University of Cape Town ,
Department of Mathematics and Applied Mathematics

BISIGMA FRAMES
by

P. MATUTU

Fd

Thesis prepared in partial fulfilment of the requirements for the Degree of Doctor of
Philosophy under the joint supervision of :

Professor C.R.A. Gilmour

and

Professor G.C.L. Brummer

FEBRUARY 1999



The copyright of this thesis vests in the author. No
guotation from it or information derived from it is to be
published without full acknowledgement of the source.
The thesis is to be used for private study or non-
commercial research purposes only.

Published by the University of Cape Town (UCT) in terms
of the non-exclusive license granted to UCT by the author.



ACKNOWLEDGEMENTS

I wish to thank Professor C. Brink, the head of the Maths and Applied Maths Department
at the University of Cape Town for the role he played in enabling and encouraging me to
register for a Ph.D.

I am grateful to my supervisor Professor C.R.A. Gilmour for his continuous assistance
and guidance towards this thesis. My appreciation is also directed to my co-supervisor
and the leader of our research group, Professor G.C.L. Briimmer, who has set a good
example of a researcher. I am also thankful to Dr A. Schauerte who was of great help
when my supervisor was away on Sabbatical leave from March to June in 1996. I am
especially grateful to my husband, Sizwe for the proof reading of this thesis.

The financial support of the University of Cape Town, the Foundation for Research and
Development, and Mrs P. Groves through the Chisnall endowed tutorship, is gratefully
acknowledged. :

The pleasant environment and the friendly attitude of the staff members at the University
of Stellenbosch where I work contributed positively to the completion of this thesis.

I must sincerely thank Ms H. Oberholzer and Mrs L. Adams for their excellent work and
patience during the typing of this thesis. I am grateful to Dr J. Vermuelen for the time
consuming production of the diagrams which appear in the text.

This effort would not have been possible without the dedicated support of my mother,
husband, family and friends.



it

Contents:

Acknowledgements i
Index of Selected Categories and Functors iv
Abstract 1
Introduction and Summary 1

Chapter 0 - Preliminaries, Completely regular biframes and compactification.

4

0.1. Background........ccoooiiiniiii e SRR e 4
0.2. Completely regular biframes and compactifications........c....cccocvviiiiviineriinennnn. 11
Chapter 1 - Alexandroff bispaces 17
1.1. Regular bi g-frames and Alexandroff bispaces.......c.c.cccoveviiiiiiiircriiiiieriee e, 17
1.2, AdJoint fUBCEOTS....cvvviiii et e e e e e s aeeaa e a . 20
1.3. Completely regular bitopological spaces and Alexandroff bispacés ..................... 24
1.4. Realcompact Alexandroff DISPaceS...c.civviv oo 31
Chapter 2 - The cozero part of a biframe 33
2.1. The definition of the cozero part of a biframe.........ccoooiiii 33
2.2. Properties of the cozero part of a BITame........ooovivviii e e 35
2.3. The cozero part and compactification of a biframe.............c..ccoi 40

2.4. The regular Lindeldf coreflection of a biframe and pseudocompactness............... 43



i

Chapter 3 - Pseuducompactness and the cozero part of a biframe 49

3.1, The DHTAIME OF TRAIS. .o eeee e e et e er e a e 49

3.2. Pseudocompactness in biframes........c.coovvviiveiiiiiiiiiie e o8

Chapter 4 - Compact regular bi o-frames and stably continuous o-frames 65

4.1. The Lawson dual and the congruence lattice of a stably continuous o-frame..... 65

4.2. The equivalence between KReg BIcFRM and St Cont cFRM...................... 76

References 90



v

INDEX CF SELECTED CATEGORIES AND FUNCTORS

CATEGORIES PAGES
FRM - Frames......... e C et e et e et e e et e e et e teaae e ttaaeeeeae e tnanrese s annn 4
Reg FRM - Regular frames.......oooiiiiiiiiiiiit e 4
CReg FRM - Completely regular frames........cccoevrireeieneiiiiiiecc e 5
OFRIM = O-fTaIes..coooiiii ittt et et 6
BIFRM = BIfTAIIES. ..cttcieeieiieeieiiicie ettt ettt te et e e e et e e e e e e s nraneae e nnnena s 7
Reg BIFRM - Regular biframes.......coooiieiiiiiiiiiiiic e 8
CReg BIFRM - Completely regular biframes.......c.cooovvviviiiimmiiiiiiien e 8
KCReg BIFRM - Compact Completely regular biframes...........cooeevveieiiiiiiiiiiiinininn.. 8
BIALEX - Alexandroff Dispaces......cooiiiiiiiiiiiiiiiiieieie et 19
Reg BIocFRM - Regular bi a—frameg.‘ .................................................... e 17
Alex - Alexandroff SPaCEs.....ooviiiiiiiii e 24
CRG - Completely regular topological spaces.......cccocvivvivniinnnee. ettt e e 24
BITOP - Bitopological Spaces.......ccceeeriiieeiiiiiiiiiiie e s 10
BICRG - Completely regular bitopological spaces..........ccooiiiiiiiiiiniiiiiiiiiiie e, 24
Reg Lind BIFRM - Regular Lindelof biframes........cccoooiiiiiiiiiiii, 47
Cont o FRM - Continuous a—frames ............ 66
St Cont cFRM - Stably continuous o-frames........ccccevveiviiiiiiiiieriiiiieiicee e, 66
Coh ¢FRM - Coherent o-frames................. et ettt ettt e en e, 73
D - DistTibutive Jattices. . uemiii i 73
BI 0FRM - Bl 0-fTames. ..oeiiiiiiiin ittt 17

KReg BIocFRM - Compact regular bi o-frames......c.ccccoovviiiiiiiiiiiiiiin . 77



' FUNCTORS ’ PAGES
S BIFRM — BIFRM ..ottt e e s 9
CRSG :BIFRM — KCReg BIFRM. ..o 13
RSBIFRM — KReg BIFRM.....oooii e 15
A: BIALEX — Reg BIoFRM. ..ot 20
U : Reg BIoFRM — BIALEX ....oooiiiiiieeeeeee e 20
a; : BICRG — BIALEX ... et 24
t: BIALEX — BICRG. ..ottt ettt 24
W : BIALEX — ALEX. ..o, e 31
U: ALEX — RegoFRM ...t 31
U RegoFRM — ALEX ... 31
coz : BIFRM — Reg BIO‘FRM .............................................................................. 33
O : BITOP — BIFRM ...t ettt 10
> : BIFRM — BITOP ................................................... SPTRTTRRURR 10
R: BIFREM — Reg BIFRM. ..ottt 8
U: BIFRM — BICFRM....ccooiiiiiiiiiiiiciniiececnis oo snss s 39
Regldl : Reg BIUFRM — KCReg BIFRM.....ccoooiiiiiiiiiiinin e 40
H: BIoFRM — BIFRM. ..o 43
B, : cFRM — OF R IM it s e s e ae e cr e s aaer e st ae e nnas 66
Ay : St Cont cFRM — St Cont cFRM ..o 68
C:raFRM — = FRM oottt ettt e e 69

Ty 0 D —3C0h OFRIM . ettt et e 73



H:BIoeFRM — o%FRM

S : BIO‘FRM — o FRM.

B: ¢FRM —3 BIocFRM

............................................................................................

...........................................................................................

...........................................................................................

vi



N - ABSTRACT

We introduce and investigate the concept of a bi o-frame. The cozero part of a biframe,
itself a bi o-frame, is defined and used to construct the compact regular, and regular
Lindelof coreflections for biframes. Pseudocompactness for biframes is defined in a natural

way and characterised in terms of the cozero part.

Finally we obtain the o-frame analogue of the result that characterises the stably contin-

uous frames in terms of the compact regular biframes.
INTRODUCTION

As a lattice, the open sets of a topological space form a frame and thus frames provide
an algebraic tool for the study of topology. Some authors (see [17]) use frames as a
convenient setting for choice free construction in topology. Our main concern in this
thesis is to exploit frames as a tool in the settings of bitopological spaces and biframes.
Frames have a countable-join generalisation called o-frames. These were considered by
Reynolds [24], Charalambous [8] and were explored by, amongst others, Banaschewski [2],
Gilmour [13] and Walters [29]. They naturally occur in various contexts, the cozero set
lattices of topological spaces and the Boolean o-algebras being typical examples. Cozero
sets of a completely regular space form a basis for the topology. In the setting of o-frames
we have assumed throughout the axiom of countable dependent choiée§ as this appears to
be inherent in préving frames (respectively biframes) with cozero basis to be completely

regular.

Kelly [18] followed by Lane [19] initiated the study of bitopological spaces. An impor-
tant motivation for studying bitopological spaces is given by the quasi-uniform spaces in
topology. The quasi-uniform spaces are the asymmetric version of the uniform spaces. A
quasi-uniform space naturally gives rise to a bitopological space as well as to an ordered

space (see [23]). Biframes are the frame counterpart of bitopological spaces. They were



first defined by Banaschewski, Briimmer and Hardie (see [3]), and have been extensively
studied by several authors including Frith [11] and Schauerte [26]. Of particular note is the
remarkable result that characterises the stably continuous frames as first parts of compact
regular biframes [4]. The bi o-frames simultaneously generalise o-frames and biframes.
Bi o-frames are extensively studied in this thesis, and are used to study biframes through

the latter’s cozero part.

A particularly appropriate class of spaces for the investigation of o-frames and the cozero
part of frames is that of the Alexandroff spaces. They were introduced by Alexandroff
[1], who called them completely normal spaces. Gordon [14] reinvented them under the

name of zero-set spaces and later Gilmour placed them in the setting of frames (see [13}).

Hager [15] shows that Alexandroff spaces arise naturally when one studies the algebras
(in the sense of Henrikson and Johnson [16], and Mréwka [22]) of real-valued functions on
topological spaces. Alexandroff bispaces extend both Alexandroff spaces and bitopological

spaces, and are defined here for the first time.

We give an outline of contents of each chapter.
CHAPTER 0

The first section is of introductory nature, giving the basic definitions and results of what
is to follow. In the second section, using the characterisation of compactifiable biframes
as those with strdng inclusions (see [27]), we show that completely regular biframes are
exactly those biframes which are compactifiable. The compact completely regular core-

flection of a biframe is constructed using the completely regular ideals.
CHAPTER 1

Alexandroff bispaces are defined in terms of regular bi o-frames. The adjunction between

Alexandroff bispaces and regular bi o-frames is defined and also that between Alexandroff



bispaces and bitopological spaces. The latter adjunction extends that between Alexandroff
spaces and completely regular topological spaces [13]. To do this we need and prove a

Urysohn’s lemma for Alexandroff bispaces.
CHAPTER 2

The interaction between biframes and bi o-frames is investigated by considering the cozero
part of a biframe. As in frames (see [1]), the cozero part of a biframe is the largest regular
sub bi a~frame of a biframe. For a completely regular biframe its cozero part generates it as
a bi o-frame. An alternative construction of the compact completely regular coreflection

of a biframe is given, using its cozero part.
CHAPTER 3

The biframe of reals is presented in a similar way to the frame of reals (see [7]). Pseudo-
compactness of a biframe is defined in terms of bounded maps and we show that a biframe

is pseudocompact if and only if the first and second parts of its cozero part are compact.
CHAPTER 4
We show that the categories of stably continuous ¢-frames and compact regular bi o-

frames are equivalent. This is the analogue of the remarkable result of Banaschewski and

Briimmer [4] linking the stably continuous frames and the compact regular biframes.



s CHAPTER O

PRELIMINARIES, COMPLETELY REGULAR BIFRAMES AND
COMPACTIFICATION

In the first section we give the basic definitions and concepts associated with frames,

o-frames, biframes and ideals.

In the’second section of this chapter we prove that completely regulaf biframes are pre-
cisely those which have a compactification. We will do this Ey making use of the char-
acterisation of the compactifiable biframes as those which admit strong inclusions. This
latter result is due to Schauerte [27]. Finally, by considering the completely regular
ideals, we obtain the compact completely regular coreflection of a biframe. A normal -
regular biframe is completely regular, and in this case, the compact regular-and compact

completely regular coreflections, coincide.

0.1. Background

FRAMES

A frameis a complete lattice L satisfying the distributive law, zAY S = \/{zAs|s € S} for
binary meet A, and arbitrary join \/, z e L,SCL. A frame homomorphism h: L — M
is a map between frames preserving finite meets (including the unit, or top element e) and
arbitrary joins (including zero, or bottom element 0). The resulting category is denoted

by FRM.

A frame morphism h : L — M is called dense if h(z) = 0 implies z = 0. It is called

codense iff h(z) = e implies z = e.
Let L be a frame, and a, b, ¢ elements of L.

o Regular frames. We say that a is rather below b, written @ < b if there exists ¢ € L



such that a A ¢ = 0 aud bV ¢ = e. Such an element c is called a separating element. L is
reqular if a = \/{blb < a} for all a € L. Frame homomorphisms preserve < and the full

subcategory of FRM consisting of the regular frames will be denoted by Reg FRM.

e Completely regular frames. We say that a is completely below b, written a << b, if
there is a family {z;] « € QN [0,1]} of elements in L satisfying zg = a, z; = b, 1 < j
implying that z; < z;. L is completely regular if the relation << is approximating, i.e.
foreacha€ L, a= \/{x[:c ~<~< a}. Frame homomorphisms preserve <~<. The category

of completely regular frames will be denoted by CReg FRM.

Lemma 0.1.1: Ifh: L — M is a codense frame homomorphism with L regular, then it

18 one-one.

Proof: Assume that b is codense. Consider h(a) = h(b) for a,b € L. Since L is regular,
a= \/{xl z < a}and b= \/{y] y < b}. This implies that

ha) = V{h(z)| h(z) < h(a)}
= V{)l hly) < h(b)} = h(b).

Take y < b with separating element ¢, then h(c) separates h(y) < h(b). Since h(a) =
h(b), h{c) separates h(y) < h{a). Thus e = h(c) V h(a) = h(cV a). Since h is codense,
¢V a = e and therefore y < a. This holds for all ¥ rather below b, thus b < a. The result

follows by symmetry. =

e Compact frames. An element ¢ € L is called compact if, whenever ¢ < \/ X for some
X C L, it follows that ¢ < \/ F for some finite subset F C X. L is compact iff e € L is

compact.

e Normal frames. L is normal if whenever a V b = ¢ in L, there exist u,v € L such that

uhv=0andaVu=e=5bVu.

Lemma 0.1.2: For any dense frame homomorphism h : N — L, if N is regular and L

is compact, then h is codense.
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Proof: Suppose thatra € N such that h(a) = e. By regularity a = \/{z| z < a}, so
that h(\/{z| z < a}) = e. Thus \/{A(z)| h(z) < h(a)} = e, hence h(y) = e for some

y= v z; < a, F finite, by compactness of L.
i€F

Thus there exists a separating element b € N for y < a such that b V o = e, moreover
h(b) = h(b) Ah(y) since h(y) = e. Hence h(b) = h(bAy). But bAy =0 = h(bAy) so that

h{(b) = 0. Density of h gives us that b = 0, consequently a = e. "
o — FRAMES

A o-frame is a lattice L which has countable joins, finite meets, a top element e, a bottom

element 0 and satisfies the (countable) distributive law : z A v:cn = \/(:.: ANzn) (n €,

n i

countable) for binary meet A, countable join \/, z € L and any sequence {z,} in L. A
o-frame homomorphism h : L — M is a map between o-frames preserving countable joins
and finite meets, in particular preserving 0 and e. The resulting category is denoted by

o-FRM.

e Ideal. In any lattice, an ideal is a subset I such that \/ £ € I for any finite subset E C |

and r € [ whenever 2 < z for some z € I.
e o-ideal. A o-ideal is an ideal that is closed under countable joins.

e completely prime filter, prime filter, o-prime filter. A filter is a dual-ideal. A filter F
is called completely prime if \/ X € P implies X N F # 0 for all subsets X of the lattice,
prime if this condition holds for all finite subsets X, o-prime if it holds for all countable

subsets X.

The definitions of regularity, complete regularity, compactness and normality are similar

to those for frames except that arbitrary joins are replaced by countable joins in o-frames.



) : BIFRAMES

A biframe L = (Ly, Ly, Lo) is a triple in which Ly is a frame and, L, and L, are subframes
of Ly which together generate Ly. A biframe homomorphism h : L — M between biframes
is a frame homomorphism h = hg : Ly — M, for which the restrictions

My, = hi © Li = M; (i € {1,2}) are also frame homomorphisms. The category of
biframes and their homomorphisms is denoted by BIFRM. We refer to Ly as the total

part of L, Ly and L, as its first and second parts, respectively.

A biframe homomorphism A : L — M is said to be

e denseif hy is dense, that is, a = 0 whenever h(a) = 0, for any a € Ly,

e codense if hgy is codense, that is, a = e whenever h(a) = e, for any a € Ly,
e onto if h, and hy are both onto,

e one-one if hy is one-one,

e an wsomorphism if hg is both one-one and onto.

Observe that a dense, one-one (respectively, codense) biframe homomorphism has first
and second parts dense, one-one (respectively, codense). An onto biframe homomorphism

has a total part which is onto.
Let L = (Lo, Ly, L'z). be a biframe.

For {z,y} C L;, © € {1,2}, we write z <; y (and say that « is i-rather below y) if there
exists ¢ € Ly, i # k such that zAc=0and yV c = e, where k € {1,2}. We note the

following basic properties of <;:

For a,c,z,z € Ly,



e r <a<;c<ziplies z <; z,
e ifa<;candz <; 2, thenaAz <;cAzandaVz <;¢cVz,

e any biframe homomorphism preserves ;.

e Regularity. L is called regular if z = \/{z € L;| z <, «} for all z € L; where 1 € {1, 2},
(we say that the relation <; is approximating). Observe that the total part of a regular
biframe is regular. We will denote the rather below relation on the total part Ly of L, by

~o where both the elements and separating elements come from L.
The homomorphic image of a regular biframe is regular.

Any biframe L has a largest regular sub biframe R L, generated by a family of regular sub
biframes of L. This defines a coreflection functor R from BIFRM to its full subcategory

of regular biframes, see [3].

Complete regularity. For z,y € L; we say z is ¢-completely below y, written z <<, y if
there exists an interpolating sequence {cnx }n=0,12,..; k=0,1,..2» in L; between z and y, where

T < Cooy Co1 S Y, Cak = Cnal 2 Cnk = Crk+l-

Observe that any interpolating sequence {c,;} between z any y determines a scale between
z and y, that is, a family {¢, : ¢ € QN [0,1]} such that z < ¢, ¢; € y and ¢ <; ¢
whenever r < s : put ¢; = \/{cn 5’-2; < g}. L is completely regular if the relation <=<; is

approximating for each 7. Clearly <~; inherits the properties of <; listed above.

Since biframe homomorphisms preserve these relations, this gives full subcategories Reg

BIFRM and CReg BIFRM.

e Compactness. A biframe L is called compact if Ly is a compact frame. The full
subcategory of BIFRM consisting of the compact completely regular biframes will be
denoted by KCReg BIFRM.



e Lindeldfness. A biframe is called Lindeldf if Ly is Lindeldf, that is whenever \/ N = ¢,

N C Ly there exists a countable subset M of N with \/ M =e.

e Normality. A biframe is called normal if whenever z Vy = e for some z € L;, y €

Ly i#k, there exists a € L, b€ Ly withaAb=0and bVy=e=a V.

e Compactification. A compactification of a biframe L is a dense, onto biframe homomor-

phism A: M — L from a coinpact, regular biframe M to L.

e Strong inclusion. A strong inclusion on a biframe L is a pair of <« = (<, <) of relations

on L; and L, respectively such that for i,k € {1,2},i # &

SIl)z,ye L;andy <z <a<bimply y<b

(SI 2) «; is a sublattice of L; x L;

(SI 3) z «; @ implies that z <; @

(SI 4) z «; a implies that there exists y € L; with z 4,y <; a

(SI 5) If z <; @, then there exist u,v € Ly such that u<x v, sAv=0andaVu=e
SI6)a=V{z:z4a},a€ L

The functor & : BIFRM — BIFRM is given by the following:

If 3L, denotes the frame of ideals of Ly, then

(SL); = {J € SLo|J is generated by J N L;} for ¢ € {1,2}.

(SL)y = the subframe of SL, generated by (3L); U(SL),. For a biframe homomorphism
h : L — M the associated homomorphism Sh : SL — $M is given by the rule that

Qh(J) is the ideal generated in (3M)o by the image h(J).
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e Regular ideal. An iczal J € (SL); is called regular if a € JN L; implies that there exists

be JN L; such that a <; b.

o Completely regular ideal. An ideal J € (L), is called completely regular ifa € J N L;

implies that there exists b € J N L; such that a <<; b.
Bitopological Spaces

A bitopological space [18] is a triple (X, P, Q) in which X is a set, P and @ are topologies
on X. A bicontinuous map f : (X,P,Q;) = (Y, P, Q) isamap f: X — Y such that
f:(X,P) = (X,P,)and f: (X,@Q) — (Y,Q,) are continuous. The bitopological spaces

together with bicontinuous maps form the category BITOP.

‘The following are the open set and the spectrum functors, respectively, see [3]. The
contravariant functor O : BITOP — BIFRM is given by: O(X,P,Q) = (PV Q,P,Q)

and Of = f~! which delivers the f-preimages of open sets.

The contravariant spectrum functor ) : BIFRM — BITOP is described in a number

of ways, of which we use the following two:

Z(LQ,Ll,Lg) = (E LQ, {Za a e Ll‘}, {Zb ) & LQ}) where

1. 37 Ly is the set of all completely prime filters in the frame Ly,
Y.={P €3> Ls:a€ P} Fora biframe map h: L — M, the continuous map

> h:> M — > L is obtained by taking h-preimages of completely prime filters.

2. Y Ly is the set of all frame homomorphisms & : Ly — 2 where

Yo,={€:&(a) =1}, Y h(E) = £oh and 2 is the two element frame {0, 1}.
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0.2. Cowmpletely regular biframes and compactifications

Definition: Let L = (Lg, L1, Ly) be a frame, for z € L;, i € {1,2} we denote by z* the

largest v € L; for which v Az = 0, that is, z* = \/{v € Lj|v Az =0}

We show that x <~<; y implies that y* <<; z*. It suffices to check that z <; y implies
y* <; z*. Let z be a separating element for z <; y. Since 2Az then z < z*, but z2vVy =e

thus z* Vy =e. y Ay* = 0 holds, so that y* <; z* with separating element y.

Lemma 0.2.1: For any completely reqular biframe (Lqg, Ly, Ly), <<= (<=1, <=<3) 15 a

strong inclusion.

Proof:

(SI 1) Suppose z < a <=; b < y holds in L;. Since any interpolating sequence for a and b
will be an interpolating sequence for = and y, we have z <<; y.
(812) (a) 0 <=; 0 because 0 <; 0 with separating element e € L;, 1 # j.
(b) e <=; e since e <; e with separating element 0 € L;, 7 5 j.

(c) Let a <=<; b and z <=; y, with interpolating sequences {cnt} and {z,x} re-
spectively. As <; satisfies (d <; f, g <; h= dAg <; f Ah), it is easy to

see that {cax A znx } is an interpolating sequence for a A z <<; bAy.

Similarly a Vz <<; bV y.

(SI 3) The fact that x <=<; a implies ¢ <; a, follows immediately from the definition of

T ~<—<; Q.

(SI 4) <~=; interpolates since if a <=; b with interpolating sequence {cnx}, then

a <~; 11 <=; b.

(SI 5) If x <=<; a, then there exists y € L; with z <<, y <<; a. It follows that aV y* = ¢

and, as always z A z* = (. Since y* <<, 2" we are done.
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(SI 6) Statement SI 6 s the complete regularity of L. B

Our main result will follow from the above observation and the next proposition from

[27].

Proposition 0.2.2: A biframe has a compactification if and only if it has a strong inclu-

ston.

Proof: We present a summary of the proof given in [27].
=>: Given a compactification h : M — L for a biframe L, <= (<), <3) is a strong
inclusion on M because M is compact and regular. Since h is onto,

<= ((h x h)[<1], (k x h)[<2]) is a strong inclusion on L.

<=: Let (<, <) be a strong inclusion on L. Recall that an ideal J € (SL); is strongly
regular if and only if z € J N L; implies that there exists a y € JN L; with z <; y. Let Z;
consist of the strongly regular ideals in ($L); and Zy C (Lg) be the subframe generated
by Z,UZ;. The join map J; : Z — L provides the required compactification for L, where
T = (T, Ty, T). -

Proposition 0.2.3: A biframe L has a compactiﬁcation if and only if L is completely

reqular.
Proof: <=: This implication follows from the previous two results.

==: Since L has a compactification, it admits a strong inclusion (<;, <;) say, and
a = \{z:z<;a} for each a € L;. Given that z <;a then we can find a scale {¢c;} between
z and a such that z = ¢, ¢; = a and ¢, <; ¢, whenever 7 < s, but z <; a and ¢, <; ¢; imply

that = <; a and ¢ <; ¢;, hence z <; a implies that z <=<; a. =

We will construct the compact completely regular coreflection of a biframe L by con-

sidering completely regular ideals in (¥L); and (IL),.
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Definition: The biframe CRSL of completely reqular ideals of a biframe L 1is
CRSL = ((CRSL)g, (CRSL);, (CRSL),)
where (CRSL); = {J € (SL); : J is completely regular},t € {1,2} and (CRSL)y is the
subframe of (SL)y generated by (CRSL); U (CRSL)s,.
Proposition 0.2.4: For a biframe L, CRSL is a compact completely regular biframe.

Proof: We first show that CRSL is a biframe:

(a) Each (CRSL); is closed under binary meets and joins by (SI 2)(c) in the proof of

Lemma 0.2.1.

(b) Both {0} and | e = Ly are in (CRSL); by (SI 2)(a) and (b) in the proof of Lemma

0.2.1, respectively.

(c) We check that (CRSL); is closed under updirected joins, which is equivalent to
checking that it is closed under arbitrary joins because it is closed under finite joins :
Suppose that J = |JJ;, where {Jy|¢ € I} is an updirected family in (CRSL);. Let
a€ JNL;. Then a € J,NL; for some £. But a € J, N L; implies a <<; by for some
be€ J;NL; CJNL; and so J € (CRSL),. |

CRSL is compact as (CRSL)g is a subframe of (3L), which is compact.

Finally we check complete regularity: Consider r; : L; — (CRSL); where
ria) = ({z € L; : £ <=<; a}), where (...) denotes the ideal generated in Lo. Then

r;(a) € (CRSL); since <~; interpolates.
Claim: If a <<; b, then 7;(a) <=<; r;i(b).

Proof of Claim: Suppose that a <<; b. Then b <<; a*. From the interpolating
sequence {cyx} for a <=<; b we have @ <=<; c31 <= 2 <=<; b with cpo V ¢§; = e resulting

in r;()Vr;(a*) = Lo and r;(a) Ar;(a*) = {0}. Thus r;(a) <; r;(b). Since <=; interpolates
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this argument actually shows that r;(a) <=<; r;(b). Thus a <=<; b € JN L; implies that

?‘g(a) -5 T;‘(b) C J.

For any J € (CRSL);,J = V{ri(a)la € JN L;,ri(a) <<; J} and hence CRSL is

completely regular. -
Proposition 0.2.5: CRS is functorial.

Proof: For a biframe homomorphism h : L — M and J € (CRSQL);, 1 € {1,2}, we
define (CRSh)(J) = (h(J)), the ideal generated by A{J) in M,.

Suppose J € (CRSL); and z € (h(J)). Then z < h(a) for some a € J. Since J is
completely regular, there exists y € J N L; such that a <~<; y. Hence
z < h(a) <=<; h(y) € (h(J)). Thus (CRSh)(J) = (h({J)) is completely regular in M;. =

Lemma 0.2.6: If M is a compact completely regular biframe, then the join map

Ju : CRSM — M is an isomorphism.

Proof: Compactness of (CRSM)g implies codensity of Jy,. Hence
Ju : (CRGSM)y — My is one-one. If a€ M;, then \/ ri(a) = V{{z € Mi|z <<, a}) = q,

and, consequently, Jy, is an isomorphism. =

Remark: In Lemma 0.2.6 we only need regularity, not complete regularity. The reason
for this being that compact regular biframes are normal [28] and normality implies that
the i-rather below relation interpolates in biframes (as seen in the following Lemma),

resulting in complete regularity.

Proposition 0.2.7: KCReg BIFRM is coreflective in BIFRM with coreflection maps
Jr : CRSL — L.

Proof: Consider h : M — L in BIFRM, where M is compact completely regular.

Then applying CRS we obtain:
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CRSM —— M

CRSA h

J
CRSL ——1L
Thus & factors through CR3L and density of Jy, implies that this factorisation is unique. m

QOur aim is to prove that for normal regular biframes the compact completely regular
and the compact regular coreflections are isomorphic, assuming the Countable Dependent

Choice, of course.
Lemma 0.2.8: For a normal biframe L, <; interpolates.

Proof: Suppose a <; b, with a,b € L;. Then there exists ¢ € L; satisfying a A ¢ = 0 and
bV c=e. Normality gives us u € L;,v € L, withuAv=0and bVvu=e=cVwv. Thusc

and u are separating elements for @ <; v and kv ~<; b s0 that <; interpolates. "
The following two results appear in [28].

Lemma 0.2.9: If a biframe L s normal and zVy = e for somez € L,y € L; i # J,

then ri(z) V rj{y) = L.

Proof: Let zVy =e, for z € L;,y € L;. By normality there exists v € L;, v € L; with
uAv=0,zVu=e=yVuv In particular, v <; y. Using normality and z vV u = e, we
can find s € L;, t € L; such that sAt=0,zVs=e=uV{ Thust <; z. Once more,
using normality of L and the axiom of countable dependent choice, we get u <=; y and

t <=<; . Thus, we have uVt = e for u € r;(y) and ¢ € r;(z) and thus ri(z) Vr;(y) = Lo.m

Recall that for a biframe L, an ideal J of Ly generated by J N L; is called regular
if z € JN L; implies that there exists an element y € J N L; for which z <; y. Now
(RSL); consists of these regular ideals and (RS L)y is the subframe of 3L, generated by

(RIL);, U(RSL)y. The compactification is given by the join map \/ : RSL — L.



16

Proposition 0.2.10» Let h : M — L be a biframe compactification and ¢; the right
adjoint of h|n;. Suppose that xVy =e for z € L;, y € L; implies that g;(z) V ¢;(y) = e.
Then L is a normal reqular biframe and the compactification h : M —> L is isomorphic

to\V i RSL — L.
Proof: We give a brief summary of the proof.

Normality of L is a consequence of normality of M and the identity satisfied by the right
adjoint in the hypothesis. The universal property of this compactification gives us a

biframe homomorphism g : M — RSL making the following diagram commute:

It is shown that g is an isomorphism. ™

As a consequence of the above two results the compactifications J, : CRSL — L and

V : RSL — L are isomorphic whenever L is normal and regular.

Remark: The definition of § used here is different to the one used in [3]. There
(SL)i={J€SL:\/J €L}

(SL) = the subframe of SLg generated by (SL); U (8L);. Then (SL); C (SL); but §

and & need not coincide even for regular biframes.
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: CHAPTER 1

ALEXANDROFF BISPACES

We study closely the categary BIoFRM of bi o-frames and bi o-frame horﬁomorphism&
Alexandroff bispaces are defined using bi o-frames and then characterized in terms of
cozero sets (cf. [14]). The dual adjunction between regular o-frames and Alexandroff
spaces [13] is extended to one between regular bi o-frames and Alexandroff bispaces.
The largest duality contained in this dual adjunction defines the realcompact Alexandroff
bispaces and we prove that an Alexandroff bispace X is realcompact iff the Alexandroff
space generated by the union of its first and second parts is realcompact.

The adjunction between Alexandroff bispaces and completely regular bispaces [13] is given.

This is achieved by invoking a Urysohn’s lemma for Alexandroff bispaces.
1.1 Regular bi o-frames and Alexandroff bispaces

We start by defining the category BIoFRM.

Definition 1.1.1: A bi o-frame is a triple M = (My, My, My) in which My is a o-frame
and M;, 1 € {1,2} are sub o-frames of My such that My U M, generates My (i.e each
m € My is a countable join of finite meets from My U M,.) We write My = My VvV M.
A bi o-frame homomorphism h : M — N is a o-frame homomorphism h : My — Np
such that h(M;) C N; 1 € {1,2}. BIoFRM uwill denote the category of bi o-frames and

bi o-frame homomorphisms.

The definition of regularity is similar to that for biframes except that arbitrary joins are

replaced by countable joins. For the sake of clarity we write the following:

Definition 1.1.2: A bi o-frame M is reqular if there is a sequence {z,} such that 2, <;

z(n€N) andz=\{z,|/n € N} for allz € L;,i € {1,2}.
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Lemma 1.1.3: Any omomorphic image of a regular bi a-frame is regqular.

Proof. Suppose h: M — L is a bi o-frame homomorphism and onto. Then h preserves
~; for ¢ € {1,2}. Indeed, if z <; a with separating element y € M;, then h(z) <; h(a)
with separating element h(y) € L;. Since L is an image of M, ¢ € L; implies that
£ = h(m) for some m € M. Furthermore, since M is regular, h(m) = h (\/{z,|z, <; m}).

Consequently h(m) = £ = \/{h(z,)|h(z,) <; h(m) = £}. Thus L is regular. ®

Let Reg BIcFRM denote the full subcategory of BloFRM whose ob jects are the regular
bi o-frames.

The next result extends the one (in [5]) for o-frames and the proof is similar.
Proposition 1.1.4: Any regular bi o-frame L is normal.

Proof. Suppose a V b = e for some a € L; and b € L;. Since L is regular we may write
a = V{anla, <, a} and b = \/{b,|b, <; b} in such a way that a, < an41 and b, < by
For each n let z, € L; and y, € L; be separating elements for a, <; a and b, <; b,
respectively. Put z = \/(zp, Aby),y = V(¥ Aa,). Observe that 2 € L; and y € L;. Then
tVa=eand bVy=-e We have that

TAY = \/(xn/\bn)f\ \/(ym,f\am)

neN meN

=V [(Za A am) A by A ym)]
n,mEN

= 0, ,
for if n < m, then b, < b,, and a, < @, thus by, Ay < by Ay = 0, similarly m < n

implies that z, A a,, = 0, which completes the proof.
Corollary 1.1.5: For a regular bi o-frame L, <; interpolates.

Proof. Suppose that a,b € L; with a <; b. Take ¢ € L;, i # j such that a Ac =0 and
bV ¢ =e. Normality of L givesus v € Lj,v € Ly withuAv=0and bvu=e=cVu.

Thus ¢ and u are separating elements for a <; v and v <; b so that <; interpolates. ®
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As a consequence of she previous result along with the axiom of countable dependent
choice, <;==<~=; and we conclude that regularity coincides with what would be called
complete regularity in bi o-frames as in o-frames.

We now define the category BIAlex of Alexandroff bispaces and cozero maps. These

&
bispaces will be shown to be the appropriate spatial objects in this setting.

Definition 1.1.6: An Alexandroff bispace is defined to be a triple X = (|X|, A1, A;)
with A; subframes of PX such that (Ao X, Ay, As) is a regular bi o-frame, where AgX =
Ay V Ay is taken in PX and |X| is the underlying set of Ay X. A cozero map
(X, Ay, A) — (Y|, By, By) is a map f : | X| — |Y] such that f~(B) € A4;(B €
B;). We call members of AyX cozero sets.

In the sequel we will write X for |X| as no confusion should arise.

The latter terminology will be justified in Theorem 1.3.8 below.

Since the total part of a regular bi o-frame is regular, it is immediate from the above
definition that if X is an Alexandroff bispace, then Ay X is a regular o-frame.

The following characterisation of Alexandroff bispaces is the bispace analogue of the
characteristic properties of the zero set spaces of Gordon [14]. Here it makes sense to look
at the properties expressed in terms of the complements of what Gordon calls zero sets

with the separation of points axiom omitted.

Proposition 1.1.7: (|X|, A1, A2) is an Alezandroff bispace if and only if the following
properties are satisfied for Ay, A; C PX:

(1) Ay, As contain § and X, and are closed under finite intersections and countable

UNIONS.

(2) IfA€ A;, B € A;,j # 1 suchthat X = AUB, then there exist A' € A; and B' € A;,
such that ANB =0 and X\AC B, X\BCA4 (ie, AUB =X = BUA).
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(3) If A € A, then there exists a sequence {An} in A;, 1 # j such that A = U»X\An.

Proof: = (1) and (2) follow immediately from the fact that (Ao X, A;, Ay) is a regular
bi o-frame and consequently normal.

For (3), let A € A;. Then there exists a sequence {A4,} C A; such that 4 = UA“
and A, <; A. Thus, there exists C, € A; with A,NCr, =0 and C,UA = X. ’Phus,
A, CX\C, CA, consequently A = UX \ Cy.

<==: By (1) it only remains to prove that (A¢X, A, A3) is regular. Suppose 4 € A,.
Then there exists a sequence {A,} in A;, ¢ # j such that A = UX \ A, by (3). This
implies that A, UA = X, for all n € N. By (2) there exist {C’n}nc A; and {D,} C A;
such that C, N D, =0 and AUD, =X = A,UC, for éach n. Now A = UC" since we
have "

X\A, CC, CX\D,CA forall n. "
1.2 Adjoint functors

We define functors between BIAlex and Reg BIoFRM and prove that they are adjoint

on the right. These are analogous to the open set and spectrum functors between BIFRM

and BITOP introduced in [3].

The contravariant functors .4 and ¥ are defined by:

A BIAlex — RegBIosFRM
(Xa AI:AQ) L (AOX9 Al,AQ)
f — f1
¥: RegBIoFRM — BIAlex
(Mﬁa Mla MQ) L ([.@.MGLQMngg)
‘ f o— fl

Where T M, consists of all o-prime filters on My, ¥, = {¥, }aen; and
¥, ={F:a€F e UM} Ais easily seen to be functorial, and, with the following

result, so is W.
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Proposition 1.2.1: » ([¥M,|, ¥, ,¥,,,) is an Alezandroff bispace.

Proof: We first show that ¥, N ¥, =¥, ,, for a,b € M. Let J € ¥, NT,. Then a,bc J
implies that a A b € J therefore J € ¥,,,,.

Conversely, let G € ¥,,,, then a,b € G since G is an upset. Thus, G € ¥, N T,.
Next, we show that | |¥, =, . Let J € |JE,, for {an} € My. Then

k1 k13
J € Ek for some k. Then \/an € Jbecause J is an upset. Thus, J € EV o, and, conse-

n

quently, | J¥,, € ¥y,
n

On the other hand, if G € ﬁv% for {a,} C My, then \/an € (G, which implies that
ar € G for some k since G iso-prime. Thus, G € U-_‘\I’:an

We prove that ¥y, V¥, =¥, Let ¥, € U}, then ¥, =W, rq ) for {c,} C M,
{dn} € Mj,i# jand 1,5 € {1,2}

> E {enidn)

= Y,V VT,
The fact that ¥,, (i € {1,2}) are sub o-frames of ¥, is a consequence of the above

identities and that (Mg, M;, Ms) is a bi o-frame.
Lastly, regularity of (@Mel, EMI,'@MJ follows immediately from the observation that the
map ey : M — A¥M given by a ~ ¥, is a homomorphism as the above identities show

and the fact that M is regular. m

Let ny : X — WAX
- Az)

where X is an Alexandroff bispace and A(z) = {U : 2 € U € A¢X} is a o-prime filter of

ApX. Let €p be the homomorphism defined in the above proposition, then:
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Proposition 1.2.2: *A and ¥ are adjoint on the right with adjunctions nx and €.

Proof: nx is a cozero map:
IfCeA i€{l,2}, then

T = {z:0x(s) € o)

= {z:Az) € ¥z}
{z:C € A(z)}
C.

Naturality of #:
Suppose g : X —> Y is any cozero map and z € X. We show that the following diagram

commutes,

X Y T
nx ny H
— E‘Ag J—
TAx gy Alz) —— A(g())

We have that

TAg(A(z)) = (Ag)™'(Alz))
= {C e AY: (Ag)(C) € Alz)}
= {Ce AY : g7}(C) € A(z)}
= {Ce AY :z € g7(C)}

I

{C e AY : g(z) € C}
= Alg(z)).-

Naturality of ¢:

If f: M — L is any homomorphism and a € M i.e., a € |Mg|, we must check that the

a4
M £ ‘[

p— _—

¥,

square

f(a)

Y -
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commutes. Thus, ,

) = (Z) T,
= {Pe¥L:(¥f)(P)eY,}

(AT

el

= {Pe¥L: fY(P)eL,}
= {Pe¥l:ac T} (P)}
= {Pe¥L: f(a) € P}

- E}'(a)'

We verify the following identities:

(1) Wen o Ngypr = idgyy, for each M € Reg BIoFRM, and
(2) Anx o e4x = idax, for each X € BIAlex.

For (1) let P € WM, then 7g,,(P) = A(P)

= {¥,:a€ P}.
Thus Wep o gy (P) = (em) {¥, :a € P}
= {b:ey(b)=1¥,, forsome ac P}

= {b:¥,=1,, forsome ac P}

= P

(since if U, = W, for a € P, then P € ¥, and hence b € P. The reverse inclusion is easy).

For (2) take C € ApX where X = (|X|, 41, A3). Then

Anx oeax(C) = Anx(¥c)
= (nx)" (¥e)
= {z€ X :nx(z) € ¥¢}
= {zeX:Alz) e ¥}
= {z€X:C € Alz)}

= {reX:ze(C} "
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1.3 Completelysregular bitopological spaces and Alexandroff bispaces.

Pairwise completely regular bitopological spaces were first introduced by Lane [19] and
Fletcher [10] independently and later studied by, amongst others, Nachbin and Salbany
[25]. We will denote the category of pairwise completely regular bitopological spaces
and continuous maps by BICRG. We now show that the adjunction between ALEX
(Alexandroff spaces) and CRG (completely regular ;copological spaces) in [13] lifts to the
one between BIAlex and BICRG.

Notation: We denote by (R, £, u) the real line with the lower topology £ = {{a, o) :
a € R} and the upper topology u = {(—o0,b) : b € R}. (I,4,u) is the unit interval
I = [0, 1] together with the lower topology £ = {(a,1] : @ € I} and the upper topology
u = {[0,b) : b € I'}. Basically (,¢,u) is the subspace of (R,Z,u). In the sequel we will

use £ and u for both 7 and R where no confusion will arise.

Definition 1.3.1: We say that a bitopological space (X, P,Q) is pairwise completely
regular if

(a) for each P-closed set W and xo with xo € W , there is a continuous map
fi(X,P,Q) — (I,¢,u) such that f(zy) =1 and f(z) =0 on W and,

(b) for each Q-closed set V' not containing x4, there is a continuous map

g: (X,P,Q) — (I,£,u) such that g(zp) =0 and g(z) =1 on V.,

We will show that ;X is an Alexandroff bispace whenever X is a pairwise completely reg-
ular bitopological space, and conversely, that tX is a pairwise completely regular bitopo-

logical space whenever X is an Alexandroff bispace.

Definition 1.3.2: We define a,(X, P, Q) = (X,Cp,Cq) where

Ce = {h1(0,00)| h: (X,P,Q) — (R, ¢,u) is a continuous map} and

Co = {hH~0,0)| h: (X, P,Q) — (R, {,u) is a continuous map}, also

tH(X, Ay, Ag) = (X, A}, A3) where A}(i € {1,2}) are topologies on X generated by A;,1 €
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{1,2}, respectively. »

(We will show that for all X € BICRG a,X € BIAlex and for all X € BIAlex tX ¢
BICRG.
The justifications for the above definition are given below.

We require the following definitions for a bitopological space (X, P, Q) for the next result.

Definition 1.3.3: [25]. Let Bp and Bg be bases for P and Q, respectively.

1. If Bp and Bg are closed under finite intersections and finite unions and whenever
Ny € Bp and N, € By are such that Ny U N, = X, then there are N3 € Bp and
Ny € Bg such that X \ Ny € Ny C X\ N3 C N, then (Bp, Bg) is called a pairwise
normal base for (X, P, Q).

2. (Bp,Bg) is called pairwise Ry if for each © € N € Bp, repectively Bg, there is
N' € Bg, respectively Bp, such thatz € N' and NNUN = X.

For the properties of lower and upper semicontinuous maps which ensure that the maps
constructed in the next proof are again continuous from (X, P,Q) to (R,Z,u), see [9],

1.7.14.
Proposition 1.3.4:  (X,Cp,Cp) is an Alezandroff bispace.

Proof: We check that (Cp V Cg,Cp,Cp) is a regular bi o-frame. We show that Cp {and,

similarly, Cp) is a sub o-frame of Cp V Cq.

(2) I g7*(0,00), f71(0,00) € Cp then g=}(0, 00)Nf~H(0, 00) = ((gV0)(fV0))~*(0,00) €
Cp.

(b) Suppose f,7}(0,00) € Cp,n € J and J countable. We may assume that f, > 0 for
each . By [9], 1.7.14 we have that g = Y, f, A 2™ is continuous from (X, P,Q) to
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(R,4,u). Thus U 710, 00) = g71(0, c0), where g is continuous. Hence Cp is closed

k13
under countable unions and is thus a o-frame.

For regularity, let U € Cp. Then U = f~!(0,00) for some continuous f : (X, P, Q) —
(Ra ea U) Observe that U = U f-l(%: 00)7 fﬂl(%a OO)ﬁf_l(—OO, 515) = @ and f_l{"'OO: f;};)U
f~1(07 OO) - X "

The following theorem is vital for our proof that (X, A}, A5) € BICRG.

Theorem 1.3.5: [25]. A bitopological space X 1is pairwise completely regular iff it has a

pairwise normal and pairwise Ry base.

Proof: We outline the proof given in [25]. The proof uses a base of closed sets.

==>: Let (X, P, Q) be pairwise completely regular. Suppose,

Bp = {Z(f)If : (X,P,Q) — (I,£,u)} and By = {Z(g)lg : (X, P,Q) —> (I, u, £)} where
Z(fy= f~1(0) and Z(g) = ¢~*(0). It is shown that (Bp, Bg) is a pairwise normal and R
base for (X, P, Q).

<=: We start with a pairwise normal and R, base (Bp, Bg) for (X, P,@). It is shown
that a disjoint poix;t and a P-closed or (J-closed set can be separated by a continuous
map ¢ : (X, P, Q) — ({,u,£). The construction of the map g is modelled on that of the

proof of Urysohn’s Lemma. E

Let (X, A;, As) be an Alexandroff bispace. (A;, Az) is pairwise normal, for if Ny € A,
and N, € A, such that Ny U N, = X, then there exist N3 € A; and Ny € Ay, such that
N3N Ngy=0and X\ N, C Ny X\ N C N3. N3N Ny = 0 implies Ny, € X \ N3 and
X\ N; C N, implies X \ N3 C Na, we thus have X \ Ny € Ny € X \ N3 C N,. Both
A; and A, are closed under finite intersections and unions. (A4, 49) is an Ry base, since
if € N € Ay, then there is a sequence {A,} in A; such that N = U(_X \An). 2 €N
implies that there exists ny such that z € X \ 4,,, thus z & A, € .A; but X\ An, CN

implies N U 4,, = X.
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Since (A}, A;) is botlra pairwise normal and Ry base whenever (X, A, A4,) is an Alexan-
droff bispace, (X, A}, A3) € BICRG by the above theorem.

It is now clear that a; and ¢ defined above are functors whose action on maps is to leave
them fixed as set maps. We need a number of results bf-zfore we are able to prove that q,

is left adjoint to t.
Proposition 1.3.6: (R, 4, u) s an Alezandroff bispace.

Proof: It suffices to prove that (OR, £, u) is a regular bi o-frame where OR denotes all
open sets in R. We already know that OR is a o-frame and u, £ are sub o-frames of OR.
We show regularity: Suppose that A € u, then A = (—o0,b) for some b € R, thus
A= U(—oo, b—1). Note that (—oco,b— 1) € u, also for each n there exists (b— 2=, 00) € £
such t?hat (=00,b—2)N (b~ 5,00) = 0 and (—o0,b) U (b — 5~,00) = R. This yields -
(——oo,b-—f;)«gA ¥YneN. "

Notation. (1) We denote the set of all cozero maps f : (X, A, A2) — (R, 2, u) by S(X)
and the bounded (i.e., bounded as maps) cozero maps from X to R by S$*(X).

(2) Lét (X, By, B3) be an Alexandroff bispace. We denote the collection of all sets of the
form X \ A where A € B; by Bf with ¢ € {1,2}.

We extend Urysohn’s Lemma for Alexandroff spaces to Alexandroff bispaces. The proof

is modelled on that for pairwise normal bitopological spaces [25].

Urysohn’s Lemma 1.3.7: Suppose (X, By, By) is an Alezandroff bispace, let A € By, B €
By be such that AU B = X. Then there exists a cozero map [ : (X, By, By) — (1,4, u)
such that f71(0,1) C A and f7[0,1) C B.

Proof: Assume the hypotheses of the lemma and that A’ = X \ A, B’ = X \ B, then
A'NB’' = (. By property (2) in 1.1.7, there exists C% € B, D% € B, such that C%QD% =0
and A' C D%,B’ C Cy. In short A C D. c X\C’% C B. Note that C; € By and B € B,
also Dyu A = X. Another application of (2) yields D% € B, and C% € B; such that
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C_%F”ID% =@,C’% CB%.and A'CD%. Thus A'CD% CX\C% CD% CX\C% C B.
Continuing inductively we can find ¢ L € By and D i € By(k =1,2,...,2" - 1) such
that
A‘chﬁ%T CX\OQ%CD%C...CX\C%%QCD% C...CB.
Set, Dz_;::‘r_!n’_r = D.s_na. and C;:?Tmr = C.% and introduce Dgz;f:-»-x} € B, and Cg?:.;-q G;BI by
requiring that
i
A CD%%%; CX\C%%CD%%}:%
and that

X\ Cz—ﬁ't';}r - Dg:;:wzz C X\ C(::;ill) C D;T-?-f

The subscripts of D, and C, form a set:

E={§;é 1<m<2"mneN}

Let D, € By and C, € B, with r,s € R such that r < s, then
AcD cX\C,cD,cX\CsCB.
_ [ inf{r:re R,z € D,} reB
Define f{z) = { 1 otherwise.

Then f(z)=0forallz € A, f(z)=1forallz e B',and 0 < f(z) <1 forallz € X.

Thus f(z) > 0 implies that z € A since X = AU B, hence f~1(0,1] C A. We also have
f(z) < 1 implies ¢ € B, consequently f~![0,1) C B. We show that f is a cozero map.
We must check that f~![0,a) € By and f~1(b, 1] € B, for a,b € (0,1). This follows from

the observation that

(1) f70,a) ={D, :r € B,r <a} and

(2) F7Y 5,1 =U{C, : v € R,r > b}.

We prove (1): If z € D,,r < a, then f(z) < r < a. Conversely, if f(z) < a, then by

density of R in [0, 1], there exists r € R such that f(z) < r < q, thus z € D,.
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For (2): If b < f(z) <1, there exists 7,7, € R such that b <7, <7, < f(z). In view of
the fact that ry < f(z) and the definition of f we conclude that z ¢ D,,. Since r, < 1y
implies X\ Cr, C Dr, we get that £ ¢ X\ C,, (i.e. z € C;,). Conversely let z € C,, with
rz > b. Now 7 < r, implies D, C D,, € X\ C,_, also z ¢ X \ C,, implies z ¢ D,, for
r < 7, which yields b < r, < f(z) (i.e. z € f71(5,1]). =

The collection of all lower (respectively, upper) cozero sets of an Alexandroff bispace
(X, By, By) (i.e., sets of form f~!(—o0,0)(respectively, f~(0,00)) for some f € S(X), is
denoted by coz, X (respectively, coz, X).

Theorem 1.3.8: Whenever (X, By, B;) € BIAlex, B) = coz X and By = coz, X.

Proof: We will only show that BB; = c0z,X; the remaining proof is similar and therefore
omitted.

D: Let A € coz X, then there exists an f € S(X) such that A = f~1(—00,0). Hence
A€ B;.

C: Suppose A € By, then by property (3) of (1.1.7) A = UX \ An for a sequence {A,}
in B;. Thus X\ A= ﬂAn and hence (X \ A) N (X\ An)nx { for each n. By Urysohn’s
Lemma, there exists f: € §*(X) such that

{ 0 ze X\A and

falz) =
1 ze€ X\ A, foreach n.

Observe that X \ A, € f;71(0,00) € Aand A = UX\AmhenceA Uf (0, 0).

Note that f;1(0,00) € coz X, for all n € N and cong is closed under countable unions,
(the proof is similar to that of 1.3.4(b) and therefore omitted), consequently A € coz, X m

We now come to one of the crucial results in this section.
Proposition 1.3.9:  ta, = idpicre and a; is left adjoint to t.

Proof: If (X, P,Q) € BICRG, then ta;(X, P, Q) = t{X,Cp,Cq) = (X, P,Q). The last
equality follows from the fact that (Cp,Cg) is a base for (X, P,@). Next we prove that a;
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is left adjoint to ¢t. Define the natural transformation

7 : lpicrg — fay

to be the identity. Let X = (|X|,P,Q) € BICRG, Y = (|Y|, B, B,) € BIAlex and

suppose that
Y

X — t
— (Y, B}, B)

f:
(X, P Q)

is a continuous map.

It remains to show that there exists a cozero map f : a;X — Y making the following

nx
. _X_— e taiX
diagram to commute, ’

Applying the functor a; on f : X — tY gives us a;f : o, X — Y. We verify that
this is indeed a cozero map.

Let U € B;, then there exists a cozero map g : (Y, B, Bs) — (R, ¢, u) such that

{ g_l((}, OO) it Ueb

g“l(—oo,(}) if U e B,
by the foregoing theorem.

We have f~1(U) = (¢f)71(0, 00) or (gf)~'(—00,0). In proving that
gf (X, P, Q) — (R,£,u) is continuous it will be sufficient to show that f~'(U) € Cp or
Cq respectively. V € £ implies that g~!(V') € B; C By since g € S(Y). Thus (¢f)" (V) €

U=

P by continuity of f : X — tY. It can be similarly proved that gf : (X, Q) — (R,u) is
continuous. Clearly f = a;f is the unique map which makes the triangle commute. ®
From the above proposition we conclude that BICRG is embedded as a coreflective
subcategory of BIAlex and we shall regard constructions in BIAlex as extensions of
constructions in BICRG.

The next proposition follows immediately from Propositions 1.2.2 and 1.3.9.

Proposition 1.3.10: The functors 5 = t¥ : Reg BIoFRM — BICRG and
P = Aq; : BICRG — Reg BIocFRM are adjoint on the right.
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»1.4 Realcompact Alexandroff bispaces

We introduce a functor between BIAlex and ALEX.

Definition 1.4.1: The wedding functor is defined by

W :BlAlex — ALEX
(X, AL A) = (X, AX)
f - f

An Alexandroff space X is separated if for any two points in X we can find a cozero set

containing just one of them, i.e., the cozero sets separate points.

Gilmour showed that a separated Alexandroff space X is realcompact iff 7jx : X — YU X
is an isomorphism where 1y, ¥ and I are analogues of our 7x, ¥ and A for Alexandroff
spaces and o-frames respectively. We will say that an Alexandroff bispace X is separated
if its total part is separated. We bypass other well known characterisétions of realcom-

pactness and define realcompactness as follows:

Definition 1.4.2: A separated Alezandroff bispace X is realcompact if ny : X —>

WAX is an isomorphism.

Denote by T the functor which takes the total part of a regular bi o-frame and leaves
morphisms unchanged.

The fact that the following squares commute will be useful in proving the next proposition.

BIAlex —2 Reg BIcFRM (X, :’417«(42) — (Ao X, A, A;)
wl (1) 1? I I
ALEX 7 RegcFRM (X, AoX) Ao X
BlAlex = Reg BIocFRM (El‘/[ov g}\/ﬁ ) EM;) D (A{O: M;, ME)
w (2) T [ ‘ : ]
ALEX > RegocFRM (U Mo, ¥pg,) =t My .
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This is the main resu.s in this section.

Proposition 1.4.3: A separated Alexandroff bispace X is realcompact if and only if

WX s realcompact.

Proof:
=: Suppose X = (X, A, A;) is realcompact, then

X =2 UAX

WX | ~ WWAX (by applying the functor W)

WX = UTAX (WY =UTin (2)above)
and as is shown in [13], ¥L is realcompact for any L € RegoFRM.
< Let X = (X, A;, A2) and WX be realcompact. Then nwx : WX — YU(WX)
is an isomorphism and hence onto. We prove that nx : X — WAX is onto. Let
P e WAX, then P € EA@X. But the underlying sets of WAX and ¥ A(WX) are the
same hence P € WY(WX). But nwx is onto so that there exists z € X such that
nwx(z) = P = nx(z). Since nwx is always one-one (WX is separated) it quickly follows

that nx : X — W.AX is one-one. | -
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b CHAPTER 2

THE COZERO PART OF A BIFRAME

We will deﬁne the cozero part of a biframe analogously to that for cozero sets of a bitopo-
logical space. The following interesting properties extend those of the cozero part of a
frame. As in frames (see [24]), the cozero part of a completely regular biframe generates
it as a biframe. The cozero part of a biframe is the largest regular sub bi o-frame of
that biframe. This cozero part determines the compact completely regular coreflection
of a biframe. We supply a useful characterisation of the elements of a cozero part of a

biframe.
2.1 The definition of the cozero part of a biframe

‘For a biframe L = (Lyg, L1, Ly) we say cozL = (cozeLy V cozy,La, cozeln, coénLg) where

cozel, = {a € Lija=h(0,00), h: O(R,£u) — L in BIFRM}, and

0zuLy = {b€ Ly|b=h(~00,0), h: OR,¢ u) — L in BIFRM}

and coz Ly V coz, L is the o-frame generated in Lg. It is easy to see that cozL; and
coz, Ly are sub o-frames of L, and Lg,respectively. Given a biframe homomorphism
h: L — M, cozh : cozL — cozM is the restriction of A to cozL, which is clearly a bi

o-frame homomorphism.

The next proposition shows that this is indeed a good extension of the classical definition
of cozero sets. |

From [3], we have the natural transformations ¢ and O. For a bispace X,

ox : X — 5" OX is defined by ox(z) = O(z) which is the filter of open neigbourhoods
of z in the topology (OX ). For a biframe L, O : L — O L is a biframe map with

Opla)=>,={Pe> Ly:a€ P}
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Proposition 2.1.1: sor (X, P,Q) a bitopological space, coz(O(X, P,Q)) = Aa,(X, P, Q) =
(Cp A2 Cq, Cp, CQ)

Proof: We only check equality of the first {(and effectively the second) part of coz(O(X, P, @))
and Aa,(X, P,@). Since both joins are o-frame generated in P v Q, it follows that the
total parts are the same. |

C: Observe that Aa, (X, P, Q) = (Cpvg,Cp,Cq). Suppose A; = h(0, o) for some

h: OR,£,u) — O(X,P,Q). By naturality of ¢ and spatiality of (R, ¢, u) (see [3]) the

diagram

S O0X -, S OR

ox o

(X,P,Q)- L ~(R,t,u)

commutes for f = (og)"' oY hoox. Hence f: (X, P,Q) — (R, 4, u) is continuous.

Now f=1(0, c0) = O(0,0)
= O(og' 0 3 hoox)(0,00)
= (Oox 0 O hoOoz')(0, x0)
D ((Oox)™ 0 O ho Oor)(0, )
@ (0, 00)

= Al.
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We check that Opx 00y, = Idoy 0x,
Oox 0 Osy (3°y) = Ooxox' (3 y) for U € (OX),
| = Oox{z € X :ox(z)e Yy}
= Opx{z e X :0(z)e y}
= Opx{z € X :U € O(z)}
= Oox(U)
= Dy
Equation (1) follows from the fact that Oox 0 Opx = Idox (see [3]) and Opx 0 Oy, =
Idos ox. Equation (2) is a consequence of naturality of O and spatiality of O(X, P, Q):
ox 0% _ OF O(X,P.Q)

A OTh

OR—22% -~ 0T OR

This yields coz;P C Cp. Similarly for the upper cozero part.

D: Next we let By = g~1(0, 0o) for some continuous g : (X, P,Q) — (R, £, u). Applying
the functor O immediately leads to B; € coz, P and similarly for the second parts. QOur
result follows. -
Consider a spatial biframe M. Then M = O M [3]. Applying the functor coz one gets,
cozM = coz(OY M) = Aa, ) M by the last result. We conclude that the cozero part

of a spatial biframe is isomorphic to the cozero part of its spectrum.
2.2 Properties of the cozero part of a biframe

The next proposition proves that elements of the cozero part of a biframe are images of

subsets of the unit interval under a particular biframe homomorphism.

Proposition 2.2.1: The following hold in a biframe L = (Lg, Ly, L),
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(i) a € coz Ly < a = h(0,1] for some h: O(I,£,u) — (Lg, Ly, L) in BIFRM,

(ii) b € cozyLy <= b = h[0,1) for some h: O(I,£,u) — (Lo, Ly, Ly) in BIFRM.

Proof: We prove (i). The proof for (ii) is similar.

==: Define g : (R,4,u) — (I,¢,u) by g(a) = (@ A1) V0, where 1 is the map which
sends every element to 1 and O sends every element to 0. Now g(a) > 0 <= a >
0, consequently Og : O(I,8,u) — O(R,£,u) with (Og)(0,1] = (0,00). Since a €
cozgLy,a = k(0,00) for some biframe homomorphism &k : O(R, £, u) — L yielding a =
h{(0,1] with h = (ko Og) : O(I,4,u) — L. |

<=: Let a = h(0,1] for some h : O(I,4,u) — (Lg, L, L) in BIFRM. Applying the
functor O to the inclusion map ¢: (I,4,u) — (R, 4, u) gives the biframe homomorphism
Oc: O(R,4,u) — O(I,£,u) with (Oc)(0,00) = (0,1]. Hence a = (h o Oc)(0,00) and
(hoQOc): OR,{,u) — L. Com

Remark: Proofs in the setting of biframes often involve what amounts to a repetition
of some computation of a proof for the first part to obtain an analogous result for the
second part. In these cases we will only prove the result for the one part and will omit

any mention of the second part.

Lemma 2.2.2: If L and M are biframes and h : L — M is a biframe homomorphism,

then h(cozL) C cozM.

Proof: Since the total part of a biframe is generated by its first and second parts we
need only show that the image of the first (second) part of cozL under h is contained in
the first (second) part of cozM respectively.

Suppose a € cozgL;, then there exists g : O(R,¢,u) — L in BIFRM such that a =
g(0,00). Thus hog : O(R, ¢,u) — M in BIFRM with A(a) = (hog)(0, c0), consequently
h{a) € cozgM;. "
Since I with the usual topology is compact, O(I, 4, u) is also compact. Recall that the

functor R takes a biframe L to its largest regular sub biframe RL. The latter is generated
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by all regular sub biframes of L. Schauerte [26] shows that the compact regular biframes

are coreflective in BIFRM with coreflection maps 77, : RSL — L given by join.

Lemma 2.2.3: If L € BIFRM, and KL is the compact regular coreflection of L with

coreflection map 11, given by join, then cozL = 1,(cozKL).

Proof: The inclusion 71(cozKCL) C cozL follows from Lemma 2.2.2.

For the reverse inclusion, suppose that a € coz,L;. Then a = h{0, 1] for some

h :- O(1,4,u) — L in BIFRM by Proposition 2.2.1. But O(/,4,u) is compact and
regular (see Proposition 1.3.6), so there exists a unique &' : O(I,¢,u) — KL with

TLoh =h:

TL

O, 4,u)

L.

We obtain a = 71 o #'(0,1]. Also A'(0,1] € coz(KL), by Proposition 2.2.1 and, conse-
quently, a € 17(coz(KL),) as required. Inclusion of the total part follows from the fact
that 7y is a biframe homomorphism and the total part is generated by the first and second

parts. =

Proposition 2.2.4: If L is a biframe, then cozL is a regular sub bi o-frame of L as a bi

a-Jrame.

Proof: Consider any biframe homomorphism A : O(R,¢,u) — L. Regularity of OR
implies that of 2(OR). But {A(OR)|h : O(R,¢,u) — L} generates cozL, hence cozL is

regular. =

We have shown that the cozero part of a biframe is a regular sub bi o-frame and we will
see in 2.2.10 below that it is the largest such.
We say a € L is a Lindeldf element if a < \/ S(S C L) implies a < \/ T for some countable
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subset T of S. Whenever X is a topological space, then a Lindeléf element of the frame

OX is precisely a Lindel6f subspace of X.

Lemma 2.2.5: Every upper or lower cozero set of a compact bitopological space (X, P, Q)

has the Lindeldf property.

Proof: Observe that h™1(0, c0) = G h~tL,00) and g7}(—00,0) = G 97 (=00, —1] for
some continuous maps g : (X, P, 5)=1——-> (R,4,u) and h : (X, P, Q)n: (R, 4,u). Thus
every upper or lower cozero set is a countable join of lower or upper zero sets. Since upper
or lower zero sets are closed (see [19]) and hence compact in PV @, then cozero sets have

the Lindeldf property. -

Definition 2.2.6: An ideal J € (SL); (i € {1,2}) is countably generated if there ezists

a sequence {z,} C JNL; (i€ {1,2}) such that for each a € J, a < z, for some n.

Lemma 2.2.7: J € cozy(CRSL), (resp.coz,(CRSL)s) if and only if J is a countably

-generated completely reqular ideal of Ly (resp. Ly).

Proof:

= The total part of (CRSL) is compact regular and hence spatial so that (CRSL) is
spatial [1]. Let J € coz{(CRSL),. Then for each b € J N Ly, choose a sequence

b= bi <<y by <<y b3...1in J N Ly. Let J, be the completely regular ideal generated by
this sequence. Then we obtain J = \/{J, : b € JNL,}. But J has the Lindel6f property by
Lemn‘ia 2.2.5 and hence is a countable join of such elements and, consequently, countably
generated.

<=: Let J € (CRSL); be countably generated. Since (CRSL) is spatial and completely
regular {[19]), its cozero elements form a base for the open elements. Hence J is a union
of cozero sets, precisely a countable union since it is countably generated. Since cozero
elements are closed under countable unions, J is a cozero element. "

The following Corollary gives the characterisation of elements of the cozero part.
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Corollary 2.2.8: Fog any biframe L, a € coz Ly iff a = \/ an, for some sequence {a,}
nel

in L with ar, <<y ag41 for all k € N.

Proof: ==>: Suppose that a € cozL,. Then a = 7,(J) for some J € coz,(CRSIL); by
Lemma 2.2.3. Therefore, by Lemma 2.2.7, J is countably generated by {c,} C L, say.
Define a sequence {a,} in L; N J by letting a; = ¢;, and choosing a,.; € L, N J such
that a, V ¢py1 <=1 @ny1. Complete regularity of J enables us to make this construction.
Consequently a = 1,(J) = V @, and ay <<, a4y for all k € N.

<=: Suppose a = \/ a, with a and a sequence {a,} in L, and ay <= ax4; for all k. Then
J={z € Ly : z < a,, for some n} is countably generated in (CRS$L);, so that

J € coz(CRSL), by Lemma 2.2.7. Thus @ = 77(J), which implies that

a€ r;,(cazg(‘CRi‘sL)l) = cozel;. =

Lemma 2.2.9: Let L be a regular bi o-frame. Ifa € L;, then a = \/ b, where b, <; by
for alln € N.

Proof: Given a € L;, one gets a = \/ a, by regularity. But the rather below relation
Gn <50
interpolates, so we construct a sequence {b, } such that by = ay. Choose b, € L; such that

ag V ay <; by <; a; pick by € L; such that b; V ay <; by <; @; continuing the process pick
b, € L; such that b, Va, <; b, <; a. It is not difficult to see that for each n, b, <; bpy1
and a = \/ by m
We define the forgetful functor

U:BIFRM — BIsFRM

(Lo, L1, L2) = ((UL)o, (UL)1, (UL)2)

f= flowe
where (UL); (i € {1,2}) is the o-frame obtained by forgetting arbitrary joins in L,
(¢ € {1,2}) and (UL), is the o-frame generafed by (UL); and (UL)y in Ly as a o-frame.

Notation: In what follows, (cozL);, i = 1,2 will denote coz,L; or coz,Ls, respectively.
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- The next result tells »s that the cozero part of a completely regular biframe is its largest

regular sub bi o-frame as a bi o-frame.
Corollary 2.2.10: For L € BIFRM, cozL = RUL.

Proof: Regularity of cozL implies that cozL € RUL. For the reverse inclusion,
a € (RUL); implies that a = \/ a, with a, <; @41, so that a, <=<; a,4, by the interpo-

lation property. Consequently a € (cozL);. o m
Proposition 2.2.11: For L € CRegBIFRM, cozL generates L as a biframe.

Proof: Let a € L;, then a = 71,(J) for some J € (KL); since 77 is onto. But J =
V{h b€ Jn L} with J, € coz(KL), as in the proof of Lemma 2.2.7. Hence a =
o (V{Jo s b€ TN LY}) =V {r(J) : b € JN Ly} since 77, is a biframe homomorphism.
But 71(J,) € cozeL, for each b, by Lemma 2.2.3.

2.3 The cozero part and compactification of a biframe

We construct the compact completely regular coreflection of a biframe by considering its

cozero part.

Definition 2.3.1: The biframe Regldl A of regular ideals for a bi o-frame A is given
by:

Regldl A = ((Regldl A)y, (Regldl A), (Regldl A),)
where (Regldl A); = {J € (SA); : J is regular }, (1 € {1,2}) and (Regldl A)y is the
subframe of (3A)y generated by (Regldl A);, U (Regldl A),.
Let us check that Regldl A is indeed a biframe. By the above definition it suffices to
check that (Regldl A), is a frame. We know that (3 A), is a frame so we will check the

following points which prove that (Regldl 4), is its subframe:

(a) Ay € (Regldl A), because e <; e with a separating element 0, so that a € A
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implies that @ <, e <; e consequently a <; e. Since 0 <; 0 with separating element

e we conclude that {0} € (Regldl 4),.

(b) We check that J; N J, € (Regldl A), whenever both J; and J, are there. For
a € JiNJy, wecan find by € J, and b, € J» sﬁch that a <; b; and a <, b, hence
a~<; b ANby € JyN s,

(c) Suppose J = \/ J; where each J; € ‘(RegIdl A);, then we must show that
J € (RegIdlji/;)l, Ifa€ J, thena < by Vb V...V b where each b, € J; for
some j € A. By regularity of each J;, there exists ¢; € J; with b; <1 ¢;, hence

a<yc Ve V... Ve € J. Consequently J is regular.

Another thing which is of interest to us is whether (Regldl A); is contained in the
set of regular ideals of Ag. Suppose J € (Regldl A)g, then J = \/(Jlj A Joj) where

Jij € (Regldl A); with (4 € {1,2}). Consider ¢ € J, then a < b, \/]bg V...V by where
each b; € Ji; N Jy; for some 7. By regularity of each J;; there exists ¢; € J with b; < ¢,
hence a < by VbyV... Vb <gciVea V... Ve € J. Consequently J is a regular ideal of
Ap.

We now consider Regldl in combination with coz:

oz Regldl 1 ~Reg BIFRM.
——

BIFRM Reg BIcFRM
d

Proposition 2.3.2: For any regular bi o-frame L, Regldl L is a compact completely
regular biframe.

The proof of this proposition is similar to that of Proposition 0.2.4 and therefore omitted.
Since coz : BIFRM — Reg BIocFRM is functorial, to prove that A
Regldl o coz : BIFRM — KCReg BIFRM is functorial it suffices to show that
Regldl: RegBIoFRM — KCReg BIFRM is functorial. =

Proposition 2.3.3: Regldl: Reg BIoFRM — KCReg BIFRM is functorial.
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Proof: Given a regular bi o-frame homomorphism A : L — M and J € (Regldl L);
where ¢ € {1,2}, we define (Regldl h)(J) = (h(J)) to be the ideal generated by h(J)
in My. We check that (h(J)) is regular in M;. Suppose z € (h(J)), then z < h(a)
for some a € J. But J is regular, so there exists y € J N L; such that a <; y, hence

z < hia) <; h(y) € (h(J)) N M. ™

Probosition 2.3.4: If M is a compact regular biframe, then the join map

Jur : Regldl{cozM) — M is en isomorphism.

Proof: Since (Regldl{cozM)), is regular, (Ja)o dense and M, compact, (Jp)e is codense

by the Lemma 0.1.2 and hence one-one. For onto, suppose a € M;, then

\/ré(a) :\/(x € M,z <; a) =a,

hence Jys is an isomorphism. o om

Proposition 2.3.5: KCReg BIFRM is coreflective in BIFRM with coreflection maps
Jr, : Regldl(cozL) — L.

Proof: Consider 4 : M — L in BIFRM where M is compact and regular. Note that a
compact biframe is regular iff it is completely regular. (assuming the axiom of countable

dependent choice.) Then applying the functor RegIdl{coz) we obtain:

Regldl(cozM) ———= M
Regldl(cozh}l A
Regldl{cozL) — 7

So h factors through Regldl(cozh) and density of Ji, gives us that this factorisation is

unique. "

Remark: Regldl(cozL) is the compact completely regular coreflection of a completely

regular biframe L.



43

2.4 The regular Lindelof coreflection of a biframe and pseudocompactness

Our objective in this section is to define the regular Lindelof coreflection of a biframe. We
later give a characterisation of pseudocompactness of a biframe in terms of compactness

of its regulér Lindel6f coreflection.

We start by defining a functor # : BIoFRM — BIFRM.

Definition 2.4.1: Let L be o bi o-frame, HL; the collection of o-ideals in L; and
J*={a€Ly:a<bforsomebe J}, J € HL, We define HL by
,HL = (%Lo, (%Ll)*, (/HLQ)*), where (%Lt)* = {J* J € %L,}

J* is indeed a o-ideal on the o-frame Lg for each J € HL;.

Proof: (a) Suppose a < b € J*, then we can find z € J satisfyingb < zsothata <z € J

yielding a € J*.

(b) For a,, € J*, we can find z, € J such that a, < z, for each n, consequently
\/an < \/3:n But \/3:n € J since J is a o-ideal. Hence \/an e J".

n i3 7 7

Proposition 2.4.2: If L is a bio-frame, then HL = (HLg, (HLy)*, (HLy)*) is a biframe.

Proof: Firstly we check that for ¢ € {1,2} (HL;)* is a frame.

(a) Take H*,J* € (HL;)*, then we show that H* N J* = (H N J)*
D: is straightforward. -

C: Givena€e H*nJ*, thena < hand £ for h€ H, /€ J, hence a < h A ¢ because

a,h,8€ Lg,now a € (HNJ)* since kAL € HN J.

In view of the fact that HNJ € HL; and H*NJ* = (HNJ)*, we have H*NJ* € (HL;)".
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{(b) Consider an indexing set A, and J: € (HL;)* for each o € A. Then we prove that
V=N J)
& [+
C: Picka € \/Jg, then a = \/an for a, € J; where {ay|n € N} is a countable

[+ n
subset of A. For each n there exists z, € J,, such that e, < z,, hence
a= \/an < \/xn € \/Ja, yielding a € (\/ Jo)*.
7 T o o

D: Letac€ (\/ Jo)*, then there exists z € \/Ja such that a < 7 = \/xn, where
& [+ 4 7
Tn € Ja,. As a consequence of the fact that J,, € J; for each n, we have

\ zn € \/ Ji. From \/ J; € HLy we deduce that a € \/ J}.
n 4 o [+3
Hence \/ Jy € (HL;)"
(c) Since (HL;)* € HLg and HLy is a frame, we have distributivity in (HL;)*.

Next we prove that HL, is generated by (HL;)* and (HL,)*. We have J = \/ | z for

zeJ
each J € HLg. (In the remainder of this section | will be taken in Ly, unless otherwise

stated.) For each z € J,z € Ly so that z = \/bn A ¢y, where {b,} C Ly, {¢cp} C Lo, then

bz = L/ (banea))

Vb ca).

Certainly | b, € (HL,)* and | ¢, € (HLz)* as confirmed by the fact .that
‘1’ bﬂ = (~LL1 bn)* and J, Cp = (*LLz cn)* where (‘Lﬂl bn) € ?{Ll and (aLLz Cn) € %LQ
Consequently (HLg, (HL1)*, (HLy)*) is a biframe. ™

Proposition 2.4.3: For a bi o-frame homomorphism h: L — M define
Hh: HL — HM by Hh{J) = (h{J)), the o-ideal generated by h(J) in My. Then Hh is

a biframe homomorphism whenever h is a bi o-frame homomorphism.
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Proof: We know that Hh : HLy — H M, is a frame homomorphism. If J is a o-ideal .
on My and h : M — L is a bi g-frame homomorphism, then the o-ideal generated by
h(J) is just the ideal generated by h(J), namely {b € M| there exists a € J such that
b < h(a)}. Since HL; C HM;, then (HL;)* C (HM;)* for i € {1,2}. n

QOur aim is to prove that Hcoz is the regular Lindelof coreflection functor for biframes. A

step in this direction is given by
Lemma 2.4.4: Whenever L is a bi o-frame, HL is a Lindeldf biframe.

Proof: For a bi o-frame(Lg, Ly, Ly), HL is Lindeldf since the total part HLg is Lindel6f
[21]. m

Proposition 2.4.5: If L is a reqular bi o-frame, then (HLg, (HL:1)*, (HL2)*) is a regular

biframe.

Proof: Consider J* € (HL;)*, then
I =\ la=\/1b
agJ beJ

We check that the last equality holds.
>: This inequality follows from J C J*.

<: Suppose a € J*, then there exists b € J such that a < b, which gives | a C| b. Hence

the above equation holds.

Now J* = \/ J a. Furthermore if o € J, then | a = \/ 1 an, where | a, <;| a for each

agJ n
n by regularity of L. Thus J* can be written as a join of o-ideals in (HL;)* which are

i-rather below | a and hence i-rather below J*. From this we deduce that HL is regular.
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Lemma 2.4.6: Whenever L is a biframe, \/, : HcozL — L is natural in L.

Proof: For each biframe L, \/; : (HcozL)y — Ly is a biframe homomorphism since
J* € (H(cozL);)* implies that \/ J* € L;. Take a biframe M, then for each frame

morphism h : My — Ly we check that the following diagram commutes:

M, i Lo

I

H(cozM)o 222 H(coz L), .

Consider J € H(cozM)g, then (Heozh}{(J) = Hh(J}

=\/ L (7 (\/ and | in (cozL)o).

jeJ
Now taking a join in Ly we obtain

\ H(cozt))() = \/\/ L a()

L L jeJ

=V Vir0)

jeJ L

V A7)

ied
= h(J) =
Lemma 2.4.7: For any regular Lindeldf biframe L,\/ : (H(cozL);)* — L; is onto.

H

Proof: Schauerte [28] proves that any regular Lindel6f biframe is normal. Moreover it is
not difficult to show that for a normal regular biframe L, <; interpolates and consequently
L is completely regular. By Corollary 2.2.11 cozL generates L whenever L is completely

regular.

Suppose a € L;, then a = \/ J, where J; =] aN (cozL); € H(cozL);, hence a = \/ J
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Proposition 2.4.8: Jf L is a regular Lindelf biframe, then V. : HeozL — L is an

1somorphism.

Proof: It suffices to prove that \/ : #(cozL)y — Ly is one-one and
V : (H(cozL);)* — L; is onto for i € {1,2}.
Since codense implies one-one in Reg FRM we check that \/ : H(cozL)y —s Lo is

codense. If \/ J = e, then since L is Lindeldf, \/ an = e, which yields e € J because J

an€Jd
is a o-ideal, hence J = (cozL)o. The fact that \/ : (#(cozL);)* — L; is onto has been

proved in Lemma 2.4.7. 4 W

Proposition 2.4.9: The regular Lindeldf biframes are coreflective in BIFRM, with core-

flection maps \/ | : HeozL — L.

Proof: Consider a biframe homomorphism h : M — L where M is a regular Lindeldf
biframe. Since \/; : HcozL — L is a natural transformation, by Lemma 2.4.6, the

following square commutes:
M, h Ly

Vit s

H(cozM)o  (3emny  (H(cozL)o.
We can find a unique A’ : My — H(cozL)o such that k= \/; ok’ see [29].

Lastly we prove that H gives an equivalence of the category of regular bi o-frames and

the category of regular Lindel6f biframes.

Proposition 2.4.10: The category of regular Lindelof biframes and biframe homo-

morphisms Reg Lind BIFRM, and Reg BIoFRM are equivalent as categories.

Proof: We check that the functor H : Reg BIcFRM — Reg Lind BIFRM is full,

faithful and isomorphism dense.
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Fullness: If f: M —= L is a morphism in Reg Lind BIFRM, then
cozf : coeM — cozL is a morphism in Reg BIcFRM and Hcozf : Heoz M — HceozL

is precisely f: M — L.

Faithfulness: Suppose that Hf = Hg, where f: M — L and g: M — L are in
Reg BIocFRM. Let x € M), then since

Hf=Hg, Hf(lz) =Hg(l z), thus

(f(1 z)) = (g(4 z)), which leads to

($ f(z)) = ({ g(z)), consequently

V{ f(z)) = V{ g(z)), where the join is taken in Ly, this yields
f(z) = g(z). We conclude that Hf = Hg implies that f = g.

Isomophism-dense: Let L be a regular Lindelof biframe. Then we have

L = HcozL by Proposition 248,

This proves the result. L
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s CHAPTER 3

PSEUDOCOMPACTNESS AND THE COZERO PART OF A BIFRAME

Here we extend some of the results of [6] for frames to biframes. We start by defining
the biframe L(R;) of reals. Pseudocompactness of a biframe L is defined in terms of the
bounded maps L(R;) — L. We then give a characterisation of pseudocompactness which
does not mention the reals. The latter is used to give a characterisation of pseudocom-

pactness of a biframe in terms of its cozero part.
3.1 The biframe of reals

Banaschewski and Mulvey [7] describe the frame of reals by means of a set of relations in

Q x Q. We follow their presentation in the next definition.

Definition 3.1.1: The biframe of reals is the biframe L(R;) = (Lo(Re), L1(Rs), L2(Rp))
where Lo(Ry) 1s the frame generated by ordered pairs (p, q) € QxQ satisfying the following
relations: |

R1) (5,0) A (5,8) = (9 5, A 9)

R2) (p,q) Vv (s,t) = (p,t) whenever p< s < ¢ <t

R3) (p,9) = V{(s,t) :p<s<t<g}

R4) e = V{(p,q) € Q x Q}

and L1(Ry) is the frame generated by elements (p, - =V{(p,q) : ¢ € Q} inside Ly(Ry),
L2(Ry) is the frame generated by elements (—,q) = V{(p,q) : p € Q} inside Lo(R,).

L(Ry) is indeed a biframe, because (p,q) = (p, —) A (—, ¢) for any p,q € Q.

Let [L£o(R,)] denote the set of generators of L£o(R,). A map h : [Lo(Rs)] — L can
be uniquely extended to a biframe homomorphism from L(R;) into L if and only if A
transforms the above relations into identities which hold in L and takes the generators of

Ei(Rb) to L, 1 € {1,2}
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We now show that the spectrum of the biframe of reals is homeomorphic to (R, ¢, u)},

moreover this homeomorphism satisfies a special property.

Notation: Let 2 be the two element frame with top 1 and bottom 0,L; = L, = {0,1}.
We will denote (2, Ly, Ly} by 2.

The real line together with the lower and upper topologies (R, £, ) will be denoted by Rs.
Let ]p,q]= {z € R: p < z < ¢}, which is an open interval in R with usual topology.

Propésition 3.1.2:  There ezists o homeomorphism p: Y (L(Ry)) — Ry Suckvthat
p(C) €lp, ol i#f C(p,q) = 1.

Proof: Given ¢ € Y(£(Rs)), our first task is to define an open Dedekind cut (V, W)

which determines a A € R.

Suppose ¢ € S(L(R,)), thus ¢ : Lo(Ry) — 2, define V = {reQ:¢{(r,—)=1} and
W = {s € Q: ((~—,s) = 1}, then we check that (V, W) is an open Dedekind cut.

(1) e=V{p,9) :pa€Q}
= 1=V{{(p,9) : P, € Q}
= there are p,¢ € Q such that {(p,q) =1
= ((p,~) =1 and {(~,q) =1

=>peVandgeW.

(2) We show that V is a downset. If p € V and ¢ < p, then (p,~) < (p/,—), thus
¢(p,—) = 1 implies that {(p’, —) = 1. Similarly it can be shown that W is an upset. -
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(3) Let p € V, thens(p, —) = \/(p+ 1 ). Since ¢(p, —) =1, then \/C(p—}- 1-)=1
) ' ‘ neN '
which implies that there exists ny € N such that C(p+ %, -) i 1. In a similar

manner it can be shown that for any ¢ € W there is ¢ <gwithg e W.
(4) p<g=(-,q)V(p—-)=e
= ((-,9)V{(p,~)=1

- C(‘“)‘Q):l or C(p:_):l

=> peV or ge W
B) reVnW=((r,—)=1={((-,7)

= C[(Tr "’") A ("1?')] =L

But (r, =) A (—,7) = 0 which is a contradiction.

Hence (V, W) is a Dedekind cut. Now (V, W) represents A € R which means that p,q € Q
such that p < ANiff p € V, A < g iff ¢ € W. This implies that p € V and ¢ € W iff

We check that {(p,q) =1iff peV and ge W.
=:{(p,q) = 1 implies that {(p,~) =1 =((-,q)

<= p € V and ¢ € W mean that {(p,—) = 1 = {(—,¢), thus {(p,7) = {(s,¢) = 1
for some 1,8 € Q, hence 1 = {{(p,r) A{(s,q)

= C((pv 7') A (Sa Q))
=((pVsTAg)

<<¢(p, ).

We conclude that (V, W) determines ) such that A € ]p,¢[ iff {(p,¢) = 1.
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Next we define a map, which will be uniquely extended to the inverse of p. Given X € R,

define (y : [£Lo(Ry)] — 2 by

1 if Aelpq]

C«\(p> Q) =
0 otherwise.

We check that the definition turns (R1) - (R4) into true identities in 2,, preservation
of the generators of £;(R,) are automatic since the first and second parts of 2, are the
same as its total part and {, is thus a biframe homomorphism. We will only show these
identities on generators of Lo(Ry) as £1(R;) and £(R,) are frames generated in Lo(Rp).

For generators of Lo(Ry):
(i) G, AGrs)=1
= G(p,g) =1=G(r9)
= relpgland A €]r, of
<=> AefpVrgns]

= ((pVrgAs) =1

(i) If p < r < g < s, then {y(p,s) =1
<> A €]p, 9]
<= A €]p,gfor Ae]rs]

= 1=0lp,q) VGl s).

(iii) I p < p' < ¢ < g, then (\(p,q) =1
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<> A€]pq] -
<= 3/, ¢'such thatp < p/ < ¢ < ¢ with A €', ¢[
<= dp/,¢' withp < p' < ¢’ < g such that {,\(p',¢) =1

= V{G@, ) :p<p<d<g}=1

(iv) V{6 (p,9) : p,g € Q} = 1 because if p and g are rational numbers such that
p <r<gq,then {\(p,q) =1, hence 1 = {3(p,q) < V{{(r,s) :7s€ Q} <(le) =1,

so equality must hold.

‘We have thus defined a map which can be extended to a biframe homomorphism () :
L(Ry) —> 2, such that A €]p, ¢[ iff (\(p,q) = 1. Clearly p(¢) = A. We check that p is

indeed an isomorphism: -
(i) Now ¢ = (y(¢) since {y)(p,g) = 1iff p < p(¢) < g iff C(p,q) = 1.

Lastly we show that p: > (L(R)) — R, is a homeomorphism.

On Lo(Rs) : p7'(Ip,gl) = {¢: ¢(p,g) = 1} =3, 5 also

P ) = {A A €lpal} =Ip.dl.

On £1(Ry):



i pooD) = o7 JIp.aD)

qeQ

= |Jo'Up.aD

qeQ

= {C:{(p,g) =1 forsome g¢e Q}

= U 2ipa)

geQ

B Z\/(p,Q)

¢€Q
= ) (- and

P(Z(p,_)) = P(Zv(p’q))

geQ

= p U Z(p,q))

qeQ

= UP(Z(M))

)

= Jdp.aD

qEQ
= p,ool.
Similarly it can be shown fhat
pHl—o0gD) = X, and
p(X-a) = ]-o0,q[.

We now show that we have a one-one onto map from

BIFRM (L(R,), 0X) to BITOP (X,R,).

Proposition 3.1.3:  For a bitopological space X,
BIFRM (L(R;),0X) = BITOP (X,R,).

54
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Proof: We define a raap
BIFRM(L(R;),0X) — BITOP(X,R;)

p =
by ¢(z) = p(>_ p)ex(z) where
Ex X — ZOX

T > Z

is the adjunction of > and O, and for any U € (OX),, 2(U) = { (1) g i;g . We

check that ¢ : X — R, is continuous:

We will show that ¢(z) € Jp, ¢[ = = € ¢(p, ),
(15(2:) € Bp: OO[[ =T E {1‘9(3% ")a

and finally o(z) €] — o0, q[ =z € p(—,9).

But &(z) = p(3_ ¢)ex(z)
=p(2¥)E
= p(ig), thus
¢(z) €lp. dl
<= &p(p,q) = 1 (property of p)

<= 1 € p(p, q) (property of Z).

Next @(z) € Jp, oo



< Zp(p,—) =1 R

<= z € o(p,—).

We can show the last one in a similar way. Thus ¢ is continuous.

We define a map which will be the inverse of ~:

Given f: X — R, define

F i [Lo(Rp)] — (OX)o by Flp,a) = FH(Ip, al)-

We show that f determines a frame homomorphism on Lo(Rs):
(@) fl,q) A fls,t)
= fpalnf st
= 7 (Ip,qln]s, t)
= fIpVs,g At

= flpVs,gAt),

(ii) f(p,q)V f(s,t) (where p< s <gq<t)
= fp,qluf s, ¢]
= f~Y(Ip, q[u]s, t])

= flp,t{

96
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B
(ii) V{f(s,t):p<s<t<g}

=U{f M sitlp<s<t<g}
=fHHls,tl:p<s<t<g})
= /~p,dl

= f(p,q) and

(iv) V{f(.q): (p,q) € Q x Q}
=U{fIp.ql: (,0) € Q% Q}

= f~{U{lp.ql: (n,0) e Q@ x Q})

Furthermore f(p,—) = f(\V{(p,q) : ¢ € Q})

= V{/(p.9):q€Q}

= U/ Ipaligc @)

= f7]p, o0l

€ (0X); (sincef:X — R, is continuous).

Similary f(—,q) € (OX),. The above properties show that f can be uniquely extended

into a biframe homomorphism from L(R,;) to OX.
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Lastly we check that « and — are inverses. ?(:r:) = p(2f) by definition, and then
Felpd iff #F(pg) =1
iff z € f(p,q)
iff zef]pq]
iff f(z)€]pq]
hence .}“:(x) = f(z). We show that & = ¢:
élp,q) = ¢7'p ]

= ¢(p,q) for all (p, g) € Lo(Rs),

S

hence ¢ = ¢. "

3.2 Pseudocompactness in biframes

Definition 3.2.1: For any biframe L,

(a) A biframe homomorphism ¢ : L{Ry) —> L is called bounded if o(p,q) = e for some

p,q € Q, and

(b) L s called pseudocompact if oll biframe homomorphisms ¢ : L(Ry) —> L are
bounded.
Recall that for a biframe L and z € L;, z* = V{zeL;:zAhnz=0}(#])

We show that our definition of pseudocompactness is compatible with that for bitopolog-

ical spaces.

Proposition 3.2.2:  Let X be a bitopological space, then X is pseudocompact off OX

s pseudocompact.
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Proof: ==: Let ¢« L(R;,) — OX be a biframe homomorphism, then there is a
corresponding continuous function ¢ : X — R, such that ¢ is bounded iff ¢ is bounded

(see proof of 3.1.3.) By pseudocompactness of X, ¢ is bounded.

<=: Let f: X — R, be continuous, then with notation as in 3.1.3
71 [Lo(Ry)] — OX determines a biframe ‘homomorphism such that f is bounded iff the

unique extension of f is bounded. Now by pseudocompactness of @X, f is bounded. =

We will need the following lemmas, which will assume the following hypotheses. Given
that ay <=2 a; << az <<, ... is a sequence in a biframe L with {a,} C L, and
V a, =e. Let (cnq : ¢ € QN [0,1]) be an interpolating sequence between a,, and an4; for

each n, put
0 (r<0)
Cr =

Cnr—n (N <1 <n+1),
then define

o(p,q) = \/{c;, Neg :p<p <q <qg}

Lemma 3.2.3(a): For any ¢ € Q, \/ {yheg:p<p <gd <q}= \/ {cy 14 < g}
pp' ¢ €Q ¢eQ

Proof: <: is clear.

>: Consider ¢y with ¢’ < ¢, choose p and p’ such that p’ < 0and p<p' < ¢ < ¢,qin Q.
‘Then ¢y = 0, hence ¢}, = e. Thus ¢;, Acy = ¢y, resulting in

VVignrc:p<r<d<agz\Heg:d<q)

pEQ

which completes the proof. "

Lemma 3.2.3(b): For any p € Q, \/ {yNeg:p<p <g <gt= \/ {c:p<p'}.
7',q'q€Q PeQ

Proof: <: is straightforward.
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>:Foranype @,

\/ {epNeg ip<p <qd <q}
-7 geQ

>y A \/ {eg 19" < ¢ < g} for each fixed p’ such, that p < p/
7'.9€Q

= ¢, Ae for each p', since \/ Qy =€

T

Consequently, for any p € Q

\/ {ephepip<p <q <q}> \/{c;; p<p}
7'.¢'9eQ oeQ

Lemma 3.2.3(c): Forany p,q € Q, p(p,¢) = \/ {cyncyp<p <q < q} transforms
r'qeQ
the relations (R1)-(R4) in the definition of the biframe of reals into identities in L.

Proof: The proofs are essentially those for the case of frames (see [6]) and are given here

for completeness.

(i) We show that ¢(p,q) A v(s,t) = w(pV s,gAt):

o(p,q) A o(s, 1)

=\V{g Acg:p<p <qgd < AV{ch Acy 15 <" <t <t}
=V{(cgAch)A(cghew):p<p <qg <gs<s <t <t}
(i} V{C;‘VS’/\CQ’At’ :p<p’ <qg<gs<s <t <t}

=@(pVs,qgAt).

We show that (a) holds by checking that ¢ A ¢} = cpy, and ¢, A ¢y = cpag:
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* . d * 3
Indeed c; Ay > Cpvqr -SiDCE

P S pVg = ¢ 2 ¢ and

*
- = “pver

g £ pVg = ¢ 2 Chvgr

Next we show that cj Ac} < ¢ (b >ch,=V{e€Li:an(pVg) =0)

PV
=V{e€Li:(aAp)V(ang) =0},

thenb > V{ea € Ly tanAp=0}AV{a€ L :ang = 0} = c; A¢;. Consequently

* * *
Cp N Cy S Chyge

Lastly we check that ¢, A ¢; = Cpag
Clearly cppg < ¢ A gy

Next observe that pAg = p or ¢, hence cppg = €, Or ¢4, thus ¢, Acy < cppg. This completes

the proof of relation (R1).
(ii) Next we check that ¢(p, q) V o(r,s) = ¢(p, s) whenever p < r < ¢ < 5. Since,
[e(p, @) Vol )]l A gl s)

= [p(p, @) A (D, )] V [0(r, 8) A (D, 5)]

=op.q)V o(r,s) (by (1)),
we have that ¢(p, ¢) V ¢(r, s) < ¢(p, s).

For the reverse inequality: Consider p < p’ < s’ < s such that r < p’ or s’ < g, then

¢y ANes < p(r,s) Vp(p,g),sincer <p/ <s' <sorp<p < <q.

It remains to show the inequality when ¢/ < r and ¢ < §'. For this, choose t and ¢’ such

thatr <t <t <q



62

we have, v
o, a)Vo(r,s) 2 (¢ Aer) V(e Aey)
= (ep Ve Aler V) Ay Vey) V (cu Vey)
> c;; A Cyr.

Hence ©(p, g} V ¢(r,s) > ©(p, 5).

(iti) V{p(s,t) :p<s <t < g}
=V{ciAey s<d <t <t,p<s<t<g}
=\V{cAg:p<s<t<g}

= w(p, q).

(iv) V{ie(p,q) : (p,9) € @ x Q}
=Vi{cy Aeg :p<p' <¢ <q allp,g}
=V{c;Acy: allp, g}

=(Va)r (Ve

pEQ geQ

=eNe

The above 3 lemmas will be used in the proof of the following characterisation of pseu-
docompactness. This proposition will be used in proving that pseudocompactness of a

biframe is equivalent to compactness of the first and second parts of its cozero part.
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The arguments in tha above three lemmas apply in the case where the given sequence
{an} is in L, now consider the case where ay <<; a; << as <=1 --- is a sequence in
L with {a,} in L, and V a, = e. Let (cpq : ¢ € QN [0,1]) be an interpolating sequence

between a, and a,4,, set

o = 0 (r>0)
| Cnfer-ny < —r<n+1

and define
7(p,q) = \/{c;, ANeg:p<p <q¢ <gqg}
The arguments given above can be modified for this situation.

Proposition 3.2.4: A biframe L is pseudocompact iff any sequence

ag <=; 01 <~; Ay <=; ... such that \/an = e in L; terminates, that is a, = e for
n
some 1.

Proof: =: Given ag <=; a; <=; ag <=; ... such that \/a, = e, let ¢, and ¢(p, q)
be as in the above 3 lemmas. By Lemma 3.2.3(c), ¢ transforms the relations (R1) - (R4)

into identities in Ly.

We now check that ¢ preserves the generators of the first and second parts of £L(R,) and

thus determines a biframe homomorphism.

o(—q) = V{plq: peQ}

= \/\/{c;,/\cqr:p<p’<q’<q}
peEQ

= V{ey:¢' < ¢} € L; by Lemma 3.2.3(a), and
o, -) = V{el g g€ Q}

= VVi{grc:p<p<d<g}
geQ

= V{c:p<p}ely i#k byLemma3.2.3.(b).
Since L is pseudocompact, ¢ : L(R;) — L is bounded hence ¢(p,q) = e for some

pq € Q.
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Now, fér m2>gmeN
an 2 V{cg :p<q <gq}
2 V{gAcy:p<p <¢ <q}
= ¢(p,q). Hencea,, = e.
<=: Consider a biframe homomorphism h : £L(R;) — L. We must show that % is
bounded: Let a, = h(—,n), observe that a, <=3 a,4; << ... and \/an = e. By

k13
hypotheses an, = e for some m. Next consider b, = A(—n, ~) which gives us that

by <= byy1 <=<; ... and \/bn = e hence b; = e for some j.

Thus e = a, A b;
= h("7m) A h’("j:’ _)
= h{—j,m) w

We recall that (cozL); denotes coz,L; or coz,Ls.

We introduce a characterisation of pseudocompactness of a biframe which involves com-

pactness of both the first and second parts of its cozero part.
Proposition 3.2.5: L is a pseudocompact biframe iff both cozyL, and coz,Lq are compact.

Proof: =: Suppose that e = \/{an tap € (cozL);}, then a, =\ ani for some sequence
k1

{@n} C L;such that an, <=<; Gng41 for all k (see 2.2.8). Put ¢, = a1, Vag,V...Vap,. Then

Cn <= Cny1 and \/ ¢, = e, hence ¢, = e for some n by pseudocompactness, consequently

a1 VasV...Va, = e as required. =

<—=: Suppose that gy <=<; a; <=<; a2 <=<; ... such that \/ ¢, = e in L;. Now ap <=; a;
implies that there exists b; € (cozl); such that ap <<; & =<=; a;. This gives us a
sequence b <=; by <=; ... in (cozL); such that \/ b, = e. Compactness of (cozL);
implies that b Vby V...V b, = e for some n. But there is an ¢, in the above sequence

such that b, <<; a, for all m where 1 < m < n, yielding a, = e. "



65

a CHAPTER 4

COMPACT REGULAR BI ¢o-FRAMES AND STABLY CONTINUOUS
o-FRAMES

Stably continuous o-frames have been studied by among others Madden and Walters-
Wayland. Our intention here is to prove that St Cont ¢FRM is equivalent to
KReg BIocFRM. This equivalence is accomplished by extending the results of [4].

4.1 The Lawson dual and the congruence lattice of a stably continuous

o-frame

We give the necessary tools to construct functors between the above categories.
For the next definitions let L € cFRM.

Definition 4.1.1: (a) An ideal J C L € oFRM is called countably generated if there 1s

a sequence {z,} such that a € J implies that a < z, for some n.

(b) For z,y € L € oFRM, z is said to be o-way below y, written z <, ¥y, if for any
countable X C L withy < \/ X, there exists finite E C X with z < \V E. In particular

this means if y € \/ J, for some countably generated ideal J, then z € J.

(c) L is called continuous if €, is a o-approzimating relation, equivalently for each a € L

there ezists a sequence {a,} such that a, <, a for eachn and a = \/aﬂ.

i

(d) L is stably continuous if L is continuous and the relation &, is closed under finite

meets in L x L, t.e., a K, b,c impliesa €, bAc ande &, e.

(e) The o-proper o-frame homomorphisms h : L — M, are the o-frame homomorphisms

which preserve the <, relation.
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The corresponding cciegories will be denoted by Cont oFRM and St Cont oFRM

respectively.
Remark: Let a,b and ¢ be elements of a continuous lattice L.
(a) fa<,cand b€, ¢, thena Vb <, c

(b) There is a sequence {a,} such that a = \/ an and a, € anyy <, a for all n.

i)

(c) The <, relation interpolates. That is, if a <, b, then there is some ¢ for which

0K, e, b
We now aim to introduce and study the Lawson dual of a o-frame.

Definition 4.1.2: A filter FF C L € oFRM is called countably generated if there is a

sequence {Z,} in F such that a € F implies z, < a for some n.

Lemma 4.1.3: The collection ®,L of all countably generated filters in L € ¢cFRM is a

o-frame.
Proof: (a) If F,G € ®,L, it is straightforward to show that FNG € &,L.

(b) Suppose {F,} C ®,L, we first show that
\/Fn:{a’éL:a’zfﬂlf\fﬂz/\“'/\fng; fnJEFn3:1SjSk}

Let F designate the right hand side displayed above. The fact that F,, C F for each

n follows immediately. Next we check that F' is the smallest filter that contains U F,.

n

Suppose G is a filter containing UF“’ then a € F implies that a > fo, A fo, AL A fo,
fa, € Fy,, 1< j < k. Buta€ G since f,, €G, forall j and G is a filter. Thus F C G.
Consequently \/ F,=F.

Next we check that \/Fn is indeed a countably generated filter. \/Fn is countably
7 T
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generated for if we take finite meets of generators of the F..’s then we obtain a countable
set which generates \/Fn. If a,b € \/Fm then there exist f, ’s and fmg’s such that
n n
a2 fay ANfayg Ao A fr, and b > i, A fmg Ao A frn,. Thus
aAb> /\ {fn, Afmg:1<B<u}, hencearbe \/Fn. It is easily seen that \/Fn is
n e

1<a<e
an upset.

(c) Lastly we check that the distribution law holds. We show that Gn\/ F, = \/(GN F,)

n

whenever G, {F,} C ®,L.

C: a€ GN\/F, implies that a € G and @ > fa, A.. A fa, , fo; € Fny, 1< j < £,

13

4
Thus @ < aV (fa, Afuy Ao A fo) = NaV fay).

j=1

But (aV f,;) € GNF,, for each j. Therefore a € \/(Gﬂ F.).

2: be \/(GN F,) implies that b > hn, Ahn, A-.. Ay, hay € GNFy, 1< j < £ Thus

beGa;dbe\/Fn resulting in b € G N \/ F,. | =
n n :

We have the following characterisation of the o-way below relation in the o-frame @,L.

Lemma 4.1.4: Let L € cFRM, then F €, G in ®,L iff F Cta C G for somea € L.

Proof: Clearly G = \/{T Zn|n € N} for a generating sequence {z}.

=: Since G = \/ 1t z, and F <, G we have
En€G

FCtzo,VTan, V...Vt 2n, =1 (Ea, AZn, Ao AZn, ) C©Gand 2, AZg, AL . Ay, € L.

<==: Suppose FF Ct a C G for some a € L and G C \/Gn. Since ¢ €1 a C \/G’m
k] k2

we have that @ > gn, Agn, Ao A Gnn, Gny € Gry, 1 £ 7 < m. Now b €1 a implies

T m m
b2 gn, N... A gyp,. Hence b e \/an which results in t a C \/G’nj. Hence F C \/ Gh,

=1 i=1 7=1
which completes the proof. =
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Definition 4.1.5: Asubset U C L € oFRM is called o-Scott open if U is an upset and
for any countable X C L, \| X € U implies that there exists a finite E C X such that
VEeU.

In Cont cFRM we have the following characterisation of o-Scott open subsets:

Proposition 4.1.6: [29] In o continuous o-frame L, an upset U is o-Scott open iff for

each x in U, there exists y € U such that y <, .

Proof: =: Let U be o-Scott open in a continuous o-frame L. Because L is continuous
z € Uimpliesz = \/:cn where z,, <, z. Since l} is o-Scott open, there exists a y = \7 T,
such that y € U ang y <, T. =

«=: Assume that the above hypotheses holds for all z in some upset U of L. If VXeU
for some countable X C L, then we can find y € U such that y <, \V X in U. Hence
there exists a finite £ C X with y <V E. But \V E € U because U is an upset. Thus U

is o-Scott open. =

Notation: The Lawson dual A,L designates the set of countably generated o-Scott open

filters of the o-frame L.

Lemma 4.1.7: The correspondence L ~ A, L determines a covariant functor

Ay St Cont cFRM — St Cont cFRM.

Proof: We show that for any stably continuous o-frame L, A, L is a sub o-frame of &, L,
and hence a o-frame. If F' and & are o-Scott open in &, L it is easy to see that FNG and
F v G are also 0-Scott open filters using the above characterisation and stable continuity
of L. This implies, that the join \/Fn of any o-Scott open filters F, in L is o-Scott open
as it is the union of the finite sub}zoins of the F,,’s. Now \/ @ = {e} which is o-Scott open

because e <, e, by stable continuity of L.

Secondly we check that A, L is stably continuous. If G € A,L and {z,} is a generating
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set, let xy = a;, thern there exists b, € G such that b; <, a; since G is o-Scott open.
Let a; = 23 A by < by <, a;. Continuing the process, choose b, € G such that b &, ag
and set an41 = Tpy1 A by, Note that the a,’s generaﬁe G, because the z,’s do. We have
constructed a generating set {a,} for G such that a,,; <, an. In between Gny1 and a, we
can interpolate a countable set a,41 €, ... <, boims1) Ko bom €4 ... K4 by €, ay.
Let {bs,.} generate the filter F, in G then by Proposition 4.1.6, F, € A L and G =
V{F, :n €N}, for t a, C F, C1 any1 for all n € N. By exactly the same argument as
that in Lemma 4.1.4, we have that F;, <, G in A,L if F,, Ctan1 C G.

Suppose F' €, G, H in A, L, then F <, FNH since if F Cta C G and F Ct+ b C H for
some a,b € L, then F CT (aVb) C GN H. Furthermore the unit 1 0 of A, L is compact

so A, L is stably continuous.

Lastly we check morphisms. If h: L — M ié a morphism in St Cont ¢FRM, then
the filter (h(F)) generated by the image of any F € A,L is o-Scott open and countably
generated. If a € (h(F)), then h(f1) < a for some f, € F. But F is 0-Scott open so
there exists f; € F such that f» <, fi, then A(fy) <€, h(f1) < a, thus A(f2) <, a and
h(f2) € (h(F)), consequently (h(F)) is o-Scott open. (h(F)) is countably generated for
if {zn} generates F, a € (h(F’)) implies A(f) < a for some f € F, thus z, < f for some
n, so that A(z,) < A(f) < a. Consequently (h(F)) is countably generated by {h(z,)}.
Agh: AL —> A, M is o-proper for if FF <, Gin AyL, then F Cta C G forsomea € L,
~which implies that (h(F)) €1 h(a) € (h(G)), this yields (h(F)) <, (h(G)).

We conclude that A, : St Cont cFRM— St Cont ¢FRM is indeed functorial. ™
We now concentrate on congruences on a o-frame.

Definition 4.1.8: A congruence on a o-frame L is an equivalence relation on L which is

a sub o-frame of the product L x L.

Notation: The lattice denoted by CL of all congruences on a o-frame L, partially ordered



70

by inclusion, is a frame generated by the congruences of the form

Do={(z,y):zNa=yAa}and 7, = {(z,y) :zVb=yVb} fora,be L [6].
A={(z,z):zeL}, v={(z,9):z,y €L}
Definition 4.1.9: For a o-frame L and F € ®,L we define AF =V (e € F).

Proposition 4.1.10: For any o-frame L, the map F —— Ap = \/ A, is a g-frame
EF

homomorphism ®,L —s CL. ’

Proof: The zero and the unit of ®,L are 1 e and 1 0, respectively, and Ay, = A, = A

also Qg = /g = 7, hence this map preserves zero and unit.

Given F,G € @oL, then

CApNnbg =\ A0\ A

acF beG

= \/(zkamA,,) (since CL is a frame)

aEF
beG

= \/ (Aavb)

a€F
beG

= Ornc (because FNnG={avb:a€ FbeG}).
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For any {F, : n € N}« ®,L we have

A\/Fn = Vluae\/F)

\/{Aa|3a1, ey O, G € Fﬁi,a > a1 A Aam}
== \/{Aalf\az/\.../\am’ai € Fm:i € N}
= \{Au V...V A, la; € Fy,i € N}

= \/{Ade € F,}

- VVa

n aEFy

= \/Ap,

Notation: O, is the smallest congruence in a o-frame L which contains (a, b).
Proposition 4.1.11: Let L be a o-frame a,b € L, then a > b iff Ou = Yo N A,

Proof:
=>: C: Fora> bwe have aAb=05b=>bAbhence (a,b) € . AlscaVa=aVb=a

thus (a,b) € ,. Hence (a,b) € 7o N A, yielding Op C Vo N A
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o: Cor;versely if (z,y3 € Yo N Ay, then
z = zA(zVa)
= zA{yVa) (z,9) €V,
= zA(yVvb) (since (a,b) € Oy)
= (zAyY)V(zAb)
= (xAy)V(yAb) (because (z,y)€ A,)

= yA(z VD)

yA(zVa)
= yAlyva) (since (z,9)€ Vo)

_ y.

Observe that = is with respect to ©g. Thus (z,y) € Og.

<=1 O = Y, N A, implies that (a,b) € 7., henceaVa=a=aVbresultingina > b. =
Remark: In general for q,b in a o-frame L o N Dy = Favs N Ay = To N Dope.
Corollary 4.1.12: G4 =V

Proof: @eg = 7, (1 .&0
=vnv

=V

Definition 4.1.13: 1) For L € cFRM, an element a € L is called compact if for every
countable X C L such that a < \/ X, there exists a finite E C X with a £ \V E. Thus

a € L € cFRM is compact iff a <, a.

2) Let KL be the set of all compact elements of L. L is coherent if KL is a sublattice
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generating L, that is, KL is closed under finite meets and finite joins and each element

of L is a countable join of compact elements.

3) h i L — M is coherent if h is a o-frame homomorphism which preserves compact

elements, that is, if c € KL then h(c) € KM.

The category of coherent o-frames and coherent o-frame homomorphisms is denoted by

Coh cFRM.

4) A o-frame L is called noetherian when each of its elements is compact.

The following proposition appears in [6]. We will omit the proof.

Proposition 4.‘1.14: Les; L bea a—fraﬁe, then CL is compact iff L is noetherian.

The following appears in [29]. The functor &, : D — cFRM assigns to any distributive
lattice A the o-frame consisting of all countably generated ideals of A, denoted S,(A),
and any lattice morphism h : A — B to Syh 2 S, A — $, B which takes any ideal in

S, A to the ideal generated by its image under A in B.

Lemma 4.1.15: [29] For A € D, the principal ideals in S,(A) are precisely the compact

elements of S,(A).

Proof: Cohsider a principal ideal | a C V/ J, for some sequence {J,} of countably
generated ideals of A, then a € \/J, so that a < z;, V...V z;, for z;; € J;. Hence
baC J, V...V J;, and thus | a is compact. Conversely if J is compact it is generated
by principal ideals and is thus a countable join of principal elements, so that J is a finite

join of principal elements and hence is itself principal. ®
Proposition 4.1.16: [29] S, : D — Coh oFRM is functorial.

Proof: We first show that I, (A) is coherent for each A € D. Each J € $, A is countably

generated, say by {a,}. J can be expressed as a countable join of the principal ideals | a,
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‘which are compact by the above lemma. These are closed under finite intersections and

unions and the top | e is compact, hence K(S,(A4)) is a sublattice generating S, (A).

If h: A — B in D then S, h: S,A — S, B is coherent: I, 4 is a o-frame homomor-
phism since &, : D — oFRM is functorial, and A(] a) = h{a) so $,h is coherent.

B
Proposition 4.1.17: If L € Coh ¢FRM, then S, KL = L.

Proof: For each L € Coh ¢FRM define oy, : S, KL — L by join, which is a o-frame

homomorphism.
o is onto: Foranya € L,a = \/ a, since L is coherent.
dneKL

Let J = {an), i.e., the ideal generated by {a,} in KL. Then \/J = a. We check that
oy, is one-one. First observe that for any J € $,KL and ¢ € KL, ¢ €, ¢ means that

c<VJifand only if c € J.

Suppose that \/ J = \/ G, for J,G € S, K L. We show that J = G. ¢ € J implies that
¢ <V J = VG This implies that ¢ € G since ¢ € KL, and hence ¢ <, c. The reverse

inclusion is similar. We conclude that o is one-one, and hence an isomorphism. m

Lemma 4.1.18: For any coherent o-frame L, the subframe K'L of CL generated by all
[a,b] = 7o N &y for a,b € KL, is compact.

Proof: To show that K’L is compact it suffices to check that 7 = \/[ai, b;] implies that
7 = lag, b, V...V as,, b;,] for some iy, ..., i,, since for any a, b, c,é € KL,
[a,8]Ned] = (VaNBp) N (TN D)
= Vane N Diva
= [aAcbVd

and K’L consists of joins of such elements.
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Given such [a;,0)(3 & I) (i.e {a;, b} € KL) let their restrictions to XL x KL be
[&gbz’“;{L = [C&i,bi] N (KL X KL) Our aim is to show that \/[ai,b,-][;q, ‘= V- But

i€l
since 7 is compact in C(K L) the result follows. Suppose all [a;, b]|xr € © # V¥ in

C(KL).

We must show that the latter assumption creates a contradiction hence \/-[ai, billkr = V.
, i€l
Now one has the following commuting square

KL : L= $,(KL)

N

KLje — S,(KL/),

v

where v is the quotient homomorphism (see [20]), ¢ the natural embedding, j the standard
embedding of K'L/© into its o-ideal lattice taking elements to principal o-ideals

(x —, N (KL/®)), and T is a o-frame homomorphism since S, is functorial.

Next we check that 7 = Ker(D), by showing that © C Ker(v) and [a;, b;] is generated
by (b;,a; V b;) € KL x KL, hence [a;,b;] C Ker(v).
(z,9)€® = v(z)=v(y)
= jou(z)=jouv(y)
=> Toi(z) =7Voi(y)
= U(z) =7(y), thus (z,y) € Ker(7).

Now [ai, bz] = VVa M Ab‘.
=0g, iff a2
= @b.' biVa;

hence (b;,a; V b;) € KL x KL generates [a;, b;].
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We conclude that [a;,%;] C Ker(v), (i € I), hence \/[a,-, b} =7 = Ker(7), thus

(0,e) € Ker(7), so that 7(0) = 7(e)

= ioT(0) = ioT(e)
"—'——:; Jjou(0) = joT(e)
= v(0) = wv(e)

consequently (0,e) € Ker(v) = © a contradiction to the fact that (0,e) ¢ ©, so
© = 7 = Oq¢. by Corollary 4.1.12. We have V[ai, b]|xr = v in C(KL), by compactness
i ‘

of 7 in C{(K L) one gets

7 = lay, b kL V.. Ve, b ks
containing (0, e). Consequently

7 = [aq,, by, |V ... V]ag,, b, ] € CL

since it contains (0, e). Our result follows. ®

Lemma 4.1.19: For aeny regular o-frame L, if two congruences © and W on L have the

same e-blocks, that is ©le] = {z|(z,e) € O} = ¥|e|, then © = T.

Proof: Let (a,b) € © and ¢ < b. For any z,, < b we can find u € L such that uAz, =0
and bV u = e. Observe that (aV u,e) = (a,d) V (u, u) belongs to © and hence to ¥ since
Ole] = Yle|, consequently (a A z,,2,) = (a V u,e) A (z,,2,) is in ¥. Taking joins over
zp’s we obtain (\/(a A Zy), \/xn) is in ¥, thus (\/ zn Aa,b) = (bAa,b) = (a,b) isin ¥

by regularity of L. -

4.2 The equivalence between KReg BIcFRM and
St Cont cFRM

L ]

We will denote the functors from BIcFRM to cFRM taking first and second parts by

H and S respectively, and acting by restrictions on bi o-frame homomorphisms.
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KReg BIocFRM is the category of compact regular bi o-frames with morphisms which

are just the bi o-frame homomorphisms.
Lemma 4.2.1: H ifackes KReg BIocFRM inio St Cont cFRM.

Proof: We first show that for any compact regular bi o-frame L, a <, b holds in L; iff

a <3 b.

’ m
(=>): Let a 4 b, then b= \/ s, by the regularity of L. So a < v Sp, = x. But <, is
Sn=<1b i=1
closed under finite joins, hence ¢ < z <; b, yielding a <1 b.

(«=): Conversely given a¢ ~<; b and b < \/ sp for some {s,} C L;. Take ¢ € L, such that

n

m
cAa=0and cVb=e Then \/sn\/cze and hence \/sni\/c=e by compactness of
]

=1

e m
L. Therefore a <, \/ 8n;, Which implies that a < \/ Sn;, and so a <, b.

qz=l =1
Secondly regularity of L gives us continuity of L;. Closure of <; under binary meets
implies that of «, in L;. L, is compact since L is compact. Consequently L, is a stably

continuous o-frame.

Lastly, for any homomorphism h : L — K between compact regular bi o-frames, the

map h : L1 — K, induced by h preserves <, hence <, and is thus proper. -
The following result connects the functors § and H on KReg BicFRM.
Lemma 4.2.2: On KReg BioFRM, S and A,H are naturally equivalent.

Proof: Suppose that L € KReg BicFRM, F, = {a € L, : aV b= e} for each b € Ly,
we check that Fy € A,Lq.

We show that Fj is a filter for each b € Ly: Let a,c € Fy, then aVb=e =c¢Vb Now

(anc)vb=(aVvb)A(cVb)=e, which yields arc € F. Given thata € Fyanda <cin
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Ly, then ¢V b = e which yields ¢ € Fj,.

We check that F} is o-Scott open for each b € Ly: If \/ D € F, for any countable subset D
of Ly, then (\/ D) Vb = e implies (\/ E) Vb = e for a finite subset E C D by compactness
of L. Hence \/ E € F, by the definition of F,. We thus conclude that F, is o-Scott open.

Lastly we check that Fj is countably generated: Regularity of L and the fact that <o

interpolates give us b = \/ b, for each b. Suppose ¢, is a separating element for

f?n.‘<2bn+1
by, <g by for each n. Then we have that c,4; <1 ¢, with a separating element by ;.
The set {c, : n € N} generates F,: Firstly {c,} C F} since ¢, V bpy1 = e implies that

cn Vb =e, for each n. If a € F;, then a V b = e which implies that a V \/ b, = e,

bn < abn 41
e

hence by compactness a V \/{bz 2b; <2 b1} =e, e, aVby, = e, for some m. Now ¢, is
the separating element of li::—@ b1, thus
Cm = CpmANe
= cpA(aVby)
= (emAa)V (cm Abm)
= (emAa)VO0
= (cmAa),

therefore ¢, < @, hence F} is countably generated by {cy,} such that cmi1 <1 ¢, conse-

quently Fy € A, L.
QOur next task is to show that
dr: Ly — ALy
b— F
is an isomorphism. A

To prove that ¢, is one-one it suffices to check that F, C F, with b,c € L, implies that

b < c. If z <o b then there exists @ € L, such that aAz =0 and a Vb = e. Observe that
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a € Fy and hence a €-F, thus a V ¢ = e. This results in z <9 C.

Since b = \/ T, we conclude that b < ¢. We show that ¢, is indeed onto.
Zn<2b

Let F' € AyL; and {y,} a set which generates F. We show that we can find a generating

set {z,} for F such that ... <, 73 <, 23 <] ;.

Put y; = 71, then there exists b, € F' such that b; <; z,. Alsosuppose z5 = (y2Ab;), then
y2 A by < by <1 z;. Continuing the process, we let 2, = (ym A by—1) for some b,,., € F
such that b,y <, Tp-1, hence z, <y zm-;. Note that {z,} generates F for ifa € F

then there exists ym < a, but Tm = (Ym A bm-1) < ¥m < a.

Given a sequence {z,} in L; such that z,,; < T,, for each n choose a single ¢, which
is a separating element for z,,; <; z,. Then ¢,_; <2 ¢, with a separating element z,,

hence ¢,_1 < ¢,, thus the separating elements are increasing.

Define S = {¢, : ¢, is a separating element of z,.; <1 zn}. Put b=V S, then b € L,

and we show that in fact F, = F":

D: Pick a € F, then there exists z,, € F such that z,, < a, so that z,,.; <; z, < a, thus
we can find ¢, € S such that ¢; A2,y = 0 and ¢, V a = e, which gives that bV a = e,
hence a € F}, consequently F C F.

m
C: Let a € Fy, then a V b = ¢, thus a Vv (\/ §) = e, which implies that a V (\/ ¢) =eby
compactness of L. But then S is an increasing sequence so a V ¢, = e. =

NOW Zrmp1 = Zms1 A{QV Cm)
= (Zm41 A Q) V (Tmt1 A Cm)

= (Zmi1 Aa) VD
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3

which yields z,41 < a, thus @ € F. We have shown that ¢;, is an isomorphism for each

L €eKReg BIsFRM, and it remains to show that this determines a natural equivalence.

We check that given any h : L — M in KReg BIocFRM the following diagram com-

mutes.

Ly —25 v AL(Ly) b ——— F}
ﬁzl tﬁc(hx) ‘ X I
My — 2% A (M) h(b) = Fip) = (h(F}))

All we need to do is check that Fyy = (h(F})) for each b € L.

2:If a € Fy, then a Vb = e, which implies that h(a) V h(b) = ¢, hence h(a) € Fu). Since
the generating set h(F;) C F), then the whole filter (h(F3)) C Fh).

C: If ¢ € Fy), then ¢V h(b) = e, thus ¢ V A \/ z,) = e (by regularity of L)
ZTp<2Tn41
cV v h(z,) = e (since h is a homomorphism), there exists m such that ¢V h(z,) = ¢

Zn <2041
by compactness and the fact that {z,} is increasing. Take a separating element d € L;

with £, Ad =0 and bV d = e. Then h(z,) A h(d) = 0, hence h(d) <; ¢ which implies
h(d) < ¢. But d € Fj so that h(d) € (h(Fy)}), consequently ¢ € (h(Fy)). u

Lemma 4.2.3: Forany h: L — M in KReg BIocFRM if Hh is an isomorphism, then

so is h.

Proof: Whenever Hh is an isomorphism A, Hh will be also an isomorphism since functors
preserve isomorphisms. We have Sh = A,Hh by the previous lemma. h is onto since

both Sh and Hh are.



81

We show that h is ons-one: We need only prove that h : Ly — M, is one-one. Both Ly
and M, are regular o-frames so we only check that A is codense. Suppose h{z) = e for

T = \/(an A bn) where {a,} C L, and {b,} € L,. Then
k3
\/(h(an) A h(b,)) = e, and by compactness we can find a finite number of terms with

i?ldices 1,2,...,m such that
(h(a) AR(BL)) V...V (h(am) A h(bn)) = e. (1)
We want to conclude from this equation that
(G Ab) V...V (am Aby) =e. (2)
‘We prove this fact by mathematical induction.

Suppose m =1 : h{a1) A h(b1) = e implies
h{ay) = h(b;) = e = h{e), hence

a1 = by = e because
Hh is one-one.
If (1) = (2) holds for any natural number less than m we have:

(1) implies that h{a1) V (h{az) A k(b2)) V ...V (h{am) A k(b)) = e, therefore
[(h{a1) V h(a2)) A (h(a1) V A(b2))] V . .. V [(A(a1) V A{am)) A (R(a1) V h(bm))] = e,
then

(h{a1 Vay) Ah(ay Vb)) V...V (h(ay V ay) Ahlay V by)) =e. (3)

Note that for any ¢ € L;, the compact bi g-frame L' = (T ¢, LiN T ¢, {zVec:z € Ly}) is

regular.
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On the first part corsider a € I,N 1 ¢, then a € L) and a > ¢. Since L is regular

a= \/ T, with separating element s, € L, for each z, <; a. Now a = \/ (zn V).

Tp~<10 TnVe<y1a

For each n, (s, V¢) Va = e and

(Za VO A(8aVE)=(TaASp)Ve=0Ve=c¢

which is the bottom element of + ¢. We conclude that (s, V ¢) € (L'); is the separating
element of (z, V ¢) <; a for each n. On the second part

zVe=( v yn) Ve for z € Ly. Thus zV e = \/ (yn V ¢). Suppose that z, is

Yn<2T YnVELaxVe
a separating element of y, < z for each n. Then we show that z, V¢ € (L'); is the

separating element of y, V¢ <5 z V¢ for each n € N.
(zvVe)V(zmVe)=cV(zVz)=cVe=e.

Also (o VO A (24 V) = (yn AN 2a)Ve=0Vec=c¢

Consequently L' is regular. For any ¢ € L, we can prove in a similar manner that
N =tcetenLly{cvz:ze Li})

is a regular bi o-frame. We can view (3) as an analogue of (1) with m — 1 terms, for the

homomorphism induced by A between compact regular bi o-frames

L' = (tay, [in Tay, {z \/ a,:z € Le}) and

M = (T h(&1), M1ﬂ T h(al), {y A h(al) e MQ})
But this homomorphism induces an isomorphism on first parts, it follows that

((aaVa) Ala V) V... V({(a1Var) Alar Viby)) =e

i.e. (11V(agf\bg)\f...\/(amf\bm):8. (4)

Using b; instead of a; and the homomorphism induced by h between compact regular

bi o-frames N’ = (1 by, LN 1 b1, {z Vb, : z € L;}) and
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W' = (1 h(b), Man $ h(b1),{y V h(b1) : y € M;}), we obtain the corresponding ana-
logue (4') of (4). Taking meets of the left hand sides of (4) and (4'), produces (2) by
distributivity. =

Notation: If L is a o-frame, then let £; = {V,:a € L}, L, ={Ap: F € A,L} and L,

be the o-frame generated in CL as a o-frame by £; and L.
Proposition 4.2.4: For any o-frame L, BL = (Ly, Ly, Ly) is bi o-frame.
Proof: This follows immediately from the fact that £; and £, are both o-frames. "

The map Bh : BL — BM for any h: L — M in St Cont ¢FRM is induced by the
o-frame homomorphism Ch : CL — CM, where Ch(©) is the congruence generated by
(hxh)(©) in M x M. Then (Bh)1(Va) = Vhia), & € L and (Bh)o(Ap) = Apry, F € AL
where (h(F')) is the filter generated by h(F') in M.

Lemma 4.2.5: For each L € St Cont c¥RM, BL is a compact regular bi o-frame.
Claim: For each L € St Cont cFRM, x €, a in L implies that 7, < Ve in BL.

Proof of claim: If z <, a, then there exists ¢; € L such that z <, ¢; <, a, continuing
the processvthere exists cpqp1 € L such that

T Ky Cap1 Ko Cn Ly Cnoy <, 0. Let F be the filter generated by {¢, : n € N} in L.
Then F € A,L. Note that a € F C1 =, thus A, € Ar C A4y = A,. Consequently

V2N Ap = A and ¥, V Ap = v which means v, <1 V..

Proof of Lemma: Now z <, a implies \/; <1 ¥, and by continuity a = \/ Zyn, this

In<at

tells us that 7, = \/ Tz
Vzn<1Va

For £y we check that Ap <y Ag whenever F €, G in A, L.

F «, G implies that F Cta C G forsome a € L by Lemma 4.1.4, hence Ar C A, C Ag
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which gives us that Ap Ny, = A and A¢ V 7, = 7, this shows that Ap <, Ag.
Continuity of A, L gives us that BL is regular.

For compactness of L, consider the o-frame homomorphism

k: L — S,L
a — la

Applying the congruence functor we obtain
Ck:CL — C(S.L).

We check that Ck(V. N &p) = \/[{ a,4 8],

beF

Ck(VaNAp) = \/(Vk(a) N D))

beF

= V(g N Oyp)

belr

Viba L.

beF

I

The principal ideals of L are compact elements of $,L so Ck embeds Ly into the sub

o-frame of C(S,L) which is compact by Lemma 4.1.18. Hence £, is compact. m

We now state a number of preliminary results which will be used in the proof of the

following lemma. Consider L € KReg BIcFRM and a frame homomorphism

CLI——)CEQ
& — 6

- induced by the natural embedding L; — Ly, where © is the congruence generated by ©
in Lo x Lo. If 7, and 4, are in CL,, then ¢ and AY are the analogous congruences of

Lyg.
Result 1: A, = Al forae L,

Proof:

C: This follows immediately from the fact that A, C A2



85

2: Al is generated bp (a,e). &, is generated by {(z,1) : tAe =yAa} in Lo x Lo. Since

(a, €) belongs to this set we have A) C A,

Result 2: Ap = \/ A

aEF

Proof: All we need to show is that Ap = \/ A,, then the above equality follows from
acF

 result (1). We have A, C &, foralla € F, then \/ A, € \/ A, hence \[ A, € V2.
aEF aEF aeF acF

because \/ A, is a congruence in Lo. Foreacha € F, A, C \/ A,, so that A, C \/ D,

aEcF el oEF

hence \/ A, C V FAVS

acF acF

Result 3: IfaVv b= e, then YOV ) = ¢°

Proof: This result follows from the fact that a — 7, is a o-frame homomorphism for a

o-frame.

Lemma 4.2.6: For each L € KReg BIocFRM, there is an isomorphism

7n: BHL — L
o — a

for each a € HL.

Proof: We claim that Ar = 0 where b = \/{c, : ¢, is one of the separating elements of
Tns1 <1 T, for a generating set {z,} C F} and F = F, = {a € L, : a vV b = e} by proof
of Lemma 4.2.2.

C: Ifa € F, then a Vb = e implies 7% v 9 = ¥° by result 3. Taking intersections
with AY on both sides we obtain A? = (A2 N ) C vY for each ¢ € F. This yields

\/ A% =Z&F C v} by result 2, which implies that Az[e] C V[e].
aER

D: Next we check that 70e] C Arlel. Suppose (z,e) € 7)), then z Vb =e.

By regularity z Vv ( \/ cn) = ¢. This yields 2V ¢ = e for ¢ <2 b by compactness. If

Cn<gb
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a € Ly satisfies a Acw=0and aVb=c¢e, then a € F, and a A (z V ¢) = a A e results in
a Az = aA e which shows that (z,e) € AY. Thus (z,e) € Ax confirming that 79le] and
Arle] are the same and hence 79 = Ax by Lemma 4.1.19. This shows that the o-frame
homomorphism

CLl e CLQ

maps the sub o-frame of CL; as a o-frame consisting of © = \/ 7,, N Af, where a; € L,

and F' € A,L,, that is the total frame of BHL to

©

\/ Va; OA;;.

ai€ly
FiEAc'Ll

= \/ Va,' N AF{
a; €L
FiEAaLl

- \/ Vo, Ny, (forb; € Ly which corresponds to F; € A,L; as at beginning of proof),
;€L

= % where c¢=V{(a;Ab):a; € Ly,b; € Ly}

Since Ly — CLg is an embedding taking ¢ — 7 we have a bi o-frame homomorphism

7. BHL — L

S by
whenever © = vg Now 72(V.) = a when a € L, since 7, = 2. Similarly 7,(Ap) = b
if /= F for F € A,L;. The first part of 77 is obviously an isomorphism. By

Lemma 4.2.3 we conclude that 77, is an isomorphism. ™

Proposition 4.2.7: The functor H induces a right adjoint equivalence between

KReg BIcFRM and St Cont csFRM.

Proof: We firstly show that
. BHL — L

Va —r Q4

for each a € Ly is natural in L.
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Consider the diagrams
[~—"— BHL

|

M

BHR

-

BHM.
On the first parts we have that h o 7,(7,) = h(e) and

T © BHA( o) = T™m(Vh@)) = h(a).
On second parts h o 77,(Ar) = h(b) whenever F = F}.

The proof of the following relies on this diagram which has been previously shown to

commute

Ly —25 e A (L)

hzl JA‘a’(hl)'
&

M, ot Ao ( M, )

So a0 BHh(AF) = Ty O BHh(AR,)

= Trm(Dam(m))

= Tm(AF,,,,) (by naturality of ¢ as shown in the square)

= ha(b) = h(b).

Hence h o 11 and 74 o BHh coincide on the first and second parts of BH L, and are thus

equal.
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If vgr(a) = Va, for all a € F, then the next diagram commutes.

HBHL
HL HL

Lastly we show that the following triangle commutes.

BHB Va

PAANRVAN

We must check that 7B o Bv = (1), thus show that for each K € St Cont cFRM

K © BVK = 13;{.

It suffices to show that the latter equation holds on the first and second parts of BK.

On the first part of BK:
ek (Bvk)(7s) = 7Tek(Vukwy) foreach be K

= vg(b)

= Vb
On the second part of BK: Note that HBK = {7, : a € K} and
BHBK = {My,{Vy.:a € K},{OAr: F € A;(HBK)}), where M, is the sub o-frame of
C(HBK) generated by the first and second parts of BHBK. Whenever F € A K,

T8k (Bug)(DF) = TBK(BVK(\/ D))

beF

= Tok( \/ Ag,)

beF
= Tax(Ag) (where F ={v,:a€ F})
= Tr(Dr,,)

= AG}
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where Fa, = {Vs: b€ K and ¥, V Ag = ¥} and Ag = V{l¢, : Gn € A K where
Ag, is a separating element of 7,,,, <1 V., and {a.} a generating set for F'}, check

this construction in the proof of Lemma 4.2.2.
We only have to show that Ar = Ag.

C: Ap = Ay{r,.F.«,F} (constructing F,’s as in Lemma 4.1.4.)

= V{Apn : Fn <, F}

To prove this inclusion it suffices to show that Ap, C Ag whenever F, <, F. We
check that Ag, is a separating element of /,,,, <1 Va, f0r {an, @41} contained in the
generating set of F'. Observe that T a, C F, C1 anyq, thus Dy, € Ap, © Dy, but

- Dye, =Dy, and Dyg,,, = D,,,,. Consequently A,, € Ag, € Ag,y,-

Therefore 7,,,, N A,,,, = A implies that ., NAfr, = A, and ,, VA,, = ¥ implies

that 7., V Ap, = V.
For the reverse inclusion.

D: We know that A, is the largest congruence in K such that A, N ,, = A for some
a, € F. Now Ag, N 7,, = A implies that Ag, C A,, for some a, € F.
Thus Ag, € Vieep Dc = Ap, hence Ag € Ap. "
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