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Abstract

The thesis is devoted to the study of localized solutions of dispersive and dissipative
nonlinear evolution equations. First, we consider the parametrically driven, damped
nonlinear Schrodinger (NLS) equation. Soliton solutions of this NLS equation may become
unstable due to a resonance of two internal oscillation modes. The objective of our study is
to follow the nonlinear development of this oscillatory instability and describe supercritical
dynamical regimes of the solitons. Our treatment is based on the reduced amplitude
equation for the soliton’s perturbation which we derive using an asymptotic multi-scale
expansion technique. This fourth-order dynamical system is the normal form of the
oscillatory instability bifurcation, in the same way as the complex Landau equation is the
normal form of the Hopf bifurcation. The conclusion of our analysis is that no temporally-
periodic solutions are possible in the undamped case. However, adding even a small
damping gives rise to a stable periodic orbit of the four-dimensional dynamical system
and thereby, to a stably oscillating soliton of the parametrically driven, damped NLS
equation. In agreement with the predictions of the amplitude equation, direct numerical
simulations of the full, nonreduced partial differential equation reveal no stably oscillating
solitons in the undamped regime. Instead, all localized initial conditions evolve into a
radiating soliton with slowly growing amplitude or a small-amplitude slowly decaying

breather, or possibly into a couple of counter-propagating solitons of small amplitude.

Next, we utilize our results on stability of the damped-driven NLS solitons to pro-
pose a possible mechanism for the experimentally observed phenomenon of the suppression
of chaos by means of impurities. We consider a parametrically driven chain of damped
pendula, all identical except the central one, which can be longer or shorter than the
rest of the chain. We show that the amplitude of the small-amplitude breather arising
in the continuum limit, satisfies the parametrically driven damped NLS equation with an
additional é-function term. The possibility of spontaneous nucleation of solitons pinned
on a long (attractive) impurity is predicted theoretically and corroborated by numerical
simulations. It is demonstrated that the introduction of an attractive impurity enlarges
the stability region of solitons. Although short impurities enhance instability of the pinned
solitons, this instability will not generally set in as solitons are repelled by short impurities.
We conclude that a random distribution of short and long defects will have a stabilizing

net effect on the long chain. This will occur both due to the pinning of solitons on attrac-
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tive impurities, and due to the effective partitioning of the chain into shorter subintervals
(which do not support long-wavelength unstable modes) — by repulsive impurities.

As a prototype dissipative system, we consider a reaction-diffusion model of the
NO + CO — —21-N2 + CO; catalytic chemical reaction on ring-shaped platinum surfaces.
We study, numerically, the shape of the dispersion curves of single-pulse solutions, i.e.
the dependencies of the pulse velocity on the spatial interval length. On the basis of
this numerical analysis, regions of existence of pulses decaying to different homogeneous
backgrounds are identified on the control parameter plane. The normal dispersion gives
rise to the repulsion between pulses and, consequently, to the stability of equidistant pairs
of pulses on finite rings. The anomalous dispersion leads to the attraction between pulses.
In the latter case an equidistant pair is unstable against the merger of two pulses into
one. Nonequidistant bound states of pulses can bifurcate off the maxima of the dispersion
curve of a single pulse via the period-doubling mechanism. For some values of the control
parameters the nonequidistant bound states of pulses are stable on small rings but loose

their stability via the Hopf bifurcation on larger rings.
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Chapter 1

Introduction

The concept of a solitary wave was introduced in 1834 by Scott-Russell who observed a
propagation of a localized hump of water without changing of its shape and speed over a
considerable distance. The word “soliton” was coined by Zabusky and Kruskal [282] who
carried out numerical simulations of solitary waves in plasma modelled by the Korteweg-
de Vries equation and discovered that the solitary waves would emerge from collisions
with the same amplitudes and velocities. Owing to this remarkable property, for many
years soliton was defined as a solitary wave which asymptotically preserves its shape and
velocity upon collision with other solitary waves. It turned out that this property is a
manifestation of a hidden symmetry which allows to solve the underlying nonlinear equa-
tion using essentially linear techniques, namely the inverse scattering method. However,
the notion of soliton has gradually broadened and nowadays soliton refers to any spatially
localized solution to a nonlinear dispersive equation. Apart from the next section of the
Introduction, we will be using the latter definition.

The simplest possible example of the soliton is given by a pulse-like travelling wave
u(z,t) = us(§), {=zxct (1.1)

of the D’Alembert equation

Uy — gy = 0. (1.2)

In (1.1) us(€) is any localised function of its argument: wuy(é) — 0 as |£] — oco. An
important characteristic of this (and any other) linear equation is its dispersion relation.
This is the relation between the frequency w and the wavenumber k of the harmonic
wave solution u(t,z) = exp [i(kx — wt)]. For equation (1.2), the dispersion formula is
w = =ck. The quantities that are important for the analysis of the propagation of
waves, are the phase velocity v, = w/k = £c and the group velocity v, = dw/dk = *c.

5



6 Chapter 1. Introduction

The phase velocity describes the motion of surfaces of constant phase while the group
velocity measures the velocity of propagation of wavepackets. Systems with the real-
valued group velocity v, depending on the wavenumber k are said to be dispersive. The
D’Alembert equation provides an example of a dispersionless system. All wavepackets
governed by equation (1.2) propagate with the same group velocity +¢, and this is what
makes the travelling-wave solution (1.1) possible. The introduction of dispersion without
introducing nonlinearity destroys the solitary wave as different Fourier harmonics start
propagating at different group velocities. On the other hand, introducing nonlinearity
without dispersion also prevents the formation of solitary waves because the pulse energy
is continually pumped into higher-frequency modes. (This usually leads to the formation
of discontinuities and shock waves.) However, if both dispersion and nonlinearity are
present, solitary waves can be sustained. Therefore, the solitary wave can be qualitatively
understood as a product of the balance between the effect of nonlinearity and that of
dispersion.

Another important class of wave equations are the nonconservative systems. The
nonconservative systems are characterized by complex dispersion relations w(k) = wg +
wy. If wy > 0, the amplitude of the linear waves will grow exponentially and therefore
the system is unstable. When w; < 0 the amplitude of the linear waves will decay
exponentially. These systems are called dissipative. Similarly to the dispersion, dissipation
can also give rise to solitary waves when combined with nonlinearity. In this case the
balance is reached between the release of the energy “stored” by the nonlinearity and its
diffusion by the propagating disturbance.

The three simplest, and at the same time most important, nonlinear equations
that are solvable via the inverse scattering method, are the Korteweg-de Vries (KdV),
sine-Gordon (SG), and nonlinear Schrodinger (NLS) equation. We will discuss some of
their fundamental properties in the next section, 1.1. Next, in spite of the paramount
importance of integrable equations one often has to consider their modifications obtained
by adding extra terms which destroy the integrability. The nearly-integrable equations
are reviewed in sec.1.2. Finally, in sec.1.3 of the Introduction, we consider the dissipative
reaction-diffusion systems. Thus the Introduction contains a survey of results available
in literature. The original results of our work are presented in Chapters 2, 3 and 4 of
this thesis. In Chapter 2, we study the oscillatory instability of parametrically driven,
damped NLS solitons and their supercritical dynamics. In Chapter 3, we introduce a
point-like impurity in the system which allows to use it as a model of a the counter-

intuitive phenomenon of taming chaos with disorder. The excitable reaction-diffusion
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system discussed in Chapter 4, serves as a model of a chemical reaction in which the
crucial role is played by localized waves of concentration of the reactants. Chapter 5

contains our concluding remarks and is followed by the bibliography.

1.1 Solitons in integrable systems

1.1.1 The Korteweg-de Vries equation

The equation
Ku = uy + 6uty + gy = 0 (1.3)

was introduced by Korteweg and de Vries for the description of the lossless propagation of
shallow water waves [143, 72, 178]. The equation takes into account nonlinear and disper-
sive effects but ignores the dissipation. The KdV turned out to be a useful approximation
in variety of fields including ion-acoustic [74, 271, 254]-[256] and magnetohydrodynamic
[118, 123, 192, 252] waves in plasma; the anharmonic lattices [283, 285, 286]; longitu-
dinal dispersive waves in elastic rods [194]; pressure waves in liquid-gas bubble mixture
[263]; rotating flow down a tube [155] and thermally excited phonon packets in low-
temperature nonlinear crystals [253]. In general, it has been shown that a rather large
class of nearly-hyperbolic, weakly dispersive, weakly nonlinear systems can be reduced to
the KdV [248, 156].

We are not going to use the KdV equation in any of the further chapters of this
thesis. However, it is useful to consider some of its fundamental properties for the reason
of completeness. Apart from producing the exact soliton solution, we will review the
construction of an infinite series of conservation laws and obtaining of exact two-soliton
solutions using the Hirota method. For the sake of completeness we touch upon the
generalized KdV and write an important modification of the KdV in two dimensions.

The KdV equation (1.3) can be derived from the Lagrangian density [275]

L= %etex—eiwmzpﬁ%w?,

where 6, = u and 9 = 0,,. Korteweg and de Vries showed that eq.(1.3) has a solitary
wave solution of the form [143]:

1 1
u(z, t) = §a2 sech? 5% (x — 20 — a®t)|, (1.4)

where a and z are arbitrary constants. This formula illustrates some basic properties of

the KdV. First, the amplitude of a KdV soliton in not independent of its velocity; instead,
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larger solitons move faster. Second, KdV solitons are unidirectional, i.e. they propagate
only to the right.

Conservation laws

In 1965 Zabusky and Kruskal published seminal numerical results describing the formation
of solitons and their elastic scattering [282, 283]. They have derived the KdV equation
as a continuous limit of the Fermi-Pasta-Ulam model. (The Fermi-Pasta-Ulam model

consists of a lattice of linear oscillators with quadratic coupling to the nearest neighbours:

Qn = f(Qn+1 - Qn) - f(Qn - Qn—l)v f =7Q + &QQ'

Here o and v are constants.) Zabusky and Kruskal suggested that the reason for the
elasticity of collision could be the fact that the KdV has an infinite number of conservation
laws. The first four of them were found by Miura [189]. A conservation law is an equation
of the form

i+ X, =0,

where T is the conserved density and X the associated flux. Here T and X are polyno-
mial in « and its spatial derivatives. The KdV equation itself can be written as such a

conservation law:

U + [3U% 4 Ugg]s = 0.

The next two conserved densities and their associated fluxes are given by

T, = u?, Xy = 4u® + 2uug, — ui;
1 u? u?
Ty = u® — iui, X3 = 182— + Uy — UpUpgy — 2uu§ + -—;1

If in the Fermi-Pasta-Ulam model the quadratic interaction is replaced by a cubic one,
f(Q) = vQ+ a@?, the long waves propagating from left to right satisfy the modified KdV
equation:

Mu = v, — 6020, + Uggy = 0. (1.5)

The modified KdV equation also has an infinite number of polynomial conservation laws,

while other equations of the form

Uy — 6uPug + Uy, =0, p=3,4,5...,
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have only three polynomial conservation laws each. Studying conservation laws of the
KdV and modified KdV, Miura found a transformation between their solutions [187].
Namely, if v is a solution to the modified KdV equation, then

u=—(v?+vg) (1.6)

solves the KdV equation. This can be written as

Ky = — (21} + g) Mu.
0z

Making use of this transformation, it can be demonstrated [188] that the KdV equation

has infinitely many conservation laws. Indeed, if w satisfies the Gardner equation
Rw = w; — 6(w + 2w wy + Wege = 0,
then
u=—(w+ ew, + &’w?) (1.7)

satisfies the KdV, i.e.

N 0 N

Ku = — (1+5——+252w> Rw = 0. (1.8)

ox

Since u does not depend on € but only on z and ¢ while w depends on ¢, z and ¢, it is

possible to expand the solution w of (1.7) in a formal power series in ¢ and express it via

u and its derivatives:
w(z, t; €) = wo + ewy + e*wy + ... = —u + Uy — £ (Ugy + %) + ... (1.9)

If we substitute the expansion (1.9) into the transformation (1.8) and equate to zero
coefficients of equal powers of &, we will obtain an infinite number of conservation laws for
the KdV equation. The conservation laws arise in front of even powers of the parameter

¢ while coefficients in front of odd powers vanish.

Maulti-soliton solutions

We now turn to solitons. It is possible to obtain two-soliton solutions to the KdV equation
using the Cole-Hopf transformation. This technique was generalized by Hirota [98] to the
N-soliton case.

The transformation u = w, transforms the KdV to the “potential” form:

wy + Bwfg + Wape = 0.
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If we then apply the Cole-Hopf transformation w = 2(In f),, we obtain an equation which

is bilinear in f and its derivatives:

ff:ma::c _4fxfa:xx+3 iz.‘i’ffzt - fxft = 0.

One can check that f = 1+ ezp(6;) with §; = a;z —a3t, gives the soliton solution. Guided

by this observation, Hirota proposed to seek for solutions f of the form
N
f=14Yempo,
n=1

where ¢ is a formal expansion parameter. Equating to zero coefficients of like powers of

£, we obtain
e Sl =0,
e [P+ 1D = =[O B, - arD £+
+3 (F0) 0 1D - g0 1],
& O f = =[O, - 4D R+ 6f Y £ 4 s £ -
—fO S 4 O f G — AP S+ FP Y - 12 ),
and so on. The e-equation is linear and we can choose its solution in the form
f(l) » ealx—aft + eazx—agt = o + ef? (1.10)
Substituting (1.10) in the right-hand-side of the equation for f(® we obtain

f:tgi)a:x + fg) = 3(11 o (a1 — a2)2 e91+92'

The solution to this equation is
7O = (al - a2>2€¢91+02_
a1 + ay
One could have expected the iteration process to continue indefinitely, but in the actual
fact, if we substitute f and f® in the right-hand-side of the equation for f©®, we get
a linear equation again:
B+ 1% =0

It can be shown that if we choose £ = 0, then all higher order terms will be also equal
to zero. Thus we have found an exact solution:

u:Q%lnf, f=1+e" 1%+ (ﬁ%)gealwz' (1.11)
It is not difficult to verify that it indeed describes an interaction of two solitons.
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Generalizations

A generalized KdV equation is
up + auPug + (8/0z2)* 1y = 0,

where « is a real constant and p and r are nonnegative integers.
If » = 2a, where a is a nonnegative integer, the lagrangian density can be written

as:

1
5::5@9x+ 00 + 2+ 0, (vY20)z + Y2091 +

>

(p+1)(p+2)
1

+(1/)2a—1)1: (1/)1)1 + "/)2a—1w2 +.oF %H% + 5[(%%]2,

where again 0, = u and ¥; = 8%u/0x% for i = 1, 2.
If r = 2b— 1, where b is a positive integer, the Lagrangian density is given by:

1
L= §9t9z + 08 + 2+ 0, (ap—1)e +

.
(p+1)(p+2)
Fthop—1¥1 + (Vap—2)z (V1)e + -+ (Us)z (Yo—1)z + %wi

The two-dimensional generalization of the KdV is known as the Kadomtsev-Petviashvili
(KP) equation :
(Up + 6UU, + Uggz)e = —0Uy,, o ==l (1.12)

The KP equation describes the propagation of weakly nonlinear, weakly dispersive, quasi
one-dimensional waves. The equation (1.12) is written in the reference frame moving in

the z-direction. The variation of the wave form in the y-direction is assumed to be weak.

1.1.2 The sine-Gordon equation
The sine-Gordon equation is

Gzz — G4t = Sin @. (113)
This equation can be derived from the Lagrangian density

Ll 1
5_2% 2¢t cos ¢.

Using the Lagrangian one can easily construct the conserved energy:

H:/_O;{%(¢i+¢?)+(1—cos¢)}da:. (1.14)
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One of the most important applications is in the theory of long Josephson junctions
[107, 146, 154, 232, 233, 235, 22, 161]. In this case ¢(t,z) stands for the magnetic flux
measured in units of the flux quantum ®y/27 = h/4mwe. Magnetic flux can penetrate along
the insulating barrier of the junction and this flux can propagate in the longitudinal z-
direction. There are two possible orientations for the flux. A quantum of flux in one
direction is called a “fluxon” and in the other direction an “antifluxon”. Mathematically,
the fluxon and the antifluxon are described by the kink and antikink solutions of eq.(1.13)
(see equation (1.16) below). Kinks play an important role in the dynamical theory of the
long junctions [77]. The theory of magnetism is another important area of application. In
particular, the dynamics of domain walls in quasi-one-dimensional ferromagnets with easy-
plane anisotropy can be described using SG kinks [63, 183, 135, 27]. The dynamics of weak
antiferromagnets is also described by the SG [292, 26, 25]. In magnetic applications ¢(t, x)
is interpreted as the angle of the local orientation of the magnetization vector lying in the
easy-plane. Another application of the SG is in the theory of charge-density-waves systems
[226, 76, 71, 90]. The SG equation is used in studies of liquid crystals [159, 160, 110, 168,
169, 44]; self-induced transparency of a two-level medium in nonlinear optics [167, 150],
and hydrodynamics [82, 191, 51]. The SG equation was used to describe propagation
of crystal dislocations [73]; propagation of a “splay wave” along a lipid membrane [68].
It also arises in theory of elementary particles [229, 242, 243]. In chapter 3 we will use
the fact that the SG equation is the continuous limit of the Frenkel-Kontorova model
(the chain of diffusively coupled pendula). The first mechanical model of this kind was
constructed by Scott [234].

We also note that by the change of variables £ = z, ,n = (z+1)/2, the SG equation

can be cast into the form
Qe + Pen = sin @,

which was used in studies of equations of self-induced transparency [11, 12, 13, 60, 100,
150, 151]. After the transformation to the light-cone variables, £ = (z+1)/2, n = (z—t)/2,

the SG equation acquires the form
Pen = sin ¢. (1.15)

The SG equation in this form was studied in connection with the theory of pseudospherical
surfaces.
In this subsection we will review soliton solutions of the sine-Gordon equation and

Backlund transformations which allow to construct exact N-soliton solutions.
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Kinks and breathers

The simplest type of solitary wave solutions of the SG equation have the form:

¢, = 4arctan lexp (i%)] (1.16)

The solution corresponding to “+” is usually referred to as the kink, while the solution
corresponding to “-" is called antikink. The kink can be considered as a positive rotation
by 27 in ¢, as z goes from —oo to +oo, and the antikink as a negative rotation. Since
the total rotation must be conserved, the difference between number of kinks and the
number of antikinks must be conserved in any collision. Therefore kinks and antikinks
are created and destroyed in pairs. This property and the Lorentz invariance of the
SG equation makes kink solutions alike to elementary particles. In [221] the analytic
expressions for “kink-kink” and “kink-antikink” collisions are found. The “kink-kink”

collision is described by

(1.17)

¢rr = 4arctan [

vsinh (z//1 — Uz)‘|
cosh (vt/+/1 — v?)

and the “kink-antikink” collision is given by

sinh (vt/y/1 — v?) ]
veosh (z/v/1 —v?) |

[t is interesting and important to notice that according to the latter formula, a kink

Orq = 4 arctan l (1.18)

and antikink can pass though each other without mutual destruction even through such
destruction would not violate the conservation of total rotation.

One of the most important properties of the kink is that its energy is finite. If we
integrate the Hamiltonian density (1.14), it turns out that the energy Ej = 8/v/1 — 2,
i.e. the energy exhibits relativistic dependence on the kink’s velocity. This result shows
that in order to create even a static kink, the energy of the system should be at least 8
(units). From this point of view more appealing is another solution of the SG equation,

known as the “breather”. This solution is given by
V11— w? \
¢p = 4 arctan {———i sin (wt) sech (\/ 1-— w%) } (1.19)
w

The energy of the breather is

Ey, =16V1 — w2
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As w — 1, it decreases from 16, the energy of two static kinks, to zero. Therefore, even
a small amount of energy is sufficient to produce a breather. The breather (1.19) can be
obtained from the “kink-antikink” solution by substituting, formally,

w

N

v =

Backlund transformation

Similarly to the KdV, it is possible to obtain an explicit two-soliton solution to the SG
equation. Here it is convenient to work with the light-cone formulation of the equation

(1.15). Let us consider the Klein-Gordon equation with a general nonlinearity:

ben = F(9). (1.20)
Let ¢ and v be two independent solutions of (1.20), and write
L R
2 2

Assume that it is possible to determine a relation between u and v as a system of two

first-order equations:
ug = f(v), v, = glu). (1.21)
We will specify the form of F, ¢ and f so as to separate the partial derivatives with

respect to £ and 7 into two different equations. Differentiating the first equation in (1.21)

with respect to 1 and the second one with respect to £, we obtain

uey = g(u) fu(v), (1.22)
ven = gulw) f(v). (1.23)

Although eqs.(1.22)-(1.23) have similar form to eq.(1.20), u or v independently are not
solutions to the Klein-Gordon equation because (1.22)-(1.23) contain derivatives with

respect to v and u, respectively. However, if we add and subtract them, we obtain

(u+v)er = g(u) fo(v) + gu(u) f(v), (1.24)

(u—v)en = g(u) fulv) — gu(u) f(v). (1.25)
Since ¢ and 9 are solutions to the Klein-Gordon equation, we can write that

F(u+v) = g(u) fo(v) + gulu) f(v), (1.26)

F(u = v) = g(u) fu(v) = gu(u) f(v). (1.27)
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Differentiating the first equation with respect to u and the second one with respect to v,

and then combining them, we obtain

9'(w) _ f'v) _
RO IR (1.28)

Since the first fraction is a function only of u and the second one is a function only of v,
A must be a constant. Therefore we have
g +Ag=0, [f"+Arf=0.
Choosing A = 1, gives
g(u) = fsinu, f(v)=asinv.

If we substitute these f and g back into (1.26) and (1.27), we obtain

F(¢) =sing, =1,

(87

and the equations for ¢ and v now read

1 (=
5<¢+w>g = asin (T) (1.29)
1 1 . (o4
5(¢ — 1)y = JSin (T) (1.30)

In this way we have obtained two equations linking two particular solutions of the sine-
Gordon equation. These equations are called the Béacklund transformations. If we had
chosen A = —1, we would have obtained the sinh-Gordon equation. Therefore the only
Klein-Gordon equations that have Béicklund transformations of this type are the sine- and
sinh-Gordon equations.

If ¢ is a solution to the SG equation, we can obtain from the Béacklund transfor-
mations (1.29)-(1.30) a two-parameter family of solutions. The simplest possibility is to
start with ¢ = 0. Then we obtain for ¢

¥ = 4arctan

exp (af-l—g%»fo)}, a= —a.

This is the kink solution in the light-cone variables. There is a simple geometric way of con-
structing new solutions starting form the kink solution. It uses the fact that two Backlund
transformations are commutative as illustrated by the diagram in fig.1.1. Starting from
the ¢g = 0, we construct two kink solutions, ¢ and ¢,, for different values of the param-

eter a. Then we construct the third solution ¢35 using the above diagram. Consider pairs
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Figure 1.1: The commutativity diagram.

of solutions (¢o, ¢1), (1, @3), (¢2, d3), (Do, ¢2). If we add the first and the third pair
and subtract the second and the fourth ones, we obtain

o sin (¢0—¢1Z¢2—¢3) 5.5 (¢1'¢3Z¢0*¢2).

This can be rewritten as

_— a+a —
n¢o 3 o 2tan¢2 ¢1,

ta =
4 dg — a1 4

If we take ¢g = 0, then

(1.31)

b = s [(2202) L]

a; —ag/ 1+ efrtf:

where 6; = a;§ + n/a; + .. The equation (1.31) is the two-kink solution. It can also be
found using the Cole-Hopf transformation.
1.1.3 The nonlinear Schrodinger equation

The cubic nonlinear Schrodinger equation has the form

W + Yar + 2|97 = 0. (1.32)

This equation was used to describe the stationary two-dimensional self-focusing [32, 122,
250]; one-dimensional self-modulation of a monochromatic wave [252, 16, 112, 95, 96]; self-
trapping phenomena in nonlinear optics [112] and propagation of light pulses in monomode

optical fibers [93]; propagation of heat pulses in solids [253] and Langmuir waves in plasma
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[74, 102, 240]. Tt also describes boson gas with two-body é-function attraction and is re-
lated to the Ginzburg-Landau equations of superconductivity [54]. It is worth mentioning
here that the NLS equation serves as an amplitude equation for small-amplitude breathers
of the sine-Gordon equation and therefore they share some applications. In this subsec-
tion we will derive the travelling soliton of the NLS equation. For completeness we will
review the breather solution and the N-soliton solutions.

The NLS equation can be derived from the Lagrangian density

7

L= L(09) — ) + [0 — ol (1.33)

L

Here 1* denotes the complex conjugate of 1. Like the SG and KdV, the NLS equation
also has an infinite series of polynomial conservation laws. Physically most important are

first three of them. The quantity

N = /_:o |2 d (1.34)

is interpreted as the number of particles in the studies of boson gas and the total power

in the nonlinear optical context. The integral
7 +0o0 -~ _
P2 (v —du)da (1.35)
is interpreted as the total momentum of the boson system, and
+o0 9 4
B= [ (el = |9l*de (1.36)
Is its total energy.

Solitons

To obtain solitary wave solutions, we decompose the field ¢ into its modulus and phase:

w — ¢(Z’,t> ei@(m,t),

where ¢ and @ are real functions. Substituting into eq.(1.32) and dividing through by

exp (i), yields equations for the real and imaginary parts:

— 0, + byy — $O2 +26° =0, (1.37)
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We look for solutions of the form 6 = f(x — u.t) and ¢ = &(x — u.t). Under this
assumption the system of partial differential equations (1.37)-(1.38) reduces to a system

of two ordinary differential equations:
Gug + Uy — $02 + 29> =0 (1.39)
AOse + 20,0, — udy = 0. (140)

One can readily reduce the order of the second equation in this system by multiplying it
by ¢ and integrating. This gives ¢?(20, — u.) = const. After substituting the expression
for 6, into the first equation and reducing its order by a similar procedure (this time the

integrating factor is ¢, ), we reduce the problem to the evaluation of an elliptic integral

/d’(mat) d(ls
00 /=gt + (u2/4 ~ ueu/2) §2 + C
In case when C' = 0 and the coefficient in front of the quadratic term under the square

root is positive (u. > 2u.), the integration can be carried out explicitly which results in

the expression for the moving soliton:

, 2
W = ¢psech[py(x — ut)]ezlte @ Ut gy = %19 - ue2uc' (1.41)

A=go, €=—u/d, (1.42)

Defining

eq.(1.41) is cast into what is regarded as the standard form of the soliton:
W = Asech[A(z + 4€¢t)] e~ 2Ee (4 - 4% (1.43)

Although the quiescent NLS soliton is a time-periodic solution, it is not customary to
call it “breather”. The reason for this is that the modulus squared of ¥ and hence, the
amplitude of the soliton, does not change in time.

The name “breather” is reserved, in the context of the nonlinear Schrodinger equa-
tion, to another solution which consists of a bound state of two solitons with zero velocities

and close amplitudes n; and n,:
O<m —m <L (1.44)

The NLS breather is given by the formula

Y
= — 200y Imy X
v néy 2||’n+72|2+2C2|7172|cosh27)x

X { ll 4 A2 (%:r 72*) ] coshnz + [1 - 7172(71*+ 72*) } sinh nx} ;
[Yv2l (i +73) 7172l (v +3)
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where

m — o m+ M —in2t .
e R - s . t prmed . O e n] s = ]_, 2 145
et 5 75(t) = 7;(0) J (1.45)

The positions of the two solitons are given by the quantities In|v;(0)|/n; and the period

of the internal oscillations of the breather is 7/(21°¢). Since the binding energy of the
two solitons constituting the breather is equal to zero, this solution is not physically
interesting.

Zakharov and Shabat constructed explicit N-soliton solutions [288] using their in-

verse scattering formalism. The N-soliton solution is given by
[¥(z,t)> = 2(Indet | B B* + 1) 4, (1.46)

where B is an NV x N matrix with elements

*

CiCy x
By = L2 gilmi0-rDz  with k; const, (1.47)
I K — Kj

i — K

¢;(t) = "' with «; const. (1.48)

1.1.4 The inverse scattering method

The inverse scattering method is certainly the most powerful technique of solution of
nonlinear evolution equations — those which are amenable to solution. It turns out
that equations integrable by means of the inverse scattering transform possess many
remarkable properties such as the Béacklund transformations, the Painlevé property, the
bilinear formulation, an infinite series of conservation laws, and so on.

The inverse scattering method was originally proposed by Gardner, Green, Kruskal
and Miura [79], for the case of the KdV. Their approach allowed to solve the initial-value
problem for the KAV through a sequence of linear computations. This approach was
generalized by Lax [153]. The essence of the approach is as follows.

Consider a general nonlinear evolution equation
vy = K(v), (1.49)

where K is a nonlinear operator. Let us associate with this equation the scattering

problem
Ly = M\, (1.50)

where the operator L depends on the solution of the equation (1.49). Assume that the

time evolution of the scattering data is given by

i, = A, (1.51)
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where A is assumed a self-adjoined operator. The compatibility condition for the system
(1.50)-(1.51) can be written in the form

iL,+ LA~ AL =0, (1.52)

and hence the eigenvalue A is time-independent. There is a correspondence between these
constant eigenvalues and constant velocities and amplitudes of the solitons which evolve
from the initial conditions.

The essence of the inverse scattering method is to avoid the direct solution of equa-
tion (1.49). Instead we can find v(z,¢) from the initial data v(x,0) using the following
procedure:

1) Solve the direct scattering problem, i.e. calculate the scattering parameters (the
reflection and transmission coefficient of the operator L) for ¢ at |z| = oo and ¢ = 0 from
known v(z, 0).

2) Find the time evolution of the scattering data using equation (1.51) together
with the asymptotic form of A at z = oc.

3) Solve the inverse problem, i.e., construct v(z,t) from the knowledge of the scat-
tering data of the operator L at time ¢ > 0.

There are many potential obstacles associated with this approach. First and fore-
most, it may not be possible to find operators L and A satisfying the compatibility condi-
tion (1.52). And even if the Lax representation exists, the method is effective only if the
spectral evolution problem and the inverse scattering problem can be solved analytically.

Zakharov and Shabat [288] applied this method to the NLS equation. The inverse
scattering method was applied to the modified KdV equation be Wadati [267] and Tanaka
[251]. A more general approach has been developed by Ablowitz, Kaup, Newell and Segur
[2, 3]. The so-called AKNS formalism was first applied for sine-Gordon equation. They
considered the scattering problem

Lv = (v, (1.53)

10y —iq W
< ir ——’Lax ) s v = ( ’U(Q) (154)

and the coefficients ¢ = ¢(z,t) and r = r(xz,t) are arbitrary. The operator A in the

where

L

evolution equation
10w = Av (1.55)
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has the form

_ [ alz,t,¢)  b(z,t,C)
A= ( c(z,t,¢) —alzx,t,() ) ’ (1.56)

where coefficients a, b and ¢ are functions to be determined. Differentiating {1.53) with

—~

respect to t and (1.55) with respect to z; imposing the eigenvalue ¢ to be independent of
t and demanding the cross derivatives to be equal, yields three conditions for the matrix

elements of A:

a; = qc—rb, (1.57)
by +2ich = 2% 9 (158)
or
e — 20 = i . 1.
ce — 2i(c i + 2ar (1.59)

It can be shown that particular choices of these coefficients make equations (1.57)-

(1.59) equivalent to a large class of nonlinear evolution equations. For example, choosing
a = 4¢3 + 2qr{ + irq, — iqry
yields

gt — 6TQQI + Quze = 07 (160)

Ty — 6grTy + Togr = 0. (1.61)

When r = —1, equation (1.60) reduces to the KdV equation. Choosing r = +¢, equation
(1.61) gives the modified KdV equation. On the other hand, the choices

1 1
a:—Ecosgzﬁ, T:—q:§¢$

and . .
a:_ZZCOSh¢’ 7"=-q-_-§¢x

reduce to the sine-Gordon and sinh-Gordon equations, respectively. Next, the choice
a=C"+rg
produces
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Identifying r = +q*, these equations reduce to the NLS equation.

The AKNS approach encompasses the KdV, the modified KdV, the sine- and sinh-
Gordon, the NLS, coupled KdV and NLS equations, the massive Thirring model and
the complex sine-Gordon equation. Another advantage of the AKNS is that it gives a
deductive procedure for finding of the evolution operator for a given scattering operator.
The modern formulation of the inverse scattering method is based on the Riemann-Hilbert
problem [4, 197].

1.2 Solitons in nearly-integrable systems

In this section we will concentrate mainly on the perturbed nonlinear Schrodinger and
sine-Gordon equations. In many physical applications the integrable equations arise from
some asymptotic expansions, e.g. expansions in powers of the wave’s amplitude and/or
wavenumber. Therefore, they provide only an approximate description of the under-
lying physical system. Usually the inclusion of higher-order terms in these expansions
destroys the complete integrability. Nonintegrable perturbations may also originate from
the interaction of separate normal modes of a nonlinear system in the case when nonlin-
ear self-interaction and linear dispersion of each mode is sufficiently strong, while their
mutual interaction is relatively weak. In this situation one deals with coupled systems
of nonlinear equations which are integrable in the uncoupled case, while the coupling
terms play the role of nonintegrable perturbations. Terms that describe effects of ex-
ternal fields, inhomogeneities of the medium and various dissipative effects are another
source of nonintegrable perturbations. All perturbations can be naturally divided into
two classes: Hamiltonian perturbations and dissipative ones. Hamiltonian perturbations
conserve only finite number of conservation laws {usually the first two or three) and the
rest are destroyed.

One of the most remarkable properties of completely integrable equations is the
availability of exact multi-soliton solutions. Usually a one-soliton solution persists even
after small nonintegrable terms were added to a completely integrable equation. How-
ever, only integrable equations possess exact multi-soliton solutions which describe purely
elastic interaction between individual solitons.

Small dissipative perturbations attenuate the moving solitons and damp their os-
cillations. Effects generated by conservative perturbations are more subtle. As a rule,
they do not destroy or attenuate nonoscillating solitons but render collisions of solitons

inelastic. Inelastic collisions are accompanied by the emission of radiation waves. As we
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have already mentioned, perturbation-induced dynamics of solitons is of interest mainly
because it models physical phenomena that cannot be described by completely integrable
systems. However, if the model is perturbed but remains close to a completely integrable
one in some sense, its investigation may be considerably facilitated. Such systems are
referred to as nearly-integrable, as opposed to nonintegrable systems, which do not have
any completely integrable limit. Therefore nearly-integrable systems are of special value
as they may be treated by a variety of asymptotic and perturbation techniques.

There are several approaches to the analytical description of soliton dynamics in
nonintegrable systems. The simplest type of the dynamics reduces to the evolution of
the ﬁarameters of the soliton (e.g. amplitude, phase and velocity) under the action of
dissipation. In this case modified conservation laws can be used. Assuming in the first
approximation that the instantaneous shape of the soliton is not changed, one finds the
dissipation-induced rates of change of quantities that are integrals of motion of the un-
derlying unperturbed system. Then expressing the integrals of motion in terms of pa-
rameters of the unperturbed soliton, one obtains evolution equations for these parameters
[211, 220, 50, 31, 158]. In the presence of Hamiltonian perturbations, evolution equations
for the soliton parameters can also be obtained in the lowest approximation. To this
end one needs to insert the unperturbed soliton solution into the full Hamiltonian of the
system and derive the canonical equations of motion. In this approach one group of the
soliton’s parameters (e.g. amplitude and position) serve as generalized coordinates while
the other (e.g. phase and velocity) play the role of the conjugate momenta. Alternatively,
one can use the approach based on the Lagrangian. Both techniques originate from the
variational method of Whitham [274] in general nonlinear wave theory. The Hamiltonian
and Lagrangian approaches were used in [199, 171, 172, 175]. In many cases the tech-
niques based on modified conservation laws, the Lagrangian and Hamiltonian formalisms
can be applied to multi-soliton problems as well.

Many physically important effects arise at higher orders of the perturbation theory
and cannot be accounted for by the lowest-order approximation discussed above. Among
these effects are the perturbation-induced emission of radiation by solitons and significant
corrections to the soliton’s shape. Such problems can be solved by the direct perturbation
theory where the original nonlinear equations are linearized about the unperturbed soliton.
An important stage of this method involves finding the eigenfunctions associated with the
linearized equation. Then the first-order evolution equations for the soliton’s parameters
are obtained as a condition for the absence of secular terms. The radiation emitted by

the soliton can be accounted for by the higher order terms in the expansion or by using
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Green’s function [166]. Therefore the direct perturbation theory requires the knowledge
of exact unperturbed solitons and the eigenfunctions of the linearized equation but does
not require the unperturbed equation to be exactly integrable. The direct perturbation
theory is applicable to multi-soliton problems only when solitons are slightly overlapped;
then the overlapping is also treated as a perturbation. Important contributions to the
direct perturbation theory for the NLS equation we made in [120, 101].

A powerful perturbation technique is based on the inverse scattering transform.
This technique requires the unperturbed equation to be integrable. It was introduced in
[115, 111, 113]. For the NLS equation it was developed in [116].

Some nearly integrable conservative equations can be formally cast in the unper-
turbed form by an infinite sequence of canonical transformations. This approach has been
used in [137, 138, 139, 181, 182].

The perturbation techniques suggest that there are two different levels of problems
concerning dynamics of solitons in nearly-integrable systems. Problems that can be solved
in the adiabatic approximation can be classified as lower-level perturbation theory prob-
lems while those dealing with emitted radiation and perturbation-induced distortions to

the soliton’s shape can be classified as higher-level ones.

Perturbed nonlinear Schrodinger equation

The general form of the perturbed NLS equation is:

W + ey + 2J9° = eP(¥, ¥%). (1.62)

It is a universal equation for the description of evolution of wave envelopes in dispersive
weakly nonlinear media and therefore it arises in many different areas.

In optics ¢¥(z, t) has the sense of a complex envelope of the electromagnetic field and
the NLS equation describes the self-modulation and self-focusing of light in a Kerr-type
nonlinear medium. The interest in this area was first boosted in [95] where the existence
of solitons in nonlinear optical fibers was predicted. This equation also has applications
in laser physics [190, 97]. In optical context it is natural to consider a perturbation of the

form
eP(y,9*) = ely|'y (1.63)
which is the higher nonlinear-dispersion term [224, 147, 127, 200]. In application to

nonlinear optical fibers an important role is played by perturbative terms

1€1 Vg2 (1.64)
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and

iea(|91*9)a (1.65)
and combinations of this [176, 94, 55, 10, 281, 136]. The former term accounts for the

higher spatial dispersion, while the latter models the nonlinear dispersion of group velac-

ity. Another important perturbation in optics is

e ([¥])s (1.66)

which describes dissipation induced by the Raman scattering [141, 142].
The NLS equation arising in hydrodynamics is perturbed by dissipative terms of

the form

eP(y,¢") = —imy (1.67)
and

It describes the instability of the Poiseuille flow, also Couette-Taylor flow and the plane-
parallel flow [246, 58]. The same dissipative terms appear in some applications in plasma
physics as well [85, 67]. They describe the interaction between the Langmuir and ion-
acoustic waves. Another source of dissipative terms is the linear and nonlinear Landau

damping which produces nonlocal perturbations of the form [195, 103, 59, 101]:
Pl(a), v"(@)] = = £ ¥(y) (= - y)"dy, (1.69)

Plp(o)v" @) = ~6(@) { W (= —y)"dy. (1.70)

It is interesting to note that these nonlocal dissipative terms preserve the number of
particles (plasmon number) integral. The nondissipative terms arising in plasma physics
are of the form [81]

€ [16*e + ([92])aths — [0a¥)] (1.71)

As we mentioned before, introducing dissipative terms in integrable systems may
lead to the decay of solitons. In order for the localized structures to persist, one needs
to compensate the dissipative losses by adding terms which serve as energy sources. This
can be done in a variety of ways. For instance, one can supplement the dissipative term
by an external AC driving [202]:

eP (1, ") = iy + he'™.
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Perturbations of this type occur in the theory of charge-density waves when one considers
a small-amplitude localized dipolar excitation driven by an AC electric field [117]. Next,
the term

eP(,4") = [y

models the action of an electromagnetic wave on the Langmuir plasma [78] while the
perturbation [266]

ﬁp(ﬂ), w*) - WoTﬁ + 1711/)1 + Z’Y2¢zx

arises in the description of magnetostatic solitons propagating at a ferromagnet-semiconductor
surface, driven by a drift flow of charge carriers in the semiconductor.

In chapters 2 and 3 of this thesis we consider the parametrically driven NLS equation:
s + Yuw + 2|0 = b e* " — ind. (1.72)

This equation describes a large variety of physical phenomena, including the nonlinear
Faraday resonance in water [277, 184, 259, 260, 109, 149, 280, 48, 278, 270, 269]; parametric
instabilities of waves in plasma [289, 278]; the parametric generation of spin waves and
magnetic solitons in ferro and anti-ferromagnets [287, 36, 17|[287, 36, 17, 165, 279] and,
finally, the effect of parametric amplifiers on solitons in optical fibers [56, 164, 179]. It also
serves as an amplitude equation for small-amplitude, parametrically-driven sine-Gordon
breathers [17] and hence its range of applicability includes all systems modelled by the
parametrically driven sine-Gordon equation [214, 89, 86].

Perturbed sine-Gordon equation

The range of applications of the perturbed sine-Gordon equation

Ot — Pupp +8ind = eP(9), (1.73)

coincides with the scope of its unperturbed counterpart. We mentioned some applications
in subsec. 1.1.2.
The two most commonly met dissipative perturbations to the SG equation are

usually of the form:
P($) = —1di, 7> 0, (1.74)

and

GP((M - 5¢xmta B> 0. (175)
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In the context of the long Josephson junction eq.(1.74) describes dissipative losses due
to the tunneling of electrons across the dielectric barrier. The second type of dissipative
perturbation, eq.(1.75), accounts for losses due to the current along the junction [22].

Next, a point-like dissipative defect due to a local narrowing can be modelled by

eP(¢) = —0(z)d:. (1.76)

Experimentally, such a narrowing can be created by subjecting the junction to a focused
laser beam [47], imposing a shorter resistor onto the junction [5], or implanting a metallic
microshort [128, 130].

As in the NLS case, in order to sustain stationary nondecaying structures, we need
to include some driving term to make up for dissipative losses. For example, the forcing

term of the form
cP(¢) = (1) (1.77)

describes the density of the bias current in Josephson junctions (usually f is constant in
this application), or any external AC/DC electric or magnetic field. The equation with

the external driving of the form
eP(¢) = f(t) sin (¢/2) (1.78)

with f constant, is referred to as the double sine-Gordon equation. In magnetism, an
external magnetic field perpendicular both to the z-axis and the magnetization vector is
described by

P(¢) = f(t) cos(¢/2). (1.79)

Other perturbations used in studies of magnetic materials are
eP(p) = f(t) sing, €eP(d) = sin24. (1.80)

Another important source of perturbed SG equations are inhomogeneous long Joseph-

son junctions. For example,
eP(¢) = g(z) sinu (1.81)

describes inhomogeneities of the maximum Josephson current density. Here g(x) = 6(z)
corresponds to the microresistor (the narrowing of the dielectric layer) and g(z) = —d(x)
to the microshort (widening of the layer). A periodic lattice of point-like inhomogeneities
is described by g(z) = 3., 6(z — na) [237, 83|, lattices of finite size inhomogeneities are

studied in [9]. The inhomogeneities of the inductance generate perturbations of the form

eP(¢) = ¢'(z) s (1.82)
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while the capacity inhomogeneities are described by

eP(¢) = g(z)pu. (1.83)

Point-like inhomogeneities also describe magnetic impurities. In charge-density-wave syé—

tems this perturbation can have a more general form:

P(6) = 6(z) sin <75:i + 9), (1.84)

where n is integer and @ an arbitrary constant angle. Higher spatial dispersion-induced

perturbation has the form
eP(¢) = braza- (1.85)
The parametrically driven damped SG equation
Gt — G2z +5iD P = — sin ¢ cos (wt), (1.86)

which will arise as a continuous limit of a chain of parametrically driven pendula in chapter
3 of this thesis, also appears in studies of magnetism [17, 36] and hydrodynamics [214].

1.2.1 Solitons in damped-driven systems

In this section we will consider the effect of introducing of different combinations of

dissipative and driving terms.

Adiabatic dynamics of solitons in damped and driven NLS equations

To find adiabatic changes of the soliton parameters due to small perturbations, it is

convenient to write the NLS soliton in the form
W(x,t) = i Ael" @ F D sech[A(z — ()], (1.87)

where ¢ = (462 — A)t + ¢¢ and { = —4Et + (; are the soliton’s phase and position,
respectively. Then the general evolution equations for the soliton’s amplitude, velocity,

position and phase are given by [132]

+00 »
4 _ el / Plih(2)] sechz el<2€m+¢>d4 , (1.88)
dt —o0
d€ 1 oo i(262+9) ]
= = - z @45F 1.89
7 2Im 6[_00 P[y(z)] tanhz sechz e dz| , (1.89)

+oo .

% = —4£— ;%Re {e /~00 Pl¢(2)] zsechz e’(2§”+¢)dz] : (1.90)
d(b 2 2 1 Foo 7‘(2€x+¢)
il 46% — A* + ;X—Im E/ Pl(2)] (1 — Az tanhz)sechze dz|, (1.91)
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where z = A(z — ().

The main difference between the unperturbed and the damped equation is that in
the latter case the amplitude and velocity of the soliton cannot be arbitrary. The majority
of dissipative perturbations do not support moving solitons. As an example, consider the

following perturbation arising in hydrodynamics and plasma physics [211, 113, 201]

eP() = iy + iyather — 1730 *0; v > 0. (1.92)

Here the second and third terms represent the nonhomogeneous and nonlinear dampings,
respectively, and the first term is a (linear) gain. The flat solution ¢ = 0 is obviously
unstable due to the presence of the gain term, and the third term acts to saturate the
instability at a finite level |1g|? = v1/73. The flat nonzero solution is said to arise via soft
excitation. The evolution equations for the amplitude, A, and the velocity, V = —4¢, of

solitons are [211, 113, 201]:

dA A? 1
o —2A1-m+ ?(’)’2 +2v3) | — 57214‘/2
qv i,

o - el

It can be shown [220] that these two ordinary differential equations have only fixed points

pertaining to motionless solitons, with the amplitude

A2 — L
Yo + 273
However, the corresponding soliton is unstable and decays to the unstable zero homoge-

neous background If 5 = 0, the soliton can have arbitrary velocity. Its amplitude is given
by
poin
273
In systems with hard excitation the trivial solution is stable. The simplest example is the
perturbation [222]:

eP(,¥") = —im¥ + ivePuer + 1730 °% — tval¥|*, v > 0. (1.93)

This time the first, linear,term represents the damping. The flat nonzero solution can be

excited if

V3 2 24/ 74
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The quintic term is necessary for global stability. The reason why this type of excitation
is called hard, is because the nonzero solution does not result simply from the instability
of the zero background. As before only zero-velocity solitons exist in this case. The
evolution equation for the soliton’s amplitude is
dA A? 8
—— =24 |71 + = (=7 + 273) — —7A*],
dt [ 71 3 (=72 ¥s) 1574

which gives for the amplitude of the static soliton

2 D@ E V/5[5(27s — 712)% — 967174]
B 167, \

The two solitons exist if v3 > 24/(6/5)7174. The soliton with the larger amplitude cor-
responding to sign “+” is stable while the soliton corresponding to sign “—” is unstable
[173].

A natural generalization is to consider [223] the perturbation where signs are chosen
so that higher power terms bring stability:

GP(TP, 1/1*) = ’Ylw + ’YQwa:x N\ 73|¢|2¢ - 74|1/)|41/) - fYwa:rxx +
+ [P Y + Ko, — Raltel P + ka2, (1.94)

NLS equation with such a perturbation arises as the solvability condition for the fifth-
order terms in t he expansion describing the singular Hopf bifurcation. The evolution
equations for the soliton’s amplitude, A, and velocity, V, are:

dA ’YQ‘-/Q 75V4 C1V2
N [ A AT — A 1.95
dt [71 4 16 G+ A, (1.95)
dV 4 s V2
- = -V A? A? 1.96
0 3 l“/z + 5 +c3 ; ( )
where
1 2
cy = '3_71 + 5’}’37
2
¢ = —3‘(/*61 + Ko + K3 + K4) + 272,
1
cp = E[Sm + Tys + 6(k1 + ko) + 2(ks — K4)],
2
3 = g(m — Ko + Kg — T7s).
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Apart from the stable trivial solution (A = 0, V arbitrary), the system (1.95)-(1.96)
admits stable static solitons (A4 # 0, V' = 0) and stable propagating soliton solutions (A4 #
0, V # 0). Static solitons replace the trivial solution when v1 = 0,7, > 0. Propagating

/|)2|
V =,/ 4 1.97
2’)/5 ( )

are born when 7; = —v3/(4vs) and 7 < 0. The transition between the static and

solitons with

propagating soliton occurs when v, = —c3A42/4, where A, is the amplitude of the static
soliton. When 7, + c3A2/4 < 0, the static soliton splits into a pair of counter propagating
solitons.

A perturbed system comprising of a higher-order dispersion and higher-order dissi-
pation is given by [141, 138, 137]:

W + Yaa + 2 PY = —ie [Bitass + 200([¥W)e + (285 +i03) ¥ (|$[7)a] ,  (1.98)

where §; and o3 are positive. When g3 = 0, the transformation
q =1 — €i(381 — B2/2)h, — €i(681 — 28, — B3) /_oo |1/J(y)|2 dy + 0(62)
takes eq.(1.98) to a completely integrable equation

iQt + Grz + 2|Q|2q = _iEﬂl(szm + 12|Q‘2Q:c)- (199)

Using the fact that eq.(1.99) has the same scattering problem as the cubic NLS equation,
it was shown that the 2-soliton solution splits into two solitons propagating in opposite
directions with different velocities. When o3 # 0, the evolution equations for the soliton’s

amplitude and velocity are

dA d 8
= =0, V —— €03 A% (1.100)

Eqgs.(1.100) imply the higher-order dissipation acts as a constant force on the soliton

without changing its amplitude.
An example of the nonlocal dissipative perturbation is given by the system with

nonlinear Landau damping which arises in plasma physics:

+o0
W+ Yo 2P =€ f () (- )y, (1.101)
where € is a real parameter. The evolution equations for the soliton parameters are [101]:
dA dV. Pe
g - =14 1.102
dt 0 dt 47 ( )
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where 8 &~ 7.44. As in the previous example, the damping acts on the soliton as a constant
force in this case .

In order to have persistent localized solutions in a system with dissipation, one needs
to supply the energy from outside. This can be done in a variety of ways. In optics, for
example, the external energy can be pumped into the fiber by the periodically activating
stimulated Raman scattering. The perturbed equation is [140]:

o
iy + Ygp + 2P = —ivh +iva Z §(z — na) Y, (1.103)
n=-—00
where the second term on the right-hand side accounts for the Raman pump. This term
compensates the dissipative losses for all values of the soliton’s amplitude and velocity.

Another possibility of compensating losses is to add an external AC driving:
s + Yoo + 20" = —iy)) + he (1.104)

Using equations for the rate of change of the total power (1.34) and total momentum
(1.35), it is possible to derive an autonomous system of equations for the amplitude and
phase of the quiescent soliton (z,t) = ¢ A(t)sech[A(¢t)z] exp [iQ2t — 1h(t)] [116, 117]:

dA

E - ~27A+7rhsin¢, (1105)
do 9

S a-4 (1.106)

The fixed points of this dynamical system are

A= (-1)¥VQ, ¢ =arcsin 27V

™
In eq.(1.105) the damping causes the decay of the soliton’s amplitude while the AC-driving

+km k=0, 1. (1.107)

can act both as forcing and damping — depending on the instantaneous phase difference
between the soliton and the driver. On the other hand, the change of the soliton’s phase
depends on its amplitude. Therefore the soliton can lock on to the frequency of the AC-
driver and draw as much energy as it needs to maintain the constant amplitude given by

(1.107). The threshold value of the driving strength for the existence of solitons is

29vQ
—

hupr = (1.108)

An alternative possibility of compensating dissipative losses is through a parametric
AC driver. This type of driving is easier to realize in experiments and we will consider it
in chapter 2 and 3 of this thesis. The parametrically driven damped NLS is:

0y + Yug + 207 = —iye) + hapret . (1.109)
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The corresponding evolution equations for the soliton’s amplitude and phase are [36, 132]:

%f- ~ —2vA — 2hAsin 2¢ (1.110)
do 9
—CE:Q—A — hcos2¢. (1.111)

There are two stable solitons in this system; the corresponding amplitudes and phases are
given by the fixed points of (1.110)-(1.111):

A= (-1)"/Q+/h2 —~2, ¢ =2arcsin (—%) +kn; k=0,1. (1.112)

Solitons exist when the driving is stronger than the damping, A > «. System (1.110)-
(1.111) also has a stable trivial solution, (A = 0, ¢ = 2arccos2/h), which is also stable

under the condition
h <4/ + 2. (1.113)

All these solutions, both the solitons and the zero solution, will reappear in chapter 2 and
3 of this thesis.

Adiabatic dynamics of damped and driven sine-Gordon solitons

As we mentioned in section 1.1.2 the SG equation has two fundamental types of soliton
solutions: kinks and breathers. The adiabatic equations, analogous to eqs.(1.88)-(1.91),
for the parameters of the SG kink are [166]:

% ¢ %(1%12)3/2 /_O;P[¢(z)]sech(z)dz (1.114)
% = U:FE% /’O:OP[qﬁ(z)]zsech(z)dz, (1.115)

where z = (z — () (1 — v?)~%% and P(¢) is an arbitrary perturbation of the SG equation.
Consider, for example, the SG equation with the dissipative perturbations (1.74)
and (1.75) and constant driving

Gt — Pzz +5INP = —VPy + Bdgg — f. (1.116)

In this case it is easier to use energy considerations instead of egs.(1.114)-(1.115) and

obtain [166] the following evolution equation for the kink’s velocity, v, satisfies:

dv nf 213/2 o B
-4+ - — — — 2 1.11
m + 1 (1-v°) you(l — v°) 7V (1.117)
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When § = 0, the equilibrium velocity is

Voo = £ [1 + <§-}i_)yl/2. | (1.118)

It worth mentioning that from eq.(1.117) it follows that the terms with v and S indeed
will decrease kink’s velocity while the term with f will accelerate the kink to the right
and the antikink to the left. When a kink moves steadily with velocity v, the dissipation
rate of the energy is exactly equal to the rate of the energy supply by the external driver.
However, this method does not give the evolution equation of another kink’s parameter,
its position (. To find the perturbation-induced evolution of the kink’s position, it is
necessary to use egs.(1.114)-(1.115).

Let us consider the time-periodic driving: f(¢) = sinwt. It is convenient to decom-
pose ¢ into the kink part, U(t, z), and the background part which is due to the external
force and depends only on time [207]:

¢=¢esinwt +U, &=¢/(1—w?). (1.119)

Here we have assumed that |e] < |1 — w?|.
In the adiabatic approximation, in the low-frequency case w < €32, the position of
the kink is given by [174]

1 awy? 1
((t) = —— arcsin { [(—o;) + 1J sinwt 3. (1.120)
w TE
The energy of the radiation emitted at the frequency nw is equal to
1, 8 64wt ‘
W, = §€w exp <——7;g — —37T363n>, (1.121)
and the total power is
0 V32512 8
or = s W,dn = ——— ————). 1.122
Wi Z W 1w " 32 exp < TE ( )

n>1/w

In the high-frequency case, w > 1/2, the kink is static in the adiabatic approximation
[185]. However, if one takes into account the perturbation-induced oscillations of the kink,

in the next approximation the kink’s position and the radiation power are given by

€ . el o [T >
C(t) - —-2; sin wt, W = msech <§v4w - 1) (1123)
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and the radiation is emitted at frequency 2w.
The driving of the form

¢ P(¢) = esin (¢/2) sinwt (1.124)

gives rise to the parametric resonance at frequencies w = 2(14+dw)/2n+1),n =0, 1, 2,...

where [dw| < 1. When n = 0 the emitted power is given by
W = (e — 80)+/2(e — 40Q). (1.125)

Let us now discuss the perturbed dynamics of breathers. The unperturbed breathers

were derived in sec. 1.1.2. It is convenient to rewrite it as

¢ = d4arctan ltanA sin (¢ cos A) sech ( xl_ 52 sin A)], (1.126)
o,
t—vx
= = vt. 1.127

Here v is the breather’s velocity and tan A is its amplitude. The amplitude is related to

the frequency w in the following way:
sind =+v1—-w? cosA=uw. (1.128)

(Breather’s frequency w cannot be greater than 1.)
The general perturbation-induced equations for the SG breather’s parameters were
derived in [144, 114]

dA (1—7)2)1/2[1

_ = 1.12
dt “AcosA (1.129)
dv (1 - 7}2)3/2 IQ '
— = —e— 1.130
dt ¢ 4dcosA ( )
d§ (1 —?) (I3 —vtan A L)

A 1.131
a - U (Zsin A2 ! (1131)
ay

ev1 —v?
oy = V1—v%2cosA— m[@ COtAIg + (1 - 'UQ) COS2A 14 - 15},(1132)

where ( = sin Az,

_ [ cosh ¢ cos (cos Av)

hs /'°° ’ cosh? ¢ + tan? A sin? (cos Ay) Plo(Ql; (1.133)
_ = sinh ( sin (cos A%)

IZ N /—oo dccoshQ C + tan2 ASin2 (COS AZD) P[¢(C)]7 (1134)
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/oo J C cosh ( cos (cos Av) Pl6(Q)], (1.135)

~0o ~cosh? ¢ + tan? Asin® (cos Av))

o0 ¢ sinh ( sin (cos Aw)
_[4 = / d 2 9
—0 cosh® ¢ + tan? Asin® (cos Av)

Plo(C)], (1.136)

/°° g cosh ( sin (cos Av)
~oo cosh? ¢ + tan? Asin? (cos Av))

There are two important limits which are easily treatable using perturbation theory:

Iy = P[p(C)]. (1.137)

the small-amplitude breather (assuming A < 1)
¢ = 4A4sin[(1 — A?/2)y]sech(Az), (1.138)
and the low-frequency breather (assuming 7/2 — A < 1)
¢ = 4 arctan [sin () sechz/(]. (1.139)

As in the case of NLS soliton, the damping term (—-¢;) causes the decay of the
amplitude of the small-amplitude quiescent breather [166]:
dA
= f ) 14
p” 2vA (1.140)
However, if the driving term —psin (wt) is added, the breather may lock on to the phase
of the driver [162], similarly to the phase-lock of the NLS soliton. The threshold driving
strength for the phase-lock is
27(1 — w?) arcsin [(1 — w?)'/?]
K(1-w?)—-El-w?)

where K and E are complete elliptic integrals of the first and second kind, respectively.

Pthr = (1141)

For small driving strengths, p < pi,, the breather decays to a spatially homogeneous
state. For sufficiently strong drivers, p > pu,,, the breather is persistently oscillating and
frequency-locked to the external driving. When the driving is very strong p > pu, the
breather dissociates into a kink-antikink pair.

The emission power of the small-amplitude breather (1.138) under the action of the

combination driving of the form
P(¢) = —esin (wt) — esin (wt) sin (¢/2), (1.142)

can be calculated when n < w <n+1, n=0,1,2,...[174]. The emission frequency x

and power W are given by

1 TCr€\ 2 m/x% =1
— | — = 1\ — n 2 _ 2 _5)2 A A T
X=In W+2[1+3( nt, W ( 12) Xy x? = 1{x* —5) eXp( Y )
(1.143)
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where the coefficients ¢, may depend on x but not on A and € = ¢/(1 — w?).

Some analysis was also done on the low-frequency breather (1.139). Perturbations
f(t) = fo and fysin@/2 result in its dissociation into a kink-antikink pair. However, if
the internal frequency of the breather, w = cos A4, is high enough, this does not happen
[114]. The threshold value above which the dissociation does not occur, is

v 16
Wi = —45 {ln (;J +1

. (1.144)

1.2.2 Instabilities and chaotic dynamics of the NLS solitons

We will confine ourselves to reviewing instabilities and chaotic dynamics only of the NLS
solitons although we should mention that, chronologically, the chaotic behaviour of SG
breathers was discovered first and the literature on this subject is enormous [199, 61, 33].

In perturbed systems the radiation emitted by the soliton cannot be considered
independently from the dynamics of the soliton itself. It turns out that the interaction
of the soliton with radiation can destabilize the soliton and eventually lead to its chaotic
behaviour. The analytical studies of the chaotic dynamics are performed by asymptotic or
direct perturbation methods, or by the perturbation theory based on the inverse scattering
transform. All these methods result in the derivation of a reduced finite-dimensional
system which describes instabilities and a sequence of bifurcations leading to chaos. The
analytical techniques are usually complemented by numerical simulations. In general,
rich varieties of analytical tools available for integrable and nearly integrable systems
are absent for strongly perturbed equations; therefore, numerical techniques become an
indispensable tool for studying instabilities and chaotic dynamics.

In the section on the adiabatic evolution of the NLS solitons, we mentioned that
in the presence of an external periodic force, the soliton locks on to the frequency of the
driver. However, if the driving force has multiple frequency components, the phase-locking
does not occur. An example of the system driven with multiple frequencies is given by

e 27

h
0y + Vg + 22 = (€1 — 2| V]*) Y + €31hyg — -7:0 Z exp (tnwpt), wp = T (1.145)

In this case the evolution equation for the soliton’s parameters can be reduced to the
following map which iterates corrections to the amplitude, phase, velocity, and position
of the soliton [201]:

Ansi = e (A + 2hgsin ¢y), (1.146)
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ApAn(1 —exp (—7))

n = ¢p, — ¢l — Ksing¢, — 2T , 1.147
buir = 9n— 0T = Ksing — (1147
Wi .
Upy1 = Up — 2—hgsin ¢, (1.148)
Ag
Xnir = Xn—4(vo+va)T + 8T%ﬁo sin . (1.149)
0

Here parameters with the subscript 0 pertain to the unperturbed soliton: A2 = 3¢;/(2¢3),
do = A2 + 412, Other notations stand for 7 = 4ho T, hg = (7/2) o sech(mv/Ag) and

AT 2
K=4AOhOT[1 * 4 (2”"> ] (1.150)
T

Ay

When both |K| and 7 are greater than 1, the soliton becomes chaotic in the sense that
its phase ¢ is chaotic and its amplitude oscillates chaotically around the fixed point. The
chaotic deviation of the soliton’s position from the unperturbed trajectory associates with

the diffusion in its velocity parameter v.

If the system is driven by two frequency components:
1y + Yoo + 210[*9h = ivihys + hye'™ + hge®, (1.151)

the phase-locked solitons are replaced by solitons with oscillating amplitude. The corre-

sponding reduced-dimensional system for the soliton’s amplitude and phase is [202]:

dA 2

s _5%43 + mlhy sin (2 — @) + hgsin (2Qt — ¢)], (1.152)
do >

YE -4 (1.153)

The limit cycles arising in this system are given by

A~ Al —mhycos (Ot + ¢1), ¢ = Qt— ¢ — 2mhyArsin (Q + ¢1), (1.154)
A= Ay +mhycos (U — ¢g), ¢ = 20t — ¢y + 2why Az sin (Ot — @), (1.155)
where )
A = VkQ, ¢ = arcsin (—lAi>, k=1, 2. (1.156)
3ﬂhk

The existence condition of these attractors is |hy| > (2v/37)(k2)¥2. If either A, or hy
vanishes, one of the limit cycles disappears and the other one shrinks to a fixed point

which represents the familiar phase-locked soliton.
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As hy are increased, the two attractors start interacting with each other. One of
them survives as a limit cycle but its partner undergoes the period-doubling route to
chaos. It is confirmed in numerical simulations that a single soliton, a bound state of two
solitons and the chaotic attractor are the only possible outcomes of the evolution of the
initial condition in the form of the “pure” (i.e. unperturbed) NLS soliton.

In fact, the soliton may become chaotic even in presence of a one-frequency AC
driving:

i + Yy + 2|90|* = hexp (iwt) — iy (1.157)
The chaotisation occurs due to the resonance of the soliton with the external field. Some
insight into this phenomenon can be gained by utilizing the second-order perturbation
theory [203]. As the driving strength is increased, the period-doubling route to chaos take
place. The emerging chaotic attractor is characterized by a quadratic return map.

Another approach to eq.(1.157) is based on the assumption that radiations with
finite wavenumbers disperse away and only the long-wavelength radiation interacts sig-
nificantly with the soliton. This allows to derive a finite-dimensional system for sokiton’s
amplitude and phase and the amplitude of the long-wavelength radiation. The technique
used involved a combination of the Hamiltonian approach with the perturbation theory

based on the inverse scattering. The damping was added in an ad-hoc way [204]:

A
%? = —7|c|A%cos ¢ — 2vA + 47| Asin 2¢ + §fA|cﬁ| sin (2¢ — x) +
T
+ yflplsin (o —x), (1.158)
do 2 ; 2 2, 4
o T W A® + 2me|Asin ¢ + 2|c|® cos 2¢ — 4|c|” + ;f|cp| cos (2¢ — x) +
2—m
v Co gl cos (6 - x), (1159)
TA
dp : :
d—? = jwp + 4iAlc|e®® 4 iny e — vp, (1.160)

where A is the soliton’s amplitude, ¢ = ih/w is the background to which the soliton
decays as |z| — +o0. ¢ = 2¢g + arge, p = pexp (iargce) with p amplitude of the long-
wavelength radiation and y = arg 5. Finally, f is a phenomenological constant determined
by comparing to numerical simulations. When the driving A (or |c¢|) and the damping

are small, the soliton decouples from the radiation:
Ay = —2yA — 7|c|A®cos &, (1.161)

¢y = w— A®+ 27|c|Asin¢. (1.162)
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The decoupled system (1.161)-(1.162) has two attractors: the homogeneous forced oscil-
lation
A=0 and ¢ =uwt, (1.163)

and the phase-locked soliton

2 2
Ax Vo and cosp= ——— n — \/57, (1.164)
TAlc| m|hl|

where sin ¢ > 0. The existence condition of the phase-locked soliton is

24/ wy
m|h|

< 1. (1.165)

The analysis of the reduced system (1.158)-(1.160) was performed for the fixed v = 0.1
and w = 1; h was variable and serve as the bifurcation parameter. When the driving
is small, i.e. when condition (1.165) is not in place, the homogeneous oscillation (1.163)
is the only attractor in the system. As h is increased, a phase-locked soliton is born.
A further increase of the driving amplitude destabilises the soliton and as a result of
the Hopf bifurcation, a soliton of periodically oscillating amplitude is born. Increasing
the driving strength still further, leads to a chaotic attractor via a sequence of period-
doubling bifurcations. For even larger values of i the chaotic soliton suddenly disappears
and is replaced by the forced homogeneous oscillation. As the driving strength is further
increased, the homogeneous solution looses its stability, and the spatiotemporal chaotic
state sets in.

In [257] it is shown that spatiotemporal chaos may also occur via a quasi-periodic
route.

The dependence of the finite-dimensional system (1.158)-(1.160) on the damping
strength v was studied in [245, 249]. This study confirmed that the period-doubling
scenario of transition to spatiotemporal chaos is rather universal for not very large values
of the damping. For large values of ~y, there is no period-doubling. In this case the
oscillating soliton does not destabilize as the driving strength is increased. My own
studies of the externally driven damped NLS (not included in this thesis) reveal that for
large values of v the spatiotemporal chaos sets in through intermittency.

So far, our discussion of the AC-driven, damped NLS equation concerned only the
case of small driving strengths and dissipation coefficients. We conclude our review of its
solitons by mentioning Ref.[21] where eq.(1.157) was studied for arbitrarily large h and

. The results include the existence and stability regions on the (h, v)-plane. It was also
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shown that irrespective of the value of v, two (not one as it was assumed before} phase-
locked solitons are born in the saddle-node bifurcation — and hence one of them is always
unstable. The stability properties of the other soliton depend on «y. For v < 0.3, the soliton
is stable for small A but undergoes a Hopf bifurcation as A is increased above a certain
threshold value. For 72 0.3 the soliton is stable in the whole interval of its existence.
These properties are very similar to those of the parametrically driven NLS, to which
chapters 2 and 3 of this thesis are devoted. The interest in the parametrically driven NLS
was triggered by the fact that this equation appeared in hydrodynamical context [184]
and nonlinear optics [93]. The parametrically driven NLS in two spatial dimensions is also
attracting a lot of attention. Using a simple phase transformation 1(z,t) — e/%/2¢ ¢ (z, t),

the parametrically driven NLS (1.109) can be cast in the autonomous form:
iy + Yoe + 2107 — (Q/2)9 = —iyy + hy” (1.166)

In chapters 2 and 3 of this thesis we set (£2/2) to 1 by scaling the time variable. Alterna-
tively, the damping v can be fixed to unity:

W+ Yo + 2090 * 0 — o9 = hyp* — it (1.167)

In this case, the role of control parameters is played by the amplitude and frequency of
the driver. This approach was adopted in [66].

In Ref.[259] explicit stationary constant-phase solutions (cn- and dn-noidal waves}
were constructed and their stability examined. Non-constant-phase solutions were con-
structed perturbatively. It was shown that ¢n- and dn-noidal waves can bifurcate from zero
and uniform solutions, respectively. Both types of the noidal waves undergo a Hopf bifur-
cation. Numerical simulations revealed a variety of periodic, quasi-periodic and chaotic
motions. An oscillating soliton is found, numerically, as a special case of an oscillating
cn-noidal wave.

Existence and stability of solitons in the parametrically driven damped NLS are the
topics of Refs.[17] and [149]. In [17] it is shown that similarly to the externally driven NLS
(1.157), two solitons are born in a saddle-node bifurcation and one of the two is unstable for
all values of the damping and driving, while the other one can be stable in some parameter
range. As h is increased, the stable stationary soliton looses its stability to a periodically
oscillating soliton in a Hopf bifurcation. The transition between stable solitons and noidal
waves was investigated in [75]. When the soliton becomes unstable with respect to the
continuous spectrum excitations, it can either transform into a noidal wave or seed the

spatiotemporal chaos. An extensive numerical study of possible transitions to chaos was
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carried out in [38]. It was shown that there are two basic transition scenarios. In the first
scenario, the soliton first undergoes the Hopf bifurcation and then a sequence of period-
doubling bifurcations leads to a temporally chaotic soliton. As the driving amplitude is
further increased, the chaotic soliton undergoes a crisis and the zero solution survives as
the only attractor in the system. Increasing h still further, the zero solution is replaced
by the spatiotemporal chaos. In the second scenario, the spatiotemporal chaos is ignited
directly by the periodic soliton. No period-doubling bifurcations or flat solutions arise in
the second scenario.

Refs.[17, 149, 38] do not investigate in detail the nonlinear stage of the instability
for h near the Hopf bifurcation curve as well as the oscillatory instability which occurs in
the undamped case. These are some of the issues that will be addressed in chapter 2 of
this thesis.

1.2.3 Soliton-impurity interactions: the sine-Gordon equation

In this section we will discuss the dynamics of the sine-Gordon kinks and breathers in
potentials created by é-function-like terms.

We start with the damped-driven sine-Gordon equation with an impurity term of
the form:

Gyt — Gzz +8in = —f — vd — pd(z) sin ¢. (1.168)

It describes an inhomogeneity of the maximum Josephson current density. When u is
positive, the impurity is interpreted as a microshort, and g < 0 is a microshunt (microre-
sistor). The above impurity term can be alternatively interpreted as resulting from an
external AC magnetic field applied to the edge of a semi-infinite Josephson junction [208].

The motion of the kink in eq.(1.168) can be represented in the adiabatic approxi-
mation as a motion of a particle of mass m = 8 in the combination potential created by

the driving term and the impurity [166]:

U(€) = T2m f€ + 2usech?€. (1.169)
There is also a friction force
d¢
F = -8y—2. 1.170
87— ( )

The potential created by the microshort being repulsive, it repels the kink regardless of

its polarity. A microshunt, on the contrary, attracts the kink and antikink.
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It can be shown that the velocity and position of the kink of eq.(1.168) satisfy

Ecil_:: + %(1—1}2)3/2—711(1~02)+

+ g(l — v?) sech? (%ﬂ) tanh (—%175), (1.171)
Ly Feysecn? [ £
i 2c’vsech (W) tanh (m) (1.172)

The stationary point of this two-dimensional system is v = 0, £ = &, where & is the root

of the equation

;r—i + sech?(&) tanh (&) = 0. (1.173)

If the bias current f is sufficiently strong, the microshort slows the kink down but does
not capture it. However, if the current is weak, the kink will loose all of its kinetic energy
before reaching the repulsive impurity and then, after performing some oscillations, remain
at the equilibrium position £ = &;. Equating the kink’s kinetic energy 8,/1 — v2 to the
energy stored at the microshort (2u), one can obtain the threshold value for the bias

current f for which the capture of the kink is possible:

g 2y
L= 14/8 ~ 2L 2. 1.174
firr = 8+ p* & 20 (1.174)

The capture of the kink by the microshunt (1 < 0) is possible whenever f < f. =
4y/3/(97). To determine the threshold value it is necessary to use dynamical considera-
tions [130, 133] equating dissipative energy loss to the kinetic energy. The threshold value

of the bias current and the kink’s velocity are given by

16

2 3 21/8,__1/41,,13/8 _
= — 2 y =2 \/2 . 1.175
fihr - Y ul, v T " exp ( /11]) ( )

In the undamped, undriven case it is possible for the kink to be repelled by an
attractive impurity if the kink’s velocity lies within certain resonance “windows” [124]. If
the incoming velocity of the kink is larger than some critical value v, the kink will pass
through the impurity and escape in positive direction, loosing a part of its kinetic energy
through radiation and excitation of an impurity mode. The relation between the incoming
velocity v; and the final velocity vy is v3 = (v} — v?), where « is a constant. However,
if the incoming velocity of the kink is smaller than v., the kink cannot escape to infinity
after the first collision, but will stop at a certain distance away and then return back due

to the attraction potential of the impurity. For most velocities the kink will loose energy
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again in the second collision and finally become trapped by the impurity. However, for
some special incoming velocities the kink may escape to the negative infinity after the
second collision. The reflection of the kink is possible only if the kink’s velocity falls into
a certain resonance window. This happens because during the first interaction with the
impurity a localized impurity mode is excited and if the kink arrives back to the impurity
at the right time, it will extinguish this mode and gain from it enough energy to recover
the loss of kinetic energy and escape. (There is no damping in this case, v = 0.) The
favourable timing in this case means that the second collision coincides with the passage
of the impurity oscillation through some phase angle characteristic of the impurity mode
extinction. Thus the condition for the restoration of the kink’s kinetic energy after the

second interaction is found to be
Tio(v) =nT + T, (1.176)

where 775 is the time between the first and second collisions, T" the period of the impurity

mode, 7 an offset phase, and n is an integer. The resonant windows are given by

ui:uf—(—%&%@%, n=1,213,.... (1.177)

Here v, depends on the impurity strength p, and coefficients have been calculated numeri-

cally. However, the higher-order resonances (n = 2, 3 ...) are not observed in simulations.

(Instead, quasiresonances are found). This may be explained by radiation losses which
were ignored in the above qualitative description.

The dissipative defects can be accounted for by adding the term —B8(z)¢; to the

right-hand side of eq.(1.168). This term will give rise to an additional friction force acting

on the kink:
F = —48¢ sech®¢. (1.178)

The threshold value of the bias current for which the capture of the kink is possible, can
be obtained in the limit 8 > 4/|p| > . In the case of microshort, it is given by

Jihr = 27—@, (1.179)
i

while in the case of microshunt the threshold is

1/2
P w2

T
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A damped-driven long Josephson junction with spatially varying inductance can be
modelled by [230, 131]

Pst — P + 5N G = —f — vy + V()P (1.181)

The motion of the fluxon can be again represented as a motion of a particle of mass m = 8
in the potential
U(€) = 4vtanh & — 27 f¢€. (1.182)

When the damping is small (7% < v), the kink can be captured by this effective potential

provided the bias current is smaller than

4
finr = %\/ﬁ (1.183)

Magnetic nonlinear excitations in a long Josephson junction with a finite size inho-

mogeneity can be described by

dbtt — [51($)¢x]m + 52(33) Sin¢ = f - ’Y¢ta (1184)
where

cn=14+¢,[0(z) -0z —L)],n=1, 2. (1.185)
Here 6(z) is the Heaviside step function and L is the dimensionless length of the inhomo-
geneity. In this case the kink moves in the effective potential [126]

U(€) = 2(g1 + e2)[tanh € — tanh (€ — L)] + 27 f€. (1.186)

For L « 1, the critical value of the bias current which allows the kink to escape from the
impurity is

f . 4!51 -+ €2|L

¢ 3vV3r

Under the condition €2, €2 > =, the threshold value of the bias current sufficient for the

(1.187)

kink’s capture by the repulsive inhomogeneity (g1 + &9 > 0), is

4 L
Jinr = —7?- (€1 + £2) tanh 5 (1.188)

When the inhomogeneity is attractive (¢; + €2 < 0), this threshold is given by

8~3/2 A L
fonr = i (51 + &o| tanh 5) K (tanh 5), (1.189)

m
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where K(z) is the complete elliptic integral of the first kind. A point-like attractive
impurity cannot capture more than one kink. However, if the inhomogeneity has a finite
size, such a capture is possible and the critical length L, of the inhomogeneity allowing

the capture of two kinks in the undamped case, is

LC: %11’1( ‘I‘l) =~ In (51+52)—1/2. (1190)

£1 + &9

In the case of the repulsive point-like impurity the capture of two kinks is possible for
f # 0 and the corresponding f. is less than the threshold value for a single kink.
The SG breathers can be frequency-locked to the impurity [208]. This phenomenon

occurs in long Josephson tunnel junction modelled by

¢tt - ¢m¢ -+ Sin¢ = —"7¢t, (1191)

¢:(0) =0, ¢,(l) = asinwt, (1.192)

where [ is the junction length. The driving applied at the right boundary of the junction
can be interpreted as a d(z — [) impurity. The root-mean-square value of the emitted
voltage, M, plotted versus the impurity strength a forms a hysteresis loop. The
quasilinear standing waves sustain one of the branches, while the other is sustained by
a breather frequency locked to the frequency of the driver. Similar hysteresis also takes
place in a system with the external driving, sin wt.

If the breather is not close to the threshold decay into a kink-antikink pair, i.e. when
the period of its internal oscillations 7 = 27/ cos A is much smaller than the characteristic
time scale induced by the perturbation v4(z), it is natural to average the full Hamiltonian
of the system with respect to the fast internal oscillations and represent the motion of the

breather as a motion of a particle of mass m = 16 sin A moving in the potential [174]

8v cot A cosh (sin A¢)
[1 + cot? A cosh? (sin AL)]3/2

Ue) = — (1.193)

When the internal frequency is large enough: cos® A > 1/3, this is a one-well attractive
potential with the minimum at the origin. When cos? A < 1/3, eq.(1.193) gives a double-
well attractive potential. The low-frequency breather will oscillate inside either of the two
potential wells and as a result of the resonance between the internal oscillations of the
breather and its oscillations in the well, the dynamics may become chaotic.

As a result of the interaction with a localized inhomogeneity the low-frequency

breather may dissociate into a kink-antikink pair [170]. This may also happen as a result
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of the scattering on an Abrikosov vortex (described by the perturbation of the form
vé'(x)), when cos A < 1/2vv, where v is the initial velocity of the breather [92].
Numerical simulations reveal more scenarios of the breather-impurity interactions
[291]. In particular, the outcome of the scattering exhibits a sensitive dependence on the
initial phase of the breather. (This result has not received and analytical explanation so
far.) For example, a breather with an intermediate frequency slightly greater than 1/v/3
and low velocity can pass through an attractive impurity, be trapped or repelled by it
depending on its initial phase. The interaction of a low-frequency (w < 1/v/3) breather
with an attractive impurity depends on its initial phase as well. Depending on the phase,
the repulsion, attraction, passage through and dissociation into a kink-antikink pair is
possible. The most surprising fact is that the breather can split even when its energy is
less than 16 (which is double the kink energy at rest). The scattering of low-frequency
breathers on repulsive impurity is both initial phase- and initial velocity-sensitive. If its
velocity is less than v, ~ 37%%(v/4/1 — w?)!/2, the breather is repelled for all initial
phases. On the other hand, if the breather’s velocity is greater than some critical value
Ve, > Vg, it will always pass through the impurity. And when v € [v.,, ve,], the breather
can be repelled, trapped or can pass through the impurity, depending on its initial phase.
Next, the attractive inhomogeneity can support a localized impurity mode which oscillates
with the frequency wim, =~ (/1 — v?/4. If the breather’s frequency is close t0 wjy,, the
impurity mode can be excited as a result of this scattering. Irrespectively of its initial
phase, in this case the small-amplitude breather will be trapped, if its velocity is low,
or pass through the impurity, if its velocity is high. On the other hand, high-frequency
breather behaves like a hard particle when scattered on a repulsive impurity. It passes
through the impurity if its velocity is larger than v, = (0.5vwy/1 — 8w?)'/2, and is repelled

otherwise.

1.2.4 Soliton-impurity interaction in the NLS equation

The interaction of the nonlinear Shrodinger solitons with impurity is not so well docu-

mented. The NLS equation with the d-function term

was introduced as a model of the crystal with impurity [125]. As expected from an

impurity, this term changes, locally, the spectrum of linear excitations. The nonstationary
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impurity is modelled by the right-hand side of the form [1]:

Wy + Yoo + 209"y = e[z + ()], (1.195)

where ¢(t) characterises the motion of the impurity on the z-axis. The trajectory can
be either periodic: ¢(t) = pqcos Qt, or random, where ¢(¢) is the Gaussian d-correlated
random process with properties () = 0 and (@(t) (t")) = 2020(t —t'). In either case the

evolution equations for the soliton’s parameters are [1]

d €
d—f = —§A2 sech?z, tanh zo, (1.196)
dl‘o
=2 = 4 1.1
- 3 (1.197)
do
— = 48— A+ :
I 3 +..., (1.198)
and A = Ap. In egs.(1.196)-(1.198),
4
o = —4/0 @) dt, 2= —Alzo + (b)), (1.199)
Eliminating € between (1.196) and (1.197) gives the equation for the soliton’s position:
dZSL'O 2
TR 8¢ sech”zy tanh zg. (1.200)
Defining y = —zy, one obtains the equation
d%y oU
—2 = A" (t) + 2e A3sech? = - = :
e " (t) + 2e A’sech®y tanh y = f(¢) 5y (1.201)

which describes the motion of a particle of unit mass in the potential field U(y) and under
the action of nonconservative force f(t). Assume @(t) is periodic and let w denote the
frequency of the corresponding local mode. Nonlinear resonances in the motion of the

particle arise provided
2m + 1w = Q. (1.202)

The motion can become chaotic if the width of an individual nonlinear resonance is larger
than the distance between the consecutive resonances:
3202/
320080y/m > 1. (1.203)
W
The envelope solitons of the nonlinear monoatomic chain with the nearest-neighbours

interaction can be described in the continuous limit by [134]:

¥+ Yo + 2[5 = 2 — v + i) [6(2) + 8( — D)) (1.204)
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The reflection coefficient of a single impurity placed at the origin is

EA* oo
R, = et / (y? + 1)%sech®(7y/2) dy, (1.205)

16 -1/
where E is the energy of the soliton’s radiation and o = A/(2£) the spectral value for
which the spectral energy density emitted by the soliton, attains its maximum. The

reflection coefficient for two impurities is

duvyEa

R~ 2R, + e™™/% cos (2B), (1.206)

where B = 2Du&?. The oscillatory dependence of the reflection coefficients implies that
the resonant scattering of solitons takes place.

In [37] stationary localized solutions of equation

W + Yaq + B[P = q8(z)y (1.207)

are investigated for different combinations of signs of f and g. It is shown that solitons
exist, for the following combinations: (8 >0, ¢<0),(>0, ¢<0)and (<0, ¢<
0). Point-like inhomogeneities with @ < 0 form a potential well; therefore for both signs
of 3 solitons are predicted to be stable in this case. When @ > 0, solitons are predicted
to be unstable.

It would be interesting to find out how the pinned solitons respond to damping and
driving terms, as well as to perform a more detailed analysis of arising instabilities. We

will return to these topics in chapter 3.

1.3 Localized solutions in systems of reaction-diffusion
equations

1.3.1 Travelling waves in one spatial dimension

In this section we will consider the other basic type of equations that support solitary
waves, namely the dissipative (parabolic) systems. A particular example of dissipative
systems are the reaction-diffusion systems where localized solutions arise as a result of
the balance between the diffusion (dissipation) and the nonlinearity (reaction forces).
Unlike the linear wave equation (1.2) which is hyperbolic and propagates any wave
profile with the same speed ¢, each travelling wave solution of a reaction-diffusion equation

is allowed to propagate only with its own specific velocity. The construction and study
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of pulse-like solutions of nonlinear parabolic systems is important not only in connection
with the applications of the solitary waves per se, but also due to their role in gaining
a better understanding of phenomena in large domains, where the arising patterns may
resemble (at least locally) travelling waves. ‘

Until recent years the attention was focused on problems concerning plane waves,
i.e. waves moving through R" in a fixed direction, having translational symmetry in
any direction perpendicular to that of the motion. For some time, chemists and oth-
ers observed many strange wave-like structures in systems that could be modelled via
reaction-diffusion equations. Spiral and scroll waves are well documented within certain
chemical reactions [276].

In many of the applications of reaction-diffusion systems it is the long-term be-
haviour of solutions that is important. The interest is focused on equilibrium states which
display inhomogeneous spatial patterns. An example of such process is the morphogen-
esis. During this process embryonic cells must somehow order themselves so as to lay
down the differentiated structures (organs, limbs, etc .) which constitute a recognizable
individual. One theory put forward to explain this phenomena is that the development
follows a kind of map, or prepattern, laid down within the growing cell mass by chemicals
called morphogens. These are assumed to react and diffuse through the medium. This
theory rests upon the ability of the resulting model to exhibit stable solutions with a
high degree of pattern. The morphogen theory is by no means universally accepted by
theoretical biologists. The problem is that no real morphogens have been identified, so
the models remain phenomenological. Another area where the patterned equilibria are of
interest, is the populational biology [157], [193], [206]. The idea that individuals of differ-
ent species separate out from each other as a result of the interspecific competition, has
led to mathematical models consisting of systems of coupled reaction-diffusion equations.

In many of the applications of reaction-diffusion systems, interest is centered upon
so-called excitable systems and their wave-like pulse solutions. Excitability may be
thought of as a property of the reaction kinetics, and is defined as follows: consider a

system of ordinary differential equations
@, = F(i),

where @ = 0 is a locally stable equilibrium, i.e. the Jacobian matrix 0F;/0u; possesses
only eigenvalues with negative real parts. By definition, small perturbations will decay
exponentially as ¢ — oco. Larger perturbations may behave differently depending on the

nonlinearity in the reaction terms in F. The system is called excitable if th ere are in-
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termediate sized perturbations of the resting equilibrium which result in time-dependent
solutions taking a prolonged excursion through the state space before returning to rest.
The divide between the two qualitatively different kinds of behaviour is known as a thresh-
old effect. Sub-threshold excitations result in a simple return to the quiescent equilib-
rium, ¢ = 0 , while super-threshold excitations result in trajectories which sweep the
state towards some excited regime before returning back, perhaps via a prolonged cycle
of behaviour, towards the quiescent equilibrium.

A simple example of an excitable system is given by the following system of ODEs:

ug = fu) — v, (1.208)

vy = €e(u —v), (1.209)

where f(u) = u(u —a)(1 —u) and ¢ € (0,1/2). Here 0 < ¢ < 1, so that v; is small
compared to u;. Hence, v is called the slow variable and only dominates the behaviour of
the system while f(u) = v, but even then v, is small and v changes slowly. By analogy,
u is called the fast variable. When f(u) # v, the fast eq.(1.208) dominates the behaviour
of the system until such times as u; and v, are both O(e).

One can check that the fixed point, (u,v) = (0,0), is locally stable. Indeed, the

eigenvalues of the Jacobi matrix are

—(a+¢e)+/(a—e)?—4e
5 :

)\1,2 vd

Small perturbations result in trajectories which will return quickly to the equilibrium.
It can be shown numerically that larger perturbations result in much more distinct be-
haviour.

For most excitable systems the requirement of a locally stable equilibrium is rela-
tively easy to check, but threshold-type phenomena are harder to be found. Sometimes
it is possible to prove that solution to a system of reaction diffusion system exists with-
out solving it. In [244] theorems of existence and uniqueness of local and global in time

solutions are proved.

Existence and uniqueness theorems

Consider the system of reaction-diffusion equations:

—

@y = Dilge + (@), € R, t >0,



52 Chapter 1. Introduction

where D is a diagonal matrix. We supplement this system by initial condition
w(z,0) = do(z), z€LCR. (1.210)

Assume t hat ty(z) is in a Banach space, B. Then there exists time ¢y > 0 that depends
only on [|dp(z)|| and the reaction terms f. such that the system has a unique smooth
solution for ¢ € [0,¢y]. The norm of this solution is bounded: ||@|| < 2||%]||. The result
of this theorem can be extended if we know a priori that the L,-norm of the solution is
bounded for all times 0 < ¢t < T < oo. In this case the solution exists for all 0 < ¢t < T
and is in the same admissible Banach space B as the initial condition. The requirement
for the solution to be bounded is a realistic one and does not restrict the applicability of
the theorem because most of the rd-systems model some realistic processes and therefore
one should expect that solutions will be bounded.

The proof of the global in time existence and uniqueness of solutions uses the notion
of invariant regions. The definition is as follows.

Definition. A close subset 3 C R" is called an invariant region for the local
solution defined by (1.3.1-1.210), if any solution (z, ¢) having all of its boundary and
initial values in %, satisfies @(xz, t) € ¥ for all z € Q and for all ¢ € [0, 4).

The global existence theorem states that if the initial condition @y(z) € B and
Up(z) — 0 as x — oo, and if the system admits a bounded invariant region ¥, and
Ug(z) € X for all x € R, then the solution exists for all £ > 0. In particular, it can
be proved that if D i s the identity matrix, I, than any convex region ¥ in which the
nonlinearity f points into ¥ on 0%, is invariant for the system.

To illustrate the applicability of this theorem, let us consider the FitzHugh-Nagumo

system where diffusion is added to both components:

Ut = Uy + f(u) — v, (1.211)

Uy = EVgy + o (U — v). (1.212)

Here ¢ > 0 and € > 0 are constants. The function f(u) = u(u — a)(1 — u) where
0 < a < 1/2. To prove that the solution to this system exists, we need to construct a
sequence of arbitrary large invariant rectangles. Let us consider a two-component vector
field consisting of the reaction terms of each of the equations: F = (f(u) = v, u—v).
Now, consider the plot of nullclines on the (u, v)-plane (fig.1.2). It is clear that above
the curve f(u) — v = 0 the first component of F will be negative and below the curve it

will be positive. The same applies to the nullcline © — v = 0. Now we need to construct
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\ u—-—v=20

f(Ll)—V=;\

Figure 1.2: Nullclines of the system (1.211)-(1.212).

the rectangles in such a way that F points into their internality (these rectangles will be
invariant for the system). The invariant rectangle > can be constructed as follows: the
upper line v = const is chosen so that both components of F are negative while on the
lower one, they are both positive. On the left line u = const the first component is positive
ands the second one negative. On the right line uw = const polarity of the components
is reversed: the first one negative, the second one positive. Now, as it is clarified by the
picture, the vector field consisting of nonlinear terms of the equations points into the
rectangle ¥ and therefore this rectangle is invariant. Since we can construct an arbitrary
large rectangle with the same features, we conclude that the solution exists for all ¢ > 0
provided that the initial condition ug(z) — 0 as z — oo and wuy(z) € B.

In the same book, [244], there is a comparison theorem that relates the solution of a
system of RD equations and the solution of the associated system of ODEs. This theorem
can be used to locate the attracting regions on the phase plane.

Theorem Consider the system:

@, = DAG+ f(@,t), (z,t) € QCR™x Ry, (1.213)
where ) is bounded, 92 is smooth and f is a smooth mapping. Here D is a diagonal
matrix with constant nonnegative entries. Assume that this system admits bounded

invariant region
n
Y= H[ai, bi]
i=1
where —oo < a; < b; < co. We supplement this system with initial conditions:

i(z,0) = dp(z),
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where @y(z) € ¥ for all z € 2. We assume homogeneous Neumann boundary conditions:

d—’
—u = 0, OnaQ X R+,
dn

where d/dn denotes differentiation in the outward normal direction on 0f.
We will construct a system of ODEs associated with the initial system of PDEs, so
that solutions of the PDEs will be sandwiched between solutions of the associated ODEs.
Consider the partition of the set Z, = 1,...,n into two disjoint sets oy and oy,.
For such a partition we define functions f;" and f; by

fi+(ﬂ:’ t) = sup fi(élv"'auiv'-wfn),
fz_(ﬁvt) - inf f’i(glw"aui)"'v{n)-
a; <& Suy, jEoM, JF
uj $& < by, J €0, JF U

The functions f;" are nondecreasing while f;” are nonincreasing. It can be proved that
these functions are Lipschitz in 4. Then we set

+ — .
hi(, 1) z{ @0, i€ om

fi(Ut), 1 € op (1.214)

and

H,,, (7,8) = (hi(3,1),. .., hn(7,1)).

There are 2" functions H,,, for a given integer n. The functions H,,, will be considered as
vector fields, and the orbits of the associated flows will define the “comparison” functions.
Now let 7(t) be solution of the following problem:

7= H, (), 7(0)=70 (1.215)

0 .
W0 — SUPypcq Uys © € Om
i infequl, i € o,

This initial value problem has a unique solution.
The comparison theorem states that the solutions of the PDE (1.213) and ODE
(1.215) are related by the following inequalities for all (z, t) €  x Ry

v;i(t) > ui(z,t), 1 € oy

ui(z,t) > vi(t), 1 € op.
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Now let us exemplify the above theorem by a system that models predator-prey

interaction between species. The equations are of the form:

uy = alu + ubM (u, v), (1.216)

vy = BAv + ulN(u,v). (1.217)

Here u and v denote the population densities of the prey and predator, and the functions
M and N are the corresponding (nonlinear) growth rates. The predator-prey interaction

is defined by the following conditions:
M, <0, N,>0,

which state that the prey growth rate decreases as the predator population increases, and
that the increase in prey is favourable for the growth rate of the predator. Consider a

specific example
M(u,v) = —(u—d)(u—1) —cv, N(u,v)=—pu—av+cu, (1.218)

where d, ¢, p, a are constants; 0 < d < 1,¢, apu > 0,d < u/c < 1. We consider initial
conditions
u(z,0) = ug(z), wv(z,0)=w(z), z €8,

and homogeneous Neumann boundary conditions

Z—Z:Z—Z:O, (z,t) € 002 x R,.
This system (1.216-1.217) admits arbitrary large bounded invariant rectangles in
the first quadrant v > 0, v > 0. Thus, if ug > 0, vo > 0 in §2, then this problem has a
unique solution for all ¢ > 0 and w(z, t) > 0 and v(z, t) > 0 for all (z,¢) € 2 x R,.
We let ¥ = (u,v):0<u<a, 0<u<b be an invariant rectangle. Define the

maximal vector field relative to X, (uM™, vN™T), as

uM™*(u,v) = sup uM*(u,&) =u sup M (u,§)

0<E<o 0<E<y
vNT(u,v) = sup vNT(&,v) =u sup N*(v).
0<E<u 0<€<u

Denote by (u™, v™) the solution of

o =uM%(u,v), ©v=vNT(y,v), (u(0),v(0))=(U,V),
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Figure 1.3: Nullclines of the system (1.218).

where

) = (supata), supnfe)).
Q Q

Then according to the comparison theorem we have the estimates:
0 <u(z,t) <ut(t), 0<v(z,t)<vT(t), (z,t) € QxR

These enable us to obtain qualitative information concerning the solution (u, v). For
example, if up(z) < d for all z € O then we see from fig.1.3 that (u™(¢), v*(¢)) tends to
(0, 0) as t — +oo. Furthermore, it is easy to see that the rectangle R is a global attractor
for all solutions of the RD-system in the sense that given any neighbourhood of R, there
is a T > 0 such that if t > T, (u(z,t), v(z,t)) lies in this neighbourhood for all z € .

1.3.2 Pulses in the FitzHugh-Nagumo equation

The ideas embodied in the use of fast and slow variables are useful. Simply being able
to assume that there are fast variables, u;, which are almost instantaneously at pseudo-
equilibrium (u; = 0), means that the system is restricted to a neighbourhood of a lower-
dimensional surface where each u; = 0. The slow variables then describe the dynamis of
the system over this surface. If the surface is folded over, trajectories may fall off at a fold
and then be shifted rapidly by the fast variables on to another branch of the same surface.
It can be shown numerically that for the problem at hand this is indeed the case. With
the exception of an initial transient, and possibly a subsequent switch between branches,

the solution remains near the pseudo-equilibrium curve v = f(u).
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Clearly, for any given system, if there are any small parameters available, and a
consequent fast-slow classification of the state variables, it is much easier to look for
threshold behaviour and excitability. The fast-slow construction is equivalent to the
techniques of matching asymptotic expansions and two-timing in asymptotic analysis.

When a diffusion term is added to the fast equation, the system reads:
Up = Uge + f(u) — v (1.219)
v =¢e(u —v). (1.220)

This system is known as FitzHugh-Nagumo model for the conduction of nerve impulses
along unmyelinated nerve axon [225]. We are looking for a wave solutions to this system.
The idea is that as the wave passes through a point, the behaviour of the state is similar
to the time course of the excited trajectories of the ODE system. The initial excitation is
supplied by diffusive interaction with neighbouring points already excited by the earlier
arrival of the wave. Thus, the wave propagation goes by successive neighbourhoods stim-
ulating one another, via the diffusion in the fast variables, to become super-threshold. In
one dimension this system possesses a travelling wave solution, i .e. a pulse moving with
some constant speed, ¢, without changing its shape.

Unfortunately, when we look for a solution depending on z and ¢ only in combination
z =z — ct, we are forced to analyze a nonlinear first-order system of ODEs defined on
R3. This is not straightforward as the wave speed, ¢, is to be determined simultaneously
with the wave profile. However, some qualitative insight into behaviour of solutions can
be gained by defining fast and slow variables as we describe now.

By exploiting a small parameter present in the system, one can construct travelling
wave solution assuming the existence of internal transitional layers. Away from such layers
we may solve a system of reduced order, whilst the behaviour of the layer profile must
be obtained by a suitable rescaling of the independent travelling variable. We rescale the
z-variable in such a way that the diffusion coefficient becomes O(e?), where € > 0 is very
small. Let as also rescale the time by introducing a long time scale 7 = ¢{. Then the
system (1.219-1.220) becomes:

gUy = €2Ugy + f(u) — v, (1.221)
Uy = U — . (1.222)

Next, we introduce the travelling-wave variable z = z — ¢t and seek for solutions u =

U(z), v = V(z) representing a wave moving to the right with velocity ¢ > 0. Eqgs.(1.221-
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1.222) become
e2U,, +ecU, + f(U) -V =0, (1.223)
V,+U -V =0. (1.224)

We also assume that ¢ = O(¢°) or smaller. Since 0 < & < 1, the first equation is in
equilibrium provided that the leading terms are in equilibrium, i.e. V = f(U). Thus,
trajéctories on the (U, V)-plane will stay close to this curve except near to one or two
points where they may jump from branch to branch. U,, and U, are large in such events.
The solution we are seeking for, has two transition layers, one at z = 0, where the fast
variable, U, shifts rapidly to the excited regime, and one at z = z; < 0 where the fast
variable jumps before returning to the rest state. The up-jump at the forward transition
layer at z = 0 is called wave front, whilst the down-jump at z = z; is called wave back.
Both front and back move with velocity ¢ > 0 in time with respect to the z-frame.

To construct the pulse solution , we must specify the solution away from the tran-
sition layer, and then construct the transition profiles and determine the positive wave
speed, ¢, and the pulses width, z;, in the process.

Away from neighbourhoods of z = 0 and z = z;, we have
Vx f(U), (1.225)
cV,+U -V =0, (1.226)

since € is small and U,, U,, are assumed to be bounded. For z > 0 or z < z; we assume
that the inverse of f(U) is defined by its leftmost branch U = h_(V). For z € (21, 0) U
is in the excitable regime and we define the inverse of f(U) as U = h,.(V), where h, (V)
is the rightmost branch of the cubic. Thus, for z > 0, we have

U = h_(V), (1.227)
v, = V-h (V) (1.228)
Jim Vo= 0, V(0) =V, (1.229)

where Vj is a constant to be determined. For z < z; < 0 we have

U = h_(V), (1.230)
¢V, = V-h(V) (1.231)
im V = 0, V(a)=W, (1.232)

Z2—=—00



1.3. Localized solutions in systems of reaction-diffusion equations 59

where V] is a constant to be determined. Finally, for z € (21, 0) we have

U = hy(V), (1.233)
v, = V—hy(V), (1.234)
Vi) = Vi, Vi(z) =W (1.235)

In (1.228) we require V — 0 as z — 400 but V' = 0 is an unstable equilibrium and,
consequently, we must choose V' = 0 for z > 0 and V(0) = V5 = 0. In (1.234) we have
V, < 0. By choosing z; we fix V; and vice verse. If we choose V(z1) = Vi € (0, Vinag),
there is a smooth solution that satisfies the boundary conditions. If we fix the constant
Vi € (0, Vingz), then, since V = 01 s an unstable equilibrium, it is possible to find a
smooth solution of (1.231) in the half-line z < z; satisfying V(z;) = V; and V — 0 as
z — —00.

In this way we have constructed the solution away from z; and 0. We need yet to
determine the velocity ¢ and the constant V; (or z;). The velocity is fixed by the front of
the pulse, at z = 0, while V] is fixed by the back of the pulse, at z = z2;.

Consider a neighbouhood of z = 0. Here the slow variable V' was matched whilst the
fast variable U must have a jump from U = h_(V;) =0 to U = h, (V) = 1. Introducing
a scaled independent variable, £ = z/¢, and setting U = ¢(£), V = () near z = 0, the
system (1.221-1.222) becomes

Gee + cde + f(¢) —p =0 (1.236)
¢ —>las £ >0, @ —las &= —o0
cYe+e(dp—9)=0 (1.237)

v — Vo=0 as [£| — oo.

Now the term proportional to € in the second equation is negligible and, consequenﬂy,
¥ = 0. The first equation has a unique solution (¢, c). Indeed, #(¢) = [1 +exp (£/v2)]™
and ¢ = v/2(1/2 — a) are uniquely determined. This can be shown by reducing the order
of the ODE by introducing a new variable p = ¢, and then solving for p = p(¢). Notice
that if a € (0, 1/2), the velocity ¢ > 0.

Consider the back of the pulse at z = 2z;. Set €€ = (z — z;) and let U = ¢(£), V =

¥(€) near z = z;. Now the system can be rewritten as

Gge + che + f(B) — ¥ =0, (1.238)
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¢ — ho (V1) as £ = +o0; ¢ — h_(V}) as £ = —o0, (1.239)
—ce +e(d— ) =0, (1.240)
v — V) as |€] = 0. (1.241)

As € — 00, t he equation for v, (1.240), can be solved explicitly: ¢ = V;, and the system
reduces to

Pee + coe + f(9) —Vi=0 (1.242)

®— hy(V1) as € = +o0; ¢ — h_(V}) as £ - ~o0. (1.243)

Because V] takes values between 0 and V., and since there is a value V* for which ¢ = 0,
the function ¢(V;) is monotonously decreasing with maximum at V; = 0 and minimum at

Vi = Vinar. Therefore, having found V; we fix the value of ¢. As before, the slow equations
Vot he(V)=V =0

control the behaviour of solutions between the transition layers.

1.3.3 Localized structures in higher dimensions: spirals and
scrolls

The main motivation for studying planar and nonplanar wave type solutions to reaction-
diffusion equations lies in their applications to problems in physiology, biology and chem-
istry. For example, the Hodgkin-Huxley equations [99] provide a model for the electrical
activity in membranes of living organisms. In one dimension, the Hodgekin-Huxley equa-
tions arise as a model for the propagation of action potentials along an unmyelinated
nerve axon. The FitzHugh-Nagumo equations constitute a similar but more qualitative
model (the Hodgkin-Huxley model can be reduced to the FitzHugh-Nagumo model). In
higher than one dimensions the Hodgkin-Huxley model can be employed to model the
electrical activity taking place in cells within human heart.

Another example is the oxidation-reduction process known as Belousov-Zhabotinski
(BZ) reaction [290], [196], [198]. This reaction is the first experimental evidence of an os-
cillating chemical process. Before the BZ reaction was discovered, chemists thought that
only a homogeneous, time-independent state could emerge from any chemical transforma-
tion. A typical BZ reagent consists of such ordinary products as a bromate-generating salt
(like KBrO3); an organic reductant [like malonic acid CHy(COOH),] and a salt capable
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of generating a oxidation-reduction couple [like Cey(SQOy)3), all dissolved in sulfuric arid.
The change of the composition of the system can be followed visually through a change
of color and, more quantitatively, by placing electrodes in the solution or measuring the
optical absorption caused by a particular substance.

The BZ reaction is controlled by two types of parameters: the concentration of
chemicals pumped from outside, and the rate at which they are pumped into the reactor,
that is the volume pumped per unit time. The latter quantity, J;, divided by the volume
of the reactor, V, gives the inverse of the residence time, 7;, of the corresponding chemical

within the reactor:

Under slow pumping conditions (all J; small) the chemicals will remain in the reactor for
a very long time and will, for all practical purposes, reach a state of chemical equilibrtum
just as if the reactor were closed. However, for large J;, the chemicals will leave the reactor
very quickly, essentially with the concentration of the feed stream and will be unable to
react significantly and equilibrate with the bulk. The residence parameter, 7, can be used
as a convenient control parameter playing the role of the constraint.

Consider now the principal modes of behaviour of BZ-like reactions in an eopen
well-stirred reactor for a range of values of the residence time between the two above-
mentioned extremes [264], [30]. As it turns out, there exists a critical threshold 7. below
which stationary behaviour is no longer possible and sustained oscillations are observed.
The amplitude and the period of these oscillations are intrinsically determined once the
parameters (temperature, concentrations in the feed stream and residence time) are fixed.
The birth of this new regime is associated with the breaking of the translational symmetry
in the time domain, since then the phase of the system’s variables changes with in an
oscillating period. This transition can be represented in the form of a bifurcation diagram
in which the oscillatory branch bifurcates out of the stationary state when 7 = 7,. As
T, is increased, this transition goes through a sequence of complex periodic oscillations
of various types [241]. Further change of the constraints leads to a regime of chemical
(temporal) chaos in the form of randomly-looking mixture of small- and large-amplitude
oscillations. The chaotic regime can be reached in a variety of different ways including the
period-doubling cascade, a transition via quasi-periodic behaviour and an intermittency.

A qualitative explanation of the oscillatory behaviour in the BZ reagent was pro-
posed in [69]. The main point is to realize that the BZ reaction involves two different

processes, A and B, which alternatively dominate the kinetics, while a third process, C,
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is responsible for the switching between A and B. More specifically:

e When Br™ concentration is sufficient, the following reactions take place:

(A.1) Br~ + BrO3 + 2H* — HOBr + HBrOs,

(A.2) Br™ + HOBr + H* — Bry + H,0,

(A.3) Br~ + HBrO; + H* — 2HOB;.

e Once Br~ concentration is sufficiently lowered, the oxidation of Ce3* to Ce'* is
carried out automatically thanks to the liberation of the free radical BrOy-:

(B.1) 2HBrOy — HOBr + BrO33~ + H*,

(B.2) HBrO2 + BrO3 + H™ — 2BrO; - +H,0,

(B.3) BrO, - +Ce*" + H* — Ce*™ + HBrOs,.

Autocatalysis takes place through the bromous acid, since two molecules of this substance
are produced by (B.3) for each one consumed in (B.2).

e Finally, Ce?" is reduced back to Ce®* while at the same time it regenerates Br™,
thus allowing the process to start all over again. The global reaction for this transforma-
tion is:

(C) 10Ce*™ + CH,(COOH), + BrCH(COOH)4 + 4H,0 + 2Bry — 10Ce3t + 5Br~ +

6CO, + 15H™.
Notice that the mere fact of switching from the process B to the process A is not sufficient
to explain oscillations. An additional ingredient cooperativity is needed to sustain a cyclic
behaviour and is provided by the positive feedback (autocatalysis) of the bromous acid
onto itself.

Being limited to a single feedback, the above mechanism cannot generate more than
one relevant time scale. Consequently, it cannot explain the quasi-periodicity, compos-
ite periodic oscillations and chaos found in numerous experiments. Richetti [227] and
coauthors have proposed an additional negative feedback whereby in the presence of hy-
pobromous acid, (HOBr), HOBr; is consumed in a manner that is autocatalytic in Br™.
The competition between two mechanisms of cooperativity then brings a second time
scale into the problem. This suffices to explain the appearance of complex oscillations,
including chaotic behaviour [14], [15].

Refs. [265], [70], [87] consider the behaviour of BZ system in an unstirred reactor.
For a long time experiments were limited to closed reactors, typically of the of a shallow
layer of solution. In this case the arising patterns are regular in space and time and
have the form of propagating wave fronts. The waves appear primarily in two different
forms: circular fronts displaying a roughly cylindrical symmetry around an axis perpen-

dicular to the layer, usually referred to as target patterns; and spiral fronts rotating in
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space clockwise and counterclockwise. It is also possible to obtain, although under rather
exceptional conditions, the multiarmed spirals. In each case the wave fronts propagate
over macroscopic distances without distortion and at a prescribed speed. The formation
of these fronts can be associated with space symmetry breaking: translational symmetry
breaking in the target wave case and chiral symmetry in the case of spiral wave.

More recently stationary inhomogeneous patterns arising via symmetry breaking
have been observed in a modification of the BZ reaction, the chlorite-iodite-malonic acid
reaction, thanks to the design of new open, unstirred chemical reactors which allow the
development of spatially inhomogeneous states while avoiding parasitic hydrodynamic
motion [46]. At the beginning of the experiment the development of a series of light and
dark stripes parallel to the edges of the reactor reveals the emergence of a concentration
pattern. Although this pattern is nontrivial, the stripes preserve the symmetry imposed
by the feed. If the concentration of the malonic acid is within a well-defined range, some
of these stripes ultimately break up into lines of periodic spots. This constitutes a genuine
symmetry breaking phenomenon in the direction transverse to the imposed gradient. The
pattern can be sustained indefinitely. Moreover, the wavelength seems to be intrinsic and
characterized exclusively by nongeometric properties. In particular, it is at least one order
of magnitude smaller than any geometric dimension of the reactor. This is different from
the stationary patterns in the Bénard problem whose characteristic length is determined
by the size of the experimental device.

An alternative possibility is the formation of patterns parallel to the direction of the
feed, which is, in turn, chosen to be perpendicular to the reactor’s largest side [212]. In this
case a variety of patterns such as hexagons, stripes and mixed states are observed. Tran-
sition from stationary spatial patterns to spatiotemporal chaos (chemical turbulence) are
also observed in conjunction with the formation of defects separating different domains.
In addition to their fundamental importance in the laboratory-scale chemistry, chemically
mediated nonlinearities provide a natural explanation for a large number of complex phe-
nomena in a wide variety of contexts. For example, much of the chemical industry is
based on heterogeneous catalysis. For instance, the oxidation of ammonia or of carbon
monoxide is usually carried out in the presence of a platinum catalyst. Similarly, in the
decomposition of nitrous oxide, N5 O, a catalytic copper oxide surface is used.

There are two sources of cooperativity in this type of phenomena. First, since
the total number of sites in the catalyst is finite, the substances inevitably compete for
adsorbing sites; thus they exert a negative feedback on each other. Second, some of

the adsorbed substances facilitate a structural change of the catalyst surface, which may
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further affect the adsorption probability of this very substance or of the other substances.
It is therefore not surprising that heterogeneous catalysis provides some of the best-
documented examples of nonlinear phenomena. A particular illustration is provided by
carbon monoxide oxidation on platinum under ultra-high vacuum pressure conditions
(52, 64, 104].

Ref. [119] examines spiral waves on the plane. In three dimensions [273] more eso-
teric phenomena were documented. Scroll waves, toroidal scroll waves and linked-twisted
scroll waves are all apparent to some degree. Over a number of years A.'T. Winfree
[276] pioneered studies of these phenomena. He was able to discuss the geometry and
motion of propagating of oscillatory wave structures. By topological (continuity) argu-
ments it is possible to rule out many configurations of linked and twisted scrolls but we
are nevertheless no nearer to any analytical statements concerning solutions to excitable
reaction-diffusion systems in 3D.

The basic ideas contained within this approach are as follows. If we were to observe
a wave passing by, we would see the state of the reaction being excited away from its
quiescent stable regime, then moving through a number of distinct stages before returning
to the original unexcited state. The next wave would then pass repeating the same
qualitative process. The circular evolution associated with excitable systems gives rise to
a natural idea of phase as a measurement of how far through the cycle the local state is.
One can then get a snapshot of a wave at any time by investigating points in the real
space whose states are of the same phase. Their evolution through the domain in time
is representative of the original wave structure. This procedure works for simple wave
forms, but for rotating wave phenomena it is not sufficient. At the center of the spirals,
for example, we have phaseless points.

In three dimensions the phaseless points can be visualized as forming arcs or curves.
Such curves are called singular filaments. By fixing a critical phase one can see how the
corresponding constant phase surface propagates around the singular filament as time
passes. For example, a simple linear scroll wave can be visualized as a linear filament
and a scrolling surface rotating about it. If a linear scroll is bent around in a circle so
that the filament and scrolling surface are joint, one obtains a toroidal scroll wave. Such
a wave possesses a singular filament in the form of a ring, as well as a point somewhere
in the middle where the scrolling surface converges before dividing into two components,
one equivalent to a sphere propagating off to infinity and the other restarting the original
cycle. If the linear scroll were twisted before being bent round and joined up, one would

obtain a twisted toroidal scroll.
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To study motion of spirals and scrolls one is formally seeking an asymptotic solution
to a reaction-diffusion problem. This construction is analogous to Winfree’'s abstract
construction. In spite of the fact that the asymptotic approach formally breaks down at
the singular filaments, it is capable to give some qualitative information about the way
in which the waves propagate.

The problem of two- and three-dimensional wave propagation can be compared with
that for wave propagation in one dimension by demanding that the front of the wave is

located on a surface which propagates according to
N+eK =g, (1.244)

where N is the normal velocity, K is twice the mean curvature and ¢ and ¢ are constants
obtained from the original reaction-diffusion equation. Equation (1.244) is usually called
the eikonal equation. The basic idea [119, 121, 84, 88] is to represent the wave front by
a local transformation layer exploiting a small scaling constant in the original reaction-
diffusion system.

One seeks solutions to the FitzHugh-Nagumo equations in the form of a single spiral
wave in the plane rotating about the origin. One can apply the eikonal equation and,
since it is known that such a wave ought to rotate uniformly about its central core, it is
merely a matter of determining the geometry of the spiral. In order to use this approach
we must have a single fast variable, u, which dominates the wave-like behaviour of the
system. € is a parameter present explicitly in the equations but the constant ¢ is not so
obviously determined. The system may possess many plane periodic waves containing
sharp transition-layers each moving with a different speed. As |r| — oo, the prospective
spiral waves look like plane periodic waves, at least locally, so some means must be found
of choosing the correct wave speed ¢ to be inserted into the eikonal equation.

Strictly speaking, this solution will not be valid in some neighbourhood of the center.
This core region remains a problem. One shall allow the transition layer to reach as far
as the origin about which it rotates uniformly. However, the transition layer requires at
least a width of O(e) in which to fill the corresponding transition profile. Hence, it is
expected that the solution will be valid to within an £-sphere of the origin. Nevertheless
it is possible to obtain some useful information regarding simple spiral waves in the plane.

Consider an anti-clockwise wave rotating clockwise about the origin. We suppose
that the wave possesses a transition layer located by such a spiral. Let us parametrize
the curve locating the transition layer by r = /2% + 2, so that in polar coordinates the
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geometry and motion of the spiral are given by
0 =g(r) — wt. (1.245)
Here, the function g is to be determined and must satisfy

g >0, (1.246)

lim g, = g, = constant, (1.247)

700

and is bounded at r = 0. Without loss of generality we may set g(0) = 0. The condition
on g as 7 — oo means that for large r the waves are almost outgoing spherical waves
with the wavelength A\ = 27/g.,. The whole spiral satisfying (1.245)-(1.247) would have a
period 27 /w, so for large r the transition layer would move a distance A in radial direction
in time 27 /w. Thus, an observer moving off to infinity would see waves moving with speed
w/gs asymptotically in the radial direction. For large enough 7 the curvature of such
waves becomes negligible and the local observer would see plane periodic waves with speed
w/gs and wavelength A. Now, returning to the geometric theory where ¢ = N + K, we

must have ¢ = w/ gy since w/ gy is the speed of the plane waves at infinity. Hence,
Joo = CJw (1.248)

and
A= 21w/e. (1.249)

Now, for c fixed we must solve the eikonal equation for the pair (g, w) satisfying (1.246-
1.247) and (1.248). This is a nonlinear eigenvalue problem. Finally, we demand that the
wavelength A lies on the dispersion curve, which is assumed to be known. As ¢ varies, we
may regard w as a functional of ¢ and hence require the curve (1.249) in the (¢, A) plane
to intersect the dispersion curve. The result is a unique intersection (or at least finite
number of intersections), determining ¢ and hence w.

In order to examine the geometry of the spiral waves we use (1.245) and substitute
z(r) = rcos|(g(r) — wt)] (1.250)
y(r) = rsin[(g(r) — wt)] (1.251)

into the expressions for N and K for a wave propagating on the plane. We have

TtYr — YtTr rw

= = 1.252
w2+ ) (L4 g 252
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and ) ) 3
YrrZr — TrrlYr Gr + TGrr + 7T g
K= = L 1.253
GETGE Qg 1:2%9)
If eK is small, the eikonal equation can be solved explicitly:
2,2 1/2 2,2 1/2
g(r) = (T;; — 1> — arctan (r—g— - 1) : (1.254)

Clearly, g, — ¢/w as r — oo, but ¢ is unable to satisfy the boundary condition at r = 0
since it cannot reach this far. The curve represented by (1.254) is the involute of a circle
of radius ¢/w. However, there are some deficiencies between such involute spirals and the
spiral waves observed in excitable media. In particular the involute spirals fail to reflect
the effects of curvature on normal velocity and lack agreement with experiments near the
center of the spiral [293].

Involute spirals cannot be considered as a good approximation to the experimentally
observed spirals because of three main reasons. First, they fail to provide any explanation
of the core geometry and are undefined for small . Second, they fail to fix the parameter
w in terms of ¢ and this is important to do in order to force the plane waves at infinity
to satisfy the dispersion curve and hence to obtain unique spirals. Third, as r tends to
¢/w, g»» becomes unbounded and consequently K becomes unbounded as well. Thus, e K
term is non-negligible and the full eikonal equation should be solved. However, it should
be noticed that since we require g, — ¢/w as r — oo, we will obtain ¢ = N at infinity.
So, the solution of the full eikonal equation must be asymptotic to an involute spiral for

large 7.

One has

(14 r2g2)3/2 N (1+r2g2)/2’

As r — 0, we require ¢ — 0, so we must have g, — ¢/2¢. Setting h = rg,, the eikonal

(1.255)

c=

equation can be rewritten in the form

rc

_ 2
rhr—(l—i—h)(g .

2
(1+r)V2 -0 h) (1.256)

supplemented by the boundary conditions:

h(0) =0, lim A ==

T—00 w

for a chosen value of c. At r = 0 one must have h, = ¢/2¢. Equation (1.256) then is
solved numerically [121] together with A(0) = 0 and h,(0) = ¢/2¢. As c is varied, different
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values of w are obtained. But only for one value of w, the derivative h, remains bounded
and tends to ¢/w for r — oco. Then the corresponding orbit is integrated to provide the
solution for g. Now, for different choices of ¢ we will have different values for w. If we
sketch the curve A = 2piw(c)/c in the (¢, A)-plane and superimpose on it the dispersion
curve, we will obtain an intersection corresponding to a uniquely determined value of ¢
and hence for w for spiral waves.

The same procedure can be carried out for obtaining toroidal scroll waves but in

this case the scroll is parametrized in the coordinate system rotating about the z-axis.

1.4 Objectives of this thesis

In the next, second, chapter of the thesis we will construct a reduced-dimensional model
that will allow us to gain some analytical insight into the development of the nonlinear
stage of the oscillatory instability and predict which attractors will replace the unstable
soliton as a result of this instability.

The objective of the third chapter is to provide an explanation of the stabilizing
effect of an impurity introduced in a parametrically driven damped chain of coupled
nonlinear oscillators.

In the forth chapter we study pulse solutions to the reaction-diffusion model of an

excitable surface reaction between the nitric oxide and the carbon monoxide.



Chapter 2

Supercritical dynamics of
parametrically driven NLS solitons
beyond the onset of oscillatory
instability

2.1 Motivation

As we emphasized in the introductory chapter, soliton solutions are of paramount impor-
tance for nonlinear dispersive systems. Stable solitons dominate the long-term asymp-
totic behaviour of spatially inhomogeneous initial conditions. Unstable solitons can
nucleate collapses [108, 258], spatially localized temporally periodic and chaotic states
[61, 34, 35, 213, 201, 202, 259, 260, 109], spatio-temporal chaos [38] and phase transi-
tions [20]. The nonlinear evolution of a linearly unstable soliton can often be predicted
from knowing the mechanism of its instability. Until the early nineties, the onset of
soliton instability in conservative systems was typically associated with the transition of
a linearized eigenvalue from the imaginary to positive real axis (see e.g. [148, 217] and
references therein). In the case of the nonlinear Schrédinger equations that we will be
concerned with in this chapter, the nonlinear evolution of this instability (usually referred
to as the translational instability) may follow a limited number of scenarios: Unstable
bright solitons blow up, disperse away, or evolve into a long-lived oscillating structure
asymptotically settling to a stable stationary soliton [216, 219]; unstable dark solitons

dissociate into a couple or inflate [20, 218].

More recently it was realized that there are also different mechanisms of soliton

instability; in particular, the soliton can be destroyed as a result of a resonance of twao

69
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internal oscillation modes [19, 257, 17, 21, 215]. Our objective in this chapter is to follow
the nonlinear development of this new instability (known as the oscillatory instability)
and describe supercritical dynamical regimes of solitons. As a prototype nonlinear PDE,

we adopt the parametrically driven, damped nonlinear Schrédinger equation (NLS):
wr + Yxx — ¢ + 2|Y[*Y = hyp* — iy (2.1)

Here h is the amplitude of the driver and ~ the dissipation coefficient; the frequency of
the driver has been normalized to unity. Equation (2.1) is obtained from eq.(1.72) by

gauging away the time dependence through the transformation
Pt z) = Pt z)e™!, w=1

As we mentioned in the Introduction this equation describes a variety of physical phe-
nomena, including the nonlinear Faraday resonance in hydrodynamics, the parametric
generation of spin waves and magnetic solitons in ferro and anti-ferromagnets and, fi-
nally, the effect of phase-sensitive amplifiers on solitons propagating in optical fibers. In
the next chapter, chapter 3, we will use the fact that it also serves as an amplitude equa-~
tion for small-amplitude, parametrically-driven sine-Gordon breathers and hence its range
of applicability includes all systems modelled by the parametrically driven sine-Gordon
equation.

When the driver’s amplitude is very large: h? > 1 + ~+2, the trivial solution v = 0
of eq.(2.1) is unstable against continuous spectrum perturbations [17]. (This is what
physicists call “parametric instability” [259],[277],[36].) In the present chapter we will
be concerned with a complementary region, h? < 1 4+ ~2, and so the trivial solution will
always be deemed stable. In this region eq.(2.1) has two stationary soliton solutions. One
of these is always unstable and will be disregarded in the bulk of this chapter. The other
one is stable for small driving strengths but loses its stability as h is increased for the fixed
dissipation coefficient. In the undamped case (v = 0) the instability arises due to the colli-
sion of two pure imaginary eigenvalues of the associated linearized operator, one detaching
from the continuous spectrum and the other one originating from the broken U(1) gauge
invariance [17]. The two imaginary eigenvalues collide at a critical value h = h, =~ 0.064
and then emerge into the complex plane producing the oscillatory instability (and hence
the oscillatory-instability bifurcation) of the soliton. The linearized stability problem for
the full, dissipative case can be reduced, by a nonlinear eigenvalue transformation [17],
to the one for the undamped equation. Roughly speaking, this transformation subtracts

v from all eigenvalues so that the instability occurs for larger values of h, when a pair of
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complex-conjugate eigenvalues crosses the line ReA = 0. This is now a Hopf bifurcation,
typical of dissipative systems.

A natural question is what localized nonlinear structures serve as attractors in the
supercritical domain (i.e. beyond the onset of the oscillatory and Hopf bifurcations,
respectively). In the dissipative case (y # 0) this was addressed by means of direct
computer simulations of eq.(2.1) [38]. It was observed that in the neighbourhood of the
transition curve on the (v,h)-plane, the stationary soliton is replaced by a temporally-
periodic one. Having fixed some v in the range 0 < v < 0.37 and increasing h, the soliton
undergoes the period-doubling (for v smaller than 0.25) or quasiperiodic (for 0.25 < v <
0.37) transition to chaos [38]. (For v > 0.37 the static soliton is stable in its entire domain
of existence.)

In this work we attempt to describe the supercritical dynamics of the soliton an-
alytically. Our analysis is based on the reduced amplitude equations for the soliton’s
perturbation which we derive for h in the neighbourhood of the oscillatory and the Hopf
bifurcation. We also perform computer simulations of eq.(2.1) in the hamiltonian case
(v = 0) which has not been previously studied numerically. Results of these simulations
are compared to conclusions of the finite-dimensional analysis. Although the v = 0 case
is clearly nongeneric (in the sense that some small damping is present in all underlying
physical settings), it provides insight into, and serves as a starting point for the analysis
of the general, dissipative equation.

The plan and a brief summary of this chapter is as follows. First in section 2.2, we
consider the weakly dissipative regime, v < 1, and derive a reduced amplitude equation
describing the nonlinear evolution of the perturbation to the soliton in the vicinity of the
bifurcation point (h ~ h.). This amplitude equation is a complex nonlinear ODE of the
second order. In some parts of our derivation we have to rely upon numerical solutions of
eigenvalue and boundary value problems; we discuss details of the corresponding numerical
algorithms in section 2.3. In the strongly dissipative regime, i.e. for v ~ 1, the above
second-order equation is replaced by the (first-order) complex Landau equation. The latter
is derived in section 2.4. The subsequent section, Sec.2.5.1, contains a detailed analysis
of solutions to the above finite-dimensional system for the vanishing, small and finite .
The upshot of this study is that no periodic solutions are possible in the v = 0 case; all
finite-dimensional trajectories escape to infinity. However, adding a small damping gives
rise to a stable periodic orbit coexisting with unbounded motions. Finally, only periodic
finite-dimensional trajectories survive when -y is made finite. In section 2.6 the conclusions

based on the reduced amplitude equation for the undamped case are compared to results
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of numerical simulations of the full, nonreduced NLS equation (2.1). Consistently with
the finite-dimensional predictions, no stably oscillating solitons were observed in these
simulations. All localized initial conditions were seen to evolve either into a radiating
soliton with the amplitude growing without bound, or into a slowly-decaying, small-
amplitude breather-like solution (or possibly into a couple of diverging breathers.) The

last section (section 2.7) contains concluding remarks and outlines some open problems.
2.2 Reduced amplitude equations for the oscillatory-
instability bifurcation

2.2.1 Soliton solutions and linear corrections

The two stationary soliton solutions of the parametrically driven, damped NLS equation
(2.1) are given by [184, 17

’(/)i - Aie"wisech (AiX) y (22)

2
sin 20. = %, cos 20 = £4/1 — %5 (2.3)

AL =1+ /h? -2, (2.4)

The two solitons emerge via a saddle-node bifurcation at h = . The %, soliton is

where

and

stable in some neighbourhood of the bifurcation point while the 1 _ always has a positive
linearized eigenvalue and hence is unstable for all h and . Since this unstable soliton
does not undergo any further bifurcations, we are disregarding it and concentrating on
the ¢, in what follows. (We will only return to the evolution of the instability of the 1 _
soliton when we present results of our numerical simulations in Section 2.6.)

Since we are interested in solutions which are close to the soliton (2.2) in some sense,

it is convenient to rescale variables as
X=—, T=—
and decompose ¥ into its real and imaginary part:
= A{U(z,t) +iV(z,t)}e ™, (2.5)

Here A = A, and 0 = 6; the subscript was omitted. Defining
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Figure 2.1 continues on the next page.
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Figure 2.1: The bifurcation diagram for v = 0. Real (a) and imaginary (b) parts of the
eigenvalues A = iw are shown as functions of H. The complex plane in (c) results from the
combination of (a) and (b). The wavy line on (c) depicts the continuous spectrum and the dotted
lines show the imaginary eigenvalues /\I()i) = *iwy detaching from the continuum. The oscillatory
instability sets in when two pairs of imaginary eigenvalues merge at H = H, (iwg, iwp — w,)
and become a complex quadruplet.
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2 _ /2
=" o
A2 A2
the equation (2.1) becomes
~V, =2V = Uy +U-=-2U*+VHU, (2.6)
U +2HV = V@ +V =20+ VHV. (2.7)

The soliton solution of egs.(2.6-2.7) is now
Uy=sechz, Vy=0.
Linearizing eq.(2.6-2.7) about the soliton,
U =Us(z) +ef(z)e™, V =icg(x)e'™, (2.8)

where € is a small parameter, gives an eigenvalue problem for f and g¢:

)00 e

Here
0? 9
Ly = ——— + 1 — 6sech’z, (2.10)
0x?
92
Ly = ——=— +1—2H — 2sech’z, (2.11)
ox?

and the eigenvalue 2 is the frequency of the perturbed soliton’s oscillations. In studies of
stability problems it is more common to deal with the quantity A = 4{) which is referred to
as the “linearized eigenvalue”, or “stability eigenvalue”. However, the frequency {2 turns
out to be more suitable for our present purposes. Occasionally we will make reference to
A as well.

The damped eigenvalue problem (2.9) can be reduced, via a nonlinear eigenvalue

transformation [17], to the one with [' = 0:

G- 0E) e
(06w

or equivalently,
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Figure 2.2 continues on the next page.
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Figure 2.2: The bifurcation diagram for v # 0. (In this plot I' = 0.2). This diagram was
obtained from the one in fig.2.1 by applying the transformation (2.14): A = —T' £i(w? — T'?)1/2,
For small H such that w, < I', there is a pair of real eigenvalues A\{Y) = —T + (I'2 — w2)1/2 (solid
line). When w, exceeds I', an imaginary part appears while the real part remains fixed: )\gi) =
~T 44(w? —T?)1/2. Another pair of complex-conjugate eigenvalues is /\l(,i) = —I'+j(w? —T?)1/2
(dotted curve). At H = H., where w, = wp, the A\, and A, eigenvalues merge pairwise, and
the real parts start to grow. The instability sets in when Re) crosses the horizontal zero line

(dashed) in (a).
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Here 12
2:T
_ (% 2.14
w=20, =z <1 aQ ) , (2.14)
and
u=f, v=zg. (2.15)

As it was shown, numerically, in Ref.[17], the operator A has two pairs of nonzero
discrete eigenvalues, +w, and tw,. For H < H_, these eigenvalues are real and lie in the
gap of the continuous spectrum: wq,wy, < V1 — 2H (see Fig.2.1). As H reaches the critical
value H, = 0.060, the two eigenvalues merge (w,,w, — w, &~ 0.83), and then immediately
split up moving into to the complex plane (Fig. 2.1). In the undamped case (I' = 0), this
implies the oscillatory bifurcation. For H > H. the solution is unstable; the nonlinear
evolution of this oscillatory instability will result in some other nonlinear attractors. In the
next two subsections we develop an asymptotic formalism which captures the essentials
of the nonlinear dynamics of the unstable soliton in this supercritical domain.

In the weakly dissipative case (I small but nonzero) the instability sets in not at
H = H, but later, when the real part of A = ¢Q becomes positive [see Fig. 2.2(a,c}].
In literature, this would be usually referred to as the Hopf bifurcation. However, the
asymptotic formalism associated with the oscillatory-instability bifurcation provides an
adequate description of supercritical dynamics in the weakly dissipative limit as well.
More importantly, the resulting amplitude equation is fundamentally different from the
normal form of the Hopf bifurcation (see below). For this reason we will be using the term

“oscillatory-instability bifurcation” not only when I' = 0 but also in the small-I" case.

2.2.2 Asymptotic analysis: Second-order corrections

Now we are prepared to derive a reduced nonlinear model describing the evolution of
the perturbations to the stationary soliton (2.8) in the vicinity of the bifurcation value
H = H_ in the nearly conservative case, I' ~ 0. The derivation is facilitated by factorizing
the complex amplitude of the linear part of the perturbation (assumed small) as ea. Here
a = O(1) and ¢ is a dimensionless small parameter; the perturbation is also assumed to
be slowly varied: a = a(r), where 7 = et. We expand U and V in the asymptotic series
in e:

U = Uyl(z)+ i "Up(z,t,7), (2.16)

n=1

V = ZE”"’TL(I,t,T), (217)
n=1
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where Uy = sech z,
U = [a(T)ei“’Ct + a*(T)e_i“’ct] ue(x), (2.18)
Vio= i [a(r)e™! = a*(r)e ™! v (), (2.19)

and u., v, are components of the eigenvector of the operator (2.13) associated with the
eigenvalue w = w, and parameter value H = H,. These functions are real-valued and

exponentially decaying at infinities; we also assume that they are normalized to unity:

/m@ﬁ+ﬁMx:L (2.20)
Writing
H=H,+éeh, T =ep, (2.21)

we include weak dissipative effects and a small deviation from the bifurcation point into
the leading order of the asymptotic analysis. Substituting eqs.(2.16)-(2.19) and (2.21) into
the system (2.6)-(2.7), and equating coefficients of like powers of ¢ and equal harmonics,

we obtain for the e2-correction:
Uz = |al*uo(z) +

da . : ,
+2Re {z’ggewct} ui(z) + 2pRe {z’ae’“ct} u,(z) + 2 Re {aQte‘*’ctuQ(:c)} . (2.22)

_ da iwet . 9 2wt
Vo= —2Re {E;e }Ul(fﬂ) —2pRe {ae }”UW(Q?) + 2 Re {za e vg(x)} . (2.23)

where the functions ug, u1, 4y, 4o and vy, v, vy, v2 are to be found by solving the following

set of linear nonhomogeneous equations:

Lyug = 4Uq (3u? + v7); (2.24)
D)) e
M@(v:>:~2<5>; (2.26)

Uy \ Ly 2w, us \ 3u? — v?
Mo, ( Vo ) - ( —2w. Lo ) ( Uy ) =2l ( 2uv, ) (2.27)

ch<“

Uy

N
1
S

|
IS =
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(Here the operator Ly is defined by eq.(2.11)with H = H,.)

It is worthwhile to comment on the meaning of each term in eq.(2.22)-(2.23) and the
solvability of equations (2.24)-(2.27). First of all, the functions ug, ug, and vy represent
the nonlinearity-induced corrections to the soliton’s shape (zeroth and second harmonic,
respectively.) The equation (2.24) always admits a solution decaying as z — oo, since
the solution of the associated homogeneous equation is an odd function (the translational
zero-frequency mode fr(z) = tanh z sech z) and therefore, is orthogonal to the even func-
tion on the right-hand side. On the contrary, the solution of the nonhomogeneous equation
(2.27) is bounded but does not have to decay at the infinities as there is no reason why
the solution of the corresponding homogeneous equation should be orthogonal to the
vector-function on the right-hand side of (2.27). The solution of the homogeneous equa-
tion is the eigenfunction of the eigenvalue problem (2.13) associated with the eigenvalue
w = 2w, = 1.66. This eigenvalue belongs to the continuous spectrum and so the nonho-
mogeneous solution us, v5 is defined up to the addition of an arbitrary combination of two
continuous spectrum eigenfunctions.! Physically, the terms proportional to uy and v, are
interpreted as the radiation emitted by the oscillating soliton. The boundary conditions

corresponding to the outgoing radiation waves read

1 .
Y2 ) a1 | REeT*? a5 1 — +o0, (2.28)
vz S

where the wavenumber k. is positive, with

k2= \/H2+4w?+ H,— 1. (2.29)

With the above choice, the radiation terms in eqs.(2.22)-(2.23) reduce, as x — +o00, to
the outgoing harmonic waves proportional to exp{i(2w.t F k.z)}. The functions uy and
v are, therefore, complex-valued. The functions on the right-hand side of eq.(2.27) are
even; it is not difficult to realize that this fact, together with the radiation conditions
(2.28), requires that uy(z) and vy(z) should also be even. Hence, R* = R~ = R.

Before commenting on eqs.(2.25)-(2.26), we need to recall that w, is a repeated
(double) eigenvalue of the operator (2.13) arising from the coalescence of two simple
eigenvalues, w, and wy. The associated eigenvectors, {ug, v,} and {up, vy}, are orthogonal
in the sense of the following [SO(1, 1)-invariant] scalar product: [ (usvp + upv,)dzr = 0.

When w, and w;, coalesce, the associated eigenvectors can either stay linearly independent

1Here we use the term “eigenfunction” simply for the sake of brevity; the continuous spectrum “eigen-
functions” are, of course, nonnormalizable.
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(i.e. the double eigenvalue w, is complete) or collapse into one (i.e. w, is defectivej. Our
numerical analysis shows that the second possibility occurs in the case at hand: when
H — H_, we have ug,, uy — u, and v,, v, — v.. Consequently, the orthogonality condition

at the point H = H, becomes
L= 2/_0; U, dz = 0, (2.30)
In order to illustrate the validity of eq.(2.30), we have plotted the quadratic forms
Iu,v] = 2/_0:0 uv dz (2.31)

for the two eigenvectors of the linearized operator (2.13) (Fig.2.3). The forms I, and I,
are indeed seen to merge and vanish at H = H,.

Turning to eq.(2.25), we can now identify its solution {ui, v} as a rank-2 gener-
alised eigenvector associated with the eigenvalue w, of the linearized operator (2.13). The
solvability condition for eq.(2.25) is nothing but the orthogonality relation (2.30); the
fact that the quadratic form I, of the eigenvector {u.,v.} vanishes, guarantees that the
generalized eigenvector {u;,v;} exists and decays as |z| — oco. The real functions u,(x)
and v;(z) can be interpreted as resonant c?-corrections to the linearised perturbation.

Finally, the same eq.(2.30) gives the solvability condition for the system (2.26). The

real functions u, and v, account for the e’-corrections due to the weak damping.

2.2.3 The reduced finite-dimensional system

Having found the second-order corrections, we proceed to the third order of the asymptotic

expansion, which yields the following linear nonhomogeneous system:
L, 9/ot Us\ (Y
( a/ot L, ) ( vi )~ \z ) (2.32)

Y:2(U12+V12)U1+4U0 (BU Uz + W1 Va) — Vo — 2pV5, (2:33)

where

Z = 20U} + VAV, + AUV Uy + dUgUr Vy + Uy, + 20 VA, (2.34)

and Uy, Vi, Uy and V; are as in (2.18)-(2.19) and (2.22)-(2.23). The solvability condition

for eq.(2.32) involves coefficients of the resonant harmonic; we denote them y and z:

( Y ) = ( Zg: :; ) e™t 4+ c.c. + (other harmonics). (2.35)
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Figure 2.3: The quadratic form I = 2 [ uvdz, evaluated numerically for two soliton’s internal
modes, {ug,v,} and {up,vp}. When w, merges with wy, both I, and I, vanish ensuring the
existence of the generalized eigenvector {u;,v1} at the point H = H,.

A bounded solution exists only if
[e0]
/ (yu, + zv.)dz = 0. (2.36)
After some algebra this solvability condition can be reduced to an equation for the complex

amplitude of the soliton’s perturbation:

d?a da )
-— — = — . 2.37
a(d72+2pdT+pa) Bha — Cla|*a (2.37)
Here
+o0 :
a = —/ (ucvy + veuy ) dz, (2.38)
-0
+00
g = 2 vfdz, (2.39)
+00
¢ = —2/ (3u§ + 2uiv? + 303) dx
4o
- 4/ Us [3u2 (uo + up) + v2 (ug — ug) + 2ucvcv2] dx. (2.40)

In the derivation of the linear part of eq.(2.37) we used the relations

+oo +00 -+00 +0o0
/ UUy AT :/ Vel AT :/ U AT :/ veur dT;

- —00 —oe —oo
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these follow from (2.13), (2.25) and (2.26).

The coefficient 8 is manifestly positive. Since the oscillatory instability is expected
to set in for supercritical values of H, i.e. for h > 0, we expect the coefficient « to be
positive as well. Finally, the coefficient ¢ involves complex functions uy and v, and there-
fore, is complex-valued. Using eq.(2.27) in eq.(2.40) one can readily find the imaginary

part of this coefficient:

H? + 4w? + Ho\/H? + 4w?
Im¢ = 2k, IR[% > 0. (2.41)

2
we

The eigenvalue problem (2.13) and nonhomogeneous equations (2.24)-(2.27) were
solved numerically. (We discuss the details in the next section.) We have found the

following values for the coefficients occurring in the reduced amplitude equation (2.37):

a=1.3297, [ =1.6447,

Re ¢ = (7.5555 4 0.0005) x 1072, Im¢ = (1.59 & 0.04) x 107° (2.42)

2.3 Numerical analysis of eigenvalue and boundary-
value problems

In this section we outline the scheme of numerical solution of the eigenvalue problem
(2.13) and inhomogeneous equations (2.24)-(2.27). Some parts of this scheme are plain
applications of the Fourier method; other parts are not so straightforward yet general

enough to be useful in the asymptotic analyses of other instances of radiating solitons.

2.3.1 Exponentially localized solutions

Expanding eigenfunctions u and v over cosines,

( :Ei; ) - _\/17 ( ZLEE; > + %g ( Z((Z)) ) cos (%) (2.43)

and truncating the series at n = N reduces eq.(2.13) to an eigenvalue problem for a block

(LOI ga)(””(?é)(ﬁ) (2.44)

matrix:
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Here u and v are (N + 1)-dimensional column vectors: u = (u(® u® ... y"T v =

(0@, v® o yNT and £; and Ly are (N 4 1) x (N + 1) matrices with entries

LY =120 - % LY =1~

3

hl.m

2 2
Ego,m) _ ﬁém,o) _ \'/—’/T Tﬂrzm ’ E(lo,m) _ /3(1m’0) - 3£§0,m);
L?sinh (7)

2

E(m,n) — E(n,m) — __Zr__ m+n + m-n
2 ? L? \ sinh {————”2(;”;”)] sinh [—i——M UL ] ’

2L

£ = gmm = g eimm (g =1, N, m#n);

£imm = (E@)Z fioog- 2l m

[

L L L?sinh (EELT—") 7
m\ 2 6 6mm
£imm) _ <M> I\ 4 L 2.45
! L L L2%sinh (E?Lm) (2.45)

In eq.(2.43) we restricted ourselves to the cosine series since u and v are assumed to be
even. The matrices £, and L, are finite-dimensional approximations for the differential
operators L; and Lo, respectively. In eq.(2.45) we have also approximated finite-range

integrals of the form f sech?(z) cos (”Tz)dax by

0 ; 2 2
/0 sech?(z) cos (-ZZE)dm = 7;21 sinh (7;21).

The introduced error is exponentially small in L. The normalization condition (2.20) for

the eigenfunctions translates into the normalization condition for the Fourier coefficients:
2(w+v?) =1. (2.46)

The matrix eigenvalue problem (2.44)-(2.46) was solved by a standard numerical
routine. Taking L = 20 with N = 100, 200 and 400, we have found H, = 0.0597928, w, =
0.83028 and 3 = 1.644676 in all cases, while increasing the interval twice (L = 40) gave
H, = 0.0597933, w, = 0.830294 and S = 1.644669 (both for N = 200 and 400). Further
increasing the interval (L = 80 with N = 400) did not bring any change to the last set of
numbers.

The need for such a high accuracy stems from the fact that small errors in H,, w,
and hence the critical wavenumber (2.29), produce large errors in the asymptotic phase
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of the radiation-wave solution uy(z), ve(x) as |x| — oo. Since it is exactly the asymptotic
phase that selects the particular solution we need (the outgoing wave), an inaccurately
determined far-field phase would have resulted in an incorrect near-field behaviour of
ug, v2 and eventually, in a highly inaccurate value of the integral ¢ [eq.(2.40)].

Having found the critical eigenvalue w,. and the corresponding eigenvector (u, v.),

we proceed to solution of the nonhomogeneous equation (2.25). Expanding

ti\ 1 uf 2.& ([ ul T
( Ul((x)) ) - NG ( {0 ) + zngl ( (™ )COS (T), (2.47)

and substituting into (2.25) gives

()= ) e

with u; = (ugo), u(ll), e ,u(lN))T and v; = (v§°>, oM vgN))T. Although the matrix M,
has a zero eigenvalue, the solvability of this linear system is guaranteed by the fact that

the associated eigenvector {u,, v.} satisfies the condition (2.30):
u,-v.=0. (2.49)

In order to factor out the linear subspace spanned by this eigenvector, we decompose the
singular matrix as M, & = QR, where R is upper-triangular and @ orthogonal matrix.

Eq.(2.48) is transformed to the upper triangular form:

R(Lli):—QT<:;) (2.50)
( gi ) =& ( z ) (2.51)

and £ is a permutation matrix which is chosen so that to make the zero diagonal element

where

of the matrix R appear in the lower right corner. The matrix Q will then contain the
vector {u., v.} as its last column and by virtue of eq.(2.49), the last component of the

vector on the right-hand side of eq.(2.50) will be zero. Hence, in order to solve the linear
system (2.50) it is sufficient to discard its last equation (which is simply O - 6§N+1) = 0).
The resulting system of (2N +1) equations has a nonsingular matrix and can be solved by

a standard routine. After that we put ®§N+1) = 0 and use eq.(2.51) to recover a solution

N+1)

of the original system (2.48). [Choosing any other value for 17% amounts to adding
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ﬁgNH)'x {ue, v.} to the solution {uy,v;}; in view of the orthogonality relation (2.30) this

does not affect the value of a, eq.(2.38).]

The accuracy of the computation can be judged by the values of the integral (2.38).
Choosing L = 20 with N = 100,200 and 400 we obtained o = 1.330575 in all cases;
doubling the interval length with N = 200 and 400 gave o = 1.329676; finally taking
L = 80 with N = 400 produced a = 1.329675.

The nonhomogeneous equation (2.24) is solved in a similar way. The only difference
is that since the homogeneous solution of eq.(2.24) is an odd function, the matrix £; is

nonsingular and so there is no need in the diagonalization in this case.

2.3.2 Radiation waves: the two-interval technique

The solution of the boundary-value problem (2.27)-(2.28) turns out to be somewhat more

laborious. As we have already mentioned in sec.2.2.2, eq.(2.27) has a bounded homoge-

Ly, 2w, up Y
(B () - o5

This solution is the eigenfunction of the operator (2.13) associated with the continuous

neous solution:

spectrum eigenvalue w = 2w,. In general, the forcing term on the right-hand side of (2.27)
will not satisfy the condition of solvability of eq.(2.27) in the class of square-integrable
functions:

[e's) 2 __ 52
/ {un,vn} - ( Sue = v, > Updz = 0. (2.53)

UV,

This does not mean, of course, that nondecaying nonhomogeneous solutions do not exist.
Quite the contrary, from the fact that u,, v, undergo nondecaying oscillations as |z| — oo
one can readily deduce that the nonhomogeneous eq.(2.27) has oscillatory solutions. We
need to construct the solution {us, v} satisfying the radiation conditions (2.28) at infinity;
the problem, however, is that the Fourier method can only be implemented on finite
intervals. This difficulty can be circumvented by making use of two finite intervals; our
method is as follows.

First, we observe that the homogeneous equation (2.52) will not, in general, have
solutions with periodic boundary conditions up(L) = wup(—L), up(L) = uy(—L) (and
similarly for v,). The periodic solutions will arise only for particular values of L. [Here
we assume that L is large enough (L > 1) so that when |z| ~ L, the functions u,(z)
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and v, (z) will have settled to their oscillatory asymptotes.] For these resonant values of

L and for sufficiently large |z| ~ L we will have then
up, — Acos{k.(Jz] — L)} (2.54)

and a similar relation for v,. Next, since the operator M,,,, has a zero eigenvalue with the
associated eigenfunction periodic on the interval (—L, L), the nonhomogeneous equation
(2.27) does not have a periodic solution on this interval. We can, however, solve it on a
nonresonant interval (—L, [:), where L # L: we will denote the corresponding solution
{@g, T2}. The functions on the right-hand side of eq.(2.27) fall with distance? as e~1%/%ol,
where zg ~ 0.6; consequently we should choose L 3> 1. Then, for sufficiently large |z| ~ L
we have

iiy = Bos {kc(|z| — L)} (2.55)

and a similar relation for 7.
Finally, the nonhomogeneous solution satisfying the radiation condition (2.28) can
be constructed as a linear combination of the nonhomogeneous solution {isg, ¥}, periodic

with period 2L, and the even homogeneous solution {up, vy} periodic with period 2L:

(“2):(?2>+C(“h). (2.56)
U2 U2 Un

Substituting (2.54), (2.55) and (2.56) into (2.28) and setting the coefficients of exp {ik ||}
to zero, we find the value of C:

C = —geikc@—@, (2.57)

while comparing coefficients of exp {—ik.|z|} gives a simple relation between R, the am-
plitude of the radiation at infinity, and B, the amplitude of the nonhomogeneous solution
periodic on the interval (—L, L):

=ikl

B=—iR— XA (2.58)

This formula is another manifestation of the fact that the inhomogeneous problem cannot
be solved on the resonant interval (—L, L) on which the homogeneous solution was found.
The smaller is the difference |i — L|, the greater will be the amplitude B and, according
to (2.57), the larger coefficient C we will have to take in eq.(2.56) in order to offset the

2More precisely, 1/2¢ = 1+2k,, where k. is the decay rate of u.(z) and v.(z): k2 = 1-H.~\/H? + w?.
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ingoing component of the radiation wave. Consequently, the less accurate will be the
resulting solution us(x).

. From the above construction it is also clear why we did not invoke odd homogeneous
solutions. Adding an odd homogeneous solution to the function us(z) given by eq.(2.56)
with C' fixed by eq.(2.57), would bring an uncompensated ingoing wave ~ etl7l thereby
violating the radiation condition. For this reason we have identified the amplitudes of the
right and left outgoing waves in Sec.2.2.2: Rt =R~ = R.

In order to implement the above procedure numerically, we expand
(0) 00 (n)
us(z) 1 Us \/" Us ( an)
= = + 1/ cos | — |,
( va() ) VL ( v L2\ o L

2Up () ( 3%%&;;}22;;) > = % ( is ) + \/;,i ( i: ) cos (Zr%a_:) (2.59)

Truncating the series at n = N, eq.(2.27) is converted to a linear algebraic system

v ()= (B E)0)=(0) e
where uy, va, s and t are (N +1)-dimensional vectors, e.g. uy = (ugo), ugl), e ugN))T. For
resonant interval lengths L the matrix My, will have zero among its 2(/N +1) eigenvalues
Ho, f1, ..., Hove1. The resonant lengths can be found with any desirable accuracy. In
particular, taking L = 20.11725 with 100 Fourier modes yields the smallest modulus
eigenvalue p, = 1.1-107°. The choices L = 38.610176 with N = 200 and L = 79.295415
with N = 400 result in pq = 3.7 1077 and p, = 3.6 - 1077, respectively. The associated
eigenvectors give a reasonably accurate approximation for the even homogeneous solution
(up,vp) of eq.(2.27), periodic with period 2L.

Next, by varying intervals slightly, L — L, we can always ensure that the smallest
modulus eigenvalue fio is not very small. In particular, choosing L = 19.65 with N = 100
gives fi, = 3.5+ 1072; for L = 38 with N = 200 and L = 78.65 with N = 400 one obtains
fie = 2.4-107% and fi, = 1.2 - 1072, respectively. We solved the nonhomogeneous system
(2.60) in each of these cases. The resulting even nonhomogeneous solution @y, 05 is, of
course, periodic with period 2L: 5(0) = i)(L) = 0;%,(0) = #4(L) = 0. These boundary
conditions are imposed by making use of the Fourier expansions.

After L has been picked up not very close to L, the dominant error in the numerically
found solution ug,v, comes from the finiteness of the interval (—L, L). The truncation

of the infinite interval results in that the é-function peak in the Fourier transform of
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Qa(x), Do(z) is replaced by the sinc-function:

Lsi — k)L L .
ROk — k) —» RZD (k= ke)L} _ R Zsinc{(k — k)L 1. (2.61)
™ (k—k)L @
Next, k£ can only assume a discrete set of values: k =k, = 7m/[~/, where n =0,1,..., V.

In general, two values of k, say k,, and k,,,;, will fall into the central lobe of the sinc-
function: k., — w/i < km < kpa1 < ke + ﬂ/i. Accordingly, the solution s, 75 will
approach a linear combination of two cosines, cos (k,x) and cos (kp11%), as £ — oc. On
the top of that, additional wavenumber components will be introduced by the sidelobes
of the sinc-function, and thus the asymptotic waveform may substantially deviate from
cos (k.x).

These undesirable numerical effects can be reduced by increasing the interval length.
First, the width of the central lobe of the sinc-function is equal to 27/ L; as L is increased,
the central lobe narrows and the error in the asymptotic wavenumber reduces as 1 /i
Second, the amplitude of the central lobe grows in proportion to L whereas amplitudes
of the sidelobes remain constant. Hence, increasing the interval length suppresses the
leakage to the sidelobes as well.

With the solution of the boundary-value problem (2.27)-(2.28) at hand, we can
evaluate the coefficient (, eq.(2.40). The imaginary part of ( can be recomputed in a
different way: Instead of doing the integral (2.40), we identify the amplitude B from the
asymptotic behaviour of 4y (z) [see eq.(2.54)]; then recover the amplitude R from eq.(2.58)
and finally, use eq.(2.41). The discrepancy between the two answers for Im( provides an
estimate for the accuracy of the computation.

We have carried out three series of calculations for the increasing values of L, L and

N. Results are presented in the following table.

Re(

Im(, eq.(2.40)

Im(, eq.(2.41)

L =179.295415, L =79.0, N =400 8.42 x 1072
L =119.9807, L = 119.75, N = 600 8.15 x 1072
L =179.15922, L = 178.95, N = 600 795 x 1072

1.92 x 1073
1.84 x 1073
1.76 x 1073

2.55 x 1073
2.22 x 1073
2.00 x 1073

When plotted versus 1/L, the values of Re{ lie on the same straight line. The
linear extrapolation to L = oo gives Re¢ = (7.5555 4= 0.0005) x 1072, The corresponding
values of the imaginary part of the integral (2.40) (second column in Table 1) also change
linearly with 1/L. Extrapolating to infinity we get Im{ = (1.60 + 0.02) x 1073. On the

other hand, the linear extrapolation of Im( obtained by means of the far-field formula
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(2.41) gives Im¢ = (1.59 +0.04) x 1073 which agrees well with the result of the numerical

integration.

2.4 Reduced amplitude equations for the Hopf bifur-
cation

In this section we derive the reduced amplitude equation governing nonlinear evolutions
beyond the Hopf bifurcation. The Hopf bifurcation occurs when a pair of complex-
conjugate linearized eigenvalues crosses the imaginary axis at A = Q.([') [see Figs.
2.2(a,c)]. As we have already mentioned, this bifurcation takes place in the strongly
dissipative case, i.e. for H = H,(T") with finite I'. ® We expand the fields as in eqs.(2.16)-
(2.19):

U = Uplzx)+e [a(T)emct + a*("r)e’mct} felz) + i €"Up(z,t,7), (2.62)
n=2
V = e [a,(T)eiQCt - a*(r)e"mct] ge(z) + i €"Volz,t, 1), (2.63)
n=2

with, however, a different time scaling:
T = €t.
We also assume that
H = H,(T) + é?h.

In eqs.(2.62)-(2.63) f. and g, are complex eigenfunctions of the operator (2.9) associated
with the eigenvalue Q = Q.(I") and arising for H = H.(I'). The second-order correction

terms become
Uy = |al* fo(z) + 2 Re {a?e® f()},
Vy = la|®go(z) + 2 Re {m2€2mct92(x)} 7
where fy and go are real functions satisfying the nonhomogeneous system
Ly 2T fo 31 fef* + [gel”
=4Uy | .7, . , 2.64
( 0 L ) ( 9o "\ ifrge— gife) (2.64)
3In the previous two sections we used the notation H, for the value of H for which the eigenvalues

w, and wp merge and become complex. That previous H, would be called H.(0) in the context of this
section.
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and {f2, g2} is a complex solution to

L 2020\ ( f ) _ 3f2 g2
(—2& L, ><g§)“w°< 2f.9e ) (2.65)

Solutions of the nonhomogeneous equations (2.64) and (2.65) decay exponentially
as |z| — oo because the solutions of the corresponding homogeneous equations are all
unbounded — with a single exception of the translational mode fr(z) = tanh z sech z,
gr(z) = 0 which we have already mentioned in Sec.2.2. As for the continuous spectrum of
the operator (2.9), it consists of 2 with Q(Q—2:I') = w?, where w is real and w? > 1-—-2H..
Consequently, no real €2 belong to the continuous spectrum.

Thus, we proceed to the third-order approximation along the lines of Sec. 2.2 and

find the complex Landau equation for the amplitude a(7):
d .. .
a2l = Bha — (|al*a. (2.66)
dr

Here the complex coefficients &, B , and f are expressible through the functions f., g. and

fo to go:

joN
Il

+00
(F + ZQC) / fcgcdl.)

+00
5 = (QC—QZT)/ g dx,

-0

+00
¢ o= =] (UL + 11102 + l9cl £2 + 39c0?) dz

+00
2T [ (3lg6? + 202 — lgclf2) de
too 2 2 . 2 2
- 2Qc /—oo UO{3fch + 3]fcl f2 + (fcgc + fcgc)QQ +gcf0 - Igcl fQ}dx

+oc
+ 4'L'F/_ Uo(ngo - |9c|2f2 — ifegego + f19cg2)dx.

The amplitude equation (2.66) is a normal form of the Hopf bifurcation occurring in
finite-dimensional dissipative systems (see e.g. [91, 177]).

We conclude this section by a comment on the correspondence between “large [
and “small I'” amplitude equations, i.e. egs.(2.66) and (2.37). Sending I' — 0, we have

(g) - (3§)+if<33)+0@2> (2.67)
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and the coeflicients of eq.(2.66) become
o A Qc x
a=I0aqa p= —2—5, (=—C. (2.68)

On the other hand, when p — oo the amplitude equation (2.37) becomes overdamped
and a,, term can be discarded. This converts eq.(2.37) into the first-order equation®

2apa; = (Bh — ap’)a - (|al’a, (2.69)

which coincides with (2.66), (2.68) after we have made the identification 2 = h — ap?/8,

or, equivalently,

H,() = H(0) + %FZ. (2.70)
As an aside remark we note that eq.(2.70) can be rewritten as
h.( )—h(0)+9J3——0063596+076013 2 (2.71)
C f}/ T ﬂ 1 +hc(0) — M . fY I .

which gives a small-y approximation for the upper boundary of the stationary soliton’s

stability domain.

2.5 Finite-dimensional supercritical dynamics

2.5.1 Linear stage

The linear stability properties of the stationary soliton of the NLS equations (2.6-2.7) are

exactly reproduced by the reduced amplitude equation, eq.(2.37). In terms of eq.(2.37)

the linear stage of instability can be described by discarding the cubic term. This yields
Bh

a(r) = ae’”, pu=-—-p=% - (2.72)

In the undamped case (p = 0) eq.(2.72) implies that the oscillatory instability sets in im-
mediately as h becomes greater than zero. This is in exact correspondence with Fig.2.1(a)
where the instability is seen to arise when two imaginary eigenvalues A\, = iw, and Ay = wwy
merge for H = H,. (or, equivalently, for h = 0) and then split up and diverge from the
imaginary axis. In the weakly dissipative case (p # 0) the coalescing eigenvalues have a

negative real part at the point of their merger and so the instability sets in not when they

4A more formal way to obtain a first-order equation consists in transforming to ¥ = 7/p and then
sending p — 0.
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coalesce but later, when one of the diverging eigenvalues crosses the imaginary axis. This
happens at h = h. = ap?/8 and again, this threshold value is exactly reproduced by the
threshold value of the reduced equation (which is straightforward from (2.72)).

Finally, in the strongly dissipative case the merger of the eigenvalues and the imag-
inary axis crossing occur for two widely separated values of H. Here we deal with the
conventional Hopf bifurcation; in this case the second-order amplitude equation does not

apply and should be replaced by the complex Landau equation, eq.(2.66).

2.5.2 Energy considerations

The undamped parametrically driven NLS equation (2.1) has two conserved quantities,
the field momentum and energy. The eigenfunctions associated with the soliton’s internal
oscillation modes are symmetric in = and so these oscillations do not affect the value of
the momentum. Consequently, energy is the only relevant integral in the present context.
Although in the dissipative case (v # 0) energy is not conserved, it remains a useful
characteristic of the wave field in this case as well. For v # 0 the local energy balance

equation follows from eqgs.(2.62.7):

o0&  OF¢

where

E=S[U2+V2+U+(1—2H)V2 ~ (U + V)] (2.74)

1
2
is the energy density,

Fe=UVpp —UpVe + UV — (1 = 2H)VU, + 2(U* + V) (U V — UV,) (2.75)
the associated flux, and
De =VZ2+ (1 -2H)V? - 2(U*+ VHV? (2.76)

is the density of the dissipative function. Substituting the asymptotic expansion (2.16)-

(2.17) in eq.(2.74) and integrating over z gives a total energy of the nonlinear wave field:
+00

E = / Edx = Ey + ¢Ey + ¢ E3 + O(€*), (2.77)
-0

where FEy is the energy of the unperturbed soliton (Ey = 2/3), and E,, Ej, etc are
corrections due to the small localized perturbation. It follows from eqgs.(2.13) and (2.16)-
(2.17) that

By = w.l |al?,
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where I, is the quadratic functional (2.31) evaluated at the critical eigenvector {u,, v.}:
I. = Iug, ve]. The quadratic form I is positive for the eigenmode {us, v} which detaches
from the edge of the continuous spectrum and negative for the eigenvector {u,,v,} aris-
ing from the broken phase invariance (see Fig.2.3). Therefore, the eigenfunction {us, vy}
always brings a positive contribution to the energy of the nonlinear field, while the con-
tribution of the mode {u,,v,} is always negative. At the resonance (H = H,) the two
contributions cancel each other and the second-order correction E5 vanishes according
to eq.(2.30). The merger of two modes of the opposite energetic contents produces the
oscillatory instability of the stationary soliton (2.2). At the resonance, the asymptotic
expansion (2.77) must be extended to include the third-order correction, for which we

obtain

ir dr
with « is as in eq.(2.38). Finally, integrating eq.(2.73) over z and keeping terms up to

E; = tow, ( f{‘f_ — a*@) (2.78)

€3 in the expansion (2.77) we find the rate of change of the energy of the localized wave

field: JE
—d—T—?’- = —2pE;3 — 2w.Im(|al*. (2.79)

[This equation, with Ej5 defined by eq.(2.78), can also be derived directly from the reduced
amplitude equation (2.37).] The equation (2.79) shows that the soliton is suffering two
types of energy losses: the dissipative losses described by the first term on the right-hand

side and losses due to the emission of radiation waves described by the second term:.

2.5.3 Effective particle representation

[t appears useful to interpret the reduced amplitude equation (2.37) as the equation of

motion of a fictitious classical particle. In terms of the vector r = {Rea,Ima}, Eq.(2.37)

becomes
¥ 4 2p1 — nr + gr’r = qrir x 2, (2.80)
where we have defined
I
0=~ 00568, ¢= ¢ ~ 00012,
o o
and 5
n=—h-p.
o

(The control parameter 7 is positive in the supercritical region). Next, Z is a unit vector

in the vertical direction; r = |r|, and the overdot indicates differentiation with respect to
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7. Eq.(2.80) describes a particle in a mexican hat-shaped radially-symmetric potential

Mo 94
U = —— = 81
(r) 27“ +4T, (2.81)

subject to the constant friction with coefficient 2p and clockwise r-dependent torgue

—qr*z. Two quantities useful for the analysis are the angular momentum

l= [rxr1] = %(aa* —a%a), (2.82)
and the Hamiltonian 2 p
7
==+ — : 2.
H 5 + 5,2 + U(r) (2.83)
In terms of [ and # the vector equation (2.80) can be rewritten as
[ = —2pl —gr, (2.84)
. 2
HA+ 2007 = —2p— —qlr®. (2.85)
T

Notice that [ coincides, up to a constant factor, with the third-order correction to the
soliton’s energy, eq.(2.78):
Fs = 2aw,l. (2.86)

Accordingly, eq.(2.84) is simply the equation of the soliton’s energy variation, eq.(2.79),

rewritten in terms of the angular momentum of the fictitious particle.

2.5.4 Conservative case (p =0)

First we consider the case p = 0. Although the nonlinear Schrédinger equation is conser-
vative in this case (i.e. the total energy (2.77) does not change with time), the motion
of the effective particle is not. According to eq.(2.79), in the conservative case the soli-
tary wave evolves in such a way that the energy Fj is decreasing at all times due to the
radiation losses. In the language of the fictitious particle this means that the angular
momentum is always growing towards minus infinity due to the nonzero clockwise torque.
As we will see, the consequence of this in the unstable region h > 0 is that the dynamical
system (2.37) has no bounded trajectories and the amplitude a has to grow indefinitely.
If there were no external torque (¢ = 0), both [ and H would be conserved and
consequently, the fictitious particle would perform quasiperiodic oscillations in the ring
R, <1 < Ry. Here R? and RZ are the two positive roots of the cubic equation
12

Ug(R?) =H, Ug(R?) = STE

NMr2 , 9pa
- = ZR* 2.87
2R + 4R (2.87)
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(a)

1(0)=—20 .

18

(b)

1(0)=—-1

T

Figure 2.4: The motion of the undamped classical particle as obtained by numerical simulations
of eq.(2.80): the radial position of the particle (a,b) and the exponent o = gl*/H3 (c,d). In
these plots & = 0.1 (n = 0.1237); in all four runs the initial radial position was r(0)

1 and

+20 which

0. On (a,c) the initial angular momentum is [(0)

gives n?/gH(0) ~ 1073 and o(0) ~ 1072 so that the inequalities (2.91)-(2.92) hold true. On the
contrary, neither of these inequalities is satisfied for the evolutions shown on (b,d); these start

the initial radial velocity 7(0)

+1 which gives n?/gH(0) = 0.6 and 0(0) ~ 0.6.

with 1(0)
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Let now ¢ be nonzero but so small that we can still regard the particle as being trapped in
an effective radially-symmetric potential well (2.87), with [, the width of the centrifugal

barrier, and the energy of the particle slowly changing with time:
[=—qrt, H=—qlr’ (2.88)

Assume first that the initial value of the angular momentum is negative: {(0) < 0. Then [
will grow in magnitude remaining negative all the time, and the energy H will also grow.
It is not difficult to show that as a result of this, the inner and outer radii of the ring
(the so-called apsidal distances) will grow as well. Indeed, differentiating the identity

Ueg(R?) = H and then using eq.(2.88) and the representation

P one g g (R - R})(R® - R)(R* + R})
_ IR - H =2 .89
Ve 2R +4R H 1 7 \ (2.89)
one finds
d _, 4qlr? |R? — r?| ‘
— R? = — L =1,2 2.90
i T g (B-mY@+m) T (290

which is > 0 for [ < 0. Intuitively it is quite clear from (2.90) that the inner circle of the
ring will grow faster than the outer circle; this claim can be readily justified by comparing
the increments incurred by R; and Ry in one half-period of oscillation, i.e. as the particle
travels from R; to R,. Consequently, the particle will spin around the origin within an
adiabatically expanding and narrowing annular well. (By “narrowing” we mean that the
width of the ring will be decreasing.)

Assume now that the initial value of the angular momentum is positive: [(0) > 0.
In this case both [ and H will initially decrease, and, according to (2.90), the trajectory
will be sandwiched between two adiabatically shrinking circles: dR; o/d7T < 0. Eventually
[ will become negative, and the evolution will cross over to the previous scenario.

The motion remains adiabatic as long as the width of the ring, Ry— R, is much larger
than the increments incurred by R,(7) and Ry(7) during one half-period of oscillation.
To find the region of applicability of this condition, we consider the stage where the

Hamiltonian is already so large that

2
1
QQH_ <3 (2.91)
We also assume, for simplicity of calculations, that®
It 4\3
o= % < <§> : (2.92)

5The particular numerical values on the right hand side of (2.91) and (2.92) are suggested simply by
the fact that for 7?/gH < 1/3 and o < (4/3)3, the roots of the cubic equation can be found as convergent
series in (n*/gH) and o.
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then the roots R; are given by simple expressions

1/2
~ (f;i) | (2.93)

5,
2
|

G
2

&
2

Notice that in view of eq.(2.92), R;/R; < 1. (More precisely, R?/R? < 2/+/27). ;From

(2.90) it follows that the velocity of expansion (or contraction) of the inner circle of the

. 2q|l|\/7"2—R%
‘R1| < g )

RiR,
where we have used the fact that Rz =~ Ry > R;. On the other hand, the radial velocity
of the particle is given by

ring satisfies

= \/gw ~ R —r?)(r® + Rf)
272

whence the increment in R; is

< (g) Uy R - By

Re . dr
AR :/ ol
AR ‘Rl L 2 Ry R%

Using (2.93), we obtain
A
AR 2_61’
Ry—Ry g
and since our 2¢/g ~ 0.04, we conclude that the adiabaticity condition |AR;| < Ry — R,

is in place. In a similar way one obtains

AR, < Vagg-o VT2 T Rgg_ a
R’

and making use of eq.(2.93), this becomes g|lI| < 2(gH)*%. Therefore, in order to ensure
that |ARy| < Ry — R;. it is sufficient to require that the dimensionless quantity o,
eq.(2.92), be much smaller than (2g/q)* ~ 8 x 107. The latter is automatically satisfied
if we impose eq.(2.92).

As H and (—[) grow and the ring expands and its width narrows, the quotient o will
receive a positive increment after each period of oscillation. Quantitatively, the increment

incurred in a half-period is

Ry _
Ao = / Gdr V2-1mg (2.94)
R, T 2q
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On the other hand, it takes the particle less than Z(gH)~"/* units of time to travel from

R, to R,. Consequently, the average growth rate can be estimated as

‘/'R2 dr > g
R T

where we have used eq.(2.91). This means that o will grow at least as fast as 1/(7g — 7)

Ry dr
/121 07 31/4(\/5 - 1)qb1/205/4

(0) = (2.95)

4

(with 79 determined by the initial value of o). Eventually the inequality (2.92) will be no
longer valid, and oscillations in an adiabatically growing ring will be replaced by a regime
of a faster, almost monotonic growth. (What happens is that the annular well becomes
so narrow and expands so fast, that it simply “pulls” the particlé along.)

It is not difficult to realize that this latter regime is self-similar. Since n/(gr?) — 0,
the term with 7 can be neglected in eq.(2.85) and the growing solution of the resulting

system is simply

1 ll
= L == , 2.9
r To — T (1o — 7)3 (2.96)
where
3 V3 8¢\ .8
ro=—= 144 /14 == ~ 3¥= ~ 6.0 x 102 2.97
V2 g ( 9 g2 ) g (297
and
I = %r‘f ~ 5.0 x 107, (2.98)
The energy grows as
Hy g 6 6
H (o= 7)% Hy 1571 5.4 x 10°, (2.99)
while the quotient o remains constant:
649 (4)3
= —"- =] ~2.37. 2.100
’ 3q2r? 3 ( )

Figs. 2.4 (a,c) show results of the numerical simulation of the finite-dimensional
system (2.37) [equivalently, eq.(2.80)] with the initial conditions satisfying eqs.(2.91) and
(2.92). For both negative and positive [(0) the evolution starts with a long transient where
the particle performs oscillations in an adiabatically expanding or contracting ring. When
[(0) > 0, the ring is initially shrinking (this phase is not very clearly seen in the plot) but
then starts expanding. When {(0) < 0, the shrinking phase is absent and because of that,
the evolution in this case is approximately 10 time units ahead of the one for [(0) > 0.
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Figure 2.5 continues on the next page.

The exponent ¢ is seen to tend to the similarity value of 2.37; this indicates that the
trajectory is attracted to the self-similar regime (2.96).

It is important to emphasize here that the inequalities (2.91)-(2.92) are sufficient
but in no way necessary for the adiabatic transient to occur. (In fact, the only role of
eqs.(2.91)-(2.92) was to simplify calculations.) In Figs.2.4 (b,d) we display trajectories of
the particle with the initial conditions which do not satisfy (2.91)-(2.92). Similarly to the
previous case, initially the particle is oscillating within an adiabatically changing ring (i.e.
AR; € Ry—Ry) but then escapes to infinity along a self-similar trajectory (o — 2.37). As
in the previous case, the duration of the transient depends on the sign of (0): for [(0) < 0
the ring starts expanding straight away whereas for [(0) > 0, the ring first contracts until
the sense of rotation of the particle is reversed, and only then starts inflating. In terms of
the full, nonreduced nonlinear Schrodinger equation this means that initial perturbations
“pushing” the soliton towards smaller values of £ will trigger a much faster decay of the
unstable soliton than those bringing positive contribution to its energy. Thus we may
conclude that in the conservative case, the oscillatory instability bifurcation does not give
rise to a stably oscillating soliton. The reason for this is the emission of a strong second-

harmonic radiation. Because of the radiation, the trajectory of the soliton’s perturbation
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Figure 2.5: Numerical simulations of the damped fictitious particle, eq.(2.80). Here p = 0.02 and
n = 0.1237; the corresponding stationary orbits are r_ = 1.51 (stable) and r, = 7.80 (unstable).
Curve 1 starts with 7(0) = 10, {(0) = —300 and curve 5 has r(0) = 10, [(0) = +300; in both cases
the corresponding R;(0) = 10, and Ry(0) = 11.7. Curve 2 has r(0) = 9.97, [(0) = —99.40; the
apsidal distances in this case are R1(0) = 5.33, and R(0) = 9.97. Curve 3 starts with 7(0) = 9.80
and [(0) = 96.04; the corresponding R;(0) = 5.31 and R5(0) = 9.80. After visiting the unstable
orbit ry, the curve 2 escapes to infinity while the curve 3 settles to the stable orbit »_. The
initial conditions for the curve 4 are r(0) = 3 and I(0) = —9; hence R;(0) = 3, R2(0) = 4. Curve
6 has r(0) = 0.5, [(0) = +20, the corresponding R, (0) = 0.5, Ry(0) = 15.5.

is not

in its internal space is always unbounded. Provided the initial perturbation |a(0)
very large, the evolution of instability starts with adiabatically growing oscillations which

then transform into a regime of rapid self-similar growth.

2.5.5 Weakly dissipative case (finite p)

Adding a weak damping can hinder radiations from freely escaping from the oscillating
soliton. According to eq.(2.84) this can result in the angular momentum of the fictitious

particle settling to a constant value

b = —5 14, (2.101)
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where the radius can adopt one of the two values:

207 2
ri:-fz_(gi,/gt‘;—f). (2.102)

The corresponding circular orbits of eq.(2.80) have the form
a=ryexp (iveT), (2.103)
with the angular velocities given by
vy = —Lp2, (2.104)

Both closed trajectories exist for ¢ > 0 which is in place in the case at hand. In terms
of the parametrically driven NLS equation, eq.(2.102)-(2.104) describe two periodically
oscillating solitons, different in the amplitude and frequency of oscillation.

The soliton with the smaller amplitude of oscillation, |a| = r_, softly bifurcates
from the stationary soliton at the onset of the oscillatory instability, A = h, = ap?/8. As

h is increased, it merges with the second oscillating soliton (|a| = r,) at the turning point

1+ (g) 2} , (2.105)

The value h is the upper boundary of the domain of existence of the two circular orbits
(2.102)-(2.104). Intuitively, it is quite clear that the orbit r_ should be stable and 7.

unstable; to verify this conjecture, we add a small perturbation:

h = he

a(t) = (rx + e da) exp (iveT), |[da/re| K 1. (2.106)

Substituting into (2.80) and linearizing with respect to da yields a characteristic equation
for the exponent u:
p(pd + e p?® + cop+c3) = 0, (2.107)

where ¢; =4p > 0,
Cy = 4p2 + 2g’ri + 41/i > 0,

c3 = 4p (gri - 21/i> = Fdri\/g%0% — ¢?n.

Using the Routh-Hurvitz test, one may readily check that apart from the trivial transla-

and

tional root 4 = 0, eq.(2.107) always has two roots with negative real parts. The forth root
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is positive for c3 < 0 and negative otherwise; that is, we have a stable root for r = r_ and
unstable one for r = r. Thus the oscillating soliton with the larger amplitude of oscilla-
tions is unstable and the one with the smaller amplitude is stable within our asymptotic
approximation.

All trajectories of the fictitious particle will either be attracted to the stable circular
orbit 7_, [_ or escape to infinity along a self-similar trajectory similar to the one arising in
the undamped situation. This self-similar solution is given by the same equations (2.96)
as in the v = 0 case. We are not discussing basins of attraction of the above solutions;
this analysis can be performed along the lines of the previous section. In the present work
we confine ourselves to displaying only several characteristic transients (Fig.2.5).

In all our experiments the radial component of velocity was initially zero: 7(0) = 0.
In the first simulation the initial angular momentum is negative and |{(0)| and 7(0) are
chosen in such a way that in the first place, gr*(0) > 2p|l(0)|, and in the second, the
ring of admissible motions is wider than both stationary circular orbits: R;(0) > r,. [We
remind that R;(7) and Ry(7) are defined as roots of eq.(2.87).] In this case the angular
momentum starts decreasing further (I < 0) and eq.(2.84) implies that the height of the

centrifugal barrier at any fixed point r = ry grows as

d [ 1? qr* — 2p|l|
— | — | = l|———. 2.
dr (27"8) g T3 (2.108)

On the other hand, in view of eq.(2.85) the growth rate of the energy of the particle, H,
is bounded by |I|(gr* — 2p]l|)/r? which is smaller than (2.108) provided ry < R,(7). Con-
sequently, the centrifugal barrier grows faster than #(7) and the “window” of admissible
motions, (R, Ry), moves further away from r, (curve 1). The particle escapes to infinity.

Initial conditions with [(0) < 0 and g¢r*(0) > 2p|l(0)| do not necessarily give
rise to unbounded motions. If the ring of admissible motions is initially smaller than
r4 [i.e. Rp(0) < 74| or contains the orbit v, within it [i.e. R;(0) < r, < R5(0)], the ex-
panding ring may lock on to the unstable circular orbit (curves 2 and 3) and then the
initial expansion may switch to contraction (curve 3). Finally, such a trajectory will be
attracted to the stable orbit r_.

If 1(0) < 0 but gr*(0) < 2p]I(0)|, both the centrifugal barrier and energy as a whole
will decrease and the trajectory will quickly settle to the circular orbit r_ (curve 4).

When the initial angular momentum is positive, the early stage of the evolution will
necessarily have to go via the shrinking of the ring, curves 5 and 6. [This is because both

! and H decrease, see eqs.(2.84)-(2.85).] Subsequently, narrow rings will shrink to the
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circle 7 (curve 5) whereas the direction of change of the large-width rings may reverse
and the trajectory escape to infinity (curve 6).

Returning to solutions of the parametrically driven, damped NLS equation (2.1),
we conclude that in the weakly dissipative case the nonlinear evolution of the unstable
stationary soliton 1 (X) may follow two alternative scenarios. The first one is the forma-
tion of a temporally periodic soliton 1. (X, T); this scenario is in exact agreement with
numerical simulations of Ref.[38] where stable oscillating solitons were observed. In the
vicinity of the bifurcation the soliton ¥.(X,T) oscillates about the “stationary point”
¥, (X); that is, the difference |¢.. — 14| is not large. Alternatively, the stationary soliton
may undergo a more dramatic transformation described by an unbounded trajectory of
the effective particle. The final product of this transformation is beyond the scope of the
reduced amplitude equation and the only means to find the resulting attractors seems to
be the direct computer simulations of the full, nonreduced NLS (2.1). Some insight can

also be gained from studying the undamped limit (v = 0), see Section 2.6 below.

2.5.6 Strongly dissipative case (p > 1)

As we have demonstrated in Sec.2.4, for large p the second-order amplitude equation
simplifies to the normal form of the Hopf bifurcation, eq.(2.69). Any initial condition
a(0) of this first-order equation will be attracted to a periodic orbit. The transient (and

the resulting orbit) is described by an explicit solution

I F o
a=QY*(r)exp [—i IEC/ Q(T’)dT’], (2.109)
0
where
_ Qoo
for large perturbations of the soliton: |a(0)]* > Qu = Bh/ReC, and
Qoo
Q(T) = m (2111)

for small initial conditions: |a(0)|* < Q. Here p = 1/Qw, and 7y is an arbitrary positive
constant.

Thus, unlike the weakly dissipative regime, no unbounded trajectories arise for
v ~ 1. In terms of the full, nonreduced NLS equation this means that in the strongly
dissipative case, the unstable stationary soliton 1, will necessarily evolve into a (stable)

temporally-periodic soliton .. Although the finite-dimensional periodic orbit is stable
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with respect to arbitrarily large perturbations, this does not guarantee, of course, that
the soliton . will be stable against arbitrarily large perturbations within the full NLS
equation. We also need to emphasize here that the amplitude equation (2.66) is only
valid in the vicinity of the Hopf bifurcation. Numerical simulations showed that for
driving strengths further away from h = h.(v), the oscillating soliton loses its stability to
a double-periodic or chaotic attractor [38]. These higher bifurcations are not captured by

the present asymptotic approach.

2.6 Long-term evolution of the oscillatory instability

2.6.1 Numerical simulations

In the case of finite v conclusions of our finite-dimensional analysis are in agreement with
earlier computer simulations [38] where the unstable stationary soliton ¥, was seen to
evolve into a temporally-periodic soliton ¢.. In the undamped case, on the contrary,
our analysis shows that the oscillatory instability should result in a more fundamental
transformation of the soliton. This case was not studied numerically before whereas the
reduced amplitude equation provides no clue on what the corresponding asymptotic states
should be. The case of small 7y is intermediate; here the instability can give rise both to
the oscillating soliton and to some other, yet unknown, asymptotic solutions. With the
aim of gaining some insight into the nature of these asymptotic states as well as verifying
conclusions of our finite-dimensional analysis, we have performed a series of computer
simulations of the full, nonreduced nonlinear Schrédinger equation (2.1).

We restricted ourselves to the undamped case, v = 0. Our numerical scheme is a
generalization of the split-step pseudospectral method [272] and was previously utilized in
Ref.[38]. The method imposes periodic boundary conditions ¥(L) = ¢w(—L), vx(L) =
¥x(—L), where the length of the spatial interval was chosen to be 2L = 152. Due to the
periodic boundary conditions, the emitted radiation waves would re-enter the system and
interact with the soliton. This would not happen if the simulations were carried out on
an infinite line. In order to emulate the infinite-line situation, a “sound-absorbing” term
—i”y(X)zﬁ is added on the right-hand side of eq.(2.1). Here the function y(X) is almost

zero within the subinterval (—60,60) and increases to the value of approximately 0.55 as

X — £76: ¥ ¥ 70
v(X)=10.3 [tanh( ;70> — tanh( g ) + 2] :

The effect of this term is to damp small-amplitude radiation waves emanating from the
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soliton and prevent their reentry back into the system via the periodic boundaries. Typ-
ically we used N = 2!! = 2048 Fourier modes which implied the spatial resolution AX =
2L/N =~ 7.4x1072. Our time increment, AT = 1.0x 1073, was chosen so that the stability
condition [272] of this numerical scheme be in place: AT < (AX)?/7 = 1.8 x 1072

We set up the initial condition in the form (2.16)-(2.19), (2.22)-(2.23):

W(X,0) = A[U(AX) + iV (AX))], (2.112)
with
U(z) = sech(z) + 2¢Rea u.(z) + (2.113)
+e2{|al? up(z) — 2Ima uy (z) + 2Rela® uy(z)]},
V(z) = —2elmav,(z) — 2¢2{Reavi(z) + Im[a® vy ()]} (2.114)

Here a, @ = const; u,, v. are the eigenfunctions of the operator (2.13) corresponding to
H = H, and ug, uy, v1, ug, vy are solutions of the nonhomogeneous equations (2.24)-
(2.25), (2.27). The link to the reduced amplitude equation (2.37) is provided by setting
the two constants, a and @, equal to the initial values [a(0) and a(0), respectively] of
eq.(2.37). Finally, A is given by eq.(2.4): A = (1+h)¥2. Our choice of h is related to the
value of h used in simulations of the reduced system (2.37) in sec.2.5.4 (h = 0.1). Taking
€ = 0.1, eq.(2.21) gives h = 0.06472. (To get an idea of how close to the bifurcation point
we are, recall that the oscillatory instability sets in at h, = 0.06359.)

For all examined values of a and @ — provided |Ej3| eq.(2.78) is not very large —
the evolution starts with a relatively long period of growth of the oscillatory instability.
During this transient period the field configuration may be regarded as a %, soliton
with the amplitude and width oscillating about their stationary values (Fig.6). After the
amplitude of the growing perturbation has reached a certain critical value, a cross-over
occurs and the subsequent evolution settles to one of the two possible asymptotic regimes.
Both asymptotic configurations are localised in space and oscillate in time. In contrast
to the transient phase, these oscillations are not about the stationary soliton but about
¥ = 0 [see Fig.6 (c,d)]. In both cases the oscillations of the soliton are accompanied by

intensive radiation.

2.6.2 Asymptotic attractors

The first emerging attractor has a negative oscillation frequency with the magnitude

slightly smaller than 1; it is bell-shaped and its amplitude is very slowly decaying in time
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[Fig.6(a)]. We will be referring to this solution as the breather; it is indeed a relative of the
breather solution of the Klein-Gordon equation [145, 53, 238, 40]. [Another, and possibly
even closer relative is the soliton of the unperturbed NLS equation with the constant
frequency shift, eq.(2.1) with v = h = 0.] Similarly to the Klein-Gordon breather, our
breather lives in the gap of the continuous spectrum and can be constructed perturbatively.

To this end, we again decompose eq.(2.1) with v = 0 into its real and imaginary

part and expand % in powers of a small parameter, ¢:
p=U+iV, U=¢e(Uy+eUp+...), V=eVo+e&Va+...). (2.115)

Here U; and V; depend on multiple space and time scales: U; = Uy(X,T; X1, T1), Vi =
Vi(X,T; Xy, T1), where X; = ¢X and Ty = €T. The breather is therefore constructed as
a perturbation of the trivial solution ¢ = 0 with a small (but finite) amplitude. At the
first order in € we have a linear equation

Up \ _ [ —0%/8X*+1+h 0/0T Up \ _ ‘
M( Vo ) N ( ~0/0T —02/ox?+1-n J\ v, )70 (2.116)

whose solutions are linear waves with the dispersion law w? = 1 — h? + k2. Since we are

primarily interested in nonpropagating structures, we take

( %) ) = QO(XI,TQ) ( ,ng ) eiWT +c.c., (2117)
where 12
1+h 1+h
o=VTTR 50, o TR (LER) o

Next, at the order 2 we obtain

M ( U, ) B ( —0Vy /0Ty + 02U, /0X2 + 2(UZ + VAU )

2.
Ve Oy /0T, + 8*Vy JOXE + 2(U2 + VA Ve (2.119)

Eq.(2.119) is only solvable if the right-hand side is orthogonal (in the sense of the Ro-scalar
product) to the vector (1,—i£). This gives the (undriven) NLS equation for ¢:

S0 s
a1y 0X?

with an obvious soliton solution. Returning to the original variable 1, we can write our

—2i€ — + (1 + £?) +2(3 + 262 + 3¢Y|¢Pe = 0, (2.120)

breather solution as

12 o s
Y, =¢eb (2(1 h)> {1——5—5—6’““’_5 PlT 4 1——2——§el(“’“52b2/“)T} x sech(ebX) + O(e?),
(2.121)
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where w and & are given by eq.(2.118), and the amplitude b = O(1) is a slowly changing
parameter, which is not defined at this order of the expansion. Note that for small h, &
is close to 1 and the second term in (2.121) is negligible comparing to the first one. It
is for this reason that in our numerical simulations the breather appears as a negative
frequency solution. When h = 0, we have w = 1 and eq.(2.121) is simply the soliton of
the unperturbed NLS equation with the unit frequency shift.

The second localized attractor has positive oscillation frequency. Like the decaying
soliton %, it is bell-shaped but its amplitude is growing with time [Fig. 6(b)]. This
large-amplitude soliton can also be constructed as a series in small parameter ¢; this time

we write
=" o + %o + 1), (2.122)
where the coefficients of the expansion depend on multiple scales: ¥; = ¥; (X _1,T_9; X, T).

Here X_; = e 'X and T_, = 72T Substituting (2.122) into eq.(2.1), the order £ 73 yields
the unperturbed NLS equation:

. 87/)0 32% 2 _

and so the large-amplitude soliton is given by
B 2
(X, T) = ~ exp (i%T) sech (-?X) + O(e), (2.124)

where B = O(1) is a slowly changing function of X and T which is not defined at this
level of approximation.

Finding the exact laws of variation of b and B is beyond the scope of this work. We
will restrict ourselves to commenting only on why the amplitude of the breather 1| has
to decay and the amplitude of the soliton 4 to increase. As we mentioned in Sec.2.5.1,

in the undamped case the equation (2.1) conserves energy,

-

Substituting (2.121) into (2.125) yields the energy of the breather:

x P+ 1P = [+ S + 9] ax. (2125)

4(1 — n?)

Ey=El]=——4

eb+ O(e?), (2.126)

while doing the same with eq.(2.124) gives the energy of the large-amplitude soliton:

By = Elihy] ~ —g (?)3 (2.127)
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Figure 2.6 continues on the next page.
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Figure 2.6: Evolution of the undamped soliton (v = 0) perturbed by a perturbation of the form
(2.112) with |E3| ~ 1 [i.e. with [(0) ~ 1.] Here (a,c) a = —1,a =4 and (b,d) a = 1,4 = —3;
in both cases {(0) = —1. All four pictures are obtained by means of numerical simulations
of the full, nonreduced NLS equation (2.1). The simulations were carried out on an interval
[—76,76]; on (a,b) the interval has been cut down for graphical clarity. On (c) and (d) plotted
is the trajectory of the point (X = 0,7"). The dashed lines sketch the boundaries of basins of

attraction of (c¢) ¢, and (d) ¢ attractor. The arrows indicate the direction of the evolution.
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Since the linear radiation waves take away positive energy, the energies E| and E; have to
decay. According to eq.(2.126), this means that the amplitude b of the small-amplitude
breather has to decrease. On the contrary, eq.(2.127) implies that the amplitude of the

large-amplitude soliton, B, will have to grow.

Thus, from the energy point of view, the difference between the two attractors v,
and 14 is that in the former case the energy of the breather decreases to zero (remaining
positive all the time) whereas in the latter case the energy of the soliton is negative and

tends to minus infinity.

A natural question is whether the type of the asymptotic regime (decay or growth)
can be predicted from the analysis of the finite-dimensional dynamics described by eq.(2.37)
with a and a featuring in eq.(2.112) taken as the initial values. Surprisingly, the an-
swer is no. The evolutions shown in Fig.6 (a,c) and (b,d) correspond to the choices
(a = —1,a = 1) and (a = 1, & = —1), respectively. Although these initial conditions
evolve into two completely different asymptotic regimes, the corresponding trajectories of
the fictitious particle on the plane are identical up to a constant angular shift. In both
cases the initial conditions of the particle are 7(0) = 1, #(0) = 0 and [(0) = —1; the
corresponding trajectory is shown in Fig. 2.4(b).

The finite-dimensional system (2.37) is invariant with respect to constant phase
shifts a — ae® while it is exactly the initial phase of the perturbation that plays the
crucial role in the selection of one or the other asymptotic regime. This is shown sym-
bolically in Fig.6 (c,d). The two dashed closed contours demarcate what can roughly
be considered as the boundaries of the basins of attraction of the decaying and growing
soliton. Depending on the phase of a(0) (i.e., depending on the initial angular position of
the fictituous particle), the spiralling-out trajectory crosses the inner contour (schemat-
ically shown as a circle) or the outer one (a dumb-bell). In the first case the trajectory
will remain within the inner contour, with the orbits of revolution slowly shrinking to the
origin.® The corresponding solution of the NLS equation is attracted to the slowly decay-
ing breather, ;. In the second case the trajectory stays outside the dumb-bell, with the

orbits slowly expanding. The corresponding NLS solution locks on to the growing soliton

6These inner and outer contours should not be confused with the inner and outer circular bounds of
the trajectory of the effective particle discussed in Section 2.5.4. The equation of the fictitious particle
describes growing oscillations of the field ¥(X,T) about the unstable stationary soliton ¥ [i.e. about
the point ¥(0,T) = A in Fig.6 (c,d).] On the contrary, the boundaries of the basins of attraction of the
solitons ¢, and ¢4 are centered at the origin. Furthermore, the effective-particle description is valid only
while the amplitude of the oscillations is still small; it ceases to be applicable before the spiral crosses
one of the dashed closed contours in Fig.6 (c,d).
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(2.124).

2.6.3 Large-energy initial conditions; evolution of the soliton _

The attractors 1; and 1y emerge if the energy |F3| of the perturbation is not very large
(that is, if the initial position and velocity of the fictitious particle are of order 1). We
have also studied the evolution of the initial condition corresponding to large |Es|. [More
specifically, we took |a(0)| > 1 but |a(0)| = O(1).] As we remember from the simulations
of the finite-dimensional system (2.37), the growth of |a|? is much faster in this case.
Consistently with the finite-dimensional description, the transient in the evolution of the

NLS soliton was indeed seen to be much shorter.

A more significant distinction arises at a later stage, when the unstable soliton splits
into a pair of long-lived small-amplitude breathers 1| travelling with constant velocities
in opposite directions (Fig.7). The explanation for this phenomenon is suggested by the
spatial structure of the perturbation in this case, eq.(2.112). A large initial value of &
gives rise to a large {u;, v; }-component in the perturbation while both u;(z) and v,(z)

have a sharp dip in the middle which serves as a nucleus of the future splitting.

Finally, we have simulated the evolution of the soliton 1_ [eq.(2.2)] which has a
positive eigenvalue A in its spectrum of linear excitations (and so is unstable with respect

to a nonoscillatory mode). The initial condition was taken in the form
Y(X,0) = —iAsech(AX) —ieAlu(AX) — v(AX)],

where this time A stands for A_ = (1 ~ h)/2, and {u(z), v(z)} is the eigenvector’ of the
operator (2.13) associated with the pure imaginary eigenvalue w = —iA. The subsequent
evolution takes the soliton #_ to one of the two attractors observed in our simulations of
the 1, soliton. Namely, choosing € < 0 results in the slowly decaying breather (2.121)
while in the € > 0 case one observes a slowly growing soliton (2.124). Thus, ir the un-
damped case both the oscillatory and the translational, nonoscillatory, instability give rise
to the same asymptotic attractors. The peculiarity of the oscillatory instability manifests

itself only in the v #£ 0 case, where it brings about a stably oscillating soliton.

"In the case of the 1 _ soliton the linearized operator has the same form as in the ¢4 case, eqgs.(2.10)-
(2.13), where one only needs to replace H — —H and remember that now H = —h/(1 —h).
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Figure 2.7: Evolution of the undamped soliton (v = 0) perturbed by a perturbation of the form
(2.112) with large negative E3 (large negative [). Here a = 1, @ = —18i [and so [(0) = —18.]
The 9 soliton splits into a couple of small-amplitude breathers v, eq.(2.121), propagating in
opposite directions and slowly decaying in time.
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2.7 Concluding remarks and open problems

In this chapter we have derived a reduced amplitude equation for the soliton in the
vicinity of the oscillatory instability bifurcation. Bifurcations of this type occur in conser-
vative and weakly dissipative wave systems. Similarly to the case of the Hopf instability
(characteristic of strongly dissipative systems}, the oscillatory instability sets in when a
pair of complex-conjugate linearized eigenvalues crosses the imaginary axis. What makes
the oscillatory instability bifurcation fundamentally different from the Hopf bifurcation,
however, is the phenomenon of fusion and subsequent dissociation of a pair of stable
eigenvalues which takes place just before the eigenvalues have acquired a positive real
part. The oscillatory instability may therefore be regarded as a product of the resonance
of two internal oscillation modes. As a consequence of the proximity to such resonance,
the amplitude equation associated with the oscillatory instability is qualitatively different
from the normal form of the Hopf bifurcation. (The former is second-order whereas the
latter is a first-order equation.)

The second-order amplitude equation for the unstable perturbation admits a useful
mechanical interpretation as an equation of planar motion of a classical particle in a
radially-symmetric potential. The particle is also subject to a constant friction and time-
independent torque which is induced by radiation waves emitted by the soliton. Exploiting
this analogy and the associated classical mechanical formalism, we have demonstrated
that in the v = 0 case the presence of the torque always makes the trajectory of the
fictitious particle unbounded. (The motion starts with quasiperiodic oscillations in an
adiabatically changing ring which subsequently transform into a self-similar trajectory
rapidly spiralling out.) In terms of the full nonreduced NLS dynamics, this means that
the emission of radiation suppresses stably oscillating solitons. The finite-dimensional
analysis provides no answer to what will be the resulting asymptotic attractors in this
case, however.

In the weakly dissipative case (v small but nonzero) the unbounded motions coexist
with stable periodic orbits and therefore, the unstable stationary soliton may transform
into a new soliton-like attractor which is localized in space and oscillates in time. Fi-
nally, in the strongly damped case (y ~ 1), where the soliton’s perturbations satisfy the
complex Landau equation, unbounded finite-dimensional trajectories do not arise at all.
Any perturbation of the unstable stationary soliton will necessarily have to evolve into a
temporally-periodic solitonic attractor.

In the undamped situation (y = 0) the conclusions of the reduced finite-dimensional
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analysis have been verified in direct numerical simulations of the full, nonreduced NLS
equation (2.1). In agreement with the effective particle description, no stably oscillat-
ing solitons were seen to arise. Our second aim here was to understand what are the
infinite-dimensional counterparts of the unbounded finite-dimensional solutions; in other
words, what localized or extended NLS attractors are represented by these spiralling-out
trajectories. Depending on the initial perturbation, the decay of the unstable stationary
soliton was observed to result in one of the two basic products: (a) a slowly decaying
breather 1, and (b) the soliton 1)+ whose amplitude is increasing, slowly but indefinitely.
Initial conditions with larger energy contents can give rise to a pair of small-amplitude
breathers moving away from each other.

In the damped case (y # 0) the numerical simulations of the NLS equation (2.1)
were reported in [38]. Consistently, with our present conclusions, it was shown there that
in some finite neighbourhood h > h, of the bifurcation value h.(-y) the unstable stationary
soliton 9, is replaced by a stable temporally-periodic soliton ... Here it is important to
emphasize the difference between this soliton and what we refer to as the breather (v,).
Firstly, the soliton .. oscillates about the stationary soliton v, with the amplitude of
oscillations being close to zero for h close to h.. On the contrary, the breather v oscillates
about the trivial solution ¥ = 0, with the amplitude of oscillations being about one half
of the amplitude of the soliton v, . Secondly, the frequency of the 1. soliton is positive
whereas the frequency of the breather 1, is negative. Lastly and most importantly, the
¥ soliton does not decay whereas the breather has a long but finite lifetime.

As we pointed out in Sec.2.5.5, the unbounded trajectories of the reduced ampli-
tude system persist when a small damping is added. Consequently , the small-amplitude
breathers (and large-amplitude slowly growing solitons) should occur for small nonzero
v in the nonreduced NLS equation. However, adding even a small damping should dras-
tically reduce the breather’s lifetime. In this case the breather should arise only as a
transient structure; the corresponding 7' — oo asymptotic state will be trivial: ¢ = 0.
The trivial attractor was indeed observed in numerical simulations of Ref.[38]. It is ap-
propriate to mention here that in Ref.[38] the unstable stationary soliton was perturbed
only by the discretization errors, i.e. the perturbation was always very weak. Speaking
in the language of the fictitious particle, its initial radial position and velocity were al-
ways very small: |a(0)|, |a(0)| ~ 0. The trajectory evolving from these initial conditions
will necessarily be attracted to the stable periodic orbit. This explains the existence of
a neighbourhood of the bifurcation value h, where the evolution of the unstable station-

ary soliton 7, necessarily results in the periodic solution . [38]. The trivial attractor
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¥ = 0 also exists in this neighbourhood but since the above-mentioned initial conditions
lie outside its basin of attraction, it did not arise in the numerical simulations of Ref.[38].
The trivial attractor was only observed for those h where the periodic soliton 1., becomes
unstable, along with its double- and higher-periodic descendants.

It would be interesting to find out what is the v # 0-counterpart of the growing
soliton 4. Computer simulations of the damped NLS equation (2.1) with 0.01 <y < 0.02
did exhibit a similar object which was seen to perform irregular walks, back and forth,
over a strong radiation background [39]. This large-amplitude “wandering” soliton was
observed for fairly large values of h (h ~ 0.35) whereas for h in the immediate vicinity
of h.(y) = 0.07, the decay of the unstable stationary soliton ¢, was seen to result in
the stably oscillating soliton .. Interestingly, the “wandering ” soliton emerged for h
on the borderline between the region where the dominant attractor was trivial, ¥ = 0,
and the region where the unstable stationary soliton 1, would “ignite” a spatio-temporal
chaotic state. A natural question is, therefore, on the relation between the large-amplitude
soliton 14 (slowly growing, oscillating and/or wandering) and spatio-temporal chaos. We
are planning to return to this problem in future publications.

Finally, it is appropriate to mention a recent paper [163] whose author also uses sin-
gular perturbation expansions for the analysis of the parametrically driven NLS equation.
However, the focus of Ref.[163] is on stable solitons and their response to structural per-
turbations (such as external fields, noise, etc) as well as soliton-soliton interactions. The
present work deals with completely different parameter range and completely different

class of phenomena.
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Chapter 3

Impurity-induced stabilization of
solitons in arrays of parametrically
driven nonlinear oscillators

3.1 Motivation

One of the most exciting developments in studies of collective synchronization of arrays
of coupled nonlinear oscillators was the discovery of a dramatic increase of the degree of
synchronization achieved by disordering the array [41, 42, 210, 247]. The synchronization
in an array of ten disordered, parametrically driven pendula was confirmed experimentally
[239]. This raised hopes of the possibility of “taming spatiotemporal chaos with disorder”.
In an attempt to understand the nature of this phenomenon, a numerical study of the effect
of a single impurity on an otherwise homogeneous chain was carried out [80]. Surprisingly,
it turned out that a single impurity can produce simple spatiotemporal patterns in place
of complex chaotic behaviour for very long chains of oscillators.

The system simulated in Ref.[80] (see also [42]) consisted of a chain of pendula cou-
pled to their nearest neighbours and driven by a periodic torque. All individual pendula
in the array were in their chaotic parameter regime while the natural frequency of the
central pendulum (the impurity) was out of the chaotic range. Consequently, the sug-
gested mechanism of stabilization was the formation of a nonchaotic cluster around the
defect which would subsequently pull the whole chain out of chaos [42, 80].

In this chapter we examine the effect of an impurity on a damped driven system
by considering it from the viewpoint of nonlinear waves; that is, we explore collective
stabilization mechanisms. As in Ref.[80], we study a chain of coupled pendula, alias the

Frenkel-Kontorova model. As we mentioned in the Introduction to the thesis, despite
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its seeming simplicity, this model provides a fairly accurate description of a number of
physical and biological systems and phenomena, including ladder networks of discrete
Josephson junctions, charge-density-wave conductors, crystal dislocations in metals, DNA
dynamics and proton conductivity in hydrogen-bonded chains [261, 262, 43, 236].

An important distinction of our work from the problem studied in [80] is that we
focus on the regime where all individual pendula are nonchaotic — whereas the array
as a whole may easily fall into the state of spatiotemporal chaos. Another distinction
from Ref.[80] is that our chain is driven parametrically not externally; the reason is the
availability of explicit solutions.

Strongly coupled pendula tend to form soliton-like clusters of coherent oscillation.
Time-periodic solitons in damped-driven chains are stable for small driving strengths
but lose their stability to quasiperiodic clusters as the driver’s amplitude is increased
[17, 38, 6]. Increasing the amplitude still further, a spatiotemporal chaotic state sets in
— with or without intermediate bifurcations [38].

We will demonstrate that “long” impurities may act as centers of spontaneous nu-
cleation of solitons and hence in chains with impurities, solitons are even more natural and
common structures than in homogeneous arrays. We will prove that pinning of a station-
ary soliton on a “long” impurity expands its region of stability. In particular, by choosing
a sufficiently long impurity pendulum, the soliton can be stabilized in the parameter re-
gion where in the absence of the inhomogeneity it would set off the spatiotemporal chaos.
Finally, although solitons pinned on “short” impurities will turn out to be more prone to
oscillatory instabilities, we will show that such a pinning is an unlikely occurrence due to

the repulsion between solitons and the short defects.

3.2 The model

The angle of the n-th pendulum in our chain satisfies
mlién + al,f, — k(Opoy — 20, + 0p_1) = —ml, (g + 4w?pcos 2wt) sin 6, (3.1)

where we set ¢ = m = 1 and assume a strong coupling: k¥ = k%71, ¢ < 1. The length
I, = 1 for all n # 0 while the central pendulum is slightly longer (¢ > 0) or shorter (g < 0)
than the rest of the chain:

lo =1+ 2gr/E.
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We define the distance between neighbouring pendula as

= Ve

Sl

a

and it is very small (a — 0) since the coupling is very strong. Then we can neglect the

O(a*) terms in the Taylor expansion
1
Gni] :Qn:l:H;La—l—iH;'a?—i—,

so that
Oni1 — 20, + 0,1 = 0" (2,).

Therefore for the case n # 0 in the continuous limit we obtain the parametrically driven,

damped sine-Gordon equation:
0y + afly — Oy = —(1 + 4w?pcos 2wt) sin 6. (3.2)

Here the function 6(z) is assumed to be differentiable at sites z, = na, —-N > n > N.
This is not valid for n = 0 where we have, instead,

z=+0

r 6" (+0) + 0”(—0)'

2

91 — 200 -+ 9‘1 ~ a9’ (33)

2=—0

therefore for the central pendulum we have:
a(l + 4grv/z + 4¢%K%€) By + a a1 + 2qK\/2) Oy —

z2=+0 " "y __
) ﬁ{gg +jMHD+%(®}:

2
= —a(l + 2grvE)(1 + 4w?p cos 2wt) sin by (3.4)

z2=~0

It is convenient to choose the square of the inter-pendula distance a = /¢ as a small
parameter. For simplicity we confine ourselves to the case when the driving frequency is
just below the edge of the continuous spectrum of linear waves, w? = 1 —¢2, and assuming
that the driving amplitude and friction in the pivots are small: 4w?p = 2he?, a = 2. In
this case the pendula will perform nearly-synchronised small-amplitude librations of the
form

0 = 2ep(T, X)e ™ + c.c. + O(e%), (3.5)

where the envelope ¢ is only slowly varying in space and time:

82

X = T = —t.
£z, 5
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10

Figure 3.1: A stable pinned soliton spontaneously created from a small-amplitude random
spatial distribution.

It is this variable amplitude that contains the information on how disorganized the array
is. If ¢ were constant, the pendula would be perfectly synchronised; however, ¥ will not
generally be constant. Substituting (3.5) into egs.(3.2) with X # 0 and sending a — 0

we obtain the amplitude equation

Wr + Yrr + 2197 — ¢ = hp* — iy, X #0. (3.6)

Next, let the central pendulum be slightly longer or shorter than the rest of the chain.
Then, as a — 0, the equation (3.4) with X = 0 gives rise to the boundary condition

+0
2q(0) + x| =0. (3.7)

-0

Eqgs.(3.6) and (3.7) can be combined into the parametrically driven damped nonlinear

Schrodinger equation with a d-function inhomogeneity:

W+ Yxx +2[Y|*Y — o +2¢6(X)p = hip" — iy — o0 < X < o0. (3.8)
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Figure 3.2 continues on the next page

As we mentioned in the Introduction, in the homogeneous case, this NLS equation
was used to model the nonlinear Faraday resonance in a long narrow water trough [184,
259, 260, 270]. The impurity term 2¢d§(X )1 represents a local widening (for ¢ > 0) or
narrowing (¢ < 0) of the trough. We also mentioned that the same equation describes
an easy-plane ferromagnet with a combination of a static and hf field in the easy plane
[287, 17, 36, 279] and a biaxial ferromagnet. In this context the inhomogeneous term
accounts for an impurity spin.

As in the spatially homogeneous case (¢ = 0) [17], for h > /1 + 72 the zero solution
1) = 0 is unstable against continuous spectrum excitations. “Long” impurities (¢ > 0)

harbour a discrete mode (here € < 1):
oY =€ (cos QT — th%_—q2 sin QT) e~ T-ad X,
0?2 =(1-¢%)?%- h? When h exceeds the value hy,
hyy = /(1 =% +72,

this localized mode also produces instability. For positive ¢ < /2, in which case hy, lies
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Figure 3.2 continues on the next page

below /1 + 2, the nonlinear development of this instability leads to the formation of

solitons (fig.3.1), stable or unstable.

3.3 Stationary solitons

Equation (3.8) exhibits two stationary soliton solutions, each having a cusp at the origin:

Y1 (X) = Aysech (AL X| + &) e, (3.9)

Here

cos20: = /1 —v2/h?, A% =14 +/h* — 42, Z = arctanh (q/AL).

For weak impurities, |g| < 1, the . soliton exists for any h and ~y satisfying h > =,

whereas the 9. requires, in addition, that A < h,,. Strong impurities (|g| > 1) do not

support the 1_ soliton at all whereas the 1. exists only if A~ > hg,.

First we demonstrate that the soliton ¢ _ is unstable and can always be disregarded.

Taking the linear perturbation in the form

Sps = e(f +ig)e =T
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10 300

Figure 3.2: (a): The “long” defect attracts a free-standing soliton initially placed at Xy = —2.5.
(b,c): The effect of the ¢ < 0 impurity. For A < h,,, the growth of the asymmetric instability
leads to the soliton’s unpinning and repulsion from the impurity (b), while for A > hg,, the
asymmetric Hopf instability evolves into a two-humped soliton rising and falling in a seesaw
motion (c).

gives
—g9- —Tg=Lif, [ —=Tf= Ly, (3.10)
where ' = v/A%, 7 = ALT, and the operators
Ly = =02 +1 — 6sech®(|z| + ) — 2Q4(x), (3.11)
Lo = —0% + 1 ¥ 2H — 2sech®(|z| + %) — 2Q6(z), (3.12)

with

Q=q/A: =qV1F H, H=,/h?-+2/A%,
and x = A1 X. The minimum eigenvalue of the operator Ly associated with a nodeless
eigenfunction sech(|z| + ), is vy = F2H. Consequently, in the case of the ¥_ soliton Ly

is positive definite and Eqs.(3.10) can be rewritten as

Lt fre =T2Lg f = L1 f. (3.13)
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Figure 3.3: An atlas of stability charts on the (v, h)-plane. Above the dashed “horizontal”
curve, h = /1 + 72, all localized solutions are unstable w.r.t. continuous spectrum waves. Solid
“horizontal” curves are h = h,,. Below their corresponding h, -curves impurities with ¢ < 0
repel solitons. The family of “parabolas” depict the onset of (symmetric) instability of the
pinned soliton; the greater is g the larger is the stability domain. Finally, in the region between
v1+v? and hyy a ¢ > O-impurity will spontaneously nucleate solitons.

The maximum exponential growth rate A of solutions to Eq.(3.13) is given by [152, 23, 24]

2 2 < f(z)| = Ly|f(z) >
AM=T :
T @)L o) >

For any @ the operator L, has a negative eigenvalue pg = 1 — k? associated with an even

(3.14)

eigenfunction
yo(z) = e " (3tanh® € + 3k tanh & + k% — 1), (3.15)

where £ = |z| + Z and k > 1 is a root of
K+ 262Q + K(3Q* — 5Q — 4) + 3Q° = 0.

Thus the supremum in (3.14) is positive, A is > [" and the soliton ¢ _ is unstable against

a symmetric nonoscillatory mode for all ¢, h and ~.

3.4 Effect of the short impurity

A similar argument can be used to detect the disengagement instability of the other

soliton, 1, arising for “short” impurities (¢ < 0). We simply notice that the second
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Figure 3.4 continues on the next page.

lowest eigenvalue of Ly which is associated with an odd eigenfunction
wy(z) = sgn(z)e? D {tanh(|z| + 7) — Q},

is equal to v; =1~ 2H — Q> For 2H < 1 — Q? or equivalently for h < h, ., the operator
Ly is positive definite on the subspace of odd functions. On the other hand, for @ < 0 the
operator L; has a negative eigenvalue p; = 1 — k? associated with an odd eigenfunction

y1(x) = sgnz yo(z), with yp as in (3.15) and k > 1 a root of
k2 +36Q+30Q%°-1=0.

Hence the variational principle (3.14) is still applicable, A is > I" and the ¢, is unstable.
The interpretation of this instability is straightforward if one notices that in the con-
servative case (v = 0) the inhomogeneous term —2qd(X)|v|? produces a local decrease
respectively increase of energy for ¢ > 0 respectively ¢ < 0. Consequently, in the con-
servative and weakly dissipative cases, the “long” impurity will attract and the “short”
one repel small-amplitude tails of distant solitons. On the other hand, the energy of the
pinned soliton is

Eq= §A3(1 30 +20Y).
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Figure 3.4: In the homogeneous chain with v = 0.315,~ = 0.95 the unstable soliton seeds
spatiotemporal chaos (a). Introducing the impurity with ¢ = 0.3 is sufficient to stabilize it (b).

For @ > 0 (@ < 0) this is smaller (greater) than the energy Ej of the infinitely remote
soliton. These two facts indicate that ¢ > O-impurities should attract and trap solitons
(cf.[37, 129, 231, 45]), and numerical simulations confirm this — see fig.3.2(a). In the
@ < 0 case, conversely, distant solitons will be repelled while an initially pinned soliton
will unpin and move away from the impurity regaining its cusp-free shape. This is again
confirmed by simulations of Eq.(3.8) (fig.3.2(b)). It is fitting to note here that the un-
pinning instability is not connected with overdriving the chain; it occurs already in the
undriven NLS [37]. We should also mention that all numerical simulations of Eq.(3.8)
reported in this paper were verified by computer simulations of the discrete chain (3.1).
The two sets of results were always in exact agreement for sufficiently strong couplings of

the chain.

In the region h > hy, (as well as in the case of symmetric instabilities, and also for

long impurities ¢ > 0) the variational principle (3.14) is not applicable. Here we let

w iQr
I+ z’QU(m)e ’

fla,r) = u(@)e™,  gla,r) = -
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where 2 = w? — I'%. Eq.(3.10) reduces to an eigenvalue problem
Liu=uwv, Lgv=uwu, (3.16)

which we solved numerically. Notice that we have reduced a three- to two-parametric
problem. Having found w = w(q, H), one immediately recovers the instability growth
rate |[Im Q(q, H)

/

— T for all g, h, and ~.

For small A < h,, there is only one unstable pair of imaginary eigenvalues dw,
with the associated u and v being odd. As h is increased beyond h, ., the imaginary
eigenvalues move onto the real axis (i.e. the soliton restabilizes) while another real doublet
4wy detaches from the continuous spectrum. The two collide and emerge as a complex
quadruplet after which the real and imaginary parts grow until an asymmetic instability
sets in. This is now not a disengagement instability; the stationary soliton is replaced by
a two-humped structure (still pinned on the impurity) whose left and right wings oscillate
180° out of phase (fig.3.2(c)).

3.5 Effect of the long impurity

When ¢ > 0, the motion of eigenvalues w on the complex plane is similar to the homo-
geneous case [17]. The soliton ¢, is stable for h close to v but loses its stability to a
symmetric oscillating soliton as h is increased. Fig.3.3 shows the Hopf bifurcation curves
h = hg(7) obtained from the relation |Im Q(g, H)| =T for ¢ = 0.1, 0.3, 0.4, 0.5 and —0.3.
For g > 0 the stability domain is wider than without an impurity. For example, in a chain
with the coupling k£ = 10 driven at w & 0.995, lengthening the central pendulum by 30%
(which gives ¢ &~ 0.474) is sufficient to double the size of the soliton’s stability domain.
On the contrary, the ¢ < 0 impurity narrows the stability region.

Thus, long impurities exert a strong influence on solitons’” dynamics. For h < hy,
they attract and trap solitons; for A > h,, pinned solitons are spontaneously formed
around the ¢ > 0 defects. On the other hand, the soliton with A and ~ such that it would
ignite spatiotemporal chaos in the homogeneous case [38], is stabilized when pinned on a
sufficiently long impurity (fig.3.4). Therefore the ¢ > 0 defects should have a stabilizing
effect on the chain. One should keep in mind, however, that spatiotemporal chaotic states
are not localized and a single stable soliton will clearly be insufficient to suppress chaos
in a long chain. The chaos can always be triggered by choosing the initial condition far

enough from the soliton. In order to suppress chaos in a larger phase volume multiple
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impurities should be introduced; one is therefore led to the necessity of examining stability

of solitons and periodic waves on finite intervals.

3.6 Discussion

Although we restricted ourselves to the analysis of the effect of a single impurity (and
accordingly, stability of a single soliton), our ultimate goal would be to propose a possible
mechanism for the “taming chaos” in a chain disordered by a “gas of impurities”. The
qualitative picture that we have in mind at this stage, involves the formation of a solitonic
cluster around each of the long impurities. In each cluster, pendula are synchronised to
the common frequency. The solitonic clusters are stable objects; the longer is the im-
purity, the wider is the range of parameters where the soliton pinned on this impurity
is stable. Therefore, each impurity suppresses the spatiotemporal chaos in some neigh-
bourhood around it. Although a single impurity cannot “tame” chaos in a long array, we
expect that provided the density of the “soliton gas” is sufficiently high, the probability
of synchronisation of the whole chain will be quite significant.

One may argue, however, that in a randomly disordered array, short and long im-
purities will be met with equal probability. We have shown that short defects promote
instability; can they offset the stabilizing effect of long impurities? The answer is no. The
fact that short impurities enhance the symmetric instability should not play a destabi-
lizing role since solitons tend to avoid “short” defects. On the contrary, these repulsive
inhomogeneities will effectively partition the chain into smaller subintervals and this will
generally have a stabilizing effect since long wavelength instabilities will not fit in. (An
example of stabilization by the interval shortening is given in Ref.[21].)

The above qualitative picture relies on the assumption that the separation distance
between impurities is so large that they virtually ignore each other. It is not unprobable,
however, that some defects happen to “live” in the area “controlled” by their neighbours.
What happens then? Although the systematic study of the effect of multiple impurities
(as well as the related case of short intervals) is beyond the scope of this work, we did make
some preliminary analysis of the case of two impurities. As one could expect, when two
stable stationary solitons are pinned very far away from each other, they do not interact
and remain time-independent. However, if the separation is smaller than a certain critical
distance, they start exchanging tiny bits of energy in the form of weak radiation waves
and develop spontaneous large-amplitude oscillations (fig.3.5). Amazingly, the critical

distance turns out to be many times greater than the characteristic width of the solitons.
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Figure 3.5: Two ¢ > 0 on impurities placed symmetrically with inter-impurity distance equal
to half of the interval.
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This means that, contrary to our intuitive assumption, the interaction even between
relatively remote defects may play a very significant role in the emerging patterns. The
synchronization mechanism that we proposed in this chapter, is sufficient to achieve the
synchronization within each solitonic cluster of pendula. The next challenge should be
to explain the synchronization of different clusters. The encouraging observation coming
from our numerical simulations is that the self-induced oscillations of soliton pairs do
synchronize. (See fig.3.5.) This suggests that nonlinear disordered arrays may exhibit a
hierarchy of synchronisation scales. We are planning to return to this intriguing hypothesis

in our future research.



Chapter 4

Bound states of pulses in an
excitable reaction-diffusion model of

the NO 4+ CO reaction on the
platinum surface

4.1 Motivation

In this chapter we study a system of excitable reaction-diffusion equations. As opposed to
equations considered in chapters 2 and 3, these equations are dissipative not dispersive.
The system models the isothermal nitric oxide (NO) reduction with carbon monoxide (CO)
on platinum [Pt(100)] surface at low pressure (~ 107% mbar). To avoid the interaction
of the arising chemical patterns with defects of the reacting crystalline surface, it is
convenient to study the reaction on the surface of a single Pt crystal. To simplify the
problem even further, a ring-shaped reactive domain is used. This is accomplished by
superimposing two concentric ring-shaped layers of an inert element (e.g. titanium or
titanium dioxide) over the reacting surface. The ring of platinum surface sandwiched
between the two rings of Ti, is our reactive domain. Since the outer diameter (110 um) is
much larger that the width (10 pm) of the platinum ring, the problem can be considered
as an essentially one-dimensional.

The NO + CO reaction exhibits nonlinear waves such as solitary pulses or wavetrains
of pulses. A pulse can be created from the homogeneous state by a suitable excitation;
under certain conditions it can propagate with a constant velocity and shape. An impor-
tant characteristic of the pulse is its dispersion curve, i.e. the dependence of its velocity

on the length of the periodic interval. The slope of the dispersion curve is important
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for the description of the interaction of widely separated pulses on a ring [228, 62]. The
positive slope corresponds to repulsion while the negative slope corresponds to attraction
between pulses. The model at hand possesses nonmonotonic dispersion curves in a large
region of its control parameters [49]. In sec.4.4 of this chapter, we analyse the shape of
the dispersion curve of solitary pulse and on the basis of this analysis uncover transitions
between pulses decaying to different homogeneous backgrounds. Next, in sec.4.5 we study
stability of equidistant wavetrains and nonequidistant bound states of pulses. We show
that the nonequidistant bound states are unstable on large rings. This disagreement with
the kinematic theory approach can be explained by the fact that pairs of nonequidistant
pulses are strongly overlapping, which violates the main assumption of the kinematic

theory.

4.2 The mathematical model

We consider the reaction-diffusion model of the NO-CO chemical reaction introduced in
[105]:

up = kipco(l —u—v) — kyuexp [E(u + v)?] — kzuw + Dug,, (4.1)
v, = kipyo(l—u—v)—kwexp[E(u+v)?] — ksvf(u+v,w) + Dug,,  (4.2)

we = kyvf(u+v,w)— kzuw, (4.3)

where

f(u+v,w):max(1_u+v w )

061 039"
and u, v and w represent CO, NO and O coverage, respectively. The constants ki, ko, k3, k4, k5
and E are chosen to be the same as in [65], i.e. they are calculated for the fixed temper-
ature of 424 K. We also fix the diffusion constant D equal to 1 and supplement eqgs.(4.1)-
(4.3) with periodic boundary conditions on the interval [0, L]. The NO and CO pressures,
pyo and pco, are the control parameters of the system.

In order to investigate localized solutions moving with the velocity ¢, we rewrite

eqs.(4.1)-(4.3) in the co-moving frame of reference, where z = z — ct:
u = kipco(l —u—v)— koguelE@HT _ kv + u,, + cu,, (4.4)
v = kipyo(l —u—v) — kwe[E(“J’”)?] —ksvf(u+v,w) + vy, + cv,, (4.5)

wy = kyuf(u+v,w)— ksuw + cw,. (4.6)
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In this frame a wave moving with a constant velocity c appears as a static solution. This

stationary solution satisfies a system of ordinary differential equations

B = Yo (4.7)
Jo = —kipeo(l —y1 — ys) + ko PO 4 kay e — ey, (4.8)
Ys = Ya, (4.9)
gs = —kipno(l =y — ys) + kayae PO 4 oy f(y1 + ya, ) — ey, (4.10)
b = k3y1ys — /ﬂsy:&cf(yl + s, y5)’ (4.11)

where the dot stands for the derivative with respect to z. The static solution is a homo-
clinic orbit of eqs.(4.7)-(4.11).

We examined the stability of solutions to eqgs.(4.7)-(4.11) by solving the following
spectral problem which arises from the linearization of egs.(4.4)-(4.6) about the solutions

in question:

822 + Caz + Au(Z) Alz(Z) A13(Z) U U
( Agl(Z) 822 + c@z + AQQ(Z) Agg(Z) ) ( ] ) = A\ ( ] ) s (412)
A31 (Z) A32(Z) 082 + A33(Z) W w

where the coefficients are given by

An(2) = =pco — kaw — ko[l + 2Eu(u + v)]eE(“”)z,

Ap(z) = —pco — 2keEulu + v)ePer)*,

A3(z) = —ksu,

Asn(z2) = —pwno — 2ksEv(u + v)ePEH 4 kv/0.61,

An(z) = —pro — ke[l + 2Ev(u+v)]eP@” — kg(1 — (u + 20)/0.61 — w/0.399),

A23(Z) = k‘5U/0399,
A31(Z) = -k'5U/U.61 - /ng,
A32(Z> = k5(1 - (u -+ 2U)/061 - w/0399),

A33(Z) = —k5v/0.399—k3u
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Figure 4.1: The saddle-node and Hopf bifurcation curves on the (pco,pyo)-plane.

4.3 Homogeneous solutions and pulses

The main object of this chapter is the solitary pulse — something we would have called
soliton in the previous two chapters. By pulses we mean spatially localized solutions
propagating with constant velocity without changing their shape. One of the differences
between pulses and solitons is that pulses are nonsymmetric solutions. As we mentioned
in the Introduction to the thesis, this nonsymmetric shape results in difference in the
properties of the front and the back of the pulses. In particular, the front of the pulse
decays faster to the homogeneous background. In order to understand the dynamics of
pulses, we need to start with the analysis of homogeneous solutions to which the pulses

decay. (For large ring lengths this decay is exponential.)

From the point of view of the dynamical systems theory, the homogeneous solutions
are fixed points of the system (4.7)-(4.11). The function f(u+v,w) describes the number of
vacant sites on the surface available for NO dissociation. Consequently when f(u+v,w) =

0, no reaction is possible. In this case the u, v and w components satisfy the following
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set of transcendental equations:

kipco(l —u —v) = kyuexp [E(u + v)?], (4.13)
kipno(l —u —v) = kyvexp [E(u + v)?], (4.14)
w=0, (4.15)

with an additional constraint 0.61 < u + v < 1, coming from the expression for f. Such
solutions exist only for very large values of the pressures pco and pyo.

In what follows we will concentrate on the case where f(u + v, w) is positive. (This
means there are some vacant sites available for the NO dissociation. In this case the

transcendental equations for the components read in this case

kipco(l — u — v) — kyuexp [E(u + v)?] — kzuw = 0 (4.16)
kipno(l — u —v) — kyvexp [E(u + v)*] — ksvf(u + v, w) = 0 (4.17)
ksvf(u+v,w) — ksuw = 0. (4.18)

To study the bifurcation behaviour of the model we used a package of continuation algo-
rithms AUTO97 by Doedel et al [57].

In fig.4.1 we reproduce the 2D-bifurcation diagram where pco and pyo are the
bifurcation parameters. This diagram was first plotted in [105]. The dashed line is the
saddle-node bifurcation curve. This curve marks the transition from a single fixed point
to multiple fixed points in the space of the control parameters (pco, pno). The thick
solid line demarcates a supercritical Hopf bifurcation and the faint line a subcritical Hopf
bifurcation.

Inside the curvilinear triangle formed by the saddle-node bifurcation curve there
are three fixed points and only one outside it. To describe the multiple fixed points
it is convenient to use nullcline diagrammes. In fig.4.2 we plot three typical nullcline
diagrammes.

Fig.4.2(a) corresponds to the state with a low pgo pressure (which is found to
the left of the curvilinear triangle in fig.4.1). In this case there is only one fixed point
corresponding to a high NO and low CO coverage. We denote this type of fixed point A.
This fixed point is stable beyond the Hopf curve. Periodic chemical waves were observed
[65, 105] in the region where the fixed point is unstable. This simple stability analysis

explains why the chemical waves exist only on one branch of the Hopf bifurcation curve.
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Figure 4.2: Nullclines on the (u, v)-plane The solid line corresponds to the u, = 0 isoclines
while the dashed one represents the v, = 0 isoclines.

The control parameters in fig.4.2(b) are chosen to be inside the curvilinear triangle
where there are three fixed points. We denote these points A, B and C. The fixed point B
is always unstable. For this fixed point, the NO and CO coverages are of similar intensity.
The fixed point C is stable inside the curvilinear triangle, above it and to the right of
it. Unlike the fixed point A, it describes the state with a high CO and low NO coverage.
There is a small region of bistability of the fixed points A and B inside the curvilinear
triangle, in its upper left corner.

The control parameters in fig.4.2(c) are chosen above the curvilinear triangle of the
saddle-node bifurcation curve. The only fixed point that can arise here is the fixed point

which we have denoted C.

4.4 Pulses and their dispersion curves

In excitable media, such as the one described by the model under consideration, pulse-like
structures can be created from a stable homogeneous state by a suitable perturbation.
From the point of view of the system of the travelling wave ODEs, pulses can be considered
as homoclinic or heteroclinic orbits. Our model exhibits stable pulses over a wide range
of control parameters pco and pyo [209]. We have found stable pulse solutions decaying
to both stable homogeneous states A and C' as well as unstable pulses decaying to the

unstable homogeneous state B. In fig.4.3 we present typical profiles of pulses decaying to
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Figure 4.3: (a) The pulse over A with pco = 5.8027 x 1077 and pyo = 9 x 1077. (b) The pulse
over B with pco = 6.5x 1077 and pyo = 8.2754 x 10~7. The pulse over C where pco = 6x 107
and pyo =9 x 1077,

homogeneous states A, B and C, respectively. The most generic pulses are those decaying
to background C. Pulses decaying to A exist only in a small région of bistability of the
homogeneous state inside the upper-left corner of the curvilinear triangle formed by the
saddle-node bifurcation curve.

The dynamical properties of pulses depend on the way pulses decay to the corre-
sponding homogeneous background. The decay of the front of a right-going pulse can
be approximated by the negative eigenvalue with the smallest modulus of the system of
ODEs linearized about the corresponding fixed point. In a similar way, the decay of the
back of a right-going pulse can be approximated by the smallest positive eigenvalue of
the linearized system of ODEs. In fig. 4.4 the four eigenvalues with the smallest absolute
values of real parts are plotted as functions of the propagation speed, ¢. The pressure
parameters are chosen to be the same as in fig.4.2. In fig.4.4(a) there are two pairs of
complex-conjugate eigenvalues. Fig.4.4(b) explains why pulses decaying to the homoge-
neous background B look more like left-going pulses: the smallest absolute value belongs
to a negative eigenvalue real part. This means that the back of the pulses over background
B decays faster than its front.

The velocity of a pulse depends on the spatial interval on which the pulse is con-
sidered. This dependence, called the dispersion relation, is constant for large rings and
varies rapidly when the length of the ring becomes smaller. For the model at hand it
turns out that for all combinations of the control parameters the slope of the dispersion

curves is nonmonotonic. For small ring lengths, the dispersion is normal while for large

200
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Figure 4.4: Real parts of the four eigenvalues with the smallest absolute values. The lineariza-
tion was carried out about A, B, and C, respectively.

rings it is anomalous. It is important to know the shape of the dispersion curve because,
as we mentioned before, it can often explain the interaction between several pulses on a
ring.

We found that there are typically two types of dispersion curves for the model
at hand. In fig.(4.5) we plot these typical dispersion curves of single-pulse solutions.
Both dispersion curves are nonmonotonic, with well pronounced maxima. The difference
between them is that one curve has an additional unstable low-velocity branch, while the
second one does not. Although the pulses on the unstable branch do not have experimental
counterparts, they play an important role in the process of transforming pulses over one
homogeneous background to pulse decaying to another homogeneous background.

Roughly speaking, the single-branch dispersion curves are found on the right and
lower-right parts of the shaded region where pulses are stable. The two-branch dispersion
curves are found on its left and upper-left parts.

If one makes a horisontal slice above the saddle-node bifurcation curve, going in the
direction of decreasing CO pressures, The dispersion curves achieve their maximum values
for larger spatial intervals. The other tendency is that the maximum itself becomes less
pronounced as CO pressure id decreased. In a vertical slice the maxima of the dispersion
curves become less pronounced when the NO pressure is increased.

If we make a horizontal cut passing through the region of bistability of homogeneous
states A and C, the above-mentioned pattern is preserved. There is a transition from
pulses over C' to pulses over A. This happens through the formation of a heteroclinic

orbit connecting backgrounds B and C. In fig.4.6 we plot the pulse on a large ring for
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Figure 4.5: Dispersion curves for single-pulse solutions. The solid and dashed lines correspond

to stable and unstable pulses, respectively.

value of parameters which are close to the T-point (i.e. the point on the control parameters
plane where the heteroclinic orbit is formed). In this case the pulse consists of two flat
parts connected by steep fronts. The flat parts correspond to two different homogeneous
backgrounds. Further transition from pulses over B to pulses over A occurs on smaller
rings through the unstable branches of the dispersion curve. Fig.4.7 shows dispersion
curves for parameters close to this transition.

In fig. 4.7 the NO pressure is fixed to be 9 x 1077 mbar while the CO pressure is
varied. As the CO pressure is decreased, the dispersion curve starts pinching (fig.4.7(c))
and as a consequence of this, a closed-curve branch detaches from the rest of the semi-
infinite dispersion curve on small rings (fig.4.7(b)). The semi-infinite branch continues to
pinch and another closed curve branch detaches as the CO pressure is further decreased
(fig.4.7(a)). In fig.4.7(a, b) the pulses decay to the homogeneous background A. Fig.4.7(c,
d) shows the pulses over all three backgrounds. On the flat part of the dispersion curve at
large rings the pulses decay to the homogeneous background C but have a relatively large
flat part corresponding to the homogeneous state B. On the steep part of the dispersion
curve the pulses decay to the background B. On the flat parts of the dispersion curve the

pulses at small rings decay to the background A.

80
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Figure 4.6: The pulse profile for parameter values close to the T-point.

There is also another transition of pulses over C' to pulses over B in which case an
additional semi-infinite dispersion curve is formed, see fig.4.8. Here the CO pressure is
fixed while the NO pressure is varied. The pulses decay to the homogeneous background
C on the big branch in fig.4.8(a). On the upper branch of the small protrusion, the pulses
consist of two flat parts connected by steep fronts. The flat parts correspond to two
different homogeneous backgrounds, C' and B. On the lower branch of the protrusion, the
pulses decay to the homogeneous background C. As the NO pressure is decreased, the
protrusion widens (fig.4.8(b, ¢, d)). Eventually, different branches of the dispersion curve
recombine and split into two disconnected semi-infinite curves. In fig.4.8(e, f) pulses on
the higher velocity branch decay to the homogeneous background B and those on the
lower-velocity branch decay to the background C.

Increasing the CO pressure, all pulses loose their stability. As a result of this insta-
bility pulses of periodically oscillating width or more complex (but still regular) patterns
may arise as well as degenerate to the homogeneous solution. No chaotic behaviour has

been observed in direct numerical simulations of the system (4.1)-(4.3).
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Figure 4.9: Dispersion curve on which stable bound pairs of nonequidistant pulses are possible
for small ring lengths.

4.5 Pairs of equidistant and nonequidistant pulses

An important issue in the study of pulses in excitable media is the dynamical behaviour

of two or more pulses on a ring. Since we consider our reaction-diffusion system under the
periodic boundary conditions, it is clear that the configuration consisting of two identical
pulses on a ring of the double length will be a solution to the system. The kinematic
theory relates the problem of stability of wavetrains of equidistant pulses to the slope of
the dispersion curve of the single-pulse solution.

The essence of this approach is to consider pulses as point-like objects that interact
weakly only with their nearest neighbours. Assume that pulses do not change their shape
but their positions can deviate from the symmetric configuration. We apply the kinematic
approach to study the interaction of only two pulses on a ring Let z; and 2, be the positions

of two pulses on a ring of length 2L. The interaction between the pulses in the frame of
reference moving with the velocity ¢(L) is described by the equations:

Z1=1c(zg = 21) — (L), 23=1c(2L — 29+ 21) — c(L).

Linearizing this dynamical system in small deviations from the symmetric configuration
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Figure 4.10: Dispersion curve where there are no stable nonequidistant bound states.
€= 2y — 21 — L we obtain:

21 =C(L)(ze—2—=1—1L), 29=Cd(L)(L— 2z + 21),

where ' denotes the derivative with respect to the inter-pulse separation distance. The
eigenvalues of this linear nonhomogeneous system of equations are w; = 0 and wy, =
—2¢'(L), with the corresponding eigenvectors being (1, 1) and (1, —1) [49]. The zero
eigenvalue is due to the translational invariance of the two-pulse solution and the second
eigenvalue characterizes the interaction between of the pulses. Thus, the stability of the
wavetrain is determined by the slope of the single-pulse dispersion curve, ¢'(L).

For wavetrains of equidistant pulses this implies that they are stable if the slope of
the single-pulse dispersion curve is positive (normal dispersion) and are unstable if the
slope is negative (anomalous dispersion).

The nonmonotonic dispersion curve of a single pulse suggests that there are nonequidis-
tant bound pairs of pulses. The nonequidistant branch of the dispersion curve emerges
from the maximum of the dispersion for the equidistant wavetrain via a period-doubling
bifurcation. By analogy with the equidistant case, the stability of the nonequidistant
bound states in the framework of the kinematik theory is determined by the interaction

eigenvalue wy = —(c(21) 4+ '(22)). For large rings the sum of the relevant slopes is always
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Figure 4.11: Transition of bound states over the background C to bound states over B. Solid
line: u(z), dashed line: v(z) and dotted line: v(z).

positive and hence implies stability. Surprisingly, the linear stability analysis does not
confirm the stability predicted for large rings.

In fig.4.9(a) we present the dispersion curve for a wavetrain of two equidistant pulses
and the nonequidistant branch of bound states. The nonequidistant branch is stable for
small rings but becomes unstable for large rings through a subcritical Hopf bifurcation.
In fig.4.9(b) the profile of a nonequidistant bound pair is plotted. One can see that the
pulses are overlapping rather strongly and the second pulse has changed its shape. This
can serve as an explanation why the predictions of the kinematic theory are not confirmed.

When the dispersion of the single pulse does not have an additional unstable branch,
the emerging nonequidistant bound pair is unstable on rings of all lengths. In fig. 4.10 we
display a dispersion curve where the corresponding nonequidistant bound pair is always
unstable.

There is a counterpart of the transition of nonequidistant bound pairs over the
background C to nonequidistant bound pairs decaying to the background B. This happens
in the region of bistability of homogeneous solutions A and C. On the other hand, we
were unable to find the transition from B to A.

For all examined values of the control parameters the nonequidistant bound pairs
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Figure 4.12: Dispersion curve with stable nonequidistant bound states on relatively large rings.
Here pco = 5.6 x 1077 and pyo = 9.5 x 1077,

are unstable. However, since there are values of the control parameters for which the
dispersion curves achieve its maximum for large spatial intervals, we can choose the pres-
sures in such a way that the nonequidistant bound states will be stable on very large
rings. Such an example is plotted in fig. 4.12.

4.6 Concluding remarks

In this chapter we studied pulse solutions to an excitable reaction-diffusion system. The
transition between pulses decaying to all three homogeneous backgrounds available in
the system is uncovered. The stability results obtained within the kinematic theory are
shown to be consistent with the linear stability analysis for equidistant pairs of pulses.
In the case of strongly overlapping nonequidistant bound states; stablity on large rings
suggested by the kinematic theory is not confirmed by the linear stability analysis. The
nonequidistant bound states are found to be stable only on finite intervals.

The problem considered in this chapter was effectively one-dimensional. It would
be interesting to study its two-dimensional generalisation, and in particular to find two-

dimensional pulses and analyse their stability.
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Conclusions

1. We have studied the supercritical dynamics of solitons in the parametrically driven,
damped NLS equation. Using the multiple-scale asymptotic expansion we derived a re-
duced amplitude equation for the complex amplitude of the perturbation to the soliton
beyond the onset of the oscillatory instability. This fourth-order dynamical system cap-
tures the essentials of the supercritical dynamics of the soliton of the full, nonreduced NLS
equation and serves as a normal form for the oscillatory instability bifurcation. We have
found the relation between this normal form and the normal form of the Hopf bifurcation.
From the point of view of the reduced amplitude equation, the bifurcation taking place
for small values of the damping, v, has more in common with the oscillatory instability
bifurcation occurring for v = 0 than with the Hopf bifurcation characteristic for finite
7. We have thoroughly studied the reduced-amplitude equation by exploiting its classical
mechanical interpretation. The key observation here is that the amplitude equation de-
scribes the motion of a classical particle in a mexican hat-shaped potential subject to an
external torque. We have shown that in the undamped case all trajectories are unbounded
and therefore, the oscillatory instability does not give rise to stably oscillating solitons. In
the dissipative case the unbounded trajectories coexist with two periodic orbits, of which
the stable periodic orbit corresponds to a stably oscillating soliton of the NLS equation.
To identify the infinite-dimensional counterparts of the four-dimensional unbounded mo-
tions we performed a series of numerical simulations of the full, nonreduced NLS equation
and found three different scenarios of the development of the oscillatory instability. The
first scenario involves a slowly decaying, small-amplitude breather oscillating about the
zero background. In the second scenario we still observe a breather oscillating about the
flat background, but this breather has a large amplitude which continues to slowly grow.

Asymptotic expansions were derived for both these solutions. We have demonstrated
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that the actual selection of the first or second scenario is determined by the phase of
the initial perturbation. This explains why the reduced finite-dimensional system (being
phase-invariant) cannot predict which of the two scenarios will result from a given initial
condition. Finally, the third scenario arises for very strong perturbations in which case the
soliton dissociates into a pair of small-amplitude stable solitons propagating in opposite

directions with constant velocities.

2. We applied insights gained into the parametrically driven NLS equation to study
the synchronization achieved by introducing an impurity into an otherwise homogeneous
array of parametrically driven, coupled pendula. We analysed this problem in the small-
amplitude regime which can be reduced, in the continuous limit, to the parametrically
driven, damped NLS equation with a é-function term. A positive, respectively negative,
coefficient in front of the d-function term corresponds to a longer, respectively shorter,
central pendulum. We have shown that solitons can be nucleated spontaneously in systems
with impurities and therefore, solitons are even more generic occurrences in these systems
than in homogeneous nonlinear evolution equations. We found two explicit solutions,
describing solitons pinned on the impurity one of which was shown to be unstable against a
symmetric nonoscillatory mode for all values of the damping coeflicient, driver’s amplitude
and strength of the impurity. Accordingly, the subsequent analysis focussed on the soliton
of the second type. The energy-based considerations suggested, and direct numerical
simulations confirmed, that long impurity attracts and traps solitons while the short
impurity repels them. Similarly to the homogeneous case, solitons pinned on a long
impurity may become unstable to a symmetric mode but in the inhomogeneous case
the stability region is wider. The stronger the impurity is, the larger is the stability
region. As a result, the spatiotemporal chaos arising in the homogeneous system can be
suppressed by the introduction of a sufficiently long impurity. Introducing a shortening
impurity, on the contrary, contracts the region of stability against a symmetric mode.
However, since the soliton is repelled by the short impurity, the symmetric instability
will not be able to set in in this case. Thus both types of impurities, the long and the
short ones, should act as stabilizers on the chain: the long ones because they suppress
instabilities in some neighbourhood around them, and the short ones because they repel
solitons and thereby partition the chain into smaller subintervals. (The latter suppresses
long-wavelength instabilities.) The effect of closely situated multiple impurities remains
an open question however. Our simulations of the chain with two attractive impurities
revealed that the two solitons nucleated around the impurities develop spontaneous large-

amplitude oscillations — despite the fact that each individual soliton is stable in the
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parameter range in question.

3. Studies of the reaction-diffusion model of the NO-CO chemical reaction revealed
localized pulse solutions decaying to all three homogeneous backgrounds available in the
system. Pulses decaying to stable backgrounds are also stable in a large range of control
parameters. We have performed a detailed numerical study of dispersion curves associated
with the pulses. On the basis of this analysis we uncovered two scenarios of transition
between pulses decaying to different backgrounds. In both cases the transition occurs
via the formation of a heteroclinic orbit and the dispersion curve splits into two disjoint
curves. In the first scenario, the transformation occurs on a large ring while in the second
case the transformation occurs on a ring of a small length. We used the kinematic theory
to analyse the interaction between two pulses on a ring. The linear stability analysis
confirms predictions of the kinematic theory for the case of equidistant pulses. Namely,
the equidistant pulses are stable on finite rings if the slope of the single-pulse dispersion
curve is positive and unstable if this slope is negative. We also obtained nonequidistant
bound states of pulses. The branch of the nonequidistant pulses emerges from the point
of maximum of the single-pulse dispersion curve through a period-doubling bifurcation.
The stability of nonequidistant bound states suggested by the kinematic theory, was
not confirmed by the linear stability analysis and direct numerical simulations of the
system of PDEs. We have also found the transition between bound states of pulses
over different backgrounds. As opposed to a single-pulse case, bound states decaying to
different backgrounds were found to have different velocities on large rings.

Open problems. There are several avenues of further investigation. In particu-
lar, it would be of interest to explore whether the parametric driving and damping are
capable of “arresting” the collapse in two- and three-dimensional NLS equations. Can a
combination of these two perturbations give rise to stable 2D and 3D solitons?

In Chapter 3 we studied the possibility of taming chaos by solitons pinned on im-
purities. This mechanism does not work for values of control parameters for which the
soliton is unstable to continuous spectrum waves. It would be interesting to find out
whether chaos can be tamed by using a (pinned) spatially-periodic nonlinear wavetrain
instead of a soliton.

As a natural generalisation of our analysis of 1D pulses in the NO + CO reaction-
diffusion system, one can consider this reaction in 2D domains. The two-dimensional
analogs of the 1D pulses are spiral waves; it would be interesting to study their existence
and stability. The influence of the crystal defects on the formation and dynamics of pulses

and spiral waves is also worth investigating.
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