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element (i, j) of the matrix rzJ 

(1) the three angles of a triangle 

(2) the inclination of side ij to the x axis 

(3) parameters defined in terms of a, b and c 

(1) an operator indicating a defined series of 
differentiations of a matrix 

differential lengths of an element of material 

the shear deformation of plane xy in the direction y 

the direct strain in direction x 

the rotation of point i about the x axis 

a function representing the rotation of edge ij about 
the axis 'a' 

Poisson's ratio 

the shear stress causing Yxy 

the inclination of the u axis with respect to the x 
axis 



11. 

Matrices and Vectors 

[A] 

[A] 

[A] 

[A.-~ lJ 
[Bij J 
{C.} 

fD~} J/ 
[E:} 
[B(x, y)J, [B] 

[B] 
[ c} 

[c] 

[c. J 
l 

[d} 

fd(x, y)} 

[d. } 
l 

[DJ 

[DJ 

[EJ 
[f} 

£f.} 
l 

[FJ 

[GJ 
[H] 

[I] 

[K] 

[K. J 
l 

[L(a)], [1] 

[MJ 

[P(x, y)J, [PJ 

(1) the parameters of a chosen function in terms of 
the nodal coordinates 

(2) a component and factor of matrix [H] 
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parameters of the assumed functions 
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CHAPTER 1 

1. INTRODUCTION 

1.1 Statement of the Problem 

Expl.icit stiffness matrices are available for rectangular plate 

bending elements, rectangular plane stress and plane strain elements 

14. 

and triangular plane stress and plane strain elements. Triangular plate 

bending elements can at present only be formed by using a numeric 

atgori thm. 

The explicit version of a stiffness matrix is not only far more 

simple to program in a computer routine but its execution (as witt 

be shown) requires approximately one twetth of the time of a numeric 

version. 

Rectangular plate bending elements do not have a compliant shape 

(see definition) so their use is limited to plates which in many cases 

can be solved by other methods. 

Judging from the number of attempts to find a successful triangular 

plate bending element, the simplicity of a triangular shape appeals to 

most investigators. 

In the present investigation only triangular elements with a node 

on each corner and three degrees of freedom at each node witt be 

considered. 

Some investigators have included extra nodes on the edges and/or 

at the centroid of the triangle. This is done in order to overcome 

difficulties experienced in choosing a suitable displacement function 

for a nine degree of freedom triangle. Except for comparison of results 

(table 4) such elements witt not be considered. 

An explicit stiffnessmatrix for a small deflection theory, elastic, 

isotropic, triangular plate bending element witt be developed. 
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To timit the field of research, onty etements derived from functions 

which may be described as potynomiats witt be considered. 

1. 2 Synopsis 

Introduction: Three different methods were used to find expticit 

matrices for triangutar ptate bending etements. The assumed disptacement 

method and the assumed stress method were considered first. Because of 

certain shortcomings in these matrices, a third expticit matrix was 

devetoped by assuming the form of the resutting matrix and finding the 

vatv.es of unlmown coefficients invotved. This third method, to be known· 

as the "assumed stiffness method" forms the major investigation of this 

thesis. 

The assumed disptacement method: A simpte nine degree of freedom 

finite etement of this type (Przemieniecki1 ) was investigated. The 

expticit matrix found required 0,512 seconds- compare~ with 6,103 

seconds of the futty numericat version - to evatuate a singte finite 

etement stiffness matrix. This showed the worth of the expticit matrix 

but for certain configurations of the nodes (Zienkiewicz5) this method 

gjves a singutar matrix. Examination of the expticit matrix enabtes 

one to determine convenientty which configurations these are. It is 

atso shown from the expticit formula that if a particular configuration 

has a singutar matrix, it witt be possibte in every case to choose a 

new set of tocal coordinates for the etement which results in a non~ 

singutar matrix. 

The assumed stress method: A matrix of this type (described in papers 

by Pi~n2 , Severn and Taylor3 and Attwood and Cornes4) was then treated 

in a similar manner. This element is known to give more reliabte results. 

The explicit matrix found in this case was impracticatty large. 

Atgebraic maniputations in both of these devetopments were done 

on a digitat computer using programs written in FORTRAN (which ~ssentialty 

handles numerical operations). 

It was apparent from the above investigations that atgorithms 

designed for a numericat approach were not wett suited to an expticit 



16. 

treatment. However, the use of the explicit matrix is justified by the 

saving in computer time. 

The assumed stiffness method: Noting that some function must be 

assumed in every stiffness matrix development, the obvious way to obtain 

an explicit soLution wouLd be to choose functions representing each 

element of the matrix. The form of these functions couLd be determined 

by using the earlier developments as guide lines. 

The assumed functions are formed from the dimensions of the finite 

element. They are homogeneous polynomials of a degree determined by the 

units of the matrix. By using this element in enough exampLes in which 

both the dispLacement and the loading are known, the unknown coefficients 

of the assumed functions couLd be found. 

Very many coefficients are required to form a matrix of even the 

most simple functions. The solution of such large sets of simuLtaneous 

equations is a major undertaking, particuLarly where equations may be 

badLy conditioned. Ways of reducing the number of independent unknowns 

to a minimum must be found. 

Little more than half of the full number is required due to the 

symmetry of stiffness matrices. A further two thirds are eliminated by 

describing the dimensions and local coordinates in a systematic manner. 

Large reductions couLd also be made by considering the static 

equilibrium of the finite eLement. To do this an energy conservation 

principle was applied. This required that no externaL work be done on an 

eLement if it moved in such a way that its shape was not_deformed. 

An explicit stiffness matrix with as few as twenty five unknown 

coefficients was obtained in this manner. The vaLues of these coefficients 

can be found by doing a finite element analysis on a plate with a known 

soLution and twenty five degrees of nodaL freedom. 

By varying the positions of the nodes and the shapes of the eLements, 

many different solutions couLd be found for the coefficients. Three 
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resulting.explicit stiffness matrices were tested. All three were found 

to converge satisfactorily. The average time taken to generate the 

stiffness matrix for a single element was about 0,34 seconds. Results 

compared favourably with other finite element analyses. On a few of the 

examples tested, a greater accuracy is desirable. 

There is a wide scope for improving the accuracy of the element 

without complicating the matrix or increasing the execution time. 

Suggestions are also made for the extension of the theory to more complex 

functions and element shapes. 

General: A method of obtaining stresses from the nodal displacements 

by "best surface fitting" is suggested. Results found by this method are 

not reliable at this stage but other procedures for obtaining stresses 

can be used. 

An "industrial package program" including a comprehensive "data 

debugging" routine was prepared to perform finite element analyses 

using the"assumed stiffness" element. 

1.3 Original Contributions Included in the Thesis 

Appart from the two.main concepts in this thesis, namely: the 

development of an explicit stiffness matrix: 

(a) by computerised algebraic substitution into a numerical 

algorithm and 

(b) by the assumed stiffness method, the foHowing are original:-

(i) two methods of representing and mai1ipulating algebraic 

expressions numerically; 

(ii) a method of inverting an algebraic matrix which can be 

resolved into the sum of a non-singular matrix which can 

easily be inverted and a component which is a very sparse 

matix; 

(iii) the proof that the triangular stiffness matrix derived 

by the assumed displacement method has at least one non­

singular orientation for any configuration of nodes; 
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(iv) the choice of orthogonal axis systems radiating from the 

centre of the inscribed circle which results in systematic 

submatrices of the stiffness matrix; 

(v) the choice of oblique axes in the directions of the sides 

to simplify~ application of rigid body movements; 

(vi) the choice:polynomials involving integer powers of surds 

as assumed functions; 

(vii) the use of the non-similarity ratio for distinguishing 

between triangular shapes. 

In addition the FORTRAN programs, 

(i) using prime numbers algebra; 

(ii) using powers algebra;· 

(iii) using an explicit assumed displacement method stiffness 

matrix; 

(iv) for forming and solving a set of simultaneous identities; 

(v) for reducing a random sparse set of equations to their 

simplest form; 

(vi) for checking the validity of a set of data describing the 

topology of a triangular mesh; 

(vii) for finding the values of stiffness matrix coefficients 

by application to a standard plate; 

(viii) for performing a finite element structural analysis; 

were all written as part of the investigation without reference to other 

computer programs or descriptions thereof. 

1.4 Definitions 

1. Explicit Matrix: Each element of an explicit matrix is an 

algebraic formula which can be evaluated by numerical substitution for 

the variables in it. 

2. Algorithmic formation of an element: This is the alternative 

method of finding the numerical value of a matrix. AlL primary variables 

are first evaluated. The full matrix is then developed by folLowing a 

sequence of numerical manipulations of the primary variables. If these 



operations are followed using algebraic variables instead of their 

numerical values, the resulting matrix is an explicit matrix. 
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3. An element with a compliant shape: In the context of this thesis, 

this definition applies only to planar elements with rectilinear boundaries. 

If any shape of plate .can be divided into a number of elements of a certain 

description, that type of element has a compliant shape, (e.g. a 

triangular plate can not be divided into rectangular elements; rectangular 

elements do not therefore have a compliant shape). Triangles and 

quadrilaterals have this property because even circular shapes can be 

closely approximated by an assembly of either. 

4. The "Non-Similarity Ratio" for a triangle: This is a ratio to 

show whether two triangles are dissimilar. It is the ratio of the 

product of the lengths of the three sides of a triangle to the cube of 

the length of the longest side. If two triangles have different non­

similarity ratios they are dissimilar. If two triangles have the same 

non-similarity ratio they are not necessarily similar. 

5. The root length degree of a function: Certain surds are used as 

variables in chosen functions. The dimensions of these surds are the 

square root of length. A polynomial of degree k in these variables 

is said to have root length degree k. 

6. A cyclic variation: If a, b and c are in cyclic order then 

the arrangements: 

a b c, b c a, c a b 

are cyclic variations of one another. 

7. A minor variation: If ~, b and c are in cyclic order then the 

arrangements: 

a b c and a c b 

are minor variations of one another. 

8. Homogeneous: This usually means that all terms of an expression 

have the same degree. In this thesis the term is taken to mean that all 

terms have the same units (of length say). 
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1.5 General Remarks 

It witt be assumed that any reader of this thesis is familiar with 

the finite element method. It witt also be assumed that the reader is 

conversant with the computer language FORTRAN V. 

In order to maintain continuity of the main logic, certain self­

contained sections are included as appendices. Often these appendices 

contain original and relevant descriptions, too tong to be included in 

a concise main argument. 
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CHAPTER II 

EXPLICIT JVIATRICES DERIVED ALGEBRAICALLY FROM PUBLISHED ALGORITHMS 

2.1 Introduction 

This chapt~r. covers the minor research of this thesis which leads to 

the more important method described in subsequent chapters. 

In pubUshed papers dea"Ling with stiffness matrices for p"Late bending 

e"Lements with a comp"Liant shape (see definitions), a final, resu"Lting 

matrix is not pubUshed. The reason for this is .that the "Labour invo"Lved 

in producing such a matrix, if done by hand, wou"Ld be extensive. It is 

thus more convenient for authors to describe the final, steps in general, terms. 

terms. It is a"Lso fair"Ly simple for a research worker to write a 

program which performs the fina"L steps numerica"L"Ly. 

For the user of such a method in practice, the unfinished matrix 

is uneconomical, both from the programming point of view and because of 

the time wasted in the execution of a program. 

It is far more simp"Le to write a program to substitute va"Lues into 

a formu"La (even if this is very "Lengthy), than it is to write a program 

which performs operations such as matrix mu"Ltip"Lications and numerical, 

integrations in two dimensions. At the same time, such matrix 

manipu"Lations often invo"Lve mu"Ltip"Lications and additions of zero va"Lues 

which do not appear in a final, formu"La. This is the reason why (as 

wi"L"L be shown in this chapter) programs using an exp"Licit stiffness 

matrix are not on"Ly more simp"Le than a numerical, program but require 

"Less computer time for their execution. 

Two standard methods of deve"Loping a stiffness matrix for a p"Late 

bending finite e"Lement wi"L"L be described in general, terms. These are 

the assumed disp"Lacement method and the assumed stress method. 

Exp"Licit stiffness matrices for a triangu"Lar e"Lement are found 

using both methods. This e"Lement has a node on each corner with three 

degrees of freedom at each node. The derivations of the matrices are 

f , h d 1 ' 2 ' 3 ' 4• Th t. t. 1 "'" b . taken rom pubvis e papers. e repe. 1 1ve a~e ra1c 



operations required in the ffnal steps are performed on a digital 

computer using techniques described in appendix 4. 
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The explicit stiffness matrix developed by the assumed displacement 

method was found to require one twelfth of the time used by a numerical 

·program on the computer. Unfortunately, the matrix itself has a few 

serious inherent problems as will be pointed out. The explicit stiffness 

matrix developed by the assumed stress method was found to be too 

extensive to be handled in a finite element program. No further deductions 

were made from the latter. 

2.2 The Use of FORTRAN Programs for Simple Algebraic Operations 

Supposing a stiffness matrix is required for a general triangular 

shape of element. The dimensions of this shape will be algebraic variables. 

Various matrices describing properties of the element will have to be 

developed as steps to the final matrix. The elements of these matrices 

are expressions in terms of the variable dimensions. By removing the 

lowest common denominator from the expressions, the matrix elements will 

be left as fairly long polynomials. 

Supposing two such matrices are to be multiplied together. The 

matrices are often of the order of nine by nine. Hundreds of 

multiplications and additions may be required to find the expression 

representing a single element of the resulting matrix. 

The probability of human error in a large number of simple operations 

such as these is great. 

Two methods of performing these algebraic operations using FORTRAN 

programs (which are essentially numerical) were found. The methods of 

"algebra by prime numbers" and "algebra by powers" are described in 

Appendix 4. 

The former method was developed and used in the assumed displacement 

method described in this chapter. When an attempt was made to use this 

in the assumed stress method, it was found to be unsatisfactory (see 

below). This is the reason why the "algebra by powers" was developed. 



This was then used in the assumed stress method. 

It was found in the prime numbers algebra that when six or seven 

variables were required in an expression, the size of the numbers 

representing the terms became impractically large, e.g. supposing a 

term has variables a, b, c, d, e, f, g, taking the lowest seven prime 

numbers respectively, the value representing 

= 118 588 876 497. 

This value overflows the maximum size allowed on most computers for 

integers. 

On the other hand, the algebra by powers can easily represent a 

number such as: 

The algebra by powers does not require exponentiation of input or 

factorisation of output and has all the advantages of the algebra by 

prime numbers technique. 

2.3 The Assumed Displacement Method 

2.3.1 Method in general terms 

23. 

Supposing the nodal displacements of an element were known, but the 

internal displacements were not. An interpolation formula with as many 

unknown coefficients as the element had nodal degrees of freedom could be 

assumed. The values of the coefficients could be solved by substitution 

of the coordinates and displacements of the nodes. 

Once the interpolation formula had been evaluated, the displacements 

at any point could be found by substitution of its coordinates. By 

appropriate differentiation of the formula, the strains could be found. 

If the material properties of the element were known the stresses could 

be determined from the strains. 

Integration of a product of the stress and strain over the volume of 

the element gives the total internal strain energy. 



A product of the nodaL Loads and the dispLacements caused by them 

gives the totaL externaL work done to cause this strain. 

24. 

These two quantities shouLd be equaL. In fact, the nodaL dispLace­

ments are unknown. From the equation formed from the energy considerations, 

the nodaL dispLacements can be soLved as unknowns given the Loading. 

Their vaLues are dependent upon the form of the interpoLation formuLa. 

This is the principLe used to deveLop the stiffness matrix by the 

assumed dispLacement method. 

Supposing a generaL point (x,y) of the eLement has k degrees of 

freedom. Let the dispLacements of this point be represented by a 

coLumn vector {d(x,y)}. If the eLement has m degrees of nodaL 

freedom, the dispLacements of a generaL point may be represented in 

terms of functions invoLving its coordinates and m unknown coefficients 

contained in a vector {c} as foLLows:-

fd(x,y)} 

(k X 1) 

[P ( x , y) J. { c } 

(k x m) (m X 1) 

Substituting the coordinates of each node of the eLement and a 

symboL representing the corresponding unknown nodaL dispLacement, into 

equation (1), the vector of unknown nodaL dispLacements {d} can be 

represented as: 

{d} = [A] {c} 

where, if n is the number of nodes on the eLement: 

{d} = 

{d(x1' y1)} 

{d(x2, y2)} 

{d(x , y ) } 
n n 

(m x 1) 

and [A] 

[f(x1, y1)] 

[f(x2' y 2) J 

[f(x , y )] 
n n 

(m x m) 

( 1) 

(2) 

As the vaLues of the unknown constants are in themseLves of Little 
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value, it is useful to eliminate {c} from the above equations. From 

equation (2): 

{ c} 

Substitution of this into equation (1) gives the displacements at a 

general point in terms of the nodal displacements: 

{ d ( x, y) } = [P ( x, y) J. [A J -1 
• { d}. 

An operator o, of appropriate differentiation of these displacements 

with respect to the coordinates, can be devised to give a vector of 

strains {e(x,y)} at a general point: 

{e(x,y)} =o.{d(x,y)} = o.[P(x,y)].[AF
1

{d} 

and by defining [B(x,y)J = o. [P(x,y)J: · 

{e(x,y)} 

( p X 1) 

[B(x,y)J. fAf
1 

•. {d} 

( p X m) ( m x m) (m x 1 ) 

where: p is the number of strains defined at any one point. 

The matrix [DJ of material properties, relating the stresses 

{o(x,y)} which exist at a general point to the strains at that point, 

is defined by: 

{o(x,y)1 

( p X 1) 
[D ] f e ( X , Y) l 

( p X p) ( p X 1) 

( 3) 

(4) 

(5) 

The vector {o(x,y)} corresponds element by element to the strain vector 

{e(x,y)}. As a result, the matrix [DJ i.s symmetric • 

. Substitution from equation (4) into equation (5) gives: 

{o(x,y)} [DJ. [B(x,y)J. [Af
1
_{d} 

and by defining [MJ [D]. [B(x,y) ]. [AT
1

: 
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{o(x,y)} = [M] {d} ( 6) 

The matrix [M] is used to obtain the stresses (or moments) at a point 

once the nodal displacements {d} are known. 

Consider an element which has nodal deflections {d} and internal 

stresses {o(x,y)} due to a vector of nodal loads {f}. Supp8se that 

an infiniteLy smaLL unit virtuaL dispLacement is applied separateLy, 

corresponding to each nodaL degree of freedom of the eLement. The matrix 

representing aLL these dispLacement vectors (side by side) would be an 

identity matrix 

of dispLacements 

[I]. CaLL the matrix of strains caused by this matrix 

[e (x,y)J. 
v 

The increment in internaL energy due to the stresses caused by the 

loads {f}, when the virtuaL strains take pLace, may be represented by: 

{W.} 
l 

(m x 1) d
r (Ce)x,y)Jt. {o(x,y)J) d voL 

VL (mxm) (mx1) 

(7) 

The increment in the work done by the Loads 

dispLacements take pLace may be represented by: 

{f} when the virtual 
I 

{We } [I J . { f } {f} ( 8) 

(m x 1) (m X m)(m x 1) 

The externaL work done must be equaL to the internal increase in strain 

energy. Thus from equations (7), (8) and substitutions from (4) and (6): 

S 
~ t ......_ 

{f} (C:v(x,y)] . {o(x,y) }) d voL 

VOL 

r ,,- -1 :\t ·" ( ) -1 \ 
j \[B(x,y)~·· [A] . [IJ)·\__[DJ .[B x,y ].[A] . {d})d vol 

VOL 

[A_J-1t. j[B(x,y)Jt. [DJ. [B(x,y)JdvoL [Af1. {d} 
.; 

VOL 

as [Af1 is independent of the variabLes x and y. 

Comparing this to the basic equation of the stiffness method: 



[KJ [d} = [f} 

where: [KJ is the matrix representing the stiffness of any structure 

or structurat etement. 

27. 

(9) 

The matrix [KJ for this particutar finite etement can be represented by: 

[KJ -1 t I ( ) t ( ) -1 [A J • [B x, y J . [D J • [B x, y J d vo t [A J (10) 

Numerous etements have been devetoped based on this method. 

Variations are possibte in the shape of the etement, the use of the 

etement (e.g. for bending, membrane action, etc.) and the choice of the 

disptacement function. A particutar triangutar ptate bending etement 

(Pryzemieniecki1) witt be described in detait in subsequent subsections. 

2.3.2 The difficutty with nine degrees of freedom 

A ptate bending etement has three degrees of freedom (two rotations 

and a transtation) at any point. A triangutar etement with a node at 

each corner has nine degrees of nodat freedom. 

The reasoning behind the choice of a particutar potynomiat as a 

disptacement function is: 

A ptate etement is essentiatty two dimensionat, (the thickness is 

assumed to remain unchanged during deformation). A potynomiat in onty 

the two coordinate variabtes is therefore chosen. 

It is possibte that the origin of axes may tie on the etement and 

that this point may have non-zero deftection, stopes, curvatures, 

bending moments and shears associated with it. These properties are 

represented by various tow order differentiats of the assumed dis­

ptacement function. Supposing this is: 

w = f(x,y) 

then it is essentiat that: 



f(O, 0) 

(or/cw)(o, o) 
(O:f/ox:)(o, o) 

u?f/ox2
)(o, 0) 

I= 0 

I= 0 

I= 0 

I= 0 etc. 

It is therefore necessary to choose a11 the lowest degree terms of 

a polynomial when choosing the assumed function. 

28. 

A fu11 third degree polynomial in two variables has ten coefficients: 

As only nine degrees of freedom are to be considered, only nine coefficients 

can be used. It is possible to omit any of c
7 

to c
10 

but in this case, 

in order to retain symmetry, the variables of c
8 

and c
9 

were Unked to 

give a single coefficient. 

The use of this function leads to problems (Zienkiewicz5 , p 185) in 

the inversion of the rna trix [A J (equation ( 3)). The reason for this 

becomes plain if one considers a symmetrical element in the x,y plane which 

is not symmetrical with respect to the two axes. If. a symmetrical nodal 

displacement vector exists for the element, it is possible for a non­

symmetric internal displacement fie1d to result from the above function. 

For example, consider figure 1. 

y 
Node 3 (1;1,732) 

Figure 1: A symmetrical Element which does not he Symmetrica1lv 

with Respect to the Axes. 

( 11) 
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Prescribe the fottowing symmetric nodal, disptacement fieW. (This 

represents an outward unit twist of nodes 2 and 3 about the tine joining 

each to node 1). 

w1 0 

8x1 
0 

8y1 0 

w2 0 

[d} = 8x2 = 1 

ey2 0 

w3 0 

8x3 
1 

-2 

ey3 - .866 

It is found, upon sotution for the constants of equation (11) 

that the side 1, 2 remains at zero d~sptacement for its entire tength 

white the side 1, 3 arches up from the zero deftections of the nodes 

at its ends. 

This_ sort of probtem arises no matter which terms are omitted from 

the futt potynomiat. 

Another inconsistency of a triangutar etement based on this function 

is that when it is rotated about an axis in its ptane, without deforming 

in any way, there is an increase in its internal, strain energ~. 

One may wonder at the vatue of pursuing this derivation any further. 

Some investigators, (Ctough and Tocher6 and Gettert and Gtuck7 ) have had 

acceptabte resutts using this stiffness matrix. The reason for continuing 

is that a comparison can be made between the execution times of an expticit 

formation and a numeric formation of a stiffness matrix. 

It witt atso be possibte to show, from the final, form of the matrix, 

that at teast one orientation, of the tocat coordinate axes for any 

shape of etement, gives a non-singutar stiffness matrix. 



2.3.3~ Derivation of a stiffness matrix for a triangutar etement 

The fottowing etement stiffness matrix derivation was de.vetoped by 

Tocher and described by Przemieniecki. 1 Inversion of the expticit 

matrix [A], atgebraic integration of the matrix [Z] and subsequent 

derivations were performed from first principtes. 

A triangutar etement is chosen with a tocat x-coordinate axis 

atong one side and its middte surface in the positive quadrant of the 

x,y ptane of a right hand axis system as shown in figure 2. The three 

nodes, numbered cwckwise about the z axis, have the coordinates 

(0,0); (r,O) and (s,t) respectivety. At each node, three degrees of 

freedom are prescribed: 

(i) 1 w1 a transtation perpendicutar to the ptane of the 

etement in the positive z direction; 

30~ 

(ii) I 8 I a rotation about the x-axis in a ctockwise direction; 
X 

(iii) I e I a rotation about y 

z 

X 

the y-axis in a 

y 

', Node 3 
' (s, t) 

ctockwise 

w,F 

direction. 

Positive 

directions 

M 
y 

Figure 2: Dimensions and sign conventions for a generat triangutar 

finite e tement. 

As the smatt deftection theory is to be used it witt be noted that: 

= 

dw/dy 

dw/dx } 

The appropriate strain vector for ptate bending is found to be: 

(12) 



and the corresponding stress vector is: 

{o(x,y)} = = [DJ. [e(x,y)} 

[D J E [~ 
where: 

and: E is Young's modulus of elasticity 

v is Poisson's ratio for the material 

From the assumed displacement function, ( 11) and the relationships of 

equations (12) 

31. : 

( 13) 

( 14) 

2 2 3 ( 2 2) 3 w = c
1 

+ c
2

x + c
3
y + c

4
x + c

5
xy + c

6
y + c

7
x + C

8 
x y + xy + c

9
y 

ex = cw/~y = c
3 

+ c
5

x + 2C6y + c8(x
2 

+ 2xy) + 3C
9y

2 

8y =-cw/ox =- C2 - 2C4x- c
5
y- 3C7x

2
- c8 (2xy + y

2
) (15) 

Substituting the nodal coordinates (as described in ( 2)): 

w1 1 ° 0 I 0 0 0 I 0 0 0 0 c1 
I . I 

9x1 0 1 0 I 1 0 0 0 0 0 0 c2 

ey1 0 1-1 1 0 0 0 0 I 0 0 0 c3 

1 1 r I 0 
21 r3 

w2 r 0 0 I 0 0 c4 

{d} 0 
1 

0 I 1 0 
I 0 I ·0 2 0 c5 (16) 8x2 I r r I X 

I I 
0 1-1 : 0 

I 
ey2 1-2r 0 0 

1
-3r 0 I 0 c6 

I 21 t 2 1 s3 
1 2 2 I 3 

w3 1 1 s I t s st 1 s t+st t c 

0 1 0 I 1 
! I I 2 I 2 7 

8x3 
0 I s I 2t 

I 0 s +2st 1 3t cs 
I I I I 21 2 

ey3 0 
1
-1 I 0 l-2sJ-t I 0 I -3s 1 -2st-t I 0 c 

9 

[A] . {c} 
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From equations (4), (13) and (15): 

[0 0 0 2 0 0 6x 2y 0 ] {E;(x,y)} = - z ~ 0 0 0 0 2 0 2x 6y x {c} 

0 0 0 2 0 0 4(x + y) 0 

= [BJ. [Af
1

• {d} 

Hence from equation ( 10): 

( 17) 

where: 

[ZJ = r [BJ\ [DJ. [BJ d vot 
oi 

VOL 

The muttiptications required for the matrix [ZJ are then performed. 

The "Limits of integration of the variabte z are - h/2 and + h/2 where 

h is the etement thickness. The matrix [ZJ can then be represented as 

0 . 0 I 0 I 

I I 
0 0 0 

01010 1 0 0 0 

o I o I 0 I 0 0 0 
I 1 I 

0 0 0 . 4 0 4\) 

[ZJ = D X JJ 
I I I 

2( 1-\)) I I 
0 1 0 I 0 I 0 0 I I 
0 I o I o I 4\) 

. I 
0 I .4 I 

0 I 0 I 0 I 
I 

I 12x I 0 12\)X 
I I I I I I 

0
1 

0 I 0 
1
4(\ix+y) I 4( 1-\i)(x+y) 

1 

4(x~y) 

0 I 0 I 0 I 12\iy I 0 12y 

0 0 

0 0 

0 0 

12x 4(\ix+y) 

0 4( 1-\i)(x+y) 
I 
1 

.. 12\ix I 4(x~y) 

I 36x
2 

: 12(\ix+y)x 
I · 2 
1
12(\ix+y)x l-8(1~)xy+(12-8\i)(x+y) 

36\IXY ! 12(x+'Jy)y 

0 

0 

0 

12\)y 

0 dxdy 

12y 

1 36\ixy 

112(x~y)y 

I 36y2 

( 18) 



where D Eh3 /12 ( 1-v 2 ) the fl.exura 1.. rigidity. 

This matrix is usua1..1..y formed on a computer and integrated by a 

numerical. method over the area-of the el.ement~ The matrix [A] is 

33. 

al.so formed and inverted numerical.L.y for each particul.ar el.ement in turn. 

The stiffness matrix is then found by mul.tipl.ication of these matrices 

according to equation (17). 

To form the expl.icit stiffness matrix it is necessary to invert the 

matrix [A] (equation (16)) using a Gauss Jordon el-imination as described 

in Appendix 1. The integration over the area of the triangl.e is performed 

by substitution from the standard integral-s prepared in Appendix 2 into the 

rna trix ( 18) • 

So that the al.gebra programs described in Appendix 4 can be used 

the el-ements of matrix [A]-1 are expressed as mul.tipl.es of their 

L.owest common denominator which is removed as a scal.or mul.tipl.ier of 

the whol.e matrix. Each of the el-ements of the matrix [A]-1 given 

bel.ow shoul.d be mul.tipl.ied by a factor; 

where a = (- r + 2s + t) 

The elements are indexed A(row, col.umn) and a1..1.. el-ements omitted 

· have zero va L.ue. 

A( 1,1) = ar3t 3 

A(2,3) = - ar3t 3 

A(3,2) = ar3t 3 

A(4,1) = - 3 art3 

A(4,3) = 2 ar 2t3 

A(4,4) 3 art 3 

A(4,6) = ar 2t3 

A(5,1) 
2 2 2 2 

= 6 r st + 6 rs t 

A(5,2) ait3 - r\3 

A(5,3) 4t2 4 3 t2 2 2 
= r + r s - 3 r st 

A(5,4) 6 
2 2 2 2 

= r st - 6 rs t 



A(5,5) 

A(5,6) 

A(5,9) 

A(6,1) 

A(6,2) 

A(6,3) 

A(6,4) 

A(6,5) 

A(6,6) 

A(6,7) 

A(6,8) 

A(6,9) 

A(7,1) 

A(7,3) 

A(7,4) 

A(7,6) 

· A(8,1) 

A(8,2) 

A( 8, 3) 

A(8,4) 

A(8,5) 

A(8,6) 

A(8,9) 

A(9,1) 

A(9,2) 

A(9,3) 

A(9,4) 

A(9,5) 

A(9,6) 

A(9,7) 

A(9,8) 

A(9,9) 

= ar2t 3 + r 3t3 

= 2 r 3st2 ~ 3 r 2s 2t 2 

= r4t2 

= - 3 ar3t - 3 r
2
s

2
t - 3 rs2t

2 

= - 2 ar3t 2 
+ 2 ar2st2 - r 2st3 - 2 r 2s 2t 2 + 2 r 3st2 

34. 

= - r 4st + 2r3s2t + 2r3st2 - r 2s 3t - 2r2s2t 2 - 3rs4t + 3rs3t2 
2 2 2 2 = - 3 r s t - 3 rs t 
2 2 2 2 3 - 2 r s t - r st 

= - r 3s2t + r 2s3t - r 2s2t 2 

= 3 ar3t 
3 2 = - ar t 

3 2 3 2 4 = r st + 2 r s t - 2 r st 

= 2 at3 

= - art 3 

= - 2 at 3 

= - art 3 

= 6 rst2 - 6 s 2t 2 

= r2t3 

= r 3t
2 

- 4 r
2
st2 

+ 3 rs
2

t 2 

= - 6 rst2 
+ 6 s2t 2 

- r2t3 

- 2 r 2st
2 

+ 3 rs2 t 2 

= - r\2 

= - 2r4 + 2s4 + 6r3t - 6 rs2t 

= ar3t - ar2st + r 2s 2t - r 3st 

r 4s - 2 r 3st - 3 r 3s 2 + 4 r 2s2t 2 + 3 r 2s 3 - 2 rs 3t - rs4 

= 4 rs 3 + 6 rs2t - 2 s 4 - 4 s 3t 
2 2 2 2 

= r s t + r st 

= r 2s 3 + 2 r 2s2t - 2 rs 3t - rs4 

3 - 2 ar 

ar3t 

= - r 3s
2 

+ r
4

s 

Etements with zero vatue are atso omitted from the fottowing tisting 

of the matrix [ZJ which is indexed as above. 

Z(4,4) = 2 rt 

Z(4,6) = Z(6,4) = 2 \)rt 

Z(4,7) = Z(7,4) = 2 r 2t + 2 rst 

Z(4,8) = Z(8,4) 2 2 
3 \)T t + ~ \)rSt + ~ rt2 

3 
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Z(4,9) Z(9,4) 2 2 
= = vrt 

Z(5,5) = rt - vrt 

Z(5,8) Z(8,5) 2 r 2t + ~ rst + s. 2 2 2 2 . 2 
= = 3 vrt - 3 vr t - 3 vrst S. vrt 3 3 

Z(6,6) = 2 rt 

Z(6,7) Z(7,6). 2 2 
+ 2 vrst = = vr t 

Z(6,8) = Z(8,6) = S. r 2t 3 + ~ rst + ~ vrt 

Z(6,9) = Z(9,6) = 2 rt 2 

Z(7,7) 3 r 3t 
2 2 

= + 3 r st + 3 rs t 

Z(7,8) Z(8,7) 3 2 2 1 2 2 2 = = vr t + vr st + vrs t + 2 r t + rst 

Z(7,9) Z(9,7) 11 2t2 + 3 2 
= = 2 vr vrst 

Z(8,8) s. r2t2 2 ~ 2t2 2 + .r3t 2 
= + 1i rst 3 vr ~ vrst + r st .'3 

2 2 3 2 2 2 2 
+ rt 3 - ~ vrt3 + rs t - 2vr t - 3 vr st - :=:- vrs t 

Z(8,9) = Z(9,8) = t r2t2 2 3 + rst + vrt . 

Z(9,9) -. 3 rt3 

[AJ
-1 The matrices [ZJ and are then multiplied according to 

equation (17) using a specialty designed program based on the prime number 

algebra technique given in Appendix 4. 

It is found that the rows and columns of the explicit stiffness matrix 

corresponding to nodal rotations contain a common factor 'r'. Consider, 

now, the fundamental matrix equation of the stiffness method (9). A 

factor can be divided into a row of the matrix [KJ and the same row 

of the vector [f} without changing the equality. A factor can also be 

divided into a column of [KJ and multiply the corresponding row of the 

vector [d} without altering the equality. If the factor 'r' is 

removed from the rows and columns of [KJ indicated above and intro­

duced to the corresponding rows of the vectors [d} and [f} the 

equation (9) stilt holds. The advantage of this operation is that each 

matrix of the resulting equation has att its elements in the same units. 

The two vectors become: 

= 
and 

= 
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The homogeneous polynomials representing the elements of the explicit 

stiffness matrix are then all of the same degree in r, s and t. 

It is' then only necessary to store the list of coefficients for 

each polynomial representing an element in a particular order. 

A program using this explicit stiffness matrix generates a vector 

of the terms of a homogeneous polynomial in the variables r, s, t and 

v. Each element of the stiffness matrix is then formed by a simple 

multiplication of this vector by the appropriate s~t of coefficients. 

A saving is made when it is realised that: 

the power of v never exceeds 1 ' 
the power of r never exceeds 8, 

the power of s never exceeds 8., 

the power of t never exceeds 6. 

The homogeneous polynomials have units of length to the power 8. 

The factor by which the whole matrix must be multiplied is 

2 6t3'\ a r 
./ 

Arpendix 5 contains a listing of both the user program and the 

coefficients of the explicit stiffness matrix. 

2.3.4 Examination of the explicit stiffness natrix 

Two properties are worth examining. 

The first is to consider the circumstances under which the Tocher 

stiffness matrix is singular. From the common factor (19), the matrix 

will be singular if 

2 6t3 a r 0. 

(19) 

Figure 2 shows that a singular matrix is the correct resuLt if either 



• 
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r or t have a zero value. The problem arises when: 

a = - r + 2s + t = 0 (20) 

It witt be shown that if this situation does arise, it is only 

necessary to rotate the local axes so that the local x-axis ties along 

a different side of the element. If the new values of r, s and t 

stilt give a singular matrix, a final orientation of the local axes 

witt definite ty give a non-singu tar stiffness matrix. 

So that the proof can be done in non-dimensional terms, the parameters 

r, s and t have been divided by r to give 

as shown in figure 3. 

1, x. and y. respectively 
l l 

For these non-dimensional parameters the value of variable 1 a 1 

from equation (20) is: 

orientation I a = 1 + 2x
3 + y3 

orientation II a 1 + 2x1 + y1 

orientation III: a = 1 + 2x2 + y2 

It is now required to show that these three equations cannot be 

simultaneously equal to zero. More specifically, since a general 

triangle was chosen and since each orientation is described in exactly 

the same way, it must be shown that if (21a) and (21b) are equal to 

zero then (21c) is definitely not equal to zero. 

i.e. given 2x
3 + y3 1 

} 
and 2x

1 + y1 1 

prove 2x2 + y2 I= 1 

Proof 

From figure 3: y 
3 x3 tan a: 0 

y3 + x3 tan J3 tan J3 

y1 x1 tan J3 0 

y1 + x1 tan 
"' 

tan 
"' 

y2 x2 tan ¥ = 0 

y 2 + x2 tan a: tan a: 

(21a) 

(21b) 

(21c) 

(22) 

(23) 
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y 

( 3) 

ORIENTATION I 

\ 

0 ex ( 2) 

( 1) ~---···------- 1 
X 

unit 

X (3) 

ORIENTATION II 

ORIENTATION III 

ex 

y 

Figure 3: The Three Possible Positions of Local Axes on a Triangular 

Element of General Shape. 



By eLimination from (23): 

x
3
(tan a+ tan~) =·tan~ 

y
3
(tan a+ tan~) tan a tan~ 

= 
2 tan B + tan a tan B 

tan a + tan ~ 

from equation (22). 

Similarly: 

2x
1 

+ y 2 tan X + tan B tan X = 
1 tan ~ + tan y 

2x
2 

+ 2 tan a + tan ~ tan a 
y2 tan y + tan a 

From (24): 

tan ~ 
tan a 

= 1 + tan a 

From (25): 

tan ~ 
tan X 

= 1 - tan y 

From (27) and (28): 

tan a tan X 
= 

1 + tan a 1 - tan y 

= 

1 

? 

tan a tan y + tan a tan y = 3 tan a tany 

tan a tan y + tan a tan y 0 

if and only if a or y = zero or x. 

Thus for a triangle of finite non-zero area: 

tan a - tan y + tan a tan y ~ 0 

2 tan a + tan a tan Y ~ 1 
tan a + tan y 

39. 

1 (24) 

(25) 

( 26) 

(27) 

(28) 
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Comparing this to equation (26): 

Hence there will always be at least one orientation of any triangle, 

with finite, non-zero area, which will have a non-singular stiffness 

matrix. 

The second important result of this investigation is the advantage 

in execution time of an explicit stiffness matrix formation over a numeric 

stiffness matrix formation. 

A simple program using numerical matrices formed as described in the 

algorithm developed by Tocher was written. The results obtained by this 

method were identical to those obtained by a program using the explicit 

matrix. (Appendix 5). The comparison of the times of execution of the 

two matrices are summarised below. 

TABLE 1: COMPARATIVE PROGRAM EXECUTION TIMES 

Times are given in Sees and Millisecs Numeric Explicit 

Compilation time 2,844 2,733 

Time to form first stiffness matrix 8,947 8,661 

Time to form two stiffness matrices 15 050 9,173 

Additional time to form second matrix 6' 103 0,512 

The extra time taken by the explicit version in the formation of the 

first stiffness matrix is used to read in the coefficients. Once these 

are in core, they remain there until the stiffness matrices for all 

elements have been formed. Subsequent element stiffness matrices each 

take only 0,512 seconds. The numeric formation on the· other hand, apart 

from the compilation, has to be executed in full for each stiffness 

matrix formation. 

The saving in time for a large number of elements tends to: 

100 X (6,103- 0,512)/6,103 = 91.5% 
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This shows the vatue of an expl.,icit version of a stiffness matrix. 

A more re"Liab"Le e"Lement treated in the same way wou"Ld be advantageous. 

It must be observed that ·the exp"Licit matrix requires more computer 

core space than an entirety numerical., program. The space is taken up by 

the array of coefficients which requires "Less than 4K (3780 words) of core. 

This is neg"Ligib"Le in a "Large computer (50 K or more) but makes the use 

of an expticit matrix impractical., in a smatt computer ~0 K or tess). 

2.4 The Assumed Stress Method 

2.4.1 Method in general., terms 

This method is very simitar to that of the previous section. Stress 

functions are assumed and the retated strains are found from a know"Ledge 

of the material., properties~ Shape functions are chosen atong the -edges 

of the e"Lement to retate nodal., disptacements to the assumed stress 

functions. 

\1 It is inconvenient to use the 

[\ internal., energy caused by external., 

tementary energy is preferred. 

principte of virtual., work to find the 

work done •. A minimisation of comp-

The method (as devetoped by Pian2) is described in general., terms 

be tow. 

A series of functions, in terms of at "Least as many unknown constants 

as the e"Lement has degrees of nodal., freedom, is chosen to describe the 

stress situation within the etement. This is done arbitrarity except 

that stress equi"Librium conditions must be satisfied for att va"Lues of 

x and y: 

{o(x,y)} 

( p X 1) 

where: {o(x,y)} 

[P(x,y)J 

{c} 

[P ( x , y) J • { c } (29) 

(p x n) (n x 1) 

is a cotumn vector of 'p' stresses at a point (x,y) 

is a matrix of terms of the chosen stress function, 

is a cotumn vector of 'n' arbitrary unknown constants, 

where 'n' is greater than or equal., to 'm' the number 

of nodal., degrees of freedom of the etement. 
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A second set of functions is chosen to describe the disp1acements of 

an edge of the e'lement. These functions are in terms of the disp'lacements 

at the two nodes which terminate the edge and'a distance 'a' from one of 

the nodes. 

{u(a)} = [L(a) J {d} ( 30) 

where: (u(a)} is a vector of edge def'lections. The number of edge 

def'lections at the general, point (a) corresponds to the 

number of degrees of freedom at a node. 

[L(a)J is a square matrix of terms of the chosen function. 

{d} is a vector of nodal, disp'lacements. 

As the def'lections of an edge depend on'ly on the nodes which 

terminate it, the edges of adjacent e'lements conform perfect'ly under a'l'l 

circumstances. 

By integrating appropriate'ly the stress functions chosen in equation 

(29), the edge forces causing these stresses can be determined. 

Let {S(a)} be a vector of such edge forces corresponding term by 

term to the edge disp'lacement vector {u(a)} (equation (30)). {S(a)} 

can be expressed in terms of the unknown constants {c} if a matrix 

[R(a)] is defined by: 

{S(a)} = [R(a)]. {c} 

From equation ( 29), by using the stress/strain re 'lationships ( 14): 

{e(x,y)} = [D - 1 J { 0 ( x , y) } 

= [D-
1
]. [P(x,y)J • fc} ( 31) 

where {e(x,y)} is a co'lumn vector of strains corresponding to {o(x,y)}. 

A method of minimising the comp'lementary energy with respect to the 

arbitrary constants is used to re'late the external, 'loading to the internal, 
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stress situation. The total internal energy of any elastic system with· 

. stiffness [K] and prescribed displacements [d} may be written as: 

(32) 

In terms of stresses and strains, the total internal energy of the 

element is represented by: 

U = t J (fe(x,y)}t. {o(x,y)}) d vol 

VOL 

= t J (fc}t. [P(x,y)/. [D-
1

] . [P(x,y)] . [c}) d vol (33) 
·VOL 

from equations (29) and (31). (Note that [D-1 ] is symmetrical). 

The external work by the boundary loading [S(a)} moving through the 

boundary displacements [u(a)} is: 

w· = f(£s(a)}t. fu(a)J) da 

J (fc}t. [R(a)]t. [L(a)] fd}) da 

Defining: 

and: 

[HJ = J (CP(x,y)]t. [D-
1
]. [P(x,y)J) d vol 

VOL 

[G J l [R(a)]t.[L(a)Jda 
.: 

(34) 

(35) 

The total complementary energy is expressed as the difference between 

W.D. and internal strain energy: 

Differentiating this seal-or quantity with respect to ea~h arbitrary 

constant in turn, equating them to zero and writing the resulting equations 

under each other: 

[H J f c} = [G J {d} 
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Hence [ c} = [H-
1 J . [G J {d} ( 36) 

Substituting into equation (33) from (35) and (36) and noting that 

[H] is symmetrical: 

Comparing this with equation (32) gives: 

.( 37) 

The application of this method to polygonal plate bending elements 

was described by Severn and Taytor3 and Attwood and Cornes4• The simplest 

element of this group, the triangle is described below. 

A triangle of general shape is oriented in a local axis system in 

the same manner as was used in the assumed displacement method. (See 

figure 2). The following sign convention is used: 

Shear stresses (T) and strains (y) are subscripted according to the 

plane in which they tend to cause rotation. The second subscript gives 

the axiat direction of the stress .or strain. If an acute angle forms at 

the origin of a rectangular element in the first quadrant of the plane, 

positive stresses and strains exist. 

Direct stresses (o) and strains (e) are subscripted according to the 

direction in which they act and are positive in tension. A rectangular 

element, positively stressed and with positive strains, is shown in 

figure 4. 
z 

Figure 4: Positive Directions of Stresses and Strains on a Small Element 
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Unit moments (M) and unit shears (Q) are subscripted according to 

the axes about which they cause rotations. (The second subscript is the 

axis about which a twisting moment acts.) These unit moments are obtained 

· by integrating the corresponding stresses between the limits - h/2 and 

+ h/2, where h is the materiaL thickness. 

The positive directions of unit moments an.d shears are shown in 

figure 5. 
c Qx 

Q + -- oy 
X OY 

t 

_L_ I o Q 
IQ + _..1£_ OX y ox 

/ r--·--···-·-- ox ____ /_/ 

o Mxy 
M + ;:," oy xy U.J 

eM 
X +--oy cy 

_j_ 

T 
oM 

h 

oy 
+ _..1£_ ox 

/ 
· c;x 

aM 
_L.· _ __.z_VX;::;. 0 X 

Ox 

/ r--· --- ox 
z 

Figure 5: Positive Directions of Unit Shears and Moments on 

a Sma11 ELement 
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From the sign conventions: if o = 0 when z = 0; o is positive 
y y 

when z is positive and moments causing sagging are positive: 

M 
X 

Similarly: 

M 
y 

M xy 

h/2 

= r 0 zdz 
oJ y 

-h/2 

h/2 

= r 0 zdz 
.: X 

-h/2 

h/2 

= IT zdz .; yx 
-h/2 

h/2 

r T dz 
.: yz 

-h/2 

h/2 

= J Txz dz 

-h/2 

Considering the equilibrium of an element it can be shown that: 

oQx/ oY + oQ/ ox = 0 

OMX/ oY - (]!lxy/ ox + ~ = 0 

(j'1 /ox + (j'Ix/oY - Q = 0 
y X 

Also: M = M xy yx 

(38) 

(39a) 

(39b) 

( 39c) 

( 4o) 

The polynomials assumed to represent the stress distribution are as 

fo 1 lows: 

0 ( c1 + c2x 
X 

+ C3y) 8z/h ( 41a) 

0 = ( c4 + c
5
x + C6y) 8z/h (41b) 

y 

T = (c7 + c8x + c
9

y) 8z/h (41c) 
xy 

1: = c10 ( 1 - 4z
2
/h

2
) (41d) 

xy 

T c11 ( 1 - 4i/h
2

) (41e) 
yz 
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From (38) and (41b): 

M = ~ h2(c
4 

+ c
5
x + c6y) ( 42a) 

X 

Simitarty: 

M = ~ h
2

(c
1 

+ c2x + c
3
y) (42b) y 

M =M = ~ h
2

(c
7 

+ c8x + c
9

y) (42c) yx xy 

Qx ~ h c11 (42d) 

Q = .£ h c1o ( 42e) 
y 3 

Hence from (39b) and (42): 

c11 = h(c
8

- c6) 

Simi l.,arl.,y: 

c1o = h(c
9 

- c2 ) 

Hence the matrix [P(x,y)J defined in equation (29) is as fol.,l.,ows: 

8z' 8xy ; 8yzl 0 ; o· 0 I 0 ' 0 0 C! 
I I I I X 

I 
1 8yz: 10 I I 0 0 I 0 0 18z 8yz 0 C! 

I I I I I y 
[P(x,y)] 1/h 0 0 I 0 I 0 0 I 0 1 8z 8xz I 8yz 1' 

I 2 2 I 1 I 
I h2 -4z2 

xy 
0 I -(h -4z ) I 0 1 0 I 0, 0 10 I 0 1' 

I ( 2 2) I lh2 4 2 I xz 
0 0 0 0 0 1- h -4z J 0 I - z 0 1' yz 

The [D-1] matrix as defined in (31) is as fol.,l.,ows: 

1 -v 0 0 0 C! 
I X 

-v 1 I 0 0 0 C! 

[D-1 J I 2(1+v) 
y 

= 1/E 0 0 0 I 0 1' 
I I xy 

0 0 0 I 2 ( 1 +v) I 0 1' 
I I xz 

0 0 0 0 12(1+v) 1' yz 

Hense from equation (35) noting that: 

h/2 

I 2( 1 
2 2)2 + v)(h - 8z dz = 16 ) 5 15( 1 + \) h 

-h/2 



48. 

and 

h/2 
r z2 

dz = h 3 /12 
I 

-h/2 

and defining q = h
2
/5(1 + v): 

1 X y ~-v I -vx I-vy I 0 0 0 
2 I 2 I 

0 0 :lC x +q 1xy 1-vx -vx 1-vxy -q 
2 I I I 

y xy I y -vy I -vxy 1-vY
2 

I 0 0 0 
I I -I 

-v -vx -vY 1 X y I 0 0 0 

[H] = 16h I 21- 2 I I 
-vx -vx 1-vxy I x X I xy 0 0 0 3E ., 

I 21 2 I 
AREA -vY -vxy 1-vY I y xy ly +q 0 -q 0 

! 
I I 

0 0 0 0 0 0 I 2( 1+v) 2(1+v)x i2(1+v)y I 
I I 

0 0 I 0 0 0 ,-q /2(1+v)x 1 2(1+v)x
2

+q12(1+v)xy 
I 

2( 1 +v )xy 
I 2 

0 -q 0 I 0 0 I 0 12(1+v)yl I 2( 1+v )y +q 

The function relating the general, displ-acements atong an edge to the 

displacements of the nodes at its ends is derived from figure 6. A l-ocal, 

'a'-axis has its origin at the first node of each side and points al-ong 

that side. A l-ocal, 'b'-axis forms a right hand set with each 'a'-axis. 

NODE i 

eyj 

( w _ up) 
J 

\. 
\ 

\ 

\ 
\ 

\ 

\ 

\ 

Figure 6: Displacements of the edge of an el-ement. 

ELEVATION 

dxdy 

(43) 



49. 

The nodal displacements can be transformed to the (a,b) axis system as 

follows: 

e 0 cos 0:. 0 + e 0 sin 0:. ~ 
Xl lJ Yl lJ 

~i = -e 0 sin 0:.0 + e 0 cos O:loJo Xl lJ Yl 

The values of and are similarly related. 

Assuming e 0 0 (a) to be linear with respect to I a I: 
alJ 

8 .. (a) = 8 .(l .. - a)/l .. + 8. a/l .. 
alJ a1 lJ lJ aJ lJ 

= (8 . cos a: .. + 8 . sin a: . . )(l .. - a)/l .. 
Xl lJ Yl lJ lJ lJ 

+ (e 0 cos 0:. 0 + e 0 sin 0: .. )a/l. 0 
XJ lJ YJ lJ lJ 

As there are four boundary values (wi, ~i' wj and 8bj), 

chosen as a cubic polynomial in 'a':-

w .. (a) 
lJ 

can be 

w .. (a) = A+Ba/l .. +Ca2/l~·.+Da3/l~. 
lJ . lJ lJ lJ 

(44) 

Sol-ving these coefficients for w .. (a) and dw .. (a)/da at a = 0 and . lJ lJ 
a = 1. . and back substituting into ( 44) gives 

lJ 

w .. (a) 
lJ 

= w.(1 - 3a2/l~. + 2a3/l~ .) + w.(3a2/l~.- 2a3/l~.) 
l lJ lJ J lJ lJ 

+ l . . (- 8 0 sin 0:. 0 + e 0 cos a: .... )(- a/l. 0 + 2a2/l~ 0 
lJ Xl lJ Yl lJ lJ lJ 

+ l . . (- 8 . sin a: .. + 8 . cos a: .. )(a2/1~. - a3/1? .) 
lJ XJ lJ YJ lJ lJ lJ 

Differentiation with respect to 'a' gives: 

R .. (a) = 6(w. - w .)(a/1~. - a2/1~ .) 
-blJ l J lJ lJ 

+(- e 0 sin 0:0 0 + e 0 cos 
Xl lJ Yl 

a: .. )( 1 - 4a/1 .. + 3a
2 /1~.) 

lJ lJ lJ 

+(- 8 . sin a: .. + 8 . cos 
XJ lJ YJ 

a: .. )(- 2a/1 .. + 3a2/1~ .) 
lJ lJ lJ 

From the dimensions chosen for the e1ement (see figure 2): 

112 = r sin o:12 = 0 1J cos 0:12 = 1 

j(r 
2 + t2 t/123 1

23 = - s) sin o:
23 = cos 0:23 = 

1
31 = J s2 + t2 sin o:

31 = - t/~31 cos 0:31 = 

(r - s)/1
23 

s/131 

( 45) 
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By substitution of these values into the assumed edge displacement 

functions above, the matrix [LJ of equation (30) can be formed. If: 

{u(a)}t 

and: 

then a typical column of the matrix [LJ is column two (given transposed 

here): 

2 2 3 (2a/1
31

- 3a /1
31

)t] 

(46) 

(The full matrix is nine by nine) 

The loading along the edges which causes the assumed stress situation 

(equations (41)) can be found by resolution (according to Mohr's circle). 

The signs of the components of loading can be established from the sign 

conventions chosen (figure 5) and from figure 7. 

b. 0 

lJ 

M b'. a lJ 

y 

Figure 7: The positive directions of edge loading on an element 



M M 2 
= - cos 0: .. aij X lJ 

M - M (cos 
2 

abij 0: .. xy lJ 

= Q cos ex . . 
X lJ 

M sin 
2 - y 

sin 
2 

0: .. ) 
lJ. 

Qy sin o: .. lJ 

51. 

o: .. - 2 M sin o: .. cos o: .. 
lJ xy lJ lJ 

+ (M - M ) sin o: .. cos o: .. 
X y lJ lJ 

( 47) . 

As a one to one correspondence is required between the edge displace­

ment vector {u(a)} and the edge loading vector {S(a)} (equation (34)), 

the vector 

= 

.Substituting into equations (47) for the values of 

cos o:. . (from ( 45)) and the unit loads (from equations 
lJ 

of the elements of {S(a)} can be determined, e.g. 

sin o:. . and 
lJ 

(42)), the values 

The vector [S(a)} may be represented as the product 

{S(a)} = [R] [c} 

where: = 

and a typical column of the matrix [RJ is column five (given transposed 

here):-

[0, -a, 0, 0, - (r - a(r - s)/l23) (r 

- (r - a(r - s)/l23) (r - s)t/l~ 3 , 0, 

2 2 
(1 - a/l

31
)s t/l

31
] 

(The matrix [RJ is a nine by nine matrix) 

( 48) 

The matrix [L] is premultiplied by the transpose of matrix [RJ 

(see equation (35)) and integrated round the boundaries with respect to 

I a I 
0 
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The matrix [HJ is integrated and inverted. The matrices [HJ-1 

and [GJ are then mu1tip1ted according to equation (37) to obtain the 

stiffness matrix. 

These operations are usually performed numerically. A description 

of the algebraic manipulations required to obtain an explicit stiffness 

matrix is described in a subsequent subsection. 

2.4.2. Problems and advantages 

This element has definite advantages over the assumed displacement 

element, the stiffness matrix of which, was developed in the previous 

section. 

No matter how this element is oriented within the local axis system, 

the stiffness matrix which results is exactly the same when transformed 

to a global axis system. 

Provided that the element has finite, non-zero area, the stiffness 

matrix can never be singular. 

When the element is rotated or translated in space without deforming, 

there is no increase in the internal energy. This is the correct behaviour 

which is violated by the assumed displacement triangle. 

Elements with common sides deflect identically along that side. This 

compatability is also violated by the assumed displacement triangle. 

It would be advantageous if a useful explicit stiffness matrix such 

as the one derived by the assumed displacement method could be produced. 

Unfortunately, the size of an explicit version of this matrix is so large 

that only a small portion of it can be fitted into the computer core space 

at a time. The time saved in computation would therefore be negated by the 

time taken to read the stiffness matrix piece by piece from disc storage 

for each element of a system. 

Further development of the explicit version of this matrix is of 

academic interest only. Long lists of matrix elements have therefore 

been omitted. Certain problems were handled in a manner which may have 

a wider application. They are recounted in the following subsection. 
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2.4.3. Selected details of derivation 

The integration and inversion of the [H] matrix: 

The dimensions r, s and t of the triangle shown in figure 2 are 

substituted into the standard integration formulae given in Appendix 2. The 

integrals of all the functions of · x and y which occur in the matrix [HJ 

(equation (43) are: 

I[ y
2
dxdy = 1/12 rt 3 

Ak A 

AJJAx
2

dxdy 1/12 
3 . 2 

1/12 rs2t = r t + 1/12 r st + 

1/24 r2t2 2 ll xy dxdy + 1/12 rst 
A A 

IJ. y dxdy 1/6 rt2 

All. A 

rr x dxdy 1/6 r
2

t + 1/6 rst 
.A.fitA 

JJ 1 dxdy .1. rt 2 

AREA 

Substituting these functions into the matrix [H] (defined in 

equation (43)) the explicit version is as follows:-

[HJ [AJ + [B J 

0 0 10 ; 0 ! 0 I 0 ; 0 i 0 I 0 
I I where: 

c/12!0 1 0 I 0 I I 
0 IO 0 0 1 -c/12 

I ' ! 
. I i 

I I 

0 0 ! 0 I 0 10 0 I 0 I 0 0 

_ 8hrt( 1 - \/) 
[BJ - 3E 

0 0 I 0 I 0 l 0 1 0 I 0! 0 0 
I I I 

0 0 I 0 I 0 I 0 0 10: 0 0 
I I 

' I , I I 

0 0 10 0 10 c/12' 0 1-c/12 
1 

0 
, I I I 

0 0 ! 0 1 0 !0 I 0 i 0 I 0 I 0 

0 I 0 1o I 0 
' ! I I I I 

10 1-c/12
1
0 

1 
c/12 i 0 

I I 1 
0 I -c/121 0 I 0 10 I 0 I 0 I 0 I c/12 

c = 12h2/5(1 - v) 

(49) 
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.-
I [A1 J - \) [A1 J [0 .. 

J 

[A J 1- \) [A1 J [A1 J [0 J X 8hrt 
3E 

L [0 J [0 J I 2( 1 + v) [A1 J 

(49) 

1 ~(r + s) d. t 
(contd) 

3 . 

[A1 J = ~(r 
I 

+ s) I 1( 2 6 r + rs + s2) I 1 ( 12 rt + 2st) 

~ t 
I 1 .1 t2 ; 12(rt + 2st) 6 

It is now necessary to find the inverse of the [HJ matrix. If the 

component matrices are added together and a direct inversion by the Gauss 

Jordan methods of Appendix 1 attempted, the comptexity of the finat steps is 

so great that an error-free sotution is difficutt to obtain. A more 

suitabte method of inversion (by parts) was then devetoped as fottows:-

By definition: [HJ x [H]-
1 = [I] where [I] is the identity 

matrix. 

Substituting from equations (49): 

[A+B]x[A+B]-1 [I] 

Premuttiptying both sides of this equation by [A]-1 (a non-singutar 

matrix): 

[AJ-1 

_, 
Premuttiptying both sides by [I + A-1 BJ gives: 

[I + A-1 BJ x [A+ B]-1 
= 

[HJ-1 = [A + B]-1 [I + A - 1 

Defining: [I + A - 1 B J = [E J 

[Hf1 = [Ef1. [A]-1 

BJ-1 X [A J-1 

This may not appear to be an important resutt untit one reatises 

(50) 

(51) 
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that the matrix [A] is easity inverted and that because of the nature 

of matrix [BJ, the matrix [EJ is comparativety easity inverted. A 

computerised atgebraic muUipUcation gives the inverse of [HJ with 

U ttte troubte. 

The matrix [A] is inverted in two tevets by partitioning and then 

using the Gauss Jordan method. 

and: 

[AJ-1 = 3EI8hrt( 1 - v
2

) 

I 

-1 I 
[ A1 J I 'J 

I 

'J [A1 r1 : 

[0 J 

12lr 

24ll 

[A1 f1 [0 J 

[A r1 
1 [0 J 

[0 J ; ( 1 - v )12 [A1 J-1 

1 12(r - 2s)lr2t [A1]-
1 = [~ 12lr 

- 12(r - s)rt! 12(r -

: - 12(r - s)lrt J 
2 I 2 2 2 2 

2s)lr t I 24(r - rs + s )lr t 

The matrix [E] is then formed from the definition in equation (50): 

1 - clr ;o ;o 0 1 - vc(r - s)lrt 

1 + 2clr 
I I 

vc(r - 2s)lr
2

t 0 I 0 10 0 

0 c(r - 2s)r2t I 1 I 0 
1 I 

0 ( 2 2)1 2 2 2vc r - rs + s r t 

0 - vclr I 0 I 1 0 - c(r - s)lrt 

2vclr
2 

I I 

c(r - 2s)lr
2

t 1 [E J = 0 1 010 1 

vc(r - 2s)lr2t 
I I 2 2122 1 

0 I 010 0 1 + 2c(r -rs + s ) r t 1 

0 (1 - v)c(r- s)l2rt 0 I 0 0 (1 - v)cl2r 
I 

I 

0 - (1 - v)c(r- 2s)l2r
2

t I 0 I 0 0 - (1 - v)clr2 I 

2 2 2 2 I I 1 2 I 
0 - (1 - v)c(r - rs + s )lr t 1 010 01- (1- v)c(r- 2s)l2r t1 

1 0 I vc(r - s)lrt 
I I 2 
1 0 1 - v c ( r - 2s ) I r t 

clr . 
- 2clr

2 

I I 2 2)1 2 2 1 0 1 - 2vc(r - rs + s r t - c(r - 2s)lr
2

t 
1 0 I c ( r - s) lrt 
I I 2 
1 0 1 - c ( r - 2s) lr t 
I 

I 0 1 - 2 c ( r 2- rs + s 2) I r 2 t 2 
I I 

11 1- (1- v)cl2r 

vclr 

- 2vclr
2 

- vc(r - 2s)lr2t 

- (1 - v)c(r- s)l2rt 

: 0 : 1 + ( 1 - v )clr
2 (1 - v)c(r - 2s)l2r

2
t 

:0: (1- v)(r- 2s)l2r
2

t 1 + (1 - v)c(r2 - rs + s
2

)1r2t
2 



As = it is permissibte and convenient to 

invert the matrix [EJ by a cotumn-wise Gauss Jordan etimination. The 

addition of cotumn 9 to cotumn 2 and cotumn 8 to cotumn 6, immediatety 

etiminates att but two unit vatues in each of cotumn 2 and cotumn 6. 
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Unit vatues are then used to etiminate att except a smatt 2 by 2 submatrix. 

This submatrix is reduced to an identity matrix by assigning new variabtes, 

f and g, to the two tengthy expressions which devetop on the teading 

diagonat. This redefinition of variabtes simptifies the division. 

f and g are inctuded in the expression in the stiffness matrix. 

The matrix [E]-1 is then represented as a nine by nine matrix 

of zeroes with unit vatues on the teading diagonat except for cotumns 

two, six, eight and nine, where a typicat etement is: 

E(1, 9) = rt2cg + 0,5 r 3t 2c2vgf- 1,5 r 2st2c2vgf + rs2t 2c2vgf 

+ 0,5 r\3c2v2gf - 1,5 r 2st2c2v 2gf+ rs2t 2c2v2gf 

where: if h is the materiat thickness 

c = 1 2h 
2 
/(5 ( 1 - v ) ) 

f = 1/(r
2

t 2 + (1 - v)ct
2 + 2c(r2 - rs + s2)) 

g = 
( 2 2 2 2 r 2 2 1~ (r - rs + s )c(1 - v) + r t + ~ct- t(r - 4rs 

+ 4s ) 1 + v t c f 2 ( )2 2 2) 

A program using the computer atgebra by powers (described in 

Appendix 4) is then used to muttipty the matrices [E]-1 and [A]-1 

according to equation (51). 

This is a far more practicat way of inverting the [H] matrix than 

a direct inversion by hand. 

The formation of the matrix [GJ 

The operations for the formation of the matrix [GJ, defined in 

equation (35) are simple enough to be performed by hand. It witt be 

noticed that the matrices [L] and [RJ ((46) and (48)) can be 

partitioned in sets of three rows. Each submatrix inctudes onty 



expressions referring to one-particular edge of the element shown in 

figure 2. When the matrix [L] is premultiplied by the transpose of 

matrix [R], the terms of the result can still be singled out as 

referring to a particular side. The integration round the perimeter 

can be performed as the sum of separate linear integrations along each 

side. 

If: f(a) = terms (a)12 + terms (a)23 + terms (a) 31 

then l12 l23 l31 
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I f( a) da = I terms (a) 12da + I terms (a) 
23

da +I terms (a)
31

da 

0 

where l. . is the length of side ij. 
lJ 

A typical example of the ca leu la ti on 

would be: 

l12 

G( 5, 2) = 2h
2
/3 (I(- a+ a2/~)da + 

·t! 

0 

0 0 

of an element of the matrix [G J 

l31 

I ((a - a2/l31)s4/l;1 

0 

So that the matrix [GJ can be used in the computer algebra programs, 

the following factor is removed from the whole matrix. 

(52) 

The values of the lengths of the sides of the finite element are also 

substituted (from equations (45)). The example from the matrix [GJ 

becomes: 

The formation of the matrix [K] 

The multiplication of the matrices [H]-1 and [GJ according to 

equation (37) to form the stiffness matrix [KJ appears to be a simple 

matter. 
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In fact the size of these expl.icit matrices is a probl.,em. It is impossibl.,e 

to fit the l.,ast two matrices to be muHipl.ied together, into the computer 

core. The fol.,l.,owing steps are used to overcome this probl.,em. 

Two programs are written, one to perform a mul.,tipl.,ication of two 

expl.,icit matrices and the other to transpose an expl.,icit matrix. The 

computer al.,gebra by powers (Appendix 4) is used in these programs. 

The matrix [K] can be formed (from equations(37) and (51)) as 

fol.l.,ows:-

1. Postmul.,tipl.,y [EJ-1 by [AJ-1 to get [HJ-1 

2. Postmul.,tipl.,y [HJ-1 by [G J to get [H-1G J 

3. Transpose [H-i G J to get [H-1G]t = [G tH-1 t J 

(as [HJ is symmetric) = [G tH-1 J 

4. Postmul.,tipl.,y [G tH-1 J by [G J to get [KJ 

It wil.,l., be noted that each time the mul.,tipl.,ication program is appl.,ied, 

the premul.,tip"Lying matrix is the one with the most terms in its el.,ements. 

This fact is used to reduce the core capacity requirements. Onl.,y 

one row of the premul.,tipl.,ier is read into core at once. The whol.,e of 

the post-mul.tipl.ier is kept in core. Once a row of the resultant matrix 

is compl.,ete, the next row of the premul.,tipl.,ier is read from storage to 

overwrite the previous row. (It woul.,d be wasteful., to read in onl.,y one 

col.,umn of the post-mul.tipl.,ier at a time as the same col.,umn woul.,d have to 

be continual.,l.,y recal.,l.ed after each new row of the premul.tipl.,ier was 

introduced.) 

Even this space saver is not enough to fit the final., mul.,tipl.,ication into 

core. The final., manipul.,ation which eventual.,l.y al.,l.,ows the matrix mul.,tipl.,i­

cation to run it course is as fol.,l.,ows:-

An examination of the matrices [E], [A] and [GJ shows that the 

variabl.,es v, c, g and f onl.,y occur in the matrix [EJ. A cl.,oser 

inspection of the matrix [E]-1 reveal.,s that these variabl.,es occur with 

r, s and t onl.,y in seventeen different combinations. The powers of 

these combinations given in the order c, v, g, f are: 



0000' 0100' 1001, 1101 ' 1201' 1010, 1_11 0' 1210, 2011' 

2111 ' 2211, 2311, 3012, 3112' 3212, 3312, 3412. 

The matrix [Ef1 can be expressed as the sum of seventeen component 

matrices in terms of r, s and t and each muttiptied by a factor 

comprising the variabtes c' \)' g and f. 

The whote formation of the matrix [KJ can then be performed 

component by component and the finat resutt formed as a sum of att 

these matrices. 

2.4.4. Resutts of investigations 

Part of the expticit matrix was printed out. This required more 
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than fifty pages. To use such an expticit matrix in practice woutd. 

require each component to be read into the computer in turn. The time 

taken to do this woutd greatty exceed the execution time of an atgorithmic 

formation. 

Further investigation into this expUcit matrix was considered to 

be unjustified. 
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CHAPTER III 

THE ASSUMED STIFFNESS MATRIX METHOD 

3.1 Introduction 

In the previous chapter, it was shown that if the whole expUcit 

stiffness matrix was small enough to be fitted into core together with 

other matrices which are required contemporarily, there was a significant 

saving in the program execution time. It was also evident that it is not 

very practical to obtain an explicit matrix by following a numerical 

algorithm. 

The developments of the previous chapter were useful to the present 

section in showing the nature of an explicit·, plate bending, triangular 

element stiffness matrix. The characteristics to be noted are: 

(i) The elements of a stiffness matrix usually have a common 

factor which can be removed as a scalor multiplier. 

(ii) This factor is a simple function of Young's modulus (E), 

Poisson's ratio (v), the thickness of the element (h) and 

has a denominator which is an expression in the plan · 

dimensions of the triangle. (See factors (19), (49) and 
I 

(52)). 

(iii) The elements of the matrices are then homogeneous polynomials 

.in the plan dimensions of the triangle. The degree of the 

polynomial is determined by the units of the factor in (ii) 

above and the units of the corresponding rows of ·the Load 

vector {f} and disp\acement vector {d}. 

Using this format it is possible to assume the Layout of a stiffness 

matrix in terms of fairly arbitrarily chosen functions involving a number 

of unknown coefficients. The choice of these functions and the solution 

for the numerical values of the c.oefficients form the basis of this 

investigation. 
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3.2 Method in General Terms 

The fundamental equation of the stiffness method is: 

[K J {d} {f} (53) 

where [K] is a square matrix representing the stiffness of a structure 

or a discrete part of a structure; 

{d} is a column vector representing the displacements of chosen 

fixed nodes on that structure or structural element; 

{f} is a column vector representing the effective loads on the 

nodes. 

In the usual case, the stiffness of the structure and the loading 

on it are known. The displacements are to be found by solution of 

equation (53). 

In the assumed stiffness matrix method, the underlying principle is 

as follows:-

A certain discrete structural element, the stiffness of which is 

not known, is subjected to a number of different loadings. A number 

of displacement vectors {di} corresponding to each load vector {f. } 
l 

is found either by measurement or from an independent calculation. If 

the nodes of the element have a total of m degrees of freedom, a 

total of m linearly independent displacement vectors must be derived. 

The equation.s (of the stiffness method (53)) representing all of the 

load cases written as a single equation are: 

where 

[KJ [D J = [F J 

[DJ 

[F J 
[(d1}' {d2} ........... {diD},] 

[{f1}' {f2} ........... {fm},] 

As the columns of matrix [DJ are linearly independent, the matrix 

is non-singular. The unknown stiffness matrix may then be solved uniquely 



as: 

[KJ = [FJ.[DJ-1 

This stiffness matrix may then be used to predict the displacement 

vector for any load situation on the element. 
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Consider the characteristics of an explicit stiffness matrix enumerated 

in the previous section. From these, the common factor and the homogeneous 

polynomials representing the stiffness matrix of this type of element can 

be assumed. The formula for each element of the matrix contains a number 

of unknown coefficients. The dimensions of the structural element con­

sidered above are substituted into one of these formulae. The resulting 

expression is put equal to the corresponding numerical value in the 

stiffness matrix found for the element. An equation in the unknown 

coefficients of that assumed function has been set up. This can be repeated 

for ea.ch element of the stiffness matrix. 

Supposing each polynomial of the assumed stiffness matrix involves 

n unknown coefficients. If n different examples of this type of 

element weTe treated as before, n equations for the coefficients in 

each polynomial could be set up. Provided that these equations were not 

linear combinations of each other, the values of the coefficients could 

be found. Two equations would only be linear combinations of one another 

if the structural elements considered were similar. It is therefore 

important to consider structural elements with a range of different 

proportions. (A trivial example of this derivation of a stiffness matrix 

is given as an illustration in the next subsection (3.2.1). A pin-ended 

bar is shown.) 

If the degree of the denominator of the common factor of the stiffness 

matrix was chosen to be very low, the degree of the polynomials in the 

matrix elements will also be low .. This means that only very few coefficients 

are involved. If the degree is too low, all the coefficients may take the 

value zero, which is clearly incorrect. If a different set of structural 

elements gives different values for the coefficients, then the chosen 

function is also incorrect. The degree of the functions must be increased 

until a reasonable result is obtained. 



If the structural element is connected to its neighbouring elements 

through its nodes only, provided that the correct functions have been 

chosen, the result will be unique. 

A finite element .of a continuum is connected to neighbouring elements 

through continuous edges, although it is considered to be joined only 

at its nodes. No unique stiffness matrix exists for such an element as 

its stiffness depends on the surrounding contact. 

To use the assumed stiffness method on a finite element of a 

continuum, therefore, it is meaningless to consider isolated pieces of 

material of the chosen shape. All the elements must be treated as part 

of the continuum. 

To find the stiffness matrix for a particular type of element, a 

single standard structure built up entirely from elements of that type, 

must be considered. The displacements of all points on the structure 

must be known for some standard load case. The structure is arranged 

to have as many degrees of nodal. freedom as the assumed stiffness matrix 

has unknown coefficients. All of the elements must have different 

proportions to one another. A system stiffness matrix containing the 

unknown coefficients is set up in the usual manner. This matrix is 

multiplied by the known displacement vector and set equal to the known 

load vector. As there is a row in the stiffness equations for each 

degree of freedom of the structure, there will be enough equations to 

solve for the unknown coefficients. 

A problem which arises is that the number of coefficients necessary 

to form a stiffness matrix of even very simple functions, is very large. 

This means that the number of elements required on the standard structure 

is also large and a wide range of proportions of elements is difficult 

to obtain. Solutions of coefficients are therefore not very accurate. 

Some of .the coefficients can be expressed in terms of others by: 

(a) application of the Betti-Maxwel.l reciprocal theorem, · 

(b) a systematic choice of l.oca l coordinate axes and element 

dimensions, 



(c) ensuring thatthe requirements of rigid body movements are fu1..­

fi ned. 
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This reduces the number of independent unknown values to a minimum. 

This section of the thesis is an exptoratory study of a method with 

a great potential. for further development and improvement. A final. 

answer is obtained which gives very encouraging results. 

· 3.2.1. Illustrative example of the Assumed Stiffness Matrix Method 

Supposing the explicit stiffness matrix for a pin-ended bar was 

required. A tensile testing machine and three steel. bars with different 

dimensions were available. 

Each bar in turn is placed in the machine which has two moving 

heads. 

The first bar has a "Length (1..) of 2m, a cross-section (A) of 4 cm2 

and Young's modulus of elasticity (E) of 200 GN/m
2. The directions of 

the displacements (w) and forces (f) on the ends of the bar are given 

·. in figure 8. 

1 2 

Figure 8: Positive directions of forces and displacements of a 

pin-ended bar. 

Supposing the bar is loaded twice so that the displacements of the 

ends are respectively: 

and = [- 0,001 J m 

- 0,0005 



The corresponding toad vectors are found to be: 

{ f 1} = [- :J kN, [f2} = [- ::J kN 

Using the method described in the previous section, the stiffness 

matrix for this bar is found to be: 

-1 

r-
40 

- 20] r- 0,001 0,001 J 
[K1 J = X 

40 20 0 0,0005. 

The units of an element of this matrix [KJ are kN/m. Supposing 

the form of [K] was assumed from the units to be: 

[KJ I C J 2 kN/m 
c4 

Substitute the values of A, E and t and equate this to the numerical 

matrix, then: 

A different form of the stiffness matrix may have been assumed 

from the units of its elements. This could have been: 

[KJ 
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As eight coefficients must now be found, two bars with two degrees of 

freedom and two toad vectors each must be used to set up the equations. 

Suppose the second bar tested in the machine had a length (t) of 4 m and 

att other properties the same as the first bar. For convenience the 

displacement vectors were arranged to be the same as before •. The toads 

to cause these displacements were: 



66. 

= [- 20] kN 
20 ; [

- 10] . 
= kN 10 

The stiffness matrix would be found (in the manner described before) 

to be: 

2 X 10
4 

[ 
1 

- 1 

By substituting into element (1, 1) of the assumed matrix: 

C1 X 4 X 104 + c
5 

X 4 X 1012 

C1 X 2 X 104 + c
5 

X 3,2 X 1013 

= from bar 1 

from bar 2. 

By similar substitution into all of the elements and solution of 

the resulting equations: 

= = 1 

= = = = 0 

If a test on the third bar gave linear combinations of the above 

equations then the correct explicit matrix has been found. If an incon­

sistent set of equations results, the wrong function has been assumed. If 

there is no better function then the best approximate stiffness matrix 

could be found by a least squares (see Appendix 3) solution of the set 

of equations (which has more equations than unknown values). 

In the case of a finite element of a continuum, a function cannot 

be obtained to give exact results in every application. The best 

matrix can only be found by trial. A solution which gives satisfactory 

results is presented in this thesis. 

3.3 Derivation Details 

Certain principles are used in the detailed derivation of the 

explicit stiffness matrix by the assumed stiffness matrix method. As 

their full description is fairly lengthy and would break the line of 

argument if they were described where they are needed, they are described 



in detail first. 

3.3.1. The requirements of Rigid Body Movements 

If a structural element translates or rotates in space without 

undergoing any deformation, no net work is done on that element. 

If the nodes of a finite element move in such a way that their 

positions relative to one another remain unchanged, a rigid body 

movement has taken place. On an element undergoing a rigid body 

movement, the net nodal toads corresponding to att non-zero nodal 

displacements must be zero if no external work is done. 
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·suppose, for example, a certain element of a structural system 

undergoes a rigid body movement for a certain loading. If a particular 

nodal displacement of that element is non-zero, then the toad 

corresponding to that degree of freedom of the structure is carried onty 

by the other elements of the system common to that node. 

This principle must hold for any shape of element and for att 

possible rigid body movements. In the case of a smatt deflection theory, 

plate bending element, rotations about two non-parattet axes in its plane 

and a translation perpendicular to its plane describe att possible rigid 

body movements. In the case of a triangular element with sides of length 

a, band c, the. rigid body movement principle must hold identically for 

att values of a, b and c. 

3.3.2. Trigonometric properties of a triangle 

Consider the following triangle with dimensions a, b and c the lengths 

of the three sides: c 

A 

B 

Figure 9: Dimensions of a genera t triangle 



Define: 

a. = /- a + b + c 
"v 

~ = / a - b + c 
'\, 

y = ~/ a + b - c 

!::, = J a + b + c 

From the cosine formuLa for a triangte: 

Atso, for any angte A: 

cos A 
. 2 ~ 2 

= cos (A/2) - sin (A/2) 

= 2 cos
2

(A/2) - 1 
2 ~ 

= 1 - 2 sin (A/2) 

Equating (54) and (55a): 

Hence 

cos (A/2) 

Simi1ar1y from (54) and (55b): 

sin (A/2) = + ~y /{be 

·Hence, app1ying these princip1es at each angte in turn: 
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(54) 

(55a) 

( 55b) 



cos (A/2) -!- a6/-/bc 

sin (A/2) -!- Wt/.fbc 

cos (B/2) + [36/{Ca. 

sin (:8/2) -!- Ya/Fa 
cos (c/2) + yt;;j{i;b 

sin (c/2) ::: -!- a[3/{ab 

The area of the triangle may be found from: 

Area -!- be sin A 

A 

and for any angle of A 

,.. 
sin A ::: 

::: 

2 sin (A/2) cos (A/2) 
aJ3y6/2bc 

from equations (56) above. Substitution into (57) from (58) gives: 

Area = a[3¥6/4 

3.3.3. Oblique coordinates and Rigid Body Movements for a General 

triangle 
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(56) 

(57) 

(58) 

(59) 

For the purpose of applying rigid body movements to a triangular 

plate bending element with dimensions a, b and c the lengths of the three 

sides, it is convenient to define a set of oblique coordinates at each 

node as follows:-

a 
b 

c 

u1 
Figure 10: Oblique axes for a general triangle 

z axes up towards 
observer 
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Axes about which nodat rotations take ptace are in the directions of 

the sides of the etements if the nodes are taken in cyctic order, as 

shown in figure 10. Transtations take ptace in a z direction. This 

is perpendicutar to the ptane of the etement and forms a right hand 

set with the two obtique rotationat axes taken in the order u, v. 

Define a nodat disptacement vector for th{s etement as: 

= 

where w. indicates a transtation in the z direction at node i, 
l 

8 . indicates a right hand rotation about the ui axis. 
Ul 

By inspection, a rigid body parattet transtation of 1 unit woutd 

take the form: 

= {1, o, o, 1, o, o, 1, 0, o, } (60a) 

The most convenient rotations about non-parattet axes in the ptane 

are rotations about the sides of the etement proportionat to twice the 

tength of the side. 

Consider a rotation of magnitude· 1 2a 1 about the side of tength 1 a 1
• 

Note that if 1t 1 is the distance of node 1 from the axis of rotation 

then the area of the triangte given in equation (59) can be represented as: 

hence: 

and the transtation of node 1 when the rotation takes ptace is: 

The nodat rotations of node 1 are found from the diagram of components 

which is simitar to the shape of the etement. (See figure 11). 



Oblique components 
of rotation at 
node 1 

2c 2c 8v1 = 

Axis of rotation 

' 
' ' = 2a 

c 

= 0 

= 0 

Figure 11: The nodaL dispLacements in obLique coordinates for 

a triangLe rigidLy rotated an amount 2a. 

0 

Rotations about the other two sides produce simiLar resuLts. The 

rotationaL rigid body movement vectors may be written as: 

[d} t = { CX~)' Ll' - 2b, - 2c, o, o, 2a, o, 2a, 0} 

{d} t = {0' 2b, 0' cx~yll, - 2c, - 2a, o, o, 2b} 

[d} t [0' 0, 2c, 0, 2c, 0, cx~yll, - 2a, - 2b} 
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' ' ' 

(60b) 

(60c) 

( 60d) 

It can be seen that one of these vectors is redundant because if aLL 

three were appLied, their sum is simpLy a muLtipLe of the paraLLeL 

transLation vector (60a). 

3.3.4. Transformation from OrthogonaL to ObLique Coordinates 

The matrix for a transformation from coordinate representation of 

the position of a point in terms of an obLique set of axes to repre­

sentation in terms of an orthogonaL set of axes can be derived from 

figure 12. 



y 

v 

.... 
_________ --_ .... _ ... point (x,y) or (u,v) 

/I 
/ z axis towards 

observer in 
both systems 

/ 

/ 
/ 

/ 
/ 

/ 

X 

Figure 12: The coordinates of a general point in terms of one 

oblique and one orthogonal set of axes. 

By inspection: 

u] = [~' : 0 ] 
COS ¢ : COS ¢ X u v 
sin ¢ : sin ¢ 

u v 

0 

or [X} = [T] {U} 

The matrix [T] is only an orthogonal matrix when: 

+ 3n/2 or + n/2 

In the general case: 

To find the matrix [T]-1 , divide the adjoint matrix of 

its determinent: 

CJ = 
x [~: sin° ¢ 

1 V I 

0 1- sin ¢ 1 
t Ul 

[T J by 
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( 61) 



or [U} = 

If: ¢u A/2; 

and (62): 

1 

= 0 

0 

and 
1 

[TA]-1= 0 

0 

[Tr1 [X} 

and ¢ = v 

0 

+ a6/~ 
-t [3¥ j{bc 

0 

,[be/ a6 

- {bC/ab: 

n - A/2; then from equations (56), (61) 

0 

- + a6/~ 
-tf3Y/& 

0 

$c/BY 

{be/BY 

Similarly [TBJ' [TC J' [TBJ 
-1 and [Tc J-1 can be determined. 

3.3.5. A note on the Betti-Maxwetl (Rayleigh) reciprocal theorem 

The following is a statement of the theorem (Socolnikoff8 ): 
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(62) 

( 63) 

(64) 

If an elastic body is subjected to two systems of body and surface 

forces, then the work that would be done by the first system in acting 

through the displacements due to the second system of forces is equal to 

the work that would be done by the second system in acting through the 

displacements due to the first system of forces. 

The load required to cause a unit displacement of its point of 

application on a structure or structural element in its own direction of 

action while all other displacements are prevented is the direct stiffness 

corresponding to the displaced nodal movement mode. 

A load required to prevent the displacement of a node while another 

node is displaced a unit amount (in any one of its possible modes of 

movement) is an indirect stiffness relationship. 

Consider a structure which is fixed so that it only has two degrees 

of nodal freedom. Loads are applied corresponding to these two degrees 
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of freedom·so that one load causes a unit displacement while the other 

prevents any movement at its point of application. The loads are then 

removed and a second pair of loads is applied causing the other point 

only to displace a unit amount. The only displacement of the first load 

case is a unit amount corresponding to the load which contained this 

displacement in the second load case. The same applies to the second 

· load case with respect to the first. 

Applying the reciprocal theorem it can be seen that the two loads 

which contained a degree of freedom in the two cases are equal to one 

another. The indirect stiffnesses describing the structural behaviour 

at each degree of freedom with respect to the other are therefore equal 

to one another. 

If a matrix is written with direct stiffnesses on the leading diagonal 

and indirect stiffnesses in appropriate positions off the diagonal, the 

stiffness matrix will be symmetric. 

This only applies if it is possible to displace a node in one mode 

at a time without causing any other displacements. If all the degrees of 

freedom at a single point are described in the directions of mutually 

perpendicular axes, this is possible. If the degrees of freedom at a 

point are described in the directions of oblique (non-orthogonal) axes, 

this is not possible and a corresponding stiffness matrix is not 

symmetrica 1. 

The stiffness matrix in terms of one set of axes can be transformed 

to another as follows: 

If the degrees of freedom of some structure are described in terms 

of one set of axes, let {d
1

}, {f
1

} and [K
1

] be the displacement vector, 

the load vector and the stiffness matrix of the structure. Let {d2 }, 

{f
2

} and [K
2

] be the corresponding vectors and matrix of the same 

structure described in terms of a second set of axes. 

Define the transformation matrix [T] from: 

( 65)' 



then: 

ff 2} -· [T J [f 1} 

[d1} = [T J-1. [d2} 

{f 1} = [T f1. [f 2} 

From the fundamental equation of the stiffness method (53): 

[K1] {d1} 

[K2] {d2} 

= 

= 

Substituting from equations (66) and (67) into equation (68): 

Premultiplying this by [T]: 

Comparing this to equation (69): 
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(66) 

(67) 

(68) 

(69) 

( 70) 

Now if both axis systems were orthogonal at each node, the matrix [TJ 
' would represent an orthogonal transformation matrix and 

In this case, the operation of the matrix [T] in equation (70) upon a 

symmetric matrix [K1 ] produces a symmetric matrix [K2 ] as expected, 

If only the first axis system was orthogonal at each node and the 

second was oblique at each point, then the matrix [T] is not orthogonal. 

The operation of the matrix [T] in equation (70) upon a symmetric matrix 

[K
1

] then produces a non-symmetric matrix [K2 ] as described in this 

section. 
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3.3.6'A standard example in plate bending 

A thin, elastic, rectangular plate subjected to a unit moment per 

unit length parallel to one side is shown in figure 13. 

z 

M 
y -- . --..,.'--1-----

/ 

y 

X 

/ 

M = 1/unit length 
y 

Figure 13: A rectangular plate subjected to a uniform moment 

along two opposite edges. 

The deflection w of this plate in the z direction, relative 

to the deflection of the origin (which is chosen to be at the centre of 

the plate) is (Hearmon and Adams9): 

w = 
- 6 M 2 2 
--3--r..Y (x - vy ) 

Eh 
( 71) 

where E is Young's modulus of e las tici ty, 

h is the material thickness, 

v is Poisson's ratio for the material, 

M is defined in figure 13. y 

The slopes of any general point x,y may be found by differentiation 

of w with respect to x and Y. (c.f. equations (12)). 

As the figure is symmetrical about the x and y axes, the part 

of the structure in the positive quadrant may be used to represent the 

whole structure. 

The deflections of all points on this structure are known. The 

plate can be treated as an assembly of triangular bending elements. It 

will thus be used as a standard structure for finding the numerical 



val.,ues of stiffness coefficients (as described in section 3.2), 

Other structures (such as a square p"Late with point supports at 

three corners and a point "Load at the fourth) coul.,d be used. The 

advantages of the structure chosen are: 

(i) In the rectangu"Lar pl.,ate the value of Poisson's ratio (v) 

affects the interrel.,ationship between disp"Lacements, not 

onl.,y the magnitudes (as in the case in the square p"Late 

mentioned above). 

(ii) The rectangu"Lar p"Late can be chosen to have any number of 

degrees of nodal., freedom by al.,l.,owing a determined number 

to Ue on axes of symmetry. 

77. 

Suppose for exampie the p"Late was to be divided into el.,ements so 

that it has twenty five degrees of nodal., freedom. Onl.,y one quadrant of 

the structure wil.,l., be considered. The node at the origin has no degrees 

of freedom. Nodes on the two axes (being "Lines of symmetry) onl.,y have 

two degrees of freedom. Al.,l., other nodes on the structure have three 

degrees of freedom. The twenty five degrees of freedom coul.,d be as 

fol.,l.,ows:-

(i) one node at .the origin 0 degrees of freedom 

one internal., node 3 II II II 

e"Leven nodes on axes ...££_ II II II 

thirteen nodes total., 25 II II II 

(ii) one node at the origin 0 II II II 

three internal., nodes 9 II II II 

eight nodes on axes _1§__ II II II 

twel.,ve nodes total., 25 II II II 

(iii) one node at the origin 0 II II II 

five interna 1., nodes 15 II II II 

five nodes on axes _jQ_ II II II 

e "Leven nodes total., 25 II II II 

etc. 

Drawing these node situations up into a reasonabl.,e configuration, one 

finds that the arrangement (iii) above is the most convenient. 
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Some possibte etement configurations which may resutt from this 

arrangement are shown in figure 14. 

y 

(2)3 

(0)1 

y 

(2)3 

( 0) 1 

y 

(2)7 

(2)4 

( 0) 1 

6(3) 

6(3) 

8(3) 

Mark I Configuration 

7(2) 9(2) 

8(3) 11(3) 

Mark II Configuration 

9(2) X 

8(3) 

Mark III Configuration 

6(3) 

Degrees of freedom of each node are given in parentheses. 

Figure 14: Some possibte etement configurations for a rectangutar 

ptate with twenty five degrees of nodat freedom. 
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As was mentioned in section 3.2, it is important that the shapes of 

elements shoutd be as different as possibte. It witt be found that if 

two elements are simi tar, the resulting system of. simultaneous equations 

is badly conditioned. 

A ratio to be known as the "non-simitarity ratio" was used to 

distinguish between elements with a triangutar shape. Unlike the aspect 

ratio for rectangu"Les if two triangles have the same non-simitarity ratio 

they are not necessarily simitar. If they have different non-simitarity 

ratios, then they are definitely dissimitar. If the lengths of the 

sides of a triangle are a, b and c and a is the longest side, then 

the non-simitarity ratio is defined as: 

N.S.R. = b/a x c/a 

This is easily programmed as: 

abc/(tongest side) 3. 

It was found by trial that the greater the spread of non-simitarity 

ratios in an element conformation, the more stabte the solution became. 

The range of non-simitarity ratios of triangtes is: 

0 < N.S.R. ::::;;,: 1. 

3.3.7. Solution of identities and formation of functions 

If an equation is to hold identically for att values of the variabtes 

occurring in it, then the coefficients of a11 like terms can be summed 

and equated to zero. The set of equations formed in this manner hotds 

simultaneously and can be reduced to its simplest form or solved by 

elimination. 

e.g. , if: 

c
1
x + c

2
y + c

2
z + c

3
x 0 

for all values of x,y and z, then: 

= 0 and == o. 
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There are riot necessarily enough "Linearly independent equations to 

solve a"L"L the values of the coefficients uniquely. Some equations may 

also exist which are "Linearly dependent upon other equations. A direct 

elimination method when used results in as many coefficients as possible 

being expressed as "Linear combinations of the remaining ones. The 

Gauss Jordan method (given in Appendix 1) is one of the most convenient 

reduction techniques. 

In this thesis the theory of identities is use~ to reduce the 

number of independent unknown coefficients representing the stiffness 

matrix of a triangular plate bending element, to a minimum. 

As wi"L"L be shown in a "Later section (3.4.3), elements of the 

stiffness matrix are chosen to be polynomials in the variables a, b 

and c, the "Lengths of the three sides of the triangle and a, ~' y and 

6 which are defined (again) by equations (72). The terms of these 

polynomial expressions must a"L"L have units of "Length raised to the 

same power. 

It wi"L"L be noted that as: 

2 
a: - a + b + c 

~2 = a - b + c 
2 y = a + b - c 

62 = a + b + c 

(72) 

( i) the powers of the variables a:, .~. y and 6 must be twice the 

powers of the variables a, b and c in order to keep consistent 

units of "Length in a function involving a"L"L seven variables. 

(ii) In order to identify "Like terms in a polynomial identity 

expression, powers of a:, ~' y and 6 greater than unity 

must be substituted for from equation (72). 

For example the fu"L"L "homogeneous" polynomial identity of root 

"Length degree two (see definitions): . 

0 



must. be expressed as: 

where c 11 c 1 
c12 + c1 

c13 + c1 

+ c3 
- c 

3 
+ c 

3 
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0 

before like terms can be collected. (The result of a collection before 

this is done is clearly different from the correct result.) 

When polynomials of any root length degree are generated, only first 

degree powers of a, ~' y and 6 need be included to form a full 

"homogeneous" function. For reasons which appear later it is necessary 

to be able to generate any cyclic or mirror variation (see definitions) 

of a function number n~ i.e. given the variation number m one should 

be able to generate f (m) 
n 

where:. 

f (1) f (a, b, c) n n 
f n( 2) fn(a, c' b) 

f ( 3) n fn(b, c' a) 

f ( 4) 
n f ( b' n a, c) 

f ( 5) = f ( c' a, b) n n 
f ( 6) n fn(c, b, a) 

Full "homogeneous" polynomials of any root length degree ahd any 

given variation are generated automatically by the FORTRAN program 

described in Appendix 6. 

(73) 

Some examples of full homogeneous polynomials of root length degree 

one are: 

= 

= 

c
1 

a + c2 .~ + c3 r + c4 6 
c1 a + c2 r + c3 ~ + c4 6 
c1 ~ + c2 r + c3 a + c4 6. 
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3.4 Deriving the Explicit Stiffness Matrix 

3.4.1. The choice of axes and dimensions 

In order to describe a finite element, three types of feature must 

be considered: 

(i) The material properties of the element. 

(ii) The geometric dimensions of the element giving its physical 

shape. 

(iii) Some set of tocat coordinate axes linking the directions of 

the nodal movements to the physical shape of the element. 

In elastic plate bending analysis, the parameters; E, the Young's 

modulus of elasticity; v, the Poisson's ratio and h the thickness of 

the material are atways,used. 

On the other hand, various possibilities exist for describing the 

shape of a triangular element and the orientation of tocat axes. Some 

of these are: 

(i) A simple orthogonal axis system with the coordinates of each 

node given. 

(ii) A single axis system with one node tying at the origin and one 

axis tying along a side of the element. The positions of nodes 

are then given: 

(a) as shown before in figure 2, i.e. the length of the base 

and the height and position of the apex; 

(b) as the length of the three sides. 

(iii) The inclination of the three sides to a fixed single axis 

system and either: 

(a) the length of a side, 

(b) the radius of the inscribed or circumscribed circle, 

(c) the area of the element. 

The actual method which has been chosen to describe the triangle is 

preferred because: 
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(a) The six parameters of description (i) (namety the two co­

ordinates at each of three nodes), compared with the three of 

description (ii), mean that futt homogeneous polynomials in 

att the parameters require many more unknown coefficients. 

The disadvantage of this witt become obvious. 

(b) In description (ii), each node has a different retationship 

to the axis system. This means that savings due to repetition 

are lost. 

(c) Description (iii) has the disadvantage that the parameters 

are in different units. As angtes are dimensionless parameters 

the assumed polynomials formed from them are not necessarity 

homogeneous and their degree cannot be predicted from the 

units of the stiffness matrix elements. 

Based on these objections, the following two methods of description 

were used. 

The lengths of the three sides (a, b and c) give the shape of the 

triangle in both cases. The two sets of axes are as follows:-

(i) A tocat x axis radiates out from the centre of the inscribed 

circte at each node. The z axis points up perpendicutar to 

the ptane of the ptate. A tocat y axis forms an orthogonal 

right hand set with these axes at each node. (See figure 15.) 

Figure 15: The chosen set of tocat orthogonal axes. 
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(ii) Axes are in the directions of the sides at each node as shown 

in figure 11. 

The first method of description has the advantage that the resu"Lting 

stiffness matrix is symmetrical according to the Betti-Maxwell reciprocal 

theorem. (Se~ subsection 3.3.5.) 

The second method of description has the advantage that rigid body 

movements of the triangle are represented by comparatively simple 

displacement vectors. (See subsection 3. 3. 3). 

The reason for choosing the centre of the inscribed circle (and 

not, say, the centroid, circumscribed eire le or previous node in order) for. 

the point from which the x axis radiates in system (i) above can be 

seen from section 3.3.2: the matrices for transformation .to other axis 

systems are comprised of relatively simple expressions. 

3.4.2. The stiffness matrix in general terms 

It would be convenient if every element of the stiffness matrix 

were in the same dimensions. All elements could then be represented by 

a homogeneous polynomial of the same root length degree. This can easily 

be arranged by multiplying various elements of the displacement vector 

and load vector by chosen values as follows:-

where: w represents a translation in the z direction, 

8 represents a rotation in a right hand sense about the axis 

indicated as a suffix, 

F represents a force in the z direction, 

M represents a couple acting in a right hand sense about the 

axis indicated as a suffix. 

A systematic noda 1 description would sti 11 be maintained if the 

factors ~' ~ and~ were replaced by a, b and c, say. It will 

(74) 



be found though (in a later section) that the factors chosen can be 

cancelled with other factors which develop in the stiffness matrix. 
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The units of vector [d} are length and the units of vector [f} 

are force. The units of Young's modulus, E, are force per length squared. 

The units of the thickness, h, are length. Supposing a homogeneous 

function, P, is cyclic in a, b and c and has units of length to a power, 

p, (e.g. P =abc + a3 + b3 + c 3 and p = 3). 

If the stiffness matrix: 

(KJ 
3 

Eh [K J 
p 1 

Then from the units of the other vectors and the fundamental equation of 

the stiffness method (53), the units of elements of matrix [K
1 

J are 

length to the power 

p - 2 

The homogeneous polynomials which form the elements of matrix [K1 J 
are of root length degree: 

2p - 4 (75) 

Supposing the riumber n of a function f indicates one of twelve n 
chosen homogeneous polynomials of the above degree as follows:. 

Function name: A B c D E F G H J K 1 M 

n: 1 2 3 4 5 6 7 8 9 10 11 12 

Then if the cyclic or mirror variation of a function is represented as 

fn(m) (according to equations (73)), the matrix [K1 J shown in (76) 

is derived as described below. 



[K1 J . = 

2 3 

2 3 4 5 6 7 8 9 

A(1)= A(2) :C(1)=-C(2) :D(1)=D(2) 

1

. B(1)= B(4); E(1) F(1) ' B(2)= B(5): -E(2) : F(2) 

I I ~ I I I I 

C(1)=-C(2) :G(1)= G(2):J(1)=-J(2) I -E(4) ·K(1)= K(4): M(1) I E(5) :K(2)= K(5); -M(2) I 2 1 

D(1)=D(2)1.J(1)=-J(2)1H(1)=H(2)1 F(4) : -M(4) :1(1)=1(4)1. F(5) , M(5) :1(2)=1(5)13 
---~--~----------~-----
B(4hB(1), -E(4) ' F(4) IA(3)=A(4):C(3)=-C(4):D(3)=D(4)1B(3)=B(6): E(3)-.-, F(3)-14 

E(1) :K(4)= K(1): -M(4) I C(3)=-C(4);G(3)= G(4) )(3)=-J(4) I -E(6) :K(3)= K(6): M(3) I 5 2 

F ( 1 ) I M ( 1 ) : 1 ( 4 ) = 1 ( 1 ) I D ( 3 ) = D ( 4 ) : J ( 3 ) =-J ( 4 ) : H ( 3 ) = H ( 4 ) I F ( 6 ) : -M ( 6 ) . : 1 ( 3 ) = 1 ( 6 ) l 6 

---;(5)= B(;): ;5)- :-F(-; ', Bw= ~)-: -E(6)- -: ~)-1-:(5)= A(6)~5)=-Cw :~)= D(~l 7 

( I I I 
-E(2) :K(5)= K(2): M(5) I E(3) :K(6)= K(3): -M(6) I C(5)=-C(6):G(5)= G(6) :J(5)=-J(6) I 8 3 

F ( 2 ) : -M ( 2 ) : 1 ( 5 ) = 1 ( 2 ) I F ( 3 ) M ( 3 ) : 1 ( 6 ) = 1 ( 3 ) I D ( 5 ) = D ( 6 ) : J ( 5 ) =-J ( 6 ) : H ( 5 ) = H ( 6 ) I 9 

All identities hold for all values of a, b and c. 

---J 
0\ 
'--" 

CD 
0'1 
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This matrix was derived in the following way. 

Eighty one different full functions could have been chosen to 

represent this matrix in general terms. If the functions have root length 

degree three,. then each function would contain sixteen unknown coefficients, 

e.g. 

A
1
aa + A2a~ + A

3
ay + A

4
a6 + A

5
ba + A6b~ + A

7
by + A

8
b6 

+ A
9
ca + A10c~ + A11 cy + A12c6 + A13~y6+ A14ay6 + A15a~6 

+ A16a~y 

In this case the matrix would depend on 1296(= 16 x 81) different 

unknown coefficients. 

Certain properties which the element has - cf. the Betti-Maxwell 

theorem (section 3.3.5) and the choice of axes and dimensions (3.3.6) -

allow this number to be reduced considerably. 

Because the axis system chosen is orthogonal at each point, the 

matrix is symmetricaL Each element (i, j) is equal to element (j, i) 

for all values of a, band c, (i.e. for any shape of element). 

Consider the cyclic nature of the dimensions and the similarity 

of the description of the local axis systems at each node in figure 15. 

It can be seen that if a property of node one is described by 

function: 

f ( 1) 
n 

f (a, b, c) 
n 

then the same property would be described by the cyclic variations 

(see definitions): 

and 

f ( 3) 
n 

f ( b, c, a) 
n 

f (5) = f (c, a, b) 
n n 

at nodes two and three respectively. 
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It can also be seen that if a property of node one with respect to 

node two is represented by a function: 

f (1) = f (a, b, c) 
n n 

then the same property of node two with respect to node three is represented 

by the cyclic variation: 

f (3) = f (b, c, a) 
n n 

etc. and the same property of node one with respect to node three is 

represented by the mirror variation: 

f (2) = f (a, c, b) 
n n 

etc. with a possible reversal of sign where the axis y is involved. 

The application of these principles in all possible positions 

reduces the number of different functions to be chosen to twelve as 

shown in matrix (76). If polynomials of root length degree three are 

chosen, now, there will be 192(= 12 x 16) different unknown coefficients. 

It is possible to use the upper half of submatrix (1, 1) of matrix 

(76) and the whole of submatrix (1, 2) in general terms to store a 

description of the whole matrix (See figure 16). 

1 ' 3 

2, 3 
- - - - --

3, 3 3, 1 I 
I 

- - - - --

Figure 16: Essential Submatrices for Description of the whole 

Matrix. 

The remainder of the matrix can be found from cyclic variations of 

the submatrices and from the Betti-Maxwell symmetry property. (Note that 

submatrix (3, 1) is the second cyclic variation of submatrix (1,2)). 
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3.4.3. The application of rigid body movements 

The·stiffness matrix developed ~n the previous section must now be 

transformed (according to equation (70)) to a representation in terms of 

oblique axes (figure 10) before the rigid body movement vectors can be 

applied. The matrix [T] of equation (70) is represented (from equation 

(63)) as: 

[T J = 

[T A J [0 J [0 J 

[0 J [TB J [0 J 

co J co J [Tc J 

The matrix [T]-1 of equation (70) is represented (from equation 

(64)) as: 

[T A J-\o J [0 J . 

[T J-1= [0 J [TB J-1 [0 J 

[0 J [0 J [Tcr1 

If the displacement and load vectors of the stiffness equation (53) 

are represented as: 

{d2} t {w 1' 8u1' 8v1' w2, 8u2' 8v2' w3' 8u3' 8v3l 

{f2}t = {F I' Mu /be, Mv/bc, F2 , Mu2/ca, Mv2/ca, F 3' Mu3/ab, Mv 3/ab} 

then matrix [K2] is represented in (77). 

The matrix [K2 ] is defined by: 

where P was defined before to be a cyclic factor in a, b and c. 

It will be found that as each row of submatrices of matrix (K2] 

is a cyclic variation of the first row, and as the rigid body displacement 

vectors are cyclic variations of one another, no new equations are formed 

.. 
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by applying rigid body displacement vectors to the second and third rows. 

They are thus not shown in the matrix (77). 

SUBMATRIX ( 1 , 1 ) 

A( 1) I C( 1 )a~ + D( 1 )~y- - I - c( 1 )a~ + :0(1T~-:y------r -

-- -cc15;~; +- D-(1)/~~:- G.(1)-- ~ lif1f---- _,_ -G(1)- -+-H(1)-- ~~--

1+ J(1)(- ~y/a~ + aD.j~y) 1 + J(1)(~y/a6 + a~/~Y)I 
- - - - - - - - - - - _I ·- - - - - ·- - - - - - - -1 - - - - -- - -- - - - - -j. - -
- C(1)/a6 + D(1)/~Y 1 - G(1) +H(1) 1 G(1) + H(1) 

[K2 J= _________ :+ J(1)\_:_~y/a6 + a6/~.r2_: ..::_!(i)(~y/a6 + a~/~J _ 
t . I. I 

SUBMATRIX ( 1 , 2) 
- -,- ---·-

1 B(1) E(1)~6 + F(1)cxy 1
- E(1)~6 + F(1)cxy 

-- t
1 

~ E(i)Ja6- +-F(4)/~y: -K(i)-~/~ ~ M(1)yJ6- - ~- ---K(-1)~/~; M(1h/~ -j- --
~- M(4)6/y + 1(1)a/~ : + M(4)6/y + 1(1)a/~ I 

1-- E(4)/a6 ~ :F(4)7~Y-~---Kr1)(3/-; -= iJr(i)y/6- -- - -i(1)~;~ = i(1)y/~--,-·--
I . 

~- ____ ~M(_4)_6/y_+_L(1_)a_/~ :~M(4)6/y ~(1)a/~+ _ 

I B(2) 

SUBMATRIX (1,3) 

:- ~(25y~ + F(2)cx~ 

+ - - - - - - - - -1- - - - ·- - - - - -

E(5)/a6 + F(5)/~y 1 K(2)y/a - M(2)~/6 

,. 1+ M(5)6/~ + 1(2)ah 

- - f- ---EC5)/a-6 ~ F ( 5 J/~Y' .=- i( 2)y la ~ M( 2)i/6- -
I 

j_ _ _ _ , + M(5)6/~ ~1(2)a/Y_ 

E(2)y6 + F(2)a~ 

__ I ____ -------

i ~ K(2)y/a - M(2)~/6 

1 - M(5)6/~ + 1(2)a/y 
----·-----·----

1 K(2)y/a + M(2)~/6 
1 

- M(5)6/~ + 1(2)a/y ,_ --

It will be noticed that the factors ~' ~and~ which appeared 

in the transformation matrix [T] now only occur in the load vector as 

ab, be and ca. This saves including the parameters ~' ~ and ~ in 

the assumed polynomials. (This was the reason for the choice of load 

and displacement vectors in (74)). 

The rigid body movement displacement vectors can now be applied to 

matrix [K2 ]. 

(77) 
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The rigid body parallel translation vector (60a) is multiplied by 

the top rows of the submatrices (77) only. ·This is because the rotational 

displacements at node one are zero during this rigid body movement. The 

rotational loading need not therefore, necessarily, be zero to give zero 

external work. The resulting identity is given in ( 78a). 

The rigid rotation about the side of length 'a' (60b) is multiplied 

by each of the three rows in turn. This is because a movement occurs 

corresponding to all three degrees of freedom at node one when this 

vector is applied. All the applied loads at this node must therefore 

be zero to do the required zero external work on the element. The 

resulting identities are (78b) to (78d). 

The rotation about the side of length 'b' (60c) is applied to the 

second row of the submatrices only. This is because node one rotates 

corresponding to the rotational degree of freedom about axis u1. The 

resulting identity is given as (78e). 

These identities are to hold simultaneously for any shape of element. 

This means that the set of equations formed from each identity holds 

simultaneously with the set of equations formed from the other identities. 

The identities, which hold for all values of a, b and c are multiplied 

by their lowest common denominators, and squared terms in a, ~' y and 6 

are eliminated by substitution from (72). 

A(1) + B(1) + B(2) - 0 

A(1)a~y6- 2C(1)ba6- 2D(1)b~y + 2C(1)ca6- 2D(1)c~y - 2E(1)a~6 

+ 2F( 1 )aar - 2E(2)ay6 + 2F(2)aa~ = 0 

(78a) 

(78b) 

The identity (78c) adds no new equations to the set and is omitted. 

C(1)(- a2 + b2 - 2bc + c
2

)a6 + D(1)(- a
2 + b

2 
+ 2bc + c2 )~y + 2G(1)b~y6 

- 2H(1)ba~y6 + 4J(1)(a
2
b- b3 + bc

2
) - 2G(1)ca~y6 + 2K(1)(a

2
- ab + ac)y6 

- 2M(1)(a2 + ab- ac)a~ + 2M(4)(a2 + ab + ac)a~ + 21(1)(- a
2
+ ab + ac)y6 

- 2K(2)(a2 + ab - ac)~6 + 2M(2)(a
2 

- ab + ac)ar + 2M(5)(a
2 

+ ab + ac)ay 

+ 21(2)(- a2 + ab + ac)~6- 2H(1)ca~Y6 = 0 (78d) 



2G(1)ba~y6 + 2H(1)ba~y6 + 8J(1)b
2

c - E(4)(a
2

- b
2 

+ 2bc - c2 )a6 

+ F(4)(-a
2 

+ b
2 

+ 2bc + c2 )~y - 2K(1)(ac- be+ c
2
)y6- 2M(1)(ac 

+be- c 2 )o:~ + 2M(4)(ac +be+ c
2

)af3- 21(1)(- ac +be+ c2)y6 

+ 2K( 1)(a
2 

- ab + ac)¥6 - 2M( 1)(a
2 

+ ab - ac)a~ - 2M(4)(a2 + ab 

92. 

+ ac)a~ - 21(1)(- a
2 

+ ab + ac)y6- 2K(2)(ab + b2 - bc)~6 - 2M(2)(ab 
2 2 2 . 

- b + bc)ay - 2M(5)(ab + b + bc)o:y + 21(2)(- ab + b + bc)~6 = 0 

( 78e) 

As these identities are only in terms of a, b, c, a, ~. y and 6 

it seems reasonable that the functions of the matrix (76) will also 

contain only these variables. The degree of the functions is still not 

known. The data representing the identities (78) is punched for the 

FORTRAN identity solution routine described in Appendix 6. The value 

of the root length degree variable of the routine is increased in steps 

from 1. Certain of the unknown coefficients are then expressed in terms 

of the others. If the root length degree is too low, it will be found 

that all of the coefficients of certain elements of matrix [K
1

] (76) 

have been reduced to zero. This is clearly unacceptable and the root 

length degree must be increased. 

Once a valid set of coefficients has been determined, the degree of 

the factor P can be determined from (75). 

The minimum root length degree was found to be three. The degree 

of the factor P was found as: 

2p - 4 = 3 

p = 3,5 

The cyclic factor: 

P = abc 6 

was arbitrarily chosen. 

(79) 

When the root length degree of the polynomials of matrix [K1 J is 

chosen to be three, it is found that all of the coefficients of the matrix 

can be expressed in terms of twenty five independent coefficients. The 
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coefficients of the twelve functions of matrix [K
1

] are related to the 

twenty five independent coefficients in a matrix given in Appendix 7. 

The form of a function is: 

= A1aa + A2a~ + A
3
ay + A

4
a6 + A

5
ba + A6b~ + A

7
by + A

8
b6 + A

9
ca 

+ A 10c~ + A
11

cy + A12c6 + A13~y6 + A14ay6 + A 15a~6 + A 16a~y. 

3.4.4. Finding the values of coefficients 

As was shown in the previous section, it is possible to express the 

whole explicit stiffness matrix for a triangular plate bending element in 

terms of twenty five unknown coefficients and the seven parameters a, b, 

c, a, ~' y and 6. Once the values of the unknown coefficients have been 

found, it will be possible to use the explicit matrix to solve any plate 

bending problem. 

The method used to find the values of these independent coefficients 

is to apply the stiffness matrix with its unknown coefficients to the 

standard plate described in section 3.3.6. The plate is arranged to have 

twenty five degrees of freedom. The coordinates of nodes are chosen so 

as to give the greatest variation (of the values of a, b, c, a, ~' y and 6) 

between the elements of the plate. 

As the loading, displacements and dimensions of the plate are known, 

each row of the fundamental stiffness relationship (53) is an equation in 

the unknown coefficients. As there are twenty five rows and twenty five 

unknown coefficients, provided that the rows of the matrix are not linear 

combinations of one another, a solution for the coefficients will be found. 

If the elements of the system are all dissimilar, the rows will not be 

linear combination~ of one another. 

A FORTRAN program given in Appendix 7 solves the values of the twenty 

five coefficients and substitutes them into the expressions representing 

all the coefficients of matrix [K
1
]. The results of such a solution 

appear in a later section. 



3.4.5. The effects of Poisson's ratio 

The variable v, Poisson's ratio, has not been included in the 

explicit stiffness matrix up to this stage. This variable should have 

been included as one of the parameters in the assumed functions of the 

matrix [K
1 
J (76). This can be seen from the nature of the explicit 

stiffness matrices developed in Chapter II. 
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To have included the ratio, v, as one of the variables would have 

caused difficulties. Because v is a dimensionless ratio, there would 

be no Limit to the power of v alLowable in an element function. If no 

power of· v above, say, the second was considered to be significant, then 

in the assumed functions, there would have to be three times as many 
0 1 2 terms, i.e. each of those considered with values of v , v and v • All 

identities would have had to hold for all values of v as well as a, 

b and c. In this case, each resulting coefficient found in the previous 

sections of this Chapter represent a quadratic function in v. 

= (a11 + a12v + 

(a21 + a22v + etc. 

One might expect that it would be necessary to use a standard structure 

(such as is described in subsection 3.3.6) with three times as many degrees 

of nodaL freedom. This would in fact give answers to the problem. In this 

case a particular vaLue of v would have to be used. 

a
12

, etc. may, then, only have held for that value of 

v very cLose to it. 

The constants a
11

, 

v and for values of 

The method actually used to introduce v altows the function 

invoLving v to be chosen as a penultimate step. This simplifies the 

choice of the function. 

v is included in the displacement vector for the standard solution 

(see equation (71)). If the coefficient solution program described in 

Appendix 7 were used for a series of values of v, a number of sets of 

corresponding coefficients A
1

, A2 , etc. would result. A polynomial curve 

in the variabLe v could then be fitted to the values of each coefficient 

(A.) 
l 

to find the values of the coefficients a .. , etc. 
lJ 
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In this way, the useful range of v could be used, (namely about 

0,2 to 0,35, Popov
10

). The validity of assuming some limit to the power 

of v which occurs in the functions could also be checked. 

The values of the coefficients are solved by computer for each value 

of v in the range and are written onto disc. A curve fitting program 

(given in Appendix 7) then reads these values for each coefficient in 

turn. 

Using a regression analysis technique (Appendix 3), a parabolic 

curve is fitted. The constants of the fitted curve are written into a 

new file on disc. 

A user program then only has to substitute the value of v for a 

particular problem. A set of coefficients for the sixteen terms 

(independent of v) of each of the twelve functions of matrix [K1 J (76) 

results. The value of v can then be_neglected for the rest of the 

formation of the system stiffness matrix. 
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CHAPTER IV 

SECONDARY CONSIDERATIONS 

4.1 Introduction 

This Chapter contains a description of the sections of a finite 

element analysis which must be considered but which do not form part of 

the main research. The organization of the data for a finite element 

program, layout of such a program and the solution of stress conditions 

from resultant displacements are of secondary interest in this thesis. 

There are two ways of entering data into a finite element program. 

One method is to describe the problem through the position of the nodes 

and the way they are formed into elements. The other is to describe the 

shape of the structure and have an automatic mesh generator to determine 

the positions of nodes and the shapes of elements. 

The latter method would appear to be the more satisfactory. There is 

less work for the user to do by hand and thus less chance of human error. 

The problem with automatic mesh generators is that it is always the 

special problems that require a finite element analysis and it is in­

variably these problems that cannot be handled by the available program. 

Although strides have been made in automatic mesh generation programs with 

the use of concepts such as the curvilinear element, no really satisfactory 

completely general approaches have been proposed. In this thesis, as 

this is not the main topic of research, data is prepared by hand. Because 

it is essential that data be perfectly correct, some check on data must be 

performed. One method of checking data is to plot it out as a mesh. 

Errors can then be found visually. In the program using the data in this 

thesis, it is essential that element nodes be numbered in anti-clockwise 

order. This could not be checked by a plotter program. 

A comprehensive analytical program was written to accept data in a 

form which is convenient to the user. The program checks the validity of 



data and files it on disc in a suitable form for the finite element 

program. This "debugging" program is described beww. 
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Structural analyses are usually performed to find stresses. Dis­

placements are only a secondary consideration. In the stiffness method, 

the displacements are the primary result. The main objective of this 

thesis is to improve the method of obtaining displacements from the 

wading. The stress derivation has not been considered in detail. 

Certain possibilities exist for the secondary step. The usual method 

is to use a stress matrix which is formed in the process of deriving a 

stiffness matrix. In the assumed stiffness matrix method, no such stress 

matrix is derived. There is no objection however to using the stress 

matrix from one of the other methods (e.g. matrix [MJ of equation (6) in 

the assumed displacement procedure). 

Another suggestion for finding stresses is to use a spline function 

interpolation of the displacements. The stresses could then be derived 

from the functions. A complete analysis using spline functions is 

suggested by Deak and Pian11 • The problem is that this method has only 

been used for rectangular meshes. 

A third original method of obtaining stresses is suggested in this 

Chapter. The method has not been developed at all and is included only 

in its experimental form. 

An industrial package program is given in Appendix 7. This is the 

program used for finding stress and displacement results (Chapter V). 

The layout of this program is given in general terms in this Chapter. The 

details, where they are important, are given elsewhere. In general, 

package programs are uneconomical except on problems which fit their 

specifications very ctosely. The accompanying program is only included as 

a guide to writing specific programs using the assumed stiffness matrix. 

In its present form, it gives highly encouraging results although stress 

calculations are unreliable. 
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4.2 The Use of the Data "Debugging" Program 

Consider a mesh of triangular etements such as the one in figure 17. 

3 4 

2 3 

1 2 

f---- X 

0 

8 

z axis towards observer 

U.D.L. = 1 

1 2 3 

Figure 17: An Example of a Triangular Element Mesh 

The data for this mesh is as follows:-

(i) Chains of integers in free format follow tines joining nodes 

in the figure. A zero in the chain breaks it. A comma is 

automatically placed at the end of a card read in free format 

and blanks are read as zeroes. These features can be used to 

break chains. The chains appear under a heading as follows:-. 

Card 1 : TOPOLOGY LIST 

Card 2: 1 ' 5' 9, 13'' 2, 6, 10' 14'' 3, 7, 11 ' 15' 

Card 3: 4, 8, 12' 16" 2, 1 ' 6, 5' 10, 9, 14, 13, 
Card 4: 3, 2, T',~ 6, 11 ' 10' 15, 14, 

Card 5: 4, 3, 8, 7, 12, 11 ' 16' 15' 

(ii) The boundary of the problem is defined by a chain similar to 

those of the topology list under a heading as follows: 

Card 6: BOUNDARY LIST 

Card 7: 1 , 5, 9, 13, 14, 15, 16, 

Card 8 : 1 6 , 1 2 , 8 , 4 , 3 , 2 , 1 , 

~~Referred to tater. 
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(iii) A card giving the highest number of a node appearing in the mesh 

followed by a Ust of node numbers and coordinates in free format 

and a card of zeroes appear under a heading as follows:-

Card 9: NODAL POINT LIST 

Card 10: 16, 

Card 11 : 1 ' ' ' 
Card 12: 2'' 1 • ' 
Card 13: 3,' 2. ' 

Card 26: 16~ 3., 3., 
Card 27: , , , 

(iv) A uniformly distributed toad over the whole structure or a blank 

card may follow. 

Other toad vectors and support boundary conditions cannot be checked and 

are thus read directly into the finite element program. 

The form in which this data is required by the finite element program 

is as follows:-

(i) A list of coordinates given in the order of node numbers 

e. g. o. o. 
o. 1. 

o. 2. 

3. 3. 

(ii) A Ust of the node numbers of each triangle given in clockwise order 

about the z axis (anti-clockwise in figure 17) followed by the 

uniformly distributed toad on that triangle. 

e. g. 1 6 2 1. 0 

1 5 6 1. 0 

2 7 3 1. 0 

11 15 16 1 .o 
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(iii) A list of node connections for each node: 

e. g. 1 2 

1 5 

1 6 

2 1 

2 3 

2 6 

2 7 etc. 

The program given in Appendix 7 performs this transformation on the 

data. At the same time it checks the data for the following errors. 

1. If a double comma has been omitted between two chains which end 

on the same node, e.g. if the comma at the end of Card 7 had 

been omitted, the following message would be given: 

NODE 16 IS JOINED TO ITSELF. INVALID. 

2. If the same junction between nodes was repeated in the topology 

list, e.g. if the number 7 was left off Card 4, the following 

message would be given: 

JOIN 2 - 6 IS DUPLICATED IN TOPOLOGY LIST. 

3. If a heading is spelt incorrectly or if for example a $ sign 

is punched instead of a comma, the following message is given: 

HEADING ERROR OR ALPHA CHARACTER IN BOUNDARY OR TOPOLOGY LIST. 

4. If a boundary connection occurs in the boundary list, but not in 

the topology list, e.g. if the first '4' on Card 5 were omitted, 

the following message is given: 

BOUNDARY 3 - 4 IS NOT INCLUDED IN TOPOLOGY LIST. 

5. If a boundary is discontinuous, for example if the boundary were 

not closed from node 2 onto node 1, the following two error 

messages are given: 

THERE IS A DISCONTINUITY IN THE BOUNDARY AT NODE 1 . 

THERE IS A DISCONTINUITY IN THE BOUNDARY AT NODE 2. 

6. If a connection in the interior bounds more or less than two triangles, 

or if a connection on the boundary bounds more or less than one 

triangle, e.g. if number 7 is omitted from Card 4, the following 
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five error messages are given: 

JOIN 2 - 3 BOUNDS 0 TRIANGLES 

JOIN 2 - 6 BOUNDS 1 TRIANGLES 

JOIN 3 - 7 BOUNDS 1 TRIANGLES 

JOIN 6 - 11 BOUNDS 1 TRIANGLES 

JOIN 7 - 11 BOUNDS 1 TRIANGLES. 

7. If a particu"Lar node is dup"Licated in, or omitted from, the 

nodal point List, one of the foLLowing messages is given. (The 

nodes do not have to be sequential but if a node is omitted, 

it cannot appear in the topology list.): 

NODE 6 IS .DUPI,IC.b.TED IN NODAL POINT LISTS. 

NODE 6 IS MISSING FR.OM NODAL POINT LIST. THIS IS VALID. 

8. If a node appears with a number higher than the size specification, 

for example if the first card in the nodal point list bears the 

number one (i.e. card 10 omitted), the error message given 

terminates further debugging: 

INCORRECT SIZE SPECIF'IGATION. FATAL ERROR. 

9. If a triangle is long and narrov;- so that an apex lies closer 

to the base than one third of i.he baE'.e l,ength, an error 

message i~; given. It is l'nssible that all threo r..odcs lie 

cLose to their opposite sides. (See figure 18.) 

b/3 

a/~L 
b 

Figure 18: A badly conditioned triangle. 

In this case the foLLowing message is given three times: 

TRIANGLE 1-2-3 IS BADLY CONDITIONED BUT VALID. 

10. If the nodes "Lie in a straight line, e. g. if the coordinates 

of node 7 are given as (2., 1.) instead of (1., 2) then the 
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following message is given: 

TRIANGLE 2-6-7 IS iNVALID. NODES FORM A STRAIGHT LINE. 

11. If the nodes of a triangle coincide, e.g. if the coordinates of 

node 7 were given as (1., 1.) the message given is: 

NODES OF TRIANGLE 2-6-7 COINCIDE. 

12. If a node is used in the topology list but its coordinates are 

not given, e.g. if node 11 was listed as 1, 2., 2., the. 

message is: 

TRIANGLE 6-11-7 IS INVALID. NODE 11 IS NOT LISTED. 

13. If a node has coordinates which cause the connections to it to 

overlap other triangles, e.g. if node 7 fell outside the 

hexagon formed by nodes 2, 6, 11 ' 12' 8, and 3 by having 

coordinates ( 2.' 1. ) the messages are: 

NODE 7 FALLS INSIDE TRIANGLE 6-10-11 

NODE 6 FALLS INSIDE TRIANGLE 2- 7- 3 

NODE 6 FALLS INSIDE TRIANGLE 2- 6- 7 

NODE 11 FALLS INSIDE TRIANGLE 7-12- 8 

NODE 11 FALLS INSIDE TRIANGLE 7-11-12 

If no errors are found, the data is filed. If errors are found, a 

message follows the error messages: 

THE DATA ERROR LEVEL IS 13. 

The number given is the total number of error messages. 

If gross errors are made, vast quantities of error messages with 

little meaning are written. 

The mechanics of the debugging system follow coordinate geometry 

principles. A description of these is outside the scope of this thesis. 

The program is given in Appendix 7, however. 

4.3 Stress Solution by a Regression Method 

One usually wants the values of bending moments and shears at the 

nodes chosen on a structure (as opposed to at the centroids of elements). 

If the stress matrices of the assumed displacement or stress method are 
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used, different values are found at a particular node from each element 

adjoining it. The mean of these values is usually chosen to be closest 

to the correct value. 

The objection to this method of stress derivation is that one is 

calculating values on the very edge of the domain of validity of each 

function. This is where errors are likely to be highest. It would be 

more accurate if a single value of stress could be calculated in the 

centre of a domain of validity for some function. 

A displacement field bounded by all of the nodes adjoining the one 

at which stress conditions are required, could be used; e.g. in figure 17 

consider node 6 to be at the centre of a domain with nodes 1, 5, 10, 8, 

7 and 2 on the edges. The deflections at all these nodes are known. 

Supposing a third order polynomial surface in two variables is 

assumed to hold over such a domain. By substitution of the coordinates 

and displacements of each node relative to the coordinates and dis­

placements of the central node, a set of equations could be formed in 

terms of the unknown coefficients of the assumed polynomial. The 

values of these coefficients could be found using a regression technique 

(Appendix 3) to solve the rectangular matrix. 

Once the displacement function is known, the bending moments and 

shears at the central origin follow very simply. 

The next node can then be considered as the centre of a domain. 

This method has the added advantage that it is not necessary to first 

transform displacements from a global system to a local system of 

coordinates before solving for stresses. 

In detai 1: 

By appropriate differentiation of the assumed function, the dis­

placements at any general point (x,y) are: 

w 

e· y 
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Supposing the coordinates and dispLacements of the centraL node are 

given the suffix 1 0 1 whiLe those of any other node in the domain are 

given the suffix I' I l • 

and 

Let the coordinates of the node i with respect to node o be: 

Using 

w 
0 

w. l 

8xi 

eyi 

X ri X. X 
l 0 

Yri y, 
l Yo 

X 0 and Yro 0 
ro 

these relative coordinates in the functions ( 80): 

+ c
3

y . 
2 

+ c5x .y . 2 3 
c1 + c

2
x . + c

4
x . + c 6y . + c

7
x . rl rl Tl rl rl Tl rl 

2 2 3 + c
8

x .y . + c
9

x .y . + c10yri rl Tl rl rl 
2 

+ 2c
9

x .y . 
2 

c3 + c
5

x . + 2C 6y . + c 8x . + 3C~oY . rl rl rl rl rl I rl 
2 - 2C8x .y . -

2 
=- c2 - 2c 4x . - c 5y . - 3C

7
x . c

9
y . 

rl Tl rl rl rl rl 

Substituting from ( 81) into (82) and putting 

[c} t = £C4' c5' c6' c7' C8, C9, c1o} 

2 I 2 3 2 
X X y , I Yri I X . X ri yri I X ri Yri yri ri ri rl rl 

I 2 I 
I . 2 

0 X 2y 0 

I 0 X 12x Yri 3Yri X 
ri rl ri ri 

2 I I 2 0 2x yri 0 3x . - 2x Yri 1 yri ri rl ri 

w. - w + X ri eyo - Yri exo l 0 

8xi - 8xo 

eyi - eyo 

( 81) 

( 82) 

£ c} 
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If the values of each boundary node are now substituted, provided 

there are at least three boundary nodes, the best values of {c} can 

be found by regression analysis (Appendix 3). 

The differential equations for finding the stress conditions at a 

point on a thin plate, applying the small deflection theory, are as 

follows:-

The moment in the x direction: 

The moment in the y direction: 

The twisting moment: 

M = D( 1 - v) lw/oxcy 
xy 

The shear O't an xz plane in the z direction: 

The shear on a yz plane in the z direction: 

Qyz - D( ??whw3 + ??w/ox
2

ey) 

where D Eh3/12(1 - y2) 

and E is Young's modulus, 

h is the material thickness, 

v is Poisson's ratio. 

Applying these to the assumed functions and then substituting the values 

xro = 0 and y ro = 0 
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JV[ 2D(c
4 + vc

6
) 

X 

JV[ -2D( C 6 + vC 
4

) 
y 

JV[ D( 1 - v) X c
5 xy 

Qxz D(6c
7 

+ 2C
9

) 

Qyz D( 6C iO + 2C8 ) 

These values are then found by substitution from the vector fc}. 

4.4 The load Vector 

The formation of the load vector corresponding to point loads and 

couples follows the usual finite element procedure. As no displacement 

function was assumed, no consistent load function can be used to decide 

how to apply loads which are distributed along a line or over an area. 

The following interpretation is used in this thesis. 

Loads (forces or couples) applied along a line joining two nodes 

have half their total value applied at each node as an equivalent point 

load. Forces also cause a fixed end couple along the direction of the 

line. Consider figure 19 for example: 

y 

--
z 

/ 

Figure 19: The Loading at Three Nodes on an undefined flat plate. 
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The toad vector in this case would be calculated as: 

F1 2 X (5 - 1)/2 4kN 

Mx1 0 

My1 2 
2 

X (5 - 1) /12 8/3 kNm 

F2 4 + 2 X (7 - 5)/2 6kN 

Mx2 0 

My2 8/3 2 X (7 - 5)
2
/12 6 kNm 

F3 2 kN 

Mx3 0 

My3 2/3 kNm 

The loading on each node of a triangle with a uniformly distributed 

load q over its area is determined as follows. 

The vertical load at each node is taken as one third of the total 

load on the triangle (i.e. q/3 X area of the triangle). 

To calculate the applied moments at each node, it is assumed that as 

the median of a triangle bisects its area, no applied moment is caused 

about the median through that node. All applied moments are thus caused 

about an axis at right angles to the median through each node. (See 

figure 20). 

r-
, 
t c 

l___ 
node 

Loading on 
fixed end 

Elevation of 
loading looking 
along side of 
length 'a'. 

Effective load 

~ 2 
F.E.M. ==qat /20 

Figure 20: A Triangular Plate Loaded with a Uniformly Distributed 

Load q. 

qa 
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The length of the median e is found to be: 

e (83) 

If t is the height of. the triangle above the base of length 'a'; 

from figure 20: 

Hence M . 
1 

M1 t/e 

2 
qat /30 

qate/30 

= q x triangle area x median length/15 

q a~y6 J 2b
2 + 2c

2 
- a2~20 

by substitution from (59) and (83). 

As the coordinates of the centroid of a triangle are simple to find, 

the loading in global coordinates is found by a transformation of the 

type shown in equation (65). 

4.5 Application of Boundary Conditions 

In the usual case, displacement boundary conditions have the 

prescribed value, zero. In this case, the row and column of the augmented 

stiffness matrix corresponding to the boundary displacement are deleted 

and replaced by zeroes. To prevent this from becoming a singular matrix, 

the leading diagonal element is replaced by a one. This results in a 

zero in the correct place in the solved displacement vector. 

The above is the mechanical operation. What has in fact happened is 

that one of the displacements was not an unknown value. The known value 

was substituted into each of the equations and removed to the right hand 

side of the equation. This left more equations than unknowns. One of 

them must have been a linear combination of the others. As the stiffness 

matrix must still be symmetrical after removal of the redundant equation 

(Betti-Maxwell), the obvious equation to delete must be the one corres­

ponding to the row removed from the matrix. 



The mechanical procedure accounting for a non-zero boundary 

condition is as follows:-

1. The product of the value of the boundary condition and its 

corresponding column in the stiffness matrix is subtracted 

from each load vector. 

2. The row and column corresponding to the boundary condition 

displacement are replaced by a row and column of zeroes 

respectively. 

3. The leading diagonal (zero) element corresponding to the 

boundary condition is replaced by a one. 
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4. The row of the load vector corresponding to the boundary 

condition is replaced by the value of the boundary condition. 

Step 3 prevents the matrix from being singular. Steps 3 and 4 

give the value of the boundary condition in the correct position in the 

solved displacement vector. 

4.6 Layout and Use of the Industrial Package Program 

This program is designed so that an 8Xplicit stiffness matrix (with 

coefficients as accurate as the computer using it can attain) is first 

created on disc. A finite element program and a data debugging program 

are then compiled and finally the unnecessary elements of the explicit 

stiffness matrix creation file are deleted. It is then only necessary 

to use a minimum number of control cards and data cards for a particular 

problem. 

The details of the program are given in Appendix 7. The sequence 

of a first run of this program is as follows:-

1. A disc file containing the data for the explicit stiffness 

matrix in terms of twenty five unknown coefficients is 

created. 

2. The data "debugging" program is stored for use with the 

finite element program. 
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3. A coefficient soLution program with its subroutines is compiLed 

and stored. 

4. A curve fittin~ routine for introducing the effect of Poisson's 

ratio to the coefficients is compiLed and stored. 

5. The data giving the nodaL coordinates, eLement description, 

Load vector and boundary conditions for the standard plate 

soLution is caLculated. The range and number of increments 

of Poisson's ratio for which soLutions of the coefficients 

are required (see section 3.4.5) are given. An execution of 

the coefficient soLution program 3. uses this data and the 

data in 1. to form a number of sets of coefficients through 

the range of Poisson's ratio. The coefficients are written 

into a new disc fiLe. 

6. An execution of the curve fitting program 4. uses the fiLe 

created in 5. to fit the best paraboLic curve in v (Poisson's 

ratio) to each coefficient in turn. The coefficients of these 

curves are stored as three matrices (to be muLtipLied by 1, v. 

and v
2 

respectiveLy- see matrices (84a), (84b) and (84c)) in 

a new disc fiLe. 

7. A finite eLement program which uses the coefficients in 6. 

above is formed by updating the coefficient soLution program 3. 

This is done because the assumed functions, their parameters and 

the transformation matrices are the same in both programs. 
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CHAPTER V 

RESULTS USING THE ASSUMED STIFFNESS METHOD 

5.1 Introduction 

Any flat plate bending problem can be solved by using the industrial 

package program prepared. Data for simple shapes of plates was stored on 

disc. Boundary restrictions were introduced to simulate different support 

conditions. Solutions to many standard problems were obtained. A 

selection of these is presented here. 

5.2 Three Different sets of Coefficients of the Explicit Stiffness Matrix 

As was mentioned in the introduction to the method of assumed stiffness, 

it is possible to obtain different stiffness matrices for the same element. 

The stiffness varies according to the position of the element within a 

structure. In subsection 3.3.6 it was shown that a plate with a given 

number of degrees of nodal freedom could have various configurations of 

elements. Three possibilities were given in figure 14. The positions 

of the nod~s can also be varied. If the values of the coefficients of the 

stiffness matrix are solved as described in section 3.4.4, there are as 

many solutions as there are possible element conformations of the plate. 

The matrix to be solved for the values of the coefficients is ill­

conditioned if elements of the structure resemble one another closely. 

When two or more elements are similar, therefore, the values of coefficients 

are completely unreliable. 

The coordinates of nodes must be carefully chosen so that each element 

has a different non-similarity ratio (see definition). It can be assumed 

that an optimum set of coordinates exists to give the best conditioning of 

the matrix. No attempt was made to optimise the coordinates of nodes. 

Each layout of elements given in figure 14 was considered in turn. Co­

ordinates were varied until a wide range of non-similarity ratios was 
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·-

obtained for the elements. The final sets of coefficients for each of 

the three configurations are identified as: Mark I, II and III corres­

ponding to figures 21(a), (b) and (c) respectively. 
y 

. (a) Mark I Configuration 

y 

(0,57) 

2 

(b) Mark II Configuration 
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NODE X y 
1 0 0 
2 0 1 
3 0 2 
4 1 0 
5 1~75 1,25 
6 1 2 
7 1,75 0 
8 2 2 
9 3 0 

10 3 1 
11 3 2 

1 0 0 
2 0 1 
3 0 2 
4 1 0 
5 1,5 0,866 
6 0,5 2 
7 2 0 
8 2,5 2 
9 3 0 

10 3 0,6 
11 3. 2 

1 0 0 
2 1 0 
3 2 0 
4 0 1 
5 0,866 1 '5 
6 2 0,5 
7 2 0 
8 2 2,5 
9 0 3 

10 0,6 3 
11 2 3 

The non-similarity ratio for each element is given in brackets. 

Figure 21: Element Topology used on the Standard Plate to find Mark I 

Mark II and Mark III Sets of Coordinates Respectively. 
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It is found that the values of a coefficient vary almost parabolically 

with respect to Poisson's ratio only if a11 elements are dissimilar. The 

variation is random if similar elements exist. (See section 3.4.5.) 

A comparison of the results obtained from each set of coefficients 

is given in section 5.6. The Mark III coefficients are given in 

matrices (84). 

5.3 The Layout of a Set of Results 

A fu11 set of results is written for each load condition on a 

structure. Each set of results starts on a new page. The left hand 

column gives the numbers of the nodes in succession. The displacements 

and stresses (calculated as described in section 4.3) appear under 

appropriate headings in subsequent columns. 

Results for standard problems are usually published as non-dimensional 

values and a general multiplier. An example of the results of a square 

plate with point supports on its corners and uniformly loaded is given 

in Table 2. In this case the multiplier is: 

Results were obtained for: 

Poisson's ratio v 

Distributed load q 

Young's modulus E 

Length of a side L 

0,3 

1 ,o 
10,92 

0,5 

The results given must therefore be multiplied by 16 for comparison 

with published non-dimensional values. As the mesh is coarse, results are 

not good. (A comparison of these results is made in a tater section.) 

5.4 Convergence of Results 

All examples tested showed a definite convergence to a correct 

solution. Table 3 gives an example of the behaviour of one set of results. 



... 

.. 
1 

LOAD VECTOR l 

-------------------------------·---------~-------------------------------------------------~----------------------------NODE 
NOo 

1 
2 
J 
4 
5 
6 
7 
8 
9 

10 
ll 
12 
lJ 
14 
15 
16 
17 
18 
19 
£0 
21 
22 
£j 
24 
25 

VERTICAL 
DISPLo 

tLENGTHI 

.ooooooo 
.1174021-02 
ol5lt9653-02 
oll4!Jll0-02 
.oonoooo 
.1174019-02 
o1577'157-02 
.179[(114-02 
.1574361-02 
.114!:.107-02 
.1549650-02 
.17%0111-02 
• 1qllll41-02 
o17Sb013-02 
ol51i9646-0Z 
.lllttll0-02 
o1574Jb2-02 
o179t0111-02 
.1577456-02 
.1174016-02 
.ooooooo 
.11115110-02 
o154 %53-02 
.11711021-02 
.ooooooo 

TABLE 

ROTATION ROTATION 
~BOUT X ABOUT Y 

IOIHENSIONLESSI 

• 705ZI.l 7G-02 
o43Sl9111-02 

• 0 111!:i0G1U-O!. 
-.l.l287348-02 
-.G9J514G-02 

.·2 855!:. 82-02 
• 2 7 2 53 6 ·)- 0:! 

-.1392!:.711-04 
-.<:7511355-02 
-.28311917-02 

.11141534-02 
o18714G:S-0;?" 

-.4792713-08 
-.1871478-02 
-.1441::>71-02 

.2831!898-0:! 
• :054344-0:! 

'.13918118-0«1 
-.2725d73-02 
-.2855S96-02 

• 69351.59-02 
.4287342-02 
.11150574-0.3 

- .4JS1951-02 
-.70524/lll-02 

-. 7052454-02 
-1.2855!;58-02 
-.l41fl512-02 
-.28311884-02 
-.6935118-02 
-.4351933-0:? 
-.2725856-02 
-.187145C-02 
-.27511330-02 
-.4287324-02 

.1450567-0:! 

.139217 3-0'1 
.1395726-09 

-.1392160-011 
-.l45056G-03 

.11287333-02 

.275l!336-02 

.1871450-02 

.2725852-02 
1.'1351923-02 
~ 6935134-02 
.2834891-02 
.1441511-02 
.28555S1-02 
• 7052439-02 

MOMENT HOHENT TWISTING 
IN X OIRN. IN V C!RN; HOHENT 

(FORCE•LENGTH/LENGTHl 

-.1519016+00 
-.2202602-01 
-.22112343-02 
-.2068451-01 
-.1"l89'328+00 

.2385961-01 

.1855957-01 
.1515792-01 
.1865549-01 
.;:219345-01 
• 34161122-01 
.2607956-01 
.2300811-01 
.2607955-01 . 
• 3 416 41 9- 01 
.221935C-Ol 
.1865551-01 
.1515792-01 
.1855955-01 
.23assc;o-cn 

-.11139932+00 
-.2068457-01 
- • 2 2 4 2 3 s J- 0 2 
-.2202602-01 
-.1519014+00 

-.1519016+00 
• 2 3 a 5 s 12 -o 1 
.31f16437-01 
.22193 ~0. -01 

-.11189929+00 
-.22026011-01 

ol855S65-Ql 
• 2 6 0 19 E 6 -Ci 1 
.1865560-01 

-.206841f6-01 
-.2242420-02 

.1515 7 99-01 

.2300822-01 
ol5158C:6-01 

-.2242168-02 
-.20684 S1-01 

.1865555-01 
o2E079CS-Ci1 
.1855966-01 

-.2202593-01 
-.1489932+00 

• 2 21 9 3 4 1 -o 1 
.34164 35-01 
.2305971-01 

- .15190H+OD 

-.5798263-01 
-.27871&19-01 
-.4929767-04 

• 2 8 s s s 1 s -o 1 
.5695680-01 

- • 2 1 a Hl 9 -o 1 
-.1733115-01 
-.16 94 7 73-02 

o11f0063 6-01 
.28!:66!:9-01 

-.4833910-04 
-.16911 Hli -02 
-.311491.ill-02 
-.1691.i 7:39-02 
-.11830 90 8-0if 

• 2 8 56£ 74 -0 1 
.1400642-01 

-.1694732-02 
-.173310 9-01 
-.27874£:3-0l 

.5685694-01 
• 2 8 5 G 6 I! 4 -0 1 

-.4 822 864-04 
-. 2 7 s 7 4 12 -0 1 
-.5798250-01 

SHEAR SHEAR 
IN X CIRN. IN v· OIRN• 

I FORCE/LENGTH I 

.2038796+01 
olf08.8953+00 
.1313326-01 
.31781S9+00 
.1997729+01 

-.3415098-01 
.5667147-01 
.4264182-01 
.4298126-01 

-.111267£4+00 
~7353849-02 
.15fJ1611-01 

-.4SI.l 8374-07 
-.1541615-01 
-.7353067-02 
~1426181+00 

-.429813'5-01 
-.42611188-01 
-.5667161-01 

.34:111953-01 
-.1997734+01 
-.31792 09+00 
-.1313352-01 
-.4088950+00 
-.2038792+01 

.2038796+01 
~.3415031~01 

• 7 354163-02 
.1426 777+00 

-.1997730+01 
.4088965+00 
• 5667176-01 
.1541609-01 

-.4298158-01 
-.3178186+00 
·.1313534-01 

. ,4264811-01 
.1470261-06 

-.4264785-01 
-.1313529-01 
.31781~1+00 
.4298172-01 

-.1541592-01 
-. 5667177-01 
-.40889113+00 

.1997733+01 
-.11126785+00 
-.73511392-02 

.341499 3-01 
-.2038794+01 

2. AN EXAMPLE OF THE FORMAT OF A SET OF RESULTS. 
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A square plate of side, L, with point supports at its four corners 

under a uniformly distributed toad, q, is considered. Meshes of 

triangular elements similar to figure 17 are usedin this problem. 

Results of systems of 4 squares by 4 squares, 8 by 8 and 16 by 16 are 

given. The resuLts do not converge as rapidly as the square element 
. 12 ( . 

solutions given by Zienkiewicz and Cheung because the problem is 

ideaLly suited to the square element.) 

TABLE 3 

A COMPARISON OF THE CONVERGENCE OF RESULTS OBTAINED 

BY THE ASSUMED STIFFNESS METHOD AND SQUARE ELEMENTS 

Method of Solution Deflection of Deflection of 
Centre of Side Centre of Pta te 

TRIANGULAR FINITE ELEMENT 

4 X 4 . 0,0246 0,0319 

8 X 8 0,0205 0,0278 

16 X 16 0,0194 0,0268 

SQUARE FINITE ELEMENT 12 

2 X 2 0,0126 0,0176 

4 X 4 0,0165 0,0232 

6 X 6 0,0173 0,0244 

Marcus 12 0,0180 0,0281 

Lee and Balleros 12 0,0170 0,0265 

Multiplier q L
4

/D q L4/D 

5.5 A Comparison with other Numerical Methods 

114. 

Gellert and Gluck7 analysed the skew cantilever shown in figure 22 

using eight different types of finite element, a finite difference 

approach and by experimental measurement. The same element mesh was 

used for all solutions. Although the assumed stiffness triangle developed 

here gives comparable results with only 25 nodes, the results given at the 

bottom of Table 4 are those for the 88 node configuration shown. 



6 units 6 units ~ 
1 

Built in along this edge. 

Uniformly distributed load q I 2 . 0, 26066 force length unl ts 

Young's Modulus E 10,5 X 6 I 2 10 force length units 

The plate thickness h 0' 125 units 

Poisson's ratio \) = 0,3 

115. 

Figure 22: Skew Cantilever analysed by various Numerical Methods 



COMPARISON OF DEFLECTIONS OF A SKEW CANTILEVERED PLATE 

OBTAINED BY VARIOUS ANALYSIS METHODS 

Ana lysis Deflection at Point 

Method No. 
1 2 3 4 5 6 

1 0,296 0 '198 0 '114 0 '114 0,052 0,020 

2 0,294 0' 197 0 '118 0 '113 0,051 0,020 

3 0,279 0' 187 0 '116 0 '108 0,050 0,021 

4 0,257 0,170 0 '105 0' 106 0,047 0,020 

5 0,278 0 '184 0 '105 0 '111 0,047 0,016 

6>c 
" 0,421 0,296 0' 199 0 '171 0,082 0,044 

7 0,281 0 '188 0' 111 0,111 0,049 0,018 
' 8 0,273 0 '184 0,110 0 '106 0,048 0,019 

9 0,286 0 '191 0 '112 0 '116 0,052 0,020 

10 0,297 0,204 0 '121 0 '129 0,056 0,022 

11 0,282 0 '187 0' 108 0,114 0,052 0,019 

Mean 0,2823 0 '1890 0,1120 0 '1128 0,0504 0,0195 

Key to analysis methods (Gellert and Cluck7): 

1. Rectangular element based on twelve-term polynomial. 

2. Rectangular element due to Melosh. 

Rectangular fully compatable element. 

Triangular assumed displacement element omitting xy term 

Triangular assumed displacement element combining 
2 x y and xy 

116. 

2 terms. 

3. 

4. 
5. 

6. Triangular assumed displacement element including a central nodal 

translation. 

7. Triangular fully compatable element. 

8. Triangular element due to Shie et al. 

9. Variational finite difference method. 

10. Experimental measurement. 

11. Assumed stiffness method of this thesis. 

-l<- These results were excluded from the mean. 
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This shows that the assumed stiffness matrix method of anatysis is 

certainty as retiabte in this probtem as any of the other methods. The 

coefficients derived from element configuration, Mark II (figure 21) were 

used. 

5.6 The Behaviour of the Three Sets of Coefficients 

A series of examptes with pubtished sotutions
12 

was anatysed using 

each set of coefficients (described in section 5.2). A comparison is 

made between results obtained using the three sets of coefficients and 

these sotutions. 

TABLE 5 

A COMPARISON ON THREE SETS OF COEFFICIENTS ON CERTAIN 

STRUCTURAL DEFLECTIONS FOR VARIOUS GRIDS 

De.flection Published Grid Coefficient Mark 

Identity No. Solution Density I II III 

1 0,282 8 X 11 0,320 0,229 0,282 

2 0' 133 8 X 8 0 '143 0 '117 0 '133 

3 0,0272 4 X 4 0,0310 0,0200 0,0319 

8 X 8 0,0290 0,0210 0,0278 

16 X 16 0,0352 0,0157 0,0268 

4 0,0175 4 X 4 0,0248 0,0128 0,0246 

8 X 8 0,0220 0,0101 0,0205 

16 X 16 0,0256 0,0114 0,0194 

Key to deflection identification numbers: 

1. The deflection of point 1. in figure 22. 

2. The maximum deflection of a cantitevered square ptate under a 

uniformly distributed toad. 

3. The deftection of the centre of a square ptate with point supports. 

4. The deflection of the midpoint of a side of the plate described in 

3. above. 
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It was atso found that the anticlastic curvature effect in the 

analysis of a cantilevered square plate was more apparent in the Mark III 

coefficient analysis than in the other two. Figure 23 shows the element 

conformation for the analysis of a square plate subjected to a uniformly 

distributed toad. Tabte 6 gives a comparison of the deflections of the 

edge opposite the fixed edge obtained by using the three sets of 

coefficients. 

--, 
I 

I 
i 

0,5 units 

Figure 23: Etement Topology for a Cantilevered Square Plate 

TABLE 6 

COMPARISON OF THE ANTICLASTIC CURVATURE EFFECTS OF THREE SETS OF COEFFICIENTS 

Displacement Coefficient Marks 

Number ( cf. Figure 21) 

( cf. Figure 23) I II III 

1 0,00876 0,00720 0,00819 

2 0,00.883 0,00714 0,00827 

3 0,00887 0,00728 0,00830 

4 0,00883 0,00714 0,00827 

5 0,00876 0,00719 0,00819 
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5.7 Application to a Range of Problems 

Analyses were performed on square plates with different boundary 

ccnditions and types of loading. To illustrate the compliant shape of the 

element, a circular plate was also analysed. It was found that the Mark II 

coefficients gave better results than the other sets of coefficients when 

the plate had fully fixed (built-in) edges. In all other cases the Mark 

III results were better. In Table 7 the results of some analyses are 

given. As each plate was symmetrical about two orthogonal lines, only 

one quarter was considered. In all the results, 81 nodes were used. OnLy 

the maximum deflection on each plate is given. 

TABLE 7 

PERCENTAGE ACCURACY OF THE MAXIMUM DEFLECTION OF VARIOUS PLATES 

USING AN 81 NODE MESH 

Plate Coefficient Result Publj§he.£. % 
Description Mark VaLue Error 

1 III 0,0268 0,0265 1 ' 1 
2 III 0' 133 0 '134 0,8 

3 III 0,00420 0,00406 3' 1 

3 II 0,00398 0,00406 2,0 

4 III 0,00127 0,0116 9,5 

4 II 0,00112 0,0116 3,5 

5 III 0,00142 0,00126 12,7 

5 II 0,00124 0,00126 1 '6 

6 III 0,00663 0,0056 18,0 

6 II 0,00527 0,0056 5,3 

7 III 0,0176 0,0156 12,8 

7 II 0,0139 0,0156 10,9 

8 III 0,0234 0,0199 17,6 

8 II 0,0165 0,0199 17' 1 

Plate description key: 

1. Square plate with point supports at its corners and under a uniformly 
12 

distributed toad. 
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12 Square cantilever under a uniformly distributed toad. 2. 

3. Square plate simpl.;y supported al.;l.; round under a uniformly distributed 

l.;oad. 5 

4. 

5. 

6. 

Square 

Square 

Square 

pl.;ate 

p l.;a te 

ptate 

simply supported al.;l.; round with a central.; point toad. 

c tamped all.; round under a uniformly distributed toad. 

c tamped al.;l.; round with a. centra 1.; point toad. 5 

7. Circular pl.;ate with cl.;amped edges under a uniformly distributed 

toad. 13 

8. Circular pl.;ate with clamped edges and a central.; point l.;oad. 13 

5.8 Stress Results 

As the shear and bending moment differential.; equations are of a 

tower order with respect to the l.;oading, the accuracies of stresses 

shou l.;d be better than the defl.;ec tion accuracy. 

The strese matrix from another finite element method, a finite 

difference operator or a spl.;ine interpolation coul.;d be used to find 

stresses. If this were done nothing new woul.;d be added to this thesis. 

The undeveloped method described in section 4.3 was therefore used 

experiment a 1.; l.;y. 

The resul.;ts at nodes on the edg·e cf a problem are not good and 

corners are compl.;etel.;y unrel.;iabl.;e unl.;ess fictitious nodes (e.g. with 

mirror image deflections for a clamped edge) are introduced outside 

the boundaries of the pl.;ate. 

In the simpl.;y supported square pl.;ate with a uniformly distributed 

l.;oad (Tabl.;e 6, No. 3) the errors in the bending moments were: 

< 2% for an internal.; node 

< 4% for an edge node 

9% for a corner node. 

5 

5 

It can al.;ways be arranged that an edge node appears to be an internal. 

node, in which case stress accuracies are within 2% compared with 3,1% 

dE,flection accuracy on the same problem. This compares favourably with 

results obtained by any of the other methods of stress solution. 



5.9 Execution Times 

An example in which 128 elements were used took 48 seconds for a 

'complete solution'. This is 0,375 seconds per element. A 'complete 

solution' involves: 

1. The calculation of the dimensions of the elements from the 

nodal coordinates. 

2. The formation of the stiffness matrix for each element in 

local coordinates. 

121. 

3. The compilation and application of transformation matrices to 

create the system stiffness matrix. 

4. The formation of the load vector. 

5. The solution of the set of equations formed. 

6. The determination of the streses from the displacements 

ca leu la ted. 

In the half band width reduction program (Appendices 1 and 7) the 

solution time varies linearly with the number of nodes in the length of a 

plate and as the square of the number across the width. (Nodes must be 

numbered across the width.) If the number of elements in each direction 

is doubled, the inversion time is eight times as long. A small problem 

therefore takes a shorter average time per element. 

A 32 element problem takes 11 seconds, an average of 0,34 seconds 

per element for a 'complete solution'. 

The time taken just to form the element stiffness matrix for the 

explicit assumed displacement method matrix was 0,512 seconds. The time 

taken for an arithmetic formation of the same matrix was 6,103 seconds. 

5.10 The Explicit Assumed Stiffness Matrix 

The package program described, creates the coefficient matrices and 

stores them on disc. The accuracies of these coefficients depend only on 

the capabilities of computer forming them. To show the form of the 

explicit matrix, the Mark III coefficients have been rounded to two 
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decimal places. These rounded coefficients will not necessarily give 

reliable results. 

The stiffness matrix, load and displacement vectors for the element 

given in figure 15 are as follows:-

[KJ 

K ( 1 , 1 ) 1 K ( 1 , 2) : K( 1 , 3) 1 K ( 1 , 4): K ( 1 , 5) 1 K ( 1 , 6) : K ( 1 , 7): K ( 1 , 8): K ( 1 , 9) !- _I _ _ __ • _ _ _I _ _ __ _ _ _ _ _ __ - - -

- - - K(2,2_)1K:(2,3)1 K(2,4)1 K(2,5)1 K(2,6) 1K(2,7) 1 K(2,8)
1 
K(2,9) 

i- - - I - - - I - - - T - - -I - - - 1- - - .I- - - L --- - -

K(3,3)
1

K(3,4) K(3,5) 1K(3,6)1K(3,7)1K(3,8)1K(3,9) 
+ - - +- - - - - - _j - - - - - - 1- - - -- - - l - - -

1 1 K(4,4)1 K(4,5) 1 K(4,6) 1K(4,7): K(4,8) 1K(4,9) 
+------------ -r----------

I I ,K(5,5)1K(5,6)1K(5,7)1K(5,8)1K(5,9) 
- - - - - I - - - - - - - 1- - --r - - - - -

_S~MJE_TRICA~ '_ _j_ 1 _1 ~6~) 1 ~(6_0'\_~(6_:__8)~_K(_§,~)_ 
I I I 1K(7,7)1K(7,8)1K(7,9) 

- - -1 - -I I - - I - - :K ( 8' 8) ;i (s' g) -
- - - - - - - I - - 1-- -1 - - -

;K(9,9) 

£w1' $c ex1' ~ 8y1' w2, ~ 8x2' ~ 8y2' w3' {e:b 8x3' {e:b 8y3} 

{F
1

, Mx/~bc, My/~bc, F 2 , Mx2/~, My2/Fa, F 3 , Mx/{;b, My3/.J;b}_ 

The values of the matrix [K] can be found by substitution from matrix 

[K
3

] which is given by: 

[K J = 
3 

(Eh 3/6 ( 1 - v) a bet) ( [ C 1 J + v [ C 2 ] + v 
2 

[ C 
3 

J) [P] 

where: 
I 

a ex ' bf3 :cy K(1,1) 1 K(4,4) 1 K(7,7) 
I . 

I I 
af3 I b)' 

I 

1 CCX K(1,2) 1 K(4,5) I K(7,8) 

lb I 

K(1,3): K(4,6) I K(7,9) ay I ex ~cf3 
I 

I I ) a!:, I b{:, 'c6 K(1,4) K(4,7) IK(1,7 
I I I 

bcx lcf3 'ay K(1,5) 1 K(4,8): K(2,7) 
I I 

K(1,6): K(4,9): K(3,7) bf3 Icy 1 acx 
I 

by 1ccx ;af3 K(2,2) I K(5,5) I K(8,8) 
I 
I I {:, 

I. I 

[P J b6 let:, ,a CK) K(2,3) 1 K(5,6) 1 K(8,9) 
I 'by K(2,4) 1 K(5,7) 1 K(1,8) CCX I af3 I I I 

cf3 I ay 'bcx K(2,5) 1 K(5,8) 1 K(2,8) 
I I 

cy lacx lbf3 K(2,6) 1 K(5,9) 
1 

K(3,8) 
I 

lbt:, 
I I 

ct:, 1a6 K(3,3) 1 K(6,6) I K(9,9) 
I I 

K(3,4) 
1 

K(6,7) 
1 

K(1 ,9) f3y6 1 cx)'61cxf36 
I I . 

cxY t:, I cxf3 t:, I f3 Y t:, K(3,5) I K(6,8) I K(2,9) 
I 1 I I 

cxf3 6 1 f3 Y 6 1 cxY 6 K(3,6) I K(6,9) I K(3,9) 
I 

cxf3 y . cxf3 y 1 cxf3 y 



[c,J· 

(C2]= 

[C~= 

41>011 16. 21 
.oo 1.22 

-12.35 -1.~!7 
-20.!:.2 •10.19 

-.43 -2.86 
5ol:i7 6.18 

.57 -.os 

.00 -.Y8 
1o27 o2G 

.3U .33 

.zs -.16 
3.49 -.90 
6o18 lo35 

.37 .28 
-2.59 -.93 

18.21 -17.03 27.25 
-1.22 
-1.97 
-8.02 
-4. '17 

'1.48 
-.o8 

.sa 
1o49 
1.00 

-1.07 
-·.so 

• 62 
.32 

-.67 

.oo -5.11 
-.,4q -ll.a'l 
8.52 -10.19 
3.180 -.26 

-6.35 1.3~i 
-1.61 .oo 

.no 1.93 
- ol99 

-1.38 
-.04 
4.14 

.122 
-1.~5 

1 •• 13 

2.8G 
.3J 

-.28 
6.81 
6.19 

.16 
-.93 

35.09 
~.32 

-10.15 
-2P .52. 
-1.27 

6.18 
-1.25 
-2.46 

.43 

.30 
-.37 
~. 70 
5.67 
-.28 

..:.2.59 

25.08 
-7.32 

-10.15 
-a·.o2 
-1.49 

.6 2 
1. 2'3 
2.46 
4. 47 
1.on 
- • .3:' 
't-.70 
4.48 
1.07 
-.67 

-27.69 27.25 
7.59 5.71 

13.62 -ll.81l 
8.52 -17.06 

• 99 
.22 
• 00 

-2.06 
-3. 80 
-1.38 
1.25 

-6.92 
-6.35 

.04 
1.13 

2. 84 
5.67 

.oo 
-1.S3 
-2.86 

-.33 
• 28 

6.81 
7.67 

-1.56 
-2.5S 

25.08 
7.32 

-10.15 
-17.06 

2.86 
. 7.67 

1.25 
-2.'16 
-2.811 

-.33 
1.56 
2.70 
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[C
1

], [C
2

] and [C
3

] are given in matrices (84a), (b) and (c) 

respectivety and: 

E is Young's JVIodu tus 

v is Poisson's Ratio 

h is the materiat thickness 

ex ~- a + b + c 

~ = ~a b + c 

y = ,ja + b - c 

6 = ,ja + b +c. 

123. 



CHAPTER VI 

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS 

6.1 Summary 

An explicit stiffness matrix for an assumed displacement method 

trianglular plate bending element was developed. This was done by 

performing all the steps algebraically using a specially designed 

computer technique. 
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To form a stiffness matrix explicitly requires one twelfth of the 

time of a fully numerical computation. 

The derivation of the stiffness matrix for this element is unsatis­

factory. The explicit version allows one to examine the reasons for this. 

The assumed displacement function is the cause of the irregular behaviour 

of the element. 

The derivation of a stiffness matrix using the assumed st.r:eld8 llietllod. 

was then considered. Although an explicit matrix was found, it was con­

sidered to be too large for practical use. 

As neither of these essentially numerical methods yielded a satis­

factory explicit matrix, an original method was developed from first 

principles. This, the assumed stiffness method, gave the most satisfactory 

explicit matrix. Using this matrix, a problem can be solved in one 

twentieth of the time required by a numerical stiffness matrix formation.· 

Three different sets of coefficients for the explicit matrix were 

derived. One of the sets (Mark III) gave more reliable results in most 

cases. The other two sets of coefficients consistently gave answers 

which were on opposite sides of the 'exact' solution. Results obtained 

using all these sets of coefficients improved with the number of elements 

considered. 
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The anticlastic curvature effect was more noticeable in results 

found using two of the sets of coefficients (Mark I and Mark III) while 

the other set of coefficients was found to. give better resu"\-ts in c"Lamped 

edge problems. 

A method of obtaining stress conditions at nodes from the relative 

displacements of surrounding nodes was suggested. Acceptable results 

were obtained using this method but as the technique has not been futty 

expanded, they are not given here. 

6.2 Conclusion 

Solutions can be obtained far more rapidly using an explicit stiffness 

matrix. Such a matrix is therefore highly desirable. The assumed dis­

placement and the assumed stress method do not give suitable explicit 

stiffness matrices. 

By assuming the finat form and desired properties of the matrix and 

solving the values of coefficients from a standard problem, an explicit 

stiffness matrix can be obtained more easily. This matrix represents the 

stiffness of an element which is (because of the applied rigid body 

movements) always in static equilibrium. Because of the regu"Lar choice 

of dimensions and tocat coordinate axes for the element, its orientation 

does not change its properties. The results obtained converge towards 

the correct solution. The element has potential for improvement of 

performance without making the matrix or its formation more involved. 

More complex assumed functions could atso be introduced and the method 

could be used on elements with a different shape. Such changes witt be 

discussed in more detail under 'Recommendations'. 

The results obtained from the various analyses bring out the following 

points:-

1. Solutions of certain problems using this element are very 

satisfactory (Table 4). 

2. A large number of elements is required to get acceptable results 

for other problems. 

3. One set of coefficients (Mark III) gives good results on 
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probl.ems invol.ving pure bending. The other two sets of 

coefficients give resu"Lts which "Lie on opposite sides of the 

correct resul.ts (Tab"Le 5). 

4. Better resul.ts are obtained for probl.ems where edges are c"Lamped 

and bending does not fol.l.ow a simpl.e form by using the Mark II 

coefficients (Tabl.e 7). 

5. The Mark III coefficients show the antic"Lastic curvature of a 

cantil.evered p"Late. This appears to be because the short 

dimension of the standard p"Late "Lies in the principal. bending 

direction. 

6. The higher the ratio of the number of degrees of noda1, freedom 

to the number of degrees of nodal. fixity on a structure, the 

more accurate the resul.ts seem to be (Tabl.e 7). 

7. The accuracy of resul.ts is not greatl.y affected by the shape of 

the p1-ate as shown by the def"Lection of square and circu"Lar 

cl-amped p'Lates in Tabl.e 7 .. 

8, Resul.ts for pl.~rt~~s subjected to point "Loads are "Less accurate 

than those for uniforml.y "Loaded p"Lates (Tabl.e 7). An appl.ied 

noment on the edge of a rectangul,ar phte is effectively a 

back riH.1bstituti.o:n. of coefficients into the equations from which 

th®y W®re found. The resul.ts are therefore exact. (This 

anal.ysis was used as a check on the devel.opment of the matrix.) 

As a g®n®ral. rul.e of the finite el.ement method no one type of e1,ement 

oan b® d®scrib®d as the "best" el.ement in al.l. appl.ications. (The "best" 

®tem®nt, h®re means one which gives a required accuracy with the smat"Lest 

number of ®l.ements.) If one type of el.ement gives a best resul.t in a 

particular appl-ication, it is because that el.ement resembl.es the actual. 

displ.l§l.cemcnlt 6i tuation c'1osel.y. In a compl.etel.y different structure that 

el.®ment may not resembl-e the actual. situation at al.l. and a different 

el-ement might be better. 

This appl.ies to the el.ements deve1,oped in this thesis. The advantage 

of these el.ements is that a determinate structure, cl.osel.y resembUng the. 

type of structure to be anal.ysed, could be used as the standard structure 

for finding coefficients. In this case, the finite el.ement devel.oped 

woul.d be the best for this appl.ication. 
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This principle was used when it was found that the anticlastic 

curvature effect was not very noticeable in the analysis of a cantilevered 

plate using Mark II coefficients. By choosing more nodes across the 

principal bending direction (see figure 21c) the anticlastic curvature 
-

effect on the standard structure is emphasised. This is the reason for 

the Mark III coefficients giving better results in simple bending problems. 

It must be emphasised that although an element may not be the best 

in a particular application, results from it can be obtained to any 

desired accuracy by increasing the number of elements. There may be a 

particular set of coefficients which gives best results in most problems. 

Some methods for obtaining such a set are suggested in the 'Recommendations'. 

It may also be found that two different sets of coefficients can be 

used to give an upper and a tower bound on results. The Mark I and Mark II 

coefficients formed such a pair in all the problems tested. Two sets of 

this type would be more useful than a single more accurate set of 

coefficients. 

A direct comparison between the accuracies of rectangular and 

triangular elements is not justified. This is because only rectangular 

problems are considered and these are obviously more suited to rectangular 

elements. A triangular element across the corner of a clamped square 

plate has all its nodes fully fixed. Its removal from the problem would 

have no effect. The large perturbations which are caused in the corner 

of a square plate are therefore not transmitted into the problem. This 

is not the case with a rectangular element. 

6.3 Recommendations 

Further work which will be done, based on the success of the assumed 

stiffness matrix method developed in this thesis, will be along the 

following lines:-

1. Coefficient improvement 

Four possible ways of determining coefficients which will give better 

results in more cases are as follows:-

(a) A mean can be taken of a number of sets of coefficients 
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determined in the way described in this thesis. 

(b) Consider a plate, with many more degrees of freedom than there 

are unknown independent coefficients, as a standard structure. 

There will be more equations than unknowns. Thes.e may be 

solved by a regression technique such as is described in 

Appendix 3. 

(c) Let the coordinates of nodes on the standard plate (figure 21) 

be variables. Set up the equations for the solution of the 

independent coefficients in terms of the variable coordinates. 

Set up inequalities giving the limits of variation of the 

coordinates. Optimise the coordinates so that the set of 

equations is the most stable possible, i.e. so that the 

determinant of the set of equations is as close to unity as 

possible. Once the coordinate values have been optimised, the 

coefficients can be solved as before. 

(d) Different sets of coefficients coul.,d be used in different 

areas of a problem. The coefficients coul...d be derived using 

standard plates cl...osely resembling the bending in each area of 

a problem. 

(Limited investigations have already been made into the methods (a) 

and (b) above, with little success as yet.) 

2. Different assumed functions: 

More complex assumed polynomials can be used by choosing a higher 

root length degree (than three, which was used here) in the identity 

formation and solution program. This will increase the size and formation 

time of the explicit stiffness matrix for the same shape of element. 

Added accuracy may justify this. 

Different forms of the cyclic common denominator P (equation (79)) 

co~l.,d also be considered, e.g. 
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3. More complex shapes: 

The assumed stiffness method can be extended to any po1ygona1, 

element shape. Difficulty may be experienced in finding rigid body 

rotation vectors and in choosing unbiased element dimensions. An attempt 

to develop such an element emphasises the appealing simplicity of the 

triangular shape over all other shapes of element. 

4. Other types of element: 

Elements for handling different types of stress situations in any 

number of dimensions (e.g. two dimensional plane strain elements) can be 

derived using the ass.umed stiffness method. Rigid body movement vectors 

will possibly be described in terms of different local coordinate axes. 

Orthotropic elements wouLd require a greater number of description 

parameters. One parameter would define the direction of the major 

stiffness with respect to the axes. Others wouLd describe the various 

elastic properties. The final matrix wouLd be far more complex than the 

isotropic element stiffness matrix. More elements wouLd be required in 

order to determine the values of the coefficients. 

Other problems which arise out of this thesis and which wouLd bear 

further investigation are: 

(1) The method of determining stresses mentioned in section 4.3 
could be improved for nodes along the edges of a problem. 

(2) A Gauss solution using the half band width of a symmetric 

banded matrix and dividing a problem into sub-matrices wouLd 

allow large systems of elements to be solved on small computers. 

This is because finite element system stiffness matrices form 

tri-diagonal matrices which can be divided into diagonal sub­

matrices. For example the element conformation shown in 

figure 22 gives a matrix of the form: 
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Figure 24: A Tri-Diagonal Matrix 

The leading diagonal submatrices being symmetrical can be 

stored as an oblique hatf·band width- see Appendix 1. The full 

band of the off-diagonal matrix must be stored. An inversion of 

the matrix (described in Appendix 1) requires only two submatrix 

bands and part of the toad vector in core simultaneously. The 

rest of the ~atrix can be retained in a disc file. 

(3) The convergence criteria for the elements developed should be 

investigated. A comparison between the accuracy of various 

solutions and some ratio representing the degree of fixity· of 

the system of elements would be informative. Such a ratio might 

be the number of fixed nodal movements (due to boundary conditions) 

divided by the total number of nodal degrees of freedom for the 

system. 
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APPENDIX I 

The Gauss Jordan Reduction Technique 

Supposing an augmented matrix [A] is to be reduced using this method. 

The first column of the matrix [A] is scanned for the element with 

the greatest absolute magnitude .. (This is part of a process called 

pi voting which reduces the rounding error in computer routine_s. Any non­

zero element of the column would suffice theoretically). If this value 

is zero, the wl).ole column consists of zero elements and the next column 

is considered. 

If the maximum absolute value of the element in the first column is 

non-zero, \a1 \ say, then the whole row of the matrix [A] which contains 

this maximum, is divided by a1. Thi.s produces a unit value in the first 

column of the row. This row will now be referred to as the reducing-row 

of column one. 

Multiples of this row reduce the remaining values in the first column 

to zero by subtraction. 

The same process is repeated for each column. A different reducing 

row must be chosen each time. The process is terminated when either all 

the rows of matrix [A] have been used as reducing rows or all the 

columns have been reduced. 

There are three main applications of the Gauss Jordan reduction 

technique: 

(i) To solve equations of the following form (e.g. to find the 

coefficients in an equation given the coordinates of a 

number of points satisfying it). 

[X]. [C J [Y] 

where [X] is a square non-singular set of parameters 

multiplying the unknown variables represented·. 

in columns of the matrix [C] 
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[Y] is a number of column vectors of constant values, 

each column representing an independent set of 

equations. 

[C] is a set of solution vectors corresponding to the 

columns of [Y ]. 

(ii) To find the inverse of a square non-singular matrix [X]. 

(iii) Where fewer independent equations exist than are necessary for 

a full unique solution, to express as many variables as there 

are independent equations, as linear combinations of the 

remaining variables and constants. 

In the first application, the augmented matrix is formed by writing 

the matrix [X] and the constant vectors [Y], side by side: 

[A J = [[X J [Y J J 
At some stage of the routine, the reducing rows must be rearranged so 

that a unit matrix is formed in the position of [X]. 

If at any stage a full column of zeroes is formed then the matrix is 

singular. A program must give some warning of this. 

The solutions [C] of the equations remain in the position occupied 

by [Y] in the augmented matrix. Answers are in the same order (top to 

bottom) as the unknowns were (left to right) in the original equations. 

In the inversion process (ii) above, the augmented matrix is formed 

as before with an identity matrix [I] replacing the matrix [Y]. The 

ordering process and singularity check are still necessary. The inverted 
-1 matrix [X] results in the position which was originally occupied by 

the matrix [Y ]. 

In the third application of a reduction, all values of equations are 

moved to the left hand side of the equality leaving zeroes on the right 

hand side. The left hand side then forms the augmented matrix. No 
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singularity check or ordering is necessary. At the end of the process, 

equations are still equal to zero. All but the first non-zero term in 

each row is removed to the right hand side of the equation, changing the 

sign in the usual manner. As the first term is a unit value, this 

expresses the corresponding variables as a linear combination of the 

other variables. Rows of zeroes are ignored. 

Example: Reduce the following equations to their simplest form. 

x1 + x2 + x3 = 3 

x1 + x2 + 2x
3 

= 4 

- 2x - 2x - 2x
3 

= 6 
1 2 

3x
3 

3 

Augmented matrix: 

1 1 1 I 1- 3 
I 

1 1 21 - 4 
I 

- 2 - 2 - 2 I 6 

0 0 3 : - 3 

Steps of the reduction: 

0 0 0 0 

0 0 1 - 1 

1 1 1 I - 3 Reducing row. 

0 0 31 - 3 

0 0 01 0 
I 

0 0 01 0 
I 

01 - 2 

0 0 1 I - 1 Reducing row. 

Interpretation: 

x1 x2 + 2 

x3 1 
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If at the conclusion of any of the above reductions there is a 

statement that zero is equal to some definitely non-zero quantity, then 

a solution of an inconsistent set of equations has been attempted. 

Solution of Banded Symmetrical Matrices 

In structural analysis, large symmetrical banded matrices are common. 

It is possible to reduce a banded symmetric matrix operating only within 

half of the band width. It is only necessary to fit half of the band 

width plus the leading diagonal terms together with the constant matrix 

[Y] into a computer core in this case. 

The process is as follows:-

No alteration in the order of rows is allowed as this disturbs the 

symmetry of the matrix. As the matrix is banded, it is unlikely that 

zero values occur on the leading diagonal. (In structural analysis this 

should never happen.) 

The first row is the reducing row for column one and the second row. 

for column two, etc. The elements of the reducing row are a record of 

the elements of the column to be reduced. This must not be upset by . 

dividing the row through by its first term. 

The ratio between the 'n'th element and the first element of the 

reducing row of column 'm' is the number by which the row must be 

multiplied in order to eliminate the 'n'th element of column 'm'. 

Only the upper haU of the band is stored. The whole of the lower 

(invisible) half of the band is first eliminated before the upper half 

is reduced. This is so that symmetry of remaining invisible terms is 

maintained. The process is best illustrated by example. 

Example: 
,-----~ half band width 

----- ---\· 
2 4 6 I 0 0 

---; L--- -1 

4 I 10 
L-- -1 

16 6 

6 

0 

0 

16 I 28 
L-- -i 

16 

6 16 I 28 
J_-- -1 

0 6 16 

0 ,_--. 
6 

16 

28 

X 

12 

36 

72 

66 

50 
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This matrix has been designed so that arithmetic ca"Lcu"Lations are repeated 

with each row. This· simplifies the example but the principle applies to 

any banded symmetrical matrix. Only half the band width and the constant 

vector need be stored. This is done in a two dimensional array. In the 

above example the upper half band width would be formed in the array as 

follows: 

2 4 6 I 12 

10 16 6 I 36 

28 16 6 172 

28 16 0 I 66 

28 0 0 I 50 

The rows of the array are the same as the rows of the original 

matrices. The columns of the coefficient matrix run obliquely in the 

array and are operated upon correspondingly. The constant vector appears 

conventionally in the array. 

As wi"L"L be seen in the solution to the present example, the top half 

band width represents the mirror image of the remaining part of the "Lower 

half band width after each column reduction. After the whole of the 

"invisible" "Lower half band width has been eliminated, the top "visible" 

half band width is reduced from the bottom row upwards. (It is in fact 

"wasted operation'' to actually eliminate the upper half band width. A 

back substitution altering only the values in the constant vector is "Less 

time consuming.) 

The e hmina tion proceeds as fo "L "Lows:-

ACTUAL ELIMINATION COMPUTER IMAGE 

2 4 6 0 0 12 2 4 6 I 12 

4 10 16 6 0 I 36 10 16 6 I 36 

6 16 28 16 6 172 28 16 6 1 72 

0 6 16 28 16 I 66 28 16 0 I 66 

0 0 6 16 28 I 50 28 0 0 I 50 

First cotumn etimination: 
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ACTUAL ELIMINATION COMPUTER IMAGE 

2 4 6 0 0 12 2 4 6 12 

0 2 4 6 0 I 12 2 4 6 12 

0 4 10 16 6 I 36 10 16 6 I 36 

0 6 16 28 16 66 28 16 0 I 66 

0 0 6 16 28 1 50 28 0 0 1 50 

As was arranged, the remainder of the eliminations of the lower triagle 

follow the same operations so that at the end: 

2 4 6 0 0 I 12 2 4 6 12 

0 2 4 6 0 12 2 4 6 12 

0 0 2 4 6 1 12 2 4 6 12 . 

0 0 0 2 .4 I 6 2 4 0 6 

0 0 0 0 2 I 2 2 0 0 2 

The back substitution is a simple process. The first step is as 

follows:-

2 4 6 0 0 I 12 
I 

2 4 6 I 12 

0 2 4 6 0 I 12 2 4 6 I 12 

0 0 2 4 0 I 6 2 4 6 I 6 

0 0 0 2 0 2 2 4 0 2 

0 0 0 0 1 I 1 2 0 0 1 

Note that no attempt was made to alter the values in the coefficient array 

as this wastes time in the computer. The next substitutions follow the 

same procedure and the final situation is: 

1 0 0 0 0 1 2 4 6 1 

0 1 0 0 0 I 1 2 4 6 1 

0 0 1 0 0 1 2 4 6 1 

0 0 0 1 0 1 2 4 0 

0 0 0 0 1 I 1 2 0 0 I 1 

The constant vector co1umn now contains the solutions of the 

variables in the order given in the original equations. 
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Simpl-ification of a Randomly Sparse Matrix 

The computer app"Lication of the reduction (iii) given above is a"Lso 

a specia"L case. When equations are simp"Ly to be reduced without a full 

so"Lution being exp~cted the equations often have the following character­

istics:-

(a) The coefficient matrix is sparse but randomly so, (i.e. not 

banded). 

(b) There are more equations than unknowns, but many of them are 

"Linear combinations of others, leaving fewer "Linear"Ly indepen­

dent equations than unknowns. The set of equations is said to 

be under-determinate. 

(c) The fu"Ll matrices are very large. 

The special technique for fitting the augmented matrix into core is 

as fo"Llows:-

Three one dimensional- arrays store the non-zero e"Lements of the who"Le 

augmented matrix as fol"Lows: 

One array, IA(I), stores the co"Lumn number of each non-zero element 

in succession, taken row by row. A second array, A(I), which corresponds 

exact"Ly to the array IA(I), stores the values of each non-zero e"Lement in 

succession row by row. A third, "book keeping", array, JA(J), stores the 

position, I, in the first two arrays where the first non-zero e"Lement of 

the Jth row can be found. 

In this way, reading the va"Lues of A(I) and IA(I) for va"Lues of 

I going from JA(J) to (JA(J + 1)- 1), the Jth equation can be 

recognised. 

Routines are then written to: 

(a) Organise the arrays IA(I) and correspondingl-y A(I) so that 

co"Lumn numbers of one row ru~ in ascending order. 

(b) Shunt the values in al"L three.matrices so that parts of 

equations can be erased by overwriting or so that spaces may 
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be made in equations for adding extra terms. 

(c) Remove positions of IA(I) and A(I) where the vatue of A(I) 

has become zero during manipulation. This is a sj_mrle 

app1ication of (b) above. 

(d) To sum terms of the array A(I) and detete one position of 

A(I) and IA(I) when cotumn numbers in IA(I) are dupticated 

in the space of one row. 

The procedure for reduction fo11ows the mathematicat atgorithm 

described in generat terms at the beginning of this Appendix. The pivoting 

process scan for the largest coefficient examines onty the first vatue of 

IA(I) in each row. If this vatue is tess than the number of the cotumn 

being scanned then the row has atready been used as a reducing row. If 

this vatue is greater than the number of the cotumn being scanned then 

the row has a zero coefficient in the cotumn being scanned. 

The reduction process is performed by making a space (as described in 

(b)) targe enough to fit the reducing row into the row being reduced. The 

reducing row is then mu1tip1ied by the correct factor and written into the 

space. Duptication of row numbers is removed by addition (as described 

in (d)). Zero vatues in A(I) are removed (as described in (c)) and 

the cotumn numbers of the row just reduced are ordered (as described in 

(a)). 

Exampte: 

The fotlowing augmented matrix is to be reduced to its simp1est form: 

0 0 1 2 

1 0 2 0 

1 3 0 0 

1 0 3 2 

2 6 0 0 

0 0 0 0 

0 0 - 2 - 4 



• 

This is represented as: 

I 

IA(I) 

A(I) 

J 

JA(J) 

1 2 3 4 5 6 7 

3 4 1 3 1 2 1 

1. 2. 1. 2. 1. 3. 1 . 

8 9 10 11 12 13 

3 4 1 2 3 . 4 

3. 2. 2. 6. -2. -4. 

1 

1 

2 

3 

3 

5 

4 5 

7 10 

6 7 (8) 

12 12 (14) 
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Note that if two successive vatues of JA are the same then the first 

represents a row of zeroes and is ignored. The vatues of IA(1), IA(3), 

IA(5) ...... IA(12) are checked for the vatue one. The targest corres-

ponding vatue of A(I) is A(10). Row five is thus used as the reducing 

equation of cotumn one. The onty changes to the arrays are: 

A(10) becomes 1. 

A(11) becomes 3. 

A space for this row muttiptied by minus one is then opened up 

between I = 4 and I = 5. The new situation is: 

I 

IA(I) 

A( I) 

J 

JA(J) 

1 

3 

1. 

1 

1 

2 

4 

2. 

2 

3 

3 

1 

1 • 

3 

7 

4 5 6 

3 1 2 

2. -1. -3. 

7 

1 

1. 

8 

2 

3. 

4 5 

9 12 

6 7 ( 8) 

14 14 (16) 

9 10 11 12 

1 3 4 1 

1. 3. 2. 1. 

13 14 15 

2 3 4 

3. -2. -4. 

The vatues of coefficients in tike cotumns in row two are summed 

and zero vatues removed. Row two is ordered teaving: 

I 

IA(I) 

A(I) 

J 

JA(J) 

1 2 3 4 

3 4 2 3 

1. 2. -3. 2. 

5 6 

1 2 

1. 3. 

7 8 9 10 11 12 13 

13 412 3 4 

1. 3. 2 . 1 . 3. -2 . -4. 

1 

1 

2 3 4 5 6 7 (8) 

3 5 7 10 12 12 ( 14) 

The process continues atong the same tines. The finat situation is: 
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I 1 2 3 4 5 6 

IA(I) 2 4 1 4 3 4 

A(I) 1 . 1. 33 1 . -4. 1 . 2. 

J 2 3 4 5 6 7 ( 8) 

JA(J) 1 1 3 3 3 5 5 ( 7) 

The interpretation of this is: 

x2 + 1,33 x4 0 x1 4,0 x4 

x1 - 4,o x4 = 0 or x2 = - 1,33 x4 

x3 + 2,0 x4 = 0 x3 = 2,0 x4 

, The fotlOwing subroutine uses this computer core space-saving technique. 

The identity sotution program (Appendix 6) ca11s this subroutine: 

(See fo11owing pages) 
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6 CONTINUE 

GO TO 9 
7 LR=NiJ-NC+1 

LEAO:NE+1 
MAZ=LEAD 

I N S E R T R E D U C I N G E Q U A T 
CALL HSHIFTILEAD•LRoMAZl 
00 8 LC:NCtND 
IAINE+1+LC-NCl:IAlLCl 
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MIN:~lA 
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15 IFIN-II20 
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NF:N-1 
i:FINF-JI18 
CO 17 K:JoNF 
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N:NF 
GO TO 1G 

18 J:J+l 
GO TO 16 

19 I=I +1 
GO TO 15 

20 CONTINUE 
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KE£P=IAfll 
IAIIl=IAIKI 
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AIIl=AIKI 
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CONTINU[ 
R£ TURN 
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CALL HSHIFTtLCAOtLRtMAZI 
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GO TO 2 
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RETURN 
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IFIMAZ.GE.LEADIMAZ::MAZ+LR 
IFI~C.GE.LEAClNC::NC+LR 
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Solution of a Set of Submatrix Equations 

A Gauss Jordan elimination is possible if the elements of the augmented 

matrix are themselves submatrices. The division by a submatrix is re­

presented by a premultiplication by the inverse of the submatrix. The 

check that the dividing value is non-zero has a matrix equivalent in 

checking that the premultiplying matrix is non-singular. 

Again an example is used by way of description. 

Example: 

Solve the following augmented matrix of submatrices: 

(This type of matrix often occurs in structural analysis, particularly 

finite element analysis. The submatrices are often diagonal matrices 

themselves which can be operated upon in a s·imi tar way to the symmetrical 

banded matrix above -see Recommendations). 

[B11] [A12] [ O J 

[A21J [A22] [A23] 

[ O J [A32J [A33] 

I fD t 
I 1 · 

; [C2} 

I [C } 
3 

Only the submatrices on the leading diagonal are of necessity square and 

non-singular. A premultip1jcation of the first row by [B
11

]-
1 is the 

first step. The resulting row is then premultiplied by [A21 ] and sub­

tracted from the second row. The result follows. 

[I] [B1)-1 [A12] [ 0 J : [B11]-1 {D1} 
I 

[o] [B22] [A23] fD2} 

[o] [A32] [A33J I {C3} 

where: 

[A21J [B1)-i [A12J 

. 1 
[A21J [B11J- fD1} 
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The next step is similar (and if the matrix had any number of similar 

rows and columns, the process would continue identically and could be 

programmed very neatly): 

where 

Back 

where 

[r]:[B11]-1 
I 

[A12]: [OJ :[B11J-
1 

fD1} 

[oJ; [r] 
I 

[oJ: [o] 

:[B22]-
1 

[A23J:[B22J-
1 

fD2} 
I I 

[B33J fD3} 

[A32J [ B22J -
1 

[ A23J 

[A32J [B22J-
1 

{D2} 

substitution of the matrices gives: 

[IJ: [oJ :coJ {E1 } 
I 

[OJ; [I] 1[0-j 
I -

I 
{E2} 

I 

[oJ: [OJ ,[I] {E7} 
:) 

{E3} [ B33J -1 {D7} 
:) 

{E2} [ B22] -1 ( {D2} [A23J {E3}) 

{E1 } [B11J-1 ( {D 1 } [A12J {E2}) 

Often solution and inversions of matrices are done in two levels. 

The matrix is first inverted as a matrix of submatrices. The submatrices 

requiring inversion are then inverted by a further Gauss Jordan reduction. 

The use of submatrix inversion allows parts of matrices to be left in 

disc storage because only two submatrices are required in core simultaneously. 
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APPENDIX II 

FORMULAE FOR INTEGRATION OVER AN AREA 

Usually the integration of functions over the area of a triangle is 

done numerically. A Simpson's rule integration in two dimensions or a 

Gauss integration method may be used. The latter involves sampling at 

certain specified positions according to a table calculated from Gauss 

theory for smooth curves. A greater accuracy of result is obtained for 

the same number of sampling positions as the Simpson method. 

To find algebraic integrals of various functions over the area of 

any rectilinear figure, the following procedure is adopted. 

Integration is performed over the areas between one of the coordinate 

axes and each side of the polygon. If the lower limit of the integration 

is the lower value with respect to the coordinate axis in question, the 

resulting integrals will be positive. If the sides of the figure are 

considered sequentially in a clockwise order, the algebraic sum of the 

integrals will automatically result in an integration over the area of 

the figure. (See figure 25). 

Numbered in direction 
giving positive area. 

4 

2 
Positive areas { 

Positive direction 
of axis. 

Figure 25: Area enclosed by a rectilinear figure 



The integration between one side and an axis is performed as 

fo11ows:-

y 
(a, b) 

Figure 26: Area between a genera1 Une and the x-axis 

In figure 26 the equation of the, 1ine is: 

y 
bx - dx + ad - be 

a - e 

bx - dx + ad - be a 

II f(x,y) d AREA I I 
a - e 

f(x,y) dydx 

AREA 

For example: 

II y 
2 d AREA 

AREA 

e 0 

bx - dx + ad - be a 

I I 
a - e 2 y dydx 

" e 0 

a 
3 

1. I(bx - dx + ad - be) 
3 dx 

a - e 
e 

(ba - da + ad - be) 4 - (be - de + ad - be) 4 

12(a - e) 3 (b - d) 

146. 
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Similarly: 

rr x?dA 
~: ~ 

AREA 

ll xydA . 
tJ.J 

2 2 2 2 2 2 2 2 2 2 2 2 
(3a b + 2a bd +a d - 2ab c + 2acd - c b - 2bc d - 3c d )/24 

AREA 

JJ y dA = 
2 2 2 2 

(ab + abd + ad - cb - cbd - cd )/6 

AREA 

rr x dA 
2 . 2 2 2 I 

- (ba + bac + be - da - dac - de ) 6 .. ., 
AREA 

IJ1 dA (ab + ad - cb - cd)/2 

AREA 
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APPEND IX I II 

AN APPLICATION OF REGRESSION ANALYSIS 

A regression is the mathematicat curve which fits a set of statisticat 

data best. The criteria of "fit" may vary. The most common type of 

regression "fit" is that known as teast squares. In this, the regression 

minimises the sum of the squares of the ordinate differences between actuat 

sampte vatues and corresponding vatues catcutated from the regression. 

References to the teast squares technique of curve fitting are numerous 

(e.g. Rogers 14 ). 

Supposing a parabotic curve 

(x2, y2), (x3, y3) and (x4' y4). 

unknown constants of the parabota 

is to be fitted to four points (x
1

, y
1
), 

A set of four equations in the three 

coutd be set up: 

c1 + C2x1 
2 

+ C3x1 = y1 

c + C2x2 
2 

+ C3x2 = y2 1 

c1 + C2x3 
2 

+ C3x3 y3 

c1 + C2x4 
2 

+ C3x4 = y4 

or [X J {C} {Y} ( 85) 

The teast squares fit to this equation woutd be 

. -1 

{ C } [[X J t . [X J J [X ] {Y } 

This is derived by premuttiptying both sides of equation (85) by 

the transpose of the matrix [X]. The coefficient matrix of the vector 

{C} is therefore square (and symmetric). If a minimum of three of the 

points (x
1

, y
1

) to (x
4

, y
4

) are different from one another so that there 

are at teast as many tinearty independent rows of matrix [X] as there 

are cotumns, the product: 

is non-singutar and can be inverted. 
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In general, the proposed expression which is to fit a set of values 

is chosen to have a number of arbitrary coefficients. The dependent 

variables form the constant vector [Y}. Substitution of the independent 

variables into the proposed function forms the matrix [X]. An augmented 

matrix is formed as: 

[cxJ, {YJ] 

This is premuttiptied by the transpose of the coefficient matrix (i.e. 

[XJt). The solution {C} can then be found by the Gauss Jordan method 

(Appendix 1). 

Surfaces in any number of variables can be fitted in this manner. 

Equivalent operations attow one to determine the standard deviations, 

goodness of fit and other statistical information. These witt not be 

described. 

The above method is used in this thesis to solve a set of relationships, 

where there are more equations than unknown values. 
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APPENDIX IV 

COMPUTER ALGEBRA 

Two techniques for doing simple algebraic operations using FORTRAN 

(which essentially handles numerical operations) were developed. One 

method was used with each of the explicit stiffness matrices of Chapter II. 

The second method, algebra by powers, was found to be more successful. 

Both methods handle additions, subtractions and multiplications very 

simply. Both could be used for division provided the devisor was a 

factor of the dividend. The handling of remainders is difficult. 

In the present application, only tong polynomial expressions in a 

number of variables are to be manipulated. Division is done by hand 

calculation, by separate calculation of numerator and denominator or by 

redefinition of quotients as a new independent variable. The computer 

routines are designed to do only addition and multiplication, simple 

operations which could be dony by hand but are programmed because of the 

quantity and the probability of human error. 

Algebra by Prime Numbers 

A polynomial term such as a
2

bc3 is to be expressed as a number 

which after manipulation can still be recognised as its original variables. 

One way of doing this is to give each variable a prime number value other 

than one; 

e.g. put a 2; b 3; c 5. 

The value of a 2bc 3 is then 1500. This can be factorised by a 

routine which will be described tater and identified in terms of a, b 

and c. 

A whole polynomial expression in the above variables could then be 

recorded in two one-dimensional arrays, corresponding one to one. One 

array would be of real variables say COEF(I) and the other of integer 
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variables say NTERM(I). The array COEF(I) would contain the coefficients 

(with atgebraic sign) of terms and the array NTERM(I) woutd contain a 

corresponding integer number (such as described above) for the variables 

of each term; 

e. g. put a = 2· 
' b = 3; c = 5. 

Then the expression 2 
3a + 4abc - 2bc2 

would be represented by 

the arrays as: 

COEF(1) 3,0; COEF(2) = 4,0; COEF(3) = - 2,0 

NTERM(1) 4 NTERM(2) = 30; NTERM(3) = 75 

Addition: Two terms can be added by writing them side by side in an 

array. If their values in the array NTERM are the same, their 

coefficients are added and the result overwrites one coefficient. The 

other term is deleted. The addition of two expressions is illustrated in 

the following example. 

e. g. Add the following two expressions: 

3a
2 

- 2ab 

and 4ab 
2 

+ b - ca 

Represented as arrays: 

I 1 2 3 

COEF1(I) 3,0 2,0 

NTERM1 (I) = 4 6 

COEF2(I) 4;0 1 ,o - 1,0 

NTERM2(I) 6 9 10 

The answer array may first be written as: 

I 1 2 3 4 5 

ANS(I) 3,0 2,0 4,0 1 ,o 1 ,o 
NANS(I) = 4 6 6 9 10 



Summing the coefficients of like terms into one position and deleting 

the other by overwriting: 

I 

ANS(I) 

NANS(I) 

= 

1 

3,0 

4 

2 

2,0 

6 

3 

1 ,o 
9 

4 

1 ,0 

10 

Which is recognised by factorisation to be: 

2 2 
3a + 2ab + b - ac 
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Subtraction: This is similar to addition except that signs of coefficients 

of one expression are changed in the array ANS. 

Multiplication: This is performed on two terms by multiplying their 

coefficient arrays together and their term arrays together. Two 

expressions are multiplied together by multiplying each term of one by 

each term of the other. Coefficients of like terms are then added. (See 

addition). 

e.g. Multiply the two expressions of the previous example together. 

I 2 3 4 5 6 

ANS(I) - 12,0 3,0 3,0 8,0 2,0 2,0 

NANS(I) 24 36 40 36 54 60 

Collecting and summing like terms: 

I 1 2 3 4 5 

ANS(I) 12,0 - 5,0 - 3,0 2,0 2,0 

NANS(I) 24 36 40 54 60 

Which is recognised by factorisation to be: 

Factorisation: To facilitate output of results after manipulation, the 

terms of the array NTERM(I) must be factorised. Use is made of the 

truncating property of division on the computer in integer mode. 
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When two variabLes in integer mode are divided, the resuLt is the 

integer part of the quotient. 

e.g. If NTERM = 11 and I 3, then J = NTERM/I 3. 

i.e. the remaining 2/3 is truncated rather than rounded. 

In order to find whether a particuLar prime number I is a factor of 

a value NTERM, the quotient J muLtipLied by the divisor I is compared 

with the divided NTERM. 

e. g. In the above exampLe: NTERM - I ~~ J = 11 - 3 ~~ 3 /= 0 

If they are equaL, I is a factor of NTERM. This factor can then 

be removed by division and the resuLt tested again to see whether the 

prime number is stiLL a factor. If not, t'he next prime number is con­

sidered. 

Note 1: The prime number "one" must not be used as it is aLways 

a factor and wiLL cause "Looping". 

Note 2: If aLL the integers from two upwards are tested sequentiaLty 

as factors, none of the factors removed wiLL be non-prime. 

A FORTRAN routine for this process woul.,d be as foLLows for variabLes 

a, b and c in the above (~xampLe. 

1 

2 

NWRT 5 

DO 3 I 

NA( I) 

NDIV 

IF(NTERM 

NA(I) 

NTERM 

GO TO 

2' 5 

0 

NTERM/I 

- NDIV,~I ).3, 2, 3 

NA( I) + 1 

NDIV 

3 CONTINUE 

WRITE (NWRT, 100) COEF, NA(2), NA(3), NA(5) 

100 FORMAT(1H~, E10,4, 'A TO POWER', I2,' ,B TO POWER', 

1 I2,' ,C TO POWER', I2) 
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Input and Output: The format of the input expressions is as follows:-

One term of the expression is represented by a coefficient (with 

its sign) followed by powers of variables (including the power zero) in 

a fixed position and order. 

A series of terms forming an expression is given one after another 

on cards until a zero coefficient terminates the expression. A new 

expression then starts on the next new card. 

. 2 3 2 
e.g. - 3,5 a be + 7,2 ac 

would be represented on cards in the format: 

FORMAT ((F 5.0, I3, 2X)) 

as: 

- 3 . 5 ~ 2 1 3 ~ ~ 7 . 2 ~ ~ 1 0 2 ~ ~ ~ ~ ~ . . . . . • 

The output from a program wou1d have the format used in the routine 

above. 

e.g. Output of the expression used in the above example would be: 

- .3500 + Oi A TO POWER 2, B TO POWER 1, C TO POWER 3 

.7200 + 01 A TO POWER 1, B TO POWER 0, C TO POWER 2 

Algebra by Powers: In this method, a term is represented by the powers 

of variables in fixed decimal positions of the integers NTERM(I). 

In a2bc 3 , if the powers of a and c are not expected to exceed 9 

and the powers of b are not expected to exceed 99, then one decimal 

place is required for the powers of a and c and two for b. The 

term could then be represented by the number: 

2013 



where the first digit represents the power of a, 

the next two digits represent the power of b, 

and the last digit represents the power of c. 
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Coefficients are stored as in the previous section. Expressions are 

represented in the same manner as before except that the values in the 

array NTERM(I) are determined as above. 

Addition: This is identical to the previous section in all respects. 

MultipLication: This is performed by multipLying coefficients and adding 

terms of the NTERM(I) array. Otherwide this operation follows the 

same steps as in the previous section. 

No factorisation is necessary. Powers of the variables are easily 

recognisabLe at any stage. 

Input and Output: Input cards are identical to those required for prime 

numbers aLgebra. In this case, powers are read in together as a single 

integer rather than separateLy as in the previous section. Answers are 

printed out by simply writing the coefficient and corresponding powers term 

under appropriate headings. 

e. g. COEFFICIENT 

- 6.0 

represents: - 6 3· 
a c 

POWERS OF: 

A B C 

30001 
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APPENDIX V 

A USER PROGRAM FOR THE EXPLICIT ASSUMED DISPLACEMENT STIFFNESS MATRIX 

In the accompanying program, the dimensions and properties of a 

triangle are read into an array 'B' as follows:-

B(1) 

B(2) 

= r the base length of the triangle, 

= s the offset of the apex along the base of the triangle, 

(See figure 2), 

B(3) t the height of a triangle, 

B(4) v Poisson's ratio for the material, 

B(5) h the material thickness, 

B(6) E Young's modulus of the material. 

The values of the coefficients of the explicit stiffness matrix 

are read from cards into array 'A'. The coefficients are printed 

below in a matrix form. 

A vector of parameters {P} is generated in array 'C' using the 

values in array 'B'. The vector {P} is given after the stiffness 

matrix coefficients in this appendix. 

The upper triangular part of the stiffness matrix is found by multi­

plying array 'A' by array 'C'. The full matrix is formed in array STIF 

using the symmetry property. 

The stiffness matrix can then be used in a main program. It must 

be noted that this matrix is unidimensional. In order to obtain correct 

units, rows and columns 2, 3, 5, 6, 8 and 9 must all be multiplied by r, 

the base length of the triangle. 

The program and coefficients follow: 
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P R 0 G R A M F 0 R 
M A T R I X F R 0 M 

F 0 R M I N G 
P U N C H E 0 

T 0 C H E R S T I F F N E ~ S 
C 0 E F F I C I E N T S 

DIMENSION AI~Sr8'1lrB161tC(8~),STIFC9r9) 
A R R A Y 'A' C 0 N T A I N S E X P L I C I T C 0 E F F I C I E N T S 
A R R A Y •a~ C 0 N T A I H S 0 I M E N S I 0 N S I P R 0 P E R T I E S 

CO 1 I:lr45 ' 
1 READISolOOliAlitJitJ=l~B'Il 

READIBolOllN 
DO 5 IA::lrN 
P.EAu18ol~2JIBIIIri::l•6l 
WRITEI5~104llBCilti::lo6l 

104 FORMATilX/1Xr'R::•,FIDo4t'tS::'oFl0o'lt'tT::•,Fl0.4t'tU:•,FlOoqt•rH:'t 
lF10.4r'•E='tF20.4/lXtll91'-'ll 

P A R A M E T E R S 
A R E F 0. R M ( U 

E!A::lJ I ll/8 12 l 
I=o 

0 F 
I N 

A H 0 M 0 G E N E 0 U S 
A R R A Y •c• 

P 0 L Y N 0 M I A L 

CO 2 IB::Gtl 
FACTOR::ol6l•IBISI••3.J/172.•11.-Bl'll•Bl4l)•IC-Blll+2o•BC21+BC3ll•• 

l2 

12 • 1-• I BIll** 5 .l • I B I 3 l • •II • I I 
IFIID.EQ.liFACTOR::FACTOR•S14l 
DO 2 IC::Oo6 
FACTOR::FACTOR•Bl3l 
ID::8-IC 
GACTOR=I~I2l••IDI/BA 
co 2 1(::[1,!0 
GACTOR::GACTOR•BA 
I=I+l 

__L__i_L}~_f'__A__C__l_Q B • GAC_I_O_R_ 
A R R A Y S 'A ' li • C' A R E H U 1:.-T -~--P------c: I E 0-T -0- -r 0 ' R H - , T H E 
S T IFF N E S S M AT R'I X IN ARRAY 'STIF' 

3 

4 

5 
T H [ 
A F 

I::O I • 

DO q JA::lr9 
1:'0 'I JB::JAt9 
M::O 
JC::IJA-ll-1 IJA-ll/3)•3 
IFIJC.EQ.OJM::M+l 
JC::IJB-ll-IIJB-11/31•3 
IFIJC.EQ,OJM::H+l 
r=I•l 
STIFIJAtJBJ::O. ,_) 

DO 3 J:lr84 
STIFIJA~JBI::9TIF(JAoJBl+AIItJ)•CIJ)•IBilJ••HJ 
t'::Q 
STIFIJBrJAJ::STIFIJAtJBl 
co- s-----r::l---.-9 
WRITt(Stl03)15TIFCirJloJ=lt9l 

N U M [ R I C A L V A L U 
I N I T ~ E L E M E N T P 

E 5 C A N 
R 0 G R A M 

. N 0 W Ei E 
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I EACH PARTITION CONTAINS A SINGLE ROW OF THE ARRAY 'A' J • 
72-288 432-288 108-144 21~-144 36 144-504 64a-360 144-216 216 -12 216-648 756 

K( I , I) = 
-432 144 -72 3G 288-720 576-144 0 0 216-432 36t-144 36 144-216 216 -72 72 
-72 36 0 0 0 0 o· 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 I) 0 0 0 0 0 0 0 0 0 0 0 0 0 
• 

K( I , 2) = K (2 , I ) = 

0 0 0 0 ' 
0 0 0 0 0 0 0 0 0 0 12 -48 96-144 156 -96 24 0 12 -4 a · 

102-150 126 -42 0 24 -54 42 -30 18 0 24 -36 12 0 0 12 -12 6 0· 
12 -6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 ·o 0 -12 30 -24 6 0 0 -18 JO -12 0 0 -6 

•· 
f 

•• I 
6 0 0 0 I t 

-36 1~6-264 204 -36 -60 48 -12 0 -72 276-408 270 -48 -24 0 6-10 8 360-4 86 •· K(l,3) = K(3,1) = 
336-120 24 -6-144 408-4P8 1b8 -24 0-108 2~2-24G 102 -18 -72 132-126 42 -36 

48 -24 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 12 -18 -6 18 -6 0 0 18 -12 -18 12 0 0 6 Q -6 0 0 0 

I 

•' 0 0 0 0 
-72 288-432 2B8-1D8 72 -36 0 o-144 5C4-6qa 36C-144 108 -36 0-216 648-756 

I 
I 

K(l,4) =K(4,1) = 
432-144 36 0-288 720-576 144 0 0-216 432-360 144 -36-144 216-216 72 -72 

72 -36 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 G 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

• l 
0 0 0 0 • 0 0 0 0 0 0 0 0 0 0 -12 24 -36 48 -24 0 0 0 -12 12 ' 

K(l,5) = K{5,1) = 
-30 36 0 -6 0 -24 '12 -24 0 6 0 -24 36 -12 0 [i -12 12 -6 0 
-12 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 -12 6 0 0 0 0 -18 6 0 0 0 . -6 
0 0 0 0 

-36 132-180 120 -£0 36 -12 0 0 -72 228-264 150 -72 42 -12 .' 0-108 288:-306 

X {P} • 
J 

K(l,6) =K(6,1) = 
168 - S'l 12 0-144 312-216 48 0 0-108 130-132 54 -12 -72 84 -78 24 -36 

24 -12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 D. 0 0 
0 12 -30 36 -~4 6 0 0 18 -42 36 -12 0 0 6 -12 6 0 0 0 
0 0 0 0 
0 0 0 0 0 72-180 144 -36 0 0 0 0 0 108-180 72 0 0 0 

'" . l 

r ., 
K(l,7) =K(7,1) = 0 0 36 -36 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

• ~ l 
0 0 0 0 • 

K(I~B) = K(8,1) = 

0 0 0 0 0 0 0 0 0 0 0 24 -GO 24 118 -48 12 0 0 36 
-72 6 54 -24 0 0 12 -18 -6 12 ' 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 24 -36 24 -6 0 0 36 -36 12 0 0 12 

-6 0 0 0 

, I 
' J 

• ' l t 
I 

0 0 12 -36 00 -84 72 -24 0 0 0 24 -60 34 -90 'l8 -6 0 0 36 • 
K{l,9) = K(9,1) = 

-72 .b6 -36 6 0 0 qs -72 zq 0 0 0 12 -12 -6 c . 0 -12 6 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 -24 48 -30 6 0 0 0 -36 S'l -18 0 0 0 -12 12 0 0 0 0 
0 0 0 0 

~- ~ ------------- -----

' 
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K(2,2)= 

K(2,3) = K(3,2)= 

K(2 ,4) = K(4 ,2) = 

K (2 ,5) = K(5, 2) = 

K(2,6) = K(6,2) = 

K(2 ,7) = K(7,2) = 

K(2, 8)= K(8,2} = 

K(2,9) = K(9,2) = 

K(3, 3) = 

K(3,4)=. K(4,3) = 

~ 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 18 
-72 108 -72 18 0 0 16 -58 68 -26 0 0 16 -24 14 0 0 a -4 0 

0 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 -a " 0 0 0 -8 
2 0 0 -2 
0 0 0 0 0 0 0 0 0 0 -6 la -12 -12 18 -6 0 0 -6 1a 

-19 13 -11 5 0 -12 29 -21 7 ·3 0 -12 22 -12 2 c -6 a -3 0 
-6 s 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 I) 0 14 -35 28 -7 0 0 17 -33 14 0 0 s 
-7 0 0 0 . 

0 0 0 0 0 0 0 0 0 0 -12 48 -96 96 -36 0 0 0 -12 48 
-102 102 -JO 0 0 -24 54 -42 1a 0 0 -24 36 -12 ·o 0 -12 12 -6 0 

-12 G 0 0, 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 12 - JO 2'f -6 0 0 18 -30 12 0 0 6 

-6 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -18 

3& -18 0 0 0 0 -lG 24 2 -s 0 0 -16 16 -1 0 0 -8 4 0 
0 -4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 8 -8 2 0 0 8 

-4 0 0 2 
0 0 u 0 0 0 0 0 0 0 -6 30 -54 42 -12 (] 0 .o -6 30 

-53 )') -10 0 0 -12 25 -17 6 0 0 -12 14 -4 0 0 -6 4 -1 0 
-6 l 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 -2 9 -10 3 0 0 1 5 -4 0 0 1 
l 0 0 0 
0 0 u 0 0 0 0 0 0 0 0 0 0 48-120 96 -24 0 0 0 
0 lf8 -96 112 0 0 0 0 12 -18 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 (j 0 0 0 . 0 
0 0 0 0 
0 0 0 0 0 0 G 0 0 0 0 0 0 0 0 (j 0 0 0 0 

-12 :JO -2" 6 0 0 0 -14 26 -11 0 0 0 -4 5 0 0 0 0 0 
0 0 0 0 0 0 0 0 b 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 -2 0 0 0 
2 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 18 -54 54 -la 0 0 0 0 

18 -46 33 -5 0 0 D 8 -13 3 0 0 0 4 -2 0 0 0 -2 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0· 0 
0 0 0 0 0 0 0 0 0 -Ill 6 -2 0 0 D -2 2 0 0 0 
0 0 0 0 

18 -84 lG2-1E8.:G2 -36 6 0 0 36-150 25,.-220 Sf, -1'1 -2 0 54-196 3 C4 
-252 118 -30 4 72-228 272-152 40 -4 51!-144 160 -78 11! 36 -7 8 80 -26 18 

-30 18 0 0 0 0 0 0 0 0 0 0 0 0 0 G 0 0 0 0 
0 -20 54 -50 18 -2 0 0 -26 4 6 -22 2 0 0 -a 8 0 0 0 0 
0 0 0 0 

.56-1~6 254-204 GO 0 0 0 0 72-276 403-270 72 -6 0 0 108-360 406 
-336 l<'G -24 0 141!-408 408-1&8 211 0 108-252 24G-102 18 72-!"32 126 -112 3G 
-48 24 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 -12 13 -18 6 0 0 0 -18 12 -6 0 0 0 -6 (] 0 0 0 0 
0 0 0 0 
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0 0 0 0 0 0 0 0 0 0 6 -6 -6 6 0 (i a· 0 6 o I 

K(3,5) = K(5,3) = 
-7 0 1 0 0 12 -23 14 -1 -2 0 12 -22 12 -2 0 6 -a 3 0 

6 -5 0 0 0 0 0 0 0 0 0 0 0 0 0 c 0 0 0 0 
0 0 0 0 0 0 0 0 -2 -3 2 0 0 0 1 -7 2 0 0 1 

-2 0 0 0 
18 -72 lll8 -72 18 0 0 0 0 36-126 166-100 26 -2 0 0 54-162 200 

K(3,6)= K(6,3)= 
-130 46 -a 0 172-180 lEO -60 8 0 54-108 86 -32 5 36 -!:4 110 -11 18 
-lB G 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 -4 8 -5 1 0 '1 0 -10 15 -9 2 0 0 -4 q -2 0 0 0 
0 0 0 0 
0 0 0 0 -2 4 60 -118 12 0 0 0 0 0 -24 30 (j -6 0 0 c 

K(3, 7) = K(7,3) = 
0 -6 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 ~ ... -2ta 6 0 0 0 0 24 -12 0 0 0 0 6 0 0 0 
0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 -12 42 -54 30 -6 0 0 0 -18 

K(3,8)= K(8,3)= 
50 -43 10 1 0 0 -6 13 -6 -1 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 -12 Ill -6 1 0 0 -18 16 -4 0 0 -6 
3 0 0 0 
0 0 -6 12 0 -12 G 0 0 0 0 -12 26 -20 10 -II 0 .o 0 -18 

K(3,9)= K(9,3) = 1!0 -38 20 -IJ 0 0 -21J 4 4 -24 4' 0 0 -6 8 -1 0 o· 6 -5 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 12 -20 13 -7 2 0 0 18 -25 13 -4 0 0 6 -6 2 0 0 0 
0 0 0 0 

72-288 432-2~8 108 0 0 0 0 144~504 648-360 144 0 0 0 216-648 756 

K(4,4)= 
-1132 144 0 o ~e8-720 576-144 0 0 216-432 36C-144 36 144-216 216 -72 72 
-72 36 0 0 0 0 0 0 0 0 0 0 0 0 c 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . 0 
0 u 0_ a 
0 0 0 0 0 0 0 0 0 0 12 -211 36 0 0 G , 0 0 12· -12 

K(4 ,5) = K(5 ,4) = 
JO 12 0 0 0 24 -42 24 12 0 0 24 -3G 12 0 0 12 -12 6 0 
12 -6 0 0 0 0 0 0 0 0 0 0 0 0 0 (j 0 0 0 0 

0 0 0 0 0 0 ·0 0 12 -6 0 0 0 0 18 -6 0 0 0 6 
0 0 0 0 

· 36-132 1'30-1ZO 36 0 0 0 0 72-228 264-150 48 0 0 a 108-288 306 

K(4,6) = K(6, 4) = 
.-168 48 0 0 144-312 21t -48 0 0 108-180 132 -54 12 72 -8'1 78 -211 36 

-24 12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0. 0 0 0 
0 -12 30 -12 0 0 0 0 -18 42 -12 0 0 0 -6 12 0 0 0 0 
0 0 0 0 
0 0 0 0 G -72 36 0 0 0 0 0 0 D-108 36 0 0 0 0 

K(4, 7} = K(7,4) = 0 0 -36 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 G 0 0 0 0 
0 0 0 0 0 0 0 0 0 ·O 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 -24 60 -24 0 0 0 0 0 -36 

K(4,8} =. K(8,4} = 
72 -6 -6 0 0 0 -12 18 6 0 0 0 0 0 0 0 ·a 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 a -2q 36 -2'l 6 0 0 -36 36 -12 0 D -12 

-- _6_. 0 0 0 ---
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K(4,9)= K(9,4) = 

K(5,5) = 
I 

K(5,6) = K(6,5) = 

K(5,7)= K(7,5)= 

0 0 -12 :!6 -GO 36 0 0 0 0 0 -24 60 -811 112 0 a 0 0 -36 
72 -66 24 0 0 0 -118 7 2 .- 24 0 0 0 -12 12 6 0 0 12 -6 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 c 0 0 0 0 
0 24 -118 30 -6 0 0 0 36 -54 18 0 0 0 12 -12 0 0 0 0 
0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . 0 0 0 18 
0 0 . 0 0 0 0 l6 10 0 0 0 0 16 -8 6 (j 0 8 -II 0 
0 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 ") 0 0 0 0 0 0 0 -a 12 -q 0 0 -a 
6 0 0 -2 
0 0 0 0 0 0 0 0 0 0 6 -18 12 0 0 c 0 0 6 -12 
7 4 0 0 0 12 -19 6 4 0 0 12 -14 4 0 0 6 -4 1 0 
6 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 (j 0 0 0 0 
0 0 0 0 0 0 0 0 14 -7 0 0 0 0 17 -1 -2 0 0 5 
2 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 -48 24 0 0 0 0 0 
0 -118 0 6 0 0 0 0 -12 -6 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

•• 
~ •• I~ 
j 
Jr 
J 

1 

~ 
I 

K(5,8)= K(8,5)= 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 (j 0 ·0 0 0 

12 -6 0 0 0 0 ·o 14 -2 -1 0 0 0 lj 1 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

_,. 
2 0 0 0 

• J 
t 

K(5, 9) = K(9 ,5) = 

K(6 ,6) = 

K(6, 7) = K(7,6) = 

K(6 ,8) = K ( 8, 6) = 

-2 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 -18 18 0 0 0 0 0 0. 

-18 8 5 0 0 0 0 -a 3 2 i:J 0 0 -4 2 0 0 0 2 0 
(l 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 4 -2 0 0 0 0 2 0 0 0 . 0 
0 0 0 0 

18 -EO 78 -LIB 12 0 0 0 ·o 36-102 110 -GO 16 0 (j . 0 54-126 1211 
-64 16 . 0. 0 72-132 eo -16 9 0 54 -72 52 -26 6 36 -30 32 -12 18 

-6 6 0 0 0 0 0 0 0 0 0 0 0 0 0 c 0 0 0 0 
0 -20 26 -a 0 0 0 0 -26 32 -a 0 0 0 -a a 0 0 0 0 
0 0 0 0 
0 0 0 0 24 -36 12 0 0 0 0 0 0 24 -42 12 0 0 0 0 
0 6 -12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
Q 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 -2LI 211 -6 0 0 0 0 -24 12 0 0 0 c -6 0 0 0 
0 0 0 0 
0 0 0 0 Q. 0 0 0 0 0 0 -12 18 -6 0 G 0 0 0 -18 

22 -1 -2 0 0 0 -6 5 2 0 0 0 0 0 0 0 0 0 0 0 
0 0 -·a 0 0 0 0 0 0 0 0 0 0 0 0 (j 0 0 0 0 
0 0 0 0 0 0 0 0 -12 22 -14 3 0 0 -18 20 -6 0 0 -6 
3 0 0 0 

xfpJ .. • :, ·~ 

• 
J 
I ·'. . I ,. 
J . It 

. _.1 
' 

K(6,9) ~ K(9,6)= 
0 0 -6 24 -:o 12 0 0 0 0 0 -12 34 -36 14 0 0 0 0 -18 

32 -26 8 0 0 0 -24 28 -a 0 0 0 -6 4 1 G 0 6 -1 0 
0 0 0 0 0 0 0 0 0 o· 0 0 0 0 0 0 0 0 0 0 

• I 
0 12 -28 25 -1 0 0 0 18 -29 17 -2 0 0 6 -6 2 0 0 0 
0 0 0 0 (continued·) • 
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0 0 0 0 0 ll 11Jl!-14Q 36 0 0 0 0 0 0 14q -72· 0 0 0 

K(7, 7) = 
0 0 0 ~6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 
0 0 0 0 0 0 0 0 0 0 . 0 0 0 0 -1!8 48 -12 0 0 0 

K(7,8) = K(8,7)= 
0 0 -48 24 0 0 ·o 0 0 -12 0 0 0 0 0 0 0 0 o. 0 
0 0 0 0 0 0 a· 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 ~ 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 
0 0 0 0 0 48 -72 211 0 0 0 0 0 0 48 -48 6 0 0 0 

K(7 ,9) = K(9 ,7 )= 
0 0 12 -6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 [j 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

K{8, 8) = 
0 24 -211 6 0 0 0 0 24 -12 0 0 0 0 6 [j 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 
0 0 u 0 0 0 0 0 0 0 0 0 0 -12 18 -6 0 .o 0 0 

K(8,9) = K(9,8)= 
0 -10 10 -1 0 0 0 0 -2 1 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 o· 0 0 0 0 0 0 -4 2 0 0 0 0 -2 0 0 0 
0 0 0 0 
0 0 0 0 18 -36 18 0 0 0 0 0 0 20 -30 10 0 0 0 0 

K(9, 9) = 0 10 -10 Q 0 0 0 0 8 -4 0 0 0 0 6 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 -a 8 -2 0 0 0 0 -12 6 0 0 0 0 -4 0 0 . 0 
0 0 0 0 

where: {p 1' = 
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APPENDIX VI 

THE COMPUTER ROUTINE FOR GENERATING AND SOLVING POLYNOMIAL IDENTITIES 

The program at the end of this appendix generates functions and 

sotves identities such as the fottowing (see atso (78)): 

1,0A(1)a~y6 + 2,0C(2)ba6- 8,0M(5)a2 
0 

Each term of this identity consists of: 

( 86) 

(i) a coefficient (represented by the variabte KA in the program), 

(ii) the name of one of the twetve possibte functions of matrix (76). 

(A variabte LA represents this numericatty), 

(iii) the cyctic or mirror variation number (MA) corresponding to 

the numbering in (73), 

(iv) a factor by which the whote function must be muttiptied. (The 

powers of a, b, c, a, ~' y and 6 are given in successive 

decimat ptaces of a variabte NA as described in the atgebra 

by powers of Appendix 4). 

In the order KA, LA, MA, NA the above identity can be represented 

numericatty as: 

1 ' 1 ' 1 ' 0001111 ' 

2, 3, 2, 0101001, 

- 8,12, 5' 2000000' 

where the vatues for LA are: 

A B c D E F · G H J K L M 

1 2 3 4 5 6 7 8 9 10 11 12 

Steps in the accompanying program are exptained as fottows: 

1. Preparation 

The identifiers NPRM and NPRN are used to position the powers of 
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a, b, c, a, 0, y, and 6 in the integer array NT. 

The root length degree of functions is read into variable NL. The 

number of terms ML in a function of root length degree NL is calcutated. 

(This depends upon whether NL is odd or even). 

From the value of ML it can be seen that the total number of 

coefficients in all of the functions is: 

12 ~~ ML 

Also the coefficients of function LA number from: 

(LA - 1) * ML + 1 

to: 

LA ~~ ML 

2. Equation Formation Cycle 

There are thirteen identities (see (78) and the small identities in 

(76)) which are used to reduce the number of unknown coefficients in the 

stiffness matrix. In each identity, the like terms are added and equated 

to zero forming a subset of simultaneous equations. The full set is very 

large. Many of the equations are redundant. 

At the end of each equation formation cycle a Gauss Jordan reduction 

is performed on the equations. The reduction is described in Appendix 1 

and mentioned in 7. below. 

3. Input 

The number of terms in any identity is read into NOPS. The numerical 

description of each term is read and operated upon in turn. 

4. Polynomial Generation 

The coefficients corresponding to polynomial number LA are 

identified. 
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The cychc or mirror variationof the function is determined from 

the variabte MA. 

The potynomiat is then formed, term by term, in a nest of "do-toops". 

Each term is muttiplied by the factor NA in the manner described as 

atgebra by powers in Appendix 4. The resutting parameters are stored in 

an array NT. The corresponding coefficient number and muttiptier, KA, 

are stored in a separabte manner in an array NC. 

5. Substitution for Greek Letters raised to a Power 

The vatues of the array NT are scanned for powers of the greek 

tetters. If these are found to be two or greater they are substituted 

for, according to equations (72). This invotves tengthening the array 

NT. The array NC must be adjusted accordingty. 

6. Cottection of Coefficients of Like Terms 

A recorder is set to the vatue of the first member of the array NT. 

The whote array is then scanned for this vatue. Where it occurs, the 

coefficient number from array NC is written into another array, IA(LC). 

The muttiptier of the coefficient from NC (corresponding to KA) is 

written into A(LC). When each term is cottected, the vatue of NT is 

set to a negative quantity. This is so that terms are onty considered 

once. 

The first vatue of LC in equation number N is recorded in 

etement JA(N) of an array. 

The recorder is then set to the next non-negative vatue of the 

array NT. The next equation is formed in the same way. 

7. Sotution of Equations 

The matrix of equations formed is very sparse and contains more 

equations than unknowns but fewer tinearty independent e_quations than 

unknowns. The equations can onty be reduced to their simplest form 

using the randomty sparse matrix reduction routine described in 

Appendix 1. No futt sotution is possibte. 
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8. Output 

The reduced set of equations is written out as a series of linear 

expressions which equal zero. One of the variables in each equation 

can be expressed as a linear combination of the others. 

The matrix of inter-relationships given as the input to the 

coefficient evaluation program (Appendix 7) was determined in this way. 

The numbering of coefficients is changed before the results are used 

in the subsequent program. Only the format of the input matrix is 

shown (Appendix 7), to avoid confusion. 

Example of an Identity Solution: 

Supposing that the identity (86) (given at the start of this appendix) 

is to be solved for functions with root length degree 1: 

i.e. f (1) 
n 

hence: A(1) 

c( 2) 

M ( 5) 

= 

c
1

a + c 2~ + c
3

y + c
4

6 

ega + c1oY + c11~ + c126 

c45Y + c46a + c47~ + c486 

The whole identity would then be expressed as: 

2 
c 10: ~y 6 + 

2 2 2 
c 2a~ y6 + c 3a~y 6 + c4a~y6 

26 + 2C
9

bcx + 
2 

2C 10bay6 + 2C 11 ba~6 + 2C 12ba6 

8C45a2y sc46a2
o: - 8C47a

2 ~ - 8C48a
2

6 - 0 

Substituting for squared greek letters from (72): 

+ c 1 b~y6 + c 1 c~y6 + c2aay6- C2bay6 + c2cay6 

- c 3ca~6 + C 4aa~y + C 4 ba~y + c4ca~y - 2c
9

ab6 

+ 2C 10bay6 

2 8c
46

a a 

+ 2C 11 ba~6 + 2C 12aba + 
2 2c12b a + 2c 12bc6 

2 2 
8c

47
a ~ - 8c48a 6 - 0 

Two typical terms of this identity would be 2C10bar6 and 

These would be represented in the arrays as: 
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NT( 16) = 0101011 

NC(16) = 10000 + 2 X 1000 + 10 = 12010 

NT(24) = 2000001 

NC(24) = 10000 - 8 X 1000 + 48 = 2048 

As the coefficients never become tess than - 8, by adding 10000, NC is 

atways positive. The muttiptication by 1000 separates the two components 

of NC so that they can be recognised tater. 

Like vatues of NT cause corresponding members of NC to be 

cottected to form an equation with the coefficients C as unknowns. If 

the vatues of NT are then made negative, they witt not be considered 

twice. 

The FORTRAN tisting of the potynomiat generation and identity 

sotution program fottows betow. The equation reduction subroutine 

HEQSN which is catted in this progr~m is tisted in Appendix 1. 
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P R 0 G R A M 
ING THE 

FOR FORMING IDENTITIES AND- REOUC 
R E S U L T S T 0 T H E I R S I M P L E S T F 0 R M 

--------------------------------------------------------------------------------
DIMENSION NPRMf3l•NTClrOOOioNCClOOOOI•NPRNC31 
COMMON All50nOlriAilSOnOlrJAI10001tNriST2tMtKB 

P R [ P A R A T I 0 N 
NPRMI1):1QOO 
NPRMIZl:lOO 
NPRMIJI:1Q 
NPRNill:lOOOPOO 
NPRN12l:lOOuOO 
NPRNI3l:lOOOG 
LC:O 
N:O 
R[AuiOrlOOlNL 

100 FORMATII41 
WRITEt5r101lNL 

101 FOPMATt• THE fUNCTION POLYNOMIAL HAS DEGREE'oi41 
Nl:U 
~JM:NL/2 

IFINL-N11•211rl 
N1=1 

1 ML:Nl•I4*NM+31+1 
DO 10 NN=1•N~I 

10 ML=ML+!3•NN 
WRITE IS rl021t1L 

102 FORMAT!' THCPE ARE 'ti4t'TERMS IN EACH FUNCTION') 
~'=1:~•l·~L 

E (l U A T I _Q_l:L __ F ~Q_!L M A 
1:!0 8 X8=l•l3 
R[ALlC9rlOOINOPS 
IE=O 
DO 11 I:lrNOPS 

0 N c-~.,- c l:--r 

I N P U T 0 F I 0 E N T I T I E S 
Rt:ADIHrl04lXAtLAoMAtNA 

104 FORMATII2ri2tilti71 
LS:tLA-li•ML 

0 E T £ R M I N I N G T H E 
IB=IMA+ll/2 
ID=4-CMA-IIM~-li/3)•3J 

IC:6-IB-ID 
IG:O 

C Y C l I C V A R I A T I 0 N 

P 0 L Y N 0 M I A L G E N E R A T I 0 N 
['Q 11 N2:N1t4t2 
~13:tNL-N21/2 

1:0 11 NLI:Q,N3 
N::i=NJ-NLI 
DO 11 NG:Q,N5 
N7:N5-NG (continued) 

J 
l: •• .t 
f • J 
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J 
J 
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.: • -:,·' 
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•• 
:J 
J 
1 ' • .: ' , I • ' 
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•• 
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-- -- -
DO 11 NS=Otl 
DO ll N9:0 tl 
00 11 Nl(l:Ool 
DO ll Nll:Ool 

! 

IF I N8+N9.+Nl0+Nll-N2 Hl t tll 
IG:IG+l 
IE:IE.+l 
NTIIEI=Nll+NlO•NPRMIIDJ+N9•NPRMIIC)+NS•NPR"liBJ+N7•NPRNI!O)+NG•NPR 

lNIICI+Nq•NPRNI!BI+NA 
. NCIIEI=LB+IG+KA•lOOO+lOOOO -

l ., .; 
t 

J 
·' 11 r.o~!T T'Jur 

r'::S1_ING F :J R P 0 W E R S 0 F G R E E K L E T T E R S 
CO S J=lol; J 
JB:J-1 IJ-11131•3 
JC:JI:l+l 
JC:JC-IIJC-11/31•3 

• 
J 

J[;:JC+1 
JD=JO-IIJD-11/31•l 
K=o J 

3 IFIIE-i<l5o5 
V.:K+1 ' ~ q NK:NT!Kl/(lO••IJ-111 
NJ:NK/10 
NJ:NK-lEJ•NJ 

.( 

IFINJ-21:' • $ U 9 S T I T U T I N G F 0 R P 0 W E R E D G R E E K L E T T E R S 
I[: I£ +2 
NTIIEl:NTIKJ-2•110••IJ-1ll+lOOO•IlO••JCl • NT I IE -11 =NT (I{) -2 • ( 1 OH I J-1 l!l +1 000 • I 1 O• •JO) 

. , 

NTIKI=NTIKI-~•110••IJ-lll+lOOO•IlO••JBI t 
NCIIEl:NCIKl 
N C I IE: -1 I :N C I IE l 
IFIJ.LE.llGO TO 4 
Nl:_trc-J.J =N c uu +ll Cl-Nc 1 iUL roo o J • 2000 
GO TO 4 

5 CONTINUE 
C 0 L L E C T I 0 N 0 F C 0 E f F I C I E N T S iO F l I IL E T E R M S 

DO 7 r:loiE 
IFINT!IIl7 
N:N+l 

·~ 
• ' . ~ t 
• DO 6 J:IoiE 

IFINTIIl-NTIJll6tt6 I I 
LC:LC+l • IAILCl:NCIJI-INCIJI/10001•1000 
AILCl:INCIJl/10001-lC . . I 
JAINI:LC • IFIJ-Il6o6 
NTIJI:-NTIJl I 

6 CONTINUE (continued) 7 cONTINUE • 
J 

~ •• 
I 

i - • -· -



WRlTECSt1051KB 
105 FORMAT(' OPERATION NO'tl41 
R E 0 U C T I 0 N 0 F E G U A T I 0 N S T 0 S I 
( T H I S C 0 N T A I N S 0 U T P U T F A C I L I 

CALL HEQSN 
LC=JA(NI 
WRITEIStl061TEtiST2tN 

106. FORMAT!1H •'MAXIMUM TERMS AfTER OPERATION'ti4/1Xt 
l'~AXIMUM COEFFITIENTS IN EQUATION HATRIX'tiS/lXt 
Z'MAXIMUM NUM~ER OF EQUATIONS'ti41 

8 CONTINUE 
9 STOP 

.) 
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APPENDIX VII 

THE INDUSTRIAL PACKAGE PROGRAM 

The first function of this program is to determine and store the 

162. 

values of all the coefficients required for an explicit stiffness matrix 

generation. These constants couLd have been determined once and punched 

onto cards (in the form of the matrices (84)). If this were done, the 

accuracy to which coefficients coul.d be punched woul.d have to be Limited. 

When coefficients are generated in the user computer, their accuracy 

matches the capabilities of the computer. 

The second function of this program is to check the data describing 

an element conformation. As this program is a digression in this thesis, 

apart from details of its use given in section 4.2, only an edited listing 

wi 11 be included here. 

The main function of the program is to generate and solve the stiffness 

matrix of a flat plate in bending. The plate may be of any shape but 

bending must conform to the requirements of the small deflection theory. 

The program uses the coefficients and data generated by the first two 

components of the package. 

Components 

The package is comprised of seven file elements- four main programs, 

two subroutines and one data file. The main programs are: 

1. Coefficient evaluation program. 

2. Curve fitting program. 

3. Data checking program. 

4. Updated version of 1. which performs a finite element 

structural analysis. 

The subroutines are: 

5. Reduction of a banded symmetric matrix. 

6. Reduction of a full non-symmetric matrix. 
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The data file contains a matrix relating the coefficients of all the 

elements of submatrices (1,1) and (1,2) of the [K
1

] matrix (see 

figure 16) to twenty five different unknown coefficients. This matrix 

is compiled from the results of the program described in Appendix 6. 

The matrix is edited and listed at the end of this appendix. 

All the elements of the two submatrices (18 elements giving a 

total of 288 coefficients) are represented in the matrix. In order to 

evaluate the full stiffness matrix it is necessary to generate only the 

cyclic variations (not the mirror variations) of a full homogeneous 

polynomial of root length degree three. The three variations are: 

a a b~ cy 

a~ by co: 

ay bo: c~ 

a6. b6. c6. 

bo: c~ ay 

b~ cy a a 

by co: a~ 

fP 
1

} b6. {P 2} = c6. {P 3} a6. (87) 

co: a~ by 

c~ ay bo: 

cy a a b~ 

c6. a6. b6. 

~y6. o:y6. o:~6. 

o:Y 6. o:~6. ~y6. 

a~ 6. ~y 6. ay 6. 

a~Y a~y a~y 

Variation 1: (a,b,c) Variation 2: (b 2c 2a) Variation 3: (c,a,b) 

The data is read into a four dimensional array: 

IH(I, J, K, 1) dimensioned IH(3, 6, 16, 25) 

where: 1 corresponds to the number of the unknown independent coefficient. 

I corresponds to the row number of the element of the matrix 

[K
1 
J ( 76) 
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J corresponds to the cotumn number of the etement of matrix [K
1

] 

K is the number of the coefficient of the function representing 

element (I,J). 

Coefficient Evaluation Program 

The steps of this program are as fottows:-

1. Preparation 

A function which gives the jth digit of a cyclic series: 1, 2, 3, 1, ••• 

which starts with the digit i is first prepared. The elements of the 

transformation matrices which are zero in att cases (see equation (61)) are 

set. The data from the matrix described above is read into an array 

IH(I, J, K, 1). 

2. Input of Standard Plate Data 

The number of nodes and elements on the standard plate as wett as 

the range and number of increments of Poisson's ratio are read. The 

coordinates of the nodes are read. The node numbers of each element in 

turn named in clockwise order about the z axis are read into an array 

NODE. The toad vector is read into an array F and the boundary 

conditions into an array NBC. 

3. The Poisson's Ratio Cycle 

For each increment in the value of Poisson's ratio, a whole matrix 

(array A) of Linear equations in the unknown independent coefficients is 

set up and solved. The array is first set to zero in each case. The 

value of Poisson's ratio is calculated. The displacement vector (array 

D) for that value of Poisson's ratio is compiled (see equation (71)) for 

an apptied unit edge moment. 

4. The Element Cycle 

For each etement in turn, the tengths of the sides a, b and c 

(E(1), E(2) and E(3) respective1y) and the parameters a, ~- y and 6 (G(1), 

G(2), G(3) and G(4) respectively) are calculated from the nodal co­

ordinates. The coordinates of the centre of the inscribed circle are 

calculated. 
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From the gl.,obal., coordinates of the inscribed circle and the .three 

nodes in turn, transformation matrices are formed. (The sti~fness 

rna trix was. ini tia 1., l.,y in terms of the l.,oca 1., axis · sys tern shown in figure 

15). As these are orthogona~ ~ransformations, .t~e inverse ~ransf~rmation 

matrices (being the transpose) need not be formed. 

5. Formation of System Stiffness Matrix 

Each element of the element stiffness matrix consists of a number 

of ~he unknown coefficients. Each of these is muUipUed by a .factor 

composed of terms of one of the three cyclic vari~tions of the assumed· 

polynomial (vectors (87)). This cari be seen from the edited data fil.,e 

containing the array ·IH(I', J; K, L) at the end of this appendix. Each 

etement of the stiffness matrix must al.,so be mul.,tipl.,ied by an appropriate 

factor (see equation (79) and vectors (74)) in order to give it correct 

dimensions. 

The· element stiffness ·matrix must then be muttipl.,ied by the trans­

formation matrices and the appropriate nodal., displacements •. The 

resulting vatue is added into the row of·array A corresponding to the 

nodal., displacement. Each column of row A ·corresponds to an unknown 

coefficient. The factor mul.,tipl.,yihg this coefficient is added to that 

col.,umn. 

In the program the ·row and cotumn.nuillbers are determined in a 

number of nested cycles. The 'cycl.,ic.variation of the assumed function 

. required is a l.,so genera ted~ Iri the eye les: 

1 represents the· number of the submatrix row of the .element 

stiffness matrix (76). It al.,so indicates which transformation submatrix 

must be transposed and appt.ied ·as ·a premuUipHer. 

:I represents the number of the submatrix col.,umn of the ete!Ilent 

stiffness matrix. It al.,so indicates.which transformation submatrix 
. ' 

must pe appl.,ied to the stiffness submatrix as a post-muUip.l.,ier. . . 

K and 1 are the,row and column numbers.respec.tivel.,y of elements 

of the submatrix (I, J). 
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This is done by shifting lower rows up in the matrix. Columns of the 

system stiffness matrix corresponding to boundary conditions do not have 

to be de1eted.as they are mu1tip1ied by displacements in the array D 

which have the va1ue zero. 

7. Solution and Back Substitution 

The matrix A is solved by ca11ing a subroutine which uses the 

Gauss Jordan elimination procedure of Appendix 1. The values of the 

unknown coefficients appear in order in the position of the toad vector 

in array A. 

These values are then substituted into the relationship array IH 

to find a11 288 coefficients of the two submatrices (1,1) arid (1,2). 

8. Output 

The values of the coefficients are written into the data fi1e for 

use in the curve fitting program which introduces Poisson's ratio. The 

whole Poisson's ratio cyc1e is then repeated for a new increment within 

the range chosen. 

Curve Fitting Program 

This is a simple 1east squares curve fitting program using the 

theory given in Appendix 3. 

A 11 the coefficient va 1ues ca kula ted in the previous program are 

read into an array B(I, .J, K, NU). The variable NU corresponds to the 

cyc1e number of Poisson's ratio. For each value of B(I, J, K) a 

set of parabolic equations in the va1ue U (Poisson's ratio) are set 

up in array A. Each row corresponds to a different va1ue of U. The 

first column contains the va1ue 1, the second U, the third u2 and the 

fourth the corresponding va1ue of the coefficient. NI increments in U 

give a matrix of dimension (NI by 4). This can be solved by regression 

techniques (Appendix 3). 

The resulting three coefficients of 1, U and u2 overwrite the 

first three NU values of B(I, J, K). When a11 of the coefficients 

have.been considered, the resulting three matrices are written onto disc 

fi1e (see matrices 84)). 
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Finite Element User Program 

The preparation, calculation of dimensions of the finite element and 

other function parameters, the formation of transformation matrices and 

the generation of polynomial functions in this program are the same as 

in the coefficient solution program. For this reason, the finite element 

program is compiled as an updated version of the coefficient evaluation 

program. The changes made by the updating deck are as fOllows:-

1. Input 

The device numbers of files containing element data and explicit 

stiffness matrix coefficients, the number of nodes and elements on the 

plate and the values of Poisson's ratio, Young's modulus and the 

thickness of the plate are on the first data card. 

The values of the coefficients of the explicit stiffness matrix are 

read from disc as three matrices. These are multiplied by 1, U and u2 

respectively and summed to form a single coefficient matrix Q(I, J, K). 

The nodal coordinates, element numbering, and any uniformly distributed 

loading is read either from disc file or cards depending upon the device 

numbers read. This disc file was created by the data debugging routine. 

The number of load vectors, any point loading and the boundary 

condition restraints are read essentially from data cards. 

2. System Stiffness Matrix 

The element stiffness matrix is first formed in local coordinates 

as the array F by a number of program loops involving the cyclic 

variation function generator. 

This is transformed to global coordinates and added into the appropriate 

rows and columns of the system stiffness matrix in array A, in a separate 

nest of program loops. The array A contains only the leading diagonal 

of the stiffness matrix and the upper half band width formed obliquely 

as shown in Appendix 1. 
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3. The Load Vector and Boundary Conditions 

The coordinates of the centroid of each element are caLculated. 

The load vector caused by the distributed loads is then formed as des­

cribed in section 4.4. This is added to the appropriate vector of 

point loads. Any number of load vectors may be treated simultaneously. 

(See Appendix 1). 

The boundary conditions are then applied as described in section 4.5. 

Allowance must be made for the oblique formation of the banded stiffness 

matrix. 

4. Solution 

A subroutine which solves a symmetric banded matrix (using the theory 

of Appendix 1) is then called. The results must be multiplied by a factor 

containing Young's modulus before the correct displacements can be 

printed. 

5. Stresses 

The stresses are solved according to the suggested theory of section 

4.}. · The node connections are first read from the disc file created by 

the data debugging program. 

Three equations in seven unknowns are created for each nodal connection. 

If there are less than three connections to a node, an extra equation is 

created artificially; linking two unknowns together. If three or more 

nodal connections exist, there are more than the requisite seven 

equations to solve the seven unknowns. The set of equations is solved using 

the regression technique of Appendix 3 and the matrix elimination subroutine 

of the previous program. 

The results of this solution are substituted into appropriate equations 

for the stresses. A vector of stresses corresponding to each load vector 

of the problem is formed in array C. 

6. Output 

A warning that stresses are unreliable at the edges of a problem is 

written above every set of results. ·rn addition, if less than three 

connections to a node exist, then another warning against confidence in 

the accuracy of stresses is given. 



The results of each load vector are written under appropriate 

headings as shown in the example. (See section 5.3). 

A full listing of the package program follows below. 
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A(l) 

C( I) 

O(l) 

~ A T R I X 0 F R E L A T I 0 N S H I P S 0 F C 0 E F I C I ~ N l S 
T 0 T H E I N 0 E P E N 0 E N T U N K N 0 W N S 
--------------------------------------------------------------------------------
I 2 3 4 5 6 7 8 9 10 II 12 1314 151617 1819 2_C21 22232425 

Ar· -8 -~ 8 32-1€ 32 xa 
-~-~ - ~ A2: -:..!!+_4. 12 ______ . :Jl ___ ·r··- .J __ ._ ~ e a -a 8 x a" 

A3• -11 If 12 -8 a -a 8 a -a ax a, 
A4•1--1-- -· lC: 16 16 16 X OA 

:::-=~-~-4- :._iit- -----·- -1E 1E -E i~- 16 a:~p 
A.,=_-lf --ij -4 -8 8 -e -1E -8 8 8 8 x bY 
As\-:; ____ . . _ ~ ----r.:a -a 16 x bA 
Ag• --=-~- -·-, _______ -+ _ _ 16-16 ><Co( 
AIQ• 4 4 -4 - 8 8 - 8 1 G - 8 ~ 9 8 XC p 
Au=--lf -4 4 8 --~ -16 1E -a 16 excr 
A 12" r-,; - a - 8 . 1 6 X c A - ·-· -r---r-· -· . v A 
A13• 16 • ·- -a 2LJ X (4 • 
Al4" . lo -! a 1E. -.32 15 x.ct.YA 
A15~ 1- --r--··-r---r-ur::e·- a 16 -32 16 xo.tpA 
Ars·--r--- TG--- -·- u · 4 xo(p 'I 

~ 1-· -4 4 _, ~ 
--f---

-11 4 -4 I -- ---' - - --t--· 
------ -1--- r- -t- -1--· -8 

21-:: --2-- f- --·-.:.lit- 4 ----t--- -e I 4T 1 

R
f--, .. -

2 ' -2 -4 ~ -e · -~1 ~1--··- -- -3 t-r- -a · 
-----a-----t--· -- 2' lGI I I I 

--·- -- --·- -- -:- -----2 -;: 2 4 . -1 e 4 

-~---':: " -; 2 · ·II -q E -L! _ ... --r----::-· 
-- e J 

-21 -fE 

l=t=t=t=ttJ=Ljffl=-1=1:]=±] I LJ-~1 I I I ~:1 I I 
.-1 

-~~~-+-1 I -Ill I I H ~, I J I I· I J =1 I I 4 
a 

"""' 
--l---1-l-- t--+-=41-- -T-1 I 2l I I 21 I I I 41 I I f. II 

e 3 

1-1-1 1-~- -~~~4H=+ J -1 I J I I 1-liT=f=hP~~ 
-ljr-,-r-1 I I I +-41 I I 9 I I , +·--! 1-l, J -91 l 41 I 1 

-1 -1 8 
1:--·-- ,_ -··--·-- ~ ~~~ I I ~I +-11 I I l:i~ I I ·I :1 I I 

-4 Bl -3 

INDEP. COEF. NOS. 

x {P.J = K ( I , I) 

J. 

·~ 

~ 
~ .t 

E=K(J,I) X (~) = K ( 4 , 4) .~ 

X {~J = K(7, 7) 

x {P,} = K ( I , 2) = K ( 2 , I) 

x {~} = K (4, 5) = K ( 5,4), 

x{p3J = K(7,'S) =K C8,7) 

x(P.J =K(I,3) =,K(3,1) 

x{~J =K(4~6) =K(6,4) 

x{Jl} = K (7,9) = KC9, 7) 

·' I • I 
• .. 
~ 
~ , 
• ! 
• 

. ~ 

{continued) • - ~ - ~ 
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I 2 3 4 5 6 7 8 g· 10 II 12 13 14 15 

-- - r-- -4 

1- - -'I -
-II 4 

4 -4 II 
-4 4 -4 

.. 

r--z -a 
2 -2 1- -4 4 
21--=2 - -· 2 -4 4 

CCI) -s -a 
a 

-2 -2 2 4 -4 
-2 -2 2 4 -II 

l3 a 

-4 " -2 -2 
4 2 2 

-2 2 
1 -1 1 -2 -1 -1 
1 -1 1 -2 -1 -1 

-4 -2 -2 

J. J. -1 -2 1 1 
-1 -1 1 2 -1 -1 

G( I) -
-1 -1 1 2 -1 -1 

1 1 -1 -2 1 1 -
-'I ·-2. -2 

-'I 

-2 1 1 
2 -1 -1 

2 -2 
--~· 

2 •' 1 
-2 -1 -1 

I -I. 2 
~---·· 2 1 1 

J (I) 
-2 -1 -1 

r-- ---

-1 1 

16 17 18 19 2C 21 
8 

-4 4 
-'I II -r-· -.-. ... _. I--

-4 r--- 1-• ,_. 
4 

·211 

-8 4 
-a -4 

24 
a 4 
8 -4 

q 

-'I 

-II 

-4 -1 1 
-It -1 1 

-'I -1 1 ,. 
I 1 -1 
! 

: ,. 
! 1 -1 

-It -1 1 
! 

-a 

2 
-2 

-2 
2 

-4 

-2 
2 

4 

-1 -1 

22 23 24 125 i 

' a :J 
~ 

f-1E 

16 I 

I -4 
Iii 

. I ~ 

/ 

.. 

-4 ./ 

""' z ! 

-2 

2 . 
-2 ' 

-4 

( 2 
-2 

4 

' 

) . 

. IN DE P. C OEF. NOS. 

" x { Pa ·.= K C 2 1 I ) = . K C I 1 2 ) 
I 

x {P2 J = K ( 5, 4) = K ( 4 , 5) 

X{P:s) =_K(8,7)' = K(7,8) 

xf~J =K(2~2) 
', 

X(P2l = K (5 ,5) 

X{P3 } = K ( 8, 8) 
r~ 

... 

X{P,.l = K ( 2 , 3) = ~ (3 , 2) 

X(P2J = K (5, 6) = K (6,5) 
.. 

X{P3 )= K(8,9) = KC9,8) 

(continued) 
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I 2 3 4 5 6 7 8 9 10 II 12 13 14 
1 -1 --

-a 
-4 2 --4 2 - 1---1-- - --

-4 -II -r-- 4 _,, 2 
4 -4 2 

0( I) 
1---r---4 

I~ -1-- -4 -lj 

1--
4 - •• 2 
4 -lj 2 

-4 

1--
-4 -
-4 

.; -1.1 

1-- ' -2 1 
2 -1 --~-

-
_t. 

2 1 
-2 -1 

J( I) - -- -- -2 -- - -- 2 1 - -2 -1 -
-
1--1-- - -- - ---1--r-- -;-· . -1 - 1-·-

~ -- --1--1- 1 1-- -=-i 
b- - ~---~ - - --

-.. 
I -1 -1 

~- ---- ----1--,--- - ·--:- ---:- --'· 
-1 -1 

:--
-2 -2 

-2 --- r-~ 

-1 -1 
- -1 

-t. -2 
-2 -- --1--H(l) 

--·- -1 -1 
- -1 

-.:. -2 -
- -- ~ 

. -2 

15 16 17 18 19 20 21 ~ 
1 1 

2 4 
2 lj 

a a 

6 r-12 
6 -12 

a -a 

6 ~12 

6 -12 
a -a 

a a 
-4 4 
-_!\ 4 

_1.1 

1 2 
-1 -2 

-2 
1 -2 

-1 2 
'-lj -4 

2 
1 -2 

-1 2 
lj 4 

-1 -1 
1 1 

-2 -1 1 
-2 -1 1 

4 -4 
-2 1 -1 
-2 1 -1 

4 -4 
-2 1 -1 
-2 .1 -1 

2 . -lj 

2 -4 

23 24 e_5 • 
' 

'· . --·. 

8 ' 4 
4 

8 
4 
4 

\ 
8 I 

4 
4 

4 
lj 

_.) 

~ 

-2 

2 
-2 

I 
2 

-
.. ' 

_.) 

~ 
--:--
-2 

-4 

2 . 
~ 

4 

2 
I 

-
lj 

I_.. 

\ INDEP ... COEF. -- NOS. 

~{P,]=K(3,1) =·K(I,3) 

x{Pz}=KC6, 4)='K(4,6) 

-X { ~J = K ( 9 , 7 )_ = K ( 7 , 9) 

x{~J =K(3,2) =K(2,3) 

x{~J =K(6,5) =K(5_~ 6) 

. x[~J =K(9,8) =KC8,9) . 

: XfP, )·= K( 3,3) 

x{~ } =; K ( 6 , 6) 

x(~] = K ( 9 , 9) 

. (continued) 
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I 2 3 4 56 7 8 9 10 II 1213141516171819202122232425 
~r- 11 -11 -16 e -16 • ~ 

a -s . _ -a -E -a 16 

~~~ -11 a -a a a -a -s 
a -8 9 -8 

8( I) 8 81 s -8 
8 81 s -a 

-8 16 -e 
-8 16 -a 

-81 I I I I I I Ill I f-1 

l-~l I ~~I I P161 al I rl·il I r=~l I l32, 321 I l2JHI =FL 
I ~~I I I ~~I I •I. 1-~~1 I I I I I I -Ill. I I I I I I I~ 

4 -4 
II -4 

II 12 8 

Et~~~-~1 I ~~I ~I 1-
4

1 I I I J ~1 I I I 41-41 I i I I - E(4) 

F-1ttl·l 1111 11·1 H 1_,,1 I I filii E=_ ~ J--r-··-r- I -4 

I ~-1·-=J --~~~ ·I 1-41 1. tltl l I 
2

1 1-J 1-
4

1 I 1- I 
4

1 I L 
4 -41 I~ 

LLJ I I I I I 'I I I 1-'1 I 1-'1-.1 I I I 1-.1 I I I I 
-q -q 

i 4 -4 
! -81 q -4 12 -4 
I 4 2 -6 

F(4) 
11W-t-H-I ! I I 41 I I. I I l-41 I I . ,-41··· 81 Fl -111 I 

~-t=l ! t=L ! 1-:ll I I ~~1 I"' r-EI J I 112

[ _J I · 1-ql I I 
-41 I I I -4 

EEB~=J±-1- I I I -1 I 21 I 4

1-J r{n I ulu~~~u I I I 1-1 
~l--'l-2~-=lij-j-~f · I I ·Pf-1++1-11

1 k1zl I I "1-al I I 1 

., 

INDEP. COEF.· .NOS. 

x{~)= K(l, 4.) = K (4,1) 

x{~} = K ( 4, 7) = K ( 7, 4) 

x{P3}= K(7, I)= K(l, 7) 

x{~ J = K ( 2, 4) = K (_4, 2) .· 

"':""""...,. ,r 

x{P2}=K(5,7) =K(7,5) 

x{~} = K (8, I) = K ( 1,8) 

xf~ J = K ( 3, 4) = K ( 4, 3) 

x{~J= K(6, 7)_ = K ( 7,6) 

x{~ J = K ( 9 , I ) = K ( I , 9) 

(continued) 

-< -

·I 
• 

~ • , 
•• t 
• 
• 
~ 
1 
j 
·I • J 
I 
' • 

. . \. 

... 



E( I) 

K( I) 

• 
-M(4) 

' ~~l~t~-~ ~ ~~~~ 1213141~ 1": 171~ 19~212223:24~51 ' . INDEP.. COEF. NOS. 

-4 ttl .~ ~ t$1---H I I I ,I 1' 2~-l--1-1 '1 • --t----< 
4 -·-+-----tT- -2 

4 
-2 -4 4 

-It - -.!!.- - _J_-J.--+--~- ~ ~t--1--
1-'-t - 1___!!1- i- '!+-+ " ~ ~ q I 

.., - -1-

~ - .. -2 1--r--· f-· --~---~---
, .. - ----1---·-1-- ---~ _-I- -1-l-r -·- .. -,-1 1 ---·-1-~ I -~ r--"i 

2 

I -1--+--+ 
...I 

!"-... 
I I 

.., .. 
L 

2 

2 
1-1--1-1--1--t --1--+-+-- +---= 1-- I I I I I 1-+-2 

2 

e=at=a=tttnrl~ II J I I I I I I I I 
~-~1-t t=t-~ .. ~+ 1- -W=t=l I I I 

2

1 I ~ 21 I I I I I I 

{ 

l 
-"' 

-l!l I 

~Et~Eti-J-_J-~~J-t-bbb-t:il=LtJ~L=LJ I tJ I~ 

-~~~ --i I 
-4 -·4 

X{~} = K ( ~ , 8 ) = K ( 8 , 4) 

x{~ J = K (I , 5) ::K(5,1) 

x{~ J = K ( 7, 2) =K(2,7) 

x{~ J:: K(2 ,5) = K(5, 2) · 

X(~ } = K ( 5 , 8 ) = K ( 8 , 5) 

X {P3l = K ( 8 , 2) = K ( 2 , 8) 

X{P,} = K( 3,5) =K(5,3) 

x{~ J = K ( 6 , 8 ) = K ( 8 , 6) 

x{P3 } =.K(9,2) =K(2,9) 

xfP. ] = K ( I , 6) =K(G,t) 

. (continued) 
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I 2 3 4 5 6 7 8 9 10 II 12 13 14 
4 

4 -2 ---
F( I) -- -a 4 -4 

f- 4 
'I 2 

4 

-!--

2 
' -2 
I -.:z - -2 
I -2 

2 - ' .. -2 
~·-- -f- ---. ·- -2 

I -2 
i -2 

M( I) 
; 

f---1- -=-2 
1- 2 -

1-
-- -
-·- - 1--·-

---
- - --- I-· 

- - --
' -- -

L(J) --

-4 2 -2 
2 1 
2 1 

- f-- -- - - - -- -· 

15 16 17 18 19 20 21 22 
-4 

-2 
-4 -4 

12 

-6 
li" -4 

-4 -II 

" -4 
-:2 

-2 

-2 
-2 

-2 
-2 

-2 
-2 

-2 

-
-2 

-2 

-2 
-2 

-2 
4 

-
-

2~ 24 
-'4 

-4 

-4 
-4 

-_t. 

-2 . 
-2 

-2 

25 

-4 

-,-

_., 

' • 

l 
J 

""' 

' 

I 

. INDEP. COEF.· NOS. 

x {P2 J = K ( 4 , 9) = K ( 9, 4) 

x{P3 }=K(7,3) =K(3,7) 

x{P, } = K ( 2, 6) · = K ( 6 , 2) 

x{~}= K(5,9) =. K (9,5) 

x{P3 } = K (6, 3) = K (.3 ,8) 

X{P,J = K(3,6) .= K(6,3) 

X{fiJ = K (6 ;9) · = K(9, 6) 

x{p
3
J=K(9,3) =K(3,9) 
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D A T A o· E B U G G l N G . P R 0 G R A H 

------------------------------------------------·---------------·-----------~---
DIMENSION LI~TI500JtJOINI500t31r XAt3ltYAt3~tGI3J~Cl3JtDl3JtFl3Jt 

ll INK I 200 t.3 I tfHR 1 I 2 00 t 31 • NODE I 100 l t X ( 100 I , YC 100 l t B ( 3) 
C INPUT Of TOPOLOGY 8 BOUNDARY LISTS 

c -----------------------------------IRROR=O 
READ18t1001LNAME 

100 FORMATIAGI 
IFILNAM£-'TOPOLO'lltltl 

1 WRITEI5ol2'1 I 
. GO TO 56 

2 ro 10 I=1r50D 
70 LISTIII=-1 

READI8tl2loERR=311LIS. IIItl:ltSOOI 
3 DO 71 J:500tl 

I-J • 
IF cusrc 11 111•12/12 

71 CONTINUE 
7~ REA~IOtlOOILNAME 

IFILNAME-'BOUNDA'Itq, 
IFILNAME-'NODAL 'llol3ol 

II L=I-1 

c 

WRITE15tl22l 
WRITEI5tl25liLISTtJirJ=l•ll 

C ORDERING OF JOINS 
c -----------------

DO 1· I=l•L 
IFILISTIIl-LISTti+lll5ot6' 
WRIT£(5tl26lLISTIII 

126 FORMATI2H •'NODE•oi~o'IS JOINED TO ITSELF. INVALID') 
IRROR:IRROR+l • . . 

5 

6 

7 

6q 
60 
61 

62 

JOINIItll:LISTIII 
JOINIIt21:LISTil•ll 
GO TO 7 
JOINiltli=LISTfl•ll 
JOIN1lt2l=LISTIII 
JOINIIo3):Q 
I:O 
l=I+l 
IFIJOINIIrllltt63 
t=L-1 
IFIL-Il7S 
DO 62 IA:Irl 
JOINIIAtli:JOINCIA+ltll 

~· 

. 

· .. 

63 

. JOINI!At2l:JOINtiA+lt21 
GO TO 60 
IFIJOIN1It2116lt6l (continued) 
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.... 

78 

65 

8 
9 

10 

11 

IFIL-11,64 
LA:L-1 
DO 12 t:t.LA 
M:I+l 
DO 12 K:Mtl 
IFIK-Utt12 
IFIJOINIIoli-JOINCKtilll2tSi9 
IFIJOINIIt21-JOINfl<t21~12tlOt9 
KEEP:JOINCitU 
JOINIIt11:JOINIKtll 
JOINIKtli:KCEP 
KEEP:JOINIIt:?l 
JOINIIo21:JOINIKt21 
JOINIKt21:KEEP 
GO TO 12 
L=L-1 
LA:L-1 . 
DO 11 IA=K•L ~ 
JOINIIAtll:JOINIIA+1tll · 
JOINIIAo2):JOINIIA+lt21 
WRITEI5t1011JOINCitlltJOINIIt21 
GO TO G5 

•·.-

" 

12 CONTINUE 
GO TO 2 

101 FORMATilH •'JOIN •,rq,•-•,Iq,• IS DUPLICATED IN TOPOLOGY LIST'I 
121 
122 
123 
124 

125 
c 
c 
c 
13 

111 

15 

16 

FORMA T1 I 
FORMATI1H •'TOPOLOGY LIST't/1Xtl31'-'ll 
FORMATilH •'BOUNDARY CONNECTION LIST't/1Xt241'-'ll 
FORMATilH t'HEADING,t~ROROR ALPHA CHARACTER IN BOUNDARY OR TOPOLOG 

lY LIST') 
FOR~lATilH o2!JI41 

BOUNDARY CONNECTION LIST 

LA:I.-l 
LB:O 
WRITE 1St 1231 
WRITEI5tl2511LISTIJI•J=l•ll 
DO 19 !:loLA . 
IFILISTtll119t19 
IFILIST{I~llll9t19 
LB:LB+l 
IFILISTlii-LISTCI+lll14t15tlS 
NA:l 
NB:2 
GO TO 16-
NA:Z 
NB=l 
LINKILBtNAI=LISTIIl 
LINKILBtNBI~LlSTII+ll 
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LINK tLBt3J :0 
DO 17 K:ltL 
IFIIABStLISTfiJ-JOINtKtNA)JwiABStLISTti+1)-JOINtKtNBJ)Jl7t18tl7 

17 CONTINUE 
WRITEI5t102lLISTIIItLISTfi+rl 
IRROR:IRROR+l 
GO TO 19 

18 JOINIKt3J:JOlNIKt31+1 
19 CONTINUE 
102 FORMATI1H •'BOUNDARY •,rq,•-•,tq,• IS NOT INCLUC~O IN TOPOLOGY LIS 

c 
c 
c 

20 
21 

22 
zi 

24 
25 
26 

27 
28 

29 

73 

lT,•J 

TRIANGLE FORMULATION 

N TRI :Q 
DO 29 I:ltl 
IFIJOINI!t31-2J2lt29t28 
KA:I+l • 
DO 27 K:KAtL 
IFIJOINIKt3l-2122t27t27 
IFIJOINIKtli-JOINIItll128t23t28 
MA=K+l 
DO 25 M:~lA tL 
IFIIABSIJOINtHtli-JOINIIt2li+IABStJOINCHt2J-JOINlKt21112Qt26t2~ 
IFCJOINIHtll-JOINIIt2ll2St25t27 
CONTINUE 
NTRI:NTRI+l 
JOINIIt3l:JOlNIIt31+1 
JOINIKt31:JOINCKt31+1 
JOINIHo3l:JOINIHt3l~l 
MTRIINTRitll:JOINIIell 
MTRitNTRit21:JOINIIt2l 
MTRIINTRio31:JOINtKe21 
GO TO 20 
CONTINUE 
WRITEC5tl03liJOINIItJitJ:lt3l 
IRROR:IRROR+l 
CONTINUE 
DO 77 I:l,LB 
IFILINKI!t31ltt77 
LINK I Io3l:l 
DO 76 NA=l•2 
NFOLO:LINKIIoNAI 
DO 75 J:ltLB 
IFti-Jio75 
IFtLINKCJtli-NFOLOJ7q,,74 
IFtLINKCJt3lltt76 
LINKtJ.Jl:l 
NFOLO:LINKI Jo21 
GO TO 73 

.I 

(continued) 
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7~ IfCLINKCJt2l-NFOLOJ75to7S 
IFILINKIJo3llrr76 
LINKIJo31=1 
NFOLO=LINKCJoll 
GO TO 1J 

7 5 CONTINUE 
WRITEI5tll41HFOLO 
IRROR=IRRO R+l 

76 CONTINUE 
7 7 CONTINUE 
llQ FORMATilH •'THERE IS A DISCONTINUITY IN THE BOUNDARY AT NODE 1 ti4) 
lOJ FORMATilH •'JOIN °ti4o'-'ti4r' BOUNDS '•I2•' TRIANGLES.') 
104 FORMATilH t3I41 
c 
C NODAL·POINT LIST 
c ----------------

!-IRITEC5tll51 
115 FORMATilH •'NODAL POtNT 

REA~I8tl211N~IZE ( 
LIST'/1Xr161'-'ll 

30 
31 

. 35 

·--32-

33 

DO 3ll I=loNSIZE 
NOOliii=rlSIZ£+1 
XCII=-1000 
Ytii=-lOPO 
REA~I8ol21litXXrYY 

IF1Il33o33 
IFII-NSIZ£ltt35 
IFCNODEtll-NSIZEI32t32 
NODt.III=I 
XIII=XX 
YIII=YY 
GO TO 31 
WRIT£.1Sr1271 
GO TO 5(. 
WRITEI5t1061I 
IRROR=IRROR+l 
GO TO 31 
DO 34 I=ltNSIZE 
IFINODEtiJ-NSIZEIJ4r34 
WRITEI5rl07JI 

314 WRITEI5rl161IrXfii oYUI 
116 FORMATI1Xt'NCDE'tl4t' IS AT x=•tF10e4t' Y='tf10.41 
105 FORMATII4o2Fl0.0) ~ 
106 FORMATtlH t'NODE '•l4t' IS DUPLICATED IN NODAL POINT LIST.•J 
107 FORMATClH •'NODE 'ti4t' IS MISSING FROM. NODAL POINT LIST. THIS IS. 

lVALID.'I 
127 FORMATt1H •'INCORRECT SIZE SPECIFICATION. FATAL ERROR') 
c 
C TRIANGLE ARRANGEMENT AND COORDINATE VALIDITY CHECK 
c --------------------------------------------------

ACC=3• (continued) 
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40 
41 

42 
lt3 

47 
48 
51 

67 

DO 54 I:ltNTRI 
DO U J:lt3 
N=MTRIIItJl 
Ir!XINI+900.153t53t~O 
XAIJI=XINI 
YA I J I:YOJl 
DO 43 NA:lt3 
N3:l+NA-INA/31•3 
NC:Z+NA-IINA+l)/31•3 
GINAI:XAINAI-XAINBI 
BINAI:YAINB 1-YAINAI 
IFIABSIGINAII+ABSIBINAIII68t68 
CINAI:YAINAI•XAINBI-XAINAJ•YAINB) 
DINAI:GIHAI•YAINCI+SINAI•XAINCI+CINAI 
FINAI:SQRTIGINAI•GINAI+BINAJ•BINA)I 
IF IAUSIO INA I /FINAl I-F. :'JAI/ACCI42t42t43 
WRITEI5rlGBIIMTRIIIrKlrK:lr31 
CONTINUE ~ 
NA=l 
NC:.3 
IFIGINAI148t47t48 
IF I i3 IN A I *I X INA 1- X I NC I I I 51 t 51, 6 7 
IFIOINAII67t52t51 
KEEP:MTR!IIr21 
~TRI1Ir21:MTRI!It31 

MTRIIIdi:KC::EP 
DO 4G J:ltNSIZE 
IFIXIJI+900.146 
DO 44 K:lt3 . 
lFIJ-MTRII!tKlllt4t4it~4 

44 CONTINUC 
DO 45 NA:l r3 
E:GtNAI•YIJI+BtNAhXfJI+CINAl ·::, 
IFIC•DINAI 146tlf5t45 

45 CONTINUE 
WRITEIStl091JtiHTRIIIrKitK:lt31 
IRROR:IRROR+l 

46 . CONTINUE 

52 

68 

CO TO 54 
WRITEIStllOIIMTRIIItKirK=lt31 
IRROR:IRROR+l 
GO TO 54 
WRITE!Stll311HTRIIItJitJ:lt31 
!RROR:IRROR+l 
GO TO 54 

·'' 

53 WRITEIStlllllHTRIIItKitK=ltlltHTRIIItJI 
IRR 0 R: IRROR+•l 

54 CONTINUi: 
IFIIRRORI57tS7t55 • 

55 WRITEI5tll21IRROR (COnfiOUed) 
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56 
57 
108 
109 
110 

111 

112 
113 
0 A T 
M A I 

66 

80 
81 

82 
83 

84 

. 85 

CALL EXIT 
CONTINUE 
FORMATC1H •'TRIANGLE '•31St' IS BADLY CONDITIONED BUT VALID.•» 
FORHATllH •'NODE 'ti4t' LIES INSIDE TRIANGLE ~t3ISJ 
FORMATl1H •'TRIANGLE '•liSt' IS INVALID. NODES FORH A STRAIGHT Ll 

lN£:.•1 
FORMATllH •'TRIANGLE '•31St• IS INVALID. NODE 'ti4•' IS NOT LISlE 

10.'1 
FORMATllH t'THE DATA EPROR LEVEL IS 'ti51 
FORMATllH t'NODES OF TRIANGLE't3I5t'COiNCIDE•J 
A W R I T T l N 0 N T 0 F I L E F 0 R 
N P R 0 G R A H 
WRIT f. I 2 0 I I X II I t Y lll t I= 1 t rl SIZE ) 
READI8tl2llUDL 
DO 66 I=ltNTRI 
WRITEl2DliMTRilitJitJ.lt3ltUDL 
I=l 
K=JOINIItlJ • 
IFCK.NE.JOINCitllJGO TO 82 
WRITEl201JOINlitlltJOINIIt21 
I=I -tl 
GO TO 81 
J=l 
IFIK.NE.JOINlJt21JGO TO 84 
WRITEI20lJOINlJt2ltJO!NlJt1l 
J=J+l 
lFlJ.LT.IIGO TO 83 
IFII.LE.LlGO TO 80 
!FlK.EQ.JOINll-lt21 IG..i TO 85 
K=JOINII-lt2l 
GO TO 82 
JOINIItll=O 
JOINflt21=0 
WRITEI2DlJOHJlitll tJOINIIt21 
STOP 
END 
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. -

C 0 E F F I C I E N T SOLUTIOtf P R 0 G R A H 

DIMENSION X1301tYC301tiHC3t&tl6t251tOC901tTC3t3•31tFC90JtNBCC20) 
ltTSl31tTCC3loXAl31tYA(3)tTA13ltEC3ItGl41tNODEt50t31tGC161tAI50t50) 

P R 

80 

1 
100 
101 

E P A R A T I 0 N 
ICYCCltJI:I+J-l-CII+J-21/31•3 
oo sn I=1t3 
oo au J=2•3 
TCitltJI:O. 
T U, J tl I :Q. 
DO l J:lt6 
DO 1 !=1•3 
DO 1 K:lol6 
R£AD18tHlll UHUtJtKtl1tl=1t251 
FORMAT! I 
FORMATI25I31 

I N P U T 0 F S T A N ~ A R 0 
READI8tlOOINNtNEtUStU£tNU 
UI:IUE-USI/INU-11 

P L A T E D A T A 

2 

J 

DO 2 I=loNN 
REA~I8t1001XCIItYIII 

DO 3 NA:loNE 
REA~C3o1nOIIHOD£1NAtiltl:l,31 
N~=3•NN 

READI8tl001 IF III ti:ltN!-11 
READ I 8 tlf>G 111CC 
READC3t10011NSCUI •I=ltHBCJ 

P 0 I S S 0 N'5 R A T I G C Y C l E 
DO l4 N3:ltNU 
00 4 I:loNM 
DO 11 J:1o25 

'I AIItJI:O. '' 
~ 

U:US+UI•CNB-11 
DO 5 I=1•NN 
DI3•I-21=XIII•XCII-U•YCII•Ylii 
013•I-li:-2.•U•YIII 

5 D C 3 • I I:- 2 • • X f I I 
H ELE~:ENT c y c I( 

DO 10 NA:ltN€ 
A L C U L A T I 0 N 0 f D I M E N S I 0 N S 

DO 6 IA:1d 
IB=ICYC IIAt21 
rc=rcvc cIA •31 
Nl=NODEINAtlAI 
NZ:NO~ECtlAtiGI 

N3=~00ECNAtiCl 

TSCIAI:Y(N31-YIN21 
TCIIAl:XCN3)-XlN21 
XAIIAI:XINll - (continueci}'-

-~ 
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i--

L---

YAtiAl=YINl) 
TAfiAI=YIN31•XfN21-YIN21•XCN31 

~ EIIAI=SGRTITSIIAI•TSCIAI+TC~IAI•TCIIAII 
Gl~l=Eill+£121+£131 

C A L C U L A T I 0 N 0 F I N S C R I e E 0 C I R C L E C E N T R 
OEN=TCI11/Eili•TSI21/EIZI+TCI21/EI21•TSI31/E131+TCI31/EI3J•TSI1J/E 

1111-TCC11/EI11•TSC3l/Ef31-TCI21/EI21•TSilJ/EilJ-TCI31/E13l•TSI2J/E 
2121 

XC=-ITAill/E111•TCI21/EC2l+TAI21/Ef21•TCI31/EI3J+TAI31/EI3J•TCI1J/ 
lL111-ITAI11/Eill•TCf31/EI31+TAI21/EI21~TCili/Eil1+TAC3)/EI3J•TCI21 
1/£12111/CEN 
YC=-ITAI11/[111•TSI21/~121+TIAI21/EC2~•TSI3J/EI31+TAC31/EC3J•TSI1l/ 

lEill~ITAili/Etll•TSI~l/EI31+TAI2l/E12J•TSili/ECll+TAt31/EI31•TSI21 
2/EC21li/DEN 

C A l C U [ A T I 0 N - 0 f- P A R A M E T E R S 
DO 7 IA=l r3 
GIIAI=SQRTfGfql-2.•ECIAll 

F 0 R M A T I 0 N 0 F ~ R A N S F 0 R H A T I 0 N · H A T R I C E S 
TCIIAI=XAtiA!I-XC; 
T S II A l = Y A I IA }- Y C 
TAflAl=SORTITCCIAI•TCIIAJ+TSIIAI•TSIIAJ) 
TI1At2t21=TCIIAI/TAIIAI 
TIIAt2t31=TSIIAliTAtiAJ 
TIIAt3t2l=-TSIIAI/TAIIAI 
TIIAt3t3l=TCIIAJ/TAIIAI 

7 TIIAtltll=l. 
Gllii=SORHGI'lll 

F 0 R M A T I 0 N 0 F S 0 L U T I 0 N E Q U A T I 0 N 5 
[•0 10 I=l t3 
DO 10 J=l t.3 
00 10 K=lt3 
NROW=INO~EINAtii-11•3+K 
DC 10 L=lt3 ·, 
HCO~=tNO~EINAtJI-11•3+L 
CO 10 M=1t3 
DO 10 N=1t3 

[I 

T H E T R I A N G L E I 5 T R A N S F 0 R HE 0 , H'U L T I P LIE D 
B Y I T S N 0 D A L D I 5 P L A C E M E N T S A N D A F A C T 0 R 
T 0 C 0 R R E C t I T S 0 I M E N S I 0 N S 

T H E 
G E N 

FACTOR=TtioMtKI•T(JoNtLI•DtNCOLI/CEI11•E12J•EC31•GC4JJ 
lFCM.GE.21FACTOR=FACTtR•SGRTCECli•EI21•EC3J/EIIJI•Z. 
IFCN.GE.21FACTOR=FACTOR•SQRTIEili•EIZJ•£C3J/ECJJI•2• 
IFCABSIFACTORJ-.00005)10 

A P R 0 P R I A T E V A R I A T I 0. N 0 F 
E 0 U 5 F U N C T 1 0 N I 5 F 0 R H E 0 
IJ=ICYCIIt31 
Il=N 
Jl=M+3 
IFIJ-ICYCI!t3llt8t 

T H E HOMO.-

qJ 
lfq 
45 
46 

47 
48 
lf9 
50 
51 
52 
53 
5'6 
55 

56 
57 

58 
59 
60 
61 
62 
63 
64 
65 
66 

67 
68 
69 
70 
71 
72 
73 
74 

75 
76 
77 
78 

79 
80 
81 
82 

IJ=I 
( c o n t in u e d) a3· 

-

• I 

-X 

< -

r • ~ 
f/ 

'· ~ 
I • l , 

't 
• 
• t 
~ 

1 
•• 
J 
t • I 
I • 
• 

• • 
• 



~ 
,...,.....--- Il=H ' 84 

Jl:N 85 
IFCI-Jlt8t 86 
Jl:N+3 87 

8 rc=o 88 
DO 9 Hl=lrll 89 
~2=ICYCIMltiJJ 90 
00 9 N1:1rll 91 
IC:IC+1 .• 92 
N2:ICYCit>llriJI , 93 
IF!N1.GE.Il1N2=~. 9'l 
CON:EIM21•GIN21 95 
IF!Ml.GE.41CON=Gili•Gl21•GI31•Gt4l/GIN21 96 
DO 9 MJ:lr25 97 

A H A T R I X 0 F C 0 E F F I C I E N T S F 0 R T H E 2 !i U N -
K N 0 W N S I S F 0 R M .:: 0 
9 AINROWrMZl:AINROWtH31+FACTOR•CON•IHilltJ1tiCtH31 98 
10 CONTINUE fl 99 

DO 11 I:l rN~! 100 
T H E L 0 A D V E C T 0 R . I S I N T R 0 D U C E D A N. D E.G U AT-

. I .0 N S C C R R [ S P 0 N D l N G T 0 T H E B 0 U N D A R Y C 0 N -
0 I T I 0 N S A R E 0 V £ R W R I T T E N 
11 AtlrZGI=FIIl 

N:l 
00 15 I:lrNM 
DO 12 J:lr2G 

12 Ati-N+ltJl:~CitJI 

IFIN.GT.MBCICO TO 15 
-IF I I.EO.NBC IN l IN:N+1 

15 CONTINUE 
T H E E Q U A T I 0 N S A R E S 0 L V E D A N D l H E . ,S 0 L U -
T I 0 N S A R E BACK·- SUBS T IT UTE D T 0 F I N D T H E 
V A L U E S 0 F A L L .T H E 'C 0 E F F I C I E N T S 

CALL HSOLVC25t2GtAt50r50) 
DO 1~ I=1 r3 
DO 14 J:lt6 
WRITE15tl001ItJ 
DO lJ K:lr16 
Q(K):Q. 
DO 13 L:lt25 

13 OIKl:QIKI+lHCitJtKtLJ•Ailt261 
' T H E VALUE9 A R E FILED·· 

WRITEt20)1QIKltK=lrl61 
14 WRITEI5tl021CQIKirK:lrl61 
102 FORMATilH rl:E10.41 
T-H [ S W H 0 L [ 0 P £RAT I 0 N IS REPEATED 
V A R I 0 U S V A L U £ S 0 F P 0 I S S 0 N'S 'R A T I 0 

END 

- - -F 0 R 

101· 
102 
103 
lOll 
105 
106 
io7 
lOS 

109 
110 
lll 
112 
113 
uq 
115 
116 

117 
118 
119 

120 
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I 

A S I H P L E G A U S S J 0 R D A N S 0 L U T I 0 N ROtJ'TINE 
F 0 R A F U L l G E .N E R A L .H A T R I X 

-----~--------------------------------------------------------------------------
SUBROUTINE HSOLVlNROWtNCOLtAt!RtiC) 
DI~ENSION AtiRtiC) 
DO 9 I=l rNROW 
K=I 
DO 3 L=I oNRO~~ 
lFIABSIACKriii-ABSCAIL•IIJit3t3 
K=L 

3 CONTINUE 
IFIAIKriii4t r4 
WRITEC5rl011 

101 FORMATClH •'SINGULAR H~TRIX 1 1 
GO TO 16 

4 DO S J=ltNCOl 

5 

6 

7 

8 
9 
16 

G=AIItJI • 
AIItJI=AtKrJI 
AIKtJI=G 
DIAG=AIItii 
('0 6 J=IoNCOL 
AIItJI=AII•Jl/OIAG 
00 9 K=1~NROH 

IFIK-Il7t'3t7 
HEAD=AIKtll 
DO 8 J=l•NCOL 
AIKrJI=AIKtJI-AiltJI•HEAO 
CONTINUE 
RETURN 
END 
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A G A U S S R 0 U T I N E 0 P E R A T I N G 0 N L Y 0 N ~ A l F 
0 F T H E B A N D W I D T H 0 F A S Y H M E T R I C A l 
8 A N 0 E 0 MATIRIX 

--------------------------------------------------------------------------------

1 

2 
3 

4 

5 
6 

7 
10i 

SUBROUTINE HTGBNDliRtiCtNRtNCrNBrA1 
DIMENSION AtiRriCJ 
NA=Nt!+1 
N=NR-1 
DO 3 I=l•N 
IFtABStAIItlJJ-l.OE-0417ot 
00 3 L=2oN8 
J=I+L-1 
IFIJ.GT.NRIGO TO 3 
IFtABS~AIItLI1-1.0E-0413tt 
DO l K=NArNC 
AIJtKI=AIJeKI-AtioKI•. IItLJ~ACltll 
N;)=NB-L+l 

~~J~K~~!;~~KI-Ali~K+:-1J•AflrLJ/ACit11 
CONTINUE 
DO 6 IA=lrNR 
I=NR-IA+l 
IFIABSIAIIrlll-l.OE-D417rr 
DO 4 K=NAr~>C 

AIIrKl=AIIoKI/Alitll 
CO 5 L=2tNB 
J=I.:.L+l 
IFtJ.LE.GIGO TO 6 
DO 5 K=NAtNC 
AtJoKI=AfJeKI-ACirKI•AIJoLJ 
CONTii'IUt: 
RETURN 
WR!TEISr101l 
FORMATilH ,•SINGULAR ~ATRIX'J 
STOP 
END 
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A P R 0 G R A M T 0 F ! T T H E C U R V E W H I C H I'NTRO-
0 U c E S T H E E F F E C T S 0 F P 0 1 S S 0 N•S R A T I 0 T 0 
T H E COEFFICIENTS 

--------------------------------------------------------------------------------
DIMENSION At10t'+ltBI3t6t16elOltCf50tSOJ 

100 FORMATII 
READCStlCOJUSoUEtNI 
UI:cu~-USI/INI-1, 

DO 1 NU:loNI 
DO ·1 I=l t3 
DO 1 J:lr6 

1 READ12DlCBIItJtKtNUitK=l•l6J 
DO 4 I:lr3 
DO '+ J:lo6 
DO 4 K:lrl6 
DO 2 NU:lrlO 
U:US+UI•INU-1) ~ 
AINUrll:l. 
AINUr2l:U 
AINUr3l:U•U 

2 AINUr41=~1IrJtKoNUI 

R ~ G R [ S S I 0 N T E C H N I Q U E I S A P P L I E C 
ro 3 IA-lo3 
UO 3 IB=lr4 
Ct!AriBJ:O. 
DO 3 IC=lrlO 

3 CtiAriBl=CIIAtlBI+AfiCrlAJ•AIICtlBJ 

'+ 

5 
101 

CALL HSOLVI3o4rCt50t~~l 
['0 q IA=lo3 
91IrJoKriAl:CIIAt'+l 
DO 5 NU=lt3 
DO 5 ·r=lt3 
oo 5 J=l•o 
WRITE12lliBIItJtKtNUltK=l•l61 
WRITEIStlOll1BlitJtKtNUitK=l•l61 
FORMATUH ol0El2.'+1 
END 
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A D ( C K T 0 U P 
T I 0 N P R 0 G R A M 
P R 0 G R A H 

0 A T E 
-, 0 A 

T H E C 0 E F F I C i E N T 
F I N I T E E L E M E N T 

'SOLU­
U S E R 

-------------------------------------------------------------------------------~ 

-1•2 
c P R E P A R A T I 0 N , 

DIMENSION Tl3t3r3ltTAC31tTCl31rTSCJirXA131tYAC31eEC31eGCQI 
ltGI3t6tlEI tFI9tl11 t8130tl11 tCC100tStlfltX1100)tYI100)r 
2NBCI1001oBCI1001tAC!DOt39)tNODEI300t31~UOLC300t31 

-3o33 
T H E 0 E S C R I P T I 0 N 0 F T H E P R 0 8 L E M A N D L 0 A D -
I N G I S R E A D F R 0 M D I S C F I L E 0 R C A R 0 S. 
T H E C 0 E F F ICIENTS 0 F T H E E X P L I C I T ~ A T R I X 
A R E R E A D F R 0 M D I S C F I L E 

RLADI8o100lNP.£Ai:ltMREA .. tNNoN£tUt£YtH 
IFcU.LE.o.os•u=o.os 
IFIU.GE.0.4.0R.U.LE.~.P5lWRITEISolOll 

101 FORMATilH •'UNSTABLE VALUE OF POISSONS RATIO') 
00 81 I=1t3 
DO Sl J=lo6 
DO 81 K=lolt; 

81 OIIoJoKI=O• 
DO 1 NU=C•2 
DO 1 I=:!.o3 
DO 1 J=lo6 
READIMREADIIXIKJrK=ltl6J 
DO 1 K=lol6 

1 Ot!oJoKI=QIIoJtKI+X(~I•CU••NUI 

--~ . 83 
82 

IFINR£A0.£0.8lGO TO 83 . 
REAJINR~ADliXIIItYIIloi:lrNNI 
t:O TO 82 
FORMA Til 
REAOI8tlOOIIXtlltVIIIti=ltNNI 
R~ADI8rlOOINLOAOrMLOAD 
NE:W=O 
DO 3 NA=l•NE 
00 88 I=loNLOAD 

88 UDLINArii=O. 
IFINREAD.NE.SlGO TO 86 ~ 

READI8tlOOIINODEINAtiioi=le31tiUOLINAtiiti:lrHLOAOJ 
GO TO 87 

86 REAUINREADIINODECNAtiiti=le~lrCUOLINAriiei:lrHLOADl 

87 DO 3 !=1•3 
J=ICYCIIo21 
IFIIABSINOD£1NArii-NODEINAtJli-NBWJ3•3 
NBW:IABSINOJEINArii-NODEINAtJII 

3 CONTINUE 

'--

N8W=3•NI3W+3 
t-'M=NBW+NLOAJ (continued) 
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•\ 

4 

5 

NM::3•NN 
DO Q I=ltNM 
DO Q J::loMM 
A II t J 1::0. 
DO 5 J::1tNLOAD 
READISrH•OI IAtitNBW+JJtl=1tNI11 
READI8tlOOlM3C 
REA~I8tlPOitNBCCI.tBCI!lti::1tMBCI 

S T A R T 0 F E L E H E N T 8 Y E L E 11 E N T 
CO ll NA=l•NE. 

c T H E U I M E N S I 0 N S ' P A ~ A 11 E T E R S 
M A T I 0 N 11 A T R I C E S A R E F 0 R M E 0 
-67t75 

C Y C L E 

a T R A N S F 0 R -
H E R E , 

P R 0 G R A M L 0 0 P S F 0 R 11 T H E E l E M E N T S T I F F N E S S 
M A T R I X I N L 0 C A L C 0 0 R D I N A T E S I N A R R A Y 'F' 

DC 9 I=lt3 • DO 9 J::lr3. 
00 9 M=l•3 .. 
MROW=II-11•3+M ( 

DO 9 N=1.3 
MCOL::(J-11•3+N 

~ FIMROWtMCOLl::O. 
FACTOR::1./IE111•Et2l*EI3l•GI411 ~ 

-78t78 
( T H E F U N C T I 0 N G E N E R A T 0. R C 0 11 E S H E R E 1 
-97' 119 
·~· F I M R 0 .I , w: 0 t I -: F I M R 0 W , t' C C' L I + F A C T 0 R • C 0 N * Q I I 1 , J 1 t I C I 
H A F T H [ t: A N D W I D T H 0 F T H E :.:.T.L~rNESS , 
M A T R I X I S FORMED I N A ~ R A Y 'A' A F T E R T R A N S -
FOR~IAT I 0 N 0 F A R R A Y 'F' 

DO 85 I::l t3 ·' 
00 85 J=1·3 -· 
DO 85 K::l r3 

.. 
NROW::tNODEINAoii-ll•!+K 
DO 85 L::lt3 

.. 

NCOL::INOCEINatJI-llt3+l-NROW+l 
IFINCOL.LE.OlGO TO 85 
DO 10 M::1r3 
11ROW::II-ll•3+11 
oo 1n N=l•3 
11COL::IJ-l)t3+N 

10 AINROWrNCOLl::AINROWtNCOLI+TIIol1tKJ~TIJtNtLI•FIMROWtHCOLJ 
p,r:: CONTINllF 
T H E L 0 A l' V E C T 0 R F 0 R A U. N I F 0 R M l 0 A C I S 
C A L C U L A T E C' 

XCG::IXAill+XAI2l+XAt31l/3. 
YCG:IYAI1l+YAI2)+YAI3)1/3. 
DO ll J::loNLOAD 
IFIUJLtNAtJ) hllo 
ro aLl I=l•: (continued) 
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I 

ol 

- N=tNOOEtNAtil-11•3 
D=UDLtNAtJl•Gtli•Gt2>•Gt31•Giq)/lZ. 
AIN+ltNBW+Jl:AtN+ltNBW+Jl+O 
D=D•SORTII2.•1Etli•Eill+EIZI•EI2l+EI31•EI3JI-3.•Etii•EIIII/IIXAII) 

1-XCGl••Z.+IYAtiJ-YCGl••Z.ll 
AlN+2oNBY+Jl:AtN+2oNBW+JI+D.IYAtii-YCGI/lO. 

84 AIN+lrNB~+Jl:AtN+ltNUW+JI-D•IXAtii-XCGI/10. 
, 1 rnN '-' If 

::! 0 U ~~ n A R Y CON!)! T I 0 N ~ E S ! R I C T I 0 N S A R E 
A P P L I E. :J 

13 

17 

18. 

11! 
T H E 

102 

DO 14 N=lrMJC 
M:Nt;CCNI 
11dW:Ni:lW-l 
DO 18 I:loMBW 
DO 17 J:lrNLOAO 
IFIM-IllJe13 
ACM-IoNOW+Jl=AtH-ItNBW+Jl-BCINI•AIH-Iti+l) 
IF I NM-M-I 11 7 .. 
AIM+ItNBW+Jl:AIH•ItNBW+Jl-BCINI•AIH•I+l) 
CONTINUE 
AtM-Iri+li:O. 
~.tMei+U:O. 

A!Mell=l. 
DO 11! J=lrNLOAD 
AIMrNilW+Jl:3CINI 

B A N D E D S Y M ~ E T R I C . H A T 
CALL HTG8NOI~OOt34tNMtMMtNBWtAl 
WRIT[l5tl02l 
FORtiATilH t'STRESS RE.SULTS A'RE UNRELIABLE 

1[ ECGE OF A PROBLEM'I 

' 

R I X -I S S 0 L V E D 

AT NODES WHICH LIE ON TH 

T H E R E L A T I 0 N 8 E T W E E N 
S U R R 0 UN D IN G N o·o E S IS 

E A C H 
R E A 0 

N 0 0 E 
F R 0 H 

A N>D I T S 

20 

21 

READINREADlJCtJB 
NML:NLOAD+7 
I=l· 
JA:Jc 

. xc=xtJBl-XtJCl 
YC=YIJBI-YIJO 
XY:SQRTIXC•XC+YC•YCI 

S U 8 S T I T U T I 0 N I N T 0 
P 0 L Y N 0 M I A L T 0 F 0 R M 

'-. 

B CI -2, :U:: XC •XCTXY 
BII-2t2l:XC•~C/XY 

BII-2t31:YC•YC/XY 
81I-2t4l=XC•XC•XC/XY 
BII-2t51:XC•XC•YC/XY 
BII-2t61:XC•YC•YC/XY 
OII-2t71=YC•YC•YC/XY 
B II-1, 1l :o. 
EII-lt21:Xc 

D I S C F I L E 

T H E 0 I S P L A C E M E N T 
S T R E S S C 0 E F F • H A T R I X 

~ 
(continued) 
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' 

., 

BU-lt31 =2. •YtC 
B ti-1•41=0. 
BII-lo5l=XC•XC 
BII-lt61=2.•XC•YC 
BII-lt71=3.•YtC•YC 
CIItli=-2.•XC 
BIIt21=-YC 
BCidi=O. 
BII•Iil=-J.•XC•XC 
BIIo51=-2.•XC•YC 
BIIo61=-vc•vc 
BIIo71=0. 
DO ~2 J=l•NLOAD 
BII-2t7+Jl=IAI3•JB-2tNBW+Jl-Al3•JA-2tNBW+JI+XC•AI3•JAtNBW+J)-YC•AI 

13•JA-lrNBW+Jll/XY 
BII-lt7+Jl=AI3•JB-ltN~~+JI-AI3•JA-ltNBW+J) 

22 BIIo7+JI=AI3•JBtN8W+Jl-At3•JAtNBW+JI 
23 READINREADIJCtJB P 

IFIJC.EQ.JAICO T0(28 
IFII.Gl.71GO TO 25 

24. 
DO 2'1 J=ltNHL 
f!l7tJI=D. 
Bl.7o51=1. 
B C7 tGI=-::.. 
HRITEI5tl031JA 

103 FORMATflH •'UNRELIABLE STRESS RESULTS AT NODE 1 ti41 
R E 3 R E S S I 0 N A N A L Y S I S S 0 L V E S R E S U L T I N G 
R [. C T A ~ G U L A R M A T R I X 
25 DO 26 J=l•7 

00 26 K=l•NML 
FIJtKl=O. 
CO 26 L=l•I 

26 FIJtKl=FIJ•Kl+BtltJl•BILtKI 
CALL HSOLV(7,NMLtft9till 
DO ~7 J=l•NLDAD 

S T R [ S S E S A R E C ~ L C U L A T E D 
CIJAtltJI=-IFilt7+Jl+U*FI3t7+Jll/ll.-U•UI 
CIJAt2tJI=-IFI3t7+Jl+U•Filt7+Jil/ll.-U•Ul 
CIJAt3tJl=FIZt7+JI/12.-2.•Ul 
CIJAr4tJI=-IJ.•FI4r7+JI+FI6t7+Jll/ll.-U•UI 

27 CIJA,5rJl=-t3.•F17t7+JI+FI5t7+Jil/11.-U•UI 
IFIJCI29r2:9o20 

23 I=I+3 
IFII.LE.3GlGO TO 21 
WRITEISolO'IlJA 

,.' 

F R 0 M T H E S 0 L U T I 0 ~ 

104 FORMATilH •'THERE ARE ~ORE THAN TEN CONNECTIONS TO NODE 1 ti4l 
GO TO 23 

29 CO 31 K=loNLCAO 
R E S U L T S A R E W R I T T E N U N 0 E R H E A D I N G S 

WRITE I !i tl 0!: l I< 
(continued) 
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105 FORMATC1HlrS3Xt'LOAa VECTOR 'rllf54Xrl31'-'l/1Xtl20('~')/3Xr•NOOC• 
lt5Xt'VERTICAL't6Xr'RCTATION't6Xr'ROTATION'r7Xr'MOHENT'r8Xt 1 MOHENT• 
~t7Xo'TWISTING't8Xt'SHEAR'r9Xt'SHEAR'/4Xt'NO.'t6Xt•OISPL·'•7Xr'ABOU 
3T X't7Xt'ABCUT Y't6Xt'lN X OIRN.'t4Xt 1 IN Y OIRN.'t6Xr'M0MENT't6Xt 1 

~IN X DIRN.•tqXr'IN Y OIRN.'/12Xr'ILENGTHl 1 o9Xt'CDIMENSIONLESSl'rl7 
5Xr'tFCRC£•L(NGTH/LENGTHl'rl8Xt'CFORCE/LENGTH)'/1Xtl20t•-•J) 

DO 31 I=lrNN . 
IA=3•I-2 
I!3=J•I 
00 30 J=IAolU 

30 ACJrKl=AIJrNJW•Kl•G.ICEY•CH••l.ll 
31 WRIT£15rl061IrtACJtKltJ=IAt1SltCCIItJtKltJ=1•5) 
106 FORMATI1Xti~r3Xr812XtE12.7l). 
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