
Univ
ers

ity
 of

 C
ap

e T
ow

n

Testing General Relativity with
the next generation of
cosmological surveys

Teboho Abram Moloi

Department of Mathematics, as part of ACGC
University of Cape Town

This dissertation is submitted in fulfillment of the requirements for the
Doctor of Philosophy degree

Supervisor:Dr Julien Larena
Cosupervisor:Dr Chris Clarkson June 2019



Univ
ers

ity
 of

 C
ap

e T
ow

n

 

 

 

 

 

 

 

 

 

The copyright of this thesis vests in the author. No 
quotation from it or information derived from it is to be 
published without full acknowledgement of the source. 
The thesis is to be used for private study or non-
commercial research purposes only. 

 

Published by the University of Cape Town (UCT) in terms 
of the non-exclusive license granted to UCT by the author. 
 



To Nkosingiphile and our son Pheello.



Abstract

The late-time acceleration expansion of the Universe is conceptually considered the
great burdensome issue in theoretical physics (cosmological problem) dubbed dark
energy (DE) problem. In general relativity (GR) framework view point, there are
two ways to explain where this acceleration might originate from; this riddle might
either emerge from some unknown dark energy models or general relativity is a mistake
on cosmological scale and dark energy is insubstantial. Innovative efforts have been
carried out to comprehend the origin of the cosmic acceleration, involving surveys
such as baryon acoustic oscillations (BAOs), Type Ia supernovae, weak gravitational
lensing and the abundance of galaxy clusters. The next generation of cosmological
surveys including LSST, DES, eBOSS, DESI, PFS, SKA and WFIRST; are aimed to
provide percent-level or higher measurement of history of expansion and growth of
structure over a volume which is sizable fraction of the whole observable Universe,
these measurements provides strong constrains on DE.
In this analysis, we investigate the Horndeski scalar-tensor theories and beyond which
has been recently described in the generilized dark energy (DE) or scalar-tensor
paradigm - dubbed unified dark energy (UDE). This applies the 3+1 Arnowitt-Deser-
Misner (ADM) formalism where a general action in unitary gauge depends on the
lapse function and geometrical scalar quantities. This approach is convenient since it
generates a unified framework of modified theories based on UDE or effective field theory
(EFT) of linear cosmological perturbations on Friedmann-Lemaitre-Robertson-Walker
(FLRW) background, this are generally characterized by five free time-dependent
functions αi (αB,αH ,αK ,αM ,αT ) each describing different properties of unified dark
energy physical outcome. The evolution equations for the given UDE which assimilates
beyond-Horndeski paradigms appear to correspond to a non-conservative DE scenario,
in which the total energy-momentum tensor is not conserved.
Furthermore, we evaluate the large-scale imprint of this UDE, by probing the two-point
correlation function or power spectrum of galaxy number counts and the magnification
of galaxies, on horizon scales; making sure to include the full relativistic corrections
in the observed overdensity and convergence. This yield new observables which gives
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independent insights regarding the peculiar velocity of galaxies, the growth of structure
of the Universe etc.
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Chapter 1

Introduction

A book, too, can be a star, a living fire to lighten the darkness, leading out
into the expanding Universe.

— Madeleine L’Engle

The centerpiece of the galaxy clustering studies has been two point correlation function
(2PCF) over years, the importance of this statistical quantity has been rigorously
discussed by [199]. 2PCF in modern physics describes the way in which the actual
distribution of galaxies deviates from a simple Poisson distribution. Nevertheless, 2PCF
is not the only statistical quantity in cosmology there are many descriptors like genus
topology, three point correlation function which dubbed as bispectrum and so forth,
unfortunately in this thesis we won’t go in to details on other statistical quantities but
2PCF.

There are two kinds of 2PCF: (i) describes the clustering in space known as the
spatial correlation function ξ(r). (ii) Describes the clustering as projected on the sky,
thus describing the angular distribution of galaxies in a typical galaxy catalogue dubbed
the angular distribution ω(θ). The matter power spectrum is the Fourier transform of
the correlation function. We know that power spectrum is the basic outcome of the
structure formation, growth and the large scale structure of the Universe. 2PCF could
be used to test unknowns like dark energy DE and dark matter DM, it should be noted
that here when we refer to DE this include modification of gravity. It is in our believe
or guess that if modified gravity MG could be a source candidate for acceleration of
our Universe, then it can definitely be described in term of the background dark energy
density.

Lets give a picture from concordance model of the Universe, of about 4% matter
of the Universe is what is known as baryons in cosmology (neutrinos and radiation),
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then 73% of the energy density is composed of DE and the remaining 23% is dark
matter. This is a driving factor for us to get our hands dirty with DE, reason being
the majority of our Universe is dominated by this unknown. Additional motivation we
have strong believe that the solution to this mystery might give us the more details of
our Universe’s fundamentals. It is our hope that this could give a better explanation
for the expansion of the Universe.

1.1 Dark Energy experiments

What do we get from observations? From [204, 209] provided the exiting news that
our Universe is accelerating. What really makes DE a key factor is that it has a
negative pressure, now this negative pressure opposes the gravitational force this leads
to the accelerating expansion of the Universe. For years there where many attempts
to understand DE, One of the candidates is called cosmological constant Λ, which
has a constant energy density [242]. (See for more details [7]) focusing on particle
physics perspective, vacuum energy density describes the cosmological constant. At
Planck scale, the vacuum energy density is much larger than the observed value of the
Λ energy density dubbed as dark energy. Furthermore, several experiments have been
conducted in order to constrain this most favored model of the Universe.

1.1.1 Cosmic Microwave Background

Unquestionably the gold of cosmological observable is the cosmic microwave background
(CMB). As specified by Big bang theory—that the Universe began hot and dense,
then expanded and cooled. The early Universe in hot, dense conditions the photons
and matter were coupled together. When the Universe was about 300.000 years
old the temperature dropped to Tdec ∼ 3000K this leads to the formation of atomic
hydrogen and photons decouple from matter. These decoupled photons propagate
freely through the Universe makes up observed cosmic microwave background (CMB)
today [3]. The recent Planck the joint constraint with BAO measurements on spatial
curvature is consistent with a flat universe, ΩK = 0.001±0.002. And with the addition
of Type Ia supernovae (SNe), the DE equation of state parameter is measured to be
w0 = −1.03±0.03, consistent with a cosmological constant [4].
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1.1.2 Type Ia Supernovae

Supernovae are an explosion of massive stars, which are generally classified into two
types: Type I or Type II depending upon the shape of their light curves and the nature
of their spectra, the commonly used in modern physics is Type Ia which occurs when
accretion white dwarf (descendant of a low mass star) goes above Chandrasekhar limit
and collapses, causes carbon-fusion and explodes in a supernova. Due to the fact that
this objects are well studied and all their mass is the same during the explosion, this
can be used as the standard candle to measure luminosity distance dL(z). Since the
intrinsic luminosity L of such events are constants and one can measure the flux F

directly from the supernova, then luminosity distance can easily evaluated from the
relation [87, 204, 209, 222],

dL(z) =
√

L

4πF = (1+ z)
∫ z

0

dz′

H(z′) . (1.1)

In modern physics we determine the luminosity distance from the distance modulus
of the apparent magnitude m of the object 1 and the absolute magnitude M 2 given

by, m−M = 5log10

(
dL

10pc

)
. Type Ia supernovae at high redshift, measure higher

derivatives of dL(z), which we use to measure the time evolution of the Dark Energy
equation of state parameter wDE from supernova without involving CMB and without
worrying about any degeneracies Turner and Huterer [234].

1.1.3 Baryon Acoustic Oscillations

Over years it have been shown that the matter power spectrum (its Fourier transform
2PCF) is not the only key diagnose feature that could be evaluated as function of
redshift [103, 221, 235]. This oscillations appear in the 2PCF because the acoustic
perturbations in the era prior to recombination, era where the Universe has been
filled with transparent fluid of coupled (baryons, photons and electrons) dubbed as
photon-baryon fluid provide new feature. Furthermore, even though the magnitude of
the baryon oscillations are small—they are more distinct than 2PCF. Thus, provide a
very useful standard ruler even at low signal-to-noise.

1proportional to the log of the flux
2proportional to the log of the intrinsic luminosity (we note that 5 astronomical magnitudes

correspond to a factor of 100 in flux or a factor of 10 in luminosity distance)
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1.1.4 Weak Lensing Surveys

When light rays emitted by a distant source get deflected by passing the matter
distribution along the line of sight of the observer. The deflection results in some
distortions of the image of the object, that involves both shear and magnification (or
demagnification). It is worth mentioning that shear and convergence are observables.
Furthermore, weak-lensing associate with distortions of the images of distant source by
primordial fluctuations in the line of sight but does not correspond to lens. Therefore,
weak-lensing is able to probe the intervening matter through the gravitational potential
which can be compared to theory. Weak-lensing also yields a unique ways of probing
the Dark Energy [17, 109, 180, 189, 223, 226, 231]. (More comprehensive review of
Weak-Lensing is provided in chapter. 2)

1.1.5 Cluster Surveys

The most large-scale structure objects are galaxy clusters, which has redshift distribution
that is given by [136, 142, 161, 185, 239, 244]

dN

dz
(z) = ∆Ω dV

dzdΩ

∫ ∞

Mlim

dn(M,z)
dM

dM (1.2)

Where dV/(dzdΩ) is the comoving volume element and ∆Ω is the solid angle of the
survey. This allow for the prediction of mass function dN/(dMdV ) for the abundance
of clusters, these can be used to be compared to observations from galaxy surveys.
Furthermore, making use comoving volume element one can extract the dependence on
DE, which depends on scale factor. Hence, tracks the cosmological history. Additional
dependence can be extracted from the way the mass function depends on the growth
of perturbations, which are very turn sensitive to the Hubble factor. Correspondence
to the magnitude of perturbations in the CMB enable us to consider the dependency
in prediction of the expected mass function [40].
Later on the thesis, this review will be reintroduced when we evaluate the galaxy
number count in chapter. 5

1.1.6 Alcock-Paczynski test

Alcock-Paczynski test is one of the interesting cosmological test due to the fact that it
does not depends on the evolution of galaxies, but only on the geometry of the Universe
dubbed as assumption free. The key diagnose is to measure an evaluation of the ratio
of observed angular size to radial size given both as a function of redshift [5, 173].
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1.2 Fundamental topics of this work

In this thesis we are mostly anxious with testing standard theory of gravity at largest
possible observable scale through estimation of the velocity field or the formation
of structure at late-time cosmology. Moreover, we show a unified framework which
allow us to deliver theoretically reliable forecasts for growth of structure for possible
contending scalar-tensor theories to general relativity GR. Thus, we exploit two phases
of the explored aspects. First phase: Priority being predictions of cosmological probes
such as Euclid [159] and the SKA [175], we investigate the large-scale imprint of DE by
means of joint correlations between the observed density contrast and the magnification
of galaxies. Furthermore, from this we extricate diverse multipoles which yields new
observables which give independent information about the growth of structure, the
velocity field of galaxies and so forth. We evaluate all this in GR, as a means of more
accurately using galaxy surveys to calculate the parameters of the concordance model.

Second phase: After we’ve resolved the variability of all new observables, we
generalize them into more generic modified theories or effective field theories. Many
theories of gravity can be encompassed within a broader context whereby deviations
from GR can be parameterized by free functions, it is this we aim to constraint
observationally. We sought combinations of the correlation functions to isolate these
free functions so as to determine them observationally. These can be considered as
providing null tests for the standard theory of gravity. We provide predictions for the
measurability of these parameters for cosmological probes such as SKA3 and DESI 4.

1.3 Configuration of this thesis

The structure of this thesis is as follows; in chapter. 2 we review the cosmological
perturbation theory and it’s applications we mainly center our attention to the scalar,
vector and tensor modes. We analyze the gauge problem, we also provide the Einstein
equations and we make available the experience of the generalized fluid systems. We
discuss the basic on weak gravitational lensing which will be of importance later on in
this dissertation.

In chapter. 3 we outline the large scale fluctuation spectra and we describe the
magnification bias in the large-scale structure

3https://www.skatelescope.org
4https://www.desi.lbl.gov/
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In chapter. 4 we introduce the effective field theory of DE, we also discuss the UDE
formalism and provide the generalized action for linear cosmological perturbations.

We apply this apparatus in chapter. 5 by probing beyond-Horndeski gravity on
horizon scales. The evolution equations for the given UDE appear to correspond to
a non-conservative DE scenario, in which the total energy-momentum tensor is not
conserved. We investigate the large-scale imprint of this UDE, by probing the angular
power spectrum of galaxy number counts, on horizon scales; taking are to include
the full relativistic corrections in the observed overdensity. Additionally, we probe
two-point correlation functions for Doppler magnification. This whole chapter is mainly
based on my on work. The recent published work on this chapter my collaborators
focused on cls while here I just looked into two point correlation funtions.

Finally, in chapter. 6 we look into the modification of gravity signature in quasistatic
limit approximation. firstly We investigate the large-scale imprint of this UDE, by
probing the 2PCF of galaxy overdensity-convergence-galaxy; taking are to include the
full relativistic corrections in the observed overdensity and convergence. Secondly We
show that the next generation of spectroscopic galaxy redshift surveys will be able to
measure the Doppler magnification effect with sufficient signal-to-noise to test GR on
large scales. We illustrate this with forecasts for the constraints that can be achieved
on parametrised deviations from GR for forthcoming low-redshift galaxy surveys with
DESI and SKA2.

In chapter. 7 we give general conclusions and discuss the possible future work to
follow up on the research presented here.

Appendix.A provides the detailed GR evaluation of galaxy overdensity. Appendix. B
provides the useful function or parameters used in computing the correlation functions.
In Appendix. C we evaluate some of the multipoles. Lastly, in Appendix. D we give
the modified perturbed Einstein equations, beyond-Horndeski parameters and we also
provide the quasi-static limit approximation



Chapter 2

Linear cosmological perturbation
theory and weak-lensing

In this chapter we review the basic background equations based in the Friedmann-
Lemaitre-Robertson-Walker (FLRW) background and we review in component context
the scalar, vector and tensor linear perturbations equations—this will serve as very
useful tools for the analysis of some of upcoming chapters. We begin by introducing
the non interacting space-like hypersurfaces then discuss the Arnorwitt-Deser-Misner
(ADM) formulation of general relativity (GR) and make available their useful action
and Lagrangian. After we review the spatially homogeneous and isotropic background
of our Universe and the perturbations around it, we also provide their perturbed metric
and we also addressed the gauge problem in the perturbation theory. We give the small
review of the geodesic equations and their perturbed equations that are very important
in the derivation of galaxy number count in Appendix. A. We provide the scalar, vector
and tensor Einstein field equations and introduce the multi-component interactions
of fluids in the perturbed Universe—this are all within Newtonian gauge; which we
particularly used throughout this thesis. We finish off the section by providing the
basics of gravitational lensing.

2.1 Hypersurfaces and the ADM formalism

In this section, we describe the foliation (The non-interacting space-like hypersurfaces∑
t where t is scalar function such that t= arbitrary const) of co-dimension space-like

hypersurfaces, which results into a time-like gradient involving the scalar field ϕ. The
decomposition of time vector tµ in the basis provided by the normal and the tangent
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vector 1 demonstrated in Eq. (2.1) ;

tµ =Nnµ +Nµeµ
µ (2.1)

Where lapse function is denoted by N(x⃗, t) as the normalized and shift vector is
Nµ(x⃗, t). The normal vector to the foliation nµ ≡ −N∇µϕ. We note that this curves
are not geodesics nor intersect orthogonality. Furthermore, we introduce the extrinsic
curvature tensor and acceleration vector field given by

Kµν ≡Dµnν and aµ ≡Dµ lnN (2.2)

Which are respectively in correspondent with the components of ∇νnµ which are
parallel and perpendicular to the hypersurfaces, where the induced metric on the
hypersurfaces yields hµν ≡ gµν +nµnν , with Dµ being the intrinsic covariant derivative
associated with hµν .Thus, we can express the second derivatives of ϕ and the extrinsic
curvature tensor as follows

!!µ	
	

	

h 

Fig. 2.1 Schematic for 3+1 Decomposition of the vector tµ into lapse function N (the
normalized coefficient) and shift vector Nµ.

Kµν = −N∇µ∇νϕ+nµaν +nνaµ + 1
2Xnµnνn

γ∇γX (2.3)

Where X ≡ gρσ∇ρϕ∇σϕ.
In the ADM formalism, we express the 3+1 decomposition by the following metric (see

1Reader should note that basis eµ
µ is equal in specified coordinates to the Kronecker’s delta δµ

µ ,
the same applies for tµ and δµ

t
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[13, 128–130] for comprehensive review)

ds2
ADM = −(N2 −NiN

i)dt2 +2Nidx
idt+hijdx

idxj (2.4)

Where hij is the spatial metric, we use this to lower and raise indices. additionally,
we define the components of the metric as follows; g00 = −(N2 −NiN

i), g0i =Ni and
gij = hij .Then the inverse of the metric components are; g00 = − 1

N2 , g0i = N i

N2 and
gij = hij + N iNj

N2 . A normal unit vector orthogonal to constant time hypersurface ∑t is
denoted by

nµ ≡
(

1
N
,
N i

N

)
, nµ ≡ (−N,0,0,0) (2.5)

The extrinsic curvature of hypersurface ∑t is defined as

Kij =Dinj = Γµ
ijnµ = −NΓ0

ij (2.6)

Where covariant derivatives and Christoffel2 symbols are respectively3 denote by

Dµnν ≡ ∂µnν −Γα
µνnα (2.7)

And

Γα
µν = gαβΓβµν = 1

2g
αβ(∂µgβν +∂νgβµ −∂βgµν) (2.8)

The extrinsic curvature tensor satisfies the following characteristics

1. The space-like metric hij and its covariant derivative Dk is always commutative;
this can be deduced from Eq. (2.6)

Kij = h l
j h

k
i Dknl ≡ h k

i Dknj +njn
lh k

i Dknl (2.9)

2. The extrinsic curvature tensor is symmetric; Kij = Kji, which yields Kij =
1
2(Kij +Kji)

2Γα
µν goes by multiple names Levi-Civita connections, connection coefficient or affline connections.

3Note also that the curvature tensor in theories with non-metric connection can be viewed as an
(exact at second order) variation of the Riemannian one with respect to the connection being varied
from its Levi-Civita value by non-metricity and contortion tensors Golovnev [120]
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3. The extrinsic curvature is half of the Lie derivative of the intrinsic metric along
the unit normal (detailed by [83, 236] ):

2Kij = nkDkhij +hkjDin
k +hikDjn

k = Lnhij (2.10)

The above expression can be reformulated as follows Kij = 1
2N h

k
i h

l
j (Lthkl −

LNhkl)

Making use of the four properties and Eq. (2.1) and with some algebra the extrinsic
curvature tensor finally becomes

Kij = 1
2N (ḣij −DiNj −DjNi) (2.11)

This vasty contribute to velocity of the spatial metric and hence a good candidate
for its momentum. Furthermore, the 4-dimensional curvature is often involved in
Lagrangian for gravitational theories, using the Gauss-Codazzi equation and Ricci
equation together with the symmetry of the Riemann tensor we arrive at

(4)R =KijK
ij − (Ki

i)2 −2∇iv
i +R (2.12)

Henceforth, we will consider the general gravitational actions which we express in term
of the geometrical quantities given as

Sg =
∫
d4x

√
−gL(N,kij ,Rij ,hij ,Di; t) (2.13)

In GR we Neglecting total time derivative and covariant divergence4 terms, we finally
obtain the Einstein-Hilbert action in the ADM formalism:

SEH = 1
16πG

∫
d4x

√
−detgR =

∫
dtLGR (2.14)

The Lagrangian in term of the extrinsic curvature and the 4 Ricci scalar is denoted by

LGR = 1
16πG

∫
d3xN

√
−deth

(
KijK

ij − (Ki
i)2 +R

)
(2.15)

Where the determinants detg = −N2deth. Henceforth, the results given Eq. (2.13)
made active for more complicated modified gravity models such as (Quintessence, f(4R)

4Note that the vector field vi is defined as follows : vi = −niDknk +nkDkni
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theories, Horava-Lifshitz theories, Horndeski theories, Beyond Horndeski theories and
so forth).

2.2 FLRW metric perturbations

Observations have shown [43] that the geometry of the Universe is roughly homogeneous
and isotropic, this can be best described by the homogeneous and isotropic FLRW space-
time metric [110, 160, 211, 237]. On large-scale the observable Universe is effectively
described by cosmological paradigms based on FLRW geometry. However, this fails to
explain the ’real’ Universe well in an essential way, due to their conceptualized degree
of symmetry which in comparison does not compare with the ’lumpy’ real Universe.
Thus, this needs to be perturbed in order to get realistic ’almost-FLRW’ Universe
paradigm, which will be useful in evaluation of the inhomogeneities and anisotropies
arising during structure formation so as the comparison of this an the observations.

The linearized cosmological perturbation theory around FLRW background metric
has quiet a history, which originated or introduced by [166], summarized by [167], addi-
tional crucial extensions was introduced by [21] which shines a light on gauge-invariant
potentials to describe the metric perturbations, other motivated by this work are given
by [121, 188]. This theory provide important tools when we confront dark energy
paradigm with observations of the cosmic microwave background (CMB) and large-scale
structure (LSS) and this will enable one to make theoretical predictions. Throughout
out this thesis our computation are with in linearized cosmological perturbation theory
[7, 87, 95, 96, 151, 176, 188, 214]—via the following underlying action Einstein-Hilbert
action

SEH [gµν ] = 1
2K

∫
M
d4x

√
−g(R−2Λ+Lm) (2.16)

Where the dynamical variable is the metric gµν of the spacetime manifold M, with
K = 8πG

c4 , g = det[gµν ] is the determinant of the metric tensor, R is the Ricci scalar,
Lm is denoted by Lagrangian of matter and finally Λ is the cosmological constant. The
action above results in Einstein’s field equations

Rµν − R

2 gµν +Λgµν = −K 2√
−g

δ(√−gLm)
δgµν

=⇒ Gµν +Λgµν = 8πG
c4

Tµν (2.17)
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Where Rµν and gµν are the Ricci and metric tensors respectively, Ricci scalars are
denoted by R ≡Rα

α. We define stress-energy tensor as follows

Tµν ≡ −2√
−g

δ(√−gLm)
δgµν

(2.18)

We also define the Einstein tensor to be given by

Gµν =Rµν − 1
2Rgµν , Gµν = 8πG

c4
Tµν (2.19)

The combination of Bianchi identity ∇µGµν = 0 and ∇µgµν = 0 lead to energy-
momentum conservation ∇µTµν = 0. Prior to evaluation of expressions above we
introduce perturbations in FLRW Universe, described by the line element in polar
coordinates.

ds2
F RW = a2(η)[−c2dη2 + dr2

1−Kr2 + r2dθ2 + r2 sin2 θdϕ2] (2.20)

Where η is the conformal time related to proper time t by the relation adη = dt, a(η)
is the scale factor and (r,θ,ϕ) denotes polar coordinates. We choose the spacetime
curvature constant K to take only discrete values −1, +1 and 0 corresponding to
closed, open and flat geometries, µ and ν indices range from 1 to 3. Throughout
this dissertation our work is enclosed by FLRW Universe framework. Furthermore, in
subsections to follow we outline the linear cosmological perturbations theory in FLRW
Universe.

2.2.1 Metric fluctuations

The metric tensor about the perturbed FLRW Universe may be decomposed by

gµν = ḡµν + δgµν (2.21)

This can be decomposed into scalar, vector and 2-rank tensor fluctuations. The
background term gµν(η) is time dependent and its components are given as follows;
ḡ00 = −a2, ḡ0i = 0 and ḡij = a2γij . Where γij is the metric on the 3-dimensional space
with fixed curvature K. Henceforth, the vertical bar (e.g Xab..|i) denote the covariant
spatial derivative. Furthermore, the components of scalar fluctuation metric might
be parametrized by scalar quantities (i.e metric fluctuations follow the notation of
[24, 179, 188], apart from [24, 179] they make use of ϕ rather than A as the perturbation
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in the lapse function ϕ= ϕ(η,xi), ψ = ψ(η,xi), B =B(η,xi) and E = E(η,xi) with xi

being the space vector), correspondently as follows;

δg00 = −2a2ϕ, δg0i = a2B|i, δgij = 2a2(ψδij −E|ij) (2.22)

The components of metric vector fluctuations which are given by

δg00 = 0, δg0i = Si, δgij = Fi|j −Fj|i (2.23)

Where Fi and Si are non-divergence vectors.
Lastely we have the component of metric tensor which reads δgij = a2hij , where hij

is the trace-free and divergence-free. Thus, the linearly perturbed FLRW Universe
metric is given as

ds2 = a2(η){−(1+2ϕ)dη2 +2(B|i −Si)dxidη

+[(1−2ψ)δij +2E|ij +2F(i|j) +hij ]dxidxj (2.24)

The intrinsic Ricci scalar curvature of ∑t constant time hypersurfaces and acceleration
are given by

R = 4
a2∂

2ϕ, ai = ϕ,i (2.25)

Where ∂2 = δij∂i∂j is the spatial Laplacian. Hence we refer to ϕ as the curvature
perturbation. Throughout this thesis we will consider all this introduced (scalar, vector
and tensor) perturbations: due to the fact that tensor mode result in gravitational
waves and this will also help to feather our understanding of the generalized theories
of linear cosmological perturbations which we will look at later on the thesis.

2.2.2 Energy-momentum stress-tensor perturbations

In this subsection, we treat the energy-momentum to be a perfect fluid which involves
baryonic and dark matter fluids, on the subsection. (2.2.6) we will provide the more
generalized scenarios that includes dark fluids. The perfect fluid energy-momentum
stress Tµν is given by

Tµν = uµuν(ρ+p)+pδµν +πµν (2.26)



2.2 FLRW metric perturbations 14

Where the matter density fluctuation is defined by δ = δρ
ρ̄ . With the total energy

density ρ and total pressure p and uµ is the four-velocity which we can break down as
uµ = ūµ + δuµ, making use of uµu

µ = −1, the linear perturbed velocity and its inverse
becomes

uµ = a[−(1+ϕ),(v+B)|i +(v−S)i], uµ = 1
a

[(1−ϕ),v i
| +vi] (2.27)

This introduce the irrotational peculiar velocities. From Eq. (2.26) where we have
included the gauge invariant anisotropic stress tensor which split into (scalar Π, vector
πi and tensor (tensor)πij) [7, 95, 176]

πij = Π|ij − 1
3∇2δij + 1

2(πi|j +πj|i)+(T ) πij (2.28)

Note that in [95] this is expressed slightly different since they neglect the vector modes
and tensor modes, whereas from [7] the anisotropic stress tensor is set to zero. Now
elaborating on the perfect fluid energy-momentum stress tensor in perturbed FLRW
Universe which we can decompose into backgrounds and perturbations to take the
form

Tµν = T̄µν + δTµν (2.29)

The energy-momentum stress tensor backgrounds and perturbations components re-
spectively yields

T̄00 = − 1
a2 ρ̄, T̄i0 = 0, T̄ij = 1

a2 p̄δij (2.30)

And

δT00 = − 1
a2 δρ, (2.31)

δTi0 = 1
a2 [(ρ̄+ p̄)(v| +v)i], (2.32)

δT0i = 1
a2 {(ρ̄+ p̄)[(v+B)|i,(v−S)i]} (2.33)

δTij = 1
a2 (δρδij +πij) (2.34)

As initiated in section. (2.2) Bianchi identity ∇µGµν = 0 and ∇µgµν = 0, result into
the covariant derivative of the total energy-momentum tensor vanishing, explicitly



2.2 FLRW metric perturbations 15

given by

∇µT
µ
ν = ∇µT̄

µ
ν +∇µδT

µ
ν (2.35)

The background part yields (called energy density continuity equation)

ρ̄′ +3H(ρ̄+ p̄) = 0 (2.36)

Where H is comoving Hubble parameter, which we define as

H = a′

a
= aH with H = ȧ

a
(2.37)

Then the perturbations part (scalar, vector and tensor fluctuations ) of Eq, (2.35)
which results into conservation equations for energy density and momentum density in
scalar mode respectively denoted by

δρ′ +3H(δρ+ δp)−3(ρ̄+ p̄)ψ′ +(ρ̄+ p̄)∇2(v+E′) = 0 (2.38)

[(ρ̄+ p̄)(v+B)]′ + δp+ 2
3(∇2 +3K)Π+(ρ̄+ p̄)[ϕ+3H(v+B)] = 0 (2.39)

In vector modes there is no energy conservation equation only momentum conservation
equation which read

[(ρ̄+ p̄)(vi −Si)]′ +4H(ρ̄+ p̄)(vi −Si) = (∇2 +2K)πi (2.40)

In tensor mode there is no energy (scalar quantity) nor momentum (vector quantity)
conservation equations, since both this quantities are dissociate from tensor quantities.

2.2.3 The gauge problem

In general relativity we relate the space-time background points and perturbation points
through some coordinate system, this does not favor any particular coordinate, One can
choose the coordinate system however one pleases - hence in modern physics we refer to
this as freedom of choice of coordinate. However, for spacetime background coordinate
system, there are countless plausible space-time perturbed coordinate system which
are vey close to each other. (for comprehensive see reviews by [55, 177–179, 183, 210]).
Now we introducing the two space-time manifolds - (i) FLRW Universe background
M̄ and the physical Universe M with inhomogeneities - this coordinates choice can be
considered to mapping x between the manifolds background M̄ and M. (ii) Mapping
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the same point in M̄ into different point in M - considering the inverse of the maps x
and x̃, one may assign two different set of points in M.
Provided a set of coordinates x, then a perturbation of a quantity Q (i.e., Ricci scalar,
metric ... ) on M and Q̄ on M̄, we define this as the variance between the quantity
and fixed function at the fixed point given as

δQ(x) =Q(x)− Q̄(x), δQ̃(x̃) = Q̃(x̃)− Q̄(x̃) (2.41)

The above gauge artifact carries not importance physically. However, this can be
made meaningful by studying the coordinate transformation on the metrics (in sub-
section. (2.2.1) certain degrees of freedom of the perturbations are gauge artifacts).
Considering the gauge transformation (given a set of coordinate xµ = (η,xi) )composed
of temporal and spatial parts

xµ → x̃µ = (η̃, x̃i), η̃ = η+ ξ0(η,ξi), x̃i = xi + ξ̄i(η,ξi)+ ξ i
| (η,ξi) (2.42)

Where ξµ = (ξ0, ξi = ξ i
| + ξ̄i) is the four vector transformation, ξ0 is arbitrary scalar

function5 and ξ̄i is divergence-free three vector6. Using (2.41) and the scalar transfor-
mation law and the fact that transformation change don’t affect backgrounds (i.e.,ϕ(t))
, we define metric transformation as follows

δgµν(x) → δg̃µν(x) = δgµν − (∇µξν +∇νξµ) (2.43)

Where ξν = gνσξ
σ and the covariant derivative denote by ∇µ. The above expression

shows that perturbations are not invariant under transformation coordinate system.
Now if we perform the coordinate change of the perturbed line element Eq. (2.24)

ds2 = a2(η̃){−(1+2ϕ̃)dη̃2 +2(B̃|i − S̃i)dx̃idη̃

+[(1−2ψ̃)δij +2Ẽ|ij +2F̃(i|j) + h̃ij ]dx̃idx̃j (2.44)

From this we can write the gauge transformation of several metric perturbation of
(scalar, vector and tensor functions)

5determines the separation of the const-η hypersurfaces - time shift
6space shift -selects the spatial coordinate with in the hypersurfaces
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The scalar functions (ϕ,ψ,B,E)

ϕ̃ = ϕ−Hξ0 − ξ0′
(2.45)

ψ̃ = ψ+Hξ0 (2.46)
B̃ = B+ ξ0 − ξ′ (2.47)
Ẽ = E− ξ (2.48)

The vector functions (F,S)

F̃i = Fi − ξ̄i (2.49)
S̃i = Si + ξ̄′

i (2.50)

The tensor function (hij) is not affected by the gauge transformations. In this thesis,
our work is within conformal Newtonian gauge, also known as longitudinal gauge which
is defined by B̃ = 0 = Ẽ. Theres are several gauge choices such as the frequently
used synchronous gauge must be such that δg̃0µ, which lead to ϕ̃= 0 = B̃. And the
gauge-invariant, which was firstly introduced by Bardeen based on the two potentials
Φ and Ψ explicitly denoted by [21]

Φ = ϕ+H(B−E′)+(B−E′)′ (2.51)
Ψ = ψ−H(B−E′) (2.52)

From the above expressions we can conclude that the gauge-invariant variables Φ and
Ψ is consistence with the corresponding diagonal metric perturbations ϕ and ψ in
conformal Newtonian gauge.

2.2.4 The geodesic equation

Geodesic is described by a curve if it fundamentals the distance between two fixed
points as shown in Fig. (2.2), in this case we assume that the curve is described by
the well know relation xα(λ), Here λ being a random parameter. Suppose that every
point on the curve from P to R is deformed , then in GR one can express the distance
between P and R along the curve to be defined as

l ≡
∫ R

P

√
±gαβ

dxα

dλ

dxβ

dλ
dλ (2.53)
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Assuming that our path is non null from point P to R. Where positive or negative
sign is hand picked if the path is space-like or time-like respectively. It is clear that
under the reparametrization of the path the distance is invariant, this means that the
random parameter λ implies dλ(λ)

dλ .

R	

P	

Fig. 2.2 Arbitrary path xα from point P to R with the tangent vector nα

Furthermore, the distance l can be simplified by substituting the Lagrangian

L
(
dxα

dλ
,xα

)
=
(

±gαβ
dxα

dλ

dxβ

dλ

) 1
2

This need to be plugged into the Euler-Lagrange equation then we arrive at

d

dλ

[
∂L

∂(dxα

dλ )

]
− ∂L
∂xα

≡ 0 (2.54)

The differential equation above shows that xα(λ) must satisfy the following

d2xα

dλ2 +Γα
βµ
dxβ

dλ

dxµ

dλ
= κ(λ)dx

α

dλ
, (arbitrary parameter) (2.55)

Where κ(λ) = dL
Ldλ , certainly it is of importance if one choose the proper distance s

parameter of the geodesics is space-like, where ds2 = gαβdx
αdxβ 7. Then we have

Lagrangian to be a constant and this implies that κ = 0. Thus, we can express the
geodesic equation by (see [95, 176, 214] for more details)

d2xα

dλ2 +Γα
βµ
dxβ

dλ

dxµ

dλ
= 0, (affine parameter) (2.56)

7as for proper time τ of the geodesics is time-like, where ds2 = −gαβdxαdxβ
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Where Γα
βµ is defined by (2.8) and with dxα

dλ being the tangent four-velocity along xα(λ)

2.2.4.1 Photon geodesic equation

In this subsection, vigorously give an explanation and some of null geodesic condition,
that is when the path given by Fig. (2.2) is null, then the distance between point P
and point R along a geodesic xα can be given in terms of the tangent vectors which
can be formulated by

dη2 = −nαnαdλ
2, ds2 = nαnαdλ

2 (2.57)

The two equation respectively denote time-like geodesic and space-like geodesic, now as
for null to be carried out both proper time and distance should be zeros (dτ = 0 = ds)
then one get to the following

nαnα = 0 (2.58)

The above hold for any parametrization of choice. Null geodesic is also known as
photon geodesic since it describe how a massless photon travel in the gravitational
field. focusing on the killing vectors, since the killing vectors are useful to evaluate the
constant related to the movement of photons along the geodesics. consider that nα to
affinely parametrized by λ then the following yields

d

dλ
(nαkα) ≡ (nαkα);β nβ

≡ nα
;βn

βkα +kα;βn
αnβ

≡ 0 (2.59)

Throughout this thesis we define the covariant differentiation as Aα
;β ≡ ∇βA

α ≡DβA
α.

In the above equation kα is the killing vector , please note that due to morality of
geodesic equation the first term vanishes and because of the antisymmetry tensor of
the killing vector and the symmetry of the nαnβ then the second term also disappear.

2.2.4.2 Perturbed geodesics

Adopting work by [96, 214] which is in conformal transformation regime, now we can
write the metric which is given by

ds̃2 = a2ds2 (2.60)
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From the above transformation one can introduce some of the important perturbation

g̃αβ ≡ a2(ḡαβ + δgαβ), ḡ00 = −1, ḡ0j = ḡi0 = 0, ḡij = δij (2.61)

Considering that nα = dxα

dλ , and ñα = dx̃α

dλ̃
, notice that we choose

λ̃≡ a2λ, ñα ≡ a2nα (2.62)

Then the geodesic equation for the perturbed metric reads

ds2 = (gαβ +γαβ)dxαdxβ (2.63)

We can then write

dδnµ

dλ
= −δΓµ

αβn
αnβ (2.64)

Since our work of frame is based on FLRW perturbed Universe, one can define the
following

nα ≡ n̄α + δnα, Γµ
αβ ≡ Γ̄µ

αβ + δΓµ
αβ (2.65)

Making use of above very useful information one arrive at the perturbed geodesic
equation which reads

dδnµ

dλ
≡ γαµ|βn

βnα − 1
2 γ̇αβn

βnα (2.66)

Here γαµ|αn
αnα = d

dλ(γαµn
α), integrating the above expression the perturbed geodesic

equation becomes (see [214] for details)

δnµ

∣∣∣∣∣
R

P

≡
[
γµν +γνβn

β

]R

P

− 1
2

∫ R

P
γ̇αβn

βnα (2.67)

2.2.5 Einstein field equations

In this section, we discuss the Einstein dynamic equations in conformal Newtonian
gauge, re-introducing Einstein equation Eq. (2.19) which leads to 2-scalar, 1-vector and
1-tensor perturbation equations (see [95, 105, 151, 176, 188, 214] for detailed review),
to obtain this perturbation equations we firstly decompose Eq. (2.19) into background
(Ḡµν) and perturbation (δGµν) parts, the components of background Einstein-tensor
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are given as

Ḡ00 = 3(H2 +K), Ḡ0i = 0, Ḡij = δij(H2 +2H′ +K) (2.68)

Now using Eq. (2.30) together with Eq. (2.19) one get the background Friedmann and
acceleration equations respectively given by

H2 = 8πGa2

3 ρ̄−K and H′ = −4πGa2

3 (ρ̄+3p̄) (2.69)

In the subsubsection. (2.2.5.1) to follow, we follow similar set of steps to obtain the
(2-scalar, 1-vector, 1-tensor) perturbations.

2.2.5.1 Scalar perturbations

Here we give the scalar perturbation in perfect fluid, again considering the Eq. (2.19)
the perturbed Einstein-tensor components yields

δG00 = 2[∇2Ψ−3H(HΦ+Ψ′)+3KΨ] (2.70)
δG0i = 2(Ψ+HΦ)|i (2.71)

δGij = 2
[
Ψ′′ +2HΨ′ +HΦ′ +(H2 +2H′)Φ−KΨ− 1

2∇2D
]
δij +D|i|j (2.72)

Where D is defined by D = −Φ + Ψ. Note that in this case since B and E are zero
this lead to σ = 0. The above expressions provide the following perturbed Einstein
equations

1. Energy from Eq. (2.70) and momentum from Eq. (2.71) constraints respectively
given by

−3H(Ψ′ +HΦ)+(∇2 +3K)Ψ = 4πa2δρ (2.73)
Ψ′ +HΦ = −4πa2(ρ̄+ p̄)v (2.74)

2. Evolution equations trace from Eq. (2.72) by considering the case where (i ̸= j)
and trace-free from Eq. (2.72) by considering the case where (i= j), respectively
given as

Ψ−Φ = 8πGa2Π (2.75)

Ψ′′ +2HΨ′ +HΦ′ +(H2 +2H′)Φ−KΨ = 4πGa2
(
δp+ 2

3∇2Π
)

(2.76)
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2.2.5.2 Vector perturbations

In this subsection, we lay-out the Einstein evolution equations by considering the
Friedmann metric described by the line element

ds2 = a2(η)[dη2 +2Sidx
idη− (δij −Fi,j −Fj,i)]dxidxj (2.77)

Then following similar steps as subsection. 2.2.5.1, from component 0i we obtain the
momentum constraint equation given by

(2K+∇2)(F ′
i +Si) = −16πGa2δqi (2.78)

Relating the vector shear perturbation to the vector part of the three momentum

qi = (ρ̄+ p̄)(vi −Si) (2.79)

From component ij Einstein equation yields

q′
i +4Hqi = (∇2 +2K)πi (2.80)

This expression is equivalent to Eq. (2.40). Due to the fact that there is no vector
source in Eqs. (2.78) and (2.79) means all components have to be equated to zero,
these means that Si and Fi vanishes [151, 176, 229]. We conclude that in the absence
of the source of viscosity the can be any vector perturbations.

2.2.5.3 Tensor perturbations

lets look at the case of the tensor perturbations. Following the same steps as previous
section the components of the perturbed Einstein tensor yields

δG00 = 0 = δG0i, δGij = −1
2

(
h′′

ij +3Hh′
ij − 1

a2 ∇2hij

)
(2.81)

Remainder that hij s a symmetric, transverse and traceless tensor, now the transverse,
trace-free part of the Einstein evolution equations yields a simple wave equation

h′′
ij +2Hh′

ij(2K−∇2)hij = 16πGa2πij (2.82)
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where (tensor)π is the transverse and trace-free part of the anisotropic stress. Tensor
metric perturbations are not subject to constraint equations and describe the free part
of the gravitational field.

2.2.6 Perturbed generalized fluids

In this subsection, we look into multi-component interactions of fluids, which can be
considered as an extend of subsections provided above (all this subsections where based
on a perfect fluid). In this case each fluid describe different properties (i.e.,matter,
DE..). Note that from now on we assume flat Universe.(comprehensive review is given
by [95])

2.2.6.1 Multi-component backgrounds

The background energy density ρ̄A and background background pressure p̄A (A-include
all species such as baryonic matter and dark energy) are respectively given by

ρ̄A =
∑
A

ρ̄A and p̄A =
∑
A

p̄A (2.83)

The background conservation equation for fluid A relating energy density and pressure
is given as (equivalent to equation Eq.(2.36))

ρ̄′
A +3H(1+wA)ρ̄A = 0 (2.84)

Here wA = p̄A
ρ̄A

is the equation of state parameter of A, and the evolution of the equation
of state parameter is given by

w′
A = −3H(1+wA)(c2aA −wA) (2.85)

Where adiabatic sound speed of A is defined by c2aA = p̄′
A

ρ̄′
A

, now the background
acceleration given previously by Eq. (2.69) in multicomponent fluid becomes,

H′ = −H2

2 (1+3w) (2.86)

With the total equation of state parameter expressed in term of the energy density
parameter ΩA denoted by

w =
∑
A

ΩAwA with ΩA = ρ̄A

ρ̄
(2.87)
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At which energy density parameter evolves as follows

Ω′
A =

(
a2ρ̄

3H2M2

)′
≡ −3H(wA −w)ΩA (2.88)

The application of this multi-component backgrounds will be put into action later on.

2.2.6.2 Multi-component perturbations

The perturbed Einstein equations given in subsection. 2.2.5 in gauge-invariant (for
various species A), in scalar mode : Eq. (2.73)-(2.75), becomes

∇2Ψ−3H(HΦ+Ψ′) = 3
2H2∑

A

ΩAδA (2.89)

Ψ′ +HΦ = −3
2H2∑

A

(1+wA)VA (2.90)

Ψ−Φ = 8πGa2ΠA (2.91)
(2.92)

Where δA ≡ δρA
ρ̄A

and we have used the gauge-invariant velocity potential VA ≡ vA.
Lastly, perturbed Einstein equation Eq. (2.76) in multi-fluid scenario becomes

Ψ′′ +(2+3c2a)HΨ+HΨ′ +HΦ+[2H +(1+3c2a)H2]Φ = 3
2H2

(
c2s∆+ 2

3∇2ΠA

)
(2.93)

We define the parameters c2s, c2a and ∆A which represents the totals, respectively
denoted by

c2s =
∑
A

∆A

∆ ΩAc
2
sA, c2

s =
∑
A

(1+wA)
1+w

ΩAc
2
aA, ∆ =

∑
A

ΩA∆A (2.94)

The advantage of using the gauge invariant VA, ∆A, Ψ and Φ is that they remove
large-scale unphysical artifacts that might arise from choice of gauge. (see thorough
review [48, 95, 172]).
In vector mode : Einstein evolution equation Eq. (2.80) with respect to the various
species A is given by

q′
Ai +4HqAi = ∇2πAi (2.95)
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Where qAi = (ρ̄A + p̄A)VAi, with VAi ≡ VAi −SAi is being the gauge-invariant vector
velocity perturbation and πAi ≡ π(A)i is the anisotropic stress of the species A. In
tensor mode : Einstein evolution equation Eq. (2.82) with respect to the various species
A is given by

h′′
ij −2Hh′

ij∇2hij = 16πGa2πAij (2.96)

where (tensor)πAij is the anisotropic stress perturbation for the tensor mode of species
A,defined as

(tensor)πAij =
∑
A

(tensor)π(A)ij (2.97)

2.2.7 The standard Model

In this section we provide a short introduction to concordance model, in this model
the Universe is assumed to be Λ and cold dark matter (CDM) dominated hence the
name ΛCDM, In this model dark energy vacuum energy is static or at equilibrium, the
constant Λ determine the density of vacuum energy, this is called cosmological constant.
In order to construct a spatially finite static Universe, Einstein [100, 102] added a
cosmic term with a positive cosmological constant Λ to his primary field equation to
modify it into something like

Gµν ≡ −Λgµν +8πGTµν (2.98)

where gµν being the spacetime metric, Meanwhile, after Hubble have discovered the
expansion of the Universe, Einstein withdrew the Λ term given in above Eq. (2.98).
It is vastly believed that Einstein introduced the cosmological constant into his field
equation as a repulsive energy that fills "empty" space to prevent the Universe from
collapsing by the gravitational pull of the matter (see [101, 102, 114, 156, 200, 215] for
comprehensive details).

2.2.7.1 The background equations

This section is a follow up of chapter. 2, and its worth noting that throughout this
thesis we work in conformal Newtonian gauge, now the perturbed metric is given by

ds2 = a2(η)
[

− (1+2Φ)dη2 +(1−2Φ)dx2
]

(2.99)
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note that in ΛCDM Φ ≡ Ψ, where Ψ and Φ being the two Bardeen potentials. After
some algebra from the (00) and (ii) components of the Einstein equation the comoving
Hubble parameter and its evolution equation are as follows

H2 = 8πG
3 a2ρ̄m + Λ

3 a
2 (2.100)

3H2 +2H′ = −8πGa2ρ̄m +a2Λ (2.101)

We make a note that for non-relativistic matter, P̄m = 0, A cosmological constant
corresponds to P̄Λ = −ρ̄Λ which will give the expected constant. The equation of state
parameter for both matter and Λ are as denoted by wm = 0 and wΛ = −1. we can
rewrite Eq. (2.100) is the following simple form

Ωm +ΩΛ = 1 (2.102)

Where Ωm is the matter background energy density parameters and ΩΛ is denoted by
Λ background energy density parameters, which are defined as follows

Ωm ≡ 8πGa2ρ̄m

3H2 , ΩΛ ≡ Λa2

3H2 (2.103)

The evolution expression for comoving Hubble parameter can also be written in the
following form

H′ = 3
2H2

(
ΩΛ − 1

3

)
(2.104)

2.2.7.2 The perturbation equations

In this subsection we provide the details on how velocity, density gauge invariant,
Potential velocity and Bardeen potentials {∆A,VAΨ,Φ} evolves, we once again consid-
ering the line element in Newtonian gauge given by Eq. (2.99), to obtain the Poisson
equation which reads

−k2Φ = 4πGa2ρ̄m∆m. (2.105)

Here ∆m is defined as the gauge invariant comoving density perturbation denoted by

∆m = δm + 3Hv
k

. (2.106)
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Making use of above information, the matter perturbations for potential velocity and
density reads

v′
m = −Hvm +kΨ (2.107)
δ′

m = −kvm +3Φ′ (2.108)

Finally the two Bardeen potentials evolve by as follows

Φ′ = −HΦ+ 3
2H2Ωmvm, Ψ′ = Φ′ (2.109)

As we can see, from above equations involves matter but not Λ, by the definition there
are no perturbation for Λ , this mean potential velocity and densities vanishes that is
∆Λ = δΛ = VΛ = 0.

2.2.7.3 The linear growth rate

In the linear cold matter perturbations growth rate is spatial scale dependence [131, 199]
provided an explicit expression of growing perturbation’s magnitude. We can also
extract out growth rate from evolution equations provide above, with some algebra we
get

vm(z,k) = 2
3Ωm

k

H2
0
f(z)D1(a)T (k)Φi(k) (2.110)

Where f(z) is the growth rate, which is the quantities depend not directly on Equation
given by [131], but depend on the logarithmic derivative which yields

f(z) ≡ ∂ lnD1
∂ lna (2.111)

In [157] come up with a simple approximation which is a perfect fit to the logarithmic
derivative given by

f(z) ≈
[

Ωm(1+ z)3

Ωm(1+ z)− (Ωm +ΩΛ −1)(1+ z)2 +ΩΛ

] 4
7

(2.112)

Some of the useful conditions of concordance model :
we have Dm(a,k) =DΨ(a,k) =DΦ(a,k) =D1(a), Dvm(a,k) = ∂D1(a)

∂η , DvΛ(a,k) = 0
As for growth rate fm(a,k) = f(a) , in matter dominated Universe we have D1(a) = a

this implies that f(a) = 1, which can be vindicated by Eq. (2.111)
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2.3 Weak gravitational lensing basics

2.3.1 Light deflection

The coming about of gravitational lensing occurrence could be predicted by Einstein’s
GR. Well in GR theory the spacetime geometry is mostly perturbed by very large
objects, this allow the light which voyage on geodesics appear to be curved in three
dimensional space [22, 61, 148, 182, 191, 195, 203, 212, 213, 219]. Suppose that the
observer is looking at a distant object, the original source will appear in multiple
position from the observer’s prospective, this mean that the observer is no longer
symmetric line of sight direction of the source this is due to the direction of the
deflected light path converging. Thus, from observer’s view there is this magnification
and distortion of the image since the image get transformed either the size get bigger
nor diagonal tilt.
In a bend spacetime the light propagation is regulated by non linear field GR equations,
this equations are not a cup of tea to solve. However, in modern physics gravitational
lensing only involve objects with very small peculiar velocity and weak gravitational
potential these holds the following conditions respectively v ≪ c and |Φ| ≪ c2. Lets
make a note that her v is peculiar velocity, c is the speed of light and Φ being the
Newtonian gravitational potential. What can we extract from this conditions? Easy,
The geometry of perturbed spacetime which is described by estimation of the Minkowski
metric, the metric provide the ease for us to explain the effect of the local perturbation
in terms of effective index (see [195]) this can be defined as follows

n≡ 1− 2Φ
c

≡ 1+ 2|Φ|
c2

(2.113)

As if observing the light ray being refracted through a prism the gravitational field act
as if it was a refracting medium. the amount at which the deflection angle of light rays
by the gravitational potential is defined as follows

α̂ ≡ −
∫

∇⊥ndl ≡ 2
c2

∫
∇⊥Φdl (2.114)

Here α̂ being the deflection angle from the point mass. Lets consider coordinate system
authorize us to work in xy-plane at which the lens and the source lie on. We can
rewrite the above equation as

α̂ ≡ −
∫

∇⊥Φdz ≡ 4GM
ξc2 (2.115)
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Where ξ is the impact parameter, which is orthogonal to the direction of the propagation.
M in this context is the point mass.

S	

O	

P	

I	

θ		β		

α		
ξ	

Fig. 2.3 Schematic showing the basic gravitational lensing system. At which light ray
travels from the source at point S to the observer at point O, this passes through the
lens at transverse distance denoted by ξ

2.3.2 Thin screen approximation and Lens equation

Generally the distance between the observer’s lens and the source is normally greater
than the physical size of the lens, this is sustained even for galaxy clusters. In thin
screen estimation lens is diminished to a plane perpendicular to the line of sight, these
is where the distribution of mass is projected. we can formulate this as follows

∑
ξ ≡

∫
ρ(z,ξ)dz (2.116)

Here ξ is the 2-dimensional vector. Angular deflection can be rewritten as

α̂ ≡ 4G
c2

∫ ∫ ξ −ξ′

|ξ −ξ′|2
∑

ξ′d2ξ′ (2.117)
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From Fig. (2.3) we get the following relation

α̂DLS ≡ αDS , θDS ≡ αDLS +β (2.118)

Making use of these relation we arrive at

β ≡ θ −α(θ) ≡ θ − α̂
DLS

DS
(2.119)

This is so called Lens equation, this lensing equation is a vector equation. θ,α and β

2.3.3 Lensing potential

In this section we evaluate the lensing potential, adopting the following

ξ =DLθ, α̂ = 4G
c2

∫ ∫ ξ −ξ′

|ξ −ξ′|2
∑

ξ′d2ξ′ (2.120)

this two expressions take us to

α̂ = 4G
c2

∫ ∫ θ −θ′

|θ −θ′|2
∑

θ′d2θ′ (2.121)

We also define the following useful equations

κ(θ) ≡
∑

θ∑
c
,

1∑
c

≡ 1
c2

4πG
DS

DLDLS

(2.122)

the above equations are respectively convergence and the critical surface mass of density.
With some algebra this deliver us to new equation for angle deflection

α̂ =
∫ ∫ κ(θ)

π

θ −θ′

|θ −θ′|2
d2θ′ (2.123)

The lensing equation should obey the following conditions firstly the gradient of the
potential must be as given by

∇θΨ = α (2.124)

secondly the Laplacian of the potential must be as given by

∇2
θ ≡ 2κ(θ) (2.125)
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We finally get to the deflection potential which reads

Ψ(θ) ≡
∫ ∫ 1

π
κ(θ) ln |θ −θ′|d2θ′ (2.126)

2.3.4 Magnification and Distortions of the image

A

Image	 Source	
Convergence	and		Shear	

Convergence	

Fig. 2.4 Schematic showing the geometrical effect of the transformation of β = (β1,β2)
to θ = (θ1,θ2) initiated by the matrix A

Since this concept is been introduced in previous subsection, so we will give a brief
explanation of this concept as possible. The shape of the source image being distorted
introduces the features of lensing, but what is the influence of lensing to the source
image, lensing takes rays from position θ and map it out to position to β. Lets now
put this into a tensor formula

Aij ≡ ∂β

∂θ
≡ δij −Ψij (2.127)
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We can rewrite the lensing potential as

Ψij ≡ ∂2Ψ
∂θi∂θj

(2.128)

With the inverse of tensor Aij defined by

A−1
ij ≡ ∂θ

∂β
≡Mij (2.129)

Here Mij is magnification tensor, clearly Lensing distort β into θ. Now the mag-
nification of the source can be evaluated by taking the determinant or Jacobean
transformation of tensor M which reads

µ≡
∣∣∣∣∣ 1A
∣∣∣∣∣≡ |M | (2.130)

In addition, beneath lensing here is what could be picked up, the size and the brightness
of the source enlarge by a factor of magnification µ remains the constant. The
components of Hessian matrix, narrate the distortion from lensing by merging shear
effect and convergence effect. shear γ = (γ1,γ2) which add to to the distortion into the
ellipse. Note that the components of shear is given by

γ1 ≡ 1
2(Ψ11 −Ψ22), γ2 ≡ Ψ12 ≡ Ψ21 (2.131)

As defined before convergence is given by

κ≡ 1
2∇2Ψ ≡ 1

2(Ψ11 +Ψ22), (2.132)

Making use of information above we can formulate magnification and tensor A as
follows

µ≡ 1
[(1−κ)2 −γ2] (2.133)

And the tensor matrix reads

A=
1−κ−γ1 −γ2

−γ2 1−κ+γ1

≡ (1−κ)
1 0

0 1

−γ

cos(2θ) sin(2θ)
sin(2θ) −cos(2θ)

 (2.134)
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Now the magnification Eq. (2.133) we get eigenvalues we can use this to measure the
amplification in the tangential also in the radial direction which we can denote by

µtan ≡ 1
1−κ−γ

(2.135)

µrad ≡ 1
1−κ+γ

(2.136)

In a concept of lensing this two conditions describes two curves namely radial and
tangential.



Chapter 3

Large scale structure

3.1 Preliminary

Large scale structure is described as the inhomogeneity or as the structure of the
Universe on scales larger than that of a galaxy. In general LSS strive to unravel the
unknowns of our Universe. Cosmologists tried to discover how massive matter observed
in form of large objects such as galaxies and galaxy clusters and voids. But What does
early time observations tell us? well they sort of suggest that while galaxies show a
some tendency to cluster in some form of a group on a small scales this is scale of
about less or approximately 30 Mpc.h−1, Now expressed statistically by the galaxy
correlation function or power spectra , most of the massive matter in the Universe is
distributed randomly on large scales which is greater or approximately 30 Mpc.h−1.
This kind of image of a relatively smooth out universal mystery has been changing over
time. Nevertheless, in recent years as new observational data have began disclosing a
Universe with extensive structure and motion on very large scales of approximately
150 Mpc.h−1 what is known as BAO scale if not more. Now what can we get extract
from this observations? the new information from data on the LSS have led to major
changes in existing theoretical ideas on how galaxies and LSS might have been formed.
Many models in the past have proven inadequate to explain the new observations,
mean while some new candidate models have been suggested and worked out in various
degrees of detail. But Still, regardless of the great effort and many ideas, no single
theory for the formation of galaxies and LSS can draw some conclusions that equivalent
all the observations. Since evolution of structure with time is very slow, this makes
LSS fundamental to our understanding of the Universe. Moreover, LSS observation
at this current epoch are cosmic relics of conditions that existed in the early epoch
of the Universe, How does the relics work? this keeps track of the history of galaxies
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and how the structure is formed and evolves [18, 95]. Shifting our focus to the well
known principle of the modern physics that the Universe is isotropic and homogeneous,
our large scale objects observations present us with the structure of the Universe show
some inhomogeneities as far as we know. If we go to very large scale we see some
symmetries with the distribution of CMB on large scale this links to the isotropic part
of the above sentence, as for homogeneous the definitive explanation is unclear.

We structure this chapter as follows—in section. 3.2 we the small review on the
inflation (initial conditions) in large scale structure. The small introduction on how
linear fluctuations evolves in large-scale is show in section. 3.3. In section. 3.4 we
discuss the large-scale correlation function and its Fourier transform power spectra.
We discuss the large-scale transfer function in section. 3.5. In section. 3.6 we review the
real and redshift space objects in large-scale structure and we discuss the large-scale
bias in section. 3.7.

3.2 Initial conditions

How did it all undertake? Even though this question has doubtlessly persisted to come
up for as long as humans exited on Earth, the answer still eludes us, Cosmic Inflation is
the perfect candidate to explain this, which was first proposed in 1980 by the American
physicist Alan Guth [124]. Guth’s theory has been vastly dominant, even if he could
not find a way to end inflation so that large scale objects (such as galaxies, clusters
and voids) to form, and he considered the theory a failure because of this. There
have been many other purifications and alterations since Guth’s original model, such
as the "inflationary model" of Russian physicist Andrei Linde [111, 152, 169]. This
model hypothesized a slow breaking of symmetry, and the creation of many "bubble
Universes". A later proposal by Linde, known as the "chaotic inflationary model",
believed that the repulsive antigravity effect was caused by a "spin-0 field" rather than
any kind of phase transition as Guth had thought.
Linde’s work, has also given rise to the idea of "eternal inflation", where the inflation
as a whole actually never stops, but small restricted energy dismiss within the overall
energy field - almost like sparks of static electricity, but on on a cosmic scale - create
small points of matter in the form of tiny particles. Such a process may represent the
birth of a new Universe, such as our own. Beginning in this way with what we have
called a Big Bang, this new Universe then itself proceeds to expand, although at a
much slower rate than the continuing inflation outside of it. The rest of space outside
of that Universe is still full of undischarged energy, still expanding at enormous speed,
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and new Universes, new Big Bangs, are occurring all the time.
In incorporation cosmic inflation is a strong mechanism for generating primordial per-
turbations over the smooth Universe, inflation give the a say that quantum-mechanical
perturbations in the early Universe are first produced when the relevant scales are
casually connected [87]. Then these scales are whisked outside the horizon by inflation,
only to re-enter much later to serve as initial conditions for growth of structure and
anisotropy in the Universe. The are best described in terms of the Fourier mode,
considering for example gravitational potential in Fourier mode reads.

Ψ(x,a) =
∫ d3k

(2π)3 e
−ik·xΨ(k,a) Ψ(k,a) =

∫
d3xeik·xΨ(x,a) (3.1)

Here wavevector k it the Fourier position vector and x is the real space position vector,
then the primordial spectrum given by the expectation value of Fourier-space pairs of
the primordial potential Ψi yields

⟨Ψi(k) ·Ψ∗
i (k′)⟩ = (2π)3δD(k −k′)PΨi

(k) (3.2)

Its worth noting that the norm of the two vectors position are; k = |k| and x= |x|, δD

is Dirac delta function enforcing the independence of the different mode, throughout
this thesis asterisk denotes complex conjugate. The spectrum is given by k3PΨi

(k) is a
constant is called a scale free spectrum. Scale free spectrum is dubbed as Harrison-
Zel’dovich-Peeples spectrum [196], credit to the geniuses who first proposed that these
is the appropriate distribution for the initial conditions. quantifying the deviations
from scale invariance, it is recommended to write the primordial power spectra as
follows,

PΨi
(k) ≡ 50π2

9k3

(
k

H0

)ns−1
δ2

H

(
Ωm

D1(a)

)2
≡ A

k3

(
k

kλ

)ns−1
(3.3)

Where ns is the scalar spectral index , most models also predict approximately scale-
invariant seed fluctuations (ns ≈ 1) this can be seen in Fig. 3.1 , in good agreement
with the measurement ns = 0.98±0.03 [232]. However, data are now getting sensitive
enough to look for small departures from "vanilla" (scale-invariant, scalar, adiabatic and
Gaussian) fluctuations, at least one of which is expected for essentially all published
inflation models, so it is important and timely to work out the detailed predictions of
competing models.
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Fig. 3.1 Constraints and predictions in the ns −r plane show that observations are now
finally starting to bump up against inflation theory in an interesting way. The nested
shaded regions are ruled out at 95% confidence from WMAP CMB observations alone
[201], when adding SDSS galaxy clustering information [232] and when also adding
SDSS Lyman α Forest information [225].

3.3 How Linear fluctuations evolves

In the late structure of our Universe, prior to what we refers to as DE, we have the dark
and baryonic matter in which components are perfectly described by a pressureless
perfect fluid Pm = 0 = δP , then given that matter is pressureless, we have that the
sound speeds are c2s = c2sm, with the equation of state parameter (wm = 0), this is
with no anisotropic stress. If we shift or focuses our work in the space of Fourier and
also transforming to the longitudinal gauge, In terms of the scale factor and using
Friedmann’s equations we can write growth as

a2∂
2∆m

da2 +
(

ΩΛ(a)− Ωm(a)
2 +2

)
a
∂∆m

∂a
− 3

2Ω(a)∆m = 0 (3.4)

where parameters ΩΛ(a) together with Ωm(a) are both scale factor (see [202] for detailed
derivation). Then linear growth rate yields

fm(a) = ∂ ln∆m

∂ lna ≡ ∂ lnD+
m

∂ lna (3.5)
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Lets review some of the modern cosmology models that where carried out in the past,
this is very powerful methods that where rigorously worked,

• For a CDM and Λ dominated Universe , ΩΛ(a)< 1 and 0<ΩΛ(a)< 1 the Hubble
parameter decay mode can be expressed as follows

D−
1 ∝H(a) ≡ H(a)

a
, H = aH (3.6)

H(a) =
√

Ωm0a−3 +(1−ΩΛ0 −Ωm0)a−2 +ΩΛ0, (3.7)

Where H being the comoving Hubble parameter. Using this particular solution
and the variation of parameters method, the other solution is found to be
[31, 56, 131]

D+
1 ∝ H2(a)

∫ a

0

da′

H′3 (3.8)

Then growth rate approximation given by [157]

f(Ωm,ΩΛ) ≈
[

Ωm0(1+ z)3

Ωm0(1+ z)− (Ωm0 +ΩΛ0 −1)(1+ z)2 +ΩΛ0

] 3
5

(3.9)

A similar approximation was carried out by [56, 168]

f(Ωm,ΩΛ) ≈
[

Ωm0(1+ z)3

Ωm0(1+ z)− (Ωm0 +ΩΛ0 −1)(1+ z)2 +ΩΛ0

] 4
7

(3.10)

Now For flat Universe, Ωm +ΩΛ = 1, we have [31, 52]

f(Ωm,ΩΛ) ≈ Ω
5
9
m (3.11)

• For the Universe with an open cold dark matter model (OCDM) dominated ,we
set the following cosmological parameters Ωm(a)< 1 & ΩΛ = 0 the solution for
this was provided by [122] which read

D+
1 ≡ 1+ 3

x
+3(1+x)0.5

x
3
2

ln
[
(1+x)0.5 −x0.5

]
, (3.12)

D−
1 ≡ (1+x)0.5

x1.5 , x≡ a

(
1

Ωm0
−1

)
(3.13)
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• For Universe with a standard cold dark matter (SCDM) dominated, i.e. a
particular case of an Einstein-de Sitter Universe [194] (Einstein & de Sitter, 1932)
where dark matter is cold, the cosmological parameters are time independent :
Ωm(a) = 1 and ΩΛ(a) = 0. The following solutions yields

D+
1 ∝ a, D−

1 ∝ a−1.5, f(Ωm,ΩΛ) ≡ 1 (3.14)

Fig. 3.2 The new SDSS results (black dots) are the most accurate measurements to
date of how the density of the Universe fluctuates from place to place on scales of
millions of lightyears. These and other cosmological measurements agree with the
theoretical prediction (blue curve) for a Universe composed of 5% atoms, 25% dark
matter and 70% dark energy. The larger the scales we average over, the more uniform
the Universe appears

3.4 Fourier decay of the density field

3.4.1 The Correlation functions

The correlation functions of fields are expectation values of products of fields at different
spatial points.the correlation function is the measure of the average probability that a
randomly selected galaxy will lie within some separation distance d of another galaxy.
From [62] the case of a random field, the two-point correlation function will measure
the product of the probability density function evaluated at two different points in the
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field, using the expectation value integral

ξ(d) = ⟨δ(x) · δ(x + r)⟩ (3.15)

Due to statistical homogeneity and isotropic the above depends only on norm of r.
The density contrast δx in Fourier transform convention reads

δx =
∫
d3k · δ(k) · eik·x (3.16)

Where the quantities δ(k) are the complex variables, since its also real it follows that

δ(k) = δ∗(−k) (3.17)

The density field is therefore determined entirely by the statistical properties of the
random variable δ(k). We can compute the correlation function in Fourier space

⟨δ(k) · δ∗(k′)⟩ = 1
(2π)6

∫
d3x ·d3r⟨δ(x) · δ(x + r)⟩e[−i(k+k′)·x−ik′·r] (3.18)

which is the same as,

⟨δ(k) · δ∗(k′)⟩ ≡ 1
(2π)6

∫
d3x ·d3r · ξ(d)e[−i(k+k′)·x−ik′·r]

≡ δD(k +k′)
(2π)3

∫
d3r · ξ(d)e(k·r

≡ δD(k +k′)P (k) (3.19)

Where P (k) is by definition the density power spectrum. The inverse relation between
two-point correlation function and power spectrum thus reads

ξ(d) =
∫
d3k ·P (k)eik·r (3.20)

This leads us to the next subsection. 3.4.2

3.4.2 The Power spectra

As noted in section.3.4.1 that the power spectrum is the Fourier transform of the
correlation function. The term "power" comes from the fact that if the function you
are evaluating is the variance of a voltage signal , than the power spectrum will be
proportional to the electrical power of the signal. In the case of a homogeneous and
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isotropic random field, the power spectrum P (k) is implicitly defined as follows

⟨δ(k) · δ∗(k′)⟩ ≡ (2π)3δD(k +k′)P (k) ≡ k3

2π3P (k) (3.21)

therefore we can write the power spectrum as,

P (k) = 1
(2π)3

∫
d3x · ξ(d)eik·r (3.22)

Its easy to note that Eq. (3.20)) and (3.22) they are two conventions which differ
by a factor of (2π)3. The Primordial shape of the power spectrum comes from the
inflationary scenario for the very early Universe (more details can be obtained from
[124, 125])

3.5 Transfer function

Early Universe perturbations of modern cosmology is composed of this following
schemes see Fig. 3.3, inflation scheme, this regime was introduced to sort out the
flatness and horizon problems. These epoch deals with wavelengths longer than the
horizon. Inflation is also powerful in our understanding of cause mechanism for large
scale structure in the Universe’s origin. After the end of inflation scheme of the Universe
invaded the radiation-dominated epoch during which light elements such as helium
and deuterium were formed. These epoch sort out the intermediate wavelengths that
are within the horizon. Finally we have matter dominated epoch, this is where large
scale objects (galaxies, clusters) are formed. These epoch deals with wavelengths
longer than the horizon. After the Universe enters the matter-dominated epoch, the
magnitude of approaches a constant value. Thus we have shown that the evolution
of the gravitational potential Ψ depends strongly on the scales of perturbations. In
order to describe its evolution for each wavenumber (k) during the epoch of transfer or
rather transfer epoch we have the following

T (k) ≡ Ψd(a,k)
Ψ(a,k) (3.23)

Here Ψ(a,k) being the large-scale solution which reduced by 9
10 if compared with initial

value ,the the above expression simplify to

T (k) ≡ 9
10

Ψd(a,k)
Ψi(a,k) (3.24)
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Fig. 3.3 The diagram showing the structure of the Universe from early epoch to late
epoch. Credit to Planck collaborators

Note that Ψd(a,k) = Ψ(ad,k) and Ψi(a,k) = Ψ(ai,k). Also this happens just after
the matter-dominated which is at equality this is where (a = aeq) i.e for late times
(a≫ aeq)
In general, the transfer function has to be derived numerically by integrating the
equations for each k mode. A popular fit has been given by Bardeen, Bond, Kaiser,
and Szalay (BBKS)1

T (x) ≡ ln(1+0.171x)
0.171x [1+0.284x+(1.181x)2 +(0.399x)3 +(0.490x)4]−

1
4(3.25)

T (x) ≡ ln(1+2.34x)
2.34x [1+3.89x+(16.1x)2 +(5.46x)3 +(6.71x)4]−

1
4 (3.26)

T (x) ≡ e−3.9x−2.1x2
(3.27)

T (x) ≡ (5.6x)2
{

1+
[
15x+(0.9x)3

2 +(5.6x)2
]1.24}

(3.28)

Where x= k
keq

. On large scales characterized by the condition x= k
keq

≪ 1 the BBKS
transfer function reduces to T (x) ≈ 1, which give us this following Ψ = 9

10Ψi(a,k) as
expected. On small scales with x = k

keq
≫ 1the transfer function has a wavenumber

dependence T (k) ∝ (Ink)
k2 , which means that the gravitational potential is suppressed

for increasing k The scenario with this transfer function fits is as follows: Eqs. (3.25) &
(3.26) - Adiabatic CDM; Eq. (3.27) - Adiabatic massive neutrinos Eqs. (3.25) & (3.26)
- massive, Eq. (3.27) - massless; Eq. (3.28) Isocurvature CDM; these expressions come
from [21].

1In Fig. 3.4 We’ve shown the behavior of the given by [103] and compare it with the BBKS fitting
given above
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If we consider a > aeq the gravitational potential remains constant during the matter
epoch at least in standard GR, but after the Universe has entered the epoch of cosmic
acceleration is expected to vary. In order to quantify this, we introduce the suppressed
growth function D(a)

a which yields

Ψ(a)
Ψeq

= D(a)
a

(3.29)

Assembling information in our hands we find that the gravitational potential today is
given by

Ψ(a,k) = 9
10Ψi(ai,k)T (k)D(a0) (3.30)
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wavenumber k Mpc

10-1
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|T
(k

)|
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Ωm = 1

Ωm = 0. 303,BBKS 

Ωm = 0. 503,BBKS 

Ωm = 0. 703,BBKS 

Ωm = 1,BBKS 

Fig. 3.4 Schematic showing the behavior of transfer function (solid line) together with
its best fit that is BBKS (broken line) for various matter energy parameter Ωm



3.6 Real and Redshift space Clustering 44

3.6 Real and Redshift space Clustering

Evaluation of far away objects distances require the objects observed redshift caused
by expansion of the Universe , nevertheless they also include contributions from the
peculiar motion of the objects, this is in the local rest frame, thus we can say, the
distances approximated from redshift does not match the accurate distance and this
are set to be measured in redshift space (see Fig. 3.5 for apparent and actual objects).
The measure in real space, holds if the accurate position of the objects were well known,
Therefore, peculiar motions will introduce distortions in the measured clustering pattern
.

cluster	

	
cluster	Over-densi/es	Under-densi/es	

cluster	 cluster	Over	densi/es	

Under-densi/es	

									Linear motion Non-linear structure

Actual 
object

Apparent 
object

Observer view pointTA

Fig. 3.5 The schematically diagram showing the difference between real space and
redshift space.

3.6.1 Redshift space distortion

The estimation of large scale objects are estimated from different redshifts, well these
redshifts are caused by both motions within a comoving frame and Hubble expansion
known as peculiar velocity this description can be put in to expression as

s(r) ≡ r−vr(r)r
r

≡ r+ a

H(z)vrr+ l.e.o.m (3.31)
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Here l.e.o.m this abbreviated by linearized equation of motion that it is negative of the
multiple of growth rate and density contrast, Where r is the real space position of the
away from observer at the origin , s is the redshift space position of the galaxy and vr

is the radial component of the peculiar velocity. Furthermore, measuring the clustering
of distant objects (such as galaxies, clusters) does not supply a direct determination
of galaxies/clusters real spatial distribution of the underlying Dark matter DM. The
distances are distorted by two different distortions namely (i) dynamical distortion
and (ii) geometrical distortion, in case incorrect cosmology is been used to convert
the observed redshift into distance. This two are rigorously explained in the next two
subsections

3.6.1.1 Dynamical distortion

dynamical redshift space distortions is basically composed of two mechanisms . While
growth of structure through gravity, the collapsing inwards of objects to higher density
regions contributes to the measured redshifts. If these are presumed to be uniquely
requires to the Hubble flow, than the large-scale distribution will appear flatter, or
thinner, along the line of sight, thus "distorting" the clustering signal. At very smaller
scales, the arbitrary peculiar motions of the objects will also contribute to the measured
redshifts, and hence distort the measured clustering signal for close pairs of objects. If
the distribution of distant objects has, on the mean, a spherically symmetric clustering
pattern in real space, but large velocity dispersion, then the clustering signal measured
in redshift space will be grease along the line-of-sight. These features are often referred
to as "fingers-of-God", and are commonly observed as elongated structures in radial
wedge plots of distant galaxy surveys, such as the 2dFGRS (e.g. Hawkins et al., 2003).
As shown by [148, 199], the large scale coherent collapsing inwards can be used to
probe the clustering of the underlying DM clustering and the matter content of the
Universe. This inwards collapsing could be parameterized by comparing the large-scale
clustering in real and redshift space. In terms of the power-spectrum:

Pg(ks) = Pg(kr)(1+βµ2)2 (3.32)

where the subscripts r and s refer to the real and redshift space measurements,
respectively. here µ is the cosine between the velocity vector and the line of sight,
and β is correlating the observed large-scale inwards collapse to the clustering of the
(invisible) DM. The equation above can be written in terms of correlation functions
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(see Kaiser, 1987 for more details):

ξg(s) ≡ ξg(r)
(

1+ 2
3β+ 1

5β
2
)

(3.33)

Where β can be expressed in term of matter distribution which yields

β ≡ fm(z)
b

(3.34)

Here, b is the bias, which provide correlation between the luminous matter clustering

and the underlying DM
(
b2 = ξg

ξmass

)
This association means intrinsically that luminous

objects are biased tracers of the underlying mass distribution, which dominates the
overall dynamics due to gravitational effects. However, it has been found that galaxy
clustering is a function of galaxy properties, such as morphology type luminosity.
Therefore, the true bias will also depend on the physics of galaxy formation, interactions
and feedback mechanisms, which are still not so well understood [199]. Growth of
structure as a function of the cosmological parameter, in the case of a flat Universe
can be approximated to [157]

f ≡ ∂ lnδ
∂ lna ≈ Ω0.6

m (z)+ 1
70

(
1− 1

2Ωm(z)(1+Ωm(z))
)

(3.35)

The approximation is normally expressed as follows

f ≈ Ω0.6
m (a) (3.36)

The formalism for redshift space to real space mapping of the large-scale structure
distribution is hardly unique. From Whilst Kaiser et al 1987 related the real and
redshift space correlation functions through Eq. ((3.33)), [199] uses the simpler form
ξg(s) = ξg(r)(1 + 1.5β); [132] have used a spherical harmonic approach to relate the
redshift space to real space clustering measurements. More recently the modeling
of dynamical distortions has been developed under the halo occupation distribution
framework and non-linearities and scale depending on parameterizations of the velocity
dispersion. Furthermore , more recently the mapping of DM from real space to redshift
space [253], Their mapping formula is intrinsically non-linear, which is complicated by
the higher order polynomials due to indefinite cross correlations between the density
and velocity fields, and the Finger-of-God effect due to the randomness of the peculiar
velocity field.
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3.6.1.2 Geometrical distortion

In this section we provide a short introduction on Alcock and Paczynski (see for more
details [5]) and the volume effect, more detailed description of the AP effect has been
provided in [164]. As shown from [5] if one assumes a wrong cosmology, underlying
cosmology of the Universe to convert redshifts into distances, the effect on separations
along the line of sight differs from that affecting the separation in the sky direction.
As a consequence, the clustering signal might appear elongated (or squashed) in the
redshift direction. As shown by Alcock ,these geometric distortions can be a robust
cosmological test. Suppose that we are probing the shape and volume of an object in
the Universe. We measure its redshift span ∆z and angular size ∆θ, then compute its
sizes in the radial and transverse directions from the relations of

∆r∥ = c∆z
H(z) , ∆r⊥ = (1+ z)DA∆θ (3.37)

where H is the Hubble parameter, DA is the angular diameter distance (Its behavior is
shown by Fig. 3.6). In the particular case of a flat Universe with constant dark energy
EoS, they take the forms of

DA(z) = 1
1+ z

r(z) = 1
1+ z

∫ z

0

dz′

H(z′) = 1
1+ z

∫ z

0

dz′

H0
√

Ωma−3 +(1−Ωm)a−3(1+w)
(3.38)

Where H0 is the current Hubble parameter, a(z) is the scale factor and r(z) is the
comoving distance, we adopt the formalization [165].The degree of variations in shape
and volume can be described by the following quantities. where "true" and "wrong"
denote the values of quantities in the true cosmology and wrongly assumed cosmology.

[∆r∥(∆r⊥)]wrong

[∆r∥(∆r⊥)]true
= [DA(z)H(z)]true

[DA(z)H(z)]wrong
(3.39)

[∆r∥(∆r⊥)2]wrong

[∆r∥(∆r⊥)2]true
= [D2

A(z)/H(z)]wrong

[D2
A(z)/H(z)]true

= Vwrong

Vtrue
(3.40)

3.7 Large-scale structure bias

The correspondence between luminous matter and tracers dubbed as "bias", configure a
vital information in the interpretation of the observed large scale structure. The reason
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Fig. 3.6 The behavior of two effects given by equations Eq. (3.39) and (3.40)
which depends on redshift in two wrongly assumed cosmology i.e Ωm = 0.41, w =
−1.3,−1.2,−1.1,−1 and Ωm = 0.11, w = −0.7,−0.6,−0.5,−1 , as for the truly as-
sumed cosmology we set the following Ωm = 0.26 ,w = −1.

being, the observed distribution of galaxies, quasars, and clusters of galaxies (see [228]
for details), the large-scale structure of the Universe. These tracers can be observed out
to cosmological distances, and thus can be used to contemplate remarkable amount of
the observable Universe. If we understand the correspondence distribution of tracers to
the underlying distribution of matter, we can access a significant amount of information
on the composition of the Universe, properties of dark matter, dark energy and gravity,
as well as the nature of the process that produced the initial source of structure. In
the next subsections of the thesis we focus on two well known counter-parts of bias
which is magnification bias and galaxy bias

3.7.1 magnification bias

In brief , Turner et al 1984 gave a description that bias is caused by gravitational
lensing this is happen by modulation the of the apparent surface density of the galaxies
on the the sky or space, though the two participating effects. Lets get this out of the
way , lensing can be magnified or demagnified individual source/origin galaxies from
the background this causes the increase nor decrease of the their flux. Weak lensing
(WL) surveys for a flux limited, some how otherwise eliminated the faint galaxies can
therefore make it into (or drop out of) the sample because of this demagnification.
Also a indistinguishable, scenario demagnification petitions to the portion of the sky
around the galaxy, geometrically diluting or enhancing the apparent surface density
of galaxies in this region. These effects mentioned above counteract each other, and
the net bias strongly depends on the slope of the intrinsic unlensed galaxy luminosity
function at the survey flux limit. In addition to these effects, lensing can increase or
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decrease the apparent angular size of spatially resolved individual galaxies. If either
the survey selection, or a derived statistic such as weak lensing shear, depends on the
apparent size, then this can introduce an additional size bias [170]. Now lets consider
a simple ansatz, with fixed time then the relation between density contrast large scale
objects and matter distribution

δg ≡ ng(x)− n̄g

= b · δ(x)

≡ b

(
ρm(x)
ρ̄m

−1
)

(3.41)

Here b parameter being what we refer to as bias , while n̄g denotes the mean galaxy
comoving number density and ρ̄m being the background matter comoving density. In
addition two point correlation of large scale objects is enhanced by a factor of about
the square of bias over matter two point correlation. If we allow for clusters to have a
larger bias parameter than galaxies, their different observed correlation functions can
be explained. Making use information provided in Chapter. 2 and some algebra we
can work out the the relation between gauge invariant and galaxy bias which yields

∆g = b ·∆m (3.42)

This holds for all linear scales.



Chapter 4

Effective field theory

In the past various alternative models to the so-called standard model of cosmology has
been carried out, however the most interesting and rather simple approach have been
recently introduced to be the scalar field (see [146] for more comprehensive details).
This could be considered either as modification of gravity or as the contribution of
dark energy with incorporates a single scalar degree of freedom1 dubbed effective field
theory EFT [28, 42, 67, 116, 119, 123, 141, 171, 197, 206, 233] or unified dark energy.
Furthermore, mainly the motive of modification of gravity MG or DE is to identify
the source of the late-time acceleration expansion of the Universe [42, 67]. There are
couple of assets in making use of EFT or UDE framework i.e providing a more general
view point of models such as Horndeski theories and beyond [116]. Another advantage
is that we can easily compare or relate EFT with current observational constraints.
One needs to keep in mind that commonly if we add an extra scalar field this will
results in a spatially homogenous and isotropic background solution or value which
solely depends on time. Moreover, the spatially homogenous and isotropic background
of our Universe at low energies perturbation around it will typically be explained by
this additional scalar2.
This chapter is organized as follows—After descibing the unitary gauge, we provide the
background actions or Lagrangians and perturbations around them in section. 4.1. In
section. 4.2, we give a small overview of unified dark energy (UDE) or Effective field
theory (EFT).

1This is much simpler modification since we consider only one additional degree of freedom, there
are more complex cases such as bimetric gravity [127] and massive gravity [77] i.e. for this complicated
scenarios one can recover a single fdegree of freedom by applying some specific conditions.

2This apply without regarding any basics of the the theory.
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4.1 Unitary gauge

In this gauge the time coordinate is picked keeping in mind the end goal to assimilate
the scalar field perturbations in the metric gµν , this brought together treatment lessens
to finding a summed up action which composed of geometric operators that are gauge-
invariant under time-dependent spatial diffeomorphisms with free time-dependent
coefficients [172]. Specifically we mean that under all time and space diffeomorphisms
the scalar field ϕ is considered to be invariant but its perturbation δϕ is not gauge-
invariant. Furthermore, this is only gauge-invariant under spatial diffeomorphisms
in which under the time diffeomorphisms one can perform the following transform
[9, 63, 69]

t→ t+ ξ̄(t, x⃗), δϕ→ δϕ+ ˙̄ϕ(t)ξ̄ (4.1)

This choice of the time coordinate is known to be the unitary gauge or torus gauge.
The unitary gauge is such that we have

ϕ(t, x⃗) = ϕ̄(t)+ δϕ(t, x⃗) = ϕ̄(t) (4.2)

Here we need to make a note that the perturbation δϕ in above expression did not
just vanish - it just became constituent of the metric perturbations. For example
the standard kinetic term X ≡ ∇µϕ∇µϕ= g00 ˙̄ϕ2 = − ˙̄ϕ2/N2 in a way that operators
partake in the expansion of perturbation given as δg00 = 1+g00.

4.1.1 Background fluctuations

In this subsection we outline the relevant background equations, specifically the two
Friedmann equations [3, 10–12, 25, 27–29, 34–39, 41, 42, 51, 54, 63, 64, 67, 69, 71–
73, 75, 78–81, 88, 106, 107, 115–119, 123, 155, 158, 162, 184, 186, 187, 192, 197, 243, 246–
248, 254] (which we will be obtained from total homogeneous S̄ = S̄g + S̄m). We consider
a spatially flat FLRW space metric, given by

ds2 = −N̄2dt2 +a2(t)δijdx
idxj (4.3)

Adopting Eq. (2.13) the linear variation background of the homogeneous action S̄g

together with the matter minimally coupled to the metric gµν given with respect to
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the lapse N and the scale factor a. In the FLRW Universe yields

δS̄ = δS̄g + δS̄m =
∫
d4xN̄a3

[(
L̄
N̄

+ L̄N − 3HF̄
N̄

)
δN̄ +3N̄

(
L̄−3HF̄

)
δa

a

]

+
∫
d4xN̄a3

(
− ρ̄m

δN̄

N̄
+3p̄m

δa

a

)
(4.4)

Where homogeneous Lagrangian as a function of lapse, scale and physical time reads

L̄ = L
[
Kij = Hδij , Rij = 0, N = N̄(t)

]
, it can be shown that the intrinsic curvature

tensor of the constant time ∑t hypersurfaces vanishes (Rij = 0) and the components
of the extrinsic curvature tensor are given Kij = ȧ

N̄a
gij . Moreover, the homogeneous

background partial derivative is given with respect to lapse L̄N = ∂L
∂N , and finally we

also introduced the coefficient F̄ ḡij = ∂L
∂Kij

. Making use of √
−g = a3N̄ with some

algebra the Friedmann equations are given as follows

L̄+ N̄ L̄N −3HF̄ = ρ̄m (4.5)

L̄−3HF̄ −
˙̄F
N̄

= p̄m (4.6)

The matter background energy density and background pressure are related by

˙̄F
N̄

+ N̄ L̄N = (1+wm)ρ̄m (4.7)

4.1.2 Perturbation fluctuations

The perturbed evolution equations encompassing the FLRW background solution
are based on the incorporation of the following perturbative quantities; δN ≡ N −
N̄ , δKij ≡ Kij − ȧ

N̄a
gij , δRij = Rij . We use this to expand the Lagrangian L in

Eq. (2.13) to the second order. As for the quadratic action, we only consider the
perturbations of √

−g at first order. Hence, using δ√−g = δ
√
h+a3δN in the ADM

decomposition the quadratic Lagrangian for perturbations is given by

L2 = N̄ G δ1Rδ
√
h+a3

(
L̄N + 1

2N̄ L̄NN

)
δN2

+ N̄a3
[
Gδ2R+ 1

2ÂKδK
2 +BδKδN + Ĉ δKδR+CδKijδR

ij

+ AKδKijδK
ij +AR δRijδR

ij + 1
2ÂR δR

2 +
(

G
N̄

+BR

)
δNδR

]
+ ..., (4.8)
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Where coefficients ÂK , AK , B, BR, AR, G, ÂR and Ĉ are defined by (note that the
lower index of L denotes the partial derivative with respect to specified scalar quantity
i.e ., LR = ∂L

∂R) see [GLPV] for detailed review

ÂK = 4H2LSS +4HLSK +LKK , AK = LS , B = 2HLSN +LKN (4.9)
BR = LNR, AR = LZ , G = LR, L̂R = LRR Ĉ = 2HLSR +LKR (4.10)

Where we considered the geometric scalar quantities; S ≡ KijK
ij , Z ≡ RijK

ij and
U ≡RijK

ij . Now re-introducing δKijδR
ij in a different form as shown in ref. Gleyzes

et al. [116] the quadratic Lagrangian Eq. (4.8) simplifies to

L(new)
2 = N̄ G∗ δ1Rδ

√
h+a3

(
L̄N + 1

2N̄ L̄NN

)
δN2

+ N̄a3
[
G∗ δ2R+ 1

2ÂKδK
2 +BδKδN +C∗δKδR

+ AKδKijδK
ij +AR δRijδR

ij + 1
2ÂR δR

2 +
(

G∗

N̄
+B∗

R

)
δNδR

]
+ ...,(4.11)

Where the coefficients are renormalized by

G∗ = G + Ċ
2N̄

+HC, C∗ = Ĉ + C
2 , B∗

R = BR + Ċ
2N̄2 (4.12)

Similarly to the previous section, we look into the behavior of the scalar, vector and
tensor modes in the general quadratic Lagrangian Eq. (4.11), at linear order,
Scalar mode: We begin by making a remark that the following linear perturbations
equations of motions are of 2-order under the conditions

ÂK +2AK = 0, C∗ = 0, 4ÂR +3AR = 0 (4.13)

Adopting the relations;

δ
√
h = 3a3ζ, δRij = −(δij∂

2ζ+∂i∂jζ), δ1R = −4a−2∂2ζ (4.14)
δ2R = −2a−2[(∂ζ)2 −4ζ∂2ζ], δKij = (ζ̇−HδN)δij − δik(∂kNj +∂jNk)(4.15)

δK = 3(ζ̇−HδN)−∂2 ϕ

a2 (4.16)

Applying this into the Lagrangian we get the extended new Lagrangian (represented as
a function of δN , ψ and ζ), which doesn’t depend on the derivatives of the shift and
lapse. Furthermore, varying the new Lagrangian with respect to δN and ψ results in
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momentum and Hamiltonian constraints with some algebra the momentum constraint
becomes

δN = ζ̇

H(1+αB) (4.17)

Where we introduced the normalized parameter αB ≡ B
4HAK

. Thus, blending in all the
formation given above the quadratic action with respect to ζ yields

S =
∫
d4x

(
a3

2

){
M2α

(1+αB)2 ζ̇
2 +

[
1+αT − 1+αH

1+αB

(
1+αM − Ḣ

H2

)

− d

Hdt

(
1+αH

1+αB

)]
(∂iζ)2

a2 + M4

4 (1+αT )(∂kγij)2

a2

}
(4.18)

Where we have introduced the normalized functions which depends to time given as

αH = G∗ +B∗
R

AK
−1, αK = 2L̄N + L̄NN

2H2AK
, α = αK +α2

B (4.19)

Parameters αM and αT originate from vector and tensor modes which we will describe
below. The evolution of squared sound speed can be obtained by evaluating the ratio
of the two terms inside the square bracket of the action given above involving matter
can be denoted as follows

c2s = −2(1+αB)2

α

[
1+αT − 1+αH

1+αB

(
1+αM − Ḣ

H2

)
− d

Hdt

(
1+αH

1+αB

)]

− (1+αH)2

α

ρ̄m + p̄m

M2H2 (4.20)

In order to avoid the instabilities we require the kinetic coefficient to be positive
α = αK +6α2

B > 0
Vector mode: Are given in a parametric form Ni = N i

V (known as the transverse
components of the shift vector) their partial derivatives are zero ∂iN

i
V exploiting this

in a quadratic action for vector modes we get the transverse part of the momentum
constraint outputs ∇2

2 N
V
i = a2

M2T0i which is the transverse projection of the matter
stress-energy flux.
Tensor mode: In unitary gauge, we define the evolution equation for tensor mode
which correspond to Eq. (2.82) to be expressed by

ḧij +(3+αM )Hḣij − (1+αT )∇2

a2 hij = 2
M2

(tensor)(
Tij − 1

3Tδij

)
(4.21)
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In this case the transverse-traceless projection of the anisotropic matter stress-tensor

is denoted by (tensor)
(
Tij − 1

3Tδij

)
, the square of the graviton propagation speed is

given by

c2T ≡ 1+αT = G∗

AK
(4.22)

And we also introduced the dimensionless mass evolution rate function αM ≡ 1
H

t
dt lnM2.

Combining all information provided above the generalized action form of Eq. (4.11)
which obeys Eq. (4.13) conditions, evaluated at second order can be express in term of
five-free background equations (αB,αH ,αK ,αM and αT which we will describe below)
as follows

S =
∫
d4xa3M

2

2

[
δKijδK

ij − δK2 +(1+αT )
(
R
δ
√
h

a3 − δ2R

)

+ αKH
2δN2 +4αBHδKδN +(1+αH)RδN

]
(4.23)

Where perturbations evaluated at second order are denoted by δ2

4.2 Unified Dark-Energy

The effective field theory EFT [42, 63, 123] issues a efficient approach to parametrize
our ignorance about fundamental physics, without any commitment to a specific model.
In unitary gauge, the action given by Eq. (4.23) in conformal time can be re-written
as follows

S = 1
2κ2

∫
d4x

√
−g
{

[1+Ω(η)] (4)R+2Λ(η)−a2c(η)δg00 +M4
2 (η)(a2δg00)2

− a2M̄3
1 (η)δg00δKµ

µ −M̄2
2 (η)(δKµ

µ)2 −M̄2
3 (η)δKµ

νδK
ν
µ +a2M̂2(η)δg00δR

+ m2
2(η)(gµν +nµnν)∂µ(a2g00)∂ν(a2g00)

}
+Sm[ψm,gµν ] (4.24)

Here κ2 ≡ 8πG=M−2
pl is the bare reduced Planck mass, with gravitational constant G

and Sm is the matter part of the action3. Its easy to see that the action in Eq. (4.24)
is dependent on functions (Ω, c,Λ,M4

2 ,M̄
3
1 ,M̄

4
2 ,M̄

2
3 ,M̂

2,m2
2) and all this functions

depends on time. Moreover, this provide a complete way to characterize the linear
3matter - include fluids components such as, baryons, neutrinos, radiation and dark matter
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perturbations and background evolution of sizeable class of scalar-tensor theories.
A particular sub-class are Horndeski theories which in recent years have attracted
sizable amount of attention, which include several theories of interest i.e., Quintessence
[207, 245], k-essence [10, 12], Brans-Dicke models [53], covariant galileons [78, 79],
Gauss-Bonnet couplings [107, 181] and f(R) and f(G) gravity [58, 59]. However, in
this work we consider the formalization developed by [28] describing the background
contributions and linear perturbation theory that corresponds to Horndeski theories. In
this formalism, the linear perturbations are determined by the background contribution
UDE energy-density parameter and five dimensionless functions of time - this certainly
holds distinct physical properties of the UDE.

• The Kineticity αK : This characterize the kinetic energy of the scalar field
which instantly can be extracted out from the action. Moreover, in large scale
this results into a clustering of the dark energy component.

• The Braiding αB : In small scales, influenced by the mixology of the interaction
of the metric and scalar field of the kinetic contributions of the fields results into
clustering of dark energy components.

• (effective) mass evolution-rate parameter αM : Characterize the evolu-
tion gravitational coupling which yields the relation between the two Bardeen
potentials Φ and Ψ dubbed as gravitational slip. The parameter is expressed by

αM = d lnM2

d lna ≡ 2M ′

HM
(4.25)

governing the rate of evolution of M - effective Planck mass from action in
Eq. (4.24) is denoted by M2 = κ−2(Ω+M̄2

2 )

• Tensor speed excess αT : In context of clustering of the dark energy component
this provide the deviation of the gravitational wave speed and the speed of light
contributing in the form of effective anisotropic stress.

• Beyond-Horndeski parameter αH : On small scales clustering of dark energy
and the effective anisotropic stress are influenced by by velocity fields and the
evolution rate of the Bardeen potentials.
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This parameters αi are related to EFT functions through the following relation :

αK = c+4M4
2

H2(Ω+M̄2
2 )
, αB = HΩ′ +M̄3

2
2H(Ω+M̄2

2 )
, αM = Ω′ +(M̄2

2 )′

Ω+M̄2
2

(4.26)

αT = − M̄2
2

Ω+M̄2
2
, αH = M̂2 +M̄2

2
Ω+M̄2

2
(4.27)

It is conceivable to consider MG not founded on a particular Lagrangian by determining
a parameterization of the expansion of a FLRW background and the free-functions αi.
One can give a general parametrization relating the UDE energy-density parameter
and the five free-function (this was firstly proposed by [28]) as follows

αi = Ωxαi0 ≡ (1−Ωm)αi0, αi0 = constant (4.28)

It’s worth mentioning the early-universe modification of gravity is not encompassed,
due to proportionality of UDE energy-density to the free-functions. Moreover, this
ensures that there is no alterations on high-redshift phenomenons such as cosmic
microwave background. We also make a note that If one set all free-function αi to zero
we recover GR.



Chapter 5

Probing beyond-Horndeski gravity
on horizon scales

In this topic we explore the well-grounded models of DE—given a lack of fundamental
understand of the DE, the alternative might be the an idea that DE is not real, with
the exception that the relative weakening of gravity at late-time is the key factor for
the acceleration1. In particular, we look into the so-called ’Horndeski theories’ and
their extensions dubbed ’beyond-Horndeski gravity’, as the satisfactory alternative
to concordance model Λ. The beyond-Horndeski gravity are characterized by the
scalar field ϕ—which introduces the degree of freedom in addition to the GR tensor
modes—which could result by minimizing the symmetry of the theories. This have
recently gained exponential interest; e.g. of this method is the effective field theory of
inflation EFT and unified dark energy UDE [19, 60, 68, 70, 85, 108, 134, 143, 149, 190,
198, 216, 218] presented in chapter. 4. Furthermore, the UDE paradigm is constructed
from beyond the scope of the Horndeski theory, now suppose that UDE model seeks
to combine—in a single description—a broad spectrum of the well-grounded existing
models, such as the quintessence, k-essence [10, 76] models, the scalar-tensor theories
and their Horndeski extensions; the f(R) gravity and the Horava-Lifshitz theories
[37, 38, 137], respectively2. This method provide the unified framework of cosmological
perturbations about a FLRW Universe, at linear order. Most importantly however,
the description of the EFT or UDE provides a means for a generalized approach to
confront theoretical ideas with observations; the cosmological parameters of the given

1The breakdown of general relativity in the infrared—hence, one needs to do some modifications
to general relativity GR

2In subsections to follow we provide the explicit Lagrangian examples of most of this theories
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UDE may be probed and the implication for various models is thus inferred, rather
than probing the individual models.

Moreover, the next generation of cosmological survey on very large scale structure—
will extent to very large redshifts—which will also cover a sizable cosmic scale, to nearly
and beyond the Hubble horizon, this could potentially provide the best information
on the nature of modification of gravity and dark energy—thus this will be used
as a powerful tool to test GR. Nevertheless, for this to be carried out one needs to
consider correction for relativistic effects which surface naturally in the overdensity
of galaxies and convergence [15, 20, 23, 45, 46, 48, 50, 62, 89–92, 94, 97, 208] in the
redshift space. In the past, up-until recently, the relativistic effects where ignored
or disregarded—however the relativistic effects become more significant on the same
reshifts and scales which will be the reach of the next generation of cosmological
surveys. Therefore on large scale evaluation of the relativistic corrections and their
imprint will be very important in future.

We start by a concise review of the scalar-tensor descriptive of the interacting
dark energy in section. 5.1. In section. 5.2, we introduced the unified dark energy
background and perturbations. The full relativistic expressions of galaxy number
count and convergence are given in section. 5.3. In section. 5.4, we provide two ways
to compute the power spectrum in beyond-Horndeski theories. In section. 5.5, we
numerically test UDE background and perturbations evolution equations. Finally we
conclude in section. 5.6.

5.1 Scalar-tensor descriptive of the interacting DE

In this section we outline few among several scalar-tensor theories which have been
vigorously studied in the past—in the context of DE—here we provide their explicit
standard action and reformulate this into general form shown by (2.13). In order for
us to focus at the coupling of the scalar field, we need to recall the action for GR
paradigm in ADM formalism which we denoted by (2.14).

5.1.1 Quintessence and k-essence models

Lets start by making available the expression for the energy-momentum tensor associ-
ated to the canonical scalar field which is given by,

Tµν = ∇µϕ∇νϕ− 1
2[gµνg

ρσ∇ρϕ∇σϕ+2gµνV (ϕ)] (5.1)
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Where V (ϕ) is the potential which depends on scalar field. It’s direct and easy to
compute the action that will result in the energy-momentum tensor given in (5.1).
In classical mechanics the canonical Lagrangian can be rewritten the context of the
classical field theory [57] by,

L = 1
2 ϕ̇

2 − 1
2[∂µϕ∂νϕ+2V (ϕ)] (5.2)

The above expression describes different energies, i.e., The first term coincides with
kinetic energy and the terms inside the square brackets corresponds to the gradient
energy plus customary potential energy respectively. Furthermore, we can rewrite the
Lagrangian density as follows3

L = 1
2[gµν∂µϕ∂νϕ+2V (ϕ)] (5.3)

Henceforth, the initial scalar field action becomes,

SQ = −
∫
d4x

√
−g1

2[gµν∂µϕ∂νϕ+2V (ϕ)] (5.4)

Thus, after some algebra in ADM formalism the action yields,

L = LEH(t,N)+LQ(t,N), LQ(t,N) = ϕ2

2N2 −V (ϕ(t)) (5.5)

In the case of non-canonical kinetic energy terms,k-essence theories (for comprehensive
description see [11, 12, 112, 119, 193]) by expressing the Lagrangian P (X,ϕ)—in
ADM formalism—can be obtained by following the similar set of steps as above which
eventually yield,

Lk−essence(t,N) = P

[
− ϕ̇2

2N2 ,ϕ

]
(5.6)

Note that here initially we considered the action,

Sk−essence =
∫
d4x

√
−gP (X,ϕ), with, X = 1

2g
µν∂µϕ∂νϕ (5.7)

Here we denote P as an arbitrary function which depends on both X and ϕ

3Note that we have considered the fact that the Minkowski metric ηµν is diagonal—ηµν=diagonal(-
1,1,1,1)—the local frame was constructed in addition to this.
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5.1.2 f(4R)gravity

In this subsection we describe the action and Lagrangian density of nonlinear f(4R)
gravitational models which we will use hereinafter to reproduce known equations.
Starting from the action[75, 99],

Sf(R) =
∫
d4x

√
−gf(4R) (5.8)

We then define the following; f(4R) = f(ϕ)−fϕ(ϕ)(−4R+ϕ) ≡ f(R), making use of
Eq. (5.8) with some algebra we get the following Lagrangian

Lf(R) = f(ϕ)+fϕ(ϕ)(4R−ϕ) (5.9)

The above Lagrangian is equivalent to f(4R) Lagrangian. Henceforth, to avoid confu-
sion/s in the notation, subscript Φ and X4 denotes the derivatives with respect to ϕ
and X respectively5 Provided the property from [119](which state that f(4R4R) ̸= 0)
and making use of the Gauss-Codazzi expression given in section. 2.1 by Eq. 2.12 we
can rewrite the above Lagrangian in ADM formalism as follows

Lf(R) = fϕ(R+KµνK
µν −K2)+2fϕϕK

√
−X+f(ϕ)−ϕfϕ (5.10)

5.1.3 Horndeski gravity

In 1974 [138], Horndeski provided a derivation of the action of a large class of scalar-
tensor theories with second-order equations of motion, proven to be equivalent to
generalized Galileons [80, 150]—the importance of this being that it encompass all DE
or MG theories sub-classes we introduced above.Then the Horndeski Lagrangian is
given as

LH = L2 +L3 +L4 +L5 (5.11)
4This will be useful in the very next subsection
5For example, fϕ ≡ ∂f

∂ϕ and fX ≡ ∂f
∂X
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Where arbitrary linear Lagrangian Ln are given by

L2 = G2(ϕ,X)
L3 = G3(ϕ,X)□ϕ
L4 = G4(ϕ,X)4R+∂XG4(ϕ,X)δµν

αβ∇α
µϕ∇β

νϕ

L5 = G5(ϕ,X)Gµν∇µνϕ− 1
6∂XG5(ϕ,X)δµνρ

αβγ∇α
µϕ∇β

νϕ∇γ
ρϕ (5.12)

Where X = −1
2(∇ϕ)2 and Gi(ϕ,X) are arbitrary function and we need to add to this

that δµν
αβ = 2!δµ

[αδ
ν
β] and δµνρ

αβγ = 3!δµ
[αδ

ν
βδ

ρ
γ]. Thus, in ADM formalism the Horndeski

Lagrangian LH reads

LH,A = L2,A +L3,A +L4,A +L5,A (5.13)

Where Ln,A are defined as follows

L2,A = M2(ϕ,X)
L3,A = M3(ϕ,X)K
L4,A = M4(ϕ,X)R+(2X∂XM4 −M4)(K2 −KµνK

µν) (5.14)

L5,A = M5(ϕ,X)GµνK
µν − 1

3X∂XM5(K3 −KKµνK
µν +2KµνK

µαKν
α)

Where functions Mn are given by

M2 =G2 −
√

−X
∫ ∂ϕG3

2
√

−x
dX, M3 = −

∫
∂XG3

√
−XdX−2

√
−X∂ϕG4 (5.15)

M4 =G4 +
√

−X
∫ ∂ϕG5

4
√

−X
dX, M5 = −

∫
∂XG5

√
−XdX (5.16)

The detailed derivation of this work is comprehensive given by [116].

5.1.4 Beyond-Horndeski gravity

In general higher-derivative theories have extra degree of freedom and usually plagued
by instabilities—Horndeski theories6—suppress ghost-like instabilities also known as
Ostrogradski’s instability by requiring second-order Euler-Lagrange equations which can
be obtained from the Lagrangian density given above. However, for some reasons it is
conceivable to extend the Horndeski Lagrangians presented above without encountering

6This does not introduce any new degree of freedom, but not necessarily stable.
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ghost-like Ostrogradski instabilities. In ADM formalism, the beyond-Horndeski theory
provided by [118] the actions reads

SBH =
∫
d4x

√
−g(L2 +L3 +L4 +L5) (5.17)

Where

L2 = A2(t,N)
L3 = A3(t,N)K
L4 = A4(t,N)(K2 −KµνKµν)+B4(t,N)R (5.18)

L5 = A5(t,N)(K3 −3KKµνKµν +2KµαKµνK
ν
α)+B5(t,N)Kµν

(
Rµν − 1

2hµνR

)

Where An and Bn (n=2,3,4,5) are arbitrary functions that depends on t and N

5.2 The Unified Dark Energy Model

As proposed by Gleyzes et al. [119] in this section we provide the UDE model; Our
equations are rewritten in conformal coordinates—assuming a late-time universe domi-
nated by matter and UDE only—the subsections below are supplementary to work
introduced in subsection. 2.2.6.

5.2.1 The background equations

In this subsection we provide the gravitational field equations for background. We
begin by defining the UDE energy density and pressure, respectively as follows

ρ̄x ≡ 3a−2M2H2 − ρ̄m, p̄x ≡ −M2

a2 (2H′ +H2)− p̄m (5.19)

With M is an effective Planck mass; a prime denote derivatives with respect to
conformal time (with A=m,x), H = a′/a is the comoving Hubble parameter . Matter
and UDE energy density conservation equations are given by

ρ̄′
m +3H(1+wm)ρ̄m = 0, ρ̄′

x +3H(1+wx,eff)ρ̄x = 0 (5.20)
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Where wA = p̄/ρ̄A is the equation of state parameter of A, ΩA = ρ̄x/ρ̄ is the energy
density parameter, with ρ̄ being the total background energy density and with

wx,eff = wx − αM

(3Ωx) (5.21)

Describing an effective UDE equation of state parameter; where αM ≡ 2M ′/(HM) is
the mass evolution rate parameter. We also have the pressure conservation equation
which is given by

p̄′
x = −p̄′

m −3a−2M2H3[(1+w)(3c2a −αM )+αM ] (5.22)

Where w is the total equation of state parameter and c2a is the total (squared) adiabatic
sound speed which are respectively given by

w =
∑
A

ΩAwA, c2
a = 1

1+w

∑
A

ΩA(1+wA)c2aA (5.23)

Moreover, the evolution of UDE equation of state parameter is then given by

w′
x = −3H(1+wx,eff)(c2ax −wx) (5.24)

with c2aA ≡ p̄′
A/ρ̄

′
A is the square of the adiabatic sound speed, its easy to show that if

we set A= x, and divide Eq. (5.22) by Eq. (5.20) then the following definition yields

c2ax = sm + αM +(1+w)(3c2a −αM )
3Ωx(1+wx,eff) (5.25)

Where we denote the parameter sm ≡ p̄′
m/ρ̄

′
x

5.2.2 The perturbations equations

In this subsection we outline the applicable perturbations equations—we provide the
specific constraints and the evolution equations. Here we adopt the perturbed FLRW
metric Eq. (2.99) and the effective Poisson equation is given by

∇2Φ = 3
2H2(

∑
A

ΩA∆A −αM HVA), ∆A = δA + ρ̄′
A

ρ̄A
(5.26)
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Where δA = δρA/ρ̄A is the energy density contrast for A, with VA being the gauge-
invariant comoving velocity potential and ∆A is the comoving energy density7. The
spatial metric potential evolves as follows

Φ−HΨ = −3
2H2∑

A

ΩA
qA

ρ̄A
, qA = (ρ̄A + p̄A)VA (5.27)

Here qA = a−1qphys
A is the comoving momentum density for species A; the superscript

phys (henceforth) denotes the physical component—as given by [119] i.e. defined with
respect to physical time. The metric potentials are constraint by

Φ+Ψ = 3H2∑
A

ΩA
σA

ρ̄A
(5.28)

Where σA is the comoving anisotropic stress potential for species A.
The perturbed energy-momentum tensor for multiple components is given by

δTµν
A = (δρA + δpA)ūµ

Aū
ν
A +(ρ̄A + p̄A)(δuµ

Aū
ν
A + ūµ

Aδu
ν
A)+ δpAg

µν + p̄Ag
µν (5.29)

Where we define the 4-velocity as (shown by [94]) uµ
A = a−1(1 − Φ,∂iVA) and with

δpA, δg
µν and δuµ

A are perturbed pressure, metric tensor and 4-velocity, respectively.
The leads to the energy-momentum conservation to be

∑
A

Tµν
,µ = 0 = δTµν

,µ (5.30)

Therefore, given Eq. (5.30) the matter comoving velocity potential and comoving
density, respectively, evolve in time according to the equations given by

V ′
m +HVm = 2k2σm

3(1+wm)ρ̄m
− c2sm

1+wm
∆m +Ψ (5.31)

∆′
m −3wmH∆m = 9

2H2(1+wm)
∑
A

(1+wA)(Vm −VA)

+ (1+wm)k2Vm −2Hk2σm

ρ̄m
(5.32)

7Note that we take care to use the gauge-invariant comoving density ∆A, in order to simplify
Poisson equation and to define bias properly; moreover this helps avoid any large-scale unphysical
artefacts, see e.g. [82].)
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where c2sm is the matter physical sound speed. Similarly, the UDE comoving velocity
potential evolves by

V ′
x +HVx = 2k2σx

3(1+wx)ρ̄x
− c2sx

1+wx
∆x +Ψ

− αM H
Ωx(1+wx)

[
Vx −

∑
A

ΩA(1+wA)VA

]
(5.33)

Here we denote c2sx is the UDE physical sound speed, given by [28, 117–119, 171]

c2sx = −2(1+αB)2

α

[
1+αT − 1+αH

1+αB

(
2+αM − H′

H2

)
− 1

H

(
1+αH

1+αB

)′]

+ (1+αH)2

α

ρ̄m + p̄m

a−2M2H2 (5.34)

Where the various αi are provided in chapter. 4 (see [28, 117–119, 171, 217] for more
details)

The evolution of UDE comoving density given by

∆′
x −3wxH∆x = 9

2H2(1+wx)
∑
A

(1+wA)(Vx −VA)+(1+wx)k2Vm −2Hk2σx

ρ̄x

+ αM H
Ωx

{
V ′

x −∆x +
[
α′

M

αM
− 1

2(1+9w−2αM )H
]
Vx

+
∑
A

ΩA

[
∆A − ρ̄′

A

ρ̄A
VA −3H(1+wA)VA

]}
(5.35)

Considering the fine work by [216, 217], then we can write the relation between the
parameter αB dubbed kinetic braiding, beyond-Horndeski parameter αH and the
tensor speed alteration (measuring the difference between the speed c2T = 1+αT > 0 of
gravitational waves and speed of light.) as follows

αB = αH

(
1−5Υ2

Υ1

)
, c2

T = 4α2
H +(1+αH)Υ1
(1+αB)Υ1

≡ 1+αT (5.36)

where cosmological constraints are placed on the parameter governing deviations
from Newton’s law, Υ1 = −0.11+0.93

−0.67, and the parameter governing light bending,
Υ2 = −0.22+1.22

−1.19. Clearly we see that, if αH = 0, then αB = 0 and c2T = 1; thus
implying that the we recover Horndeski gravity when αH = 0—as well as general
relativity—restricts gravitational waves to propagate with the speed of light. However,
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in beyond-Horndeski gravity (αH ̸= 0), the gravitational waves can propagate either
faster (αT > 0) or slower (αT < 0) than light.

In addition, we also reintroduce the following expression

αi = αi0Ωx (5.37)

This tells us that the free parameters are directly proportional to UDE energy density
with some constant. Thus, equations (5.19)–(5.37) establish the applicable background
and perturbations equations. By comparing the given equations in this section with
the work by e.g. [94], we see that the UDE essentially corresponds to an interacting
DE scenario in which the total energy-momentum tensor is not conserved (there are
no αM terms in all the matter evolution equations, unlike those for UDE; thus αM

induces a self, non-conservative interaction in UDE). The procedure as to how we
strictly obtained the above evolution’s is detailed in Appendix. D.

5.3 The relativistic effect in galaxy number count
and convergence

In order to adequately account for the pure number counts surveys, perfumed at a
fixed luminosity which is cut-off within a varying volume, the observed overdensity
[48, 62, 144, 145, 174, 249, 250]—incorporating all relativistic effects/corrections—
along the direction of observation n̂ (where n̂ is the direction at which the photon is
propagating) at redshift z is given by

∆(z, n̂) = ∆st(z, n̂)+∆v(z, n̂)+∆g(z, n̂)+∆SW(z, n̂)+∆td(z, n̂)+∆ISW(z, n̂)(5.38)
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Where the terms ∆i(z, n̂) are defined as follows

∆st(z, n̂) = b ·∆m − 1
H
∂r(V · n̂) (5.39)

∆v(z, n̂) = 1
H

V′ · n̂ −
(

H′

H2 + 2
rsH

−1
)

V · n̂ + 1
H
∂rΨ (5.40)

∆g(z, n̂) = − 1
rs

∫ rs

0
dr
rs − r

r
∇2

⊥(Φ+Ψ) (5.41)

∆SW(z, n̂) =
(

1+ H′

H2 + 2
rsH

)
Ψ−2Φ+ 1

H
Φ′ −3HV (5.42)

∆td(z, n̂) = 1
rs

∫ rs

0
dr(Φ+Ψ) (5.43)

∆ISW(z, n̂) =
(

H′

H2 + 2
rsH

)∫ rs

0
(Φ′ +Ψ′) (5.44)

Where ∆m and V are defined as the gauge invariant comoving density and velocity
potential,respectively—This density is the one utilized in Poisson equation [32, 238]
and it can be related to galaxy comoving density via the linear galaxy bias b (see
[54, 82] which is given by ∆g = b∆m). Furthermore, the line-of-sight component of the
peculiar velocity is denoted by V · n̂ (which in Fourier space it yields —ikV (z,k) · n̂).
Moving on, rs = r(zs) is the background comoving radial distance at source redshift zs

and ∇2
⊥ = r2(∇2 −∂2

r − 2r−1∂r) is the angular part of the Laplacian. Throughout this
thesis we’ve neglected magnification and evolution of bias (s= 0 = fevol).

The first contribution is the sum of density and redshift distortion dubbed as
standard contribution ∆st(z, n̂), second contribution is Doppler lensing ∆v(z, n̂) and
the third contribution is gravitational lensing ∆g(z, n̂). The last three contribution are
directly dependent on the two Bardeen potentials Φ and Ψ they know as Sachs-Wolfe
effect ∆SW(z, n̂), Integrated Sachs-Wolfe effect ∆ISW(z, n̂) and Shapiro time-delay
∆td(z, n̂). While standard contribution terms are proportional to Bardeen potentials.
Standard contributions are suppressed by (H

k )2 in Fourier space and gravitational lensing
term and Doppler lensing terms are suppressed by (H

k ). The standard contribution
terms, gravitational lensing term and Doppler lensing terms they are not important in
scales much smaller than the horizon (k ≫ H), but they are much more important on
large scale. In addition, the slope of gravitational potential is proportional to velocity
terms shown in Table. 5.1, they both suppressed by (H

k ). This term has precise order
of magnitude as the velocity terms, this mainly due to the slope of Ψ. In gravitational
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Quantity Eq Contribution Scale b dependence

∆st(z, n̂) (5.39) Intrinsic clustering + RSD
(

k
H

)2
Ψ b

∆v(z, n̂), κv(z, n̂) (5.40),(5.48) Doppler lensing
(

k
H

)
Ψ -

∆g(z, n̂), κg(z, n̂) (5.41),(5.49) Gravitational lensing
(

k
H

)
Ψ -

∆SW(z, n̂), κSW(z, n̂) (5.42),(5.50) Sachs Wolfe Ψ -
∆td(z, n̂), κtd(z, n̂) (5.43),(5.51) Shapiro time-delay Ψ -
∆ISW(z, n̂), κISW(z, n̂) (5.44),(5.52) Integrated Sachs Wolfe Ψ -

Table 5.1 Summary of relativistic effects and their dependence on scale and bias—which
contribute on both galaxy overdensity and convergence.

theories that obey Euler equation (galaxies follows the geodesics)

∂rΨ+V′ · n̂ +HV · n̂ = 0 (5.45)

The expression for ∆v(z, n̂) in eq. (5.40) simplifies to

∆v(z, n̂) = −
(

H′

H2 + 2
r̄sH

)
V · n̂ (5.46)

All terms integrated along the line of sight are negligible on small scale. The relativistic
effects also affects convergence, this involve The standard gravitational lensing term,
Doppler lensing term, the integrated Sachs-Wolfe, Shapiro time-delay and the Sachs-
Wolfe, the full expression can be obtained from [16, 30, 44].

κ(z, n̂) = κv(z, n̂)+κg(z, n̂)+κtd(z, n̂)+κISW(z, n̂)+κSW(z, n̂) (5.47)
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Where the terms κi(z, n̂) are defined as follows

κv(z, n̂) =
(

1− 1
rsH

)
V · n̂ (5.48)

κg(z, n̂) = 1
2rs

∫ r̄s

0
dr
rs − r

r̄
∇2

⊥(Φ+Ψ) (5.49)

κSW(z, n̂) =
(

2− 1
rsH

)
Ψ (5.50)

κtd(z, n̂) = − 2
rs

∫ rs

0
drΨ (5.51)

κISW(z, n̂) =
(

1− 1
rsH

)∫ rs

0
dr(Φ′ +Ψ′) (5.52)

If the galaxy and observer are moving respectively, the galaxy appears further away or
closer in redshift space, this reflect Doppler term κv(z, n̂). To firmly decide whether
the galaxy demagnified or magnified is determined by the sign of this contribution
which depends on the direction of velocities and the prefactor sign. Gravitational
lensing term shows how overdense regions situated between the galaxy and the observer
magnify the galaxy and change consequently its size and its luminosity. We need to
make a note that convergence is not observable on its own in the relativistic scenario,
since its gauge dependent quantity (see [48] for more comprehensive details).

5.4 Correlation function in beyond-Horndeski

In this section we evaluate modification of gravity or DE in the context of the beyond-
Horndeski theories by altering the observed overdesity and convergence power spectrum;
accounting for all relativistic contributions. In particular, we look into two well grounded
statistical measurements that are suitable for large scale regime; the angular power
spectrum and two point correlation function (2PCF)—note that in subsection. 5.4.2
we only consider the cross-correlation of dominant contributions. In particular, we
compute the quantity ξ∆stκv—which is the cross-correlation between the number-count
and convergence.
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5.4.1 The number count-convergence angular power spectra

We consider the observed number-count overdensity (5.38), for galaxy surveys; we
expand the number-count overdnesity in spherical multipoles, given by

∆(z, n̂) =
∑
lm

alm(z)Ylm(n̂), alm(z) =
∫
dΩn̂Y

∗
lm(n̂)∆(z, n̂) (5.53)

where Ylm are the spherical harmonics and alm are the multipole expansion coefficients,
with the star or asterisk denoting complex conjugation. We compute the angular power
spectrum observed at a source redshift zs by

Cl = ⟨alm(zs)alm(z′
s)⟩ (5.54)

Note that the primes on redshift refer to the object where the number-count is estimated.
Henceforth, we will embrace the following convention—at which the density, velocity
and two Bardeen’s potentials are decomposed by

∆m(z, n̂) =
∫ d3k

(2π)3 e
−ik·x∆m(z,k), (5.55)

Ψ(z, n̂) =
∫ d3k

(2π)3 e
−ik·xΨ(z,k), (5.56)

V(z, n̂) · n̂ =
∫ d3k

(2π)3 e
−ik·xiV (z,k)(k · n̂), (5.57)

∂r(V(z, n̂) · n̂) =
∫ d3k

(2π)3 e
−ik·xV (z,k)(k · n̂)2. (5.58)

Where the density velocity and Bardeen’s potential are related as follows

∆m(z,k) = ∆̃m(z,k)T (k)Ψ(k), (5.59)
Vm(z,k) = Ṽm(z,k)T (k)Ψ(k), (5.60)
Ψ(z,k) = Ψ̃(z,k)T (k)Ψ(k). (5.61)

We also define the initial power spectrum as follows

⟨Ψ(k)Ψ∗(k′)⟩ = (2π)3δ(k +k′)PΨi(k) (5.62)
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Applying equations. (5.55)—(5.62) into (5.54) with some algebra the total angular
power spectrum yields [46, 48]

C∆∆
l (zs, z

′
s) = 4

π2

(
43
50

)2 ∫
dkk2T 2(k)PΨi(k)|∆l(zs,k)∆l(z′

s,k)| (5.63)

Where T (k) is the linear transfer function that dependent on time and with

∆l(zs,k) = b(zs)∆̃m(zs,k)− 1
H
Ṽm(zs,k)j′′

l (krs)+ 1
H

Ψ̃′(zs,k)jl(zs,k)

− 3HṼm(zs,k)jl(zs,k)−
(

−1− H′

H2 − 2
rsH

)
jl(krs)Φ̃(zs,k)

− 2Ψ̃(zs,k)jl(zs,k)+
∫ rs

0
drjl(kr)

[
2+ rs − r

r
l(1+ l)

]
(Φ̃+Ψ̃)(z,k)

+
(

H′

H2 + 2
rsH

)[
Ṽ (zs,k)j′

l(krs)+
∫ rs

0
drjl(kr)(Φ̃+Ψ̃)(z,k)

]
(5.64)

Where jl denote the spherical Bessel function of order l, then j′
l(x) = ∂jl(x)/∂x—where

we define the argument x= kr; a tilde denotes division by the gravitational potential
at the epoch of photon-matter decoupling by this we mean for a given parameter X
this holds X̃(z,k) ≡ X(z,k)/Φd(k) and the gravitational potential at decoupling is
then defined by

Ψd(k) =
(

43
50

)
Ψi(k)T (k) (5.65)

Here Ψp is the primordial gravitational potential; X̃ measures the growth function of
the associated parameter. In a similar fashion as above one can evaluate the convergence
angular power spectrum to result in

Cκκ
l (zs, z

′
s) = 4

π2

(
43
50

)2 ∫
dkk2T 2(k)PΨi |κl(zs,k)κl(z′

s,k)| (5.66)

With

κl(zs,k) = 1
rs

∫ rs

0
drjl(kr)

[
2Ψ̃+ rs − r

2r l(1+ l)(Φ̃+Ψ̃)(z,k)
]

−
(

1− 1
rsH

)
j′
l(krs)Vm(zs,k)+

(
2− 1

rsH

)
Φ̃(zs,k)jl(krs)

+
(

1− 1
rsH

)∫ rs

0
drjl(kr)(Φ̃′ +Ψ̃′)(z,k) (5.67)
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Fig. 5.1 The useful definitions and geometry set-up used in our evaluations. (credit to:
C. Bonvin.)

For the record, we need to point out that the leading factor (43/50)—in equa-
tions. (5.63),(5.65) and (5.66) differ from the usual factor of (9/10)[87, 92, 94, 95]
because in aforementioned references they’ve assumed that Φ = Ψ—dropping this
approximation we get (43/50).

5.4.2 Two point correlation function

Here we describe the another statistic measurement suitable for large scale regime—
Doppler lensing; which can be measured with the next generation of cosmological
surveys. Let’s begin by correlating the observed overdensity with an approximate of
the convergence—along the direction n̂ with redshift z, which we can quantify by

ξ(z, n̂) = ⟨∆(z, n̂)κ(z′, n̂′)⟩ (5.68)

The correlation function ξ consists of hierarchy multipoles around the observed
overdensity—due to the coupling between contributions terms such as density, velocity,
lensing, Sachs-Wolfe SW and Integrated Sachs-Wolfe ISW (most of these contributions
can be dropped out on redshift approximately to one)[48, 62, 250].
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At linear order, the galaxy number count is dominated by standard contribution term
given by (5.40), at which gravitational lensing and relativistic effects to galaxy number
count are sub-dominant and hence can be dropped off on low redshifts; they become
significant on high redshifts. For convergence we consider the Doppler contributions
(5.48) to be the dominant, even though gravitational lensing contributions are also
significant but, for the same reasons mentioned above they are important on high
redshifts. The optimal estimator for a realistic survey we consider an expression given
by Bonvin et al. [47]

ξdip(d) = aN

∑
∆iκi cosβijδk(dij −d), (5.69)

ξoct(d) = bN
∑

∆iκiP3(cosβij)δk(dij −d). (5.70)

The normalization factors are denoted by aN and bN and the sum is pair of pixels in
the survey separated by a physical distance dij , with the angle βij is the angle at ∆i

between the line-of-sight angle n̂ and the direction vector κi all this is shown in Fig. 5.1.
In unified dark energy context, the relation between between the velocity potential
and the gravitational potential and the matter gauge-invariant comoving density is
typically modified. This relation, arise from the energy conservation equation for the
velocity, it thus a critical test of GR on cosmological scales, and certainly one which
Doppler dipole will be particularly sensitive to.

5.4.2.1 Multipole expansions

We consider the cross-correlation of the observed number count-convergence, for galaxy
survey; we expand this quantity in Fourier space which yields8

ξ∆stκv
=

(
1− 1

r(z′
s)H(z′

s)

)∫ d3k
(2π)3 e

−ik·xṼm(z′
s,k)(k · n̂′)T 2(k)PΨi(k)

×
(
b(z)∆̃m(zs,k)− 1

H
Ṽm(zs,k)(k · n̂)2

)
(5.71)

Here the cross-correlation above is expressed in-terms of (zs, z
′
s, θ), where zs is the

redshift of the source zs and θ being the between n̂ and n̂′. Following [47] formalism the
cross-correlation can be re-expressed in a form (r,d,β), where d denotes the comoving
distance between the galaxies and the orientation of the pair with respect to line-of-sight
is denoted by β (this is shown in Fig. 5.1). Then we expand the cross-correlation in

8Henceforth in the thesis we assume the metric convention to take the form ds2 = a−2[−(1 +
2Ψ)dη2 +(1+2Φ)dx2] and the Fourier convention f(x,η) = (2π)−3 ∫ d3keik·xf(k,η)
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spherical multipoles (see also appendix B of [50] for comprehensive derivation), given
by

ξ∆stκv
= 1

2π2

(
1− 1

r(z′
s)H(z′

s)

)[
cosβ

(
1
15ν1 +λ1 − 1

10ν3

)

+ 1
5 cosαcosβ

(
ν1 − 3

2ν3

)
+ 1

5 sinα sinβ
(
ν1 +ν3

)]
(5.72)

With the parameters λl and νl with l = 1,3 are respectively given by

λl(r,d,β) =
∫
dkk2jl(kd)Ṽm(z′

s,k)T 2(k)PΨp(k)

×
[
b∆̃m(zs,k)− 1

3H
Ṽm(zs,k)

]
(5.73)

νl(r,d,β) =
∫
dkk2jl(kd)

1
H
Ṽm(z′

s,k)Ṽm(zs,k)T 2(k)PΨp(k) (5.74)

For us to to able to plug-out the signal for dipole and octupole from the cross-correlation,
given by (5.71) we express the comoving distance r(z′

s), the redshift z′
s and the angle

α in-terms of (r,d,β) for example in distant-observer approximation regime (regime
at which d/r ≪ 1) Taylor expansion around r leads to H(z′) = H(r′) = H(r) +O(d/r).
And we also weight the cross-correlation by their appropriate Legendre polynomials
P1(cosβ) and P3(cosβ); respectively denotes dipole and an octupole which can easily
be computed by multiplying the cross-correlation with cosβ and integrating over β.
Therefore, in flat-sky approximation, the cross-correlation works out to become

ξ∆stκv
= 1

2π2

(
1− 1

rsH

)[(
λ1 − 4

15ν1

)
P1(cosβ)− 2

3ν3P3(cosβ)
]

(5.75)

Notice that by considering the approximations pointed-out above the evolution for
z′

s, r(z′
s) and Ṽm(z′

s,k) encompassed in Eq. (5.72), (5.73) and (5.74) simplify to becomes
(zs, r(zs), Ṽm(zs,k)) in Eq. (5.75).

5.5 Probing background-perturbation evolution of
the UDE

In this section we explore the inherent features of the UDE model—by studying
the behavior of the background parameter. We considering the parameters αM ,αK

and αH , accordingly. We adopt current epoch cosmological parameter given by
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αH Υ1 Υ2 αB αT αK αM0 wx,eff wx

0.05 0.8 -0.5 0.45 0 0 0.3 -1 -0.9
0.05 0.8 -0.5 0.45 0 0 0.5 -1 -0.83
0.05 0.8 -0.5 0.45 0 0 0.7 -1 -0.77
0.05 0.8 -0.5 0.45 0 0 0.85 -1 -0.72
0.05 0.8 -0.5 0.45 0 0 0.3 -1 -0.9
0.05 0.8 -0.5 0.45 0 0.1 0.3 -1 -0.9
0.05 0.8 -0.5 0.45 0 0.3 0.3 -1 -0.9
0.05 0.8 -0.5 0.45 0 0.6 0.3 -1 - 0.9

Table 5.2 The beyond-Horndeski gravity five free-parameters constraints (5.37), by
making use of the XMM Cluster Survey and CFHLenS (see for more details [217] and
[216]). Reader should note that for gravitational wave speed c2T we’ve adopted the
recently introduced aLIGO (advanced Laser Interferometer Gravitational Observatory)
constraints—this leads to the chosen value of αT (see also [19]).

Planck 2018 [4]. In particular, we utilize the matter density parameter Ωm0 = 0.307
and with dimensionless Hubble constant h = 0.679—which is consistent with H0 =
2.3×10−4h/Mpc.

5.5.1 Exploring the UDE properties

It’s important to examine consistency of UDE or effective modification with the standard
cosmological concordance model; if we set all free parameters αi are equal to zero,
we recover ΛCDM—provided that M2 = 1 and H = HΛ=

√
H2

0 (Ωma−3 − (1−Ωm).
Hereinafter we presume pressureless matter, i.e., p̄m = 0 = δpm—with the matter
equation of state parameter wm = p̄m/ρ̄m = 0 = σm and the matter (squared) sound
speed c2sm = 0, we also choose Newton-law-deviation parameter to be Υ1 = 0.8, and light-
bending parameter Υ2 = −0.5, this are used throughout our numerical computations.

The significance modified gravity theories or UDE background parameters are
shown in Fig. 5.2—which we shown by varying parameter αM0, and αK , accordingly.
In (top left panel) the scheme represents the behavior of the energy density Ωx and
effective mass evolution rate parameter αM , which act as a driving factor for the UDE
evolution. We see that at early times z ≳ 3 (which corresponds to scale factor of
about a≲ 0.25), the beyond-Horndeski gravity theories and GR appears to be identical
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Fig. 5.2 Top left panel: The plots of the mass evolution-rate parameter, given by
Eq. (5.37) and UDE energy density—with respect to scale factor, for various values
of the proportionality constant αM0 which are given in Table. 5.2. Top right panel:
we show the evolution of the total equation of state parameter, given by Eq. (5.23)
as a function of scale factor—for different values of constant αM0 = 0.3,0.5,0.7,0.85.
Bottom panel: we show the behavior of the square of the physical sound speed, given by
Eq. (5.34) as function of scale factor, left panel: we considered αM0 = 0.3,0.5,0.7,0.85
with remaining free-parameters fixed, right panel: we considered various kineticity
parameter αK = 0,0.1,0.3,0.3 with rest of the free-parameters kept constant (see
Table. 5.2).

in the background in these epochs—by this we mean that lessen to GR specifically
Ωx ≃ 0 and αM ≃ 0; This mimics ΛCDM, where wx,eff = −1 = wx. On the other hand,
at late times z < 3 there is a sudden incompatible separation of beyond-Horndeski
gravity from GR (αM ,Ωx > 0); this indicates the beyond-Horndeski gravity background
gradually deviates from ΛCDM, with UDE equation of state parameter satisfying this
condition wx ̸= −1. Therefore, since we have αM ∝ Ωx, we focus only on the behavior
of αM which might be very useful for the reduction of the well established cosmological
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constant problem—particularly because at early epochs, αM can be neglected and
at late epochs it grow with time resulting in UDE of a positive evolution, with an
increasing density9.

We show in (top right panel) the plots of the total equation of state parameter, we
provided by Eq. (5.23), which effectively determines the acceleration of the Universe.
It’s of importance to point out that, chosen value/s for wx and αM0 are not certainly
important provided (w < −1/3) which is solely the condition for the late time of
the cosmic acceleration. We also see that UDE seems to track matter (wm = 0 = w)
from the decoupling epoch until at a = (1 + z)−1 ≳ 0.25 , when it deviates into the
negative, anti gravity mode; however, it only begins to drive the cosmic expansion into
acceleration much later, at z ≲ 0.036. The fact that the cosmic acceleration sets in
so late leads to the high value of wx. Moreover, given the chosen wx throughout the
cosmic evolution history, it implies that there will be relatively more suppression of
the matter perturbations in the beyond-Horndeski gravitational field compared to the
standard, GR case.

In Fig. 5.2 bottom left panel, we show the plots of UDE physical sound speed c2sx,
given by Eq. (5.34), for various values of αM0 = 0.2875,0.85,2,2.5, with fixed αK = 0.
We note that the change in amplitude of c2sx is determined by αK and its behavior is
characterized by the evolution of αM which can be controlled by constant αM0. We see
that at early epochs z ≳ 3 when αM ≃ 0 corresponding to c2sx ≃ 1, this value coincide
with speculated value by standard cosmologies. Therefore, the matter perturbations in
the UDE Universe have similar magnitude and evolution as those of ΛCDM. Similarly,
at late epochs z < 3 when αM > 0 the following conditions holds;
(i) c2sx ≲ 1 provided that αM0 ≲ 1.5 and (ii) c2sx > 1 given αM0 > 1.5. In the former
scenario, it implies that αM causes the UDE perturbations to cluster to significant
amount easily from sub-Hubble scales; thereby availing the UDE perturbations more
space to suppress the matter perturbations. Conversely, in the latter scenario it implies
that αM causes the UDE perturbations to propagate with super-luminal speed such
that they are unable to cluster and are hence perturbatively insignificant, up to super-
Hubble scales. Note that the sound speed determines the scale beyond which the
perturbations of the given DE are able to cluster to a significant amplitude; hence the
bigger the sound speed, the larger the scale the DE perturbations have to exceed (and
thus, the longer it takes) before they can cluster to cause any significant effect on the
mater perturbations [93].

9Eventually, the UDE will act to drive the cosmic expansion into an acceleration, at late times
z ≲ 0.5.
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Fig. 5.3 The ratio of the effective Planck mass M to the standard Planck mass
Mpl = 1/(8πG) (with the Newton’s gravitational constant denoted by G) plotted as
function of scale factor, for various values of αM0 = 0.3,0.5,7,0.85 and αK = 0

In bottom right panel show the plots of the UDE sound speed for the values of the
kineticity parameter αK = 0,0.1,0.3,0.6 and with fixed αM0 = 0.2875. We see that the
various values of αK leads to sort of constant separations in the amplitude of the UDE
sound speed. We also note that an increase of kineticity αK results in a decrease of
sound speed and there is an converges at certain fixed values (c2sx > 0 and c2sx ≪ 1), This
means that, kinetic contributions will reduce the sounds horizon such that the UDE
perturbations easily become substantial on sub-Hubble scales; thus eroding the growth
and formation of structure—to become lower than the GR case with the fixed value of
wx. In Fig. 5.3 we show the ratio between the effective Planck mass M and standard
Planck mass Mpl = (8πG)−1 (with G being the Newton’s gravitational constant) as
function of scale factor, for separate values of αM0 given in Table. 5.2. We choose the
present value for M0 =Mpl,which put a constraint on the effective Planck mass. We
see that as the amplitude of the effective Planck mass decreases with an increase of
the constant αM0. However, we should pointed out that, the UDE and the cosmic
acceleration is not driven by the amplitude of the effective Planck mass, but by its
time rate of change; governed by αM . We have that at (z < 1), the larger the value of
αM0, the steeper the slope of M ; thus, a stronger acceleration.
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Fig. 5.4 We plot for various redshift (z = 0.15,0.35,0.55,1.05)—with αM0 = 0.3, αH =
0.05, αK = 0, αT = 0 and αB = 0.45: Top left panel: The UDE and matter velocity
potentials, Vx(z,k) (dashed lines) and Vm(z,k) (solid lines) respectively. Top right
panel: The UDE and matter comoving density, ∆x(z,k) (dashed lines) and ∆m(z,k)
(solid lines) respectively, which we multiplied by dimensionless Hubble parameter.
Bottom left panel: The behaviour of the two Bardeen potentials Ψ(z,k) (dashed lines)
and Φ(z,k) (solid lines). Bottom right panel: The behaviour of the scalar potential
π(z,k).

In Fig. 5.4 we illustrate the behaviour of UDE in the framework of beyond-Horndeski
theories affect the perturbations by considering constant αM0 = 0.3, beyond-Horndeski
parameter αH = 0.05, kineticity αK = 0, tensor speed alteration αT = 0 and braiding
αB = 0.45—for various redshifts. We show (top left panel) the evolution of the UDE
and matter velocity potentials. We see that matter dominates the UDE on the following
scale (10−3 < k < 10−2)—We also see that UDE amplitude increase with an increase
of redshift, now at scale k > 10−2 UDE appears to track matter Vx = 0. While on
the other hand the matter velocity potential magnitude decrease with an increase of
redshift on scale (10−3 < k < 10−2).
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In top right panel, we show the of the UDE comoving density and matter comoving
density which we both multiplied by dimensionless Hubble parameter (this is consistent
with Fig. (1) given in [94] for clustering QCDM). Similarly to the left panel, we see that
the behavior of H∆x for given fixed values of all five-free parameters; the amplitude
of H∆x increase or decrease according to whether the value of redshift is bigger or
smaller. We also see that the H∆x at scale k > 10−2 UDE appears to track matter
Dx = 0.

In Fig. 5.4, bottom panel, we show the plots of the metric potentials Ψ,Φ and π.
We see that all the amplitude of metric potentials appears increase with an increase of
redshift—amplitude of scalar π is 10−3 smaller that the amplitude of the two Bardeen
potentials.

5.5.2 The imprint of relativistic effects in beyond-Horndeski
gravity

The evaluation of the correlation function of galaxy survey has a quite lengthy history.
However, in past this quantity has usually been evaluated in terms of the distance r
(see [230] for details) between the galaxies, this normally presents issues due to the fact
that this depends on the cosmological parameters10. Moreover, recently this quantity
has been reformulated to be described by the source epochs z and z′ in the direction n̂
and n̂′ with angle θ between them [45, 47, 49, 84] this is best described by Fig. 5.1.

Taking into consideration the reasons above, for us to analyze the imprint of
relativistic effects in beyond-Horndeski gravity in redshift space, we work directly with
the two-point correlation function and standard radial angular power spectrum. Which
can be related by

ξ(z,z′, θ) = ⟨∆(z, n̂)κ(z, n̂)⟩ = 1
4π

∞∑
l=0

(2l+1)Cl(z,z′)Pl(cosθ) (5.76)

Here we adopt [47] formalism in order to work out the odd multipoles, which are
observable. While the behavior of the Cl’s will be presented in [93], the reason being
that the two-point correlation functions are actually very important as they give more
insides on the the radial BAO’s.

In Fig. 5.5 we show the relevant UDE two-point correlation function multipole. We
show (left panel) the cosmic behavior of the dipole multiplied by separation d2, given
in Eq. (5.75), as function of separation d for constants αM0 = 0.3 (blue) and αM0 = 0.5

10This cause similar problems or issues for it’s Fourier transform—Power spectrum
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(green) at source epoch z = 0.15 and with galaxy bias b= 2. We have that at very early
epochs d≲ 40 Mpc/h the two curves are identical; however, the two curves deviates
away from each other at epochs d≳ 40 Mpc/h. We see that the amplitude of UDE
dipole increase with an increase of the various values of αM0. We also see that the
curve (αM0 = 0.5) is more dominant while curve (αM0 = 0.3) is subdominant.

Also in Fig. 5.5 We show (right panel) the cosmic behavior of the dipole multiplied
by separation d2, given in Eq. (5.75), as function of separation d for constants αM0 = 0.3
(blue) and αM0 = 0.5 (green) at source epoch z = 1.05 and with galaxy bias b = 2.
We have that the dipole have the similar behavior as the one on the left panel. In
comparison, we see that left panel(z = 0.15) remains a factor 10−2 greater than that of
the right panel (z = 1.05) at all scales.

In Fig. 5.6 we show the relevant UDE two-point correlation function multipole. We
show (left panel) the cosmic behavior of the octupole multiplied by separation d2, given
in Eq. (5.75), as function of separation d for constants αM0 = 0.3 (blue) and αM0 = 0.5
(green) at source epoch z = 0.15 and with galaxy bias b= 2. We have that at very early
epochs d≲ 40 Mpc/h the two curves are identical; however, the two curves deviates
away from each other at epochs d≳ 40 Mpc/h. We see that the amplitude of UDE
octupole increase with an increase of the various values of αM0. We also see that the
curve (αM0 = 0.3) is more dominant while curve (αM0 = 0.5) is subdominant.

Also in Fig. 5.6 We show (right panel) the cosmic behavior of the octupole multiplied
by separation d2, given in Eq. (5.75), as function of separation d for constants αM0 = 0.3
(blue) and αM0 = 0.5 (green) at source epoch z = 1.05 and with galaxy bias b = 2.
We have that the octupole have the similar behavior as the one on the left panel. In
comparison, we see that left panel(z = 0.15) remains a factor 10−2 greater than that of
the right panel (z = 1.05) at all scales. We also note that due to the fact the pre-factor
(1−1/rsH) decreases with redshift, the Doppler/relativistic contributions varies very
strongly with redshift.

In figure. 5.7 we show the deviation between GR and beyond-Horndeski model,
considering dipole; for αM0 = 0.3 and αM0 = 0.5, at source epochs z = 0.15 (left panel)
and z = 1.05 (right panel) and with a galaxy bias b = 2. In figure. 5.8 we show
the deviation between GR and beyond-Horndeski model, considering octupole; for
αM0 = 0.3 and αM0 = 0.5, at source epochs z = 0.15 (left panel) and z = 1.05 (right
panel) and with a galaxy bias b= 2.
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Fig. 5.5 The plots of the two-point correlation function dipole (d2ξ∆stκv
1 ): for αM0 = 0.3

and αM0 = 0.5, at source epochs z = 0.15 (left panel) and z = 1.05 (right panel) and
with a galaxy bias b= 2

50 100 150 200
d [Mpc/h]

0.0000

0.0001

0.0002

0.0003

0.0004

0.0005

0.0006

0.0007

oc
tu
p
ol
e

αM0 =0.3

αM0 =0.5

z=0.15

50 100 150 200
d [Mpc/h]

0.000000

0.000005

0.000010

0.000015

0.000020

0.000025

0.000030

0.000035

oc
tu
p
ol
e

αM0 =0.3

αM0 =0.5

z=1.05

Fig. 5.6 The plots of the two-point correlation function octupole (d2ξ∆stκv
3 ): for

αM0 = 0.3 and αM0 = 0.5, at source epochs z = 0.15 (left panel) and z = 1.05 (right
panel) and with a galaxy bias b= 2
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Fig. 5.7 Fractinal deviation of dipole: for αM0 = 0.3 and αM0 = 0.5, at source epochs
z = 0.15 (left panel) and z = 1.05 (right panel) and with a galaxy bias b= 2
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5.6 Conclusions

We have given an analytical treatment of the beyond-Horndeski gravity which has
recently been reformulated in the dark energy paradigm—which has been dubbed
unified dark energy; this accounts for large-scale peculiar velocity fields and the time
derivatives of the metric potentials. The evolution equations of the unified dark energy
appears to corresponds to non-conservation dark energy paradigms, in which the total
energy-momentum tensor is not conserved.

We have reviewed the large-scale imprint of the UDE, by introducing the angular
power spectrum of the galaxy number counts Cl(zs, z

′
s), on horizon scale; taking care

to involve the full relativistic corrections in the observed overdensity. Moreover, we
also computed the full-sky cross-correlation function ξ(zs,d,β) between galaxy number
counts standard term (the combination of intrinsic clustering and RSD; this are most
dominant terms of galaxy number count at low and mid redshifts) and the convergence
Doppler term (this is considered the dominant term of the convergence at low and mid
redshifts), in configuration space. While varying the constant proportional the running
of the effective Planck mass αM0. We have shown that the two-point correlation function
generates the two odds multipoles dipole and octupole. We adopted the estimators of
dipole and octupole, prescribed by [8, 47], and we found a good agreement in their
model and our beyond-Horndeski gravity in that the octupole contribution is also
about one order of magnitude smaller than that of the dipole. Thus, octupole can be
neglected. We also found that the galaxy correlator at different redshifts increases the
sensitivity of beyond-Horndeski gravity.



Chapter 6

Probing modified gravity signature

The investigation of different theories of gravity extend more robust explanation than
that of cosmological constant Λ, this can be invigorated by the cosmic acceleration
which is pointed out by the current cosmological observations. Our apprehension
of gravity by probing activities have foregrounded the observational constraints and
theoretical that alternates to satisfactory of GR, even though this efforts are not leading
to a solid stand or the understanding of the increase of expansion of the Universe.
The expansion of the Universe remains the deepest mysteries of modern physics. On
large scale Einstein’s general relativity is one of the possibilities due to the presence
of additional degrees of freedom [64]. From [3, 154, 241] the phenomenon of cosmic
acceleration, current and forthcoming cosmological observations will allow us to test
gravity through many effects predicted by alternative theories using observations of
the Universe’s expansion and the formation of large scale structure (LSS). The non-
success to elaborate or explain the technically peculiar fine-tuning needed to reunite
the enormous vacuum energy this gives supplementary motivation, this is predicted by
particle physics with small value of the observed cosmological constant Λ.

Underneath quasi-static regime approximation amount of studies of large scale
structure formation in alternative theories have been carried out, at which the dynamics
can be negligible (see [6, 74] for more details). Going beyond the usual approximation
well ground on small scale is required to confront the consequences of modified gravity
on scale approximate to Hubble scale radius. In [220] the above approximation has
been shown to be really consistent on very small linear scales at which the dynamics
have relaxed to the equilibrium values, with the regime of validity characterized by
the sound horizon of the new degrees of freedom. In general the is inconsistency on
ultra-large scale on quasi-static approximation and solving system of equations is of
necessity, this is worked out by [42, 119, 123]. A particularly transparent application
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of the UDE has been developed in the context of Horndeski’s theory and beyond,
the most general local, Lorentz-invariant, scalar-tensor theory described by second
order equations of motion. In [119, 133] engage properties of gravity to parameterize
cosmological perturbations in scalar-tensor theories.

An alternative approach is to consider an effective field theory or dark energy linear
perturbations on the very crown of a Friedmann-Robertson-Walker (FRW) cosmological
background. This method was introduced in [63, 69] and has been developed in the
context of general dark-energy cosmologies in [39, 42, 116, 123, 205] ( for more details
on the review [233]). As reviewed by [28], the idea is that one writes down an action
for linear perturbations containing all possible operators allowed by the symmetries of
the FRW background and properties required of the underlying dark energy. These
operators have arbitrary coefficients that are purely functions of time and represent the
maximal freedom that is permitted in the equations of motion for perturbations. Not
all these operators contribute in a distinct manner to the perturbations but they do
represent the maximal freedom that one has in deforming Einstein equations according
to whichever DE properties are required.

In chapter. 5 we’ve looked at more general case of testing modification of gravity
or DE. In this chapter we focus on static-limit approximation—our work is divided
into two parts. The first part; we enlarge previous work1 by deriving the energy-
momentum conservation equations and couple of modified Einstein equations or UDE
equations combined whereby the scalar field fluctuations are eliminated and which
assimilate beyond-Horndeski models, In our approach, we investigate the effects of
UDE model on galaxy clustering, by evaluating the cross-correlation function between
galaxy number count and convrgence, auto-correlation function of galaxy number count
and auto-correlation of convergence. The main goal is to probe how the cosmological
perturbations in the unified DE affect the clustering of galaxies on very large scales,
in the presence of GR effects; whether the GR effects may be of the significance in
putting constraints on DE and MG models. The second part; we consider the subclass
of the first part but we only focus on the Doppler magnification effect.

1Work by GLPV [116, 118, 119]
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6.1 Probing beyond-Horndeski theories in Quasi-
static limit approximation

6.1.1 The background and perturbed equations

In this section, we choose the time dependent parameter αi and the background
gravitational field equations to take the form

αM = αM0Ωx, H2 = 8πGa2

3 (ρ̄m + ρ̄x), H′ = −H2

2 (1+3w), (6.1)

With αM0 being the arbitrary constant, where the total equation of state parameter is
w =∑

A ΩAwA and the matter equation of state parameter wm = 0. We also define the
matter and UDE energy density parameter Ωm = ρ̄m

ρ̄ and Ωx = ρ̄x
ρ̄ , which respectively

evolves, by

Ω′
m = −3HΩm(wm −w+ αM

3 ), Ω′
x = −3HΩx(wx,eff −w+ αM

3 ), (6.2)

Similarly, we define UDE equation of state parameter wx = p̄x
ρ̄x

, which evolves according
to eq. (5.24).

We adopt the perturbed FLRW metric in Newtonian gauge to be described by

dss = −a2(1+2Ψ)dη2 +a2(1+2Φ)dx⃗2. (6.3)

In the build-up of deriving the evolution equations for linear perturbations represented
by Eq. (4.24) and (6.3)—we execute the time diffeomorphism t → t+ π(t, x⃗) (see
[9, 69, 116] for more details)—which contains the fluctuations of scalar degree of
freedom—applying this to the action we restore the complete 4-dimensional covariance
of the action. At linear order the total matter energy-momentum tensor Tµ

ν components
can be disintegrated in the following expressions2– this leads to the Hamiltonian
constraint also known as time-time component of the modified Einstein equation, then
the momentum constraint or time-space component, Anisotropy constraint (traceless
space-space) and the trace of the space-space component which we respectively defined
in Appendix. D.2.

2The total matter stress-energy tensor is decomposed by

T 0
0 = −(ρ̄m + ρ̄x), T 0

i = ∂iqm, T i
j = (p̄m + δpm)δi

j +(∂i∂j + 1
3δi

j∂2)σm
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In order for us to derive the two modified Einstein equations we follow [28, 119] approach,
this approach is very useful because it can be easily related to late time observations.
Furthermore since scalar fluctuations π is not easily related to observations, here we
get rid of π along with its derivatives, we also eliminate the derivatives of gravitational
potential Ψ’, this approach was introduced by [172]. Since our focus is mainly in
beyond-Horndeski theories context at which αH ≠ 0— this provides some extensions
to the work provided by [28, 119]. For us to get rid of scalar field π and gravitational
potential Ψ′ we make use of Eqs. (D.9)-(D.12) and with some algebra, we obtain the
the second order evolution expression for potential Φ which represents the first blended
modified Einstein equation which yields

Φ′′ +R1Φ′ +R2HΦ−R3H∆m −R4H2Vm = 0 (6.4)

The decomposition of the function Ri for (i= 1,2,3,4) are provided in Appendix. D.3;
this function are scale dependent, they also involve βi parameters which can be
found from [119], it also includes the non zero beyond-Horndeski parameter and new
parameters ϵi which we also defined in Appendix. D.3.The second evolution equation
which relate the two Bardeen potentials can be obtained by, eliminating the potential
π′ from Eq. (D.9) and (D.11) which will give rise to a new equation and eliminating π′

from Eq. (D.10) and (D.11) which will also result in a new equation. finally eliminating
π from the two new set of equation we get to

Φ′ +S1HΦ+S2HΨ−S3H∆m −S4H2Vm = 0, (6.5)

we’ve defined the decomposition of Si(a) for (i= 1,2,3,4) in Appendix. D.3 which
involve parameters such as γ̃9 which we also defined as γ̃9 = γ9 −αHϵ1 with the epsilon’s
(ϵi) are provided in Appendix. D.3. Note that the gamma’s and beta’s are provided by
[28, 119].

We need to point out that our work is within the context of parametrized Post-
Friedmann (PPF) formalism at which we parametrize the gravitational properties of
UDE as an effective modification of the Poisson equation µ and the modification is the
gravitational slip relating the two Bardeen potentials γ , its worth noting that this two
parameter are both scale and time dependent. The two parameters are, respectively,
given by

−k2Ψ = 4πGa2ρ̄mµ(a,k)∆m, (6.6)



6.1 Probing beyond-Horndeski theories in Quasi-static limit approximation 90

and the slip parameter is given by

Φ = γ(a,k)Ψ. (6.7)

Lastly, we derive the momentum and energy conservation equations from the modified
Einstein equations provided in Appendix. D.3. We start of by getting rid of Φ′′ with π′

from the momentum constraint and the time derivatives of the momentum constraint
and the trace of the space-space component. We get the momentum conservation
equation to yield

V ′
m +HVm = −Ψ, (6.8)

working out the energy conservation equation, we make use of all the constraint equation
provide in Appendix. D.3 together with the time derivatives of momentum constraint,
anisotropy constraint and Hamiltonian constraint we get the energy conservation
equation

∆′
m = −k2Vm +3Φ′ −3(H′Vm +HV̇m), (6.9)

We make a note that eqs. (6.4), (6.5), (6.8) and (6.9) closes the system of differential
equations.

6.1.2 Velocity potential and growth in PPF

Taking into consideration the energy-momentum conservation equations given above
and the modified Poisson equation, we get the following velocity potential

Vm = −
{[

3
(

1+ η

H

)
+ 2ak2

3H2
0µΩm

(
1− µ′

Hµ

)]
HΨ

+
(

3η+ 2ak2

3H2
0µΩm

)
Ψ′
}

1
[k2 +3(H2 −H)] , (6.10)

on sub-horizon scales (k ≫ H) we can use the following approximation [8]

Vm = − 2a
3H2

0µΩm

[(
1− µ′

Hµ

)
HΨ+Ψ′

]
, (6.11)

assuming that the Universe is homogeneous and isotropic, then it can be shown that
under certain assumptions, the growth of matter is governed by the evolution equation
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below.

∆′′
m +

(
2+ H′

H2

)
∆′

m = 3
2Ωmµ(a,k)∆m. (6.12)

Using Poisson equation given in subsection. (6.2) and the fact that ρ̄m = 3ΩmH2
0

8πGa3 the
density can be denoted by

∆m(z,k) = −2
3

(
k

H0

)2
a

Ωmµ(a,k)T (k)gm(z,k)Ψ(k̂), (6.13)

and the velocity potential is given by

Vm(z,k) = − 2a
3µH2

0Ωm

[
g′

m(z,k)+gm(z,k)H
(

1− µ′

Hµ

)]
T (k)Ψ(k̂). (6.14)

Where T (k) is transfer function given by [104].

6.1.3 Description of the two fiducial UDE models

In this subsection, we compose the two main models we considered throughout this
paper which encompass Horndeski theory which involves the following parameters
(αB,αK ,αM ,αT ) and beyond-Horndeski theory which include the following parameters
(αB,αK ,αM ,αT ,αH). We adopt the following fiducial models;

1. firstly we have Horndeski model where;
M1 : αM ̸= 0, αB ̸= 0, αK = 0 = αT ,

2. secondly we also consider beyond-Horndeski model where;
M2 : αH ̸= 0, αB ̸= 0, αM ̸= 0, αK = 0 ≃ αT ,

due to strong constraints on cosmological gravity from GW170817 and GRB 170817A
we apply some conditions on M2, by adopting the recent introduced aLIGO (advanced
Laser Interferometer Gravitational Observatory) constraints on tensor speed alteration
αT parameter which measures the difference between gravitational wave speed c2T and
speed of light, to be approximated by (see [19] for more details)

|αT | ≲ 1×10−15, (6.15)

this results into the solution of αH provided in Table. 6.1. In order for us to avoid
gradient instabilities, we require the physical sound speed to be conditioned as follows
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αH Υ1 Υ2 αB αT αK wx

0.3 0.5 -0.3 1.2 0 0 -1

Table 6.1 Some of beyond-Horndeski gravity free-parameters and the two parameters
governing the deviation of Newtown’s law and light bending—by making use of the
XMM Cluster Survey and CFHLenS (see for more details [217] and [216]).

c2sx > 0, the tensor speed alterations, measuring the difference between the speed
c2T = 1+αT > 0 of the gravitational wave and the speed of light and the kinetic energy
and the scalar field contributions α = αK +6α2

B > 0.

6.1.4 Generalized modified gravity models

In our computations, We choose the matter density parameter to Ωm0 = 0.308 and
dimensionless Hubble constant h= 0.678 which corresponds to Hubble constant of about
(H0 ≈ 2.3×10−4h.Mpc−1). We also assuming pressureless matter, i.e. P̄m = 0 = δPm,
thus we have c2sm = 0 = σm and wm = 0. We (from [217], the density of astrophysical
objects decreases radially outwards from the centre so that if Υ1 > 0 implies weakening
of gravity and if Υ1 < 0 implies weakening of gravity) choose Υ1 = 0.5 this correspond
to weakening of gravity on cosmological scale, in the late-time Universe, We also choose
Υ2 = −0.3.
In preparation to quasi-static limit approximation approach, we examine if our approach
is consistent with ΛCDM. To do so we set all free-parameters to zero (αi = 0) and
Hubble parameter H = HΛCDM =H0[Ωm0a−2 +(1−Ωm0)a−1].

6.1.4.1 Horndeski theories

Here we investigate the behavior of the running Planck mass (αM ≠ 0) and braiding
(αB ̸= 0) parameter contributions. As described by [28], if both the running Planck
mass and scalar parameter and αH = αK = αT = 0, this mimics f(R) gravity. Where
the Einstein-Hilbert action (see ref. [227, 245] for details) appendage by a term that is
non-linear in Ricci scalar R and represented by αM = f ′

R/H(1+fR) = 2αB with the
chameleon field fR ≡ df/dR. We define squared Compton wavelength in the background
in the unit of the Hubble length squared which is given by

B = fRR

1+fR

R′

H3

(
H2

H′ −1
)

(6.16)



6.1 Probing beyond-Horndeski theories in Quasi-static limit approximation 93

Where fRR ≡ d2f/dR2 which is proportional to the squared Compton wavelength, where
Ricci scalar is evaluated at background density. The squared Compton wavelength
evaluated today is given by

B0 ≡ fRR

1+fR

R′

H3

(
H2

H′ −1
)∣∣∣∣∣

z=0
≈ 2.1Ω−0.76

m0 |fR0| (6.17)

Exploring quasi-static approximation perturbations and comparing them to the pertur-
bations that denote f(R) gravity described by [227]. In static limit, if we make use of
Eq. (6.4) and (6.5) the following expression yields

α′
M +2 H′

H2 − H′′

H3 −1 = 0 (6.18)

Which is equivalent to equation (Eq. (43) [227] neglecting velocities and time derivatives
of Φ), with the running Planck mass being denoted by

αM ≡B(H2

H′ −1). (6.19)

Making use of the Friedmann equations given by [28, 119, 123], we find that in f(R)
gravity the squared physical sound speed c2sx = 1. Using the information we provided
above we get the expressions below for µ(a,k) and γ(a,k)

µM1
(a,k) =

µak
2
H + 2

3αMk4
H

a−2M2(µb +µck2
H + 1

2αMk4
H)
, (6.20)

γM1
(a,k) =

γa + 1
3αMk2

H
µa + 2

3αMk2
H
. (6.21)

Where µa,µb,µc and γa are given by Appendix. D.4.

6.1.4.2 beyond-Horndeski theories

Examining the recent introduced concept where αH ≠ 0. In this concept we adopt
ref. [217]—for our approach we set the running Planck mass parameter to evolve and
depend on scale factor, kineticity is set to zero and braiding and tensor speed alterations
depends on beyond-Horndeski parameter which is a non-zero. For illustrative reasons
we consider the specified beyond-Horndeski parameter value given in Table. 6.1,together
with UDE equation of state component wx = −1.

To compute the parametrization of the gravitational significance of UDE presented
as generalized modification of Poisson equation µ and the gravitational slip γ one can
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make use of Eqs. (6.4) and (6.5) and by neglecting time derivatives with respect to
spatial and on scales much below the sound horizon.

µM2
(a,k) = µIk

2
H +µIIk

4
H +µIIIk

6
H

a−2M2(µIV +µV k
2
H +µV Ik

4
H +µV IIk

6
H) , (6.22)

then the gravitational slip parameter is given by

γM2
(a,k) = γI +γIIk

2
H +γIIIk

4
H

µI +µIIk
2
H +µIIIk

4
H
, (6.23)

we define the time dependent coefficients µi and γi (with i = I,II,III...) in Ap-
pendix. D.4. In the limit k → ∞

µ∞ = µIII

M2µV II
, (6.24)

then the gravitational slip parameter is denoted by

γ∞ = γIII

µIII
, (6.25)

where the parameters µi(a) and γi(a) are defined in Appendix. D.4. In Horndeski
theories at which (αH = 0) the above parameters simplifies to similar expressions as
[119, 220]

µ = αc2
sx(1+αT )+2[αB(1+αB)+αT −αM ]2

a−2M2αc2
sx

, (6.26)

γ = αc2
sx +2αB[αB(1+αT )+αT −αM ]

αc2
sx(1+αT )+2[αB(1+αB)+αT −αM ]2 . (6.27)

Here we have expressed Eqs. (6.22) and (6.23) in terms of the functions αi; remainder
this are considered the extensions or more general form of context introduced in
subsubsection. 6.1.4.1—we get this functions simply from derivatives of the initial
ADM-Lagrangian [119].

6.1.5 Galaxy overdensity-convergence correlation functions

Executing the quasistatic-limit approximation of the modified Einstein equations
Eqs. (6.4) and (6.5) and energy-momentum conservation equations (6.8) and (6.9)
provide a comprehensive probe of gravity—hence one can use this to constraint UDE
or EFT models on cosmological scales. We probe quasistatic-limit approximation
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introduced above by evaluating the the total correlation function between the galaxy
overdensity and convergence, which we construct as a combination of three main
quantities; i the galaxy overdensity auto-correlation functions ξ∆∆, ii the convergence
auto-correlation functions ξκκ and iii the cross-correlation functions between galaxy
overdensity and convergence ξ∆κ—considering the fully relativistic contributions of
the galaxy overdensity (5.38) and convergence (5.47). We are mostly interested in the
following quantity

ξT (z,z′, θ) = ⟨∆(z, n̂)∆(z′, n̂′)⟩+ ⟨κ(z, n̂)κ(z′, n̂′)⟩
+ 2⟨∆(z, n̂)κ(z′, n̂′)⟩, (6.28)
≡ ξ∆∆ + ξκκ + ξ∆κ (6.29)

Clearly from Fig. 5.1 we observe that as a reason of statistical homogeneous together
with isotropy the quantity ξT depends on the redshift of the galaxy overdensity z (due
to the fact that this galaxy is closer to the observer we consider it as the brighter
galaxy), also on the redshift of the convergence z′ (since this galaxy is further away
from the the observer we consider it as fainter galaxy) and θ denote the angle between
the two galaxies. The very first term in Eq. (6.28) consist of the following contributions

ξst
∆∆(z,z′, θ) = ⟨∆st(z, n̂)∆st(z′, n̂′)⟩, (6.30)
ξv

∆∆(z,z′, θ) = 2⟨∆st(z, n̂)∆v(z′, n̂′)⟩+ ⟨∆v(z, n̂)∆v(z′, n̂′)⟩
+ 2⟨∆g(z, n̂)∆v(z′, n̂′)⟩+2⟨∆poten(z, n̂)∆v(z′, n̂′)⟩, (6.31)

ξg
∆∆(z,z′, θ) = 2⟨∆st(z, n̂)∆g(z′, n̂′)⟩+ ⟨∆g(z, n̂)∆g(z′, n̂′)⟩

+ 2⟨∆v(z, n̂)∆g(z′, n̂′)⟩+2⟨∆poten(z, n̂)∆g(z′, n̂′)⟩, (6.32)
ξpoten

∆∆ (z,z′, θ) = 2⟨∆st(z, n̂)∆poten(z′, n̂′)⟩+ ⟨∆poten(z, n̂)∆poten(z′, n̂′)⟩
+ 2⟨∆g(z, n̂)∆poten(z′, n̂′)⟩+2⟨∆v(z, n̂)∆poten(z′, n̂′)⟩. (6.33)

Note that for quantities with two different contributions such as the relation between
standard and relativistic contribution should be indicated as ∆st(z′, n̂′)∆v(z, n̂) +
∆st(z, n̂)∆v(z′, n̂′) because they are asymmetric, but in above expressions we denoted
this by coefficient 2 since when evaluating them they yield the same results. Also we
combined dominant and subdominant contributions in order for us to see the behaviour
of the total correlation function—the behavior of dominant contributions have been
well studied by Camille, here we check the relevancy of the subdominant contributions.
Similarly, the contributions involved in the second term and the last term of Eq. (6.28)
are respectively provided in sections. C.3 and C.4.
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Fig. 6.1 Schematic diagram that represent the position of galaxy overdensity and
convergence with respect to the observer O.

6.1.6 Standard contributions acting on ∆∆
Lets begin by computing the standard contribution by following [8, 45, 47, 48, 50] where
they introduce the coordinate system with the directions n̂, n̂′ and N̂ also x−x′ = dN̂
which are all reconstructed to have a polar coordinate angle θ = π/2. Additionally,
they also reconstruct the azimuthal angle α and β of n̂ and n̂′, respectively (see
comprehensive details from [50])(also see Fig. 6.1).

We make a note that the fully worked-out derivation of standard contribution
auto-correlation function is provide in Appendix. C.2—though the next couple of
subsections we will just presents the results of the correlations. Hence after some
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algebra the auto-correlation function becomes

ξst
∆∆ = −8π2(3cos2α+3cos2β+2)ν3

2
45 + 1

730H

(
3280πν2

0H +64
{[

5π
8

+ 5π(cos2αcos2β+sin2α sin2β)
8

]
ν3

0 + 135π
224 + 225π(cos2α+cos2β)

224

+ 25π(cos2αcos2β+sin2α sin2β)
64

]
ν3

4

})
+ 1

4πν
3
(I)0 + 4

3πν
3
(II)0

+ 1
4π(1+3cos2α)ν3

(I)2. (6.34)

Where functions νn
(I)l

, ν3
(II)0 and νn

l are defined as follows

νn
l =

∫
dkknPν(k,zs, z

′
s)jl(kd), (6.35)

νn
(I)0 =

∫
dkknPνI (k,zs, z

′
s)jl(kd), (6.36)

νn
(II)0 =

∫
dkknPνII (k,zs, z

′
s)jl(kd). (6.37)

With Bessel function being denoted by jl with (l = 0,1,3,4) and we define the following
Pν , Pη and Pγ in Appendix. C. We make note that Eq. (6.34) is dependent on r,r′ and
d, we then can rewrite the correlation function in term of r,β and d by applying the
trigonometrical relationships given by [47]. To further simplify expression (6.34) we
assume the flat sky approximation and by omitting the evolution between the redshift
z′ and z. With this information and after some algebra the standard contribution
auto-correlation function yields

ξst
∆∆(rs,d,β) = 32

365H

[
5π
4 ν3

0(d)P0(cosβ)+ 32π
35 ν3

4(d)P4(cosβ)
]

+ 8π2ν3
2(d)P2(cosβ)+ 9

2πν
3
0(d)P0(cosβ)

+ π

2 ν
3
(II)0(d)P0(cosβ)+ 4

3πν
3
(I)0(d)P0(cosβ)

+ 2πν3
(I)2(d)P2(cosβ). (6.38)

The standard contribution auto-correlation function Eq. (6.38) concurs with [50, 65, 66,
126, 147] at which they state that the standard contributions are strictly symmetric—
consisting of monopole, quadrupole and hexadecapole, at distant observer approxi-
mation (d/r). Furthermore, this contains a dimensionless factor (k/H0)4—thus this
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quantity should be observable or detectable with the next generation of cosmological
surveys.

6.1.7 All Doppler lensing contributions

In this subsection we calculate all Doppler lensing contributions which contribute
to correlation function ξv

∆∆. We follow the same methodology as shown in subsec-
tion. (6.1.6).

6.1.7.1 cross-correlation function between standard and Doppler terms

Taking into consideration the Fourier transform of the velocity and introducing the
Legendre polynomial the cross-correlation function yields

ξst-v
∆∆ =

(
H′(z′

s)
H2(z′

s)
+ 2

H(z′
s)r(z′

s)

)[
−4π cosα

(
ν2

(I)1 + 6
15ν

2
1 − 1

10ν
2
3

)

− 4π
5 cosαcos2β

(
ν2

1 + 3
2ν

2
3

)
− 4π

5 sinα sin2β
(
ν2

1 +ν2
3

)]
(6.39)

Here we denoted the superscript (st-v) to avoid confusion in the notation, and to
clearly see which terms have been correlated. Working out the expansion of the
exponential factor and Fourier transform of the spherical harmonic expansion of
Legendre polynomial. Then reintroducing the Legendre polynomials and adopting the
assumptions given by [47] for distant observer the cross-correlation function becomes

ξst-v
∆∆(rs,d,β) =

(
H′

H2 + 2
Hrs

)[(
4π
3 ν2

1 +4πν2
(I)1

)
P1(cosβ)− 8π

5 ν2
3P3(cosβ)

]
.(6.40)

We clearly see that the standard contributions produces the even multipoles, i.e,
monopole, quadrupole, hexadecapole, this can be be seen from Eq. (6.38). While on
the other hand the odd multipoles (specifically dipole and octupole) are generated by
the Doppler contributions at lower order in distant observer approximation.
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6.1.7.2 Doppler auto-correlation function

In this subsubsection, we compute galaxy overdensity Doppler term auto-correlation
function.

ξv-v
∆∆ = 2π

3

(
H′

H2 + 2
Hrs

)(
H′(z′)
H2(z′) + 2

H(z′)r′
s

)
H

× [2(ν1
0 +ν1

2)sinα sinβ+2(ν1
0 +2ν1

2)cosαcosβ] (6.41)

Working out the expansion of the exponential factor and Fourier transform of the
spherical harmonic expansion of Legendre polynomial. Then reintroducing the Legendre
polynomials and adopting the assumptions given by [47, 50] for distant observer the
auto-correlation function becomes

ξv-v
∆∆(rs,d,β) = 2π

3

(
H′

H2 + 2
Hrs

)2
H
[
2ν1

0P0(cosβ)− ν1
2
2 P2(cosβ)

]
(6.42)

At distant observer approximation (d/r), we analogize Doppler auto-correlation function
Eq. (6.42) to the standard auto-correlation function Eq. (6.38) and standard-Doppler
contributions cross-correlation function Eq (6.40), we see that Doppler auto-correlation
function is suppressed by a dimensionless factor (H0/k).

6.1.7.3 cross-correlation function between lensing and Doppler terms

Here we provide the results of the cross-correlation between galaxy overdensity gravi-
tational lensing and Doppler lensing term. Note that in this thesis we don’t consider
Limber approximation to evaluate any contributions which include lensing term3. Using
the same set of steps as in previous subsubsections, in full-sky approximation the
cross-correlation functions becomes

ξg-v
∆∆(r,d,β) =

(
H′(z′

z)
H2(z′

s)
+ 2

H(z′
z)rs(z′

s)

)∫ d3k

(2π)3 e
idk·N̂iP1(k̂ · n̂)

×
∫ rs

0
dr(rs − r) r

rs
µ[1+γ(zs,k)]a(z′

s)D(zs,k)F(zs,k)
aµ(z′

s,k) T 2(k).(6.43)

After some algebra, In the flat sky approximation, we express the cross-correlation
between galaxy overdensity gravitational lensing and Doppler lensing term

ξg-v
∆∆ = −4π

(
H′

H2 + 2
Hrs

)∫ rs

0
dr(rs − r) r

rs
η1

1(d)P1(cosβ). (6.44)

3In work by [46, 47, 50] this approximation is being used to evaluate gravitational lensing.
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Where

ηn
l =

∫
dkknPη(k,zs, z

′
s)jl(kd). (6.45)

We provide function Pη in Appendix. C.

6.1.7.4 cross-correlation function between potentials and Doppler terms

Lets now we provide the results of the cross-correlation between galaxy overdensity
potentials (note that here we’ve combined Sachs-Wolfe, Shapiro-time delay and inte-
grated Sachs-Wolfe terms) and Doppler lensing term. Note that in this thesis we don’t
consider Limber approximation to evaluate any contributions which include lensing
term (note that in work by [46, 47, 50] this approximation is being used to evaluate
gravitational lensing). Using the same set of steps used in previous subsubsections the
of cross-correlation function becomes

ξpoten-v
∆∆ (rs,d,β) = −4π

(
H′

H2 + 2
Hrs

)
ζ0

1 (d)P1(cosβ) (6.46)

Where ζn
l is defined as follows

ζn
l =

∫
dkknPζ(k,zs, z

′
s)jl(kd). (6.47)

We explicitly provide function Pζ in Appendix. C.

6.1.8 All gravitational lensing contributions

Lets look into all contributions of gravitational lensing which are contained in the
correlation function ξg

∆∆. We follow the same methodology as shown in subsection. 6.1.6.
Here we won’t give the show the cross-correlation function between galaxy overdensity
gravitational and Doppler lensing term instead refer a reader to subsubsection. 6.1.7.3.
Note that for gravitational lensing terms we considered the following expression

∆g =
∫ rs

0
dr(rs − r) 1

rrs
∇2

⊥(Ψ+Φ)

≈ 3Ωm0H2
0

2

∫ rs

0
dr(rs − r) r

rs

µ(zs,k)
a(zs)

[1+γ(z,k)]∆m (6.48)

This approximation is due to the fact that our analysis is within sub-Hubble scale—
since ∇2

⊥ = r2(∇2 −∂2
r − 2r−1∂r) in sub-Hubble limit approximation we neglect the



6.1 Probing beyond-Horndeski theories in Quasi-static limit approximation 101

last two terms to obtain ∇2
⊥ ≈ r2∇2 keeping in mind the Poisson equation (6.6) and

gravitational slip equation (6.7); making use of this information we get Eq. (6.48).

6.1.8.1 cross-correlation function between standard and gravitational lens-
ing terms

We now execute the same derivation as in previous subsection for the galaxy overdensity
cross-correlation function between standard and gravitational lensing term ξst-g

∆∆ which
results in

ξst-g
∆∆,0(rs,d,β) = 4π

3

∫ rs

0
dr(rs − r) r

rs
η2

(I)0(d)P0(cosβ), (6.49)

ξst-g
∆∆,2(rs,d,β) = 4π

15H

∫ rs

0
dr(rs − r) r

rs
η2

2(d)P2(cosβ). (6.50)

In the flat sky approximation, we express the cross-correlation between galaxy over-
density gravitational lensing and standard contribution term ξst-g

∆∆ as the total sum of
monopole, dipole, quadrupole, octupole and hexadecapole which is given by

ξst-g
∆∆ = ξst-g

∆∆,0 + ξst-g
∆∆,2 (6.51)

6.1.8.2 Gravitational lensing auto-correlation function

We now execute the same derivation as in previous subsection for the galaxy overdensity
gravitational lensing contributions ξg-g

∆∆ which results in

ξg-g
∆∆ = 4π

15

[∫ rs

0
dr(rs − r) r

rs

]2
η−1

(II)0(d)P0(cosβ) (6.52)

6.1.8.3 cross-correlation function between potentials and lensing terms

We now perform the same derivation as in previous subsection for the galaxy overdensity
cross-correlation function between standard and gravitational lensing term ξpoten-g

∆∆
which results in

ξpoten-g
∆∆,0 (rs,d,β) = 4π

3

∫ rs

0
dr(rs − r) r

rs
η−1

(III)0(d)P0(cosβ). (6.53)

In the flat sky approximation, we express the cross-correlation between galaxy over-
density gravitational lensing and standard contribution term ξpoten-g

∆∆ to be equal to
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the monopole given above, which is given by

ξpoten-g
∆∆ = ξpoten-g

∆∆,0 . (6.54)

6.1.9 Potentials contributions

Lets look into all contributions of gravitational lensing which are contained in the
correlation function ξpoten

∆∆ . We follow the same methodology as shown in subsec-
tion. 6.1.6. Here we won’t give the show the cross-correlation function between galaxy
overdensity Doppler lensing and potentials term instead refer a reader to subsubsec-
tion. 6.1.7.4 and we also wont re-derive the cross-correlation function between potentials
and gravitational lensing terms contribution subsubsection. 6.1.8.3.

6.1.9.1 cross-correlation function between standard and potentials terms

Let now provide the results for the cross-correlation function between standard and
potentials terms ξst-poten

∆∆ , which is given by

ξst-poten
∆∆ (rs,d,β) = 2π

[
ζ1

(I)0(d)+ 1
3H

ζ1
0 (d)

]
+ 8π2

5 ζ1
2 (d) (6.55)

6.1.9.2 potentials auto-correlation functions

Let now provide the results for the auto-correlation function of the potentials contribu-
tions ξpoten-poten

∆∆ , which is given by

ξpoten-poten
∆∆ (rs,d,β) = 2πζ−1

(II)0(d) (6.56)

6.1.10 Probing the Unified Dark Energy

Lets now see the behaviour of all contributions introduced above. We choose the
following cosmological parameters; we adopt the present epoch matter density parameter
Ωm0 = 0.308, baryonic density parameter Ωb = 0.048 and the Hubble constant H0 =
67.8km.s−1Mpc−1. We initialize all the evolution’s at the photon-matter decoupling
a= 1/1+ zd = 10−3. We adopt the primordial amplitude of power spectrum of about
2.2×10−9, we adopt work by [104] to evaluate transfer function T (k) and we assume
similar bias evolution as shown [45, 47, 50]
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6.1.10.1 Imprint of relativistic effects

Model MI

Here we analyze the behaviour of the clustering effects of Unified Dark Energy on
galaxy overdensity—with respect to the Planck mass evolution rate αM , which in this
context is proportional to Compton wavelength parameter B0 (where the superscript
indicates evolutions today). We assume the state equation of UDE component of
wx = −1. The results we provide here are obtained by exploiting subsection. 6.1.4.1
into the multipoles.

In Fig. 6.2 (left panel), we show the amplitude of the octupole4, given by Eq. (6.40);
obtained by extracting each multipoles with it’s appropriate Legendre polynomial, the
octupole is plotted as a function of the comoving distance d at four various redshifts.
We recognize that the octupole increase with an increase of the separation d and
redshift at all scales.

Also in Fig. 6.2 (right panel), we show the amplitude of the octupole5, given by
Eq. (6.34); obtained by extracting each multipoles with it’s appropriate Legendre
polynomial, the hexadecapole is plotted as a function of the comoving distance d at
four various redshifts. We see that at scale d≲ 104h−1Mpc hexadecapole increase with
separation and start to decrease with an increase of separation at scale d≳ 104h−1Mpc.
Straightforward we see that octupole is 10 times greater that hexadecapole at all scales.
The octupole and hexadecapole shown here are considered as the totals since their
contributions appear only once in all contributions we worked out above, this is due to
the fact that our correlations are strictly symmetric. We note that the standard-Doppler
contribution and redshift differs strongly with due to the prefactor (H′/H2 +2/Hrs)
decreases with redshift. Finally we hit that throughout the thesis the multipoles, i.e.
monopole, dipole, quadrupole, octupole and hexacapole corresponds respectively to the
quantities d2ξk

0 ,d
2ξk

1 ,d
2ξk

2 ,d
2ξk

3 and d2ξk
4 where superscript k denotes relation between

(st,v,g,poten) evaluated in subsections. 6.1.6, 6.1.7, 6.1.8 and 6.1.9.
In Fig. 6.3 We show the behaviour and the amplitude of the monopole for different

contributions; the standard-standard (blue), Doppler-Doppler (green), standard-lensing
(red), lensing-lensing (magenta), potentials-lensing (cyan), standard-potentials (black)
and potentials-potentials (yellow). The four different panels—top left, top right, bottom
left and bottom right respectively corresponds to redshifts z = 0.1,0.3,0.5 and z = 1.
In top left panel we see that the standard-standard contributions dominates at small

4This is extracted from the standard-Doppler contribution given in subsubsection. 6.1.7.1
5This is extracted from the standard-standard contribution given in subsection. 6.1.6
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Fig. 6.2 Left panel: The plots of the amplitude of the octupole as function of the
separation distance d, given by (6.40), for the values of the redshift z = 0.1 (blue),
z = 0.3 (green), z = 0.5 (red) and z = 1 (magenta). Right panel: The plots of the
amplitude of the hexadecapole as function of d, for four separate redshifts shown in
the legend.

scale of about d≲ 60h−1Mpc but at larger scale d≳ 60h−1Mpc standard-potentials
contribution become more important. Similarly, in top right panel we see that the
standard-standard contributions dominates at small scale of about d ≲ 60h−1Mpc
but at larger scale d ≳ 60h−1Mpc standard-potentials contribution become more
relevant. Furthermore, in bottom left panel we note that at scale d ≲ 100h−1Mpc
standard-standard contribution is dominant but lensing-lensing contribution become
very important at scale d≳ 100h−1Mpc. And in bottom right panel we see that the
standard-standard contributions dominates at small scale of about d≲ 100h−1Mpc but
at larger scale d≳ 100h−1Mpc standard-potentials contribution become more relevant.
Thus, in all exhibitions the standard-standard contribution is more important than
other contributions.

In Fig. 6.4 We show the behaviour and the amplitude of the dipole for different
Doppler contributions; standard-Doppler contribution (blue), gravitational lensing-
Doppler lensing (green) and potentials-Doppler contribution, plotted as a function of
separation. The four different panels—top left, top right, bottom left and bottom right
respectively corresponds to redshifts z = 0.1,0.3,0.5 and z = 1. At very small scales,
we notice that standard-Doppler contribution blend in well with the redshift—this is
because of the prefactor (H′/H2 +2/Hrs) decreases with redshift. But at large scales
d≳ 104h−1Mpc this contribution varies strongly with redshift. This also seems to be
the case for gravitational lensing-Doppler and potentials-Doppler contributions.
Intriguingly, in Fig. 6.4 we realize that the standard-Doppler contribution for all
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redshift and at all scales is more dominant than gravitational lensing-Doppler and
potentials-Doppler contributions. This concurs with work by [50] that dipole provides
a useful approach to probe relativistic corrections in large scale structure (LSS).
Although gravitational lensing-Doppler and potentials-Doppler contributions remains
subdominant, both are important in much higher redshifts.

In Fig. 6.5 we show the behaviour and the amplitude of the sum of all contributions
for different multipoles; by considering standard-standard contribution, all Doppler
contribution, all lensing contributions and all potentials contribution provided in in
subsections. 6.1.6, 6.1.7, 6.1.8 and 6.1.9, i.e. for dipole we added standard-Doppler,
lensing-Doppler and potentials-Doppler contributions ξT

∆∆,1 = ξst-v
∆∆,1 + ξg-v

∆∆,1 + ξpoten-v
∆∆,1 .

Various curves are indicted by monopole (blue), dipole (green), quadrupole (red),
quadrupole (red), octupole (magenta) and hexadecapole (cyan). We realize that for
redshift z = 0.1 (top left panel), z = 0.3 (top right panel) and z = 0.5 (bottom left
panel) monopole is more influential than other multipoles. Moreover, for redshift
z = 1 (bottom right panel) at scales d≲ 100h−1Mpc monopole is still dominant, but at
scales d≳ 100h−1Mpc hexadecapole become more important. This is due to the fact
that both monopole and hexadecapole both contains standard contributions which are
suppressed by the factor (H/k)2. We also notice that dipole and quadrupole remains
always negative.

Fig. 6.6 shows the deviations of the sum of all contributions for different multipoles
as ratios of their GR values, as function of separation d for four various redshifts
indicated in different panels; z = 0.1 (top left), z = 0.3 (top right), z = 0.5 (bottom left)
and z = 1 (bottom right). As we expected the difference depends not on separation d,
the deviation to higher redshift decreases.



6.1 Probing beyond-Horndeski theories in Quasi-static limit approximation 106

50 100 150 200
d [Mpc/h]

0.0

0.2

0.4

0.6

0.8

m
on
op
ol
e

st−st
v−v
st−g
g−g
poten−g
st−poten
poten−poten
z=0.1,αH=0, B0 =10−5

50 100 150 200
d [Mpc/h]

0.0

0.2

0.4

0.6

0.8

m
on
op
ol
e

st−st
v−v
st−g
g−g
poten−g
st−poten
poten−poten
z=0.5,αH=0, B0 =10−5

50 100 150 200
d [Mpc/h]

0.1

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

m
on
op
ol
e

st−st
v−v
st−g
g−g
poten−g
st−poten
poten−poten
z=0.3,αH=0, B0 =10−5

50 100 150 200
d [Mpc/h]

0.05

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

m
on
op
ol
e

st−st
v−v
st−g
g−g
poten−g
st−poten
poten−poten
z=1,αH=0, B0 =10−5

Fig. 6.3 We plot the different magnitudes of the monopoles as function of d, for
the following contributions; the standard-standard (blue), Doppler-Doppler (green),
standard-lensing (red), lensing-lensing (magenta), potentials-lensing (cyan), standard-
potentials (black) and potentials-potentials (yellow). Top left panel: for redshift z = 0.1,
top right panel: for redshift z = 0.3, bottom left panel: for redshift z = 0.5 and bottom
right panel: for redshift z = 1.
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Fig. 6.4 We plot the different magnitudes of the dipoles as function of d, for the following
contributions; standard-Doppler (blue), lensing-Doppler (green) and potentials-Doppler
(red). Top left panel: for redshift z = 0.1, top right panel: for redshift z = 0.3, bottom
left panel: for redshift z = 0.5 and bottom right panel: for redshift z = 1.
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Fig. 6.5 We plot the amplitude of the sums of individual multipoles, i.e. monopole
(blue), dipole (green), quadrupole (red), quadrupole (red), octupole (magenta) and
hexadecapole (cyan) as function of d. Top left panel: for redshift z = 0.1, top right
panel: for redshift z = 0.3, bottom left panel: for redshift z = 0.5 and bottom right
panel: for redshift z = 1.
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Fig. 6.6 We plot the fractional deviation of the sums of individual multipoles, i.e. dipole
(green), quadrupole (red), octupole (magenta) and hexadecapole (cyan) as function of
d. Top left panel: for redshift z = 0.1, top right panel: for redshift z = 0.3, bottom left
panel: for redshift z = 0.5 and bottom right panel: for redshift z = 1.
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Model MII

Here we explore beyond-Horndeski theories by adopting work by [217] at which the
beyond-Horndeski parameter is nonzero (αH ̸= 0), while braiding αB depends on αH

and the tensor speed alteration is set to αT = 0 also the kineticity is chosen to be
zero (αK = 0). For stability reasons we also have chosen Υ1 = 0.5 and Υ2 = −0.3 (see
Table. 6.1 for more in formation on values used in this models), the results we provide
here are obtained by exploiting subsection. 6.1.4.2 into the multipoles.

In Fig. 6.7 we show the behaviour and the amplitude of the sum of all contributions
for different multipoles; by considering standard-standard contribution, all Doppler
contribution, all lensing contributions and all potentials contribution provided in in
subsections. 6.1.6, 6.1.7, 6.1.8 and 6.1.9, i.e. for dipole we added standard-Doppler,
lensing-Doppler and potentials-Doppler contributions ξT

∆∆,1 = ξst-v
∆∆,1 + ξg-v

∆∆,1 + ξpoten-v
∆∆,1 .

Various curves are indicted by monopole (blue), dipole (green), quadrupole (red),
quadrupole (red), octupole (magenta) and hexadecapole (cyan). We see that in top
panels, the monopole is dominant at scales d ≲ 120h−1Mpc and other multipoles
remains subdominant, while on scales d ≳ 120h−1Mpc the octupole become more
important. In bottom panels we notice that the once again the monopole is more
dominant than other multipoles at scales d≲ 120h−1Mpc and the hexadecapole becomes
more important in scales d ≳ 120h−1Mpc. Dipole and quadrupole remains always
negative.

Fig. 6.8 shows the deviations of the sum of all contributions for different multipoles
as ratios of their GR values, as function of separation d for four various redshifts
indicated in different panels; z = 0.1 (top left), z = 0.3 (top right), z = 0.5 (bottom left)
and z = 1 (bottom right). As we expected the difference depends not on separation d,
the deviation to higher redshift decreases.

In figure. 6.9 we show the behaviour and the amplitude of the sum of all contributions
for different multipoles; by considering standard-standard contribution, all Doppler
contribution, all lensing contributions and all potentials contribution provided in in
subsections. 6.1.6, 6.1.7, 6.1.8 and 6.1.9 plotted as function of redshift at a fixed at
separation d = 105h−1Mpc considering models MI (green), MII (red) and ΛCDM
(blue). We see that in top left panel at very small redshift model MII is more important
than model MI and but at higher redshifts model MI is dominant. In top right panel
the quadrupoles, we notice that both models MI and MII are subdominant hence
can be neglected. While bottom left panel indicates that the dipoles can strongly be
measured by model MI with MII being subdominant. Lastly, in bottom right panel
we see that octupole can strongly be measured by model MII .
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Fig. 6.7 We plot the amplitude of the sums of individual multipoles, i.e. monopole
(blue), dipole (green), quadrupole (red), quadrupole (red), octupole (magenta) and
hexadecapole (cyan) as function of d. Top left panel: for redshift z = 0.1, top right
panel: for redshift z = 0.3, bottom left panel: for redshift z = 0.5 and bottom right
panel: for redshift z = 1.
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Fig. 6.8 We plot the fractional deviation of the sums of individual multipoles, i.e. dipole
(green), quadrupole (red), octupole (magenta) and hexadecapole (cyan) as function of
d. Top left panel: for redshift z = 0.1, top right panel: for redshift z = 0.3, bottom left
panel: for redshift z = 0.5 and bottom right panel: for redshift z = 1.
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Fig. 6.9 We show the magnitude of the total of each multipoles as function of redshift
at a fixed separation d= 105h−1Mpc considering models MI (green), MII (red) and
ΛCDM (blue)
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6.2 Testing General Relativity with the Doppler
magnification effect

There have been many endeavors constructed seeking for some alternative models to
explain the growth structure and cosmic acceleration today, without restoring back
to the fine-tuned cosmological constant Λ. Build on braneworld models [163] tried to
address the cosmological problem and the acceleration of the universe, few years later
there was an attempt to distinguish general relativity GR from modified gravity, by
developed a technique to compute the non-linear power spectrum while taking into
account the mechanism that allows the model to recover GR on small scales [153]. Very
recent approach by [115, 116, 119, 208] analyzing scalar-tensor theories in a broad class
which is fully consistent on linear scales and not assuming quasi-static evolution this is
encoded in the Horndeski Lagrangian. The studies of perturbation theory in modified
gravity (MG) scenario in principle, can be classified in two different frameworks; the
parametrization approach and the non-parametrization approach (see for more details
[135, 251, 252]) here we consider the first approach.

In the past there existed several theories of parameterizations of MG i.e Brax-Davis-
Li-Winther, Bertschinger-Zukin (B-Z) [33] and Hu-Sawicki model [26]. This type of
parameterizations are satisfactory where the gravitational potential’s time evolution
can be neglected compared to their spatial gradient which is also know as quasi-static
regime. The main motive of this thesis, is to potentially find a breakthrough on MG
concept. Many Frameworks have been proposed to study different MG scenarios, such
as the parameterized Post Friedmann PPF formalism including ref.[140, 141].

In this analysis, our work is part of the PPF framework work, which is generally
developed to describe the three regimes of modified gravity theories and consists of
a scale and time dependent function µ of the modified Poisson equation, with the
function relating to the ratio of metric fluctuation γ and the effective parameter∑(z,k) = (1/2)(1+γ)µ. This function avoids a negative pressure to account for the
late acceleration and is easy to move from a quasi-linear regime to a non-linear one
where GR should be recovered.

On large-scale the peculiar velocity is a sensitive probe of the growth of structure
and the nature of DE and powerful tool for constraining cosmological parameters.
Although, peculiar velocities accuracy measurements are limited to lower redshift,
since their uncertainties extend with distance [224]. In the past, several attempts has
been carried out to estimate the distance with less uncertainties, such as Tully-Fisher
and the fundamental plane methods [14, 86]—recently, [2, 139, 153, 240] developed a
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σκ z SKA2 (95% CL) DESI (95% CL)

0.3

0.15 < 6.12×10−6 < 1.32×10−5

0.25 < 9.70×10−6 < 2.14×10−5

0.35 < 1.54×10−5 < 3.40×10−5

0.45 < 2.44×10−5 < 5.30×10−5

0.8

0.15 < 1.49×10−5 < 3.44×10−5

0.25 < 2.43×10−5 < 5.62×10−5

0.35 < 3.91×10−5 < 8.93×10−5

0.45 < 6.21×10−5 < 1.39×10−4

Table 6.2 Marginalised constraints on the B0 parameter, obtained at each redshift bin
with two different values of σκ.

technique to evaluate the non-linear power spectra considering the mechanism that
allows MG models to recover GR on small scales.

In this part of our work, we provide a new way to measure peculiar velocities
directly at low redshifts, which allows one to utilize the cosmological GR testing6.
In particular, we show that Doppler magnification effect will be detectable with the
next generation of cosmological surveys given sufficient signal-to-noise to test GR on
large scales. By evaluating the two point correlation function which will then give way
for one to constrain the parameters with Fisher forecasts; which can be utilized by
parametrised deviations from GR for forthcoming low-redshift galaxy surveys with
DESI and SKA.

6.2.1 Growth function in PPF

In this subsection we demonstrate the key observable that enable us to differentiate
between different modification of gravity models and dark energy are linear growth
f = d lnD/d lna. In general, for GR case the linear growth function only depends on
time but not scale and its directly proportional to matter density through f = Ωm(a)0.55

, while for MG models the linear growth function depends on both scale and time
which here we introduce as fΨ(a,k),fΦ(a,k) and f(a,k). Lets now give the explicit

6The apparent sizes and brightnesses of galaxies are correlated in a dipolar pattern around matter
overdensities, appearing larger on their near side and smaller on their far side. The opposite effect
occurs for galaxies around an underdense region. These patterns of apparent magnification induce
dipole and higher multipole terms in the cross-correlation of galaxy number density fluctuations with
their size/brightness
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σκ z SKA2 (95% CL) DESI (95% CL)

0.3

0.15 < 2.82×10−2 < 6.05×10−2

0.25 < 3.48×10−2 < 7.22×10−2

0.35 < 4.43×10−2 < 8.80×10−2

0.45 < 5.85×10−2 < 1.12×10−1

0.8

0.15 < 6.80×10−2 < 1.54×10−1

0.25 < 8.12×10−2 < 1.80×10−1

0.35 < 9.88×10−2 < 2.14×10−1

0.45 < 1.24×10−1 < 2.66×10−1

Table 6.3 Marginalised constraints on the E11 parameter, obtained at each redshift bin
with two different values of σκ.

equations for fΨ(a,k) and fΦ(a,k) which are respectively given by

fΨ(a,k) = aµd

µD

[
µd

(
µ
dD

da
+D

dµ

da

)
−µD

dµd

da

]
, (6.57)

and

fΦ(a,k) = aQd

QD

[
Qd

(
Q
dD

da
+D

dQ

da

)
−QD

dQd

da

]
. (6.58)

Denoting Q≡ µ/γ and subscript d denotes the evaluation at decoupling.
In Fig. 6.10 We show the cosmic behaviour of the linear growth rate, which essentially

serves as a test for any departures from the standard GR.In the case of modified gravity,
we assume the same background evolution as ΛCDM. We have that our model deviates
from ΛCDM at different epochs, i.e, B0 = 10−4 deviates at scales k ≲ 10−2 h/Mpc,
while B0 = 10−5 deviates at scales k ≲ 0.04h/Mpc and B0 = 10−6 deviates at scales
k ≲ 0.088h/Mpc. However, at scales k ≳ 10h/Mpc all the value chosen tracks each
other, at which all have deviated gradually from ΛCDM. Thus, accurate analysis of the
structure growth rate as a function of time and scale might alleviate the well known
standard model and alternative MG models.

In top panel of Fig. 6.11 we show the behaviour of the linear Φ and Ψ growth rate
as function of scale factor, given by (6.57) and (6.58), at fixed Compton wavelength
parameter B0 = 10−5 for different wavenumber k = 0.05h.Mpc−1 (dashed black), k =
0.1h.Mpc−1 (dashed yellow), k = 0.15h.Mpc−1 (dashed blue) and k = 0.2h.Mpc−1

(dashed green). We compare this curves with ΛCDM—which can be obtained by
setting wavenumber to zero. In top left panel we have that from decoupling till late
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Fig. 6.10 Plots of the linear growth as function of scale for different Compton wavelength
parameter B0 = 10−4 (solid black), B0 = 10−5 (solid yellow), B0 = 10−6 (solid blue)
and B0 = 0 (dashed green.)

epochs z < 6 the MG model track matter and start deviating away over matter on late
epochs z > 5, but start to track matter at z > 0. n top right panel we have that from
decoupling till late epochs z < 6 the MG model track matter and start deviating away
under matter on late epochs z > 5, but start to track matter at z > 0. Additionally,
bottom panel shows the behaviour of the linear Φ and Ψ growth rate as function of
scale factor in third-dimension (3D).
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Fig. 6.11 Top panel: We show the linear growth rate for the two Bardeen potentials
as function of scale factor, given by (6.57) and (6.58), at fixed Compton wavelength
parameter B0 = 10−5 for different wavenumber k = 0.05h.Mpc−1 (dashed black), k =
0.1h.Mpc−1 (dashed yellow), k = 0.15h.Mpc−1 (dashed blue) and k = 0.2h.Mpc−1

(dashed green). We compare this curves with ΛCDM—which can be obtained by
setting wavenumber to zero. We also add the fitting function f = Ωm(a)6/11. Bottom
panel: Shows the 3D view of the top panel
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6.2.2 MG models

Lets now consider the two counterparts of the parametrisation of µ and γ to account for
the test of modification of gravity on small scales. First we look into the well-worked
model introduced by ref [3]

µ(a,k) = 1+f1(a)1+ c1(λH/k)2

1+(λH/k)2 = 1+E11ΩDE(a) (6.59)

γ(a,k) = 1+f2(a)1+ c2(λH/k)2

1+(λH/k)2 = 1+E22ΩDE(a) (6.60)

Notice that for both expressions in the second equality we ignore scale dependence
in this model, making this also an effective dark energy parametrisation. The second
model we consider is an f(R) model first given in [113, 140], which is given by

µ(a,k) = 1
1−1.4×10−8|λ1|2a3

1+ 4
3(λka2)2

1+(λka2)2 , (6.61)

γ(a,k) =
1+ 2

3(λka2)2

1+ 4
3(λka2)2 . (6.62)

Where λ is the Compton wavelength, which we denote by λ2 = B0c2/(2H2
0 ). This

particular model is obtained by utilizing similar background expressions as the once
provided in subsubsection. 6.1.4.1. We make a note that this two fiducial models can
be considered as subclass of models introduced in section. 6.1.

6.2.3 Cross-correlation between standard galaxy overdensity
and doppler convergence

In this subsection, we provide the the cross-correlation of the Doppler magnification
and galaxy number count, for us to be able to constrain modified gravity using peculiar
velocity. Fortunately for us this can be expressed in terms of subsubsection. 6.1.7.1 as
follows

ξ∆κv(rs,d,β) =

(
1− 1

Hrs

)
(

H′

H2 + 2
Hrs

)ξst-v
∆∆(rs,d,β) (6.63)
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Where ξst-v
∆∆ is defined in Eq. 6.40. The signal of the dipole is simply given by the

P1(cosβ). Now ref.[47] shown that the detectability of octupole, P3(cosβ) but this can
be neglected in this case since its signal-to-noise is much lesser than that of dipole.
However, the octupole can be detected by next generation of cosmological surveys.

Our two fiducial models contains specifically two parameters that we are interested
in constrain, i.e. E11 and B0. In left panel of fig. 6.12 we show the magnitude of
dipole at fixed redshift (z = 0.15) for various models, i.e. in full-sky f(R) model (solid
orange), scale independent model in (solid green) and ΛCDM (solid black)—in flat-sky
f(R) model (dashed orange), scale independent model in (dashed green) and ΛCDM
(dashed black). Shaded dark grey and light grey lines represent errors when σk = 0.3
and σk = 0.8, respectively. The shaded regions show the error bars on the dipole,
calculated with the specifications of a survey like SKA phase 2. We see that at very
small scales d≲ 20 Mpc/h, f(R) model and the scale-independent model deviates from
GR. We also notice that flat-sky approximation tracks the full-sky approximation on
scales d≲ 80Mpc/h and start deviating away from scales d≳ 80 Mpc/h.

Also in Fig. 6.12 right panel we show the fractional deviation as the ratio between
ΛCDM and both the f(R) and scale-independent models. We see that at scales
d≲ 30Mpc/h the ratio between f(R) and ΛCDM decrease with an increase of redshift
and separation d, while on the scales d≳ 30Mpc/h the ratio increase with an increase
of separation d but with an decrease of redshift. Clearly the scale-independent model
does not depend on separation distance. As we expected, the fractional deviation
decreases on higher redshifts, the suppresses deviations from GR at higher redshift are
due to the function ΩDE .

In Fig. 6.13 we show the fractional deviations as the ratio between ΛCDM and both
the f(R) and scale-independent models in the monopole and quadrupole of redshift-
space-distortion (this monopole and quadrupole can be extracted from subsection. 6.1.6
by neglecting the term/s with bias). We see that the fractional deviation of f(R)
model, in the monopole (left panel) of RSD in comparison is much larger than that of
dipole. However, this fractional deviation in the quadrupole (right panel) of RSD are
much smaller than that of dipole. We also see that for scales 60Mpc/h ≲ d≲ 130Mpc/h
fractional deviation of monopoles at redshift z = 0.15 and z = 0.55 are equal. Even for
monopole and quadrupole the scale-independent model does not depend on separation
distance, and their magnitude does not differ much with the magnitude of the dipole.
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Fig. 6.12 The survey considered here is SKA2. Left: Full-sky dipole magnification for
ΛCDM (solid black), f(R) model (solid orange) and scale-independent model (solid
green) against separation d at z = 0.15. Dashed lines are the flat-sky counterparts.
Dark grey represents the errors when σκ = 0.3, light grey when σκ = 0.8. Right: The
fractional deviation as ratio between f(R) and ΛCDM is shown for z = 0.15 (dashed
blue) and z = 0.55 (dashed red). Fractional deviation between the scale-independent
model and ΛCDM is shown by solid lines. In both panels we have chosen B0 = 0.1 and
E11 = 0.06.
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Fig. 6.13 Fractional deviation as ratio in the monopole (left) and quadrupole (right)
of RSD between f(R) and ΛCDM is shown for z = 0.15 (dashed blue) and z = 0.55
(dashed red). The fractional deviation between the scale-independent model and ΛCDM
is shown by solid lines. In both panels we have chosen B0 = 0.1 and E11 = 0.06. It
is worth noting that the spike (around 120 Mpc/h) on the deviation related to the
monopole is due to the fact that the two monopoles (ΛCDM and f(R)) change sign
around that scale.
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6.2.4 The next generation of cosmological surveys forecasts

Lets provide the cosmological parameter at which the predicted constraints in each
models to show how–with Doppler magnification dipole deviations from GR can be
constrained. We choose the following parameters h,Ωm,Ωb together with E11 for the
scale-independent model and B0 for the f(R) model. The fiducial values we choose are
those of ΛCDM+GR with h= 0.68, Ωm = 0.3028, Ωb = 0.048 and the MG parameters
zero. We fix the other cosmological parameters to their fiducial value: ns = 0.96, and
σ8 = 0.83.

6.2.4.1 Results

In the Fig. 6.14 left panel we show the f(R) model connected constraint of Compton
wavelength parameter B0 and matter density Ωm marginalised over the other parame-
ters, considering DESI and SKA2 galaxy surveys. We see that the constraints are very
sensitive to the value of the error on the size measurement as the difference between
the choice of the two values of σk = 0.3 and σk = 0.8 by the factor of about 2. The
marginalised constraints on B0, obtained by combining the Doppler magnification
dipole with Planck only, are < 0.5×10−3(95% CL) for σk = 0.3 and look very promising
and exhibits the constraining power of SKA using the dipolar modulation as a probe.

Also in Fig. 6.14 right panel we show the scale-independent model connected con-
straint of function E11 and matter density Ωm marginalised over the other parameters,
considering DESI and SKA2 galaxy surveys. The constraints on E11 < 2×10−2(95%
CL) provide a solid indication that Doppler magnification dipole is a powerful tool
to probe departures from GR. Finally, in Fig. 6.15 we show the constraints for all
parameters incorporated in f(R) model and scale-independent model that we used in
this work—note that for all the multipoles and forecast constraints does not involve the
functions γ only functions µ(a,k), which are given in subsection. 6.2.2. In Table. 6.2
and 6.3 we show the marginalised constraints of the Compton wavelength parameter
B0 and parameter E11 given as function of redshift, respectively. More comprehensive
details on this Fisher forecast constraints is given in [8].
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Fig. 6.14 Joint marginalised constraints B0 −Ωm for the f(R) model (left) and E11 −Ωm

for the scale-independent model (right). Dashed blue and solid blue ellipses are 68%
CL for the DESI survey, considering σκ = 0.8 and σκ = 0.3 respectively. Dashed red
and solid red ellipses are 68% CL for the SKA2 survey, using σκ = 0.8 and σκ = 0.3
respectively.

Fig. 6.15 Constraints on all the parameters in the f(R) model (left) and the scale-
independent model (right). All the ellipses are 68% CL. Dashed blue corresponds to
DESI with σκ = 0.8, solid blue to DESI with σκ = 0.3, dashed red corresponds to SKA2
with σκ = 0.8 and solid blue to SKA with σκ = 0.3.
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6.3 conclusions

In the first part of this work we presented a quasi-static approximation exploration of the
linear cosmological perturbations of unified dark energy excluding the time derivatives
of the metric potentials and velocity potential, quasi-static is a good approximation
because it eases the computational demands of the coupled system of differential
equations in the unified dark energy framework. We adopted the modified perturbed
Einstein equations in the unified dark energy or effective field theory parameters
formalism (for more details see [28, 116, 119]) and eliminating the scalar field and the
time derivative of the modified perturbed Einstein equation provided in Appendix. D.2.
We derived the energy-momentum equations and we also derived the new modified
velocity potential, this newly derived equations accounts for all model classes including
beyond-Horndeski models. We establish two generalized time and scale dependent
free-parameters effective Newton’s constant µ and gravitational slip γ which also
depends on the five unified dark energy parameters.

We derived the auto-correlation functions of the galaxy overdensity, this provide
a mixture of dominant term and subdominant term. One can easily express the
convergence auto-correlation functions and the galaxy overdensity with convergence
cross-correlation functions as function of galaxy overdensity auto-correlation functions.
All this quantities are observables. Moreover, we examined the quasi-static approx-
imation by computing the different multipoles measurements for various models of
dark energy or modification of gravity, which involves the variation of the following
contributions kineticity, braiding, tensor speed, beyond-Horndeski parameter and mass
evolution parameter. For contributions which include the combination of the deviation
between the speed of gravitational wave and the sound speed of light, braiding and
kineticity being non-zero with other contributions set to zero we recover general rela-
tivity. We showed that for contributions where mass evolution parameter and braiding
are non-zeros, mimics f(R)-gravity which we tested against general relativity and we
could see that this model is closely related to ΛCDM model, we concluded this from
the fractional deviation schematic. We also note that we recover general relativity
when all unified general five-parameter αi are set to zero.

Additionally, we have developed a new way that will allow us to potentially constrain
in the near future the unified dark energy or effective field theory parameters µ and γ

with the upcoming both wide field imaging and spectroscopic redshift surveys such as
SKA, Euclid, DES, eBOSS, DESI, PFS, LSST and WFIRST.

The second part of this work we have adopted similar formalism prescribed by
[47] to show the potential of probing Doppler magnification dipole, to evaluate the
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deviations from general relativity, we considered the subclass models of Horndeski
gravity as the toy modified gravity test in Parametrised post Friedmann formalism,
this contains the extra scale and time parameter in the Poisson equation and due to
the fact that dipole don’t contains the gravitational slip parameter γ we’ve neglected
this function in this case. On the horizon scales we consider this later relation is not
testable.

Still in the quasistatic limit approximation within the scale of interest, we considered
the cross-correlation function between standard contribution of galaxy overdensity
and the Doppler convergence ξ∆κv . We have compared the results of this quantity for
two specified models with the general relativity scenario and we found out that their
divergence with respect to general relativity is more pronounced on larger separation
d > 40 Mpc/h in the case of scale-dependent departures from general relativity.

We note that in order to quantify any departure from GR the fiducial values of
parameters in this work are those of ΛCDM. The constraints on B0, from combining
the dipole with Planck only, are comparable with the results in Fig. 6.14. We have
also obtained good constraints on E11. To get an idea of how sensitive to the errors on
size measurement the constraints are, we have chosen optimistic and pessimistic cases
with σk = 0.3 and σk = 0.8 respectively.

We have highlighted in this work that the Doppler magnification dipole, considering
future surveys like SKA, has a great potential to investigate modification of gravity on
sub-horizon scales.



Chapter 7

Conclusions and discussions

In modern cosmology various theoretical issues remains unresolved. However, on very
small scales (Earth scales) to cosmological scales our comprehension of gravity yields
remarkable accurate indication of the observations. The predominant issue among
several is mapping cosmic expansion history with acceleration expansion, attribute to
some sort of unknown energy density dubbed dark energy. In this thesis we addressed
two related main methods to the hypothetical exploration of the dark energy. We
also look into the Doppler lensing effect known as Doppler magnification, in the
framework of the next generation of galaxy surveys, to explore how this probe could
help strengthen the constrains on cosmological parameters and potentially provide the
better understanding of the nature of dark energy.

In chapter. 2, we gave the foundation of modern cosmology; linear cosmological
perturbations in FLRW Universe. We assessed the metric tensor, which describes the
gravitational field space-time, we then gave the detailed derivation of the Einstein
field equations, outlining the gravitational field equations and scalar, vector and tensor
energy-momentum conservation equations, respectively, given in a particular gauge.
Moreover, we gave a concise overview of the geodesics and their perturbations useful
for derivation for galaxy number count given in Appendix. A and we also gave straight
to the point standard model. We ended with the brief, basic description of the weak
gravitational lensing—in order to introduced convergence which is useful in chapters. 5
and 6.

In chapter. 3, after a comprehensive discussion of the large-scale structure of our
Universe, we discussed the initial conditions of the large-scale structure. Furthermore,
we gave the overview on how the linear fluctuations evolves. We also described the
Fourier decay of the density field; outlining the correlation function and the power
spectrum. We gave a concise overview of the large-scale transfer function. We then
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gave the discussion of the large-scale real and redshift space clustering. We ended with
a discussion of the large-scale structure bias.

In chapter. 4, we gave the concise discussion of effective field theory, we also discussed
the unitary gauge, outlining the basic background equations and scalar, vector and
tensor modes perturbation equations. Lastly, we gave a brief discussion of unified dark
energy parameter approach in unitary gauge—we introduced the effective field theory
action which involve five free time dependent parameters (αB,αM ,αK ,αT ,αH)—this
are usually enough to describe the linear perturbations. This parameters describes
beyond-Horndeski theories, this was firstly introduced in Horndeski theories which was
represented by only four parameters (αB,αM ,αK ,αT ) [28, 116, 118, 119].

In the first method, described in chapter. 5, we analyzed the beyond-Horndeski
theories approach which has been recently reconstructed in the dark energy scenario;
dubbed the unified dark energy. We provided the scalar-tensor description of the
interacting dark energy, we then gave the matter and unified dark energy background
and perturbation relevant expressions. Furthermore, we tested numerically the unified
dark energy by exploring the background and perturbations by varying the parameters
αM0 and αK . We also adapted the formalism by [47]; at which they analyze the
two point cross-correlation dependency— between the size of the objects and the
overdensity with separation distance d away from each other; which also provides the
dipole and octupole signal. Moreover, we considered the standard contribution in the
galaxy number count expression and Doppler contribution in the cosmic convergence
expression; this is sufficient for the weak lensing effect analysis of the peculiar velocity.
We calculated the two point cross-correlation in full-sky approximation and determined
that it consists of the dipole and octupole terms for distance observer approximation.
In order for us to determine the amplitude of the dipole and octupole, we adopted the
estimator proposed by [47]—found that dipole remains one order magnitude larger
than octupole in comparison, hence one can neglect octupole when analyzing the
cosmological constraints for the next generation of cosmological surveys such as DES,
Euclid, SKA and so on.

In the second method, described in chapter. 6, in the first part, we developed a
quasi-static approximation treatment that reckon with large-scale velocity potential and
the time derivatives of the metric potentials; in the linear cosmological perturbations
of UDE. After acquiring the UDE formalism introduced by [28, 119], we derived the
energy-momentum conservation equations from modified Einstein equation given in
Appendix.D; obtained by eliminating the scalar field fluctuations, this depends on the
free five parameters that describe the complete available model space, counting the
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beyond-Horndeski gravity. Our work is within the framework of post parametrized
Friedmann where we determined a both time and scale dependence of the effective
modifications from the ΛCDM paradigm in the form of deviation in the standard
Poisson equation and the difference between two Bardeen potentials and approximated
the velocity potential and rate of growth of the matter density fluctuations; this sort of
parametrization is useful in that it assist in recovering GR in non-linear regime. In this
approach, we developed a way to potentially constrain the generalized modified gravity
parameters µ and γ in the near future with the upcoming cosmological projects.

We have then computed the galaxy overdensity auto-correlation functions, conver-
gence auto-correlation functions and the cross-correlation functions between the galaxy
overdensity and the convergence, within scale of interest; taking care to include the
full relativistic corrections of the observed overdensity. This three quantities are all
observables. Thus, we have used similar formalism and estimator as one mentioned in
chapter. 5 in order to numerically analyze the magnitude of various multipoles.

In the second part of chapter. 6, we focused on two particular sub-class of beyond-
Horndeski gravity—First we considered a specialization of the model presented in
[3] and secondly we considered the f(R) model described by [113, 140], on the scale
of interest. We then evaluated the cross-correlation function between the standard
term of the galaxy overdensity and Doppler term of the convergence—which are both
dominant contribution; following [47] we determined the amplitude of the dipole and
octupole, then we found that dipole is one order magnitude larger than octupole and
also dipole depends on bias and octupole doesn’t. Therefore, we combined the dipole
and Planck, and compared this with the results in [3] and [140]. We found very good
constraints on B0 and also on E11. This approach provides the new way to get the
insides of the nature of DE and gravity.



Appendix A

Detailed general relativistic
evaluation of galaxy number count

A.1 Galaxy number count

In this section, we derive the expression for galaxy number count. Often galaxy number
count or galaxy overdensity provide a promising probe of measuring the cosmological
parameters. The intention is to infer the values of the parameters by measuring the
abundance of the these large scale objects as a function of redshift at a given direction,
then compare this with the theoretical predictions. Across the sky the one can measure
the fluctuations in the number of galaxies. Let us assume that dN objects are observed
in a redshift interval dz and solid angle. One can relate volume interval dV and the
number galaxies dN by

dN

dzdΩ ≡ dV

dzdΩ

∫
dM

dn

dM
(A.1)

Here n is the comoving number density at redshift z, V is the comoving the volume
and M is the mass of the object. But per volume interval one can write the number
galaxies counted by

dN

dzdΩ ≡N(z, n̂) ≡ nV (z, n̂) (A.2)

Where N(z, n̂) = nV (z, n̂) is the number of object enumerated in a patch of sky centered
by (z, n̂) with z being the redshift and n̂ is the direction of the observation. Then, the
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galaxy number count can be given by [46, 48]

∆(z, n̂) ≡ N(z, n̂)− N̄(z)
N̄(z)

≡ δz(z, n̂)+ δV (z, n̂) (A.3)

Here δV (z, n̂) is the volume contrast which is defined by δV (z, n̂) = δV
V̄

where δV
V̄

is the
fractional volume density perturbation, which can me worked out from

V (z, n̂) = V̄ (z)+ δV (z, n̂), n(z, n̂) = n̄(z)+ δn(z, n̂), z = z̄+ δz (A.4)

Below we provide the explicit equations for δz(z, n̂) and δV (z, n̂). Clearly the perturbed
redshift and solid angle give rise to the volume perturbation, in addition, galaxy density
δ(z, n̂) measurement is independent of the observer gauge of choice.redshift density
perturbations we start by computing the expression for δz(z, n̂) distortion which we
introduced above, this come about of this density distortion results from the redshift
fluctuations at the source. To get a break though on this one need to relate the
distortions in real space and redshift space, we start with the following

δz(z, n̂) = ρ(z, n̂)− ρ̄(z)
ρ̄(z) = ρ̄(z̄)+ δρ(z, n̂)− ρ̄(z)

ρ̄(z) = ρ̄(z+ δz)+ δρ(z, n̂)− ρ̄(z)
ρ̄(z)

= δρ(z, n̂)
ρ̄(z̄) − δz(z, n̂)

ρ̄(z̄)
dρ̄

dz
(A.5)

Where the z̄ = 1/a− 1 being the background redshift of FLRW Universe. Now
here we need to use some of the information from the geodesics to obtain the redshift.
Consider a photon which propagates from the source S which is to be seen by an
observer O along the direction n̂, given that the photon can be spotted in any direction
with our four-velocity uα in the metric ds2. In particular for a photon geodesic one
can write the following

nα = (1+ δn0, n̄+ δni) (A.6)

Here n̄0 = 1 and ∑3
1 n̄

in̄i = 1 we also have n̄αn̄α = 0 . Then considering the FRW
Universe with scalar perturbations in the gauge Newtonian the metric becomes

ds2 = a2[−(1+2Ψ)dη2 +(1−2Φ)δijdx
idxj ] (A.7)
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Thus the geodesic equation gives

n0(λO)−n0(λs) ≡ Φ
∣∣∣∣∣
O

S

+Ψ
∣∣∣∣∣
O

S

+
∫ λO

λS

Φ′(λ)dλ+
∫ λO

λS

Ψ′(λ)dλ (A.8)

and

ni(λO)−ni(λs) ≡ −n̂(ΦO −ΦS)− n̂(ΦO −ΦS)−
∫ λO

λS

Φ,i(λ)dλ−
∫ λO

λS

Φ,i(λ)dλ (A.9)

Therefore, the redshift of the photon emitted though the gravitational field from the
source S to the observer O reads

1+ z = (gαβn
αuβ)S

(gαβnαuβ)O
= aS

aO
(1+ z)+ aS

aO
(1+ z)

[
δ(gαβn

αuβ)
]O

S

(A.10)

Where aS
aO

(1+z)+ aS
aO

(1+z) ≡ 1+ z̄, here z̄ being the background redshift which relate
to the perturbed reshift in this form z = z̄+ δz. We should notice that

δz

1+ z
= δ(gαβn

αuβ)
∣∣∣∣∣
O

S

(A.11)

Making use of all above information and some couple of algebra the redshift becomes

1+ z = (1+ z̄)
[
1+(Φ+Ψ+V −ψ)

∣∣∣∣∣
O

S

−
∫ O

S
(Φ′ +Ψ′)dλ

]
(A.12)

From Eqs.(A.11) and (A.12), we can compute the following

δz

1+ z̄
= −[n̂ ·V +Φ+Ψ−ψ]SO +

∫ r̄s

O
(Ψ′ +Φ′)dr̄ (A.13)

Therefore, the perturbation δz yields,

δz(z, n̂) = b · δ−3V · n̂ +3Ψ−3V
k

−3
∫ 0

r̄S

dr̄(Ψ′ +Φ′) (A.14)

Volume perturbations secondly we evaluate the quantity δV we introduced in Eq. (A.3).
Considering the infinitesimal element of the observed volume, meaning the spatial
volume perceived by a source containing a metric ds21 and 4-velocity uµ, is expressed

1We work with the gauge-invariant potentials Φ = ϕ−Hσ −σ′, Ψ = D+ 1
3∇2E +Hσ and V = v +E′

(see chapter. 2)
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as [46, 48]

dV =
√

−g ϵµναβu
µdxνdxαdxβ ≡ V (z,θO,ϑO)dzdθOdϑO (A.15)

Here the total volume density V is defined by

V =
√

−g ϵµναβu
µ∂x

ν

∂z

∂xα

∂θS

∂xβ

∂ϑS

∣∣∣∣∣ ∂(θS ,ϑS)
∂(θO,ϑO)

∣∣∣∣∣ (A.16)

In a flat background FLRW Universe the geodesic are straight lines and the photon
emission angles are equal i.e θS = θO and ϑS = ϑO. Nevertherless, in a perturbed
Universe these angles at the source are perturbed with respect to the observer’s angles
which are defined by

θS = θO + δθ, ϑS = ϑO + δϑ (A.17)

Therefore, the determinant of Jacobian J = ∂(θS ,ϑS)
∂(θO,ϑO) yields

|J| = 1+∂θδθ+∂ϑδϑ (A.18)

Additionally, if we considering the determinant of metric gαβ introduced in subsubsec-
tion. 2.2.4.2, the metric of the determinant becomes

√
−g = a4

(
1+ 1

2gαβ

)
= a4(1+ϕ−3D) (A.19)

Making using of the 4-velocity of the source u = 1
a(1 −ϕ,vi), then we find that the

non-dissipating terms of the total density volume yields

V = a3(1−3D+ϕ)
[
dr

dz
r2 sinθS |J|−

(
dr̄

dz̄
+vr

dη

dz̄

)
r̄2 sinθO

]
(A.20)

Where the change in comoving distance r with redshift along the photon geodesic is
denoted by dr

dz , which can be expressed by 2

dr

dz
= dr̄

dz̄
+ dδr

dz̄
− dδz

dz̄

dr̄

dz̄
≡
(
dr̄

dη
+ dδr

dλ
− dδz

dλ

dr̄

dz̄

)
dη

dz̄
(A.21)

2This is evaluated at linear order, which provide the distinction between redshift z and the
background redshift z̄
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Note that the here we denoted dη = −dr̄ = dλ by considering the lowest order along
the photon geodesic dr̄

dz̄ = −dη
dz̄ = a

H , with this information one can re-write Eq. (A.20)
as follows

V = V̄

[
1−3D+(cotθ+∂θ)δθ−V · n̂ +∂ϑδϑ− dδr

dλ
+ a

H
dδz

dλ
+2δr

r̄

]
(A.22)

Here we define V̄ = a4r(z̄)2H−1 sinθO, subsequently one can hypothesizes that dr̄/dz =
V̄ (−4+ 2

r̄H + H′

H2 )a. Thus given Eq. (A.22) and δV = V −V̄
V̄

and with some algebra the
volume element becomes (see [48])

δV = −3D−V · n̂ +(cotθ+∂θ)δθ+∂ϑδϑ+ 2δr
r

− dδr

dλ
+ a

H
dδz

dλ

− a

(
−4+ 2

r̄H
+ H′

H2

)
δz (A.23)

Here λ being the affine variable of the geodesic, we denote the radial perturbation
along the geodesic by δr and δθ, δϑ are the transverse geodesic perturbations. In order
to compute the full expression of the volume element δV Eq. (A.23), one need to take
into consideration that the source and the source are encased by a sphere. Moreover,
we require the relation of the cartesian coordinates xµ and polar coordinates x̃µ [95]3.
Making using of the null geodesic equation for nµ one obtain

δxi(ηS) =
∫ rS

O
dλ(δgαin̄

α + δg0βn̄
in̄α)+ 1

2

∫ rS

O
dλ(rS − r)(δgαβ,i + δg′

αβn̄
i)n̄αn̄β(A.24)

Here we make a note that r̄ = λ, with this one can get to

δr = −n̄iδx
i = −1

2

∫ r̄S

O
dλδgαβn̄

αn̄β = 1
2

∫ r̄S

O
dλ(Φ+Ψ)+ B

k
+ 1
k2

(
dE

dλ
−2E′

)
(A.25)

Now evaluating the derivative of δr can be obtained by using dη = −dr = dλ and
Eq. (A.25) we get the following

dδr

dλ
= −(Φ+Ψ)+ dB

kdλ
+ 1
k2

(
d2E

dλ2 −2dE
′

dλ

)
(A.26)

3We define the 4-velocity displacement and spatial displacement vector of a particle in the polar
coordinate are respectively given by

δx̃µ = ∂x̃µ

∂xν
δxν and δx̃ = δrer + r̄δθeθ + r̄ sinθδϑeϑ

Where {er,eθ,eϑ} are the orthonormal unit vectors of the polar coordinates.
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We make note that at lowest order n̄i∂iX + ∂ηX = dX/dλ for every scalar X and
n̄ieθi = n̄ieϑi = 0 also r̄S = ηO −ηS . Preceding the similarly manner to Eq. (A.25), then
the following yields

r̄Sδθ =
∫ r̄S

O
dr̄δgiβe

i
θn̄

β − 1
2

∫ r̄S

O
dr̄
∫ r̄S

O
dr̄(r̄− r̄S)ei

θ∂i(δgαβ)n̄αn̄β (A.27)

r̄S sinθδϑ=
∫ r̄S

O
dr̄δgiβe

i
ϑn̄

β − 1
2

∫ r̄S

O
dr̄
∫ r̄S

O
dr̄(r̄− r̄S)ei

ϑ∂i(δgαβ)n̄αn̄β (A.28)

The second term in side the integral of Eqs. (A.27) and (A.27) are respectively rewritten
as follows

∂i(δgαβ)ei
θn̄

αn̄β = 1
r̄

[∂θ(δgαβn̄
αn̄β)− δgαβ∂θ(n̄αn̄β)]

= 1
r̄

[∂θ(δgαβn̄
αn̄β)−2δgαin̄

αei
θ] (A.29)

And

∂i(δgαβ)ei
ϑn̄

αn̄β = 1
r̄ sinθ [∂ϑ(δgαβn̄

αn̄β)− δgαβ∂ϑ(n̄αn̄β)]

= 1
r̄ sinθ [∂ϑ(δgαβn̄

αn̄β)−2δgαin̄
αei

ϑ sinθ] (A.30)

By using the fact that ∂r = −n̄i∂i, and after some algebra the angular contribution to
the volume element yields (see comprehensive derivation [95])

(cotθ+∂θ)δθ+∂ϑδϑ = −
[
∇2E−

(
d2E

dλ2 −2dE
′

dλ
+E′′

)
+ 2
r

(
dE

dλ
−E′

)]∣∣∣∣∣
S

O

+
∫ r̄S

O
dr̄(r̄− r̄S) r̄

r̄S
∇2

⊥(Φ+Ψ) (A.31)

Where the angular Laplacian [15, 48, 95] ∇2
⊥ ≡ ∇2 −∂2

r −2r̄−1∂r this is in a plane of
the transverse to the line of sight. We applying Eqs. (A.25), (A.26) and (A.31) into
(A.23) the following holds

δV = −4V · n̂ −2(Φ+Ψ)+
∫ r̄S

O
dr̄(r̄− r̄S) r̄

r̄S
∇2

⊥(Φ+Ψ)+
(

3+ 2
r̄S

)∫ r̄S

O
dr̄(Φ+Ψ)

+ 1
H

[
Ψ′ +∂rΦ− d(V · n̂)

dλ

]
+
(

H′

H2 + 2
r̄SH

)[
Φ+V · n̂ −

∫ r̄S

O
dr̄(Φ′ +Ψ′)

]
(A.32)
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Combining Eq. (A.14) and (A.32) we obtain the observed overdensity of the galaxies
which reads

∆(z, n̂) = b · δ− 1
H
∂r(V · n̂)+ 1

H
V′ · n̂ +

(
1− H′

H2 − 2
r̄H

)
V · n̂ + 1

H
∂rΨ

+
∫ r̄S

O
dr̄(r̄− r̄S) r̄

r̄r̄S
∇2

⊥(Φ+Ψ)+
(

H′

H2 + 2
r̄H

)[
Ψ+

∫ r̄S

O
dr̄(Φ′ +Ψ′)

]

+
∫ r̄S

O
dr̄(Φ+Ψ)+Ψ−2Φ+ 1

H
Φ′ −3H

k
V (A.33)

The break-down of each term is given in details on table. 5.1—the above expression is
a consistent with (5.38).

A.2 Convergence

In this section, we provide the full general relativistic expression for convergence κ(z, n̂),
similar to the galaxy number count ∆(z, n̂) convergence is affected by the effects of
relativistic (for more details and complete derivation see [15, 44, 45, 49, 214]) which is
denoted by

κ(z, n̂) = 1
2r̄S

∫ r̄s

0
dr̄(r̄− r̄S) r̄

r̄
∇2

⊥(Φ+Ψ)− 2
r̄s

∫ r̄s

0
dr̄Ψ

+
(

1− 1
rH

)[
V · n̂ +

∫ r̄s

0
dr̄(Φ′ +Ψ′

]
+
(

2− 1
rH

)
Ψ (A.34)

The layout of the of each term is as follows: first term is the standard gravitational
lensing, this is followed by the Shapiro time-delay, the third term is the combination
of Doppler lensing and Integrated Sachs-Wolfe, and the very lastly term is known as
Sachs-Wolfe.



Appendix B

Miscellanea

In this section of the appendix, we provide important formulae and some results which
we have used in this thesis.

B.1 Hankel transform of correlation function and
power spectra

We start by re-introducing the expression that relate power spectra and correlation
function we introduced in section. 3.4.2 by Eq. (3.22) which here becomes a directional
dependent function

P (k) =
∫
d3re−ik·rξ(r) (B.1)

The multipoles coefficients of power spectra and correlation function can be related by
making use of Rayleigh’s expansion which is defined as

e−ik·r = 4π
∑
LM

i−LjL(kr)Y ∗
LM (k̂)YLM (N̂) (B.2)

Hence one can write multipoles coefficients of power spectra and correlation function
in spherical harmonic as (see [1] for more details)

PL(k) = 4πi−L
∫ ∞

0
r2drjL(kr)ξL(r), ξL(r) = 4π

iL

∫ ∞

0

k2dk

(2π)3PL.(k)jL(kr) (B.3)

Where the imaginary units is denoted by i, index L specify the multipoles and jL(kr)
being the spherical Bessel function which have provided in section. B.3. Due the
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fact that we are dealing with 2-D clustering quantities we then can expect to write
multipoles as

PL(k) =
∑
L

PL(µ)PL(k), ξL(r) =
∑
L

PL(µ)ξL(r) (B.4)

B.2 Clebsch-Gordan coefficients

The Clebsch-Gordan coefficients can be evaluated from the integral of three spherical
harmonics over the sphere which are given as follows [98]

CL1 L2 L3
m1 m2 m3 =

∫
dΩk̂Y

∗
LMY ∗

2m(k̂)Y ∗
1m′(k̂) (B.5)

=
√

(2L1 +1)(2L2 +1)(2L3 +1)
4π

L1 L2 L3

0 0 0

L1 L2 L3

m1 m2 m3

(B.6)

Where 3J-Wigner symbols are represented by 3 × 2 matrices. The Clebsch-Gordan
coefficients are identically non-zero whenever the following properties are satisfied

|L1 −L2| ≤ L3 ≤ L1 +L2, m1 +m2 +m3 = 0 (B.7)

In addition, we need to also give a scenario where L and M are enforced by spherical
harmonic to zero and together with two spherical harmonic which are respectively
given by ∫

dΩk̂Y
∗

LM (k̂) =
√

4πδL0δM0 (B.8)

And ∫
dΩk̂Y

∗
LMY ∗

2m(k̂) = δL2δMm (B.9)

B.3 Spherical Bessel function

Generally spherical Bessel functions can be written as

jL(x) = xL

(
− 1
x

d

dx

)l sin((x)
x

(B.10)
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Where x = kr and now we can explicitly write first five Bessel functions can easily
calculated to yield

j0(x) = sin(x)
x

(B.11)

j1(x) = sin(x)
x2 − cos(x)

x
(B.12)

j2(x) = 3sin(x)
x3 − sin(x)

x
− 3cos(x)

x3 (B.13)

j3(x) =
(

1− 15
x2

)
cos(x)
x

−
(

10− 105
x2

)
sin(x)
x2 (B.14)

j4(x) =
[
1−

(
45− 105

x2

)
x2

]
sin(x)
x

+
(

10− 105
x2

)
cos(x)
x2 (B.15)

Where throughout the thesis we adopt L ∈ {0,1,2,3,4}.

B.4 Legendre polynomial

Form the ordinary differential equation 1 with some algebra we get the following
solution

PL(x) = 1
2LL!

dL

dxL
(x2 −1)L (B.17)

Then the first five Legendre polynomials are given by

P0(x) = 1 (B.18)
P1(x) = x (B.19)

P2(x) = (3x2 −1)
2 (B.20)

P3(x) = (5x3 −3x)
2 (B.21)

P4(x) = (35x4 −30x2 +3)
8 (B.22)

1

d

dx

[
(1−x2)PL(x)

dx

]
+L(L+1)PL(x) (B.16)



Appendix C

Multipole expansions

DEFINING FUNCTIONS USED IN SUBSECTION. 6.1.5.
Here we define the following

Pν(k,zs, z
′
s) = 1

(2π)3
4

9Ω2
m0H4

0

F(zs,k)F(z′
s,k)

Hµ(zs,k)µ(z′
s,k)

(
k

kλ

)ns−1
T 2(k), (C.1)

Pν(I)(k,zs, z
′
s) = 1

(2π)3
4

9Ω2
m0H4

0

b(zs)D(z,k)F(z′
s,k)

µ(zs,k)µ(z′
s,k)

(
k

kλ

)ns−1
T 2(k), (C.2)

Pν(II)(k,zs, z
′
s) = 1

(2π)3
4

9Ω2
m0H4

0

bD(zs,k)b(z′
s)D(z′

s,k)
µ(zs,k)µ(z′

s,k)

(
k

kλ

)ns−1
T 2(k). (C.3)

We also define

Pη(k,zs, z
′
s) = a(z′

s)µ(z′
s)

(2π)3
F(zs,k)D(z′

s,k)
aµ(zs,k) [1+γ(zs,k)]

(
k

kλ

)ns−1
T 2(k),(C.4)

Pη(I)(k,zs, z
′
s) = 9Ω2

m0H4
0µ(z′

s,k)
4a(2π)3

bD(zs,k)D(z′
s,k)

µ(zs,k) [1+γ(z′
s,k)]

×
(
k

kλ

)ns−1
T 2(k), (C.5)

Pη(II)(k,zs, z
′
s) = 9Ω2

m0H4
0µ(z′

s,k)
4aa(z′

s)(2π)3 D(z,k)D(z′,k)[1+γ(z′,k)]

× [1+γ(zs,k)]
(
k

kλ

)ns−1
T 2(k). (C.6)
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And

Pζ(k,zs, z
′
s) = 1

(2π)3
2

3Ωm0H2
0µ(zs,k)F(zs,k)L(zs,k)

(
k

kλ

)ns−1
T 2(k), (C.7)

P̃ζ(k,zs, z
′
s) = 1

(2π)3
2

3Ωm0H2
0µ(zs,k)F(zs,k)M(zs,k)

(
k

kλ

)ns−1
T 2(k). (C.8)

Where L and M are respectively defined by

L =
(

H′

H2 + 2
rsH

)∫ rs

0
dr{γ′(zs,k)+ [1+γ(zs,k)]D′(zs,k)}

+ 2
rs

∫ rs

0
dr[1+γ(zs,k)]D(zs,k)+ 1

H
[γ′(zs,k)D(zs,k)+γ(zs,k)D′(zs,k)]

− 2γ(zs,k)D(zs,k)− 2aH
Ωm0H2

0µ(zs,k)F(zs,k)+
(

1+ H′

H2 + 2
rsH

)
D(zs,k),(C.9)

M =
(

1− 2
rsH

)∫ rs

0
dr{γ′(zs,k)+ [1+γ(zs,k)]D′(zs,k)},

− − 2
rs

∫ rs

0
drD(zs,k)+

(
2− 1

rsH

)
D(zs,k). (C.10)

And

Pζ(I)(k,zs, z
′
s) = 1

(2π)3
2b

3Ωm0H2
0µ(zs,k)D(zs,k)L(zs,k)

(
k

kλ

)ns−1
T 2(k),(C.11)

Pζ(II)(k,zs, z
′
s) = 1

(2π)3 L(zs,k)L(z′
s,k)

(
k

kλ

)ns−1
T 2(k). (C.12)

Additionally we provide the following

Pη(III)(k,zs, z
′
s) = 3Ωm0H2

0µ

2a(2π)3 [1+γ(z,k)]D(zs,k)L(z′
s,k)

(
k

kλ

)ns−1
T 2(k).(C.13)

C.1 Various contributions

Here we provide contributions contained in Eq.(6.28) last two terms which are respec-
tively denoted as follows
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ξv
κκ(z,z′, θ) = ⟨κv(z, n̂)κv(z′, n̂′)⟩+2⟨κg(z, n̂)κv(z′, n̂′)⟩

+ 2⟨κpoten(z, n̂)κv(z′, n̂′)⟩, (C.14)
ξg

κκ(z,z′, θ) = ⟨κg(z, n̂)κg(z′, n̂′)⟩+2⟨κv(z, n̂)κg(z′, n̂′)⟩
+ 2⟨κpoten(z, n̂)κg(z′, n̂′)⟩, (C.15)

ξpoten
κκ (z,z′, θ) = ⟨κpoten(z, n̂)κpoten(z′, n̂′)⟩+2⟨κg(z, n̂)κpoten(z′, n̂′)⟩

+ 2⟨κv(z, n̂)κpoten(z′, n̂′)⟩. (C.16)

And

ξv
∆κ(z,z′, θ) = 2⟨∆st(z, n̂)κv(z′, n̂′)⟩+ ⟨∆v(z, n̂)κv(z′, n̂′)⟩

+ 2⟨∆g(z, n̂)κv(z′, n̂′)⟩+2⟨∆poten(z, n̂)κv(z′, n̂′)⟩, (C.17)
ξg

∆κ(z,z′, θ) = 2⟨∆st(z, n̂)κg(z′, n̂′)⟩+ ⟨∆g(z, n̂)κg(z′, n̂′)⟩
+ 2⟨∆v(z, n̂)κg(z′, n̂′)⟩+2⟨∆poten(z, n̂)κg(z′, n̂′)⟩, (C.18)

ξpoten
∆κ (z,z′, θ) = 2⟨∆st(z, n̂)κpoten(z′, n̂′)⟩+ ⟨∆poten(z, n̂)κpoten(z′, n̂′)⟩

+ 2⟨∆v(z, n̂)κpoten(z′, n̂′)⟩+2⟨∆g(z, n̂)κpoten(z′, n̂′)⟩, (C.19)
(C.20)

C.2 Comprehensive derivation of standard contri-
bution auto correlation

In this section, we derive the galaxy overdensity standard term auto-correlation, we
are interested in computing the following quantity

ξst
∆∆ = ⟨∆(z, n̂)∆(z′, n̂′)⟩ (C.21)

We can expand Eq. (C.21) as follows

ξst
∆∆ = b(z)b(z′)⟨∆m(z, n̂)∆(z′, n̂′)+ 1

H(z)H(z′)⟨∂r(V · n̂)∂r(V′ · n̂′)⟩

− 2b
H(z′)⟨∆m(z, n̂)∂r(z′, n̂′)⟩ (C.22)
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The best way to evaluate the above quantity is to compute each term separately. We
make use of the Fourier transform convention

f(x,η) =
∫ d3k

(2π)3 e
ikxf(k,η) (C.23)

We can then express auto-correlation function of the first term in Fourier space as

ξ
st[1]
∆∆ (r,r′, θ) = 4bb(z′)

9Ω2
m0

∫ d3k

(2π)3
d3k′

(2π)3 e
ik·xeik′·x′

×
(
k

H0

)2(
k′

H0

)2
D(z,k)D(z′,k′)
µ(z,k)µ(z′,k′) T (k)T (k′)⟨Ψi(k)Ψi(k)⟩ (C.24)

We define ⟨Ψi(k)Ψi(k′)⟩ = (2π)3δD(k + k′)PΨi
(k) where is given to be PΨi

(k) =
A/k3(k/kλ)ns−1, ns is the scalar spectral in dex and A is the amplitude of initial
power spectra. Applying this information in the auto-correlation the following yields

ξ
st[1]
∆∆ (r,r′, θ) = 4bb(z′)

9Ω2
m0

∫ d3k

(2π)3 e
ik·N̂d

(
k

H0

)4
D(z,k)D(z′,k)
µ(z,k)µ(z′,k) T

2(k)PΨi
(k)(C.25)

Lets now introduce the P1 and P2 which are Legendre polynomial of the order 1 and
2 respectively, adopting the method in Ref.??, and expand the exponential together
with the powers of (k̂ · n̂) and (k̂ · n̂)2 in terms of spherical harmonics

eik(x′−x) = 4π
∑
LM

iLjL(kd)Y ∗
LM (k̂)YLM (N̂) = eik·N̂·d (C.26)

(k̂ · n̂) = 4π
3

1∑
m′=−1

Y ∗
1m′(k̂)Y1m′(n̂′) = P1(k · n̂) (C.27)

(k̂ · n̂)2 = 2
3

4π
5

2∑
m′=−2

Y ∗
2m′(k̂)Y2m′(n̂′)+ 1

3 = 2
3P2(k · n̂)+ 1

3 (C.28)

Exploiting the expansions provided above the auto-correlation function reads

ξ
st[1]
∆∆ (r,r′, θ) = 4bb(z′)

9Ω2
m0

∫ dkk2

(2π)3 4π
∑
LM

iLjL(kd)Y ∗
LM (k̂)YLM (N̂)

×
(
k

H0

)4
D(z,k)D(z′,k)
µ(z,k)µ(z′,k) T

2(k)PΨi
(k)

∫
dΩk̂Y

∗
LM (k̂) (C.29)
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Now utilizing the following characteristic
∫
dΩk̂Y

∗
LM (k̂) = δ0Lδ0M the auto-correlation

becomes

ξ
st[1]
∆∆ = bb(z′)

9Ω2
m0π

2

∫
dkk2j0(kd)

(
k

H0

)4
D(z,k)D(z′,k)
µ(z,k)µ(z′,k) T

2(k)PΨi
(k) (C.30)

Lets now look into the second term, applying the same set of step and with some
algebra the auto correlation becomes

ξ
st[2]
∆∆ = 4aa′

9Ω2
m0HH(z′)

∫ d3k

(2π)3 e
idk·N̂

(
k

H0

)4 F(z,k)F(z′,k)
µ(z,k)µ(z′,k) T

2(k)PΨi
(k)

×
[

4
9P1(k̂ · n̂)P2(k̂ · n̂′)+ 2

9P2(k̂ · n̂)+ 4
9P2(k̂ · n̂′)+ 1

9

]
(C.31)

It’s easy to see that that Eq. (C.31) composed of four integrals, which are due to
the summation of the Legendre polynomials and the constant. We have to explicitly
provide this integrals, lets start with the first integral based on first term of Eq. (C.31)
which reads

I [2]
1 = 32

365π2

∫
dkk2

(
k

H0

)4 F(z,k)F(z′,k)
µ(z,k)µ(z′,k) T

2(k)PΨi
(k)

×
{(

1+ 2
7[cos(2α)cos(2β)+sin(2α)sin(2β)]+cos(2α)+cos(2β)

)
225j4(kd)

1792

+ 5
64

[
1+cos(2α)cos(2β)+sin(2α)sin(2β)

]
j0(kd).

}
(C.32)

The second integration for works out to be

I [2]
2 = − 2

90π2

∫
dkk2

(
k

H0

)4 F(z,k)F(z′,k)
µ(z,k)µ(z′,k) T

2(k)PΨi
(k)

× [1+3cos(2β)]j2(kd). (C.33)

The third term yields

I [2]
3 = − 2

90π2

∫
dkk2

(
k

H0

)4 F(z,k)F(z′,k)
µ(z,k)µ(z′,k) T

2(k)PΨi
(k)

× [1+3cos(2α)]j2(kd) (C.34)
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Last we have

I [2]
4 = 1

36π2

∫
dkk2

(
k

H0

)4 F(z,k)F(z′,k)
µ(z,k)µ(z′,k) T

2(k)PΨi
(k)j0(kd) (C.35)

Therefor, collectively the above integrals produce a complete evaluation for second
term auto-correlation which reads

ξ
st[2]
∆∆ = 4aa′

9Ω2
m0HH(z′)(I [2]

1 +I [2]
2 +I [2]

3 +I [2]
4 ) (C.36)

Similarly, the last term of Eq. (C.31) works out to be

ξ
st[3]
∆∆ = 4b(z)a(z′)

9Ωm0H

∫ d3k

(2π)3 e
idk·N̂

(
k

H0

)4
D(z,k)F(z′,k)
µ(z,k)µ(z′,k) T

2(k)PΨi
(k)

×
[

1
3 + 2

3P2( ˆk · n̂)
]

(C.37)

This also produce two separate integrals which yields

I [3]
1 = 1

12π2

∫
dkk2

(
k

H0

)4 F(z′S,k)D(z,k)
µ(z′,k)µ(z,k) T 2(k)PΨi

(k)]j0(kd) (C.38)

I [3]
2 = 4

15π2

∫
dkk2

(
k

H0

)4 F(z′,k)D(z,k)
µ(z′,k)µ(z,k) T

2(k)PΨi
(k)]

× [1+3cos2α]j0(kd) (C.39)

Thus, auto-correlation function for the third term yields

ξ
st[3]
∆∆ = 4b(z)a′

9Ω2
m0H(z′)(I [3]

1 +I [3]
2 ) (C.40)

Finally, we now have the complete galaxy overdensity standard term auto-correlation
function which we define by

ξst
∆∆ = ξ

st[1]
∆∆ + ξ

st[2]
∆∆ + ξ

st[3]
∆∆ (C.41)

Note that this expression is given in full sky approximation. Furthermore, in flat sky
approximation Eq. (C.41) becomes consistent with Eq. (6.38).
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Fig. C.1 We plot different magnitudes of the quadrupoles as function of d, for the
following contributions; standard-stardard (blue), doppler-doppler (green), standard-
lensing (red) and standard-potentials (magneta). Top left panel: for redshift z = 0.1,
top right panel: for redshift z = 0.3, bottom left panel: for redshift z = 0.5 and bottom
right panel: for redshift z = 1.
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Fig. C.2 Left panel: The plots of the amplitude of the octupole as function of the
separation distance d, given by (6.40), for the values of the redshift z = 0.1 (blue),
z = 0.3 (green), z = 0.5 (red) and z = 1 (magneta). Right panel: The plots of the
amplitude of the hexadecapole as function of d, for four separate redshifts shown in
the legend.

Fig. C.3 Constraints on Ωm and the B0 parameter of the f(R) model (left) and E11
parameter of the scale-independent model (right) for SKA2 + Planck (68% CL), for
several different values of σκ.
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C.3 Convergence auto-correlation functions

In this section we provide the all contributions of convergence auto-correlation functions
ξκκ—mentioned in introductory paragraph of chapter. 6. This can be expressed as
the function of galaxy number count auto-correlation function, as shown on below
quantities. Note that here we just provide final expressions in flat-sky approximation.

C.3.1 All Doppler lensing contributions

All the contributions here incorporate Doppler term

C.3.1.1 Doppler-Doppler terms correlation function

ξv-v
κκ (rs,d,β) =

(
1− 1

Hrs

)2

(
H′

H2 + 2
Hrs

)2 ξ
v-v
∆∆(rs,d,β) (C.42)

C.3.1.2 Gravitational lensing-Doppler terms correlation function

ξg-v
κκ (rs,d,β) = 1

2

(
1− 1

Hrs

)
(

H′

H2 + 2
Hrs

)ξg-v
∆∆(rs,d,β) (C.43)

C.3.1.3 Potentials-Doppler terms correlation function

ξpoten-v
κκ (rs,d,β) = ξ̃poten-v

∆∆ (rs,d,β) (C.44)

The tilde means that we have replaced L with M, i.e. We have use Eq. (C.8) instead
of Eq. (C.7).

C.3.2 All Gravitational lensing contributions

All the contributions here incorporate gravitational lensing term



C.4 Convergence-galaxy number count auto-correlation functions 148

C.3.2.1 Lensing-lensing terms correlation function

ξg-g
κκ (rs,d,β) = 1

4ξ
g-g
∆∆(rs,d,β) (C.45)

C.3.2.2 Poten-lensing terms correlation function

ξpoten-g
κκ (rs,d,β) = ξ̃poten-g

∆∆ (rs,d,β) (C.46)

C.3.3 All potentials contributions

All the contributions here incorporate potentials term

C.3.3.1 Potentials-potentials terms correlation function

ξpoten-poten
κκ (rs,d,β) = ξ̃poten-poten

∆∆ (rs,d,β) (C.47)

C.4 Convergence-galaxy number count auto-correlation
functions

In this section we provide the all contributions of cross-correlation functions between
galaxy number count and convergence ξ∆κ—mentioned in introductory paragraph
of chapter. 6. This can be expressed as the function of galaxy number count auto-
correlation function, as shown on below quantities. Note that here we just provide
final expressions in flat-sky approximation.

C.4.1 All Doppler lensing contributions

All the contributions here incorporate Doppler term

C.4.1.1 Standard-Doppler terms correlation function

ξst-v
∆κ (rs,d,β) =

(
1− 1

Hrs

)
(

H′

H2 + 2
Hrs

)ξst-v
∆∆(rs,d,β) (C.48)
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C.4.1.2 Doppler-Doppler terms correlation function

ξv-v
∆κ(rs,d,β) =

(
1− 1

Hrs

)2

(
H′

H2 + 2
Hrs

)2 ξ
v-v
∆∆(rs,d,β) (C.49)

C.4.1.3 Standard-Doppler terms correlation function

ξg-v
∆κ(rs,d,β) = ξg-v

∆∆(rs,d,β) (C.50)

C.4.1.4 Standard-Doppler terms correlation function

ξpoten-v
∆κ (rs,d,β) =

(
1− 1

Hrs

)
(

H′

H2 + 2
Hrs

)ξpoten-v
∆∆ (rs,d,β) (C.51)

C.4.2 All gravitational lensing contributions

All the contributions here incorporate gravitational lensing term

C.4.2.1 Standard-lensing terms correlation function

ξst-g
∆κ (rs,d,β) = −1

2ξ
st-g
∆∆(rs,d,β) (C.52)

C.4.2.2 Doppler-lensing terms correlation function

ξv-g
∆κ(rs,d,β) = −1

2ξ
v-g
∆∆(rs,d,β) (C.53)

C.4.2.3 Lensing-lensing terms correlation function

ξg-g
∆κ(rs,d,β) = −1

4ξ
g-g
∆∆(rs,d,β) (C.54)
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C.4.2.4 Potential-lensing terms correlation function

ξg-g
∆κ(rs,d,β) = −1

4 ξ̃
g-g
∆∆(rs,d,β) (C.55)

C.4.3 All potentials contributions

All the contributions here incorporate potential term

C.4.3.1 Standard-potential terms correlation function

ξst-poten
∆κ (rs,d,β) = ξ̃st-poten

∆∆ (rs,d,β) (C.56)

C.4.3.2 Doppler-potential terms correlation function

ξv-poten
∆κ (rs,d,β) = ξ̃v-poten

∆∆ (rs,d,β) (C.57)

C.4.3.3 Gravitational-potential terms correlation function

ξg-poten
∆κ (rs,d,β) = ξ̃g-poten

∆∆ (rs,d,β) (C.58)



Appendix D

The cosmological equations

D.1 The perturbation equations

In this appendix we provide the modified perturbed Einstein equations in UDE context
which are all drawn from work by [28, 93, 119] which we made use of in section. (5.2)
and. Here we consider the space-time metric1 which is in contrary with [28, 93, 119],
we adopt the total matter gauge (see [172]). We then can relate the two Bardeen
potentials and the scalar fluctuations to metric perturbations by [119]

Ψ ≡ δN +Hπ+π′, Φ ≡ −ζ−Hπ, π ≡ a2ψ (D.1)

With ψ being the metric scalar potential, δN is the metric temporal perturbation and
metric spatial potential is denoted by ζ. The evolution of the unified dark energy
momentum and energy density perturbation are respectively denoted by (note that we
used this two equation to get equations. (5.33) and (5.35))

q′
x +4Hqx − (ρ̄x + p̄x)Ψ+ δpx − 2

3k
2σx = αM H

∑
A

qA (D.2)

δρ′
x +3H(δρx + δpx)− (ρ̄x + p̄x)Φ′ −k2qx = αM H

∑
A

δρA (D.3)

1dss = a2[−(1+2Ψ)dη2 +(1+2Φ)dx⃗2]
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Here the quantities qA and σA respectively appears in eq. (5.27) and (5.28). We also
define the following UDE perturbations

Vx ≡ π− 2αBH
ρ̄x + p̄x

P , (D.4)

σx ≡ αMa−2M2Hπ−αT R−αHP , (D.5)

δpx ≡ −[p̄′
x +αMa−2M2H(2H′ +H)]π−2αM HQ− 2

3k
2σx

+
(
ρ̄x + p̄x

a−2M2 +6αBH2
)

P +2αB

(
1+ α′

B

HαB
+ H′

H2 + P
HP

)
H2P , (D.6)

δρx ≡ 2k2(αHR+αBa
−2M2Hπ)+3H[(ρ̄x + p̄x)π+2αBQ]

+ (αK −6αB)H2P . (D.7)

Where we have the following parameters

P ≡ M2

a2 (Ψ−π′ −Hπ), Q ≡ M2

a2 [Φ′ −HΨ+(H2 −H′)Π], R ≡ M2

a2 (Φ−Hπ).(D.8)

Note that the parameters are related to their physical counterparts by P = a−2Pphys,
Q = a−1Qphys and R = a−2Rphys we also have π = a−1πphys—all the superscript phys
denotes the physical quantities as given by [119].

D.2 Refined perturbed Einstein equations

The evolution equations for metric potentials are Φ and π, starting with Hamiltonian
constraint which is given by

6(1+αB)HΦ′ − (6−αK +12αB)H2Ψ+2k2
H(1+αH)H2Φ

− 6
[
(1+αB)

(
H′

H2 −1
)

+ ρ̄x + p̄x

2a−2M2H−2 + k2
H
3 (αH −αB)+ αK

6 −αB

]
H3π

= −(6αB −αK)Hπ′ − δρm

a−2M2 (D.9)

Here kH is equivalent to k̃ use by [119]; which is given to be kH = k/H .Then momentum
and anisotropic constraints are respectively given by

Φ′ − (1+αB)HΨ+αBHπ′ = −
(

1+αB − H′

H2 − ρ̄x + p̄x

2a−2M2H−2

)
H2π− a2qm

2M2 , (D.10)

(1+αT )Φ+(1+αH)Ψ+[αM − (αH +αT )]Hπ−αHπ
′ = a2σm

2M2 . (D.11)
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Note we obtained Eq. (5.27) by making use of Eq. (D.4) and the expression for P
provided by Eq. (D.8) into Eq. (D.11).

We provide the second order evolution of scalar field by [93]

π′′ + (1+α1)Hπ′ +α3H2π−ϕ′ −α4Φ′ +α5HΨ−α6HΦ

− 2α7Ha2σm

M2 −3α8
a2δpm

HM2 = 0 (D.12)

In addition to work by [119], we provide the evolution Ψ by considering the derivatives
of Eq. (D.11) and combining the end product with Eqs. (D.10) and (D.12) the following
yields

Ψ′ +(1+σ1)HΨ+σ2HΦ−σ3H2π−σ4
a2qm

2M2 +σ5Ha2σm

M2 −σ6
3a2δpm

HM2 (D.13)

Where we have defined various αi (with i= 1,2...) parameters

α1α ≡ (3+αM )α+ α′
K

H
+(6α2

B +2αK −6αB)
(

H′

H2 −1
)

+6αB

(
α′

B

H

− ρ̄m + p̄m

2a−2M2H−2

)
(D.14)

α2α ≡ −3αB
a3p̄′

m

M2H3 +6
[
α′

B

H
+(1+αB)

(
H′

H2 −1
)

+ ρ̄m + p̄m

2a−2M2H−2

](
H′

H2 −1
)

− 2k2
H

[
1+αTαB(1+αB)− (1+αH)(1+αM )+ α′

B −α′
H

H

+ (1+αB −αH)
(

H′

H2 −1
)

+ ρ̄m + p̄m

2a−2M2H−2

]
(D.15)

α3 ≡ α1 +α2 + H′

H2 (D.16)

α4α ≡ 6
[
α′

B

H
+(1+αB)

(
H′

H2 −1
)

+ ρ̄m + p̄m

2a−2M2H−2

]
+2αHk

2
H (D.17)

α5α ≡ −(3+αM )α+ α′
K

H
+6(1−αB)α

′
B

H
+2k2

H(αH −αB)

+ 3(1+αB) ρ̄m + p̄m

a−2M2H−2 +
[
6α2

B +2αK −12αB −6
](

H′

H2 −1
)

(D.18)

α6α ≡ 2k2
H

[
αM +αH(1+αM )−αT + α′

H

H

]
(D.19)

α7α ≡ αBk
2
H, α8α≡ αB (D.20)
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We also define the following

σ1 ≡ αT +αH(α5 +α4)+αB(1+αT −αHα4)− α′
H

HαH
−σ1a

(
1+αH

αH

)
(D.21)

σ2 ≡ α′
T

H
− (1+αT ) α′

H

HαH
−αHα6 −σ1a

(
1+αH

αH

)
(D.22)

σ3 ≡ σ1b +σ1a

(
αM −αT

αH
−1

)
, σ4 ≡ 1+αT −αHα4 (D.23)

σ5 ≡ αM + α′
H

HαH
− σ′

m

Hσm
−2(1+αHα7)+ σ1a

αH
, σ6 ≡ αHα8 (D.24)

With

σ1a ≡ αT +αBσ4 −αM −αHα1 (D.25)

σ1b ≡ (αM −αT ) α′
H

HαH
+(αH −αM +αHα4 −1) H′

H2 + α′
T −α′

M

H

− αHα3 +σ4

(
1+αB − ρ̄m + p̄m

2a−2M2H−2

)
(D.26)

D.3 Defining beyond-Horndeski coefficients

We provide a catalogue of parameters we introduced in subsection. 6.1.1, for which we
make an assumptions that (αH ̸= 0)

ϵn = − 2
α

(αB −αH)3, ϵ1 = −3αB
a2ρ̄m

2H2M2 , ϵ2 = ϵ1(β3 + ϵ4I ), (D.27)

ϵ3 = − 2
αB −αH

(
α′

B

HαB
− α′

H

HαH
+ a2ρ̄m

4H2M2

)
, (D.28)

ϵ4 =
[
β4 − (1+αT )

(
β2 − ϵ2

ϵ1

)]
ϵ1, (D.29)

ϵ4I = α′
B

HαB
− α′

H

HαH
+1+αM −

(
H′

H2 −1
)

− 1
αB

[(
H′

H2 −1
)

+ a2ρ̄m

2H2M2

]
(D.30)

ϵ6 = β1

{
ϵ7 − 2

α
[(αB −αH)ϵ3 +β2 −β3]

}
− 2ϵ1

α

{
(1+αB)

[(
2− αH

αB

)(
H′

H2 −1
)

− αM +αT

]
−αHαB

(
α′

B

Hα2
B

− α′
H

Hα2
H

)
+ 2(αB −αH)

αB

a2ρ̄m

2H2M2

}
(D.31)

ϵ7 ≡ 2αB

α

[
2
(
α′

B

HαB
− α′

H

HαH

)
− ϵ4I + αH

αB

a2ρ̄m

2H2M2

]
(D.32)
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We also have

ϵ5 =
[(

H′

H2 −1
)2

+
(

H′′

H3 −4 H′

H2 +2
)]

(αB − (1+αH))

+
[
ϵ5I

α
−αB(αM −β3 +3)−2(αM −αT − α′

H

H
)− (1+αM )αH

]
a2ρ̄m

2H2M2

+
(

H′

H2 −1
){

ϵ5II +(1+αH)
[

1
2 + 1

α
(6αB −αK −3αH(1+αB))

]
a2ρ̄m

2H2M2

}

+ 1+αH

4α

(
a2ρ̄m

2M2H2

)2
(12αB −αK −6αH)+ α′

H

HαH

a2ρ̄m

2H2M2 + ϵ5III , (D.33)

ϵ5I = 6αBαH

[(
αM − α′

B

HαB

)
(1+αH)−αT − α′

H

H
+αH

]
− (1+αH)α

′
K

H

+ αK

[
3(αH +αM )+2αB

(
α′

H

HαH
−1

)
−αT (2(αB +1)−αH)

+ α′
H

HαH
−2α

′
H

H
+2αHαM +1

]
, (D.34)

ϵ5II = −αB(3αM +2αT −β3 +5)−2(1+αH)

+ 2(1+αB) α′
H

HαH
+
[
3(1+αM )−2 α′

B

HαB
−β3

]
(1+αH), (D.35)

ϵ5III = (αB −αH)
[
2
(

1− H′

H2 +αM −αT

)
− (6αBαH +αK) a2ρ̄m

αH2M2

]
α′

H

HαH

+ αB

[
αT − α′

T

H
+(3+αT +αM )(αM −β3)+β3 −2(αM −2αT −1) α′

H

HαH

]

−
{

2(αM −αT ) α′
H

HαH
+2α

′
B

H
(1+αT )+αH [αM (αM −β3 −2)− α′

M

H
−β3]

− α′
M

H
+2α

′
H

H
(1+αT )+ α′

T

H
+αT (β3 −1)+αM (αM −αT −β3 +1)

}

+ 2
[
αM (1+αH)−αT +αH

]
α′

B

HαB
+2αB −αB

α′
M

H
−αH , (D.36)

ϵ79 = 2
αB −αH

[
a2ρ̄m

4M2H2 − αM

2 + αT

2 + 1
2

(
H′

H2 −1
)]

+ ϵ7 + ϵ3 − 2αH

α

a2ρ̄m

2M2H2 , (D.37)

ϵ168 = 3
[

2α′
BαK −αBα

′
K

Hα
−αB

(
ϵ4I −αM + H′

H2 +1
)][

αM −αT −
(

H′

H2 +1
)]

− 3αB

[
αM (αM −αT )+ α′

M

H
− α′

T

H
−αT

(
H′

H2 −1
)

−
(

H′′

H3 −4 H′

H2 +2
)]
.(D.38)

(D.39)
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And

ϵB1 = (1+αH)
(

H′

H2 + a2ρ̄m

2M2H2 −1
)

+αB(1+αM ), (D.40)

ϵB3 = 1
2

(
H′

H2 + a2ρ̄m

2M2H2 −1
)
, ϵB4 = −3αB

(
H′

H2 −1
)
. (D.41)

Additionally we also define the following parameter

R1 =
(

H′

H2 −1
)

+ β̃12 + β̃3(αB −αH)2k2
H

β̃1 +k2
H(αB −αH)2 (D.42)

R2 = β̃14 + β̃15k2
H + c2sx(αB −αK)2k4

H
β̃1 +k2

H(αB −αH)2 (D.43)

R3 = a2ρ̄m

2H2M2
β̃16 + β̃7k2

H
β̃1 +k2

H(αB −αH)2 (D.44)

R4 = − a2ρ̄m

2H2M2
β̃168 + β̃79(αB −αK)2k2

H +αHϵnk
4
H

β̃1 +k2
H(αB −αH)2 (D.45)

And

S1 =
(1+αT )(γ1 +α2

Bk
2
H)+ 2αB

α γ9k2
H +αHϵB1k

2
H

γ̃9 +αH(αB −αH)k2
H

(D.46)

S2 = β̃1 +(αB −αH)2k2
H

γ̃9 +αH(αB −αH)k2
H

(D.47)

S3 = a2ρ̄m

H2M2

αB
α γ9 +αHϵB3

γ̃9 +αH(αB −αH)k2
H

(D.48)

S4 = − a2ρ̄m

2H2M2

αB
α γ9 +αHϵB4 +αH(αB −αH)k2

H
γ̃9 +αH(αB −αH)k2

H
(D.49)

And the tilde betas are denoted by

β̃i ≡ βi +αHϵi, β̃1j ≡ β1βj +αHϵj , (D.50)
β̃79 ≡ 3β7 +β9 +αHϵ79, β̃168 ≡ β1(3β6 +β8)+αHϵ168. (D.51)

D.4 Quasi-static approximation Coefficients

In this section, we define the Quasi-static approximation Coefficients that are introduced
in the modified both scale and time parameters µ(a,k) and γ(a,k) in Eq. (6.22) and
(6.23), We start with the gamma’s γi of the numerator of Eq. (6.23) which are defined
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as follows:

γI = αβ̃16β̃1

(
Ḣ
H2 −1

)
+2(β̃168 + β̃16)(ααHϵB3 +αBγ9) a2ρ̄m

2M2H2 (D.52)

γII = (αB −αH)2
[
α(β̃16 + β̃1β̃7)

(
H′

H2 −1
)

+2(β̃79 + β̃7)(ααHϵB3 +αBγ9)

× a2ρ̄m

2M2H2

]
(D.53)

γIII = α(αB −αH)4β̃7

(
H′

H2 −1
)

+αHϵn(ααHϵB3 +αBγ9) a2ρ̄m

2M2H2 (D.54)

We also define the mu’s µi of the numerator of Eq. (6.22) which are defined as follows:

µI = −2αBβ̃14γ9 +[−2ααHϵB3β̃14 +αβ̃16(1+αT )γ1]
(

H′

H2 −1
)
, (D.55)

µII = [−2αB(β̃15 − β̃16)γ9 −2αβ̃7(1+αT )γ1 +αα2
B(1+αT )β̃16 +αα2

Bβ̃7(1+αT )γ1

− 2ααH β̃15ϵB3 +ααH β̃16ϵB1 +ααH(1+αT )β̃7γ1]
(

H′

H2 −1
)
, (D.56)

µIII = (αB −αH)2[αα2
B(1+αT )β̃7 +ααH(β̃7ϵB1 −2ϵB3c

2
sx)+2αB(β̃7

− c2sx)γ9]
(

H′

H2 −1
)
. (D.57)
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Finally, we define denominator of Eq. (6.22) which are defined as follows:

µIV = [2αBβ̃14γ9 +2ααHϵB3β̃14 +α(1+αT )γ1] a2ρ̄m

2M2H2

+ αβ̃1β̃14

(
H′

H2 −1
)
, (D.58)

µV = [αβ̃15β̃1 +(αB −αH)2β̃14]
(

H′

H2 −1
)

+[2αB(β̃15 + β̃168)γ9

− ααBαH β̃79(1+αT )γ1 +αα2
Bβ̃79(1+αT )γ1 +αα2

Bβ̃168

+ ααH(β̃168ϵB1 +2β̃15ϵB3)+αα2
H β̃79(1+αT )γ1] a2ρ̄m

2M2H2 , (D.59)

µV I = α(αB −αH)2(β̃15 − β̃1c
2
sx)
(

H′

H2 −1
)

+[2αB(αB −αH)2(β̃79 − c2sx)γ9

+ αα2
BαH(β̃7ϵB1 −2c2sxϵB3)+ααH β̃79(1+αT )−2αα3

BαH β̃79(1+αT )
+ αα4

Bβ̃79(1+αT )+αα3
H(β̃79ϵB1 +2ϵB3c

2
sx)

+ ααHϵn(1+αT )γ1 −αBα
2
H(ϵB3c

2
sx +2β̃79ϵB1) a2ρ̄m

2M2H2 , (D.60)

µV II = +[ααHϵnα
2
B(1+αT )+αα2

HϵnϵB1 +2αBαHϵnγ9] a2ρ̄m

2M2H2

+ α(αB −αH)4c2sx

(
H′

H2 −1
)
. (D.61)

We also define the gammas’ and beta’s we introduced in Eqs. (6.20) and (6.21) which
are given by

µa = α2
M −αM +

(
H′

H2 −1
)[

4+
(

H′

H2 −1
)

+ H′′

H3 −4 H′

H2 +2
]

(D.62)

µb = 3
2αM

{
−αM −

(
H′

H2 −1
)[(

H′

H2 −1
)

+ H′′

H3 −4 H′

H2 +2
]}

(D.63)

µc = 1
2

{
α2

M −3αM

(
H′

H2 −1
)

−4αM +
(

H′

H2 −1
)
a2ρ̄m

H2M2

+ 2
(

H′

H2 −1
)[(

H′

H2 −1
)

+ H′′

H3 −4
′H
H2 +2

]}
(D.64)

γa = αM

[
2αM −3−2

(
H′

H2 −1
)

+
(

H′

H2 −1
)
a2ρ̄m

H2M2

]

+
(

H′

H2 −1
)[

4+
(

H′

H2 −1
)

+ H′′

H3 −4 H′

H2 +2
]

(D.65)
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D.5 Adiabatic initial conditions

In this section we adopt the adiabatic initial conditions, this give some specifics on the
condition of the vanishing gauge-invariant entropy perturbations Smx (for more details
see [92, 94, 95, 178]

Smx ≡ 3H
(
ρ̄m

ρ̄′
m

∆m − ρ̄x

ρ̄′
x

∆x

)
, Smx = 0 (D.66)

Note that at decoupling period z = zd, and choosing the matter and UDE velocities to
be same we get

Vm(zd,k) = Vx(zd,k) (D.67)

Making use of information above that Smx = 0 then we arrive at

Smx = ∆m

(1+wm) − ∆x

(1+wx,eff) = 0 (D.68)

Results from the matter evolution perturbations meaning Vm and ∆m, we get initial
fluctuations at decoupling to be respectively denoted by

Vm(zd,k) = 2
3H(1+Ωmwm +Ωxwx)Ψ(zd,k) (D.69)

∆m(zd,k) = 1+wm

(1+Ωmwm +Ωxwx,eff)

[
αM HVx(zd,k)+ 2k2

H
3 Φ(zd,k)

]
(D.70)

Using the Einstein de Sitter initial conditions at decoupling where Φ′(zd,k) = 0 provided
that Ωx ≪ 1 and given that π′(zd,k) = 0 = σm we get the following

Φ(zd,k) = −1+αH

1+αT
Ψ(zd,k)− αM −αT −αH

1+αT
Hπ(zd,k) (D.71)

Given that we have some parameter α9 is define by

α9 ≡ 1+ 2αB

3(1+wx)Ωx
(D.72)

We then can finally write the initial fluctuations for π(zd,k) as follows

π(zd,k) ≡ + 1
α9
Vx(zd,k)+ 2αB

3α9(1+wx)HΩx
Ψ(zd,k) (D.73)
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Note that the unified dark energy velocity fluctuations are denoted by

Vx(zd,k) = − 2
3H(1+Ωmwm +Ωxwx)Φ(zd,k) (D.74)
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