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RESUME

, A theoretical comparative study of methods for determining natural
frequencies of vibration‘and their corresponding mode shapes is presented
for the case of cantilevers, simply supported and continuous beam-
structures, Different methods are used, such as classical, energy

and matrix methods, Effects of‘mass lumpings are investigated, A
literature review is given for the géneraL ?roblem of dynamic

behayiour of highway bridges, including the passage of heavy vehicles.
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1.1

CEAPTER 1

INTRODUCTION

At the outset the writer intended to investigate the vibration
of structures in general., It was soon realiz$d that this'is e very wide
field, After studying some of the fundamentals of vibration, given
in Chapter 2, the writer decided to confine the studies to the dynamic
behaviour of beam=-structures which vibrate freely, i.e. the periodic

motion after the removal of a disturbance force,

The first aim in bridge design calculations with regard to
dynemic behaviour will be to estimate the two or three lowest natural
frequencies of the structure. The fundementel or lowest frequency is
of the greatest importance because beam-structures vibrate mostly in
the fundamental mode after excitation (depending on type and instance
of the excitation)., For highway bridges the knowledge of the natural
frequencies is importent because it is desirable that these do not
- fall within the range of natural frequencies of heavy vehicles, caused
by suspension characteristics aﬁd/or axle spacing. This can lead to
large dynamic'deflections and stresses,

Damping of the structure reduces the amplitude of vibration
to some extent and causes the vibration to die out eventuaLLy. However,
demping is small in beam-structures and is therefore neglected in most
practical cases, Furthermore, if the disturbance is caused by an
impact, the largest and most dangerous amplitudes occur immediately

afterwvards, before damping could deveiop.

iz There exists a considerable number of methods for determining
the natural frequencies of a structural system and some of them are
investigated in greater detail in Chapter 3. These methods could be

classified as follows:=
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'

(i) classical method, which involves the solution of partial

differential equations;

(ii) ener "methods; which require for the solution & guess
of the mode shape;

(iii) matrix methods, which

(a) require the solution of the eigenvalue problem
or (b) require the solution of a poLynomlaL, called

the frequency equation,

, " Numerical integration methods are often used in practical
problems where a disturbing force acts repetitively, since this com-.

pLicétes the solution of the differential equations of motion,

» Since 1945 matrix methods became increasingly popular because
| they providéd not only an easy wey to calculate the behaviour of com=
plicated systems, but also an organized method of computation which
lends itself to computerization, Whiis% the classical methods can be
applied only to systems having uniformly dlstributed mass, the energy
methods can cope with both continuous and point hasses. For the matrix
methods, however, certain assumptions with respeét to the mass distribution
have to be madé>because these methods cannot handte uniformly distributed
mass, The actual, continuous structure is approximated by a "lumped
system", This is a system consisting of rigid bodies elastically
connected. The rigid bodies represen{ithe concentrations of the
continuous mass and the elastic connections are weightleass but possess
the flexural properties of the system. This leads to the question of
how many lumped masses the structufe should be approximated by, to give
accurate results for the natural frequencies. The effect of lumping

the distributed mass of & beam is investigated in Chapter 4,

Certain matrix operations and matrix methods are necessary in
order to solve the eigenva}ue‘problem which arises from the use of
matrix methods. The writer felt that a brief section on the relevant
"métrix caLcu@us should be included in this thesis and it can be found

in Appendix B.

The methods for determining the natural frequencies are first

- discussed in connection with statically determinate structures.
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However, since meny structures are not statically determiﬁate, the
assessment of the natural frequencies for two-span continuous beams
is;: alsc discussed. Some of the methods considered can be extendéd-‘
to multi-span continuous structures or other more complicated beam-

systems,

Finally a review of papers concernihg the general problem of
dynamic behaviour of highway bridges is given, because this is the
obvious next step, i.e. to consider the vehicle-bridge system. This
is quite a complex problem and was subject to many investigaticns
during the last twenty years. Many factors influence the dynemic :

. response, such as:
| (i). bridge characteristics
,'(ii) road characteristics
(iii) vehicle characteristics.
ObviocsLy, simplifyihg assumptions have to be made in order tc
solve the problem. A large number of field and model tests.have.been '

carried out in order to find the most important causes of undesirable

vibrations due to heavy traffic and to develop design procedures.'
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CHAPTER 2

FORMULATION OF THE VIBRATION PROBLEM

Section 2.1 - Introduction
The response of a structure to dynamic loading depends on:

(i)  the mass of the structure,
" (ii) the resistance of the structure to deflections,
(iii) the definition of the ‘loading.

Of course, if the sﬁpports of the structure are not immovable, their

motion must be defined as well.

" In order to'determine the vibration behaviour of a structural system,

we divide the analytical approach into a number of stages:

‘{ (i). “the ch01ce of the mathematical modeL Wthh is

" to be used to represent the structure,

(ii) the derivation of the equations of motion of the

'mathematiCeL model,

(iii) the determination of the physical constants such
~ as. lengths, masses, stiffnesses, etc. occurring

in_the,methematicaL equations,

(iv) the solution of the mathematical equations.

. The following section will outline these stages in some detail.
Wlth regard to the equations of motion, damplng will be neglected,
 since in many practlcaL systems the amount of inherent damplng is

small or not relevant.
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_'Section 2.2 - Vibrating Svstems‘

2,2,1 - Degrees of freedom

In order to study the vibration behaviour of e system, one must be
able to define its position at any instant. If this can be done using one
-coordinate only, the system is said to have one degree of freedom. A4n

example is the mass-spring-system invfig.:(2.1).

AL L e : i
| b
spring . - :

mass

. -I~x
Pigure 2;1 S ' _ Figure'2.2

In generaL a v1brat1ng system has as many degrees of freedom.as {,
there are coordinates. requlred to descrlbe its motlon A rigid body 1n'
space has six degrees of freedom, three in rotation and three in transLatlon..
A body constralned to move in a plane has three degrees of freedom,. two in

translation and one in rotation about an axis perpendicular to the pLane.'

A system of two rigid bodies, eLastlcaLLy connected to each other
can have as many as 12 degrees of freedom. Such systems of eLastlcaLby
connected rigid bodies are called "lumped systems" . They are composed of
g'concentrations ef mass connected by mass less springs. e o

- Distributed systems, on the other hand, are composed of an infinite
number 6f infinitely small masses, i.e. they have distributed mass-and
»dlstrlbuted elasticity. Such systems have an infinite number of degrees

of freedom. Beams (see fig. 2.2) and plates are distributed systems and
in fact most actuaL v1brat1ng systems are of this type. !
.
o To simpLify the mibration analysis, an actual, continuous structdre
meynbe approximated by a lumped system as shown in fig. 2.3. The mass
- of the members is concentrated at certain points and the beam or the

eoLumns are considered to be weightless but to have structural strength
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and stiffness. .

B Lumped mass ' ' V |

4 ' S N the entire mass is
_ lumped at beam level

1 R D

weightless ox ﬁZé&é&é?éQZZZ&Z????QO’

cantilever -
weightles //////
coLumns

lumped mass : B
ﬁ é% A\ l 7’7;"7' l 77777
' , .

- In most eaees;'the structural members afe-aesaqeditb undergo. no

/weightless beam ' .
, , Figure 2

. - rotation and‘ne»axiat,defo:mation since they have negligible effect on
the deflection and only bending deflections are considered., On this

o assumptlon the frame shohn in fig. 2.4 has five degrees of freedom as

1nd1cated | , B - ‘ E

Figure 2

', To .summarise, the number of degree% of freedom possessed by &

lumped mass system erendq ons
(1) the number of Lumped masses, and
(\ i) the number of degreee of freedom attributed to each

. lumped mass, . -

- Vibrating systems may conveniently be divided into two types:
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(i) lumped systems

(ii) distributed systems.

and obviously this distinction is mathematical and not physical.

2.2,2 — Lumped systems

A lumped system.is one whose exact equations of motion may bé:
expressed as a set of'ordihary differential equatiPQS in a finite number
of unknowns. These unknowns are functions of time only. For small
vibrations, in which we are interested, the equations of motion will be
linear and have constant coefficients. Lumped"maSSes will then be
characterized ﬁy having a finite number 6f natural frequencies.

Although lumped systems never occur eiaétly in practice, many structural

systems may be assumed to be lumped for most practical purposes.

2.2,% ~ Distributed systems

A distributed system is one whose exact equation of motion may be
expressed as one or more partial differential éduations governing certain
displacements. These displacements are functions of the space variables
X, ¥, z and the time t. For small vibrations, the equations will be »
linear, but the coefficients will not necessarily be constant. Dis—
tributed systems have an infinite number of natural frequencies and

corresponding modes of vibration.

2.2.4 - Criterion of choice for the type of mathematical model
It is cléar that although it is possible to make an absoLute-/ﬁ
distinction between lumped and distributed systems, no such clear-cut
"distinction is possible in the real world. In practice, the decision
whether to treat a system as lumped or distributed depénds on arguments

involving convenience and accuracdy. An exact treatment of the system
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increases the accuracy but algo the complication of the equation. However,
in many cases the increase in accuracy does not justify the increase in

' mathematical complexity.

Sometimes it is easier to think of a system as being continuous
rather thean lumped. This is the case when the partial differentiaL
‘equation can be solved exactly. The class: of systems for which this is
possible is comparatively small, but includes important systems such as
uniform beams and uniform plates. The partial differential equatien and

its solution for simple beam structures will be found in‘sectiqn 3.2.

When it is impossible, or dlfflcuLt to obtain an exact soLutlon of
the partial differential equations governing a distributed system, the - _
system is reduced to a discrete form. So far only one method of approx1mat1ng
: a reaL strueture was mentioned which was the lumped-mass approach (see
_sectionv2;2;1). There is however, another method by which an actuaL system
. can be approximated which is known as "assumed mode method". In th1s method
the system is assumed to vibrate in a certain deflected shape. Both methods

© will be discussed in more detail in the sections 2.3% and 3,3,

 Section 2,% - The Bquations of Motion and their Solution
i . . . . : i

2,3.1 = Single—degree—of+£reedog;probLem

The equatlon of motlon for a system as shown in flg. 2.5 may be
» obtalned by conS1der1ng the forces actlng on. the mass m at any time  t.

' The cobrdinate x represents the displacement of the mass m from a

=) :I??I% ' Figure 2.5 :

seLected reference position (generaLLy the positiom of static equllerlum).
The force exerted by the spring on the mass will be - kx (actlng 1n the
negative z-direction), where k is the elastic stiffness of the sprlng
’(defined as a force per unit'dispLacement). The accelerated mass exerts

an inertia force on the spring equal to - mx.
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For dynamig equilibrium:-
F = 0 = -n¥ - kx
‘therefore, ox +kx = 0 ' (2,1)

This is called the "equation of motion" for a single-degree-of-freedom

undamped, freely vibrating system. The general solution is:-

'i‘ = A sin pt + B cos pt (2.2)
where p° = k/m (2.3)
' The period,'dr time taken for one complete cycle of vibration,“is{
— i

T = 2¢/p = 2g Vm/k
where p is called the natural circular fréquency; it has the units
"radians per unit of time". In the subsequent discussions, we shall
- speak- of the natural circular freguency p simply as the_naturaL

~ frequency.

~ The number of cycles per unit time, say 1 second, is called the

frequency of vibration, and will be denoted by f, where

f = 1/

The consfants A and B depend on the initial conditions of the

problem. Let us assume the follewing initial conditions:-

at t+ = 0 x = X and % = O
then x = X cos pt (2.4)
and - X = =X p2 cos pt = - p2x

'Substituting X into the. equation of motion gives:-

p2mx—}_£x = 0 | (2.5)
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-which is called the "frequency equation". It will be noted tﬁat the
:_AgaturaL frequency p depends only on the paréméter,fk and m, and not

on the amount of the initial displacement X.

Let us determine the natural frequency for the following systems,
in which‘thelactuaijass of the beam is approximated by one‘Lﬁmped mass
only:-~ ‘ ‘ :

(a) Cantilever

The forces acting on the mass m are:-

NN

5 | e
]
inertia force - m¥ 3 — -

‘ : ‘ : .k
restoring force - kx o _ g 1
, "

Ey : . ‘
"The stiffness of a cantiLeverfis known to be%—

Kk = 3 EI/L

“hence from equation (2.5)

p = m «/3 ‘EI”/L3n!1

1,73 YBI/L’m.

i

~ (b) SimpLy supported beam

Using the ré%ationship given in Appendix- 4, the stiffness is found

to be:- .
mx kx
, o 4B.EI k m * f

N
mt“
=
(]
t=1
Lo ]

ol
'
W e—g—

If‘WiLL be seen in a later section, that the th natural frequencies:
obtained in‘%he above exanples are not good approiimations*to the exact

values. This is due to the fact;_that'the'one—dégree-oféfreedem model is
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not a good representation of the actual structure, which has a distiibuted

mass,

2.3.2 - Multi-degree-of-freedom problem

When there is more than one degree of freedom; the complexity of the
problem increases, since there are as many natural or normai nodes of
. vibration as there are degrees of freedom and the motion is not necessariiy
‘harmonic in form, However, any possible motion can be broken down into its
harmonic components, each component being related to a normal mode with its

~ associated natural frequency.

As an example, consider the two-degree-of-freedom systemvshown in

" fig. 2.7. The cantilever is approximated by & mass-spring-system consisting

‘of two masses m, and m,, and two weightlessbbeam sections of stiffnesses

k1 land k2. If this system were disturbed in some arbitrary menner and then.
allowed to vibrate freely, the movement of the two masses might have the form
suggested in fig; 2.7(a) and obviously such a form is not the simple harmonic
‘pattern of a single-degree-of-freedom problem. Since the system has two

degrees- of freédom, we know that it has two modes of vibrations, and each mode has

its_own natural frequency,

The two equations of motion for the free undamped vibration of the
" system can be written down by considering the equilibrium of each mass

under inertia and restoring forces:

for m,: m,X, + k1x1 + k2(‘x1 - x2) = 0 (2 6)
for m,* m,X, + k2x2 - k2x1 : = 0
.. These lead to the frequency equation from which we can solve for .p'2 and -

find the two natural frequencies and corresponding modes of vibration,

For simplicity let us assume that k1 = k2 =k and m, =m, =1 and

“let the solution be of the form x = X cos pt; then the two equations
become:

2 2k Coky

x, (-2 ez, B -0 .

(2.7)

il
o

Cx B rx, (00 -0



T, » : my : ‘ »
_ static equilibrium position v SN—— \_/ { : N tl';e /
‘ . : t -

. 2 _
o i - éf /_\
position at time t, - /—\ : ‘ . !
, time
Fig- 2.%(d) Free vibration dve fo an initial . t,
raridom displacement of m, § m, » ' :
o ~ . ) . ' k +30C ) ) .
N i W ‘ '|= ‘ . 7_'_ . —_

+ xZL

/

Fig. 2.7(b) Free vibration
in the first mode

™

b'C

time.
! | -—
| i time
ﬁg-z'?(c) Free vibration I » . B
in the second mode \\\ ‘ | 2 ~]
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Elimination of the amplitude ratio x1/x2 leads to the frequency equation:

pt - (ﬁg) + (ﬁ)z =0 (2.8)
hence, '
p2 = 0,382 (k/m) or 2,618 (k/m) (2.9)

and

D, 0,618 4k/m p, = 1,618 ‘\’k/m
-These two values of the circuler frequency p are the first and second
natural frequenéies, P, being teken as the lower of the two, which is

‘also called "fundamental frequency".

Substifuting equation (2.9) in equation (2.7) we get two relationships

between x, and =x one for each value of p, These relationships give

1 2’
the normel modes of vibration as follows:~

mode 1: Xy + 0,618 x, (2.10)

’
(2.11)

mode 23 . %55 - 1,618 x

12

where the second subscript designates the mode.

The precise meaning of harmonic motion as applied to & multi-mess-
system is as follows: every point in the structure has as its time-

displacement relationship an expression of the form;
' x = X cos pt

‘where X is the meximum displacement at that point, and (cos pt) is
common to the entire structure, This implies that all points reach
their maximum displacement at the same time, and also pass through zero

at the same time. These results are shown in figs. 2.7(b) and 2,7(0),

Depending on the form of the initial disturbance given to the
system, the free vibfation pattern can be related to mode 1 and mode 2,
and the corresponding frequencies. If the initial displacements‘
correspond to equation (2.10) on releasing, the system will vibrate in
the first mode; if the initial displacements correspond to equation (2.11)

~ the system will vibrate in the second mode. Both modes are equally
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possibie.. Jn:the‘ﬁ5§e general case of a random initial displacement of the -
two messes, this displacement can be considered as being composed of
appropriate amounts of mode 1 and 2., The free vibration pattern will then

‘adopt the forms shown in fig., 2.7{(a).

There are several important properties of normal modes of vibration:-

(i) The absolute values of displacements are unimportant;

what is important is the shape of the mode or the -
relative displacement,

"7 (41i) Since the absolute values of theAdispLacements.are arbitrary,
* they can have any convenient value. It may -be convenient
for each mode to have the sum for all mass points of the
product of each mass and the square of the corresponding

displacement add up to unity:-

n
—

When the displacements have been adjusted in such a manner they

are said to have beeu normalized.

(iii) Tne third propefty is called orthogonality property, which is

given by the equatien:-

X XM, + X 0 (2.12)

19%92™ + T2%20M
This property is very important for determiring higher natural
frequencies and their associated modes; this will be shown in

the next chapter,

It should be mentioned at this point, that in the above discussion only
oﬁe particular way of obtaining the equations of motien was used, i.e, the
equations were cbteired by considering the equilibrium of the forces acting
on the mass, There are, however, other ways to set up the equations of

motion, which will be given in Chapter 3,

2,3,% -~ Practical importance of the natural frequency

The vailues of the natural frequencies are of great importance because

they represent dangerous frequencies in most structural systems. If a
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harmonic disturbing force is applied to the system at one of these frequéncies,
the deflections could become large as the system develops what is known as
resonance. Without sufficient damping the amplitude of vibration at

resonance would theoretically approach infinity. In practice, with beam
structures it could become dangerously large (since damping may be smaLL),
causing discomfort, damage to the structure or fatigue failure in certain

materials,

In practice,iit is difficult to predict the amplitude of vibration to be
‘expected at resonance because the actual amount of damping present in any given
system can often only be guessed. This presents no real difficulty; it is
sufficient to know the frequency at which re@onancé ig expected to occur
and to avoid exciting the system at any of the natural frequencies, The
design calculations therefore first involve estimating natural frequencies

and damping is always neglected.

In a multi-degree-of-freedom structure the frequendy equation can
become quite complicated. However, in most structural problems only the
lower natural frequencies, and more specifically the fundamental frequency,

are of practical importance, the :latter only'is relatively easy to obtain.

The resistance of a structure to deflections can be defined more or

less satisfactorily. In general, it depends on:
(i)  the simplicity of the structure,
(ii) the properties of the materiaL;

A structure composed of a few simple elements, made of homogeneous isotropic
and LineafLy elastic material like steel (with strains not exceeding the
yroportional Liﬁit) and suﬁjected to small displacements which involve no
significant changes in the geometry of the structure, behaves very much

like its mathematical idealization, and its elastic properties can be
estimated guite accurately. On the other hand, a complicated assemblage

of structural elements made of non-homogeneous, non—isotropic and non—.
linearly elastic material like concfete exhibits a behaviour which is

difficult to estimate,

The mass distribution of a structure is easily defined. However, in
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many cases it would be very tedious to include in the computation the exéct
distribution of the mass, as it was pointed out in sub-section 2,2.4.

We are now left to consider the various dynamic forces which can act
on a structure and how they are treate&\mathematicatbyo However, the
description of types of forces will be very brief, since this thesis is

concerned with free vibrations of beam-structures.



Section 2.4 — Types of Dynamic Loading

In the foregoing we comsidered undamped, free vibrations of an elastic

system which are defined by:

(i) the elastic resistance and inertia forces of the structure,
(ii) the initial conditions of the state of motion,
(iii) the boundary conditions of the structure,

(iv) the absence of any external and internal friction forces,

(v) the absence of any external impresséd force.

If a disturbing force is applied to a structure, the resulting
- motion is called an undamped, forced vibration. The disturbing force R(t)
is & function of the independent variable time and there are two main

types of forces:-
(i) - periedic forces,

(ii) transient forces,

- Such dyuamic loads, applied to¢ a structure, produce & certain motion
which is called the response of the system. Depending on the applied force,

we get the following types of responses:=
(1) steady-rate respouse,

(ii) = transient response,

The first type"of.force repeats itself many times with constant
maximum force at regular time intervals. If a sufficiently great number
of cycles has occurred, the responding system will be found to vibrate in
8 steady state., DPeriodic forces may be caused by an unbalanced machine

running &t a constant speed.

The second type are forces which are applied suddenly or forces
applied for a short interval of time, such &s caused by an earthquake,
blasting of‘anvimpacto The following figures represent the forcing

functions graphically:=
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Example for a periodic forcing function

P(»‘t) .
; ////”’f\\\\\g'ﬁ time

Figure 2.8§a2
\ ﬁw;"f
P(t) ‘ _ : - P(t)

time time

E‘”;;t1‘-'4

pulse load of duration t1 o blast pressure pulse

Exdmple for transient forcing function

Figure 2.8(b) -

2.4,1 - Undamped forced yibrations

For simplicity, let us again consider the one-degree-of-freedom

system as shown in fig., 2.9. The system has the following equation of

motion -
m¥ + kx = P(t) : (2.13) .
k
m .
P(t) |
Figure 2.

The¢ solution of equétion (2613) is made up of two parts;
(i)  the complementary function which is the solution of the
homogeneous equation, i.e. the equation for free vibrationms,
(ii) the particular integral, which must satisfy the complete
equation (2,13),

Therefore

X = A sin pt + B cos pf + particular integral.
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Obviously, if there is no disturbing force the particular integral is zero

and the complete solution is given by equation (2,2) in sub-section 2.3.1,

2,4,2 - Damped, forced vibrations

It has already been pointed out that in many practical problems
damping has a relatively small effect on the response. The usual procedure,
therefore, is to sclve for the natural frequencies and corresponding normal
modes of vibration neglecting damping. However, when such combromises by
means of idealizing the actual structure are made, this has to be in
accordance with the aim of the particular study, Thus, where design loadings
involve transient forces, it is Jjustifiable to neglect frictional forces,
Here the maximum responsé auring or immediately after the application of
the force is of greatest interest, i.e. before damping could have much
effect, On the other hand, if the design is controlled by fatigue

conditions, occurring under steady-state loadings, the maximum response

during stéady state conditions may be significantly affected by damping.

Not onty should damping be considered in such steady-state cases
produced by periodic loading, but it may also be significant in response
produced by relatively long non-periodic lsadings, as for example, those

involved by earthquake respense.

The damping present in real structures may take various forms; but
‘mostly viscous damping is assumed, that is, the damping force is pro-
portional to the velocity of the mass., The general equation of motion

for a damped, forced, vibration becomes:
mX + cX + kx = P(t)

The complete solution consists of the complementary function and the

particular integral of the form:

X = exp(nct/Zm)(A sin pt + B cos pt) + particuLar (2,14)
integral
Physically, the complete responée is the sum of the starting transient
(the complementary function), which dies away exponentially, and the
steady-state response (the particular integraL)a If the vibration during

the first few cycles is of interest, then equation (2,14) must be
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investigated, but in problems, where the response is required after the
starting transient has died out, further consideration only has to be

given to the particular integral.

We will row return to undamped, forced, vibration and ihvestigate the

effect of various types of time-varying forces,

2,4,3 - Harmonic forces

Let us consider the system shown in fig. 2.9, which is subjected to a

disturbing force of the form;
P = P sin at
o)

where « is the circular frequency of the periodic load., In order to
evaluate the particular integral, x =X sin at is used as a solution

and we get for the complete solution;
P /k
2
1 - (a/p)

The constants A and B are determired from initial conditions. The first

x = A sin pt + B-cos pt + . sin at

two terms of the equation above describe the free vibration, and the third

term is known as the steady-state forced vibration. The amplitude of the

3
il

forced vibration is:-

Y S
1 - (a/p)?

= Po/k, where X

4

- is the displacement for a static load Pys

Howejeyi!xst st
then _ _
X 1 -
<= = > | (2.15)
st 1 - (a/p) :

The ratio X/xSt is called magnification factor. In fig. 2.10 the absolute

value of the magnification factor is plotted against the frequency ratio and
the figure illustrates the phenomenon of resonance - that when the frequency
of the disturbing force equals the natural frequency of the system, the
amplitude of the forced vibration tends to infinity, if there is no damping.
When the frequency of the disturbing force increases beyohd the condition

of resonance, the magnification factor again becomes finite, and its

absolute value diminishes as a/p increases. This means that a dynamic
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load having a high frequency produces forced vibrations of very small

amplitudes,

\\\\\\
—— ]
0
0 0,5 1,0 15 2,0 25
x
/7

Figure 2.10

2,4,4 - Transient forces

If a force is applied to a one-degree-of-freedom system for a short
interval of time and then removed, the subsequent motion will be free
vibrations, which will decrease in amplitude, if damping is present in the
system. Usually the maximum displacement of the mass is of interest; this
will occur during the time of application of the force or in the first cycle
of free vibration after the removal of the force, Thus considering tran-
sient disturbances of short duration, -only a few cycles of vibration of
the system are of interest. However, damping is small in many structu}aL
problems, so that its effect on the vibration dﬁring the first few cycles

can be neglected.

In practice, the variation of the transient force with time is often
not known exactly, and hence only approximations to the maximum displace-

ment can be determined.
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First we shall consider the effect of an impulsive load, from which

the response due to other time-varying forces can be derived.

A) Effect of an impulse

If at.avtimé - t7=0 an impulse G is applied to the mass in the
+ x direction, the body instantaneously acquires a velocity G/m. If
no forces are‘appliéd thereafter, i.e. P(t) =0 for t > 0, there is no
particular integral and the complete solution of the differential equation
is:-

‘x = A sin pt + B cos pt
applying the initial conditions:-
at t = 0 x = 0 and % = G/m
| G/m

¢/(mp) . sin pt for t>0

then A

hence X

By similar reasoning, if the mass had been at rest until time t = t' and

an impulse had been applied at t = t', then the resulting motion would be:-

= '%5 sin p(t - t') for t>1°

B) General case of a time-varying force

Let us consider a variation of force P(t) with time as shown in

fig., 2.11.

P(t) 7

e
ct - ——— ——

ot

-

=]

]

J

1

At

The general continuous force E(t) can be considered as a series of impulses.
The shaded area AG = P(t') At' is a typical impulse occurring at time

t = t'. The increment in displacement Ax =at time t(t > t') due to

AG is:-
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Ay o E(E1) At sin p (4 - t)

m. p :

Summing for all the impulses into which the curve P(t) i$ divided between

t =0 and t = t, the response at time t is:-

t
X = mLp ‘[P'(t') sin p (t - t')dt* (2,16)
° 0

This integral is also known as Duhamel integral. If the initial conditions
at time t =0 are x =X and %X = X, the solution of the homogeneous
equation must be added so that the complete motion is described by:-

) .
f P(t') sin p(% - t') dt°

o]

23 |pde

x = X cos pt + sin pt + - !
The total displacement is simply the superposition of three separate

contributions:

(1) The free vibration X cos pf, which would result if at
t = 0 the system were displaced by X but had no initial
velocity and subsequently were not acted upon by an external
force P(t). This contribution is identical with the free

vibration given by equation (2.2) in section 2.3.1.

(2)  The free vib¥ation X sin pt, which would result if, at
t = 0 the system were subjected to an initial velocity X
but had no initial displacement and subsequently were not

acted upon by an external force P(t),

(3) The dynami?/response which would be produced by the time-varying
force P(t) to a system which had neither a displacement nor a

velocity at t = 0.

C) Stepwise disturbance

Let us now consider the response of the system shown in fig. 2.9
produced by a rectangular pulse load as given by fig. 2.12, the system
being initially at rest. This case is of interest because the maximum
displacement X ax is dependent on the ratio of pulse length t1 to the

period of the system T as will be shown.



For 0 <t <t,, the motion is governed by
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t
1 . .
= - dt?
X _maprs1np(t t)t
0
x = % (1 = cos pt) since p2
and with P = k x
: st
X
— = 1 - cos pt
st

For t>t1,

i t I‘me

Fig, 2.12

B Ix
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(2.17)

the motion will be a free vibration and is governed by:-

t t
P 1 . 0 '
- — s - 4! 1 —_ ; - 1
X = _— / sin p(t t1)dt' + m.p/ sin p(t t1)at
0 t

The integral must be split into two portions,

since P(t') P for 0O0< ’c<t1
and P(t') = 0 for t>t,

Evaluating the above equation leads to

£~ = 2 sin 4 pt

- sin p(t —%t1)
st

1

From equation (2.17), the maximum displacement X ox

1

is given by

(2,18)
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X

== =2 (2.19)
st

provided pt1 = 7w

that is t1/T > &

where T is  the period of the system.

However, if t1/T < %, then the maximum displacement is governed by
equat10n»(2.18) and the ratio Xmax/xst is given by:-

X
max

X

= 2 sin (% pt1) (2.20)
st

These two relationships are shown in fig. 2.13. The curves (a) and (b)
represent the motion of two one-degree~of-freedom systems with different

periods of wvibration T, i.e.

for curve (a) T

i
(G TN
o+

for curve (b) T

I
o
+

The curves were obtained by a method known as "Phase-plane Method", which

will not be expLaihed here and may be found in ref, (8)o

Comparing the two values for Xmax/xst from equations (2,19) and
(2.20) it can be inferred that whether the maximum transient response
occurs during or after the period of application of the disturbing force

depends on the ratioc:-

El _ pulse length
T = period of system
and
if t1/T = 1/2 then the maximum displacement Xmax occurs during
' the pulse and is given by equation (2.19), i.e. twice
the static displacement;
if t1/T-<':1/2 then the maximum displacement X ax OCCUTS after

the end of the pulse and is given by equation (2.20).

The variation of the dynamic magnification factor Xmax/xst with the ratio
t1/T is shown in fig, 2,13(b)
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CHAPTER 3

VIBRATIONS OF STATICALLY DETERMINATE BEAM STRUCTURES

Section 3.1 = Introduction
=2

In nearly all structural systems-such as beams, bridges and plates
the mass and elastic properties are distributed rather than lumped. Howevef,
these parameters are assumed to be lumped in many vibration analyses since
distributed systems are governed by partial differential equations and
relatively few can be solved, But for some important cases, as for
_instancg, beams, it is easy to write and solve the partial differential

equation, governing the systemn,

In the following section only simple cases such as cantilevers and
simply supported beams will be investigated. The exact solution will be
found so as to form a basis of comparison with other mathematical models

presented in section 3,3 of this chapter.

Section 3,2’- Transverse Bending Vibration of Distributed Systems

3,2,1 = General assumptions

The following analysis i1s applicable only to slender beams, for which
the effects of rotary inertia and shear deformation are negligible. The
material is assumed to be homogeneous and linearly elastic¢. Damping is
neglected, and the beams are not subjected to axial forces. It is also
assumed that the displacements are small and that they are referred to the
static equilibrium position, i.e. they do not include the displacements due

to gravity. Furthermore, the beams have uniform cross section.

3.2.2 — The equation of motion aﬁd its solution

Consider the forces and moments acting on & beam-element of length dx

as shown in fié. 3.1,
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y * - pAdx 9y

2
ot Figure 3.1

Q and M are the shear ?orce and bending moment at section x. The inertia
force on the element is p A dx (Bzy/afz),where p 1is the density of the

beam and A i1s the cross-sectional area.

Taking moments about the centre line of the element (neglecting

products of small quantities), and resolving for forces in the y-direction,

we find:
_ o
e = dx
3 3
and Sg = pA ——
X at2

From the relationship between bending moment and curvature and

the approximate curvature-displacement relationship:

where EI is the flexural rigidity. Combining the above three equations

leads to the partial differential equation of motion:

4 2 ' '

a_I_I_EA-'a_X = 0 ‘ (3 1)
4 EI 2 °

ox ot

When a beam performs a normaLVmode of vibration the deflection varies

harmonically with the time and can be represented as follows:

y = Y (A sin pt + B cos pt) (3.2)
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where Y is a function of the coordinate x only. Y determines the shape
of the normal mode under consideration and is called the "normal function".

Substituting equation (3.2) into equation (3.1) we obtain:

4 2
4y pdp o _
dx4 - TEI r =0 (3.3) .

BEquation (3.3) is of fourth order and the sine, cosine, sinh. and cosh:
will each satisfy the equation. Consequently, the general solution will

contain four constants and may be written in the'deLoWing form: -

Y
4

where b

C sin rx* + D cosrx+ E sinhurx + F coshirx (3.4)

pApZ/EI

and the constants C, D, E and F will be determined from the end con-
ditions of the beam. For the two ends of a vibrating beam we always
have four end-conditions from which the ratios between the arbitrary
constants of the general solution (3.4) can be obtained. In this manner
the normal modes of free vibration and their natural frequencies will be

established,

3.2.3 = End conditions

(a) Simply suppdrted beam

In the case of a simply supported beam (fig. 3.2), the displacement
and bending moment are both zero at each end of the beam. The end

conditions are therefore:

at x =0 Y=0 i,e., 0 = D+ F

at x=0- Y''""'=0i.es 0 = —'T2D + T2F

thus D=F =0

(Primes will be used to designate differentiation w.r.t. x)

at x =L Y=0 i,e, 0 = C sin rL + E sinh rL

at x =L l Y'* =0 i,e. O =---Cr2 sin rL + Er2 sinh rL

The only non-trivial solution is E = 0 and sin rL = 0 for C % 0

leading to:

rL = ng n 142,350

1,243 ce (3.5)

and

e
1]
N
3.
/|
=
ju
N
Il
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For convenience let us introduce the symbol

P, incorporates all the properties for a pa&ticular beam, ji.e. its total

mass MB’ its length L and flexural rigidity EI.

For the first three natural frequencies, we have:

P, = 9,8696 P,
p, = 39,4784 P,
Py = 88,8264 pW

In the following sections, these values will be referred to as "exact"
values of the natural frequencies for a beam having a continuous, uniform

mass distribution.

1 |
| b =
_Q_i_., R - - . B R . jr e o X
‘ B
Y, = sin (nx/L)
_ ’ ) 2 [E
p, = (T V Py
Mode 2 Y2 = sin (2nx/L)
) - - - . 4_~;——/”)4 . =v(§1)2 ‘,El
L/2 : I 2 L pA
Mode 3 Y3 = sin (BWX/L)
L T~ _l N 3pn2 ([ EL
[ Py = (L) VP_A

£
N
o
£
N
=
N~
N
1

Figure 3.2
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In section 2.3.1, example (b), the fundamental frequency of a simply

supported beam having one degree of freedom was calculated to be:
p = 6,92 p_

This value is very much lower than that of p1 given above and illustrates
the magnitude of error which occurs when the total mass of the beam is

concentrated at only one point.

From equation (3.5) we see that there is an infinite number of
values of p that satisfy this equation. As mentioned previously this
is true of all distributed systems and is in agreement with the fact
that the systems are composed of an infinite number of mass particles.
It should be noted that the natural frequencies increase with the square

of the natural mode number,

The shape of the normal mode of vibration corresponding to the

natural frequency is given by the normal function:
Yn = gin BEX 0gLxglL

The shapes of the normal modes therefore consist of integer numbers of
"lLoops" of a sine curve, as shown in fig. 3.2, Hence for a uniform
beam with simply supported ends the expression for the modes of vibration

is given by:

_ .. nmx . 7
y(x,t) = sin I (An sin pnt + Bn cos pnt) - (3.6)

However, there is an infinite number of normal modes, and a general
free vibration may involve all of them. Since the system is linear,
we may, by superposition, write the following summation of an infinite

number of expressions of the type of equation (3.6):
>
_ . hyx .
y = ;%: sin =7 (An sin pnt + Bn cos pnt) (3.7)
=1l

In order to evaluate An and Bn’ expressions are needed for the

displacement y and the velocity ¥ at zero time; thus:

had

_ ¢ . Nfx

Vo = }J An sin =T
n
OO

_ . ngx

yo = %; Bn sin =7
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If we multiply both sides of each equation by sin(mnx/L), where m is
an integer, and integrate between the limits x =0 and x = L, then

the following formulas are obtained:-

2 L ngx
An=ijyos1nde
0
: (3.8)
L
B = [ s1n—1’—dx
n P, L
0

Example:

Let us assume that the beam is subjected to an impulsive starting

condition, Y, = 0 and yo = v = constant. Hence from equation (%.8):

A =0
n
L
v . AOExX 4v -
Bn = 5 sin = dx = — = for n = 1,3,5,...
p1 n L A T p1 n
0 for n = 2,4,6,...

2 .
noting, that we substituted P, =D, 0, for a simply supported beam.

Substituting An and Bn in equation (3.7), we find that the

displacement series resulting from the impulsive starting condition is

given by: oo
y = Ay E' 1 sin £ gin p.t (3.9)
n=1,3,5

Only the odd-numbered or symmetrical normal modes are excited by the
symmetrical starting condition., Furthermore, we see that their
amplitudes are proportional t0~1/n3, that is, to 1; 1/27, 1/125, etc.
This indicates that the displacement response is largely in the

fundamental mode,

(b) Cantilever

Consider the cantilever shown in fig. 3.3; with the origin of the
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axes at the fixed end, the end-conditions are:-~

atx=0 Y ::=0 i.e. O0=D+F
at x =0 Y =0 i.e. 0 =rC + rE.
— 11 — : 2 = 2
atx=L Y =0 i.e. 0 =-1r0CsinrL - rD cos rL

+ r2E sinh rL + r2F cosh rL

at x =L Yrvr =0 i.e - 0= ;er cos -rL'+ r?D sin rL

erELcosh rLﬂ+wr3F,sinh rL

Hence we obtain the set of equations:

1l
o

¢(-sin rL - sinh rL) + D{-cos rL - cosh rL)

I
o

¢(-cos rL - cosh rL) + D{ sin rL - sinh rL)

These equations will have a non-trivial solution for € and D only
if the determinant of the coefficients is equal to zero, Hence we get
the frequency equation:

(cosh rL + cos rL)2 + (sin rL 4 sinh rL)‘(sin rL - sinh rL) = 0

After expanding and simplifying this leads to:

cos rL , cosh rL = - 1 (3.10)

There exists an infinite number of values of rL which satisfy
equation (3.10), as can be seen from fig. 3.4 where the graphs n, = -1/cosh rL
and n2 = cos rL are plotted. The first three roots of equation (3.10)

are:
r,L = 0,597 ¢ = 1,875
r,L = 1,49 1 = 4,69
rl = 2,500 © = 7,855

Since 1/cosh rL becomes infinitely small for large values of rL, the

higher roots are given with satisfactory accuracy by the equation:
rL = (n-1/2) for n = 3

The natural frequency is given by:

_ 2 A
Pp T Tn pA
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and for higher frequencies, they can be approximated by:

) :
n-1/2 2 | EI
b = T Y .11
n L2 v pa (3.11)

The values for the first three natural frequencies are as follows:-—

p, = 3,516 P,
p, = 22,03 p_
p3 = 61,70 P,

Comparing the value of the fundamental frequency with the one obtained
in the example (a) in section 2.3.,1, it can be seen that the exact value
is roughly twice as much as the value obtained when using the lumped-mass

approximation with one degree of freedom.

Equation (3,11) shows that the natural frequencies of the higher

harmonics increase with the squares of the successive integers n.
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‘Section 3.3 - Approximate Methods of Determing the Natural Frequencies

3,3.1 = Introduction

We saw in the previous section that exact solutions can be obtained
for simple beam structures having a constant cross-section, i.e., uniform
mass distribution by solving the partiéL differential equation of motion
and by substituting the appropriate end-conditions. However, for beams
with non-uniform mass distribution or non-uniform cross-sectional area,
the complexity of the calculation becomes excessive and with:the exception
of a few special cases such solutions do not exist and approximate methods
are required to determine the natural frequencies and their associated
mode shapes. There are many methods of determiming approximately one.or
more natural frequencies and in the subsequent section follows a survey
of some of these methods. In section 2.2.4 it was mentioned that there

are two methods of approximating the actual structure:

(i) the lumped mass method; 'in this method the equations of

motion are set up. There will be as many equations as
there are degrees of freedom in the system., In order to
obtain the frequencies and mode shapes, the set of n

simultaneous equations has to be solved;

(ii) the assumed mode method; this approach is developed from

considerations involving the total energy of the vibrating
system. It is necessary to guess a normal mode shape and
the success of this method depends on the choice of these
assumed shapes. The Rayleigh and Rayleigh-Ritz methods
fall into this group.

Another way, which will not be discussed in this thesis, is to obtain an
approximate solution of the partial differential equations using finite-

difference methods,

By lumping the diétributed mass at certain points & possible non-
uniformity of the beam mass can easily be taken into consideration. At
the end of this chapter the question will arise, into how many concentrated
masses & system should be divided in order to obtain & good approximation

to the natural frequencies of the original system,
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On the other hand, the self-weight of a beam might be negligible
compared with the applied (point) loads and the approximate methods are

very useful in assessing the natural frequencies of this type of system.

3.3.2 = Rayleigh's approximation

A) The Energy Equation

Rayleigh's method is based on the principle that in a freely vibbating

system & periodic exchange of kinetic and potential energy takes place.

The energy équation for a vibrating system is easily obtained from

the equation of motion:
m::).;'l*ky = 0
multiplying by ¥
myy + kyy = 0

and integrating w.r.t., time gives

2+—;—ky2 = C (3.12)

1. o
2Ly

The first term of this expréssion gives the instantaneous kinetic energy

of the motion of the mass, and the second term represents the instan-
taneous potential energy of the restoring element relative to the potential
energy at the static equilibrium position of the system. C is the total
energy of the system and it remains constant throughout the motion

provided there is no damping. The magnitude of C is determined by the

initial conditions of the motion.

When the displacement y is a.maximum Y, the velocity will be

zero and

Similarly, when the displacement y is zero, the velocity ¥ will be a

maximum Y and

The maximum kinetic energy is thus equal to the maximum potential energy.
The maximum values of the two forms of energy occur a quarter of a cycle
apart, which leads to the assumption that the motion of the free vibration
can be described as harmonic so that the velocity of the motion is related

to the displacement.
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Consider for example again the single-mass-spring system (fig. 305)

Figure 3.5
The displacement of the mass m is chosen to be:
y = Y sin pt

The kinetic and potential energies are given by

' 2
KE = + my2 = & nY? p2 cos  pt
M 2 .2
PE = d[kyﬁdy: 1 ky2 = + kY sin” pt
o v
At the position of maximum displacement we have:
PE = 4 KY? s KE = 0

max
and at the position of zero displacement we have:

2 2
- . —
KB, = Fol p PR o= 0

Knowing that the maximum kinetic energy is equal to the maximum potential
energy, we get

2 2 2
+x¥" = +tm¥ p

“thus p2 = k/m as before in section 2.3,1

B) Bending vibration of & simple beam

In the case of heavy beams, the expressions for the kinetic and
potentiaL'energies are more complicated. Consider an element of a beam
(fig. 3.6) deflected by the amount M from its equilibrium position. If
a moment bends this element of length dx through an angle ié, the
elastic potential energy stored in the elementary length of the beam will
be Md9/2. Since d& = dx/r, and since the relationship between moment M
and radius of curvature r of a beam is given by M = EI/r, the above
expression for the potential energy of the element becomes |
EI

2
r

PE = 42 dx
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———— -] - X
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M+ dM

- X ——| |

&
y

Figure 3.6
Since we consider only small displacements, i.e. small slopes, we may write:

1 _ a4
T dx2

so that the maximum potential energy of the entire beam will be given by

an integration over its length, L, hence
L

4%y, 2
PE = + EI / (—-%) dx (3.13)
0 dx

The kinetic energy of the element is AKE = % m&zdx. Assuming that the element

has a simple harmonic motion about its static equilibrium position, then at x

N = ¥y sin pt
hence max ﬁ = - Dpy
2 2
and AKEX = +mp y dx

The maximum kinetic energy of the whole beam will be obtained by int;fé
grating over its length L,

2
hence KE = + «x mp2 y dx

O\L_'

Since p is cons?ant at all points along the beam, and m is constant for

a uniform beam, we rewrite
L
2 2 .
KE = 4 mp Jf y dx (3.14)
0

and thus equating the maximum kinetic and maximum potential energy given
by equations (3.14) and (3.13) respectively, we get the following

expression for the lowest natural frequency

L d2 o
EI f (=) ax
2 0 dx
mf y2 dx
0
In the case of a non-uniform beam we get.
L d2 5
f EI (—-;_1) dx
2 d
P = 9 L = » (3016)

Jr my2 dx

0
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This is a general expression that cannot be integrated unless we can make
& proper guess about y as a function of =x., The procedure is to guess
a deflection curve which satisfies the end-conditons and corresponds to

the mode of vibration concerned.

It can be shown mathematically that for a uniform, simply supported
beam the sine curve is the curve of aLL.possibLe ones, satisfying the end-
conditions of zero displacement, that will make the numerical value of

equation (3.15) a minimum,

) Examples: (1) Simply supported beam

Consider the system shown in fig. 3.7, consisting of a heavy uniform
beam simply supported at each end and carrying a concentrated load at the .

centre of the span

My y My

L
Figure 3.7
let m = meass per unit length of the beam
My = total mass of beam = m,L
ML = mass of central load
Y = maximum deflection at mid-span.

The end-conditions to be satisfied are that the displacements and bending

moments at each end are zero, i.e.

at x =0 and x = L: y = 0;. ——% = 0

For the fundamental natural frequency the curve y = 7Y sin nx/L satisfies
the end-conditions. From equation (3.14) the maximum kinetic energy of

the beam is:

KE = 4+ mp
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and for central load:

KE = %-ML p2 e

Hence for the whole system,
KE = & 2 Y2 T M, + M )

From equation (3.13) the maximum potential energy is:
pp - ELY g
417

2
Equating the above two expressions and solving for p , gives:

P = 48,7 EI (3.17)
3 1 4
(% My + ML)

Two special cases may be noted.

(1) If the central load is zero, the system reduces to a heavy, simply.

supported beam, with total mass MB:

p2 - 97,4 EI
M, 17
B
hence p = 9,87 EL 3
M. L

{

This agrees extremely well with the exact expression of the

fundamental frequency derived in section 3.2.3, where

p, = 9,8686 P,

(1) oo If the beam is light compared with the central load, i.e.
MB = 0, then
p2 _ 48,7 EI

3 \
ML P



or P = 6,98

Comparing this with p2 = k/m for the system of fig. 3.7 and
example (b) in section 2.%.%, the effective sbring constant of the

light beam is given as

2
Thus Rayleigh's method gives a value for p which is 1,4% in excess

of the true value for a light beam with a central load.

Rayleigh's method is very useful when it is desired to kmow the
effect of neglecting the mass of a beam carrying concentrated loads.
It can be seen from equation (3.17) that half the mass of the beam
should be added to the central load if it is required to find the
lowest natural frequency of & one-degree-of-freedom system having

one lumped mass M. and distributed mass m = MB/L

L

Cantilever

Consider the cantilever shown in fig, 3.8

| T X g

|__!

IL - | Figure 3.8

LLLLLLLLL
/
\F
/

The end-conditiors to be satisfied are the following:-

atx=0 y =0 y' =0

atx=L y'' =0



The following assumed function will satisfy the end-conditions:.-
= - IxX
y = Y(1 - cos 2L)

Similarly as above, we obtain for the kinetic and potential energies:

2 2
KE = p Y (& M+ 0,113 MB)
, 4 BI .2
PE = ﬂ———g Y
64 L
therefore ' p2 = 3 3,04 BI
L (ML + 0,226 MB)

Agein two special cases may be considered:

(1) ML =0 , the system is reduced to a heavy beam with

2 13,46 EI

3
MB L

3,66 W/EI/MB L’

compared with the exact result in section 3.2.3

p = 3,516 ]/EI/MB 1’

which is a percentage error of 4,1

"D

(ii) MB %'O, the system is reduced to a mass-spring system with

2 _ 3,04 EI

p =
3
ML L

comparing this with _p2 = k/m_for the system shown in example (a)

section 2.3.1, the effective spring,constant is given as

. . 3.04 EI
= 2%

as compared with the well known flexibility coefficient

3 EI
Kk = ===
1,3
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Thus Rayleigh's method gives a value for p which is 0,6% in

excess of the true value for a light beam.

It follows from the above, that Rayleigh's method can be used for
both distributed and lumped systems.

D) Rayleigh's Quotient

Rayleigh's principle states that if a reasonable mode shape is

assumed, satisfying at least the following end-conditions:

y=0 for hinge-supported end
y =0 } for a clamped end
y'=0

then a good approximation to the natural frequency will be obtained, using

Rayleigh's quotient:

L
/ BI (y")° dx
2 0 for distributed systems with
Po= 5 m = mass per unit length
‘/-m.y dx :
0
or L 2
1
5 5/ BI (y")° dx for distributed systems with additional
P = -7 concentrated masses Mi
2 2
ery dx + T MiYi
0
or
2  X'KX for a system having only
P = xMx lumped masses.

The latter equation is given in patrix notation, where

K = stiffness matrix
M = mass matrix
X = displacement vector,

(see section 3.%.6 and Appendix B 4,1.3)

E) Comment on Rayleigh's Principle

The chief usefulness of Rayleigh's principle lies in the fact that it
provides a quick method of estimating the lowest natural frequency of a
vibrating system. It is only necessary to use a moderatehy'éccurate

representatioﬁ of the mode shape in order to obtain a good approximation
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of the fundamental frequency. However, by assuming the mode shape,
constraints are imposed on the beam. This has the result that the
calculated lowest natural frequency will always be higher than the true
value, unless the exact mode shape is known, in which case, Rayleigh's

quotient gives the exact value of the fundamental frequency.

The chief disadvantages of Rayleigh's method as an alternative
to the direct calculation of the modes and frequencies from the frequency

equation (see section 2,3%.2) are:

(i) it can be expected to give accurate results only for
the fundamental frequency of simple systems for which

it is possible to gueés the approximate mode shape;

(ii) it is difficult to apply to higher frequencies of the

system;

(1iii) it contains no "built-in" means of calculating an
improved estimate of the mode shape from the

calculated value of the frequency.

3.%.3 — The static deflection method

This method #s a special case and differs from Rayleigh's method in
that the potential energy is obtained in a different way and use is made

of the static deflection curve.

In the examples given in the previous section, only harmonic deflection
curves were assumed for the mode shape. However, employing static
deflection curves for the assumed mode shapes leads to similar good
approximation of the natural frequency and hence it seems Jjustifiable to
use the static deflection curve for evaluating the maximum potential
energy of the system. Assume that the beam shown in fig., 3.9 is given
& displacement upwards equal to the gravitational displacement due to

uniformly distributed dead 1load.

Figure 3.9
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Consequently we can calculate the initial potential energy in the beam by
summing or integrating & the work done against gravity. Denoting a
concentrated mass by M and a distributed mass by m, the work done on

these masses can be expressed by:

PE =11 Migd for concentrated masses

1

and B \/’5 mgy(dx)for distributed masses

where d is the static deflection of the mass,

This procedure dispenses with the necessity of dealing with the second
derivative or the curvature of the beam as shown in equation 3.13 and
relates the maximum kinetic as well as the maximum potential energies to

the static displacement curve., In general, we may write for any beam:

L n
S myE)+ 5T M.a.
o= g =1 | (3.18)

If the mass of the beam is neglected, or lumped at i discrete points

in i equal masses M, equation (3.18) simpLifieé to
2
o= 8 (3.19)

Examples for a simply supported beam

(a) With one lumped mass

0 M b4
o G, ——} b ——
L -
v Y
 From Appendix A1, the static deflection dst at x =a is
_ M..g.azb2 - a4
Y= T5ET L T st

Substituting in equation (3.19) gives for the fundamental frequency

_ g _ 1 [3EIL
p = d_, b M
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L
Ifa=b=3
.
ML
b = 6,928 —Elg
ML

The value 6,928 is very close to that obtained above in example 1(ii),

page 3.16, where

p = 6,984 — =
. ML
But the amount of work is reduced considerably, when using the static
deflection approach, since it was not necessary to make an intelligent
guess of the mode shape and then obtain the expressions for the kinetic

t

and potentiaL"energies;

(b) With two lumped masses

1 (v)
\_
14 921
. ; (c)
| —
4o doo
'.J { | (a)
d, a, |
Figure 10

The principle of superposition may be applied to the system shown in

fig 3.10. Considering M first, we get from Appendix A1:

1
2
M gL 2 Mg L,L
_Mely Mg Ll o o o
dyy = 3Eg T LL-1L] dyy = FETT L - Iy - L]



Similarly for M2, we get:.

M 12
i - 253 (L -1.7° 4. =
22 3Bl L 3 12

The totaL‘displacements are therefore given by:

d d,, +d

17 P17 %

d2 = d22 + d21

and the expression for the frequency then becomes

M, d, +M, d

s s B B
= 2 2
M, af + M, d,

Let us assume the following values:-

=2 - 13

— — _ L7
L, = L, = Ly = 3 L
— S
M, = M, = N
then we get:
i -4 . 2 Mgl
11 - “22 243 °©  EI
a4, = d,, = =& -L& L
12 = %21 T 972 EI
hence d1 = d2 = d11 + d12
15 M gL’
T 972 *  EI

) 972 EI
. p = g 3
, X (15 Mg L
* 2 °'\972  EI
p = 8,95 ] 2L

3,22

(3.20)
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3,%3.4 Dunkerley's Method

In this methed several isolated systems are investigated and their
natural frequencies are combined to a resultant fundamental frequency
relating to the actual system of their combination. The method is

developed as follows,

Assume that the potential energy is contained in one term, i.e, PE
and that the kinetic energy is contributed by various inertia elements,
i.e.

2 2 2
KE = k1p +k2p o I +knp

where kip2 is the kinetic energy of the i's element; and remembering

that max PE = max KE, we get

& dynamic deflection curve may be estimated of the form:

y o= ¥ + Yo F eeeces T yn
and the constants ki of the kinetic energy contribution can be evaluated

from such parts of y which are applicable.

If, however, the interdependent constraints between the inertia
element be relaxed to such an extent that n fully isolated systems
result, we may evaluate the isolated fundamental frequencies from the

n hypothetical deflection curves

1
(78)4

1 .

> with y = Yy
Py

. etce.
Lox (EQ) with =

2 = ‘PE’n y = Uy
Py

The ratio 1/p§ will be a "true" but fictitious frequency if the isolated
deflection curve s is the exact curve for the isolated system; if not,
the ratio is smaller than the true one. It is, of course considerably
casier to find the exact curve for an isolated system, 1.e., a system
having only one lumped mass, than for a system having several concentrated

masses,
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Assuming now that instead of the n isolated deflection curves we
know the one exact composite deflection curve y and use it in

calculating all the isolated approximate ratios 1/pi, we then have:

2 _ 2 2
5 = (581 = 13
by

. etc.

1 kn kn
<= &, 2w
v

where the term in brackets is obtained from the isolated deflection curves
yi and the term k1/PE without the brackets indicates the ratio which

~would be obtained from the exact composite deflection curve Vo

If these inequalities are added, we get,. on the right-hand side, the

inverse of Rayleigh's approximation with zero error, i.e.

k k k, + ... tk

B 1 _ _n 1 n _ _1 __
sttt = (Gt t (5, 2 PE = 3
p1 ) pn ptrue

This shows that an upper limit of pm2 and consequently a lower limit of p2
will be obtained. In other words, Dunkerley's approximation will be lower
than, or equal to, the true value of the fundamentai frequency of the -

combined system. The general equation for a system with 1 concentrated

masses may be written as

T I 1
5 = ) + > F oeeoess T > (3021)
Py

P P, P,

where p is the fundamental fréquency of the combined system, and 1N

are the fundamental frequencies of the various masses acting alone.

The above derivation is taken from ref, (8) and no mention is made
with regard to the application of Dunkerley's method for other frequencies
then the fundamental frequency. Bishop and Johnson {9 ) state that
| Dunkerley's method is only applicable to problems where the second and
higher natural frequencies of the combined system are considerably greater
than the lowest natural frequency, as it is generally the case in beam
structures. PFurthermore, it is stated that Dunkerley's approach can be
applied to higher frequencies under certain conditions which will not

be discussed in this thesis.
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(a): Example for a simply supported beam

Let us again consider the beam shown in fig. 3.10(a), This system may
be imégined relaxed into two isolated systems, each involving the flexural
properties of the beam and in turn each of the lumped masses, The two
isolated frequencies corresponding to fig, 3.10(b) and fig. 3.10(c) on
page 3.21 are

_ = _ 1/_5_
p, = ]/ p, =
1 dyy 2 dop

11 dyy +dy
therefore ==~ = —+4+—F] =
2 2 2 g
P P1 I
11 22

We shall evaluate p for the same beam (fig. 3,10) investigated by the

static deflection method, The values for d11 and d22 are already determined

3
i = a = -2 NMel-

11 22 243 EI

hence p = 7,79 {—= (a)

compared ET
with P 8,95 3 (b)

which was obtained using the static deflection method, Since Dunkerley's
method gives an undezvgstimate and Rayleigh's method gives an over_estimate
of the fundamental frequency, the true value for p of this system lies
between the results (a) and (b)e

It is quite obvious that the fundamental frequency can be calculated
more quickly using Dunkerley's method than by the static deflection method,

since considerably less deflection calculations are regquired.

If, however, the beam with two lumped masses is assumed to be an
approximation of a beam with continuous mass distribution, both results
(a) and (b) are lower than the exact value, p = 9,8696 p, and the result
obtained from Dunkerley's formula has a greater percentage error than that
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obtained from ‘the static ‘deflection method.

Dunkerley's Method will be discussed agein in connection with the

flexibility matrix in sub-section 3,3.6,

(v) Simply supported beam with cantilever end

As a final example of this section, a beam with a cantilever end

will be considered, which is shown below.

M1 M2'

" =~ X

. L/2 __+__L/2___._____ a __\

From Appendix A2:

M,g 1 Mg 82
= ' = + L
4y 48 EI 4o SEr (8 + L)
Mg M.g a L2
d = L= d d I
21 T M2g 12 12 7 16 EI
- _ M _ L
Let M1 = MZ = 3 and a = >

Dunkerley's Method

p2 8

dyy +dyp

Mg L7 Me L2
d — a8 4 d - Hg u_
11 92 EI 22 16 EI
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.2 92 EI
Cop = 3
7ML
= |
T
Jep = 3,62 '—E'?
ML
Static Deflection Method
2 gM1d1+M2d2
= P P
M,dy + Myd,
d, = d,, +4d —M*‘“’BHVIF’*‘L3 3 Mg LD
1 T %4y 12 T 92 BI © 48 EI 92 BI
i o—d eq L MeDd Mgl 8 Mel]
2 T %0 "%y T J6EI T 48 EI 92 EI
_j_‘l_[ML3
2 92 “ET 1012 EI
p= 32 3
2 “EI
92
— 1
EI
P = 3,73 —3
. ML

(c¢) Comment on S.I. Units

It is necessary to comment briefly on the various units used for EI,
M and L in the S.I. system. From Timoshenko's solution of the partial
differential equation we get the following expression for any natural

frequency:

p = constant X EL

M Lo

where EI Nm2 d

L : m /
M : kg = stﬁn V/
Nm~ . m

3

m” . Ns

hence p = constant X

= constant [1/sec]
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e
i,e. the above units lead to the correct units for p, which is 1/sec,

In Dunkerley's method, we evaluate deflection due to a force
W = M.g, which acts on the beam., For the deflections, the following

expressions are obtained:-

L3
d = constant--f M.g
substituting p = ‘Vg/Zd again leads to

EI

constant X V, 3

L]
]

ML

with the units as given above,

3.%.5 = Rayvleigh = Ritz Method

Another extension of Rayleigh's approximation is the Rayleigh-Ritz
method (see ref, (10)), which will be discussed only very briefly. In
this method, the system is assumed to vibrate only in combinations of a

certain set of assumed modes, such as

Y(x) = s1y1(X) + S2y2(x) + eoo0oes00 + Snyn(x)

Bach of the assumed functions yi(x) nust satisfy the boundary conditions
and they must impose as little constraint as possible on the motion of the
system. The parameters s, are arbitrary, but they are chosen in such a way
as to make the frequencies, determined from Rayleigh's quotient, a minimum,
After evaluating the natural frequency as in Rayleigh's Method, i.e.
equating max PE to max KE, p2 is obtained as a function of S5 and now the

set of equations

i = 1’ 2’ 3’ eeocoeso Il

is formed, Elimination of the parameters 85 leads to an nth order
determinant in p2, of which the roots give approximate values of the first

n natural frequencies of the system.

This method overcomes largely the drawbacks of Rayleigh's method

and also of the special case of static deflection method as follows:~
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(1) the ?ethod requires less guesswork than RayLeigh“s method;
(2) it day be applied to frequencies other than the fundaméntaL;
(3) it provides a means of improving the mode shape;

(4) it increases the accuracy>in the determination of the

fundamental frequency compared with Rayleigh's method.

nvolvin FLexibiLif and Stiffness Matrices

T

.6 - Methods.

There are two elementary approachés'by which we may write the differential
equations of motion of n lumped masses, which represent a particular

structural system. We can consider either of the two:

(i) the displacement of each mass in terms of all

the forces acting on each mass,

(ii) the equilibrium of the forces acting on

each mass,

In Chapter 2 we derived the equations of motion using the second approach.

Obviously both methods are closely linked, as will be shown later.

In the following paragraphs, matrix notation and matrix computation

- will be used, since they provide an organized approach to the problem. We
shall follow the above distinction betweéh the two approaches. However, in
either case we need some information about the mechanicaL‘properties of the
structure, which is provided b& the flexibility matrix F in the first

-approach and by the stiffness matrix X in the second approach.

The Stiffness Matrix

If an elastic body is subjected to static foFces W,, Wy, cer. W the
body will deflect and the relation between the displacements and the forces

cauging them has the matrix form:-
W = K.y : (3.23)

where K is the stiffness matrix for the system and y is the displace-
ment vector. For a system, which vibrates freely, the applied forces Wi
are the inertia forces - My, where M denotes the mass matrix of the
syétem, which is nearly always symmetrical and in most cases simply a

#*
diagonal matrix. Hence we get the equation of motion in matrix form:-

#*
Only in the case, where there are say 3 masses, the movement of which can

be fully described by two coordinates, is the mass matrix not a diagonal
matrix,
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My + Ky = 0 (3.24)

Again the differential equation for the free vibration is solved by
assuming a solution of the form y = 7Y cos pt where Y is a vector
containing the maximum displacements, and hence y = - Y p2 cos pt=:—p2y

which leads, after substitution to:--

P
Ky = p My (3.25)

Rewriting equation (3.25) leads to thevhomogeneous equation:
5 .

(K-pM)y = 0 (3.26)

In order to have a non-trivial solution, it is necessary that
2

det (K - pM) = 0
This determinant is known as the frequency determinant. Upon expansion
it gives a polynomial in p2, the roots of which are the natural frequencies
of the system, For each value of p there exists an associated normal mode

vector y.

The Flexibility Matrix

If an elastic system is subjected to dynamic displacements, forces
will result and the relationship between forces and displacements has the
matrix form:

y = F . W (3.27)
Where F is the flexibility matrix for the system., Since we consider
free vibrations, the only forces acting on the system are the inertia
forces - My, and we have: ' -

y = - Py
Using the same solution for y as above, i.e., y = Y cos pt, we obtain

2
y = p FMy (3.28)

Rewriting this equation leads again to a homogeneous equation:
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(FI1-M)y =0 (3.29)
and the frequency determinant has the form

det (15 I-F) =0
2

Premultiplying equation (3.28) by F_1, we get
Fly - Py
Comparing this équation with equation (3.25) it can be seen that
F = K or F.K =1
that is, the stiffness matrix is the inverse of the flexibility matrix

and vice versa, provided the corresponding displacements and forces

used in the compilation of K and F are the same.

The System Matrix

On premultiplying equation (3.25) on both sides by Mm1 we have

gy = oy (3.30)

and rewriting equation (3.28), ﬁekget

F My = 15 ¥ (3.31)
P

The above two equations are alternative forms of the same basic equation
which is known as the eigenvector equation.

A

For equation (3.30): Ay = Ay ,with A = M—1 K and A = p2 L
For equation (3.31): ATy = K-1y’with A><; FM and AB*:= p‘2

R R R _ o
| % By = Aa / 1?* 'FM a(_ A s
where A is the system matrix and A ' its inverse. f

The eigenvector equation has to be solved to obtain the eigenvalues
and eigenvectors. Appendix B deals with the solution of the eigenvalue

problem in greater detail.
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It should be noted, that the maximum transverse displacements
represented by the column matrix y correspond to the eigenvector X

in the Appendix B.

It can be seen, that when fhe stiffness matrix K is used, the
eigenvelues give directly the squares of the natural frequencies and the
first or largest eigenvalue gives the fastest vibration. If, however,
the F matrix is used then the eigenvalues give the reciprocals of p2
and the largest eigenvalue gives the slowest vibration or fundamental
mode, which is in many cases more relevant. With regard to the compilation

of the F and the K matrix, the following needs to be mentioned:-

(i) The F matrix is much more easily obtained for statically

determinate structures than for indeterminate ones.

(ii) The K matrix is more easily obtained for highly
statically indeterminate structures than the F matrix,

i,e. continuous beams, multistorey buildings.

SoLﬁtion to the Eigenvalue Problem

There exist a variety of methods for determining the eigenvalues
and eigenvectors of the eigenvalue problem and they are discussed in
Appendix B.4, A very popular method of obtaining the fundamental
frequency is the "Basic Iterative Method", which is given in Appendix B 4.1.2
and a flow-diagram for the computer program is shown in Appendix C.41. The

method may be described by the following steps:-

(1) Guess a vector y and set one of the values of the

vector equal to 1.

(2) Substitute the guessed vector in the left-hand side of

the eigenvector equation and perform the multiplication.

(3) Take out a factor such that the same value in the vector

y 1is again unity.

(4) If the resulting vector equals the guessed vector Yy, then
the guess is correct, and the eigenvalue A has the value

of the common factor.

(5) If the resulting vector does not equal the guessed vector,
repeat the process by substituting the resulting vector in

the left-hand side of the eigenvector equation,
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A numerical example is given in section 4.2, This method is a con-
vergent iterative procedure and it was originally developed by Stodola
for finding the natural frequeﬁcies of rotating shafts, The iterative
method is in fact related to Rayleigh's method in so far as an
arbitrary displacement vector y is assumed. However, after each
cycle of matrix multiplication a better estimate of the displacement
vector is obtained; this is an improvement of Rayleigh's method which
has no built-in means of an improved estimate of the originally chosen

mode shape.

Ravleigh's Quotient

If a quick assessment of the largest eigenvalue is required, Rayleigh's

quotient can be used., Starting with equation
Ky = p2 My - (3.32)

and premultiplying both sides by y' (where the symbol ' means
the transpose of y)‘and dividing by 2, gives:

Ty Ky = % Py My (3.33)

Equation (%.3%) can be interpreted physically as (the maximum potential
energy in the system) = (the maximum kinetic energy in the system) and
this agrees with the findings in section 3.3.2. In order to obtain the

: . 2
natural frequency, we solve the matrix equation (%.33) for p, hence

:

Equation (3.34) gives the highest natural frequency and the value will be

greater than or equal to the true value.

Premultiplying equation (3.32) on both sides byCy' MF% we have

y' My = p2 y' MFMy
oy M)
hence Po= v uRy (3.35)

Fquation (3.35) gives the fundamental natural frequency and the value is
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again an overestimate. Rayleigh's quotient in matrix form is also
*
discussed in Appendix B,

Dunkerley's Formula

Dunkerley's formula, which gives a lower bound solution of the lowest
natural frequency is a useful counterpart to Rayleigh's quotient which
gives an upper bound solution. Dunkerley's formula can be found from

the following relationship (see Appendix B,Z);

el
N KT1 = trace A_1
&
i
hence trace (FM) = i + 1. + + 1
2 2 o0 0 2

If P, which is the lowest natural frequency is appreciably less than Py
then we can express the above equation in the form

trace (FM) =% p;2 ' (3.36)

and the value thus determined must be less than the true value of the
fundamental frequency, Equation (3.36) is of practical value because
it is often possible to determine trace (FM) without the need to
define the flexibility matrix F fully. In particular, if the mass

matrix is diagonal we get

trace (FM) = fﬂm_1 + f22m2 + ... fnnmn

Now f11 is the deflection at point 1 due to a unit force applied

there and it equals 1/k11’where k11 is the stiffness of the structure
measured correspondingly at point 1. If m, were the only concentrated

mass on the structure then the fundamental frequency would be given by

1 1 11

Y = - = : - =
1 Vtrace (FM) ’Vf“m1 m1

*RayLeigh‘s method and Dunkerley's approach were already discussed in the
previous sections. However, since it is possible to express the Rayleigh
qubtient in matrix form and since Dunkerley's formula can more easily be
derived from tHe system matrix than from the energy concept, the writer felt

thaet this repetition is justified.
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If we can determine the fundemental frequency due to each mass when it
alone is carried by the structure, we then can determine an approximate
value for the lowest natural frequency when all masses are carried
simultaneously from the following equation which is known as

Dunkerley's formula:-

1 N )
5 F me1 + f22m2 + ovves + fnnmn | (3.37)

p

However, it should be noted that the shape of the normal mode can not be

obtained by either Rayleigh's. quotient or Dunkerley's formula.

Numerical examples which use the flexibility matrix for determining
the fundamental frequency and the corresponding normal mode will be given

in Chapter 4. At this point a few simple numerical examples are given to

illustrate Dunkerley's method,

A, Simply supported beam

(i) with distributed mass

M_ = total mass of bean,
§ uniformly distributed
77%7‘\ ~ - - /%//
— —

— .

— LR

static deflection d

Now p2 = L - &
fhy My

From static deflection consideration we know that

k,d = MB . £
2 £ ) ( 8)
hence P = 3 3.3

where g 1is the gravitational constant
and d is the static deflection and is known to be equal to 5 MBg L3/384 EI,
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Substituting d in equation (3.38) gives

“384 EI
p o=
5 My, L
8,75{ EL 3

M, L

compared with

R
P = 9’87v EL

3
MB L

which was obtained from Rayleigh's method, (see page 3.15)

(ii) with lumped masses

m, m, M3
2 2 2
AN "= ) Y AN
T U S S AU DU S
4 N D 2
a -— b
considering m1:
2 .2
_a_b . _ L _ 2
f11 = 3L EI vwhere a = 5 b = 1 L
3
- 2L
. 1M = 256 EI M
considering m2:
(b here a = b = 2
22 T 3L EI where a = =2
3
f m = L

22 My 48 EI ™2
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considering m3:
f t f =
rom symmetry, 33 m3 f1JI m,
Hence: n
3 | 3m m 3m

L ¥ 2:1 f..m = L —1, 2 , =2

P2 ;7 ii'd EI | 256 @ 48 ° 256
Let m, =W, = m3==MB/3 where MB_is the total mass of the beam, then

P = 8,32 EI3

MB L

From the two results above we can conclude, that if the continuous beam is
'éﬁpfdiimétéd by lumped masses, the value for p obtained for the lumped
case is lower than for the continuous one, using the simple relationship
p2 = m/k = g/d. When comparing the above results with the exact
golution p = 9,8696 P, (see section 3.1), we get the following

percentage error:-

for case (i) 11,4

for case (ii) 15,7

B. Cantilever

(i) with distributed mass

3
2 £ . MB gL
P =3 with 4 = T8 EL
1
then P = V'_B%‘ = 2,83 . il 3
MB L MB L

This result is considerably lower than the exact value and this discrepancy
can be overcome by assuming the total mass of the cantilever concentrated
at a distance L/2 away from the fixed end, If the deflection is now

determined at the tip of the cantilever, we get

M, g L3
4 = B——
9,60 EI
hence P = 3,1 EL
M 17
B
compared _ 4] _BL
with P = 3,66 w13
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which was obtained from Rayleigh's method (page 3.17)

(ii) with lumped masses

When lumping the distributed mass of a cantilever, greater care has to
be taken than in the case of & simply.supported-beam, with regard to the

positioning of the lumped masses.

If the masses were lumped as shown in fig. 3.11, the value for the
fundamental frequency would be considerably greater than the exact value
for a uniform cantilever, since this type of lumping has the effect of

shortening the actual beam and hence the frequency increases.

‘m

i
1@
—

=

ol
Wit
oy

W

4+
]

If the masses were lumped as shown in fig, 3.12 the value for the

|
|
L

Figure 3.11

fundamental frequency would be lower than the exact value because this
type of lumping has the effect of lengthening the cantilever and hence

the frequency decreases,

=

—)— D= D w-3
e

= Wik
Wt

In the next chapter we shall come back to the question of how to

approximate an actual continuous structure by lumped masses.
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3.3.7 - Myklestad's Method

Myklestad's approach (1) is an extension of Holzer's method, which
solves the torsional vibration problem of a shaff\by first assuming a
frequency and then calculating the deflection curve. Myklestad developed
this method for tabular use and hence it lends itself very much to
programming on digital computers. The method differs from the methods
discussed so far, in that any particular natural frequency may be found

independently of the others,

The beam under consideration is divided into a finite number of
segments and the mass of each segment is concentrated at discrete points
along the length of the beam, The elements of the beam connecting the
masses are assumed weightless., Since the method uses a "lumped parameter"
approximation, the accuracy of the result will depend on how many mass
points are used. Myklestad gives the rough rule, that twice as many
concentrated masses should be used as the number of natural frequencies

desired.

1. Method of Analysis

The beam is subdivided as shown in fig. 3.1% and the equilibrium of
any one section is considered. (MykLestad“s notation is adopted). Fig.
3.14 shows the nth section of the beam between the stations n and n + 1,
with the left end of the section clamped.v In fig., 3.14(a) a unit shear
force Q at the right end will cause a vertical deflection dQn at the
left end and a rotation eQn of the amounts:

L3

i = —B— | | (3.39)
Qn 6 EIn

O = 2IE11 (3.40)
n

| where In is the moment of inertia of the nth section of the beam.
Similarly in fig 3.14(b) a unit moment M will produce a deflection

d at the left end and & rotation © of the amounts:
Mn Mn

2
n
dp = 2 EI (3.41)
n
L
8, = == : (3.42)

Mn EI
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), s

LO—0—0—0—0—0—0—0—@_  (b)

’ w® AN
Lose stati Ln >S7‘ahbn n , L,
ase station / -

Mn

Figure 3.14

O— ) (=
|
undeflected line of beam

Qh+l T (Mnﬂ ‘3n+| —]

Figqure 3.15

Yn

Figure 3.16
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Each section contains the mass at the left-hand end and the element

of the beam to the right as shown in fig. 3.15. The discrete mass mo

. ‘ > n+

exerts an inertia force m ., py . when the element is at its maximum
' % ol n+1

displacement position. Considering the equilibrium of the forces of the

element shown in fig 3,16 we get:

2
Qn+1 = Qn * mn+1 p yn+1 (3°43)

B = M- L (5.44)
The deflections and rotations of the left-hand end can be written in
terms of the deflection, rotation, shear force and moment existing at

the right-hand end:-

Yp+1 T Ip _-Lnan * QndQn B MndMn ' (3.45)

AR IS (3.46)
Using this technique, one may proceed from one element to the next along

the axis of the beam,

2. Procedure

Starting at station 1 with known values of the shear force Qj,

bending moment M,, deflection Yy and rotation oy equations (3.43) to

1’
(3.46) can be applied at each station, until the values at the base

station Qb, M @ ~are found for an assumed frequency value p.

b? yb?
When the values obtained at the base station satisfy the boundary
conditions for the beam, the value used for p in equation (3.43) will

be the natural frequency of the idealized beam for all modes.

3. Examples

A, Simply supported beam

The end conditions are:

at station 1: ¥y 0; M, = 0 a, + Q1 are unknown

.1
at station 2: NN

0; M = 0 + Q2 are unknown

%

*
The inertia force is - my; assuming harmonic motion, we have y = cos pt,

. . 2
hence y = - p2 cos pt = - p2y and therefore [- my = mp y]
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First assume: a1 =1 Q1 = 0

For any value of p, the values at the base station can be found; let
these be '

R, N, ya’ a

o4 04 04

Now assume: a1 = 0 Q1 = 1
new values at the base station for the same values of p can be found; let

these be
QQ’ MQs er aQ'
For any actual beam vibration, both «

be related to the form

y and Q1 will not be zero, but may

X = + oc1/ Q1
Then the actual values at the base station will be
= +
Qb QQ an
= +
Mb MQ XMa
Yy = yQ + Xya
= +
ab aQ xaa
Since at the base station Mb = 0, we get
X = - MQ/Ma
M
- _ (-2
hence yb = yQ (Ma) Ya

can be computed for any chosen value of p. If Yy, is calculated for several
values of p and plotted against p, the boundary conditions are satisfied
where Yy = 0 and the values of p at these points are the natural

frequencies of the simply supported beam.

N YN
NUZZ

The mode shape is immediately available since the deflection y has been
computed at every section for unit values of two parameters at all values
of p. When the correct p is known, the appropriate proportions of each

deflection can be added, e.g.
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yn = ynQ X yna

B. Cantilever

The end conditions are

1
at base station: ab

. ' ) 2 O
at station 1 : Q, = m, Py My = 0 i.e. free, but y?,a?

N
o

; y, = 0 i.e, fixed, but Q7,M?

Assume: y1 = 1, a, = O

For any value of p, the values at the base station can be found; let these

be
iy M y Q
an y’ yya

Now assume: v, = 0

y
R a = 1
New values at the base station for the same value of p can be found; let

these be

Qd’ Ma’ Tor %o

For an actual beam vibration, both Yy and a, will have real maximum
displacements in some unknown proportion to each other, say

Then the actual values at the base station will be

Q = o P,
M = M +¢gM
b Yy o
Yy = ¥yt gy,
W= et la,

Since the base station of the cantilever is built in,
therefore y, = @ = 0

hence yy + g Vg = 0

or g = - yy/ya

therefore @ = ay - (yy/ya) a,

dgain a can be plotted against the natural frequency p. Fig. 3.17
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+o<b4
/

N

Bl I |

R —— , 2

Fig, 3.47

indicétes the shape of the curve for a cantilever and each natural
frequency occurs when @ = 0, i.e. at Pys Pos etc,

In Tidbury's paper (2) on Myklestad's method, @, was set equal to

1
zero at the first station. The writer, however is of the opinion that
much better results are obtained when Q1 is assumed to be m, p2 Vg0

since the inertia of the first mass is known for an assumed .

Tidbury also states that the natural frequencies for a lumped mass
system are generally less than the exact value of the actual system., This
however is not true, and the aspects of lumping the masses at certain
discrete points will be discussed in Chapter 4. At this point it may
be said, that if a cantilever is lumped as shown in fig. 3{18(a), then

the frequencies of this approximation are greater than the exact values,

v aclual cantilever

AVLETRNNLY

o——o—o——0— ©

—0o—o—o—a ¢

Fig. 3.18

and if the beam mass is lumped as shown in fig. 3.18(b), then the natural
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frequencies of this mass-approximation are smaller than the exact value

(also see fig. 4.8).

4, Computer Program WMYKLE

The writer developed a computer program which can be used for both
cantilever and simply supported beams. The flow-diagram is giveﬁ in
Appendix C and the computer program WMYKLE in FORTRAN IV can be seen in
Appendix D, The program was used to investigate the effect of different
types of lumping of the mass of the beam and how the number of lumped masses
will affect the accuracy of the natural frequencies obtained. These results

will be discussed in section 4.4.3.

But at this point it should be mentioned that the results which were
obtained for a simply supported beam were much more accurate than those
for a cantilever, using the same number of Llumped masses, This is due to
the fact that a cantilever is a structure with completely unsymmetrical end-
conditions whilst the supports of a simply supported beam (i,e. roller and

hinge) make it a more symmetrical structure.

It can be seen that the program WMYKLE can easily be altered to allow

for varying flexural rigidities along the beam.
The- following two graphs are obtained from the program WMYKLE for a
simply supported beam, The assumed frequency value p 1is plotted against

the deflection of the left support.

3.3.8 - Transfer Matrix Method

Myklestad's method has been extended and generalized by Pestel and .... .
Associates (3) and is described as a method of transfer matrices. For
this approach of determining the natural frequencies and normal modes of
vibration the transfer matrices and state vectors have to be set up;
the computation is conveniently carried out by initially inserting a trial
value of the frequency into the transfer matrices. Since many such trial
values may be necessary in order to find the frequencies, a great amount
of computation is generally involved and therefore the method is usually only

practical when. electronic digital computing facilities are available.
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0010 {

0,008 |

0,006 |

0,004 |

0002 |

MYKLESTAD'S METHOD

Simply Supported Beam

In all cases the mass of each section is split
and lumped at the end of each section.

The range of the frequency is selected near
the fundamental frequency.

p- 9,86 96 Pw

- 0)002 +

- 0,004 |

-0,006 1
-0,008 |
-G,0i0 |
fo,mz I

- O)OI‘I 1

I

90

beam split into 5 sections

beam split into 3 sections

Graph of End Deflection vs

» / Frequency Parameter (p/pw)




0,002

0)00/ ]

+aol

- 0,001 |

- 0)002_

3.45 b

MYKLESTAD'S METHOD

Simply Supported Beam

The range of the frequency is selected
near the second lowest natural frequency.

beam with 5 sections

beam with 3 sections

Graph of End Deflection wvs.

Frequency Parameter (P/PW>
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1, Definition

(a) The State Vector

A state vector defines the displacements and the associated internal
forces at a point in a system., The state vector at the point i of a

spring, fig. 3.19, is then defined as:

where x 1is the displacement and N the spring force.

displacement x tension N
'—/\/\/\/\/}/\/\/—_ Figure 3.19
] L+l

o—— "N\ unstrained
‘ x; X ‘ _
..h__.o_____/A\V/A\V/“\//\\//\\/r——o-—- .

N, S peure 320

N; L+]

I X

{ (+1 2

Figure 3.21

. N-
L L+l

" (v) ‘Transfer matrix

A transfer matrix T relates the state vectors at two consecutive
points. Considetr the two points i and i + 1 on the spring of stiffness

k shown in fig. 3.20. From equilibrium of the spring, we obtain

and from the stiffness property of the spring we have the further relation

N,o= ok (5 - ;)

When written in matrix form these equations become
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X 1 1/k X
N ' 0 1 N
i+1 i i
or Zi4l Tizy

in which Ti is defined as the transfer matrix of the element. When,

as in this example, a tfahsfer matrix relates the variables at two

different points in a system it is called a field matrix and is denoted

by T.

When a transfer matrix relates the variables on either side of a :

discontinuity it is referred to as a point matrix and is denoted by P.

In fig 3.21 the points i and (i+1) are immediately to the left and right
of a concentrated mass m, If the mass executes simple harmonic motions,
the maximum inertia force generated is mipzxi in the positive x direction.
Since the mass is rigid, the deflections to the left and to the right are

the same, so that

and from equilibrium of the forces we have

2
Nigg = Ny -mPx

In matrix form these equations are:

i+ i i
Since the mass is concentrated, i and (i+1) are coincident and it is.
convenient to write this equation as:

r
2., = P. =z
1 1 1

where r and 1 denote left and right respectively.

2, Beam Systems

A mass which is rigidly attached to a flexible beam has two degrees of
freedom since the mass rotates as the beam deflects transversely. The state
vector therefore contains two displacement components. Associated with the
displacements are two internal forces, a shear force Q and a bending moment

M. The order in which these four variables are placed in the state vector
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v *
is arbitrary but it is convenient to define the state vector as follows:-

|_l
OH B O <

The sign convention used is given in fig 3.22, In this method, once more
we follow the technique of replacing the actual beam by a beam of the same
flexural stiffness which is maessless between discrete points, where the

mass is concentrated.

Considering the equilibrium of the beam element of fig. 3022(a) we

have

o
Il
r's)

i+ i

= Mi + Qi.L

i+1

¥ } Figure 3,22
(a)
— X
o 2
1P V3
QL
i .
< {le )er (v)
i i
T Free-body diagram
Qi

for mass mi

3 ‘
It can be seen later that the sequence of the variables as given above

leads to a field matrix which is an upper triangular matrix,
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and using the standard results of structural analysis (see previous section)

the displacement equations are:

- 2 ‘
&4 = 6 -Q. ., L /2 EI + M, L/EI
2
= 6, + M, L/EI + Q, L /2 EI
-« 2 3
. = y. + 6
Vi1 y; +© L+M  L°/2E +Q , L°/3EI

= y; + 8, L + M, L2/2 EI + Q, L3/6 EI

Writing the above four equations in matrix form leads to the following

relationship between the two state vectors:-

-yTL o L L2 L3 - ,ywr
2EI 6EI
2
L L
o 0 1 BT 2RT e
M| 0 0 1 L M
Q) LO 0 0 11 lel;
1 r
Zigl = T3 % 3. 47

The point matrix connecting zir and ziL is found by noting that the
deflection, slope and moment are continuous across the concentrated mass

m,, so that
1

The vibrating mass, however, introduces an inertia force which causes-a
discontinuity in the shear. BREquating the vertical forces in fig. 3.22(b),
we have

r _ 1, 2

In matrix notation the above relationship becomes

'y}r "4 0o o ol [y1"

el _{o 1 o0 o0 6

M o o0 1 0 M

Q 2 0 o 1 ‘

L -i mp -, 'Q"i

2% = P 1zt C | . (3.48)
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3. The General State Vector Equation

Consider a beam which consists of several uniform massless elements
with masses concentrated at discrete points. The transfer matrices have
already been derived, i.e. equation(3.47) and equation (3.48), so that
with the dimensions of the beam (shown in fig. 3.23) known, the following
matrix relations exist between adjacent state vectors:

| T 1 1 T o m

Z = T1 2 Z1 = P1 Z1 ’ 22 = T2 Z1 9 occec Z4 = T4 23 .

Substitution leads to the following relation between the state vectors of

the two ends of the beam:

N
]

4 = T P3 T3 P2 T2 P1 T1 Zo

2 = 4
24 U zZ | (3.49)
where U is called thé'overaLL transfer metrix. In this manner all the
intermediate state vectors have been eliminated. The matrix equation is

equivalent to the following set of equations:

Vg T Vg To Ty O g My 4w, Q) (2)
e4- = Upq Yo T Uy eo * Y23 1VIO Uy Q0 (v) (3.50)
M4 = u31 yo + u32 GO + ?33 M0»+ g34 Qo ) (c)
Q4 = u41 .yo + u42 00 + u43 MO + u44 QO (d)
o 1 2 3 4
| g1 | Emr ; g | mEI :
% A4 % |
R DR e -
L1 —1 L2 I L3 | L4 ! Pigure 3,23

It is by applying the boundary conditions of a particular beam to these

equations that the natural frequendies can be obtained.

(a) Simply supported beam

The boundary conditions are:

Yy = 0 M4 = 0 v, = 0 Mo = 0
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Substituting these in equations (3,50a) and (3,50c), we get:

Y2 eo + Yyg Qo

u32 GO + u34 QO

For a non-trivial solution it is necessary that
UypeUzy = Ugpely, = 0 (3.51)

Since the elements uij are known functions cof the natural frequency bp,
the above equation serves to compute the natural frequencies. Equation
(3.51) is in fact the natural frequency equation‘for the beam and since
it possesses three lumped masses this equation is of third order in p2,
If the number of lumped masses is large, it is difficult to solve for

p2 from this equation and a numerical approach, given in the next para-

graph, is more convenient,

(b) Cantilever

The boundary conditions are:

Substitution in equations (3.50c) and (3.50d) yields:

0 = u33 Mo + u34 Qo

M +u
o}

0

Uy 5 44 %

which leads for a non-trivial solution to

u33 Uyp - u43 u34 = 0 (3.52)

from which the natural frequencies can be obtained.

Bxample:

‘Consider the cantilever in fig. 3.24, The beam is assumed massless,
- with flexural rigidity EI.

0 1
1
o |
1 | |
Z K [
- Z}{' | |z§'
L

-
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Using the results of the previous section, we obtain the following basic

equation:
by by
z, = P1 T1 z,
2 3
mo 1T B L LI” 9 r.qr
°r y ! Y Zmr  emr ||7
2
L L
° 0 ! BT 281 ||°
M 0 0 1 L M
2.2 , 2.3
2 2 mp L  mp L
LQ-'1 e mp L TR Moeerd L%,
Hence equation (3.52) becomes:
14 mp2L3 _ m'p2L3 0
6EI 2EI
2 3ET
Y = 3
nL

which is the same result as determined in the example in section 2.3.1
page 2.7, where we used the stiffness coefficient k = 3EI/L3 for a

cantilever.

Obviously the above example serves merely as an illustrative example
of the transfer matrix method, since the result can be obtained more
guickly by other methpds, e.g. that of section 2.3.1. However, if several
lumped masses are involved, the method is more simple than the use of the
stiffness coefficients. 1In this method, only matrix multiplications are
required and this can be done easily by means of a computer. This approach

is described in the next paragraph.

4, Numerical Procedures

In the above example for a cantilever it was easily possible to carry
out the matrix multiplication algebraically. However, as the number of
lumped masses increases the algebraic labour would become prohibitive and
the procedure adopted in practice is to choose certain values for the
natural frequency p and compute the corresponding values A of the
frequency equation (3.51) or (3.52). The value A of the equation is

then plotted against the frequency p, the zero values of A occurring
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at each natural frequency of the systemn.

5. Example and Program WTRANS

The numerical procedure is demonstrated for the simply supported

beam shown in fig. 3.25.

MB = total beam mass

EI 6@% EL
2
Hl—2 /
L, = 0,5L kB = 0,25L
- L -

Pigure 3.25

The substitution of the state vector relationships from point O to point 3

is carried out as follows:-

1 r
z1 = T1 Zo
T 1 T
2po= BpEgo= BT
1 r r
z2 = T2 z1 = T2 P1 T1 zO
2. = pz. V' = p. 1. P T,2°
2 2 72 27271 1
1 r r
Z3 = T3 Z2 = 'I‘3 P2 T2 P1 'I‘1 %
i,e, Z3L = U Zor
Since L1 = L3 = L/4, and furthermore

L =1 and EI = const. =1 (i.e, BI i the same for all segments),

the field matrices T and T are equal and take the form

1 3

1,000 0,250 0,031 0,003
0 1,000 0,250 0,031

0 0 1,000 0,250

0 0 0 4,000
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with L, = +
1,000 0,500 0,125 0,021 |
0 1,000 0,500 0,125
T, =
0 0 1,000 0,500
|0 0 0 1,000 |

Since both lumped masses are equal, the point matrices P, and P2 are

1
equal,

Assuming p = 10 and MB = 1, the point matrices become

1 0 0 o0
o 1 0 0
lo o 1 o0

50 O 0 1

Hence U=7T7_P. T P1 T

5 Fp T 1 bécomes

4,78 2,01 0,65 0,19
17,25 6,09 1,9% 0,65

63,02 22,01 6,09 2,01

152,08 63,02 17,25 4,78

Applying equation (3.51),_we obtain:

A 2,01 . 2,01 - 22,01 . 0,19

- 0,036

A computer program was written for the above computation which can be used
for a simply supported beam having up to 9 lumped masses. The results of
this program for the example given above are shown on the following page.
The program WTRANS in FORTRAN IV is listed in Appendix D and the flow--
diagram is given in Appendix C. This program is not discussed furthér,
since its results are similar to Myklestad's method. It only confirms

the findings of the effect of lumping the mass of the beam, which is

discussed in the next chapter. , It formed, however, a basic part of the
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program WIMCB for a two-span continuous beam, given in Chapter 5,

Finally the mode shape is to be determined. Assuming p = 10 is a good
enough approximation of the fundamental frequency, i.e. A % O, and noting

that y, = 0, the following relationship between & and Q is obtained:
3 _ 0 0 :

2,018, +0,19Q = = 0

3
where the numerical values are taken from the computer printout.

Hence QO = - 10,83 80

with 60 = 1 the value of the deflections at the two internal points are

computed as shown below:

r r

2 = BTy g

y|* 0,250 0,003 1,00  [o0,222

el 1,000 0,031} [-10,83 0,662
r r

z," = P, T, P, T,z

v 1,010 0,073 1,00 0,220

6], 2,563 0,297 | |-10,83 -0,657
L L/4
=

SLOPE ;- 0)662. ' -G 65 #

The first mode shape should be symmetricaL.aboﬁt the centre and the slight
discrepancy in the above results is due to the fact that the estimate which
was used for the fundamental frequency, i.e. p = 10, was not quite correct.
Fig. 3.26 is plotted from results of the program WTRANS and shows the
variation of A with p for the beam shown in fig. 3.25. The determinant
A assumes a zero value very close to the fundamental frequency value for

a simply supported beam with distributed mass,
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3,3.9 —.éummarv and comments

A, Energy methods

The methods presented in the first part of section 3.3 are all based
on the principle that in a freely vibrating system a periodic exchange of
kinetic and potential energies takes place. Since frictional effects are
negLeéted, the law of conservation of energy requires that the instantaneously

occurring maximum values of the two forms of energy must be equal.

In Rayleigh's method it is necessary that a proper estimate of the

deflection curve is made. This is fairly easy for the fundamental mode,
but Rayleigh's method is difficult to apply to higher frequencies. If the
difference between the assumed mode shape and the exact one is small, then
the difference between the fundamental frequency obtained from Rayleigh's
method and the exact value will be very small. In other words the value

of the fundamental frequency is not oversensitive to the shapes of the
assumed curves as long as the curves are in reasonable agreement with the
end-conditions of the system. This is the essence of Rayleigh's principle.

Rayleigh's method gives an overestimate of the fundamental frequency,
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The static deflection method is a special case of Rayleigh's method
in that the static gravitational displacement (due to the suitable static
loading) is used as a guess for the deflection curve, and again, in
general, only the fundamental frequency is obtained, This approach is
simpler than Rayleigh's method in so far as ' it is not necessary to guess

the assumed mode shape and also to determine its Herivative.

Another energy method - Dunkerley's extension of Rayleigh's method -

is discussed, which may provide an alternative method to the static
deflection method, since it gives a lower bound solution of the fundamental
frequency. Dunkerley's method also uses the deflected shape due to gravity
of the beam-structure, but because the mass of the beam is assumed to be
lumped at discrete points and each lumped mass may be treated separately,
only the deflection under the particular concentrated mass is required.
Hence, from a practical point of view, the “isolated frequency method"

of Dunkerley is often preferable to the static deflection method because

it involves fewer calculations of the deflections - as was shown by examples.
In fact, the writer considers Dunkerley's method to be a very easy and quick
one, as long as the fundamental frequency only is required. In both the
static deflection method and Dunkerley's method it is no problem to take

a non-uniform mass distribution into account. However, a variation in

bending stiffness results in a more complicated computation of the

bdefLections since the elastic-line expression (in Appendix A) cannot be

used,

Another extension of Rayleigh's method is the Rayleigh-Ritz method

which uses specially constructed functions for the assumed mode shapes.
The Rayleigh-Ritz method requires a considerable amount of calculation,
but in spite of that fact, this type of the assumed mode method was often
preferred to the lumped-mass methods because it can be used with far fewer
degrees of freedom, i.e. it does not lead to a large number of.equations,
the solution of which used to present great difficuity. However, since
digital computers are generally available the difficulty in probLemé of
vibration analysis has been reduced, at least with regard to the solution
of large matrix equations, For that reason the writer did not expand on
the Rayleigh~-Ritz method but investigated the lumped mass approach in

greater detail.
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B. LumpedtmaSSJmethods<vq§ q1q

An alternative approach to the energy methods is the analysis of
vibration problems is the setting up of the differential equations of
motion of the structure, as was shown in section 2,3, In other words a
beam is assumed to consist of lumped mass points which are interconnected
by weightless segments, having only flexural properties. The differential
equations of motion can easily be written in matrix form which leads to an

organized method of computation and can readily be computerized.

If the equations of motion are obtained by considering the equilibrium
of the dynamic forces which act on the freely vibrating lumped masses, we

obtain a matrix equation of the form:
m.:);‘-l—Ky:O (a)

where K 1is a matrix which contains the stiffness properties of the system.
It is equally possible to use the flexibility matrix F, which contains the
flexibility properties of the structure, since FK = I, which leads to

FNYy+y = 0 (v)

The solution of either of the above equations leads to the classical
eigenvalue problem, which can be solved by direct or indirect methods.
However, in most cases indirect, i.e. iterative methods are used to solve
the eigenvalue problem. It was mentioned that either the stiffness matrix
or the flexibility matrix can be used, whichever is more convenient., If the
stiffness matrix K is used, the eigenvalues give directly the squares of
the natural frequencies and the first or largest eigenvalue gives the
highest frequency vibration., However, in most practical problems the
slowest vibration or fundamental frequency is usually of greatest
importance, This is obtained when the eigenvalue problem contains the
flexibility matrix F.

In Appendix B iterative methods are given, which may be used to
determine the eigenvalues and corresponding eigenvectors, especially the
largest and second-largest eigenvalues, Direct methods are not discussed
since they lead to soLutions giving all the eigenvalues and associated
eigenvectors, which are seldom required in structural problems. Many
computers have 'supplied programs' for the eigenvalue problem, which
employ direct methods, However, it is worth mentioning that for instance
the UNIVAC computer at UCT has only supplied programs for the eigenvalue
problen of symmetrical matrices. On the other hand, the eigenvalue problem
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of an unsymmetrical matrix is considerably more complicated than that of

a symmetrical matrix. Since it is likely that the systems matrix A is not
symmetrical, the writer is of the opinion that in structural vibration analysis
iterative methods should generally be used. For the fundamental frequency,

the basic iterative method (Appendix B 4.1,2) can be employed for both
symmetrical and unsymmetrical matrices and Wielandt's deflation (Appendix

B 4,2,2) can be used for both types of matrices to determine the second

largest eigenvalue.

Myklestad's method is not & matrix method but its extension and

generalization led to the transfer matrix method which has certain advantages
over the matrix methods using flexibility or stiffness matrices. Again the
beam is represented by lumped masses which are interconnected by weightless
segments which have flexural properties, The essence of both methods is that
(i) a trial value for the natural frequency is assumed,
(ii) the four quantities: displacement, slope, shear and moment
(which are characteristic of bending) at the one end of the
segment are expressed in terms of those at the previous end,
(iii) the boundary conditions of the structure are used to determine
whether the trial value p for the particular natural

frequency was correct.

The methods are based on & continuous substitution process of the end-
conditions of the segments, from one support of the structure to the
other, both of which have certain boundary conditions., However, at the
supports usually only two of the four variables are known and the other
two variables have to be guessed. In Myklestad's method the two quantities
which were guessed at one support or boundary are used in the substitution
process, and together with one of the known end-conditions at the other
boundary (e.g. deflection = 0) the correct ratio of the two guessed
quantities may be obtained. This ratio is now used to check whether the
second known boundary condition (e.g. shbpe = 0) is also fulfilled at the
end, If this is the case, the assumption for the natural frequency was

correct,

In the transfer matrix method metrix notation is adopted, i.e.

the four characteristic quantities for a beam in bending are listed in
what is called a state vector, denoted by z. Again the four quantities at
one end of the segment are expressed in terms of those at the previous end,
with the only difference that the elastic, weightless segment is treated
separately from the lumped mass. This leads to two matrices, the field
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matrix containing only the flexural properties of the segment and the point
matrix considering only the inertia of the mass, equal to mpzy, i.e, the
assumption of the natural frequency enters into the point matrix. Sub-
stitution from segment to lumped mass, to segment, etc. leads to a string

 of matrix multiplications, the product of which is the overall matrix U, say.

Hence an equation of the following form is obtained:-

z = Uz
n 0

This is simply a set of four simultaneous equations, independent of the
number of lumped masses, Substituting the known end-conditions at supports
o and n, the four equations reduce usually to a homogeneous set of two
equations, the determinant of which should be zero for a non-trivial
solution, However, the determinant is only zero if the assumption for

-the natural frequency was correct, This trial and error method may be
particularly useful, if it is required to investigate the vibration

characteristics of a structure in a given frequency range.

In the following paragraph we conclude this section with a brief

comparison of the two types of matrix methods:-

(i) Stiffness and Flexibility Matrices

Advantages: The stiffness or flexibility matrix might have been

set up already in the process of statical analysis.

Disadvantages: _
1) The setting up of the flexibility or stiffness

matrix of the structure might be laboriodus.

2) The size of the matrices, involved, increases with
the number of lumped masses, i.e. with the desired
accuracy.

(ii) Trensfer Matrices

Advantages:

1) Flexibility and stiffness matrices are not required.
2) The transfer matrices are very easily obtained,
3) The calculation process gives all natural frequencies

of the system,

4) The sizes of the matrices involved are small, i.e.
(4 X 4)‘matrices for a beam structure and do not

increase with the number of lumped masses.
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5) The programming of the calculation process is much
easier and the program is also shorter (see

Appendix D programs WCANT and WSBEAM c.f. WTRANS).

Disadvantages:
} If the system is complicated, that is, if the structure
has too many branches, the transfer matrix method becomes
too complicated. In other words, the type of structure
which can be analysed by means of transfer matrix
method is one in which the joints are connected by

a single chain>of members as shown in the sketch as

below,
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CEAPTER 4 4.1

THE APPROXTIMATION OF UNIFORM BEAMS BY LUMPED MASS-SPRING SYSTEMS

Section 4,1 - Introduction

In section 2.2 we mentioned that it is a common approach to lump
the mass of a continuous system intc a finite number of particles. This
allows an approximate treatment of the system, which is simpler than an
exact analysis of vibration of a continuous structure. The natural
frequencies of a discrete system may be caLcuLated in various ways as
was shown in Chapter 3. Myklestad's method and the matrix methods are
"exact" in the sense that they will yield the natural frequencies and
normal modes to any desired accuracy; however, the frequencies that they
give are those of the discrete approximating systems and not those of the
original continuous structure. It is therefore important to know how the’
natural frequencies and normal modes of the discrete system are related
to the original system. In particular it is of interest to kmow how the
errors, incurred by calculating the frequencies from the discrete system
are related to the number of degrees of freedom employed in the

approximation.
The following discussion is based on papers by Duncan (4), Livesley (5)
and Gladwell (6) and the present writer attempted to verify their findings

by making use of her own computer programs.

Section 4.2 - Computer Program WCANT

Before giving the flow-diagram of the program WCANT and commenting
on it, a complete solution for a cantilever beam is presented The

flexibility matrix is used in this analysis.

Consider the beam and its approximation shown in fig. 4.17.

Let
Li be a decimal fraction of the total length L of the beam,

mi be a decimal fraction of the total mass MB of the beam,
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Figure 4.1

We make use of the general equation: a

PRy = 3 e - ’4\7 = )“j

y
P N |
X - C LA e

The next step is to compile the matrices M and F. The mass matrix

M is very easily obtained and has the form

m1 0 0
i D& = 0 Iﬂ2 0
0 0
s

In order to obtain the flexibility matrix F for the whole structure

we must first set up fhe matrices BO and Fm where:

-

B is the connection matrix which expresses the
equilibrium of the member ends due to the

external forces.

F is the flexibility matrix for the memberyendso’

Then F =B'"F B
o 'm0

for a statically determinate sfocture. Now let
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be the flexibility relationship for any section of the beam, we then may

compile the matrix Fm for all member ends as follows:-

f1 0 0
Fm = |0 f2 0
0 0 f

3

It should be noted that the flexibility of a beam segment is defined in
terms of vertical deflection and rotation at one end of the segment due
to bending moment and shear force at that end; it would also have been
possible to express the flexibility in terms of the rotations at each of

the ends of the segment, caused by the bending moments.

The connection matrix Bo has the form (see fig. 4.10):

W
R
K 1 1] e
0 L, (L2 + L3) M,
5, - 0 1 1 %,
0 0 L, | m
0 0 1 a
Lo 0 o ] e
Hence,
P = B'F B
o 'm
Yy - 4 a5 -
i |2 1 RS
3— t-3_+-2——L2 \-3——+'.'2—(L2+L3) P1
1|1 1 (L, + L.)° | (1, +1,)° (1, +1,)°
Fegr| 2411, |———-———-—1 2 1 2., 1 2L |p
3 2 72 3 l 3 . 2 31 72
12 (L, + L)° (L, +L.)° | (L, + L. + L,)°
A by syt ) | 4 5 * By P
5 T2l T Iy T 2 30T 3 1%
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The flexibility matrix F is reduced to a (3 x 3) matrix, giving only
the deflection at points (1), (2) and (3) due to a unit load W at (1),
(2) and (3).

Since the algebra of the following steps becomes too involved, the

following numerical values will be inserted in the matrices:-

m, = 1/3 My Ly = 1/3 L
m, = 1/3 My L, = 1/3 1L
m, = 1/6 My Ly = 1/3% L
hence
L%% , [2 5 8]
F = T 162 16 28
8 28 54 |
L3 M 4 10 8
F.M = BT —5:7_2 10 32 28
16 56 54 |

In order to find the largest eigenvalue (which is in this case the
fundamental frequency or slowest vibration) the basic iterative method
(Appendix B 4,1,2) may be applied. An initial guess for the eigenvector
corresponding‘to the largest eigenvalue has to be made and a good
approximation is to use the relative deflections of the cantilever due to

static loading, e.g. x' = (134 ;3 7)

First iteration:

3 4 10 .8 1 3 100

L” My L” My
372 BI 10 32 28 4 = §7§_Ef 334
16 56 54| |7 1618
12 M 1
=5 0,103 |3,34
6,18
Second iteration:

5 4 10 8 1 5 E
My lio m2 28| |3, =Y Ms 3,34
572 EI gr 0089

16 56 54 6,18 6,18
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The second iteration gives an improved eigenvalue; the values of the
eigenvector, however do.: not change any more, because they are calculated

only to the second decimal place.

Now A = P, 0,0893

1
x1

B
b, = 35k g2
o | L MB

The exact value of the fundamental frequency for a continuous cantilever

tbam
= K

is (see page 3.9)?

b

The following flow-diagtam indicates the major operations performed in the
program. The program WOANT, iniFORTRAN IV, is given in Appendix D. A

number of subroutines are included and they are discussed briefly.

Subroutine MSMSW:

This subroutine calculates the largest eigenvalue only. It was added
as a check for the basic iterative method., The method is described and

illustrated in Appendix B 4.1.1. -~

Subroutine SWIT:

This subroutine calculates the largest eigenvalue and corresponding
eigenvector by means of the basic iterative method which is described in
great detail in Appendix B 4.1.2 and also in sub-section 3.3.6, page 3.32,

Subroutine LAMBDA:

This subroutlne caLculates the second Largest eigenvalue and
correspondlng mode shape by means of Wielandt's deflation. This particular
method for calculating the second largest eigenvalue is discussed in
Appendix B 4.2.2.
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I This program is used to investigate
(i) the effect of different types of lumping,
(ii) the effect of the number of lumped masses,

on the natural frequency. The results are discussed in section 4.4.

Section 4,3 - Computer Program WSBEAM

In the previous section it is mentioned that the flexibility of a
beam may be expressed in terms of the rotations at each end of the beam
segment, which are caused by the ‘internal bending moment. The writer
_found this approach more convenient for computérizing the compilation of the
required matrices. Again, & complete sample solution for a simply
supported beam is given and thereafter the flow-diagram for the

corresponding computer program.

Consider the beam and its approximation shown in fig. 4.2,

5
[ A . actual beanm
. EI o
l L
m, m, g
A Y, £ Y ~ idealized beam
I . L. B l

Figure 4.2

Again we make use of the general equation

1
FM = =55y -
¥ p2 v /4 g - A, J
-1 d‘___,,!j'""’
A=y

The mass matrix is & diagonal matrix as before, and the overall flexibility

matrix is given by F =B'F_ B .
o' m o

However the Fm and BO matrices are different from those in section 4.2,

The flexibility relationship for any section of the beam is now given
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by (see fig. 4.3)

Figure 4.3
L L
e = |3z EEr| |Ma
L L
g 6eT  3EI| |''B
L[
hence fi = EET_
i {1 2

The matrix Fm for the member ends can now be compiled:

The connection matrix, expresses the relationship between the applied
loads and internal member forces in terms of the end moments, and is

found by computing the end moments as follows:=

Considering & unit load W at point (1):

© 0 @ ® ®
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with RA=1(L L) RB —E-i
1L T 1 7 L

Knowing RA and RB, the bending moments at points 1, 2, 3 can easily be
determined. Similarly the remaining two unit loads at points 2 and 3 are
applied and the values for the bending moments at points 1 to 3, written

in matrix form gives the BO matrix

1 2 3
RA, . L, RA, . L, RA . L, M,
B, = |RB, . (L3 + L2) RB, . (L3 + L2) RA . (L1 + L2) M,
. B, . L RB, . L M
KBy - b Wy« by 3 Y3 1"

L
Ly = L, = Ly =L, =7
: 3 2 1
_ L 1 _ m
then BO = 4 -7 2 4 2 = BO

12 3

Matrix BO and Fm are not yet in & form so that they can be multiplied.
The flexibility metrix Fm mey be condensed into the following form by
adding the rows (and cobumns) (2 + 3), (4 + 5) and (6 + 7) and omitting
the first eand last row (and column):

2(L1 + L2} L, 0
1 . N ;
P = EET = 2(L, + L) Ly
i 0 L, 2(L3 + L4)
or _ )
4 1 0
L . _L
Fm = SIEI 1 4 1 since all Li =7
0 1 4

This reduction of the matrix is possible because the moments at the
supports are zero and at the intermediate points the values of the moments

are the same just to the left and to the right of* the point,

Hence: 9 11 7

11 16 11
7 M 9

3
L il
— 1 — — ————
P o= Bo ‘ Fm : Bo - EI ° 768
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Let m, =m, = ng = MB/4, since we assume the following lumping:
this mass is neglected MB = total mass
{ 1% N \\V«va%%oy//x;:>\ |

Iy

A MSZ% M%%i ﬁ§34 AN
| | | l
EV-1REE V7 DRV D VIR VA

MB 0
hence M = Z_
- O —
| MB.L3 o n 7
and F.M = m 11 16 11
7 11 9]

In order to find the fundamental frequency the basic iterative method may

again be applied, with an initial guess for the eigenvector y' = (1; 2; 1)

First iteration:

MB L3 9 11 7 1 MB L3 0,7
3675755 11 16 111 X 2 = 367§_Ef . 54 1,0
7 11 9 1 10,7 ]
a 3 [0,7]
= BT 020176 1,0
10,7 ]
Third iteration:

MB L3 9 11 7 0,71 ' MB L3 0,71
. = 0,010 1,00
3072 BL 11 16 11 1x1{1,00 EI- ’ 3 ’

7 M1 9 0,71 ] 0,71

The accuracy of the third iteration is quite adequate, and we obtain

for the fundamental mode:
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2
2y
henceﬂ p, = EL v3
Vo,o1o3 M, L
Pyo= 98 My 10

The exact result for & continuous, simply supported‘beam is (see page 3,4)
P = 9,87.pW

This shows clearly that the approximation of the actual beam by a lumped

mass system with three concentrated masses is a very good one.

Comment

The above calculation process has been programmed. The flow-diagram
is given on the next page and the program WSBEAM in FORTRAN IV is listed
in Appendix D.

The progrem WSBEAM wes later extended and use was made of the UNIVAC
supplied subroutine JACMX, which determines all the eigenvalues and
eigenvectors of & symmetrical metrix., The result for the fundamental
modes was identical with those obtained by means of the basic iterative
method and provided a gocd check, However, there does not exist a
UNIVAC supplied program Wh%ch determines the eigenvalues and corresponding

eigenvectors of a ungymmetrical matrix, which is & much more complicated

problem. In other words, use can only be made of the subroutine JACMX if
the matrix A = F.M, is & symmetrical matrix, The flexibility matrix ¥

of course is symmefrical but the matrizx A will only be symmetrical if the
mass matrix M is & diagonal matrix with elements all having the same
value, If the mass of the beam is uniform, then the system matrix A will
be symmetrical provided that in the case of a cantilever the masses must

not be lumped in a manner, known as Rayleigh's model (see section 4.4),

Figure 4.5 shows clearly that the mass matrix M will not have equal

elements
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FLOW~-DIAGRAM FOR WSBEAM

Note: n:== N = number of beam sections
m, = MA(I) = lumped mass
Li = L(I) = distance between lumped masses

i

READ: N, MA(I), L(I)

V

Print out input

|

Compilation of connection matrix: BO

Compilation of flexibility matrix for
member ends: FM

l

Obtain transpose BOT of connection
matrix BO

Multiplication of BOT . FM . BO = F
where F is the flexibility matrix of
the structure

Multiplication of F.. MASS
where MASS is the mass matrix

]

CALL SUBROUTINE EVAL 1 - which
calculates the largest eigen-
value &nd corresponding eigen-
vector by means of the basic
iterative method

l

Calculation of fundamental
frequency p1

Output 1
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this mass is neglected MB = total mass
J | N2 ZNNNNN actual beam
I L ;l
_ T
> My/3 MB/3 | |
E @ @ @ idealized beam
L/3 L/3 L/3
Figure 4.5
MB ﬂ L] 1 4
M = 3 |- 1,
1
. » 2

In the case of a beam having & non-uniform mass distribution, the mass
matrix will not have equal eleménts, unless the length of the segments

is not constant.

It should be pointed out, that the basic ifterative method, although
giving only the fundamental frequency and corresponding mode shape, is

egually appLicabLe.to both symmetrical .and non-symmetrical matrices.

The above two programs, WCANT and WSBEAM, can easily be extended for
a beam with varying® flexural stiffness. The symmétry of the flexibility

matrix will not be affected.

Section 4.4 ~ Types of Approximations -

There are essentially two ways of.approximating a uniform beam., The
first is analogous to the representation used by Rayleigh (7) for uniform
strings, and the second is the model used by Duncan, as shown in fig, 4,6(0).
In Rayleigh's representation the beam is assumed to have mass per unit
length pA and the beam is .divided into n sections of length & = L/n.

The mass of each section is replaced by two equal lumped masses n/2 = pAa/2
at the ends of the beam segment. In this way we obtain & beam loaded by
uW=n+1 masses, 1/2m at each end and m at each of the (n -1)

intermediate points,



&t

(a) actual beam

m m m/2 _
Ya U, (b) Rayleigh's model

NN

1 m m S
% @ @ (c) Duncan's model
e - e

a/2 | a | a | |ea/2

| Pigure 4.6

In Duncan's representation the mass of each section is replaced
by a concentrated mass m at the centre, Now we obtain a beam loaded
by n equal masses at the points a/2, 3a/2, (2n - 1)a/2, and the

number of lumped masses u is equal to the number of sections. n.

4,4.1 - Duncan's approach

Duncan (4), Livesley (5) and Gladwell (6) derived expressions for
the frequency error by investigating cases in which both the continuous
and the lumped mass system could be treated exactly. Duncan gave a

complete answer to the problem as far as it concerns torsional systems.

He showed that if an actual shaft is replaced by n flywheels on a Light.

shaft then, provided that the positions of the flywheels are suitabLy
chosen, the error involved in the natural frequencies will be inversely
proportional to n2, the square of the number of sections. Duncan
also considered the problem of a uniform cantilever beam in transverse
vibration. However, he did not know an exact solution for a segmented
beam, and he showed from numerical calculations that the inverse square

law for the frequency error applies also to a cantilever beam.
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Figure 4.7

The computer program WCANT is used to demonstrate Duncan's empirical
proof. The cantilever is divided into 1, 2, 3, ... to 10 lumped masses
as shown in fig. 4.7, using Duncan's model., The fundamental frequency is
. 3 .
calculated as a coefficient ¢ of pW =TEI/L M; for example (see Table 1):

for n = 1 P =2C-p 4,80808 P,

w

therefore c 4,89898

In Table 1, column C, a dimensionLessmfrequenéy parameter f§ 1is given,

which is the square of c: '
B_LBL_RZ__2

= "B T °

Duncan used dimensionless frequency paramaters, i.e. f for his proofs
of the inverse square law., Since @ is proportional to p2, the errors
involved in the parameter { are related to the errors in the natural

frequency as follows:-

e(B) = & e(p)

In Table 1, column D, the differences ¢ Dbetween the exact value Bca of

the fundamental frequency for a continuous beam and the exact values B

for the segmented beam are given; and multiplication of column D by n2
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leads to the values in column E in Table 1. It can be observed that
these values ultimately assume & constant value as n gets large.
Duncan found for a torsional shaft that:
€ (ﬁ)C*f—1§ + higher inverse powers of n.
n
Hence as n tends to infinity

2
€En —— == constant,

From similar results as given in Table 1, column E, Duncan showed
empirically that the inverse square law holds for a segmented beam with

one end free and the other clamped.

With regardvto torsional vibration, Duncan showed that if the fly-
wheels are not placed at the centre but at the outer ends. of the segments
of the shaft, then the errors incurred by calculating the natural frequencies
from these models are greatly increased. The errors vary ultimately pro-

portional to the inverse first power of the number of sections n:
1
() = B - B — 'H'constant

when n is large. Duncan mentioned that the law also holds for bending
vibration of a uniform cantilever with masses placed at the outer end of
the sections. The writer used the program WCANT to obtain the fundamental
frequéncy for a cantilever, which is apprbximated in the manner just
described. The values obtained for c¢ = p/pW are given in Table 2,
column B. In this case the values for en are calculated and it can be
observed that the convergence of en is much slower than that of en2 in
Table 1. The slow convergence and a comparison of the e values in

both Table 1 and Table 2, indicates the considerable loss of accuracy
When.the masses are moved away from the centre of the sections. The
values of ¢ from Table 1 and 2 are plotted in fig.4.8 and the effect of

the two types of lumping investigated by Duncan can be seen clearly.

In Table 3 the results from the program WCANT are used, when
Rayleigh's model was adopted. Comparing columns E in TabLes.1 and 3,
it can be noticed that the convergence of the values en2 is slower in
Table 3, which indicates that Rayleigh's model is not as good an
approximation as Duncan's model. This can also be seen from fig. 4.8,
where the ¢ values of the various models are plotted versus the number
of sections n or versus the number of lumped masses u, which are

equal in this particular example.



g4 24nbi4

u3A3)1puDD B 404 hdouanbouf jppuswiopunt sy uo

burdwing fo sadhy o pup sassow padwn( Jo aaqunu Jo Jo3)i7

L)

P

4,0

35

3,0

25

20

/;xacf valve =386

G-

7

curve © : the mass of each section is Jumped
at the centre (Dunéan’'s modlel)

curve® : the mass of each section is lumpe.d
at the outer end of the cantilever

curve® : fhe mass of each sectionis split
qnd lumped af the ends (Raylejgh's
mode/)

.

7 8 9 10

——— = - n: number of sections

9Ly



A B c D E
n c 5 e =0 -8, € n2
1 4,89898 24,0000 11,6377 11,6377
2 3,72992 13,9123 1,5500 6,2000
3 3,60784 13,0165 0,6542 5,8878
4 3,56709 12,7244 0,3618 5,7888
5 | 3,54855 12,5922 0,2299 5,7475
6 3,53850 12,5210 0,1587 5,7132
8 3,52866 12,4514 0,0891 5,7024
10 '3,52410 12,4193 0,0570 5, 7000
TABLE 1

Dependence of Error in the Frequency Parameter on the Number of Segments
for Bending Vibration of & Uniform Cantilever, using Duncan's Model (with
Bow = 12,3623 for the fundamental mode)

A B ¢ D E
-n c B € =B, P €n
1 1,73205 2,9999 9,3623 9,3623
2 2,33534 5,4538 6,9085 13,8170
3 2,63235 6,9293 5,4330 16,2991
4 2,80987 7,8954 4,4669 17,8678
5 2,92798 8,5731 53,7892 18,9462
6 3,01223 9,0735 3,2888 19,7326
8 3,12445 9,7622 2,6001 20,8008
10 3,19578 10,2130 - 2,1493 21,4929
TABLE 2

en for the Fundamental Frequency of a Uniform Cantilever
with the Masses Lumped at the Outer End of the Sections (Bo, = 12,3623)

Convergence of
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A B C D E
4
n c B € =3 - Ba, € n2
1 2,44949 6,0000 6,3623 6,3623
2 3,15623 9,9618 2,4005 9,6020
3 3,34574 11,1940 1,1684 10,5156
4 3,41804 11,6830 0,6793 10,8688
5 3,45266 | 11,9209 0,4415 11,0375
6 3,47164 12,0523 0,3101 11,1636
8 3,49099 12,1870 0,1753 11,2192
10 3,49996 12,2497 0,1126 11,2580
TABLE 3

Dependence rof Error in the Frequency Parameter on the Number of Sections
for Bending Vibration of a Uniform Cantilever, using Rayleigh's Model.

(8, = 12,3623 for the fundamental frequency).

4,4,2 - Livesley's and Gladwell's approaches

Livesley (5) investigated the frequency error for the case of a
uniform simply supported beam in transverse vibration. He showed that if
the continuous mass distribution of the beam is replaced by & set of
equally spaced lumped masses (using either Duncan's or Rayleigh's modeL)
the errors in the natural frequencies are'prop0rtionaL'to the inverse

fourth power of the number of sections into which the beam is divided.

Gladwell pursued the problems of an exact analytical solution for
segmented beams with various types of end-conditions. In his paper a
mathematical proof is given of Duncan's empirical result for the freqﬁency
error in the case of a cantilever and furthermore livesley's findings are

confirmed.

The writer will not expand on the mathematical proofs given by
Gladwell which are of great length and not considered relevant in the
ontext of this thesis. Only some of the more important results are given.
Livesley and Gladwell showed that if a simply supported beam is approximated

by Rayleigh's model then the errors in the natural frequencies are
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ultimately proportional to 1/n4, and that

P, ~ P Ty b4 L o (4)

e ) * 1440
P n -

where rSL is the value of the dimensionless parameter
. 4 24
rL = [PAL 'p].,,
‘EI
3*

in the sth mode of vibration of the original beam, For the simply

supported beam rSL.= sm and hence:

p. - P
e = 2—"= 2 00676 ()%
P n

For instance, if a beam is divided into n = 3 sections, then the error in

the fundamental frequency is given by:
e + 0,0676 C%)4 - 0,14

Gladwell showed that for beams with clamped, pinned or sliding ends the
errors in the n atural frequencies are proportional to 1/n4 and are always
given by equation (4.1), where ry L has the values appropriate to the mode
and end-conditions, Table 4 is 1ntended to show empirically that p is
proportional to 1/n , as was shown in the case of & cantilever. The c

values in Table 4 are obtained from program WSBEAM,

-n : c B = c2 e =3 -B_ € n4
1 6,92820 47,99996 - 49,40914 - 49,40914
2 9,79796 96,00002 - 1,40907 22,54513
3 9,85901 97,20008 - 0,20901 16,93004
4 9,86659 97,34960 - 0,05949 14,23015
5 9,86843 97,38591 - 0,02318 14,48772
6 9,86904 97,39795 - 0,01114 14,43808
8 9,86947% 97,40565 -~ 0,00%44 14.,10052
TABLE 4

Dependence of Error in the Frequency Parameter on the Number of Sections
for Bending Vibration of a Uniform Simply Supported Beam, using Duncan's

Model (with B~ 97,40909, for the fundamental frequency)

*

It should be noted that r is identical with that given in section 3.2.2,
Also, the derivation of the equality rgl = snis given in this section. Only
the symbol for the mode has been changed from n to s, since in the present
chapter n indicates the number of sectionms,
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It will be noticed that the values of ¢ n4 converge towards a
constant, The somewhat erratic convergence is attributed to & high
sensitivity of the resuLts; depending on the sixth decimal place of the
¢ values. Furthermore both Livesley and Gladwell state that the errors
involved by either type of mass representation, i.e. Rayleigh's and
Duncan's models are practically identical in the case of a simply
supported beam. In order to demonstrate this, use is made of program
WSBEAM., The following four pages show & typical output of results of
this program and it may be noted that the values for the fundamental
frequency are identical to 6 significant figures, i.e.

BI

p = 9,86843 3
M L

[T N T . R O . a

|-
! L T
.Ak""""""""""'"“'"f§L=

this mass
does not
vibrate

@

| | |
® & 2 Rayleigh's model

\P\t!i i
k—@!@lq%»

@

A Duncan's model

It can be seen from the sketch above, that the two types of lumping
do not lead to-the same number of lumped masses in the case of & simply
supported beam, It is therefore misLeading‘to specify the number of
Lumped messes, since they vary with the lumping-model and end conditions
and it is better to state the number of sections into which the beam is

divided.

In the case of a cantilever the two types of approximation do not

give identical results and the following relationship of the errors exists:
¢(Duncan) =-% ¢(Rayleigh) | (4.2)

In Table 3, column B, the results of the program WCANT are given for the
case of Rayleigh's representation of the lumped masses and the values

c = p/pw are plotted in fig. 4.8, curve 3. The curves 1 and 3 conform
reasonably well with the above relationship. Since the errors in Duncan's
approach are in fact negative, the minus sign in equation ¢.2) is also
explained, Also, by comparing the columns D in Table 1 and 3, the above
relationship of the errors of the two models can be observed, i.e. the

values in column D, Table 3, are roughly half of those in Tdblé 1 ‘Cotumn D.
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4.4,% - Differences between the two types of'mass-lumping, as
demonstrated by Myklestad's method

(1) Cantilevers

In the above sections the effects of different ways of lumping the
continuous mass of a beam and different numbers of concentrated masses
are investigated by employing the flexibility ‘matrix of the system. This
leads to the classical eigenvaLue'probLem, which is solved by means of
iterative methods. However, we also can use Myklestad's method to

illustrate the effect of

(i) type of lumping,

(ii) number of sections,

on the accuracy of the natural frequencies. We considered a cantilever,

approximated by:

(i) Duncan's model,

(ii) Rayleigh's model,

using three and six sections in both cases, The computer program WMYKLE~
(see page 3.45) was employed to plot fig. 4.9 and fig. 4.10, the latter |
being just an enlarged part of fig. 4.9 near the fundamental fregquency.

The rotation at the fixed end is plotted against the dimensionless parameter
¢ which is introduced in the previous section. If c¢ and therefore, p
are correctly assumed, then the end-rotation must be zero, since the
cantilever is clamped at the base station. Figures 4.9 and 4.10 illustrate

clearly:

(i) Rayleigh's model leads to an under-estimate of the exact natural

frequencies, for all modes,

(ii) Duncan's model leads to an over-estimate of the exact

natural frequencies, for all modes,

(1ii) the accuracy of the value obtained for the natural ;
frequencies increases with the number of lumped masses.
It can be seen from fig. 4.10 that the division of a
cantilever into six sections leads to a value for the
fundamental frequency which is very close to the exact

one.
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¥ MYKLESTAD'S METHOD
for a cantilever
0o
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Fig. 4.10

Enlargement of Fig. 4.9 near
fundamental frequenc_y
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(iv) The accuracy of the natural frequencies is best for the lowest
frequency; it decreases considerably for the second natural
frequency (see fig. 4.9) and will be even worse for the

following frequencies,

(v) Point (iv) indicates that if a higher natural frequency is
required with a certain accuracy, the beam has to be

approximated by a greater number of sections.

(2) Simply supported beams

Most of the points listed above for cantilevers hold also for simply

supported beams, with the exception of the following:-

(i) Rayleigh's model and Duncan's model give practically
identical results for the same number of sections, for

all modes.

(ii) Both models give an under-estimate of the exact natural

frequencies, for all modes.

4.4,.4 -~ Comments on the second lowest natural frequency

This chapter is concluded with a few remarks on the determination of

the second lowest natural frequency,

In the program WCANT the second natural frequency was obtained by
using a technique known as deflation (see Appendix B 4.2,2). This type
of iterative method for evaluating eigenvalues other than the largest, is
based on an important property of the normal modes, known as the 'orthogonality

property’.

Table 5 gives the results from the program WCANT for a cantilever.

The results are also shown graphically in fig. 4.11. Comparing fig. 4.8
and fig. 4.11 and noting the difference in scale of the ymaxis; it follows
that for a particular number of lumped masses, the results for the second
lowest natural frequency are not at all as close to the exact value as wvas
the case for the fundamental frequency. This means that a considerably |
greater number of sections is required if one wishes to determine the
second lowest natural frequency to the same accuracy as the fundamental

frequency.
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. Myklestad's method (as well as the transfer matrix method) does
not require any additional calculation process for the second lowest
frequency, only the range of ¢ has to be changed. Fig. 4.9 confirms

the findings mentioned above for the case of a cantilever:

(i) There is a loss in accuracy of the value for the
second ndtural frequency compared with the fundamental

frequency for the same number of sections.

(ii) Duncan's model gives an over-estimate and Rayleigh's
model an under-estimate of the true value of the

second lowest natural frequency.

30 +
28 |
m

pl DUNCAN'S MoDEL —e—
C=—

P . .| L |
2% T

22 4

EXACT VALUE p,=21,91ISp,, /

20 +

|18 1 \ RAYLEIGH'S MODEL ?__q
16 { NUMBER OF SECTIONS ——m

' 2 i 4 P 6 7

Figure 4,11 - Effect of number of sections and types of lumping on the values
of the second natural frequency for a cantilever.

!
s
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Number of Rayleigh's model Duncan's model
Sections n
—a —o—

] _ -

2 16,2580 31,0410

3 18,8855 24,1739

4 20,6903 23,1825

5 20,7335 22,7560

6 21,1083 22,5308

TABLE 5

Second Lowest Natural Frequency for a Segmented Cantilever

(with p, = 21,9115 p )
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CHAPTER 5

VIBRATION OF STATICALLY INDETERMINATE BEAM-STRUCTURES

Section 5.1 - Introduction

The determination of the natural frequencies and corresponding normal
modes for statically indeterminate structures is generally more complicated

than for statically determinate structures.

The writer selected certain of the methods given in Chapter 3 and
investigated their application to a two-span continuous beam. For beams
on one or two intermediate supports, there exist exact solutions of the
partial differential equations. With regard to the energy methods, the
simplest (i.e. Dunkerley's method) is extended for the determination of
the fundamental frequency. With respect to the lumped-mass approach, both

the matrix methods are extended for a two-span continuous beam.

Section 5,2 - Timoshenko's Solution for a Continuous Beam with N spans

~ Timoshenko (11) gives a solution for a uniform continuous beam with
N spans simply supported at the ends and at (N - 1) intermediate supports.
The flexural rigidity of the beam is the same for &ll spans and the lengths
of the spans are denoted by 11, 12, ees ?N.
The solution of the partial differential equation is not given and
reference is made to (11). The solution leads to the following set of

equations:-

-2, (¢1 + ¢2) + a3 Vz .= 0
ay by = oy By 4 0) 4oty = O (5.1)
= 0

ay_q Yyog ~ oy PByoq +8y) + 0

where ai is an unknown constant which is proportional to the bending

moment at the support i, and

¢i
3

1

coth (rLi)- cot (rLi)

cosech (rLi) - cosec (rLi)
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2
with - 9%53— as in section 3.2.

In order to obtain & non-trivial solution, the determinant of the above
set of equations is put equal to zero. This leads to the frequency

equation for the vibration of continuous beams.

For example, consider a beam with two spans. In this case only the

first equation of (5.1) remains, with a, = 0 since a_, is proportional

3 3

to the moment, which is zero at the third support.

T ® ®
i waw il
l el ! q& !
Hence ¢1 = - ¢2

The frequencies of the consecutive modes of vibration are obtained from the

relationship

g (rr,) = -4 (r1,)

For the solution of this transcendental equation it is convenient to draw

a graph of the functions @ and - ¢, In fig. 5.1, § and - g are _
given as functions of the argument ri expressed in degrees. The problem
then reduces to finding, by trial and error, a line parallel to the rl-axis
which cuts the graphs of ﬁ and - ¢ in points whose abscissae are in the
ratio of the lengths of the spans. Fig. 5.1 is plotted from results of the

computer program WITIM, which is given in Appendix D.

Taking, for instance, L1:L2 = 1:0,75, we obtain from fig. 5.1:

rL1 = 196 = 3,416 rad

from which the fundamental frequency can be calculated;
2

since (rL1)4 = Q%EE— Lﬁ
hence P2 = (3,416>4 EI4 with M, = pA 1,
pA 1]
p = 11,67 4|2 (5.2)
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The same value for the lowest natural frequency is obtained, using the

result for the second span, i.e.

rL2 = 147" = 2,562 rad
Hence p2 = (2,562)4 —EL with M_ = pgdA 1
o 14 2o~ P2
2
p = (2,562)° 4/ —EL
M L3
2 2
Substituting M2 = 0,75 M1 and L2 = 0,75 L1
gives p = 11,67 El as above.
3
M1 L1

Obviously, the continuous beam must have the same natural frequency for

both spans, as is shown above. It is only for convenience:.that we expressed
the variable term V EI/M1L? in terms of the mass and length of the left-hand
span in order to use this result as a basis for comparing results obtained

later by other methods,

For the next higher frequency we obtain from fig., 5.1:

r, = 274° = 4,787 rad
EI (5.5)
hence p, = 22,915 3 5.3
2 M, u

As the lengths of the spans tend to become equal it is seen from fig. 5.1

that the lowest natural frequency tends to

rL1 = rL2 = x

(a) Fundamental mode shape. - (b) Mode shape of second lowest
frequency,
Figure 5.3

As indicated in fig. 5.3(2), in the case of the fundamental mode of
vibration each span will be in the condition of a beam with hinged ends,
i.e. the frequency is the same as for a simply supported beam. The second

mode of vibration is obtained by assuming the tangent of the intermediate
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support to be horizontal; then each span will be a propped cantilever, as

shown in fig. 5.3(b).

Ayre and Jacobson (12) deal in great detail with continuous spans
of equal Lengths; A graphical network is developed for determining the
natural frequencies of flexural vibration. In their paper, the following
values are given for the first three natural frequencies of a beam with

two equal spans:

2 [ EI
b = (n) V———-—
1 M L3
2
p, = (1,25 )" E5 (5.4)
. M1l .
2 BI
b, = (2,0 )7 5
M1
where M = mass of one span

1 = length of one span.

Section 5.3 - Dunkerley's Method

Dunkerley's method can be extended very easily for statically
indeterminate beam structures. Consider again a two-span continuous

beam, shown in fig. 5.4.

AN AN VA .
A : “
' = ()
LI .
11 W,| 12 |
d, -a/] B3 |
1 22 ! l
| W3 ;
d31 d32 ! d_—’/’/Z (e)

Figure 5.4
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The deflection diagrams (a), (b) and (c¢) of fig. 5.4 enable us to
obtain the three isolated frequencies by using only the deflections,

d11, d22 and d33. Since the combined frequency is given by:

1 1

i 1 1
5 = 3t 3t = g4+ tdsg)
p p, P P
1 5 3
_ g
hence P = /Vd_ + 4. +d

11 22 33

The result is again a lower-bound approximation of the fundamental fregquency.

The effort in calculating the lowest natural frequency using Dunkerley's
method can be compared with the effort in using the "static deflection curve"
approximation. The latter makes use of diagram (d) in fig. 5.4 in which the

deflections are given by:

4y = dyy tdyp F s
d2 = d21 + d22 + d23
A, = d,, +d,, +d

3 31 32 33

and 1Y

which gives an upper-bound approximation. But it is obvious, that for
several loads W, considerably more deflections have to be evaluated for

the "static deflection method" than in the case of Dunkerley's method.

In order to apply Dunkerley's formula, the deflections under the
loads have to be determined. In Appendix A 3, the deflection equation
for a two-span continuous beam is given. A computer program was written
which uses the deflection equation for evaluating the required deflections
for spans having different lengths aﬁd up to nine lumped masses per span.
The program WDUNK is listed in Appendix D, and the flow-diagram is given
in Appendix C, In the following examples the same two-span continuous

beams are considered as in section 5.2

5.3.1 - Continuous beam with two equal spans

Consider the beam shown in fig. 5.5:
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P-

—

7~
L
|

Figure 5.5

The beam is divided into n = 2, 3, 4 or 6 sections, As pointed out in
section 4.2 it is better to specify the number of sections rather than the
number of lumped masses. The results obtained for an equal-span continuous
beam are plotted in fig. 5.6. Both types of mass-lumping are investigated
and in both cases the same lower bound value of the fundamental frequency
is obtained, equal to 7,938 p . The ! true' " value is 9,869 ‘pw(see
equation (5.4)); hence Dunkerley's formula under-estimates the exact value
by 19,6 %. This percentage error seems to be larger in the case of
statically indeterminate structures than for statically determinate ones.
It can be seen from fig. 5.6 that the true value of the fundamental
frequency is not approached with an increase in the number of lumped masses,
but only the lower bound value. It should be noted that for a two-span
continuous beam Rayleigh's model gives an over—estimate and Duncan's model
an under-estimate of Dunkerley's approximate value for the fundamental

mode.

5.3.2 = Continuous beam with two unequal spans

Consider the beam shown in fig. 5.8:

T
p
p

FPigure 5.8

*
The results obtained by Timoshenko's method are referred to as the true

values of the natural frequencies,
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Figure 5.6 - Equal span continuous beam
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Figure 5.7 - Unequal span continuous beam,
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Again the beam is divided into n =2, 3, 4 or 6 sections and the results
obtained from the program WDUNK are‘pLotted in fig. 5.7. In this case,
both types of mass-lumping lead to a lower-bound value of the fundamental
frequency equal to 9,932 P, The true value is 11,67 P, (see equation (5.2))
and hence Dunkerley's formula underestimates Timoshenko's value by 14.9 %.
Again, it can be observed, that Rayleigh's and Duncan's model give an

over-estimate and under-estimate respectively.of Dunkerley's value.

5.3.% - Comments on Dunkerley's method

There is a considerable difference in the percentage error for the
above two beams. This may be due to the fact, that Dunkerley's method only
gives good results if the second lowest natural frequency is numericaLiy
much larger than the fundamental frequency. However, for a beam with two

equal spans the second lowest frequency is:
= 2
P, 15,424 P,

whilst for a beam having two spans, with lengths in the ratio 1 : 0,75, the

second lowest frequency becomes:
p2 = 22,915 pw.

Since in the latter case the 'percentage difference between P, and P, is
larger than for the equal span continuous beam, it may be assumed that the
percentage error between the lower bound value and Timoshenko's value is

smaller for this particular case.

Dunkerley's method does not seem very advantageous compared with the
simple way the fundamental frequency can be obtained from Timoshenko's graph,
because the determination of the deflections requires some effort, It is,
however, possible to take é varying mass of the beam into consideration;
but the flexural rigidity can not be varied along the beam in both
Timoshenko's and Dunkerley's method,

If the "static deflection method" were employed for the same problem
the approximate value would probably give a result with a smaller percentage
error, but the approximate value would be an overestimate. The fact that
Dunkerley's method gives an under-estimate is advantageous in so far as
the designer can be sure that below this lower bound value of the

fundamental frequency there is no possibility of resonance.
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Section 5.4 - Transfer Matrix Method

The basic procedure described in section 3.3.8 can be applied to any
simple continuous beam-structure, consisting of a set of lumped masses carried
on a weightless beam. However, any intermediate support‘causes a rigidity
which prevents a deflection and introduces a discontinuity in the shear force,

As an example, we consider again a two-span continuous beam, shown in fig. 5.9.

{ .
~ ¢, R 2 = Figure 5.9
In the case of a two-span continuous beam the reaction R at the intermediate

support is the only unknown discontinuity. Assuming that the overall trans=-

fer matrices A and B (see fig. 5.9) are already known, we have:

v _ r

z, = A z (5.5)
v _ T ,

z, = B z | (5.6)

Since a relationship between z; and z; is missing, we make use of the
end-condition Vo = MO = 0, which after substitution into matrix equation
(5.5) gives the following expression:-

v
vyo= 2 8 A &

However, we know that y} = 0, which leads to the following relation

between © and Q :
o o

Qo = _;—_90

This relationship makes it possible to express the state vector z} in

terms of 90 onLy, so that

_y-r _ O T
© aL ey, apy =245 ay) 1
= | %14 * [ej
1 0
1 2. (Paa B T 22 25)
14
.
-Q_1 Loy, (8,4 845 = 240 al44)-

The deflection, slope and moment are continuous over the intermediate

| support 1, but the shear Qf = Q} + R is discontinuous, with R as the
unknown reaction. The state vector zf may now be expressed by the
relation
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V-_r — =
v 0 0
e *1—(a a - a a ) 0 e
_ a14 14 =22 12 724 o
1
N a14(a14 835 = 8y, 85) O R
1
Q —(a,, a,, —a,.a,,) A
L I 14 742 12 744 |
T eo
or z1 = B,
R

The initial unknown Qo is thereby eliminated and the new unknown R is

introduced, We proceed now in the usual way to find the state vector z;:

1 r
Z, = B Zy
e %
=B.E.|P° = D
R R
v _ .
or e 444 dy5
°l _ dsy dy, %
M ds dsp R
Q12 L9y 442l

Using the end-condition at support 2, M2 =¥, = 0, we obtain the following

set of equations:-
O=y2=d eo+d R
0 = M, = dp, & +d_, R

- Hence for a non-trivial solution, we have

-d_, d,. = 0 ' (5.7)

det = 4 = d,, dgy = dgy dyy

The same numerical procedure, outlined in section 3.3.8 may be used
to determine any natural frequency p, i.e. fcertain trial values are
chosen for p and the corresponding values for A of the frequency
equation (5.7) are calculated. The value A is then plotted against the
frequency p, the zero values of A occurring at each natural frequency

of the system.

In order to investigate various types of beams and the effect of the



5.12

two kinds of mass-lumping, a program was written, which may be used for
any two-span continuous beam with up to 10 sections per span. The program
WIMCB in FORTRAN IV is listed in Appendix D and the flow-diagram is given
in Appendix C, The foLLoﬁing page shows a typical output of the program.

Both types of mass-lumping are considered for a continuous beam with
two equal spans, of which each is divided into 1, 2, 3 or 4 sectionms.
However, the results obtained are not satisfactory as can be seen from
fig. 5.10. The most crude lumping of the span masses gives reasonable
values of the fundamental frequency, i.e. in the case of Duncan's model
one section with one lumped mass at the centre, and in the case of
Rayleigh's model two sections with three masses, of which only the one
at the centre vibrates, With an increase in sections per span the
results for the fundamental frequency do not improve, and this aspect
requires further investigation. It is possible that the transfer matrix
method is not entirely satisfactory for this type of beam-structure.
Pestel and Leckie (3)‘mention that numerical difficulties may arise,
when the stiffness of elastic supports is very large compared with the
bending stiffness of the beam; and this is the case with a rigid
intermediate support. Pestel and Leckie recommend for this type of

problem the Delta-matrix method.

Section 5.5 ~ The Use of the Flexibility Matrix

In section 3.3.6 the application of the flexibility matrix to
vibration problems is discussed and at the beginning of Chapter 4, a
detailed description is given of the procedures involved when setting
up the overall flexibility matrix. In the case of statically indeterminate
.structures more matrix operations are required to obtain the flexibility
matrix of the whole system, because redundancies have to be considered.

The following is a brief description of the steps involved.

The flexibility of a beam section of length L is defined in terms

of the end-rotations due to unit moments applied at the ends, i.e.

f___L_21
i T BEI |1 2

As before, the matrix Fm for all member ends is compiled as follows:-



FIRST SPAN

'NUMBER OF SEGMENTS s 2

SECOND SPAN-

NUMBER OF SEGMENTS =

2.

LUMPED
MASSES

.500000+00
.000000

LUMPED
MASSES

.500000+00
.,000000

VALUE OF DETERMINANT

LENGTHS OF
SEGMENTS

.500000+00
.500000+00

- LENGTHS OF

SEGMENTS

.500000+00
.500000+00

BENDING
RIGIDITY

.100000+01
.100000+01

BENDING
RIGIDITY

.100000+01

. 100000401

TRIAL VALUE FOR P

-

-, 199627+01
-, 171407+01
-, 142980+01
=.114762+01

~.871795+10

=.606676+00
=,356670+00
-.126212+00
«802611=01
+258340+00
. e403661+00
«511931+00
«578947+00
«600612+00
«572950+00
«492120+00
«354426+00

'

- R G B G e . . TE i WS AR W e e e P 4n e R e W ay W e e

«600000+01
650000401
»700000+01
«750000+01
«800000+01
«850000+01
«900000+01
«950000+01
.100000+02
. 105000+02
.110000+02
+115000+02
.120000+02
«125000+02
.130000+02
.135000+02
+140000+02

Mg = fotal mass of one span

Mg =1
M, =08Mg MZ:O)SMb
A 5 Gy A

L0)=0s | Lz)-05 L(3)=0'5‘1(4),015'

AL =10 L, =10

For the mass—-lump:};_g Ba_(//el_gh 's
model/ 1s used. '
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TN/ section (Duncan's

model)

2 sections (Rayleigh's model)

4 sections (Rayleigh's modei)

4 sections (Duncan's model )

Pigure 5,10 - Transfer Matrix Method
(for a continuous beam with two equal spans)
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f1\ 0
\\fz\
Fm = \\ | (5.8)

AN
0 NG

In order to set up the connection matrix BO, which expresses the rel-
ationship between applied loads and internal member forces, it is first
necessary to make the structure statically determinate, Then another
.connection matrix, denoted by B1, is required which expresses the
equilibrium relationship between the redundant forces and the internal

member end forces.

To obtain the overall flexibility matrix F for the system, the

following matrix operations have to be carried out:-

(i) Evaluate the displacements corresponding to the redundants

—_ 1
D = By F B,

(ii) Calculate the values of the redundants due to applied

unit external loads

X =_D_1B'F B
1 "m o

(iii) Calculate the B matrix, which relates the applied

loads and redundancies to the internal forces

B = B +B, X
o) 1

(iv) Caleulate the flexibility matrix of the structure, i.e.
the displacément corresponding to the external loads

due to applied unit external loads

F = B'F B,
o m

These matrix operations are demonstrated for a two-span continuous

beam, shown in fig. 5.11.
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Figure 5.11

(1) The flexibility matrix for member ends

The flexibility matrix given in equation (5.8) above can be re-
written in a reduced form, because the moments at the supports are zero
and also because the moments at adjacent ends of the segments are equal,

i.e.

(2) The connection matrix B,

The beam is made statically determinate by introducing a hinge at

support 3 and the moment in the beam over the support 3 is taken as the

redundant.
W2 =1 W4 = 1 W2 W4 | X X
: | - ! AW
. = = & X T A TR .
R
Hence Wg___Y4
1 O M
2
L
Bo = 3 0 0 M3
' 0 1 M



(3) The connection matrix B1

Now the redundent moment at sﬁpport 3 is applied, which gives the

B1 matrix (see sketch)

X
0,5 IVI1 ><
B, = | 1| M, g5 |y 05
0,5 M3

MOMENT DIAGRAM

(4) Calculating the displacements

- B
D = ByF B,

3 EI ‘

X = 21 1]

(6) Calculating the connection matrix B

B = B+ B1}Kf
14
. _ 3L
BK. = -2 |2 2
1
12 -3
L
B = 3 6 -6
-3 13

(7) Calculating the flexibility matrix

F

B*'F B
0O m




(8) Calculating the system matrix

0,5 0
A = FM where M = M1
0 0,5
1
.hence A = > M1.F
(9) Applying the basic iterative method
11 1
with L = > and trial eigenvector y =
-1
v, - 3 1
1M 23 =91 17 M 32
then A = ——=——= = =L
3072 BT | g ps |1 3072 BT |4,
v, T
= 00,0104 =—=—
ET _1

The first iteration does not improve the eigenvector, because in
the initial guess the ratio of the amplitudes is already correct, and

hence the eigenvalue is obtained, and

p2 1 ET
Mooo0,0104 M, 12
1M1
and p = 9,8 EI3
M1 L1
. which is very close to the value given in section 5,2, where
p = nz.v EI
B 3
M1 L1

The above calculation process was programmed. The flow-diagram is
given in Appendix C and the program WCONT in FORTRAN IV is listed in
Appendix D, The following two pages give the computer printout for the

above example,

The program WCONT contains the UNIVAC supplied subroutine JACMX,
which determines all the eigenvalues and eigenvectors of a symmetrical
matrix., The results for the fundamental mode are identical with those
obtained by means of the basic iterative method and provide & good check,
It should be mentioned that the subroutine for the basic iterative method

had to be altered slightly. This was because in the case of a two-span



"SPAN 1

SPAN 2

© LUMPED MASSES

LENGTH OF SEGMENTS

RIGIDITY VAL UE

LUMPED MASSES

- LENGTH OF SEGMENTS

MATRICES FOR THE
CONTINUOUS BEAM

RIGIOITY VALUE

CONNECTION MATRIX 30

FLEXIBILITY MATRIX
FOR MEMBER ENDS

CONNECTION MATRIX &I

D-MATRIX

«500000+00

«500000+00
«500000+00

«100000+01

«500000+00

+500000+00
«500000+00

«1000004+01°

«250000+00
«000000
«000000

«333333+00
«833333-01
«000000

«500000+00
«100000+401
«500000¢00

«666667+00

.000000
.08CCo0
«250000+00

«832333~-01
«333333+00

" «833333-01

.000000
-833333-01
<333333+00

1.



INVERSE OF D
: «150000+01

)

|
FLEXIBILITY MATRIX F
' i +149740-01 ~,585938-02
N . ~e585938-02 - +149740-01

MASS MATRIX :
+500000¢00 «000000
«060000 «500000+00

RESUL TS FROM BASIC ITERATIVE METHOC» AFTER 20 ITERATIONS

EIGENVALUE : .104167-01
EIGENVECTOR

100000401

~+100000+01

 FUNDAMENTAL FREQUENCY «979796+01

RESULTS FROM MATH~PACK PROGRAM JACMX WHICH DETERMINES EIGENVALUES AND EIGENVECTCRS
(ONLY FOR SYMMETRICAL SYSTEMS MATRICES)

THE MATRIX CONTAINS
THE E-VALUES ALONG
THE DIAGONAL :
«104167-01 «000000

« 000000V - «%455729-02

THE MATRIX CONTAINS
THE E~VECTORS ' ’

«707107+00 «707107+400

~«707107+00 «707107+00

aFIN
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continuous beam the process did not always converge to the largest eigen-
value and eigenvector but to the second largest eigenvalue and its
corresponding eigenvector. Again it should be noted that the program
JACMX applies only to symmetrical matrices and hence its results cannot
be used in the case of continuous beams with uniform mass but unequal
spans if each span is divided into the same number of sections. To

illustrate this, consider the beam-structure shown in fig. 5.12

M, =1 M, = 0,75 M,
=) D ) ———_
m =.yh m =_yy m ==Jﬁl m =<Ml
3 3 3 3
L R T R - N -
3 3 | 3 5 [ 3 | 3
e 1,=0,75 Yy —=

Figure 5.12

The overall mass matrix for the above structure has the form:

(0,333 0 0 0

0 0,333 , 0 0

no= 0 0 0,25 0
0 0 0 0,25 |

And the system matrix F.M will not be symmetrical because the elements

of the mass matrix along the diagonal do not all have the same values.

The program WCONT is used to analyse the two types of beam-structures
discussed previously, i.e. continuous beams with two equal and two unequal
spans. The results for the fundamental frequency of a continuous beam
with two equal spans, where each span is subdivided into n =2, 3, 4 or
6 sections, are plotted in fig. 5.13. ‘In this case both types of mass-
lumpings give identical results. In fig. 5.14 the results for a con-
tinuous beam having unequal spans in the ratio 1 : 0,75 are plotted, and
it will be noted that the two types of mass-Llumpings lead to different
graphs. With increasing number of sections per span both models converge
towards a value which is larger than Timoshenko's result. In the case of

two equal spans the coefficient o/ EI/M1L? is equal to 9,8696 = n2,



988 i exact valve = 9 8696
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Rayleigh's and
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Flgure 5.1%3 - Dependence of fundamental frequency on number
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Figure 5,14 - Dependence of fundamental frequency on number
of sections for continuous beam with two un-
equal spans (ratio of spans = 1: 0,75)
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which is definitely an exact result. In the case of two unequal spans the
coefficient, equal to 11,67, is obtained from Timoshenko's graph (fig. 5.1)
and hence is probably subject to inaccuracies of the graph, The error,

however, is mot greater.

Section 5,6 -~ Summary and Comments

Comparing the methods given in this chapter, which are applied only

to two-span, continuous beam structures, the following can be said:-

(1) Timoshenko's graphical solution is the easiest and quickest.
It can be appLied to equal and unequal spans and provided the
graph, (fig. 5.1) is extended, higher frequencies may also
be obtained., Timoshenko's theoretical solution can be
adopted for any number of spans but the trial and error
approach becomes more complicated, A disadvantage is that

a variation in mass or flexural rigidity cannot be considered.

(ii) Dunkerley's method is also very easy; only the determination
of the required deflection may be lengthy. It can be applied
to any type of continuous beam including cantilever ends.

The results are, however, not very close to the exact values,
but they constitute & lower bound solution. As in Timoshenko's
method a variation in mass or flemural rigidity cannot be

included,

(iii) The transfer matrix method does not lead to satisfactory
results and further investigation is necessary.

(iv) The use of the flexibility matrix is very laborious especially
if the spans are subdivided into 'several sections. This leads
to large matrices and since many matrix operations are required
the evaluation of the fundamental frequency is a lengthy
procedure., Nevertheless, this approach has several »

advantages:

1) the method can be used for continuous beams with varying

mass and flexural rigidity;

2) for more than three sections per span the results for the
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fundamental frequency is very good in the case of a

two~span continuous beam (see figs. 5.13 and 5.14);

4) the method gives the mode shape of the fundamentaL
frequency, and provided appropriate numerical methods
are applied, higher frequencies and their associate mode

shapes may be obtained.

The compilation of the program WCONT required a considerable amount of
time. The program, however, has the advantage of allowing for variations of
mass, span lengths, number of spans, and it can easily be extended to take

into account & variation in flexural rigidity.

Hence, the use of the flexibility matrix constitutes a method which
leads to very good results though the effort required to produce a computer

program might be prohibitive.
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CHAPTER 6

DYNAMIC BEHAVIOUR OF HIGHWAY BRIDGES

Section 6,1 = Introduction

The main object of the thesis is the investigation of methods used to
determine free vibrations of beam structures. Estimating the natural
frequencies is, however, only the first step in the design calculations.
The knowledge of the fundamental and higher frequencies-is valuable in so
far as it indicates which external frequency or frequency range must be
avoided in order not to cause resonance. The next step in the vibration
analysis is to consider the effect of a dynamic loading on the response
of a structure. Many more factors, however, also influence the dynamic
behaviour of the structure, such as:-

(i) bridge characteristics:

(a) geometry,
(b) material (steeL, concrete,_composite),

(c) dynamic state (at rest or already vibrating);
(ii) vehicle characteristics:

(a) type (axle-mass distribution),
(b) speed,

(c) dynamic state (at rest or vibrating);
(iii) road characteriatics:

(a) roughness on approach pavement,
(b) roughness on bridge pavement,

_ (¢) irregularities (settlement near abutments).

In the case of railway bridges the dynamic forces, which are mainly
periodic, can be defined accurately, whilst in the case of highway bridges
the assessment of the dynamic forces is more problematic., A modern truck
on its springs and tyres, and with its shock absorbers, is a very complex
elastic system. Joints, bumps and other forms of pavement roughness may
cause it to move in any one mode of vibration, or simultaneously in several

modes,
-

In Chapter 2 we dealt briefly with general types of dynamic Loading;
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In this chapter the live loads are discussed which produce dynamic effects
in highway bridges. Furthermore, other important factors influencing the

dynamic responses are considered,

Section 6,2 - Impact Factors

A moving load causes deflections and stresses in a bridge which
differ from those which would result from the same load applied statically.
In order to ensure structural safety and freedom from vibrations which might
cause discomfort and apprehension to pedestrians or static motorists, highway
bridge designers took account of the dynamic stresses by adding to the dead
and (static) live-load stresses an "impact" fraction -of the latter. With
the advent of new forms of construction, higher strength steels, welding
and prestressed concrete, it became necessary to set more rational rules to
ensure the economical use of these developments. The impact factors have
been reduced appreciably since 1950, British Standard 153, now includes a

factor I of 1,25 to be applied to H,A, static loading whilst the heavy H,B.

loading is applied with no allowance for impact and using increased

permissible stresses. The American Specification for highway bridges

(AASHO 1961) requires an impact allowance for dynamic, vibratory and impact
effects and gives the formula:

50

L = 1+1779955

where L is the length (in feet) of the span which is loaded to produce
maximum stress in the member. The impact factor must not exceed 30 percent.

The German Specification for the calculation of steel bridges (DIN 1073)

adopts an impact factor

I = 1+L—A’f% (1,04 < T < 1,64)

where L is in metres. The Hungarian Specification for highway bridges

uses
5
L+5

where L 1is in metres. The Swedish Specification gives an impact factor

I = 1,05 + (1 <1,50)

of 4,40 which is applied to point loads only and does not depend on the
span length. Uniformly distributed lane loading is applied without impact
allowance, For bridges designed to carry any non-standard loading the
percentage increase applied for impact is not only dependent on the length

of the span but also on the speed of the vehicle.
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\

Considerable attention is paid to the provision of road surfaces
free of major corrugations or depressions on highway bridges but no
variation in impact factor has been allowed with differing qualities

of running surface.

Section 6.,% — An Alternative Approach

Considering the variety of standard loads to which these impact factors
apply, no simple comparison of the factors is possible. These crude
guides for impact are not related to the frequency of a bridge but only to
conditions that arise with vehiclesp of the type and with speeds currently
used when moving over bridges‘yith‘average proportions., A more rational
approach might be to design a bridge in such a way as to ensure that its
natural frequencies are well in excess of the forcing frequencies of the
vehicles, Highway vehicles have no large out-of-balance reciprocating
components; vibrations are mainly caused by vertical oscillation of the
vehicle on its springs, by impact due to irregularities of the road
surface or by successive application of axle loads of a multi-axle truck.
As a design guide, it has been commonly assumed that provided a bridge
has a fundamental frequency of at least 4,5 cps, resonance is unlikely,
although 6,5 cps has also been recommended (see ref. 27). Research on
British military vehicles showed that a complete vehicle vibrates on the

suspensions at between 1 and 3 cps.

Repeated application of axle loads may also augment the bridge
motion considerably if the frequency of passage of truck axles is close
to a natural frequency of the bridge. This particular frequency depends

on the speed v of the truck and the distance d between the axles, i.e.
v
f = ord (cps)

Section 6.4 - Limitation of Deflection

The standard method of ensuring high natural frequendies of the
structure is to restrict the "static" deflection under live load, usyally
including impact. The British Ministry of Transport imposes no limit
but the AASHO Specification restricts live load deflection to L/SOO. A
more severe limit, recently proposed (AASHO) to allow for the possibility
of vehicles bouncing on to short spans due to surface irregularities at

the bridge abutments, restricts the deflection to
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5/L = 0,0075 (2 - eL/25).

The German Specification (DIN 1037) permits a value of A = L/500 under
live load applied without impact.

It has also been suggested to limit the span/depth ratio for highway
bridges in order to conform to a lower frequency limit of 3 cps. Due to
half the H.A: loading these span/depth ratios range from 53 te 20 for spansj E;/f
varying from 46 to 100 feet. g) »
/

p ’ e,

Section 6.5 — Limitation of Vertical Acceleration \:7 © é

In order to avoid discomfort to pedestrians, vertical accelerations
should be restricted:. During the passage/6f/a vehicle at 40 mph a
limiting acceleration of 0,5 ft/secz’ﬂ;; been‘adopted as an acceptable
acceleration (see ref. 19). For a bridge traversed by a uniformly dist-

ributed load the vertical acceleration based on the theory due to Inglis (20)

iS”éiven by:
' 2
= 1§§32—3é (ft/secz)
57 L
where v = velocity of uniform load (ft/sec)
A = static deflection due to the same uniformly distributed
live load (ft)
L = span (ft)

Section 6.6 — Literature Review

During the last 20 years the behaviour of highway bridges under the
passage of heavy vehicles has been the subject of numerous investigations.
A partial list of recent studies is given in the bibliography from (22)
to (38); which were available to the writer. The most systematic and
comprehensive investigations have probably been conducted at the University
of Illinois since 1950. In this section a brief survey of some of the

papers is given in chronological order.

6.6.1 -~ Highway Research Board

The Highway Research Board Bulletin 124 contains six papers under the
heading “"Vibration and Stresses in Girder Bridges". These reports con-

tain a substantial amount of impact data of an exploratory nature and
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call attention to some important factors., The paper by Biggs and Suer (22)

presents results of field measurements of dynamic midspan deflections of
simply supported, single-span bridges due to the passage of a heavy
vehicle., The measurements are limited to deflections, because once it is
possible to predict dynamic deflections the increase in stress may be
determined, The tests were carried out on five bridges, two of which were
RSJ bridges and the remaining were plate-girder bridges. The following

classification with regard to the causes of vibration is given:

(1) the simple passage of an unsprung mass load on a smooth road

surface.- In this case the free vibrations are superimposed on
the static or crawl deflection. The frequency of this vib-
ration is essentially the same as the natural frequency of

the bridge. However, due to the mass of the load, the

natural frequency changes continually as the veh%éLe crosses
the span; but generally the maximum variation in natural
frequency does not exceed 20 percent. This type of

excitation causes only small amplitudes;

(2) the vertical motion of the vehicle on its springs which is

induced on approach., - This cause of vibration is very important.
The vertical oscillation of the vehicle mass on its suspension
system reéuLts in a periodic variation in the applied force.
Theoretical solutions for this case indicate that the pre-
dominant frequency of the vibration is the same as the
frequency of the alternating force rather than the fundamental
frequency of the bridge. The amplitudes of these vibrations
depend on

(a) the magnitude of the alternating force,

(b) the ratio beétween ‘thecfrequency of the force

and the frequency of the structure. (Resonance

occurs if the ratio approaches one).

Bridge amplitudes resulting from vehicle springing can be much
larger than those caused by a smoothly running load, case (1)

above;

QB) irregularities in the road surface of the bridge. - In'the

case of an unsprung vehicle this results in a large and

suddenly excited vibration. Comparing this with section
2.4.4,B it can be assumed that the amplitudes depend on

both the duration of the impact and the period of the
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structure. The presence of springs generally reduces the
magnitude of vibration. The authors (22) believe that this
cause of vibration is not very important for modern highway

bridges.

The natural frequencies of the five bridges were obtained from the
residual vibration which continues after the vehicle has left the span
and it was found that for all five bridges the first mode of vibration
was predominant, When testing the stationary vehicle, which was used in
the test séries, its natural fréquency was found to be 3,1 cps. However,
the frequency of the moving vehicle varies and depends upon the roughness
of the roadway. From the various tests carried out is was concluded that
the frequency of vibration of the bridge, at least during the first part
of the crossing, is related to the natural frequency of the vehicle,
Furthermore, it was found, that the type of suspension system has a marked
influencevon the amplitude of bridge vibration; the vibration due to an
unsprung vehicle being much more severe thanvthat of a sprung vehicle,
Since the amplitude of vibration was found to be much larger than that
which would be caused by a smoothly running load, it was concluded that
vertical oscillation of the vehicle as it approaches the span is of
primary importance. - The repetition of axle passages as a cause of
vibration is not mentioned; also, the speed of the vehicle is not re-

ported to have any influence on the response.

Hayes and Sbarounis (24) present a report on a vibration study of

a three-span continuous RSJ highway bridge with a composite concrete deck
slab. Considerable vibrations had been observed in some structures of this
type. Data was collected in order to investigate fhe seriousness of the
possible vibrations in such structures. The test results show that the
natural frequency of vibration of the bridge varies with the amount of
interaction between the concrete slab and the steel girders, which depends
upon the capacity for horizontal shear transfer between the slab and the
girders. If no shear connectors are present, this capacity for shear

transfer depends on bond and/or friction.

The frequency 6f application of axle loads at a point was considered
to be the frequency of a repetitive dynamic force at that point on the bridge.

This is a function of vehicle speed and axle spacing, as was mentioned in
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section 6.3. The authors found that resonance occurs if the frequency
of application of axle loads at a point coincides with the natural
frequency of the bridge with the mass at that point. It should be re-
membered that the natural frequency of the bridge varies as the load
moves across the structure. It is suggested that in order to prevent
undesirable vibrations, the fundamental frequency of the bridge, in-

cluding the effect of the mass of the live Load, should be greater than

the frequency of applications of axle loads based on a reasonable maximum

speed and axle spacing.

Because the fundamental frequency is proportional to the square
root of the moment of inertia, it is of great importance to assess the
latter value correctly. A simplified analysis of the computation of
moment of inertie of the transformed section due to partial interaction of

‘the concrete slab with the steel girders is presented.

Foster and Oehler (25) report on the vibration and deflection

characteristics of an eight-span plate-girder bridge and a six-span RSJ
bridge. The plate-girder bridge consists of five simple spans and a
three-span continuous beam, whilst the RSJ bridge has only simply supported
spans, It was found that the observed amplitudes and duration of vibration
increase with span flexibility, as might be expected. An increase in
dynamic deflection was observed when the time interval between axles
passing a given point on the span was close to the fundamental period

of vibration of the span. This finding is in accordance with that of the
paper by Hayes (24), i,e. the type of truck and its axle spacing, in con=-
junction with its speed, do have an effect on bridge vibration. It is
concluded that in order to control bridge vibration, the fundamental
frequency of the bridge span should be limited and on the basis of the

test data a lower limit of 6,5 cps is suggested.

The fundamental frequencies of the simple spans of the highway
tridges were calculated, using the equation(3.5) of Chapter 3. In cal-
culating the theoretical frequency, an effective cross-section was used
which included the girders and 50 percent of the area of the concrete
deck, which was considered to act compositely with the girders. The

values obtained were in good agreement with the experimental data.
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The paper by Tung et al (26) is a review of analytical and experi-
mental research on the highway bridge impact problem which was carried
out at the University of Illinois. It was intended to assess the
relative importance of the various factors that influence the dynamic

stresses in a highway bridge.

Because of the very complex dynamic behaviour of the actual bridge-
vehicle system, assumptions and simplifying approximations were hecessary
to make the solution of the problem possible. Three idealized types of
loading were considered. 1In all cases the load moved at a constant speed
across a simply supported flexible beam and the three types of loading

are given in the order of increasing importance:

(1) a single unsprung mass,

(2) a single sprung mass, with zero deflection and bouncing
velocity, when it enters the bridge,

(3) a sprung mass, oscillating with some definite amplitude
such that it produces the worst possible condition in

the beam.

The derivation and solution of the equations of motion will not be
discussed, but the graphs presented in the paper seem to indicate a

good agreement between most of the theoretical and experimental results
which were carried out on model structures. It should however be mentioned
that the authors did not find the analytical treatment given by Inglis (20)
‘and Timoshenko (11) adequate for the problem at hand.

vaing to the presence of pavement joints, irregularities in the
approaches and settlement at the bridge abutments, etc. the sprung part
of the vehicle will not be motionless as it enters the span. It is much
more realistic to assume that the vehicle has an initial displacement
and Bouncing velocity. Because there is some difficulty in selecting
appropriate values for these variables the authors chose the initial
condition for the sprung mass such as to cause approximately the worst

possible condition with regard to the resulting stresses in the beam,

It was found that for both sprung and unsprung vehicles with zero
initial conditions there is a good deal of variation in bending moment

with increasing speed and graphs of the following form were obtained:-
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1,0 - o~ \ \//

———= SPEED

where A = ratio of meximum dynamic moment at midspan based on

maximum moment at midspan,

However, in the case of a sprung load with initial displacement
and bouncing velocity as it enters the bridge, the increase in bending
moment was found to be much larger than for an unsprung or sprung mass

with no initial vibratory motion, This applied for all speeds,

..o The studies reported in the baper (26) did not take into account
a possible motion of the bridge at the time the vehicle enters the span,
which may have arisen from the passage of previous vehicles. Such

oscillation can cause a further increase in bending moment and stresses,

6.6.2 — American Society of Civil Engineers

In 1957 Biggs et al (27) published an analytical method by which
the magnitude and character of highway bridge vibration due to the
passage of heavy vehicles can be predicted. Certain assumptions were

made, such as:

(1) the bridge is represented as a simple beam, of which only
the fundamental mode is considered. Thus, a single-degree-

of -freedom system is assumed for the bridge;

(ii) the vehicle is treated as a single-degree-of-freedom system,

and the entire mass is spring supported.

The differential equations of motion for the sprung mass and for the bridge

were solved by numerical integration.

Laboratory tests on model bridges and field tests were carried out
in order to investigate both the accuracy of the analytical methods

and the validity of the assumptions made. The proposed method was
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found to be satisféctory and hence the authors concluded that for the
computation of midspan defLéctions the bridge may be approximated by a
single-degree-of -freedom system. Damping in both the bridge and the
vehicle were neglected, because damping is generally small in highway
bridges and vehicle damping appears to complicate the analysis un-

necessarily, with the exception of long spans.

It is concluded that the initial oscillation of the vehicle on its
suspension system is the major cause of vibration and that for design
- purposes the effect of surface roughness on the bridge can be neglected.
This is in agreement with the findings by Tung (26). Furthermore, it
- was pointed out that the ratio of vehicle mass to bridge mass is of
importance for the case when the natural frequency of the vehicle is
close to the natural frequency of the bridge, i.e. an increase in the

mass ratio causes an increase in bridge amplitude.

Qehler (28) investigated the vibration susceptibility of various

highway bridge types and the following grouping was used:-

(1) single-span RSJ bridges, designed with and without

composite action,

(2) continuous-span bridges of steel girder and reinforced

concrete type,

(%) cantilever girder bridges, designed with and without

composite action.

Measurements on all bridge types seemed to indicate that bridges with
lower natural frequencies are subject to larger amplitudes of vibration

and vice versa. Test results of bridges falling in group (2) showed:

(a) reinforced concrete bridges vibrated with smaller

amplitudes than steel girder bridges;

(b) the duration of vibration was considerably larger for the

girder bridges than the reinforced concrete bridges;

(c) on average, reinforced concrete bridges had high values for
the fundamental frequency, i.e. 7,6 cps (compared with

5,5 cps for}girdér,bridges;
Ged,

(d) the deflectielis~ef Teinforced concrete bridges were less

than those of other types.
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In comparison with the other two bridge groups it was concluded that

cantilever bridges

(a) were the most flexible type,

(b) had the smallest values for the fundamental frequency,
(c) had the longest duration of vibration,
(

d) had the largest amplitudes of vibration.
i.e. cantilever bridges are most susceptible to vibrations.

Oehler is of the opinion that blanket deflection limitations, when
applied to all thrée bridge groups, do not result in satisfactory stiff-
nesses for each type. A4 thorough study of the cantilever bridges is
necessary in order to propose a method which controls vibration sus-

ceptibility of this type of highway bridge.

A fairly complete bibliography on the investigation of the vibration
problem in highway bridges was given in a report by the Committee on
Deflection Limitations of Bridges of the Structural Division of the

ASCE (29).

Looney (30) developed a method which is essentially the same as
Biggs's method (27), i.e. the differential equation is written for the
fundamental mode of the simply supported bridge and is solved numerically.
The equgtions include the mass of both the load and the bridge. The main

differences between the two procedures are:

(a) Looney assumed a smoothly running unsprung load whereas

Biggs included the effect of vehicle springing,

(b) Looney considered multi-axle loads whereas Biggs approximated

the vehicle only by a single-degree-of-freedom system.

Fleming and Rumualdi (32) determined the dymamic response for both

single-span and multi-span continuous bridges., Factors influencing the
response, such as the mass of the load, the mass of the bridge and
vehicle springing were included in the analysis. The mass of the single-
span bridge was approximated by three concentrated masses and Rayleigh's

model was adopted for the mass-lumping. The authors were of the opinion
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that the assumption of a single-axle load is an over-simplification of
the general type of loading which causes vibration. It was concluded
‘that one of the most important considerations is the springing of the

vehicle and the condition of the bridge approach, Extremely large impacts

were observed due to initial vibration of the load which was caused by a

settlement in the approaching roadway.

Wen and Veletsos (33) presented an analytical study which included

most of the important factors regarding the dynamic response of a bridge
which so far were only treated separately by the various authors. The

factors considered were:

1) speed of the vehicle

2) spacing of the vehicle axles,
3) dynamic state of the vehicle,
4) dynamic state of the bridge,

5) roughness of the bridge surface.

In the analysis, the bridge is idealized as a single-degree-of~-
freedom system and the vehicle as a two-axle sprung load. It was found

that:

1) the magnitude of the dynamic effects in a bridge increases

with the vehicle speed,

2) the magnitude of the dynamic response is larger for short

spans than for long spans,

3) relatively large dynamic effects occur when the time
interval between the application of the two-axle load
unit at a point is equal to the fundamental period of

vibration of the bridge,

4) if the bridge is already in a state of oscillation when
the vehicle enters the span, the dynamic response of the
bridge can be amplified depending on the time of entry

of the vehicle,
5) roughness of the bridge deck can cause large dynamic

effects in highway bridges.

Damping of both the vehicle and the bridge was not considered in the

analysis, and only single-span bridges were investigated.
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Wen and Toridis (34) confirmed the findings by Oehler (28) with

regard to cantilever bridges, i.e. this type of bridge is subject to
considerably larger dynamic effects than simply supported or continuous
span bridges. Whilst Oehler's paper was mainly a report on field
observations, Wen and Toridis gave an analytical investigation of the

dynamic behaviour of cantilever bridges.

Cantilever bridges were found to vibrate not only in the fundamental

mode but also in the second and third modes., Hence the representation

of the bridge as a single-degree-of-freedom system (which was possible
for a simply supported beam) 4is not adequate and a multi-degree-of-
freedom system should be used to represent cantilever bridges. Wen.and
Toridis recommend a five-degree-of-freedom system. The authors pointed
out that vibration of the vehicle on its springs and surface roughness

of the pavement were not included in the study and hence it is possible
that the already considerable maximum dynamic effects would be even

increased.

6.6.3 — University of Illinois

Walker and Veletsos (35) presented a very detailed study of simple-

span highway bridges due to moving vehicles. Most factors affecting

the dynamic behaviour of this type of bridge, which are mentioned

so far in this Chapter were considered and in addition the effect of
'interleaf friction' in the suspension system of the vehicle was included.

The most significant parameters in vibration problems were given as:

1) speed of the vehicle,

2) axle spacing,

3) weight and frequency ratios of bridge and vehicle,
4) vehicle suspension (damping),

5) dynamic state of vehicle.

The.effect of surface irregularities was, however, not included. Mention
was made that other investigators (32) found that bumps in the bridge
pavement (idealized by sinusoidal shapes) can lead to large dynamic
effects, but the authors (35) felt that this was not a very realistic

approximation of such irregularities.

The study by Nieto-Ramirez and Veletsos (3%6) of the response of

three-span highway bridges due to moving vehicles is as comprehensive as
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the one mentioned above (35). The bridge was idealiged as a dontinuous
beam and the vehicle was represented as a multi-axle sprung unit and
~again interleaf friction was taken into account. The effects of un-
controllable parameters such as the phase difference between the motions
of the individual axles and the initial values of the interleaf friction
. in the suspension system were pointed out. The ratio of vehicle mass to
bridge mass did not seem to have much influence on the response of a

continuous bridge,

The interleaf friction in the suspension system of the vehicle
was found to be an important source of energy dissipatioﬁ and hence
should not be neglected in the analysis., The dynamic effects computed
on the assumption that the vehicle is a linearly elastic, undamped

system may be extremely conservative.

Section 6.7 ~ Final Comments

This brief survey of some of the publications on the dynamic
behaviour of highway bridges is intended to indicate the deve lopment
of vibration analysis. These investigations consisted initially only
of field measurements and subsequently the experimental data was
compared with newly developed analytical approaches. The studies
were aimed at a better understanding of the many factors affecting the
dynamic response of highway bridges and the analyses become increasingly
comprehensive but also more complicéted. It is apparent that there is

considerable scope for further research in this field.
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APPENDIX A

A.1 THE DEFLECTION EQUATION

In order to find the flexibility coefficients for a simply supported
beam; we have to find the relationship between load and deflection of the

beam shown below

%____ ’___’i W
a
‘ A ~ ' v — A
\\\\ _——_’l//
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From the condition IM = 0 we get
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The constants A and B are found from the two end conditions y =0 for

x=0 and x =1L
therefore: B =0 and A = %% (L - a)(2L - a)
Hence
W 1 2 2 W
Yy = eI x(L - a)(2al - a° - x ) + TEL [x - a]3

This is the equation for the deflected curve of the beam. The term in

square brackets will be rejected if the quantity inside is negative.



A,2 DEFLECTION EQUATION FOR BEAM WITH CANTILEVER END
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Four boundary conditions are needed to determine the four constants.

at x =0 vy = 0 I C, =0
at x =1 ¥, =0 . C4 =0
at x=L ~ y,=0 .. C1 = - E%L
at x =1L ya = yé . C3 = - E%L
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A was obtained after substituting for B the following value, which

follows from the two equilibrium conditions ¥V = 0, ZT M = O:

L1 W
B = P-A(1+—) +— (L, - a)
L L 1
2 2
Substituting B into the equation for

y3 and using boundary condition
(7), A is obtained. '
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APPENDIX B

1. THE EIGENVECTOR EQUATION

A set of n simultaneous equations can be represented by the equation

AX = ¥ (1)

where A 1is a square matrix of order n,
X is a column matrix having n unknowns,

Y is a column matrix of order n.

In general the column matrix Y will not have the same direction or
magnitude as the vector X. However, if the vector Y has the same
direction as the vector X, i.e. if Y = A.X, where A 1is a scalar

gquantity, then the equation (1) becomes
AX = AX o (2)

Equation (2) is called the "eigenvector equation". It represents the

eigenvalue problem, in which the solution of the simultaneous equations
is a vector X, such that the product A.X is a scalar multiple of X-

itself. Equation (2) can be rewritten as a homogeneous equation,
(A -AI)X = 0 - _ (%)

This set of linear homogeneous equations only has a non-trivial
solution if the determinant of its coefficients is equal to zeroc;
if

det (A -AI) = 0 (4)
When this determinant is expanded, an algebraic equation in A 1is

obtained, which is known as the "characteristic equation" of the matrix

A or as "frequency equation" in vibration problems.
Y

2, THE ETGENVALUES AND EIGENVECTORS OF A nTH ORDER SQUARE MATRIX

The roots A1, K2 ceesns An of the eigenvector equation are kmown

as the eigenvalues of the matrix A.

To each eigenvalue corresponds a solution vector which is called
eigenvector, In general, to find the associated eigenvector X, the
eigenvalue is substituted in the equation (3) which leads to a set of

n linear simultaneous equations. However, because the determinant
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(4 - AI) is equal to zero, this homogeneous system of n linear simul-
taneous equations has QnLy (n - 1) independent equations with n
unknowns. Hence one of the equations can be discarded and one of the
remaining variables may be given aﬁ arbitrary value. It is therefore

obvious that the elements in the eigenvector have only relative values,

Frequently the first element or the largest element of the
eigenvector is chosen to be equal to unity. Alternatively the value
of one of the elements can be chosen such that the vector has unit

length, e.g.

1 > 51
X, t 6e0e + X
1 n

The eigenvector is said to be normalized,

The solution of the polynomial, i.e. the characteristic equation
presents no theoretical difficulties. However, if n is even moderately
large, the amount of work becomes excessive and an alternative method not
requiring the expansion of the determinant is necessary and will be given

later.

Before continuing, the following numerical example is given to

illustrate what is stated above., Consider the equations

+ 2 = A\,
3 Xy X, A X, (a)
1 X, + 2 X, = K,xz v _
This is the eigenvector equation A.X = A.X where A is the matrix:
{

3 2
A =

1 2

This set of equations has a non-zero solution only if the determinant
of its coefficients is equal to zero, i.e.
3 -n 2
det = 0
1 2 -\
The expansion of the determinant results in the characteristic equation

>\2—5>\+4 = 0



The roots or eigenvalues of this equation are

K1 =

KZ =

4

1

B3

If A =4 is substituted in equations (a) they become

- x1 + 2x2 = 0
x, - 2x2 = 0
Bither x, or X, can be fixed arbitrarily. If x, = 1, then X, = 0,5
For A = 1, the equations become
2x1 + 2x2 = 0
x1 + X, = 0
Assuming X1 = 1, then X, == 1.
1 1
The vectors X1 = and X2 =
0,5 -1
are the eigenvectors corresponding to the eigenvalues A, = 4 and

KZ = 1 respectively.

Normalising the eigenvectors

calculate the first elements

for K1 x1 =

for K2 X =

such that each vector

as follows:-

Hence the normalised vectors

1 1
VX? : Xg V1 + 0,25
1 S 1 _
i 1
(FET N (R
are
(2] =
B (2.
X. =
1 . ~_ 1
(5 NEN

1

has unit length, we
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The eigenvalues fulfill two conditions that can serve as valuable

checks:

1) (x1 Ayt eeee FA) = trA (5)

where tr A is the trace of the matrix A which is defined as

Bi4e
1

WP

In the above numerical example we have
342 = 4 +1

and the check is satisfied,

2) (x1 XAy X wews X xn) = det (&) (6)

2

In the above numerical example we have

(4) x (1) = (3) x (2) - (1) x (2)

and the check is satisfied,

From check (2) it follows that if det (A) = 0 so that A is a singular

matrix, then at least one of the eigenvalues is zero.

3. PROPERTIES OF THE EIGENVALUES AND EIGENVECTORS OF A SQUARE MATRIX

In this section several of the most important properties of the

eigenvalues and eigenvectors of a square matrix A are discussed. These
properties are of theoreficaL and practical importance and will be needed

for the following section.

When the proof of a theorem is either relatively unimportant or too
long for inclusion in the script, adequate reference will be made to the

literature.

THEQOREM 1

If all eigenvalues of a matrix A are different, then the eigenvectors

are different and linearly independent. That is, it is not possible to

obtain any one of the eigenvectors by adding together simple multiples of

the other eigenvectors in the form

Xi = q X1 + a, X2 + ... + @, Xn
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Where there is such a set of linearly independent vectors, any
arbitrary vector VO may be expressed as a unique combination of the

set, such that

VO = a1 X1 + o X2 + oo + an Xn.

Use of this theorem will be made in section B 4.1,2.

THEOREM 2,

If a matrix A is symmetric and has eigenvectors Xi and X. that
correspond to eigenvalues xi and Kj, where Ki £ Kj, then Xi and Xj

are orthogonal vectors, i.e.

X! X, = 0
1]

The proof can be found in ref. (13).

THEQREM 3,

If an unsymmetric matrix A has eigenvalues Ki and eigenvectors Xi,'
then its transpose has the same eigenvalues Ki and eigenvectors Ui

which are orthogonal to Xi. That is
U'X, =0 wvhen i # j
joi

The proof is given in ref. (14).

This is an important property when the eigenvalues of an unsymmetric

matrix &re required.

THEOREM 4.

If a matrix A is symmetric and all its elements are real (not complex)

numbers, then all its eigenvalues and eigenvectors are real.

This is not an obvious fact for the roots of an nth order equation

with real coefficients are, in general, complex.numbers,
The proof of this theorem is given in ref. (13).

THEOREM 5.

If the matrix A is a real, skew-symmetric matrix, so that A' = - 4,
all its eigenvalues are purely imaginary.' This can be shown similarly as

above,
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THEOREM 6.

If the eigenvalues of a matrix A are A A

g7 Aoy eeen Kn then the eigen-

values of A" are K?; Xg, ceee KE and its eigenvectors are the same as
for A.

Proof: as before AX = AX.
i ii

premultiplying both sides by A gives

A2X. = A AKX, = MAX
i iid

i i
- A%,
i

i
This process can be repeated to give
A"X, = AIX,
i il
The theorem is true for all integer  values of n, positive

and negative, provided Ai is not zero.

Note: This proof is important for the basic iterative method and the

matrix squaring method in B 4,1

THEOREM 7,

If the eigenvaluesof a matrix A are hi and its eigenvectors are
Xi, then the eigenvalues of the matrix B =_T—1AT are the same xi and

its eigenvectors are T_1Xi,T being any non-singular square matrix,

Such a transformation is also called a “similarity transformation".

The matrices A and B are said to be similar matrices, and similar
matrices always have the same set of eigenvalues. This theorem is

important for finding the eigenvalues other than the first.

THEOREM 8.

" The reciprocals of the eigenvalues of a matrix A are the eigenvalues

of A_1, and the eigenvectors of A are the eigenvectors of A~

Proof: Consider the eigenvector equation
AX = AN
premultiplying by a~! gives

A7 ax = o= a A‘1 X



B7

this equation may be written in the form

f 2% - a7k (7)

Equation (7) is the eigenvector equation of A“1;

therefore K_1 is the eigenvalue of A-1, and the

eigenvectors of A or the eigenvectors of A_1.

THEOREM 9.

Every matrix A satisfies its own characteristic equation,

(Cayley-Hamilton Theorem). For the proof see ref. (14); a numerical

example is given, to demonstrate the theorem,

3 2
Consider the matrix used earlier A =
1 2
The characteristic equation is XZ -5\ +4 = 0,
therefore A2 - 54 +4I = O,
5 11 10 15 10 4 0
Summing A = 54 = 41 =
5 .6 5 10 0 4

Il
(@

gives a total

4, ITERATIVE METHODS FOR EIGENVALUES AND EIGENVECTORS,

In many engineering applications the matrix A is a real matrix,
and frequently also a symmetric matrix. This section will deal with
iterative methods for determining the eigenvalues and their associated
eigenvectors for a real matrix. However, it is interesting to note
that the theory is much simpler in the case of a symmetric matrix than in

that of a non-symmetric matrix,

Similar to the solution of linear equations the methods of obtaining

the eigenvalues fall into two groups:

(a) direct method,
(b) indirect method.

The decision of which to use, does not depend so much on the form
‘of the matrix, as on what solutions are required. If only one or a few
solutions are needed, an iterative (or indirect) method may well be
applied, whereas if all or most of the eigenvalues and eigenvectors are

required, one of the direct methods is more suited.
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In engineering problems such as the vibration of a beam, the size of
the matrix A will depend on the approximation of the system containing
a finite degree of freedom (lumped system) to the real structure. The
order of A will increase with the desired accuracy for any of the
eigenvalues, i.e. with the number of degrees of freedom. However, in
general, only the first three eigenvalues are of practical interest for
structural work. Hence in most cases iterative methods are best suited,
and only they are discussed in the following paragraphs,

4,1 DETERMINATION OF THE LARGEST EIGENVALUE

4,1,1 - Matrix Squaring Method

This is a fairly quick method to obtain the largest eigenvalue, but
it is not suited for hand calculation. The proof can be found in ref. (14)
and an example is given in the following paragraph, to illustrate the

method.

1f B = 4%  and  Cc = A% then
I
Mo T
1J

where cij is any element of the C matrix and

bij is the corresponding element of the B matrix.

Numerical example:

Consider the same matrix A as in the previous example:

3 2
A =1 -
L1 2]
5 43691 43690
A =
21845 21846
174763 174762
2 =
| 87381 87382
C
o C41 . AT74763
C
_ A2 174762 _
A= T = 13690 4,000 046
12
C
_ 21 g1zl _
Moo= 3 T 21845 T 4,000 046

21



. 4
%2 73R
Moo= T T 21846 - 02999 908
22
The exact value is x1 = 4,

However, as mentioned earlier, this method is not suitable for
sliderule calculation with respect to both the amount of arithmetic

and the accuracy,
The following method is a modification of the matrix squaring
method and reduces the amount of work considerably. Furthermore, the

corresponding eigenvector is determined by this method.

4,1,2 - Basic iteration method (power method)

If the matrix A of order n is real and symmetric, all eigenvectors
‘are linearly independent (see Theorem 1,) and any arbitrary vector VO can

be expressed as a linear combination of the n eigenvectors

Vo = O“IX‘I * q2x2 oot aan

i.e. VO can be regarded as being composed of contributions from each of
the eigenvectors and with appropriate selection of the afs any VO can

be formed,

We assume that VO is the starting vector for the iterative process
and substitute it for X in the left hand side of eigenvector equation (2),

This gives

AV = AKX = V,.
0 1
A second vector V1 is obtained which is again substituted, giving a
third vector
2
V2 | = A V1 = A VO
in general V = 2"
m o

m
= A (a1X1 ok, ta. X )

Using the result of Theorem 6, i.e.

A"x. = ATx, fori = 1,2, ... n
1 1 1
m m m
we get Vm = )\1a1X1 + x2a2X2 + ... F Xnaan
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Since we know that all eigenvalues are real for real symmetric matrices
(see Theorem 4) and furthermore we assume that no two eigenvalues have

the same absolute value, we can divide by AT, so that

Tt PV S V-1 L I C-1 L
m 1 17 A1 272 Tt A nn

If x1 >»x2 >»xn we‘see that the contributions of X2 to Xn become of

less and less importance as the number of iterations is increased and

ultimately X1 is completely dominant.

The rate of convergence depends partly on the constants «, to s

1
but more effectively on the ratios |x2/x1|, |K3/k1| ... The smaller the

ratios the faeter will be the convergence,

It can happen that a = 0 in which case convergence is to Xzo
However, provided that ay £0 then, no matter how small o, is, con-
vergence will ultimately be to X,, though it may appear otherwise in the

17
initial stages of the iteration process. In practice we work with a
-fixed number of figures and successive iterations will introduce
rounding errors. Due to these rounding errors «, will never be

1

exactly zero and convergence will be towards X Por this reason the

4
iterative process is less valuable for the computation of any but the most
dominant eigenvalue and corresponding vector. In a later section (p, B.15)
a method is given, referred to as "Rinsing Technique" which makes use of

setting o to zero whilst keeping the rounding errors small, thus

1
evaluating the second eigenvalue and eigenvector.

The writer felt justified in explaining the method and its mechanism

in greater detail because of the importance of this method.

Example:

Consider the same matrix A, and assume an arbitrary vector Voe

(The choice of the starting vector will only effect the rate of convergence).
3 2] 1

A = V =
12 © 1

5
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3 2 |5 21
V2 = A..V1 = A..A..Vo = =

1 2] |3 11

3 2] [21 85
Vo = AV, = AAAT = =

1 2] (11 43|

The numbers of this calculation become larger and larger at each step
and it is usual to divide each vector by its first, or its largest,
elemeht and to use the result for the next iteration. This does not
only keep the numbers small but each successive divisor is an
approximation to x1 and the convergence of the process can be watched.

In this form the calculation of the above becomes:

5 2] [1 5 [ 1
V1 = AV = = = 5 X
© 1 2] |1 |3 0,6
[z 2] [ 1 (4,2 [ 14
V2 = A.V1 = = = 4,2 X
. 1 21 10,6 1252 0,52
. [z 21[ 1 [4,0004 [ 4
Vs = AT, = = = 4,0004 X
1 2] 10,5002 12,0004 0,50005
It will be seen that the calculation is converging on x1 = 4
and X} = (1; 0,5)

It should be noted that as the order of the matrix A (i.e. as the number
of degrees of freedom) is increased, the rate of convergence to the highest
eigenvalue is slowed down. In addition it is often necessary to carry a

large number of significant figures in the elements of the matrix A,
If the eigenvalues are very close, the rate of convergence is slowed
down, since it was shown previously that the rate of convergence depends

on the ratios |xi/x1| with i =2, 3, ... n.

4,1,%3 - Rayleigh's quotient

When the iteration method is used it is generally necessary to
expend & fair amount of work to obtain an accurate assessment of the
largest eigenvalue from an initial guess of the eigenvector Xoo A

method which enables a good estimate of the largest eigenvalue using
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the same guess for Xo as in the basic iterative method is given by the

Rayleigh guotient.

Since AX = NX

then X'AX = AX'X
X'AX
and A= S{GE"
Example:
3 2 1
A. - X =
1 2 1
X'AX = 8
XX = 2
. 8 _
e s A= 5 = 4

It can be observed, that the correct eigenvalue is obtained though the

guess of the eigenvector was not correct.

This method needs considerably less calculation effort, but it does

not give the corresponding eigenvector,

4,2 DETERMINATION OF THE SUBDOMINANT EIGENVALUES

4,2,1 - Use of the Orthogonality Relationship

In order to determine the second largest eigéenvalue KZ- and its
corresponding eigenvector X2, the order of the matrix A must be
reduced by an elimination process., This process uses the orthogonality
property (see Theorem 2) of the eigenvectors when the matrix is
symmetrical. TFor unsymmetrical matrices it is necessary to consider
the eigenvectors of the transpose (see Theorem 3) because the eigenvectors
of an unsymmetrical matrix A are not necessarily orthogonal to each

other.

The iteration procedure is applied to the new matrix of order (n-1)
to obtain KZ and X2. This process of matrix reduction followed by
iteration is continued until all eigenvalues and eigenvectors are

determined.



B 13

When the matriz A has been reduced to a 2 x 2 matrix, the
remaining eigenvalues can be found either by iteration or by solving

the characteristic equation (which is quadratic).

The process of matrix reduction can be accomplished in the
following way. The orthogonality condition between the first eigen-

vector Xi is given by:

or, when the product is formed:

8,x, + 8%, + ....&ax = 0 _ (8)

where: a, to a are the known elements of the eigenvector X

1 1

and: x1 to Xn are the unknown elements of the eigenvector Xi'

Equation (8) can be solved for x1 in terms of x2,x3, etc,, thus

a a a
2 3 n
X, = =—3x_ - Xy = 600s == X (9)
1 a1 2 a1 3 a1 n
Then, this expression for x, can be substituted into the original
equations of the eigenvalue problem AX = AX, +to produce n equations

in (n - 1) unknowns.

The first of these equations will be a linear combination of the
remaining (n - 1) equations and can be discarded, leaving the reduced

set of (n - 1) equations in (n - 1) unknowns:
BX = AX (10)

- Equation (10) constitutes an eigenvalue problem involving only the

(n - 1) remaining eigenvalues of the original system of eqﬁationse
Now the iterative method cah be used " for the new matrix B of

order (n - 1). The result will be the numerically highest eigenvalue
of the reduced matrix (which is the second eigenvalue of the original
matrix A) and the corresponding eigenvector for the reduced matrix.
This reduced eigenvector contains only the values x2,x3, ooy X of

n

the eigenvector for the original matrix. The associated value of Xy

can be found from equation (9). Thus, the second eigenvector of the

original matrix is determined.
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Example 1: symmetrical matrix

2 1 0
A= -1 2 -
o -1 1

Using the basic iteration method we obtain the following values for the

largest eigenvalue and its corresponding eigenvector.

1,0
A= 3,247 X, = |-1,247
0,555

We want to find the second largest eigenvalue and eigenvector.
The orthogonality condition of equation (9) results in

x, = + 1,247x2 - 0,555x

3 (11)

The values of x,, x, and x, should also satisfy the equation

1 2 3
AX2 = K2X2, i.e.
2 -1 0 x1 x1
-1 2 -1 x2 = KZ 'x2
0 -1 1
x3 x3

Substituting x into the second and third equations and discarding the

1 .
first equation gives the following set of equations:

0,753X2 - O-,445X3 = K2x2
- (12)
- x2 + XB = K2x3
hence
0,753 - KZ - 0,445
= 0
-1 1 - K2

which leads to the characteristic equation

A2 - 1,753\ + 0,308 = 0

with the roots:

K2 1,555
0,198
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Substituting KZ in equation (12) and assuming x3 =1, gives X, = - 0,555,

which in turn must be substituted in equation (11) to give the second

eigenvector
[~ 1,247 -1
X, = [-0,555| = |- 0,445
1. + 0,802

and X_, can be obtained in the same way by substituting A

P 3°

Example 2: unsymmetrical matrix

A

A = 3 2 }\.1 = 4 X1 = 1 U1 = 1
12 - 0,5 1

where U is the eigenvector of the transpose of A.

1
Now, according to Theorem 3, U1 is orthogonal to X2, hence
1.x1 + 1.x2 = 0
- therefore X, = -X,

and substituting x, in equation AX = AX and discarding the first

1
equation leads to

1(—x2) + 2(x2) = sz
therefore KZ = 1
choosing X, = - 1 then x1’ = + 1
and hence X2 = { 1} és before in section B.2
-1

Note: In the case of anbunsymmetricaL matTix, use has to be made of

the eigenvector U of A', since for a unsymmetrical matrix

1
the eigenvectors are not necessarily orthogonal to each other.
However, the eigenvectors U of the transpose of A are

orthogonal to the eigenvectors X of A.

"Rinsing technique"

This is another way of obtaining the second largest eigenvalue which

uses the orthogonality properties.

It has already been stated that any guessed vector V can be expressed
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as the sum of the eigenvectors, i.e.

v = a1X1 ook, o+ a X | (17)

Using the basic iteration method Lleads uLtiﬁafeLy to the suppression of
all terms on the right hand side except the first. This assumes that all

the eigenvalues are positive and x1 >-x2 > .. >~Kn.

It is evident that if a = 0 buf oy # 0 +the process will converge

to the second largest eigenvalue KZ and the associated eigenvector XZO

To find these it is therefore necessary tq7devise a procedure for obtaining
a starting vector V in whose expansion, equation (17), the coefficient

of X1 will be zero. This is done in the following way:-

Premultiplying equation_(17) by X% which has already been determined,

gives on account -of the orthogonality conditions:

1 — 1 ,
X1V_a1X1X1+O+O+...+O.
Hence ; - X% v |
A, = T (18)
1 X% X1

Then obviously the difference

V- Xy = X n Xn

is & vector in whose expansion the coefficient «, is zero. The

1

iteration method for finding A and X2 can then be employed using

2

V1 =V - o, X1 as the starting vector,

In practical problems the components of X cannot in general be

found with perfect accuracy and rounding errors1are introduced as

given in the equatioh (18)
4 while
it is presumably very small, will not be zero. Now the effect of each

.rélative to the other

mentioned in section 4.1.2, The value of o,

will be only approximate and consequently the coefficient of X

iteration is to increase the term containing X1

terms, Hence, to prevent the process converging very slowly, but none
the less inevitably, to K1 and X1 rather than to KZ and X2, it is
necessary after each iteration, or at least after every few iterations, to

remove the accumulated component of X1. This method of preventing the
convergence to X is referred to as rinsing technique.

1

In order to remove the accumulated component of X1, the value of

@y in the expansion vector Vi is computed and the iterative process
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is continued with the rinsed vector (Vi - oy X1) instead of with Vi.

- The "rinsing technique" applies only to symmetrical matrices.

4,2,2 - Deflations

The term deflation is used to describe the process of determining a
new matrix which has the same latent roots as the original matrix except

for one which is replaced by zero.

Hotelling's Deflation

Hotelling found that the matrix

= - 1
H = 4 K1 X1 U1

has certain desirable properties, where

4 is any square matrix,
X1 is the eigenvector of A corresponding to K1,

U1 is the eigenvector of the transpose of A.

These properties are: .
(a) H has the same eigenvalues as the matrix A except for K1
which is zero.

Proof: postmultiplying by X1 gives

H X1 = A X1 -A, X, U X

1771 1 :
from Theorem 3 U} x1‘ — 1 and noting that A X, =, X,
we get
HX, = 0
Therefore X1 is & eigenvector of H corresponding to

an eigenvalue which is zero.

(b) H has the same eigenvectors as the matrix A.
Proof: postmultiplying by another eigenvector Xi and noting

that U) X, =0 (from Theorem 3) gives

= - 1
H Xi = A Xi X1 X1 U1 Xi

A X,
i

= A, X,
i1
Therefore xi is an eigenvalue of the matrix H asg it is of A,

with the same eigenvector X,
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Hotelling's theorem, however, is used almost exclusively for the

determination of only the second eigenvalue.

Wielandt's Deflation

Hotelling's deflation requires knowledge of the eigenvectors of
both matrix A and its transpose A', except where the matrix is
gymmetrical, Wielandt found that it is not necessary to use U1, but
that an arbitrary vector 2 could be chosen to obtain the matrix W,
The deflated matrix

X1 VA ‘
Wo= A -2 o (19)

1 -
12 X1

has similar properties to the matrix A4:-

(a) The eigenvalues of W are the same as those of A except

that the first eigenvalue is replaced by zero.

(b) The eigenvectors of A, X, and of W, Y. are related by
1 1
the formulae

X1 = Y1

X, (o - M, I) T,

~ A proof of this can be found in ref. (14). Obviously if Z 1is
arbitrary it can be chosen to simplify the work, and one way of doing

this is to choose it to make the first row of W all zero.

If we denote the first row of A by the symbol A1, then putting
&
M

has the desired result

Z' =

1] —
zZ X, = A1.x1/x1
= A

and so equation (19) becomes

A1
W = A - A1 X1‘x:

="A - X1 A1

This deflation has been used in the program WCANT, to obtain the

second eigenvalue and eigenvector,



B 19

Comparison of both deflations

1) To compute Wielandt's matrix W only, the eigenvector X1 must be

known: To.compute H, the eigenvector U1 of A' must also be
known. 8o, in the case where A is unsymmetrical, the computation

of Wielandt's matrix W is simpler.

2) Hotelling's deflation does not change the order of the matrix, whereas.
Wielandt's deflation reduces it by one. This, however, is only
significant if several eigenvalues are to be determined since then

the iterations require fewer and fewer operations.

3) In general, therefore, Wielandt's deflation is preferable,

4,2,% - FPinal remarks

There exist many more methods which determine eigenvaLues'other than
the first., Similarity transformations (see Theorem 7) can be used to
eliminate the first eigenvalue, ref,(%15);. Bodwig (16) gives a method
known as ennihilationoand Fox (17) favours "inverse iteration" besides

"deflations" to determine the subdominant eigenvalues,
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VALUES OF ,44,BM,
Q@ FOR AlLL SECTINS
UP TO BRASE STATION
AND STORE

< (b = ALz
em(b) = BVI2
b = @2

T

sev ¢=-N/vz

|

SET oX(b)= ALl +heAl2

INCREASE P

l

e

2ND ASSUMPTION OF
- BND CONDITIONS

O(?g = 0

VD = Q

B%A(l) = O

QU = I
!

CALCULATITN OF THE
VALUES oOF X, %4, BM,
Q FOR. ALL SEcCNONS
UP D BASE stAnad

AND STORE
o () = ALz
by = vz
BM(G) = BMz
Qb = Qz

SET Y =-BMz/BMI

#

seT y4(b)= Yl +¥xVY2

1

INCREASE. P

C 4

—-

PRINT OUT: o VALUES AT BASE STATION

FOR CANTILEVER
nx VALUES AT BASE STATION
FOR BEAM




¢ 5
FLowbaAcrAM For Proorast W TRANS

l’

‘READ: M= NO OF MASSES
N = NO OF SECTIONS
MA@ = LUMPED MASSES
L (D= LENGTHS OF SECTIONS
EI)= RENDNG RIGIDITY
OF SECTIONS

!

SET: OM= STARTING VALUE FOR
. " NATURAL FREQULENCY
STEP= INCREMENT
END= LIMITING VALUE OF

FREQUENCY RANGE

A g

SET Ke=|

!

CALL SUBROUTINE FIELD

WHICH SETS UP THE FlELD

MATRIX T FOR. THE FIRST
sSecTioN LK)

!

REPLACE MATRIX WUL= T

. ]

CALL SUBROLTINE POINT
WHICH SETS UP THE
POINT MATRIX P FOR

Mass M)

]

CALL SUBROUTINE PROD
WHICH MULTIPLIES TWO GIVEN
MATRICES = PreL=D




Y
SET K=K#|

!

CALL SUBROUTINE FIELD

WHICH SETS UP THE FIELD

MATRIX T FOR THE NEXT
SECTION  L(K)

#

CALL SUBROUTINE PROD
WHICH MULTIPLIES 2 GIVEN
MATRICES TE TD =W

CALCULATE DETERMINANT
DET = u‘z ¥ MM——(Asz* U.‘4

f

SET OM = OM + STEP

WRITE P VALUVES AND COR-
RESPONDING DET VALUES

C 6



FLOWDIAGRAM FOR PRO@RAM WHOUNK

YI10) MI(2 M2(2)  M2()
W — S wANE— S

VAN

LLz_(_xl

SPNZ2

AL(TD)= u(x)'

SPNI

(READ: NI, N2

SPNI , SPN2
u(m , L2(D
MI(Z) , MZ(T)
ET

=

sET: AL(D) = LI(T) ,

b

AM(D) = MI (L)
LL. = SPNI
LR =SsPN2
ST s G = 9.8l
' kK = ©
.
SET: I = |
SUM = O

i

SET REACTION A

y AMDRCAE)  AMGPALEML (L ()]

L 2% L1 % (LL+ LR)
SET CONSTANT C \

C =

s A LLZ =AM (D)% (LL - AL(T)®]

SET DE?CLE%TIDN
\ \ I
\/(I) = :I *[A*gL( ) + c%AL(I)]

GrLL

c7



SET SUM= SUM +Y(%)
IT=T+|

ser AL(D = 12(T)

LL = SPN2
LR =SPN I
AM(D = M2()
SDI = Sbm

C

5

SET SDh2 = SUM

!

seT
P =

e 1

SDI

+ SDb2

WRITE P YALLE




, ; C Y
FLowbiacram For Prosmram WTMCB

MA(I)' MDD MAG MA(4) MA(B)

=0 =0

AN @ @ AN @ A
| D U ANECIRES

Ni=3 N2=32

A,

(READ: NI=NO OF SECTIINS OF IST SPAN
 Nz= NO OF SEXCTA\& OF 2ND SPAN
MAD)= LUMPED MASSES ON BOTH SPANS
L(T)="LENGTH OF SECTIONS CF BOTH
SPANS

EI(I)= BENDING STIFFNESSES OF THE
SECTIONS oF BOTH SPANS

l

SET N=N! + N2

!

SET: OM = STARKTING VALUVE FOR NAT. FREQ.
STEP= INCREMENT

END = UIMITING \ALLE oF HRER. RANGE

pou

—
SET kK= |

!

CALL SUBROUTINE FIELD
WHICH SETS UP THE Fleltb MATTRIX T
FOR SEcCTION K

[

seT Uz = T(LJ)

...}

. CALL SURROUTINE PROINT »
WHICH SETS UP TUHE POINT MATRIX
P EDR MAss K




CALL SUBROUTINE PROD
WHICH MULTIPLIES TWO MATRICES
I PxW = ©

!

SET K= K +|

+

CALL SUBROUTINE Fl\eLD

|

CALL SUBROUTINE PROD

TO MULTIPLY T*Db = W .
<t\ —
. SET A(Z; (Z,7)

*:,

SET K= K+|

|

CALL SUBRDUTINE FIELD
seT w = T

SET BED=W(L,T)




L

SET T =2 [

!

SET E(T,1) =

A (LA ¥ AT 2) — AUD% AT
A4

c

11

SET EAD= 1.

!

SET B¥E = &

|

seT A= SlD*EED - 6@ D (D)

|

WRITE A AND CORRESPONDING OM

SET OM=OM<STEP




Cc 12

FLO\ND\AGRAM FOR PROGRAM WCONT

(READ: N = NO OF SECTIONG OF SPAN K
MARR(D= THE LUMPED MASS OF SPAN K
()= THE SECTION OF gPAN K
EI= THE FLEXURAL RIGIDITY

1

SET MASS(K,T)
pIs (K, I)

!

SET M=N-—I

|

CALL SUBROUTINE BMOD
WHICH SETS UP THE CONNECTION
MATRIX Bo FOR SPAN K

1 |
-

SET IR=IBR+|)
I= I+

e

I

SET

O
o

\

SET ITB= IB+|
T=T +1|




(@)

seT Boo(I,T) = BO(K,I,T)
[RLAcE BO IN BROO MATRIX]

C 13

ASSEMBLE SECTIONS
OF ALL SPANS IN
ARRAY  L(T)

SET UP FLEXIBILITY
MATRX (FM) FoR
MEMBER ENDS

:

CALL SUBROUTINE BIM ,
WHICH SETS UP THE CoNNECTION
MATRIX BT PFPOR THE BEAM AND
™ TRANSPOSE. BIT

1

MULTIPLY
BITx FM» BT = D




P u

CALL SUBRQUTINE GIR
WHICH 1S A UNIVAC SUPPLIED
PROGRAM WHICH INVERTS Matrix (D)

1

= BIT % FM % BROO
D' &

BT % X

BOO — BIX

SET

i

f

G
X
BI X
B

1

SET BOT = TRANSROSE OF RO

* _

SET F = BOT» FM» B
F 1S THE FLEXIBILITY MATRIX FOR
THE CONTINUOUS EBEAM

1

ASCEMBLE THE MASS MATRIX

ARRAYS INTO AN OVYERALL MASS

MATRIX FOR THE CoNTINUoUS
BEAM @ ALLM (T,T)

'

SET S= F % AWM _
WHERE S 1S THE SYSTEMS MKETRIX

i

CALL SUBRCUTINE TITERW
WHIcH DETERMINES THE LARGEST
EIGENVALLE

1

CALL SUBROUTINE TIACMX
WHIcH & A UNIVAC SUPPLIED PROSERAM
TO DETERMINE ALL EIGENVALUES AND
EIGENVECTORS OF MATRIX S

14



APPENDIX D

The following programs are listed:-

WITER
WMYKLE
WIRANS
WCANT
WSBEAM
WTIM
WDUNK
WTMCB
WCONT



WITER

63
68

80
50

65

66
67

60

51

52

53

S4

70
71

61

56

55
57
58

WITER
PROGRAM FOR THE BASIC IYERAY!VE METHOD

"DIMENSTON C(20¢20)9X%(20042(20)
"READ{(B+68)N

FORMAT(I2)

DO 80 I=1,N
READ(8+50)(C(Iod)ed=1sN)

FORMAT( )

WRITE(5965)

FORMAT(1H1+* GIVEN MATRIX®+/)

DO 66 Iz1.N
WRITE(S5¢67)(C(Iod)ed=1eN)
FORMAT(22E13.6)

WRITE(S5+60)

FORMAT(s//9* NO OF ITER. EIGENVALUE EIGENVECTCR®)
KON=O . .
MZN

‘A=10.

DO 51 I=IsN
X(1)=1.0

K=0

KZK+1

L0 83 I-IsN
2¢(1)=0.

D0 53 J=1isN
ZCI)=CUIvdI%X(J)42(1)
CONTINUE
D0 S4 I=1eN
X(I)=2(1)

MAX=1

T00 71 Jz2eN

IF(X(J)=X{MAX)) 72971970
MAX=J
CONTINUE
EVL=X(MAX)
WRITE(Ssb61)KsEVL
FORMAT(/+17906XeE13.4)
DO 57 I=1lWN
XCI)zoxX(I)/7EVL
EPS=Z.0N0005
IF(ABS(U(X{M)-A)/XEMII~EPS)I56957457
MxM~-1

IF(M)55+5%¢57
KONZKQON+1
WRITE(S5¢586)X(1)
FORMAT(27X+E13.6)

AZX (M)

IF{KON)S2952459

WEINHEIM

WEINH

WEINH
WE INH
WEINH
WE INH
WEINH

WEINH
WE INH

WEINH

WEINH
WE INH
WEINH
WEINH .
WEINH
WE INH
WEINH

WEINH
WEINH

WEINH
WE INH

WEINH

WEINH
WEINH
WEINH
WE INH

WE INH
WEINH
WEINH

WE INH

C INSERT ACARD WITHO AFTER EACH SET OF DATA ANE AY THE END A CARD WITH IWEINNM



59
62

64

WMYKLE

c---—-
1 .

1

2

¢ . ' o V]

READ(B81962) NEND
FORMAT(I1)
IF(NEND) 63963064
CALL EXIT R
END

WMYKLE = (MYKLESTAD®*S METHOD)
THIS PROGRAM WAS USED IR SECTION 3.3.7

REAL L(12)sMA(12)

WE INH
WEINH

WEINH

WE INH

DIMENSION DGE]Z)-DM(]2)-R0(12)vRM(12)vBM(12)yQ(l?le(I?)vkL(l?) " WEINH

IR=8
IW=5
READ  NTYP = O FOR A CANTILEVER BEAN
" UNTYP = 1 FOR AR SIMPLY SUPPORTED BEAM
N = NUMBER OF BEAM SEGMENTS
M = NUMBER OF LUMPED MASSES

READ(IR+100INTYPeNsM
FORMAT( )
IFI(NTYP)99+2¢3
WRITE(IWy201)N

FORMAT (1H1+*® EVALUATION OF A CANTILEVER OIVIDED INTO * I3,

ONS*y//7/)
60 T0 4
WRITE(IWy 102N

WE INH
WEINH

WE INH
WEINH
WE INH
WEINH
SECTIWE INH
WEINH
WEINH
WEINH

FORMAT (1H1e* EVALUATION OF A SIMPLY SUPPORTED BEAM DIVIDED INTO *4WEINH

I3v* SECTIONS®s///) WEINH
WRITE (IWe103) . P WE INH
FORMAT(* STATION LUMPED KASS (T)*s8Xs*LENGTH OF SECTION(M)®4/s/
:
READ  MA(I) = THE RLUMPED MASSES .

"LGI) = THE LENGTHS OF THE SECTIONS
READ(IK»200) {MALI}y1Z19M) WEINK
READ(IRy 100D {L(I) o IZ1oN) WE INH
00 5 I=1¢M WEINH
WRITE (IWe104) ToMACI)oLAT) WE INH
FORMAT (4X9s T2y 5X2E13469/135X+E13.6) WE INH
READ (IR+100)ET WE INH
WRITE(1W+105)E] : WEINH
FORMAT(//+* THE RIGIOITY VALUE *+E13.64//)
CALCULATION OF THE FLEXIBILITY COEFFICIENRTS
WRITE(IW+106) WE INH



C----~-SECOND ASSUFPTIONS FOR STARTING VALUES AT STATIGON 1

106 FCRMAT(/y* THE FLEXIBILITY COEFFICIENTS* /)
DO 6 K=1eN “
DOIKIZL(K)**3,./t6.*EI)
DMIK)ZL(K)I*%2,/(2.%E1)

RQ(K)IZOM(K)

6 CRMIK)=L(K) /ET .
WRITE(IW?107) (DQ(IYeIZ1oN)

107  FORMAT(S5Xs*0Q(I1)*s5Xs7E13.6)
WRITE(IW»108) (OM(I)sI=1sN)

108 FORMAT(5Xs CM(I)*e5XvrT7EL13.6)

: WRITE(IWe109) (RQ(I)2IZ1eN)

109 FORMAT(SX s "ROULIIeS5XrTEL3.6)

. WRITE (IW2110) (RM(I)eI=1sN)

110 FOKMAT(5Xs "RMCEI}Ys5Xs7E13.4)

_ IFINTYP)99+T912

7 OM=0.

OMENU=40.
STEP=1
WRITE(IWs111)

Commm= THE FOLLOWING APPLIES 10 A CANTILEVER ONLY

C--—--==FIRST ASSUMPTION FOR STARTING VALUES AT STATION 1

10 Yti1)=t.

AL(1)=0D,
(R BOUNUDARY CONDITIONS AT STATION 1

- BM(1)=0.

G(1)=MA(1)»OM=222Y (1)
" CALL TBURY

BM1ZHM(M)

YizY(M)

Q1=Q (M)

AL1=AL (M)

AL(1)=1.

Y(1)=0.

BM(1)=D.
Q(1)=MA(L)*OM*x22Y (1)
CALL THURY
BM2=HM(HM)

Y2=Y(M)

G2=Q(M)

AL2zAL (M)
PHI=-Y1/Y2
ALPHAZALLI+PHI*=AL2

WEINH
WEINH

WEINH
WEINH
WEINH
WE INH
WEINH
WE INH
WEINH
WEINH
WEINH
WEINH
WEINH
WE'INH
WEINH

WE INH

WE INH

WE INH

WE INH
WEINH
WE INH

‘WEINH
WEINH

WEINH
WEINH
WEINH

WEINH
WEINH
WEINH
WETINH
WEINH
WEINH

" WEINH



111

112

FORMAT(/+b63Xe"NAT o FREQUENCIES®¢3Xe *ALPHA AT BASE STATION' /)
WRITE(IW9112)CMeALPHA )

FORMAT(60X12tE13 695X}
"OM=QOM+STEP

IF(OM-OMEND)10910911

~=THE FOLLOWING APPLIES FOR A SIMPLY SUPPORTED BEAM ONLY

0M=z1.0
OMEND=4Q.
STEP= .1
WRITE(IWe120)

C-----~FIRST ASSUMPTIONS FOR STARTING VALUES AT STATION 1

13

120

121

11

90

AL(1)=1.
0(1)=0.
BM(1)=n,
Y(1)=0.
CALL THURY
BM1=BM(M)
YIZY(M)
Q1=G(M)
AL1zAaL (M)

-~SECOND ASSUMPTIONS FOR STARTING VALUES AT STATION 1

AL(1)=0.

Q(1)c1. !

BM(1)=0.

Y(1)=0.

CALL TBURY

EM2=BM(M)

Y2zY(M)

02=Q(M)

AlL.2=AaL (M)

XI=z-gM2/BM1
YOFL=Y24XI*Y1 . v
FORMAT (/s T79s *LCISPLACEMENT *9/9sT579*NAT. FREGUENCIES®*+T79s*AT BASE
1STATION? » /)
WRITE(IWs121)0MyYOFL
FORMAT(56X92(E13.697X))
CMZQOM+STEP
IF(OM-OMEND)13,13511
READ(IR+100)NO

IFI(NO) »999

0C 90 I=1+12

MA(I)=0.

L{I)=0.

IFINO)99+1+99

WE INH

WE INH

WEINH
WEINH

WEINH
WEINH

WE INH
WEINH
WE INH
WEINH
WE INH
WEINH
WE INH
WEINH
WE INH

WEINH

WEINH
WEINH
WEINH
WEINH
WEINH
WEINH
WEINH
WEINH
WEINH
WEINH

WEINH
WEINH
WEINH



99  .CALL EXIT . C WEINH
C--~--SUBROUTINE TBURY _ I WEINH
SUBROUTINE TBURY _ . WEINH
DO 1 K=1.N
BM(K+1)=HM(K)=Q(K)I*L (K) _ WEINM
YOKA 1) ZY (KI-L (KI#AL(K)+Q{K)I*DQ(KI=BMTK)*«DM (K) : WEINH
QEK41IZQIK)+MA (K S Lo COMRR2, IaY (K+1) ' WEINH
1 ALCK+1)ZAL(KI=Q(K)*RQ(KI*BM(K) *RM(K) i
RETUKN ‘ WEINH

END : WEINH

WTI?HNS . WIRANS - (TRANSFER MATRIX METHOD)

THIS PROGRAM WAS USED IN SECTION 3.3.8

‘REAL MA(10)+L€20) : ' ' WEINH
CIMENSION EIC10)oTCGra)oPCUst)oBCLrE)oUCLIl) WEINH
IR=8 WE INH
Ikz=5 . WEINH

C N = NUMBER OF BEAM SEGMENTS

c M = NUMBER OF LUMPED MASSES

1 READ(IR»100IN - : WEINH
MznN-1 WEINKH
READCIR»100) (MACI)eI=19M) ‘ . WE INH
READ(IR»200Y(LCIFsIZ1sN) - WEINH

189 FORMAT (/)
READ(IRy100)(EICI)9»I=19N) . C
100 FORMAT( ) . WE INH

WRITE(IWe101) ~ WEINH
101 FORMAT (1H1s* LUMPED MASSES"+11Xe*LENGTH OF SEGMENTS® 4 Xs*FLEXURA

IXURAL RIGIDITY®/)

00 2 I=1sN , WE INH
2 WRITE(TWr102IMACID 9 L(IPSEICID ‘ A WEINM
102 © FORMAT(4Xe¢3(E13.6013X)) , WE INH

CMz=10. . .

STEP=1.

ENU=20.

CWRITE(IWs105) . o
105  FOKMAT(//+T36s *VALUE OF DETERMINANT®»T61+*TRIAL VALUE FOR P*)
WRITE(IW+106) »
106  FORMAT(T35040€%=%)9/)

3 K=1 . WE INH
CALL FIELD . ’ ) WEINH
00 & I=1le4 : ' ‘ C WEINH

0O & J=is4d



) U ) =T (L0 d)
5 - CALL POINT
CALL PROUD (PsU»D)
Kzk+1 .
CALL FIELU
CCALL PROD(T+DaUY
IF(K-N)5+10¢5
10 DET=U(1+2)2U(324)-U(392)*UC1r4?)
WRITL(IWs107)DETsOM
107 FORMAT(T3092¢10X9E1366)0/)
OM=OM+STEP ’
IF(OM.LELENDIGO TO 3
DO 11 I=1,10 :
MA(IY=0.
L{1)=0.
11 . EI(I)=0.
READ(IR»100)INO
IF(NO)Ts1y
- 'CALL EXIT

SUBROUTINE PROD(A+BesPR)
DIMENSION AlBo8)eBI{BU)sPRtUU)IC L)
CO 1 I=1+4 :
DO 2 J=1+4
CtJd)=0.
DO 2 KT=1+4
2 CO=CII+ACTIIKTI*BUKTrd)
DO 1 J=1.4
1 PR¢IvJIZC(S)
- RETURN
c
C---—-=SUBROUTINE SETS UP THE FIELD MATRIX

SUBROUTINE FIELD
DO 1 I=1+4

1 T(I.I)T1.
T(1e2)ZL(K)
TClo3)=L(K) %2,/ (2.%E1(K))
TClot)=L(K)*%3, /6. %EJ1K))
T(2¢3)=L(K)/ET(K)
T(2+4)=T(193)
TC3¢4)=L(K)
RETURN

C-—---SUBROUTINE SETS UP THE POINT MATRIX

SUBROUTINE POINT
. 00 1 I=1e8
1 P(lel)=ia
CPlUy1)=OM*0OMsMALK)

WEINH
WEINH
WEINH
WEINH
WEINH.
WEINK
WEINH
WEINH

WE INH

WEINH
WE INH
WEINK
WEINH
WEINH
WEINH
WEINH
WE INH
WEINH
WE INH

WEINH

WEINH
WE INH
WEINH
WEINH
WEINH
WEINH
WEINH
WEINH

WE INH

WEINH



WCHANT

RETURN _ . _ WEINH

END _ _ ' WE INH

WCANT - (METHOD USING FLEXIBILITY MATRIX FOR A CANTILEVER)
THIS PROGRAM WAS USED IN SECTION 4,2

REAL MASS(10+10)+L(10)sMA(10)

DIMENSION FUL10s10)YeFM(20920)9EC20+2019BT(2092029C(20)9FMB(20220)»F
UMSC(10910) o X(10) vFIRST(S)eTTL(S)2Y(10)

Ce=~~~-READ THE NUMBER OF LUMPED MASSES N

99 READ(8+100)NsLM

. 100 FORMAT(212)

C-=-=-LM=-1 INDICATES THAT THE MASSES ARE CCNCENTRATED AT EACH

c MEMBER END (HALF THE MASS)
Ce====LMZ0 INDICATES THAT THE MASSES ARE CONCENTRATED AT THE CENTRE OF
c EACH SECTION
L CmmmmeLM=z 1 INDICATES THAT THE MASSES ARE CONCENTRATED AT ONE
C ~ MEMBER END ONLY
C---—--READ THE MASS MATRIX

00 102 Iz1eN

READ(8+101)MA(I)
101 ~ FORMAT(F10.5)
103 MASSC(IZIDI=MA(I)

Comme- READ THE LENGTHS OF THE SEGMENTS
DO 104 I=1sN ’ : WEINH
104 READ(8B+102)LLT) . WEINH

102 FORMAT(F10.5)
€——=--READ THE RICGIDITY VALUE EI OF THE BEAM

READ(8+224)E1

224 FORMAT(F10.3)
IF(LM)25¢26027

25 WRITE(5+105)

105  FORMAT (1HL»' THE MASS OF EACH SECTION IS SPLIT AND LUMPED AT BOTH
UMEMBER ENDS*e/)
GO TO 23

26 WRITE(50106)



106
U

27
107

U
23
200

20
201

202

21
203

204

N
K
I
J

FORMAT (1H1e* THE MASS OF EACH SECTION IS CONCENTRATED AT TH

€ OF THE SECTICN®s/)
GO Tu 23 )
WRITE(5.207)

E CENTR

FORMAT (1H1e* THE MASS OF EACH SECTION IS CONTRATED AT ONE MEMBER

ENLC ONLY'9/)

-WRITE(5+200)

FORMAT(//»* MASS MATRIX"+/)
DO 20 I=1eN

WRITE(59202) (MASS(TeJ)eJd=2sN}
- FORMAT(12F1046)

WKITE(5+202)

FORMAT(/7¢* THE DISTANCES BETWEEN THE LUMPED MASSES® /)

00 21 Izi1sN
WRITE(5203)L(1)

FORMAT(1H +F10.5)

WRITE(S59204)E1

FORMAT(//+% THE RIGIODITY VALUE

THE FLEXIBILITY MATRIX FOR THE MEMBER ENDS -

2*N

o 2

L B 1]

00 1 K=1IeN
FM(I+I)=(LIK)*%3,)/(3.*E1])
Jzd+1

FUCI v d)S (LK) *%2,3/7{2.%ET)

FMCUe IDSFMUTIed)
I=I+1 '

TFMCIvJY=LEK)/EI

IzI+1
Jod+i

THE CONNECTION MATRIX BO

1
J
K
DO 4 J=KeN
B(Isyud)=1.

IzI+1

SUMZ0.

KNZKe+1

BO &6 J=KNsN
B(Ied)=SUMeLtY)
SUMzZB(Isd)
I=1+1

KSK+1

*+E13.6977)

WE INH
WEINH

WEINH

WEINH
WEINH

WEINH
WE INH
WEINH
WEINH

WEINH
WEINH
WEINH
WEINH
WEINH

WE INH
WEINK

WEINH
WEINH
WEINH
WE INH
WEINH
WE INH
WEINH
WEINH
WEINH
WEINH

WE INH
WEINH



IF(I-2*N)T+7+10

EVIABS(1./EVL)
OMEGA=SQRT{EV)
. WRITE(5+220)0MEGA
220 . FORMAT(/9s* OMEGA®*98X9E13.6) "
' T22.%3.1415927/0MEGA

WEINH
7 - DO 8 JTKeN WEINH
8 B(Ied)I=1.

IF(KN-N)5y10y10 -
C--—--MULTIPLICATION OF BT&FM*By WHICH GIVES THE OVERALL FLEXIBILITY MATRIX
10 DO 12 I=1.NN
DO 13 J=1.N WE INH
C(J)=0. WEINH
DO 13 K=1sNN
13 ClUI=CUSI+FMITeKI®B(KpJ) WEINH
. DO 12 J=1sN WEINH
12 FMB(Ived)=ClY) WEINH
DO 14 I=1sN
. DO 14 J=1eNN
.18 BTC(I+JI=B(JsI) WE INH
00 15 Iz1N WEINH
© DO 16 J=1N WEINH
C(J)=0. WEINH
00 16 K=1sNN
16 COJIZCUJI+BTIIKI*FMB (Ko d) WEINH
DO 15 J=1sN WE INH
15 F(leyd)=C(U) WEINH
WRITE(S59209) WE INH
209 FORMAT(//y* THE FLEXIBILITY MATRIX®¢/)
DO 17 I=1sN ' ’ ‘ WE INH
17 WRITE (592100 (F(Irdrrd=19N) WEINH
210 FORMAT (1H +9E13.6)
C-—<---MULTIPLICATION OF F TIMES ™
D0 18 I=1eN WE INH
B0 19 J=1N WEINH
C(J)z0. I WEINH
00 19 K=Z1sN .
19 C(JI=CUJII+F (I sK)I2MASS(Ksd) WE INH
D0 18 J=1sN WEINH
18 FMS{IsD)=CLI) WEINH
WRITE(S9211) WEINH
211 FORMAT(///9* (F+M) MATRIX®s/)
DO 29 Iz1»N
29 WRITE(59210) (FMS(Ied)ed=1sN)
CALL MSMSW(FMSeNsEAVG)
CALL SWIT(FMS eNsEVL#X) WEINH

WEINH



WRITE(S9213)7 ) : ) B WEINH
213 FCRMAT(/9+* PERIOD®s7XeoE13.69* SEC*)

PI=3.1815927

"SM=1.

SL=1.

CCNST=SART(EI/Z(SL**3 ,%SM}}
32 FIRST(1)=(e597*PI)*%x2,*CNST

FIRST(2)-(1.49%PI)xx2 *CNST

FIRST(3)={(2.,5#P1)*%2,«CNST

D0 33 I=1+3 WEINH
33 - TT(I)=2.#PI/FIRST(I) ) ’ WE INH

IF(N-1)38,252+38 : : WEINH
38 CALL LAMBDA(FMSINIEVLIXsEVL2vY) :

OM2=SQRT(ABS(1./EVL2))

WRITE(5+220)0M2 '

T222.%P1/0M2

. WRITE(S54213)T2

252 WRITE(59218)

214 - FORMAT(1H1e® THE EXACT VALUES FOR A CANTILEVER ARE:"+T61¢*THE CALCULATED
UULATED VALUES ARE (USING FORCE METHCD OF ANALYSIS®*»//3
WRITE(S59212) : ‘ WE INH

212 FORMAT(56("=")sT62¢56("="Ys7])
WRITE(S9215) :

215 FORMAT(® MODE®"»T169v°1%sT329°2°sT48y "3 ¢T61y *MOBE v T769°1%9sTG924%2%,
IT108+°37) . .
WRITE(59212) : ’ WEINH
WRITE(5¢250) (FIRST{II+I=193)90MEGAYOM2

250  FORMAT(/+* CMEGA "¢3(E13.693X)¢TH1v"OMEGA *+2(E13.693X))}
WRITE(S»251)CTT{I)eI=1e3)sT9T2

251 FORMAT(/+* PERIOD*v3(E13e693X93eT619+*PERIOD"+2(E1346¢3X)}
WRITE(54212)

C INSERT AFTER EACH SET OF DATA A CARD WITH O AND AFTER THE LAST SET ONE WITH 1

READ(B+221)NEND
221 FORMAT(I1)

IF(NEND)99999+999
999 CALL EXIT

C--=~-SUBROUTINE SWIT T9O EINU THE LARGEST EIGENVALUE

C . ANU ITS CORRESPONDING EIGENVECTOR
SUBROUTINE SWIT(AsNeEVL X} » WE INH
INTEGER L '
DIMENSION A{10+1029X¢20)¢2¢10) " '

00 3ul Iz1eN WEINH

301 X(I)=1.0 . WE INH

. . K=0 o C WEINH
302 KZK+1 ‘ S
DO 303 I=1sN _ WEINH



- 303

304

306

308
300
1

. 310

Z(I)=0.

£0 303 J-1sN
Z(I)'A(IvJ)*X(J)'Z(I’
CONTINUE

DO 304 I=1sN

S Xery=zern)
L=1
EvLz X(L)

00 306 I=1WN
X(D=x(I)/7EVL
CHECK=10.
IF(K-CHECK)302+308y308
WRITE (59300)K

FCRMAT(//+* RESULTS FROM BASIC ITERATIVE METHODs AFTER"+I3s°

ATIONS'+/)

WRITE(S+310)EVL

FORMAT (/+* E-VALUE*+6XeE13.6¢/9* E-VECTOR®)
00 312 I=1+N

WRITE(S+311)XI(I)

FORMAT(14XvE13.6)
RETURN.

SUBROUTINE MSMSWs TO FIND THE LARGEST EIGENVALUE (ONLY)
BY MATRIX SQUARING METHOD

SUEROUT INE HSHSN(A N»EAVG)
INTEGER L
DIMENSION A{10910)9SC10910)+2C20)¢EIG(20, IO)vP(IOvIO)

KONZ10

NOZ=0
DO 400 I=1eN

00 400 Jd=1eN

400
401

408

403

402

i

S(Ievd)ZAC(L W)

0O 408 I=1sN

DO 408 J=1+N
P(Ivd)=S(Ied)

DO 402 I=1eN

DO 403 J=1isN

2(J)=0.

00 403 K=1eN
ZCIIZZ2LI) +SELK) %A (K2 J)
DO 402 J=1eN
S(Ied)=Z(J)

NO=NO+1
IF(NO-KON)GBO1+4010404
L=0

SUMZ 0.

00 405 I=1eN
DO 405 J=1»N

EIGLIsd)= S!le)IP(IvJ)

WE INH
WEINH
WE INH
WEINH
WEINH
WEINH
WEINH
WEINH
WE INH
WEINH

WEINH
WEINH

ITERWEINH

WEINH

WEINH
WEINH

WE INH

WEINH

WEINH
WE INH
WEINH

WEINH
WEINH
WEINH -

WEINH
WE INH
WEINH
WEINH
WEINH
WE INH
WEINH
WEINH



405"

406

407

8s
94
88

91

92
93

94

95

LzL+1 . : ‘ WEINH

SUMZEIG(IeJ)+SUM ' WEINH
EAVG=SUM/L WE INH
WRITE(S»406) WEINH

FORMAT (//+" CALCULATION OF LARGEST E~VALUE BY MEANS OF MATRIX SQUA
URING METHOD® /) : :

WRITE (5+407) EAVG SR ' WE INH
FORMAT (* AVERAGED EIGENVALUE *9E13.6) : WETNH
RETURN '

~-SUBROUTINE LAMBOA, TO FIND THE SECOND EIGENVALUE AND ITS CORRESPONDING

EIGENVECTOR USING WIELANOT®*S DEFLATION

SUBRUOUT INE LAMBDACASNeEVLIsXsEVL2sY)

INTEGER L . .

REAL LI(10010) : WEINH
DIMENSTION AC10+10)9X{103+XAL10910)9sB(10+10)9BCO0(10/,10)+Z(10)+Y(10)WEINH

1.Y2(10)sALIC10+10} . , WEINH
© WRITE(5985)

' WEINH
FORMAT (///+* EVALUATION OF SECOND EIGENVALUE USING WIELANOT S DEFLA
UATION®9/) .

L=1 ’ . . WEINH
DO 84 I=1sN : _ WE INH
DO 84 K=14N I WEINH
XACLoKIZX(I)*ALL oK) _ : . WEINH
DO 88 I=1sN - : ‘ ‘ WEINH
DO 88 J=1/N ’ ’ ) WE INH
Blled)ZA(IoJdI=XAtIs ) : ' WEINH
K=N-1 g Ce ‘WEINH
00 91 Iz14K : : : : WEINH
DO 91 J=1sK WEINH
BCO(IvJ)=BC(I®lode1) ) * : WEINH
KON=0 . . WE INH
00 92 IZ1¢K : : WEINH
Y(I)=1. : : WEINH
L MzK ,
1T=0 " : WE INH
AA=10, WEINH
IT=I1+1 : o . ' WEINH
DO 94 [=1sK .
Z(1)=0. : L WE INH
DO 94 J=1sK T
Z(I)=BCO(IvJ) %Y (J)*Z (1) WE INH
DO 95 I=1¢K o
Y(I)=Z (1) v . WE INH
L=1 WEINH
EVLZY(L) . ' ‘ WEINH
DG 97 I=1+K ) o '
Y(I)=YtI)/EVL : ' WE INH

IF(ABSG(Y(M)-AA)/Y(Hil-.00005)111v97'97



WSBEAM

99

97

60

62

64

65

66

69

71

107
108

112
113

MZM~-1 . .
IF(M=-1)99199:97 ,
KONZKONe1 ’
"CONTINUE

AAZY (M)

IF(KON)93,93»60

EVL2zZEVL

I-1

Y2(I)=0a.

00 62 Iz=24¢N

Y2(¢I1)=vy(I1-1j

DO 64 Iz1yN

DO 64 J=1sN

LItIrd)=0.

BO 65 I=1.N

LICIyI)=EVL]

DO 66 I=1.N

00 66 J=1sN

ALL(Ly ) AT v J)~LICIWY)

DO 69 I=1sN

Z(I)=0

D0 69 J=1sN .

Z(ID=ALI(Ivd)*Y2(J)*2(1)

00 71 1I=1.N

X(I)=Z21tI)

L=1

EvL=x(L)

DO 107 I=Z1eN

Y(I)=X(I)/EVL

WRITE(S59108B)EVL2 :
FORMAT(/ /79" E-VALUE' 9+6X9E13460/9° E-VECTOR®)
CO 112 I=3+N

WRITE(S+113)Y(I)

FORMAT(1UXvEL13.6)

RETUKRN

END

WSBEAM - (METHCD USING FLEXIBILITY MATRIX FOR A SIMPLY SUP-
PORTED BEAM)
THIS PROGRAM WAS USED IN SECTION 4.3

-~TdIS PROGRAM APPLIES ONLY FOR A SIMPLY SUPPORTED BEAM,

WITH VERTICAL LOADING

REAL L{(30)+MS5(30)9¢MASS(30y30) )

DIPENSION BOC30+30)»FM(30930)sX(20)9FB(3Cs3G)rF(30+30)»B0TC20+s3C),
UFMM{30430) :

IW=5

WEINH
WEINH
WEINH
WEINH
WEINH

WEINH

WEINH
WEINH
WE INH
WEINH
WEINH
WEINH
WE INH
WEINH
WE INH
WEINH

WEINH

WEINH

WEINH



1IR=8

C-~--~READ THE NUMBER OF THE BEAM SECTION

1 READ{(IR+100) ML M

N=M+1
C-====- LM = 0 THE
C ' THE
c LM = <1 THE
C THE
C LM = -1 THE

IF(LM)20921422

20 WRITE(IWe133)
© 60 TO 2

21 WRITE(IWs131)
€C TO 2

22 WRITE (IWe132)

100 FORMAT( )

131 FORMAT (1H1+15(/ )"

MASS OF EACH SECTION IS LUMPED AT
CENTRE OF THE SECTION

MASS OF EACH SECTION IS LUMPED AT
ENDS OF THE SECTION

MASS IS LUMPED IN A DIFFERENT WAY

U CENTRE OF EACH SECTICN (DUNCANS MODEL)T" /)
132 FORMAT(1H1+15¢(/)e* THE MASS OF EACH SECTION IS CONCENTRATED AT THE ENDS
U ENDS OF THE SECTION (RAYLEIGHS MODEL}*» /)

133 FORMAT(1H1)

C-----READ THE LUMPED MASSES

2 WRITE(TWe101)

101 - FORMAT(//y* MASS MATRIX*s/)
REAB(IR+100) (MS(I)eI=1eM)}

00 3 IZ1eM
MASS(I+I)zMSH

1)

3 WRITE(IWs2120)(MASSCLIsulsd=1sM}

Commmm READ THE DISTANCES BETWEEN THE LUMPED MASSES

WRITECIWs205)

105 FORMAT(/e' THE DISTANCES BETWEEN THE LUMPED MASSES*e/)

fL=0.0

READ(IR+100)(LC(I)oI=1eN)

00 4 IZleN

WRITE(IW106)LCI)

106 FORMAT(2X+E1346)

4 TL=TL+L(I)

READ(IRY107)EI

107 FORMAT(F10.5)

. WRITE(IW»108)E1]
108 FORMAT(/¢® THE RIGIDITY VALUE®+F10.4¢/)

CALL BOMSW

THE MASS OF EACH SECTION.IS CONCENTRATED AT THE

WEINH

WEINH

WEINH

WEINH
WEINH

WEINH

WEINN
WE INH
WEINH

WEINH
WE INH
WEINH
WEINH
WEINH
WEINH
WEINH



C--==-SET UP OF MEMBER FLEXIBILITY MATRIX FM- o WEINH

13

130.

10

116

16
118

119

120

=1 WEINH
J=1 WEINH
CK=Z1+1

FMUL o )ZTIL(IISL(K)I/ U3, %E]D

IF(I-MY13012¢12

JzJe1

FM(Ied)ZLCII/(6*ET) . . . _

FM(I9yI)=FM(I+d) : ’ ‘ ) WE INH

I=1+1 ' . WEINH

GO TO & : '
--MULT1PLICATION OF BOT*FM=BO ‘ WEINH

WRITE(IWy109) ' - . :

FORMAT (/9 * THE FLEXIBILITY MATRIX®e/) WEINH

FORMAT(2X+BE13.6) _ WEINH

"CALL SWMUL (FMeBOsFBoMsMot) v ,

DO 8 I=1+M o WE INH

00 8 J=1sM g ’

BOT(I+J)=BO(JSrI)

CALL SWMUL (BOTosFBesFoeMeMeM)} :

DO 9 I=14+M " WEINH
WRITE(IWeIIO0)(F(IoJd)ed=1e M)} :

~MULTIPLICATION OF F«MaASS ‘ WEINH

CALL SWMUL &FsMASSyFMMsMeMo M)

C WRITE(IWe130) :

FCRMAT (/92" (F*M) MATRIX)I®e/)

DO 10 I=1.M ’ ~ : _ WE INH
WRITE(IWsI10)(FMMEIpJd)ed=1yM) . )

PI=3.1815927 ) WEINH
CALL EVALICFMMyNeEV1eX)

WRITE(IWe116) WE INH
FORMAT(///+* THE FIRST EIGENVALUE 1S OBTAINED BY AN ITERATIVE ME THWEINH
100%977) . WE INH
WRITE(IWe117)EVL . . ' WEINH
FORMAT (/¢ E-VALUE®*eT12¢E13.60/9¢* E~VECTOR', )} o : WE INH
DO 16 I=12eM :

WRITE(IW118) XL} . WE INH
FORMAT(T12+E13.6) . WEINH
0=SQRT(1./EVL) WE INH
T=2.*P1/0 ’ N WEINH
WRITE(IW119)0 ) WEINH
FORMAT(/+* OMEGA *9»112+E13.6) WEINH
WRITE(IW120)7 . . . . . WEINH
FORMAT(/»* PERIOD®+T12vE13.6) : WEINH

SL:I._



SM=1.

CNST=SORT(EIZ{(SL**3,%5M))

OMZPl*%2 oxCNST

"WRITE(IWe12120M
121 FORMAT (/7/ " EXACT VALUE OF FUNDAMENTAL FREQUENCY FOR A *9/»* CON

UONTINUOUS SIMPLY SUPPORTED BEAMTYTS50:£13.6)

WRITE(IWY122)My 0 ] '
122 FORMATA(//* FUNDAMENTAL FREQUENCY FOR A SEGMENTED SIMPLY® /" SUPPORTE

USUPPORTED BEAM HAVING *»12+® LUMPED MASSES®sTS0+E13.6)

READ(IR+99)INO
99 FORMAT(I1)

IFINO)999¢1+999
999 CaLL EXIT

C----~SUBROUTINE TO SET UP THE CONNECTION MATRIX BO
SUBROUTINE BOMSW . ‘ WEINH
DIMENSION RAC10)1+RB(10) ‘ WEINH
C-=-~~~SUPPURT REACTIONS , : o : o WEINH
SL=0.0 _ ' 4 - : . WEINH
00 200 I=1.M
sL=sLeL(I) WEINH
RACI)Z(TL=-SL)/TL _ WEINH'
200 RB(I)=1.-RALI) : :
Jz1
201 SL=0.0
I=M ‘ ' A : 6
K=N '

202 SLZSL+L(K)
"BU(IeJd)I=RB(J) =SL : ) :
IF (K-Jd-1)205+205+208 . WEINH

204 IZI-1
KzZK-1
GO Tu 202

205 IF{J-1)2069207+206
206 I=1I-1
KzK-1
SL=SL+L(K)
BO(IvJIZRACI)*(TL-SL)
207 IF(I-1)206+2089206
208 JoJd+d :
IF{J-1-M)201+2109201. : : WEINH

210  WRITE(IWe+211) ' WEINH
211 FORMAT(/+* CONNECTION MATRIX BO's/) : : WE INH

00 212 I=1leM .

- 212 WRITE(IWyZ213)(BO(Irddsd=1eM)

213 FORMAT(2X+8E23.6) ' WEINH
RETURMN . WEINH



Commmm

402

401

SUEBROUTINE FOR MULTIPLICATION CF 2 MATRICES

SUHROUTINE SWMUL T{AsBePRyNAeNB¢NC)
DIMENSION A(30+30)vB(30+30)+C(30)¢PR(30s20)
DO 401 I=1s+NA :

DO 402 J=1eNC

C(J)=0,0

DO 402 K=1+NB .

CII=ZCOUI+A(I+K)2B(Ke J)

D0 40Ul J=1sNC

PRI vd)=C(U)

RETURN

SUBROUTINE FOR BASIC ITERATION PROCES

SUBROUTINE EVALICAsNeEVLIeX)
DIMENSION A(30+30)9¢X(30)+2(30)

‘ML=M

300

301

302

KONZ=O

AAZ10.

BO 300 I=1+M

X(Iy=t.0

K=0

K=K+1

BO 302 I=1M

Z(I1)=0.

D0 302 J=1M
ZOIIZALTvJIAX(JISZL]Y

DO 303 Iz1sM !

303 .

X(I)=2¢I)

" MAXZ=1

305

© 304

306

307

308
309

BO 304 J=2¢M _
IF(X{J)=X(MAX)) 204+ 304y 305

MAX=J

CONTINUE

EV2IZX (MAX)

DO 306 I=1eM

X(I)=X (D) /EVL

EPS=.000005

IF(ABS ((X(ML)=AAD/X (ML} }~EPS)307+309¢309
MLZML-1 :

IF (ML) 3G8¢ 308309

KONTKON+1

AAZX (ML)

IF(KON)301+301+310

RETURN

END

WEINH

WEINH

Wel4 7¢H
WEINH
Wed?2¢H

WEINH

WEINH
WE INH
WEINH
WE INH
WEINH
WE INH
WEINH
WE INH

 WEINH

WEINH
WEINH
Weu?¢H

Weu?¢H

WEINH

Weau2¢H
WEINH
WEINH

- WEINH

WEINH
WEINH
WEINH

WEINH -

WEINH
WE INH
WE INH



WDUNK

- 100

101

100

OO0 0O000

WTIM -~ (PROGRAM TO OBTAIN A GRAPH SHOWN IN TIMOSHENKO)
THIS PROGRAM WAS USED IN SECTION 5.2

IR=8

Iw=sS
RAC=3.,1415927/180.
WRITE(IWY100)
FORMAT (1H vao‘X’oTZOv'XRAD'vlJbv'COT"TSOv'COTH':Tbb-'PHI'v/)
X=0.

X=X+10.

XRAD=X*RAD
AZTAN(XRAD}
COT=1./A
BxTANH(XRAD)

COTH=1./8

PHI=ZCOTH-COT
WRITE(IW9101)XeXRADeCOT»COTHYPHI

"FORMAT(3IH v5(E13.692X)}

IF(X-300)1vs
CALL EXIT
END

WDUNK - (DUNKERLEY*S METHOD)
THIS PROGRAM WAS USED IN SECTION 5.3

REAL L1(10)+L2710)+M1C(10)eM2{10)sLL LR

" DIMENSION AL(RO0)sAMCI0}»Y(10)

IR=8

Iw=5

READ(IR»100IN19N2
READ(IRs1GOISPN1+SPN2
READ(IR,1002(L1(I)sIZ19N1)
READ(IRy1003(L2CI)sIZ1sN2)
MMizZN1-1

MM2z=N2-13

REAUC(IR,100) (M1(I)+I=1+MNM1)
READ(IR+200)(M2CI)vI=1eMM2)
READ(IR+100)EI

FORMAT( ) .

N1 = NUMBER OF SEGMENTS IN THE FIRST SPAN

N2 = NUMBER OF SEGMENTS IN THE SECOND SPAN

SPN1 = LENGTH OF FIRST SPAN

SPN2 = LENGTH OF SECOND SPAN :

L1(I) = LENGTH OF SEGMENTS. IN THE FIRST SPAN

L2(IY = LENGTH OF SEGMEATS IN THE SECOND SPAN
= LUMPED MASSES IN THE FIRST SPAN

MDD

WEINH
WEINH
WEINH
WEINH
WEINH
WEINH

WE INH
WEINH
WEINH
WEINH
WEINH

WE INH

WEISH
WEISH
WEISH

WE INH
WEINH
WEINH

WE INH
WEINH
WEINH

WEINH
WEINH
WEINH
WEINH



LUMPED MASSES IN THE SECOND SPAN
RIGIDITY VALUE

c . m2(D
c - El

nn

"WRITE(IWY102)
102 FORMAT(1H1+*FIRST SPAN®s/)
WRITE(IWs103)
103 FORMAT(T36v'LUNPED"TSIv'DISTANCE FROH'o/vT36v'HASSES'stzt'END SUPPORT®)
UPPORT ")
WRITE (IWy108)MM19SPN1 : )
104 FCRMAT (5X» *NUMBER OF MASSES =*sI39T72+°*LENGTH OF SPAN®sF10.47
DO 8 I=1N1 ‘
8 WRITE(IWe105)MI(I)eL2(I)
105 . FORMAT(32X93(E13.693X))
] WRITEL(IW»106)
106 FORMAT(//4+% SECGND SPAN*e/)
. WRITE(IWs102)
+ WRITE(IW»104)MM29SPN2
CO 9 I=-1e+N2

9 . CWRITE(IWs105)M2{I)eL2(I) : . .
K=0 . WEINH
WRITE(IWe200) _ WE INH

200 FORMAT(///vE50* 1% 119343 T39,°C o+ T59,°Y%, /) , . WEINH
DO 2 I=1sN1 WE INH
ALCI)=L1(T) ‘ : WEINH

2 AMCID)I=ML(L) ) ‘ _ WE INH
LL=SPN1 WEINH
LR=SPN2 ' ’ WEINH
6z9.81 : WEINH

3 1= ‘ WE INH
SUM=0. WEINH

4 A=AM(I)* (LL~AL(IY)/LL~ AM(I)*AL(I)#(LL*#Z.—(AL(I))t!Z Y/ 124 4L L %2+ (LLeLR

’ I(LL*LR})

CIla/ (boa*LL)I* (A+LL=*3.~AMII)#({LL-AL(I)) *%3,) WE INH
YUI)Z(1o/EL)*C-A*CALCID D *23./6.4C*ALCI)) ) WEINH
Y(I)=Y(I)*G '

R e Y IS MULTIPLIED BY G BECAUSE A AND C WERE IN MASS UNITS

C INSTEAUD OF IN FORCE UNITS
SUMZSUM+Y (1) ' WEINH

. WRITE(IW»201)IsAeCoY(I) : WEINH

201 FORMATCISs3¢7TXeEX3.86)e/r . , WEINH
12141 . : WE INH
IF(K)ve6 . o WEINH
IF(I-N1) Uy o : WEINH
KzK+1 ) WEINH
DO 5 I=1+10 . ‘ :

. ALC(I)=L2(1) : : , WEINH

5 AM(I)I=m2(1) .

LL=SPN2 . : - WEINH



WTMCB

202

101

e NN e N ¢ o

100

-101

102

“LRZSPN1

WE INH

SGi=su~ WEINH

WRITE (IWy202) WE INH

FCRMAT(//) WE INH

GO To 3 WE INH

IF(I-N2)4sy WEINH

.SD2TSUM WEINH

P=SQRT(C/(SO1+SD2)?

WRITE(IWs101)P WE INH

FORMAT(/9+* THE FUNDAHENIAL FREQUENCY IS®*+¢F10.4)

DO 7 I=1+10

L1{I)=0.

L2(I)=0.

MI(I)=0.

M2(1)=0.

‘AM(I)=0.

AL(I)=0.

READCIRs100)NO

TFI(NO)1s 1o

CALL EXIT WEINH

END- WE INH
WIMCE — (TRANSFER MATRIX METHOD FOR A TWO-SPAN CONTINUOUS BEAM)
TH1S PROGKAM WAS USED IN SECTION 5.4 '

REAL MA{20)+L(20)

CIMENSION EI(20)9TCUsl)o Pl YoDlLolIoUCB)0)sA(LrUYosE(L92)eGEUs2) WEINH

IR=8

"IW=5

N2
N2
MA
L

EX

1w Hon

READ(IRY
NZN1+N2
MzN=-1
READ(IR
READ (IR,
REAOCIRY
FORMATL(

" DIMENSION B{U4sl)osC(H)

NUMBER OF SEGMENTS OF FIRST SPAN
NUMBER OF SEGMENTS OF SECONO SPAN
LUMPED MASSES CN BOTH SPANS

LENGTHS OF SEGMENTS OF BOTH SPANS
BENDING STIFFNESSES OF BOTH SPANS

100)N1sN2

100) (MACI)Y e IZ1eM)
100) (L{IYeIZ19N)
1003 (EICI) o IZ1oN)
)

WRITE(IWe101)

FORMAT (1

H1+*FIRST SPAN')

WRITE(IwWe102)
FORMAT (T36+ *LUMPED" ¢TS5 *LENGTHS OF ¢ T719 *BENDING® +/+T36+* MASSES® ¢WEINH

WEINH
WEINH

WEINH
WEINH
WEINH
WE INH
WEINH

WEINH
WEINH

WE INH
WEINH
WE INH
WEINH

WEINH



Zi'SZv'SEGFENTS'11710'RIGIOITY') ' WEINH

L. WRITE(IW»103)N1 ‘ WE INH
103 FORMAT(5X s *NUMBER OF SEGMENTS =*y13) ’ WEINH
: 00 2 I=1+N1 : . . WE INH
2 WRITECIWsIDUIMACIISLIIDSETICY) WEINH
104 FORMAT (32X ¢3(E134613X)) . : WE INH
WRITE(IWe205? WEINH
105 FORMAT(///+* SECOND SPAN®¢/) . ﬁ - WE INH
WRITE(IWe102) ) . WEINH
WRITE(IWs103)N2 WEINH
NNZN1+1 . , WEINH
- DO 3 ITNN#N
3 . HRITt(INleQ)MAtI)oL(I)vEltl) ‘ ‘ ‘ . o WEINH
200 FORMAT (/) : ‘ " WEINH
OMzb.
STEP=.5
ENDZ1G. : A
WRITE(IWy106) WE INH
106 FORMAT(//+T369*VALUE OF DEFTERMINANT®»T61»*TRIAL VALUE FOR P'v/vT]SHEINH
1240(°=")) WEINH
11 Kz1 : : WEINH
10 CALL FIELD _ . . WEINH
DO 4 I=1+4 : . . :
DO 4 J=1s4 . T WE INH
4 ULIsJISTCIv ) o ’ T WEINH
5 CALL POINT : WEINH
CALL PROD(PsUeD) WEINH
K=Ke1 WE INH
CALL FIELC g WEINH
CALL PROD(TDeU) - S . WEINH
_ IF(K-N1)5+86+8 : WEINH
6 DO 7 I=1+4 . ) i . WEINH
DO 7 J=1e4 . WEINH
7 A(Lod)TUCIvJ) WE INH
c * A * IS THE OVERALL TRANSFER MATRIX FOR THE FIRST SPAN
K=K+1 o - : WE INH
60 TU 10 . o ‘ WEINH
8 K=K+l :
IF(K=N)Se5y ' .
DO 9 I=1»4 WEINH
. CO 9 J=1el ) WEINH
9 B(I+9I=ULIvd) ' - WE INH
C~~-----~* B * IS5 THE OVERALL TRANSFER MATRIX FOR THE SECOND SPAN
C---—==-=IN THE FOLLOWING PART THE MATRIX IS SET UP WHICH CONNECTS

C THE TWO STATE VECTORS AT THE INTERMEDIATE SUPPORT



D0 12 I=2,4 . :
12 & E(Io2)=(A(2o8)%ACIs2)~AL192)#ACLo0))/AC144)

E(492)=1,
C-===----MULTIPLY B = E

‘DO 14 I=1,4
DO 1% J=1.2

C(u4)=0.
DO 15 KN=1+4
15  C(II=C(I)+B(I+KN)*EXKN» J)
DO 14 J=142
14 GULed)=C(Y)

DETZG(191)%G(3+2)-G(3e1)2G(1+2)
WRITECIWy107)DETs»OM )
107 . FORMAT(T30v2C10XsEL13.8))
OM=OM+STEP
IF(OM.LE.END)GO TO 11
‘D0 13 I=1+20
MA(L}=0.
L(I)=0.
13 EI(IN=0.
READ(IR+100)NO
IF(NO)1vly
CALL EXIT

SUBROUTINE PROO(A+BsPR}
DIMENSTON A(4sG)eB(U24)sPRIGIGIIC(Y)
CO 1 I=-1r4
D0 2 J=1lr4
C(J)=0.
00 2 KT=1+4
2 . CUJI=CUJI+ACTIoKTI®BLKToJ) .
DO 1 J=1lr4 '
1 PREIvJIZC(Y)
' RETURN

SUBROUTINE FIELD
DO 1 [=1s4

1 T(IvI)=1.
T(192)=LL{K) :
TUe3)L(K)*%2./ (2. #ET¢KY}"
TCLo8)ZLULKI**3, /716 %EICK))
T(293)=L(K)/ET LK)
T(2+4)=T(1+3)
T(3e4)=L(K)
RETURN

SUBROUTINE POINT
DO 1 I=1+4
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WCONT

1 PUIsIN=1. ' WEINH

P(4s1)TOMEOM*MA LK) . WEINH
RETUKN A _ _
"END WE INH

WCONT - (METHOD USING FLEXIBILITY MATRIX FOR MULTI-SPAN CON-~
TINUOQUS BEAM) ’
THIS PROGRAM WAS USED IN SECTION 5.5

REAL LU10)YyMARR(LI0) ¢ MALL(5¢30)

DIMENSION FM(20-30):800(30:30)vBO(lOlele)vNBEAH(lO)oMBEAH(lO)oDI WEINH
1S(10910) s F(30930)eBIX(30+30)9BOT(30+s30)sB(30+30)+BIT(30930)»D(30+s3WCU2¢H
10)eG{(30+30) 9 X(20e30)2JC(30)sVIT)eBIL20¢30)+E(30+30)9ALLMI30930)9SIWEINH
2308+30) WEINH
DIMENSION Y(30) ’

IrR=8
‘TW=% .

1 READ(IR+100O)INSPAN

WRITE(IWs110)

110 FORMAT(1H1I+11C/ )}

00 50 I=1,30

00 50 J=z1+30

50 BOO(IsJI=eD E
K=1 : WEINH
NS=0 _ . WEINH
MS=0 WEINH
I8=0 : WEINH
- Je=o . : : WEINH
C-----READ THE NUMBER OF BEAM SECTIONS N AND LUMPED MASSES M WEINH
2 READ(IRs100)IN ,
M=N-1 : WE INH

NBEAM(K) =N
NSTNS+NBEAMIK)
MBEAM(K )ZNBEAM(K)-1
MSZMS+MBEAM(K)

C~===-~-READ THE LUMPED MASSES

WRITE(IWs101)K ) ' ' WE INH
101 FORMAT(//»* SPAN®syI3»T18¢ *LUMPED MASSESY)

READ(IRY100) (MARRII)eI=1sM)
100 FORMAT ()

DO 3 I=1¢M

MALL (Ko I)=MARR(I}

3 WRITE(IWs103)MARRLL)

103 FORMAT(TU41+E13.6)



C--?-—READ THE DISTANCES BETWEEN THE LUMPED HASSES

. WRITE(IWs105)
105 FORMAT(/+T18+*LENGTH OF SEGMENTS®)
. TL=0.0
READ(IR+100) (L(I)sI=1sN)
DO 4 Iz2eN o : g
DIS(KeIY=L(I) ' . : WEINH
WRITEC(IWy 103)LCT} ‘ '
4 TL=TL+L (D)
READ(IRy100)EIL
 WRITE(IA9»106)EI : ’
106~ FORMAT(//+T18y*RIGIDITY VALUE®»TU10vE13.6)
CALL BMOD . .
‘1=0 Lo _ ' WEINH
Jz=n . . . g
9 ' I8=1Ik+1
S =5 £ 3 |
11 ‘JbizdJdg+1
JzJet
BOO(IBeJBIZBO(K»Ivd) . ' . . '
IF(JeLT.MIGO TO 11 . . _ WEINH -
IF(I-M)12+23013 c _ : ‘ '
12 JzJ-M ) WEINH
JBZJB-M ) , ' WEINH
GO To 9 : : ' .
13 IF (K~ NSPAN)xa.zl.zx : WEINH
14 K=Ke1 .
- IBzIB+1
: GO To 2
21 "WRITE(IWe107) _ i
107 FORMAT(//¢" MATRICES FOR THE®*/* CONTINUOUS BEAM®)
WRITE(IWe30G)
109 FORMAT(/+T1B+YCONNECTION MATRIX BO*)

JHBOZMS : .
1B0=NS~1 . ' WE INH
00 5 IB=1,»1IBO . . WEINH

5 HRITt(INleB)(BOO(IB-JB)oJB 1+JB0) ‘

108 FOGRMAT(TOIv4(EL346))

"C--=--ASSEMBLING ALL DISTANCES IN ONE ARRAY . - ' WE INH
K1=0 : o : WEINH
K=0 - . ’ ' . WEINH

15 1=0 : WE INH
K=K+1 e ’ . WEINH

.16 KT=KT+1 ' B . ’ WE INH
I=fe¢1 ' ' ' ‘ WEINH

LIKTIZDIS(Ks 1) , : WEINH



" IF(I.LT.NBEAM(K))GO TO 16 R ‘ WEINH

IF(K.LTNSPANIGO T0 15 WE INH

C----=~SET UP OF FLEXIBILITY MATRIX FOR MEMBER ENDS WE INH
NF=NSs-1 : . .

NES S : _ _ WE INH
I=1 ' : , . WEINH

6 K=1+1 . . WEINH
FMGIed)=(LCIVSLEKDIIZ L3, *EI). . WEINH
IF(I-NF)10s7¢7 WEINH

10 Jzd4l . i

: FM{LvJIZLIJI 7 L6 %ET) ] ’ WE INH
FM(Jes IIZFME1ed) : WEINH
I=I+1 . WEINH .
‘GO TO & . :

7 WRITE(IWs111) ' WE INH

111 FORMAT(/+T18s *FLEXIBILITY MATRIX®¢/+T18y*FOR HEHBER ENDS*)

‘DO 8 IZ1sNF . WEINH

8 WRITE(IWs108) CFMLIpd)sd=1sNF) : .

CALL BIM(NBEAM)
CALL TRIPNM(BIT+FMeBIsDyNPeNFeNFeNP) : WEINH
WRITE(TN9112) ' ’ WEINH

112 FORMAT(/+T718¢s*O-MATRIX"*)

DO 17 I=1sNP : WEINH

17 WRITECIWs108) (DCIsd)rd=1oNPY :

C-----INVERSE FROM MATH PACK WEINH

: WEINH

WRITE (IWs110) . :
vi1)c=3 . . WEINH
" CALL GJR(D+309309NPeNP23999¢JCoV) . K . WE INH
WKITE(IWs»213) _ WEINH

113 FORMAT(/+T18*INVERSE OF D*) : :

00 18 I=1sNP . , WEINH

18 WRITE(IWe108) (O(IsJd)sI=1sNP) :

CALL TRIPM(BIT+FMsBOO, G'NPvNFnNF'HS) ' WEINH
CALL TWICE({D»GoXeNPyNPI#S) WEINH
CALL TWICE(BIsX¢BIXINFyNPoMS) WEINM
D0 19 Iz1.180 WE INH
00 19 J=1+JBO WEINH
B(Le)=BOO(L o J)=BIXI, J) o .

19 BOT(JeI)ZBOO(TIvd) ' WEINH
CALL TRIPM(BOToFMsBsF JBO-NF-NF-JBO) WE INH
WRITE(IWy 114) . WEINH

114 FORMAT(/+T18e*FLEXIBILITY MATRIX F*) .

. D0 20 IZ1+JBO WEINH

.20 NRIIE(IleOB)(F(Ivd)nJ 1+ JBO)
K1=0 ) WEINH

Kz0 : . ‘ . . WEINH



25

26

118

27

115

22
116
23
117
24

©o99

999

I=0

KX+l

KTzK1+1

IzI+1

ALLM(KT s ¥T)ZMALL (Ko 1)
IF(I.LT<MBEAM(K))IGO TO 26
IF(K.LT.NSPAN)GO TO 25
WRITE(IWs1218)

FORMAT(/+T189 *MASS MATRIX®)

00 27 I=1,480

WRITE(IWs108) CALLM(IoJred=1y JBC)
CALL TWICE(F+ALLM9S+JBO9JBO+JIBO)

CALL ITERW(SsJBOsEVLY)

WRITE(IWy11E)

WEINH
WEINH
WEINH
WEINH
WEINH
WEINH
WEINH
WEINH

WE INH

WEINK

USING JACMX FRO& MATH-PACK TO CALCULATE EIGENVALUES AND EIGENVECTORS

"FORMAT (//+* RESULTS FROM MATH-PACK PROGRAM JACMX WHICH DETERMINES WEINH

1EIGENVALUES AND EIGENVECTORS®*e/¢*

CONLY FOR SYMMETRICAL SYSTEMS MAWEINH

2TRICLS)® e/ /) WEINH
ACC=z.000001
1T=400
CALL JACMX(S+E»309JBOrACCr»IT9$2291) WEINH
WRITE(IWY116)
FORMAT(T18y *THE MATRIX CONTAINS"»/¢T18+*THE E-VALUES ALONG'./leBo
U*THE DIAGONAL®Y)
D0 23 1I=1,JB0
WRITE(IWe108)(S(IvJ)ed=19JBO)
WRITE(IWs217)
FORMAT(/+T18+*THE MATRIX CONTAINS'e/¢T18+* THE E~ VECTORS'.)
D0 24 I=1.J8B0
TWRITE(IWe108)(E(]Isd)ed=1vJBO)
READ(IR+99)NO i WEINH
FORMAT (I 1) . WE INH
IF(NO)999+124999
CALL EXIT
C-=---SUBROUTINE TO SET UP THE CONNECTION MATRIX BO
SUBROUTINE 8MOD WEINH
DIMENSION RA(10)yRB(10} WEINH
C-—==~=SUPPORT REACTIONS WEINH
SL=0.0 WEINH
DO 520 I=1eM © WEINH
SL=SLsL(I) . WEINH
RACI)=(TL~SL)/TL WE INH
WEINH

520

RB(I})=1.-RALI)



530

532

533

534
535

536
. 537

538

J=1
SL=

rn

0.0

CI=m

"KNT=N .
SL=SL+L(KNT)
BO(KsIeJ)ZRB{J)®SL
IF(KNT=J=-1)534+534¢533
I=1-1
KNT=KNT-1
GO TO 532
IF(J-1)535+453£4535
I=1-1
KNTZKNT=-1
SLZSLSL(KNT)

BO(K+I 9»J)=ZRACJI «TTL-SL)

TF(I-11535¢537+535
JzJde1
IF(J-1-M)530¢5389530

- 'RETURN
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C—*t—-SUBROUTINEVTO SET UP THE CONNECTION MATRIX Bl FOR THE REDUNDANCIES WKEINH

(-

SUBROUTINE BIMIN)
DIMENSION N(30) .
D0 1 I=1+30

00 1 J=1,30
BI(Ivd)=eO
J=0
NEND=N{J+1)
JZJed
TL1=0.
TL2=0.
NSUM=NEND
KT=NENU-N(J)
KT=KT+1
TLI=ZTL1+LL(KT)
IF(KT-NEND)Ss 4ol
NEND=NEND+N(J+1)
KIzKT+1
TL2=ZTL2+L(KT)
IF(KT-NEND) S 77
SL=0.
I=NSUM=N(J)
RAZ1./TL1
RB=1./TL2

I=1+1
SLz=SLeL(I)
BIC(IsJ)=RAXSL
IFCI-NSUM) 8199149
SL=0.

WEINH

WEINH
EINH

WEINH

WEINH

WEINH

WEINH
WEINH

WEINH

WEINH
WE INH

WE INH
WEINH



-NEND=NSUMe&N(JI+1)
10 - I=I+1
SL=SL+L(I) )
EICIsd)=RE*(TL2~SL)
o IFC(I-NEND+1)10v11s11

11 CIF(J-NSPAN®1)2¢12¢12

12 WRITE(IWs 100)

100 FORMAT(/»118y*CONNECTION MATRIX BI®)
NP=NSPAN-1 ’ '
CO 14 I=1eNF

14 WRITEC(IWYLOD) (BL(Ivd)ed=1eNP)

101 FORMAT(TUI+6(EL3.6))
00 15 I=1sNF
DO 15 J=-1eNP

15 BIT(JrIIZBILIvd)
RETURN

“C-----SUBROUTINE TO MULTIPLY 2 MATRICES

SUBROUTINE TWICE(A»BePRyNAsNBsNC}
DIMENSION Ac30.30).3(30.30).Pat30.30>.C(sov
GO 601 I=1sNA
D0 602 J=1sNC
C(J)=0.
DO 602 K=1+NB
602 CUUI=CUJI+ACIsKI*BEKed)
D0 601 J=1+NC
601 PRE{I,»J)=C(I)
RETURN

(~==~=~<-SUBROUTINE TO MULTIPLY 3 MATRICES

SUBRQUTINE TRIPMIA'BsyCrPRsNA+NBeNCoND)
DIMENS ION A(so.so).et3o.3ox.c¢3o.30).PRc3o.30).zc:or.oun¢3o.30)
DO 601 I=1+NA
D0 602 J=3¢NC
2(3)=0,
D0 602 K=1eNB
602 ZUJIZZ(J)+A(TeK)EB(Ked) -
DO 601 J=IsNC -
601  DUM(Led)=Z(D)
DO 603 I=1+NB
DO 604 J=1eND
2(J)=0.
DO 604 K=1+NC .
604 Z(J)‘ZtJ)*DUMIIyK)*C(KcJ)
B0 603 JU=1sND
.603 PREIsUIZZHJY
’ RETURN
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-SUBRouTINE ITERWCAPNYEVLI X)) ’ ) WEINH

12

INTEGER L L ’ ) ' " WEINH
DIMENSION A€309303¢X(30)92(30) . ’ ’
K=0 : :

IE£=0

I15=1 !

KzZK+1

IEZIEL+MBEAMIK)

-00 13 I=I5eIE

13

14

XtI)=1, .
IF(K-NSPAN)» 15915
K=K+1
IS=IS+MBEAMLEK)
IEZIE+MBEAMIK)

DO 14 I=ISyI1E

X(I ):—1.

IF(K-NSPAN)+15¢15

KZK+1

“ISTIS+MBEAMIK)

60 To 12

K=0 :

K=K+l ’ , WE INH
D0 3 I=1sN . WEINH
2t13¥=z0. . : WEINH
0O 3 J=1eN WEINH
2CI)ZACL ) 2X(I)#2(L ) : : ’ ' . WE INH
CO 4 I=1sN ‘ WEINH
X(Iy=zt¢1y ) _ WE INH
L=1 : . WEINH
EVL=X(L} : : WEINH
0C 6 I=1sN ’ WEINH
X(I)=X(IV/EVL ' . WEINH
CRECKX=20. S ’

IF(K-CHECK) 24 . WEINH
WRITE(IWs7)K ' WEINH

\

FORMAT(//+* RESULTS FROM BASIC ITERATIVE METHODs» AFTER™¢I3¢* ITERA

TIONS®y /) :
WRITECIWy8IEVL ' WEINH
FORMAT(/»T189 "EIGENVALUE "+ T610E13.60/9T2E9*EIGENVECTOR®)

DO 9 I=1,N : 4 : WE INH
WRITE(IWy10)X(1) o WEINH

FORMAT(TU1+E13.6)
PISORT(1./EVL)

THIS IS CORRECT AS LONG AS EI+M ANO L OF THE SECOND'SPAN ARE
EXPRESSED IN TERMS OF THE FIRST SPANe WITH El19M AND L EGUAL TO UNITY

WRITE(IWs11DP , .
FORMAT (/91189 *FUNDARENTAL FREQUENCY®»Ty1+E23.6)

 RETURN WEINH





