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LIST OF SYMBOLS

To avoid the use of unusual characters, some symbols have different

meanings in different sections of the thesis. Where this has occurred, a

numeral at the beginning of the definition in the list below, indicates

the section to which it applies. The sections are numbered as follows:-

Special Meanings

- 1 superscript
t superscript
A

vol

i, J subscript
x subscript

u subscript

The assumed displacement method

)

) The assumed stress method

) The assumed stiffness method
)

The appendices.

a vector

a matrix

the dimensions of a matrix
equation reference number
differentiation with respect to
partial differentiation with respect‘fo
the inverse of a matrix

the transpose of a matrix

the angle A

the volume of material

numeric subscripts

orthogohaL axis subscripts

oblique axis subscripts

Lower Case Characters

a

0

b

3

L4

c

a, b, ¢

a, b, c, d

al

a factor defined where used
an axis téngentiaL to the edge of a finite element

(1)
(2)
(2) an axis normal to the edge of a finite element
(2) a factor defined where used

(3)

the lengths of the three sides of a triangle or
triangular finite element

(4) variables defined where used

(4) a defined value in the matrix [A]

3



Lower Case Characters (Continued)

e
f(x, ¥)
fn(m)
f, &

h

k

1. .
1J

the length of a median of a triangle

any general function in x and ¥y
variation number m of function number n
factors defined where used

the material thickness of an element

the number of degrees of freedom considered at a
general point

the length of side ij of an element

(1) and (2) the number of nodal degrees of freedom of
an element ' ‘

(3) the cyclic or mirror variation of a function of
type fn(m)

the number of unknown coefficients in a function

(1) and (2) the number of stresses and strains
considered at a point

(3) the degree of function P
a uniform distributed load
the base length of a triangle

the offset of the apex of a triangle along its base
from one end '

the height of a triangle
oblique axes defined at point 1

vertical translation of point i

(2) the displacement function for edge ij of an element

orthogonal coordinate axis names or the coordinates of ..

a general point

orthogonal axes at point 1 or the coordinates of a
particular point '

the coordinates of point 1 relative to a defined point

Upper Case Characters

particular functions of type fn(m)

element (i, j) of matrix [A]-1

angles of a triangle _

coefficient i of functions A(m) to M(m)
any general coefficient number i (defined)»

the rigidity modulus of a plate

0
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Upper Case Characters (continued)

‘B Young's modulus of elasticity
B(i, j) element (i, j) of matrix [E]JI
Fi the applied force at node i
G(i, 3) element (i, j) of matrix [G]
K(i, j) element (i, j) of matrix 'FK]
L the length of the side of a square
Mi the resultant applied couple at node 1
Mxi the applied couple in direction =x at node i
‘MX the bending moment in the =x direction
MXy the twisting moment about the y axis
Mai.(a) the moment distribution function along side ij of
an element
P (3) a cyclic homogeneous function in a, b; C, O, B, %
and A .
v'QX ' the unit shear causiﬁg rotation about the x axis
13) the total internal energy of an elastic body
W the total external work done on an elastic body’
Z(i, j) element (i, j) of the matrix Mz}
Greek Characters
o, B, Y (1) thé three angles of a triangle
aij | (2) the inclination of side 1ij to the x axis
oy, By Yy A (3) parameters defined in terms of a, b and ¢
& (1) an operator indicating a defined series of
differentiations of a matrix :
8§x, 8y ' differential lengths of an element of material
ny | the shear defcrmation of plane xy in the directibn y
€ the direct strain in direction x
exi the rotation of point i about the x axis
eaij(a) a func#iog ?epresenting thg rotation of edge 1ij about
the axis a
Poisson's ratio
xy the shear stress causing ny . v
" the inclination of the u axis with respect to the x

axis
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Matrices and Vectors

(4]

[a]
(4]
(a. ]

1J
)
i, )
(z,)

[B(x, v)]1, {B]

[B]-
{c}
[c]

[c, ]

{a}
{a(x, v)}
{a,}
[D]

(D]
[E]
{r}
{£;}
[F]
[G]
[H]
[1]
[¥]

EN

[L(a)], [L]

(]

[P(x, ¥)], [P]

(1) the parameters of a chosen function in terms of
the nodal coordinates

(2) a component and factor of matrix [H]

(4) an augmented matrix
(4) submatrices and subvectors defined in an example

(1) parameters of a strain function derived from the
general displacements

(2) a component of matrix [H]
a vector of unknown coefficients

(4) a number of unknown vectors of coefficients side
by side

(3) three sets of coefficients of the gxplicit stitfness
matrix to be multiplied by 1, v and y respectively

nodal displacements
displacements at a point x, y
a particular example of {d}

(1) and (2) a matrix of material properties relating
stress to strain ‘

(3) a set of vectors of type {d} side by side
a factor of matrix [H]

nodal loads '

a particular example of {f}

a set of vectors of type ({f} side by side

a defined factor of matrix [K]

a defined factor of matrix [K]

the unit or idéntity matrix |

the stiffness matrix for a structure or structural
element

a defined matrix containing parts of a stiffness matrix
or a specific example of a stiffness matrix

relates the displacements of the edges of an element
to the nodal displacements

relates the stresses at a general point to the nodal
displacements

parameters of the assumed functions
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Matrices and Vectors (continued)

{Pi} ' the i th column of [P]

{P} \“parameters of 'an explicit stiffness matrix

[R(a)], [R]' relates the edge loading to the coefficients of the
assumed stress functions ‘

{S(a)} - the edge Loading function for each edge

[T] a transformation matrix (defined where subscripted)

{u}l the coordinates of a general point in terms of

' oblique coordinates u, v, z '

u(a)} the assumed edge displacement functions for each

edge of an element

{Wi} the total internal energy for a number of virtual
displacement vectors

{We} - the external work done to cause - {Wi}

{x3 the coordinates of a general point in terms of
orthogonal coordinates x, y, 2

[X] known parameters or values multiplying the unknowns
of a set of equations

[Y] a set of known constant vectors each representing
a set of equations

{z] a defined factor of the stiffness matrix

{e(x, ¥)} the strains at a general point x, y

[ev(x, v)] the strains at a general point x, y caused by a set

of virtual nodal displacements

{o(x, ¥v)} the stresses at a general point x, y
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CHAPTER 1

1. INTRODUCTION

1.1 Statement of the Problem

Explicit stiffness matrices are available for rectangular pLate.
bending elements, rectangular plane stress and plane strain elements
and triangular plane stress and plane strain eLements. Triangular plate
bending elements can at present only be formed by nsing a numeric

algorithm,

The explicit version of a stiffness matrix is not only far more
simple to program in a computer routine but its execution (as will
be shown) requires approximately one twelth of the time of a numeric
version, _

Rectangular plate bending elements do not have a compliant shape
(see definition) so their use is limited to plates which in many cases

can be solved by other methods.

Judging from the number of attempts to find a successful triangular
plate bending element, the simplicity of a triangular shape appeals to

most investigators.

In the present investigation only triangular elements with a.node
on each corner and three degrees of freedom at each node will be

considered.

Some investigators have inanded_extra nodes on the. edges and/or
at tne centroid of the triangle. This is done in order to overcome
difficuLties experienced in choosing a suitable dispLacement function
for a nine degree of freedom triangle. BExcept for comparison of results

(tabLé»4) such elements will not be considered.

An explicit stiffness matrix for a small deflection theory, elastic,

isotropic, triangular plate bending element will be developed.
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To limit the field of research, only elements derived from functlons

Wthh may be described as polynomials will be considered.

1.2 Synopsis

Introduction: Three different methods were used to find explicit

matrices for triangular plate bending elements. The assumed displacement
method and the assumed stress method were considered first. Because of
certain shortcomings in these matrices, a third explicit matrix was
developed by assuming the form of the resulting matrix ahd finding the
values of unknown coefficients involved. This third method, to be known
as the "assumed stiffness method" forms'the major investigation of this

thesis.

The assumed displacement method: A simple nine degree of freedom

finite element of this type (Przemieniecki1) was investigated. The
explicit matrix found required 0,512 seconds - compared- with 6,103
seconds of the fuLLy numerical versién - to evaluate a single finite
element stiffhess matrix. This showed the worth of the exleclt matrix
but for certain configurations of the nodes (Zlenklew1cz ) this method
gi&es a singular matrix. Examination of the explicit matrix enables
6ne to determine conveniently which configurations these are. It is
also shown from the explicit formula that if a particular configuration
has a singular matrix, it will be possible in every case to choose a
new set of local coordinates for the element which results in a non-

singular matrix.

The assumed stress method: A matrix of this type (described in papers

by Pfﬁ?z, Severn and TayLor3 and Allwood and Cornes4) was then treated
in a similar mamner. This element is known to give more reliable results.

The explicit matrix found in this case was impractically large.

Algebraic manipulations in both of these developments were done

on a digital computer using programs written in FORTRAN (which essentiaLLy

handles numerical operations).

It was apparent from the above investigations that algorithus

designed for a numerical approach were not well suited to an explicit .
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treatment, However, the use of the explicit matrix is justified by the

saving in computer time.

The assumed stiffness methbd: Noting that some function must be

assumed in every stiffness matrix development, the obvious way to obtain
an explicit solution would be to choose functions representing each
element of the matrix. The form of these functions could be determined

by using the earlier developments as guide lines.

The assumed functions are formed from the dimensions of the finite
element. They are homogeneous poLynomiastof a degree determined by the
units of the matrix. By using this element in enough examples in which
both the displacement and the loading are known, the unknown coefficients

of the assumed functions could be found.

Very many coefficients afe required to form a matrix of even the
most simpLe functions. The solution of such'Large sets of simultaneocus
equations is a major undertaking, particularly where equations may be
badly conditioned. Ways of reducing the number of independent unknowns

to a minimum must be found,

Little more than half of the full number is required due to the
symmetry of stiffness matrices. A further two thirds are eliminated by

describing the dimensions and local coordinates in a systematic manner.

Large reductions could also be made by considering the static
equilibrium of the finite element. To do this an energy conservation
principle was applied. This required that no external work be done on an

element if it moved in such a way that its shape was not deformed.

An explicit stiffness matrix with as few as twenty five unknown
coefficients was obtained in this manner. The values of these coefficients
can be found by doing a finite element analysis on a plate with a known

sclution and twenty five dégrees of nodal freedom.

By varying the positions of the nodes and the shapes of the elements,

many different solutions could be found for the coefficients. Three
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- resulting explicit stiffness matrices were tested. All three were found
to converge satisfactorily. The average time taken to‘generate the-
stiffness matrix for a single element was about 0,34 seconds. Results
compared favourably with other finite element analyses. On a few of the

examples tested, a greater accuracy is desirable.

There is a wide scope for improving the accuracy of the element
without complicating the matrix or increasing the execution time. -
Suggestions are also made for the extension of the theory to more complex

functions and element shapes.

* General: A method of obtaining stresses from the hodaL displacements
by "best surface fitting" is suggested. Results found by this method are
not reliable at this stage but other procedures for obtaining stresses

can be used.
An "industrial package program" including a comprehensive "data
debugging" routine was prepared to pérform finite element analyses

using the"assumed stiffness" element.

1.3 Original Contributions Included in the Thesis

Appart from the two . main concepts in this thesis, namely: the

development of an explicit stiffness matrix:

(a) by computerised algebraic substitution into a numerical
algorithm and

(b) by the assumed stiffness method, the following are original:-

(i) two methods of representing and manipulating algebraic
expressions numerically; '

(ii) a mefhod of inverting an algebraic matrix which can be
resolved into the sum of a non-singular matrix which can
easily be inverted and a component which is a very sparse
matix; _

(iii) the proofvthat the triangular stiffness matrix derived
by the assumed displacement method has at least one non-

singular orientation for any configuration of nodes;
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(v)

(vi)

(vii)

18.

the choice of orthogonal axis systems radiating from the
centre of the inscribed circle which results in systematic
submatrices of the stiffness matrix;

the choice of oblique axes ih the directions of the sides
to simplify application of rigid body movements; »

the choiceipoLynomiaLs involving integer powers of surds
as assumed functions;

the use of the non-similarity ratio for distinguishing

between triangular shapes.

In addition the FORTRAN progfams,

(i)
(ii)

(iii)

(iv)
(v)

(vi)
(vii)

(viii)

using prime numbers algebra;

using powers algebraj; -

using an explicit assumed displacement method stiffness
matrix; . | .
for fofming and soLVing a set of simultaneous identities;
for reducing a random sparse set of equations to their
simplest form;

for checking the validity of a set of data describing the

“topology of a triangular mesh;

for finding the values of stiffness matrix coefficients
by application to a standard plate;

for performing a finite element structural analysis;

were all written as part of the investigation without reference to other

computer programs or descriptions thereof.

1.4 Definitions

1. Explicit Matrix: Each element of an explicit matrix is an

the variables

algebraic formula which can be evaluated by numerical substitution for

in it.

2. Algorithmic formation of an element: This is the alternative

method of finding the numerical value of a matrix. All primary variables
are first evaluated. .The full matrix is then developed by following a

- sequence of numerical manipuLétions of the primary variables. If these



19.

operations are followed using algebraic variables instead of their

numerical values, the resulting matrix is an explicit matrix,

3. An element with a compliant shape: In the context of this thesis,

this definition applies only to planar elements with rectilinear boundaries.
If any shape of plate can be divided into a number of elements of a certain
description, that type of element has a compliant shape, (e.g. a |
triangular plate can not be divided into rectangular elements; rectangular
elements do not therefore have a compliant shape). Triangles and
quadrilaterals have this property because even circular shapes can be

closely approximated by an assembly of either.

4, The "Non-Similarity Ratio'" for a triangle: This is a ratio to

show whether two triangles are dissimilar. It is the ratio of the

product of the lengths of the three sides of a triangle to the cube of
the length of the longest side. If two triangles have different non-
similarity ratios they are dissimilar. If two triangles have the same

non-similarity ratio they are not necessarily similar.

5. The root length degree of a function: Certain surds are used as
variables in chosen functions. The dimensions of these surds are the
square root of length., A polynomial of degree k in these variables

is said to have root length degree k.

6. A cyclic variation: If a, b and ¢ are in cyclic order then

the arrangements:
abc, bc a, cab

are cyclic variations of one another,

7. A minor variation: If a, b and ¢ are in cyclic order then the

arrangements{
abec and achb
are minor variations of one another.
8. Homogeneous: This usually means that all terms of an expression
have the same degree. In this thesis the term is taken to mean that all

terms have the same units (of length say).
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1.5 General Remarks

It will be assumed that any reader of this thesis is familiar with
the finite element method. It will also be assumed that the reader is

conversant with the computer language FORTRAN V.

In order to maintain continuity of the main logic, certain self-
contained sections are included as appendices., Often these appendices
contain original and relevant descriptions, too long to be included in

a concise main argument,
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CHAPTER 1T

EXPLICIT MATRICES DERIVED ALGEBRATCALLY FROM PUBLISHED ALGORITHMS

2.1 Introduction

This chapter covers the minor research of this thesis which leads to

the more important'method described in subsequent chapters.

In published papers dealing with stiffness matrices for pLate bending
elements with a compliant shape (see definitions), a final resulting
matrix is not published. The reason for this is that the labour involved
in producing'such a matrix, if done by hand, would be‘extensive. It is
thus more convenient for authors to describe the final steps in generat terms,
terms. It is also fairly simple for a research worker to write a

program which performs the final steps numerically.

For the user of such a method in practice, the unfinished matrix
is uneconomical both from the programming point of view and because of

the time wasted in the execution of a program.

_ It is far more simple to write a program to substitute values into
a formula (even if this is very Lengthy), than it is to write a program
which performs operations such as matrix multiplications and numerical
'integrations in two dimensions, At the same time, such matrix
manipulations often involve multiplications and additions of zero values
which do not appear in a final formula., This is the reason why.(as
will be shown in this chapter) programs using an explicit stiffness
matrix are not only more simple than a numerical program but require

less computer time for their execution.

Two standard methods of developing a stiffness matrix for a plate
bending finite element will be described in general terms. These are

the assumed displacement method and the assumed stress method.

Explicit stiffness matrices for a triangular element are found
using both methods. This element has a node on each corner with three

degrees of freedom at each node, The derivations of the matrices are

taken from pubLished‘papers.1’ 25 35 4. The repetitive algebraic
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operations required in the final steps are performed on a digital

computer using techniques described in appendix 4.

The explicit stiffness matrix developed by the assumed displacement -
method was found to require one twelfth of the time used by a numerical
‘program on the computer. Unfortunately, the matrix itself has a few
serious inherent problems as will be pointed out. The explicit stiffness
matrix developed by the assumed stress method was found to be too
extensive to be handled in a finite element program. No further deductions

were made from the latter.

2.2 The Use of FORTRAN Programs for Simple Algebraic Operations

Supposing a stiffness matrix is required for a general trianguLar
shape of element. The dimensions of this shape will be aLgebraic'variabLes.
Various matrices describing properties of the element will have to be
vdeveLoped as steps to the final matrix. The elements of these matrices
are expressions in terms of the variable dimensions. By removing the
lowest common denominator from the expressions, the matrix elements will

be left as fairly long polynomials.

Supposing two such matrices are to be multiplied together. The
matrices are often of the order of nine by nine. Hundreds of
multiplications and additions may be required'to find the expression

representing a single element of the résuLting matrix.

The probability of human error in a large number of simple operations

such as these is great.

Two methods of performing these algebraic operations using FORTRAN
programs (which are essentially numericaL) were found. The methods of
"algebra by prime numbers" and "algebra by powers" are described in

Appendix 4.

The former method was developed and used in the assumed displacement
method described in this chapter. When an attempt was made to use this
in the assumed stress method, it was found to be unsatisfactory (see

below). This is the reason why the "algebra by powers" was developed.
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This was then used in the assumed stress method.

It was found in the‘prime numbers algebra that when six or seven
variables were required in an expression, the size of the numbers
representing the terms became impractically large, e.g. supposing a
term has variables a, b, ¢, d, e, f, g, taking the lowest seven prime

numbers respectively, the value representing
g = 177 = 118 588 876 497,

This value overflows the maximum size allowed on most computers for

integers.

On the other hand, the algebra by powers can easily represent a

number such as:

229 199 .99 49 9 59 g9.

The algebra by powers does not require exponentiation of input or
factorisation of output and has all the advantages of the algebra by

prime numbers technique.

2.3 The Assumed Displacement Method

2.%.1 Method in general terms

Supposing the nodal dispLacemeﬁfs of an element were known, but the
internal displacements were not. An interpolation formula with as many
unknown_coefficients as the element had nodal degrees of freedom could be
assumed. The values of the coefficients could be solved by substitution

of the coordinates and displacements of the nodes.

Once the interpolation formula had been evaluated, the displacements
at any point could be found by substitution of its coordinateé. By
appropriate differentiation of the formula, the strains could be found.
If the material properties of the element were known the stresses could

be determined from the strains.

Integration of a product of the stress and strain over the volume of

the element gives the total internal strain energy.
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A product of the nodaL loads and the displacements caused by them

gives the total external work done to cause this strain.

These two quantities should be equal. In fact, the nodal displace-
ments are unknown. From the equation formed from the energy considerations,
the nodal displacements can be solved as unknowns given the loading.

Their values are dependent upon the form of the interpolation formula.

This is the principle used to develop the stiffness matrix by the

assumed displacement method,

Supposing a general péint (x,y) of the element has k degrees of
freedom. Let the displacements of this point be represented by a
column vector {d(x,y)}. If the element has m degrees of nodal
freedom, the displacements of a general point may be represented in
terms of functions involving its coordinates and m unknown coefficients

contained in a vector {c} as follows:-

{d(x,y)3 = [P(x,y)].{c} - - (1)
(k x 1) (k xm) (m x1)

Substituting the coordinates of each node of the element and a
symbol representing the corresponding unknown nodal displacement, into
equation (1),_the vector of unknown nodal displacements {d} can be

represented as:
@) = [l (e} | R (2)

where, if n is the number of nodes on the element:

Td(x1, y1)f [[£(xy, v )T
falx,, v,)3 [£(x,, ¥,)]

{a1 = 5 and [A] = ;
fa(x, v,)1] ELCHERD]
(m x 1) ‘Ym X m)

As the values of the unknown constants are in themselves of little
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value, it is useful to eliminate {c} from the above equations. From

equation»(Z):
e} = 7 fa | | D (3)

Substitution of this into equation (1) gives the displacements at a

general point in terms of the nodal displacements:

@(x,y)} = [Blx,y) 417" ().

An operator §, of appropriate differentiation of these displacements
with respect to the coordinates, can be devised to give a vector of

strains {e(x,y)} at a general point:
felx,7)] =5.{a(x,5)} = &.[P(x,y)].[A] {d}
and by defining [B(x,y)] = 5.[P(x,y)]:‘

fe(x,y)} = [B(x,y)). 1T . @3 | | (4)
(p X 1) (p x m) (m xm) (mx1) ' T

where: p is the number of strains defined at any one point.

The matrix ([D] of material propertieé, relating the stresses

{o(x,y)} which exist at a general point to the strains at that point,

-~

is defined by:

folx, 7)1 = 0] . felx,y)) o | ()
(px1)  (pxp) (px1)

The vector {o(x,y)} corresponds element by element to:thevstrain vector

{e(x,y)}. As a result, the matrix [D] is symmetric.
. Substitution from equation (4) into equation (5) gives:
-1
{o(x,y)} = [@1.[B(x,y)].[A] .{a}

and by defining [M] l=‘ [D].[B(x,y)].[A]_1:
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{o(x,y)} = [M] {4} | | | | (6)

The matrix [M] is used to obtain the stresses (or moments) at a point

once the nodal displacements {d} are known.

Consider an element which has nodal deflections {d} and internal
stresses {o(x,y)} due to a vector of nodal loads {f}. Suppose that
an infinitely small unit virtual displacement is applied separately,
.corresponding to each nodal degree of freedom of the element. The matrix
representing all these displacement vectors (side by side) would be an
identity matrix [I]. Call the matrix of strains caused by this matrix

of displacements [ev(x,y)].

The increment in internal energy due to the stresses caused by the

loads {f}, when the virtual strains take place, may be represented by:

{wi} = !,<£€V(X,Y)]t- {O(X,Y)i> d ?OL . (7)

(m x 1) VéL (m X m) (m x 1)

The increment in the work done by the loads {f} when the virtual

displacements take‘pLace may be represented by:

Wy o= [I1. (£} = £ - (8

(m X 1) (m X m)(m X 1)

The external work done must be equal to the internal increase in strain

energy. Thus from equations (7), (8) and substitutions from (4) and (6):

(11 = [ (a7 foley)})a vor
VOL

-1

Il

JF ([B(x,y)ﬂ‘- (a]

(I ]),t, (71 .18(x,3) 1. g, {dD d vol
VOL ,

7"t [ ey Tt 1. Blx,y)ld vol (a7, @)

[}

VOL

as [A]_1 is independent of the variables x and y.

Comparing-this to the basic equation of the stiffness method:
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X] {a} = {f} ' }(9)

where: [K] is the matrix representing the stiffness of any structure

or structural element.

The matrix T[K] for this particular finite element can be represented by:
-1t t | -1
X1 = a7t JtB(x,y)] . 0] . [B(x,y)]a vol [A] (10)

Numerous elements have been developed based on this method.
Variations are possible in the shape of the element, the use of fhe
element (e.g. for bending, membrane action, etc.) and the choice of the
displacement function. A particular triangular plate bending element

(Pryzemieniecki1) will be described in detail in subsequent subsections.

2.3.2 The difficulty with nine degrees of freedom

A plate bending element has three degrees of freedom (two rotations
and a translation) at any point. A triangular element with a node at

each corner has nine degrees of nodal freedom.

The reasoning behind the choice of a particular polynomial as a

displacement function is:

A.pLate element is essentially two dimensional, (the thickness is
assumed to remain unchanged during deformation). A polynomial in only

the two coofdinate variables is therefore chosen.

It is pdssibLe.that the origin of axes’may lie on the element and
that this point may have non-zero deflection, slopes, curvatures,
bending moments and shears associated with it. These properties are
represented by various de order differentials of the assumed dis-

placement function. Supposing this is:

wo o= f(X7Y)

then it is essential that:
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£{0, oj £ 0
(af/ay)(0, 0) # O
(f/3)(0, 0) # 0

(£/3°)(0, 0) # 0 ete.

It is therefore necessary to choose all the lowest degree terms of

a polynomial when choosing the assumed function,

A full third degree polynomial in two variables has ten coefficients:

y3

xy2 + C1O

+Cyx + Coy + C x° + Cxy + C6y2 4 0% + Cxoy + 0

tlxy) = ¢ 4 5 7™ * %%

1 9

As only nine degrees of freedom are to be considered, only nine coefficients
can be used. It is possible to omit any of C7 to C10 but in this case,

in order to retain symmetry, the variables of 08 and Cg were linked to
give a single coefficient.

3

2 a2 2 2 3
X + C3y + C4x + Cxy + C6y + C7x + CB(X v+ xy ) + C1Oy (11)

5

‘f(x,y) =C,+ C,

The use of this function leads to problems (ZienkiewiczS, p 185) in
the inversion of the matrix [A] (equation (3)). The reason for this
becomes plain if one considers a symmetrical element in the x,y plane which
is not symmetrical with respect to the two axes. If a symmetricaLvnodaL
displacement vector exists for the element, it is possible for a non-
symmetric internal displacement field fo result from the above function.

For example, consider figure 1.

y .
Node 3 (131,732)
. /
- . -
Node 1 (030) Node 2 (230)

Pigure 1: A symmetrical Element which does not lie Symmetrically

with Respect to the Axes.
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Prescribe the following symmetric nodal displacement field. ' (This
represents an outward unit twist of nodes 2 and 3 about the line .joining

each to node 1).

fay = te,, =

=,
O O a4 O O O O

e —_
- .866
eYB L

s}
N
o=

It is found, upon solution for the constants of equation (11)
that the side 1, 2 remains at zero displacement for its entire Length‘
while the side 1, 3 arches up from the zero deflections of the nodes

at its ends.

This sort of problem arises no matter which terms are omitted from

the full polynomial.

Another inconsistency of a triangular eLement basedvon this function
is that when it is rotated about an axis in its plane, without deforming

in any way, there is an increase in its internal strain energy.

One may wonder at the value of pursuing this derivation an& further.
Some investigators, {Clough and Tocher6 and Gellert and GLuck7) have had
acceptable results using this stiffness matrix. The reason for éontinuing
is that a comparison can be made between the execution times of én'éxpLicit

formation and a numeric formation of a stiffness matrix.

It will also be possible to show, from the final form of the matrix,
that at least one orientation, of the local coordinate axes for any

shape of element, gives a non-singular stiffness matrix.
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2.%.3. Derivation of a stiffness matrix for a triangular element

The following element stiffness matrix derivation was developed by
Tocher and described by Przemieniecki.1 Inversion of the éxpLicit '
matrix ([A], aLgeBraic integration of the matrix [Z] and subsequent

derivations were performed from first principles.

A triangular element is chosen with a local x-coordinate axis
along one side and its middle sufface in the positive quadrant of the
X,y plane of a right hand axis systém as shown in figure 2. The three
nodes, numbered clockwise about the =2z axis, have the coordinates
(0,0); (r,O) and (s,t) respectively. At each node, three degrees of

freedom are prescribed:

(i) 'w' a translation perpendicular to the plane of the
element in the positive =z direction; ‘
(ii) 'ex' a rotation about the x-axis in a clockwise direction;

(iii) 'ey' a rotation about the y-axis in a clockwise direction.

w,F Positive

directions

Figure 2: Dimensions and sign conventions for a general triangular

finite element.

As the small deflection theory is to be used it will be noted that:

il

X

dw/dy } (12)

- dw/dxl

1l

%

The épprépriate strain vector for plate bending is found to be:



31.
' 2
. . € s W/BX2 .
x 2 ;.2
{e(x,7)} = &5 = -z_ 3wy S (13)
Y 7| /ey -
xy e
and the corresponding stress vector is:
: o
X . .
to(x,)} = Jo | = 1. {elxy)} (14)
' T
4 Xy
where: 1 v 0
- E
() = — ¢ v 1 0
1 =v7)

o 0(1-y)/2

and: E is Young's modulus of elasticity

v 18 Poisson's ratio for the material

From the assumed displacement functioh, (11) and the relationships of

equations (12)

w =C, +C.x+Cy+C 2% + 0 xy + C y2 L %0+ C (#2y + xy2) + C'y3
1 2 3 -4 5 6 7 8 9
0, = aw/ay = 03.+ 05x + 2Ccy + C8(x2 + 2xy) + 309y2
2 2 .
o, =—w/>x = ~ C, - 2C,x - 05y - 3Cox" - C8(2xy +y°) | (15)
Substituting the nodal coordinates (as described in (2)):
_W 7] r"1;0*0; 0 I0: 010 ! 0 ; 0] %1‘
- 1 l |
B4 0 ol 170 | 0,0 , 0 ] 0 ; 0 c,
: |- l :
8y o! 1,0 ' 02' ol o, o3 ‘ 0 | 0 C,
W, t'rlo " 0ololr 0 0} C
' | | 2
_ | o
{a) =6, 0,0 |1 | 0 T 00 | r® | 0 |x|Cs (16)
= - -
Oy0 o‘ 1 ’O'l 2§| 0, 02, 3; x 0 { o_5 Ce
w3 1's 1t |st |t 87 s t+st | t C7
I O | 2
2
Oy 0,0 l1 0 s ‘2t 0 2ls +2st | 3t Cq
_eyBH _01"1 |0 {=2s)=t | O |=-3s -2st-t | O -Fg_

(47 . {c}
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From equations (4), (13) and (15):

O 0 0 2 0 0 6x 2y 0
{e(z,y)} = =2{0 0 0 0 0 2 0 2x 6y | x {c}
0000 200 4x+y)0
= (Bl @1, @
Hence from equafion (10):
®] = . nrt | | (17)
where:
1z = [ B35, 2]. [B)d vou

o

VOL

The multiplications required for the matrix [Z] are then performed.

The limits of integration of the variable 2z are - h/2 and + h/2 where.

h is the element thickness. The matrix [Z] can then be represented as

"oiol‘o;
01010

0lolo!
| [ J

[Z2] =D x ;rjo,o:O;

01010/
0! o: 0!
l

010101

0,0 0,

l
0, 0,0 4(vx+y)

o
0 [ 0 f |
o | 0 | 1
4 : 0 TN }
o 1 21w) 0
4y ': 0 | 4
12 | 0 I 12yx
| 4(1-y) () | Aoy) |
12vy | 0 | 12y |
o0 0 0 -
| 0 ' 0 [ 0
: 0 : 0 : 0
roq2x | 4(vx+y) | 12vy
: 0 ; 4(1=y) (x+y) : 0 dxdy
o 12vx l 4(x+yy) ! 12y
l 36x2 ! 12(yx+y)x ; 36uXy
12(vxy)x 1 -8(1-)xyH(12-80) (xey)? 112(x4vy )y
. 36uxy | 12(x+vy)y : 36y2,J

(18)
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3 2 .o as
where D = Eh /12(1—v ) the flexural rigidity.

This matrix is usually formed on a computer and integrated by a
numerical method over the area of the element. The matrix [A] is
also formed and inverted numerically for each particular element in turn.
The stiffness matrix is then found by multiplication of these‘matrices -

according to equation (17).

To form the explicit stiffness matrix it is necessary to invert the
matrix [A] (equation (16)) using a Gauss Jordon elimination as described
in Appendix 1. The integration over the area of the triangle is performed
by substitution from the standard integrals prepared in Appendix 2 into the

. matrix (18).

So that the algebra programs described in Appendix 4 can be used
the elements of matrix [A]_ll are expressed as multiples of their
lowest common denominator which is removed as a scalor multiplier of
the whole matrix. BEach of the elements of the matrix [A]_1 given

below should be multiplied by a factor:

’I/ar3't3
where a = (— r + 2s + t)

The elements are indexed A(row, coLumn) and all elements omitted

have zero value.

2 2

A(5,4) = 61 st2 -6 rs2t

A(1,1) = art’

A(2,3) = - art

A(3,2) = art’

a(4,1) = -3 art’

A(4,3) = 2 ar’t’

A(4,4) = 3 art3

A(4,6) = ar2t3

A(5,1) = - 6>r28t2 + 6 rs2t2

A(5,2) = - arst’ - oo

A(5,3) = - r4t2 + 4 r38t2 -3 r2st2
(
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A(5,5) = ar2t3 + r3t3

A(5,6) = 2 rost? - 3 rsSt?

A(5,9) = =2

A(6,1) = =3 ar3t -3 r232t -3 r32t2

A(6,2) = -2 art? + 2 ar’st® - rZst0 - 2 r%s%t% + 2 rist?
A(6,3) = - r4st + 2r332t + 2r33t2 - r233t - 2r232t2 - 3rs4t + 3fs3t2
A(6,4) = -3 1262t - 3 reot°

A(6,5) = =2 r2s?t? - rlstd

A(6,6) = - r3s2t + IZSBt - r252t2

A(6,7) = 3 ar3t '

A(6,8) = - ar3t2

A(6,9)» = r33t2 + 2 r3s2t -2 r4st

a(7,1) = 2 at’ |

A(7,3) = - art'3

a(7,4) = -2 at>

A(7,6) = - arf,3
" A(8,1) = 6 rst® - 6 s°t°

A(8,2) = 24>

A(8,3) = r3t2 -4 r2st2 + 3 rs2t2

A(8;4) = -6 rst2 + 6 s2t2

A(8,5) = - ot

A(8,6) = - 2 r’st® + 3 rs® t°

A(8,9) = - o2

A(9,1) = - or® + 25" 4 610t - 6 rst

A(9,2) = ar3t - arzst + r2s2t - rBSt

A(9,3) = r4s -2 r3st -3 r332 + 4 r2s2t2 + 3 r2s3 - 2'rs3t - rs4
A(9,4) = 4 rs3 + 6 rs2t -2 s4 -4 s3t ‘
£(9,5) = r°s°t + rost

A(9,6) = r2s3 + 2 r?szt -2 rth - rs4

A(9,7) = =2 ar3 '

A(9,8) = ar3t

A(9,9) = = r3s2 + r4s

Flements with zero value are also omitted from the following listing

of the matrix [Z] which is indexed as above.

z(4,4) = 2 rt

z(4,6) = z(6,4) = 2 vrt

2(4,7) = 2(7,4) = 2 r°t + 2 rst

2(4,8) 2 yrPt + 2 yrst + 2 rt?

1l
W]
—
- @
N
g
}
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z2(4,9) = 2(9,4) = 2 rt?

(

z(5,5) = rt - yrt

2(5,8) = 2(8,5) = 2 r°t + & rst + 2 yrt° - 2 urot - 2 yrst - 2 vrt

7(6,6) = 2 rt

z(6,7) = z(7,6) = 2 vrot + 2 yrst

z(6,8) = 3(8,6) = 2 r2t + 2 rst + 2 urt

2(6,9) = 2(9,6) = 2 rt°

Z(7,7) = 3 r3t + B‘rzst + 3 rszt

z(7,8) = z(8,7) = vr3t + vrzst + vrszt + %~r2t2 + rst2

z(7,9) = 2(9,7) = 1%-vr2t2 + 3 \)rst2 ' .

z(8,8) = £ r2t° & 1% rst° - < vr2t2 -2 vrst2 4ot o+ r st
+ rst - §Vr3t -2 vrzst -2 wrsSt + rto - 2 vrt?

z(8,9) = z(9,8) = + r2t2 + rst2 + vrts- v '
3 rt3

Z(919) =.

The matrices [Z] and [:A:['-1 are then multiplied according to

equation (17) using a specially designed program based on the prime number

algebra technique given in Appendix 4.

It is found that the rows and columns of the explicit stiffness-matrix

corresponding to nodal rotations contain a common factor 'r', Consider,
now, the fundamental matrix equation of the stiffness method (9). A
factor can be divided into a row of the matrix [K] and the same row
of the vector {f} without changing the equality. A factor can also be
divided into a column of [K] and multiply the corresponding row of the
vector {d} without altering the equality. If the factor 'r' is
removed from the rows and columns of‘ [K] indicated above and intro-
duced to the corresponding rows of the vectors {d} and {f} the
equation (9) still holds. The advantage of this operation is that each
matrix of the resulting equation has all its elements in the same ﬁnits.
The two vectors become:
{d}t = [w1, T ., YO _,, Woy TB ., YO 5y Wy, TO 2y TO_ -]

x1 y1’? 72 %2 y2’ "3 x3 y3
and

£ =

Il

1’ MX,]/r’ My1/r’ Fz’ sz/r, Myz/r, FB, MXB/r’ My3/r]



The homogeneous polynomiaLs_representing the elements of the explicit

stiffness matrix are then all of the same degree in r, s and t..

It is'then only necessary to store the list of coefficients for

each polynomial representing an element in a particular order.

A program using this explicit stiffness matrix generates a vector
of the terms of a homogeneous polynomial in the variables r, s, t and
v. BEach element of the stiffness matrix is then formed by a simple

multiplication of this vector by the appropriate set of coefficients.
A saving is made when it is realised that:
the power of y never exceeds 1,
the power of r never exceeds 8,
the power of s never exceeds 8.
6.

the power of t never exceeds

The homogeneous polynomials have units of length to the power 8.

The factor by which the whole matrix must be multiplied is
3 mn(q L 2y 26,3\ -
Eh/\\74(1nv)art/ (1

Arpendix 5 contains a listing of both the user program and the

coefficients of the explicit stiffness matrix. .

2.%.4 Examinasion of the explicit stiffness patrix

Two properties are worth examining.

The first is to consider the circumstances under which the Tocher
stiffness matrix is singular. From the common factor (19), the matrix

will be singular if

a2r6t3 = 0,

FPigure 2 shows that a singular matrix is the correct result if either
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r or t have a zero value. The problem arises when:
a = -r+2s+1t = 0 ' (20)

It will be shown that if this situation does arise, it is only
necessary to rotate the local axes so that the local x—axis lies along
a different side of the element. If the new values of r, s and t
still give a singular matrix, a final orientation of the local axes

will definitely give a non-gsingular stiffness matrix.

So that the proof can be done in non-dimensional terms, the parameters
r, s and t have been divided by r to give 1, X, and 'yi respectively

as shown in figure 3.

For these non-dimensional parameters the value of variable ‘'a'

from equation (20) is:

orientation I : a = -1 + 2i3 + y3 (21a)
orientation II : a = - 1 +'2x1 + ¥, (21p)
orientation III: a = -1+ 2%, +7, (21c)

It is now required to show that these three equations cannot be
simultaneously equal to zero. More specifically, since a general
triangle was chosen and since each orientatidﬁ is described in exactLy
the séme way, it must be shown that if (21a)-and (21b) are equal to

zero then (21c) is definitely not equal to zero.

i.e. given | 2x3 + y3 = 1 } | : (22)
and _ 2X1 + y1 = 1 '
prqve 2x2 + y2 # 1
Proof
From figure 3: y3 - X3 tan a = O
V= + x3 tan 3 = tan B
vy, - x, tan B =0 (23)
¥, x, tan ¥ = tan Yy
Yo = %, tany = O -
= tan «

y2 + X5 tan «o
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.Figufe %+ The Three Possible Positions of Local Axes on a Triangular

Element of General Shape.




By elimination from (23):

x3(tan o + tan B)
y3(tan o + tan B)

2 tan @3

“tan 8

tan a tan f3

+ tan o tan @8

2%
from equation (22).

Similarly:

3 M y3 tan

a + tan 3

2 tan ¥y + tan 8 tan Y

L _
2x1 y1

tan B + tan ¥y

2 tan o + tan ¥y tan «

2x2 ty, =
From (24):

. tan «

tan 1 + tan «

From (25):

N tan ¥y
tan B = T_¢an Y

Erom (27) and (28):

tan o - tan Y

1 + tan o d-- tan ¥y

.. tan o - tan ¥ + tan o tan y

.°. tan o - tan y + tan o tan

if and only if « or Yy

y

-tan Y + tan «

1l

3 tan «

= 0

zZero or m.

Thus for a triangle of finite non-zero areé:

tan ¢ - tan ¥y + tan o tan Yy % 0

2 tan ¢ + tan o tan ¥y
tan o + tan vy

£ 1

tany

1

39.

(24)

(25)

(26)

(27)

(28)
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Comparing this to equation (26):
2X2 + Yo % 1

Hence there will always be at least one orientation of any triangle,
with finite, non-zero area, which will have a non-singular stiffness

matrix.

- The second important result of this investigation is the advantage
in execution time of an explicit stiffness matrix formation over a numeric

stiffness matrix formation,

A simple program using numerical matrices formed as described in the
algorithm developed by Tocher was written. The results obtained by this
method were identical to those obtained by a program using the explicit
matrix, (Appendix 5). The comparison of the times of execution of the

two matrices are summarised below.

TABLE 1: COMPARATIVE PROGRAM EXECUTION TIMES

Times are given in Secs and Millisecs Numeric Explicit
Compilation time : 2,844 2,7%3
Time to form first stiffness matrix . 8,947 8,661
Time to form two stiffness matrices 15,050 9,173
Additional time to form second matrix 6,103 0,512

The extfa time taken by the explicit version in the formation of the
first stiffness matrix is used to read in the coefficients. Once these
are in core, they remain there until the stiffness matrices for all
elements have been formed. Subsequent element stiffness matriceé each
take only 0,512 seconds. The numeric formation on the cther han&, apart

from the compilation, has to be executed in full for each stiffness

matrix formation.

The saving in time for a large number of elements tends to:

100 x (6,103 - 0,512)/6,103 = 91,5 %
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This shows the value of an explicit version of a stiffness matrizx.

A more reliable element treated in the same way would be advantageous.,

It must be observed that the explicit matrix requires more computer
core space than an entirely numerical program. The space is taken up by
the array ofvcoefficients which requires less than 4K (3780 woras) of core,
This is negligible in a large computer (50 K or more) but makes the use

of an explicit matrix impractical in a small computer 40 X or Less).

2.4 The Assumed Stress Method

2.4.1 Method in general terms

This method is very similar to that of the previous section. Stress
functions are assumed and the related strains are found from a knowledge
of the material properties, Shape functions are choéen along the edges
of the element to relate nodal displacements to the assumed stress

functions.

It is inconvenient to use the principle of virtual work to find the

internal energy caused by external work done. A minimisation of comp-

lementary energy is preferred.

The method (as developed by Pian2) is described in general ferms

be low.

A series of functions, in terms of at least as many unknown constants
as the element has degrees of nodal freedom, is chosen to describe the
stress situation within the element. This is done arbitrarily except

that stress equilibrium conditions must be satisfied for all values of

x and y:

{O(X,y)} = [P(x,y)] . {c} (29)
(p x 1) (p xn) (nx1)

where: {o(x,y)] is a column vector of 'p' stresses at a point (x,y)
[P(x,y)] is a matrix of terms of the chosen stress function,

{c} is a column vector of 'n' arbitrary unknown constants,
where 'n' is greater than or equal to 'm' the number

of nodal degrees of freedom of the element.
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A second set of functions is chosen to describe the displacements of
an edge of the element. These functions are in terms of the displacements
at the two nodes which terminate the edge and a distance 'a' from one of

the nodes,

fu(a)} = [L(a)] {a} . (%0) -

where: {u(a)} is a vector of edge deflections. The number of edge
deflections at the general point (a) corresponds to the

number of degrees of freedom at a node.
[L(a)] 1is a square matrix of terms of the chosen function.

{d} = 1is a vector of nodal displacements.

As the deflections of an edge depend only on the nodes which
terminate it, the edges of adjacent elements conform perfectly under all

circumstances.

By integrating appropriately the stress functions chosen in equation.

(29), the edge forces causing these stresses can be determined.

Let {S(a)} be a vector of such edge forces corresponding term by
term to the edge displacement vector {u(a)} (equation (%0)). {S(a)}
can be expressed in terms of the unknown constants {c} if a matrix

[R(a)] is defined by:

{s(a)} = [R(a)] . {c}

From equation (29), by using the stress/strain relationships (14):

" {o(x,7)} :
7. B(x,y)7 . fe) : (31)

it

{G(X7Y)}

where {e(x,y)} is a column vector of strains corresponding to {o(x,y)}.

A method of minimising the complementary energy with respect to the

arbitrary constants is used to relate the external loading to the internal
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stress situation. The total internal energy of any elastic system with’

-stiffness [K] and prescribed displacements {d} may be written as:
. | t ’
U = z {d}7[x] {4} : | (32)

In terms of stresses and strains, the total internal energy of the

element is represented by:

(e}
li

%’J,<ﬁ€(K,Y)}t. {o(x,¥)} > @ vol

VOL

i

t
1 r<{c}t [P(x,y)] . [D
- VOL
from equations (29) and (31). (Note that [D—1] is symmetrical).

1] . [P(x,y)] . {ci) d vol ' (33)

The external work by the boundary loading .{S(a)} moving through the

boundary displacements {u(a)} is:

o t N
W= l'<fs(a)} . {u(a)}/ da. |
= [(fe1". [R(2)1°.[L(2)] {4} da | (34)

Defining: |

[H] = [([P(x,y)]t.. oy, [P(x,y):D d vol

| VoL |

and: : : (35)

re] = [ (r(a)b.[(a)]aa

v

The total complementary energy is expressed as the difference between

W.D. and internal strain energy:
.ot t
U-W = 7 {c}'[H] {c} - {c}[G] {d}

Differentiating this scalor quantity with respect to each arbitrary
constant in turn, equating them to zero and writing the resulting equations

under each other:

(H] {c} = (6] {4}
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Hencev {c} = [H_1] . [6] {83 : | | - (36)

Substituting into equation (33) from (35) and (36) and noting that
[H] is symmetrical:

ciqt t =1
U = % {d}.[61. (B 1. [c] {d}
Comparing this with equation (32) gives:

~1

k) = [eif. 1. @] o (37)

The application of this method to polygonal plate bending elements

3

was described by Severn and_TayLor and Allwood and Cornes4. The simplest .

element of this group, the triangle is described below.

A triangle of .general shape is oriented in a local axis systém in
the same manner as was used in the assumed displacement method. (see

figure 2). The following sign convention is used:

' Shear stresses (1) ahd strains (y) are subscripted according to the
plane in which they tend to cause rofation. The second subscript gives
the axial direction of the stress or strain. If an acute angle forms at
the origin of a rectangular element in the first quadrant of the plane,

positive stresses and strains exist.

Direct stresses (o) and strains (e¢) are subscripted according to the

direction in which they act and are positive in tension. A rectangular
element, positively stressed and with positive strains, is shown in

figure 4.

FTigure 4: Positive Directions of Stresses and Strains on a Small Element



45,

Unit moments (M) and unit shears (Q) are subscripted according to

the axes about which they cauée’rotations.' (The second subscript is the
axis about which a twisting moment acts.) These unit moments are obtained
" by integrating the corresponding stresses between the limits - h/2 and

+ h/2, where h 1is the material thickness.

The positive directions of unit moments and shears are shown in

figure 5.
e Qx

Q, + dy

X v

Figure 5: Positive Directions of Unit Shears and Moments on

a Small Element
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'From the sign conventions: if oy = O when z = 03 oy is positive

when 2 1is positive and moments causing sagging are positive:

h/2
M. = [o zdz
X o y
~h/2
Similarly:
h/2
M = r o zdz . .
% | (38)
h/2 :
M = r T zdz
Xy « YX
-h/2
h/2 .
QX = I Tyz dz
-n/?
h/2
&% T I.sz az
-h/2

Congidering the equilibrium of an element it can be shown that:

aQX/ay + aQy/ax = 0 (39a)
My - M /ax+Q = 0 (39b)
—aM/dX+aMy/oy—Q = 0 (39¢)
Also: M = N (40)
Xy VX

The- poLynomlaLs assumed to represent the stress distribution are as

foLLows

o, = (c1 + Cyx + CBy) 8z/h - (41a)
o, = (c4 + Cox + c6y) 8z/h " (41v)
Ty = (C; + Cgx + Cgy) 8z/h -~ (410)
Ty T 010 1 - 4z2/h2) ' | | (41a)
v o= ¢, (1~ 422/n°)  (41e)

vz 11
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From (38) and (41b):

TMX = 2 h2(c4 + Cox + Céy) (42a)
Similarly:

My = 2 h2(C1 + Cx + cBy) (42v)

mo=u = 4 h2(c7 + Ogx + Coy) | (42¢)

Q = %nc, | \ (424)

Qy = 2no,, | (42e)

Hence from (39b) and (42):

Cpp h(CB - 06)
Similarly:
Chy = h(09 - C,)

Hence the matrix [P(x,y)] defined in equation (29) is as follows:

Féz; 8xy 8yz! 0, 0, 0 10 0 0 o
Or 0 |0 8 'Sz 8z 101 0O 0 o,
] | :
[(P(x,y)] = /n |0 o0 loto, 01 0 :82: exz | Byz | T,
| ! =
‘ 0 1 =(n°-4z°)1 0 L 01 0, 0 01 0 n°az?| <
b o 2 2 2, 2 Xz
| 0, 0 ,0,0, 0=(n"-4z)0 n°-42°, 0 | Ton
The [D—1] matrix as defined in (31) is as follows:
1 : -V : 0 : A
-1 ! N ;
0™'] = 1/E o 1 0 2tn) 00 Ty
o ' o v 0o 12(4w) P 0. |
' 1 | l Xz
0 [ 0 o 0 2(1+v) | T
L — vz
Hense from equation (35) noting that:
n/2
[201+W®® - 822 a2 = 21 +0) ¥

-n/2
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and' _
h/2
[2% 4z = ni/12 .
—n/2
and defining q = h2/5(1 +v):
(‘1 [ x ; Y o=v ! =vx |-vy ! o ! 0 ' 0 —
X | X2+Q|Xy [-vX ~—-uX !—ny:: 0] : 0 : -q
y : Xy : v :-vy, -vxy'—vy C 0 0 } 0
v o VX -vy 1) ox ! y ! Y ! 0 [ 0
(6] = %%ﬂ [zt 2 inxy! x 0 x : v |0 0 0 dxdy
AREA —vy: —va:—vYZ: y : Xy :y2+q : 0 : -q : 0
0,0 30 10 0 0 20n)  20tw)x 1201wy
o1 0 o "o o -a 1 2(1+u)x! 2(1+V)x2+ql2(1+v)xy
_o'{-q L0 :o 0 10 |2(1+\))y: 2(1+v)xy :2(1-+v)y2+<_1_

_ (43)
The function relating the general displacements along an édge-tb the
displacements of the nodes at its endé is derived from figure 6. A local
'a'-axis has its origin at the first node of each side and points along

that side. A local 'b'-axis forms a right hand set with each 'a'-axis.

ELEVATION

Figure 6: Displacements of the edge of an element.
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The nodal displacements can be transformed to the (a,b) axis system as
follows: A

&

]

. . CO8s ., . + . 8in o, .
ai ex1 ij eyl alJ

ebi =‘—9 . 8in aij + 6.

cos o, .
xi yi i

J

The values of ©_ ., and 6, are similarly related.
. aj - J

Assuming eaij(a) to be linear with respéct to ‘'a':

Il

(a) em(%j-aﬂﬂ&j+ea.w%

J ij
(exi cos o, + eyi sin aij)(Lij - a)/Lij

eaij

+ (exj cos a; 4 + eyj sin aij)a/Lij

As there are four boundary values (wi, ebi’ wj gnd ebj)’

wij(a) can be

chosen as a cubic polynomial in ‘'a':-
- 2,20 5.3 /13 _
wij(a) = A+ Bq/Lij + Ca /Lij + Da /Lij . | (44)

Solving these coefficients for Wij(a) and dwij(a)/da at a =0 and -
a = Lij and back substituting into (44) gives
_ 2.2 3,3 2,2 303
wij(a) = wi(1 3a /Lij + 2a /Lij) + wj(3a /Lij 2a /Lij)
. ' 2,.2 3,.3
+ Lij(— exi sin aij + eyi.cos aij)(_ a/Lij + 2a /Lij - a /Lij)

2.2 3,3
cos aij)(a /Pij -a /Lij)

+ 1, (= . sin . . + .
13( Ogy 510 &35+ Byy

Differentiation with respect to 'a' gives:
_ 2 2,3
ebij(a) = 6(wi - wj)(a/'l,ij - a /Lij)
. 2,.2
+(- 6, sin aij + eyi cos aij)(1 - 4a/Lij + 3a /Lij)
. 2.2
+(- ervSln aij + eyj cos aij)(— 2a/Lij + 3a /Lij)

From the dimensions chosen for the element (see figure 2):

0 i cos «

L12 = gin Uyp = U 1 = 1

' / 2 .2 . i _

by = (r-s8)" +1¢ sin a,y = t/L23 008 @y = - (r - s)/L23
el 2 2 1 ’ = - » = -

L31 = s+t sin a31 = t/],31 cos a31 s/'L31

(45)
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"By substitution of these values into the assumed edge displacement

functions above, the matrix [L] of equation (30) can be formed. If:

t | ,
(@)™ = fryps Gagpr G120 a3 Banz Buaz Wspr Bazyr B

and:

a3t

il

{w17 G}H’ 9y19 W27 GX2, 8y2, WB’ GX3, GyB}

-then a typical column of the matrix [L] is column two (given transposed

here):

2,.2 2 2 2
[0, 1 - a/r, 0, 0, 0, 0, t(a /131— a3/L§1), - as/131, (2a/L31— 3a /121)t]
(46)

(The full matrix is nine by nine)

The loading along the edges which causes the assumed stress situation

(equations (41)) can be found by resolution (according to Mohr's circle).

The signs of the components of loading can be established from the sign

conventions chosen (figure 5) and from figure 7.

v
b i3 4 \\\
~
5
a,
Mabij <\‘\ +J
77
<§\ aij
oS 1] -
N
~

Figure 7: The positive directions of edge loading on an element



51.

M .. = =M cos2 o, . - M sin2 x.. -2 M sin .. COS (. .
aij X 1J Y 13 Xy 13 13
2 .
M.. .= -M (cosa.. - s1n o ) + (M -M) sin a.. cos a, . (47) .
abij Xy ij X y ij ij
Qaij = Qx cos aij - Qy sin aij

As a one to one correspondence is required between the edge dispLade—
ment vector {u(a)} and the edge loading vector {S(a)} (equation (34)),

the vector

Bla)]” = = Qs Mopor Maprpr = Yoz Mooz Maposr = Qasyr Masgs Moy

‘Substituting into'equations (47) for the values of sin a . and
cos aij (from (45)) and the unit loads (from equations (42)), the values

of the elements of {S(a)} can be determined, e.g.

- Qs - (s(cs-c ) - t(c. - )>2h /3y,

The vector {S(a)} may be repreSented as the product

{s(a)} = [R] {e}

t

where: {c} = {C1, C . C

2’ . . . . . - 9}

and a typical column of the matrix [R] is column five (given transposed

here):-

tO, -a, 0, 0, - (? - a(r - s)/123> (r - 5)2/L§3,
- (f - a(r - s)/123> (r - s)t/LéB, 0, - (1 - a/L31)83/L§1,

(1 - a/L )s t/L (48)

317
(The matrix "[R] 1is a nine by nine matrix)
The matrix [L] is prémuLtipLied by the transpose of matrix [R]

(see equation (35)) and integrated round the boundaries with respect to

Ial.



52.

The matrix [H] is integrated and inverted. The matrices [H]
and [G] are then multiplied according to equatlon (37) to obtain the

stlffness matrix.,
These operations are usually performed numerically. A description
of the algebraic manipulations required to obtain an explicit stiffness

matrix is described in a subsequent subsection.

2.4.2, Problems and advantages

This element has definite advantages over the assumed displacement .
element, the stiffness matrix of which, was developed in the previous

section.

No matter how this element is oriented within the local axis system,
the stiffness matrix which results is exactly the same when transformed
to a global axis system.

i .

Provided that the element hasvfinite, non-zero area, the stiffness

matrix can never be singular.

When the element is rotated or translated in space without deforming,
there is no increase in the internal energy. This is the correct behaviour

which is violated by the assumed displacement triangle.

Elements with common sides deflect identically along that side. This

compatability is also violated by the assumed displacement triangle.

It would be advantageous if a useful explicit stiffness matrix such
as the one derived by the assumed displacement method could be produced.
Unfortunately, the size of an explicit version of this matrix is so large
that only a small portion of it can be fitted into the computer core sbace
at a time. The time saved in computation would therefore be negated by the
time taken to read the stiffness matrix piece by piece from disc storage

for each element of a system.

Further development of the explicit version of this matrix is of
academic interest only. Long lists of matrix elements have therefore
been omitted. Certain problems were handled in a manner which may have

a wider application. They are recounted in the following subsection.
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2.4.%. Selected details of derivation

The integration and inversion of the [H] matrix:

The dimensions r, s and t of the triangle shown in figure 2 are
substituted into the standard integration formulae given in Appendix 2. The
integrals of all the functions of ' x and y which occur in the matrix [H]

(equation (43) are:

E! yzdxdy
A

AR

Jl‘xzdxdy
ARBA

Jg xy dxdy = 1/24 to4° + 1/12 rst°
AREA ,

3

1/12 rt

3

i

1/12 ot + 1/12 rost + 1/12 rsot

E! y dxdy = 1/6 rt2
AREA
rr x dxdy = 1/6 r2t +1/6 rst
AREA '
I 1 dxdy = % rt
AREA

Substituting these functions into the matrix [Hj (defined in

equation (43)) the explicit version is as follows:-

(H] = ([a]+ [B]

where: 01 0 10:0101 O ;0i 0! 0 |
0 : c/12;o{ 010 0 .:o; 0 |=c/12
01 0 010,0! 0 101 0] 0
5 o' o 10010, 0 0 01 o0
[B] = Bhrt(;E' v") 0 : 0 fo: olo! o JO: 0 0
o1 0 00 0. ¢/12,0 /12| 0
0l 0 10,0 ol o jor 0 o
o1 o io o0 =¢/12,0 | c/12, 0
[0, -¢/1210 10101 0 101 0 I c/12]

(49)
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[ -y | 0 ]
(81 = ]V [44] i (4] E' 03} x =t
| 311 o3 L 21+ v)[a,)
(49)
1 e s) 3y (contd)
(A,1= |3Hr+s) 1 AP s+ 6P ; T2zt + 2st)
:t E'T%(rt + 2st) %-tz

It is now necessary to find the inverse of the [H] matrix. If the
component matrices are added together and a direct inversion by the Gauss
- Jordan methods of Appendix 1 attempted, the complexity of the final steps is
so great that an error-free solution is difficult to obtain, A more

suitable method of inversion (by parts) was then developed as follows:-

By definition: [H] x [H]_1 = [I] where [I] is the identity

matrix,
Substituting from equations (49):
[A+B]x[A+B] = [I]

Premultiplying both sides of this equation by [A]—1 (a non-singular

matrix):‘
| [I+47 B x [a+B] = [a]" ‘
1 X
Premultiplying both sides by [I + A B] gives: .
w7 = B = maT B xag”?
" Defining: [I +A”' B]= [E] (50)
w7 - @y (51)

This may not appear to be an important result until one realises
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that the matrix. [A] is easily inverted and that because of the nature
of matrix [B], the matrix [E] is comparatively easily inverted. A
computerised algebraic multiplication gives the inverse of [H] with

little trouble.

The matrix [A] is inverted in two levels by partitioning and then

using the Gauss Jordan method.

a7y a7 03]
a7™' = sE/snrt(1 - vo) |v [A1]—1: [A1]_1 | 0]
L1 0 1 i =v)/2m T
and: .
9 1 - 12/r | : -~ 12(r - s)/rt ]
[A1]_1 =|-12/r | 24/2° H12(r - 2s)/rt
- 12(r - s)rt1 12(r - 2s)/r2t! 24(r2 -~ rs + s2)/r2fﬂ

The matrix [E] is then formed frbm the definition in equation (50):

1 - c/r 10,0 ;O ;— ve(r - s)/rt ;
0 1+ 2¢c/r 1010 10 1 ve(r - 2s)/r°t |
]
0 cl(r - 2s)r2t : 1 :O 10 :2\)c(r2 - 1r8 + s2)/r2t2 !
! |
0 - ve/r : O_:1, O: - c(r - s)/rt |
E]=]|0 2ve/r? 010" 1 e(r - 28)/r%t ‘
' - 2 b 2 2y, 2.2
0 ve(r - 28)/r"t 010,01+ 2c(rf-rs + s7)/rt° 1
!
0 (1 =v)elr - s)/2rt 10,00 (1 -v)e/or |
!
0 - (1 =v)e(r - 2s)/2r2t V010101 = (1 =v)e/r? '
2 2 2 ol (| ! 2
[0 - (1 =V)e(r® = rs + 87)/r"t“1 010101 = (1 =v)e(r - 28)/2rt,
0 lve(r - s)/rt :c/r o 7
|
0, - velr - 23)/r2t I - 2c/r2
! 2 2y, 2.2
0,-2ve(r® -rs +s )/t :- c(r - 28)/r°¢
0'c(r - s)/rt | ve/r
| . .
0,-c(r - 2s)/r2t :— 2vc/r2
0 :— 20(r2— rs + s2)/r2t2 : - ve(r - 23)/r2t
11=-(1:-=v)e/or -1 - vie(r ~ s)/2rt
!
0,1+ (1 ~ v)c/r2 : (1 = v)e(r - 2s)/2r2t
0 :(1 - v)(r - 2s)/2r2t : 1+ (1 - v)c(r2 - rs + s2)/r2t%J
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As »([E]_1)t = ([E]t)"1 it is permissible and convenient to
invert the matrix [E] by a column-wise Gauss Jordan elimination. The
addition of column 9 to column 2 and column 8 to column 6, immediately
eliminates all but two unit values in each of column 2 and column 6,
Unit values are then used to eliminate all except a small 2 by 2 submatrix.
This submatrix is reduced-tq an identity matrix by assigning new variables,
f and g, to the two lengthy expressions which develop on the leading
diagonal. This redefinition of variables simplifies the division.

f and g are included in the expression in the stiffness matrix. .

The matrix [E]—1 is then represented as a nine by nine matrix |
of zeroes with unit values on the leading diagonal except for columns

two, six, eight and nine, where a typical element is:

E(1, 9) = - rtzcg + 0;5 rstzczvgf - 1,5 r2st2c2vgf + rsztzczvgf
2,2 2 2

+ 0,5 r3t302v2gf - 1,5 r2st202v?gf+-rs tTc vgf

where: if h is the material thickness

c = 12h2/<5('l - v)>

f = 1/ r2t2 + (1 - v)ct2 + 20(r2 - rs + 52)>

g = 1/<(r2 - s ; s2)c(1 - v) + r2t2 + 20t2- %—(r2 - 4rs
+ 4s2)(1 + v)2t202€>

A program using the computer algebra by powers (described in

Appendix 4) is then used to multiply the matrices [E]_1 and [A]-1

according to equation (51).

This is a far more practical way of inverting the ([H] matrix than

a direct inversion by hand.

The - formation of the matrix [G]

The operations for the formation of the matrix [G], defined in
equation (35) are simple enough to be performed by hand. It will be
noticed that the matrices [L] and [R] ((46) and (48)) can be

partitioned in sets of three rows. Each submatrix includes only
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expressions referring to one particular edge of the element shown in
figure 2. When the matrix [L] is premultiplied by the transpose of
matrix [R], the terms of the result can still be singled out as

referring to a particular side., The integration round the perimeter

can be performed as the sum of separate linear integrations aLong each

side,
If: f(a) = terms.(a)12 + terms (a)23 + terms (a)31
then ' : 2P ' L23 TR
j f(a) da = j terms (a)12da + j terms (a)23da + j terms (a)31dé

(o} o] 0.

where Lij. is the length of side 1ij.

A typicaL example of the calculation of an element of the matrix [G]
would be:

P Y
a(5, 2) = 2n°/3 (I (- a + a°/r)da + J‘(Ka - a2/L31)s4/L§1

£.2,2 303 v.2:2 /73 V2

+ (2a/L31 - 5a /L31 + 3a /L31)s % /L31)da/
2 2 4 2.2 2
(-1 5+ (25" + s“t°)/18 L31)

= h ;

So that the matrix [G] can be used in the computer algebra programs,

the following factor is removed from the whole matrix.

2 oY oorst? 4 r2t2X> (52)

h2AC18(r2s2 - orsd + &% 4 25%%

The values of the lengths of the sides of the finite element are also
substituted (from equations (45)). The example from the matrix [G]

becomes:

G(5, 2) = - ortt + 4r0st? - orte? 4 s2t4.

The formatioh of the matrix '[K]

The multiplication of the matrices [H]m1 and [G] according to

equation (37) to form the stiffness matrix [K] appears to be a simple

matter.
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In fact the size of these explicit matrices is a problem. It is impossible
to fit the last two matrices to be multiplied together, into the computer

core. The following steps are used to overcome this pfobLem;

Two programs are written, one to perform a multiplication of two
explicit matrices and the other to transpose an explicit matrix. The

computer algebra by powers (Appendix 4) is used in these programs.

The matrix (K] can be formed (from equations(37) and (51)) as
follows:~- '

1. Postmultiply [E]" by (a7 to get [HT
2. Postmultiply [H]m1 by [G] to get [H_1G]
3.  Transpose [H_1G] to get [H—1G]t - [GtH-1t]

(as [H] is symmetric) . = [GtH_1]
4. Postmultiply [GUH '] by [G] to get [K]

It will be noted that each time the multiplication program is applied,

the premultiplying matrix is the one with the most terms in its elements.

This fact is used to reduce the core capacity requirements. Only
one row of the premultiplier is read into core at once. The whole of
the post-multiplier is kept in core. Once a row of the resultant matrix
is complete, the next row of the premultiplier is read from storage to
overwrite the previous row. (It would be wasteful to read in only one
column of the post-multiplier at a time as the same column would have to
be continually recalled after each new row of the premultiplier was

introduced.)

Even this space saver is not enough to fit the final multiplication into
core. The final manipulation which eventually allows the matrix multipli-

cation to run it course is as follows:-

An examination of the matrices [E], [A] and [G] shows that the
variables Vv, c, g and £ only occur in the matrix [E]. A closer
inspection of the matrix [E]—1 reveals that these variables occur with

r, s and t only in seventeen different combinations. The powers of

these combinations given in the order ¢, v, g, f are:
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0000, 0100, 1001, 1101, 4201, 1010, 4110, 1210, 2011,
2111, 2211, 2311, 3012, 3112, 3212, 3312, 3412,

The matrix [E]_1 can be expressed as the sum of seventeen component
matrices in terms of r, s and t and each multiplied by a factor

comprising'the variables c, Vv, g and f,
The whole formation of the matrix [K] can then be performed
component by component and the final result formed as a sum of all

these matrices.

2.4.4. Results of investigations

Part of the explicit matrix was printed out. This required more
than fifty pages. To use such an explicit matrix in practice would .
require each component to be read into the computer in turn. The time
taken to do this would greatly exceed the execution time of an algorithmic

formation.

Further investigation into this explicit matrix was considered to

be unjustified.
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" CHAPTER III

THE ASSUMED STIFFNESS MATRIX METHOD

3.1_ Introduction

In the previous chapter, it was shown that if the whole explicit
stiffness matrix was small enough to be fitted into core together with
other matrices which are required contemporarily, there was a significant
saving in the program execution time. It was also evident that it is not
very practical to obtain an explicit métrix by'foLLowing a numerical

éLgorithm.

The developments of the previous chapter were useful to the present
section in showing the nature of an explicit, plate bending, triangular

element stiffness matrix. The characteristics to.be noted are:

(i) The elements of a stiffness matrix usually have a common

factor which can be removed as a scalor multiplier.
. . , : ‘ .
(ii) This factor is a simple function of Young's modulus (E),,

Poisson's ratio (V),'the thickness of the element (h) and
has a denominator which is an expression in the plan

dimensions of the triangle. (See factor§ (19), (49) and

(52)).

, (iii) The elements of the matrices are then homogeneous poLynomiats .
'in the plan dimensiqns‘of the triangle. The degree of the
polynomial is determined by the units of the factor in (ii)
above and the units of the corresponding rows of -the load

vector {f}] and displacement vector {d}.

Using this format it is possible to assumé the layout of a stiffness
matrix in terms of fairLy-arbitrafiLy chosen functions involving a number
of unknown coefficients, The choice of these functions and the solution
for the numerical values of the coefficients form the basis of this

investigation.
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3.2 Method in General Terms

The fundamental equation of the stiffness method is:
K] {4} = (£} (53)

~where [K] is a square matrix representing the stiffness of a structure
or a discrete part of a structure;
{d} is a column vector representing the displacements of chosen
| fixed nodes on that structure or structural element;
{f} 1is a column vector representing the effective loads on the

nodes.

.In the usual case, the stiffness of the structure and the loading.
:on it are known. The displacements are to be found by solution of

equation (53).

In the assumed stiffness matrix method, the underlying principle is

as follows:-

A certain discrete structural element, the stiffness of which is
not known, is subjected to a number of different loadings. A number
of displacement vector; {di} corresponding to each load vector {fi}
is found either by measurement or from an independent calculation. If
the nodes of the element have a total of m degrees of freedom, a

total of m linearly independent displacement vectors must be derived.

The equations (of the stiffness method (53)) representing all of the

load cases written as a single equation are:

X1 21 = [F]
here 21 = TG {3} e {4 ]
O F) = i ) eeeln ceeen {£035 ]

As the columns of matrix '[D] are linearly independent, the matrix

is non-singular. The unknown stiffness matrix may then be solved uniquely
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as:
K] = [F].[07"

This stiffness matrix may then be used to predict the displacement

vector for any load situation on the element.

Consider the characteristics of an explicit stiffness matrix enumerated
in the previous section. From these, the common factor and the homogeneous
polynomials representing the stiffness matrix of this type of element can
be assumed. The formula for each element of the matrix contains a number
of unknown coefficients. The dimensions of the structural éLement con-
sidered above are substituted into one of these formulae. The resulting
expression is put equal to the corresponding numerical value in the
stiffness matrix found for the element. An equation in the unknown
coefficients of that assumed function has been set up. This can be repeated

for each element of the stiffness matrix.

Supposing each polynomial of the assumed stiffness matrix involves
n unknown coefficients. If n different examples of this type of
eLemeht were treated as before, n equations for the coefficients in
éach polynomial could be set up. Provided that these equations were not
linear combinations of each other, the values of the coefficients could
be found. Two equations would only be linear combinations of one another
if the structural elements considered were similar. It is therefore
important to consider structural elements with a range of different
proportions. (A trivial example of this derivation of a stiffness matrix
is given as an illustration in the next subsection (3.2.1). A pin-ended

bar is shown. )

If the degree of the denominator of the common factor of the stiffness
matrix was chosen to be very low, the degree of the polynomials in the
matrix elements will also be low. This means that only very few coefficients
are involved. If the degree is too low, all the coefficients may take the
value zero, which is clearly incorrect. If a different set of structural '
elements gives different values for the coefficients, then fhe chosen
function is also incorrect. The degree of the functions must be increased

until a‘reasonabLe result is obtained.
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If the structural element is connected to its neighbouring elements
through its nodes only, provided that the correct functions have been
chosen, the result will be unique.

A finite element of a continuum is connected to neighbouring elements
through continuous edges, although it is considered to be joined only
at its nodes. No unique stiffness matrix exists for such an element as

its stiffness depends on the surrounding contact.

To use the assumed stiffness method on a finite element of a
continuum, therefore, it is meaningless to consider isolated pieces of
material of the chosen shape. All the elements must be treated as part

of the continuum.

To find the stiffness matrix for a particular type of element, a
single standard structure built up entirely from elements of that type,
must be considered. The displacements of all points on the structure
must be known for some standard'Loaa case. The structure is arranged
to have as many degrees of nodal freedom as the assumed stiffness matrix
has unknown coefficients. All of the elements must have different .
proportions to one another. A system stiffness matrix containing the
unknown coefficients is set up in the usual mamner. This matrix is
multiplied by the known displacement vector and set equal to the known
load vector. As there is a row in the stiffness equations for each
degree of freedom of the structure, there will be enough equations to

solve for the unknown coefficients.

A problem which arises is that the number of coefficients necessary
to form a stiffness matrix of even very simple functions, -is very large.
This means that the number of elements required on the standard structure
is aLsé large and a wide range of proportions of elements is difficult

to obtain. Solutions of coefficients are therefore not very accurate.
Some of the coefficients can be expressed in terms of others by:

(a) application of the Betti-Maxwell reciprocal theorem, '

(b) a systematic choice of local coordinate axes and element

dimensions,
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(c¢) ensuring thatthe requirements of rigid body movements are ful-
filled. - ‘

This reduces the number of independent unknown values to a minimum.
This section of the thesis is an exploratory study of a method with
- a great potential for further development and improvement. A final

answer is obtained which gives very encouraging results.

*3,.2.1. Illustrative example of the Assumed Stiffness Matrix Method

Supposing the explicit stiffness matrix for a pin-ended bar was
required. A tensile testing machine and three steel bars with different

dimensions were available.

Each bar in turn is placed in the machine which has two moving

heads.

The first bar has a length (1) of 2 m, a cross-section (A) of 4 cm2
and Young's modulus of elasticity (E) of 200 GN/m2. The directions of

the displacements (w) and forces (f) on the ends of the bar are given

~in figure 8.
1 2
L J
— v, — W,

Figure 8: Positive directions of forces and displacements of a

pin-ended bar.

Supposing the bar is loaded twice so that the displacements of the

ends are respectively:

- 0,007 ‘ - 0,001
{d1} =| m and {d2} = _ m
0 - 0,0005
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The corresponding load vectors are foqnd to be:

’ - 40 - 20
{f,1 = KN, {£,1 = kN
1 [ 40J ; [ 20] |

Using the method described in the previous section, the stiffness

matrix for this bar is found to be:

-1
- 40 1 - 20 - 0,001 i - 0,001
— | t
[K1J - L X {
4 40 1 20 0 - - 0,0005
11 -1
= 4 x 104 :

, IUEEE

The units of an element of this matrix [K] are kN/m. " Supposing

the form of '[K] was assumed from the units to be:

AR C1

' C
K] = -

|

I

2

C4

kN/m

®5

Substitute the values of A, £ and 1 and equate this to the numerical

matrix, then:

A different form of the stiffness matrix may have been assumed

from the units of its elements. This could have been:

2 4
] - . C1A + 05L : C,A" + Ccl
T AL 2 4 2 4

|
03A + C7L | C4A + Cgl

2 4
kN/m

As eight coefficients must now be found, two bars with two degrees qf
freedom and two load vectors each must be used to set up the equations.
Suppose the second bar tested in the machine had a length (1) of 4 m and
all other properties the same as the first bar. For convenience the
displacement vectors were arranged to be the same as before.  The loads

to cause these displacements were:
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| =20 - 107"
{f1}= »k_N;. .{f2}=[10‘kN

The stiffness matrix would be found (in the manner described before)

to be:
I
|
DK, = 2% 10 !
i
By substituting into element (1, 1) of the assumed matrix:

C1><4><104+C,5><4><‘1012

¢, X2 x 10 + Cs X 3,2 X 10" = 2 x 10* from bar 2.

4 x 104 from bar 1

By similar substitution into all of the elements and solution of

the resulting equations:

If a test on the third bar gave linear combinations of the above
equations then the correct explicit matrix has been found. If an incon-
sistent set of equations results, the wrong function has beeﬁ assumed, If
there is no better function then the best approximate stiffness matrix
could be found by a least squares (see Appendix %) solution of the set

of equations (which has more equations than unknown values).

In the case of a finite element of a continuum, a function cannot
be obtained to give exact results in every application. The best
matrix can only be found by trial. A solution which gives satisfactory

results is presented in this thesis.

3.3 Derivétion Details

Certain principles are used in the detailed derivation of the
explicit stiffness matrix by the assumed stiffness matrix method. As

their full description is fairly lengthy and would break the line of

argument if they were described where they are needed, they are described

v
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in detail first.

%3.3.1. The requirements of Rigid Body Movements

If a structural element translates or rotates in space without

undergoing any deformation, no net work is done on that element.

If the nodes of a finite element move in such a way that their
positions relative to one another remain unchanged, a rigid body
movement has taken place. On an element undergoing a rigid body
movement, the net nodal loads corresponding to all non-zero nodal

displacements must be zero if no external work is done.

‘Suppose, for exémpLe, a certain element of a structural system-
undergoes a rigid body movement for a certain loading. If a particular
nodal displacement of that element is non-zero, then the load
corresponding to that degree of freedom of the structure is carried only

by the other elements of the system common to that node.

This principle must hold for any shape of element and‘for all
possible rigid body movements. In the case of a small deflection theory,
plate bending element, rotations about two non-parallel axes in its plane
and a translation perpendicular to its plane describe all possible rigid
body movements. In the case of a trianguLar.eLement with sides of length
a, b and ¢, the rigid body movement principle must hold identically for

all values of a, b and c.

3.3.2., Trigonometric properties of a triangle

Consider the following triangle with dimensions a, b and c¢ the lengths

of the three sides: . c

Pigure 9: Dimensions of a general triangle




Define:

From the cosine formula for a triangle:

A

cos A =

(b2 + 02 - a2)/2bc

~

Also, for any angle A:

A

cos A =

i

‘cos2(£/2) - sin2(ﬁ/2)
2 cos2(A/2) -1

1 -2 sin2(A/2)

EQuating (54) and (55a):

2 cosz(K/Z) -1 =

Hence

cos (£/2

)

( 2

= % ab/ybe

Similarly from (54) and (55b):

sin'(A/2

‘Hence, applying these principles at each angle in turn:

)

= % Br/vbe

b~ + c2 - a2)/2bc.

68.

(54)

(55a)
(55b)
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cos (&/2) = 1 «b/yoe
sin (4/2) = % By/Abc
cos (B/2) = + BA/Nca
. (56)
sin (B/2) = % ya/vca
cos (C/2) = + yb/Aab
sin (C/2) = % op/yab
The area of the triangle may be found from:
Area = £ bec sin A . (57)
and for any angle of A
sin A = 2 sin (A/2) cos (A/2)
= afyd/2be (58)
from equations (56) above. Substitution into (57) from (58) gives:
Area = ofyh/4 (59)

%.%.3. Obligue coordinates and Rigid Body Movements for a General

triangle

For the purpose of applying rigid body movements to a triangular
plate bending element with dimensions a, b and ¢ the lengths of the three
sides, i1t is convenient to define a set of oblique coordinates at each

node as follows:-

z axes up towards
observer

Figure 10: Obligue axes for a general triangle
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Axes about which nodal rotations take place are in the directibns of
the sides of the elements if the nodes are taken in cyclic order, as
shown in figure 10. Translations take place in a z direction. This
is perpendicular to the plane of the element and forms a right hand

set with the two oblique rotational axes taken in the order u, v..

Define a nodal displacement vector for this element as:

t

{d} = {W1, eu17 ev17 W2’ euz’ evz’ W37 eua’ eva}

where w. 1indicates a translation in the 2z direction at node i,
. i

eui indicates a right hand rotation about the ui axis.

By inspection, a rigid body parallel translation of 1 unit would

take the form:

t

{d} = {1, 0,0,1,0,0,1, 0,0, } - (60a)

The most convenient rotations about non-parallel axes in the plane
are rotations about the sides of the element proportional to twice the

length of the side.
Consider a rotation of magnitude '2a' about the side of Lengfh ‘a',

Note that if 't' is the distance of node 1 from the axis of rotation

then the area of the triangle given in equation (59) can be represented as:

il

Area aBYD/4 = ta/2

hence: t aBYA/Za

and the translation of node 1 when the rotation takes place is:

w, = 2at = ofyA.

The nodal rotations of node 1 are found from the diagram of components

.which is similar to the shape of the element. (See figure 11).
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Axis of rotation

Oblique components
of rotation at
node 1

Figure 11: The nodal displacements in oblique coordinates for

a triangle rigidly rotated an amount 2a,

Rotations about the other two sides produce similar results. The

rotational rigid body movement vectors may be written as:

{d}t = {aopYA, - 2b, - 2¢, O, O, 2a, O, 2a, 0} , '(60b)
@1® = [0, 2b, 0, uBYb, - 2¢, - 2a, 0, 0, 2b} - - (60c)
{d}t = {07 0, 2¢, 0, 2¢, O, GBYA: - 2a, - Zb} . (6Od)

It can be seen that one of these vectors is redundant because if all
three were applied, their sum is simply a multiple of the parallel

translation vector (60a).

3,%,4. Transformation from Orthogonal to Obligue Coordinates

The matrix for a transformation from coordinate representation of
the position of a point in terms of an oblique set of axes to repre-
sentation in terms of an ofthogonaL set of axes can be derived from

figure 12.
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¥
A v
v
\\
.
\\ «
A R >y point (x,y) or (u,v)
7z axis towards i
observer in L7 [
both systems T AE - :
v e [
- : > X
P X
g .
e
U -

Figure 12: The coordinates of a general point in terms of one

obLiqué and one orthogonal set of axes.

By inspection:

z 1 : 0 i 0 Z
X = 0 :cos g | cos ¢v X u (61)
y 0 sin ¢u :s1n ¢v v

or X} = [T] {U}

The matrix [T] is only an orthogonal matrix when:

g - g = : 31/2 or : /2

u v
In the general case:

my™t 4 eyt

To find the matrix [T]_1, divide the adjoint matrix of (T] by

its determinent:

2 11 0 !
1 : !
= ’ 01 si I
Sin §_ cos §_ - sin §_cos g * | sin ¢vvn cos ﬁv x| x
! 01— sin ¢u: cos ¢u v
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or (U} = [ @y | - (62)
If: ¢u = A/2; and ¢v = 7 - A/2; +then from equations (56), (61)
and (62):
1 0 0
(1,1 = |0 Fadbe - % an/rbe ' (63)
0 % py/be % gy /woc
and o
1 . 0 : 0

(7, 17'= 0 Woe/an Abe/pY | - : (64)
0 - VBE/&A VEE/BY

Similarly [TBj, [T 1, [TB]—1 and [TC]_1 can be determined.

3.3.5. A note on the Betti-Maxwell (Rayvleigh) reciprocal theorem

The following is a statement of the theorem (SocoLnikoff8):

If an elastic body is subjected to two systems of body and surface
forces, then the work that would be done by the first system in acting
through the displacements due to the second system of forces is equal to‘
the work that would be done by the second system in acting through the

displacements due to the first system of forces.

The load required to cause a unit displacement of its point of.
application on a structure or structural element in its own direction of
action while aLL other displacements are prevented is the direct stiffness

corresponding to the displaced nodal movement mode.

A load required to prevent the displacement of a node while another
node is displaced a unit amount (in any one of its possible modes of

movement) is an indirect stiffness relationship.

Consider a structure which is fixed so that it only has two degrees

of nodal freedom. Loads are applied corresponding to these two degrees
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6f freedom -so that one load cauées a unit displacement while the ofher
prevents any movement at its point of application. The loads are then
removed and a second pair of loads is applied causing the other point’
only to displace a unit amount. The only displacement of the first load
case is a unit amount corresponding to the load which-contained this
displacement in the second load case. The same applies to the second

" load case with respect to the first.

Applying the reciprocal theorem it can be seen that the two loads
which contained a degree of freedom in the two cases are equal to one
another. The indirect stiffnesses describing the structural behaviour
at each degree of freedom with respect to the other are therefore equal

" to one another.

If a matrix is written with direct stiffnesses on the leading diégonaL
and indirect stiffnesses in appropriate positions off the diagonal, the

stiffness matrix will be symmetric.

This only applies if it is possible to displace a node in one mode
at a time without causing any other displacements. If all the degrees of
freedom at a single point are described in the directions of mutually
perpendicular axes, this is possible. If the dégrees of freedom at é
point are described in the directions of oblique (non—orthogonaL) axes,
this is not possible and a corresponding stiffness matrix is not

symmetrical.

The stiffness matrix in terms of one set of axes can be transformed

to another as follows:

If the degrees of freedom of some structure are described in terms
of one set of axes, let {d1}, {f1} and [K1] be the displacement vector,
the load vector and the stiffness matrix of the structure. Let {dZ},
{f2} and [K2] be the corresponding vectors and matrix of the same

structure described in terms of a second set of axes.

Define the transformation matrix [T] from:

(4,0 = [T){a,) | - (65).
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then:

i

(t,)
4,
)

] . )

AR

o} |
T g, (67)

From the fundamental equation of the stiffness method (53):

K] 4} = i) (68)

K] {4, = £,) | (69)

Substituting from equations (66) and (67) into equation (68):

1T e = 1Ty

Premultiplying this by [T]:

(1] (€, (137 (a,} = {£,)

Comparing this to equation (69):

k] = [1] (K] (1] | - (70)

Now if both axis systems were orthogonal at each ncde, the matrix [T]
would represent an orthogonal transformation matrix and
-1 t
(T1 = [T]
In this case, the operation of the matrix [T] in equation (70) upon a

symmetric matrix [K1] produces a symmetric matrix [K2] as expected,

If only the first axis system was orthogonal at each node and the
second was oblique at each point, then the matrix [T] is not orthogonal.
The operation of the matrix [T] in equation (70) upon a symmetric matrix
[K1] then produces a non-symmetric matrix [K2] as described in this

section.
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3.3.6 A standard example in plate bénding

A thin, elastic, rectangular plate subjected to a unit moment per

unit Leﬁgth parallel to one side is shown in figure 13.

Moment My = 1/unit length

Figure 13: A‘redtangular plate subjected to a uniform moment

along two opposite edges.

The deflection w of this plate in the 2z direction, reLative

to the deflection of the origin (which is chosen to be at the centre of

the‘pLate) is (Hearmon and Adamsg):

e I N
5 (=% - w") (71)
Eh
where E is Young's modulus of elasticity,
h is the material thickness,
vV is Poisson's ratio for the materiaL,'

,My is defined in figure 13.

The slopes of any general point x,y may be found by differentiation

of w with respect to x and y. (c.f. equations (12)).

As the figure is symmetrical about the x and y axes, the part
of the structure in the positive gquadrant may be used to represent the

whole structure.

The deflections of all points on this structure are known. The
plate can be treated as an assembly of triangular bending elements. It

will thus be used as a standard structure for finding the numerical
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values of stiffness coefficients (as described in section 3.2).

Other structures (such as a square plate with point supports at
three corners and a point load at the fourth) could be used. The

advantages of the structure chosen are:

(i) In the rectangular plate the value of Poisson's ratio (v)
affects the interrelationship between displacements, not
only the magnitudes (as in the case in the square plate

mentioned above).

(ii) The rectangular plate can be chosen to have any number of
degrees of nodal freedom by allowing a determined number

to lie on axes of symmetry.

Suppose for'example the plate was to be divided into elements so
that it has twenty five degrees of nodal freedom. Only one quadrant of
the structure will be considered. The node at the origin has no degrees
of freedom. Nodes on the two axes (being lines of symmetry) onLy.have
two degrees of freedom. All other nodes on the structure have three
degrees of freedom. The twenty five degrees of freedom could be as

follows: -

(i) one node at the origin‘ 0 degrees of freedom
one internal node 3 " nom
eleven nodes on axes 22 " n "

thirteen nodes total 25 " " "

(ii) one node at the origin 0 o " "
three internal nodes 9 " n "

eight nodes on axes 16 n "

twelve nodes total 25 n " W

(iii) one node at the origin : 0 " " "
five internal nodes 1 " " "

five nodeé on axes » _10 " " "
eleven nodes total 25 m n n

etc.

Drawing these node situations up into a reasonable configuration, one

finds that the arrangement (iii) above is the most convenient.



78.

Some possible element configurations which may result from this

~arrangement are shown in figure 14.

7
(2)3 - 6(3) 8(3) 11(3)
(2)2 10(3)‘ Mark I Configuration
5
(3)
(0)1 ‘ , > X
4(2) 7(2) 9(2)
Y | |
(2)3 6(3) 8(3)  11(3)
(2)2 10(3) Mark II cOﬁfigu'ration
(3
(0)1 , .
Ca(2) “7(2) 9(2) X
y
(2)9 10(3) 11(3)
(2)7 8(3)
(3) | Mark III Configuration
(2)4 : 6(3)
(0)1 .
2(2) 3(2)  *

Degrees of freedom of each node are given in parentheses.

Figure 14: Some possible element configurations for a recfanguLar

plate with twenty five degrees of nodal freedomn.
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As was mentioned in section 3.2, it is important that the shapes of
~elements should be as different as possible. It will be found that if
two elements are similar, the resulting system of simultaneous equations

is badly conditioned.

A ratio to be known as the "non-similarity ratio" was used to
distinguish between elements with a triangular shape. Unlike the.aspect
ratio for rectangules if two triangles have the same non-similarity ratio
they are not necessarily similar. If they have different non-similarity
ratios, then they are definitely dissimilar. It the lengths of the
sides of a triangle are a, b and ¢ and a is the longest side, then

the non-similarity ratio is defined as:
N.S.R. = b/a X c/a

This is easily programmed as:

)3

abc/(Longest side

It was found by trial that the greater the spread of non-similarity
ratios in an element conformation, the more stable the solution became,

The range of non-similarity ratios of triangles is:
0 < N.S,R. < 1,

3.3.7. Sotution of identities and formation of functions

If an equation is to hold identically for all values of the variables
occurring in it, then the coefficients of all like terms can be summed
and equated to zero. The set of equations formed in this manner holds
simultaneously and can be reduced to its simpLést form or solved by

elimination.

e.g., if:

C1x + 02y + 02z +C.x = O

for all values of x,y and z, then:
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‘ There are not necessarily enough linearly independent equations to
solve all the values of the coefficients uniquely. Somé equations may
also exist which are linearly dependent upon other equations. A direct
elimination method when used results in as many coefficients as possible
being expressed as linear combinations of the remaining ones, The

Gauss Jordan method (given in Appendix 1) is one of the most convenient .

reduction techniques.

In this thesis the theory of identities is used to reduce the
number of independent unknown coefficients representing the stiffness

matrix of a triangular plate bending element, to a minimum,

As will be shown in a later section (3.4.3), elements of the
stiffness matrix are chosen to be polynomials in the variables a, b -
and c, the lengths of the three sides of the triangle and «, B, ¥ and
A which are defined (again) by equations (72). The terms of these
polynomial expressions must all have units of length raised to the

same power,

It will be noted-that as:

az = -a+b +c¢ .
2 .
= - + . :
Bz a-b+tec | (72)
Y = a+b-c ‘ '
AZ = a+b+c

(i) the powers of the variables «, B. Y and & must be twice the
powers of the variables a, b and ¢ in order to keep consistent

units of length in a function involving all seven variables.

(ii) 1In order to identify like terms in a polynomial identity
expression, powers of o, B, ¥ and A greater than unity

must be substituted for from equation (72).

For example the full "homogeneous" -polynomial identity of root

length degree two (see definitions):

2 2 2 2 ,
C1a + Czaﬁ + CBB +.C4By + CSY + C6ay + C7A + 08aA + 09BA +_C1OyA

+ C11a + C12b + C13c = 0
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must be expressed as:

a + D2b +Dc = O

3

CZaB + C4By + C6ay + CSaA + CgBA +,0107A + D1

D = C - C +
where 4 11 y + 03‘ 05 + C7
D2 = C12v+ C1 - C3 f 05 + C7
D = C + + -~ C_ +
3 13 70+ 05 =65+ 0y

before like terms can be collected. (The result of a collection before

this is done is clearly different from the correct result.)

When polynomials of any root length degree are generated, only first
degree powers of a, B, ¥ and A' need be included to form a full
"homogeneous" function. For reasons which appear later it is necessary
to be able to generate any cyclic or mirror variation (see definitions)
of a function number n, i.e. given the variation number m one should

be.abLe to generate fn(m) where: .

£ (1) = £ (a, b, c)

£.(2) = fz(a, c, b)

£.(3) = £.(b, c, a) | (73)
£ (4) = £.(b,a,c) .

fn(5) = fn(c, a, b)

£ (6) = £ (c, b, a)

Full "homogeneous™ poLyhomiaLs of any root length degree and any
given variation are generated automatically by the FORTRAN program

described in Appendix 6.

Some examples of full homogeneous polynomials of root length degree

one are:

£ (1) = c1 o + CZ'B + C3 Y o+ C4 A
f3(2) = CLa+Cyv + 03 B +C, 0
f3(3) = C, B+ C, v + ¢3 o« + C, A
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3.4 Deriving the Explicit Stiffness Matrix

3.4.1. The choice of axes and dimensions

In order to describe a finite element, three types of feature must

be considered:

(i) The material properties of the element. ‘
(ii) The geometric dimensions of the element giving its physical
shape. '
(iii) Some set of local coordinate axes linking the directions of

the nodal movements to the physical shape of the element.

In elastic plate bending analysis, the parameters; E, the Young's
modulus of elasticity; v, the Poisson's ratio and h the thickness of

the material are always_used.

On the other hand, various possibilities exist for describing the -
shape of a triangular element and the orientation of local axes. Some

of these are:

(i) A simple orthogonal axis system with the coordinates of each
nodé given.
(ii) A single axis system with one node lying at the origin and one
axis lying along a side of the element. The positions of nodes

are then given:

(a) as shown before in figure 2, i.e. the length of the base
and the height and position of the apex;
(b) as the length of the three sides.

(iii) The inclination of the three sides to a fixed single axis

system and either:

(a) the length of a side,
(b) the radius of the inscribed or circumscribed circle,

(c) the area of the element.

The actual method which has been chosen to describe the triangLe is

preferred because:
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(a) The six parameters of description (i) (namely the two co-
ordinates at each of three nodes), compared with the three of
description (ii), mean that full homogeneous polynomials in
aLL the parameters require many more unknown coefficients.

The disadvantage of this will become obvious.

(b) In description (ii),.each node has a different relationship
to the axis system. This means that savings due to repetition

are lost.

(c) Description (iii) has the disadvantage that the parameters
are in different units. As angles are dimensionless parameters
the assumed polynomials forﬁed from them are not necessarily
homogeneous and their degree cannot be predicted from the

units of the stiffness matrix elements.

Based on these objections, the following two methods of description

were used.

The lengths of the three sides (a; b and c) give the shape of the

triangle in both cases. The two sets of axes are as follows:-

(i) A local x axis radiates out from the centre of the inscribed
circle at each node.' The z axis points up perpendicular to
the plane of the plate. A local ¥y axis forms an orthogonal
right hand set with these axes at each node, (See figure 15.)

Centre. of
inscribed circle

Figure 15: The chosen set of local orthogonal axes.
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(ii) Axes are in the directions of the sides at each node as shown

in figure 11.

The first method of description has the advantage that the resuLtihg
stiffness matrix is symmetrical according to the Betti-Maxwell reciprocal

theorem. (See subsection 3.3.5.)

Thé second method of description has the advantage that rigid body
movements of the triangle are represented by comparatively simple

displacement vectors. (See subsection 3.3.3).

The reason for choosing the centre of the inscribed circle (and ’
not, say, the_centroid,circumscribed circle or previous node in order) for
the point from which the x axis radiates in system (i) above can be
seen from section 3.3.2: the matrices for transformation to other axis

systems are comprised of relatively simple expressions.

3.4.2. The stiffness mafrix in general terms

It would be convenient if every element of the stiffness matrix
were in the same dimensions. ALll elements could then be represented by
a homogeneous poLynomiaL of the same root length degree. This can easily
be arranged by multiplying various elements of the displacement vector

and load vector by chosen values as follows:-
. .
{d1 } - {W1 ’ ’\/—BE 9X1 b '\/—% ele ’ W27 ,\/—(;' 612’ ’\/Eg' ey2’ W3’ Vz;b eXB’ /\/a—b eyB}

{f1}t = {F,, “Mm/ be, My/ﬁ, Fo, M_o/\ca, Myé/va, Fe Mﬂ/«[{ﬁ;, My3/\[§3} :
| | | (74)
where: w represents a translation in the =z direction, '
6 represents a rotation in a right hand sense about the axis
indicated as a suffizx, ' |
F represents a force in the 2z direction,
represents a coﬁpLe acting in a right hand sense about the

axis indicated as a suffix.

A systematic nodal description would still be maintained if the

factors VBE, VEE and AJab were replaced by a, b and ¢, say. It will
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be found though (in a later section) that the factors chosen can be‘

cancelled with other factors which develop in the stiffness matrix.

The units of vector {d} are length and the units of vector ({f}-
are force. The units of Young's modulus, E, are force per length squared.
The units of the thickness, h, are length. Supposing a homogeneous

function, P, is cyclic in a, b and ¢ and has units of length to a power,

3 3 3

p, (e.g. P=abc +a’ +b” +c” and p = 3).

If the stiffness matrix:
3
Eh

Then from the units of the other vectors and the fundamental equation of
the stiffness method (53), the units of elements of matrix [K1j are
length to the power

p -2

The homogenéous polynomials which form the elements of matrix [K1]

are of root length degree:
2p - 4 _ | (75)

Supposing the number n of a function fn indicates one of twelve

chosen homogeneous polynomials of the above degree as follows:.

Function name: A B ¢ D E F G H. J K L N

n: 1 2 3 4 5 6 7 8 9 10 11 12

Then if the cyclic or mirror variation of a function is represented as
] fn(m) (according to equations (73)), the matrix [K1] shown in (76)

4is derived as described below.
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L

XUhAQﬂMHLM@®UﬁDQVBUFBMY E(1)  F(1) ' B(2)=B(5)' -E(2) | F(2)

y > 3 4 5 6 7 8 9

i ! ! ! I

c(1)=-0(2) 6(1)= ¢(2) 7(1)==3(2)| -B(4) K(D=K(&). m(1) | B(5) K2)=K(5)! H(2)

DUFDQﬂﬂﬂaﬂ@hU#HQ) F(4) ° -m(4) iUhLmﬂ F(5) ' u(s5) L(2)= L(5)

MM;BU% m(a) o F(4) Aﬂ=A4ch:c4ﬁDﬁ=D;ijﬁB6ﬁ E(3) i Nw——

B(1)  K(4)=x(1)' -u(4) | o(3)=—c( (4).6(3)= ¢ (4):3(3)= —J(4)[ -E(6)  k(3)= k(6)  m(3)

P() 0 m() @)= w0 o(3)= n(4) 3 w“umﬁz>a4ﬂ R6) L o-me)  'L(3)= 1(6)

—_— e e e e e ___.__..____________I________,._____________

B(6)= B(3), -E(6) . P(6) A(5)= A(6) c(5)~-c(6) D (5)= D(6)

B(5)= B(2), E(5) | F(5)

! i

, |
E(2)  x(5)=x(2)] uG) | E(3) K(6> K(3):  u(e) C(5>=—c(6):G(5)= G(6);J(5)=—J(6)
|

p(2) 1 ai(2)  L(5)= L(2)

All identities hold for all values of a, b and c,

(9L) -

SRR e L%ﬁLBHDG#D%ﬂM%éMQEGEH%L

‘98
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This matrix was derived in the following way.

Eighty one different full functions could have been chosen to
represent this matrix in general terms. If the functions have root length

degree three,. then each function would contain sixteen unknown coefficients,

e.g.

£.(1) = Aac+ Ajap + Asay + A ab + Acba + ABB + A_bY + AbA

1 1 4 5

+ Agca + A1OCB + A, cy + A120A + A13B

+ A16dBy

7

YA+ A

14

11 avh + A, aBd

In this case the matrix would depend on 1296(= 16 X 81) different

unknown coefficients.

Certain properties which the element has - cf, the Betti-Maxwell
theorem (section 3.3.5) and the choice of axes and dimensions (3,3.6) -

allow this number to be reduced considerably.

Because the axis'system chosen is orthogonal at each point, the
matrix is symmetrical. Each element (i, j) is equal to element (j, i)

for all values of a, b and c, (i.e. for any shape of element).

Consider the cyclic nature of the dimensions and the simiLafity

of the description of the local axis systems at each node in figure 15.

It can be seen that if a property of node one is described by

function:
£ (1) =1 (a, b, c)

then the same property would be described by the cyclic variations

(see definitions):

—
—
N
~—
1l

fn(b, c, a)

Hh
—~
\J1
~—
It

fn(c, a, b)

at nodes two and three respectively.
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It can also be seen that if a property of node one with respect to

node two is represented by a function:

£ (1) = £ (a, b, c)

then the same property of node two with respect to node three is represented

by the cyclic variation:

fn(B) = fn(b, C, a)

etc. and the same property of node one with respect to node three is

represented by the mirror variation:

£(2) = £ (a, c, 1)

etc. with a possible reversal of sign where the axis y 1is involved.

The application of these principles in all possible positions
reduces the number of different functions to be chosen to twelve as
shown in matrix (76). 1If polynomials of root length degree three are

chosen, now, there will be 192(= 12 X‘16) different unknown coefficients.

It is possible to use the upper half of submatrix (1, 1) of matrix
(76) and the whole of submatrix (1, 2) in general terms to store a

description of the whole matrix (See figure 16).

7

. &
2, 3

3, 3 3, 1,

|
z
|
[

Figure 16: Essential Submatrices for Description of the whole

Matrix.

The remainder of the matrix can be found from cyclic variations of
the submatrices and from the Betti-Maxwell symmetry property. (Note that

submatrix (3, 1) is the second cyclic variation of submatrix (1,2))..
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%,4.%, The application of rigid body movemenfs

The "stiffness matrix developed in the previous section must now be
transformed (aooording to equation (70)) to a representation in terms of
oblique axes (figure 10) before the rigid body movement vectors can be

applied. The matrix [T] of equation (70) is represented (from equation

(63)) as:

(1,300 100 ]
[r] = |fo 17,300 ]
[0 100 (]

The matrix [T]_1 of equation (70) is represented (from equation

(64)) as: ¢

2

I CINE
(03 (1,770 ]

03 [03 [r17

(]

If the displacement and load vectors of the stiffness equation (53)

are represented as:

{dz} = {W,], eu1’ 9V17 WZ’ 61,12’ 6V2, WB’ 61).3, GVB.}
= {F,, M,/ oc, M /bc, F,, M /ca, M ,/ca, F , M  /ab, M  /ab)
then matrix [K2] is represented in (77).

The matrix [K2] is defined by :

3
B0 ) = 15y

where P was defined before to be a cyclic factor in a, b and c.

It will be found that as each row of submatrices of matrix [K2]
is a cyclic variation of the first row, and as the rigid body displacement

vectors are cyclic variations of one another, no new equations are formed
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by applying rigid body displacement vectors to the second and third rows.

They are thus not shown in the matrix (77).

SUBMATRIX (1, 1)'

Coa) ! e(1)ad + d(1)py '~ ¢(1)ab + D(1)pY i
o(1)/ad +D(1) By, (1) +E(L) ey w1y ]
________ '+ J(1)(= Br/ab + ab/BY) ' J(1)(py/ab + aA/BY_l_ N

C(1)/ats + ﬁ_f>/B§'m a(1) +m(1) Coe(1)  +E()

Kyd=h I (= pr/ad + ab/py) = 3(1)(Br/at + aA/Bvﬂ

SUBMATRIX (1, 2)

| B(1) - E(188 + F(1)ay - B(1)Bs + F()ay [
I I

: - B(4)/ab + T 4)/BY: K(1)8/a + M(ﬂ)v/A - K(1)B/a + m(1)y/b 1
o I o 'M§4)A/y + L(T,GZB_ i f—ME4)A/y + L(1)o/B I

: (el + B0y - % k(1p/a = w0 T K()p/e - ()e/s |

M(4)8/y + L(1)a/B M)y + L(1)a/B |
b : +
SUBMATRIX (1,3)

TR a5+ 5
N :“E‘<§>/&A_+‘F<'sf/a§‘ CK()r/a - m(2)e/s - K(2)v/a - H(2)p/D

B)A/B + L(2 (2)a/y
2)Y/a + N 2)8/5
5)8/p8 + L(2)a/Y

v+ M(5)8/B + L(2)o/y

- M
K

o~~~ o~

- M

7__ 1 (+ M(5)8/B + L(2)a/Y

I
| - B(5)/ab + F(5)/pr! - K(2)v/u + M(2)p/8 :
| \ (77)

It will be noticed that the factors VFE be and Vh; which appeared
in the transformation matrix [T] now only occur in the load vector as
ab, bc and ca. bThis saves including the parameters VEE, VEE and Vg; in
the assumed polynomials. (This was the reason for the choice of load

and displacement vectors in (74)).

The rigid body movement displacement vectors can now be applied to

matrix [K2].
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The rigid body parallel translation veétor (60a) is multiplied by
the top rows of the submatrices (77) only. ' This is because the rotationai
displacements at node one are zero during this rigid body movement. The
rotational loading need not therefore, necessarily, be zero to give zero

external work. The fesuLting identity is given in (78a)._

‘The rigid rotation about the side of length 'a' (60b) is multiplied
by each of the three rows in turn. This is because a movement occurs
corresponding to all three degrees of freedom at node one when this
vector is applied. All the applied loads at this node must therefore
be zero to do the required zero external work on the eLement.’ The

resulting identities are (78b) to (78d).

The rotation about the side of length 'b' (60c) is applied to the
second row of the submatrices only. This is because node one rotates
corresponding to the rotational degree of freedom about axis wul. The

resulting identity is given as (78e).

These identities are to hold simultaneously for any shape of element.
This means that the set of equations formed from each identity holds -
simultanecusly with the set of equations formed from fhe other identities.
The identities, which hold for all values of a, b and ¢ are multiplied
by their lowest common denominators, and squared terms in o, 3, ¥ and A

are eliminated by substitution from (72).

A(1) +B(1) +B(2) = 0 | | '(78a)A,

A(1)apyd = 2€(1)bad - 2D(1)bBy + 2C(1)cab - 2D(1)cBy - 2E(1)aph

+ 2F(1)aay - 2E(2)ayh + 2F(2)aof = 0 _ | (78b)

The identity (78c) adds no new equations to the set and is omitted.

c(1)(- a° + b° - 2bc + c2)aA + D(1)(- a2 + b2 + 2be + cZ)By + 2&(1)baﬁ7A
2H(1)bapyd + 4J(1)(a2b -+ bc2) - 26(1)capyr + 2K(1)(a2 - ab + ac)yA
oM(1)(a2 + ab - ac)ap + 2M(4)(a° + ab + ac)up + 2L(1)(= a’+ ab + ac)yd
2K(2)(a2 + ab - ac)pd + 2M(2)(a2 - ab + ac)ay + 2M(5)(a2 + ab + ac)aoy
2L(2)(- 2 + ab + ac)pa = 2H(1)cofra 0 - (784)

+
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26(1)bapyd + 2H(1)bopyA + 83(1)v%e - B(4)(a° - b° + 2be - ¢2)or |
F(4)(—a2 £ b2+ 2be + cz)By - 28(1)(ac - be + c2)yA = 2M(1)(ac .

+ be - cz)aB + 2M(4)(ac + be + Cz)dﬁ— 2L(1)(- ac + bc + cz)yA

+ 2K(1)(a2 - ab + ac)yh - 2M(1)(a2 + ab - ac)op - 2M(4)(a2 + ab

+ ac)ap - 2L(1)(- a° + ab + ac)yd - 2K(2)(ab + b° - be)BA - 2M(2)(ab
R be)oy - 2M(5)(ab + b2 4 be ) ay + 2L(2)(~ ab + b° 4 be)pA = 0

+

(78e)

As these identities are only in terms of a, b, ¢, «, B, ¥ and A
it seems reasonable that the functions of the matriz (76) will aLsd
contain only these variables. The degree of the functions is still not
known. The data representing the identities (78) is punched for the |
FORTRAN identity solution routine described in Appendix 6. The value
of the root length degree variable of the routine is increased in steps
from 1. Certain of the unknown coefficients are then expressed in terms
of the others. If the root Length‘degree'is too low, it will be found
that all of the coefficients of certain elements of matrix [K1] (76)
have been reduced to zero. This is clearly unacceptable and the root

length degree must be increased.

Once a valid set of coefficients has been determined, the degree of

the factor P can be determined from (75).

The minimum root length degfee was found to be three. The degree

of the factor P was found as:

2p - 4
P = 395

The cyclic factor:

P = abc A (79)

was arbitrarily chosen.

When the root length degree of the polynomials of matrix [K1] is
chosen to be three, it is found that all of the coefficients of the matrix

can be expressed in terms of twenty five independent coefficients. The



93.

coefficients of the twelve functions of matrix [K1] are related to the

twenty five independent coefficients in a matrix given in Appendix 7.
The form of a function is:

ay + A by + A_bA + A_ca

7 8 9
ayd +‘A15aBA + A16aBy.

f1(1) = Ajac + AjaB + A

+ A1OCB + A

3 4aA + A

5
cy + A12CA + A13B

ba + A bR + A

Yo + A

11 14

3.4.4. Pinding the values of coefficients

As was shown in the previous section, it is pdssibLe to express the
whole explicit stiffness matrix for a triangular plate bending element in
terms of twenty five unknown coefficients and the seven parameters a, b,
c, a, B, ¥ and A. Once the values of the unknown coefficients have been
found, it will be possible to use the explicit matrix to solve any plate

bending problemn.

The method used to find the values of these independent coefficients
is to apply the stiffness matrix with its unknown coefficients to the
standard plate described ih section 3.3%.6. The plate is arranged to have
twenty five degrees of freedom. The coordinates of nodes are chosen so
as to give the greatest variation (of the vaLues of a, b, ¢, a, B, ¥y and A)

between the elements of the plate.

As the loading, displacements and dimensions of the plate are known,
each row of the fundamental stiffness relationship (53) is an equation in
the unknown cbefficients. As there are twenty five rows and twenty five
unknown coefficients, provided that the rows of the matrix are not linear
combinations of omne another,Aa solution for the coefficients will be found,
If the elements of the system are all dissimilar, the rows will not be ,

linear combinations of one another.

A FORTRAN program given in Appendix 7 solves the values of the twenty
five coefficients and substitutes them into the expressions representing
all the coefficients of matrix [K1]. The results of such a solution

appear in a later section,
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%.4.5, The effects of Poisson's ratio

The variable v, Poisson's ratio, has not been included in the
explicit stiffness matrix up to this stage. This variable shouLd have
been included as one of the parameters in the assumed functions of the
matrix [K1] (76). This can be seen from the nature of the explicit

stiffness matrices developed in Chapter II.

To have included the‘ratio, v, as one of the variables would have
caused difficulties. Because Vv is a dimensionless ratio, there would
be no limit to the power of v allowable in an element function. If no
power of * v above, say, the second was considered to be significant, then
in the assumed functions, there would have to be three times as many
terms, i.e. each of those considered with values of vo, v1 and v2., ALl
identities would have had to hold for all values of v as well as a,

b and c. In this case, each resulting coefficient found in the previous

sections of this Chapter represent a quadratic function in v,

' 2
e.g. A1 = (a11 +a,,v + a13v )

A, = (a21 +ay Vv o+ a23v2) etc.
One might expect that it would be necessary to use a standard structure
(such as is described in subsection 3.3.6) with three times as many degrees
of nodal freedom. This would in fact give answers to the problem.- In this
case a particular VaLue of v would have to be used. The constants a{1,
a,,, etc. may, then, only have held for that value of v and for values of

12
Vv  very close to it.

The method actually used to introduce v allows the function
involving Vv to be chosen as a penultimate step. This simplifies the

choice of the function.

v is included in the dispLacement vector for the standard solution
(see equation (71)). If the coefficient solution program described in
Appendix 7 were used for a series of values of Vv, a number of sets of
corresponding coefficients A1, A2, etc. would result. A polynomial curve
in the variable Vv could then be fitted to the values of each coefficient

(Ai) to find the values of the coefficients a5 4 etc.
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In this way, the useful raﬁge of v could be used, (nameLy about
Q,2Ito 0,35, Popov1o). The validity of assuming some limit to the power

of v which occurs in the functions couLd'aLso be checked.

The values of the coefficients are solved by computer for each value
of v 1in the range and are written onto disc. A curve fitting program
(given in Appendix 7) then reads these values for each coefficient in

turn,

Using a regression analysis technique (Appendix 3), a parabolic
curve is fitted. The constants of the fitted curve are written into a

new file on disc.

A user program then only has to substitute the value of v for a
particular problem. A set of coefficients for the sixteen terms
(independent of v) of each of the twelve functions of matrix [K1] (76)
results. The value of Vv can then be neglected for the rest of the

formation of the system stiffness matrix.
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CHAPTER IV

SECONDARY CONSIDERATIQONS

4,1 Introduction

This Chapter contains a description of the sections of a finite
element analysis which must be considered but which do not form part of
the main research. The organization of the data for a finite element
program, tayout of such a program and the solution of stressvconditions

from resultant displacements are of secondary interest in this thesis.

There are two ways of entering data into a finite. element program.
One method is to describe the problem through the position of the nodes
and the way they are formed into elements. The other is to describe the
shape of the structure and have an automatic mesh generator to determine

the positions of nodes and the shapes of elements.

The latter method would appear to be the more satisfactory. There is
less work for the user to do by hand and thus less chance of human error.
The problem with automatic mesh generators is that it is aLways‘the
special problems that require a finite element analysis and it is in-
variably these problems that cannot be handled by the available program.
Although strides have been made in automatic mesh generatidn programs with
the use of concepfs such as the curvilinear element, no really satisfactory
completely general approaches have been proposed. In this thesis, as
this is not the main topic of research, data is prepared by hand. Because
it is essential that data be perfectly correct, some check on data must be
performed. One method of checking data is to plot it out as a mesh.
Errors can then be found visually. In the program using the data in this
thesis, it is essential that element nodes be numbered in anti-clockwise

order. This could not be checked by a plotter program.

A comprehensive analytical program was written to accept data in a

form which is convenient to the user. The program checks the validity of
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data and files it on disc in a suitable form for the finite element

program. This "debugging" program is described below.

Structural analyses are usually performed to find stresses., Dis-
placements are only a secondary consideration, In the stiffness mefhod,
the dispLacemehts are the primary result. The main objective of this
thesis is to improve the method of obtaining dispLacemenfs from the

loading. The stress derivation has not been considered in detail.

Certain possibiLities exist for the secondary step. The usual method
is tg use a stress matrix which is formed in the process of deriving a
stiffness matrix. In the assumed stiffness matrix method, no such stress.
matrix is derived. There is no objection however to using the stress
matrix from one of the other methods (e.g. matrix [M] of equation (6) in

the assumed displacement procedure).

Another suggestion for finding stresses is to use a spline function
interpolation of the displacements. The stresses could then be derived
from the functions. A complete analysis using spline functions is
suggested by Deak and Pian11. The problem is that this method has only

been used for rectangular meshes.

A third original method of obtaining stresses is suggested in this
Chapter. The method has not been developed at all and is included only

in its experimental form.

An industrial package program is given in Appendix 7. This is the

program used for finding stress and displacement results (Chapter V).

The layout of this program is given in general terms in this Chapter, The
details, where they are important, are given elsewhere. In general, '
package programs are uneconomical except on problems which fit their
specifications very closely. The accompanying program is only included as
a guide to writing specific programs using the assumed stiffness matrix.
In its present form, it gives highly encouraging results although stress

calculations are unreliable.
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4,2 The Use of the Data "Debugging" Program

' Consider a mesh of triangular elements such as thé one in figure 17.

3 4 8 12 16
Z axis towards observer
7 11 15
2 7 U.D.L. = 1
1 5 6 10 14
v :
_I_ 1 5 9 13
0 ;
'—-X
0 1 2 3

Pigure 17: An Example of a Triangular Element Mesh

The data for this mesh is as follows:-

(i) Chains of integers in free format follow lines joining nodes
in ‘the figure. A zero in the chain breaks it. A comma is
automatically placed at the end of a card read in free format
and blanks are read as zeroes. These features can be used to

break chains. The chains appear under a heading as follows:=—

Card 1: TOPOLOGY LIST
Card 2: 1, 5, 9, 13,, 2, 6, 10, 14,, 3, 7, 11, 15,
Card 3: 4, 8, 12, 16,, 2, 1, 6, 5, 10, 9, 14, 13,
Card 4: 3, 2, 7% 6, 11, 10, 15, 14,
Card 5: 4, 3, 8, 7, 12, 11, 16, 15,

(ii) The boundary of the problem is defined by a chain similar to

those of the topology list under a heading as follows:

Card 6: BOUNDARY LIST
Card 7: 1, 5, 9, 13, 14, 15, 16,
Card 8: 16, 12, 8, 4‘7 3, 27 1’

#Referred to later.
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(iii) A card giving the highest number of a node appearing in the mesh
followed by a list of node numbers and coordinates in free format

and a card of zeroes appear under a heading as follows:-

‘Card 9: NODAL POINT LIST
Card 10: 16,

Card 11: 1,,,

Card 12: 2,, 1.,

Card 13: 3,, 2.,

Card 26: 16, 3., 3.,
Card 27: ,,,

(iv) A unifdrmLy distributed load over the whole structure or a blank
card may follow.

Other load vectors and support boundary conditions cannot be checked and

are thus read directly into the finite element program.

The form in which this data is required by the finite element program ‘

is as follows:-

(i) A list of coordinates given in the order of node numbers

e.g. . 0.
) 1.

] 2.

3. 3.

(ii) A list of the node numbers of each triangle given in clockwise order
about the 2z axis (anti-clockwise in figure 17) followed by the
uniformly distributed load on that triangle.

o e.g. o 6 2 1.0

11 15 16 1.0
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(iii) A list of node connections for each node:

N NN
~N O W =~ O U N

etc.

The program given in Appendix 7 performs this transformation on the

data.

At the same time it checks the data for the following errors.

If a double comma haé been omitted between two chains which end

on the same node, e.g. if the comma at the end of Card 7 had

been omitted, the following message would be given:
NODE 16 IS JOINED TO ITSELF., INVALID.

If the same junction between nodes was repeated in the topology
list, e.g. if the number 7 was left off Card 4, the following

message would be given:
JOIN 2 - 6 IS DUPLICATED IN TOPOLOGY LIST.

If a heading is spelt incorrectly or if for example a $ sign

is punched insfead of a comma, the following message is given:
HEADING ERROR OR ALPHA CHARACTER IN BOUNDARY OR TOPOLOGY LIST.

If a boundary connection occurs in the boundary list, but not in
the topology list, e.g. if the first '4' on Card 5 were omitted,

the following message is given:
BOUNDARY 3% - 4 IS NOT INCLUDED IN TOPOLOGY LIST.

If a boundary is discontinuous, for example if the boundary were
not closed from node 2 onto node 1, the following two error

messages are given:

THERE IS A DISCONTINUITY IN THE BOUNDARY AT NODE 1.
THERE IS A DISCONTINUITY IN THE BOUNDARY AT NODE 2,

If a connection in the interior bounds more or less than two triangles,
or if a connection on the boundary bounds more or less than one

triangle, e.g. if number 7 is omitted from Card 4, the following
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five error messages are given:

JOIN 2 - 3 BOUNDS O TRIANGLES
JOIN 2 - 6 BOUNDS 1 TRIANGLES
JOIN 3 - 7 BOUNDS 4 TRIANGLES
JOIN 6 - 11 BOUNDS 1 TRIANGLES
JOIN 7 - 11 BOUNDS 1 TRIANGLES.

7. If a particular node is duplicated in, or cmitted from, the
nodal point list, one of the following messages is given. (The
nodes do not have to be sequential but if a node is omitted,

if cannot appear in the topology list. ):

NODE 6 IS DUPLICATED IN NODAL POINT LISTS.
NODE € IS MISSING FROM NODAL POINT LIST. THIS IS VALID.

8. If a node appears with a number higher than the size specification,
for example if the first card in the nodal point list bears the
number one (i.e. card 10 omitted), the error message given

terminates further debugging:
INCORRECT SIZE SPECIFICATION. FATAL ERROR.

9. If a triangle is long and narrow so thet an apex lies closer
to the base than one third of ithe base length, an error

message is given. It is pessible that all three nodes lie
b/3
b

close to their opposite sides. (See figure 18.)

Figure 18: A badly conditioned triangle.

In this case the following message is given three times:
TRIANGLE 4-2-3 IS BADLY CONDITIONED BUT VALID.

10. If the nodes lie in a straight line, e.g. if the coordinates

of node 7 are given as (2., 1.) instead of (1., 2) then the
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following message is given:
TRIANGLE 2-6-7 IS INVALID. NODES FORM A STRAIGHT LINE.

11. If the nodes of a triangle coincide, e.g. if the coordinates of

node 7 were given as (1., 1.) the message given is:
‘NODES OF TRIANGLE 2-6-7 COINCIDE.

12. . If a node is used in the topology list but its coordinates are
not given, e.g. if node 11 was listed as 1, 2., 2., the.

message is:
TRIANGLE 6-141-7 IS INVALID, NODE 11 IS NOT LISTED.

13. If a node has coordinates which cause the connections to it to
| overlap other triangles, e.g. if node 7 fell outside the
hexagon formed by nodes 2, 6, 11, 12, 8, and 3 By haviné
coordinates (2., 1.) the messages are:
NCODE 7 FALLS INSIDE TRIANGLE 6-10-11
NODE 6 FALLS INSIDE TRIANGLE 2- 7- 3
NODE 6 FALLS INSIDE TRIANGLE 2- 6- 7

NODE 11 FALLS INSIDE TRIANGLE 7-12- 8
NODE 41 FALLS INSIDE TRIANGLE 7-11-12

If no errors are found, the data is filed. If errors are found, a

‘message follows the error messages:
THE DATA ERROR LEVEL IS 13.

The number given is the total number of error messages.

If gross errors are made, vast quantities of error messages with

little meaning are written.

The mechanics of the debugging system follow coordinate geometry
principles. A description of these is outside the scope of this thesis.

The program is given in Appendix 7, however.

4,3 Stress Solution by a Regression Method

One usually wants the values of bending moments and shears at the
nodes chosen on a structure (as opposed to at the centroids of eLements).

If the stress matrices of the assumed displacement or stress method are
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used, different values are found at a particular node from each element
adjoining it. The mean of these values is usually chosen to be closest

to the correct value.

The objection to this method of stress derivation is that one is
calculating values on the very edge of the domain of validity of each
function. This is where errors are likely to be highest. It would be
more accurate if a single value of stress could be calculated in the

centre of a domain of validity for some function.

A displacement field bounded by all of the nodes adjoining the one
at which stress conditions are required, could be used; e.g. in figure 17
consider node 6 to be at the centre of a domain with nodes 1, 5, 10, 8,

7 and 2 on the edges. The deflections at all these nodes are known.

Supposing a third order polynomial surface in two variables is
assumed to hold over such a domain. By substitution of the coordinates
and displacements of each node relative to the cocrdinates and dis-
placements of the central node, a sét of equations could be formed in
terms of the unknown coefficients of the assumed polynomial. The
- values of these coefficients could be found using a regression technique

(Appendix 3) to solve the rectangular matrix.

Once the displacement function is known, the bending moments and

shears at the central origin follow very simply.

The next node can then be considered as the centre of a domain.
This method has the added advantage that it is not necessary to first
transform displacements from a global system to a local system of

coordinates before solving for stresses.

In detail:

By appropriate differentiation of the assumed function, the dis-

placements at any general point (x,y) are:

3

2 2 3 L2 2
W = 01 .+ 02x+03y+c4x +05xy+C6y +C7x +C8Xy+C9}cy_+C1Oy
2 2
= + 3C, 3 (80)
ex , C3 + 05x + 206y + C8x + 2chy 3 10Y _
2 2
o= = - - - - - C
ey = CZ. 2C4x CSy 307X 208xy 9y
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Supposing the coordinates and displacements of the central node are
giveﬁ the suffix 'o' while those of any other node in the domain are
rit ‘ '

given the suffix i'.

Let the Qoordinates of the node i with respect to node o be:

X . = x -X
ri i 0

i T Y3 T,

X0 = 0 and Vro = 0

Yo T C1’ exo - CB’ eyo - - C2 (81)
and

W = C, +C.x . +Cy . +C X%+ Cox vy .. *C y2 + Coxo

i 1 2°ri % ri 47 ri 5%rivri 6Y ri T ri

2 ‘ 2 3
T Cg¥piVpy * Co¥pi ¥y * OV ‘
- CL+0C + 2C L0 X0, + 20 x I (82)
Oi = Y3zt bg¥py 65ri * Ve¥ri 9*rivri 1093
>
Oy =7Cp 20Xy = Ogypy = 30g%y - 0¥V - Co¥ri

Substituting from (81) into (82) and putting

t
' {C} = {C4!‘057 C6a C7, C8’ C9’ C1O}

~ 5 | | 2 3 | 2 ) : i
Frio ' Fps et i e ) i Tei Xoi Y10 Yri
2 ' 2
’ ' X
0 : Xri : 2yri : 0 | *ri :2Xr1 Iri :5yri fe)
2 | | 2 :
- - ! - - . 0
L_ 2Xr1: " Iri 0 : 5%y ! 2Xri yrl: Iri : ]
WioT Wy F Ees eyo ~ Vs 8%
- exi - exo
8. -8
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If the values of each boundary node are now substituted, provided
there are at least three boundary-nddes, the best values of {c} can

be found by regression analysis (Appendix 3).

The differential equations for finding the stress conditions at a-
point on a thin plate, applying the small deflection theory, are as
follows: -

The moment in the x direction:-

W= - (%W v/ yd)

X

The moment in the y direction:

>, 2 >, 2
Moo= - D(3w/ay” + vdw/3x")

The twisting moment:

- ' 2
M, = D(1 - v) a%w/xxay

The shear o1 an xz plane in the 2z direction:

Q. = -D(Pu/ex’ + 3w/

XZ

The shear on a yz plane in the 2z direction:

Q. = -Dlaw/ay’ + vw/ax"ay)

En-/12(1 - y2)

and E is Young's modulus,

il

where D

h 'is the material thickness,

v is Poisson's ratio.

Applying these to the assumed functions and then substituting the values

X =0 and y = 0
ro ro
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Moo= - 2D(c4 + vc6)
My = - -2D(C6 + \)04)
MXy = D(1 -v) x C5

Q, = - D(6c7 + 209)
Qyz = - D(6C1O + 208)

These values are then found by substitution from the vector {c}.

4.4 The Load Vector

The formation of the load vector corresponding to point loads and
couples follows the usual finite element procedure. As no displacement
function was assumed, no consistent load function can be used to decide
how to apply loads which are distributed'aLong a line or over an area.

The following interpretation is used in this thesis.

Loads (forces or couples) applied along a line joining two ﬁodes
have half their total value applied at each node as an equivalent pointA
load. Forces also cause a fixed end couple along the direction of the

line. Consider figure 19 for example:

Figure 19: The Loading at Three Nodes on an undefined flat plate.
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The load vector in this case would be calculated as:

F,o= 2X (5 - 1)/2 = 4 kN
Mx1 =0
My1 = -2x(5 - 1)2/12 = - 8/3% kNm
F, = 4+2x (7-5)/2 = 6xu
Mx2 =0
My2 = 8/3-2x (7 - 5)2/12 = 6 klm
F_ = 2 kN
5 K
MX3 = 0
M _ = 2/3 klm

The loading on each node of a triangle with a uniformly distributed

load g over its area is determined as follows.

The vertical load at each node is taken as one third of the total

load on the triangle (i.e.

q/B X area of the triangle).

To calculate the applied moments at each node, it is assumed that as

the median of a triangle bisects its area, no applied moment is caused

about the median through that node.

All applied moments are thus caused

about an axis at right angles to the median through each node. (See

figure 20).

node 2 a/2

a/2

node

Loading on 5
fixed end = gat /30

7N

- Ll
i
—, Elevation of
- loading looking
— along side of
. length 'a'.
I
—

e e ' BEffective leoad = qga

s

F.E.M. = qat2/20

Figure 20: A Triangular Plate Loaded with a Uniformly Distributed

Load 4.
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The length of the median e is found to be:

R
e = 14267 4 2c° - a° _ (83)

If 't is the height of the triangle above the base of length 'a';

from figure 20:

M1 cos ¢ = M1 t/e
= 4qat®/30
Hence M, = qate/30

I

q X triangle area X median Length/15

q oy /\/[Zb2 + 2c2 - a2/420

Ik

by substitution from (59) and (83).
As the coordinates of the centroid of a triangle are simple to find,
the loading in global coordinates is found by a transformation of the

. type shown in equation (65).

4.5 Application of Boundary Conditions

In the usual case, displacement boundary conditions have the-
prescribed value, zero. in this case, the row and column of the augmented
stiffness matrix corresponding to the boundary displacement are deleted
and replaced by zeroes. To prevent this from becoming a singular matrix,
the leading diagonal element is replaced by a one. This results in a

zero in the correct place in the solved displacement vector,

The above is the mechanical operation. What has in fact happened is
that one of the displacements was not an unknown value. The known value
was substituted into each of the equations and removed to the right hand
side of the equation. This left more equations than unknowns. One of
them must have been a linear combination of the others. As the stiffness
matrix must still be symmetrical affer removal of the redundant equation
(Betti-Maxwell), the obvious equation to delete must be the one corres-

ponding to the row removed from the matrix.
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The mechanical procedure accounting for a non-zero boundary

condition is as follows:-

1. The product of the value of the boundary'conditionvand its
corresponding column in the stiffness matrix is subtracted

from each load wvector.

2. The row and column corresponding to the boundary condition
displacement are replaced by a rdw and column of zeroes '

respectively.

3. The leading diagonal (zero) element corresponding to the

‘boundary condition is replaced by a one.

4., - The row of the load vector corresponding to the boundary

condition is replaced by the value of the boundary condition.

Step 3 prevents the matrix from being singular. Steps 3 and 4
give the value of the boundary condition in the correct position in the

solved displacement vector.

4,6 Layout and Use of the Industrial Package Program

This program is designed so that an @kaicit stiffness matrix (with
coefficients as accurate as the computer using it can attain) is first
created on disc. A finite element progrém and a data debugging progrém
are then compiLed and finally the unnecessary elements of the explicit
stiffness matrix creation file are deleted. It is then only necessary

to use a minimum number of control cards and data cards for a particular

problem.

The details of the program are given in Appendix 7. The sequence

of a first run of this program is as follows:-

1. A disc file containing the data for the explicit stiffness
matrix in terms of twenty five unknown coefficients is

created.

2. The data "debugging" program is stored for use with the

finite element program.
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A coefficient solution program with its subroutines is compiled

and stored.

A curve fitting routine for introducing the effect of Poisson's

ratio to the coefficients is compiled and stored.

The data giving the nodal coordinates, element description,
load vector and boundary conditions for the standard plate
solution is calculated. The range and number of increments
of Poisson's ratio for which solutions of the coefficients
are required (see section 3.4.5) are given. An execution of
the coefficient solution program 3. uses this data and the
data in 1. to form a number of sets of coefficients through
the range of Poisson's ratio. The coefficients are written

into a new disc file.

An execution of the curve fitting program 4. uses the file
created in .5. to fit the best parabolic curve in v (Poisson's
ratio) to each coefficient in turn. The coefficients of these
curves are stored as three matrices (to be multiplied by 1, v
and v2 respectively -~ see matrices (84&), (84b):and (840)) in

a new disc file.

A finite element program which uses the coefficients in 6,
above is formed by updating the coefficient solution program 3.
This is done because the assumed functions, their parameters and

the transformation matrices are the same in both programs.
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CHAPTER V

" RESULTS USING THE ASSUMED STIFFNESS METHOD

5.1 Introduction

Any flat plate bending problem can be solved by using the industrial
package program prepared. Data for simple shapes of plates was stored on
disc. Boundary restrictions were introduced to simulate differenf supporf
conditions. Solutions to many standard problems were obtained. A

selection of these is presented here.

5.2 Three Different sets of Coefficients of the BExplicit Stiffness Matrix

As was mentioned in the introduction to the method of assumed stiffness,
it is possible to obtain different stiffness matrices for the same element.
The stiffness varies according to the position of the element within a
structure. In subsection 3,%3.6 it was shown that a plate with a given
number of degrees of nodal freedom could have various configurations of
elements. Three possibilities were given in figure 14. The positions
of the nodes can also be varied. If the values of the coefficients of the
stiffness matrix are solved as described in section 3.4.4, there are as

many solutions as there are possible element conformations of the plate.

The matrix to be solved for the values of the coefficients is ill-
conditioned if elements of the structure resemble one another'cLoseLy.

When two or more elements are similar, therefore, the values of coefficients

are completely unreliable.

The coordinates of nodes must be carefully chosen so that eéch element
has a different non-similarity ratio (see definition). It can be assﬁmed
that an optimum set of coordinates exists to give the best conditioning of
the matrix. No attempt was made to optimise the coordinates of nodes.

Each layout of elements given in figure 14 was considered in turn. Co-

ordinates were varied until a wide range of non-similarity ratios was
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obtained for the elements. The final sets of coefficients for each of
the three configurations are identified as: Mark I, II and III corres-

ponding to figures 21(a), (b) and (c) respectively.

y
5 6 8 /\\11 NODE X Y
0,290N(0,71) [0.37) -~ =+ ! 0 0
- g o 2 0 1
\‘! =] 3 0 2
' ™ 5 1,75 1,25
2 4 . 10 ! ’ L]
(0,40) 1/ 4 6 1 2
(0,38) A e | 7 1,75 0
N\ o)
) & 8 2 2
1| ~10,32) /(0,44) | (0,50) _ 10 3 ]
4 7. 9 X 11 3 2
. (a) Mark I Configuration
y 6 . . 8 f‘"\\\,]'] .
04) ,--~<\/\ 2 0 1
4> .
o 3 0 2
) P’ 4 1 0
N # 5 1,5 0,866
/- 6 0,5 2
Z 10 9 7 2 0
N2 8 2,5 2
] / g 9 3 0
- 10 3 0,6
4 7 9 x 11 3 2
(v) Mark IT Configuration
y P
91 10 >11
-
5 1 0 0
. 8 . 2 1 0
7 /5 3 2 0
N g 4 0 1
J H 5 0,866 1,5
A% 6 2 0,5
e 7 2 0
4 ~ .
/ £ 8 2 2,5
M ™ 9 0 5
) 10 0,6 3
; . 14 2 %

(¢) Mark III Configuration

The non-similarity ratio for each element is given in brackets.

Figure 21: Element Topology used on the Standard Plate to find Mark I

Mark II and Mark III Sets of Coordinates Respectively.
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Tt is found that the values of a coefficient vary almost parabolically
with respect to Poisson's ratio only if all elements are dissimilar. The

variation is random if similar elements exist. (See section 3.4,5.)

A comparison of the results obtained from each set of coefficients
is given in section 5.6. The Mark IIT coefficients are given in

matrices (84).

5.3 The Layout of a Set of Results

. A full set of results is written for each load condition on a
structure. Bach set of results starts on a new page. The Léft hand
column gives the numbers of the nodes in succession. The displacements
and stresses (calculated as described in section 4.3) appear under

appropriate headings in subsequent columns.

Results for standard problems are usually published as non-dimensional
values and a general multiplier. An example of the results of a square
plate with point supports on its corners and uniformly loaded is given

in Table 2. In this case the multiplier is:
qL4/D = 12(1 - v2) q_L4/Eh4

Results were obtained for:

Poisson's ratio v = 0,3

Distributed load q = 1,0

Young's modulus E = 10,92
L = 0,5

Length of a side

The results given must therefore be multiplied by 16 for comparison
with published non-dimensional values.. As the mesh is coarse, results are

not good. (A comparison of these results is made in a later section.)

5.4 Convergence of Results

All examples tested showed a definite convergence to a correct

solution. Table 3 gives an example of the behaviour of one set bf results.
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VERTICAL
DISPL.
CLENGTH)

. 0000000

+1174021-02
«1549653-02
«114%110-02
+« 0100000

«1174019-02
+1577457-02
«17%£014-02
«1574361-02
«1145107-02
+1549650-02
+«1796014-02
«1941141-02
«1756013-02
«1549646-02
«114%110-02
«1574362-02
«179t014-02
«1577456-02
«1174016-02
- 0000000

«1145110-02
«1549653-02
«1174C21-02
« 0000000

ROTATION ROTATION
‘ABOUT X ABOUT ¥
(DIMENSIONLESS)

«7052473-02
«4351947-02
-+ 1450610-07
-.4287348-02
-+06935146-02
«2855082-02
«2725363-02
-+1392L74-04
-e2754355-02
~ 2282491 7~-02
+1441534-02
«18714G3-02
-.4792713-08
-«1871478-02
~+1441571~02
+2834898-02
«2754344~-02
- ¢1291843-04
-.2725378-02
-+2855%96-062
«6935139-02
LH4287342~02
«1450574-03
-+4351851-02

-.1052480-02

-+7052454~02
-.2855£58-02
-.1441512-02
-e2834884-02
-+.6935118-02
-e4351923~07
~.2725856-~02
-+187145C-02
-+2754330-02
-.4287324-02

+1450567-032

+1392173-04
.1395726~-09

-+1392160~04
~+.14505656~-03
«4287333-C2
»2754336-02
«187145C-072
«2725852-02
4351923-02
+6935134-02
«2834891-02
»1441511-02
«2855551-02
«7052439-02

LOAB VECTOR 2

> - - -~

MOMENT
IN X DIRN.

MOMENT
IN Y DIRN.

TWISTING
MOMENT

(FORCE*LENGTH/LENGTH}

-«1519016+00
~+2202602-01
~42242343-02

~+2068451-01 -

~+1489328+00
«23859¢61-01
«1855357-G1
«1515792-01
«1865549-01
«221934%5-01
«3416422-01
«2607956-01
«2300811-01

+2607955-01 -

a3416419-01
+221835C-01
«1865551-01
«1515792-01
«1855955-G1
«234353850-C1
-+1439332+00
~«2069457-01
~e2242383-02
~ec202602-01
-+1513014+00

~¢1519016+00
+2385972-01
«3416437-01
«2219320-01
~«1489329+080
-.2202604-01
«1855565-01
+26079€6-C1
«1865560-01
~.2068446-01
~.2242420-~02
«1515799-01
+2300322-01
«15158C6-01
~e2242168-02
-.2068451-01
«1865555-01
«2E0T3E5-C1
«18553966-01
~+2262E5383-01
-41489932+00
«2219347-01
«3416435-01
«2385971-61
-+.1519014+00

~+5798263-01
~+2787413-01
-+4823767-04
«2856€E75-01
«5685680-01
~e2787813-01
-+1733115-01
~e1694773-02
«1400636-01
+28£6659-012
~e4833210-04
-.16947€4-02
-¢311494%-02
~+1694733-02
-+48303808-04
«2856674-01
«1400642-01
~+1634722-02
-.1733109-01
—~e27874C3-01
«5685694-01
+28566E84-01
~e4822864-04
~e2767822-01
-«5798250-01

SHEAR SHEAR
IN X CIRN. IN Y DIRN.
(FORCE/LENGTH)

«2038796+01 +2038796+01
4088853400 -~.3415031-01
«1313326-01 «7354163-02
«3178159+00 214267717+00
21997729401 -.1997730+01
-.34150%8-01 «4088965+00

+5667147-01
J4264782-01
.4298126-01
-«14267€E4+00
+7353849-02
+15491611-01
- 4548374-07
~.1581615-01
-¢7353067-02
+1226781+00
-+4298135-01
~.4264788-01
~+5667161-01
+3418953-01
-.1997734+01
-.3178209+00
-.1313352-01
-.4088950+00
~.2038792+01

‘

«5667176~-01
«1541609-01
-+.4298158-01
~«31178186+00
«1313534-01
"+4264811-01
+1470261-06
~e4264785-01
-+1313529~-01
»31781€1+00
«4298172-01
-+1541592-01
~¢5667177-01
~.4088943+00
«1997733+01
-+1426785+00
~+7354392-02
«34149¢3-01
~+2038794+01

TABLE 2. AN EXAMPLE OF THE FORMAT OF A SET OF RESULTS.

. e _ A A A B P BB OB A S B _A_A_A_N_P_
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A square plate of side, L, with point supports at its four corners
under a uniformly distributed load, q, is considered. Meshes of
triangular elements similar to figure 17 are used in this problem.
Results of systems of 4 squares by 4 squares, 8 by 8 and 16 by 16 are
given. The resuLts do not converge as rapidly as the square element
solutions given by Zienkiewicz and Cheung12 (vecause the probLemvis

ideally suited to the square element.)

TABLE 3

A COMPARISON OF THE CONVERGENCE OF RESULTS OBTAINED
BY THE ASSUMED STIFFNESS METHOD AND SQUARE BELEMENTS

Method of Solution Deflection of Deflection of
. Centre of Side | Centre of Plate

TRIANGULAR FINITE ELEMENT

4 x 4 - 0,0246 0,0319
8 X 8 0,0205 0,0278
16 x 16 0,0194 0,0268

SQUARE FINITE ELEMENT12

2 x 2 0,0126 0,0176

4 % 4 0,0165 0,0232

6 x6 - 0,0173 0,0244

Marcus 0,0180 0,028
Lee and Balleros 2 0,0170 0,0265
Multiplier q L4/D q L4/D

5.5 A Comparison with other Numerical Methods

Gellert and GLuck7 analysed the skew cantilever shown in figure 22
using eight different types of finite element, a finite difference
approach and by experimental measurement. The same element mesh was
used for all solutions. Although the assumed stiffness triangle deveLoped
here gives comparable results with only 25 nodes, the results given at the

bottom of Table 4 are those for the 88 node configuration shown.
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e ' ‘ =
/ \% 1,2 units

.
-

/. 150

KRS X 02% %0 % 0% A% %
Built in along this edge.

_TH,Z units
1

1l

Uniformly distributed load g 0,26066 force/Length2 units:

Young's Modulus E =10,5 X 106 force/Length2 units
The plate thickness h = 0,125 units
Poisson's ratio v = 0,3

Figufe 22: Skew Cantilever analysed by various Numerical Methods
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TABLE 4

COMPARISON OF DEFLECTIONS OF A SKEW CANTILEVERED PLATE
OBTAINED BY VARIOUS ANALYSIS METHODS

Anal sis Deflection at Point
Method No. ’ 5 3 4 5 6
g 0,296 | 0,198 | 0,114 |0,114 [0,052 {0,020
2 0,294 ‘0,197 0,118 0,113 10,051 0,020
3 0,279 | 0,187 | 0,116 0,108 |0,050 {0,021
4 0,257 | 0,170 { 0,105 0,106 (0,047 10,020
5 0,278 {0,184 | 0,105 0,111 0,047 10,016
6 0,421 0,296 | 0,199 [0,171 0,082 0,044
7 0,281 0,188 | 0,111 0,111 0,049 10,018
8 0,273 | 0,184 | 0,110 [0,106 [ 0,048 0,019
9 0,286 | 0,191 0,112 10,116 (0,052 10,020
10 0,297 | 0,204 | 0,121 0,129 | 0,056 |0,022
11 0,282 | 0,187 | 0,108 |[0,114 0,052 0,019
Mean - | 0,28237 0,1890| 0,1120 | 0,1128 | 0,0504 ] 0,0195

Key to analysis methods (Gellert and Cluck7):

O VT B~ W NN
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Rectangular element based on twelve-term polynomial.

Redtangular element due to Melosh.

Rectangular fully compatable element.

Triangular assumed displacement element omitting xy term
Triangular assumed displacement element combining x2y and xy2 terms.
Triangular assumed displacement element including a central nodal
translation.

Triangular fully compatable element.

Triangular element due to Shie et al.

Variational finite difference method.

Experimental measurement.

Assumed stiffness method of this thesis.

* These results were excluded from the mean.
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This shows that the assumed stiffness matrix method of'anahysis is
certainly as reliable in this problem as any of the other methods. The
coefficients derived from element configuration, Mark IT (figure_21) were

used.

5.6 The Behaviour of the Three Sets of Coefficients

A series of examples with published soLutions12 was analysed using
each set of coefficients (described in section 5.2). A comparison is
made between results obtained using the three sets of coefficients and

these solutions.
TABLE 5

A COMPARTSON ON THREE SETS OF COEFFICIENTS ON CERTAIN
STRUCTURAL DEFLECTIONS FOR VARIOQUS GRIDS

Coefficient Mark

Deflection Published | Grid

Tdentity No. | Solution | Density I 1T | III
1 0,282 | 8 x 11 [0,%320 |0,229 |o0,282
2 0,133 8 x 8 0,143 | 0,117 | 0,133
3 0,0272 4 x 4 0,0%10 | 0,0200 | 0,0319

x 8 |0,0290 | 0,0210 | 0,0278
x 16 | 0,0352 | 0,0157 | 0,0268

4 0,0175 | 4 x 4 | 0,0248]| 0,0128 | 0,0246
‘ ‘ X 8 0,0220 | 0,0101 | 0,0205

x 16 | 0,0256| 0,0114 | 0,0194

Kev to deflection identification numbers:

1. The deflection of point 1. in figure 22.

2. The maximum deflection of a cantilevered square plate under a
uniformly distributed load.

3. The deflection of the centre of a square plate with point supports.
The deflection of the midpoint of a side of the plate described in

3. aboVe.
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It was also found that the anticlastic curvature effect in the
analysis of a cantilevered square plate was more apparent in the Mark IIT
coefficient analysis than in the other two. Figure 23 shows the element
conformation for the analysis of a square plate subjected to a uniférmLy
distributed load. Table 6 gives a comparison of the deflections of the
edge opposité the fixed edge obtained by using the three sets of

coefficients.

1 2 3 4 5

/|

0,5 units

1177
/ Vs
/ ’

.

PR E% \(')(\‘)Z\\ K Z\\\/ I ‘\)‘/v’///('/\//»{(- XA A
Built in on this edge.

Figure 23: Element Topology for a Cantilevered Square Plate

TABLE 6

COMPARISON OF THE ANTICLASTIC CURVATURE EFFECTS OF THREE SETS OF COEFFICIENTS

Displacement Coefficient Marks
Number (cf. Figure‘21)
(cf. Figure 23) I II 111
1 0,00876 {0,00720 | 0,00819

> 0,00883 | 0,00714 | 0,00827
3 0,00887 | 0,00728 | 0,00830
4 0,00883 | 0,00714 |0,00827
5 0,00876 | 0,00719 |0,00819
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5.7 Application to a Range of Problems

Analyses were performed on square plates with different boundary
cenditions and types of loading. To illustrate the compliant shape>of the
element, a circular plate was also analysed. It was found that the Mark II
coefficients gave better results than the other sets 6f coefficients when
the plate had fully fixed (built-in) edges. In all other cases the Mark
IIT results were better. In Table 7 the results of some analyses are
givén. As each plate was symmetrical about two orthogonal lines, thy
one quarter was considered. In all the results, 81 nodes were uvsed. Only

the maximum deflection on each plate is given.
TABLE 7

PERCENTAGE ACCURACY OF THE MAXIMUM DEFLECTION OF VARIOUS PLATES
USING AN 81 NODE MESH

Plate Coefficient | Result | Published /A
Description Mark Value Error
1 III 0,0268 | 0,0265 | 1,1
2 III 0,133 0,134 0,8
3 III 0,00420 | 0,00406 3,1
3 T 0,00398 | 0,00406 | 2,0
4 III 0,00127 | 0,0116 9,5
4 II 0,00142 | 0,016 3,5
5 III 0,00142 | 0,00126 | 12,7
5 II 0,00124 | 0,00126 1,6
6 III 0,0066% | 0,0056 18,0
6 II 0,00527 | 0,0056 5,3
7 III 0,0176 | 0,0156 12,8
7 II 0,0139 | 0,0156 10,9
8 III 0,0234 | 0,0199 17,6
8 II 0,0165 | 0,0199 17,1

Plate description key:

1. Square plate with point supports at its corners and under a uniformly

distributed Load.12
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2. Square cantilever under a uniformly distributed Load.Jr2

N

Square'plate simply supported all round under a uniformly distributed
5 . .

load,

Square plate simply supported all round with a central point Load.5

Squaré plate clamped all round under a uniformly distributed Load.5

Square plate clamped all rourd with a. central point Load.5

N O Ul B

Circular plate with clamped edges under a uniformly distributed
Load,13
8. Circular plate with clamped edges and a central point Load.13

5.8 Stress Results

As the shear and bending moment differential equations are of a
lower order with respect to the loading, the accuracies of stresses

should be better than the deflection accuracy.

The stress matrix from another finite element method, a finite
difference operator or a spline interpolation could be used to find
stresses. If this were done ncthing new would be added to this thesis.
The undeveloped method described in section 4.3 was therefore used

experimentally.

The results at nodes on the edge cf a problem are not good and
corners are completely unreliable unless fictitious nodes (e.g. with
mirror image deflections for a clamped edge) are introduced outside

the boundaries of the plate.

In the simply supported square plate with a uniformly distributed

load (Table 6, No. 3) the errors in the bending moments were:

< 2% for an internal node
< 49 for an edge node

94 for a corner node.

It can always be arranged that an edge node appears to be an internal
node, in which case stress accuracies are within 24 compared with 3,1%
deflection accuracy on the same problem. This compares favourably with

results ottained by any of the other methods of stress solution.
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5.9 Execution Times

An example in which 128 elements were used took 48 secondé for a
'complete solution'. This is 0,375 seconds per element. A 'complete

solution' involves:

1. The calculation of the dimensions of the elements from- the

nodal coordinates.

2. The formation of the stiffness matrix for each element in

local coordinates.

3. The compilation and application of transformation matrices to

create the system stiffness matriz.

4. The formation of the load vector.

5. The solution of the set of equations formed.

6. The determination of the streses from the displacements
calculated. ‘

In the half band width reduction program (Appendices 1 and 7) the
solution time varies linearly with the number of nodes in the length of a
plate and as the square of the number across the width. (Nodes must be
numbered across the width.) If the number of elements in each direction
is doubled, the inversion time is eight times as long. - A small protlem

therefore takes a shorter average time per element.

A 32 element problem takes 11 seconds, an average of 0,34 seconds

per element for a 'complete solution'.
The time taken just to form the element stiffness matrix for the

explicit assumed displacement method matrix was 0,512 seconds. The time

taken for an arithmetic formation of the same matrix was 6,103 seconds.

5.10 The Explicit Assumed Stiffness Matrix

The package program described, creates the coefficient matrices and
stores them on disc. The accuracies of these coefficients depend only on
the capabilities of computer forming them. To show the form of the

explicit matrix, the Mark IIT coefficients have been rounded to two
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decimal places. These rounded coefficients will not neceséariLy give

reliable results.

The stiffness matrix, load and displacement vectors for the element

given in figure 15 are as follows:-

k(1,1)'x(1, 2) K(1, 3)! K(1 4) K(1 5) K(1 é)' 1,7), K(1, 8), K(1 9)

K(2 2)'K 2 3)!K (2 4)1 K(2 5){ ) (2 7) K(2 8) K(2 9)

K] = o | ! K(5, 5) (5, 6)'K 5, 7)'K (s, 8)1K 5, 9)
| T 1K(6 6) K(6,7) K(6 8) (6, 9)

T (T, 7)!K(7 8)1K(7 9)
| | ! : X(8,8), K(8 9)
l | ! |K(9 9) |

€2}
=
B
=]
’.:U
—
Q
b>
| B

{w1,\/—e1,'\/gge1,w ’\/592’@927“’37’\/5_663’\/559},3}
1" = @y M A, 1 Ao, By, ke, AR, B, /AR, T /JF_}

17

-
o,
—
t+
1

The values of the matrix [K] can be found by substitution from matrix

EK3] which is given by:

[K3] = <?h3/6(1 - V) abc§> ([c1j'+ v[02] + v2[03]) [P]

where: (e :bﬁ fcy_“ —k(1,1)’ K(4,4) :K(7,73—

a8 by oo K(1,2) | K(4,5) | K(7,8)

ay b lop K(1,3) | K(4,6) 1 K(7,9)

ab {bb b K(1,4) ' K(4,7) 1 K(1,7)

ba 'cf ay K(1,5) 1 K(4,8) , K(2,7)

bp oy la K(1,6) | K(4,9) ' K(3,7)

by 'ca ;ap K(2,2) ' K(5,5) 1 K(8,8)

2] = |vales lab| s [K,] = |K(2,3) | K(5,6)  K(8,9)

ca ,ap by K(2,4) ' k(5,7) ' k(1,8)

cg lay 'bu K(2,5)[ K(5,8) :K(2,8)

ot 1a b3 K(z;e): k(5,9) | k(3,8)

cb 1ab 'ba K(3,3) 1 K(6,6) ' K(9,9)

BYD, oY oBh K(3,4) | k(6,7) K(1,9)

arb! o 'Y x(3,5) 1 X(6,8) :K(2,9)

0B BYL av (3,6 , K(6,9)  K(3,9)
_gByfaBY'dBl
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[C1], [ng-and [C?] are given in matrices (84a), (b) and (c)

respectively and:

E

<

> < ™ Q

is
is

is

Young's Modulus
Poisson's Ratio -

the material thickness

N-a +b+c
Na -b +c
Na +b-c
Na + b +ec.

123.
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CHAPTER VI

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

6.1 Summary

An explicit stiffnéss matrix for an assumed displacement method
trianglular plate bending element was developed. This was done by
performing all the steps algebraically using a specially designed

computer technique.

To form a stiffness matrix explicitly requires one twelfth of the

time of a fully numerical computation.

The derivation of the stiffness matrix for this element is unsatis-
factory. The explicit version allows one to examine the reasons for this.
The assumed displacement function is the cause of the irregular behaviour

of the element.

The derivation of a stiffness matrix using the assumed stress method
was then considered. Although an explicit matrix was found, it was con-

sidered to be too large for practical use.

As neither of these essentially numerical methods yielded a satis-
factory explicit matrix, an original method was developed from first
principles. This, the assumed stiffness method, gave the most satisfactory
explicit matrix. Using this matrix, a problem can be solved in one

twentieth of the time required by a numerical stiffness matrix formation.

Three different sets of coefficients for the explicit matrix were
derived. One of the sets (Mark III) gave more reliable results in most
cases. The other two sets of coefficients consistently gave answers
which were on opposite sides of the 'exact! solution. Results obtained

using all these sets of coefficients improved with the number of elements

considered.
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The anticlastic curvature effect was more noticeable in results
found using two of the sets of coefficients (Mark I and Mark III) while
the other set of coefficients was found to give better results in clamped

edge problems.

A method of obtaining stress conditions at nodes from the relative
displacements of surroﬁnding nodes was suggested. Acceptable results
were obtained using this method but as the technigue has not been fully

expanded, they are not given here.
- 6.2 Conclusion

Solutions can be obtained far more rapidly using an explicit stiffness
matrix. Such a matrix is therefore highly desirable. The assumed dis-
placement and the assumed stress method do not give suitable explicit

stiffness matrices.

By assuming the final form and desired properties of the matrix and
solving the values of coefficients. from a standard problem, an expiicit
stiffness matrix can be obtained more easily. This matrix represents the
stiffness of an element which is (because of the applied rigid body
movements) always in static equilibrium. Because of the regular choice
of dimensions and local coordinate axes for the element, its orientation
does not change its properties. The results obtained converge towards
the correct solution. The element has potential for improvement of
performance without making the matrix or its formation more involved.
More complex assumed functions could also be introduced and the method

could be used on elements with a different shape. Such changes will be

discussed in more detail under 'Recommendations’.

The results obtained from the various analyses bring out the following

points: -
1. Solutions of certain problems using this element are very
satisfactory (Table 4).
2. A large number of elements is required to get acceptable results

for other problems.

3. One set of coefficients (Mark III) gives good results on
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problems involving pure bending. The other two sets of
coefficients give results which lie on opposite sides of the

correct results (Table 5).

4. Better results are obtained for probLems'where edges are clampéd
and bending does not follow a simple form by using the Mark II
coefficients (Table 7).

5. The Mark III coefficients show the anticlastic curvature of a
cantilevered plate. This appears to be because the short
dimension of the standard plate lies in the principal bending

direction.

6. The higher the ratio of the number of degrees of nodal freedom
to the number of degrees of nodal fixity on a structure, the

more accurate the results seem to be (Table 7).

7. The accuracy of results is not greatly affected by the shape of
the plate as shown by the deflection of square and circular

clamped plates in Table 7. .

8, Results for plates subjected to point loads are less accurate
than those for uniformly loaded plates (Table 7). An applied
rioment on the edge of a rectangular plate is effectively a
back substitution of coefficients into the equations from which
they were found. The results are therefore exact. (This

analysis was used as & check on the development of the matrix.)

As & general rule of the finite element method no one type of element
ean be described as the "best" element in all applications. (The "best"”
element, here means one which gives a required accuracy with the smallest
number of elements.) If one type of element gives a best result in a
particular application, it is because that element resembles the actual
displacement_situation closely. In a completely different structure that
element may not resemble the actual situation at all and a different -

element might be better.

This applies to the elements developed in this thesis. The advantage
of these elements is that a determinate structure, closely resembling the
type of structure to be analysed, could be used as the standard structure

for finding coefficients. In this case, the finite element developed

would be the best for this appLication.
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This principle was used when it was found that the anticlastic
curvature effect was not very noticeable in the analysis of a cantilevered
plate using Mark II coefficients. By choosing more nodes across the
principal bending direction (see figure 210) the anticlastic curvature
effect on the standard structure is emphasised. This is the reason for

the Mark III coefficients giving better results in simple bending problems.

It must be emphasised that although an element may not be the best
in a particular application, results from it can be obtained to any
desired accuraoy'by increasing the number of elements. There may be a
particular set of coefficients which gives best results in most problems.

Some methods for obtaining such a set are suggested in the 'Recommendations'.

It may also be found that two different sets of coefficients can be
used to give an upper and a lower bound on results. The Mark I and Mark II1
coefficients formed such a pair in all the problems tested. Two sets of
this type would be more useful than a‘singLe more accurate set of

coefficients.

A direct comparison between the accuracies of rectangular and
triangular elements is not justified. This is because only rectangular
problems are considered and these are obviously more suited to rectangular
elements. A triangular element across the corner of a clamped square
plate has all its nodes fully fixed. Its removal from the problem would
have no effect. The large perturbations which are caused in the corner
of a square plate are thefefore not transmitted into the problem. This

is not the case with a rectangular element.

6.3 Recommehdations

Further work which will be done, based on the success of the assumed
stiffness matrix method developed in this thesis, will be along the

following lines:-

1. Coefficient improvement

Four possible ways of determining coefficients which will give better

results in more cases are as follows:-

(a) A mean can be taken of a number of sets of coefficients
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determined in the way described in this thesis.

(b) Consider a plate, with mény more degrees of freedéﬁ than there
are unknown independent coefficients, as a standafd structure.
There will be more equations than unknowns. These may be
solved by a regression technique such as is described in

Appendix 3.

(¢) Let the coordinates of nodes on the standard plate (figure 21)

be variables. Set up the equations for the solution of the
- independent coefficients in terms of the variable coordinates.

Set up inequalities giving the limits of variation of the
coordinates. Optimise the coordinates so that the set Qf
equations is the most stable possible, i.e. so that the
determinant of the set of equations is as close to unity as
possible. Once the coordinate values have been optimisea, the

coefficients can be solved as before.

(d) Different sets of coefficients could be used in different
areas of a problem. The coefficients could be derived using
standard plates closely resembling the bending in each area of

a problem.

(Limited investigations have already been made intb the methods (a)

and (b) above, with little success as Yet.)

2. Different assumed functions:

More complex assumed polynomials can be used by choosing a higher
root length degree (than three, which was used here) in the identity
formation and solution program. This will increase the size and formation
time of the explicit stiffness matrix for the same shape of element.

Added accuracy may Justify this.

Different forms of the cyclic common denominator P (equation (79))

could also be considered, e.g{
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3. More complex shapes:

The assumed stiffness method can be extended to any polygonal.
element shape. Difficulty may be experienced in finding rigid body
rotation vectors and in choosing unbiased element dimensions. An attempt
to develop such an element emphasises the appeaLingvsiﬁpLicity of the

triangular shape over all other shapes of element.

4, Other types of element:

" Elements for handling different types of stress situations in any
number of dimensions (e.g. two dimensional plane strain elements) can be
derived using the assumed stiffness method. Rigid body movement vectors

will possibly be described in terms of different local coordinate axes.

Orthotropic elements would require a greater number of description
parameters. One parameter would define the direction of the major v
stiffness with respect to the axes. Others would describe the various
elastic properties. The final matrix.wouLd be far more complex than the
isotropic element stiffness matrix. More elements would be required>in

order to determine the values of the coefficients.

Other problems which arise out of this thesis and which would bear

further investigation are:

(1) The method of determining stresses mentioned in section 4.3

could be improved for nodes along the edges of a problem.

(2) A Gauss solution using fhe half band width of a symmetric
banded matrix and dividing a problem into sub-matrices would
allow large systems of elements to be solved on small computers.
This is because finite element system stiffness matrices form

“ tri-diagonal matrices which can be divided into diagonal sub-
matrices. For example the element conformation shown in

figure 22 gives a matrix of the form:
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Figure'24: A Tri-Diagonal Matrix

The leading diagonal submatrices being symmetrical can be

stored as an oblique half band width - see Appendix 1. The full
band df the off-diagonal matrix must be stored. An inversion of
the matrix (described in Appendix'1) requires only two submatrix
bands and part of the load vector in core simuLtaheousLy. The

rest of the matrix can be retained in a disc file.

(3) The convergence criteria for the elements developed should be
investigated. A comparison between the accuracy of various
solutions and some ratio représenting the degree of fixity of
the system of elements would be informative. Such a ratio might
be the number of fixed nodal movements (due to boundary conditions)

divided by the total number of nodal degrees of freedom for the

systemn.
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APPENDIX T

The Gauss Jordan Reduction Technigue

Supposing an augmented matrix [A] 1is to be reduced using this method.

The first column of the matrix [A] is scanned for the element with
the greatest absolute magnitude., (This is part of a process called
pivoting which reduces the rouhding error in computer routines. Any non-
zero element of the column would suffiée theoretically). If this value
is zero, the whole column consists of zero elements and the next column

is considered.

If‘the maximum absolute value of the element in the first column is
non-zero, |a1} say, then the whole row of the matrix [A] which contains
this maximum, is divided by ai. This produces a unit value in the first
column of the row. This row will now be referred to as the reducing ‘row

of cotumn one.

Multiples of this row reduce the remaining values in the first column

to zero by subtraction.

The same process is repeated for each column. A different reducing
row must be chosen each time. The process is terminated when either all
the rows of matrix [A] have been used as reducing rows or all the

columns have been reduced.

There are three main applications of the Gauss Jordan reduction

techniqueé

(i) To solve equations of the following form (e.g. to find the
coefficients in an equation given the coordinates of a

number of points satisfying it).

xJ.[c} = (¥]

where [X] 1is a square non-singular set of parameters
multiplying the unknown variables represented

in columns of the matrix ([C]
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[Y] is a number of column vectors of constant values,
each column representing an independent set of

equations.

[C] is a set of solution vectors corresponding to the

columns of ([Y].
(ii) To find the inverse of a square non-singular matrix [X]. ,

(iii) Where fewer independent equations exist than are necessary for
a full unique solution, to ekpress as many variables as there
are independent equations, as linear combinations of the

remaining variables and constants.

In the first application, the augmented matrix is formed by writing

the matrix = [X] and the constant vectors [Y], side by side:

4] =[x 1]

At some stage of the routine, the reducing rows must be rearranged so

that a unit matrix is formed in the position of [Xj.

If at any stage a full column of zeroes is formed then the matrix is

singuLar. A program must give some warning of this.

The solutions [C] of the equations remain in the position occupied
by [Y] in the augmented matrix. Answers are in the same order (top to

bottom) as the unknowns were (left to right) in the original equations.

In the inversion process (ii) above, the augmented matrix is fofmed
as before with an identity matrix [I] replacing the matrix ([Y]. The-
ordering process and singularity check are still necessary. The inverted
matrix [X]_1 results in the position which was originally occupied by

the matrix [Y].

In the third application of a reduction, all values of equations are
moved to the left hand side of the equality leaving zeroes on the right
hand side. The left hand gide then forms the augmented matrix. No
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singularity check or ordering is ﬁecessary. At the end of the process,
equations are still equal to zero. All but the first noﬁ—zerd term in
each row is removed to the righf hand side of thelequation, changing the
sign in the usual manner. As the first term is a unit value, this
expresses the corresponding variables as a linear combination of the

other variables. Rows of zeroes are ignored.

Example: Reduce the following equations to their simplest form.

X, + %, + XB = 3

X, * X, t 2x3 = 4

- 2X1 - 2X2 - 2x3 = -6
3X3 = 3

Augmented matrix:

41 1 -3
101 2.-4
1
-2 =2 =2 6
0 0 30 -3
Steps of the reduction:
o o o' 0]
0 0 1, -1
1 1 1V -3 Reducing row.
|
0 0 31-3]
[0 o o! 0]
0 0 o0 O
11 0,-2
0 0 10 -1 Reducing row.
Interpretation:
x1 = - %5 + 2
X, = 1
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If at the conclusion of any of the above reductions there is a
statement that zero is equal to some definitely non-zero quantity, then

a solution of an inconsistent set of equations has been attempted.

Solution of Banded Symmetrical Matrices

In structural analysis, large symmetrical banded matrices are common.
It is possible to reduce a banded symmetric matrix opefating only within
half of the band width. It is only necessary to fit half of the band
width plus the leading diagonal terms together with the constant matrix

[Y] into a computer core in this case.

The process is as follows:-

No alteration in the order of rows is allowed as this disturbs the
.. symmetry of the matrix. As the matrix is banded, it is unlikely that
zero values occur on the leading diagonal. (In structural analysis this

should never happen.)

The first row is the reducing row for column one and the second row .
for column two, etc. The elements of the reducing row are a record of
the elements of the column to be reduced. This must not be upset by .

dividing the row through by its first term.

The ratio between the 'n'th element and the first element of the
reducing row of column 'm' is the number by which the row must be

multiplied in order to eliminate the 'n'th element of column 'm'.

Only the uppér half of the band is stored. The whole of the lower
(invisible) half of the band is first eliminateéd before the upper half
is reduced. This is so that symmetry of remaining invisible terms is

maintained. The process is best illustrated by example.

Example: P ‘ :
: gffffffﬁ*fff?flf band width ~ -
2 4 61 0 0] cﬂ | 12
_- - - l——-—.—\
4 110 16 6.1 0] C, 36
6 16 1+ 28 16 6 X C3 = 72
0 6 16 '+ 28 16 C4 66
e -y
_9 0 6 16 l_?§4 _?5_ I__50‘_]
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This matrix has been designed so that arithmetic ca}cuLations are repeéted
with each row. This simplifies the example but the principLe applies %o
any banded symmetrical matrix. Only half the band width and the constant
vector need be stored. This is done in a two dimensional array. In the
above example the upper half band width would be formed in the array as
follows:

(2 4 6 142
10 16 6 536
28 16 6 172
28 16 0 166

28 0 0 150

The rows of the array are the same as the rows of the original
matrices. The columns of the coefficient matrix run obliquely in the
array and are operated upon correspondingly. The constant vector appears .

conventionally in the array.

As will be seen in the solution to the present example, the top half
band width represents the mirror image of the remaining part of the lower
half band width after each column reduction. After.the whole of the
"invisible" Lower-haLf band width has been eliminated, the top "visible"
half band width is reduced from the bottom row upwards. (It is in fact
"wasted operafion” to actually eliminate the upper half band width. A
back substitution altering only the values in the constant vector is less

time consuming.)

The elimination proceeds as follows:—

ACTUAL ELIMINATION - COMPUTER IMAGE

2 4 6 0o 0 ! 12] o [2 a6 2]
4 10 16 6 | 36 10 16 6 1 36
6 16 28 16 72 28 16 6 | T2
0 6 16 28 16 '66 128 16 0 : 66
0 0o 6 16 28 150] 28 0 0. 50

‘First column elimination:



ACTUAL ELIMINATTON

2 4 6
o 2 4
0 . 4 10
0 6 16

0o 0 6

0
6
16
28
16

6
16
28
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COMPUTER IMAGE

2
2
10
28

| 28

4
4
16
16
0

As was arranged, the remainder of the eliminations

follow the same operations so that at the end:

o o o o m]
o o o N &
o o N o~ o

S N OB o O

The back substitution

follows:~
[ 2 4 6
0 2 4
0 0 2
o] 0 'O
L__O 0 0

SO N OB~ oy O

is

N oy O O

-~ O O O O

AT AR AC TN AC T V)

-

o B~ B~ M~

of

simple process. The first

!
1
|
|
|
!

2]

I\)I\)I\)I\)T\)1

o &~ b~ B~ o

6
6
6
0
0

the

© O o o o

12
12
36
66
50 |

lower triagle

127]

12

12
6
2

step is as

o O o o,

12}
12
6
>

]

Note that no attempt was made to alter the values in the coefficient array

as this wastes time in the computer.

same procedure and the final situation is:

o o o -~ O
o o =~ o o

rOOOO-_\]

O 4 O O O

-~ O O O O

a

P L W S .

[ 2
2
2
2

L2

o &~ B

O O o O Oy

The next substitutions follow the

e S N

The constant vector column now contains the solutions of the

variables in the order given in the original equations.
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Simplification of a Randomly Sparse Matrix

The computer application of the reduction (iii) given above is also
a special case. When equations are simply to be reduced without a full
solution being expected the equations often have the following character-

istics: -~

(a) The coefficient matrix is sparse but randomly so, (i.e. not

banded).

(b) There are more equations than unknowns, but many of them are
linear combinations of others, leaving fewer linearly indepen-
dent equations than unknowns. The set of equations is said to

be under-determinate.

(c) The full matrices are very large.

The special technique for fitting the augmented matrix into core is

as follows:-

Three one dimensional arrays store the non-zero elements of the whole

augmented matrix as follows:

One array, IA(I), stores the column number of each non-zero element
in succession, taken row by row. A second array, A(I), which corresponds
exactly to the array.IA(I), stores the values of each non-zero element in
succession row by row. A third, "book keeping", array, JA(J),.stores the
position, I, in the first two arrays where the first non-zero element of

the Jth row can be found.

In this way, reading the values of A(I) and IA(I) - for values of
I going from JA(J) to (JA(J + 1) - 1), the Jth equation can be

recognised.
Routines are then written to:

(a) Organise the arrays IA(I) and correspondingly A(I) so that

column numbers of one row rum in ascending order.

(b) Shunt the values in all three matrices so that parts of

equations can be erased by overwriting or so that spaces may
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be made in equations for adding extra terms.

(¢) Remove positions of IA(I) and A(I) where the value of A(T)
has become zero during manipulation. This is a siuvple

application of (b) above.

(d) To sum terms of the array A(I) and delete one position of

A(I) and IA(I) when column numbers in IA(I) are duplicated

in the space of one row.

The procedure for reduction follows the mathematical algorithm
described in general terms at the beginning of this Appendix. The pivoting
process scan for the largest coefficient examines only the first value of
IA(I) 1in each row. If this value is less than the number of the column
being scanned then the row has already been used as a reducing row. If
this value is greater than the number of the column being scanned then

the row has a zero coefficient in the column being scanned.

The reduction process is performed by making a space (as described in
(b))-Large enough to fit the reducing row into the row being reduced. The
reducing row is then multiplied by the correct factor and written into the
space. Duplication of row numbers is removed by addition (as described
in (d)). Zero values in A(I) are. removed (as described in (c)) and -

the column numbers of the row just reduced are ordered (as described in

(a)).
Example:

" The following augmented matrix is to be reduced to its simplest form:

o o 1 2]

1 0 2 0
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This is represented as:

I 1.2 3 4 5.6 7 8 9 10 11 12 13
IA(L) 3 4 41 3 4 2 43 4 1 2 3 4
A(T) 1 1 1. 3. 1. 3. 2. 2. 6. -2. 4.
J 1 2 3% 4 6 7 (8)
JA(T) 13 7 10 12 12 (14)

Note that if two successive values of JA are the same then the first
represents a row of gzeroes and is ignored. TheIVaLues of IA(1), IA(B),'
IA(5) ...... 1A(12) are checked for the value one. The largest corres-
ponding value of A(I) is A(10). Row five is thus used as thé reducing

equation of column one. The only changes to the arrays are:

A(10) vecomes 1.
A(11)‘becomes 3.

A space for this row multiplied by minus one is then opened up

between I =4 and I = 5. The new situation is:

I 1.2 3 4|5 67 8 9 10 11 12 13 14 15
A1) 3 1 2211t 2 13 4 1 2 3 4
A(T) 1 1 1. =301 30 1. 30 20 1. 3.0 -2, -4,
J 12 3 4 5 6 T (8)
JA(T) 1 3 7 9 12 14 14 (16)

The values of coefficients in like columns in row two are summed

and zero values removed., Row two is ordered leaving:

T 1 23 415 6 7 8 9 10 11 12 13
Ia(I) 3 4|2 3{1 2 41 3 4 1 2 3 4
A(T) 1 -3, 1. 3. 1. 3. 2. 1. 3. =2. =4,
J 1 2 3 4 5 6 7 (8)
Ja(y)y 103 7 10 12 12 (14)

The process continues along the same lines. The final situation is:
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I 1 2 3 4 5 _
A1) 2 4 1 4 3 4
A(T) 1.1.33 1. 4. 1.

J 1. 2 3 4 5 6 7 (8)

JA(T) 1 1.3 3 3 5 (7)

The interpretation of this is:
X, + 1,33 X4 = 0 X1 = 4,0 Xy
X, - 4,0 X, = 0 or X, = - 1,33 X,
x3 + 2,0 X, = 0 x3 = 2,0 x

4

, The following subroutine uses this computer core space-saving technique.

The identity solution program (Appendix 6) calls this subroutine:

(See following pages)



SUBROUTINE HEQSN
COMMON A(150N0) +IAC15000) ¢ JAC1000)eNeIST29MeKB

T

(R

N

ORDER EFOUATIONS o+ REMNOVE ZEROS &8 DUPLTICGASC
T 10 L L B . .

MIN=1

DO 12 LB=1sN

MAX=JA(LE)

IF (MAX-MINI1D

MAZ=MIN .

CALL HDUZL(MINsMAXsMAZ)

CALL HZERO(MINsMAX 1MAZ)

CALL HORZCEZR(MINsMAX eMAZ)

MIMZMAXHD

O off

[& R

™~

L E FInlLING RED
UMN LA’ i :

U CT1I1O0N EQUATION CF

CC 10 LAZ1eM
NAZ1
c=0
M3=0

C

N EQ UATIONS F O

R MAXIMUM PIVOLT

DO 4 LB=1sN
IF(JALLB)Y-NA)Y
JF(IAINAI-LA) 13
NAZJA(LE)+1

GO T0 10

NE=LE

wn

o x

CZA(NA)

NC=1 .
IF(NB.GTo1INC=JA(NB-1)+1"
MO=JAINB} ’
DuCE UuNTIT 1S T,
AT ION *NB*

DO 5 LB=MCeND
A(LB)IZALLB) /C

NAZ1

1

COEFFICIENT IN REDUCTING

UCTION CYyCcClLE 0

F CO0LUMN LA®

00 S LB=1eN

NEZJA(LB)

IF(LB-NB) 9

IFENE-NA)Y .

C K EXISTENCE 0
AT1O0ON *Le*

DO 6 LC=NANE
IF(IALLC)~LA)G¢6

C=A(tC)
GO TC 7

F VARIABLE *LA* I N

(c ontinued) - | i

(")

o 0 6. _0_ 0 _R_08__0__0 0. 6_6_0_0_0_0_090_0
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am-‘f—

qf
—————rv_/—“"'\,-v
r—- 6 CONTINUE
G0 T0 9
7 LRZND-NC+1
LEAD=NE+]1
MAZZLEAD

INSERT REDUCINGE EQUATTION I N £ QUATTIOGCHN ‘LB*
CALL HSHIFT(LEADYLRIMAZ) : ’
0O 8 LC=NCeND )
TA(NE+1+LC-NCIZIA(LC)

8 A(NC+14+4LC-NCI=-A(LC1I*C ) -
MIN=HA '
MAXINE+NU-NC+1
MAZZNE+1 , : ,,
REMOVE BLUFLICATTIORN ’ ZEROS & REORTLER

CALL HOUZL{MINeMAXMAZ)
CALL HZERGUINMINSMAXIMAZ)
CALL HORCCR(MINsMAX MAZ)

g MAZJA(LEI+1
1D CONTINUE B
DELETTION 0 F RECORTD oF ELIMINATETC EQUATNS
I=1 .
15 IF(N-I)2CG
JzI+l
16 IFIN-J)13
IF(JALTI)-JUALJ)IILB
NF=N-1
IF(NF-J)18
CO 17 K=JsNF
17 JALK)=ZJALK+1)
MNZNF
60 TO 16
18 JzJ+l :
GO0 TO 16
18 1=I+1
" 60 TO 15
20 CONTINUE

ocuUTPUT OCNLY THE LAST SOLUTION
IF(KB.LE.12)60 T0 21 ’
CALL HWRITE

21 RETURN
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F OR ORDERING VARIABLES
0N

SUBROUTINE HORDER(MIN»MAXeMAZ)

COMMON A(15000)+IA(15000)+JAC1I000)9N»IST2eM
IFI(MAX-BAZ)2
MAY=MAX-1
IF(MAY-MINI2

DO 1 I=MINeMAY
JzI+1
IFEMAZ.GTLJ)J=MAZ
CO 1 KZJeMAX
IF(IACI)~TA(K))1e1
KEEPZIA(T)
TACI)IZTA(K)
IACKIZKELP
STORE=A(TI)
ALIIZALK) ¢
A(K)Y=STORE
CONTINUL

REZ TURN

SUBROUTINZ HOUBLIMINMAXeMAZ)

COMMON A(15000)+TACLISNDN0) + JALIDO0 e NsIST2eM
I=MIN

JZI+1

IF(J.LT.MAZIJU=MAZ
IFtMAX=J)Y
IF(IA(Y)Y~TA(J))3e03
ALIIZALINHALY)

LEA3=J+1

LRz=-1

CALL HSHIFT(LEADsLReMAZ)
GG TO0 2

JZJ+1l

GG TO 2

Iz1+1

IF(I-MAX)L

RETURN

(1)

D .6 _H _O© 6 _ e

8.0 o _

B 9 O &_0o_®_ @& __©._ _a.5.0 &
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E REMOVES VARIABLES WITH ZERO
N

SUBROUTINE HIEROIMINIMAXIMAZ)
COMMON A(1500N03sIAC1S0N0) »JACID0OeNeIST2eM
ACC=U.001
) I=MIN
1 IF(MAX-I)3
ABBTABS{ALIY)
IFLACC-ABB)2
LEAUST+1
LR=~1
CALL HSHIFT(LEAD«LRIMAZ)
GO0 7O 1
2 I=I+1
GG TO 1
3 RETURN ¢
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SUBROUTINE HSHIFT(LEAD'LR#MAZ)

COMMON A(150001,IA115000)9JA(I000YsNeIST2sM

IFCJA{NI-LEAD)S

I1=LEAD .
22JAINY-LEAD+]

I4yz1

IF(LR )1 ot

I1=JA(N)

I4=-1"

00 2 I5z1+12
22615-1)314+]11

ALISYLRIZA(IZ)
TACI3I+LRICIAL(IZS

DO 3 I3=1eN
IF(JALTIZ)~LEAD+1)3

JA(I3)=JA(I3)+LR
CONTINUE

TF(JAIN) GTLIST2IISTZ2ZUALN)
MAX=MAX+LR
IF(MAZ.GELLEADIMAZZMAZ+LR
IF(NC.GELLEADINCENCLR
IFINDJGLLLEADINDZND#LR
RCTURN

(A1)
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SUBROUTINE HURITE
MAZ1
00 14 I=Z14N
MBZJA(I)
IF(M3-MA)LY
WRITE(S5+102)
WRITE(S5+103)CACJ) e TACJUY 9I=MAIMB)
102 FORMATI1H )
103 FORMATILIH +10(FS541elXe*X{®eI3e*)*))
14 MAZMB+1 7
RETURN . -
END

(A)
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Solution of a Set of Submatrix Egquations

A Gauss Jofdan elimination is possible if the elements of the augmented
matrix are themselves submatrices; The division by a submatrix is re-
presented by é premultiplication by the inverse of the submatrix. The
check that the dividing value is non-zero has a matrix equivalent in

checking that the premultiplying matrix is non-singular.

Again an example is used by way of description.

Example:

Solve the following augmented matrix of submatficeS:
(This type of matrix often occurs in structural analysis, particularly
finite element analysis. The submatrices are often diagonal matrices
~ themselves which can be operated upon in a similar way to the symmetrical

banded matrix above -~ see Recommendations).

(8, [a, 00 ]1pn
(o, ] [ay,] Tay,]
[ o J[a;,] (4]

Only the submatrices on the leading diagonal are of necessity square and

non-singular. A premultiplication of the first row by EB11]—1 is the

first step. The resulting row is then premultiplied by [Azﬁ]' and sub-—

tracted from the second row, The result follows.
| -1 | ]
f ! 1

[o] ; (3,0 el @)
| |
1 ]

01l Dag) ey

where:

Lago] - Loy, (3,07 [a,]

it

o, - [y d (3,07 )
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The next sfep is simitar (and if the matrix had any number of similar
rows and columns, the process would continue identically and could be

programmed very neatLy):

(003,070 (a2 [0 303,07 )

[0, (1 (3,07 [a,5008,,07" @)
! ! I
N T LPY
where [333] = [A33] - [Ajzj [B22]—1 [A23] ’
{DB'} = {03} - [A32:I [B22] - {D2}

Back substitutionvof the matrices gives:

[T fo3:o] | =, 3
[0]: (1) /(0] | (&,)
[0]:[0].[1] | {&,)
-1
where {EB} = [333] {DB}

-1
-1
{E1} = [B/H] ({D1} - [A12:I {E2})
Often solution and inversions of matrices are done in two levels.

The matrix is first inverted as a matrix of submatrices. The submatrices

requiring inversion are then inverted by a further Gauss Jordan reduction.

The use of submatrix inversion allows parts of matrices to be left in

disc storage because only two submatrices are required in core simultaneously.
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APPENDIX TI

FORMULAE FOR INTEGRATION OVER AN AREA

Usually the integration of functions over the area of a triangle is
done numerically. A Simpson's rule integration in two dimensions or a
Gauss integration method may be used. The latter involves sampling at
certain specified positions according to a table calculated from Gauss
theory for smooth curves. A greater accuracy of result is obtained for

the same number of sampling positions as the Simpson method.

To find algebraic integrals of various functions over the area of

any rectilinear figure, the following procedure is adopted.

Integration is performed over the areas between one of the coordinate
axes and each side of the polygon. If the lower limit of theAintegration
is the lower value with respect to the coordinate axis in question, the
resulting integrals will be positive. If the sides of the figure are
considered sequentiéLLy in a clockwise order, the algebraic sum of the
integrals will automatically result in an integration over the area of

the figure. (See figure 25).

N ’ Positive areas {

Numbered in direction

giving positive area. ’

Negative areas {'

Positive direction
»~ of axis.

Figure 25: Area enclosed by a rectilinear figure




The integration between one side and an axis is performed as

follows:~

Figure 26: Area between a general line and the x-axis

In figure 26 the equation of the. line is:

bx - dx + ad - be

yo = .a -=-=a8

x — dx + ad - bc
a-c¢

b
;.. jj f(x,y) d AREA = f J ' f(x,y) dydx
AREA c 0

For example:

bx - dx + ad - bc

"~ a
a-c¢
: 2
_ [j‘y2 d AREA = ( f y dydx
AREA c o0
o 3
bx - dx + ad - be
= 1
-3 Jk a-c ) dx

(ba - da + ad - bc)4 - (bc - dc + ad - bc)4
12(a - c)3 (b - 4d)

= (bJa + boda + bd%a + doa - boc - bode - bd e - dIc)/12
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SimiLariy:

r[ x2dA

AREA

3 3

- (a3b + a%ch + ac’h + ¢ob - a’d - acd - acd -'c3d)/12

1

2 2.2 2.2 2

+ 22°bd + a%d° - 2ab’c + 2acd®- cobo— 2bcd - 302d2)/24

”mxydA.l= (32°b
AREA

”'y dh =  (ab® + abd + ad> - cb> - cbd ~ cd2)/6
AREA

rr x dA = - (ba2 + bac + b02 - da2 - dac - ch)/6
wd
AREA

It en

AREA

(ab + ad - cb ~ cd)/2
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APPENDIX TTT

AN APPLICATION OF REGRESSION ANALYSTS

A regression is the.mathematicaL curve which fits a set of statistical
data best. The criteria of "fit" may vary. The most common type of
regression "fit" is thétAknown.as least squares. In this, the regression
minimises the sum of the squares of the ordinate differences between actual
sample values and corresponding values calculated from the regression.
References to the least squares technique of curve fittinglare numerous

(e.g. Rogers14).

Supposing a parabolic curve is to be fitted to four points (x1, y1),

(x2, y2), (x3, y3) and (x4, y4). A set of four equations in the three

unknown constants of the parabola could be set up:

2 —
C1 + ng1 + 03}(1 = y1
2 —
C1 + CZXZ + 03x2 = ¥,
2 —
C1 + 02x3 + 03}{3 = y3
2 —
C1 + 02x4 + 03x4 = ¥y
or [X] {3} = {1} (85)

The least squares fit to this equation would be

-1
1 - (b wa) .o

This is derived by premultiplying both sides of equation (85) by
the transpose of the matrix [X]. The coefficient matrix of the vector
{C} 1is therefore square (and symmetric). If a minimum of three of the
points (x1, y1) to (X4, y4) are different from one another so that there
are at least as many linearly independent rows of matrix [X] as there
are columns, the product:

x1t [x3

is non-singular and can be inverted.



149,

In general, the proposed expression_which is to fit a set of values
is chosen to have a number of arbitrary coefficients. The dependent
variables form the constant vector {Y}. Substitution of the independent
variables into the proposed function forms the matrix [X]. An augmented

matrix is formed as:

[m{ ]

This is premultiplied by the transpose of the coefficient matrix (i.e.

[X]t). The solution {C} can then be found by the Gauss Jordan method
(Appendix 1).

Surfaces in any number of variables can be fitted in this manner.
Equivalent operations allow one to determine the standard deviations,
goodness of fit and other statistical information. These will not be

described.

The above methed is used in this thesis to solve a set of relationships,

where there are more equations than unknown values.
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APPENDIX TV

COMPUTER ALGEBRA

Two techniques for doing simple algebraic operations using FORTRAN
(which essentially handles numerical operations) were developed. One
method was used with each of the explicit stiffness matrices of Chapter II.

The second method, algebra by powers, was found to be more successful.

Both methods handle additions, subtractions and multiplications very
simply. Both could be used for division provided the devisor was a

factor of the dividend. The handling of remainders is difficult.

In the present application, only long polynomial expressions in a
number of variables are to be manipulated. Division is done by hand
calculation, by separate calculation of numerator and denominator or by
redefinition of quotients as a new independent variable. The computer
routines are designed to do_onLy addition and multiplication, simple
operations which could be done by hand but are programmed because of the

quantity and the probability of human error.

Algebra by Prime Numbers

3

A poLynomiaL term such as a2bc is to be expressed as a number
which after manipulation can still be recognised as its original variables,
One way of doing this is to give each variable a prime number value other

than one;
e.g. put a=2; b=73; c=5b.

The value of a2bc3 is then 1500. This can be factorised by a

routine which will be described later and identified in terms of a, b

and c.

A whole polynomial expression in the above variables could then be
recorded in two one-dimensional arrays, corresponding one to one. One

array would be of real variables say COEF(I) and the other of integer
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variables say NTERM(I). The array COEF(I) would contain the coefficients
(with algebraic sign) of terms and the array NTERM(I) would contain a
corresponding integer number (such as described above) for the variables

of each term;
e.g. puf a = 2; b = 3; c =5,

Then the expression 3a2 + 4dabe - 2bc2 would be represented by

the arrays as:

- 2,0
75

4,0; COEF(3)
30; NTERM(3)

I
It

COEF(1)
NTERM(1)

3,0;  COEF(2)
4 NTERM(2)

Addition: Two terms can be added by writing them side by side in an
array. _If their values in the array NTERM are the same, their »
coefficients are added and the result overwrites one coefficient. The
other term is deleted. The addition of two expressions is illustrated in

the following example.
e.g. Add the following two expressions:

3a2 - 2ab

and 4ab + b2 - ca

Represented as arrays:

I = 1 2 3
coEF1(I) = 3,0 - 2,0
NTERMI(I) = 4 6
mmeu),= 4,0 1,0 - 1,0
NTERM2(I) = 6 9 10

The answer array may first be written as:

I = 1 > 3 4 5
ANS(1) 3,0 - 2,0 4,0 1,0 = 1,0
NANS(I) 4 6 6 9 10

1]
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Summing the coefficients of like terms into one position and deleting

the other by overwriting:

I = 1 2 3 4
ANS(I) = 3,0 2,0 1,0 -1,0
NANS(I) = 4 6 9 10

Which is recognised by factorisation to be:

3a2 + 2ab + b2 - ac

Subtraction: This is similar to addition except that signs of coefficients

of one expression are changed in the array ANS.

Multiplication: This is performed on two terms by multiplying their

coefficient arrays together and their term arrays together. Two
expressions are multiplied together by multiplying each term of one by
each term of the other. Coefficients of like terms are then added. (See

addition).
e.g. MuLtipLy the two expressions of the previous example together.

I = 1 2 3 4 5 6

ANS(I) = 12,0 3,0 -3,0 -8,0 -2,0 2,0
NANS(I) = 24 36 40 36 54 60

Collecting and summing like terms:

I = 1 2 % 4 5
ANS(I) = 12,0 - 5,0 -3,0 -2,0 2,0
NANS(I) = 24 36 40 54 60

Which is recognised_by factorisation to be:

3 3 3

¢ - 2ab” '+ 2a2bc

12a”b - 5a2b2 - 3a

Factorisation: To facilitate output of results after manipulation, the

terms of the array NTERM(I) must be factorised. Use is made of the

" truncating property of division on the computer in integer mode.
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When two variables in integer mode are divided, the result is the

integer part of the quotient.
e.g. If NPERM = 11 and I = 3, thenJ = NTERM/I = 3,
i.e. the remaining 2/3 is truncated rather than rounded.

In order to find whether a particular prime number I is a factor of
a value NTERM, the quotient J multiplied by the divisor I 1is compared
with the divided NTERM.

e.g. In the above example: NTERM - I *#J = 11 - 3 # 3 £ 0

If they are equal, I is a factor of NTERM. This factor can then
be removed by division and the result tested again to see whether the
prime number is still a factor. If not, the next prime number is con-

sidered.

" "

Note 1: The prime number "one" must not be used as it is always

a factor and will cause "looping".

Note 2: If all the integers from two upwards are tested sequentially

as factors, none of the factors removed will be non-prime.

A FORTRAN routine for this process would be as follows for variables

a, b and ¢ in the above example.

NWRT = 5
D03 I = 2,5
NA(I) = O
1 NDIV. = NTERM/I
IF(NTERM - NDIV+I)3,2,3
> NA(I) = NA(I) + 4
NTERM = NDIV
GO TO 1

3 CONTINUE
WRITE (NWRT, 100) COEF, NA(2), WA(3), NA(5)
100 FORMAT(1Hf, E10,4, 'A TO POWER', I2,',B TO POWER',
1 I2,',C TO POWER', I2)
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Input and Output: The format of the input expressions is as follows:-

One term of the expression is represented by a coefficient (with
its sign) followed by powers of variables (incLuding the power zero) in

a fixed position and order.

A series of terms forming an expression is given one after another
on cards until a zero coefficient terminates the expression. A new

expression then starts on the next new card.

é.g;"— 3,5 a2bc3 + 7,2 a02

would be represented on cards in the format:
FORMAT <(F 5.0, I3, 2x)>

as:

L5 . S5E213FET .28 1026FFBE . . . . ..

The output from a program would have the format used in the routine

above.
e.g. Output of the expression used in the above example would be:

- .3500 + 0% A TO POWER 2, B TO POWER 1, C TO POWER 3

.7200 + 01 A TO POWER 1, B TO POWER 0, C TO POWER 2

Algebra by Powers: In this method, a term is represented by the powers

of variables in fixed decimal positions of the integers NTERM(I).

In a2b03, if the powers of a and c¢ are not expected to exceed 9
and the powers of b are not expected to exceed 99, then one decimal
place is required for the powers of a and c¢ and two for b. The

term could then be represented by the number:

2013
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where the first digit represents the power of a,
the next two digits represent the power of b,
and the last digit represents the power of c.
Coefficients are stored as in the previous section. Expressions are
represented in the same mamner as before except that the values in the
array NTERM(I) are determined as above. v

Addition: This is identical to the previous section in all respects.

Multiplication: This is performed by multiplying coefficients and adding

‘terms bf the NTERM(I) array. Otherwide this operation follows the

same steps as in the previous section.

No factorisation is necessary. Powers of the variables are easily

recognisable at any stage.

Input and OQutput: Input cards are identical to those required for prime

numbers algebra, In this case, powers are read in together as a single
integer rather than separately as-in the previoué section. Answers are
printed out by simply writing the coefficient and corresponding powers term

under appropriate headings.

e.g. COEFFICIENT POWERS OF:
ABC
- 6.0 2000

represents: - 6 a3é
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APPENDIX V

A USER PROGRAM FOR THE EXPLICIT ASSUMED DISPLACEMENT STIFFNESS MATRIX

s

In the .accompanying program, the dimensions and properties of a

triangle are read into an array 'B' as follows:-

B(1) = r the base length of the triangle,
B(2) = s the offset of the apex along the base of the triangle,
(See figure 2),

B(3) = t the height of a triangle,

B(4) = Poisson's ratio for the material,
B(5) = h the material thickness,

B(6) = E Young's modulus of theé material.

The values of the coefficients Qf the explicit stiffness matrix
are read from cards into array 'A'. The coefficients are printed

below in a matrix form.

A vector of parameters {P} is generated in array 'C' wusing the
-values in array 'B'. The vector {P} is given after the stiffness

matrix coefficients in this appendizx.

The upper triangular part of the stiffness matrix is found by multi-
plying array 'A' by array 'C'. The full matrix is formed in array STIF

using the symmetry property.

The stiffness matrix can then be used in a main program. It must
be noted that this matrix is unidimensional. In order to obtain correct

units, rows and columns 2, 3, 5, 6, 8 and 9 must all be multiplied by r,

the base length of the triangle.

The program and coefficients follow:
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DIMENSION A(45+84)+B(B)1CLBE)sSTIF(9,9)
RAY *A' CONTAINS EXPLICIT COEFFICIENTS
RAY *B" CONTAINS DIMENSTIONS g PROPERTTIES
CO 1 I=1e45 ‘ )
READ(8+100Y(A(Led) 0J=1984)
READ{8»101)N
DO 5 IAzZ1N .
PEALIS»102)(B(I)eI=19B)
WRITE(S¢104)(B(I)2IZ1e6)
FORMAT(LIX/1Xs®R="sF 1D 80 *sS=*sF10eUs e T="sF1l0.8s 9U=*eFLl0.Gr"2H="
LF10ole*9sE='sF20a4/1X9119(%~*))

> o

>

RAMETERS 0 F A HOMOGENEOU S POLYNCMIAL
E FORMED I N ARRAY bl " :

BASBLY)I/B(2)
I1=0
CO 2 18=C»sl
FACTOR=B(GI#{B(S)*#3,)/172.%11.~BlUYsBlLU))o({(-B(1)+2,%B(2)+8B(3)})ss
12438(B(L)»25,)8(B(3)es8,)]}) ’ :
IFIIB.EQ.L)IFACTOR=FACTOR»3(4)
DO 2 IC=C»b
FACTOR=F ACTOR#8¢(3} ‘ -
I1b=8-1IC . o ) _ E—
GACTOR=(E(2)+s1D)/BA . . 7
£O0 2 IE=C.ID ' ' ’
GACTOR=GACTOReBA
I-I+1
C{I)-FACTQOR*GCACTOR

)

v i

-t 0|

— R—
AYS °*A* & °'C°' ARE HWULTIPLIED T06 FORM THE K
FFMESS MATRIX IN ARRAY *STIFe® :

- 0

1=0 - ’
DO 4 JAZ1.9

0O 4 JB=JA#9

M=0
JCZUJA-1) -t {JA~12/3 193
IF(JC.EQaDIN=M+l
JCZ(JB-1Y~1(JB-1)/3)+3
IF(JCLEQaDIMTMe]

I=I+1

STIF(JA»JBY=N.

00 3 Jz1.84
STIF(JALJBIZOTIFIJAIIBI+ALI v I)*C LI ®(B(1)seM)
¥=0

STIF{JByJAY=STIFLIAYIBY

B B BB O . a_6_06._606_6_06_ _5_06 o

e

st

HE NUMERTITCA AL VALUES
F PRO

.- ..-.‘M .<

F0 § 119 < ' - ; -
WRITE(Se103) (STIF(IrJ)sJd=1+9)

¢ CW BE USED IN
R .

> >
=4
-4

INITE ELEMEMNT G

(continued)
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(1)
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K(I,1) =

K(I,2) =K(2,1)
K(1,3) =K(3,1)
K(1,4) =K(4,)
K(1,5) =K(5,1)
K(1,6) =K(8,1)
K(I,7) = K(7,1)
K(l,8) = K(8,1)
K(,9) = K9,)

1

B G A AL = . = 4D GP WP W A S e e A e e E R A Y D A S e i e o - - > -

t EACH PARTITION CONTAINS A SINGLE ROW OF THE ARRAY *AY )

72-283 432-288 108-144 2156-144% 36 144-504 643-360 144~216 216 ~T72 216-648 756
~532 144 -72 36 288-720 576-144 g 0 216-4832 36G-~144 36 144-216 216 -72 72
-72 36 0 o 0 0 0- 0 0 0 0 0 1] 0 0 0 0 ¢ 0 0
0 0 0 0 0 5 1 0 o 0 0 0 0 0 0 0 0 0 0 0

g 0 0 0 ) .

9] 0 0 0 0 0 0 0 0 0 12 -48 386-144 156 -96 24 0 12 -48
102-150 125 ~-42 0 24 -54 42 -30 18 0 24 -36 12 o 0 12 -12 6 0

12 -6 0 0 ¢] 0 0 0 0 0 0 ¢] 0 0 1] G 1] 0 0 0

0 0 0 0 0 0 -0 0 -12 30 -24% - 6 0 0 -~18 130 -12 0 0 -6

6 ] 4] 0
-36 156-264 204 -26 -60 438 -12 0 -72 276-408 270 -48 -24 0  5-108 360-486
336-120 24 -6-184 4OB8-4LPB 1E8 -24 0-108 2%2-24C 102 -18 -72 122-126 42z -36

43 -24 6] 0 0 0 0 0 0 0 0 0 ¢] 0 0 0 0 0 0 0

0 12 -18 -6 18 =B 0 0 18 -12 -18 12 0 0 6 c -6 0 0 0

0 0 0 0
-72 288-432 2B8-10:8 72 -36 0 D~-144 5C4-688 36C-144 108 -35 0-216 6483-756
432-144 36 0-288 720-576 144 0 0-215 432-360 144 -36-144 216-216 72 -72

72 -36 0 0 C 0 0 0 0 -0 1] 0 ¢] 0 0 5 0 0 0 G

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0. o 0 0 0 0

8] 0 0 0 :

8] 0 3] [§] 0 0 1] 0 0 C -12 24 -36 48 ~24 o 0 0 -12 12
-30 36 0 -6 0 -24 nz -24 0 6 0 ~24. 36 -12 1] ¢ =12 12 -6 o]
-12 6 0 0 0 0 0 0 0 0 1] 0 0 0 0 0 0 0 0 0

v} 0 0 0 0 0 0 0 -12 6 0 0 0 0 -18 6 0 0 0 -6

0 0 9] 0
-26 132-180 120 -£0 36 -12 0 0 -72 228-2€4 15C -72 42 -12 - 0-108 288-306
168 ~54 12 0-1%4 312-216 48 0 0-108 130-132 54 -12 -72 84 -73 24 -36

24 -12 0 0 0 0 ¢] 0 0 0 0 o .0 0 0 0 0 0. 0 0

D 12 -30 36 -24 6 0 0 18 -42 36 ~-12 0 0 6 =12 6 0 0 0

0 0 0 0

0 0 o 0 0 72-130 144 -36 0 0 0 0 0 108-180 72 o 0 0

o 0 35 -36 0 0 8] 1] 0 0 0 7] 0 0 0 6 .0 0 0 0

0 0 0 0 0 0O 0 0 1] 1] 0 0 o 0 0 0 0 0 0 o

0 0 0 0 0 0 0 0 0 0 0 o 0 0 1] ¢] 0 0 0 0

"] 8] 0 0 i

0 1] o] 0 0 G 3] 0 0 1] 0 24 -60 24 48 -43 12 0 0 36
=712 6 54 -24 0 .0 12 -18 -6 12 0 0 0 0 0 0 0 0 0 0

Q Q 0 Q g e ¢! o c . @ o] o] o] o 0 [¢] o 0 0 0

D 0 0 0 0 g 0 0 2% -36 248 -6 0 0 36 ~35 12 0 0 12

-6 4] 0 0 )

0 0 12 -3 GO0 -84 72 -24 o 0 0 24 -0 34 -90 438 =~6 0 0 38
~72 66 =36 6 0 0 88 ~72 234 0 0 0 12 -12 -6 c "0 -12 6 0

0 0 0 0 0 0 ¢] 0 0 0 0 0 0 o. 0 0 0 0 0 0

0 -24 48 -30 6 0 0 0 -36 54 -18 0 0 0 -12 12 1] 0 0 0

g 0 a g .

x {P}

(continued) -

(1)
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[s‘, rs7, r2s®, r3s%, rést %53, r8s2 75,

Eh?d
72(1 - 93)(-r+2s+t2 %3

: {P}' =

where

312

r3s

r2s#t2

rst, r2s%t,  ris*t, s, rSs?t,  rBst, . rTt, sBt2,  rst2

s't,

ras3t3, r3s2t3, r4st3,  r343  s4t4  rs3td 2524

] S§t3r ' fs‘fi

rét2

rSst2

ris2t2,

vesT, . .. ...

vs® |

r4t4,  s315,  rs2tS,  r2st5  r3tS, s2t6, - rst, r2t6é

rist4,
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APPENDIX VI

THE COMPUTER ROUTINE FOR GENERATING AND SOLVING POLYNOMTIAL IDENTITIES

The program at the end of this appendix generates functions and

solves identities such as the following (see also (78)):
1,04(1)apys + 2,0C(2)bap - 8,0M(5)a2 = 0 (86)
Each term of this identity consists of:

(i) a coefficient (represented by the variable KA in the program) ,

(ii) the name of one of the twelve possible functions of matrix (76).

(A variable LA represents this numerically),

(iii) the cyclic or mirror variation number (MA) corresponding to

the numbering in (73),

(iv) a factor by which the whole function must be multiplied. (The
powers of a, b, ¢, a, B, ¥ and A are given in successive
decimal places of a variable NA as described in the algebra

by powers of Appendix 4).

In the order KA, LA, MA, NA the above identity can be represented

numerically as:
1, 1, 1, 0001111,

2, 3, 2, 0101001,
- 8,12, 5, 2000000,

where the values for LA are:

A B C D E F G H J K L M

1 2 3 4 5 6 7 8 9 10 11 12

Steps in the accompanying program are explained as follows:

1. Preparation

The identifiers NPRM and NPRN are used to position the powers of
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a, b, ¢, a, B, ¥, and A in the integer array NT,
The root length degree of functions is read into variable NL. The
number of terms ML in a function of root length degree NL is calculated.

(This depends upon whether NL is odd or even).

From the value of ML it can be seen that the total number of

coefficients in all of the functions is:
12 % ML
Also the coefficients of fupction LA number from:
(LA - 1) % ML + 1
to:
LA # ML

2. Equation Formation Cycle

There are thirteen identifies (see (78) and the small identities in
(76)) which are used to reduce the number of unknown coefficients in the
stiffness matrix. In each identity, the like terms are added and equated
to zero forming a subset of simultaneous equations. The full set is very

large. Many of the equations are redundant.

At the end of each equation formation cycle a Gauss Jordan reduction

is performed on the equations. The reduction is described in Appendix 1

and mentioned in 7. below.

3. Input
The number of terms in any identity is read into NOPS. The numerical

description of each term is read and operated upon in turn.

4. Polynomial Generation

The coefficients corresponding to polynomial number LA are

identified.
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- The cyclic or mirror variation of the function is detérmined from

the variable MA.

The polynomial is then formed, term by term, in a nest of "do-loops".
Each term isvmuLtipLied by the factor NA in the manner described as
algebra by powers in Appendix 4;, The resuLting parameters are stored in
an array NT. The corresponding coefficient number and multiplier, KA,

are stored in a separable manner in an array NC.

5. Substitution for Greek Letters raised to a Power

. The values of the array NT are scanned for powers of the greek
letters. If these are found to be two or greater they are substituted
for, according to equations (72). This involves lengthening the array

NT. The array NC must be adjusted accordingly.

6. Collection of Coefficients of Like Terms

A recorder is set to the value of the first member of the array NT.
The whole array is then scanned for this value. Where it occurs, the
coefficient nuﬁber from array NC is written into another array, IA(LC).
The multiplier of the coefficient from NC (corresponding to KA) is
written into A(LC). When each term is collected, the value of NT is
set to a negative quantity. This is so that terms are only considered

once.

The first value of LC in equation number N is recorded in

element JA(N) of an array.

The recorder is then set to the next non-negative value of the

array NT. The next equation is formed in the same way.

7. Solution of Equations

The matrix of equations formed is very sparse and contains more
equations than unknowns but fewer linearly independent equations than
unknowns. The equations can only be reduced to their simplest form
using the randomly sparse matrix reduction routine described in

Appendix 1. No full sclution is possible.
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8. OQutput

The reduced set of equations is written out as a series of linear
expressions which equal zero, One of the variables in each equation

can be expressed as a linear combination of the others.

The matrix. of intér—reLationships given as the input to the
coefficient evaluation program (Appendix 7) was determined in this way.
The numbering of coefficients is changed before the results are used
in the subsequent program. Only the format of the input matrix is

shown (Appendix 7), to avoid confusion.

Example of an Identity Solution:

Supposing that the identity (86) (given at the start of this appendix)

is to be solved for functions with root length degree 1:

i.e. fn(1) = C4n_3a +Cyp OB+ C4n—17 + c4nA
hence: A(1) = C1a + C2B + 037 + C4A

c(2) = 09a + Cog¥ + CpyB + C o0

M(5) = Cys¥ + Chpt + Cyo + Cygb

The whole identity would then be expressed as:

C1aZByA 4 02a827A 4 CBaByzA + C4aByA2

bayb + 2, boBh + 2C 2baA2

.1
2 -
8a A = 0

2
+ QCgba A+ 2010

2 2 2
- 80453 Y - 8046a o -~ 8047a B - 804

Substituting for squared greek letters from (72):

C1aByA + C1bByA + CﬂcByA + CzaayA - C.bayh + CzcayA + CBaaBA

2
2
C;baBd - C,coBb + Cja0By + CybaPy + CjcaBy - 20gabh + 20ob%A

+

” 2
+ 209bcA + 201Oba7A + 2011baBA + 2012aba + 2012b o + 2012bcA
2 2 2 2, =
- 8045a Yy - 8046a a - 8047a B - 8048a A = 0
C . ‘ - 2
Two typical terms of this identity would be 201Oba7A and - 80483 A,

These would be represented in the arrays as:
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NT(16) = 0101011
Nc(16) = 10000 + 2 x 1000 + 10 = 12010
NT(24) = 2000001
NC(24) = 10000 - 8 x 1000 + 48 = 2048

As the coefficients never become less than - 8, by adding 10000, NC is
aLways positive., The multiplication by 1000 separates the two components

of NC so that they can be recognised later.

- Like values of NI cause corresponding members of NC to be
collected to form an equation with the coefficients C as unknowns. If
the values of NT are then made negative, they will not be considered

twice.

The FORTRAN listing of the polynomial generation and identity
solution program follows below. The equation reduction subroutine

HEQSN which is called in this program is listed in Appendix 1.



DIMENSION NPRM(3}«NTC1P00D)sNC(100B0) s NPRN(3?
COMMON A115000)+IA(15000) »JALI000) sNeIST2sMe KB

PARATION

100

101

10

102

NPRM(11)=1000
NPRM(21z100
NMPRM(3)z10 o .
NPRN(1)=1000000

NPRN(2}z100300

NPRN(3)z1l000C

LC=0 -

N=D

REAVIB8¢1N0INL

FORMATULI4)

WRITE(S5¢101)NL

FORMAT(® THE FUNCTION PCLYNOMIAL HAS DEGREE*214)
N1=0 .
MMINL/2 .
IF(NL-NM*2)1+1

N1Z1
MLENI#(4sNMe3)+1

DO 10 NNz=1leNM
MLZML+834NN
WHRITE(5+¢102)ML
FORMAT(* THIRE ARE

ol e

*eIte*TERMS IN EACH FUNCTION®)

- e ot o e -

(a

[

AT I 0N F 0O R MATI ON cyYCclt &

0O 8 KB=1.12
READ(8.20D)INOPS
TE=C -

D0 11 I=1.NOPS

104

P

T

urT 0 F IDENTITIES
READ(S0204)KAsLAPMASL NA
FORMATCIZ2 I2sI1+1I7)
LBSlLA-1)*ML
ERMINIMN
IB=tMA+1)/2
ID={-(MA-((MA-1}/3123)
IC=5-I8-10
I1G=0

G THE cYyceriIc VARIATION

0

Y NOMI AL G ENERATION

PO 11 N22Nliels2
NM3Z(NL-NZ2)Y/2

0O 11 NUZO!N2I
NSINS-Ny

DO 11 NGE=0e¢N5
N7ZNS~NG

(continued)

(1)
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DO 11 N8=0»21

D0 11 N9=0.1

0O 11 N10=0,1

DO 11 N11:=0,1

IF(NB8+NI+N2O+N11-N2)11ssll

IG=IG+2

IE=IE+1 : ,
NT(IE)=N1L+N10SNPRM(IID) ¢NIs NPRMIICI+NSsNPRM(IBI+NT*NPRN(ID)+NGENPR
INCIC)+NY*NPRM(IBY+NA

MC(IE)=LB+1G+KA+1000+1N000 . .
COMTINUE

L

S

T I NG F OR . P OMWERS 0 F G REE X LETTERS

L0 5 J=is&
JBIU-((J-11/3)#3
JCzJdB+1
JCIJIC-((JC-11/3)43
JO=JC+2 _
JOZJUD-((JD-1)/3)+3
K=n

IF(IE-X) S5

K=K+l ' )
NKZNTIK)Z(10+st0=-1))
NJ=NK/10
MJINK=~10#NJ
TEINJ=-2)7

(s

S T ITTUTIMNMNG F OR P OWERED G REEK LETYTTERS

IC=IE+2 .
MTOIEYINTUIK)-2¢ (10 (J-1))+1000&({10s*JC)
NTCIE=2)ZNT(K)~2%(10¢s (J-113)+1000«(10%+JD)
NTIK)IZNT(K)-2+(10s¢(U-1))+1000*(10*=J3)
NCIIE)I=ZNC(K)

NC{LIE-~1)=NC(IE)

IFtJ.LEL2)GO TO 4 .
NCLIE=1)=NC(®)+(310~NC{¥)/73000)=«2000

GO TC 4
CONTINUE

L

Lt ECTION o F COEFFICTIENTS 0 F LIKE TERMS

00 7 Iz1l.]lE
IFINT(I)Y?

NZN+1

DO 6 J=IrIE
IF(NTCI)-NT(Jd))Gee6
LC=LC+1
TJACLC)IZNTUJ)I-(NC(U)/1000)+1000
ALLCI=UINCLJ)Y/71000)~10C
JAINIZLC

IFtJ-1)6+6
NT(J)I==NT( )

T .
CoNTINUE . (continued)

L————~_,__“_/,,—\\¥

(1)

.

.0__8__ (.

e

e.__ e e _oe__o

&M ©_0_0_0_0_6_06_0_0o_0o




r——‘/—__—H\RITE(S'los,KB \’—’—_\’\w

105 FORMAT(* OPCZRATION NO®»14)
REDUCTION o F €ECGUARATIONS TO0 SIMPLEST FORM
t THIS CONTAINS OVTPUT FACILITY)

CALL HEQGSN

LC=JA(N)

. WRITE(S»106)TE.IST2N
106 FORMAT(1H »*MAXIMUM TERMS AFTER OPERATION®eIH4/1iXe
1*MAXIMUM COEFFITIENTS IN EQUATION MATRIX®9IS5/1Xe
2*MAXIMUM NUMZER OF EQUATIONS®sI4) . -

8 CONTINUE

9 - SToP

-
.
—

C .

OO _N_H_ 0 0. .60_6_30 0_06_606_0_0 o -

e 6 _o._0
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APPENDIX VII

THE INDUSTRIAL PACKAGE PROGRAM

Function

The first function of this program is to determine and store the
‘values of all thé coefficients required for an explicit stiffness matrix
generation. These constants could have been determined once and punched
onto cards (in the form of the matrices (84)). 1If this were done, the
accuracy to which coefficients could be punched would have to be limited.
When coefficients are generated in the user computer, their‘accuracy

matches the capabilities of the computer.

The second function of this program is to check the data describing
an element conformation. As this program is a digression in this thesis,
apart from details of its use given in section 4.2, only an edited listing

will be included here.

The main function of the program is to generate and solve the stiffness
matrix of a flat plate in bending. The plate may be of any shape but
bending must conform to the requirements of the small deflection theory.

The program uses the coefficients and data generated by the first two

-components of the package.

Components

The package is comprised of seven file eLehents - four main programs,

two subroutines and one data file. The main programs are:

. Coefficient evaluation program.
. Curve fitting program.

. Data checking program,

S~ W N

. Updated version of 1. which performs a finite element
structural analysis.
The subroutines are:
5. Reduction of a banded symmetric matrix.

6. Reduction of a full non-symmetric matrix.
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The data file contains a matrix relating the coefficients of all the
elements of submatrices (1,1) and (1,2) of the [K1] matrix (see
figure 16) to twenty five different unknown coefficients. This matrix
is compiled from the results of the program described in Appendix 6.

‘The matrix is edited and listed at the end of this appendix.

ALl the elements of the two submatrices (18 elements giving a
total of 288 coefficients) are represented in the matrix., In order to
evaluate the full stiffness matrix it is necessary to generate only the
cyclic variations (not the mirror variations) of a full homogeneous

polynomial of root length degree three. The three variations are:

- r- - - -

Cao bR , cy

ap | by ’ co
ay ba » cp
alh bA ch
ba cp ay
B cy | aq
by co af

?,1 = oA | P} = |cb |; {PB} = |ah (87)

co : ap . | by
cf ay ba
cy ’ aa o b
ch ah. bA
ByA ayA aB A
ayh aff A ByA
aBd By A ayd
| 7BY | oBY | LoBY ]

Variation 1: (a,b,c) Variation 2: (b,c,a) Variation 3: (c,a,b)

The data is read into a four dimensional array:
TH(I, J, K, L) dimensioned IH(3, 6, 16, 25)

where: L corresponds to the number of the unknown independent coefficient.

I corresponds to the row number of the element of the matrix

[K,1 (76)
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J corresponds to the column number of the element of matrix [K1]
K 1is the number of the coefficient of the function representing

element (I,J).

Coefficient Evaluation Program

The steps of this program are as follows:-

1. Preparation

A function which gives the jth digit of a cyclic series: 1, 2, 3, 1, ...
which starts with the digit i is first prepared. The elements of the
transformation matrices which are zero in all cases (see equation (61)) are -
Set, The data from the matrix described above is read into an array

18(1, J, X, L).

2. Input of Standard Plate Data

The number of nodes and elements on the standard plate as well as
the range and number of increments of Poisson's ratio are read. The
coordinates of the nodes are read. The node numbers of each element in
turn named in clockwise order about the =z axis are read into an array
NODE. The load vector is read into an array F and the boundary

conditions into an array NBC.

3. The Poisson's Ratio Cycle

For each increment in the value of Poisson's ratio, a whole matrix
(array A) of linear equations in the unknown independent coefficients is
set up and solved. The array is first set to zero in each case. The
value of Poisson's ratio is calculated. The displacement vector (array
D) for that value of Poisson's ratio is compiled (see equation (71)) for

an applied unit edge moment.

4, The Element Cycle

Por each element in turn, the lengths of the sides a, b and c
(E(1), E(2) and E(3) respectively) and the parameters «, . ¥ and A (G(1),
@¢(2), G(3) and G(4) respectively) are calculated from the nodal co-
ordinates. The coordinates of the centre of the inscribed circle are

calculated.
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From the global coordinates of the inscribed qircLe'anddthexthree
nodes in turﬁ, transformatioﬁ matrices are formed. (?hg stiffness
matrix was initially in terms of thé local axis ‘system shown in figure
v15). As these are orthogonal transformations, .the inverse transformation

. matricesr(being the_transpose) need not be formed.

5. Formation of System Stiffness Matrix

Each element of the element stiffness matrix consists of a number
of .the unknown coefficients, Each of.thesé is multiplied by a factor
composed of terms of one of the three cyclic Variétidns of . the assumed-
"poLynomial (vectors (87)). This can be seen from the edited data file
containing the array 'IH(I, J, K, L) at fhe-end‘of this appendix. Each
elément of the stiffness matrix must also be multiplied by an appropriate
factor (see equation (79) and vectors (74)) in order to give it correct

dimensions.

The element stiffness matrix must then bé multiplied by the trans-
formation matrices and the appropriate nodal displacements.. The _
reéuLting value is added into the row of'érray A corresponding to the
nodal dispLécement. Each column of row A ;corresponds to an unknown
éoefficient. The factor multiplyinhg this coefficient is added to that

column,

In the program the row and column huinbets are'determined in a ’
number of nested cycles. The 'cyclic-variation of the assumed function

.required is also generated. In the cycles:

~

I  represents the number df the submatrix row of the element
stiffness matrix (76). It also indicates which transformation submatrix

must be transposed and applied as a premultiplier.
J represents the number of the submatrix column of the element
stiffness matrix. It also indicates which transformation submatrix

must be applied to the stiffness submatrix as a'post—mu}tipLier.

..K and L are the,row and column numbers respectively of elements

of the submatrixv(i, J).
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" This is done by shifting lower rows up in the matrix. Columns of the
system stiffness matrix corresponding to boundary conditions do not have
to be deleted .as they are multiplied by displacements in the array D

which have the value zero.

7. Solution and Back Substitution

The matrix A is soLvéd by calling a subroutine which uses the
Gauss Jordan elimination procedure of Appendix 1. The values of the
unknown coefficients appear in order in the position of the load vector

in array A.

These values are then substituted into the relationship array IH

to find all 288 coefficients of the two submatrices (1,1) and (1,2).

8. Qutput

The values of the coefficients are written into the data file for
use in the curve fitting program which introduces Poisson's ratio. The
whole Poisson's ratio cycle is then repeated for a new increment within

the range chosen.

Curve Fitting Program

This is a simple least squares curve fitting program using the

theory given in Appendix 3.

ALl the coefficient values calculated in the previous program are
read into an array B(I, J, K, NU). The variable NU corresponds to the
cycle number of Poisson's ratio. For each value of B(I, J, K) a
set of parabolic equations in the value U (Poisson's ratio) are set
up in array A, Each row corresponds to a different value of U. The
first column contains the value 1, the second U, the third U2 and the
fourth the corresponding value of the coefficient. NI increments in U
give a matrix of dimension (NI by 4). This can be solved by regression

techniques (Appendix 3).

The resulting three coefficients of 1, U and U2 overwrite the
first three NU values of B(I, J, K). When all of the coefficients

have been considered, the resulting three matrices are written onto disc

file (see matrices 84)).
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Finite Element User Program

The preparation, calculation of dimensions of the finite element and
other function pafameters, the formation of transformation matrices and -
the generation of polynomial functions in this program are the same as
in the coefficient solution program. For this reason, the finite element
program is compiled as an updated version of the coefficient evaluation

program. The changes made by the updating deck are as follows:-

1. Input

The device numbers of files containing element data and explicit
stiffness matrix coefficients, the number of nodes and elements on the
plate and the values of Poisson's ratio, Young's modulus and the

thickness of the plate are on the first data card.

The values of the coefficients of the explicit stiffness matrix are
read from disc as three matrices. These are multiplied by 1, U and U2

respectively and summed to form a single coefficient matrix Q(1, J, X).

The nodal coordinates, element numbering, and any uniformly distributed
loading is read either from disc file or cards depending upon the device

numbers read. This disc file was created by the data debugging routine.

The number of load vectors, any point loading and the boundary

condition restraints are read essentially from data cards.

2. System Stiffness Matrix

The element stiffness matrix is first formed in local coordinates
as the array I by a number of program loops involving the cyclic

variation function generator.

This is transformed to global coordinates and added into the appropriate
rows and columns of the system stiffness matrix in array A, in a separate
nest of program loops. The array A containsAonLy the leading diagonaL
of the stiffness matrix and the upper half band width formed obliquely

as shown in Appendix 1.



169,

3. The Load Vector and Boundary Conditions

The coordinates of the centroid of each element are calculated.
The load vector caused by the distributed loads is then formed as des-
cribed in section 4.4, This is added to the appropriate vector of
. point loads.  Any number of load vectors may be treated simultaneously.

(See Appendix 1).

The boundary conditions are then applied as described in section 4.5.
Allowance must be made for the oblique formation of the banded stiffness

matrix.

4, Solution

A subroutine which solves a symmetric banded matrix (using the theory
of Appendix 1) is then called. The results must be multiplied by a factor
containing Young's modulus before the correct displacements can be

printed.

5. Stresses

The stresses are solved accbrding to the suggested theory of section
4.3.  The node connections are first read from the disc file created by

- the data debugging program.

Three equations in seven unknowns are created for each nodal connection.
If there are less than three connections to a node, an extra equation is
created artificially; linking two unknowns together. If three or more
nodal connections exist, there are more than the requisite seven
equations to solve the seven unknowns. The set of equations is solved using
the regression technique of Appendix 3 and the matrix elimination subroutine

of the previous program.

The results of this solution are substituted into appropriate equations
for the stresses. A vector of stresses corresponding to each load vector

of the problem is formed in array C.

6. OQutput

A warning that stresses are unreliable at the edges of a problem is

written above every set of results. 'In addition, if less than three
commections to a node exist, then another warning against confidence in

the accuracy of stresses is given.
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The results of each load vector are written under appropriate

headings as shown in the example. (See section 5.3).

A full listing of the package program follows below.
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- x{R]=K(2,1) =K(1,2)

- x{p,) = K(5,4)= K(4,5)

X(Py) =K(8,7) =K(7,8) -

xR} =K (2,2)
X{P,} = K (5,5)

Ty

X{Py} =K (8,8)
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CATA DEBUGGING - PROGRAMW.

..-.._—_----..---.--...-..-_--..----.---..-..--------..-_-_--------.-..--..-------’-o-—--..__--..»-’--- .

DIMENSION LISTt500)+JOINIS00s3), XA(BI-YA(3596(3)00(3)00(3)'F(3):
- 1LINK(200+3)9MTRIC(200+3) +NODEC100) oX(100)»¥Y(100) B3}

C INPUT OF TOPOLOGY & BOUNDARY LISTS
£ |  ~emmccccet i cccecc e s cccmcc e nc - .
1RROR=D . ‘ T, . '
© . READ(8s1UDILMAME .
100 FORMAT(AE) - -
' IF(LNAME-'TOPOLO®*)1+2s1
1 WRITE(Sy124)
.60 TO 5B T ST
2 0o 70 I=1,500 . : : -

10 LIST(I)=-1
READ(8¢121+ERR= 3!(LIS (I}eI=1»500)

3 00 71 .4=500,1 . - C “
©q=g ¢ . S . . ,
: IF(LIST(I)IT1272,72
71 CONTINUE - . o . : ,
72 REAU (G100 ILNAME e Lo . BT _ SN

IF(LNAME-*BOUNDAY o Uy
IF(LNAME-"NODAL *)1/,1391

4 L=I-1 ’
WARITE(59122)
WRITE(S5+125)(LISTEtUIedZ1,1)

L
c ORDERING OF JOINS o - ! “ B |
C -ommmmmemmomemee- . . ’ ' ¥
D0 7 Izlal ‘ : . k
IF(LIST(I)—LISTIIOI))59:6 S A o ‘ q
WRITE(5+126 )LISTHI) o C Do i
126  FORMAT(2H +*NODE®+I6¢°IS JOINED To ITSELF. INVALID®) . ) F
. IRRORZIRROR+1 : ¢
5 JOIN(Ie1}=LISTCI) ' 'E
' JOINtI»2)=LISTEI+1) i
60 TO 7 . ¢
6 © JOINCIs1}zLISTEI+1)
JOIN(I»2}=LIST(I) : .
7 . JOINtIN3)=D ,
I=0 . 4 ! !
64 1=I+1 : - - }
60 IF(JOIN(I 1)a,.53 ' o
61 . LzL-1 ‘
IF(L-1178 C _ - T
00 62 JATIsL ‘ : _ : : . N ¢
JOIN(IA»1)ZJOINCIA+11) o : ' IR : o
62 - JOIN(IA+2)=JOINtIA+1s2) . . _ ¢
60 TO &0 S : Lo
63 IF(JOIN(I+2))61961 ‘ A (Co_nf,»lnued) \
L
i
e

{11a)



18

10

11

12

101
T1z1
122
123
124

125

13

14

16

IFLL-T)ve64 - ' ’ : T
LATL-1 : : ' g

DO 12 I=1,LA o :
MzT+1 _ . .

DO 12 KMol : :
IF(K-L}es12

IF(JOIN(I2)-JOIN(Ks1))1298¢9 :

IF (JOIN(I2)- Joxutn.z))1z.1o.s : ' b

KEEP=JOIN(L+1)

JOIN(Is13=JOINCKrL)

JOIN{Ks1)ZKCEP

KEEP=JOINII2)

JOIN(Is2)2JOINIKs2Z)

JOINCKe2)ZKEEP

GO T0 12

L=r-~1

LASL=-1 .

DO 11 TAZKeL v

JOINIIAY 1)~J01N(1341 1)

JOIN(IA»ZI=JOIN(IA+292) .

WRITE (50101 JOINGI +1}¢JOINIT+2)

60 TO 6&

CONTINUE

GO0 TO 2 } _ - ,
FORMAT(LH #?"JOIN *+I8¢°=*sT4s® IS DUPLICATED IN TOPOLOGY LIST®)
FORMAT( )

FORMAT(LH +»*TOPOLOGY LIST®¢/1Xs131%=9))-

FORMAT(1H » *EOUNDARY CONNECTION LIST'y/1Xe24(%-%)}

FORMAT(1H ¢*HEADING ERRQROR ALPHA CHARACTER IN BOUNDARY OR TOPO;OG

1Y LIST*)
FORMATI(1H +25I4)

BOUNDARY CONMECTION LIST

LB=0
WRITE(5¢123) o
WRITE(S+2125)(LISTCIIs U= oX)

DO 19 I=1.LA

IF(LIST(I))I19,19

IF(LIST{I+1))19,19 .
LE=LB+1 7
IFILISTII)- LIST:Iol):lu.xs.ls

MAZ1 :

NBz2

60 TO 16"

NAZ2

NB=1 S - .
LINK(LB#NAIZLIST(I) . . e . .
LINKILBoNB)=LISTtI+1) - (cont.[nued)

HIA)

& O 0 _0_ 0 _ A _ 0 _Aa O _6_A_0_0_0

=
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13
13
102

c
c
c
20

21

22
23

24
25
26

27
28

29

13

LINK(LB»3) =0 ‘

DO 17 K=1stL "
IFCIABS(LISTCIN~JOIN(KeNAY Y #TABSELIST(I+1)~-JOIN(KeNB))I17¢18017
CONTINUE '
WRITE(Se102)LISTEI)yLIST(I+1)

IRROR=IRROR+1

G0 TO 19

JOIN(K»3)ZJOIN(Ks3) 21

CONTINUE )

FORMAT(1HK +*BOUNDARY ®sIte*-*4Y4+* IS NOT INCLUDED IN TOPOLOGY LIS

1T.")

TRIANGLE FORMULATION

CO 29 Iz1,L -
IF(JOIN(L93)-2022029428
KAZI+1 ’ .

DO 27 K=KAsL ¢

IFLJOINIR#3)=2722427927

IFCJOIN(K12)~JOINEIs1))28023+28

MAZK+1

DO 25 MzMASL

IF{IABS(JOIN(Mel)~JOINII»22 I+TABSCJOINCMs2)~JOIN(Ke2)) 126426 +28
IFCJOINtHs1)~JOIN(Ie2)) 25025927

CONTINUE

NTRI=NTRI+i

JOIN{Is3)=JOIN(Ied}+1

JOIN(Ks22=JOIN(K»3) 41

JOINIMIZI=JOINtMe3)#1

MTRIINTRI1)=J0IN{I1) .

MTRI(MTRI»2) ZJ0IN(T¢2) .
MTRICNTRI»3)IZJOINIK 21 o , ] _

G0 To 20 Lo
CONTINUE '
WRITE(S59103)({JOIN(IrJdedT1e3)

IRROR=TRROR+1 '

- CONTINUE

DO 77 I=1,LE
IFCLINK(Ye3))oe77 i .
LINK(Iv3)=1 :

DO 76 NA=1942 . e

"NFOLO=LINK(Is+NA)

DO 75 J=1,LB
IF(I-d1s75
IF(LINK(J21)-NFOLOIT%e s 70
IFCLINK(J93 100076
LINK(J»3)=1 _
NFOLOZLINK(Je2) - . '
G0 TO 73 , : (continued)

(x1)

A a__®_ a_O6_ =
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74

75

16
114

103
104

118

30
31

IFCLINK(J92)-NFOLOI 75975
IF(LINK(J93))ee16
LINKt(J»3)Z1
NFOLOZLINK(Jo1)

GO T0 73

CONTINUE
WRITE(Ss214)NFOLO
IRROR=IRROR+1

CONTINUE

CONTINUE

FORMAT(1H »*THERE IS A DISCONTINUITY

IN THE BOUNDARY AT NODE ®*+I4)

FORMAT(LH +*JOIN *+Its"—"9sI4s* BOUNDS *+I2¢* TRIANGLES.®)

FORMAT(1H »3I4)

NODAL - POINT LIST
WRITE(5+115) :

FORMATI(1H +°*NODAL POYNT LIST*/1Xe161(
REAUCB»121INSIZE °

DO 30 I=1s+NSIZE

NODE (I)=NSIZ2C+1
X{I)=-1000

YtI1=-100n0
READ(8¢122)L9XXeYY
IF(I)33,33

IF (I-NSIZE) 135
IF{NODE(TI)}-NSIZEDII2 32
NODE(T)=T

X(I)=XX

Y(I)zyy

€0 70 31

WRITE (5,127}

GO TO 58

WRITE(Se106)1
IRROR=IRROR+1

G0 TO 31 ,

DO 34 IzZ1yNSIZE )
IF (INOODE(I}=-NSIZE) 3434
WRITE(S5+10711
WRITE(S5+126)TeX1I) oYL}

-v))

FORMAT(1IX»*NCOE*eIti»* IS AT X=*»F10e4s* Y=*9F10.4)

FORMATII4»2F10.0})

FORMATU1H o+ *NODE *» I4¢° IS DUPLICATED IN NODAL POINT LIST.®)
FORMAT(1H +*NODE *+I4y* IS MISSING FROM NODAL POINT LIST. THIS IS

1VALID.")

FORMAT{1H +*INCORRECT SIZE SPECIFICATION. FATAL ERROR*}

TRIANGLE ARRANGEMENT AND COORDINATE

VALIDITY CHECK

- 4 - o = -~ AP & - = - = - ——— -

( continued)

(X)
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40
51

42
43

47
48
51

67

44

45

46

52
68

53

54

DO 5% I=14NTRI

DO 41 J=1,3
N=MTRIC(IyJ)
IF(XIN)+900.)53¢53 940
XACJIZX(N)

YACJIZY(N)

DO 43 NA=13
N3=Z1+NA-(NA/3)e3
NC=ZZ+NA-C{NA+11/33%3 .
G{NA)=XA(NA)I-XAINB} : .
BINAYIZYACNB)I-YA{NA) )
IFCABSIG(NA))+ABSIBINAY))IGB+GS8
CINAIZYAUINA)»XACNB)-XAINA)YSYA(NB}
DINAIZG(MA) e YA(NCY+SUNA)SXAINC)I+CINAY
FINA)ZSQRT(GINAI*GIMNA)+B{NAI*B(NA})
IFtABSUIDINA)ZFINA))-F NA)/ZACCI42+582043

WRITELS uIGBI(MTRI(I-K)vK 113)

CONTINUE

NA=1

NC=3 ]
IF(GINA))IUBIGT 948
IF(3UNA) *{ X{MA)~XINC)))51¢S1s67
IFLUtNA)IBTI52e51

KEEPZMTRI(I2)
MYRI(IP2)I=MTRI(Iv3)
MTRIUIs3)=KIEP

D0 46 J=14NSIZE

IFEXtJ)+300. )46

DO 44 K=12 o )
IF(J-MTRICI K) )48 045 a0l

CONTINULC

DO 45 NA=1,3

ESGUINA)#Y (J)+BINAI=X{JI+CENAY ¢
IF{C*DINA) YUE 2145945

COMTINUE
WRITE(S5+109) o (MTRICI K} 9K=10¢3) .
IRRORZIRROR+1

CONTINUE

GO TO 54
WRITE(S52110)(MTRITY+K)9vK=1¢3)
IRROR=IRROR+1

G0 TO 54
uRITEcJ.xl’)tMTRIcI.J),J 103)
IRROR=IRROR+1

GO TO 54

WRITE(Ss111)(MTRI(TIvK) oK= 1.3).MTRI(IoJ)
IRROR=IRROR+1
CONTINUL
IF(IRROR)IET+57¢55
WRITE150122)IRROR

‘

(continued)

{1%)
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56 CALL EXIT

57 CONTINUE _ ‘

108  FORMATE1H » *TRIANGLE *+3I5¢° IS BADLY CONDITIONED BUT VALID.*)

109  FORMAT{1H »*NODE *+I4s* LIES INSIDE TRIANGLE *¢3I5)

110 FORMATU1H »*TRIANGLE *+3I5+* IS INVALID. NODES FORM A STRAIGHT LI

'!ﬂ'ir.-wmr

111
112
113

DAT
MAI

56

80
81

84

85

INE.*)
FORMAT(1H » *TRIANGLE *¢+3I5s*
104 ")

IS INVALID.

FORMATULIH »*THE DATA ERPROR LEVEL IS *»1S

FORMAT(1H +°*NODES OF TRIANGLE®*s3IS¢*COINCIDE")

A WRITTEN ONTO
N PROGRAM

FILE

WRITE(20) (X (I)sYCI)»IZ14NSIZE)

READ(89121)3UBL
D0 €6 I=1+NTRI

HRITEC(20)(MTRI(I»J) 9 J- 1e3) 2UDL

1=1
K=JOIN(Is1) ¢
IF(KoNE.JOIN(I+1)3GO0 TO 82
WRITE(20) JOINII¢1) vJOIN(Iw2)
I1-1+1

GO TO 81

Jo1

IF(K.NELJOINCJe2))60 TO B84
WRITE(2D0)JOINIJ92)9JGINIJe1)
J=J+l

IFtJ.LT.I)60 T0 83
IF(I.LE.L)GO TO 80
IF(K+EQ.JOIN(I-1+2))6y TO 85
K=JOINEI=1+2)

G0 TO 82

JOINtIel)=0

JOIN(Iv2)=0 )
WRITE(20)JOIN(Iel) ¢JOIN(Is2)
sToP

END

NODE *+I#s* IS NOT LISTE

F OR

U

S

(11x)
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COEFFICYEMNT SOLUTION PROGRAM

. DIMENRSION X(20)sY(300eXH{306916025)eDIS0)sT(39303)eF(30)eNBCI20) 1
1oTSU33aTCI3 e XACI e YAL(2) s TAL3)9E(3)+G(GIs NODELSC»3I 29 QUIE)rALSOSC) 2
PREPARATION
ICYC(Trd)zI+d=2-(tL+U=2)/3)83 3
00 80 I=1¢3 _ _ 4
00 80U Jz=2+3 ) : o 5
TtIvled)=0. . 6
80 T{I+Js1l)=D. 7
DO 1 J=116 i 8
pO0 1 I=1+3 E]
O 1 K=1,16 10
1 READ(8+101) (THIIvdsKel19L=14251) 11
100  FORMAT() 12
101  FORMAT(2513) 13
INPUT OF STANZSARD PLATE DATA
REAG(8+100INNeNEPUS sUE oNU . 18
UL=(UE~US)/{NU-1) 15
‘ DO 2 I=1sNN 16
2 READ(8+100)XII)eY(I) 17
CO 3 NAZ1leME 18
3 READ(3+100}(MODEtNA» I} 2 L=193) 13
NM=2 +NN 20
READ(841NG) (FIL) o I=1oNM) 21
READ(B»10GIMEC 22
READ(8+100)(NSC(I) +I=1+MBC) 23
POJSSON'S RATIG CYCLE
DO 14 NS-L+NU 24
GO & IZIsNM . . 25
DO 4 J=1+25 ‘ : - 26
4 AlIsJ)z=D. ) " 27
" USUS+UIs(NB-1) 28
DO 5 I=14+NN 29
DU3#I-2)=X(IdeX{I)-UsY(I)eY(I) 30
L(38I-1)2-2.6UsY L) 31
5 DI3sI)=-24sX(I) 32
YT H Y T LEFENT CYCLE
DO 10 NAZ1#NE - 33
T AL CUL ATION OF DIWMENSTIONS
B0 6 1A=1¢3 : 34
IB=ICYC(IAs2) 35
ICZICYC(IA+3) 36
N1=NODE(NAsIA) 37
N2=NODE{HAIG) 38
N3=NODE(NA+IC) 19
TSEIAISY(NZ)I-Y(N2) 4o
51
42

TCHIAIZXINII=-XIN2) X
XACLAIZX(NLY - (continued)

(1ix)

-




YAUIAIZY(N1)
TACIADZY(N3)#XIN2)~Y(N2)*X(N3)

6 E(IAI=SQRTUITS(IAITSC(IAI+TCUAIA)*TC(TIA))
G{HIZE(L1)+E(2)+E£(3) . :
CALCULATTION 0 F I NS CRIEBED CIRCLE CENTRE

DENZTCHLI/ECL)STSI2)/ECZ)I+TC(2)/7EL2)¢TSI3)/E(2I+TCI3)/EL(3)eTSIL)/E
1(1)- TL(l)/E(11‘75(3)/E(3)'TC(’)/[(2)‘TS(1l/E(l) ~TCL3I)/E(3)sTSt2)/E
2t 2)

XCz-(TA(LI/CCL)*TC(2)/EL2)+TA(2)/E(2)sTCU3)/E(31+4TA(I)/ELZ)eTC (L},
lE(l)-(TA(l)/r(1)‘TC(3)/E(3)*TA(2)/’(2)‘TC(I)/E(I)*TA(S)/E(3)‘TC(Z)
1/7E(2)))/7CEN

YO~ (TA(LY /(L) TSHU2)/Z(2)+NAC2)/EC2)sTSUI3I/EL3I+TA(I)/E(3) TSI/
lE(ll*(TA(l)/E(l)‘TS(7)/5(3)*TA(21/E(21‘TS(I)/E(I)*TA(3)/E(3)'TS(2)
Z/E(2)))/DEN

CALCULATTIGOGN 0F PARAMETERS

DO 7 IAzZ1.3
G(IA)=SQRTLG(8)~2.2E(IA))

FORMATYTION OF $RANSFORMATION MATRICES

TCOIAI=XALIAN-XC

TS(IAIZYA(IAY-YC

TAtIA)Z SORT(TClIA)‘TC(IA)*TS(IA)‘TS(IA))
TUIA»292)=TCI(IAY/TALTIA)
TIIA+2+3)=TS(IAI/TALLIA)
TOIA»392Y=-TS(LA)/TA(IA)
TUIAe393)ZTCIIAN/TAL(IA)

B ~ (continued) ,

7 T(IAv1s1)=1,
] C(U)=SORTLG L)) .
FORMATION 0 F SOLUTTION EQUATIONS
GO 10 I=1+3 :
DO 10 J=1.3
DO 1N K=1:3 , ‘ ,
NROWZ{MODE (NA»I)=-1)834K ‘
0C 10 L=1+3
NCOLZI{NOIE (NAeJ)-1)e3+L
GO 10 M=1+3
. DO 10 N=1+3
THE TRIANGLE IS TRANSFORMED +MULTIPLIED
BY -XITS N ODAL DISPLACEMENTS AND A FACTOR
TO0 CORRECT ITS DIMENSTIONS .
FACTORZT(I +MsKIosTCJoNoeL)*DUINCOLI/ (EC(L)SEL2)SEL3)¢G(G4)) .
IF(MWaGEW2)FACTOR=FACTCR*SARTIE(L}SE(219E(3)/E(T))s2,
IF(N.GE.2)FACTOR: FACTOQtSQRT(E(l)tE(thE(S)/E(J))'2.
IFCABSIFACTOR)-.D0005)10 '
THE APROPRIATE VARIATION 0F THE HOMO -
GENEOUS F UNGEC T 1 0N I s FORMNETD
TJZICYC(I2
I1=N
J1z-M+3

IF(J-ICYC(TI+3))¢8y

(A1)
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_/_________,__.._..-—-——’", e —————
/T"-”> I1=M . ™
— ] J1:=N 85
IFtI=-J)eBo 86
J1ZN+3 87
8 I1C=0 88
0O 9 M1-1l+4 89
M2=ICYCIM1sIJ) 90
DO 9 N1ziel 91
IC=1C+1 R 92
N2ZICYC(NL+IJ) . 93
IFEN1.GE.4IN2=4. 1
CONZE(M2)*G(N2) 95
IF(M1.GE.4)CONZGt1)*G(2)+G(3)+06(8)/GIN2} 96
00 9 M321+25 : 97
A MATRIX 0F COEFFICIENTS FOR THE Z 5
K NOWNS 1s FORMZD ’
9 AINROWIMZIZAINROWIMZ)+FACTORSCONSIH(TI1 v J1eICIM3) 98
10 CONTINUE ’ 99
DO 11 I=1NM _ . 100
"THE LOAD VECTOR . IS INTRODUCETSD AND EQUAT-~
~IO0NS CORRESPONDING TO THE BOUNDARY co -
DITIONS ARE OVERWRITTEN
11 ALIvZBIZFLI) 101
NZ1 102
CO 15 I=1sNH 103
DO 12 J=1+25 104
12 ALI-N+19JIZALIed) 108
IF(N.GT.M3C)CO TO 15 106
IF(TLEQLNBC (NJINTN+1 - 107
15 CONTINUE . o 108
THE EQUATIONS ARE SOLVED AND THE .SOLU -
TIONS ARE BACK-SUBSTITUTED T0 FIND THE
VALUES OF ALL .THE 'COEFFICIENTS S
CALL HSOLV(25+2GeA+50450) . 109
DO 14 Iz=14+3 110
D0 14% J=1¢6 111
WRITE (591001194 112
DO 13 K=1116 113
g{K1=0. 114
DO 13 L=1+25 : 115
13 O(K)IZGLKISTHtIsdoKoLY*ALlL26) A 116
THE VALUES ARE FILED?"™
WRITE(20) LQLK) 9K=1v16) : 117
14 WRITE(S5¢102)(Q(K) 91K=1916) 118
102 FORMATILH »17E10.4) 113
THLS WH oL L OPERATTILION IS REPEATED F O
VARIOUS VALUES 0F POISSON'S RATIO
END 120

(AX)
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101

16

SUBROUTINE HSOLVINROWINCOL2A9»IRCIC)
DIMENSION ACIR+IC)

DO 9 I=1eNROW

K=I

D0 3 L=I+NROUW
IFCABSCAIKesI))-ABSECACLIII) 302
K=L

CONTINUE

IFCACKeI) DYool

WRITE(S5+101)

FORMAT(1H +*SINGULAR MATRIX®)
GO TO 16

DO 5 J=leNCOL

G=A(IrJ) ¢
A(TIoJIZA(K od)

AlKeJ)IZ=G

DIAGZA(II)

PO €& J=IWNCOL
ACTI2JIZACIvII/DIAG

00 9 K=1+NROM

IF(K=~I)T7+997

HEADZA(K» 1)

00 8 J=IsNCOL

AKeJIZTA(Ky JY=AtTeJ )*HEAD
CONTINUE

RETURN

END

o 0

e _o

®__ 0. 6_6

® 0 _6_N_06_»_0_06 06 4.
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101

SUBROUTINE HTGBND{IR«ICeNRoINCoNBrA)

DIMENSION A(IRCIC)

MASNB+1

NZNR-1

DO 3 I=1lsN
IF(ABS(AtI 1)) =-1.0E-C43T70s
DO 3 L=2sNB

J2TXel-1

IF(J.GT.NRIGO TO 3
IF(ABSCACTI+L)Y)I-1.0E-08)3ys
DO 1 K=NA»NC

ACJrKIZALUrKI=ALT oK), (TeL)/A(TIe1)

NOZNB-L+1 .
DO 2 K=1»ND - *

ACIIKIZALIsKI~ACI P KeL-10 6 AL oL} /AT s1)

CONTINUEL

D0 6 IA=1»NR

IZNR-IA+1
IF(ABSIALL+1))~1e0E-04)790
DO 4 K=NA!NC

A(I+KIZALI oKYIZALX 1)

CO 5 L=2¢NB :
JzI-L+1

IF€J.LE.GIGO TO 6

DO 5 KIMAWNC .
ACJrKIZALJIKYI-ACTeK)®ACUPL)
CONTINUC

RETURN

WRITE(S.101)

FORMAT(1H » *SINGULAR MATRIX®)

sToP
END

o
~

IS
.
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A PROGRAM TO FIT THE CURVE MWHICH INTRO-~
DVCES THE EFFECTS OF POISSON'S RATIO TO
THE COEFFICIENTS

DIMENSION A(10+4)9B(3+6116v20)eCI50e50)
100 FORMAT{) ’

READ(8+100)US»UESNI

UIZ(UE=-US)/ZINI-1) . s

DO 1 NUZ1sNI .

00 1 Iz=1+3

00 1 J=1+8
1 READ(20) (B(I »JeKeNU) eK=1916)

00 4 I=1,3

00 4 J=Z1+6

DO 4 KZ=1le1l6
DO 2 NU=1,10
U=US+UI+{NU-1)
A{NUs1)Z=1,
A{NU»2)ZU
. A(NUs3)ZUsU
2 AINUs8YZC (TorJdeKoNU)

REGRECS ST ON T ECHNTIG GU & 1S A PP LTIETC
{0 3 IAZ1.3 :
00 3 IBz1ls4
C{IAvIB}=0.
DO 3 IC=1,10

3 C(IA+»IBI=CU{IA»IB}+ALIC+IA)I*A(IC,IB)
CALL HSOLV(3+4+Ce50r54)

00 4 IAZ1.2
4 S(I+JeKeIAY=CULIACY) )
DO 5 NU=1.3 '
DO 5 I=1+3
DO & J=1lrb
WRITE(2LI(BITIsJdrKoNUY9K=1016)
] S WRITE(S»101)(BLtIedrKsNU) oKZ=1»16)
101 FORMAT(1IH +»1DE1244)
- END .

S _6__6

—.__ A8

® O _6_6__6_a_no_6 o
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A DECK T0 u P DATE THE COEFFICIENT SotLuU -~
TION PROGRAM T0 A FINITE ELEMENT USER
P.ROGRAM
-1l2 ‘
tPREPARATION)

DIMENSION T(393933eTA(3IJ2TCUI)oTS(I)IeXA(3IIeYA(3)eELIYeG(8)

1¢eGU396¢1€) 9F9911) +BI30s11)eCUI001SeR)eX(100)9Y (200,

ZNBC(100)+BC(100)+A(2000+3S) sy NODE(300s3)sUDL(3003)
-3¢33
THE CESCRIPTIGOCN 0 F THE PROBLEM AND LO0OAD -~
I NG IS READ FROM 0ISC F ILE 0 R C ARD S.
THE COEFFICIENTS 0 F T HE EXPLICTIT ¥ ATRIX
AR E READ FROM 0 IS C FILE

READ(Bs 1RO INREAD Y MREA. +NNeNE2U9EYeH

IF{UJLE.N.0853Y=0.05 v
IF(UGE D o eOReULE «H. N5 IWRITE(S5+101)
101 FORMAT(1H v'UNSTABLE VALUE OF POISSONS RATIO®*})
DO 81 Iz=1s2
DO 81 J=1+56
00 81 Kz-llo
81 OtIvJrK)=0.
CO0 1 NU=G+2
DO 1 I=1,3
DO 1 J=1+6
READ(MREAD){X(K) ¢eK=1916)
PO 1 K=isle
1 Q(Iy J'K)—Q(L'J'K)*X(KI“U"NU)
IF{NREAD.£Q.81G0 TO 83 :
RFAD(VRLAD)(X(I)oY(I)oI 1oNN) ’ . R

€0 TO 82 .
108 FORMAT{() e i
783, READ(8+»100)(X(IIoY(I)sI=1sNN)
82 READ (89100 )NLOAD s MLOAD
: NEWZD '

DO 3 NAzZ1lNE
D0 88 I=1eNLOAD
88 UDL({NA»I)=0.
IF(NREAD.NE.21G0 TO 86
READ{8+100) (NODEINAsI)»I= 113).(UDL(NA:I)|I lvHLOAD)

GO TO 87
86 REAJ(NRLAD)(NQDL(NA:I)'121-3)ofUDL(NAqI)oIZIoHLOAD)
87 . DO 3 Iz1+3

JZICYCUI2)
IF(IABSINOBE(NALI)- NGDE(NA'J)l NBWIZ»3
MBW=TABSINODEINAII-NODE(NA»J))

3 CONTINUE
NBW=3eNBH+3
MMZNBW+NLOAD

(continued)
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NMZ3+NN
DO 4 I=1+NM
DO 4 J=1.MM

y ALTeJ)=0. '
DO 5 Jz1¢+NLOAD
5 READ (8,10'0) (ALToNBW +J} 9 IZ1oNM)

READ(8+100)M3C
REAL(8+11O)(NBCEI}eBCIT)rI=Z19MEC)

S TART 0_F £ LE MENT 8y ELEMENT cYCLE

CO 11 NA-1eNE : ‘
£ 0 IMENSIONS +» PARAMETERS 8 TR A

THE
CALCULATETD

T 1%

CTH NSFOR-
MATION MATRICES ARE FORMED HERE )
=BT 15
PROGRAM LCOPS FORM THE ELEMERHNT ST 1FFNESS
MATRIX IN LOCAL COORDINATES IN ARRAY °*F¢
BC 9 1=1¢3 - \ : '
D0 9 J=1.:3,
DO 9 M=1,3 ¢
MROW=(TI-1)#3+¢M ¢
00 9 Nz=1+3
MCOL=(J-1)34N
-=:§f’ F(MROW»MCOL =0
FACTOR=1./{C(1)«EL2)¢E(3)*G(4))
-78+78 '
{ THE FUNCTION GENERATOR COMES HERE)
37,119 . ) '
) F(MROA+MIOLIF(MROWIMCOLI+FACTOROCON®Q(T1sJ1,1IC)
HALCF T H L E A ND Ww1IbpD H 5 |
MATRIX IS FORMNMED IN ARRAY °*A* AFTER TRANS S -
FORMATION OF ARRATY °F°
DO 85 I=1+3 « :
DO 85 J=13 -
DO 85 K=1»3 :
- NROW=Z ENOLE(NAsI)~1)e3+K
DO 85 L=1+¢3
NCOL=INODE(NA+JI-1)#3+L~-NROK+1
IF(NCOL.LE«B)GO TO 85
DO 10 M=1:3
MROW=(I-1)+3+NM
DO 1N N=1.3
MCOL=(J-1)#3+N
10 AtNROWSNCOL )= AlNRONoNCOL)#T(IoHoK)*T(JoNoL)tF(HRON'MCOL)
.89 _ CONTINUE
‘ LoAC VECTOP FOR & UNIFORM LOA

XCGZ(XA(LI+XA(Z2Y+XA(ZYY/2,
YCG=CYAL{L)+YA(2)+YAL3))/3,
GO0 11 J=1.+NLOAD

k\Nkc'_o_i‘1-:_-_«__/,_,--.-a—«*’_'“""'“Tczo-ntinued)

IFCUDL (NA+J) b1l S S

(Xx)

e._ O _0_06_0._0.0 0.6 _0_0_0_0.
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NZ(NODE(NAII)=~1)923
DZUDL INA+J)*Gt1)=G(2)9G(33+G(4R)Y/12,
A{N+IsNBU+¢J)ZAINS 1 NEWeJS) 40

C=D*SQRT((2 A (ECL)SE(LI)+ELZ2ISE(2Z)I+E(3)ISE(ID )3 +E(IISELTII/LIXALI)

1-XCO)##2.+(YA(I)-YCGI®e2s))
AIN+2 s NBU+JIZAIN42s NEW+J)+B{YA(T)I-YCG1/10,
A(N+3oNBU+J)ZAIN®3 oNEWeJ)~D* (XA(T)-XCGI/10,

CONTINUL

» Gl

© ©

D C

L T ES

MOARY CONDFfTION RESTRICTIONS ARE|

13
17

18

14

DO 14 Nz1sM4C

M=NEC(N)

MAWINBW-1

DO 18 I=1,MBW

DO 17 J=14+NLOAD

IF(M-1)12,13 :

AU{M=T¢NBU¢J)=AtM=-T sNBK+J)~BCIN) ¢AIM-T+I+1)
IF (NM-M-1317 f

AUM+LoNBU+J)ZACMeT oNBU+J)=BCIN) sA(HoI+1)
CONTINUE

At{M=T»I+1)=0.

AtMsI+11:0.

AfMe2)=1.

DO 14 J=I+NLOAD

A(MINBW+I) Z3CIN)

10

2

THE
S UR

BANDED SYMPETRIC MATRIX IS SOLVETD

CALL HTGUND(Z00e34 oNMyMMINBWeA)
HRITLE(5+2021)

FORMATI{1H #*'STRESS RESULTS ARE UNRELIABLE AT NODES WHICH LIE ON TH

1t ECGE OF A PROBLEM®)
RELATION BETW

ROUNDIMNMNG NOGDES

REZAD(NREAD)JCHJIB

NMLZNLOAD+7

I=3

JAZ JC

SXC=X(JBI-X{JC)

YC=Y(JB)Y-YLJIC)

XY=SQRT{XCsXC+YCsYC)

EEN EACH MNMODE A ND
S READ FROM. L DISC

S M

- %)

o C
~ m

STITUTTION INTO T
Y NOMTIAL T0 FORM

nwx
- m
e
mo
v~
wun

M ATRTIX

BII-2»1)}=XC*XC/XY
B{I-2¢2)=XC+VC/XY
BAI~2+3)=YC*YC/XY
BUI-2¢4)=XCeXC*XC/ XY
BlI-2+51=XC+XC*+YC/XY
BUI~-296)=XC+YC*YC/ XY
BAI~2+7)=YCsYC*YC/XY
8({I-1+1)=0.
E{I~1921%C

(continued)

(1xx)

_a_e

B B A A A _Aa 6 O 8 _A

e a_



r-/—s"—_\_/

(I-1s3)z2.%C
B(I-144)=0.
B(I-1s5)=XCsXC
BUI-1+61=2.%XCsYC
8(I-1¢7)=3.+YCsYC
E(Xs1)}z-Z.¢XC

B(Is2)=-YC

B(I«3)z0.

BlIel)=~2,2XCeXC ] . :
BlIs5)==2.9XCeY¥YC : .
B(I+6)=-YC*YC .
BtI»7)=0.

DO 22 JZ1#NLOAD

E(I-2+7+J)2(A(3¢JB~2oNBW+J)I=A(S*JA~ Z-NBHOJl*XC'A(StJA'NﬁuﬁJ) ~YCeAL
138JA~1oNBW+II I /XY

BUI-1»7+J)=A(39JB-1sN. d+J)~AL3+JA~1sNBH+J)

22 BIIsT+J)=AL3¢JByINBUe ) =ALISJAINBU+J)
23 READ(NREAD) JC v JB v
IF(JC.EQ.JAICO TO' 28
IF(I.GL.7160 TO 25
’ DO 24 J=1eNHL
24 BE{7+J120.
B{7+5)=1. .
B{7+60=-1.
WRITE(S¢2031JA
103 FORMAT(1H +*UNRELIABLE STRESS RESULTS AT NODE®»I4)
RESRESSION ANALYSIS SOLVES RESULTINSG
RECTANGULAR MATRIX
25 DO 26 J=1»7 .
DO 26 K=I1,NML
FtJeKk) =, . B
£O 26 L=1s1 :
26 FUIvKY=ZF ({JsKI+B(L e J) oBIL 1K)
CALL HSOLV(7 NMLsFe9e11)
D0 27 J=1oNLDAD
STRESSES ARF CaLCULATED FROM THE SOLUTION
ClJA1LedI=—(F(1s7+J14U*F (3974017 (1e-UsU) -
ClUAPZ o)== (F {22 T4J3+UsF(10740))/(1.~UsU)
CUJAI31J)SF(Z0740) /[ 2a=2o2U)
ClJAYHIJIZ— (2 esFlls T+II4F (69740317 (1 —UsU)
21 CUJAIS 1) T~ (3 F(ToT+JI+F(5974J))/{1a~UsU)
IF(dC128+29+20
28 1=I+3
IFtI.LE-2G)G0 TO 21
WRITE(S,104)JA
104  FORMAT(1H »*THERE ARE MORE THAN TEN CONNECTIONS TG NODE®*»I4)
Go To 23
29 0O 31 K=1NLCAD
R E S

UL TS ARE HRITTEN U N_D E R HE ADTNGS

;_,———————-—--\_,—_-\\

WRITE(S 210K .
(continued)
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105

30

106

FORMAY (1H1 ¢53Xe *LOAD VECTOR *ell/54Xs13(v=9)/1X9120¢*-*)/3Xs*NODE?®
1¢5X e *VERTICAL " sEX s *RCTATIONY 16Xy *ROTATION Y ¢ 7X e *MOMENT®o8Xs *MOMENT®
20 TXs *TWISTING® 98X *SHEAR® 99X v *SHEAR®/U4UX v *NOL*s6X9 *DISPL. s TXe *ABOU
3T X* 97X e*ABCUT Y*ebXe*IN X DIRN.TsUXs*IN Y DIRN.*96Xs "MOMENT® vE6 X
YIN X DIRM.*oUXe®IN Y DIRNG®Z712Xs* {LENGTH)*»9Xs *{DIMENSIONLESS)*e17
5Xs* (FCRCESLONGTH/LENGTH) * 918X *(FORCE/LENGTH)*/1Xs120(*~"})

D0 31 I=1¢NN

IA=3s1-2

IB=3¢1

DO 30 J=IAWI8

ACJoKITACIINIH+KI*6.Z7(EY® (Hex3,})

WRITE(S5+106)Ze CA(Jr K)o J=TAPIB Yo (CUInJsK)Ie 195}

FORMAT(L1XsTUs3XeB812X0eE12.7)) .

(111XX)
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