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Abstract 

In order to understand nuclear matter at high temperatures and densities 

formed in heavy ion collisions, it is useful to use statistical-thermal models 

to (lnaly:zc tlw final state. \lYe a.pply different types of statistical distributions 

and discuss their effects. 

\lVe discuss the hadron resonance gas model and its extension to include 

the Hagedorn spectrum [1, 2, 3]. The Hagedorn temperature, TlJ is de­

tennined from the number of hadronic resonances including all mesons and 

baryons. This leads to the result Tll = 174±1l MeV consistent with the crit­

ical and the chemical freeze-out temperatures at zero chemical potential. \lYe 

apply this result to calculate the speed of sound and other thermodynamic 

quantities in the resonance hadron gas model for a wide range of baryon 

chemical potentials using the chemical freeze-out curve [4, 5]. \\le compare 

some of our results to those obtained previously [6, 7]. 

\lVe have also made additions to THEI-UvICS [8] by including charm and 

bottom hadrons from the particle data table . Then, we analyze and dis­

cuss the hadronic abundances measured in proton-proton (p-p), gold-gold 

(Au-Au) and lead-lead (Pb-Pb) collisions at Relativistic Heavy-Ion CollideI' 

(RHIC) [10] and Large Hadron Collider (LHC) [11, 12, 13] experiments us­

ing THERMl~S. The THERMUS results obtained with the 2002 particle data 

table and new particle data table (2008 particle data table) and their dif ... 

ferences are discussed. In particular, the data from the RHIC experiment 

for Au-Au collisions at 130 GeV and 200 GeV [10] are discussed and ana­

lyzed. Similarly, using the preliminary particle yield results of p-p collisions 

at 0.9 TeV and 7 TeV as well as Pb-Pb collision at 2.76 TeV [11, 12, l~)l are 

presented and the thermodynamic parameters are obtained from the fit arc 

discussed. 
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Ch pter 1 

Introduction 

1.1 Historical Overview 

of hot and 

theory behind 

(QeD), enables us to understand 

of deconfillud quarks and gluom; at bigh 
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of elem811-

Quantum 

will 

The ulti-tUl'll illto lei 

mate continUOllS t!xpcrimclltal and "n,(,"",'O is to search 

for from hadronic matter to a 

central objective of the 

IOn ,",VJ'HO~VJ10 enlc;rg]es is to reproduce as it 

just the 
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An,'.n'(T'U of the collision is 

the Im\78st collision 

lU.l'0.lUU.lE,<iU or is broken up into light nuclear 

thresholds for 
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are passed in many 

into producing new particles, 
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developments in ion \ .. U'U.101Vl.LD '-"~"A"u!J.Ll'''.l..l.CU with 

10 ~ 158 GeV /nudeOlI at 
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Proton 

outo 

swer some 

i8 the ,vorld'8 large8t 

most fundamental 

at 

tons 
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nature. In a coUider, both collision 

are accelerated, leading to much U'''''H~' 

facilities. The RHIC at 

collisions at energies to 

in the center of mass 

at RHIC), 

and analyzing the 

start their acceleration 

Synchrotron (PS) and the SPS 

LHC rings are 27 km in 
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CMS and LHCb (Large 
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the AI-

to 311-

high energy 
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those possible 
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and 5500 
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1Il 
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are four 

(A Toroidal 

. T'he 

\AIl.l.l0"UH studies. 

IHadron is a name of a class of n"'r'rlrh~c: which interact with one another. 
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parameters 

a 

our purpose, we will not into 

or part.icle detectors. This 

concentrateti fully 011 the 

without discussing in detail the I ,,","U'.IU"'.·LJ.VJ.'.IF,J.\.. 

1.2, ,ve introduce tiome the 

tio118 in heavy ion collisiollti. :Moreover, 

energieti approaching those of fundamental 

1.2 Relativistic Heavy-Ion Collisions 

motit cases, the collected data 

matter at chemical freeze-out 

stop) is well characterized hy 

'~V.LJ.i'-1"'0 two beams of gold 

their constituent quarks 

more particles are formed as 

as to what occurred inside the collision zone. 

measur-

thesis 

collisions. 

nmv are at 

physics. 

high-energy nuclear collisions, it is possible to titudy 

conditions of high temperatures and densities. The most 

common form nuclear matter, under terrestrial conditions, is fonnd 

UO'.I",J.Jlv nucleus, \vhich consists of protons and neutrons bound L.Vl'.vOJ",-,i 

nuclear foree. If nuclear matter is heated up to t"cnnn,(>rQ 

to rest mass of the pion, it becomes a mixture of ",,,',",",,,,,, 

13 
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and various particles, 

matter is ~~t~",'c.rl to as 

1 1 Quarks 

Quarks are the constituents of elemEmt;al 

and 

It was 

Subsequent 

protons, leading to meson 

to point 

of 

to as 

proton. 

are now understood to 

of are shown 

these 

Theoretical 

[28]. 

IS a 

on 

rc-

table 1.1. 

Table 1.1: The is in units of the magnitude of the charge of 
10- HI spin is in units of h. The top mass is deduced from 

experimental measurements of its decay dynamics - Flavor, M - Mass, Q - Electric Charge, 
B-1:} - Isospin Spin, S - C - Charm, b and T - Top) 

Tl1(; neutro11, 

third, more 

the meso11S and hyperons 

14 

two ) of 

of 

as the . These are known as 
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up 

are 

11e80n8 are 

(deu), 
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III SOllle cases, 

a 

(and the 

breaks the 

occupy a 

1.2.2 

Hadrons are 

have 

have zero or 

bosons. 

integer 

quark (d), 

quarks, for C_'-CHL1fnx;; 

(dss). Antiparticles 

forming the particle, for 

of a quark-antiqllark 

(us) [36, 37:. 

the structure 

of 

thi8 contradiction. a new 

the idea is 

and so forth). 

and allov,rs up to three 

state [38]. 

hadrons must be 

a blue quark, 

a 

qnark (8). Baryons 

(uud), lleutron (11,dd) , 

are formed by the 

the antiproton (f((Id). 

as 7f+ (11,d) , 7f~ 

two or, 

principle. 

number, la­

grecH, or blue 

number then 

tIlE' 1:>ame fla.vor to 

must 

two classes called baryons mesons. Baryons 

Fermi-Dirac statistics, Mesons 

obey Bose-Einstein are known as 

of baryons and mesons are zero or an 

on the electron. lIlesons and 

baryons cover a 

proximately one-sev(~nt 

extending from the 7f meson, a mass ap-

proton, to time:::; 

mass 

hadron may 

states known as resonances. 

1:>tates; 1:>everal 

15 

state 

resonances have 



Univ
ers

ity
 of

 C
ap

e T
ow

n

of QeD 
hadrons because 

This property, 

confirllled 

there are sulficicnt.ly 

quarks and ,vill 110 longer be 

of the interaction U>JL'UH")U,"" 

is known as ex-

7 

1 .3 The QeD Phase Diagram 

a 

we 

"'''''-<<J', the evolution universe 

it 

nuclear matter 

phase diagram of 

or theoretically 

form t.he 

few tens 

the 

matter is not 

there arc 

IS 

hadronised 

understood, 

,th""""t models, A ~~>"'n." 

1,1, 

quark 

Higher 11, means a stronger bias quarkl:i over 

tern-

are no anti quarks , higher 11' means a 

of quarks. 

bottom left, corner as 

Il 0, If \ve heat 

a gas of hadrons 

fluctuations 

over alltiquarks, 

At fin.;t, 

to moving 

are st.ill cOlllll1ed alld 

and kaons, most.ly) around critical 

(160 180) }'IeV, is a crossover to 

up t.he pious. and we a of 

16 
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{1"'Hlj,Il'~ It., "X\",ruU'-ulS tlUlI ,dl!dt' hi'"'' lulL 1Il1lk'i. l[,,·,' ri"e up frum 
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1.3 Thesis Scope 

this we will mainly on the use of thermal models 

for ion 

'Ne resonance 

extended hadron resonance 

models. and 

results 

[11, 16, 41, 43J. For thesis are listed 
2 

chapter we ___ ~ _____ .: discuss Hagedorn 

The temperature, IS 

resonances UL"dLl'~Hjlh mesons to a sta-

ble result MeV consistent 

thermodynamic 

follmving chemical 

obtained previously 

In 

code 

are In 

3 

of 

compare somE' of our to 

other [6, 7]. 

from 

bottom, b 

<.I·"'O~l'A.W. thermal UUYU"'" 

model assumes 

we 

of the 

data ta-

how to use and 

some 

:22]. Furthermore, we study particle of the 

and ratios as a fuuction the ,",V.lU,"'''.L that par-

place curve. 

20ur units are Ii = c 1, where Ii. and k are the Planck constant divided 21f. 
the of light and Boltzmann constant The metric tensor is defined by gllV 

I, -1. -1). 
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cuss 

IS 

and the 

4we the most 

modeL 

the Tsallis 

generalization of standard 

to the traw.:;vcrsc momentulll 

[14] and PHENIX 

[16J collaborations at 

for nOll-extensive 

using the Tsallis 

experimental results 

distribution are 

average transverse momentum 

as the 

distribution in the particular case of 

momentum distributions. An 

the transverse momentum 

estimates of the 

R that comes from the 

Chapter 5 HHct,".'C;O 
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oDlIlf'nt which uses 

proposed by C. 

decade-old 

It has been 

for idelltific(l pal'­

at RHIC and by the 

clarify the thcorct­

thermodynamical 

we ('xtr act , thermal fit 

to 

particle 

particle 

parameters of the 

vVe also dis­

high energy 

parametrization 

fits 

temperature T 
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Ch pter 2 

Thermodynamic quantitl in the 

nded Hadron Reson nce Gas 

Model 

.1 Hagedorn's Conjecture 

[I, 3] proposed that reso-

nances exponentially with the mass, m resonances. 

crease 

on 

resonances 

observation 

no ~vUF.'~' 

ill more and more 

temperature 

Bootstrap 3!1odel 

was debated strongly at a time ,vhell it was 

been widely accepted and 

50, 51, 52, 53, 54, 55, 56]. 

that the observed increase the 

can 

tm"llards higher and higher masses as more ,",VT><-'T"_ 

[57]. The exponential 

temperature, T H. Recent papers 7, 

from the Particle Data Group [57] to rnU'Clr 

20 
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Hagedorn to value of This 

of the as to 

from TIl = 
MeV to on the 

set of or as to the 

temperatnre have two 

hadronic resonances above 2 and, 

multiplying exponential. 

to the of resonances 

nets making it difIicnlt to 

mCflOUfl furt her 

of mass spectrum. 

ysis 

strange, 

the hadron mass 

large number 

t he spectrum 

fits to lIlaflS 

the factor 

prod­

baryons 

to the origina.l 

resonances, InesoIlS, 

is shown hadron masses up to 2 

IS IS at the ensem-

containing possible resonances. The is shown in 2.1 

to a good determination of mass (711,) is rea-

sonably extending a presumably 

due to of UUU~"HLJ"., resonances value. about 

below. 

to the that 

matter cannot exceed a and C;ru:>Hj,;; the beam eIl-

ergy III p-p more 

resonances produced without a COIrreSDc)n(11fll! in the 

state. IS 

at the energies at LHe JL 
" ' 

It \vas [47] that 
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included 

onallce 

as 

as a 

ter 

HJl 

on 

Their results showed that the hadron re8-

dHi'erent results for tl!(~nllodYllalllic 

and speed of sound, but the overall '~U',J.A.L"'~""'" 

Hagedorn States 1 (HS), 

to the critical 

by HS regeneration 

for 

the hadron mass 

high mass ',J"~'V',U 

llluitiple number of pions tbus 

previous \\fork of f67, 

on 

can 

a 

eXlpn~SS:lOIllS for the relevant thermodynamic qnantities non-zero 

particular, the speed of sound, Cs can be '"'"''''.''.<vL 

of the critical behavior in strongly mat-

show a sharp dip of Cs in the critical is 

thcrlllodYllHlllicR ill t he vicinity of confiucment. is l1H'~A;U 

""ES'"'"'" D'ITF>,lcori hadronic states. 

is as follows. In section 

V,le presellt the i IlfiUClICe of the 

in 

the thermodynamic 

chapter. In section 2.4, we 

in section 2.5 

III 

H~~''' .. < (HRGM) in more 

and 

with 

riperrp,'", of freedom that can contribute to fast chemical 

23 
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potentials, 

(~lltl'0PY density and 

2.2 Motivation 

thermodynamic 

heat for b(Jth 

like energy 

)'/I and 

particle data ,"VJi"U,UJ.O hundreds resonances illclud-

the 

resonances 

mesons and 

considering their 

onances decay quickly 

mass of a 

in its rest 

idea 

the Hagedorn U.LVUC: • .L 

the relationship 

c.Le. III our a list of 

total 250 in total 

the antiparticle mesons (counted without 

spin degeneracies). of the hadronic res-

interactions the detector. 

is equal to the total 

is to add resonances to 

spectrum. 

products 

hadron gas 

data we 

number of hadronic resonances and the 

mass 2.1 where we 

of states, Ph 

equation: 

hadrons with ma .. <;ses 

'Jl'"'''''''' this way has heell 

GeV. The 

the fonowing 

Ph 

c is a 

are given 

the same approach is 

[6] stated that 

heen explored 

------::;--;-:- exp 1) 

mo 1H a dpfilled lllaSH 

model, Ina 18 at (U) 

by the authors in [6, 7]. to S. 

(2.1) used 1Ha = 0.5 GeV variations 

in :6, 7]. ~ote the 

~Jl.':;-':;""f..l'JU'CUC'HH factor OC("OlJneS Hence, mo will 

qnality fit. 
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Table 2.1: The result for the 
resonances listed in A. 

c, mo and Eq. (2.1) and the hadron 

8 ,-,-----~~----~------------,_------._------_.------_. 
hadron data 

6 

4 

2 ..... 
.... .... 

Fit 
S. et al. fit 
W. Bronio'Wski et al. fit 
W. Bronio'Wski et al. fit 

Mesons fit 

OL--L------~--------~------~------~-------L------~2 
0.5 1 1.5 

In (GeV) 

Figure 2.2: Cumulative number of hadronic resonances as a function of m. The hadron data 
are included up to 2.0 and mesons from the fits of different authors, 
our fit is also shown here 

2.3 The Hadron 

Extension 

The Hadron Resonance 

in describing 

also used to estimate 

quantities calculated 

only below if the masses 

Model 

the 

Gas Model and its 

out to be very successful 

It \vas 

Thermodynamic 

occurs 
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ately to uU,,"C<JU qnark mass 

The ~~<.~~uv nr.rn"prt",t'''' of 

partition 

is 

/ dm [PA1(m) 

+ PB(m,) 

lIla 

can be 

Zb(m. \l.T. p) 

V. /1;)] . 

a temperature where the 

chemical DOteIU p, (chemical potential, /1 u,,'u.'u 

an 

and PB(m) are 

one can 

pressure P, 

Hadronic n" •• vr •• ,WT 

tal demiity 

llumbers) . 

density of mesons 

density, n. 

Os and specific 

enter these models 

baryons). 

to some lllaSS 

PII,J + PB(rn) = 

where mi are masses of the known 

degeneracy to explore the 

HRGM, one 

of lllass A 

mi :S1\ 

p(m) = g;6(m 

where the c 

but ion of the sets 

one includes an 

III 2.1. 

is given by 

c 
mi) + ( 2 

m + 

are fitted 10 

Typically this 

partition 

with mass m. 

By using 

E:, entropy density .s, 

(where p(m) is to-

tIle A r.CCH,.,"'r1 

m.;). (2.3) 

gi the corresponding 

obta.ined 

to a certain ('utof!' 

EHHG?vL 

(~)o(m A). (2.4) 

uses 

ive distri-

0.5 GeV, 
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it is adopted from references [6, 7]. The parameters arc determined from the 

hadronic spectrum with masses up to 2 GeV as shown in Fig. 2.1 and 2.2. 

The results for c and tff are given in Table 2.1. 

2.4 Expression of thermodynamic quantities in 

EHRGM 

The basic qnantity required to compute the chemical composition of hadron 

yields measured in heavy ion colliHions is the partition function Z (T. V Ii). 
\Ve are considering here the Boltzmann distribution for simplicity in order 

to preHent some of the results in a compact form. For a single particle, in 

the grand canonical ensemble, the partition function is expressed by [11, 12] 

1 _ r~\ gV1'm; (Tni) .. r (Iii) 
n Z - L 2 /(2 r1' exp l' . 27r (2.5) 

i=l 

where [(2 is modified Besse] f1lllctioll aJl(l /1'i = 8i /1'8 + Bi/1'R + QiP,q. rrhe 

meson and baryon maHH distribution are taken to be given by (2.4). 

2.4.1 Particle density and pressure 

The particle number density (total number density) is often denoted by a 

lower-case letter n, then it is expreHsed by 

l' mi<A fL. 

27r2 L exp (7:) [9i m; f{2 C;,i) + 
i=l 

i·
x 

ln2 ( m ) (m) J 
c .. ( 2 . 2)5 '1 exp -1' /(2 .1' dm (2.6) 
,m~i\ m + mo I Jl 

Very often, it is considered to an isospin symmetric system, where p'Q = 0.0 

Ge V. The pressure is expressed by 

(2.7) 

27 
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pressure can 

,p= 

terms 

is correct only distriblltion, 

2.4.2 Energy and entropy densities and specific heat 

density llsing L<""""L,UH~,UH dist.ribution of mesons 

or can be 0"'", .. ",,0"'£,,, as 

IlB, (2.8) 

density using spectruHl is 

m<A 

II,B, Il,5, II,Q) = 2.:= 
i=l 

(2.9) 

!
'X m2 

c -:-( n-l-::-2 -+-m-:::2.:-:-) ::-5/~4 
• m < '0 

(m) [ (m) - 3[(,,-
- T m 1 T dm. 

density, sand hea,t Cv can nsing the 

(2.10) 

where ns, 118 and I1Q arc the net densities for baryonic and 

respectively 

11) 

heat capacit.y quantit.y of heat. U'«'A'\..<U to the 

it reads of a system by one temperature at 

Cv(T, /lB, /ls, /lQ) T (-) (-) 
V N.V· 

(2.12) 
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detailed derivation for the thermodynamic quantities using is 

in the appendix 

2. Speed of Sound in relativistic fluid dynamics 

local rest energy-momentum tensor of an ideal 

t- O 0 0 

0 p 0 0 

0 0 p 0 

0 0 0 

It is to an frame of 1'OT',-I"'" 

do so, we usc rest frame, uO 1, 

0, ( w lwre the ,i take the 3. corresponding to 

coordinates). energy-momentum tensor ,""V'""W~"A here does not 

accoullt dissipative (viscosity and 

equatiolls relate to an fluid. The 

w = s + P is the 'vH'uH(""~1 

t>Vlnl'r"""'lnll for the 

mrnellSl()IHll form are 

cOlltinuity equatiolls of 

tensor 

unit volume. 

tensor. The 

fluid 

=0, 

conduction) ; 

which 

is 

13) 

is the 

contained in 

(2.15) 
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which express 

UUJ.U!J"~L but 

refer to 

is not conS(~f\rea 

and so 

16) 

To derive an for the conservation particle number (the 

bOll of contilluity), we usc particle 

is 

to 

number ,-,,",u,.,,,, 

nB is a 

frame. The 

vector. 

baryon 

LLU~LVU of contiuuity is 

of vector: 

vector 

n'~. It~ time r·A1' ....... ",THHlr 

components 

must 

of particles 

equating to zero 

us now return to (2.13). Differelltiating the expression III 

(2.13), we 

+ 

= v'w ()// is the 

vJ.L/lU/I = 0 and '/LIt is 

is to be 

30 

direction of 

D == ullo" is 

operator. The 

is orthogonal to 

the net charge 

=0 
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Thus, \\10. 

'With identity 

we 

T is the 

square 

have 

states that the 

describes lines of 

o. 

and the continuity 

1 'j 
-(/1/ 

fiB 
=0. 

+ (l/nB)dP. 

'","rrn,rnr per unit proper 

(slnB) O. Without the 

=0. 

is adiabatic differentiation 

Therefore, 

(2.20) 

we 

dld(J 
ratio 

of ,'; and nB '''''VUCNUF,vU. this UUIJU'~O 

(2.23) 

the continuity (2.22) can also be written a..<) 

flux SU,!I: vanishing of 

now project 

to the 

f I/v'l- v2
. 

on 

tensor on a 

components w(' 

produces the 

= (~1 yv) 
! .. I , 

on scalar 
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u/1
• A simple calculation leads to the equation 

(2.25) 

The three spatial components of this equation are the relativistic generaliza­

tion of Euler's equation: the time component is implied by the other three. 

When s/nB = constant, Eq. (2.21) gives 

and Eq. (2.25) becomes 

= (JIL _J • 

( 
'U' ) 

liB 
(2.26) 

If th(' now is also steady, with all quantities indepcudent of time, the spatial 

components of Eq. (2.26) give 

~ 

Scalar multiplication by v readily leads to the result (v. v)(',/w/nB) = O. It 

follows that along any streamline 

flU /nB = constant. (2.27) 

This is the relativistic generalization of Bernoulli's equation. Without assum­

ing that the iHentropic flow2 is steady, we can easily see that the Eqs. (2.26) 

have solutions in the form 

(2.28) 

where 'I./J is a function of coordinates and time; these are the relativistic 

analogue of potential flow ill a nOH-relativistic fluid dynalllics. To verify this, 

2An isentropic flow is a flow that is both adiabatic and reversible. That is, no heat is added 
to the flow, and no energy transformations occur due to friction or dissipative effects [76]. 

32 
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we note that, from the symmetry of the derivatives D,l(D/lv)) in f.l and lJ, 

(2.29) 

scalar multiplication by 'LtV and expansions of the derivative on the right 

does in fact bring us back to Eq. (2.26). The spatial and time components 

of Eq. (2.28) give 

---+ 
iwv/nR = V 

Let us consider the propagation of sound in a substance having a relativistic 

equation of state (i.e. one in which the pressure is comparable to the energy 

density, includillg the rest energy). 'rIle equations of fluid dynamics for the 

sound waves can be linearized; it is convenient to start from the equations of 

motion in the original form ofTlw. Substituting the expressions Eq. (2.14) for 

the components of the energy-momentulll tensor and retaining only quantities 

of the same order of smallness as the wave amplitude, we obtain the equations 

----)-
~l I ':-l n 
u[ lut = ----w v.v, 

---)0 

11) ov / at =--- V pi, (2.30) 

\vhere the prime denotes the variable parts of quantities. Eliminating v, we 
--t --t --t 

find [j2 s' / f)t 2 = t;;.pl (where t;;. = V. 'V = 'V 2). Finally, putting the relation 

given by [' = (fh::/UP)adP', we obtain the wave equation for pi, i.e., 

(2.31 ) 

with the velocity of sound, 

(2.32) 

tile suffix ad signifies that tile derivative is tH,ken for cUi adiabatic process, 

\vhich is for constant s/nB. Moreover, this formula with the ultra-relativistic 

equation of state P = ls leads to the velocity of sound being Cs = 1/-13. 

The relation for the speed of sound given in Eq. (2.32) leads us to proceed 

33 
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to the next sections to solve and analyze it using HRCHv1 and EHRG?\1 for 

pressure and energy density. 

2.5.1 The speed of sound at finite T and ME 

In hydrodynamic models, the speed of sonnd plays an import.ant role in the 

evolution of a system and is an ingredient in the understalldillg of the p,[fect:-; 

of a phase transition [67, 68, 69, 77]. It is well-known [74] that the speed of 

sound has to be calculated at constant entropy per baryon particle density 

(s/nH) 3, which is given in section 2.5. This makes the calculation more com­

plicated than the one at zero chemical potential where it is snfficicnt to keep 

the temperature fixed. III our cxtcll:-;ioll we take the condition in Eq. (2.32) 

into account for nOll-zero baryon and strangeness chemical potentials, impos­

ing overall strangeness zero. The squared speed is thus calculated starting 

from [74] 

2 (DP) C, (T. /1) = --;:) 
. (jP 

~ s/n13 

(2.33) 

\vhe1'e s /n B if> the ('ntropy per haryon dCll:-;ity which is kept fix(~d alld C:.; 
similar to Eq. (2.32), hence C; depends on T, !J'B and /18, this can be rewritten 

as 

( ~P) + (l3P) (~) + (.op) 
C~ (1'.!J) = dT ()/l'S dT DfLE 

. (OF;,) + (~) (df;~) + (ac ) 
01 UI'S d1 Up, 13 

( 
,Ip B) 
elT 

(2.34) 
( rtf,J,n) 

dT 

whE'rE' the derivatives (~j! and (~i can be evaluated using two conditions. 

Tlw first condition CO Illes frOill keepillg the ratio (s/nH) constant. From the 

derivativE' one obtains 

d (~) =0, 
17B 

(2.35) 

which implies 

(2.36) 

3 particle number is not conserved but the ratio of entropy per baryon density should be 
constant 

34 
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terms of ris this equation can written as 

( /J5) 
nB -

drts(2.37) 

divide the above pvt,rp,,,,, by dT on both so that it ne(~Olll1eS 

(as) 
HB 01' (

tifIB) 
dT +n8 (

dtts ) 
tiT 

Rearranging the 

obtains 

final expression 

s 

expression in 

A 

conditioll Olle is 

comes from overall 

ns = 

35 

to 

( O.?1B) +8 --
, ;}f1s 

d{J.B in terms 
(tT one 

(2.42) 

<"HI",~.u...,.oD neutrality, which is 

(2.44) 
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ns and are 

the derivative of equation Eq. (4.3) 

\Ve can 

\ve define L 

mesons 

now 

d(ns) = 

(2.45) can as 

(Dns) (_.) (dILB) 
aT + D/L8 

(-)+ 
the same LJ.~<"·~U'J 

[(-) 
(~~~) 

D 

(
dJi.B ') 
dT + 

as above to 

] ( d/ . .1.'B) 
dT 

- [ 

n
B + s 

baryons 

DR 

O/LS 
DR 
aT' 

(2.45) 

(2.46) 

for the 

(2.47) 

for 

mesons 

(2.48) 

(2.49) 

(2.50) 
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Hence, tIw 

Finally, by 

and 

therefore, 

Eq. (2.33), so 

T, J1.B and Ils. 

A More 

In this <-'Dr>T11>' 

,,,,here 

for two 

1 [ D+ 

(2.51) we fiud 

dJ1.s (2.52) 

(2.53) 

the and is ill the 

we can find value of C; as a fUllction of 

next subsection we will derive the more 

charm and numbers 

form of Speed of Sound 

ca.lculate the 

HI (UP) DT + 

+ (oP) 
+ (a/he) 

sound by involving 

hadrolls, which is 

(dfl'B) 
dT 

+ (~:) (dJ1.Q) 

(~~) ( ) 

form of 

chemical 

by 

(2.54) 

(2.55) 
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it is 

and b for quantum u,.u.u~"~, 

will a follow similar approach derivation 

1. 

nB HB + constant, 

no + constant. 

nc 

charm nc and bottom rib densities r~'QT""'; 

d(rlB)' 

d(ns) 

d(nQ) d(nO)' 

d(nc), 

d(nb) d(Hr,). 

to (2.58a), way 

to 

can be 

d(nB) + 

(2.56) 

as 

(2.57) 

(2.58a) 

(2.58b) 

(2.58c) 

(2.58d) 

(2.59) 
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(2.59) and (2.60) into 

dT,we 

DriB 

to 

39 

+ 

+ 

(2.60) 

(2.61 ) 

(2.63c) 

(2.63d) 



Univ
ers

ity
 of

 C
ap

e T
ow

nLP 
qrf 

'lrfe 
Si,) 

l;;} 

LIP 
O·rl 

,qrfe qrfe 
-----

qr1e 

Elue 

oue 

Tp 

Ot? 

LP 
4;11 = 

tv . brle 

'lue 

,O'de 
--

Que 

:Jrffl 
, ~-; __ = l7q 

S' -up 

LP 
',/1 = - -

Srf flrf 

= f:;) • 
Srie 

G;) --- -
'l1l(] 

"P 
brle 

rp - -----
Que 

0;) 



Univ
ers

ity
 of

 C
ap

e T
ow

n

that we can rewrite Eqs. (2.63c) and (2.63d) in 

a more of equation 

+ + + + 

can be represented in as 

rn (2.64) 

we \vrite 

a1 a2 a3 a4 05 V ao 

bi a2 (}.3 a4 a5 

(;1 a2 a3 a4 a5 

a2 a3 a4 a5 

a2 a3 a4 a5 

5 x5 rn, and are 

a1 a2 03 a4 a5 

bi a2 (L3 a4 as 

Tn C1 a2 0.3 a4 a5 

d1 a2 (La (14 as 

('1 a2 a3 at a5 

V 

W 
--7 

X X -

Z 

41 
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and 

-+ v = Co 

do 

The solution of this matrix will lead us to solve the general form of the speed 

of sound for non-zero chemical potentials using the conservation laws. 

2.6 Results using HRGM and EHRGM 

There is llot nmch difference bdwc(~ll the HRGivl alld EIlRCjM models at 

Imv temperature, T « III since the heavy resonance8 do not. play an im­

portant role t.here. Alternatively, at high temperature8, T » Ill, it should 

agree with the results of the lattice simulat.ions of QeD [78, 79, 80, 81]. In 

our case, we have determined the temperature and chemical potential (i.e., 

fJB and /LS) dependencies of the thermodynamics variable using the chemical 

freeze-out curve; these have been used and discllssed in [5, 63, M]. Based 

on these results, \ve have calculated the speed of sound. 

For the tlwl'lllodYllamic quant.ities t.hat are ddiucd carli()r, we will show 

graphically t.heir temperature, T, and chemical potentials (i.e., /),B and Ps) 

dependences. For each thermodynamic quantity, we have set three conditions 

based on the presence of lIB and /1'5, namely: 

condition A: when both chemical potentials, /lB and /1'8 are zero, i.e., 

JLB = 0 and /lS = 0, 

condition B: when /18 is zero but /1'B is nOll-zero, i.e., 

/"B i- 0 and /-ls = 0, 

condition C: when bot.h chemical potentials, liB and l',s are non-zero, i.e., 
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The of the are shown 

as 

In this condition. 

the two with 

(a)HRGM 

Figure 2.3: (a) The energy density, and pressure, in units of calculated the 
HRGM as a function of the temperature T at tiB Ils = 0 GeV. (b) The energy density, c, 
and pressure, P, in units of for EHRGM as a function of the temperature scaled by the 
Hagedorn temperature 

heat is the 

2.4a. 

it starts 

density, e: is bigger 

a uuuU.vu 

"Ul . .LU(U way, 

resonance 

and shape are to our 
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(a) HRGM 

0.1 

0.01 

0.001 0 0.050.1 0.150.20,25 0 0,2 0.4 0.6 0.8 
T (GeV) 

2.4: s, in units of T3 and interaction measure, (E 
in units of the HRGM as a function of the T at lin I},s = 0 
GeV. (b) The entropy 5, in units of and interaction measure, (0: - in units 
of for EHRGM as a function of the temperature scaled by the Hagedorn temperature TH ' 
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(a) HRGM 400 

1000 0 0 1 0 O. 5 . 0.150.2 0.25 
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(b) EHRGM 

0.2 0.4 0.6 0.8 

2.5: (a) The energy density in units of the HRGM as a 
function of the Tat 11'13 I1s = 0 GeV. (b) in units of for EHRGM as 
a function of the temperature scaled by the Hagedorn temperature 

Hence, 

tities 

both 

condition the 

states 

the HRGM, 

the same pattern as 

lllodynamic quantities 

t\\'o thermodynamic 
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2.6: (a) The energy density, and pressure, P, in units of calculated using the 

H RGM as a function of the temperature T for various lin and /18 0 GeV. (b) Energy 
10, and pressure, P, in units of for EHRGM as a function of the temperature scaled 
Hagedorn TH . 

1 0000 FrrmrrmrrrrrrrrrrTfTr1~:r:':I:::':!:T::r:':I::;-r'l'''1' 
- Ill! = 0,\ GeV 

1000 

0,1 

0.01 

Ils = 0,3 GeV 

Ils = 0,5 GeV 

Ils = 0,7 GeV 

(b)EHRGM 

- Ils = 0,1 GeV 

Ils = 0.3 GeV 

Ill! 0.5 GeV 

Ill! 0,7 GeV 

2.7: (a) The entropy, s, in units and interaction measure, , calculated 
using the HRGM as a function of the T for various fJ.B and fJ.s 0 GeV. (b) The s, 
in units of and interaction measure, (10 ~ 3P)/T4 , EHRGM as a function of the T, 
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(a)HRGM (b)EHRGM 

15 

liB = 0.1 GeV 

lis 0.3 GeV 

lis = 0.5 GeV 

liB =0.7 GeV 

Figure 2.8: (a) calculated the HRGM as a function of the T for 
various value of It13 and with lis = 0 GeV. (b) TC,,/E for the EHRGM as a function of the 
temperature scaled the temperature TJ[. 
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pressure behavior 
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to that of the 

Hence. 

the hadronic 

heat 

graphs 
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llallllC 

2.5a, 

and then 

behavior 

2.9a 

both same pattern as 

"J'.,'An".vu constant even though T 

the 

are similar to 

for 
the are 

at nonzero chemical potentials, tiB and tis, that the c, [) and s 

for a 

quantities to 

le+06 

1000 

le-06 

le-Q9 

2.9: (a) The energy 
HRGM as a function of the 
E, and pressure, P, in units of 

as T 

TH. 

HR GM as shown 

However, 

at a 

to condition 

and pressure, P, in units of T4 calculated using the 
T for various value of ILB and ILs. 

for EHRGM as a function of the temperature scaled 

2.11a. tlH~ Qn,,,,,,'" heat capacity decreasE' 

contribution '''',~'UV''k'' potentials to 

2.l1b same aDDroacn to 2.3b 2.1 a 
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(a) The entropy 8, in units of and variation measure, (E 
calculated the HRGM as a function of the T for various fIB and liS. (b) 
The density, s, in units of and interaction measure, (E ~ 3P)/Ti in units of for 
EHRGM as a function of the temperature scaled by the temperature 

case 

range from 10 

HRG M for zero 

EHRGM aB 

and 2.13b show that 

QeD, we expect as before 

proportional to the 

critical temperature 

sound will most 

versus the 

dP/dE following 

EHRGM in Eq. 

the 

the relevant 

point, TH 
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Figure 2.11: (a) TCvis in units of E calculated using the HRGM as a function of the 
temperature T for various 11B and liS. (b) TCviE in units of E for EHRGM as a function of 
the temperature scaled by the Hagedorn temperature TEl . 

GeV 

0.25 
(b}EHRGM 
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~~0.15 
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°0 0.050.10.150.20.25 0 0.2 0.6 0.8 
T(GeV) 

Figure 2.12: (a) Squared speed of sound C;(T, 11.) calculated using the HRGM as a function 
of the T with 1113 = 118 = 0 GeV, for various value of JlB but Jls = 0 GeV. (b) C:(T, p) in 
EHRGM with resonance mass truncated at Tn < 2 GeV. 
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Figure 2.13: (a) Squared of sound 
of the for various value of liD 

truncated at m < 2 GeV. 
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Chapter 3 

Extensions of TH RMUS 

This additions to 

and We briefly statf' 

how to 

particle results with 

of particle Au-Au collision at 

particle hadron species at 

at 900 as well as Ph-Ph 

for these considers 

3.1 Review of THERMUS 

i8 a 1J< .. ""n"'"",~ of 

thermal ~uvu.~~ 

the ROOT 

a hadron 

There are 

(SHARE) 

tistical 

of 

It is written by 

of analysis. 

,-""H"UU'"U'.L freeze-out. 

<AI<,LUJ. e.g., the Statistical 

is also a collection 

particle production 

Another su(x:e;sstl 
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THERMUS has three distiuct tlwruml 

canonical ensemble, \vhere baryon 

charm (C) and bottom (b) are conserved OIl 

a strangeness-canonical ensemhle 

Q, C and b are treated 

which B, Sand Q are 

aCCoUllt decay chainR and 

to 

so 

1; note that most of 

the corresponding 

First, we 

It can treats 

~uO.UOJ.U for the extension of THERMUS, then nl'r.r>nc>rt 

use 2008 particle data table and discuss the results 

[22]. 

3.2 The Statistical Formalism 

hadron 

the 

partition function contains all the 

The choice of partition function depends on 

we shall use the grand-canonieal ensemble 

and implement it \vith the 2008 particle data table in 

grand-canonical ensemble, there are "n~;nr" 

These are temperature, chemical nAlcan'n 

nOll-equilibration factors. The hot dense matter produced 

"V"U,,"VU is to be described by the 

extended source code was written by S. Wheaton. 
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In the 

served on 

/J liT) 

quantum are COll-

T and the '"U>-,UUvUL potentials, p. 

a 

±1 
(3.1) 

LU,-CHU""CL,l potential of 

mi being the mass. The 

pIns sign to fermi OIlS and L""U,LUU sign to VlJ,JVU'J. 

ensemble, we COllS1(ler the the quantum UUUUJCL 

13,8, Q, b. chemical poterlWU for hadron i is given 

by 

where 

bottom 

is widely used 

bi, 

fireball (it 

ni(1', {tl}, 

where 

+ 

and bi are 

for 

<"r.''''''''D i with 

factor 9i, 

Tis 

strangeness, 

±l 

IT = 

(3.2) 

charm and 

, 99, 100, 

hi defined as 

] 

~l 

and 

from a 

(3.3) 



Univ
ers

ity
 of

 C
ap

e T
ow

n

Th. dl<,untl.l pot('11l1R1~ Ih. 1'<1' 1'<' ijml I" lif" t.l1l'Icalll' CQ,,,tral,,,.,j III 

"lll'h<"t~l(L~ of Ih;· mmld 1,.1' tIll' IImi,,] ~lnLll!lI·J"""'. hoifl'OlI-ttH'lL"l1l" r.d",. 

d"lIJil UIle! lNuunt. 

3.3 Exte nded THERMUS Particle Set 

A~ m("utlOl}o'tl ('arlil". ill t I", l"dPn<h~1 I);ITti, w <luln I Il.bk (2OOx jWlrt kk' ,I"T I' 

tabl,'1. tl", d,{<ml "nd h()tt"," h,,,II"(>I1' "n' ,,,,-Indl'd, TIm.'. IW "'ill milko' " 

'''UlI'''lI"i",n lIit h tlw r)l't"IOU~ TH EFl.~! L'S Imrt Ii'll' dalu I "hI!' ('XIO:! pan iel,' 

d"\,, 1 "hId. \ \ 'ht 'II 1''''- look ,,\ I he flllllltx-r of ~tal\"o for tl~' Iw(' partu'w ullta 

tabl, .... ", ,h,lWIl ill Fi~~. :u ,,,,,I 3.1 ('(".r~"l,,'{"h· \\'0' " 'lOIn! h",w ,l1>,nl' T,,,,, 
ounlU ' ''' .';.;;,1 til tlo<' \UU",,',,!; (0. 0 :!l. (0 1. U 11 (Ill () tl).- .. ( l(J (J I I 1) Gr' \ 

nnd th<'n pl"l th,,,,, nlllni}t't'. wnh a"'I",,·t l<l U\ll-o (t llj' ... , .... "~ ddiu.~1 a.~ th., 

~N't'·( or tl,,· iIlt'TlI.!) 

M :05 5 

Fil .. r~ 1.1: Th< numt.., of ".t .. ro, h.,l!on part,cIe d~,. \.>bt~ .... nled ,n to,,,,, ~r 'ht" 
rnaoe<. ",duded~,. t.atyOn< (tftlJ ~"d meoo ... (b lu~1 w.,h ... J and .• q""1<s u~'o l.b Gel,< 
.\'(c>j;",~- $11!f;R.'lUS/l""'ticlu/PartL,at..PF9200:1. txt (22) 
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Fi&t!.e ] .2: Tho """'I>e< of .U'~' 'oo ..... ,"'s. do ... ",,<lie .... n«d .n r.' .... of tno" 
m ...... TI ..... ,he ~pd.ot«l THEIIMUS po.t",· do .. 'a ..... ".nclude> ''', , ,lOCI I, ~.'" 
"" 1<> II ,.[" GoV. Tr' III.~' ',lftll"IIJS/ut"""~t 1 cln/J'utt.ut.PFII20011.cB. ,~, 
(bko! ..... ,,, •• ...d ~')'Onl) 

1" ,,<louiolt I" l1t~ hi'll' 1l1~11t,,<I, ,,,. [lf~lI"'l Itt r,~~ .11 ,\110\ ,I.'~, 1" 

"1",1'1",, t\,,' (ltlf," ,'lLn' hd" ,~,t) II, ,. t",. 1"",,1,..1 .. ,1.\.1" t Ilhl,-" ,"~ I d .... U' l.tUul ~ r 

,,[ ~t"I". ill"" "I.'I.h.,I. ~""Il,.1 n .• tI".1 h' ,I""", tlll"u <ijllc"'l~' 11.,., .~, <'; • 

• d,111M' lLuml,...,. "r 1~""'fUU.'''' in d ... i"l.n"l~ (0 1121. Ill,U I I. \II,n.lIl. 

,0,1\ 1 G.·\ TI~'" "L'I till" '''1I'''~ "" ,,'f'll' II1.,-",-~ ,tI~· III ._, 1._ ,I, h" .. 1 "" 

,It., l"t'Il1. r • ~ I b" uPl)('f \ ,It. k • ,I II", ",U'I\ 0.1) • .., ,I~""" ill I'i~ i.j ""d .1 .1 

I'l"ol."·"-,-Iy Th, .... · p'.,!~." .1< II ... I .. ",\I •• ' II. ,litf.'r"I" •. f."tII.1 'm.l 

111M h\,,1 .... ",. I,,,..,.,m.'", '" t i~ ,1 
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F;I'''~ 1.1 l"c;o"'~m of 1M ~ ..... bo, ot ow .. "" ~".::~ d,,~ 1.>1>10 "'" 
lTllDll'1.lS/~tlcl"'fPartL"'-PI'elOOl .• n P2) ,n l~"" <>I , .... , ~~ 
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resonances 

detcdon; 

on 

of 

and 3.4, the number of states 

particle 

betwecll () Ge V 

The responsible for this 

particles ill order to fill 

WE' \vill discuss the method to 

on the 2008 particle 

lll-

empty 

110t filled in by 

be due to the 

gap. Based 

extension 

3.4 How to use The Extended TH RMUS? 

In we will outline how to use particle 

data 

to include V"'''H~O. resonance width 

are also available. 

a default particle list w hic.h mesons (up to 

(up to the 

Physics Eg, previously, it was up to 

Booklets [9. 

mellt 

root TTMParticleSet 

set (" 

root 

root [3J TTMParticle 

root [4J 0 

it was up to J(~(2045)) and 

) listed in the 2002 and 2008 

using the 

constructor now 

which must set to true. 

of 

("$/THERMUS/extended_parti 

= set.GetParticle(5232) 
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",true) 
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********* LISTING FOR PARTICLE Xib- ********* 

ID 5232 II Particle ID 

== 2 II degeneracy 

STAT :::: 1 Fermi-Dirac statistics 

Mass 5.7924 GeV 

Width =: 0 GeV 

Threshold =: 0 GeV 

Hard radius =: 0 

B 1 II B 

S -1 lSi 1 II S 

Q == -1 S :: 

Charm 0 ICI 0 II C :: Charm 

-1 Ibl =: 1 b =: 

=: 0 ITI =: 0 II T =: 

STABLE 

********************************************** 

root [1] loads the 2008 particle 

the 2008 particle da.ta. 

particles from the 2008 

[22]. The latest version of the 

is found in this link: http://www.phy.uct.ac . 

. html. 

.5 Results and Discussions 

based all the 2008 

obtained using the 2002 ",<>,'1-,<,1<, 

not yet been u.u'IJH~.tuvH","<U to 

62 

root 

both 
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ensembles, (the Call1OlllC:Etl 

all calculations use 

we wj}] discuss 

corresponding 

THERMUS fit. 

strangeness-canonical vU''''.LUOJLv.7. In 

a'UU-'A:NLVLU,-"ru ensemble. 

yields and ratios as 

with both particle 

3.5.1 Thermodynamic Parameters Analysis 

'Ve analyze 

MUS, and compare 

experimental 

\lVe nrc'''""1" 

200 GeV. 

results 

centrality 

and (b). 

thCSf: fignres, 

are derived from 

reference [10J Section II 

Similarly, 3.6 (a) 

in Au-Au collisions at 200 

measured values 

data for p and fi 
hyperons 

DnJSe.nt{~d in 3.5 3.6. 

861 
J 

LHe [11, 12, 

both particle data 

the thermodynamic 

for 

'An.HOi'JB,' at 130 Ge V are 

at 200 Ge V are shown in 

in [83, 84], all 

by centmlity intc-rpolations 2 

, ¢, A, A, S- and 

rapidity densities of various 

(0 6)% [10]. The 

[86, 107, 108]. 

from 

STAR 

on 

. In 

ill 

are 

2Partide rapidity densities are sometimes measured in specific centrality windows which are 
different for various experiments. to an appropriate analysis of the full data 
set, one has to find a proper method in order to estimate rapidity densities for various hadronic 

in the same window. 
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HHUHn>J data 

and 200 GeV [10~ were "V<UP':H 

ous 

no .lith"",., 

have l'eIllovcd 1'lOInC 

nm:wf:en the 

for 

and 

(for cxamplcA's 

for vari­

for both particle 

data at 130 and 200 show 

obtain a best fit; the n~sl1lting thcl'lIlOdynamic 

we 

in ordc'l' to 

were modified 

slightly the errors the 

According to ;3.6(b), the results with the 

2008 " ... (cwe". freeze-out ",-,'JlH.1',,< 

de data 

obtalued from the tit 

which 

the 

to the difference n"''''·'''.'H the two 

parameters at frcczc-ont l'Cl:'lults are 

In Prl~sent(~d Il1 

m01'lt of the particle 

THERMUS fits the experimental 

residual for 

in Figs. 

wit.hin error 

experimental data 

values are 

and we noticed 

data the 

particle tables. 

3.5 and 

for 

overestimates 

200 GeV; 

are in range -1 to 1 

a better fit to the RHle 

p-p 

were 

ratios 

at 900 

~ .• "JVLLU'H'" predicted 

in Figs. 3.7 

different. for both 

similar 
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Table 3.3: The predicted thermal fit parameters for Pb-Pb collision at 2.76 TeV on ALICE [12, 
The fit results were obtained from both THERMUS data tables. 

'" Is 

\Ve have 

0.0 
1.0 (fixed) 

results and 

yield 

corresponding 

anler,ers are presented in 3.8 and 3.9; fitkd thf:r-

are 3.2 and 3.3. 

parameters with t.he THERMUS to the experimental 

p-p and Pb-Pb vv,."",v,.,,, are stable in some ranges. In particular. the 

tempemture is 150 IVleV and 175 the beam energy 

VU"kUf,'A.L over several This over a wide range 

can 

3.6 

p 

tem. 

different collisiou 

as an indication 

in a therma.lly and 

ummary 

and discussed 

collisions at R HI C 

abundances are in 

were obtained 

The lrE:ez.e-CI1.U; ,PTnnp,,,, 

with uncertainties. They 

as a funct.ion of energy. many ways, this 

with a few parameters 

'~''''L'O'V'''O were indeed the particles in 

equilibrated "",me"rn 

abundances 

experiments using 

V .. ·LLL,"'.H with a thermally 

2002 and 2008 

chapter. III n· .. "·"'.r·, 

in Au-Au, p-

sys­

tahles and 

c>v'Co",r',n-,c>nt" for An-Au '.JVJ."1)'V1J'" at 130 GeV been 
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discussed and 

p-p 

been pn~SentE~C1 

THERI'vlUS has 

particle data tables. 

analysis of particle ratios 

elementary and heavy ion 

previous curve 

THER)';IUS needs a new 

thermal than 

llsing the preliminary ratios result in 

7 TeV as well as Pb-Pb LV1U""",U , the 

to describe the ratios two 

data table can be to np'rTr.l'nl 1110re 

and heavier hadron masses 

[9]. We have analyzed our 

[5, 63, 64] for 2008 

tHeA,"'"'' of the freeze-out curve in 

pwsent 011l'S. 

from 

using the 

Thus, 

to obtain a 
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Chapter 4 

Non-exten ave Statistical 

Distribution 

chapter nr''''''''nh, TRallis 

ti~tic<il It We1.S first 

a 

in 

form of the 

UH'<A1HHL>H"5 the of 

[44, 1 a nOn-I?X[,en sta-

Tsallis who 

It discusses non-extensive quantum '"LC"h''LK.''' 

J:S()Sc-~tIlstelm and Fermi-Dirac 

quantuIll 

ization to nOll-extensive statistics recovers the (BG) 

HS a'"'''' "'11 case. 

the next. we will discuss the thE~or'etilcal background 

statistics with a '''('''''.'C<];U.'",\..,:", show in 

dist.ribut.ion 

non -extensive 

thennodYllall1ic 

A used 

fit the tnll1SVen;p momentum lUI: .. l.lue ...... particles by 

to 

U4]. l • 

tal results 

collisions [11, 

at 

systems at 

bution in 

with 

the ALICE [11, 

16'. The 

average transverse momentum 

transverse IIlOlnentnm distribution 

q and the LC>J" ",'='1 

at 

the experimen-

ion and 

used to extract 

thermodynamic of 

distri­

is proposed for 

are presented 

T ,18]. 
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4.1 Theory of Non-extensive Statistics 

has been a "'rrynr;,,, 

From 1988 up to 

have 

that this 

some of the 

to use the nOll-extensive 

numerous statistical 

It been shown 

it provides a theoretical to 

situations, 0~L'~h:)"'~'O seem to 

the reasons are in detail in [110]. The of the 

generalized 

1V 

H' 

= 1), (4.1) 
i=1 

or, for continu urn 

(4.2) 

where q is a and 

p the correS1PoIIOUlg ~''"'''"''.' 

It is a measure nOll-

are continuons and versions of 

this cntropic of q using 

true nature the nonext.ensive statistics has not 

I"r<:1"nnr1 yet by us. It is UU'.l'O("'-' under what of 

statistics under \vhat 

understanding 

of q has in its applications to 

In chapter. we the ",·"n,~rr,o" 

nonextensive au:,,,,,,:,. q the Tsallis of the using 

"."''''''''-''A; a mathematical O""'V'-<=";"""Y> of q based OIl 

generalized .u\..'l~l"HaHH equation. 

BG in the limit q 

new entropy recovers the 

to 1 (the UVo''''l,''''-' derivation is 

of the 

in 
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to 

reason that q is called 

additivity rule; is 

I .1 are two independent systems in the sense 

is due 

(4.3) 

into those of I and .1. Since Sq is greater or equal to 0 

we can say that q < 1, q = 1 and q > 1 correspond to SUl)er,ext,ell:Sl 

1+.1 

of q, 

,n,r,·cw.u of 

by 

(1 

IS than the sum of its 

is additive) and Stl bextensivity (entropy of 

sum its parts or Btl badditivity) ret.peetl 

Rta.rt fwm the; following definitions 

(4.4) and (4.5), we get 

next is rearranging the above relation 

j 

q-l 

1 - I)Fj)q 1 

we want to prove 

j j ----------+-----------------
q-l q--l q 1 

+ Sq(I + 

74 
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where 
1 - I)p/)q ~(p!)q 

j 
Sq(1 + J) = ------­

q-l 

Finally, by rearranging the last expression of Eq. (4.6) we obtain the pseudo ad­

ditivity result found in Eq. (4.3). Another important property of probability is 

the following: suppose that the set of ~V possibilities is arbitrarily separated into 

two subsets having respectively ~VL and lFM possibilities (lVL + lVAl = W). The 

corresponding probabilities can be written as PI, P2 , ... , PI"h and P1'FL+1 • ... , Pn" 
Thus, it is straightforward to verif~' the additivity rule (Shanlloll additivity) by 

defining 
1t'L 

PL = ~Pi' ( 4.7) 
i=l 

and 
~r 

PM = L Pi. ( 4,8) 

i=l+WL 

so that Shannon additivity becomes 

where the sets P;j PL and Pi / PAr are the conditional probabilities. Now, we want 

to prove Eq. (4,9). \eVe start from Tsallis form of entropy 

we can express SI] in terms of conditional probabilities P;/ PL which is 

n~(p.i)q 1 - ,--- -.. L. P 
'1 L 

Sq({PjPr}) = 1= 1 ' 
q-

then by rearranging Eq. (4.11), we obtain 

WL 

~Piq = Pi - (q -l)PiSq({Pi/PL}). 
i=1 

75 

(4.10) 

( 4.11) 

(4.12) 
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can written ill the 

and 

is 

have 

ami 

q < 1 

the trnrnlPlnt events. 

and 

extensive 

w q 

1~ 

}) = __ i_=_1+_11_7£:;..< __ _ 

q 1 

(4.13), we get 

w 
}), 

(4.12) and (4.14) into (4.10) to 

1 
}). 

same as Eq. (4.9). Equatioll (4.9) is a 

R are numbers 

> Pi for q < 1, 

q 1 will respectively 

other condition is for 

prmppn zero 

This simple t'n'nnny'n 

IF 

= ~ 2.= Pi In Pi :::::; 
q=l 1=1 

76 

}), 

(4.13) 

(4.14) 

(4.15) 

T8a11i8 

we will 

( 4.16) 

(4.17) 

ra.re 

set 

1l0Il-

n1'(.n~'rnJ IS 
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4.2 TsaUis Distribution for Particle Multiplicities. 

stalldard 

Tsallis form has 

not to be 

of Fermi-Dirac 

the function 

eXPq(x) 

(4.23) was in 

situation arose in 

distribution i:s 

1 

proposed in 

'""U''''-''o<U.r consistent. 

proposed in 

1 

q > 1 is defined Cl."i 

{ [1 + (q - 1):r]1/(q-1) 

[1 + (1 - q):J;~l/(1 

It was 

case of Tsallis' 

some of these 

following we use 

115, 116, 117] 

if :r> 0 

if x <::;; O. 

of the 

uses 

ex-

already A 

exponential exp'l(x): 

was introduced as a compact and elegant notation for Tsallis' maximum 

distributions. form of properties of 

occurred in the 

,-",,,,v,,.,,,,,", derivation is in CLIJ,IJ':O!oHoUA 

form given in (4.22) and (4.23) will to as the 

The version be referred to as 

"<W.UQ--'J.Ll distribution It should be AULAVl.." of the 

literature. in 
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of the distribution 

to 1, e.g. ill 

the parameter q can 

to the trall(-)vcrSf! lllomCllt.nm distribution for 

are in range 1.1 t.o 1.2. 

1, deviating 

of q 

it by 20% at lllOst. An 

state to a similar [11 B 1 for the 

In where q -; 1 Tsallis form 

NUlllerkally as in Fig. 

a 1.1. 

The OOIl;zma.nl1 form to the result 

this is 

(E) = [1 l)E. 11.]~q· 
T 

form. Note we do not use 

proposed ill [121] since we use mean 

obtained from 

[l1J and 

as never being 

coin-

and (B)) 

(4.24) 

do not need to normalized. In limit where q -; 1 all distributions 

with the statistical 

(E) n B ( 4.25) 

q-->l 
nfD(E) - (E), 

lim TIBE(E). 
q-l 

A of the Tsal1is distributioll, 011 Boltzmann has 

. A comparison hai'urL.an the nf D and distributions is 

in Fig. 4.3 (A). the Boltzmann the distribution is 

larger one if q > 1, as in 

79 
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IO.-r----.----~-r----~-----.------~---.----~T=-s-a~lI~is---~B~ 

5 

0.5 1 
E 

Bol1:zfl"lann 

1.5 2 

Figure 4.2: Comparison between the Boltzmann and Tsallis-B distribution as a function of 
the energy E, keeping the Tsallis parameter q fixed. for various values of the temperature T. 
The chemical potential is kept equal to one in all curves, the units are arbitrary. 

Similary, one can compare the Bose-Einstein and Tsallis-BE distrihutions in 

Fig. 4.3 (B). Taking into account the large PI' results for particle production we 

will only consider this possibility in t.his chapt.er. As a consequence, in order to 

keep the particle yields the same, the Tsallis distribution always leads to smaller 

values of the freeze-out. temperat.ure for the same set of particle yields [119]. The 

Tsallis distribution for quantum statistics has been considered in Ref. [114, 115, 

118. 123, 124]. 

4.3 Thermodynamic Consistency 

The first and second laws of thermodynamics lead to t.he following; two diffcH'ntial 

rela.tions [125] 

dE = Tds + win, 

dP = sdT + ndlt. 

80 

( 4.28) 

(4.29) 
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1.4 ---- Fenni - Dirac q = 1.1 
Tsallis - FD 

1.2 

T = 0.001 (A) 

0.8 

0.6 

0.4 

0.2 ~ 
'<: 

" -....; ..... --
00 0.5 1 1.5 2 

E 

10,---,---,---,--,n--,,--,,--,---,-,--------,-------, 
-- Tsallis - BE 

8 

6 

4 

2 

0.5 

T= 0.4 

1.5 
E 

- - Bose-Einstein 

q = 1.1 

(B) 

2 2.5 3 

Figure 4.3: Comparison between the Fermi-Dirac and Tsallis-FD distributions (A), Bose­
Einstein and Tsallis-BE distributions (B) as a function of the energy E, keeping the Tsallis 
parameter q fixed, for various values of the temperature T. The chemical potential is kept 
equal to one in all curves, the units are arbitrary. 
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(: = , s = and n iV/V. 

thermodynamic consistency 

T 

n 

s 

The pressure, energy density and entropy 

integrals over Tsallis 

VH'unllt', physical 

are indeed 

4.3.1 Quantum Statistics Form 

The entropy in 

limit 

= -gV ./ 
+ (1-

9 is the U"",,"".''''1 and V 

com;idercd ill terms of can 

For 

to many DLU'U"LLUj'5 over all of 

V 
4rr 3 -R. 
3 

these are total 

relations satisfied 

(4.30) 

are given 

to w>,-.,.r«' the cor-

in the next section, we 

above 

in large 

[nFD In 

(4.34) 

The of 

R 

( 4.35) 

can be 

momenta are 
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it is given 

= - g L [ni III ni + (1 -

For convenience we will work with the discrete 

large 

The 

where use has 

the 

The maximization 

form. If we use 

In a 

by llsing a similar 

can 

q 

recovered with the OCUUU',""L 

the Tsallis rwD",.,,,,, 

lllq 71j + (1 

of the function 

It can be 

to lone has: 

lim Inq(x) = In(x). 
q·-l 

entropy Eq. (4.38) will 

\C"'"fJU"J.L form of the q-logarithms we 

g [ + 

~-g ni (1 + 

we can express Eq. (4.42) as 

g 

83 

(4.36) 

rest of this section. 

to [1 115,116] 

( 4.38) 

(4.39) 

in where 

( 4.40) 

n/s Tsallis-type 

J ' (4.41) 

+ ( 4.42) 

(4.43) 
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In the q ---7 1 ( 4.38) reduce to 

Bose-Einstein distributions. Furt.her, &<; we formulation 

of a 

of the constraints is average number 

=N. ( 4.44) 

the side. it turns out, it is neces-

sa.ry to have 

power of q 011 

power of q since there is 110 thermodynamic 

the energy 

it is necessary to 

namic would 

measure Eq. (4.41) 

problem. 

,f3 are 

of 

Eq, 

( 4.45) 

the power q on as no thermody-

it. The maximization the 

the constraints ( 4.44) ( 4.45) to varia-

+ ( 4.46) 

multipliers the to-

energy. nOl['CII:tla..tllllg each pY'r .. r~>QQi in 

q 

q 1 
[C n,n; r 1 

n1) 

; >tiE,) 

1] <}-1 
n~ , (4.47) 

1 (4.48) 

( 4.49) 
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then (4.48) (4.49) into (4.46), we obtain 

qn;- 1 {q 1 1 [-1+ 
which can be rewritten a .. 'l 

1 

q 1 (
1 ni) 1+ ---" 

ni 
+ 0:, 

and, by (4.51), we get 

1 
~ 1) + 

the of Hmui-Dhac 

1 

[1 + (q 1) +1 

+ l' ( 4.52) 

which is distribution rof"" ...... <,rI to in 

papers [114, 1 116]. 

approach one can 

tion from extremllll of the to two conditions: 

+ 

which to 

q 

q 1 
(4.54) 

and by (4.54) ,( 4.48) (4.49) in 

(4.55) 
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By UUE,LU5 Eq. (4.55) one obtains the pvr'rp~,,,,, 

1 

'1 + (q 

identificat i011S (} -tilT and B 
next section we review 

and 

Proof of Thermodynamical Consistency 

In to nse the above it has to 

To show 

-E+TS+ 
V 

and with respect to ti in 

namic it to 

~ [_ oE 
V oJt 

T-+ ON] +J!- , 

~ [N+ (J! q ~ 1) aJ! + 
i 

~ [N + L, T (1 + q 1 
1 [ V N+ T (1 

q 1 
-1)--

Tq(1-

explicit cakulation 
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Tsallis-BE 

1 

( 4.56) 

liT have been In 

in 

q 

by COli 1 ,Ill '0."1,'"-

that they 

WP llse thp 

to check for 

q 1 
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and 

(1 

into (4.58), 

which proves the (4.32). 

We explicitly the relation in (4.30) can 

'rt is fixed oue hah the additional constraint 

to 

No-w, we rewrite 

8n 
= -dT + -;;-dp. = 0, 

u~L 

dp. 
= 

dT 

(4.60) and (4.61) in terms of 

=2.: 

88 = q 

8S 
q 

87 

( 4.59) 

rewritten as 

(4.60) 
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8E 

Where the abbreviation 

been IntroliU(~ed 

as 
-+ 

+ 

~ [, , q-1
811i] 

V ~qni aT ' 
i 

into Eq. 

L q2 £OJ (ninj)q-l 

i,j 

, q-J 
~qnj 

j 

can rewrite the denominator 

q [-nrl + (1 
i,,j 

(q - 1) 

q 
i.j 

88 

numerator ( 4.60) 

( 4.63) 

(4.60) as 

( 4.64) 
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hence, by substituting Eq. (4.62) and (4.64) in to (4.60), we find 

since L Cij = O. this finally lcads to the dcsin:d rcsult 
i,j 

IJEI as n = T. 

I-knee tlwnnodYllamic consistency is satisfied. 

4.3.2 Boltzmann Statistics Form 

( 4.65) 

( 4.66) 

Due to its practical relevance and importance we devote a section to the Tsallis-B 

distribution. In this case the entropy is obtained from Eq. (4.33) by assuming the 

Tli « 1, this leads to 
w 

(ni - TlY) 
S B - L' t I • T = g T ni, 

q - 1 
i=] 

( 4.67) 

The ni are given explicitly as 

[ )
Ei-/-l 

Tli = 1 + (q -- 1 . T 
q 

( 4.68) 

where ni denotes the number of paTticles ill the ith energy level with energy Ei . 

The maximum of the above entropy is looked for under the constraints imposed 

by fixing the total Humber of particles N and the total energy of the system 

E, as given in Eq. (4.44) and (4.45). As in the previous section, it should satisfy 

thermodynamic consistency which is given in Eq. (4.30). The derivative of pressure 
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w.r.t. Ji 

+ 

~[N V -

~ I [N+ ~ 

~ [N+ 
now, hy 

+N+ 

T ( q 1 1 + 

T ) 
q-l 

oni 

T 
+--

op q - 1 

op T 

in (4.69), we recover (4.32). 

now the exr:lressiOlls H"·~·\.J'A' in Eqs. (4.60) 

=2: 

while partia.l are the same as 

,Oni] + 7 oj.£ , 

1 1) 1+ 

(4.69) 

in terms of 

hy 
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the above relations into Eq. (4.60), then the numerator part of Eq. (4.60) become 

(JE DE dJ1 

aT + iJ{t dT 

I:
·····--.,.q1anj 

qILJ. ') 
. 0J1 

] 

"....., " )q-l L qEi (nillj Gi,j 
i.,j 

'\"' nY 1 
L J ali 

j ,.... 

Similarly, the denominator part of Eq. (4.60) can be written as 

where 

as 
aT + _~_ ~ = '\"' 1 -- qni ni a: '3 d [1 q ..... 1] a 

aJ1 dT L + q - 1 aT 
z 

'\"' q-1 [ 1 - qnrl] anj ani 

L n i 1 + q _ 1 aft aT 
i,j 

'\"' q 1 
Lnj aft 

J 

",-------- [1 + 1 - qn;-l] nY 1 Gi,j 
~ q-l ] 
1,J 

1 q-1 - qn
z
' 

1 + . 
q ...... 1 

q(Ei-Jt) q-l = n· T l' 

(4.70) 

(4,71) 

by combining the expressions in Eq. (4,70) and (4.71) into (4.60), we fiud as before 

aEI. __ 1' as n - . 
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It has thus b(;(:Il 

the Tsallis 

ddillitions of tcmp(;rature pressure within 

non-extensive thermost.at.ist.ics to which 

first t herIllodynalllics. 

4.4 Tsallis Distribution and its Application 

The Tsa.llis 

becallse of the very 

made by the STAR 

ALICE [11, 12] 

The measured 

and therefore an 

into the 

STAR, 

for hadron 

power-law component 

to describe the data. A 

calle!l Tnallin-Levy 

where T, Po, n, 

analysis, we are not 

"nj,U';U prominence in energy physics 

fits of the transverse; momentum distributions 

colla bora tions at and by the 

collaborations [16] at the LHC. 

a limited range in transverse momentuIll 

parameterized IS to extrapolate 

Pr coverage of 

collaborations 

,~aV'.F>a that a function both t.he 

and the low PT turnover <O\'A.'"""'" necessary 

that has been is (4.73) [126], 

dN 
----~--~----~--~ 

dy 2r.nC one + mo(n 

(1+ Vl't + m~ 
(4.73) 

mo are fitting onr calculations and 

(4.73). 

one version 'which we C0I1S](1er suit.ed for de­We investigate in 

scribing results in energy particle physics. 

oniS1SlcenlCV which has not be 

main cl'iteri um will 

IHl!Jl<'Hl'Clll.'C;U correctly 

e.g. 127, ). form which we use transverse mo-
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mentum distribution in relativistic heavy ion collisions is: 

d2 N 

dPT dy 

7PTmT cosh y [_ mT cosh y - It] q/(l-q) 
g~ (27T)2 1+(q-1) T ' ( 4.74) 

\-vhere PT, TnT, y, T, IL, \,T and 9 = (21 + 1)(28 .+ 1) are: transverse momen­

tum, transverse mass, ra.pidity, temperature, chemical potential, volume and spin­

isospin degeneracy factor respectively. In the limit where the parameter q ---> 1 it 

reproduces the standard Boltzmann distribution: 

d2 7\l lim - , 
'1--,1 dPT dy 

FPTrrLT cosh y (rTiT cosh Y --- IL) . 
g' (27T)2 exp - T (4.75) 

We distinguish Eq. (4.74) from the form used by the the STAI-\" PHENIX, ALICE 

and C:\fS collaborations [11, 14, 15, 16]. We will refer to Eq. (4.74) as the Tsallis-B 

parameterization. Note that in particular the extra power of q on the right hand 

:-;i(1<: which differs from Eq. (4.73). The motivation for preferring Eq. (4.74) in 

this form is presented in detail in the next sections and hence derivation is given 

in the subsection 4.4.2. The parametrization given in Eq. (4.74) is close to the 

one used by STAR, PHENIX, ALlCE and Cl\lS. The analytic expression used in 

Refs. [11, 14, 15, Hi] corresponds to identifying 

and 

q 
n---'>--

q - 1 

T 
nC --) --. 

q-l 

(4.76) 

(4.77) 

The differences do not allow for the above identification to be made complete 

due to an additional factor of the transverse mass on the right-hand side and a 

shift in the transverse mass. They are close but not the same. In particular, 

no clear pattern emerges for the values of nand C while an interesting regular­

ity is obtained for q, temperature, T a11(l the fireball radius, R are presented in 

Figs. 4.4, 4.5, 4.8, 4.9, 4.14 and 4.15. 
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the integrated particle is reasonably more 

the transverse and longitudinal momentum 

tributions call for ",uun,IVII"'1 transverse momentum is 

oftelJ 

a very 

a 

It is not meant as 

ion "Vl,U0HJL.l.O 

transverse and a UU.un'0UL statis­

pen)()SlHOn is not used and distribution, 

chapter would be 

Tsallis 

,UIS\VCl' to Hw correct 

q 

is ultimately correct 

to make a contribution 

energy 

theory 

4.4.1 The Analytic Form of Transverse Momentum Spec­

trum 

The of the remains 011 

experimental transverse momentum spectrum and charged 

equilibrium 

Clearly, 

be as follows [129]: 

and 

The experimental 

both tbermal 

The 

when 

and can be pvnr,p,"">(,j 

a purely thermal source with a 

transverse momentum 

LLI,ua.llH distribution, 

can be to 

( 4.78) 

transverse momentum 

[130, 

CLl1,'v"'~l measures particle energy, contains 

contributiom; in 

cease to interact each 
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4.4.2 Transverse Momentum Spectrum Expansion in (q-l) 

Let us consider a. different vie.v and argne that from 

"nU"~A',H slope at PI' can be to presence of non-extensive 

ill the Htcady Htate diHtribut.ion the hadron gas. we 

write the O<U'''-'-LJ transverse momentum in way 

In 

we 

since 

dN 

the 

dN 

dYPTdpT 

--c::- cosh y [1 + xz 

vex}) y)]. (4.79) 

transverse momentum 

Eq.(4.79). q 1 ~ 

;:)cauo-.1J distribution ua'""l~'H at x ~ 0 for 

yexp (1 + 

is given 

1n(1 + xz cosh ~ xz cosh y 

order, in 

yexp coshy J(y, 

order 

(4.80) 

(4.81 ) 

= exp( - z cosh and expand the 

at x ~ 0, it 

y [1 :!:z y+ J(y,z), 
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W.Lt. Y 

dN 
'Y xz cosh y + --'---"-'---

+ 

cosh y, 

z) y, 

y. 

in x = q 1 the transverse momentum can written as 

K2 K3 arc the llH.JUlJllt;U 

deL The in Eq.( 4.88) is 

1) transverse momentum A ,,,",,lHU,, and 

in [181, 

j 

(4.84) 

(4.85) 

(4.86) 

(4.87) 

a 

K 3(Z)]} , 

( 4.88) 

third or-

are found 
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4.4.3 Fit Details 

is by the integral version of Eq (4.44), 

j. d3p [ E - I-L] q/ll--q) 
-, l+(q--l)--

. (211').3 T 

extra power q is necessary consistency. The ('{H'r",,:n 

momentum 

in terms 

dy 

[l+(q-l)~] 

and transverse mass 

JnI' cosh y 
g\l (211')2 

x [l+(q--
TltT cosh Y 

T 

y = 0 and for zero chemical potential to 

or, with 

dN I T7 TnT [ ( = g~ -,- 1 + q 
PTdpT dy ly=O (211')2 

transverse momentum: 

PrmT [ 
= gV (211')2 1 + (q 

q/ll·-q) 

'mT q/(l-q) 
1) T 

the expressions for the integrated 

erage transverse momentum, < PI' > usillg 

a is the normalization constant. 
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1.5 0.15 

= 200 GeV 0.14 
1.4 (a) 0.13 

IJ 0.12 

0.11 
1.2 

:t 0.1 

L1 • ! ! 0.09 

111 ]I ~ O.Og 

'" 1 (; 
;: 0.07 

• • 0.9 0.06 

0.05 
0.8 

0.04 

0.7 0.03 

0.6 

0.5 + -
£ p 11 'It K' K' p p 

Figure 4.4: The calculated value of q. and temperature T in Au-Au collision at 200 for 
different hadron "I-'t: .. """. 

the 

Tsallis-B 

identified hadroll 

and 4.5. 

collision at 200 GeV , we 

to obtain the q 

1'Ire shown in Table 4.1 1'18 as in 

with 

T for 

4.4 

Table 4.1: The calculated values of T and q for different hadron measured by the 
STAR in Au-Au collision at 200 GeV using the Tsallis-B form for the momentum distri­
bution. 

q 

± 0.0008 
1.0 ± 0.0091 
1. 1579 ± 0.0143 
1.0194 ± 0.0095 

p 1.0999 ± 0.0298 
P 1.1100 ± 0.0388 
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In 

sho\\rn in 

values 

for 

For the 

much 

150 

120 

~ 90 

60 

30 

to 

Au-Au 200 GeV 

III III 

III III 

III III 

q are com;istent ill the range of 1.05 is also 

in Fig. 4.4(b) there are variations in T£)lcnr,,,,T' 

and other hadron species, in particular jump 

it rises from lower to higher 

the temperature values are closer to compare to 

particle clN /clll average transverse 

to 

ma'lS of 

shows average transverse momenta 

ma'lS of hadrons increase. also 

",a,J'H"- j.J distribution 

are close to the STAR 

data. 
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p-p VS= 900 GeV 
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(h) ALlCE 
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Figure 4.13: Comparison between the measured transverse momentum distribution for 
K+, p, 11-, K- and p as measured by the ALICE collaboration [11] in p-p collision and the 
Tsallis-B distribution. The full line is a fit the Eq. (4.93) to the 0.9 
TeV data with the listed in Table 4.2. 

The collision at TeV 

arc "'"",H,,<:;U in Figs. 4.14 and 4.15; 

filted 

from the 

for various hadron 

momentum 

B distribution in Pb-Pb '-'Vl.UO,'VH at 2.76 

[12, 

radius 

Tsallis­

are nr(,,,pnt.,:.d in Figs.4.17 and 4.18. 



Univ
ers

ity
 of

 C
ap

e T
ow

n
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1.4 Pb·Pb ~2.76TeV (a) 
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1.1 • • • ;;: • • .. fT I S 0.2 .. 
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0.15 

0.8 
0.1 .. 

0.7 
.. 

0.6 0.05 

0.5 0: 
+ It- K P - + KO P It P A 11 S 

4.14: The calculated values for q and the temperature, T in Pb-Pb collision at 2.70 
TeV results with different hadron species. 

Table 4.3: Fitted values of the T and q for different hadron measured by the ALICE 
in Ph-Pb collision at 2.76 TeV using the Tsallis-B form for the momentum distribution. 

Particle q T (GeV) 
1.1609 ± 0.0002 0.0898 ± 0.0001 

17" 1.1452 ± 0.0002 0.0969 ± 0.0001 
± 0.0015 0.2557 ± 0.0004 
± 0.0015 ± 
± 0.0008 

p ± 0.0065 
j5 ± 0.0066 
A ± 0.0077 

for various 4.16 presents the integrated 

yield dN jdy average transverse momenta, (PT) for central collision (0 5%). 

to 

decreaso as 

transverse momenta 

4.16 (a) for the integrated particle yield dN/dy 

however, Fig. 4.16 (b) for the average 

hadrons increase as the mass of hOOrans increase. 
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150 Ph-Ph • • 
(c) 

100 

50 • 
• • 

• • • 

4.15: The calculated values for the radius, R in Pb-Pb collision at 2.76 TeV results 
with different hadron species. 

:? 
~ 

14 

(a) 1.2 
(b) 

• 
• • ;; ! 

.. .. 
'I) 

t:l 0.8 

• • '-' 

0.6 .. I 10 Pb"Ph 2.76 TeV 
0.4 

0.2 

0 

4.16: The particle 
with different hadron 

at mid-rapidity, dN / dll and the average transverse momentum, 

the ..... VLLW"VU at 2.76 Te V Dn~sentf'd in Table is 

values for various hadron species are 

which are in 

values of the 

than the ternDenn 

T obtained 

T values in 

108 

than 

4.2. Thus, we can U""LU.'~'· 

tliP fit ill Pb·Pb 

p-p collision The 
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Fis,ure 4.19: (ornfW""'" btr_ , .. mu:sw<d "._..e '''''mft>tum dll' n~"'''''' i~, h: + 
1\ -, ~ ~nd Ii~',,, ond \ >li mc.I!.IJ.ed by "t ALICE ", .. bot,,"," 112!'n PI>- Pb ""It...", ~rJd It.: 
T .. II, .. a d"",b"'''''' Tn" f"".rId t..CIkct> I'" ........ fIt """I'"" p.>,~,,,,,,.,, .. t"'" E" (493) ,g ,n. ~ 7(; T.V dau ""th.1It pa""r'fUI1I,W,d ," T.bk 4 l 

"'''nit-II' urn. < I'T . R'" uh,,,,,,.'<i from Ih~ hI.!; ",11 I, '-"r'UII' h",ln"~ ","-~'"'' nl~"" 

,,,,,,I by .1 ... ,\LICE ,," l>'! ~I""'~'" liZ ill I' I~Ph mlhltlH "I ~.1t1 TA '";''''' II ... 
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1'1,,· t1~)6t 'Iriku,g iUUlr" k/; 1 hal 11Ot: ,alUI." IIf \h~ parll,,"'IJ;T q at',' burly 'l~bl .. 
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up to 

show the 

parameters q, 

in 4.4, .:1.5, 

temperature, T 

4.14 and ,4.15 

the 

different 

radius factor R as 

In lIIost Ci:1.'les, the 

and 

values are 

collahorations [11, 

the 

23]. 

4.9 and 4.15 can interpreted as the 

of resonances. from 

results by 

tions [11, 12, 16] in p-p ,,vLU.,W,,,H." at 900 

collahora­

collision 

at 2.7G TeV 

III 

similar 

(4.73) 

Tables 4.1, 4.2 4.3. 

In most cases: the 

the model. If Xl, 

measured 

error on 

2 
X 

and 7 TeV as 

different beam 

are 

STAR, eMS and .£1,LIL'uL.i results [11, 

are 

collected those 

different from 

DoH"::;"'CL results 

obtained 

collision in 

is used to compare "",,,m,on 

., XN and l}l, 

is 

., Y1V are values 

by the sum of 

model and 

N 

(

Xi - Yi)2 
(J~ 

(4.96) 
i=l 

measured Yt and N is samples. 

Au-Au at GeV, p-p "UlLU"lVL",,, at 

The values x2/ndf at 

various hadron are f(mud in 4.4 and 4.5. 

\Vhcn the method of squares, one tries to 

minimum value quantity \,2 quantity a 

measure of the the discrepancy the da.ta and hypothe-

functional Hsed in the we presented in 4.4 4.5 for 

Au-Au, p-p collisions Note that, in the 

111 
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Table 4.4: The calculated values of with the Tsallis-B distribution for different hadron 
in Au-Au collision at 200 GeV measured by the STAR collaboration [14]. 

bctWCCll llUiliber fit 

of (ndf). 

One in analyzing the results is to 

tion to compare with is a measure 

'""'""'.u""u behveen experiment. 

in 4.1, 4.2 and 4.3, the analysis shmv 

the 

how good is 

shown 

is best de-

in Tables 4.4 4.5. Further, 

OalHO-iJ distribution for X2/ndf 

sions 

the 

is listed in 4.5. 

terrors are not based 

on the data but most of fits at different error 

nn~sentfo(1 in Figs. 4.7, 4.11, 4.12, 4. 4.17, 4.18 and 4.19. If 

is scaled such the minimum is 

obtained. I~rrors on 

various hadron 

momentum is higher in ion 

m 4.6 (b), 4.10 (b) and 4.16 (b). 

tifi(~d Au-An, p-p 

presented. 

of "n .. u,."".u 

a.verage transverse 

collisions as 

transverse momentum for iden­

been 

"U"U,,~ distribution in to 

a fn'('h(~-()ll t the avera.ge 

transverse momentum at 
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Table 4.5: The between the calculated values of /ndf the Tsallis-B 
distribution with the CMS and ALICE collaborations result for p-p collisions at 900 and 7000 
GeV as well Pb-Pb collision at 2.76 TeV 16] for strange and nonstrange particles. 

p-p col JS = 900 and 7 TeV (Tsallis-B) (CMS) 
Particle 
(900 GeV) 

A(900 
A (7 

(900 GeV) 
(7 TeV) 

..... 
1T 

p 

fJ 

1T 

[(+ 
[(-

l<'~ 
p 

7. 50/21 
8.45/21 32/21 
5.98/21 128/21 
10.09/19 19/19 
3.71/19 

(Tsallis-B) X2/ndf (ALICE) 

12.01/30 
12.46/30 

16.25/24 12.71/24 
7.06/24 6.23/24 

2.76 TeV (Tsallis-B) 

13.62/38 
3.92/23 

1 
17.95/31 
14.41/22 

The ,;:,,,,,"T1",' and hadronk fit to nUH.'''-JJ statistical show that 

chemical ne'eze-ou 

are on 

at 900 

average transverse momentum and 

size energy for 

7 TeV a,s as Pb-Pb collision at TeV. 

113 
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Chapter 5 

Conclu ns 

In 

ing particle 

siomi [5, 104, 

thermal 

set of 

ical freeze-out 

of the 

washes out 

In this 

nances 

to a 

QeD estimates of 

freeze-out 

calculations 

potentials 1>"'''PJcHF; 

model (HRGM) 

thermal models have 

beam energies in 

models assume the formation 

in describ­

ion colli­

which is in 

in the hadronie is characterized by a 

rnl,){YI'r~,nr among these are the chem­The most 

and baryon chmuical 

gluons remaius 

amounts of 

a He\\' analysis 

from the 

with the most recent 

transition temperature [71, 
at zero baryon density [22, 63, 

to non-zero baryon 

This iH done for both the 

resonance gas 

the 

time evolution 

generally 

decoufined 

of hadronic reso­

. This leads 

ba.sed on lattice 

also the chemical 

extended the 

includes the eXJPO][lerltUtlly of 

the 

increase in ~v~'''!''"'" 

shows a 

chemical potentials. 

goes to zero at 

an 
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purpose of EHRGM is to confront 

tions """'r'",,,,..,,,n" with quark masses 

range of 

thermodynamic 

of recent calcula-

prediction of the 

As we saw, the HRGM 

well up to unexpectedly 

previous table (2002 

Impi(~lfiiem;ea in 

l\fUS [22J­

data 

'-'VI,LV',U particles are included in the 2008 

grand-canonical ensemble 

to the results. to implement 

[22]. In addition, 

we for various ,,,,',U»JlVLL 

energies the freeze-out curve 5]. 

have discussed the 

at RHIC 

abundances un;;"",I",> in Au-Au, 

THERMUS. 

results w(~re with two data tables, 

plained. particular, the ',UJlHO>V"li:> at 

130 200 Ge V \vere the prelim i-

nary particle 

yield ,""u",-,U""",'V",,, the 

wetn obtained fwm 

obtained THERMUS were to fit the 

experimental results from p-p Pb-Pb at the LHe. 

out was found to between 150 175 MeV. 

type 

The nl~'TPlr" such as 

strangeness saturation factor, 

chemical hAhn .... potential were to 

within uncertainties. [5,109] as a 

energy. 

Finally, we quantum form 
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we hl:1V!~ 

ature T 
the 

Boltzmann 

a 

considered the 

emphasized 

laws of 

a':l well a<; the rU-i,,"'\.J.LJ 

gnJenrlellt was obtained. 

frolll ttl(' fit; tbe estimates 

R that comes 

q which is a measure for the 

was found to be around 1.11. 

resulting 

HUCU<',U to 

recent measurements from 

collaborations at 

distribution, 

q, the temper­

V. Hence, 

from a standard 

v~alues of the 

spread around 100 , 18;. 
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Appendix A 

Hadron mass spectrum data table 

The hadron masses can be expressed in terms of mass spectrum (MS) and its log-

arithmic form of MS. This is arranged in table Al up to mass 2 GeV. 

Mass (GeV) MS In(MS) Mass(GeV) MS In(MS) 

0.13957 3 1. 09861 1.58 372 5.91889 

0.493677 5 1.60944 1.594 375 5.92693 

0.497614 7 1. 94591 1.6 439 6.08450 

0.54785 8 2.07944 1. 617 444 6.09582 

0.67 12 2.48491 1.63 460 6.13123 

0.775 21 3.04452 1.639 465 6.14204 

0.78259 24 3.17805 1.647 474 6.16121 

0.89166 30 3.40120 1.65 494 6.20254 

0.896 36 3.58352 1. 66 506 6.22654 

0.938272 40 3.68888 1.662 515 6.24417 

0.939656 44 3.78419 1.667 522 6.25767 

0.95766 45 3.80666 1.67 589 6.37843 

0.98 46 3.82864 1.6724 604 6.40357 

0.9847 49 3.89182 1.67245 612 6.41673 

1.01946 52 3.95124 1.675 636 6.45520 

1.11568 56 4.02535 1.68 663 6.49677 

1.17 59 4.07754 1.6888 684 6.52796 

1.18937 63 4.14313 1.69 692 6.53959 

1.19264 67 4.20469 1.7 756 6.62804 
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1.19745 71 4.26268 1. 71 764 6.63857 

1.2295 80 4.38203 1. 717 776 6.65415 

1.23 89 4.48864 1. 72 801 6.68586 

1.232 121 4.79579 1.724 802 6.68711 

1.271 133 4.89035 1.732 817 6.70564 

1.2751 138 4.92725 1. 75 829 6.72022 

1.2818 141 4.94876 1.756 830 6.72143 

1.294 142 4.95583 1.773 850 6.74524 

1.3 145 4.97673 1. 775 886 6.78672 

1.31486 149 5.00395 1.776 914 6.81783 

1.3183 164 5.09987 1.8 926 6.83087 

1.32171 168 5.12396 1.81 934 6.83948 

1.35 169 5.12990 1.815 939 6.84482 

1.351 178 5.18178 1.816 961 6.86797 

1.3828 186 5.22575 1.82 993 6.90073 

1.3837 194 5.26786 1.83 1009 6.91672 

1.386 197 5.28320 1.842 1014 6.92166 

1.3872 205 5.32301 1.854 1021 6.92854 

1.403 211 5.35186 1.86484 1022 6.92952 

1.406 215 5.37064 1.86962 1024 6.93147 

1.4098 216 5.37528 1.8751 1030 6.93731 

1.412 220 5.39363 1.89 1106 7.00851 

1.414 232 5.44674 1.9 1122 7.02287 

1.425 235 5.45959 1.903 1127 7.02731 

1.4256 245 5.50126 1.905 1175 7.06902 

1.4264 248 5.51343 1.909 1178 7.07157 

1.4324 258 5.55296 1. 91 1210 7.09838 

1.44 270 5.59842 1.915 1246 7.12769 

1.453 275 5.61677 1.92 1316 7.18235 

1.46 279 5.63121 1.93 1422 7.25982 

1.465 288 5.66296 1.94 1446 7.27656 

1.474 291 5.67332 1.944 1451 7.28001 

1.476 292 5.67675 1.945 1455 7.28276 

1.505 293 5.68017 1.95 1519 7.32581 

1.518 298 5.69709 1.96 1567 7.35692 
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1.5195 306 5.72359 1.96849 1569 7.35819 

1.52 322 5.77455 1.973 1573 7.36074 

1.525 327 5.78996 1.982 1594 7.37400 

1.5318 335 5.81413 1.992 1595 7.37463 

1.535 347 5.84932 2.001 1622 7.39142 

1.562 352 5.86363 

Table Al. The list of hadron masses, Mass and their 

form of MS for hadron masses from pion mass until 2 GeV data. 
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Appendix B 

Energy Density for a Hadron Gas 

function for the Boltzmann UJ.O •. ,Ul> is given by 

(B, 

, p = m sinh(y),E =m cosh(y), m and 

¥ = l, we have 

exp ( ~mc.osh(Y)) 
T 

,2) 

the ddinitiollH sinh(y) = ~~ we have 

now the integrand 

2 
sinh2(y) = -----

4 

1 
4 [cosh (3y) --

this back into 

1 [j'OO InZ = =----:::--4 0 (cosh (3y) e 

120 

,4) 
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U:-;ing the 

and 

we have 

but from 

thus the 

Trw energy 

We can A 

For the first A 

for the modified 

is defined by [19J 

Bas 

A 

A = _81nZ. B = 
V aT ' 

a r g"VTm2 , (Tn) l 2 l\ 2 -;:-- exp 
21i T 

gVTn
2 

[}{ Jl}{ 
2 - - 2+ 

T 

121 

(8.8) 

(B.11) 

(8.12) 

(B.13) 

J 
(8 

exp 

(8.16) 

exp (8.17) 
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To 

v op 
J1T 
V 

energy density, we add A and to 

exp 

122 

(B.18) 

(B.19) 

(B.20) 
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Appendix C 

Derivation of 

Formalisms 

on-extensive 

C.l Tsallis Entropy 

(q 

of can be written in the 

the limit q tends to L Which is 

w 

= 
i=l 

then, 
w 

SBC = 

define eXPq(x) , q> 1 as 

w 

i=l 

exp(q In 

if x> 0 

if x::; O. 

1) 

(C.4) 
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OULJ,U",. method given in Eq. (C.2), we can 

q tc'nds to 1, which is 

(x) in the 

we rewrite 

since 

c. 
Let us 

q < 1, 

q 

to ex) 

[112]. 

or, 

by 

exp(x) == { liffiq_l [1 + 
limq-+l [1 + 

if x> 0 

if x ~ 0, 
(C5) 

in 

In 

following form 

L'Ho:spital's limit rule 

if x 0 

if x 0, 

{ 

limq-+l 
In (exp(x)) == . 

hmq_d -;-;-,--;;-"'--;-

if x> 0 

if x 0, 

"~<I""<Uh Eq. (C7) can give us the usual 

{ 
exp(x) 

= exp(-x) 

if x 0 

if x O. 

and q-Logarithm 

about 1.he above definitiolls 

function vanishes for x 

fTom 0 to 00 when x increases 

eX!)Olllcnlr,Ial function continuous and 

"rc.<;>,,,,,, from CXJ to 1/(q-1), remaining 

4.1. The; following property is sa.tisfied: 

more 

[ 
-qx] l/q _ 1 ..} 

e l / q - x (\Ix, \lq , 
eq 

=1 

124 

(C.6) 

((7) 

4. for 

and 

to 00. 

increases from 0 

x > l/(q 1) 

(C9) 
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Ot.her .-.,.".,",0,.1"00 are: 

v); (Cll) 

= lnqx + y + q)(hlq x)(lnq (V'(x, V); 

as, eXl.m.n:SlOIli; are in a 

13) 

d 1 
Inq x = (V'.r; V'q), 

xq (CI4) 

(:1:) 1 lUq - = .... [lnq x -y q 
yj (V'(x,y); 15) 

1 
x (C 

x 
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