion or Results and Quasi-geoid Validation 

The statistics of the Gl correction in table (6-17) show that the absolute maximum and 

minimum values of the G1 contribution are about 2mgals with an RMS value of 

0.44mgals. This is expected since the topography is generally smooth and unbroken. 

The contour plot (figure 6-18) indicates that the maximum values. although not 

significant occur in the western half of the test area where the terrain is rugged. 

GRID DIMENSION 19x49 

AREA - 26.333 < cp < -26.0,27.667 < A < 28.5 dcp,dA =1' 

Units = mgals MAX. MIN. MEAN RMS 

2.155 -1.887 0.099 0.444 

Table 6-17: Statistics of the Gl term - Gauteng 
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-26.1 

~ -26.2 

27.70 27.80 27.90 28.00 28.10 

Longitude 

28.20 28.30 

Figure 6-18: G1 Contribution - Gauteng 

(Contour Interval O.4mgaJ) 

28.40 

The contour plot of the quasi-geoid, figure (6-19) below. reveals a surface of smooth 

quasi-geoidal heights over the test area. 

-26.101-1'---_ 

f 28.40~==--======~;=;~=======_ 
JOoool -26.20 r __ --== ___ -=====26.40--------

-26.30't====:::::===:===:::::::,.....~:::::::;::::,-=::;::::::.::::::::=.,...........--=;=::::::::::::::::j 
27.70 27.80 27.90 28.00 28.10 28.20 

Longitude 

Figure 6-19: Quasi-geoid -- Gauteng 

(Contour Interval O.lm) 

28.30 28.40 
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The quasi-geoid above was validated against a quasi-geoid derived from 15 

GPSlLeveUing points well distributed over the test area (figure 6-20). The maximum 

and minimum differences are about 37cm and 27cm respectively with an RMS 

difference of 3.6cm. These statistics (in metres) appear in table (6-18) below. We 

note a bias of about 31 cm. After removal of this bias by fitting a planar 

transformation model to the vector of quasi-geoid differences, the RMS difference is 

reduced to 1.3cm (table (6-19». This result is encouraging and shows that the 

gravimetric quasi-geoid, by simply applying a tilt can yield results at the centimeter 

level in small areas with smooth topography. 

21.15 21.80 21.85 21.~0 21.~5 28.00 28.05 28.10 28.15 28.20 28.25 

Longitude 

Figure 6-20: Residual Differences between Gravimetric and 

GPSlLevelling Quasi-geoid! - Gauteng (el: 0.OO2m) 

MAX MIN. MEAN. RMS (mean removed) 

0.373 0.268 0.309 0.036 

Table 6-18: Level of Agreement between Gravimetric and GPSlLevelling 
Quasi-geoids - Gauteng (Units=m) 

MAX MIN. MEAN. RMS (mean removed) Tilt 

0.024 -0.013 0.000 0.013 0.48 sees. 

Table 6-19: Level of Agreement between Gravimetric and GPSlLeveliing 
Quasi-geoids after Planar Transformation fit (UnitFm) - Gauteng 
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6.4 ANALYSIS OF THE QUASI-GEOID FOR SOUTH AFRICA 

6.4.1 Description of Data and Computational Methods 

In the final investigation the various FFT methods previously discussed were used to 

compute a quasi-geoid for the region bounded by latitudes - 35.0 < cp < -22.0 and 

longitudes 16.0 < A. < 33.0. This region encompasses the whole of South Africa and 

overlaps onto part of the neighbouring countries. This is a much larger test area on 

which the FFT methods are now applied thus giving us a more realistic picture in 

order to infer the most suitable method for the quasi-geoid computation at mid latitude 

regions. 

The computations were performed on points distributed at six minute intervals -

resulting in a matrix/grid dimension of 131x171 or 22401 'data' points. The gravity 

anomalies derived from the EGM96 geopotential model for degree (120-360) 

computed by GEOGRA V were used as input into the different FFT approximations of 

Stokes' formula to determine the quasi-geoid. By removing the first 120 harmonic 

coefficients we are basically using the high frequency part of the geopotential model. 

The spectral methods employed were the two dimensional planar FFT. spherical FFT 

and the multi-band SFFT. For the multi-band approach the calculation was done in 

three different ways: (i) the area of interest was divided into two bands with a two 

degree overlap (ii) the area of interest was divided into four bands with a two degree 

overlap and (iii) the area of interest was divided into two bands with a more 

significant overlap of three degrees but no linear interpolation of the overlapping 

region was executed. 

The results from the computations above were compared to the height anomaly 

derived from the same geopotential model computed by GEOGRA V. In implementing 

the FFT techniques. zero padding was applied to the periphery of the data sets. The 

differences between the computed height anomalies and those implied by the 

geopotential model are not expected to be zero as the integration is carried out over a 

limited extent and not over the entire earth. The computational routines have been 

developed by the author using the MA 1LAB software package. 
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~A.2 St~ (istics 0 r the Qll~si-geoid 

Table (6-20) below indicates the ~tati,tic' of the quasi-geoid comput,'d using the 

different methods - note that the second column Te[ns to (he quasi-geoid derived 

[rom tht EG/I.196 geopotential model compute'! by GF.OGfIAV 

-_._--- -_ .. _-_. -- --- - -

I 

I 

, 

[ 

I 

AREA -35.0<(,1<-220. 16.0<1 ... <330 d". di. = 6' l1lx171 data POLJlto 

TRLl\CATlO~ 120 - 360 

- . _._- , -----_ ... ---
EG1\-196 , Plnnar Sphericnl l\-ln,n- BA~ J) 

Qu~si -
, 

FIT FIT FFT 

geoid 2bdi2de~. 4bd/2de~. 2bd/Jdel:. 

Units - '" 
, (n" , , 
, .. ""pol"",,,) 

1\- IAX. 2.981 3 155 3 ()9{) 2.822 , 2.829 3.004 
- -_ .. -- -_ .. - . - - -_ ... _- .- _ . 

1\-UK -2,743 -2.458 , -2.312 -2,493 ! 2.407 -2,528 , -_ .. _- _._._._.- - --- -
!\lEAN 0.015 0.148 

, 
0,162 o 13 1 0,088 o lJ2 

-_._- - .- -
R!\lS . 0.656 0.680 0.667 0.665 0685 0675 

Tah l ~ 6-20: 'sialistic., or th~ Qllasi -g~oid - Soulh Afric~ 

The statistics reveal consistency in the different methods uoed for the mrnputation of 

the quasi-geoid. The magnitlLde of the ma:<imum and rn ini mum va:ues are on average 

abolLt 3 m and 2.5 m respect ivel y Figure (6_21) represents a contour plot of the quasi­

geoid obtained from the EG/l.f96 geopotential model. The plol has been included [or 

illustrative purposes 

-- " 

-
, 
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~ = 
0 

-' 

·2e.oo 

·30 DO 

-32.00 

16.00 1 20, 00 24.00 

Longitude 

Figu .... 6-21: Conl<lu r 1'101 of Quasi-geoid - SOUlh Arrica 

(Co"", " ,· ' nltn-aIO.Sm) 

Tru"r~ " 0": ( 121.1':3(,0) 

•. , 
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6.4.3 Comparison of the Quasi-geoid obtained From Spectra l 1\lct hods to t hat 

dfrived from th~ EG.\ l Y6 Geopotentia' Modd 

The ql!a.'i-g~oid dcrived [rom Ihe EU.Y196 g~oJXllcntial model was \IS~d as a ba.,e to 

test the level o[ accl!rae:, o[ the quasi-gcoiJ derived l!sing the planar. sph~rical and 

multi -hand Sryr techni~lIes A tl1lneation of (l20-160) of the gravity anomalies 

were l!"eJ In Molodensky ·s formula to proJuce the quasi-gcoid Althol,gh tlw 

Inv~,tigation did not p~rl,ml\ l~<'! .' to assess different tmncation errOl"s. the 

examination ofsuch can be used to delecmine the best truncation error to he optimally 

combined with gravity and kight Jata to proJuee high resolution gcoids (Tsiavos. 

1996) Som~ ~rror will still rcmain due to the mtegmtion being pcr!()["JneJ over a 

limited extent. Zero paJding of th~ data sets was l!sd to diluinate the ctTeets of 

eyel ie con volu t ion. Table (6-21) cefleds the ,tati.'lics o[ the d i[fcrc ncing and table (6-

22) the re,ult, after a planar and four paranwtcr transfo rmation fit : 

,._. --_ .. _._--

AREA -350 ql< -22.0. 16.0<i·. <33.0 do, dt. = 6' 13lxl71 data points 

TRUNCAT ION 120 - 360 

_. 
l'l:ln;lr Spherical l\lLLT J-BANn 

FFT FFr FFT 

Units w m lbdi2dtg. 4bd/2dt~. 2hdlJde~. 

- (00 ''''''roW';''''2... 
MAX. o 6Sd 0.690 0.719 0.S52 0.738 

i'tll1' . I 083 -1.13 1 . I 226 1.45 2 -- -~-i244-

. . 

MEAN" 0.132 0. H7 -0.116 -O.on ·0 1 1 7 

R.'lS. 
, 0, 196 o 2 1.1 0.22-1. 0.25 1 0,224 
I 

Table 6-2 1; Stati.,tical Anal)sis of fhe Quasi- g~o id derived from Spectral 

-'Iethods difTer~!lc~d ag:l inst EGM96 derived Quasi-geoid 

! 

, 
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- ---~~~~~~~~~~~~~ 
,\REA 35.0 < <,1 < --22,0, 16.0 < ic < 33.0 d<jl, d'. = 6' 13lx171d~tapoints 

T1W:-'CATfON 1 20- ~1iO 

Planar 

FFr 

Uniis - no 

I i 

Spherical 

TIT 

2bdl2dcg. 

MLL TI-BAf'D 

FVt 
-
2bdlJd~g. 

, , PL\N\R TRANSFOR\IATIO'i \10DH . 

-
Codficknts 

"' -D_l32 ·0 147 -0, J 16 -0073 -0.1 ]7 

". -0 .006 -0.007 -0.003 -0002 _O.O()6 

". 0.007 0007 0,003 -0.002 0,006 

h;:!AX. 7,l 0.900 0 92 8 1,083 1.3 68 1073 
-----

MI"'. -0 ~22 _0.83 7 0.837 -0.949 _0,862 , 

l'tIFt\N 0.000 0000 0000 0000 0.000 
-- -

Rl'tIS o \ 39 o 14~ 0.1 'Xl 0.240 0.1 ~7 

TTT.T (,ec.) 0.0 18 0,019 O,O OH 0005 0.016 

FOUR PA~Al\lETE~ MODEL 

Coefficient. 

". -0.294 0.135 -2,nS -4.750 -2.186 

", 0.475 0_136 1.908 3.775 1.983 

". -0 .21 1 -0.408 0.147 1.585 0.453 

". 0.194 0.508 -0 ,876 -2.313 -0,690 
-

MAX. 0,899 0.928 1.075 l.376 LOM 

MIi\". -Og25 _O, ~37 -0,853 -O.9g3 .0,879 

MFAN O,IXXI 0.000 O.l()() 0,000 0000 
-

RMS 0,139 0.148 0.190 0.240 0.IS7 

---' 

Table 6-22: Statistical Analysis of th~ Quasi-geoid after Planar and Four 

ParamftfrTransformatioll Fit (Units- no) 

-

- ---- n 

, 
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Table (6-21) shows thJt the di fferent approaches produce similar rcsults and no 

m~thod has produced results that signifLcanlly difTer from the rest \Ve note that by 

remO\·ing the fir~t 120 cn~mci ents of the geopotential model the resull, filr tbe 

methods are almost lInb iased The bia, is much smalkr when four b~nd~ with a two 

degree overlap is used lilt the computation but the planar and sphcri ca l HI' methods 

perform much hette r in an K'..lS scnse than the multi-band SFFT approach Using a 

significant overlap of thr~c degrc<s with two baJlds prnduc~ d almost identical 

stat"tics to that when two bands and a two degrec overlap is use(1 (For,b~n! und 

Sideris, 1993) lX1ints O'~l thm the numbeJ of bands to h~ used depends on the extent 

and location llfthe {e,t area 

A planar and fOllr parameter {ranslilrTnatlOn model w~[c Ii! to the dLff~Tence of each 

wmpuled quasi -Beoid (emanHl i:l3 from the dlffCJent methods) and the qua,i-gcod 

produce,] by tbe gcopotc[l:Ial moJeL Both th" trallsllmnmion moJeJs produced th" 

~'J.lne fU,IS slatistL"s W" nNe that tl~e magnitud(~ of the RlvlS ,howed an 

improvemcnt of up to 6cm (after fit) for the planar and spherical aT mdmds while 

we s~~ a maximum of ahout 3cm in th~ imprllvem(nt (arkr lit) of th~ multi -band 

SFFT approach Howeva, lh" mu:ti-band approach"s produced much sma:ler lillS in 

compari~)n to the planar and spherical ffT methods 

Figurcs (10 .1) to (E,5) in tr..e appendix ,hows the plots of the difference8 in the ca",~ 

discllssed abow_ A glance at each plot sl~ows the cdgc effect, around the border~ 

associated with thc Fourier transform AlThough nm padding was ",,,d to minimise 

the cdge effects, the effects will ,till remain adjacent to the 7_ero padded area and the 

more rcalist ic rcsults will be in the cent ra: part of the test area. l.arger error~ in figure 

(£4) (f(llLr bands/2 Jegree overlap) occmring at thc edges of the bands are more 

conspicuous along the bottom half ol"th" grid ThL, LS apparent in lig"r" (£.5) along 

th~ parallel where the area i, di,ided mto two hands Surprisingly, the same pattern is 

not noticeJ in figure (E.3) wherc thc area has also heen divided into two bands_ A 

possible reaSOn for this is lhat ov.ing to {he lincar in terpolation applied to the 

overlapping regions offigLlre (E.3) there LS <;(lme continuity where tbe bands meet 
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Such interpolation was not applied to figure (E5) as the intention wa, to u,e a 

,igniflcant ovcrbp but di,regard any Interpolation, 

Similu tests have bcen performcd covering Emope and encompas.ling .lufTounding 

areas by (Ts;avos, 19%). (Tsiavos, 1996) considered the 20 planar FFT (anal:,ti~~1 

and di.,~ret ~ kerncls) , 20 "pherical FFt, 20 multi-b~nd SFfl', 10 ,p!:erical fFT and 

the 20 FHT (hIt Hartley transform), 'I r.e latter two have not been investigated in this 

thesis and our discussion will not concern them. (Tsiavos. 1996) found t!:at the 

sp!:cri~d FFT's (2)) spheri~a l and multi"b~nd) give muci: better ac~uracie, ~t higher 

latitudes and all the methods produced similar results at me~n and lower latitudes. To 

quantify the last statcmcnt, an Rl'.,JS d: lTerence oJ'38cm ~nd JOcm werC re.,pe~tive!y 

achieved, after a .ompari50n of the planar and multi-band SFfT with respect to the 

geoid fwig!:ts gencrated by the OSL'9]A geopotemial model with th~ lirst 120 

humonic coefficient, removed The numcrical tests curied out in this thesis conform 

to the conclusions of (Tsiavo" 19%). (Tsiavos. ]996) suggcsts th~t in oder to 

properly transform longer wavelength, ,pherical FFT', mu,t be considered in all 

cases as t!:ey are theorcticd ly supcrior . 

A bricf comment conccrning the III spherical F1'T technique' wr.ile this method i., 

eAa~t and produ~es better accuracies it requires mud: more computational time than 

it., coumerp~m In thc te,t performed by (Tsiavos, 1996) the III sp!:erical FfT 

utilised almost 10 hours of.omputationai tme a, oppo.led to the 23 minutes used by 

th~ 20 .,pheri~~ 1 FFT Whil~ the results of both methods were almost unb iased for the 

computational are~, t!:e 10 spherical IT T achicved an accuracy of9cm as opposed to 

the 18.m obtained b)' th 20 ,p!:erical FFT At mid latitudes thc level of accuracy 

dilTcrcd by only 2.01' Nevertheless. th 1D FFT r.a l become a populu choice fo r 

geoid computations in differcnt parts of the globe suc!: ~, th United Stat ~s (Milbert 

and Smith, 1996), East Africa (Gad.ari and OllivLer, 1998), Ta,mani~ (Vella and 

F eather.,tone, 1999) illler alia - a possibiJ i:y for cons:dcrat ion in the developme nt of ~ 

southern African geoid lTIede! 
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C();,'('t,[JSIQNS AND ~C()MMENDATtONS 

Chapter Seven 

Conclusions and Recommendations 

Conclusions 

This thesis has consi<.lere<.l the U8e of spectral techniquts namely the planar rFf, 

sphcrical rFf and multi-band ,pherieal FFT lechniquts for quasi-geoi<.l mo<.lelling, Tn 

South Africa we have a helght system which i8 apprmdmatcly a IlOrmal height systcm 

and the appropriate reference surfacc to be de!emlined is thus a qua,i-geoid. 

Theoretical derivation of such, bascd on the theOlY of ;l,loloden,ky has been discussed 

earlier. 

Tht numerical inve;iigations consi<.ltrtd in this the8is have been centered around four 

main areaS and the objectives of such inve~tigations are outlined bdow 

I , Analnis of the 1\loloden~ky G, ltrm 

The G L contribution computed using the methods of qua<.lrature, convolution and "Ff 

for dilTerelll grid resolutions were investigaled. The resulls obtained using the 

dilTerent computalional techniques did not diJIer significantly Ho,,'ever, the 

compUlatiolllll time required by the quadrature approach waS rather stringenl requiring 

approximately 52 hours for tilt: evaluation of the GL term On a grid resolul ion of One 

minutt as oppme<.l to the convolution and FFT approach which took Itss than a 

minUle for the same grid dimension. 

The G, teml, by nature is very sensilive to lopography. For a coarse resoll1lion grid of 

five minutts the maximum GL contribution was approximately 6.24mgals whilt the 

<.Iensest gri<.l resolution of one minute yie l<.Ie<.l a maxi mum contribution of 40, 72mgals, 

These maximum values translate to approximately 16cm and 4}cm respectively with 

regard to their maximum contribution to quasi-geoidal heights for the area of the 

south wtstem Cap" 

------------------------- I W 
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COt>K:l.Ir.-,IO~S ANI) RI'.COMMI' );I lATTONS 

In the IT T approach the entire dislance kemel wa, used for the computation of the G, 

contribution of a grid point whi le for the quadrature and convolution methods only 

points within a rauiu, of IOkm in the vicinity of the grid point were wn,idered, The 

n'sult, arc all identical but the point to be ,trcssed is that the convolution approach is 

computationally fa,t er than the FFT approach by almo>t a factor of3 , In this regard a 

motivation is put lorth to evaluate the G, term using the methou of con"'olution anu 

con:;idering points within a limitcd radiu:; of the computational point 

Comparison~ were made by uifrerencing the coarser grids (five, three anu t"~l minute~ 

resp<:ctively) against the densest grid resohllion of one minllte in order to ddemline 

the optimal grid size, in part iL'Ular, the highest res;olution uigital elev<ltion model 

required to evaluate the GI term From the differencing we found that as the grid 

resulution> bec[)me denser the R~fS difference show, a tenl\ency to <,;(lnverge This 

converg~nce will depenu on the nature of topographical rdief - for a smooth terrain 

the opti mal grid rcsolution could well be a one minute grid but much denser grius 

with resolution, of 025 minule;] 01' less, may be required to model the G,term in area:; 

of rough and mountainous topography 

2 A Qlla:;i-geoid fo r the We~lem Cape 

The methods ofplanur ffT, :;pherical FfT and the multi-band SFFT were applied to 

~olodcnsky', formula and then combined with the qua~i-geoidal heights implieu by 

the EGM96 geopotential model to determine the qlla~i-geoid fill' the south we,tern 

Cape at a grid re:;olution of one minllle. This test area was cho~en owing to its 

mountaillOu:; topography and broken relief 

The three ~pectral methods produced the same results and the validation of the 

gravimetric qua, i-geoid against a GPSiLevelling derived qua:;i-geoid produced an 

R"-fS uis~repancy at roughly 4cm for each method The quasi-geoid was re-computed 

by excluding the G, term and a bias of about 23cm wa:; obtained Aftcr a plunar 

transl{jrmation fit this bia:; was reduced to 6cm This re-iterates the importance of 

considering the G, ternl in quasi-geoid modelling Nevertheless, the re:;ults are 
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COI'CLUSIOI'S AND RECO)"IMENDA TIONS 

encouraging and shows the potential of the gravimetric geoidiqua~i-geoid to acl1ieve 

a<xura~i e s at the ~entimetre level. 

While the multi-band approa~h is not suitable for such a small area as the south 

western Cape. the method was used merely for comparative purpo.~es at a later .~tage 

the multi -band approach was used to determine the quasi-geoid for the whole of South 

Africa to give a more reaJi,;ti~ pi~ture oflhis method 

The planar FFT method was u<;ed to compute the G, term and subsequently determine 

a quasi-geoid for the GaUleng province. nonh east of South Africa The rationale for 

choosing this area is that the topography is smooth and unbrolen, The area is 

approximately 40x80 kilometres in extent The statistics of the G1 term for this area 

are almost insignificant - about 2mgals in magnitude for the maximum and minimum 

contributions The gravimetric quasi-geoid validated against a GPSILevelling deflved 

quasi-geoid yiclded a bia~ of 3,(;cm, which after removal of thi~ bias redu~ed to an 

R.'v1S value of L3cm. These resu lts indicatc that ccntimetre accuracies in the 

gravImetric geoid are attainable in lo~al geoid computations werc the topographical 

relief is in general smooth 

The intention of this analysis \vas to det ermine which of the .~pectral methods give lhe 

better accuracv for an area almost 13 00x1700km in extenl encompassing the whole of 

South Africa. The quasi-geoid computed lTom the different ~peetral methods were 

tested again~t tile quasi-geoid implied by the EGr-19(; geopotential model The planar 

FFT, spherical and mul ti-band SfFT approaches produced identical re.~lllts that were 

almo~t unbia.~ed 

------------ -1Il2 
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CONCI,!lSIONS ANI) lUCCOMM.J.:NDATIUNS 

This bias was much heiier wh~n th~ multi-hand approach was used with four bands 

and a lwo degree overlap buL the planar and sph~rical FFr methods performed belt~r 

in anlU,fS sense 

Recommendntions 

A geoid for South Africa will ent"il the proper modelling of the G, term_ This would 

require high resolution free air anomalies and concomitant digital elev~tiol1 models 

(DEM) covering the whole of South Ali'ica and its neighbouring cOUll1rie~_ The Chier 

Directorat~ : Surv~y s and Mapping In Mowhray, Cape Town have produced a DI-,r.l at 

~ spatial resolution of 400m for the entire country OEM's at spacings of 200m ~re 

also availahle for the main urban c~nkrs The depannlent of Gellnlatics M the 

University of Cape Town has an extensive gravity database covering most of South 

Afnca and som~ of its neighhouring countries. The more reliahle source of satellite 

altimetry can be used to provide marine graviLy dala (Merry and Amod, 20(1)­

Systematic corrections to this gravity d~ta such as the effect of the atmosph~r~, 

ellipsoidal correcLions and the vertical gradienl of normal gravity will have to be mken 

inLO account (Rapp and Pavlis, 1990)_ The short wavelengLh component of the 

gravimetric quasi-geoid is combined with the long wavelength component of the 

quasi-geoidaJ heighLs implied hy lhe EG)l.196 geopotenlial model A sludy into the 

errors of the different tmnc~tion levels can ~ssist to optimally combine th~ 

geopolential model with gravity and height data 

The South Afric~n vertic~l datum, referred to as the land levdling datum (1.1.D) is 

constrained to four tide gauges based at Cape Town, Port Elizabeth, Last London and 

Durban Al present there are nine tide g~uges which could be incorporated for the 

vertical datum adjustment. In addition gravity corrections have nO! been applied LO all 

levelling routes and the interpolation of existing gravity dala LO benchmarks could he 

used to c~lcul~te gravity corrections without the need for additional gravily surveys 

-------------------------103 
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(van Gy,en, 1992) These adjustments would providt a consistent system of normHI 

heights I'll the definition of the South Aliican vertiCHI datulll 

The developm~nt of a corrector surfac~ would bt es stnti~1 to optilllHlly transform 

Gf'S cllip s oid~l heights to norrn~l heigbts with respcct to tbe LLD The Na tional 

Geodetic Survey of the Unit~d Statt' and the Geodetic Survey Division of Canada 

have devdoped such sllffaces (Milbell and Smith, 1996; KotsJkis and Sideris, 1999) 

The adjmttd values for the residuals art spatially modelled on a grid using SOlllt 

method of interpolation or collocation The glidded values lor the residuals are 

combined with the adjusted paramcters (sec equation (5-24), Chapter five) 10 product 

a COITtclor surface. A mOre rigorous approach suggested by (Kotsakis and Sideris, 

1999) i, to txamine the variance-covilriance components of the ellipsoidal, 

ollhomeuic and geoidal height data sets and include them In a kast-squart, 

adjustmcnt Two mcthods of a dcterministic and collocation approach to ,uch 

modelling are di,cussed in (Kotsaki, and Sidelis, 1999) 

This thesis has shown tht potential of tht gravimetric quaSl-gtoid in achieving 

accuracy levds consistent wi th those obtained jrom GPS and that it can be efficiently 

evaluated over large regions using FFltechniques. Various author, have sugge,ted 

different approaches to the modification, of Stokes' formula and the most popular 

amongst thcse methods is that of tht 1 D sphtncal FFT With the increase in pace of 

technological developments, computer memory and computational speed no longer 

prcsent a burdcn for large scale gravimttric geoid/quasi-geoid computations_ 

----------"" 
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