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“Modern science has been a voyage into the unknown, with a lesson in humility waiting
at every stop. Our common sense intuitions can be mistaken, our preferences don’t
count, we do not live in a privileged reference frame.”

- Carl Sagen
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Abstract

The increase in the number of commercial space missions has resulted in the increased
need for efficient and effective spacecraft designs. A key contributor to the accuracy
of space vehicle simulation is the prediction of fuel slosh loads during in-orbit ma-
noeuvres, particularly due to the large fuel-to-solid mass ratios involved. To this end,
this thesis details a high resolution mathematical model capable of predicting the
dynamic interaction between fuel slosh and the rigid structure of a spacecraft.

The Volume of Fluid (VoF) method provides a framework in which Computational
Fluid Dynamics (CFD) can be used to model the fluid dynamics of two phase fuel
slosh in a mass conservative manner. To be applicable to industrial geometries, an
unstructured finite volume median dual cell methodology is employed for spatial
discretisation. This gives rise to the first novel contribution of this work, namely the
development of a new volume conservative VoF initialisation method for arbitrary
interfaces on unstructured meshes. The scheme, called the Arbitrary Grid Initialiser
(AGI), is rigorously validated and proven conservative to machine precision [1].

An algebraic, as opposed to geometric, VoF advection method is used due to
being similarly well suited to unstructured grids. Improvements to the algebraic
VoF method is therefore the next contribution of this thesis; where the CICSAM
[2] and HiRAC [3] VoF methods are improved, and the first conservative HiRAC
method presented. The improved CICSAM and HiRAC methods are shown to be
competitive with their geometric counterparts on unstructured grids while being mass
conservative.

Both CICSAM and HiRAC are then coupled (HiRAC for the first time) to a well-
balanced Continuum Surface Force (CSF) surface tension discretisation. The surface
tension implementation, for which standard height functions are used, is shown to be
well-balanced with an accuracy that compares favourably to existing methods.

In the final part of the thesis, the complete spacecraft model is constructed. A
numerical rigid body code is developed for this purpose, which can additionally track
its orientation. The rigid body and fluid schemes are finally coupled together in
a strong, stable, and partitioned manner using the Aitken’s A% method [4]. The
model is demonstrated to be numerically stable for large liquid-to-solid ratios via a
benchmark test case.
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Chapter 1

Introduction

1.1 Background and Motivation

Space operations have grown dramatically since the advent of chemical rocket en-
gines powerful enough to launch humans and their payloads to space. From single
infrequent launches to present day, where there is permanent human occupation in
space, numerous deep space missions, and a cloud of communication, weather, and
other satellites in Earth orbit. The industry continues to grow, and the number of
spacecraft in service is expected to increase. This trend is furthered by the emergence
of reusable hardware which has reduced the cost of the access to space.

Computer based simulation has become a quintessential part in the production
of spacecraft, as it gives critical insight into the expected performance of a design.
However, the simulation of spacecraft is complex and computationally demanding.
Orbital craft are multidisciplinary machines and will experience extreme vibrational
loads, sub and supersonic flight, and micro gravity in orbit. In addition, these crafts
are expected to function continuously over long periods of time.

These phenomena impact on a vehicle with a large internal dynamic load, in the
form of propellent slosh. This fuel mass is typically an order of magnitude more than
the solid craft. Clearly, the capturing of the internal fluid dynamics is paramount to
accurately simulate spacecraft, especially when the estimation of the dynamic loads,
due to in-flight manoeuvres, is desired. Continuum mechanics, through the use of
multi-physics Computational Fluid Dynamics (CFD), provides such a framework for
high fidelity modelling. This will be the subject of this work which will focus on the
following key aspects to the modelling of spacecraft operation:

e With respect to the liquid propellent slosh modelling:

— An isothermal, incompressible, two-phase flow model is considered. Where
unstructured approaches are favoured due industrial applicability.

— Surface tension effects will be considered, however contact line forces are
neglected.

e The continuum mechanics strongly coupled simulation of the entire space ve-
hicle where the dry mass is considered rigid, with no flexible components or
deformable parts.

The above will be expanded further in the following sections.

1.1.1 Incompressible Two Phase Flow

Two phase incompressible flow modelling via CFD consists of the simultaneous solu-
tion of a series of equations. These include the momentum and mass conservation of
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the fluid,

%%—V‘pu@u—FVp—V-,u(Vu—i-VuT):,oa+fg, (1.1)

V.u=0, (1.2)

where u, p, and a are the velocity, pressure, and source acceleration of the fluid.
The fluid density and viscosity are represented by p and p. The time and differential
operator are denoted t and V respectively. For the simulation of propellent tanks a
multi-phase flow model must be adopted and further consideration must be given to
liquid-gas interface effects, such as the surface tension force, denoted f,.

A number of two-phase approaches have been developed, namely the Ghost Fluid
[5], level-set [6], front tracking [7], and Volume of Fluid (VoF) [8] methods. In this
work the VoF approach is selected due to its mass conserving properties. The VoF
equation to be solved reads

?;Z%—V'au:o, (1.3)
where the volume fraction of the tracked fluid in a discrete volume is symbolised
. As a result of this representation the interface between the two fluids is smeared
over discrete control volumes, where the interface region is considered to be where
a € (0,1).

This introduces a number of challenges. This thesis will addresses two of these.
Firstly, the conservative initialisation of o implies a volume fraction field derived from
the intersection of a manifold (surface) and the control volumes of an unstructured
mesh. Secondly, the conservative advection of a via an unstructured algebraic VoF
method.

From a volume fraction initialisation perspective, it is desirable that the initial
volume fraction be a mass conservative representation of the tracked fluid on the
grid. A key contribution on this topic was by Bna et al. [9,10], where an initialisation
tool for structured grids was developed, achieving machine precision in terms of mass
conservation for the first time. Strobl et al. [11] were the first to develop a method for
unstructured grids, however this was limited for spherical interfaces only. A significant
contribution of this thesis entails the development of the first method which can
robustly and conservatively initialise a volume fraction field on an unstructured grid,
this for arbitrary free surface topologies [1].

Great strides have been made in the development of structured VoF methods over
the past decades [8,12-16]. Recently, geometric VoF schemes, which utilise an ex-
plicit geometric reconstruction of the interface to advect the volume fraction, have
been extended to unstructured grid methodologies [17-19]. Algebraic VoF meth-
ods, which do not requiring explicit interface reconstruction, are however less well
developed. The widely used algebraic Compressive Interface Capturing Scheme for
Arbitrary Meshes (CICSAM) [2] scheme is prone to smearing the interface at large
time steps sizes. Recent work to addresses this aspect resulted in the Higher Reso-
lution Artificial Compressive (HiIRAC) method [3]. However, the HIRAC method is
not volume conserving, which negates the main advantage of the VoF method. This
key deficiency will be addressed in this thesis.
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1.1.2 Coupling to Rigid Bodies

The evolution of the fluid is ultimately shared by the kinematics and kinetics of
the rigid space vehicle. A rigid body model, representative of the dry mass of the
vehicle, must be coupled to the liquid propellent to simulate a full orbital vehicle.
The coupling must resolve the shared dynamics of each model to create a consistent
approach.

A spacecraft can be simulated using a six-degree-of-freedom model where the lin-
ear components of motion are known, chiefly described by Newton [20]. The angular
components were later described by Euler [21,22]. Taking into consideration inertial
and non-inertial reference frames, the so-called Newton-Euler equations are expressed
as

.o X . X X —
mdTo o 10 —MT Y Wor /o + Mmwg ,Wo oo e = 7, (1.4)

erXCCLj*o’O//O - m”’0></7c7";</,cd)ol/o + w:,/o (lc - mr;cr;,,c) WolJo = Te — TOX,,Cf, (1.5)
where the first equation conserves linear momentum and the second angular momen-
tum. The mass, moment of inertia, and moment about the centre of gravity of the
dry craft are denoted m, I, and 7. respectively. I is the 3 x 3 identity matrix. The
force acting on the dry mass is symbolised by f. The subscripts /o and /o’ denote the
change in time of quantities relative to the inertial and non-inertial frame respectively.
The position vector from the non-inertial frame to the centre of mass and from the
inertial frame to the non-inertial frame are respectively represented by r. . and 7, .
The superscript ‘-’ denotes a derivative with respect to time, and the ‘x’ superscript,
the cross-product matrix operator. Finally, the angular velocity is represented w /.
To track the attitude of the rigid body, and account for rotational degrees of freedom,
quaternions are used.

For Fluid-Structure Interaction (FSI) calculations, a set of coupled governing
equations must ultimately agree on the state of a set of shared, or interfaced, variables.
It is typical at the interface, that the solid provides kinematic data, k,,, containing
displacement, velocity, and acceleration. The fluid responds via kinetic, k¢, i.e. forces
and torques. Consider a rigid body, governed by Equation (1.4) and (1.5), which
maps a given kinetic state to some output kinematic state by

kn =S8 (k). (1.6)

The fluid, through Equations (1.1) and (1.2), maps some given kinematic state to
some output force and torque as

ki =F(kn). (1.7)
Here a simple imposition of coupling could be the kinematic state, hence,
km = S(f(km) + fem)v (18)

where f., is an external force (e.g. a thruster). There are broadly two ways to
construct a numerical model of the above system, monolithic and partitioned.

Monolithic approach embed one governing equation inside the other, or otherwise
providing one solver with detailed knowledge of the state of the other. Thus creating a
single or modified set of governing equation(s), where examples include [23-25]. While
appealing, these approaches lack the flexibility and scalability that their counter parts,
partitioned approaches, have [26].
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Partitioned approaches, conversely, assemble a collection of ‘black-box’ physics
solvers, coupled with further mathematics. This allows for a ‘lego’ like construction
of dynamic multi-physics analysis. Where component solvers can be added, omitted,
and replaced with relative ease. Each solver has no ‘knowledge’ of the other, and only
provides a response to a given kinematic or kinetic input. However, such methods are
prone to numerical instability due to the added mass effect [27], which occurs where
the mass ratio between the liquid and sold exceeds unity.

Thus care must be taken when formulating and implementing a strongly coupled
partitioned solution procedure. An example is Atiken’s A2 method [4,28,29] for
Fixed-Point Iteration (FPI) schemes. In this work a partitioned strongly coupled
model for a spacecraft is presented. The aim is to demonstrate its robustness and
generality. This in contrast to previous monolithic approaches [23,30].

1.2 Original Contributions

The work laid out in this thesis builds on an existing code base, Elemental® (referred
to hereafter as Elemental), which is capable of unstructured, incompressible [31,32],
two-phase flow modelling [3,33]. The contributions outlined have been implemented
in this base and include:

1. With regard to the CFD, the first novel contribution is the development of a
new VoF initialisation tool for unstructured grids which is accurate, robust, and
conservative. This work has been accepted as such through a recent publication

[1].

2. Further contributions have been made to improve the popular unstructured
algebraic VoF advection scheme namely CICSAM. In particular, the recent
HiRAC [3] derivative is made volume conservative. Further, the HIRAC method
is for the first time rigorously compared to both structured and recent unstruc-
tured geometric VoF methods.

3. Both CICSAM and HiRAC (HiRAC for the first time) are added to a well-
balanced CSF surface tension model where height functions are used for curva-
ture capturing purposes. A number of surface tension test cases are conducted
to asses the use of CICSAM and HiRAC as advective methods for surface ten-
sion modelling.

4. A six degree-of-freedom numerical rigid body model is formulated. The fluid
and the rigid body codes are then solved in a strongly coupled fashion. Where
as other works have created spacecraft models, the novel contribution is the
first high fidelity fully black box solver for spacecraft, which accounts for the
orientation of the rigid body through the use of quaternions.

The above contributions are validated through a number of test cases which seek
to both demonstrate that all sub-components are implemented correctly and the
formulated approach is robust and has industrial value.

1.3 Outline

The thesis is organised into eight chapters, this chapter being the first. The next
chapter introduces the FElemental incompressible model and relevant mathematics.
Chapter 3 and 4 detail the work done on VoF modelling for unstructured grids,
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through the creation of a new initialiser and significant improvements to algebraic
VoF advective methods. To conclude work on the fluid aspects of the project, Chapter
5 deals with the inclusion of surface tension physics to the numerical model. Chapter
6 and 7 deal with the rigid body and the strong coupling of the fluid and rigid body.
Finally Chapter 8 concludes the thesis, with a review of the work completed and
suggests future research directions.



Chapter 2

The Elemental® Incompressible
Flow Solver

2.1 Introduction

Many modern incompressible flow models can trace their origins back to work by
Chorin [34-36]. Broadly, they can be dissected into two different approaches, artifi-
cial compressible methods, and split or fractional step methods. The former approach
introduces an ‘artifical’ wave speed which relaxes the system. The method was ex-
panded for unstructured, finite volume approaches by Malan et al. [32] where the
artificial parameter was automatically selected based on the local flow characteris-
tics.

The split approach typically involves three steps. First, an intermediate veloc-
ity projection is computed, then a Poisson like pressure equation is solved to ensure
continuity, and, finally, a velocity correction step using the solved pressure. The char-
acteristic based split (CBS) method, developed by Zienkiewicz et al. [37], builds on
this while catering for a variety of temporal integration approaches and flow regimes
(sub-, trans-, and supersonic flows).

Nithiarasu [38] unified the two unstructured incompressible approaches yielding
a finite element split scheme with artificial compressibility, which took advantage of
both approaches. The method was turned into an edge based approach by Malan and
Lewis [39] for heat flow, and finally was modified to be used in the simulation of two
phase flow, specifically within the VoF framework by Heyns et al. [33].

Elemental is a multi-physics simulation tool capable of compressible, incompress-
ible, and free surface flow modelling. The preceding text laid out a brief history of
their origin. Flemental is also capable of simulating flow coupled to flexible solid
structures and, with the work of this thesis, rigid bodies. This chapter describes the
Elemental mathematical base required for the chapters to follow.

2.2 Time Integration

2.2.1 Derivation

As with a classic fractional /split scheme the temporal term in (1.1) is split, namely

*

pul" — pul" _ pu"™! —pul*  pul” — pul"

At At At
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where
ul* — pu|”
p|Atp|: V- pu@ul"+ V.M(Vu+VuT)‘n+pa|"H, (2.1)
pu n+l _ ou *
ol 2ol v g, (22)

The superscript * denotes the projected velocity field. The surface tension and body
acceleration terms are inserted into Equation (2.2) to ensure a well balanced scheme
(further details are provided in Chapter 5). Equation (2.2) is rearranged, to compute
the corrected velocity as

un+1 —

pul* — At (V]D”“‘1 - (’,”1)
pn+1 '

Next, setting p* = p"t! and taking the divergence of both sides gives

V-utl=v. [u = e (Vp +_ f0+1)} ,
0=V- [u ~ e (Vp"tt — ng)} : (2.3)

where condition (1.2) has been applied, and yields the Poisson Equation. For the
purpose of spatial discretization, the above is used to construct the face flux for the
common face between two adjoining control volumes,

upr =uyryr - Anlog, ;,

. At
wjt! = [u - — (Vp"*t - f?“)] , (2.4)
p 0

where the control volume face coefficient is denoted A7|gq,, and will be defined
in section 2.3.3. The solution to p"*! is obtained through Newton linearisation of
Equation (2.3) (due the unstructured nature of the scheme [26]). To linearise, the
residual of the system is defined,

R=V: [u T (Vptt - f(,-H)] ,
R =R + Ap?;;, (2.5)

where ¢ is the iteration index and R is converged to a specified user tolerance. The
computation of the Jacobian, %—7;, is further detailed in section 5.2.1. The pressure
at n + 1 is then computed from

pn+1 _ pn + ZAPL'
L

For the purpose of stability, the global time-step size, At, is computed as

At = min {Aty, Aty, Ats},
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where At, is due the explicit treatment of momentum, At, due the VoF advection
equation and At, due the explicit treatment of surface tension.
The momentum restriction, At,, is computed by

1
Az; g sp 1
> () s (sam) |

where CFL € (0;1) for explicit calculations [38-40] and d denotes spatial dimension.
The nodal dual cell size in each dimension is represented Axz; s. The von Neumann
number, ¢, is set to 0.4.

For VoF calculations an additional stability criteria is placed,

At, = CFLmin
1€Q

where ¢y is the Courant number. This time step restriction, At,, limits the fraction
of a volume that the interface can travel within a specific time-step. Finally, where
applicable, a surface tension stability criterion is added as per Brackbill et al. [41] as

1+ Az,
At, = min —(p Pa) ne
i€Q 4o

9

where o is the surface tension coefficient, and [ and g subscripts denote the liquid
and gas phase densities.

2.2.2 Solution Procedure

The momentum equation solution procedure can be written out in semi-discretised
form and is preceded by solving a”*! as laid out in Chapter 4. The procedure follows:

! n
u* = p”+1 |:p’u,— At (V .p’u,®u|”+ Vi (VU-{-V’U,T)‘ . pa‘n+1)] ’

At
0=V. [u* _ pn+1 (Vpn+l _ f:+1):| ’

n * At n+1
u +1:’LL —F[Vp—fg} +, (26)

where p"t! is obtained via the above outlined Newton linearisation procedure. Ma-
terial properties for density and viscosity are computed respectively as

pla) = ap + (1 — ) pg, (2.7)
pla) = ap + (1 — a) .

This work includes extending the above solution procedure to notionally second or-
der in time. This was achieved using the ‘predictor-corrector’ method laid out by
Tryggvason et al. [16] which reads

wtt = u" + AtL(u),
w ™ =t AtL(u ),

1
,unJrl _ 5(un + ,U/H»Q)7
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with £ being some linear operator for the discrete spatial terms.

2.3 Spatial Discretisation

In Chapter 3 the geometric properties of median duel cells are called upon extensively.
This section lays out the required computational geometry definitions, which follows.

2.3.1 Polytope Definitions

A polytope (polygon or polyhedron), €2, is defined as the multiset Q(X,00) =
{X,00} where X = {xg,x1,...,x,_1} represents a set of unique vertices and 92,
the faces, defined as 92 = {0, 9, ...,00,—1}. Here some face, 9€2;, is defined
as a set of indices of the vertices in X which uniquely define the face.

Note that X may contain vertices not in £2. Hence, once a vertex index is removed
from all faces, in €2, it may be considered discarded without the need to remove it
from X.

The vertices, or indices referring to vertices, on each face are ordered specifically
such that the face normals point out of the polytope. This property is derived from
the gambit neutral format [42]. The outward-pointing normals are computed by

70,1 X7T1,2 lf 3D Y (29)

[r0,1X71,2]

R {72071 X éz if 2D
ny =

where €, is the unit vector along the z-axis and 7 is an edge direction vector on a
face. Note, since control volumes are decomposed into simplexes, and face normals
computed from these sub-simplexes, non-planar faces are naturally accounted for
(approximated). The subscripts of  denote the vertices of the face to which the edge
belongs, and the direction of construction. Thus,

Tik = Too,(k) — Tae,(j) Jk € [0,70%) A j, k € Z, (2.10)

where 0€; is a face of 2 and #9€2; denotes the cardinality of 0€;.

2.3.2 Simplex Volume

The volume of a 2- and 3- simplex (Q(X, 92)), triangle(2D) or tetrahedron(3D), is
defined by

% |(:IZ1 — .’130) X (1132 — :130)’ if 2—simplex
V=< &|(z1 — mo) ; (2.11)
X (22 — xg) - (X3 — T0)| if 3-simplex

where the nomenclature is as previously defined.

2.3.3 Median Duel Cell Construction

The field equations are discretised on a vertex centred co-located finite volume mesh.
This stands in contrast to the majority of other unstructured multi-phase codes which
employ a cell centred approach to spatial discretisation. The computational cells are
constructed using a median dual cell methodology as shown, for node 4, in Figure 2.1.

Node i, with control volume denoted £2;, is decomposed in to a set of simplexes,
Qs ={Qs,,sy,---,s,,}, as shown in the Figure 2.1. The volume, V;, is computed
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Figure 2.1: Diagram of a computational dual cell around node <.

using Equation (2.11) with Qg,. Node i is connected to a neighbouring node j, where
there are m neighbouring nodes to 4, thus j € [0 : m), with {0, representing the set
of simplexes for j.

Discretisation is conducted in an edge wise manner. For the edge r; ;, with length
|7;.5], connecting node i to j, the face coefficient, An, is constructed from the shared
facets, 092; ;, as

An’aQM = Z AaQ’fI,aQ, (2.12)
0009 ;
where A and n are computed as per Equations (2.11) and (2.9) respectively. Finally

09 = {090,001, ..., 0%, |},

and represents the set of control faces for node 7 with face coefficients computed via
Equation (2.12).

2.3.4 Velocity Projection Discretisation

The spatial derivatives, for some scalar ¢, at nodes are approximated using Gauss-
Green’s Theorem,

1 .
Vol Y opAnly,
feo082;

where ¢ is, unless otherwise stated, approximated using central differencing. Where
gradients at faces are required, an unstructured compact formulation [43] is used. The
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gradient operator, V¢|gq, ;, involves a central difference component enriched with the
directional derivative along the edge and is expressed by

V¢‘BQ¢,]‘ = v¢’0d - [(V¢‘cd - vzg¢> . f“i,j] 'ﬁz',j, (2.13)

where

Volon., = 5 (Voli + Vol,),
i — @5 .

75,5 ">

Vijo =

and 7; ; is the unit vector along the edge r; ;. The viscous term is discretised as

1 .
V-p(Vu+VuT)‘i%V > ulay) (Vulyp + Vulf) - Anly (2.14)
¢ feo;

where the face dynamic viscosity is computed via Equation (2.8) using oy, and the
volume fraction at the face given by Equation (4.7). The advective component in
Equation (2.1) is discretised by

1
Vopu@ul; & o > plapugugy,
' feon;

where for consistency of mass and momentum flux it is critical to use Equation (4.7)
for ay in Equation (2.7). The upwinded velocity, uy, is computed with a 3rd order
k—scheme [44] and a van Albada flux limiter [45]. For this project the acceleration
source term pa is added nodally in strong form, and accounts for the non-inertial
nature of the fluid’s reference frame,

pa|i = —pP; [’i’:ol/o + wo’/o X To g + wO//O X (wo//o X 7‘0/71') + 2w0//0 X Uz] s

where the full definition of the symbols are detailed in Chapter 6, Equation (6.4).
Briefly, wy /o, To /0, and wy/, are the angular velocity and translational and angular
accelerations of the fluid mesh with respect to the inertial reference frame. The nodal
position and velocity are given 7, ; and u;. The divergence of the projected velocity
field, uw*, in Equation (2.3) is expressed discretely as

* 1 1 * * ~
V-u \Z%v Z §(ui+uj)-An]f.
' feaq

The discretisation of the remaining spatial terms will be detailed in Chapter 5.

2.3.5 Parallel Computing

To facilitated multi-core simulations the fluid domain is split into a number of sub-
domains, see Figure 2.2. This is done using the METIS library [46]. At each domain
boundary a single element overlap exists. The nodes in the overlapped element are
then marked either as a ‘master’ or a ‘slave’. ‘Master’ nodes have a complete control
volume, and computations performed at master nodes yield results congruent to a
serial calculation.
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¢
N
¢
}/CD—O

O Teeeeoe- > Q,
(O Non-Parallel Node @ Master Node 1) Slave Node
—>» Domain Decomposition --->» Parallel Communcation Path

Figure 2.2: The decomposition for domain € into two sub-domains €2 and €, and the
resulting one element overlap with master and slave nodes drawn.

Using the Message Passing Interface (MPI) framework results that have been
finalised at master nodes are communicated to their corresponding slaves. Note,
while there may be multiple overlapping slave nodes, there will, due to the single
element overlap, only ever be one master node. The communication in Elemental
has been optimised to mask the cost of parallel communications. This enables linear
parallel scaling down to ~ 10000 nodes per domain.
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Chapter 3

Arbitrary Grid Initialisation

3.1 Introduction

The dependence of two-phase physics on the local volume faction value highlights
the importance of correctly initialising the field. For example, poor initialisation can
prevent schemes such as the height function method [47-49], used for surface tension
curvature calculations, from obtaining second-order accuracy after initialization. In
addition, strict mass conservation may not be adhered to.

Research on methods which efficiently initialise the volume fraction scalar field
accurately have therefore recently become a topic of interest [9-11], where earlier
work focused on recursive local mesh refinement [48]. In the work by Bnd et al. [9,10]
a new initialisation technique was created to initialise arbitrary implicit surfaces on
Cartesian grids via numerical integration. Primarily for cell-centred approaches, the
method yielded a celebrated initialiser named the Volume of Fluids Initialiser or
VOFL

Some preliminary work on unstructured methods has been done by Strobl et
al. [11], where the developed method can accurately initialise a sphere. The method
works by ‘cutting’ away portions of the sphere using planes constructed from tetra-
hedral faces and accounting for the overlapped volume. However, the cited scheme,
referred to as Overlap, remains specialised for spherical surfaces.

This chapter extends on the above cited work, by presenting a scheme, named
the Arbitrary Grid Initialiser (AGI), which is general both in terms of the surface
definition as well as the type of mesh employed. AGI builds on concepts introduced by
VOFTI but aims to be generic with respect to mesh topology and removes the Overlap
restriction to spherical surfaces. This constitutes the first generic conservative volume
of fluids initialiser.

AGI first decomposes nodal mesh volumes (finite volumes) into 2- and 3-simplexes.
These are then intersected with a free surface which is defined by an arbitrary con-
tinuous implicit function. The submerged portion of the intersected simplexes form
a reference polytope. A number of parametrised quadrature operators, formulated
to integrate at oblique angles to the principle axes, are applied over the intersected
faces of the polytope to achieve high accuracy in computing volume fractions.

3.2 Arbitrary Grid Initialiser Overview

The VoF method represents the fraction of some reference fluid occupying the control
volume of node 4, denoted €2;, as ;. Thus « € [0, 1] and is expressed as




Chapter 3. Arbitrary Grid Initialisation 14

2y

Figure 3.1: The process of computing the volume fraction, «;, around a node; an unstruc-
tured grid with an arbitrary duel cell ©; (left) decomposed into a set of 2-
simplexes, Qg, (middle). The computation of volume fraction for a single sub
simplex, Q; ; (right).

where V; represents the volume of §2; and V;.; the reference fluid volume contained
in ;. With a varying number of spatial discretisation approaches used in CFD
(cell /vertex-centred finite volumes), the exact configuration of the computational cell
will vary. To demonstrate generality the arbitrary median dual cell €2; resulting from
the unstructured vertex-centred method (see Figure 3.1 left) is considered. However,
the final computational cell will always be some form of polytope.

The proposed method recursively reduces complexity for both 2D and 3D, at
which point a volume calculation can be performed. Grid complexity is respectively
reduced by subdividing each computational cell into a set of j,, 2- or 3-simplexes,
g, where the summed volume and reference volume are as follows:

Jm Jm
Vi = Z Vijs Vi = Z Viije (3.2)
J J

Each simplex, €),;; € Qg, is then checked for intersection with the free surface. If
intersected, a reduced or reference polytope, 2, is created as shown in Figure 3.1.
The polytope will have an intersection line or plane, formed by the connection of the
intercept vertices. The volume, V},, is computed as the first step, of two, to computing
the reference fluid volume. The second step completes the procedure by computing
the trim reference fluid volume V;; ; between the intersected polytope face and the
free surface. The final reference volume for each simplex is given

‘/Tf’,i,j = ‘/pvivj + ‘/tvimj' (3'3)

Note that volume in 2D refers to area with unit depth, and for brevity, subscripts ¢
and j in further reference to V and €2 are omitted.

3.3 Polytope Tooling

3.3.1 Polytope Decomposition

Nodal control volumes are created, for vertex-centred approaches, by connecting edge,
element, and face centres to the computational vertex to form a set of 2- or 3-
simplexes, around node i. The procedure is detailed by Algorithm 1. For cell-centred
discretisations, the computational vertex and element centroids are swapped. A mesh
element is depicted in Figure 3.1 left as €.
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Algorithm 1: Decompose Polytope to Simplexes

1 Qs =1; // Array of j, Simplexes
2 foreach element Q.(X,8Q) connected to i do

3 foreach face 0Q); in €. connected to i do

4 set k < ¢’s index in 9€);;

5 if 2D then

6 add Qs + {5 (@aq, k) + Ton, (k—1))s Tog, (k) X 2. };

7 add Qs + {Taq, (1), 3(Too, (k1) T Toa,k))> X 0.}

8 else

9 add Qs {Taq, (1), 5 (Taq, k) + o, (k-1)) X6, X, }i
10 add Qs+ {@aq, (1), X09;, 5(Too, (k+1) + Tag, k) X . i
11 end
12 end

13 end
14 return (g;

0, (X, 090,) 0, (X, 09,)

Figure 3.2: A tetrahedron, (), being cut along four edges to form an irregular triangular
prism, .

In Algorithm 1, X, and YQQ]. are the mean co-ordinates of the polytope and face
j respectively. In 3D, the face averaging process will convert non-coplanar faces into
a set of 2-simplexes. These 2-simplexes are identically formed by adjoining polytopes
sharing the same face, ensuring no overlapped volume is encountered in subsequent
cell divisions. The total process of cell division allows for arbitrary grid connectivity.

3.3.2 Polytope Cutting

The intersection of some polytope, Q(X, €2) and the free surface results in a volume
reduced polytope, Q' (X', '), with some arbitrary configuration. In this work this
is exclusively the conversion of a simplex, €, to €2, see Figure 3.2. In 3D, multi-
ple intersections between polytopes and the free surface are expected, requiring an
algorithm to efficiently reorganise the face tables of ;. Algorithm 2 performs this
operation and requires the faces, 9q,, and a set containing the edge intercept data
n ={n0,M,...,0m} as inputs. Each intercept data entry, n;, contains three integers
flagging the index, in Xq_, of the vertex to keep(tx), to discard(tq), and to insert(s;),

= {Lk, Ld, Li} . (34)
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To begin, Algorithm 2 creates an array of state flags, ¢, for each vertex, which is
populated via the passed intercept data. The three possible states are ¢, <g, and ¢;
for keep, discard, and insert states respectively.

Intercept vertices are then inserted into each face, to form a new set of faces. At
this stage some vertices will still lack a state. A greedy type procedure is used, where
vertices without a state take on a ¢ or ¢z state from their neighbours, respectively
coloured black and green in Figure 3.2. The g; flag, coloured blue, acts as a ‘boundary’
preventing crossover of the other two states. These operations are carried out between
lines 7 and 17 of Algorithm 2.

From lines 18 to 23, the vertices in each face which have the ¢; state are deleted
from the new face table 9€¢q,. Since the inserted vertices were added between the
original vertices on each face, gambit formatting of each face is maintained when
vertices are discarded from the tables. In 3D, a face is deleted if the number of
vertices it contains drops below 3.

In 2D the faces, which are edges (face with two vertices), of the polygon are
converted to a single face at the start of Algorithm 2. After deleting all the ¢4
vertices on the single face, it is converted back into a set of ‘edge faces’ after line 23
and returned.

For 3D, the algorithm continues by constructing a new face to close the reduced
polytope. Gambit formatting dictates that two connected vertices appear in opposite
order in the two faces containing both vertices. For example, if some vertex pair
{v, w} is seen on a face 9€;, which is connected to some other face 0€2;, then in 0€2;
the pair will be seen as {w, v}.

To construct a new face, 9€),, a list of new edges is created. The face table is
constructed by linking the edges together, as the starting vertex of one edge is the
end vertex of one of the other edges. This operation is conducted over lines 24 to 43.
The new set of edges, e, is constructed by reversing the order of every edge containing
only ¢; vertices, as per line 27.

Algorithm 2 need not update X, as noted in Section 2.3.1 only the face table
requires an update to exclude vertices from Q. Thus Q,(X,, 99Q,) is congruent with
0,(X,09,) so long as the inserted vertices already belong to X, i.e. if X, C X.

3.4 Numerical Tooling

3.4.1 Analytical Surface Definitions

AGI represents the free-surface implicitly as a level set function g¢;(z,y,2) = gi(x),
where the manifold g;(x) = 0 is interpreted as the position of the free surface or
interface. For example, an implicit spherical definition would read as

gi(x) = ag [al (x — a4)2 +as(y— 0L5)2 +as(z— a6)2 +1,

where ayg — ag would be the user defined coefficients. In practice, more complex
surface definitions such as Zalesak’s disk [50] may be required. A user can create
complex shapes by creating a ‘super’ function which is composed of a number of level
set functions, g = {90, 91,...-gm }. The super function returns the maximum level set
value in the set g, which allows for the formation of squares from line equations for
example. This approach is similar to VOFI [9,10]. The ‘super’ function G is expressed
by

G(g, z) = max(go(®), 91(2), - - -, gm (), (3-5)
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Algorithm 2: Polytope Edge Cut

© 0 N O Ok W

BORR R WW W W W W W W W WN NN DNDNDNNNNDNRFRRHE R B B B B [ (9
W N HF O © W N O 0k W N KFHF O O© W N O Ok W N FHF O © 00 NN 0k W N = O

s=1; // Array of states for each vertex
foreach intercept n; in m do
set ¢(1:(0)) <= <3
set ¢(mi(1)) + <g;
set ¢(1i(2)) < <is
end
g, =[] ; // Reduced Face Table
foreach face 0€2; in 0Qq, do
foreach vertex v in 0§); do
add 0, < v;
foreach intercept n; in n do
if {n;(0),7m:(1)} = {v,v+1} or {v+ 1,v} then add 9 < n;(2) ;
end
end
add 0Qq, <+ O
end
Greedy propagate state ¢ and ¢g;

foreach face 09} in 0Qq, do

foreach vertez v in 09 do
if ¢(v) = ¢4 then delete v ;
end
if 3D and size of OS2, < 3 then delete 02 ;
end
e=1; // Array of edges on the new face
foreach face 09} in 8, do
foreach vertex v in 09 do
if ¢(v) and ¢(v+1) =¢; then add e + {v+ 1,v} ;
end
end
while e not empty do
N, = [J; // New face
set {092,(0),00,(1)} + {eo(0),ep(1)};
delete eq;
foreach e; in e do
if 09,(m — 1) = €;(0) or e;(1) then
add 0, «if 0Q,(m — 1) = e;(0) then e;(1) else e;(0);
delete e;;
reset e; < eq;
end
end
add 92q, <+ 08y;
end

return 9Qq,;

and the free surface definition is taken to be the manifold satisfying G(g,x) = 0 = Gj.
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3.4.2 Assumptions and Constants

With the interface Gg and polytope elements €2 defined, a number of assumptions and
constraints are stated. The objective of these is to maintain generality in the types
of surfaces AGI can process as well as provide a set of rules to limit unreasonable
complexity. The assumptions and constraints are as follows:

1. The types of surfaces specified in g are not allowed to be queried.
GG must be continuous.

The analytical value of Vg or VG is not provided.

# (GoNQg) > 0 where Qp is the set of mesh elements.

# (Go Ne;) <2 where e; is an edge in some element (..

Go N 0£Y; is a single curve, where 9€); is a face in Q..

The manifold G is a single continuous manifold in €2..

® N e W N

There exists a normal 1 and coefficient §(x) such that

[Vm € X,E“|6(il))| < ﬂmax T+ /Bﬁ/ € GO A Sigﬂ(ﬁ(&)o)) = Sign(ﬂ(wl))]v

where

A= Y Re(j), 7 =0
JEF#(GoNe)
xp, x1 € X,

and R is the set of intersected unit edge direction vectors, orientated such
that VG- Re(j) > 0 along the edge. B is some maximum search length, and
should be of order element size. Here, X is the union of all sets of points on
every possible line (2D) or plane (3D) created from the intersection vertices in
Go N e. This condition ensures that the resulting trim volumes V; are convex,
or at least only ‘mildly’ concave.

The main objective of items 1 to 3 is to ensure generality of surfaces. Points 4 and
onwards ensure that a conservative volume fraction calculation can be guaranteed via
the outlined algorithm. Should one of these conditions be violated, it is recommended
that the mesh be refined.

3.4.3 Root Searches

Root finding is required for two purposes, the first is to determine the intercept co-
ordinate between G and the edge of a simplex. Secondly, roots are used to construct
the integration heights, H, defined in section 3.4.5. With the abundance of required
root finding operations, computational speed is of importance. Additionally, root
(and extrema) finding techniques must be capable of finding G given that G may
contain multiple surfaces.

Where G(xo)G(x1) < 0, a root is sought between the two vertices, g and x
(see Figure 3.3). A point on the line segment between the vertices is defined as a
parametrised function of A,

x(\) =xzo+ A (1 — o) |A € [0,1]. (3.6)
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z Go

Figure 3.3: The manifold Gy, intersected by some line segment, where \g is the A\ value
which zeroes G on [z, z1].

The parametrisation allows G to be expressed as G(z,y, z) = G(x())). To find the
root one need only search for some \g € A, that zeros G on [xg, 1]. The root is then
expressed as

x, = x(\o)|Go(x(Ag)) = 0. (3.7)

Since VG is computed numerically, and G may be composed of multiple surfaces,
methods relying on analytical or exact gradient information are not considered. The
root finding method of Brent [51] is however a suitable candidate, balancing speed and
robustness. It employs an inverse quadratic fit, with super-linear convergence, and a
bisection method, with linear convergence, for cases where convergence is either slow
or negative. Further, the bisection method ensures the root remains bracketed. The
Brent method strikes a good balance between speed and robustness, as it guarantees
a root on an intersected line segment.

3.4.4 Extrema Searches

An extrema search is conducted along an edge of a simplex when the two vertices
share the same sign. This determines if a double intersection of Gy along the edge
exists. The search is conducted when G(x¢)G(x1) > 0, with reference to Figure 3.4.
For positive values of GG, at the vertices, a minima is sought and, vice versa.

0
Qs
Te
x T1

Figure 3.4: The double intersection of Gy with the edge of a simplex(§2), with edge vertices
xo and x1. The extrema x. of G along the edge is drawn.

Similar to root searches, it is required that the employed method comprise super-
linear convergence where possible, but remains bounded around the extrema. In
the work by Brent [51] an extrema search is proposed, using an inverse parabolic fit



Chapter 3. Arbitrary Grid Initialisation 20

as the super-linear method and a golden section search as the linear method. Like
root searches along some parametrised line segment, x(\)(Equation (3.6)), a value of
Ae € A that minimises ¢.G is sought such that the extrema is expressed by

Te = T(Ae)|Ae = m/\in ceG(xz(N)), (3.8)

where

{—1 if maxima
Ce = .
1 else

Finally in 3D, an intercept with only a face, i.e. no intersections with the edges, must
be detected, see Figure 3.5. This occurs when all the vertices of a face share the same
sign and all the edges contain extrema with the same sign. For face minimisations, a
bounded Polak-Ribiere conjugate gradient(CG) method [52] is used. The underlying
implementation follows that of Press et al. [28] which does not require the construction
of a Hessian matrix. The line minimiser, used when searching for minima along
conjugate directions is that of Brent.

éVGJ_ﬁ
)

Figure 3.5: A simplex ; intersected by Gy, only on a single face. The removal of face
normal components of VG is shown as well as the bounding of the line search
for the line segment [x, x1].

To solve Equation (3.8) over the simplex face, the CG minimiser is constrained.
The component of the gradient of G that is normal to the simplex face is removed
using

VG = VG - (VG - A)n, (3.9)

where VG is approximated by a finite difference stencil in close proximity to the
query point. Further, the end point, @7 in Figure 3.5, of the line segment for each
line search of the CG minimiser is bound by the edges of the face. The solver is reset
every 6 iterations to prevent solution stagnation.
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3.4.5 Integral Parametrisation

To obtain high accuracy of volume calculation, AGI employs numerical quadrature
over intersection lines and planes. To enable integration in arbitrary directions, a
‘kernel’ of predefined integration operators are created. Using the geometry of inter-
section, the various input parameters to the operators can be constructed, allowing
the volume over the integration line or plane to be computed to high accuracy in a
generic manner.

Consider a height function H, where the height is a fraction of the magnitude of
some direction vector r (generally aligned with 7,, detailed shortly), starting at some
point &, and ending on the free surface, Gy (given some set g). Then,

[h(Xo) — | if 3G(h(Ao)) =0

H(G,z,r) = {0 , (3.10)

else
where
h(\) ={x+ Ar|X € 0,1]},

and where A parametrises the line segment h and A is the value of A that zeros G
on h, using Brent [51].

The integration operators conduct numerical integration in locally constructed, or-
thogonal axis systems. To provide integration limits to the operators, non-normalised
direction vectors, 7, are used in the construction of the axis system. These axes,

5 = {o,(ry,ry)} for 2D and R; = {0, (ry, 7y, 7yw)} for 3D, are used extensively in
the formulation of the operators. The operators and axis systems are shown in Figure
3.6. To compute the volume, H is integrated over these direction vectors, as well as
additional bounding vectors. The volume in 2D (see Figure 3.6) is computed using a
parametrised single integral of H with a constructed axis system, R}, as

1
S(G, Ry, 7o) = / H(G, a(A), 72)|ra|d), (3.11)
0
where
’Tu|2 .
a(A) =q0+ A= TolA €[0,1]
T Ty

To Ty 70,

and 7, is a unit direction vector used to construct the parametrised line segment a,
which is used as the starting point for each height. The domain size along 7, is set
by the length of r,. S will have predictable behaviour, i.e. correctly compute the
volume between Gy and a, when 7, - 7, > 0.

For 3D, two types of volume integrals are defined, both integrate .S along the third
axis 74, but vary the local axis, used by S, by computing R, as a function of A\. The
first operator integrates over some bounded region (in this work always a triangular
polygon), namely,

1
R(G, R, #a, o0, 1) = / S(G,RY, ) [ru] dA, (3.12)
0
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Ty o

Figure 3.6: The integration operator S in R} (top). The integration operator, R, over some
triangular plane (bottom left) and wedge integration operator W (bottom right)
in RS.

where

Ry = {bo(A), ((b1-0(A) - Pu) Py ) }

bo(\) = {o+>\ : A€ [0,1]},

f“bl‘)\ € [0, 1]},

|7

Th0

"AabO *Tw

"’"w‘Q

bl()\) = {0+ru+)\A
Tp1 " Tw

Ta Tu, Th0 * Tw, Thl * Tw 7£ 0,

where 7, 759, and 71 are unit direction vectors and bound the planar ‘region’ under
the surface being integrated. b;_g denotes by —bg and varies the size of the integration
domain, along r,, for S. To ensure the volume is correctly computed, the lower
bounding vector 7, must be coplanar with the uv plane, and both 75y and 7,; must
point along ry,, i.e. Ppg - Ty, Tp1 - Tw > 0.

The second 3D volume integral is that of a wedge given by

1
WG, R, o, ) — / S(G Ry, ) |Fuld), (3.13)
0
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where
Rl2 = {b()‘)v (( (G b()\), ra)'f'a : "A’u) Tu, Tv)} s

b(A):{ +A‘“J| Ae[o,l}},

Ty Tw

_ |"'U|2 .
Ta — A as
To - Ty

Ta* TusTh Tw 7 0.

Here 7, is varied in R} by finding the intersection of the lower bounding vector r,
and Gg using H (Equation (3.10)). Once again it is required that #, is co-planar
with the uv plane and that 7 - 7, > 0 for the integral to produce a volume that is
meaningful. It is worth noting that W should be used in regions close to G, where
H will return a non-zero value, i.e. where b(\) + r, contains a root of Gj.

3.4.6 Numerical Integration

AGI numerically evaluates the above parametric integrals using Legendre Gaussian
Quadrature, S is approximated by

S(G,RY, ) = |’““'/ < (1;A>,rv> dA, (3.14)

T
~ |2“| Z wH (G, a(A;),ry),
1=1
where
1+7;
A; 5 :

Here w; and r; are the weights and Legendre roots. The total number of integration
points is denoted m;.
The region integral is approximated similarly via Legendre Gaussian Quadrature,

R(G, RS, Po, Pro, Pp1) = ’Tw‘ / G’ Rz,'ra) dA, (3.15)
’Tw‘ -
~ Qiz;wls (G, R, 7,)

where

Ry = {bo(Ai), (b1-0(Ai) - Tu) Tus 10) }

and me is the external limit and is defined shortly. The wedge integral is expanded
numerically as

W (G, R,, 7, ) = "’“"/ (G, R, 7,) dA, (3.16)

‘Tw‘ Z S G RQ,TQ) ,
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Table 3.1: Look up values for determining the number of integration points.

Aa My |rul/|mo]l My [Twl/ o] me
0.0-0.1 4 0.0-0.1 min(my,4)  0.0-0.1 8
0.1-0.2 8 0.1-0.2 min(m,,8)  0.1-0.3 12
0.2-0.4 12 0.2-0.4 min(m,, 12) 0.3-0.5 16
0.4-0.7 16 0.4-0.6 min(my, 16) 0.5-1.0 20
0.4-1.0 20 0.6-1.0 min(my, 20) - -

where
R, = {b(A;), (H (G,b(A;),7a) Pa - Tu) Puy 7o) } -

The use of m; and m, is based on the recent work of Bn4 et al. [9,10], but generalised
to account for the arbitrary axis system in which integration occurs. First, a defined
in [10] (not to be confused with the volume fraction) is re-defined as

o V:G|V:G|
- 2VG VG’

where VG is the directional derivative in the direction of some unit vector 7. A«
is defined for every single integral S, as the absolute difference between alq gy and
@|q(1)- The non-dimensional characteristic lengths are defined as |ry|/|r,| for S and
|rw|/|ry| for R and W. Finally, Table 3.1 is then used to select the number of
quadrature points.

3.5 Reference Volume of a Simplex

3.5.1 2D Reference Volume

To begin, AGI seeds every grid point with a uniform volume fraction (a)) value of
unity or zero based on G at the node. To determine if a grid node requires a volume
fraction computation the edges in the mesh are looped over. If the volume fraction is
not uniform across the edge, the attached nodes’ control volumes are decomposed into
simplexes, via Algorithm 1, for further processing. A second edge loop is conducted to
ensure no nodes are left unprocessed. To maintain computational efficiency, already
processed nodes are skipped.

Each decomposed simplex, §2, is checked for intersection with Gy by interrogation
of the sign of G at the simplex vertices. A sign change between two vertices implies
an intersection along the connecting edge. An extrema search of GG, along an edge, is
conducted when no sign change is detected. A sign change at the extrema indicates
that there exists two roots along the edge and the edge is flagged for splitting at the
extrema. €l is spilt into the least number of sub simplexes by only splitting those
edges with splitting flags. Splitting at extrema helps to prevent further splitting.

When €2, contains no splitting flags but is intersected by Gy, a set of intersection
vertices, X,; = {mami(o), Tp0,,(1) ) is formed using a root search over the intersected
edges, where the ri subscript refers to ‘reference integration’ Using Algorithm 2 to
cut €2, at the vertices in X, a fully submerged or reference polygon €2, is constructed
(see Figure 3.7).

The volume of €, is V, from Equation (3.3) and can be computed directly with
Equation (2.11) (subsequent to decomposition into simplexes where necessary), Figure
3.7 depicts €2, and its volume, shaded in red. The trim, V; coloured blue in Figure



Chapter 3. Arbitrary Grid Initialisation 25

Qs

Z5Q,.;(0)

Qp

Figure 3.7: A 2-Simplex, (), intersected with the free surface Gy. The reference polygon,
€1, is shaded in red. The trim volume is shaded in blue.

3.7, is computed using numerical quadrature or Equation 3.11. It should be noted
that simplexes not intersected by Gp, but which have vertices with G < 0, have V,,
computed analytically via Equation (2.11).

To begin the integration of V4, a plane normal, 7n,;, is constructed to be orthogonal
to the integration face 0Q,; via Equation (2.9). In Figure 3.7, the trim is positive (or
additive) to V, since Gy is external to €2,. To account for cases where G protrudes
into €, a volume sign coefficient is introduced,

1 ifG(x) <0

3.17
—1 else ( )

o (G, x) = {

This allows V; to take on negative (or subtractive) volumes. In such instances, f,;
must be flipped to ensure H produces heights. The general trim volume in 2D is
calculated by

W - CUS(Gv Ré) ,'20,1))
where
RIZ = {mGQM(O)’ (TO,I) Cvlﬁri)}a

and ¢, is evaluated at X,;, the mean of the set X,;. The projection length [ is the
hypotenuse of the bounding box of 2;. The subscripts to direction vectors refer to
the vertices indexed by the indices in 9, such that 71 = xsq,,(1) — Taq,,(0)-

3.5.2 Considerations for Extension to 3D

In 3D, a further extrema search must be conducted after all edges have been checked
for extrema. Should no edges on a face be intersected, the extrema of G on the face
is sought. If the sign of G at the face extrema differs from the vertices, the face is
flagged for splitting at the extrema. Further, the face and geometric centres of the
simplex are pre-emptively moved to avoid subsequent splitting of the sub-simplexes
by conducting extrema searches between the vertices of €25 and these centres and
moving the centres to the extrema where required.
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While in 2D, intersections of €25 yield two intercept vertices, 3D is more complex
where two types of intersection configurations are encountered namely,

Xri = {%00,.(0) To0:(1) To0:(2)

or

Xi = {Ta0,,(0) T, (1), TQ,4(2)> THQ,4(3) ) -

Further, the nature of the intersection of Gy with the faces of {25 and their orientation
with respect to the integration face, 0€2,;, complicates the computation of V;. A single
integral, as with 2D, is not possible and a new approach of composite integration is
adopted. The trim volume is adjusted such that

Vi=Vr+ Vi,

where Vp is the region volume computed via Equation (3.12) and Vyy is the sum
of wedge integrals, computed along the edges of the intersected face with Equation
(3.13). The approach can be more clearly understood by projecting GoN€2s onto 98,
to form a number of limit curves, and supposing no wedge integral was attempted.
The limit curves are depicted in Figure 3.8 as green dashed lines and are co-planar
to 89”

A limit curve will only be co-linear with an edge of 9€),; if the face of ), containing
the edge, is orthogonal to 0€2.;. Where a limit curve falls inside 9€2,.; the manifold Gg
will overhang 9f2,.;, and Gy in this region will be external to 2,. Conversely, an under
hang is formed when the limit curve falls outside 0€2,;. These are the shaded green
sections of the manifold Gy in Figure 3.8. If left unresolved, an overhang will unbound
the volume fraction computation and an under hang will create an integration ‘gap’
which under-predicts the volume fraction when ¢, = 1.

Figure 3.8: Showing cases of overhang(left) and under hang(right) for a 3-simplex inter-
sected with a cylinder. The red face, 05),;, indicates the integration face in the
reference volume, §2,. The bounded free surface is shaded blue and that part
of free surface that over- or under-hangs the intersection face is coloured green,
with its level curve, dotted green line, projected onto the plane containing 9€2,.;.

Finally, a simple outward-pointing normal of the intersected face may not neces-

sarily satisfy condition 8 in section 3.4.2. A new normal, n/,, is constructed from the
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original normal, the mid-point of the intersected face, and the vertices Xq,, as

il = DX (e () - i) (3.18)
|, — X,|  @icXa, @i — X4

If the maximum value of the above dot-product is below v/3/2, further candidate

normals are constructed. The first set between the edge midpoints of Q, and X,

and the second between the closest point on the edges to X,; and X,;. If any of these

candidate vertices produce a higher value dot-product, they are selected to construct

~/
n,..

3.5.3 3D Trim Volume

As mentioned, intersections of Gy with €5 in 3D can yield three or four intersection
co-ordinates. First the three vertex case is detailed, followed by the modifications
needed to compute cases with four intersections.

The three intercepts, X,; = {Zsq,,(0) Taq,,(1)s Taq,,(2)}, are used to construct an
intersection face normal n,;, from which the modified normal n/, is calculated as per
Equation (3.18). A Gram-Schmidt (GS) orthogonalisation like procedure is followed
to construct the local integration axes. For brevity, additional notation is introduced
to truncate formulae; the orthogonal component for some vector a relative to some
vector b is denoted via superscripts L b and defines the following operation,

b
aLb:a_aj
bl

The region volume can be computed directly from the intersection geometry by
Vi = ¢, R(G, R, P02, P01, T21), (3.19)
where
2, = {0, (rdf el ()0 )

The reader is reminded that the edge direction vector’s subscripts indicate the vertices
on the integration face 9€),;. The axis must be constructed in order, such that the
GS procedure produces an orthogonal Rj axis, 7.e. © must be constructed before ,
which must be constructed before w. The configuration of the axis is depicted in
Figure 3.9.

Finally, the set of wedge integrals must be computed to account for over and
under hangs. A new sign coefficient is introduced, ¢, to determine if Gg over or
under hangs a particular face and is expressed as

1 if CU’fL;,i “nyn < 0
Cw (Cos Ty Mo0) = 30 if eyl - Pga =0, (3.20)

—1 else

where ngq is an outward-pointing face normal of €);. The volume contribution
from the wedge integral is thus computed via

Vi = Z coCuwiW (G, Ry 5 Cofngg is Tiit1) (3.21)
i=0,1,2
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T .
Lo0,4(2) 0%ri(1)

8QM / ﬂri

N/
n,;

Qp

Figure 3.9: Geometry for a three vertex integration face, with the R axis for the region
operator drawn. npgq, will be the face normal used to construct 75,0 for the
first wedge integral.

where

r A1l A/ 1o \Llu
Rs; = {magm.(,-), (l’rnag,w clng;, (ri,i—i—l) )},
NoQ; X Tiitl

Pt =
"V R, X i’

and 7r; ;41 represents the edge direction vector starting at the vertex, in 0€2,;, denoted
by the subscript ¢ and ending at ¢ + 1. To account for the last edge, where i = 2,
¢ + 1 is reset to zero thus closing the face. npq, is the face normal of the face in €,
that intersects 9€,; along r; ;11 and is the second normal used to calculate c,, for an
edge.

The intersection set of Gy and €5 may yield four vertices, and further, that these
vertices are not necessarily co-planar. The intersection face will be triangulated using
X,; when 2, has its volume computed. The trim must follow this approach to ensure
correctness of Equation (3.3). Thus X,; is appended to X,

X=X, U{X,}.
The face 0f),; is broken into four sub faces,
Oy = {010, 07,1, 05,2, 013},
where
O j = {4,004(7), 00:(G + 1)} 7 €[0,1,2,3),

and where 0€), is the set of the four new triangulated faces, the configuration has
been drawn and shown in Figure 3.10. Again, where j+1 overflows the original array,
it is reset to zero. The starting vertex of each sub face will be X,; which is placed at
the end of X,; and thus 0€Q,, ;(0) = #X,; = 4 for every sub face. Since the sub faces
may not be co-planar, there may exist over or under hangs between the different sub
faces. However, by maintaining a constant normal over all sub faces these over and
under hangs will vanish.
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Figure 3.10: Trim geometry for a reference polytope with four intersection vertices, and the
subsequent splitting of the integration face, 0€),;, into sub-faces 0€, o—3.

To compute 1,4, all the sub face normals, ng, ;, are summed, and the resulting
vector is normalised by

. E j ﬁsr,j

Ny = ———.

‘ > j Tlsr.j

Equation (3.18) is again applied to produce n,;. The computation of Vg is computed
via a sum of the region integrals over the sub faces given as

/ ~ ~ A
Ve= Y cR(GRy #4750, Paji1),
j=0,1,2,3

where
!/ 1o ~/ 1o la
R3,j - {wan‘(j)? (rj,4 s ol (rj,j—i-l) )}’

and where subscript j refers to the vertices in X/,. The wedge volume can be com-
puted via modification of Equation (3.21), thus

/ ~ ~
VW = E CUCwJ‘W (G,R&j, cvrnm,j, ’l“j7j_|_1) y
7=0,1,2,3

where
! ~1lD ~ 1o K7
Ry = {waﬂn(jw (“’ roengr Col i (T5.741) )}

My X Tjj+l

Prgnj = b 2L
no0,J |’n/fj % 'r‘j,j+1|,

and need only be applied around the four edges of 9€,;.
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3.6 Results

3.6.1 Assorted 2D Surfaces

The first set of surfaces to be presented demonstrate the capability of AGI to initialise
general functions on unstructured grids. To test the accuracy of AGI, the absolute
error of the total initialised reference volume is computed,

e = Vo — Vil (3.22)

where € and V, are the absolute error and analytical reference volume respectively.
V., is the numerically computed reference volume and is obtained through the sum of
the product of o; and V;, via Equation (3.1) in every cell. In all cases Vj is of order
1.

1.0 T T T T 1.0 T T T T
0.8 B 0.8 E
0.6 | 4 0.6 F |
0.4 R 0.4
0.2 - 0.2 F i
0.0 L L L 0.0 L L L

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
1.0 T T 1.0 T T T T
0.8 | E 0.8 F _
0.6 | 4 0.6 F .
0.4 - 0.4
0.2} 4 0.2F =
0.0 L L 0.0 L L L

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.11: Showing the initialisation of an ellipsoidal(top left), sinusoidal(top right),
parabolic(bottom left), and Gassian(bottom right) fields. The reference poly-
gons (the wetted side of cut 2-simplexes) are depicted in red. Integration
heights are drawn as blue line segments.

The fields are shown in Figure 3.11. In the figure the reference polytopes are
depicted in red and the integration heights, computing the trim, are drawn in blue.
The resulting absolute errors obtained were 1.18e~ '3 for the ellipse, 8.65e~'? for
the sinusoidal field, 5.55¢~17 for the parabola, and 7.36e~% for the Gaussian field.
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As depicted, reference polygons are only created in the vicinity of the interface for
efficiency (See section 3.5).

Also clear in the figure are the integration heights, Equation 3.10. In regions of
high curvature these are visible as a blue ‘shell” where as for regions of low curvature
these are not visible. The latter is due to the reference surface better approximating
the interface, i.e. the integration height lines are extremely small.

3.6.2 2D Droplet Initialisation

Having demonstrated AGI working on general surfaces, the accuracy metrics must be
evaluated. This case tests AGI’s 2D performance as a function of mesh resolution (el-
ement size), number of integration points (m; in Equation (3.14)) and element quality
(equilateral triangles are considered ideal quality). This requires a large number of
meshes as now described.

To begin the mesh generation process, seeding nodes were placed on each boundary
in an equi-spaced manner. The interior of the domain was meshed via Delaunay
triangulation. The Delaunay process was allowed to add internal nodes to optimise
element spacing (equi-spacing). This constitutes a base mesh, of which six were
generated by increasing the number of seed nodes on each boundary from 3 to 8.

To assess the sensitivity of AGI to element quality, the nodal co-ordinates in each
base mesh were moved in a random manner. However, to retain legitimate finite
volumes, nodal displacements were limited to no more that 50% of the radius of the
inscribed circle of the node’s control volume. Fifty such random meshes were created
from each of the base meshes.

Table 3.2: Resulting mean (£), max (&,,), and standard deviation (e,) of absolute error
for the 2D droplet initialization on an increasingly finer set of randomised base
meshes. The set of integration points (m; form Equation (3.14)) used was 3,5, 7.

No. node €3 €5 e
5
13 5.17e-08 8.03e-12 2.36e-15
21 4.23e-08 9.80e-12 4.21e-15
33 6.14e-09 4.25e-13  6.94e-17
48 4.64e-09 2.20e-13  3.00e-17
68 1.88e-09 5.56e-14 2.50e-17
91 2.57e-10 2.14e-15 2.16e-17
Em
13 1.64e-07 6.23e-11  3.66e-14
21 2.31e-07 1.02e-10 6.85e-14
33 2.38¢-08 3.86e-12 8.88e-16
48 1.69e-08 1.28e-12 1.67e-16
68 1.16e-08 6.64e-13 8.33e-17
91 1.13e-09 2.23e-14 8.33e-17
Eo
13 2.68e-08 9.29e-12 5.18e-15
21 5.03e-08 1.85e-11 1.09e-14
33 5.55e-09 7.50e-13 1.49e-16
48 3.76e-09 3.02e-13 3.46e-17
68 1.88e-09 1.07e-13 2.10e-17

91 1.92e-10  3.40e-15 1.95e-17
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Figure 3.12: The random meshes for each refinement level, which caused the greatest error

when m; was set to 3. The red lines plot the reference polygons, while the
blue lines represent integration heights on 9€2,;. In some cases splitting of the
reference polygons can be seen, for example in the region in the middle left
figure around the co-ordinate [0.75,0.4].

The volume fraction was computed on each of the randomised meshes for three
different values of m;, namely 3, 5, and 7. The implicit level set function selected for
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describing the initial free surface was calculated by
g(z,y) = (. —0.5)* + (y — 0.5)% + 0.25%.

Similar to the previous case, the resulting volume and subsequent absolute errors
were computed via Equation (3.22). The average (&), maximum (g,,), and standard
deviation (g,) of errors were recorded for each refinement level and for each set
of integration points. The results are reported in Table 3.2, where the numerical
subscripts of € denote m;.

The results in Table 3.2 demonstrate the relative insensitivity of AGI to element
quality, ¢.e. the standard deviation is of the same order as the mean. Additionally,
as expected the error reduces with an increase in the number of integration points
as well as a finer base mesh. It is noted that tests were conducted on a machine
where c¢float reported double precision epsilon to be 2.22¢ 6. Errors of this order are
therefore dominated by machine precision.

The grids resulting in the maximum absolute error from each refinement level for
m; = 3 have been plotted in Figure 3.12. Again the reference polygons have been
coloured red and the integration heights in blue. On the coarser meshes, it is possible
to see the numerical integration heights while as the grids get finer the blue ‘smears’
into a ‘thin shell’ over 012,;. Additionally visible is the reduction in length of the
integration heights as the mesh gets finer and 0f,; better approximates Gy.

3.6.3 3D Droplet Initialisation

The first 3D test case is the extension of the previous 2D case. The base meshes were
generated by seeding each of the faces of a unit cube with an equispaced structured
grid. The size of the structured grid on each face was increased by one, from a
3 x 3 toabxbgrid, to form three base meshes. Each face was diagonalised to
form triangular face elements. The volume mesh was then generated with Delaunay
tetrahedralization, again allowing the procedure to add nodes to optimise for element
quality. A similar randomisation process was again conducted to produce fifty grids
from each base mesh. This to again assess the sensitivity of AGI to element quality.
The implicit function used to initialise the free surface was computed by

g(z,y,2) = 2%+ y2 + 22 -0.5%,

and the values of m; and m,. varied between 3, 6, and 9. The resulting mean, maxi-
mum, and standard deviation of absolute error for each refinement level and fixed set
of integration values are reported in Table 3.3. Again the trend shows that increasing
the number of fixed integration points has a consistent and significant effect on the
error in the computed volume. The mean error is reduced with increasing refinement,
albeit slower than 2D.

Figure 3.13 shows the initialised volume for the coarsest mesh resulting in the
maximum error when m; and m, was set to 3. The red lines depict the edges of
the face 09),;, and the integration heights are again coloured blue. The grey lines on
the top figure are the edges of the grid. The bottom, zoomed in, figure shows the
integration faces, 9€);;.

It is possible in Figure 3.13 to see integration planes with 3 and 4 intercepts.
Where four intercepts occurred the density of integration heights is generally higher,
owing to the integration face subdivision prior to integration (See section 3.5). When
looking closely at the edges of the integration planes, the wedge integrals are also
visible as blurred blue dots and lines in most cases.
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Table 3.3: Resulting mean (€), max (g,,), and standard deviation (,) of absolute error
metrics for the 3D octant droplet initialization on an increasingly finer set of
randomised base meshes. The set of integration points (m; and m,) used were

3,6,9.
No. node €3 €5 €7

g

34 1.36e-07 1.80e-10 1.12e-12

63 3.62¢-08 5.30e-11 2.44e-12

112 1.04e-08 4.92e-13 4.66e-16
Em

34 4.85e-07 1.66e-09 1.70e-11

63 2.14e-07 5.58e-10 9.52e-11

112 3.76e-08 5.38¢-12 1.33e-14
€o

34 1.13e-07 3.27e-10 3.26e-12

63 4.21e-08 1.23e-10 1.35e-11

112 9.46e-09 8.44e-13 1.93e-15

Finally, one can see the faces of split simplexes (See section 3.5) which occurred
in the front left corner of the sphere (Figure 3.13) where an increase in the number
of integration faces is apparent. This test case demonstrates the robustness of AGI
in 3D, where even for extremely poor aspect ratios, such as the split simplexes, it is
still able to produce a result relatively close to machine precision when m; = m, = 9.

3.6.4 3D Sphere and Paraboloid Intersection Initialisation

The final tests case demonstrates the ability to use intersecting surfaces. The first
intersecting surface was a sphere with its centre placed in the middle of a unit domain.
The sphere’s radius was chosen to be 0.25 and was intersected by a paraboloid, the
second surface, along the plane z = 0.5. The implicit definition of the paraboloid was
defined by

9(z,y,2) = —4 (2% +y?) +4(z +y) + 2 — 2.25.

The mesh used was that of the base mesh which was seeded with a 5 x 5 structured
grid on each face. The resulting Delaunay tetrahedralization of the volume yielded
112 nodes. The reference integration faces produced by AGI are plotted in red in
Figure 3.14 and the ability of the algorithm to handle surfaces with discontinuous
gradients is made apparent.

As with the previous case, the increase in accuracy was assessed via varying
the number of integration points per case. Table 3.4 contains the resulting volume
errors. The reduction in error is less dramatic than that of the spherical case, due
to the discontinuity in gradient at the surface intersections. However, there is still a
significant reduction in error with AGI proving accurate and robust.

3.7 Conclusion

In this chapter a new scheme is proposed to initialise the volume fraction field on
an arbitrary grid given some arbitrary implicit surface definition of the liquid-gas
interface. The method first simplifies grid complexity by decomposition of control
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Figure 3.13: Showing the random grid on the coarsest refinement level causing the worst
error when using m; = m, = 3. The top figure depicts the integration
faces, 0€);, of the reference polyhedra, surrounded by the internal mesh edges
coloured in grey. The outer ‘bounding’ edges of the domain have been coloured
in black. The bottom figure depicts a close up view of the integration planes
and includes the integration heights shaded in blue.

volumes into simplexes. Each simplex is then cut to create a wetted or reference
polytope which is computed analytically while the volume between the intersected
face and the free surface is computed to high accuracy via numerical quadrature
vis-a-vis Legendre Gaussian quadrature.

The scheme was applied to a number of challenging test cases, involving a vast
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Figure 3.14: The intersection of a sphere and paraboloid at z = 0.5 in a unit cube. The
integration faces 0€2.; are drawn in red.

Table 3.4: The absolute volume error for different val-
ues of m; and me..

m; = Me €&

4 2.60E-04
8 6.53E-05
14 2.55E-05
22 1.13E-06

array of unstructured grids. AGI performed robustly and accurately, achieving consis-
tent results throughout. This demonstrates the capability of AGI to reliably compute
the initial volume fraction for arbitrary free surfaces on unstructured grids.
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Chapter 4

The Volume of Fluid Method

4.1 Introduction

4.1.1 The Volume of Fluids Method

The Volume of Fluid (VoF) Method [8] has become one of the most popular methods
for modelling two phase flow due to its volume (mass) conserving nature. From
a multi-phase perspective the VoF method is an interface-capturing, single fluid,
approach. These methods employ an Eulerian interface formulation where a single
set of governing equations are used for both phases of the fluid [53]. The key aspect of
the VoF method is the advection or transport of the volume fraction field, which is still
an active area of research [18,19]. Broadly, the objective is to advect the fraction field
while minimizing numerically induced distortions to the interface geometry. While
seemingly simple it is a difficult feat to achieve, especially on unstructured grids.

4.1.2 Geometric Approaches

For the purpose of this discussion, VoF methods are subdivided into geometric and
algebraic variants. In the case of the former, interface reconstruction is performed
at a local cell level. The reconstructed interface together with the cell geometry
and velocity field are then used to compute the amount of volume flux occurring
at cell faces [54]. Geometric approaches can be further broken down into split and
unsplit approaches. Split approaches advect in each cardinal direction separately
and then reconcile the final face fluxes [12]. Unsplit methods advect in a single step
but are generally more computationally costly [55,56]. However, it is these unsplit
methods that, naturally, lend themselves to unstructured methods. Until recently
geometric methods were limited in scope in that there was little to no effort placed
on unstructured applications. However, recently the area has advanced significantly
[17-19,57-59].

A key strength of geometric VoF is the ability to maintain a sharp interface.
This allows for large Courant numbers which has a significant effect on the overall
computational cost of such methods. The unstructured variant is significantly more
complex and costly than the structured version.

4.1.3 Algebraic Approaches

The second class of VoF method is the algebraic variant, which also contains two sub-
approaches: the hypobolic-tangent method of Xiao [60] and the compressive methods.
Examples of the latter are HRIC [61], CICSAM [2], STACS [62], and FBICS [63]. The
compressive methods typically blend some form of downwinding, providing interface
compression, with a higher resolution upwinding scheme. In the case of CICSAM,
HYPER-C [64] and ULTIMATE-QUICKEST [65] are used as the downwinding and
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upwinding components respectively. The second component to these methods is the
blending, or weighting, of the two computed face values. Generally the blending uses
the alignment of the volume fraction gradient, a proxy for the free surface normal,
and the cell face normal to determine the ratio of downwinding and upwinding.

A number of reviews have been conducted on the methods [62,63, 66-68], espe-
cially comparing HRIC and CICSAM (which are the more popular methods). Theses
reviews made a number of critical findings. The most crucial was that at higher
Courant numbers, cf, the schemes tend to become overly diffusive and lose their abil-
ity to maintain a sharp interface. Further, while naturally applicable to unstructured
grids, these methods typically yield inferior results, in terms of accuracy, when com-
pared to geometric methods on structured grids. Of the algebraic methods, CICSAM
was found to perform better than HRIC in studies where the two were compared.
However, while STACS and FBICS performed similarly or worse to CICSAM at low
cy numbers (<~ 0.4) they proved superior at higher ¢y numbers [68].

Some new entrants to the algebraic VoF methods include HiRAC [3] and M-
CICSAM [68]. The former introduces a new compressive term to the VoF governing
equation which increases the accuracy of CICSAM at higher ¢y numbers. Addition-
ally, HIRAC introduces a filtered volume fraction field for the blending operation, as
it provides a more accurate representation of the interface. M-CICSAM combines
the work over the preceding decade to reformulate CICSAM with more accurate face
operators based on local ¢; values and interface alignments. M-CICSAM also takes
into account the orientation of the velocity vector at a cell face, during the blend-
ing operation. Finally, M-CICSAM modified the unwinding projection of the volume
fraction field to improve unstructured accuracy.

Both the aforementioned methods improve on the CICSAM base scheme from
which they are derived, especially at high ¢ values (> 0.4). M-CICSAM and HiRAC
feature the same test cases and a comparitive analysis suggests that the two methods
are equivalent for ¢y < 0.7 and that M-CICSAM is marginally better for c¢; > 0.7.
However, this comes with additional complexity and cost. Finally, a comparison
between CICSAM and HiRAC against the latest geometric methods has not been
conducted.

4.1.4 Closer

Historically, it is well known that geometric VoF methods are generally more accurate,
for a wider range of ¢y values. On arbitrary meshes this is however at the expense
of computational cost and complexity as compared to the algebraic approaches [69].
In addition, until the recent works on unstructured girds [17-19, 57-59] geometric
methods were limited to structured meshes.

While the work conducted by Heyns et al. [3] on HIRAC provided a valuable
contribution to the algebraic VoF community it lacked a modified volume fraction
face value. This ultimately leads to essentially a non-conservative scheme due to an
inconsistency between face and nodal densities. In this chapter a consistent volume
fraction face value will be formulated for the HIRAC method which guarantees conser-
vation. Typically, the CICSAM (and HiRAC) methods are integrated in time using
a Crack-Nicholson approach, and where bounding is desired a predictor-corrector
method is applied [2]. However this has two drawbacks. The first is the high cost
of an implicit VoF solve. The second difficulty is due to the velocity flux at the
face not being available at n + 1. Correcting this would require multiple passes be-
tween the incompressible and VoF solvers, which would be prohibitively expensive.
A predictor-corrector method [16] has therefore been adopted in this work, and due
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to the trapezoidal rule of integration achieves second order accuracy with respect to
time. This overcomes the two aforementioned mentioned drawbacks.

Finally, the CICSAM and corrected HIRAC method will be compared in terms of
accuracy to the latest geometric methods. Since these methods have been evaluated
at a ¢y = 0.5, numerical analysis in this work will also be presented at this c; value
allowing for direct comparison. Further, at lower Courant numbers CICSAM and
HiRAC produce similar results [3]. This will be on both structured and unstructured
methods in 2D and 3D. Note also that the use of larger c; values is where the over-
all scheme cost is best as this implies fewer solution time-steps. Additionally, this
work represents the first quantitative accuracy assessment for HIRAC in 3D, since all
preceding 3D work was qualitative in nature.

4.2 Temporal Discretisation

For convenience, Equation (1.3), from Chapter 1 is restated,

?;Z—i-v-au:(),

where « is the volume fraction and w is the fluid velocity. The recent work by
Heyns [3], on HIRAC, introduced a compressive term to the above namely,

Oa

a—l-v-au%—v‘a(l—a)uhrzo, (4.1)
where up, is a compressive velocity detailed shortly. The semi-discrete equations can
then be expressed as a 2nd order predictor-corrector scheme, as per Tryggvason [16].
Here the value at n+ 1 is obtained by taking two explicit steps per time step to yield
the update set of equations:

0 —a ~ ALY 0wt V- a(l — auy]",

att?2 =attt — At [V -au+ V- Oé(l - Oé)uhr]ﬁ_l )

1
a"t == (a" 4+ ot . 4.2
L ) (12
The spatial discretisation of the volume fraction at the cell face requires an interface
normal. For this purpose a smoother volume fraction field, ax, is created. The o*
field is initialised to « after which two Laplacian smoothing iterations are performed:

o = q,
I ! /7
't = o — AV Vatt, (4.3)
!
a*,L—i—l _ a*,L +2’

where / represents the sub-iteration number. A/ represents the pseudo-time step
size, computed via Malan et. al. [32]. The face gradients for the spatial term in
Equation (4.3) are discretised using Equation (2.13). Finally, for the update to a*"*!
the same trapezoidal predictor-corrector method, Equation 4.2, is applied.
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Figure 4.1: An edge discretisation where, due to the orientation of u, node 7 is the donor
node and node j is the acceptor node.

4.3 Spatial Discretisation

The first VoF spatial term in Equation (4.1) is approximated over the faces as

1
V-auli x4 > arugy,
fEOQ;

where o results from the CICSAM discretisation [2,70], 0§; and uss (Equation 2.4)
are as defined in Chapter 2. CICSAM utilises a donor-acceptor approach to edge
based discretisation. This requires the inspection of the orientation of the velocity at
the shared face between the two connected nodes, i and j, as depicted in Figure 4.1.
The donor node is the upwind node of the face, along an edge, and the acceptor node
is the down wind node. Using the donor and acceptor alpha values an upwind alpha
oy, is constructed to normalise the donor value:

o, = min (1, max (0, g — 2 Va|,; - Faalmi ), (4.4)
log| = 24— %
d g — Oéu’

where a4 and «, represent the donor and acceptor node’s alpha value respectively.
Note that the use of Equation (4.4) is due to the nature of unstructured grids, where
the value for the upwind node is not readily available. Using the normalised donor
value the HYPER-C, |ap.|, and ULTIMATE-QUICKEST, ||, approximations can
be computed by

I

min(1, 1240y if 0 < |ag| <1
|| = d
|| else

)

min (Jane], |aleq + (2G2S if 0 < Jag <1
|auq| =

lag] else
where ¢g4 is the local donor cell Courant value, computed for each node by

At
Cq = Z max(O,uf‘f/ >

feafli

Next the blending ratios are determined, using the smoothed volume fraction Va*,

as
. ]Va*-rij|>m >
= min —_ 10,
7 << Va]iri]
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where the value of m is set to 2 and as per Heyns et al. [3]. Note that it is the
smoothed volume fraction gradient which is used in the blending ratio, and differs
from the original formulation of CICSAM. Finally, the normalised and final value of
ay are computed by

gl = ylene| + (1 =) [evugl,

or, setting
sl = leal
— 4.5
== ol (4.5)
ay = min(1, max(0, (1 — f)ag + Bay)). (4.6)

The second term in Equation (4.1) reads discretely as

1 ups| Vo .
V-a(l—a)up|, ~ — ar(l—ay)c —| - An|y,
v Vi f%i : Af |VO¢ ’ I

where ¢, is a compressive factor for which a value of 0.1 is used in this work. ay is
as computed by Equation (4.6).

For the conservative discretisation of the momentum equation, a face « value must
be supplied which satisfies the following relation for incompressible flow,

(90%
ot v Z O‘f“ff = 0.
Feaqy;

The above published HIRAC relation however does not lend itself well to this (as the
spatial term is not written in this form). Nor is there any formulation available for
a}. This thesis therefore proposes such a formulation by equating the above to the
spatial component of Equation (4.1), as

V- O/f'Uff =V .ajup; +V- af(l — Q) Upy

lurs| Va* R

Z apufy = V, > agugy+ap(l—apca—? |y
feaﬂ b reaqy f

sign(urf) Var .

A Z <Qf+af 1_af) A ‘VO(*| An’f urf;
feaQ I !
: Var
oy = ay (1 +(1— af)cas,lgn(u]cf)w : nf> , (4.7)

where the o/f is the conservative face volume fraction.

4.4 Volume Fraction Bounding

In the original work by Ubbink and Issa [2] a mechanism for correcting unbounded
volume fractions was created. This is clearly of importance to industrial codes as
un-bounding in « leads to unbounded material properties. Left uncorrected, un-
bounded volume fractions can lead to unphysical negative densities and viscosities.
Generally, the procedure involved determining whether the donor cell’s unbounded
value is an over- or undershoot. Then, by looping over faces an update § value from
Equation (4.5) is computed to correct the unbounded cell. This correction procedure
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was originally designed for an implicit Crank-Nicholson time integration scheme and
is here adapted for the explicit predictor-corrector time stepping case.

4.4.1 CICSAM

The bounding error for an over- or undershoot of the volume fraction at a node are
respectively defined by

T = max(aj ™ —1,0),
and
& = max(—a&‘“, 0).
The corrected face fraction, formulated by Ubbink and Issa [2], is expressed as

€+

where
_ ugrAt
Cff - ‘/7, ’

and cyy is the face Courant number or volume flux across a face. Finally, the new
face volume fraction has the same form as Equation (4.6) namely,

a} =(1-p3%aj + By, (4.9)
and
gr=p-pn0<p <. (4.10)
Substituting Equations (4.10) and (4.8) into (4.9) yields
6+ / /
af+—=1-F+paa+ (8- F)a,
crf
e+
[ —
=h= Aacyy’

where Aa = a, — ag4. Following a similar procedure for undershoot errors, where
E~ >0, B’ can be computed as

;&
o Aacyy’

The above operations are performed on the donor cell and as such the following split
function is created for /3’

min —ﬁjﬁ,ﬁ) if £ >0 Aa < —ET,
B = ¢ min ﬁ;ﬁ,ﬂ) elseif E& >0NAa>E, (4.11)

0 else,

after which S’ is used to update 8* to then obtain a*.
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4.4.2 HiRAC

The original work on HiRAC contained no mechanism for dealing with unbounded
volume fractions. This work addresses this shortcoming for the first time by develop-
ing a bounding scheme. As before Equation (4.7) is updated with the corrected face
fraction oz; as

of = af (1+ (1 —af)kn),

where
Va*

]Ch = casign(Uff)W . nf.

Substituting Equations (4.8) and (4.9) into the above gives
! 5+ ! / 2 / 212
oy + o = ay — Aaf + asky — Aaf'ky — (of — 205 A0’ + Aa®B7) ky,
= a} — Ao (1 + kp, — 204fk7h) 5/ — Aazkh,@IQ.
Algebraic manipulation then yields the following quadratic expression:
&+
Ac?kpB? + Aa (1 + ky, — 2apky) B+ — =0,
Cfrf

for which the two 3’ roots are expressed as

| —Aa(l+ k= 2apky) £\ /(Ao (1+kn —2a5k))° - 4802k, £
7 2A02ky, - (412)

An analysis of the above is prudent both to determine if real roots exist, and whether
they are positive and in an appropriate range (Equation (4.10)). First the expected
ranges of the above variables are considered: oy € [0,1], kj, € [—ca, co), A € [—1,1],
crr € (0,1). This leaves £ which is strictly positive, however, it can be reasonably
assumed £ < 1.

Upon further consideration of the occurrence of an overshoot the aforementioned
ranges can be further narrowed. The overshoot occurs on an advancing interface,
where the over full donor cell, at n + 1, did not advect enough material to acceptor
cells. This implies ugy > 0 and Va* - ny < 0 thus kj € [—co,0]. This ensures a
strictly positive discriminant in Equation (4.12).

To determine if valid values of 3’ exist, Equation (4.6) is rewritten in the following
form:

af = ag + fAa,

using the relationship Aa. The solution space for 5’ can now be mapped for the
appropriate ranges of 3, kj, 1, and Aa and determine if Equation (4.10) holds. The
valid solution space for ¢y = 0.5 and off = 0.95 is illustrated in Figure 4.2. The o
is selected as a representative value of a node likely to overshoot.

Clearly, for the vast majority of the possible solution space, valid solutions are
available. Where no valid 3 can be found, the scheme reverts to CICSAM to ensure
a bounded solution. Note that for 8 = 0 there exists no valid solution, however this
is inferred by Equation (4.10). Thus the minimum value of 5 in Figure 4.2 starts at
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Figure 4.2: Map of HIRAC /3’ roots satisfying Equation (4.10) for ¢y = 0.5 and o} = 0.95.

Finally the expression for the undershoot case’s (£7) 8’ roots are computed as

—Aa(1+ky — 20sz‘h) + \/(Aa (1+kp — 20&fk‘h) )2 + 4Aa2k:h5;

/ Crf
B N 2Aa2kh '

With a similar analysis of the expected ranges of the variables in the above, it is
possible to demonstrate that the discriminant is strictly positive. Further, the valid
solution map of B’ for £~ yields a similar plot to the overshoot case. Finally, to
evaluate the boundedness of the schemes, for this chapter, the outlined bounding
algorithms are not employed (but are in subsequent chapters).
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4.5 Results

A number of metrics are used to determine the performance of a VoF advection
scheme. The shape or geometric error, which measures the absolute difference between
the analytical and numerical solution at a given node, is expressed as

5g(miat) = ‘an(wivt) - Oda($z‘,t)| s

where g4(x;,t) is the error at time ¢ and «; is the node coordinate. The numerical
and analytical values of the volume fraction are denoted ., and «, respectively. The
analytical volume fraction field is computed in this work by using AGI [1].

The L; norm of the geometric error is computed,

legll = /Q cgdV = 3 Viey (),

where V; is the dual cell volume associated with node i. To determine the boundedness
of the volume fraction a bounding error g is introduced as

ep = max (0, max (0, ap(x;) — 1), max (0, —an(x;))) .
miGXQ

Volume conservation is assessed as follows via

_ 1> Viam(xi, t) — >, Vicw (i, to)|
> Viag (x4, to) ’

where €, represents the volume error and ¢y and ¢, represent the initial and final
state of the volume fraction field respectively.

Finally, as a note, unless otherwise specified the test cases presented in this chapter
impose an analytical velocity field which is strictly divergence free (incompressible).

&y

4.5.1 Circle In Constant Flow

The first test case selected is that of a circle with radius 0.2 which is placed at
x = {0.25,0.25} and advected through a unit domain by an oblique velocity field,
u = {1.0,1.0} for 0.5s. The shape error is then calculated by creating an analytical
circle, also of radius 0.2, using AGI at & = {0.75,0.75} (the expected final position
of the circle).

The test case is repeated several times for structured (Cartesian) meshes varying
in size, ranging from 10? to 802. Additionally, a set of isotropic unstructured meshes
(triangular elements) are also employed with a similar number of nodes as the struc-
tured grids. Finally, the test is repeated for a number of different ¢ values, so as to
compute the temporal convergence of the VoF schemes.

Figure 4.3 depicts the results for both the structured and unstructured meshes
for both CICSAM and HiRAC. Note, the graphs are plotted against é to allow for

comparative analysis as per recent works [18,19,71]. The plots on the right column
of Figure 4.3 show a zoomed in portion of the left column plots, i.e. for ¢y > 0.2.
From the conducted test cases it is clear that the HIRAC scheme generally performs
better than the CICSAM scheme.

The magnified plots, in Figure 4.3, show that both developed (HiRAC and CI-
CSAM) schemes exhibit superior temporal convergence properties for c¢; < 0.5 as
compared to the unsplit geometric methods [18,71,72] while being comparable to the
Iso-Advector [19] scheme. Further, with reference to the geometric methods, [18,19],
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Figure 4.3: Li-norm of the geometric error for a circle advected in a constant flow field for
different ¢y values. The left column plots depict the results for the Cartesian
(top) and triangular (bottom) meshes respectively, and the right column plots
depict a magnified section of the results for cy > 0.2.

the spatial errors for both CICSAM and HiRAC are similar for lower structured
mesh resolutions and are approximately no more than an order of magnitude worse
on the finest resolutions. Unfortunately, the cited works did not perform the test on
unstructured grids, prohibiting an unstructured comparison.

The second component of this test case is to demonstrate the consistency of the
HiRAC discretisation using the conservative volume face faction, Equation (4.7). Fig-
ure 4.4 represents a repeated advection test, on the unstructured 40% grid, where the
pressure field is depicted for both the original [3] and corrected face values at the end
of the simulation. As depicted, the former method results in spurious pressure oscil-
lations across the interface. The proposed conservative approach however completely
eliminates this down to the pressure solver tolerance (1.0e!2).

4.5.2 Shear Flow

The shear flow test case, proposed by Rider and Kothe [73], subjects a 2D circular in-
terface to large shear flows in a smooth velocity field. Due to the convoluted interface
motion this tests many of the sub-components of a VoF scheme. The circular drop or
bubble of radius r = 0.15 is placed with its centre half way along the domain’s z-axis
and three quarters along the y-axis, where the domain is of unit size. An analytical
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Figure 4.4: The pressure fields for the uncorrected (left) and corrected (right) volume frac-
tion face values for HIRAC. The black contour represents a volume fraction
value of 0.5.

time varying shear velocity is applied to the domain and is given by

sin (27y) sin? (7z) cos <£>

v — sin (27rz) sin? (7y) cos (’%)

u(z,y,t) = [“] =

t

where t,, = 8s and is the time domain. At the half way mark, where ¢ = 4s, the veloc-
ity field reverses direction and by t,, the volume fraction field should have returned
to its original position.

Importantly, central differencing of the velocity at the median dual cell faces can
cause a violation of the divergence free condition (of the discretised VoF equation). To
ensure this is avoided, the above velocity must be applied weakly over the sub-facets
of each face, as follows:

1
/ u-ndA = / u(r(N) - faqij [r'(A)] dA
aQ@j 0

e { | <2cos(27r (rz(A) +1y(N))  cos(2mry(A))
= Ny 09 5

87 Az + Ay Ay
cos(2m (re(A) — TyO\))))
Ax — Ay
| <2 cos(2m (12 () 4+ 1y (X)) B cos(2mry ()
Y10Q,5 Ay + Az Ax
B cos(2m (ry(X\) — 7":):()\))>:| !
Ay — Ax o

where the derivation for the above can be found in Appendix A.1. Briefly, r = {r;,r,}
and is a line parametrisation of the face using A € [0, 1]. The size of the face in x and
y are respectively denoted Ax and Ay. Where Az = 0 or Ay = 0, causing division
by zero, the respective face normal component, nx‘aﬂi,j and ny‘agm are zero, thus
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avoiding undefined behaviour. For brevity, strict split function notation has been
omitted. Finally ¢; is the temporal part of u, namely,

()
cg=cos|—|.
tm

As stated in the introduction, the objective is to compare with recent geometric VoF
methods [17-19,59]. These works are mainly reported at a Courant number of 0.5, as
this provides a good balance between computational cost and accuracy. Thus here,
and for the remainder of the test cases conducted in this chapter, a value of ¢y = 0.5
has been selected to enable direct comparison with the most recent developments in
the field.

The qualitative results for this test case are presented in Figure 4.5. The simu-
lation is repeated on a number of Cartesian and Delaney grids, starting with a node
count of 642 and increasing to a maximum grid resolution of 5122. Plotted in the
figure is the volume fraction field half way through the simulation, when the veloc-
ity field reverses. In addition, level contours of the final interface have been drawn
for the volume fraction for o = {0.01,0.5,0.99}, where black contours represent the
analytical solution and white the numerical.

Figure 4.6 depicts a zoomed in portion of the final volume fraction field plot for
the structured mesh 256 x 256 mesh. This provides a clearer picture, compared to
that of Figure 4.5, of the degree to which HIRAC prevents excessive smearing for
shear type flows. From both plots, it is clearly demonstrated that both the two-phase
interface is sharper and that the bulk of tracked phase consistency maintains a volume
fraction above 0.99.

As expected an increase in refinement of the grid leads to less numerical diffusivity
of the interface. As shown on the second finest mesh, and excluding the CICSAM
structured mesh which is still overly diffused, the analytical and numerical solutions
are well matched. Additionally, it is clear that HHRAC does maintain a much sharper
interface through the simulation, both at ¢ = 4s but especially at the end of the
simulation.

Finally, the plots show that both methods tend to be less diffusive on unstructured
grids. This is clearly true for CICSAM, where the volume fraction is still substan-
tially ‘smeared.’ on the structured grids. This difference between structured and
unstructured, while still present, is less pronounced for HIRAC.

Tables 4.1 and 4.2 present the qualitative results obtained from the test cases
and include data from recent geometric works. For comparison it is noted that even
using the above face formulation of the velocity the field still contains a deviation in
the divergence free condition of approximately 1.0e~!3 on some meshes, as such the
presented volume errors, €,, are within round off error. That said, the volume errors
compare well with the other geometric methods. It should be noted that at present
there is no VoF fraction redistribution algorithms running for these tests, which is
not true for some of the cited works. The bounding errors, ; are also within machine
precision tolerances, and as with the volume error, no clipping algorithm has been
added.

Finally, the consideration of perhaps the most critical metric: the geometric error
€g- As expected for structured meshes, the geometric methods outperform the alge-
braic. As for unstructured meshes, HIRAC has a similar magnitude error as compared
to the latest to geometric methods. However, geometric methods become noticeably
more accurate on finer meshes.
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Figure 4.5: Volume fraction field plots for ¢ = 4s and the white interface contours drawn
for ¢t = 8s and black interface contours for the analytical solution. The contour
values are @ = {0.01,0.5,0.99}. The top row depicts a structured grid with
CICSAM and the 2nd row with HIRAC. The 3rd row depicts the unstructured
triangular grids with CICSAM, and the final row HiRAC.

4.5.3 Deformation Flow

A droplet undergoing deformation in 3D, proposed by Leveque [76], and repeated
in several works [17,19,74] is presented as the final test case for the chapter. The
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Figure 4.6: Volume fraction field plots CICSAM (left) and HiRAC (right) at ¢ = 8s on the
finest structured mesh.

Table 4.1: Comparative error results for a disc in shear flow for the formulated CICSAM
and HiRAC schemes on a structured Cartesian mesh for ¢y = 0.5.

Scheme N2 v € Eg O(ggq)
CICSAM 64 3.34e-15 3.14e-34 7.61e-02 -
HiRAC 64 5.89e-16 2.00e-45 2.41e-02 -
Owkes and Desjardins [74] 64 9.76e-15 6.51e-17 7.75e-03 -
gVoFoam [75] 64 - - 1.44e-02 -

isoaAdvector-plicRDF [19] 64 1.66e-16 1.51e-20 1.26e-02 -

CICSAM 128  3.08e-14 9.38e-59 3.90e-02 0.963
HiRAC 128  3.06e-14 4.47e-46 4.66e-03 2.370
Owkes and Desjardins [74] 128 1.29e-14 6.33e-17 1.87e-03  2.040
gVoFoam [75] 128 - - 2.78e-03 -

isoaAdvector-plicRDF [19] 128 9.71e-17 4.69e-13 2.61e-03  2.270
CICSAM 256 1.77e-15 1.98e-69 5.53e-03 2.820
HiRAC 256 2.08e-14 1.53e-14 1.39e-03 1.749

Owkes and Desjardins [74] 256 1.74e-14  9.33e-17  4.04e-04 2.210
isoaAdvector-plicRDF [19] 256 1.21e-15 5.27e-12 5.71e-04 2.190

CICSAM 512 1.77e-13 1.18e-99 9.06e-04  2.608
HiRAC 012  1.26e-14 9.81e-12 6.44e-04 1.106
Owkes and Desjardins [74] 512 1.74e-14 9.32e-17 8.32¢-05 2.280
isoaAdvector-plicRDF [19] 512 9.59e-15 4.14e-14 1.04e-04  2.440

case tests a method’s ability to maintain a thin ‘sheet’ of fluid under stretching and
diverging flow. The case involves placing a droplet of radius » = 0.15 with its centre at
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Table 4.2: Comparative error results for a disc in shear flow for the formulated CICSAM
and HiRAC schemes on an unstructured triangular mesh for ¢y = 0.5.

Scheme N2 Ey Ep Eg O(ey)
CICSAM 64.016  7.85e-16 3.36e-27 4.22e-02 -
HiRAC 64.016  3.93e-15 7.50e-29  3.18e-02 -

isoaAdvector-plicRDF [19] 64 9.71e-17  2.73e-20  2.21e-02 -

CICSAM 128.012 2.16e-15 4.49e-34 6.16e-03  2.777
HiRAC 128.012  5.89e-16 3.29e-36 6.76e-03  2.233
isoaAdvector-plicRDF [19] 128 3.47e-16 8.11e-21  3.58e-03  2.620

CICSAM 255.996 1.85e-14 1.46e-47 1.57e-03 1.970
HiRAC 255.996 1.94e-14 2.57e-46 1.51e-03 2.167
isoaAdvector-plicRDF [19] 256 3.5%-15 1.16e-21 7.51e-04  2.250

CICSAM 511.996 6.05e-14 7.16e-66 4.68e-04 1.749
HiRAC 511.996 2.93e-14 9.89e-67 4.44e-04 1.762
isoaAdvector-plicRDF [19] 512 5.85e-14  5.32e-22 1.31e-04  2.520

the position x. = {0.35,0.35,0.35} and a time varying analytical velocity is applied,
namely,

2sin? () sin (27y) sin (272) cos (”—t)

tm
u(z,y, 2,t) = |v| = | —sin (272) sin? (ry) sin (272) cos % ,
w

— sin (27rz) sin (2my) sin? (72) cos

and where the flow is evolved over 3 seconds (t,, = 3s). Due to the cosine func-
tion the droplet should return to its original position at ¢,,. This allows the initial
configuration to provide the analytical solution, from which geometric errors may be
computed. To create a divergence free velocity field the below formulation is applied
to each sub-facet, k, of the face shared by the two nodes ¢ and j,

km
7{ u(a,t) - 7y jdA =Y R(u, Xoq,,, Pijk:t)
8Q¢7j k

where there are k,, sub-facets. R’ represents a modification of the region integral
developed in Chapter 3. Xpq, ,, represents a set of 3 points for each facet, namely
the edge, face, and element centroids. Finally n;;j represents the facet normal.
Further details for the modification of the integral used to compute the face flux are
provided in Appendix A.2.

The advected droplets for CICSAM and HiRAC for the test case are depicted
in Figure 4.7. A similar trend emerges to that of the 2D case, with HIRAC clearly
outperforming CICSAM at the ¢ = 1.5s. The thin ‘sheet’ has considerably smaller
gaps in it. The disparity between the two methods, however, is especially clear at
tm, where HIRAC produces a less wrinkled surface on finer resolution. Further, on
course resolution HiRAC is able to maintain a ‘spherical’ surface, while CICSAM has
clearly distorted the original shape.

The quantitative results for the cases are presented in Tables 4.3 and 4.4. The
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Figure 4.7: Contour plot for « = 0.5 on increasingly finer meshes. The red surfaces repre-
sents the interface at ¢ = 1.5s and the blue the droplet at ¢t = 3s.

reader is reminded that the velocity field is divergence free to the order of 1.0e 3. The
volume errors, ¢,, for the algebraic scheme compare well to the cited methods. The
bounding errors, €3, similar to the 2D results are within machine precision tolerances.

The Cartesian grids show that geometric methods, expectedly, are more accurate
than their algebraic counterparts, in regard to the shape error, €,. However, HIRAC
does clearly outperform CICSAM, both in terms of accuracy and rate of convergence
and while being similar to geometric methods in many cases (and never worse than
an order of magnitude). Finally, the results for the shape errors, on the tetrahe-
dral meshes, show that CICSAM, HiRAC, and isoAdvector [19] have both similar
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Table 4.3: Comparative error results for a sphere in deformation flow for the formulated
CICSAM and HiRAC schemes on a structured Cartesian mesh for ¢y = 0.5.

Scheme N3 Ev € Eg O(eg)
CICSAM 32 1.06e-14 2.73e-34 1.42e-02 -
HiRAC 32 1.28e-14 3.49e-23 1.05e-02 -

Owkes and Desjardins [74] 32  1.19e-15 1.20e-17  6.80e-03 -
isoaAdvector-plicRDF [19] 32  1.08e-16 2.12e-14 8.36e-03 -

CICSAM 64 1.45e-14 2.57e-26 8.58e-03  0.73
HiRAC 64 8.96e-15 1.97e-30 4.82e-03 1.13
Owkes and Desjardins [74] 64 2.48e-15 2.34e-17 2.10e-03  1.73
isoaAdvector-plicRDF [19] 64  9.75e-16 6.41e-20 3.25e-03  1.36

CICSAM 128 1.21e-13 2.11e-28 4.38¢-03  0.97
HiRAC 128 1.39e-13 4.37e-19 1.66e-03 1.54
Owkes and Desjardins [74] 128 1.68e-14 2.75e-17 5.62e-04  1.89
isoaAdvector-plicRDF [19] 128 3.71e-15 1.1le-15 6.57e-04 2.31

CICSAM 256 2.51le-12 3.54e-13 1.61e-03 1.44
HiRAC 256 2.13e-12  9.85e-13 6.82e-04  1.28
Owkes and Desjardins [74] 256 3.87e-14 4.69e-17 1.01e-04  2.47
isoaAdvector-plicRDF [19] 256 2.03e-14 2.37e-16 9.54e-05  2.78

Table 4.4: Comparative error results for a sphere in deformation flow for the formulated
CICSAM and HiRAC schemes on an unstructured tetrahedral mesh for ¢y = 0.5.

Scheme N3 Ey Ep Eg O(gy)
CICSAM 31.95  9.57e-15 2.26e-21 1.49e-02 -
HiRAC 31.95 1.23e-15 9.69e-24 1.33e-02 -

isoaAdvector-plicRDF [19] 32 1.65e-16 4.50e-18 1.31e-02 -

CICSAM 63.09 9.51e-14 1.23e-21 7.76e-03  0.95
HiRAC 63.09 9.40e-14 8.97e-24 6.13e-03 1.14
isoaAdvector-plicRDF [19] 64 9.56e-16 4.14e-19 6.34e-03  1.06

CICSAM 128.39 2.60e-13 3.35e-14 2.57e-03  1.56
HiRAC 128.39 2.42e-13 2.66e-15 1.45e-03  2.03
isoaAdvector-plicRDF [19] 128  7.75e-15 7.66e-21 1.31e-03  1.45

CICSAM 250.64 1.15e-12 6.44e-15 4.45e-04  2.62
HiRAC 250.64 1.04e-12 1.53e-14 3.49e-04 2.13
isoaAdvector-plicRDF [19] 256  7.21e-14 2.52¢-20 1.93e-04  2.77

accuracies and spatial convergence rates.

4.6 Conclusion and Summary

The contribution to the VoF method has centred around the improvement of the al-
gebraic HIRAC method, where it has been reformulated into a conservative approach.
Both CICSAM and HiRAC were for the first time discretised in time using a second
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order predictor-corrector method, this allowing for face flux approximations to be
made at the correct time level. Finally, for CICSAM the volume fraction bounding
corrector was updated for the new time marching procedure, and for HIRAC a bound-
ing corrector was introduced. For HiIRAC, it was shown that there exists large range
of interface configurations for which a bounded volume fraction can be recovered.

Conducted test cases demonstrated that the proposed time marching approach ex-
hibits good temporal convergence properties. The conservative formulation of HIRAC
was also further demonstrated. With regard to comparison to the structured methods
both CICSAM and HiRAC demonstrated competitiveness on courser mesh resolu-
tions but fall behind as mesh spacing decreased. HiRAC consistently outperformed
CICSAM in all test cases.
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Chapter 5

Surface Tension Modelling

5.1 Introduction

5.1.1 Surface Tension Modelling

The numerical analysis of surface tension on Eulerian grids involves two aspects.
The first is the inclusion of the surface tension source term, f,, into the governing
equations. This term effects the Laplace pressure jump over the two-fluid interface.
The second aspect involves computing the local curvature of the interface geometry.

The description of the surface tension force, for pure VoF methods, is generally
achieved through the volumetric Continuum Surface Force (CSF) method of Brackbill
et al. [41]. The surface tension force is mathematically expressed by

fo = ordsn = okVa, (5.1)

where k, 1, and J, represent the two-phase local interface curvature, the interface
unit normal, and the Dirac delta function, which acts as a ‘switch’ in the region of
the interface. The surface tension coefficient, a material property of the interfacing
fluids, is denoted o. For VoF approaches Va is volumetricly equivalent to dsn [77].

One of the most infamous challenges faced by the VoF surface tension community
was that of the generation of spurious or parasitic currents [53]. These artificial
velocities were present even in cases where the equilibrium conditions were set as
the initial condition, for example the classic static drop/bubble test case [12,41]. A
number of works eventually shed light on the phenomena which can be understood
by analysis of the Young-Laplace equilibrium condition, namely

—[p]+ 0ok =0, (5.2)

where [p] denotes the Laplace pressure jump. For the VoF formulation the above
results in

—Vp+okVa =0, (5.3)

with nomenclature previously defined.

5.1.2 Curvature Capturing

The first, and more obvious reason for parasitic current generation is errors in the
curvature computation. This results in a variation of the discrete curvature, over a
sphere for example. Abadie el al. [78] formalised this mathematically, by taking the
curl of Equation (5.3), as

V x (=Vp+okVa) =V x Va =0, (5.4)
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which implies that the curvature gradient must be zero for the parasitic currents
to vanish, assuming ¢ is constant. This underlies the importance of accurate free-
surface interface initialisation. Inadequate initialisation can add additional errors to
the topology of the initial volume fraction field thereby worsening parasitic currents
at the start of a simulation.

Brackbill et al. [41], in their work on the CSF method, constructed a smoothed
volume fraction field and used the field’s gradient as an approximation for the free sur-
face normal. The curvature is computed as the divergence of the constructed normal.
The method however has been shown not to have essential spatial convergent proper-
ties [16,48,79,80], and is considered outdated for structured grids [81]. However, the
classic CSF approach is still almost exclusively employed for estimating curvature in
2D and 3D on unstructured grids. Alternatives include interpolating to a background
structured grid, which has been considered by Ivey and Moin [82], however this is
computationally expensive and still does not resolve irregular boundary geometries,
a common feature of industrial problems.

A number of regression approaches have been developed for curvature estimation
[49, 80, 83-87]. These schemes involve some underlying method to obtain a set of
points which lie on the interface, and in many cases this is performed in a conservative
manner. Typically, the points are used to fit a local parabolic curve (2D) or paraboloid
surface (3D), from which the curvature at a particular grid point is obtained [49,
80, 85-87]. Recently progress has been made with a 2D second order method for
unstructured grids by Evrard et al. [80], and a 3D super first order method by Jibben
et al. [87]. However, neither have yet been coupled to the momentum equations nor
been applied to dynamic moving interfaces.

Perhaps the most successful approach to curvature capturing is the second order
height function approach by Sussman [47] and Cummins et al. [48]. The method in-
volves forming columns across the interface, where the volume fraction can be summed
to determine the ‘fill’ or height of the tracked fluid in the column. The height, to-
gether with adjacent heights, are used to compute curvature using a finite difference
stencil. The accuracy of the method was improved by Lépez and Hernédndez [88], and
further by using a five node stencil (2D) the method was made fourth order by Bornia
et al. [89]. Unfortunately, the approach is limited to structured meshes which limits
its general applicability [81]. It is however employed here to demonstrate consistent
coupling with the improved algebraic VoF schemes of Chapter 4.

5.1.3 Surface Tension Discretisation

The second cause for the generation of spurious currents is due to an imbalance be-
tween the discrete pressure and volume fraction gradients. To obtain a well-balanced
scheme the discrete expression of Equation (5.3) must satisfy the equilibrium con-
dition of Equation (5.2) numerically, assuming constant curvature. This is achieved
by using the same spatial gradient operator for p and «. Consider the weak form of
Equation (5.3),

— > paAl;—E ok Y andl;+E, =0, (5.5)
feoQ; feoQ;

where &, and &, are the errors associated with the discrete numerical face operator
for the pressure and volume fraction respectively. To recover the Laplace condition
these errors must cancel. Failing this will cause the pressure to impart non-physical
oscillations to the velocity field.
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Work by Renardy and Renardy [85], Popinet [49], and Denner and Wachem [90]
have yielded a number of methods which involve a balanced force discretisation for
pure VoF methods, while Francois et al. [91] and Herrmann [92] have developed
balanced methods for the Ghost Fluid and level-set methods respectively. Notably
by combining height function curvature computation and a balanced-force approach
Popinet [49] presented perhaps the first purely VoF CSF method to completely
eliminate spurious velocities. The underlying scheme utilised a cell-centred oct-tree
method with a structured geometric VoF advection scheme.

5.1.4 Closer

By introducing a surface tension method to HIRAC [3,33] in a consistent manner this
chapter aims to expand the algebraic VoF method. The inclusion and discretisation
of the surface tension term into the governing equations is achieved using harmonic
means, ensuring consistency in order to obtain a well balanced CSF method. This
work represents the first vertex centred approach. To the authors’ knowledge the only
other method to use harmonic means has been the cell-centred method by Denner
and Wachem [90].

For purpose of demonstrating the consistent coupling of the pressure and surface
tension terms the structured height functions method is employed. However, a finite
volume approach to discretisation is retained for all of the discrete expressions. This
to allow for the transition to unstructured curvature computation methodologies when
a suitable unstructured curvature technique is developed.

5.2 Spatial Discretisation

5.2.1 Consistent Pressure and Surface Tension Inclusion

The discontinuity in the gradient of pressure over the interface can lead to spurious
pressures and velocities if not treated correctly, especially in the gas phase [93]. To
overcome this Panahi et al. [94] assumed that in a dual cell the density remains
constant and the pressure varies linearly, see Figure 5.1.

Pi

i
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{

Y O

3I7i] 90 3lrisl

Figure 5.1: The discretisation of pressure along an edge, with a piece-wise constant density
gradient. Note: that p can be replaced by « for the surface tension term.
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Along an edge, 7; ;, and employing the aforementioned assumptions, a piecewise
linear discretisation operator for the pressure term in Equation (2.3), is given as

1 .
~-Vp “Tij =G
P o9,

where c¢ is constant over the edge. By integrating along the edge, from node i to the
face 0€; ;, the difference in pressure is expressed as

_riglp
P‘aﬂi,j 7p|1 = TC’
and similarly from 0€; ; to j as
|7i.j1p
p|j —p!aﬂi,j = %C'

Adding the above two equations the pressure gradient over the edge is obtained as

1 2(pj — pi
C = —Vp . 'f'i,j = —(p] P ) (56)

P rigllei +p5)
Finally by subtracting the two equations the face pressure is formulated as

_ PjPi t piDj
p’aQi,j = pi + p; :

The pressure gradient, Vp, is computed using Gauss-Green, with p|sq, ; approximated
via the above expression. Note that Equation (5.6) can be computed via the compact
derivative, Equation (2.13), with the additional density bias multiplied through.

Additionally, the pressure Jacobian, OR/0dp of Equation (2.5), is now expressed
by taking the derivative with respect to pressure of Equation (5.6). The resulting
Jacobian is constructed for row i and column j using

OR| 1 2At  |Anfpg,

Cr
8pi ij ‘/1 p;rH_l + pjn—H ’Ti,j’ PiAt’

where ¢ is the pseudo-acoustic wave speed (Jacobian factor) [38,95], and is only non-
zero on diagonal entries. Typically At is divided through Equation (2.5) to improve
matrix conditioning.

The surface tension force, Equation (5.1), is expanded with the CSF approach to
read

fo = okdn = okVa. (5.7)

Using Va with central differenced face estimates would violate the discrete balance
of Equation (5.5). To overcome this a new volume fraction gradient is introduced,
Var.

To ensure a balanced-force surface tension discretisation the identical piece-wise
linear approach is adopted, essentially p in Figure 5.1 is replaced with a. The same
harmonic mean discrete face operator is formulated. First, the surface tension term



Chapter 5. Surface Tension Modelling 59

for Equation (2.3), is expressed as
1_ .
—Va "1y =G (58)
P 0 ;

where ¢ is again some edge wise constant and o, k, and At are omitted. Integrating
along the edge yields two equations,

_ pilril
a|6QZ,] - a|’L - TC?
pilTi
Oé|j — a|8Qi,J’ = J|21j’6,
and adding the equations yields
lvao P — 2(0[]‘ - ai)
Z?] - )
P oo, 734 (pi + pj)

The normalised volume fraction face value is computed via

_ Pi%i + picy;
pi + pj

ao?|

08 5 (59)

As with the pressure gradient, a Gauss-Green discretisation is used for Va“ where the
face value requires Equation (5.9) be used. Following the suggestion of Popinet [49]
the implementation for the weights and biases utilise the same function calls in code to
ensure machine consistency. For completeness, the consistent discretisation of surface
tension reads

At 1 2At .
Veomve| Ry > WWLH - Anly,
v feoq; i J
n+1
At 1 At (Jka]- + oKl )
e vel| =y — Va7 Anly,
p i i feon, Pi + pj ;

with Vpy and Vo/J’Z updated as described in this section.

5.3 Interface Curvature

5.3.1 Height Functions

Height functions in this work are constructed in a similar fashion to previously cited
works. However, due to the vertex centred nature of the grid, height functions are
built over edges. To begin the interface must be identified; Node 4 is considered
on the interface where it or one of its neighbours, j, has a € (0,1). The column
is constructed over interface along a cardinal direction, €,,é,,é.. The selection of
which cardinal direction to construct along is detailed shortly.

A column, at node 7, is defined as set of consecutive co-linear nodes which are
located over the interface and is denoted (g ;. Additionally, the column is oriented
such that the node at the base is fully submerged in the reference fluid, & = 1, and at
the top in the untracked phase, o = 0, see Figure 5.2. The height of a column along
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Figure 5.2: Left, a typical curvature computation for node i, with control volume ;. Right,
a failed construction of a column in the é, for the jo column.

one of the cardinal directions, €, is computed as

#Ce,i—1

he; = Z oj|7rj 41l (5.10)
J€Ce,i

where j+1 is the index of the connected node and # e ; is the cardinality of the column
set. In practise the column construction and height calculation occur simultaneously.
The outlined approach uses a similar algorithm to that outlined by Loépez et al. [96]
and Popinet [49] which dynamically controls the column size to the local region of
the interface.

5.3.2 Parallel Height Functions

Elemental’s single-element-overlap parallel architecture is not adequate to support
the presented column building methodology. Further, simply extending the number
of overlapped elements would be, from a solver perspective, a significant increase in
the memory and computational cost. Thus, a new type of parallel node, a ‘ghost’
node, is introduced as shown in Figure 5.3. Ghost nodes extend beyond the single-
layer overlap, however, critically only contain the most essential connectivity, volume
fraction, and position data.

The additional ghost node layers are created using a greedy algorithm, which is
performed after the normal single overlapping layer has been constructed. The sub-
domains are initialised with their typical ‘master/slave’ architectures, and a separate
parallel object is initialised with ‘master/slave’ ghost nodes. The volume fractions
are communicated to the ghost nodes, enabling parallel height construction.
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Figure 5.3: Depiction of the updated red (€2,.) and blue (€2;) sub-domains, from Figure 2.2,
enabling parallel height column construction.

This solution has a number of advantages, firstly it is constructed with existing
infrastructure within Elemental’s tested parallel framework. Secondly, this approach
allows for local concavity of domain intersections, which is not traditionally found
with structured decomposed meshes. Concavity occurs due to the limited constrains
placed on the shape of the decomposed domain’s interface geometry in Flemental
(other than to minimise thread interface area and balance node counts).

5.3.3 Computing Curvature

The gradients of the heights are computed using a finite volume approach, which
allows for varying mesh spacing (although still structured). While slightly less com-
putationally efficient, it naturally caters for the handling of vertex centred boundary
control volumes. The height gradient is discretised for node i as
1 1 .
Vhim o Y 5 (hi+hy) Anly,
v €09

where € has been omitted from h. It is possible for the neighbouring node, j, to not
have a column constructed, or to have a column which does not share the same base
ordinate as h;. For the former, a column is constructed, starting at the neighbouring
node. Where the base ordinates differ, additional nodes are appended to {; such that
the base ordinates become congruent, see Figure 5.2 (left) where ¢, is an added node
to the column ;. The Hessian of h; is computed by

1 .
H(hi) ~ o > V@ Anl;,
Zfeaﬂi

and Vh|y is computed via the compact derivative, Equation (2.13). Note that this
is identical to a finite difference approximation when nodes are equispaced. The
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curvature is computed in 2D by

/H(h)l,l
(1+Vhy)

R = 5

[N

and in 3D by

H(h)11 + H(h)as + H(h)11VhE + H(h)22VhE + Vh2VAE (H (k)12 + H(h)21)
(1+ Vhy + Vhy)? ’

R =

where subscript 7 has been omitted for brevity. The numerical subscripts refer to the
row and column, in H(h), corresponding to the cardinal direction vectors é; and é;
which represent the first and second cardinal direction(s) orthogonal to the height’s
construction é. The axis in which to construct the columns is selected as the axis
closest aligned to the interface normal, n = Va/|Va/|.

It is possible that during construction a column may become degenerate. This
normally occurs where the top and bottom of the column are in the same bulk fluid,
see Figure 5.2 (right). In such cases construction of columns in other directions
will be attempted, in order of descending alignment with n. For curvature to be
calculated, via height functions, node i and all orthogonal (to the direction of column
construction) neighbours must have consistent heights.

If all directions fail to yield a height curvature calculation the curvature of the
node is computed as the average of the surrounding neighbours’ curvature value.
If there are no neighbours from which to average curvature the curvature is set to
zero. This approach is similar to work by Popinet [49], however, presently there is no
quadratic fitting technique employed in this thesis.

5.4 Results

5.4.1 Evaluation of Curvature Computation

The first test case conducted is that featured in a number of previous works [47-49,80],
and is used to evaluate the accuracy of the curvature computation. Here the imple-
mented height function technique is tested to ensure correctness of implementation
by assessing if 2nd order spatial accuracy is achieved. These tests are conducted in
parallel to validate the parallel implementation.

The test involves initialising the VoF field for a circle to approximately machine
precision, using AGI, in a unit domain. The interface curvature is computed using
the outline height function algorithm. This is repeated 100 times during which the
centre of the circle is located at @ = {0.5 + €;Az,0.5 + €,Ay}, where ¢, and €, are
randomly generated and range between [—1, 1] for each test. This process is repeated,
each time increasing the number of grid points per circle radius to ultimately validate
the order of accuracy of the method.

The relative error of curvature at a node is expressed as

K(x;) — Rq

er(x;) = ;

Ka

where
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and the analytical curvature and circle radius are denoted k, and r respectively. The
Lo and Ly, norms for the curvature are defined as

Zs Zz 5,{(:]3,')2
N; N, ’

llenlloe = maxmaxe s(x:), (5.11)

llexll2 =

where Ng and N; are the number of simulations conducted (100) and the number of
interface nodes, i.e. where 0 < a(x;) < 1, respectively. Note that as per previous
works [48,49], for low grid point to radius ratios k,Ax < 8, the height functions in
many cases fail to produce consistent heights, where this occurs the node is excluded
from the data set.

T T B
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Figure 5.4: Ly and L., norms for the height function curvature capturing technique.

The results are depicted in Figure 5.4 and demonstrate that implemented height
function method has the expected second order spatial convergence for both norms.
It is thus concluded that the height function method has be correctly implemented.

5.4.2 Static Bubble

To validate the consistency of the proposed surface tension discretisation a static
bubble test case is employed. Principally the case seeks to demonstrate that a static
circular bubble, in the absence of external forces (e.g. gravity), remains stationary
and recovers the Laplace pressure jump over the interface to the precision of the
Poisson solver.

It is typical for this test case to be non-dimensionalised using the Laplace number,
La, defined by

opD

p?’

La =

where D is the bubble diameter and other symbols have been previously defined. The
La number provides a relationship between the inertial, viscous and surface tension
forces. Where higher numbers (> 10000) infer less viscous damping, and can become
unstable in the case of inconsistent discretisation.
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Figure 5.5: Graph of the evolution of the non-dimensional rms velocity (left) and maximum
velocity (right) against non-dimensional time for a range of La numbers and
density ratios.

The velocities here are made non-dimensional using a characteristic velocity de-

fined by
Uy = 4| 2=
o0 — piD7

as used in [49]. To ensure that the momentum has had enough time to diffuse through-
out the domain the time is non-dimensionalised with

_ pD?
o

ty

In these tests a bubble of the diameter 0.8, is placed with its centre at the ori-
gin, using AGIL. Symmetry boundary conditions are applied to the left and bottom
boundaries of a unit domain, which contains the first quarter of the bubble. No-slip
conditions are applied to the remaining boundaries. A 32 x 32 grid was selected to
perform the analysis. The test was repeated for a range of both La numbers, VoF
advective schemes, and density ratios, denoted p, = p;/pg, pr = {1,10,100}.
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It is important to note that initial velocities are expected in the calculation.
These currents are attributable to variations in the curvature field due discretisation
errors [49]. However, as the simulation proceeds the curvature is driven to a constant,
thus eliminating the gradient in curvature, and satisfying Equations (5.4) and (5.2).
The inability to reach this steady-state condition points to an inconsistent, or ill
balanced, surface tension discretisation.

The evolution of the computed magnitudes of the velocity field are depicted in
Figure 5.5, for the range of parameters used. For the period 0 < t/t, < 0.4 the initial
capillary waves are damped out. The final magnitude of the spurious velocities is as
a result of the pressure solver tolerance (1.0e~'?), and round off error. Thus, these
results demonstrate that the scheme is well balanced.

The obtained ||u||~ are comparable to the best results obtained by Abadie et al.
[78] (for La = 12000, p, = 1 and adjusting for differences in non-dimensionalisation).
Of the various interface and surface tension models presented in that work [78], there
were only three schemes which were able to damp spurious currents to below 1.0e ™12
Of these, two used the height function-CSF method and of those two only one used
a (geometric) VoF method. The results presented here thus represent, to the authors
knowledge, the first height function-CSF algebraic VoF approach to demonstrate a
well balanced surface tension discretisation.

-—= O(Az?)

[ —— lleaplle

10-3 r

EAp

Figure 5.6: Spatial convergence plot for the Lapalce pressure jump using La = 120, p, = 1.

It should be noted, that to achieve this with algebraic VoF requires close attention
to sources of numerical noise in the simulation. For example, the termination criterion
for deciding what volume fraction constitutes the interface must be selected for the
height function algorithm. This was selected as 1.0e™'2. However, in a simulation
with greater volume transport this number has to be increased due to trailing noise
around the interface. This is an inherent deficiency of algebraic VoF and will be
discussed further in the next test case.

To complete the study a mesh convergence analysis was conducted, using a La =
120, p, = 1. The Ly norm for pressure jump is computed via

leaplloo = 2P SPel
ne Apy
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Table 5.1: Material properties for the rising bubble test case in 2D.

Case No. Bo Re pi/pg 1u/ig
1 10 35 10 10
2 125 35 1000 100

where Ap, is the Laplace pressure jump and Ap, is the difference between the max-
imum and minimum pressure in the domain. The results of the study are illustrated
in Figure 5.6, and demonstrates second order spatial convergence for the estimation
of the pressure jump.

5.4.3 Rising Bubble 2D

u=0 A
M
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& r=0.25 3
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Figure 5.7: Initial conditions for a the rising bubble test case in 2D, ; represents the liquid
and Qg represents the gas.

The final two test cases evaluate the performance of the coupling between interface
transport and the HIRAC-CSF scheme for a moving interface via a rising bubble in
2 and 3D. To begin this test case is that of a 2D bubble rising in a viscous fluid,
where a benchmark study conducted by Hysing et al. [97] is employed. A bubble is
placed at the bottom half of a rectangular domain subject to gravity as shown in
Figure 5.7, and its buoyancy driven rise modelled to ¢t = 3s. As the bubble rises its
shape is deformed where the final shape is a function of the Reynolds, Re, and Bond,
Bo, numbers respectively defined as

D u?D
Re = pitg? , Bo= Py ,
12 o

where uy = /g, D and is the characteristic gravitational velocity. The gravitational
constant is represented by g, and set to 0.98. The radius, 7, of the bubble is set
to 0.25. The fluid properties for the two cases simulated are provided in Table 5.1.
Note that to save computational time only half the domain was simulated and a
symmetry plane was created along x = 0.5. Finally, for this case HIRAC was used as
the advective VoF method.
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Figure 5.8: Plots of the evolution of the y component of the position (top), velocity (middle),
and zoomed in section of the velocity on the finest meshes (bottom) for the 2D
rising bubble.

Benchmark solutions were created by Hysing et al. [97] using three codes namely,
TP2D [98,99], FreeLife [100, 101], and MooNMD [102]. The use of benchmarked
solutions is due to the lack of analytical or experimental data for this case. For both
test cases a number of metrics are proposed to allow for benchmarking. The first
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Figure 5.10: Comparison of the evolution of velocity for the coarsest meshes (left) and
contour plots for a = 1.0e ™ "|n € {1,3,5,7} of the 2D bubble at ¢ = 3s on the
coarsest and finest meshes (right) for Case 1.

metric is the evolution of the centre of mass of the bubble, x. ,,, expressed as

Le,ag = Zzl(l( 1—04;);)0‘@/;/; 5 (5 . 12)

where «;, x;, and V; symbolise the nodal volume fraction, co-ordinate, and volume
respectively. The rise velocity of the bubble, u. q,, is formulated as

Uc,ag = Zi(l(l__a(;)z’;t‘g/;, (5.13)

(2

where u; symbolises the nodal velocity.
Figure 5.8 plots the evolution of the y component of the position and velocity of
the bubble, as well as zoomed in section for the velocity evolution. Also depicted are
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the results from the other benchmarked codes at their respective finest resolutions,
equivalent to the finest mesh resolution (Az = 6.25¢73) used here. For Case 1 the
plots agree well with the benchmark data, both in terms of position and velocity.
The zoomed-in velocity plot shows a similar prediction for the peak rise velocity as
compared to the benchmark codes.

On the coarsest resolution there is a clear deviation of the rise position and velocity
of the bubble. Figure 5.9 illustrates how the coarsest bubble severely, and non-
physically, deformed compared with the higher resolution data. This is attributable
to an inability of the height function method to form consistent heights at the points
of maximum curvature, due to insufficient spatial resolution.

Figure 5.10 left shows the non-physical deviation of the coarse result as compared
to the coarse data from literature [97]. The field plot on the right provides further
insight, and can be used to continue the discussion started in the previous case: The
cut-off threshold for determining if a node is on the interface, namely o € (04 €4, 1 —
€o). For the static bubble case a strict tolerance could be applied, €, = 1.0e~'2. Due
to the erroneous trailing noise caused by HiIRAC on coarse meshes (Figure 5.10 right),
this value had to be significantly increased, e, = 1.0e75, to prevent the interface being
detected in the bulk fluid. Therefore, at low resolutions the trailing noise around
the interface is still relatively high, and the column construction algorithm produces
inconsistent heights.

For Case 2 the results obtained, see Figure 5.8, predict a similar magnitude and
temporal position for the first velocity peak when compared to the benchmark codes.
From circa t = 1.5s, where all codes begin to differ in prediction, the data begins
to deviate somewhat from the benchmark codes. The final position of the bubble is
similar to the comparitive data.

In summary, the schemes performance on this test case is similar to previous works
and thus demonstrates the ability of the scheme to model dynamic moving interfaces
where surface tension is present. However, this is limited to meshes where there is
sufficient spatial resolution to reduce trailing noise in the volume fraction field.

5.4.4 Rising Bubble 3D

To conclude the results section a 3D rising bubble is presented using HiRAC, this to
demonstrate working robustness in 3D. For comparison, the work by Safi et al. [103]
is employed for the extension of the previous case to 3D. In this case the circle is
extended to a sphere of the same radius and placed at = {0.5,0.5,0.5}. For this
case the domain is extended by one unit along the z-axis, and a no-slip condition
applied to all boundaries.

The material properties which are provided in Table 5.1 Case 1 are used here. The
error metrics, defined by Equation (5.12) and (5.13), are again used for quantitative
comparison. To save computational cost, only a quarter of the domain is simulated,
with symmetry condition applied to the internal boundaries.

The evolution of the y component of the position and velocity of the bubble are
plotted in Figure 5.11. The FeatFlow [104] data was collected by digitising results
obtained by Safi et al. [103] with a spatial resolution of Ax = 7.8125¢~3. The three
grid spacings employed for this work were Az = {2.5¢72,1.25¢72, 6.25¢3}.

The coarsest mesh again deviates significantly from the two finer meshes, see
Figure 5.12 which shows conic features trailing under the bubble. This is no-doubt a
3D version of the skirt that was observed for the coarse 2D Case 1 result. This feature
is again a result of the volume fraction field noise in regard to height construction,
discussed earlier.
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Figure 5.11: Plots of the evolution of the y component of the position (top) and velocity
(bottom) of the 3D rising bubble.

The FeatFlow and HiRAC results compare relatively well in terms of peak velocity,
with a deviation of 3.4%. Both methods also show this peak to occur at similar points
in time circa t = 0.9s. Additionally, FeatFlow predicts the final bubble position to be
~ 2.2% lower than the current scheme.

5.5 Conclusion and Summary

The height function method was implemented to compute two-phase interface curva-
ture for the algebraic VoF advected methods of HIRAC (in addition CICSAM on the
static bubble test case). The curvature scheme was incorporated into the conservation
equations in a manner that ensures a well balanced formulation, which additionally is
able to handle non-unit density ratios. While the height function algorithm requires
a structured grid the remaining components of the outlined algorithm are readily
applicable to an unstructured approach.

The conducted static bubble test case demonstrated that the inclusion of the
surface tension term was completed in a well balanced manner. Test cases with in-
terface transport were conducted with HIRAC and revealed that on coarser mesh
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Figure 5.12: Contour plots for & = 0.5 of the 3D rising bubble at ¢ = 3s for the three mesh
resolutions.

resolutions it is not competitive with the geometric VoF methods cited in literature.
This owing to numerical noise caused in the volume fraction field which necessitated
a case specific determination of a suitable o ‘cut-off’ value for height function cal-
culations. However, on finer resolution the method preform nominally compared to
benchmarked cases.
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Chapter 6

Numerical Rigid Body Dynamics

6.1 Introduction

This chapter details the derivation and numerical implementation of the dynamics
governing rigid body motion. It is assumed that the reader is more familiar with
CFD than with rigid body dynamics. As a rigid body dynamics code was not present
in Elemental and had to be developed from the ground up, a brief derivation of the
governing equations employed is presented. The preliminary mathematics will also
lay notational frame work used throughout the Chapter.

To track the orientation of the rigid body as well as to transform vectors be-
tween the inertial, global, and non-inertial, body, axis quaternions are used. Their
formulation is provided before the governing equations for the conservation of linear
and angular momentum. Then Newton-Euler equations are presented. Finally, a
number of test cases are presented to show 4th order time accuracy of the numerical
implementation.

6.2 Preliminary Mathematics

6.2.1 Co-ordinate Basis and Reference Frames

The comprehension of rigid body dynamics requires the understanding of two different
components. The first is the mathematical description of a vector within a certain
axis system or basis. The second is the way that a vector appears to change, to an
observer, in time. Here the observer could represent some different axis system.

Consider Figure 6.1, where there are a number of position vectors r describing the
position of various entities in relation to two different sets of axis: R, and R,/. Noting
from Section 3.4.5 that a reference frame consists of an origin and three cardinal axis
direction vectors. For convenience Equation (2.10) is repeated here, detailing the
notation for a position vector as

Tij = Xj — Ti,

where x; and x; represent two points in space.

These position vectors could be expressed in either the R, or R,/ basis, but require
a transformation to be expressed in the other frame’s basis. It is here that the
quaternions provide the transformation capability and will be expanded shortly. From
a notational point of view, the basis in which a vector is written appears as a pre-
superscript. For example, olror’c is the displacement vector from the R, origin to the
centre of mass expressed in the R, basis. However, the same vector expressed in the
R, basis is denoted ry .
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Figure 6.1: An arbitrary rigid body rotating about some axis with angular velocity w, .

Now consider R, which is rotating, with some angular velocity w,r, thereby form-
ing a non-conservative or non-inertial frame. Importantly, the way r. . appears to
change if one were standing at R, or R, is different. Note that this is irrespective
of the basis in which the vector is mathematically expressed. From a notational per-
spective the change of a vector, 7, . for example, as seen by (an observer), or relative
to, R, is denoted 7 ./, and when observed relative to R, as 7y /.

6.2.2 Attitude and Quaternion Transformations

Beyond a simple desire to know the attitude, or orientation, of a rigid body, the
orientation of the body allows for the transformation of vectors quantities between
the inertial and non-inertial frames. This is critical, for example, to the application of
inertially defined forces (e.g. gravity) to the non-inertial basis in which the governing
equations are expressed.

For linear motion, the final displacement of a rigid body can be directly deduced
from the linear velocity and acceleration history. Equivalence for the angular coun-
terparts does not apply, as the vector axioms do not hold for angular displacements.
For example, angular displacements are not commutative; a rotation about one axis
and then a second, is not congruent with first a rotation around the second and then
the first axis.

A number of methods have been developed to track the attitude of a rigid body.
Euler angles are one of the oldest such methods. However, Euler angles can suffer the
loss of a degree of freedom, through gimbal lock. Due to this shortcoming, a number
of alternatives were developed. Euler parameters, more commonly referred to as unit
quaternions, are one such example and are used to track the attitude of a rigid body.

Quaternion mathematics, discovered by William Hamilton in the 19th century
[105], was developed to describe the mechanics of 3-space, and introduces two addi-
tional imaginary axes to the standard complex-real axis. A feature Hamilton algebra,
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denoted H, is its non-commutativity where multiplication of the three imaginary axis
unit vectors ¢, J, and k results in the following:

which implies the asymmetry,
1=k ji= -k,
jk=1 kj=—1,
ki=3 ik=—j3.
A quaternion, g, is made up of four components, three imaginary and one real,

q = 1[90,91,92, 93] = g0 + @1t + @27 + qzk.

Of practical relevance here is their ability to perform transformations between differ-
ent frames, i.e. conversion between axis bases. For a given quaternion q, the mapping
between the inertial and non-inertial frames is given by
’r=1T,(q)r,
T /
= Ty(q)"r,

where
R+ -6 -4 2q10 + 29093 2¢143 — 24042
T,(q) = | 20142 —2q043 G—G+B—a5 2003+ 2q00 |,
20143 + 2qog2 20203 — 2q01 43 — 4} — B+ &

and T, is the transformation matrix and is as a function of the quaternion. The
relation between the angular velocity and a quaternion is given by the following rate
equations:

owo’/o = 2&3(‘1)‘1;
O/wo’/o = QEgl(q)q'u

where
—q1 4o —q3 QG2 , —q1 4o q3 —q2
Wi=|-¢ ¢ @ -q|andWg=|-¢ —¢ 9@ a
—q3 —q2 q1 qo —q3 QG2 —q1 Qo

Here ¢ and W, represent the quaternion rate and the quaternion rate matrix respec-
tively. Rearranged the quaternion rates g can be expressed as

S 1 [e] o,
q= 5 (Eq(Q))T Wo' /o>

- % (EZ/(qDT"/wo'/o- (6.1)

q

A comprehensive source of information and derivations on the conversion between
the various attitude systems as well as between frame bases has been compiled by
Diebel [106].
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6.2.3 Kinematic Relationships

The Transport Theorem, not be be confused with the Reynolds Transport Theorem,
provides a way to reconcile the varying observations made by observers situated in
two different reference fames. Consider some vector ¢, observed by two sets of axes
with a relative angular velocity between them, w, /,. The following relation describes
rate of change of ¢ as seen by the two observers (standing at o and o'),

d d
a((i))/o - %((ﬁ)/o’ + We' Jo X @, (6'2)
or more compactly as
(ﬁ/o = (i)/o’ + We Jo X ¢. (63)

Consider now Figure 6.1, where R,/ is fixed to the rigid body, 2. The position vector
7o, can be described as the vector sum of the position vectors r, s and r. ;, namely,

Toi = Too T Tol i

First the case where the point x; is not fixed to the rigid body is considered. This
to derive the general kinematic expression for the acceleration of x;, used in the fluid
governing equations. Finally, the simplification for the case of x; fixed to the rigid
body will be presented.

Using the Equation (6.2) the velocity of 7,; can be expressed by

Tosifo = To,0 /o + To'ijos
Toijo = To,0 o + Tolijo + Wyl /o X Tof i

Differentiating again with respect to time for an observer at R,, and applying Equa-
tion (6.2), gives the expression for the inertial acceleration of r,; as

'i;o,i/o = 7.';o,o’/o + a (’fao’,i/o’ + Wyl /o X ro’7z’)/oa

7'4077;/0 = ,i;o,o’/o + 7.;0’,72/0’ + 2““’o’/o X ,fjo’,i/o’ + wo’/o X Tor g+ Wo Jo X (wo’/o X To’,i) .
(6.4)

Then for a rigid body, where x; is fixed in Ry, 7y /o and wy X 7 ;s are zero, the
above simplifies to

’i;o,i/o = Ii;o,o’/o + wo’/o X Ty i+ Wy fo X (wo’/o X ro’,i) ) (65)

and describes the acceleration of a point «; as seen by the inertial frame.

6.3 Conservation of Rigid Body Momentum

Since it is intended to express the fluid relative to the non-inertial frame, it is desirable
to express the governing equations of the rigid body in the same frame. Further, for
a more flexible numerical model it is favourable to express the equations away from
the centre of mass, this allows for a rigid body to be ‘constructed’ from a number
of sub-bodies, preventing a re-computation of position information due to a shifting
centre of mass (and thereby a shifting local frame).
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To begin, the conservation of linear and angular momentum of some rigid body
is respectively expressed about its centre of mass by

G.= /Qp(mi),’;o,i/odﬂ = mi‘o,c/m
H, = / P(Ti)Tei X (Wor /o X Tei)d) = L w0,
Q
where x; is some point on the rigid body and r.; is the position vector from the
centre of mass to the point. The velocity of the centre of mass, as seen by the inertial

frame, is denoted 7, ./, I, is the 3 X 3 moment of inertia matrix about the centre of
mass and has the form

_ _2 : X X
lc - Tn%rc,irc,i7
i

where the superscript ‘x’ denotes the skew-symmetric matrix cross product operator,
for some ¢ vector as

0 _(bz ¢y
¢X = ¢X = ¢z 0 — Pz
_¢y ¢:c 0

For the non-inertial frame, R/, fixed to the rigid body, the above equations can be
expressed about the frame’s origin as

Gy =G.= m”:‘o,c/m

Ho’ = Hc — Tyl e X Gc = lcwo//o — Ty e X m";o,c/m

using the Parallel Azis Theorem. The change in linear momentum of the body due
to some force f, assuming the solid mass is constant in time, is given by

Go’ = / df :m’i’;o,c/o
Q

=1 (Fo00jo + Wt fo X Tt e+ Wor fo X (Wt o X Ty c))

= MFp 0 fo + MWyt 1o X Tt e+ MWy /o X (Wt /o X Tor ) 5 (6.6)
using Equation (6.5), where 7, ,/, is the acceleration of the origin of the non-inertial
frame as seen by the inertial frame.

Assuming I is constant in time, the change in angular momentum due to some
torque about the centre of gravity, 7, is formulated as

HO/:/dTO/:/dTC—TOQCX/df
Q Q Q
d

d .
= o7 (Lwof/o)/o + Ty e X au (mro’c/o)/O

=1 Wy /o + Wy /o X LWy 1o+ T o X MTg 0.
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Using Equation (6.5), the change in angular momentum is expanded further:

/QdTo’ :lcwo’/o + Wo' /o X lcwo’/o

+ Tore XM (’i’zox70/0 + (.;JO//O X Tol ¢+ Wy o X (wO//O X ro/7c)) ,
:lcwo’/o + Wo' /o X lcwo’/o + mry ¢ X 7.';o’,o/o + Mmry ¢ X (wo’/o X To’,c)

+ mry . X (wo//o X (wox/o X 7*0170)) . (6.7)

Noting that both Equations (6.6) and (6.7) contain linear and angular acceleration
terms, and with some manipulation, the combined system can be expressed as,

X X
—mr > = mw’, w5, Ty
[f} | mL mry., {ro’o,/()] N o Jo%or /0T ¢
- X _ X X . X X X )
Ty mry . Lo—mr, vy || @0 W o (L; — mro,ycro,yc> Wo' /o
(6.8)

where I is a 3 x 3 identity matrix. Finally rearranging such that the acceleration
terms are on the left hand side the expression reads

X X
— X ; mw’,, W, Ty
mI mr, . [ro’ol/o} B [f] B o Jo®0 o0 ¢
X _ X X . - X X X 9
mry . L.—mry v | Wy Ty @/ (lc — mro/’cro,’c> W' /o

or written more compactly as
lo/'i;o’ = .fo’a (69)

where I, is the system’s inertial matrix, ¥, denotes a 6 entry column vector of linear
and angular acceleration of the frame, and f, is the real and fictitious forces and
moments around the frame’s origin.

6.4 Temporal Discretisation

rigid body path
:L,/n+2
o

Figure 6.2: The rigid body’s fixed frame’s position over successive discrete time steps.
Equation (6.9) is rearranged,

Fo =1 fo, (6.10)
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to yield the inertial acceleration of the non-inertial frame origin. However, this ex-
pression provides only the instantaneous acceleration for the frame for some time step
n as per Figure 6.2. The kinematic state of the rigid body is ‘transferred’ to the ‘next
frame’ at n + 1, using Equation (6.2), by

d . d .. n .n
& (ro,o’/o) Joint1 = % (To,o’/o)/o + wo/o’ X ro,o’/o

n

_TO,O//O wo//oxr07ol/o.

The displacement vector is updated similarly. Combining the above with Equation
(6.10), the final semi-discrete numerical expression is given as

=n+1 -1 n w;(//o 01 ;
Ty =Gi, (wo’/m fo’ (wo’/ov Q)) = lo’ fol (wol/o’ q)| N 0 0 i

where the bottom right entry is zero, since wy /, X Wy, is zero. gi , is introduced
as a function to represent the right hand side. This aids in compacting the Runge-
Kutta formulae presented shortly. The displacement vector of the non-inertial frame
is updated using

n+1 _n _.n n
To,o’/o - g'r'ol (wol/07 ro,o’) - 7‘0701/0 wo’/o X 7’070/,

and the attitude of the system is updated using the computed angular velocity and
rearranging Equation (6.1),

. 1
qn+1 — gq(q’w) = ng(qn)Twz/o‘

The full set of rigid body governing equations in continuous form are

To gi (wo//oa Jo (wo’/m Q))
Ty | = 97 (wo’/o’ ro,o’)
q gq((L wo’/o)a

and written more compactly as
§= g(wo’/oaque,o’afo’) (611)
The coupled system is solved with a 4th order Runge-Kutta method:

ki = Atg(wy /04" 6.0 For);

k1w k k1 k

ol /o 1,q9 To,0! Lfo/

ko = Atg <w701//0+ 9 aqn+ 9 77“:},0’—’_ 9 7fgl’+ 9 )7
kQ,wOI/O

k k2,ool k2 ,
k3:Atg<wj},/o+ ,q" + 22 ; ,f(’}+’f">,

2 2 2
k4 = Atg(wg,/o + k37w0//07 qn + kg’q’ 'l"gol + k37ro,o’ s fg + k3,fo,),

1
st = 6 (kl + 2ko + 2ks + k4) , (6.12)

where the second subscripts to the stage vector k denotes the sub elements relating
to the angular velocity, quaternion, position, and force and torque of the rigid body.
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6.5 Results

6.5.1 Torque Free Rotating Body

The first test case demonstrates the capability of the scheme to model a body, with
some arbitrary spin, subjected to a sinusoidal varying force. The latter is applied at
its centre of gravity. For a disc, the moment of inertia about its centre of gravity is
given by

mr? mh?
vt 00
I.= 0 TRt 0 (6.13)
0 0 mrd

2

where m, r4, and hg are its mass, radius, and height. For this case a value of m = 1kg,
rq = 0.1m, and hy = 0.02m have been selected. The origin and initial attitude of the
non-inertial frame is congruent with that of the inertial frame, as depicted in Figure
6.3. The centre of mass of the disc is displaced by the vector Olrofp =[0.05,0.1,0.025]m
from the origin. The initial linear velocity is "/1'“0/76/0 = [~1,0.5,—0.5]m.s~! and the
rotational velocity set to w, /o = [lm, 3, 2r|rad.s™!. The applied force is varied
such that the net imparted momentum over the time interval [0, ¢,,] is zero,

27t
°fc = [2.5,1.25,3.75] sin () N.
lm
Here the above vector is expressed with respect to the inertial frame’s basis. For
the purpose of the simulation, the force is transformed to the non-inertial frames’
basis, thus testing the quaternion attitude dynamics. The simulation time was set to
tm = 1s.

Figure 6.3: Schematic of the initial conditions for a rotating disc.

As a subtle note, a torque is present at the origin of the non-inertial frame, namely
0/r0/7c x ©'f., which represents the transfer of the force from the centre of gravity of the
body to the origin of the frame, however this is computed internally by the rigid body
code/dynamics. However, as the test case name implies, this system is congruent to
zero applied torque about the centre of gravity of the rigid body.

The resulting evolution of the linear and angular momenta for the body are plotted
in Figure 6.4. As stated the net imparted momentum is zero, thus the error, ¢, is
determined via computing the change in momentum of the system at the end of the
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G(kg-m-sh)

Figure 6.4: Time evolution of the linear(left) and angler(right) momenta of the centre of
gravity for the disc.

simulation via

G| - |GY|
|G?|

|H!m| — |HY|
| HY|

ch:‘ )

)

e’;‘HC:’

where the superscript 0 and ¢,, to the linear and angular momenta denote their
values at the start and end of the simulation. To perform a time step size convergence
study the simulation was repeated, where for every repeated simulation the time
step size was reduce by an order of magnitude. The final time step resolution was
At = 1.0e73s. The results are plotted in Figure 6.5, from which it is clear that the
temporal scheme is 4th order accurate.

0t E
1072 f
1075
1074 |
1077

Figure 6.5: Convergence of the relative error of linear and angular momenta with respect
to the time step size.
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6.5.2 Lagrangian Top

To validate the angular momentum components the classic Lagrangian Top was sim-
ulated. The spinning top is modelled as a heavy axis-symmetric rigid body, fixed at
the origin, but free to rotate, and under constant gravitational acceleration as shown
in Figure 6.6. The top, due to the conservation of angular momentum and energy,
will develop some precession and nutation rate around the inertial frame.

\

o
Q
T

T
Figure 6.6: Diagram of a Lagrangian spinning top with Euler angles for precession, nutation,

and spin drawn.

The analytical solution to the problem is derived and computed numerically us-
ing Euler Apgles: The rates for the spin, precession, and nutation of the top are
symbolised ¢, 1, 8 respectively, are given by

Hy B Hy — Hycos

L 0
¢ Izz/ IQTII), SinQ 0 o8 ’
. Hy— Hgcos0
Y=
I, sin” 0

) E/(6)

__p
V= Ima:’ ’
6 =0,

where Hy and H,, represent the angular momenta about the spin and precession axis.
The nutation angle is given by 6 and I, and I,,» symbolise the moment of inertia
about the local x and z axes of the top (where the local z axis is the axis about which
the top spins). Finally, E;Io is the derivative of the potential energy with respect to
time. A derivation of the above analytical solution and further details regarding Euler
Angles are provided in Appendix A.3.

The model of the top consists of a disc with a massless stork, and Equation (6.13)
is used to obtain the second moment of inertia tensor for the body. The mass, radius,
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and height of the top are calculated as

m = 7kg7
g

/2
rq = —1m,
m

o

The centre of gravity for the top was placed at 0,7'0/70

12(5 — m(1 + 0.25r2)

m

m.

0,0, 1Jm. The initial Eu-

ler Angle is set to @313 = [0.0,20.0,0.0]° and their rates are initialised as 6313 =
[50.0,0.5,0.0]rad.s~!. Finally the condition Tool jo = Om.s~2 is enforced throughout.
Gravity is applied along the inertial z axis and at each time step transformed, using
the quaternions, into the non-inertial basis.

x10! %10-1
T T T T T T T T
24+ . ar ]
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= 21Ff 14 & 0Or 7
@ >
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18+ 0 - s @
1 1 1 1 1 1 1 1
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—11 [ cE
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y(m) z(m)
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Figure 6.7: Graph of the evolution of the nutation angle, 8, with respect to time (top left)
and the trace of the centre of gravity in global zy co-ordinates (top right).
Subscripts a and n refer to analytical and numerical solutions respectively. The
convergence graph of the relative energy error eg with a respect to the time
step size (bottom left). A 3D plot of the spinning top and its centre of gravity
traced in black (bottom right).
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The evolution of the nutation angle as a function of time as well as the trace
for the centre of gravity of the top, in the zy plane, are depicted in Figure 6.7. A
complete precession takes approximately 15 seconds during which time the data for
the xy trace is collected. The nutation plot is truncated to the first 3 seconds of the
simulation. A further 3D plot is drawn in Figure 6.7, and shows the traced path the
centre of mass makes as well as the orientation of the non-inertial frame at the end
of the simulation.

Figure 6.7 shows agreement between the analytical and numerical solutions. How-
ever, to perform a more rigorous analysis, an order of accuracy study was conducted.
Two metrics were used, the first is the final 6 at ¢,,, and the second is the loss of energy
of the system, which is closed. The latter is computed by comparing the difference
of the sum of the linear, rotational, and potential energy at the start and end of the
simulation. The two relative error metrics are given by

flm — gim
£g = tm 5
0
Etm — E°
T |

where superscripts t,, and 0 denote the start and end quantities and the subscripts a
and n denote analytical and numerical values respectively. The initial time step size
was set to 1.5e2s and each successive simulation reduced the step size by an order
of magnitude. The collected data is plotted in Figure 6.7 and shows that both error
metrics demonstrate that the scheme is 4th order with respect to time.

6.6 Conclusion

The chapter details the derivation of the Newton-Euler equations describing the dy-
namics of a rigid body. Additionally, the attitude of a rigid body was described using
quaternions. The formulation was discretised in time using a fourth order Runge-
Kutta approach resulting in a method to simulate the dynamics of a generic rigid
body.

The model was used to simulate a disc with random initial momenta and a time
varying force was applied. Where the formulated force was created such that the net
imparted momentum remains zero. The second test case was a classic Lagrangian
Top which, while having no linear components, has a convoluted angular component.
Both required attitude tracking. For both test cases the model proved robust and
demonstrated 4th order accuracy in time.
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Chapter 7

Strong Coupling of Fluids and
Rigid Bodies

7.1 Introduction

Numerical instability, due to the large liquid-to-mass ratios, must be overcome if a
multi-physics Fluid-Structure Interaction (FSI) model of orbital craft is to be created.
Stability can be obtained via a so called strongly coupled FSI approach. Gerrits and
Veldman [23,30] achieved this via an essentially monolithic approach which required
extensive data transfer between fluid and solid solvers. This work aims to develop a
strongly coupled fully partitioned method for spacecraft modelling by combining the
components from previous chapters.

A partitioned approach is preferred as it allows easy coupling of generic black-box
fluid and solid modelling codes, and ensures a flexible modelling tool into the future.
An approach to create a tightly coupled model is the staggered Fixed-Point Iteration
(FPI) method. To describe this method both the fluid and solid, Equations (1.7) and
(1.6), are simplified to a root-finding formulation:

0=k —F (k)
0="kp™" =8 (k't),

where k; represents a column vector of force and torque, and k,, is a vector containing
the linear and angular accelerations as well as angular velocity. The fluid solver is
denoted by F and the solid solver by §&. The resulting fully coupled non-linear
objective function is then expressed for timestep n + 1 as:

0=FkL" —S(F (kL)) . (7.1)

By iterating, a value of k! that satisfies the above coupled system can be found. It
is well known that coupled systems, such as the afore mentioned, suffer from numerical
instability caused by the so called added mass effect. This results, broadly, from a
component of the fluid acting as a force rather than an inertial mass [27,107-110].

It is possible to stabilise a FPI system by relaxing the change in k,,, over successive
iterations. However, the relaxation factor is not known for the general case, and
further is likely to vary as the solution converges [107,111]. Thus the need for a
dynamic under-relaxation method; such as that of the Aitken’s A% method [4]. The
method has been extended for vector problems by Irons and Tuck [112] and has been
used in number of FSI works [25,109, 111]. The method uses extrapolation of the
residual of the system during each iteration to determine an update to the under-
relaxation parameter.
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The focus of this chapter is to couple together the incompressible two phase vis-
cous flow model and the six degree of freedom rigid body dynamics model. This is
completed in a strongly coupled partitioned manner via the Aitken’s A? FPI method.
Note however to reduce simulation time, surface tension effects are neglected in this
chapter.

7.2 Fluid Interface Considerations

7.2.1 Response Kinematic

To formulate the response kinetics generated by the fluid, the force and torque on
the boundary are computed respectively as

fr = 7§ o (Yt V)] gnda
Tol,f = % Tol i X [p — (Vu + V'UIT)] 'f"BQdAa
oN

where 7y ; is the position vector from the non-inertial frame origin to the boundary
node ¢ and is fixed to the fluid domain. Discretely the above results in

Fr=> fri= > pidaly - (Vu; + Vul) Ay,
i FEIQNIN;

To = § Tol i X ff,l
7

The final expression for the ‘fluid function’ is given by

,",;n+1
o'/o .f n+1
Fe = @ | =[] —wp
wn+1 07f
o'/o

where F represents a full solve of the fluid governing equations to the subsequent
time step in response to k™.

7.2.2 The No-Slip Paradox

For the work considered thus far the liquid-gas interface has remained off the bound-
ary, and the transport of the contact line has not been considered. With more violent
slosh expected in the test cases for this chapter the two phase interface will interact
with the solid boundary. For a vertex centred mesh the no-slip boundary condition,
u = 0, results in the absence of a volume fraction transport velocity. To resolve this
a Navier-Slip condition is applied to the boundary. The resulting velocity gradient
at the boundary face, Vu,s|sq, is approximated discretely as

w ® Mo (7.2)

S

vuns |8Q ~

where rg is the slip length, u,, symbolises the boundary wall velocity which is set
to 0, and nyq is the boundary normal. The nodal velocity at the boundary wall is
denoted w;. In this work the slip length is set to the average cell size in the boundary
normal direction as this approaches zero as the mesh size tends to zero. The viscous
shear contribution, Equation (2.14), is updated to reflect the Navier-Slip condition
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and is computed by

Vop (Vu+ Vul)|

(Vatns + Vul) fy  if 9Q; N0

1
~— pu(org) Ay { ’ ’
Vi fg;li <Vuf + Vu?) ny else

where Vu,s is computed as per Equation (7.2) and the internal faces using the com-
pact derivative of Equation (2.13) for calculating Vuy.

7.3 Aitken’s A2 Method

The fluid-solid coupling approach is now presented. The rigid-body Equation (6.11)
is reformulated as

. n+1
1 frt To'fo 1
S(k?—’— ) =S <Tn+1> = |Wo' /o - kfn—i_ ’
o wo’/o

where & both updates and extracts the appropriate state variables from the rigid
body. The full FPI scheme can be expressed as

0=k = S(F(kp™) + K.ext), (7.3)

where K¢ is some external kinetics to the system, for example the main rocket
engine or manoeuvring thrusters. For brevity this will be omitted from further ex-
pressions. The residual for the FPI scheme is defined by

+1 g+l L
R = it gt

where R*T! is converged to a specific tolerance, and ¢ represents the iteration index.
Aitken’s A% method is employed to find the value of k! by

kir—l_l = [k + @ (H(km) — km)]",

In the above H(-) = S(F(-)) and the dynamic relaxation parameter, w, is updated
using
L RTL(R-RY

IR — RT3

w =w

Once R has been converged, the whole FSI system is advanced to the next time level.
Perhaps it is worth noting that a traditional Aitken’s A? updates @ every second
iteration. Here the parameter is updated every iteration, increasing computational
efficiency as demonstrated in [109,111]. The starting value of w is carried over from
the previous time step.

7.4 Results

7.4.1 Hidden Mass

The first test case presented is that of a rigid system, and aims to demonstrate stable
coupling with no loss in accuracy. The system contains two sold spheres with a mass
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of 4kg and 2kg, labelled m; and mg respectively in Figure 7.1. The first sphere has
a position vector ry ,,,, = [-2,0,0lm and a radius of r; = Im. The second sphere,
with radius 0.5m, is located at ry ,,, = [1,0,0lm. The mass moment of inertia for
each sphere is a 3 x 3 diagonal matrix, where the diagonal values are computed
Im;/ = Iyy’ = lyy = 2/5m7’2.

We

To'c

A

0,0
my ) Y ma

fe e

Figure 7.1: A translating and rotating system of two spherical masses connected by a mass-
less rod, under a constant linear force.

The system is given an initial linear velocity of ¥y . = [-2,0.5, 1.0jm.s~! and an
angular velocity of Wy . = [0.5m, —0.257, 0.257|rad.s~!. A constant force is applied,
such that after one second the centre of gravity of the system should come to rest
thus °f. = [12, -3, —6]N.

Two approaches to modelling the system are conducted. The first approach is
monolithic and used for validation purposes: i.e the full system is solved using the
rigid body model laid out in the previous chapter. The second approach is partitioned,
where each mass is modelled separately and coupled using the Aitken’s A? method.
The second mass, ma, acts as the rigid body and is solved using the Newton-Euler
equations, Equation (6.9). The first mass, mq, provides a ‘response’ force and torque
to the rigid body’s acceleration. The Aitken’s A2 method is expected to provide
stability to an otherwise unstable system (since my > mg).

The system was simulated using a time step size of At = 0.01s and for a total
time of ¢,,, = 1.0s. The Ly norm of the difference in displacement and velocity at the
conclusion of the simulation was recorded as 5.78¢ '4m and 7.51e 4m.s~! respec-
tively. The quaternion and angular velocity difference was reported at 2.08e~'4 and
7.85¢ " rad.s ™! respectively. Typically, 5 Aitken’s A? iterations were required to con-
verge the a time step. This demonstrates that the coupling algorithm is functioning
correctly.

7.4.2 Flat Spin

The final test case presented is that of a fluid container undergoing a ‘flat spin’ similar
to a case conducted by Gerrits and Veldman [23,30]. A partially filled container is put
into an unstable equilibrium condition, see Figure 7.2. It is given an initial angular
velocity about the axis with the smallest moment of inertia. The stable equilibrium
condition dictates that the container must spin around the axis which corresponds
to the lowest kinetic energy of the system, i.e, the axis with the highest moment of
inertia.

The container, of dimension 1.2m x 0.8m X 0.2m (meshed with Az = 0.02), is
given a principle moment of inertia of I = diag[l,y, Iy, I..] = diag[l, 2, 4]kg.m? and
a mass of 12kg. The initial angular velocity is set to %w,/, = [5,0, Orad.s~!. The
tank is filled such that the liquid occupies 65% of the volume, and using air and water
at NTP the fluid mass is approximately 125kg. Finally, the field is initialised such
that the gas forms a cylinder along the x axis.
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W

t=0.00s t=8.30s t=8.50s
t=8.90s t=9.80s

t=11.80s t=12.80s

t=13.80s t=31.80s t=50.00s

Figure 7.2: Evolution of the liquid-gas interface in a partially filled tank under going a flat
spin (images not spaced evenly in time).

The evolution transition of the tank, from spinning about the local z- to z-axis, is
depicted in Figure 7.2 with the liquid-gas interface illustrated. The initial phases of
the instability are seen to occur during the 8" second, where the interface begins to
move but the tank’s rotation remains largely around the local x-axis. The transition
to a dominant rotation around the z-axis occurs relatively quickly as seen between
the frames at 8.9s and 9.8s. The interface then starts to coalesce as a cylinder around
the local z-axis and by 13.8s the interface has settled considerably. From this point
on viscous effects continues to stabilise the interface and damp rotations about the
local z- and y-axis.

Figure 7.3 depicts the evolution of the angular velocity, expressed in both the
inertial and non-inertial basis. The flow ‘trips’ at circa 7s into the simulation and
the container begins a transition to a rotation about the local z-axis. The ‘trip’
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occurs noticeable sooner when compared with [23,113]. This is due to differences
between the two cases, which include the absence of a gas in [23, 113] as well as
surface tension. The stabilising manoeuvre and final equilibirum state are however
comparable, demonstrating stable coupling. A convergence tolerance of 1.0e~% was
used, and typically 5 to 20 Aitken’s iterations were need to converge a time step. Fi-
nally, the method reported machine precision accuracy with respect to mass (volume)
conservation.

w(rad-s™h)

Figure 7.3: Evolution of the coupled system’s angular velocity, expressed in the non-inertial
(left) and inertial (right) basis.

7.5 Conclusion

The work presented here demonstrates a new partitioned strongly coupled analysis
tool, capable of modelling the dynamics seen during spacecraft operation. To couple
the system in a stable manner the Aitken’s A? method was employed. The coupled
algorithm was tested on two cases. The first demonstrated the working order of the
coupled system by using a rigid body system with hidden masses. The second test
case was that of a tank, with m;/ms = 10, initially spinning around the axis with the
smallest moment of inertia. The coupling algorithm was shown to provide stability
to the coupled problem and achieved the correct result; the tank rotating around the
axis with the highest moment of inertia. Convergence of a time step was found to
take up to 20 iterations thereby increasing the cost of simulation.
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Chapter 8

Conclusion

8.1 Summary

This thesis details the expansion of the Elemental software, multi-physics CFD code,
to enable the simulation of spacecraft. The added tools were created with specific
focus to produce a numerical method suitable for high fidelity analysis of the two-
phase flow in the propellent tanks of space vehicles under micro-gravity conditions.
The following research contributions were made:

1. The first novel contribution involved a conservative initialisation scheme, named
AGI, for the volume fraction field for arbitrary interface topologies on unstruc-
tured meshes. The developed method, through both polytope cutting and nu-
merical quadrature, demonstrated that the field can be conservatively initialised
to machine precision on unstructured grids in both 2 and 3D.

2. The transport of the volume fraction field was enhanced. Here the algebraic
VoF methods of CICSAM and HiRAC were improved. A conservative HIRAC
formulation was developed for the first time. Both CICSAM and HiRAC were
reformulated to a 2nd order predictor-corrector method for temporal integra-
tion. Finally, CICSAM’s method which corrects unbounding in the volume
fraction field was reformulated for the new temporal approach, and for HIRAC
a bounding formulation was introduced. Numerical studies showed that HIRAC
does indeed outperform CICSAM, especially when considering numerical diffu-
sivity in shear flow scenarios. An accuracy comparison was also conducted for
the first time between the above algebraic methods and geometric VoF meth-
ods. On structured meshes the geometric methods were demonstrated to be
superior. However, on unstructured meshes HIRAC compared well to recently
developed geometric methods.

3. A CSF approach was formulated and implemented into the incompressible flow
governing equation’s of Flemental to add a surface tension modelling capabil-
ity. The inclusion of the surface tension source term was completed in a manner
which discretely yields a well balanced formation, while accounting for the den-
sity variations between the interfacing fluids. Due to the lack of a reliable 2nd
order unstructured method for 2 and 3D curvature calculations the height func-
tion method was employed. Tests showed that the implemented scheme is indeed
well-balanced. Numerical benchmark studies were again performed to compare
the developed formulation against other methods. HIRAC was shown to suffer
from significant added numerical noise which deteriorated surface tension ac-
curacy on coarse meshes. At finer mesh resolutions the surface tension model
compared well to existing models in literature. For HIRAC this represents the
first surface tension work to demonstrated the well-balanced property.
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4. Finally a 4th order in time rigid body model was constructed, and using quater-
nions was able to track the attitude of the local frame with respect to the global
frame. The rigid body was strongly coupled to the fluid using the Aitken’s A2
method. The coupling was further completed in a partitioned and computa-
tionally robust manner, producing a versatile numerical simulation tool. The
coupled system was finally demonstrated to be robust using a flat spin test case
in 3D.

8.2 Further Research

In light of the motivations for this work, laid out at the opening of this thesis, the
continued work of building a more accurate, efficient, and robust FSI models is recom-
mended. A number of key areas are presented as possible avenues to improve aspects
of spacecraft modelling:

1. Further investigation in regard to computational cost between algebraic and
geometric VoF methods would be instructive. It is recommended to add the
recent algebraic M-CICSAM [68] method to such a study. By implementing
(or obtaining) the relevant methods and re-running the benchmarks tests of
Chapter 4, but in a timed environment, a clearer picture of computational
efficiency (cost vs accuracy) should emerge.

2. Emphasis was placed on unstructured methods, due to industrial applicabil-
ity. However, the current lack of a unstructured robust 2D /3D interface cur-
vature calculation method restricted cases to structured meshes. Work aimed
at achieving a second order curvature capturing method on unstructured grids
would seem prudent following this project, for which AGI could play a key role.

3. A natural extension from this project is to include surface tension effects at the
contact line. This will enable the modelling of low We number flows. Methods
to extend the height function algorithm for contact lines has been conducted
by Afkhami et al. [114-116]. As a longer term goal a phase change model, as
proposed by Malan [117] for example, could be incorporated into the fluid model
to round out the spacecraft simulation tool.

4. For any iterative F'SI problem there is clearly a sigficiant increase in computa-
tional cost, as time steps are repeated to convergence. Recent work by Mehl et
al. [110], to create new coupling methods, should be incorporated to improve
computation cost of coupled problems.
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Appendix A

Additional Derivations

A.1 2D Shear Flow Face Flux

Figure A.1: Diagram of a single median duel cell face in 2D, with the sub-facets drawn.

Consider Figure A.1 with the face, 9€); ;, the set consisting of the two sub-facets
082 ;0 and 0%; ; 1, resulting from the median duel cell construction. It is desired to
compute the analytical face flux across 9€; ;. A temporary control volume, €', can
be constructed by connecting the two elements centres of the adjacent edge, ¢ and
x1, forming the face 8Q§7 ;- Given the divergence free velocity field expressed by

t

u(x,y,t) = [Zy] - — sin (27rz) sin? (y) cos (%)

sin (27y) sin? (7z) cos (%)
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the face fluxes of the two sub-facets can be simplified using the divergence theorem,

/ u-ndA = u - ndA + / u - ndA, (A1)
0% 095 5.0 05,1

u-ﬁdA—i—/ u-ﬁdA:/ u~ﬁdA+/ u-hdA—i—/ u - ndA,
0% 8 5,0 9 51 09 ;

/ u-ndA = V~udV—/ u - ndA,

09 5 Q 89;,].

= —/ u - ndA.
0%

The above surface integral can be converted to a 2D line integral,

o

%)

1
—/ u-ndA = / u(r(X)) - fgqij [r'(N)] dA, (A.2)
o 0
and using the parametrisation

r(A\) =z + A(x1 — x0) | € [0, 1], (A.3)

r’\) =z —xg= Az =1/, (A4)

cg=cos | — |,
lm

Az =1 — 20,

Ay = y1 — yo.

where x = {z,y} and

Equation (A.2) is expanded where the velocity is parametrised by Equations (A.3)
and (A.4):

1
/0 u(r(X)) - fani; 7' (V)] dh =

1
}r/’ ¢t / sin? (7 (zo + Az)) sin (27 (yo + Ay))) Neloa; ;
0
—sin? (7 (yo + Ay\)) sin (27 (20 + Az ) nylao, ;A\, (A.5)

and nyq, . = {nzlaq, ., nyloq. . }. Expanding the first term of the right integrand as
0,7 0,50 "°Y i, p g g g

1
= || cinelog, / sin? (mzg + TAz\) sin (27yo + 27 AYN) dA.
0
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Using trigonometric identities the integrand can be split into terms containing single
trigonometric functions,

=sin? (rxg + 7AzA) sin (27yo 4+ 27 AyN)
1 — cos? (mzo + TrA:U)\)) sin (2myo + 2wAyA)

(1 —cos (2mxo + 2w Ax\)) sin (2wyp + 2mAyN) ,

(sin (2myp + 2w AyA) — cos (2mxg + 2w Az sin 27y + 27 AyN)) ,

(2sin (2myo + 2 AyA) — sin (2mxo + 2myo + (2 Az + 27 Ay)\)
+ sin (2mzo — 27myo + (2TAz — 27Ay)N) ),
:% (2sin (27 (yo + AyA)) — sin (27 (2o + yo + (Az + Ay)A))
+ sin (27 (o — yo + (Ax — Ay)N)) ),
and substituting back into the first term of the integrand of Equation (A.5) results

in the evaluation of the integral as

' 1
—Wf’(mi’j / 2sin (27 (yo + AyA)) — sin (27 (o + yo + (Az + Ay)N))
0
+ sin (27 (zo — yo + (Azx — Ay)A)) dA,
cos(2m (o + yo + (Azx + Ay)N))

_ 7’| ctng|og; ; 2 cos(27 (yo + AyA)
B 4 [ - 21 Ay 21 (Az + Ay)
cos(27 (2o — yo + (Ax — Ay)A) ]!
; 21 (Ax — Ay) ]0’
| emelan, ; [2cos(2m (ra(A) +1y(N)))  cos(27ry ()
N 8T [ Az + Ay N Ay
cos(2m (rz(A) — 1, ON !
B Ax — Ay ]07

where r, and r, denote the x and y components of r. Finally, the above can be
substituted back into Equation (A.1) which is then computed as

/ u - ndA =
0 ;
7] e [ | <2cos(27T (re(X) + 14 (N))) B cos(2mry(N))
x| xI0%; Az + Ay Ay
cos(2m (ru(A) — Ty()‘)))>
Ax — Ay
| <2 cos(2m (rz(A) + ry(A)  cos(2mry(N))
y10Q 5 Ay + Az Ax
_cos(2m (ry(A) — Tx(A))>:| '
Ay — Ax o

where the second part of the above expression results from conducting a similar
evaluation procedure for the second term of the integrand in Equation (A.5).
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A.2 3D Deformation Flow Face Flux

Figure A.2: Diagram of a single median duel cell face in 3D, with the sub-facets drawn and
the k" sub facet highlighted.

Consider the triangular surface 9€); ;. depicted in Figure A.2. It is desired to
compute the flux across the surface given the divergence free velocity field:

2sin? (7z) sin (27y) sin (272) cos %
u (z,y,2,t) = | —sin (27z) sin?(7y) sin(272) cos % ,
— sin (27rz) sin(y) sin? (72) cos (%)

where t and t,, are time and period respectively. Rather than expanding the integral.
As in 2D, the face flux is computed directly here by Legendre-Gaussian quadrature.
Further, since the surface patches are always triangular in nature the integration
parametrisation developed for AGI in Chapter 3 can be utilised.

Essentially, the integrand of Equation (3.11) can be replaced with w(x(\),t)-n; j k-
The surface integral, Equation (3.12) then can be used to compute the flux across
the face. The modified single integral is formulated as

1
S'(u, X;,n,t) = / u(a(N),t) - njx, — xoldA,
0
where

a()) = {wo + A1 — x)

Ae[o,l]},

where m is a facet normal and X is a set containing two points,{x, 1 }, which bound
the line integral. The region integral is modified to yield:

(zo—xq)
(ggl — xO)J_;g*zg\

1
R’(u,Xs,n,t):/ S (u, X;,m,t) d,
0
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where
X ={bo(A),b1(N)},

bo()\) = {wo + )\(wl - w())

)\6[0,1}},

bl()\) = {322 + )\(:Bl — $2)

Ae[o,l}},

where the set of 3 vertices denoted x, define a 2-simplex, {xq, €1, z2}. The face flux
over an edge is expressed as

km
f u(z,t) - n;;dA = ZR’(U,Xaﬂi,jwni,j,k,t), (A.6)
BQz"j k

where k,, is the number of facets attached to the i,j edge and X(')Qw.yk is the set
of edge, face, and element centroids. Numerically, the above equation is evaluated
similar to Equations (3.14) and (3.15), with m, = m; = 20.

A.3 Euler Angle 313

The Euler angle method is used to obtain the analytical expressions for a heavy
Lagrangian Top. The method provides 3D attitude information for a given rigid
body. Three angles, the Euler angles, are used in sequence to provide 3 rotations
around a co-ordinate axis. The selected sequence of rotations is first a precession
rotation by an angle ¢ around the non-inertial z axis, followed by a nutation rotation
by 6 about the non-inertial x axis, and finally a spin rotation, ¢, about the non-
inertial z axis, see Figure 6.6. This order is commonly referred to a 3-1-3 sequence of
Euler angles, where the angles are expressed in vector form as

0313 = [¢,0,7].

The transformation of some vector, r, from the inertial to the non-inertial basis and
visa-versa is expressed, using 6313, as

where R, is a product of the three rotations and is given by

€oS ¢ cos 1) — sin ¢ cos 0 sin Y cos ¢sint + sin g cosfcosyy  sin psin @
R (u) = | —sin¢costy —cospcosfsinyg —sin¢gsiniy + cos¢cosfcosty cospsinb
sin 6 sin ¢ —sin 6 sin ¢ cos 6.

The rotational velocity of the body can be determined via the Euler angle and the
Euler angle rates, 0313, as

Wt o = W (0313)0313,
YWor 1o = W, (0313)0313,
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where
sinfsiny  cosy 0 0 cos¢p singsinf
W, = |—sinfcosy siny 0| and W, = |0 —sing cos¢sind
cos 0 1 1 0 cos 6

The spinning top is now modelled using the above representation. The angular mo-
menta are given for the spin and precession as

H¢ =1 wy = Izzl(é + ¢COS 9), (A?)
Hy = Ipwy (sin@sin @) + Iyyw, (sinf cos ¢) + I,1w.s cos b,
= Lysin? 0+ I, (gb + 9 cos 9) cos 0, (A.8)

and the total energy of the top is expressed by

1 1 1
E = ifm;/wi/ + §Iyy/w5/ —+ 5[22«/&)3/ =+ mgl COS 9,

= % zx’ (92 + )2 sin 0) + %IZZ/(é + 1) cos 0)% + mgl cos b,

(Hy —H¢COS@)2 H¢2> 1 5
QIxml Si1'12 0 + QIZZ/ + g T + mgt cos

The total energy can be split into a kinetic and potential component (Lagrangian
form), Ej and E,, formulated as

E=Ej,+ E,(6).

1 .
§mﬁ2:E—EA@, (A.9)

where only the potential energy is a function of 8 and has the form

(Hy — Hy cos 0)? H;
21, sin’ @ 21,

E,(0) = + mgl cos 6.

Noting that F is constant, Equation (A.9) is differentiated with respect to time to
obtain the nutation acceleration,

L0 = —E.(0)6,
Ey0)

)
Ix:p’

6=

(A.10)

where £, is given,

(Hy — Hycos@)Hy  (Hy — Hy cos0)? cos 0 )
E(0) = - lsin 6.
o0 I, sinf I sin® 0 +mgisin
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Finally, the set of rate expressions for each Euler angle can be determined using
Equations (A.7), (A.8), and (A.10):

H¢ _ Hw *H¢COS€

b=

cos 0,
Izz’ Imz/ SiIl2 0
. H¢ — H¢ cos @
Y=g
I, sin” 6
i Bl
I:ca:’
0 =1.

Further details on Lagrangian Tops can be found in work by Slade [118].
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