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Abstract

We study two categorical-algebraic concepts of exponentiation:

(i) Representing objects for the so-called split extension functors in semi-abelian and more
general categories, whose familiar examples are automorphism groups of groups and deriva-
tion algebras of Lie algebras. We prove that such objects exist in categories of generalized
Lie algebras defined with respect to an internal commutative monoid in symmetric monoidal

closed abelian category.

(ii) Right adjoints for the pullback functors between D. Bourns categories of points. We
introduce and study them in the situations where the ordinary pullback functors between
bundles do not admit right adjoints in particular for semi-abelian, protomodular, (weakly)
Maltsev, (weakly) unital, and more general categories. We present a number of examples

and counterexamples for the existence of such right adjoints.

We use the left and right adjoints of the pullback functors between categories of points

to introduce internal homology and cohomology of objects in abstract categories.
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Introduction

It is well known that C is a locally cartesian closed category when C has pullbacks, and
for any morphism p : E — B in C the pullback functor p* : (C | B) — (C | FE) has a
right adjoint. It follows that the functors p* preserve colimits, from which many exactness
properties can be derived.

For any objects B and F in C and for any morphism p : £ — B in C, the categories
Pt(B) and the pullback functors p* : Pt(B) — Pt(F) between them were introduced and
used to study exactness properties by D. Bourn in [6], see Definition 1.2.1 bellow. We
will write p} to distinguish this pullback functor from the pullback functor between comma
categories, and in particular use the subscript a, since these functors play an important
role in algebra, as was already observed in [6]. It can be easily seen that for any morphism
p: E — B, if p* has a right adjoint, then p} has a right adjoint. This provides a motivation
for calling the right adjoints of p} exponentiations, and leads to the question of whether it is
possible for a functor p} to have a right adjoint even when the functor p* does not. Since in
any category C, for any isomorphism p : E — B, p* is an equivalence, it follows that in any
category pullback functors along isomorphisms always have right adjoints. It was shown for
any semi-abelian category (see [11]) that pullback functors p* have a right adjoint only if p
is an isomorphism. This makes the question of whether the functors p} have right adjoints
for semi-abelian categories more interesting. The following argument shows that at least
sometimes the answer is yes. For a group B, there is a well known equivalence of categories
Pt(B) ~ Gp”, in which, on the right, we are considering the group B as a category with
one object. And, for any morphism p : E — B, the pullback functor p} : Pt(B) — Pt(FE) is
equivalent to the functor Gp? : Gp® — Gp¥. Therefore, for any object F' € Gp” the right
adjoint of the functor Gp? applied to F is the right Kan extension of F' along p (considered
as a functor). It can be seen, Theorem 3.5.11 , that Ran, F'(1) is given by the well known
construction {# € hom(B, F(1)) | V(b,e) € B x E 0(p(e)b) = F(e)(0(b))}, where the unique
object in B and F is denoted by 1. This provides a second motivation for calling the right

adjoints of pullback functors algebraic exponents. We show in Section 3.5 that this is not



the only example, in particular we show (Proposition 3.5.13) that for the category of Lie
algebras over a commutative ring, all pullback functors p} have right adjoints.

There is another kind of exponential object in the category of groups. Recall: any split
epimorphism « : A — B, in the category of groups, is canonically isomorphic to a semidi-
rect product projection, and so is completely determined (up to canonical isomorphism)
by a morphism B — Aut(K), where K is the kernel of a and Aut(K) is the group of
automorphisms of K. This result can be stated categorically as: the split extension functor
SplExt(—, K) : Gp°® — Set is representable, with object of representation Aut(K). Since
the representing object is unique (up to isomorphism) this can be considered as a categorical
definition of Aut(X). The functors SplExt(—, K) : C°? — Set were studied in [4] and [5].

In Chapter 2 we give a new example.

The purpose of this thesis is to study both kinds of algebraic exponentiation mentioned

above, as well internal homology/cohomology (see Chapter 4).
The thesis consists of the following chapters:

Chapter 1: We begin with some auxiliary results about weakly unital categories, which
were proved in the unital case in [3]. We then give a brief overview of (weakly) Mal’tsev,
Bourn protomodular and semi-abelian categories (for precise references see [3] and refer-
ences there), and recall some results about preservation of certain colimits by (bi)functors,
and some lifting theorems. We conclude the chapter by recalling some basic homology the-

ory for an abelian category with respect to chosen class of epimorphisms.

Chapter 2: In this chapter we define categories of generalized Lie algebras and show that
the split extension functors are still representable. The chapter is essentially the same as
[12].

Chapter 3: The purpose of this chapter is to study when right adjoints of pullback functors
ps exist. In Section 3.1 we choose axioms on a category C in such a way that:

1. all varieties are examples;

2. any Barr-exact Mal’tsev locally well-presentable category is an example;

and for which we can prove (Theorem 3.1.4): for any morphism p : E — B, p} has a right

adjoint if and only if p} preserves binary coproducts. In Section 3.2 we consider weakly



unital categories, and consider the existence of right adjoints of pullback functors along
morphism into the terminal object (for the category of groups the right adjoints of these
functors are known as the non-abelian zeroth cohomology functors). We show in Proposi-
tion 3.2.3 and Corollary 3.2.4, that the existence of these right adjoints is equivalent to the
existence of centralizers (generalizing those defined in [8]). We the show (Theorem 3.2.13
), that when in addition the category is regular, all unions of subobjects exist and finite
limits commute with filtered colimits, for any morphism p : B — 1 the pullback functor p},
has a right adjoint if and only if p} preserves binary coproducts. We conclude Section 3.2
with an example of a class of varieties generalizing categories of interest, for which these
adjoints always exist. In Section 3.4 we consider pointed Bourn protomodular categories
and show that if for each object B in C the pullback functor (0 — B)? have right ad-
joints then every pullback functor p} is comonadic. Finally, in Sections 3.4 and 3.5 we have
many semi-abelian and related examples. We show for the categories of Lie algebras over a
commutative ring, internal groups in a cartesian closed category, and a subvariety of com-
mutative rings, that all pullback functors p} have right adjoints; for the categories of rings,
commutative rings, and Boolean rings that in particular the kernel functors (which are not
isomorphisms) do not have right adjoints, and that all pullback functors p! along regular
epimorphisms have right adjoints; we conclude with an example for which only pullback

functors p} along isomorphisms have right adjoints.

Chapter 4: In this chapter we introduce internal homology and cohomology as well as
induced and coinduced functors. In Section 4.1 under suitable conditions we show (Theo-
rem 4.1.2) that the internal cohomology and coinduced functors exist. In Section 4.2 we
give for weakly unital categories a sufficient condition for the existence of the zeroth coho-
mology functors. In Section 4.3 we show in particular for regular Mal’tsev categories that
the homology and induced functors exist. Finally in Section 4.4 we show for semi-abelian
varieties that the internal cohomology and internal homology functors can be expressed via
suitable functors Ext and Tor respectively.

I would like to thank my supervisor Professor G. Janelidze for many interesting dis-
cussions, and I am grateful to the members of category theory and topology group at the
Department of Mathematics at the University of Cape Town for providing a good environ-

ment for research.



Chapter 1

Preliminaries

1.1 Weakly unital and unital categories

Weakly unital categories were introduced by N. Martins-Ferreira in [19].
Definition 1.1.1. A category C is weakly unital when:
1. C is pointed;
2. C is finitely complete;
3. for every pair of objects X, Y € C the morphisms (1,0) and (0,1) in the diagram

(1,0) (0,1)
X— X XxY~=——Y

are jointly epimorphic.

Proposition 1.1.2. Any pointed quasivariety V with binary + satisfying the following

azrioms:
1. z24+0=04x;
2.24+0=y+0=2z=y;
18 weakly unital.

Proof. Conditions 1.1.1(1) and1.1.1(2) are trivially satisfied. For Condition 1.1.1(3), we



need to show that for any diagram

in C, in which:
- 0<170> = f = ¢<170>7
- 0<07 1> =g9= ¢<07 1>;

we have § = ¢. For any x € X and y € Y, we have:

O(z,y)+0 = 6(x,y)+6(0,0)
= 0(z+0,y+0)
= 0(z+0,0+y)
= 0(z,0)+ ¢(0,y)
= f(@)+9(y).

(
(

Similarly ¢(z,y) + 0 = f(z) + g(y) and so by the second axiom we have that 0(x,y) =
o(z,y). 0

The following definition was introduced for unital categories in [3] except we replace

cooperate with commute.

Definition 1.1.3. Any pair of morphisms f : A — C and g : B — C, with common

codomain, commute when there exists a morphism ¢ : A x B — C such that the diagram

(1,0) (0,1)

commutes.

The following proposition essentially comes from [3].



Proposition 1.1.4. Let C be a weakly unital category. For a fized object C' € C. Let (A, f)
and (B, g) be any objects in (C | C). For any morphism h: W — A, if f commutes with g

then fh commutes with g.

Proof. The following diagram

W A
(1,0) (1,0) !
WwxBLle a2 ¢
(0,1) 7
B
commutes, where ¢ is the unique morphism with ¢(1,0) = f and ¢(0,1) = g. O

Definition 1.1.5. A category C is unital (see [7]) when:
1. C is pointed;
2. C is finitely complete;

3. for all objects X, Y € C the morphisms (1,0) : X — X xY and (0,1) : Y - X xY

are jointly extremal epimorphic, that is, in any commutative diagram

T
X = X XY <Y

in which m is a monomorphism, m is an isomorphism.

The following Proposition simply shows that jointly extremal epimorphic and jointly

strongly epimorphic are the same.

Proposition 1.1.6. For a pointed finitely complete category C the following conditions are

equivalent:

1. C is unital;



2. in any commutative diagram

X Lo XxY oD Y
N/
\ W / (1)
N\ T"://g

Z
in C, in which m is a monomorphism, there exists 0 : X XY — Z such that mf = ¢.

Proof. 1 = 2: In the situation as in diagram (1), let (P, p,q) be the pullback of m and ¢,
since m is a monomorphism ¢ is a monomorphism. The induced morphisms (f, (1,0)) and
(g,(0,1)) make the diagram

P

(£,(1,0)) (9,(0,1))

q

X X XY ~on ¥

commute and therefore ¢ is an isomorphism. Take § = pg~!, then mf = ¢, as desired.

2 = 1: For any commutative diagram

N

X—qo X XY o ¥

in which m is a monomorphism, the diagram

(1,0) (0,1)
X——XXxY~——7Y

\ ll)(xy /
\ XxY /
xT \\

Sy
. p

%

T

commutes and so there exists a morphism 6 : X x Y — T such that mf = 1x«y. That is,



m is a split epimorphism as well as a monomorphism, therefore it is an isomorphism. [
Proposition 1.1.7. Every unital category is weakly unital.

Proof. The proof follows trivially from the fact that in the presence of equalizers, jointly

strongly epimorphic implies jointly epimorphic. ]

The following observation was made for regular unital categories (see [3], Chapter 1,

Proposition 1.6.4) and the proof lifts to regular weakly unital categories.
Proposition 1.1.8. Let C be a reqular weakly unital category. For any diagram

Ww—tat o2 p

in which h is a reqular epimorphism, f commutes with g if and only if fh commutes with

g.

Proof. If f commutes with ¢ then by Proposition 1.1.4 fh commutes with g. Conversely,
suppose that fh commutes with g, that is, there exists ¢ : W x B — C such that ¢(1,0) = hf
and ¢(0,1) = g. Let (K, k1, k2) be the kernel pair of h, it easily follows that ¢(k; x1)(1,0) =
¢(ka x 1)(1,0) and trivially ¢(k1 x 1)(0,1) = ¢(ka x 1)(0,1), consequently ¢(k; x 1) =
¢(ka x 1). Since C is regular, h x 1 is a regular epimorphism and therefore the coequalizer
of its kernel pair (K x 1,k; x 1,kg x 1), and so the morphism ¢ factors through h x 1.
Therefore, there exists a morphism 6 : A x B — C with the property that §(h x 1) = ¢.
Since 6(1,0)h = 6(h x 1)(1,0) = ¢(1,0) = fh and h is an epimorphism, 6(1,0) = f and
0(0,1) = 0(h x 1){(0,1) = ¢(0,1) = g. O

For a pointed finitely complete category C, consider the following condition:
Condition 1.1.9. For every object X and for every commutative diagram

1,0 0,1
X (1,0) D (0,1) X
S f

\ b/
f \\ jv m/

in C, in which m is a monomorphism, there exists a morphism ¢ : X x X — W such that

my = ¢.



Proposition 1.1.10. Every unital category C satisfies Condition 1.1.9.

Proof. This trivially follows from the fact that Condition 1.1.9 is a special case of the second

condition in Proposition 1.1.6 . 0

Remark 1.1.11. We do not have any examples of a weakly unital category C, that satisfies
Condition 1.1.9, that is not unital.

Proposition 1.1.12. Let C be a weakly unital category with coequalizers satisfying Condi-
tion 1.1.9. For any object X € C, if (Y, c) is the coequalizer of (1,0),(0,1) : X — X x X,

then the morphism ¢(1,0) is an extremal epimorphism.

Proof. Since c is an epimorphism (regular epimorphism), (1,0) and (0, 1) are jointly epimor-
phic, and ¢(1,0) = ¢(0, 1), the morphism ¢(1, 0) is an epimorphism. Suppose ¢(1,0) : X — Y

factorizes as in the diagram

in which m is a monomorphism. Since C satisfies Condition 1.1.9 and the diagram

(1,0) (0,1)

X—XxX=——"-X
U F
N

is commutative, there exists a morphism ¢ : X x X — S such that m¢ = ¢. Consequently
$(1,0) = g = ¢(0,1), and since (Y,c) is the coequalizer of (1,0) and (0,1), there exists
a morphism s : Y — S with sc = ¢. It follows that msc = m¢ = ¢, and since c¢ is an

epimorphism we conclude that m is a split epimorphism, therefore m is an isomorphism. [J

Definition 1.1.13. Let C be a weakly unital category. An object X in C is commutative

when the morphism 1x commutes with itself.

Proposition 1.1.14. Let C be a weakly unital category. The forgetful functor CMon(C) —
C induces an isomorphism between CMon(C) and the category of commutative objects in

C.



Proof. 1t is obvious that if (Y, m,0) is a commutative monoid in C then Y is a commutative
object. For the converse suppose that X is a commutative object in C, it follows that
there exists a morphism ¢ : X x X — X such that ¢(1,0) = 1x = ¢(0,1). We will show
that the (X, ¢,0) is a commutative monoid. It only remains to show that ¢ is associative
and commutative. Let o and o be the associativity and symmetry isomorphisms for the

cartesian product monoidal structure on C. The commutative diagrams

(1,0) (0,1)

X— X x(XXxX)=—Xx X
{1,0) 1x¢ ltﬁ
" X xX oD
é
1x
X
(1,0) (0,1)

X‘4>X><(X><X)<———X><X

(0,1yx1
(X xX)x X
ox1
X xX
¢
X

show that the morphisms ¢(1 x ¢) and ¢(¢ x 1)a are equal after composing them with
(1,0) and (0,1), and so, as (1,0) and (0, 1) are jointly epimorphic, they are equal. This
proves associativity. Commutativity: note that ¢o(1,0) = ¢(0,1) = 1x, and similarly
¢c(0,1) = 1x, and therefore ¢ = ¢o. O

Proposition 1.1.15. Let C be a regular weakly unital category with coequalizers satisfying
Condition 1.1.9. If (Y, c) is the coequalizer of the morphisms (1,0),(0,1) : X — X x X, then
Y is commutative. Moreover, the functor with object function assigning to each X in C the
coequalizer of (1,0) and (0, 1), is the left adjoint of the forgetful functor U : CMon(C) — C.

Proof. By Proposition 1.1.14 the category of commutative objects and the category of

10



commutative monoids are isomorphic, and so we can replace the category of commutative
monoids with the category of commutative objects. By Proposition 1.1.12 the composite
¢(1,0) is an extremal epimorphism, and since C is regular, ¢(1,0) is a regular epimorphism.
Note that 1y ¢(1,0) commutes with 1y¢(1, 0), therefore by Proposition 1.1.8 we have that 1y
commutes with 1y. The morphism ¢(1,0) is the X component of the unit of the adjunction.
To see this, consider any morphism f : X — Z with Z a commutative object. Clearly the

diagram

(1,0) (0,1)
X— X xX~——X

Lf Ixf Lf
1,0 0,1
PR PN

in which m is the morphism exhibiting that 1z commutes with 1z, commutes and con-
sequently, there exists a unique morphism f : Y — Z with fc = m(f x f). Note that
fe(1,0) = m(f x £)(1,0) = f and such f is unique since (1,0) and (0, 1) are jointly epimor-
phic and ¢(1,0) = ¢(0, 1). O

Proposition 1.1.16. Let C be a finitely complete category. The category CMon(C) is

unital and every object in CMon(C) is commutative.

Proof. Tt is obvious that CMon(C) is a pointed finitely complete category. It is easy to
see that if C' is an object in CMon(C), the morphism + : €' x C' — C in C is actually a
morphism in CMon(C). This follows from the fact that the diagram

(CxC)x (CxQC) > oxce

(CxC)x (Cx(C) +
+x+
CxC * C

in which m is the middle interchange morphism, commutes by a coherence result (for the
case of monoids, see [18], Chapter VII , Section 3, Proposition 1). To prove that CMon(C)

11



is unital, consider any diagram

T
X g X xY =g ¥

in CMon(C) with n a monomorphism. It is easy to see that the diagram

Xy +

XxY TxT T
L N0 x 01 e
(X xY)x (X xY) n
(1,0yx(0,1)
(X xX)x (Y xY) X xY

is commutative. Since n(+(x xy)) = (+x+)(1,0) x (0,1) = 1x«y, n is a split epimorphism
and therefore an isomorphism. Let f : X — Z and g : Y — Z be any morphisms in
CMon(C), then since +(f x ¢)(1,0) = f and +(f x ¢)(0,1) = g, f commutes with g. [

Remark 1.1.17. Note that the category CMon(C) is half-additive, which makes its finite
products biproducts (that is, products and coproducts at the same time and (1,0) and (0,1)

there are jointly isomorphic).

Proposition 1.1.18. Let C be a unital category with cokernels, in which every object is
commutative. The forgetful functor W : Ab(C) — C has a left adjoint.

Proof. For any object X € C we will write + : X x X — X for the morphism that
exhibits that 1x commutes with 1x, it follows from Proposition 1.1.14 that (X, +,0) is
commutative monoid. Let C be an object in C and let (D, ¢) be the cokernel of the morphism
(1,1) : C — C x C. Since co(1,1) = 0, there exists a unique morphism s : D — D making

the diagram
(1,1)

o Cc

D

12



commute. Since ¢ is an epimorphism and the diagram

(1,s)c

Cx -1 (CxO)x (CxC)—~Dx D

(L) %

+ (CxC)x (CxC) +
i+x+
(171> C
C CxC D
0

commutes, +(1,s) = 0 and (D, 0, +, s) is an abelian group. The component of the unit of
the adjunction at C'is the morphism ¢(1,0). To see this, consider any morphism f: C' — A

where A is an abelian group in C. The diagram

oM oo A Ax A
f (1,1 L
+
- Ax A "

commutes, and consequently the morphism +(1 x —)(f x f) factors through ¢; that is, there
exists a morphism f : D — A such that fc = +(1 x —)(f x f). Since ¢ is an epimorphism

and

fse = feo=+1x=)(fx flo=+o(=x1)(f x [)
= +=x DI x )=+ x ) A x )(f x f) ==+ A x=)(f x f) =],

it follows that fs = —f. Since

fe(1,0) = +(1 x =)(f x f)(1,0) =
fe(0,1) = fea(1,0) = ? e(1, >=—f6<1 0),
—+ (X )(f x )L,0) = =f =+1 x=)(f x [)(0,1),

and (1,0) and (0, 1) are jointly epimorphic, the original uniqueness property of f implies

13



that f is the unique morphism with fc(1,0) = f. O

Corollary 1.1.19. Let C be a regqular weakly unital category with finite colimits satisfying
Condition 1.1.9. The forgetful functor from Ab(C) to C has a left adjoint.

Proof. The forgetful functor can be decomposed as the forgetful functor from Ab(C) to
CMon(C) followed by the forgetful functor from CMon(C) to C. By Proposition 1.1.15 the
forgetful functor from CMon(C) to C has a left adjoint. It is obvious that Ab(CMon(C)) =
Ab(C), and by Proposition 1.1.16 CMon(C) satisfies the requirements of Proposition
1.1.18, therefore the forgetful functor from Ab(C) to CMon(C) has a left adjoint. O

1.2 Weakly Mal’tsev and Mal’tsev categories

Definition 1.2.1. Let C be a category and let B be a fized object in C. The category Pt(B)
is defined to be ((B } C) | (B,1p)), or equivalently ((B,15) | (C | B)). Euxplicitly, the
objects are triples (A, a, 3), where A € C and o : A — B and 8 : B — A are morphisms
in C with af = 1g. A morphism f : (A,a,8) = (A',a/,8) in Pt(B) is a morphism
f:A— A inCwithdf =« and f8 = 3. When C is finitely complete, any morphism
p: E — B induces a pullback functor p* : Pt(B) — Pt(E) defined as follows: let (A, «, 3)
be an object in Pt(B) and let (Axp E, 71, m2) be the pullback of o and p; then p*(A, «, B) =
(A xp E,m9,{Bp,1)).

For a category C with pullbacks of split epimorphisms along arbitary morphisms, con-

sider the following condition:

Condition 1.2.2. For each p : E — B in C the pullback functor p* : Pt(B) — Pt(FE)

preserves reflexive coequalizers.
Remark 1.2.3. Recall the following well known facts:

1. For a diagram D : G — (C | B), the limit lim D can be calculated as the wide pullback
over B of limits of the restrictions of D on the connected components of G - and in

particular, for a connected G, lim D is calculated as in C;

2. All limits in (B | C) are calculated as in C.

Putting these two facts (and/or their duals) together we get complete descriptions of limits
and colimits in Pt(B).

Proposition 1.2.4. Let C be a category. The projection functor P : Pt(B) — C creates

equalizers (coequalizers) and pullbacks (pushouts).

14



Proof. The proof follows trivially from Remark 1.2.3. O

Weakly Mal’tsev categories were introduced and studied in [19] Chapter 3, Definition

25, it was proved:

Theorem 1.2.5. C is a weakly Mal’'tsev category when for each B € C the category Pt(B)

18 weakly unital.
Definition 1.2.6. C is a Mal’tsev category when:
1. C is finitely complete;
2. every reflexive relation in C is an equivalence relation in C.

Proposition 1.2.7. For a finitely complete category C the following conditions are equiv-

alent:
1. C is Mal’tsev;
2. every relation is difunctional;
3. for each B the category Pt(B) is unital;

Proof. 1 = 2: Suppose (R,r1 : R — X,r2 : R — Y) is a relation in C. Consider the

diagram
R<—"—8§—">R
Y R X

T2 T1

in which (S, s1, S92, s3) is the limiting cone. For any morphisms f,g : A — S with s;f =
s1g9 and ssf = ss3g, it is easy to see that resof = r9sif = T9s19 = T9s2¢g and similarly
risaf = r1s2g, therefore sof = sog since r1 and ry are jointly monic. It follows that f =g
and (5, s1, s3) is a relation. The morphism (1,1, 1) clearly makes (S, s1, s3) into a reflexive

relation, and since C is a Mal’tsev, it follows that (S, s1, s3) is an equivalence relation. Let

15



o : S8 — S be the symmetry isomorphism, since the diagram

X

T2

commutes, R is difunctional.
2= 1: Let (R,r1 : R — X,r9 : R — X) be a reflexive relation with splitting s : X — R
and let (S, s1, $2,s3) be the limiting cone of the diagram

R S R
X R X

Since every relation is difunctional, there exists a morphism d : S — R making the diagram

VN
A

commute. Let (R Xx R,m,m2) be the pullback of ro and r; with romy = rime. The
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morphisms d(sre, 1, sr1) : R — R and d(my, srom1, m2) : R xx R — R make the diagrams

PN

57"2,1,57"1

N>

X

X
171
/ r;\

71'1 ,87"271‘1771’2

RXXR S

\ 7"23'3/
oM
X

commute and exhibit that (R, r1,r2) is an equivalence relation.

2 = 3: For a fixed object B in C, consider any diagram

/ (1,8'a) (B! 1)

AXBA/

A

T m A/

in which:
~(Axp A, am,(B,)) is the product of (A, a, 8) and (4, o/, 3') in Pt(B);
-mf = (1,8'a);
-mg = (Ba,1).

It is easy to see that (C,mym,mom) is a relation in C and therefore, by assumption, difunc-
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tional. Consider the diagram

S1

C S C
A C A

in which (S, s1, s2, s3) is the limiting cone. Since (C,mm, mam) is difunctional, there exists

a morphism d : S — C making the diagram

/ AN
\ A

commute. And, since the diagram

c<I" AxpA C
mm gpB'amy mm
A, Tom C T m A

is commutative, there exists a morphism (fmy, gf'amy, gme) : Axp A" — S. Tt easily follows

that the composite md({fm, g8 am, gre) makes the diagram

AXBA/

(fm1,96' am,gm2)

T1ms1 T2Mms3




commute. Since 7 and 79 are jointly monomorphic, m is a split epimorphism and therefore
an isomorphism.

3 = 2: For any relation (R,r; : R — X,ro: R —Y'), consider the diagrams

S1 S3

R S R
Y<—R—>X
X<+ R—2sy
T1 tq T2
N S
T2 to 71
Y~ R X,

in which (S, s1, s2, s3) and (T, t1, ta, t3, t4) are the limiting cones. Let (P, p1, p2) be the kernel
pair of ro, and let (@, g1, q2) be the kernel pair of r1. It easy to see that the diagram

(q1,91,92)
-
S———
(s2,53)

(p1,p2,p2) | | (51,52) (L) | |

(L1)

P2

P R

is a pullback of split epimorphisms, therefore, (.5, s9, (1,1,1)) is the product of (P, ps, (1,1))
and (@, q1,(1,1)) in Pt(R). Since the diagram

(t1,t2,t3)
- >

L(T181,T253)
N %y

S

=
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is a pullback, (t1,t2,t3) is a monomorphism. Since the diagram

T

(p1,p2,p2,p1) (q1,91,92,92)

(t1,t2,t3)

S
(p1,p2,p2) (q1,91,92)

commutes, it follows that (t1,%2,#3) is an isomorphism. The composite t4(t1,t2,t3) ! makes
the diagram
X

T181 T1

ta(ty ta,ts) 1

T283 T2

Y

commute, and shows that the relation (R, 71, 72) is difunctional. O
Corollary 1.2.8. Every Mal’tsev category is weakly Mal’tsev.

Proof. Let C be a Mal’tsev category. Since, by Proposition 1.2.7, for each B in C the
category Pt(B) is unital, and therefore by Proposition 1.1.7 weakly unital, it follows that
C is weakly Mal’tsev. O

Definition 1.2.9. A category C is Barr-exact when:

1. C is a regular category;

2. equivalence relations in C are effective, that is, equivalence relations are kernel pairs.
Proposition 1.2.10. Condition 1.2.2 holds in a Barr-exact Mal’tsev category.
Proof. Let C be a Barr-exact Mal’tsev category. Consider any reflexive coequalizer diagram

f1

(X7 Xﬂﬁ) [—— (Aaaaﬁ) < (07’77(5)

f2
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in Pt(B); since C is Barr-exact and consequently regular, there exists a regular epimorphism

e: X — R and a monomorphism (rj,r9) : R — A such that the diagram

(f1,f2

X — R4
x %ﬂ;

R

commutes. Since C is Mal’tsev and (R,r1,72) is a reflexive relation (ries = fis = 14 =
fas = roes), it is an equivalence relation. Moreover, since C is Barr-exact, (R,r1,72) is a
kernel pair. Since e is a regular epimorphism it easily follows that (R,r1,r2) is the kernel
pair of ¢. Let p: E — B be a morphism in C. Since p* preserves regular epimorphisms

(since C is a regular category) and pullbacks, it preserves diagrams of the form

!
™1

(X/a X/7 wl) L> (R/7 plv OJ) — (A/7 O(/, 5/) $ (0/7/7 5/)7
T2

in which ¢’ and ¢ are regular epimorphisms and ((R, p/,0),r],r%) is the kernel pair of ¢
Since in any such diagram ¢ is the coequalizer of e and rhe it follows that p*(c) is the

coequalizer of p*(f1) and p*(f1) as required. O

1.3 Protomodular categories

Definition 1.3.1. A category C is protomodular when:
1. pullbacks of split epimorphisms along arbitrary morphsisms exist in C;

2. for each morphism p : E — B in C the pullback functor p* : Pt(B) — Pt(E) reflects

isomorphisms.

Proposition 1.3.2. Let C be a pointed finitely complete category. The following are equiv-

alent:

1. C is protomodular;
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2. the split short five lemma holds in C; that is, for any diagram

K

K A B

P

K/ > A/HB/

B/

in C, in which:

- (A,a,B) and (A', &/, B") are objects in Pt(B);
- (K, k) is the kernel a;
- (K', k') is the kernel o/;

- vk = K'u, wa = o'v and vB = flw;
v 18 an isomorphism if both u and w are isomorphisms.

Proof. Since C is pointed we can identify the category Pt(1) with C. For any morphism
p:E— B, let0p:1— Band O :1— FE be the unique morphisms from the initial object.
Since p0g = Op, we see that 0g*p* = 0p™; therefore, reflection of isomorphisms by 0% and
preservation of isomorphisms by 0% implies reflection of isomorphisms by p*. The functor
0% is defined by pulling back along the morphism 0 — Bj; consequently, it is equivalent to
the kernel functor Ker : Pt(B) — C which assigns to each triple (A, «, 8) the kernel of a.
The split short five lemma is simply a reformulation of reflection of isomorphisms by the

functor kernel functor. O
Proposition 1.3.3. Every pointed finitely complete protomodular category is unital.

Proof. In any commutative diagram
w
m
X—XXY~——Y

(1,0) (0,1)

in which m is a monomorphism, we must show that m is an isomorphism. Consider the
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diagram

in which (P,p,q) is the pullback of (1,0) and m, and (1, f) is canonical morphism into
the pullback. It follows that p is a split epimorphism, and therefore an isomorphism; since
both the top and the bottom squares are pullbacks there composite is also a pullback, and

therefore (X, f) is the kernel of mam. In the diagram

Tom

X W v
L |
X0 vy =y,

(0,1)

since momg = m2(0, 1) = 1y and since the split short five lemma holds in C (by Proposition

1.3.2), m is an isomorphism. O

Remark 1.3.4. It well know that a category C with finite limits is protomodular if and
only if for each B in C and for every (A,«, ) in Pt(B), k and B are jointly extremal
epimorphic. It is easy to see that Proposition 1.3.3 follows trivially from this, however, we

do not need this characterization in what follows.

Proposition 1.3.5. Let C be a category in which pullbacks of split epimorphisms along
arbitrary morphisms exist. For any object (B,v,0) € Pt(C), the category Pt(B,~,0) is
isomorphic to the category Pt(B). Moreover, for any morphism p : (E,0,¢) — (B,~,0)

these isomorphisms commute with pullback functors, that is, the diagram

Pt(B,~,5) — Pt(B)

oLk

Pt(E,0, ¢) — Pt(E)
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1s commutative.

Proof. For any object ((A4, A\, p),«, 3) € Pt(B,~,0), since A = ya and p = Bp, there exists
an isomorphism between Pt(B,~,d) and Pt(B). Since, by Proposition 1.2.4, the forgetful
functor P : Pt(B) — C creates pullbacks, it is easy to see that pullback functors commute

with these isomorphisms of categories. O

Proposition 1.3.6. If C is a protomodular category, then for any B in C the category
Pt(B) is pointed protomodular.

Proof. The category Pt(B) is trivially pointed. Since, by Proposition 1.2.4, the forgetful
functor P : Pt(B) — C creates pullbacks, Pt(B) has pullbacks of split epimorphisms along
arbitrary morphisms when C does. It easily follows from the second part of Proposition
1.3.5, that since pullback functors between categories of points in C reflect isomorphisms,

the same is true for pullback functors between categories of points in Pt(B). O
Proposition 1.3.7. FEvery finitely complete protomodular category is Mal’tsev.

Proof. For each B € C by Proposition 1.3.6 the category Pt(B) is pointed protomodular,
and so by Proposition 1.3.3, Pt(B) is unital. Consequently, by Proposition 1.2.7, the
category C is Mal’tsev. O

Proposition 1.3.8. Let C be a pointed protomodular category with reflexive coequalizers and
pushouts of split monomorphisms along arbitrary morphisms, satisfying Condition 1.2.2.

For any morphism p : E — B the pullback functor p* : Pt(B) — Pt(FE) is monadic.

Proof. For an object (D, d,¢€) in Pt(F), consider the diagram

B po
w
B+gD P D
1p
L1 €
B FE

in which:
- (B+Eg D,t1,t2) is the pushout of p and ¢;

- [1,pd] is the unique morphism with [1,pd]t; = 1p and [1, pd]ia = pd.
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It is easy to see that the functor assigning to each triple (D, ¢, €) the triple (B+gD, [1, pd], t1),
is the right adjoint to p*. Since by Proposition 1.2.4 the forgetful functor P : Pt(B) — C
creates coequalizers, the category Pt(B) has reflexive coequalizers. It follows by Condition
1.2.2 that the functor p* preserves coequalizers of reflexive pairs, and since C is protomodu-
lar, p* reflects isomorphisms. It follows by the reflexive form of Beck’s monadicity theorem

that the functor p* is monadic. O

1.4 Semi-abelian categories

Definition 1.4.1. A category C is semi-abelian when:
1. C is pointed;
2. C is finitely cocomplete;
3. C is Barr-exact;

4. C is protomodular.

Proposition 1.4.2. Let C be a semi-abelian category. For any morphism p : E — B the
pullback functor p* : Pt(B) — Pt(E) is monadic.

Proof. Since C is a finitely complete protomodular category, it follows from Proposition 1.3.7
that C is Mal’tsev, and by Proposition 1.2.10 Condition 1.2.2 holds in C. It then follows
from Proposition 1.3.8 that for any p: E — B the pullback functor p* : Pt(B) — Pt(FE) is

monadic. O

1.5 Properties of functors

We begin with some observations about colimits. The proposition and the lemma that

follow can be found in [17], Proposition 4 and Lemma 3.

Proposition 1.5.1. Let C be a category with finite colimits. In any diagram

fi
B

f2
g5 | | 91
g1

=B
2

X

f5 || f1

<~

<

e —

i which:
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- f1 and fs are a reflexive pair with section s;

- f1 and f5 are a reflexive pair with section s';

-9ifi = 95fi 4,5 € {1,2}.

The coequalizer of ¢} f1 and ghfa is equal to the diagonal of the pushout of the coequalizers

of g1 and of g2, and g} and gb.

Proof. 1t is easy to see that to prove the proposition is equivalent to showing that for each

morphism z : B — X that the following conditions are equivalent:

1. zg1 = xg2 and xg] = xgb;

2. zg1f1 = xgh fa.

If xg1 = xg2 and x¢} = xg), then pre-composing the first identity with f] and the second

with fo and noting that g5 f1 = ¢} f2 we observe that: z¢} fi = zg1f] = xgaf] = xg}f2 =

xgh fa. Conversely if xg} fi = xghf2, pre-composing with s gives xg] = xg5. Noting that
g1f1 = g1f] and that gifo = gafy it easily follows that xg1f] = zg|f1 = zghfo = xg2f),

pre-composing this identity with s’ gives g1 = zgs.
Lemma 1.5.2. Let T : C x C — C be any functor. If

fi
A s B C
Ja

and
i
/ / >
Al =—s'—

f

C/

B/ C/

O]

are reflexive coequalizers, preserved, for any D € C, by the functors T(D,—) and T(—, D),

then
T(f1,f1)
T(A, A") <—T(s,5)— T(B, B')
T(f2,f3)

T(c,c')

s a reflexive coequalizer.
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Proof. The diagram
T(1,f1)

T(A, A') T(A,B)

T(1,f3)
T(f2,1) | | T(f1,1) T(f2,1) | | T(f1,1)

T(1.f1)

T(B,A) T(B,B')

T(1,f3)
satisfies the conditions of Proposition 1.5.1 and so it follows that the diagonal of the pushout
of the regular epimorphisms 7'(c,1) : T(B,B’) — T(C,B’) and T(1,¢) : T(B,B’') —
T(B,(C") is the coequalizer of T'(f1, f1) and T'(f2, f45). Consider the diagram

T(1.f]) B.B) T(1,¢))

T(B, A T(B,C")

T(1.f3)
T(e,1)

T(L.f1)

in which h and A’ are any morphisms with hT(c,1) = K'T(1,¢). Since
hT(1, f))T(c,1) = KT (c, 1)T(1, f1) = hT(c, )T(1, f3) = KT (1, f3)T(c, 1)

and since T'(¢,1) is an epimorphism (regular epimorphism) hT'(1, f{) = hT(1, f5). Since
T(1,d) : T(C,B') — T(C,C") is the coequalizer of T'(1, f]) and T'(1, f}) there exists a
unique morphism h : T(C,C") — Z with hT(1,¢/) = h. Since K'T(1,¢) = hT(c,1) =
AT (1,)T(c,1) = hT(c,1)T(1,¢) and T(1,c) is an epimorphism (regular epimorphism)
hT(c,1) =M. O

Proposition 1.5.3. Let D : G — C and D' : G' — C be functors, and let (N, : D(z) —
L)zec and (py : D'(y) = R)yce be the colimiting cocones over D and D' respectively. If
for each C € C

(T(A2, 1) : T(D(x),C) = T(L, O))zec

27



is the colimiting cocone for the diagram T(D(—),C) : G — C, and
(T(107py) : T(Ca D/(y)> — T(C7 R))yGG’
is the colimiting cocone for the diagram T(C,D'(—)) : G' — C, then

(T(szpy) : T(D(x),D'(y)) - T(L7R))(.Z‘,y)EGXG/

is the colimiting cocone of the diagram T(D x D) : G x G' — C. If in addition G is filtered
and G' = G then
(T(Az, Ag) : T(D(x), D' (x)) = T(L, R))zec

is the colimiting cocone of the diagram T(D x D')(1,1) : G — C.

Proof. Let (Ve : T(D(x), D'(y)) = C)(a,y)cexe be a cocone over the diagram T'(D x D’) :
G x G’ — C. Since for each y € G’ and for any morphism f : z — 2’ in G the diagram

C

Y,y Tzl y

T(D(f),1)

T(D(«"), D'(y))
commutes, there exists a unique morphism ~, : T'(L, D(y)) — C making the diagram

T(L, D(y)) = c

T(D(x), D'(y))

commute. Since for any g : y — v’ in G and since T is a functor, the square in the diagram

T(Ae,1)
T(D(z), D'(y)) T(L,D'(y))
Yy
T(1,D'(g)) T(1,D'(g)) C
Ty
(D). D'(y) = T DY)

commutes, the outer arrows commute since v, T (Az, 1) = Yz,y, 'y;T()\x, 1) =7z, and v, =
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Yoy T(1,G(y)). Consequently, since the morphisms T'(A\;, 1) are jointly epimorphic, the

triangle commutes and there exists a unique morphism ~ : T'(L, R) — C making the diagram

T(L,R) ! c

Tm %

T(L,D'(y))

commute. Note that the diagram

T(L,R) ! C

T(pr) %

T(L,D
A

<
—~
<

~—
~—

[ ) TOw1)
‘$7 //
T(D(x),D'(y))

commutes. Let (7, : T(D(z), D'(z)) = T)zec be a cocone over the diagram T'(Dx D’)(1,1) :
G — C. Since G is filtered for any x and y in G there exist morphisms z — z and y — 2

in G, and for any diagram

Y
N

in G there exist morphisms z — w and 2’ — w such that the diagram

-
o
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commutes. Since the diagram

/
(D D(w), D'(w))
\

commutes, we can define 7., to be either of the outer composites in the diagram above.
Again since G is filtered for any morphisms f : z — 2’ and g : y — ¢/, there exist morphisms

h:z—2,0—2 2" — 2,y — zand ¢y — 2/ such that the diagram

T—z<—Y

rT——z<—Y

commutes. Consequently, since (7, : T(D(x), D'(x)) — T)zec is a cocone over the diagram
T(D x D')(1,1) : G — C, the diagram

T(D(x), D'(y)) ——=T(D(2), D'(2))

e

T(D(f),D"(g)) T(D(h),D’(h")) T

T,/

T(D(z"), D'(y')) —=T(D(z"), D'(2))

commutes and (7, : T(D(x), D'(y)) = T)(ay)ccxc 18 a cocone over the diagram T'(DxD’) :
GxG—=C. O

Theorem 1.5.4. Let C be finitely cocomplete. A functor U : C — D preserves all finite

colimits when:
1. U preserves the initial object;
2. U preserves binary coproducts;

3. U preserves reflexive coequalizers.
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When C is also small cocomplete, U preserves all small colimits if in addition to the other

conditions:
4. U preserves filtered colimits.

Proof. 1t is obvious that Conditions 1 and 2 imply that U preserves all finite coproducts. It is
well known that in any category with finite coproducts, every finite colimit of a diagram can
be presented as a coequalizer of a reflexive pair with domain and codomain constructed as
finite coproducts of objects from the diagram (see [18], Chapter V, Section 2, Exercise 1(a)).
Consequently, if U preserves reflexive coequalizers, it will preserve all finite colimits. Now
let C be small cocomplete. It is well known that any small cocomplete category, any small
colimit can be presented as a small filtered colimit of its finite subcolimits. Consequently, if

U preserves finite colimits as well as small filtered colimits, it preserves all small colimits. [

Proposition 1.5.5. For any adjunction (F,U,n,€) : X — A, if U is faithful and if X has a

small generating set, then A has a small generating set.

Proof. Let Q be a small generating set of X, let R = {FQ‘ Qe Q}, and let f,g: A — A
be any morphisms in A with f # g. Since U is faithful and Q is a generating set, U f # Ug
and there exists an object @ € Q and a morphism h : Q@ — UA such that Ufh # Ugh.
Since (F,U,n,¢€) is an adjunction and € is a natural transformation, we have feqFh =
eaF(Ufh) # ea F(Ugh) = geaFh. O

Theorem 1.5.6. Consider a diagram of functors

where (F,U,n,€) and (F',U",n',€') are adjunctions and U'V = U. If A has coequalizers,
and if for each A" € A’ the diagram

F'U'¢ ¢,
F'U A

F'UFUA Al

€ F/U/A/

is a coequalizer diagram, then the functor V has a left adjoint. Moreover, for an object
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A" € A this left adjoint L appears as a coequalizer diagram

FU'€¢ 41

FUF'U A FU A oo > L(A)
FU/F/"?U/A/ EFU’A’
FU'€ o
FU'F'UFU' A’ L~ FUFU' A’

If in addition for each A € A, e is the coequalizer of the morphisms FUexa, epya :
FUFUA — FUA, then the counit € : LV — 14 has the property that for each A € A,
€4 18 the coequalizer of the morphisms LVeés,eérya: LVLVA — LV A.

Proof. Since (F,U,n,e) and (F',U’,n,€') are adjunctions, there exist isomorphisms ¢ :
hom(F°P x 14) — hom(1x°" x U) and ¢' : hom(F’°" x 1) — hom(1x°" x U’), and
from these natural transformations we can form A = ¢/~ (U")P x V) - (U’ x 14) :
hom(F'U x V) — hom(FU'? x 1,). Let a = (€¢VF) - (F'n). Since, for each A € A the

diagram

F'UA
1
F'nu a N
F'Uey
F'UFUA F'UA
U rUA €A
Vea
VFUA VA
commutes, it easily follows that the diagram
Fl !
FUFX ———>>FUFX —* - VFUFX
E/F/X €/VFX /
F'X =X VFX

also commutes. Therefore, the identities €V = (Ve) - (aU) and « - (eF’) = (VeF) - (aUF) -
(F'U’'a) hold. From the definition of A it is easy to see that for any g : FU'A’ — A the
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diagram

)‘(A’,A)(g)
F'U A VA
F'ngrar VFU' A’ € a
F'U
FUFU'A’ J F'UA

commutes. Let H, T : A’P x A — Set be the functors defined on objects (A4’, 4) € AP x A
by:

rrrl !
FUeA,

H(A,A) = {f: FU'a’ VA‘F’U’F’U’A’ FUA—T ~vAisa fork},
GF/U/A/
ru'e,,
I(A, A) = {g CFU'A — A‘ FU'F'U' A’ FU A’ Aisa fork}.
EFU’A’FU/O‘U’A’
For any g € I(A’, A), considering the diagrams
FUFU A —LEYY Ry R A
F'u'é,, VFU'e,,
FIUA! fo VEU' A’
1%
Aar,4)(9) I
VA
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aU/FIU/A/

FUFUA———VFUFUA
F/U,OéU/A/ VFU’O(U/A/

Ay FU’ Al

ogiar | FIUFU' Al —————VEFUFU' A’

Vepyrar
FUA Y yEUA
1%
Aar,a)(9) I
VA

we see that Apryar ay(gFU'ey) = VgV EU'eauipar = Aa;,4)(9) F'U'ey, and
Mo aray(gerua FU agrar) = VgVepy o VEU ayaragipryar = A a4y (9)€prpar

Therefore A4, 4)(g) € H(A', A), that is, A restricts to a isomorphism 7 : I — H. Note that
under the assumptions of the theorem I = hom(L°P x 14) and H = hom(1}} x V), proving
that L and V are adjoint functors.

Since (LV A, c4) is the coequalizer of the morphisms FU'€|, 4, epyaFU s : FUF'UA —

FUA, it easy to see that €4 is the unique morphism making the diagram

FU'€, 4 ca
FU'F'UA FUA LVA
eruaFU aya
FU'apa FUes A €A
v
FUFUA A
commute. Since the diagram
FULVA—2 S LVIVA

ELVA
erval|LVeEs
caAFU€ea

LVA

commutes and cpy 4 is an epimorphism, to prove that €4 is the coequalizer of €14 and
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LVéy,, it suffices to show that €4 is the coequalizer of ery 4 and caFU€4. It is easy to
see that €qcaFUey = eqaFUéy = €aerya. Let g : LVA — C be any morphism with
gerva = gcFU€y, consider the diagram:

€LV A g
FULV A LVA C
caAFU€y A
FUcag cA g
EFUA €a
FUFUA FUA A.
FUeyp

Since c4 is an epimorphism and gcqa = gea = geéaca, we have g = gea. Since €4cq4 = €4

and €4 is an epimorphism, €4 is also an epimorphism, therefore such g is unique. O

1.6 Relative homology

Throughout this section we consider an abelian category A and a class of epimorphisms E

in A containing all split epimorphisms and satisfying the properties:
1. for any pair (f,g) of composable morphisms from E, the composite gf is in E;

2. for any morphisms e in E and f in A with common codomain, if (P, ¢, r) is the pullback
of e and f then r is in E.

Definition 1.6.1. An object P € A is called E-projective, if for any h : P — B’ in A and
any e : B — B’ in E there exists a morphism h' : P — B in A such that the diagram

commutes.

Definition 1.6.2. A family (A, 0n)nez of objects A, € A and morphisms 6, : A, —
Ap—1 is called a chain complex when §,0,11 = 0. We will write A for the chain complex

(An, On)nez when convenient. Suppose A" = (AL, 0] )nez s another chain complez, a chain
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morphism f: A — A" is a family of morphisms fy, : A, — Al such that the diagram

6n+1

An

An+1

‘/fn+1
6/

’ n+1 / n i
A A A

n n—1

commutes. If g: A — A’ is another chain morphism, then a chain homotopy s: f — g is a
family of morphisms s, : A, — A;H—l such that fr, — gn = Sp—10n + 5;L+13n- The homology
of the complex A is defined to be Hy(A) = Ker(6,)/Im(d,+1). Consider the diagram

6”

ATL+1 st Ap Ap1
yi /
K > H
fos1 ?n Hn(f) fn fat
%1 K,
St oy,
Al A, AL

in which:
- (Kp, kn) is the kernel of 0y ;

(Kl

n’ n

1) is the kernel of o) ;

- 5n+1 1s the unique morphism with Hngn+1 = On+1;

- 8p41 is the unique morphism with k1,611 = & ni1;
- Yp s the cokernel of 0py1;

- 4! is the cokernel of &' p41.

H,(f) : Hy(A) — Hy(A") is the unique morphism such that H,(f)yn = 7, f,- A complex
A is exact when Hy(A) =0, that is, when Ker(d,) = Im(dp41)-

Proposition 1.6.3. If there exists a chain homotopy s : f — g between chain morphisms
frg:A— A, then Hy(f) = Hn(g)-
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Proof. Let t : K, — K, be the unique morphism with st = (fn — gn)kn = (0,415, +
8n—10p)Kn. Since (6], 150 + Sn_10n)kn = 0y, 41 Snkin = K0 i 18nkn and K, is a monomor-
phism, it follows that ¢ = &,415,k, and consequently v't = 0. It is easy to see that
Hn(f = 9) = Hu(f) — Hn(g), therefore Hy(f) = Hn(g). o

Definition 1.6.4. Two chain compleres A and A’ are said to be homotopy equivalent, if
there exist chain morphisms f: A — A’ and g : A’ — A and chain homotopies s : gf — 14
andt: fg— 1.

It is easy to see that homotopy equivalent chain complexes have isomorphic homology.

Definition 1.6.5. A chain complex P in A is called an E-projective resolution of A when
P is exact, P, =0 forn < -1, P_y = A, P, is E-projective for n > —1, and d,, factors as

a morphism in E followed by a monomorphism.

Proposition 1.6.6. If P is an E-projective resolution of A in A, P’ is an E-projective
resolution of A’ in A, and if f: A — A’ is a morphism in A, then f lifts to a morphism of

E-projective resolutions.

Proof. Tt is obvious that 4 is in E, and consequently there exists a morphism f : Py — P}

such that the diagram

1
P0—0>A

lfo lf
50

Py —s g

commutes. The morphisms f,, are constructed by induction as follows. Consider the dia-

gram
6n S
P, Py — Py
o h
—1 fn—2

v / \\ 8

P Py
in which:

- (e,m) is the factorization of ¢;

- m is the kernel of ¢/,_; (since P’ is exact);
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- h is the unique morphism with mh = f,,_10,, (since 0], fn—16n = fn—20n—16, = 0);
- fn is any morphism with ef,, = h (f, exists since P, is E-projective and e is in E).
O

Proposition 1.6.7. For any morphisms f,g : P — P’ between E-projective resolutions

with f_1 = g_1 = [ and with P’ exact, there exists a chain homotopy s : f — g.
Proof. We construct s inductively. To construct sg, consider the diagram

)

P —~ Py A
00
. A
fil|a S fo| |90 !
/// x o
Py , Py A
61

in which:
- (e,m) is the factorization of d/;
- m is the kernel of §{;
- h is the unique morphism with mh = fo — go (h exists since &,(fo — go) = (f — f)do = 0);
- 80 is any morphism such that esg = h (sg exists since Py is E-projective and e is in E).

To construct s,, consider the diagram

Pn+1 G I Pn On
57, h Sn—1
Sfrt1 gnt1 - ' S// fnl|9n
7/H—1 Ot E, o

in which:

- (e,m) is the factorization of §],  ;;
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- m is the kernel of ¢/ ;
- 0 (fn = gn — Sn=10n) = ((fa=1 = gn-1)0n — (fn-1 — Gn—1 — Sn—20n-1)dn = 0;
- h is the unique morphism with mh = f, — g, — Sp—10n;
- 8p is any morphism with es,, = h (s, exists since P, is E-projective).
[
Proposition 1.6.8. If P and P’ are both E-projective resolutions of A in A, then P ~ P’.

Proof. By Proposition 1.6.6, the morphism 1,4 lifts to chain morphisms f : P — P’ and
g : PP — P. The composite gf and 1p are both chain morphisms of P with (gf)_1 =
(1p)—1 = 1g4; therefore, by Proposition 1.6.7, there exists a chain homotopy s : gf — 1p.
Similarly, there exists a chain homotopy ¢t : fg — 1p/, and so P and P’ are homotopy

equivalent. n

Lemma 1.6.9. Let K—">A—">B be a short ezact sequence in A with o is in E. Let P
and P be E-projective resolutions of K and B respectively. The short exact sequence lifts to
a short exact sequence of E-projective resolutions and moreover, this short exact sequence

splits at each n > 0.

Proof. Since P} is E-projective and « is in E, there exists a morphism h : P — A such that

ah = §. Consequently, since A is additive, the diagram

s
Ko P, —2=P,
[r.h] 8
A—>—3B

in which 7y is the second biproduct projection, is a pullback and [k, k] is in E. It is easy to

see that the diagram

Py& P} © P}
dod1 T
[kéo.h) | K @ P} 8)
[r,h]
A = B
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in which ps is second biproduct projection, is commutative. Since the diagram

Py& P, —2 P,

50@1 60

KoP—" K

is a pullback, it follows that do @1 is in E and therefore the composite [kdg, h] = [k, h](doB 1)
is in E. Since the diagram

p—2s-pepr—2-p

do [kd0,h] 4

X—"—sA—"—-B

commutes and Py @ P is trivially E-projective, we have proved the lemma at level 0.
Since for each n > 0, §,, factorizes as e, : P, — K, in E followed by a monomorphism
kn @ K — P,_1, and ¢, factorizes as e}, : P, — K/ in E followed by a monomorphism
ki, : K] — P! _,, the diagram

p—" -paop " _p

en enel, el
. \
11 / P2 /
ol Kn K,® K K! s,
K ! /
n Kn®K, K

. v
Pn_l 11 Pn—l ® Péfl p2 P/,1

n

commutes. It is easy to see that the morphisms e, @ ¢/, are in E and that the composites

(kn @ K),)(en, @ €],) make the collection of objects P, & P, an E-projective resolution. [

Proposition 1.6.10. Let B be a abelian category and let F' : A — B be a left exact functor.
Let E-SES(A) be the category of short exact sequences in A with the cokernel in E, and
let P,Q : E-SES(A) — A be the functors taking a short exact sequence to the kernel and
the cokernel respectively. If there are enough E-projectives, then there exist unique functors

H, : A = B and natural transformations A, : H,Q — Hy,_1 P with the following properties:
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1. Hy=F;
2. H,(P) =0 if P is E-projective and n > 0;

3. for each E-short exact sequence E = K—">A—%=B, the diagram

Hy(K) Hy(A) 2 [y (B)
AQE/
H (1) = H (4) - 1y (B)

Hy(K)

is a long eract sequence.

Proof. For an object A, we choose any E-projective resolution P, and form the chain com-
plex F(P) with F(P), = F(P,) for n > 0 and F(P)_1 = 0; we define H,(A) to be
H,(F(P)) for n > 0. By Proposition 1.6.8, if P’ is another E-projective resolution, then P
and P’ are homotopy equivalent. Since F is left exact, it is additive, and consequently F'(P)
and F(P') are homotopy equivalent and have the same homology. It is easy to see that
this passage is functorial. Suppose §; factors as e; € E followed by k1 with ;1 the kernel
of p. Note that dp is the cokernel of k1 and the kernel of 0 : F'(Fy) — 0 is (F'(Fo), Lr(py))s
therefore, F'9; factors through the kernel as Fdy. Since F' is right-exact, F'(e1) is an epi-
morphism, and the cokernel of F'(d7) is equal to the cokernel of F'(k1). Moreover, F (k1)
has cokernel (F'(A), F(dp), proving Hy = F.
Now let P be an E-projective object in A. Since F' preserves 0 and the diagram

1p

0 P P

is an E-projective resolution, it follows that H,(P) = 0 for n > 1. Finally, to show that
the third property holds true, let £ = K—">A—%>DB be an E-short exact sequence. By
Lemma 1.6.9, F lifts to a short exact sequence of complexes split for n > 0. Therefore, since

F' is additive, applying F' to this short exact sequence we obtain a short exact sequence of
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complexes. Consider the diagram

0 F(P) F(P) F(P,) 0
en o o,
Cn cl cl, 0
5 5 3
0 Ky K, K,
kn—1 kil ki
0 F(Pn-1) F(P_y) F(P,_y) 0

in which ¢,, ¢, and ¢, are the cokernels of 6,11, 0, and 4, respectively, and k,_1,
k!'!_, and k|, are the kernels of d,_1, 0;/_; and d/,_; respectively. It is easily seen that
H,(K) = Ker(d,), Hn(A) = Ker(0])), Hy(B) = Ker(d),), Hy,—1(K) = Coker(d,,), Hp—1(A) =
Coker(d!) and H,_1(B) = Cokeri((ﬂl). Consequenta by the snake lemma (see e.g. [18])
there exists a morphism 7 : Hn(B): H,_1(K) such that the diagram

H,(K) — Hp(A) — H,(B) e n—1(K) —— Hy_1(A) — H,;,_1(B)
is an exact sequence. The following observation shows that functors above are unique
up to isomorphism. For any B in A there exists an epimorphism € : P — B in E; let
(K, k) be the kernel of €, then the properties above imply that Hi(B) = Ker(F(e)) and
H,(B)= H,_1(K) forn > 1. O
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Chapter 2

Representability of the split
extension functor for categories of

generalized Lie algebras

Let C be a pointed protomodular category. A diagram

K- s p——>R

in which a8 = 1p, and (K, k) is the kernel of «, is called a split extension of B with kernel
K, and will be denoted by the quadruple (4, a, 3, k). A diagram

K—"—A

5

KHA'HB

in which (A4, «, 8, k) and (A, o, §', k') are both split extensions of B with kernel K, is called
a morphism of split extensions and will be denoted by f : (A, «a, 8,k) — (A', o/, B/, K’). Since
C is pointed protomodular, the split short five lemma holds, and every morphism of split
extensions is necessarily invertible. Consequently, there is an equivalence relation on the
set of all split extensions of B with kernel K, a pair of extensions are equivalent as soon as
there exists a morphism between them. The functor SplExt(—, K) : C°? — Set, is defined

on an object B as the set of equivalence classes of split extensions of B with kernel K. Let
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p: E — B be a morphism in C, since C is protomodular, the pullback (A xp E, 7, m2) of

«a and p exists. It is easy to see that the diagram

(k,0) T2
K—AxgkFE FE
(Bp,1)
(0%
K A B

commutes and that (A xp E,m, (Bp, 1), (k,0)) is a split extension of E with kernel K.
Therefore, there is an induced morphism from the set of split extensions of B with kernel K
to the set of split extensions of F with kernel K. Since C is protomodular, this morphism
induces a morphism SplExt(p, K') : SplExt(B, K) — SplExt(E, X), making SplExt(—, K)
into a functor.

Recall: for a Lie algebra X over a commutative ring R, a map f : X — X is called
a derivation of X if f is linear and, for all x and y in X, f(xy) = f(x)y + xf(y). The
set Der(X) of all derivations on X can be made into a Lie algebra with Lie multiplication
fg= fog—go f and all other operations defined pointwise. A well-known classical result
can be stated as: the functor SplExt(—, X) is representable with Der(X) the object of the
representation, that is, there is a natural isomorphism SplExt(—, X') = Lier(—, Der(X)).
This result can be extended to any category of internal Lie algebras defined in a carte-
sian closed category (see Theorem 5.2 in [4]). We will generalize this result in a different
direction, namely to suitably define Lie algebras over a monoid M in an additive symmet-

ric monoidal closed category. Introducing this concept requires some auxiliary observations:

Recall that a commutative monoid in a symmetric monoidal category (C, ®, I, a, p, A\, 0) is

an object M together with two morphisms

w:M&M— M, n:l—M
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such that the diagrams

M®(M® M) = (Mo M) M
1®u uel
p 1
Mo M M M® M
o
m
Mo M
1
ToM " oM< Mor
\ u/
M

are commutative. Let us recall that when (C,®,I,a,p,\,0) = (Ab,®,Z,a, p,\,0) is the
usual symmetric monoidal category of abelian groups, a commutative monoid in it is the
same as a commutative ring. In this case the morphism p: M ® M — M corresponds, via
the universal property of the tensor product, to a map M x M — M, call it multiplication,
which is bilinear (distributive with respect to the addition of the abelian group M). The
morphism 7 : Z — M is determined by picking an element u in M, the image of 1. Further-
more, the commutativity of the first diagram means that multiplication is associative and
commutative, while the commutativity of the second means that n makes u the identity

element of M.

For an ordinary Lie algebra X over a commutative ring M, the scalar multiplication
M x X — X and the Lie multiplication X x X — X are bilinear maps, and so by the univer-
sal property of the tensor product in Ab they can be described as morphismsa : M®X — X
and b: X ® X — X respectively. The commutativity of the diagrams

MMeX)—>MeM)®X

l1®a pne1
Mo X M®X
\\\\\\g\\\\\&‘
a
X
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(M e X)X @ M@ (X ®X)

X®X Me X X®X
\ /
a
X
XoX—2>XoX X®(X®X) 120000 X o (X @ X)
b/ LO l1®b
X X b X®X
state that
(mn)e = m(nz),  (ma)y = mlay) = x(my), vy = —yz,

x(yz) + z(zy) + y(zx) =0

for all m,n € M and for all x,y,z € X. These identities correspond to the axioms of a Lie
algebra except that we have replaced the axiom zx = 0 (x € X)), with the axiom xy = —yz

(z,y € X). Assuming the axiom zz = 0, the well known argument
zy=zr+zy+yr+yy—yr=(r+y)(ex+y) —yr=—yz

shows that we have actually replaced an axiom with a formally weaker one. Assuming the

axiom xy = —yx, the argument
20 =xx+axxr=xx —xx =0

shows that when 2 has a multiplicative inverse in M, the two axioms are equivalent. When
M is a field this corresponds to saying that M is not of characteristic 2. Since the axiom
xx = 0 has a repeated variable in it, it is not possible to express it as the commutativity of a
diagram involving tensor products. Therefore, in order to define a Lie algebra in an abstract
symmetric monoidal category (C,®, I, a, p, A\, o) we introduce an additional structure on C.
The structure we choose in this paper consists of a category D, functors U,V : C — D, and a
natural transformation § : U — V(— ® —), satisfying suitable conditions (see Section 1). In
Section 1 we define a generalized Lie algebra following the above as motivation. In Section 2
we define in this new setting the generalized Lie algebra of derivations and show, in Section

3, that the functor of split extensions from the category of these generalized Lie algebras to
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the category of sets is representable. We conclude Section 3 by remarking that the functor

of split extensions of crossed modules of these generalized Lie algebras is representable.

2.1 Algebraic structures in monoidal categories

In this section we introduce the needed algebraic structures to define a generalized Lie
algebra and construct in this context the functor which in the classical case takes associative

algebras to Lie algebras. Throughout this chapter we will assume that:

1. C = (C,®,I,a, A\, p,0) is an additive symmetric monoidal category with all finite
limits; in addition we assume it to be monoidal closed, although in this section we

only use the fact that the tensor is distributive with respect to finite products;
2. (Myp: MM — M,n:I— M) is a commutative monoid in C;
3. D is a category in which hom-sets are abelian groups;

4. Composition of morphisms in D is distributive on the right with respect to addition

of morphisms, that is, for any morphisms f,g : B — C and h : A — B we have
(f+9)h = fh+ gh;

5. U and V are functors from C to D and V restricted to hom-sets is an abelian group

homomorphism;
6. 0 is a natural transformation from U to V(— ® —) such that:

Condition 2.1.1. For any C € C the diagram

Uve—C v

S

V(C®C)

Vo

commautes.

Example 2.1.2. (C,®,I,a,\, p,0) = (Ab,®,Z,«, p, A\, 0) is the usual symmetric monoidal
category of abelian groups, D = ab is the category with objects all abelian groups and mor-
phisms all maps between their underlying sets, U =V : Ab — ab is the inclusion functor,

and § is defined by dc(c) = c® ¢ for all C in Ab and ¢ in C. This example explains the
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main purpose of introducing D, U, V', and §: the axiom xx = 0, mentioned at the beginning
of this chapter, can now be expressed categorically as V(b)ox =0, whereb: X @ X — X s

a multiplication morphism on an object X.

We recall: (i) an M-action is a pair (X, a), where X isan objectin Canda: M®@X — X

is a morphism in C, such that the diagrams

n®1

M@ (M® X) = (M@ M)® X I®X M® X
1®a la@l \ ‘a
Mo X = X = Mo X X

commute; (ii) a magma defined with respect to the monoidal structure in C is a pair (X, b),

where X is an object in C and b: X ® X — X is a morphism in C.

Definition 2.1.3. A triple (X,a: M@ X — X, b: X®X — X) is said to be an M-magma
if (X,a) is an M-action for the monoid M. For M-magmas (X,a,b) and (X', d',V'), a
morphism f: X — X' in C is an M-magma morphism if the diagrams

1 f fef

M®X Mo X' X®X

X' ® X'

/

a b

b/

X X' X X'

commute; that is, [ must be a morphism of magmas and a morphism of M-actions at the

same time. The category of M-magmas will be denoted M-Magy.
For an M-magma (X, a,b) consider the following condition:

Condition 2.1.4. (a) The diagram

M (X ®X) = Mo X)o X
1®b a®1
MeX —2 X b X®X

commutes;
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(b) The diagram

oco(l®c
Mo (X®X) 097 | xo(M® X)
1®b 1®a
M@X —* > x<~" XX

commutes.

Let M-Mag; be the full subcategory of M-Magy with objects all M-magmas satisfying
Conditions 2.1.4(a) and 2.1.4(b). Let M-Mags be the full subcategory of M-Mag; with
objects all (X, a,b), in which the pair (X, b) is a semigroup, that is, the diagram

X®(X®X) = XeX)®X
1®b b®1
b b
X®X X X®X

commutes. In the situation of Example 2.1.2 the categories M-Mag; and M-Mag, are the
categories of non-associative and associative M-algebras respectively.

For a magma (X, b) we are also going to use the following conditions:

Condition 2.1.5. V(b)dx = 0.

Condition 2.1.6. (a) b(1+ o) =0 (anticommutativity);

(b) b(1@0b)(1 + o + ocaoar) = 0 (Jacobi identity).

Remark 2.1.7. When C =D, V =1, U = (= ® —) and § = 1+ o, Condition 2.1.6(a)

becomes an instance of Condition 2.1.5.

Let Lie(M, §) be the full subcategory of M-Mag; with objects all (X, a,b), in which the
magma (X, b) satisfies Conditions 2.1.5, 2.1.6(a) and 2.1.6(b). In the situation of Example
2.1.2, Conditions 2.1.5, 2.1.6(a) and 2.1.6(b) correspond to the identities

zx =0, xy + yx =0, x(yz) + z(zy) + y(zx) =0

respectively, and recalling that the category M-Mag; is the category of non-associative
algebras we see that the category Lie(M,0) is the category of Lie algebras over the com-

mutative ring M.
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Remark 2.1.8. If D = C, U = V = 1¢ and dc is the zero morphism, then Con-
dition 2.1.5 is trivially satisfied by any magma (X,b). If in addition, as in Ezample
2.1.2, (C,®,1,a, A\, p,0) = (Ab,®,Z,a, \, p,0) is the usual symmetric monoidal category
of abelian groups, the category Lie(M,0) has as objects Lie algebras, except that the axiom

xx = 0 has been replaced by the axiom xy = —yx.

If(X,a: RxX — X,b: X x X — X) is an associative algebra over a ring R and if we
define b: X x X — X as

B(x,y) = b(l‘a y) - b(y7$)

for all z,y € X, then the triple (X, a, Z)) is a Lie algebra defined with respect to the ring
R. This correspondence of associative algebras and Lie algebras is functorial and can be

extended to our setting.
Theorem 2.1.9. If (X,a,b) € M-Mag,, then (X,a,b(1 — o)) € Lie(M,d) and the assign-
ment (X, a,b) —— (X,a,b(1 — o)) defines a functor L : M-Mag, — Lie(M,d) which is

identity on morphisms.

Proof. Let b=b(1 — o). It is clear that (X, a,b) is an M-magma. Condition 2.1.4(a) holds
for (X, a,b) since

a(leb) = a1l B(l-0))=a(l®b) —a(l®b)(1®0)
= ba®l)a-b(l®a)ca(l®o)(l®o)
= bl—-0)a®a=>ba®1)a,

where the third equality follows by Conditions 2.1.4(a) and 2.1.4(b) for (X, a,b). Similarly,
it can easily be seen that Condition 2.1.4(b) holds for (X, a,b). To show that the Jacobi
identity, Condition 2.1.6(b), holds for (X, a, 5), consider the equation:

b(1®b)(1+ oa + caoa)

= bl-0)(1®b)(l-1®0)(1+oca+caca)
= ((1®b)(1-1®0)—c(1®b)(1-1®0))(1+ca+ oaca)
= 1)WY +b(1®b)oa® +b(1®boaca®
b1 2b)(1®0)D —b12b)(1®0)ea® —b(1®b)(1® o)oacal®
—b(b®1)e® —b(b® 1)aV) —b(b® 1)aca?
+b(b® 1) (0 ®1)a® +b(b @ 1) (0 ©1)a® +b(b® 1)(0 ® 1)aca®
= 0,
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where composites labelled with the same superscript are equal. For, we only need to observe
that b(1 ® b) = b(b® 1)« since (X, b) is a semigroup, and use that directly for (1) and (2),
or together with acaca = o for (3), or together with a(l ® o) = (0 ® 1)aca for (4), or
together with a(1 ® o)oa = (0 ® 1)o for (5), or together with a(1 ® o)ocaca = (0 ® 1)o
for (6). From Condition 2.1.1 and the definition of b it follows that Conditions 2.1.5 and
2.1.6(a) hold for (X,b). For a morphism

(X,a,b) —— (X', ', })
let ¥ = /(1 — ). By calculating

Vifef) = Vl-o)(fe/f)
= V(fef-aofef))
= V({faf-(fefo)
= V(feof)l-o)
= fb(1-o0)
= fb,

we see that f is a morphism in Lie(M,J). O

2.2 Construction of derivations

In this section we construct, for an object (X, a,b) in Lie(M,¢), the object Der(X), which
will be shown in Section 2.3 to be the representing object for the functor SplExt(—, X) :
Lie(M,0) — Set.

Recall that, for a Lie algebra X over a commutative ring M, the Lie algebra of deriva-
tions, Der(X), can be constructed as follows. For abelian groups A and B, let Hom(A, B)
be the abelian group of homomorphisms from A to B. Defining multiplication by com-
position and scalar multiplication pointwise, it is easily seen that Hom (X, X) satisfies the
axioms of a ring as well as those of an M-module and, moreover has scalar multiplication
with the property

m(hy o hy) = (mhq) o hy
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for all m € M and hy, hy € Hom(X, X). The abelian group E(X) of M-module morphisms

from X to X can be constructed as the equalizer of the diagram

f

f2

Hom(X, X) Hom(M x X, X)

where f; and fo are defined by
fi(h)(m,x) = mh(z), fa(h)(m,x) = h(mx)

for all h € Hom(X, X), m € M and x € X. It is easily seen that E(X) is closed under the
operations defined for Hom(X, X) and has the property

m(hl o hg) == h1 o} (mhz)

for all m € M and hi,hy € E(X), i.e. E(X) is an associative M-algebra. As described
before, any associative M-algebra F(X) becomes a Lie algebra with Lie multiplication
defined by

hiho = hiohg — hgy o hy

for all hy, he € E(L). Finally, the Lie algebra of derivations Der(X), can be constructed as

the equalizer of the diagram

gie
E(X) ——=Hom(X x X, X)
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where e : E(X) — Hom(X, X) is the equalizer of f; and fs, and g1 and g9 are defined by
g1(h)(x1, w2) = h(z172), g2(h)(z1,m2) = h(x1)w2 + 21h(22)

for all h € Hom(X, X) and x1,22 € L. Der(X) can be seen to be closed under the opera-
tions defined for F(X) and hence is a Lie algebra.

We show that this construction extends to our general context. We begin by showing
that for (X,a,b) € Lie(M, d) the internal hom-object X can be given a semigroup struc-
ture as well as an M-magma structure that satisfies Condition 2.1.4(a). We then construct
the semigroup E(X) as a regular sub-M-magma of the internal hom-object X* and show
that it satisfies Condition 2.1.4(b). We then apply the functor L : M-Mag, — Lie(M,J)
to E(X) and construct Der(X) as a regular subobject of L(E(X)).
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For each object B in C, we will denote the chosen right adjoint to the functor — ® B by —P
and denote the chosen counit of the associated adjunction by . For functors F : X — A
and G : A — X, where G is the right adjoint of F', given a morphism h : FX — A, the
corresponding morphism X — GA will be called the right adjunct of A (as in [18]). Simi-
larly, given a morphism g : X — GA, the corresponding morphism FX — A will be called
the left adjunct of g. That is, for g : A — CP, the left adjunct of ¢ is e@(g@l) :A®B — C.

For a pair (X,ax : M ® X — X) where M = (M, p,n) is a monoid in C as above,

consider the following condition, which is part of the definition of an action for a monoid:

Condition 2.2.1. The diagram

commautes.

Proposition 2.2.2. If (X, ax) satisfies Condition 2.2.1 and if axx : M@ XX — XX is the
right adjunct of ax(1® eX)a™ : (M ® XX)® X — X then (XX, axx) satisfies Condition
2.2.1.

Proof. In the diagram

(IeXX)2X
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commutes since « is a natural transformation; 2] commutes as an immediate consequence
of the axioms of a monoidal category; [3] commutes since ® is a bifunctor; [4] commutes since A
is a natural transformation; [5] commutes by definition of ayx : M®XX — XX [6] commutes
by assumption on (X,ax). That is, A® 1 = (axx @ 1)(n®1)®@1) = (axx(n® 1)) ® 1,
which tells us that the left adjuncts of the morphims A, axx(n®1) : I ® XX — XX are
equal to each other. Therefore these two morphisms are equal to each other themselves, as
desired. O

For a sextuple (P,Q, X, u: PRQ = Q,p: PR®X — X,q: Q® X — X) we consider
the following condition:

Condition 2.2.3. The diagram

P®(Q®X) 2 (PRQ)®X
1®q u®1
PRX— X~ Q®X

commautes.

Lemma 2.2.4. Suppose (P,Q,X,u: PRQ — Q,p: PRX — X,q: Q® X — X) satisfies
Condition 2.2.3, p' : P@ X~ — XX is the right adjunct of p(1®ex)a ! : (PRXX)0X — X
and ¢+ Q ® XX — XX is the right adjunct of q(1® eX)a™!: (Q ® XX)® X — X then
(P,Q, XX u,p',q) satisfies Condition 2.2.3.
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Proof. In the diagram

a®l

(PR(QeX X)X (PeQ)2X X)X
-1 il -1
0471
Po((QeXX)2X) 22> Pe(Qa(X¥X0X)) _ (P2Q)2(XX2X)
1e(es) A
12(¢'®1) Pe(QeX) —— (PeQ)2X
(1®g)®1 1®q u®1 (u@1)®1
1®6§
Pa(X*®X) PoX ol wel (7]
p
1®6§ X
a1 X —— QX Q(X*®X)
ex 9 al
/®1 l®1
(PoXX)oX —2 XXox - (QeX¥)2X

commutes by the axioms of a monoidal category; [2], [3] and [5] commute since « is natural
transformation; 4] and [9] commute from the definition of ¢’; [8] commutes by the definition of
p'; [7) commutes since ® is a bifunctor; [6] commutes by assumption on u, p and ¢ (Condition
22.3). Thatis, (¢ @ D)(u®@1) @ )(a®1) = (p @ 1)((1 ®¢)® 1), or, equivalently,
(((u®l)a)®1=p(1®¢)) ®1 - which means that the left adjuncts of the morphisms
P12¢),d(u®l)a: P®(Q®X¥X)— XX are equal to each other. Therefore these two

morphisms are equal to each other themselves, as desired. O

Proposition 2.2.5. Let (X,ax) be an M-action and, let axx : M @ XX — XX and
byx : XX @ XX — XX be the right adjuncts of a(1 @ eX)a ™ : (M @ X*)® X — X and
ex(1®@ea™t (XX @ XX)® X — X respectively. Then (XX, axx) is an M-action,
(XX byx) is a semigroup, and Condition 2.1.4(a) is satisfied.

Proof. Tt is clear that since (X, ax) is an M-action, the sextuple (M, M, X, u,ax,ax) sat-
isfies Condition 2.2.3. From Lemma 2.2.4 it follows that (M, M, X™, ju,axx,axx) satis-
fies Condition 2.2.3. This together with Proposition 2.2.2 applied to (X, ax) shows that
(XX axx)isan M-action. From the definition of by x we see that (X%, XX X byx, ef, exX)
satisfies Condition 2.2.3 and by Lemma 2.2.4 (XX, X*, XX byx,byx,byx) satisfies Con-
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dition 2.2.3 and therefore (XX,byx) is a semigroup. From the definition of ayx the sex-
tuple (M, XX, X, ayx,ax, e%) satisfies Condition 2.2.3 and by Lemma 2.2.4 the sextuple
(M, XX, XX axx,axx,byx) satisfies Condition 2.2.3 and therefore (XX, ayx,byx) satis-
fies Condition 2.1.4(a). O

Let fi : XX — XM®X and fo : XX — XM®X he the right adjuncts of e5(1 ® ax) :
X¥@(M®X)— X and ax(1®eX)oa(l®o) : XX @ (M ® X) — X respectively, and let
e: BE(X) — XX be the equalizer of f; and fo.

Proposition 2.2.6. For the object E(X) there exist unique morphisms bp(x) :
E(X)® E(X) = E(X) and ag(x): M ® E(X) — E(X) for which e becomes an M-magma
morphism and (E(X),agx),bp(x)) is in M-Mags.

Proof. In the diagram

e®e

E(X)® E(X) XX o xX
bp(x) byx
\ 1
E(X) xX xXMex
A P
AE(X) Ay X
M® B(X) —2—~ M g XX

it can be seen, by considering the left adjuncts of fibyxx(e ® e) and fobxx(e ® e) and the
left adjuncts of fiaxx(1®e) and fiaxx(1®e), that the arrows byx(e®e) and axx (1 ®e)
equalize f1 and fo and so, by the universal property of the equalizer e, there exist unique
arrows bp(y) and ap(x) making the diagram commute. The left adjuncts of the morphisms
eapx)(1 ® bpx)) and ebpx)(1 ® agx))oa(l ® o) can been seen to be equal and since
e is a monomorphism this shows that (E(X),ag(X),br(X)) satisfies Condition 2.1.4(b).
On the other hand, according to our construction of ayx and byx, the monomorphism e
becomes an M-magma morphism from (F(X),ap(X),br(X)) to (X¥,axx,bxx), which
implies that (E(X),ap(X),

br(X)) satisfies Condition 2.1.4(a) and that (E(X),bg(X)) is a semigroup. This completes
the proof. O

By Theorem 2.1.9 we have that L(E(X),bE(X),CLE(X)) == (E(X),Z;E(X) = bE(X)(]- —
0),ap(x)) is in Lie(M, ). For (X,ax,bx) € Lie(M,d) let g1 : X* — X*®¥ be the right
adjunct of eX(1®bx) : X¥ @ (X ® X) — X, let go : XX — XX®X he the right adjunct of
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the sum of the morphisms bx (ex ® )a: X¥ @ (X ® X) — X and bx (1 ® ex)oa(l ® o) :
XX ®(X®X)— X, and let d: D(X) — FE(X) be the equalizer of gje and gze.

Proposition 2.2.7. For the object D(X) there exist unique morphisms bp(x :

D(X) ® D(X) — D(X) and apx) : M ® D(X) — D(X) for which d is an M-magma
morphism from (D(X),ap(x),bp(x)) to L(E(X),ap(X),bp(X)) and (D(X),ap(x),bp(x))
is in Lie(M, ).

Proof. In the diagram

D(X)® D(X) —2% B(X) ® B(X)
(1-0)
b L' X
1PD(X) E(X)@E(X) XX o X
z be(x) byx
v g1
D(X) d E(X) ¢ b —— el
A
ap(x) aAp(X) Ay X
M@DX)—2L » Mo BX)—2 - e xX

it can be seen, by considering the left adjuncts of gibyx(e®e)(1 —0)(d®d) and gobyx (e ®
e)(1—o0)(d®d) and the left adjuncts of giaxx(1®e)(1®d) and graxx (1 ®e)(1®d), that
the morphisms byx (e®e)(1—0)(d®d) and ayx (1®e)(1®d) equalize g; and g2 and so, by
the universal property of the equalizer d, there exist unique arrows bp(x) and ap(x) making

the diagram commute. Since d is a monomorphism we see that (D(X),ap(x),bp(x)) is in
Lie(M, ). O

We now define the object Der(X) of a derivation of X = (X,ax,bx) as Der(X) =
D(X) = (D(X), ap(X), bp(X)).

2.3 Representability of split extension functor for the cate-
gory Lie(M, )

In this section we show that the functor SplExt(—, X) can be defined for the category
Lie(M, ) and prove that it is representable by showing that Der(X) = D(X) is the repre-

senting object.
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To define the functor SplExt(—, X) it is sufficient to show that the split short five lemma
holds for Lie(M, ¢) and that the category Lie(M,d) has pullbacks of all split epimorphisms
along arbitrary morphisms.

It is easily seen that the category Lie(M,J) is pointed and finitely complete. Since
C is additive the split short five lemma holds in C and since the forgetful functor W :
Lie(M,0) — C preserves limits and reflects isomorphisms, the split short five lemma holds
also in Lie(M, §).

Consider the diagram

l P

X A G
k s

lf
v 4

X - A / G

where f is a morphism (hence an isomorphism) of split extensions in Lie(M,

d), and [ and I’ are the unique M-action morphisms with kI = 14 —sp and k'l' = 14 — §'p/;
we shall write A = (4,a,b) and A" = (A’,d/,b). Since k' is a monomorphism and k'’ f =
(g =spf=f—5pf=Ff—fsp=f(1a— sp) = fkl =K'l we have l'f = [; therefore

Ib(s@k)=Ufb(s@k)=Ut(f® f)(s@k)=U(s K.

Consequently, if we define h : G — XX as the right adjunct of the composite Ib(s ® k), we

see that h depends only on the isomorphism class of the split extensions.

In the diagram

g1
g2

XX®X

where the solid arrows are defined as before, it can be seen, by considering the left adjuncts
of fih and fah and the left adjuncts of g1h and goh, that h equalizes f; and fo as well as

g1 and g9, and so by the universal properties of the equalizers e and d, there exist arrows
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and j making the diagram commute.
Proposition 2.3.1. The morphism j : G — D(X) is a morphism in Lie(M, ).

Proof. Consider the diagrams

1®h
/\
M@G ——> MOD(X) ———=> MoXx ™
o lam oxx
a J D(X) ed X
h
h@h
GG —= D(X)®D(X) — o X X@X X
1—0
ba bp(x) XXpXxX
by x
& j D(X) ed X
v
h

where G = (G, ag,bg). Considering the left adjuncts of ayxx (1 ® h) and hag (in the first
diagram), and considering the left adjuncts of byx(1 — o)(h ® h) and hbg (in the second
diagram), the diagram formed by the outer arrows can be seen to commute. Therefore,
since e and d are monomorphisms and the right hand square in each diagram commutes,

the left hand squares also commute. O

For each G in Lie(M, §), using the above construction we define the map 7¢ : SplExt(G, X ) —
Lie(M,0)(G,Der(X)) as follows:

k p .
(X ——A=—=G]) =
Proposition 2.3.2. The maps 7g form a natural transformation.

Proof. Let A= (A,a,b) and A’ = (A’,d’, V) be objects in Lie(M, ) and let f: G' — G be
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any morphism in Lie(M,¢), such that in the diagram

/

U p

X=——A—F
14 s’

1x if’ !
l p

X%A?G

(A’ f',p') is the pullback of f and p in Lie(M,0), | and I’ are the unique M-action mor-
phisms with kl = 14 — sp and k'l = 1/y — §'p/, and the top and bottom rows excluding !
and [’ are split extensions. Let h’ be the right adjunct of I't/(s’ ® k') and j’ be the unique
morphism with edj’ = I/, that is,
/ p’
(X =~ ==a] =/
S
Since lb(s @ k)(f @ 1) =1b(sf @ k) =1b(f's' @ f'k') =1fb/(s @ k') ="V (s @ k') and h and
B’ are the right adjuncts of Ib(s ® k) and I'V/ (s’ ® k') respectively, it follows that hf = h'.
Therefore we have edjf = hf = h/ = edj’ and since ed is monomorphism we conclude that

jf = j' and that the diagram

SplExt(G, X) —¢—> Lie(M, 6)(G, Der(X))

SplExt(f,X) Lie(M,0)(f,Der(X))

SplExt (G, X) —— Lie(M, §)(G', Der(X))
commutes. O

Theorem 2.3.3. The functor SplExt(—, X) : Lie(M, ) — Set is representable with repre-
sentation (7, Der(X)).

Proof. We show that the natural transformation 7 : SplExt(—, X') — Lie(M,
9)(—,Der(X)) is a natural isomorphism. For an arrow z : G — Der(X) in Lie(M,J) let
r:G®X — X be the left adjunct of edz, and let X x, G = (X @ G, a,b), where

a=11ax(l®m)+ teag(l ® m2)

and
b=11(bx(m @ m) +7r(me @m)(1 — 0)) + t2bg(m2 @ 72),
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in obvious notation. It can been seen that X x, G is in Lie(M, J) and that the diagram
L1 2
X——=XxG—=G
2

is a split extension in Lie(M,¢). Let 7 : Lie(M, §)(G, Der(X)) — SplExt(G,
X)) be the map defined as follows:

falz) = [ X ——=X >4,,G<#>G]

It can be seen that 7 = 76! and hence (7, Der(X)) is a representation of SpltExt(—, X).
0

Remark 2.3.4. Since the category Cat(Lie(M,0)) of internal categories in Lie(M,d) can
be presented as Lie(M',d") for suitable M' and 0" (it essentially follows from the results of
[16]), by Theorem 2.3.3 the functor SplExt: Cat(Lie(M,d)) — Set is representable.
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Chapter 3
Right adjoints to pullback functors

In this chapter we consider the question of existence of right adjoints of pullback functors
between categories of points. In Section 3.1 we consider arbitrary pullback functors for
categories which generalize locally well-presentable categories. In Section 3.2 we consider
pullback functors along morphisms into the terminal object for weakly unital categories.
In Section 3.3 we consider pullback functors along split epimorphisms for weakly mal’tsev
categories. In Sections 3.4 and 3.5 we again consider arbitary pullback functors for pro-
tomodular and semi-abelian categories respectively, and conclude Section 3.5 with many

examples.

3.1 Locally well-presentable and related categories

In this section we consider locally small finitely complete well-cocomplete categories satis-
fying Condition 1.2.2, with a small generating set, and in which finite limits commute with
filtered colimits. We show (Theorem 3.1.4) that in such categories, pullback functors have

right adjoints when they preserve binary coproducts.

Definition 3.1.1. C is a well-cocomplete category when C has small colimits and wide

pushouts of epimorphisms.

Proposition 3.1.2. Let C be a locally small finitely cocomplete category. If C has a small
generating set, then for any object B € C the category Pt(B) has a small generating set.

Proof. Let Q be a small generating set for C, let B be a fixed object in C, and let Q' =
{(Q,p) € (C |1 B) | Q € Q}. We will show that Q' is a generating set for (C | B). Since for
any pair of morphisms f, g : (A,a) = (4,') in (C | B) with f # g, since f # g in C, there
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exists Q € Q and a morphism h : Q — A with fh # gh. It is easy to see that if p = ah,
then (@, p) isin Q" and h : (Q, p) = (A, «) is a morphism in (C | B).

Let U : Pt(B) — (C | B) be the functor defined on objects as U(A, a, 8) = (4, «), and
let F': (C| B) — Pt(B) be the functor defined on objects as F'(A,a) = (B+ A, [1,al,t1).
It is easy to see that F' is the left adjoint of U and that U is faithful, consequently by
Proposition 1.5.5, Pt(B) has a small generating set. O

Proposition 3.1.3. Let C be a locally small finitely complete well-cocomplete category with
a small generating set, in which finite limits commute with filtered colimits. For any object
B € C, the category Pt(B) is also locally small finitely complete well-cocomplete category

with a small generating set, in which finite limits commute with filtered colimits.

Proof. Tt follows from Remark 1.2.3, if C is small cocomplete then Pt(B) is also small
cocomplete. Note that for any objects (A, «, 3), (A, o/, ") € Pt(B), since hom(A, A’) is
small, so is hom((4, «, 3), (A", o/, 3")). Since C is locally small, small cocomplete, and has
a small generating set, it follows by Proposition 3.1.2 that Pt(B) has a small generating
set. It follows from Proposition 1.2.4 that the forgetful functor P : Pt(B) — C preserves
pushouts. Therefore, P preserves epimorphisms, and since C is well-cocomplete and the

projection functor creates pushouts, it follows that Pt(B) is well-cocomplete. ]

Theorem 3.1.4. Let C be a finitely complete finitely cocomplete category satisfying Con-
dition 1.2.2 . For a fized morphism p: E — B in C the following are equivalent:

1. the pullback functor p* : Pt(B) — Pt(E) preserves binary coproducts;
2. the pullback functor p* : Pt(B) — Pt(E) preserves finite colimits.

When C is also locally small well-cocomplete category with a small generating set, in which

finite limits commute with filtered colimits, those conditions are further equivalent to:
3. the pullback functor p* : Pt(B) — Pt(E) has a right adjoint.

Proof. 2 = 1. Obvious.
1 = 2: By Theorem 1.5.4 it is sufficient to prove that p* preserves the initial object as
well as all reflexive coequalizers. However, since Condition 1.2.2 holds, we need only prove
that p* preserves the initial object. Since categories of points are always pointed and p*
preserves all limits (limits commute with limits), it trivially follows that p* preserves the
initial object.

Suppose next that C is also a locally small finitely complete well-cocomplete category

with a small generating set, in which finite limits commute with filtered colimits.
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2 = 3: Since finite limits commute with filtered colimits, it follows from Proposition 1.2.4
that p* preserves filtered colimits; by Theorem 1.5.4, p* preserves all small colimits. By
Proposition 3.1.3, both Pt(B) and Pt(E) are well-cocomplete, locally small, and have small
generating sets. Since p* preserves all small colimits, The Special Adjoint Functor Theorem
(see [18], Chapter V, Section 8, Theorem 2) gives a right adjoint.

3 = 1: Obvious. O

Definition 3.1.5. A category C is locally well-presentable when:
1. C is locally presentable;
2. finite limits commute with filtered colimits in C.

Proposition 3.1.6. Every locally presentable category is locally small, finitely complete,

well-cocomplete, and has a small generating set.

Proof. By definition, locally presentable categories are locally small, cocomplete, and have
a small generating set. In [1] the authors show that every locally presentable category is
complete (Corollary 1.28) and co-well-powered (Theorem 1.58). The proof is completed by

noting that any category which is cocomplete and co-well-powered is well-cocomplete. [

3.2 Weakly unital categories

In this section we consider the question of existence of right adjoints of pullback func-
tors (B — 1)* : Pt(1) — Pt(B) in weakly unital categories. We begin by showing that
the existence of a right adjoint is equivalent to the existence of a centralizer object (as de-

fined bellow). We then find sufficient conditions for the existence of these pullback functors.

Throughout this section we assume that C is a weakly unital category. Since the category
C is pointed there is a canonical equivalence of categories Pt(1) ~ C. Let T : C — Pt(B)
be the functor defined as composite of the pullback functor (B — 1)* : Pt(1) — Pt(B) and

this canonical equivalence.

The original categorical concept of a centre comes from [13] and was also studied in [14].
The concept of the centralizer of a morphism for a unital category was introduced in [8],

here we introduce the related concept:

Definition 3.2.1. For an object C € C and for any objects (A, f),(B,g) € (C | C), we
will denote by Za ) (B, g) the full subcategory of the comma category (C | A), with objects
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(E, \) such that fA and g commute. This category will be called the centralizer category of
(B, g) with respect to (A, f) (in (C | C)), and if this category has a terminal object it will
be called the centralizer of (B, g) with respect to (A, f) and denoted by Z4 5 (B, g)-

Definition 3.2.2. The centralizer of a morphism g : B — C, as defined in [8], is (when
it exists) the terminal object in the category Z(qlc)(B,g), we will also denote the object

Z(c10) (B, g) by Zg.
Proposition 3.2.3. For each (A,«,8) € Pt(B), the comma category (T | (A, o, B)) is
isomorphic to Zx .)(B, B), where (K, k) is the kernel of a.

Proof. Since the functor T' assigns to each X € C the triple (X x B, w2, (0,1)) € Pt(B), it
follows that for any object (E,v) € (T' | (A, a, )) the diagram

FE
¥(1,0)
(1,0)
E x B i A
(0,1)
B
B

commutes, and consequently the morphisms (1, 0) and 5 commute. Since ¢ is a morphism
in Pt(B), ay = m and therefore at)(1,0) = m2(1,0) = 0. Since (K, r) is the kernel of «
there exists a unique morphism A : E — K in C with kA = 1(1,0), therefore (E,\) is an
object in Zk ) (B, B). Conversely, for a pair (E',\') € Zk (B, 8), let ¢': E' x B — A be

the unique morphism making the diagram

El
)\/
(1,0) 3
E' x B A
(0,1)
B
B

commute. Since the morphisms (1,0) and (0, 1) are jointly epimorphic, a)’(1,0) = ar)\ =
0 = m(1,0) and )’ (0,1) = aff = 1 = m(0, 1), it follows that o)’ = my and (E’, ) is an

object in (T' | (A, a, B)). It is clear that these assignments are inverse to each other. O
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Corollary 3.2.4. The following conditions are equivalent:
1. T has a right adjoint;

2. for every (A, a, 8) € Pt(B) with (K, k) the kernel of a, the category Z ) (B, 3) has

a terminal object.
Proof. Immediately follows from Proposition 3.2.3. O
Proposition 3.2.5. For C € C and (A, f), (B, g) € (C| C) the following are equivalent:
1. the category Za ) (B, g) has a terminal object;
2. the forgetful functor from Za 5 (B, g) to (C | C) has a right adjoint.

Proof. 2 = 1: The proof follows trivially from the fact that (C,1¢) is the terminal object
in (C | C), and that right adjoints preserve limits.
1 = 2: Suppose that Z4 5)(B, g) has a terminal object (T',7), for an object (£, \) € (C | C)
let

D=1

lpl fr
E—2s(

be the pullback of A and fr. Since, by Proposition 1.1.4, fTpo commutes with g, it is clear
that (D, 7p2) is in Z4 5)(B, g) and that the functor R: (C | C) — Z4 (B, g), defined on
objects as R(E,\) = (D, Tpa2), is the right adjoint of the forgetful functor. O

Proposition 3.2.6. Let h : (A, ') — (A, f) be any morphism in (C | C). The functor
ha = Ziar g1(B,g) — Za,p) (B, g) defined on objects as hi(E',\') = (E',hX'), has a right

adjoint.

Proof. For (E,\) € Za,5)(B, g), let (E', X', h’) be the pullback of  and A. It easily follows
that the functor assigning (F, \) to (E’, X) is the right adjoint of h,. O

Corollary 3.2.7. If the centralizer of g : B — C' exists then the centralizer of (B, g) with
respect to (A, f) exists.

Proof. Immediately follows from Proposition 3.2.6. O

It follows that if the centralizer Z, exists then Z4 r)(B,g) can be calculated as the
pullback of the inclusion of Z, in C' along g. Moreover, if f is a monomorphism Z(4 ¢(B, g)
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is simply the intersection of Z; and A (in C).

Throughout the rest of the section we assume, in addition, that C is regular.

It can be seen that the following proposition follows from Proposition 1.1.8, we give a

direct proof here.

Proposition 3.2.8. For any object B € C, the functor — x B : C — C preserves coequal-

12ers.

Proof. Consider any diagram

in C, in which:
- ¢ is the coequalizer of fi and fo;
- k1 and k9 are the kernel pair of ¢;
- h is any morphism with h(f; x 1) = h(f2 x 1);
- h is the unique morphism hc = h(1,0);
- f is the unique morphism with ki f = fi and kof = fo.

Note that h(k; x 1)(1,0) = h(1,0)k1 = hck; and similarly h(k2 x 1)(1,0) = hcka. Since
ck1 = cka, it follows that h(k; x 1)(1,0) = h(ke x 1)(1,0). Trivially h(k; x 1)(0,1) =
h(ke x 1){0,1), and since (1,0) and (0, 1) are jointly epimorphic, h(ky x 1) = h(ky x 1).
From this it easily follows that the coequalizer of fi x 1 and fo x 1 and the coequalizer of
k1 x 1 and ko x 1 are the same. Since C is regular, ¢ x 1 is a regular epimorphism and

therefore the coequalizer of its kernel pair k1 x 1 and ko X 1. O
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Corollary 3.2.9. For any object B € C, the functor T : C — Pt(B) preserves coequalizers.
Proof. Immediately follows from Proposition 3.2.8. O

Proposition 3.2.10. Let C' be an object in C, and let (A, f) and (B,g) be objects in the
comma category (C | C). For any (E,\) € Za,5)(B,g), there exists (S,n) € Za,5)(B,g)

with n a monomorphism in C, and there exists a reqular epimorphism e : (E,\) — (S,n) in
Za,p)(B,g).

Proof. Since C is a regular category, there exists a regular epimorphism e and a monomor-

E A A
N, A
S

commutes. Since e is a regular epimorphism, by Proposition 1.1.8 fn commutes with g. It

phism 7 such that the diagram

is easy to see that e : (E,\) — (5, 7) is a regular epimorphism in Z4 5(B, g). O
Proposition 3.2.11. For C € C and (A, f),(B,g) € (C | C) the following are equivalent:
1. Za,5)(B,g) has a terminal object;
2. Za,5)(B,g) has a weak terminal object.

Proof. 1 = 2: The proof is trivial since every terminal object is a weak terminal object.
2 = 1: Suppose (E,\) is a weak terminal object. By Proposition 3.2.10 there exists a
morphism (regular epimorphism) e: (E,\) — (S,n) where 7 is mono, it follows that (S, 7)

is a terminal object. ]

Corollary 3.2.12. Suppose in addition that C is a small cocomplete well-powered category.
Let C be an object in C, and let (A, f) and (B, g) be objects in the comma category (C | C).
The category Za,y) (B, g) has a terminal object if it is small cocomplete.

Proof. Immediately follows from Proposition 3.2.11. O
Theorem 3.2.13. The following are equivalent:
1. the functor T : C — Pt(B) preserves binary coproducts;

2. the functor T : C — Pt(B) preserves finite colimits.
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When C is, in addition, a cocomplete well-powered category in which filtered colimits in C

commute with finite limits, those conditions are further equivalent to:
3. the functor T : C — Pt(B) has a right adjoint.

Proof. 1 = 2: Since both C and Pt(B) are pointed and T clearly preserves limits (limits
commute with limits), the funtor T preserves the initial object. The functor T' preserves
binary coproducts by assumption and (reflexive) coequalizers by Corollary 3.2.9, and so by
Theorem 1.5.4, T preserves all finite colimits.

Suppose C is also well-powered and cocomplete with filtered colimits commuting with
finite limits.
2 = 3: It follows from Theorem 1.5.4 that 1" preserves all small colimits. Therefore, for
any object (A,a,p) € Pt(B), the comma category (T | (A, «,3)) is small cocomplete;
equivalently, by Proposition 3.2.3, the category Z g (B, 3) where (K, ) is the kernel of o,
is small cocomplete. By Corollary 3.2.12, the category Z &x) (B, B) has a terminal object
and consequently, by Corollary 3.2.4, T has a right adjoint. O

Remark 3.2.14. The implication 2 = 3 of Theorem 3.2.13 holds in a more general setting,
namely, when C is a reqular unital category with large directed unions of subobjects preserved
for each B € C by the functor B x —.

For a variety V with signature 2 = Q,,, where €),, is the set of n-ary terms, consider

neN
the following condition:

Condition 3.2.15. 1. Q =QoJ21 U Qe;
2. Qo = {0};
8. Qo= {+}U0;
4. 24+0=2=0+2z;
5. 0+ (y+2)=(r+y)+ 2
6. for each u € Qy, u(z +y) = u(x) + uy) or u(z +y) = u(y) + u(x);
7. for each t € QY and for each u € Qy:
(a) t°P is in Q;
(b) tx +a',y) = t(z,y) +t(z',y);

(¢) t(z,0) =0;
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(d) t(z,y)+2z=z+t(z,y);
(e) u(t(z,y)) = t(uz,y);

8. for each ordered pair (s,t) € Q x Qf, there exist ordered pairs (s1,t1),. .., (Sn,tn) €

QL x Q) and an n-ary word w such that

s(z,t(y,2)) = w(si(z, t1(z,y)), - Sm(2, tm (2, 9), Smt1 (Vs b1 (2, 2)), -« oy S (Y, tra(x, 2))
Definition 3.2.16. V is a category of interest when V is a variety satisfying:
1. Conditon 3.2.15;
2. there exists — € 1 such that every object has the structure of a group;
3. for anyu e QU \{-}, u(z +vy) =u(x) + uy).

Categories of interest were introduced and studied by G. Orzech (see [20]), and include

the categories of groups, rings, Lie algebras over a ring and many others.

Proposition 3.2.17. Let V be a variety satisfying Condition 3.2.15. A pair of morphisms
f:A—C and g: B — C commute if and only if for each a € A and b € B:

1. f(a) +g(b) = g(b) + f(a);
2. t(f(a), f(b)) =0 for each t € .

Proof. Suppose f : A — C and g : B — C commute, then there exists a morphism
¢ : A x B — C such that the diagram

commutes. For any (a,b) € A x B, applying ¢ to the equation (a,0) 4+ (0,b) = (a,b) =
(0,b) + (a,0) gives f(a)+ g(b) = g(b) + f(a). We have:

QZ)(t((aa 0)’ (Oa b))) = ¢(t(a7 0)7 t(Ov b)) = d)(oa 0) =0,
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¢(t((a7 0)7 (07 b))) - t(‘b(a? O)a ¢(07 b)) = t(f(a)a g(b))

and consequently t(f(a),g(b)) = 0. Now suppose f : A — C and g : B — C satisfy the
conditions above and let ¢ : A x B — C be defined as ¢(a,b) = f(a) + g(b). We must show

that ¢ is a morphism, which in fact follows from the identities:

ud(a,b) = u(f(a) +9(b)) = uf(a) + ug(b) = fua + gub = ¢(ua, ub) = ¢(u(a,b)),

o((a,b) + (a',V)) = ¢la,b) +¢(d',b") = f(a) + g(b) + f(a') + g(b')
= fla+d)+gb+?¥)=¢(a+d,b+1),

t(¢(a,b),6(a’, b)) = t(f(a)+g(b), f(a') + g(b))
= t(f(a), f(d")) + t(f(a), g(t')) + t°P(f(a'), g(b)) + t(g(D), g (V"))
= [f(t(a,d") + g(t(b, 1)) = b(t(a, d'), (b, V).

The following result is known when V is a category of interest (see [20]).

Proposition 3.2.18. Let V be a variety satisfying Condition 3.2.15. FEvery morphism
g: B — C has a centralizer.

Proof. Let

A = {CEC|VbEBVU1,UQ,...,un€(21 U1U2---un6—|—g(b)
= g(b) + uqus ... unc and Vt € Q t(c,g(b)) = 0}.

By Proposition 3.2.17, every morphism that commutes with g has image in A, and the
inclusion of A into C clearly satisfies the conditions of Proposition 3.2.17. Therefore, all
that remains is to show that A is a subalgebra of C'. It is easy to see that A is closed under
unary operations, and for each u € 0y and for each z,y € A we have u(z +y) = ux + uy or
u(z +y) = uy + vz and u(t(a,y)) = t(u(z),y). Since for each a,a’ € A and for each b € B

the equalities

-(a+d)+gb)=a+d +g(b)=a+g()+a =g(b)+a+d;
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for all € 9%, t(a+d',g(b)) = ta g(b) + td', g(8)) = 0
- for all t € ), t(a,a’) + g(b) = g(b) + t(a,d’);
- for all t, s € Q,

s(t(a,a’),g(b)) = s(g(b),t(a,a))

= w(sl(ala 1 (g(b), a))? ) Sm(ala tm(g(b)7 a))a
3m+1(a7 tm+1(g(b)ﬂ a/))7 SRR Sn(av tn(g(b)v al))’

since t;(g(b),a) = t;¥(a,g(b)) = 0, t;(g(b),a’) = t;¥(a’, g(b)) = 0, and since for any
v e Q) v(x,0) =0, it follows that s(t(a,d’), g(b)) = w(0,...,0) = 0;

hold, it follows that A is closed under all operations. O

3.3 Weakly Mal’tsev categories

In this section we consider regular weakly Mal’tsev categories. We give a sufficient condition

for the existence of a right adjoint of a pullback functor along a split epimorphism.

Proposition 3.3.1. Let C be a regular weakly Mal’tsev category. For any object B in C and
for any (C,~,9) in Pt(B), the functor (C,v,0) x — : Pt(B) — Pt(B) preserves reflexive

coequalizers.

Proof. This is simply a reformulation of Proposition 3.2.8 in terms of the category Pt(B).
O

Let p : E — B be any split epimorphism with splitting s : B — E. Since by Propo-
sition 1.3.5 the functor p* : Pt(B) — Pt(FE) can be constructed from the functor p* :
Pt(B) — Pt(E,p, s) by composing with the canonical isomorphism Pt(FE,p, s) = Pt(F),
and since Pt(B) is weakly unital, the following results follow directly from Corollary 3.2.9
and Theorem 3.2.13 respectively:

Corollary 3.3.2. Let C be a regular weakly Mal’tsev category. For any split epimorphism
p: E — B, the functor p* : Pt(B) — Pt(F) preserves reflexive coequalizers.

Theorem 3.3.3. Let C be a regular weakly Mal’tsev category. For any split epimorphism
p: E — B, the following are equivalent:

1. the functor p* : Pt(B) — Pt(FE) preserves binary coproducts;
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2. the functor p* : Pt(B) — Pt(E) preserves finite colimts.

When C, in addition, is well complete and filtered colimits commute with finite limits, those

conditions are further equivalent to:

3. the functor p* : Pt(B) — Pt(E) has a right adjoint.

3.4 Protomodular categories

In this section we show that for a pointed protomodular category C, if every kernel functor

Ker : Pt(B) — C has a right adjoint, then every pullback functor is comonadic.

Theorem 3.4.1. For a pointed protomodular category C with finite limits, the following

conditions are equivalent:
1. for each object B € C the functor Ker : Pt(B) — C has a right adjoint;
2. for each object B € C the functor Ker : Pt(B) — C is comonadic;

3. for each morphism p : E — B in C the pullback funtor p* : Pt(B) — Pt(E) has a
right adjoint;

4. for each morphism p : E — B in C the pullback funtor p* : Pt(B) — Pt(FE) is

comonadic.

Proof. The implication 4 = 1 is trivial. Recall that for any morphism p: £ — B in C, p*
preserves all limits and reflects isomorphisms. Therefore if p* has a right adjoint, then by
the dual of the Weak Tripleability Theorem ([18], Chapter VI, Section 7, Exercise 2-3), p*
is comonadic; this proves the implications 1 = 2 and 3 = 4. The implication 2 = 3 follows

from the dual of Theorem 1.5.6 applied to the diagram of functors

Pt(B) i Pt(E)
Kerp Rgp
k A;J
C,

in which Rp and Rg are the right adjoints to the functors Kerpg and Kerg respectively. [

Remark 3.4.2. Theorem 3.4.1 could be made more general, but at the same time weaker
by omitting the protomodularity requirement and considering a general pointed category C
with finite limits, and by adding to conditions 1 and 3 of Theorem 3.4.1, that the unit
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of the adjunction satisfies the requirements of the dual of Theorem 1.5.6, and by omitting
conditions 2 and 4 of Theorem 3.4.1.

Proposition 3.4.3. Let C be a cartesian closed category with equalizers. The pullback
functor along any morphism p : E — B in the category Gp(C) of internal groups has a
right adjoint.

Proof. Let B-Act(C) be the category with objects X having the structure of an internal
group in C as well as being equipped with a morphism a : B x X — X in C making the

diagrams
Bx (X x X) i (Bx X)x (B xX)
‘1><+ ‘/axa
a +
BxX X X x X,
B x (B x X) = (Bx B)x X
1xa +x1

commute. For an object B € Gp(C) the category Pt(B) is equivalent to the category
B-Act(C). Let V : Gp(C) — Ptc(1) (where Ptc(l) is the category of points over
the terminal object in C) be the functor defined for an internal group (X,+,—,0) as
V(X,+,—,0) = (X,u,0), where v : X — 1 is the unique morphism to the terminal object.
It is clear that the functor V preserves all limits and that the morphisms 4+ and — in C lift
to morphisms in Ptc(1). Let (A, a, 8) be an object in Pt(B), let (K, k) be the kernel of a,
let A : A — K be the unique morphism in Ptc(1) with Ve = +(1 x —)(14,V(Ba)), and

let a be the composite of the morphisms

Ix(1x—) +(1x+) A

Ax (AxA) A K.

Bxk (m1(m2,m1))

AxA——Ax (AxA)

B x K

It can be seen that (K, a) is an object in B-Act(C) and that this passage is an equivalence
of categories. It follows that the functor Ker : Pt(B) — Gp(C) is equivalent to the functor
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U : B-Act(C) — Gp(C) which forgets the action. For an object X in Gp(C), we can
equip X P with a group structure as a well as an action making the appropriate diagrams

commute. Let the morphism a’ : B x X® — X5 be the right adjunct of the morphism
(Bx XBYx B—2=Bx (Bx XB) %= (Bx B)x XB X2 By« xB-%> xB x p-%% X,

and let + : XB x XB — XB and — : XB — XP be defined pointwise, that is, the right

adjuncts of

(XB x XB) xBlL»I’”(XB x XB) x (B x B)—> (XB x B) x (XB x B)

+(evxev)

and
ev

(X8 x B) X——X

respectively; o is the symmetry isomorphism, « is the associativity isomorphism, ev is the
evaluation morphism, and m the middle interchange morphism. Let R(X) = (X5, d), it
easily follows that R determines a functor from Gp(C) to B-Act(C). We will show that R
is the right adjoint of U. The component of the unit of the adjunction 7 is defined for any
object Y € B-Act(C) as the right adjunct of the morphism a’c : X x B — X. The counit
¢ has as its X component ex : UR(X) — X the morphism ev(1,0) : X® — X. Since the

diagram

YB x B

/ nYXl J
ev
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commutes, it follows that ey Uny = lyy. Since the diagram

Nr(x) X1

XBxB (xB” x B
(1,0)Bx1
g ev
Bx XB o XB (X2 % B)B x B
1,0
\ J]<1’0) evB><1
(Bx XByx B—2% > xB B XBx B
(0,1)x1
\ ao
B ev
1BXXB\ (Bx B)x X ev
\ +x1
Bx XB z XBx B = X

commutes, it follows that ev((Rexnrx) X 1) = evolpg,xso = ev = ev(lys X 1), and
therefore Rexnrx = lrx. Since Gp(C) is protomodular, it follows from Theorem 3.4.1
that all pullback functors have right adjoints. O

3.5 Semi-abelian categories

In this section we consider many semi-abelian examples. Examples include: the category
of Lie algebras, for which right adjoints to all pullback functors exist; the categories of
rings, boolean rings, and commutative rings, for which right adjoints to pullback functors
along regular epimorphisms exist; a semi-abelian category, for which only right adjoints of

pullback functors along isomorphisms exist.

Proposition 3.5.1. Let C be a semi-abelian category. The functor Ker : Pt(B) — C

preserves binary coproducts if and only if the functor Bb— preserves binary coproducts.

Proof. Tt is obvious that if the functor Ker preserves coproducts, then Bb—, being the
composite of Ker with its left adjoint, will also do. Conversely, suppose Bb— preserves binary
coproducts. Tt follows from Proposition 1.4.2 that Pt(B) ~ CP*~, and since under these
conditions binary coproducts in C5*~ are computed as (X, ¢) + (X', ¢') = (X + X', [¢, {']),
they are therefore preserved by the forgetful functor C5°~ — C. 0
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Proposition 3.5.2. Let CRng be the category of (non-unital) commutative rings. For any
B € CRng the functor Ker : Pt(B) — CRng has a right adjoint if and only if B = 0.

Proof. 1t is obvious that if B = 0 then the functor Ker has a right adjoint (it is an iso-
morphism of categories). Now suppose that B # 0. Let B-CAlg be the category with
objects having the structure of a commutative ring as well as that of a module over the
ring B, and in addition satisfying the identity b(xy) = (bx)y. The category Pt(B) is equiv-
alent to the category B-CAlg. Indeed, for any object (A,«, ) let (K, k) be the kernel
of a. Clearly, K is a commutative ring. The abelian group morphism 1 — Sa has com-
posite a(l — fa) = a — a = 0, and consequently factors through the kernel k. Let A be
the unique abelian group morphism with kA = 1 — fa. For k € K and b € B we can
define bk = A(B(b)k(k)); since A is an abelian group morphism, this action of B on K is

distributive on the left and right. Since s is a monomorphism, the equation

Ii()\(ﬁblﬁ(klkg)) = ﬁbﬁ(klkg) — 5&(5()%(1431]{32)) = ﬁblﬁ(k‘lk‘g) = Bbl@kll{kg
= (Bbrky — Ba(Bbkky))kky = K(A(BbKE)k2)

shows that b(k1ka) = (bk1)ks. Similarly, the equation

A(BbEA(BYKK)) = A(Bb(BY Kk — Bau(Bb kk)) = N(BbBY Kk)

shows that b(b'k) = (bb')k. For any object X € B-CAlg we can construct the object B x X
as follows, it has as underlying structure (B & X, 7, (1,0)). Elements (b, x) and (b',2') in
B x X have product defined by (b, zz’ + bz’ 4+ b/z). Since the multiplication in X and
B is commutative, it easily follows that the multiplication defined is commutative. Since
the multiplication is distributive, commutative, and the monomorphisms (1,0) and (0, 1)

preserve multiplication, associativity follows from the equalities:

(b,0)((¥, 0), (0, ) = (0,b(b'x)) = (0, (b)) = ((0,5)(0,1))(0,z),
(b,0)((x,0), (', 0)) = (0,b(zz)) = (0, (bx)z")) = ((0,b)(x, 0))(",0).

The functor Ker : Pt(B) — CRng is equivalent to the functor U : B-CAlg — CRng
which simply forgets the module structure. Let B be the commutative unital ring Z x B;
that is, the commutative ring with underlying abelian group Z ® B, and with multiplication
defined for all (n,b) and (n/,') in B by (n,b)(n/,b') = (nn/,nb +n'b+bV). Let By and B;
be the objects in B-CAlg with underlying commutative ring B, and with actions defined
for each ¥’ € B and (n,b) € B as V/(n,b) = 0 and ¥/ (n, b) = (0, nb’ +b'b) respectively. We will
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show that the following construction defines the coproduct of By and B;. By + Bj has as
underlying abelian group B@® B B, with coproduct injections ¢; = (1,0,0) : By — By+ B
and 12 = (0,1,0) : By — By + B;. These morphisms and the identities

((n,b),(0,0),(0,0))((0,0), (n',¥'),(0,0)) = ((0,0),(0,0), (nn’,n'd)),
((n,b),(0,0),(0,0))((0,0), (0,0), (n,¥)) = ((0,0),(0,0), (nn’,nb’ +n'b + bb)),
((0,0), (n, ), (0,0))((0,0), (0,0), (n',8")) = ((0,0),(0,0), (nn', nb)),
((0,0), (0,0), (n,5))((0,0), (0,0), (n', b)) = ((0,0),(0,0), (nn’,nt’ +n'b+ bb')),

define multiplication (by distributivity). The action is defined by b'((n1, b1), (ne, b2), (ns, b3)) =
((0,0), (0, n2b’ 4+ b'b2), (0,0)). Suppose that the diagram

By—t > a<2 B

is a co-span in B-CAlg. It follows that the abelian group morphism [f,g] : By + B1 — A,
defined by

[f,g]((n1,b1), (n2, b2), (n3,3)) = f(n1,b1) + g(na, b2) + f(n3,b3)g(1,0),

is a morphism since f(n,b)g(n’,b") = f(n,b)g(n’,0)+ f(n,b)g(b'(1,0)) = f(nn',n'b)g(1,0)+
(0'(f(n,b))g(1,0)) = f(nn',n'b)g(1,0) + f(0,0)g(1,0) = f(nn',n'b)g(1,0). It is obvious
that [f,g]t1 = f and that [f,g]ta = g. The underlying abelian group of the coproduct
U(By) +U(B1) = B+ Bis B& B (B® B), and the canonical morphism [Usy, Uts] :
UBy+ UB; — U(By + By) is clearly not a monomorphism when B # 0 since

[Ubla ULQK(Oa O)a (Oa 0)7 (07 b) ® (1 ® b,)) = ((Oa 0)7 (07 0)7 (O> b))
= [Uu1,U2]((0,0),(0,0),(0,b) ® (1 ®0)).

O

Proposition 3.5.3. For any reqular epimorphism p : E — B in CRng the pullback functor
p* : Pt(B) — Pt(E) has a right adjoint

Proof. Since in Proposition 3.5.2 we showed that the category Pt(B) is equivalent to the
category B-CAlg, it is easy to see that the functor p* : Pt(B) — Pt(E) is equivalent to
the functor B-CAlg — E-CAlg which assigns to each object X the object X with action
defined by ex = p(e)x for each e € F and x € X. For some object Y € E-CAlg let
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R(Y)={y €Y |V(e,e2) € E xp E e1y = eay}. Since by forgetting multiplication on Y,
R becomes the right adjoint of the functor B-Mod — E-Mod, and since for any ej,es € E

and y1 € Y if e1y1 = ezyn then for any yo € Y e1(y1y2) = (e192)y2 = (e2y1)y2 = e2(y132),
it follows that R(Y) is closed under the multiplication defined in Y. O

Proposition 3.5.4. Let BRng be the category of (non-unital) boolean rings. For any
B € BRng the functor Ker : Pt(B) — BRng has a right adjoint if and only if B = 0.

Proof. 1t is obvious that if B = 0 then the functor Ker has a right adjoint (it is an isomor-
phism of categories). Now suppose that B # 0. Let B-BAlg be the category with objects
having the structure of a boolean ring as well as that of a module over the ring B, and
in addition satisfying the identity b(zy) = (bx)y. The category Pt(B) is equivalent to the
category B-BAlg. The equivalence constructed for commutative rings lifts to an equiv-
alence for boolean rings. Since the kernel of a split epimorphism between boolean rings
clearly is boolean, to show that the equivalence lifts is to show that for some X in B-BAlg,
B x X is boolean, which follows from (b, x)(b, z) = (bb, xx + bz + bx) = (b,x + 0) = (b, x).
The functor Ker : Pt(B) — BRng is equivalent to the functor U : B-BAlg — BRng.
Let B be the boolean unital ring Zy X B; that is, the commutative ring with underlying
abelian group Zy @ B, and with multiplication defined for all (n,b) and (n/,¥') in B by
(n,b)(n',b') = (nn/,nb’ + n'b+ bb'). Let By and By be the objects in B-BAlg with under-
lying boolean ring B, and with actions defined for each & € B and (n,b) € B as b/(n,b) = 0
and V' (n,b) = (0, nb’+b'b) respectively. We will show that the following construction defines
the coproduct of By and B;. By + By has as underlying abelian group B & B & B, with
coproduct injections ¢; = (1,0,0) : By — By + By and 13 = (0,1,0) : By — By + Bj. These

morphisms and the identities

((n,b),(0,0),(0,0))((0,0), (n,¥'),(0,0)) = ((0,0),(0,0), (nn,n'd)),
((n,b), (0,0), (0,0))((0,0), (0,0), (n',b)) = ((0,0),(0,0),(nn’,nt’ +n'b+ bb')),
((0,0), (n, ), (0,0))((0,0), (0,0), (n",0)) = ((0,0),(0,0), (nn', nb)),
((0,0), (0,0), (n,))((0,0), (0,0), (n', b)) = ((0,0),(0,0), (nn’,nb’ +n'b + b¥')),

define multiplication (by distributivity). The action is defined by b'((n1, b1), (ne, b2), (ns, b3)) =
((0,0), (0, n2b’ 4+ b'b2), (0,0)). Suppose that the diagram

By A B,
is a co-span in B-BAlg. It follows that the abelian group morphism [f,g] : By + B1 — A,
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defined by

[f,g]((n1,b1), (n2,b2), (n3,b3)) = f(n1,b1) + g(na, b2) + f(n3,b3)g(1,0),

is a morphism since f(n,b)g(n/,t’) = f(n,b)g(n’,0)+ f(n,b)g(b'(1,0)) = f(nn',n'b)g(1,0)+
(0'(f(n,b))g(1,0)) = f(nn',n'b)g(1,0) + f(0,0)g(1,0) = f(nn',n'b)g(1,0). It is obvious
that [f,g]tn = f and that [f,g]ia = g. The underlying abelian group of the coproduct
U(By) +U(By) = B+ Bis B® B® (B® B) and the canonical morphism [Usy, Uta] :
UBy+ UB; — U(By + By) is clearly not a monomorphism when B # 0 since

[ULla ULQK(Oa 0)7 (Oa 0)7 (07 b) ® (1 ® b,)) = ((Oa 0)7 (07 0)7 (Ov b))
= [Uu1,U2]((0,0),(0,0),(0,b) ® (1 ®0)).

Remark 3.5.5. It was shown in [5] that the category BRng is representable.

Proposition 3.5.6. For any reqular epimorphism p : E — B in BRng the pullback functor
p* : Pt(B) — Pt(E) has a right adjoint

Proof. The proof is analogous to the proof of Proposition 3.5.3. 0

Proposition 3.5.7. Let Rng be the category of (non-unital) rings. For any B € Rng the
functor Ker : Pt(B) — Rng has a right adjoint if and only if B = 0.

Proof. Tt is obvious that if B = 0 then the functor Ker has a right adjoint (it is an isomor-
phism of categories). Suppose B # 0. Let B-biAlg be the category with objects having
the structure of a ring as well as the structure of a bimodule, and in addition satisfying the

identities:
L b(zy) = (bx)y;
2. x(by) = (xb)y;
3. x(yb) = (wy)b;
4. b(W'z) = (b6 )

5. b(zb') = (bx)b'.
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It can be seen that the category Pt(B) is equivalent to the category B-biAlg, and that
the functor Ker : Pt(B) — Rng is equivalent to the functor U : B-biAlg — Rng which
forgets the bimodule structure. Let B be the unital ring (Z x B) ® (Z x B), in which Z x B
is the ring with underlying abelian group (Z @ B) and with multiplication defined for all
(n,b) and (n',b) in Z x B by (n,b)(n’,V') = (nn’,nb' +n'b + bb'). Let By and B; be the
objects in B-biAlg with underlying commutative ring B, and with left and right actions
defined for each b’ € B and (n,b) ® (n/,¥) € B as b"(n,b) @ (n/,0') = 0 = (n,b) @ (n', ¥')b",
b (n,b) @ (n',b') = (0,nb” +"b) @ (n',b') and (n,b) @ (n/,0)b" = (n,b) @ (0,nd" + b'b")
respectively. Suppose that the diagram

f g

By A By

is a co-span in B-BAlg, it follows that f((1,0) ® (0,1))g((0,b) ® (1,0)) = f((1,0) ®
(1,0))g(b((1,0) ® (1,0))) = (f((1,0) ® (0,1))b)g((1,0) ® (1,0)) = 0. But in the co-span

(1,1) (1,1)

U(By) Bx B U(B1),

we have (1,1)((1,0) ® (1,0))(((0,b) ® (1,0)) = ((0,b) ® (1,0), (0,b) ® (1,0)) # 0. O

Proposition 3.5.8. For any reqular epimorphism p : E — B in Rng the pullback functor
p* : Pt(B) — Pt(E) has a right adjoint

Proof. The proof is analogous to the proof of Proposition 3.5.3. O

Proposition 3.5.9. Let DRng be the full subcategory of the category of commutative rings
CRng in which for every object X the identity xyz = 0 holds. For any B € DRng the
functor Ker : Pt(B) — DRng has a right adjoint.

Proof. Let B-DAIlg be the category with objects having the structure of a commutative
ring as well as that of a module over the ring B, and in addition satisfying the identities
b(zy) = (bx)y = 0 and b(b'z) = (bb')x = 0. The category Pt(B) is equivalent to the category
B-DAlg. Indeed, for any object (A,a, ), let (K, k) be the kernel of a. Clearly, K is a
commutative ring. The abelian group morphism 1—fa has composite a(1—fa) = a—a = 0,
and consequently factors through the kernel k. Let A be the unique abelian group morphism
with kA =1 — Ba. For k € K and b € B we can define bk = \(8bkk); since A is an abelian

group morphism, this action of B on K is clearly distributive on the left and right. Since
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Kk is a monomorphism, the equation

H(/\(ﬂb/’i(klkz)) = 6b/€<k1k2) — ﬁa(ﬁbﬁ:(lﬁkg)) = ,Bbli(kle) = 5blﬁk1/€k2 =0
(Bbrk1 — Ba(Bbrky))kka = K(A(Bbrk1)k2)

shows that b(kikse) = (bk1)ke = 0. Similarly, the equation
ABbEN(BY kK)) = AN(Bb(BY kk — Ba(Bb kk)) = N(BbBY Kk) =0

shows that b(b'k) = (bb')k = 0. For any object X € B-DAlg we can construct the object
B x X as follows, it has as underlying structure (B @ X, m,(1,0)). Elements (b, z) and
(t/,2') in B x X have product defined by (bb', xz’ 4+ bz’ + b'z). Since the multiplication in
X and B is commutative, it easily follows that the multiplication defined is commutative.
Since the multiplication is distributive, commutative and the monomorphisms (1,0) and
(0, 1) preserve multiplication, to show all triple products are zero, it is sufficient to consider

the following equalities:

(b,0)((t/,0), (0, z)) = (0,b(b'x)) = 0 = (0, (b)) = ((0,)(0,1))(0,z),
(b,0)((z,0), (", 0)) = (0,b(xz)) = 0 = (0, (bx)z")) = ((0,b)(x, 0))(",0).

The functor Ker : Pt(B) — DRng is equivalent to the functor U : B-DAlg — DRng
which simply forgets the module structure. Let B = Z x B, and let R(X) = {f €
Hom(B,X) | Vb,¥' € B Yz € X f(0,b)z = 0 and f(0,b0') = 0} with multiplication de-
fined by (fg)(n,b) = nf(1,0)g(1,0) and with scalar multiplication defined by (b'f)(n,b) =
f(0,nd') for all f,g € R(X), ¥ € B and (n,b) € B. Clearly fgh = 0. It easily fol-
lows that R(X) € B-DAlg and that R : DRng — B-DAIlg defines a functor. Let
n : 1p.palg — RU be the natural transformation defined for an object X in B-DAlg
as 1x (2)(n,b) = na +bx for any = € X and (n,b) € B. Let ¢ : UR — IpRng be the natural
transformation defined for an object Y in DRng as ey (f) = f(1,0) for any f € UR(Y).
Now eyxUnx(z) = Unx(z)(1,0) = « and (R(ey)nry(f))(n,b) = nry(f)(n,b)(1,0) =
nf(1,0) + (6£)(1,0) = £(n,0) + £(0,b) = £(n,). =

Proposition 3.5.10. Let V be the variety with objects having the structure of an abelian
group as well as a unary operation which preserves the nullary operation 0. For any mor-
phism p : E — B, the pullback functor p* : Pt(B) — Pt(E) has a right adjoint if and only

if p is an isomorphism.
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Proof. Let VB be the variety with objects having the structure of an abelian group as well
as unary operations, one for each b € B, each of which preserves the nullary operation 0.
The category Pt(B) is equivalent to the VZ; the pullback functor p* : Pt(B) — Pt(E) is
equivalent to the functor V : VB — V¥ which takes X € VB to X where e(z) = p(e)(x)
for all e € F and x € X. We show that the coproducts are only preserved when p is an
isomorphism. Let X have underlying abelian group Z and b(x) = 0, and for any b’ € B let
Zy have underlying abelian group Z x Z and unary operation defined for each b € B by

bz, y) (0,0) :ifx=0o0ry=0o0rb#V
x,y) =
Y (,y) :iffx#0andy#0and b=1"V".

Let f,g: X — Zy be the morphisms defined by f(z) = (z,0) and g(x) = (0, ). Clearly, if
b#b then b(f(1)+g(1)) = (0,0) # (1,1) = (f(1) + f(1). Consequently, in the coproduct
X + X b(e1(1) + ¢2(1)) = b (e1(1) + ¢2(1)) if and only if b =b'. In the diagram

il i2

VX VX+VX VX

\ N/

/

AN
V“\ V(X +Y) /VQ

Vi, Vial(e(ir(1) + i2(1)) = p(e)(e1(1) + t2(1)), and if [Vey, Vig] is an isomorphism then
e(i1(1) +1i2(1)) = €/ (i1(1) + i2(1) if and only if p(e)(t1(1) + t2(1)) = p(e/) (1 (1) + 12(1)).
Therefore e = ¢’ if and only if p(e) = p(¢’), and so we see that p must be injective. Now

suppose p is not surjective, then there exists b’ € B such that v/ ¢ p(E). Let W have
underlying abelian group Z X Z x Z with unary operations defined for each b € B by

(0,0,1) :ifz=y=1,z=0and b=1¥
b(z,y,2) =

(0,0,0) :otherwise,

and let m,n : X — W be the morphisms defined by m(z) = (z,0,0) and n(x) = (0, z,0).

Consider the diagram:

1 2

VX VX+VX VX

\ /

Vm VW Vn
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Since VX 4+ VX is always generated by {ii(z)|xz € V(X)} U {u(x)|z € V(X)}, the im-
age [Vm,Vn|(VX 4+ VX) is generated by {m(x)|z € V(X)} U{n(z)|lx € V(X)}. Since
P} 3,2) = O, [V, Val(VX + VX) = {(#,9,0)[z,y € Z} and ¥(n(1) + m(1)) ¢
[Vm,Vn](VX + VX). But it is obvious that &' (n(1) + m(1)) € V[n,m|(V(X +Y)), and

since the diagram

Vi,V
V(X)) +V(X) — Ve yx 4y
[vm %m]
w
commutes, it follows that [V¢1, Vo] is not surjective. O

Theorem 3.5.11. For any morphism p : E — B in Gp the functor GpP : Gp® — Gp”
has right adjoint R, : Gp? — Gp?B, defined for any object F € Gp” by Ran,F(1) = {6 €
hom(B, F(1)) | V(b,e) € B x E 0(p(e)b) = F(e)(0(b))} where 1 denotes the unique object
in B.

Proof. Tt is well known that right adjoints of such functors Gp? defined on some object
F € Gp” is the right Kan extension of F along p. This Right Kan extension can be
expressed as a point-wise limit (see [18], Chapter X, Section 3, Theorem 1). It follows that

Ran,(F)(1) = lim( (1 4 p) —2> E—"~ Gp)

where 1 denotes the unique object in B. An object in the category (1 | p) is an element
b € B a morphism f : b — ' is a pair (b, e) such that p(e)b = b'. As with every limit, this
limit can be expressed as an equalizer of a pair of morphisms between products as in the

following diagram:

F(1) ) F(1)
WbT T (e,b)
Rany (F)(1) > Tl F(1) == [ epp F(D)
N{;,e)
F(1)

Identifying [, g £/(1) with hom(B, F'(1)) and [], cye px g F'(1) With hom(B x E, F'(1)), it
follows that Ran,F'(1) = {6 € hom(B, F(1)) | V(b,e) € B x E 0(p(e)b) = F(e)(8(b))}. O
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Proposition 3.5.12. Let Gp be the category of groups. For any morphism p: E — B the
pullback functor p* : Pt(B) — Pt(E) has a right adjoint.

Proof. There is a well know equivalence of categories Pt(B) ~ Gp?, in which on the right
we are considering the group B as a one point category. It is also easy to show that for any
morphism p : E — B the pullback functor p* : Pt(B) — Pt(F) is equivalent to the functor
Gp” : Gp® — Gp®. It follows from Theorem 3.5.11 that the functor Gp? : Gp? — Gp”?
has a right adjoint. O

Proposition 3.5.13. Let Liep be the category of Lie algebras over a commutative unital
ring D. For any B € Liep the functor Ker : Pt(B) — Liep has a right adjoint.

Proof. Let B-Actp be the category with objects having the structure of a Lie algebra as

well as the structure of a module over the Lie algebra B, satisfying the following identities:
1. (blbg)x = b1 (bQ.CI}) - bz(blx');
2. b(l’ll‘g) = (bl’l)l‘z + ZL‘1(b{L‘2).

Let B-Modp be the category of modules over the Lie algebra B. The category Pt(B)
is equivalent to the category B-Actp. Indeed, for any object (A4, «, ) let (K, k) be the
kernel of a. Clearly, K is a Lie ring. The B-Modp morphism 1 — Sa has composite
a(l — fa) = a—a = 0, and consequently factors through the kernel . Let A be the unique
B-Modp morphism with kA =1 — Sa. For k € K and b € B we can define bk = \(Sbkk);
since A is an abelian group morphism this action of B on K is distributive on the left and

right. Since x is a monomorphism, the equation

K(N(Bbr(kiks)) = Bbr(kiks) — Ba(Bbr(kiks)) = Bbr(kiks) = —rka(Bbrki) — rki(kkaSb)
= (Bbrk1)kks + kka(Bbrks)
= (Bbrky — Pa(Bbrky))kks + kki(Bbrki — Ba(Bbrks))
= K(A(BbkE1)k2) + (ki A(BbKE?))

shows that b(k1ks) = (bk1)ka + k1(bk2). Similarly, the equation

A(BBY)kE) = —A(rk(B(b)B())) = A(BV (kkBD)) + A(Bb(BY k)
= ANBb(B'kk)) — A(BY(Bbrk))
= ANBb((BY'kk) — Ba(BY'kk)) — N(BY'((Bbrk) — Ba(BbkE)))
= A(BbrA(BY kk)) — A(BY KA(BbKE))
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shows that (bb')k = b(b'k) — V/(bk). For any object X € B-Actp we can construct the
object B x X as follows, it has as underlying structure (B @& X, 71, (1,0)). Elements (b, x)
and (V/,2') in B x X have product defined by (b0, za’ + bz’ — b'x). It easily follows that
for the multiplication defined, (b, z)(b, z) = (bb, xx + bz — bzx) = 0. Since the multiplication
is distributive, anti-commutative, and the monomorphisms (1,0) and (0,1) preserve mul-

tiplication, to show that the Jacobi identity holds it is sufficient to consider the following

equalities:
(b,0)((¥,0), (0, 2)) + (0,2)((b,0)(¥',0)) + (¥',0)((0, z) (b, 0))
= (0,b(b'z) — (bb" )z — b (bz)) = 0,
(0,0)((2,0), (2',0)) + (2", 0)((b,0), (z,0)) + (z,0)((z’,0)(b,0))

= (0,b(zz’) + 2 (bx) — z(ba")) = 0.

The functor Ker : Pt(B) — Liep can be identified with the functor U : B-Actp — Liep

which simply forgets the module structure. Let

T(B)=PBeB®...® B,

neN n times

in which ® is the tensor product as D-modules, and let B = D x T (B). We will identify
(m,0) € B withm and (0,b,®...®b,) € B with b;®...®b,, and simply write m+b;®. ..Qb,
for a pair (m,b;,®...® by,). For an object X € Liep let

R(X)={feHomp(B,X)|Vb1®...8b, € B
fh1®...®0bi—1 @bibiy1 @biypo® ... 2 by)
=fb1®...0bi—1 @b; ®biy1 Rbit2®...Rby)
—f1®...®bi—1 b1 @b @by ®...@by)}.

Since any abelian group morphism f : B — X is completely determined if we know f
on elements of the form m + b1 ® - -+ ® b,, in what follows we will work exclusively with
elements of this form. For any f € R(X), any b € B and any m +b; ® ... ® b, € B, let
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Ofim+b®...0b,) = f(mb+b; ®...°b, ®b). The following calculation

b1 ®...0bbi+1®...0b,) = f(1®...Q0bb41®...0b, D)
= f(h®..0bRbi1®...0b, D)
—f1®..0bi41R0b;®...Qb, D)

= b1 ®...0b;Rbi11 R ...Rby)
—bf) 1 ®.. b1 Rb;®...Rby)

shows that bf is in R(X). For any w = b1 ®...®b, € B and for any subset S of {by,...,bn},
when S is non empty let wg = bs; ® ... ® by, in which by, , bs,,...,bs, are all the elements
of S appearing in the same order as in w, and when S is empty let wg = 1. For f and ¢ in
R(X), the product fg is defined on an element n + w by

(f9)n+w) =nf)g(1)+ Y flws)g(ws)

SC{b1,..bn}

in which S = {bl,,bn}\S Let v’ = b ®...®bji_1 ®b@'+1 R b; ®bi+2...®bn, and
w = (b1 ®...®bi—1 ®bibit1 ®biyo @ ...b,). It is easy to see that if b; € S and bj11 ¢ S
then wg = wl. Similarly, if b; ¢ S and b1 € S, or if b; ¢ S and b1 ¢ S, then wg = w.
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Consequently, one shows

fo(w) = fg(w') = > fws)g(wS) — f(wh)g(whs)
SC{b1,...bn},
b,€S, bi11€S

+ ) flws)g(unS) — f(ws)g(wh)
SC{by,...bn},
bi¢S, bit1¢S

= Y (flws) — F(wh))g(urs)
SC{by,...bn},
b;€S, bi41€S

+ > fws)(g(unS) — g(whg))
SC{b1,...bn},
b ¢S, bit1¢S

= Z f(wié\{bi,bm}u{bl.bm})g(wﬁ’s)

SC{br,bal,
b; €S, bi+1€S

+ Z W) g(Wig ;1,01 y0tbibier})

Sg{bl,...bn},
b,‘%S, bi+1¢5

= ST fwhetut)

and therefore fg is in R(X). We have:

(fHm+w) = mfOfL)+ Y. flws)f(ws)

SC{brrbn}
= > flws)f(ws)+ > flws)f(wns)
SC{brribn} SC{brribn}
bi1eS bi¢S
= > flws)f(uns) + flwng) f(ws)
SC{b1rbn}
bies
= > flws)f(ung) — flws)f(ws)
SC{brrmibn}
b1es
= 0.
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From the calculation

(flgh)n+w) = mf)(gh)(1)+ Y flws)(gh)(ws)

SC{b1, b}
= mfMMrA)+ D flws) > flwsy)g(wissy))
SC{b1,. b} TCS
= mfWOrD))+ > Flws)(glwr)h(wsur)).
sgleryon

it easily follows that the Jacobi identity holds for R(X). It is easy to check that the identities
b(fg) = (bf)g — (bg)f and (biba)f = bi(baf) — ba(b1 f) hold for all b, by, by € B and for all
fyg € R(X). We see that R(X) € B-Actp and that R determines a functor from Liep to
B-Actp. For any object Y € B-Actp, for any y € Y, and for any m+ b, @ ... @b, € B,
let ny(y)(m +b1 ®...Rby) = my + b1(ba(... (bp—1(bny))...)); it is easy to see that ny
preserves addition and scalar multiplication. The calculation

= ny(y) (b1 ®...bn) =y (y)(ba, ..., biv1, bi, ... bn)

shows that 71y (y) € R(X). We have ny-(y192)(m) = m(y192) = (v (31 )y (42)) (), we show
by induction that 7y preserves multiplication. It is obvious that ny (yy')(b) = b(yy') =

(by)y' +y(by") = (ny (y)ny (v'))(b). Now suppose that for any y and ¢ and for any b; ®...®

bp—1 that ny (yy" ) (01 @ ... @bp—1) = Ny (Y)y (Y) (1 @ ... @ bp—1). Let u =01 @ ... @by,
and v = b1 ®...® b,_1, we have:

ny (y192)(0,u) = 0y (bn(y1y2))(v)
ny ((bny1)y2) + y1(bny2)) (v)
=1y ((bny1)y2) (v) + 0y (Y1) (bny2)) (v)
=(ny (bny1)ny (y2))(v) + (ny (y2)ny (bny2)) (v)
= (ny (y1)ny (y2)) (u),
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where the last equality follows from the following observation:

(fo)w) = > flus)g(us)
SC{b1,.sbn}
= Y flus)glus)+ D flus)g(us)
SC{by,.ibn} SC{b1,....bn}
sp€S sngS
= Y baHs)glvs)+ D f(vs)(bug)(vs)
SC{b1, b1} SC{b1,..bn1}

= ((bnf)g)(v) + (£ (bng))(v).

Therefore, ny preserves multiplication, and the components 7y form part of a natural
transformation 7 : 1g.act — RU. Let € : UR — 1p4e be the natural transformation defined
for an object X as ex(f) = f(1) for any f € R(X). Since eyyUny (y) = Uny(y)(1) = y and
(Rexnrx (f))(m+b1®...@b,) = (mf4+bi(... (b (f).. ) A) =mf()+f(1®...Qb,) =
flm+b ®...®b,), it follows that (R,U,n,¢€) is an adjunction. O

90



Chapter 4
Internal homology and cohomology

In this chapter we introduce internal homology and internal cohomology, and find relation-
ships between these homological theories and existing homological theories.

Let C be an arbitrary category. In [2], the author calls the category Ab(C | B) of
internal abelian groups (C | B), the category of modules over B, we will call Ab(C | B)
the category of Beck modules. Since for the unit 8 : (B,15) — (A4, a) of any abelian group
in Ab(C | B) we have a8 = 1p, it easily follows that the category Ab(C | B) is isomorphic
to the category Ab(Pt(B)).

Definition 4.0.1. Let C be a category with finite limits and let T : Ab(C) — Ab(Pt(B))
be the functor determined by the pullback functor along B — 1, where we have identified
Ab(Pt(1)) with Ab(C). The zeroth homology and zeroth cohomology functors are defined
to be (when they exists) the left and right adjoints of T. The induced and coinduced point
functors are defined to be (when they exist) the left and right adjoints of the functor Ker :
Ab(Pt(B)) — Ab(C).

Let C be Barr-exact. It easily follows that for each B € C the category Pt(B) is
Barr-exact, and therefore the category Ab(Pt(B)) is abelian. If the induced and the
zeroth homology functors exist and if E is the class of all epimorphisms whose images
under the functor Ker are split epimorphisms, then since the image of any object under the
induced functor is an E-projective, it follows by Proposition 1.6.10 that the left E-derived
functors exist. We will call the n*? left E-derived functor the n*® homology functor. Dually,
if the coinduced and the zeroth cohomology functors exist and if M is the class of all
monomorphisms with image being a split monomorphism under the functor Ker, then by
the dual of Proposition 1.6.10 the right M-derived functors exist, and we will call n'" right

M-derived functor the n'® cohomology functor.
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4.1 Existence

In this section we consider the question of existence of left and right adjoints to pullback
functors between categories of Beck modules. We begin by looking at the existence of right

adjoints.

Proposition 4.1.1. Let C be a locally small finitely complete well cocomplete category with

the following properties:
1. for each D in C the functor D x — preserves reflerive coequalizers;
2. finite limits commute with filtered colimits.

The forgetful functor U : Ab(C) — C creates reflexive coequalizers, creates filtered colimits

and reflects isomorphisms.

Proof. 1t is clear that the functor sending a pair of objects in C x C to their product
in C, satisfies for every pair of coequalizer diagrams the requirements for Lemma 1.5.2.
Consequently, for any reflexive pair f1, fo : A — B in Ab(C) with coequalizer (C,¢) in C,

the diagrams

f1
A—=B——C
f2 l
f1 ¢ \
A—=ZB—C
f2
fixf
A x — xB—2° s C0xC
foxfa
+ + +
fi . v
A B C
f2

indicate how to construct the operations for C'. Since addition is associative in B and
¢ x (¢ x ¢) is an epimorphism, addition is associative in C'. Similarly, all the axioms that
hold for B hold for C, therefore C' is an abelian group. It easily follows that (C,c¢) is the
coequalizer of f; and fy in Ab(C) and that U creates reflexive coequelizers. Let (v, :
D(xz) — A)zeg be a colimiting cocone in C of some functor D : G — Ab(C) for which G
is filtered. Since filtered colimits commute with finite limits, Proposition 1.5.3 shows that

(V2 X vz : D(x) x D(x) — A x A) is the colimiting cocone over the diagram D(1,1) : G —
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Pt(1). Since the morphisms

D(z) x D(z) ——= D(z) —Z= A

form a cocone over D(1,1) : G — Pt(1), there exists a unique morphism + : A x A — A
such that the diagram

Ax A ki

TV;L’X'Y;U
+

D(z) x D(x) —— D(x)

A

Ve

commutes. It is obvious that the forgetful functor reflects isomorphisms. O

Theorem 4.1.2. Let C be a locally small finitely complete well cocomplete category with

the following properties:

1. Condition 1.2.2 holds in C;
2. finite limits commute with filtered colimits;

3. for each B € C, the category Ab(Pt(C)) has a small generating set.

Then for any morphism p : E — B in C, the pullback functor p* : Ab(Pt(B)) —
Ab(Pt(E)) has a right adjoint.

Proof. 1t is easy to see that when C is a finitely complete well cocomplete category satisfy-
ing Condition 1.2.2, the category Pt(B) is also well cocomplete. Therefore, it follows from
Propostion 4.1.1 that the category Ab(Pt(B)) is a well cocomplete and the forgetful func-
tor U : Ab(Pt(B)) — Pt(B) creates reflexive coequalizers and filtered colimits. Note that
binary coproducts coincide with binary products in any additive category; since Ab(Pt(B))
is additive, it follows that the forgetful functor creates all colimits. Since the pullback func-
tor p* : Pt(B) — Pt(E) preserves all limits, reflexive coequalizers, and filtered colimits (see
Theorem 3.1.4), it follows that p* : Ab(Pt(B)) — Ab(Pt(E)) preserves binary coproducts
(binary products), reflexive coequalizers, and filtered colimits. Moreover, it follows from
Theorem 1.5.4 that p* preserves all colimits, and therefore by The Special Adjoint Functor
Theorem (see [18], Chapter V, Section 8, Theorem 2) p* has a right adjoint. O

Proposition 4.1.3. Let C be a category with finite limits. If p* : Pt(B) — Pt(E) has a
right adjoint then the functor p* : Ab(Pt(B)) — Ab(Pt(E)) has a right adjoint.

Proof. This follows trivially from the fact that right adjoints preserve limits. O
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4.2 Weakly unital categories

In this section we show, in much the same way we showed for the functor 7' : C — Pt(B)
in Section 3.2, that the existence of zeroth cohomology functor is equivalent to existence
of centralizers. We conclude the section with a theorem in which we show that the zeroth
cohomology functor exists in any regular weakly unital category which is cocomplete and

well-powered.

Throughout this section we assume that C is a weakly unital category. There is an equiv-
alence of categories Ab(Pt(1)) ~ Ab(C). Let U : Ab(C) — C be the forgetful functor
and let T : Ab(C) — Ab(Pt(B)) be the functor equivalent to the the pullback functor
(B—1)": Ab(Pt(1)) —» Ab(Pt(B)).

Definition 4.2.1. For an object C € C and for any objects (A, f) € (U | C), (B,g) € (C|
C), we will denote by Z(A,f)(B,g) the full subcategory of the comma category (Ab(C) | A),
with objects (E,\) such that fUX and g commute. This category will be called the abelian
centralizer category of (B, g) with respect to (A, f) (in (C | C)) and if this category has a
terminal object it will be called the abelian centralizer of (B, g) with respect to (A, f).

Remark 4.2.2. Abelian centralizers are usually (e.g when C is a regular Mal’tsev category)

the same as centralizers defined in Chapter 3.

Proposition 4.2.3. For each (A,a,3) € Pt(B), the comma category (T | (A, o, B)) is
isomorphic to L .)(B, B) where (K, k) is the kernel of .

Proof. Since the pullback functor T assigns to each X € C the triple (X x B,m9,(0,1)) €
Ab(Pt(B)), it follows that for any object (E,v) € (T' | (A, «, 3)) the diagram

E
¥(1,0)
(1,0)
E x B v A
(0,1)
B
B

commutes, and consequently the morphisms (1, 0) and 5 commute. Since ¢ is a morphism
in Ab(Ptp(C)), ayp = m2 and therefore atp(1,0) = m2(1,0) = 0. Since (K, k) is the kernel
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of a there exists a unique morphism A: E — K in Ab(C) with kA = ¥(1,0). Conversely,
for a pair (E',N) € Zk .)(B, ), let ¢': E' x B — A be the unique morphism making the

diagram

El
kN
(1,0)
E'x B A
(0,1)
B
B

commute. Since the morphisms (1,0) and (0, 1) are jointly epimorphic, at)’(1,0) = ar)\ =
0 = m(1,0) and )’ (0,1) = aff = 1 = m(0, 1), it follows that o)’ = m and (E’,¢)’) is an

object in (T' | (A, a, B)). It is clear that these assignments are inverse to each other. O
Corollary 4.2.4. The following conditions are equivalent:
1. T has a right adjoint.

2. for every (A, o, B) € Pt(B) with (K, k) the kernel of a, the category Zk .)(B, ) has

a terminal object.
Proof. Immediately follows from Proposition 4.2.3. O

Proposition 4.2.5. Let h: (A, f') — (A, f) be any morphism in (U | C). The functor
hy : Z(A/J/)(B,g) — Za,p)(B,g) defined on objects as ho(E',X') = (E',hX'), has a right

adjoint.

Proof. For (E,\) € Z(Ayf) (B, g), let (E', N, 1) be the pullback of h and . It easily follows
that the functor assigning (F,\) to (E’, \') is the right adjoint of h.. O

Proposition 4.2.6. The functor T : Ab(C) — Ab(Pt(B)) preserves coequalizers.

Proof. Since binary products and coproducts coincide in Ab(C) and since T' preserves
limits, it only remains to show that T" preserves reflexive coequalizers. Let (X, +,—,0) and
(Y, 4+, —,0) be objects in Ab(C), and let

X—=y —S>7

f2
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be a reflexive coequalizer in C. By Proposition 3.2.8, the functor assigning to each pair of
objects in C x C their product in C, satisfies the requirements for Lemma 1.5.2 for every

pair of reflexive coequalizer diagrams. Therefore the diagram

fixfi exe

Y xY
faxXfa

X x X A

is a reflexive coequalizer. By Corollary 3.2.9 we know that 7' : C — Pt(B) preserves

coequalizers, and since it preserves all products the diagram

T(f1)xT(f1) c c
T(X) x T(X) ————=T(V) x T(Y) —LT__1(7)x 17(2)
T(f2)XT(f2)

a reflexive coequalizer. Therefore, T'(Z) can be equipped with abelian group structure as

follows:

T(f)XT(f1) OXT(c
T(X) x T(X) — e T(Y) x T(Y) — PO 7y 7(2)
T(f2)xT(f2)
‘+ + +
T(f1) ) v
T(X) : T(Y) U 7(2),
T(f2)
T(f1) T(c)
T(X) (Y) T(Z)
L T(f2)
() o Y
T(X) ——=T(Y) — o 7(2)
T(f2)

O]

Proposition 4.2.7. Let C be an object in C, let (A, f) be an object in (U | C), and
let (B,g) be an object in the comma category (C | C). For any (E,\) € Za 5 (B,g),
there exists (S,n) € Z(AJ)(B,Q) with n a monomorphism in C, and there exists a reqular
epimorphism e : (E,X) — (S,n) in Z4 5(B, g).

Proof. Since C is a regular category, there exists a regular epimorphism e and a monomor-
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phism 7 such that the diagram

E A A
N
S
commutes. Since U(e) is a regular epimorphism, by Proposition 1.1.8 fUn commutes with

g. It is easy to see that e : (E,\) = (S,n) is a regular epimorphism in Z4 5(B, g). O

Proposition 4.2.8. For C € C, (A, f) € (U] C) and (B,g) € (C | C) the following are

equivalent:
1. Z(AJ)(B,Q) has a terminal object.
2. Za,p)(B,g) has a weak terminal object.

Proof. 1 = 2: The proof is trivial since every terminal object is a weak terminal object.
2 = 1: Suppose that (E,)) is a weak terminal object. By the Proposition 4.2.7 there
exists a morphism (regular epimorphism) e: (E,\) — (S,7n) where 7 is a monomorphism,

it follows that (S,7) is a terminal object. O

Proposition 4.2.9. Suppose in addition that C is a small cocomplete well-powered category.
Let C be an object in C, let (A, f) be an object in Ab(C, and let (B, g) be an object in the
comma category (C | C). The category Z(A’f) (B,g) has a terminal object if it is small

cocomplete.

Proof. Let (T, ) be the colimit of the inclusion of the full subcategory of (E, X) € Z4, 5)(B, g)
for which X is a monomorphism, into the category Z( A,5)(B,g). It is easy to see that (T, 7) is
a weak terminal object and we conclude by Proposition 4.2.8 that the category Z(A’f)(B, 9)

has a terminal object. O

Theorem 4.2.10. Suppose in addition that C is a cocomplete well-powered category in

which filtered colimits commute with finite limits. The Zeroth cohomology functor exists.

Proof. Since both Ab(C) and Ab(Pt(B)) are pointed and 7" clearly preserves limits (limits
commute with limits), the functor T" preserves the initial object and binary coproducts. T
preserves coequalizers by Proposition 4.2.6, and so by Theorem 1.5.4 T preserves all finite
colimits. Since C is also cocomplete and filtered colimits commute with finite limits, again

by Theorem 1.5.4 we see that T preserves all small colimits. Therefore, for any object
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(A, a, ) € Pt(B), the comma category (T | (4, «,[3)) is small cocomplete; equivalently,
by Proposition 4.2.3, the category Z(K,n)(375) where (K, k) is the kernel of «, is small
cocomplete. By Proposition 4.2.9, the category Z(K,K)(B, f) has a terminal object and
consequently, by Corollary 4.2.4, T has a right adjoint. O

4.3 Weakly Mal’tsev categories

Proposition 4.3.1. Let C be a reqular weakly Mal’tsev category. For any morphism p :
E — B in C, the pullback functor p* : Ab(Pt(B)) — Ab(Pt(FE)) has a left adjoint if the
categories Pt(B) and Pt(E) satisfy Condition 1.1.9.

Proof. Since Pt(B) and Pt(E) are regular weakly unital categories and satisfy Condition
1.1.9, it follows from Proposition 1.1.19 that the forgetful functors Up : Ab(Pt(B)) —
Pt(E) and Ug : Ab(Pt(E)) — Pt(E) have left adjoints. Since by Lemma 1.5.2 the cate-
gory Ab(Pt(FE)) has reflexive coequalizers, and since binary products are binary coproducts
in Ab(Pt(E)), the category Ab(Pt(E)) has all coequalizers. Examining the proof of Propo-
sition 1.1.19, it is easy to see that the counit of the adjuntion is an isomorphism. Consider

the diagram of functors

Ab(Pt(B)) X Ab(Pt(E))

Up FrL

Fp p*Ug

Pt(B)

in which L is the left adjoint of p* : Pt(B) — Pt(E), it follows from Theorem 1.5.6 that
the left adjoint of p* : Ab(Pt(B)) — Ab(Pt(B)) exists. O

Remark 4.3.2. When C is Mal’tsev, the categories Pt(B) and Pt(FE) trivially satisfy
Condition 1.1.9 (since they are unital).

4.4 Semi-abelian categories

Recall: for a ring homomorphism f : R — S there is a functor assigning to each S-module
X the R-module X with action defined by rx = f(r)x for each r € R and x € X. We will
denote this functor by fx : S-Mod — R-Mod.
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Proposition 4.4.1. Let V be a semi-abelian variety and let U : V — Set be the forgetful
functor. For each B € V, the category Ab(Pt(B)) is equivalent to the category Rp-Mod
for some ring Rp; moreover, for each morphism p: E — B induces a ring homomorphism
R, : Rg — Rp. such that the functor p* : Ab(Pt(B)) — Ab(Pt(FE)) is equivalent to the
functor R;; : Rg-Mod — Rg-Mod.

Proof. Let V : Ab(Pt(B)) — Pt(B) be the forgetful functor. Since V is semi-abelian
it easily follows that the category Pt(B) is weakly unital and satisfies Condition 1.1.9.
Corollary 1.1.19 and Proposition 1.4.2 show, respectively, that the functors V and Ker have
left adjoints, and Proposition 4.1.1 shows that the functor V preserves reflexive coequal-
izers, preserves filtered colimits, and reflects isomorphisms. Proposition 1.2.10 shows that
the functor Ker preserves reflexive coequalizers, and trivially Ker reflects isomorphisms.
Since V is a variety, finite limits commute with filtered colimits and therefore the func-
tor Ker preserves filtered colimits. It is well known that the functor U preserves reflexive
coequalizers, preserves filtered colimits, and reflects isomorphisms, therefore the composite
UoKeroV preserves reflexive coequalizers, preserves filtered colimits, reflects isomorphisms,
and has a left adjoint; consequently, Becks monadicity theorem shows that the composite is
monadic. It is well known that the category of algebras for a monad on the category of sets
is equivalent to a variety when the monad preserves filtered colimits, therefore the category
Ab(Pt(B)) is equivalent to a variety. Since this variety is additive, it is equivalent to a
category of modules over the ring with underlying set Rp = T({1}). The functor p* is

equivalent to a functor Set’? — Set’” which makes the diagram

Set’s ——— Set’®

NS

Set

commute, and therefore induces a morphism between the monads T — Tg. The map
Tr({1}) — Ts({1}) turns out to be a ring homomorphism. O

Remark 4.4.2. [t is easy to see that the monad Bb— preserves filtered colimits, from which
it follows that Pt(B) is a variety. From this observation it is easy to construct an alternate

proof of Proposition 4.4.1.

Corollary 4.4.3. Let V be a semi-abelian variety and let U : 'V — Set be the forgetful
functor. For any morphism p : E — B in V the left and right adjoints of the pullback
functor p* : Ab(Pt(B)) — Ab(Pt(E)) exist. Moreover, the left adjoint can be described as
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Rp ®pr, — : Rp-Mod — Rg-Mod and the right adjoint as Homp,(Rp,—) : Rp-Mod —
Rg-Mod.

Proof. The left and right adjoints (and their derived functors) of functors between modules,

as described above, are well known classically. O

Remark 4.4.4. It follows from Corollary 4.4.3 that H,(B,—) = Tor,(Rp,—) and H"(B, —) =
Ext"(Rp,—).

Proposition 4.4.5. The functors H? : Ab(Pt(B)) — Ab(Gp) and H? : Ab(Pt(B)) —

Ab(Lie) classify extensions with abelian kernel in Gp and Lie respectively.

Proof. This follows from the fact that in both cases H® coincides with classical zeroth

cohomology. O

Example 4.4.6. Let V be the variety with objects having the structure of abelian groups as
well as an additional unary operation which preserves the nullary operation 0. As mentioned
in the proof of Proposition 3.5.10, Pt(B) is equivalent to the variety VP with objects having
the structure of an abelian group as well as unary operations one for each b € B each of which
preserve the nullary operation 0. Therefore, it easily follows that Ab(Pt(B)) is equivalent
to the subvariety of VB in which each unary operation is an abelian group homomorphism.
Consequently, the category Ab(Pt(B)) is equivalent to the category Rp-Mod where Rp is

the free unital ring on the set B.
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