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Upper case characters

- Young's modulus

- shear modulus

- Jacobian

-~ number of elements in domain
- interpolation function

point source

- internal heat generation

« — edge flux

- temperature

£ 4 X3 0O U 2 X . @ M
!

- numerical integration weighting factors

LLower case characters

a.b - constants to define a linear conductivity/

temperature relationship

h - convection heat transfer coefficient

i,.j - counters

Kk - conductivity

m - total number of nodes in domain

n - number of nodes per element

ny,,: - direction cosines of surface outward normal
r - r'* node of element with n nodes.

t - element thickness

Superscripts

¢ yee? - element designation

(7 - matrix transpose
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Matrices

[B]l] - gradient interpolation matrix
{C] - conductance matrix

(Dl - elasticity matrix

[JI - Jacobian matrix

(K] - stiffness matrix

{kl - conductivity tensor

[N] - general interpolation matrix
{S] - residual flux matrix

Special symbols

- partial derivative

v? - Laplacian operator

Greek characters

a - coefficient of thermal expansion
r - domain boundary

7., - shear strain

€,, - normal strain bomponents

€ - surface ¢ ivity

£,7 - natural coordinates for isoparametric elements
K - surface absorptivity

u,p - field equation constants

Y - Poissons ratio

o ~ Stefan Boltzmann constant

0,, - normal stress components

T,, - shear stress components

@ - field variable

Q - solution domain
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Figure 1.1 Three dimensional solution domain

Referring to Figure 1.1, the two main types of boundary

conditions considered are:

a) The value of the field variable specified on part (or

whole) of the boundary, [,
6 = d(x.y.2) (1.3)

b)> On the remaining part of the boundary. I,,
the Cauchy or "natural”™ boundary condition is

9 9 9
k,a—gn,+k,a—$n,+k,a—‘2én,+q(x.y.z.¢)~h(x.y.z.¢)¢=0 (1.4)

where g and h can be functions of both position and the
field variable, and ny,., n, and n, are the direction

cosines of the outward normal to the surface.
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The term

94y 94, T2
f (3_3 t 5y e, ) Ne de
gz(l)

is integrated using Gauss's theorem to introduce the heat

flow across the element boundary T'‘°®’ .

The result is

a
Sl gyt as v et de - Noa g
Q(.) Q(EJ
+ (q Ny *+ q, n, + q, n,ON, dT ro= 1.2 n (2.7)
1"(')
The surface integral in equation 2.7 allows for the intro-

duction of the natural boundary conditions (equations 2.4
a-e) to give

{g" %g'l {q) d@ = [ aQN,dQ - [ (q)" {nIN, dl
Q Q Iy

+[ g, Nodl' =/ hA(T=T,ON,dl -] <(oeT*'-kq. N, dl" + P, (2.8)
r, I, Ie

where for simplicity £ now refers to the element area
Q‘*’ and ' , refers to that part of the e}ement boundary

'*’ where one of the specific boundary conditions exists.

Fourier's law (equation 2.2) can be written in terms of

the element temperature gradients as

{g) = -[k] [B]l {T) (2.9)
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For the steady state equations 2.15

and 2.16., the
equations of equiilibrium are

[dl {0} = (0}

mechanical equilibrium

(2.17)
A a
: 9x 0 oy
where [d] = 3 -
Oy«
and {37 {q) + @ =0 - thermal equilibrium (2.18)

Substitution of the constitutive equations.

2.15 and 2.16,
into their

corresponding equilibrium equations,

2.17 and

2.18 gives the general equations
{dIlDI{e) - [dIIDI(PY(T - T,) = {0} (2.19)
and {3y [kl{g)y + Q =0 (2.20)

Figure 2.2 Two dimensional

domain for thermo-elasticity
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Referring to figure 2.2, it must be noted that the
meche ical and heat transfer boundary conditions each
exist over the complete boundary. The boundary conditions

for the complete thermo-mechanical problem are

1. {uY = {u,?) is a prescribed displacement on T, (2.21a)

2. {t) = {t,) on I'y (2.21b)

This is a general traction with x and y components.

ie {(t) = [Ml{g) = [ty t, 1T

3 n, 0 n,
where [M] = [ o n, n. ]
3. T =T, is a prescribed temperature on Iy (2.22a)
4., {q)"{n) = -q on I', (2.22b)

This is a general heat flux in the direction of the
outward normal. It may incorporate one or more of the

boundary conditions as in equations 2.4a-e.

It can be seen at this stage that equations 2.20 and 2.22
for the heat transfer in the solution region, are inde-
pendent of equations 2.19 and 2.21, though the reverse is
not true. Thus the heat transfer part of the problem can
be solved first, and the temperature field solution used
in solving equation 2.19 to find mechanical deformations.
Note that this includes the possibility of making the
material properties for the mechanical part of the

analysis temperature dependent.

2.2.3 Finite Element For ilation

The finite element formulation for conduction heat
transfer has been developed in section 2.1.4. and the
mechanical formulation is now given, assuming Kknown nodal

values of temperature.
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Grill“®*’ .

Isotropic expansion coefficients have been assumed in this
formulation, but Wu‘?*’ shows how this can be modified to

accommodate for a completely anisotropic material.

In nary. an uncoupled finite element formulation for
steady state thermo-mechanical stress analysis has been
derived in this chapter. Thus, the temperature distri-
bution for a solution domain can be determined completely
before it is applied to the same domain with the same

discretization in order to determine the stress field.
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Figure 4.4 Radial te¢ seratur profile in tt compt( ite

cylinder

The radial, hoop and axial stresses for the cylinder are
plotted in figure 4.5 and compared with analytical

solutions presented by Boresi®?"’ .

For the purpose of the example the following material

properties were assumed:

i E ' y : @

i (MPa) . (°C™~ ')
Material 1 ' 1.2 + 0.36 1.2 x 107°?
Material 2 ¢ 1.0 | 0.3 v 1.0 x 10°°
Material 3 + 0.8 ! 0.24 { 0.8 x 10°°
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In addition to the thermal loads., a pressure of ! MPa was

applied on the inside wall while the outer wall was left
unloaded.
2
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Analytical solution

© O O Finite Element solution

in composite cylinder

Figure 4.5 Stress distribution
pressure.

with thermal straining and internal

Again, the numerical solutions are in excellent agreement

with the analytical solutions.
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-bPald(l+v) .~ -
T T
[u, u,1l 4k (1-v) (u, u,]
B _ b?eEQ 5
b 4k (t-v) "

where u and ¢ are the dimensionless variables.

Figure 4.7 shows the ¢ formed shape for cylinders with
aspect ratios of 0.5, 1.0 and 2.0 and v = 0.25. Figures
4.8, 4.9 and 4.10 show the variation along the length of a

cylinder of aspect ratio 2.0 of the radial, hoop and axial
stresses. Again excellent correlation between the numeri-
cal and analytical results is shown in ail cases.

b

T

Figure 4.7 Deformation of heat generating cylinders
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Figure 4.10 Axial stress component as a function of axial
position for various values of radius.
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This thesis has considered a finite element approach to
the solution of heat transfer and thermo-mechanical stress
analysis problems. The development of the steady state
equations leads to an uncoupled formulation in which the
heat transfer domain is determined prior to and

independent of the stress field.

A finite element formulation for the computation of steady
state temperature fields in solids with surface heat
transfer has been presented. This has been implemented in
the mechanical stress analysis code, NOSTRUM''’ such that
the thermal strains resulting from the temperature field
lead to determination of the stress fields. The princ-
iples behind the finite element method used are well
established and as such were not expanded or verified with
empirical findings. Rather, the numerical procedures
developed were compared with analytical solutions to
standard problems. The examples presented do not there-
fore exhibit the modelling abilities of the methods but

illustrate the success of the implementation.

During its development, the implementation was also
compared with the finite element code, ABAQUS'*"’ . tn all
the purely heat transfer problems compared, almost perfect
correlation was found. Any small differences were attri-

buted to the different convergence tests used in ABAQUS
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that the programme can be used to solve problems such

as torsion and diffusion, as listed in table 1.1.

These recommendations are all for the steady state case.
The extension to the transient or dynamic cases is also a
logical step. but since that involves a different starting
equation for heat transfer, and further complications in the
programming for NOSTRUM/THERMAL as it stands, this is only
proffered with caution.
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