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ABSTRACT 

We and of a cozero a biframe, 

IS and to construct compact regular, 

",.'->LVJ. corefiections for biframes. Pseudo compactness for biframes is defined in a 

way and characterised in terms of the cozero part. 

we 

uous frames in 

the analogue the result 

of the vv ... fJ' .... vu regular biframes. 

characterises the stably VV"UU.r 

INTRODUCTION 

As a the open 

an algebraic tool for 

convenient for 

thesis is to exploit 

of a topological 

study of topology. 

in the 

form a frame and thus 

authors 

Our 

of bitopological 

use 

concern 

and 

asa 

this 

Frames a countable-join generalisation called CT-frames. were considered by 

Reynolds [24], Charalambous and were explored by, amongst others, [2], 

[13J and Walters [29]. They naturally occur various the cozero set 

lattices topological and Boolean typical 

sets of a regular space form a basis for the topology. the setting CT-frames 

we assumed throughout the axiom of countable dependent as this to 

be m frames (respectively with co zero to be 

regular. 

Kelly [18] followed Lane [19] initiated 

tant rnr\+"m+'l""n bitopological 

quasi-uniform spaces are topology. 

naturally rise 

space [23]). are 

study bitopological 

is given by quasi-uniform "fJ"'''_'-U 

"OY'C,,-,," of the spaces, 

I..IV1V,,"'-Ul space as well as to an ordered 

of bitopoiogical They were 
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first 

Bi 

A 

name 

(in 

is 

as 

Banatlt:hewski, 

authors including 

. The bi 

are extensively studied 

cozero part. 

appropriate class of 

is that of the 

completely 

and 

that Alexandroff 

sense of Henrikson and 

spaces. Alexandroff 

are defined here for 

an of contents of 

is of introductory 

the second section, 

with strong inclusions 

biframes which are 

a is 

bispaces are defined 

bispaces and regular bi 

2 

Hardie (see [3]), and have 

Schauerte (26]. Of note is the 

continuous frames as first compact 

generalise and biframes. 

are 

investigation of and the cozero 

They were introduced by Alexandroff 

Gordon [14] reinvented under the 

them in the [13]). 

naturally when one 

Mrowka [22]) of on 

both Alexandroff bitopological 

time. 

o 

the basic of what 

characterisation compactifiable biframes 

[27]), we show that completely 

The compact 

completely regular 

CHAPTER 1 

regular bi a-frames. 

is defined and also 

biframes are 

regular core-

between 

Of"""oll,n Alexandroff 
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a bi 

of a 

The 

is 

We 

3 

bitopolo!Sical latter adjunction ex'(;enClS that between AIIElXl:tnClrOII 

spaces [13]. this we need and 

CHAPTER 2 

between bi a-frames is 

As co zero 

of a biframe. For a regular 

An alternative construction of the compact 

is given, using its cozero part. 

of reals is DrE~Seltlted 

of a biframe is u'-',.u~"'u 

if and only if 

CHAPTER 3 

a similar way to 

terms of bounded 

and second 

CHAPTER 4 

that the stably continuous 

are equivalent. This is the analogue of the 

by considering 

is the 

cozero part 

regular 

(see 

we show 

co zero part are 

and 

a 

a 

cozero 

it as 

a­

and 

umlner [4] linking the continuous frames 

result of ...... "',"" ... "''-•.• '" 

compact regular 
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In 

In 

CHAPTER 0 

PRELIMINARIES, COMPLETELY 

COMPACTIFICATION 

cor'nr,n we concepts 

biframes and ~Uv""''''' 

"""'.1 Jl" 1 section chapter we that completely 

4 

AND 

with 

biframes are 

which a will do this by making use of 

of the compactifiable as those which strong inclusions. This 

latter is due to [27]. 

we obtain the compact completely regular coreflection a biframe. normal 

is regular, this case, the compact regular 

.... A~'V~A 1 regular 

0.1. Background 

FRAMES 

A L C"'TlCT'" s= E S} for 

meet /\, join V, xES ~ L. A 

is a map between meets (including 

homomorphism h : L -> M 

unit, or top e) and 

or 0), category is denoted 

frame morphism h : L -> M is dense if h(x) = 0 implies x O. is called 

iff h (x) e x = e, 

L be a frame, a, b, C vLv'''v'' 

.. Regular frames. We say that a is below b, a -< b if eEL 
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such a 1\ c 0 b V c = e. an c is a element. L is 

regular if a = V{blb -< all a E Frame homomorphisms preserve -< and full 

. subcategory FRM ,"U1.h:HD frames will denoted by Reg 

regular We that a is completely b, written a -< -< b, if 

{xii i E Q n [0, 1]} of L satisfying Xo a, Xl b, i ~ j 

that Xi -< . L is completely if the -<-< is approximating, 

for a E L, a = V{xlx -<-< a}. homomorphisms -<-<. category 

completely frames will be by FRM. 

Lemma 0.1.1: If h : L '-t M is a codense homomorphism with L regular, 

one-one. 

Proof: that h is h(a) = h(b) a, bEL. L is 

a = V {xl x -< a} and b V {YI y -< b}, This that 

h(a) V{h(x)1 h{x) -< h(a)} 

V{h(y)1 h(y) -< h(b)} = h(b). 

it 

y -< b with element c, then h(c) separates -< h(b). h(a) = 

h(b), h(c) separates h(y) -< h(a). e h(c) V h(a) = h(c Va). Since h is 

c V a = e and therefore y -< a. 

follows by symmetry. 

holds all y below b, b ~ a. 

III 

l1li An eEL is called c ~ V X for some 

X ~ it follows c ~ V some subset ~ X. L is iff eEL is 

compact. 

l1li Normal frames. L is normal if 

u 1\ v = 0 and a Vue = b V v. 

a V b = e in L, there 

.LJ"' ..... u ....... "" 0.1 any frame homomorphism h : N '-t 

is compact, then h is codense. 

u,v E L that 

is regular and L 
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Proof: Suppose that~a E that h(a) = e. By a = V { x I x -< a}; so 

that h(V{xl x -< a}) = e. Thus V{h(x)1 h(x) -< h(a)} = e, h(y) = e some 

y = V -< a, F finite, compactness of 
iEF 

there a separating element bEN for y -< a b V a = e, moreover 

h(b) h(b) Ah(y) h(y) = e. h(b)=h(bA .ButbAy 0 h(bAy) so 

h(b) = O. h us that b 0, a = e. III 

a FRAMES 

A a~frame is a lattice L which has ULHIGLU,'''' joins, finite e, a bottom 

o and .., .... v • .., .. ,~O the law: X A V Xn = V (x A (n E I, 
n n 

countable) binary A, countable V, x E L any { xn } in A 

a~frame homomorphism h : L -+ M is a map between countable 

and meets, particular n,..",Q",..u,n o and e. The category is denoted by 

a-FRM. 

• In any an ideal is a subset I such VEE I for any finite 

and x E I whenever x :s z for some z E I. 

• a-ideal. 

• completely 

is called 

is an that is ".'-"""''-' under vo .. " .... ..",,, joins. 

prime- a-prime filter. A filter is a dual-ideaL F 

prime if V X E P Xn all subsets of the lattice, 

if this condition holds all finite a-prime if it holds for all countable 

The compactness and are similar 

to for "v",,,nt that joins are replaced by countable joins in a-frames. 
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BIFRAMES 

A biframe L = (Lo? L1, L2) is a triple in which Lo is a frame and, L1 and L2 are subframes 

of Lo which together generate Lo. A biframe homomorphism h : L -+ M between biframes 

is a frame homomorphism h = ho : Lo -+ Mo for which the restrictions 

hiLi = hi : Li -+ Mi (i E {I, 2}) are also frame homomorphisms. The category of 

biframes and their homomorphisms is denoted by BIFRM. We refer to Lo as the total 

part of L, L1 and L2 as its first and second parts, respectively. 

A biframe homomorphism h : L -+ M is said to be 

4) dense if ho is dense, that is, a = 0 whenever h(a) = 0, for any a E Lo, 

4) codense if ho is codense, that is, a = e whenever h(a) = e, for any a E Lo, 

4) onto if hl and h2 are both onto, 

4) one-one if ho is one-one, 

4) an isomorphism if ho is both one-one and onto. 

Observe that a dense, one-one (respectively, codense) biframe homomorphism has first 

and second parts dense, one-one (respectively, codense). An onto biframe homomorphism 

has a total part which is onto. 

Let L = (Lo, L1 , L2) be a biframe. 

For {x,y} ~ Li , i E {1,2}, we write x -<i y (and say that x is i-rather below y) if there 

exists c ELk, i =f. k such that x 1\ c = 0 and y V c = e, where k E {1,2}. We note the 

following basic properties of -<i: 

For a, c, x, z ELi, 
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.. if a c and x -<i Z, then a 1\ x cl\z aVx 

.. any biframe homomorphism preserves 

.. Regularity. L is called regular if x V {z E I z 

(we that the relation -<i is approximating). 

is regular. We will denote 

both the elements and 

of a regular biframe is 

L a largest regular sub biframe RL, 

This defines a coreflection functor from 

biframes, see [3]. 

regularity. For x, y E Li we say x is 

an interpolating sequence {Cnk k::::O,1, •.. 2n 

x :;:; Coo, Cal < y, Cnk Cn+l 2k, Cnk -< Cnk+l' 

any interpolating sequence {Cnd hl>1'ur~'l>n X 

x a {cq : q E Q n [0, 

= V {Cnkl s q}. L is v~u.",.,", 

nOlmOmC)rpmsms preserve these relations, 

cV 

y 

xE 

8 

i E {I,2}, 

part of a regular 

part La of L, by 

by a ---"---J of regular sub 

full subcategory 

x -< y if 

nplr.w~,pn X 

a 

x :;:; Co, Cl :;:; Y 

-< is 

Reg 

L is called compact if Lo is a rn.1'1r\nJ;l 

of BIFRM consisting of the compact completely 

denoted BIFRM. 
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A bif:,:'ame is Linde16f if Lo is is v e, 

N~ Lo N V =e. 

II biframe is if whenever x V y e for some x E ,y E 

Lk i k, there exists a ELk, b E with a /\ b = 0 and b V Y = e = a V x. 

II Compactijication. A compactification of a biframe L is a onto biframe nOlnOJmOr-

h : M "'""'* L from a biframe 

inclusion. A strong ''''''''4V4VU on a biframe L is a 

on respectively such for i, k E {I, 2}, i k 

(8I 1) x, y E Li and y :::; x <1i a:::; b imply y <Ii b 

is a of x 

(8I x a implies that x a 

(81 4) x a implies that there Y E with x y a 

(8I 5) x there vE that u x /\ v = 0 and a V u = e 

The functor : BIFRM "'""'* is given by the following: 

If aeIlOtleS the frame of ideals 

E IJ is J n } for i E {I, 2}. 

(S'L)o = subframe ofS'Lo by (~Lh U (S'Lh· 

h : L "'""'* M associated homomorphism ~h : ~L "'""'* 

~h(J) is generated in (~M)o image h(J). 

a 

is 

homomorphism 

by the 
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• Regular ideal. An iG.2al J E (~L)i is called regular if a E J n Li implies that there exists 

b E J n Li such that a -<i b . 

• Completely regular ideal. An ideal J E (~L)i is called completely regular if a E J n Li 

implies that there exists bE J n Li such that a -<-<i b. 

Bitopological Spaces 

A bitopological space [18] is a triple (X, P, Q) in which X is a set, P and Q are topologies 

on X. A bicontinuous map I : (X, PI, Qr) -+ (Y, P2, Q2) is a map I : X -+ Y such that 

I : (X, Pr) -+ (X, P2) and I : (X, Qd -+ (Y, Q2) are continuous. The bitopological spaces 

together with bicontinuous maps form the category BITOP. 

The following are the open set and the spectrum functors, respectively, see (3]. The 

contravariant functor 0: BITOP -+ BIFRM is given by: O(X, P, Q) = (P V Q, P, Q) 

and 01 = I-I which delivers the I-preimages of open sets. 

The contravariant spectrum functor L:: : BIFRM -+ BITOP is described in a number 

of ways, of which we use the following two: 

L L:: Lo is the set of all completely prime filters in the frame Lo, 

L::a = {P E L:: Lo : a E P}. For a biframe map h : L -+ M, the continuous map 

L:: h : L:: M -+ L:: L is obtained by taking h-preimages of completely prime filters. 

2. L:: Lo is the set of all frame homomorphisms ~ : Lo -+ 2 where 

L::a = {~ : ~(a) = I}, L:: h(~) = ~ ~ hand 2 is the two element frame {O, I}. 
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0.2. ,,_~£~££ biframes 

Definition: 'L= a frame, for x E i E {I, we denote by the 

vE v A x = 0, that is, x* = V {v E L j I v A x = O} 

We show that x -< y implies that y* -< -<j x*. It suffices to x y implies 

y* -<j . Let z a 

thus x* V y e. y A 

Lemma 0.2.1: 

strong 'UU·I."I1..""UJ'1I. 

Proof: 

(SI 1) x~a 

will an 

(SI2) (a) 0 -< ° 
(b) e -< e 

(c) 

see that 

element for x -<i y. zAx 

so that y* -<j x* with 

bijrame (Lo, , -<-<= 

in Li . Since any interpolating 

for x and y, we have x -< y. 

o with separating element e E L j , i j. 

e with separating element 0 E L j , i J. 

x -< y, with interpolating 

, but zVy = e 

y. 

1,S a 

a b 

re-

(d j, g -<i h ===} d A g j A h), it is to 

aAx-< bA 

Similarly a V x b V 

3) x-< a implies x -<i a, follows immediately definition 

x a. 

(SI4) -< if a -< -<i b with interpolating sequence }, 

a -< -<i ell -< b. 

(SI5) Ifx a, y E Li with X -<-<i Y -< a. aV =e 

and, as xA =0. y* -< -<k x* we are done. 
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(SI 6) Statement SI 6 ::s the complete regularity of L. III 

Our main result will follow from the above observation and the next proposition from 

[27]. 

Proposition 0.2.2: A biframe has a compactification if and only if it has a strong inclu-

szon. 

Proof: We present a summary of the proof given in [27]. 

===>: Given a compactification h : M -t L for a biframe L, -<= (-<1, -<2) is a strong 

inclusion on M because M is compact and regular. Since h is onto, 

-<= ((h x h)[-<d, (h x h)[-<2]) is a strong inclusion on L. 

-<:=: Let «h, <h) be a strong inclusion on L. Recall that an ideal J E (~L)i is strongly 

regular if and only if x E J n Li implies that there exists ayE J n Li with x <li y. Let Ti 

consist of the strongly regular ideals in (~L)i and To ~ SS(Lo) be the subframe generated 

by II UI2 . The join map JL : I ---)0 L provides the required compactification for L, where 

III 

Proposition 0.2.3: A biframe L has a compactification if and only if L is completely 

regular. 

Proof: -<:=: This implication follows from the previous two results. 

===>: Since L has a compactification, it admits a strong inclusion (<li, <lj) say, and 
, 

a = V {x : x <li a} for each a E Li . Given that x <li a then we can find a scale {cq } between 

x and a such that x = Co, CI = a and Cr <li Cs whenever r < s, but X <li a and Cr <li Cs imply 

that x -<i a and Cr -<i cs , hence x <li a implies that x -< -<i a. III 

We will construct the compact completely regular corefiection of a biframe L by con­

sidering completely regular ideals in (SSLh and (SSLh. 
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Definition: The bifrs,me CR':SL of completely regular ideals of a biframe L is 

CR':SL = ((CR':SL)o, (CR<:5Lh, (CR':SLh) 

where (CR':SL)i = {1 E (':SL)i : 1 is completely regular}, i E {I, 2} and (CR<:5L)o is the 

subframe of (<:5L)o generated by (CR<:5Lh U (CR':SLh. 

Proposition 0.2.4: For a biframe L, CR':SL is a compact completely regular biframe. 

Proof: We first show that CR<:5L is a biframe: 

(a) Each (CR<:5L)i is closed under binary meets and joins by (SI 2)(c) in the proof of 

Lemma 0.2.1. 

(b) Both {O} and ~ e = Lo are in (CR':SL)i by (SI 2)(a) and (b) in the proof of Lemma 

0.2.1, respectively. 

(c) We check that (CR<:5L)i is closed under up directed joins, which is equivalent to 

checking that it is closed under arbitrary joins because it is closed under finite joins : 

Suppose that 1 = U 1£, where {l£lf E I} is an up directed family in (CR<:5L k Let 

a E 1 n Li. Then a E 1£ n Li for some f. But a E 1£ n Li implies a -<-<i be for some 

be E 1£ n Li <;; 1 n Li and so 1 E (CR':SLk 

CR<:5L is compact as (CR<:5L)o is a subframe of (<:5L)o which is compact. 

Finally we check complete regularity: Consider ri : Li -+ (CR':SL)i where 

ri (a) = ({x E Li : x -< -<i a}), where ( ... ) denotes the ideal generated in Lo. Then 

ri (a) E (CR<:5L)i since -< -<i interpolates. 

Proof of Claim: Suppose that a -<-<i b. Then b" -<-<j a*. From the interpolating 

sequence {Cnk} for a -< -<i b we have a -< -<i C21 -< -<i C22 -< -<i b with C22 V C21 = e resulting 

in ri(b)VTj(a*) = Lo and Tj(a)t\rj(a*) = {O}. Thus Ti(a) -<i Ti(b). Since -<-<i interpolates 
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argument shows that ri(a) -< ri(b). Thus a -<-<i b E J n Li implies that 

For any J E (CRSSL)i, J 

completely· ~ .... ~ ....... 

Proposition 0.2.5: is functorial. 

hence CRSSL is 

III 

....... r\I"\,.· For a biframe homomorphism h ; L --+ M J E (CRSSL)i, i E {1,2}, we 

define (CRSSh)(J) (h(J)), the by h(J) Mo. 

Suppose J E (CRSSL)i and x E (h(J)). Then x :::; for some a E J. J is 

completely there Y E J n that a y. Hence 

x :::; h(a) -<-<i h(y) E (h(J)). (CRSS h) ( J) (h( J)) is '-VU'.J.I.'-

If M is a compact completely regular biframe, then join map 

an isomorphism. 

Proof: Compactness of (CRSSM)o codensity of JM . 

: (CRSSM)o --+ Mo is one-one. If a E Mil then V = V ({ x E Mi Ix -< -<i a}) a, 

and, consequently, is an isomorphism. III 

Remark: Lemma 0.2.6 we only need regularity, not complete The reason 

for 

the below 

compact 

resulting complete 

in 

Proposition 0.2.7: KCReg BIFRM is 

JL : --+ 

Proof: Consider h : M --+ L in 

Then applying we obtain: 

are and 

(as seen the Lemma), 

in with coreflection 

M is compact completely 
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---i'v/ 

CR'i:Sh 

-"'---L 

Thus h n;U""I"\T'C1 through and JL implies that factorisation is II 

Our aim is that for regular "lTY''>...", the completely 

and compact regular coreflections are isomorphic, .............. 0 the Countable Dependent 

Choice, course. 

.IJ"" .... u .......... 0.2.8: a normal h~+"'n ........ 

Proof: a, b E there C E satisfying a 1\ C ..:... 0 and 

b V c = e. gives us u E , v E Li with u 1\ v = 0 and b Vue = c V v. c 

u are separating elements for a v and v -<i b so interpolates, II 

The two in [28]. 

LemIna 0.2.9: a biframe L normal and x V y e for some x E yE i =1= j, 

then ri(x) V (y) = Lo . 

........... , .... 1". Let x V y = e, for x E Y E Lj , By normality there u E L j , v E with 

u 1\ V 0, x V u = e u y. normality x V u = e, we 

can find sEt E Li s 1\ t = 0, x V s = e = u V t. Thus t x. more, 

normality L and the of countable dependent we get u y and 

t -< x. Thus, we uvt=e u E rj(Y) and t E Ti(X) and thus ri(x) V rj(Y) = 

Recall that 

if x E J n 

a biframe 

that 

regular 

an ideal J of generated 

y E In 

regular 

y. Now 

generated subframe 

(RS'Lh u The compactification is by the v: L. 
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Proposition 0.2.10;\ Let h : M --+ L be a biframe compactijication and qi right 

adjoint of hiM;' Suppose that x V y = e for x E Lil Y E Lj 

L is a normal regular biframe and the compactijication h : M 

v: --+ 

Proof: We give a 

Normality of L is a corlseC1U 

adjoint in the hypothesis. 

of normality of M and 

universal property of this 

biframe homomorphism g : M --+ R~L making the 

It is shown 9 is an ISOlIlOlCD 

L is isomorphic 

the right 

gives us a 

commute: 

II 

As a COILseclU the above two results the COrnpl'Lct:tncatH)nS JL : CR~L L 

V:R~L whenever L is normal regular. 

~ used here is 

of SSLo generated by 

not coincide even for regular 

f"tOl"O'l"l't to the one used in [3]. 

: V J ELi} 

lU Then c but ~ 
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1 

BISPACES 

closely the category of bi a-frames and bi a-frame homomorphisms. 

' .. ",:",,0.\.,'''0 are U<:;'.HL"'U. bi a-frames and then in terms of 

cozero (cf. [14]). The dual u..".UV'U between regular and Alexandroff 

spa.ces [13] is extended to one n&:>'!"",,&:>.::>" a-frames 

dual adjunction defines 

bispaces. 

duality contained 

we prove that an "U<OAa..UUl bispace X is reaJcolm{)a 

generated by the union of 

adjunction between .... 1<:Aa.,UU.1 

is achieved by a 

and second parts is 

and completely 

lemma for Alexandroff U''''IJ<hv''-'''' 

[13J is given. 

1.1 Regular bi /T_T""""'"YI and Alexandroff 

start by defining the 

1.1.1: A bi 

MiJ i E {1,2} are sub 

mEMo a countable 

A bi a-frame homomorphism h : 

such that h(Mi) ~ Ni i E {I, 

bi a-frame homomorphisms. 

is a triple M = (Mo, MI, M2 ) which Mo is a a-frame 

of Mo such that Ml U M2 generates Mo (i, e each 

from Ml U M2.) write Mo = Ml V M2· 

--+ a a-frame h : Mo --+ No 

BlaFRM will denote a-frames and 

definition of regularity is OUU,Ua.l to that for biframes that arbitrary joins are 

countable of clarity we write the following: 

Definition 1.1.2: A bi regular if there is a {Zn} such that Zn 

x (n E N) and x = V{znln E N} for x ELi, i E 
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...... <;;;, .............. <1 1. ,'~omomorphic of a ',.-""".1.11:1 bi a-frame is regular. 

Proof. ' .... nAOI:> h : M ---+ L is a bi homomorphism onto. h preserves 

with 

Indeed, if x 

element h(y) E 

I! = h(m) for some m E Furthermore, Mis 

element Y E , then h(x) 

U''''''';;:;'''' of M, I! E implies 

Consequently h(m) = I! = V{h(xn}lh(xn) -<i h(m) = I!}. Thus L is regular. 

h(a) 

III 

Let full of whose are the regular 

a:-frames. 

next result "'A!Jv~''-'''' the one [5]) for and the is similar. 

Proposition 1.1.4: Any bi a-frame L is normal. 

Suppose a V b = e for some a E L j and b E Since L is regular we may 

b} in such a way that an ::; 

For each n a 

that x E and y E L j . Then 

x V a e and b V Y e. We have that 

x 1\ y = V (xn 1\ 

nEN 

V [(Xn 1\ am) 1\ (bn 1\ Ym)] 
n,mEN 

- 0, 

if n ::; m, thus bn 1\ Ym ::; bm 1\ 

that Xn 1\ am 0, which .... v • .u ... """"co the proof. 

Coronary For a regular bi a-frame interpolates. 

= 0, similarly m ::; n 

bE Li with a b. Take c E ,i j such a 1\ c ° 
b V c = e. of L usuELj,VE withul\v=Oandbvu e=cVv. 

c and u are separating vn .... u" .. for a v -<i interpolates. III 



Univ
ers

ity
 of

 C
ap

e T
ow

n

19 

a of the previous along with the axiom of countable dependent 

-<i=-<-<i we conclude that regularity with what be called 

complete regularity in bi as in 

We now U"A.A."'" the category .......... ,rLJI."' ...... of Alexandroff bispaces and cozero maps. 

spatial in this 

Definition An hispace is defined to be a triple X = ( I, ) A2) 

with Az sub/rames of P X that (AoX, AI, A 2) is a regular bi where AoX 

V is taken in and IX I is underlying set AoX. A cozero map 

f : (lXI, ,A2) -; (IYI, ,82) is a f : IXI -; IYI that (B) E (B E 

8 i ). We call of AoX cozero sets. 

we will for IX I as no confusion .:>UVU!U 

will in Theorem 1.3.8 below. 

the total a regular is regular, it is immediate the above 

definition that if X is an Alexandroff then AoX is a regular 

following characterisation Alexandroff is the 

characteristic of the zero spaces of Gordon [14]. Here it sense to 

at the properties terms of complements Gordon zero sets 

with the of points omitted. 

1.1.7: (IXI,AI,A2) is an Alexandroff if and only the following 

properties are satisfied for ~ P x: 

(1) J A2 contain 0 and X, and are closed under intersections and countable 

(2) If A E E Aj,j i such that X = then there A' E A andB' E 

A U B' = X = B u A'). that A' n = 0 and X \ A ~ ,X \ B ~ (i. 
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E then there exists a 
n 

Proof: (1) and (2) follow the fact .A.ll .A.2) is a 

bi consequently normal. 

For (3), A E .A.i . Then a sequence {An} C such that A = 
n 

Thus, there E with An n Cn o and Cn U A = X. 

C \ ;; A, consequently U \Cn. 

{:=: (1) it only remains (.A.oX, .A.ll .A.2) is Suppose E 

Then a sequence i "1= j such U \ An by (3). 
n 

implies An U A = X 1 for all n E N. By (2) there {Cn} C and C 

n Dn = 0 and U = X = An uCn n. Now A= U we 
n 

\ C n. III 

Adjoint functors 

llt"':llIlt"': functors between 

on are (.uuuv~,v 

RegBI(JFRM 

the open set and 

that they are 

functors between BIFRM 

and BITOP introduced [3]. 

contravariant functors are defined by: 

.A. : BIAlex----+ 

W: 

(X, .A.1,.A.2 ) I---T (.A.oX, .A.1,.A.2 ) 

f I---T 

----+ BIAlex 
I---T ( I, 

fl---T 

consists of all ""'_,,",.'1"'''" filters on MOl 

is easily seen to : a E F E wMo}. 

result, so is W. 

and 

and, 
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Proposition ) is an Alexandroff 

Proof: show bE Mo. Then bE J 

UHI.Illl:;Cl that a AbE J 

let G E ~i\b' then a, bEG G is an Thus, E n 

Next, we that U = Wv an' Let J E U 
n n 

JE for some k. Then V an E J JE an and) conse-
n 

quently, U c 
an' 

n 

the other hand, if E an for {an} ~ MOl then Van E G, which implies 
n 

for some k since G is 
n 

We prove = WMo' Let wa E ) then 

~ =U 
n 

n 

~ E 

fact (i E {I, 2}) are sub of is a consequence of above 

that (Mo, MIl M2 ) is a bi a-frame. 

Lastly, 

given a H ~ is a nOIllOlmOlrpn as above show 

the fact III 

Let : X ---+ 

X H A(x) 

X is an Alexandroff bispace and A( x) = : X E U E AoX} is a of 

AoX. eM be the homomorphism U'UJ.UH.,U. in the proposition, 
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Proposition 1.2.2: 'A and Ware adjoint on the right with adjunctions T}x and tM' 

Proof: T}x is a cozero map: 

If C E ~ i E {I, 2} 1 then 

N aturality of T}: 

{x: T}x(x) E We} 
{x: A(x) E We} 
{x: C E A(x)} 
C. 

22 

Suppose g : X ----+ Y is any cozero map and x EX. We show that the following diagram 

commutes, 

X 
9 .y 

"1 
'ly 

~Ag 
wAX .. wAY 

We have that 

wAg(A(x)) 

N aturality of c: 

• g(x) XI 

I I 
A(x) I .. A(g(x)) . 

(Ag)-l(A(x)) 

{C E AY: (Ag)(C) E A(x)} 

{C E AY : g-l(C) E A(x)} 

{C E AY : x E g-l(C)} 

{C E AY : g(x) E C} 

A(g(x)) .. 

If f : M ----+ L is any homomorphism and a E M i.e., a E IMol, we must check that the 

square 

iVf L al l> f( a) 

"M 

I" 1 1 
Aw j\l1 

AV 
• AwL WI • w /(0.) . -"-<l 
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(1) WCM 0 

(2) A1]x 0 

For (1) let 

(Awf) 

E : (wf)(P) E } 

E : f-l(P) E 

- E wL: a E (P)} 

- E wL : f(a) E P} 

following identities: 

for each ME BlaFRM, and 

, for each E A..# .... ~JL ....... .rt... 

E , then A(P) 

: a E Pl. 

(CM )-l{~ : a E P} 

{b: CM(b) = some a E P} 

- {b: =~, some a E 

(since if = Wb for a E P, E and hence b E reverse inclusion is 

E AoX where (lXI, AI, A2)' 

(C) A1]x 

- (1]x )-l(W c) 

- {x EX: 1]x(x) E 

- {x E : A(x) E 

{x EX: E A(x)} 

- {x E : x E l1li 
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1.3 bitopological spaces Alexandroff bispaces. 

_,....~ .. ~. bitopological spaces were first completely 

Fletcher [10] independently later by, ...... v .. I'~" 

[25]. We will denote the catlegOJry completely 

by Lane [19J and 

and Salbany 

~'"'~ .• ~. bitopological spaces 

continuous by BIeRG. We now the adjunction ALEX 

and eRG regular topological spaces) [13] lifts to 

one between BIAlex and BIeRG. 

We by (lR, l, real line the lower topology I! = { 

a E lR} the upper u = { b) : b E (I,l,u) is unit 

I = [0, 1] with the lower topology i {(a, 1] : a E I} and the 

u = { b): b E I}. Basically (I, i, is the V"'IJU'''''''' of (JR,I!,u). the 

use i u for both I lR where no confusion will 

topology 

we will 

1 : We that a bitopological (X, pairwise completely 

if 

(a) for P-closed Wand Xo with Xo ¢ W , there is a continuous map 

f : (X, P, Q) -t (I, i, u) that f{xo) 1 and f(x) = 0 on Wand, 

(b) set V not containing xo, is a continuous map 

g: Q) -t (I,i, u) such that g(xo) = 0 g(x) = 1 on 

We will show atX is an Alexandroff whenever X is a completely 

ular bitopological and that is a pairwise bitopo-

logical whenever X is an Alexandroff 

We define at(X, P, Q) = Cp, CQ ) where 

Cp = (0, (0)1 h: (X, Q) -t i, u) is a continuous map} and 

CQ = {h -1 0) 1 h : Q)-t i, u) a continuous map}, also 

t(X,A1,A2) = (X,Ai,A2) Ai'{i E {I, 2}) are topologies on X by ~,i E 
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{I, 2}, respectively. ,~ 

(We will show 

BICRG. 

E BICRG atX E BIAlex and for all X E ............... "'."'"' E 

The justifications for definition are given below. 

We 

1. If 

Nl E 

E 

are 

c 

a bitopological space (X, P, Q) for the next 

BQ be bases for P and Q I respectively. 

intersections and finite unions whenever 

Nl U N2 = X J are E and 

~ X \ N3 ~ N2J then (Bp , BQ) a '''H'r'~lI1'l..'< I' 

normal base for Q). 

2. (Bp , BQ) is 

Nt E BQI 

For the nrr""o'rf' 

constructed in 

1.7.14. 

(a) If (0, 

(b) 

n. 

pairwise Ro if for each x ENE BpI is 

such that x (j. Nt and Nt U N = 

lower upper semicontinuous maps ensure 

proof are again continuous from (X, Q) to (JR, f, u), see [9], 

(X, Cp , CQ) is an Alexandroff bispace. 

v 

(0, 

CQ ) is a regular bi 

VCQ• 

(0, (0) E Cp , n E J and J countable. 

[9], 1.7.14 we have that 9 = L: /\ is 

show that Cp (and, 

((gVO) (0, (0) E 

assume that ~ 0 for 

from (X, P, Q) to 
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9 is ,",VU.UUA'''V Hence C p is closed 
n 

countable unions and is thus a 

let U E Cpo Then U = 

(JR., £, u). Observe that U = U (~, 

(0, some continuous f : (X, P, Q) --+ 

(~, oo)nf-l( -00, 2~) = (0 and f- 1 )u 
n 

(O,oo)=X. II1II 

following theorem is vital for our that (X, A~, A2) E BIeRG. 

hor'1"OlrYl 1.3.5: [25J. A bitopological is pairwise completely regular iff it has a 

normal and ''''1'1','-''"'1'<'' 

Proof: We outline the proof uses a base 

=;.: Let (X, P, Q) be pairwise '"''''A''VA",.,'',AY Suppose, 

Bp = {Z(f)lf : (X, P, Q) f,u)} {Z(g)lg: (X, P, Q) ---,I> u,f)} 

Z(f) = f- 1(0) and Z(g) = g-1(0). is that (Bp , BQ) is a 

for (X, P, Q). 

We start with a normal and ~o base (Bp , BQ) for (X, P, Q). It is 

that a disjoint point a 

map 9 : (X, P, Q) (/, u, f). 

of 

Let (X, AI, A2) an 

and N2 E A2 such that Nl U 

N3 n N4 = (0 and X \ Nl ~ N41 

Al and A2 are closed 

or Q-closed set can be separated by a 

construction of the map 9 is modelled on 

(All A 2) is pairwise 

X, then there N3 E 

\ ~ N3. N3 n N4 = (0 

intersections and unions. (All is an 

if x ENE All is a {An} in A2 such that N = U(X \ 

implies that 

implies N U Ano = 

no such that x E X \ Ano ' thus x rt Ano E 
n 

if 

the 

II1II 

x E N 
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Since (All A2 ) is and IRo AI, A2 ) is an Alexan-

bispace, Ai, A2) E BIeRG by the theorem. 

t "''''', ... ,,;''' above are functors action on is to It is now clear that at 

them fixed as set maps. need a '-<ULV",'- of results before we are able to 
t 

is adjoint t. 

Proposition 1.3.6: (R., i!, u) an AlexandrofJ bispace. 

.. un",,,,o to prove ( OR., i!, u) is a regular bi a-frame OR. 

open sets in R We already know that OR. is a a-frame i! are sub a-frames 

We show regularity: Suppose that E u, then - (-00, b) for some b E R., 

U( . Note (-00, b-~) E also for n there (b- ..!. 
2n' 

n 

such that (-00, b n n (b- ,(0) = 0 (-00, b) U (b , (0) This 

(-00, b A \;f n E N. 

Notation. (1) We denote of all cozero maps f : i!, u) by 

and bounded bounded as cozero from to R. by (X). 

thus 

Ei! 

III 

an bispace. denote the collection of sets of the 

with i E {I, 2}. 

We Urysohn's Lemma Alexandroff to Alexandroff The 

is LU,",U"LL""" on that pairwise bitopological spaces 

Urysohn's 1.3.7: Suppose (X, 8 1,82 ) is an AlexandrofJ let A E E 

8 2 be that AU = X. there a cozero map f : (X,81,82 ) ~ (I,i!,u) 

that (0, 1] ~ [0, 1) ~ 

Assume hypotheses of the lemma and that = X\ = X\ 

0. By (2) in .7, there E 8 1, D! E 8 2 such that nDl 
2 2 

\ c Note that E 8 1 and and A' C , B' C C!. In AI C 
2 

c 

also U A Another application (2) yields that 
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and A' e A'e e X \ C1 e Dl e \ C1 e B. 
4 2 2 

Continuing inductively we can find E B1 and E B2 (k = 1,2, ... , - 1) such 

e e \ e e ... eX\ e e ... e 

Set and and introduce D(2mtl) E 
2" 

E by 

that 

A'e eX\ e 

and that 

X\ e e \ e 

subscripts of and form a 

m 
R = {- : 1 < m < , m, n EN}. - 2n - -

Dr E B2 and E B1 with r, s E that r < s, then 

e e \ e eX \ Cs e 

{ 
inf 

Define f(x) = 
: r E R, x E Dr} X E 

1 otherwise. 

all x E A', =1 all x E B', and 0 ::; f(x) ::; 1 for an x E X. Then f(x) = 0 

f > 0 

f(x) < 1 

that x E A AU B, hence (0, 1] ~ A. We also have 

We check that [0, a) E 

the 0 bservation that 

[0, 1) ~ 

f- 1(b,l] E B1 

show that f is a cozero 

a, bE (0,1). follows 

(1) [0, a) U{Dr: r E R,r < a} and 

(2) (b,lj U{Cr:rE r> 

): x E Dr, r < a, then f(x) ::; r < a. Conversely, if f(x) < a, 

R in [0,1], exists r E R that f(x) < r < a, thus x E Dr. 
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(2): b < f(x) ~ 1, there 

the that r2 < f(x) and the 

\ 
> b. Now r < rx implies c 

r < which b < rx < f(x) 

of all lower 

1 B2) (Le., sets of form f- 1 

aerlotE~a by cOZtX(respectively, 

"'''''7.'''' ...... 1.3.8: Whenever (X, 

only show 

A E cozeX, then 

E 

E such that b < < r2 < 

of f we conclude that x ~ 

29 

. In view of 

(Le. x E Cr1 ). Conversely let x E Crr. with 

c \Crr.' also x ~ \ 

x E f- 1(b, 1]). II 

cozero sets an bispace 

0) (respectively, (0)) some f E S(X), is 

E BIAlex, Bl = = cozuX. 

the remaining proof is "'uu.u"u and therefore 

an f E S(X) such that A = 0). Hence 

A E B11 then by "'rr.r,,,rTu (3) of (1.1.7) A = U \ a sequence {An} 
n 

. Thus X \A = nAn and (X \ A) n (X \ An) = 0 for 
n 

exists fn E (X) that 

In { 

"'<>., .. .,., that X \ An ~ 

Note that f;;l(O, (0) E 

(0, 

0 x E X\A and 

1 x E X \An for n. 

~ A and A = U 
n 

nE and is 

n. Urysohn's 

n 

(the proof is similar to that of 1.3.4(b) and therefore omitted), COI1Se(lU A E COZtX.1I 

now come to one of results in this section. 

1.3.9: - ·J·!!.'·Ju,":G~n."" and at is left adjoint to t. 

Proof: If (X, P, Q) E .a..JI ... '...., ............. 

equality follows from the fact 

P,Q) = 

(Cp,CQ) is a 

(X, P, Q). The last 

we prove that at 
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is left adjoint t. Dtiine natural transformation 

to be the identity. Let (lXI, Q) E BICRG, Y = (IYI, ,82 ) E .......... r.LU::;A. and 

,nn""", that 

I: X ---t tY 
( I, Q) H 8~,82) 

is a continuous map. 

that a cozero map 1 : UAu,nu,,;::. the following 

diagram commute, 

functor on 1 : X ---t tY us ad : ---t Y. We verify 

is indeed a cozero 

Let U E 8 i1 then 

U= { (0,00) 

a cozero map 9 : (Y, 8 ll 8 2 ) ---t (IR, t', u) such that 
if U E 8 1 

0) if U E 
the foregoing theorem. 

We (0, (0) or (gl)-1 0). In that 

gl : (X, Q)---t it will sufficient show that (U) E or 

respectively. VEt' that g-l(V) E 8 1 ~ since 9 E S(Y). Thus (V) E 

by continuity 1 : X --+ It can nr""",t1 that gl : (X, Q) -t is 

Clearly 1 ad is unique triangle \"VlUHJLU III 

we conclude that is embedded as a coreflecti ve 

cat,ee:()rv of we shall constructions in ........... rlL ... ,,'''''' as extensions 

constructions in 

next proposition immediately from and 1 

Proposition The functors : Reg BIO"FRM --+ BICRG and 

---t Reg BIO" FRM are adjoint on the right. 
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Realcompact Alexandroff bispaces 

a functor ha1-uTO£>1"'I BIAlex and ALEX. 

1.4.1: The oc;U ... I.J.U,,,", functor is 

W : BIAlex --+ 
.A1, .A2 ) I--t 

f I--t r 
Alexandroff space is 

"-Vl.H,al.UUJ'F. just one of them, 

showed that a 

is an isomorphism 

and a-frames .. """ ..... ,0,,,1-

total part is 

and define 

"' ............... J.V..... 1.4.2: A 

an 

by T the functor 

IJ'U,>A.U.:J unchanged. 

that the following 

ALEX--u-

if for 

the cozero 

Alexandroff 

and U are aua~lVJ<,. 

We will say 

bypass 

as follows: 

Alexandroff 

takes the total 

commute will 

aFRM 

BlaFRM (w 1\110, 

jT 
(w 

we can a cozero 

is realcompact 

our 1Jx, wand .A for Alexandroff 

an Alexandroff bispace is separated 

is realcom pact 1Jx 

a regular leaves 

in proving proposition. 

r 
) ........ ------1 
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This is the main resu:~ in this section. 

Proposition 1.4.3: A separated AlexandroJJ bispace X is realcompact if and only if 

W X is realcompact. 

Proof: 

==>: Suppose X = (X, AI, A2 ) is realcompact, then 

X ~ wAX 

W X ~ WwAX (by applying the functor W) 

W X ~ wT AX (WW = WTin (2) above) 

and as is shown in [13], wL is realcompact for any L E RegaFRM. 

-¢=: Let X = (X, AI, A 2 ) and W X be realcompact. Then rJwx : W X ---+ WU(W X) 

is an isomorphism and hence onto. We prove that rJx : X ---+ wAX is onto. Let 

P E wAX, then P E wAoX. But the underlying sets of wAX and wA(W X) are the 

same hence P E WU(W X). But rJwx is onto so that there exists x E X such that 

rJwx(x) = P = rJx(x), Since rJwx is always one-one (W X is separated) it quickly follows 

that rJx : X -t wAX is one-one. III 
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2 

PART OF A BIFRAME 

We will define the cozero part a biframe analogously to that for co zero sets of a bitopo­

logical space. properties extend those of the cozero of a 

it as a 

that 

of a ~A6',.~U'~ 

'For a 

COZu L2 are 

h: L-+ 

cozero sets. 

ax : 

x 

We 

1 

L 

cozero 

of a 

of a completely regular biframe generates 

is the largest regular sub bi of 

the compact completely regular coreflection 

a characterisation of the elements of a cozero 

co zero part of a biframe 

we 

E la h(O,oo), h: O(JR,£,u) ---+ L 

{b E Ib h( -00,0), h: O(JR, £, u) ---+ Lin 

is the 

of 

generated in Lo. It is easy to see that 

and L 2 ,respectively. Given a biframe nOInOInor 

-+ cozM is the restriction of h to cozL, which is 

that this is indeed a good extension of the 

HH""'V'''' a and O. For a 

ax(x) = O(x) which is the 

a biframe L, OL : L ---+ 0 L is a 

= {P E 2: Lo : a E 

a 

a 

with 
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Proposition 

(Cp V CQ, CQ). 

Proof: We only 

and Aat(X, Q). 

total parts are the same. 

~: Observe that Aat 

Q) a bitopological space, coz( O(X, 

of first (and effectively 

joins are a-frame generated V it 

Q) = (CpvQ , Cp , CQ). Suppose h(O, 00) 

34 

P,Q)) 

that 

some 

h : O(JR, i, u) Q). By naturality of a and spatiality i, u) (see [3]) the 

diagram 

(X, 

ox OlR. 

J Q)--lP-(lR.,e, 

commutes for f (aRtlo hoax_ Hence f : (X, Q) ~ f, u) is continuous: 

Now f- 1(0, 00) = 0 f(O, 00) 

o hoax)(O,oo) 

o ho )(0,00) 
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We that Oox 0 

U E (OX)o 

- Oox{x EX: crx(X) E Lu} 

{XE :O(X)E 

Oox{X EX: E O(x)} 

Oox(U) 

Equation ( follows from fact that Ocrx 0 = Idox [3]) Oox 0 

Ido'L,ox, Equation (2) is a consequence naturality 0 and spatiality O(X, Q): 

ox--- O(X, Q) 

,1 
OIR---OL 

upper cozero part. 

;2: Next we (0,00) some continuous 9 : (X, P, Q) --+ 

functor 0 immediately leads to Bl E 

result follows. 

and similarly for second parts. Our 

III 

VVUuL'U"'L a spatial M. Then M S:! OL M the coz one 

cozM S:! coz( 0 M)~ Aat by the result. We that cozero 

a spatial is isomorphic the cozero part of spectrum. 

2.2 ........ ,nn,"' ... 1" of the cozero part of a biframe 

The proposition proves elements of the cozero a biframe are UALU'",vU of 

subsets unit interval under a particular biframe homomorphism. 

Proposition following hold in a biframe L 
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(i) a E {:=} a = h(O, 1] for some h : 0(1, e, u) --+ 

(ii) bE{:=} b = h[O, 1) for some h : 0(1, e, u) --+ (Lo, 

(i). The proof for (ii) is similar. 

=::}: e, u) --+ (1,e, u) by g(a) = (a 1\ 1) V 0, where 1 is 

"""'J'''''''CL~ to 1 0 sends every element to 0. Now g(a) > 0 . {:=} a > 

o(1,e,u) --+ O(R.,e,u) with (Og)(O,l] = (0,00). a E 

some biframe homomorphism k : O(R., e, u) L yielding a :::: 

h(O,l] h=(koOg): e, --+L. 

a h(O,lJ some h : 0(1, e, u) --+ (Lo, L1, L2 ) the 

functor to inclusion map c: (1,e,u) --+ (R.,f,u) homomorphism 

e, u) --+ 0(1, e, u) with (Oc)(O, (0) 1]. a (h 0 (0, (0) and 

(h 0 : O(R,f, u) --+ III 

the of biframes often involve amounts a 

of some computation of a proof for the first part obtain an amlL1U£oms 

g(O, 

h(a) E 

cases we will only prove the one 

the second part. 

a 

Land Mare biframes and h : L M is a biframe homomorphism, 

part of a biframe is generated by 

the image of the first (second) part of 

cozM respectively. 

we 

h is contained in 

exists 9 : O(R., f, u) --+ L that a 

e, u) --+ in BIFRM with h(a) (hog)(O, ,consequently 

is compact, 

L to its largest regular 

e, u) is 

biframe 

III 

that 

is 
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by all of L. U...,llQ,U\::J. (26] shows that the biframes 

are coreflective with by join. 

Lemma L E BIFRM, and is the compact of L with 

corefiection map TL given by join, then TL(cozKL). 

Proof: TL{cozKL) ~ follows from Lemma 2.2.2 . 

For suppose that a E . Then a = h(O, 1] some 

h : O(I,£,u) Lin BIFRM t-'f()pOlslt.lon 2.2.1. But £, u) is compact and 

regular 1.3.6), so a unique hi : 

TL 0 h' = h: 

KL 
-1' 

/ 

/ 

hi / 

/ TL 
/ 

/ 

/ 
/ 

£, L. 

We a = TL 0 h'(O, 1]. 

quently, a E Tdcoze(KLh) as 

h'(O,lJ E coz£(KLh 

Inclusion of the total 

that TL is a homomorphism the total part is 

t'r()pOislt:lon 2.2.4: If L is a is a 

£, ---+ KL with 

1 and, conse-

follows from 

by the first and second 

bi of L as a bi 

Consider any biframe homomorphism h : O(JR, f, u) ----t L. Regularity of 

of h(OJR). But {h(OJR)lh: O(JR,£,u) ----t L} cozL, hence is 

II1II 

"' ... ..., .. " ... that the co zero a biframe is a a-frame we will 

see 10 below that it is such. 

We a E L is a Linde16f element if a :::; V S(S ~ L) a:::; VT for some 
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X is a !JVlV,,",',""'''' space, then a LindelOf element frame 

is a Linde16f subspace of 

Lemma 2.2.5: upper or cozero set of a compact bitopological (X,P,Q) 

Lindelof'Tlrn'Tlprt11 

00 00 

Proof: "<':LlT""" that h-1(O, (0) U h-1 , g-l( -00,0) U (-00, - for 
n:::::l 

some continuous g: (X, h : (X, P, Q) -+ (JR., i, u). Thus 

upper or lower cozero is a countable of lower or zero upper 

or lower zero are closed [19]) and compact V then cozero sets have 

Lindel6f "" .. r""',,,,,+,, III 

Definition 2.2.6: An ideal J E ('25L)i (i E {I, is countably generated if exists 

a sequence } ~ J n Li (i E {I, 2}) such for each a E J} a ::; Xn some n. 

Lemma 2.2.7: J E CDzt(CR'25Lh CDzu (CR'25Lh) if and only J is a countably 

generated completely ideal of Ll 

Proof: 

=}: The total part of (CR'25L) is regular and spatial so that (CR'25L) is 

spatial [1]. J E each b E J n L1 , a sequence 

completely ideal generated by 

sequence. we obtain J = V{ : b E JnLl}' J has the ....... ,,'-lv,,'" property 

Lemma and hence is a countable join such elements consequently, countably 

generated. 

JE 1 be countably generated. (CR'25L) is "I-'''',''L'''L and 

regular ([19]), its cozero elements form a base the open elements. Hence J is a union 

of cozero precisely a countable union it is countably generated. cozero 

elements are ".v."""" under countable unions, J is a cozero element. III 

following Corollary gives the characterisation of elementS of the cozero part. 
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Corollary any bifmme L, a E 

in L with ak -< ak+l for all kEN. 

iff a V an for some 
nEN 

Proof: ===>: that a E COZeLl. Then a (J) for some J E 

Lemma J is countably generated 

Define a nJ 

by 

that an V -< Complete J enables us to make this 

Consequently a = (J) = V an and ak -< -< 1 for all kEN. 

{:=::; a V an with a and a all k. Then 

J={XE :x::=; for some n} is generated in (CR~Lh, so that 

JE Lemma a IL(J), which 

aE )= III 

Let L be a regular bi a-frame. If a E Lil then a V 
for all n E N. 

Proof: a E Lil one gets a = V an by regularity. But the below relation 
!tn--<i!t 

so we construct a 

ao V al a; pick b2 E Li 

} such that bo = ao. 

Va2 b2 a' 1 

bl E Li such that 

\lULULLU!". the process pick 

E Van a. It is difficult see that 

and a = V bn· III 

We the forgetful functor 

U: --+ BIaFRM 

(Lo, H ((UL)o, (ULh, (ULh) 

f H fl(uL)o 

(i E is 

(i E {1,2}) and (UL)o is generated by (ULh in 

Notation: In what (COZL)i' i = 1,2 will 
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... 

The next result tells l\,S that 

regular sub bi a-frame as a 

cozero a completely regular 

Corollary 2.2.10: For L E cozL rv nUL. 

Proof: Regularity of cozL that cozL ~ nUL. For the reverse 

a E (nU L)i implies that a Van with an -<i an+l, so that an -<-<i an+l 

lation property. a E (cozLk 

Proposit~on 2.2.11: LE cozL generates L as a 

Proof: a E a some J E (JCLh since TL is 

V{Jb : b E J n 1 as the of A.JV~uu'."" 

TdV{Jb : b E In (Jb) : b E In L1 } since TL is a 

But TdJb) E COZ£Ll b, 2.2.3. 

2.3 cozero and compactification of a !"uTr'l:l.1'Yl 

is 

III 

J 

a 

We construct the 

cozero part. 

completely regular corefiection of a by '-'VAlL"""'" its 

Definition 

by: 

.1: of regular ideals for a A is given 

= ((Regldl A)o, (Regldl Ah, Ah) 

where (Regldl A)i {J E : J is regular } J (i E {I, 2} ) 

subframe of by Ah U (Regldl 

Let us 

check that 

following points 

is indeed a biframe. By 

We know that (~Ah is a 

that (Regldl Ah is its subframe: 

it 

so we will 

A)o the 

u..u. ..... "..., to 

the 

(a) Ao E uc,-.a,u."", e -<1 e with a separating elelmellt so that a E Ao 
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• • o -<1 0 

e we conclude that {O} E Ah. 

(b) We that J1 n E (Regldl Ah whenever and J2 are 

a b1 l\b2 E n 

( c) J V Jj each Jj E Ah, then we must show that 
jEA 

JE Ah· If a E J, a S; b1 V b2 V ... V bk each bi E Jj 

some j E A. By regularity of each ! there hence 

a Cl V V ... V Ck Consequently J is regular. 

Another thing which is of interest to us is whether A)o is in the 

set of ideals of Ao. J E A)o, then J = V (J1j 1\ hj) 
j 

E (Regldl with (i E ,2}). Consider a E J, then a S; b1 V V ... V bk where 

each bi E n J2j for some j. By of each exists Ci E J with bi -<0 Ci, 

hence a S; b1 V b2 V ... V Consequently J is a of 

now consider in combination 

COZ 

---+ 

coz: 

RegIdl 

Proposition 2.3.2: regular bi L} RegIdl L is a compact completely 

regular 

proof of this proposition is "aUJ,UUL to that of 0.2.4 therefore 

Since coz : BIFRM ---+ BIa FRM is functorial, to that 

RegIdl 0 coz : BIFRM ---+ KCReg it suffices to that 

Regldl: Reg BIa FRM ---+ BIFRM is II1II 

rot)Qs:ttlCm 2.3.3: Reg ---+ KCReg 2S 
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I • Proof: a bi a-frame homomorphism h : L ---+ M and J E (RegIdl L)i 

liCUl'lC (RegIdl h)(J) = (h(J)) to be generated by h(J) 

Mo. We that (h(J)) is regular Mi. x E (h(J)), then x :5 

for some a E J. J is regular, so there Y E In that a y, 

x :5 h(a) h(y) E (h(J)) n Mi' III 

Proposition M is a compact biframe, the join 

I J M : RegIdl( cozM) ---+ M is an isomorphism. 

Since is (JM)o dense 

by hence one-one. For suppose a E M i , then 

hence JM is an isomorphism. III 

Proposition 2.3.5: BIFRM is in with maps 

: RegIdl( cozL) ---+ 

Proof: Consider h : BIFRM Mis and regular. Note that a 

compact is iff it is regular. (assuming the aAIVIU countable 

';;'Uti,';;'"" choice.) Then applying the functor RegIdl(coz) we obtain: 

Regldl(cozl\lI) ---

I 
h factors RegIdl(cozh) 

Remark: Regldl( cozL) is the compact 

biframe 

h ---=---.,...,. L 

density gives us this factorisation is 

III 

a completely 
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I 
-
I 

I 

The regular ... "" ......... '" corefiection a biframe and pseudo compactness 

objective Linde16f of a biframe. We 

a a biframe of 

regular Linde16f coreflection. 

start by defining a functor 1i : ---* BIFRM. 

Definition L be a bi collection 

= {a E Lo : a :s; b some b E J}, J E 1iLi . We define 1iL by 

is indeed a on the JE 

Proof: (a) a :s; b E J*, then we can find x E J ------.J b :s; x so that a :s; x E J 

yielding a E J*. 

(b) For an E we can find Xn E J an :s; Xn consequently 

V Xn E J J is a <I-ideal. V an E 
n n n n 

Proposition 2.4.2: If L is a bi then 1iL = 

Proof: we check that i E {I, 2} (1iLi)* is a 

(a) E (1iLd*, we that n = (Hn J)*. 

is straightforward. 

~: a E H* n J*, a :s; hand f for h E f E J, hence a h 1\ f because 

a, h,f E Lo, now a E n J)* h 1\ fEn J. 

In view of the fact that n J E and H*n n ,we 
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an inc2xing A, and J~ E (1iLi)* a: E A. Then we that 

V (V Ja)* 
a a 

~: a E V J~, a Van for ~ E In E N} is a 
a n 

of A. For each n exists Xn E Jan an ::; X n , hence 

a V an ::; V Xn E V Ja) a E (V Ja )*. 
n n 0 a 

a E (V Jo )*, exists x E V that a ::; x = V 
a 0 n 

Xn E As a the fact ~ J~n for each n, we 

V E V J~. From V E 1iLo we deduce that a E V J~. 
n a a Q 

(c) is a frame, we In 

Next we that 1iLo is by (1iLd* and . We have J V 4- x for 
xEJ 

each J E (In the remainder of this section 4- will taken in La, CLUJ""'''' 

XEJ,xE so 
n 

n 

n 

4- bn E (1iLl)* and 4- en E (1iL2)* as the fact that 

and 4-

(1iLOl III 

2.4.3: homomorphism h : L --+ M define 

1ih : --+ 1iM by 1ih(J) (h(J)), the a-ideal generated by h(J) in Mo. Then 1ih is 

a homomorphism h is a bi a-frame homomorphism. 
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Proof: We know tha;t 1lh : 1lLo ---+ 1lMo is a frame homomorphism. If J is a a-ideal 

on Mo and h : M --+ L is a bi a-frame homomorphism, then the a-ideal generated by 

h( J) is just the ideal generated by h( J), namely {b E M I there exists a E J such that 

II1II 

Our aim is to prove that 1lcoz is the regular Lindelof corefiection functor for biframes. A 

step in this direction is given by 

Lemma 2.4.4: Whenever L is a bi a-frame, 1lL is a Lindelof biframe. 

Proof: For a bi a-frame(Lo, L1 , L2), 1lL is Lindelof since the total part 1lLo is Lindelof 

[21]. II1II 

Proposition 2.4.5: If L is a regular bi a-frame) then (1lLo, (1lL 1 )*, (1lL2)*) is a regular 

biframe. 

Proof: Consider J* E (1lLi)*' then 

J* = V J. a = V -l- b. 
aEJ· bEJ 

We check that the last equality holds. 

2:: This inequality follows from J ~ J*. 

~: Suppose a E J*, then there exists b E J such that a ~ b, which gives J. a ~J. b. Hence 

the above equation holds. 

Now J* = V J. a. Furthermore if a E J, then J. a = V J. an, where J. an -<iJ. a for each 
aEJ n 

n by regularity of L. Thus J* can be written as a join of a-ideals in (1lLi)* which are 

i-rather below J. a and hence i-rather below J*. From this we deduce that 1lL is regular. 

II1II 
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Llc ......... ua 2.4.6: "'-'''''I1W[, L is a bi/rame, V L : --+ L is natural in 

Proof: each L, V L : (1lcozL)o Lo is a biframe "~"'~'OA~.Y''''U'U since 

E (1l(COZL)i)" implies that V J* E a M, then each frame 

morphism h : Mo Lo we that following diagram commutes: 

Mo----.,;...--

vu 1 
1l( cozM)o 7icozh) 1l( cozL)o . 

L-OIISmer J E 1l(cozM)o, (1lcozh)(J) = 1lh(J) 

= V J., h(j)(V and J., (cozL)o). 
jEJ 

Now taking a join Lo we 

V (1l(cozh))(J) VV J.,h(j) 
L LjEJ 

- V h(j) 
jEJ 

- h(V J). .. 

Lemma For any regular LindelO/ bi/rame L, V : (1l(COZL)i)* --+ Li is onto. 

Proof: Schauerte [28] proves that any ~,...~.~_. Lindel6f biframe is normal. Moreover it is 

not difficult to show for a normal interpolates and consequently 

L is completely regular. 

regular. 

Corollary 2.2.11 generates L L is completely 

Suppose a E Lil then a = V Ja Ja =J., an (COZL)i E 1l(COZL)i' hence a V J; 
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Proposition .. If L is a regular Lindelof biframe, then V L : 1icozL ---+L is an 

isomorphism. 

Proof: It "uu~\..c;" to that V: ---+ Lo is one-one and 

is for i E {I, 2}. 

,",V,"",u"" implies one-one Reg we check that V : 1i(cozL)o is 

If V J = e, then since L is Lindelof, V an e, which yields e E J because J 

is a J = (cozL )0. The fact has 

proved II1II 

-
Proposition The regular Lindelof biframes are coreflective in BIFRM, with core-

flection maps V L : ---+ 

Consider a homomorphism h : ---+ L where is a Lindel6f 

V L : 1icozL ---+ L is a transformation, Lemma 2.4.6, the 

commutes: 

Mo 

1i(cozM)o (cozL)o. 

We can a hi : Mo ---+ 1i(cozL)o see [29]. 

we prove that an category and 

the category 

Proposition 2.4.10: The category of regular Lindelof biframes and biframe homo-

morphisms Lind and Reg BlaFRM are equivalent as categories. 

Proof: We the UULl,VL 1i : Bla FRM ---+ Reg Lind BIFRM is 

faithful and ISOl[l101LDlllSm dense. 



Univ
ers

ity
 of

 C
ap

e T
ow

n

48 

Fullness: If 1 : M -.-t L is a morphism in Reg Lind BIFRM, then 

cozl : cozM ----+ cozL is a morphism in Reg BlaFRM and 1icozl : 1icozM ----+ 1icozL 

is precisely 1 : M ----+ L. 

Faithfulness: Su.ppose that 1i1 = 1ig, where 1 : M ----+ Land 9 : M ----+ L are in 

Reg BlaFRM. Let x E Mo, then since 

1i1 = 1ig, 1i1U- x) = 1igU- x), thus 

(J(.J- x)) = (gU- x)), which leads to 

(.J- I(x)) = (.J- g(x)), consequently 

V (.J- I(x)) = V (.J- g(x)), where the join is taken in Lo, this yields 

I(x) -..: g(x). We conclude that 1i1 = 1ig implies that 1 = g. 

Isomophism-dense: Let L be a regular Lindelof biframe. Then we have 

L ~ 1icozL by Proposition 2.4.8. 

This proves the result. III 



Univ
ers

ity
 of

 C
ap

e T
ow

n

CHAPTER 3 

PSEUDOCOMPACTNESS &,IL.f ............ PART OF 

we extend some the of [6] for frames to We start 

the biframe C(Rb) of reals. Pseudocompactness of a biframe L is U\...UH<;;U in 

VVUL .. U<OU maps C(Rb) -t L. then a characterisation 

defining 

of 

which 

not mention the 

pact ness of a in 

is used to give a characterisation of pseudocom­

cozero 

The biframe of reals 

and Mulvey [7] describe the frame reals by means of a of 

Q x Q. We follow their presentation in the definition. 

Definition : The biframe reals is the biframe C(Rb) (CO(Rb), (Rb), C2(Rb)) 

where (Rb) is the frame generated by ordered pairs q) E Q x Q satisfying the following 

relations: 

Rl) (p, q) /\ t) = (p V s, q /\ t) 

(p, V (s, t) = (p, t) p :::; s < q :::; t 

R3)(p,q)=V{ t):p<s<t<q} 

R4) e = V {(p, q) E Q x Q} 

and C1(Rb) the frame generated by elements (p, = V{(p,q) : q E inside CO(Rb), 

C2 (Rb) is the generated by elements q) = V {(p, q) : p E Q} inside (Rb). 

(p, q) (p, /\ (-, q) for qEQ. 

the set of 

be uniquely extended 

transforms above 

a biframe homomorphism 

into identities which hold 

A 

C(Rb) into L if and only if h 

L and takes generators 
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now that t ':I.e spectrum of the biframe reals is homeomorphic to (JR., i, u)) 

moreover this homeomorphism satisfies a special property. 

Notation: Let 2 the two p.lp.lmp.lnt frame with top 1 and bottom 0, L1 = {O,l}. 

We will denote (2, L1, 2b• 

real together with lower upper topologies (JR.,.e, u) will denoted JR.b. 

]p, {x E JR. : p < X < q}, which is an open '"T<:'''''',," with usual 

Proposition 3.1.2: There a homeomorphism p : 2:(C(JR.b)) -+ JR.b that 

p(() E lip, q[ iff q) = 1. 

Proof: task is to an Dedekind cut (V, W) 

which determines a A E lR. 

V {rEQ:((r,-)=l} 

W {s E : (( -, - ,then we check (V, W) is an open Dedekind cut. 

(1) e V{ q) :p,q E Q} 

=} 1 V{((p,q): q E Q} 

are p, q E Q such that ((p, q) = 1 

=} ((p, = 1 ,q) 1 

=} P E V and q E W. 

that V is a (2) We 

((p, -) 1 that ((pi, 

If p E V and rI < then (p, < (pi, -), 

= 1. it can be that W is an upset .. 
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(3) p E V, then~(p, = V(p ~, -). ({p, = 1, then V ((p + ~, =1 
nEN n 

implies no E N that ((p + , - ) 1. a similar no 

manner it can be any q E W is q' < q q' E W. 

(4) p < q => (-, q) V (p, = e 

=> ,q)V((P, =1 

=> q) = 1 or ((p, = 1 

=> p E V or q E 

(5) rEV n W ((r, = 1 = ((-,r) 

=> ([(r, -) /\ (-, = 1. 

(r, /\ (-, r) 0 which is a contradiction. 

(V, W) is a Dedekind Now (V, W) means p,q E Q 

p < ApE V, A < q q E W. that p E V and q E W iff 

A E ]p, q[. 

We check q) = 1 p E V and q E 

=>: ((p,q) 1 that ((p, -) 1 = ((-,q) 

{:=: p E V q E W mean that -) 1 = ((-,q), thus ((p,r) ((s,q) = 1 

some r, SEQ, hence 1 = r) /\ ((s, q) 

({(p, r) /\ q)) 

= ((p V s, r /\ q) 

:; ((p, q). 

conclude that (V, W) determines A such that A E ]p, q[ iff ((P, q) = 1. 
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Next we define a will be uniquely extended inverse of p, Given). E JR, 

define (,\ : [£0 (JRb)] -t 2 by 

{ 

1 if ). E ]p, q[ 
(>.(p, q) = 0 

We check (R1) - 2b, nT'O"""',:"" 

of the are automatic since seC(Jna parts of 2/) are 

same as its total is thus a biframe homomorphism. will only show these 

generated in £o(JRb), identities on O-OTl,<>r", 

For generators of £0 (JRb): 

(i) (,\(p,q) A (,\(r,s) 1 

q) = 1 

). E llr, s[ 

~). EllpVr,q A 

If p ::; r < q ::; s, 1 

~). E]p,s[ 

~ 1 = (,\(p, q) V S). 

(iii) p < pI < if < q, =1 
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{:::::::} , q' that p < pi < q' < q 

q' p < pi < q' < q such that (>. (pi, ql) = 1 

{:::::::} V { (>. (pi, ql) : p < < q' < q} 1. 

(iv) V { (>. (p, : p, q E Q} 1 if p q are rational that 

p < r < q, (>.(p, = 1, hence 1 = (p,q)::; V{(>.(r, : r,B E Q}::; (e) = 1, 

so hold. 

We thus a which can be 

£(lRb) ---7 2b such that). E]p, q[ iff (x(p, q) = 1. Clearly p((>.) = ).. We 

indeed an isomorphism: 

(i) Now ( (p(o since (p(c) q) = 1 iffp < p(() < q ((P,q) = 1. 

Lastly we show that p : I.)£(lRo)) ---7 lRb is a homeomorphism. 

(]p,q[) = {(: ((p,q) = I} = , also 

p(I:(p,q)) = : ). E ]p, q[} - ]p, q[. 

(>. : 

that p is 
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(]Ip,oo[) - U ]p, q[) 

- U q[) 

I 
: ((p, q) = 1 some q E Q} 

I V (p, q) 
qEQ 

and 

V (p, q)) 
qEQ 

U (]p, q[) 
qEQ 

]p,oo[. 

Similarly it can be shown that 

p-l(] - q[) _ L:(-,q) and 
"IIJII 

- ] - oo,q[. 

We now we a one-one onto 

Proposition 3.1.3: For a bitopological space 

I 
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We define a I"lap 

by ~(x) = p(:E <P)cx(x) where 

x H X 

is the adjunction of and 0, and for {
I if U 

U E (OX)o, x(U) = a if ~: We 

that ~ : X ~ lR.b is 

We will show E q[ x E <p(p, q), 

~(x) E ]p, ¢=::> x E 

and finally ~(x) E] - 00, q[ ¢=::> x E q). 

But ~(x) = p(:E <p)ex(x) 

p(x<p), 

~(x) E 

¢=::> x<p(p, q) = 1 p) 

¢=::> x E <p(p, q) 

Next ~(x) E ]p, 
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xrp(p, -) = 1 

{=::> x E rp(p, -). 

We can the one a similar rjJ is continuous. 

"' .... U'LA" a map which be the TlUOT'C>O IV: 

by 1(p,q) = q[). 

show that 1 1"101"." .. rn a frame UVU1VlllVi 

q) /\ t) 

= 1-1 ]p, q[ n t[ 

= 1-1{]p,q[n]s,t[) 

1-1]p V 8,q /\ 

= J(p V s, q /\ t), 

(ii) q) V 1(s, t) P'5: s < q '5: t) 

= 1-1 ]p, ]8, t[ 
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= /(p, t), 

(iii) V{/(s,t): p < s < t < q} 

U{/-11Is, t[: p < s < t < q} 

= 1-1(U{]s,t[: p < s < t < q}) 

lip, q[ 

= /(p, q) and 

(iv) V{/(p,q): (p,q) E Q x Q} 

= U{/-1 ]p, q[: (p, E Q x Q} 

(U{]p, q[: (p, q) E Q x Q}) 

(lR) 

= e. 

Furthermore f (p, /(V{(p, q) : q E Q}) 

- V {/(p, : q E Q} 

- U{/-1 ]p, q[: q E Q} 

I-I oo[ 

E (OXh (since I : X --7 is continuous). 

Similary ,q) E The properties that f can 

into a biframe homomorphism from £(lRb) to 
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Lastly we 

hence 

<p <po 

that ~ and - are rnu.rr"",,,, J(x) = p(i;f) by 

q) 1 

f(x). We show that 

cp(p, q) -

= <p: 

x E J(p, q) 

iff x E f- 1 lip, q[ 

iff f(x) E]p,q[ 

]p,q[ 

q) all (p, q) E CO(lRb), 

3.2 PseudocoIilpactness in biframes 

Definition 3.2.1: For biframe L, 

58 

then 

II 

(a) A homomorphism <p : --+ L is called bounded if <p(p, q) e for some 

p,q E Q, and 

(b) L is called pseudocompact all biframe homomorphisms <p C(lRb) --+ L are 

bounded. 

that a L and x E =V{ZE :xAz=O}(i j). 

We show our for bitopolog-

ical " ... "" .. '-'". 

Proposition 3.2.2: Let be a bitopological space, then is pseudocompact iff OX 

is pseudocompact. 
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Proof: ===>: Let rp ," 'c(Rb) --+ OX be a biframe homomorphism, then there is a 

corresponding continuous function (j; : X --+ Rb such that rp is bounded iff (j; is bounded 

(see proof of 3.1.3.) By pseudocompactness of X, rp is bounded. 

{:=: Let f: X --+ Rb be continuous, then with notation as in 3.1.3 

! : ['co (Rb)] --+ OX determines a biframe homomorphism such that f is bounded iff the 

unique extension of ! is bounded. Now by pseudo compactness of OX, f is bounded. III 

We will need the following lemmas, which will assume the following hypotheses. Given 

that ao -<-<2 al -<-<2 a2 -<-<2 ... is a sequence in a biframe £ with {an} ~ £2 and 

Van = e. Let (cnq : q E Q n [0, 1]) be an interpolating sequence between an and an+l for 

each n, put 

{ 

0 
Cr = 

Cnr- n 

(r < 0) 

(n::; r::; n+ 1), 

then define 

rp(p, q) = V{C;, A Cql : p < p' < q' < q}. 

Lemma 3.2.3(a): For any q E Q, V {C;, A Cql : p < p' < q' < q} = V {Cql : q' < q}. 
p,p',q'EiQ> q'EQ 

Proof: ::;: is clear. 

>: Consider Cql with q' < q, choose p and pi such that pi < 0 and p < pi < q' < q, q in Q. 

Then Cpl = 0, hence C;, = e. Thus c;, A cq' = Cql, resulting in 

V V {C;, A cq' : p < pi < q' < q} 2: V {Cql : q' < q} 
pEiQ> 

which completes the proof. III 

Lemma 3.2.3(b): For any p E Q, V {C;, A Cql : p < pi < q' < q} = V {C;, : p < pi}. 
pI ,q' qEiQ> pi EQ 

Proof: ::;: is straightforward. 
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;?:: For any p E Q, 

V A :p<p'<q'<q} 

> 1\ V {Cql : pi < q' < q} for 
q',qEQ 

I\e each p', 

Consequently, for pEQ 

fixed pi such, p< 

V {C;, 1\ cq' : p < p' < < q};?: V {c;, : p < pi} 
p'EQ 

60 

(c): p,q E Q, cp(p,q) = V 1\ cq' : p < p' < ql < q} transforms 
p'q'EQ 

the relations (Rl)-(R4) in the rioTT'n4To.'vn of of reals identities Lo. 

Proof: The proofs are essentially those for the case of frames (see [6]) and are here 

for 

(i) We that cp(p, q) 1\ cp(s, t) rp(p V s, qAt) : 

cp(p, q) A rp(s, t) 

= V {C;, A : p < < q' < q} A V {C:, ACt' : s < s' < tf < 

V { 1\ c:,) A (cq' 1\ Ct') : P < < q' < q, s < s' < tf < t} 

(~ V { C;IV 5' A Cql At' : P < rI < q' < q 1 S < S' < t' < 

= rp(p V s, qAt). 

We that (a) by checking C* A p and 
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*/\ *> * Cp Cq _ C
pVq1 

P < pVq =:::} C* > * P CpVq1 

q < pVq =:::} C* > q 

N ext we show that /\ ~ C;vq: b ?:. C;vq V {a E Ll : a /\ (p V q) = a} 

= V {a E Ll : (a /\ p) V (a /\ q) = a} I 

then b ?:. V {a E Ll : a /\ p = a} /\ V {a E : a /\ q = a} 

we check that /\ = CpAq: 

Clearly 

Next that p/\q = P or q, hence CpAq cp or Cq, thus /\cq ~ CpAq' This completes 

the proof of (R1). 

(ii) Next we <p(p, q) V <p(r, s) = <p(p, s) p ~ r < q ~ s. 

[<p(p, q) V <p(r, s)] /\ <p(p, s) 

= [<p(p, q) /\ <p(p, s)] V [<p(r, s) /\ <p(p, s)] 

q) V s) (i)) , 

we have <p(p, q) V <p(r, s) ~ <p(p, . 

For the reverse inequality: Consider p < p' < s' < s such that r < pi or s' < q, then 

c~ /\ Cs' ~ <p (r, s) V <p (p, q), since r < p' < 8' < s or p < p' < s' < q. 

the pi S. r q ~ Sf. For cnoose t and tf 

r<t<t'<q 
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we 

<pep, V <per, > 

> /\ Cs" 

q) V <per, > 8). 

(iii) V{<p(8, t) : p < 8 < t < q} 

= V {c;, /\ : 8 < 8' < t' < t, p < 8 < t < q} 

= V {c: /\ Ct : p < 8 < t < q} 

<pep, q). 

(iv) V{<p(p,q) : (p,q) E Q x Q} 

= V{c;, /\ cq' : p < pi < < q, allp,q} 

= V {c; /\ : allp, q} 

(VC;) /\ (V cq) 

pEQ qEQ 

=e/\e 

= e. .. 
The 3 lemmas will be used in the proof the following characterisation 

docompactness. proposition will be in proving that pseudocompactness a 

biframe is equivalent to compactness the first and second of cozero part. 
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ULF',U.UlvU"O in th~ above three ,vHH ... "", apply in case 

is in L2 now consider case where 

Van = e. (Cnq : q E Qn [0,1]) be an 

between and an+b 

c,.-{O 
Cn(-r-n) n:5 -r :5 n + 1 

> 0) 

and 

r(p, =V{C;,A :p<p'<q'<q}. 

can modified for 

Proposition 3.2.4: A biframe L pseudocompact 

some m. 

Proof: 

that V an = e in 
n 

3 lemmas. Lemma 

into in Lo. 

the 

63 

given 

sequence 

that am e JOT 

Cnq ip(p,q) 

(Rl) -

We now check of second parts of and 

a homomorphism. 

ip( -, V {ip(p, : p E Q} 

- V V {C;, A : p < p' < q' < q} 
pEQ 

V {Cql :q'<q}E Lemma 3.2.3{a), and 

ip(p, - V{ ip(p, q) : q E Q} 

V V {C;, A : p < pi < q' < q} 

: p < p'} E z k 3.2.3.(b). 

L is ip : £(lRb) ----T L is bounded hence ip(p, q) = e for some 

p,qEQ. 
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Now, for m::::: m E 1N 

am> V{Cql:P<q'<q} 

> V {C;, A Cql : p < pI < ql < q} 

rp(p, q). = e. 

¢==: \JonSlloer a biframe homomorphism h C(Rb)-7 

bounded: an = h( -, n), observe that an -< 

We must show that h is 

... and V an = e. By 

hypotheses am = e for some m. which 
n 

us that 

-<-<1 bn+l -< ... and V = e hence bj = e for some j. 
n 

h(-,m) A h(-j, 

II1II 

We that (COZL)i denotes 

We introduce a of pseudocompactness of a biframe involves com-

pactness of of cozero 

L is a pseudocompact bi/rame both and COZu L2 are compact. 

::::}: Suppose an = V ank for some 
n 

{ank}~Li thatank-<-<i forallk(see2.2.8). en.-:....alnVa2nV ... Vann. 

Cn -< and V Cn = e, hence Cn e for some n pseudocompactness, consequently 

II1II 

¢==: Suppose that V = e 

implies E (COZL)i that ao us a 

sequence (COZL)i such V bn = e. of (COZL)i 

UL.lIJU'"'' that b1 V b2 V ... V bn = e for some n. is an an the above 

that bm an for all m 1 ~ m ~ n, yielding an = e. II1II 
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4 

COMPACT BI CONTINUOUS 

Stably continuous have studied by among Madden and Walters-

Wayland. intention here is to prove that St Cont is equivalent 

KReg BlaFRM. equivalence is accomplished extending results [4]. 

The Lawson dual and the "''''' .. ''' .......... "' .... ..,'" lattice of a ~~_._~., continuous 

We give the necessary tools to construct functors between the above categories. 

next LE 

.I.J'I::a •• I..I.£,u;JLUU 4.1.1: (a) An ideal J ~ L E aFRM called countably generated if zs 

a sequence such a E J implies a ::5 Xn for some n. 

(b) For y E L E aFRM, x is to be a-way below y, x y, if for any 

countable ~ L with y ::5 V there exists E~ with x ::5 V E. In particular 

this means if y E V J, for some countably generated ideal then x E 

(c) L is called continuous if is a a-approximating relation, equivalently for each a E L 

there exists a sequence {an} such that an a for each n and a = Van. 

(d) L is stably continuous L is continuous and the 

in L x L, i. a «". b, c implies a «0" b A c 

(e) a-proper a-frame homomorphisms h : L --+ 

which preserve the relation. 

n 

is under finite 

e. 

are a-frame homomorphisms 
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corresponding cc1.egories will be denoted 

respectively. 

Cont aFRM and St Cont aFRM 

Let a, band c elements a continuous L. 

(a) If a «u c and b c, then a vb c. 

(b) is a sequence } such that a = V an and an «u «u a all n. 
n 

(c) «u relation interpolates. That if a b, there is some c for which 

a «u c b. 

We now aim to introduce and study the Lawson dual of a 

Definition 4.1.2: A ~ L E aFRM is called countably generated if 1,S a 

sequence {xn} in a E implies Xn ::; a for some n. 

The H:;;G~'wn if!uL all countably filters L E aFRM is a 

a-frame. 

1I-I ...... ,n1'· (a) E if!uL, it is straightforward to show that n E cI>(JL. 

(b) Suppose {Fn} ~ we show that 

n 

designate the hand side displayed above. The fact that Fn ~ F for 

n follows immediately. Next we check that is the smallest that contains U 
n 

Suppose G is a filter containing U then a E F implies that a ~ fn! 1\ fn2 1\ ... 1\ fnk) 
n 

fnj E , 1 ::; j ::; k. aEG E for j and is a 

Consequently V -
n 

Next we that V Fn is ....... ,,""'" a countably ITQYH>r<lTD'" 

n 

F~G. 

V 
n 
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if we finite generators of the's then we obtain a 

which there exist )s and 's such that 

/\ ... /\ /\ ... /\ 

a /\ b ~ 1\ {Ina /\ hence a /\ b E V It is easily seen that V Fn is 
l::;ag 

an upset. 
n n 

( c) Lastly we check the distribution law holds. We show that n V Fn = V (G n Fn) 

whenever c 

S;: a E n V Fn implies that a E G and a ~ In1 /\ ... /\ Int , 
n 

£ 

a:5 a V (/n1/\ In2/\"'/\ Ini) = /\ (a V Inj)' 
j=l 

But (a V ) E G n for j. 

implies 

bEG 
n 

n 

n n 

have the following characterisation of the rT"_'"'''' below relation in 

Lemma 1.4: Let L E aFRM, then F Gin iff F as; G lor some a E 

Clearly G = V {t xnln E N} a 

===}: G we 
xnEG 

III 

xn1 V tV ... V t xnm =t (Xn1 /\xn2 /\·· ./\xnm ) S; and xn1 /\ /\ ... /\ E L. 

<==: Suppose S; t a S; some a ELand S; V Gn • Since a Eta S; V 
n n 

E Gnj , 1 :5 j :5 m. Now b a 
m m 

which in t a S; V Gnj' 

j=1 j=l j=1 
which proof. III 
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1.5: A "'Subset <; LEis a-Scott open U is an and 

for any countable X <; V X E U implies that there exists a finite X that 

VEEU. 

Cont we have the following open subsets: 

Proposition [29] In a continuous a-frame L, an a-Scott open iff for 

x in there Y E such y «q x. 

Proof: ===}: U be open in a continuous L is continuous 

x E U implies x = V Xn Xn 

n 
that y E and y x. 

x. Since is a-Scott open, 
m 

exists ay = V 
i=l 

{=:: above UVLHt.:J'''''' holds all x some U of If V EU 

some countable <; L, we can find y E U V X in U. 

exists a finite <; X with y ::; V But V E U uc .. ,uu.~'" U is an upset. U 

is rr_'","nTT open. III 

Notation: Lawson dual designa~es of countably generated rT_,',,'''LT open 

filters the a-frame L. 

1.7: correspondence L ~ determines a covariant functor 

Aq : Cont a FRM ---7 St 

Proof: We show that VLU'UVC,", a-frame AqL is a sub a-frame of 

hence a are a-Scott open in if!qL it is easy see that FnG and 

F V are filters using the above characterisation and stable continuity 

of L. that join V Fn of any a-Scott open filters in L is a-Scott 
n 

as it is union of the subjoins Fn Now V(/)= {e} which is i'T_,·,{"nlJ 

e, by continuity of L. 

we check is stably continuous. If E AqL and {xn } is a generating 
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there, 

A bn • Note 

constructed a generating set {an} for 

can interpolate a countable set an+l 

Let } generate filter G then by 

V {Fn : n E N}, t an ~ n E 

that ..uv'.l1LJJLU 4.1 we that 

is open. 

cnoo:se bn E such that bn 

We 

<t:u ... 

E AuL and G = 

same argument as 

Suppose <t:u H in then «". n H since if a~ b ~ for 

some a,b E L, then ~t (a V b) ~ nH. prTT.nro the t 0 A".L is compact 

so is 

Lastly we check If h : L ----7 M is a in St o-FRM, 

(h(F)) by the of F E AuL is and countably 

generated. a E (h(F)), then h(Jd ~ a for some II E F. But F is o--Scott so 

there 12 E such that fl, h(J2) <t:u h(Jl) ~ thus h(12) <t:u a and 

h(12) E (h(F)), (h(F)) is o--Scott open .. (h(F)) is countably generated for 

a E (h(F)) implies h(J) ~ a for some f E thus Xn ::; f some 

n, so h(xn) ~ h(J) ~ a. Consequently (h(F)) is count ably by {h(xn)}. 

Auh : AuL ----7 AuM is o--proper if F in 

which that (h(F)) ~ t h(a) ~ (h(G)), this 

We conclude Au: Cont St 

We now concentrate on congruences on a o--frame. 

Definition 4.1 A congruence on a o--frame L is an 

a sub of the Lx L. 

then ~ t a ~ G for some a E 

(h(F)) «". (h(G)). 

o-FRM is functorial. 

relation on L which is 

Notation: lattice u.:; •. ''-''''''' by C L u.,..",,,,,-,,, on a o--frame L, partially ordered 



Univ
ers

ity
 of

 C
ap

e T
ow

n

70 

by is a generated the UI::1JlLI::i:> of the 

b.a = {(x,y): x 1\ a y 1\ a} and = {(x, y) : x V b = y Vb} for bEL [6J. 

b. = {(x, x) : x E L h {(x,y): x,y E L}. 

Definition 4.1.9: a a-frame Land F E we E F). 

Proposition 4.1.10: any L, the map I----t b.F V b.a is a a-frame 
aEF 

homomorphism --7 CL. 

Proof: The zero and the of <PuL are t e and to, respectively, and 

also = b.o = this preserves zero unit. 

F,GE then 

V n b.b) (since CL is a frame) 

Fn ={aVb:aE bEG}). 
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For any {Fn : n E N} we 

b.v v 

E 
n 

vv 
11, 

III 

Notation: Gab is congruence in a a-frame L which 

Proposition 1.1 L be aa-frame a, bEL, then a ~ b n 

Proof: 

a ~ b we a 1\ b = b = b 1\ b hence ( a, b) E b.b. aVa=avb=a 

thus E ...... "'£1.,," ( a, b) E 
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Conversely if (x, E 'Van then 

x 

Observe that = is 

x A (x V a) 

x A (y V a) y) E 'Va 

- X A (y V b) (since (a, b) E 8 ab ) 

A y) V (x A b) 

- (xAy)V(yAb) (because 

yA(xVb) 

YA{xVa) 

- YA{yVa) (since (x, y) E 

y. 

respect to Thus y) E 8 ab • 

y) E ~b) 

n implies that (a, b) E hence a V a = a a V b resulting in a 2::: b. II 

Remark: In general for a, b a a-frame L 

12: 8 eo 

Proof: n 

n 

='V 

Definition 4.1.13: 1) For L E aFRM, an element a E L is called compact if for every 

countable ~ L such that a ::;; V there a finite ~ X a::;; V Thus 

aELE is iff a a. 

2) Let be the of all r£1'lY1'1"ln of L. L is coherent is a sub lattice 
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generating that is closed finite meets finite joins and element 

of L is a countable join of compact elements. 

h : L ---+ is if h is a homomorphism which 

elements, that if c E K L then h( c) E K M. 

The category coherent a-frames coherent a-frame homomorphisms is by 

Coh aFRM. 

4) A a-frame L is noetherian each of is compact. 

The following proposition appears [6]. We will omit proof. 

Proposition 1.14: Let L be a then CL is iff L is noetherian. 

The following 

lattice A the 

in [29]. 

consisting of all count ably 

<NOo"I"."O to distributive 

", .. "i'",rl ideals of A, denoted SS,,(A), 

and any lattice morphism h : to SSqh : SSqA ---+ SS"B which 

under h in B. 

ideal in 

SS"A to generated by 

Lemma 

elements of 

[29] For A E 'D, principal ideals 

(A). 

are 

Proof: 

generated 

a principal J. a ~ V I n sequence {In } of countably 

then a E V so that a :::; V ... V Xin for E Jj . 

J. a ~ Jil V ... V Jin I and thus J. a is compact. it is 

by principal and is thus a countable join of UL'vJ' .... U. elements, so that J is a finite 

join of 

Proof: 

generated, 

elements and is itself principal. 

.16: [29] ---+ Coh a FRM is functorial. 

show that (A) is coherent for E'D. 

by {an}. J can as a countable join of 

III 

J E is countably 

principal ideals J. 
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which are lemma. are closed finite ..,,,,,",v.v •• .., and 

unions the top t e is compact, K(~J,<,.(A)) is a sublattice cn>n""r<> 

If h : ----t in V <;SCfh : <;SuA ----t <;SuB is coherent: <;S(lh is a a-frame homomor-

phism since : V ----t aFRM is functorial, and hU a) h(a) so <;S(lh is coherent. 

III 

Proposition .17: L E Coh aFRM, then <;S(lK L f"V 

Proof: L E Coh aFRM define aL : <;SuK L L by join, which is a a-frame 

homomorphism. 

aL is For a E L,a = V an 
anEKL 

L is coherent. 

J = (an), i.e., the ideal generated VJ = a. check 

aL is one-one. neg,rut:> that any J E and c E c c means 

c:::; V J if only if c E 

E show that J = c E J implies that 

c:::; V J VG. that c E G and c. reverse 

inclusion is "'UUU<h~ We hence an u." .... uv ... III 

.... n.;;; ..... , .... " ....... 4.1.18: For any coherent a-frame L, subframe K'L of generated by all 

[a, b] n 6b for a, bE K L, is compact. 

that is compact it ULU""", to check 
i 

for any a, b, c, dE KL, 

(a,b] n [c,d] -

- Valle n 

(a /\ c, b V 

K'L joins of elements. 
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Given [ai,bi](i -! 1) (i.e {ai,bi } ~ KL) let to x KL 

[ai, biJIKL [ai, biJ n (K L x K L). Our is to show V[ail biJIKL . But 
iEI 

since is compact in C(K L) the follows. Suppose [ai, bi] C8 

C(KL). 

must show that the assumption 

Now one has the following commuting square 

a 

(KL) 

hence V[ai' bi] 
iEI 

KL/e -- 5:scr(K L/e), 

v is quotient homomorphism (see , i the embedding, j standard 

""",-"LA'''' of into a-ideal taking to principal a-ideals 

1---t4,. x n (KL/8)), and TJ is a a-frame homomorphism since is functorial. 

we check that Ker(TJ) , showing that 8 ~ Ker(TJ) and bi ] is 

by (bi, ai V bi) E x K L, [ai, bd ~ K er(TJ). 

(x, y) E 8 v(x) = v(y) 

==} j 0 v(x) = j 0 v(y) 

TJo =TJoi(y) 

= TJ(y) , thus y) E Ker(TJ). 

a· > b, t _ t 
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We conclude [a- -9-] C ~, t _ = K er(1/) , thus 

e)EKer(1/), so that 1/(0) 

:::::=:=} i 01/(0) - i o1/(e) 

:::::=:=} j 01/(0) - j 0 v(e) 

:::::=:=} - v{e) 

consequently (0, e) E Ker(v) a contradiction fact that (0, e) ~ so 

a = aOe by Corollary 4.l. We V[ai,bilIKL = in C(KL), by 

of C(KL) one 

v = [ail' llKL V ... V 

it contains (0, . Our result III 

.19: any a-frame L, if two congruences and 'II on L have the 

same e-blocks, ere] = (x, e) E a} W[e], then = W. 

Proof: (a, b) E e a ::; b. For any Xn -< b we can find u E L that u A xn 0 

and b V u = e. Observe that (a V u, = (a, b) V (u, u) belongs to a and to W since 

= w[e], cons:eq (a A = (a V u, e) A (Xn' is in W. joins over 

(bA a,b) = (a, b) is in 'II 
n n n 

by regularity of L. III 

4.2 equivalence h"'1t:'\lIT~~"'n KReg Bla FRM and 

St Cont a FRM 

will denote the from to a FRM ~_ ..... ,.., first and second by 

H S respectively, by restrictions on a-frame homomorphisms. 
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is ~~"~,..~~, of compact regular bi a-frames with morphisms which 

are just 

into St Cont aFRM. 

Proof: bi a-frame a b holds in 

a b. 

m 

a b, b V 8 n by regularity of a~V x. is 
i=l 

b, yielding a --<1 b. 

a band b ~ V Sn for some {sn} ~ L1· cE such 
n 

m 

c/\a=O cV b e. V Sn V C = e and hence V V c = e by ...,v •. " ........ ..., 

n i=l 
m m 

V ,which implies that a ~ V snil and so a b. 
i=l i=l 

of L us continuity of L1 . Closure of under 

is compact since L is compact. Consequently is a 

h : L --+ K between compact regular bi 

map h: by h preserves --<1, hence and is II1II 

the functors S and on 

BiaFRM, Sand AqH are naturally 

BiaFRM, Fb = E :avb bE 

we 

Fb is a filter each b E L2 : Let a, c E a V bee V b. Now 

(a /\ c) V b (a V b) /\ (cV b) = e, which yields a/\ c E aE and a ~ c 
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c v b e wh~ch yields C E Fb• 

We check is a-Scott open for each b E V E subset D 

of vb = e implies (V E) vb = e for a compactness 

E by the definition of Fb. We thus conclude is a-Scott open. 

that is countably generated: Regularity the fact 

us b = V bn for each b. 
b,,--<2b,..+1 

n. we have that Cn+ 1 -< 1 Cn 

Fb: Firstly {cn} ~ Fb e implies that 

Cn V b n. If a E Fb, then a V b = e which implies a V V bn e, 
bn --<2b,,+1 

m 

hence by a V V{bi : bi -<2 bH1 } = e, i.e., a V bm = e, some m. Now em is 

the bm+1, thus 

em 1\ (a V bm ) 

- (em 1\ a) V (cm 1\ bm ) 

- (eml\a)VO 

1\ a), 

0..-0;,,,..-0 em ::; is countably generated by {cm } such em, conse-

quently E 

Our is that 

prove that 1>L is one-one it """,u",,,,,, to check that Fb ~ Fe with b, C E 

b ::; c. If x b aE such that a 1\ x = a and a V b e. 
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a E Fb and hence a E ·Fe a V c = e. 

Since b = V X n , we conclude that b ::s; C. 

xn--<zb 

FE and {Yn} a set which (H .. 'n ... r!.> 

in x c. 

show (h is UHA,,-",", onto. 

F. We show that we can a generating 

, then there bi E such that 

Y2/\ bI::S; -<1 Xl· we let Xm = (Ym /\ bm-I) for some bm- I E F 

such that . Note F for if a E 

then Ym ::s; but Xm (Ym /\ bm-I) ::s; Ym ::s; a. 

Given a sequence {xn} in such each n choose a Cn which 

is a en with a separating elelmellt Xn ) 

Cn-l ::s; en, thus 

Define S = {en : Cn is a separating C;iC;jlH<:;Jli~ b = VS, 
we show in fact Fb = 

2: Pick a E F, there Xn E that Xn :::; a, so that Xn ::s; a, thus 

we can find en E S that Cn /\ =0 Cn V a = e, which that b Va e, 

m 

~: aE then a V b = e, thus a V (V S) = e, which a V (V cd = e by 
i= 1 

compactness then S is an so a V Cm = e. 

Xm+l = /\ (a V 

/\ a) V 

= (Xm+l /\ a) V 0 
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= (Xm+1 1\ a), 

which yields ::s; a, thus a E F. We shown that (PL is an isomorphism for each 

L BIaFRM, and it remains to show that this determines a natural 

check given h : L ----t M KReg following diagram com-

mutes. 

-----:~ A~ (L1 ) 

h'l 1A-lhd 
M2 ---lo-Au(Md 

bll-----

I I 
h(b) I :0 Fh(b) = (h(Fb)) 

All we need to do is check that Fh(b) (h(Fb)) each b E L2• 

IfaE then a V b = e, which .... .., ... ,,'" that h(a) V h(b) = e, hence E Fh(b). 

the IT"'''''''r'> the filter (h(Fb)) ~ 

~: C E Fh(b) , then c V h(b) = e, thus c V h( V Xn) = e (by regularity of L) 

h is a homomorphism), there m such that cV h(xm) e 
X,,-<2 Xn+l 

compactness the fact that is Take a separating element d E 

with Xm 1\ d 0 and b V d = e. Then h(xm) 1\ h(d) 0, hence h(d) c which implies 

h(d) ::s; c. But dE Fb so h(d) E (h(Fb)), consequently C E (h(Fb)). III 

Lemma For any h : L ----t M in ......... ' ... "'c;. BIa FRM is an isomorphism, then 

so 

Proof: Whenever is an li:lVlUVL AuH h will be an isomorphism since 

preserve isomorphisms. We Sh ~ AuHh the previous lemma. h is onto since 

both Shand are. 
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We that h is om~-one: We need only prove that h : ---+ Mo is one-one. Both 

and Mo are regular a-frames so we only check h is Suppose h(x) = e for 

x = V(an A where {an} ~ Ll and {bn} ~ L 2 . 

n 

V (h(an ) Ah(bn )) e, and by we can find a UUHll.1COl of terms with 
n 

indices 1,2, ... , m such that 

(1) 

We want conclude this equation that 

(2) 

We prove fact by mathematical induction. 

m= 1: 

h(aI) = ) = e = h(e), hence 

is one-one. 

If (1) ===> (2) holds number than m we 

(1) implies that h(al) V (h(a2) A h(b2)) V ... V (h(am ) A h(bm )) e, therefore 

then 

(3) 

that any cELli the compact a-frame L' = (t c, LIn t c, {x V c : x E L2}) is 
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On the a ~ c. Since L is 

a = V Xn with 
Xn-<la 

element Sn E for each xn -<1 a. Now a 

n, (Sn V c) Va = e 

(Xn V c) 1\ (Sn V c) = 1\ Sn) V c = 0 V c = c 

which is the bottom element of t c. We conclude that V c) E (L'h is 

element of V c) a for each n. On the second part 

x V c = ( V Yn) V c x E Thus x V c = V (Yn V c). 
Yn-<2 X YnVC-<2XVC 

V v c). 

separating 

Zn is 

a element of Yn x for n. Then we show that Zn V c E (L') 1 is the 

separating C;U:;,LHC;JL.LIJ of V c x V c for each n E N. 

V c) V (zn V c) = c V {x V = cV e e. 

Also (Yn V 1\ (zn V c) = (Yn 1\ zn) V c 0 V c c 

is For c E we can prove a va"',,~, manner 

N' (t c, t c n , { c V x : x E } ) 

is a regular We can view (3) as an analogue of (1) with m 1 for 

homomorphism induced by h hot',,,O,"'" bi 

But this homomorphism induces an '''V>UVi on first parts, it follows 

(4) 

Using instead of al the homomorphism induced by h between compact 



Univ
ers

ity
 of

 C
ap

e T
ow

n

logue (4') of (4). of left hand sides of (4) and , produces (2) by 

distributivity. II 

Notation: L is a rr_Tl''''rn : a E L}, : FE A1L} 

the O'-frame IT"'nt>r~ in CL as a O'-frame by £1 and £2. 

Proposition 4.2.4: For any O'-frame L, is bi O'-frame. 

Proof: follows uu.,uv'u.~a,~\::a from fact that and are O'-frames. 

The map : BL--t for any h : L --t M St Cont 0' FRM is ind ucedby 

/T_rr<>TT1Q homomorphism Ch : CL CM, where Ch(8) is the congruence generated by 

(hxh) inMxM. (Bhh 

where (h(F)) is the filter {1''''npr~t.pl1 by in M. 

Lemma For each L E Cont O'FRM, BL is a compact regular O'-frame. 

LESt Cont x «". a L that Vx -<1 Va BL. 

Proof a, Cl E L such x Cl «". continuing 

the 

x a. Let be filter N'ana1"<>t-arl by {cn : n E N} in 

Then E that a E F ~ t x, thus l::.a ~ l::.F ~ l::.tx = l::.x. Consequently 

n and V l::.F which means -<1 

Proof of Now x a -<1 and continuity a V Xn1 this 
Xn«.,.a 

tells us that V 
V':cn-<lV'a 

l::.F whenever F in 

«". G implies that . a ~ G for some a E L 
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gives us == 6. and v this shows that 

Continuity of AqL us that BL is regular. 

compactness £0, ,",VAJLOH.L~L a-frame 

the congruence we 

check Ck('Va n 

L are 

V ('Vk(a) n 6.k(b)) 
beF 

v (\;:7j.(a) n 6../.(b)) 
beF 

V [.!. -l- b]. 
beF 

so Ck £0 

of C('.2sq L) which is compact by ..L.l\..J, .... " ... 1.18. is 

the 

II 

We now state a number of preliminary of the 

,",VALU.U", L E and a frame nornornor 

induced the is the generated e 
in x Lo· 'Va 6.a are in 6.~ are congruences 

Lo-

Proof: 

This follows immediately the 
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;;2: L1~ is O'j;lnj;ll'!:I 

(a, belongs to 

b~ (a, e). is generated by {(x,y) : xAa =yAa} in x . Since 

set we have c 

Result = V 
aEF 

All we to show is that =V the above follows 
aEF 

result (1). We have L1a <;;;; V L1a <;;;; V hence V <;;;; V L1a 
aEF aEF aEF aEF 

1C;\...OCUOC; V is a congruence 
aEF 

each a E <;;;; V L1al so that L1a <;;;; V 
aEF aEF 

hence V <;;;; V 
aEF aEF 

3: If a V b e, then v~ V vg vo. 

Proof: result from the a f.--t Va is a homomorphism for a 

For 

aE HL. 

Proof: that 

L E KReg there an isomorphism 

set 

TL: 

Va 

L 
!---+ a 

where b = V{en : en is one 

} <;;;; F} and = Fb = {a E 

separating elelmellt 

:avb e}by 

of 

<;;;;: a E a V b = e 3. Taking intersections 

L1~ on both we obtain = (L1~ n <;;;; vg for a E F. 

that <;;;; vg[e]. 

;;2: Next we check that vg[e] <;;;; . Suppose (x, e) E x V b = e. 

By = e. This x V c = e c b by 
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aE satisfies a A c~= 0 and a V b = e, a E Fb and a A V = a A e 

a A x = a A e which that (x, e) E (x, e) E 

are the same hence \7g = 6 F by J...J"'LUUJ,o, 4.1.19. This 

homomorphism 

the sub a-frame CLI as a consisting of = V 
to total frame of 

n 

that 

that the 

as at beginning proof)) 

--+ CLo is an embedding V~"""1"l c r----t \7~ we have a a-frame homomorphism 

whenever e = \7~. 
if Fb for E 

'-''I;;AUUJlo, 4.2.3 we 

Proposition 

L 

r----t c 

aE 7t(6F) b 

The first part of TL is obviously an l::lUIHl}!Pl11~iUl. By 

that TL is an ISOmC)rpms:m. III 

a right adjoint equivalence between 

.I."-.I.L"''''' BIa FRM and Cont a FRM. 

We firstly that 
L 

r----t a 

III 
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the diagrams 

L E 
TL 

.j 
TM 

jaHh 
E 

parts we h 0 TL(Va) = h(a) 

) h( a). 

h 0 TL h(b) whenever F 

proof of the following on this which has been shown to 

) (by naturality of rP L as shown in the square) 

h 0 TL and TM 0 coincide on second and are 
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commutes. 

~L 
=====HL 

we commutes. 

B=====B 

We o that for each K E St 

TBK 0 = 1BK. 

It U .... ULVVU to U£H.iUU holds on the 

On the part 

'ilb 

On of BK: Note that HBK = {Va: a E K} 

: a E K}, E Au (HBK)} ), where Mo is of 

the second parts of BHBK. Whenever E 

TBK(BvK(V L},b)) 
bEF 

(where : a E 
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where = {Vb: h. E K and Vb V 

element of Va,,+l 

in the proof of '-''''.UUJ,u, 

show that 

's as 

89 

and = V{~G" : E 

{an} a generating 

'-'':;; ... HHa. 4.1.4.) 

this inclusion it suffices to show that ~Fn ~ ~G F. We 

that ~p,. is a separating element of V an+l -<1 Van for {an, } contained in the 

Observe t an ~ ~ tan+!, thus ~ ~F.,. ~ ~tan+l' but 

V ~an = V implies 

=V· 

reverse inclusion. 

know that ~an is the congruence in K such that n Van = ~ for some 

an E Now ~Gi n that ~Gi ~ ~a.,. for some E 

~Gi ~ VCEF ~~F' III 
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