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Abstract

In this thesis we consider a Cauchy problem in a Hilbert space H for the equation of the Kirchhoff-type
in its abstract form

u'(t) + u'(t) + M (| AV ?u(t)[|*) Au(t) = 0,
with initial conditions
U(O) = o, ul(o) = um,

where 6 > 0, M is a suitable continuous function and A is some unbounded operator on the Hilbert
space H.

Under some smallness assumption on the initial data and the non-degeneracy condition, we establish
results of local/global existence together with the regularity and the asymptotic behaviour of the
global solution. The existence results are based on two main approaches developed in the literature,
namely the approach via the Schauder fixed point theorem and the Galerkin approximation method.
For both methods, suitable a priori estimates are established.
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Introduction

In 1883, Gustav Kirchhoff [73] proposed as a generalization of the well-known D’Alembert’s wave equa-
tion, a partial differential equation describing the oscillations of an elastic streched string particularly,
taking into account the subsequent change in string length caused by oscillations. Since then, this
equation became the subject of intense research attracting mathematicians, physists and engineers.
Precisely, Kirchhoff derived the nonlinear integro-differential equation:

O*u
_— — = < xr< >
"o { /’ }8372 0 O=w=l, 120, W)

where
e u=u(z,t) is the lateral displacement at the space coordinate x and time ¢;
e F is the Young modulus;
e p is the mass density;
e h is the cross-section area;
e L is the length;
e P is the initial axial tension.

The model including linear damping and external force is given by

0%u 6u

where 9 is the resistance modulus and f is the external force.
In general, the model (1) is extended in higher dimension N > 2 into the second-order hyperbolic
partial differential equation (PDE):

G~ ([ 190l dz) du = fw), Q

where Q@ C RV is a bounded domain with smooth boundary 9Q, A = sz\il 0%/0x? is the Laplace
operator, f is a nonlinear function (e.g., f(u) = £Ju|*u, o > 0) while M(r) is a non-negative locally
Lipschitz function for » > 0 like

M(r)=a+br7 witha>0, >0, a+b>0, v>0. (4)

In the case of (4), the equation (3) is called non-degenerate when a > 0 and b > 0, degenerate when
a =0 and b > 0, and is the usual semilinear wave equation when a > 0 and b = 0. In general, the
equation (3) is called non-degenerate if M(r) > mg > 0 for r > 0 and degenerate if M(r) > 0 for
7> 0. In the case where M may vanish but not at the initial time, i.e., M ([, ||Vu(x,0)|]2da:) > 0,
we say that the equation (3) is midly degenerate.

For the derivation of (1), besides the original source [73] as mentioned above, Carrier [26] gave later
a somewhat different description of the motion of an elastic string. This explains why the equation
(1) is also called the Kirchhoff-Carrier equation by some authors. We can also mention [8, 70, 98].



While results of local existence, for the initial boundary problem involving the Kirchhoff equation
(3) were obtained by several authors like Bernstein [20], Dickey [41, 42], Menzala [90] and even in the
context of Sobolev spaces (see e.g., [114, 115, 65]), the first global solvability result was established
by Bernstein [20] in dimension N = 1 for analytic initial data. Bernstein’s result was then extended
later in higher dimensions (N > 2), by Pohozaev [104], Arosio-Spagnolo [10], Kajatani-Yamaguti [68] .
Throughout the years, these results on the global solvability for analytical initial data were extended
and refined by several authors (see for instance, Nishihara [99], Ghisi-Gobbino [55]).

Several results on the global solvability for small non-analytical (mainly of class C*° with compact
support, Gevrey class) initial data are well established in the literature (see for instance,[25, 33, 34,
57, 89, 105, 116, 117]). We also mention that, for non-analytical initial data, some authors like
Pohozaev [103] and Menzala-Pereira [91] for instance, have obtained some global existence results,
using non-physical functions M (r) behaving like (ar + 3)2, a and 8 being positive constants.

Regarding the global solvability of the initial boundary value problem for the equation (3) in
the context of Sobolev spaces, the question is still open for bounded domains while some results are
available for unbounded domains (see e.g., [16])

In order to obtain results of global existence in bounded domains, some extra terms have been
added to the equation. Some authors modified the equation (3) in order to introduce some dissipative
effects. For instance, initial boundary problems with damping terms of the type

2y
86? — M(/Q HVuH2 dx) Au+g(uy) = f(u) in Qx[0,00),
u=0 on J9x [0700), (5)
u(z,0) = ug(z), w(w,0)=ui(x), x€Q

were proposed with g being an increasing continuous function with some growth assumptions.

Our focus in this thesis will be on the initial boundary value problem (5). Let us mention that for
g(u¢) = dug and f = 0, Brito [36] proved the existence and uniqueness of global solutions for sufficiently
small initial data by using the Galerkin approximation method. For g(u;) = du; and f = f(t)
then Nishihara [100] obtained the existence of global solutions of the problem (5) for sufficiently
smooth initial data. In the case where the Dirichlet boundary condition in (5) is replaced by the
Neuman boundary condition, Tkehata [60] has shown the existence of global solutions using Galerkin
approximation method as well. Later, Tkehata and Okazawa [63] used the Yosida approximation
method together with some compactness argument to obtain global solutions to the problem (5).

Ghisi and Gobbino [54] rather proposed an approach based on the Schauder fixed theorem to
derive the existence of global solution of (5) together with its asymptotic behaviour in the case where
g(ut) = duy and f = 0 under an assumption of smallness of the initial data.

We also recall that when M = 1 and g(u;) = duy, then (5) is the wave equation with linear
interior damping and a source term, for which Ikehata and Suzuki [64] investigated the dynamics
and have shown that, for sufficiently small initial data (ug,u;), the trajectory of the solution (u,u;)
tends to (0,0) in some Sobolev-LP norm as t — oco. Also, Georgiev and Todorova [53] have shown
for g(uy) = 6 Jug|™ tuy (m > 1) and f(u) = p|ulP~*u (u > 0 and p > 1) that, if the damping term
dominates over the source, then a global solution to (5) with M =1 (wave equation), exists for any
initial data. Many other results were established in the literature for the wave equation with nonlinear
interior damping and a source term (see e.g., [60, 112, 96, 1, 3]).

Several authors discussed the existence of a global decaying solution for (5) in the case where M (1)
is a non-constant function and g(u;) is nonlinear. For instance, Ikehata and Matsuyama [61] obtained
a global decaying solution of (5) in the case where

M(r)=mo+r7 (v>2),
g(ur) = 0ug|"ug, withd >0, 0<r<2/(N—-2) (0<r<ooif N=1,2)
Fu) = pluPu, 0<p<4/(N-2) (0< p<ooif N=1,2), j>0).

Other global solvability results for (5) in the case where M (r) is a non-constant function and g(uy)
is nonlinear have been established for instance in [62, 1, 3, 5, 72]. Let us also mention that models



with nonlocal interior damping such as g(u;) := o Auy (also called strong damping), were considered
(see e.g., [100, 81, 120]). Also, since viscoelastic materials are known to provide a natural damping,
which is due to the fact that those materials keep a certain memory, models of Kirchhoff equation with

¢
the visco-elastic additional term of the form / k(t — s)Audt, with k being a kernel, were considered
0

in [118, 79, 28, 94].

Other types of boundary conditions for the Kirchhoff equation have been considered in [123] as
well as boundary damping terms in [122, 81, 123]. Also, higher-order Kirchhoff-type equation have
been studied for instance in [80, 93]. Inspired by results on wave equations involving the p-Laplacian
operator A,u = div(|Vu[P~2Vu) (see e.g., [51, 43]), some authors studied the Kirchhoff-type equations
with the p-Laplacian operator (see e.g., [44, 13, 59, 69, 14]).

The Kirchhoff-type equations enjoyed such a popularity that they were studied even in noncylindri-
cal domains in [17, 27, 15, 16, 77]. Also, stationary Kirchhoff-type equations were studied through the
use of well-known techniques of nonlinear analysis such as the Palais-Smale compactness condition, the
mountain pass theorem (see e.g., [30, 85, 7, 86, 87, 31]). Notice that the nonlinearity M ([, | Vu? dz)
in (5) occurs quite frequently. Arosio [9] calls the term M( [, | Vul? dz) the Kirchhoff-correction
(briefly, the K-correction) and makes a reasonable statement that the K-correction is inherent in a
lot of physical phenomena. For example, the K-correction is present in various models of beams
[24, 47, 108] and plates [97, 113]. Let us also mention that models involving nonlinear coefficients de-
pending on some average appear in the description of several other real-life phenomena. For instance,
parabolic equations of the type

ut—M(/Qu(x,t) d:L‘)Au:f (6)

are studied in [29] as models for the reaction-diffusion describing the density of a population where
the diffusion of individuals is guided by the global state of the population in the medium. Inspired by
(6), some authors (like [56, 35, 50] studied the so-called parabolic Kirchhoff type equation

up — M(/ V32 d:v)Au =f.
Q

In this thesis, our focus is mainly on the initial boundary value problem with the hyperbolic Kirchhoff
type equation (5) for both linear and nonlinear damping. We present here the contributions by Brito
[36] and Ghisi and Gobbino [54] for linear damping g(u:) = 0 u; and also Kim et al. [72] for nonlinear
damping.

A well-known strategy to study the initial boundary value problem (5) as well as many other
evolution problems is to reformulate the problem as an abstract Cauchy problem on a suitable Banach
(functions) space. Then one solves that Cauchy problem using tools like the Galerkin approximation
method (see e.g., [36, 72]), the Schauder’s fixed theorem (see e.g., [54]), semi-groups (see e.g., [119])
and the Yosida approximation (see e.g., [2]) followed by suitable a priori estimates. Precisely, to a
possible solution u of (5), we associate a mapping that we will still denote by u from [0, 00) to some
Banach space V' of functions from 2 to R i.e., u : [0,00) — V is such that ¢ — u(?) : 2 — R defined
as follows,

u(t)(x) =u(z,t) Ve, t>0.

The problem (5) is then transformed into the Cauchy problem
w' + M ([[A2) du+ g() = fu) i [0,00) -
uw(0) = ug, u(0) =uy.

Some authors refer to the formulation (7) as the Kirchhoff type equation and the setting is often
presented as follows. Let H be a Hilbert space with scalar product (-, -) and norm ||-||. Let A: H - H
be a self-adjoint linear non-negative operator with domain D(A) :=V (i.e., (Au,u) >0 Yu € D(A))
and D(AY?) := W. Given f : V — H we consider the problem of finding the global solution of the
Cauchy problem (7) and study its asymptotic behaviour.



Structure of the thesis

This thesis is organized as follows. In Chapter 1, we first derive (for the reader’s convenience the
Kirchhoff equation(1) and we collect all the preliminaries results that are used in the thesis. Chapter
2 is based on the work of Brito [36]. We show how Brito obtained his global existence result for linear
damping i.e., g(u') = 0’ and f = 0, following the standard approach that combines the Galerkin
approximation method with the a priori estimates. Another global existence result due to Ghisi and
Gobbino [54] presented in Chapter 3 is obtained through a combination of the Schauder fixed point
theorem and some suitable energy inequalities. In Chapter 4, we present a global existence result
for a Kirchhoff model with a nonlinear damping by Kim et al. [72], where the nonlinearity satisfies
some growth assumptions. Once again the global existence result is obtained using the Galerkin
approximation method and some integral inequalities due to Haraux [58]. Having understood the
methods and techniques used in the literature for the study of the Kirchhoff equation, we propose in
the last chapter on conclusion and ongoing research, to study the problem in [72] (studied in Chapter
4) through the approach in [54]. We also present some new problems to be considered.



Chapter 1

Preliminaries

In this chapter, we recall some essential notions and concepts from abstract analysis that will be
used throughout this thesis, as well as some results on LP-spaces (1 < p < 00), Sobolev spaces
and some methods used in the study of ordinary differential equation or evolution problems. Let
x = (x1,22,...,x,) be a generic point in an open subset Q2 of R™. Given a vector a = (a1, as,...,a,)
in R, we denote by |a|* = % 1 lail* the Euclidean norm of the vector a. Let u : @ — R be a
function. We recall that u,, is the partial derivative of u with respect to the ith variable z; and the
gradient and Laplacian of u are Vu = (ugy, gy, - - -, Uz, )T and Au= "1, uii, respectively.

C(€2) denotes the space of continuous functions from € to R while C'(2)"™ is the space of continuous
functions from Q to R™, Cy,(Q) is the space of bounded continuous functions from the closure € of Q

to R equipped with the norm ||ul|, := sup |u(z)|.

z€ef)
For every k > 1 integer, C*(Q) is the space of continuous functions together with their partial deriva-
tives up to order k and C*(Q) is the space of function in C*(Q) having a compact support contained
in . We also recall that C*(Q) denotes the space of the restrictions to € of functions in C¥(R"). We
recall also that C2°(Q2) = D(Q) is the space of infinitely differentiable functions with compact supports
in © and is also called the space of test functions.

Theorem 1.1 (Ascoli Arzela).
Let (X,dx) and (Y,dy) be two metric spaces with (X,dx) compact and (Y, dy) complete. Let F be a
family of continuous functions from X into Y. Then F is relatively compact in C(X,Y") if and only if

(i) F is an equicontinuous family;
(ii) for every x € X, the set F(x) :={f(x): f € F} is relatively compact in Y.

Definition 1.2 (Convex set)
Let V' be a vector space over the scalar field K = R, C. The set C' C V is convex if the line segment

[z,y] ;= { Az + (1 —=XNy:Xe]0,1]}
joining any two points « and y of C lies entirely in C.

Definition 1.3 (Bounded bilinear form, coercive bilinear form)
Let b(.,.) : V x V — R be a bilinear form on the Banach space V.Then it is bounded if

|b(u, v)| < M||u|lv|v]v Vu,v eV, M >0,
where the constant M is independent of u and v. The bilinear form is coercive or V-elliptic if
b(u,v) > m|ul|}y Vu € V,m >0,

where the constant m is independent of u.



Definition 1.4 (Gronwall’s Inequality (integral form).
Let £(t) be a nonnegative, summable function on [0, 7] which satisfies for a.e. ¢ the integral inequality

t
f(t) < 01/ f(s)ds%— Cy
0
for constants C7,Co > 0. Then
£(t) < Cy(1 4 Cptetrh)

forae 0<t<T.
In particular, if

£t) < O /0 £(s)ds

for a.e. 0 <t < T, then
£(t)=0 a.e.

1.1 Strong and Weak Convergence

Definition 1.5 Let (V,|| - ||) be a normed space over the field K = R or C.

e (Strong Convergence). A sequence (u,) is said to be strongly convergent (or convergent in the
norm) if there is an u € V such that

lim |u, —u|| =0,
n—oo
written
Uy — U,
u is called the strong limit of (u,), and we say that (u,) converges to u.

e (Weak Convergence). We say a sequence {uy}3>,; C V converges weakly to u € V, written
Uk — U,

if
(u* ug) — (U™, u).

For each bounded linear functional u* € V.
It is easy to check that if up — u, then up — wu. It is also true that any weakly convergent
sequence is bounded. In addition, if ug — u, then

||| < liminf||ug].
k—o0

e (Weak Star Convergence). A sequence (f,) C V' is weak star convergent to f € F* if f,(u)
converges to f(u) for all u € V.
Note that, the weak star limit of (f,) € V is unique and if the space V is reflexive, then we
can replace 4 € V'’ with u € V to show that weak star convergence implies weak convergence.
Therefore weak and weak star convergence are equivalent on reflexive Banach spaces.

Definition 1.6 (Dual space) The dual space of V', denoted by V”, is the space of all linear functionals
on V;ie V' := L(V,K).

Definition 1.7 Let V be a normed space and V" = (V')" denote the bidual space of V. The canonical
map u € V — 4 € V” defined by (4, f)y» v = (f,u)yr v, for every f € V', the space V is called
reflexive if the canonical map is surjective, in that case V can identified to V".



Theorem 1.8 (Weak compactness). Let V be a reflexive Banach space and suppose the sequence
{ur}pe, C V is bounded. Then there exists a subsequence {uy;}32, C {ur}p2, and u € V' such that

Ukj — U.

In other words, bounded sequences in a reflexive Banach space are weakly precompact. In particular,
a bounded sequence in a Hilbert space contains a weakly convergent subsequence.

1.2 Spectral analysis for compact and self-adjoint operators

The Galerkin approximation method used in this thesis relies on the existence of the so-called Hilbert
basis in the main Hilbert space. This is often obtained through the spectral analysis of some operator.
In this section, we present briefly the key aspects of the spectral analysis of an operator from the
definition of a spectrum of an operator to the spectral decomposition of compact self-adjoint operators.

1.2.1 The spectrum

Definition 1.9 Let (V,||-||,/) be a Banach space and let L € L(V'). The resolvent set of L is defined
by
p(L) :== {A € C: A — L is bijective from V to V}.

The spectrum of L

o B ) e A\l — L is not injective or

o(L)=C\p(L) = {)\ €C: { e )\ — L is injective but not surjective } '

A number A € C such that the mapping AI — L is not injective, i.e., N(AI — L) # {0y} is called an
eigenvalue of L and the set of all eigenvalues of L is denoted by o, (L).
Notice that since L € L(V), whenever A € p(L) it follows from the open mapping theorem that
(A —-L)"teL).

1.2.2 The adjoint operator

Definition 1.10 Let (V,|-||;;) and (W, |||;;;) be two normed spaces with dual spaces V' and W’
respectively. Let L € L(V,W). Then the adjoint operator T* € LIW', V') of T defined by

<T*U)*,’U>V/7V = <w*,Tv>W/7W Yw* € W/, YoeV.

Remark 1.11 Whenever V and W are Hilbert spaces with scalar products (-,)y and (-, -)w, then
identifying the spaces to their duals we get L* € L(W, V) and

(L*w,v)y = (w, Lv)w YveV, Vwe .
Definition 1.12 Let (H,(+,-)) be a Hilbert space. The operator L € L(H) is said to be self-adjoint

if L* = L. That is
(Lu,v) = (u, Lv) Vu,v e H.

1.2.3 Compact operators

Now we introduce a class of operators having interesting spectral properties even infinite dimensional
spaces and which play an important role in the study of ordinary and partial differential equations as
well as integral equations.

Definition 1.13 Let (V|- ||v) and (W,|| - |lw) be two Banach spaces. An operator T' € L(V, W) is
called a compact operator if T'(By ) has compact closure in W. Equivalently, T is compact if for every

norm-bounded sequence (u,) C V, (T'(uy)) has a strongly convergent subsequence in W. We denote
the set of compact operators from V to W by K(V, W) and write (V) = K(V, V).

10



Theorem 1.14 (Spectral theorem for Compact, Self adjoint Operator). Let A: H — H be
a compact, self adjoint operator on a Hilbert space H. There is an orthonormal basis of H consisting
of eigenvectors of A. The non-zero eigenvalues of A form a finite or countably infinite set (\) of real
numbers, and

A= NPy, (1.1)
k

where Py is the orthogonal projection onto the finite dimensional eigenspace of eigenvectors with eigen-
value \. If the number of non-zero eigenvalues is countably infinite, then the series in (1.1) converges
to A in the operator norm.

The initial boundary value problems (IBVPs) considered in this thesis are transformed into Cauchy
problems governed by ODEs on Banach spaces. We will be having an abstract framework with the
following structure: Let (H,(-,-)n) be a real Hilbert space with ||-||; being the norm induced by the
scalar product (-,-)y. Let A: H — H be a linear operator with domain V' = D(A) dense in H. We
assume that the operator A is self-adjoint and (strictly) positive. This implies that there exists o > 0
such that (Au,u) > a ||lul|3. Hence, we obtain a scalar product on V defined by

(u,v) 4 := (Au,v) g Yu,v e V
with norm induced
lull 4 := (Au,u)}? YueV.

equivalent on V' to the norm ||-||; . Hence, (V,(-,)4) is a Hilbert space. Under these assumptions, we
get the so-called Hilbert triple: V = D(A) ¢ H C V' with H identified to its dual H'.
The following spectral theorem holds.

Theorem 1.15 Assume that the operator A is such that the space V is compactly embedded in H.
Then, under the assumptions above, there exists a sequence (A,) of eigenvalues of the operator A such
that

D<M <X<...< X\ <... with M\ — 00

and an orthonormal system of eigenvectors (wy,) with Span(w,: n > 1) dense in H.

Proof: The idea is to first prove the operator A is invertible and that the inverse operator A™! is
compact. First of all let f € H. We seek a unique u € D(A) such that A(u) = f. Let us define F € V'
by (F,v)ywy = (f,v)g Yv € V. Then, by the Riesz’s representation theorem, it follows that there
exists a unique u € V such that

(Foo)yry = (A(u),v) <= (f,v) = (Au),v) YoeV.

Which, since V' is assumed dense in H, gives A(u) = f. Also, from Cauchy-Schwartz inequality and
the coercivity inequality we get

1
lullzr < — 1f 1l

which implies that the operator A is invertible and its inverse A~! is continuous. Hence, every bounded
subset B of H is mapped to A~1(B) a bounded subset of V. Now since, V is compactly embedded in
H, we have that A~ (B) is a relatively compact subset of H. Therefore, A~! is a compact operator.

1.2.4 Spectral Resolution of Identity

Definition 1.16 (Spectral resolution of identity)
A family {P) : A € R} of orthogonal projections on a Hilbert space V' is called a spectral resolution of
the identity if it possesses the following properties:

(1) P)\P)/\ = Pmin(x\,)\/);
(ii) there exist real numbers a and 8 such that

P,=0 VA€ (—oo,a) and Py=1 VXeE|[B,);

11



(iii) for every v € V, }1&1 Pyv = Py,v. Thus, A\ — P, is an ”increasing” projection valued function on
0

the real line.

Definition 1.17 For every A in R, define the operator Py by
Pyi= Y E
(co(A),¢<A

where E¢ are the spectral projections. The family {Py}xcr is called the spectral resolution of the
identity associated to the self ad-joint operator A

Proposition 1.18 Let {Py} be the spectral resolution of the identity associated to the self adjoint
operator A, the following hold:

(i) for every A in R, the operator Py is the orthogonal projection onto

D N

Cea(A):(<A

(i) if X < Cmin, then Py =0, and if X > Cnaz,then Py = I;
(iii) P\P, = Pmin()\,u);

(iv) for each Ao in R, the map X\ +— Py is constant in a right neighbourhood of Ag. Hence

lim Pyv = P, :
/\13)\1%) \U U Vv eV

(v) for each pair v and w in V, the function A\ — (Py\v,w) is a step function(hence of bounded
variation). In particular, if ; < --- < (N, are the distinct eigenvalues of A, then

Ny
(Pyv,w) =Y (E¢jo,w)1(¢j00)(N);
j=1
(vi) for each v and w in'V
(v, w) —/ d(Pyv,w) and |vl|? —/ d(Pyv,v),

where these integrals are (Lebesque-) Stieltjes integrals with respect to the measures associated to
the distribution functions A — (Pyv,w) and X\ — (Pyv,v) respectively.

1.3 The LP-spaces for real valued functions

We assume that the open subset € is equipped with the Lebesgue measure that we denote by dx. For
1 < p < 0o we define the space of classes of functions LP(Q2) by

LP(Q) := {classes of measurable functions u : Q — R such that / |u(z)Pdx < oo}
Q

full = ([ tutoeas) "

We say that a measurable function u :  — R is essentially bounded if there exists a > 0 such
that |u(z)| < « for a.e. € Q and the space L>(2) is defined as

equipped with the norm

L°°(Q) := {classes of measurable functions u : 2 — R essentially bounded}

12



and is equipped with norm

|l = ess-sup |u(z)| ;= inf{a > 0: |u(x)| < a for a.e. z € Q}.
z€eQ)

Also, the space L] (Q) is defined by

LP

loc

(Q) := {classes of u : @ — R measurable such that flx € LP(Q) VK C Q compact},

where 1x denotes the characteristic function of the set K.
We recall that (LP(Q), [-]|,) (1 <p < oo) is a Banach space and L?(2) is a Hilbert space equipped
with the scalar product

(u,v) := /Qu(:z:)v(:z:) dr wu,v € L*(Q).

Theorem 1.19 (Dunford-Pettis). Let F' be a bounded set in L'(2). Then F has compact closure
in the weak topology o(L', L) if and only if F is equi-integrable, that is

(a)

Ye>0 3 0>0 such that
J4lfl <e YACQ, measurable with |A|<0d, VYfeF

Ve>0 3 wCQ measurable with |w| <oo such that
fﬂ\w’f‘ <e VfeF

1.4 Sobolev spaces for real valued functions

Sobolev spaces are natural generalizations of the Lebesgue spaces LP. Simply stated, if Q C RY is an
open set, 1 < p < oo, and k is a positive integer, the Sobolev space W*P(Q) consists of functions (or
equivalence classes of functions) in LP(Q2) whose partial derivatives up to order k are in LP(2). We
will start by giving a more precise definition of what we mean by ’partial derivatives’, since these are
not defined in the classical sense. Throughout these section, dz refers to Lebesgue measure on RV
and we assume that all functions are real-valued. We will also identify elements of LP with functions.
Before discussing weak derivative, we introduce some notation. Let C.(€2) denote the class of con-
tinuous real-valued functions on 2 with compact support and denote CZ° as the subset of smooth
functions. We also, use the definition of LI (€) in section (1.3) and note that L} (Q) C L},.(Q)
whenever 1 < p < cc.

If u and ¢ are C' functions on © and ¢ has compact support, then

/u@kgodx:/akugoda:,
Q Q

where 0y, = 0/0,, . This can e.g. be proved using Fubini’s theorem and the usual integration by parts
formula in one dimension. We take this as our definition of weak derivatives.

Definition 1.20 Let u € L] (). We say that f is weakly partially differentiable with respect to xy

loc

if there exists a function v € L} (Q) such that

loc

/u@kgodz:—/vgodx for every ¢ e C°.
Q Q

13



If u is weakly partially differentiable with respect to xx, we call v the weak partial derivative of u with
respect to zp and denote it by Opu. More generally, if « is a multi-index, we say that v € Llloc is the
ot weak derivative of u if

/uDagodx——(1)|a/v<pdx for every ¢ e C.
Q Q

Where D%p = 883: L Epp %Lp. For the above definition to make sense then the weak derivative v must
1 1

be unique up to a set of measure zero. This is a consequence of the following:

Lemma 1.21 (Uniqueness of weak derivatives). Let v,v € Li. () be such that

loc

/uDO‘goda::(—1)“|/vg0da::(—1)|a/vcpda: for every ¢ e C(Q).
Q Q Q

Then
/(v —v)pdr =0 for all ¢e CF(NQ),
Q

where v —v =0 a.e.

We remark that a weak o!-partial derivative of w, if it exists, is uniquely defined up to a set of
measure zero.

Note that, if u is k-times continuously differentiable on €, then, for each « with |a| < k, the classical
partial derivative D%u is also the a'® weak derivative of u. For this reason, we use the notation D%u
also for the o' weak derivative of wu.

The Sobolev space are indispensable tools in the study of boundary value problems. We are now going
to define the Sobolev space.

Definition 1.22 Let k£ be a non-negative integer, k € Z,, and let 1 < p < co. The Sobolev space
WkP(Q) is defined as the set of all functions u € L}, (£2) such that for each multi-index o with |a| < k,
the at-partial derivative D®u exists and belongs to LP(Q).

The norm in the space W#?(Q) is defined as

(> fQ | Dul” )dw)l/p when 1<p< oo

LP(9
lullprmgy = { <=
> esssupq ”Dau||Loo(Q) when p = co.
o] <k

We note that WOP(Q) = LP(2), and when p=2, we write W"2(Q) := H*(Q). It is not difficult to see
that W*P(Q) is a normed space. Moreover, we have the following results, which summarize the basic
properties of Sobolev spaces.

Theorem 1.23 Let Q be an open bounded set in RN, k € Z, and 1 < p < co. Then:
(i) WEP(Q) is a Banach space;
(ii) WEP(Q) is reflezive if 1 < p < oo;
(i4i) WkP(Q) is separable if 1 < p < oco.
Corollary 1.24 The Sobolev space H*(Q) is a separable Hilbert space with the inner product

(u,v) gr(q) = Z (D%u, D)2 :/ Z D%, D%%dzx V¥ u,ve H¥Q).
la|<k 2 al<k
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The closure of the space C§°(Q2) with respect to the norm || - ||, (€2) gives a closed subspace of
WkP(Q), denoted Wéﬁ’p(Q). When p = 2, we use the notation HF(Q) = Wéﬂ’Q(Q). It follows from
Theorem 1.23 and Corollary 1.24 that W(f P(Q) is a Banach space and HE(Q) is a Hilbert space. It

can be shown that the seminorm | - ]Wk,p(Q) is a norm on Wg’p(Q) and there exists a constant ¢ > 0
such that
k7
lulwrs) < lullwee@) < clulwro@)  Yu € Wy (Q).

Theorem 1.25 Assume that 2 is bounded and 0S) is C*. Then there exists a bounded linear operator
T : WhP(Q) — LP(0R), called the trace operator, such that Tu = ulspq if u € WHP(Q) N C(Q) and
[Tullpra0) < Cllullwre for each u € WLP(Q), with the constant C that depends on p and q only.

We state that Tu is the trace of u on 9€2. Now, we need to examine what it means for a function to
have zero trace.

Theorem 1.26 Assume that Q is bounded and 9S) is C*, and u € WHP(Q). Then u € Wol’p(Q) if and
only if Tu =0 on 0S.

Theorem 1.27 (Gagliardo-Nirenberg-Sobolev inequality).
Let 1 < p < N. Then there exists a constant C, depending only on p and N, such that

[ullLre @) < CllDullpr(a),
for all w € CX(Q) and u have a compact support.

Definition 1.28 If (X, ||| x) and (Y, ||-||y) are Banach spaces, we say that X is compactly embedded
in Y, denoted X CC Y provided ||z||y < C||z|x, (z € X) for some constant C, and each bounded
sequence in X is precompact in Y.

The idea is to show that if u € W*P(Q), then, in addition to u € LP(Q), W*P(Q) is also embedded
into other Li-spaces. Let N > 3, for 1 < p < N and define the Sobolev conjugate of p to be
«._ Np
P

N —p

Theorem 1.29 Let Q c RY be a bounded domain in RN with smooth boundary and 1 < p < N.
Then WHP(Q) < LP"(Q) and there exists a constant C' > 0, dependent only on p, N and S, such that

lullr < Cllullwis  for every ue W'P(Q).

We will use alternative notation and write

1/p
IVull, = ( / |Vu|pda:)
Q

for u € W1P(Q). In Wol’p(Q) we have even better results.

Theorem 1.30 (Rellich-Kondrachov Compactness Theorem).
Assume Q is a bounded open subset of RY | 0Q is a C' and 1 < p < N. Then WHP(Q) cC L4(Q) for
every 1 < g < p*.

Remark 1.31 [t follows that Wol’p(ﬂ) is also compactly embedded into L9(S2) for every 1 < g < p*.

Remark 1.32 The embedding is not compact when ¢ = p* (for N > 3).
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Theorem 1.33 (Poincare’s Inequality)
Let Q be a bounded, connected, open subset of RN with a boundary 0 in C*. Assume 1 < p < oo,
then there exist a constant C, depending only on p,q, N and §, such that

v — (wallzr) < CllDullLr(q)
for each u € WLP(Q).

Remark 1.34 The above theorem implies that when €2 is bounded, the norm [[ul| ;1.0 := || Dul| s (),
0
for each u € Wol’p(Q).

Theorem 1.35 (Rademacher theorem).
Let Q be an open subset of RN and let f: Q — R be a Lipschitz map. Then f is differentiable almost
everywhere.

1.5 Functions taking values in a Banach space

Bochner spaces

In this section, we deal with functions defined on a bounded interval on (0,7") with 0 < 7' < oo and
taking values in a Banach space (V,|-||/). Let V' be the dual space of V' with (-, -}y denoting the
duality brackets.

Definition 1.36

(i) A function u : (0,7) — V is called simple if it takes only a finite number of values v; € V' and
E; = u!(v;) is Lebesgue measurable and in that case, the integral of the simple function u is
defined as fOT u(t) dt =) gpite meas(A;)v;.

(ii) We say that w: (0,T) — V is strongly measurable if u is a pointwise limit (in the norm on V') of
a sequence (uy) of simple functions, i.e., ||ux(t) — u(t)||;, — 0 for a.e. t € (0,T).

(iii) We say that u: (0,7) — V is weakly measurable if t € (0,7) — (u*,u(t)) is measurable for every
ut eV

We recall the following theorem by Pettis [102].

Theorem 1.37 If the Banach space (V, ||-||/) is separable, then w is strongly measurable if and only
if it is weakly measurable.

Definition 1.38 (Bochner integral)
A function u : (0,7) — V is Bochner integrable if there exists a sequence of simple functions u, :
(0,T) — V such that the following two conditions are met:

(1) nh—>nolo lun(t) —u(t)|l,, =0 for ae. t € I;

T
@) lm [ fua(t) — at)]y dt =0.

n—oo 0

If u is Bochner integrable, then the limit

T T
/ u(t) dt := lim un(t) dt
0

n—oo 0

called the Bochner integral of u, exists in V and is independent of the sequence (uy,).

Theorem 1.39 Let u: (0,7) — V be Bochner integrable function. Then
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(#) Let (W, ||-|lyy) be another Banach space and L : V. — W be a linear continuous mapping, then
the function Lu :t € (0,T) — Lu(t) € W is also Bochner inegrable and

L (/OTu(t) dt> _ /OTL(u(t))dt.

In particular, for every u* € V', the function (u*,u(-)) is integrable and

<u*,/0Tu(t) dt> :/OT<u*,u(t)>dt.

The following theorem by Bochner gives a characterization of Bochner integrability of a function
w: (0,7) = V in terms of the summability of the real valued function t € [0,T] — ||u(t)||; .

0|

Theorem 1.40 (Bochner)
A functionu : (0,T) — V is Bochner integrable if and only if it is strongly measurable and fOT lu(t)]y dt
< 00.

Remark 1.41 As in the case of the Lebesgue integral for real valued functions, we also regard here
functions that are equal a.e. as equivalent and identified them. They have the same Bochner integral.

The dominated convergence theorem also holds for Bochner inegrals.

Theorem 1.42 Let (f,) : (0,7) — V be a sequence of Bochner integrable functions such that
limy, o0 |un(t) —u(t)]],, = 0 as n — oo for a.e. t € (0,T) and there exists a summable function
g:(0,T) = R such that

lun(O)|ly, < g(t)  for a.e. t € (0,T) and every n € N.

Then u : (0,T) — V is Bochner integrabe and
T T T
fim [ un(t) di = / wtydt  and T | Jun(t) —a(®)lly = 0.
0

n—oo 0 n—oo 0

We now introduce the LP-spaces of V-valued functions that are used for the study of evolution prob-
lems.

Definition 1.43 For every 1 < p < oo, the spaces LP(0,7;V) consists of all classes of strongly
measurable functions u : [0,7] — V such that fOT lu(t)|} dt < co and is equipped with the norm

T 1/p
el ooy = ( [ ok dt) Vu e V0, T V).

The space L>(0,T; V) consists of classes of strongly measurable functions u : [0,7] — V such that

ess- sup |lu(t)||y, < oo with norm
t€[0,T)

[ull oo (0,71 = €ss- sup_lu(t)|ly,  Vu € L*(0,T5V).
te[0,7)

We collect in the next theorems some key properties of the LP-spaces of V-valued functions.
Theorem 1.44
(i) (Banach) If (V,||-[ly/) is a Banach space, then the normed space (LP(0,T; V), ||| oo 1,v)) (1 <

p < 00) is also a Banach space.
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(it) (Density) The vector subspace of simple functions
S = {u = Z vilg,: v; € V and E; measurable subsets of [O,T]}
finite
is dense in LP(0,T; V). Moreover, by mollification w.r.t. t also the vector subspace
Se:={u= Z vipir v; €V oand ¢; € C(0,T)}
finite
is dense in LP(0,T;V).

(11i) (Duality) Let 1 < p < oo and (V,||-||y/) be a reflexive Banach space with dual space V', then
the dual space LP(0,T; V") of LP(0,T;V) is isomorphic to LP (0,T; V') for 1/p+ 1/p’ and the
duality brackets between L¥' (0,T; V') and LP(0,T; V) is defined by

T
(i = [ UOuO)de f e 'OV, Yue DO.TV).
’ 0
We are now in a position to introduce Sobolev spaces of V-valued functions.

1.6 Sobolev spaces of V-valued functions

We will first start as in the case of real valued functions, with the concept of weak-differentiability.
Since we deal with V-valued functions with V' having the strong topology (induced by the norm
|-[l,; and some weak topology), the notion of weak differentiability in this case might be confusing.
Therefore, it is more important to be clearer as possible in this section.

Definition 1.45 (Strong continuity - strong differentiability)
(i) We say that u: (0,7) — V is strongly continuous at ¢ € (0,7) if limt u(s) = u(t) in (V,|||ly)-
S—>
(ii) We say that w: (0,7) — V is strongly differentiable at ¢t € (0,7T) if

o us) = u(t)

lim - exists In (V, ||||V)

and the vector

v/ (t) := lim 7u(5) — u(t)
is called the strong derivative of u at t € (0,7).
Moreover, a function u : (0,7) — V is continuously differentiable in (0,7") if u is strongly
differentiable at every ¢t € (0,7 and its strong derivative v’ : (0,7) — V is a strongly continuous
function.

As in the case of real valued functions, the above-mentioned notion of strong differentiability excludes
classes of functions which naturally arise from the study of various physical phenomena. Therefore,
the notion of distributional or weak derivative has been introduced in order to accommodate such
classes of functions.

Definition 1.46 (Weak differentiability of V-valued functions)
A function u € Lj_ (0,T;V) is weakly differentiable with weak derivative v = Dyu € Li, (0,T;V) if
the following identity holds

T T
/ g’ dt = —/ v dt Vo € C°(0,T), (1.2)
0 0
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where the integrals in (1.2) are Bochner integrals.

In general, for every integer j > 1, if there exists a function v; € L{ (0,7 V) such that

T T
/ g dt:(—l)j/ vipdt Ve CX(0,T). (1.3)
0 0

Then, we say that the function v; is the weak derivative of the function u of order j and is written
v; = DYy
j = U

Remark 1.47 Quite often, the study of initial boundary value problems presents situations involving
two banach spaces (V,|-||;;) and (W, ||-||y,) with J : V' — W a continuous embedding such that

u € LP(0,T,V) and v = Dyu € L9(0,T,W). In that case, one needs to define a W-valued weak
derivative of a V-valued function. This often done through the identities

J (/OTugoldt> = /OT(Ju)goldt = —/OTcht(Ju) dt .

Thus, we can identify v and Ju and use (1.2) to define the W-valued weak derivative of a V-valued
function.

Theorem 1.48 (Lebesgue differentiation)
Let (V,||-|ly/) be a Banach space that can be assumed w.l.g. separable and let w € L*(0,T;V). Then

1

t+h
u(t) = h/t u(s)ds  fora.e. t € (0,T).

Corollary 1.49 Let u € L} (0,T;V) be such that

loc
T
/ updt =0 Vo € C°(0,T),
0

then u(t) = 0 for a.e. t € (0,T).

Corollary 1.50 If the function u : (0,T) — V is weakly differentiable and Dyu = 0, then f is constant
a.e. in (0,T).

As a consequence of the Lebesgue differentiation theorem (1.48) and the corollaries (1.49) and (1.50)
we have the characterization of a weakly differentiable function as the Bochner integral of a Bochner
integrable function.

Theorem 1.51 Let (V,||-||;) be a Banach space and u € L*(0,T;V). Then u is weakly differentiable
with Bochner integrable derivative Dyu = v € LY(0,T; V) if and only if

u(t) = v +/0 v(s)ds.

In that case, the function u is strongly differentiable a.e. and its strong derivative coincides with its
weak derivative.

We also have in the following theorem, a characterization of weak derivative of a V-valued function
in terms of weak derivatives of the real-valued functions obtained by duality.

Theorem 1.52 Let (V,|-||/) be a Banach space with dual space V'. The function w € L*(0,T;V) is
weakly differentiable with weak derivative Dyu = v € LY(0,T; V) if and only if for every u* € V', the
function (u*,u) : (0,T) — R is weakly differentiable with weak derivative

d

Sl w) = (U’ v)

that is,
T T
/ <u*,u)cp’dt——/ (u*,v) pdt Vo € C°(0,T).
0 0
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We are now in a position to define Sobolev spaces of V-valued functions also called Bochner Sobolev
spaces.

Definition 1.53 Let (V,||-||,/) be a Banach space. Let m € Nand 1 > p < co. The V-valued Sobolev
space W™P(0,T; V) consists of all (equivalent classes of) strongly measurable functions u : (0,7) — V

whose weak derivatives ng)u of order 0 < j < m belong to LP(0,7;V). For 1 < p < oo, the space
W™P(0,T;V) is a Banach space when equipped with the norm

1/p 1/p

o) = Z/ | D! ar ZHD o

LP(0,TV)
For p = oo, the space W™°(0,T;V) is a Banach space when equipped with the norm

[ullyym.oo 0,1y = sup HD]) H

1<j<m Lo (0,T5T)

When p = 2 and V = H a Hilbert space with scalar product (-,-)y then W™2(0,T;V) = H™(0,T; H)
is a Hilbert space with scalar product defined by

(U U)H’”(OTH Z / D(J u, D(]) )H dt VU V€ Hm(O T H)
1<j<m

We also have the following embedding theorem known for real valued Sobolev spaces.

Theorem 1.54 Let 1 < p < co. Then WYP(0,T;V) — C(0,T;V) (the space WP(0,T;V) is con-
tinuously embedded in C(0,T;V)), i.e., There exists a constant C = C(p, V) > 0 such that

||U”L<><>(0,T;V) <c HUHWLP(O,T;V) Yu e WHP(0,T; V).

1.7 The Aubin-Lion lemma

The Aubin-Lions lemma states criteria under which a set of functions is relatively compact in LP(0,T; V).
Typically, when studying an evolution problem infinite-dimensional space, one introduces a sequence
of approximate problems on suitable finite-dimensional subspaces whose solutions are established
through the existence theorems (Cauchy-Lipschitz or Carathéodory) for systems of ordinary differen-
tial equations (ODEs). One obtains then a sequence of functions which, through a priori estimates,
is bounded in some LP(0,7; X) and using the equation in the approximate problem, one also gets
that the sequence of time derivatives is bounded in some L4(0,7;Y). The Aubin-Lions Lemma es-
tablishes conditions on X, V, Y and p, ¢ under which the sequence of the sequence of solutions to the
approximate problem is relatively compact in LP(0,7;V).

Theorem 1.55 (Aubin-Lions [11, 82])

Let X,V Y be banach spaces with the embeddings: X — V compact and V — Y continuous. If
l1<p<oandr =1 orp=oc0 andr > 1, then the set U bounded in LP(0,T; X) with OU/0t :=
{Dtu: u e U} bounded in L1(0,T;Y) is relatively compact in LP(0,T;V).

1.8 The Galerkin approximation method

Several methods for studying nonlinear partial differential equations were developed over the years.
We refer the interested reader for instance to the master piece by J.L. Lions [83] published in 1959,
in which a large collection of different methods allowing to study various examples coming from
applications has been presented. We explain in this section how the Galerkin approximation method
works through a simple example.
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Let V and H be two Hilbert spaces with V' C H, V dense in H and continuously embedded in H. We
will identify H to its dual and have

V CcHCV' with continuous embeddings .

Let A € L(V,V’). We consider the following linear problem

d
A = f i (0.7),
t (1.4)
u(0) = up.
For instance, the case A = —A with Dirichlet boundary conditions corresponds to the spaces V =

HE(Q) and H = L?*(Q). We assume that ug € H and f € L?*(0,T;V’) and thus the problem (1.4)
reads as follows
Dyu+ A(u) = f in (0,7),
(1.5)
u(0) = up.

where D,u is the weak derivative of u in the sense of Definition 1.46. We are looking for u €
L?(0,T;V) N C(0,T; H) such that Dyu € L%*(0,T;V’). The following existence theorem is formu-
lated in [111].

Theorem 1.56 Under the assumptions given above, the problem (1.5) has a unique solution
w € L*(0,T; V)N L®(0,T; H) N L*(0,T; V).

Proof: Assuming that V' is sparable, let (wy)32, be a basis in V' such that span(wy,) : n € N is dense
in V. For each m > 1 integer, define the approximate solution wu,, of (1.5):

m
Um = g Gim Wi,
=1

d .
%(um,wi) + (A(um),w;) = (fyw;), i=1,...,m, (1.6)

U (0) = uom,

where ug,, is the projection in H of uy onto the subspace span(wi, ..., w,,). The functions {wy,: n >
1 integer} are often chosen as orthonormal eigenfunctions of the operator A:

A(wj) = A\jw; j > 1 integer.

Notice that such a basis in H exists provided that A is self-adjoint i.e., (A(u),v)g = (u, A(v))y for
every u,v € V and the embedding V < H is compact.

In the case where (wy,) is an orthonormal system of eigenfunctions of A, the equation (1.6) then
becomes

m
Um = E JimWs,
=1

d

Gim(0) = (uo, w;),

(1.7) is a system of linear differential equation and hence has a unique global solution and u €
C(0,7T;V) and Dyu,, € L*(0,T; V). Multiply the equation (1.6) by gim(t) and adding upi =1,...,m
and get

(s ) b1 + @ [l I3 < N flly ey

N |
SR

(Ditim, um) + (Aum), um) = (f,um) =
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Integrating over (0,t), we get

2 t 2 2 2 2 2
% + 20 / ()2 < el + / [ (5)1 + 117(5) 3] ds (1.8)
0 0
or
t 2
lumll% + o / lum()I1Z < Jum ()% + /0 1£(s)]2 ds. (1.9)

Hence, (u,) is bounded in L®°(0,7T; H) N L%(0,T; V). Now, L?(0,T;V) is a Hilbert space and hence,
reflexive while the space L>(0,T; H) is the dual space of L'(0,T; H) which is separable. Therefore
we can extract from (u,,) a subsequence (u,, ) such that

T e ) (1.10)
Now, passing to the limit in (1.6), we obtain
%(u,wi) + (A(uw),w;) = (fyw) i=1,...,m.
Hence, since (wy,) is a basis in V', we get
%(u,v) + (A(u),v) = (f,v) YweV. (1.11)

Using Theorem 1.52, we find that %(u,v) = (Dyu,v) and hence,

D+ A(u) = f.

Now, since f € L2(0,T; V') and A(u) € L*(0,T; V") we get that Dyu € L2(0,T;V"). Since L2(0,T; V') C
LY(0,T; V"), it follows from Theorem 1.54 that u coincides a.e. with a continuous form [0, T] to V.
Hence, we will also pass to the limit in the initial condition to get that u(0) = uy.

Remark 1.57 Notice that when the mapping A is not linear, the only estimates on u,, are not
sufficient to pass to the limit in nonlinear terms in (1.6). We will need a uniform in m estimate

Hu <(C.

/
mHL2(O,T;V’)

In that case, we get

lumll g2,y <€ and | <C.

!/
mHLQ(O,T;V’)
Therefore, based on the Aubin-Lions compactness theorem 1.55 we are able to extract a subsequence
which converges strongly and thus pass to the limit in the nonlinear term.

1.9 Derivation of Kirchhoff Equation

We are now in a convenient space to derive the Gustav Kirchhoff equation. This is done to give the
reader some basic concept of the Kirchhoff equation.
Let 79 be the initial tension of the string at the rest position [, So]; 7(¢) be the tension of the
string in the position [«(t), 5(¢)] which is the deformation of [, fy] and 7(¢) the tension of the curve
deformation u(x,t) of [a(t), 5(t)]. The tension at each point of the curve u(x,t) is a vector that has
the direction of the tangent vector of this curve at this point and has modulus 7(¢). Thus its vertical
component is

7(t)sin 6,
where 6 is the angle of the direction Oz with the tangent vector. From the hypothesis of small
deformations we don’t consider the horizontal component of the tension. We have sinf ~ tanf = %.
Thus the vertical component 7@ is

ou

T(t)sinf = 7(t) tanf = T(t)a—x.
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The variation of the tension generates a force and by Newton’s second Law, we obtain

0 0?
S-(7(t)sing) = maT;‘,
where % is the acceleration of the deformation u(x,t) and m is the mass of the string. We have
0?u 0*u

Calculation of the Tension 7(t).
We calculate the tension 7(¢) in function of a(t), 5(t), u(z,t). In fact, by Hooke’s Law, we have

A1) — 7o = kXD =0, (1.13)
Yo

where v(t) = B(t) — a(t) is the length of [a(t), B(t)] and vo = v(0) = By — ap the length of [, So].
If we represent by S(t) the length of the arc of the curve u(z,t), deformation of [a(t), B(t)],

we obtain: 50 s
ou\ 2 1 /0u\2
S(t):/a(t) \/1—{-(0*1;) d:v%/cy(t) (1+§(£> )dm.

By hypothesis of small deformation \g—g] < 1. Thus

1 FBO gy 2
S(t) — ~(t) = 2/a(t) (%) de.

By Hooke’s Law we obtain

rlt) = i) = kLI
o X k B® oy 2
T(t) — () = 27(?5)/a(t) <%) dz. (1.14)
From (1.13) and (1.14) we obtain the tension 7(t)
=, 1 [Py
T(t)=10+k o + N0 /a(t) (838) dx. (1.15)

Substituting 7(¢) given by (1.15) in (1.12) and dividing by m, we obtain

0u T k()= k BE  gun2 0%
(2L — — =0. 1.1
ot? (m + m Y + 2m~(t) /oé(t) (830) d:n) 0z 0 (1.16)

This is a model for small vertical deformations u(x,t) when the ends of the strings are not fixed, that
is it has small displacements «(t) < ag and B(t) > Bo.

Remark 1.58 If we suppose the extremes of the string fixed, that is a(t) = «ag, S(t) = 5y for all
t>0.

The model (1.16) reduces to

0%u T0 k B gy 2 0%y
— — | — — ) dx)=— =0. 1.1
ot? (m + 2m~yo /a(t) (8x> 93) 0z 0 (1.17)

This model was proposed by Kirchhoff in 1883.
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Chapter 2

A Global Existence Result For The
Kirchhoftf Type Equation With Linear

Damping: (zalerkin Approximation
Method

In this chapter, for suitable initial conditions (ug,w;) and sufficiently large 0, we prove using Galerkin
approximation method, local and global existence, uniqueness, regularity and stability of solutions of
the Cauchy problem for (2.3).

Let Q C R™ (n > 2) be a bounded open subset of R" with smooth boundary 092. We consider the
initial boundary value problem (IBVP)

2
Olu | 50U _ M(/ ||Vu|]2d:r>Au _
ot 0

ot?
u(z,t) =0 (x,t) € 90 x [0, 00),
ou
u(z,0) = up(z), a(az, 0) = uy(x).

The function M is a C! real function satisfying convenient hypothesis such that M(s) > 3+ ks, where
[ and k are positive constants and M’(s) > 0 for every s > 0.

As mentioned in the introduction, this is the model of the damped small amplitude vibrations of an
elastic, stretched string of natural length €2, whose ends are held a fixed distance apart, that was
proposed by Kirchhoff in 1883.

A well known strategy to study initial boundary value problem (IBVP) above is to rewrite it as a
Cauchy problem on a suitable Banach space. Precisely, to a possible solution u of IBVP, we associate
a mapping that we will still denote by u from [0, 00) which takes values in some Banach space V' of
function from €2 to R as follows:

u: [0,00) — V is such that t — u(t) : @ — R defined as

u(t)(x) :=u(x,t) for every xz€Q, Vte]|0,00).

The initial boundary value problem (IBVP) above is then transformed into the Cauchy problem with
f =0, as earlier stated in the introduction.

u”(8)+6u' () + M (|| A u(t)]) Au(t) = 0,

u(0) =uo, '(0) =uy,
where the derivatives u/(t), u’ (t) are obtained in a suitable sense and the unbounded linear operator
A with domain D(A) =V is obtained from the laplacian operator —A.

We are interested in the well posedness of the equation, by well-posed we mean we are interested in
the existence, uniqueness, regularity and possible stability of the solution of the equation.
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2.1 The Abstract Model

Let H be a real Hilbert space, with scalar product (-,-) and norm ||.|| induced by the scalar product
(")

Let A be a linear operator on H with domain D(A) =V dense in H.

We consider on V' = D(A), the scalar product

(u,v) 4 = (u,v) + (Au, Av) Yu,v €V,

which induces the norm
[ull% = full® + || Aul|®

called the graph norm of the operator A.

The space (V, (.,.)4) is clearly a Hilbert space which is continuously embedded in (H, (.,.)).

We will further assume that this embedding is compact. We will also suppose that the operator A is
self-adjoint and positive. Therefore,

(Av,v) > ¢||v||% YoeV (2.1)

for some positive constant c.
Now set W := D(A'/?). Since A is self adjoint, it follows

(Au,v) = (AY?u, AY?y) ueV and YveW. (2.2)

For the change of the initial boundary value problem(IBVP) into an abstract problem, we take ugy €
D(A), u; € D(A'?) and rewrite the (IBVP) into the abstract Cauchy problem in the Hilbert space
H as:

W (1) + 0 (t) + M(|AY2u(@®)|?) Au(t) =0,  t>0,

, (2.3)
u(0) =up, u'(0)=uy,
and take
M(s) > B+ ks, (2.4)
where 3 and k are positive constants, and
M'(s) > 0. (2.5)

Let M(o) and E(t) be defined as follows:

M(o) = /00’ M (s)ds, (2.6)

1 -
E(t) = S[llv'®)* + M || A u(t)]?). (2.7)
_ / _ ; _
B = omax M'(s) and B;= omax M(s), with s,=2E(0)/p. (2.8)

We are now in a position to formulate the first existence result obtained by Brito and Hale[36].

Theorem 2.1 (Ezistence, Uniqueness and Stability ). Assume that the initial data uy and uy satisfy

the conditions:
up € D(A) =V, wu e DAY =W,
with )
B ([|AVu]) 2) 2
— | — + ||Au < 4. 2.9
(5 ) (2.9
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Then there exists a unique function u such that, for any T > 0,
a)u e L>®(0,T;V); u' € L®(0,T;W); v € L>(0,T; H)
b) u is a solution in L*(0,T; H) of the initial value problem (IVP)
u” (t) + ou'(t) + M(||A1/2u(t)|]2)Au(t) =0, (2.10)
and u satisfies the initial conditions
w(0) = ug, u'(0) =uy. (2.11)
¢) u satisfies

E(t)+6/t]u’(s)|]2d3: E(0), for all t>0. (2.12)
0

of the energy identity
d) E(t) = 0 ast — oo, hence ||u(t)||w + ||v/(t)||z goes to zero as t — oo (stability).

In the next sections we present the proof of the theorem which is based on the standard Galerkin
method to follow with a priori estimates.

2.2 Existence of the solution

We apply the Galerkin method. Assume that, for simplicity, we take V' = D(A) to be separable. Let
(w?) j>1 be a sequence of eigenfunctions of A that correspond to positive real eigenvalues A; that tends
to infinity, so that Aw’ = )\jwj, j > 1. Let V}, denote the linear hull of w', w?,--- ,w™. Note that
(w’)j>1 is a basis of H, V and W and as a result it is dense in H,V and W.

We find

um(t) =Y _ g () (2.13)
for all v in Vi, un(t) satisfies the approximate equation

(ulr (t) + dul, (t) + M (|| AY 20 (0)]12) At (£),v) =0 Vo € Vi, (2.14)

with the following initial projections

Um (0) = upm, = Z(uo,wj)wj —wug in V, (2.15)
j=1

ur, (0) = Uy, = Z(ul,wj)wj —u; in W (2.16)
j=1

For v = w’, j = 1,2,--- ,m, the system (2.14) — (2.16) of ordinary differential equations of variable
t has a solution u,,(t) in an interval [0,%,,). Now we obtain a priori estimates for the solution u, (%)
and it can be extended to ¢t > 0.

To show that u,,(t) can be extended for all ¢ > 0, we have the following a priori estimate:

A priori estimate I
Taking now v = 2u,,(t) in (2.14), we get

(i (), 203 (£)) =+ 6 (1, (8), 20, (8)) + M (|| A" 2010 ()][*) (At (£), 201, (£)) = 0.
That is,

d

d
Tl ()17 + 26 (8)]* + M (|| A 2 (8)]

A 2 (1) = 0.

26



Integrate in [0,¢], with ¢ < ¢,,, and use (2.6) — (2.7) and (2.15) — (2.16), to get
et (E)II7 + 26 /Ot g ()P ds + M| A" 2w (8)||* < 2E(0).
But M(0) > Bo + (£)o?, by (2.4), (2.6). Hence,
017+ 25 [ 6P + B1AYZun O] + 014 Pun (O < 280, (247

Because of (2.1) and (2.17), it follows that u,,(t) is bounded, and hence can be extended to [0, 7], for
any 0 < T' < co. Therefore, (2.17) holds, for all ¢ > 0.

A priori estimate 11
Taking now v = 2Au, (t) in (2.14), we get

(i (£), 2400, () + 6 (upy (1), 2403, (£)) + M| A" 20 (8) ) (A (1), 240y, (1)) = 0.
That is,
%[HA”ZU’m(t)HQ+MHA”Qum(t)IIQHAum(t)HQ]+25HA1/QU' 1% = [l Aum @) — MIIAI/2 m ()],

(2.18)
Now, we set

1AM 2, ()2
M| AV 2un, (1)

om(t) = + [ Aum (8)]2. (2.19)

This implies that
1AM 2, ()] + M YA 2w (67| A () = M AY 201 (82200 (2).
The preceding equality (2.18), becomes

d

28
dt

77 (M AY 1 (0)][22m (8)] + 28] A" 0y (8)]* = [ vt (8)17 - M| AY 0 ()]
That is

%M!!Al/Zum(t)!\sz(t) + M| A Py (£)]225, (8) + 26| A" (8)[* = || v (8)]* MHAl/2 m()]*.
Substituting (2.19) we get

1AM/ ()|

M| AV 2, (¢ )H2 MHAl/QUm( PN A (D)7 + M| A 2 (£) 27, (1)

d
M| AY 2 (1)
20 AY 20l (1) = [ A ()] M AY 20001

which after simplification, becomes

1A 2, (8)]1*

ST g MIAY 2 (124 (0) + 281142, (1) = 0.

d

LAY 2y, ()12

L 04 2 1))
Dividing through by M||AY?u,,(t)|?, we get

GMIAPun (O] || A2 (8)]2
M| A 2up ()] M || AV 2, (£)]]2

—20]| A2, (1)]?
M| AV u (1))

+ 20 () =
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that is,

|AY24 (1) )7

" (1) < (=28 + aum(t , 2.20
where
F M A 2 (6)]?
m(l) = 2.21
) = A, O 220
As
1/2 273 1/2 273
[/ )2 < [EEHIA e OIPTE  TMIAT un @)
k k
(see(2.4)), we find using (2.8), (2.17) and (2.19).That, for all ¢ > 0,
A 2 (1) A2 (O] < B 1A ()] = 2B(AY 2 (), A2, (1))
< 2B A P (1) || A0, (1)),
we get,
1/2 213 i
%M!\Al/Qum(t)Hz < 9B I:MHA kum(t)H :| 2 [MHAl/Zum(t>H22m(t):| 2
Hence, see (2.21)
3 3
/24 ()12
SMIA (0| 25| M5 OF | 4220, ) )]
mt == g ]
) = T, B M A, (1) P
which implies that
N1z
am(t) < QB[ka( )] . (2.22)
Now we claim that
—20 + am(t) <0 for all t>0. (2.23)
In fact, for t = 0, we have, with (2.4), (2.9), (2.15), (2.16), (2.19), that
2m(0)]12 2B [ [ AY2uy |2 2
2B [m} < = [ + \|Au0||2] < 26. (2.24)
k k2 B
From (2.22) and (2.24) we have
0)12
am(0) < ZB[ka( )] < 25,
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which implies that,
am(0) < 20. (2.25)

Suppose, then, that (2.23) does not hold for all ¢ > 0. Because of (2.25) and the continuity of a;,(¢),
there is t* > 0 such that

am(t) <26 for 0<t<t* and am(t*) = 20. (2.26)

(2.20) and (2.26) give

0> /0 2 (8)ds = 2m(t") — 2m(0). (2.27)

This inequality, with (2.22) and (2.24), yields

am(t*) < 23[

which contradicts (2.26). Hence (2.23) holds.
Because of (2.20), (2.23), (2.24) we then get

()] 2n(0)]2 2B [||AV 20, |2 Ak
2B |2 oB |2 <« 22 44 26
0] <o =2 < B s rawele] <2

and hence

2B {Z";C(t)r <2B [Z””Lk(o)]; < 26.

Dividing through by 2B and squaring, we get

which, multiplied by k, gives

2
Z2m(t) < 2m(0) < k(g) for all t>0. (2.28)

On the other hand, it follows from (2.17) that

0
1A 2 (1)]* < == = s0,

which from (2.8) gives
M| AV u, )2 < B, for all t>0. (2.29)

Therefore we obtain from (2.19),(2.28), (2.29), we have then, for all ¢ > 0 that,

2
1AM ()2 < Bk(g) (2.30)
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and

2
| Au (1) ||? < k(g) : (2.31)

A priori estimate III
Taking now v = u,, (t) in (2.14) we get

1" 17 17 1

(i (8), 2 (£)) + (21, () 103, (8)) + M A 2t ()| (At (8), 203, (£)) = 0.

That is,

1"

et (E)11? + 8l (£)11? + M AY 2ty () (At (£), 11 (2)) = 0.

Hence, using Cauchy-Schwartz inequality (2.17), (2.29), (2.30), we obtain for all ¢ > 0 that

2
I (8)]| < 26E(0) + Bik <g> | (2.32)

Passing to the limit
From the a priori estimates (I) — (I1I) we would like extract subsequences which converges in some
suitable sense in some Banach spaces.

We can imply from (2.14), (2.30), (2.31), (2.32) that

(um) is bounded in L*(0,T;V),
(ul,) s bounded in L*>(0,T;W),
(u,)) is bounded in L>®(0,T;H);

m

hence there is a subsequence that we still denote by u,, such that

U — u  weak star in  L%(0,T;V), (2.33)
u, = u' weak star in L0, T; W), (2.34)
u, —u weak star in L®(0,T;H). (2.35)

Besides, from (2.29), we have

M| AY 20, ()||2 Au (t) — ¢ weak  star in L®(0,T; H). (2.36)

As (uy,) is bounded in L*°(0,T; V) and, by hypothesis, the injection of V' in H is compact, we can
further suppose that

Um — u  strong in  L*(0,T; H). (2.37)

We claim that,

M| AV 0,12 Ay — M| AY?u|?Au weak  star in L®(0,T; H). (2.38)

To prove the claim (2.38),
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in fact, let ¢ in L2(0,T; H), we write

T T
| = M1 A, )t = [ (6= M P A, )
0 . 0 . (2.39)
+/ M || AY2u|?(Auy, — Au, ¢)dt+/ (M| AY 20 ||2 = M||AY?u]|?) (Atm, ¢)dt.
0 0

It is obvious that the first and second terms in the right-hand side of (2.39) tend to zero as m — oo,
by (2.33),(2.36). For the third term we can write with Cy and C positive constants, by (2.33):

T
/ (M| AV, |2 — M| AY 20 (Aum, ¢)dt
0

T
<o / (LA 2| — AV 2u]2) (A, $)dt (2.40)
0

T

" %
=0 / (At + u), Uy, — u) (A, ¢)dt < C’[/ ltwm — uHth] ,
0 0

(2.40), with (2.37), shows that the third term in (2.39) also goes to zero as m — oco. Hence (2.38) is

true.
We now want to prove that u satisfies (2.10). We take v = w; in (2.14). Then, for fixed j and m > j

(tty () + 1l (£) + M| AY 20> Auy (£), ;) = 0.

Hence because of (2.34), (2.35), (2.38), as m — oo, we have
(u” (t) 4 6u' () + M||AY?u)? Au(t),w;) =0  for all j.
As (wj) is a basis of H, this implies (2.10).

2.2.1 Initial conditions of the solution

We now want to prove (2.11) for the theorem 1. It follows from (2.33) and (2.34) that for v in H and
0 in C'([0,T)) such that 6(0) =1, 6(T) = 0

T T
/(um(t),v)Q/(t)dt%/ (u(t),v)d' (t)dt
0 0

and

T T
/ (. (1), 0)0(t)dt — / (' (1), 0)0(1)d.
0 0

Adding up, we get (up(0),v) — (u(0),v). This and the fact that u,,(0) — wug strong in V imply
u(0) = up. As u/(0) = uy follows similarly from (2.34) and (2.35).
This complete the proof of existence.

2.3 The Energy Equation and Stability

We obtained (2.12) by taking the scalar product of (2.10) with 2u/(¢).

(u” (), 20/ (£)) + 8 (8), 20/ () + M(|A*u(t)|*) (Au(t), 24/ () = 0,
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that is,
d a2 PNIE 1/2 2 d 10 2
e Ie @I + 28w @1 + MA@ Z A7 u(@)]" =0
Integrating in [0, t], we have
t —_
' (t)]|* + 26/ | (s)|*ds + MHAl/Qu(t)H2 =FE0) for all t>0,
0
it follows that,
t
E(t)+ (5/ |4 (s)||?ds = E(0).
0
In order to prove the stability property of Theorem 1, we take the scalar product of (2.10) with u(t)

that is,

"

(" (), u(t)) + 6(u'(t), u(t)) + M| A7 >u(t) | (Au(t), u(t)) = 0,
integrating in [0, ¢], it becomes
[ s unas +5 [ uonas + [ aiavmuo a2 Pas o,

and note that
t . t t t 1 t
‘/WWW=WW)—/MW%; /wmm:\MQ.
0 0 0 2 0

t t
+/zmm”%@wwmﬂw@Ww=o
0

We obtain

and so we have

/ (M A2 u(s) P AY2u(s)|ds + ' (5)]*]ds < 2/ [l (s)|[*ds + %[Hu’(t)H2
0

(2.41)
+(1+0)|lu(®)]*] + [Hulll2 (1 +0)]luoll?).
From the energy equation (2.7), with (2.4), (2.6), we obtain for all ¢ > 0
1 . t
Sl @1+ M| A u()|?] + 5/0 I/ (s)]1*ds < E(0).
That is,
Loz o Byaise AT 212 L
Sl @I + S 1A + 4 (A7 @) + 6 ; [ (s)["ds < E(0). (2.42)
As M (o) < oM(0o), because M is increasing, it follows from (2.41), (2.42) that for ¢t > 0
/ E(s)ds = / [Hu (s)? +M||A1/2u(8)\|2] ds < C (2.43)

where C' is a positive constant.
From (2.43) and E'(t) = —6||u/(t)]|*> < 0, see (2.12), we have that E(t) — 0 as t — oo. In particular,
as

1 k
B@) 2 5 [l OIF + B4 @] + S P2,
also u(t) — 0 and v/(t) — 0, in the norms of W and H respectively.

32



2.4 Uniqueness of solution
Let w and v be two solutions of (2.10),(2.11) in the conditions of Theorem 2.1. That is,
(u”(£) = "(8)) + 6(u/(t) — o' (1)) + M (| A u(t)[[*) Au(t) — M(|AY?0(t)]*) Au(t) = 0.

Then w = v — v is a solution of
w’ (t) + 0w (t) + M| AY?u(t)||* Aw(t) + <1\4|Al/QU(t)II2 - MIIAI/Qv(t)HQ>Av(t) =0, (2.44)

w(0) =0; w'(0)=0. (2.45)
Taking the scalar product of (2.44) with 2w’(t), we have

1"

(w" (t), 2w (1)) + 8(w' (1), 20 (1)) + M| A 2u(t)|*(Aw(t), 20/ (1))
+ (M| Au(t)|? = M A o(#)|*) (Ao (D), 20 (£) = 0,

becomes,
d d
a[llw’(t)ll2 + MLAY2u(t) |2 A w(@)[%] + 26w’ (£)]|* = HAl/Qw(?f)||2£J\4Hz41/%(1f)ll2

n [MHAV%@HQ - MHAI/:’u(t)H (Ao(t), 20 (1),

Integrating with respect to t, using (2.45), hence ||A/2w(0)||?> = 0, and (2.4), we find, compare with
(2.40)

[ ()]* + Bl A 2w (®)|* + 25/0 lw'(s)]? < C/O [Ilw'(S)II2 + ﬁllAl/Qw(t)HQ] ds

with C a positive constant. Hence uniqueness follows from Gronwall lemma.

2.5 Regularity of the solution

Theorem 2.2 Now, we want to show that the hypothesis in Theorem 2.1 holds true with additional
assumption that

) ED(Ap)7 U1 GD(Ap_1/2)7 fOT’ 2p:374757 )
then

we L¥(0,T;D(AP)), o € L0, T; D(4"/2),

/

u' € L®0,T; D(AP™Y)), o e L0, T; D(AP~3/2)).

Proof of Theorem 2.2

We want to prove for p =k +1/2, k =1,2,3,---. We build additional estimates to the Theorem 2.1
as we now have ug € D(Ak+1/2), u; € D(AF). Tt is important to note that the proof when p = k + 1
is similar and shall be omitted.

A priori estimates IV

Taking now v = 2424/ (t) in (2.14), we get

1"

(e () + 1t (8) + M (A Pt (8)]|) A (), 24%F 00, (1)) = 0,
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which implies,

(i (£), 2%y, (£)) + 6y (1), 24750, () + MYAY 2 (1) |2 (A (£), 247 0, (£)) = 0.

It follows that

d d
A g ()P4 M| AY P, (8) |2 AS 2, (1)) 26| A, (1) = (| AP 2 (1)

Set k,/ 2
| A (1))

M| AV 2um (1)

e (t) = + [ A (1)

It implies that
M| A P ()P (8) = | AR, (8)F 4+ MILAY 2 (8) 2| A5 2 (1),
it then follows from (2.46), that

d
— (M| AY P () P (1)) + 26| AFup, (1) 2 = (| A P (8)]

[ 22
dt

that is,

d
S MUAY 2 () (8)) + M| A (8)] P27, (1) + 26| A i, (8)]2

OIPS

= | A 2 (1) MHAI/2 m(®)I?,

substitute x,,(t) from (2.47) and after simplification, becomes

ARy, (8)]2
M| AV, (1)

d 1/2 2
M| A (1)

dividing through by M || A'/?u,,(t)|?, we have

GMIAPun (7 || AR, ()]
M| A up (1) M| AV 2, (£)]]2

AR, (8)]2

= 0.
M| AV 2un (8|2

+ a2, (t) + 28

Hence,

AR (£)]1?
M| AV 2 (8)]%

Ty (1) < (=20 + (1))
where

FMIA P (1)

m(t) =
) = AT 2

This together with (2.23) and the assumed regularity of uy and u; show that

[| Ay ||?

5T | A* 1 2 2.

Tm(t) <

MIIAI/2 m ()%,

+ M| A (8) [P, () + 26]| AR, ()] = 0

M||A1/2

)

m ().
(2.46)

(2.47)

(2.48)

The inequality (2.48) together with (2.47) and (2.29) show that there is a constant C' > 0 independent

of m such that )
| A 2, (1)) < C

and
| A%, (1)|° < C.
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A priori estimate V
Taking now, v = A2k=1/2)y,” (¢) in (2.14), we get

(U (£) + St (8) + M (| A P2 (1)) At (1), A2 () = 0,
which implies,
(e (£), A2 D () 4 6 (g (1), A2FH 2w (1)) 4 M| A (8)]|7) (A (£), A2FH 2, (£)) = 0,
and hence, we get

_1 _1
1AR =2, ()] < S)|AF 20, ()] + M| AY 20 (8) 2| AFF 20, (8)

This with (2.29),(2.49),(2.50), use (2.1), proves the existence of a positive constant C' independent of
m such that for all ¢ > 0 X
|A =20, (1)|| < C. (2.51)

A priori estimate VI
We have from (2.14) that

<u4;(t) + 0up, (8) + M([|AY 21 (£)]]%) A (1), U) — 0.

By differentiating (2.14) with respect to t, we have

<u;;;<t> St (£) + MYLAY 2wy ()2 Auil (1) + Aum)%MHA”?um(t)H?, v) =0.

Taking now, v = A26=Dy" (t) we get, using (2.8), that

" 1"

1™ b, ()11 < S1AM ()] + Bul| Ay, (8)]] + 2BILA i ()] 7, (8) | At (8)]. (2.52)

Hence, because of (2.50) and (2.49), (2.51) , using (2.1), there is a positive constant C, independent
of m such that for all ¢t > 0

"

| AR, ()] < C. (2.53)

Remark 2.3 We conclude here that the proof of Theorem 2.2 now runs the same way as Theorem
2.1.

2.6 Application

Now we discuss existence for all £ > 0, uniqueness and stability of classical solutions of an initial-
boundary value problem for a nonlinear hyperbolic partial differential equation in R™.

Let 2 an open bounded set in R™ and 92 a regular boundary. Take V = D(A) = H}(Q) N H?(), for
A = —A (i.e the laplace operator in R™). This satisfies the assumption on A. It is crucial to note here
that the compactness of V' in H is Rellich theorem and the equation (2.1) is the Fredrichs-Poincare
inequality as defined in the }l)reliminary. )

Also, given that W = D(A2) = H}(Q) and V is the gradient in R", we have ||A2w| = ||Vuw||, for
we W.

Let M(s) = 3+ ks, where 3, k positive constants. Take up € V = HZ(Q) N H2(Q), u; € W = H}(Q),
where

1
Vu |2 :
JE(‘ Zl” +||Au0|]2> <.
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Theorem 1 establishes existence, for all ¢ > 0, of a unique solution u of the nonlinear hyperbolic
equation.

u’(5) + 00/ (1) = (B + k| Vu()|*) Su(t) =
with the initial conditions u(0) = ug, u/(0) = wuy such that, for any T > 0, u € L>®(0,T; H}(Q) N
H?(Q)), o' € L0, T; HY), v € L®(0,T; L*(R)). In addition, if

B(t) = 31 ()P + B Du(t) | + & | Du(t) ),

then u satisfies that E(t) 4+ 20 fo [u'(s)|?ds = E(0), of the energy equation, for every ¢t > 0 and as t
goes to infinity, E(t) goes to zero, hence also [lu(t)|lw + ||/ (t)||ag — 0.

In particular, Theorem 2.2 gives a more regular initial data and solution to u. If we take p to be
sufficiently large in Theorem 2.2 depending on the dimension n of €2, and by applying the Sobolev
Embedding Theorem, we obtain a classical solution of the initial-value problem (IVP) above, that
satisfies the boundary condition u|gn = 0.

Furthermore, in the case when n = 1, by the application of both theorem and take p = 3/2, we have
the

2.6.1 Regularity theorem for the damped elastic stretched string
Given ug € HL(Q) N H3(Q), uy € H}(Q) N H2(Q), for

1
Duy||? 2
ﬁ(” ng —I—HD2UOH2> <

there is a unique function u such that
(i) u e C*(Q)xC?([0,T)) i.e. for fixed t, wu(0,t) € C?*(); for x fixed, we have u(x,0) € C?([0,T)),
(i) u e CYQ), for Q=0 x (0,7),

(iii) u is a solution of (2.10) and satisfies (2.11),

(iv) if

E(t) = S [l O + Bl Dut)l* + gHDU(t)II“]

\/ M‘Pﬁ

then u satisfies E(t) + 20 fo |’ (s)||?ds = E(0) of the energy equation,

(v) E(t) — 0, as t — oo, hence |lu(t)||w + ||v||z — O (stability).

Proof
We know from theorem 2 that when k = 1 with the hypotheses, u € L>(0,T; H3(Q)NH (Q)),
Lo°(0,T; Hy (), o € L®(0,T; HX(Q) N HY(Q) u' € L®(0,T; HY(Q), «" e L®(0,T; L*(Q)).
Then u € H3(Q).
The proof then follows from the Sobolev Embedding in R, i.e., if f € H*(Q) then f € C*~1(Q) and of
Sobolev Embedding in R?, i.e., if f € H3(Q2) then f € C1(Q).
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Chapter 3

A Global Existence Result For The
Kirchhoftf Type Equation With Linear

Damping: The Schauder Fixed Point
Method

In this chapter, we prove the local existence using the Shauders fixed point method and show that
there exists a unique global solution provided that (ug,u1) € D(A) x D(A'/?) satisfy the suitable
smallness assumption (cf. Theorem (3.3)) and the non-degeneracy condition M (||A'/?ug)|?) > 0.
In the general case this solution may not decay to zero as ¢t — +oo. However we prove that
(u(t), ' (t),u"(t)) = (oo, 0,0) in D(A) x D(AY?) x H as t — 400, and the asymptotic behaviour
that || A" ?use||. M (]| AY?us||?) = 0 (cf. Theorem (3.4) ).

3.1 The Abstract Model

Let H be a real Hilbert space, with norm ||.|| and scalar product (.,.). Let A be a self adjoint linear
non-negative operator on H with domain D(A) dense in H. That is (Au,u) > 0 for all u € D(A).
We consider the Cauchy problem

U (t) 4+ 0u'(t) + M(||AY?u(t)||?)Au(t) =0, ¢ >0,

U(O) = U, u/(O) = uq, (31)

where M : [0, +oo[— [0, +00[ is a locally Lipschitz continuous function and ¢ > 0.
We establish in the previous chapter that equation (3.1) is an abstract setting of the initial-boundary
value problem (IBVP) for the hyperbolic PDE with a non-local non-linearity of Kirchhoff type

Ut + oup — M(/ HVU!Qdaj) Au=0, in Q x [0, +o0], (3.2)
Q

where 2 C R" is a (non-necessarily bounded) open set, Vu is the gradient of u with respect to space
variables z, and A is the Laplace operator.

3.2 Local existence of the solution

The following theorems by Ghisi and Gobbino [54] help us to study the local and global existence
results of the Cauchy problem. We begin by stating the local existence theorem.

Theorem 3.1 (Local Existence). Let 6 > 0, let M : [0, +oo[— [0,400[ be a locally Lipschitz con-
tinuous function, and let (ug,u;) € D(A) x D(AY2) with M (|| AY?ug||?) > 0.
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Then there exists T > 0 such that problem (3.1) has a unique solution

we C¥([0,T[; H) N C([0,T[; D(AY?)) N C°([0, T[; D(A)).

Moreover, u can be uniquely continued to a mazimal solution defined in an interval [0, Ty[, and at least
one of the following statements is valid:

(id) limsup [| A2/ ()] + (| Au(t)||* = +o0;
t—T,.

(ii) liminf M (|| A?u(t)||?) = 0.

t—T,
Proof of Theorem (3.1).
Step 1.
The idea is to solve equation (3.1), as we saw in the previous chapter above. The difficulty lies es-
sentially in the presence of the nonlinear term M(||A'/?u(t)||?). Unlike the previous chapter where
the Galerkin approximation method was used to obtain the local solution with suitable a priori esti-
mates which led to the global existence result, in this chapter we present another mathematically well
sounded approach based on the use of the Schauder fixed point theorem.
The idea here is to start from a suitable linear problem, namely, given a function a(¢) in a suitable
Banach space X

Let us set
mo = M([|[AY?u|?),  my = maX{l,,ﬁO}, Eo = [Jur]|® + mol|AY2uo?,  Fp := ||[AY2uq? +
mol| Auo||?, ¢ = [|m|| oo j0,2m. Eo)) -

We consider the set of function X7, 7 defined by

XL,T = {a S LZp([O,T],R) . a(()) = my, Ha/HLoo([O,TD S L},

with
mg. 1n 2
L:=2cm,(Eo+ Fy) and T := 5T (3.3)
Notice that since LT < %2, it follows that
mo
a(t) > > Va € X1, vt € [0,T]. (3.4)

We now consider the mapping defined by
¢: X — X1

and

[(@(a))(t) := M(|Aut)|?), Vae Xrr,
where u € C2([0,T]; H) N C([0,T); D(AY?) n C°([0,T); D(A))) is the unique solution of the linear
Cauchy problem

u”(8)+5u' (t) + a(t) Au(t) = 0, t >0,

U(O) =uo, UI(O) = Uuj. (3'5)
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step 2. We show that the mapping ¢ is well-defined.
¢: X — X

we know that [¢(a)](0) = M(||A%u(0)||2) = myg and so, it is enough to show that for all a € Xpp we
have that
l[p(a))(t)| < L for ae. te]|0,T]. (3.6)

Since,

[B(a)]' () = 20" (|| AV ?u(t)[|*) (Au(t) 4/ (2)),

we will need some uniform bounds on ||AY2u(t)||?, ||« (¢)|| and ||Au(t)||. To this aim we introduce the
function

E(t) = [l ()]]* + a(t) | A 2u(t)[|?, F(t) = | AV ()]7 + a(t) ]| Au(t)|*.
2LT
We claim that E(t) < Ege ™o .
In fact, by multiplying (3.1) by u'(t), we have
(u” (1), /(1)) + 8 (u/ (), ' (£)) + a(t) (Au(t), o/ (1)) = 0,
that is,

i |31 OR] + 8117 + 5 4l ue | = o ola

By simplification, we get

1d / 2 1/2 2 L
_ A < —F
3 |1 O + a0 < 2 B,
thus
1 L
EH < —/—F
321) < ~Z (1),

which implies that

2LT

E(t) < Ege ™o .
Similarly, by multiplying (3.1) by Au (), we have ,
(u” (£), Au'(t)) + 6(u' (1), A (t)) + a(t)(Au(t), Au' () = 0,
that is,

1d
2 dt

Ld

Al/z / 2 A1/2 / 2
A2 )] + 84 O + 5

aO4u)?] = S0 O14 2uto),

by simplification, we get

1d L
el NIV 2 A 2| < r
3 AV + aO4u) ] < o)
thus
y 2L
< —
F) < =),

which implies that

2LT

F(t) < Fpe ™o .
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Hence by (3.4) and (3.3), it follows that

2LT
[/ (B> + | A 2u(t)[|* < m.Eoe ™o = 2m. By,
and
1/2 2 2 &L
|AY20/ ()] + || Au(t)||> < maFoe ™ = 2m, Fy.

Therefore

[¢(a)]' (D] = [2M"(|A2u() ) (Au(t) (£))] < e(|| Au@)] + |/ (£)]1) < 2em(Eo + Fo) = L

and (3.6) is proved.
Step 3.
By the Rademacher theorem on the differentiability of Lipschitz function, it follows that

Xrr:={a€ Lip([0,T];R) : a(0) = mo, with |a(s)—a(t)| < L|s—t| Vs,tel0,T]}.

In this form it is easier to show that Xy, 7 is a closed subset of C([0, T]; R). In fact, let (a,) C X171 be a
sequence which converges uniformly to a, i.e lim ||a, —a|loc = 0 on one hand and a(0) = lim a, = mg
n—oo n—oo

on the other hand, for every s,t € [0, 7], it follows that
la(s) — a(®)] < la(s) — an(s)] + an(s) — an(t)] + [an(t) — a(t)] < 2[la — anlloc + Lfs — [ Vn.
Taking n — oo, we get
la(s) —a(t)| < L|s—t| =a € X 1.
This shows that the set X7 7 is closed. Also Xy, 7 is trivially convex.

Now let us show that Xp 7 = X r is compact in (C([O,T];R), ||||OO> This follows easily from the

Ascoli-Arzela’s theorem. In fact,

(i) X, is equicontinuous at every t € [0,7] being a family of equi-lipschitz functions i.e.,
la(s) — a(t)] < L|s — ¢ Vs,t € [0,T] and Va € X 7.

(i) V¢ € [0,7], a(t) — a(0)] < LT = |a(t)| < |mo| + LT,

implies that, X 7 = {a(t) : a € Xy 7} C {—|mo| + LT, |mo| + LT} which is compact in R.
Hence X, 7 is compact in R.

Now let us show that the mapping ¢ : X+ — X 7 is continuous.
Let (an) C X, converges uniformly to a, i.e lim |la, — al« = 0.
n—oo

We want to show that li_}In llo(an) — ¢(a)|leo = 0.
That is,

16(an) = d(a)lloo = M (|4 2uan()[|?) = M (|| A 2uq(t)[*] < K[ A2uan ())[* = | A uq ()]
for some K because the mapping is assumed locally Lipschitz.

We know that u,, and u, are solution of the linear equation
ugn (t) + 5u;n (t) + an(t)Aug, (t) =0, (3.7)

ull () + Sul (t) + a(t) Aug(t) = 0, (3.8)
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with initial conditions

Uq,, (0) =
Uq, (0)

Qn

(0),
(0).

Subtract (3.8) from (3.7) and by scalar multiplication, multiply by (u,, (t) — ug(t)) gives

ug u
u u

>~ Q

1

(ug, () — uq(t), uq, — uq) + d(uq, (t) — ug(t), ug, — ) + (an(t)Aua, — a(t)Aua, ug, — ug) =0,
that is,

d|1
31t = ] 0, 12+ (o) At (6) = an (400

tan (t) Aug(t) — a(t) Aug, uy, (t) — u,(t)) =0,

it follows that

d|1
31 = el 30, = P+ D) = (39

where Dy, (t) = (an(t)Atq, (t) — an(t)Aua(t) + an(t) Aug(t) — a(t) Aug, uy, (t) — ul(t)).
Now, we rewrite D, (t) as

d|1 1
Da(0) = | 500 014 10,0 = 420, O | = (0514210, (8~ AP0

+(an(t) + a(t)){Aua(t), uq,, () — ug(t)),
putting the value of D, (t) into (3.9), we get

d|1 1
[ 3100 = P+ S D142, ) = A0 -+, 0 - (0P

= a%(t)%HAl/ Pta,, (t) = A Puq ()] = (an(t) — a(t)){Aua(t), up, (t) = ug (1))

L
< §||A1/2Uan(t) — AV, (0))* + ~ llan(t) = a(®)]lc-
Set
Eo(t) == (Al (t) — uly ()] + La()]| A ?uq, (t) — AY?uq(t)]]], and then rewrite the above as

d

L 2L
T Pu(t) + 0, () — (O] < gHAl/Quan(t) — A Puq ()| + ~ llan —alle
2L 2L

< —Fu(t) + —llan — al| -
mo Cc

It follows that

2L 2L
F(t) 4 6|ug, () — ug (0)]1> < ==Fu(t) + —lan — all;
mo C
that is,
d 2L 2L
aFn@) < %Fn(t) + ?Han — |0,
becomes

d 2L 2L
%Fn(t) - mio n(t) < ?”an — al|oos

41



from which it follows that

2LT —2Lt
Fu(t) < Te 70 ||an — allco,

substitute back the value of F,(t) we have

1 1 2LT =2Lt
Sl () = (O + Sa()I A, (6) — AV 2ua ()2 < == an — alle,
becomes
1 m 2LT =2Lt
§||u;n(t) —u, (1) + 70\|A1/2uan(t) — AV, (1)) < ™ llan —all
m
< —ellan — af|oo,
c

it follows that
m m
(1) = up(®)]° + 1A Puan (t) = AYV2ua()]* < =eflan — alc,

implies that

2
A 2t (8) = Ao (8)]> < llan — aoc.
Also

[B(an(t)) = dla(®)] = [M (A uq, ()]%) = M(|AY?ua(t)]?)]
< K[| A ua()12] = 1A *ua ()]

< KAV, (1) A2 2
C

it follows that
L
(M (| A2 tan (8)]|2) = M(|A2ua(8)]|2)] < 2K/ 2| AY2uan () — AV 2uq (1))
c
putting (3.10) and (3.11) together, we obtain that

6 (0) = a0 < 20\ 2 2 o, a2
< 2\?@”“” — a2,

(3.10)

(3.11)

This shows that the mapping ¢ is continuous and Hoélderian of exponent % Since X, 7 is compact
and convex subset of C°([0,T];R), by Schauder’s fixed point theorem it follows that ¢ has at least

one fixed point a. The corresponding solution u of (3.5) is a solution of (3.1) .
It remains now to prove the uniqueness of the solution.

Let uq(t) and ua(t) be two solutions of equation (3.1). Then u(t) = ua(t) — uq(t) is a solution of

W (t) + 0/ (8) + M| AV uz]|*) Au(t) + (M(|AY2us(8)]) = M (| A (8)]*)) Aua (2) = 0,
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Taking the scalar product of (3.12) with 2u’, we obtain that,

% [W(t)ll2 + M(HA”Q@@(t)HQ)IIA”ZU(t)Hz] + 20/ (1)||* = HA”?U(t)HQ%M(HA”%U)!!2)

; [M<|A1/2u1<t>||2> - M<||A1/2u2<t>u2>} (Aur(t), 20 (1),
Integrating over the interval [0, ¢], we get

t t !
/0 c;lt[Hu'(t)||2+M(!Al/QUQ(f)HQ)IIAl/QU(t)”2] + /0 26|/ (O)* = /0 ||A1/2u<t>||2%M<||A”2uz<t>u2>

-/ [M(uAl/Zul(t)u?) - M(HAl/Quz(m?)} (Aua (), 20/ (1)),
0

Using (3.13), hence ||AY?u(0)||?> = 0, and the fact that M is locally Lipschitz continuous, we find,
compare with (3.11), we have,

t t
[/ (D)% + B AY2u(t)|? + 25 / e/ (s)|2ds < K / [ (5)[12 + Bl AY2u(s)||?]ds

with K a positive constant. Hence the uniqueness of the solution follows from the Gronwall lemma.
Step 4. We want to prove the last part of the statement in the theorem of the local existence that u
can be uniquely extended to a maximal solution defined in an interval [0, 7%[, and at least one of the
following statement is valid:

(i) T% = +oc;
(ii) limsup ||AY24/(2)]]2 + || Au(t)]|? = 4o0;
t—T,.
(iid) liminfM<||A1/2u(t)||2> =0.
t—T,
Let [0, T%[ be the maximal interval where the solution exists, let us assume by contradiction that (i), (ii)
and (iii) are false.Then, it simply means that:
(i) Ty < oo
(ii) there exists a constant M such that ||AY2u/(t)||? + || Au(t)||> < M for every t € [0, T, ];

(iii) there exists a constant v such that M(HA%u(t)HZ) > v > 0 in a left neighborhood of 7.

From the above contradiction, it follows that

t
= AY2yu(t) — AY2u(0),

t
/ AV (7)dr = AV ?u(r)
0

0

t
/ AV (7)dr = AM2u(t) — AM2u(0),
0

t
|AY2u(t)| = ‘Al/Quo—i— / AY2! (7)dr| < |AY?uo| + MY, (3.14)
0

Moreover, since the function
AT 2u(t)]?
Ht) = W01 + [ M(s)ds
0

is a non-increasing, we have that ||u/(t)||?> < H(0), hence by (3.14) there exist a constant N > 0 such
that
' (&)I|* + M (| A 2u(®) ) IAY?u@)|* < N Vi e [0, T
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By (3.1) it follows that, for all S in a left neighborhood of T, the life span of the solution of

w” + ow' + M(||AYV?w(t)|?)Aw(t) =0, >S5,
w(S) =u(S),  w'(S)=u(9),
is larger than a strictly positive quantity independent of S. This contradicts the maximality of T.

We are now in a position to state and prove the lemma that happens to be very useful while solving
the global existence.

Lemma 3.2 Let T > 0, and let f € C([0,T[;R). Let us assume that f(t) > 0 in [0,T[, and that
there exists two constants ¢y > 0, co > 0 such that
ft) < —Vft) (e ft) —c2)  VEE[0,T].
Then
c2
7@) < max { V702 |

C1
for allt € [0,T7.

Proof of Lemma 3.2. The proof can be put into two cases.

Case 1. Assume that there exist ¢; such that f(¢;) = 0 then f’(¢) < 0, which implies that the function
is decreasing and so the lemma holds.

Case 2. Assume that for every t € [0, T, f(¢) > 0 then

fi(t) <=V ft) (e f(t) —c2)  te[0,T]
Dividing through by 24/ f(¢),

I /T | e
Wi 2 2

we can rewrite as,

which implies that

oif\/f(O)Sg—i,

we get,
C2
f(t) < o
< max ( £(0), ?),
1

e if \/f(0) > 2, then
VI < 24 V10 - 2

&1

< maX< f(0)762>,

C1

finally, from case 1 and case 2, we have that,

1

f(t) < max( £(0), CQ) for all te][0,T].
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3.3 Global existence result.

We now want to prove that given the initial data (ug,u1) € D(A) X D(A%) which satisfy the non-
degeneracy condition M (||A'/?ug|[?) > 0, then the Cauchy problem (3.1) has a global solution for
every large enough §. We start by introducing the theorem that we want to prove.

Theorem 3.3 (Global existence). Let § > 0, and let M : [0, +o00[— [0, +00] be a locally Lipschitz
continuous function. Let us assume that the initial data (ug,u1) € D(A) x D(AY?) satisfy the non-

degeneracy condition
M (|| AY2uq?) > 0, (3.15)

and the smallness assumption

2 0

M| oo w - F F — 1

M| ([o,E(o)})maX{M(HAUQUOHZ)7 5 (0) (0) < 7 (3.16)
w12 AL/ 244112

where E(O) = m + HA1/2U[)”2, F(O) = W + HAU()||2

Then problem (3.1) admits a unique global solution

u e C%([0,00[; H) N CH([0, oo[; D(AY?) 1 C0(]0, oo[; D(A))).

Proof of Theorem 3.3. The proof of the global existence is divided into four (4) steps as follows:
Step 1. Let us assume that M € C([0,4+oc];R), and let [0, Ti[ be the maximal interval where the
solution exists. Let us set

e(t) == M(| A u(t)]?),

and

T := sup {7’ € [0, T[:

‘@) =, C T
c(t)’SQ’ (t)>0 Vtelo, ]}.

Let us consider the functions

o (D)2 /27 (4))12 ' (t
E(t) := % + [|AY2u(t)|?, F(t) := LA Pu @) [Au®)|2,  G(t) == [[u'( )H

c(t)

With simple computations it follows that

/ d, , 1 C’(t) / 2 d 1/2 2
E'(t) = —[l'(t)|I” x —— — [/ ()| + - [| A u(t)]]
dt c(t) (c(t))2 dt (3.17)

2" ’u/ d / !
W0, ) W )12 + 20 (1), Ault).

t
c(t) (c(t))

Note that
c(t) = M(IAY2u(®)]?) = aft).

Now, recalling from (3.5) that,
u”(t) + 6u'(t) + c(t) Au(t) = 0.

and taking the scalar product with «/(t), we substitute the term (u”(t),« (t)) in (3.17) and get that

E(t) = —C(lt) (25 + ig;) I/ ()] (3.18)
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Similarly, from

F'(t) = %||A1/2ul(t)u2 % c(lt) _ (60;5:32 HA1/2’LL/(t)”2 + %HAu(t)HQ (3 19)

_ 2(u”(t), Au'(t)) ,,(f) A1/2u/(t)H2+2(Au’(t),Au(t)),

"0 2!

we use the equation
u (t) + 6u/(t) + c(t) Au(t) = 0.

We take the scalar product with Au/(t) and substitute the term (u”(t), Au/(t)) in (3.19) to finally
obtain that

F'(t) = —C(lt) (25 + ig;) | AV (8)]|2. (3.20)

Also,

o’ u 2

from which we get that

o AR 020
2 _ & B
GTO="camyr o
@) ) 2P
EO) EO)

We use the equation
u”(t) + 6u'(t) + c(t) Au(t) = 0,

take the scalar product with «/(¢) and substitute the term (u”(¢),u/(¢)) in (3.21) to finally obtain that

(G2)(1) < —G(t){2<6 + i((f)))c;(t) - 2||Au(t)H} (3.22)

for every t € [0, T7.
Step 2. We show that T = T.
Let us assume by contradiction that T < Ty. Since |'(t)] < (§)e(t) in [0, T, it implies that

{c’(t) < 3c(t)
—(t) < Se(b).

The first case gives after integration over [0, 77,
while the second case gives

We therefore obtain
—o6T 8T
0<c(0)e2 <¢(T) <c(0)ez. (3.23)

Since ¢(t) and ¢/(t) are continuous functions, by the maximality of T we have that necessarily

d(t) )
c(t)| = 2

lim inf
t—T,.

E
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and

/
lim sup ¢ (t)‘ < 0 vt € [0,T7,
t—T, C(t) 2
implies that,
d(T) 4
= —. .24
c(T) ‘ 2 (3:24)

From (3.18) and (3.20), we have that their derivatives are negatives, it follows that E and F are
non-increasing functions, hence

1AY2u(t)? < E(t) < E(0), (3.25)
[Au(t)|* < F(¢) < F(0) (3.26)

vt € [0,T].
Moreover by (3.22) and lemma (3.2) we have that

(G?)'(t) < =G(t)(6G(t) — 2¢/F(0)),
hence, by Lemma (3.2) and (3.16) with f = G2,

G(t) < max {G(O), 2

5 F(O)}, vt € [0,7]. (3.27)

By (3.25)-(3.27), and the smallness assumption (3.16), we have that

AT | _ |2 AP D) AT |, @)
o(T) ’ _‘ o(T) ‘QOSTSE@’M =y 1AW,
, 2 5
<2 max (M (r>\max{c;(0),5 F(O)} Fo) < 5.

This contradicts (3.24).
Step 3. Let us assume by contradiction that Ty < 4+o00. By (3.23) and (3.26), it follows that

liminf M (| AY2u(t)]|?) > M(|AY2u0|?)e~2" > 0,

t—T,

this is true from the non-degeneracy condition of (3.15), also,

lim sup || A 20/ (£) |12 + [| Au(t) ]| < max {1, ¢(0)e 2 }F(0) < +oc.
t—T,

This contradicts the last statement of the theorem (3.3). If M’ is continuous, this completes the proof.
Step 4. In step 1-3, we proved that if the function M is of class C!, then the equation (3.1) has a
global solution. Now, we want to show the global existence still holds under the assumption that M
is locally Lipschitz.

For this purpose we consider a sequence (M,) of class C! function which converges locally uniformly
to M.

sup |Mc(s) — M(s)| — 0,
0<s<k

that is, for every k > 0, as € — 07. Precisely, fix k£ > 0, to be chosen appropriately later.
Set

0 if s<0
b(s)=q M'(s) if se€(0,k) be L*(R)
0 if s>k
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and

be(s) = /OO pe(s —t)b(s)ds

—00

where (p¢) is a family of mollifiers. Notice that b, € C*°(R).
Now set,

M(s) = M(0) + /08 be(T)d.

Then, (M.) C C*(0,00), M, converges locally uniformly to M and || Mc|| zoo (o) < [|M || £oo(0,1)-
Now, we consider this equation

0" () + 60 (8) + M. (| AV ?0.())?) Ave = 0. (3.28)
We want to pass to the limit in (3.28) as € > 0" in order to obtain a global solution of
V" () + 60 (t) + M(JAY?u(t)[?) Av(t) = 0.

This approximating process by know classical requires the establishment of some estimates for the
sequence (v,). For that purpose we choose k > |A/ 22
Take the scalar product of the equation in (3.28) with w = 2v.(¢t) and set

2(0! (t), 0/ (1)) + 20[0L(£)]* + 2Mc(JA 2 0e (1) ) (Ave(t), vi(1)) = O,

€

which implies that,

DL + LAY 20,(8) )] + 2]/ (8)? = 0,

dt
where
M,(s) = 05 M(T)dr
Setting
E(t) = () + Me(|APoe(t) ),
we get,

which implies that,

~

) | AL/ 242 k
Ec(t) = [ol(t)[* + Mc(|AY?0?) < E(0) = |v1|? +/ Mc(s)ds < |v1|? +/ Mc(s)ds
0 0
< [o1]* + K[| Me|| oo (0,0 < C-

From which we get that the sequence (v.(t)) is bounded in C(0,00; H).
Let T' > 0, we obtain that,

(vl(t)) is bounded in C(0,T;H)
ve(0) = vp.
Hence, by the Ascoli theorem there exists vy € C(0,7T; H) such that

lve(t) — V|loo,r = sup |ve —vr| =0 up to subsequence.

)
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Thus,

sup |Av(t) — Avp| =0 and  sup |AY?u(t) — AY?up(t)] = 0,
t€[0,7) t€[0,T

from which it follows that

|AY20,(8)] — |AY?0p|  uniformly in [0,T).
Therefore there exists K7 such that
max([| A" o[, [ A Por %) < K,
and hence,

sup [ M (|AY?vc(8)%) = M(IAY?or(0)P)| < sup [Mc(s) = M(s)| = 0.
[0,17] s€[0,K7]

On the other hand,

IMc(| A 0c(8)]%) Ave(t) — M(|AY?or(8)]7) Avr(8)|| < [[Mc(JA Poc()?) = M(JAY20c(8) )] ]| Ave (2)]]
HIML(AY 20 ()F) = M (A or(0)*)] Ave(®) || + [M (A 2or ()] (Ave () = Aor(#))]]-
(3.29)

Since M is locally lipschitz and hence locally bounded, we get constant Mp > 0 such that

1M (JAY 20 |?) = M(JAY 207 ]?) oo = Sup |M(|AY 20 ()2) = M(IAY 2o @))]
€|0,

< Mr[[|A2ve(t)F = | A 2ve(t) oo — 0
and
1M (JAY2or]?) | oo,r < M.
Therefore, we obtain from (3.29) that

1/2
IM(|AY200) |2 = M(IAYVor P)|[| Avrlloe < kil | Me(|AY20e|?) = M(IAY?072) oo
+ KM (A0 P) = M(IAY2or] P lloo,r + M| Ave — Avr|oo,r-
Note that the second, third and fourth terms of the right side of the inequality above tends to zero,

as e — 0%,
Now going back to the equation (3.28), that we write in the form

(0L(t) + 6ve(t)) = —Me(| A Pue?) Ave(t),
we obtain that the sequence (v.(t) + dve(t))" is bounded in C'(0,T; H) and for every € > 0
vL(0) 4 dve(0) = vy + dvp,

thus, apply the Ascoli theorem to (v.(t)+dve(t)), we get that (v.(t)+dve(t)) converges to some function
wy in C(0,T; H), up to a subsequence.
Since v, converges already to vy in C'(0,T; H), it follows that v. = (v. 4+ dve) — dve converges to some
function ur in C(0,T; H).
Therefore, we obtain that

(ve) »vr in C(0,T;H)

(W) = up in C(0,T;H).
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Hence, vr is continuously differentiable in [0, 7] and v/.(t) = ug.
Now, once again we go back to the equation (3.28), that we rewrite this time in the form

V" (t) = =60 (t) + Mc(|AY?0c|?) Ave.

Hence, it follows that (v)) converges to some function h in C(0,7T; H).
We obtain therefore that
(WU(t) = vp in C(0,T;H)
(W!'(t)) = h in C(0,T;H).
Hence, v/, is continuously differentiable in [0, 7] and (v7.)" = v/ = h in [0, T].
We are now in a position to pass the limit in the equation (3.28) and get that vp is the solution of

V() + vl + M (|AY 207 |?) Avy = 0,
v (0) =v1,  vr(0) = vo.
Set wv(t)=wvp(t) if tel0,T], for some T >0. (3.30)
Notice that the function v is well defined . In fact, let 77,75 > 0 with 77 < Tb, therefore by the
uniqueness of the local solution, we get
vr = vy |j0,1y)-
In fact, by definition vy, is the unique solution of
V" () + 0u'(8) + M(AY20(®)P)Av(t) =0 Vte (0,T;), i=1,2,--
’U(O) = Vo, ’UI(O) = V1.
In particular, vr, satisfies the equation also for every ¢ € [0,71], which implies that vr,|jo 7] is also a
solution to the equation in [0,7}]. From the uniqueness of vy, as solution in [0,77], we get that
v = ’UT2|[O,T1}'

This complete the proof of the global existence.
We are now going to study the asymptotic behaviour of the global solution obtained above.

3.4 The Asymptotic Behaviour of the Global solution

We now want to prove that (u(t),u(t),u”(t)) = (tss,0,0) in D(A) x D(AY?) x H as t — 400, and
that [|AY?us | x M(||AY?us||?) = 0. In particular, if the operator A is coercive and m(r) > 0 for
every r > 0, then necessarily u., = 0. We start by introducing the theorem that we want to prove.

Theorem 3.4 (Asymptotic behaviour). Let us assume that all the hypotheses of Theorem 3.3 are
satisfied.

Then we have that:

(i) M(||AY?u(t)||?) > 0 for all t > 0;

(i) there exists us, € D(A) such that

u(t) = use in  D(A), (3.31)
W' (t) =0 in D(AY?), (3.32)
W' (t) >0 in H (3.33)

as t — +oo. Moreover ||AY?uq | x M(||AY?us?) = 0.

Remark 3.5 We remark here that the proof of Theorem 3.4 relies on a result about the asymptotic
behaviour of solutions of the linearization of (3.1).
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Let v be the global solution obtained in the theorem 3.3. In order to study the asymptotic be-
haviour of the solutions of (3.1), we consider the linearized problem

V() 46V (1) + c(t)Av(t) = 0, t>0,

(6160 (0) +c(t) Au() > a0

v(0) =y, v'(0) = v1.

In the following lemma we examine the asymptotic behaviour of the solutions of (3.34).

Lemma 3.6 Let 6 > 0, and let ¢ : [0, +00[—]0, +o0o[ be a Lipschitz continuous bounded function such
that

4 )
Cc((tt))‘ < 5 for a.e. t>0. (3.35)

Let v be the unique global solution of (3.34) with (vo,v1) € D(A) x D(AY?).
Then there ezists vo € D(A) such that

v(t) = Voo in D(A), (3.36)
V() =0  in D(AY?), (3.37)
v"(t) = 0 in H (3.38)

as t — +o00. Furthermore, if Avs # 0 then necessarily c¢(t) — 0 as t — +oo.

Proof of Lemma 3.6. We divide the proof in several steps, according to the following strategy.
In Steps 1 — 6 we prove that

Av(t) has a limit we in H as t— +oo, (3.39)
A2 () -0 in H as t— +oo, (3.40)
cV)|Av(®)|| =0 as t— +oo. (3.41)

If the operator A is coercive (i.e there exists v > 0 such that (Au,u) > v|ul? for all u € D(A)), then
Lemma 3.6 is proved.
If A is not coercive, it remains to prove (Step 7) that

v(t) has a limit v in H as t— +oo, (3.42)
V() =0 in H as t— +oo. (3.43)
Indeed, since A is closed, from (3.39) and (3.42) it follows that v € D(A), Weo = AvVeo, and v(t) — v
in D(A).
Step 1. Let us consider the function
A2 2
F(t) = ——— Av(t)]|“.
(0 =15 + v

A simple computation shows that

2(0"(t), AV'(t))  d(t)
F'(t) = - ol
c(t) (e(®))
Now, recalling from (3.34) that v”(t) + dv'(t) 4+ ¢(t)Av(t) = 0 and taking the scalar product with
Av'(t), we substitute the term (v”(t), Av/(¢)) in (3.44) and get that

A2 (1)]|2 + 2(AV (), Av(t)). (3.44)

o ¢ [AY20 (1)
F(“‘_<2‘”c<t>> ORI
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hence

c 1/21)/ 1/21)' 2
F'(t) = —<25+ Cg))) 14 c<t>(t)‘| < —;’5W. (3.45)

In particular, the function F'(t) is non-increasing, hence there exists

Fy = lim F(t).

t—-+o0

If Fo =0, then (3.39) holds true with ws, = 0, while (3.40) and (3.41) follow from the bounded-
ness of c.

Now in steps 2 — 6 we deal with the case Fi, > 0 (in particular in step 4 we show that in this case
necessarily c(t) — 0).

Step 2. We show that

/ 1AM 2/ ()| 2dt < +o0, (3.46)
0
Indeed, integrating (3.45) we have that

/°° | AY2 (1)1
0 c(t)

Since the function ¢ is bounded, (3.46) follows from this inequality.
Step 3. We show that

dt < —3% /OOO F'(t)dt = %(F(O) — Fy).

/OOO c(t)|| Av(t)||2dt < +o0. (3.47)
Indeed, taking the scalar product of the equation (3.34) with Av, we obtain that
0= ("(t), Av(t)) + 60" (), Av(t)) + e(t)]| Av(t)||?
= ((v'(t), Av(t)) + gHA”zv(t)Hz)’ — AV (@) + e(t) || Av (D)
()| Av(t)|? = —((v' (1), Av(t)) + gHAl/Zv(t)H?)’ + (| AV (1)),

Integrating in [0, T it follows that
T 5 5 T
/0 c(t)||Av(t)|[*dt = (v1, Avo) + §||Al/2vo\|2 = (v'(T), Av(T)) — 5| AV2u(D)|? +/0 1AV (1) |*dt

5
< (v, Avg) + 5[ A w0l +

1 T
alelloaP©)+ [ 4200
0

Passing to the limit as T' — oo, (3.47) follows from (3.46).
Step 4. We know from the definition of F'(t) that,

_ A2 ()2

F(t) "0

+ [l Av(t)II?,

multiply through by ¢(¢)
c(t)F(t) = A2 ()] + (1) Av (D)%,

integrating in [0, 00]

OOC — o 1/21}/ 2 OOC v 2.
/O () F(t)dt /0 JAY2 (1) + /0 ()]l ()|
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From (3.46),(3.47) and it follows that
/ c(t)F(t)dt < +oo.
0
Since F(t) > Fx > 0, then also

/00 c(t)dt < 4o0. (3.48)
0

Since ¢ is Lipschitz continuous, it follows that ¢(t) — 0 as t — 400, hence (3.41) is proved. Since
|AY20/ (1) ||> < ¢(t) F(0), then also (3.40) is proved.

Step 5. We show that (3.39) holds true with the additional assumption that (vg,v1) € D(A%)x D(A%/2).
To this end, let us introduce the function

R A3/2 / t 2
Fry o 14720
c(t)
As in step 1, it is possible to prove that Fis non-increasing,

Fl(t) _ Z(Asv/(t U//(t)) C/(t)

+ A% (0%,

A3 (8))1? + 2(Aw(t), A3 (1)), (3.49)

() )2

recall that,

V"(t) 4 00 (t) + c(t) Av(t) = 0,
we multiply through by A3v/(¢) and write the resulting equation in the form
(A% (1), 0" (2)) = =53] AP0/ (8)|* = e(t)(Av(t), A% (1)) = 0. (3.50)

Now, substituting (A3v/(¢),v"(t)) into (3.49), we get after simplification that

o —28||AYZ ()2 ()
- (et

Fe) %0 ey 4 O

hence which is written in the form

F'(t) = —C(lt) (25 + CC/((;)) 1432 (®)|)? vt > 0.

From the definition of F/(t) and the fact F'(t) < 0 (see(3.45)) it follows that

1A%20(1)]|? < B(t) < F(0) Vt>0.

Now let us consider the function

Sy . AV @)
="
Then, we have that
sz AV ()]
(@) = e
and hence,
A9/ 2(v"(t), A%/ Av'(t)]|?2d
@y (o = 2O MATLEE, (3.51)



recall that,
V() + 6V (t) + c(t)Av(t) = 0,
we multiply through by A2v/(¢) and write the resulting equation in the form
(v"(1), A%/ (t)) = =0l AV ()[|* - c(t)(Av(t), AV'(t)). (3.52)
Now, substituting (v”(t), A?v/(t)) into (3.51), we get after simplification

o WAV 2 A OA0] A 0)]22 )
(G0 = e (1) COL

thus

@0 = ~6w{2(s+ S 6w - 21an01} < 6w {se0 - 2/Fo

hence, by Lemma 3.1 with f = G2, it follows that

G(t) < max{é(()), (25\/%} Vt € [0,T7.

By (3.48), this implies that

/ | Av' (¢)||dt < 400
0
and
t t s
|Av(t) — Av(s)| S/ | AV (T)|dT = [/ A?/(T)|d7’—/ |Av/(7')]d7'}
s 0 0
as s and t goes to co. Therefore Av(t) has a limit as ¢ — +oo.
Step 6. We show that (3.39) hold true for every initial data (vg,v1) € D(A) x D(A'Y/?).
To this end, let us consider a sequence {(von,v1n)} C D(A%) x D(A3/?) converging to (vg,v1) in

D(A) x D(A'Y?). Let {v,} be the corresponding solutions of (3.34), and let us set w,, := v — v,,. Since
wy, is a solution of (3.34) we have that

|AY 2, (1)) 2 _ [AYV2 (010 — v1)
— | Aw, ()7 < ’
) + |Aw, ()7 < (0)

This proves that {Av,} — Av uniformly in [0, +oo[. Since Av,(t) has a limit as t — +o0 for every
n € N (see step 5 ), then necessarily Av(t) has a limit as t — +oo.
This completes the proof of (3.39).
Step 7. If A is not coercive, it remain to prove (3.42) and (3.43) . Let us consider the function

| Aw, (1)) < + |A(vo,n — vo) .

o 2
B) = 20 1 a2

Arguing as in step 1, we have that, for every T' > 0,

CO\IVOIP _ 3 O]
c@)) < 35O

ety — 2 )
In particular, the function F(t) is non-increasing, hence there exists

E'(t) = — (26 + (3.53)

Eyx = lim E(t).

t—+o00
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If Exc =0, then (3.42) holds true with v = 0, while (3.43) follows from the boundedness of c.
By integrating (3.53) over [0, T], we get

T 11y (£)12 T
/0 I Cig” it < _325/0 E'(t)dt = %(E(O) - E(T)).

Since the function ¢ is bounded, it implies that for every T > 0,
4 / 2 2 / 2
/O ' ®1dt < =llellooE(0), [l ()" < llelloo £(0).
Moreover, taking the scalar product of (3.34) with v, and arguing as in step 3, it follows that
(V" (t), v(t)) + 6" (1), v(t)) + c(t)(Av(t), v(t)) = 0,
5 /
(@O0 + 11?) = 19 + ctl4T 200 =0,

Integrating in [0, 7] it follows that

T ) T )
[ eomarz i+ SR = [ 1 @R + Sl + o) - 0/(0). (7))
T 5 1 1 1/6 2
< T2 o Dl 12 L 2 0 a2 L Zna 2 L 2 2
< [P + gl + 5 (Sl + Foal?) + 5 (G101 + 5ol
T 5 § 1 § 1
< ez L %2 L Q2 L 2 L @ 2 L2
< [T IO + Glooll + 3lu0lP + g5llon P+ FIDIP + 31 DI,

we can rewrite as,

4 (T 1 1
2 < = / 2 Sl 2 2 2
HMﬂH_é{A\W@H+5WGW!+WM\+%MN}
4 ( 2 1 9 1 9
< ) = _ _
4 [ 5]|clloo 2 1 2
< —
_5{ C22E(0) + dlluoll* + 5l ¢,
enee llelloo (llvill®
4 ( 5le U1 1
T)|? < - = A 2yq? 2 28 54
lo(T)] _5{ 5 (Cm)+w woll2) + 8llvoll® + = o] (3.54)

Now we consider the spectral decomposition of self adjoint operator A.
We fix 0 > 0. Let E be the spectral resolution of the identity associated to the self adjoint operator
A, and let H be the orthogonal decomposition such that,

H=Nj®Ng® Ng,
where
Na=R(E{0})),  N=R(E(0,0]),  N&=RE(0,+00])).

Let va(t), vg(t),vc(t) be the components of v(t). Since N4 is the kernel of A, then v4(t) solves the
ODE

V' (t) + 60’4 (t) = 0,

hence by a direct computation we see that v4(t) has a limit as t — +oo.
Since the restriction of A to NZ is coercive, by the results of Steps 1 — 6 it follows that also vc(t) has
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a limit as t — +o0.
Moreover, applying (3.54) to the function vp, we have that

C v 2
a0 < §{ el (L0 14172002 + dl(en)a? + 55003}

for every t > 0.

This proves that |vg(t)| is small, uniformly in ¢, provided that o is small enough. Since v4 and ve
have a limit for every o > 0, then (3.42) follows by a standard argument. The proof of (3.43) is
completely analogous.

Proof of Theorem 3.4. We use the same notations as in the proof of Theorem 3.3. Let us first
remark that u is the solution of (3.34) with

o) = M(|Au@®]),  (vo,v1) = (o, un).

In step 2 of the proof of theorem 3.3, we showed that ¢(¢) > 0 for every ¢t > 0 (this proves statement
(i), and

< 2 for «all t>0.

Since (3.25) holds true for every ¢ > 0, it follows that ¢ is bounded. Since M is locally Lipschitz

continuous, and ||AY2u/(t)||? < F(t)e(t) < F(0)e(t) (see (3.26), then it turns out that ¢ is globally

Lipschitz continuous.

By the Lemma 3.6, there exists 1, € D(A) such that (3.31)-(3.33) are satisfied. If AY?uy, # 0, hence

Auso # 0, then by the last statement of Lemma 3.6 we have that ¢(f) — 0 as ¢ — 400, and therefore
0= lim M(|AY2u(t)|?) = M(|A uc0|®).

t—+o00
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Chapter 4

A Global Existence Result For The
Kirchhoff Type Equation With Non
Linear Dissipation

In this chapter, we consider the initial boundary value problem in abstract form

{ u"—i—M(HAl/QuW) Au+g(u')=0 in [0,00),

4.1
uw(0) = ug, u(0)=1w (1)

for a Kirchhoff-type equation with a nonlinear local damping term. Under suitable assumptions on A,
M and g, we proved following a method based on the multiplier techniques, the Galerkin approximation
method and some integral inequality techniques due to Harraux [58], the existence and uniqueness of
global solution and the energy decay rates.

4.1 The Abstract Model

We take (2 to be an open, bounded domain in RY with smooth boundary 0. Take H = L?(f2) that
is equipped with a norm ||.,.||, and a scaler product denoted by (.,.). Let A be a linear, nonnegative
and self adjoint operator on H and ¢ > 0, is a constant, such that

(Au,u) > c||uH%2(Q), Vu € H. (4.2)
With dense domain in H, denoted by V := D(A). We write
lulla = llul® + || Au]?

as the graph norm of the operator A. We take the imbedding V' C H to be compact and identify
H' as the dual of H. Also we have that V' C H C V', where the dual of V is denoted by V'. Take
W := D(AY2) and let {(.,.)y+y stands for the duality pairing between V' and V.
Now, we state certain assumptions that proves very useful in this section.
Assumption 1: Let M(s) be a C'[0, 00) real function and M’ (s) > 0. Take 5 and 7o to be two positive
constants, such that M(s) > >0 for all s > 0 and |M'(s)s|/M(s) < .
Assumption 2: Let g : R — R be a nondecreasing continuous function and g(0) = 0 such that the
constant k£ > 0 and ¢ > 1, then

lg(z)| < k(1+|z|?) VxeR. (4.3)

We note that for all u € D(A)ND(AY?), then g((u), Au) > 0. This is true if A = —A and g(u) = |u|*u,
a>1.

Assumption 3: Take M'(s) > M (s)|g(z)|, s € [0,00), V = € R.

Assumption 4: Let V C LiT1(Q) for some ¢ > 1.

Next, we define M (t) and E(t) as follows:

() = /0 M(s)ds, (4.4)
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E(t) :% 1 (&)1 + M (| A 2u()]?) . (4.5)

We are now going to state the theorem that we want to prove.
Theorem 4.1 Assume that the initial conditions (ug,u1) € W x L*(2) satisfy the smallness assump-

tion

1M || oo (o, x(0))) B (0, 1) VY (0) < =, (4.6)

RS,

where

_ [Jua | 1/2, 112
B(uo,u1) —maX{]\WW,M<|’A UOH )

-1
< <(M<||A1/2u0||2))' = g(u) M<||A1/2uou>) Y(O)}.

Then there is a unique function u € L>®(0,T; D(AY?)) N Whoo(0,T; D(A)) N W?2>(0,T; L*(Q)) such
that for every T > 0,

u”(t)+M<HA1/2u(t)||2>Au(t)—|— g ) =0 in L9tV T, V"), (4.7)

uw(0) =ug (u)(0) = uy. (4.8)

Remark 4.2 It is important to note here that the smallness assumption together with the lemma
(3.2) and the fact that |K'(t)/K(t)| = 1/2 based on the maximality of T, help us to establish with
appropriate a priori estimate that u,,(t) can be extended to [0,7") for any T € (0, c0).

4.2 Existence of the solution

It will follow from the Galerkin approximation method. Suppose that, for simplicity, we take V' = D(A)
to be separable. Let (wk)kzl be a sequence of eigenfunctions of the operator A that correspond to
positive real eigenvalues \;, that tends to +00, so that Aw* = \yw*, k > 1.

Let V;,, denote the linear subspace of w!, w?,---w™. Note that (w*)>1 is a basis of L2(Q2), D(A) and
D(AY?) and hence it is dense in H,V, and W.

We find

um(t) = ngm(t)wky
k=1
for any v € Vi, up(t) is a solution of the approximate equation.
(v )+ ML (1)) Avtn (1) + 90t (1), 0) = 0, (149)

with the initial conditions uy and w1 as a projections over V;, that satisfy

Um (0) = upm = i(um(O),wk)wk —uy in D(AY?), (4.10)
k=1
() (0) = wim = > _ (1}, (0),w)w® = uy in  L*(Q). (4.11)
k=1

Note that we can solve (4.9)-(4.11). In fact the problems (4.9)-(4.11) have a unique continuous solution
Uy, on some interval [0,¢,,). The extension of the solution to the whole interval [0, c0) is a consequence
of the A priori estimate which we are going to solve below. Now, we show that u,,(t) can be extended

0 [0,T) for all T > 0. To show that u,,(t) can be extended to [0,7") for all T' > 0, we have the
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following A Priori estimates.
The First A priori Estimate. Taking now v = u},(¢) in (4.9), we get

(e, (8) g () + M ([ A 22 (0)[|*) (A (£), 1w (£)) + g (il (£), (1)) = 0.
That is,
Ml (I M A2 (]2) 5 A 2 (D] + (0 (1), 18, (6)) = 0.

Multiply through by 2, and use (4.4) to get

G (I 4 T4 20,017 ) +2( a0t 0,0 (0)) =0 (1.12)

Integrating (4.12) over (0,t), t < t,,, and using (4.5), we get
)H2 + M(HAl/zm(t)HQ)} +2 /Ot (gth(5), w4 (5) ) ds. (4.13)
By using (4.2) and (4.4), we deduce that
2
t)H + BHAI/Q H n 2/ / (s))dxds, (4.14)

where the left hand side is constant independent of m and ¢. Thus estimation (4.14) yields, for any
0<T < o0,

2B(0) = { ol (t

2E(0) > ( u!

ul, is bounded in L%°(0,T; L*(Q)), (4.15)
A2y, is bounded in  L>(0,T; L*(£2)), (4.16)
ul,g(ul,) is bounded in L'([0,T] x Q). (4.17)

This conclude that u,,(t) can be extended to [0,T") for all 7' > 0.
Now we show that u,,(t) can be extended to [0, 00). We recall now the following smallness assumption:

Um,
!M'||L°°([0,X(o>1>><max{ H1/21H Sos (M| Ao ||?)) x ((M(HA”Qumollz))’—g(uml)
M ([|AYZumol[?) (4.18)

MOA Py l) VT | x VIO < 4.

where X(0) = (a1 2/ M (JA 2 umol?)) + [ A Pumol®, Y(0) = | A" 2unn |*/M (| A umo]|?)) +
[ Amol|*-

Let [0,7%) be the maximal interval where the solution exists.

We set
K(t) == M(||[AY2upm (1))
and
. K’ t) 1
T :=sups7€[0,T") K0 §§,K(t)>O,VtE[O,T) . (4.19)

Let us consider the functions

ul 2 ALl/24 2 ul 2
X(t) = Ppig + 14 Pun ()7, Y (1) = Byl + Aun ()7, () = Pt

With simple computations it follows that

X’(t) = %”’U’;n(t)”? X Kl(t) (K/<);2 Hu;n(t)Hz + %“Al/Qum(t)HQ (4 20)
_ 20 (0,0 (®) K)o ) _
=R Rz O+ 2w (), Aun(®)).



Now, recalling from (4.9), substitute K (t), we get

U (t) + K (8) Aun (t) + g(up, () = 0,

and taking the scalar product with ], (¢), we substitute the term (u,,, (t),u,,(t)) in (4.20) and get that

1 K'(t)
X'(t) = ———(2(g(, (t), . (1)) + ’t2>
(0=~ 7 (20 0.0 + G T o
<0

Remark 4.3 This is true since g(u),(t), u,,(t)) and K (t) 5|, (2 )||? are positive.
Similarly, from

d 1 K'(t)

Y'(t) = —||AY2d! (1)]|? x - A2 (D)2 + — || Aum (1))
a I % 5~ i 4O + 14w 0 .

A2l ()] + 2(Aup, (), Aug (1)),

_ 2(up (1), Au (1)) K'(1) ”
K(1) (K(1))?

we use the equation
U (1) + K () Aum (1) + g(uy, (1)) = 0.

Take the scalar product with Av'(¢) and substitute the term (u,, (t), Au,,(t)) in (4.22) to finally obtain
that

/ _ _L o o K’ (t) /2,1
V() = = e (2000, A ) + e DAV, 0])) o)
<0
Also,
(Jz)(t) — ”u;n(t)w
(K1)’
from which we get that
/ ailun @17 Jlup, ()]172K (1) K’
2 dt _
I =Ry (K@) o
_ 2(up (1), up () 2], ()]PK(2)
(K(t))? (K(t))?

We use the equation

Take the scalar product with u) (¢) and substitute the term (u! (¢),u},(t)) in (4.24) to finally obtain
that

@) < {2 Tl = latal)]) 70 - 2000}, (4.25)

for every t € [0, T7.
Next, we want to show that 1" = T™.
Let us assume by contradiction that T < T*. Since |K'(t)| < (%)K(t) in [0, 77, it implies that

K'(t) < 1K(t)
—K'(t) <



The first case gives after integration over [0, 7],

while the second case gives

We therefore obtain -
z

0< K(0)ez < K(T) < K(0)e®. (4.26)

Since K (t) and K'(t) are continuous functions, by the maximality of 7" we have that necessarily

K/
lim inf (*) > 1
and
K’ 1
limsup‘ (t)‘g vt € (0,77,
t—T, K(t) 2
implies that,
K'(T) 1
= —, 4.2
K|~ 3 (20

From (4.21) and (4.23), we have that their derivatives are negatives, it follows that X and Y are
non-increasing functions, hence

1A 2w (8)]1 < X (1) < X(0), (4.28)

[ Aun (t)[|* < Y(£) < Y(0) (4.29)
vt € [0,T].
Moreover by Lemma (4.3) we have that
K(0)
" K'(0) — g(um1)K(0)
By (4.27)-(4.29), and the smallness assumption (4.18), we have that

J(t) < max {J(O) Q(O)}, vt € [0,T]. (4.30)

’K’(t)‘ _ ‘2M’(HA1/2um(t)HQ)(%(T%Aum(T)‘
K

(t) K(t)
s um (1)
< 20;%5}%((0) | M (7")Hw\|f4um(ﬂ”
' K(0)
<2, g I 01 e { J0) gy e O VRO
L

This contradicts (4.27). Therefore it follows that u,,(¢) can be extended to [0,7) for any T' € (0, 00).
Furthermore, taking now v = Au}, in (4.9), we get

(e (8), Aup) + M(|AY P |*) (A, Auiry,) + (1, Auy) = 0.
Divide through by M (||AY?u,,||?), we get

(i Attyy)

g, Aul,)
—_— =0. 4.31
M (A ) (4.31)

Ay, A ! — M T -
+ (Au Upy,) + M(|[A200|J2)
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By simplification we get
1d ul,, Aul (g(ul,), Aul.)
- m> m A m 2 m/) m
v (e + 4wl ) + 3 e
—(upy, Atgn) M (|| A Py | *) (A2, AP )
(M (|| A2, |2)) '

(4.32)

Integrating (4.32) over (0,¢) and taking into account assumption (1) and (2), and applying Gronwall’s
inequality, we get

Au,, is bounded in L*°(0,T; L*(Q)). (4.33)
From (4.17) and (4.3), we have that
g(u,)is bounded in  L+V/9(]0, T x Q). (4.34)

The Second A Priori Estimate. Taking now v = u// (¢) in (4.9) and choosing t = 0, we get
e ()12 + (M| AY2ugm]2) Ao + g(2u1n), i (0) ) = 0.
Hence
e ()12 < (g urm)ll + IMIAY u0m |?) Avio] ) e, (0)]
< (llgCwmm) | + 1M AY2u0|) Auo|) % [ (0)]].

From the assumption (4.3), we infer from (4.11) that (g(u1,,)) is bounded in L?(2). Therefore we
conclude that the right hand side is bounded; that is
ulr (0) is bounded in H. (4.35)

m

The Third A Priori Estimate. We make use of (4.9) at the points ¢ and ¢ + . For ¢t < T', then
0 < ¢ < T —t. Taking now the difference v = u},(t + ¢) — u},,(¢) in (4.9) and the assumption (2), we
get

(t(t +0) = (8), (& + 0) = (1)) + (MIA 2t + 9)|2) A (t + )

(4.36)
M (A2 (8)]2) At (8), (£ + ) = 1, (1)) < 0.

Thus we have

[t + ) = (D] + M4 2+ )
X (At (£ +9) = At (), ) (E+ 2) = U} (1)) (4.37)
o+ DAY 2 (t + QII) = M A2 (8)]D)] X (At (1), 3 (¢ + ) = (£)) < 0.

Set
B (t) = |1 (uny (t + ) — upy ()] (4.38)

We apply the Young’s inequality on (4.37), and use the assumption (1) and the fact that A is non
negative self-adjoint operator, we see that ¢;, (1) < cdy,, (). Therefore we deduce that

Do (£) < B (0)exp(cT) Vi € 0,7 (439)
By dividing both sides of (4.39) by ¢?, letting ¢ — 0, and using (4.38), we get

cllum I < [lu, (0)[1*. (4.40)
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From (4.35), it follows that |lu/||?> < C.
We know that u,, € C2[0,T], for all t € [0, T]. This verified the previous inequality and conclude that

ul, bounded in L>(0,T; H). (4.41)
Furthermore, using (4.15) and (4.41), we get that
ul, is bounded in L*(0,T;H), (4.42)
ul’. is bounded in L?*(0,T; H). (4.43)
Applying a compactness theorem stated in the preliminary chapter, we get
ul,, precompact in L2(0,T; H). (4.44)

We are know in a convenient place to pass the limit.

Passing to the limit.

By using the Dunford-Pettis theorem, we conclude from (4.15), (4.16), (4.34) and (4.41) - (4.44),
replacing the sequence u,, with a subsequence if needed, that

Um — u weak-star in  L*°(0,7;V), (4.45)

ur, —u'  weak-star in  L*(0,T; H), (4.46)

ur —u”  weak-star in  L*°(0,T; H), (4.47)

u, —u aein  Qx|[0,7], (4.48)

g(ul)) = ¢ weak-star in LTV/9(0, T; H), (4.49)

M (| AY 2w, ||?) Aty — x - weak-star in - L®(0,T; H) (4.50)

for appropriate function u € L®(0,T;V),x € L®(0,T; H) and ¢ € L+D/9(Q x [0,T7).
Now we show that w is a solution of the problem (4.7) - (4.8). In fact, from (4.45) to (4.47), we get

/um w d:c—>/ kdx,

(4.51)
/ ul (0)wkde — / o' (0)w*dz,
Q Q
for any fixed k£ > 1. So we conclude that, for any k£ > 1,
/(um(()) — up)whdr = /(u'(()) —up)whde =0 asm — oo, (4.52)
Q Q
it follows that (4.8) holds.
Now, we will prove that, indeed, y = M (||A"/?u||?)Au; that is
M (| AY 2, |?) Aty — M(||AY?u]|?) Au weak-star in L=(0, oo; H). (4.53)
For v € L?(0,T; H), we have
T T
|G- Q1A 2u2) du e = [ = MOIA 0 ) A )i
0 0
T
+ / M| AY20|2) (At — Au, v)dt (4.54)
0

T
T / (M| AY 20 |2) — M|AY20]2)) x (At v)d.
0
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We deduce from (4.45) and (4.50) that both the first and second terms in (4.54) tends to zero as
m — oo. For the last term, using the fact that M € C” and (4.16), we can obtain (with some positive
constants Cy, Ca).

T T
| A 2 ) = M 1A At o)t < Cr [ A+ )
0 0

T 12 (4.55)
< Cg(/ o — uPdr)
0
Since uy, is bounded in L*°(0,7; V') and the injection of V' in H is compact, we have
Uy, — u strongly in  L*(0,T; H). (4.56)

From (4.54) to (4.56), we deduce (4.53). It follows from (4.45), (4.47) and (4.53) that for each fixed
v e L0, T; V),

T T
/ (U + M (|| A, ||?) Aty v)dt — / (" + M(||AY?u|?)Au,v)dt as m — 4oco.  (4.57)
0 0

For the nonlinear term g(u’), it remains to show that for any fixed v € LI1(0,T; V),

/ / dxdt—)/ / Ndxdt as m — oo. (4.58)

At this point we introduce the following lemma by Jung and Choi [67].

Lemma 4.4 Assume that Q x [0,T] is an open, bounded domain of R™ x R; g, and g are in LI(2 x
[0,7]), 1 < q< o0, such that g, — g a.e., in Q x [0,T]. Then g, — g weakly in LI1(Q2 x [0,T7]).

By (4.49), we have that g(u},) — g(u') a.e. in (Q x [0,7]). From (4.34), we can use the above lemma
and so we have ¢ = g(u'); that is,

g(um) — g(u)  weak in LTV/9(Q x (0,T)), (4.59)

which implies (4.58). Therefore we obtain

T
| (AP g, e =0, o€ L7013V, (4.60)
0

4.3 Uniqueness of the solution

Let u and v be two solutions of (4.7) and (4.8) in the conditions of Theorem (5.1). Then w = u —v
is a solution of

w” + gu’ + M| AYV2u]®) Aw + (M(|AY?ul|?)) — M (| AY?0]*)) Av = 0, (4.61)

w(0) =0; w'(0)=0. (4.62)
Taking the scalar product of (4.61) with 2w’, we get

i[llw O + M(I|A1/2U(t)ll2)HAl/Qw(t)IIQ] +2g||w'(t)?
= || A" 2w (t )H2 M(|AY2u(t)|[?) + [M[[AZo(t)|2 = M(| AZu(t)]))](Av(t), 20/ (£)).

By integrating with respect to t, using (4.62), hence ||AY?w(0)||> = 0 and (4.55), we find, compare
with (4.55)

t t
[’ ()17 + Bl A 2w (8| + 29/0 lw'(s)]|*ds < C/O [l ()% + BIIAYw(s) || ds

where C' is a positive constant. Hence uniqueness follows from the Gronwall lemma.
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4.4 Decay Energy Estimates

In this section we want to study the energy estimate under suitable growth conditions on g. Let us
assume that there exist a number p > 1 and positive constants c1,7 = 1, 2, such that

ey min{|z|, |2’} < |g(z)] < ¢y max{|z],|z|'/P} for all z € R. (4.63)

Theorem 4.5 Assume that (4.63) holds. Then one obtains the following energy decay:

E0)e ™t vt>0, ifp=1,
() < { ©E0)e e p= (4.64)
Go(1+1)~2/e=D vt >0, ifp>1,

where cg,w and ¢y are some positive constants.

Proof.
Let T > 0 be arbitrary and fixed, and let u € L>(0,T; V) N W?2°>(0,T; H) be a solution of (4.7) and
(4.8). Multipying (4.7) by u/(t), we get

(u" (), ' (1)) + M| A Pu()?) (Au(t), o (£)) + g(u/(8), /(1)) = 0.

By simplification, we get

& (I 0P + ML A 2u0)])) + 2l (1), o (1) = 0.

Integrating by parts in Q x (s,7)(0 < s < T'), we obtain that

T
E(T)— E(s) = —/ (g(u' (1)), 4/ (t))dt. (4.65)

By (g(u/(t),4/(t))) > 0 and being the primitive of an integrable function, it follows that the energy E
is nonincreasing, locally absolutely continuous and

E'(t) = —(g(u/'(t),4'(t)) a.e in [0,00). (4.66)

Here and in what follows we will denote by ¢ diverse positive constants. We are going to show that
the energy of this solution satisfies

T
/ E@)PH)/2 < ¢E(s) Y0<s<T < oo. (4.67)

Once (4.67) is satisfied, the integral inequalities given in Komornik [74] and Haraux [58] will establish
(4.64).
Now, multiplying (4.7) by E(t)®?~1/2y and integrating by parts, we have

T
0= / E(T)PD2( 4 M(|AY2u)) Au + g(u), w)dt

1)/2¢, 1 T p—-1 T 3)/2 v /
=[P )] -2 / B ®32E () (o, u)dt
. p (4.68)
= [ B P [ B0 A Al
ST S
+ / E@)P2(g(u'), u)dt.
Note that by the assumption (1) and (4.16). We can choose some positive number

o= max M(s)} < o0, 4.69
s€[0,||A1/2u||2}{ (s)} (4.69)
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so that 2E(t) < ||/]|? + a||AY?u)|?. Thus we deduce that

28 (T (p+1)/2 (p—1)/2, 1
P B)er2g < - [E(t) P=1/2(y ,u)dt}
a S

S

T
+/ E@®)P V(1 +a ||~ (g(u'), w))dt
s
=L+ 1+ Is.

+/ E@)P32E @) (' u)dt

(4.70)

Using the continuity of the imbedding V' C H, the Cauchy-Schwartz and the Young inequalities, we

obtain
(W, )] < clu'[lul] < cE().
Hence, since E(t) is nonincreasing, we obtain

_ T
I < cEPV20)E(s), I < @21) / cE@)PV2E (t)dt < cEPY/2(0)E(s).

In order to estimate the last term I3 of (4.70), we set

M ={zeQ:|Wtz) <1}, Q={xecQ: |t >1}.

/u’(t,m)|2d$:/ |u/(t,x)|2da:+/ |u'(t, z)|*d.
Q Q Qo

The Holder inequality yields

Then we have

2/(p+1)
> + [ (t, 2)|*dx
Qo

/ [ (t, z)|2dx < c( |/ (t, ) [P dx
Q 91
=Ji+ Jo.
Using (4.63) and (4.66), we deduce that
2/p+1
J1 < c(/ u/g(u/dx)> < c|E' (1) P+,
Q1
Jo<ec | |Wg()|de < c(—E'(t)).
Qo

By putting together the inequalities in 4.76 with (4.75), we get

/ [ (t, 2)Pdw < o(—E'())/ P + o(—E'(1)).
Q

Applying Young’s inequality, it follows that, for any € > 0,

T T
/ E@) P21/ 2dt < ec / E(t)Pt)/2qt 4 c<e<1p>/2 + E<Pl>/2(0)> E(s).

It remains to estimate the second term of I3. Using (4.5) we have

‘/ ug(u')da| < cljull 7@ )5 (@)

(p+1)/p ., 1/(p+1)
< cljul¢ <m>( / (ug<u>)
1
< cE)Y2(—E' ()Y D),
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Similarly, using (4.8), we obtain

/Q g

< cllull 2 a) 19w L2 020)

) 4.80
< cllull 2y I g 45, o

< cE(t)'?(—E'(1)'/2.

From (4.79) and (4.80), we deduce

/ ug(u)dz| < cE@)Y2(—E' )Y/ ") 4 cB@)YV2(—E' ()2, (4.81)
Q
Using Young’s inequality and

BP(-B(0) = B/ (B0 - B'(0)2) (152)

it follows from (4.80) that, for any ¢ > 0,
T T
- / E@) P2 (g(u!), u)dt = — / E(t)P~1/2 / ug(u')dzdt
s s Q
T T » 1
<c [ BOPRE-E®)0Vdre [ E0F-E®0)id
’ T ’ T
< %ec / B2t 4 o(e P 4 L B0)P-D/2) / (—E/(1))dt

s

T
< 260/ E@) P24t 4+ c(e7? + L E(0) P2 E(s).

(4.83)
Combining (4.78) with (4.83) and setting & = 1 + a1, we obtain
T T
Is < / E) D294/ ||2dt + / BE(t)P—1/2 / ug(u')dxdt
s . s @ (4.84)
< (& +2)ec / E(t)PtD/2q1 4 c(ae<1—P>/2 +e P+ (a+ e_l)E(O)(p_l)/2)E(s).
Therefore we conclude that
26 _ (& U 5002 < (5092 4 1 4 (& 4 1\ B(0) P2
2 G+2ec) | E < c(ae +eP o+ (@+ e )E() )E(s). (4.85)
« S

If we take € as € € (0, (3062751)0), then (4.67) follows. This conclude the proof.
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Chapter 5

Conclusion and Ongoing Research

In this thesis, we studied the initial boundary value problem governed by the hyperbolic Kirchhoff-
Carrier equation with some local damping terms, which, written as an abstract Cauchy problem in a
suitable Banach space, takes the form

(1) + M(||AY2u|*) Au(t) + g(w/) =0 in [0, 00), (5.1
u(0) = ug, w(0) =wuy.

For the linear damping case g(u’) = du’ (6 > 0), we first discussed in Chapter 2 results of local/global
existence and asymptotic behaviour using the classic approach of combining the Galerkin approxi-
mation method with some a priori estimates. We also establish the stability as ¢ — oo, the energy
E(t) — 0, and hence |[u(t)|y, + ||t/ (t)|| ; — 0 as t — oo.

Still in the linear damping case, we followed Ghisi-Gobbino [54] by showing in Chapter 3 that a
global existence result to (5.1) can still be obtained as a result of combining the Schauder fixed point
theorem with some suitable differential inequalities, under an assumption of smallnesss of the ini-
tial data (ug,u1). Precisely, we determine that there exist a unique global solution provided that
(ug,u1) € D(A) N D(AY?) satisfy a suitable smallness assumption (see Theorem 3.3) and the non-
degeneracy condition M(||A'/?ug||?) > 0. We observe that in general case the solution to (5.1) may
not decay to zero as t — +o0o. However, as t — +oo we show that (u(t),u/(t),u”(t)) = (use,0,0) in
D(A) x D(AY?) x H and that |AY?us | x M(||AY?us|?) = 0 (see. Theorem 3.4). In particular, if
the operator A is coercive and M (r) > 0 for every r > 0, then necessarily us = 0.

For the nonlinear local damping case, we followed Kim et al. [72] to obtain in Chapter 4 a result
of global existence for (5.1) under an assumption of smallness of the initial data (ug,u1) together
with suitable growth assumptions on the nonlinear damping function g, using also a combination of
Galerkin approximation and some a priori estimates as in Chapter 2. The main challenge here is as
one could expect on the passing to the limit in the nonlinear local damping part in the approximate
problem. Also a decay energy estimate is obtained.

A natural question that arises from the study above is whether one can still obtain the global existence

result in Chapter 4 using rather the approach in Chapter 3 based on the combination of the Schauder

fixed point theorem with some suitable differential inequalities. Considering the problem with the

function g(s) := u|s|™ s (m > 1), following Chapter 3. Precisely, we consider the Cauchy problem

" 1/2 2 fm—1,1 _ :

u(t) + M(||AY2u]|") Au(t) + plu/|" ' =0 in [0,00),

’ (5.2)
u(0) =up, u'(0) =uy.

Following Chapter 3, this will require a global existence result for the Cauchy problem for the wave
equation with a variable coefficient a(t)

{ u’(t) + a(t)Au(t) + plu/'|™" 1/ =0 in [0, 00), (5.3)

u(0) =ug, u(0)=uy.
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This problem has indeed a global solution as a result of Galerkin approximation method and a suitable
a priori estimates (see e.g., Lions [84]). As an ongoing research, we are currently busy with adapting
in this case, the remaining steps in Chapter 3 for the global existence result for (5.2).

Another proposal is to consider models with strong damping, i.e., we replace g(u’) with g(Auy)
or a combination of both. Such models are extensively studied for classical wave equations (e.g.
[120, 52, 101]). For instance, the following model for strongly damped wave equation with nonlinear
damping and some source terms was proposed in [120]

g — Au — AUy + pug|" g = [ulPlu 2 €Q, >0,
u(z,t) =0, xed, t>0, (5.4)
U(JZ’,O) = U()(l’), ut(x) = ul(x)a T €}

where w > 0, u >0, m > 1, p > 1. The author established results of global existence, blow-up and
exponential decay. Our next task is to see whether one can extend such model to the Kirchhoff type
equation. Precisely, we intend to study the following initial boundary value problem

uy — M(|Vull32)Au — wAug + plug|™ ug = [ulP~'u z€Q, t >0,
u(z,t) =0, x €N, t>0, (5.5)
u(z,0) = up(z), w(zr)=ui(x), x € .

Other types of models under consideration are the ones involving the p-Laplacian operator with the
Dirichlet boundary condition u = 0 on 2 or higher other models with bi-Laplacian operator A? under
the Navier boundary conditions u = Au = 0 on 0f2.
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