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1 Introduction

This dissertation looks at some aspects of the representation theory of complex semi-simple Lie
groups.

Section 2 gives a brief overview of the theory of Lie groups and their corresponding Lie
algebras. We concentrate on Lie algebras since these are more tractable, describing their root
structures and fleshing out the examples of the three classical cases in considerable detail. We
then look at certain distinguished sub-algebras of semi-simple Lie algebras before moving onto
the key theorem in this section, the Theorem of Highest Weight. This provides a 1 — 1 corre-
spondence between certain roots, and irreducible representations of Lie algebras, and will be
used repeatedly in the sequel.

Section 3 provides a method of constructing representations of the classical groups “by
hand”. It is highly combinatorial, using a duality between S-modules and GL{V}-modules.
We start by using a combinatorial object known as a Young diagram to construct irreducible
representations of the symmetric group. Then using the duality and after some work we are able
to produce representations of certain subgroups of GL{V) - the classical groups. We parametrise
these representations with classes of Young diagrams.

Section 4 provides a second method of producing the irreducible representations of the clas-
sical groups, this time more geometrically and less explicitly. Representations are constructed as
the spaces of sections of line bundles of smooth algebraic varieties known as flag manifolds. The
Young diagram corresponding to the representation is shown to encode information regarding
the geometry of the flag manifold.

In Section 5 we change tack radically. This section locks at the structure of infinite-
dimensional highest weight modules known as Verma modules. These are in some sense the
simplest highest weight modules from which all others can be constructed. We use the Verma
modules to construct free resolutions of irreducible representations paramatrised by the Weyl
group and the Bruhat order.

Section 6 generalises the results of §4 using §5. Using an easy result on the cohomology of
the complex projective space P!, we are able to deduce the Bott vanishing theorem, and then
we derive the Borel-Weil theorem, the climax of the dissertation.

We finish off in Section 7 by taking a closer look at the geometry of the flag manifolds. We
find that the cohomology ring can be described as the space of coinvariants of the Weyl group
acting on the space of polynomials on the Cartan subalgebra. The Weyl group also parametrises
a decomposition of the flag manifold into disjoint cells — Bruhat cells. Their closures provide a
basis for the cohomology ring, and we finish by finding an algebraic construction of this basis.



2 Lie groups and Lie algebras

We give a brief summary of results and notation on Lie groups and algebras. For more detail see
[33], [34] or [28]. A Lie group is a topological group structure on a smooth manifold such that
the operations of multiplication and inversion are smocth. Standard examples of Lie groups
include

1. R™ and C™ with their normal topology and normal addition.

2.S', the unit circle in the complex plane, and C*, the complex plane with the origin deleted
are Lie groups under complex multiplication defined normally. Their cartesian products (S")™
and (C*)™ are the real and complex tori.

3. Let V be a complex n-dimensional vector space equipped with a Hermitian form ().
Given a linear operator x : V — V we define its adjoint to be the operator x* such that
(x(v),w} = (v,x*(w)) for all v and w in V. We now define the Lie group

U(V) ={x € Aut(V)|xox* =e}.

If we let €3,...,en be a basis for V such that (ey, ;) = 83 then it follows that
UV)=UC= {X € Aut(C™) 1xoxh o e} ,

where Aut(C") is the set of invertible complex 1. X n matrices and x" is the conjugate transpose
of x. This is known as the unitary group. If we impose the additional condition that the
matrices have determinant one we have the special unitary group SU(V).

We can also defineSL,, C = {x € Aut(C™)| det(x) = 1}, the complex special linear group.

4. Let V be a real n-dimensional vector space with a non-degenerate symmetric form Q. As
in the above example we can define the adjoint to a linear operator on V. We then have

O(V)={x € Aut(V)|xox* = e},

the orthogonal group. Complexifying V to V& = V ®p C and extending the form Q complex
linearly we have the complex orthogonal group

oV = {x € Aut(VE) |xox* = e} .

As above we can construct a nice basis with respect to the form in which case it follows that
we are looking at matrices which result in the identity after acting on their transpose. These
groups are not connected topologically. For the most part we will concentrate on the connected
component containing the identity: the special orthogonal group SO(V) of matrices with deter-
minant one.

5. Let V be a 2n-dimensional vector space with non-degenerate skew-symmetric (symplectic)
form w. It is necessary that V be even dimensional for the form to be non-degenerate. As before



we define

SP(V) ={x € Aut(V)|xox* = ¢}, and
SP(VE) = {x € Aut(VE) |xox" = e} .

Let e1,...,e2 be a basis for V such that w(ei, enyy) = 835 and w(e;, e5) = 0 for i and j between
1 and n. Then we can write the symplectic form in terms of Q as

w{v,w) = Q(v,Jw), where | = (_(i Ig‘) .

From this it follows that
SP(V) = SPnR = {x € Aut(R?™)|xto Jox = e} , and we also have
SP(VE) = 8P, C = {x € Aut(C™)|xtoJox = e} .

The Lie groups in the last three examples are the classical groups and their complexifications,
three families of compact Lie groups named and intensively studied by H. Weyl. We rewrite the
groups in terms of canonical bases since this is useful in describing the structure of the group
in more detail later. There is a close relationship between the representations of a compact
Lie group and its complexification, which comes out of Weyl’s unitary trick, which implies that
their representations are in 1 ~— 1 correspondence. So by studying the complexifications we
obtain a lot of information about the classical Lie groups. We will thus concentrate on complex
Lie groups, those where the underlying manifold has a complex structure and the operations of
multiplication and inversion are holomorphic.

Given a Lie group G, we choose an x € G and define the following natural maps:

L,:G—G:grx-gand Cx:G o G:grix-g-x"\.

Denote by TG the tangent bundle over G, and refer to sections of TG as vector fields on G.
A vector field X on G is left-invariant if the following diagram commutes for all x € G

TG 2276

]
G—2-G

We have a representation of G on the complex vector space of holomorphic functions from
G to C known as the regular representation. The G-action is given by

Using this we construct an isomorphism between T.G, the tangent space to G at the identity,
and LTG, the space of left-invariant vector-fields on G. Define maps

PTG =T .G: X X, and
¢ : TG — LTG : X - X where Xf(x) = XL 1 f).



These are clearly inverse to each other. We refer to either of these vector spaces as g. It is
the Lie algebra associated to the Lie group G. Given an x € G we have the map dCy : TG — TG.
This preserves left-invariant vector fields and so it pushes down to g. We then have a map

Ad: G = Aut(g) 1 x = dC,.

This is a representation of G on g, the adjoint representation. Taking the differential of this
map we obtain

ad :=dAd: g — T Aut(g) = ver(g).
This gives us our Lie bracket on g: [X,Y] =adx(Y) for X,Y € g.

2.1 Semi-simple Lie algebras

As one would expect, the complexifications of the Lie algebras of the classical groups are the Lie
algebras of their complexifications. Now that we have given a brief description of the relationship
between a Lie group and its Lie algebra we specialise drastically to the semi-simple case.

Before describing the semi-simple Lie algebras, there is another important class of Lie alge-
bras which we will encounter,

Definition 2.1 Let ¢® =g, g' = [g, gl and g**! = [g*, g¥]. Then we have a decreasing sequence,
the commutator sertes,

g=g°2¢g'D...
g is solvable if g = 0 for some k.

There is a subset of the solvable algebras subject to a stronger condition,

Definition 2.2 Let go =g, g1 = g, gl and gi+1 = [8, gil. Then we have a decreasing sequence,
the lower central series,

g=g0 2812 ...
g is nilpotent if g = O for some k. Clearly g* C gy so all nilpotent algebras are solvable.

A subalgebra of a Lie algebra is a subspace a C g such that
la,a] Ca.

An ideal is a subspace b C g such that
lg,blCb.

Definition 2.3 A Lie algebra is simple if it contains no non-zero ideals and is non-abelian (to
exclude trivial one-dimensional algebras).

Definition 2.4 A Lie algebra is semi-simple iff it has no non-zero solvable ideals.

This is a fairly opaque characterisation, but there are better ones. Given any Lie algebra define
the Killing form
B(X,Y) = tr(adx c ady])

on g. This satifies B([X,Y],Z) = B(X,[Y,Z]) for any X, Y and Z in g and so is an invariant
bilinear form. We have



Theorem 2.5 Cartan’s criterion. A Lie algebra g is semi-simple iff the Killing form for g
is non-degenerate. M

As a consequence of this we have that for any ideal a in g, g = a @ al where al is the ideal
which is the orthogonal complement of a. Thus every semi-simple Lie algebra splits into a direct
sum of simple Lie algebras.

Simple complex Lie algebras have been classified and this classification consists of five ex-
ceptional Lie algebras together with three infinite families:

1.5ln C = {X € end(C™) | tx(X) = 0}
2.50n,C = {X € end(C™) [ X+ X* =0} for n#2or 4, and

3.5 C= {X € end(CM XY + X = 0} with ] as above.

These are the complex Lie algebras corresponding to the classical groups (where we exclude
502 C and 504 C since these algebras are not simple). Since our classification is so neat it would
seem as though our job is almost done, but this is not the case. There is a tremendous richness
of structure present and an elaborate general theory. Our emphasis will be on concrete examples
in the beginning with general results creeping in gradually.

We turn to analysing the structure of these Lie algebras. First we state without proof some
basic results on representations of sl;C. This is the simplest semi-simple Lie algebra, and
all other semi-simple Lie algebra can be thought of as built up out of representations of this
simplest case.

First we construct a basis for s> C:

W10 (o1 [0 o0
o -1 *=\o o Y= oo
with multiplication table

[h,x] = 2x (h,yl = -2y x,yl =h.

Theorem 2.6 [28] Up to isomorphism there exists a unique irreducible sl; C-module of each
positive dimension. Let X be an irreducible module of dimension m + 1.

1. Relative to h, X is the direct sum of one dimensional weight spaces with weights X, for
p=mm-2,..., —(m-—2),—m.

2. X has a unique (up to scalar multiplication) highest weight vector, say vo € Vm, with
weight m.

3. Setv_y =0 and v; = (1/i)utvo fori > 0. Then we have

hovy =(m — 21)v;, (1)
yvi =i+ Nviga, (2)
xvi=(m—1i+1)vi_;.M (3)

Working with a arbitrary semi-simple Lie algebra we generalise h, x and y. A Cartan
subalgebra b of ¢ is a maximal subalgebra of g consisting of semisimple (diagonalisable) elements.
These must exist by dimensional considerations and it turns out that they are maximal abelian.

5



We have considerable freedom in our choice of fj; however once we have chosen an § we consider
it fixed.

Let Hy...Hn be a basis for fj, and let i : g — end(V) be a representation of g. Since the
Hi’s commute and are semisimple we can simultaneously diagonalise V into eigenspaces with
respect to the action of . So

V= (P Vi where Va={ve V|Ph(H) v=A(H) v for all H € )

weights

where weights are linear functionals A € h* such that Vj # {0}.
In the special case of the adjoint representation of g on itself, we refer to the weight space
decomposition as the root space decomposition and define

A ={ roots of the adjoint representation }
={A € h* |ga # 0} where gr ={x € g|[h,x] = A(h)x for all h € b}

and so
9=000 P 9«
aEA

It turns out that go = b since any O-weight spaces clearly commutes with h and so must
be contained in h if b is to be maximal. The root space decomposition is important because it
contains large amounts of structural information. If A is a weight of 1 with weight space V;
and if & is a weight or O then

Vato A+ o is a weight
daac { e ()

One easy consequence of (4) is that Bjyxy is non-degenerate (by invariance). From this it
follows that for all @ € A there exists an Hy in h such that a(H) = B(H, Hg) for all H € §. We
can also construct a form on §* using the Killing form. Define

(A, p) == B(Hx, Hy). (5)

This gives a bilinear form on §. We set [A| = \/z)\,?\). It is a fact that the roots span b™.
However we can also look at the real span of the roots, which we denote hr. We have =
hr ®r C = hg ® ihg.

Since we know that the roots span §p it is natural to ask whether or not they form a basis.
The answer is no, however we can fairly naturally (though not uniquely) choose subsets which
do form a basis. To do this we first pick a generic element of hg. By generic we mean one which
is not perpendicular to any of the finite number of roots. This acts as a linear functional on bz,
and so we can classify roots as positive or negative according to their value. We then define a
(positive) root as indecomposable if it cannot be written as a sum of other positive roots. We
denote by TT the set of indecomposable roots, which we also refer to as the simple roots. These
form a basis of hr under R and span the root system of g under Z. Note that the simple roots
determine and are determined by the positive roots.

We have said that any semi-simple Lie algebra can be thought of as a collection of repre-
sentations of sl C strung together. We flesh out this claim as follows,



Definition 2.7 Given x € A and € AU{0}, define the a-siring containing P to be the set of
all members of AU{0} of the form P + n«x for n in Z.

Proposition 2.8 The following hold:
1. all roots and weights are real-valued on bg.
2. If a is a root then so is —« and no is not a root forn > 2. dimgy = 1.
3. If « is a root and X« and Yo are representatives of g« and g—n respectively then

[x(xsyac] = B(mem)Htx- (6)

4. Given « and 3 as in Definition 2.7, the x-string containing B has the form B + n«x for
—p<n<qwherep,q>0 and

(o, B) _, (o, B)

Pa= i T Halr)

czm )

Let g* be the subalgebra of g generated by x4, U and H,. We normalise so as to create a basis
which can be mapped isomorphically to our basis for si>C.

he = OC(H“} He X = Xex Yo = Y (8)

Mapping he — h, X +— % and yx +— y provides the recquired isomorphism. Equation (4)
together with the above theorem then implies that each «-string is a representation of g*. Re-

placing by P + n« for choice of n such that B({he) is maximised, (7) can be reinterpreted as
saying

the a-string containing B is isomorphic to the representation of s1;C of dimension B(he).
We now introduce the Weyl group W. This is the group generated by reflections in hyper-

planes in hy perpendicular to the roots. So given a root & € A and an arbitrary element A of
b* we define

oalA) —..:A—z%-%oc
=A~ (¥, N

where oY = 2-&—5&3 By definition the Weyl group is a subset of the orthogonal group for the
Killing form. It turns out to be finite and in addition leaves the set A stable.
For future reference we include the definitions,

Definition 2.9 Define & € b* to be algebraically integral if ((b,ociv) € Z for all x; € Tl. We
say ¢ is dominant if (¢, ;) > O for all @y € TI. Denote by P the semigroup of dominant
algebraically integral weights.

In the case of the classical groups, the root systems and Weyl groups are as follows:

A, zerbHC



We set €1,...,eny1 8s a basis for R™? and find that fg is isomorphic to V = {v €
R™Y{v,e1+...+eny1) = 0} This follows from choosing § to be the space of diagonal matrices,
on which we have the condition that the trace is zero.

As a basis for h we use Hi = Eij — Ejy1341 for i =1...n where Ei; has a 1 in the (1,5)t
entry and zeroes elsewhere. We then calculate

[H, Eqzl = (es(H) — ej(H))Eqy
where
hy
21 =h
hn

Thus if we write gi; for CE;; we have the root space decomposition

g=he Z gij
i
with root system A = {e; — ;|1 # j}.
From this we calculate the Weyl group as follows,
Sei-e; (€1 —€j) =€5— ey
Se;—¢; (€1 — 1) =€; — e where | is assumed not equal to i or j
Se;—e (€x — €1) =ex — e, where 1 and j do not equal k and 1.
So reflection in the root e;— e; simply permutes e; and ej, and the Weyl group of sl,,,1C is &y,
Our standard choice of simple roots is TT ={ey —e3,...,en —eny1}
One consequence of the classification of complex semi-simple Lie algebras is that a knowledge

of the simple roots I, and the conformal structure of the vector space ) are enough to determine
g. Thus each semi-simple Lie algebra is uniquely determined by its Cartan matrix

(cy5), where ¢y = (i, o),

where oy ranges over all of TT. Using the Cartan matrix we can construct the more interesting
Dynkin diagram. This is a graph which has as its nodes the simple roots, and whose edges are
determined by the cj; according to the rules,

1. o4 # «; are connected if and only if {0y, oc}") #0

2. ¢ Eiff(oc,[?zv}=—~l
g—>s iff e, BY) = ~2 and (8, V) = -1 ®)

&EB iff (ex, BV) = —3 and (B,ocv) = ]

Considering the case at hand, we have (e; — €11, (€41 — €j42)") = —8y for j > i. Thus the
Dynkin diagram for A, is

L ] L L] L e
ey —ey ey —e3 €3—€y4 €n.1—En €n—€n 1



By =50741C:
This Lie algebra can be defined in twe ways; corresponding to the two canonical bases that
can be defined with respect to Q:

Qlei, enty) =0y for 1 <1,j <y Qleznsr,e2n1) = 1, and
Q(fy, f5) =6y for all i,j between 1 and 2n+1.

Thus we have

50m11C = {X € end(2n +1,C) X+ X* =0} = {X € end(2n + 1,C)X'M + MX =0}

where
0 In O
M=l 0 0
0 0 1

Using the second form of s07n,1C we obtain H; = Ei; — Enqqjnyi for i =1...n for hr. By
analysing the adjoint action of § on g we obtain A = {£e; & ¢;/i < j} U {%ei}. The resulting
decomposition of g into weight spaces is

fey—e; = C[Ei,j - En+j,n+i)

Bei+ey = C(Ei,n+j - Ej.n—}-i)

Gei—e; = C(En+i,j - En+j,i)
fe; = C(Ei,znﬂ = Em+inti)
8-e; = C(Ensi2ne1 — Eanpii)

The simple roots of 502,+1C are TT = {e1 — €2,...,en-1 — €n,&n}. If we think of the Weyl
group as acting on the alphabet of signed numbers from 1 to n then it is generated by permuting
the numbers as before, and the new roots of the form Z:e; have the effect of changing their sign.
One way of describing this formally is

W={we Guiwi)+wi2n+1—1) =2n+1 for all i}.

We interpret this by noting that any w in W is determined by its values on 1...n. The
characters n+1,...,2n are the negatively signed values.

Drawing the Dynkin diagram for B;, is identical to the previous case except for the last

simple root where we have {en_1 — en, ) = —2. So we have
F ] [ Y ...................4.”.......==:>.
e)—ey €;~€3 e3—ey en-1—€n €n
Cy =5p,,C:

This case is very similar to that above. The Hi’s take the same form as for By, and the roots
differ only slightly:
A ={te;tej|i<jiui{t2e.



The simple roots are as for By, with 2e, replacing e,,. The weight spaces differ subtly. ..

Ber—e; = ClEij = Enpynei)

Oei+e; = C(Bints + Ejnti)

G—e;—e; = C(En-ﬂ,) + Enyj, i)
92¢; = C(Einti)
G2e; = (:{ T+, 1)

and the Weyl group is exactly the same by the same reasoning as above. However we can
interpret it slightly differently to better reflect the root structure:

W = {w € Gonsr [ W(i) +w2n+2 — i) = 2n + 2 for all i}.

Since w{n 4+ 1) = n+ 1 we have again that w is determined by its values on the first n
characters.

Once again since the simple roots are mostly identical to the two previous cases, the Dynkin
diagram looks similar. In this case the final root is 2e, and (en—1 — en, (2en)Y) = —1,
(2en, (en—1 — €n)V) = =2, giving

® [ ] ®

® mmmTm——

€y —ez €z2—e3 €3—ey €n1—€n 2en

Dy =505,C
We write this in the form {X € end(2n + 1,C} | X*M 4+ MX = 0} where in this case

(0 In
M= %)

Although this locks similar to the two previous cases we have looked at, it is different from
them in a number of ways, and has a considerably more complicated representation theory.

The roots are A = {+e; + ¢;|i < j} and the simple roots are 1T = {e; — ez,...,en-1 —
€n, €n—1 + en}. The roots don’t appear unusual, but already from the simple roots we start to
realise that Dy, differs more from By, and Cy, than they do from each other. The Weyl group is
again an extension of &x but this time we are only able to do even sign changes — ie change the
sign of two letters at once — since there are no roots of the form +e;. The Weyl group is thus

W={we Gy iwi)+w(2n+1—1) =2n+1 for all i,

and the number of 1 < n such that w(i) > n is even}.

This is as in the previous case, with the additional condition imposed to ensure only even
sign changes are allowed.

Calculating the Dynkin diagram is much the same as before with the difference that here
we have two strange roots tacked on at the end. Looking at the relevant Cartan matrix entries,

(en—2—en—1,(en1—€n)") =—1 (én—2—e€n-1,(en1+€n)”) =—1 and

(en—l ~en,(en-1 + en)v> =0
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so that the Dynkin diagram is

@€ .1 1+En

. . . . .
€y —ez € —e3 e3—€4 €n—2— 1

*
€r ) —En

2.2 Borel subalgebras

We define a Borel subalgebra b of g to be a maximal solvable subalgebra of g. Once we have
chosen a Cartan subalgebra h we can add the condition that the Borel subalgebra contain §, in

which case choosing a Borel subalgebra is equivalent to choosing a system of positive roots. We
then have

b=h®nwheren= @ O
acAl(a.h)

A parabolic subalgebra is an algebra containing a Borel subalgebra. Once we have fixed a
Cartan subalgebra and a positive root system, the choice of parabolic subalgebra is equivalent
to a choice of a subset of TT. This can be seen by thinking of the simple roots as a collection of
generators,

Given g, b, T1, let T, be a subset of TI. We then have

A(l,h} =span(TTy) N Alg, b)

with [=h&® @ ge @ reductive subalgebra of g
xeALb)

A reductive Lie algebra is one in which any ideal has an orthogonal complement. This is
more general than a semi-simple Lie algebra since the decomposition of the algebra now possibly
contains trivial one-dimensional ideals — thus a reductive Lie algebra may have a non-trivial
centre which is impossible in the semi-simple case.

[ =1I,Il + [z where |7 is the centre
=I5+ [z where I is semi-simple of rank |TTy|

We now finally arrive upon p={du=18 @ [+ P
xeA! {g,h)-A[L5)

So a parabolic algebra breaks down into a reductive Lie algebra summed with a nilpotent
Lie algebra. In the extreme case of a Borel algebra, the reductive part is the Cartan subalgebra,
and the nilpotent part consists of the upper-triangular matrices.

Since parabolic subalgebras correspond to subsets of T1, it is possible to depict them using
Dynkin diagrams. We put x’s for simple roots which are excluded and e’s for simple roots
which are included. We reserve the notation p* for the parabolic subalgebra corresponding to
the single simple root «.
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Some examples are,

(/o o o o 3
0O o o o
afa ala ale 310 0 o e € sl(4,C) } = b, the Borel subalgebra.
L\0 0 0 = )
(/o o o o\ 3
e o o _
e1>—.—62 32>.<_g3 333(.24 = 4 0 0 o o 65“4,@) ?=pe‘ ez,
L\0 0 0 )
( (n e o s A
e s o o
s, =4 |0 0 e
0 0 0 e

2.3 Verma modules

We now wish to to look at the representation theory of semi-simple Lie algebras. Our basic tool
for later use will be the Theorem of Highest Weight; which is proved using the theory of Verma
modules.

Definition 2.10 Let p:=1/2(} ,ca1 &) € b*.

Given A € b*, let Cx be the 1-dimensional irreducible b-moedule where § acts via A and n acts
trivially.

Theorem 2.11 Engel. [34]. Let V be a finite dimensional vector space and n a Lie algebra of
nilpotent endomorphisms of V. Then

(a} n is a nilpotent Lie algebra,

(b) there exists a non-zero v € V such that x(v) =0 for all x € n, and

{c}) in a suitable basis of V, all x in n are upper triangular with 0 on the diagonal. B

Theorem 2.12 Lie. [84]. Letb be solvable, let X # 0 be a finite dimensional vector space and
let p:b — end(V) be a representation of b. Then there is a simultaneous eigenvector x # 0 for
all elements of p(b}. M

By Engel’s theorem, given any representation of a nilpotent Lie algebra n, we can form a flag
of subspace of V,
dcWiCc...cUp=V

where dim U = 1. We do this inductively as follows. Let U; be the line generated byav eV
such that x{v) = 0 for all x in n. Then V/U; is a representation of n and we can find a line in V/1l4
sent into zero — ie into Uy — by n. Similarly for all k < n. Thus all irreducible representations
of n are trivial. Similarly Lie’s theorem shows that all irreducible representations of solvable
Lie algebras are one dimensional and so all irreducible representations of b are of the form Cj
for some A.

We now wish to demonstrate a useful class of infinite dimensional g-modules, but before we
can do this we need to construct the universal enveloping algebra of a Lie algebra.
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Definition 2.13 Let g be ¢ finite dimensional Lie algebra and let

(5] k
T(9)=C@9®(9®9)@...=Z(®9)

k=0

be the tensor algebra of g with multiplication given by the tensor product. Now consider the

two-sided ideal | generated by all (x @y —y & x— [x,y]) for x andy in g. The quotient U(g) =
T(g)/] s the universal enveloping algebra of g.

There is a canonical embedding of g into the tensor algebra T(g) and this pushes down to the
embedding

t:g— Ulg).

This is an embedding by the Poincaré-Birkhoff-Witt theorem, see §5.3, the fundamental result
on the universal enveloping algebra.

Definition 2.14 The Verma module V{A) is then defined to be
V(A) == Ulg) @y Crp

where U(g) is the universal enveloping algebra of g. Ifn™ =P a1 §—a then V(A) = U(n7)&¢
Ca—p as an™ or h-module. As a n~-module it is free on one generator.

Verma modules are useful because they are universal highest weight modules and can be used to
construct irreducible representations. Let V be a g-module. A weight vector v € V is a highest
weight vector if n-v = 0. V is a highest weight module if it is generated by a highest weight
vector. It follows that in this case the highest weight vector is unique up to scalar multiple; we
say its weight is the highest weight of V. We have in this case that all the weight spaces of V
are finite dimensional.

Verma modules are characterised amongst highest weight modules by the universal property:

V{(A) is the universal highest weight module with highest weight A — p in the sense that if X
is a highest weight g-module and x € X is a highest weight vector with weight A — p then there
erists a unique surjective g-module map VIA) =2 X: 1@ 19— x.

Often, and especially when working with Verma modules it is convenient to change per-
spective, and to think of representations as g or U(g)-modules. An irreducible representation
is then a simple g-module; and the property that all finite dimensional representations of g are
completely reducible merely states that all finite-dimensional quotients of U{g) are semi-simple
algebras (see §3.1).

One constructs irreducible highest weight representations by quotienting out all the proper
submodules of V(A + p) giving (for certain choice of A) a simple finite dimensional g-module
R(A+ p). Using Verma modules one can prove the

Theorem 2.15 Highest Weight. Up to isomorphism the simple finite dimensional g-modules
are in 1 — 1 correspondence with dominant algebraically integral linear functionals A € h*. The
linear functionals in B correspond to highest weight vectors in the irreducible representations.
{a) A depends on the simple system T1 and not on the ordering used
(b) the weight space R(A + p)x is one dimensional.

13



(¢) each root vector xx, & € A™ annihilates the members of R(A 4 p)», and the elements of
R(A+ p)a ere characterised by this property.

(d) every weight of R(A + p) is of the form A — ZL, nyo; where 1 > 0 and oy €71,

(e) each weight space R(A+p)y has dim R{A+ plyy = dim R{(A+ p), wherew € W and each
weight 1 of R(A+ p) has |u| < |N; with equality only if pe W-A. R
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3 Weyl’s Construction

In this section we explicitly construct representations of the classical groups as quotients or
subspaces of the n-fold tensor product of the standard representation following [15] and [16].
We do this using a duality between representations of the classical groups and Gy, the symmetric
group on k letters.

3.1 Semi-simple algebras and commutators

First some basic facts about associative algebras, for proofs see [20].

Definition 3.1 By an associative algebra A we refer to a vector space over C equipped with o
bilinear multiplication map such that x - (y-z) = (x-y) -z for all x, y and z in A. In addition
we recquire that there exists an identity element e such that x -e =e-x=x for allx € A.

Definition 3.2 An associative algebra A is simple if it has 0 and A as its only two-sided ideals.
‘We have the following theorem,

Theorem 3.3 Wedderburn. The associative algebra End(V) is simple for all finite dimen-
sional complez vector spaces V. Converseley giwven any simple finite dimensional associative
algebra then there exists a complex vector space V such that A ~ End(V). B

~ (Note that by End(V) we refer to the associative algebra with multiplication defined as compo-
sition, not the Lie algebra end(V) with multiplication defined as the Lie bracket.)

A semi-simple associative algebra is an associative algebra which is isomorphic to a direct
sum of simple algebras. Thus by Wedderburn’s theorem

D: A= @End(\/’i)
i€l
The maps 7;® where 71 is projection onto the i*® matrix algebra give irreducible representations
of A. Let
i=00...0 1v®...00
and set e; = ®~'(E;). These act as operators on A. Clearly they are in the center of A; in

addition we can see that they are idempotent. We have A - ¢; =~ m;®(A) = End(V;) and so the
irreducible representations of A are obtained by multiplying A by distinguished elements.

Proposition 3.4 The representations (7@, V;) are distinct, irreducible, and ezhaust the set of
irreducible representations of A. B

Any representation of a semi-simple algebra breaks down into irreducible representations. If
we consider A as an .4-module, then the submodules of A are sums of irreducible representations,
corresponding to

A- (Z' 8ie;) where §; is equal to O or 1.
iel
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Lemma 3.5 Schur. If (p,V) and (1,W) are irreducible finite dimensional representations of
an associative algebra A then

_J € 'V and W are isomorphic,
Hom4(V, W) =~ { 0 otherwise. "
Proposition 3.6 Given an associative algebra A, if a finite-dimensional representation (p, W)
of A is completely reducible then p(A) is a semi-simple algebra. W

Given a group G, we can form the group algebra C[G] as follows. Let C{G] be the set of
complex valued functions with finite support. This space has basis {64] g € G} where

_ 1V ifx=g,
8g(x) = { 0 otherwise.

We define multiplication on the basis as 84 - 8p = 841 and extend linearly. It is clear that
the C[G]-modules and representations of G are equivalent. Since we know that representations
of finite groups are completely reducible, we have that the group algebra of a finite group is
semi-simple by Proposition 3.6.

Now given a finite group G — which in practice will be the symmetric group — and a right
A = C[Gl-module U, let B = Homg (U, U). B is the algebra of all operations on U commuting
with G and is referred to as the commutant of A. It has a canonical left-action on U which by
construction commutes with the A action. Since A is semi-simple, U breaks down into a direct
sum of irreducible A-modules, U = @; Ui*. Schur’s lemma implies that Homg(U¥, U?"} R
End(C™) if i = j and that it is trivial otherwise. Thus

B= @Homg(u{‘t,u?} = @End(@“*).
1 1

Theorem 3.7 Let U be a finite dimensional A-module.

1. For any ¢ € A, the canonical map URa A-c — U-c is an isomorphism of left B-modules.

2. If W= A-c is an irreducible left A-module, then U Qs W = U - ¢ is an irreducible left
B-module.

3. If Wi = A« ¢y are the distinct irreducible left A-modules, with my the dimension of W;
then,

U= GB(U. ®aW)E™ ~ @(U ccy)®m
i i

is the decomposition of U into irreducible left B-modules.

Proof.
1. Since A is semi-simple, A - ¢ can be thought of as a representation of A and so is a direct
summand of A. Consider the following commutative diagram

U@sA—S>UQAA c—=U®aA

P

u - U-c u
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where the vertical map take u® a — u- a; the left horizontal maps are surjective; and the right
horizontal maps are injective. Then since the left and right vertical maps are isomorphisms, it
follows that the middle vertical maps is also.

2. First consider the special case where U is an irreducible A-module. Then B = C and it is
sufficient to show that dimU ®a W = 0 or 1. Since A is semi-simple we have an isomorphism
A 2 ;End(C™) between A and a sum of matrix algebras. W is a minimal left ideal of A.
So ${W) is a minimal left ideal in a sum of matrix algebras. This implies ¢ (W) is zero in all
except one matrix algebra; and in that algebra it is zero everywhere except for one column.
Similarly U is a minimal right ideal, and so can be identified as a single row within one of the
matrix algebras comprising A. So U®a A can either be zero, or consist of those matrices which
are zero everywhere except in one row and one column of a single summand — in which case it
will have dimension one.

In general U decomposes into a sum of irreducible right A-modules, so

Uea W =PUi@a W)™ =C®™
i

for some k where the summands coincide as above. This is clearly irreducible over B =
P, End(C™).
3. Break down A into irreducibles as A =~ @), W™ . This gives the chain of isomorphisms

Um=URxA=URQa (@W) %@(u®j\wi)@m{ § |
i

We apply this theorem to find the irreducible representations of SL(V}, SO(V) and SP(V).
The first case is the easiest, since SL(V) is just the subgroup of GL(V) consisting of matrices
with determinant one. We will show that the categories of GL({V) and &,, modules are dual to
one another (in the sense that their group algebras are commutants).

First we need to find a module which supports the action of &y and the classical groups.
We form the tensor product

Ve =V®...QV.

This carries a left action of GL(V),
g-M®...8v)=(g-v)®...0(g vn)
as well as a right action of &,
VI®...0VW) 0=V ®...® Vs
These clearly commute since they are left and right actions, however more is true:

Proposition 3.8 Let U be the right C[Gn]-module V™. Then the commutant B = Home,, (U, U)
is the linear subspace of End(V®™) spanned by End(V). A subspace of V™ is a B-submodule
iff it is invariant under GL(V).

Proof. Given a finite dimensional space W, Sym™(W) is the subspace of W®™ gpanned by all
w®...®w for w € W. Setting W = End(V) = V* ® V it follows that

End(VO™) = (V¥)®" @ VO = Wen,

17



Thus we see immediately that the algebra of commutators for G, is equal to Sym™(End V).
This is spanned by n*? tensor products of elernents of End(V). GL(V) is dense in End(V), and
50 the condition on invariance follows. M

Thus Theorem 3.7 is applicable to this situation and using the decomposition of V®™ into
irreducible &,-modules it should be possible to find its decomposition inte GL{V}-modules.
From this we can easily obtain irreducible representations of SL{V).

The symplectic and orthogonal groups are more difficult, since they are not commutators for
Gn. To get around this introduce additional operators extending the group algebra as follows:

Given a pair | ={p < g}, define the map

Qp: Ve 5 VM2 @ v, Vo, Vg1 ®... 89, ®...0%®...0v..  (10)

for (vp,vq) equal to either Q(vp,vq) or w{vp,vq) depending on the case. Now given either

a quadratic or symplectic form, there is a canonical basis cousisting of either e1,...,e2m or
€1,...,€2ms1. Define
=3 (ei®empi+emii®e) + (€2mi1 ® €zms1) (11)
in the orthogonal case (dropping the last term for SOz, C), and
V=) (ei®emii—emii@ey) (12)

in the symplectic case. Now define
Wy vem=2 L, yen (13)
to be the map inserting 1\ in the p*®, q** positions; and
B =VYio®;: VO 5 VO, (14)

We will study these operators in more detail later on in this section, but for now we highlight
their importance with

any endomorphism of V™ that commutes with all permutations in Gy, and all the operators &,
is a finite linear combination of operators of the foom A® ... ® A for A € SP(V) or S80(V).

3.2 Young diagrams and representations of G,,

So before looking at representations of the classical groups, we need to first find a way of
producing representations of &,,. We do this using Young diagrams. These are combinatorial
objects consisting of a collection of boxes arranged in left-justified rows, where the lengths of
the rows are weakly decreasing.
The collection of Young diagrams with n boxes is in 1 — 1 correspondence with partitions
of n: given a partition
A+ ...+ A =n where A € Nt

we may as well assume that Ay > ... 2 Ay > 0 and so we write A = (Aq,...,Ay) for the
corresponding Young diagram consisting of k rows of lengths given by the k-tuple. Write Al
when A partitions n, and denote by |A] the sum of the lengths of the rows in A. Given a Young
diagram A, we have the conjugate A given by swapping the rows and columns. In Figure 1, the
12 and 3" diagrams are conjugate.
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Figure 1: Young diagrams
2l i 2
2 14 314 3

Figure 2: Young tableau on A = (3,2)

Definition 3.9 A Young tableau is a filling of the bozes with natural numbers such that the
filling is

1. weakly increasing along each row, and

2. strongly increasing down each column.
A standard tableau is a filling in which the numbers are chosen from 1,...,|A| with each number
occuring once.

123 1lsja] T1l3]s
4 s ERE 2 4

Figure 3: Standard fillings of A = (3,2)
Given a Young diagram A F n with standard filling T, define two subgroups of Gn:

R(T) = {o € &, |0 preserves each row}

C(T) = {v € 6|0 preserves each column}

We now introduce three distinguished elements of the group algebra C[G,]. These are the
Young symmetrizers; defined as

ar = Z €p, br = Z sgn(q)eq,

pEeR(T] qel(T)
and ct =bt. arT.

The image of ¢t on C[G,] by right multiplication is a representation of C[Gn]. We claim that it
is an irreducible representation, and that all the irreducible representations of &,, are obtained
in this way.

The Young symmetrizer ¢t is used to construct irreducible representations of &,;, known as
Specht modules. Set $* = C[G,] - ct. We can do this since C[Gn] - ¢t = C[G,] - ¢y for any
two standard fillings T and T’ of A, First note that we can always find a ¢ € &y, such that
T' = oT. Then R(T’) = oR(T)o~! and so ay/ = cayo~". Similarly for by and cy. Now to
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construct the isomorphism, given x € C[&,], map x-c1 = ox - c76™ = ox0 'cgT = X C17.
This respects the C[Gnl-module structure and is easily seen to be an isomorphism since it has
as inverse conjugation by o™,

So for each partition A of n there is up to isomorphism a representation S?; since these
partitions are in 1 — 1 correspondence with conjugacy classes of &y, it is sufficient to show that
the SM's are distinct and irreducible. From here on we write ¢, ignoring the choice of filling,
since we are concerned only with the isomorphism classes of the representations generated.

We introduce the lexicographic ordering on Young diagrams:

A > u iff the first nonvanishing A; — 1 is positive.
This is a linear ordering. The following lemma is proved in [16].

Lemma 3.10 IfA> n and x € C[&n] thency-x- ¢, =0, and cp-x-cx = kep for somek € C
- depending on x. In particular cj - c) is equal to some nonzero multiple of c. W

Theorem 3.11 Each S* is a distinct irreducible representation of Gn.

Proof. By the lemma, ¢,$* ¢ Ccp. f W C $* is a submodule, then ¢ W is either Cey or 0.
In the first case, $* = C[Gn] - cx C ClSn] - cAxW C W. Otherwise W - W C C[Sn] - caW = 0.
By the theory of semi-simple algebras, there exists an element ¢ of W such that multiplication
by ¢ is projection onto W, Then ¢ = drteW - W =0, implying W = 0.

The lexicographic order is total, so assume A > y. Then c;S* = Cex # 0 and caS* =
cAClBn] - ¢ = 0 by the lemma, and clearly the two representations are distinct. W

3.3 Representations of SL(V)

Let V be an n + 1 dimensional complex vector space. Using the results of the previous two
sections, we will construct the irreducible representations of SL{V) as quotients of the d-fold
tensor product V®<, Following the suggestion of Lemma 3.8 we start by looking at the general
linear group.

Theorem 3.12 Let my be the dimension of the irreducible representation S* of Sq correspond-

ing to A. Then
ved o @ (V)™
A-d

where VXN is the irreducible representation of GL(V) given by V®4. c,.

Remark. Given a Young diagram A, we will construct representations of SL(V}, SP(V) and
SO(V). We will denote these reprentations by VN, VA and VN respectively. If we wish
to refer to representations corresponding to Young diagrams without limiting to a specific Lie
group, we will write VA,

Proof. Again we can write VM since different fillings of A produce isomorphic representa-
tions. The theorem is an immediate consequence of Theorem 3.7 and Proposition 3.8. M

Let us consider a few examples of these representations. The two simplest cases are A = (d)
and A = (1,...,1). These are already familiar to us.
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A = (d) : Clearly C(T) = {id} and R(T) = G4. Thus c) = 2 oce, €o- The vector space
generated by this ¢y, is thus the subspace of V¥4 consisting of symmetric tensors - Sym?V. In
this case we typically replace the tensor product ® with a dot. So for example in Sym3V we
would have e; - ey-eq4 =1 €4 €;.

A= (1,...,1) : Here the positions are reversed and we have ¢ = Zo-eed sgn(oles. This

gives us the subspace of all antisymmetric tensors, /\d\/. Here we use wedges and have the
following antisymmetry relation: e; A ey = —ey Ae;. )

3| 2

Figure 4: T and T’

A=1{2,1):Let T and T’ be as in Figure 4. Then at = ejg+ e(12) and by = ejq—e(y3). Thus
CT = €id + e(12) — €(13) — €(132)- By V&) we are then referring to the space

Ved. ey VO oy
where we know the isomorphism exists by §3.2. Taking an arbitrary tensor,
aRbRc— bR c+b®a@c—-c®bRa—-cR®a®b, we see that
(a@b®c) cr=(b®a®c)-cT=={c®@b®a)-cr and
(a@b®c) cr+(b@c®a)- cr+{a®@c@b)-er=0.

So we have the expected symmetries and anti-symmetries, together with an additional relation
which results from the multiplication of at and bry.

There is an alternative method of constructing these representations. Given a Young dia-
gram A k- d, form the vector space V®4. Let e,..., ey is a basis for V. Now to each filling of
A with the alphabet 1,... . we associate a tensor by reading off from top to bottom and from
left to right. For example, we associate with Figure 5 the tensor e; @ e3RQesQ erQeq®eq We

12 21 2 BE
3.4 = (4.3 + |35 + 205
506 | 5|6 46 416 |

Figure 5:

then impose the follow relations (by quotienting):

Q1. set the tensor space alternating in its columns

Q2. v—) w =0 where the sum is over all w obtained from v by an exchange between two
columns of a given subset of the rightmost column with the elements of the other.

Q2 needs some clarification; continuing the above example, choosing the entire first and
second column, we see that we impose relations such that we are considering a quotient space of
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Sym?( /\3 V). Choosing the first two columns, and then the top two boxes of the second column
we have the additional relation,

(exNesNes)®(exNesgNeg) = (e2NesNes)® (e1 Aez Aeg)
+(eaNezNes)® (e NesAeg)+ (erAey Aes) @ (esA\es ®eg).

Further relations between the tensors are obtained by choosing different collections of boxes
according to the rules prescribed. As another example consider the case of V&), Here Q2
imposes the relation already given previously as the third symmetry of V{211,

In general GL(V) acts on this space in the obvious manner and it can be shown, see [15],
that it is isomorphic to V). This isomorphism is a generalisation of the fact that SymdV
and /\d\/ can be constructed as either subspaces or quotients of V®4. The complicated second
relation captures the result of ‘multiplying’ at and br.

11
2 2
33

Figure 6: U(A) for A =(3,2,2)

This second method of obtaining VM is particularly useful for constructing bases. Our goal
is to find the basis element corresponding to the highest weight vector of the representation. We
can do this since any irreducible representation of GL{V) is also an irreducible representation
of SL{V). The difference is that in the case of SL(V) the action of the determinant is trivial.

Theorem 3.13 V) is an irreducible representation of SL{V) with highest weight vector eygy;
where ey is the vector corresponding to filling the i™ row of A with i’s. Representations of
SL{V) are uniquely parametrised by diagrams A with An1 = 0. Restricting to A’s of this form,
ey has weight (Ay,...,An).

Proof. Since we know VI is an irreducible representation we know that there is a unique (up
to scalar multiplication) highest weight vector; thus it suffices to show n-ey») = 0. This follows
since Eg, ¢, sends ej— ey, and if i < j then this sends ey») to zero ~ so n has a null action.

If we have Anp; = s then V) is a quotient of Sym?® /\“'H V ®{ other terms }. The GL(V)
action on A™"' V is to multiply by the determinant of the given group element (dimV = n+1).
So SL(V) has trivial action on Sym?® /\T‘Jrl V and so we restrict our attention to diagrams with
Anp1 =0,

ey is the image under quotienting of the tensor 619 €1 ®...®e1®@€2@ ... ® en where
e; is repeated Aq times. Given an element t = diag(ty,...,tn4+1) € SL{V) we obviously have

A
t- eU(?\] = t1' .. .'tiﬂ_’_ﬂ‘ eu()\)
An
= t?. . 'tn eu(;\))

since Ap.1=0. W
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3.4 Representations of SP({V)

In this section we let V be a 2n dimensional vector space equipped with a symplectic form w
and a canonical basis eq,..., ez, such that

wley, eng) = dy w(ei,e) =0

for i,j between 1 and n. We then impose a Hermitian metric {,) with orthogonal basis {e;}.
We can extend this metric to tensor powers of V by setting (W1 ® -  Q U, VI ® -+ Q@ vp) =
(uy,v1) - (un,vn) and extending linearly.

Lemma 3.14 Let 1 be as defined in (12); then (b, u®@v) = w(u,v).
Proof.
(b u®v) = Z(eu (€im, V) = (€14n, ) (e4,v)

The claim then follows after expanding u,v into linear combinations of the basis vectors. i

From this it follows that

(9- b u®v)=(,g" - u®g v
= w(g"u,g"v)
= wlu,v)
= (11),11®V),
implying that Wy, see (13), commutes with the action of SP(V).

Definition 3.15
Let V4 ﬂ ker(®y) C V&4,
Ic{l,..d

By definition of ®y, see (10), this is invariant under SP(V), and since the intersection is over
all subsets of 1,...,d it is also invariant under G4.

Proposition 3.16

ved . y(d) @ Z Yy (ve(d-2))
I

where the sum is orthogonal with respect to ().

Proof. By Lemma 3.14 (,u®v) = w(u,v), so that ker @ = (imW)* for all I. The claim
now follows immediately. W

V{d} is referred to as the space of harmonic tensors, and the aim of this section is to show
VA = yid n vd

is an frreducible representation of SP(V) iff A1 = 0.
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Definition 3.17
d~2r Z\yh oWy (v(d._zr})
and F:= ﬂkerCDI, o...odp.

Lemma 3.18

vod — () @Vfﬁz@ . @V‘{i )2p where p = {%J = the biggest integer <
a
and FE=VI@ P .. PV,

Proof. As in Proposition 3.16, we have ker @y, 0...0 @, = (imV¥}, o ... 0o ¥y, )+ which implies

that
— Fd @ Z \yl] o \yl v@d—lr)

The first part of the Lemma follows by induction: by simple calculation, V®' = V{" and
V82 = VA2 iy C1p. Lemma 3.16 states that

®d _ F%IEB Z‘YI(VM"Z)
VP v (v<d"2> AD..H vg‘l;ff) . Wy respects (), so0
=VOD Y wvien .. PV
= Vo Vf;iz@ .. .@Vﬁzp.
For the second part,
SR Y ¥y 0.0, (VIR VI V)
—HPVE.@.. . PVE,,

Since this is an orthogonal direct sum it must be the case that

Fd = vid @ @Vc(id)l(r 0

So V&4 decomposes orthogonally into spaces invariant under SP(V) and G4. Thus
vy = v nv 4 —vid g,

Lemma 3.19 VN =£0 if and only 4f Anpy =0

NHL

Proof. ey is a vector of highest weight A for VA If A =0, then since w(es, ej) = 0 for
all i,j < n it follows that ey € VD). Thus ey is a highest weight vector for SP(V) in \%%
of weight A.

We show that Apq1 # O implies V?® = 0 by showing s > m implies ASV@ V&4~ ¢
5 ¥(V®4-2), s > m implies the map

s—2

AV (12} Av
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is a surjection since given any basis element

ei, A...Aey € /\V, which is equal to
iekAek+n/\ei, A...Aé\irA...A@ji/\...Aeis

for some k, and so is in the image of ¥y 5. W

Recalling the definition (14), B q} = Yip,q1 © Ppp,q: VL = VO, we see that this map has
the following effect,

n
VI®...8Var ) Wy, VgV ®...B®...0¢eun®...® Vg

j=1

where ¢; is in the p'? position and e, is in the q'® position. As a result §; commutes with
SP(V) and ker 8y = VI¥,

Finally it follows that V™ is an irreducible representation for all A by the Double Commutant
Theorem 3.7 and the following fact from invariant theory, see [16] or [26].

Theorem 3.20 Any endomorphism of V®4 that commutes with all permutations in Sq and all

the operators B, is a finite linear combination of operators of the form A®...QA for A € SP(V}.
|

Finally we have

Theorem 3.21 V) {5 g non-zero irveducible representation of SP(V) if and only if Any = 0.
It has highest weight (Ay,...,An).

Proof. Everything is done except for the final step. This follows by the same reasoning as
Theorem 3.13. &
3.5 Representations of SO(V)

There are actually two cases here, the even dimensional and odd dimensional cases, but we try
to deal with them identically as far as is possible. We begin with the orthogonal group, and
then restrict to its index 2 subgroup, the special orthogonal group.

Start by letting V be an m dimensional vector space (where m is either 2 or 2n 4 1) with
non-degenerate symmetric form Q, and canonical basis fy,...,f,, such that

Q(fi, f3) = by
for i,j between 1 and m. Then set the distinguished element 1 from Equation (11) to be
m
b=) (ei®ei).
i=]

Following the same reasoning as in the previous section, we define a Hermitian form on V with
orthogonal basis given by the fi’s. Then, as recquired, (P, u® v} = Q(u,v).

Definition 3.22 Let V4 = (i ker @1 be the space of harmonic tensors under Q.
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This is invariant under the orthogonal group O(V) and G4. All the decompositions proved in
the symplectic case carry through to the orthogonal and so it follows that

vIN Il cp = v ﬂv[d]

is a representation of O{V). It is an irreducible representation as a result of the following fact
from invariant theory, see [16] or [26]:

Theorem 3.23 Any endomorphism of V®9 that commutes with all permutations in G4 and all
the operators 9, is a finite linear combination of operators of the form A®...QA for A € O[V].
n

and the Double Commutant Theorem 3.7. All that remains to be done is to check when this
representation in trivial.

Lemma 3.24 VN = 0 iff the sum of the lengths of the first two columns of A is greater than
m.

Proof. First we show that a + b > m implies
a—1 b~1 Wy a b
AV AV L AV AV
is onto. Since a+b > m, we know there is a basis for A°V & APV of the form
fiy A AT AL AT ©F AL AT Ay ALAT,. (15)

In other words, the two “terms” have an overlap of exactly k basis elements where k > 1.

We want to explicitly find an element of A*™' V@ AP~'V which is mapped to the basis
element (15), which we denote as x5. We do this by induction on k.

Let | be the set of all indices labelled i, and similarly for J. Set K = {1,...,m}—{LJ]).
Then K has m + k — {a + b) elements. Consider

k
W(Zﬁ, A AT AN AL A, @1 ALLAT, /\.../\fik/\.../\fjb)
p=1

=k %o+ Z {over all substitutions of an i;. by an element of K} .

Now
Y ) Y RARALAT AL AR AL AR R ATy ALLAT A LLATL A LLAT,
I<p<ttk ek
= G) Z_( over all substitutions of an ix by an element of K]

+ (“1(]) Z ( over all substitutions of two iy’s by elements of K)
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and

Y Y Y (A ALATL AL AR @ AT ALLAT, ALLAT,
pPclid JoK

1
= (“T ) Z { over all substitutions of & iy’s by elements of K)

K
+ (!) Z ( over all substitutions of o+ 1 i’s by elements of K)

where |J| = o« = |P| — 1. The sum which we are taking the image of should be interpreted as
summing over the following:

subsets P of 1,...,k which are removed from the basis element, and
subsets ] of K which are inserted at the front.
When « > [K|, this recursion ends, and so keeping track of coefficients we are done.

Now we wish to prove the converse; that the sum of the lengths of the first two columns is
less than or equal to m implies that V¥ = 0. Restricting to SO(V) there is an isomorphism
A%V 5 A™*V which takes basis elements

ey, A\...Aey —eywhere J={1,...,m}—1

T respects SO(V) since g € SO(V) maps one orthogonal basis to another, and we simply use this
basis to reconstruct the map . Lifting to O(V) has the effect of allowing changing orientation,
ie multiplying by 1.
So if we set
"?”\:{ (}\11"',7\k) if}\]gnw
(m—2Ay,...,A)  if not.

Then this implies that given a highest weight vector in V" we can up to sign force it into VA
where it is a highest weight vector which is clearly in V4, So VW is nonzero and thus VI is
nonzero. M

O(V)/80(V) = Z, and this implies a close relationship between their representations. We
will now modify a proof on index 2 subgroups of finite groups, so as to apply it to the compact
case. In order to do this we need the following two theorems, see [8]:

Theorem 3.25 Let G be a compact Lie group and let €(G) be the real vector space of continuous
functions on G. The invarient integral,

CG)»R:fr Jf(g)dg

is uniquely determined by the following properties:
1. It is linear, monotone and normalised (1 =1).
2. It is right-invariant: [ f(gh)dg = [f(g)dg for anyh e G. B

Theorem 3.26 Let xv and xw be the characters corresponding to the representations V and
W of the compact Lie group G. Then

fews xv) = jzv(g)xw(g)dg — dim Homg(V, W).W
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Now let G be a compact Lie group, and H be a subgroup of G of index 2. Then G/H =~
Z). This has two representations: one trivial and one nontrivial. These in turn give us two
representations of G; U corresponding to the trivial representation of G /M, and U’ corresponding
to the nontrivial representation.

Given any representation V of G, let V/ = V@ U’. If we denote by Res{; V the restriction
of a representation of G to a subgroup H then clearly Res§V = Resﬂ V’. However the two
representations behave differently on elements not in H.

Given a representation W of H, we define a conjugate representation as follows: let x be the
character of W, and let g € G be any element not in H. Then the character of the conjugate
is h — x(ghg™"). g is unique up to multiplication by an element of H, so the conjugate
representation is unique up to isomorphism.

We have the following general result,

Proposition 3.27 Let V be an irreducible representation of G and let W = Resﬁ\/ be the
restriction of V to H. Then exactly one of the following holds:

1.V is not isomorphic to V'; W is irreducible and isomorphic to its conjugate, or

2.V =V, W=W@GW", where W and W" are irreducible and conjugate but not
isomorphic.
Fach irreducible representation of H arises uniquely in this way, noting that in the first case, V
and V' determine the same representation.

Proof. Note first that W is self-conjugate since it is the restriction of a representation of G.

Let [ be an invariant integral on G, normalised so that [ g 1dg=2. Then

J 1dg:J 1dh+J 1dh-.:zq 1dh)
geG heH heH heH

by left-invariance, since the left action of some t ¢ H on 1 is trivial. Now let ¥ be the character
of V. Then given t ¢ H

j (h)2dh + j fx(t-h)lzan:zg lx(h}lzdh>= j x(g)2dg =2
heH heH heH geG

by Theorems 3.25 and 3.26. From this it follows that fheH Ix(h)]?dh is equal to either 1 or 2
- ie dimpy(W, W) = 1 and W irreducible or dimp(W, W) = 2 and W = W/ W” where these
are irreducible. These are the two cases of the theorem. The first case is done.

In the second case we have | H Ix(t)12dt = 0 which implies that V and V' are isomorphic.
Since W is self-conjugate W’ and W” must be conjugate representations of H as the alternative
would be for them to be self-conjugate — implying that they are representations of G — contra-
dicting the irreducibility of V. B

We are not working with compact Lie groups, but rather with their complexifications. To
convert between the two we use Weyl’s unitary trick, see [33] or [43]:

Theorem 3.28 Given a linear semi-simple Lie group G, let GC be the analytic group of ma-
trices with Lie algebra g© = g@ig. Suppose G® simply-connected. Then if X is any finite
dimensional complex vector space, a representation of any of the following kinds on X leads to
a representation of each of the other kinds;
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1. a representation of G on X

2. a holomorphic representation of G on X

3. a represeniation of g on X

4. a complex linear representation of g€ on X. W

Theorem 3.28 allows us to apply Proposition 3.27 to SO, C using the case SO, R — all that
remains to be done is to find out which Young diagrams correspond to representations of O,, C
that split under restriction.

We refer to two Young diagrams as associated if the sums of the lengths of their first columns
is m, and all the rest of their columns have the same length. During the course of the proof of
Lermma 3.24 we showed that associated Young diagrams produce isomorphic representations of
SO(V); and so, since elements of O{V) merely change orientations of our basis,

VPRV ® {determinant representation of Q(V))

as representations of O(V). Thus if A # A then V¥ is not isomorphic to V™ and the restriction
to SO(V) of these representations are isomorphic and self-conjugate. Note in particular that we
can always choose A so that the length of the first column is less than or equal to n.

In the case of the even orthogonal group SOy, C, it is possible for A = A when the length
of the first column is n. Then by Proposition 3.27 it follows that the restriction of VA to
SO(V) breaks up into two conjugate irreducible representations. It is easy to check that the two
representations have highest weight vectors ey and ey (x) where U’/(A) is an identical filling
of A to U{A) except the n*® row is filled with 2n’s instead of n’s.

So to summarise

Theorem 3.29 o ifdimV = 2n+1, then VN is a non-zero irreducible representation of SO(V)
iff Ant1 = 0. It has highest weight (M,...,An).

o IfdimV = 2n and A = 0 then VN is o non-zero irreducible representation of SO(V) with
highest weight {(A1,...,An_1,0).

o If dimV = 2n and A > 0 then VN is a sum of two irreducible representations, with
highest weights (A1,..., A1, An) and (Ay,. .. Ane1,—An). W
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4 Induced Representations on Flag Manifolds

In this section we look at representations of the classical groups from a more geometric perspec-
tive. We contruct a smooth algebraic variety called a flag variety within the projectivisation of
a representation. There is a strong link between the geometry of the flag variety and the Young
diagram corresponding to the representation.

In addition the equations cutting out the flag variety in projective space are closely linked to
the equations cutting out the representations as subspaces of a tensor product. We then obtain
irreducible representations of G in each of the three classical cases by looking at sections of line
bundles on the flag variety F. For the most part we will follow [15].

4.1 Flag manifolds

We start by looking at complex projective space and Grassmannian varieties. Given a vector
space V, we have an action of C* on V —{0}. The quotient of this action is complex projective
space over the vector space V, P(V). Each point of IP(V) is a line through the origin in V. For
our purposes it is more convenient to work with P*(V), the dual space of hyperplanes in V.

Suppose V has dimension m. For any 0 < d < m we form the Grassmannian GrdV of
subspaces of V of codimension m. An alternative way of thinking of the Grassmannian is to
take a subspace E of V of codimension d. We define Stab(E) = {g € GL{V)}|g-E C E} and then
form the quotient space GL{V)/Stab(E). By definition P*(V) = Gr'V and P(V) = Gr™ ' V.

‘We now wish to embed Gr™V into some projective space as an algebraic subvariety. Given
a subspace E of codimension d, the kernel of the map

d

d
AV > A(V/E)

is & hyperplane in /\d(\/]. Assigning E to this kernel results in the Pliicker embedding

d
Gré(V) - P*(A V).

We need to show that this map is an embedding and to find the equations that cut it out as
a subvariety of P*( /\‘1 V). To do this we look at the Pliicker embedding more explicitly using
coordinates.

Set a basis v1,...,vn for V = C™ Then define linear forms X;, .3, = vi, A...Avy on
P*( /\d\/). These forms are skew-commnutative in the subscripts. Points of P*{ /\d\/) are given
homogeneous coordinates xi, ... i, , skew-commutative in the subscripts.

Given a subspace E of V, we find the coordinates of its Pliicker embedding as follows. Find
a d x n matrix A : C* — C4 of rank d with kernel E. /\dA maps /\d((C“) to /\d(Cd) = C
taking vi, A...Avy, to the determinant of the minor of A obtained by selecting the columns
numbered iy,...,14. Thus the Pliicker coordinate x, ... i, of E in P*( /\dV) is this determinant.

Lemma 4.1 The Pliicker embedding is a bijection between Gré(V) and the subvariety of P*( /\dV)
defined by the quadratic equations

Xit e ta X poja — Z Xi; yeesih Xj{ A 0, (16)
with the sum over all pairs obtained by exchanging a fized set of k of the subscripts j1,...,ja
with k of the subscripts iy,...,1a maintaining the order.
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To prove (16) cuts out the Grassmannian we need the following lemma of Sylvester on the
determinants of matrices.

Lemma 4.2 Given any two d x d matrices M and N and any number k such that 1 <k < d,
det(M) - det(N} = Zdet(M’) - det(N/)

where the sum is over all pairs (M/,N’) of matrices obtained from M and N by swapping a
fized set of k colurnns of N with any k columns of M, preserving the ordering of columns.

Proof. We can assume that the first k columns of N are to be interchanged without loss of
generality by the alternating property of determinants under interchange of column vectors.
Split the matrices up into column vectors and write (vy...vg| for the determinant of the matrix
formed by these vectors. It suffices to show

{V] ...le . iW] Wdl = Z M e WTL .wk...vdl - {vi, ce s VWit - .Wd[.
<<l

This is equivalent to showing that that the difference of the two sides is an alternating
function of the d+ 1 vectors vy,...,vg, wy since the vectors themselves are only d-dimensional,
and so an alternating function of d 4+ 1 of them must vanish.

If two vectors v; and vy are equal then both sides of the equation vanish and we are
done. If vq = wy then we will show the difference of the two sides is an alternating function
of vi,...,vq,wz. The case v; = v;. is immediate, and the case vq = w3 follows since then
wi=w; R

Proof of Lemma 4.1 We apply Sylvester’s Lemma to the matrices M and N the minors
of A obtaining by selecting columns numbered i1,...,14 and j1,...,ja respectively. This shows
that the coordinates arising from the Pliicker embedding satisfy the quadratic relation. To show
the converse assume a point with coordinates x;, . ;, satisfies the quadratics relations (16). Fix
some 1i1,...,1q such that x;; . i, # 0. Since we are working in projective space set x;, i, = 1.
Define a d x n matrix A = (as ) by

Qs t = Xy o is1,tis 1 gmeerig 1 <s< d) 1 <t<n (17)

We claim A ; C* — C9 has kernel a subspace of codimension d with Pliicker coordinates given
by the x5, .5,. Let | = (i,...,14) and consider the determinants of minors corresponding to
all possible | = (j1,...,ja). For ] = | the minor is the identity matrix with determinant one as
expected. This also shows A has rank d.

When I and ] have d — 1 entries in common, say | is obtained by replacing i with t, then
the corresponding minor looks like the identity matrix except in the s column which will have
entry ag ¢ on the diagonal giving the recquired determinant.

For other ] we induction on the number of differing entries. If j, does not occur in I, then
using relation (16) with one exchange: j, we are able to rewrite x;, .. x, as a linear combination
of products of known coordinates ~ coordinates differing from I by less than J. We can thus
express these coordinates as determinants of minors of A, and so by Sylvester’s lemma x;, 5,
is the determinant of the corresponding minor of A.

The map is an embedding since given two distinct subspaces E and F we can choose a basis
ei,...,en 50 that E = (€q+1,...,en) and F = {e1,...,€y,€44141,...,€n) for some v > 1. Then
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it is clear these subspaces have different Pliicker coordinates. M

An immediate consequence is that Grassmannians are compact. In addition they are smooth
algebraic varieties and thus are complex manifolds. We now look at the quotient G/B for B the
Borel subgroup of G corresponding to b,

Proposition 4.3 B is a closed subgroup of G. G/B is compact.

Proof. Consider the adjoint representation of g on itself. The Borel subalgebra b obviously
preserves the subspace b C g and in fact

b={xegilx,blebforallbebl

This follows since given any x € g — b we can write x in the form x = b + J_ A~ Ua Where
b € b and Yy« € go with at least one yo # 0. Then given any h € h such that a(h) # 0 it follows
[x,hiN g # 0 and so [x,h] € b.

If we now lift to the group G we see that B is the connected component of the identity in

Ad™" ({subgroup of GL(g) holding b invariant}).

Since this subgroup is closed it follows that B is closed. The map Ad : G — GL{g) is an embed-
ding and so we have an embedding of G/B into the Grassmannian GL(g)/Stab(b). Since the
image of G is closed in GL(g) and the image of B is Stab{b), we have a closed subspace of the
Grassmannian, and hence G/B is compact since the Grassmannian is compact. W

Flag manifolds can be realised more concretely as the orbits of a distinguished point in
the projective space obtained from an irreducible representation. Let (W, ¢) be an irreducible
representation of g generated by a highest weight vector. Since we prefer working with P*(W)
to P(W), we look at the dual representation on W* with lowest weight vector vg. Consider the
space P(W*) = P*(W). The line of lowest weight vectors is mapped to a point in P*(W} which
we denote by [vge]. Set

P={geGlg-vg]l = v}
We claim that P is a parabolic subgroup of G and so that the G-orbit of [vg] in P*(W) is
isomorphic to the flag manifold G/P. We will prove this case by case, at the same time looking
at the structure of the flag manifold in detail.

Let V be an n + 1 dimensional vector space. There is a 1 — 1 correspondence between
irreducible representations and Young diagrams A = (Aq,...,Ay) with at most n rows. The

highest weight vector in viN g eu(n), and we have a basis for VN consisting of ey for T a
standard filling of A.

From this we obtain the dual basis ey« for (VM)*. To find the structure of p, we look at
the action of the root vectors Ee,—¢ on e’{l(}\]. First we have

Eei—; (etl(A}) =0 iff Eej—e; (eupny) =0

since Eg —¢ and E¢ ¢ are adjoint. Ee —e(eT) = 3> Ey where the sum is over all ey ob-
tained from Et by interchanging an e; with a e;. Thus it immediately follows that for i > j
Ee;—e (€u(n)) = O by virtue of the fact that the Young diagram is antisymmetric in its columns.
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L d_{s~1}
Figure 7:

Let A = (d?‘,...,d?‘). Then if 1 and j are both in one of the intervals [1,d], [ds +
1,dsal,..., [do+1,d4], [dy + 1,n+ 1] it follows that Ee;—e, (eup)) = 0 also by antisymmetry
of columns, since i’s and j’s always appear in the same columns.

So p is the Lie algebra of lower triangular matrices together with the roots generated by
Ee;—e;,; for i and i+ 1 in one of the intervals listed above. So we have a parabolic subalge-
bra containing all the negative roots and generated by a subset of 1T, Thus this is parabolic
containing b=h G n~.

If a column of length k occurs in A, then the root E, ¢, ,, will not be in p, so if we define a
flagVh c V& ¢ ... c VS c Vby Vi = (e, +1,€d, +2:---,€n+1), then P can be characterised
by

P={geSL(V})|g(V¥)c V& for 1 < k < s}

From this it follows that SLy..1 C/P equals
Fldirdhi=oc V4 ... c V% C C™'|codim V& = dy}

fon>2di>...>di >0

We now wish to find the equations which cut out these flag manifolds as subvarieties of
projective space. We know the Pliicker embedding takes Gr?V into P*{ /\d\/). Thus Fldimde)
embeds in

d dy dy
P*AVIxP(AV) x...x P(A\V)

as a product of Plicker embeddings. The flag manifold is characterised by the additional
incidence relations which demand that each k-tuple of spaces is an increasing chain of subspaces.
The following holds

Proposition 4.4 The flag variety F (4 &) (V) ¢ H%‘:‘ P*(A%V) is cut out by the quadratic
equations

Xit vt Xt onda = D Xl s X1, (18)
where the sum is over all pairs obtain by interchanging the first k of the j subscripts with any k
of the i subscripts, maintaining the order, and where p > ¢ are in {dy,..., di}.

Remark. Equation (18) and relation Q2 from §3.3 are different ways of expressing the same
basic relationship ~ algebraically in §3.3 and geometrically here.

Proof. The flag variety is clearly preserved by the action of GL{E) and equation (18) is

preserved by this action since the Plicker embedding and thus the homogeneous coordinates
are basis independent. Thus we may pick any convenient basis for V. So given V' C VJ assume
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Vi={ey1,...,en) C (€541,.--,8n) = V. These subspaces then each have one nonzero coordi-
nate: x1,..; and x;,,_; respectively. (18) is clearly satisfied since interchanging subscripts either
makes no difference (in one case) or results in repeated subscripts in every other case and the
coordinates are antisymmetric with respect to the subscripts.

On the other hand if V* ¢ VI take

i R
V :'-—(e],...‘er,ei-}-r-g—},...,en> andv):<ej+],...,en>.
We then have

V= Xett o r4iXt, g F X1 342, 045141,
+ Xei, 1 +iXe 42,2,

+ Xet 1, ri=1,1X544,2,... 5
=0.1

Ep?,n(c :

Now we adapt the working above to the symplectic case, and later on the orthogonal.
Let V be a 2n-dimensional vector space with symplectic form w. SP(V] is the group of all
automorphisms of V preserving a non-degenerate antisymmetric bilinear form . This means
that SP(V) preserves isotropic subspaces and maps any two isotropic subspaces of the same
dimension onto each other.

As with s, 1C there is a 11 correspondence between Young diagrams with at most n rows
and irreducible representations. As before we choose an irreducible representation (V¥ ¢) with
highest weight vector ey ). We wish to know the structure of p, the subalgebra annihilating
the lowest weight vector in the dual representation.

Following the same reasoning as for the previous case, it is clear that E_;¢, (ey))* = 0 since
E2e, sends en.i to e; and there are no enyi's in ey). Similarly B¢ —, is in p as are B¢ —¢; for
i > j. Thus as before p contains all the negative roots.

Also arguing as before E¢;—¢;,, annihilates ey, iff i and i+ 1 are in one of the intervals
1,44, [de+1,deq],..., [dz+ 1,d4], [ds + 1,n]. Eze, isin p iff Ay = 0 as E_p., maps e, to
€ and this is only zero if en does not occur.

Thus p holds invariant the following flag

v = (Bdﬁ.],. . 62n>
It immediately follows that

SP(V)/P = {o c V& ... c V% C V| codimV = dy and (V) isotropic for all k}

where Wt = {v € V]w(w,v) = 0 for all w € W}. It suffices to have (V3 )L isotropic; this is
clearly equivalent to

{0C Vg, C...CVa, CV|dimVi =k and w(Vq,,Va,) =0}.

We use the notation F{41-4s) for symplectic flags. These are cut out by the same equations
as standard flags, but have additional relations imposed to reflect the recquirement that all
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subspaces are isotropic. Suppose we are given a matrix C" 2, ¢cd acting on the left of the
form

ol ... aind
A= laxa .
ocl1 oc:én“"1

then the transposes of the basis vectors for the kernel of this map are of the form
e = (—o&,..,,»a‘;,o...,o,uo, ..,,o)

where the 1 follows (k — 1) 0’s for 1 < k € 2n — d. Let K be the kernel. We wish to find K+
and impose conditions which make this isotropic. K+ has basis

— n—d+1 n—d 1 —-d
vj__(—ocj ,...,—cxin ,0,,..,1,...,0,05,...,&;‘ )

where the 1 follows j — 1 zeros and 1 < j < d. This is isotropic iff w(vy,v;) = 0 for all
1<%k,7<4d, so

n+1 1 n—d . n—d n~d+j __ _n+1 1 n—d n-—d n—d-+k
L P T o O =0 ot F & S

j j
taking determinants of minors it follows that

— K
Xi,.na =1 and Xy 51 (d4k)41,..,d = % SO

X1 k1, (A1), k4T, KT, o1, (A1), 5T, d oo
X1, k=1, {d 20—} Kt 1 dXT e 1, T o d F KT k=T, () et T,y X T, d
= XY i (1), 4K k=T, (A1) o T d oo
X101, (A4 20 ) ot 1oy @1 e T, (1) ke D s d KT, (k) o1, KT d

fork,j € 1,...,d ensure the kernel of A is symplectic. Since homogeneous coordinates are basis
independent, our choice of positioning for 14, q is arbitrary.

Set ] = (31,...,ja) and let K = {the remaining elements of 1,...,2n}. Let };5 denote | with
K(i) in the j*h position. The equations are then

XIE”XP' + e + XIIch-erjn_d "{”X]:—-dliXI = XI;&E}XI;( + PR +X]’Zn—de-—d + XI}l—dlkXI

as | varies over ordered subsets of (1,...,2n), with k,j&1,...,d.

These equations characterise isotropic subspaces of C*™ of dimension 2n — d. This is clear
since by changing the position of the identity matrix in A, we cover the Grassmannian Gré(V)
with open affine subspaces on which the above equations hold.

If we take d = d; then we have the additional equation needed for the symplectic flag variety
Fldirnds) since

Fldiemds) © Grdi (V) x ... x Gréds (V).
50n1C:

There is a 1 — 1 correspondence between representations of O,C and Young diagrams with
the sum of the lengths of the first two columns at most n. When restricting to the special
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orthogonal group, it suffices to consider Young diagrams with the added condition that the
length of the first column is at most %n. As before we consider the link between the shape
of a Young diagram A, and the algebra p holding invariant the lowest weight vector of the
representation (VIN)*,

The negative roots are clearly in p. Concentrating on the simple roots, E¢, ¢, € p iff 1
and i+ 1 are in one of the intervals [1,dJ, [ds+1,ds],..., [da+1,d4], [di + 1,n]. E,, isin
p iff A = 0 as E_o, maps e, to ezn4 and this is only zero if e, does not occur. So almost
identically to the symplectic case,

P= {g € SO(V)| g{V%®) ¢ V& for all k}

for V& = (edkﬂ yreey eZmH)»

SO(V)/P = Fldi.-udsl i5 the flag manifold of isotropic subspaces under Q of the given
codimensions. So we follow the same line of reasoning as in the symplectic case to find the
equations which cut out this subvariety.

Here we have a matrix A acting on the left, CZ*+! 2 ¢d

«] ... adntid
A= laxa .
o ... odntid

The kernel K of this matrix has basis consisting of (tranposed) vectors of the form
Uy = (—a‘f,...,—oc‘é,(),...,1)...,0)

for k between 1 and 2n + 1 — d. The orthogonal complement, K has basis

_ o n—d+] 2n—d 1 n—-da _ n+li—d
vj-(ocj b TR0, T 0,0, 0TS ).

for j between 1 and d. The recquirement Q(vy,v;) = 0 is equivalent to

2 . a4y oo+ Ao g = 0
Setting I = (i1,...,1q) and J to be any 2n + 1 of the remaining n + 1 indices, with the last
element e;n41 in | satisfying Q(esn+1,€2n+1) = 1. Then the equations are

" n
XIXl;t-dlk + lZ‘-Xl:”Xlil +Xlinn-dxl§nuud +XIX‘:—-dI5 + éXI? | LXI}( =0

summing over the tuples | and ], and the indices j and k. Letting d = d; results in the desired
equations.

500,C:

This case is much the same as the others except for unusual behaviour when A # 0. Then
VI splits into two irreducible representations of 502nC. To see how this is reflected in terms of
flags, we take a representation VR and consider the stabiliser p of the lowest weight vector of
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its dual. As usual p contains all the negative roots. The link between the Young diagram and
the corresponding flag manifold is as usual, with p holding

Ve = (ea,+1,---,€2m)-

invariant. The difference comes in when d; = n. In this case p holds invariant two different
flags, the chain described above with either

Vd‘ =Vt = (6n+],...>€2n> or Vd" :vn’ = (ena-~':e2n—1>

at the end of the chain. Elements of 80, C interchange two elements at a time with e,...,én
and so the dimension of the intersection of V' and E = (ey,...,en) is preserved mod 2. So
each Young diagrams corresponds to two flag manifolds,

SOmC/P={0CcVH C...c V& CcC™Q(VH, Vh)=0
and d; =n implies dm V¥ NE=0 (mod 2)},
and
SO C/P={0Cc VY c...c V& c CMQ(VH,v¥) =0
and d; = n implies dimV¥ NE=1 (mod 2)},

where the two coincide if A, = 0. It turns out that the equations which cut out the isotropic
subspaces in Gré(C2") are

" n

XX+ 2 XpuXp+ XXpn-a1s + > XXy =0
=1 =1

For d = n we need to impose an additional relation to distinguish the two possible flag manifolds.

We may as well take a basis for E to be ey = (0,...,0,0,...,1,...,0)}, ie n zeros followed by

k—1 zeros and then a 1. The dimension of the intersection of E and ker A is equal to rank («;),
and equations cutting out the flags can be derived from this.

4.2 Vector bundles on Flag manifolds

We start with a quick description of complex vector bundles, before specialising to the flag
manifolds and (for the most part) line bundles.

Definition 4.5 [38]. A complex vector bundle € of rank n over a manifold X consists of
(a) a topological space €, the total space,
(b) a map w: & — X called the projection map, and
(c) for each x € X the fiber Ex = 7~ '(x) has the structure of a complex vector space of rank

C"——*i?
X

This structure is subject to the recquirement of local triviality:
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Each point of x has a (not necessarily unique) neighbourhood U such that there is a homeo-
morphism

Ux C™ 2 a1 (U) = &y,
¢ has the property that for each x € U the map x — &(x,v) defines a linear isomorphism
between C™ and 7 (x).

The pairing (U, ¢) is referred to as a local system for £ at x.

Given an open cover {Uy} of X with trivialisations ¢« : €y, — Uy x C™ we define the
transition functions gug : Ux N Ug — GL, C by

Juplz) = (cb.xo cb‘ﬁ") le, € GLnC.

These satify the condition
{ Jop * 9B = }d» (19)
Gap - 9y * Gya = id.

Conversely given any collection of local functions satisfying these identities we can construct
the corresponding vector bundle by taking the union of U, x C™ over all « and identifying {z}xC™
in Uy x C™ and Ug x C™ via gup(z).

We are interesting in looking at homogeneous vector bundles constructed over the flag manifolds.

Definition 4.6 Given o group G and a manifold X with o left G-action, G x X — X:(g,x) —
g-x, a homogeneous vector bundle & over X is a vector bundle with left G-action satisfying
(a) g-Ex=Egx forx €X and g € G.
(b) The mapping &y <= Eg.x tnduced by g is linear.

If we assume that X is of the form G/H for H a subgroup of the Lie group G then we can
construct any homogeneous vector bundle over X as follows,

Let (p,E) be a finite dimensional representation of H and define a right H-action on G x E,
(g;v) ‘h=(g-hph) W) forgeG veEandheH.

Let £ =G x, E = (G x E)/H. Then let [g,v] = (g,v) - H and define n([g,v]) =g -H. misa
well-defined map € — X. It can be shown that € is locally trivial and that all homogeneous
vector bundles arise in this manner, see {41].

Now we specialise to the case of flag manifolds. Each point of the flag has a collection of
vector spaces attached to it, we expect to find many naturally defined vector bundles which sit
over the flag. We start by looking at complex projective space.

P*{V) has a natural line bundle associated to it. At each point x in P*(V), associate the
line formed by taking the quotient of V by the hyperplane corresponding to x. It can be shown
that this construction trivialises when restricted to the affine opens

D(Xi) = {x € P(V) | Xi(x) # 0},
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for X; € Sym'(V). We denote this line bundle by Op=(v)(1) and refer to it as the canonical
line bundle. Set Op+(vy(n) = Op« (1 )®™. Given a subvariety X of P*(V) write Ox(n) for the
restriction of Op.(yy(n) to X. Elaborating, we have an imbedding ¢ : X < P*(V), and we set
Ox(n) = *(Op- (vy(n]), the pullback of the canonical line bundle.

Let F refer to 419 (V) = G/P. We construct the following commutative diagram.

E [T5 Gré(v) [T, P (A V)
[T P (Sym* (A% V)
PH(VY) P (®Sym* (A4 V).

The diagram commutes since the equations which define the flag manifold F414s(V) in
| (Sym“‘( AH V)) also define P*(V?) in P* (®§=1 Sym® (A% V)) by construction of

the vector space V2. In the symplectic and orthogenal cases the additional conditions that the
flag be of isotropic subspaces corresponds to the condition on VI and VIV that we restrict to
harmonic tensors (Definitions 3.15 and 3.22).

Definition 4.7 Let £ = Ox(1) for the embedding of F in P*(VM). In other words £ is the
pullback of the canonical line bundle on P*(V?),

By commutativity of the above diagram and since the maps used behave well under pullbacks
it follows that

{—‘}\ :Of[uh“was)
= ﬁ?@pﬁ{\fﬁ(ﬂ.]} Q... & ﬂ’;OP*(vs}(as)
since F embeds in [Ti; P* (Sym® (A% V).

There is an alternative construction of this line bundle more closely related to the geometry
of the flag. F has a canonical flag of vector bundles

Fx{0}=0rcVh c...cVE cVr=FxV, rank(V¥)=dimV—d;.

Here the fiber above a point is clearly just the flag of vector spaces which the point corresponds
to. In the case F = P*(V), Op«(v(1) is the quotient of V# by the canonical flag.

The Pliicker embedding GréV «— P*( /\d\/) maps UL C V to the hyperplane that is the kernel
of the map /\d\/ - /\d(\// U). So pulling back the line bundle (’)P,( A V) (1) to GrV results in
the bundle A%(V£/U), the where U C Vx is the canonical bundle. From this it follows

dy dy
L= 0r(ay,...,as) = AV/U®Y @...0 A\ (V/U)®%.

There is a unique fixed point for P on F = G/P. This is the flag x = V¥ ¢ ... ¢ V% ¢ V which
was constructed above in each case. So the fiber of L2 at x is /\d’ (Vud®arg,  @AL(v/ve)
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/\d*‘(\//\/dk) is generated by the image of e; A ... A ey, and so the action of p € P on this is
multiplication by the determinant of the upper-left dy x dy corner of p. If we let Ay be the upper-
left dy x dy corner of p, then the action of p on L is to multiply by det(A;)® ...det(As)%.

If we are given a character x : P — C*, let C, p be the one dimensional P-module with
P-action given by p : z+ x(p) - z. We can then form a line bundle L(x) as a quotient

LX) =G xpCxp=GxC/(g-p xz)~ (g xx(p)z)

This is an equivariant line bundle over G/P, indeed it is a special case of the our general
technique for constructing homogeneous vector bundles. Set xa{g) = det{A{)% ... det(A)%.
Then we have shown above that £* = L{x»).

Proposition 4.8 The space I'(G/P,L?) of sections of £ is isomorphic to V.

Remark. Before proving this we define a section. A section of G/P is a function f: G — C
that satisfies

x(p)f(g-p)="f(g) forallge G, peP.

T'(G/P,L*) then denotes the vector space of all section of L*. G acts on this space on the left
by the formula (g - f)(h) = f(g~' - h) for g, h € G.

Proof. Firstly it is a standard fact of algebraic geometry, see [24] that the space of alge-
braic sections of a projective variety is finite dimensional. Since G has a representation on the
space of sections, all that is recquired is to show that there is only one highest weight vector up
to scalar multiplication, and that it has weight A.

Let U be the subgroup of upper triangular unipotent matrices, and B’ the group of lower
triangular matrices. Any highest weight vector satisfies f(g-u) = f(g) for u € U. We have that
U- B’ is dense in G, see [19], implying that the highest weight vector f is determined by its value
at the identity e in G. So there is at most one highest weight vector with f(e) = 1. The formula
f(g) =xa(g™") determines this vector. This has weight A since writing x = diag(xy,...,%m) it
follows x - f(1) = f(x™ ") = xa(x) - f() =" ...xde - (1), W
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5 The Bernstein-Gel’fand-Gel’fand Resolution

In this section we construct the Bernstein-Gel'fand-Gel’fand resolution and show its exactness.
We do this following the original article of Bernstein-Gel'fand-Gel’fand [31] and a subsequent
article by Garland and Lepowsky [18] which simplifies and generalises parts of the argument.
The most notable simplification is the use of the Casimir operator as a distinguished member
of the centre of the universal enveloping algebra in place of the Harish-Chandra isomorphism.

This section is considerably more abstract than the previous two. It provides detailed
structural information about U(g)-modules, and combined with Bott’s vanishing theorem (§6)
gives a proof of the Borel-Weil theorem.

5.1 The Casimir Operator

First we define our category — we work in a category of g-modules which is reasonably well
behaved. Bernstein-Gel'fand-Gel’fand work in a category O which we enlarge slightly following
Garland and Lepowsky.

Definition 5.1 Given v € b*, define D(v) = {v — ZL, nixilng € Z} C b*. Then let C be the
full subcategory of g-modules X such that

1. X has a weight space decomposition.

2. Each weight space is finite dimensional.

3. The weights of X lie in a finite union of sets of the form D(v) forv € b*.

Clearly C is closed under taking quotients and submodules. It is also clear that C contains
all highest weight modules and all simple g-modules. Following Garland and Lepowsky, we
define a (generalised) Casimir element I' in U(g). Then for each g-module X there is a Casimir
operator Ix in End X.

Pick any basis ey for n where e, € go and &« € A*. Using the Killing form a dual basis fy
for n™ can be found. Set Ty =2 Zag At fa€a- It is clear that Iy is independent of the choice of
basis from the following alternative construction: first notice the isomorphism

(8e)* ® go — End gy : TQv i fy

where fy : go = go : ¥ + f{u)v. This is an isomorphism since the two spaces have the
same dimension, and fy, = 0 implies either f or v equal zero — so it is an injection. Set 14 €
(8a)* @ g = End g« as the element corresponding to 1y, € Endga. If we set By : gy — g—a
as the isomorphism induced by the Killing form and have m: g ® g — U(g) as multiplication
then we claim
M=2) mo(Ba®)(ta)-
oEA!

This is equivalent to claiming that exfo = mo (Bx ® 1){ts). This is clear since v* @ v = 14
under the isomorphism described above, and B{ey, fo) = 1 by construction.

For X a g-module we have Iy an operator on X. Define a second operator 2 on X by having

I act on Xg as scalar multiplication by (¢ + p, ¢ + p). The Casimir operator N'x € End X is
defined to be I + 1.

Proposition 5.2 Given f: X =Y a g-module map then folx =lyof: X =Y. B
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Proposition 5.3 For X € C the Casimir operator Tx commutes with the action of g on X. W

The first result is clear since I'x is defined using elements of g and so commutes with g-
module maps. The second is a standard computational result, see [18]. Now using the notation
A~ 6 when A =w- § for some w € W, where A and § are weights, we have the following

Corollary 5.4 Let X be a highest weight module for g of weight A. The Casimir operator Tx
acts on X as scalar multiplication by (A + p,\ + p). Moreover, in the case of a Verma module
V(A) we have Iy acting as scalar multiplication by ¢y = (M, A). Thus since the Killing form
is tnwariant under W, we havecy =cs if A~ 8. W

This corollary suggests that it would be interesting to study how a g-module splits up into
eigenspaces under the action of the Casimir operator. For a start we know that each eigenspace
will contain entire highest weight modules — for example entire Verma modules or irreducible
representations — and this is useful since it provides a means of digging into the structure of a
g-module.

So with this in mind we collect together all the eigenvalues of a g-module X as follows: for
Xel let

B(X) ={c e C{Txx = ¢x for some x € X, x # 0O}.
We also let X(¢) = {x € X|(Tx — ¢)™x = 0 for some n > 0}.

Thus &(X) is the set of eigenvalues of the Casimir operator, with X the space of generalized
eigenvectors with eigenvalue c. From these definitions it follows that @(X) = {c € C|X() # O}
Also from the Corollary we have 8(X) = {{A+p,A+p)} for X a highest weight module generated
by a vector of weight A.

Since the Casimir operator collects highest weight modules together, it would be useful to
see how any given g-module breaks down into highest weight modules. A first step towards this
is the following

Lemma 5.5 Let X € C. Then X has a (possibly finite) g-module filtration 0 = Xo C Xy C ...
such that X = |JXi and each g-module Xi11/X is a highest weight module. In particular if
X 5£0 then X contains o highest weight vector.

Proof. Letvi,..., vk € h* be a set of weights such that the weights of X are in D{vy)U. . .UD{vy).
We say two weights A and ¢ are compatibleif A—¢ = ZL! Zwx;. Given A and ¢ compatible we
can find a x so that D(A)UD({¢) ¢ D(k). Thus we may as well take vy,..., vy to be mutually
incompatible,

As a result of this assumption we have that every weight of X lies in a unique D(v;). So
given a weight p of X which lies in vj, write vj — p = 2:%:1 nyoy for ny in Z*. We can then
define N{ut) = ZLI n; a positive integer. We use these integers to set up our filtration.

Define X(n) to be the sum of all weight spaces X, such that N{u) = n. Then X(n) is finite
dimensional since the weight spaces are finite dimensional and there are a finite number of ways
that 1 positive integers can sum to n.

Let nx be the minimal nonnegative integer such that X(nx) # 0 with p a weight with
N(u) = nx. Choose a vector x in X,,. Then x is n-invariant by minimality so the g-module X,
generated by x is a highest weight module. Consider the quotient module X/X;. It follows that
Myx/x, 2 Nx with equality iff dim(X/X;)(nx) < dim X(nx).

Applying this procedure inductively we obtain the desired filtration of X. B
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Proposition 5.6 For all X € C,

X‘:‘- @ X(C].
ce@(X)

Let 0 = Xo C Xy C ... be any filtration with the properties of the previous lemma with A\ € bh*
the highest weight of Xiw1/Xi for each 1. Then

B(X) ={(Ai+p, M+ p)h

Proof. Given a subspace Y of X, denote by [Y] the subspace generated by Y under the action
of 'x. Let cy1,c3,... € C be the distinct elements of the set {(A; + p,A;i + p)}i- Any finite
dimensional subspace of X is contained in some Xi; and each X; is generated by a finite number
of highest weight vectors, so if Y is finite dimensional subspace of X; then so is [Y]. It also
follows that [Y] will be annihilated by products of powers of a finite number of Tx — ¢;. So we
have [Y] = @;([Y] N X(¢).

Set Yn = P X(n). This is a filtration 0 = Yo C Y7 C ... of X where each Yy is finite
dimensional and X = UYy. From this we see that X = @ix(cﬂ and so X(¢) # O implies that
¢ = ¢; for some j. For each i we can choose an element x € Xi1 —Xji. Let ¢i = (Ai+ p, AL+ p).
Then for any ¢ # ¢, I'x — ¢ multiplies x by a nonzero scalar so x € X(e) and X(¢;) is not empty.

Now B(X) ={c € C|X(¢) # 0} so B(X) ={cy,¢z,...}. W

If a filtration exists with the properties described above then we say that X is of type ¥
where V is the collection of weights 1; (not necessarily distinct) such that Xi,1/X; has highest
weight {4, W simply lists the weights which occur in the Jordan-Hélder decomposition of X.

Proposition 5.7 Let c € C. X X is an exact functor from C to C. In particular if Y € C
is a g-submodule of X then (X/Y)(c) = X()/Y(c)-

Proof. X is a g-submodule of X since I'x commutes with g. Also from Proposition 5.2 we
have that the map X = X is functorial. From the above splitting we see that the functor is
exact. B

Corollary 5.8 Let X € C and 0 = Xo C Xy C ... be a filtration with the properties stated in
Lemma 5.5 with A; € h* the highest weight of Xi+1/Xi. Then Xy has a g-module filtration
0=YoC Yy C...such that Xicy = JY; and the family of g-modules Yi1/Y; corresponds up to
isomorphism with the family of g-modules Xi11/Xi which satisfy (A +p,Ai+p)=c. B

5.2 The Bruhat order and the Wey! group

In this subsection we collect together results on the Bruhat order and the Wey! group which
will be of use later on in this section as well as in §7. We also collect together without proof
some results on Verma modules, see [29]. References for this subsection are [7], [30] and [31].
The last two have different (dual) definitions of the Bruhat order. We follow [31], altering the
results of [30] when necessary.

Theorem 5.9 Let x,\ € h*. Then either

1. HomU(g) (V(X]p\/(ﬂ’)) = 0: or,
2. Homyy(q (V(x),V(ll)]) =C, and all nonzero maps are injections.M
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Given w,w’ € W, we writew = w’ if w = oW’ and L(w) = l(w’)+1. We say that w < w'
if there exists a sequence wy, ..., wy of elements of W such that

W Wy . oW o w,

This defines a partial ordering on W, the Bruhat order. The Bruhat order is important because
of the following two theorems (amongst other things)

Theorem 5.10 Let x € P, w,w’' € W. Then Homyyg) (V(wx), V(w'x)) =C if w<w’. B
Theorem 5.11 Let x € P, w,w’ € W. Then R(wx) € JH(V(w'x)) if w<w'. B

These theorems also provide a partial explanation for the strange definitions of Verma mod-
ules. V(A) has highest weight A — p since this is what is recquired to ensure the above theorems
are true. This is useful and important since the theorems provide a strong link between the
(combinatorial) structure of the Weyl group and the way in which highest weight modules
embed in one another.

Set Dy ={y e AT lwTlycAT}=AT(w.A™ (20)

Lemma 5.12 Letw = 0y, ... 0y be a reduced decomposition of w € W. Lety; = 0uy ... 0oy, (&)
Then the roots y1,...,y1 are distinct and the set {y1,...,v1} coincides with @, = AT NWA™.

Proof. See [7]. B

Lemma 5.13 The following hold:
(a) Let w = G, ...0y, be a reduced composition and lety € A be a root such that wly e
A=, Then for some i,

OyOay -+ Oy = Oy + v Oy (21)
(b) Let w e W,y € A*. Then l(w) < Y oyw) if and only if w™ly € A*.

Proof. For (a), the condition on y is that it is an element of A* N wA~. Then Lemma 5.12
implies that v = 04, ... 0«,_, (&) for some 1, implying (21).

(b) f w=ly € A~ then by (21), OyW = 0, ... O_,00a;,; - - - Onq implying oyw) < Lw).
Interchanging w and oyw it follows that if w™y € A™ then l(w) < Yoyw. W

Lemma 5.14 The following hold:
(a) If ouw = w for all & € TT, then w = e, the identity.
(b) There ezists a unique element s € W such that s — 048 for ell x € T1.
(c) Let we W, x € TI. Then x € O, tmpliesw 2 oaw, and & & Oy, implies Tow — W.
(d) | @) =k when Y w) =k.

Discussion. This lemma is proved in [7]. It confirms what we intuitively expect to happen.
At the top of the Bruhat order we have the identity; and at the bottom an element s.

Tor the last two statements one thinks of elements of the Weyl group as decomposing into
strings of reflections in simple root vectors. (c) then states that @, is the set of all roots
“Hipped” over from negative to positive by w. So if x € @, we have that w flips & and so o«
has the effect of “stripping” « out of w. (d) states that the number of roots “flipped” is equal
to the length of w. W
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Lemma 5.15 Let wy,w; € W, x € T, v € A" and v # «. Sety' = oxy. Under these
assumptions the following two diagrams are equivelent,

TaW1 —— W) (22)
l“
Wi
and
w2 (23)

s

Wi -——Y—» TaW?2

Proof. We show (22) implies (23); the converse is similar. « € TT and 'y # «, so since we know

that o« permutes the positive simple roots aside from « it follows that v’ = o,y € AT. Thus

it is sufficient to show l(oaw;) < Uw;y) = L(wy). We know oaw) = 0x0y0aw = 0y/wy and

(Gowr) Y = w;la,x'y’ = W;I’Y € A" by Lemma 5.13 since (22) states L{oyw;) > Lwy).
Thus v € wiA~" N A" and we are done. W

Lemma 5.16 Letw,w' e W, a €11 and assume w < w’. Then
1. either oow < W' or gaw < o'
2. either w < oaw! or ouw < oW’

Proof. We prove the first part. The second is similar. Let
Wz=W) — Wy .. = Wy =W

We use induction on k. If o,w < w or o,w = w; then the assertion is obvious. Let w < o,w,
o # wy. Then by Lemma 5.15 o,w < oqwz. Now apply the inductive hypothesis to the
palr (WZ)WI)' u

Corollary 5.17 Let x € TI, w; > w) and wy % wi. If one of the elements wy, W} is smaller
in the ordering than one of wy, w) then wy <wy <wj andwy) <wj <wy. B

Proposition 5.18 Suppose we are given a partial ordering w - w' on W with the following
properties:

Pl.IfaeTll,we W with {oqw) = L{w) — 1 then w 4 ogw.

P2. If w W', a € T then either oow 4w’ or gaw - o',
Thenw A w' if and only if w < W'. In other words these two properties characterise the Bruhat
order.

Proof. From P1 it follows that s 4w e for sll w € W, where as in Lemma 5.14 s is the
element of maximal length in W.

We show w < w' implies w 4w’. We do this by reverse induction on U{w'). If {w') =7 =
l(s) then w' = s, w = s and thus w 4 w’. Now let }(w') < v and let « &€ TT be a root such that
Hoaw') = {w’} + 1. Then by Lemma 5.16, either o,w < o,w’ or w < o,w’. Considering
each case in turn,

ow < oW = w - o,w' (by the inductive hypothesis), and P1 implies w 4 w’.
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¢ 0w < 0oW’ = 0ow 1 0aw’ (by the inductive hypothesis) which by P2 implies either
w - ow’ (see the previous case) or w - w'.

We showw 4w’ implies w < w'. We use induction on l(w). If {w) =0 thenw =e =w’
and so w < w’. Now let l(w) > 0 and let « be an element of TT such that (cew) = Lw) — 1.
Then by P2 either oow 4w’ or oow 4 oqw’. Considering each in turn,

o oow 1w’ = guw < W' (by the inductive hypothesis), implying w < w'.

o oW 4 o W = oW < 6w’ = w < W by Corollary 5.17. B

Proposition 5.19 Let w € W with reduced decomposition oy, ...0y,.
(a) If1<ii<iz<...<ix <1 ond

W =0 0w, (24)

thenw < w',

(b} If w <w', then w' can be represented in the form (24) for some indexing set {i;}.
(c) If w —w', then there is a unique indez i, 1 <1i <1, such that

W =0g «..0q_ 0y -+ O (25)

Proof. First we prove (c). Let w — w’. Then by Lemma 5.12 there is at least one index i
for which (25) holds. Now suppose (25) holds for two indices i, j, i < j. Then oy , ... 0 =
Oy +»+Ooy_y- Then
Ooi ++» Oy = T g+ Oy s

contradicting the assumption that the decomposition w = 64, ... 0y, is reduced.

(b) follows immediately from (c) after noting that the decomposition (25) is reduced.

We prove {a) by induction on 1. There are two cases:

¢ i3 > 1. Then by the inductive hypothesis w’ > oy, ... 04, that is, W' > oy, w > w.

¢ i; = 1. Then again by inductive hypothesis, oo, W’ = O, v+ Oy = Ooq W= Oy - Oy
So by Corollary 517, w <w’. I

Definition 5.20 Given a quadruple (w1, w2, w3, w4) of elements of W we say we have a square
if we have
W —— Wy

|

W3 ———a Wy
We state the following two lemmas, proofs can be found in [31].

Lemma 5.21 Let wi,wy € W and Y wq) — 2 = l{wy). Then the number of elements w' € W
such that wy — w’ — w; is either two or zero. B

Lemma 5.22 Given any wi,wz € W such that wy — wi we can assign numbers s(wi,wy) =

+1 in such o way that for any square (w1, w3, w3, wy) the product of the assigned numbers is
-1. 1
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5.3 Homology of Lie algebras

In this section we construct a resolution dual to the de Rham complex on the homogeneous
space G/B, where G is a Lie group with Lie algebra g and B is the subgroup corresponding
to the subalgebra b. Our notation is highly suggestive, however in the beginning g and b are
arbitrary, although we will specialise to a semi-simple g with Borel subalgebra b later on.

Before going any further, we state without proof a theorem and one of its corollaries which
we will use repeatedly in this section, see [34]

Theorem 5.23 Poincaré-Birkhoff-Witt. Let {Xi}ica be a basis for g, and suppose a linear
ordering has been imposed on A. Then the set of monomials

Xy, )1 (X, P
foriy < ... <in andjy > 0 form a basis for U(g). In particular g = U(g) is an imbedding. W

Corollary 5.24 U(g) has a natural filtration whz'ch it inherits from the tensor algebra T(g) =
Do 9®™. The associated graded algebra, grU(g) = Bx_, Ulgin/U(gln—1 is canonically iso-
morphic to Sym(g), the symmetric algebra on the vector space g, as a g-module. W

Now we give a brief summary of Lie algebra homology loosely following [42] interspersed
with results from [31]. Assume throughout that g is finite dimensional. Define

k
=UE QR s

and use this to construct the Chevalley-Eilenberg complex (see [10]),

0 C & Bolg) EEi(g) & ...

where g is the augmentation map sending 1(g) to zero — ie sending elements of U(g) to their
constant term — and

k
du@xiA.Ax) =) (N uxi@xi AL ARALL A
i=1
+ ) (@bl A ALLARALLAGA L Ax.

1<i<i<k

Now given a finite dimensional right g-module X, we construct the following chain complex

X&) E.(g) =X®/.\g,

Ulg)

and define the homology of g with coefficients in the module X, H,(g, X), to be the homology
groups of this chain complex. There are two special cases of particular importance. The first
is when X is the trivial representation C. In this case we write Ha{g) and refer to this as the
homology of g.
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The second case is the Koszul complex. Notice that the symmetric algebra Sym(g) inherits
a bilinear map, the Poisson map. This is denoted by

{—,—}: Sym(g) ® Sym(g) — Sym(g)

and is defined inductively by the condition that it be a derivation, and that {x,y} = [x,y] for x

and y in g. We then have a g-module structure on the symmetric algebra given by x - f = {x, f}.
The Koszul complex is defined as

Sym*(g) (X) Eu(g).
(o)
It is proven in Loday [36] that
. Cifn=0,
oo, Sm*(a) = { § e

There is an alternate construction which can be used to calculate the homology of a Lie
algebra g, with coefficients in the module X. We need to be able to find an exact sequence of
g-modules C;i free over Ulg) as follows

O(“X("'CQ("(}LC]&'...

Now we take any other g-module Y, and construct the complex

¢

df d
0 — Homg(Co, Y) — Homgy(C1,Y) —

ey

then define Ext}(X,Y) = ker d{ ;/imd{. Now let t : U(g) — Ulg) be the anti-automorphism
characterised by t|; : u + —u. Denote by X* the right U(g)-module with underlying space X
and right U(g) action given by

x-u=t(u) x for x € X and u € U(g).

We now construct a complex
" ar . ay
0«Y ®C0<———Y ®C1 Pac
g g

and define Tor;(Y*, X) = ker d{/imd{, . The following facts are proved in [42]
1. The groups Tor;i(Y*, X) and Ext¥(X,Y) are independent of the choice of resolution.
2. If we define X* to be the vector space dual of X, ie Home (X, C) then
*
[Exti(x,v)] = Tor;(Y*, X)
Tory(Y*, X) = Tor; (X%, (YH)*) .
As shown in [42], Hi(g, X) = Ext}(C, X).

The Chevalley-Eilenberg complex is generalized in [31]. Take a subalgebra b of g. Then
restrict the adjoint representation of g on itself to b and form the quotient, obtaining a natural
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action of b on g/b. This then extends uniquely to the exterior algebra A(g/b). /\j(g/ b} is a
b-submodule of A(g/b), and from it induce the g-module

k
Dy = U(g) &) Alg/b).
U(b)

For k > 0 define a linear map Dy G, Dy—1 generalising d above as follows: givenx,..., Xk €
g/b fix representatives yj...yx € g. Then for all x € U(g),

k
de(x®@x1 AL LAY =) (1) xy) @ AL ARA L Axy

izl
+ Y (Fxen(ly ) A AL ARALLAGA L Axy,
1<igi<k

where 71: g — ¢/b is projection. dy a is well-defined g-module map. eg: Do — C is defined as
before.

We have constructed a sequence V(g,b) of g-modules and g-morphisms

d d;
C&Do(——‘-[ﬁ(—z—...
We claim

Theorem 5.258 The seguence V(g,b) is exact.

Proof. We show this by first defining a filtration in V{g, b). We write A € DSJ if A€ Dycan
be written

A= Z ci{xi ®@xiy A\ Axik),
i
where ¢ € C, x; € U(g), xi € g/b and deg(x;) <1~k for all i.

It is clear that this filtration is preserved by the dy’s and so to prove the theorem it is sufficient
to prove that for all 1

—1y ai*! 4
0+ MY pY/pEI & pl/pi-n &

is exact. We define M© := C and M := 0 for L > 0. It is a consequence of Corollary 5.24
of the Poincaré-Birkhoff-Witt Theorem that the universal enveloping algebra is a symmetric

algebra up to grading and so we have DSJ/DS—” = Sym'~*(g/b) ® A¥(g/b). The operator
i — —
o D/D b /ol
is given by the formula

k
A A Axd =Y () o @x AL ARALLL AX),

i=l
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where we have stripped out the second term as a result of quotienting out the grading. This
implies that the complex Gr V{g, b)

0e—Ce— Poy/Di ™ e— @0/ — ..
1 1

is isomorphic to an augmentation of the Koszul complex of the vector space g/b. So we have
that Gr V(g/b) is exact everywhere, implying that each of the direct summands is an exact
complex and so V{g,b) is exact. W

Proposition 5.26 Let b and n™ be subalgebras of g such that g =b@®n~ as a vector space.
Then V(g,b) = V(n™) as a complex of U(g)-modules.

Proof. We define a morphism of complexes ¢ : V(™) — V{g,b) by
Gr(x@% T AA L AX) =x@F AL AR,

for x € U(n™), x4 € n~ and %; the image of x; in g/b. By the Poincaré-Birkhoff-Witt theorem
we have an isomorphism. M

The proposition is impertant because it implies the following:
given a subalgebra b of g; if there exists a complementary subalgebra then the action of b on
V(b) can be extended to the whole of g. The extension depends on the choice of complementary
subalgebra.

In the semi-simple case to which we now specialise we set g a semi-simple Lie algebra. We
pick out the distinguished subalgebra b, the Borel subalgebra.

Lemma 5.27 Let X be a b-module and define X® = Ulg) ®U(b} X. The mapping X — X® is an
exact functor from the category of b-modules to the category of g-modules.

Proof. By the Poincaré-Birkhoff-Witt theorem Uf(g) and Sym{g) are isomorphic as vector
spaces. Thus we have a vector space isomorphism

U(b) Q) U(n™) = Ulg)

given by multiplication. This shows that U(g) is a free U(b)-module, and so the functor is
exact. M

Corollary 5.28 Let X € C be a finite dimensional b-module, and set ¥(X) = {¢d + p} where &
runs through the weights of X with multiplicities. Then X® is of type W(X).

Proof. By Lie’s theorem any irreducible b-module is one dimensional. Let V be a one dimen-
sional b-module with Hv = ¢${H)}v and n acting trivially. Then Ulg) ®U{b] V is the Verma
module V{¢ + p) and so the corollary follows after breaking X down into its irreducible compo-
nents. Ml

We now wish to study the modules Dy. Firstly from the above Corollary, Dy is of type

y( /\k(g/ b)). Now specialise to the subcomplex of V(g,b) consisting of the zero eigenvalues
of the action of Tx. Clearly have (Dy)(o) C Dy and we study the exact complex V(g)(g,b). It
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follows from Corollary 5.8 that (Dy)(g; is of type [¥(A*(g, b)) (o) We need to understand the
structure of this set.

Let @ be a subset of A. Set (O) =3 4 v. Now the weights of g/b are A~ so the weights
of /\k(g, b) (with multiplicities) coincide with the collection of weights of the form —(®) for all
® ¢ A" with |®] = k. Therefore (see Corollary 5.4),

k
W(Alg,0)] o, = {8€Als~p}[({o—(D)| @ c A, |©| =k}
={p—(®)|® c A", 0=k, (p—|D)~p}

Remembering Equation (20), we prove the following lemma,
Lemma 5.29 Letwe W, ® C A", Then p—wp ={D) if & = D,,.

Proof. Assume that p — wp = (®). We will show that ® = ®,,. The converse follows
automatically. Using induction on L(w) we have for l{w) = 0 that w = e and so the lemma is

obvious. Now let l{w) = k > 0. Choose « € TT so that w -5 4w or in other words (Lemma
5.14) x € Oy Then

(0aDw) = 0ap — OaWp = p— OoWp — &.

® C A" implies that « € 0,® since either « € @, in which case it is sent to —a; or it was not
in the set to begin with, and the only element that o, sends to « is —«.
Therefore we have

p—(oaw)p = (04®) + ax = (0a® U{a).
Assume o € @. Then 0,® U{a} C A" and by the inductive hypothesis @ g, w = 0@ U{x} and
50 & € @y, Thus (Lemma 5.14) ogw — w — a contradiction and thus « € @.

If we set @ —{x} = @’ then p—owp = (0,@’) and 0,P’ C A*. By the inductive hypothesis
Do = 0407, 50 D = 04D g U{a}. By definition o4® g wU{o} = 0x(ATNowAT)U{a} =
@, and we are done, B
An immediate consequence of Lemma 5.29 is

k
W(A@0)]g={p—(@|0ca’, @=k (p—[®)~p}
= fwp|Uw) =k}

or in other words

Proposition 5.30 Let Wy = {wp|Uw) =k}. Then (Dy}(o) is of type Vi. W

5.4 The weak Bernstein-Gel’fand-Gel’fand Resolution

Now we come to one of our main theorems, the construction and proof of exactness of the weak
BGG resolution. The weak BGG resolution provides a free resolution of a simple g-module by
modules which have nice filtrations. The strong BGG resolution ~ the proof of which uses the
weak BGG resolution — provides a free resolution by a direct sum of Verma modules.
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Theorem 5.31 Weak Bernstein-Gel’fand-Gel'fand Resolution.

Let X be o simple finite dimensional g-module with highest weight A. Then there ezists an ezact
sequence of U(g)-modules

0<——X<~—D§<~—...<—Df<——0
where s = dimn™ and DY is a module of type Y (A) = {w(A + p) | L{w) = k}.

Remark. The weak BGG resolution is a generalisation of Proposition 5.30. This gives a reso-
lution of the trivial g-module C by the modules (Dy)(o), which are of type {wp|l{w) = k}.

Proof. By applying the Casimir operator to the complex V(g,b) and focusing on the zero
eigenvalues we obtain the complex V/(g, b)(o) which is the recquired exact sequence for the case
X = C, the trivial representation.

In general consider the exact sequence DY Q¢ X and define

Dx = (DF Q) X)(c,)-
We shall prove that the sequence
06 XDFeDfe...

satifies the conditions of the theorem. Exactness follows since the tensor product and the map
X + X(¢) are exact functors since vector spaces are projective and by Proposition 5.7. The
proof then comes down to the following two lemmas.

Lemma 5.32 Let x € b*, X be a finite dimensional g-module. Set ¥ = {A + x} where A runs
through the weights of X with multiplicities. Then V(x) @ X is of type V.

Proof. Let eq,...,ex be a basis in X of weight vectors with weights Ay,..., Ax. Number
the vectors so that A; < A; implies i > j. Set a; = fy ® e; € V(x) @ X and define X =
Ulg)(ay,...,a;). This is a filtration of X. It will suffice to show that

XU /X0 = V(A +x) and XM = V(x) @ X.

We denote by @; the image of a; in XV/X(~", By construction this generates X%/X(-1)
with weight x + A; — p and is a highest weight vector. Thus XM = Um)(ay,...,ai). We will
complete the proof by showing X is a free U(n~}-module generated by ay,...,ai.

Given x; € U(n™) for each j = 1,...,1 consider }:_;;1 xj05 = X_;_1%fx ® €; Since V(x] is
free on U(n™) we obtain x;f, = f; for some f; € V(x) and so

i i
ij{lj =ij®€j #0
j=1 j=1

and so X /X1 i5 a free U{n~)-module with generator &; or in other words X /x0-1 =
V(x 4+ Ai). From this it follows that X® is a free U(n~)-module generated by ar,...,ai. Itis
also clear that X* = V(x) @ X. B

From this it follows that DE @ X is of type
Y = {A; + wp| Ay are the weights of X with multiplicities, L{w) = k}.

So to complete the proof we need
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Lemma 5.33 Let X be a finite dimensional simple g-module with highest weight A. Then for
each w € W there erists exactly one weight u for X such that p+wp ~A+p. 1 has multiplicity
one.

Proof. Existence is obvious. Now given p a weight of X with w,w; € W such that wi(u+wp) =
A+ p we will show uniqueness.

Firstly wip < A since A is a highest weight vector for X and the roots of X are closed under
the action of W. Also by definition of p it follows that wiwp < p so wip = A and wywp = p.
Thus wi =w™! and p = wA.

¢ has multiplicity one since this is the multiplicity of A. W

We finish off this section with an application of the weak BGG resolution. We prove a
theorem of Bott’s [5] which we will use later to prove the exactness of the BGG resolution.

Corollary 5.34 Bott, Let X be a simple finite dimensional g-module. Then
dim H¥{(n™, X) = card W,
Proof. We know
HY{n™, X) = Exti- (C,X) = Torl (X*,C)* = Torl" (C, (X")*)".
We now construct the resolution for the module X; = (X*}*. We have proven the exactness of

the resolution a 4
0 X (—(D‘C x) <——'—(DC x) &
' 5 QX (er) T (er)

and we know that it is a free resolution over U(n™) since each D¢ = Uf(g) Ruw /\k(g/b) is
free over U{n™) by construction. Tor! (C,X;) will be the i*" homology group of the complex

14 d_ﬂ
0 Cc@DE L @D £ .
nw n-

It is clear that C@,- Di‘ 2 Dz‘ /n_Df‘. Df‘ is of type {W(A + p)|lw) = k} and so
Df‘ / n"Di‘ is a finite dimensional vector space with weight space decomposition under § given
by the weights w(A + p) for w € W, where each weight occurs with multiplicty one.

Thus dimC ), - Di’ = card W*), The maps dy, are null maps since they are g-maps, and
50 map weight spaces onto each other. W

5.5 The Bernstein-Gel'fand-Gel’fand Resolution

We move immediately onto the proof of the strong Bernstein-Gel’fand-Gel'fand resolution. We
start by describing the modules and the maps involved. Given a simple finite dimensional
g-module X of highest weight A construct the following exact sequence of g-modules:

0-XEVA+p) & @ VwA+p) 2. ¢ P VwA+p) 0  (26)

wewit wewl(s)

where s = dimn~ and WX = {w € W|l(w) = k}.

53



This is clearly a strengthening of the weak BGG resolution, since these modules are of the
recquired type, and have the additional property that instead of having a mere Jordan-Holder
decomposition into the recquired highest weight modules, they have a direct sum decomposition
into Verma modules.

The map ¢ is defined to be the natural surjection of V(A + p) onto an irreducible repre-
sentation of highest weight A. We now construct the maps di.. By Theorem 5.10 we can think
of V(w(A +p)) as a submodule of V(A + p) and any mapping V(wi(A+ p)) = V(wa(A+ p))
is a multiple of the canonical embedding for wy < w;, and so can be represented as a complex
number Cyw,w,. So any map

P vivr+e) = @ Vwr+e)

weWik} weWik-1}

can be represented by a matrix (cw,w,), W1 € W and w; € Wk, Thus we need to define
matrices { dgf,)m) so that the sequence is exact.
To do this we use Definition 5.20 and Lemma 5.22. We assign numbers to each quadruple
as the Lemma shows us we can, and the we define the matrices [dgﬂm) as
ifw)—-w
gt _ ] stwi,wy) ifwy 2
wiwz { 0 otherwise, (27)

Theorem 5.35 Berustein-Gel'fand-Gel’fand Resolution.
The resolution constructed in (26) with maps given by (27) is exact.

Proof. We start by showing d;odiy1 = 0. We restrict to individual summands, and by Lemma
5.21 there are two cases. Either there is no map, or there are two maps which cancel by Lemma
5.22.

Exactness at X is equivalent to surjectivity and is clear.

The kernel of the surjection V(A+p) — X is generated by highest weight vectors of the form
fg}ﬁ’ JH+ - fatp for & € T1, [28]. This has weight s,(A+ p) — p and so the kernel of this map is
generated by weight vectors of this form, ie the kernel is ., cwmn V(w{?\ + p)). Thus we have
exactness at V(A + p).

All that remains is to prove that K = ker d; = imdi;y. To do this we use three lemmas.

Lemma 5.36 Let X be a free U(n™)-module with generatorsvy...vn andn:X — K ¢ U(n7)-
map such that n(vy) is a weight vector in K with respect to h. Then n is a surjection iff the
induced map 71 : X/n™X — K/n"K is surjective.

Proof. The forward implication is clear. For the converse asswme f is surjective and 1 is not.
Since K € C it follows that given any weight 1 € h* there are only finitely many weights ' > {
with Ky 5 {0} and so we can find a weight vector f such that

1. f & immn.

2. any vector ' with weight 1\’ > 1\ belongs to imm.

Let f be the image of f in K/n"K. Then f =} cifi(vi). n~K is invariant under b so there is
a natural action of h on n~K. From this it follows we can assume ¢ = 0 for all i such that the
weight of fi(vy) is greater than \ by choice of f, and also when the weight is less than 1, since
we have control over this when choosing f.

Now g =f—3 cin(vy) is a weight vector in n™K, so g = Z,YE at E—ygy where g, has weight
1 +7v > P. Thus by construction of f it follows that g € imn and so f € imn. W
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Lemma 5.37 The map

{:@ Vw ?\+p} [@ Vi(w 2\+p}——>K/n’K

wewiing) eyt 1)
is an injection.

Proof. The source of the map is a vector space with basis {fuy/w € WO}, Since diy; com-
mutes with b and the basis vectors all have different weights it suffices to show that di(fwy) # 0
for all w e Wi+,

We start by looking at the structure of K. Recalling the weak BGG resolution we have

JHD) = | JHIVWA +p))] (EB Vw{'f\+p)})

wewit) weWii

Since at each term the two sequences have identical Jordan-Hélder decompositions and by
exactness of both resolutions up to 1 — 1 it follows that JH(K) = JH (ker Dx —3 Dx ,). By
exactness of the weak BGG resolution the second kernel is equal to the image of D%, and so

JH(ker DY = D¥,) c JH(DE ) = | JHIV(W(A+ p))]
weW i)

which implies the irreducible modules which arise in the Jordan-Holder decomposition of K are
of the form R{w(A + p)) for L w) > 1

To complete the lemma we show that given a g-module X in C with L{w) > {wp) for all
R(wA) in JH(X), it follows that for a map V(weh) = X with T(fw,a) # 0 that the image of
T(fwyr) # 0 in X/n~X is not zero.

Applying this to the case X = K completes the proof.

We use induction on the number of elements in JH(X).

Let vy, be an element of X of maximal weight 1 — p, and let Y be the submodule of X generated
by vy. There are two cases:
o T(f,n) € Y. This implies

R(woA) € JH(Y) Cc JH(V(¥)),

the first inclusion by the condition on the case, and the second by construction of Y. So by
Theorem 5.11, P = wA for some w > wy. But we also know that

R(y) ¢ JH(Y) C JH(X),

since Y is a submodule of X generated by a vector of weight 1 — p.. But now we have wi > wy
and L(wq) 2 Ywyp), so that wo = wy. Thus P — p = woA — p is the maximal weight of X and
T(fwoa) € 1™ X since it has weight P — p.

o T(fua) € Y. JH(X/Y) C JH(X) is a proper inclusion and so we apply the inductive
hypothesis. M
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Lemma 5.38

{@v ?\+p} {@v }\+pjl=dimK/n“K<oo

wit) Wit

Proof. Since K is a module in our category C, we know that K/n~K is finite dimensional. Let
f1,...,Tn be elements of K such that their images form a basis for K/n~K. Let C be the free
U(n~)-module generated by n elements, g1,...,gn and definea U(n~)-mapd:C — K: gi +— fi.
By Lemma 5.36 this is surjective.

Now consider the exact sequence

0=Xe=VA+p)e...e P Viwr+p)) & &c
wewit

of U(n~)-modules. Since all the terms in the sequence (excepting X) are free U(n~)-modules
this sequence can be augmented to a free resolution of X:

0e-X=VA+p) ..o @) VwA+0)ECEaDi Dy ...
wewlth

Given a U{n™)-module M, let M denote 1 ®un-) M = M/n"M. Now consider the sequence

Dy &l P viwr+e =S P Viwh+e)
wew(!) weW(t=1)

By definition, Tor} = (C,X) = ker $/im7. If we can show that § and 7j are null maps then as
an immediate consequence we have

dim Tor? (C, X) = dim C = dim K/n"K

and by Bott’s Theorem, Corollary 5.34, we know

dimTor}” = cardW¥ =dim | @5 V(wA+p)/n~ € VwA+p))
wewyit) wew(i)

and we are done.

We have the exact seqquence
DYhcHhkoo
which after quotienting results in )
DhcHK-o
By construction ¥ is an isomorphism forcing #j to be zero.

We also have the exact sequence

ch @D Viwr+p) B Kis =0,
wewit
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and quotienting again we obtain

@ w(A+p)) ~—%K1..1——>0
wewi

Where by Ki—1 we mean ker d;—q = im d; by the inductive hypothesis. By Lemma 5.37 d; is an
injection, forcing © null. W
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6 The Borel-Weil-Bott Theorem

The Borel-Weil-Bott theorem was originally proved by Borel and Weil [39] (with exposition
by Serre), and then extended by Bott, [5]. This section proves the theorem for an arbitrary
semisimple Lie group, generalising the results of §3 - in particular Proposition 4.8. We follow
[2], and [14] - a drastic simplification of an earlier paper [11].

The plan of the proof is to study the special case of complex projective space, SL; C/B, and
then extend this to other semisimple algebras using their structure theory - which tells us they
can be thought of as a collection of representations of SL,C strung together. This proves the
Bott Vanishing theorem. For the purposes of this section F will refer to some sheaf, rather than
the flag manifold G/P.

We start by looking at the sheaf cohomology of P! following [32] (see also [21]). First we
need some elementary facts from algebraic geometry. A space is affine if it is of the form Spec A
for A a finitely generated k-algebra with no nilpotents. Tn our case k = C. For example C™ has
corresponding ring C[Xj, ..., Xn] and D(Xj) = {x € C™ X (x) # 0} has ring C[X;,..., Xnlx,; =
CiX; ,X;‘I,Xz, vy Xn]. A map f: X — Y between algebraic varieties is affine if there is an open
cover of Y such that the inverse images of the opens are affines.

We are mostly interested in sheaves defined on algebraic varieties, specifically quasi-coherent
sheaves. These are sheaves which are given locally by generators and relations. We say a sheaf
is coherent if the generators and relations can be finitely listed. A locally free coherent sheaf
(where there are no relations) corresponds to a finite rank vector bundle. We have two results
regarding sheaves on affines which we will use, see [32]:

1. If X is an affine variety and F is a quasi-coherent sheaf then HY(X,F) = 0 for i > 0.

2.I1f f: X = Y is an affine map, and F a quasi-coherent Ox-module then for all i there is
an isomorphism

HYX, F) = HY(Y, f,F)

Lemma 6.1 The following hold:
1. HO(C? — {0}, O¢z) = CIX, Y]
2, HY(C? - {0}, O¢2) = Dopei CX*YB as a C[X, Y]-module.

Proof. Given sheaf F and an open set U, define yF by wF(V) = F(UNV). F is then a
sheaf, and using this we construct the exact sequence

0 = Ocz_10 —ppv) Oz 0} @ OC_{O}Yﬁ -0
<1

This is exact, since the sheaf restricted to D(Y) is localised, and quotienting out by the original
sheaf leaves only the terms with Y to a negative power. D(Y) is affine and the inclusion of D(Y)
in €2 — {0} is affine, so we have

H (D(Y), Opgy) = HH (€2 = {0},1.0ppv)) = HY (€2~ {0),pv) Ocz_gey) =0

for 1 > 0. Thus the middle sheaf has vanishing higher cohomology, and clearly its section is
CIX,Y, Y. Now consider the long exact sequence

0 HO (€210}, ocz) - CIX,Y, Y71 5 YTV o 1Y (€2 - {0),0c2) 0.
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HO ((C2 —{0}, OC?-) is the kernel of the map e, which sends non-negative powers of Y to zero.
H? (Cz —1{0}, C’?cz) is the cokernel of this map. W

Vector bundles correspond to locally free coherent sheaves, and we need to know which
sheaves correspond to the line bundles Opn (d) before continuing. Let p = (0,...,0,1) € P™+!
and consider the projection

P — {p) — P (Xo, 4, X)) 2 (Xoy o0y Xn)

The inverse image of the affine open D(X;) is D(X;) x C with transition functions vy = -;—é’-
This thus determines a line bundle. Now the inverse image of a point (X, ...,Xn) is the line

{(AX1,...,AXy, )] A € C}. Thus this line bundle is isomorphic to Opi(1). From this it is clear

d
that dth tensor power of this will be the line bundle with transition functions Vi = (%) .
Define a sheaf of Opn-modules F(d) by

T (u, F(d) = { algebraic functions f on 7~ (U) such that f(AX) = A%f(X) for all X € n‘*‘(U)} .

Restricting to affine patches D(X;) there is an isomorphism between I' (D(Xy), F(d)) and ' {D(X;), Opn )
which we now construct. The map 7 : v~ 'D(X;) — D(X;) can be written in coordinates as

X] Xn_
¢ = ..., =2
(XQ) y n) = (XO, ’XO)
Given f € I'(D(Xy), Opn ) define f on v~ (D(X})) by
. X X
—xds (AL An
f(xo,..,,xn)ﬁxof(xo,...,x()),

and going the other way, given an f, define f as

Xy Xn X Xn
—eym= = { =, )
f(XO’ ’ Xo) f( Xo' X0>
N a
This defines an isomorphism. The transition functions for F(d) are clearly vy = (%) and so
F(d) is the sheaf of algebraic sections of Opn (d).

Proposition 6.2 The following hold,
1. H° (]P‘ , O}pl (d)) = (C[X)Y]deg d
2. H' (P, 0p () =CIX, Y-IX'Yz L

Proof. Consider the affine projection ¢ : CZ —{0} — P'. The image $+O¢2.40) will be all ho-
mogeneous functions defined on P™. This can be broken down into the direct sum 6P 4.7 Opt (4)-
So Hi (IP", Opi {d)) is the term of degree d in H{(C? — {0}, O¢z). B

Theorem 6.3 Leray-Hirsch. [6]. Let & be a fiber bundle over B with fiber F. Suppose B is
compact (this can be weakened). If there are global cohomology clusses ey, ..., ey on € which

when restricted to each fiber freely generate the cohomology of the fiber, then H*(E) is a free
module over H*(B) with basis {ey,..., e}, thus

H* (&) ~ H*(B) Q) Rier,..., er = H' (B) (X) H*(F).W
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Now we are ready to prove Bott’s theorem. Let G be a simply connected complex semi-
simple Lie group. Since G is simply connected, characters of the maximal torus are in 1 — 1
correspondence with algebraically integral elements of §*. Since characters on B have triv-
ial restriction to the nilpotent subgroup N, we thus have that characters on B are in 1 — 1
correspondence with integral elements of h*.

Given a simple root « € TT let g* be the subalgebra of g generated by x4, Us and hy as in
§2.1. Then let p* denote the parabolic subalgebra of g generated by b and g% We denote by
P® the parabolic subgroup of G corresponding to p%*.

If {t,V) is a representation of B, then let V denote the corresponding homogeneous vector
bundle over G/B, as constructed in §4.2.

Lemma 6.4 Let v: B — GL(V) be a representation of B and p a character of B. If T can be
extended to a representation of P* in V and if (¥, ) = —1 then

HYG/B, V@ L(1) =0 foralli

Proof. The fibers of the projection G/B — G/P* are copies of the projective line P'. We
will show in the next section that the cohomology of the fibers is generated freely by the

restriction of cohomology classes of G/B. By a generalisation of the Leray-Hirsch theorem to
sheaf cohomology it follows that

H* (G/B,V®L(p)) = H* (G/P%,mV ® L(1)) ® H' (B/PY 1"V ® L (1))
and so by Proposition 6.2, H* (B/P*,i*V @ £L(p)) is zero; or alternatively we can use [23] Corol-

laire 7.9.9 for the same result. B

Let « be a simple root, and A € §* such that (xV,A) > 0. Then there is a representation
P* — GL{V) «) which has the following weight space decomposition: Vj « is a direct sum of
one dimensional weight spaces of weight A,A — «, ..., sx(A). Let [* be the B-module given by
the weight A; then [* and L%+ are respectively quotient and subobjects of Vi . Depending
on (oY, A) there is an exact sequence

00— Vae— L= 0if (¥, A) =0,
0 L= 5 vy o = P = 0f (¥, A) =1,

0= L= 5 K = Vag o — 0 (¥, A) > 2.

In the last exact sequence, the B-module K has weight spaces with weights A — a, ... ,SalA) +
x, sx(A). We deduce the

Theorem 6.5 Let  be a simple root and A € §* such that (x¥, A + p) > 0. Then there exist
G-module isomorphisms

Hi (c;. /B,L") =y Hit) (G /B,LS*("'*")"") for all i. (28)

Proof. There are three cases. First if {«¥,A + p) > 2 then construct exact sequences of
B-modules

0= K= Varpa— LM — 0 and

0— L5 5K - Vagou— 0,
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where we can see K occurs in both sequence by looking at corresponding weight structures.
From this we get exact sequences of G-bundles on G/B taking the corresponding sheaves and
tensoring with the line bundle £°:

0K = Varpa®LlPoLr50
0= L3P X 5V 0a®LTP 5 0.
Since the cohomology of Vi, o ® L 7P vanishes, looking at the long exact sequences we have
0— Hi (G/B,L?‘) — HY1(G/B, %) — 0
0 - H (G/B,LS“U‘“’)"") — HY(G/B,K) = 0

and so the desired isomorphism follows. In the cases where (¥, A + p} = 0 or 1, the result
follows easily from the exact sequences given before the theorem. W

Cprollary 6.6 Let A € h* with A+ p dominant integral. If w € W has length n = L(w), then
HY(G/B,L*) and H™(G/B, LWMP)P) gre isomorphic as G-modules. W

Theorem 6.7 Bott.

(a) If A dominant integral then HY{(G/B, L) =0 fori > 0.

(b) If there exists a root o with {(xV, A+ p) =0 then H{G/B,L*) = 0 for all i.

(c) If not, H{G/B,L*) # O for eractly one i. Write A = w(p + p) — p withw € W and
w dominant integral; then H{(G/B, L) = 0 for i # Yw) and HUW(G/B,L?) is isomorphic to
HO(G/B, L*) as a G-module.

Proof. Let s be the unique bottom element of the Weyl group, with maximal length. Then
s) = dimG/B and so by Corollary 6.6 H{G/B, £L?) is isomorphic to HUsI+ (G/B,LSU‘%F’)“")
and this is equal to zero for i > 0.

For (b), write &« =w -  for § simple. Then

(@ A+0) = (w- B A+p) = (BY.wir+p)) =0
and so (B, w(A + p) — p) = —1. Then from the Lemma 6.4
HE (6/B,£7) = HW (G /B, LM40)—p) o,
The final part is an immediate consequence of the first and Corollary 6.6. B

Now we reach our goal,

Theorem 6.8 Borel-Weil. Let G be a simply-connected complex semi-simple Lie group, and
B a Borel subgroup. Suppose A € §* is an integral weight for G.
(a) If there exists a oot o such that (¥, A+ p) = O then

HYG/B, L) =0 for all i.
(b) Otherwise we have the following G-module isomorphism,
HW(G/B, L% = R (w(A + p))

for w the unique element such that w(A+ p) is dominant.
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Proof. Part (a) is already proven. For part (b), all that is recquired is to show that for a
dominant integral weight A, HO(G/B,L?) = R(A + p), recalling that R(A + p) is the irreducible
representation of G of highest weight A. The rest follows from Bott’s theorem.

We previously constructed the line bundle £* in §4.1 as a pullback of the canonical bun-
dle on a projective space. In more detail, we showed that G/P embeds in P*(W) for W an
irreducible representation with highest weight vector A, W* an irreducible representation with
corresponding lowest weight vx. In the case we are considering, where («V,A) # 0 for all roots
«, we have that the stabiliser of vy under the action of G on W* is B, and so we have an
embedding of G/B into P*(W). L? is then the pullback of the canonical bundle @(1) on P*(W).

For the purposes of proving Borel-Weil, it is convenient to give a more conceptual construc-
tion of L, which we do following [19] and [37]. Consider the “tautological” bundle B on G/B,
where the fiber of B at x, By = {z € g|z € by} where by by we mean the Borel subalgebra
of g corresponding to the point x. This is clearly a subbundle of the trivial bundle G/B x g.
Moreover under the adjoint action of G on g, it is a G-homogeneous space.

B has a G-subbundle A with fibers given by Ny = n, = [by, by]. Form the quotient bundle
H = B/N. H is a trivial bundle on G/B: it is a G-bundle, such that the stabiliser By C G
of a point x € G/B acts trivially on H,. Since G/B is a projective variety, sections of H are
constant, and we obtain the finite dimensional vector space § of global sections of H. This is the
abstract Cartan algebra of g. Given a Cartan subalgebra ' of g and a choice of positive roots,
there is a canonical isomorphism with b given by the composition §’ — by — bx/nx = Hx — b
where by is the Borel subalgebra of g spanned by § and the positive roots, and the final map is
the inverse of evaluation at a point.

We also have the dual map h* — (h’)*. The line bundle L is then the line bundle with fiber
A at x € G/B, where A is the element of b} corresponding to A € h*. This is G-homogeneous
since the G-action is to give isomorphisms between the fibers over points in G/B, and these
isomorphisis are how we identify A, in each fiber.

Let F* be the irreducible representation of G with highest weight A. We form the trivial
vector bundle G/B x F? and let F” denote the sheaf of sections of this bundle. Then

HYG/B, F*) = H{G/B,Og/p) ®c F* for i € Z*. (29)

In general, given a G-module X, we can consider it as a B-module. It then has a Jordan-
Hélder filtration which translates into a filtration of X - the corresponding (trivial) sheaf - by
locally free G-homogeneous O /g-modules of the form F,&'/Fy,_1 A’ isomorphic to the line bundle
L™ for some weight vp of X. To understand this isomorphism, recall that the quotients obtained
from the Jordan-Hélder filtration are 1-dimensional weight spaces. So the quotient considered
globally is simply picking a weight at each point of G/B. But this is how we constructed LY.

Consider the Jordan-Hélder decomposition of F*. The Casimir element acts on sections of
L™ as scalar multiplication by cv, = (vp +p,vp+ p). (Here we have altered notation from §5
to simplify).

It can easily be checked that the scalar cx can only occur for sections of L* since it is a
highest weight. Thus we have a direct sum decomposition of 7 into I" invariant subspaces —
the T-eigensheaf £?, and the rest, denoted £. Cohomology commutes with direct sums, so it
remains to see that £ has no global sections.

Since HP(F?) is an irreducible representation of g with highest weight A, T" will act as scalar
multiplication by c) on it. Elements of this representation correspond to global sections of
FA. £ is subsheaf of F? by construction of the Jordan-Hélder filtration, so global sections of £
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are global sections of 7. But sections of £ have the “wrong” action of ', hence cannot exist
globally. W

We have not shown our two constructions of L* coincide. We can now do this with the
Borel-Weil theorem under our belts. Let E = H(G/B, £*), the space of global sections of L.
We construct & map

tg G/B - IP’*(E)

such that (3 (O(1)) = L}, This suffices since by Borel-Weil E is an irreducible representation of
highest weight A. For each point x € G/B, let Ex = {s € E|s(x) = 0}; E is a hyperplane in E.
tg is then the map x — Ex. Sections of O(1) are of the form )} a;Z; where the Z; are affine
coordinates on P*(E). These pullback to sections of the form J_ ais; where the s; are sections
in E. This gives a correspondence between sections of O(1) and £, showing we have a pullback.

We briefly consider some of the consequences of the Borel-Weil Theorem. We start by
recalling the theory of the first Chern class following [35] and [22]. This theory states that
given a manifold X, there is an isomorphism between £(X), the group of line bundles on X, and
H2(X,Z). We construct this isomorphism using Cech cohomology.

A covering U = {U;}ie1 of X is called contractible if Uy, 3, = Ui, N ... N Uy, is contractible
for every k and for every k + 1-tuple (ip,...,1x) such that Uy, ; 7# @ — in other words for
every k-simplex. It is known that every covering has a contractible refinement.

We consider cohomology with coefficients in an arbitrary quasi-coherent sheaf F. Define

o, Fy = [ [ F(Ua),

c'(u,7) = [ [ FUan Up),

o<B

CMU, A = [ FlUgn...nlUg).
X o are 0

An element o € C¥(U, F) is referred to as a k-cochain. Define the coboundary operator,

§: CXU, F) — C*¥' (U, F) by the formula
k+1

(66Yig,nters = 2_(=1V0i 2 i) lugnnuy, -
j=0

§2 = 0 so we can define the cohomology groups H¥(U, F). If ¥ is a refinement of U then
there is a homorphism H¥(U, F) — H¥(V,F). Define the k** Cech cohomology group with
coefficients in F of the space X, H¥(X, F) to be the inductive limit over all coverings of the
cohomology groups arising from these coverings.

Thus there is a homomorphism H¥(U, F) — H¥(X,F) for any covering U. In the special
case where U is acyclic it turns out (Leray’s theorem) that this map is an isomorphism.

‘We can re-interpret the group of line bundles on X sheaf-theoretically as follows. If we denote
by O* the sheaf of nowhere vanishing holomorphic functions then the transition functions {g«p}
for a line bundle £ — X are in O*(Ux N Upg). By (19) we know that 5({gxg) = 0 — where we
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are writing the abelian sheaf O* multiplicatively instead of additively. Thus {g«p} is 2 Cech
cocycle.

A line bundle £ does not trivialise uniquely. Given a collection of nowhere zero holomorphic
functions f, € O*(Uy) we can define trivialisations over {Uy} by ¢’ = fx $a, which results in

transition functions ¢
Ohg =7 Gap- 30)
ap Y B (

This method allows us to produce all alternative trivialisations of £L. So two collections of
transition functions {gap} and {g;s} result in the same line bundle iff (30) is satisfied.

Thus H'(X, 0*) =~ L(X).
We can construct the following exact sequence of sheaves over an arbitrary space X,
0-Z-022 0" >0

If we look at the long exact sequence in the cohomology groups we obtain

oo HIX,0) 5 HU(X, 0%) S HAX, Z) = HEX, 0) — ...

where 6 is the boundary operator which we rename ch;. This map can be explicitly constructed
as follows, [35].

Given any a € C*(U,Z), it is a cocycle if and only if it satisfies
A1 — Qi + Qijy — Ay =0 (31)

for all 3-simplices Uijiq. This defines an element {a] € H(X,Z) which vanishes if and only if
there is a b &€ C2(U, Z) such that

aizk = by + bjx — bik.

Given a line bundle L over X, let (U3, si}icr be a local system for L where U is a contractible
covering. Since U;NU; is simply connected when not empty we can define can define a function
fi : Uy Nl — C given by
1
fﬁ = wz-;a- log Cy
where the cyj are the transition functions. If Ui N Uj M Uy # @ then since cijcjic = cix we have
exp 2miayy = 1 where
aijk = fij + fje — fix.

Now ayy is Z-valued and continuous ~ so it is constant on Uy thus defining an element of
C3(U,Z). It is also a cocycle and so defines an element [a] € H2(X,Z) which is independent of
the choice of logarithm. It turns out that the cohomology class [a] is also independent from the
choice of local system and depends only on the ismorphism class of £ in L(X). Thus we have
explicitly constructed

chy: L(X) = H3(X,Z).

This can be shown, [35], to be a bijection for any paracompact space X. In the case of
flag variety this is a consequence of the Borel-Weil theorem. The trivial line bundle G/P x C
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corresponds to the sheaf O. By the Borel-Weil theorem this has a trivial higher cohomology
groups since p is a dominant root, forcing chy an isomorphism by exactness.

Given any vector bundle £ — G/P we can form a representation of G in the space of sections
as in the remark after Proposition 4.8. Since G is semi-simple this representation splits into
irreducibles, and each of these irreducibles corresponds to a unique line bundle.
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7 Cohomology of Flag manifolds

There is a beautiful and surprising connection between the Weyl group of a complex semi-simple
Lie group G and the cohomology of the flag manifold . Namely the quotient of the algebra
Symb by the additive subgroup of W-invariant polynomials is isomorphic to H*{F, Q). This
was originally proven by Borel [3]. More modern K-theoretic proofs can be found in {1] and
[19]. We will prove it case by case without resorting to high-powered machinery.

In addition F can be partitioned into open cells - the Bruhat cells -~ such that the homology
classes of their closures provide a basis for H*(F,Z). Thus we have two different approaches to
studying the cohomology of F. The aim of this section is to reconcile the them.

7.1 Borel’s theorem

The main tool in the proof of Borel’s theorem is the theory of Chern classes. References for this
theory are [6] and [15], which we draw on here, or alternatively [38]. We first list some basic
properties of the Chern classes, and then give a brief sketch of how they are constructed.

To each complex vector bundle € % X there corresponds a cohomology class ¢(€) € H*(X, Z)
with the following properties:

Cl.c(&) =1+cy{€) +... +cn(E), where ci(€) € H?YX,Z) and ¢;i(€) = O for i > dim .

C2. (Naturality) Given a map Y 5 X, it follows that * (¢(€)) = ¢ (f*(€)).

C3. {(Whitney formula) Suppose € can be written as a quotient §/G. Then we have that
c{F) = c[€) Uc(G) - where U denotes the cup product.

C4. If we denote by L the canonical line bundle on P{C™), then ¢(£) freely generates
H* (P{C™),Z) as an algebra. '

C5. If £ and L’ are arbitrary line bundles then ¢ (L @ L') = ¢1(L) + c1(L7).

Cé6. Given a section p of a line bundle £, this determines a divisor D = }_ n;D; where each
D; is an irreducible hypersurface and n; is the order of vanishing of u along D;. We then have

ci(8) =) ni(Ds) in H¥(X,2Z),
where (D;) is the cohomology class of the subvariety D;.

We will typically write the cup product using a dot, since Borel’s theorem will show that
we can think of the cohomology of G/P as a polynomial algebra.

Proposition 7.1 [27] Let € and F be vector bundles over a space X.
(¢) If € and F are isomorphic then c¢i(€) = ¢i(F) for all i.
(b) If € is a trivial bundle then ci(€) = 0 for all i > 0.
(c) If € has rank n and possesses a nowhere zero global section then cn(€) =0.

Proof. (a) follows by functoriality. For (b) consider the bundle map f,

E=XxC"——C"

| !

X —-———-—i-—»{point x}
Hi({x},Z) = 0 for i > 1 so that f*Hi({x}, Z) =0, implying ¢;(€) =0 for i > 1.
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Finally to prove (c), impose a Hermitian metric on the bundle &. The global section s picks
out a trivial subbundle F of €. Using the metric we obtain a perpindicular subbundle F+. We
then have

c(&) =c(F) - c(FH) = c(FH)

by the Whitney formula and (b). Since F* has a lower rank than &, it follows that the top
Chern class of € is zerc. W

We constructed the first Chern class in §6. Now using the first Chern class we go on to
construct the higher Chern classes. Again let € 2, X be a vector bundle; with transition maps
gap : Ua[1Ug = GLm C. We can form the projective bundle P(€) % X as follows:

at each point x € X let £ denote the fiber over x. The projectivisation has fiber P(€y) at
the point x, and transition maps gup : Ux[]Up — PGLy, C induced by the gup’s. Each point
in P(€} is a line 1y in the fiber &,.

The projective bundle P(€) is a manifold in its own right ~ a generalisation of complex
projective space — and it comes eguipped with its own canonical vector bundles. We form the
exact sequence,

0L 'E—0-0

of vector bundles over P(€). We describe each element of the sequence in turn. 7~'€ is the
pullback of the vector bundle € under the map 7,

&

|

P(&) "= M

and can be described more explictly as having fiber €, at the point 1,. If we restrict to the fiber
7~V (x), which we denote by P(&)y, the bundle trivialises

' Elpey, = P(E)x % Ex

since &y 5 {x} is a trivial bundle - ie we are pulling back a trivial bundle.
L, the canonical line bundle, is defined by

L= {(lx,v) en1E|v G.Lx}

and is a straightforward generalisation of the universal bundle over projective space. The bundle
O is the quotient of the pullback bundle by the canonical line bundle.

Set y = —c1{L) = c1(LY) where by LY we mean the dual line bundle to £ satisfying
LRLY =~ P(E) x C, the trivial bundle. Then y is a cohomology class in H2(P(£), Z). Restricting
L to a fiber P(€y) results in the canonical line bundle on the complex projective space P(€x) and
30 by property C2 it follows that the restriction of —y is the Chern class of the canonical line
bundle on P(€x). So the cohomology classes 1,y,...,y™ are global classes whose restrictions
to the fibers freely generated their cohomology — property C4. So by the Leray-Hirsch theorem
H* (P(&)) is a free module over H*(X) with basis {1,y,...,y™ .
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Thus we can uniquely write
Y8+t en(E) =0

where ¢i(€) € HZ(X). ¢;(€) is defined to be the i*" Chem class of €. In the special case where
n =1, we have that P(£) = X and y = —¢ (&) = —c(L) so the definition works.

Definition 7.2 We define the following,

1. Let R = Sym hg = @ Ri be the graded algebra of polynomial functions on hg with rational
coefficients — with Ry the space of homogeneous polynomials of degree i. W acts on R according
to the rule w- f(h) = f{w~'h).

2. 1 is the subring of W-invariant elements in R, and

It ={f € 1f(0) = 0}.

3. ] is the ideal in R generated by 1™,
4, R =R/].

Theorem 7.3 Borel. [17] We construct a homomorphism « : R — H*(G/B,Q). For each
X € by, there is a character 6 € Mor(H, C*) such that B(exph) = expx(h) for allh € §. Extend
this to a character on B by setting 0(n) = 1 for all n € N. 8 defines a line bundle L°. Finally
we define a(x) = ¢1(L%) € HZ(G/B,Z). Thus « is a homomorphism of b3, into H2(G/B, Z)
which extends naturally.

It then turns out that kerx = J, so that

&: R/} — H*{G/B,Q) is an isomorphism.

Proof. We prove this case by case.
(A,). Let E be a n dimensional complex vector space. To prove the theorem we construct the
flag F™o1(E) = F(E) as a sequence of projective bundles starting with P(E}. Points in this
space are lines in E. Let U; denote the canonical line bundle over P(E) and E the product
bundle P(E} x E. Take the quotient E/Uy and form the projective bundle P(E/U;) — P(E).
Consider the fiber over a point 1 in P{E). This fiber consists of all the lines in /1 — in other
words all the planes in E containing the line 1.
Now construct the canonical line bundle on P(E/Uy]. This bundle can be represented as
U,/U; for a rank-2 bundle U; such that U] C U; € E’ as vector bundles over P(E/U;). So in
the inclusions above we have that U] is in fact the pullback

Uy

|

P(E/U) — P(E)

and E’ is the vector bundle P(E/l;} x E. Now construct P(E//U;). Each point in this space
is a line contained in a plane contained in a 3-space. We continue with this construction until
we arrive at the flag manifold P(E/U,_;) with canonical line bundle U,_;/Un.2.

Now let £ = U and L3 = U;/Ui_;. Then L; is the line bundie equal to £{6;) where 8; :
B — C* is the character taking b € B to the i*? element of its diagonal. We set x; = —cy (£(84)).
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This is an iteration of the construction used to define the higher Chern classes and so we
can see that x}'x3 ... where ix <n —k form an additive basis for H*(F).
We have a filtration of vector bundles,

{olcy;chco..cUp i CE
By Whitney’s formula we have

1=c(B) =c(Un_1) c(ln) = c(Un-) - ¢(Ln-1) - c(Ln)
= .., =c(L1}-c(Lr)...c[Ln)
= (T=x1)(1=x2)... (1 =xpn)

and so it follows that ej(x1,...,xn) = ... = en(x1,...,%n) = 0 where ex(x1,...,xn) is the
k* elementary symmetric polynomial, given by the sum of all monomials Xigerr-- xi, where
the subscripts satisfy 1 <1; < ... < ix < n. These form a basis under Z for the symmetric
polynomials.

Thus we have
H.(F,Z) ::Z[x],...,xn]/ (el(x))' '-;en(x}))

or in other words it foliows that H*(F,Z) is isomorphic to the space of co-invariants of Sym h*
under the symmetric group as recquired.

{Cp): We still want to build up the flag manifold as a sequence of projective bundles — but
we have to deal with the complication that this must be done in such a way as to ensure the
subspaces are all isotropic.

Since any line is isotropic, choosing a line is equivalent to simply picking a point in P(E).
Having done this we choose an isotropic plane containing this line by choosing a line Ly/Ly in
P(E/L1). We continue, iterating this construction until we obtain the symplectic flag,

{OlcujcUycCc...cUn=UCE

where dim E = 2n. Following the strategy above we set xi = —c¢1(Ui/Uj—1) for 1 between 1
and n. The cohomology ring of the flag F(E){™1) is generated by the x;’s, but now with an
additional relation. The symplectic form forces U and E/U dual vector bundles, implying
T=c(Upn) c(E/Un) = c(Ln) : c(Un_1) - c(E/Un_y) - C(LX)
=..=T+x) ... T+ %) (T —=%x) ... (T = x)
=(1—=x$...(1=x2).

So following the reasoning above we have
HO(FSY™ Z) = Zlxy, ..., xnl/ [(el(x%,..,,xi},...en(x%,...,x%)] :

(Bya) : Since the Weyl groups for By, and C,, are the same we expect to obtain the same end
results. In this case not all lines are isotropic, for example the vector ey + e,y defines a
non-isotropic line. Thus instead of choosing any point in P(E), we choose points in a subvariety
defined by a single quadratic equation (see §3). Thus the flag manifold F(E) -1 is constructed
as a sequence of quadric projective bundles

{BlcUyC...cUCE
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which carries the same information as
PlcUuyc...cUncUic...cUf CE
The quadratic form implies that Uy, and E/U are dual bundles, giving the relation
1=c(Un)-c(E/U).

We can break this down into its components and in then end we obtain exactly as in the case
for Cp,

He(Forth=odd 7y ~ Zlx1,... , Xnl/ [(e;(x%,...,xi),...,en(x%,...,xﬁ)] .

(Dp) : This case is identical to the previous one, with an additional relation. Choose any non-
isotropic vector v. For example with our canonical basis let v = e + en43. Then v cannot be
contained in any isotropic subspace of E, and so v defines an everywhere nonvanishing section
of the bundle £/U,,.

Before going any further let us see why this behaviour does not occur in the previous two
cases. Cp, does not allow non-isotropic vectors. In the case of B,, we are considering the vector
bundle E/U}. U is an n + 1 dimensional vector space and thus Q(U;;, ULl) # 0 and we are
not guaranteed an everywhere non-zero section.

Continuing, this implies this bundle has vanishing top Chern class, and so

0=cn(E/Un) =%1...%n.

The Weyl group for Dy, has only even sign changes, so we have this additional relation which
is unaffected by even changes in sign. Thus

He(Forth—even 7y o Zlx1, ..., Xnl/ {eﬂx%,...,xﬁ),...,en(x%,...,x,zl),(x] ...xn)] |

Suppose we are given the map G/B — G/P* with fibers copies of the projective line. Then
since G/B can be built out of projective bundles it follows by property C4 of the chern classes
that the cohomology of the fibers is freely generated by the restriction of cohomology classes of
G/B as recquired in Lemma 6.4.

7.2 Brubhat cells

There is a strong link between the Bruhat order on the Weyl group and the topology of the flag
manifold G/B, which we look at in this section. We draw heavily on results proven in §5.2.
We start by describing the Bruhat decomposition of the flag manifold following [19]. Let
G be a complex semi-simple Lie group, with fixed Borel subgroup B and corresponding Borel
subalgebra b. Let N be the unipotent radical of B with Lie algebra n, and set N~ = sNs~! ~
the subgroup of G corresponding to the algebra n~ of negative roots. Denote by F = G/B the
flag manifold consisting of all Borel subgroups of G. We form a series of set-theoretic bijections,

W — {N-orbits on F} — {Ny,|w € W}. (32)

¢ Let Ng(T) be the normaliser of T in G. It is a standard fact, see [34] or [8], that Ng(T)/T
is isomorphic to the Weyl group. Define a map W — {N-orbits on F} taking w € W to the
coset Fy == N - W . B where W is a representative of w in N{T).
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e Let Ny =w N~ w™'AN. Define a map
Nw”‘)}‘w:an'W‘B. (33)

This is an isomorphism of algebraic varieties and provides the second map.

This has the immediate consequence that we can parametrise the N-orbits on F by the Weyl
group. We refer to these N-orbits as Bruhat cells, and refer to the decomposition of F into
these cells as the Bruhat decomposition, [9],

F=JFu=JNwB
weW weWw

The flag variety F can be embedded into a projective space. This is described in §4.1 for
explicit cases — we now consider a general semi-simple group. Let X be a finite dimensional
G-module with regular highest weight A. By regular we mean (A, &) # 0 for all « € T, or
equivalently that the wA are distinct.

Choose for each w € W a non-zero vector fy € X of weight wA. This uniquely determines
a point [f,] € P(X). By the regularity of A, the stabiliser of the point [fe] under the natural
induced action of G is B, the Borel subgroup. Thus the orbit of {f.] in P(X) is naturally
isomorphic to F. Denote this embedding by

11 F — P(X).

In addition the Bruhat cells have a natural description in terms of this embedding. Let F,, be
the closure of F,, in F. This is an irreducible algebraic variety which we refer to as a Schubert
variety.

Definition 7.4 For each w € W let ¢, be the linear function on X satisfying

dwlfw) =1, bw(f) =0 if f € X is a vector of weight not equal to wA.
Lemma 7.5
F =1 (BUM) - w- [f])). (34)
Proof. We will show that given f € X such that [f] € F it follows that
[fl € Fy if and only if f € U(n) - f,, and ¢y (f) #0. (35)

Since [f] € F we can assume that f = g . f, for some g € G. First assume [f] € F,,. Thus
g€N-w-Bandsof=cyjexp(Y) w-f. for some Y € U(n), thus f € U(n) - f,, and d(f) #0.
It is also clear that for each f € X there is at most one w € W such that f € U(n)f,, and
dw(f) # 0. (35) follows since F = J,pew Fw-
P(U(n) - [f,]) is the closure of U(n) - [fy] in F, immediately implying (34). W

Fw has dimension 1(w). We can see this since the annihilator of w . [f] = [fs] in N
corresponds to the root spaces in n conjugate to positive root spaces under w. This is the
case since under this conjugation [f,] is a highest weight space. Thus F,, is parametrised by
w-nNs-n (where s is the bottom of the Bruhat order) and is an affine cell.

For each root ¥ € A we fix root vectors xy and yy in g such that [xy,yy] = hy. Denote
by g¥ the subalgebra of g generated by xy,uy and h,. g¥ is isomorphic to sl C, see §2.1. Let

w X w’ and let X be the smallest g¥-invariant subspace of X containing fy.
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Lemma 7.6 Let n = (w'A,yY) € Z, n > 0. The elements {y}, - ./ 11 =0,...,n} form a basis
for X. Putf =1y} fu. Thenyy - =0, f=c'fur, (¢! #0) and fw = cf (c #0).

Proof. By Lemma 5.12, w'™ly € A™, s0 %y - fyr = exy W fe = ow’  xym1y  fe = 0,
in other words fy is a highest weight with respect to g¥. It then follows from the theory of
representations of 51, C, see §2.1, that the {y; . fw;}i —o....n form a basis for X and that

x;l.?:x;l-yg'. fW' o C,fw;,
Since w = oyw’, we have wA = oy(W'A) = w/A — w/A(hy)y and thus Y3 - f,» has weight wA.

Since the weight space WA has multiplicity one, it follows that y3 - fu = f = cfy, for some
c#0. B

Theorem 7.7 Let X be a finite dimensional representation of g with highest weight A. Assume
that the weights wA for w € W are distinct and select for each w @ non-zero f, € X with weight
wA. Then

w’ >w if and only if fur € Uln)fy (36)

Proof. Our strategy is to introduce a partial ordering on W:
w - w' if and only if f,» € Un)f,,,

This is indeed & partial ordering since the weights wA are distinct. We now show that it coincides
with the Bruhat order using Proposition 5.18. Thus the ordering must satisfy P1 and P2,

P1. Let « € T and Yoaw) = L{w)—1. Then w 5 g,w, and by Lemma, 7.6, fo v € U(n)fy,
that is, w 4 o, w.

P2, Let w 4 w'. We choose an « € IT such that w -5 ow. We choose w' so that
oow’ — w'. We will prove that oqw - W/, that is f,,y € U(n)fs . This is equivalent to
showing fo w € U(n~)f,s. By Lemma 7.6 we have x - f,,v = 0 and x}, - f,, = cfg_ 4 where
n = {oaw- A, V). By assumption f, € U(n)f, and thus f,, € U(n")f,. Letting p~* denote
the subalgebra of g generated by b, n™ and g* it follows that

foaw = Xy - fw = X - fyy» for some X in U(p™).

X can be written in the form .
X=3 Yi¥{+ Vxq

i=1

for Y; € U(n™), Y/ € U(h) and Y € U(g*). Thus

fow= Y Yi¥{-fuw =) ci¥i-fur € Un7)fy B

Finally we reach the theorem linking the topology of the flag variety with the Bruhat order.
We find that the Bruhat order is a schematic of the Bruhat decomposition.

Theorem 7.8 Letw € W, Fi C F a Bruhat cell, and F,, its closure. Then

Fur C F if and only if w < w'.
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Proof.

e Let F,y C Fy. Then [fn] € Fy, and by Lemma 7.5, f» € U(n)fw. So by Theorem 7.7
w<w,

e For the converse consider the case w 5 w’. Let n = (w/ AvY) € Z. By Lemma 7.6 it
follows that n > 0, xJ - f, = cf,s and x{}“’”‘ - fo=10. Thus

3 —T‘- N — —9— ;
Jim ™ exp(txy)fw = i fur,
s0 that [fy] € Fw or in other words Fryr € For. B

7.3 The ring of polynomials on

In this section we study the rings R and R constructed in Definition 7.2 following [30]. See also
[12], [13] and [25]. Since we know by Borel’s Theorem that R and H*(F, Q) are isomorphic it is
interesting to try and find and algebraic construction of the cohomology classes of the Schubert
varieties. This is the goal of the rest of this section.

Definition 7.9 Let vy € A. Let Ay : R — R be the operator defined by

f—o,f
f= Y
Ay Y

This maps R to itself since f—of = 0 on the hyperplaney =0 in hg - in other wordsy divides
into the numerator.

It is clear that the operator A, reduce the grading by one.

Lemma 7.10 Letye A, f and g in R. Then

(6) Ay =-A,, AL =0.

B)w- Ay -w = Ay

(c)oy - Ay=—Ay- 0y =0y, Oy=—VAy+1=Ayy-—1.

(d) Ayf =0 if and only if o, - f = 1.

(e) AT C T,

(f) Let x € hg. Then the commutator of Ay with the operator of
multiplication by x has the form [Ay,x] =x(hy)oy.

Proof.
(a) through (d) follows immediately from the definition of Ay.
To prove (e), let f = f|f;, where f; € I* and f; € R. Then Ayf =f1Afr€].
For (f), since oyx =X — {X,Y")Y =X —x(hy)y it follows that

1 —
[y, X = Ay(xf) = Xy (f) = = (XF — oyx 0f = XF + X0f) = X ” X 5 f =x(hy) oyf B

We wish to show that given w € W with reduced decomposition oy, ...0«,, we can legiti-
mately define Ay = Ay, ... Ay, . This follows from
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Theorem 7.11 Let «y,...,0xx €11 and set w = 0o ... Oy Let Mgy, o) = Aoy -+ - Ay -

(a) If U w) <1 then Agy, . ) = 0.

(6) If  w) =1 then Ay, .« depends only on w and we define this operator to be A,
Proof. We use induction on k; the case k = 1 is trivial.

(a). Assume by inductive hypothesis that (0, ... 0x,_,) = k—1,s0that (0, ... O, O ) =
1—2. Then 6400,y -+ Oy y = o,y --- Coy_; Oy fOr some 1 by Lemma 5.13. Since k—1< k,
the inductive hypothesis implies Ay Ag, |, .. . An_, = Ay - - Ay ;A and so by Lemma
7.10(a) we have

Aa{ ...A“k =A0¢{|l "’A(x«kAQ«k =O.

To prove (b), we introduce the operators

r(ocn--',ka) = Oy o0 Oy A(ocu poen O}

We then have the following

Lemma 7.12 See [30]. Let x € by. The commutator of (s, . o, with the operator of multi-
plication by x is given by the formula

k
[r((xl )"-s‘xk) ’X} = Z, X(W1+1 ho{"l JW1_+]W1_1 r(‘xl :"*ya'i. ’"'v'xk)' (37)

igl
where wy = 0y, ... 0x . B
This is a messy calculation which we avoid.

IfYoux .. .8 ... 0 ) < k—1 then we are in case (a). So assume this has length k — 1 and

let W’ =0, ... 00 . O and Y = O ... Ony_, (). By Lemma 5.12 it follows that w 5 w/’
and

X(Winthg ) =wx(Wwigthe ) = wWX(0g ... 0x_ he ) =wx(hy)
and
—1 B T -1
Wit Wi T o) = Wik TWR WA, oBiyenstti) =W Dy B

Using Proposition 5.19 and the inductive hypothesis, (37) can be rewritten as

(Mo oo ) X] = Z wx(hy)w Ay (38)

v
w-—rw!

The right hand side of this equation does not depend on the decomposition of w. The proof of
the Theorem thus comes down to the following fact,

if T be an operator in R such that T{1) =0 and [I[x] =0 for allx € hy then T =0;

which is clear since I' commutes with all the non-constant terms and is zero on the constants.
Thus our description of the behaviour of Iy, ... «,) characterises it. We can recover Aw by the
formula Aw = wiy. B

Lemma 7.12 can be rewritten using the working of the above theorem as follows,
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Corollary 7.18 The operators Ay, satisfy the commutator relation

[WBwx] = Y wxy A E (39)
w—y—?w’
Definition 7.14 We define the duals to the above,
1. Let Sy =R} and S = @ S;. Denote by (,) the pairing S x R — Q. S inherits a W-action
from R,

2. For any X € by, let X* denote the transformation of S adjoint to the operator of multipli-
cation by x in R. Thus for allf € R and D € S x* satisfies

(D,xf) = X'D, f)
3. Similarly denote by Fy: S — S the linear transformation adjoint to Ay : R — R.

S is equivalent to the algebra of differential operators on h with constant coefficients. Under
this equivalence, the pairing (,) is given by (D, f) = (Df)(0). Under this correspondence we
also have x*(D) = [D, x] as operators on R. This follows from the equations

(x*D,f) = (D,xf) = x(Df)(0) + f(0) = £(0)
D, x1f = (Dx}f(0) — x(Df)(0) = f(0).

We prove some basic results on F,.

Lemma 7.15 Lety € A. For any D € S there is a D €S such that y*(D) = D. If D is any
such operator, then D — o, D = Fy(D). So the left hand side of the equation does not depend on
the choice of D.

Proof. The existence of D follows from the fact multiplication by  is a monomorphism in R,
implying v* is surjective. Also, for any f € R we have

(D - GYD,f) = (D,f— ny) = (D;Ayf.y) - (y*(fj),ayf) = (D,Ayf),
thus D—oyD =F,. W

Theorem 7.16 Let xq,...,ax €T, W =0y ... O,
(o) If Uw) < k then Fy, .. .Fo =0.
(b) If Uw) =Xk then Fy, ...Fa, depends only on w; denote the transformation by Fu = A,
(c)
x* Faw] = Z W’X(h'v)Fw'W- (40)
wlyw!

Proof. This is a direct consequence of Theorem 7.11 and Corollary 7.13.

Definition 7.17 Let D,, = F,,(1).
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Theorem 7.18 The following hold,
(a) Dw € Sl[w}.
(b) Letwe W, o € TT. Then

0 if L {woy) =

_ Uw) -
F"‘D““{ Dwee i Lwo) = Uw) + 1.

(c) Letx € hg- Then

(d) Let x € TI. Then

D —D. if Uwog) = Uw) —1,
Cew = —Dw+ ¥ v, wWalhy)Dw ifl{wog) =Lw)+1.

(e) Letw € W, Lw) =k, X1,.-,Xk € By Then (Dw,x1...xx) = L xalhy) ... xk(hy),
where the sum is over all chains

wl=we 2 L ow; Hwy e

Proof,

(a) A,y drops the grading by (w) and so its adjoint will increasing the grading in S.

(b) follow from Theorem 7.16.

{c) x*(Dw) =x*Faw(1) = [x*, F,yw] (1) since x*(1) = 0 and so (c) follows from (40).

(d) By Lemma 7.10(c) we have o = a*Fy — 1. Thus (d) is an immediate consequence of
(b) and (c).

(e) Define D, = D,,~1. Then these satisfy the relation

XOw= Y w (D = Y x(hy)Da. (41)
w1 Ly wlyw!
Now since (D, xf) = (x*(D), f), (e) is a consequence of (41) applied inductively on k. B
Definition 7.19 Let H be the subspace of S orthogonal to ] C R under ().
By Lemma 7.10(f), K is invariant under the F,’s. We have 1 €  and so Dy, € H for allw e W.
Theorem 7.20 {D.|w € W} is a basis for K.

Proof. linear independence: Let s € W be the element of maximal length and r = 1{s). By
Theorem 7.18(e), Ds(p”) > 0 so that Ds # 0. Now let 3 cwDw = O with W one of the elements
of maximal length such that cj # 0. Set k = L(W). There is a sequence «, ..., % satisfying
WOy, ...0n_, =5. Let F=Fn _, ...Fy. Then by Theorem 7.16 FDy = Dg and FDy, =0 if
lw) >k, w # W, Thus

F (Z cWDW) =cwDs+ terms of lower degree # 0.

spanning: It suffices to show f € R and (D, f) =0 for all w € W imply f € ]. Assume fisa
homogeneous element of degree k. This is clear for k = 0.
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Let k > 0; we use induction assuming the result for all homogeneous polynomials of degree
< k. Thus given any o € TT and w € W we have by assumption (FoDuw, f) = 0. But (FxDw, f) =
(Dw, A«f) and so by the inductive hypothesis Asf € J, 50 aAxf = f — 0o f € J. Therefore for
allw e W, f = wf (mod ]) and so averaging over the Weyl group we obtain

w1 Z wf=f (mod ).

weW

The left hand side belongs to |t sofe]. B

7.4 Schubert varieties

Finally we prove that the functionals D., defined in the previous section correspond to the
cohomology classes of the Schubert varieties F,,. Given a Bruhat cell 5, with closure F., let

[Fw] € Haiw) (Fuwn Z)
be the fundamental class of the algebraic variety %, and let

Xw = 1y ([Fuw]) € Haypwy (F,Z)

be the image under the map induced by the embedding F,,, < F. We know, see [15], that given

a non-singular projective variety X with filkration X = X3 2 Xe—1 D ... D Xo = @ by closed

algebraic subsets with X; \ X;_; a disjoint union of irreducible varieties U;; each isomorphic to

an affine space C™") then the cohomology classes [U; 5] of the closures provide an additive basis

for H*(X, Z) over the integers. Thus the Schubert varieties form an additive basis for H(F,Z).
Each Schubert variety gives rise to a linear functional D on R as follows,

ﬁw(f) = <xWx o(f))

where (, ) is the usual pairing between homology and cohomology, and « : R — H*{F, Q) is the
map from Borel’s Theorem.

Theorem 7.21 ﬁw == D

This is our main theorem. It shows that we have found a natural algebraic construction in
R for the cohomology classes of the Schubert varieties. The theorem is a consequence of the
proposition:

Proposition 7.22 (a) De=1 and for any x € by,
x*Ow)= )  wx(hy)Dy. (42)
w)-'-)w’

(b) Suppose that for each w € W we are given an element Dy € Siiw) with De =1 and such
that (42) holds for allx € b5. Then Dy, = Dy

Proof. The second part follows immediately by induction on 1{w) along with Theorem 7.18(c).
For the first part we need to look more closely at the geometric structure.
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Given any topological space Y there is a bilinear mapping known as the cap-product,
HI(Y, Q) x H;(Y,Q) 5 H;i(Y, Q)

This has the properties, ) .
1.For ally € H5(Y,Q), z € HI-Y(Y, Q) and ¢ € HY(Y,Q),

(cNy,z) = (y,cUz). (43)
2. Let f:Y; — Y3 be a continuous mapping. Then for all y € H;(Y;,Q) and ¢ € Hi(Y;,Q),
fu(ffeny) =cnf,y. (44)

By (44) for any x € b}, f € R

(x*(Ow), ) = (D, xf) = (xw, x1(x) - c2(F)) = (&x1(%) Ny, ().

Thus (42) is equivalent to showing that for all x € b7,

o1 (X) Ny = Z wx(hy )X (45)

w—y—>w'
We restrict the line bundle £(x) to F C F and let ¢y € H2(F,,, Q) be the first Chern class of
L(x). By (44) and the definition of «: b} — HZ(F, Q) it is sufficient to prove that
cxNxw= Y wix(hy)uw. (46)
wl>w’

in Haywj—2(Fw, Q). To do this we use the following lemma

Lemma 7.23 Let Y be a compact analytic space of dimension 1. such that the codimension of
the space of singularities of Y is greater than one. Let L be a line bundle on Y with first Chern
class c € H2(Y,Q). Let p be a non-zero analytic section of L and 5 m;Y; = divy the divisor

of u. Then cN[Y] =3 my[Yi] € Han-2(Y,Q), where [Y] and [Y{] are the fundamental classes of
Y and Y;.

Proof. If Y is smooth then by Poincaré duality the map _N [Y] : HYY,Q) — Hon-;(Y,Q) is an
isomorphism taking cohomology classes to homology classes. Thus by property C6, we have

cﬂM:Zmi(Yi)ﬂ[Y]rZ_miWﬂ-

In the case at hand where the space of singularities has codimension greater than one, we use
relative Poincaré duality, see [40], excising the subvariety containing the singularities. B

Proposition 7.22 follows from the lemma and the next two propositions. The first shows that
the space of singularities has codimension two or more, since the dimension of F,, is {(w). The
second calculates the divisor of a section. L

Proposition 7.24 Letw X w'. Then Fo is non-singular at points x € Fyy.
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Proposition 7.25 There is a section v of the vector bundle L(x) over F,, such that

divp = }: wx(hy) Four

¥
w—w/

To prove these propositions we use the representation theoretic description of the Bruhat cells
given in the last section. So as before we let X be a finite dimensional representation of G with
regular highest weight A.

Proof of 7.24. Given a root v € A" let g denote the subalgebra of g generated by h,,
xy and yy. Then set v : SL;C — G as the homomorphism corresponding to the embedding
g¥ — g. Within SL, C consider the subgroups

R (I T (PO S (O

_01 (])) We can assume t(H') € H and (B’) C B. Let X be the smallest

gY-invariant subspace of X containing f,.s. By definition X is invariant under (SL,C), and the
stabiliser of the line [f,,/] is B’. This then gives a mapping SL, C/B’ 5F SL,C/B’ =~ P'. Let
o and oo € P! be the images of e and ¢ under 1. Define a mapping

and the element 0 = (

E:Nw xP' 5 F:i(n,z) = n-8(z).

Lemma 7.26 £ has the following properties,
(@) E(Nw x {0}) = Four, & (N x (P! —{0})) C Fon.. )
(b) The restriction of & to Ny x (P'—{o0)}) is an isomorphism onto an open subset of Fu.

Proof. The first part of (a) follows immediately from the isomorphism (33). Since F, is
invariant under N, the second part reduces to showing 8(z) € Fy for all z € P! —{o0}. Let
h € SL;C be the inverse image of z. Then h can be written byob; with by, by € B’. Clearly
Uba)fw = ci1fur and ((o)fw = cafw where ¢ and c; are constant. So (h)fy = cicat(br)fw
so that 8(z) € Fiy as recquired.

(b) P! — {co} is naturally isomorphic to N’~ < SL; C. Consider the map

w0 & Ny x (P —{o0}) o F.
£ : Ny x N~ — F can be explicitly written as

E(n,ng) =n. ng)[fu], for n € Ny and ny € N7, (47)

Thus w'~' o &(n, 1) = (W™ Tnw’) (w1 - tfny)w')[fel. (48)

By definition of Ny, w'~'N,,»w’ € N~ and since w'~ly € AT it follows that w'~"(N/"Jw’ C
N~. In addition the intersection of the tangent spaces of these two subgroups is zero since
Ny € N and ((N’7) ¢ N=. The mapping N~ — F : n — n[fe] is an isomorphism onto an
open subset of 7. Now we use the lemma,

Lemma 7.27 [{]. Let Ny and Ny be two closed algebraic subgroups of a unipotent group N
whose tangent spaces at the identity have zero intersection. Then the product mapping Ny x
N3 — N gives an isomorphism of N1 x N2 with a closed subvariety of N.
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We know the tangent spaces of Ny, and ((N’7) have zero intersection at the identity. (48)
shows that we have a product embedding into N™ and so by Lemma 7.27 we are done. M

So the image under £ of N,y x {0} is Fy and also Ny x (P! —{oo}) D N, x {0} is mapped
isomorphically onto an open subset of F,,. Thus the points of F,, are non-singular in F,, and
Proposition 7.24 is proven. l

Proof of 7.25. Any element of h3 can be written X = A — A where A and A’ are regular
highest weights. So LX = L"@L}"" and it is sufficient to find a section p with the recquired
properties for the special case x = A.

Let £x be the vector bundle on P(X) consisting of pairs (1, ¢) where ¢ is a linear functional
on the line L ¢ X. Then, see Definition 4.7, L* = 1*(Ex) where 1 is the embedding F < P(X).
In Definition 4.7 we used the dual projective space, and the ordinary canonical bundle, whereas
here we use normal projective space and the dual of the canonical bundle.

The linear functional ¢, Definition 7.4 on X gives a section of the bundle £&. We will
prove that the restriction p of to this section to Fyy is a section of the line bundle £* with the
recquired properties.

By Lemma 7.5 p(x) # 0 for all x € F,,. Thus the support of the divisor div i is contained
in

Fw=Fu= |J Fuw.
whw!
Since F,, is an irreducible variety we have div p = ZW O ayFywy, where ay € Z§. The final
step is to show a, = w'x(h,).

As aresult of Lemma 7.26 the coefficient a, is equal to the multiplicity of zero of the section
5* (1) of the line bundle §*(£*) on P! at the point o - that is the multiplicity of zero of the
function

P(t) = dwr ((exptyy)fur) for t =0.

By Lemma 7.6 P(t) = ct™ so that a, =n =w'x(h,). K
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