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ABSTRACT 

This thesis deals with the development. implementation and 

testing of numerical procedures for the heat transfer and 

thermo-mechanical analysis of sol id continua. Steady state 

conduction heat transfer is developed as a particular case 

of the general field equation . Internal heat generation 

and the boundary conditions of specified temperatures, 

f I ux, convection. and radiation are included. The stress 

- strain - temperature relationships for a corresponding 

body are not coupled to the heat transfer relationships 

for steady state conditions. The heat transfer problem is 

thus solved prior to. and independently of, the mechanical 

problem. The resulting temperature field is adopted for 

the solution of the thermal deformation problem. Finite 

element formulations using a common discretization are 

developed for these problems using Galerkin ' s method. The 

formulations are implemented in an existing temperature 

independent non! inear finite element stress analysis code . 

Four. ~ight and nine noded isoparametric continuum finite 

elements with the option of the plane stress. plane strain 

and axisymetric cases are utilized. Noni inear heat 

transfer due to temperature dependent thermal conductivity 

and/or internal heat generation is solved using an 

iterative method based on the ~ewton-Raphson alg o rithm. 

Thermal deformations and stresses are determin e d by 

calculating equivalent nodal loads corresponding to the 

thermal strains which result from the temperature f ield. 

These are then applied to the mechanical model . The 

implementation is illustrated by three examples whose 

solutions c ompare favourably with analytical solutions 

taken from the literature. 
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CHAPTER ONE 

INTRODUCTION 

The finite element method has established itself in engin­

eering as a powerful tool for the stress analysis of 

complex structural systems. Some of the most cha! lenging 

applications of the method are in areas where the mech­

anical stress problem interacts with other physical 

phenomena . 

One such app Ii cation is the behaviour of so Ii ds under 

temperature changes. In such cases the determination of 

temperatures by conduction heat transfer for practical 

structures often requires the consideration of several 

temperature dependent parameters such as thermal 

conductivity and internal heat generation. This 

constitutes a non! inear problem. Depending on the state 

of stress in the material, any deformation might also be 

non! inear. 

This thesis sets out to develop 

formulations for nonlinear conduction 

thermo-mechanical stress analysis . 

finite element 

heat transfer and 

The theory is implemented in the specialized but tempera ­

ture independent code, NOSTRUM' 1
' <NOnl inear STRUctural 

Mechanics) which has been developed by the UCT/CSIR 

Applied Mechanics Research Unit at the University of Cape 

Town . The ability for both conduction heat transfer and 

thermo-mechanical analysis is implemented for plane finite 

continuum elements so that a single discretization may be 

used for either type of analysis. 

While the thermo-mechanical aspect only required 

adjustment of existing stress analysis procedures in 

NOSTRUM. the entire heat transfer aspect had to be 

developed and implemented. Consequently greater detai is 

devoted to the latter. 
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1 .1 INTRODUCTION - TO FIELD PROBLEMS 
Heat conduction belongs to a group of physical field 

problems which are governed by transient. non I inear quasi -

harmonic partial differential equations. 

have the form 

where l/J l/J(x,y,z,t) i s an unknown scalar 

Q Q(x,y,z,t,l/J) i s a source term, 

Th e se equations 

f i e l d . 

and kx , k, . k, . µ, p. are physical coefficients which may 

vary with space and time. and with l/J or its derivatives . 

Typical examples are transient heat conduction. wave 

transmission in fluids and the diffusion of a chemical 

species from a region of high concentration to a region of 

low concentration. 

The time dimension is included for various problems in 

texts by Zienkiewic2 12 
> Rao 1 3 > and Heubner 1 4 >. but in 

this thesis all analysis is considered to be steady state. 

1.2 STEADY STATE FIELD PROBLEMS 
The steady state form of the field equation is obtained by 

reducing equation 1 . 1 to: 

+ a <k ~> + Q = o a z ' az 
( 1 . 2) 

Examples of steady state field problems governed by this 

equation are listed in table 1.1 



Univ
ers

ity
 of

Cap
e Tow

n

:SCALAR FIELD 
FIELD PROBLEM ¢ 

Heat conduction Temperature 

Torsion Stress 
function 

3 

Thermal 
conductivity 

: (Shear modulus)- 1 

Diffusion : Concentration: Di ff us iv i ty 

Seepage 

Magnetostatics 

Reynolds film 
lubrication 

Bingham plastic 
flow 

Electric 
conduction 

Compressible 
flow 

Pressure 

Magneto 
force 

Pressure 

Velocity 
potential 

Voltage 

Velocity 
potential 

Permeab i 1 i ty 

Magnet 
permeab i 1 i ty 

:(film thickness) 
viscosity 

Viscosity 

Electric 
conductivity 

Density 

SOURCE 
Q 

Internal heat 
generation 

Twist per unit 
length 

Internal flow 
source 

Internal 
magnetic 
field source 

Lubricant 
supply 

Pressure 
gradient 

Internal 
current source 

Table I.I Physical situations governed by the quasi - harmonic 
steady state equation. 

The description of such field problems is not complete 

unti relevant boundary conditions are applied. 

Consider the field variable ¢ to be defined in a general 

three dimensional solution domain, Q, bounded by a 

surface, r. (figure 1. 1). 
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y 

n 

x 

z 

Figure 1. l Three dimensional solution domain 

Referring to Figure 1.1. the two main types of boundary 

conditions considered are: 

a ) The value of the field variable specified on part (or 

whole) of the boundary, r, 

¢(x,y,z) 

b) On the remaining part of the boundary, f2. 

the Cauchy or "natura I" boundary condition is 

u ij ij -kxaxnx+k"ayn.+k,a
2
n,+q(x,y,z,¢)-h(x,y,z,¢)¢ - O 

< I . 3) 

( 1 . 4 ) 

where q and h can be functions of both position and the 

field variable, and nx, n" and n, are the direction 

cosines of the outward normal to the surface. 
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If the body is isotropic. ie kx k = constant, 

the general formulation given by equations 1.2. 1.3. and 

1 .4 can be reduced to give Poisson's equation. 

Q 
k 

( 1 . 5 ) 

If there are no source terms. ie Q = O. equation 1.5 can 

be further reduced to give the we! I known Laplace equation 

0 ( 1 . 6 ) 

1.3 CLOSURE 
The theory and finite element formulation of conduction 

heat transfer and thermo - mechanical stress analysis are 

described in Chapter Two . 

Chapter Three deals with the implementation of the 

formulations into NOSTRUM . The calculation procedures 

required for isoparametric elements are given. 

The theory is i 1 lust rated in Chapter Four by three 

examples which are compared with published analytical 

solutions. 

The thesis ends with conclusions and recommendations in 

Chapter Five. 
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CHAPTER TWO 

DEVELOPMENT OF THEORY 

2.1 HEAT TRANSFER 

2.1. 1 Steady State Heat Conduction 

The solution domains for the thermo-mechanical stress 

analysis techniques developed in this thesis are solid 

continua. T he specific field problem is t h erefor e 

conduction heat transfer. although c onv ectio n and 

radiation on the boundaries of the domain are included. 

Consider steady state heat transfer in a three dimensional 

anisotropic solid Q bounded by a surfacer (F ig ure 2 .1) 

y 

specified 
temperature 

4 
OC T 

point source 
at r 

p 

r ad iation qs 

specified flux 
incident radiation 

Figure 2.1 Three dimensional solution domain 

for general heat conduction 

x 
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For the system to sat i sfy conservation of energy. the 

following balance must exist. 

Heat inf low+ Heat generated 

internally 

Heat outflow+ Change i n 

internal 

energy 

This balance leads to the energy equation 

(~x 
ax 

~. + a Y 
a 
+~· 
a z ) + Q = 0 ( 2 . 1 ) 

where qx. q. and q, correspond to heat f tux i n the 

cartesian d i rections and Q=Q(x,y,z,t) i s the internal heat 

generation. 

The rate equat i on describing heat conduction is F ourier's 

law. which for an anisotropic medium is 

{ q } -[k]{g} 

where {q} = [q x q. q,]1 

[ k ] r .. k 1 2 k.,] 
k2 , k2 t k 2 3 

k3 , k3 2 k3 3 

aT u a T r 
[- -J a x a Y a z 

{ g} 

( 2 . 2 ) 

- he a t f lu x v ec tor 

- conductivity maxtrix 

- temperature grad i ent 
vector 

Substitu t ion of equa t ion 2.2 into t h e ener g y e qu a t i on 2 . 1 

gives th e general f ield equation with temp e ratur e a s t he 

field variable. 

where {'jj}r 
a 

= [­ay 
:::c. 

In matrix notation this is 

a 
a x 

'j. 

0 

a_J 
a z 

( 2. 3) 

The general boundary conditions given in equations I . 3 and 

1.4, are expanded to inc l ude the boundary conditions for 

conduction shown in figure 2 . 1 . to g i ve 
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1) A prescribed temperature on rT 

Tr=T(x,y,z) 

2) A specified flux on rq 

{q}T {n} q. 

where {n}=[nx n~ n, P 

of the outward normal 

are the direction cosines 

to the surface. 

3) A convective exchange flux on rh 

{q}T {n} -h<T-T.> 

(2 . 4a) 

(2.4b) 

( 2 . 4 c ) 

where h is a convective heat transfer coefficient, 

T is the surface temperature and T. is the surrounding 

or exchange temperature 

4) A radiation flux transfer on rR 

{q}T {n} 0€T
4

- k. qr 

where a is the Stefan - Boltzmann constant , € is 

the surface emissivity, k. 

absorptivity and qr is the 

flow per unit area. 

is the surface 

incident radiant heat 

5) A concentrated source at the point r. 

{q}T {n} - P 

(2 . 4d) 

(2.4e) 

Expressed 

include the 

in these terms the boundary conditions now 

inherently nonlinear convection and radiation 

boundary conditions . 

There are three fundamenta I approaches tr ad i t i ona l I y used 

to generate finite element formulations to the heat 
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conduction problem. 

Oden'si gives a generalised interpretation of finite 

element equations showing how they can be developed from 

we 11 es tab Ii shed g I oba I energy ba I ances. For a region 

that has a I ready been discretized he states. "a I that is 

needed is some means to t ranslate a relation that holds at 

a point (in the solution domain) into one that must hold 

over a finite region". This first approach is termed the 

energy balance" or "physical" approach which Wilson' 5 i 

and Oden ' 1 
> show to provide additional insight into some 

solution processes. 

Secondly, in the classical variational approach finite 

element equations are obtained by minimis i ng a dis c r et i ze d 

funct i ona I of the prob I em expressed in terms of the dis ­

crete nodal temperatures. Thirdly, regarding the Galerkin 

approach using weighted residua Is. Huebner' 4 i states that 

Galerkin's method "not only encompasses the vari a t i onal 

approach but also goes far beyond. because it can be 

app Ii ed to any we 11 posed system of different i a I equat i ans 

and their boundary conditions" . 

This method is used in the next section to develop a 

finite element formulation, as it lends itself neatly to 

both the thermal and stress problems. 

2.1.2 Finite Element Formulation 

The solution domain Q i s divided into M e I ements 

nodes each. and 

n 

a general interpolation matrix 

of n 

[ N J 

consisting of 

element: 

[ N J 

shape function is specified for an 

[N,. N2 ...... .. . NnJ ( 2.5a) 
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The corresponding gradient i nterpo I at ion matrix [BJ . is 

~1 ~I ~n 
Cl x Cl x Cl x 

[ B J ~~1 ~I L~" (2.5b) 
Cl y Cl y Cl y 

~1 ~I ~n 
Cl z Cl z Cl z 

The temperature at any point in an e I ement can now be 

approximated in terms of the interpolation functions by 

[N(x,y,z)]{T> (2.5c) 

where <T> is the vector of nodal temperatures. Similarly, 

temperature gradients within an element can be expressed 

by 

aT 
Clx (x,y,z) 

_ClT 
(x,y,z) 

Cl Y 
fB(x,y,z)]{T> 

( 2 . 5d) 

£1 Clz (x,y,z) 

The second order heat conduction equation requires C" 

continuity, and temperature is the only nodal unknown . 

Focusing on a single element. the Galerkin method is used 

to d e rive the finite element equations . S tarting with the 

energy equation 2.1 for a single element. the met hod 

requires that 

J (~x 
Cl x 

~­+ 
Cly 

~_g. + 
Cl z 

- Q ) 

where Q1
" is the element domain. 

dQ 0 ( 2. 6) 

This indicates that the error or residual introdu c ed by 

the approximation on the left hand side is required to 

vanish in an average sense over the domain. 
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The term 

J ( ~x ~~ ~z 
Clx + Cly + Clz > Nr dQ 

is integrated using Gauss's theorem to introduce th e h e at 

f I ow across the element boundary f' •' . 

The result is 

- J J Nr Q dS2 

+ J r = 1.2 . .. . n ( 2 . 7 ) 
r < • ' 

The surface integral in equation 2 . 7 allows fort.he intro ­

duction of the natural boundary conditions (equations 2.4 

a-e) to give 

-J [ ;tlJr 2.J'4r · '.t: J'4r 
'J. x _)~ Y ..! ~ z 

Q 

< q > dS2 f QN,dQ 

Q 

J { q} T { n} N, dr 

+f q, N,dr - f h<T-T,>N.dr - f (oeT" - A:q,)N,df+Pr <2.8) 
r. rh r" 

where for simplicity Q now refers to the element area 

refers to that part of the element boundary 

r e· ) where one of t. he specific boundary conditions exis t s. 

Fourier ' s law ( equation 2.2) can be written in t e rms of 

the element temperature grad i ents as 

{ q } - [kJ [BJ < T > _, ( 2 . 9) 
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Introducing equation 2.9 and the element temperatures to 

equation 2.8. the resulting element equations are: 

f [8]1 £kl £BJ <T> dQ 
Q 

J Q[N]1 dQ --- f (q}T {n}[NJTdr 
Q fr 

+ J q, [NJT dr -J h[NJT [NJ <T>-hT. [NJT dr+ 
r. rh 

f (oE[N]r (NJCT>[NJ<T>[NJ { T}[NJCT}-A:q, [N]r )df + <P> (2.10) 
rR 

A conductance matrix. [CJ, and a flux vector <R>. are now 

defined so that equation 2. 10 can be written as: 

< 2 . I I ) 

where the conductance matrix components are 

J (8JT (kJ (8JdQ 
Q 

J 

[CR ) { T} = J OE[NJT [NJ {'f} [NJ <T> [NJ {T} [NJ <T>df 

Conductivity 
matrix 

Convection 
matrix 

Radiation 
matrix 

and the flux vector components are 

{ f~ T } J 
rT 

J 
Q 

< R. > J 
r. 

J 
rh 

( q } T <nHNJrdr -

Q[N]rdQ 

q,(NJrdf 

hT. [N]r df 

- f~eaction flux 
vector 

- Internal heat generation 
vector 

- Surface flux 
vector 

- Convective flux 
vector 
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{ R, > r = 1.2 ..... n 

)< 

- Incident radiat io n flux 
vec to r 

- Vector of point sources 

Note that {Rr> are unknown flux distributions on boundary 

fr where temperatures are prescribed . They are only 

computed once the temperature field has been determin e d 

and are the heat flux reactions necessary to maintain the 

nodes on fr at their specified temperatures. 

Equation 2.11 is the general nonlinear finite of element 

equation for conduction in an anistropic so lid medium. 

Assembly of the element equations to obtain the global 

system of equations fol lows the standard procedure of 

summing al I elements to form an m x m conductance matrix. 

where m is the total number of nodes. Since the h eat 

transfer elements developed in this thesis are to be used 

in conjunction with displacement/stress elements. it is 

important to note that the field variable temperature. i s 

a seal ar quantity. This means that transformations of 

matrices computed in local coordinates systems are not 

necessary in order to fo r m the global matrix. 

The genera I equation 2. 11 is of ten reduced for pr act i ca I 

heat transfer cases to the linear equation 

[ lC. )+[Ch J J <T> (2.12) 

by excluding radiation and assuming that [ kl.the conduct ­

ivity, h the convection coefficient and Q, the internal 

heat generation. do not depend on temperature. 

When material properties and their environments are 

significantly dependent on the te mperature. the full 

nonlinear steady state equation to be solved is 

[ [C.(T) J + [C. <T) J + [CR <T) J HT> = <RQ (T)) + <R. <T» + 

<Rh(T )) + <RR<T)> + <R,<T)} <2. 13) 
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Solution techniques have discussed in a number of papers. 

Meric<e> Leelamma Mani<u> and Lyness <10
' consider the 

conductivity to be isotropic and to vary linearly with 

temperature: i e k is of the form k = k 0 ( l+aT) where k 0 is 

the reference conductivity and a is a constant 

Lyness< 10
' compar e s his finite element solution to a 

nonlinear problem of this type favourably w i th a 

variational formulation solution by Hays < 11
' 

Padovan < 1 2
' genera Ii zes the finite e 1 ement formulation for 

fully a nis o tropic media with k,J k 01 J(l+aT >. Bathe <1 3
' 

and W i 1 son < 7 ' have ex amp I es demonstrating non Ii near it i e s 

due to b o th ine a r variation of c onductivity wi t h t e mp e r ­

ature and the non! inear convection boundary cond i tion. 

A recent paper by Re ddy < 1 
•' on the condu c tion problem o f a 

steel casting with both radiation and c onvection boundary 

conditions shows the importance of cons i d e ring the highly 

nonlinear radiation boundary conditions present in metal­

l urg i c a I processes where this mode of hea t t r a nsfer is 

significant. 

Thornton < 1 5
' demonstrates the ab i Ii t i es o f the method in 

considering the transient problem of a hydrogen cooled 

supersonic ramjet strut . The strut is heated on one side 

by hot hydrogen flowing in an internal manifold and on the 

other aerodynamically by external .air f low. It is c ooled 

by cold hydrogen flowing between the primary structure and 

the outer sk i n. This enta i Is temp e rature dependent co n ­

v e c tio n c oefficients. thermal c ondu ct iv ity and sp ec i f i c 

h e a t . An asp ec t o f that paper whi c h i s incorpora te d in 

this thesis is the pie c ewise continu o us a pproximat io n o f 

t hese properties. Th i s aspect i s d i s c ussed in Chap te r 3. 
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A further topic of research re I ated to non Ii near heat 

transfer is the type of equation solution algorithm used. 

Hughes< 1 
& ' discusses a range of algorithms with respect to 

their stability. The most commonly used algorithm is the 

Newton - Raphson method. although it is not always the most 

efficient. Lynesscio> uses an iterative method which is 

based on the Newton - Raphson algorithm. In a sample prob--

lem where conductivity was assumed to vary inearly 

temperature. this a Igor i thm produced convergence in 

one more iteration than the Newton-Raphson method. 

with 

only 

This 

being the 

the full 

used in 

discussed 

case. and because of its simplicity relative to 

Newton-Raphson method, this iterative method is 

this thesis. The numerical implementation is 

in Chapter 3 . 

2.2. THERMO-MECHANICAL STRESS ANALYSIS 

2.2. 1. Introduction 

It is wel I known that changes in temperature cause bodies 

to deform. Uniform heating of an unconstrained isotropic 

body produces uniform stress free expansion of the 

material with no resultant stresses. Mechanical 

deformation occurs if a thermal gradient exists. or the 

body is mechanically restrained in one or more directions. 

or the material has an anisotropic coefficient of 

expansion. If this deformation occurs in the range of 

I inear material response, the behaviour is governed by the 

equations of thermo -- elasticity. In cases such as the 

so Ii di f i cation or heat treatment of meta Is. therma I defor-­

mat ion is often nonlinear. 

In transient problems, thermo-elasticity 

coupled problem of the heat transfer 

is essentially a 

and mechanical 

deformation procedures. This requires a comp I ete energy 

balance approach which is discussed by Biot< 1 7 > . In that 

paper the expression for the free energy developed for 

thermo - elasticity is referred to as a thermo-elastic 

potential and this leads to a variational formulation with 
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a minimum e n t r o p y p r o d u c t i o n p r i n c i p I e . 

Keramidas< 1 8 ) ( 1 u ) uses a s i mi I a r variational formulation 

to produce a finite e 1 ement for mu 1 at ion of the coup I ed 

thermo-mechanical problem. 

However, many engineering text books neglect this coupling 

for general steady state problems. Zudans< 20
> in his text 

for the nuclear industry states that "The me c hanical 

energy associated with deformation of the sol id is usually 

neglected in reaching the energy balance" . Th i s i s the 

approach taken in this thesis where in addition the 

solution region is assumed to have isotropic mechanical 

properties. 

2.2.2. Stress-Strain-Temperature Relations 

Thermo-elastic strain can be considered as consisling of 

two parts. One component is related to mechanical 

deformation by Hooke's Law and another results from free 

thermal expansion. Mechanical restraint or loading 

conditions are superimposed on the thermal expansion to 

give the general equations 

1 
v (av ) ] c.dT To Ex E [ax - + a, + -

1 v (ax ) ] a< T To Ev E [a. - + a, + -

1 v (ax a• ) ] a< T To ) E, E [a, - + + - ( 2 . 1 4) 

T x v 
l. 

-z; x • G 

T, z 
l 

-z; v z G 

T z x 
l 

-z; z x G 

where E i s Youngs modulus 

v i s Pois sons ratio 

G = El<2<l+v)) i s t he shear modulus 

i s the coefficient 0 f isolr o pi c ex pansion 

T is the temperature 

and To is the reference temperature 
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From this point the relations are developed for plane two-

dimensional cases. This enables the identification of the 

specific plane stress. plane strain and axisymmetric 

concepts which are used in the application of this theory. 

Solving for the stresses, equations 2.14 reduce to the 

constitutive equation 

{ 0 } [0] {E} - [0] {P} <T - T0 ) ( 2 . 1 5) 

where { 0 } 

and 

For plane stress where the stress component (o,) 

perpendicular to the plane must be zero 

_E_ [ ~ v 

(!-~)/2] [ 0 J l - elasticity 
1 - v 2 

0 matrix 

and { p} a [ 1 0) T - Thermal expansion 
vector 

For plane strain where t he perpendicular stress c omponent 

(o, is non - zero. but the corresponding strain component 

(E, is zero 

[ 0 J 

and { p} 

E [ 1 - v 
-( _l _+_v_) =( '--1---2-v-) v 

. 0 

(l+v)a [ 

v 
l -v 

0 
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and the stress in the direction perpendicular to the plane 

due to therma I expansion is 

a, - Ea< T - T 0 ) 

For the axisymetric case where the x direction of the 

previous cases corresponds to the radial component, and 

the y direction to the axis of symmetrical rotation. 

( a } [a r (J z a r z a e ] r 

( E } [ Er E, Er z 't e J T 

[ 
l -v v 0 v 

J 
[DJ E v I -v 0 0 

(l+v))l-2v) 0 0 (J-2v)/2 0 
v v 0 1 - v 

( p} (J+v)a [! 0 IP 

Both the strains and temperatures are required for the 

solution of stresses in the thermo-mechanical constitutive 

equation (equation 2.15). Although the equations for 

conduction heat transfer have been developed in the first 

part of this chapter. they are repeated along with the 

development of the thermo-e I ast i c equations to emphasi z e 

their co-existence in the domain . Four i ers law. for the 

plane cases this is 

( q } -[k](g} < 2 . I 6) 

where ( q } 

[ k ] 
[ 

k, 1 

k7 1 

and [ g ] [ a T / Cl x {) l/{)y)T 
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For the steady state equations 2. 15 and 2. 16. the 

equations of equi 1 ibrium are 

[dJ {a} { 0 } - mechanical equilibrium (2 . 17) 

where [ d ] 

and (B}T {q} + Q 0 - thermal equilibrium (2 . 18) 

Substitution of the constitutive equations. 2.15 and 2 . 16. 

into their corresponding equilibrium equations. 2.17 and 

2 . 18 gives the general equations 

[d][D]{E} - [d][D]{P}(T - To ) { 0} ( 2 . 19) 

and 0 (2.20) 

y 

x 

Figure 2.2 Two dimensional domain for thermo-elasticity 
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Referring to figure 2.2. it must be noted that the 

mechanical and heat transfer boundary conditions each 

exist over the complete boundary. The boundary conditions 

for the complete thermo - mechanical problem are 

1 . { u} {u. > is a prescribed displacement on r. (2.2la) 

2 . { t} (2 . 2lb) 

This is a general traction with x and y components. 

i e { t} [M){o} 

where [MJ [ nox 0 
ny 

3. T T0 is a prescribed temperature on r, <2 . 22a) 

4. {q}' {n} -q on r. (2.22b) 

This is a general heat flux in the direction of the 

outward normal. It may incorporate one or more of the 

boundary conditions a s in equations 2 . 4a-e . 

It can be seen at this stage that equations 2.20 and 2.22 

for the heat transfer in the solution region, are inde ­

pendent of equations 2 . 19 and 2 . 21. though the reverse is 

not true. Thus the heat transfer part of the problem can 

be solved first. and the temperature field solution used 

in solving equation 2.19 to find mechanical deformations. 

Note that this includes the possibility of making the 

material properties for the mechanical part of the 

analysis temperature dependent. 

2.2.3 Finite Element Formulation 

The finite element fo r mulation for conduction heat 

transfer has been deve I oped in section 2. 1. 4. and t he 

mechanical formulation is now given. assuming known nodal 

values of temperature . 



Univ
ers

ity
 of

Cap
e Tow

n

2 l 

Galerkin's method is now applied to the mechanical equi­

librium equation 2.17. 

An arbitrary displacement field {w}, which incorporates 

displacements in the plane is assumed. Equation 2 . 17 is 

multiplied by this field and integrated over the solution 

domain. 

i e J <w> [dJ <o> dQ 0 (2 . 23) 
Q 

Using Gauss's theorem to include the boundary conditions, 

equation 2.27 expands to 

J <e>r<o> dV =f <w>r<t> df +f <w>r<t.>df (2.24) 
Q fu ft 

Where {e} is the strain vector corresponding to the dis ­

placement field {w} so that 

[dJ<w> (2.25) 

The solution domain is divided into M elements of n nodes 

each. and a general interpolation matrix. [NJ. consisting 

of n shape functions, is specified for an element. 

[ N J [N, N, . . . ... . Nn] (2 . 26a) 

The corresponding gradient interpolation matrix for 

strains is 

a Nr 0 
ax 

a Nr 
[Bl r 0 Cl y for r 1 . 2 . ... n (2 . 26b) 

ClN _r a Nr 
Cly Clx 

Using the interpolation functions. the displacement in an 

element can be expressed by 
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={[NHu>} c '' 
[N]{v} (2 . 27) 

where {a} is the general nodal displacement vector 

corresponding to the displacement vectors {u} and {v} in 

the x and y directions. 

Similarly, the strain field {E} in equation 2. 15 is 

approximated by 

(2.28) 

where the nodal displacem e nts {w}c • > are 

lNJ {a>c' > (2 . 29) 

Equations 2.27 and 2 . 29 show the prin ci pal di f f e r e nce 

between the finite element formulation for the me c han ic al 

case now considered and that for the heat transfer case as 

presented in section 2.14. In the heat transfer cas e the 

unknown temperature was a scalar. but in this case th e 

field variable , displacement , is a vector . 

The strain vector in equation 2.25 can be written in terms 

of the interpolation func t ions as 

[dJ[NJ{'w}co> (2 .3 0) 

The expressions for {E} and {€} are substitut e d into 

equations 2 . 15 and 2 . 24 respectively to give 

{a} £0)[8){a >c' > - [0]{P}(T - T o ) 

and J [8J1UUc' i r{a}dQ 
Q 

J {a}ce >r [N]{t }df + 

ru 

f un <• >T[ N]{to>dr 
rt 

( 2.31) 

( 2 .3 2 ) 

In equation 2 . 32 {a) c •> is c ommon to all terms and hen c e 
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arbitrary . Removing {a}<•> and substituting equation 2.31 

into equation 2.32 gives 

[ K J { a > - { L > 

where [KJ 

{ L > 

f [8Jl [DJ [8JdQ 
Q 

f lDJ lBJ {P > <T - T. )d~2 
Q 

(2.33) 

- Mechanical stiffness 
matrix 

- Thermal strain 
equivalent load 

vector 

{Fu > J lNHt>df - Constraint boundary reactions 
r. 

J (NJ<t 0 >df - Mechanical loads 

Apart from the thermal contribution. {L}. equation 2.33 

takes the form of the purely mechanical temperature 

independent prob I em described in deta i I by Heubner < • > . 

Bathe < 21 > and Owen and Hinton< 22 >. 

The uncoupled nature of the problem developed h e re mea ns 

that the temperature f i eld is determined for its steady 

state final condition before any thermal strain loads <L > 

are applied to the mechanical system. 

If the thermal stresses induced by this final temperature 

field are sufficiently large to produce a nonlinear 

me ch an i ca I response then the therma I I oads must be app Ii ed 

incrementally . This approach of dividing the thermal 

loads due to a final t emperature field into increments 

which are then app Ii e d sequent i a I I y is demonstrated by 
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Gr i 1 1 < 
2 2 1 

• 

Isotropic expansion coefficients have been assumed in this 

formulation. but Wu< 2 •> shows how this can be modified to 

accommodate for a completely anisotropic material. 

In summary, an uncoupled finite element formulation for 

steady state thermo-mechanical stress analysis has been 

derived in this chapter. Thus. the temperature distri­

bution for a solution domain can be determined completely 

before it is applied to the same domain with the same 

discretization in order to determine the stress field. 
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CHAPTER THREE 

NUMERICAL IMPLEMENTATION 

3 . 1 INTRODUCTION 

Developments in finite element analysis have grown with 

the avail ab i Ii ty of mass computational fac i Ii ti es. Beyond 

the classroom the met hod's ability is only an asset if it 

is i nsta 11 ed on a computer of reasonab I e size. For this 

thesis the formulations of the previous chapter were 

implemented into the existing finite element stress 

analysis code. NOSTRUW 1
> 

The intention was to extend the ability of NOSTR UM to 

include heat transfer analysis and the possibi I ity of 

temperature changes in the mechanical stress analysis 

procedures where previously all analysis was considered 

independent of temperature. Two dimensional isoparametric 

finite continuum elements were used for the extensions . 

This chapter deals with the implementation of the heat 

transfer analysis mode. and the consequent thermo ­

mechanical strains. This is done in general terms which 

could be applied to many stress codes. The actual 

implementation done in NOSTRUM for this thesis runs to 

approximately 3100 I ines, of which 600 are incorporated in 

existing routines and the balance of 2500 form n ew ly 

developed routines. 

A synopsis of the programming done 

and the reader is referred to 

is given in Appendix A. 

the Applied Mechanics 

of Cape Town for actua I Research Unit at the University 

listings. 
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3.2 PROGRAM STRUCTURE 
NOSTRUM is written in modular format so that separate 

subroutines perform distinct tasks at the various levels 

of the organization and computation in the program. It 

was decided to uti 1 ize as many of the existing routines as 

possible. and therefore to integrate the heat transfer 

solution modules into the present structure. 

The alternative to this approach was to construct a 

"separate" heat transfer program to solve for tempera ­

tures, which would then be passed across to the input of 

the stress analysis program. This would eliminate the 

need to develop a finite element code as one of the many 

published codes could be used, and then only the manage­

ment of the combined system need be tackled. This has two 

distinct disadvantages. One is that a separate data deck 

would be required . for each program. which apart from the 

inconvenience to the user, also detracts from the concept 

of introducing a further dimension of temperature. (extra 

degree of freedom) to each node of the model. The second 

is that any extensions to the combined programs for the 

fully coupled thermo-mechanical problem would introduce 

added comp Ii cations to contro I procedures. 

The version of NOSTRUM incorporating the work of this 

thesis wi I be referred to as NOSTRUM/THERMAL. The program 

structure is shown schematically in figure 3 . 1 . This 

shows the use of common contro I, in it i a Ii zing and input 

mo du I es. and the symmetry of the mechan i ca 1 and therma 1 

non Ii near ana I ys is pat h s. Uncoup I ed thermo - mechan i ca I 

analysis is performed by sequential thermal and then 

mechanical analyses. A possible path for extension to the 

coupled problem is indicated. This is, however. a 

simplification of the problem as it also requires its own 

incremental and iteration loops which if drawn in would 

make the figure confusing. 



Univ
ers

ity
 of

Cap
e Tow

n

27 

THERMAL FLUX 
MODULE 

INITIALISING 
MODULE 

FLUX INCREMENTING 
MODULE 

CONDUCTANCE MODULE 
I 
I ..-------'--------. 
I TEMPERATURE 
I SOLUTION MODULE 
j 
I~---~------. 
1 RESIDUAL FLUX 
I ~M_O_D_U_L_E---..----~ 
I 
I 

I ,....,c"'"""o"""'N-:-:V-:-:E=-:R"""G=-::E=N ...... C=-::E=-------i I 
I 

I 
MODULE 

INCREMENT 
OUTPUT MODULE 

THERMAL 
OUTPUT MODULE 

I 
I 

I 
I 

Time Step Loops 
Iteration Loops 
Uncoupled Thermo­
Mechan i ca I Path 
possible path for 
coupled analysis 

----< DATA INPUT AND 
CHECKING MODULE 

I 

/ 
I 

I 
i 

...... 

MECHANICAL LOADING 
MODULE 

LOAD INCREMENTING 
MODULE 

STIFFNESS MODULE 

DISPLACEMENT 
SOLUTION MODULE 

RESIDUAL FORCE 
MODULE 

CON VE RGE NCE 
MODULE 

INCREMENT 
OUTPUT MODULE 

MECHANICAL 
OUTPUT MODULE 

Figure 3.1 P rogram modules for nonl inear thermo - mechani c al code, 
NOSTRUM/THERMAL 
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From figure 3 . 1 it can be seen that the mechanical analy­

sis path is only affected by the thermal analysis in its 

loading module. This is the only module in the mechanical 

path which is specifical l y discussed in this chapter. 

Most of the nonlinear 

by Owen and Hinton< 22
> 

by Duffett et al< 1 >. 

mechanical routines were developed 

and an overview of NOSTRUM is given 

At this stage it is assumed that the reader has a 

knowledge of the basics o f finite element programming and 

isoparametric element te r minology. Specific instructions 

on programming methods is given by Hinton and Owen ' 2 s ' . 

but this is also dealt with in the finite element 

texts <2
• 

3
• 

4 
· 

21 
> already mentioned. 

The common modules of initializing, input and checking 

required adjustment for the inclusion of the heat transfer 

mode. These changes, where relevant to the thermo­

mechanical concept, are discussed. Although no coded 

programs are presented here, the computer language and 

style used do have an influence on the method of 

computation and some aspects are now mentioned. 

The programming was done in FORTRAN . For readability 

variable names were 

abbreviations or have 

standard terminology. 

constructed so as to be either 

onomatopoeic resemblance to the 

Many of the "housework" operations 

necessary in mechanical finite element analysis. such as 

global degrees of freedom numbering, are eliminated for 

heat transfer analysis because temperature is the only 

degree of freedom at each node. 

Since isoparametric elements are used. element matrices 

are computed by numerical (as opposed to exp I i cit) 

integration. The Gauss Quadrature technique used is 

standard in practice and has the advantage that reduced 

integration can be use d to overcome problems such as 
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"locking". 

3.3 MODEL INPUT 

A common finite element model is used for both the heat 

transfer and mechanical 

ac c eptance routine must 

analyses. 

"gather ·· 

Hence the 

the mode 1 

following a nalysis type possibilities : 

1) Purely mechanical analysis 

2) Purely heat transfer analysis 

3) Thermo-mechanical analysis . 

common input 

data for the 

It was seen in figure 3.1 that the addition of the thermal 

aspect to a mechanical code requires additional contro l 

from the control module in order to guide the solution 

process through one of the above three possibi 1 ities. 

Further data specific to heat transfer analysis is also 

required. 

The input data can be sub - divided into four main 

classifications : 

1) The contra 1 data which is used for: se I ect i on in the 

type of data required in the other three c l assi­

fications : setting up of solution strategy and 

procedures: and determining output selections. 

2) The data required to define the geometry of the model 

and its boundary conditions . 

3) The properties and material Jaws of the models 

constituent materials . 

4) The heating and mecha n ical loading to which the model 

is subjected. 

Figure 3 . 2 shows the route of data input to NO S TRUM / 

THE RMAL.. 
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ANALYSIS TYPE 

INCREMENTAL STRATEGY PARAMETERS 

[ffECH~-OUT-PUf; 
:_~!;.LES.I I Qti __ ~ 

NODAL 

j'HE'Ar .. ··afffPUt"j 
L .... $ .~ .. l.t;: .. C..TJ.O.N ..... 1 

CO-ORDINATES 

LOCAL CO-ORDINATE 
SYSTEMS 

---·~·a.-..~-----, 

i--METHANIC-AL- -- -i 
U'l.f\l!;B.L~L _M_O.Q!~;!: __ J 

~· ··-~iE:'i\T' ... fR.ii:i\i·~:;f:: 'E'R ......... 
: ... (:.9.N..R.\J.G.TJ. O..N ... MO.P .f~ ... 

I 

i~fE-6fA-NICAL-; 
~PBQE~J lt:~1 

THE RMO ELASTIC 
COEF FICIENT OF 

EXPANSION 
f"T"~i·ERMA°L .. ......... .. 1 
i . .P. R.O. P.. ~.R. IJ . i:;:.$ ... . : 

INITIAL CONDITIONS 

:---MECHAN ICAl- ---- - ; 
~B_OJ.Jl'J.P_A_R_Y_ ~-O}!Q 1IJ_9_NJ)_ ~ 

i .. ....... li'E:At .... fR'i\N.~iFE.R .. .... .... .. 
; J3-_QJJ N.P..f.i.R .Y. .... ~.Q.N.P J.IJ. .O.N.$ .. .. 

THERMO/MECHANICAL 
STARTING TEMPERATURE FIELD 

ir"IECHANICAC-CoADING: 
...... -- - - - - -- -- ------ - _ ..... 

' ' ' ' TIME FUNCTION DEFINITION 

------- Pure mechan i ca I ana I ys is path 
Thermo-mechan i cal analysis path 

........... ............... He at Tr ans f e r p a th . 

Figure 3.2 Schematic c hart of data input for NOST RUM /T HERMAL 

I 
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At most stages of the input the heat transfer data is 

mere I y a para 11 e I to the corresponding mechan i ca I data and 

the thermo-mechanical a combination of the two . Notable 

differences are the absence of initial conditions. and the 

use of only two dimensional finite elements in heat 

transfer. and that the specification of a starting 

temperature field for thermo - mechanical analysis is 

possible . The latter has three options. 

1) A known temperature field can be specified and the 

corresponding thermal strains and stresses then 

computed. 

2) A starting temperature field can be specified (at 

which no thermal strains are present). and this. 

subtracted from the temperature field obtained by heat 

transfer analysis. leads to a strain field caused by 

the change. 

3) An uniform temperature field can be specified and the 

strains computed from the difference between this 

field and that determined in a heat transfer analysis. 

The input of data for nonlinear materials is also 

different from the present NOSTRUM type format. For a 

material which has a purely I inear relationship with 

temperature of the type: Property = a + bT. the values of 

a and bare simply entered. However, in many realistic 

cases an emp i r i ca I curve w i 11 represent the variation 

of the property. For these cases the method used by 

Thornton cis > and Hibbitt et al <H> has been implemented. 

Here. the curve is piecewise approximated by as many 

straight i nes as necessary. The input required is a 

series of sets of values of property and corresponding 

temperature. The program interpolates inearly to obtain 

the specific value at any temperature. Should the value 

of the temperature Ii e outside the specified range. then 

the nearest specified va 1 ue is assumed and a su i tab I e 

warning message given. 
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Noni inear thermal conductivity and material internal heat 

generation are accounted for in this manner in 

NOSTRUM/THERMAL. 

De ta i Is of the input required may be found in the user 

manual < 21
> 

3.4 HEAT TRANSFER ELEMENT EQUATIONS 

This section describes the computation sequence used to 

obtain the flux vectors and conductance matrices of the 

elements. The description is general and does not use the 

particular notation of variable and subroutine names used 

in NOSTRUM/THERMAL. A f I ow chart for the Heat Transfer 

section of NOSTRUM/THERMAL giving actual subroutine names 

and purpose is tabled in appendix A. This also shows the 

breakdown of tasks to be performed by lower order 

subroutines. 

3.4.1 Conductance Matrix 

The conductance matrix corresponds to the stiffness matrix 

in stress analysis. For the general non I inear heat trans -

fer case given by equation 2.11 it has components due to 

conduction, convection and radiation. For the purposes of 

this thesis only the components due to conductivity are 

considered, 

The expression for the conductivity component of the 

conductance matrix [Cc] is adjusted for isoparam e tr i c 

representation by introducing the Jacobian and integrating 

in the natural co-ordina t e system to give 

where 

J. 1 

- 1 

T 

f • 1 tlB<t.71)] lk<T>JlB<t.71> 
- 1 

IJ(t,71)] dtd71 ( 3 . l> 

tis the element thickness in plane stress ([ti s 

neglected for plane strain and axisymetric cases) 

[8(t,71)] is the te mperature gradi e nt matrix in 

natural co-ordinates t and 71. 
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rk<T)J is the conductivity matrix. Note that for 

nonlinear conductivity, this matrix is evaluated 

at the temperature (T) of the position (t,71) in 

the element. For the first i t eration in a 

nonlinear problem this wi 11 be evaluated at the 

conductivity corresponding to z ero temperature . 

IJ(t,71) I is the determinant of the Jacobian 

matrix. 

The components of re. J are evaluated numerically. Letting 

the integrand in equation (3.1) be denoted as (HJ. and 

introducing Gaussian Quadrature for a quadrilateral 

element with NG x NG sampling points leads to 

NG NG 
[ e. ) ~ ~ W,WJ rH<~ •. 71J,)J ( 3. 2) 

i = 1 j = 1 

where W, and WJ are weighting factors and re . is 

evaluated at sampling positions <t..71J,). The main steps 

of the computer implementation of equation 3.2 are shown 

in figure 3.3 . 
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Cal I routine to set up sampling point positions and 
weighting factors for numerical integration 

Enter I oop over a 11 e I ements 

Retrieve 
previous 
element 

element geometry and temperatures from the 
iteration and material properties for the current 

Zero the conductance array 

Enter loops covering all integration points 

------- - ------ --------- - -----· 
Determine the sampling position of the current integration 
point <C11) . 
--- - - ---- ----
C a l I routine 
derivatives at 

to supply shape 
the sampling point . 

run c t o n s and their 

Pass sampl ing po int position, shape fun c tions and 
derivatives t 0 subroutine which calculates the .Jacobi an 
matrix [ J] . its inverse r Jr 1 . its determinant I JI and the 
global co-ordinates ( x . y ) of the sampling point. 

- - -- ·---- - --
Calculate the temperature at the sampling point 

Cal I the routine to evaluate the conductivity ma trix [kJ 
for the temperature at the sampling point. 

Call the temperature gradient matrix routine to evaluate 
[8] at the sampling point. 

Cal the routine to multiply the conductivity and 
temperature gradient matrices [kJ[BJ. 

Evaluate [8]1 [k] [8Jx IJ I x integration weights and assemb 1 e 
them into the element conductance array . 

End integration loop 

Write conductance matrix to file for use in solut i on 
routine. 

End Element Loop 
--- --·------

Figure 3.3 Evaluation of the element conductan c e 
matrix for numerical I y integrated 
isoparametric elements . 
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3.4.2. Flux Vector 

As with loading in the finite element analysis of 

structures by the displacement method, the only possible 

method of including heating in heat transfer by finite 

elements, other than by prescribing boundary temperatures, 

is by the app 1 i cation of concentrated fluxes at nodal 

points . Consequently the types of heating derived in 

chapter 2 must be reduced to equivalent nod a I f I uxes 

before the solution can be performed. 

For isoparametric elements the calculation of these fluxes 

cannot be performed manually since area or volume 

integrations over random 1 y shaped regions are usu a 1 I y 

required. Therefore these equivalent fluxes cannot be 

included at the data input stage. 

In this section the computational procedures for internal 

heat generation and edge flux heating are shown . 

Convection (which can be approximated by specified edge 

heating) and radiation exchange have been omitted. Point 

source heating, while in c luded in NOSTRUM/THERMAL. is not 

discussed as it is accounted for by simply adding the 

specified values to the relevant node in the flux vector. 

Internal Heat Generation 

The internal heat generation component of the flux vector 

specified in equation 2.11 is rewritten for isoparametric 

representation. Numerical integration is introduced to 

give for the flux at node r. 

NG 
~ 

NG 
~ Q(T) N, (t,71) W, WJ IJ(t,77) I ( 3. 3) 

i=l j=l 

where N, is the shape function corresponding to node r 

and Q is the value of internal heat generation. which wi I l 

normally be a material property and may be a function of 

temperature . As with the dependence of conductivity on 

temperature. the variation of Q with temperature has no 
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effect on the calculation of the initial flux vector 

because zero temperature s are assumed at the start of an 

analysis. Any variation of Q with temperature is used in 

updating the flux vector for the determination of the 

residual or out of balance fluxes . 

Th e ma in steps o f the co mputer implementation of equation 

3 . 3 are shown in figure 3.4 . 

Call routine to set up sampling point positions and 
weighting factors for numerical integration 

. Enter I oop over all e I ements 

Retrieve element geometry and 
previous iteration. and relevant 
t h e c u r r e n t e· 1 e m e n t . 

temperatures from the 
material properties for 

Enter loops covering al I integration points 

-·-------
Determine the sampling position of t he current integration 
point (t,71) 

Cal I routine to supply shape funct ons and their 
derivatives at the sampling po i nt. 

Call routine to calculate the 
inverse (Jr 1 its determinant 
(x , y) of the sampling point . 

Jacobian 
I JI and 

matri x [J], its 
the c o- ordinates 

Calculate the temperature at the samp l ing point . 

Call routine to evaluate Q at the sampling point 
temperature. 

Evaluate Q(T) N, x IJI x integration weights and assemble 
into element flux vectors. 

End integration I oop 

End Element loop . 

Figure 3.4 Evaluation of the components of the element 
flux vector due to internal heat generation 
for isoparametric elements 
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~e Flux Heating 

The prime difference between internal heat generation and 

edge flux heating is that the latter is integrated over 

the boundary of the e 1 ement and not the area or vo I ume. 

This means that only one of the local directions <C11) 

need be considered . ~is used here. 

Suppose that .e nodal values of flux are given at .e nodal 

points along an element e dge. Then the intensity at any 

point on that edge is found by using the shape functions 

corresponding to such an element of interpolation degree 

.e so that on a boundary with specified ttux 

.e 
q = ~ N, q, ( 3 . 4 ) 

r=l 

Consider this flux to act on an edge of incremental length 

df. The edge, dr. Is inclined at an angle /3 to t he x 

axis . (see figure 3 . 5) 

Figure 3 . 5 Inclined edge of isoparametric element 
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The incremental flux corresponding to df is 

dR. q, df cos f3 + q, df' sin f3 

q, (dx + dy ) (3 . 5) 

Sin c e an i soparametric representation is used. integration 

is performed along this edge in terms of the c urvilinear 

variable L Thus 

dx (3x/ 3 Ud~ and dy 

Subst i tuting equations 3 . 6 into equation 3.5 gives. 

dR. q. (3x/3t - 3y/3t)dt. 

and the corresponding equivalent nodal fluxes are 

R. ' f N, <C11)q, ( 3x/3t - 3y /3 Ud~ 
r 

Applying nYmerical integration to equation 3 . 8 gives 

R • ' 

NG 
~ q, N, <C11><ax1at - ay;auw, 

i = 1 

( 3. 6) 

( 3 . 7 ) 

( 3 . 8 ) 

( 3 . 9) 

As with i nterna I heat generation. specified edge f I ux 

c ould be made temperature dependent. However . in many 

engineering applications it will be a constant known input 

of energy and has been left as such in NOSTRUM/THERMAL . 

The main steps of the computer implementation of equation 

3.9 are shown in figure 3.6 
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Enter loop for each spec i fied edge flux. 

Locate element being heated by association of the nodes 
corresponding to the flux. 

Call routine which calcu l ates consistent nodal flux values 
on the element. 

Call routine to set up sampling point positions and 
weighting factors for numerical integration. 

Enter loop covering the i ntegration points . 

·- - -·----
Retrieve element geometry and relevant material prop e rti es 
for the affected eleme~t . 

Determine the sampling position of the current integration 
point <U. 

Call routine to supp l y shape functions and their 
derivatives at the sampl i ng point . 

Enter loop to calculate the value of q at the sampling 
point from equation 3 . 4. 

Evaluate the derivatives ( 3 x/3~ and a y ;a n at the sampling 
point . 

End Loop. 

·------ ·---------- -
Evaluate q, Nr <ax/a~ - a y/3 U <Let this e qual A"> 

Locate which side of the element is being heated . 

Evaluate A" x weighting factor and assemble into the 
correct location of the f lux vector. 

End integration 1 oop 

End edg e flux loop 

Figure 3 . 6 Evaluation o f the components of the element 
flux vector due to edge flux heating 
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3.5 SOLUTION OF NONLINEAR HEAT TRANSFER EQUATIONS 
Noni inear heat transfer problems arise when material 

properties are dependent on temperature. 

Direct solution of the system of equations 

{ R > (3.10) 

which is representative of equation 2. 13 is genera I l y 

impossible and an iterative scheme must be used. 

A direct iterative 

method has been used 

scheme based on the 

in NOSTRUM/THERMAL. 

the direct iterative scheme is presented. 

by the Newton-Raphson Me t hod and its use 

direct iterative scheme. 

Newton - Raphson 

In this section 

It is followed 

in the form of a 

In the direct iterative method successive solutions are 

performed. in each of which the previous solution for the 

temperature field is used to predict the current values of 

the conductance matrix, [CJ, and the flux vector {R). 

Rewriting equation (3.10) as 

{T> = [C<T) r, {R<T) > < 3 . I 1 ) 

the iterative process yields the (p+J)th approximation to 

be 

{T>• • 1 [ c ( Tp ) ] - I < 3 . I 2) 

If the process is convergent, then in the limit asp tends 

to infinity, {T)P tends to the true solution. 

The algorithm for the Newton - Raphson Method is 

l J J p { LlT > p • ' ( 3 . l 3) 
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{ T > p + < ..1T > p • 1 ( 3 . I 4) 

where <S>P is the unbalanced or residual flux vector and 

[JJ is the Jacobian. 

from 

The flux vector <S>P is evaluated 

(3.15) 

The rth component of CS> for an element with n nodes is 

given by 

s. 
n 
2: C, J TJ - R, 

j = 1 
(3.16) 

which permits computation of the Jacobian by the def ini-

Since C,J is a function of T, . the 

term within the summa t ion in equation 3.16 can be 

differentiated as a product to produce the result 

[ J] 

where ..1C, , 

and ..1R, , 

[CJ + [..1CJ - C..1RJ 

n 
~ <a c .• ;a T, > T • 

m=l 

(3.17) 

The Jacobian matrix is therefore composed of three parts. 

The [..1CJ and [..1RJ parts are non symmetric and the 

iterative solution consequently requires a non 

equation solver 

symmetric 
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If [LlCJ and [LJRJ are ignored equation (3.13) becomes 

[ C < r ) J < LJT > p • 
1 = - < S > P (3.18) 

Substituting equation 3. 14 and 3 . 15 into 3 . 18 and 

rearranging leads to 

<T>P• 1 = rc<r)r 1 <R<r)> (3 . 19) 

which is exactly the same as equation 3.12. the equation 

for the direct iterative scheme . 

The solution method used in NOSTRUM/THERMAL is essentially 

this di re ct iterative scheme of equation 3. 19 but it has 

been implemented in the Newton-Raphson format . The sol ~ -

tion therefore proceeds by calculation of temperature 

increments. as in equation 3.13. due to residual fluxes 

caused by the nonlinearities. 

This is intended to lead to conversion of the program to 

the full Newton - Raphson scheme by the inclusion of the 

[LJCJ and [LJRJ terms in the Jacobian matrix, and 

development of a non symmetric equation solver for the 

nodal temperatures. 

The computational procedure for the iterative method used 

in NOSTRUM/THERMAL is shown in figure 3.7 
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-
Ca 11 routine to eva I uate nod a I f I uxes due to specified 
heating: <r<q> 

Enter iteration loop. 

Call routine to evaluate conductance matrix at temperature 
f i e I d : [ C < Tp ) J 

.1st iteration - Solve for temperature field due to heating 
ie <T>P+I = [C(r)J-I <Rq> 

Subsequent iterations - Solve for temperature increments 
{ LlT > P • 1 due t o the res i du a I f I u x es { S > P 

Update the temperature field: <T>P• 1 = <T>P + <LlT)P• 1 

Update the reaction fluxes: <RF>P+i = <RF>P + <LlRF>P+i 
Include reaction fluxes in the flux vector: 

{R}P+1 {R}P + {L]RF}P+1 

Evaluate the new nodal fluxes due to their temperature 
dependence ie <Rq<Tn 1 » . Include any change from <Rq> in 
the flux vector ie <R>P+i = <R>P+i + <<Rq<r· 1 )} - <Rq}) 

Evaluate the internal fluxes due to the new field 
[C~r·1 )] {T}P+1 

Evaluate the residual fluxes which are the differences 
between the updated flux vector and the internal fluxes: 

< S > p + 1 = < R > p • 1 - [ C < Tp • 1 ) J < T > p • 1 

Check f'ur c onvergenc e by evaluating norm of residual 
fluxes and comparing with tolerance specified by user . 

End iteration loop. 

Figure 3.7 Computation sequence for iteration method 

3.6 THERMO MECHANICAL PROCEDURES 
The theory behind uncoupled thermo-mechanical analysis has 

been developed in Chapter 2. As has been mentioned th e re , 

the only effect that this has on a temperature independen t 

finite element stress analysis procedure is the imposition 

of thermal strain loads. 

These loads are calcula t ed from the strains due to the 

temperature changes over t he solution r e gion and a r e a dded 

to the I oad vector in the same way that the I oads due to 

initial mechanical strains are added. 
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For implementation in NOSTRUM/THERMAL. the selection in 

the control data of a thermo-mechanical type of analysis 

ensures that the routines which are used in applying 

initial strain loads are called. This happens whether a 

specified temperature change field has been input or 

whether a field has been determined by heat transfer 

analysis. 

A flow chart of the computational scheme used in 

assembling the thermal strain loads is shown in figure 3.8 

Noni inear deformation occurring 

loads is already accounted for 

due to the thermal 

in NOSTf~UM by the 

strain 

inc re-

menta I I oad i ng procedure which is used in non Ii near stress 

analysis . This procedure is documented by Owen and 

Hinton <
22

' and in the NOSTRUM Theoretical Manua1 <29
' 

Thermo - mechanical analysis with NOSTRUM/THERMAL may 

therefore uti I ize the various constitutive plasticity laws 

ava i I ab I e. At this stage however. no accommodation has 

been made for temperature dependence of any of the 

material properties used in these laws. 
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Cal I routine to set up sampling point positions and 
weighting factors for numerical integration. 

------ -------·- --------- - -- --------- -
Loop over al 1 elements 

Retrieve element geometry and material properties for t he 
current element . 

Determine the temperature field to be applied to the 
mo de 1 . 

Cal 1 routine which sets up the elasticity matrix,[0] 

Enter loops covering al 1 integration points . 

Locate the sampling position for the current integration 
point <C11) 

Cal 1 routine to supply shape functions and their 
derivatives at the sampling point . 

Call routine which calculates the Ja c obian matr i x [JJ. its 
inverse [J] - 1

• its determinant IJI and the global c o ­
ordinates (x,y) of the sampling point. 

Evaluate the temperature at the current sampling point. 

Evaluate the initial thermal strains {Er} = <P>T 
----------

Cal 1 the strain matrix routine which returns [8J 

Cal 1 routine to multiply the elasticity and strain 
mat r ices [0] [8] 

·- ------ - - - - ---- -
Assemble the total imposed strain vector 
(€ = initial strains + thermal strains) 

Calculate [0] LBJ {E} x IJI x integra t ion weights and 
assemble into imposed str a in load increment . 

End integration 1 oops 

------ - --- ---
End element loop 

Figure 3.8 Evaluation of imposed thermal strain 
loads for numerically integrated 
isoparametric elements. 
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CHAPTER FOUR 

ILLUSTRATIVE EXAMPLES 

Examples demonstrating the theory and numerical 

implementation are shown in this chapter. They are 

compared with exact solutions from the literature. 

4.1 NONLINEAR HEAT CONDUCTION IN A SQUARE PLATE 
A square plate was subjected to a sinusoidal temperature 

di str i but ion along one edge. while the others were kept at 

zero temperature. The therma I co ndu ct ivity was ass umed to 

vary I inearly with temperature according to k =k 0 Cl + O.ST>. 

The finite element model used is shown in figure 4. 1 where 

for generality the plate has unit dimensions and ko =- l 

T Sin( fl x) Temperature 

0 

T 0 

T 0 

O.Oa....------~---------+------------------~ -------~~~ 

Figure 4.1 

1. 0 x 
T = 0 

Heat conduction through a square plate 
indicating boundary conditions and the finite 
element mesh used. 
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For this problem. result s of a variational method solution 

by Hays and Cur d e 1 1 
> wer e ava i 1ab1 e . Figure 4 . 2 shows the 

finite element result s where three iterations were 

required to achieve a one per cent convergence tolerance . 

As can be seen. the fi n ite element temperatures are in 

exce 11 ent agreement with the variation resu I ts . 

1. 0 

0.8 

0. 6 

w 
p::: 
:::::> 
E-< 

~ 0.4 w 
~ 
w 
E-< 

0 . 2 

0 . 0 
0. 1 0 . 2 0.3 0.4 

- - - - F . E. solution (1st iteration) 

Variational solution 

0 0 0 F.E. nodal values (3rd iteration) 

y=1 

} y=S/6 

} y=4/6 

} y=3/6 

} y=2/6 

0.5 x 

Figure 4.2 Temperature distribution across various 
sections of s q uare plate 
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4.2 HEAT TRANSFER AND STRESS ANALYSIS OF A COMPOSITE 
CYLINDER 

The temperature gradient through the wa 11 of a co mposite 

cylinder is computed in this example . 

The cy Ii nder is composed of three different mater i a Is. 

each with temperature dependent conductivities. The 

co nductivity/temperature relationships for the materials 

are 

The interface contact resistances are assumed neg Ii g i b I e. 

and the tube operates between a uniform internal 

temperature of 2ooo·c and an external temperature of o· c. 
The prob I em is mode 11 ed using 10 ax i symetr i c e I ements as 

shown in figure 4 .3. 

t . 2 3 

I 

I 0 °C 

I / 
~~o_c __ l.-_JL-........1--.....L.--~--.....L.~...L...--~--J..----J~.......LI~•~ 

5 1 0 1 5 r (mm) 

Figure 4.3 Finite element model for composite cylinder 

The solution converged to a tolerance o f 1% in four 

i teratio ns and the r esul ts are plotted with the exact 

analytical solution given by Donea ' H > in fig ure 4 .4. 
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2000 

u 
0 

'--' 

w 1000 
0::: 
::i 
E-< 

~ 
w 
p., 
:L: 
w 
E-< 

0 

5 10 15 r (mm) 

Exact solution 

0 0 0 F.E. nodal values 

Figure 4.4 Radial temperature profile in the composite 

cylinder 

The rad i al. hoop and axial stresses for t he c ylind e r a re 

plotted in figure 4.5 and compar e d w i th a n a lyti c al 

solu t ions presented by Bores i < 3 0 
i. 

For the purpose of the example the following mat e r i al 

properties were assumed: 

E v a. 
<MP a) ( o c- I 

Material 1 1 . 2 0.36 1 . 2 x 1 o- 1 

Material 2 1 . 0 0.3 1 . 0 x 1 o- 3 

Material 3 0 . 8 0.24 0 . 8 x 1 o- 3 



Univ
ers

ity
 of

Cap
e Tow

n

50 

In addition to the thermal loads. a pressure of MPa was 

applied on the inside wall while the outer wall was left 

unloaded. 

2 

,..... 
co 

P-< 
:z 

-1 

rfJ 
rfJ 
~ 
0::: 
E-< 
rfJ 

-2 

-3 

-4 
5 10 15 

r (mm) 

~~~- Analytical solution 

o o o Finite Element solution 

Figure 4.5 Stre ss distribution in composite cylinder 
with thermal straining and internal pressure . 

Again. the numerical solutions are in excellent agree me nt 

with the analytical solutions. 
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4.3 DEFORMATION OF HEAT GENERATING CYLINDERS 
This ex amp I e demonstrates the accuracy of the program in 

predicting thermal stre sses and displacemen ts in finite 

heat generating circular cylinders. This is one of the 

most common thermal str e ss computations mad e in the nu ­

c I ear industry where fue I pe 11 ets deform under their own 

heat generation . Even t h ough these pe 11 ets in most cases 

have an effectively rad i al temperature distribution, as 

they are stacked one o n top of another. the axial mid 

plane i s the only region of purely radial deformation. 

The model and terminology used in this example are shown 

in figure 4.6. The radius ratio is defined as p = r/b. 

I 

,,.--
"'----

w 0 . 25 ~ 
:::i 
E-1 

~ 
µ:i 

~ 
Ul ..____ E-1 

--
l 

h 

--b 

~ 
I ---I 

r 

TEM 
p 

r 

HESH 

PERATURE 
ROFILE 

Figure 4.5 Model of cylinder with internal heat 
generation 

Solutions to the deforma t ion and stress fields for this 

problem are co mpar ed with th ose of Valentin and Carey' 31
'. 

The results are calculated in dimensionless terms defined 

by 
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where u and a are the dimensionless variables. 

Figure 4.7 shows the d e formed shape for c ylinders with 

aspect ratios of 0.5 . 1.0 and 2.0 and v = 0.25. Figures 

4.8. 4.9 and 4.10 show the variation along the length of a 

cylinder of aspect ratio 2.0 of the radial. hoop and axial 

stresses. Again excel lent correlation between the numeri -

cal and analytical results is shown in all cases. 

u 
r 

0.8 

0.4 

0.0 

0.4 

0.0 

0.2 

h/b=2.0 
--------, 

h/b=1.0 

I 
I 
I 
I 

h/b=O .5 I 
0.0 --------t 

I 
I 
I 

0.0 0.4 
u 

r 

Figure 4.7 Deformation of heat generating cylinders 



Univ
ers

ity
 of

Cap
e Tow

n

53 

0.4 

0.2 

a 
rr 

0. 0 
p 

0 . 8 

0.6 

-0. 2 0.4 

0.2 

-0. 4 
1. 0 2.0 

z 

Figure 4.8 Radial stress component as a function of axial 
position for various values of radius . 

0.4 

p 

0 . 8 

0.2 
0

88 

0.6 
0.0 

0 . 4 

-0. 2 0.2 

-0.4 
1.0 2 .0 

z 

Figure 4.9 Hoo p stress co mponent as a function of a xial 

position fo r various values of radius . 
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0. 2 
p 

0 . 0 

a 
zz 

- 0 . 2 

- 0 .4 

-0.6 
1.0 2 . 0 

z 

Figure 4 . 10 Axial stress component as a f un c tion o f a x ial 
position for various values of radius . 
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CHAPTER FIVE 

CONCLUSIONS AND RECOMMENDATIONS 

This thesis has considered a finit e element appro ac h to 

the solution of heat transfer and thermo-mechanical stress 

analysis problems . The development of the steady state 

equations leads to an uncoupled formulation in which the 

heat transfer domain is determin e d p ri or to a nd 

independent of the stress field . 

A finite element formulation for the computation of steady 

s t ate t e mpera t ur e f i e lds in s ol ids with surface heat 

transfer has been presented. This has been implemented in 

the mechanical stress analysis code. NOSTRUW 1 
> such that 

the thermal strains resulting f rom the temperature field 

lead to determination of the stress fields . The princ­

iples behind the finite element method used are well 

es tab Ii shed and as such were not expanded or verified with 

empirical findings . Rather, the numeri c al procedures 

developed were compared with analytical solutions to 

standard problems. The examples presented do not there ­

fore exhibit the modelling abilities of the methods but 

illustrate the success of the implemen t ation . 

During its development. the implementation was also 

comp a r e d with th e finite e l e me nt c od e . A8A(JU S ' 2 " > In a ll 

the purely heat transfer problems compared, almost perfect 

correlation was found. Any smal I differenc e s were att ri ­

buted to the different convergence tests used in ABAQU S 
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and NOSTRUM. since these differences could be "eliminated" 

by applying very stringe n t convergence criteria. 

However. for thermo - me c hanical analyses, the two codes 

have different formulations . ABAQUS has been developed 

for the fu 11 y coup I ed case so that iterations over the 

combined mechanical and t hermal computations are required. 

The elements used interpolate to one order higher for 

geometry and displacement than for temperature. The lower 

order temperature interpolation is chosen to give the same 

interpolation order f or thermal strain (which is 

proportional to temperature) as for total strain. This is 

so that the thermal strain residuals have the same order 

as the actua I I oad input and can be incorporated in the 

non Ii near so I ut ion procedure. 

However, for 

consistent to 

the uncoupled 

apply thermal 

case deve I oped here. it 

strains of the same order 

is 

as 

the displacement interpolation order . This is because 

these strains are merely used in the calculation of 

equivalent nodal loads, and not in the determination of 

residuals for the iterative procedure in non I inear 

problems. This enables better approximated temperature 

fields to be applied for general meshes. though in the 

limit. as the mesh is refined, the same solution is 

achieved. 

The non I inearities which NOSTRUM/THERMAL has been 

programmed to deal with are temperature dependent 

conductivity and i nterna I heat generation for the heat 

transfer mode. and then the various temperature 

independent plasticity models which have been implemented 

by other NOSTRUM research workers. This I eaves a number 

of possibi 1 ities for further refinement whi c h are 

recommended. 
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That the nonlinear heat transfer loading be extended 

to include the boundary conditions of convection and 

radiation . The implementation of the former amoun ts 

in effect to the extension of distributed surface 

fluxes to include temperature dependence, and ca n thus 

be implemented in a manner similar to nonlinear 

internal heat generation. 

Radiation however, is more complicated. I f the 

incident radiation is from a distance source. it may 

be dealt with in the same way as specified surface 

heating. except that the di re ct ion of the distant 

source must be taken into a~count in determining the 

projected area actually presented to the source. If 

the incident rad i ation is between surfaces. then the 

geometrical rel a tionship and reflection of energy 

between the surfaces must be considered. Thi s 

involves the in t roduction of a view factor matrix. 

details of which may be found in ref. < 4
' 

2 . That the ful 1 or modified Newton- Raphson iteration 

scheme be implemented through the inclusion of the 

[LlCJ and ELlRJ t e rms into the <Jacobian matrix . This 

also requires that a non symmetric equation solver be 

used. 

3. That the faci I ity for temperature dependence of the 

mechanical properties such as Poissons ratio, Youngs 

modulus and coefficient of expansion be introduced. 

This could be achieved along lines very similar to 

those used in NOSTRUM/THERMAL for eva 1 uat ion of the 

conductivity matrix [k). where in the mechani c al case 

updated values of E and v could be used in calculating 

the elasticity matrix [0]. 

4. That the pure heat transfer mode be documented in a 

manual in such a way that it can be used for more than 

just the quasi - harmonic heat transfer equation. In 

other words, that the input be suitably adjusted so 
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that the programme can be used to solve problems such 

as torsion and diffusion, as I isted in table I .1. 

These recommendations are a 11 for the steady state case. 

The extension to the transient or dynamic cases is also a 

logical step, but since that involves a different starting 

equation for heat transfer. and further comp I ications in the 

programming for NOSTRUM/THERMAL as it stands, this is only 

proffered with caution. 
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APPENDIX A 

Subroutines for the Conversion of NOSTRUM to NOSTRUM/THERMAL 

The subroutines developed in the programming for inclusion 

of the thermal effects in NOSTRUM are described in this 

appendix. Where possible the existing format of NOSTRUM 

was followed, and the standard routines for evaluating 

isoparametric element conductance matrices and f lux 

vectors by numerical integration were used. 

Figure Al shows the flow chart for the heat transfer mode. 

as inserted in NOSTRUM. A brief explanation of the 

various routines is given below: 

HTFLUX 

INTPOL 

EDGEHT 

GAUSSQ 

SHAP2D 

Heat Transfer FLUX assembly - controls the 

assembly of the flux vector according to t he 

heating data specified. For edge heating the 

relevant element and edge on whi c h heat i ng o cc urs 

is located. 

INTer POLate - determines the proportion of the 

flux to be applied for the particular t i me step 

according to the incremental heating procedure 

specified. 

EDGE HeaTing - determines from the edge heating 

profile specified . the proportion of the f I ux to 

be assigned to each "node" in the flux vector. 

GAUSSian Quadrature subroutine - sets up 

sampling point positions and weighting factors 

for numerical integration . 

SHAPe functions for 2 Dimensional continuum 

finite elements are c alculated. 
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nd associated c heck i ng and initiali zi ng 
s ] 

HTFLUX----. 

TPRIN 
HTCREM 

,____ I NTPOL 
1----EDGEHT--~ 

'---1 NTGEN 

1---- GAUSSQ 
.___ SHAP2D 

E

GAUSSQ 
SHAP2D 
JACB2D 

HTCOND----. 

FRONT2 
TUPDAT 

CONTEM 
OUTHT 

T 

~---HTC02D--~ 

i----- GAUSSQ 
t---- SHAP2D 
t----JACB2D 
1----CO NMA T 
1---- BMATHT 
,__- DBE 

UPFLU XE 

.___-REST20--~ 

GAUSSQ 
SHAP2D 
J AC82D 

1----GAUSSQ 
1---- SH AP2D 
,__ __ JACB2D 
1---CO NMAT 
1----BMATHT 
~--DBE 

' [Conti nu a t ion with mechan i ca I s t ress ana I ys is 
if thermo-mechanical or end if pure heat 
transfer prob I em.] 

Figure Al: Flow chart o f heat transfer section o f 
NOSTRUM/THERMAL 
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INTGEN 

JACB2D 

TPRIN 

HTCREM 

HTCOND 

HTC02D 

CONMAT 

BMATH 

DBE 

A3 

INTernal heat GENeration - integrates the heat 

generation value of the material over the element 

volume and determines the proportion of the total 

heating to be assigned to each node of the 

element . 

JACoBian for 2 Dimensional finite elements -

calculates 

1) The co - ordinates of the Gauss points 

2) the Jacobian matrix 

3) the inverse of the Jacobian matrix 

4) the Cartesian shape function derivatives . 

Time PRINt - determines if output is to be 

printed for the particular time step. 

Heat Transfer flux inCREMent - sets up the 

current flux step . 

Heat Transfer CONDuctance matrix assembly -

controls the conductance matrix assembly for each 

element group. 

Heat Transfer COnductance matrix assembly for 2 

Dimensional finite elements evaluates the 

conductance matrices due to conductivity alone . 

CONductivity MATrix - is evaluated for the 

current elemen t . <The para! lei i n stress 

analysis is the elasticity matrix ). 

B MATrix for Heat transfer - is evaluated . 

product of D and B matrices Evaluated. 
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FRONT2 

TUPDAT 

UPFLUX 

RES IDT 

REST2D 

CONTEM 

OUTHT 

A4 

FRONTal equation solver 2 - solves for the single 

degree of freedom per node. temperature. by the 

frontal method. 

Temperature UPDA T ing routine adds the c urrent 

temperature increments to the total temperatures 

and includes the current reaction flux increments 

in the total flux array. 

UPdate FLUX vector - accounts for any dependence 

of internal hea t generation on temperature and 

incorporates this into the total flux vector. 

RESIDual heat Transfer subroutine - controls the 

calculation of internal flux due to the new 

temperature field. 

RESidual heaT flux for 2 Dimensional continuum 

elements - cal c ulat e s the equivalent nodal flux 

imbalance due to the affect the new temperature 

field has on temperature dependent conductivity . 

If conductivity i s unaffected by temperature then 

fluxes calculated will have the same values as 

those initially imposed on the syst e m, and any 

convergence criterion wi I I be satisfied. 

CONvergence of TEMperatures tested for non I inear 

heat transfer. 

OUTput of Heat Transfer results. 

The inclusion of thermal deformation effe c ts in NOSTRUM 

resulted in changes to the temperature independent program 

in the following subroutines. 

DRIVER The DRIVER of NOSTRUM is expanded to include 

control of the heat transfer solution mode . 
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INPUT 

PROCED 

CHCTRL 

WARN 

DO FRON 

READEG 

LOADS 

INSLD2 

RE SD2D 

LINEAR 

AS 

Data related to t he control of the thermal 

aspects. thermal material properties and boundary 

conditions are c o llected by the input routine . 

Common blocks for the thermal problems are 

included. 

CHeck ConTRoL in c ludes code for checking the 

thermal control data. 

WARNing messages ar e in c luded f or the thermal 

aspect. 

Sets up global Degree Of Freedom numbering and 

c alculates the maximum fR ONt width required f or 

both heat transfer and mechanical analysis 

frontal solution . 

READs Element Group data 

controls the assembly of the mechani c al lo a d 

vector includin g thermal strain loads . 

is cal led by LOADS to calculate the I Nit i al 

Strain nodal Loads for 2 Dimensional problems due 

to imposed and thermal strains. 

computes RESiDual nodal forces for 2 Dimensional 

elements once thermal or initial strains have 

been excluded. 

computes the stresses for LINEAR elas tic 

deformation in c lud e s the z components and E a T 

f or the plane strain assumption. 
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APPENDIX B 

Course Work 

In comp I iance with the requirements for the Masters 

Degree, approved course work with a value of twenty one 

credits was done in addition to the thesis. These courses 

are briefly described bel ow. 

( i ) 

( i i ) 

( i i i ) 

CE587 - Introduction to the Theory of Elasticity. 

Stress. strain, equi I ibrium strain 

displacement relations. Elastic 

constants . Solutions of simple boundary 

value problems in plane stress and plane 

strains. 

(2 credits) 

CE588 - Plates and Shel ls 

An introduction to the elastic theory of 

p I ates and she 11 s. Genera Ii sed stresses, 

generalis e d strains, elastic c onstitive 

relations. coordinate systems . Analytical 

solutions of simple problems. 

(2 credits) 

CE589 - Introduction to the Finite Element Method 

Generalised disp acement method of 

analysis f or framed structures. Elastic 

energy th e orems. Basic procedures of the 

finite element method i I lust rated for 

frame structures. 

<2 credits) 
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Civ) CE5810 - Finite Element Analysis 

Plane stress and plane strain elements. 

plate bending elements. she I l elements. 

three-di .mensional elements. Programming of 

the fini t e element displacement method . 

Techniques for equation solving. 

(3 credits) 

(v) AM343 - Numerical Analysis 

An introduction to theory and practice in 

a wide r a nge of numerical methods. The 

approximate so ution of non-I inear 

e q u a t i o n s . n t e r p o I a t i o n a n d 

approxima t ion. Numerical differentiation 

and integration. Numerical solution of 

ordinary differential equations. 

Numerical solution of s i mu I taneous Ii near 

equation Approximation function. 

Eigenvalu e methods . 

(4 credits) 

(vi) AM344 - Advanced Numerical Analysis 

Introduction to the finite element method 

for partial differential equations. 

(4 credits) 

(vii) AM367 - Continuum Mechanics 

2 3 DEC 19BS 

Introduction to the mathematical treatment 

of fluid mechanics and elasticity . Fluid 

and sol id mechanics, Novi er - S tokes 

eequatio n s. the partial differential 

equations of elasticity. 

(3 credits) 




