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Abstract

Hydrogel biomaterial injectate therapies have emerged as a promising treatment modality for myocardial
infarction (MI). Studies conducted on small and large animal models have yielded positive results in
improving cardiac function and reducing adverse ventricular remodelling post-MI. These therapies have
also recently entered phase I and IT human clinical trials, with limited positive results, but no significant
adverse effects.

Computational modelling has been used extensively to investigate the potential effects of hydrogel injec-
tate therapies, due to the risk-free and repeatable nature of these tests. Macroscale cardiac computational
models are used to investigate the full-scale behaviour of the heart, while microscale models yield infor-
mation on the behaviour of the cardiac microstructure. In order to reduce computational expense, many
existing studies make use of idealisations regarding the macroscale or microscale cardiac geometry, as
well as the physical behaviour of both the cardiac tissue and hydrogel injectate. The aim of the current
study was to develop a computational framework that reduced the need for idealisations of the cardiac
microstructural geometry, evaluated the validity of the assumption that both the cardiac tissue and hy-
drogel injectate could be described as elastic solids, and provided a basis for extension to more complex
descriptions of material behaviour.

A realistic microstructural finite-element (FE) mesh was reconstructed from high-resolution confocal mi-
croscopy imaging data of rat myocardium. The reconstructed mesh did not necessitate idealisations of
the cardiac tissue structure or the distribution of the hydrogel injectate. To investigate the mechan-
ical response of the microstructure, under the assumption that both the cardiac tissue and hydrogel
behaved as elastic solids, an FE solver was developed using the open-source FE library deal.Il. The
solver was capable of implementing both isotropic and anisotropic hyperelastic material models, and
applying thermodynamically-admissible boundary conditions to the microstructure. Suitable boundary
conditions were derived from the results of an existing macroscale FE model of rat myocardium, and used
to investigate the mechanical response of the microstructure under five possible loading scenarios.

The results indicated that, under certain loading conditions, the observed stresses in the microstructure
significantly exceeded reasonable elastic limits for the materials. This provides an indication that the
assumption of elastic material behaviour is not always suitable when conducting in silico investigations of
cardiac tissue and hydrogel injectate, and serves as a justification for the use of alternative descriptions
of material behaviour. Furthermore, the framework was shown to be capable of implementing both
static and time-dependent boundary conditions. This functionality provides the basis for the framework
to be extended to more advanced models such as viscoelasticity and poroelasticity, which have been
implemented in other studies using the deal Il library.
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Chapter 1

Introduction and Literature Review

1.1 Problem identification

Cardiovascular disease (CVD) is the leading cause of death worldwide, with an estimated 17.9 million
deaths due to CVD in 2019 alone (World Health Organization 2021). Deaths due to CVD represent
approximately 32% of global deaths, and 85% of deaths due to CVD are the result of myocardial
infarctions (heart attacks) and cerebrovascular accidents (strokes) (World Health Organization 2021).
Furthermore, deaths in low- and middle-income countries represent more than 75 % of global deaths due
to CVD (World Health Organization 2021). Projections of burden of disease estimate that by 2030,
CVD will become the leading cause of death in low-income African countries, surpassing deaths due to
HIV/AIDS (Celermajer et al. 2012), and that despite a decline in age-standardised CVD mortality rates,
the overall number of CVD cases has continued to rise due to population growth and an ageing population
(Nedkoff et al. 2023). Younger populations in developing countries are also disproportionately affected
by CVD when compared to those of developed countries (Celermajer et al. 2012; Nedkoff et al. 2023).
Furthermore, CVD is the leading cause of death in South Africa, with an estimated 85525 fatalities
in 2018 (of 452345 deaths due to all causes), representing approximately 18.9 % of total deaths (World
Heath Organization 2022). In 2020, there were an estimated 13046 deaths due to acute myocardial
infarction (MI) in South Africa (Statistics South Africa 2024), representing approximately 35 people per
day. Ischaemic heart disease is forecasted to continue to be the leading cause of disease burden in the
future (Institute for Health Metrics and Evaluation 2024).

Myocardial cell death as a result of prolonged ischaemia is the pathological definition of MI (Thygesen
et al. 2018). Myocardial ischaemia occurs when inadequate blood flow leads to an imbalance between
the supply and demand of oxygen to the myocardial tissue, and is the initial step in the development
of MI (Thygesen et al. 2018). Ischaemia most commonly occurs due to the formation of atherosclerotic
plaque (i.e. a blocking of the coronary arteries), or the erosion of the coronary artery endothelium (inner
cellular lining) (Reed et al. 2017). Several factors affect the severity of ischaemia, including the nature of
the vessel occlusion (partial or complete), the duration of the occlusion, and the amount of myocardial
tissue supplied (Reed et al. 2017). Infarcted myocardium experiences a behavioural change from being
active and contractile, to being passive and non-contractile, immediately after occlusion (Kortsmit et al.
2013). A resulting remodelling of the infarcted and non-infarcted myocardium takes place, however this
process often fails to restore complete heart function, and may result in end-stage heart failure (Kortsmit
et al. 2013). Furthermore, ventricular dilation occurring as a result of adverse remodelling is worsened by
a positive feedback loop with increasing left ventricle (LV) wall stresses (Kortsmit et al. 2013). Despite
recent treatment advances, acute MI is still responsible for more than a third of annual deaths in developed
nations and, globally, affects more than 7 million individuals per year (Reed et al. 2017).

Current treatments for MI include reperfusion and revascularisation therapies, both of which aim to
restore blood flow to ischaemic tissue. The two most prominent forms of reperfusion therapy are Fibri-
nolytic Therapy (FT) and Primary Percutaneous Coronary Intervention (P-PCI) (Reddy et al. 2015). FT
involves the use of medications, more specifically thrombolytic agents, to induce fibrinolysis and dissolve
clots (Reed et al. 2017; Cleveland Clinic 2022). P-PCI, also known as coronary angioplasty, is a surgical
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procedure wherein a balloon-tipped catheter is inserted into a blocked artery and used to unblock the
artery while allowing for the placement of a stainless-steel mesh, known as a stent (NHS n.d.). P-PCI
improves blood flow through the vessel and is considered a superior treatment to FT, however, not all
hospitals are capable of performing P-PCI (Reddy et al. 2015). In recent decades, reperfusion therapies
have been progressively improved, and in-hospital mortality due to acute MI has declined from 15 % to
around 7.5 % (Braunwald 2012). However, there are issues facing reperfusion therapies, as despite reduc-
ing ischaemic cell death, it can also cause injury to the surviving myocardium (Braunwald 2012). This
can occur through a number of paradoxical tissue responses (Kalogeris et al. 2016), or by the development
of the so-called “no reflow” phenomenon, whereby normal blood flow to the tissue is not restored, despite
there no longer being any vessel obstruction (Annibali et al. 2022). The primary form of revascularisa-
tion therapy is coronary artery bypass grafting (CABG), an invasive surgery whereby a piece of a healthy
blood vessel is used to bypass a blocked vessel (John Hopkins Medicine n.d.). Given the limitations
and risks associated with reperfusion and revascularisation therapies, alternative approaches have been
investigated.

Biomaterial injectate therapies and stem cell therapies have gained attention in recent years as alternatives
to currently available MI treatments (Henning 2012; Reddy et al. 2015; Y. Zhu et al. 2017; Ashammakhi
et al. 2019; T. Wu et al. 2022). Heart failure therapies using intramyocardially-injected biomaterials have
reached phase IT clinical trials (Y. Zhu et al. 2017), and have been shown to limit adverse LV remodelling
following MI (Sabbah et al. 2013) and improve cardiac function (Singelyn et al. 2012). One major
advantage of biomaterial therapies is their minimally invasive nature, reducing the risk of complications
as well as reducing costs (Ashammakhi et al. 2019). Additionally, stem cell therapies aiming to regenerate
damaged myocardial tissue have been investigated, with mixed results from clinical trials (Henning 2012;
Reddy et al. 2015). Ongoing research focuses on using different types of stem cells, and optimal delivery
parameters (Henning 2013; Yan et al. 2024). Combinatorial therapies, wherein cellular therapies are
combined with biomaterial therapies, are also the subject of ongoing research (L. L. Wang et al. 2017;
Ashammakhi et al. 2019). Despite these advancements, in vivo studies are often constrained by ethical
concerns, high costs, and limited experimental control, while in wvitro studies may not fully capture
whole-organism behaviour (Colquitt et al. 2011). In silico models, which use computational models to
investigate pharmacological and physiological processes, aim to address these limitations by enabling
controlled, repeatable, and cost-effective simulations (Colquitt et al. 2011).

The use of computational models in investigating MI therapies allows for an understanding of the un-
derlying heart mechanics, specifically, how biomaterial injectate therapies affect cardiac function (Legner
et al. 2014). Risk-free testing, repeatability of testing, and the ability to isolate specific physiological
mechanisms represent advantages of in silico modelling over in vivo and in vitro experiments (Owen
et al. 2018). Furthermore, medical imaging techniques can be used to develop patient-specific models
and assist in planning therapies (Haddad et al. 2018).

The need for accurate and reliable cardiovascular computational models, many of which use the finite-
element (FE) method, has been a major research focus in recent decades (Wall et al. 2006; Wenk et al.
2011; Kortsmit et al. 2013; Legner et al. 2014; Haddad et al. 2018; Owen et al. 2018). Despite significant
advancements, these models still face many limitations, in part due to the complex geometrical, multi-
physics, and multi-scale nature of the behaviour of the cardiovascular system.

1.2 Biomaterial injectate therapies for MI

1.2.1 Background

Biomaterial injectate therapies have gained attention in the past two decades as an alternative to currently
available treatments for MI. The first investigation into the effects of biomaterial injectate alone (i.e.
without cellular additions) was conducted by Christman et al. (2004), showing a reduction in LV wall
thinning and improved cardiac function in rat specimens when using a fibrin glue biomaterial injectate.
Subsequent studies on small animal models yielded similar results in limiting adverse LV remodelling
and improving cardiac function (Dai et al. 2005; Landa et al. 2008; Kadner et al. 2012; Singelyn et al.
2012; Wassenaar et al. 2016). Furthermore, studies conducted on large animal models (porcine, canine,
and ovine) reported a reduction in infarct scar tissue (Bastings et al. 2014), and improved LV wall
thicknesses and function (Sabbah et al. 2013; Seif-Naraghi et al. 2013; Dorsey et al. 2015; Rodell et al.
2016). Biomaterial injectate therapies have also entered phase I and II human clinical trials (Frey et al.
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2014; Y. Zhu et al. 2017; Sedlakova et al. 2024).

Various types of biomaterial injectates have been investigated in terms of their impact on improving
cardiac function following MI. These materials can be grouped into three main categories: natural-
based hydrogels, synthetic hydrogels, and hybrid (i.e. a combination of natural and synthetic) hydrogels
(Sepantafar et al. 2016). Natural-based hydrogels encompass materials derived from natural sources
such as fibrin (Christman et al. 2004), collagen (Dai et al. 2005), alginate (Landa et al. 2008), Matrigel
(Kofidis et al. 2005), hyaluronic acid (Ifkovits et al. 2010), chitosan (Lu et al. 2009), and decellularised
extracellular matrices ({AECM) (Singelyn et al. 2012). Synthetic hydrogels refer to those fabricated using
synthetic polymers such as polyethylene glycol (PEG), polycaprolactone (PCL), polyvinyl alcohol (PVA),
and polylactic acid (PLA) among others (Lin et al. 2009; Asti et al. 2014). Studies have also made use of
a combination of natural and synthetic hydrogels, for example PEG combined with: collagen (Singh et al.
2013), gelatine (Fu et al. 2012), fibrinogen (Martino et al. 2013), hyaluronic acid (Skaalure et al. 2014),
and alginate (Jeon et al. 2014). ECM-polyethylene glycol (Grover et al. 2014), ECM-fibrin (Williams
et al. 2015), and alginate-chitosan (Deng et al. 2015) are further examples of hybrid hydrogels.

Many parameters involved in the application of hydrogel injectate therapies have been investigated in
recent research. For example, Kadner et al. (2012) showed that the timing of the injectate delivery affects
the remodelled cardiac structure. Hydrogel delivered immediately after infarction showed no observable
improvements, while hydrogel delivered one week after infarction resulted in a reduction in adverse LV
remodelling and an improvement in cardiac function (Kadner et al. 2012). Furthermore, using a finite-
element model of a rat heart, Wise et al. (2016) indicated the possible existence of a threshold injectate
volume above which biomaterial injections hinder, rather than aid, therapeutic effects. The optimal
mechanism for biomaterial delivery is also of interest. Biomaterial cardiac patches have been shown to
improve cardiac function in rat and porcine specimens (Huang et al. 2020), however application of these
patches usually requires invasive surgery (D. Zhu et al. 2021). To overcome this limitation, alternative
delivery routes such as epicardial (direct injection onto the outer surface of the heart), intracoronary
(delivery via the coronary arteries), and endocardial (injection into the heart muscle using a catheter)
injections have been explored (Johnson et al. 2013; Saludas et al. 2017).

1.2.2 Natural biomaterials

Biomaterials derived from natural sources have the advantages of high bioactivity, biocompatibility, and
biodegradability (Sepantafar et al. 2016; Li et al. 2019). However, the disadvantages of natural bioma-
terials include lower mechanical strength, the potential for batch-to-batch variations, and the possibility
of inducing an immune response (Hasan et al. 2015). Sedlakova et al. (2024) identified 23 clinical trials
conducted between 2012 and 2022, all of which made use of natural biomaterials. Of the 23 clinical
trials identified by Sedlakova et al. (2024), 16 made use of alginate-based materials, a natural hydrogel
commonly used in studies investigating biomaterial therapies for MI.

Alginate biomaterial injectates have also been utilised in small and large animal models (Johnson et
al. 2013). Landa et al. (2008) used an alginate-based material injected into rat specimens 7 days after
infarction and observed a significant increase in scar tissue thickness, in addition to a reduction in adverse
cardiac remodelling. Similarly, Leor et al. (2009) and Sabbah et al. (2013) tested alginate biomaterial
injectates in porcine and canine specimens, respectively, and both reported a reduction in adverse LV
remodelling after treatment.

1.2.3 Synthetic biomaterials

A major advantage in using synthetic hydrogels is the level of control available over their composition
and physical properties (Tous et al. 2011; Saludas et al. 2017). Properties such as tensile strength,
elastic modulus, and degradation rate can be predicted and reproduced under controlled conditions (Asti
et al. 2014). However, synthetic biomaterials are less likely to promote tissue regeneration as compared
to natural biomaterials, resulting from lower levels of bioactivity (Do et al. 2015; Saludas et al. 2017).
Furthermore, although many synthetic polymers are considered biocompatible and have been approved
by the Food and Drug Association for certain human applications (Place et al. 2009; Saludas et al. 2017),
they are still considered less satisfactory compared to natural biomaterials (Sarig et al. 2011; Sepantafar
et al. 2016), and are more likely to trigger inflammatory responses (Nelson et al. 2011).
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Of the polymers commonly used in the development of synthetic hydrogels, PEG is particularly notable for
its versatility and excellent biocompatibility (Saludas et al. 2017). However, investigations into injection
therapies involving the use of PEG hydrogel alone have yielded limited positive results (Dobner et al.
2009; Rane et al. 2011; Kadner et al. 2012; Johnson et al. 2013). Dobner et al. (2009), using PEG
hydrogel injected into infarcted regions in male Wistar rats, observed reduced adverse remodelling 2- and
4-weeks following MI; however, 3 months following MI, the remodelling had progressed to be in-line with
the control sample. Similarly, Rane et al. (2011) used PEG hydrogel injectate in female Sprague Dawley
rats, delivered 1 week after total occlusion of the left coronary artery, and observed an increase in infarct
wall thickness compared to the control. However, cardiac function in both the polymer and control groups
decreased compared to the baseline (Rane et al. 2011). Kadner et al. (2012), using male Wistar rats,
observed that PEG hydrogel delivered 1 week after MI resulted in a significant increase in infarct scar
thickness and a reduction in pathological remodelling. Other studies have made use of PEG copolymers
and yielded beneficial results (Jiang et al. 2009; T. Wang et al. 2009a; J. Wu et al. 2011; Johnson et al.
2013). For example, J. Wu et al. (2011) observed a significant preservation of scar thickness, a reduction
in pathological remodelling, and an improvement in ventricular function, when using a PEG copolymer
injectate delivered 1 week after MI in Sprague Dawley rat specimens.

1.2.4 Hybrid biomaterials

Hybrid hydrogels combine the advantages of both natural and synthetic hydrogels, thereby allowing for the
provision of biological properties as well as controlled mechanical strength and degradation profiles (Xu
et al. 2015). Several studies have developed various types of hybrid hydrogels for biological applications
(Fu et al. 2012; Martino et al. 2013; Singh et al. 2013; Grover et al. 2014; Jeon et al. 2014; Skaalure et al.
2014; Deng et al. 2015; Williams et al. 2015). For example, Grover et al. (2014) synthesized a hybrid
biomaterial using porcine dECM and PEG hydrogel. The incorporation of PEG hydrogel increased the
stiffness and decreased the degradation rate of the resulting biomaterial, while still allowing for the
material to be injectable (Grover et al. 2014).

1.2.5 Factors affecting distribution and retention of biomaterial injectate

Several studies have identified low levels of biomaterial retention following injectate therapies for MI as a
subject of interest (Hou et al. 2005; George et al. 2008; Hale et al. 2008; Nakamuta et al. 2009; Le Visage
et al. 2012; Rustad et al. 2012). In particular, the optimal cell delivery route and optimal injection
timing have been identified as potentially important factors (Nakamuta et al. 2009). For example, Hou
et al. (2005) investigated the effect of peripheral blood mononuclear cells delivered to infarcted porcine
models through intramyocardial (IM), intracoronary (IC) and intravenous (IV) delivery routes. The
study concluded that the majority of the delivered cells were not retained within the heart for all delivery
modalities, with a significant percentage of the cells being distributed to the lungs (Hou et al. 2005).
Nakamuta et al. (2009) made use of bone marrow cells delivered to adult rats via 4 different routes. The
study observed that the IM delivery route led to improved cardiac cell retention as compared to the
remaining 3 delivery routes (Nakamuta et al. 2009). Furthermore, when the IM injection was performed
7 days after MI, the observed cell retention was significantly improved compared to injections 1, 2, and 3
days after MI (Nakamuta et al. 2009). Additionally, when using an IM injection performed 3 days after
MI, the inclusion of an injectable fibrin polymer scaffold led to a 2.5 times increase in the number of
transplanted cells retained in the myocardium 24 hours after injection (Nakamuta et al. 2009). Kadner
et al. (2012) focused on the effects of injection timing, using a PEG hydrogel injected into infarcted rat
specimens both immediately and 7 days after MI. The study concluded that only the delayed delivery
resulted in a reduction in adverse cardiac remodelling and an improvement in cardiac function (Kadner et
al. 2012). Similarly, studies investigating delayed hydrogel injections delivered in rabbits 4 days after MI
(T. Wang et al. 2009b), and rats 2 weeks after MI (Fujimoto et al. 2009), observed clear improvements
in cardiac function and ejection fraction. These findings highlight the importance of optimising both
the delivery route and timing of biomaterial injections to enhance retention and improve therapeutic
outcomes for MI.

1.2.6 Challenges in understanding the mechanism of action of hydrogel in-
jectate therapies

Despite promising outcomes from investigations into the use of hydrogel injection therapies as a treatment
for MI, the underlying mechanism of action remains unclear (Sack et al. 2020). This lack of understanding
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restricts the ability of translational research to refine and adapt therapy protocols in a way that maximises
their potential effectiveness (Sack et al. 2020). Sack et al. (2020) provides an excellent example of
the value of in silico modelling approaches in investigating the complex interactions between hydrogel
biomaterial and the cardiac environment into which it is injected. The in silico models developed in their
study were able to realistically simulate in vivo function with > 99 % accuracy and suggested that the
solidified hydrogel provides support to the LV mid-wall, substantially reducing adverse remodelling when
compared to the untreated control (Sack et al. 2020). As noted by Quarteroni et al. (2017), modelling
the cardiovascular system presents significant challenges due to its complexity, multi-scale dynamics, and
the demand for stable, reliable, and efficient computational methods.

1.3 Computational modelling of cardiac mechanics

1.3.1 Background

The heart is comprised of a mixture of various biological components, including muscle fibres, collagen
fibres, coronary vessels, blood, and interstitial fluid (Mackerle 2005). Furthermore, the series of pressure
changes that occur within the heart, known as the cardiac cycle, can be divided into diastole (ventricular
filling) and systole (ventricular contraction) (Pollock et al. 2017), and the heart can be decomposed
into mechanically active (contractile) and passive components (Lamata et al. 2014). As a result of this
complexity, numerical simulation of the cardiovascular system is not a simple problem (Mackerle 2005).
However, there is significant promise that the combination of novel hierarchical continuum models, new
imaging modalities, and modern simulation tools will provide greater understanding into the pathways
of cardiac disease and guide the design of new treatment methodologies (Goktepe et al. 2010).

The method of approach to computational cardiovascular mechanics used by Guccione et al. (2010),
consists of four major steps. First, the studying of the anatomy of the heart to determine its geometric
configurations. Second, the determination of the mechanical properties of the cardiovascular tissue.
Third, the derivation of the necessary partial differential or integral governing equations from the laws of
physics, continuum mechanics, and the constitutive equations of the cardiovascular tissue. And fourth,
the understanding of the boundary conditions of the heart (Guccione et al. 2010). Each step incurs its own
challenges, for example, in determining the mechanical properties of cardiovascular tissue: the tissue is
unable to be isolated for testing, the size of available tissue specimens is too limited, and there is difficulty
in maintaining the tissue in its normal living condition (Guccione et al. 2010). Furthermore, cardiovascular
tissue exhibits anisotropic and non-linear stress-strain relationships. Nevertheless, constitutive models
have been proposed that are motivated by the microstructure of the myocardium (Holzapfel et al. 2009),
and parameters for such models have been estimated using data from ex vivo experiments (Sommer
et al. 2015; Guan et al. 2019). As per Guccione et al. (2010), once the boundary value problem has
been posed at the end of the approach, mathematical and computational algorithms can be used to
find an approximate solution. Validation of the models can then be done using various experimental
approaches, such as imaging-based approaches for patients. Should the models and the experiments
disagree, the cause of the discrepancy then needs to be examined, and the theory, or the experiment, or
both, may be improved. This results in an iterative process wherein the improvements in experiment and
theory continue until there is an acceptable agreement between the two. If the computational models and
experimental results are in agreement, the model can then be used in predicting the system’s physiological
behaviour under different conditions (Guccione et al. 2010). The following section elaborates on the issues
of geometry development and constitutive modelling necessary for this approach.

1.3.2 Geometry development

A major breakthrough in cardiac computational modelling came in the development of new imaging
modalities able to provide structural and functional information of cardiac tissue (Lopez-Perez et al.
2015). Imaging modalities such as echocardiography, cardiac magnetic resonance imaging (MRI), and
computed tomography (CT) have seen dramatic improvements in their capabilities and rapid expansion
of their applications in recent years (Lamata et al. 2014). Refinements in these medical imaging methods
have vastly improved our ability to image manifestations of cardiovascular disease (Wann et al. 2010).
These imaging methods provide a significantly safer and easier route for detecting various heart conditions
in comparison to invasive techniques (Blankstein 2012).

The development of realistic cardiac models from in vivo or ex vivo information has been made possible
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through the evolution of medical imaging modalities (Lopez-Perez et al. 2015). For example, advance-
ments in MRI and diffusion tensor MRI (DT-MRI) technologies have led to a new level of anatomically
accurate cardiac models (Gurev et al. 2011; Sack et al. 2016; Sack et al. 2018). MRI and DT-MRI are
able to detail an individual heart’s ventricular geometry, in addition to fibre and laminar sheet structure
(Helm et al. 2005; Gurev et al. 2011). The need to balance the accuracy of a model with computational
expense considerations often leads to anatomical simplifications (Sack et al. 2016). Simplified LV geome-
tries, such as those used by (Janz et al. 1972; Streeter et al. 1973; Arts et al. 1979) were, until recently,
the primary tool used to investigate cardiac mechanics (Sack et al. 2016). The development of the first
realistic biventricular model was done by Nielsen et al. (1991), this model was then extended by Stevens
et al. (2003) (Sack et al. 2016). The first full heart model, featuring all four chambers of the heart, the
four valves, and connecting large vessels, was developed by the Living Heart Project (Baillargeon et al.
2014; Sack et al. 2016).

Cardiac geometry and function also depend on the contribution of features at a vast range of length-scales,
including the cellular (10 pum to 100 pm), mesostructural (100 pm to 1 mm), and whole-organ (1 mm to
100 mm) levels (Wilson et al. 2022). To address these complexities, studies such as Wilson et al. (2022) and
Motchon et al. (2023) have adopted a microstructural modelling approach. Sirry et al. (2013) developed
a detailed microstructural geometry of myocardium with PEG hydrogel inclusions, reconstructed from
cardiac MRI data. Motchon et al. (2023) made use of ex vivo microcomputed tomography (nCT) imaging
data to develop a whole-organ scale finite-element geometry, followed by the extraction of a tissue block
which was used for microstructural computational studies.

In recent years, patient-specific modelling, involving the development of individualised computational
models based on patient-specific data, has gained research attention due to its potential to improve diag-
nosis, inform surgical training platform design, and optimise clinical treatments by predicting therapeutic
and surgical treatment outcomes (Neal et al. 2010; Sack et al. 2016).

1.3.3 Constitutive modelling

Constitutive models describe the mechanical behaviour of materials through the use of mathematical
models derived using physical concepts and experimental evidence (Marino 2019). The predictive ca-
pabilities of computational models significantly depend on the accuracy of constitutive models (Marino
2019). Moreover, two of the main components of a patient-specific cardiovascular model are the consti-
tutive models used for the active and passive materials (Krishnamurthy et al. 2013).

For passive cardiac behaviour, the most widely used constitutive law, as per Sack et al. (2016), was
developed by Holzapfel et al. (2009), wherein the following strain energy function ¥ is proposed:
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Here, a and b terms are material parameters and I terms are invariants of the right Cauchy-Green tensor
defined in Equation (2.2.8). In particular, I; is an isotropic term, while Iy; represents the stretch of
anisotropic component i and Igys represents the interaction of anisotropic components f and s. This
was the first model that was completely invariant-based, orthotropic, convex, and characterized by mi-
crostructurally motivated material parameters (Goktepe et al. 2010). Homogenous simple shear tests,
using explanted cardiac tissue, have been used to demonstrate the excellent performance of this model
(Dokos et al. 2002; Holzapfel et al. 2009; Goktepe et al. 2010).

The most common approach, as per Sack et al. (2016), to incorporating the active contractile cardiac
behaviour into a mathematical description was introduced by Guccione et al. (1993). The approach relies
on the contribution of the active stress to the overall stress being additive, usually along the local fibre
orientation (Sack et al. 2016). The proposed model considers (among other factors) sarcomere length,
time after onset of contraction, intracellular calcium concentration, and maximum isometric tension. In
this model, the active tension in the myocardium is given by:
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Where Ti.x is the maximum isometric tension, C'ag is the peak intracellular calcium concentration, and
ECasg is the length-dependent calcium sensitivity. The internal variable C} scales the tension evolution,
with w as a time-dependent phase variable governing the contraction cycle.

In the event of MI, cardiac muscle tissue is lost and replaced with scar tissue; the mechanical properties
of this scar tissue play an important part in cardiac function post-infarction (Fomovsky et al. 2010).
In a study conducted over 12 weeks in infarcted porcine models, McGarvey et al. (2015) noted that
average infarct stiffness was approximately 20 times that of normal passive myocardium when measured
1 week after MI. The same study noted that, 12 weeks after MI, the infarct stiffness had decreased to
approximately 3 times that of normal passive myocardium (McGarvey et al. 2015). Sack et al. (2018)
introduced a constitutive model capable of describing both healthy and failing porcine cardiac specimens,
through the introduction of a parameter representing the volume fraction of healthy tissue. The resulting
model allows for homogenised, pathological tissue to be described using an isochoric (volume-preserving)
strain energy function ¥, and a volumetric (shape-preserving) strain energy function W, (Sack et al.
2018):

— a a; = Qfs —
U= o explb(l1 = 3)] + Ef %, {expbi(Lui — 1)*] = 1} + WJ;S {explbysIZp] — 1},
N————— = f,5

isotropic term

. i coupling term
anisotropic term

a;=a; [h+(1—h)p|,
—_———

pathological scaling

1 /J? -1
‘ljvol = 5 ( ) — hl(J)) .

volumetric term

Where J is the determinant of the deformation gradient given by Equation (2.2.3), and the I terms
are the invariants of the isochoric right Cauchy-Green tensor defined in Equation (2.2.8). The a; terms
represent parameters governing healthy and pathological tissue homogenisation, with A representing the
volume fraction of healthy tissue, and p scaling the passive response based on pathology. The b terms are
material parameters contributing to the isotropic and anisotropic stiffness responses, and D is a material
parameter which defines material compressibility.

1.4 Computational mechanics in MI and biomaterial therapies

The finite-element (FE) method has been shown to be a useful tool in modelling cardiac mechanics, and
in investigating many parameters needed to optimise biomaterial injection therapies, such as biomaterial
properties, injection volume, injection location, and injection timing (Kortsmit et al. 2013). Compu-
tational models have been used to describe the mechanical effects of biomaterial injection, due to the
complexities and limitations associated with real-time, in vivo measurements (Y. Zhu et al. 2017). For
example, Wall et al. (2006), using an FE model of an infarcted ovine LV, investigated the short-term
effect of material injection on cardiac function as a function of injectate volume, injectate stiffness, and
injection location. The study found that fractional changes (0.5 to 5%) in myocardial wall thickness
resulting from injection may help to reduce myofibre stresses, and that this effect was most pronounced
with multiple border wall zone injections, as well as dependent on injectate volume and stiffness (Wall
et al. 2006).

Many studies have investigated the importance of injection patterns and injectate distribution in bioma-
terial injection therapies (Wenk et al. 2009; Kortsmit et al. 2013; Miller et al. 2013; Kortsmit et al. 2014).
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Wenk et al. (2009) developed an FE-based method which aimed to automatically optimise injection pat-
terns based on an objective function with various weighting factors. In the study, the injected material
was represented using spherical polymeric inclusions embedded into the myocardium (Wenk et al. 2009).
Using FE models, Kortsmit et al. (2013) investigated the effects of a more realistic, layered biomaterial
distribution on cardiac function. Kortsmit et al. (2014) and Miller et al. (2013) compared the effects of
both layered and bulk distributions. Kortsmit et al. (2014) found that layered and bulk distributions
decreased average myofibre stress by 99 % and 97 %, respectively, during the ischaemic stage, and by
70 % and 36 %, respectively, during the remodelling stage. The study also found that LV ejection fraction
increased by 77 % (layered distribution) and 25 % (bulk distribution) during the ischaemic stage, and by
61 % (layered distribution) and 63 % (bulk distribution) during remodelling (Kortsmit et al. 2014).

Further studies have investigated the impact of biomaterial injectate therapies on myocardial stresses
(Kichula et al. 2014; Lee et al. 2014; Legner et al. 2014; H. Wang et al. 2017). Kichula et al. (2014)
conducted biomaterial injection experiments in ovine LV myocardium, and used MRI techniques to gen-
erate data on the resulting injection volume and shape. This information was then implemented in an
FE model used to investigate myocardial wall stresses (Kichula et al. 2014). The resulting simulations
showed an approximate 14 % reduction in global average fibre stress, and an approximate 26 % reduction
in the transmural (representing a local change in stress) average as a result of the injections (Kichula
et al. 2014). H. Wang et al. (2017) focused on the effects of injection stiffness and volume on ventricular
wall thickness and stress. Their results indicated that larger volumes and higher stiffnesses resulted in
the greatest stress reduction, although improvements appeared to taper once the biomaterial stiffness
reached 50kPa (H. Wang et al. 2017). Wise et al. (2016) used a rat heart FE model in investigating the
effects of injectate volume and infarct size on treatment efficiency, and hypothesized the existence of an
optimal biomaterial volume or volume range dependent on infarct size. The results of the study found
that an increase in injection volume from 25 % to 50 % of the infarct wall volume increased the beneficial
effects on ventricular function and infarct wall mechanics (Wise et al. 2016). However, these beneficial
effects did not increase further when the volume was increased to 75% (Wise et al. 2016). The study
concluded that a threshold volume may exist, beyond which treatment efficacy does not further increase,
but may in fact decrease. They further concluded that the efficacy of biomaterial injectates in reducing
infarct wall stresses increased with infarct size (Wise et al. 2016).

There are promising benefits to patient-specific models, including personalised diagnosis, treatment plan-
ning, and therapy design (Sack et al. 2016). Significant advancements in patient-specific computational
cardiac mechanics include high-quality imaging techniques, increases in computational resources, geo-
metrically realistic multi-physics models, and more easily available structural and functional data of the
heart (Sack et al. 2016). However, a patient-specific, high-resolution computational cardiac model using
data from an individual patient has not yet been developed (Sack et al. 2016).

1.5 Rationale

Accurately modelling the geometrical features of the cardiac system presents significant challenges, some
of which have been identified in the preceding sections. As a result, many studies make use of idealisa-
tions when modelling cardiac structures and hydrogel injectate inclusions. These simplifications reduce
computational expenses and model complexities, however they also reduce the accuracy and predictive
capabilities of these models. Further challenges exist due to the multi-scale nature of the cardiac system,
where the cardiac microstructure varies considerably across the whole-organ scale. These microstructural
variations lead to difficulties in accurately simulating the full-scale behaviour of the heart, and often
lead to additional simplifications in existing literature. Additional complexity exists in the multi-physics
nature of cardiac function, which includes, among others, fields such as fluid dynamics, solid mechanics,
and electrophysiology. Consequently, many existing studies focus on certain aspects of this multi-physics
behaviour, which again reduces model complexity at the cost of model accuracy and predictive capacity.
Owen et al. (2018), Morris et al. (2016), and Trayanova et al. (2023) provide reviews of cardiovascular
computational models which focus on solid mechanics, fluid mechanics, and electrophysiology, respec-
tively.

Additional limitations exist in modelling the behaviour of hydrogel injectate, which is comprised of
both solid and fluid constituents (Feng et al. 2020). This results in material behaviour that is neither
completely fluid-like, nor completely solid-like. Many studies avoid this complexity by analysing the
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injectate as either a non-Newtonian fluid, as seen in Ngoepe et al. (2019), or as a hyperelastic solid, as
seen in Motchon et al. (2023). Few studies analyse the intermediate behaviour of the injectate during the
gelation process, or the potential of the injectate, post-gelation, to behave as a viscoelastic material. A
poroelastic material model, described in Feng et al. (2020), has demonstrated the most complete ability
so far in describing the behaviour of hydrogel injectate, however this model has not yet seen use in any
cardiovascular computational modelling studies.

Ideally, a comprehensive model of the cardiac system would capture both macroscale and microscale
geometric detail, as well as the multi-physics interactions between solid mechanics, fluid mechanics, and
electrophysiology. However, such a model is not currently feasible, both in terms of the complexity
of its development, as well as the computational resources that would be required to use it. A more
practical approach is to begin with the simplest possible model, by making use of idealisations, and to
systematically assess the conditions under which those idealisations become inadequate. The limits of
these idealisations can then be addressed by incrementally adding additional levels of complexity to the
model, until the predictions made by the model are in acceptable agreement with observed experimental
results.

Given the uncertain nature of the behaviour of hydrogel injectate in cardiac tissue, it would be useful to
have a modelling framework that initially assumes elastic material behaviour, while providing a basis for
extension to more complex descriptions of material behaviour such as viscoelasticity and poroelasticity.
Such a framework would allow investigation into whether the assumption of elastic material behaviour is
sufficient, and if it is not, under which conditions the observed stresses exceed reasonable elastic limits.
This would provide a clear rationale for incorporating more complex material models if necessary, ensuring
a balance between accuracy and computational efficiency.

1.6 Aims and objectives

Aims

The broad goal of this work is to develop a computational framework for modelling the mechanical effects
of hydrogel injectate accurately, beginning with the simplifying assumption of elastic material behaviour.
The framework should aim to improve upon the current state of the art by:

1. Using geometric descriptions of the injectate that are not idealisations but, rather, are direct re-
constructions from medical imaging data;

2. Incorporating appropriate non-linear material models for the myocardium and hydrogel;

3. Applying boundary conditions that are representative of the cardiac cycle and well founded in
thermodynamic principles.

Additionally, the framework should be implemented in such a way that it is extensible and can be
further developed to include, for example, poroelasticity, electrophysiology, and new constitutive models.
This way, as the state of the art in myocardial modelling advances, the framework can be extended to
incorporate these advancements.

Objectives

To achieve these aims, the following objectives have been formulated:

1. To develop a representative microstructural geometry comprised of myocardium and hydrogel in-
jectate.

2. To implement isotropic and anisotropic hyperelastic material models, which allow for the variation
of material parameters.

3. To develop appropriate boundary conditions which can be used to replicate the actions of the
cardiac cycle.

4. To demonstrate the capabilities of the developed framework using a range of input conditions.



Chapter 2

Methodology

The following chapter details the methodologies employed in addressing the objectives of this study. To
investigate the mechanical response of a myocardium tissue block with hydrogel inclusions under various
loading conditions, a modelling framework was developed. Detail will be provided regarding the following
aspects of the development of this framework:

1. The development of microstructural finite-element meshes which can be used for in silico modelling
purposes. These include a realistic microstructural mesh derived from confocal microscopy imaging
data of rat myocardium, as well as an idealised mesh representing a myocardial tissue block with a
cylindrical hydrogel inclusion.

2. The development of a finite-element solver which was capable of incorporating non-linear hyper-
elastic material models, applying thermodynamically-admissible boundary conditions, and solving
problems with multiple material domains.

3. An application example which demonstrated the utility of the developed framework, by using bound-
ary conditions which were derived from the results of an existing, macroscale, in silico cardiac model.
A parametric study was conducted spanning a range of possible loading conditions, as well as a
range of possible hydrogel injectate material parameters.

Ethical considerations

The methods of the present study did not include any interactions with human participants or the use
of any data, experimental or otherwise, related to human participants. Furthermore, the methods of the
study do not involve the collection of data from animal specimens in any way, and instead make use
of secondary data which has been made available to the research group (CERECAM). In cases where
third-party, secondary data was permitted to be used, the originators were properly acknowledged and
accredited. This includes the confocal microscopy imaging dataset made available by Sands et al. (2005),
as well as the results of the macroscale FE model made available by Motchon et al. (2023) and Absalom
Maluleke (unpublished PhD study).

2.1 Geometry development

2.1.1 Background on the multi-scale structure of cardiac tissue

In the case of cardiac tissue, there are heterogeneities that occur at a length scale far smaller than
that of the entire cardiac structure. The directions of the cardiac muscle fibres (cardiomyocytes) and
the structures of the laminar sheets are examples of these heterogeneities that can be identified at the
microstructural level, as seen in Figure 2.1. Certain anisotropic material models, such as the one proposed
by Holzapfel et al. (2009), make use of a right-handed orthonormal set of basis vectors comprised of a
fibre axis fy, coinciding with the orientation of the cardiomyocytes, a sheet axis sg, which lies in the
plane of the cardiomyocyte layer and is perpendicular to the fibre axis, and a sheet-normal axis ng, which
is orthogonal to the other two axes.

10
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Figure 2.1: Schematic diagram of the microstructural organisation of cardiac tissue showing: (A) the
variation in muscle fibre orientation and laminar sheet structure across the heart wall and (B) the layered
organisation of cardiomyocytes and the collagen fibres between them, with a right-handed orthonormal
co-ordinate system consisting of a fibre axis foy, sheet axis sg, and sheet-normal axis ny (Nguyen et al.
2020).

Of relevance to this study is the fact that the left ventricular wall is primarily comprised of cardiomyocytes,
which occupy approximately 70 % of the volume, with the remaining 30 % consisting of various interstitial
components (Holzapfel et al. 2009). LeGrice et al. (1995) found that adjacent cardiomyocytes are bound
together by collagen fibres to form laminar sheet structures, which are separated by cleavage planes, as
illustrated in Figure 2.2.

Cleavage Planes

Laminar Sheets

Figure 2.2: Schematic diagram of: (A) the biventricular cardiac anatomy with fibre orientations, (B) a
myocardial tissue block illustrating the arrangement of cardiomyocytes into laminar sheets separated by
cleavage planes (Miller et al. 2022).

In this study, two assumptions were made with regard to the nature of the cardiac structure at the 100 pm
to 1mm level, in order to facilitate the development of a finite-element mesh and a corresponding set of
orthonormal basis vectors needed for anisotropic material models:

1. The cleavage planes were assumed to be “void” regions where hydrogel biomaterial could potentially
settle post-injection. A similar assumption was made by Ngoepe et al. (2019). This assumption is
further supported by Pope et al. (2008), which found that collagen cords in the cardiac mid-wall
appear to be sparsely distributed.

2. The mean fibre axis fy and sheet-normal axis n directions were assumed to correspond with the
longest and shortest axes of the cleavage planes respectively. This assumption was supported by
the findings of Wilson et al. (2022).

2.1.2 Description of available confocal microscopy data

The geometry used for the simulations conducted in this study was derived from ex vivo confocal mi-
croscopy imaging data of a rat heart tissue block, provided by the University of Auckland (Sands et al.
2005). In their study, a tissue block from the left ventricular wall of the heart was examined, resulting
in a set of 2D image slices. A visualisation of the entire tissue block, reconstructed from these slices, is
shown in Figure 2.3. The tissue block has dimensions of 4.25 mm, 1.12mm, and 0.88 mm in the radial,
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longitudinal, and circumferential directions respectively.

1.12mm (longitudinal)

Figure 2.3: Reconstruction of the original 3D micro-CT imaging dataset (Sands et al. 2005).

The dataset is comprised of 365 2D greyscale images, each with pixel intensity values ranging from 0
(black) to 255 (white). An example of a single image from the dataset can be seen in Figure 2.4. The
tissue block was assumed to be comprised of two material domains: one in which myocardial tissue is
present and one in which myocardial tissue is not present. The latter of these domains describes both
interstitial cavities in the tissue block, such as the cleavage planes, as well as internal blood vessels.

Figure 2.4: Example of a single 2D image slice from the Sands et al. (2005) dataset.

The imaging data does not directly contain descriptions of the material domains, nor does it contain
descriptions of the orientations of the fibre fj, sheet sy or sheet-normal ny axes. As such, additional
processing was needed to obtain reasonable descriptions of the material domains and the directions of
the axes. Furthermore, the imaging dataset does not include a precise description of the location of the
extracted tissue block within the LV wall; as a result, the orientation of the tissue block and its position
relative to the full cardiac geometry were not considered in this study.

2.1.3 Development of a realistic microstructural mesh from confocal mi-
croscopy imaging data

In order to develop a finite-element mesh from the available confocal microscopy image dataset, it was
necessary to segment each image to determine the myocardial tissue and void regions. This was accom-
plished by preprocessing the set of 2D images and then investigating two image segmentation techniques:
global thresholding and region-growing.

Preprocessing

This study chose to focus on the laminar sheet structure of myocardial tissue, which features cleavage
planes where hydrogel injectate could potentially settle. To do so, the 2D images were cropped to focus on
a region of interest (ROI) which captured the laminar sheet structure of the tissue block. Additionally, to
aid the segmentation process, the contrast of each image was improved using Contrast Limited Adaptive
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Histogram Equalisation (CLAHE). This was done using the built-in CLAHE functionality of the open-
source image processing library OpenCV; the authors of this library have asked for it to be cited as
(Bradski 2000).

Image segmentation techniques

Following the preprocessing of the images, global thresholding and region-growing segmentation tech-
niques were investigated in order to distinguish the myocardium and void regions. What follows is a
description of each technique, as well as their main advantages and disadvantages.

Global thresholding using the Otsu method

As per Jardim et al. (2023), one of the simplest techniques used to segment an image into two regions is
thresholding, where the image is split into two groups of pixels: those with values below the threshold
and those with values equal to or above it. Their paper identified the Otsu method as one of the most
commonly used forms of global thresholding, whereby the threshold value is determined by maximising
the variance between pixel intensity classes. They further noted that this method performs well when
the pixel values in the image have a bimodal distribution, but struggles in cases where the image features
noise or inhomogeneous lighting (Jardim et al. 2023). Implementation of Otsu global thresholding was
accomplished using the built-in functionality of the OpenCV library.

Region-growing segmentation

Region-growing segmentation is a commonly used technique whereby image regions are distinguished
based on pixel intensity and edge information (Alzahrani et al. 2021). This involves the selection of a set
of seed points in the original image, which are then grown iteratively according to a predefined similarity
criterion. The neighbouring pixels of each seed point are evaluated against the similarity criterion. If they
satisfy the criterion, they are said to belong to the region of the seed point and their own neighbouring
pixels are then checked. This process continues until no more pixels satisfy the similarity criterion for
region expansion. Region-growing techniques work well in identifying areas of the image with similar
characteristics, and perform better on images with obvious edges (Jasim et al. 2021). However they can
be computationally demanding and sensitive to noise in the image data (Jasim et al. 2021).

This study implemented a region-growing segmentation algorithm using the built-in functionality of the
OpenCV library. Seed points were selected using a global thresholding method where all pixels with a
value below 15 were selected as seed points. The similarity criterion used was a pixel intensity difference
of 50; if a pixel’s intensity differed from its neighbour’s intensity by more than this amount, it was not
added to the region. The seed point threshold value and similarity criterion were determined through
trial-and-error, and aimed to ensure adequate coverage of major cleavage planes while preventing excessive
region growth.

Mesh generation using segmented imaging data

Image segmentation provided a set of 2D binary images comprised of detected void regions and detected
tissue regions, with pixel intensity values of 0 (black) and 1 (white) respectively. These images were
stacked to form a 3D image dataset containing 106 762500 voxels (from 365 2D slices, each being 650
by 450 pixels). To reduce the number of finite elements needed for full representation, and to ensure
that the simulations described in Section 2.3.2 were computationally feasible, the 3D image dataset was
truncated to be of size 160 by 160 by 160 pixels, reducing the size of the dataset to 4096 000 voxels.
As stated previously, the assumption was made that void regions had been filled with hydrogel following
an injection of hydrogel material into the cardiac area. A finite-element mesh was then generated from
the truncated 3D image dataset, using the mesh generation capabilities of the open-source C++ library
deal I, described in Section 2.2.2. Fach cell of the mesh corresponded to a voxel of the truncated 3D
image dataset, and the myocardial tissue regions and hydrogel regions were distinguished using deal.Il
cell material identifiers.

The generated realistic microstructural mesh had a size of 160 cells in the x, y, and z directions. This
corresponds to dimensions of 0.386 mm in each of the longitudinal, radial, and circumferential directions
of the original tissue block seen in Figure 2.3.
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Myocardial fibre directions

Implementation of the anisotropic, hyperelastic material model proposed by Holzapfel et al. (2009) re-
quired the definition of the fibre axis fj, sheet axis sy, and sheet-normal axis ny. It was then necessary
to determine an appropriate set of axes, corresponding to the generated finite-element microstructural
mesh. For this purpose, the mean fibre directions within the geometry were assumed to be aligned with
the longest axes of the cleavage planes (i.e. hydrogel injectate regions), as per Wilson et al. (2022).

In determining appropriate fibre directions, a larger subset of the segmented, binarised 3D image dataset
was used. This subset was of size 352 by 352 by 352 pixels, and provided information on the orientations
of the cleavage planes over a larger domain than the one used to develop the previously described finite-
element mesh.

The geometry of the cleavage planes was analysed using its two-point correlation function S; that is:

I(x)= S(r)= ﬁ/ﬂI(w)I(w—i—r) dQ. (2.1.1)

1 if  in cleavage plane,
0 otherwise,

Here, 7 is the indicator function and 7 is the shift vector. Further detail on two-point correlation functions
and their use in describing aggregate features in heterogenous materials can be found in Torquato et al.
(2002, Sec. 2.2.5). This function provides the probability that two points with relative position r
will both be located in the cleavage planes if placed randomly in the microstructure. Intuitively, points
connected by a shift vector r that is parallel with the longest axis of the cleavage planes are most likely
to both be located in a cleavage plane, and the converse is true for r that is parallel with the shortest
axis of the cleavage planes. This was used to determine the statistically longest and shortest directions
of the cleavage planes, which were assumed to correspond to the fy and ng axes, respectively. To do so,
r was defined in terms of spherical co-ordinates; that is:

rsin (0) cos (¢)
r= |rsin(f)sin(¢)| , (2.1.2)
7 cos ()
And the orientation of f and ng, respectively, was found using:
(G,gb)fo = arg max/ S(r(r,0,¢)) dr, (O,cb)no = arg min/ S(r(r,0,¢)) dr. (2.1.3)

0,9 —w 0,9 —w

Here, (0, ) 5, and (0, qb)no are the orientations of fj and mng, respectively, and w is a user-chosen band-
width; chosen here as w = 10 pixels. Finally, the sheet axis sy was calculated as the cross-product of the
fo and nyg, since the fibre axes must form an orthonormal set:

S = fO X Nng. (214)

The resulting orthonormal set of fibre directions was determined to be:

—0.95199538 0.33220323 0.09950472
fo= 0.30601061 |, mo= | 0.87674863 |, so= |0.33370978] . (2.1.5)
—0.00789337 —0.34778276 0.93631836

2.1.4 Development of an idealised mesh

In addition to the realistic microstructural mesh, an idealised mesh was developed, representing a my-
ocardial tissue block with a cylindrical hydrogel injectate inclusion. The simplified mesh was developed



15 2.2. Finite-element solver development

to allow for a wider range of the developed program’s capabilities to be demonstrated in the application
example (Section 2.3), such as the ability to apply a set of time-varying boundary conditions. Demon-
stration of this capability using the realistic microstructural mesh was not feasible, due to the number of
degrees-of-freedom and the consequent computational time requirements.

The idealised mesh was comprised of 163 840 elements and 513 315 corresponding degrees-of-freedom, and
was of unit length, width, and height. The diameter of the cylindrical inclusion was set as half the overall
width. Since the idealised mesh was not derived from any form of imaging data, the mesh does not have
any corresponding real-world dimensions. It is important to note that this mesh was highly idealised for
demonstration purposes, and was not intended to represent a realistic cardiac microstructure.

2.2 Finite-element solver development

The following section provides a description of the finite-element solver which was developed as part of
this study. The solver makes use of the open-source C++ finite-element library, deal.Il, whose authors
have asked for it to be cited as Arndt et al. (2021) and Africa et al. (2024). Detail will be provided with
regard to the following:

1. The theoretical preliminaries necessary for the development of the solver. These include essential
descriptions of the relevant continuum mechanics, finite-element, and computational homogenisa-
tion theory.

2. An overview of the deal. Il C++ library, which is open-source and available free of charge for private,
academic, and commercial use under the GNU Lesser General Public License (Arndt et al. 2021;
Africa et al. 2024).

3. A description of the finite-element solver which was developed in this study.

2.2.1 Theoretical preliminaries

The following section provides essential descriptions of the theory required to develop the solver, as
well as descriptions of the notation used in this study. It is important to note that the descriptions
provided in this section are summarised and are not intended to represent an in-depth treatment of all
of the relevant theory. Essential kinematic descriptions and notations are presented, followed by the
definition of the boundary value problem (BVP) that was relevant to this study. The variational form
of the equilibrium equation is then presented, followed by its linearised, discretised form. Subsequently,
the relevant constitutive modelling theory is covered, regarding isotropic and anisotropic constitutive
models which make use of an isochoric (volume preserving) and volumetric (shape preserving) split of
the deformation gradient. Finally, the purpose and essential principles of computational homogenisation
are provided, including a description and justification for kinematically uniform boundary conditions
(KUBCs) which are used throughout the remainder of this study.

Continuum mechanics

Kinematics

Each point X in the material domain of a body Qg C R? is mapped to a unique point  in the current
domain Q C R? at a given time ¢ by the motion ¢ (X ,t). The displacement u and deformation gradient
F are then defined, respectively, as:

poo 9

= —X — .

(2.2.1)

)

The Jacobian J is defined as the ratio of an infinitesimal volume element in the current domain dv to its
counterpart in the material domain dV’; that is:

dw

J—W

(2.2.2)

Furthermore, it can be shown that:
J =det(F) . (2.2.3)
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It is occasionally useful to multiplicatively decompose the deformation gradient F' into an isochoric part
F and a volumetric part F,,;. This allows for the separation of the isochoric and volumetric parts of
the behaviour of a material, which will be discussed in further detail in Section 2.2.1 - “Constitutive
modelling”. The isochoric component of the deformation gradient F' is volume preserving, and as such
the determinant of F' is necessarily equal to one.

F=F,F, (2.2.4)
Fy:=J31, (2.2.5)
F:=J3F, (2.2.6)

det (F) =1. (2.2.7)

The right Cauchy-Green tensor C and its isochoric counterpart C are defined, respectively, as:

C.=FTF, C.=F'F. (2.2.8)

Additionally, the following shorthand expressions for various gradient terms are defined:

Grad (e) : = ;}'{, grad (o) : = 37; (2.2.9)
Div (e) : = g;(i , div (o) : = g'i . (2.2.10)
i T

Here, and throughout the study the Einstein summation convention on repeated indices is invoked.

Boundary value problem definition

In the absence of traction boundary conditions and inertial and body forces, the displacement u € H'
can be solved for by satisfying the following equations:

Equilibrium: div(e) =0 on ), (2.2.11)
Dirichlet BC: uU=1u onl, (2.2.12)
Constitutive equation: o = 6 (Grad (u)) on Q. (2.2.13)

Here, Equation (2.2.11) is the point-wise equilibrium equation that must be satisfied on the entire domain,
Equation (2.2.12) represents prescribed displacement values @ on the boundary T', and Equation (2.2.13)
defines the material response through a constitutive law relating stress to the deformation gradient.

In order to find an approximate solution the problem represented by Equations (2.2.11) to (2.2.13) the
problem was first cast into a functional form, using methods as described in Bonet et al. (2008), to arrive
at the following:

ow = / grad (0v) : 0dQ2 =10. (2.2.14)
Q

Here, 0w is ‘virtual work® and dv is the ‘virtual velocity‘. It can be shown that, when w is sufficiently
smooth, finding w that satisfies Equation (2.2.14) for all v € {q|q € H!, q|r = 0} is equivalent to
solving the original BVP given by Equations (2.2.11) to (2.2.13).

In order to find approximate solutions to Equation (2.2.14) using the finite-element method, this study
makes use of a Newton-Raphson iterative scheme. In preparation for this, the following linearisation is
introduced:

Low [Au] = dw + Déw [Au] , (2.2.15)
Where:
Déw [Au] = / [grad (Au)” grad (51})} : T + grad, (0v) : ¢ : grad, (Au) dQo, (2.2.16)
Qo
And: )
grad, (e) := 5 [grad (o) + grad (o) | . (2.2.17)

The Kirchhof! stress tensor 7, and spatial elasticity tensor ¢ are defined in Equations (2.2.25) to (2.2.27),
and Equations (2.2.33) to (2.2.35), respectively.



17 2.2. Finite-element solver development

Finite-element discretisation

The solution, increment in solution, and virtual velocity are then approximated as a linear combination
of piecewise defined shape functions ¢ multiplied by nodal values; that is:

u = Z diu’, Au ~ Z biAu, ov = Z biov’, (2.2.18)
Where o' denotes a nodal value. The gradients of these fields are then accordingly approximated as:
grad (u Zu ® grad (¢;) , (2.2.19)
grad (Au) ZAU ® grad (¢;) , (2.2.20)
grad (dv) Z&v ® grad (¢;) . (2.2.21)

In order to find an approximate solution to Equation (2.2.14) a Newton-Raphson scheme is used; this
is done by substituting Equations (2.2.19) to (2.2.21) into Equation (2.2.15) and iteratively solving for
Aw that sets Equation (2.2.15) to zero Vdwv. Since dv is arbitrary, this is equivalent to finding Aw that
satisfies:

0 :/ Tgrad (¢;) dQo
Qo

, (2.2.22)
+Z / [grad (¢;) - Tgrad (¢;)] I + grad (¢;) - ¢ - grad (¢;)] dQoAu’ .

Déw[Au]

Where: €y represents the undeformed domain, 7 represents the second-order Kirchhoff stress tensor,
grad (¢) represents the shape function gradient with respect to the directions of the spatial configuration,
I represents the second-order identity tensor, € represents the fourth-order spatial elasticity tensor, and
Aw represents the change in the displacement solution for the current iteration of the non-linear solution.

Constitutive modelling

In addition to Equation (2.2.22) which results from the equilibrium equation we require constitutive laws
relating the stress and strain behaviours of a given material. The combination of the set of governing
equations and the constitutive equations allows us to form a complete boundary value problem from
which we can determine all unknown quantities using the FE method (Alheit 2022).

The calculation of the Kirchhoff stress tensor 7 and the spatial elasticity tensor ¢ depends on the constitu-
tive model chosen for the relevant material. The domain chosen for this study is comprised of myocardial
tissue and hydrogel, and as such a constitutive model must be chosen for each. The myocardial tissue
was treated using an isochoric-volumetric split variation of the anisotropic hyperelastic constitutive model
presented in Holzapfel et al. (2009), which has been widely adopted in literature when modelling the be-
haviour of passive myocardium (Sack et al. 2018). The present study did not include a description of the
behaviour of active myocardium. The hydrogel was treated using an isochoric-volumetric split variation
of an isotropic Neo-Hookean hyperelastic constitutive model; an approach also adopted by Wise et al.
(2016). It then becomes necessary to derive the equations for computing the Kirchhoff stress tensor 7 and
spatial elasticity tensor c for each of these constitutive models. This requires the calculation of the first
and second scalar derivatives of the strain energy function with respect to the invariants. The following
section provides an overview of the form of constitutive models which use an isochoric-volumetric split
of the deformation gradient, and subsequently, the derivation of the Kirchhoff stress tensor and spatial
elasticity tensor for the constitutive models used for the myocardium and hydrogel.

The material response of a given constitutive model is governed by a strain energy function in terms of
the invariants of the right Cauchy-Green tensor, which has been defined in Equation (2.2.8):
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U =10(C). (2.2.23)

In the case of a constitutive model which uses an isochoric-volumetric split, the strain energy function is
postulated as the superposition of an isochoric (volume-preserving) ¥ and volumetric (shape-preserving)
U, strain energy function. The isochoric strain energy function then depends only on the invariants
of C, as defined in Equation (2.2.8), whereas the volumetric strain energy function depends only on the
Jacobian J:

V=0 (C)+Vyy(J). (2.2.24)

The Kirchhoff stress can then be calculated as the sum of an isochoric and volumetric component:

S (2.2.25)

Where the isochoric and volumetric Kirchhoff stress are given by (Alheit 2022, Eq. 4.80) as:

5. 00 . _
T=2)Y or [Am+ anlnd] (2.2.26)
mzs
8\Il'uo
Tool = T 55 'T. (2.2.27)

Here q,, is defined such that the standard invariants are related to their isochoric counterparts as:

(no sum) I,,, = det (C)"™ I, , (2.2.28)
leading to:
“1/3 m=1,4,68,
gm =4 —2/3 m=2,5, (2.2.29)
0 m=3,9.

When making use of an orthogonal co-ordinate system consisting of a fibre axis fy and sheet axis sg, the
isochoric invariants that were relevant to the present study are defined as:

I_l ::tr(C’) s I_4f = .fO'C’an

_ g _ ~ (2.2.30)
Iys :=89-Csg, Igps:= fo-Csp.
And the relevant isochoric second-order tensors A;, are defined as:
A, =B, A4f::f®f,
_ _ 1 (2.2.31)
Ay =s8®s, Agfszzﬁ[f@)s—t—s@f],
Where:
=Ffy, s=Fsg,
f=Fh 0 (2.2.32)

B=FFT.
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In a manner similar to Equation (2.2.25), the spatial elasticity tensor can be calculated as the sum of an
isochoric and volumetric component:

C=C+ Cypor, (2.2.33)

Where the isochoric and volumetric spatial elasticity tensors are given by (Alheit 2022, Eq. 4.61, Eq. 4.78)
as:

8

o ZAV A - _ - - -
c=14 W [Am & An + QmImI X An + QnInAm @I+ qunImInI & I]
g3
.00
) o= An+gn [I® A, +An @I — L, 101 +¢iI 1], (2.2.34)
e
8\I]vol 82\Ij'uol 8\I]vol
Cpol = I®I-2 IoI. 2.2.
! J{&] +J8J8J ® J@J ® (2.2.35)
Here the symmetric tensor product ® is defined as:
1
AOB = 3 [AitBji + A;pBilei®e; R ey Qe (2.2.36)
And the relevant isochoric fourth-order tensors are defined as:
A,:=0, p=1,4f 4s,8fs. (2.2.37)

Hydrogel constitutive model

The isotropic Neo-Hookean hyperelastic constitutive model used for the hydrogel has the following iso-
choric ¥ and volumetric W, strain energy functions, where G and D are material parameters:

U=G[L-3], (2.2.38)
1,1
Voot = {J + 3 2} : (2.2.39)

The first isochoric invariant I; and Jacobian J are given by Equation (2.2.30) and Equation (2.2.3) as:

fl = tr (C’) 5
J=det(F).

The non-zero scalar first derivatives of the strain energy functions are:

0w _
on,

0y 2 s
_ _ ) 2.2.40
G, 357 D[J J7 ( )

And the only non-zero scalar second derivative is:
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({92\111)0[
0JoJ

2 _
=5 [L+3777. (2.2.41)

For the Neo-Hookean case, the only relevant invariant is I;, which corresponds to the isochoric second-
order tensor given by Equation (2.2.31) as:

A =B

Where B is the isochoric left Cauchy-Green tensor.

The corresponding isochoric fourth-order tensor is given by Equation (2.2.37) as:

A =0

Combining Equations (2.2.25) to (2.2.27), (2.2.29), (2.2.31) and (2.2.40) leads to the expression of the
Kirchhoff stress for the Neo-Hookean case as:

T=2G [B - 11‘11] + = [JP-J7?]1T. (2.2.42)

Combining Equations (2.2.29), (2.2.31), (2.2.33) to (2.2.35), (2.2.37), (2.2.40) and (2.2.41) leads to the
expression of the spatial elasticity tensor for the Neo-Hookean case as:

2
1 _ _ 117 -
c=4G {—3] [I®B+B®I—IlI®I]+[—3} LI®I

+ H‘) [J2+J2]] I®I- H‘) [J? —JZ]] IoI. (2.243)

It is worth noting the following elastic parameter relations between the shear modulus G, compressibility
D, Young’s modulus E and Poisson’s ratio v:

9G 3—-2GD
F=—— v=———. 2.2.44
3+GD 6+2GD ( )
The Young’s modulus E and Poisson’s ratio v are used throughout the remainder of this study, as they
provide a simpler physical intuition in terms of material stiffness and the degree of material incompress-
ibility. Higher values of E represent higher material stiffnesses, and incompressibility is increasingly
enforced as v — 0.5.

Myocardium constitutive model

The anisotropic hyperelastic model used for the myocardium has the following isochoric ¥ and volumetric
U, strain energy functions, as per Holzapfel et al. (2009) and Sack et al. (2018, Eq. 1, Eq. 2):

= exp [b(I - 3)] + ;T);(GXP [bs(Tay = 1)%] = 1)

ag = afs =
+ 5. (exp [bs(Iss — 1)°] = 1) + ﬁ(exp [bfslsffs] —-1), (2.2.45)
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\Ijvol =

) —In (J)] , (2.2.46)

Where a, b, ay, as, afs, bys, D are positive material constants. The model uses a right-handed orthonormal
co-ordinate system consisting of a fibre axis fy, sheet axis sy and sheet-normal axis ng. The relevant
invariants are given by Equation (2.2.30) as:

flztr(é), j4f:f0'é.f07
Iy =s50-Csg, Igrs = fo-Csg.

The non-zero scalar first derivatives of the strain energy functions are:

gi ~ Lexp o1~ 3)] .
f’?fi = ag(lay — 1) exp [by(Ly — 1)%]
DV ol = Desp (T, 177 (2247
a?flfs = ayslsgs(exp [brsIsys]
ag’;‘” = % [J—771].

And the non-zero scalar second derivatives of the strain energy functions are:

0% ab _
arar = 3 =P (i3],
ﬂ = as(exp [b (1_4 —1)2])(1+2b (1_4 _1)2
01470145 s A fdaf )
0?0 _ ~
T AT = Iy — 1)2])(1 + 2bs (14 — 1)? 2.2.48
81458_[43 as(eXp [bs( 4s ) ])( + bs( As ) )’ ( )
0% , ,
Olgs0lsps ags(exp [byelgys])(1+ 2bsIg%,)
82\1}1}01 1 _92
g707 —p Lt ]

The partial first derivatives of the relevant invariants with respect to C are:

or ol
ac =1 oc =fe .
oI ol ) (2.2.49)
4s 8fs _ -
50 —S0®s0. 55 2[f0®80+50®f0]-
And the partial second derivatives of the relevant invariants with respect to C' are:
021,
=0 =1,4f,4 . 2.2.50
8060 ) p ) f’ 87 8fS ( )

From equation (2.2.31), the relevant isochoric, second-order tensors A; are:
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A, =B, Ayy=fof,

_ _ 1
Ay, =s®s, Agfszﬁ[f®3+3®f].

Where:

JF=Ffo, s=Fs. (2.2.51)

From equation (2.2.37), the relevant isochoric, fourth-order tensors A; are:

A =Agp=As =Agps =0,

Combining Equations (2.2.25) to (2.2.27), (2.2.29), (2.2.31) and (2.2.47) leads to the expression of the
Kirchhoff stress tensor, and combining Equations (2.2.29), (2.2.31), (2.2.33) to (2.2.35), (2.2.37), (2.2.47)
and (2.2.48) leads to the expression of the spatial elasticity tensor for the anisotropic case. The final
expressions have been omitted for conciseness.

Computational homogenisation

Given a material with a known heterogenous microstructure, homogenisation is an approach which aims to
determine the equivalent effective macroscale properties of the material (Yvonnet 2019). Computational
homogenisation provides a framework whereby these effective properties can be evaluated computation-
ally, as opposed to analytically. One of the primary advantages of using a computational homogenisation
approach, as opposed to including direct representations of the microstructure in a macroscale model,
is that explicit descriptions of all the heterogeneities in a material can be avoided, drastically reducing
computational expense (Yvonnet 2019). In order to adopt a computational homogenisation approach,
one must abide by certain core principles, most notably the Hill-Mandel Principle, which leads to restric-
tions of the types of boundary conditions that can be used. This section provides a summary of the key
considerations relating to computational homogenisation that were relevant for the present study.

To begin, it is convenient to define the volume averaging operator (e) as the integral over the material
domain g divided by the volume as:

Volume average: (o) e dQ (2.2.52)

Q0] Jo,

The homogenisation approach adopted in this study assumes a separation of length scales, that is,
the characteristic length of the microstructure L,, was assumed to be much smaller than that of the
macroscale structure Lj;:

Separation of scales: Ly, < Ly (2.2.53)

Saeb et al. (2016) noted that, so long as macro-gradients remain small and there is no occurrence of
material failure, this assumption is particularly valid. Under the separation of scales assumption, it is
then valid to postulate the following relation between the macroscale and microscale deformation gradients
(Souza Neto et al. 2015, Eq. 8):

Deformation gradient relation: Fy = (Fy,) (2.2.54)

Crucially, the energy equivalence between the microscale and the macroscale is stipulated by the Hill-
Mandel Principle. In their study, Souza Neto et al. (2015) rephrased the Hill-Mandel Principle into the
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following variational form, where Pp; and P,, are the macroscale and microscale first Piola-Kirchhoff
stress, respectively (Souza Neto et al. 2015, Eq. 22):

Hill-Mandel Principle (variational form): Py :Fy = (P, : 0F,,) (2.2.55)

Their study further noted that the following relation, regarding the first Piola-Kirchhoff stress at the
macroscale and microscale, could be obtained as a consequence of their variational formulation of the
Hill-Mandel Principle (Souza Neto et al. 2015, Eq. 24):

First PK stress relation: Py = (Py) (2.2.56)

In practice, this requires the careful selection of boundary conditions which have been shown to satisfy
the Hill-Mandel Principle of Equation (2.2.55), and allow us to prescribe a chosen volume averaged
deformation gradient or first Piola-Kirchhoff stress to a given microstructure. Examples of such boundary
conditions are kinematically uniform boundary conditions (KUBCs), periodic boundary conditions, and
constant traction boundary conditions, given as:

KUBCs: u=[Fy—-IX on the boundary I, (2.2.57)
Periodic: ut —u” = [Fy —I] [X+ — X_] on the boundary I', (2.2.58)
Constant traction: t=PyN on the boundary I". (2.2.59)

Where F); and P); represent a prescribed macroscale deformation gradient and first Piola-Kirchhoff
stress tensor respectively, X denotes the position vector in the material configuration, u represents the
displacement field, and N is the outward unit normal to the boundary in the material configuration. The
superscripts (4) and (—) in the periodic boundary condition denote corresponding points on opposite
faces of the microstructure.

The concept of a representative volume element (RVE) refers to a sample of the microstructure that is
large enough such that the apparent (i.e. observed) behaviour of the homogenised material is invariant
to the boundary conditions applied to the RVE. In practice, this often requires expansion of the selected
microstructural domain, until the response of the selection converges under all applied boundary condi-
tions. When this convergence point is reached, the apparent behaviour of the RVE is said to represent
the effective behaviour of the macroscale structure. It is important to note that the present study did
not focus on iteratively expanding the microstructural domain, in order to ensure that the simulations
described in Section 2.3.2 remained computationally feasible. Furthermore, it should be noted that the
remainder of the study makes use of KUBCs, defined in Equation (2.2.57). This choice was made as
KUBCs are the simplest to implement computationally, and can be used as long as one is able to pre-
scribe a macroscale deformation gradient. Further detail on how prescribable macroscale deformation
gradients were determined is provided in Section 2.3.1.

2.2.2 The deal.Il finite-element library

The deal.Il FE library is a free, open-source C++ library which aims to support the creation of FE codes.
It provides documented tools enabling the solution of various partial differential equations (PDEs) using
the FE method. Figure 2.5 provides an outline on how the main groups of deal.Il classes interact.

Short descriptions of the core deal.Il modules are as follows, detailed descriptions can be found on the
deal.IT website!:

e Manifold — Provides a means of describing the geometry of the domain using differential geometry.
It is distinct from a standard mesh object as one does not have to discretise the domain.

Thttps://dealii.org/developer/doxygen/deal.II/index.html


https://dealii.org/developer/doxygen/deal.II/index.html

Chapter 2. Methodology 24

Camsh ) Manifold |

Y “a.
Triangulation | | Finite elements Mapping | | Quadrature

sc | ISBFHandler| ‘.IHI?EVaIue‘s..‘. ¢

™~ Linear systems | -~ [ UMFPACK

‘ Linear solvers ‘

Graphical output

ew

Figure 2.5: Overview of the deal.Il code library. Core modules are outlined in blue; greyed-out modules
represent optional external modules. The tree structure of the diagram represents the order of operations
followed to produce an FE solution, as well as the dependency relations between modules.

e Triangulation — Collections of cells and their boundary objects. Triangulation classes store the
geometric and topological properties of a mesh.

e Finite elements — Describes a finite-element space on a reference cell, as well as shape function
values and gradients at points on a reference cell.

e Mapping — Describes how to map the reference cell to the real cell, and vice versa.
e Quadrature — Describes quadrature points and weights on the unit cell.
e DoFHandler — Allocates and enumerates the degrees-of-freedom of the system.

e FEValues — Computes the mapping of reference cell values that are required for assembly of the
discrete system to a given real cell.

e Linear systems — Data structures for storing the system matrix and right-hand side.
e Linear solvers — Provides classes which solve a linear system of equations.

e Graphical output — Allows the generation of output files for visualisation.

2.2.3 Design and features of developed FE solver

The FE solver which was developed in this study consists of various classes, which can be grouped in
terms of their function. Figure 2.6 provides a high-level overview of the structure of the FE program,
including descriptions of each class group, as well as dependency relations between them.

A more extensive overview of the program, which includes the key members and member functions of
the core classes (i.e. those used to generate the results included in this study), can be seen in Figure 2.7.
Many class members, member functions, and member function arguments have been omitted for visual
conciseness.
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These classes assemble the system of
equations to be solved, apply the relevant
boundary conditions, solve the system (either
linearly or by means of the Newton-Raphson
iterative scheme) and output the results of
the simulation.

Boundary Conditions Material Models

Classes providing the necessary Classes which define a material
descriptions of boundary conditions and response given a certain deformation.
their methods of application.
Key functions are the calculation of the
A spatial elasticity tensor and Kirchhoff
stress for a given deformation gradient.

MagnitudeFunctions

A class which handles information A class for handling time data relating
regarding the mesh and the finite to the simulation.
element system.

Classes which define time-dependent
functions.

For example: the duration of the
These classes return a scalar value

based on the fi t fih This class enables the storage of: mesh simulation, the number of time steps
.asel t‘.’ n ihe fime parameters of the geometry, finite element type, finite and the current time value in an
simulation. element order, quadrature information, ongoing simulation.

degrees-of-freedom enumeration and
shape function values/gradients among
other deal.ll functionalities.

Figure 2.6: High-level overview of the developed program.

Detailed program description

The program is comprised of a set of classes, each with its own set of members (i.e. variables) and
functions (also known as member functions). The relationship between the core classes of the program
can be seen in Figure 2.7, which indicates how classes depend on each other, and which classes inherit
members and functions from other classes. Ultimately, the NLSolver class provides the solutions to a
given simulation problem. However, it depends on the existence of the remaining classes in order to
function properly, as indicated by the directional arrows seen in Figure 2.7. This section describes the
purpose of each class in the program. Detail is provided with regard to both the core classes and the
remaining classes, the latter of which illustrate the functionalities of the program beyond the results
generated in this study.

Mesh and Time classes

The Mesh class stores the mesh and finite-element system data for a simulation, as well as the global
numbering of the system’s degrees-of-freedom. Consolidating this information allows other classes to
access it without storing it themselves. The KinematicUniform boundary condition class, as well as the
Solver and NLSolver classes, rely on the data stored in the Mesh class.

Similarly, the Time class consolidates time-related data, such as the total simulation duration, the time
step size, and the current time. The functions of the class allow the retrieval of this data, as well as the
ability to increment the system to the next time step. Figure 2.8 provides an overview of the Mesh and
Time classes.

MagnitudeFunction classes

The developed program is capable of handling time-dependent simulations, where parameters can change
across time steps, and a solution is calculated at each time step. The Time class enables these sim-
ulations by managing time data. Additionally, a class was needed to output a dynamic scalar value
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NLSolverParallel
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! - Mesh* mesh_handler;
H - Time* time_handler; '
— . - SparseMatrix system_matrix; ) )
DirichletBoundaryCondition - Vector u; ElasticMaterial
. . L - Vector du;
+ const unsigned int boundary_id; ~ Vector rhs:
) ‘ N - SparsityPattern sparsity_pattern; + virtual SymmetricTensor stress(...) = 0;
+ virtual void apply_boundary_condition(...) = 0 - AffineConstraints constraints; + virtual SymmetricTensor tangent_stiffness(...) = 0;
- AffineConstraints du_constraints; + virtual double get_lambda() const = 0;
- map<int, ElasticMaterial*> materials; + virtual double get_mu() const = 0;
- vector<DirichletBoundaryCondition*> dbcs;
Extends i ZF
+ void solve() rExtend Extend
KinematicUniform ' ' SplitNeoHookeanMaterial SplitAnisoHyper
+ Mesh* mesh_handler; : : + const double lambda; + VolumetricTerm volumetric_term;
+ Tensor macro_strain; B B + const double mu; + const vector q_coefficients;
+ vector<MagnitudeFunction*> input_functions; H H + const double G;
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MagnitudeFunction Mesh Time HGO
# Time* time_handler; + Triangulation triangulation; - unsigned int timestep; - const Number a;
+ DoFHandler dof_handler; - double current_time; - const Number b;
+ virtual Number get_function_value(...) = 0 + FESystem fe_system; - const double end_time; - const Number as;
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+ void strain_energy_and_derivatives(...) override
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- vector times;

+ Number get_function_value(...) override

Figure 2.7: Unified Modelling Language (UML) overview of the core classes of the developed program.
Solid lines marked “Extends” indicate inheritance relationships and dashed lines marked “Use” indicate
dependency relationships.

Mesh (Core) Time (Core)
+ Triangulation<dim> triangulation; - unsigned int timestep;
+ DoFHandler<dim> dof_handler; - double current_time;
+ FESystem<dim> fe_system; - const double end_time;
+ QGauss<dim> quadrature_formula; - const double delta_t;

+ FEValues<dim, dim> fe_values;

+ double current() const

+ double end() const

+ unsigned int get_timestep() const
+ double get_delta_t() const

+ void increment()

Figure 2.8: UML diagram of the Mesh and Time classes.

based on the current time-state of the simulation. The MagnitudeFunction classes provide this func-
tionality by retrieving time data from the Time class and returning a corresponding scalar value. For
example, the RampFunction class, a child class of MagnitudeFunction, returns a linearly interpolated
value between predefined start and end values, based on the current time and total simulation duration.
The CSVFunction class allows for a set of magnitude values and a set of time values, extracted from a
comma-separated value (CSV) file, to be used. The CSVFunction class retrieves the current simulation
time and returns the corresponding function magnitude. If the current simulation time is not included
in the original set of time data, a linearly-interpolated function magnitude is returned using the nearest
available time and magnitude values. These classes enable the definition of time-dependent functions,
which can be used, for example, to define time-dependent boundary conditions. Figure 2.9 provides an
overview of the MagnitudeFunction classes.
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MagnitudeFunction (Core)

# Time<dim, Number>* time_handler;

+ virtual Number get_function_value(const Number &current_time) = 0
+ virtual Number get_function_increment()

Extend: Extend:

RampFunction CSVFunction (Core)
- const Number start_value; - vector<Number> magnitudes;
- const Number end_value; - vector<Number> times;
- const Number start_time;
- Number end_time;
- const bool allow_out_of_bounds; + Number get_function_value(const Number &current_time) override;
+ Number get_function_value(const Number &current_time) override

Figure 2.9: UML diagram of the MagnitudeFunction classes.

Boundary condition classes

For the case study simulations detailed in Section 2.3.2, only Dirichlet boundary conditions, specifically
kinematic uniform boundary conditions, were required. The DirichletBoundaryCondition parent class
allows the application of these boundary conditions, by identifying the relevant boundary, and applying
the necessary constraints to the corresponding degrees-of-freedom. It includes child classes for different
types of boundary conditions: Fixed, Prescribed, Slider, and KinematicUniform. The Fixed child
class constrains the displacement of all degrees-of-freedom on the boundary to zero. The Prescribed
child class constrains the displacement of the relevant degrees-of-freedom to a specified value, which
can be made time-dependent using MagnitudeFunction classes. The Slider child class prevents dis-
placement of the degrees-of-freedom in one co-ordinate direction, allowing movement in the plane of the
remaining two directions. The KinematicUniform child class implements kinematically uniform bound-
ary conditions, described by Equation (2.2.57), by applying a predefined macroscopic strain tensor to
the system. This macroscopic strain tensor can also be made time-dependent using MagnitudeFunction
classes. Figure 2.10 provides an overview of the boundary condition classes.

DirichletBoundaryCondition (Core)

Extends ) ) ) Extends
+ const unsigned int boundary_id;

+ virtual void apply_boundary_condition(DoFHandler<dim> &dof_handler,
AffineConstraints<Number> &constraints) = 0

= Fixed = Slider

+ const unsigned int fixed_index;

+ void apply_boundary_condition(DoFHandler<dim> &dof_handler, . voi . <dim> &dof
AffineConstraints<Number> &constraints) override void app‘yJJOundary—cond't'on(Ef?;:ggilset;aﬁ:gq\‘:rzb—er}a)ngzr}]s‘raims) override

Prescribed KinematicUniform (Core)

L__| + vector<pair<unsigned int, MagnitudeFunction<dim, Number>*>> bc_comps; + Tensor<2, dim> macro_strain;
+ vector<MagnitudeFunction<dim, Number>*> input_functions;
+ vector<Node<dim>> boundary_nodes;

+ void apply_boundary_condition(DoFHandler<dim> &dof_handler,
AffineConstraints<Number> &constraints) override

+ void apply_boundary_condition(DoFHandler<dim> &dof_handler,
AffineConstraints<Number> &constraints) override

Figure 2.10: UML diagram of the boundary condition classes.

Material model classes

In addition to the mesh geometry and boundary condition definitions, constitutive models describing the
stress-strain relationship of a material are necessary in assembling the FE system. The material classes
in the program calculate the spatial elasticity and Kirchhoff stress tensors based on the material model
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and deformation gradient. Section 2.2.1 - “Constitutive modelling” details how the expressions for these
tensors are derived from the material model’s strain energy function. In the non-linear FE assembly
process, these tensors are used to calculate the global tangent stiffness matrix and residual vector for
the current Newton-Raphson iteration. In the linear case, the global stiffness matrix and right-hand side
vector depend only on the Lamé parameters A and p, rather than the deformation gradient.

For this study, isotropic and anisotropic hyperelastic materials were considered. The ElasticMaterial
parent class provides the two material parameters (A and p) as well as the spatial elasticity tensor
and Kirchhoff stress tensor for a given deformation gradient. The LinearElasticMaterial child class
represents a linear elastic material model and returns constant tensors independent of the deformation
gradient. The NeoHookeanMaterial child class represents a compressible hyperelastic Neo-Hookean mate-
rial model, with tensors that depend on the deformation gradient. The SplitNeoHookeanMaterial child
class represents a Neo-Hookean model that uses an isochoric-volumetric split of the deformation gradient,
given by Equations (2.2.38) and (2.2.39), where the additional parameter, K, is the bulk modulus of the
material, given by the following relation:

E
K= T3 (2.2.60)

The LinearElasticMaterial, NeoHookeanMaterial and SplitNeoHookeanMaterial classes all behave
isotropically.

The SplitAnisoHyper parent class allows for the implementation of anisotropic, hyperelastic material
models which use an isochoric-volumetric split of the deformation gradient. This is reflected in the
inclusion of the additional structural _vectors argument representing, for example, fibre directions, to
the functions responsible for calculating the Kirchhoff stress tensor and spatial elasticity tensor. The
HGO class, a child class of SplitAnisoHyper, implements a variation of the material model developed
by Holzapfel et al. (2009), using an isochoric-volumetric split of the deformation gradient, as given by
Equations (2.2.45) and (2.2.46).

Further detail on the implementation of the core SplitNeoHookeanMaterial and HGO classes can be found
in Section 2.2.1 - “Constitutive modelling”, where the expressions for the Kirchhoff stress and spatial
elasticity tensors have been derived. Figure 2.11 provides an overview of the material model classes.

Solver classes

The two solver classes, Solver and NLSolver, are responsible for assembling and solving the FE system
at each time step of the simulation. These classes make use of shared memory parallelisation, allowing
the assembly and solving procedures to be executed efficiently using multiple processor cores. Both
solvers require information regarding the geometry, boundary conditions, and material models, which are
provided by the Mesh, DirichletBoundaryCondition, and ElasticMaterial classes respectively. The
Solver class implements a linear solution process by assembling the system of equations, applying the
boundary conditions, solving the linear system, and outputting the results of the simulation. In contrast,
the NLSolver class employs a Newton-Raphson iterative solution scheme, where the solution is refined
through repeated linear solving steps until the residual falls within a predefined tolerance. At the end of
each time step, both solvers output the displacement solution and the calculated system stresses. Both
the linear and non-linear solvers employ the conjugate gradient method. Figure 2.12 provides an overview
of the solver classes.
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ElasticMaterial (Core)

+ virtual SymmetricTensor<2, dim> stress(const Tensor<2, dim> &F,

Extends D

+ virtual double get_lambda() const = 0;
+ virtual double get_mu() const = 0;

const vector<Tensor<1, dim, Number>> &structural_vectors) = 0;
+ virtual SymmetricTensor<4, dim> tangent_stiffness(const Tensor<2, dim> &F,
const vector<Tensor<1, dim, Number>> &structural_vectors) = 0;

Extends

LinearElasticMaterial

SplitAnisoHyper (Core)

+ const double lambda;
+ const double muy;

+ VolumetricTerm<Number> volumetric_term;
+ const vector<Number> q_coefficients;

+ SymmetricTensor<2, dim> stress(const Tensor<2, dim> &F) override

+ SymmetricTensor<4, dim> tangent_stiffness(const Tensor<2, dim> &F) override
+ double get_lambda() const override

+ double get_mu() const override

SplitNeoHookeanMaterial (Core)

+ const double lambda;

+ Number strain_energy(const Tensor<2, dim> &F,
+ SymmetricTensor<2, dim> stress(const Tensor<2, dim> &F,
+ SymmetricTensor<4, dim> tangent_stiffness(const Tensor<2, dim> &F,

+ virtual void strain_energy_and_derivatives(const vector<Number> &ls,

const vector<Tensor<1, dim, Number>> &structural_vectors)
const vector<Tensor<1, dim, Number>> &structural_vectors) override
const vector<Tensor<1, dim, Number>> &structural_vectors) override
Number &strain_energy,

vector<Number> &first_derivatives,
vector<vector<Number>> &second_derivatives) = 0

+ const double mu;
+ const double G;
+ const double K;

+ Number strain_energy(const Tensor<2, dim> &F)

+ SymmetricTensor<2, dim> stress(const Tensor<2, dim> &F) override

+ SymmetricTensor<4, dim> tangent_stiffness(const Tensor<2, dim> &F) override
+ double get_lambda() const override

+ double get_mu() const override

Extends

HGO (Core)

- const Number a;
- const Number b;
- const Number as;
- const Number bs;
- const Number af;
- const Number bf;
- const Number afs;
- const Number bfs;
- const Number K;

+ virtual void strain_energy_and_derivatives(const vector<Number> &ls,
Number &strain_energy,
vector<Number> &first_derivatives,
vector<vector<Number>> &second_derivatives) = 0

Figure 2.11: UML diagram of the material model classes.

Solver

- Mesh<dim, Number>* mesh_handler;

- Time<dim, Number>* time_handler;

- SparseMatrix<Number> system_matrix;

- Vector<Number> u;

- Vector<Number> rhs;

- SparsityPattern sparsity_pattern;

- AffineConstraints<Number> constraints;

- map<int, ElasticMaterial<dim, Number>*> materials;

- vector<DirichletBoundaryCondition<dim, Number>*> dbcs;

+ void solve()

- void setup_system()

- void apply_constraints()

- void assemble_linear_system()

- void solve_linear_system()

- void calculate_nl_homogenised_stress()
- void output_results()

- void do_timestep()

NLSolver (Core)

- unsigned int iteration_count;

- Mesh<dim, Number>* mesh_handler;

- Time<dim, Number>* time_handler;

- SparseMatrix<Number> system_matrix;

- Vector<Number> u;

- Vector<Number> du;

- Vector<Number> rhs;

- AffineConstraints<Number> constraints;

- AffineConstraints<Number> du_constraints;

- AffineConstraints<Number> dummy_constraints;

- map<int, ElasticMaterial<dim, Number> *> materials;
- vector<DirichletBoundaryCondition<dim, Number> *> dbcs;

+ void solve()

- void setup_system()

- void apply_constraints()

- void assemble_linear_system()

- void solve_linear_system()

- void init_step()

- void newton_raphson_solve()

- void calculate_nl_homogenised_stress()
- void output_results()

- void do_timestep()

Figure 2.12: UML diagram of the linear and non-linear solver classes.

2.3 Application of developed framework

This section presents an application example which demonstrates how the developed geometries and
finite-element solver can be used in investigating the microstructural mechanical response of myocardium
with hydrogel injectate inclusions. This application example was intended to provide examples of the
results and insights that the developed framework can produce, as well as to determine paths for extension

and further development.

The first step in developing the application example was to determine boundary conditions which were
suitable for application to the microstructural geometries, and which aimed to replicate loading cases
which could reasonably be expected to occur during the cardiac cycle (defined here as the time from
one peak diastole to the next). This was done by extracting and processing the results of an existing,
macroscale, FE model from Motchon et al. (2023) and Absalom Maluleke (unpublished PhD study),
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which were made available for this study. The second step was the development of two computational
case studies intended to demonstrate the capabilities of the developed computational tools. The first of
these cases makes use of the idealised geometry described in Section 2.1.4, and the second makes use of
the realistic geometry described in Section 2.1.3. Detail will be provided with regard to how a set of
suitable boundary conditions was obtained, as well as the purpose and structure of each case study.

2.3.1 Obtaining boundary conditions

With macroscopic strain data representing the heart’s behaviour during the cardiac cycle, KUBCs can
be applied to a microstructural RVE to determine the corresponding stress response. For this purpose,
an existing, macroscale, FE model of a rat heart, from Motchon et al. (2023) and Absalom Maluleke
(unpublished PhD study), was used. The model was developed by the Department of Human Biology of
the University of Cape Town using the finite-element software ABAQUS. In their work, medical imaging
data, acquired from ez vivo microcomputed tomography scans of a rat heart, were used to develop a
biventricular cardiac geometry model. Using the software package SimpleWare ScanlP, the geometry was
discretised into quadratic tetrahedron elements and exported to ABAQUS/CAE. The final geometry used
to develop the FE model, as seen in Figure 2.13, was truncated to exclude the two upper chambers of
the heart. A zero displacement boundary condition was then applied to the base nodes, while a linearly
increasing pressure boundary condition was applied to the left and right ventricular chambers. Further
detail on the development of this macroscale model can be found in Motchon et al. (2023).

LV cavity

RV cavity

Base nodes

Figure 2.13: Biventricular cardiac geometry of the existing macroscopic ABAQUS model (Motchon et al.
2023) and Absalom Maluleke (unpublished PhD study).

In the present study, time-dependent cardiac strain data were extracted from the macroscale model at
each quadrature point. The resulting dataset included spatial logarithmic strain tensor components for
2180104 quadrature points over 61 time steps (representing three cardiac cycles with a total time of
2.34s8). For compatibility with the intended KUBC implementation, the spatial stretch tensor corre-
sponding to each spatial logarithmic strain tensor was calculated using the following relation from Bonet
et al. (2008, Eq. 4.51):

3
e = Z InA\gng®@n,=InV. (2.3.1)

a=1

Where the spatial stretch tensor V' is related to the deformation gradient F' by Bonet et al. (2008,
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Eq. 4.36):

FFT =Vv?. (2.3.2)

To address the computational expense of processing the entire macroscopic dataset, a representative
sampling method was implemented to develop boundary conditions for a set of computational case studies.
A k-means clustering algorithm was applied to partition the 2180104 sets of V tensor data into five
clusters. Three invariants, I, Is and I3, were used as the criteria for the clustering algorithm, where:

I, =tr (VQ) ,
I = % {tr (V?)? —tr (V4)} , (2.3.3)
Iy = det (V?) .

As a result, kinematically-similar sets of quadrature point data were constructed. From these, the five
cluster centres were chosen as test cases for use with the microstructural geometries developed in this
study.

2.3.2 Case studies

Demonstration of the capabilities of the developed computational tools was accomplished through a set of
case studies. The first of these case studies was conducted on the idealised mesh described in Section 2.1.4,
and was intended to demonstrate the capacity of the developed program in solving problems with time-
dependent boundary conditions, as well as the fact that different combinations of isotropic and anisotropic
material models can be used. The second case study was conducted on the realistic mesh described in
Section 2.1.3. This case study made use of five single strain state boundary conditions (i.e. not time-
dependent), derived from the maxima of the five KUBC cluster centres. For each of the five single strain
state boundary conditions, three hydrogel material parameter combinations were tested. The following
section outlines the material parameters used for the case studies, and subsequently provides a more
detailed description of each case study.

Material model parameters

For the anisotropic hyperelastic material model used for the myocardium, defined by Equations (2.2.45)
and (2.2.46), the parameters in Table 2.1, adapted from Sack et al. (2018) and Motchon et al. (2023), were
used. The bulk modulus K was chosen to be roughly 1000 times the largest linear term a;, a guideline
also used by Sack et al. (2018) and Goktepe et al. (2010).

For the isotropic, Neo-Hookean material model used for the hydrogel injectate, defined by Equations (2.2.38)
and (2.2.39), three material parameter combinations, shown in Table 2.2, were tested. Throughout the
rest of this study, the terms “Lower-bound stiffness”, “Median stiffness”, and “Upper-bound stiffness”
refer to the material parameter combinations shown in Table 2.2. The chosen range of hydrogel stiffnesses
was adapted from a study by H. Wang et al. (2017), which conducted computational investigations on
hydrogels with stiffnesses up to 100 kPa.
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Table 2.1: Material parameters for the anisotropic model used to describe the myocardium.

Parameter | Value Description

a 0.2065 kPa Governs the isotropic response

b 7.61 Governs the isotropic response

af 0.68 kPa Governs additional stiffness in the fibre direction

by 14.61 Governs additional stiffness in the fibre direction

Qs 0.945 kPa, Governs additional stiffness in the sheet direction

b 12.67 Governs additional stiffness in the sheet direction

afs 5.55 x 1073 kPa | Governs coupling stiffness in the fibre and sheet di-
rection

brs 3.12 Governs coupling stiffness in the fibre and sheet di-
rection

D 0.001kPa™* Compressibility, defined as D = %

K 1000 kPa Bulk modulus, defining material incompressibility.

Table 2.2: Material parameter combinations for the hydrogel injectate.

Parameter Lower-bound | Median | Upper-bound
Elastic modulus E (kPa) 5.0 50.0 100.0
Poisson’s ratio v 0.49 0.49 0.49

Case Study 1: Idealised Mesh Simulations

Overview

As described in Section 2.1.4, an idealised mesh representing a myocardial tissue block with a cylindrical
hydrogel inclusion was developed. This was done to allow for a computationally feasible demonstration of
how time-dependent boundary conditions can be used with the developed FE solver. In this case study,
the full, time-varying set of V' tensor data, across 2.34 s, of one of the KUBC cluster centres was chosen
to be applied to the idealised geometry. Two material model configurations were tested. In the first, the
isotropic, Neo-Hookean model given by Equations (2.2.38) and (2.2.39) was used to describe both the
hydrogel and the myocardium. In the second, the isotropic, Neo-Hookean model was used to describe
the hydrogel, and the anisotropic model given by Equations (2.2.45) and (2.2.46) was used to describe
the myocardium.

Simulation configurations

Two simulations were conducted as part of the first case study:

e Simulation 1 - Hydrogel and myocardium modelled using an isotropic, Neo-Hookean model defined
by Equations (2.2.38) and (2.2.39).

e Simulation 2 - Hydrogel modelled using an isotropic, Neo-Hookean model and myocardium modelled
using an anisotropic model defined by Equations (2.2.45) and (2.2.46).

For both simulations, the applied KUBC was a time-dependent set of V' tensor data from one of the
cluster centres.

Summary of simulation parameters

Table 2.3 provides a summary of the parameters used for the first case study.
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Table 2.3: Parameters used for the first case study, conducted on the idealised mesh.

Simulation 1 Simulation 2
Mesh Idealised mesh Idealised mesh
Boundary Condition KUBC using the full time-varying | KUBC using the full time-varying
set of left stretch tensor data from | set of left stretch tensor data from
Cluster Centre 3 Cluster Centre 3

Myocardium material model | Neo-Hookean model with F Anisotropic model with parameters
100kPa and v = 0.49. shown in Table 2.1 and fibre direc-
tions shown in Equation (2.1.5).

Hydrogel material model Neo-Hookean model with E = | Neo-Hookean model with F =
50kPa and v = 0.49 50kPa and v = 0.49

Case Study 2: Realistic Mesh Simulations

Overview

Section 2.1.3 describes how a realistic finite-element mesh, comprised of myocardium and hydrogel injec-
tate, was developed from confocal microscopy imaging data. This case study used the realistic mesh and
applied the maximum strain states from each of the five KUBC cluster centres as the boundary conditions.
This resulted in five simulation scenarios, one for each cluster centre maximum. For each of these scenar-
ios, three hydrogel material model parameters were tested. These were the “Lower-bound”, “Median”,
and “Upper-bound” stiffness cases described in Table 2.2. In total, fifteen simulations were conducted as
part of this case study, all of which used the anisotropic model given by Equations (2.2.45) and (2.2.46) to
describe the myocardium, and the isotropic, Neo-Hookean model given by Equations (2.2.38) and (2.2.39)
to describe the hydrogel. This case study aimed to demonstrate how parametric studies could be con-
ducted using the developed computational tools, by varying the hydrogel stiffnesses. It further looked to
investigate if the observed stress response of the realistic mesh ever exceeded reasonable elastic limits.
Such an outcome would provide a justification for the extension of the developed FE solver into material
models beyond hyperelasticity.

Simulation scenarios

Each of the five cluster centres defines a distinct simulation scenario, with three hydrogel material pa-
rameter sets evaluated per scenario, leading to a total of fifteen simulations:

e Scenario 1: Cluster Centre 1
e Scenario 2: Cluster Centre 2
e Scenario 3: Cluster Centre 3
e Scenario 4: Cluster Centre 4
e Scenario 5: Cluster Centre 5
Each scenario was simulated using:

e The realistic mesh described in Section 2.1.3.

A left stretch tensor representing the maximum strain state of the corresponding cluster centre.

e An anisotropic material model for the myocardium, defined by Equations (2.2.45) and (2.2.46),
with parameters shown in Table 2.1, and fibre directions shown in Equation (2.1.5).

An isotropic, Neo-Hookean material model for the hydrogel, defined by Equations (2.2.38) and (2.2.39).

Three hydrogel material parameter combinations: “Lower-bound”, “Median”, and “Upper-bound”,
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as defined in Table 2.2.

Summary of simulation parameters

Tables 2.4 and 2.5 provide a summary of the parameters used for the second case study.

Table 2.4: Hydrogel material parameters used in the second case study (realistic mesh simulations). Each
cluster centre strain state was tested with three different hydrogel stiffness values.

Applied KUBC Hydrogel Stiffness Case Hydrogel Parameters
E (kPa) v
Lower-bound 5.0 0.49
Cluster Centre 1 Maximum Median 50.0 0.49
Upper-bound 100.0 0.49
Lower-bound 5.0 0.49
Cluster Centre 2 Maximum Median 50.0 0.49
Upper-bound 100.0 0.49
Lower-bound 5.0 0.49
Cluster Centre 3 Maximum Median 50.0 0.49
Upper-bound 100.0 0.49
Lower-bound 5.0 0.49
Cluster Centre 4 Maximum Median 50.0 0.49
Upper-bound 100.0 0.49
Lower-bound 5.0 0.49
Cluster Centre 5 Maximum Median 50.0 0.49
Upper-bound 100.0 0.49

Table 2.5: Mesh and myocardium material parameters used in the second case study. The myocardium
was modelled as an anisotropic material with predefined fibre directions.

Mesh

Realistic finite-element mesh described in Section 2.1.3

Myocardium material model

Anisotropic model defined by Equations (2.2.45)
and (2.2.46), with material parameters shown in Ta-
ble 2.1 and fibre directions shown in Equation (2.1.5)

Hydrogel material model

Isotropic model defined by Equations (2.2.38) and (2.2.39).
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Results

The following section presents the results of the geometry development and application example of the
developed framework described in Chapter 2. Detail will be provided with regard to the following out-
comes:

1. The results of the geometry development methods outlined in Section 2.1. These include the
construction of a realistic finite-element mesh based on confocal microscopy imaging data, as well
as the construction of an idealised mesh.

2. The boundary conditions that were obtained using an existing macroscale FE model of rat my-
ocardium, as outlined in Section 2.3.1. This was done to obtain KUBCs representing cardiac strain
states that could reasonably occur throughout the cardiac cycle.

3. The results of the case studies described in Section 2.3.2. These case studies were conducted
to demonstrate the simulation capabilities of the developed computational tools, as well as to
investigate under which circumstances the assumption of elastic material behaviour may not be
sufficient. In certain instances, where the elastic material behaviour assumption appears reasonable
(i.e. observed stresses do not exceed reasonable elastic limits), observations are made to deduce
experimental meaning from the results.

3.1 Geometry development

3.1.1 Development of a realistic microstructural mesh from confocal mi-
croscopy imaging data

Preprocessing

Preprocessing the available confocal microscopy imaging data was accomplished through the selection of
a region of interest (ROI) and Contrast Limited Adaptive Histogram Equalisation (CLAHE) enhance-
ment of the image dataset, as described in Section 2.1.3. Capturing of the cardiac tissue structure,
while excluding blood vessel detail, was done through the selection of an ROI with dimensions 1.58 mm
(radial), 1.09 mm (longitudinal), and 0.88 mm (circumferential). An example of a single 2D image slice,
highlighting the ROI, can be seen in Figure 3.1. The full image is 1753 by 461 pixels, and the ROI is 650
by 450 pixels.

The images were cropped to focus on the ROI, and CLAHE-enhanced to improve the ability to distinguish
tissue regions from void regions, as shown in Figure 3.2.

Image segmentation techniques

An example of the results following the global thresholding and region-grown segmentation techniques,
described in Section 2.1.3, can be seen in Figure 3.3.

35
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Figure 3.1: A single 2D slice from the micro-CT imaging dataset. The chosen ROI has been outlined in
green.

Figure 3.2: Example of a 2D image slice following the preprocessing: (a) the image after it has been
cropped to focus on the ROI, (b) the cropped image after it has been CLAHE-enhanced.
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Figure 3.3: Example of a 2D image slice following image segmentation, with black pixels representing
detected void regions and white pixels representing detected tissue regions: (a) the segmented image
using Otsu’s global thresholding method (b) the segmented image using a region-growing segmentation
technique.

Each of the segmented images was compared to the preprocessed image seen in Figure 3.2b, to determine
a preferential image segmentation method. Global thresholding using the Otsu’s method performed well
in identifying the cleavage planes and smaller gaps within the myocardial tissue. However, it led to
certain regions being incorrectly detected as void, as can be seen in the upper centre and upper right
sections of Figure 3.3a. The region-growing segmentation approach performed well in identifying the
cleavage planes, but not as well in identifying smaller gaps within the myocardial tissue. Importantly,
the region-growing segmentation approach did not lead to major misidentified void regions. This can be
seen by comparing the upper centre and upper right sections of the preprocessed image in Figure 3.2b to
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those of the thresholded image (Figure 3.3a) and region-grown image (Figure 3.3b). Consequently, the
region-grown segmented images were chosen for use in generating the realistic microstructural mesh.

Mesh generation using segmented imaging data

Using the region-grown segmented images, a realistic mesh was then generated via the process described
in Section 2.1.3. The resulting mesh can be seen in Figure 3.4, where cells marked in red represent tissue,
and cells marked in blue represent hydrogel. The mesh seen in Figure 3.4 has a size of 160 cells in the x,
y, and z directions. This corresponds to dimensions of 0.386 mm in each of the longitudinal, radial, and
circumferential directions of the original tissue block seen in Figure 2.3.

%"

Figure 3.4: High-resolution mesh. Myocardium regions have been marked in red, and hydrogel regions
have been marked in blue.

3.1.2 Myocardial fibre directions

The results of the methodology described in Section 2.1.3 - “Myocardial fibre directions” are presented
here. Figure 3.5 shows the orientations of the cleavage planes for the imaging dataset used to determine
appropriate fibre directions; as well as the resulting two-point correlation function, which describes the
average orientation of these cleavage planes over the domain. It was observed that in Figure 3.5a, the
longest axes of the cleavage planes roughly coincided with the x-axis direction, and that the two-point
correlation function (Figure 3.5b) reflected this observation. It was further observed that in Figure 3.5a,
the shortest axes of the cleavage planes roughly coincided with the y-axis direction, and that the two-point
correlation function (Figure 3.5b) reflected this observation as well.

Using the two-point correlation function, the most and least probable relative directions for two points
belonging to a cleavage plane were determined. These correspond to the most likely fibre fy and sheet-
normal ng directions respectively. To determine these directions, the two-point correlation function was
integrated along lines spanning r € [—10, 10] in spherical co-ordinates, by varying the polar angle 6 and
the azimuthal angle ¢. The result of this integration can be visualised as a function of 6 and ¢ (in
radians), as seen in Figure 3.6. The vertical and horizontal axes represent 6 and ¢ values respectively,
ranging from [0, 27] radians.
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Figure 3.5: Visualisations of (a) the orientations of the cleavage planes for the imaging dataset used to
compute fibre directions and (b) slices of the calculated two-point correlation function, with contour lines
corresponding to the average orientations of the cleavage planes.
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Figure 3.6: Function resulting from the integration of the two-point correlation function in spherical
co-ordinates.

The 6 and ¢ values which produced the maximum and minimum values for the function seen in Figure 3.6,
were used to determine the fibre f; and sheet-normal ng directions, respectively. These are:

(0,), == arg max /w S(r(r,0,¢)) dr = (4.70,1.26) rad, (3.1.1)
O,Cf) —w

(0,¢),,, = argmin /w S(r(r,0,¢)) dr = (4.36,5.92) rad. (3.1.2)
6,0 —w

The sheet axis sg was then computed as the cross-product of the fy and n( directions. The resulting
directions were given in Equation (2.1.5) as:

—0.95199538 0.33220323 0.09950472
fo = 0.30601061 [, mno= | 0.87674863 |, so= |0.33370978
—0.00789337 —0.34778276 0.93631836
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To allow for a visualisation of the computed aggregate fibre directions against the cleavage planes of the
microstructure, the fibre directions given by Equation (2.1.5) were superimposed onto the cleavage plane
geometry seen in Figure 3.5a. The resulting visualisation can be seen in Figure 3.7. Figure 3.7 provides
a clearer indication that the fibre axis fy corresponds with the aggregate longest axes of the cleavage
planes, and that the sheet-normal axis ng corresponds with the aggregate shortest axes of the cleavage
planes. This agreement between the axes of the cleavage planes and the computed fibre directions was
not true for every cleavage plane in the geometry, as not all cleavage planes are perfectly aligned with
each other. However, it provides a reasonable description of the aggregate orientations of the cleavage
planes.

Figure 3.7: Visualisation of fibre directions obtained by the method described in Section 2.1.3 - “Myocar-
dial fibre directions”. Here, fj, ng, and sg, are illustrated in orange, light blue, and red, respectively.

3.1.3 Development of an idealised mesh

The method described in Section 2.1.4 was used to generate an idealised mesh representing a myocardial
tissue block with a cylindrical hydrogel inclusion. The resulting idealised mesh is shown in Figure 3.8,
and was comprised of 163 840 elements, and 513 315 corresponding degrees-of-freedom. The overall mesh
was of unit length, width, and height, and the diameter of the cylindrical inclusion was set as half the
total width.
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Figure 3.8: Idealised mesh of a myocardial tissue block with a cylindrical inclusion. Myocardium regions
have been marked in red, and hydrogel regions have been marked in blue.

3.2 Application of developed framework

3.2.1 Obtaining boundary conditions

As described in Section 2.3.1, cardiac strain data were extracted from an existing macroscale ABAQUS
model of rat myocardium, in order to develop KUBCs which could be applied to the finite-element
meshes seen in Figures 3.4 and 3.8. Following a k-means clustering procedure, five cluster centres were
identified and used to develop the case studies described in Section 2.3.2. For the case studies conducted
on the idealised mesh, the full time-dependent dataset of Cluster Centre 3 was used. For the case studies
conducted on the realistic mesh, the peak magnitude values for each of the five cluster centres was used.
This was done to ensure that the simulations conducted on the realistic mesh were computationally
feasible; using the full time-dependent dataset with the realistic mesh was not possible in the present
study, due to the large number of elements and corresponding degrees-of-freedom. Figure 3.9 shows the
spatial stretch tensor magnitudes over time for the five cluster centres, as well as the peak strain state
for each cluster centre.

At the peak strain state for each cluster centre, the left stretch tensors are given in Equations (3.2.1)
to (3.2.5).

0.861481 0.076443  0.103362

Vecimax = [ 0.076443  1.124320 —0.064254 (3.2.1)
0.103362 —0.064254  1.055932
0.913569  —0.274150 —0.040314

Veco,max = | —0.274150  1.239535  0.555825 (3.2.2)
—0.040314  0.555825 1.203099
0.855035 —0.372873  0.096664

Veesmax = | —0.372873  1.242893  —0.241036 (3.2.3)
0.096664 —0.241036 1.130165
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Left Stretch Tensor Magnitude over Time
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Figure 3.9: Spatial stretch tensor magnitudes (Frobenius norm) over time for the cluster centres, with

peak magnitudes marked.

0.851275  —0.065039  0.274355
Vocamax = | —0.065039  1.247821  —0.111200 | , (3.2.4)
0.274355 —0.111200 1.040144

1.066346  0.619740 0.092060
Veesmax = | 0.619740  1.243191  —0.083204 | . (3.2.5)
0.092060 —0.083204 1.091142

The Frobenius norms of the peak left stretch tensors for each cluster centre are shown in Equation (3.2.6).

[Vect,max|lp = 1.778335,
[Voczmax || F = 2.142418
IVoos maxllF = 1.991505, (3.2.6)
[Vecamax||p = 1.883443
|Vees maxllF = 2.161518.

3.2.2 Case studies

The following section presents the results of the computational case studies described in Section 2.3.2.
Two case studies were conducted, and the simulations can be categorised as follows:

1. Case study 1 - Simulations conducted on the idealised mesh depicted in Figure 3.8, using KUBCs
which describe a time-dependent set of strain states. This set of strain states was from Cluster

Centre 3, which can be seen in Figure 3.9.

2. Case study 2 - Simulations conducted on the detailed microstructural mesh depicted in Figure 3.4,
using KUBCs which describe a single strain state. These single strain states were chosen as the
peak values shown in Figure 3.9, as described in Equations (3.2.1) to (3.2.5).
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For each of these case studies, the results generated by the developed computational tool can be grouped
in the following manner:

1. Results relating to the homogenised response of the FE solution. These include the homogenised
deformation gradient, as well as the homogenised first Piola-Kirchhoff stress response. It is worth
reiterating that the present study did not look to determine a representative size for the volume
element. As such, we do not claim that the observed behaviour is the effective behaviour.

2. Results computed at the nodes and quadrature points of the FE solution. These include the dis-
placement and strain calculated at each node; and the Kirchhoff stress calculated at each quadrature
point.

Case study 1 - Idealised geometry with time-dependent KUBCs applied

Using the idealised mesh shown in Figure 3.8 and the time-dependent KUBC given by Cluster Centre 3
in Figure 3.9, two simulations were conducted, as described in Section 2.3.2. In the first, the isotropic,
Neo-Hookean model described by Equations (2.2.38) and (2.2.39) was used to describe both the hy-
drogel injectate and the myocardium. In the second, the isotropic, Neo-Hookean model described by
Equations (2.2.38) and (2.2.39) was used to describe the hydrogel injectate, and the anisotropic model
described by Equations (2.2.45) and (2.2.46) was used to describe the myocardium.

Homogenised results

The components of the left stretch tensor for the KUBC and the components of the resulting homogenised
deformation gradient are shown in Figure 3.10, which indicates that the applied KUBC was resolved
correctly for both idealised simulations across the full time range. The components of the observed
homogenised deformation gradient (dotted lines) equalled the components of the applied KUBC left
stretch tensor (solid lines) for the case in which (a) only isotropic material models were used (Figure 3.10a)
and (b) isotropic and anisotropic material models were used (Figure 3.10b).

Tensor Component Magnitude
Tensor Component Magnitude
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Figure 3.10: Comparison of the components of the applied KUBC left stretch tensor (solid lines) and
the resulting homogenised deformation gradient (dotted lines) over time using (a) only isotropic material
models and (b) isotropic and anisotropic material models.

Using the homogenised deformation gradient and the homogenised first Piola-Kirchhoff stress response,
the homogenised Cauchy stress response, opom, was calculated as:

1
Tiom = (P,,) F; . (3.2.7)

Where (P,,) is the homogenised first Piola-Kirchhof! stress, F), is the homogenised deformation gradient,
and J is the determinant of the homogenised deformation gradient.
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The components of the homogenised Cauchy stress tensor over time have been shown for each simulation
in Figure 3.11. When the anisotropic model was introduced (Figure 3.11b), the absolute magnitudes of
the observed homogenised Cauchy stress components increased. Moreover, the evolution of the stress
components to and from their peak magnitudes was more gradual when the anisotropic model was
introduced, as compared to when only isotropic material models were used. It is worth noting that
the anisotropic model includes exponential terms, whereas the isotropic, Neo-Hookean model, does not,
which may be the cause for the observed differences in the shapes of the stress responses. One possible
explanation is that, when deformations are large (for example during peak ventricular contraction), the
inclusion of the exponential terms may lead to significantly increased stresses when compared to models
which do not include any exponential terms.

250 1

T 150 =
g g 200
L VL
E] 3
2 100 =
& &
o o 0
= =
s 50 s

o A/ = -200

0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00 225 0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00 2.25

Time (s) Time (s)
— on — 033 —— 013 — on — 033 e 013
— 022 T 023 — 022 -== 012 023
(a) (b)

Figure 3.11: Homogenised Cauchy stress components over time using (a) only isotropic material models
and (b) isotropic and anisotropic material models.

The eigenvalues of the homogenised Cauchy stress tensor were calculated, and correspond to the ho-
mogenised principal stresses o1, 0o and o3, where o1 > 09 > o03. Figure 3.12 shows the homogenised
principal stresses over time for each simulation. Similar observations to those made for Figure 3.11 can
be made for Figure 3.12; when the anisotropic material model was introduced, the stress magnitudes
increased, and the stress evolutions to and from their peak magnitudes were more gradual.

300 800

250

200

150

Principal Stress Magnitude (kPa)
Principal Stress Magnitude (kPa)
N
8

-200

0.00 0.25 0.50 0.75 1.00 125 1.50 175 2.00 2.25 0.00 0.25 0.50 0.75 1.00 125 1.50 175 2.00 2.25
Time (s) Time (s)

— oo — 0 — 03 — 0 — 0 o3

(a) (b)

Figure 3.12: Homogenised principal stresses over time using (a) only isotropic material models and (b)
isotropic and anisotropic material models.

Using the homogenised principal stresses shown in Figure 3.12, the homogenised von Mises stress was
calculated using Equation (3.2.8).
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2
Figure 3.13 shows the homogenised von Mises stress over time for both simulations, with nine selected
sampling points. These sampling points were chosen to allow the presentation of quadrature point stress
results in Section 3.2.2 over a fixed number of time steps, intended to span a single cardiac cycle. The
first and last sampling points were determined by calculating the local minima of the homogenised von
Mises stress results at ¢ = 0.837s and ¢ = 1.630s. The remaining seven sampling points were linearly
spaced within this interval.
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Figure 3.13: Homogenised von Mises stress over time using (a) only isotropic material models and (b)
isotropic and anisotropic material models.

Quadrature point-specific results

In addition to the homogenised results presented above, the developed computational tool produces a
dataset at each time step containing the following information for each quadrature point:

e Global index
e Material type
e Kirchhoff stress tensor components and magnitude

Focus has been given to the distributions of the magnitudes of the Kirchhoff stress tensors, and on
demonstrating how these can be extracted for each material type. These were deemed to be important
in evaluating conditions under which the observed stresses exceeded reasonable elastic limits, as well as
in comparing the mechanical response of the myocardium and hydrogel domains. For each of the nine
sampling points shown in Figure 3.13, the Kirchhoff stress magnitudes corresponding to the hydrogel
and myocardium domains were determined. Using the free, open-source Python library, SciPy, a kernel
density estimate (KDE) was computed for each set of magnitudes. In brief, this provides an estimation
of the probability density function of a random variable, in this case, the magnitude of the Kirchhoff
stress tensor. Figure 3.14 shows the KDEs for each of the myocardium and hydrogel regions, at each of
the nine sampling points defined in Figure 3.13. Intuitively, the higher the probability density, the more
frequently stress magnitudes in that range occur, and the total area under each KDE is always equal
to one. It should be noted that the bandwidth used to generate the KDEs seen in Figure 3.14 was the
default SciPy method, which aims to produce a smooth but representative estimate of the probability
density function. Additionally, to allow for the KDEs in Figure 3.14 to be shown on the same set of axes,
they were scaled to be of uniform height without changing the form of the underlying distributions.

It was observed that, in Figure 3.14, the quadrature point Kirchhoff stresses were concentrated within a
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narrower range when only an isotropic model was used (Figure 3.14a), as opposed to when an anisotropic
model was introduced for the myocardium (Figure 3.14b). It is worth reiterating that the anisotropic
model included exponential terms, whereas the Neo-Hookean model did not.
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Figure 3.14: Quadrature point stress distributions over one cardiac cycle using (a) only isotropic material
models and (b) isotropic and anisotropic material models.

The combined set of Kirchhoff stress magnitudes across the myocardium and hydrogel regions have been
shown for each sampling point in Figure 3.15, with the median values marked. In a similar manner
to Figure 3.14, it was observed that, when an anisotropic model was introduced for the myocardium
(Figure 3.15b), both the variation in the median Kirchhoff stress values, as well as the range of the
Kirchhoff stress distribution, increased compared to the case where only isotropic models were used
(Figure 3.15a).
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Figure 3.15: Box-plot of quadrature point stress distributions over one cardiac cycle using (a) only
isotropic material models and (b) isotropic and anisotropic material models.

Figure 3.16 provides a visualisation of the Kirchhoff stress magnitudes on the undeformed, idealised mesh,
at the second sampling point (¢ = 0.936s). This sampling point was chosen as it most closely coincides
with the peak von Mises stress shown in Figure 3.13b. It can be seen that the peak Kirchhoff stress
magnitude values occur on and around the boundary between the hydrogel and myocardium regions.
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Figure 3.16: Kirchhoff Stresses on the Undeformed Geometry at ¢ = 0.936s using (a) only isotropic
material models and (b) isotropic and anisotropic material models.

Case study 2 - Realistic geometry with single strain state KUBCs applied

Using the realistic microstructural mesh shown in Figure 3.4, five simulation scenarios, as described in
Section 2.3.2 were considered. Each of these scenarios corresponds to the application of a KUBC for the
maximum strain state of one of the cluster centres shown in Figure 3.9. In this section, these scenarios
are referred to as “Cluster Centre 17, “Cluster Centre 2”,...“Cluster Centre 5” representing which of
the five maximum strain states shown in Figure 3.9 has been applied as the KUBC. All the simulations
conducted on the realistic mesh made use of the isotropic, Neo-Hookean model given by Equations (2.2.38)
and (2.2.39) in describing the hydrogel, and the anisotropic model given by Equations (2.2.45) and (2.2.46)
in describing the myocardium. For each scenario, three hydrogel material parameter simulations were
considered, described in Table 2.2. These are referred to as the “Lower-bound”, “Median”, and “Upper-
bound” stiffness cases, corresponding to hydrogel elastic moduli of £ = 5 kPa, E = 50 kPa, and F = 100
kPa respectively. For all hydrogel stiffness cases, the Poisson’s ratio used for the hydrogel was v = 0.49,
the parameters for the anisotropic model for the myocardium were those described in Table 2.1, and the
anisotropic fibre directions were those shown in Equation (2.1.5).

Homogenised results

For each simulation, the homogenised deformation gradient at the final time step was compared to the
left stretch tensor of the applied KUBC. The starting deformation gradient in each simulation was the
identity matrix I, and application of the KUBC left stretch tensor was done through linear increments.
For context, certain simulations, specifically Cluster Centre 2 and Cluster Centre 5, led to comparatively
larger deformations in the myocardium. This, combined with the exponential nature of the anisotropic
model used to describe the myocardium, led to unacceptably small time steps being required for the
solver to completely resolve the target strain state. In these cases, the simulations were terminated
prematurely, and the results at the final time step prior to termination have been reported. The “%
Achieved” quantity represents to what extent the solver was able to resolve the target strain state, and
was defined as follows:

|F 1]

% Achieved := 1 ————
|V -1

x 100.

Where F is the homogenised deformation gradient at the final time step and V is the target applied KUBC
left stretch tensor. Table 3.1 provides a summary of the agreement between the achieved homogenised
deformation gradient and the target applied KUBC left stretch tensor.



47 3.2. Application of developed framework

Table 3.1: Table showing the degree (%) to which the target strain state was achieved for each computa-
tional case. The values in the final column indicate the magnitude of each component of the homogenised
deformation gradient result when compared to the components of the applied KUBC left stretch tensor.
The elastic modulus E refers to the elastic modulus used for the isotropic, Neo-Hookean model. For all
simulations, the Poisson’s ratio v = 0.49 was used for the isotropic, Neo-Hookean model.

Applied KUBC Hydrogel Stiffness Case | E (kPa) | % Achieved
Lower-bound 5 100.0%
Cluster Centre 1 Maximum Median 50 100.0%
Upper-bound 100 100.0%
Lower-bound 5 11.0%
Cluster Centre 2 Maximum Median 50 68.8%
Upper-bound 100 70.0%
Lower-bound 5 100.0%
Cluster Centre 3 Maximum Median 50 100.0%
Upper-bound 100 100.0%
Lower-bound 5 100.0%
Cluster Centre 4 Maximum Median 50 100.0%
Upper-bound 100 100.0%
Lower-bound 5 16.0%
Cluster Centre 5 Maximum Median 50 91.3%
Upper-bound 100 92.0%

The results shown in Table 3.1 have been illustrated in Figure 3.17 where, for each scenario, the compo-
nents of the applied KUBC left stretch tensor have been shown alongside the homogenised deformation
gradient result achieved for each hydrogel stiffness case. For Cluster Centre 1 (Figure 3.17a), Cluster
Centre 3 (Figure 3.17¢), and Cluster Centre 4 (Figure 3.17d) the targeted KUBC tensor was fully resolved
for all hydrogel stiffness cases. As such, the outcomes of each hydrogel stiffness case can be compared to
each other. In the remaining Cluster Centre 2 (Figure 3.17b) and Cluster Centre 5 (Figure 3.17¢) cases,
the homogenised deformation gradients for each hydrogel stiffness case did not reach the same values,
as indicated in Table 3.1. Therefore, in these cases, the results of the hydrogel stiffness cases cannot
be directly compared to each other. However, one can still evaluate the results of these simulations to
observe the stress distributions and identify any excessively large stress values, which may indicate that
the assumption of elastic material behaviour is insufficient in those cases.

Figure 3.18 shows the homogenised principal stresses and homogenised von Mises stress, calculated at the
final time step of each hydrogel stiffness case. For Cluster Centres 1 (Figure 3.18a), 3 (Figure 3.18¢c), and
4 (Figure 3.18d), the homogenised principal and von Mises stresses increased with increasing hydrogel
stiffness. It is important to note that, as per Table 3.1, the stiffness cases for Figures 3.18b and 3.18e
cannot be directly compared as they did not reach the same final strain state. However it can be noted
that the observed principal and von Mises stresses for Cluster Centre 2 (Figure 3.18b) and Cluster Centre
5 (Figure 3.18¢e) were considerably larger than the remaining scenarios.

Quadrature point-specific results

For each of the simulations summarised in Table 3.1, the distributions of the quadrature point Kirchhoff
stress magnitudes for the hydrogel, myocardium and total regions are illustrated in Figure 3.19. The
KDEs resulting from each hydrogel stiffness case have been displayed on common stress axes for each
cluster centre case. It is important to note that, as per Table 3.1, the “Lower-bound”, “Median”, and
“Upper-bound” cases for Figures 3.19b and 3.19e did not reach the same targeted strain state.

The Kirchhoff stress magnitudes are illustrated further in the form of box-plots for the hydrogel, my-
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Figure 3.17: Components of the applied KUBC left stretch tensor alongside the components of the
homogenised deformation gradient result for each hydrogel stiffness case of (a) Cluster Centre 1, (b)
Cluster Centre 2, (¢) Cluster Centre 3, (d) Cluster Centre 4, and (e) Cluster Centre 5.

ocardium, and total regions, in Figure 3.20. The box-plots include the outliers from each dataset, pro-
viding an indication of the overall range of observed stress values. This range is not necessarily apparent
in the KDEs of Figure 3.19, as the number of outliers is small compared to the total number of stress
values. Although Figure 3.19 and Figure 3.20 depict the same set of results, they offer different insights:
the KDEs emphasize the shapes of the distributions of the stress magnitudes, while the box-plots more
clearly indicate the spread of the data and outliers in the stress magnitude data. It is worth noting that
for Cluster Centre 2 (Figure 3.20b), Cluster Centre 3 (Figure 3.20c), and Cluster Centre 5 (Figure 3.20e),
the outlying stress magnitudes were often far greater than the median stress values (i.e. Timax => Tmedian)-
In these cases, the outlying stress magnitudes exceeded 1 x 10° kPa. For reference, tensile tests conducted
on human coronary artery samples by Karimi et al. (2013) reported a maximum ultimate strength of
3.59 x 10% kPa. Even though their study did not make use of rat myocardium specifically, it provides a
broad indication of the reasonable elastic limits of soft tissue. This suggests that, under certain loading
conditions, the stresses observed in the simulations far exceed reasonable elastic limits, and that the
assumption of elastic material behaviour may be insufficient.
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Figure 3.18: Homogenised principal and von Mises stresses for each hydrogel stiffness case of (a) Cluster
Centre 1, (b) Cluster Centre 2, (¢) Cluster Centre 3, (d) Cluster Centre 4, and (e) Cluster Centre 5.

To allow for an improved visualisation of the distributions of the Kirchhoff magnitudes on the undeformed
mesh, a segment corresponding to one-eighth of the total mesh volume was excluded from Figure 3.4.
The material distributions of myocardium and hydrogel on the resulting mesh are shown in Figure 3.21.
As a general observation, the peak stresses occurred on the boundaries between the myocardium and the
hydrogel injectate, this is particularly noticeable in Figures 3.23, 3.24 and 3.26. In these cases, stresses
in the boundary regions often exceeded 1 x 10° kPa.

Figures 3.22 to 3.26 show the distributions of the Kirchhoff stress magnitudes on the undeformed mesh
for each case, and each hydrogel material parameter subcase. For Cluster Centre 1 (Figure 3.22) and
Cluster Centre 4 (Figure 3.25), which represented the least strenuous loading conditions, the stresses in
the hydrogel regions exceeded those in the myocardial regions, and increased with increasing hydrogel
stiffness. For Cluster Centre 2 (Figure 3.23) and Cluster Centre 5 (Figure 3.26), which represented
the most strenuous loading conditions, the peak stresses occurred on the boundary regions between the
hydrogel and myocardium. These peak stresses correspond with the exceedingly large outlier values seen
in Figure 3.20b and Figure 3.20e. It was observed that for Cluster Centre 3 (Figure 3.24), the stress
distribution became increasingly homogenous as the hydrogel stiffness was increased. This can also be
observed in Figure 3.19c, where the overall stress distribution narrowed as the hydrogel stiffness was
increased.

To allow for a visualisation of the Kirchhoff stress magnitudes on the deformed mesh, a cubic segment
was extracted from the original microstructural mesh. This segment, shown in Figure 3.27 shared the
same centre as the original mesh, but has one-eighth the total volume. Figures 3.28 to 3.32 show the
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Figure 3.19: Quadrature point Kirchhoff stress distributions for each hydrogel stiffness case of (a) Cluster

Centre 1, (b) Cluster Centre 2, (c¢) Cluster Centre 3, (d) Cluster Centre 4, and (e) Cluster Centre 5.

Kirchhoff stress distributions on this segment of the mesh in the deformed state.

The same general

observations made for the undeformed visualisations can be made for the deformed visualisations where,
for example, stresses in excess of 1x 10° kPa were primarily concentrated on the boundary regions between
the myocardium and hydrogel. This is particularly apparent in Figures 3.29, 3.30 and 3.32.
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Figure 3.20: Quadrature point Kirchhoff stress distributions for each hydrogel stiffness case of (a) Cluster
Centre 1, (b) Cluster Centre 2, (c) Cluster Centre 3, (d) Cluster Centre 4, and (e) Cluster Centre 5.
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Figure 3.21: Material distributions on the undeformed mesh, with one-eighth of the volume excluded
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Figure 3.22: Visualisations of the Kirchhoff stress distributions for Cluster Centre 1, showing the results
for the (a) lower-bound (E = 5kPa), (b) median (E = 50kPa), and (c) upper-bound (E = 100kPa)

hydrogel stiffness cases.
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Figure 3.23: Visualisations of the Kirchhoff stress distributions for Cluster Centre 2, showing the results
for the (a) lower-bound (E = 5kPa), (b) median (E = 50kPa), and (c) upper-bound (E = 100kPa)

hydrogel stiffness cases.
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Figure 3.24: Visualisations of the Kirchhoff stress distributions for Cluster Centre 3, showing the results
for the (a) lower-bound (E = 5kPa), (b) median (E = 50kPa), and (c) upper-bound (E = 100kPa)
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Figure 3.25: Visualisations of the Kirchhoff stress distributions for Cluster Centre 4, showing the results
for the (a) lower-bound (E = 5kPa), (b) median (E = 50kPa), and (c) upper-bound (E = 100kPa)

hydrogel stiffness cases.
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for the (a) lower-bound (E = 5kPa), (b) median (E = 50kPa), and (c) upper-bound (E = 100kPa)

hydrogel stiffness cases.
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Figure 3.28: Visualisations, for Cluster Centre 1, of a deformed central segment of the microstructural
mesh, showing (a) the material types and the results for the (b) lower-bound (F = 5kPa), (c) median
(E = 50kPa), and (d) upper-bound (E = 100kPa) hydrogel stiffness cases.
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Figure 3.29: Visualisations, for Cluster Centre 2, of a deformed central segment of the microstructural
mesh, showing (a) the material types and the results for the (b) lower-bound (E = 5kPa), (¢) median
(E = 50kPa), and (d) upper-bound (E = 100kPa) hydrogel stiffness cases.
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Figure 3.30: Visualisations, for Cluster Centre 3, of a deformed central segment of the microstructural
mesh, showing (a) the material types and the results for the (b) lower-bound (E = 5kPa), (¢) median
(E = 50kPa), and (d) upper-bound (E = 100kPa) hydrogel stiffness cases.
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for Cluster Centre 4, of a deformed central segment of the microstructural

mesh, showing (a) the material types and the results for the (b) lower-bound (E = 5kPa), (c¢) median
(E = 50kPa), and (d) upper-bound (E = 100kPa) hydrogel stiffness cases.
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Figure 3.32: Visualisations, for Cluster Centre 5, of a deformed central segment of the microstructural
mesh, showing (a) the material types and the results for the (b) lower-bound (F = 5kPa), (c) median
(E = 50kPa), and (d) upper-bound (E = 100kPa) hydrogel stiffness cases.



Chapter 4

Discussion

This study aimed to develop a computational framework for use in investigating the microstructural
mechanical response of myocardium with hydrogel biomaterial injectate inclusions, when subjected to
the actions of the cardiac cycle. The hydrogel injectate was assumed to behave as an elastic solid,
although in reality it exhibits both solid-like and fluid-like behaviour. The validity of this assumption
was evaluated through a set of computational case studies, and the framework was developed in such a
way as to allow for extension into models such as viscoelasticity and poroelasticity.

A finite-element geometry of the microstructure of rat myocardium with hydrogel biomaterial inclu-
sions, was developed using confocal microscopy imaging data. Using the open-source C++ finite-element
library deal.Il, a finite-element solver was developed, capable of solving problems using multiple hyper-
elastic material models, and of applying boundary conditions derived from macroscale in silico cardiac
strain data. The behaviour of the hydrogel injectate was modelled using an isotropic, Neo-Hookean hy-
perelastic model, while the behaviour of the myocardium was modelled using a variation of the anisotropic
hyperelastic model developed by Holzapfel et al. (2009). Logarithmic strain data were extracted from
an existing macroscale ABAQUS model of rat myocardium, and used to develop a set of five boundary
conditions which were then applied to the microstructural geometry. To demonstrate the capacity of the
developed program, case studies were conducted using the set of boundary conditions and a range of
hydrogel stiffness parameters.

The following sections discuss the aspects of the geometry and program developed in this study, as well
as the results of the case studies.

4.1 Geometry development

As part of the present study, a detailed microstructural mesh, shown in Figure 3.4 was reconstructed from
high-resolution confocal microscopy data made available from Sands et al. (2005). The available dataset,
as seen in Figure 2.3 consisted of 2D image slices of a myocardial tissue block, extracted from the left
ventricular wall of a rat specimen. In this study, a region-growing image processing algorithm was devel-
oped and implemented to segment the original image dataset into two regions representing myocardium
and interstitial cavities. It was then presumed that, following an injection of hydrogel biomaterial, the
interstitial regions would be filled with hydrogel injectate. Under this assumption, the segmented image
data was used to generate a deal.Il triangulation (mesh) object, wherein myocardium and hydrogel re-
gions could be identified and described by distinct constitutive models. This was accomplished through
the binarisation of the segmented image data, followed by the use of the mesh generation capabilities of
the deal.Il library. Although the present study makes use of two material domains, and therefore at most
two constitutive models, the developed program is capable of handling any number of material domains
and corresponding constitutive models. The resulting geometry is a high-resolution representation of
the information contained in the original confocal microscopy dataset, where each cell of the geometry
corresponds to a pixel from the original dataset. Due to computational resource limitations, the geom-
etry used in this study represents a subset of the original image dataset, however the method that was
developed can be used to reconstruct finite-element meshes from 3D image datasets of any size.
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The reconstructed geometry used in this study does not necessitate idealisations of myocardial tissue
structure or hydrogel injectate distribution. In contrast, numerous previous macroscale models have
made use of such idealisations to reduce computational expense, such as (Kichula et al. 2014; Wenk et al.
2009; H. Wang et al. 2017; Lee et al. 2014) as per Sack et al. (2016). In a microstructural setting, Sirry
et al. (2013) generated finite-element geometries with detailed hydrogel injectate distributions, using
cardiac MRI data obtained from rat specimens following an injection of hydrogel biomaterial, although
these geometries were not used for any computational studies in the original paper.

4.2 Finite-element solver development

The finite-element solver developed in this study allows for the implementation of hyperelastic material
models defined by a strain energy function, provided that expressions for the Kirchhoff stress tensor
and spatial elasticity tensor can be derived in terms of the deformation gradient. Both isotropic and
anisotropic material models have been implemented, and the solver allows for the use of compressible
or isochoric-volumetric split model variations. These capabilities are demonstrated in the case studies
conducted in this study. In a manner similar to Wise et al. (2016), an isotropic Neo-Hookean model
was used to describe the behaviour of the hydrogel injectate; and a variation of the anisotropic model
developed by (Holzapfel et al. 2009) was used to describe the behaviour of the myocardium. The latter of
these two models has been used extensively in literature to describe the behaviour of passive myocardium,
as per (Sack et al. 2016). The fact that the solver was developed using deal.IT provides a basis for extension
into more advanced models aiming to more accurately describe the behaviour of hydrogel. Feng et al.
(2020) implemented a poroelastic model using deal.Il, and their model could be implemented in the
developed solver, although doing so fell outside the scope of the present study. Comellas et al. (2020)
implemented a viscoelastic model using deal.Il, however implementing this model also fell outside the
scope of the present study.

Furthermore, the solver is able to output homogenised metrics, such as the homogenised first Piola-
Kirchhoff stress and the homogenised deformation gradient. The solver is also capable of applying
thermodynamically-admissible boundary conditions, in the form of kinematic uniform boundary con-
ditions, to a microstructure. These functions provide a means to analyse the macroscale mechanical
response, of myocardium with hydrogel injectate inclusions, based on microscale simulations; however
conducting an in-depth investigation of this sort fell outside the scope of the present study.

4.3 Application of developed framework

4.3.1 Boundary conditions

The present study developed a method for applying boundary conditions derived from macroscopic
ABAQUS models of myocardium, to a microstructurally representative geometry. Logarithmic strain
data, over three cardiac cycles, were extracted from an existing macroscale biventricular ABAQUS model
of rat myocardium. The logarithmic strain dataset was then processed, using the the method described
in Section 2.3.1, to produce kinematically uniform boundary conditions which satisfied the Hill-Mandel
Principle, and were able to be applied to the microstructural geometry. The developed program is
capable of applying a single target strain state, as demonstrated in case study 2, and of applying a time-
dependent set of strain states (representing a loading path), as demonstrated in case study 1. The ability
to replicate time-dependent loading paths using the microstructural geometry further indicates that the
program could be extended to models beyond hyperelasticity that are loading-path dependent, such as
viscoelasticity and poroelasticity.

4.3.2 Case studies

To facilitate the demonstration of the capabilities of the finite-element program developed in this study,
a series of computational case studies were conducted. The first case study was conducted on an ide-
alised microstructural mesh, representing a myocardial tissue block with a cylindrical hydrogel injectate
inclusion, and the second case study was conducted on a realistic microstructural mesh which was re-
constructed from confocal microscopic medical imaging data. While these case studies were not intended
for biological analysis, they validate the program’s ability to simulate the mechanical response of mi-
crostructural geometries under boundary conditions derived from the results of macroscale cardiac in
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silico models.

Idealised mesh

The case study using the idealised mesh demonstrated that the developed computational tool is capable of
producing homogenised and quadrature point-specific results when time-dependent boundary conditions
have been applied. The agreement between the applied kinematic uniform boundary conditions and the
homogenised deformation gradient indicates that the solver correctly implements boundary constraints for
the cases where only an isotropic hyperelastic material model has been used, as well as when an anisotropic
hyperelastic model is introduced for the myocardium. The stress distributions obtained at the quadrature
points further indicate that the tool can resolve local stress variations within the material domains. It
was observed that the magnitudes of the resulting stresses increased significantly when an anisotropic
hyperelastic model was introduced for the myocardium, and furthermore, that the peak stress magnitudes
occurred on the boundary regions between the myocardium and the hydrogel injectate. This difference
in the magnitudes of the observed stresses can likely be attributed to the fact that the anisotropic model
given by Equations (2.2.45) and (2.2.46) includes exponential terms, whereas the isotropic, Neo-Hookean
model given by Equations (2.2.38) and (2.2.39) does not.

Realistic mesh

The case study using the realistic microstructural mesh further demonstrated the program’s ability to
handle complex geometries and material heterogeneity. The reconstructed geometry, based on confocal
microscopy data, allowed for the differentiation of myocardium and hydrogel regions, and the applied
strain states resulted in stress distributions which could be extracted for each material domain. The
results confirm that the program can accommodate multiple material domains and isotropic as well
as anisotropic constitutive models. Importantly, the results indicate that under more strenuous loading
conditions during the cardiac cycle, the program is unable to completely resolve the solution to match the
applied target strain state, and produces stress magnitudes which far exceed reasonable elastic material
limits. This can be seen in Figures 3.20b and 3.20e, indicating that under certain loading conditions,
the assumption of elastic material behaviour is not sufficient, as there are areas where the stress exceeds
any reasonable elastic limits. This outcome supports the need to extend the developed program beyond
hyperelastic material models, which assume that the hydrogel behaves in a completely solid-like way. In
Figures 3.22 to 3.26 and 3.28 to 3.32 it was observed that the excessive stress magnitudes tended to occur
on the boundary regions between the myocardium and hydrogel domains. Figure 3.20c indicates that,
under certain loading conditions, increasing the hydrogel stiffness led to increases in the overall stresses
in the hydrogel and myocardium regions, but a reduction in the maximum stresses observed in both the
hydrogel and myocardium. This outcome aligns with the findings of H. Wang et al. (2017), in which
increases in the stiffness parameters for the hydrogel injectate led to greater reductions in the observed
myocardial stresses.

Furthermore, the simulations conducted on the realistic microstructural mesh revealed the potential dis-
advantages of geometric idealisations of the distribution of hydrogel injectate. The stress distributions
seen in Figures 3.22 to 3.26 and 3.28 to 3.32 were strongly linked to the distribution pattern of the hy-
drogel injectate, with significant stress concentrations occurring on the boundary regions of the hydrogel
domain. When compared to the stress distributions seen in Figure 3.16, it can be seen that idealisations
of the distribution of hydrogel injectate lead to similarly idealised stress distributions, which may poten-
tially limit the accuracy of predictions regarding mechanical interactions between the hydrogel and the
surrounding tissue.

4.4 Overall remarks

The framework presented in this study provides a platform for conducting microstructural modelling
investigations into the mechanical response of myocardium following an injection of hydrogel biomate-
rial. Importantly, the presented framework reduced the need for geometric idealisations of the cardiac
microstructure and the distribution of hydrogel injectate. In the present study, the assumption was made
that both the myocardium and the hydrogel injectate behave as elastic solids, and the validity of this
assumption was evaluated by applying boundary conditions derived from a macroscale finite-element
model of rat myocardium. The framework was developed in an extensible manner using deal.Il, so that
more advanced descriptions of material behaviour, including models such as poroelasticity which make



Chapter 4. Discussion 62

use of multiple governing equations, could be implemented. It was found that, in more strenuous cardiac
loading cases, the observed stresses in the microstructure were excessive, and that in these cases the
assumption of elastic material behaviour was insufficient. This provides a justification for extending the
model beyond hyperelasticity to more advanced models such as viscoelasticity and poroelasticity. Both
viscoelasticity and poroelasticity have been implemented in deal.Il, by Comellas et al. (2020) and Feng
et al. (2020), respectively; although their work was not conducted in the current context of myocardial
interactions with hydrogel injectate. These models are able to describe material behaviour which is
history-dependent, and in preparation for these extensions, the ability of the developed solver to imple-
ment time-dependent boundary conditions was demonstrated in Section 3.2.2 - “Case study 1 - Idealised
geometry with time-dependent KUBCs applied”. If such extensions are implemented, and the resulting
in silico outcomes have been shown to be in line with observed experimental results, the framework will
be able to provide more reliable predictions regarding the mechanical interaction of myocardium and
hydrogel injectate.

The framework benefits the state of the art of current computational modelling of hydrogel injectate ther-
apies by providing a basis for microstructural modelling investigations which: do not necessitate idealisa-
tions of the myocardial structure or the distribution of hydrogel injectate, make use of thermodynamically-
admissible boundary conditions which can be derived from macroscale cardiac models, and describe the
behaviour of the myocardium and hydrogel injectate with varying levels of complexity. As an example,
Sirry et al. (2013) developed a highly realistic geometry of the structure of myocardium and the distri-
bution of hydrogel injectate, using MRI imaging data; however they did not conduct any computational
investigations using this geometry, a limitation which could be addressed using the developed framework.
A further example is provided by Ngoepe et al. (2019), which investigated the flow of PEG hydrogel in a
cardiac microstructure. Their study also made use of a highly realistic geometry, derived from confocal
microscopy imaging data, and the hydrogel injectate was idealised to behave as a non-Newtonian fluid.
The framework presented in this study, provided it is extended beyond hyperelasticity, would benefit such
studies by allowing for more realistic descriptions of the behaviour of hydrogel injectate.

One potential use of an extended version of the developed framework is in optimising the material
parameters of hydrogel injectate, to improve its mechanical compatibility with myocardium. An example
of such an investigation is seen in H. Wang et al. (2017), where increasing the stiffness of the hydrogel was
shown to reduce the observed stresses in the myocardium. However, their study was conducted using a
macroscale FE model, and idealised the distribution of hydrogel injectate using ellipsoidal inclusions. The
framework presented in this study provides the basis for similar investigations, using a microstructural
modelling approach, and with a reduced need for geometric idealisations. Such investigations would
be conducted with the ultimate aim of informing future designs of hydrogel injectate therapies, and
improving the efficacy of these therapies as a treatment modality for myocardial infarction.
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Conclusion

This study aimed to develop a computational framework capable of investigating the mechanical response
of a myocardial tissue block with hydrogel injectate inclusions, and to demonstrate the simulation capa-
bilities of the framework using various material model combinations and boundary condition applications.
To achieve these aims, the following objectives were defined:

1. To develop a representative microstructural geometry comprised of myocardium and hydrogel in-
jectate.

2. To implement isotropic and anisotropic hyperelastic material models, which allow for the variation
of material parameters.

3. To develop appropriate boundary conditions which can be used to replicate the actions of the
cardiac cycle.

4. To demonstrate the capabilities of the developed framework using a range of input conditions.

All objectives were achieved, and the outcomes have been presented in the previous chapter. The following
section summarises the methods and models developed in this study, and presents recommendations for
future work based on their limitations.

5.1 Geometry development (objective 1)

A 3D microstructural finite-element mesh was reconstructed from ez vivo confocal microscopy imaging
data of a rat myocardial tissue block, using a region-growing image segmentation algorithm. The devel-
oped geometry included a realistic representation of the myocardial structure, including the structure of
the interstitial cavities and laminar sheets. This approach enabled the differentiation of the geometry into
myocardial tissue regions and cavity regions, the latter of which was assumed to be occupied with hydrogel
injectate. This study made use of a subset of the complete confocal microscopy image dataset, however
the developed method for geometry reconstruction can be scaled to larger medical imaging datasets.

These findings fulfilled objective 1 of the study.

Limitations

To ensure the case studies presented in this study were computationally feasible, a finite-element geometry
with dimensions of 0.386 mm in the radial, longitudinal, and circumferential dimensions was used. This
represents a subset of the full image dataset, which has dimensions of 4.25 mm, 1.12 mm, and 0.88 mm in
the radial, longitudinal, and circumferential directions respectively. For similar computational feasibility
reasons, the present study did not make use of an adaptively refined mesh, and instead utilised a one-to-
one ratio in assigning each image voxel to a cell in the geometry. Additionally, a single set of anisotropic
fibre directions was used for the microstructural geometry, which is a simplification. In reality, the fibre
directions likely vary throughout the microstructure.
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Recommendations

Increasing the overall dimensions of the finite-element geometry would be recommended, to include more
details of the cardiac microstructure. This would allow for an investigation into the minimum mesh size
required to constitute an RVE, which could be done by iteratively expanding the size of the mesh, and
observing the changes in the homogenised response. Furthermore, the use of adaptive mesh refinement
techniques would improve the predictive capacity of the developed computational tool, especially in
regions that exhibit high stress concentration behaviour, such as the borders between myocardial tissue
and interstitial cavities. Additionally, the models could be made more accurate through the use of a more
advanced description of the variation of fibre directions within the cardiac microstructure.

5.2 Constitutive models (objective 2)

The developed finite-element program supports hyperelastic material models derived from strain energy
functions, accommodating both isotropic and anisotropic behaviour. Isochoric-volumetric split formu-
lations were used for both myocardium and hydrogel injectate, demonstrating the program’s ability to
implement these constitutive models. The modular code development structure of the program also allows
for the inclusion of additional hyperelastic material models, extending the applicability of the framework.

These findings fulfilled objective 2 of the study.

Limitations

In its present state, the program only allows for the definition of compressible and isochoric-volumetric
split hyperelastic material models. Furthermore, the material behaviour of the myocardium was described
using a constitutive model developed for passive myocardium, as opposed to including a description of
the active, contractile behaviour. Additionally, in the presented case studies, a single set of material
parameters was used to describe the myocardium, and three sets of material parameters were used to
describe the behaviour of the hydrogel injectate. This simplification may not fully capture the variability
of myocardial tissue or hydrogel properties.

Recommendations

To allow for the implementation of a broader range of material models, it is recommended that the
program be extended to incorporate fully incompressible material models. This would remove the need
for explicit descriptions of the volumetric strain energy terms, and instead rely on a mixed displacement-
pressure finite element formulation. Further investigation into a broader range of possible myocardial
and hydrogel material parameter combinations is also recommended. It is further recommended that the
behaviour of the myocardium be separated into active and passive components, allowing each component
to be described by a separate constitutive law. Additionally, the program can be extended to allow for
loading-path dependent models, such as viscoelasticity and poroelasticity, to more realistically describe
the behaviour of the hydrogel injectate. The fact that the program was developed in deal.Il facilitates
these extensions in certain cases. For example, in the case of viscoelasticity and poroelasticity, studies
have already implemented these models using deal.Il, although this was not done in a cardiovascular
modelling context.

5.3 Boundary conditions (objective 3)

A method was developed to apply boundary conditions derived from macroscale ABAQUS models to the
microstructural geometry. By processing logarithmic strain data from a biventricular model, kinemati-
cally uniform boundary conditions were generated in a manner consistent with the Hill-Mandel Principle.
The capability of the program in applying both single strain-states and time-dependant loading paths
was demonstrated, using a set of five kinematic uniform boundary conditions.

These findings fulfilled objective 3 of the study.
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Limitations

To ensure the computational feasibility of the case studies, a limited subset of five kinematically uniform
boundary conditions were used to demonstrate the program’s capabilities. These boundary conditions
were derived from a larger set of 2 180 104 possible boundary conditions, each corresponding to a quadra-
ture point in the original macroscale model. Furthermore, only peak cardiac strain magnitudes were
applied to the microstructural cardiac geometry, as opposed to the full dataset which spans over three
cardiac cycles. These simplifications reduced computational expense, but may not fully capture the range
of possible macroscale loading conditions.

Recommendations

It is recommended that future work should incorporate of a greater number of boundary conditions
to improve the predictive capacity of the microstructural simulations. New methodologies for selecting
representative sample spaces from macroscale model data, such as those developed by Benaimeche et
al. (2022) and Chaouch et al. (2024) may provide an improved methodology for investigating a more
complete range of possible macroscale cardiac loading conditions.

5.4 Demonstration of the capacity of the developed computa-
tional tool (objective 4)

The results of the case studies demonstrate that the developed computational tool is capable of solv-
ing finite element problems involving complex microstructural geometries, multiple material domains,
and both isotropic and anisotropic constitutive models. The program successfully applied both time-
dependent and single-state kinematic uniform boundary conditions derived from macroscale strain data
and produced homogenised and quadrature point-specific stress distributions, demonstrating its function-
ality in simulating microstructural mechanical behaviour.

These findings fulfilled objective 4 of the study.

Limitations

While the program effectively captured the response of the microstructural geometry under various load-
ing conditions, certain cases revealed an inability to fully resolve the target strain states. In some
instances, the computed stress magnitudes exceeded reasonable elastic material limits, suggesting that
the exclusive use of hyperelastic models may be insufficient to represent the true mechanical response
of the myocardium-hydrogel system. Additionally, computational resource constraints limited the size
of the reconstructed geometry, as well as the ability to apply time-dependent loading conditions to the
realistic microstructural geometry

Recommendations

It is strongly recommended that descriptions of material behaviour beyond hyperelasticity be investigated
in future work. These include models which incorporate time- and rate-dependent material responses,
such as viscoelasticity and poroelasticity. Such models may allow for the capturing of the potential
viscous behaviour of the hydrogel injectate, which is relevant when the stresses in the hydrogel exceed
the expected elastic limits of the material. It is further recommended that future work makes use of
more expansive computational resources, to allow for the investigation of larger microstructural volumes
and boundary conditions which replicate the actions of the cardiac cycle across larger ranges in time.
Moreover, the use of distributed memory parallelisation using the Message Passing Interface (MPI),
would be an improvement over the currently implemented shared memory parallelisation. The use of
MPI would lead to major improvements in scalability of the framework, by allowing more expansive sets
of computational resources, such as high-performance computing clusters, to be leveraged.

5.5 Final remarks

In conclusion, the present study developed a framework for conducting microstructural modelling inves-
tigations into the mechanical response of myocardium with hydrogel injectate inclusions. Key aspects
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included the construction of a finite-element mesh from high-resolution confocal microscopy imaging data,
the extraction of boundary conditions from a macroscale model of rat myocardium, and the development
of a finite-element solver. The myocardium and hydrogel injectate were assumed to behave as elastic
solids, and it was shown that, under certain loading conditions, this assumption was insufficient, and
that an extension to more advanced models describing material behaviour is justified. The framework
was developed in deal.Il to facilitate these extensions into, for example, history-dependent models such
as viscoelasticity and poroelasticity, which have been implemented using deal.Il in existing literature.

The framework presented in this study provides an extendable basis for microscale in silico investigations
of the effects of hydrogel injectate therapies for MI; with: a reduced need for geometric idealisations,
methods for determining appropriate thermodynamically-admissible boundary conditions, and function-
ality through which both homogenised (macroscale) and microscale mechanical responses can be observed.
Ultimately, this framework paves the way for more accurate microscale predictions of hydrogel injectate
behaviour in cardiac tissue, which can be used to inform the development of more effective hydrogel
injectate therapies for myocardial infarction.
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