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Abstract

The 
ap option (
aption) is one of 
ommon European exoti
 options dis
ussed in literature.This (interest rates) exoti
 option has no 
losed form solution and its a

urate pri
ingand hedging in a volatile market is a 
hallenge for traders. The reason for this is that,
omparatively, the behaviour on an individual interest rate is more 
omplex than that ofa sto
k pri
e. To pri
e any interest rate produ
t, it is essential to develop an interest ratesmodel des
ribing the behaviour of the entire zero 
oupon yield 
urve. The equity andyield 
urve, respe
tively, relate to the di�eren
e in the dynami
s of a s
alar variable andve
tor variable. Moreover, 
aptions are se
ond order with respe
t to the dis
ount bondsin that they are options on 
aps (whi
h are also options on bonds). These reasons make itof parti
ular interest to study e�
ient numeri
al solutions to pri
e 
aptions. Monte Carlosimulation provides a simple method for pri
ing this option, and a suitable interest ratemodel to use is the Libor market model.The approa
h of des
ribing the behaviour of the entire zero 
oupon yield 
urve, in the erapost the 2007 
redit 
run
h 
risis, is what is 
alled a standard single-
urve market pra
ti
e,and Part I of this work is based on it. After introdu
ing the framework for option pri
ingin the interest rate market, the theory and implementation pro
edure for Monte Carlosimulation using Libor market models is des
ribed. A detailed analysis of the results ispresented together with a sensitivity analysis, and �nally suggestions for e�
ient pri
ingof 
aptions are given.In Part II we review the re
ent �nan
ial market evolution, triggered by the 
redit 
run
h
risis towards double-
urve approa
h. Unfortunately, su
h a methodology is not easy tobuild1. In pra
ti
e an empiri
al approa
h to pri
e and hedge interest rate derivatives hasprevailed in the market. Future 
ash �ows are generated through multiple forwarding yield
urves asso
iated to the underlying rate tenors, and their net present value is 
al
ulatedthrough dis
ount fa
tors from a single dis
ounting yield 
urve.1Mer
urio [67℄ and Morini [73℄ allude to this dilemma.iv
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1
Introduction

The se
ond half of the twentieth 
entury has seen the �nan
ial markets, world-wide, gothrough major developments in various aspe
ts. Today, trading is no longer restri
ted toa few hours during the day but goes on for 24-hours in foreign ex
hange markets. Also,trading has moved from being 
ondu
ted fa
e-to-fa
e on a market �oor to being done viatelephone and 
omputers from separate dealing rooms all over the world.On the other hand, over the 
ounter (OTC) market instruments that are traded, whilstbe
oming in
reasingly diverse and far more 
omplex, have grown huge by market value.Examining a
tivity in the derivatives market in June 2004, statisti
s published by the Bankof International Settlement (Galati et al. [36℄) on their Mar
h 2005 �Triennial CentralBank Survey�, see Table 1.1 below, show that both gross market values and notionalamounts outstanding stood at $6.4 trillion and $220 trillion, respe
tively, with interestrates 
ontributing a bigger share.Table 1.1: OTC Derivatives market a
tivity by type of instrument.Gross market value Notional amount% Contribution by June 2001 : June 2004: June 2001: June 2004:instrument type $3.0 trillion $6.4 trillion $100 trillion $220 trillionInterest rates 57.4% 71.7% 76.1% 80.6%Foreign ex
hange 31.8% 17.5% 20.5% 14.3%Equity 7.2% 5.0% 2.0% 2.3%Commodity 2.9% 2.8% 0.7% 0.7%Credit linked & other 0.7% 3.0% 0.7% 2.1%Su
h a growth is, to a greater extent, attributed to Bla
k and S
holes [14℄'s major break-through in the framework for pri
ing of sto
k (
all or put) options (Hull [53℄), also 
alledderivatives, in 1973. A 
all (put) option gives the holder the right, but not the obligation,to buy (sell) an asset for a 
ertain pri
e. The option is 
lassi�ed as European (Ameri
an)if the holder has the right to exer
ise it on (by) a 
ertain time.The Bla
k and S
holes analyti
al solution is appli
able for standard European instruments.For non-standard (exoti
) options more 
omputationally-intensive numeri
al te
hniques1



2are used to a

urately pri
e these options. For example, for European options with noanalyti
al solution Monte Carlo simulation is used and has bene�ted from the advantage ofspeed and a

ura
y o�ered by 
omputers to pri
e su
h options. Options with early exer
iseopportunities (Ameri
an) also have no 
losed form solution and are pri
ed di�erently. Thetypi
al te
hniques used are binomial trees, trinomial trees, and �nite di�eren
e methods.Although the pri
ing framework was originally developed for equity and foreign ex
hangeoptions, it soon had a 
ontagion e�e
t that extended to options on futures 
ontra
ts, andinterest rates. The interest rates derivatives market is divided into two sub-markets, 
apsand swaptions. Hen
e, the pri
ing of these options and the modelling of interest ratesgained momentum through the years that followed. The models that surfa
ed startedfrom instantaneous short rates and then evolved to instantaneous forward rates; departurefrom the latter models led to the market models. Throughout these developments, themathemati
s involved in the pri
ing of interest rates derivatives has in
reased in 
omplexity.Unlike with standard equity options where the Bla
k and S
holes [14℄ model is universallya

epted for pri
ing, no su
h unifying framework existed in interest rate models till theintrodu
tion of (Libor and Swap) market models in the 1990's. The Libor and Swap marketmodels pri
e standard 
aps and swaptions a

ording to the Bla
k's [13℄ model, and for thisreason they allow automati
 
alibration to market data.Exoti
 derivatives in both markets (equity and interest rates) are generally more pro�tablethan the standard options, and are now be
oming the fastest growing in the derivatives mar-ket (Hull [53℄). The main 
hallenge fa
ed by derivatives traders is having an e�
ient modelto pri
e and hedge these exoti
 options. Having a model on itself is not enough. In orderto derive maximal bene�t from the model, a trader has to also understand its limitationsin any market 
onditions. Sheldon Natenberg, a derivatives trader, (op.
it. Avraamides[7℄) emphasised this point by saying:�A trader who slavishly uses a model to make every trading de
ision is headingfor disaster. Only a trader who fully understands what a model 
an and 
annotdo will be able to make the model his servant rather than his master.�This 
hallenge is even greater in a volatile market be
ause it 
alls for the trader to rea
t fastin pulling together ideas from the �nan
ial markets, mathemati
al tools, and te
hnology(see Figure 1.1 on the fa
ing page) to pri
e these produ
ts within reasonable time bounds.Mimi
king this traders disposition and fo
using on the 
aps sub-market, the aim of thisthesis is to investigate an e�
ient way to pri
e 
aptions (a type of European exoti
 options).Hen
e, using the Libor market model and the Monte Carlo (MC) te
hnique we are goingto simulate interest rates and pri
e 
aptions. The resour
es are limited to material thathas been published on the subje
t of derivatives markets, mathemati
al models, and onthe aspe
t of te
hnology the s
ope is on the implementation of the models using resour
esavailable in the �nan
ial mathemati
s (University of Cape Town) 
omputer laboratory.The 
ontent of the thesis is as depi
ted in Figure 1.1 and is organised as follows. Inthe next Chapter we review the theory of derivatives pri
ing and show how the pertinent
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Figure 1.1: Developments in the �nan
ial markets.assumptions 
ombine to determine derivative pri
es. This is the link between �nan
ialmarkets and the maths-tools in our diagram. As mentioned earlier, the Bla
k and S
holesmodel is based on equity produ
ts and is the building blo
k for the overall derivativesmarket. In Chapter 3 we 
hange fo
us to review interest rates produ
ts and their pertinentformulae. We also review approa
hes to interest rates modelling. In Chapter 4 we des
ribehow 
omputational e�
ien
y 
an be brought about both in the numeri
al algorithms andLibor market models; this links maths-tools and te
hnology in our diagram. In Chapter5 we integrate ideas from the �nan
ial markets, maths-tools, and te
hnology and des
ribethe implementation pro
edure for pri
ing 
aptions. In the same Chapter we also dis
ussthe results. Finally, in Chapter 6 we 
on
lude by suggesting an e�
ient way of pri
ingCaptions and possible future work.



2
Review of the Theory of Derivatives Pricing

In the previous Chapter we alluded to the 
onsistent theoreti
al framework for pri
ingequity options published by Bla
k and S
holes [14℄ in the �nan
ial markets as a whole.Today, this framework is not 
on�ned to equity options, but is also appli
able to other
lasses of derivatives (interest rates, foreign ex
hange et
.). Therefore, the aim of thisChapter is to lay a foundation for subsequent Chapters by introdu
ing the essential ter-minology and mathemati
al tools for pri
ing derivatives. The main 
onsulted sour
es forthis pri
ing framework and mathemati
al foundation are Bla
k and S
holes [14℄, Clewlowand Stri
kland [24℄, Hull [53℄, Harrison and Kreps [47℄, Harrison and Pliska [48℄, Shreve[95℄, and Brigo and Mer
urio [20℄.The prin
ipal assumption in any derivative pri
ing model is the mathemati
al des
riptionof how the asset pri
e underlying the derivative evolves randomly through time. There arealso 
ertain 
ondu
ive 
onditions (e.g. no-arbitrage, martingales) about the e
onomy thatare assumed in order to justify the use of 
ertain mathemati
al te
hniques.In this Chapter we start by reviewing these 
onditions as developed by Harrison and Kreps[47℄ and Harrison and Pliska [48℄. Next we des
ribe the 
hange-of-numeraire te
hnique asdeveloped by Geman et al. [38℄. Using a hedge approa
h, we then 
ombine these prin
iplesto derive the famous Bla
k and S
holes partial di�erential equation (PDE), with expli
itsolutions for European 
all and put options. Thereafter, sin
e market exposure in optionshas risks asso
iated with it, we dis
uss the �Greeks� as a risk management tool for optionstraders. We end the Chapter by summarising key 
on
epts linking �nan
ial markets andmathemati
al-tools.2.1 Model of the Finan
ial MarketConsider a �nan
ial market with a �nite trading interval [0, T ]. Un
ertainty in the �nan
ialmarket is modelled by a probability spa
e (Ω,Ft,P), where Ω denotes a sample spa
e withelements ω ∈ Ω, P represents market probability, and the σ−�eld Ft the informationavailable at time t. In the given e
onomy, we 
onsider a model of a �nan
ial market4



Chapter 2. Review of the Theory of Derivatives Pri
ing 5
onsisting of K + 1 non-dividend paying se
urities; one risk-less money market a

ount
S0
t , and K dimensional adapted semi-martingale Sj

t , j = 1, 2, . . . ,K, t ∈ [0, T ], whose
omponents are positive.A predi
table K + 1 dimensional sto
hasti
 pro
ess ξ(t, ω) = {

ξjt : j = 0, 1, . . . ,K
}, t ∈

[0, T ], is 
alled a dynami
 portfolio pro
ess (trading strategy), where ξj represents the jthasset holding at time t. Its 
orresponding realised market value and 
umulative gains fromtrading are Ξ(t, ξ) =
∑K

j=0 ξ
j
tS

j
t and ∑K

j=0

∫ t
0 ξ

j
udS

j
u, respe
tively, assuming that the gainsare modelled as Itô integrals. A self-�nan
ing trading strategy is a strategy ξ(t, ω) su
hthat Ξ(t, ξ) = Ξ(0, ξ) +

∑K
j=0

∫ t
0 ξ

j
udS

j
u and requires no withdrawals or inje
tion of 
ashthroughout its life. For the portfolio Ξ to be only 
on�ned to non-negative values requiresan admissible, self-�nan
ing strategy su
h that Ξ(T, ξ) ≥ 0. An arbitrage opportunity is aself-�nan
ing trading strategy su
h that P(Ξ(T, ξ) > 0) = 1 and Ξ(0, ξ) ≤ 0.An FT -measurable random variable Π(T ), whi
h represents the un
ertain payo� at time T ,de�nes a 
orresponding derivative se
urity. If there exists a self-�nan
ing trading strategythat has the property Ξ(T, ξ) = Π(T ), with probability one, then the derivative is saidto be attainable, and su
h a strategy is 
alled a repli
ating strategy. If in an e
onomyall derivative se
urities are attainable, the e
onomy is 
alled 
omplete. Therefore, in theabsen
e of both transa
tion 
osts and arbitrage, the value of a repli
ating strategy at time

t gives a unique value for Π(T ). This allows the valuation of the derivative se
urity byvaluing the repli
ating strategy, and this is a key 
on
ept in the Bla
k and S
holes pri
ingframework 
alled arbitrage pri
ing. Two questions are raised by this 
on
ept: underwhi
h 
onditions is a 
ontinuous trading e
onomy (i) arbitrage free and (ii) 
omplete?2.2 Equivalent Martingale MeasureIn what led to the Fundamental Theorem of Asset Pri
ing 1, FTAP-1, Harrison andKreps [47℄ and Harrison and Pliska [48℄ were �rst to address these questions and show thatboth questions 
an be solved at on
e using the notion of martingale measure on de�ated(relative) marketed asset pri
es. The one asset, say S0
t , that de�ates the pri
es of otherassets is 
alled a numeraire. Its attribute is that it is stri
tly positive for all t ∈ [0, T ]. Thepri
es of other marketed assets denominated in S0

t are 
alled de�ated pri
es denoted by
S̄j
t = Sj

t /S
0
t where j > 0.The main result in their work (op.
it. Brigo and Mer
urio [20℄) is the established 
onne
tionbetween the e
onomi
 
on
ept of no-arbitrage and the mathemati
al property of existen
eof a probability measure, the equivalent martingale measure (or risk-neutral measure). Inwhat let to FTAP-2, Delbaen and S
ha
hermayer [28℄ re�ned this 
on
ept and, fo
usingon semi-martingales, proved the existen
e of an equivalent martingale measure in terms ofthe 
onditions of No Free Lun
h with Vanishing Risk (NFLVR), and gave a new 
riterion(Theorem 2.2.1) for market 
ompleteness.



6 2.3 Change of Numeraire TheoremTheorem 2.2.1 (Unique Equivalent Martingale Measure) In a 
ontinuous arbitrage-free e
onomy where every derivative se
urity is attainable, there exists a unique equivalentmartingale measure for every 
hoi
e of numeraire.The impli
ation of this theorem is that for di�erent 
hoi
es of numeraire, there exists dif-ferent unique Equivalent Martingale Measures (EMM) and is summarised in the followingproposition, proved by Harrison and Pliska [48℄ (op.
it. Brigo and Mer
urio [20℄).Propositon 2.2.1 Assume there exists an equivalent martingale measure QX , where X isthe relevant numeraire, and let Ξ be an attainable 
ontingent 
laim. Then there exists aunique pri
e Πt asso
iated with Ξ given as
Π(t) = X(t)EX

[

Ξ(T, ξ)

X(T )
|Ft

]

, t ∈ [0, T ]. (2.1)2.3 Change of Numeraire TheoremEquation (2.1) shows that the unique pri
e Π(t) of a derivative se
urity is independentof the 
hoi
e of numeraire. At the same time, Geman et al. [38℄ (ibid. [20℄) noted thatan equivalent martingale measure Q, as in Proposition 2.2.1, is not ne
essarily the mostnatural and 
onvenient measure for pri
ing the 
laim Ξ. Indeed, under sto
hasti
 interestrates, the presen
e of the sto
hasti
 dis
ount fa
tor 1
B(t) =

1
S0(t)


ompli
ates the 
al
ulationof the expe
tation 
onsiderably. In su
h 
ases, a 
hange of measure 
an be quite helpful.Considering two numeraires S1 and S2 with martingale measures QS1and
QS2 , the result of Proposition 2.2.1 applied to both numeraires yields

Π(t) = S1
t E

S1

[

Ξ(T, ξ)

S1
T

|Ft

]

= S2
t E

S2

[

Ξ(T, ξ)

S2
T

|Ft

]

. (2.2)Geman et al. [38℄ (op.
it. Brigo and Mer
urio [20℄, Pelsser [80℄) prove that thepro
ess de�ning QS1 is given by dQS1

dQS2 =
S1
T /S1

t

S2
T
/S2

t

. Upon manipulation, the lasttwo expressions of Equation (2.2) result in
ES1

[γ(T ) |Ft ] = ES2

[

γ(T )
S1
T /S

1
t

S2
T /S

2
t

|Ft

]

,where γ(T ) = Ξ(T, ξ). Sin
e Ξ, S1, and S2 are general, this result holds forall random variables γ and all numeraires S1, and S2 and is summarised in thefollowing theorem (ibid. [20℄, Pelsser [80℄).Theorem 2.3.1 (Change of Numeraire) The expe
tation of an arbitrary payo� γ(T )under QS1is equal to the expe
tation of γ(T ) times the random variable S1
T /S1

t

S2
T
/S2

t

(also referredto as the Radon Nikodym derivative Ψ(T ) under the measure QS2.



Chapter 2. Review of the Theory of Derivatives Pri
ing 72.4 Derivation of Bla
k and S
holes PDE and FormulaComputational progress in any kind of engineering depends on the a

urate modelling ofthe real life problem at hand. The Bla
k and S
holes [14℄ option pri
ing model des
ribesa two asset e
onomy 
omprising a sto
k S and a risk-less money market a

ount B, where
B(0) = 1. S follows a geometri
 Brownian motion with drift µ and volatility σ, and Bearns a risk less rate of return r, given as

dS = µ(t, S)dt+ σ(t, S)dW, (2.3)
dB = rBdt. (2.4)

dS and dB represents a 
hange in the asset pri
e and money market a

ount, respe
tively,over a small time interval dt and dW = ε
√
dt is a 
hange in the 1−dimensional randomvariableW (t), also 
alled Wiener pro
ess. ε is a random number from the standard normaldistribution φ(0, 1). Two key properties de�ne the Wiener pro
ess: �rstly the 
hange dWis normally distributed with mean zero and standard deviation √

dt, and se
ondly thevalues of dW for any two short intervals of time are independent. The value Ξ(t, ξ) of a�nan
ial derivative depends on the pri
e of S at every time instant t, and by Itô′s Lemmathe sto
hasti
 di�erential equation (SDE) followed by Ξ(t, ξ) is
dΞ =

(

∇t(Ξ) + µ∇s(Ξ) +
1

2
σ2∇ss(Ξ)

)

dt+ σ∇s(Ξ)dW. (2.5)
∇(Ξ) is a ve
tor di�erential operator on a fun
tion Ξ su
h that ∇t(Ξ), ∇s(Ξ) and ∇ss(Ξ)refer to partial derivatives with respe
t to t, and S, i.e ∂Ξ

∂t , ∂Ξ
∂S and ∂2Ξ

∂S2 . Repli
ating this�nan
ial derivative Ξ(t, ξ) with a self-�nan
ing trading strategy results in
Ξ = ξBB + ξSS, (2.6)
dΞ = ξBdB + ξSdS. (2.7)Equation (2.7) is the di�erential form of Equation (2.6). Substituting Equation (2.3) and(2.4) into Equation (2.7) and using Equation (2.6) results in

dΞ =
[

ξSµ+ r(Ξ− ξSS)
]

dt+ ξSσdW. (2.8)Equating (2.8) to (2.5) results in
[

∇t(Ξ) + µ∇s(Ξ) +
1

2
σ2∇ss(Ξ)− ξSµ− r(Ξ− ξSS)

]

dt+ σ
[

∇s(Ξ)− ξS
]

dW = 0. (2.9)Choosing ξS ≡ ∇s(Ξ) eliminates the un
ertainty term in Equation (2.9) resulting in thefamous Bla
k and S
holes PDE:
∇t(Ξ) + rS∇s(Ξ) +

1

2
σ2∇ss(Ξ)− rΞ = 0. (2.10)



8 2.4 Derivation of Bla
k and S
holes PDE and FormulaSin
e the expe
ted return µ(t, S) on the asset does not appear on the PDE, this allowedBla
k and S
holes to use a strong argument that the value of the 
ontingent 
laim isindependent of investor risk preferen
e. The return of the asset pri
e S 
an be anything,and when assuming risk neutrality then all assets earn the risk-less rate of interest r.Repla
ing µ by r, the dynami
s of asset pri
e S in the risk-neutral world are given by
dS

S
= r(t)dt+ σdW̃ (t), (2.11)where W̃ is the Brownian motion in the risk-neutral world. The impli
ation of risk-neutrality is that the present value of any future random 
ash-�ow of a derivative in therisk-neutral world is given by the expe
ted value of the random future value dis
ountedat the risk-less rate. This valuation is 
alled risk-neutral pri
ing and is also known as theexpe
tation approa
h to derivative pri
ing.For example, suppose the 
ontingent 
laim is a European 
all option to buy the asset S atpri
e (strike) K, at a 
ertain time (maturity) T . The pri
e for this option today, t = 0, isgiven by the expe
tation of the dis
ounted payo� ST−K with respe
t to a di�erent probabil-ity measure Q, 
alled the risk-neutral measure Ξ0 = EB

[

e−
∫ T

0 r(s)dsmax (ST −K, 0) |F0

]

,where E is the expe
tation under the risk neutral probabilities, and F0 is the availablemarket information today. The key 
on
ept with risk neutral measure is that it makes alldis
ounted asset pri
es into martingales (Brigo and Mer
urio [20℄), a 
onsequen
e of themartingale representation theorem.Theorem 2.4.1 (Martingale representation) Let W (t), t ∈ [0, T ] be a Brownian mo-tion on (Ω,Ft,P), and let Y (t) be a martingale under P relative to Ft. Then there existsan Ft-measurable pro
ess δ(t) su
h that dY (t) = δ(t)dW (t).A martingale has the 
onvenient property that its expe
ted value at any future time T isequal to its value today, E [Y (T ) |F0 ] = Y (0). Risk-neutral pri
ing is merely an arti�
ialdevi
e for obtaining solutions to the Bla
k and S
holes PDE (Hull [53℄). The solutionsobtained are valid not only in the risk-neutral world but also in the real world. Bla
k andS
holes [14℄ solved the PDE for the 
all above and obtained the famous formula
Ξ0 = S0N(d+)− e−rTKN(d−), where
d± =

ln(S0/K) + (r ± 1
2σ

2)T

σ
√
T

.

N(d±) is the probability that a variable with a standard normal distribution, φ (0, 1), willbe less than d±. Equation (2.11) above shows that when moving from the real world tothe risk neutral world the expe
ted return on the sto
k 
hanges, but its volatility remainsthe same. An important result that provides te
hniques ne
essary to move from the realworld measure to the risk-neutral measure is given by Girsanov and is stated below.



Chapter 2. Review of the Theory of Derivatives Pri
ing 9Theorem 2.4.2 (Girsanov-Martin-Cameron - "Change of Numeraire Toolkit")Let WS2
(t) be an n-dimensional 
orrelated standard Brownian motion (under numeraire

S2) on the probability spa
e (Ω,Ft,P). Under a se
ond numeraire (say S1), the n-dimensional
orrelated standard Brownian motion WS1
(t) is de�ned as

dWS1
(t) = ν(t)dt+ dWS2

(t), (2.12)where ν(t) is any n-dimensional 
olumn ve
tor Ft−adapted pro
ess that satis�es the Novikovregularity 
ondition ES2
(

exp
[

∫ t
0 ||ν(s)||2ds

])

<∞. Then a new probability measure QS1,equivalent to PS2, 
an be de�ned via the relationship Q(A) =
∫

AΨ(T )dP, where Ψ(t) =

exp[−1
2

∫ t
0 ||ν(s)||2ds−

∫ t
0 ν

′(s) ·dW(s)] is a P−martingale. Brigo and Mer
urio [20, Chap-ter 2℄, rewrites Equation 2.12 as
dWS1

(t) = −ρ
(

σS
1
(t)

S1
− σS

2
(t)

S2

)′

· dt+ dWS2
(t), (2.13)where ρ is the instantaneous 
orrelation, σS1 and σS2are instantaneous volatilities, respe
-tively, of numeraire S1 and S2.Using this theorem, the transition of the asset dynami
s from the real world to the risk-neutral world in Equation (2.11) is shown as follows:

dS

S
= µdt+ σdW = rdt+ σ

(

µ− r

σ
dt+ dW

)

= rdt+ σdW̃ , (2.14)where, by Girsanov's theorem, W̃ is a standard Brownian motion with respe
t to a measure
Q. The impli
ation is that the per
entage 
hange in the asset pri
e in the risk neutral world,in Equation (2.14), is normally distributed φ

(

rdt, σ
√
dt
) with mean rdt and standarddeviation σ√dt.2.5 Standard Hedge Parameters - �The Greeks�The elimination of risk (often 
alled hedging) in the portfolio Ξ over time dt, see Equation2.9 be
oming 2.10, in the development of the Bla
k and S
holes PDE is a mi
ro
osm of therisk-management 
on
erns traders are fa
ed with when managing portfolios that 
ontainoptions. After taking an option position, traders 
ompute option-pri
e sensitivities, withinthe life of the option, in order to know what 
orre
tive a
tion to take in the midst of newmarket 
onditions. The asso
iated risk measures are a set of fa
tor sensitivities 
alled the�Greeks�.Delta∇s(Ξ), Vega∇σ(Ξ), Theta∇t(Ξ) and Rho∇r(Ξ)measure the linear sensitivity of theoption pri
e to asset pri
e, asset volatility, time, and risk-free interest rates, respe
tively.



10 2.6 SummaryGamma ∇ss(Ξ) measures the linear sensitivity of Delta (se
ond order sensitivity). In 
aseswhere the option-pri
e has no 
losed-form solution, these measures are estimated by �nitedi�eren
e methods.2.6 SummaryIn this Chapter we have introdu
ed the mathemati
al tools for modelling the randommovement of �nan
ial se
urities in the �nan
ial markets, and shown how equity optionsare pri
ed in the Bla
k and S
holes framework. The main 
on
epts in pri
ing derivativesen
ompass: no-arbitrage, martingales, and numeri
al solution. These 
on
epts are notmutually ex
lusive but are intrinsi
 in the pri
ing su
h that no pri
e is derived at theex
lusion of any-one (of them). The shaded region in the 
onne
ted rings, in Figure 2.1,depi
ts the inextri
able 
onne
tedness of the 
on
epts (Pelsser [80℄). The pri
e of thederivative is unique, and hen
e independent of the 
hoi
e of numeraire. Therefore thenumeraire should be 
hosen su
h that pri
ing is made simpler.

Figure 2.1: Tri-union 
on
epts.



3
Extension from Equity Options to Interest Rates Options

Now that the three main 
on
epts (martingale, no-arbitrage, and numeri
al solution) invaluing derivatives have been highlighted, how do they �t into the obje
tive of pri
ing
aptions (interest rate derivatives)? In answering that question, this Chapter dis
usses theLibor Market Models (LMM) in order to show that they uphold the no-arbitrage prin
ipleamong dis
ount bonds, and that de�ating all the (dis
ount) bond pri
es by the terminaldis
ount bond the martingale prin
iple is also upheld among the de�ated dis
ount bonds.The 
on
ept of numeri
al solution is dis
ussed separately in Chapter 4.Interest rates have been in existen
e over the past 
enturies as the pri
e for borrowingmoney. The party borrowing money 
an be viewed as someone who has sold a bond to thelender and is obliged to pay the bond holder the prin
ipal plus interest. Be
ause money isdemanded in di�erent markets, there are also di�erent types of interest rates 
orrespondingto the various markets and di�erent types of produ
ts. Interest rates derivatives are valuedusing a model, similar to that of Bla
k and S
holes [14℄ in that it assumes log-normalbehaviour of interest rates, referred to as Bla
k's [13℄ model. Out of the various modelsused to simulate interest rates, the market models are ideal be
ause of the inherent log-normal property of interest rates, 
ompatible with Bla
k's formula.The rest of the Chapter is organised as follows. Before dis
ussing the Libor market models,the building blo
ks of interest rate derivatives are dis
ussed, followed by an examinationof Bla
k's [13℄ model highlighting its input that makes it 
ompatible with interest ratemodels. Next is a dis
ussion of some heavily traded interest rate derivatives, fo
usingon Captions, followed by a dis
ussion on various approa
hes to interest rates modelling.Thereafter, we dis
uss in depth how the Libor market model upholds the martingale andno-arbitrage prin
iple, and why they are 
ompatible with Bla
k formula. We end theChapter by summarising key 
on
epts. 11



12 3.1 Dis
ount Bonds as Underlying Assets3.1 Dis
ount Bonds as Underlying AssetsIn this thesis, we are 
onsidering an e
onomy with a trading interval given by [0, T ]. Also,other aspe
ts of the e
onomy that are 
onsidered are interest rates and their 
orrespondingtraded assets, pure dis
ount bonds P (t, T ) with di�erent maturities. These bonds areassumed to have a pre-spe
i�ed 
olle
tion of settlement dates 0 = T0 < T1 < · · · <
TN < TN+1 = T . For simpli
ity, the interval between the reset dates, also 
alled tenoror day-
ount fra
tion, is assumed 
onstant and is denoted by τi = Ti+1 − Ti = τ, where
i = 0, 1, . . . , N. See Figure 3.1 below.

T iT 1 T N T N+1... ...

τ i

i+1PZero coupon bond

L NL iL 1

Today

T 2 i+1T

Figure 3.1: Tenor stru
ture and typi
al market instruments.De�nition 3.1.1 A zero 
oupon (dis
ount) bond, is a 
ontra
t that pays one unit at matu-rity T. The value of the bond at time t, where t ≤ T , is denoted P (t, T ). Hen
e P (T, T ) = 1.For t < U < T the assumption is that P (t, U) > P (t, T ).In order to redu
e notation when 
onsidering the dis
rete maturities of bonds in [0, T ]they will also be written as Pi(t) = PTi
(t) = P (t, Ti) t ≤ Ti, i = 0, . . . , N + 1 and thus

Pi(Ti) = 1. This notation is adopted for all instruments in subsequent Chapters. Withthe bond market given as su
h, di�erent types of interest rates (simple and 
ontinuously
ompounded) 
an now be de�ned for any time t ≤ Ti given two time points in the future,say [Ti, Ti+1].De�nition 3.1.2 Types of interest rates:1. The simple forward Libor rate is de�ned as
L(t, Ti, Ti+1) = Li(t) =

1

τi

(

Pi(t)

Pi+1(t)
− 1

)

,and its 
orresponding spot rate is
Li(Ti) =

1

τi

(

1

Pi+1(Ti)
− 1

)

.2. The simple forward pri
e is de�ned as
F (t, Ti, Ti+1) = Fi(t) = 1 + τiLi(t) =

Pi(t)

Pi+1(t)
.



Chapter 3. Extension from Equity Options to Interest Rates Options 133. The instantaneous forward rate is de�ned as
f(t, Ti) = −∂ lnPi(t)

∂Ti
,implying that Pi(t) = exp

[

−
∫ Ti

t f(t, s)ds
].4. The instantaneous short rate is de�ned as

r(t) = f(t, t).Apart from the dis
ount bonds, under 
onsideration in this market, that pay only interestand prin
ipal at maturity, there are also bonds that pay interest (
oupons) periodi
allybetween time of pur
hase and maturity (Hull [53℄). The interest paid is either �xed or�oating. Two parties having sold su
h di�erent paying bonds, with the same prin
ipal,
ould be interested in swapping their interest payments. Su
h a deal de�nes an interestrate swap, with the ex
eption that at maturity the prin
ipal is not ex
hanged.De�nition 3.1.3 An interest swap is a 
ontra
t where two parties agree to simultaneouslypay and re
eive �xed and �oating interest rates payments for an agreed period of timestarting from a future time instant Ti ≥ T1. At every time instant Ti ∈ [T1, TN+1] the�oating interest rate side pays the amount N τiLi(Ti) 
orresponding to the Libor interestrate Li(Ti) reset at the time instant Ti and a prin
ipal amount N , whereas the �xed interestrate side pays the amount N τiR 
orresponding to the �xed interest rate R. The prin
ipalamount is never ex
hanged at expiry of the 
ontra
t.An example of an interest rate swap is shown in Figure 3.2. Company A, agrees to pay
ash-�ow at a �oating (Libor) rate and re
eives 
ash-�ow at a �xed rate from 
ompany B.
Libor

5%Company
A

Company
BFigure 3.2: Interest rate swap between 
ompany A and B.3.2 Extension from Bla
k-S
holes to Bla
k(1976)In the introdu
tory Chapter we alluded to the 
ontagion e�e
t of the Bla
k and S
holesmodel. Fis
her Bla
k was �rst to extend this model to value options on futures 
ontra
ts.Derivatives (in
luding interest rates options) that surfa
ed in later years, similar to futuresoptions, were also pri
ed using the model suggested by Fis
her Bla
k.In this Se
tion we are going to dis
uss the assumptions inherent in Bla
k's [13℄ model andthe seemingly faulty logi
 leading to it.



14 3.2 Extension from Bla
k-S
holes to Bla
k(1976)3.2.1 Assumptions in Bla
k(1976) FormulaConsider the 
all option dis
ussed under �Derivation of Bla
k and S
holes PDE and For-mula�, in Se
tion 2.4. Its pri
e was derived as the expe
tation of the dis
ounted payo�given in Equation (3.1) below,
Ξ0 = E

[

e−
∫ T

0
r(s)dsmax (ST −K, 0) |F0

]

. (3.1)Bla
k [13℄, modi�es the above equation as follows:
c0 = e−rTE [max (ST −K, 0)] , (3.2)
c0 = P (0, T )E [max (ST −K, 0)] , (3.3)assuming that the interest rates r(s) are not sto
hasti
. Equation (3.3) is derived using thearbitrage pri
ing theory whi
h identi�es the dis
ount fa
tor with the 
orresponding bondpri
e P (0, T ) = e−rT .At this stage the assumption made is that ST has log-normal distribution with the stan-dard deviation of logST equal to σ√T . De�ning F (t, T ) as the forward pri
e of S for a
ontra
t with maturity T , Bla
k [13℄ gets the expe
ted value of the forward pri
e todaybe E [F (t, T ) |F0 ] = F (0, T ) by the martingale property and using Bla
k and S
holes [14℄formula the pri
e of the option is

c0 = P (0, T ) [F (0, T )N(d+)−KN(d−)] , where (3.4)
d± =

ln(F (0, T )/K) ± 1
2σ

2T

σ
√
T

.In 
ontrast to Bla
k and S
holes [14℄ pri
ing formula, where the underlying is assumed tofollow a geometri
 Brownian motion, Bla
k's [13℄ model does not assume this feature forthe evolution of either S or F . What is required is for S to be log-normal at time T .3.2.2 Seemingly Faulty Logi
 Leading to Bla
k's FormulaThe payo� fun
tion from this European futures 
all option is (F −K)+ . A similar 
alloption in the interest rate market is a 
aplet with a payo� (Li(0)−R)+, where Li(.) is theforward pri
e and R is the 
aplet strike rate. Bla
k's [13℄ assumption that interest ratesare non-sto
hasti
 (deterministi
) has the following impli
ation for 
aplets
E

[

e−
∫ Ti+1
0 r(s)dsτi (Li(Ti)−R)+

]

= Pi+1(0)τiE
[

(Li(Ti)−R)+
]

. (3.5)Equation (3.5) is just analogous to the equality of Equations (3.1) and (3.3). In the interestrate market 
aplets are pri
ed using sto
hasti
 Libor rates Li(.) (see Subse
tion 3.5.1 fora detailed dis
ussion).A qui
k glan
e in Equation (3.5), seemingly, suggests an in
onsisten
y in assumptions
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it assumption in the last statement and Bla
k's [13℄ assumption. A
riti
al analysis of this equation within the 
hange-of-numeraire setup proves otherwise.The left side of Equation (3.5) is based on the bank a

ount numeraire B(.), asso
iatedwith risk-neutral measure Q, whereas the right side is based on the dis
ount bond Pi+1(.) asa numeraire, asso
iated with measure QPi+1(hereafter, referred to as Qi+1). Thus, Bla
k's[13℄ assumption of deterministi
 dis
ount fa
tor (i.e. interest rates are not sto
hasti
) isessentially an indi
ation that the expe
tation is under a measure asso
iated with the bondpri
e and not the bank a

ount. By the 
hange of numeraire theorem (2.3.1) we 
an swit
hfrom the bank a

ount numeraire B(.) to the bond pri
e numeraire Pi+1(.) and still havea unique pri
e (Brigo and Mer
urio [20℄):
EB

[

e−
∫ Ti+1
0 r(s)dsτi (Li(Ti)−R)+

]

= Pi+1(0)τiE
Pi+1

[

(Li(Ti)−R)+
]

.

3.3 Heavily Traded Interest Rate Derivatives (IRD)The underlying asset for all heavily traded IRDs is the dis
ount bond. As su
h, the IRDmarket 
an be 
ategorised into two types of options (Brigo et al. [23℄) namely 
aps andswaptions. All these are pri
ed using the Bla
k's [13℄ formula.3.3.1 CapsAn interest 
ap is an insuran
e against the �oating rate of interest rising above a 
ertainlevel 
alled a 
ap rate (Hull [53℄). A 
ap is made up of a sum of 
aplets with pay-o�
N τimax (Li(Ti)−R, 0) , (3.6)where τi = Ti+1 − Ti, and Li(t) is the realised �oating interest rate at time Ti. Ti is thetime from the evaluation date t until the reset of the 
aplet, and Ti+1 is the time when the
aplet payo� is paid. R is the 
ap strike rate and N is the notional prin
ipal. The 
apletpay-o� is, in essen
e, a 
all option on Li(t).Using the forward martingale measure Qi+1 at time Ti+1 the 
aplet pri
e is given by

Capleti(t) = Pi+1(t)E
Pi+1 [N τimax (Li(Ti)−R, 0)]

= NPi+1(t)τiE
Pi+1 [max (Li(Ti)−R, 0)] , (3.7)sin
e Qi+1 is the measure asso
iated with numeraire Pi+1(t) and Pi+1(Ti+1) = 1. Assumingthat Li(t) has log-normal distribution, with 
onstant volatility, one may model the 
apletas a European 
all option on the forward rate Li(t) using Bla
k's [13℄ model. The value of
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all option is
Capleti(t) = NPi+1(t)τi [Li(Ti)N(d+)−RN(d−)] , where

d± =
ln (Li(Ti)/R)± 1

2σ
2T

σ
√
T

.A �oor is similar to a 
ap, ex
ept that it is bounded (
apped) below. Floors are made upof �oorlets with a payo� similar to a put option on Li(t).Cap-Floor ParityA portfolio of a long 
aplet and a short �oorlet has the following 
ash-�ow:max (Li(Ti)−R, 0) −max (R− Li(Ti), 0) = Li(Ti)−R.This is the same 
ash-�ow as one payment of a swap. Therefore, there is a model-independent no-arbitrage relationship (Hull [53℄) that exists, whi
h is given as
Cap price = Floor price + Swap value.A 
aplet as a portfolio of bond optionsThe pay-o� for the 
aplet, Equation (3.6), is at time Ti+1. At time Ti , with a unit notionalprin
ipal (N = 1), the pay-o� is equivalent to

τi
1 + τiLi(Ti)

max [Li(Ti)−R, 0] = max [1− (1 + τiR)

1 + τiLi(Ti)
, 0

]

. (3.8)The term 1+τiR
1+τiLi(Ti)

on the right hand side of Equation (3.8) is the value at Ti of a dis
ountbond that pays (1 + τiR) at time Ti+1. So, the expression in Equation (3.8) is the pay-o�from a put option with maturity Ti on a dis
ount bond with maturity Ti+1 when the fa
evalue of the bond is (1 + τiR) and the strike is 1 (Hull [53℄).3.3.2 Swap OptionsOptions on interest rate swaps give the holder the right to enter into a 
ertain interestrate swap at a 
ertain time in the future (Hull [53℄). Based on the 
ap-�oor parity, a swapoption 
an be viewed as an option to ex
hange a �xed rate bond for the �oating bond. Ifa swap option gives the holder the right to pay �xed and re
eive �oating, it is a put optionon the �xed rate bond with the strike pri
e on the �oating rate bond at the start of theswap, and vi
e-versa for a 
all option on the �xed-rate bond.



Chapter 3. Extension from Equity Options to Interest Rates Options 173.3.3 Options on CapsIn the market there are also options whose underlying asset is an option (Wilmott [98℄).These options are se
ond order with respe
t to the underlying assets. The typi
al instru-ments are 
aptions (
ap options) and �oortions (�oor options). Captions are the fo
us ofthis thesis. Brigo and Mer
urio [20℄ de�nes the 
aption as follows.De�nition 3.3.1 A 
aption is an option that gives its holder the right to enter at a futuretime Texp a 
ap stru
k at R and whose �rst 
aplet resets at date Tα ≥ Texp, and whosesubsequent 
aplets reset at times Tα+1, . . . , TN with TN+1 the last payment date. The holderof the 
aption will pay a 
aption pri
e stru
k at X .The 
aption value at time t = 0 with maturity t = Texp is given by the dis
ountedexpe
tation of the 
aption's payo�, written as,
Caption Value (t = 0) = P (0, Texp)E

Pexp

[

CapBlack76(Texp)− X
]+
. (3.9)Assuming a unit notional prin
ipal, the Texp value of the underlying 
ap is given by theusual Bla
k formula (
omputed at time t = Texp),

CapBlack76(Texp) =

N
∑

i=α

Pi+1(Texp)τiBlack76(Li(Texp),R, υi), (3.10)where Pi+1(Texp) is the value at time Texp of a dis
ount bond maturing at the payment ofthe ith Libor rate and Black76(.) is de�ned as,
Black76(Li(Texp),R, υi) = EPi+1

[

(Li(Texp)−R)+
] (3.11)

= Li(Texp)N(d+,i)−RN(d−,i), where
d±,i =

ln(Li(Texp)/R)±υ2
i /2

υi
, υ2i =

∫ Ti

Texp−1
σi(s)

2ds for Ti > Texp−1 and σi(s) is the instanta-neous volatility of the ith Libor rate at time s.3.4 Various Approa
hes to Interest Rate ModellingSin
e the advent of arbitrage-free pri
ing theory by Bla
k and S
holes [14℄ in 1973, themodelling of the term stru
ture of interest rates has o

upied the e�orts of both a
ademi
sand pra
titioners and produ
ed a variety of approa
hes (RWG [1℄). One reason for this isthat the phenomenon being modelled, the random �u
tuation of the whole yield 
urve, ismore 
omplex than the movements of a single sto
k (Ja
kson and Staunton [57℄). Intu-itively, this 
an be related to the di�eren
e in dynami
s between a s
alar variable (in the
ase of sto
k) and a ve
tor variable (representing the yield 
urve).



18 3.4 Various Approa
hes to Interest Rate ModellingAs a result, in the past three de
ades three separate ways for allowing for the term stru
turewhen pri
ing options on bonds have surfa
ed (Ja
kson and Staunton [57℄). (i) Ignore theterm stru
ture. (ii) Model the term stru
ture. (iii) Mat
h the term stru
ture. The �rstapproa
h is the mere use of the Bla
k's model. In the model Bla
k ignores the evolutionof the term stru
ture and instead assumes the log-normal property for the forward pri
eof the bond (see Se
tion 3.2 for details). The se
ond approa
h is the use of 
ontinuousinterest rate models whereas the third approa
h is the use of market models.In the following Subse
tions we dis
uss the various approa
hes to modelling interest rates.In Subse
tion 3.4.1, we des
ribe the early interest rate models before market models. Thisis followed by an a

ount for the birth of market models in Subse
tion 3.4.2. Finally,in Subse
tion 3.4.3, we des
ribe several extensions of market models that are aimed at
ir
umventing its well known pitfalls. Towards the end of Subse
tion 3.4.3, we sele
t theparti
ular market model we intend to use in this dissertation, and des
ribe it in detail inSe
tion 3.5.3.4.1 Metamorphoses of Early Interest Rates ModelsUp until the early 1990's, the 
lassi
al approa
h adopted in interest rate models dealt with
ontinuously 
ompounded instantaneous rates. Rebonato [86℄ argues that this 
hoi
e is dueto a 
ombination of mathemati
al 
onvenien
e and numeri
al ease of implementation. Asa result, the des
ription of the evolution of interest rates through time 
ould be explainedby equilibrium and no-arbitrage models, see Figure 3.3 below.
Interest rate model

Fit term structure
volatility

Ho/Lee(1)
Black/Derman/Toy(1)
Black/Karansiki(1)

Hull/White(1)

Vasicek(1)
Rendleman/Barter(1)

Cox/Ingersoll/Ross(1)
Brennan/Schwartz(2)

Fong/Vasicek(2)
Longstaff/Schwartz(2)

Equilibrium Models No−arbitrage Models

Equilibrium Term
structure volatility

Hull/White(2)
Black/Derman/Toy(2)

(1) One factor model, (2) Two factor model.Figure 3.3: Di�erent types of short rate models.The numbers in parentheses give an indi
ation as to whether the SDE des
ribing theinterest rate is a one fa
tor or a two fa
tor model. Equilibrium models are typi�ed by thein
apability of �tting today's term stru
ture whereas the no-arbitrage models are designed
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onsistent with today's term stru
ture of interest rates (Hull [53℄). Within no-arbitrage models, some assume an equilibrium term stru
ture of volatility and others �tthe term stru
ture of volatility.In 1992, Heath et al. [49℄ (popularly known as Heath Jarrow and Morton, hen
e-after HJM)o�ered an alternative approa
h (op.
it. Jamshidian [58℄). They regarded instantaneousforward rates as the dependent variable, providing 
onditions in a general framework thatin
orporates all the prin
iples of arbitrage-free pri
ing and bond dynami
s. Despite thistheoreti
al su

ess, Heath et al. [49℄ noted that the model exhibited unbounded behaviourwith positive probability and the model was per
eived to be di�
ult to 
alibrate.Another approa
h that surfa
ed, during this period (1990's), is the potential approa
h byRogers [88, 87℄. This approa
h is based on the spe
i�
ation of the state pri
e density. Itsattra
tive features are that: (i) it is e�
ient and 
onsistent in handling yield 
urves inmultiple 
urren
ies, (ii) it is set-up under a
tual probabilities, and (iii) it ensures positiveinterest rates (Flesaker and Hughston [32, 33℄, op.
it. Nakamura and Yu [77℄). Both ap-proa
hes were later shown to be equivalent ways of generating positive interest rates inthe arbitrage free HJM framework by Jin and Glasserman [60℄. In spite of these attra
tivefeatures there has been la
k of e�ort in examining the pri
ing impli
ations of the potentialapproa
h, possibly, due to its general framework (Nakamura and Yu [77℄).The fa
t that the HJM framework is based on 
ontinuously 
ompounded rates whereas therates used in interest rate derivatives are quoted for a

rual periods of at least 3 months,made 
alibration di�
ult. This 
reated a demand for simpler models that made referen
eto interest rates on a

rual periods. The �rst step in addressing this demand was done bySandmann and Sondermann [90, 91℄ (op.
it. Jamshidian [58℄) in 1994 who proposed a log-normal model for the e�e
tive annual interest rate motivated by its stability (parti
ularlyover Eurodollar) in 
omparison to the earlier models.3.4.2 Birth of Market ModelsGoldys et al. [43℄ and Musiela [75℄ (ibid. [58℄) later integrated the log-normal model forthe e�e
tive rate within the HJM framework, and through the works of Miltersen andSondermann [71℄, Miltersen et al. [72℄ and Bra
e et al. [16, popularly known as BGM℄fo
us shifted from e�e
tive 
ontinuous interest rates to Libor rates. Jamshidian [58℄ devel-oped a 
ounterpart model to that of BGM by modelling swap rates instead of Libor rates(op.
it. Kagraoka [63℄). The key feature of both models is that a term stru
ture model ofthe log-normal Libor and Swap rates was 
onstru
ted whi
h pri
ed 
aplets and swaptionsby the industry standard Bla
k's [13℄ formula. Be
ause of this log-normal property of rates(and volatility), these models were termed Market Models.A drawba
k of the BGM model was the relian
e on the 
ontinuously 
ompounded spotrate be
ause the model dynami
s were spe
i�ed in the risk-neutral measure. Musielaand Rutkowski [76℄ (op.
it. Jamshidian [58℄) later 
arried out a 
lear 
onstru
tion in the
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hes to Interest Rate Modellingterminal measure. Their model is a ba
kward indu
tion, an expli
it re
ursive equation, forthe term stru
ture of forward Libor rates with a log-normal volatility (ibid. [58℄). In thisframework, Libor rates are modelled as the exponential of a Brownian motion under their
orresponding forward measure, and this is what deems them log-normal Libor MarketModels (op.
it. Papapantoleon [78℄).This model has be
ome a standard model for the pri
ing of interest rate derivatives inre
ent years. The main advantage of the Libor model in 
omparison to other approa
hes,is that the evolution of dis
retely 
ompounded, market-observable forward rates is modelleddire
tly and not dedu
ed from the evolution of unobservable fa
tors. Moreover, the log-normal Libor model is 
onsistent with the market pra
ti
e of pri
ing 
aps a

ording to aBla
k [13℄ type formula (op.
it. Papapantoleon et al. [79℄).Notwithstanding its apparent popularity, the Libor Market Model has 
ertain well-knownpitfalls.3.4.3 Several Extensions of the Libor Market ModelsOn the one hand, the log-normal Libor model is driven by a Brownian motion; hen
e,it 
annot be 
alibrated adequately to the observed market data (i.e. mat
hing 
ap andswaption volatility smiles and skews observed in the markets). An interest rate model istypi
ally 
alibrated to the implied volatility surfa
e from the 
ap market and the 
orrelationstru
ture of at-the-money swaptions (ibid. [79℄).As a remedy, several variations to the standard Libor market model have been proposed.They 
an be roughly 
ategorized into three streams: lo
al volatility models, sto
hasti
volatility models, and jump-di�usion models (op.
it. Belomestny et al. [10℄). Espe
iallyjump-di�usion and sto
hasti
 volatility models are popular due to their e
onomi
allymeaningful behavior, and the greater �exibility they o�er 
ompared to lo
al volatilitymodels for instan
e. For lo
al volatility Libor models we refer to Brigo and Mer
urio [20℄,and for jump-di�usion models for assets allude to Merton [70℄ and Eberlein et al. [31℄(ibid. [10℄). Jamshidian [59℄ developed a general semi-martingale framework for the Liborpro
ess whi
h 
overs the possibility of in
orporating jumps as well as sto
hasti
 volatility.Spe
i�
 jump-di�usion Libor models are proposed, among others, by Glasserman and Kou[39℄ and Belomestny and S
hoenmakers [9℄. Lévy Libor models are studied by Eberleinand Özkan [30℄. In
orporation of sto
hasti
 volatility has been proposed by Andersen andBrotherton-Rat
li�e [5℄, Piterbarg [82℄, and Wu and Zhang [99℄, Zhu [100℄ (ibid. [10℄). Re-
ently, a Libor model with SABR sto
hasti
 volatility (Hagan et al. [46℄) has attra
tedsome attention (op.
it. Mer
urio and Morini [69℄).On the other hand, the dynami
s of Libor rates are not tra
table under every forwardmeasure due to the random terms that enter the dynami
s of Libor rates during the
onstru
tion of the model (op.
it. Papapantoleon et al. [79℄). In parti
ular, when thedriving pro
ess has 
ontinuous paths the dynami
s of Libor rates are tra
table under
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orresponding forward measure, but they are not tra
table under any other forwardmeasure. When the driving pro
ess is a general semi-martingale, then the dynami
s ofLibor rates are not even tra
table under their very own forward measure.Consequently, if the driving pro
ess is a 
ontinuous semi-martingale 
aplets 
an be pri
edin 
losed form, but not swaptions or other multi-Libor derivatives. However, if the drivingpro
ess is a general semi-martingale, then even 
aplets 
annot be pri
ed in 
losed form(ibid. [79℄). In order to 
alibrate the model, 
losed-form solutions are ne
essary, and thesetypi
ally involve approximations. The standard approximation is the so-
alled �frozendrift" approximation, where one repla
es the random terms in the dynami
s of Libor ratesby their deterministi
 initial values; it was �rst proposed by Bra
e et al. [16℄ (ibid. [79℄) forthe pri
ing of swaptions and has been used by several authors ever sin
e. The frozen driftapproximation typi
ally leads to 
losed-form solutions for 
aplet pri
ing in realisti
 Libormodels (Eberlein and Özkan [30℄, Belomestny et al. [10℄, ibid. [79℄). Although some authors(Bra
e et al. [17℄, Dun et al. [29℄, S
hlögl [92℄) argue that freezing the drift is justi�ed inthe log-normal Libor Market Models, Kurbanmuradov et al. [65℄ has shown that it doesnot yield a

eptable results for exoti
 derivatives and longer time horizons (ibid. [79℄).Therefore, several alternative approximations have been developed in literature. In one lineof resear
h, Kurbanmuradov et al. [65℄ and Daniluk and Gatarek [25℄ derived log-normal ap-proximations of the forward Libor dynami
s (for deterministi
 volatility stru
tures). Otherauthors (Hunter et al. [56℄ and Glasserman and Zhao [42℄) have used linear interpolationsand predi
tor-
orre
tor Monte Carlo methods to obtain a more a

urate dis
retisation ofthe drift term (ibid. [79℄). For a detailed overview of the literature, and for some newapproximation s
hemes and numeri
al experiments, we refer the interested reader to thework by Joshi and Sta
ey [61℄ and Gatarek et al. [37, Chapter 10℄. Although most ofthis literature fo
uses on the log-normal Libor market model, Glasserman and Merener[40, 41℄ have developed approximation s
hemes for the pri
ing of 
aps and swaptions injump-di�usion Libor market models, based on freezing the drift.In this dissertation we are going to fo
us on the multi-fa
tor Musiela and Rutkowski [76℄Libor Market Model to model the Libor rates, and limit our dis
retisation to Glassermanand Zhao [42℄ and log-normal approximations. In the next Se
tion we des
ribe this modelin detail, and in Subse
tion 4.3.5 we dis
uss these two dis
retisation types.3.5 Musiela-Rutkowski Market ModelBefore developing the dynami
s in the terminal measure QN+1, �rst, we are going to setupa model of the multi-fa
tor Libor pro
ess and dis
uss why the dynami
s of Libor ratesare based in Qi+1 measure. This will be followed by a dis
ussion of the dynami
s in theterminal measure QN+1. We 
on
lude this Se
tion by explaining why market models are
ompatible Bla
k formulas.



22 3.5 Musiela-Rutkowski Market Model3.5.1 The Multi-Fa
tor Libor Market Model (LMM)A Libor rate Li(t) is the interest rate one 
an 
ontra
t for at time t for the time period
[Ti, Ti+1]. One unit of 
urren
y at time Ti has a future value of 1 + τiLi(t) at time Ti+1.By arbitrage argument, i.e. assuming a stri
tly de
reasing and stri
tly positive initial termstru
ture of bond pri
es Pi(0), the present value of both amounts at time t is the sameand is given by Equation (3.12).

1 · Pi(t) = (1 + τiLi(t)) · Pi+1(t). (3.12)Sin
e our e
onomy has, as tradable assets, N +1 pure dis
ount bonds Pi(t) (see dis
ussionin Se
tion 3.1) N Libor rates are dedu
ed via the relation
Li(t) =

1

τi
·
(

Pi(t)− Pi+1(t)

Pi+1(t)

)

. (3.13)Equation (3.13) is a ratio of tradable assets (stri
tly positive). Taking the dis
ount bond
Pi+1(t) as a numeraire and given an arbitrage-free e
onomy, by unique EMM (Theorem2.2.1) there exists a unique martingale (forward) measure Qi+1 asso
iated with Pi+1(t).Any tradable asset, (Pi(t)− Pi+1(t)), de�ated by numeraire Pi+1(.) is a martingale underforward measure Qi+1. Sin
e τi is 
onstant, the Libor pro
ess Li(t) is a martingale under
Qi+1.The dynami
s of the N Libor rates expressed in matrix notation and with respe
t tomartingale measure Qi+1 are given as

[diag{L(t)}]−1 · dL(t) = µ(t, L(t)) · dt+ diag{σ(t)} · C · dW i+1, (3.14)where,� diagL(t) ∼ (N + 1 by N + 1) diagonal matrix for a (N + 1 by 1) 
olumn ve
tor of
dL(t) Libor rates where the ith element is the ith Libor rate, and [· · · ]−1 is the inverseof a square matrix [· · · ],� µ(t, L(t)) ∼ (N + 1 by 1) 
olumn ve
tor of drifts, whi
h may be fun
tions of Liborrates themselves and time,� diag{σ(t)} ∼ (N +1 by N +1) diagonal matrix for a (N +1 by 1) 
olumn ve
tor ofvolatilities where the ith element σi is equal to the instantaneous volatility of the ithLibor rate.� dW i+1(t) ∼ (N+1 by 1) 
olumn ve
tor of orthogonal (independent) standard Brow-nian motion under measure Qi+1.� C ∼ (N+1 by N+1) matrix. C = {ci,k : i = 0, 1, . . . , N, k = 0, 1, . . . N} is a pseudosquare root for the instantaneous 
orrelation matrix ρ su
h that C ·C ′ = ρ where ρi,jis the i, j element of ρ, i.e. ρi,j =∑N

k=0 ci,kcj,k. C ·dW i+1 may also be interpreted as
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olumn ve
tor of 
orrelated standard Brownian motions dW i+1 with
orrelation matrix (dW i+1) · (dW i+1)
′

= ρdt, where (· · · )′ is the transpose for matrix
(· · · ).A simpler and useful spe
i�
ation of the Libor rate dynami
s is one using ea
h ith elementof the Libor rates Li(t) as follows

dLi(t)

Li(t)
= µi(t, Li(t)) · dt+ σidW i+1

i , re-written as (3.15)
= µi(t, Li(t)) · dt+ σi

N
∑

k=0

ci,kdW
i+1
k , (3.16)where ci,k(=σi,k

σi
) is the proportion of total volatility of the Libor rate Li(t) attributableto independent standard Brownian sho
k k (dW i+1

k ). Equation (3.16) is introdu
ed herefor 
ompleteness and will be dis
ussed when dealing with numeri
al estimation issues ofLibor Market Models in Se
tion 4.3, on page 41.The idea behind the Libor market model is the 
onstru
tion of an arbitrage-free interestrate model that implies a pri
ing formula for 
aplets that is 
ompatible with Bla
k's [13℄market formula (De-Jong et al. [26℄). Sin
e the Bla
k's pri
ing formula for a 
aplet ishinged on the assumption that the relevant Libor rate follows a log-normal pro
ess underEMM, the LMM has to imply (drift-less) log-normal dynami
s (Brigo et al. [23℄) for theLibor rates Li(t) under the forward measure Qi+1

dLi(t)

Li(t)
= σi(t)dW i+1

i ∀i ∈ [0, N ], (3.17)where σi(t) is deterministi
 volatility fun
tion, possibly di�erent for di�erent Libor rates,and W i+1
i is the ith 
orrelated standard Brownian motion under Qi+1 measure. The solu-tion to Equation (3.17) 
an be expressed as

Li(t) = Li(0) exp

[

−1

2

∫ t

0
σ2i (s)ds+

∫ t

0
σi(s)dW i+1

i

]

,and the log-normal probability distribution for Li(t), under Qi+1 measure, is
dLi(t)

Li(t)
∼ φ



−1

2

∫ t

0
σ2i (s)ds,

√

∫ t

0
σ2i (s)ds



 ,where −1
2

∫ t
0 σ

2
i (s)ds , and√∫ t

0 σ
2
i (s)ds are the mean and standard deviation, respe
tively.3.5.2 Dynami
s in the Terminal Measure QN+1If we are to pri
e a tradable asset depending on several Libor rates Li(t), Equation (3.17)is not ideal. The asset will have a parti
ular measure asso
iated with it whereas all the
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Li(t) will have N di�erent measures asso
iated with ea
h of the Libor rates. We need to�x a pri
ing measure, say the terminal measure QN+1, and model all the rates Li(t) underthis measure QN+1. The impli
ation of this terminal measure (QN+1) set-up is that forea
h of the Libor rates Li(t) there exists one spe
ial Libor rates LN (t) for whi
h the driftequals zero. For i < N the drift is non-zero, and we are now going to derive it using the�Change of Numeraire Toolkit�, see Theorem 2.4.2

dWS1
(t) = −ρ

(

σS
1
(t)

S1
− σS

2
(t)

S2

)′

· dt+ dWS2
(t), re-written as

dWS1
(t) = −ρ

(DC(S1)

S1
− DC(S2)

S2

)
′

· dt+ dWS2
(t), (3.18)where �DC� refers to �Ve
tor Di�usion Coe�
ient�. DC is a linear operator for di�usionpro
esses that works as follows. DC(S1

t ) is the row ve
tor v in
dS1 = (. . .)dt+ v · dWS1

,for di�usion pro
esses S1
t with W 
olumn ve
tor Brownian motion. This is to say thatgiven dLN (t) = σN (t)LN (t)dWN+1 thenDC(LN (t)) = [0, . . . , 0, σNLN (t)] = σN (t)LN (t) · eN ,where eN is a zero row ve
tor ex
ept in the N th position, where we have 1. The 
orrelationmatrix ρ is the instantaneous 
orrelation among all sho
ks (under any measure) dWidWj =

ρi,jdt. Noti
ing thatDC(S1)

S1
− DC(S2)

S2
= DC(ln(S1))−DC(ln(S2)),

= DC(ln(S1)− ln(S2)) = DC(ln(S1/S2)),means that Equation (3.18) simpli�es to
dWS1

(t) = −ρ
(DC(ln(S1/S2))

)′

· dt+ dWS2
(t). (3.19)Let us apply the toolkit: S1 = Pi+1(t) and S2 = PN+1(t) results in

dW i+1(t) = −ρ (DC(ln(Pi+1(t)/PN+1(t))))
′ · dt+ dWN+1(t). (3.20)Now noti
e thatln Pi+1(t)

PN+1(t)
= ln [Pi+1

Pi+2

Pi+2

Pi+3
· · · PN

PN+1

]

,

= ln [(1 + τi+1Li+1(t)) · (1 + τi+2Li+2(t)) · · · (1 + τNLN (t))] ,

= ln N
∏

j=i+1

(1 + τjLj(t))



 =
N
∑

j=i+1

ln(1 + τjLj(t)). (3.21)
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PN+1(t)

])

=

N
∑

j=i+1

DC (ln(1 + τjLj(t))) ,

=

N
∑

j=i+1

DC(1 + τjLj(t))

1 + τjLj(t)
=

N
∑

j=i+1

τj
DC(Lj(t))

1 + τjLj(t)
,

=
N
∑

j=i+1

τj
σj(t)Lj(t)ej
1 + τjLj(t)

. (3.22)Substituting this term in Equation (3.22) ba
k into Equation (3.20), results in
dW i+1(t) = −ρ

N
∑

j=i+1

τj
σj(t)Lj(t)e

′
j

1 + τjLj(t)
· dt+ dWN+1(t). (3.23)Pre-multiply both sides of Equation (3.23) by ei, we get

dW i+1
i (t) = −[ρi,1, ρi,2, · · · ρi,N ]

N
∑

j=i+1

τj
σj(t)Lj(t)e

′
j

1 + τjLj(t)
· dt+ dWN+1

i (t),

= −
N
∑

j=i+1

τj
σj(t)Lj(t)ρi,j
1 + τjLj(t)

· dt+ dWN+1
i (t). (3.24)Substituting this in our usual equation dLi(t) = σi(t)Li(t)dW i+1, we get

dLi(t)

Li(t)
= −

N
∑

j=i+1

τj
σj(t)Lj(t)ρi,j
1 + τjLj(t)

σi(t) · dt+ σi(t)dWN+1
i (t). (3.25)for 1 ≤ i ≤ N where the sum is taken as zero when i = N , and non-zero otherwise.This zero drift for i = N derives from the fa
t that LN (t) is a martingale under measure

QN+1 asso
iated with numeraire PN+1(.). This is similar to the result of the unique EMMtheorem dis
ussed in the previous Subse
tion 3.5.1 for Li(t), and Pi+1(t) de�ated tradableassets, being martingales under measure Qi+1.In our e
onomy we re
all that our tradable assets are dis
ount bonds Pi(t) and de�ating
Pi(t) by Pi+1(t), Pi(t)/Pi+1(t), is a martingale with respe
t to Qi+1. And de�ating Pi(t) bynumeraire Pi+2(t) instead, leaves Pi(t) as a Pi+2(t) based martingale with respe
t to Qi+2.Hen
e, all dis
ount bonds Pi(t) with exer
ise times Ti, ∀i ∈ [0, N + 1], are martingales inthe terminal measure QN+1.Essentially the model that we want has all tradable assets being martingales, and thebonds are tradable assets. The above does not settle the question of what would be anappropriate model for P (t, T ) when T is not one of the tenor times. An extension to modelthese bonds 
an be spe
i�ed, but this is not used in the numeri
al pro
edure.As for existen
e and uniqueness of the solution for Equation (3.25), we use Itô's formula



26 3.5 Musiela-Rutkowski Market Modelto obtain
dlnLi(t) =







−σ2
i (t)
2 dt+ σi(t)dWN+1

i (i = N).

−∑N
j=i+1τj

σj(t)Lj (t)ρi,j
1+τjLj(t)

σi(t) · dt− σ2
i (t)
2 dt+ σi(t)dWN+1

i (t) (i < N).(3.26)The di�usion 
oe�
ient is deterministi
 and bounded. Moreover, sin
e 0 <
τjLj(t)ρi,j
1+τjLj(t)

< 1,the drift is also bounded. These equations are solved numeri
ally as des
ribed under�Suitable Dis
retisation for Simulation of Libor Rates�, in Subse
tion 4.3.5, in the nextChapter. The issue of how this market model is 
ompatible with Bla
k's [13℄ model isdis
ussed in the next Subse
tion.3.5.3 Market Models Save Bla
k FormulasThe main assumptions that Bla
k [13℄ assumes are that1. Interest rates are non-sto
hasti
.2. The forward pri
e of F (t, T ) at time t = 0 is F (0, T ) = E [F (t, T ) |F0 ].3. The volatility σ is de�ned by STDDev (log F (t, T )) = σ
√
T .4. F (T, T ) is log-normally distributed at time T .We are going to address these in reverse order bearing in mind that F (t, T ) in this 
ontextrefers to the Libor rates Li(t), whose dynami
s were dis
ussed under �The Multi-Fa
torLibor Market Model�, in Subse
tion 3.5.1.In Bla
k's model F (t, T ) is only log-normal at maturity T and no emphasis is made onthis property at time t < T . With the Libor market model this property is satis�ed by allthe N Libor rates Li(t). The respe
tive Libor rates Li(t) have a log-normal distributionin the 
orresponding forward measure Qi+1.Sin
e the evolution of Li(t) follows a geometri
 Brownian motion, it is justi�ed to de�nethe volatility σi(t) through the standard deviation (STD Dev) of the log-normal rates

STDDev (ln(Li(t))) =

√

∫ Ti

o
σ2i (s)ds, s ≤ Ti.The Libor rates Li(t) are forward pri
es de�ned by dis
ount bonds Pi(t) and Pi+1(t) andthey are martingales under Qi+1 measure. Hen
e, their pri
e at time t = 0 of Li(0) =

EPi+1 [Li(Ti) |F0 ] is justi�ed.Interest rates are sto
hasti
, but that does not a�e
t the pri
e be
ause of the Change ofMeasure Theorem (2.3.1). The justi�
ation was dis
ussed in Subse
tion 3.2.2.Sin
e these assumptions are justi�ed, therefore, they have enabled the Libor market modelsto be 
ompatible with Bla
k's model for 
aps. Although theoreti
ally in
ompatible with
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k's swaption formula, the dis
repan
y between the swaption pri
es implied by thetwo models is often small, so that the Libor market model is pra
ti
ally 
ompatible withswaption market formula, Brigo et al. [23℄.3.6 SummaryIn this Chapter we looked at dis
ount bonds as the main underlying asset in the interestrates derivatives. Various types of interest rates are derived from the de
reasing termstru
ture of these bonds. Pri
ing of options on bonds has advan
ed from endeavours tomodify the Bla
k and S
holes [14℄ analyti
al solution through 
ontinuous models of interestrates, and is now fo
used on dis
rete log-normal models of interest rates that mat
h theterm stru
ture. The latter model used in our 
ase is the Libor market model proposedby Musiela and Rutkowski and has three attra
tive features. It prevents arbitrage amongbonds, keeps interest rates positive, and intrinsi
ally, pri
es 
aps a

ording to Bla
k'sformula be
ause ea
h Libor rate Li(.) is a martingale asso
iated with numeraire Pi+1(.).



4
Tools for Numerical Implementation

We saw in Chapter 2 that the tri-union 
on
epts are 
ore in pri
ing derivatives. In the lastChapter we fo
used mainly on the martingale and no-arbitrage prin
iples when building theLibor market models. In this Chapter an in depth analysis of the numeri
al implementationof the models is done starting from motivating why the Monte-Carlo (MC) simulation isideal. The basi
 form of MC is 
omputationally ine�
ient. After introdu
ing it, we aregoing to show how quasi-random numbers and varian
e redu
tion te
hniques improve itse�
ien
y. This is followed by looking at available estimation issues for the Libor marketmodels that 
ould enhan
e the numeri
al simulation whilst upholding the trinity of thederivative's pri
ing 
on
epts. Finally, we end the Chapter by summarising key ideas.4.1 Basi
 Monte Carlo SimulationMonte Carlo (MC) methods are sto
hasti
 te
hniques based on the use of random numbersto investigate problems. The basi
 MC method is extremely easy to implement. In this(introdu
tory) Se
tion we des
ribe the basi
 method of MC and some of its properties.Our obje
tive is to use MC to value 
aptions:
CaptionValue (t = 0) = P (0, Texp)E

[

(

CapBlack76(Texp)−X
)+
]

.In general the value of the derivative is given by an expression of the form
Ξ0 = P (0, Texp)E [Ξ(Texp, ω)] , (4.1)

= P (0, Texp)

∫

Ω
Ξ(Texp, ω)dQ, (4.2)where Ξ(Texp, ω) is the payo�, and ω ∈ Ω is a sample point in the path spa
e. Equation(4.2) is another way of expressing the pri
e where the expe
tation is written as an integralover Ω in the risk neutral measure Q. Using the Riemann sum to approximate integration,28
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al Implementation 29the approximation for Equation (4.2) is given by
Ξ̂0 ≈ 1

M

M
∑

j=1

Ξ0,j, (4.3)where Ξ0,j is the dis
ounted payo� P (0, Texp)ΞTexp,j , Ξ̂0 is an estimate of the true value ofthe option Ξ0, and M is the number of the sampled points. The MC lends itself naturallyto the evaluation of randomly distributed pri
es represented as expe
tation if the payo�has no 
losed form solution in that its average value is what is sought (Wilmott [98℄).The average pri
e Ξ̂0 in Equation (4.3) has an inherent standard error SE(.). It is estimatedas the sample standard deviation SD(.) of Ξ0,j divided by the square root of the numberof samples (Clewlow and Stri
kland [24℄).
SE(Ξ̂0) =

SD(Ξ0,j)√
M

, where (4.4)
SD(Ξ0,j) =

√

√

√

√

1

M − 1

M
∑

j=1

(

Ξ0,j − Ξ̂0

)2
. (4.5)Valuing the Caption involves the following several steps (Wilmott [98℄).1. We simulate M random paths for the Libor rates Li(t) from the terminal measureworld.2. For ea
h path j, we 
al
ulate the value of the Cap at time Texp and the payo� of theCaption.

Capj(Texp) =

N
∑

i=α

Pi+1(Texp)τiBlack76 (Li(Texp),R, υi)

ΞTexp,j = max [Capj(Texp)− X , 0]3. We 
ompute the mean, at time t = 0, from the produ
t of the M sampled payo�sand the dis
ount bond P (0, Texp) to obtain an estimate of the value of the Caption
Ξ̂0 ≈ 1

M

M
∑

j=1

Ξ0,j,4. Finally, we 
ompute the standard error SE(.)
SE(Ξ̂0) =

SD(Ξ0,j)√
M

,where SD(.) is as given in Equation (4.5).The pros and 
ons for the basi
 MC simulation are given in Table 4.1 on the next page.
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ien
yTable 4.1: Pros and Cons for (Basi
) Monte Carlo.Advantages Disadvantages- Error of 
onvergen
e inde-pendent of the dimensions,
O
(

1/
√
M
). - For very 
omplex problemsmore repli
ations are requiredto obtain pre
ise results- Flexible and easy to imple-ment and modify. - Slow 
ompared with Finitedi�eren
e solutions.The 
riti
al part of the MC simulation (Clewlow and Stri
kland [24℄) is the simulation ofthe Brownian motion dW (= ε

√
dt), for the Libor rates Li(t), via the the generation ofthe standard normal random numbers (obtained from 
onverting pseudo-random numbers

[0, 1)). Most 
omputer programs provide built-in fun
tions for generating pseudo-randomnumbers. The numbers generated by these fun
tions are designed to appear random whensubje
t to standard statisti
al tests for randomness. Some fun
tions, however, are moree�
ient than others and so the pseudo-random number generator used should always besubje
ted to standard statisti
al tests (Clewlow and Stri
kland [24℄).4.2 Computational E�
ien
yUsing the basi
 form of MC simulations raises two issues. One is 
onvergen
e time andthe other is pre
ision. In order to obtain pre
ise results a large number of simulationsare required be
ause the error is of order O
(

1/
√
M
). For example, to redu
e the errorby 10% for 100 simulations, 10 000 simulations have to be 
arried out (Galanti and Jung[35℄). This large number of simulations 
ome at the expense of 
omputational time and, tosolve this problem, di�erent varian
e redu
tion te
hniques have been developed to in
reasepre
ision (Boyle et al. [15℄).The pseudo random numbers generated by 
omputer programs are not uniform as theyhave a high dis
repan
y that a�e
ts the standard error. We 
an improve 
onvergen
eby using uniformly distributed, pre-sele
ted deterministi
 numbers in the interval [0, 1),hen
e-after, referred to as the low dis
repan
y sequen
es (LDS) or quasi-random numbers(QRN). These numbers are the basis used to de�ne other variables su
h as Brownianmotion W (t), Libor rates Li(t), and Cap pri
e Cap(Texp) by inverting them to standardnormal random numbers ε. The LDS's improve 
onvergen
e from the order O(1/√M) tonearly O(1/M) (Ja
kson and Staunton [57℄, Joy et al. [62℄).In the next Subse
tions, we begin our dis
ussion by �rst des
ribing the LDS's followed byte
hniques for inverting them to standard normal random numbers. After that we des
ribethe di�erent varian
e redu
tion te
hniques pertinent to our theme. We end the Se
tion bysummarising important issues regarding 
onvergen
e and pre
ision as means of improvingthe ine�
ient basi
 MC simulation.
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al Implementation 314.2.1 Low Dis
repan
y Sequen
es (Convergen
e time)There are various pro
edures for generating multi-dimensional low dis
repan
y sequen
esand all of them are based on the variation of the 
on
epts behind the one-dimensional lowdis
repan
y sequen
e 
alled Van der Corput sequen
es. The sequen
e in ea
h dimensionis generated by using prime numbers as base. In this 
ontext, a base is an integer b ≥ 2,where b is the prime number.4.2.1.1 Van der Corput (1935) Sequen
esThe idea behind the LDS's by Van der Corput (VDC) is that points in a line are repelled,maximally avoiding ea
h other, and additional sequen
es �ll larger gaps between existingpoints resulting in uniformly distributed points. The sequen
es are generated using thebase number 2, hen
e 
alled VDC base−2.16 numbers starting from 0 to 15 are used to illustrate the dynami
 optimal �lling of theseVDC sequen
es. The sequen
e point in the interval [0, 1) for the de
imal base (denary)whole number h is obtained by the following steps.1. Expand the denary number h in base−2.
h =

m
∑

j=0

aj(h)2
j , (4.6)where aj(h) are intrinsi
 sequen
e integers 0 ≤ aj(h) < 2 for base−2, and m is thelowest integer that makes aj(h) = 0 for all j > m. For example, 8 in base−2 is

8 = 10002.2. Reverse the order of the digits and put a radix in front of the sequen
e to get thebase−2 fra
tion ψ2(h):
ψ2(h) =

m
∑

j=0

aj(h)

2j+1
. (4.7)Reversing 10002 → 0.00012 = 1

16 . These steps are done for all the remaining numbers,resulting in the distribution shown in Figure 4.1 below.
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e of the �rst 16 numbers (h=0 to 15).The points on the number-line are the VDC sequen
es 
orresponding to the �rst 16 numbersshown below them.
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ien
yThe VDC sequen
e is the basi
 one-dimensional LDS. What sequen
es are used for multi-dimensional spa
e? The Halton, Faure and Sobol sequen
es are the best known LDS andare des
ribed, respe
tively, in the next Subse
tions.4.2.1.2 Halton Sequen
esHalton sequen
e is the simplest LDS in multiple dimensions and it uses one di�erent primebase for ea
h dimension. The sequen
e for the �rst dimension is the VDC base−2 sequen
e,for the se
ond dimension it is the VDC base−3 sequen
e, and for the third dimension it isthe VDC base−5, and so on. In general, the sequen
e for the nth−dimension is the VDCsequen
e using the nth prime number as the base (Galanti and Jung [35℄).The algorithm to 
onstru
t VDC sequen
e for multiple dimensions, [0, 1)n unit hyper
ube,is as follows.1. For ea
h dimension k = 1, . . . , n, �nd the representation of the denary number h inthe asso
iated prime number base bk.
h =

m
∑

j=0

aj,k(h)b
j
k.2. Reverse the order of the digits and put a radix in front of the sequen
e to get thebase−bk fra
tion ψbk(h):

ψbk(h) =

m
∑

j=0

aj,k

bj+1
k

.For example, the Halton sequen
e for the de
imal number 50, h = 50, in the unit hyper
ube
[0, 1)3, for prime numbers 2, 3, and 5 is 
onstru
ted as follows, see Table 4.2 below.Table 4.2: Halton sequen
e for number 50 in 3-d.De
imal number 50 (h = 50).

k bk hbk ψbk(h)1 2 1100102 0.0100112 = 19/642 3 12123 0.21213 = 70/813 5 2005 0.0025 = 2/125The sequen
es for higher dimensions are juxtaposed in Figure 4.2 on the fa
ing page,
ontrasting the visible degradation and 
orrelation.
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Figure 4.2: Filling in the gaps for 1000 simulations.Higher base means higher 
y
le and higher 
omputational time to �ll the unit hyper
ube
[0, 1)n. This implies that the speed at whi
h in
reasing �ner grid points are generatedde
reases with in
reasing dimension. Improvements over these problems of low speed and
orrelation are o�ered by the Faure and Sobol sequen
es.4.2.1.3 Faure Sequen
esThe Faure sequen
e is similar to the Halton sequen
e, however, it has two main di�eren
es(Galanti and Jung [35℄). Firstly, it uses one base for all dimensions higher than the �rstdimension. Se
ondly, the sequen
e for ea
h su

essive dimension, uses the re-ordering ofthe previous sequen
e, starting from the �rst dimension VDC sequen
e.The base for the other dimensions is the smallest prime number that is larger than orequal to the number of dimensions in the problem. For example, if the dimensions of theproblem are 40, Faure sequen
es use 41, the �rst prime number after 40, whereas Haltonsequen
e use the 40th prime number 173. The algorithm for the Faure sequen
e uses thetwo equations, Equations (4.6) and (4.7), given in the topi
 of Van der Corput sequen
e,but before using the se
ond equation, it re-orders the aj(h) digits. This is exe
uted usingthe re
ursive formula from dimension (k − 1) to the new dimension (k).

ai,k(h) =





m
∑

j≥i

(

j

i

)

aj,k−1



 mod b,where [.] mod b is the remainder from dividing [.] by b.For higher dimensions, Galanti and Jung [35℄ argues that the Faure sequen
e has problem
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ien
yof start-up, be
ause the points show 
rowding about zero. Faure (op.
it. Galanti and Jung[35℄) suggests dis
arding the �rst n =
(

b4 − 1
) points, where b is the base.There are also some variations of Faure sequen
e available in literature. Tezuka andTokuyama [97℄ formulated the generalised Faure sequen
e based on the Halton sequen
ebut using polynomials for re-ordering.4.2.1.4 Sobol Sequen
esThe generation of Sobol sequen
es use the same base for all dimensions like the Fauresequen
es (Galanti and Jung [35℄) and pro
eed an intri
ate permutation of the ve
torelements within ea
h dimension. However, instead of re-ordering sequen
es from previousdimensions as in the Faure sequen
es, the intri
ate re-ordering for ea
h dimension (in theSobol sequen
es) is 
arried out using di�erent irredu
ible polynomials Pd of modulo 2(Bratley and Fox [18℄):

Pd = xd + a1x
d−1 + . . .+ ad−1x+ 1,where d is the order of the polynomial, with 
oe�
ients ai ∈ {0, 1}.The sequen
e points in ea
h dimension are based on a set of �dire
tion numbers� vi (Bratleyand Fox [18℄). Ea
h vi is a binary fra
tion given by equation vi = mi/2

i, where the mi'sare odd integers, 0 < mi < 2i, de�ned by a re
urren
e relation based on the 
oe�
ients ofthe irredu
ible polynomials
mi = 2a1mi−1 ⊕ 22a2mi−2 ⊕ . . .⊕ 2d−1ad−1mi−d+1 ⊕ 2dmi−d ⊕mi−d.The sign ⊕ denotes a bit-wise ex
lusive-or (XOR).Supposing that the polynomial x3 + x + 1 is the generator for the �rst dimension, thealgorithm for generating the Sobol sequen
es is as follows.1. Generate a set of odd integers mi for i = 1, 2, 3, . . . using the irredu
ible polynomial,that is

mi = 4mi−2 ⊕ 8mi−3 ⊕mi−3.If m1 = 1, m2 = 3, m3 = 7 then
m4 = 12⊕ 8⊕ 1

= 11002 ⊕ 10002 ⊕ 00012

= 01012 = 5.2. Cal
ulate a set of dire
tion numbers vi using Equation (4.8), below.
vi = mi/2

i. (4.8)
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al Implementation 35Hen
e, the �rst four dire
tion numbers are
v1 = 0.12, v2 =0.112, v3 = 0.1112, v4 = 0.01012.3. Expand the de
imal base number h (i.e. h = 0, 1, 2, . . . , 19 ×M) into base−2 (h =

∑m
j=0 aj(h)2

j) and represent it in binary form.
a(h) = am−1(h)am−2(h) . . . a1(h)a0(h).For h = 13, a(h) = 11012.4. Finally, generate the hth Sobol sequen
e number:

ψb=2(h) = a0(h)v1 ⊕ a1(h)v2 ⊕ . . . ⊕ am−1(h)vm. (4.9)Hen
e,
ψb=2(h = 13) = v1 ⊕ v3 ⊕ v4

= 0.00012 =
1

16
.The Sobol sequen
e is faster than the Faure sequen
e in the sense that Sobol sequen
e usesbase−2 for all dimensions, thus there is some 
omputational time advantage due to theshorter 
y
le length.Algorithms for generating uniform random numbers have been dis
ussed. The questionraised is: how good are these produ
ed numbers, over pseudo-random numbers, in beinguniformly distributed numbers U[0, 1]? This question is addressed by doing statisti
al testson the sequen
es generated by these algorithms and 
omparing their distribution moments.4.2.1.5 Statisti
al Properties for Random Numbers.The fun
tions for the random number generators were used to generate 103 points inthe interval [0, 1) and several statisti
al properties were tested, see Table 4.3 on the nextpage. For all the four distribution moments the quasi-random numbers present a betterperforman
e than the sequen
e followed by pseudo-random numbers. Comparatively, thisindi
ates that the sequen
e by the former 
losely mat
hes the uniform distribution U[0, 1]than the latter.This is key in estimating the average value of our payo� fun
tion Ξ(Texp, ω) be
ause if thesequen
e is not uniformly distributed the so 
al
ulated average value is distorted. But howis a point from the uniform sequen
e transformed into a standard random number ε? Thistopi
 is dis
ussed in the next Subse
tion.
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ien
yTable 4.3: Statisti
al properties of random number generators.Variable Ex
el Rand () Fun
tion VDC UniformMinimum 0.0004 0.0060 0.0000 0.0000Maximum 0.9998 0.9990 0.9980 1.0000Mean 0.5026 0.5078 0.4988 0.5000Median 0.5003 0.5050 0.4990 0.4995Std Dev. 0.2927 0.2914 0.2888 0.2888Varian
e 0.0857 0.0849 0.0834 0.0834Skewness -0.0093 -0.0499 0.0000 0.0000Kurtosis -1.2254 -1.2340 -1.2002 -1.20004.2.2 Inversion of Uniform DistributionThe uniform distribution U [0, 1] is ideal for simulation purposes due to the fa
t thatother distributions are derived from it. Thus, it is viewed as the 
umulative probabilitydistribution fun
tion. Hen
e, pseudo random numbers and quasi-random numbers, thusgenerated, are proxies of the a
tual probability.These probability proxies from U [0, 1] are not our ultimate goal. What we are after are the
orresponding samples from a distribution that gave rise to it. The important distributionfor �nan
e appli
ations, in general, is the standard normal density φ (0, 1) and its integralis the 
umulative distribution N(ε). Hen
e, U [0, 1] ≡ N(ε) (Joy et al. [62℄).If N(ε) is the standard normal distribution fun
tion, the independent variable ε is thedesired sample number. This sample enables us to simulate the evolution of the Liborrates Li(t) through Brownian motion W (t). From these rates the 
ap pri
e Cap(Texp)and the 
aption payo� Ξ(Texp, ε) are derived. The te
hniques that enables us to do theinversion are Moro's inversion and NormsInv() and are dis
ussed next, respe
tively.4.2.2.1 Moro's InversionThe Box-Muller algorithm has been known as the general way to obtain the inverse of thenormal distribution, and Galanti and Jung [35℄, however, suggests against the use of thisalgorithm sin
e it alters the uniformity of the LDS's. Instead the proposition made is theuse of the algorithm provided by Moro [74℄ (op.
it. Galanti and Jung [35℄). It has beenreported that Moro's inversion is faster than the usual Box-Muller algorithm and has amaximum error of 3× 10−9(see Press et al. [83℄, ibid. [35℄).Moro's algorithm is a hybrid of the Beasley and Springer [8℄ (op.
it. Joy et al. [62℄) algo-rithm in that, ex
ept for the 
entral part of the Normal distribution where it is used, thetrun
ated Chebys
hev series is used instead for the tails. Therefore, the domain for thealgorithm is split into two regions, see Figure 4.3 on the fa
ing page.1. The 
entral region of the distribution, 0.08 ≤ N(ε) ≤ 0.92, is modelled with the
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Figure 4.3: Standard normal distribution φ(0, 1).traditional Beasley and Springer [8℄ algorithm
ε = [N(ε)− 0.5]

∑3
j=0 aj · [N(ε)− 0.5]2j

∑4
j=0 bj · [N(ε) − 0.5]2j

.2. The tails of the distribution are modelled with the Chebys
hev series, through z =

k1 ∗ [2 ∗ ln(− ln(0.5 − |N(ε)− 0.5|))− k2]:
ε =

{

∑8
j=0 cj · Tj(z)− c0

2 if N(ε) > 0.92.
c0
2 −∑8

j=0 cj · Tj(z) if N(ε) < 0.08.The 
onstants aj , bj , and cj , are suitably 
hosen whereas k1, and k2 are 
hosen su
h that
z = −1 when N(ε) = 0.92, and z = 1 when N(ε) = 1 − 10−12. Hen
e, the required
onstants for this exer
ise, as provided by Joy et al. [62℄, are given in Table 4.4, on thenext page.The fun
tion Tj(z) is 
omputed using the Chebys
hev polynomials, Press et al. [83, Equa-tion (5.8.2)℄:

Tj+1(z) = 2 · z · Tj(z)− Tj−1(z) j ≥ 2,where T0(z) = 1, and T1(z) = z. This hybrid algorithm has high a

ura
y for all values of
N(ε) in the interval [10−10, 1− 10−10

].
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ien
yTable 4.4: Constants for inverting the standard normal distribution.
j aj bj j cj0 2.50662823884 1.00 0 7.71088707054878951 -18.61500062529 -8.47351093090 1 2.77720135336851692 41.39119773534 23.08336743743 2 0.36149641292610023 -25.44106049637 -21.06224101826 3 0.03734182334345544 - 3.13082909833 4 0.00282971430369675 0.0001625716917922

k1 k2 6 0.00000801733047400.4179886424926431 4.2454686881376569 7 0.00000038409198658 0.00000001297071704.2.2.2 Ex
el Fun
tion: NormsInv()Another popular algorithm may be used to 
al
ulate the inverse of the normal distribution.The program is 
alled NormsInv and is a built-in fun
tion implemented in the widelyavailable Ex
el pa
kage. Its a

ura
y is tested by 
omparing it with Moro's inversionagainst the exa
t numbers of the normal inversion, drawn from the paper of M
Cullough& Wilson (2001, p.6). The tests were two fold using the VDC sequen
e. In the �rstinstan
e, statisti
al properties for all four probability moments were 
ompared and thelast test looked at the a

ura
y of the inversion at the tails.Results from both tests, Table 4.5 and 4.6, respe
tively and below, show that both inver-sions produ
ed a

eptable a

ura
y.Table 4.5: Statisti
al properties of VDC sequen
e to φ(0, 1).Variable NormsInv() Moro's inversion Normal (0,1)Mean -5.44075E-3 -5.44079E-3 0Median -4.89535E-3 -4.89577E-3 0Std Dev 0.993072 0.993071 1Varian
e 0.986191 0.986191 1Skewness -0.029555 -0.029557 0Kurtosis 2.856627 2.856627 3Table 4.6: Comparison of inversion of the tails.
N(ε) Standard random number ε.NormsInv Moro Exa
t0.001 -3.09023 -3.09023 -3.090230.0001 -3.71902 -3.71902 -3.719020.00001 -4.26489 -4.26489 -4.264890.000001 -4.75342 -4.75342 -4.753420.0000001 -5.19934 -5.19934 -5.199340.000000001 -5.99781 -5.99781 -5.99781Now that we have established the e�
ien
y of our algorithms for inverting N(ε) we are
on�dent that the generated values of ε and values of other variables dependent on ε shall
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tion we look at te
hniques for in
reasing pre
ision in our basi
MC simulation.4.2.3 Pre
isionDi�erent varian
e redu
tion te
hniques have been developed by Boyle et al. [15℄ to in
reasepre
ision when doing MC simulations. Two of the 
lassi
al varian
e redu
tion te
hniquesare the antitheti
 and 
ontrol variate methods. More re
ently, moment mat
hing andimportan
e sampling have been introdu
ed in �nan
e appli
ations (Boyle et al. [15℄). Theseare dis
ussed next.4.2.3.1 Antitheti
 Varian
e Redu
tion - �Antivariate�Unlike the Basi
 MC simulation where a single value is produ
ed per simulation trial,in this te
hnique two values are generated (Clewlow and Stri
kland [24℄, Hull [53℄). Thedi�eren
e between the values lies in the sample ε used. If the �rst value used ε the se
ondvalue uses −ε, that is Ξ0,1 = f(ε), and Ξ0,2 = f(−ε). The average Ξ̄0 of these values givesan estimate of the derivative per trial.
Ξ̄0 =

Ξ0,1 + Ξ0,2

2
.The �nal estimate of the value of the derivative is the average of the Ξ̄0's. If ϕ̄ is thestandard deviation of the Ξ̄0's, and M is the number of simulation trials (i.e., the numberof pairs of the values 
al
ulated), the standard error of the estimates is ϕ̄/√M (Hull [53℄).Often, this is mu
h less than the standard error 
al
ulated using 2M random trials.4.2.3.2 Control Variate Approa
hThe 
ontrol variate is used when there are two similar derivatives, A and B, where A is thederivative whose pri
e we are estimating using the analyti
al solution of derivative B (Hull[53℄). Two simulations are run 
on
urrently using the same random ε and time interval

dt. Ea
h simulation is used to estimate the value of A Ξ∗
A, and B Ξ∗

B , respe
tively and anunbiased estimator of the value of A ΞA is provided (Boyle et al. [15℄, Hull [53℄) as
ΞA = ΞB+ Ξ∗

A − Ξ∗
B,where ΞB is the known true value of B. As with path-wise simulation for pri
ing, themethod has the problem of depending on there being a good approximation to the produ
t(se
urity) having an analyti
 solution (Wilmott [98℄).



40 4.2 Computational E�
ien
y4.2.3.3 Moment Mat
hingThis te
hnique is also referred to as quadrati
 resampling and it entails adjusting thesamples taken from a standardised normal distribution so that the distribution moments(�rst, se
ond, et
.) are mat
hed (Boyle et al. [15℄, Hull [53℄). Assuming that ̟j(1 ≤ j ≤ n)are samples from the normal distribution φ(m, s) (with mean m and standard deviation
s) used to 
al
ulate the 
hange in the value of a parti
ular variable over a parti
ular timeperiod, the standardised samples Zj(1 ≤ j ≤ n) are de�ned as (Hull [53℄)

Zj =
̟i −m

s
.These adjusted samples Z ′s mat
h the standard normal distribution φ(0, 1) and we usethem for all 
al
ulations. Moment mat
hing saves on 
omputation time, but has thedisadvantage of memory problems be
ause every number sampled must be stored until theend of the simulation (Hull [53℄).4.2.3.4 Importan
e SamplingThis te
hnique entails using analyti
 probability distribution fun
tions that sample non-zero payo� paths at maturity of an option [53℄. Let us 
onsider estimating the pri
e ofa 
all option on a sto
k. Assume that ̺ is the probability distribution of the sto
k pri
ebeing greater than the strike pri
e K, and that G is the probability that the sto
k pri
e isgreater than K. The estimate of the value of the option is the average dis
ounted payo�sampled from the distribution ̺ multiplied by G.4.2.4 Summary of Computational E�
ien
yIn this Se
tion we dis
ussed two issues regarding improving 
omputational e�
ien
y of thebasi
 MC simulation and these were 
onvergen
e and pre
ision. Convergen
e is improvedby using QRNs instead of pseudo random numbers and the three main QRN generators wedis
ussed are: Halton, Faure, and Sobol sequen
es. They are preferred over pseudo-randomnumbers be
ause in all four distribution moments they present better performan
e, see Ta-ble 4.3. These QRN are proxies to our ultimate obje
tive of obtaining standard randomnumbers ε in φ(0, 1). In order to obtain ε we use either Moro's algorithm or the NormsInvfun
tion. On the other hand pre
ision is improved by using varian
e redu
tion te
hniquesand these are antitheti
 variate, 
ontrol variate, moment mat
hing and importan
e sam-pling. However, the last three te
hniques are not ideal for our task be
ause of their inherentmemory problems and analyti
al solution prerequisites.
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al Implementation 414.3 Estimation Issues for Libor Market ModelsE�
ien
y does not only fo
us on what 
an be improved on the basi
 MC simulation(varian
e redu
tion and quasi-random generators). The form the variables in the Libormarket model take also a�e
ts e�
ien
y. In order to implement Equation (3.25) for the ithLibor rate by Monte Carlo, we need a de
omposition of ρ = C ·C ′ with C an N+1 by N+1matrix. In other words, if we denote the ith row of matrix C by Ci, then the de
ompositionreads 〈Ci, Cj〉 = ρi,j where 〈., .〉 denotes the s
alar produ
t. Hen
e, the implementation ofEquation (3.25) be
omes:
dLi(t)

Li(t)
= −

N
∑

j=i+1

τjσj(t)Lj(t)ρi,j
1 + τjLj(t)

σi(t)dt+ σi

N
∑

k=0

ci,kdW
N+1
k , where (4.10)the WN+1

k are now independent standard Brownian sho
ks. Indeed Equation (4.10) 
orre-sponds to Equation (3.25) sin
e both volatility and 
orrelation are implemented 
orre
tly.Inverting N(ε) through use of QRNs allows us to 
ompute dWN+1
k (= ε

√
dt, see Subse
tion4.2.2). τj and Li(0) 
an be dedu
ed from market data and using Equation (4.10) Li(t)
an be evaluated provided the volatility fun
tion σi(t), per
entage volatility from fa
tor k(ci,k), and 
orrelation matrix ρ are known. Therefore in this Se
tion we are going to lookat estimation issues for these variables that would enhan
e simulation of the Libor rates

Li(t).We will start by dis
ussing suitable fun
tional forms for estimating σi(t), followed by thatof both ρi,j and ci,k be
ause of their inter-relationship. Next, we show how to jointly
alibrate σi(t) and ρi,j to market data. Thereafter, we dis
uss suitable dis
retisation forsimulating Libor rates Li(t). We end the Se
tion by summarising key estimation issuespertaining to the Libor market model.4.3.1 Choi
es for the Instantaneous Volatility Fun
tionsExtensive material has 
overed this issue under the umbrella term of �regularisation�, andthere already exist established ways to deal with this problem �of whi
h Thikhonov's ap-proa
h is probably the most 
ommon� (Rebonato [86℄). However, a more powerful approa
his to require the solution belong to a 
lass of fun
tions identi�ed on the basis of the mod-ellers understanding of the �nan
ial 
hara
teristi
s of the problem (Rebonato [86℄). Awide range of work has been done by Brigo and Mer
urio [20℄, Brigo et al. [23℄, Rebonato[86℄ on the possible fun
tions that the volatility 
ould take and the nature of the termstru
ture of volatilities. Their work form the basis of this thesis in this regard. Stressingthe importan
e of the 
hoi
e of the volatility fun
tion Rebonato [86, p.144℄ wrote:�An important aspe
t in the 
onstru
tion of the Libor market model is thespe
i�
ation of what values volatilities of di�erent forward rates should assume
. . . As mu
h as I believe that the modern pri
ing framework is powerful and
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ti
ally useful, I must stress that it is only as good as the input volatilities(and, to a lesser extent, 
orrelations) that are fed into it. A simplisti
 or ill-thought-out 
hoi
e for the forward-rate volatility fun
tion 
an easily produ
elittle more than a 
umbersome and 
omputationally expensive implementationof a poor one-fa
tor short-rate-based model.�In many instan
es the implied volatility of an option has an inverse relation to its strikepri
e known as a volatility smile. In our 
ase we are going to assume the absen
e ofvolatility smiles. However, an interested reader is referred to the works of Brigo et al. [22℄for a detailed 
overage of volatility smiles.4.3.1.1 Time HomogeneityEmpiri
al observations over very extended periods of time show that the term stru
tureof volatilities, despite 
hange in level and o

asional lo
alised dramati
 
hanges, tend toretain their qualitative shape and stru
tural features (Rebonato [86℄). Hen
e, in this thesisthe volatility term stru
ture is assumed to evolve in a time-homogeneous manner. Thisimplies that the future term stru
ture of volatilities at time λ (su
h that Ti + λ < TN+1)will look exa
tly like today, see Figure 4.4,
T N+1T i λ iT+... ...0 ... ...λFigure 4.4: Time homogeneous term stru
ture.and is expressed as

∫ Ti

0
σ2inst(s, Ti)ds =

∫ Ti+λ

λ
σ2inst(s, Ti + λ)ds, (4.11)where σinst(s, ·) is the instantaneous volatility. The term stru
ture of implied volatility

σBlack76(Ti) for ea
h 
aplet is linked to σinst(s, Ti) by the market varian
e
σ2Black76(Ti)Ti =

∫ Ti

0
σ2inst(s, Ti)ds. (4.12)This is satis�ed ∀λ if the fun
tional form σinst(t, Ti) = σ∗inst(Ti − t) holds, implying

∫ Ti+λ

λ
σ2inst(s, T + λ)ds =

∫ Ti+λ

λ
σ∗2inst(Ti + λ− s)ds, (4.13)

=

∫ Ti

0
σ∗2inst(Ti − s)ds. (4.14)From Equation (4.11), for a 
aplet of Ti maturity, its varian
e 
an also be expressed as a
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aplet varian
e of the previous maturities.
∫ Ti

0
σ2inst(s, Ti)ds =

∫ T1

0
σ2inst(s, Ti)ds +

∫ T2

T1

σ2inst(s, Ti)ds + . . .

+

∫ Ti−1

Ti−2

σ2inst(s, Ti)ds +

∫ Ti

Ti−1

σ2inst(s, Ti)ds.

=
i
∑

k=1

∫ Tk

Tk−1

σ2inst(s, Ti)ds. (4.15)This simpli�
ation is of great use when 
alibrating the instantaneous volatility to marketdata (see Subse
tion 4.3.4).For the 
aplet maturing Ti + λ years from today the market varian
e is
∫ Ti+λ

0
σ2inst(s, T )ds = σ2Black76(Ti + λ)(Ti + λ). (4.16)Taking the ratio of Equation (4.16) to (4.12) and in
orporating time homogeneous propertyone gets

σ2Black76(Ti + λ)(Ti + λ)

σ2Black76(Ti)(Ti)
=

∫ Ti+λ
0 σ2inst(s, Ti)ds

∫ Ti+λ
λ σ2inst(s, Ti + λ)ds

,

=

∫ λ
0 σ

2
inst(s, Ti)ds+

∫ Ti+λ
λ σ2inst(s, Ti)ds

∫ Ti+λ
λ σ2inst(s, Ti + λ)ds

,

= 1 +

∫ λ
0 σ

2
inst(s, Ti)ds

∫ Ti+λ
λ σ2inst(s, Ti + λ)ds

. (4.17)
∫ ·
0 σ

2
inst(s, ·)ds is stri
tly a positive quantity, hen
e, Equation (4.17) is always greater thanunity. Therefore, to ensure that the term stru
ture of volatilities evolves in a time homoge-neous pro�le, σ2Black76(Ti)Ti the market varian
e, as evaluated from today's term stru
tureof volatilities should be a stri
tly in
reasing fun
tion of Ti. This implies that the summandsin Equation 4.15 are all positive.4.3.1.2 Plausible Choi
e for Volatility Fun
tionRequiring a time homogeneous volatility term stru
ture is not enough. The trader is also
on
erned about the �nan
ial 
hara
teristi
s of σinst. A detailed a

ount on this is given byRebonato [86, pp 158-166℄. In parti
ular Rebonato argues that the fun
tion of the generalform

σinst(t, Ti) = f(Ti − t)ϕ(t)K(Ti) t ≤ Ti, (4.18)displays several positive features, from both the �nan
ial and the 
omputational perspe
-tive.



44 4.3 Estimation Issues for Libor Market Models1. f(Ti − t): The desirable qualitative features for f(Ti − t) are that it ensures 
orre
tpri
ing to the 
aplet market and best approximates time homogeneity. The proposedfun
tional form is
f(Ti − t) = [a+ b(Ti − t)] exp [−c(Ti − t)] + d, (4.19)where a, b, c, and d are 
onstants with the following �nan
ial and e
onometri

onstraints: a+ d > 0, c > 0, and d > 0.In addition, as Ti − t tends to zero, instantaneous and average volatilities tend to
oin
ide, and therefore the quantity a+ d should at least approximately assume thevalues given by the shortest-maturity implied volatility.2. ϕ(t): Suitable qualitative features for ϕ(t) are less easy to identify in that they
apture o

urren
e of time lo
alised sho
ks, su
h as forth
oming ele
tions. Theproposed fun
tion is given by

ϕ(t) =





n
∑

j=1

ϕj sin

(

tπj

TMat
+ ϕj+1

)



 exp (−ϕn+1t) (4.20)with n as small as 4, and the quantity TMat is the time equal to the longest 
apletmaturity. This fun
tion is linear 
ombination of sine waves (where the phases and am-plitudes are optimised), multiplied by a de
ay fa
tor (with optimised de
ay 
onstant).The idea behind this fun
tional form is to allow a su�
ient number of frequen
ies topi
k up inherent lo
alised time sho
ks, but not too many so that ex
essive marketnoise obs
ures the spe
i�
ation.3. K(Ti): The requirement that the pri
es of the 
aplets should be exa
tly re
overeduniquely determines the quantities
K(Ti) = (1 + κi), ∀i ∈ [1, N ]. (4.21)If the pro
edure has worked properly, the variation of the term κ as a fun
tion ofthe forward-rate index might 
ontain high frequen
ies, but should be of very smallamplitude.This proposed volatility fun
tional form, as is, is not yet suitable to modelling Libor rates.It has to be 
alibrated to market data �rst before it 
ould be used to simulate Libor rates.4.3.2 Choi
es for the Correlation MatrixApart from the volatility fun
tion, another equally important aspe
t for this LMM 
al-ibration problem is the (non-) parametri
 spe
i�
ation of the instantaneous 
orrelationmatrix. Considering that one must obviously preserve 
ertain properties of a 
orrela-tion matrix, renders the whole exer
ise of modelling of the 
orrelation matrix a deli
ate
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al Implementation 45task (Brigo and Morini [21℄). The main properties that one must preserve are namely:1) symmetry: ρi,j = ρj,i, ∀i, j, 2) unitary diagonals: ρi,j = 1, 3) positive de�niteness:
x′ρx ≥ 0, ∀x ∈ RM , and 4) normalised entries: ρi,j ≤ 1, ∀i, j.The non-parametri
 form involves determining the 1

2N(N + 1) unique elements of the
N + 1 by N + 1 
orrelation matrix from histori
al forward Libor rates (Tanimura andYamada [96℄, Alexander and Lvov [3℄). When histori
al data on forward Libor rates areused, there are many sour
es of model risk. This is due to the fa
t that bootstrap methodover �ts the yield 
urve and magni�es the errors in the original data. Another de
isionthat will a�e
t histori
al forward rate 
orrelations is the length of histori
al observationperiod. It should be short enough so that 
orrelations represent 
urrent market 
onditions,but long enough so that 
orrelations at the short end are not too unstable. Finally, whi
hstatisti
al model is to be used to fore
ast the 
orrelations: an equally weighted movingaverage, an exponentially weighted moving average, or a GARCH model?In view of this model risk, the alternative approa
h may be preferred, where having de-
ided on a parametri
 form, a number of parameters that is smaller than 1

2N(N + 1) isdetermined to best �t market pri
es. As a �rst possibility we may de
ide to maintain a
full− rank 
orrelation matrix and su
h an approa
h has been followed by S
hoenmakersand Co�ey [94℄ and Rebonato [85℄ (op.
it. Brigo [19℄). S
hoenmakers and Co�ey re
om-mend the two following parametri
 forms 1) ρ = exp

[

− |i−j|
M−1

(

− ln ρ∞ + ηM−1−i−j
M−2

)], and2) ρ = exp
[

− |i−j|
M−1

(

− ln ρ∞ + η i2+j2+ij−3Mi+3i+3j+2M2−M−4
(M−2)(M−3)

)], whereas, Rebonato [85℄re
ommends ρ = α+ (1− α) exp [−|i− j|(γ − ζmax(i, j))].Alternatively, until work produ
ed by Tanimura and Yamada [96℄ (in 2006) rank−reduced
orrelations 
ould be obtained from parametri
 forms posed by 1) De-Jong et al. [27℄(op.
it. Pietersz and Groenen [81℄):
ρ = exp

[

−γ1|ti − tj| −
γ2|ti − tj|

max(ti, tj)γ3
− γ4|

√
ti −

√

tj|
]

,where γi > 0, and 2) Rebonato [85℄, Rapisarda et al. [84℄:
ρi,j =

N
∑

k=0

ci,kcj,k, where
ci,k =

{

cos(θi,k)
∏k−1

j=0 sin(θi,j) (0 ≤ k < N)
∏k−1

j=0 sin(θi,j) (k = N)
.Tanimura and Yamada [96℄ propose a new parameterization for the 
orrelation matrix usinga de
ay fun
tion with respe
t to the starting times of the Libor rates. Using the Japanesemarket as a 
ase study, Tanimura and Yamada, 
on
lude that their parameterization ex-plain the 
orrelation stru
ture reasonably well and that it is 
omputationally tra
table andprovide a pra
ti
al estimation for the implied 
orrelation matrix. Their model form the



46 4.3 Estimation Issues for Libor Market Modelsbasis of this thesis in this regard. Let τij be
τij = |Tj − Ti|, 0 ≤ i < j ≤ N.We set the (i, j) entries of the 
orrelation matrix ρ as

ρi,j(ϑi, τij) = ρj,i(ϑi, τij) =

{

1 (i = j)

1− exp( ϑi

τij

)

(i 6= j),
(4.22)where ϑi > 0 is a de
ay fa
tor su
h that the 
orrelation range 0 < ρi,j ≤ 1 is satis�ed,and ρi,,j ց 0 as τij in
reases. Hen
e, the matrix ρ is determined by N + 1 parameters,

Θ = {ϑi : i = 0, 1, . . . , N}.Now that we have a parametri
 model for the 
orrelation matrix , we are in position todes
ribe the te
hniques for redu
ing the rank of this matrix and a detailed a

ount of thissubje
t is given in the next Subse
tion.4.3.3 Fa
tor Redu
tion Te
hniquesFor e�
ient pri
ing of derivatives the 
orrelation matrix has to be redu
ed to a lower rankwith a smaller number of random fa
tors. A large number of fa
tors in
reases the numberof random numbers that have to be drawn when simulating, thereby 
osting expensive
omputational time. Another reason for keeping the number of fa
tors rather small istrying to explain these fa
tors with usual market movements. The �rst fa
tor is interpretedas a shift of the yield 
urve (i.e. simultaneous up or down movement of the forward rates),the se
ond as a tilt of the yield 
urve (i.e. the forward rates 
lose to and far away fromthe reset date move in opposite dire
tions), and the third fa
tor as a butter�y movement(i.e. forward rates 
lose to and far away from the reset date move stronger in the samedire
tion than forward rates in between (Hull [53℄). Thus in
reasing the number of fa
torsfar beyond these 
omprehensible market movements is usually avoided.Instead of taking into a

ount all Brownian motions in Equation (4.10), we want to dothe simulation with a smaller number, d say, with d ≪ N + 1. This pro
ess in essen
eis an optimisation problem of �nding a rank-d 
orrelation matrix ρd = Cd · C ′
d
(where

Cd is a N + 1 by d matrix) 
losest to the original 
orrelation matrix ρ(Θ, τ). Unlike ins
alar variables where the 
losest mat
h between two points is obtained by �nding the leastdistan
e between them, on the spa
e of matri
es to measure distan
e we require a matrixnorm. The frequently used norm is the Frobenius matrix norm (Pietersz and Groenen[81℄):
||X||2F = tra
e(XX ′)

=
N
∑

i=0

N
∑

j=0

|xi,j|2.Subje
t to diag(Cd · C ′
d) = diag(I).
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al Implementation 47Thus, the 
losest matrix is interpreted as the one optimised to have minimum distan
e inthe Frobenius norm. This optimization problem stated mathemati
ally is:Find Θ ∈ RN+1,by minimizing Zρ(Θ, d) = ||ρ(Θ, τ)− ρd||2F . (4.23)Subje
t to diag(Cd · C ′
d) = diag(I).In literature, several algorithms to minimize Zρ have been proposed and a useful review ofthese is given in Pietersz and Groenen [81℄. In addition to des
ribing the various algorithms,they have also developed a novel algorithm based on iterative majorization that minimize

Zρ. After numeri
ally 
omparing its performan
e with that of the other methods Pieterszand Groenen re
ommend the majorization algorithm over the others be
ause it has theadvantage of simultaneously being 1) simple to implement, 2) globally 
onvergent, and 3)
omputational e�
ient. (An interested reader is referred to Pietersz and Groenen's workfor a detailed 
omparison of the various algorithms.) For the VBA program 
ode for thisthesis, we are going to implement their novel algorithm.The starting point for majorization is �nding an initial estimate for the ith row of matrix
Cd, i.e. (Cd)i, through singular value de
omposition (SVD) of ρ(Θ, τ). The main reason forthis is the non-optimality of the SVD method: generally one may �nd de
ompositions Cd(even lo
ally) for whi
h the asso
iated 
orrelation matrix Cd · C ′

d
is 
loser to the originalmatrix ρ(Θ, τ) than the SVD-approximated 
orrelation matrix Csvd
d

· (Csvd
d

)' (Pieterszand Groenen [81℄). Thus, in the next Sub-subse
tions before des
ribing the majorizationalgorithm we are going to �rst dis
uss the SVD te
hnique.4.3.3.1 Singular Value De
ompositionSVD is popular among �nan
ial pra
titioners and implemented in numerous �nan
ial insti-tutions. This te
hnique is based on the 
ommon prin
ipal 
omponent analysis introdu
edby Flurry [34℄ (op.
it. Alexander and Lvov [3℄, Pietersz and Groenen [81℄). It is easy toimplement be
ause almost all that is required is an eigenvalue de
omposition. The 
al
ula-tion is almost instant, and the approximation is reasonably a

urate (Pietersz and Groenen[81℄).A standard method that is advo
ated by Rebonato [85℄, Hull and White [54, 55℄ and manyothers (op.
it. Alexander and Lvov [3℄) uses an orthogonal transformation of the 
orrelatedBrownian motions in Equation (3.25). We re
all that the Libor rate dynami
s are expressedin terms of independent Brownian motions as follows:
dLi(t)

Li(t)
= −

N
∑

j=i+1

τjσj(t)Lj(t)ρi,j
1 + τjLj(t)

σi(t)dt+

N
∑

k=0

σi,kdW
N+1
k , where
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σidWN+1

i =
∑N

k=0 σi,kdW
N+1
k . From this it follows that

σi =

√

√

√

√

N
∑

k=0

σ2i,k, and (4.24)
ρi,j =

∑N
k=0 σi,kσj,k
σiσj

. (4.25)The N + 1 by N + 1 
ovarian
e matrix of Libor rates [diag{L(t)}]−1 · dL(t), V 
ontainsinstantaneous volatilities σi and 
orrelation ρi,j and is given by
V = DρD′, where (4.26)

D is the diagonal matrix of the instantaneous volatilities, and ρ is the 
orrelation ma-trix. Given these, the volatility 
omponents may then be determined from the spe
tralde
omposition of the 
orrelation matrix ρ:
ρ = BλB′, where (4.27)

λ is the N + 1 by N + 1 diagonal matrix of eigenvalues, and B is the N + 1 by N + 1matrix of eigenve
tors of the Libor rate 
orrelation matrix ρ. To derive the d volatility
omponents from Equation (4.27) denote by λ0, . . . , λd−1 the d largest eigenvalues of ρ andby β0, . . . , βd−1 their 
orresponding eigenve
tors. Set
Mi =

σi√
Υi
, where (4.28)

Υi =
d−1
∑

k=0

β2i,kλk. (4.29)Then setting σi,k = Miβi,k
√
λk for k ∈ [0, d−1] satis�es Equation (4.24) and (4.25), as re-quired. Now that we have the expression for σi,k (in terms of eigenvalues and eigenve
tors)we 
an now express ci,k in terms of eigenvalues and eigenve
tors. From Equation (3.16),we re
all that ci,k =

σi,k

σi
. Using Equation (4.28) and (4.29), and the expression for σi,kresults in
ci,k =

βi,k
√
λk

√

∑

d−1
j=0 β

2
i,jλj

, ∀k ∈ [1, d].Note that the 
olumns of B due to the orthogonality of eigenve
tors β0, . . . , βd−1 satis�esthe following 
onditions:
〈βi, βj〉 =

{

1, i = j.

0, i 6= j.Now that we have 
omputed estimate entries for the matrix Cd we are in a position, using
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al Implementation 49the majorization algorithms, to �nd optimised entries in order to obtain Cd de
ompositionsfor whi
h the 
orrelation matrix Cd · C
′

d
is 
loser to the original matrix ρ(Θ, τ).4.3.3.2 MajorizationSuppose that we need to minimize the obje
tive fun
tion f(.). The idea behind Pieterszand Groenen [81℄'s method is to �nd a fun
tion g(., .), the majorization fun
tion, su
h that1) it has the same fun
tion value at a point y and anywhere else in the domain is greaterthan or equal to the obje
tive fun
tion i.e g(x, y) ≥ f(x), and 2) it is easier to minimizethan the obje
tive fun
tion. Figure 4.5 below, (as presented by Pietersz and Groenen [81,Figure 1℄), gives a graphi
 illustration of the 
on
ept behind the majorization algorithm.Pietersz and Groenen argue that by minimizing the majorization fun
tion - whi
h is aneasier task sin
e this fun
tion is 'simpler' - we obtain the next point of the algorithm. As a
onsequen
e from any point where the gradient of the obje
tive fun
tion is non-negligibleiterative majorization will be able to �nd a next point with a stri
tly smaller obje
tivevalue. This generi
 fa
t for majorization algorithms had been pointed out in Hieser [52℄(ibid. [81℄).

Figure 4.5: The idea of majorization algorithm sets out at x0. The majorization fun
tion
g(., x0) is �tted by mat
hing the value and �rst derivative of f(.) at x0. Subsequently thefun
tion g(., x0) is minimized to �nd the next point x1. This pro
edure is repeated to �ndthe point x2 et
.In our 
ase we re
all that the obje
tive fun
tion that has to be optimised, subje
t tothe unit diagonal 
onstraint, is Z(Θ, d), see Equation (4.23). Pietersz and Groenen [81℄derive the majorization fun
tion g for ea
h row of the matrix Cd (for this and a moregeneral obje
tive fun
tion). The algorithm is, starting with the �rst row, to �nd theminimum of the majorization fun
tion, repla
e the row by the 
al
ulated minimum andloop over all the rows until 
onvergen
e is a
hieved. The authors prove that this algorithmis globally 
onvergent and has a sub-linear lo
al rate of 
onvergen
e. The authors also
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ode 
ontaining the implementation of their algorithm.4.3.4 Calibration to Market Data - Putting it all TogetherNow that we have a sense of suitable fun
tional forms for both volatility σinst and 
orrela-tion ρi,j , we are in a position to 
alibrate them to market data. A soft 
opy of a detailedVBA and Matlab program 
ode that does the 
alibration is found in the CD en
losed inthe inside ba
k 
over of this thesis; however, in this Subse
tion we are going to summarisea sample 
alibration pro
edure that would enable us to get optimised parameters for thesefun
tional forms.4.3.4.1 Volatility ParametersOften the market quotes pri
es in terms of 
aps, hen
e, 
aplet spot volatilities are strippedfrom 
ap pri
es and the 
aplet varian
e σ2Black76(Ti)Ti is 
omputed using these strippedvalues. To guarantee time-homogeneity this quantity has to be a stri
tly in
reasing fun
tionof Ti. This market varian
e has to mat
h the model varian
e through 
riti
al values of theparameters of f(Ti − t), ϕ(t), and K(Ti). This implies that our obje
tive fun
tion is tominimise the fun
tion
Zσinst = N

∑

i=1

[

σ2Black76(Ti)Ti −
i
∑

k=1

∫ Tk

Tk−1

σ2inst(s, Tk)ds

]2

, (4.30)where Zσinst is de�ned as the obje
tive fun
tion. Sin
e the instantaneous volatility fun
tion
σinst is de�ned by three fun
tions, f(Ti − t), ϕ(t), and K(Ti), the 
alibration is done inthree stages for ea
h fun
tion parameters.The �rst minimisation is done on f(Ti − t) over the parameters {a, b, c, d} subje
t to the
onstraints that a+ d > 0, c > 0, and d > 0.

Zσinst(a, b, c, d) = N
∑

i=1

[

σ2Black76(Ti)Ti −
i
∑

k=1

∫ Tk

Tk−1

f2(Tk − s)ds

]2

, where (4.31)
ϕ(t) and K(Ti) are initialised to unity. At this time the time homogeneous fun
tionalform f(Ti − t) best a

ount for the observed term stru
ture of volatilities by the optimalparameters. Next is the in
orporation of the time dependent fun
tional form ϕ(t) to themodel to improve the quality of the �t. This minimisation is done again but now over theparameters {ϕ1, ϕ2, ϕ3, ϕ4, ϕ5} leaving the previously determined parameters {a, b, c, d}un
hanged;

Zσinst(ϕj : j ∈ [1, 5]) =

N
∑

i=1

[

σ2Black76(Ti)Ti −
i
∑

k=1

∫ Tk

Tk−1

f2(Tk − s) · ϕ2(s)ds

]2

. (4.32)With these two steps one attempts to a

ount for the observed market pri
es by putting �rst
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al Implementation 51as mu
h explanatory burden as possible on the time-homogeneous part of the evolution;and to explain then as mu
h as possible of the residual dis
repan
ies between market andmodel 
aplet pri
es in terms of purely time dependent (parametrized) separable 
omponent.After 
arrying out this se
ond step, the 
aplet pri
es will in general not be exa
tly re
overed.To obtain the 
orre
t pri
es, one 
an at this point de�ne a set of N−quantities K(Ti)
2 for

1 ≤ i ≤ N :

K(Ti)
2 =

σ2Black76(Ti)Ti
∑i

k=1

∫ Tk

Tk−1
f2(Tk − s) · ϕ2(s)ds

, (4.33)whi
h by 
onstru
tion ensures that the 
orre
t varian
e to expiry is perfe
tly re
overed.Hen
e, taking square-root ∀ i ∈ [1, N ], results in optimal parameters for K(Ti).4.3.4.2 Correlation ParametersNext we redu
e the rank of the 
orrelation matrix ρ(Θ, τ) to a lower rank by �nding arank−d 
orrelation matrix ρd = Cd · C ′

d
, 
losest to the original matrix. We sele
t thenumber of fa
tors d and minimise the obje
tive fun
tion Zρ(Θ, d) = ||ρ(Θ, τ) − ρd||2F over

ϑi ∀i in Equation (4.22) subje
t to 1) 
orrelation parameters ϑi > 0, and 2) unit diagonal
omponents of the resultant rank redu
ed 
orrelation matrix. The estimate entries for Cdare further optimised by using the majorization algorithm to obtain the 
losest matrix ρd.4.3.5 Suitable Dis
retisation for Simulation of Libor RatesThe volatility and 
orrelation fun
tions have been determined and initial values for theLibor rates Li(0) are dire
tly from the market (through dis
ount bonds Pi+1(0)). Thequestion raised is: what are the rates at times other than t = 0? Sin
e the market ratesare not 
ontinuous but dis
rete, the rates are approximated by assuming a parti
ulardis
retisation. The appealing approximations are the log-normal, and the Glasserman andZhao be
ause they ensure that the rates are positive. These are dis
ussed next, respe
tively.4.3.5.1 Log-normal ApproximationThe traditional approa
h that has been 
ommonly used is the Euler approximation ofEquation (3.25). The inherent drawba
k when dis
retising this equation is that some ofits paths allow Li(t) < 0. Hen
e, it is preferable to use the SDE for logLi(t), given in
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e this 
ompels the Li(t) to be positive.
Li(Tn+1) = Li(Tn) exp {A+B} , ∀n < i, where (4.34)

A =



−
N
∑

j=i+1

τjσj(Tn)Lj(Tn)ρi,j
1 + τjLj(Tn)

σi(Tn)−
1

2
σ2i (Tn)



 . (Tn+1 − Tn) ,

B = σi(Tn).

d−1
∑

k=0

ci,kd
[

WN+1
k (Tn+1)−WN+1

k (Tn)
]

.4.3.5.2 Glasserman and Zhao ApproximationApart from modelling the log-normal Libor rates dire
tly, Glasserman and Zhao [42℄ sug-gests simulating suitable martingales X dire
tly and then re
overing dis
retised Libor ratesthan vi
e-versa (simulating Libor rates �rst and enfor
ing the martingale property X indi-re
tly). They begin with the perfe
t 
orrelation spe
i�
ation of forward Libor in Equation(3.25), 
orresponding to the dynami
s under the terminal measure and then set
Xi(t) =

1

τ

(

Pi(t)

PN+1(t)
− Pi+1(t)

PN+1(t)

)

= Li(t)

N
∏

j=i+1

(1 + τLj(t)), (4.35)for 1 ≤ i ≤ N , where Xi is a martingale under the forward measure QN+1 asso
iated withnumeraire PN+1(.). This follows from the fa
t that the produ
t of both the 
onstant 1
τ ,and the di�eren
e of PN+1(.) de�ated dis
ount bonds, in Equation 4.35, is a martingale.This fa
t is useful for numeri
al simulation (and also for option pri
ing).

X has following property (Glasserman and Zhao [42℄):Lemma 4.3.1 Ea
h Xi is a martingale and satis�es the SDE:
dXi

Xi
=



σi +
N
∑

j=i+1

τXjσj
1 + τXj + · · ·+ τXN



 · dW.This immediately suggests an algorithm for arbitrage-free simulation. We then simulatea dis
retisation of the Xi, ensuring that the dis
retised pro
ess remains a martingale.Similarly, to get the evolution of Xi(t) we use the relation for logXi(t) given by Equation(4.36) below as
Xi(Tn+1) = Xi(Tn) exp {A} , ∀n < i, where (4.36)

A = = −1

2
B2 · (Tn+1 − Tn) +B · (W (Tn+1)−W (Tn)),

B =



σi +

N
∑

j=i+1

τXjσj
1 + τXj + · · ·+ τXN



 .
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al Implementation 53The Libor rates are re
overed using the following relation:
Li =

Xi

1 + τXi+1 + · · ·+ τXN
. (4.37)Be
ause 1) the inherent assumption in the Glasserman and Zhao model is that the noisein the martingale property X is driven by a single fa
tor (d = 1), and 2) that whenderiving the Libor rates as per the relation in Equation (4.35) perfe
t 
orrelation betweenthese forward rates is inferred, dire
tly modelling the martingale property X to re
overLibor rates, for 
ases where d > 1 (as in our multi-fa
tor Libor market model in Equation(3.25)), would not be plausible. Instead we will dire
tly model these forward rates usingthe log-normal approximation in Equation (4.34) and re
over X.

4.3.6 Summary of Estimation Issues for LMMIn this Se
tion we looked at yet another aspe
t of improving e�
ien
y. This time empha-sis was on the estimation issues regarding the Libor model. The main issues are 1) thevolatility fun
tional form, 2) parametri
 model for the 
orrelation matrix, 3) fa
tor redu
-tion te
hniques, 4) 
alibration to market data, and 5) suitable dis
retisation for simulationof Libor rates. The essential attribute for the volatility fun
tion is displaying positivefeatures that en
apsulates both the �nan
ial and 
omputational perspe
tives, and for theLibor model the attribute entails dis
retisation that ensures positive interest rates. A poor
hoi
e of either renders the whole simulation futile.
4.4 SummaryIn this Chapter we have shown that the basi
 MC simulation for 
omputing the 
aptionpri
e is primarily hinged on the evolution of Libor rates Li(t) ∀t ∈ (0, TN ] generatedusing either logLi(t) or logXi(t) dis
retisation. The �ve main inputs to this Libor marketmodel are the standard random number ε, initial term stru
ture of Libor rates Li(0),
orrelation matrix ρ, number of random fa
tors d, and the instantaneous volatility of therates σinst(s, Ti), see Figure 4.6 below. The standard random number ε is inferred fromthe inversion of QRN numbers generated by Halton, Faure, and Sobol algorithms. Thesenumber are preferred over the pseudo random numbers be
ause they improve 
onvergen
eof the estimated 
aption pri
e from order O(1/

√
M) to O(1/M). Also, the a

ura
yof 
aption pri
e is improved by using varian
e redu
tion te
hniques. The market termstru
ture of dis
ount bonds and volatility, respe
tively, initialises the Libor rates at time t =

0, and the model's instantaneous volatility through time-homogeneous varian
e 
alibration.
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Figure 4.6: Numeri
al implementation pro
edure.



5
Implementation Procedure for Pricing Captions

In the summary of the previous Chapter we gave a s
hemati
 representation (see Figure4.6) of the pertinent inputs in the whole exer
ise of pri
ing Captions using MC simulation.The implementation pro
edure we are going to follow stems from this s
heme and 
an be
ategorised into three main themes namely; Initialisation of parameters, Calibration tomarket data, and Pri
ing of Captions. In the following Se
tions we des
ribe the perti-nent algorithms and present the relevant results under ea
h theme. This is followed by adis
ussion of sensitivity analysis results and we end the Chapter by summarising key ideas.This thesis is a

ompanied with the Ex
el program �le �Pri
ing_Captions.xls�1 and theresults that we are going to give in this 
hapter were derived using the VBA programin the Mi
rosoft O�
e Ex
el 2007 pa
kage. Before using the program to pri
e Captions,one is advised to read instru
tions on the sheet �Read-Me�. Mu
h of the a
tual program-
ode was written in VBA than in Matlab. The Matlab part of the program was limitedonly to fun
tion �les that optimises the 
orrelation obje
tive fun
tion Zρ. The way thesefun
tion �les are used in a VBA program is through an Ex
el Link software, whi
h is anadd-in that integrates Mi
rosoft Ex
el and Matlab in a Mi
rosoft Windows-based 
omput-ing environment. By 
onne
ting Ex
el and Matlab, one is able to a

ess the numeri
al,
omputational, and graphi
al power of Matlab from Ex
el worksheet and ma
ro program-ming tools. This pri
ing program was exe
uted on a Intel(R) Core(TM)2 Duo CPU E7400
omputer pro
essor � 2.80GHz, 3.24 GB of RAM.The assumed market data is that used by Glasserman and Zhao [42℄: (i) The Libor rates
Li(0) are given by Li(0) = ln [α+ βi], with α = 1.05127 and β = 5.4455×10−4, spe
i�
ally
hosen so that L0(0) = 5% and L39(0) = 7%. (ii) The market 
ap �at volatilities are givenas σ(Ti) = 15% + 0.25%(i), for i = 0, 1, . . . 39. These simplisti
 values for Li(0) and σ(Ti)are broadly 
onsistent with the US market term stru
ture in the late 1997 [42℄.1The soft 
opy is found in the CD en
losed in the inside ba
k 
over of this thesis do
ument.55



56 5.1 Initialising Modelling Parameters5.1 Initialising Modelling ParametersAll parameters and information from the market are initialised. The 
aplet spot volatilitiesare stripped from 
ap pri
es and the 
aplet varian
e σ2Bla
k76(Ti)Ti is tested for time-homogeneity. These are e�e
ted by Algorithm 5.1, shown below.Algorithm 5.1 Initialisation of parameters.1: Sub Initialise()2: Get user de�ned parameters (dt, TN+1,X ,R, Texp,M, d, et
.).3: Get market information; Li(0), σ, and 
ompute Pi+1(0) and Cap pri
e.4: End Sub5: Sub stripping()6: Use Bise
tion method to strip 
aplet volatility σBlack76(Ti) from 
ap pri
es.7: Che
k if 
aplet varian
e σ2Black76(Ti)Ti is in
reasing. ⊲ Testing homogeneity.8: End Sub
5.1.1 Initialisation ResultsThe market 
aplet varian
e fun
tion σ2Black(Ti)Ti is in
reasing and it ensures the timehomogeneity of the volatility fun
tional form, see Figure 5.1 below.
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Figure 5.1: Homogeneity property.



Chapter 5. Implementation Pro
edure for Pri
ing Captions 575.2 Calibration to Market DataNext, 
riti
al values for the parameters of the volatility σinst(t, Ti) and 
orrelation ρ(Θ, τ)fun
tional forms are 
omputed. Algorithm 5.2, below gives a summary of the pro
edure.Algorithm 5.2 Calibrating to market data.Volatility: Calibration1: Sub solver1()2: Initialise K(Ti) and ϕ(t) to 1 and 
ompute f(Ti − t) using Eq. (4.19).3: Minimise Zσinst using Eq. (4.31). ⊲ Results: 
riti
al values for (a, b, c, d).4: End Sub5: Sub solver2()6: Compute ϕ(t) using Eq. (4.20).7: Minimise Zσinst again using Eq. (4.32). ⊲ Results: 
riti
al values for (ϕ1, . . . , ϕ5).8: Finally 
ompute K(Ti) using Eq. (4.33).9: End SubCorrelation: Calibration10: Sub solver3()11: Initialise ϑi to 1.12: Minimise Zρ using Eq. (4.23). ⊲ Results: 
riti
al ϑi and estimate Cd values.13: Minimise Zρ again using majorization algorithm. ⊲ Results: 
riti
al values for Cd.14: End Sub5.2.1 Calibration Results: Volatility.The pro�le for the respe
tive volatilities is also shown below, in Figure 5.2.
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58 5.2 Calibration to Market DataThe 
riti
al parameters of the instantaneous volatility fun
tional form σinst(t, Ti) = f(Ti−
t)ϕ(t)K(Ti) are given below, in Table 5.1, together with the asso
iated value of the obje
-tive fun
tion Zσinst

. Table 5.1: Constants for volatility fun
tion
Zσinst = 2.4199E-01. (Following from Equation (4.30).)

f(Ti − t) i K(Ti) i K(Ti)

a -2.2012E-01 0 1.0000 10 1.1350
b 1.1234E-03 1 0.9802 11 1.0685
c 4.7976E-03 2 1.0105 12 1.0098
d 3.7012E-01 3 1.0626 13 0.9792

a+ d 1.5000E-01 4 0.9960 14 0.9722
ϕ(t) 5 0.9226 15 0.9784

ϕ1 4.3208E+00 6 0.9093 16 0.9895
ϕ2 2.3673E+00 7 0.9658 17 0.9998
ϕ3 -5.0223E-01 8 1.0687 18 1.0070
ϕ4 -1.6348E+00 9 1.1470 19 1.0109
ϕ5 2.1194E-015.2.2 Calibration Results: CorrelationThe �rst prin
ipal 
omponent explained 82.4% of the variation of the term stru
ture whilethe se
ond and the third 
omponents explained 13.0% and 3.0%, respe
tively. The 
orre-lation matrix ρ and its �rst three prin
ipal 
omponents are displayed below, in Figure 5.3.
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Figure 5.3: Forward rate 
orrelation and its �rst three prin
ipal 
omponents.The 
riti
al parameters of the 
orrelation fun
tional form ρ(Θ, τ) are given in Table 5.2
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ing Captions 59below, together with the asso
iated value of the obje
tive fun
tion Zρ.Table 5.2: Constants for 
orrelation fun
tion
Zρ = 3.2272E-02. (Following from Equation (4.23).)

i ϑi i ϑi i ϑi0 6.22893 7 6.28347 14 6.285051 6.28811 8 6.30628 15 6.308262 6.32557 9 6.32670 16 6.331583 6.33158 10 6.32670 17 6.325574 6.30826 11 6.30628 18 6.288115 6.28505 12 6.28347 19 6.228936 6.27621 13 6.27621
5.3 Pri
ing CaptionsBy this time volatility σinst and 
orrelation ρ are fully expressed by the fun
tional forms.Hen
e, all the essential variables (ρd, Cd, et
.) to simulate multi-fa
tor (d > 1) Libor ratesare now determined. The Libor rates were simulated using logLi dis
retisation, ex
ept forthe 
ase d = 1 where the Libor rates 
ould either be simulated by using logXi or logLidis
retisation for any Monte Carlo 
hoi
e.The normal random number is 
omputed and the appropriate dis
retisation is 
arried outand at ea
h time step the bond pri
es, volatility, and Brownian motion are 
omputed andthis 
ompletes a single run of the Monte-Carlo simulation for the Libor rates. With theLibor rates path established, payo�s for 
aplets, Cap(Texp) pri
es, and Caption payo�sbe
ome feasible to 
ompute in ea
h simulation run. The Monte Carlo simulation thenrepeats thisM times and �nds the average pri
e for the Caption and its asso
iated standarderror. Algorithm 5.3 below shows this pro
edure.Algorithm 5.3 Pri
ing of Captions.1: Sub Pri
ing Captions()2: Choose tpye of: dis
retisation, Monte Carlo, Rand # generator, and Inversion.3: Caption0 = 0. ⊲ Initialising Caption pri
e.4: for sim = 1 :M(103) do ⊲ M is number of simulations.5: Cap0 = 0. ⊲ Initialising 
ap pri
e.6: for i = 1 : N(19) do7: Compute Pseudo/QR number and invert it to standard random number ε.8: Compute path (t 6= 0) for; dWi(t), Li(t), Pi(t), σinst(t), et
.9: Compute Cap(Texp) pri
e using Eq. (3.10). ⊲ Capi = Capi−1 + 
apleti10: End for11: Captionsim = Captionsim−1 + P (0, Texp)[Cap(Texp)− X ]+ ⊲ Using Eq. (3.9).12: End for13: Compute the average pri
e and Standard error. ⊲ Using Eq. (4.3) and Eq. (4.4).14: End Sub



60 5.3 Pri
ing Captions5.3.1 Simulation Results: Typi
al path for Libor ratesA path-snippet of the Libor rates using logXi and logLi dis
retisation for both Basi
 andAntivariate Monte Carlo simulation is shown below, in Figure 5.4.

Figure 5.4: Simulated Libor ratesThe appealing feature for both dis
retisation, as dis
ussed in Subse
tion 4.3.5, is that theyensure positive interest rates and the above Libor rate paths, Figure 5.4, manifest this
onje
ture.5.3.2 Simulation Results: Typi
al path for other variablesThe di�erent input variables resulted in various Caption pri
es. The properties for theCaption were the following: time for maturity Texp is 5 years and assuming a unit notionalprin
ipal (N = 1), the strike for both the Caption and the Caplet is 5.1% and 3.1%,respe
tively. During ea
h simulation run, using the logLi dis
retisation, values of thedi�erent variables were updated and Table 5.3, on the fa
ing page, shows a typi
al pathevaluation of some variables leading to the 
omputation of the 
ap pri
e Cap(Texp). Adetailed table showing these values 
an be viewed in the a

ompanying Ex
el program �le�Pri
ing_Captions.xls�.For a 
ombination of Monte Carlo type (Basi
 or Antivariate) and random number gener-ator (Ex
el default, QRNs) di�erent Caption payo�s were 
omputed. AfterM simulations
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Table 5.3: Typi
al path evaluation (For: M=8, logLi, Antivariate, QRN=Faure, and using Moro's Inversion).
Ti T0 = 0 T1 = 0.5 T2 = 1.0 · · · Texp=10 = 5.0 T11 = 5.5 T12 = 6.0 T13 = 6.5 · · · T17 = 8.5 T18 = 9.0 T19 = 9.5

∆W 20
0 (t) -0.8101 0.3476 · · · 0.3014 -0.0398 0.9038 -1.1259 · · · -0.6999 0.4198 -0.1874

∆W 20
1 (t) 0.8168 -1.3075 · · · -0.8961 0.0433 -0.2976 0.6095 · · · 0.9530 -1.4449 0.1482

∆W
20

2 (t) -0.3437 0.5514 · · · 0.7406 -0.7346 0.3953 -0.1235 · · · -0.2751 0.5236 -0.5751
C0,: -0.8176 0.4990 0.2872

C1,: -0.8451 0.4866 0.2215... ... ... ...

C18,: -0.8444 -0.4875 0.2219

C19,: -0.8169 -0.4999 0.2876

ρd0,: 1.0000 0.9977 0.9903 · · · 0.7099 0.6693 0.6332 0.6028 · · · 0.5243 0.5111 0.5000

ρd1,: 0.9977 1.0000 0.9975 · · · 0.7503 0.7096 0.6721 0.6389 · · · 0.5440 0.5264 0.5111... ... ... . . . · · · · · · · · · · · · · · · · · · . . . ... ...

ρd18,: 0.5111 0.5264 0.5440 · · · 0.7927 0.8358 0.8785 0.9180 · · · 0.9975 1.0000 0.9977

ρd19,: 0.5000 0.5111 0.5243 · · · 0.7535 0.7990 0.8453 0.8895 · · · 0.9903 0.9977 1.0000

L0(t) 5.000%

L1(t) 5.104% 5.866%

L2(t) 5.207% 6.449% 5.839%... ... ... ... . . . · · · · · · · · · · · · · · · . . .

L18(t) 6.848% 7.145% 7.544% · · · 6.968% 6.820% 6.385% 6.844% · · · 6.817% 7.161%

L19(t) 6.949% 7.098% 7.517% · · · 6.984% 6.813% 6.454% 6.848% · · · 6.846% 7.213% 7.130%

P0(t) 1.0000

P1(t) 0.9756 1.0000

P2(t) 0.9513 0.9715 1.0000... ... ... ... . . . · · · · · · · · · · · · · · · · · · . . .

P19(t) 0.5742 0.5203 0.5527 · · · 0.7493 0.7735 0.8196 0.8213 · · · 0.9352 0.9654 1.0000

P20(t) 0.5549 0.5025 0.5327 · · · 0.7240 0.7480 0.7940 0.7941 · · · 0.9043 0.9318 0.9656Caplet(Texp) 0.0061 0.0054 - 0.0063 · · · 0.0069 0.0079 0.0075Cap(Texp) 0.0614



62 5.4 Sensitivity Analysisthe average pri
e and asso
iated error for ea
h s
enario were 
omputed and Figure 5.5below shows these various pri
es.
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Figure 5.5: Caption pri
es as a result of di�erent inputs.What is apparent is that the pri
e and error asso
iated with the use of the QRNs is farsmaller 
ompared to that asso
iated with pseudo-random numbers. Another observation isthat, with the use of QRNs, the error asso
iated with Antivariate MC is smaller than thatasso
iated with Basi
 MC. These observations 
omplement our theory, dis
ussed in Se
tion4.2, of improving 
omputational e�
ien
y by using; 1) QRNs instead of pseudo-randomnumbers, and 2) Antivariate MC simulations instead of Basi
 MC simulations. Hen
e, thepreferred simulation for the multi-fa
tor Libor Market Model is the Antivariate te
hniqueusing QRNs.Based on a unit notional prin
ipal (N = 1), the average pri
e derived from the use ofpseudo-random numbers is 426±12 basis points for both Monte Carlo methods (Basi
 andAntivariate), whereas for the quasi-random numbers it is 116 ± 3 basis points. The deltaand gamma for these are 2.546E − 02 and 2.736E − 02. The absolute value of gamma islarge and this implies that delta for the Caption is highly sensitive to the pri
e of the 
ap.Therefore, it is very risky to leave a portfolio of these options delta-neutral for any lengthof time. Re-balan
ing of the portfolio should be done often.5.4 Sensitivity AnalysisThe main variables that were sensitised are shown in Table 5.4 on the next page. What isobserved is that the Caption pri
e is very sensitive to Caption strike X , time to maturity
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Texp, and a �at term stru
ture of interest rates. A 
hange in any of these variables a�e
tsthe Caption pri
e by more than 50%. On the other hand, a 
hange in the volatilityfun
tional form σinst(t, Ti), and number of simulations M , 
omparatively, a�e
t the pri
eof the Caption by 12% at most. We also note that the 
hange in delta 
orresponding to
σinst(t, Ti) is almost 100%, whi
h implies that a portfolio of Captions should be hedgedoften during volatile market 
onditions.Table 5.4: Sensitivity of model variables.Variable Change in Variable Change in Pri
e Change in Delta

σinst(t, Ti) -5% -1.1% -97.4%+5% 5.4% 2.5%Strike X 1.5% 70.4% 15.8%4.5% -60.7% -47.5%
M 5× 104 3.5% 2.1%

105 12.0% 10.3%
Texp 4years 327.6% 162.4%

6 years -52.2% -42.9%
Li(0)(=5%) �at term stru
ture 5% -96.2% -83.5%
Li(0)(=6%) �at term stru
ture 6% -62.4% -53.9%5.5 SummaryIn this Chapter we implemented the pri
ing pro
edure for Captions. This pro
edure hasthree main algorithms and these are initialisation of parameters, 
alibration to marketdata, and pri
ing Captions. We found that (i) the best MC simulation is using Antitheti
variate method in
orporating QRNs, (ii) holding a delta-neutral position in a portfolio ofCaptions for any length of time is not ideal due to the large absolute value of gammawhi
h suggest re-balan
ing of the portfolio should be done often, and (iii) the Captionpri
e is very sensitive to 
hanges in the Caption strike pri
e X , time to maturity Texp, andinitial term stru
ture of Libor rates Li(0) than to 
hanges in the volatility fun
tional form

σinst(t, Ti), and number of simulations M .In the next Chapter we suggest the e�
ient way of pri
ing Captions and possible futurework in this area.



6
The Efficient Way and Future Work

The Caption is one of 
ommon European style exoti
 options dis
ussed in literature andis within the 
lass of derivatives that has no 
losed form solution. A

urately pri
ingand hedging exoti
 derivatives is a 
hallenge for traders and more so if the derivativeis an interest rates produ
t as opposed to equities produ
t. This is be
ause pri
ing anyinterest rate produ
t requires the whole zero 
oupon yield 
urve (typifying a ve
tor variable)whereas a sto
k option its just the sto
k typifying a s
alar variable. Studying e�
ientnumeri
al solutions to pri
e Captions makes it of parti
ular interest to study and was thereason behind the in
eption of this thesis. We studied Monte Carlo simulation in order to
al
ulate the pri
e and hedge parameters of this option.6.1 Con
lusionThe basi
 Monte Carlo simulation was 
omputationally ine�
ient, hen
e, we improved itse�
ien
y by using Antivariate MC simulation in 
onjun
tion with quasi random numbers
oupled with either Moro's algorithm or Ex
el's NormsInv fun
tion. E�
ien
y was alsoimproved by using;� Time homogeneous volatility term stru
ture whose fun
tional form has positive �-nan
ial an 
omputational features.� Rank redu
ed 
orrelation matrix instead of full rank matrix, whi
h 
osts expensive
omputational.� Log-normal and Glasserman and Zhao Approximations be
ause they ensure positiveLibor rates (i.e. Li(t) > 0).A sensitivity analysis was 
arried and the following results were obtained� A naive 
hoi
e of the volatility fun
tional form σinst(t, Ti) 
an easily produ
e a in-e�
ient 
omputation that has no �nan
ial bearing on the position the trader takes,resulting in erroneous pri
ing and hedging strategies.64



Chapter 6. The E�
ient Way and Future Work 65� The best deal for buying this option (Caption) 
an be stru
k by a good negotiationof the strike pri
e X and time to maturity Texp.6.2 Re
ommendationsWhen developing the simulation model, and when 
omputing some parameters 
ertainassumptions were made and to as
ertain stability of our model we suggest 
ertain 
onsid-erations outlined below for future work around this topi
.� We limited our dis
retisation types to logLi(t) and Glasserman and Zhao [42℄, and thelatter model 
ould only be used for the 
ase d = 1. Perhaps other drift approximation(predi
tor-
orre
tor) methods as introdu
ed by Joshi and Sta
ey [61℄ 
ould be used.� The �Greeks� or hedge parameters were 
omputed using �nite di�eren
e methods,perhaps 
omputing these parameters using the �Malliavin Cal
ulus� 
ould be 
onsid-ered, Benhamou [11℄.� Instead of using term stru
ture of Libor rates re
ommended by Glasserman and Zhao[42℄ (i.e. Li(0) = ln [α+ βi]), use a Libor yield 
urve obtained by a bootstrap methodon a 
ombination of spot Libor rates, forward rate agreements (FRA), futures andswap rates (Alexander and Lvov [3℄), using a stable interpolation method. Haganand West [44℄ propose a monotone 
onvex spline interpolation instead of the popular
ubi
 spline be
ause it over
omes the problem of negative forward rates.� Rebonato [86℄ argued that, though the modern pri
ing framework is powerful andpra
ti
ally useful, it is only as good as the input volatilities and to a lesser extent on
orrelation. Going forward, we suggest the following:� Instead of assuming volatility skew is non-existent, in
orporate 
onstant elas-ti
ity of varian
e (CEV) model to handle this.� Instead of using Glasserman and Zhao [42℄ market data for 
alibration of forwardrate volatilities, use 
urrent market data.� Instead of using Tanimura and Yamada [96℄ parsimonious parameterization (em-piri
al market model) of the 
orrelation matrix, use either histori
al or 
urrentmarket data.



Part II
Evolution Of Finan
ial MarketsAfter The Credit Crun
h Crisis

66



7
Introduction

Before the 
redit 
run
h of 2007, the interest rates quoted in the market showed typi
al
onsisten
ies that we learned on books. These 
onsisten
ies between rates allowed the
onstru
tion of a well-de�ned zero-
oupon 
urve, typi
ally using bootstrapping te
hniquesin 
onjun
tion with interpolation methods. Di�eren
es between similar rates were presentin the market, but generally regarded as negligible. For instan
e, deposit (Xibor based)rates and OIS (EONIA based for EUR) rates for the same maturity would 
hase ea
h other,but keeping a safety distan
e (the basis) of a few basis points. Similarly, swap rates withthe same maturity, but based on di�erent lengths for the underlying �oating rates, wouldbe quoted at a non-zero (but again negligible) spread.Then, August 2007 arrived, and our 
onvi
tions be
ame questionable. The liquidity 
risiswidened the basis, so that market rates that were 
onsistent with ea
h other suddenlyrevealed a degree of in
ompatibility that worsened as time passed by. For instan
e, theforward rates implied by two 
onse
utive deposits be
ame di�erent than the quoted FRArates or the forward rates implied by OIS quotes. Remarkably, this divergen
e in valuesdoes not 
reate arbitrage opportunities when 
redit or liquidity issues are taken into a
-
ount. As an example, a swap rate based on semi-annual payments of the six-month Liborrate 
an be di�erent (and higher) than the same-maturity swap rate based on quarterlypayments of the three-month Libor rate.These fa
ts had a very strong impa
t on the �nan
ial 
ommunity, sin
e they questionedboth our understanding of the working of the interest rate market during the 
redit 
risis,and the te
hniques and relations used by all banks to 
onstru
t the term stru
ture ofdis
ount fa
tors to be used for pri
ing all �nan
ial produ
ts. Various papers dealing withthis new situation were re
ently put forward in the literature. Among the most relevantwe re
all Mer
urio [67℄, Ametrano and Bian
hetti [4℄, Bian
hetti [12℄, Henrard [51℄. Mostof these works fo
us on �nding methodologies for building 
onsistent interest rate modelsor 
urves also in the 
ontext of anomalous interest rate quotes, and fo
us on abstra
tframeworks. Mer
urio [67℄ takes FRA quotes as new separate inputs for a larger Libormarket model, Bian
hetti [12℄ re
ognizes an analogy between FX pri
ing and the pri
ing ofinterest rate derivatives when the dis
ounting is de
oupled from the indexation of the rates67



68in the payo�, Henrard [51℄ follows an axiomati
 approa
h to make the standard frameworkto term stru
ture bootstrapping 
onsistent with the multi
urve situation generated by thepresen
e of large basis spreads.These fri
tions have thus indu
ed a sort of �segmentation" of the interest rate market intosub-areas, mainly 
orresponding to instruments with 1M , 3M , 6M , 12M underlying ratetenors, 
hara
terized, in prin
iple, by di�erent internal dynami
s, liquidity and 
redit riskpremia, re�e
ting the di�erent views and interests of the market players. This is a 
entralproblem in the interest rate market, with many 
onsequen
es in trading, �nan
ial 
ontrol,risk management and IT, whi
h still la
ks attention in the �nan
ial literature. The needto adopt 
orresponding fundamental and stru
tural 
hanges in the mathemati
al tools andte
hnology (see Figure 1.1 on page 3), is therefore, not a one man's responsibility but all
ombined (i.e. market pra
titioners, quantitative resear
hers, and IT developers).In order to �nd e�
ient Monte Carlo Simulations to pri
e Captions, post the 
redit 
run
h
risis, we will require the �owing-together of �nan
ial markets, mathemati
al tools, andte
hnology to be adopted. And whilst not yet adopted by all �nan
ial fraternity members,in this Part (II) of the thesis, we are going to show, theoreti
ally, how to generalize themain (interest rate) market models so as to a

ount for the new market pra
ti
e of usingmultiple 
urves for ea
h single 
urren
y, and the main 
onsulted sour
es are: Morini [73℄,Ametrano and Bian
hetti [4℄, Bian
hetti [12℄, Mer
urio [67℄, and Mer
urio [68℄.The rest of Part II is organized as follows. In Chapter 8 we �x the notation, and revisit somegeneral 
on
epts of standard no-arbitrage single-
urve pri
ing and we formalize the double-
urve pri
ing framework, showing how no-arbitrage is broken and formally re
overed withthe introdu
tion of forward basis. In Chapter 9, we summarize the transition of marketpra
ti
es for pri
ing and hedging IRDs during the 
redit 
run
h 
risis. In Chapter 10, weextend the market Bla
k formulas for pri
ing 
ap(let)s to double-
urve 
ase. In Chapter11, we introdu
e the extended log-normal Libor market models and derive the FRA andforward rate dynami
s under terminal measure, and the pri
ing formula for Captions.Finally, in Chapter 12, we give 
on
luding remarks.



8
Basic Definitions, Assumptions and Notation

Following the dis
ussion above, we denote with Mx, x = {d, f1, . . . , fn} multiple distin
tinterest rate sub-markets, 
hara
terised by the same 
urren
y and by distin
t bank a

ount
Bx, su
h that

Bx(t) = exp

∫ t

0
rx(u)du (8.1)where rx(t) are the asso
iated short rates, and t is time within trading interval [0, T ]. Wealso have multiple yield 
urves Cx in the form of a 
ontinuous term stru
ture of dis
ountfa
tors.

Cx = {T → Px(t, T ), T ≥ t} (8.2)where t is the referen
e date of the 
urves (e.g. settlement date, or today) and Px(t, T )denotes the pri
e at time 0 ≤ t ≤ T of the Mx-zero 
oupon bond for maturity T , su
h that
Px(T, T ) = 1. Similar to a dis
ussion in Se
tion 3.1, these bonds are assumed to have apre-spe
i�ed 
olle
tion of settlement dates 0 = T0 < T1 < · · · < TN < TN+1 = T . And forsimpli
ity, in ea
h sub-market Mx, the interval between the reset dates (also 
alled tenor)is assumed 
onstant and is denoted by τx,i = Ti+1 − Ti = τx, where i = 0, 1, . . . , N.In ea
h sub-market Mx we postulate the usual no arbitrage relation:

Px(t, Ti+1) = Px,i+1(t) = Px(t, Ti)Px(t, Ti, Ti+1), t ≤ Ti < Ti+1, (8.3)where Px(t, Ti, Ti+1) denotes the Mx forward dis
ount fa
tor from time Ti+1 to time Ti,prevailing at time t. The �nan
ial meaning of Equation (8.3) is that, in ea
h market Mx,given a 
ash �ow of one unit of 
urren
y at time Ti+1, its 
orresponding value at time
t < Ti+1 must be unique, both if we dis
ount in one single step from Ti+1 to t, using thedis
ount fa
tor Px(t, Ti+1), and if we dis
ount in two steps, �rst from Ti+1 to Ti, usingthe forward dis
ount Px(t, Ti, Ti+1) and then from Ti to t, using Px(t, Ti). Denoting with
Fx(t;Ti, Ti+1) the simple 
ompounded forward rate asso
iated to Px(t, Ti, Ti+1), resetting69



70at time Ti and 
overing the time interval [Ti, Ti+1], we have
Px(t, Ti, Ti+1) =

Px,i+1(t)

Px,i(t)
=

1

1 + τx,iFx(t, Ti, Ti+1)
, (8.4)From Equation (8.3) we obtain the familiar no arbitrage expression

Fx(t;Ti, Ti+1) = Fx,i(t) =
1

τx,i

[

1

Px(t, Ti, Ti+1)
− 1

]

,

=
Px,i(t)− Px,i+1(t)

τx,iPx,i+1(t)
. (8.5)Equation (8.5) 
an be also derived (Brigo and Mer
urio [20℄, Se
tion 1.4) as the fair value
ondition at time t of the Forward Rate Agreement (FRA) 
ontra
t with payo� at maturity

Ti+1 given by
FRAx(Ti+1;Ti, Ti+1,K,N ) = N τx,i[Lx(Ti, Ti+1)−K], where (8.6)

Lx(Ti, Ti+1) = Lx,i(Ti) =
1− Px(Ti, Ti+1)

τx,iPx(Ti, Ti+1)
. (8.7)

N is the nominal amount, Lx,i(Ti) is the Ti-spot Xibor rate for maturity Ti+1 and K the(simply 
ompounded) strike rate (sharing the same day-
ount 
onvention for simpli
ity).Introdu
ing expe
tations we have, ∀t ≤ Ti < Ti+1,
FRAx(t;Ti, Ti+1,K,N ) = Px,i+1(t)E

Q
i+1
x

t [FRA(Ti+1;Ti, Ti+1,K,N )]

= NPx,i+1(t)τx,i

{

E
Q

i+1
x

t [Lx(Ti, Ti+1)]−K
}

= NPx,i+1(t)τx,i [Fx(t;Ti, Ti+1)−K] .

Qi+1
x denotes the Mx−Ti+1−forward measure 
orresponding to the numeraire Px(t, Ti+1),

E
Q

i+1
x

t [.] denotes the expe
tation at time t with respe
t to measure Qi+1
x and �ltration Ft,en
oding the market information available up to time t. We have assumed the standardmartingale property of forward rates

Fx(t;Ti, Ti+1) = E
Q

i+1
x

t [Fx(Ti;Ti, Ti+1)] = E
Q

i+1
x

t [Lx(Ti, Ti+1)] , (8.8)to hold in ea
h interest rate market Mx (Brigo and Mer
urio [20℄). We stress that theassumptions above imply that ea
h sub-market Mx is internally 
onsistent and has thesame properties of the "
lassi
" interest rate market before the 
risis. This is surely astrong hypothesis, that 
ould be relaxed in more sophisti
ated frameworks (Bian
hetti[12℄).
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Transition to Multiple-Curve Pricing Framework

Now that we have, in the previous 
hapter, �xed the notation, in this 
hapter we de-s
ribe the evolution of the market pra
ti
e for pri
ing and hedging interest rate derivativesthrough the 
redit 
run
h 
risis. We start by reviewing market pra
ti
es (single-
urveframework) for pri
ing and hedging of IRDs before the 
redit 
run
h 
risis. We end the
hapter by doing same in the multiple-
urve framework.We use 
onsistently the notation des
ribed in the previous 
hapter, 
onsidering a gen-eral single-
urren
y interest rate derivative with N + 1 future 
oupons with payo�s π =

{π0, . . . , πN}, with πi = πi(Fx), generating N + 1 
ash �ows c = {c1, . . . , cN+1}, at futuredates T = {T1, . . . , TN+1}, with t < T1 < . . . < TN+1.9.1 Single-Curve FrameworkThe pre-
risis standard market pra
ti
e was based on a single-
urve pro
edure, well knownto the �nan
ial world, that 
an be summarised as follows (Ron [89℄, Hagan and West [44℄,Andersen [6℄, and Hagan and West [45℄, op.
it. Bian
hetti [12℄):1. sele
t a single �nite set of the most 
onvenient (i.e. liquid) interest rate vanilla in-struments traded on the market with in
reasing maturities and build a single yield
urve Cd using the preferred bootstrapping pro
edure (pillars, priorities, interpola-tion, et
.); for instan
e, a 
ommon 
hoi
e in the EUR market is a 
ombination of shortterm EUR deposits, medium-term Futures/FRA on Euribor3M and medium/longterm swaps on Euribor6M ;2. for ea
h interest rate 
oupon i ∈ {0, 1, . . . , N} 
ompute the relevant forward ratesusing the given yield 
urve Cd as in Equation (8.5),
Fd,i(t) =

Pd,i(t)− Pd,i+1(t)

τd,iPd,i(t)
, t ≤ Ti < Ti+1,
ompute 
ash �ows ci+1 as expe
tations at time t of the 
orresponding 
oupon payo�s

πi(Fd) with respe
t to the Ti+1-forward measure Qi+1
d , asso
iated to the numeraire71
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Pd,i+1(t) from the same yield 
urve Cd,

ci+1(t) = c(t, Ti+1πi) = E
Qi+1

d
t [πi(Fd)] ; (9.1)3. 
ompute the relevant dis
ount fa
tors Pd,i+1(t) from the same yield 
urve Cd;4. 
ompute the derivative's pri
e at time t as the sum of the dis
ounted 
ash �ows,

π(t;T ) =

N
∑

i=0

Pd,i+1(t)ci+1(t) =

N
∑

i=0

Pd,i+1(t, Ti)E
Q

i+1
d

t [πi(Fd)] ;5. 
ompute the delta sensitivity with respe
t to the market pillars of yield 
urve Cd andhedge the resulting delta risk using the suggested amounts (hedge ratios) of the sameset of vanillas.For instan
e, a 7.5Y maturity EUR �oating swap leg on Euribor1M (not dire
tly quotedon the market) is 
ommonly pri
ed using dis
ount fa
tors and forward rates 
al
ulated onthe same depo-Futures-swap 
urve 
ited above. The 
orresponding delta risk is hedgedusing the suggested amounts (hedge ratios) of 7Y and 8Y Euribor6M swaps.Noti
e that step 3 above has been formulated in terms of the pri
ing measure Qi+1
d asso-
iated to the numeraire Pd,i+1(t). This is 
onvenient in our 
ontext be
ause it emphasizesthat the numeraire is asso
iated to the dis
ounting 
urve. Obviously any other equivalentmeasure asso
iated to di�erent numeraires may be used as well.We stress that this is a single-
urren
y-single-
urve approa
h, in that a unique yield 
urveis built and used to pri
e and hedge any interest rate derivative on a given 
urren
y.Thinking in terms of more fundamental variables, e.g. the short rate, this is equivalentto assuming that there exist a unique fundamental underlying short rate pro
ess able tomodel and explain the whole term stru
ture of interest rates of all tenors.It is also a relative pri
ing approa
h, be
ause both the pri
e and the hedge of a derivativeare 
al
ulated relatively to a set of vanillas quoted on the market. We noti
e also that itis not stri
tly guaranteed to be arbitrage-free, be
ause dis
ount fa
tors and forward ratesobtained from a given yield 
urve through interpolation are, in general, not ne
essarily
onsistent with those obtained by a no arbitrage model; in pra
ti
e bid-ask spreads andtransa
tion 
osts hide any arbitrage possibilities.Finally, we stress that the �rst key point in the pro
edure is mu
h more a matter ofart than of s
ien
e, be
ause there is no unique �nan
ially sound re
ipe for sele
ting thebootstrapping instruments and, in prin
iple, none is better than the others.9.2 Multiple-Curve FrameworkUnfortunately, the pre-
risis approa
h outlined in the previous se
tion is no longer 
onsis-tent, at least in its simple formulation, with the present market 
onditions. First, it does
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ing Framework 73not take into a

ount the market information 
arried by basis swap spreads, now mu
hlarger than in the past and no longer negligible. Se
ond, it does not take into a

ountthat the interest rate market is segmented into sub-areas 
orresponding to instrumentswith distin
t underlying rate tenors, 
hara
terized, in prin
iple, by di�erent dynami
s (e.g.short rate pro
esses). Thus, pri
ing and hedging an interest rate derivative on a single yield
urve mixing di�erent underlying rate tenors 
an lead to �dirty" results, in
orporating thedi�erent dynami
s, and eventually the in
onsisten
ies, of distin
t market areas, makingpri
es and hedge ratios less stable and more di�
ult to interpret. On the other side, themore the vanillas and the derivative share the same homogeneous underlying rate, the bet-ter ought to be the relative pri
ing and the hedging. Third, by no arbitrage, dis
ountingmust be unique: two identi
al future 
ash �ows of whatever origin must display the samepresent value; hen
e we need a unique dis
ounting 
urve.In prin
iple, a 
onsistent 
redit and liquidity theory would be required to a

ount for theinterest rate market segmentation. This would also explain the reason why the asymme-tries 
ited above do not ne
essarily lead to arbitrage opportunities, on
e 
ounterparty andliquidity risks are taken into a

ount. Unfortunately su
h a framework is not easy to 
on-stru
t (see Mer
urio [67℄, and Morini [73℄; ibid. [12℄). In pra
ti
e an empiri
al approa
h hasprevailed on the market, based on the 
onstru
tion of multiple �forwarding" yield 
urvesfrom plain vanilla market instruments homogeneous in the underlying rate tenor, used to
al
ulate future 
ash �ows based on forward interest rates with the 
orresponding tenor,and of a single �dis
ounting" yield 
urve, used to 
al
ulate dis
ount fa
tors and 
ash �ows'present values. Consequently, interest rate derivatives with a given underlying rate tenorshould be pri
ed and hedged using vanilla interest rate market instruments with the sameunderlying rate tenor. The post-
risis market pra
ti
e may thus be summarised in thefollowing working pro
edure:1. build one dis
ounting 
urve Cd using the preferred sele
tion of vanilla interest ratemarket instruments and bootstrapping pro
edure;2. build multiple distin
t forwarding 
urves Cf1 , . . . ,Cfn using the preferred sele
tionsof distin
t sets of vanilla interest rate market instruments, ea
h homogeneous inthe underlying Xibor rate tenor (typi
ally with 1M , 3M , 6M , 12M tenors) andbootstrapping pro
edures;3. for ea
h interest rate 
oupon i ∈ {0, . . . , N} 
ompute the relevant forward rates withtenor τx,i using the 
orresponding yield 
urve Cx as in Equation (8.5),
Fx,i(t) =

Px,i(t)− Px,i+1(t)

τx,iPx,i+1(t)
, t ≤ Ti < Ti+1; (9.2)4. 
ompute 
ash �ows ci+1 as expe
tations at time t of the 
orresponding 
oupon payo�s

πi(Ff ) with respe
t to the dis
ounting Ti+1-forward measure Qi+1
d , asso
iated to the
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ci+1(t) = c(t, Ti+1, πi) = E

Qi+1
d

t [πi(Ff )] ;5. 
ompute the relevant dis
ount fa
tors Pd,i+1(t) from the dis
ounting yield 
urve Cd;6. 
ompute the derivative's pri
e at time t as the sum of the dis
ounted 
ash �ows,
π(t;T ) =

N
∑

i=0

Pd,i+1(t)ci+1(t) =

N
∑

i=0

Pd,i+1(t)E
Q

i+1
d

t [πi(Ff )] ;7. 
ompute the delta sensitivity with respe
t to the market pillars of ea
h yield 
urve
Cd,Cf1 , . . . ,Cfn and hedge the resulting delta risk using the suggested amounts (hedgeratios) of the 
orresponding set of vanillas.For instan
e, the 7.5Y �oating swap leg 
ited in the previous Se
tion, is 
urrently pri
edusing Euribor1M forward rates 
al
ulated on the C1M forwarding 
urve, boot-strappedusing Euribor1M vanillas only, plus dis
ount fa
tors 
al
ulated on the dis
ounting 
urve

Cd. The delta sensitivity is 
omputed by sho
king one by one the market pillars of both
C1M and Cd 
urves and the resulting delta risk is hedged using the suggested amounts(hedge ratios) of 7Y and 8Y Euribor1M swaps plus the suggested amounts of 7Y and 8Yinstruments from the dis
ounting 
urve Cd.Su
h multiple-
urve framework is 
onsistent with the present market situation, but thereis no free lun
h, it is also more demanding. First, the dis
ounting 
urve 
learly plays aspe
ial and fundamental role, and must be built with parti
ular 
are. This �pre-
risis"obvious step has be
ome, in the present market situation, a very subtle and 
ontrover-sial point, that would require a whole paper in itself (Henrard [50℄, ibid. [12℄). In fa
t,while the forwarding 
urves 
onstru
tion is driven by the underlying rate homogeneityprin
iple, for whi
h there is (now) a general market 
onsensus, there is no longer, at themoment, general 
onsensus for the dis
ounting 
urve 
onstru
tion. At least two di�erentpra
ti
es 
an be en
ountered in the market: a) the old �pre-
risis" approa
h (e.g. the depo,Futures/FRA and swap 
urve 
ited before), that 
an be justi�ed with the prin
iple of max-imum liquidity (plus a little of inertia), and b) the OIS 
urve, based on the overnight rate(Eonia for EUR), 
onsidered as the best proxy to a risk free rate available on the marketbe
ause of its 1-day tenor, justi�ed with 
ollateralised (risk-less) 
ounterparties (see Madi-gan [66℄, GSa [2℄ ibid. [12℄). Se
ond, building multiple 
urves requires multiple quotations:many more bootstrapping instruments must be 
onsidered (deposits, Futures, swaps, basisswaps, FRAs, et
., on di�erent underlying rate tenors), whi
h are available on the marketwith di�erent degrees of liquidity and 
an display transitory in
onsisten
ies. We refer thereader to the works of Ametrano and Bian
hetti [4℄, for a detailed dis
ussion on boot-strapping multiple yield 
urves. Third, non trivial interpolation algorithms are 
ru
ial toprodu
e smooth forward 
urves (see Hagan and West [44, 45℄, Ametrano and Bian
hetti[4℄, ibid. [12℄). Fourth, multiple bootstrapping instruments implies multiple sensitivities,
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ing Framework 75so hedging be
omes more 
ompli
ated. Last but not least, pri
ing libraries, platforms,reports, et
. must be extended, 
on�gured, tested and released to manage multiple andseparated yield 
urves for forwarding and dis
ounting; and this is not a trivial task forquants, risk managers, developers and IT people.The stati
 multiple-
urve pri
ing and hedging methodology des
ribed above 
an be ex-tended, in prin
iple, by adopting multiple distin
t models for the evolution of the under-lying interest rates with tenors τf1 , . . . , τfn to 
al
ulate the future dynami
s of the yield
urves Cf1 , . . . ,Cfn and the expe
ted 
ash �ows. The volatility (and/or 
orrelation) de-penden
ies 
arried by su
h models imply, in prin
iple, bootstrapping multiple distin
tvarian
e/
ovarian
e matri
es and hedging the 
orresponding sensitivities using volatility(and 
orrelation) dependent vanilla market instruments. Su
h more general approa
h hasbeen 
arried by Mer
urio [67℄ (ibid. [12℄) in the 
ontext of generalised market models.In the next 
hapter we show how to value 
ap(let)s under our assumption of distin
tforward and dis
ount 
urve by deriving pri
ing formulas, whi
h will result in modi�
ationsof the 
orresponding Bla
k-like formulas governed by our double-
urve framework.



10
Market Formula for Pricing Cap(let)s

As is well known, the formal justi�
ations for the use of Bla
k-like formulas for 
ap(let)s
ome from the log-normal LMM of Bra
e et al. [16℄ and Miltersen et al. [72℄ (a detailedjusti�
ation is given in Part I, Subse
tion 3.5.3). To be able to adapt su
h formulas toour double-
urve 
ase, we will have to reformulate a

ordingly the 
orresponding marketmodels. Again, the 
hoi
e of the dis
ount 
urve Pd depends on the 
redit worthiness ofthe 
ounterparty and on the possible presen
e of a 
ollateral mitigating the 
redit riskexposure.We �rst 
onsider the 
ase of a 
aplet paying out at time Ti+1

τx,i [Fx,i(t)=K]+ . (10.1)To pri
e su
h payo� in the basi
 single-
urve 
ase, one noti
es that the forward rate Fx,iis a martingale under the Ti+1-forward measure Qi+1
x for 
urve x, and then 
al
ulates thetime-t 
aplet pri
e

Caplet(t,K;Ti, Ti+1) = τx,iPx,i+1(t)E
Q

i+1
x

t

{

[Fx,i(t)=K]+|Ft

}

,a

ording to the 
hosen dynami
s. For instan
e, the 
lassi
 
hoi
e of a drift-less geometri
Brownian motion
dFx,i(t) = σiFx,i(t)dW i+1

x,i , t ≤ Ti,where σk is a 
onstant and W i+1
x,i is a Qi+1

x -Brownian motion, leads to Bla
k's pri
ingformula:
Capleti(t,K;Ti, Ti+1) = τx,iPx,i+1(t)Black76(Fx,i(Ti),R, σi

√

Ti − t) (10.2)
= τx,iPx,i+1(t) [Fx,i(Ti)N(η+)−RN(η−)] , where

η± =
ln(Fx,i(Ti)/R)± 1

2
σ2
i ·(Ti−t)

σi

√
Ti−t

and N(.) denotes the standard normal distribution fun
tion.In our double-
urve setting, the 
aplet valuation requires more attention. In fa
t, sin
e thepri
ing measure is now the forward measure Qi+1
d for 
urve Cd, the 
aplet pri
e at time t76
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ing Cap(let)s 77be
omes
Caplet(t,K;Ti, Ti+1) = τx,iPd,i+1(t)E

Q
i+1
d

t

{

[Fx,i(Ti)=K]+|Ft

}

.The problem with this new expe
tation is that the forward rate Fx,i is not, in general, amartingale under Qi+1
d . A possible way to value it is to model the dynami
s of Fx,i underits own measure Qi+1
x and then to model the Radon Nikodym derivative dQi+1

x /dQi+1
dthat de�nes the measure 
hange from Qi+1

x to Qi+1
d . This is the approa
h proposed byBian
hetti [12℄, who uses a foreign-
urren
y analogy and derives a quanto-like 
orre
tionfor the drift of Fx,i. Here, instead, we take a di�erent route (Mer
urio [67℄).Our idea is to follow a 
on
eptually similar approa
h as in the 
lassi
 LMM. There, thetri
k was to repla
e the Libor rate entering the 
aplet payo� with the equivalent forwardrate, sin
e the latter has �better� dynami
s (a martingale) under the referen
e pri
ingmeasure. Here, we make a step forward, and repla
e the forward rate with its 
onditionalexpe
ted value (the FRA rate). The purpose is the same as before, namely to introdu
ean underlying asset whose dynami
s is easier to model. Sin
e

Lx,i(t) = E
Qi+1

d
t [Fx,i(Ti)|Ft] ,at the reset time Ti the two rates Fx,i and Lx,i 
oin
ides:

Lx,i(Ti) = Fx,i(Ti).We 
an, therefore, repla
e the payo� (Equation (10.1)) with
τx,i[Lx,i(Ti)=K]+,and view the 
aplet as a 
all option no more on Fx,i(Ti) but on Lx,i(Ti). This leads to

Caplet(t,K;Ti, Ti+1) = τx,iPd,i+1(t)E
Q

i+1
d

t

{

[Lx,i(Ti)=K]+|Ft

}

.The FRA rate Lx,i(t) is, by de�nition, a martingale under the measure Qi+1
d . If we smartly
hoose the dynami
s of su
h a rate, we 
an value the last expe
tation analyti
ally andobtain a 
losed-form formula for the 
aplet pri
e. For instan
e, the obvious 
hoi
e of adrift-less geometri
 Brownian motion

Lx,i(t) = υiLx,i(t)dW i+1(t), t ≤ Ti,where υi is a 
onstant and W i+1 is now a Qi+1
d Brownian motion, leads to the followingpri
ing formula:

Capleti(t,K;Ti, Ti+1) = τx,iPd,i+1(t)Black76(Lx,i(t),R, υi
√

Ti − t). (10.3)Therefore, under log-normal dynami
s for the rate Lx,i, the 
aplet pri
e is again given byBla
k's formula with an implied volatility υi. The di�eren
es with respe
t to the 
lassi




78formula (Equation (10.2)) are given by the underlying rate, whi
h here is the FRA rate
Lx,i, and by the dis
ount fa
tor, whi
h here belongs to 
urve Cd.Similar to Equation (3.10) and using the results of Equation (10.3) the 
ap pri
e is nowgiven as

CapBlack76(Texp) =
N
∑

i=α

τx,iPd,i+1(Texp)Black76(Lx,i(Texp),R, υi
√

Ti − t).(10.4)
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Double Curve Log-Normal Libor Market Models

In the 
lassi
 (single-
urve) LMM, one models the joint evolution of a set of 
onse
utiveforward Libor rates under a 
ommon pri
ing measure, typi
ally some �terminal� forwardmeasure 
orresponding to the set of times de�ning the family of forward rates, see Se
tion3.5. Using measure 
hange te
hniques, one �nally derives pri
ing formulas for the main
alibration instruments 
ap(let)s either in 
losed form or through e�
ient approximations.To extend the LMM to the multi-
urve 
ase, we �rst need to identify the rates we needto model. The previous 
hapter suggests that the FRA rates Lx,i are 
onvenient rates tomodel as soon as we have to pri
e a payo�, like that of a 
aplet, whi
h depends on Liborrates belonging to the same 
urve Cx.However, there is a major di�eren
e with respe
t to the single-
urve 
ase, namely thatforward rates belonging to the dis
ount 
urve need to be modelled too. We will showbelow that the dynami
s of FRA rates under typi
al pri
ing measures depend on forwardrates of 
urve Cd, so that also path-dependent payo�s on Libor rates will depend on thedynami
s of the dis
ount 
urve Pd.11.1 The model dynami
sThe LMM was introdu
ed in the �nan
ial literature by Bra
e et al. [16℄ and Miltersen et al.[72℄ by assuming that forward Libor rates have a log-normal type di�usion 
oe�
ient. Here,we extend their approa
h to the 
ase where the 
urve used for dis
ounting is di�erent thanthat used to generate the relevant future rates. For simpli
ity, we sti
k to the 
ase wherethese rates belong to the same 
urve Cx.We assume that ea
h rate Lx,i(t) evolves, under its 
anoni
al forward measure Qi+1
d , as adrift-less geometri
 Brownian motion:

dLx,i(t) = σx,i(t)Lx,i(t)dW i+1
d,i (t), t ≤ Ti, (11.1)where the instantaneous volatility σx,i(t) is deterministi
 and Wd,i is the ith 
omponent79
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sof an N + 1 dimensional Qi+1
d Brownian motion W i+1

d,i with instantaneous 
orrelation ma-trix (ρd,di,k )i,k=0,...,N , namely dWd,i(t)dWd,k(t) = ρd,di,k dt. This implies that ea
h forwardLibor rate evolves a

ording to a geometri
 Brownian motion under its asso
iated forwardmeasure. In a double-
urve setting, we also need to model the evolution of rates
Fd,i(t) = Fd(t;Ti, Ti+1) =

1

τd,i

[

Pd,i(t)

Pd,i+1(t)
− 1

]

, where
τd,i = τd(Ti, Ti+1).To this end, we assume that the dynami
s of ea
h rate Fd,j under the asso
iated forwardmeasure Q

j+1
d is given by:

dFd,j(t) = σd,j(t)Fd,j(t)dWj+1
d,j (t), t ≤ Ti, (11.2)where the instantaneous volatility σd,j(t) is deterministi
 and Wj+1

d,j is the jth 
omponentof an N + 1 dimensional Qj+1
d Brownian motion whose 
orrelations are

dWd,i(t)dWd,j(t) = ρd,di,j dt,

dWx,i(t)dWd,j(t) = ρx,di,j dt.Clearly, 
orrelations ρ = (ρi,k)i,k=0,...,N , ρd,d = (ρd,di,j )i,j=0,...,N and ρx,d = (ρi,di,j )i,j=0,...,Nmust be 
hosen so as to ensure that the global matrix
R ≡

[

ρ

(ρx,d)′

∣

∣

∣

∣

ρx,d

ρd,d

]

,is positive (semi)de�nite.Remark 11.1 In some situations, it may be more realisti
 to resort to an alternativeapproa
h and model either 
urve Cx or Cd jointly with the spread between them, see e.g.Kijima et al. [64℄ or S
hönbu
her [93℄. This happens, for instan
e, when one 
urve is abovethe other and there are sound �nan
ial reasons why the spread should be preserved positivein the future. In su
h a 
ase, one 
an assume that ea
h spread Si(t) ≡ |Lx,i(t)− Fd,i(t)|evolves under the 
orresponding forward measure Qi+1
d , a

ording to some

dSi(t) = σSi (t,Si(t))dWS
i (t),whose solution is positively distributed. Sti
king to Equation (11.1), the dynami
s of for-ward rates Fd,i ( (11.2)) must then be repla
ed with

dFd,i(t) = dLx,i(t)± dSi(t),where the sign ± depends on the relative position of 
urves Cx and Cd. The analysis thatfollows 
an be equivalently applied to the new dynami
s of rates Fd,i.
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s under a general forward measureTo derive the dynami
s of the FRA rate Lx,i(t) in the terminal measure QN+1
d we start fromEquation (11.1) and perform a 
hange of measure from Qi+1

d to QN+1
d , whose asso
iatednumeraires are Pd,i+1(t) and Pd,N+1(t), respe
tively. We re
all that in Subse
tion 3.5.2 thedynami
s of Li(t) in the terminal measure QN+1 were derived in detail using the �Changeof Numeraire Toolkit� (see Theorem 2.4.2) and were given as

dLi(t)

Li(t)
= −

N
∑

k=i+1

τk
σk(t)Lk(t)ρi,k
1 + τkLk(t)

σi(t) · dt+ σi(t)dWN+1
i (t).Similarly, the dynami
s of Lx,i(t) and Fd,i in the terminal measure QN+1

d are derivedperfe
tly analogous as
dLx,i(t)

Lx,i(t)
= −

N
∑

k=i+1

τk
σx,k(t)Lx,k(t)ρ

x,d
i,k

1 + τx,kLx,k(t)
σx,i(t) · dt+ σx,i(t)dWN+1

d,i (t), (11.3)
dFd,i(t)

Fd,i(t)
= −

N
∑

k=i+1

τk
σd,k(t)Ld,k(t)ρ

d,d
i,k

1 + τd,kLd,k(t)
σd,i(t) · dt+ σd,i(t)dWN+1

d,i (t). (11.4)Remark 11.2 Following the same arguments used in the standard single-
urve 
ase, seeEquation (3.26) in Subse
tion 3.5.2, we 
an easily prove that the above SDEs (Equation(11.3) and (11.4)) for the rates Lx,i(t) and Fd,i(t) all admit a unique strong solution if the
oe�
ients σ.,k are bounded.Now that we have a bounded pro�le of Lx,i rates, with the use of Equation (10.4), theMonte Carlo Caption estimate pri
e 
an be 
omputed as
CaptionValue(t = 0) =

1

M

M
∑

j=0

P j
x(0, Texp)E

Q
Px(0,Texp)
x

[

CapBlack76
j (Texp)− X

]+
.When 
urves Cx and Cd 
oin
ide, we have already noti
ed that the FRA rates Lx,i 
oin
idewith the 
orresponding Fx,i. As a further sanity 
he
k, we 
an also see that the FRA ratedynami
s redu
e to those of the 
orresponding forward rates sin
e

Cx = Cd ⇒























ρx,di,k → ρi,k

τd,i → τx,i

σd,i → σi(t)

Fd,i → Fx,i

,for ea
h i, k.The extended dynami
s of the log-normal LMM in Equation (11.3) and (11.4) may raisesome 
on
ern on numeri
al issues. In fa
t, having doubled the number of rates to simulate,the 
omputational burden of the log-normal LMM is doubled with respe
t to that of the



82 11.2 Dynami
s under a general forward measuresingle-
urve 
ase, sin
e the SDEs for the homologues Lx,i and Fd,i share the same stru
ture.However, some smart sele
tion of the 
orrelations between rates 
an redu
e the simulationtime. For instan
e, assuming that ρx,di,k = ρd,di,k for ea
h i, k, leads to the same drift ratesfor Lx,i and the 
orresponding Fd,i, thus halving the number of drifts to be 
al
ulated atea
h simulation time. This gives a valuable advantage sin
e it is well known that the drift
al
ulations in a LMM are extremely time 
onsuming.



12
Conclusion

We have started by des
ribing the 
hange in value of the market interest rate quotes,whi
h o

urred sin
e August 2007. We noti
ed that on
e-
ompatible rates began to divergesensibly, produ
ing a 
lear segmentation of market rates. Pra
titioners ta
kled the issueby building di�erent yield 
urves for di�erent rate tenors.The new double-
urve framework involves the bootstrapping of multiple yield 
urves usingseparated sets of vanilla interest rate instruments homogeneous in the underlying rate(typi
ally with 1M , 3M , 6M , 12M tenors). Pri
es, sensitivities and hedge ratios of interestrate derivatives on a given underlying rate tenor are 
al
ulated using the 
orrespondingforward 
urve with the same tenor, plus a se
ond distin
t 
urve for dis
ount fa
tors.We have also shown how to pri
e the main (linear and plain vanilla) interest rate deriva-tives under the assumption of two distin
t 
urves for generating future Libor rates andfor dis
ounting. The pri
ing formulas for 
aps result in a simple modi�
ation of the 
or-responding Bla
k formulas used by the market in the single-
urve setting. We have thenextended the basi
 log-normal LMM and derived its dynami
s under the terminal measure,from whi
h we were able to derive the 
aption pri
e.Besides the la
k of information about volatility and 
orrelation, the present frameworkhas the advantage of introdu
ing a minimal set of parameters with a transparent �nan
ialinterpretation and leading to familiar pri
ing formulas, thus 
onstituting a simple and easy-to-use tool for pra
titioners and traders to promptly inter
ept possible market evolutions.
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Glossary of Notation

B(t) Amount in bank a

ount.
Fx(.) Curve x simple 
ompounded forward rate.
Li(t) Simply 
ompounded Libor rate at time t for the expiry-maturity pair Ti and Ti+1.
N(ε) Cumulative probability distribution for a standard normal distribution fun
tion.
P (t, T )Pri
e at time t of a zero 
oupon bond that provides a unit payo� at time T .
Px(.) Curve x dis
ount fa
tor.
S(t) Pri
e for a non-dividend paying sto
k at time t ∈ [0, T ].
U by VSize of a matrix with U rows and V 
olumns.
W y(t)The value of a Brownian motion at time t under the EMM of numeraire y.
Ω Sample spa
e.
Π(t) Value of a derivative se
urity at time t.84
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Ψ(t) The Radon-Nikodym derivative.
Ξ Value of a �nan
ial instrument 
ontingent on a parti
ular asset.
≈ Approximately equal.
λ This symbol is used inter
hangeable. In one 
ontext, it is used as a s
alar variable ofTime. In another 
ontext, it refers to a ve
tor variable of N + 1 by N + 1 diagonalmatrix of eigenvalues.
〈a, b〉 Given two ve
tors of equal size, say N , a s
alar produ
t is a sum of the produ
ts oftheir 
orresponding 
omponents i.e ∑N

i=1 aibi.
Ey Expe
tation taken under the EMM of numeraire y. If y is a bank a

ount EB isdenoted E.
P Market probability measure.
Qy Martingale measure under numeraire y. If y is a bank a

ount, the martingale mea-sure is 
alled a risk neutral measure Q.
Qi+1

x Martingale measure asso
iated with numeraire Px(t, Ti+1) in sub-market Mx.
U[0, 1]Uniform distribution in the interval [0,1℄.
Ft Information about the path of the pro
ess up to time t.
K Strike pri
e for asset St.
Mx Multiple distin
t interest rate sub-markets.
N Notional prin
ipal amount.
Pd Irredu
ible polynomials of modulo 2, and order d.



86 Glossary of Notation
R Cap(let) strike rate.
Wy(t)The value of a 
orrelated Brownian motion at time t under the EMM of numeraire

y.
W i+1

x,i

ith Correlated Brownian motion asso
iated with numeraire Px(t, Ti+1) in sub-market
Mx.

X Caption strike pri
e.
Zx Represents an obje
tive fun
tion to be minimised with respe
t to variable x.
Cx Multiple yield 
urves.
d Number of random, Brownian Motion, fa
tors.
µ The 
oe�
ient of the time (dt) term of a sto
hasti
 pro
ess.
∇x(f)Partial derivative of fun
tion f with respe
t to x i.e ∂f

∂x .
ν Girsanov's kernel adapted to Ft.
⊕ Bit-by-bit ex
lusive-or XOR operator.
φ(a, b)Normal distribution with mean a and standard deviation b.
∏N

j=1 ajA produ
t of N terms of variable aj .
ψbk(h)Fra
tion 
orresponding to the prime number base bk for denary number h, in dimen-sion k ∈ [1, n].
ρ A positive de�nite symmetri
 
orrelation matrix with entries 0 < ρi,j ≤ 1 and a unitdiagonal.
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σ The 
oe�
ient of the Brownian motion (dW ) term of a sto
hasti
 pro
ess.
∑N

j=1 ajSummation of N terms of variable aj .
τi The year fra
tion between Ti+1 and Ti.
τx,i Time interval between reset dates [Ti, Ti+1] in sub-market Mx.
ε Standard random number from φ(0, 1).
ξyt Asset holding with respe
t to asset y at time t.
a(h) Sequen
e of digits in base (modulo) bk, 0 ≤ aj(h) < bk, for denary number h.
b Prime number ≥ 2.
dt An in�nitesimal (very small) time interval.
h De
imal-base number h(= hbk =

∑m
j=0 aj,k(h)b

j
k) re-written in in
reasing prime num-ber base bk ≥ 2, for ea
h in
rease in dimension k ∈ [1, n].

r(t) risk-less rate of interest.



Glossary of Terms

Itô′s formulaA sto
hasti
 version of the "
hain rule" whi
h expresses the volatility and drift ofthe fun
tion of a sto
hasti
 pro
ess in terms of the volatility and drift of the pro
essitself and the derivatives of the fun
tion.DC Ve
tor Di�usion Coe�
ient.EMMEquivalent Martingale Measure.FTAPFundamental Theorem of Asset Pri
ing.GARCHGeneralized Autoregressive Conditional Heteros
edasti
ity.HJMHeath Jarrow and Morton.LDSLow Dis
repan
y Sequen
es.LMMLibor Market Model.MC Monte Carlo (simulation).NFLVRNo Free Lun
h with Vanishing Risk. 88



Glossary of Terms 89PDEPartial Di�erential Equation.QRNQuasi-Random Numbers.SDESto
hasti
 Di�erential Equation.SD Standard Deviation.SE Standard Error.URLUniform Resour
e Lo
ator, internet address.VBAVisual Basi
 Appli
ation.VDCVan der Corput (sequen
e in base 2).ArbitrageAn opportunity when an instrument has a guaranteed non-negative payo� and anegative pri
e i.e. investors generate money without any initial investment.Cap An option that provides a payo� when a spe
i�ed interest rate is above a 
ertainlevel. The interest rate is a �oating rate that is reset periodi
ally.CaptionCall option on a Cap.Contingent 
laimA 
laim whose amount is determined by the behaviour of market se
urities up untilthe time it is paid.DerivativeAn instrument whi
h derive its pri
e from another.EONIAEuro OverNight Index Average.EURPertaining to the European Markets.



90 Glossary of TermsExpe
tationThe mean of a random variable, whi
h will be the limiting value of the average of anin�nite number of identi
al trials.FRAFloating Rate Agreement.FX Foreign Ex
hange.HedgeA trade position intended to redu
e risk.MartingaleMathemati
al formalisation of the 
on
ept of a fair game.MaturityThe time at whi
h any 
laim pays o�.MeanSynonym for expe
tation.Multi-fa
torA market model whi
h is driven by more than one Brownian motion.NumeraireAny asset that has stri
tly positive pri
es for all t ∈ [0, T ].OIS Overnight Index Swaps.Over-the-
ounterAn agreement between two parties 
on
luded without mediation of an ex
hange.Payo�A payment.Volatility SkewThe variation of implied volatility with strike pri
e.XiborGeneri
 Interbank O�ered Rate.
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