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Abstract
Flatbands (FBs) in lattice systems correspond to dispersionless energy bands cre-
ated through what is called destructive interference, a phenomenon caused by the
existence of lattice symmetries, resulting in compactly localised wave functions to
just a few lattice sites. The existence of FBs in materials entails high sensitivity to
the initial conditions of the system, especially with regard to disorder and nonlinear-
ity. In this study, we numerically investigate the wave packet dynamics and chaotic
behaviour of a simple tight-binding system exhibiting FBs, the so-called stub lattice
model. Initially we show the existence of a FB and of two dispersive frequency
bands for this model and identify three different dynamical regimes, namely the
weak chaos, strong chaos, and self trapping regimes. Using symplectic integration
techniques, we evolve in time, t, initially localised wave packets for these regimes
and quantify their spreading through the computation of the wave packets second
moment, m2, while the extent of localisation is characterised using the wave packets
participation number. We show that, for both the weak and strong chaos regimes,
the spreading of wave packets, which is characterised by a power law increases of
m2 (respectively ∝ t0.33 and ∝ t0.5), is a chaotic process whose maximum Lyapunov
exponent respectively decreases ∝ t−0.25 and ∝ t−0.3. By decreasing the system’s
disorder strength we alter the width of the bandgap, something which does not ap-
pear to affect the spreading dynamics in the weak chaos regime, while our results
do not lead to clear conclusions in the case of strong chaos. Furthermore, we find
that particular disorder configurations which preserve the FB do not alter the wave
packet spreading dynamics for the weak chaos regime. Finally, we observe that the
wave packets norm distributions at the subsites of the stub lattice unit cells reach
equilibrium if the evolution time is sufficiently long.
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Chapter 1

Introduction

Nonlinear lattices and their dynamics have been the focus of many research studies
over the past three decades [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. For the bulk of these
studies, fundamental lattice models such as the discrete Klein-Gordon (KG) model
and the discrete nonlinear Schrödinger equation (DNLS) have been used to study
various wave phenomena (see e.g., [11, 12, 13, 14, 15]). Despite the widespread
use of these two lattices, the search for new frontiers to demonstrate interesting
energy transport characteristics has been going on for decades and the so-called
flatband (FB) networks have proved to be a viable option. FBs are dispersionless
energy bands that arise from the so-called compact localised states (CLS) based on
destructive interference and lattice symmetry. These FB networks are characterised
by the co-existence of at least one flat and one dispersive band [16]. The lattice
symmetry results in wave functions being compactly localised to a few number of
lattice sites. Other forms of localised structures can be obtained using lattice models
in condensed matter physics, where the eigenstates are localised due to disorder.
This type of localisation is now a well-established phenomenon called Anderson
localisation (AL) [17]. Other localised structures typically found on the edges of
lattices gave rise to what is now known as topological waves [18, 19]. The first
publications on FBs appeared in 1986 [20] and later studies expanded upon this idea
in 1991 [21], to show that lattices of a certain type can have a high susceptibility to
magnetism in their ground state if the lowest band structure is a FB. A couple of
years later the same properties of magnetism related to FBs appeared in different
lattices shown in the work done by Tasaki [22]. Soon after the first publications
on FBs, many studies appeared in the literature on this topic (see e.g., [23, 24, 25,
26, 27, 28]), until the end of the last century, before the strong research interest
began to wane. The past decade, however, has seen a strong revival of the research
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community’s interest in FBs, as evidenced by the numerous studies which have
appeared in the literature (see e.g., [29, 30, 31, 32, 33]).

During the last decade, there has been a sustained interest on the topic of FBs,
and tight-binding model-based configurations [34, 35, 36, 37] and mechanical lattices
[38] have proved to be excellent testbeds to study wave-physics. Recently, experi-
mental observations of FBs have been reported in optical [39] and photonic lattices
[40, 41] as well as in electronic systems such as superconducting wire networks and
nano-engineered atomic lattices on metallic surfaces [42, 43]. Other applications of
FB models have been in photonic systems, specifically on the concept of slow light
[44], which happens when light moves through a medium, a phenomenon which has
applications in telecommunications and time-dependent systems that use optical
signals.

FB lattices are known for their high sensitivity to initial conditions and param-
eters (as discussed in Sec. 2.4 of [45]), a property which results in the corresponding
Hamiltonians being extremely sensitive as well. It is exactly this sensitivity that
makes FBs rare in nature. The search for materials with FB properties is an impor-
tant and attractive research field. Quite often such materials are manufactured [32,
46]. The sensitivity of these systems can result in quick changes in their properties.
For example, the introduction of disorder can trigger the systems sensitivity, since
the presence of disorder is inevitable in experimental setups involving FBs. Disorder
can be introduced to materials during the manufacturing process of FB materials
possibly due to defects in the materials themselves. Several works have reported the
effects of different perturbations, such as disorder and nonlinearity, on FB lattices.
For example, the effect of disorder has been studied in [47, 48] which showed that
the presence of disorder will disrupt the destructive interference, which causes CLS,
and thus the FB is destroyed. The effect of external fields was considered in [49]
which showed that FBs are partially preserved in an external direct current field.
Furthermore, the effect of nonlinearity was investigated in [50, 51] which showed
that the destructive interference could be preserved using Kerr nonlinearity. It is
worth noting that there also exist perturbations which keep the FB intact [52]. A
detangling procedure of CLS from the dispersive part of the lattice allows one to
preserve the FB even in the presence of disorder [45, 53]. As fabrication technology
advances in many ways and there is an increase in the precision and accuracy that
comes along with these advances, the study of FB systems is a very compelling topic
of study.

On the topic of FB systems, a fundamental question concerns the structural
stability of CLS when subjected to perturbations such as disorder. To address
this question, a statistical analysis of the localisation characteristics of FB lattices
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with onsite disorder was performed in [52]. Additionally, the interplay between
nonlinearity and disorder was also explored in [54], as well as in lattices exhibiting
FBs such as the so-called diamond lattice [40], stub lattice [53] and the pyrochlore
ladder [16] as shown by the schematics in Fig. 1.1.

Figure 1.1: A schematic diagram of the lattice structures exhibiting FBs (a) dia-
mond lattice, (b) stub lattice, (c) pyrochlore ladder. The box in each figure repre-
sents the unit cell of the lattice.

There is still, however, a lack of comprehensive studies in the literature that inves-
tigate the energy transport, chaotic behaviour, and energy polarisation of initially
localised excitations in disordered and nonlinear FB networks. Recent review articles
on the topic of FB lattices can be found in [45, 55, 56].

The objective of this thesis is to study the stub lattice model, which is one of
the simplest lattice structure capable of supporting FBs based on a tight-binding
approximation. We use this model for a detailed numerical examination of the
impact of nonlinearity and disorder on the FB properties. More specifically, in this
thesis we investigate the wave propagation, chaotic behavior, and energy polarisation
of the stub lattice model across various energy spreading regimes of the system
for a range of model parameters, trying to establish possible correlations between
chaoticity, disorder, and nonlinearity. The results obtained from this work provide
valuable insights into the stability and resilience of CLS when subjected to the
combined influences of disorder and nonlinearity.

The thesis is organised as follows. In Chap. 2, we introduce the theoretical
framework related to this study, also providing a basic literature review of some of
the reported findings on the thesis topic. In Chap. 3, we describe in detail the stub
lattice model and provide the procedure we adopt to determine the different wave
packet spreading regimes and their boundaries. In Chap. 4, we then introduce the
numerical techniques used in this study, as well as perform a brief overview of chaos
indicators, mainly emphasising the ones which are implemented in our study. Code
optimisation and related issues, are also discussed in Chap. 4. Then, in Chap. 5 our
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numerical results are presented. Finally, in Chap. 6, we summarise our results and
provide the conclusions of our study.
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Chapter 2

Theory and background

In this chapter, we give the theoretical framework and perform a concise literature
review of the topics and concepts relevant to our study. Specifically, in Sec. 2.1
the notion of dynamical systems is discussed. After that, in Sec. 2.2, we give an
overview of Hamiltonian systems. Thereafter, the notion of chaos and associated
concepts are covered in Sec. 2.3. In Sec. 2.4, we discuss the notion of lattice models
emphasising disordered lattices. Finally, in Sec. 2.5, the concept of FBs and how
they are generated is discussed.

2.1 Dynamical systems
We begin our work by providing an overview of the subject matter that will be
important for our study. With this in mind, we start by recalling what dynamical
system are. The material discussed in this section closely follows the presentation
done in Chap. 3 of [57] and Chap. 1 of [58].

Dynamical systems are mathematical models developed to study the time evolu-
tion of real-life systems, aiming to provide descriptions of the system’s change. An
example of such a dynamical system is encountered in astrophysics in the study of
galaxies and the movement of bodies in phase space [59]. Typically, dynamical sys-
tems can be categorised into two types, namely, (a) linear dynamical systems whose
time evolution is described by a set of linear equations and (b) nonlinear dynamical
systems which normally have some nonlinear terms in the evolution equations. Lin-
ear dynamical systems often have explicit general solutions which make them fairly
simple to solve. Nonlinear dynamical systems, on the other hand, are generally im-
possible to solve using analytical means and those that can be solved analytically
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correspond to special cases and are exceptionally rare. Because of this, the time
evolution of nonlinear systems is obtained by using various numerical techniques.

Dynamical systems can be described by ordinary differential equations or partial
differential equations having the general form

ẋ = f(x, t), (2.1)

where t is the variable representing time, ẋ is the time derivative of the vector of
d-dependent variables x ∈ Rd, where d represents the number of dimensions and f
is the vector field with f : Rd → Rd. The unique solution (or flow) of f is ϕ(x, t),
where for a point x0 ∈ E where E is an open subset of Rd, the flow ϕ(x0, 0) passes
through that point at t = 0. The flow satisfies two conditions. Firstly, ϕ(x0, 0) = x0
and secondly, ϕ(x, t + τ) = ϕ(ϕ(x, τ), t) for all x ∈ E . These two conditions state
that the flow, ϕ(x0, t), defines a trajectory associated to a certain initial condition
x0, and describes how point x moves with respect to t.

In general, ϕ(x, t) satisfies the following equation

f(x, τ) = d

dt
ϕ(x, t)|t=τ . (2.2)

The interval of existence of the point x0 ∈ E of ϕ(x0, t) is given by I(x0) = (−∞,∞).
Therefore, f is a vector field and the dynamical system is described by the solutions
of differential equations defined by f. Conversely, ϕ(x0, t) ∈ E if and only if x0 ∈ E
and the interval of existence I(x0) of ϕ(x0, t) is (−∞,∞). Obviously, when working
with physical systems, the vector fields are determined by the laws governing the
system that we study. Instead of starting from a particular dynamical flow and
deriving the vector field of the system, we can obtain the vector field based on the
underlying laws and physics. We can determine whether or not a vector field will
form a dynamical system by checking that solutions to a set of differential equations
are unique. The uniqueness theorem states that two flows cannot cross each other
at a particular time t such that ϕ(xi, t) ̸= ϕ(xj, t). Lastly, when the vector field f
is explicitly dependent on time t, the system is called a non-autonomous system. If
the vector field f is independent on time t, then the system is called an autonomous
system.
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2.2 Hamiltonian mechanics
In our study, we consider a particular type of dynamical system which is called a
Hamiltonian system. However, before looking at Hamiltonian systems and their
particular properties, we start by giving a brief overview of Newtonian mechan-
ics. Before the idea of Hamiltonian systems was conceived and during the time
Isaac Newton was building his theoretical understanding of the motions of objects
in space, mechanics in general were thought of in terms of mass, forces, and speed.
This approach was useful at the time as these quantities and their effects were di-
rectly observable and tangible. However, as more complex problems emerged, such
as the three-body problem initially conceived by Euler, the use of Newtonian me-
chanics became insufficient in understanding and describing the physical world, as
some problems did not have a closed-form solution. An effort was made to use
transformations between different coordinate systems to obtain one which allows
the simplest possible description of the studied dynamical system. Joseph-Louis
Lagrange was one of the leading researchers in this development.

In Newtonian mechanics, the equation of motion of a particle is given by

ẍ = F, (2.3)

where x is the position vector, ẍ ≡ d2x
dt2 ≡ ∂2

t x is the second derivative with respect
to time of x, and F is the applied force. The total energy of the system, E, is an
integral of motion in a conservative system and can be split into a kinetic part, K,
and a potential part, V , where E = K + V , with K = 1

2mẋ2 (m is the mass of the
particle) and V satisfying F = −∇V . Another way of writing these equations of
motion (EOM) is using the so-called Lagrangian formulation.

The Lagrangian formulation describes the dynamics of a system with N degrees
of freedom (dof) (a degree of freedom refers to an independent generalised coordi-
nate) using a set of generalised position coordinates, qn, where n = 1, 2, . . . , N , and
the generalised position rate of change over time coordinates, q̇n = dqn/dt. The
Lagrange function, L, takes the form (see e.g., in Chap. 1 of [60] and Chap. 3 of
[61])

L(q1, . . . , qN , q̇1, . . . , ˙qN , t) = L(q, q̇, t) = K(q, q̇, t) − V (q, t), (2.4)
where q = (q1, . . . , qN) and q̇ = (q̇1, . . . , ˙qN) and (2.4) describes a system in N -
dof and would be a system with 2N different variables. K(q, q̇, t) and V (q, t)
are respectively the kinetic energy and potential energy. We consider for a set of
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functions q(t), q(t1) = q1, and q(t2) = q2. The Hamilton’s action can be defined as
follows

S =
∫ t2

t1
L(q, q̇, t)dt. (2.5)

By utilising the calculus of variations (covered in [62]) we can determine the value of
the action integral. This computation yields the Lagrangian EOM for a conservative
system, also known as the Euler-Lagrange equations,

d

dt

∂L
∂q̇

− ∂L
∂q

= 0. (2.6)

Another way to describe a dynamical system is by following the so-called Hamil-
tonian formulation. The Hamiltonian formulation characterises a system by using
the generalised position coordinates, q, and the related generalised momenta co-
ordinates, p = (p1, . . . , pN). Considering that L(q1, . . . , qN , q̇1, . . . , ˙qN) = L(q, q̇),
the transformation from the set (q, q̇) to the set (q,p) is achieved via a Legendre
transformation (see Chap. 2 of [60]) and defines the phase space. The system’s
phase space is all the possible states of the system determined by q and p. The
Hamiltonian function is defined as

H(q,p) =
N∑

n=1
[pn · q̇n] − L(q, q̇), (2.7)

where q̇ is found from p = ∂L
∂q̇ . Using the Lagrange equation (2.6) we get the

Hamilton’s equations

q̇ = ∂H

∂p
,

ṗ = −∂H

∂q
.

(2.8)

The set of equations (2.8) constitutes a system of first order differential equations
for the time evolution of position and momenta coordinates of the system. If the
Hamiltonian (2.7) does not explicitly depend on time, then its value, which is com-
monly refered to as the system’s energy, remains constant.

An important property of Hamiltonian systems is the symplectic nature of their
flows. Suppose M(x) is a map where,

xi+1 = M(xi), i = 0, 1, . . . , (2.9)

13



we define M to be symplectic if

DMTJ2NDM = J2N , J2N =
(

0N IN

−IN 0N

)
, (2.10)

where D is the differential operator, DM is a Jacobian defined as

DM =


∂M1
∂x1

. . . ∂M1
∂xN

. . .
. . . . . .

∂MN

∂x1
. . . ∂MN

∂xN

 , (2.11)

DMT is the transpose of that Jacobian, IN is the N × N identity matrix and 0N

is the zero matrix of size N ×N . Because of the symplectic nature of Hamiltonian
systems, the flow, ϕ, preserves the phase space volume. This result is the so-called
Liouville’s Theorem (see [61]). This property of Hamiltonian systems results in the
development of a set of specific integration methods which keeps the system’s energy
error bounded. These integration methods, which are called symplectic integrators
(SI), will be used for numerical simulations and are further explained in Chap. 4.

2.3 Chaos
Poincaré’s work during the late 1800s (see [63]) provided a qualitative approach
to dynamical problems that contributed to the foundations for modern studies in
chaos theory. Instead of looking for exact positions of planets at all times, he al-
ternatively developed a geometric approach to planetary questions. This approach
provided the basis for the subject of dynamics, and although not explicitly studying
chaos, he laid the ground work for chaos theory. The invention and accessibility
of high-speed computers during the 1950s marked a significant turning point in the
field of dynamics, leading to the development of a deeper understanding of nonlinear
systems. This continuous development of new computational problem solving tech-
niques culminated in Lorenz’s work in 1963. In his research, Lorenz tried to model
the convection rolls in the atmosphere in order to understand its unpredictable na-
ture [64]. Lorenz discovered that the outcomes generated by his equations did not
reach a state of equilibrium or periodicity; instead, they displayed irregular, non-
repeating oscillations. Additionally, even minor variations in the initial conditions
of his simulations resulted in vastly different behaviors.

Chaotic systems are dynamical systems which at first glance appear to have random
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processes and states, however, they are deterministic systems that are governed by
underlying laws. Suppose V is a set and f : V → V a map on this set. f is chaotic
on V if it has the following three properties [65]:

1. f has sensitive dependence on initial conditions.

2. f is topologically transitive.

3. periodic orbits are dense in V.

The most common and recognised way of describing chaotic systems is by condition
1, f having sensitive dependence on initial conditions means that any change in f ’s
initial condition, no matter how small, will result in a completely different outcome,
given enough time. Small perturbations to the original initial condition, in systems
that are not chaotic, will result in extremely similar outcomes over a very long period
of time. Condition 2 states that if we have two separate non-empty regions on our
set V , then if f passes through one of the non-empty regions it will eventually pass
through the other. Condition 3 states that for every infinitesimally small region in
V , a periodic orbit, which is an unique solution for a dynamical system where the
orbit repeats itself in time, can be found.

The issue of chaos along with various chaos detection techniques will be further
discussed in Chap. 4 of this work.

2.4 Normal modes and disorder in lattices
Before beginning to understand the notion of disordered lattices, we firstly discuss
the idea of normal modes in a classical lattice setup before looking at lattices defined
by the tight-binding approximation. Much of the work done in this section follows
from the steps found in Chap. 2 of [66] and Chap. 3 of [67]. We can first consider
an one-dimensional (1D) system with N particles arranged next to each other. The
particles in the 1D system are numbered n = 1, . . . , N where N is a positive integer.
The particles can freely undergo small oscillations described by displacements xn,j

around their equilibrium positions rn,j, where j = 1, 2, 3 (in this thesis we consider
just one spatial dimension), the number of dof in which a particle can displace
translationally in cartesian coordinates. We describe the total oscillating potential
energy, V , as a Taylor expansion about the equilibrium position (see equation (2.1)
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of [66])

V = V0 +
N∑
n

3∑
j

∂V

∂xn,j

xn,j + 1
2

N∑
n,n′

3∑
j,j′

xn,j
∂2V

∂xn,j∂xn′ ,j′
xn′ ,j′ + . . . . (2.12)

The dynamics will be unchanged by the constant term V0. The first order force
constant, ∂V

∂xn,j
, can be disregarded as the oscillations about the equilibrium posi-

tion will not change V to the first order. The second order force constant term will,
therefore, be the dominating term in the Taylor expansion and with these assump-
tions, the total energy of the system can be written as a sum of the kinetic and
potential energy terms

E = 1
2

N∑
n

3∑
j

mnẋ2
n,j + 1

2

N∑
n,n′

3∑
j,j′

xn,j
∂2V

∂xn,j∂xn′ ,j′
xn′ ,j′ . (2.13)

Using the following coefficients

sn,j = m1/2
n xn,j,

Wn,j,n′ ,j′ = (mnmn′ )−1/2Vn,j,n′ ,j′ ,
(2.14)

where Vn,j,n′ ,j′ is the second order force constant ∂2V
∂xn,j∂x

n
′
,j

′
, and mn is the mass of

the particle n, the expression (2.13) can be written as

E = 1
2

N∑
n

3∑
j

ṡ2
n,j + 1

2

N∑
n,n′

3∑
j,j′

Wn,j,n′ ,j′sn,jsn′ ,j′ . (2.15)

Using (2.15), we obtain the classical EOM for lattice dynamics

s̈n,j +
∑
n′ ,j′

Wn,j,n′ j′sn′ ,j′ = 0. (2.16)

Following the steps found in Chap. 2 of [66], in order to convert from cartesian
coordinates to normal coordinates, the solutions to (2.16) for the normal vibrations
of the system will form an unitary matrix allowing us to make the conversion. This
change is useful as any arbitrary motion in a system can be represented using a
linear combination of all the normal coordinates in a system. We obtain the EOM
(2.16) in normal coordinates, gν , where ν is an index for the modes,

g̈ν + ω2
νgν = 0, (2.17)
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where ων represents the frequency of the νth mode.

The model analysed above represents a simple 1D system. In general, for the case
of an oscillating system, the normal mode, ν, describes how the system’s individual
elements move relative to each other at a particular frequency ων .

2.4.1 Tight-binding model
Solids by definition are collections of tightly-bound atoms which are arranged in
regular patterns forming lattice structures. The electrons from these tightly-bound
atoms are freely moving about and between the lattice environment and the move-
ment of freely roaming electrons determine many properties of the solid. As we will
be working with lattice models throughout the work, it is important to establish
a way in which to represent the model in a simple yet representative manner. For
lattices, the tight-binding approximation provides a good description of the system
as a whole. In the tight-binding approximation, the electrons are not free to roam
between the lattice environment but are restricted to particular discrete atom sites
with only a small probability to hop to neighbouring sites. These electrons are said
to be tightly-bounded to a lattice site and can be represented by their wave func-
tions. Since the wave function is present at discrete sites on the lattice, this allows
the wave function to be identified by the index of the site it is residing at. The over-
lapping of wave functions with neighbouring sites are negligible in the tight-binding
approximation. Much of the discussion in this section follows from the work done
in Chap. 2 of [45].

Let us now consider a 1D lattice of size N , where the sites are arranged in a line
and the distance between sites are consistently the same throughout the lattice. Be-
cause in the tight-binding approximation, the wave functions overlapping between
neighbouring sites is negligible, we can consider the basis state vectors as

|n⟩ =



...
0
1
0
...

 , ⟨n|=
(
. . . 0 1 0 . . .

)
, (2.18)

where the nth element of the basis state vectors is 1, and represents an electron that
is tightly-bounded to the nth discrete site of the lattice. ⟨· |· ⟩ and |· ⟩⟨· | are the
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so-called Bra-Ket and Ket-Bra notations, used to denote the inner and outer prod-
ucts of vectors for quantum states, respectively. Furthermore, ⟨n|m⟩ = δn,m, where
δn,m is the usual Kronecker delta function and represents the fact that we have an
orthonormal set of basis state vectors and ∑N

n |n⟩⟨n|= 1. Note that we would not be
able to make this assumption if there was an overlapping of wave functions between
sites i.e., hoppings are not negligible.

The Hamiltonian that describes the system when the electron remains at its original
site without any hopping between neighbouring sites is

H0 = E0

N∑
n

|n⟩⟨n|, (2.19)

where H0 is the Hamiltonian and E0 is the energy of the eigenstates for the solution
to the Hamiltonian.

Next, we consider the Hamiltonian for the time-independent Schrödinger equation,
for a transitionally invariant lattice of size N which can be expressed as

H|ψ⟩ = E|ψ⟩. (2.20)

Here H denotes an N × N matrix which describes the Hamiltonian of the lattice
and |ψ⟩ is the state vector. The state vector can be written as a linear combination
of the basis state vectors |n⟩, and the wave function, ψn, at the site n such that

|ψ⟩ =
∑

n

ψn|n⟩. (2.21)

A way of describing the ability of electrons to hop from one discrete site n to another
m can be done in the following way

Tn,m = ⟨n|H|m⟩, (2.22)

where Tn,m is the matrix defining the interactions between site n and m. Because
wave functions are localised to each site, this hopping of electrons is the only way
transport can occur. A consideration one needs to make for electron hopping, is
that the electrons are more likely to hop to close neighbouring sites than those sites
which are further away from it. With this in mind, the final form of the H in (2.20)
can be written as

H =
∑

n

ϵ0|n⟩⟨n|−
∑
n,m

Tn,m|n⟩⟨m|, (2.23)
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which takes into account the electron hopping to neighbouring sites and ϵ0 is the
onsite energy. The distance that the electron can hop can be determined by m.
If only nearest neighbour hopping is considered, the sites n + 1 and n − 1 can be
destinations for electrons that hop from site n. The m will sum from sites n− 1 to
n+ 1 excluding site n which will mean that the Hamiltonian for nearest neighbour
hopping becomes

H =
∑

n

ϵ0|n⟩⟨n|−T
∑

n

(|n⟩⟨n+ 1|+|n+ 1⟩⟨n|), (2.24)

where T is the hopping parameter. Using (2.23) and (2.21) and substituting into
(2.20), we obtain

ϵ0ψn −
∑
n,m

Tn,mψn = Eψn, (2.25)

which is an eigenvalue problem for a general tight-binding model with hoppings
probability from site n to m determined by Tn,m. In our studies, we are considering
nearest neighbour hopping and therefore the eigenvalue problem will be as follows

ϵ0ψn − T (ψn+1 + ψn−1) = Eψn, (2.26)

which uses (2.24) [instead of (2.23)], and (2.21), both of which are substituted into
(2.20).

Bloch’s theorem [68] states that the solution to the Schrödinger’s equation found
in (2.20), can be written as a product of two factors. Firstly, a plane wave fac-
tor which represents the free electron behaviour and secondly, a periodic function
which represents the influence of the lattice potential at each site. Consider the
nearest neighbour hopping eigenvalue problem found in (2.26), whose solution can
be written as

ψn = 1√
N

∑
q

u(q)e−iqn, (2.27)

where 1√
N

is the normalisation factor, u(q) is the periodic function, known as the
Bloch function, which captures the periodicity of the lattice potential, e−iqn is the
plane wave factor, and q represents the wave number which characterises the mo-
mentum of an electron. Substituting (2.27) into (2.26) and simplifying, we obtain

E = ϵ0 − 2T cos q. (2.28)

The solution of (2.28), which is solved for any value q, will form a band structure
(a range of energy levels that an electron can take) where q will have an associated
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energy E(q). The band structure gives us the dispersion relation of the system
which describes the relationship between the energy of the eigenstates and the wave
number.

2.4.2 Anderson localisation
Disordered dynamical systems with multiple dofs have been very useful as math-
ematical models for real-world physical phenomena as they can mimic the hetero-
geneity and diversity which is ubiquitous in nature. In his seminal work, P.W.
Anderson predicted the absence of wave packet diffusion in disordered electronic
systems [17] and is an example of how disorder can dramatically alter the behavior
of wave propagation which has led to significant advancements in our understanding
of wave packet spreading.

We now discuss the notion of AL with respect to tight-binding based models. We
introduce randomness, by taking onsite energies ϵn from an uniform probability dis-
tribution, i.e., ϵn ∈ [−W/2,W/2], with W being the disorder strength. If no disorder
is present in the system, an electron can move around freely, however, with disor-
der, the dynamics of how the electron behaves will fundamentally change and the
electron would be Anderson localised. P.W. Anderson’s findings on the localisation
of electrons represented as wave functions earned him a Nobel prize in 1977. The
concept of AL is much more general and can be applied to a large variety of sys-
tems, including light waves [69], acoustic waves [70], microwaves [71] and condensed
matter [6].

At first, it was challenging to observe AL directly in matter due to the unavoid-
able interaction between atoms, but as experimental methods improved, researchers
have been able to get direct observations of AL [5, 72, 73]. The topic of AL has been
comprehensively studied in both numerical and theoretical contexts [54, 74, 75, 76].
Additionally, direct observation of the localisation of light was achieved in [77]. Fur-
ther experiments included the use of 1D photonic lattices [72] and ultra-cold atoms
[73]. These experiments have allowed for researchers to study the interplay between
the nonlinear terms in the modeled system (nonlinearity) and disorder to comple-
ment numerical investigations [74, 78, 79, 80]. Several works have demonstrated
that nonlinearity destroys localisation. Specifically, nonlinearity caused subdiffu-
sive spreading to occur in two distinct regimes. Research, such as that presented
in [81, 82], showed that this spreading induced by nonlinearity was a chaotic process.
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Consider the Hamiltonian for the tight-binding approximation for the Anderson
model [17, 83] below

H =
∑

n

ϵn|ψn|2−(ψn+1ψ
∗
n + ψ∗

n+1ψn), (2.29)

where ψn and ψ∗
n denote the wave function and its complex conjugate at the nth unit

cell, respectively. Using (2.29) and the fact that the EOM for (2.29) are obtained
through dψn/dt = ∂H/∂(iψ∗

n), the EOM for the Anderson model are

iψ̇n = ϵnψn − (ψn+1 + ψn−1), (2.30)

where ψn = Une
−iωt is the solution of the linear wave equation at site n for a lattice

size of N , Un is the amplitude of the wave at a particular site n, and ω is the fre-
quency.

Substituting the solution of the linear wave equations into the EOM for the An-
derson model, we obtain the time-independent equations described as

ωUn = ϵnUn − (Un+1 + Un−1). (2.31)

The above time-independent equations are written as an eigenvalue problem

ωIU = AU , (2.32)

where U = (U1, U2, . . . , UN),

A =



ϵ1 −1 0 · · · 0 0
−1 ϵ2 −1 · · · 0 0
0 −1 ϵ3 · · · 0 0
... ... ... . . . ... ...
0 0 0 · · · ϵN−1 −1
0 0 0 · · · −1 ϵN


, (2.33)

and I is the N×N identity matrix. We solve the eigenvalue problem (2.32) to find its
eigenvectors and eigenvalues by diagonalising matrix A. The former represents the
profile or eigenstates for a mode, ν, and the latter represents its associated eigenfre-
quency or energy. Solving the above linear eigenvalue problem by diagonalising the
matrix A without disorder (ϵn = 0), all modes will be spatially extended spanning
the length of the lattice size, N . Figs. 2.1 (a) and (b) show the profile of modes
ν = 1 and ν = 200 for a homogeneous lattice, i.e., W = 0.
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Figure 2.1: Typical mode profiles for the homogeneous lattice (W = 0) of the
Anderson model (2.29), with a lattice size of N = 1000. The mode index is denoted
by ν and the eigenfrequencies of the lattice are sorted in ascending order. (a) ν = 1,
(b) ν = 200.

Introducing disorder to the system (W > 0), we observe that the modes become
localised to only a few lattice sites instead of the entire lattice in Figs. 2.2 (a) and
(b).

Figure 2.2: Plot similar to Fig. 2.1 with (a) ν = 1, (b) ν = 200 but for W = 1.

In the presence of disorder, as seen in Figs. 2.2 (a) and (b), the modes show
an exponential decay which is described by |Uν,n|∝ e− 1

ξ(ων ) . For disorder strength
W ≤ 4, the ξ(ων) is given by ξ(ων) ≈ 24(4−ων)

W 2 and is called the localisation length
[17, 84]. Several numerical techniques can be used to calculate this localisation
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length such as the random matrix theory and the transfer matrix method [84]. Two
more quantities that are commonly used to determine the level of localisation of
the modes are the so-called localisation volume [85], which characterises the spatial
region occupied by mode ν and is defined as the number of lattice sites for which
the amplitude of the mode is not exponentially small. The localisation volume of
the νth mode is computed as

Vν =
√

12m(ν)
2 + 1, (2.34)

where m(ν)
2 = ∑

n(n−n̄ν)2|Uν,n|2 is the so-called second moment of a mode, and n̄ν is
the modes centre defined as n̄ν = ∑

n n|Uν,n|2. Another commonly used localisation
quantifier is the participation number [85], which describes the number of modes
that makes the greatest contribution to the spatial distribution. The participation
number of the νth mode is computed as

Pν = 1∑
n|Uν,n|4

. (2.35)

2.5 Flatbands and compact localised states
Flatbands refer to frequency bands with no dispersion (ω(q) = constant value, such
as that shown in Fig. 2.3) and FB networks consist of at least one dispersive band and
one FB and are generated from CLS. For instance, when considering a system with
isolated sites, such that hoppings between neighbouring sites are non-existent, the
electrons, described by wave functions, will not be able to move between sites and the
whole system will have one energy value which will be represented by a dispersionless
band (a constant value). When we consider a system where isolated sites are moved
closer together, wave functions can hop between sites and the dispersionless band
of the system vanishes. However, an interesting question arises when sites are not
isolated and whether we still keep FBs or constant dispersive bands. The appearance
of isolated sites is due to the lattice symmetry. In symmetric lattices, the wave
functions hopping from one site to another results in destructive interference as
wave functions with identical amplitudes and opposite phases cancel each other out.
The destructive interference result in the wave function being present in only a finite
region of the lattice and zero elsewhere. These localised states play a crucial role
in making the overall effect of hoppings between lattice sites vanish, creating the
illusion that the sites are isolated. In certain cases, given any disorder strength, there
will exist no dispersive bands that will be flat due to the fact that disorder in the
system will disrupt the destructive interferences. The stub lattice model is one such
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lattice which possesses these interesting properties and we study it to understand
not just the interplay of disorder and nonlinearity but also the effect of the CLS on
the dynamics. We discuss the pertinent issues of the nonlinear stub lattice model
in Chap. 3.

Figure 2.3: Dispersion relations of tight-binding based lattice models depicted in
Fig. 1.1 showing FBs (red lines) for (a) diamond chain, (b) stub and (c) pyrochlore
ladder lattice, with ω(q) representing the frequency. The lattice schematics for (a),
(b) and (c) can be found in Fig. 1.1.
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Chapter 3

Model and expected dynamical
regimes

In this chapter we introduce the tight-binding stub lattice model, which is one of the
simplest lattice structures exhibiting FBs. This chapter is organised as follows. In
Sec. 3.1, we give a general introduction to the stub lattice model, providing details
of its governing Hamiltonian and what makes the model unique. We demonstrate
the presence of the FB in the stub lattice model dispersion relation as well as look
at how disorder will affect the FB properties. Thereafter, in Sec. 3.2, we explore
and define the different spreading regimes of an initially localised wave packet in the
stub lattice model.

3.1 The stub lattice model
Now we discuss the model that will be the main focus of this investigation. The stub
lattice model exhibits FBs in its dispersion relation and the lattice structure of the
model can be described by the schematic in Fig. 3.1. We consider a lattice of size
N , where each unit cell or site n contains three subsites labeled A, B and C. These
subsites have connections in the form of inter- and intra-unit cell hoppings, where
subsite A of the nth unit cell has hoppings to subsite B and C of unit cell n and
subsite B of unit cell n − 1. Subsite B of the nth unit cell has hoppings to subsite
A of unit cell n and n + 1. Finally, subsite C of the nth unit cell has hoppings to
subsite A of unit cell n. The hoppings between subsites are indicated as solid lines
in Fig. 3.1.
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Figure 3.1: A schematic diagram of the stub lattice model. The unit cell, indexed n,
contains three components (circles) denoted A, B and C. The solid lines connecting
the components represents the intra- and inter-unit cell hoppings.

Following from the schematic in Fig. 3.1, we derive the Hamiltonian for the 1D,
nonlinear, disordered and discrete stub lattice model using a tight-binding nearest
neighbour hopping approximation, which is given by adding onsite energies and
nonlinear terms to each of the subsites in an unit cell. The resulting Hamiltonian is

H =
N∑

n=1
ϵ(A)

n

∣∣∣ψ(A)
n

∣∣∣2 + β

2
∣∣∣ψ(A)

n

∣∣∣4 + ϵ(B)
n

∣∣∣ψ(B)
n

∣∣∣2 + β

2
∣∣∣ψ(B)

n

∣∣∣4 + ϵ(C)
n

∣∣∣ψ(C)
n

∣∣∣2
+ β

2
∣∣∣ψ(C)

n

∣∣∣4 − (ψ(C)∗
n ψ(A)

n + ψ(C)
n ψ(A)∗

n ) − (ψ(A)∗
n ψ(B)

n + ψ(A)
n ψ(B)∗

n )

− (ψ(A)∗
n+1ψ

(B)
n + ψ

(A)
n+1ψ

(B)∗
n ),

(3.1)

where the Hamiltonian contains the wave function, ψ(K)
n , for every subsite of an unit

cell n, where K denotes the subsites A, B and C, as well as the onsite energy terms,
ϵ(A)

n , ϵ(B)
n and ϵ(C)

n , and the positive number representing the nonlinearity strength,
β. The onsite energy terms are independently chosen from an uniform distribution
[−W/2,W/2], where W represents the disorder strength. The wave function is given
by, ψ(K)

n = U (K)
n exp(−iωt) where ω is the frequency at the Kth subsite at the nth

unit cell. ψ(K)∗
n is the complex conjugate of ψ(K)

n , and U (K)
n describes the spatial

profile (amplitude) of the wave, while t is the time, and i is the imaginary unit.

Firstly, we consider the linear case, i.e., β = 0, by substituting the wave function
into the EOM for the stub lattice model generated by

ψ̇(K)
n = ∂H

∂
(
iψ

(K)∗
n

) , (3.2)
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to obtain the time-independent equations [52]

ωU (A)
n = ϵ(A)

n U (A)
n − U

(B)
n−1 − U (B)

n − U (C)
n ,

ωU (B)
n = ϵ(B)

n U (B)
n − U (A)

n − U
(A)
n+1,

ωU (C)
n = ϵ(C)

n U (C)
n − U (A)

n .

(3.3)

Initially, we consider an infinite homogeneous lattice (ϵ(K)
l = 0) of infinite length

without any disorder present in the system. The dispersion relation for this case
can be obtained by expressing ω as an eigenvalue of the matrix [16]

E =

 0 1 + e−iq 1
1 + eiq 0 0

1 0 0

 , (3.4)

where q represents the wave number. Solving the eigenvalue problem gives us three
dispersion relations, described by ω = 0 and ω = ±

√
3 + 2 cos q. The FB is described

by ω = 0 and the two dispersive bands are described by ω = ±
√

3 + 2 cos q as shown
in Fig. 3.2. Note that the FB and dispersive bands are separated by band gaps of
size α = 1 indicated as the grey region in Fig. 3.2. This gap is taken between the
FB (ω = 0) and the maximum propagating frequency of the lower dispersive band
(ω = −

√
3 + 2 cos q), as well as the minimum propagating frequency of the upper

dispersive band (ω = +
√

3 + 2 cos q).
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Figure 3.2: Stub lattice model (3.1) dispersion relation (β = 0, linear case). There
exist three distinct bands, one flat (orange) and two dispersive (green and blue)
bands, ω = 0 and ω = ±

√
3 + 2 cos q respectively. The band gap between the

maximum propagating frequency of the lower dispersive band and the flatband (also
the same as the difference between the minimum propagating frequency of the upper
dispersive band and flatband) is α = 1 which is indicated as the grey region.

For the stub lattice model there exist three subsites for each unit cell, so the
number of modes is 3N for a lattice size of N . Solving (3.3) numerically as an
eigenvalue problem for a lattice size N = 1000, will produce eigenvectors and eigen-
values. The 3N eigenvectors produced will characterise the profile (amplitude) of
eigenstates for a mode, ν, and the 3N eigenvalues produced represent the mode’s
associated frequency. Following the methodology used when solving the Anderson
model in Sec. 2.4.2, we present the profiles of modes ν = 1, 1500, and 2500 for the
linear ordered stub lattice model in Fig. 3.3.

We observe in Figs. 3.3 (a) and (c), the mode ν = 1 on the lower dispersive band
(blue band in Fig. 3.2), and the mode ν = 2500 on the upper dispersive band (green
band in Fig. 3.2) respectively. In both Figs. 3.3 (a) and (c), there are 3 separate
profiles for each ν, represented using the colours of orange, blue, and green, where
these profiles each span the length of the lattice size, N = 1000. The three profiles
in Figs. 3.3 (a) and (c) are normalised such that for each dof, the maximum or
minimum amplitude is either Uν,n = 1 or Uν,n = −1. For Fig. 3.3 (b), ν = 1500, on
the FB (orange band in Fig. 3.2) shows no amplitude and remains flat, represented
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Figure 3.3: The profile of modes in the linear ordered stub lattice model, with a
lattice size of N = 1000. The disorder strength used was W = 0 and the eigenfre-
quencies of the model were sorted in ascending order (a) ν = 1, (b) ν = 1500, (c)
ν = 2500.

by the fact that the amplitudes of the 3 separate profiles are all at Uν,n = 0.

Let us now discuss the effect of disorder on the linear stub lattice model. In particu-
lar, we introduce disorder on the onsite energies ϵ(K)

n at each subsite A, B, and C in
(3.3) from a randomly chosen uniform distribution, ϵ(K)

n ∈ [−W/2,W/2], where W
is the disorder strength. We again solve the eigenvalue problem (3.3) for a variety of
disorder strengths ranging from W = 0.5 to W = 2.5 for a lattice of size N = 1000.
In order to obtain statistically reliable results, we average our findings for each W
value over 50 disorder realisations. A single disorder realisation is simply an inde-
pendent computation where the values chosen for ϵ(K)

n are kept constant during the
numerical evolution of the system. The addition of disorder to the finite stub lattice
model alters the piece-wise frequency spectra as seen in Fig. 3.4. In particular, the
introduction of disorder results to the destruction of the FB in Fig. 3.2 as a range
of ω values, which are above and below ω = 0, emerge. This is due to the fact
that disorder disrupts the destructive interference that gives rise to the CLS and
the formation of FBs [52]. More specifically, the growth of the disorder strength W
increases the range of ω values that each of the three bands in Fig. 3.2 occupy and
consequently the FB becomes less flat as its eigenfrequencies fill the band gap.
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Figure 3.4: (a) Average frequency spectra over 50 disorder realisations for a disor-
dered stub lattice of size N = 1000 and disorder strength W = 0.5. (b)-(e) Similar
to (a) but for W = 1.0, W = 1.5, W = 2.0, and W = 2.5, respectively. Error-bars
denoting one standard deviation from the average frequency values are too small to
be noticeable.

From the results of Fig. 3.4, we see that the increase of W eventually leads to the
disappearance of the band gap seen in Fig. 3.2, as the space in between the dif-
ferent bands in the dispersion relation is filled up by eigenfrequency values. As W
increases, there is a critical W value where the width of the band gap vanishes (i.e.
α = 0) and the piece-wise frequency spectra practically becomes continuous. Nu-
merically, we find this critical W value to be W ≈ 1.58.

The spectrum width ∆ [86, 87] is defined as ∆ = |ωmax − ωmin| with ωmax and
ωmin being the maximum and minimum ω value respectively of the spectra seen in
Fig. 3.4. Since, in the linear disordered case, we chose ϵ(K)

n values from a uniform
distribution in the interval [−W/2,W/2], ωmin and ωmax are obtained by finding
the eigenvalues of matrix (3.4), with onsite energy values on the main diagonal of
the matrix (3.4) which are either −W

2 or W
2 . Solving these particular eigenvalue
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problems with the minimum and maximum onsite energies we obtain

ωmin = −W/2 −
√

5, (3.5)

and
ωmax = W/2 +

√
5. (3.6)

which means that ∆ = W + 2
√

5. We note that ∆ does not account for the gaps
that may be present for low W values.

Figure 3.5: Plots similar to Fig. 3.3 with (a) ν = 1, (b) ν = 1500, (c) ν = 2500 but
for W = 0.4

We recall that for the Anderson model (see Fig. 2.2), the introduction of disorder
induces localisation of the modes. In Fig. 3.5, we show the profiles of three modes,
namely the ones for ν = 1, ν = 1500, and ν = 2500 for W = 0.4 and for lattice size
of N = 1000. Unlike the representative cases of the ordered system seen in Fig. 3.3,
where all the modes were extended, Fig. 3.5 shows profiles of localised modes.

3.1.1 Preserving the flatband in the presence of disorder
As seen in Fig. 3.4, any disorder strength W > 0, disrupts the FB as ω does not
keep a constant value in it. Therefore, a natural question that can be asked is
if there is a way of preserving the FB such that ω = 0 even when W > 0. As
was previously mentioned in Chap. 1, FBs are formed from CLS which are created
through destructive interference and lattice symmetry. However, when disorder is
introduced to the onsite energies, the destructive interference is disrupted leading
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to the disappearance of CLS. Consequently, the flatness of the FB is no longer
preserved as seen in Fig. 3.4. However, by placing symmetric onsite energies in
a particular manner, the destructive interference can be maintained and the CLS
remain intact allowing the preservation of FBs [53]. For the stub lattice model, the
CLS are created by the proper manipulation of subsites B and C (see Fig. 3 in [52])
such that their onsite energies have the same amplitude but opposite signs. In our
study, we preserve the FB by setting the onsite energies as ϵ(B)

n = ϵ(C)
n = 0 and

ϵ(A)
n randomly chosen in the interval ϵ(A)

n ∈ [−W/2,W/2]. The resulting frequency
spectra for various values of W are seen in the panels of Fig. 3.6.

Figure 3.6: (a) Average frequency spectra over 50 disorder realisations for a disor-
dered stub lattice and parameters such that the flatband is preserved, ϵ(B)

n = ϵ(C)
n =

0, of size N = 1000 and disorder strength W = 0.5. (b)-(e) Similar to (a) but for
W = 1.0, W = 1.5, W = 2.0, and W = 2.5, respectively. Error-bars denoting one
standard deviation from the average frequency values are too small to be noticeable.

By comparing Fig. 3.4 and Fig. 3.6, whose corresponding panels refer to the same
W value, we see that the FB is preserved and represented by a constant ω = 0 value
when disorder is introduced only in the A subsite.

32



3.2 Expected dynamical regimes
In the presence of disorder, the profiles of the modes are localised to just a few lattice
sites due to AL. The localisation volume [see also (2.34)] can be used to measure
the extent of mode localisation, taking into account the three frequency bands that
exist in the stub lattice model (see the differently colored bands in Fig. 3.4). The
localisation volume of the νth mode for the stub lattice model is computed as

V = max
(
V (i)

ν

)
= max

(√
12m(ν,i)

2 + 1
)
, i = 1, 2, 3, (3.7)

where m(ν,i)
2 = ∑N

n (n − n̄ν)2|U (i)
ν,n|2 is the second moment of the amplitude profile

of the νth mode in the ith frequency band, while n̄ν = ∑
n n|U (i)

ν,n|2 is the average
position of the mode distribution’s centre. The index i identifies the spectrum band
which corresponds to mode ν when all the computed frequencies are sorted in in-
creasing value. Each frequency spectrum band has a total of N modes such that
i = 1 would refer to the frequency spectrum of the lowest N frequency values (lower
dispersive band, colored in blue, in Fig 3.2), i = 2 refers to the frequency spectrum
of the intermediate N frequency values (FB, colored in orange, in Fig 3.2), and
finally, i = 3 refers to the frequency spectrum of the highest N frequency values
(upper dispersive band, colored in green, in Fig 3.2).

As discussed in Chap. 2, the participation number can be computed [see also (2.35)]
to measure the extent of localisation. Once again we need to take into account the
three separate frequency bands of the stub lattice model, so that the participation
number for the νth mode can be computed as

P = max
(
P (i)

ν

)
= max

(
1∑N

n |U (i)
ν |4

)
i = 1, 2, 3. (3.8)

We find averaged, over 50 disorder realisations, results for V (3.7) and P (3.8)
in order to obtain statistically sound conclusions denoting the related quantities
as ⟨V ⟩ and ⟨P ⟩ respectively. The obtained results are shown as solid curves in
Fig. 3.7. We also compute ⟨P (i)

ν ⟩ and ⟨V (i)
ν ⟩ (see dotted curves in Fig. 3.7), i.e.,

respectively the participation number and localisation volume of the modes for each
of the three frequency branches separately against disorder strength W . For very
weak disorder (W ≲ 1.4), the ⟨P (2)

ν ⟩ and ⟨V (2)
ν ⟩ values of modes taken from the

intermediate N frequency values (represented by the dotted lines (iv) and (iii)
respectively in Fig. 3.7), remain practically constant, which is in agreement with
some of the reported works [53]. However, for W ≳ 1.4, ⟨P (2)

ν ⟩ and ⟨V (2)
ν ⟩ show
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a dependency on W , decreasing with increasing W . The ⟨P (1)
ν ⟩ and ⟨V (1)

ν ⟩ values
of modes taken from the lowest N frequency values shows a decreasing slope when
W ≲ 1.4 indicated in Fig. 3.7 by the dotted curves (viii) and (vii) respectively.
Particularly, the ⟨V (1)

ν ⟩ shows a decreasing slope of ⟨V ⟩ ≈ 70
W 2 in this weak disorder

region indicated by the black dashed line in Fig. 3.7. A similar behaviour is seen
in the ⟨P (3)

ν ⟩ and ⟨V (3)
ν ⟩ values of modes taken from the highest N frequency values

which shows a decreasing slope when W ≲ 1.4 indicated in Fig. 3.7 by the dotted
curves (vi) and (v) respectively with ⟨V (3)

ν ⟩ showing a decreasing slope of ⟨V ⟩ ≈ 70
W 2 .

In Fig. 3.7, the solid curves of (i) and (ii) are respectively the ⟨V ⟩ and ⟨P ⟩ values
obtained as the maximum ⟨V (i)

ν ⟩ and ⟨P (i)
ν ⟩ value of the three frequency branches at

a particular W value.
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Figure 3.7: Numerical estimations of the maximum ⟨V ⟩ (3.7) (solid blue line) and
⟨P ⟩ (3.8) (solid red line) for disorder strength W , averaged over 50 disorder reali-
sations. The dotted lines denote ⟨V (i)

ν ⟩ (3.7) and ⟨P (i)
ν ⟩ (3.8) for each of the three

frequency bands of N values when the mode frequencies are sorted in increasing
value. (i) and (ii) respectively corresponds to the maximum ⟨V (i)

ν ⟩ and ⟨P (i)
ν ⟩ values

of the three frequency branches. (iii) and (iv) represents ⟨V (2)
ν ⟩ and ⟨P (2)

ν ⟩ values of
modes taken from the intermediate N frequency values respectively. (vii) and (viii)
represents ⟨V (1)

ν ⟩ and ⟨P (1)
ν ⟩ values of modes taken from the lowest N frequency

values respectively. (v) and (vi) represents ⟨V (3)
ν ⟩ and ⟨P (3)

ν ⟩ values of modes taken
from the highest N frequency values respectively. The black dashed line corresponds
to a function proportional to 70/W 2.

As discussed in Sec. 3.1, all eigenfrequencies are found within a bounded interval
of width ∆. Each mode has a localisation volume, V (i)

ν , and the average frequency
spacing of all modes is d ≈ ∆

⟨V ⟩
, where ⟨V ⟩ = max

(
⟨V (i)

ν ⟩
)
. In the absence of non-

linearity in a disordered setup, energy will not spread due to the localised nature of
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the modes. On the other hand, the presence of nonlinearity results in mode interac-
tion which allows energy to spread [78, 79]. The nonlinearity will induce frequency
shifts given by δ ≈ βs [88], where s is the average energy norm at each unit cell. For
high energies, this frequency shift will be larger than the frequency spectrum width,
βs > ∆, and therefore an excited mode will be set out of resonance with respect
to the non-excited neighbouring ones. The general condition for determining the
boundary in the systems parameter space of the self trapping regime was found to
be δ = ∆ − 2ϵn [88], with ϵn being the onsite energy value at the initially excited
sites, approximated by ϵn ≈ W

2 [79]. For relatively small frequency shifts, where
the energy is relatively low, we have βs < ∆, and consequently the self trapping
condition is not fulfilled and initially localised wave packets will spread. Within this
relatively low energy there exist two spreading behaviours. Firstly, for large enough
energies, each mode can strongly interact with other modes when the size of the
frequency shift is greater than the average frequency spacing, i.e, δ > d. This case
is called the strong chaos regime [88, 83]. Secondly, if the size of the frequency shift
is smaller than the average frequency spacing (δ < d), modes will weakly interact
resulting to a slower energy spreading. This dynamical behaviour is named the
weak chaos regime [88, 83]. We adopt a similar approach to the one used in [79] for
determining the boundaries in the stub lattice parameter space of the various dy-
namical regimes. In order to determine the boundaries between the strong and weak
chaos, the value of the estimated localisation volume, ⟨V ⟩ = 70/W 2 (see Fig. 3.7),
is used. The boundary for the self trapping regime is found using δ = ∆ − 2ϵn,
where ∆ = W + 2

√
5 and ϵn ≈ W

2 such that the functional form of the self trapping
boundary is δ = 2

√
5 and is seen as the horizontal black dashed line in Fig. 3.8. The

boundary between the weak (δ ≈ βs < d) and strong (δ ≈ βs > d) chaos regimes is
determined using d ≈ ∆

⟨V ⟩
such that the functional form of the boundaries between

weak and strong chaos is δ = W 2(W +2
√

5)
70 and is seen as the curved black dashed line

in Fig. 3.8. According to [74, 75], for a single site initial excitation, the strong chaos
regime does not appear and therefore we expect to observe only the self trapping
regime: δ > ∆ and weak chaos regime: δ < ∆.
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Figure 3.8: Estimated spreading regimes for the stub lattice model demarcated by
the dashed black curves. The colour bar indicates the size α of the frequency gap,
while the vertical dashed line at W = 1.58 indicates the disorder strength at which
the gap start to appear as W decreases. The initial parameters in the weak (W·,·) and
strong (S·,·) chaotic regimes are indicated as red and blue respectively while a self
trapping initial condition is indicated in green. Vertical, Horizontal, and Elsewhere
set of initial conditions are labeled with a subscript v, h, and e, respectively.

The location of the weak chaos, strong chaos, and self trapping regimes in the
stub lattice parameter space (δ,W ), when non single site excitations are considered,
are seen in Fig. 3.8. Fig. 3.8 is very important for the study of the system we
carry out in Chap. 5 as it allows us to choose β and W values to study the wave
packet dynamics in different dynamical regimes. Fig. 3.8 shows the parameter space
(δ,W ) of the stub lattice model with the placement of the expected three dynamical
regimes: weak chaos (below the curved black dashed line), strong chaos (between
the curved black dashed line and the horizontal black dashed line) and self trapping
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(above the horizontal black dashed line). The colour bar indicates the size α of the
frequency gap, while the vertical dashed line at W = 1.58 indicates the disorder
strength at which the gap start to appear as W decreases. The position of several
system set up belonging to the weak chaos (red points), strong chaos (blue points)
and self trapping (inset, green point) regimes studied in detail in Chap. 5 are also
given and are respectively denoted by W.,., S.,. and T.,.. The first subscript in each
point correspond to the words vertical (v), horizontal (h) and elsewhere (e), whose
meaning is explained in Chap. 5, while the second subscript is just a counter of the
various cases. However, before we present our numerical results, we first discuss the
numerical integration and chaos detection techniques we use in our work in Chap. 4.
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Chapter 4

Numerical approaches

In this chapter, we present the different numerical techniques implemented in our
study, expanding the discussions on SI and chaos briefly mentioned in Chap. 2.
In addition, we consider practical issues related to our numerical simulations like
optimisation, time efficiency and implementation aspects of our computer codes.
The structure of this chapter is as follows. In Sec. 4.1, we cover the idea of numerical
integration using SI. Thereafter, in Sec. 4.2, the notion of variational equations for
Hamiltonian systems is defined. After that, in Sec. 4.3, we extend our discussion
from Sec. 2.3 on chaos detection techniques. Then, in Sec. 4.4, we derive the EOM
and variational equations for the stub lattice model. In Sec. 4.5, we present how
we selected the most suitable symplectic integrator for our purposes, emphasising
considerations on computational speed and accuracy.

4.1 Numerical integration using symplectic inte-
grators

Following the discussion on Hamiltonian mechanics of Sec. 2.2, and recalling that
one of the properties of Hamiltonian systems is the symplectic nature of their flow,
we will focus our attention on a class of integration schemes for Hamiltonian systems
called SI which are designed in order to preserve the symplectic nature of Hamilto-
nian flow [89]. However, before doing that, we will describe in some detail the general
idea of numerical integration. Certain systems, such as nonlinear Hamiltonian mod-
els, cannot be solved using analytical methods and, therefore, approximate solutions
of their evolution equations are obtained using numerical integration techniques.
Thus, the solution of the EOM of continuous time, t, systems are approximated by
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discretising t as tk = t0 + kτ , where tk is a discrete time, t0 is the initial time of the
systems evolution, τ is a fixed integration time step, and k is a non-negative integer
including zero. Then, the numerical integration scheme approximates the actual
solution of the EOM at the discretised times, tk. Examples of commonly used nu-
merical integration techniques are the well-known Runga-Kutta methods (see [90]),
which nevertheless have some shortcoming which make them inappropriate for the
purposes of our work. These issues are related to their numerical accuracy over long
integration times and to the computational time which may be needed, and will be
discussed in more detail below.

Because the solutions of the evolution equations of Hamiltonian systems are ap-
proximated by the use of numerical integration schemes, there will always be a
small error between the exact solution and the one given by the numerical integra-
tor. In order to make sure that our approximate solutions are accurate enough, we
use the fact that the total energy of the Hamiltonian should be conserved. The
relative energy error, Hr, is given by

Hr(tk) =
∣∣∣∣H(0) −H(tk)

H(0)

∣∣∣∣, (4.1)

with H(0) representing the initial energy value at t = 0 and H(tk) is the numerically
computed energy at the integration time tk. For non-SI, the relative energy error
grows linearly as the time of the numerical computation increases [91]. If long time
simulations of a system are needed, smaller integration time steps will be necessary
to keep the relative energy error low, which means that longer CPU times will be
required to keep Hr below a chosen upper bound. Due to the accumulation of error
when using non-SI methods, the numerical simulations performed in this study were
done using a symplectic integration method, as SI, always keep the relative energy
error bounded by some upper limit, as well as make the computations more time
efficient (see [92]).

The EOM for a Hamiltonian, H, can be written as

dX
dt

= {H,X} = LHX =⇒ X(τ) = eτLH X0, (4.2)

where X = (q,p) is the vector containing the generalised position and momenta
coordinates, {· , · } is the Poisson bracket, eτLH X0 denotes the solution of the EOM
with X0 = X(0) being the vector at the initial time t = 0 and τ is the integration
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time step. Finally, LH = {H, · } is the differential operator defined as

LHf =
N∑

n=1

(
∂H

∂qn

∂f

∂pn

− ∂H

∂pn

∂f

∂qn

)
. (4.3)

The most common way of constructing SI is by splitting the Hamiltonian function
into the sum of two integrable parts, H = A + B, where A and B could for example
represent the kinetic and potential energy terms, respectively, if they are both inte-
grable. In that case, H(q,p), can be written as H(q,p) = A(p) + B(q), where A
and B are explicitly independent only on q and p respectively. Then a symplectic
scheme for integrating the EOM (4.2) consists of approximating the operator eτLH

by
eτLH = eτ(LA+LB) = Πj

i=1e
ciτLAediτLB + O(tP +1), (4.4)

where P is an integer (called the order of the integrator) and i = 1, . . . , j. The
appropriate values of constants ci and di can be numerically found [93]. These
constants will differ according to the symplectic integrator used. So, given a set
of initial conditions X0, the dynamics of a Hamiltonian system over an integration
time step τ are approximated by a series of successive actions of the operators eciτLA

and ediτLB

X(τ) = Πj
i=1e

ciτLAediτLBX0. (4.5)
Repeated applications of (4.5), where X(τ) becomes X0 for the successive integration
time step will approximate the evolution of the system.

4.2 Variational equations for Hamiltonian systems
A way of investigating the chaotic behaviour of a dynamical systems is to take from
the position of a point in phase space, X, an infinitesimally small perturbation, δX,
and check how δX evolves over time. The small perturbation is essentially a vector
describing the distance between two points in the same phase space and is called
a deviation vector. A deviation vector, w(t), for an N -dimensional Hamiltonian
system where H(q,p) = A(p) + B(q), is given as

w(t) = δX(t) = (δq1(t), . . . , δqN(t), δp1(t), . . . , δpN(t)). (4.6)

In order to describe how the deviation vector, w(t), will evolve over a period of the
integration time, the set of the so-called variational equations need to be integrated
[94, 95, 96]. The evolution of the deviation vector is governed by

ẇ(t) = A(t)w(t), (4.7)
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where
A(t) =

(
0N D2A(p)i,j· IN

−D2B(q)i,j· IN 0N

)
, (4.8)

where IN is the N×N identity matrix, 0N is the zero matrix of size N×N , D2A(p)i,j

and D2B(q)i,j are the Hessian matrices of the terms A and B evaluated at points
p(t) and q(t), respectively,

D2A(p(t))i,j = ∂2A
∂pi∂pj

∣∣∣
p(t)

, i, j = 1, 2, . . . , N,

D2B(q(t))i,j = ∂2B
∂qi∂qj

∣∣∣
q(t)

, i, j = 1, 2, . . . , N,
(4.9)

and D =
[

∂
∂q1

∂
∂q2

. . . ∂
∂qN

∂
∂p1

∂
∂p2

. . . ∂
∂pN

]T

, where (T ) denotes the transpose of the
matrix. For a separable Hamiltonian system of the form H(q,p) = A(p) + B(q),
the evolution of the variational equations can be written as

δq̇ = D2A(p)δp,
δṗ = −D2B(q)δq.

(4.10)

4.3 Chaos indicators
Let us now focus on using the most recognisable property of chaos, i.e., the sensi-
tive dependence on initial conditions, to determine the chaoticity of orbits in the
phase space of a dynamical system. There are two main approaches to accomplish
that. The first way is to make a local study of particular orbits and the second
way is to characterise the global chaoticity of the phase space [95, 96]. For both
approaches, it is important to have a chaos indicator, i.e., a way to measure how
chaotic an orbit is. The study of the chaoticity can be done through the use of
the so-called Lyapunov characteristic exponents (LCEs) (see e.g. [94, 97, 98]) and
in particular, by estimating the maximum Lyapunov exponent (mLE). Looking at
solely the evolution of an individual trajectory in phase space is not enough to cat-
egorise the chaotic behaviour of that orbit, but we need to estimate its mLE, which
measures the rate of growth of a small perturbation to the considered trajectory.
A method for computing the LCEs is to consider a small spherical region in phase
space around a point. As time evolves, the point follows a trajectory and the small
region is stretched into an ellipsoid. The ellipsoid has N principal axes which are
the line segments from the centre of the ellipsoid on the axes of symmetry. Then,

42



the LCEs are determined using the lengths of these principal axes of the system.

The spectrum of LCEs (i.e., the set of all LCEs) is given as [94, 96, 99]

Λi = lim
t→∞

1
t

ln λi(t) i = 1, 2, . . . , N, (4.11)

where λi are appropriate quantities obtained by solving the variational equations
(4.7) and obtaining w(t) = Y (t)w(0). Here Y (t) is the so-called fundamental matrix
of solutions and w is the deviation vector. The fundamental matrix of solutions is
usually decomposed as Y (t) = Q(t)R(t) where Q(t) is an orthogonal N ×N matrix
and R(t) is an upper-triangular matrix whose diagonal elements are real positive
numbers. The decomposition from R(t) allows one to compute the spectrum of
Lyapunov exponents [94, 96, 99], Λi, with i = 1, . . . , N . The largest exponent Λ1
is also called the mLE. The computation of the mLE can be achieved by taking a
point in the phase space of a dynamical system with a set of initial conditions, X(0),
and an initial deviation vector w(0) and evolving both the orbit and the deviation
vector respectively using the systems EOM (2.8) and variational equations (4.10).
Then, the mLE is therefore defined as

Λ1 = lim
t→∞

ln 1
t

||w(t)||
||w(0)|| , (4.12)

where w(t) is the deviation vector at a specific time, t, w(0) is the initial deviation
vector at t = 0, and ||· || denotes the usual Euclidian norm. If Λ1 > 0, the orbit is
chaotic, because the length of the perturbations grows exponentially fast. On the
other hand, the perturbations of a regular orbit will not grow exponentially and,
therefore, Λ1 approaches zero in time approximately following an evolution of the
form Λ1 ∝ t−1.

4.4 Stub lattice model equations of motion and
variational equations

Now we can obtain the Hamiltonian EOM as well as the variational equations for
the stub lattice model. To do that, we first express Hamiltonian (3.1) in a form
containing generalised position and momenta coordinates. The conversion is done
by implementing the canonical transformation ψ(K)

n = (q(K)
n +ip(K)

n )/
√

2 and ψ(K)∗
n =
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(q(K)
n − ip(K)

n )/
√

2, and substituting into (3.1). We therefore obtain

H =
N∑

n=1

ϵ(A)
n

2

{(
q(A)

n

)2
+
(
p(A)

n

)2
}

+ β

8

{(
q(A)

n

)2
+
(
p(A)

n

)2
}2

+ ϵ(B)
n

2

{(
q(B)

n

)2
+
(
p(B)

n

)2
}

+ β

8

{(
q(B)

n

)2
+
(
p(B)

n

)2
}2

+ ϵ(C)
n

2

{(
q(C)

n

)2
+
(
p(C)

n

)2
}

+ β

8

{(
q(C)

n

)2
+
(
p(C)

n

)2
}2

−
(
p(C)

n p(A)
n + q(C)

n q(A)
n

)
−
(
p(A)

n p(B)
n + q(A)

n q(B)
n

)
−
(
p

(A)
n+1p

(B)
n + q

(A)
n+1q

(B)
n

)
,

(4.13)
where N is the lattice size, p(K)

n is the generalised momenta value, and q(K)
n is the

generalised position value at site n, where K denotes subsites A, B, and C. Following
the discussion of Sec. 4.1, we note that in order to integrate the Hamiltonian system
using a symplectic integrator, we split H into two separate Hamiltonian functions
such that H = A + B where

A =
N∑

n=1

ϵ(A)
n

2

{(
q(A)

n

)2
+
(
p(A)

n

)2
}

+ β

8

{(
q(A)

n

)2
+
(
p(A)

n

)2
}2

+ ϵ(B)
n

2

{(
q(B)

n

)2
+
(
p(B)

n

)2
}

+ β

8

{(
q(B)

n

)2
+
(
p(B)

n

)2
}2

+ ϵ(C)
n

2

{(
q(C)

n

)2
+
(
p(C)

n

)2
}

+ β

8

{(
q(C)

n

)2
+
(
p(C)

n

)2
}2
,

B =
N∑

n=1
−
(
p(C)

n p(A)
n + q(C)

n q(A)
n

)
−
(
p(A)

n p(B)
n + q(A)

n q(B)
n

)
−
(
p

(A)
n+1p

(B)
n + q

(A)
n+1q

(B)
n

)
.

(4.14)
Hamiltonian function A is integrable, however, B is not integrable and its operator
cannot be written explicitly. Therefore, the Hamiltonian function, B, is further split
into two parts P and Q such that B = P + Q [see [100, 101, 102, 103] for an
example on how the three part splitting technique is used for the 1D disordered
discrete nonlinear Schrödinger equation (DDNLS)] where

P = −
N∑
n

(
p(A)

n p(B)
n + p(B)

n p(C)
n + p

(B)
n+1p

(C)
n

)
,

Q = −
N∑
n

(
q(A)

n q(B)
n + q(B)

n q(C)
n + q

(B)
n+1q

(C)
n

)
.

(4.15)

Since P and Q are both integrable, the associated EOM and variational equations
are obtained analytically. We therefore can explicitly write the operators eτLA ,
eτLP , and eτLQ which will appear in an expression similar to (4.5). These operators
are related to the Hamiltonian functions A, P , and Q. The EOM and variational
equations for Hamiltonian functions A, P , and Q are found using (2.8) and (4.10),
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respectively. The operators propagate the set of initial conditions (q(K)
n , p(K)

n ) and a
set of initial deviation vectors (δq(K)

n , δp(K)
n ) at time t to their final values (q′(K)

n , p
′(K)
n )

and (δq′(K)
n , δp

′(K)
n ) at time t + τ , respectively. The stub lattice model has the

following operator eτLA containing the evolution of the EOM, as well as of the
related variational equations.

eτLA :



q(K)′
n = q(K)

n cos
(
α(K)

n τ
)

+ p(K)
n sin

(
α(K)

n τ
)

p(K)′
n = p(K)

n cos
(
α(K)

n τ
)

− q(K)
n sin

(
α(K)

n τ
)

δq(K)′
n =

 q
(K)
n cos

(
α

(K)
n τ

)
+p

(K)
n sin

(
α

(K)
n τ

)
2J

(K)
n

 δJ (K)
n +(

p(K)
n cos

(
α(K)

n τ
)

− q(K)
n sin

(
α(K)

n τ
))

×(
βδJ (K)

n τ + δα(K)
n

)
δp(K)′

n =
p

(K)
n cos

(
α

(K)
n τ

)
−q

(K)
n sin

(
α

(K)
n τ

)
2J

(K)
n

 δJ (K)
n −(

q(K)
n cos

(
α(K)

n τ
)

+ p(K)
n sin

(
α(K)

n τ
))

×(
βδJ (K)

n τ + δα(K)
n

)
,

(4.16)

when J (K)
n ̸= 0, i.e., J (K)

n = q
(K)(2)
n +p

(K)(2)
n

2 , δJ (K)
n = q(K)

n δq(K)
n + p(K)

n δp(K)
n and α(K)

n =

ϵ(K)
n +

β

(
q

(K)(2)
n +p

(K)(2)
n

)
2 . On the other hand for the special case when J (K)

n = 0 we
get,

eτLA :



q(K)′
n = q(K)

n

p(K)′
n = p(K)

n

δq(K)′
n = δq(K)

n cos
(
ϵ(K)

n τ
)

+ δp(K)
n sin

(
ϵ(K)

n τ
)

δp(K)′
n = δp(K)

n cos
(
ϵ(K)

n τ
)

− δq(K)
n sin

(
ϵ(K)

n τ
)
.

(4.17)
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In a similar way, operators eτLP and eτLQ are found to have the form

eτLP :



q(C)′
n = q(C)

n −
(
p(A)

n

)
τ

q(A)′
n = q(A)

n −
(
p(C)

n + p
(B)
n−1 + p(B)

n

)
τ

q(B)′
n = q(C)

n −
(
p(A)

n + p
(A)
n+1

)
τ

p(C)′
n = p(C)

n

p(A)′
n = p(A)
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p(B)′
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n

δq(C)′
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(
δp(A)

n
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τ

δq(A)′
n = δq(A)

n −
(
δp(C)
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(B)
n−1 + δp(B)

n
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τ

δq(B)′
n = δq(B)

n −
(
δp(A)

n + δp
(A)
n+1

)
τ

δp(C)′
n = δp(C)

n

δp(A)′
n = δp(A)

n

δp(B)′
n = δp(B)

n ,

(4.18)

eτLQ :


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q(B)′
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(
q(A)

n
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τ

p(A)′
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n +
(
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(B)
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n
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τ
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n +
(
q(A)

n + q
(A)
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τ

δq(C)′
n = δq(C)

n

δq(A)′
n = δq(A)

n

δq(B)′
n = δq(B)

n

δp(C)′
n = δp(C)

n +
(
δq(A)

n

)
τ

δp(A)′
n = δp(A)

n +
(
δq(C)

n + δq
(B)
n−1 + δq(B)

n

)
τ

δp(B)′
n = δp(B)

n +
(
δq(A)

n + δq
(A)
n+1

)
τ.

(4.19)

Now that we have the tools to evolve the stub lattice model EOM (2.8), we can study
the wave packet spreading dynamics. Nevertheless, before doing that, we have to
find the best performing symplectic integrator for our system.
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4.5 Numerical performance of symplectic integra-
tors

In our study, we numerically integrate the stub lattice EOM (2.8) and variational
equations (4.10) using the operators (4.16), (4.17), (4.18), (4.19) using a symplectic
integration scheme. The final time, tf , that would be ideal in order to understand
the long time dynamics of the stub lattice model, is of the order tf = 106 or tf = 107

[82]. These integration times are considered fairly large especially when conduct-
ing numerical simulations such as ours which require averaging large numbers of
realisations to get accurate statistics. Because of this, the choice of the symplectic
integrator that is used in the numerical simulation is important as different SI have
varying time performances depending on their order. Since we are numerically in-
tegrating the stub lattice model, the obtained solutions will be approximations of
the real one, therefore, ideally the choice of the symplectic integration scheme that
we will use in our computations should be both very accurate over the simulation
time and require low CPU time. Based on these requirements, we compare below
the performance of SI of second order (the order of a symplectic integrator refers
to the accuracy with which it approximates the solution of a Hamiltonian system
while preserving the symplectic structure of the system), in particular the schemes
SBAB2 and SABA2, a symplectic integrator of fourth order, the so-called ABA864
integrator, and a symplectic integrator of sixth order which is denoted as, S6. The
specific form of these SI are given below.

4.5.1 Symplectic integrators of order 2
We now describe some commonly used second order SI, i.e., the so-called SBAB2
and SABA2 schemes. When split into two integrable parts, SBAB2 is written as

SBAB2(τ) = ed1τLAec2τLBed2τLAec2τLBed1τLA , (4.20)

with coefficients d1 = 1/6, d2 = 2/3 and c2 = 1/2 [104]. Since our operators eτLA ,
eτLP , and eτLQ (4.16), (4.17), (4.18), (4.19) are obtained by splitting H as H = A+B
and with B = P + Q, when eτLB is encountered, the SBAB2 scheme is repeated but
for operators eτLP and eτLQ such that

SBAB2(τ) = ed1τLAed1·c2τLPec2·c2τLQed2·c2τLPec2·c2τLQed1·c2τLPed2τLAed1·c2τLP

× ec2·c2τLQed2·c2τLPec2·c2τLQed1·c2τLPed1τLA ,
(4.21)

(For all the SI below, when eτLB is encountered, the respective scheme is repeated
but for operators eτLP and eτLQ in the same manner as the SBAB2 (4.21) scheme).
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The SABA2 integrator has the form

SABA2(τ) = ea1τLAeb1τLBea2τLAeb1τLBea1τLA , (4.22)

with a1 = 1/2 − 1/2
√

3, a2 = 2/
√

3 and b1 = 1/2 [104].

4.5.2 Symplectic integrator of order 4
The fourth order symplectic integrator, ABA864, for Hamiltonian systems which
are split into two integrable parts is

ABA864(τ) = ea1τLAeb1τLBea2τLAeb2τLBea3τLAeb3τLB

× ea4τLAeb4τLBea4τLAeb3τLB

× ea3τLAeb2τLBea2τLAeb1τLBea1τLA .

(4.23)

The values of the coefficients a1, a2, a3, a4, b1, b2, b3, b4 can be found in Table 3 of
[105].

4.5.3 Symplectic integrators of order 6
The two-part split sixth order symplectic integrator S6, is given by

S6(τ) = S2(w3τ)S2(w2τ)S2(w1τ)S2(w0τ)S2(w1τ)S2(w2τ)S2(w3τ), (4.24)

where S2 is the SABA2 symplectic integrator (4.22) and the coefficients w0, w1, w2, w3
are taken from Table 1 of [93].

4.5.4 Computational time performances of symplectic inte-
grators

In order to measure and compare the computational time taken by the SI in Sec. 4.5.1,
Sec. 4.5.2 and Sec. 4.5.3, the numerical integration of the stub lattice EOM (2.8)
and variational equations (4.10) is performed for a specific initial condition. The
initial condition has the following parameters used for the computational runs which
include setting the disorder strength to W = 3.5, the nonlinearity to β = 0.09, and
final integration time to tf = 105. The relative energy error (4.1) of (4.13) is checked
at each time step, τ , such that Hr(tk) ≲ 10−5, similarly to what was required in
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[82]. In order to have statistically reliable results, all computational time outcome
in this section are averaged values over 10 independent simulations. The numerical
simulation, in our study, were performed using the FORTRAN90 coding language.
We also note that all simulations were performed at the computer cluster of the
Centre for High Performance Computing (CHPC) [106] of South Africa.

The CPU times, tC , for SBAB2, SABA2, ABA864, and S6 are obtained for a variety
of lattice sizes: N = 500, N = 1000, N = 1500, and N = 2000. These lattice sizes
were chosen because the numerical simulations reported in Chap. 5 required a range
of lattice sizes in the interval N ∈ [500, 2200]. The obtained results are shown in
Fig. 4.1. For all 4 lattice sizes tested, the ABA864 symplectic integrator performed
best as its tC was the lowest in comparison to the other SI tested. For this reason,
the ABA864 symplectic integrator is used for all the results presented in Chap. 5.

Figure 4.1: A comparison of CPU time, tC , against lattice size, N , using integration
schemes SBAB2 (blue line), SABA2 (orange line), ABA864 (green line), and S6
(red line) for the stub lattice EOM and variational equations. For each integration
scheme, the computational time performance is plotted for various lattice sizes N
using the following initial condition: final integration time tf = 105, W = 3.5, and
β = 0.09.
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Chapter 5

Numerical investigation of the
stub lattice dynamics

In this chapter, we present the outcomes of the numerical study of the stub lattice
model. In Sec. 5.1, we introduce the remaining quantities we evaluate in our com-
putations, also explaining how we set up our numerical simulations and providing
additional details on these setups. Thereafter, in Sec. 5.2, we present results of wave
packet spreading in the stub model lattice for some representative sets of parameter
values for each one of the three expected dynamical regimes. Afterwards, in Sec. 5.3,
we perform a holistic study of the system’s parameter space and provide an overview
of the interplay between nonlinearity and disorder on the wave packet dynamics. In
this section, we also discuss whether the presence of a band gap affects the wave
packet dynamics. Then, in Sec. 5.4, we provide results on whether preserving or
destroying the FB affects wave packet dynamics. Finally, in Sec. 5.5, we study how
the energy of the wave packet is distributed amongst the subsites of the stub lattice
model during the wave packets evolution.

5.1 Computational techniques and model consid-
erations

Let us first define the different quantities that are measured during our numerical
simulations. We first note that the stub lattice Hamiltonian (4.13) expressed in gen-
eralised positions, q(K)

n , and momenta, p(K)
n , coordinates, with K denoting subsites
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A, B, or C, conserves two quantities, the norm

S =
∑
K

N∑
n=1

1
2

{(
q(K)

n

)2
+
(
p(K)

n

)2
}
, (5.1)

and the total energy itself, H (4.13). In our numerical computations, we also evaluate
the normalised norm distribution

ξn =
∑
K

(
q(K)

n

)2
+
(
p(K)

n

)2

2S , (5.2)

and the second moment
m2 =

N∑
n=1

(n− n̄)ξn, (5.3)

of this distribution, which measures the extent of the wave packet’s spreading, with
n̄ = ∑N

n=1 nξn being the position of the wave packet’s distribution centre. We also
use the participation number, P , to measure the number of highly excited sites and
to characterise the extent of localisation, which is given by the expression

P = 1∑N
n=1 ξ

2
n

. (5.4)

In addition, we compute the finite-time mLE,

Λ = 1
t

ln ||w(t)||
||w(0)|| , (5.5)

by implementing the so-called tangent map method [94]. For all these computations,
we integrate both the EOM and variational equations of the stub lattice model
using the ABA864 [105] symplectic integrator discussed in Chap. 4. Additionally,
we calculate the normalised deviation vector distribution (DVD)

ξD
n (t) =

∑
K


(
δq(K)

n (t)
)2

+
(
δp(K)

n (t)
)2

∑N
n=1

[(
δq

(K)
n (t)

)2
+
(
δp

(K)
n (t)

)2
]
 . (5.6)

The DVD can be used to identify where chaoticity is most intense in the wave
packet [82]. Typical lattice sizes considered in our study range between N = 500
and N = 2200. For all our simulations, we set N such that the wave packet does
not reach the extreme ends of the lattice for the whole duration of its evolution.
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Since the Hamiltonian of the stub lattice model conserves both the norm (5.1) and
energy (4.13), we chose integration time steps within the range τ ∈ [0.1, 0.25] in
order to keep the relative energy error, Hr (4.1), below the threshold of 10−5. In our
study, we use fixed boundary conditions, i.e., q(K)

0 = q
(K)
N+1 = p

(K)
0 = p

(K)
N+1 = 0. For

each considered case, we obtain results averaged over 50 disorder realisations (the
computed averaged quantities are indicated by angled brackets, ⟨· ⟩) with most of
the simulations running up to a final integration time of tf = 107 time units. Since
multiple realisations are considered, the smoothing of the curves describing the time
evolution of averaged results is carried out using the locally weighted scatterplot
smoothing (LOWESS) method [107]. LOWESS is a method used in regression
analysis that creates a smoothed curve through a set of scatter points. LOWESS
is a non-parametric method of smooth curve fitting as it does not assume that the
data fit some type of distribution. In our study, a typical computational run involves
the initial excitation of a block of L lattice unit cells in the centre of a lattice of
size N cells. This length of L is chosen such that it matches the localisation volume
number (70/W 2 in Fig. 3.7) given a disorder strength W for the set of parameters
corresponding in each studied case. At every unit cell of the initial block excitation,
L, all generalised positions are set to zero, i.e., q(K)

n = 0, and all momenta values are
chosen in such a way that the total norm at each unit cell is equivalent to s = 3, with
p(K)

n being randomly chosen between p(K)
n = +

√
2 and p(K)

n = −
√

2. Outside of the
initial block excitation region, we set p(K)

n = q(K)
n = 0. From the systems parameter

space in Fig. 3.8, we chose the parameters β and W in order to study particular
cases in the different dynamical regimes while, ϵ(A)

n , ϵ(B)
n , and ϵ(C)

n in (4.13) are chosen
from a random uniform disorder distribution in the interval [−W/2,W/2].

5.2 Representative cases of the different dynam-
ical regimes

5.2.1 Weak chaos
Firstly, let us study the spreading dynamics in the so-called weak chaos regime by
exciting L consecutive sites in the middle region of disordered and nonlinear stub
lattice model (4.13). For this purposes, we choose the parameter values for our
simulations, based on the location of the various regimes in Fig. 3.8. The systems
parameter space, depicted in Fig. 3.8 (δ, W ) are defined by two quantities, namely
the nonlinearity, β which is related to δ, on the vertical axis and disorder strength,
W itself, on the horizontal axis. Choosing a combination of β and W values allows
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us to set up simulations at specific dynamical regimes. In that spirit, let us consider
the following representative weak chaos case,

• Wv,2: β = 0.02, W = 2.46, L = 12,

and average results over 50 disorder realisations to obtain statistically valid results
for, ⟨m2⟩ (5.3), ⟨P ⟩ (5.4), and ⟨Λ⟩ (5.5). We present the smoothed values of the
time evolution of these three quantities in log-log scale (Figs 5.1 (a), (c) and (e)
respectively) so that we can easily estimate the rate of change of each quantity. For
example, in the case of ⟨m2⟩, the rate of change

Γm2(log10 t) = d log10⟨m2⟩
d log10 t

, (5.7)

is obtained through a finite difference scheme [79] and the results are shown in
Fig 5.1 (b). From this figure we see that asymptotically, a constant rate of change is
reached, i.e., Γm2 tends to become constant implying the eventual validity of power
law ⟨m2⟩ ∝ tΓm2 . In a similar manner, we compute the rates of change for ⟨P ⟩
[Fig. 5.1 (c)] and ⟨Λ⟩ [Fig. 5.1 (e)] and estimate the related power laws [Figs. 5.1
(d) and (f) respectively].

From the results for the weak chaos parameter set Wv,2 presented in Fig. 5.1, we
deduce the existence of the spreading of the initially localised wave packet. This
behaviour is reflected on the time evolution of ⟨m2⟩ in Fig. 5.1 (a), which grows in
time especially from t ≳ 104. The spreading is categorised to be subdiffusive since
Γm2 ≈ 0.33 [82] in Fig. 5.1 (b), supporting the validity of the power law ⟨m2⟩ ∝ t0.33.
In Fig. 5.2 (a), we present the evolution of the norm distribution ξn (5.2) for the Wv,2
case, while in Fig. 5.2 (c), we show three snapshots in time of this distribution. We
observe in Fig. 5.2 (a) that ξn spreads almost symmetrically around the L initially
excited sites at the centre of the lattice, extending to approximately 75 lattice sites
to the left and right of L at t = 107.

The number of highly excited sites also appears to be growing as shown by
the time evolution of ⟨P ⟩ in Fig. 5.1 (c). The rate of change tends to become
ΓP ≈ 0.1667 [82] and is shown in Fig. 5.1 (d) and a power law of ⟨P ⟩ ∝ t0.1667 is
shown to be eventually achieved in Fig. 5.1 (c). A large part of the norm distributions
in Fig. 5.2 (a) is seen remaining close to the region where the initial excitation took
place, something which is also seen in Fig. 5.2 (c), where the ξn distributions for
log10 t = 3.54 (black curve), log10 t = 5.96 (magenta curve) and log10 t = 6.48 (cyan
curve), appear to be found close to the lattice centre. The white line in Fig. 5.2 (a),
represent the mean position of the ξn distribution and is calculated as ξ̄n = ∑N

n=1 nξn.
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This mean position remains close to the lattice centre where the initial excitation
took place.

We also study the chaoticity of the stub lattice model by computing Λ (5.5)
and present the obtained results in Figs. 5.1 (e) and (f). There results indicate
that eventually a power law decay ⟨Λ⟩ ∝ t−0.25 (which was also observed in [82]
for the DDNLS and KG models) seems to be valid. From the results of Fig. 5.2
(b) where the evolution of the related DVD is shown, we see that the distribution
of ξD

n (5.6) remains quite localised near the region of initial excitation initially for
t ≲ 104 [ξ̄D

n = ∑N
n=1 nξ

D
n , indicated by the white curve in Fig. 5.2 (b)] indicating

localised chaos. As time evolves (t ≳ 104) the mean position of ξD
n [white curve in

Fig. 5.2 (b)] fluctuates around the middle of the lattice, something which shows that
chaos in the wave packet is somehow moving away from the centre of the lattice.
These observations are similar to those found in [81, 82] for the 1D DDNLS and
KG models. The fact that ⟨Λ⟩ decays with a power law ⟨Λ⟩ ∝ t−0.25, denotes that
there is a decrease in the strength of chaos in the system as time grows. As the wave
packet spreads from an initial block excitation [Fig. 5.2 (a)], the system’s total norm
is shared among more lattice sites and dof, something which results in a decrease in
the norm density of the excited sites. Therefore, the strength of the nonlinear terms
in (4.13) will decrease, which will result in a decrease in the chaoticity of the whole
system.
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Figure 5.1: (a) Time evolution of ⟨m2⟩ (5.3) for the Wv,2 case seen in Fig. 3.8.
The simulations are run up to a final time tf = 107, and the obtained results are
averaged over 50 disorder realisations and smoothed by the LOWESS algorithm.
(b) Time evolution of Γm2 (5.7) estimated from the results of (a) through a finite
difference scheme. (c)-(d) are similar to (a)-(b) but for ⟨P ⟩ (5.4). (e)-(f) are similar
to (a)-(b) but for ⟨Λ⟩ (5.5). The dashed lines indicate the slopes 0.33 in (a) and (b),
0.1667 in (c) and (d), −0.25 in (e) and (f), while the lightly shaded parts denote
the statistical error quantified as one standard deviation in the computation of the
average quantity.
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Figure 5.2: (a)-(b) Spatiotemporal evolution of the norm distribution ξn (5.2) and
the DVD ξD

n (5.6), respectively for a simulation for one specific disorder realisation
ran up to a final time tf = 107 for the case Wv,2. (c)-(d) show snapshots of ξn and
ξD

n , respectively, at log10 t = 3.54 (black curve), log10 t = 5.96 (magenta curve), and
log10 t = 6.48 (cyan curve) corresponding to the similarly coloured dashed horizontal
lines in (a) and (b). The white curves in (a) and (b) represent the mean position of
ξn and ξD

n , respectively.

5.2.2 Strong chaos
As a representative case for strong chaos, we consider the parameters in Fig. 3.8
defined as

• Sv,7: β = 0.4, W = 2.46, L = 12.

Figures. 5.3 (a) and (b) show the time evolution of ⟨m2⟩ (5.3) and the related rate
of change Γm2 for the Sv,7 case. From Fig. 5.3 (b), we estimate the rate of change
of ⟨m2⟩ to be Γm2 ≈ 0.5 and the power law ⟨m2⟩ ∝ t0.5 is satisfied in Fig. 5.3 (a).
Figs. 5.3 (a) and (b) indicate that there is some faster spreading of the initial wave
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packet for Sv,7 than Wv,2, as Γm2 ≈ 0.5 in Fig. 5.3 (b) and is greater than Γm2 ≈ 0.33
obtained in Fig. 5.1 (b). Fig. 5.4 (a) shows the evolution of the ξn (5.2) distribution
for the Sv,7 case. In Fig. 5.4 (a), the ξn distribution spreads almost symmetrically
around the L initially excited sites at the centre of the lattice. We observe that ξn

in Fig. 5.4 (a) extends approximately 200 lattice sites to the left and right of L at
t = 107.

Figures. 5.3 (c) and (d) show the time evolution of ⟨P ⟩ (5.4) and the related
rate of change ΓP for the Sv,7 case. The number of highly excited sites appears
to be growing as shown by the time evolution of ⟨P ⟩ in Fig. 5.3 (c). The rate of
change tends to become ΓP ≈ 0.25 and is shown in Fig. 5.3 (d) and a power law of
⟨P ⟩ ∝ t0.25 is shown to be eventually achieved in Fig. 5.3 (c). Comparing Figs. 5.3
(c) and (d) of the Sv,7 case to Figs. 5.1 (c) and (d) of the Wv,2 case, we find ΓP to
be higher in the former case. The higher ΓP indicates that there are more highly
excited sites in case Sv,7 than case Wv,2 as a result of the faster spreading of the
wave packet in Sv,7. In Fig. 5.4 (a), the norm distribution extends further than in
the case of Wv,2 in Fig. 5.2 (a), reaching 200 lattice sites to the left and right of L
at t = 107 for Sv,7 instead of only 75 lattice sites to the left and right of L at t = 107

for Wv,2. The white line in Fig. 5.4 (a), however, representing the mean position of
the ξn distribution for the Sv,7 case, still remains close to the lattice centre where
the initial excitation took place like in the Wv,2 case.

Figures. 5.3 (e) and (f) show the time evolution of ⟨Λ⟩ (5.5) and the related
rate of change ΓΛ for the Sv,7 case. The rate of change in Fig. 5.3 (f) is estimated
to be ΓΛ ≈ −0.3 and the power law ⟨Λ⟩ ∝ t−0.3 in Fig. 5.3 (e) seems to be valid.
Comparing the evolution of ⟨Λ⟩ for Sv,7 in Figs. 5.3 (e) and (f) to Wv,2 in Figs. 5.1
(e) and (f), we notice that the decrease in the rate of change of chaos is slower for
Sv,7 than for Wv,2, indicated by the lower ΓΛ in the former case, where in Fig. 5.3 (f)
the rate of change ΓΛ ≈ −0.3 is satisfied whereas in Fig. 5.1 (f), the rate of change
ΓΛ ≈ −0.25 is satisfied. Furthermore, similar to Fig. 5.2 (b), the mean position
of ξD

n (5.6) [the white line in Fig. 5.4 (b)] initially shows localised chaos near the
lattice centre for t ≲ 103 but then fluctuates (for t ≳ 103) around the lattice centre
showing that chaos in the wave packet is moving away from the centre of the lattice.
In Fig. 5.4 (b) (for the Sv,7 case), the fluctuations start earlier at around t ≳ 103 and
has greater variance compared to Fig. 5.2 (b) (for the Wv,2 case) whose fluctuations
start at t ≳ 104.

In Figs. 5.3 (b) and (d), we notice that the rates of change Γm2 and ΓP initially
reach some maximum value at around t ≈ 103, but as time increases, there is
a gradual decrease in both rate of change values. The behaviour of the gradual
decreasing rate of change values for Γm2 and ΓP have been seen in [79, 86] for the

57



1D DDNLS and KG systems. The strong chaos is a transient regime and we observe
a crossover from strong chaos to weak chaos for ⟨m2⟩ and ⟨P ⟩ values [81, 82]. This
crossover, however, cannot be observed in the evolution of ⟨Λ⟩ as shown in Fig. 5.3
(f) [81] where no clear indication of a change in ΓΛ after t ≈ 103. The reason why ΓΛ
does not show a transient behaviour is that the calculation of Λ contains the entire
history of the evolution of the deviation vector (mainly influenced by the strong
chaos behaviour), w(t), and, therefore, Λ is not impacted by slight changes in the
dynamics.

Figure 5.3: Similar to Fig. 5.1 but for the Sv,7 case. The dashed line indicate the
value Γm2 = 0.5 in (a) and (b), ΓP = 0.25 in (c) and (d) and ΓΛ = −0.3 in (e) and
(f).
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Figure 5.4: Similar to Fig. 5.2 but for the Sv,7 case. Snapshots in (c)-(d) are at the
same times as in Figs. 5.2 (c) and (d).

5.2.3 Self trapping
As a representative case for the self trapping regime in Fig. 3.8, we consider the
parameter set defined as

• Tv,9: β = 15.0, W = 2.46, L = 1.

The time evolution of ⟨m2⟩ (5.3) and the related rate of change Γm2 for the Tv,9 case
are found in Figs. 5.5 (a) and (b) respectively. In Fig. 5.5 (a), ⟨m2⟩ evolves with a
power law of ⟨m2⟩ ∝ t0.33 [78]. In Fig. 5.6 (a), we show the evolution of the ξn (5.2)
distribution for the self trapping regime defined by the Tv,9 case. The evolution of
ξn distribution in Fig. 5.6 (a) and the snapshots of ξn in Fig. 5.6 (c) show that the
wave packet remains localised around the excitation region.

The time evolution of ⟨P ⟩ (5.4) and the related rate of change ΓP for the Tv,9
case are found in Figs. 5.5 (c) and (d). A particular behaviour unique to the self
trapping regime is the continuous localisation of the initial wave packet throughout
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the entire duration of the numerical simulation [78]. Unlike the Sv,7 case in Fig. 5.3
(c) and the Wv,2 case in Fig. 5.1 (c), the time evolution of ⟨P ⟩ in Fig. 5.5 (c)
indicates no increase over the length of the integration time as ΓP ≈ 0. As ⟨P ⟩ is a
measure of how many sites are highly excited, since in the self trapping regime an
initially localised wave packet will remain localised for the duration of the numerical
simulation length, ⟨P ⟩ will remain at its initial value which is the size of the initial
excitation block L. Therefore, in Fig. 5.5 (c), ⟨P ⟩ ≈ 1 up to t = 107.

The time evolution of ⟨Λ⟩ (5.5) and the related rate of change ΓΛ for the Tv,9
case are found in Figs. 5.5 (e) and (f). In Fig. 5.5 (e), ⟨Λ⟩ decreases but there is
no sign of following a particular well defined power law. The self trapping regime
also has a characteristic property of having localised chaos which is shown by ξD

n

(5.6) in Fig. 5.6 (b) and the snapshots [log10 t = 3.54 (black curve), log10 t = 5.96
(magenta curve) and log10 t = 6.48 (cyan curve)] of ξD

n in Fig. 5.6 (d). In Figs. 5.6
(b) and (d), the centre of ξn and ξD

n (white lines) does not fluctuate even at larger
times (t ≈ 107).

Figure 5.5: Similar to Fig. 5.2 but for the Tv,9 case. The dashed line indicate the
value Γm2 = 0.33 in (a) and (b).
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Figure 5.6: Similar to Fig. 5.2 but for the Tv,9 case. Snapshots in (c)-(d) are at the
same times as in Figs. 5.2 (c) and (d).

5.3 Exploration of the system’s parameter space

5.3.1 Transition between dynamical regimes
We now consider the wave packet dynamics for many different cases in the parameter
space depicted in Fig. 3.8. For this purpose we select parameter sets in a systematic
manner in order to understand how nonlinearity, β, and the disorder strength, W ,
affect the wave packet spreading. The analysis is done by either fixing β or W , and
varying the other parameter. In our study, we move vertically through the param-
eter space of Fig. 3.8 by fixing W and, starting from a low β in the weak chaos
regime, we then increase β until we are well inside the strong chaos regime. We also
move horizontally through the parameter space, from the weak chaos regime to the
strong chaos regime, by fixing β and decreasing W from a high value to a low value.

Let us first investigate the transition between different dynamical regimes by looking
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at three sets of parameters which are vertically located in the parameter space of
Fig. 3.8 by setting the disorder strength to W = 2.46:

• Wv,2: β = 0.02, W = 2.46, L = 12,

• Wv,3: β = 0.05, W = 2.46, L = 12,

• Sv,7: β = 0.4, W = 2.46, L = 12.

Figure 5.7: (a) Time evolution of ⟨m2⟩ (5.3) for three sets of parameters Sv,7 (blue
curve), Wv,3 (orange curve), Wv,2 (red curve) (see Fig. 3.8). (b) the corresponding
time evolution of ⟨Λ⟩ (5.5) for the same parameter sets given in (a). (c) Time
evolution of computed slopes of the ⟨m2⟩ curves of (a) are in the range 0.33 ≲
Γm2 ≲ 0.5 [top dashed line (Γm2 ≈ 0.5), middle dashed line (Γm2 ≈ 0.4), bottom
dashed line (Γm2 ≈ 0.33)]. (d) similar to (c) with the computed slopes of the ⟨Λ⟩
curves of (b) being in the range −0.3 ≲ ΓΛ ≲ −0.25 [top dashed line (ΓΛ ≈ −0.25),
bottom dashed line (ΓΛ ≈ −0.3)]. For these results, W = 2.46 and β = 0.02 for
Wv,2, β = 0.05 for Wv,3, and β = 0.4 for Sv,7. The results obtained are averaged
over 50 disorder realisations and smoothed by the LOWESS algorithm.
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We discuss the results of Fig. 5.7 by starting with the parameter set Wv,2 (red curve
in Fig. 5.7) (W = 2.46 and β = 0.02) which is located well inside the weak chaos
regime of the parameter space (see Fig. 3.8). In Fig. 5.7 (a), we see that ⟨m2⟩ (5.3)
grows, showing that the wave packet is spreading, in accordance to the discussion
of Fig. 5.1 (a) and Fig. 5.2 (a). The wave packet spreading for Wv,2 follows well the
power law ⟨m2⟩ ∝ t0.33.

By increasing the nonlinearity to β = 0.4, we consider the strong chaos case Sv,7
(blue curve in Fig. 5.7) presented in Fig. 5.3 and discussed in detail in Sec. 5.2.2.
For case Sv,7 we observe faster spreading compared to case Wv,2 [see Fig. 5.3 (a) and
Fig. 5.4 (a)] and a power law ⟨m2⟩ ∝ t0.5 is seen to be valid. The final set of pa-
rameters in the vertical series of the parameter space points considered here is Wv,3
(orange curve in Fig. 5.7), which corresponds to β = 0.05 and is located between
points Wv,2 and Sv,7, in Fig. 3.8. In this case we again find a power law increase
of ⟨m2⟩, which is characterised by an exponent Γm2 ≈ 0.4 (similarly to what was
reported in [75, 108]) being between the values 0.33 and 0.5 respectively observed
for cases Wv,2 and Sv,7. The time evolution of ⟨Λ⟩ (5.5) for the Wv,2, Wv,3, and Sv,7
cases follows again an almost power law decay [Fig. 5.7 (b)] with the exponent of the
value Wv,3 case being between the exponents for Wv,2 and Sv,7 cases. It is already
known that nonlinearity induces spreading [74, 109, 108]. The effect of nonlinearity
is seen in Fig. 5.7 (c) where we observe that, in general, an increase in β leads to
faster spreading, as shown by the increase of the Γm2 values as β grows. However, as
time evolves, the ⟨m2⟩ of the strong chaos case, Sv,7, which has the highest β value
of the three sets of parameters, increases faster, something which is reflected to the
fact that this case has the largest Γm2 value among the considered cases. Since the
second moment is a measure of the degree of wave packet spreading, Figs. 5.7 (a)
and (c) show that as the value of β increases, the spreading of the wave packet
becomes faster.

We next consider three other points horizontally located in the parameter space
of Fig. 3.8 by fixing the nonlinearity strength to β = 0.25:

• Wh,1: β = 0.25, W = 5.2, L = 3,

• Wh,4: β = 0.25, W = 3.5, L = 6,

• Sh,7: β = 0.25, W = 2.2, L = 15,

and we conduct similar analyses to the one performed for cases Sv,7, Wv,3 and Wv,2.
The outcomes of these studies are reported in Fig. 5.8.
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Figure 5.8: (a) Time evolution of ⟨m2⟩ (5.3) for three sets of parameters Sh,7 (blue
curve), Wh,4 (orange curve), Wh,1 (red curve) (see Fig. 3.8). (b) the corresponding
time evolution of ⟨Λ⟩ (5.5) for the same parameter sets given in (a). (c) Time
evolution of computed slopes of the ⟨m2⟩ curves of (a) are in the range 0.33 ≲
Γm2 ≲ 0.5 [top dashed line (Γm2 ≈ 0.5), middle dashed line (Γm2 ≈ 0.4), bottom
dashed line (Γm2 ≈ 0.33)]. (d) similar to (c) with the computed slopes of the ⟨Λ⟩
curves of (b) being in the range −0.3 ≲ ΓΛ ≲ −0.25 [top dashed line (ΓΛ ≈ −0.25),
bottom dashed line (ΓΛ ≈ −0.3)]. For these results, β = 0.25 and W = 5.2 for Wh,1,
W = 3.5 for Wh,4, and W = 2.2 for Sh,7. The results obtained are averaged over 50
disorder realisations and smoothed by the LOWESS algorithm.

In Figs. 5.8 (a) and (c), the time evolution of ⟨m2⟩ (5.3) and the related slope
Γm2 is respectively shown, while in Fig. 5.8 (b) and (d), the time evolution of ⟨Λ⟩
(5.5) and ΓΛ is reported for these 3 cases. For the parameter case Wh,1 (red curve
in Fig. 5.8), which has the highest W value (W = 5.2), we find that ⟨m2⟩ eventu-
ally follow a power law ⟨m2⟩ ∝ t0.33 as shown in Figs. 5.8 (a) and (c), while ⟨Λ⟩
decreases as of ⟨Λ⟩ ∝ t−0.25 [Figs. 5.8 (b) and (d)]. By considering the case Wh,1
from Fig. 3.8, we observe that this particular parameter set is well within the regime
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of weak chaos and therefore behaves similarly to case Wv,2 discussed in Sec. 5.2.1.
For a smaller W value, we get case Wh,4 (orange curve in Fig. 5.8) having W = 3.5.
The Wh,4 point, is closer to the boundary between weak and strong chaos as seen
in Fig. 3.8, and is located between points Wh,1 and Sh,7 (blue curve in Fig. 5.8).
Therefore, we find a behaviour similar to that of case Wv,3 from the vertical series
of cases. Indeed, looking at Figs. 5.8 (c) and (d) we observe that for Wh,4 case, the
⟨m2⟩ grows as ⟨m2⟩ ∝ t0.4, and ⟨Λ⟩ exhibits a power law exponent between −0.25
and −0.3. Lowering further the value of W for the horizontal series of cases, we
cross from the weak chaos regime to the strong chaos regime, obtaining the Sh,7 case
(W = 2.2). In Figs. 5.8 (c) and (d), for Sh,7 case, the ⟨m2⟩ grows as ⟨m2⟩ ∝ t0.5 and
⟨Λ⟩ exhibits a power law exponent of −0.3, similar to Sv,7 found along the vertical
series of cases. The general trend is that higher β values induce faster spreading,
while higher W values results in stronger localisation of the wave packets. This
tendency to induce a localisation effect for a given disorder strength can be seen
in the results for Figs. 5.8 (a) and (c). As the case with the lowest W value, Sh,7,
yields the largest exponent for the power law growth of ⟨m2⟩, and therefore wave
packets spread fastest in contrast to the Wh,1 case, which has the highest W value
and consequently the slowest spreading rate.

In Fig. 5.9 (a), we consider cases denoted by the points from Fig. 3.8 and colour each
respective point according to their Γm2 value. In Fig. 5.9 (b), the points are coloured
according to their respective ΓΛ value. In Fig. 5.9 (a), cases such as Wv,1, We,5, and
We,1 show the lowest Γm2 value of Γm2 ≈ 0.33 and therefore, the least amount of
spreading. The norm distribution of these cases show that a relatively small number
of sites are excited. This results to higher chaoticity strengths as they are quantified
by ⟨Λ⟩ value. Fig. 5.9 (b) shows that cases Wv,1, We,5, and We,1 have ΓΛ ≈ −0.25,
which is the highest amongst all cases studied. Transient dynamics which cross over
from strong to weak chaos are depicted in Figs. 5.7 (a)-(d) and Figs. 5.8 (a)-(d).
The cases which exhibit such transient phases We,6, We,4, and Wh,4 show Γm2 ≈ 0.4
while in panel (b), they have ΓΛ ≈ −0.275. In the strong chaos regime, the set of
cases, Se,1, Sv,7, and Sh,8 in Figs. 5.9 (a) and (b) results to Γm2 ≈ 0.5 and ΓΛ ≈ −0.3
respectively. As expected, the strong chaos regime cases display the largest amount
of spreading, indicated by corresponding high Γm2 values, and the least degree of
chaoticity decline, indicated by their low ΓΛ values. In general, comparing Figs. 5.9
(a) and (b), we observe that there is a general correlation between Γm2 and ΓΛ val-
ues, so that the greater the Γm2 value of a case is, the lower the ΓΛ value will be.
Cases with a high β and low W display faster wave packet spreading than sets of
parameters with low initial β and high W .
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Figure 5.9: A summary of all the parameter sets considered and the respective
computed power law exponents of (a) ⟨m2⟩ (5.3), and (b) ⟨Λ⟩ (5.5). For each set of
parameters we obtain results by averaging our findings of 50 disorder realisations. In
all cases the integration final time is tf = 107. All points are colour coded according
to their respective Γm2 and ΓΛ value.

5.3.2 Frequency band gaps and dynamics
In Sec. 3.1 we showed that there exists a bandgap of width, α, in the dispersion rela-
tion of the stub lattice model when W < 1.58, while the evolution of the frequency
spectra and the opening of gaps for decreasing W is shown in Fig. 3.4. Thus, it is
interesting to check whether the value of α has an affect on wave packet dynamics
of the system. In order to address this question, we consider four weak chaos cases,
We,6, We,7, We,8, and We,9, and four strong chaos cases, Se,3, Se,4, Se,5, and Se,6 whose
location in the systems parameter space can be seen in Fig. 3.8. Cases We,6 and Se,3
have W = 1.94 and each subsequent cases has a slightly lower W value than the
previous cases. As W decreases, we reach a point where it becomes W < 1.58, and
thereby the system has three distinct frequency bands as discussed in the Chap. 3.
In our study, the least computationally possible W value was W = 1.16 (Due to
the limitations of the computational time available), which is well within the region
where gaps are present in the frequency spectrum (Fig. 3.8). The cases considered
for the weak chaos regime are:

• We,6: β = 0.03, W = 1.94, L = 18,

• We,7: β = 0.02, W = 1.68, L = 24,

• We,8: β = 0.01, W = 1.42, L = 35,
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• We,9: β = 0.005, W = 1.16, L = 53,

while the strong chaos one:

• Se,3: β = 0.55, W = 1.94, L = 18,

• Se,4: β = 0.5, W = 1.68, L = 24,

• Se,5: β = 0.45, W = 1.42, L = 35,

• Se,6: β = 0.4, W = 1.16, L = 53.

Taking a look at Figs. 5.10 (a) and (c), which show the time evolution of ⟨m2⟩ (5.3)
and Γm2 , for the weak chaos cases, We,6 (red curve in Fig. 5.10), We,7 (orange curve
in Fig. 5.10), We,8 (green curve in Fig. 5.10), and We,9 (blue curve in Fig. 5.10),
we understand that, the wave packets second moment eventually evolve following
the power law ⟨m2⟩ ∝ t0.4. A point to note in Fig. 5.10 (c) is that the dynamics of
case We,9, which has the lowest W value among the studied cases, takes the longest
time to reach this power law at t ≈ 107. On the other hand, in the We,6 case,
which has the highest W value, shows the power law of ⟨m2⟩ ∝ t0.4 requires the
least time (t ≈ 105) to be established. Although the time it takes to reach the
power law of ⟨m2⟩ ∝ t0.4 varies between the weak chaos cases We,6, We,7, We,8, and
We,9, the eventual outcome is the same for all studied cases, as seen in Fig. 5.10 (c).
Moreover, there appears to be no difference between cases such as We,9 and We,8
which correspond to cases where the frequency spectra have gaps (α > 0), and We,7
and We,6 for which no gap is present. From Figs. 5.10 (b) and (d), which show the
evolution of ⟨Λ⟩ (5.5) for the We,6, We,7, We,8, and We,9 cases, we see that as we
move from W values for which gaps are not present to W values for which a gap is
formed, ⟨Λ⟩ always follows a power law decay (⟨Λ⟩ ∝ t−0.25). Once again the cases
with the highest W value (We,9) requires the longest time to clearly establish the
power law ⟨Λ⟩ ∝ t−0.25. From the results of Fig. 5.10, we also conclude that the
final power laws of ⟨m2⟩ and ⟨Λ⟩ don’t differ much between cases We,6, We,7, We,8,
and We,9 and that the presence of a gap does not affect the wave packet spreading
of weak chaos cases with W > 1.16 up to a final time considered (tf = 107).
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Figure 5.10: Similar to Fig. 5.7 but for cases We,6 (red curve), We,7 (orange curve),
We,8 (green curve), and We,9 (blue curve). The exponents of ⟨m2⟩ (5.3) and ⟨Λ⟩
(5.5) are estimated to eventually be 0.4 and −0.25 respectively [see panels (c)-(d)].

The results for the cases Se,3 (red curve in Fig. 5.11), Se,4 (orange curve in
Fig. 5.11), Se,5 (green curve in Fig. 5.11), and Se,6 (blue curve in Fig. 5.11) are
presented in Fig. 5.11. In Fig. 5.11 (c), for the cases Se,3, Se,4, Se,5, and Se,6,
Γm2 at tf = 107 appears to be still decreasing when the final integration time is
reached. The maximum Γm2 value is reached for the Se,6 case, which has the lowest
W value (W = 1.16), reaches Γm2 ≈ 0.7. The maximum Γm2 value of Se,3, which
has the highest W value (W = 1.94), reaches Γm2 ≈ 0.6. The cases Se,4 and Se,5
have maximum Γm2 values between Γm2 ≈ 0.7 and Γm2 ≈ 0.6. In Fig. 5.11 (d), a
similar observation is noted for ΓΛ, where the minimum ΓΛ of the case Se,6 reaches
ΓΛ ≈ −0.5, while the minimum ΓΛ of the case Se,3 reaches ΓΛ ≈ −0.4. In the case
of Fig. 5.11 (d), ΓΛ for the four cases, appears to be still increasing when the final
integration time is reached. Since these cases are in the region of greatest spreading
in Fig. 3.8, given that the β value is high and the W value is low, these cases would
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require more computational time to obtain a clear asymptotic behaviour for the
time evolution of ⟨m2⟩ and ⟨Λ⟩. The cases of Se,3 and Se,4, which are strong chaos
cases when band gaps are not present in the frequency spectrum, evolve in a similar
manner to the cases Se,5 and Se,6, which are strong chaos cases when gaps are present
in the frequency spectrum. In both Figs. 5.11 (c) and (d), the cases Se,3, Se,4, Se,5,
and Se,6 all show a similar evolution shape as Γm2 and ΓΛ reach some maximum Γm2

and minimum ΓΛ value before decreasing and increasing, respectively. Although
more computational time is required, the strong chaos results found in Fig. 5.11
indicate that the presence of the band gap appears to have no affect on the wave
packet dynamics for strong chaos cases.

Figure 5.11: Similar to Fig. 5.7 but for the cases Se,3 (red curve), Se,4 (orange curve),
Se,5 (green curve), and Se,6 (blue curve).
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5.4 Dynamics of the disordered system when the
flatband is preserved

In Sec. 3.1.1, we discussed a way of placing symmetric onsite energies with disorder
such that the FB in Fig. 3.2 is preserved. Results in Sec. 5.2 and Sec. 5.3 involved
placing the onsite energies [ϵ(K)

n in (4.13) with K being subsites A, B or C], on all
three subsites, where ϵ(K)

n was chosen randomly from an uniform disorder distribu-
tion in the interval [−W/2,W/2]. Let us recall from Sec. 3.1.1, that in order to
preserve the FB even in the presence of disorder, onsite energies values (on subsite
B and C in Fig. 3.1) need to be symmetrical. In our study, we set ϵ(B)

n = ϵ(C)
n = 0

and ϵ(A)
n randomly chosen in the interval ϵ(A)

n ∈ [−W/2,W/2] to obtain the frequency
spectrum results presented in Fig. 3.6. We take the case Wv,2, whose results are pre-
sented in Fig. 5.1 and Fig. 5.2, and using the particular onsite energy configuration
to preserve the FB, we obtain the case W v,2, which is the Wv,2 case but with the
FB preserved. The case W v,2 corresponds to the following set of parameters

• W v,2: β = 0.02, W = 2.46, L = 12.

Figures. 5.12 (a) and (b) respectively show the time evolution of ⟨m2⟩ (5.3) as well as
Γm2 for the W v,2 case. The rate of change tends to become Γm2 ≈ 0.33 and is shown
in Fig. 5.12 (b) and a power law of ⟨m2⟩ ∝ t0.33 is shown to be eventually achieved
in Fig. 5.12 (a). Comparing Figs. 5.1 (a) and (b) (results for Wv,2) to Figs. 5.12
(a) and (b), ⟨m2⟩ evolves with the same power law of ⟨m2⟩ ∝ t0.33. Comparing
the spatiotemporal evolution of the ξn (5.2) distribution for the W v,2 case shown in
Fig. 5.13 (a) to that of the Wv,2 case in Fig. 5.2 (a), we notice that in Fig. 5.13 (a),
ξn extends around 250 lattice sites to the left and right of the excitation block, L,
while ξn in Fig. 5.2 (a) extends only around 75 lattice sites to the left and right of
the initial excitation block.

Figures. 5.12 (c) and (d) show the time evolution of ⟨P ⟩ (5.4) as well as the
related rate of change ΓP for the W v,2 case. In Figs. 5.12 (c) and (d), ⟨P ⟩ evolves
with a power law ⟨P ⟩ ∝ t0.2, which is different from ⟨P ⟩ ∝ t0.1667 observed for Wv,2
in Figs. 5.1 (c) and (d). As the W v,2 case has onsite energies only on subsite A,
the overall participation number (5.4) will be higher than that of the participation
number in Wv,2 which has onsite energies on subsite A, B, and C. Therefore, the
overall effect of the W value is less for W v,2 which results in a higher participation
number (see Fig. 3.7).

Figures. 5.12 (e) and (f) show the time evolution of ⟨Λ⟩ (5.5) as well as ΓΛ for
the W v,2 case. The time evolution of the ⟨Λ⟩ in Fig. 5.12 (e) and (f) shows that
⟨Λ⟩ evolves with a power law of ⟨Λ⟩ ∝ t−0.25, which is the same power law as in
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Figs. 5.1 (e) and (f) (for the Wv,2 case). In Fig. 5.13 (b), the fluctuations of the mean
position ξ̄D

n (the white line) are similar to those found in Fig. 5.2 (b). Comparing the
fluctuations of ξ̄D

n in Fig. 5.13 (b) and in Fig. 5.2 (b), in Fig. 5.13 (b) the fluctuations
start earlier at t ≳ 103.5 rather than t ≳ 104 of Fig. 5.2 (b). The fluctuations of ξ̄D

n

in Fig. 5.13 (b) also show greater variance than those of Fig. 5.2 (b).

Figure 5.12: Similar to Fig. 5.1 but for the case W v,2. The dashed line indicate the
value Γm2 = 0.33 in (a) and (b), ΓP = 0.1667 in (c) and (d) and ΓΛ = −0.25 in (e)
and (f).
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Figure 5.13: Similar to Fig. 5.2 but for the case W v,2. Snapshots in (c)-(d) are at
the same times as in Figs. 5.2 (c) and (d).

5.5 Energy polarisation
In the final part of this chapter we investigate the polarisation of energy among
subsites. As the wave packet ξn (5.2) spreads [Fig. 5.2 (a) and Fig. 5.4 (a)], more
unit cells of the stub lattice are excited. In that context, it is worth checking how
ξn is distributed among the subsites of the excited unit cells and investigate if the
number of inter- and intra-site connections a subsite has will affect the part of ξn

which is in each subsite. In order to study the distribution of ξn within a unit cell
of the stub lattice, we use ξn (5.2) to determine ξ(K)

n , which is the normalised norm
distribution at each subsite of a unit cell,

ξ(K)
n =

N∑
n=1

(
q(K)

n

)2
+
(
p(K)

n

)2

2S , (5.8)
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and define the distributions

ξ(K)
LHS

=
L∑

n=1
(ξ(K)

n /
∑
K

L∑
n=1

ξ(K)
n ),

ξ(K)
RHS

=
N∑

n=L

(ξ(K)
n /

∑
K

N∑
n=L

ξ(K)
n ),

(5.9)

where K denotes subsites A, B, or C. We calculate the left hand side (LHS) nor-
malised norm distribution (ξ(K)

LHS
) of a subsite, which tells us what proportion of ξn

will be at subsite K on the LHS of the initial excitation region and in a similar
way we define the right hand side (RHS) normalised norm distribution (ξ(K)

RHS
). Both

distributions, ξ(K)
LHS

and ξ(K)
RHS

, are calculated at every time step of our simulation.
Fig. 5.14 provides a visual representation of where in the lattice the distribution
ξ(K)

LHS
and ξ(K)

RHS
are considered. The two representative cases, Wv,2 and Sv,7 discussed

in Sec. 5.2.1 and Sec. 5.2.2, respectively, are used to determine the time evolution
of the polarisation of ξn among subsites A, B, and C.

Figure 5.14: A schematic diagram showing which lattice sites are considered for
the computation of ξ(K)

LHS
and ξ(K)

RHS
(5.9) with L denoting the lattice region where the

initial excitation was located.

Firstly, we consider the results of ξ(K)
LHS

and ξ(K)
RHS

for the Wv,2 case (Fig. 5.15).
In Fig. 5.15 (a), the evolution of ξ(A)

LHS
, ξ(B)

LHS
, and ξ(C)

LHS
reach an equilibrium among

the subsites towards the end of the integration (t = 107) with the values of ξ(A)
LHS

,
ξ(B)

LHS
, and ξ(C)

LHS
eventually being around 33% of the total norm ξn (5.2). A similar

conclusion can be reached from the results in Fig. 5.15 (b) for the RHS part. For
the LHS wave packet, initially ξn is concentrated on subsites B as for t ≲ 104, ξ(B)

LHS

contains around 40% of ξn while each one of ξ(A)
LHS

and ξ(C)
LHS

have around 30%. From
the results of Fig. 5.15 (b), which shows the RHS parts, we see that for t ≲ 104,
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the highest part of the norm is concentrated on subsites A, as ξ(A)
RHS

contains around
40% of the distribution, while ξ(B)

RHS
and ξ(C)

RHS
have around 30% each. By comparing

Figs. 5.15 (a) and (b), we note that the subsite with the highest percentage of ξn

within a site is different for the LHS and RHS part. From the schematic of the stub
lattice model in Fig. 3.1, we see that the excitation on the LHS will first encounter
subsite B of a unit cell, while on the RHS it will first reach subsite A. Therefore,
in the initial phases of the evolution when ξn starts to spread, ξ(B)

LHS
and ξ(A)

RHS
will

contain most of the norm. As time evolves and the wave packet propagates further
in both the LHS and RHS, the proportions on ξ(K)

LHS
and ξ(K)

RHS
start to equalise.

Figure 5.15: Energy polarisation. The evolution of (a) ξ(K)
LHS

(5.9) and (b) ξ(K)
RHS

(5.9)
for the case Wv,2, with K representing subsites A, B or C, over a time integration up
to tf = 107. In (a) we show ξ(A)

LHS
(orange curve), ξ(B)

LHS
(blue curve) and ξ(C)

LHS
(green

curve). The same colours are used for plots in (b) but for RHS. Dashed lines in (a)
and (b) denote the value 0.33.

In Fig. 5.16, the ξ(K)
LHS

and ξ(K)
RHS

for the Sv,7 case is shown. Much like the behaviour
in Figs. 5.15 (a) and (b), in Figs. 5.16 (a) and (b), the evolution of ξ(A)

LHS
, ξ(B)

LHS
, and

ξ(C)
LHS

and ξ(A)
RHS

, ξ(B)
RHS

, and ξ(C)
RHS

reach equilibrium among the subsites [eventually each
being around 33% of the total norm ξn (5.2)] towards the end of the integration at
t = 107. Comparing the polarisation of total norm ξn on the LHS and RHS in the
Sv,7 case to that of the Wv,2 case, the equilibrium distribution is reached quicker in
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Figs. 5.16 (a) and (b) (at t ≳ 103) than in Figs. 5.15 (a) and (b) (at t ≳ 106). The
less time taken to reach equilibrium, is due to the faster wave packet spreading of
the Sv,7 case (discussed in Sec. 5.2.2). In Fig. 5.16 (a), before a state of equilibrium
is reached (t ≲ 103), ξ(B)

LHS
contains most of ξn (around 40%). A similar pattern

emerges for Fig. 5.16 (b), where ξ(C)
RHS

and ξ(A)
RHS

each contains most of ξn for t ≲ 103.
Like the Wv,2 case, the spreading of the wave packet in the Sv,7 case means that the
excitation on the LHS will first encounter subsite B of an unit cell and, therefore,
ξ(B)

LHS
will contain most of the norm in the initial phase (t ≲ 103). On the RHS, the

excitation will first encounter subsite A first, meaning ξ(A)
RHS

contains most of the
norm when t ≲ 103. However, as the wave packet is spreading faster, both ξ(A)

RHS
and

ξ(C)
RHS

accumulate a high proportion of the norm.

Figure 5.16: Similar plots to Fig. 5.15 but for the case Sv,7.
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Chapter 6

Summary and conclusions

In our study, we numerically investigated the wave packet dynamics and chaotic
behaviour of a simple tight-binding lattice model exhibiting FBs, the so-called the
stub lattice model. In particular, we investigated how disorder, nonlinearity, and
the presence of gaps in the frequency spectrum of the system affect the chaoticity
and spreading dynamics of wave packets.

After a general introduction to the topic of the thesis in Chap. 1 and a concise
presentation of various aspects of Hamiltonian, and lattice dynamical system, along
with the notion of chaos in Chap. 2, we introduced, in Chap. 3, the linear stub lattice
model Hamiltonian (3.1), showing that its frequency spectrum consists of a FB
(ω = 0) and two dispersive bands (ω±

√
3 + 2 cos q) separated by a bandgap of width

α. We also discussed how introducing disorder leads to AL, and the destruction of
the FB, with the size of the bandgap shrinking as the disorder strength increased.
We also discussed the spreading of initially localised wave packets in the model,
and establishing the existence of different dynamical regimes in an appropriately
chosen parameter space of the model (i.e., the weak chaos, strong chaos, and self
trapping regimes). Then, in Chap. 4, we presented a general overview of the various
numerical techniques we use in our study.

The main results of our work are presented in Chap. 5. To explore the wave
packet dynamics of the stub lattice model, we use the ABA864 symplectic integrator
to integrate the systems EOM and its variational equations. In order to study the
wave packet evolution, we compute in Sec. 5.1 the second moment, m2 (5.3), of
the systems norm to quantify the spreading extent, while the degree of localisation
is characterised by using the wave packets participation number, P (5.4). The
chaoticity of the system was quantified through the computation of the finite-time
mLE, Λ (5.5). Using all these quantities, we described in Sec. 5.2 the basic features of
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the weak, strong, and self trapping regimes. The strong chaos regime showed faster
spreading as ⟨m2⟩ (averaged results over several disorder realisations) eventually
showed a growth described by ⟨m2⟩ ∝ t0.5, while for the weak chaos regime, the
estimated power law growth was shown to be ⟨m2⟩ ∝ t0.33. Additionally, in terms of
the system’s chaoticity, our results, for both the strong and weak regimes, showed
a decaying chaos strength indicated by the power laws ⟨Λ⟩ ∝ t−0.3 and ⟨Λ⟩ ∝ t−0.25,
respectively. Moreover, in Sec. 5.3.1, fixing either the nonlinearity parameter β
or the disorder strength W and varying the other parameter, we investigated the
transition between different dynamical regimes, which is reflected on the computed
values of the various power law exponents, which varied as 0.33 < Γm2 < 0.5,
while −0.3 < ΓΛ < −0.25. Our work shows that wave packet spreading in the
stub lattice model is subdiffusive for the weak and strong chaos regimes while no
spreading occurs for the self trapping regime. Furthermore, the faster the wave
packet spreads, the slower its chaoticity declines. Through a holistic investigation
of the system’s parameter space, we showed that the increase of nonlinearity results
to faster spreading while the increase of the disorder strength is shown to favor the
localisation of wave packets.

In Sec. 5.3.2, an analysis of the effect of the bandgap on the spreading of wave
packets was performed by varying the values of W for both the weak and strong
chaos regimes. Before band gap closure, the weak chaos studied case showed a second
moment power law increase ⟨m2⟩ ∝ t0.4 and an mLE power law decay according
to ⟨Λ⟩ ∝ t−0.25. On the other hand, the weak chaos cases exhibited power laws
⟨m2⟩ ∝ t0.4 and ⟨Λ⟩ ∝ t−0.25 when there was no band gap present. A similar analysis
was done in the strong chaos regime, however, due to computational limitations, as
longer then t = 107 simulations were needed, a conclusive asymptotic behaviour of
both ⟨m2⟩ and ⟨Λ⟩ was not established. Our study shows that the presence of a gap
in the frequency spectrum does not affect the spreading dynamics of weak chaos
cases for W > 1.16.

In Sec. 5.4, particular disorder configurations which preserve the FBs were con-
sidered. By comparing two weak chaos cases, one with onsite energies that preserve
the FB with another which does not, we showed that the second moment grows as
⟨m2⟩ ∝ t0.33, while the finite time mLE decreases as ⟨Λ⟩ ∝ t−0.25 in both cases. A
difference between the two cases appeared with respect to the wave packets par-
ticipation number P , which showed a power law increase ⟨P ⟩ ∝ t0.2 when the FB
was preserved followed by a different power law growth (⟨P ⟩ ∝ t0.1667) when the
FB was destroyed. The difference in the exponents of these power laws was possi-
bly due to the way in which we configured our onsite energies to preserve the FB.
Thus, our investigation showed that whether the FB is maintained or destroyed, the
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wave packets spreading is characterised by the same power law growth of the second
moment, i.e., ⟨m2⟩ ∝ t0.33, as well as the same evolution of the finite time mLE,
⟨Λ⟩ ∝ t−0.25, for the weak chaos regime.

Finally, in Sec. 5.5, the time evolution of the norm distribution, ξn (5.2), of the
wave packet within subsites of the stub lattice model was discussed. Our results
showed that in the weak chaos and strong chaos regimes, the wave packet moving to
the left of the initial excitation (encountering subsite B of the next unit cell first),
and the part moving to the right (initially encountering subsite A of the next unit
cell) exhibited some differences in their behaviour. More specifically, we identified
an initial phase of the evolution during which there was an uneven distribution of
ξn amongst the subsites of the unit cells. In particular, subsite B on the LHS of the
initially excited part of the lattice had around 40% of the norm moving left, whereas
subsite A and C on the LHS of the initial excitation had, each one of them around
30% of the ξn moving left. A similar observation was made for the right moving
wave packet, where subsite A on the RHS had around 40% of the ξn moving right,
while each subsite B and C on the RHS of the initially excited part of the lattice had
around 30% of the ξn moving right. However, these uneven distributions of the norm
reached equilibrium amongst subsites towards the end of the integration. Therefore,
our study shows that given enough time, the wave packets norm will become evenly
distributed amongst subsites of the stub lattice model.

As a final remark we note that future investigations could consider further nu-
merical studies of the dynamical behaviour of initially localised wave packets in
the strong chaos regime when frequency band gaps are present, as our results in
Sec. 5.3.2 are rather inconclusive due to the limitations in the available computa-
tional resources. Furthermore, a similar analysis to the one performed here can be
also done for other lattice models exhibiting a FB, such as the pyrochlore ladder
lattice or the diamond lattice.
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