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Abstract

In order to understand nuclear matter at high temperatures and densities
formed in heavy ion collisions, it is useful to use statistical-thermal models
to analyze the final state. We apply different types of statistical distributions

and discuss their effects.

We discuss the hadron resonance gas model and its extension to include
the Hagedorn spectrum [1, 2, 3]. The Hagedorn temperature, Ty is de-
termined from the number of hadronic resonances including all mesons and
baryons. This leads to the result Ty = 174411 MeV consistent with the crit-
ical and the chemical freeze-out temperatures at zero chemical potential. We
apply this result to calculate the speed of sound and other thermodynamic
quantities in the resonance hadron gas model for a wide range of baryon
chemical potentials using the chemical freeze-out curve 4, 5]. We compare

some of our results to those obtained previously [6, 7].

We have also made additions to THERMUS [8 by including charm and
bottom hadrons from the particle data table [9]. Then, we analyze and dis-
cuss the hadronic abundances measured in proton-proton (p-p), gold-gold
(Au-Au) and lead-lead (Pb-Pb) collisions at Relativistic Heavy-Ion Collider
(RHIC) [10] and Large Hadron Collider (LHC) [11, 12, 13] experiments us-
ing THERMUS. The THERMUS results obtained with the 2002 particle data
table and new particle data table (2008 particle data table) and their dif-
ferences are discussed. In particular, the data from the RHIC experiment
for Au-Au collisions at 130 GeV and 200 GeV [10] are discussed and ana-
lyzed. Similarly, using the preliminary particle yield results of p-p collisions
at 0.9 TeV and 7 TeV as well as Pb-Pb collision at 2.76 TeV [11, 12, 13] are
presented and the thermodynamic parameters are obtained from the fit are

discussed.



At last we discuss and apply the Tsallis distribution that has been used
recently to fit the transverse momentmn distributions of ideutified parti-
cles by the Solenoidal Tracker At RHIC (STAR) [14] and the Pioneering
High Energy Nuclear Interaction eXperiment (PHENIX) [15] collaborations
at the RHIC and by the A Large-lon Collider Experiment (ALICE) [11] and
Compact Muon Solenoid (CMS) [16] collaborations at the LHC. Theoretical
issues are clarified concerning the thermodynamic consistency of the Tsal-
lis distribution in the particular case of relativistic quantum distributions.
Furthermore, an improved form is proposed for describing the transverse
momentum distribution and fits are presented fogether with cstimates of the

parameter g, the temperature 7" and the fireball radius R[17, 18].

Finally, a part of the original results discussed in this thesis has been
published before in [19, 17, 18].
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Chapter 1

Introduction

1.1 Historical Overview

The study of relativistic heavy ion collisions combines nuclear pliysics with
elementary particle physics. High-energy nuclear collisions provide a way of
analyzing the properties of hot and dense hadronic matter in terins of elemen-
tary interactions. The theory behind strong interactions, namely Quantum
Chromodynamics ((QUCD), enables us to understand how hadronic matter will
turn into a plasma of deconfined quarks and gluons at high density. The ulti-
mate goal of the continuous experimental and theoretical efforts is to search
for the phase transition from hadronic matter to a Quark-Gluon Plasma
(QGP) [25, 26]. The central objective of the experimental program in heavy
ion collisions at high energies is to reproduce matter as it would have been

just after the birth of the universe.

In the last 30 years, nuclear collision energies have increased from a few
MeV /nucleon for fixed targets to the current collider cucrgies with world
wide collaborations. As the energy of the collision 1s increased, the rele-
vant degrees of freedom change. At the lowest collision energies, the nucleus
remains unchanged or is broken up into light nuclear fragments. As the
thresholds for particle production are passed in many stages, some of the

energy of the system may go into producing new particles, such as pions or

11



kaons. At higher collision energies, the relevant degrees of freedom are ex-

pected to be quarks and gluons rather than hadrons !, forming the QGP [26].

The modern developments in heavy ion collisions are accomplished with
beant energies of 10 — 158 GeV /nucleon at fixed-target facilities: e.g. the Al-
ternating Gradient Synchrotron (AGS) at Brookhaven National Laboratory
(BNL) and the Super Proton Synchrotron (SPS) at the European Center for
Nuclear Research (CERN). Both the AGS and the SPS accelerate protons

aud several types of lous outo fixed targets of heavy nuclel (271

The LHC is the world’s largest particle accelerator. It is expected to an-
swer some of the most fundamental questions in particle physics, high energy
physics and astro-physics; it is advancing the understanding of the deepest
laws of nature. In a collider, both collision partners, the “projectile” and
“target” are accelerated, leading to much higher energies than those possible
at fixed-target facilitics. The RHIC at BNL and the LHC at CERN produce
Au-Au and Pb-Pb collisions at energies up to 200 GeV/nucleon and 5500
GeV /nucleon respectively in the center of mass frame. These high energics
make it possible to increase the production of rare particles that are not ac-
cessible at lower energy facilities [28].

The experiments at the RHIC consist of four interaction positions, namely
STAR, PHENIX, PHOBOS and BRAHMS (Broad RAnge Hadron Magnetic
Spectrometers Experiment at RHIC), and many physicists are involved in
setting up the experiment and analyzing the data. At the LHC, both pro-
tons and lead ions start their acceleration chain using Linacs which then feed
into the Proton Synchrotron (PS) and the SPS before being transferred to
the LHC rings. The LHC rings are 27 km in circumference. There are four
interaction positions at the LHC, which are, ALICE, ATLAS (A Toroidal
LHC ApparatuS), CMS and LHCb (Large Hadron Collider beauty). The
ALICE experiment is dedicated to relativistic heavy ion collision studies.

CMS and ATLAS are designed to perform high precision studies in p-p col-

YHadron is a generic name of a class of particles which interact strongly with one another.
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lisions but also perform heavy ion experiments. The LHCb specializes in
b-physics (beauty quark physics) experiments, particularly aimed at measur-
ing the parameters of CP violation in the interactions of b-hadrons (heavy

particles containing a bottom quark).

For our purpose, we will not go into detail here about the acceleration
process or particle detectors. This has been discussed in [27, 29]. This thesis
concentrates fully on the statistical models which are used for the hadrons
without discussing in detail the phenomenological aspect of these collisions.
In section 1.2, we introduce some of the important concepts of the interac-
tions in heavy ion collisions. Moreover, heavy ion experiments now are at

energies approaching those of fundamental interactions in particle physics.

1.2 Relativistic Heavy-lon Collisions

In most cases. the collected data for heavy ion collisions show that the
hadronic matter at chemical freeze-out (i.e., the moment when inelastic colli-
sions stop) is well characterized by equilibrium distributions [30, 31, 32, 33,
34, 35].

RHIC collides two beams of gold ions traveling at nearly the speed of
light. The collision “melts” the protons and neutrons and, for a brief in-
stant, liberates their constituent quarks and gluons. Just after the collision,
thousands more particles are forined as the system cools off. These particles

provide a clue as to what occurred inside the collision zone.

By utilizing high-energy nuclear collisions, it is possible to study nuclear
matter under conditions of very high temperatures and densities. The nost
common form of nuclear matter, under terrestrial conditions, is found in
the atomic nucleus, which consists of protons and neutrons bound together
by the strong nuclear force. If nuclear matter is heated up to temperatures

comparable to the rest mass of the pion, it becomes a mixture of nucleons,
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pions, and various other particles, collectively denoted hadrons. Under these

circumstances, nuclear matter is referred to as hadronic matter 26].

1.2.1 Quarks

Quarks are the basic constituents of elementary particles. Theoretical mod-
els built on the quark concept have been very successful in understanding

and predicting many phenomena in the physics of elementary particles [28].

It was plausible that the charge cloud which constitutes the proton is a
probability distribution of some sinaller, perhaps point like constituents [36].
Subsequent high energy, deep inelastic scattering experiments of electrons on
protons, leading to meson production, revealed form factors corresponding
to point like constituents of the proton. These proton constituents, first re-
ferred to as partons, are now understood to include the constituent quarks

of the proton. The properties of quarks are shown in table 1.1.

Table 1.1: Properties of quarks. The charge is in units of the magnitude of the charge of
an electron, 1.6 x 10719 coulomb, spin is in units of A, The top quark mass is deduced from
experimental measurements of its decay dynamics (F - Flavor, M - Mass, ) - Electric Charge,
B - Baryon number, I3 - Isospin Spin, § - Strangeness, (' - Charm, b - beauty and T - Top)
[24].

F| M, GeViE | Q B |Spin| Is [ STC b T
w | 0.0015-0.004 | +2/3 | ¥1/31/2[1/2] 0 | 0 | 0 | O
d | 0.004—0008 | —1/3 | +1/3]| 1/2[1/2] 0 | 0 | 0| 0O
c| 1.15-135 |+2/3 +1/3]1/2| 0 | 0 |+1] 0] 0
s | 0.080-0130 | -1/3 | +1/3|1/2] 0 |-1] 0 |0 | ©
t | 1743%51 | +2/3 | +1/3]1/2] 0 [0 10 ] 0 | +1
b | 41-44 | -1/3[+1/3[1/2] 0 | 0 | 0 |+1] 0

The proton, neutron, and piou are composed of two kinds (or *flavors” ) of
quarks. A third, more massive quark is a constituent of “strange” particles,

including the K mesons and hyperons such as the A®. These are known as
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the up quark (u), the down quark (d), and the strange quark (s). Baryons
are composed of three quarks, for example the proton (uud), neutron (udd),
A% (uds), and =~ (dss). Antiparticles such as antiprotons are formed by the
antiquarks of those forming the particle, for example, the antiproton (@dd).

Mesons are composed of a quark-antiquark pair, such as the 7% (ud), 7~
(da), K (u3), and K~ (us) [36, 37.

A problem arose when the structure of observed baryons required two or,
in some cases, three quarks of the same flavor in the saine quantum state,
a situation forbidden for spin-1/2 particles by the Pauli exclusion principle.
In order to accommodate this contradiction, a new quantum number, la-
beled color, was introduced; the idea is that each quark is red, green, or blue
(and the antiquarks, antired, and so forth). The color quantum number then
breaks the degeneracy and allows up to three quarks of the same Havor to

occupy a single quantum state [38].

According to QCD, hadrons must be colorless; for example, barvons must
consist of a red, a green, and a blue quark, and mesons of a quark-antiquark

pair of the same color (for example, a red quark and an anti-red antiquark).

1.2.2 Hadrons

Hadrons are categorized in two classes called baryons and mesons. Baryons
have half-integer spin, obey Fermi-Dirac statistics, and are fermions. Mesons
have zero or integer spin, obey Bose-Einstein statistics, and are known as
bosons. The electric charges of baryons and mesons are either zero or an
integer times the charge on the electron. Masses of the known mesons and
baryons cover a wide range, extending from the = meson, with a mass ap-
proximately one-seventh that of the proton, to values of the order of 10 times

the proton mass [39].

Hadrons have excited states known as resonances. EFach ground state

hadron may have several excited states; several hundreds of resonances have
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been observed in particle physics experiments. Resonances decay extremely
quickly with time via the strong nuclear force. In other phases of QCD
matter the hadrons may disappear. For example, at very high temperature
and high pressure, unless there are sufficiently many flavors of quarks, the
theory of QCD predicts that quarks and gluons will no longer he confined
within hadrons because the strength of the strong interaction diminishes with
energy. This property, which is known as asymptotic freedom, has been ex-
perimentally confirmed in the energy range between 1 GeVoand 7 TeV [40].

All free hadrons except the proton and antiproton are unstable.

1.2.3 The QCD Phase Diagram

According to the standard model, the evolution of the early universe included
a QGP phase at a very early stage (a few tens of microseconds after the Big
Bang) before it cooled down and the quarks and gluons hadronised into

ordinary nuclear matter [20].

The phase diagram of quark matter is not well understood, either experi-
mentally or theoretically but rather there are differeut models. A commonly
conjectured formn of the phase diagram is shown in the Fig. 1.1. The relevant
thermodynamic quantities are the quark chemical potential ¢ and the tem-
perature 7". Higher p means a stronger bias favoring quarks over antiquarks.
At low temperatures there are no antiquarks, and then higher p means a

higher density of quarks.

Now, imagine starting at the bottom left corner of the phase diagram as
shown in Fig. 1.1, where p = T = 0. If we heat up the system without intro-
ducing any preference for quarks over antiquarks, this corresponds to moving
vertically upwards along the 7" axis. At first, quarks are still coutined and
we create a gas of hadrons (pions and kaons, mostly). Then around critical
temperature, 7, in the range of (160 — 180) MeV, there is a crossover to the

QGP: thermal fluctuations break up the pious. and we find a gas of quarks,
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1.3 Thesis Scope

In this thesis, we will focus mainly on the use of statistical thermal models
for the hadron particle multiplicities in elementary and relativistic heavy ion
collisions. We used the statistical thermal models, i.e., hadron resonance
gas model, extended hadron resonance gas model and non-extensive Tsal-
lis statistical models. These models have been implemented, analyzed and
discussed for the results of SPS, AGS, GSI, RHIC and LHC experiments in
111, 14, 15, 16, 30, 34, 41, 42, 43]. For this thesis the units are listed in the

footnote 2.

In chapter 2, we mainly discuss the Hagedorn spectrum and analyze the
results. The Hagedorn temperature, Ty, is determined from the number of
hadronic resonances including all mesons and baryons. This leads to a sta-
ble result Ty = 174 + 11 MeV consistent with the critical and the chemical
freeze-out temperatures at zero chemical potential [19]. We used this result
to calculate the speed of sound and other thermodynamic quantities in the
hadronic resonance gas model for a wide range of baryon chemical potentials
following the chemical freeze-out curve. We compare some of our results to

those obtained previously in other papers [6, 7).

In chapter 3 discuss the results from the extension of the THERMUS
code [8] by including charm, ¢ and bottom, b quarks in the particle data ta-
ble. THERMUS uses the statistical thermal model to analvze experimental
results. The statistical thermal model assumes that at freeze-out all hadrons
are in the hadron gas. In chapter 3, we mention and state the statistical
formalism using the statistical thermal model and explain how to use and
implement THERMUS with the 2008 particle data table; and compare some
of the results with those literature [22]. Furthermore, we study particle yields
and particle ratios as a function of the collision energy by assuming that par-

ticle production takes place along the freeze-out curve.

2Qur unitsare h = ¢ = k = 1, where h, ¢ and &k are the Planck constant divided by 27,
the speed of light and Boltzmann constant respectively. The metric tensor is defined by gH*
= diag(+1, —1, -1, ~1}.
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In chapter 4 we discuss the most promising new development which uses
the non-extensive statistical model. This model was first proposed by C.
Tsallis, and is called the Tsallis distribution [44]. It is a three decade-old
now-extensive generalization of standard statistical distribution. It has been
used recently to fit the transverse momentun distributions for identified par-
ticles by the STAR [14] and PHENIX [15] collaborations at RHIC aud by the
ALICE [11] and CMS [16] collaborations at the LHC. We clarify the theoret-
ical background for non-extensive statistics and show its thermodynamical
consistency, In addition, using the Tsallis distribution, we extract thernal fit
parameters using experimental results from high-energy elementary particle

collisions [23, 45] and heavy ion collisions [11, 12, 16].

In particular the Tsallis distribution fits are used to determine particle
vields at mid rapidity, average transverse momentum and parameters of the
system at thermal freeze-out, such as the freeze-out temperature. We also dis-
cuss the Tsallis distribution in the particular case of relativistic high energy
transverse momentum distributions. An improved form of parametrization
is proposed for describing the transverse momentum distribution. The fits
are presented together with estimates of the parameter ¢, the temperature 7'
and the radius factor R that comes from the volume factor V are presented

in chapter 4 [17, 18]. Finally, Chapter 5 makes concluding remarks.
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Chapter 2

Thermodynamic quantities in the

Extended Hadron Resonance Gas
Model

2.1 Hagedorn’'s Conjecture

In 1965 Hagedorn [1, 2, 3] proposed that the number of hadronic reso-
nances increases exponentially with the mass, m of the resonances. The
hypothesis was based on the observation that at some point a further in-
crease of energy in p-p and p-p collisions no longer raises the temperature
of the formed fireball, but results in more and more particles heing pro-
duced. Thus, there is a maximum temperature that a hadronic system can
achieve. The Statistical Bootstrap Model [1] predicted that asymptotic be-
havior. The idea, was debated strongly at a thme when it was first pro-
posed. However, it has since been widely accepted and discussed by many
authors 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56]. The concept was based
on the assumption that the observed increase in the number of hadronic
resonances would continue towards higher and higher masses as more exper-
imental data became available [57]. The exponential increase determines the
value of the Hagedorn temperature, Ty. Recent papers [6, 7, 58, 59, 60, 61]

have used the latest results from the Particle Data Group [57] to revisit the
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original analysis of Hagedorn model and to update the value of Ty. This
resulted in a widespread of the possible Ty values, with large variations as to
whether one considers mesons or baryons with values ranging from Ty = 141
MeV to Ty = 340 MeV depending on the parametrization used and on the
set of hadrons (mesons or baryons). Thus, there exists uncertainty as to the

value of the Hagedorn temperature which have two origins:
e Sparse information about hadronic resonances above 2 GeV and,

e The analytical form of the Hagedorn spectrum, especially the factor

multiplying the exponential.

The first item will probably take longer time to be resolved satisfactorily due
to the width of resonances and also due to their large number of decay prod-
uets making it difficult to identify thew. Splitting the spectrum into baryons
and mesons further decreases the quality of the fits to the mass dependence
of the mass spectrumm. We therefore propose to stick to the original anal-
ysis of Hagedorn and consider a sum over all resonances, baryons, mesons,
strange, non-strange, charm, bottom etc. Using a simple parametrization
of the hadron mass spectrum, we show how to estimate the total spectral
weight of these states. The overview of hadron masses and their spectrum
is shown in a tabular form for hadron masses up to 2 GeV in Appendix A.
This is the state that is produced at the LHC, namely, a hadronic ensem-
bles containing all possible resonances. The result is shown in Fig. 2.1 and
leads to a good determination of Ty because the range of mass (m) is rea-
sonably large extending up to 2 GeV before reaching a plateau presumably
due to the sparsity of hadronic resonances above this value. Details about

the parametrization used will be presented below.

The Hagedorn temperature naturally leads to the notion that hadronic
matter cannot exceed a limiting temperature and increasing the beam en-
ergy in p-p and protou-antiproton (p-p) collisions result in more and more
hadronic resonances being produced without a corresponding increase in the
temperature of the final (freeze-out) state. This is the situation observed
at the highest energies at the LHC [11, 12]. It was suggested [47] that the
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included in the Hagedorn model. Their results showed that the hadron res-
ounance gas model gave different results for thermodynamic quantities such
as the energy density, pressure and speed of sound, but the overall chemical

analysis was reasonably stable.

Furthermore, the use of so-called Hagedorn States ! (HS), based on the
exponentially increasing spectrum, close to the critical temperature (7,) can
explain fast chemical equilibration by HS regeneration [66] and provide a
unique method to compare lattice results for T, using thernal fits. The HS
provide a lower \* than thermal fits without HS [65]. These authors esti-
niated the effects by extending the hadron mass spectriun beyond 3 GeV
for Ty = 200 MeV and assume that high mass excited K™ states produce
only kaon while producing multiple number of pions thus further reducing
the K /nt ratio [62].

In this chapter, we extend previous work of 167, 68, 69] by including
explicit expressions for the relevant thermodynamic quantities for non-zero
chemical potentials. In particular, the speed of sound, C; can be considered
as a sensitive indicator of the critical behavior in strongly interacting mat-
ter [55]. The results show a sharp dip of Oy in the critical region, which is
an indication that thermodynamics in the vicinity of confinement is indeed

driven by the higher excited hadronic states.

The outline of this chapter is as follows. In section 2.2 start with motiva-
tion, and in section 2.3, we preseut the influence of the Hagedorn spectrum
on the hadronic vields to fiud the thermodynamic paramcters and explain
the basic concepts used in this chapter. In section 2.4, we derive the number,
energy and entropy densities and in section 2.5 discuss the derivation of speed
of sound using relativistic fluid dyuamics, in addition to that, expressed in
Hadron Resonance Gas Model (HRGM) in more detail manner. In section

2.6, we show the results using HRGM and its Extension of Hadron Resonance

'Hagedorn states provide extra degrees of freedom that can contribute to fast chemical
equilibration times for a hadron gas [65].
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Gas Model (EHRGM) for particular thermodynamic quantities and discuss
the dependence of squared speed of sound, C? on temperature and chemi-
cal potentials, then compare thermodynamic gquantities, like energy density,
entropy density and specific heat for both models, i.e., HRGM and EHRGM.

2.2 Motivation

The particle data table contains hundreds of hadronic resonances [57] includ-
ing the well-known stable hadrons (under strong interaction) like nucleons,
pious, hyperons (€, £, Z). kaous e.t.c. In our calculations we used a list of
hadronic resonances including in total 250 baryons and antibaryons, in total
348 mesons and antimesons, i.e, the antiparticle of mesons {counted without
considering their isospin and spin degeneracies). Most of the hadronic res-
onances decay quickly via strong interactions before reaching the detector.
The mass of a decaying particle is equal to the total energy of the products

measured in its rest frame.

The basic idea of this chapter is to add resonances to the hadron gas
using the Hagedorn mwodel for the spectrum. Usiug the hadronic data we
show the relationship between the number of hadronic resonances and the
mass in Fig. 2.1 where we took hadrons with masses up to 11.019 GeV. The
density of states, p, [46] obtained this way has been fitted using the tollowing
equation:

pr(m) = “——f—m €xp (in"‘) (2.1)

(m? +mg)” Th

where ¢ is a normalization constant and mg is a particular defined mass
constant are given in table 2.1. In this model, mq is usually fixed at 0.5
GeV: the same approach is used by the authors in [6, 7]. According to S.
Chatterjiee [6] stated that in Eq. (2.1) used my = 0.5 GeV and variations
in mgy have been explored and discussed in 6, 7]. Note that mg — oc, the
pre-exponential factor becomes constant. Hence, choosing proper mg will

improve the quality of fit.
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Table 2.1: The result for the parameters ¢, mg and Ty using Eq. (2.1) and the hadron
resonances listed in appendix A.

Parameter Value

c (GeV)32 1 0.16 + 0.02
my (GeV) 0.5

Ty (GeV) | 0.174 + 0.011

8
e hadron data J !
- - Fit
L. | - = - S. Chatterjee et al. fit . e
- W, Broniowski et al. fit // P
== W. Broniowski et al. fit P S
6 e <
E
[
20
=
2 S
-
.-
7.4 P
Mesons fit
i . l 5 l L
(8]
a.5 1 1.5 2
m (GeV)

Figure 2.2: Cumulative number of hadronic resonances as a function of m. The hadron data
are included up to 2.0 GeV, including baryons and mesons from the fits of different authors,
our fit is also shown here (dashed line).

2.3 The Hadron Resonance Gas Model and its

Extension

The Hadron Resonance Gas Model (HRGM) turned out to be very successful
in describing particle abundances produced in heavy ion collisions. It was
also used to estimate QCD trausport coefficients in [66]. Thermodynamic
quantities calculated in lattice QCD [70) agree well with the HRGM occurs

only below Ty if the masses of the hadrons in the model are tuned appropri-
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ately to match the large quark mass used in lattice calenlations [71, 72, 73].
The thermodynamic properties of the HRGM can be determined from the

partition function

mZ(V.T.u) = / dm [py(m) In Zy(m. V. T, p)

+ pp(m)InZ;(m V. T, p)]. (2.2)

where the gas is contained in a volume V; and has a temperature 7 and
chemical potential g, (chemical potential, g defined as the combination of
charge, baryon and strange numbers). Z, and Z; are the partition functions
for an ideal gas of bosons and fermions respectively with mass m, pay(m)
aud pgp(m) are the spectral density of mesons and baryons. By using Eq. 2.2,
one can compute the number density, n, energy density &, entropy density s,

pressure 2, speed of sound €y and specific heat C.

Hadronic properties enter these models via p(m) (where p(m) is the to-
tal density of mesons and baryons). The HRGM model takes the observed

spectrum of hadrons up to some cutoff mass A.

my<A

p(m) = pp(m) + pplm) = Z gi0(m — ), (2.3)

where m,; are the masses of the known hadrons and g; the corresponding
degeneracy factor. In order to explore the stability of results obtained using
the HRGM, one takes the observed spectrum of states up to a certain cutofl
of mass A and above this one includes an exponentially vising density of
hadron states, which is defined in Eq. 2.1. This defines the EHRGM. The

density of states in this model is given by
mi <A

p(m) = Z (R ) I e —— (%)Q(m ~A).  (24)

(7’71.2 + Wl%)‘r’/d ’ H

where the parameters ¢ and Ty are fitted to data ou the cumulative distri-

bution of the sets of hadrons, h. Typically this model uses my = 0.5 GeV,
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it is adopted from references [6, 7]. The parameters are determined from the
hadronic spectrum with masses up to 2 GeV as shown in Fig. 2.1 and 2.2.

The results for ¢ and Ty are given in Table 2.1.

2.4 Expression of thermodynamic quantities in
EHRGM

The basic quantity required to compute the chemical composition of hadron
yields measured in heavy ion collisions is the partition function Z(7T.V, u).
We are considering here the Boltzmann distribution for simplicity in order
to present some of the results in a compact form. For a single particle, in

the grand canonical ensemble, the partition function is expressed by [11, 12]

m; <A

gVTm? my L4
InZ = Z W[('Z (T ) exp (F> (2.5)

i=1

where Ky is modificd Bessel function and p; = S;us + Bipp + Qipg. The

meson and baryon mass distribution are taken to be given by (2.4).

2.4.1 Particle density and pressure

The particle number density (total number density) is often denoted by a

lower-case letter n, then it is expressed by

mi <A
oy T i’ L 5 m;
(T, pp. s jio) 52 E exp (%) [gm‘z;Kz ( T ) +
i=1
e m? m m
e @XP | — | K (—) d 2.6
pz/rn?/\ (m? + mg)pn 0 <Tu) ‘AT m1 (26)

Very often, it is considered to an isospin symmetric systen, where i = 0.0
GeV. The pressure is expressed by
_0InZ

P(T. jpg. pis. i) = T
(T g ps. 11gy) AT

(2.7)
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where the pressure can also expressed in terms of the number density times

temperature, i.e., 7 = nT; this is correct only for Boltzmann distribution.

2.4.2 Energy and entropy densities and specific heat

The energy density using Boltzmann distribution which consists of mesons

or baryons can be expressed as

72 0
7—1 Z+Z’” TnZ. (2.8)

{1, g, phg. b
(T pp. ps. piq) = VvV arT V o,

The energy density using the Hagedorn spectruim is given by

i) =5 [ o () o o (32) 22, (2)] )]

h (2.9)

where
- m? m m
4, = ¢ S —— L [ 9 ) K ( } .
Ay = ¢ ‘/m (m? + m2)5/t exp ( ,”> 3K, (T + = = 11) dm

The entropy deunsity, s and the specific heat ¢, can be computed using the

following relation

£ P nglts — nphp — NMQLHQ
T '

S(T Hp, s, ;LQ) = (210)

where ng, np and ng are the net munber densities for strange, baryonic and
chaxge particles respectively
T onz

Ngrgy = — .

(2.11)

and the specific heat capacity Oy is the quantity of heat needed to raise the

temperature of a system by one unit of temperature at fixed volume, it reads

as oE
Cv(T, pp.prs. pg) =T (&‘f) (df ) - (2.12)
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The detailed derivation for the thermodynamic quantities using HRGM is

given in the appendix B.

2.5 Speed of Sound in relativistic fluid dynamics

In the local rest frame, the energy-momentum tensor of an ideal gas has the

form
£ 0 0 0
T _ 0 P 0
60 0 P 0
g 0 0 r

It is straightforward to find an expression for 7" in any frame of reference
[74]. To do so, we use the fluid 4-velocity u#. In the local rest frame, v’ = 1,
u' = 0,(where the letters + and j take the values 1,2, 3. corresponding to the
spatial coordinates). The energy-momentum tensor considered here does not
take account dissipative effects (viscosity and thermal conduction), therefore
the equations relate to an ideal fluid. The expression for 7% which gives the

above energy-momentum matrix tensor with these values of u# is
TH = wutu” — Pgh”, (2.13)

where w = =+ [” is the enthalpy per unit voluune. Hence, this is the required
expression for the energy-momentunm tensor. The components 7% in three-

dimensional form are

iy wted .
T8 o= YL pe,
(1 —v?/c?) * ‘
< w' ~ w e+ Pv?/c?
AL , oW T o pZ " (214
el —v2/c?)’ 1—e?/c? 1—w?/c? (2.14)

The continuity equations of ideal relativistic fluid dynamics aré contained in

8,T" =0, (2.15)
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and
OuNE =0, (2.16)

which express the local laws of conservation of energy-momentum and baryon
number but the particle number is not conserved, only quantum numbers like
baryon number, electric charge and strangeness are conserved, so Eq. (2.16)

should refer to baryon number conservation.

To derive an equation for the conservation of particle number (the equa-
tion of continuity), we use the particle flux 4-vector nfy. Its time comnponent
is the number density of particles, and the three spatial components form the
three-dimensional particle flux vector. The vector 1y must be proportional

to the 4-velocity u#, so that
nly = nput, (2.17)

where npg is a scalar and just the baryon number density of particles in the
rest frame. The equation of continuity is obtained by simply equating to zero

the 4-divergence of the fux vector:
Jy(nput) = 0. (2.18)

Let us now return to Eq. (2.13). Differentiating the expression given in
Eq. (2.13), we obtain

0, T = 1,0, (we”) + wu"du, — 0,P = 0. (2.19)

We multiply this equation by v*, i.e. project it on the direction of the 4-
velocity. Since in this space-time derivative decomposition D = u#d, is the
convective time derivative and " = "), is the gradient operator. The
projection onto the 3-space " = ¢ — utu” = Y is orthogonal to u”,
that is, Y#*u, = 0 and »* is the hydrodynamical 4-velocity of the net charge

and is to be normalized such that u#u, = 1 and therefore v#d,u, = 0 [75].
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Thus, we find

g (wu”) —u"0, P = 0. (2.20)

With the identity wu” = nu”{w/n) and the equation of continuity Eq. (2.18),

we obtain .
L o w -,
npu’ |0, | — | — —0, P =0,
ng iy

By the thermodynamic relation
dlw/ng) =Td(s/ng) + (1/ng)dPl. (2.21)

where T is the temperature and s the entropy per unit proper volume, the
expression in square brackets is Td,(s/ng) = 0. Without the factor ngT’, we
have '

u’dy(s/ng) =d(s/ng)/do = 0. (2.22)

which states that the flow is adiabatic and the differentiation given by d/do
describes for the lines of the fluid clement concerned. Therefore, their ratio

of s and ng unchanged, this implies that

d (;5;) =0/ (2.23)

By the equation of continuity Eq. (2.18), Eq. (2.22) can also be written as

the vanishing of the 4-divergence of the entropy flux suf:

du(su)y = 0. (2.24)
We now project the energy-momentum tensor on a direction perpendicular
to u*. For the 4-velocity components we have v = (v.vv), u, = (. —vv)
where v = 1/4/1 — 2. This produces the combination

N 2l e A .
o) —uu"dhT; = 0;

the expression on the left gives zero identically on scalar multiplication by
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uf. A simple calculation leads to the equation
wu’dyu, = J, P — u,u’o,D. (2.25)
The three spatial components of this equation are the relativistic generaliza-

tion of Euler’s equation: the time component is implied by the other three.

When s/ng = constant, Eq. (2.21) gives

ul” = npd, <‘E'> .
ng
w w
WO |\ | = O — . 2.26
U <”Bu;'> K (713) (2.26)

If the flow is also steady, with all quantities independent of time, the spatial

and Eq. (2.25) becomes

components of Eq. (2.26) give
1/(v._V+)(ﬁ,fwv/nB) + —VA}('UJ/TLB> =0.

—
Scalar multiplication by v readily leads to the result (v.V)(rvw/ng) = 0. It

follows that along any streamline
yw/ng = constant. (2.27)

This is the relativistic generalization of Bernoulli’s equation. Without assum-

2

ing that the isentropic flow? is steady, we can easily see that the Eqs. (2.26)

have solutions in the forin
wu,/ng = —0,. (2.28)

where ¥ is a function of coordinates and time; these are the relativistic

analogue of potential flow in a non-relativistic luid dyuainics. To verify this,

2 An isentropic flow is a flow that is both adiabatic and reversible. That is, no heat is added
to the flow, and no energy transformations occur due to friction or dissipative effects [76].
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we note that, from the symmetry of the derivatives 0,(d,¢) in p and v,
Oy (wuy,/ng) = dy(wu, /np); (2.29)

scalar multiplication by ¥ and expansions of the derivative on the right
does in fact bring us back to Eq. (2.26). The spatial and time components
of Eq. (2.28) give

= /
~wv/ng =V 1, ~w/ng+ /ot = 0.

Let us consider the propagation of sound in a substance having a relativistic
equation of state (i.e. one in which the pressure is comparable to the energy
deusity, including the rest cnergy). The equatious of fluid dynamics for the
sound waves can be linearized; it is convenient to start from the equations of
motion in the original form of 7. Substituting the expressions Eq. (2.14) for
the components of the energy-monientuin tensor and retaining only quantities

of the same order of smallness as the wave amplitude, we obtain the equations
AT = . . =
Oe'JOt = —w Vv, wov/ot = -V I, (2.30)

where the prime denotes the variable parts of quantities. Eliminating v, we
find 622 /9t? = AP’ (where A = V.V = V?2). Finally, putting the relation

given by £’ = (02 /01F)qF”, we obtain the wave equation for /7, i.e.,

d= ] O*P
EN e

with the velocity of sound,

C”s -\ (ap/{d€>(1,(l; (232)

the suffix ad signifies that the derivative is taken for an adiabatic process,
which is for constant s/ng. Moreover, this formula with the ultra-relativistic
equation of state PP = :]3—: leads to the velocity of sound being €y = 1/4/3.

The relation for the speed of sound given in Eq. (2.32)'1ea‘ds us to proceed
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to the next sections to solve and analyze it using HRGM and EHRGM for

pressure and energy density.

2.5.1 The speed of sound at finite T and up

In hydrodynamic models, the speed of sound plays an important role in the
evolution of a system and is an ingredient in the understanding of the effects
of a phase transition [67, 68, 69, 77]. It is well-known [74] that the speed of
sound has to be calculated at constant entropy per baryon particle density
(s/ng) 3, which is given in section 2.5. This makes the calculation more com-
plicated than the one at zero chemical potential where it is sufficient to keep
the temperature fixed. In our extension we take the condition in Eq. (2.32)
into account for non-zero baryon and strangeness chemical potentials, impos-
ing overall strangeness zero. The squared speed is thus calculated starting

from [74]

., )P
CXT. p) = (d ) : (2.33)
‘ a IS

where s/ng is the entropy per baryon density which is kept fixed and €2

similar to Eq. (2.32), hence C? depends on 7', up and pg, this can be rewritten
q ; 7 7

(50 + (35%) () + (35) (49)
() + () () + (3) ()

I . .
G can be evaluated using two conditions.

as

2

CHT. p) =

(2.34)

o
)

o)

. 4 1
where the derivatives © (’19‘? and

The first condition comes from keeping the ratio (s/npg) constant. From the

d ({;) =0, (2.35)

npds = sdng. (2.36)

derivative one obtains

which implies

3particle number is not conserved but the ratio of entropy per baryon density should be
constant
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In terms of T, ug and 5 this equation can be written as

as s s
ng ()T) dl" 4+ ng (%) dpg +np (C;;,&S> dis
dnpg ong dng
= di + e 2.37
( pra ) <C’MB> diug + s (@1«5‘ djrs(2.37)
divide the above expression by dT' on both sides, so that it becomes
s s dip s dprg
o (5) + e () (i) 00 () ()
Onp ong dpg ( ong (1’@«,
= 8| == | - e B e 2.38
S(ar) “(a,u,g) (d’T 5 G (2:38)

Rearranging the above expression in order to write lff in terms of % one
., s dnp dig
B g Oig dT
dng s s dng dits
= —npg|— ] — e | 2.39
=+ (5F) o Gr) - ) (5)) (3 Je

Defining

obtains

()S dnpg
, Js ong
B = g (d#g) — & (M) R (241)
, ds Jng
= npf|—1]—35 2.42
¢ = i) (52) e

The final expression for condition one is

dep 1

dar ~ B

cd;{:b
{A e } (2.43)

The second condition comes from overall strangeness neutrality, which is

Ny = Ng (2.44)
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where ng and ng are the strange and antistrange particle densities. Similarly

the derivative of equation Eq. (4.3) should thus satisfy
d(ng) = d(ng) (2.45)

this implies that Eq. (2.45) can be expressed as

Ong N dng c_i;,z_g + dng @3
orT Oip drT diis dT
Ing dng \ {dpg’ ong\ [dus
= - . A
(5T) i <81L8> (dT ) N (3&»3 dr (2:46)

N . . . It
We can apply the same method as above to write ‘iﬁ% in terms of “E2 for the

dng\ [ dng dup
Oip g drT
Ing Ong Ing ong ( diig
= ==l = | — 1. 2.47
(df) (C’T) K%J (é’pﬂs dT (247)

we define L = ng, which represents the strangeness density for baryons and

above relation

Mesons

B M
L =ng +ng .

and R = ng, the antistrangeness density for baryons and mesons
_ .. B, M
R=mng+ng.

Define now

oL oR

E o= — 2.48
dpp  Oup ( )

, oL oR

F = — 2.49
dis  OJus ( )

. dl.  8R

) = — — ; .

D=5 a7 (2550)
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Hence, the final expression for condition two becomes

AT~ E

dup 1
dT

D+ Fdﬁ} . (2.51)

Finally, by equating Eq. (2.43) and Eq. (2.51) we find

dps  AE ~ BD
dI' = BF -CE’

(2.52)

and

dup CD — AF
dI'  BF - CE’
therefore, by plugging the relations of ‘i’;f and % that is used in the
Eq. {2.33), so that we can find the explicit value of €2 as a function of

(2.53)

T, up and pg. In the next subsection we will derive the more general form of
speed of sound that involves all the chemical potentials which are baryons,
strangeness, charge, charm and bottom quantum numbers will be considered.

A More General Form of Speed of Sound

In this section calculate the speed of sound by involving all the chemical

potentials (i.e., pg, ps, pg, o and p,) for hadrons, which is given by

. R
CHT. ) = Fi (2.54)

_(or AP\ [dug
m= (5r)+ () ()
PN (disy (98 ) (dug
Ous ) \ dT dug ) \ dT
ar dje ar dy,
— | [== — [ =2 2.
() () + () () e

where
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and

?E_ é‘(_{g + _85 d/j’Q
s darl : dT
Os dpe de ity
(é),u.c) ( aff) * (dm}) ( dar ) (2.56)

where (' and b stands for charm and bottom quantum numbers respectively.

We will a follow similar approach for the derivation of C? to the one given

in section 2.5.1. Hence, all chemical conservation relations can be written as

ng == ng -+ constant,
ng = ng,
ng = ng + constant,
N = Mg,

Ny = N, (2.57)

where the conservation of the number of baryon ng, strangeness ng, charge
ng, charm ne and bottom n, densities respectively. Hence, its derivatives

becomes

ding) = d{ng), (2.58a)
d(ns) = d(ng), (2.58b)
d(ng) = d(ng). (2.58¢)
d(ng) = d(ng) (2.58d)
d{ny) = d(ng). (2.58e)
it is also possible to write Eq. (2.58a), in this way
Onpg dng dnp ong ()TLB onp
ding) = ——dT+-—dppg+-—-d dpog+—=dpc+ djy, (2.59
(RB) ([Z}T (’)1,13 HB ('9;1,5 HS+C) Q d e ;L( () 1y b ( )
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and

7 d Ing 0 ong
ding) = "Bary an,u,B+ - (igngrd:LB d,uQ%*() d;;

ar dpp Oues (260)

by combining Eq. (2.59) and (2.60) into Eq. (2.58a) and divide both sides by
d1’, we obtain
Onp  Onpdpg  Onpdus  Onpdupg  Ongdpc | dnpdpy
or  Oup dT' ~ Ops dT  Oug dT' Opc dT Oy dT
Ong Ongdpp  Onpdus  Ongdpg  Ongdpe  Ongdp

: : : . , : — 2.61
oT  dup dT" dus dT' Opg dT' Oue dT° Oy dT (2.61)
rearranging to yield,
ditp diig dig d[!( dyt,
4 - 3 .5 = 262
G gy T T ey T (2.62)
where
ong  Ong dnp  dng ong Ong dng ()ng
(g = — | = 17 ==, Gy = =, Ay = .
aT oT dug Oug Ous  Jug ()}LQ Opg
and . )
dng  Onp dng  dng
Gy == 7 = o, 3 = TR
Oprer C)}iC‘ Oy Oprp

We applied a similar approach to the other Egs. in (2.58b), (2.58¢), (2.58d)

and (2.58e). Hence, we obtain

dug dug dug dpe dis,
ar g T thgp Thyp
ditp diis d#@ dpc dn,

by

= by (2.63a)

1 T + (:2% +c S UT + (1—(;‘:1:“ + C-'?.J,-z: = €y, (2-63b)
duB dus d)UQ dpc djuy
d = do. :
var T a7 gy T dgE = o (2.63¢)
dy. d d 1 d
LG s Gl GHe | G (2.63d)

“aar T ar | T T Our
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these imply that we can rewrite Eqs. {(2.63a), (2.63b), (2.63c) and (2.63d) in
a more general form of equation

a1V + asW + a3 X + a4Y + azZ = ay,
BV +0W + b3 X + 0yY + b5 Z = b,
1V 4 oW + e X + oY + o572 = ¢y,
AV + doW + ds X + d,Y + dsZ = dy,
eV + oW +es X + ey +e57 = e,

The above equation can be represented in matrix form as

—> —
mz = (2.64)

which means, we write

21 Uy a3z Q4 Q3 V g

231 o 3 Qg 4ag W g}(]

cyo@e a3 ag a4zl (XL =

d] o a4z a4 a4y Y Cﬁ(}

C1 az 43 44 G Z Cp

= . —> 3 .
where the 5 x § matrix m, I and v are given b\f
a1 o Qg G4 dap
bl as iy 4 U4x
m= 1¢y ay az a4 as

di ap az a4 as

€1 Q9 a3 ¢4 Qay

e
W
T =X
v
L Z -
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and

ag
bo
H
Vo= ) (g
do
[ €0 ]

The solution of this matrix will lead us to solve the general form of the speed

of sound for non-zero chemical potentials using the conservation laws.

2.6 Results using HRGM and EHRGM

There is not much difference between the HRGM and EHRGM models at
low temperature, T' < Ty since the heavy resonances do not play an im-
portant role there. Alternatively, at high temperatures, 7' > Ty, it should
agree with the results of the lattice simulations of QCD {78, 79, 80, 81]. In
our case, we have determined the temperature and chemical potential (i.e.,
pp and pg) dependencies of the thermodynamics variable using the chemical
freeze-out curve; these have been used and discussed in [5, 63, 64]. Based

on these results, we have calculated the speed of sound.

For the thiermodynamic quantities that are defined earlier, we will show
graphically their temperature, 7', and chemical potentials (i.e., up and ug)
dependences. For each thermodynamic quantity, we have set three conditions

based on the presence of pp and pg, namely:
condition A: when both chemical potentials, ;g and pg are zero, i.e.,

pp =0 and pug =0,

condition B: when pug is zero but pp is non-zero, i.e.,

pp #0 and ps =0,

condition C: when both chemical potentials, ;g and pg are non-zero, i.e.,
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pp # 0 and pug # 0.

The behavior of the thermodynamic quantities in condition A are shown
in Fig. 2.3a and 2.4a using the HRGM, both have the same pattern as T
increases. In this condition, the hadrons have no dependence on chemical

potentials, hence the two quantities increase with temperature.
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Figure 2.3: (a) The energy density, £, and pressure, P, in units of 7 calculated using the
HRGM as a function of the temperature 7' at up = pg = 0 GeV. (b) The energy density, ¢,
and pressure, P, in units of 7% for EHRGM as a function of the temperature scaled by the
Hagedorn temperature Tyy.

Similarly, in Fig. 2.5a, the specific hicat capacity is scaled by the temper-
ature =/T shows different temperature dependence from Fig. 2.3a and 2.4a,
it starts decreasing as T increases for HRGM, this is because of the energy
density, ¢ is bigger than TC,. The shape of the graphs shown in Fig. 2.3b
- 2.5b show a sudden change and start to increase rapidly at a particular
T. Hence, this happens at the Hagedorn temperature, Ty. In a similar way,
these results have been also presented in [6, 69] with few hadron resonance

gases and the shape of graphs shown are similar to our model.
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Figure 2.4: (a) The entropy density, s, in units of 7% and interaction measure, (¢ — 3P)/T*
in units of 7 calculated using the HRGM as a function of the temperature 7" at g = p1g = 0

GeV. (b) The entropy density, s, in units of T and interaction measure, (s — 3P)/7" in units
of T* for EHRGM as a function of the temperature scaled by the Hagedorn temperature Ty .

In Ref [69 has been used this condition, in addition we have compared
using the energy density behavior of the ideal resonance gas as shown in Fig.
2.3 with the results of ideal pion gas. From the Fig. 2.3b - 2.5b we cbserve
that around 7/Ty =~ 0.8, resonances come significantly into play. so that
=(T), P(T), s(T), (=(T) — 3P(T)) and TC'y begin to increase until reach to
Ty in these case the resonances provide the dominant part for the above-

mentioned thermodynamic quantities.
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Figure 2.5: (a) The energy density TC,/¢ in units of ¢ calculated using the HRGM as a
function of the temperature T at pg = pg = 0 GeV. (b} TC, /e in units of ¢ for EHRGM as
a function of the temperature scaled by the Hagedorn temperature Ty .

With condition B, the strangeness conservation leads to zero strangeness
density for all possible states of the matter produced in heavy ion collisions.
Hence, with the HRGM, the behavior of graph for the thermodynamic quan-
tities that are shown in Fig. 2.6a and 2.7a are similar to Fig. 2.3a and 2.5a,
both have the same pattern as T increases, and become constant at higher
temperature. Moreover, we observed that there are some changes on ther-
modynamic quantities compare to condition A and C; this shows that the
two thermodynamic quantitics increase for a finite number of temperature

and baryon chemical potentials.
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Figure 2.6: (a) The energy density, £, and pressure, P, in units of T% calculated using the
HRGM as a function of the temperature T for various j5 and pg = 0 GeV. (b) Energy density,
¢, and pressure, P, in units of 7* for EHRGM as a function of the temperature scaled by the
Hagedorn temperature Ty .
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Figure 2.7: (a) The entropy, s, in units of 7% and interaction measure, (¢ —3P)/T*, calculated
using the HRGM as a function of the 1" for various up and pug = 0 GeV. (b) The entropy, s,
in units of 7% and interaction measure, (¢ — 3P)/T*, using EHRGM as a function of the T
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Figure 2.8: (a) T'C, /e calculated using the HRGM as a function of the temperature T for
various value of pp and with g = 0 GeV. (b) T'C\, /¢ for the EHRGM as a function of the
temperature scaled by the Hagedorn temperature Ty,

Shailarly. in Fig. 2.8a, the specific heat capacity is scaled by the temper-
ature /T shows different from the two gquantities, it starts decreasing as T
increases for HRGM. However, the shape of the graphs shown in Fig. 2.6b -
2.8b) suggests that theve is a sudden change and increments for the thermo-
dynamic quantities even though T is fixed, this is also shown in Fig, 2.3b -
2.5b. This condition has been discussed in [77], using the energy density and
pressure behavior of the hadronic gas as a function of the hadronic tempera-
ture and baryon chemical potential as shown in Fig. 2.6, where it is compared
to that of the detonation transition from a supercooled quark-gluon plasma.
Hence, these Fig. 2.6b - 2.8b lead us the existence of a sharp front separating
the hadronic and quark-gluon plasina phases.
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With condition C, using HRGM, the behavior of graph for the thermody-
namic quantities that are shown in Fig. 2.9a and 2.10a are similar to Fig. 2.3a,
2.5a, 2.6a and 2.8a, both have the same pattern as T increases for finite value
and then becomes constant even though T increases. Now, the hadrons are
at nonzero chemical potentials, ug and pg, these show that the £, 7 and s
quantities increase for a finite temperature, baryon chemical potential and
strangeness chemical potentials. Increasing pug made the thermodynamic

quantities to raise more compare to condition A and B.
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Figure 2.9: (a) The energy density, £, and pressure, P, in units of T4 calculated using the
HRGM as a function of the temperature T for various value of up and p1g. (b) Energy density,
e, and pressure, P, in units of T for EHRGM as a function of the temperature scaled by the
Hagedorn temperature Ty .

Using HRGM as shown in Fig. 2.11a, the specific heat capacity decrease
as 7" increases. However, the contribution from chemical potentials made to
increase slightly at a higher chemical potentials. Moreover, the Fig. 2.9b -
2.11b have the same approach to Fig. 2.3b - 2.11b at a particular temperature.
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Figure 2.10: (a) The entropy density, s, in units of 7° and variation measure, (¢ — 3P}/T*
caleulated using the HRGM as a function of the temperature T for various pup and pg. (b)
The entropy density, s, in units of 77 and interaction measure, (z — 3P)/T* in units of T* for
EHRGM as a function of the temperature scaled by the Hagedorn temperature Ty .

The value of the squared speed of sound, C? remains well below the ideal-
gas limit for massless particles €2 = 1/3. The speed of sound is analyzed at
the temperature range from 10 MeV to 250 MeV. The Fig. 2.12a; presents
the result using HRGM for zero chemical potential. 1t is also compared this
result with the EHRGM as shown in Fig. 2.12b. Similarly, the results in
Fig. 2.12b and 2.13b show that when the transition point is crossed, in the
case of full QCD, we expect as before that C? should vanish beside that C%
is inversely proportional to the specific heat, C, and this can lead to a diver-
gence at the critical temperature Ty, Of course, due to finite volume cffects,

the velocity of sound will most likely not completely vanish at 7" = T}.

The speed of sound versus the temperature results are presented in Fig. 2.12b

and 2.13b, we evaluate dP/ds following [77] and first express P and ¢ in
physical units, using EHRGM in Eq. 2.4. The temperature and chemical po-
tential dependence of all the relevant thermodynamic quantities show unique

behavior at the critical point, Ty specially for the speed of sound, there is
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Figure 2.11: (a) TC,/e in units of £ calculated using the HRGM as a function of the
temperature T for various pg and pg. (b) TCy/e in units of ¢ for EHRGM as a function of
the temperature scaled by the Hagedorn temperature Ty .
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Figure 2.12: (a) Squared speed of sound C%(T, 1) calculated using the HRGM as a function
of the T with up = ;15 = 0 GeV, for various value of up but pg = 0 GeV. (b) C*(T, 1) in
EHRGM with resonance mass truncated at m < 2 GeV.
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truncated at m < 2 GeV.

a pronounced dip as evidence for the phase transition in the system. Based
on our calculations, the velocity of sound at T' = Ty is different from sero; it
is expected to become zero but due to finite volume effects. The thermody-
namic quantities using EHRGM as shown in Figs. 2.3b - 2.13b have singular
point at Tpy. However, the lattice QCD result [82] showed that at the crit-
ical temperature of QCD (say the crossover temperature), is the possible
non-singular behavior in agreement with lattice calculations and this clearly

favours HRGM as there is a minimum and the speed of sound never vanishes.

In general, the thermodynamic variables obtained using HRGM, are shown
in Fig. 2.3a- 2.13a. At the Ty any sudden change of the value thermodynamic
variables was not observed, but it showed smooth shape as the temperature
goes beyond Ty, However, using the EHRGM one observe a different be-
havior than HRGM specially at the critical temperature Ty, as shown in
Fig. 2.3b - 2.13b. This shows that if the system undergoes a first-order phase
transition, both temperature and pressure remain constant as the hadronic
matter is converted from hadron gas to a guark-gluon plasma; the energy

and entropy density, however, change discontinuously. This leads to a new
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state of matter. The vertical dashed line in figures Fig. 2.3b - 2.13b are the

result of the EHRGM that account for all mesonic and baryonic resonances.

2.7 Summary

We presented the HRGM, which is used to investigate the thermodynamic
properties of hadrons, we further extend the HRGM by involving the Hage-
dorn spectrum, which is called EHRGM and then analyze the results. The
Hagedorn temperature, Ty is determined from the number of hadronic res-
onances including all mesons and baryons. This leads to a stable result
Ty =174 + 11 MeV consistent with the critical and the chemical freeze-out
temperatures at zero chemical potential [19]. Based on this result, we calcu-
lated the speed of sound and other thermodynamic quantities using HRGM
and EHRGM for a wide range of baryon chemical potentials following the
chemical freeze-out curve. Partly, the results that are presented in this chap-

ter have been compared with other papers [6, 69].

H
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Chapter 3

Extensions of THERMUS

i

This chapter describes additions to the THERMUS code (8] including charm
and bottom hadrons. We briefly state the formalismn using the statistical
thermal model, explain how to implement THERMUS with the updated
particle data table, compare results with reference {22, and present the study
of particle yields of the Au-Au collision at 200 GeV 83, 84, 85, 86] and and
particle ratios for various hadron species at LHC experiments (p-p collisions
at 900 GeV and 7 TeV as well as Pb-Pb collision at 2.76 TeV) [11, 12, 13],
for these energies THERMUS considers along the freeze-out curve 5, 63, 64].

3.1 Review of THERMUS

THERMUS is a package of C++ classes and functions allowing statistical
thermal model analyzes. It is written by S. Wheaton (8] to be used within
the ROOT [87] framework of analysis. The statistical thermal model assumes

a hadron gas at chemical freeze-out.

There are other codes, e.g., the Statistical Hadronization with Resonances
(SHARE) [88], which is also a collection of programs designed for the sta-
tistical thermal analysis of particle production in relativistic heavy ion colli-
sions. With the input of intensive statistical parameters, it generates ratios

of particle abundances. Another successful code is the Therminator: Ther-
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THERMUS has three distinct thermal model formalisms, The first is grand-
canonical ensemble, where baryon number (3), strangeness (S), charge (Q),
charm (C') and bottom (b) are conserved on average. The next formalism is
a strangeness-canonical ensemble in which strangeness is exactly conserved,
while B, Q. € and b are treated grand-canonically. finally, a canonical en-
semble in which B, 5 and @ are conserved exactly. Furthermore, it takes
imto account decay chains and detector cfficiencies. These enable sensible

fitting of model paraineters to experinlental data.

The source code of the THERMUS package is available in [8] and has
been extended by S. Wheaton so that additional quantum numbers can be
included in the code ; note that most of the additional particles are charm
and bottom with the corresponding decay elements. It can treats charm and
bottom grand-canonically. First, we will mention and state the statistical
formalism for the extension of THERMUS, then proceed to explain how to
use the 2008 particle data table and discuss the results and compare with

previous results [22].

3.2 The Statistical Formalism

The hadron gas partition function contains all the thermodynamic informa-
tion of the system. The choice of partition function depends on the statistical
ensemble. Next, we shall use the grand-canonical ensemble in this chapter
and implement it with the 2008 particle data table in THERMUS.

In the grand-canonical ensemble, there are several parameters to charac-
terize the system. These are temperature, chemical potential, volume and
non-equilibration factors. The hot dense matter produced in nucleus-nucleus

collision is large enough to be described by the grand-canonical ensemble.

The extended source code was written by S. Wheaton.
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In the grand-canonical ensemble, energy and quantum numbers are con-
served on average through the temperature, T and the chemical potentials, .
The logarithm of the total partition function for a multi-component hadron

gas of volumie V' and temperature 7T is given by

gV
(2m)* .

InZ9T V) = > /di‘pm(lief”(E*—f“))“. (3.1)

where g; and p; are the degeneracy and chemical potential of hadron species
i, = 1/T, while E; = \/p*>+m?, with m; being the particle mass. The

plus sign refers to fermions and the minus sign to bosons.

In this ensenible, we considered the conservation of the quantum numbers
ie., B3, S, Q, C and b. The chemical potential for hadron species 7 is given
by

fs = Bipp+ Sips + Qipig + Cipte + bifus, (3.2)

where 3;, S;, (2;, C; and b; are the baryon, strangeness, charge, charm and
bottom number, respectively, and pg, g, jto, #o and gy are the correspond-
ing chermical potentials for the conserved quantum numbers. This ensemble
is widely used in applications to heavy ion collisions [90, 96, 97, 98, 99, 100,
101, 102]

4

A=l

The fugacity for each of these chemical potentials is defined as

The density of hadron species ¢ with quantum numbers B3;, S;, (0;, C; and
b;, spin-isospin degeneracy factor ¢;, and mass m;, emitted directly from a

firchall at temperature 7T is

e - dp mé+p? /T -
n(T Ak ) = g (—2—%%{'«@»,@»/ BT (33)

where

(1} = {up. ps g e i), {7} = el yp = 15l 1Cily,
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From Figs. 3.2 and 3.4, the number of states and the corresponding log-
arithm increased from the previous particle data table. In Figs. 3.1 and 3.3,
these changes come from the contributions of charm, bottom and newly in-
cluded resonances in the 2008 particle data table. Furthermore, the empty
gap as shown in Fig. 3.4 betwecn 6 GeV - 9.5 GeV lave vot filled in by
recent experiments. The responsible for this empty gap miglht be due to the
detectors have seen those particles in order to fill in the empty gap. Based
on these highlights, we will discuss the method to implement the extension
of THERMUS based on the 2008 particle data table.

3.4 How to use The Extended THERMUS?

In this section, we will outline how to use THERMUS with the 2008 particle
data table. Three distinct statistical ensembles are included in THERMUS,
and the additional options to include quantum statistics, resonance width

and excluded volume corrections are also available.

THERMUS has a default particle list which includes all mesons {up to
the T(11020)°, previously, it was up to Kj(2045)) and baryons (up to the
=2, previously, it was up to 7) listed in the 2002 and 2008 Particle Physics
Booklets [9, 104].

THERMUS has been tested using the 2008 particle data table and the
decay files. The TTMParticleSet constructor now takes an additional argu-
ment Bool_t CB_Included which must be set to true. Here is the format
with THERMUS a particular example of Z, from 2008 particle data table:

root [1] TTMParticleSet

set ("$/THERMUS/extended_particles/PartList_PPB$2008$_CB.txt",true)
root [2] set.InputDecays("$/THERMUS/extended_particles/",true)
root [3] TTMParticle *part = set.GetParticle(5232)

root [4] part->List()
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sxkkxkkkk LISTING FOR PARTICLE Xib~ sckskskksdokk

ID = 5232 // Particle ID

Deg. = 2 // degeneracy

STAT = 1 // Fermi-Dirac statistics
Mass = 5.7924 GeV

Width = (J GeV

Threshold = 0 GeV

Hard sphere radius = 0

B= 1 // B = Baryon

§ = -1 st =1 // S = Strange

Q= -1 // 8 = Charge

Charm = 0 ICl =0 // C = Charm

Beauty = -1 el =1 // b = Beauty

Top = 0 ITI =0 // T = Top
STABLE

s 3 e e s 3k sk e e 3 ke s sk ok s e ok e s e e de ke Ak ok 3 ok ok sk Sk vk e 3k sk sk ok o ok sk ok ok 3k

The first line, root {171 loads the 2008 particle data table; the second line, root {2]
loads the input decays of the 2008 particle data list. The third, root [3] and
fourth, root [4] can get particles from the 2008 particle data table and lists the
particle respectively [22]. The latest version of the THERMUS package with both
particle data tables is found in this link: http://www.phy.uct.ac.za/courses/
staffwebsites/wheaton/THERMUS/SourceDownload . html.

3.5 Results and Discussions

This section presents results based on the 2008 particle data table and makes com-
parisons with results obtained using the 2002 particle data table. Note that the
2008 particle data tahle has not yet been implemented to be used for the other two
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ensembles, (the canonical and strangeness-canonical ensembles). In this chapter,

all calculations use the grand-canonical ensemble.

The emphasis of our investigation is to establish quantitatively the similarities
and differences in the production and contributions of particles observed in the
elementary and heavy ion collisions. In the following snbsection using THERMUS,
we will discuss and analyze hadron particle vields and ratios as well as obtain the
corresponding thermodynamic parameters with both particle data tables based on
THERMUS fit.

3.5.1 Thermodynamic Parameters Analysis

We analyze the RHIC [83, 84, 85, 86] and LHC [11, 12, 13] results using THER-
MUS., and compare the results for both particle data tables. THERMUS fits the

experimental data in order to obtain the thermodynamic parameters.

We present results from the STAR experiment for Au-Au collisions at 130 and
200 GeV. The data has been used and analyzed previously in [105. 106, 10]. Our
results using the STAR densities at mid-rapidity for various hadron species in the
centrality region (0 — 6%) for Au-Au collisions at 130 GeV are shown in Fig. 3.5
(a) and (b). Similarly, the results at 200 GeV are shown in Fig. 3.6 (a) and (b). In
these fignres, the K+, p, and § yields are given in {83, 84], while all other particles
are derived from the measured values by centrality interpolations 2 described in

reference [10] Section 11 A; these are %, ¢, A, A, =~ and E7,

Similarly, Fig. 3.6 {a) and (b) show STAR rapidity densities of various hadrons
in Au-Au collisions at 200 GeV at eentrality (0 — 6)% [10]. The experimentally
measured values have been obtained from references (86, 107, 108]. The STAR
data for p and p rapidity densities also include weak feeding from (multi-)strange
hyperons [86]. The comparison between the model and STAR particle yields are
presented in Figs. 3.5 and 3.6.

2Particle rapidity densities are sometimes measured in specific centrality windows which are
different for various experiments. Hence, to perform an appropriate analysis of the full data
set, one has to find a proper method in order to estimate rapidity densities for various hadronic
species in the same centrality window.

63









The available data from RHIC experiment for Au-Au collisions at 130 GeV
and 200 GeV [10! were compared with THERMUS. The particle yields for vari-
ous hadron species and the thermodynamic parameters are given for both particle
data tables in Figs. 3.5 and 3.6. The Fits to STAR data at 130 and 200 GeV show
almost no difference between the experiment and THERMUS. Furthermore, we
have removed some hadron species (for exampleA’s and ¢) from the fits in order to
obtain a best fit; and the resulting fit thermodynamic parameters were modified

slightly within the errors of the parameters.

According to results in Figs. 3.5(b} and 3.6(b), the results obtained with the
2008 particle data table show smaller freeze-out temperatures than the 2002 parti-
cle data table. Clearly, this is caused by increasing the radius of the system, which
then causes a decrease of the frecze-out temperature. Thus, the variation of the
radius obtained from the fit contributes greatly to the difference between the two
particle data tables. This also makes a contribution to changing the freeze-out
temperature and other thermodynamic parameters. In addition, THERMUS best

fit parameters at chemical frecze-out results are different from 10,

In general, the results presented in Figs. 3.5 and 3.6, THERMUS overestimates
most of the particle yields and underestiniates A and ¢ vields at 130 and 200 GeV;
THERMUS fits the experimental particle yvield very well. in addition, we presented
the residual analysis for both particle data tables and compared with experimental
values in Figs. 3.5 and 3.6. Most of our residual results are in the range —1 to 1
within the error bar; therefore, THERMUS results give a better fit to the RHIC

experimental data than those explained in [10].

Based on the ALICE central rapidity densities for the p-p collisions at 900 GeV
and 7 TeV [11, 12, 13] for different hadron species, the corresponding predicted
values are shown in Figs. 3.7 and 3.8. Based on the results shown in the Figs, 3.7
and 3.8, we noticed that the thermal fit parameters were also different for both
particle data tables. However, the predicted particle ratios show similar results for

both particle data tables.
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Table 3.3: The predicted thermal fit parameters for Pb-Pb collision at 2.76 TeV on ALICE [12,
13]. The fit results were obtained from both THERMUS particle data tables.

Parameters | Fit (2002) Fit (2008)
T (GeV) | 0.150 £ 0.001 | 0.152 £ 0.001
ps (GeV) | 0.001 (fixed) | 0.001 (fixed)
ns (GeV) 0.0 0.0
¢ (GGV) 0.0 0.0
Vs 1.0 (fixed) 1.0 (fixed)

THERMUS. We have used preliminary results and analyzed the corresponding
thermodynamic parameters from particle yield results. The fitted thermedynamic
parameters are presented in Figs. 3.7, 3.8 and 3.9; the corresponding fitted ther-

modynamic parameters are given Tables 3.1, 3.2 and 3.3.

The thermal parameters obtained with the THERMUS fit to the experimental
data for p-p and Pb-Pb collisions are stable in some ranges. In particular, the
freeze-out temperature is between 150 MeV and 175 MeV while the beam energy
changed over several orders of magnitude. This occurred over a wide range of
energies, different collision systoms and parameters. The freeze-out temperature,
strangeness saturation factor, radius, baryon chemical potential and strangeness
chemical potential have been well parameterized with small uncertainties. They
have also been compared with 15, 109] as a function of energy. In many ways, this
remarkable success in describing the data with a few simple statistical paraneters
can be viewed as an indication that the particles in these collisions were indeed

produced in a thermally and chemically equilibrated system.

3.6 Summary

We have analyzed and discussed the hadron abundances measured in Au-Au, p-
p and Pb-Pb collisions at RHIC and LHC experiments using THERMUS; our
results for hadron abundances are in agreement with a thermally equilibrated sys-
tem. The results were obtained with the 2002 and 2008 particle data tables and
their differences have been explained in this chapter. In particular, the data from
the RHIC experiment for Au-Au collisions at 130 GeV and 200 GeV have been
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discussed and analyzed. Similarly, using the preliminary particle ratios result in
p-p collisions at 0.9 TeV and 7 TeV as well as Pb-Pb collision at 2.76 TeV, the
particle yield predictions and thermodynamic parameters obtained from the fits

have been presented.

THERMUS has also been used to describe the particle ratios using the two
particle data tables. The 2008 particle data table can be used to perform more
analysis of particle ratios for lighter and heavier hadron masses obtained from
elementary and heavy ion collisions [9]. We have analyzed our results using the
previous freeze-out curve parameters [5, 63, 64] for 2008 particle data table. Thus,
THERMUS needs a new recalculation of the freeze-out curve in order to obtain a

better thermal fit results than the present ones.
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Chapter 4

Non-extensive Statistical
Distribution

This chapter presents Tsallis thermodynamics [44, 110] using a non-extensive sta-
tistical distribution. Tt was first proposed in 1988 [44] by Tsallis who postulated
a generalized form of the entropy. It discusses non-extensive quantum statistics
in particular the generalization of the Bose-Einstein and Fermi-Dirac distributions
by maximizing the entropy of the system for quantum distributions. The general-
ization to non-extensive statistics recovers the extensive, Boltzmann-Gibbs (BG)

as a particular case.

In the next sections, we will discuss the theoretical background for non-extensive
statistics with a mathematical derivation and show in detail the thermodynamic
consistency. A particular form of the Tsallis distribution has been used recently to
fit the transverse momentum distributions for identified particles by the STAR [14],
PHENIX 15} at RHIC and by the ALICE [11, 13] and CMS [16] collaborations at
the LHC. We have obtained the thermodynamic parameters using the experimen-
tal results from high energy elementary particle collisions [23, 45] and heavy ion
collisions [11, 12, 16]. The Tsallis distribution has been used to extract the yields
at mid-rapidity, average transverse momentum and thermodynamic parameters of
the systems at the thermal freeze-out. An improved form of the Tsallis distri-
bution in the particular case of relativistic quantum distributions is proposed for
describing the transverse momentum distribution and fits are presented together

with estimates of the parameter ¢ and the temperature 7" [17, 18].

72



4.1 Theory of Non-extensive Statistics

There has been a growing tendency to use the non-extensive statistical formalism,
From 1988 up to the present, numerous theories of statistical thermodynamics
have been presented in the framework of the Tsallis formalism. [t has been shown
that this formalism is useful, because it provides a suitable theoretical tool to
explain some of the experimental situations, where standard statistics seem to
fail, the reasous are stated in detail in reference [110]. The postulated form of the

generalized entropy is:

w
- Z rf "
S(E—(—’—:-ll—“, (@e® D P=1), (4.1)
‘A P
or, for continuum distributions
1—Trpd
S, = —=4 (4.2)

where ¢ is a positive constant, F; are the probabilities of microscopic states, and
p the corresponding density operator. The parameter ¢ is called non-extensivity
parameter, entropic index or simply Tsallis parameter. It is a measure of the non-
extensivity of the system of interest. There are continuous and discrete versions of
this entropic index. The physical significance of g using Tsallis distribution. The
true nature of the nonextensive parameter ¢ in Tsallis statistics has not been fully
understood yet by us. It is unclear under what circumstances, e.g. which class of
nonextensive systems and under what physics situation, should Tsallis statistics
be used for the statistical description. The understanding of the physical meaning
of ¢ has become crucially important in Tsallis statistics and its applications to the
fields of high energy pysics. In this chapter. we discussed the properties of the
nonextensive parameter g and the Tsallis distribution of the using thermodynamic
consitency and deduce & mathematical expression of ¢ based on the theory of the
generalized Boltzmann equation. This new entropy formula recovers the usual

BG entropy in the limit where ¢ tends to 1 (the detailed derivation is found in
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appendix C.1). The reason that g is called the non-extensivity parameter is due

to the following pseudo additivity rule; is given hy
Sy +J) = S,(I) + S,(J) + (1 — ) S (1) S, (), (4.3)

where I and J are two independent systems in the sense that the system [ -+ J
factorises into those of I and J. Since S, is greater or equal to 0 for all values of ¢,
we can say that ¢ < 1, ¢ = 1 and ¢ > 1 correspond to superextensivity (entropy of
the whole system is greater than the sum of its parts or superadditive), extensivity
(entropy is additive) and subextensivity (entropy of the whole system is smaller
than the sum of its parts or subadditivity) respectively. Now, we want to prove
Eq. {4.3). We start from the following definitions

1- Z(Pf)q

Sy(h) = —— (44)
and .
1) (P
()=
Sy(J) = P A (4.5)
by multiplying Eq. (4.4) and (4.5), we get
YRy Y
Y oy — i i J
‘Sf]([)bq(‘]) o ({] . l)j 3
then, the next step is rearranging the above relation
-1 +Z (P1)7 + Z Py - L Py Z(PJ)‘?
(1= 8,15y (7) = —
AR D GO ED DIk Z(fif )
- i - 7 n i J
g1 g—1 g—1 1
= =S (1) = Sg(J) + Se(I + J),
(4.6)
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where

i

ISR
Sy +J) = q_lf :

Finally, by rearranging the last expression of Eq. {4.6) we obtain the pseudo ad-
ditivity result found in Eq. (4.3). Another imnportant property of probability is
the following: suppose that the set of W possibilities is arbitrarily separated into
two subsets having respectively W, and Wy, possibilities (W, -+ Wy = W). The
corresponding probabilities can be written as Py, P, ..., Py, and Py, 41, ... Pw.

Thus, it is straightforward to verify the additivity rule (Shannon additivity) by

defining
Wi,
PL=>) P, (47)
i=1
and

W
Py = Z P, (4.8)

i=1+Wp
so that Shannon additivity becomes

Sy({P:}) = Sq(Pr, Par) + PLS,({ P/ PLY) + P} Sg({ P/ P}, (4.9)

where the sets P, /Pp, and P;/ Py are the conditional probabilities. Now, we want

to prove Eq. (4.9). We start from Tsallis form of entropy

W w
W RN
, i=1 =Wy 1
S{{P}) = s (4.10)
g—1
we can express S, in terms of conditional probabilities P;/ Py, which is
Wr
=/ P\
1 - s
% ()
Sq{Pi/Pr}) = — (4.11)

then by rearranging Eq. (4.11), we obtain

Wi,

qu (¢ — )PLS,({P:/PL)). (4.12)
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Similarly, 8, can be written in the following form

W
-5 @)

p . M
=14+Wyr
So({Pi/Prs}) = '; — (4.13)
Then by rearranging Eq. (4.13), we get
W
Y. Pl=Pl—(a-VP{S({P/Pu)), (4.18)
i1 W

and substituting Eq. (4.12) and (4.14) into (4.10) to get

1- P!~ P} , .
S({P}) = '—jf_—imﬁ + P{S,({P/PL}) + P So({ B/ Par}), (4.15)
where
1 - Pg - 3555 _

P = 5¢({ P, Par})-

Hence Eq. (4.15) is the same as Eq. (4.9). Equation (4.9) is a property of Tsallis
statistics. Since the probabilities P, are numbers between zero and unity, we will
have

PT>P forq<l, (4.16)

and
P < P, for ¢ > 1. (4.17)

Therefore, ¢ < 1 and ¢ > 1 will respectively give information about the rare and
the frequent events. The other condition is for S, = 0 for any arbitrary set P,
and for any value of ¢ (positivity). This simaple property lies at the heart of non-
extensive statistics proposed by Tsallis [44]. Another interesting property is the

following: the BG entropy, S, satisties the following relation

W w
- {% }:fﬂ =-Y PP =S (4.18)
' i=1

fme ] jq:l
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4.2 Tsallis Distribution for Particle Multiplicities.

The standard Fermi-Dirac distribution is given hy
1

nfP(E) = —-
1+ exp (—"-%-)

(4.21)

The Tsallis forin has been proposed in the literature, some of these have been
shown not to be thermodynamically consistent. In the following we use the Tsallis
form of Fermi-Dirac distribution proposed in [113, 114, 115, 116, 117] which uses

1
niP(E) = . (4.22)
1 +exp, (f—fﬁ>
where the function exp, (), for ¢ > 1 is defined as
1 REVACES Y RRT I

1+ (g — 1)) if x>0
exp,(x) = 4.23
Pyl) { [+ (1 -2V if z<o. (4:23)

Eq. {4.23) was given in [113]. It was stated in the form of the generalized ex-
ponential function cqu(;c} in order to express the cut-off prescription, and the
corresponding generalization of the canonical distribution in a compact form. For
our present case, we only need the basic features of equ(;c) already mentioned. A
similar situation arose in the case of Tsallis’ generalized exponential exp, (r): this
function was introduced as a compact and elegant notation for Tsallis® maximum
entropy distributions. The extensive form of mathematical properties of exp,(z)
only occurred in the linit where ¢ — 1 reduces to the standard exponential {the

detailed derivation is given in appendix C.1):

lim exp,(z) — exp(x).

g
The form given in Eqgs. (4.22) and (4.23) will be referred to as the Tsallis-FD
distribution. The Bose-Einstein version (given below) will be referred to as the
Tsallis-BE distribution [118]. It should be noted that variations of the above have
been presented previously in the literature. These will not be considered in this

thesis,
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All forms of the Tsallis distribution introduce a new parameter ¢. In practice
this parameter is always close to 1, e.g. in the results obtained by the ALICE and
CMS collaborations typical values for the parameter ¢ can be obtained from fits
to the transverse momentin distribntion for identified charged particles [11] and
are in the range 1.1 to 1.2. The value of ¢ should thus be considered as never being
far from 1, deviating from it by 20% at most. An analysis of the composition of

final state particles leads to a similar vesult [119] for the parameter g.

In the limit where ¢ — 1 the Tsallis form and standard statistical form coin-
cide. Numerically the difference is small, as shown in Fig. (4.2, 4.3 (A) and (B))

for a value of ¢ = 1.1.

The Boltzmann form leads to the result [120, 121

E-—pu 7
T

nZ(E) = {1 +(qg—1) (4.24)
this is called Tsallis-B form. Note that we do not use the normalized ¢-probabilities
which have been proposed in Ref. [121] since we use here mean occupation numbers
which do not need to be normalized. In the limit where ¢ — 1 all distributions

coincide with the standard statistical distributions:

(liﬁr%n?(}i‘) = 2B (E), {4.25)
limnfP(E) = n"P(E), (4.26)
éiﬂﬂ%‘g(ﬁ) = nPE(E). (4.27)

A derivation of the Tsallis distribution, based on the Boltzmann equation, has
been given in Ref. [122]. A comparison between the nf.” and nf? distributions is
shown in Fig. 4.3 (A). For the Boltzmann form, the Tsallis distribution is always

larger than the Boltzmann one if ¢ > 1, as shown in Fig. (4.2).
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Figure 4.2: Comparison between the Boltzmann and Tsallis-B distribution as a function of
the energy F, keeping the Tsallis parameter g fixed, for various values of the temperature 7.
The chemical potential is kept equal to one in all curves, the units are arbitrary.

Similary, one can compare the Bose-Einstein and Tsallis-BE distributions in
Fig. 4.3 (B). Taking into account the large ps results for particle production we
will only consider this possibility in this chapter. As a consequence, in order to
keep the particle yields the same, the Tsallis distribution always leads to smaller
values of the freeze-out temperature for the same set of particle yields [119]. The
Tsallis distribution for quantum statistics has been considered in Ref. [114, 115,
118, 123, 124)].

4.3 Thermodynamic Consistency

The first and sccond laws of thermodynamics lead to the following two diffevential
relations [125]

de = T'ds + pdn, (4.28)
dP = sdT + ndpu. (4.29)
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Figure 4.3: Comparison between the Fermi-Dirac and Tsallis-FD distributions (A), Bose-
Einstein and Tsallis-BE distributions (B) as a function of the energy E, keeping the Tsallis
parameter ¢ fixed, for various values of the temperature T. The chemical potential is kept
equal to one in all curves, the units are arbitrary.
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where ¢ = E/V, s = S/V and n = N/V. Since these ave total differentials,

thermodynamic consistency requires that the following relations be satisfied

e
dJe
on
apr
gpr
ar

T =

(4.30)

3
T

(431)

2
3

n = (4.32)

T

(4.33)

F23

The pressure, energy density and entropy density are all given by corresponding
integrals over Tsallis distributions and the derivatives have to reproduce the cor-
responding physical quantities. For completeness, in the next section, we derive
Tsallis thermodyuamics using the maximal entropy principle and discuss quantum
g-statistics in particular Bose-Einstein and Fermi-Dirac distribution by maximiz-
ing the entropy of the system for guantum distributions. This follows partly the
derivation of Ref. [113]. We will show that the consistency conditions given above

are indeed obeyed by the Tsallis-FD and Tsallis-B distributions.

4.3.1 Quantum Statistics Form

The entropy in standard statistical mechanics for fermions is given in the large

volurne limit by:

\ i dS ’
SFP = _gv / = ;3)‘% [nF‘D Innf?
S (2n)

+ (1 =n"PyIn(1 - n"P)], (4.34)

where ¢ is the degeneracy factor and V the volume of the system. The volume of
the system can be considered in termns of fiveball radius, R
4

RS, (4.35)

Vv
3

For simplicity Eq. (4.34) refers to one particle species but can be easily generalized

to many by summing over all of them. In the lmit where momenta arve quantized,
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it is given by:
= “QZ nilnn + (1 —ng) In(l —ng)]. (4.36)

For convenience we will work with the discrete form in the rest of this section. The

large volame limit can be recovered with the standard replacement:
3%
N e / ‘ (4.37)

The generalization, using the Tsallis prescription, leads to [114, 115, 116]

SED = gz ndngm; + (1 — ni)? Ing(1 — ny)] (4.38)

i

where use has been made of the function
In,(z) = ——, (4.39)

often referred to as g-logarithin. It can be easily shown that in the limit where

the Tsallis parameter ¢ tends to 1 one has:

Lm’% Ing(x) = In(z). (4.40)
q—)

The maximization of the entropy Eq. (4.38) will give the n;’s their Tsallis-type

form. If we use the explicit form of the g-logarithms we obtain

oo [(2) () o

In a similar vein, the generalized form of the entropy for bosons is given by

SEE — "'QZ nlngng — (14 n;)91n,(1 + ny)], (4.42)
B

by using a similar method, we can express Eq. (4.42) as

reer () ()

g—1
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In the limit ¢ — 1 Eqs. (4.38) and (4.42) reduce to the standard Fermi-Dirac and
Bose-Einstein distributions. Further, as we shall presently explain, the formulation
of a variational principle in terms of Eq. (4.41) allows to prove the general relation
of thermodynainics. One of the relevant constraints is given by the average number

of particles,

3 ni=N. (4.44)
i

Notice the unusual power of ¢ on the left-hand side. As it turns out, it is neces-

sary to have this power since otherwise there 1s no thermodynamic consistency.
sary to have this power of ¢ since oth th thermods ternicy

Likewise, the energy of the system gives a constraint,
> niE =E. (4.45)
¢

again, it is necessary to have the power ¢ on the left-hand side as no thermody-
namic consistency would be achieved without it. The maximization of the entropic
measure Eq. (4.41) under the constraints Eq. (4.44) and (4.45) leads to the varia-

tional problem.

(4.46)

7 N 9
p [S +a(N — Zn + 3(E }rni E)

where o and [ arve Lagrange multipliers associated, respectively, with the to-

tal number of particles and the total encrgy. Differentiating each expression in

Eq. (4.46)
) jals) q 1- [ ot g—1
2 (sFpy = 4 — 1l (4.47)

0 -
- (N Zn(j) = —qn? ', (4.48)

and

& _
. (E - Zn;”E{,;) = —qE;n! 1, (4.49)
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then by substituting Eq. {4.47), (4.48) and {4.49) into (4.46), we obtain

1] 1 1-n 41
gnd™! {——— —1+ ( n ) } —~ BE; — a} =0, {4.50)
g—1 4

which can be rewritten as

1 1- T -1
LI DU B = 3E +a, 51
q—l{ +< - ) :l ; b o, (4.51)

and, by rearranging Eq. (4.51), we get

1-—n

Tk
finally, we gt the solution of generalized form of Fermi-Dirac distribution

1

1+ (g- D@E+)]7T+1

1
B : 4.52
[equ{a + ﬁEi)] +1 (4.52)

n; =

which is the expression for the Tsallis-FD distribution referred to earlier in these
papers [114, 115, 116].

Using a similar approach one can also determine the Tsallis-BE distribu-

tion [118]. Starting from the extremum of the entropy subject to two conditions:

SEE+a(N =) nhy+BE - 7’13&;)} =0, (4.53)

o
(5?‘%@'

which leads to

qg-—1 n;

§ . onE 140\ -
S SEEY = _7 {( i n’) - 1} nd™t, (4.54)
i

and by using Eqs. (4.54),(4.48) and (4.49) in (4.53),

,,,,, 1 1+r N\
anf ! {q—_—i {*1—‘1— ( :?‘L ) } - 3E3 - ()z} = (. (455)
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By rearranging Eq. {4.55), one obtains the expression for the Tsallis-BE distribu-
tion (118},

1
14 (g DEE+a)TT 1
1
= - , (4.56)
foxpy ((Fs = )/ T)] ~ 1
where the usual identifications @ = —u/T and 3 = 1/7 have been made. In

the next section we review the derivation of the Tsallis distribution by emphasiz-
ing the quantum and Boltzmann statistical forms and show their thermodynamic

consistency.

Proof of Thermodynamical Consistency

In order to use the above expressions it has to be shown that they satisfy the
thermodynainic consistency conditions. To show this in detail we use the first law

of thermodynamics [125]
—-E 4T85+ ,LAN
v ’

and take the partial derivative with respect to u in order to check for thermody-

pP=

(4.57)

namic consistency, it leads to

oP| 1] 9E (’}S AL
ol V| o Pop
i T N\ ! Tq(l—n)! o
= N ORI fhec B St S
v “LZ(“ q— )e};ﬁ a—1  op|
_ _1_ NS 1+(<2—1)(E@‘-M) @ZJFTQ@—M)Q”I% ’
V - q—l T e g-—1 o
i E?*—}VL 8qu
- —|N - B e S
v +Z ( Tla-D)=F )a,;

}‘"q(l - n?)‘f Yo,

T ol

(4.58)

then, by explicit calculation

on? g+1 B - ~1+J—%-
A A PO et .
op T T
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on; n? E;—p] e
DA i —

(1-n)? ' =nd {1 Lla=1E - ;ﬂ ‘

Introducing this into Eq. (4.58), yields

and

oP

=7 4.59
(L}NT n? ( 5)

which proves the thermodynamical consistency Eq. (4.32).

We also calculate explicitly the relation in Eq. (4.30) can be rewritten as

aF d[‘ Sral % gi dy
55|, gar 5
ar du dT
= ———j}'/é@'g (4.60)
ar t opar

since 1 s kept fixed ouce has the additional constraint

on on
dn de + o =10,
leading to
dp _
— e e 4.61
e

Now, we rewrite Eq. (4.60) and (4.61) in terms of the following expressions

Z F q 16)713

aF -1 (3;*3,,
En
Em =2 eEn R

i

05 5~ [zni e onget] ons
o~ &1 -1 ar”

88 }: —nf”l + {1~ n%,)qil" on;
2

o =1 g1 o’
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In

and R _

By introducing the above relations into Eq. (4.60), the numerator of Eq. (4.60)
becomes

8[‘; 55 Ci;,é 1 nc
B e En®
or T Bpdr Z i

: dn,; On,
25 1 Uity
gq E; (ninj)?” o 8T‘

g—10n;
> En

J
Z qu {’Rg‘ﬂj)qﬁi C,j
Y
- ’ (;713’?2«‘;' (462)
N
E D
Where the abbreviation
(1O, 0n; On; Ony
= (nns)d 1 Oy O O
Cz] == (l’?»ﬁlj) [GT C(}JLL E)T ({jﬂ} (463)

has been introduced. One can rewrite the denominator part of Eq. (4.60) as

@ a5dp
T " opdl - 18713
(-1 Z
qz n,,nJ,,) """ Cy
= ; 4.64
o (4.64)
i o

where _1
+ (1 - n?‘)q—l . (Et - y’)nq—l

g—1 T v
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hence, by substituting Eq. (4.62) and (4.64) in to (4.60), we find

Y ECy
%]

oF i\
| =T (4.65)
dS n L<E2 - /,L)C'ij

6

since Z Cy; = 0, this finally leads to the desived vesult
12
OF

=T 4.
55 T (4.66)

7

Hence thermodynamic consistency is satishicd.

4.3.2 Boltzmann Statistics Form

Due to its practical relevance and importance we devote a section to the Tsallis-B
distribution. In this case the entropy is obtained from Eq. (4.33) by assuming the
n; < 1, this leads to
Y (n nd)
B _ T .
ST = (]; _g——l -+ 71, (467)

The n; are given explicitly as

(4.68)

E —pu)™7
7 :

ng = {l +{(g—1)

where n,; denotes the number of particles in the ith energy level with energy F;.
The maximum of the above entropy is looked for under the constraints imposed
by fixing the total number of particles N and the total energy of the system
E, as given in Eq. (4.44) and (4.45). As in the previous section, it should satisfy

thermodynamic consistency which is given in Eq. (4.30). The derivative of pressure
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w.r.t. g becomes

oP _1[ 0B 05, . ON
e V| op " o Boaul
1 T\ an? T om,
2o |V — — -
v \+Z< (B = p) q~1> a1

1 7

= o | N — z —.i' i e R
v +Z g—1 Ou 1Fg«lé{ag’}

now, by using

on; g1 075
i 7Y,
and
on;  nl
op T

By the above relations in Eq. (4.69}, we recover Eq. (4.32).

- E — % g
- 7 on =1 ) B

-

Ou |’

We now calculate the expressions needed in Egs. (4.60) and (4.61) in terms of

a8 1t o
Pl 1 T
T Z te o |

1

O g —1 .

: L .

while the other partial derivatives are the same as previously. Then, by plugging
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the above relations into Eq. (4.60), then the numerator part of Eq. (4.60) become

oF OF d,u g—19m
or i Op dT Z Em; oT

i
Nognit
- Ou
j
Lqu (ning)* " Cy
I
= o, . (4.70)
""[/» [
I Ou

a5 a5 du 1 —qn?” M on,
= —E N 2
or + ou dTl ; { + g—1 or

anfl 1+ I- q” VVVVV ()TI ()Nz
a—1 | 9u oT

L aE (nm]) Cij

~ , (4.71)

where

by combining the expressions in Eq. (4.70) and (4.71) into (4.60), we find as before

oF
a5 |,

=T. (4.72)
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It has thus been shown that the definitions of temperature and pressure within
the Tsallis formalism for non-extensive thermostatistics lead to expressions which

satisty consistency with the first law of thermodynamics.

4.4 Tsallis Distribution and its Application

The Tsallis distribution has gained prominence recently in high energy physics
because of the very lLigh quality fits of the trausverse momentum distributions
made by the STAR [14] and PHENIX collaborations [15] at the RHIC and by the

ALICE [11, 12} and CMS collaborations [16] at the LHC.

The measured spectra cover only a limited range in transverse momentum
and therefore an appropriately parameterized function is needed to extrapolate
into the unmeasured pp regions for the yield determination. The pr coverage of
the STAR, PHENIX, ALICE and CMS collaborations {11, 14, 15, 16] detectors
for hadron particles is large enough that a function which accounts for both the
power-law component of the spectra and the low pr turnover becomes necessary
to describe the data. A form that has been suggested is given by Eq. (4.73) [126],

called Tsallis-Lévy distribution

1 &N dN (n—1)(n—2)
2npr dydpr — dy 2enCnC + mo(n — 2)]

“n
\/ P+ mE — mg (4.73)

n

x 11+

. I . .
where 7', pg, n, % C, and my ave fitting parametors. For our calculations and

analysis, we are not going to use Eq. {4.73).

We investigate in this chapter one version which we consider suited for de-
scribing results in high energy particle physics. Our main guiding criterium will
be thermodynamic consistency which has not always been implemented correctly

(see e.g. 113, 127, 128]). The explicit form which we use for the transverse mo-
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mentum distribution in relativistic heavy ion collisions is:

d’N
dpr dy
. b q/(1-q)
prmycoshy [ mr coshy — p|Y
Ve |1 4+ {q ~ 1) ——— , 474
g on)? F{g—1) T : (4.74)

where pr, mp, y, T, p, V and g = (2] + 1)(2s + 1) are: transverse momei-
tum, transverse mass, rapidity, temperature, chemical potential, volume and spin-
isospin degeneracy factor respectively. In the limit where the parameter ¢ — 1 it

reproduces the standard Boltzmann distribution:

i N
1 =
q—1 de dy

_prmr coshy ( iy cosh y ~ p,)
Vit 2 xp | o e 2 2

4.75
(2m)? T (475)

We distinguish Eq. (4.74) from the form used by the the STAR, PHENIX, ALICE
and CMS collaborations [11, 14, 15, 16]. We will refer to Eq. (4.74) as the Tsallis-B
parameterization. Note that in particular the extra power of ¢ on the right hand
side which differs from Eq. (4.73). The motivation for preferring Eq. (4.74) in
this form is presented in detail in the next sections and hence derivation is given
in the subsection 4.4.2. The parametrization given in Eq. (4.74) is close to the
one used by STAR, PHENIX, ALICE and CMS. The analytic expression used in
Refs. [11, 14, 15, 16] corresponds to identifying

q
q—1

-

(4.76)

and

IS al

nC — —, 4.77
. (a77)

The differences do not allow for the above identification to be made complete
due to an additional factor of the transverse mass on the right-hand side and a
shift in the transverse mass. They are close but not the same. In particular,
no clear pattern emerges for the values of n and C while an interesting regular-
ity is obtained for ¢, temperature, T aud the fireball radins, R are presented in
Figs. 4.4, 4.5, 4.8, 4.9, 4.14 and 4.15.
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While the description of integrated particle yields is reasonably successful, more
detailed descriptions, especially of the trausverse and longitudinal momentum dis-
tributions call for additional dynamies. The transverse momentum distribution is
often deseribed by a combination of transverse flow and a thermodynamical statis-
tical distribution. With the Tsallis distribution, this superposition is not used and
a very good fit is obtained using the additional paramcter ¢ which describes the
deviation from a Boltzmann distribution. Whether this is ultimately the correct
description remains to be seen. This chapter would be able to make a contribution
to the understanding of the use of the Tsallis distribution in high energy collisions.
It is not mcant as giving a final answer to the correct dynaniieal theory of heavy

ion collisions.

4.4.1 The Analytic Form of Transverse Momentum Spec-
trum

The relevance of the equilibrivim statistical mechanics remains on the significance
of the experimental transverse momentum spectrum and the most stable charged
particles (pions, kaons, protons and ete.) can be expressed within the equilibrium

formalism.

Clearly, by assuming a purely thermal source with a Boltzmann distribution,
the analytic expression for the transverse momentum spectrum can be shown to
be as follows [129]:

dN gV .
= mrly{2) 4,78
prdpr  (2m)? ) (4.78)
where z = myp/T and K is the first order modified Bessel function,

Equation (4.78) has been used to fit the experimental transverse momentum

spectra and provides an indication of a thermal energy distribution [130, 131].

The experimental slope parameter measures the particle energy, which contains
both thermal (random) and collective flow contributions iu heavy ion collisions.
The thermal motion determines the thermal freeze-out temperature T', namely the

temperature when particles cease to interact with each other.
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4.4.2 Transverse Momentum Spectrum Expansion in (¢-1)

Let us cousider a different point of view and argue that the deviation from the
Boltzmann slope at high pr can be ascribed to the presence of non-extensive
statistical effects in the steady state distribution of the hadron gas. Hence, we

write the Tsallis-B transverse momentum spectrum in the following way

AN gVmy e

ez S cosh y [1 + 2z coshy]

dy prdpr (2m)? vt Sy
gVm @

: 1
(2~)§ cosh yexp [.._ ( :i PL) In(1 + zz cosh y)} . (4.79)

In order to have an analytical expression for transverse momentum spectrurm,
we consider here only small deviations (z = ¢ — 1 = 0} for Eq.(4.79). Using

Taylor series, we expand the Tsallis-B distribution function at x = 0 for first order

approximation
dN gVmr [ ( x(z cosh y)?
= = coshyexp | —{(1+ 2) | zeoshy — i J 1 4,80
dyprdpr  (2m)? Y ) 2 (480)

where the approximation part is given by

(zz coshy)?

(1l + xzcoshy) ~ czcoshy — 5

(4.81)

since the approximation is first order, thus in Eq.(4.80), we ignore the quadratic

term, this shows that

dN ~  gVmrp
dyprdpr  (27)?

x(z cosh y}g] o,

cosh y exp [mm coshy + 5 Y, z), (4.82)

where f{y,z) = exp{(—zcoshy) and again expand Eq.(4.82) for the exponential
part at z = 0, it yields

x{z cosh y)*
2

AN Vg
AR osh ¥ [1 —xzzcoshy +

dy prdpyr — (2m)? ¢ } fly, 2), (4.83)
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then, integrating w.r.t. ¥

dN gVmr /m { x{zcoshy)?] ,
s dycoshy |1 —xzcoshy + —————1 fly, z
prapr  GnR )oY vhTy e
gVmy . .
= - ¥ 15 +1%), 484
(2?’1’)2 (11+ 2 -+ 3)> ( 8)
where
s ¢
o= / dyf(y, z) coshy,
S0
= 2K(z), (4.85)
T, = ~:7;z/ dyfly, z) cosh? y,
= —xzK3(2), (4.86)
and
;rz‘é O "
Ty = —/ dyf{y,z)cosh”y.
2 Jow V
222 (K3(z) + 3K3(2))

- (4.87)

Finally, by substituting Egs.(4.85), (4.86) and (4.87) into (4.84), for a first order

in z = g — 1 the transverse momentum spectrum can be written as

{Kl (z) - (1'2"—%1{2 (z) + -@—“i)ﬁ 13 K1(2) + Ka3(2)]

8
(4.88)

where K5 and K3 arc the modified Bessel functions of the second and third or-

dN B gVmr
prdpy  2n?

der. The result given in Eq.(4.88) is the analytic form of the first order (¢-

1) transverse momentum spectrum. A similar derivation and analysis are found
in [131, 132].
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4.4.3 Tsallis Fit Details

The total number of particles is given by the integral version of Eq (4.44),

g/(1-q)
J . (4.89)

N—QV/ e {1+(q—— 1)?

The extra power ¢ is necessary for thermodynamic consistency. The corresponding
(invariant) momentum distribution is given by

e 0B s

By =9V E s [1+( -)==+

which, in terms of the rapidity and transverse mass variables, becomes

dN _tnycoshy

dyprdpr  ° (2m)?

ey cosh ¥ p"‘l a/(-0) (4 91)

% {1-&{{1—— 1) T

At mid-rapidity, ¥ = 0 and for zero chemical potential reduces to the following
expression
r :
dN _ gy T .ng [ B 1)7?2T}Q/U -q)
prdpr dyl,_q (27)

, (4.92)

or, with the transverse momentum:

dN

mT]Q/ (1- q)
dpr dy

T

VmeT [1+( SRRV

Gy (4.93)

y=0

At mid-rapidity, the expressions for the integrated particle yield, dN/dy and av-

erage transverse momentum, < pr > usiig Tsallis-B distribution are defined by

dN q/(1- q?
-1 = &/ dprmrpr [1 +(g- V- ] (4.94)
dy y=0 T
wnd a [0 dprmrps [1 +{q - )—f]q‘f (-9
< pr >= IV (495)
dy

respectively, where ¢ is the normalization constant.
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Figure 4.4: The calculated value of ¢, and temperature 7 in Au-Au collision at 200 GeV, for

different hadron species.

Using the result of Au-Au collision at 200 GeV [23], we have analyzed with
Tsallis-B distribution in order to obtain the g parameters and temperature, T for

identified hadron species. These are shown in Table 4.1 as well as in Figs. 4.4

and 4.5.

Table 4.1: The calculated values of T' and ¢ for different hadron species measured by the
STAR [23] in Au-Au collision at 200 GeV using the Tsallis-B form for the momentum distri-

bution.
Particle q T (GeV)

7wt 1.0871 + 0.0008 | 0.0642 + 0.0001
7w 1.0186 £+ 0.0091 | 0.0647 + 0.0001
K+ 1.1579 + 0.0143 | 0.1099 £ 0.0018
K~ 1.0194 + 0.0095 | 0.1109 £ 0.0019

P 1.0999 + 0.0298 | 0.1118 -+ 0.0093

P 1.1100 4+ 0.0388 | 0.1032 + 0.0117
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Figure 4.5: The calculated values of the radius, R in Au-Au collision at 200 GeV for different
hadron species,

In Fig 4.4(a) the g values are consistent in the range of 1.05 - 1.2; this is also
shown in Table 4.1. However, in Fig. 4.4(b) there are variations in temperature
values between pions and other hadron species, in particular there is a high jump
for the temperature, it rises from lower to higher values between pions and kaons.
For the other hadrons, the temperature values are closer to each other compare to

pions.

Fig. 4.6 presents the integrated particle vield, dN/dy and average transverse
momenta, {(pr} for central collision with diffevent hadron species.  According to
the results in Fig. 4.6 (a) the integrated particle vield decreases as the mass of
hadrons increases. However, Fig. 4.6 (b) shows the average transverse momenta
of the hadrons increase as the mass of hadrons increase. In addition, we have also
compared Fig. 4.6 {(a) and (b) Tsallis-B distribution results with STAR results [23].
Hence, most of the results are close to the STAR data; especially, the pions are
much closer to the STAR data.
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Figure 4.13: Comparison between the measured transverse momentum distribution for z,
K+, p, 57, K~ and j as measured by the ALICE coliaboration [11] in p-p collision and the
Tsallis-B distribution. The full line is a fit using the parameterization Eq. (4.93) to the 0.9
TeV data with the parameters listed in Table 4.2.

The Pb-Pb collision at 2.76 TeV measured by the ALICE collaboration {12, 13]
are presented in Figs. 4.14 and 4.15; these showed the relationship hetween the
parameters obtained from the fit with parameter ¢, temperature, T' and the radius
factor, R for various hadron species. These parameters were extracted from the
fitted Tsallis-B mowmentum distribution. The particle speetra results using Tsallis-
B distribution in Pb-Pb collision at 2.76 TeV are presented in Figs.4.17 and 4.18.
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Figure 4.14: The calculated values for ¢ and the temperature, T in Pb-Pb collision at 2.76
TeV results with different hadron species,

Table 4.3: Fitted values of the 7" and ¢ for different hadron species measured by the ALICE [11,
12, 13] in Pb-Pb collision at 2.76 TeV using the Tsallis-B form for the momentum distribution.

Particle q T (GeV)
7wt 1.1609 + 6.0002 | 0.0898 + 0.0001
T 1.1452 £ 0.0002 | 0.0969 + 0.0001
K+ 1.0255 4 0.0015 | 0.2557 £ 0.0004
K~ 1.0276 £ 0.0015 | 0.2545 £ 0.0004
K% 1.0666 + 0.0008 | 0.2041 £ 0.0002
P 1.0605 4 0.0065 | 0.3641 + 0.0026
D 1.0627 £ 0.0066 | 0.3691 + 0.0026
A 1.0164 £0.0077 | 0.3318 £ 0.0042

Similarly, for various hadron species, Fig. 4.16 presents the integrated particle

vield dN/dy and average transverse momenta, (pr) for central collision (0 — 5%).

According to the results in Fig. 4.16 (a) for the integrated particle yield dN/dy

decrease as the mass of hadrons increases, however, Fig. 4.16 (b) for the average

transverse momenta of the hadrons increase as the mass of hadrons increase.
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Figure 4.16: The particle yield at mid-rapidity, dN/dy and the average transverse momentum,
{pr) with different hadron species.

However, the Ph-Ph collision at 2.76 TeV presented in Table 4.3 which is the
temperature values for various hadron species are higher than Au-Au and p-p col-
lisions results, which are presented in Tables 4.1 and 4.2. Thus, we can deduce
that the values of the temperature, T obtained from the fit in Pb-Pb collision are

higher than the temperature, T" values in Au-Au and p-p collision energies. The
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up to 370 MeV in Pb-Pb collision energy.

For clarity we will show the results in Figs. 4.4, 4.5, 4.8, 4.9, 4.14 and 4.15
for the values of the parameters ¢, the temperature, 7" and the radius, R with
different hadron species. In most cases, the temperature values are well below the
values quoted by the STAR, CMS and ALICE collaborations [11, 12, 13, 16, 23].
The radius factor R as shown in Figs. 4.5, 4.9 and 4.15 can be interpreted as the

radius of the system as one expects contributions from the decays of resonances.

According to the experimental results by the CMS and ALICE collabora-
tions {11, 12, 16] in p-p collisious at 900 GeV and 7 TeV as well as Pb-Pb collision
at 2.76 TeV results which were fitted using the Tsallis-B distribution are shown
in Figs. (4.11 - 4.13) and (4.17 - 4.19) respectively. In general, our results are
similar with those shown by the STAR, CMS and ALICE results [11, 13, 14, 16].
However, the resulting parameters are considerably different from those obtained
from Eq. (4.73) and we have collected those parameter results for each collision in
Tables 4.1, 4.2 and 4.3.

2 . N
In most cases, the y* value is used to compare between the experimental data
and the model. If #y, . . ., zxy and 31, . . ., yn are values of the model and

measured variables respectively. y? is definced by the sum of variables

2
L . - Ly — Y,
=3 (2% (4.96)
oy
where o; is the error on the measured value y;, and N is number of samples.

We present the x? analysis for Au-Au collision at 200 GeV, p-p collisions at
900 GeV and 7 TeV as well Pb-Pb collision at. 2.76 TeV. The values for x?/ndf at

different beain energies for various hadroun species are found in Tables 4.4 and 4.5.

When estimating parameters using the method of least squares, one tries to
obtain the minimum value of the quantity x? Eq. (4.96). This quantity provides a
measure of the significance of the diserepancy between the data and the hypothe-
sized functional form used in the fit, we have presented in Tables 4.4 and 4.5 for

Au-Au, p-p and Pb-Pb collisions respectively. Note that, in the y? calculations,
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Table 4.4: The calculated values of x* /ndf with the Tsallis-B distribution for different hadron
species in Au-Au collision at 200 GeV measured by the STAR collaboration [14].

Particle | x?/ndf (Tsallis-B)
— 0.604/8
7w 2.382/8
K+ 0.641/7
K 0.574/7
p 0.305/13
5 9.526/13

the difference between N and number of it parameters is called number of degrees
of freedom (ndf).

One aspect in analyzing the experimental results is to apply the v? calcula-
tion to compare with the model. The x?/ndf is a measure of how good is the
agreement between theory and experiment. According to the parameters shown
in Tables 4.1, 4.2 and 4.3, the v analysis show that the py spectra is best de-
seribed in the specified range as shown in Tables 4.4 and 4.5, Further, the results
of Tsallis-B distribution for x?/ndf have been compared with [11, 16] in p-p colli-
sions which is listed in Table 4.5. Thus, The x*/ndf is smaller than unity because
the point-te-point errors are not included in the fit and are estimated only based
on the data points but most of the fits at different collisions were within the error
bar; these were presented in Figs. 4.7, 4.11, 4.12, 4.13, 4.17, 4.18 and 4.19. If the
x? /ndf is scaled such that the minimum is unity, then somewhat smaller statistical

errors on the fit parameters arve obtained.

In general, for various hadron species the increment of the average transverse
momentum is higher in heavy ion collisions than the elementary collisions as shown
in Figs. 4.6 (b), 4.10 (b) and 4.16 (b). The transverse momentum spectra for iden-
tified particles in An-An, p-p and Pb-Pb collision results at mid-rapidity have been
presented. These spectra are inspired by using a Tsallis-B distribution in order to
fit the spectra of identificd hadrons to give a freeze-out temperature, the average

transverse momentum and particle yield at mid-rapidity.
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Table 4.5: The comparison between the calculated values of x?/ndf using the Tsallis-B
distribution with the CMS and ALICE collaborations result for p-p collisions at 800 and 7000
GeV as well Pb-Pb collision at 2.76 TeV [11, 13, 16] for strange and nonstrange particles.

p-p collisions /s = 900 GeV and 7 TeV | x*/ndf (Tsallis-B) | x*/ndf (CMS)
Particle
KT (900 GeV) 14.41/21 19721
K9 (7TeV) 7.19/21 50/21
A(900 GeV) 8.45/21 32/21
A (7 TeV) 5.98/21 128/21
== (900 GeV) 10.09/19 19/19
== (7 TeV) 3.71/19 21/19
p-p collision /5 = 900 GeV | x?/ndf (Tsallis-B) | x?/ndf (ALICE)
Particle
at 12.01/30 14.23/30
- 13.28/30 12.46/30
it 16.25,/24 12.71/24
K- 7.06/24 6.23/24
] 14.77/21 13.79/21
7 13.18/21 13.46/21
Pb-Pb collision \/sxny = 2.76 TeV | x?/ndf (Tsallis-B)
Particle
= 13.72/38
A= 13.62/38
K+ 3.92/23
K 2.08/23
K° 14.73/29
P 17.55/31
P 17.95/31
A 14.41/22

The spectra and hadronic yield fit to Tsallis-B statistical model show that the
chemical freeze-out temperature, average transverse momentum and particle vield
are dependent on the system size and energy for Au-Au collision at 200 GeV, p-p
collisions at 900 GeV and 7 TeV as well as Pb-Pb collision at 2.76 TeV.
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Chapter 5
Conclusions

In conclusion, the statistical thermal models have been successful in describ-
ing particle vields at different heam energies in elementary and heavy ion colli-
sions [5, 104, 134]. These models assume the formation of a system, which is in
thermal and chemical equilibrium in the hadronic phase, and is characterized by a
set of thermodynamic variables. The most important among these are the chen-
ical freeze-out temperature and baryon chemical potential. The time evolution
of the deconfined guarks and gluous remaius hidden: full equilibration generally
washes out and destroys large amonnts of information about the early deconfined

phase,

In this thesis we have made a new analysis of the number of hadronic reso-
nances using the latest information from the Particle Data Group [9]. This leads
to a temperature which is consistent with the most recent results based on lattice
QCD estimates of the phase transition temperature [71, 78] and also the chemical
freeze-out temperature at zero baryon density [22, 63, 64]. We have extended the
calculations of the speed of sound to non-zero baryon and strangeness chemical
potentials keeping s/n fixed [74]. This is donte for both the hadronic resonance gas
model (HRGM) and the extended hadronic resonance gas model {EHRGM) which
includes the exponentially increasing spectrum of hadrons following the Hagedorn
parametrization. The EHRGM shows that the speed of sound goes to zero at
the phase transition point while the HRGM shows a smooth dip followed by an

increase in temperatures and baryon chemical potentials.
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The purpose of EHRGM is to confront the results of recent lattice calcula-
tions performed with light quark masses with the prediction of the HRGM and
EHRGM and determine its range of applicability. As we saw, the HRGM and
EHRGM describe thermodynamic quantities quite well up to unexpectedly high
temperatures 19].

Furthermore, we managed to extend the previous particle data table (2002
particle data table {24]) constructed by S. Wheaton and implemented in THER-
MUS {22]. Mostly charm and bottom particles are included in the 2008 particle
data table, created their decay elements and used the grand-canonical ensemble
to analyze the results. We also explained how to implement THERMUS with the
extended particle data table; and compared some results with [22]. In addition,
we presented the study of particle yields and particle ratios for various collision
energies along the freeze-out curve 4, 5].

We have analyzed and discussed the hadronic abundances measured in Au-Au,
p-p and Pb-Pb collisions at RHIC and LHC experiments using THERMUS. The
results were obtained with two particle data tables, and their differences were ex-
plained. In particular, the data from the RHIC experiment for Au-Au collisions at
130 GeV and 200 GeV were discussed and analyzed. Similarly, using the prelimi-
nary particle yvield results of p-p collisions at 0.9 TeV and 7 TeV as well as Pb-Pb
collision at 2.76 TeV [11, 12, 13] particle yield calculations were presented and the

hermodyuamic parameters were obtained fr he fits.
th Iy wrameters were obtained from the fit

The thermal parameters obtained fromy THERMUS were nsed to fit the prelim-
inary experimental results from p-p and Pb-Pb collisions at the LHC. The freeze-
out temperature was found to be between 150 MeV and 175 MeV. This oceurred
within a wide range of beam energies (i.e., 0.2, 0.9, 2.76 and 7) TeV, different type
of collisions (i.e., p-p, Au-Au and Pb-Pb) and parameters. The parameters such as
the freeze-out temperature, strangeness saturation factor, tireball radius, baryon
chemical potential and strangeness chemical potential were well parameterized to
within small uncertainties. They were also compared with [5, 109] as a function of

energy.
Finally, we have presented a detailed derivation of the quantum form of the
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Tsallis distribution and considered the thermodynamic consistency of the resulting
distribution in detail. We emphasized that an additional power of ¢ is needed to
achieve consistency with the laws of thermodynamics [113]. The resulting distribu-
tion, called Tsallis-I3 distribution, was comipared with recent measurements from
STAR [14] at the RHIC as well as the ALICE [11] and CMS [16] collaborations at
the LHC and good agreement was obtained. Based on the Tsallis-B distribution,
we have determined from the fit; the estunates of the parameter ¢, the temper-
ature 7" and the radius factor R that comes from the volume factor V. Hence,
the resulting parameter ¢ which is a measure for the deviation from a standard
Boltzmann distribution was found to be around 1.11. The resulting values of the

temperature show a wider spread around 100 MeV {17, 18].
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Appendix A

Hadron mass spectrum data table

The hadron masses can be expressed in terms of mass spectrum (MS) and its log-

arithmic form of MS. This is arranged in table A1 up to mass 2 GeV.

Mass (GeV)
. 13957
483677
.497614
.54785
.67
775
.78259
.89166
.896
.938272
.939656
.95766
.98
.9847
.01946
.11568
A7
.18937
.19264

R kR e o OO0 O O 0O O O O O o o o ©

12
21
24
30
36
40
44
45
46
49
b2
56
59
63
67

In(MS)

BB D B W W W W W W W W W W NN

.09861
.60944
.94591
.07944
.48491
. 04452
.17805
.40120
.58352
.68888
. 78419
.80666
.82864
.89182
.9b124
.025b35
07754
.14313
.20469

117

T T T T S e e O e S o TN o N = S S S

Mass (GeV)
1.
.594
.6
.617
.63
.639
.647
.65
.66
.662

. 667
.67
.6724
.67245
.675b
.68

. 6888
.69

58

MS
372
375
439
444
460
465
474
494
506
5156
522
589
604
612
636
663
684
692
756

In(MS)

o> T+ >SN« )N w > SN s + ST e )R o S o > BN o > SN o > o N @ ) B o s N o > SRR o B © N B & 1 BN #

.91889
.92693
.08450
.09582
.13123
.14204
.16121
.20254
. 22654
.24417
. 25767
.37843
.40357
41673
L45520
49677
.b2796
.53959
. 62804



T T T T S S e T N N O N T o S o T T ™ T W O eV S S N

.197456
L2295
.23
.232
.271
L2751
.2818
.294

.31486
.3183
.32171
.35
.3b61
.3828
.3837
.386
.3872
.403
.406
4098
412
.414
425
.4256
L4264
L4324
.44
.453
.46
. 465
474
L4786
.505
.518

71

80

89

121
133
138
141
142
145
148
164
168
169
178
186
194
197
205
211
215
216
220
232
2356
245
248
258
270
275
279
288
291
292
293
208

(S0 % s B+ 2 B & T & B ¢ £ N &1 N & 1 B ¢ LI o £+ £ T 1 N & B AR v L & 1 % L & R 6 T+ I S L * ¢ L S L T T T - T S S - S < =

. 26268
. 38203
. 48864
79579
.89035
.92725
. 94876
. 95583
L97673
.00395
.09987
.12398
.12990
.18178
.22575
.26786
.28320
.32301
.35186
.37064
.37528
.39363
44674
.45959
.b0126
.51343
.56296
.59842
61677
.63121
.66296
.67332
.67675
.68017
.69709
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.71

717
.72

.724
. 732
.75

.756
773
775
776

.81
.815
.8186
.82
.83
.842
.8b4
.86484
.86962
.8751
.89

.903
.905
.908
.91
.815
.92
.93
.94
. 944
. 945
.95
.96

764
776
801
802
817
829
830
850
886
914
926
934
938
861
993
1008
1014
1021
1022
1024
1030
1106
1122
1127
1175
1178
1210
1246
1316
1422
14486
1451
1485
1519
1567

S B T T e e B e e e A R N > B o s N » - B« > o) B« DR > B o N @ N R = B > R o + S B © SR &) N @ ) N « s B o "IN o MR « s K o 3]

.63857
.65415
. 68586
.68711
. 70584
.T2022
. 72143
. 74524
L78672
.81783
.83087
.83948
.84482
.86797
.90073
.91672
.92166
. 92854
.92952
. 93147
.83731
.00851
.02287
02731
. 06802
Q7157
.09838
12769
.18235
. 25082
. 27656
. 28001
. 28276
. 32681
.3b692



1.5195 306 5.72359 1.96849 1669 7.35819
1.62 322 5.77455 1.973 1873 7.36074
1.525 327 5.78996 1.982 1594 7.37400
1.5318 335 5.81413 1.992 1595 7.37463
1.535 347 5.84932 2.001 1622 7.39142
1.562 352 5.86363

Table Al. The list of hadron masses, Mass Spectrum (MS) and their logarithmic

form of M8 for hadron masses from pion mass until 2 GeV data.
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Appendix B

Energy Density for a Hadron Gas

The partition function for HRGM using the Boltzmann distribution is given by

»

o Ji2 ke

v, .
1112—9—3 : pdpe( ), (B.1)

fohmngz; & =, we have

Iz = v i’?g‘i (L)/ sinh”(y) cosh(y) exp (ﬂ%ﬁégl) dy. (B.2)
Using the definitions cosh(y) = M and sinh(y) = £, we have
sinh?(y) = -@iﬁ;y—f—g (B.3)
now for the integrand
sinh?(y) cosh(y) = e + €~~~3y8__ eroe’ = %[cosh(i:’;y) —cosh(y)l.  (B.4)
substituting this back into Eq. (B.2) gives
mZ = g%z—:-{i% l:/ {(cosh(3y) —~ cosh(y)) e~ "OSh{v"}dy} (#) (B.5)
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Using the following definitions for the modified Besscl functions

K, (z) = / e 20 ogh(pt)dt,
J0

and e )
2 -2 DK V_N.
o7 = 72Kkl
we have
gV 78131
InZ = —2—2-— I{J(l) - I{L(l)

but from Eq. (B.7)
Ks(l) — Ki(l)] = -5&2(5)

thus the partition function is given by

gV Tm?

m _fy_ﬂ
272 Tlet

nZ = 7

Kol
The energy density is defined by [19]

T2 0luZ L wl dnZ
vV o or V. du

-
& =

We can define 4 and B as follows:

T2 8lnZ B uT 8nZ

“Vor TV o

For the first part A

ML b (2] (3]

_ Ve [Kg-—{{g dkﬂ xp(ﬁ)

2% ar T
K. 1 ]
using (312 = 7 {25(2 +-§—,K1} gives
gT?m? { . om.. U } (M)
= g ALY Ol o Ll
A 573 3Ky + T 1 TKQ“ exp T
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(B.6)

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

(8.12)

(B.13)

(B.14)
(B.15)

(B.16)

(B.17)



Now for the second part (B)

pwlolmz  ul [(gV Tm? _\ 1 N
vV ooup V 272 Ky TeXp(T) (B.18)

gT'm? . 4
= [ (J2T2 kg) exp (%) (819)

To obtain the energy density, we add A and B to get after simplifving

B gT?m?
- 2

(31@ n %Kl) exp (*’%) (B.20)
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Appendix C

Derivation of Non-extensive

Formalisms

C.1 Tsallis Entropy

The postulated form of the generalized entropy [44] is:

w
1- Z exp(qIn P;)

W
S, = i:}q U , (g e Ry zps =1}, (C.1)
i=1

This Tsallis form of entropy can be written in the form BG entropy, Spe. This

happens when the limit ¢ tends to 1. Which is

W
Spa = (El—)ni Sy = {lﬁgi — Z;ln(}"@) exp(qin P, (C.2)
then,
W

We define function exp,(xz), for g > 1 as

1+ (g- DYV i 2>0
I) = C4
equ(r) { [14(1— q):zz]l’ffl_q} i z<0. (C.4)

123



Using similar method given in Eq. (C.2), we can derive the function exp,(z) in the

limit where ¢ tends to 1, which is

limg_y {1+ (g — D}V if 250
lim exp,(x) = exp(z) = 1mq 1l +(q Lﬂ} 1) v {C5)
4—1 limgy 1+ (1 —gz] /7 if =<0,
we rewrite Eq. (C.5) in the following form
limg_g 2@ Dol s g
In (exp(x)) ;{ e o1 el ¢ <o (C.6)
=1 T i) =
since Eq. {C.6) satisties L'Hospital’s limit rule [135], theu
limg, Ly if x>0
In(exp(z)) = { ' =1 1+Zz;1):r ‘ (C.7)
llmq__,l JENEn i =z < 0,
finally, by rearranging Eq. (C.7) can give us the usual form of exponential;
, > if x>
exp(z) = 4 P@ i w>0 (C.8)
exp(—z) if z <0

C.2 ¢-Exponential and ¢-Logarithm Functions

Let us be more detailed about the above definitions stated in chapter 4. For
g < 1, the g-exponential function vanishes for z < —1/(1 - ¢) and continuous and
monotonically increases from 0 to oc when  increases from —1/(1 — ¢} to oo. For
g > 1, the g-exponential function continuous and monotonically increases from 0
to oo when x increases from —oo to 1/(¢—1), remaining divergent for x > 1/(g—1)
[112]. Sec Fig. 4.1. The following property is satisfied:

P B VL B |

a
€

or, equivalent and more symmetrically,

372 Y
[ﬁzmlﬁr o g2t (Va: Vq). (C.10)

i/q
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Other interesting properties are:
egﬂﬁ.( ..... @y €§€§ (V(x, y): V), (C.11)

and

Ing(zy) =Ingz +In,y+ (1 — ¢)(Ingx)(Ing y) (V(z,9);Ye) (C.12)

as well as, the following expansions are useful in a variety of applications:

d x x\4q L
e = (eq) (Va; Vg), (C.13)
d 1
z 1
In, (;) = gz —Ingyl (V(x, y);Ye), (C.15)
1 i
In, — = gz (Va; Vg). (C.16)
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