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INTRODUCTION

During; his study of continuous geometfies, J. von Neumann
found that any complemented modular lattice satisfying certain
mild conditions arises frcm a specific type of_ring, which
he termed a regular ring. - In the first place, these rings
turn out to be a generalization of artinian semisimple rings,
and subseguent studies have shown that the concepts of
regularity and some of its weaker and stronger forms are
characterized by"specific ideal structures which give these

rines an important place in the =zeneral theory.
. (&) » [ N

In the first three chapters of this thesis (and in
section one of chapter four), many of the known results on
regularity and some of its generalizations are collected and
arranged. The results are not always presented in chrono-
logical order, buf are so organised as to show some develop-
ment of and relationships amongst the various properties
of regular and generalized regular rings. Some results
which are well-known or less relevanf to this development
have been stated without proof. Occasionally, proofs
have been_supplied for results which seem only to be stated

- in the literature, and at times the original proofs have
been modified in the interests.of directness or increased
generality. In all cases, the proofs of known results

carry a reference in brackets, ( ).

In the final two sections of the thesis, the author
examines some of the properties of weakly regular rings,
and defines generalizations of these rings parallel to

some of those which have previously been defined for
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regularity. These new types of weak regularity are found
to have several properties analogous to those known for the
corresponding types of regularity, and in particular the
ws—regularlring (defined on page 51) is characterized by an
ideal structure of the same type as those found for étrongly
regular, regular, and weakly regular rings (as detailed on
pages 53 and 54). rinally, on page 56 the author defines
weak m=regularity analogously to the definition of w-
regularity, and the diagram on page 59 shows how ws-regular
and weakly w=regular rings fif into a pattern formed by the

above mentioned known types of regularities.

I wish to express my thanks to Dr. N. Lang, my supervisor,
for his encouragement and assistance, and Mrs. i1.I. Cousins
for her excellent typing of this work. I acknowledge with
thanks the financial assistance given to me by the C.S.I.R.
Finally, I wish *to express my thanks to my friend, Dr.

Trevor Waner, for his moral support.
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PRELIMINARIES AND HNOTATION

Unless otherwiée indicated, "ring" shall mean an
assoclative rin:g, not necessarily with identity. Aiso,
"ideal" shall mean two-sided ideal, and a ring R will be
called artinian if it satisfies the descending'chain con=-

dition on right ideals.

We shall use the concept of the Jacobson radical J(R)
of a ring R as defined in (13). This possesses the
following properties : if R 1s any ring, and I an ideal

of R, then:

(1) J(R/ ) = {0}.

J(R)
(2) J(I) = INJ(R)
(3) J(Rn) ='(J(R))n, where R is the nxn matrix ring

over R, for any integer n > 1.

J(R) contains no non-zero idempotents, and in the case
where R has an identity, it coincides with the inter-

section of the maximal right (or left) ideals of R.

An ideal I of a ring R 1is called prime if AB C I
implies that A C I or B C I, for any ideals A,B of R.

—_—

Further, I is called completely prime if ab€l implies

faal

that a€l or bLEI, for any a,beR. In particular, in a
commutative ring, the concepts of prime and completely prime
coincide.

The right (left) annihilator of a subset A of a ring
R will be denoted by ({A)r ((A)2), and the two-sided

annihilator of A by A'.
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If M 1is a subset of R, then the complement of M

in R will be denoted by R-M.
Elements of the direct product T R of rings R _,
s ch O o
aEA
where A 1s some indexing set, will be denoted by (aa),

a €Ra for all a€A.

Finally, all other standard notation may be found in

(20).




CHAPTER 1

REGULAR RINGS

1.1 Regular Rings

The concept of regularity was introduced by J. von Neumann
during his study of continuous geometries. The property is
a generalization of invertibility and, as will be shown below,
it is characterized by a structure which relates the regular

ring to other well-known types.

Definition l.1.1:

An élement a of an associative ringv R 1is said to be
regular if there is an element x of R such that a = axa.
A one or two-sided ideal of R is called regular if all its
elements are regular, and in particular a ring R is

regular if all its elements are regular.

Included among regular rings are division rings, Boolean
rings, and as will be seen, the class of all semisimple
artinian rings. In order to obtain more classes of regular

rings, we require:

Lemma 1l.1.2 (McCoy):

If a and x are elements of a ring R such that

axa-a (or a-axa) 1is regular, then a is regular.
Proof:

Let y€R be such that axa-a = (axa~a)y(axa-a), then
clearly a = a(x-y-xayax + xay + yax)a, and hence a is
regular. Finally, we note that z€R ié regular if and

only.if -z 1is regular.



" where, Since R

Theorem 1.1.3 {4):

| If a ring R 1is regular, then so is Rn’ the nxn

matrix ring over R,
Proof:

We first prove the statement for n = 2. For any ©re€R,

we shall denote by r' an element of R such that r = rr'r,

let A

fa b] be any element of R,»

\¢  dj

and let X

(' o)

(0 0], then clearly A-AXA = (g O
h 1i

for some g,h,i of R. Let B = A-AXA and

0o i

Y = [g' O}, then c
| k 0

B-BYB = [O O} for some k€R.

Finally, if we let 2 [o k'], then C-CZC = 0, and so

o o

C 1is regular. By‘lemma l1.i.2, B vand herce A 1is regular.

Thus R2 is regular.

Next, since R I is isomorphic to R -1 for any
27 2 :
o
positive integer k, it follows by induction that R X is
2
regular.

Finally, if n 1is any positive integer, choose any

3

integer k such that 2>n. Then Rn can be imbedded in

R by letting A€R be mapped into A, in R ., where
2k n 1 2k

Al has A in the upper left-hand corner, and zeros else-

k

is regular, there is an X = [B C]

D E

of R2k such that Ay = AlXAl’ where BGRn‘ and_ C, D, E
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are some matrices over R, It is then clear that A = ABA,

and hence Rn is regular.

A further class of regular rings is obtained from:

Theorem 1.,1.4 (17):

The ring HomD (V,V) of all linear endomorphisms of a

vector space V over a division ring D 1is a regular ring.

Proof:

Let A be a linear endomorphism of V, and let {Va}’
08I, be a basis for the range space of‘ A, where I 1is
some'indexing set. Choose vuaev such that A(ua) = Vg for
all o€I. Then {ua} together with the null space of A

span V.

Since the va's are lineafly independent, we can extend
{Va} to a basis {Va}U{VB} of V, where B€I', some
other indexing set. Thus we can define XGHomD (V,V) by |

X(v,) = u, for €I, ‘and X(VB) arbitrarily for Be€Il',

o
Then clearly A = AXA, and so HomD (V,V) 1is regular.

It 1is also clear that a direct product of regular rings

is regular, and that a homomorphic image of a regular ring is

'regular. " As a partial converse to the latter statement,

we have:

Theorem 1,1.5 (17]:

If I is an ideal of a ring R, then R 1is regular

if and only if both I and R/I are regular,
Proof:

If R 1is regular, then by the above remark Ryt is




regular., Further, if a€I, then there is an x in R
such that a = axa. Thus a = a.xax.a, where xax€I,
and so I is a regular ring.

R/T  are regular, and let

Conversely, suppose I . and

aeR, Then there is an x in R such that

a+l = (a+I)(x+I)(a¥I), and so axa - a€I. Thus axa-a,

and hence a, is regular.

1.2 Ideal Structure and Characterizations of a Regular
Ring with Identity.

We begin by examining right ideals in a regular ring
with identity. Unless otherwise indicated, "right" may be
replaced by "left" in all statements and theorems in this

section.
The folbwing theorem also provides a first character-
izZation:

Theorem 1.2.1 (29):

A rlng R with identity is regular if and only if every

principal right ideal of R is generated by an idempotent.
Proof:

Let R be regular and let a€R, Then there is an x
in°- R such that a = axa. Thus (ax)? = ax, and ax is
idempotent. Furthef, aR = axR, for if y€aR, then
y = as er some SE€ER. If follows that y = axas€axR,

and since always axR C aR, we have aR = axR.

Conversely, suppose every principal right ideal of R
is geherated by an idempotent. Let a€R, then there is
an idempotent e of R such that "aR = eR. Thus a = es

and e = ar for some r,s€R. It follows that ea = es =




and a = ara, and so R 1is regular.

We make use of the following general lemma:

Lemma 1.2.2 (29):

If A and B are right ideals of a ring R with

‘identity, then R 1is. a direct sum of A and B if and only

if A = eR and B = (l-e)R for some idempotent e.

We now find another characterization:

Theorem 1.2.3 {29):

A ring R with identity is regular if and only if for
each a€R, there is a right ideal B of R such that
R = aR®B. Further, aR and B are necessarily of the

form eR . and (1-e)R for some idempotent e of R.
Proof:

Supposé R is regular and let a€R. Then there is an
idempotent e in R such that aR = eR by theorem 1.2.1.
By the lemma, we have R = eR#(1l-e)R, and so (l-e)R is

the required right ideal B.

Cenversely, suppose that for each a€R there is a right
ideal B of R such that R = aR@B. Then again by the
lemma, aR = eR and B = (l;e)R for some idempotent e.
Thus every principal right ideal is generated by an idem=~

potent, and so R 1is regular by theorem 1.2.1.

In the next theorem, some relationships between princi-

pal right and left ideals are proved:




Theorem 1.2.4 (29):

If . A is a principal right ideal of a regular ring R

with identity, then:

(1) There exists a principal left ideal B of R such

that A = (B)r.
(2) A= ((a)2)r.
(3) (A)z is a principal left ideal of R.

Proof:

(1) There is an idempotent e of R such that A = eR.
Thus if x€A, then x = es for some s€R, and so
ex = x.b It foilows that z(l-e)x = .0 for all z€R,
and so x€(R(1l-e))r.

Conversely, if xG(R(lfe))r, then in particular
1(1-e)x = 0, and so x€A. Thus R(1l=e) 1is the re-

quired ideal B.

(2) TFor any left ideal L of R it is true that
(L)r = (({L)r)2)r, and in particular, by (1),
A ()= ((B)0)0)r = ((8)9)r.
(3) Again, by (1), A = [B)r for some principal left ideal
B of R. Applying the left-right analogue of (2)
to B, we obtain B - ((B)r)2 = (A)2, and so (a)%

is a principal left ideal.

As an immediate consequence of this theorem, we have:

Corollary 1.2.5 [29]:

-If R 1s a regular ring with identity, then there
exists a one-tc-one correspondence between the set of all

principal right ideals of R and the set of all principal
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left ideals; the correspondence being given by A —> (A]Q,

where A 1is any principal right ideal.

Using the above results, we now prove some theorems

on principal ideals:

Theorem 1.2.6 (23):

If R 1is a regular ring with identity, then every

finitely generated right ideal is principal.

Proof:

It is sufficient to prove the theorem for a right ideal

aR + bR generated by elements a,beR.

Now there is an idempotent e in R such that

aR = eR, and clearly leg ebR + (1l-e)bR, Thus

aR +. bR eR + bR C eR + ebR + (1-e)bR C eR + (1-e)bR
and since eR + (l-e)bR C eR + bR, we have aR + bR z
eR + (1l-e)bR. By theorem 1.2.1, (l-=e)bR = fR for some

idempotent f = (l-e)bx, where x€R. Thus ef = (e-e)bx = 0.

If we let g = f(l-e), then we have the following

equalities:
(1) gf = f(l-e)f = f(f-ef) = £2 = f
(2) g2 = g.g = gf(l-e) = f(l-e) = g, and

(3) eg ef(l-e) = 0 = f(l-ele = ge.

From the above we see that g€fR and f€gR, and so fR = gR.
Thus. aR + bR = eR + gR, and we now show that eR + gR =
(e+g)R. Let 7r,r'€R, then by (2) and (3) we have

er + gr' = (e+g)(er+gr'), and so eR + gR C (etg)R. The

converse inclusion being clear, the theorem is now proved.



We also have

Theorem 1.2.7 (23):

In a regular ring R with identity, the intersection

of finitely many principal right ideals is again principal.
Proof:

By theorem 1.2.1 and induction, it is sufficient to
prove the theorem for principal right ideals eR and fR
generated by idempotents e,f€R, Now eRNfR =
(R(1-e) + R(1-f))r, for if xEeRNfR, then x = er, = fr
for some r,,r,€ER. Thus (sl(l-e) + 82(l-f))x =

sl(l—e)erl + sz(l-f)fr2 = 0 for any sl,szeR.

Conversely, if x€{R(1l-e) + R(1-f))r, then in particular
(1(1-e) + 0(1-f))x = 0, i.e. x€eR; and similarly x€fR.
Then by theorem 1.2.6, eRNfR = (R(1l-e) + R(l-f))r = (Rg)r'
for some idempotent g 1in R, and by theorem 1.2.4% part

(3), (Rg)r is a principal right ideal of R.

Next, we turn to maximal, prime, and completely prime

ideals of a regular ring. We first require:

Definition 1.2.8:

An m-system in a ring R 1is a subset M of R such

‘that if r,s€M, then there exists an x€R with rxseM.

It is known that in a ring R, any ideal not inter-
secting an m-system M, 1is contained in a prime ideal not

intersecting M.

We may now prove:




(1)

(2)

(3)

(1)

(2)

(3)

Theorem 1.2.9 [31):
If R 1is a regular ring, then:

Each ‘ideal of R is the intersection of the primé ideals

containing it.
Each maximal ideal is prime.

If R has an identity, then each completely prime ideal

is maximal.
Proof:

Let I be an ideal of R, and let Pa’ a€A, be the

family of all prime idéals of R containing I —

this 1s non-empty since R itself is suéhva prime

ideal. If (;p P stfictly,contains I, then there
aEA

is an a belonging to each Pa such that a¢I. Now

there is an x in R =guch that a = axa, so {al is

an m~system., . Thus I 1is contained in a prime ideal
PB for some E€A such that a$P6; This is a contra-
diction, and so N Pa = I,

oA

If M is a maximal ideal of R and is not prime, then
the only prime ideal containing it is R, and so by

(1), M = R, This contradiction shows that M is prime.

Let P be a completely prime ideal of R, Then R/P
has no zero-divisors, for if (r+P)(s+P) = P, for any
r,s€Rr then rs€P. Thus r€P or se€P, so either

r+f = P or s+P = P.

Now =/P is a regular ring with identity and no zero-
divisors, and so is clearly a division ring. It

follows that P must be a maximal ideal.
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We note that the presence of an identity is only required

in part (3) of the above theorem.

In order to obtain some further characterizations, we

require:
Definition 1.2.10:
If A and

n
AL ={ ] a;%;
i=1

We now come to a result which is not right-left symmetric:

L are subsets of a ring R, then we define

aiéA, QieL, n some positive integer}.

Theorem 1.2.11 (27):

The following conditions on a ring R with identity are

equivalent:

(1) R 1is regular.

(2) A.L = ANL

L of R.
(3) aR.Rb =
(4) aR.Ra =

Proof:

for any right ideal A and any left ideal

aRNRb  for any a,be€R.

aRNRa for any a€R.

(1) implies (2): Clearly A.L C AnL. If a€ANL, then

there 1s an x

in R such that a = a.xa, where xa€L

and a€A. Thus a€A.L.

That (2) implies (3) and (3) implies (4) is immediate.

(4) implies (l)

Let a€R, then a€aRNRa = aR.Ra. Thus

n
a = z ar:;s.a for some ri,sieR and some positive integer

i=1
It follows that

Ho~3

lll

a = a
i

r.s.]a, and R 1is regular.




11.

We remark that if "right" and "left" are interchanged in
condition (2) of the above theorem, then we obtain a stronger

form of regularity, as will be shown in the next chapter.
Our next characterization is:

Theorem 1,2.12 {2;):

Let R be a ring with identity, then the following state=-

ments are equivalent:
(1) R 1is regular.

(2) TFor every multiplicatively closed subgroup M of R,

MRM C M implies that MRM = M.

(3) For every multiplicatively closed subgroup M of R

such that MRNRM € M, we have MRM = M.
- Proof:

(1) implies (2) : Let M be a multiplicatively closed sub-
~group of R such that MRM C M. If a€M, then there
is an x in R such that a =.axa, and so a€eMRM.

Thus MRM = M,

(2) 1implies (3) : Let M be a multiplicatively closed sub-
group of R such that MRNRM C M, then clearly

MRM C M, and so MRM = M,

(3) implies (1) : Let a€R and let M = aRNRa, then
clearly M is a subgroup of Ry and if x,ye€M, then
Xx = ar and y = sa for some r,s€R. Thus
Xy = arsaeaRmRé, and M 1is multiplicatively closed.
n

Further, MRORM C M, since if y€MR, then y = ) WiSss
' i=1

where wieM and sieR for all i = 1,2,...n. It
follows that - y€aR, and similarly if y€RM as well,

then y€Ra. By assumption, therefore, we have

O
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M = MRM. Finally, a€M = MRM C aR.R.Ra, and so a

is regular.

Our final characterization is due to Ikeda and Nakayama

(see (12)):

Theorem 1.2.13:

A ring R with identity is regular if and only if it
satisfies the following condition : for every leff R=homo=-
mobphism f of a finitely generated left ideal L of R
into a left quotient module R/I, where I 1s a left ideal
of R, there exists an x€R such that f(a) = ax+I, for

all a€L.

Proof:

Suppose the condition holds, and let a€R. Define f :
Ra ——> R/(a]i by f(ya) = y + (a]ﬁ for any ye€R. Then
clearly f 1is a left R-homomorphism, and so there is an
x€R such that flya) = yax + (a)J&. Thus y + (a)® =
yax + (a]l, and hence ya = yaxa for all ye€R. In particular

if .y = 1, then a 1is regular.

Conversely if R 1is regular, then every finitely genera-

ted right ideal is principal (theorem 1.2.6). Let a€R,

then aR is generated by an idempotent e, say. Then
clearly e = ab for some b€ER and (a)2,='(e)2. Now let

I be any left ideal of R, and let f : Ra —> R/I be a
,ieft R-homomorphism. Further, let f(a) = a'+I, where
a'eRr. Then for any y€R, O = £(0) = f((y-yable) =
f((y-yabla) = (y~-yab)f(a) = (y~-yabl)(a'+Il), and thus

f(ya) = (ya)(ba') + I, and the condition is proved.
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1.3 The Wedderburn-Artin Theorem

In this section we relate the property of regularity to

semisimplicity and the descending chain condition.

Theorem 1.3.1 (17):

A regular ring R 1is semisimple.

Proof:

Let -a€J(R), the Jacobson radical of R. Then there
exists an x in R such that a = axa, and ax is an

idempotent in J(R). Thus ax,; and hence a, 1is zero.

Since a semisimple ring R 1is a subdirect sum of

primitive rings which are homomorphic images of R, we have:

Theorem 1.3.2:

A regular ring R 1is a subdirect sum of regular primi=-
tive rings. In particular, since a commutative primitive
ring is a field, a commutative regular ring is a subdirect

sum of fields.

-One form of the Wedderburn-Artin theorem states that a
semisimple artinian ring is a finite direct sum of finite-
order matrix rings over division rings. By theorem 1.1.3,
these rings are regular, and hence a semisimple artinian ring
- 1s a regular ring with identity. It follows that semi-
simplicity is a generalization of regularity, which in turn

is a generalization of artinian semisimplicity.

In particular, a finite regular ring is a direct sum

of matrix rings over fields.

Finally, we note that since a regular ring is semi-



14,

simple, it follows that every ideal in a regular ring with
identity is the intersection of all maximal right (or left)

ideals containing it.

1.4 The Maximal Regular Ideal of a Ring

In this section we prove that an arbitrary ring R
possesses a unique maximal régular ideal M(R), satisfying
certain "“radical-1like" properties; Moreover,.we show that
if R is artinian, then it is a direct sum of M(R) and

M(R)', where M(R)' is the two-sided annihilator of M(R).

We first show the existence of a unique maximal regular

ideal:

Theorem 1.4.1 (4):

If R 1is an arbitrary ring, then the set M(R) of all

elements a of R such that (a) is a regular ideal, 1is

the unique maximal regular ideal of R.

Proof:

If a€M(R), and re€R, then (ar) € (a), and so (ar)

is regular. Thus ar€M(R), and similarly ra€M(R). If

z,weM(R), and a€(z-w), then a = u-v, where u€(z) and

ve(w). Since .{(z) 1s regular, there is an r 1in R such

that u = uru. Thus ara-a = (u~v)r(u-v) - (u-v) =
Vv = urv - vru + vrv, and this is regular since ve€(w).

Thus by lemma 1.1.2, a is regular, and so z-w€M(R).

Finally, if I 1is a regular ideal of R, and ael,
then (a) € I, and so a€M(R). Thus I C M(R), and
clearly M(R) 1is the unique maximal regular ideal of R

containing all regular ideals.



(1)
(2)

(3)

(1)

(2)

(3)
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We now proceed to prove some properties of M(R):

Theorem 1.4.2 (u):

For any ring R,

M{R/M(R)} = {0}.

'If I is an ideal of R, then M(I) = INM(R).

M(Rn) = (M(R))n, where R is the nxn matrix ring

2

over R.
Proof:

Let b+M(R)€M{R/M(R)}, where bER, and let a&(b).
Then a+M(R) is an element of the ideal generated by
b+M(R), which is regular. Hence there is an x€R
such that a~axa€M(R). By lemma 1.1.2 a 1is regular,
and so (b) 1is a regular ideal. It follows that

bEM(R)  and M[R/M(R)] = {0}.

Let bEM(I), so that the ideal (b) generated by b

I
in I 1is regular. We show that (b)I = (b), the
ideal generated by b in R. Since b 1s regular,

there is an x 1in I such that b = bxb. Let

c€(b), then for some r,s,ri,siGR and some positive
n
integer n, we have c = nb+rb+bs+ ) r.bs. =
n - 1=1
nb+(rbx)b+b(xbs)+ § (r;bx)b(xbs;), which is an element
i=1 '

of (b);. Since clearly (b); C (b), we have
(b)I = (b)), and (b)) 1is regular. It follows that
M(I) € IMM(R), and the reverse inclusion being clear,

we have that M(I) = IMM(R).

By theorem 1.1.3, (I"I(R)),n is a regular ideal of R >
and so (M(R))n C M(Rn). Conversely, let A be a

matrix in M(Rn), and let a..

ij be an entry of A for
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some 1 < i,j < n. Since (A) 1is a regular ideal,"

there is an element X of Rﬁ such that A = AXA =

AX.A.XA, and so a;, = kzztikaklszj
2

elements tik’slj of R, where 1 < i,k,%,j < n. But

it is clear that there is a matrix of (A) with

for suitable

tikakzszj in the (1,1)th position and zeros else~-

where, and hence an element of (A) with aij in the
(1,1)th position and zeros elsewhere. Thus 1if
bG(aij), it follows that there is an element B of

(A) with b in the (1,1)th position and Zeros else~-
where. Furthermore, we havev BYB = B for some Y 1in
R.> since (A) is regular.. This implies that
byllb.= b, and b 1is regular. Finaily, it follows

that aijGM(R), and so M(Rn) E_(M(R))n.

The following results show some relationships between

the Jacobson radical and the maximal regular ideal of a ring:

Theorem l.4.3 (4):

If R is any ring, with maximal regular ideal M -and

9

Jacobson radical J, then:

(1) Mrg = {0}.

(2) J CM' and M CJ'.

(3) MmM' = {0},

(u)' J 1is the radical of the ring M', and M is the

maximal regular ideal of the ring J'.
Proof:

(1) Let a€MNJ, then there is an x€M such that a = axa.
Thus ax 1is an idempotent in J, and so ax = O.

Finally, & = ax.a = 0,
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(2) Clearly MJUJIJM C JNM {0}, and so MJ = JM = {0}.

It follows that J CM' and M C J',

(3) If aeM"M', then a

it

axa for some x in M, and

so a = 0,

(4) By the properties of the Jacobson radical mentibned in
the intrbduction, we have J(M') = M'"J. By (2) above,
we have M'nd = J, and so the radical of M' is J.
Further, by the properties of the maximal regular idéal,
we have M(J') = J'MV. By (2) again, we have |

J'mM = M.

Following {H), we now proceed to a decomposition theorem

for artinian rings. We require:

Lemma 1.4.4:

If R 1is a ring with an ideal B such that B has an

identity element, then R = B&B'.

Lemma 1.4.5:

If a ring R 1is artinian, then so is M(R), which thus

has an identity.

Proof:

We need only show that a right ideal I of M(R) is
a right ideal of R. Let a€l and reR, then aréM(R),
and so there is a y in R such that aryar = ar. Since

ryareM(R), a.ryar€l, i.e..arel.

The above results lead immediately to:

Theorem 1l.4.6:

If R is an artinian ring, then R = M(R)®M(R)'.
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1.5 Imbedding a Regular Ring as an Ideal in a Regular
Ring with Identity. ' -

It is well krown that any associative ring can be im-
bedded as an ideal in a ring with identity. In this
section we show that a regular ring can be imbedded as an

ideal in a regular ring with identity.
We first define the centroid of an arbitrary ring R:

Definition 1.5.1:

Given a ring R, let E(R) be the ring of additive
endomorphisms of R, wifh multiplication'in E(R) being
composition of functions. Tnen the centroid C(R) of R
is that subring of E(R) whose elements commute with right
and left multiplication by elements of R. Thus for any
feC(R), and any r,s€R, we have f(rs) = f(r)s = rf(s).

If rR? = R (and in particular if R 1is regularj, then

it is clear that C(R) 1is a commutative ring with identity.

We proceed to the main theorem by a series of lemmas.
For convenience, we shall denote the kernel and image of any

feC(R) by Ker f and Im f respectively.

Lemma 1.5.2 (10]:

If R is a ring and fe€C(R), then R = Ker f@® Im f

if ard only if both the following conditions hold:
(1) fz(x) = 0 implies that f(x) = 0 for any x€R.

(2) TFor any x€R, there exists an element yeR such that
£(x) = £2(y).
Further, the "y" in (2) may be chosen in Im f, and

is unique in Im f.
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We use this lemma to prove:

Lemma 1.5.3 {(10):

If R 1is a ring, and feC(R) is such that

R = Ker f8®Im f, then there exists a ge€C(R) such that
f = fgf.
Proof:

Given any x€R, there is a unique y in Im f such
that f(x) = f2(y). Define g : R—> R by g(x) = vy,
then clearly g 1is an additive endomorphism of R. If

reéR, then f(xr) = f(x)r = fz(y)r = fz(yr), and since .

yr€lm £, it follows that g(xr) = yr = g(x)r, Similarly

glrx) = rg(x), and ge€C(R)."

Now for any x€R, let g(f(x)) =y, where y€Im f.
- Then by the definition of g, f(f(x)) = fz(y), and so

fz(x—y) = 0, and thus by the previous lemma f(x-y) = 0,

i.e. f£(x) fly) = £(g(£(x))). Thus f = fgf.

Using the above two lemmas, we can now prove:

Lemma l.5.4 (10):

If R vis a regular ring, then its centroid C(R) 1is a

commutative regular ring with identity.
Proof:

It is clear that we need only show that each f€C(R)
satisfies conditions (1) And (2) of 1emma'l;5.2. Let x€R,
and suppose fz(X) = 0. Then there is a y in R such
that f(x) = f(x)yf(x), so that f(x) = f2(x)yx = 0.

Further, f(x) = f(x)yf(x) =f2(xyx), and the ‘lemma is proved.



20,

We require one final lemma:

Lemma 1.5.5 (8):

If a 1is an element of a regular ring R, then there

exists an idempotent e in R such that a = ae = ea.

Proof:
There is an x in R such that a = axa. Let r = ax,
then r is idempotent and ra.:= a. Then there is a ye€R

such that a-ar = (a=ar)y(a-ar). Again, s = y(a-ar) is
idempotent. Let e = r+s-rs, then clearly e 1is idempotent,

and a = ae = ea.

Given an arbitrary regular ring R, we can now form the
ring R as follows: Let R be the set of all ordered pairs
(a,f), where a€R and fe€C(R). R can be made into a ring
by defining equality énd addition componentwise, and multi-
plication by (a,f)(b,g) = (ab+f(b) + g(a), gf), where
be€R and ge&C(R). Clearly R is a ring with identity (0,1),
and the mapping a —> (a,0), where a€R, is a ring mono-
morphism of R into R. Further, the image of R under

this map is an ideal of R.

To show that R is regular, we need to show that, for
each (a,f)€R, there exists a (b,g)€R such that
(a,f) = (a,f)(b,g)(a,f), i.e. (1): £ = fgf and (2):
aba + f(ab) + f(ba) + g(az) + fz(b) + fg(a) + gf(a) = a.
Now (1) is clear since C(R) is regular. By the above
lemma, there is an idempotent e€R such that a = ae = ea.
By the regularity of R there exisfs an x€R such that
(atf(e))x(a+f(e)) = a + f(e). Let b = exe - g(e), then

clearly b satisfies (2), and R 1is regular. We thus have:
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Theorem 1.5.6 (lO):

An arbitrary regular ring R can be imbedded as an ideal

in a regular ring R with identity.
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CHAPTER 2

STRONGLY REGULAR RINGS AND UNIT-REGULAR RINGS

2,1 Strongly Regular Rings

Strongly regular ringé were first introduced by Arens and
Kaplaﬁsky in their study of topolégical representations of
algebras, (2). We shall, however, use the slightly different
definitions of Aiumaya (see (3)), which allow a rather more

general approach to these rings.

Definition 2.1.1:

An element a of a ring R 1s called right (or left)

regular if there is an x in R such that a = a2x (or

a = xaz). The element x 1is sometimes called a quasi-
inverse of a. If a is both left and right régular, then

a is called strongly regular. An ideal of R is said to

be strongly regular (or right or left regular) if all its

élements are strongly regular (or right or left regular).

The following theorem shows, in particular, that we need
make no distinction between right, left, and strongly regular

rings.

Theorem 2,1.2 (19):

Let R be a right regular ring. Then:

(1) R has no non-zero nilpotent elements, and hence every

idempotent of R 1is central.
(2) R 1is regular.

(3) R is left (whence strongly) regular.
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"Proof:

Let a€R, then there is an x in R such that a = azx.

It follows by induction that a = anxn-l for any integer
n>1l, so that if a™ = 0 for some m > 1, then
a = 0, Further, in any ring without nilpotent elements,

idempotents are central.

Again, let a€R, and let x€R be such that a = azx}

Then (a-axa)2 = a2 + axazxa - azxé - axa2 = 0, and

so by (1) a = axa, and thus R is regular.

For a and x as above, (a—xaz)2 = a? + xa’xa? - axa
f)

- xa3 = 0, and so 'a = xa“. Thus R is strongly

regular,

In virtue of the above theorem, we need speak only of

strongly regular rings.

Included among strongly regular rings are commutative

regular rings and artinian rings without nilpotent elements.

It is also clear that homomorphic images and direct products

of strongly regular rings are again strongly regular.

does

‘show:

In general, a strongly regular element of a ring R

not commute with all of its quasi-inverses, but we can

Theorem 2.1.3 (3):

Let R be a ring, and let a€R be a strongly regular

element. Then there is a unique =2z€R such that az = za,

= a, and a22 = zZ. Further, =z commutes with all

elements of R which commute with a.
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Proof:
Let x,ye€R Dbe such that a = a2x and a = ya2.
s aly = s
(1) ax = ya"x = ya, and so
(2) ax2 = yax = y2a.

From (1), we also have that

Then

(3) axa = ya2 = a = a’x z=-aya.
-Let =z = ax“, then it follows from (1), (2) and (3) that
az = a“X.x = ayax = ax = ya = yaxa = za, and a’z = a.,az =

- - - ' 2 _ -
d.2a = a X.Xa = axa = a. Further, az" = az.z = zaz =
yaz = yax = ax2 =z,

Suppose now-that z' 1is an element of R also satis-
fying az' = z'a, alz' = a, and va(z')z = z', Then we may
replace x by z' in (2), and also y by 2z (since

a = azz =‘za2). Then 2z = az2 = z%a = a(z')2 = z', and so
z 1s unique.,

Finally, let c¢€R Le such that ca = ac. Then
zac = zca = zca‘z = za‘cz = acz = caz, and so zc = z%ac =
zcaz = zcza = zcaZ * zac.zZ = c.azz = ¢z, and the theorem
is proved.

Definition 2.l1l.4: Let a be a nilpotent element of a

ring R, and n the least positive integer such that
a = 0. Then n 1is called the index of nilpotency of the
element a.

If there is an upper bound to the indices of nilpotency

of the nilpotent elements of a ring R, then R is said

to

be of bounded index, in which case the least upper bound of

these indices is called the index of R.
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We state without proof the following theorem, which gives
a sufficient condition for a right regular element to be

strongly regular:

Theorem 2.1.5 (3):

Let R be a ring of bounded index. Then évery right

regular element of R 1is left (whence strongly) regular.

In the next theorem we mention some equivalent conditions

for a regular ring R to be strongly regular:

Theorem 2.1.6 (31}:

If a ring R 1s regular, then the following statements

are equivalent:

(1) R 1is strongly regular.

(2) R has no noﬁ-zero nilpotent eleménts0

(3) Every idempotent of R 1s central.

(4) Every right or left ideal is two=-sided.

(5) Every 1ideal is the intersection of all completely prime
ideals containing it.

(6) Every prime ideal is completely prime.

By theorem 1.2.9 and the above result,'it follows that
in a strongly'regular ring with identity, each completely
prime ideal is a maximal right ideal. In order to establish
a partial converse to this, we require the following defini-
tion and series of lemmas involving‘completely and semi-

completely prime ideals:

Definition 2.1.7:

Let R be a ring, and let 0 # x€R, Then _r(xR) =

e
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= {y€R : there is some s€R such that xs#0 and (xs)y = O}.
The complement in R of 'r(xR] is clearly multiplicatively
closed. Further, an ideal Q of R 1s said tb be semi=-

" completely prime if for any x€R and any positive integer

n, x'€Q implies that x&Q.

Lemma 2.1.8 {30):

Let R - be a ring with,novnon~zero nilpotent elements,
and let O#x€R. V'Then (x]r is a two-sided semicompletely
prime ideal of R, and ab&(x)r implieé that ba&(x)r,
for any a,beR.

Proof:

Let s€R and a€(x)r. Then xa = 0, and so -(ax)2 =
a.xa.x = 0, It follows that ax = 0, and thus (xsa)2 z
Xs.ax.sa = 0. Hence xsa = 0, and sae(x)r, which is thus

a two-sided ideal.

Next, suppose DbER and bne(x)r for some positive

integer n. If n =1, then be(x]r already, and if
n>1, then 0 = xb™ = x" %% = bxb™ ?b.  Thus

Cbxb™" 22 = b %xp"? = 0, and so bxb""% = 0. It
follows that xbn"l = 0, and continuing this way, we event-

ually have xb = 0. Thus be(x)r, which is semicompletely

prime.

Finally, if a,b€R are such that abe€{x)r, then

(ba)? = b.ab.a€(x)r, and so ba€{x)r.

The following lemma is stated without proof:

Lemma 2.1.9 {1):

" Let Q be a semicompletely prime ideal of a ring R,
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then every m-system of R not intersecting Q 1is contained
in a maximal m-~system M of R such that ¥MnQ = ¢, and

R-M is a completely prime ideal.

‘Using this result, we may now prove:

Lemma 2.1.10 (30]:

Let R be a ring with identity and no non-zero nilpotent
elements, and let O#xeR. If P 1is a completely prime ideal,
minimal with respect to the property of containing (x)r,

then P C r(xR).

Proof:

Let M = {(aym)(a,m,) ... (am) : ai$P,mi$r(xR), and
n some positive integer}. Then clearly M i1is a multipli-
catively closed m-system, and since 14P and 14r{xR), M

contains the complements in R of P and r[xR).

Next, we show that Mn{x)r = ¢. Suppose (alml)(azmz)

eon )(a m Jein(x)r, for some a.¢P, mi¢r(xR),

n-1"n-1
1= 1,2,..40, If n =1, then almle{x)r, so  xajmy = 0,
and thus Xa, = O It follows that ale(x)r C P, a contra-
diction. If n>1, let (alml) coe (an—lmn-l) = a, say,
then xaam = 0, and thus xaa, = 0. By lemma 2.1.8,

a a€(x)r, 1i.e. (ajajmy)(am,) ... (a _qm _,)€(x)r, where
anal¢P since P 1is completely prime, Continuing in this
way, we will eventually have Andg ees analmleﬁﬂ{x)r, with

A8y e ana1$P and m1$r(xR). By the reasoning in the

case n = 1, this is a contradiction, and so Mﬂ(x)r = ¢,

Next, since a completely prime ideal is semicompletely

prime, we have by the previous lemma a maximal m-system M

such that M C M, W"n(x)r = ¢, and the complement of M in
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P, is a completely primé ideal. Then clearly

e

0

u
<
g

(x)rc PC P, and FC r(xR). By the minimality of P,

PorP = (x)Jr. If P =P, then PC r(xR),

®
e
+
oy
®
3
v/
3]

while if P = (x)Jr, then (x)r is semicompletely prime,

and so (x)r = F = P C r(xRr).

As a final lemma, we require:

Lemma 2.,1.11 (30):

Let R be a ring with identity and no non-zero nil-
potent elements. If every completely prime ideal of R 1is
a maximal right ideal, then every non-unit of R 1is contained

in a completely prime ideal.
Proof:

If x 1is not a unit in R, then xR # R, otherwise
. . ' . 2
there is a y 1n R such that xy = 1. Thus (1l-yx)~ =
l-yx, and since idempotents are central in R, we have
2

(I=-yx)x = x(1l-yx). It follows that yx° = x, and so

yX = yX.Xy = xy = 1, a contradiction.

Let M = {xr+l : r€R}, then clearly M is a multi-
plicatively closed m-system and O$M. Since R has no non-
zerc nilpotent elements, {0} is a semicompletely prime
ideal, and so by lemma 2.1.9, there is a completely prime
ideal P of R such that PAM = ¢. By assumption P is
a maximal right ideal, and so if xR i P, +then xR+P = R,
Thus xr+p = 1 for some ©r€R and p€P, and so
p = x(-r)+1€PNM, a contradiction. It follows that xR C P,

1,2, x € P.
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Lét R be a ring with identity and no non-zero nilpotent
elements, in whici 2very completely prime ideal is a maximal
right ideal. Then it is clear from lemmas 2.1.10 and 2.1.11
that any element x€R which is not a zero-divisor (i.e.

(x)r = {0}) is a unit.
Using the above results we may now prove:

Theorem 2.1.12 (30]:

Let R be a ring with identity and no non-zero nilpotent
elements, If every completely prime ideal of R is a maxi-
mal right ideal, then R 1is strongly regular.

Proof:

Let O # x€R, then it is clear that vR/(x]r is again
a ring without non-zero nilpotent elements in which every.

completely prime ideal is a maximal right ideal.

Mow x + (x)Jr is not a zero divisor in R/(x]r’ for
suppose (x+{x)r)(a+{x)r) = 0 for somc a€R. Then
xa€{x)r, and so ax€(x)r by lemma 2.1.8.  Thus (xa)? = 0,
and so xa = 0, and ae(x)r. By the above remark, it
follows that there is an- a€R such that
(x+{x)r)(a+{x)r) =1 + (x)r, i.e. xa-1€(x)r. Thus

x(xa-1) = 0, and x 1is strongly regular.

As a consequence of the above theorem, we have

Corollary 2.1.13(30):
Let R be¢ a ring with identity and no non-zero nil-
potent elements.. . If R/P- is regular for every prime ideal

P in R, then R . is strongly regular..
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Next, we turn to some characterizations of strongly
regular rings with identity.

In theorem 1.2.1 we showed that a ring with identity is
regular if and only if every principal right (left) ideal is

generated by an idempotent, and we now have:

Theorem 2.1.14:

A ring R with identity.is strongly regular if and only
if every principal right (left) ideal is geénerated by a

central idempotent.
Proof:

If R is strongly regular, then R 1s regular and all
idempotents are central, and thus every principal right ideal

is generated by a central idempotent.

Conversely, suppcsce every principal right ideal is
generated by a central idempotent, and let éGR. Then there
is a central idempotent e 1in R such that aR = eR, and
a=ey and e = ax for some Xx,yER. Thus a = ye,

ae = ye¢ = a, and so a.ax = a. Thus R 1is strongly regular.

The following characterization is not right-left symmetric,

as may be seen by comparison with theorem 1.2.11:

Theorem 2.1.15 (18):

A ring R with identity is strongly regular if and only
if L.A = LnA for every left ideal L and right ideal A

of R.
Prdof:

Suppose R 1is strongly regular, then since R has only




31.

two-sided ideals, it follows that L.A < LNA for any left
ideal L and right ideal A. Further, if a€lNA, then

there is an x8R such that a = ax.a€L.A. Thus L.A = LOA.

Conversely, suppose L.A = LNA for any left ideal L
and right ideal A of R. Then in particular,
L.R = 1LNR =L, and so L 1is also a right ideal. Similarly,
every right ideal is also a left ideal. By theorems 1.2.,11

and 2.1.6, it follows that R 1is strongly regular.

Usiﬁg the above result, we may prove the following

characterization:

Theorem 2.1.16 {24):

A ring R with identity 1is strongly regﬁlar if and dhly

if LMA = LRA for any left ideal L and right ideal A of R.

Proof:

Suppose - R is strongly regular, and that L and A
are left and right ideals respectively of R. By theorem
2.1.6, L and A are two-sided ideals. If a€LMA, then
there is an x€R such that a = axa, so éGLRA; Thus

LNA € LRA € LA, and by the previous theorem LA = LNA,

Thus "LMNA = LRA.

Conversely, suppose LNA = LRA for every'left ideal L
- and right ideal A of R. Then, in particular,

L = LAR = LRR = LR, and so every left ideal of R is two=-
sided. Similarly, every right ideal is two=-sided, and so
LN = LRA C LA € LNA. Thus LM = L.A, and by theorem

2.1.15, R 1is strongly regular.
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We have seen (theorem 1.3.2) that a regular ring is a
subdirect sum of regular primitive rings. A stronger result
for strongly regular rings is obtained as a consequence of

our last characterization.

Definition 2.1.17:

A ring R is subdirectly irreducible if the inter-

section of all its non-zero ideals is a non-zero ideal.

Lemma 2.1.18 (7):

If R is a subdirectly irreducible ring without non-
zero nilpotent elements, then the only idempotents in R

are the zero and the identity (in case R has an identity).
Proof:

Suppose e 1s an idempotent in R,' e# 0 (and e # 1,
if R has an identity). We show that R 1is not subdirectly
irreducible, Since e 1is central, A = {x-ex : x€R} 1is a
two—sidgd ideal in R. A is non-zero, otherwise e would
be an identity. Let B = {ex : x€R}, then B 1is also a

non~-zero two-sided ideal.

Now if y€ANB, then y = x-ex = er for some x,reER.

2 " ' .
Thus ye = ex-ex = e'r = er =y, i.e. y = 0, a contradicticn.

Theorem 2.1.19 (7):

A ring R is strongly regular if and only if it is

regular and a subdirect sum of division rings.
Proof:

If R is a subdirect sum of division rings, then there

is a monomorphism of R into their direct product, which
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clearly contains no non=-zero nilpotent elements. Thus R
contains no non-zero nilpotent elements, and if it is regular

as well, then it is strongly regular.

Conversely, suppose R 1s strongly regular. - It is
well~known that R 1is a subdirect sum of subdirectly
irreducible rings Ra’ €A, Being homomorphic images of R,
each Ra has no non-zero nilpotent elements and is regular.
If Q £ aaeRa, ueA; then there is an xaeRa such that

-

a = aXx a.. Thus a x is a non-zero idempotent, and so
o oo oo

by lemma 2.1.18, it is the identity of Ra' Similarly
X84 is the identity of Ra’ and thus Ra is a division

ring for all o€A.

We have already seen (section 1l.4) that any ring R has
a unique maximal regular idcal M(R), and we now have a

corresponding result for strong regularity:

Theorem 2.1.20 (14):

If R is any ring, then the set N(R) of all elements
a of R such that (a) is a strongly regular ideal, is-

_the unique maximal strongly regular ideal of R,

It is clear that N(R) ¢ M(R) for any ring R, and
that analogous to M(R), N(R) has the following properties
(see (14)):

1y wB/uey = (o},

(2) If I is an ideal of R, then ©N(I) = INN(R).

The analogy, however, breaks down with matrix rings over a

strongly regular ring. Whereas M(Rn) = (M(R))n, we now
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have that N(R ) = {0} for all integers n > 1. Thus R,
is not strongly regular for any ring R and any integer

n > 1.

Finally, in this section, we extend the proof'of theorem

1.5.6 to show:

Proposition 2,1.21:

Any strongly regular ring R can be imbedded as an

ideal in a strongly regular ring R with identity.
Proof:

Since R 1is strongly regular, it is also regular, and
thus may be imbedded as an ideal in the regular ring R with
identity discussed in section 2.5. We prove that R is
strongly regular by showing that it has no non-zero nil-
potent elements : let (a,f)€R, where a€R, f€C(R). Then
by induction, it follows for all positive integers n that
(a,f)n = (a+f(b),f") for some DbER. Thus if (a,f)n = |
(0,0), then £ = 0 and a" + f(b) = O. Since C(R) 1is

n

strongly regular, f = O, and so a = 0, whence a = 0

by the strong regularity of R,

2.2 Unit=-Regular Rings

Unit-regular rings were first introduced by G. Ehrlich

in (68) as a stronger form of regularity in rings with identity.

Definition 2.2.1:

An element a of a ring R with identity is said to

be unit-regular if there is a unit u€R such that a = aua.

A ring R 1is called unit-regular if all its elements are
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unit-regular.

A class of unit-regular rings is given by:

Theorem 2.2.2 (6):

Every strongly regular ring R with identity is unit-

regular.
Proof:
Let a€R, and let xER Dbe such that a = a2x and
ax = xa 1s a central idempotent. Let u = a2x3 - ax+l,
' 2
then clearly u(a3x2-ax+l) = (aax‘-ax+l)u = 1, Thus u 1is
a unit, and a = aua. It follows that R 1is a unit=

regular ring.

Further examples of unit-regular rings are given by:

Theorem 2.2.3 (6]:
An artinian semisimple ring is unit-regular.
Procf:

By the Wedderburn-Artin theorem, R 1is a finite direct
sum of matrix rings cver division rings. Since clearly a
direct sum of unit-regular rings is again unit-regular, we

need only prove that D the nxn matrix ring over a

n,
division ring D, 1is unit-regular.

Now given any matrix AGDn, there exist invertible
matrices P and Q in Dﬁ such that PAQ is an-idempotent
(diagonal) matrix. Then X = QP is a unit, and A = AXA,.

Thus Dn’ and hence R, 1s unit-regular.
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We remark that the matrix ring D, over a division ring
D 1is an example of an artinian semisimple ring which is nof
strongly regular.

Further, a regular ring with identity need not be unit-
regular. The ring of all linear endomorphisms of an infinite-
dimensional vector space over a division ring is an example

of such (see (6)).

We now prove some characterizations of unit-regularity:

Theorem 2.2.4 (6,11):

.t R be a ring with identity, and a an element of

R, Then the following statements are equivalent:

(1) There is a unit u such that a = aua.

“(2) There is a unit u such that au or ua is idempotent.
(3) There are units u,v in R such that wuav 1is idempotent.
(4) There is a unit w and an idempotent e in R such

that a = we or a = ev.
Proof:

Clearly (1) implies (2); and since R has an identity,
(2) implies (3). If (3) holds, then (uav)(uav) = uav.

Thus a = a(vula, where wvu 1s a unit, and so (1) holds.

Assume (1) again, then a = u “(ua), where u ' is a
unit and ua 1is an idempotent, and so (4) holds.
Conversely, suppose (U4) holds. Then a = we for a
unit w and an idempotent e. Then w_la = e = e2 =
w-law_la, and so a = aw ~a. Thus (1) holds.
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We conclude this section by proving some properties of

unit-regular rings:

Theorem 2.2.5 (6,11):

If R 1is a unit-regular ring, then:

(1) Every one-sided inverse of an element of R 1is two-~
sided and hence unique.

(2) ‘For each a,b&R, there exists s,t€R,. not both zero,
such that sa = tb.

(3) If 1+1 is a unit in R, then every element of R 1is

the sum of two units.
Proof:

(1) Let aSR, and suppose beER is such that ab = 1.
Now, there 1s a unit u€R such that a = aua, and so
au = au.,ab = ab = 1. Thus wua = 1, whence

u 1s the two-sided inverse of a.

b = u.ab = u.l

H

Similarly, ba 1 implies that ab = 1.

(2) If both a and b have left inverses s and t
respectively, then sa = tb = 1. If at least one of
a and b has no left inverse, say a, then by
theorem 2.2.4 a = ue for some unit u and idempotent
‘e in R. Then (l-e)u™ta = 0, and for s = (1-e)u™
and t = 0, we have sa = tb. Further, s # 0, other-
vwise e = 1 and a.‘is a.unit.

(3) Let a€R, and suppose a = eu for some idempotent e

and unit u of R. . Then e = 2_1(2e-l) + 2-1 and

a = (2-1(2e-l))u + 2_lu. Both summands are units,

with their inverses being, respectively,

W+ (2e-1)2 and 2u"T.
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CHAPTER 3.

7= REGULAR RINGS

m=Regular rings were first introduced by N.McCoy in (22)
as a generalization of regular rings. We also discuss
analogous generalizations of right, left, and strongly regular

rings.

DPefinition 3.1:

An element a of a ring R 1is called wu-regular if
some power of a 1is regular, i.e, if there is a positive
. n n__n

integer n and an x€R such that a = a xa . Further,

a 'is called right (left) wm-regular if some power of a  is

right (left) regular, and a is called strongly Tm-regular
if it is both right and left m-regular.
An ideal of a ring R is called (right, left, strongly)

m-regular if every element of it has that property.

We remark immediately that homomorphic images and finite
direct products of such rings have the same property; and

the centres of such rings are again rings of the same type.

We first investigate some relationships between

m-regular and strongly m-regular rings. We require:

Lemma 3.2 (3):

An element a of a ring R 1is right (left) m-regular

if and only if there is some positive integer n and some

n+1x n n n+l)

= a (a”’ = xa

X€R swuch that " a
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Proof:

Suppose a€R 1is right w-regular, then there is a ye€R

-and a positive integer n such that al = (an)zy. Thus

+ - . n-1 . ‘ .
a = a 1(an 1y), and a y is the required x.

Conversely, if there is a positive integer n and an

n+lx n n n+l

x€R- such that =a = a , then clearly a = a "x =

n+2_2 n+n_n ny2.n
a  “x° o= 'xT o= (a)tx,

ves = A and a 1is right. mw-regular.

Lemma 3.3 (3]:

Let a be an element of a ring R such that a = an+lx
m _ m+1 S . -
and & = ya for some x,y€R and some positive 1ntegers
Mm,ynN. Then a" = am+lx and a" = yan+l.
Proof
' n n+l_ . . . . .
If m>n, then a = a X immediately implies that
am = am+lx. If m < n, then a™ = yam+l implies
m _ m+l _ 2. m+2 _ n=m_n m+l_ _
a = ya = a T eee T Y a . Thus a X =
yn-man+lx = yn—man = am, Similarly, it follows that
n n+l
a = ya .

Using the above lemmas, we may prove:

Theorem 3.4 (3]:

Let a be a strongly ﬂ-regUIar element Qf a ring R.

Then a is w-regular.
Probf:

By lemmas 3.2 and 3.3, there are x,yeR and a positive

n n+l

n ntly and a" = ya . By

integer n such that a = a

lemma 3.2 again, al' = (an)ZXn and a" = yn(an)z, and so
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n

a is strongly regular. By theérem 2.i.3,there is a z€R
such that aznz = an, and z commutes with all elements of
R which commute with a'. But a commutes with an, and
thus az = za. Finally, Al = aly = anzan, ‘and a is

m-regular.

The next result contains a partial converse to the

above theorem:

Theorem 3.5(3):

Let R be a ring of bounded index, then the following

conditions on R are equivalent:

(1) R is m=-regular.
(2) R is right m-regular.
(3) R is left mw-regular.
(4) R 1is strongly T7-regular..
It is true in general that a left or right artinian ring
R is m-regular, (9). The above theorem enables us to prove

this in the case where R has an identity.

Theorem 3.6:

An artinian ring R with identity is TW-regular and

of bounded index.

Proof:

 Since Ry has an identity, it is noetherian as well,

and hence has a composition series of length m, say. Then
if aeR is a nilpotent element of index n, then n < m,
otherwise aR > a2R.Q .ae Q.amR = am+lR‘= .so = a R = {0},

i.e. a = 0. This is a contradiction of the definition

of the index of a, and so n $ m. Thus R is of
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bounded index. Finally, for any x€R, it is clear that
there is some ©rE€R and positive integer 3J such that

xJ = xj+lr, and so by the previous theorem R 1is gq=-regular

(in fact, stfongly T~regular).

We remark further that under the assumption that a ring
R is of bounded index, it can be proved (see (28)) that R

possesses a unique maximal mw=-regular ideal P(R) satisfying:

(1) PR/p(rR)) = {0}.
(2) If I is an ideal of R, then P(I) = INP(R).

(3) P(R)) = (P(R))_, and is of bounded index.

The following theorem gives an alternative way of de-

fining an element of a ring to be strongly mw-regular:

Theorem 3.7 (5]}):

An element a of a ring R 1is strongly 7=-regular if
and only if there is a positive integer m and an element
cER =guch that ac = ca, am =‘am+lc, and c¢ = c2a. Further,

if such an element ¢ exists, then it is unique, and com-

mutes with all elements of R which commute with a.

Proof:

Suppose a€R 1is strongly Tm-regular. Then there are
positive integers p,q such that aP = ap+lx and
a = yaq+l. Let m = max{p,q}, then a™lyx = g™ = yam+l,
so that a"x = yam+1x z yamr By induction, it follows
that amxk = ykam (for k = 1,2,...). Let c = amxm+l,
then also c = ym+lam. We thus have ac = a™tix™1 -
am+lx.xm = 2M® - ymam - ymyam+l - ym+l'am+l - ym+lam._a = ca,
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(1) ac = ca.

m m+k_k

Further, by induction, a = a 'x (for k = 1,2,5..4), and
m+l _ m+l m om+l _ mi(m+l) m+l _ . m .

so a "¢ = a a x = a x = a, 1i.e.

(2) am+1c = a™.

Finally, by (1) and (2) above, we have c2a = c.ac = m+lxm+1

m+l m+l _ _m_m+l _ .

a  ~ex = ax = ¢, i.e.

(3) 02a = C.
Conversely, if a€R satisfies (1), (2) and (3), then it is

clearly strongly Tm-regular.

Next, we show the uniqueness of <¢.  Suppose cys C,ER
satisfy the conditions imposed on ¢ by (1), (2) and (35,
for some positive intégers My, Mye Let m =vmax{ml,m2},
then by (1) and (2) we have:

(%) m+1l m n+1l

while by (1) and (3) we have:

- 2 . 2

(5) c; = cja c, = ac,.
By induction on (5), c, * c}?'la]< and c, = akc];+l (for
k =1,2,...), and in particular cy = cIiH'lam and
c, = amc?+l. Then, by (4), it follows that c,= cT+lam =
m+lam+lc = c,ac, = cC aamcm+l = mcm+l = C and c¢ 1is
1 9 T C3Cp T cpa@ ey = Aty =Gy, an
unique.

Finally, if r is an element of R satisfying ar = ra,

then by (2) and (1) we find ca®r = cra™ = cra™ e

m+1

.m m+l_m m_ m+1l
ca rc = a rc, so that <c¢ a

r = arc . However,

m+l_m
a

from (3), we have ¢ = ¢ , and thus by (1) it follows

m+l m m_ _m+1l m+l _m
that cr = cC ars=arc = rc a = rc.,



43.

Next, we turn to commutative w~regular rings with

identity. We first require:

Definition 3.8:

A ring R with identity is called irreducible if it

cannot be expressed as the direct sum of two proper two-

sided ideals.

Theorem 3.8 (22]):

A commutative w-regular ring R . with identity is
irreducible if and only if each element of it which is not

‘nilpotent has an inverse.

Proof:

Suppose that each element of R which is not nilpotent
has an inverse, and that R can be expressed as the direct

sum of two proper ideals. Let 1 = e te, be the de-

composition of the identity, where el,ezeR.., Then clearly
e and e are non-zero e2 = e and e2 = e and

1 2 A R | 2 T T2
€8, = O. Thus e, can neither be nilpotent nor have an

inverse, a contradiction.

Conversely, suppose R is irreducible and that aer

is not nilpotent. Then for some positive integer n and
some XER, we have a = xazn,' where xa & # O. Let

_ _.n I : 2 _ 2 _
e, = Xa- and e, = 1 e, then clearly e] = €1, €5 €55

and eje, = O0; and hence R = elRGéZR. Since elR # {O},
it foliows that 1l-xa© = 0, i.e. a.a x =1, and a

has an inverse.

It is well-known that a ring R with identity is

irreducible if and only if its centre is irreducible. We
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thus have:

Corollary 3.10 (22):

A m-regular ring R with identity is irreducible if
and only if its centre is a ring in which each element which

is not nilpotent has an inverse.

We have remarked that homomorphic images of mw=regular
rings are  again mw-regular, and we now state a partial

converse to this:

Theorem 3.11 (9):

If R is a commutative ring with identity and I is
an ideal of . R, then R 1is w-regular 1if and only if both

I and R/I are Tm-regular,

e now proceed to some characterizations of w-regularity

in commutative rings with identity:

Theorem 3.12 (25):

Let R be a commutative ring with identity, then the

following statements are equivalent for each a€R:

(1) a is Tm-regular, with positive integer n such that

n .
a is regular.

(2) There is a unit wu, idempotent e, and reéR with

r’ = 0, such that a = u(e+r).

(3) There is a unit u and an idempotent f€R such that

n
a = uf.
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Theorem 3.13 (26):

The following conditions on a commutative ring R with

identity are equivalent:

(1)
(2)

(3)

(u)

(5)

(1)

(2)

(L),

R 1is m7=-regular.

For each a€R, .there is a y€R and a positive integer
n such that an = anfly.

The Jacobson radical J(R) of R 1is a nil ideal, and
R/3(r) is regular,

R/P is regular, where P 1is the intersection of all
prime ideals of R.

In each homomorphic image of R, including R itself,

each element is either a zero-divisor or a unit.

Proof:

implies (2): TFor a€R, there exists an x€R and a
.. . _ n n_._n

positive integer n such that a = a'xa . Let

y = an_lx, then a" = an+ly.,

implies (1): If a" = an+ly, then a° = an+ly =

n+2 2 _ _ 2n.n n.n_n . ,
a yo o= ... = a’y aya, and a 1s Tm-regular.

<

(2) imply (3): Let ©reJ(R), then for some x€K and

A ‘g . n,n _ .n - n s
positive integer n, T Xr =1, Thus 1r’'Xx 1s an

idempotent in J(R), whence ' o= 0. Further,
R/J(R) has no non-zero nilpotent elements, for suppose

(p+J(R))® = 0 for some n and some reER. Then

re€J(R), and so r?  (and thus r) is nilpotent.

Finally, suppose a€R, with y€R and positive integer

n such that a" = an+ly. If n = 1, then clearly

a+J(R) 1is regular in Rrary. If n > 1, then

an~lyan+ly _ a.?n-lyv+ 22n=2 _ an+lyan-z

and so a'y - 2 teg(R). Continuing this way, we

"
C



(3)

(4)

L6,

~

eventually have that a‘y‘— a€J(R), and again a + J(R)

is regular.
inplies (4): If J(R) 1is a nil ideal, then J(R) = P.

implies (2): Let a€R, then there is an x€R such

that a-a’x€p. Since R is commutative, P is a nil

ideal, and sc there is a positive integer n such that
) .

(a-azx)n = a(l-ax)" . Writing al(l-ax)t =

an(l—pax), for some polynomial p 1in ax, we have

that a" = an+lpx, and so (2) holds.

Finally, the equivalence of (1) and (5) is clear.
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CHAPTER L

WEAKLY AND GENERALIZED WEAKLY REGULAR RINGS

4,1 Weakly Regular Rings

Weakly fegular rings were first suggested by I.E. Segal,
‘although it was I. Kaplansky who initiated their study in

(15). ~The first section consists of results from this paper.

Definition 4.1.1:

An element a of a ring R 1is called weakly regular

if there is an x€R such that x = xax, where 'X can be
chosen non-zero if a 1is non-zero. An ideal I (and in
particular R itself) is called weakly regular if all its

elements are weakly regular.

The following theorem gives a characterization of weakly

regular rings with identity:

Theorem L4.,1.2 (15):

A ring R with identity is weakly regular if and only
if every non=-zero right (left) ideal contains a non-zero

idempotent.
Proof:

Let I be a non-zero right ideal of R, and let
aeI, a # 0. ~ Then if R 1is weakly regular, there is an
0 # x€R such that x = xax. Then ax 1is a non-zero

idempotent in I.

Conversely, let 0 # a€R. Then aR 1s a non-zero
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right ideal of R, and there is a y in R such that ay
is a non-zero idempotent. Let x = yay, then x = xax.
Further, x # 0, otherwise ay = (ay)2 = ax = 0, a contra-

diction. Thus a, and hence R, is weakly regular.

Kaplansky used the above theorem to prove that a regular
ring R with identity is weakly regular. We give a direct

proof avoiding the assumption of an identity:

Theorem 4,1.3

A regular ring R 1is weakly regular.

Proof:

Let O # a€R. Then there is an O # x€R such that
a = axa. Then xax = XaX.a.xax, and if xax = 0, it
follows .that a = 0, a contradiction. Thus R 1is weakly

regular,

That there are weakly regular rings which are not regular,

even in the commutative case, can be seen from:
Example 1:

Let X be a compact Hausdorff space in which every
open set contains a (nqn-empty) open and closed subset, and
let C(X) be the ring of all real continuous functions on
X. Then C(X) 1is an infinite~dimensional real Banach
algebra., Kaplansky has proved (see (15)) that a regular
real Banach algebra is finite-dimensional, and so C(X) 1is

not regular,

C(X), however, is weakly regular. To see this, let

O # a€C(X), and let U be the (open) subset of X where
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a 1is non=-zero. Then by assumption U contains an open and

closed subset V, say. Define a function x from X into
" -

the reals by x(r) = =5y for rGV and x(r) = 0 for r

in the complement of V. Then clearly x 1is continuous,

x # 0, and x = xax. Thus C(X) 1is weakly regular but

not regular.
Returning to weakly regular rings, we have:

Lemma 4,1.4 [lSJ:

A weakly regular ring R is semisimple.
Proof:

Let a€Jd(R), the Jacobson radical of R. If a# 0,
there is an O # xR such that x = xax. Then ax 1is a
non-zero idempotent in J(R), which is impossible, Thus

a=0, and R 1is semisimple.

Using this lemma we obtain a sufficient condition for a

weakly regular ring to be regular:

Theorem 4.1.5 {15):

An artinian weakly regular ring R is regular.
Proof:

Since R is weakly regular, it is semisimple; being

artinian as well, it is thus regular,

4,2 Weakly and Generalized Weakly Regular Rings.

We now continue to study weak regularity, and examine
the effects of similar generalizations on other forms of

regularity.
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We remark first that an ideal of a weakly regular ring
is weakly regular, and the two-sided annihilator R' of a
weakly regular ring R 1is zero. To see the latter, take
0O # a€R'. Then thére is an O # x€R such that x = xax.

But xax = 0, a contradiction, Thus a = 0 and R' = {0}.

Proposition 4.,2.1:

A direct product gRa of rings Ru’ a€A, 1is weakly

regular if and only if each Ra is weakly regular.
Proof:

Suppose HRa is weakly regular. For any PR€A, let
o

O # reR_. Now define an element (r )E€IR by » =0
B a g o o

for o # 8, and r_ 6 = r, Then (ra) # O, and so there is

B
an 0 # (x )elR such that (x ) = (x J)(r )(x ). Thus
o g O o o o v}

X, = xu.O.xa = 0 for o # B, and XB = xBpr. Since
(xa) £ 0, Xg # 0, and hence RB is weakly regular for all
BEA.

- Conversely, suppose each Ra is weakly regular, and
let O # (ra)egRa. Then for each « »such th;t r, £ 0,
there is an O # x,ER, such that x = x P X . Now define
(ya)egRa by ya =%, if r, #0, and y, =0 if T, F 0.

Then clearly (y, ) = (ya)(ra)(ya), and (ya)‘i 0. Thus

-gRa is weakly regular,

In general, a homomorphic image of a weakly regular
ring is not weakly regular. This is seen by the following

example (suggested by S. Salbany):
Example 2:

Let N = {1,2,3,...} with the usual subspace topology
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and let X = NU{e} be the one-point compactification of N.

Then clearly X is compact Hausdorff, and every open set of

X

contains an open and closed subset, Thus C(X) 1is

- weakly regular,

Let I be the ideal of C{X) whose elements are zero

off a compact subset of X (i.e. those functions which vanish

on a neighbourhood of ). Then the function ae€C(X) de-

1

fined by a(n) = = for néN and a(«) = 0, is not an

element of I (but is in the uniform closure of 1I),.

is an x4I such that (x+I)(a+I)(x+I) = x+I.  Thus x%a

Suppose R/I is weakly regular, Since a§I, there

X

on some neighbourhood of =, However, since x¢I, there

is an increasing sequence N, < Nsp < ses < N_ < ose OFf
D 4 l 2

r

positive integers N, re€N such that x(nr) £ 0, and

(x(nr))z.a(nr) = x(n_) for all re€N. Thus

1

x(n )'E— = 1, and hence x(nr) = n_. This is a contra-

r r

r

diction since x 1s an unbounded function on a compact

space. . Thus R/I is not weakly regular, although R 1is.

Analogous to the definition of strong regularity, we

now define:

Definition 4.2.2:

An element a of a ring R 1is called ws=regular

(for "weakly strongly regular™) if there is an x in R

2

such that x = x“a, where x may be chosen non-zero if a

is non=zero. An ideal of R 1is said to be ws-regular

if all its elements are ws=-regular.

By theorem 2.1.3, it is clear that anylstrohgly regular
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ring is ws=-regular.

The following results show that, as in the case of
strongly regular rings, the definition of ws=-regularity is

left-right symmetric.

Lemma 4.2.3:

A ws-regular ring R has no non-zero nilpotent elements.

Proof:

Suppose a€R, and a = 0 for some integer n > 1.
If a# 0, then there is an O # x€R such that x = xza.
Hence, by induction, X = xr+lar for any integer r > 1,

In particular, x = xn+lan = 0, a contradiction. Thus a = O.

It follows that all idempotents of a ws=regular ring

are central.

Lemma 4.2.4:

A ws-regular ring R 1is weakly regular.
Proof:

Let O # a€R, then there is an 0O # x€R such that

X = x2a. Then (x-xax)2 = x2 + xaxzax - xax2 - xzax =

x2 + xax2 - xax2 - x2 = 0, and so by the previous lemma

x = Xax, and R 1is weakly regular.

Proposition 4.2,5:

If R is a ws-regular ring, then for each O # a€R
there is an 0O # x€R such that x = x"a = ax” = xax, and

ax = xa, Further, Xx commutes with all elements of R which
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commute with a.
Proof:

Let O # a€R, then there is an O # x€R such that
2

X = X a. From lemma 4.2.4 it follows that x = xax. Now
_(x-—axz)2 = x2 + axzax2 - xax2 - ax3 z x2 + ax3 - x% - ax3 = 0,
and so x = ax2. Further, =xa = ax2a = ax. Finally, suppose
re€R and ar = ra. Then since idempotents are central in
2

R, we have Xr = Xx“@.r = X.Xa.r = X.r.Xa = X.ra.x =

KAdPeX = PeXax = I'X.

The writer does not know whether the centre of a weakly
regular ring is again weakly regular. We have, however,

from the above result:

Corollary 4.2.6:

The centre of a ws-regular ring is again ws-regular.

We show now that the definition of ws-regularity leads
to.a characterization along the lines of those found for

regular, strongly regular, and weakly regular rings.

Theorem 4.2.7:

A ring R with identity is ws=-regular if and only if
every non-zero right (left) ideal of R contains a non-zero.

central idempotent.
Proof:

If R 1is ws-regular and A 1is a non-zero right ideal
of R, then choose any 0O # at€A. Then there is an

O # x€R such that x = x2a = XaxX. Then ax 1is an idem-




Sh,

potent in A, and is clearly non-zero. Since R has no

non-zero nilpotent elements, ax i1s also central.

Conversely, suppose every non-zero right ideal of K
contains a non-zero central idempotent. Let O # a€R, then
aR is non-zero, and there is an s in R such that as is
a non-zero central idempotent. Thus a(sas)2 = asas,sas =

as.sas = sas.as = sas, and since sas # 0, a 1s ws-regular.

By the symmetry of the definition of ws~-regularity, as
proved in proposition 4.2.5, the result is also true with

"right" replaced by "left".

The following summary shows a pattern which is completed

by the above definition and characterization of ws-regularity:
A ring R with identity is:

(1) Regular if and only if every principal one-sided ideal

is generated by some idempotent.

(2) Strongly regular if and only if every principal one=-

sided ideal is generated by a central idempotent.

(3) Weakly regular if and only if every non-zero one-sided

ideal contains some non-zero idempotent.

(4) Ws=-regular 1if and only if every non-zero one-sided

ideal contains a non-zero central idempotent.

We have mentioned that a regular ring without nilpotent
elements is strongly regular. We now have a corresponding

siutation with weakly regular rings:

Proposition 4.2,.8:

A weakly ring R with no non-zero nilpotent elements

is ws=-regular,

- |
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Proof:

Let O # a€R, then there is an 0 # xER such that

2a)2 2 2_.2 3 2

X = XaX. Then (x=-x = X + X aX a - X a - X ax =

2 3 3 2

v 2 .
X" + x"a - x"a-x" =0, and so x x“a and R 1is

ws-regular.

That even a commutative ws=regular ring need not be
strongly regular is seen from example 1. We now give two
sufficient conditions for a ws-regular ring to be strongly

regular:

Proposition 4.2.9:

A commutative ws-regular ring K which is also m-

regular, is strongly regular.

Proof:

Since R is ws-regular, it is also weakly regular
and hence semisimple. Thus R is isomorphic to R/J(R),
which is regular by theorem 3.13. Since R has no non-

zero nilpotent elements, it is strongly regular.

Proposition 4,2,10:

An artinian ws~-regular ring R 1is a strongly regular

ring with identity.
Proof:

Being ws=-regular R 1is semisimple. By section 1.3,
it is regular with identity, and having no non-zero nil-

potent elements, it is strongly regular.
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Finally, in this section, we ncte that the proof of
proposition 4.2.1 carries over directly to ws-regular vrings,

and we obtain:

Proposition 4.2.11:

A direct product of rings is ws-regular if and only if

each component is ws-regular.

4.3 Weakly g-Regular Rings

In this section, weakly 7-regular rings are defined

analogously to weakly regular and ws-regular rings.

Definition 4.3.1:

An element a of a ring R 1is said to be weakly m-

regular if some power of a is weakly regular. Thus

there is an integer n > 1 and an x€R such that x = xa"'x,

where x may be chosen non-zero if a # 0. A ring R
is called weakly w-regular if all its elements are weakly

T-regular.

It is immediate that a 7-regular ring R 1is weakly
T-regular, since if some power of an element is regular, it

is alsoc weakly regular by theorem u4.1.3.

The next result is useful when working with weakly m-

regular rings:

Lemma 4.3.2:

Let R Dbe a ring, and let a be an element of R
which is not nilpotent. Then if a 1s weakly mw-regular,

it is also weakly regular.
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Proof:

Since a is weakly mW-regular and is not nilpotent,

there exists an integer n > 1 and an O # x€R such that

x = xalx. If n=1, then a 1is weakly regular, If
n>1, then xa™ ! = xa"l.a.xa™?'; and if xa"?t = o,
then x = xaP™ = 0, a contradiction. Thus xa % # 0,

and a 1is weakly regular.

From the above result it is immediate that a weakly -
regular ring with no non-zero nilpotent elements is ws-

regular.

Next, we turn to the Jacobson radical of a weakly =
regular ring. The following result is a generalization of

theorem 3.13 part (3):

Lemma 4,3.3:

The Jacobson radical J(R) of a weakly m~-regular ring
R, 1s a nil ideal.

Proof:

Let a€J(R), and suppose a 1is not nilpotent. Then
there exists a positive integer n and an O # x€R such
that x = xa x. Then (anx)2 = anx, and a"'x€J(R). Thus
ax = 0, and hence x = 0, a contradiction. Thus a 1is

nilpotent, and J(R) 1is a nil ideal.

Proposition 4.3.4:

Let R be a weakly m=-regular ring with identity,

then the following conditions on R are equivalent:
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(1) R 1is weakly regular
(2) R 1is semisimple
(3) R has no nil right or left ideals, other than the

zero ideal.
Proof:

(1) implies (2) : proved in lemma 4.l.H4,

(2) implies (3) : this is true in any semisimple ring.

(3) implies (1) : Let A be a non-zero right (left) ideal
of R. Then A cannot be nil by assumption, and there
is soﬁe a€A which is not nilpotent. Then there is a
positive integer n and an O # xR such that
X = xax. Thus a'x (xa") is a non-zero idempotent

in A, and so by theorem 4,1.2 R 1is weakly regular.

We proved in theorem 3.13 that if R is a commutative
m-regular ring, then R/J(R) is regular. OQur last result

is analogous to this:

Proposition 4.3.5:

Let R be a commutative weakly 7-regular ring. Then

R/J(R) is weakly regular.
Proof:

R/J(R) has no non-zero nilpdtent elements, for suppose
(r+J(R))™ = 0 for some ve€R and some integer n > 1.
Then PDGJ(R),' and so by lemma 4.3.3 rois nilpotent.
Thus r is nilpotent, and in a»commutative ring R, all

nilpotent elements are in the radical J(R) and so

r+J(R) = O.

Now let r+J(R)E€"/J(R), where re€R and r4J(R). Thus
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r is not nilpotent, and by lemma 4.,3.2 »r is weakly regular.

Then there exists an O # x€R such that x = xzr. Thus

x = ™1 for all integers n > 1, so that if x is nil-
potent, then x = 0. It follows that x is not nilpotent
and so x4J(R). Finally, x+J(R) = (x+J(R))(r+J(R))(x+J(R))

where x4J(R), and so R/J(R) is weakly regular.,

In conclusion, we give a diagram showing relationships

amongst the various types of rings studied in this thesis,

Strong Regularity\\\\\\\\\l
\J[/ : \\\\\\\\\>>~Ws-regularity

Regularity

Weak Regularity

m-Regularity . \!J/

Weak m~Regularity

/

/
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