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Abstract

The work of this thesis is a presentation of nonlinear Dirac-type models with the primary
focus being on planar, (2 4+ 1) dimensional nonlinear Dirac models.We study a (2 + 1) di-
mensional extension of the (2+0) dimensional reduction the complex sine-Gordon. This is a
tachyonic nonlinear Dirac equation whose linear part can be reduced to the imaginary mass
Klein-Gordon equation. Although this model is tachyonic it can be restored into a real and
non-hypothetical version by considering it in nonvanishing backgrounds. We investigate the
stability of the single vortex solution by considering perturbation about the single vortex
solution. Perturbations include the radially symmetric perturbations (m = 0) and angular
perturbations (m € {£1,+2}). The single vortex was found to be stable for both the radially
symmetric and angular perturbations m = {0, +1, £2}, with the real part of the eigenvalues
having a negligible nonzero real part of order 1073. The eigenvalues presented were obtained
by use of the sine series expansion and Chebyshev spectral method, where the author is the
first to present this work. The Chebyshev spectral method was found to outperform the sine
series expansion in terms of computation times. However, the drawback of Chebyshev dif-
ferentiation matrices is that they contain spurious eigenvalues that grow proportional to the
number of modes N. We also present the planar Soler model, both tachyonic and tardyonic
and find that the planar tachyonic Soler model does not admit stationary vortex solutions.
On the other hand, the tardyonic Soler model possesses stable vortex solutions as shown
by Cuevas-Maraver et al. We also study the numerical solution of another planar nonlinear
Dirac model i.e. the nonlinear Dirac equation with Kerr nonlinearity. The (2 + 1) dimen-
sional nonlinear Dirac equation with Kerr nonlinearity admits stationary vortex solutions as
was shown in the work of Smirnova et al. Moreover, the (2+ 1) dimensional nonlinear Dirac
equation with Kerr nonlinearity supports topological edge states.
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Chapter 1

Introduction

A common practice in physics is such that for a given Hamilton admitting planar wave
solutions, the Hamiltonian must be associated with a dispersion relation whose roots are
always real. This is to preserve the physicality of whatever model is being considered. By
"physicality" it is meant that the model is physical rather than hypothetical. In recent years,
however, there has been an interest in such models whose zero background dispersion relation
is associated with complex roots. One such model is the famous ¢* theory with a dispersion
relation of the form w? = —k? +m?, where w is the angular frequency, k is the wave number
and m is the mass. This dispersion relation admits complex roots at the moment when
m # k. However, the physicality of this model can be recovered by considering the model
over a non-vanishing constant background. In this case of the ¢* theory, this is done by
considering small excitations over the zero vacuum solution m/A\.

It is worth mentioning that the ¢* partial differential equation is associated with the imag-
inary mass (i.e. m — ¢m) Klein-Gordon equation with an additional nonlinear correction
term. The linear Klein-Gordon equation, however, when considered by itself factorises into
a form of the Dirac equation formerly known as the tachyonic Dirac equation. As one might
expect, the tachyonic Dirac equation is also associated with a dispersion relation whose roots
are complex when considered over a zero background. In this thesis, we shall consider such
a Dirac equation which is a (24 1) dimensional extension of the spinor version of the (2+0)
dimensional complex sine-Gordon equation. We will show that when the (24 1) dimensional
extension of the (24 0) dimensional complex sine-Gordon equation is considered over a non-
vanishing background its dispersion relation has real roots for all values of the wave number
k. The (2+0) dimensional complex sine-Gordon equation was first considered in [2] and was
shown in [3, 1] to admit topological vortex solutions. The stability of these vortex solutions,
however, was not presented. In this thesis, we shall consider these stationary vortex solutions
and study their stability, with the primary focus being on the single vortex solution. The
Dirac equation in two spatial dimensions is applicable in two-dimensional lattice structures
like graphene. This connection shall be demonstrated shortly.

The Dirac equation has gained much attention recently due to its connection with graphene
[1] and a newly discovered class of solids known as topological insulators. These are materials
which exhibit special scattering resisting states [5] on the surfaces called topological edge
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states [5, 0]. Topological edge states and realisable in condensed matter electronic systems,
and photonic crystals in optics [7, 8]. Edge states have been predicted and realised in a large
number of photonic systems including arrays of coupled optical resonators, helical waveguide
arrays and gyromagnetic photonic crystals [5]. Topological edge states bear the name "topol-
ogy" because they possess topological invariants. Topological invariants are quantities that
remain unaffected by continuous deformation of an object. Examples of topological invariants
in lattice models include the Berry phase and Chern number. Topological invariants can be
used to describe band structures if certain periodic crystalline materials [5]— deformations in
the particular context are such that all symmetries are preserved and band gaps remain open.

The simplest model that exhibits topological properties is the Su-Schrieffer-Heeger mode
which describes a one-dimensional dimer chain with alternating strong and weak nearest-
neighbour couplings 1 2. The model was introduced by Su, Schrieffer and Heeger to study
soliton formation in polyacetylene [9]. In the language of the second quantisation, the Su-
Schrieffer-Heeger model takes the form

N
HSSH = — Z (lildTnbL + RQ&L—HbIL + hC) s (11)
n=1
where af, b7, a, and b, are creation and annihilation operators at A or B sublattices of the
n-th unit cell. The Fourier transformation of (1.1) is a single-particle Bloch Hamiltonian in
momentum space [10]

Hsqy = — (k1 + ko cos(kd)) o1 — ko sin(kd)oy, (1.2)

where 01 5 are the Pauli spin matrices and d is the lattice spacing. This Hamiltonian (1.2)
reduces to the one dimensional Dirac Hamiltonian in the vicinity of the Brillouin zone edge
kd = 7 [10]. By Brillouin zone it is meant the primitive cell in reciprocal space i.e. the Fourier
transform of real space. The two energy bands & are separated by a gap when k1 # ko with
a band closure occurring at k1 = ko [5, 11]. Edges states of the Su-Schrieffer-Heeger model
occur in the middle of the bandgap when coupling is weak, that is ko < k1. These edge states
have a localisation in one of the sublattices and decay exponentially far away from the edge
of the lattice. The edge states are topologically protected in the sense that their frequency
is fixed to zero and they cannot be destroyed by chiral symmetry-preserving perturbations.
Edge states also emerge in two-dimensional lattices such as hexagonal lattices, which are
two-dimensional generalisations of the Su-Schrieffer-Heeger lattices. These include photonic
graphene, staggered graphene and the Haldane model. Under consideration of nonlinear
effects like the Kerr nonlinearity, for example, these planar models can exhibit topological
solitons and vortices, with photonic graphene being the classic example. In what follows we
study closely the tight-binding approximation of single-layer graphene.

1.1 Monolayer graphene crystal structure

Monolayer graphene is composed of carbon atoms with electrons organised into a hexagonal
(honeycomb) lattice structure in two dimensions. The hexagonal structure can be seen as a
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combination of triangular sub-lattices called A sub-lattice and B sub-lattice with a basis of
two atoms per unit cell. The lattice vectors of the hexagonal lattice are

a; = g (3, \/§) , a; = g (3, —\/3) , (1.3)

with a = |a;|? = |ay|* being the lattice constant, that is a measure of the atomic distance
which equals 1.42A for carbon [1, 12, 13].

The corresponding reciprocal lattice vectors are

b, = ?),Z (1L.V3),  by= ?),Z (1,-v3), (1.4)

where the real space vectors a;, a; and the reciprocal space vectors b; and by satisfy the

P by

by’

Figure 1.1: The graphene hexagonal lattice on the left with its Brillouin zone on the right.
The graphene lattice is made up of two triangular sub-lattices a; and a; which are the lattice
unit vectors. The three vectors 81, d2, 03 are the nearest neighbour vectors. The reciprocal
lattice vectors by, by are shown with points K and K’, which locate the Dirac cones. The
points T' = (0,0) and M = (27/v/3a, 0) are the symmetry points in the Brillouin zone. This
image is obtained from Ref. [1].

relation
a; * bj = 27'(51']'. (15)

Each carbon atom in the lattice has three nearest neighbours and six other second-nearest
neighbours.

The three nearest neighbour vectors in real space are

a a
6= (1L,v3), &= 5 (1,-v3), & =—a(1,0), (1.6)
the other remaining six second-nearest neighbour vectors are 8; = +a;, 85 = +a,, d; =
+(ay — a;). The points K and K’ on the Brillouin zone shown in Fig. 1.1 are known as
the Dirac points since graphene can be modelled by the 2 + 1-dimensional Dirac equation
exactly at those points. Their position is k-space are given by

2r 27 2w 27
K= (2, LK = (- - L7
<3a 3\/§a> <3a 3\/§a> (L.7)
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A single carbon atom consists of six electrons with an electronic configuration of 1522522p?,
two of the electrons in this configuration are core and the remaining four are valence electrons.
The valence electrons occupy the 2s, 2p,, 2p, and 2p, orbitals [12, 13]. Graphene orbitals
are sp? hybridized, that is the 2s orbital can mix with the 2p, and 2p, orbitals to generate
three new orbitals per atom (each with one electron) lying in the graphene plane at 120
to each other [12, 13]. The overlap of the sp* orbitals gives rise to strong o and ¢* bonds;
the o bonds are located on the plane at an angle of 120" to each other. These bonds (o)
make up the hexagonal structure of graphene. The remaining p, orbitals are perpendicular
to the overlap plane and give rise to the m and 7* bonds [12, 13]. The electronic properties
of graphene are attributable to the 7 bonding (valence band) and 7* bonding (conduction
band) due to the overlap of the p, energy levels [12, 13].

1.2 (eneral derivation of the electronic dispersion

To begin with the tight-binding description of graphene we assume that the system possesses
translational invariance. This means that we can write the atomic wave function as a linear
superposition of Bloch wave functions [12, 1]

Uk, r) = 3 ayu(k)@i(k, ), (1.8)
=1
where
B(0r) = — 3" e Ry (x - R, (1.9)
J \/N P J 7>

are the Bloch functions. The Bloch functions are a combination of the Wannier functions u;
(atomic orbitals), with the index j = 1,2,...,n, r is the position vector, k is the wave vector
and R;; is the position of the j-th orbital in the i-th unit cell. The atomic wave functions
satisfy the equation

HT;(k,1) = &(K)T(k, 1), (1.10)

where H is the Hamiltonian. The expression for &j(k) can be found by acting with W7 (k, r)
from the left and integrating with respect to dr

/ dr W (k, v)H; (k, 1) — &(K) / dr W (k, 1) W5 (k, 1) = 0,

Therefore the energy eigenvalue expression of the j-th band is

~ Jdr Yk, r)HY,(k, )

¢i(k) = Jdr Wik, r)¥;(k,r)

(1.11)

Substituting (1.9) into (1.11) gives

ZZZ a;io{jl f dr @r%@l
ZZ[ Qg Qi J dr 7P,

&(k) =
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n *
iy Haodon

ZZ[ Cz'lo‘;iajl ’

&(K) (112)

with
Hﬂ:/dr DIHD,, Ql:/dr Oi D, (1.13)

H;; and (;; are called the transfer integral and overlap integral matrices respectively.

The goal here is to find a simpler expression for &;, we do so by minimising (1.12) with
respect to the coefficient aj,, by calculating the following derivative

o&; Y Hmaj _ZZZHil&§iasz?le&jz

* n * 2
oas, X7 Cuag;a (221 Cﬂa;fiaﬂ)
Identifying &} in the second term and setting 0&;/0a,, = 0 we find
Z Hmlajl = éo] Z leozjl. (1.14)
=1 =1
Upon fixing the orbital index j to a particular number, equation (1.14) can be written as
Hy; = &3¢, (1.15)
where
Hy Hy - Hy, Cii G2 - Cin Q1
Hyy Hyy --- Ho, Cor Coo oo Com s
2 :21 :22 o 2 ’ = ?1 ?2 o 2 , W, = :]2 (1.16)
Hnl Hn2 e Hnn Cnl <n2 e Cnn Ujn
The energy eigenvalues are determined by solving the equation
det(H — &5¢) =0, (1.17)

assuming that the transfer integral matrix H and the overlap integral matrix S are both
known.

1.3 Monolayer graphene tight-binding model in the first
quantization

We employ the tight-binding model from section 1.2 above to monolayer (single layer)
graphene. The aim is to calculate explicitly the elements of the transfer integral matrix
H and the overlap integral matrix ¢ in order to find the dispersion relation of monolayer
graphene via equation (1.17) and show the connection of the graphene tight binding Hamil-
tonian with the (2 + 1)-dimensional Dirac equation. The dynamics of electrons at the Dirac
points in the Brillouin zone is said to be described by the massless (2 + 1)-dimensional
Dirac equation exactly. We begin first by approximating the low energy bands of monolayer
graphene and then derive Dirac-like Hamiltonian of massless quasiparticles.
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1.3.1 Off-diagonal matrix of the transfer and overlap integral ma-
trices

The two atoms per unit cell in the graphene lattice imply that n = 2 in (1.8), that is, the
model consists two Bloch functions. We replace orbital index j = 1 with j = A, and j = 2
with j = B for simplicity. Substituting the expression of the Bloch functions (1.9) into the
transfer integral matrix (1.13) we can write the off diagonal elements of H as [12, 1]

HAB _ Zzeik'(RB,l_RA,i) /dr uA( R-Az)HU/B(r — RBZ) (118)

where k = (k;, k). Equation (1.18) describes the hopping (or tunneling) of electrons between
the A and B sub-lattices. We sum over all the A sites in the lattice, (i.e. i =1,...,N ) at
position R4 ; and all the B sites (I = 1,..., N) at positions Rp,;. The off-diagonal entries of
the transfer integral are assumed to only come from the hopping between nearest neighbours
in the lattice. Turning our attention to a single atom in Fig. 1.1 by fixing the index ¢ we
can see that a single atom is surrounded by three neighbouring atoms labeled 8, d5 and
03. This means that the index [ = 1,...,3. With this in mind we can write the off-diagonal
elements of H as nearest neighbour contribution in the following way

3

HAB ~ 7zzezk (Rp1—Roa,i) /dI‘ UZ(I‘ — RA,i)/HUB(I‘ — RBJ). (1.19)

zlll

We also take the integral in (1.19) which is the transfer integral matrix between nearest
neighbour atoms to be independent of indices, i.e. it is the same for all neighbouring pairs.
This integral can be set equal to a parameter ¢. It is common to set 7y = ¢ since ¢ is a
negative quantity, that is

— / dr UZ(I‘ — RA’Z‘)HUB(I‘ — RB,Z)- (120)

We can now write Hp as

ik-(Rp;—Ra;
Z e (Rp,;—Ra, )707
=1

23: ezk-él ’

11l=1

M=

3
Hpp ~

s
Il
i

2\53 Z\H
™M=

7

where §; = Rp; — R4 is the position vector of an atom at Rp; relative to another atom at
R4 ;. These are nothing but the nearest neighbour vectors given in (1.6). We can simplify
H ,p as follows

HAB ~ —")/0(10(1(), (121)

where

3
="k, (1.22)

=1



CHAPTER 1. INTRODUCTION 14

It is useful to simplify (1.22) as follows

Sﬁ(k) — e thza + (eiky\/ga/2 + efiky\/ga/Q) ikza/2

Qp(k) _ e—zkz(z +2cos <\/§2 ya> ezkza/Q' (12?))

The second off-diagonal element Hg 4 of the transfer integral matrix can also be approximated
with the main difference being that the position vector of an atom at R4 ; relative to another
atom at Rp; is 6; = R4; — Rp;. Therefore Hp4 becomes

HBA ~ —")/Ogo*(k), (124)

i.e. the complex conjugation of H,p.

Similarly, the off-diagonal entries of the overlap integral matrix (45 can be approximated as
follows [12, 14]

1 N N )
Cap = v > ek (Rpi—Ra) /dr uy(r—Ra)up(r — Rpy) (1.25)
i=11=1
1 N 3 )
R~ ek (Rp—Ra) /dr wy(r —Ry)Hup(r — Rpy),
i=1 =1
where we have used the same argument from above, that [ = 1,...,3. We also take the

matrix element defined by the integral in (45 to be independent of indices in order to obtain

Cap ~ zp(k), (1.26)

where

20 = /dI' UZ(I' — RAJ')HUB(I’ — RB,l)- (127)

As previously seen in the calculation of Hg4 we can easily judge what (g4 should be, and
that is

(Ba ~ zop* (k). (1.28)

1.3.2 Diagonal entries of the transfer and overlap integral matrices

To calculate the diagonal entries of H corresponding to the A sub-lattice we set B = A,
doing this yields [12, 1]

1 N N

Has = = Z Z ek (Rai—Ra;) /dr uwiy(r — Ra;)Hua(r — Ray). (1.29)
i=11=1
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We can assume that the contribution in (1.29) comes from the same site | = i. This assump-
tion yields

1N
Hau ~ ¥ Z/dr wy(r — Ra)Hua(r — Ruay).
i=1

We can note that the integral term above is the same for all © = 1,2,..., N i.e. it is the
same of every A site and it can therefore be set to a parameter e,

Eop = /dr wy(r —Ra)Hua(r — Ray), (1.30)

which equals the energy of the 2p, orbital. With this we can simplify H44 as follows

1 N
Hpy =~ N ; E2p,

HAA ~ E2p- (131)

Using the fact that carbon atoms are identical, meaning that the B sub-lattice has the same
structure as the A sub-lattice we can argue that Hy4 = Hpp = c9,. The transfer integral
matrix can be written fully as [12, 1]

€2 —7090(1())

H = P ) 1.32
(—7090 (k) ez (1.32)

The diagonal entries of the overlap matrix can also be computed in a similar way , that is

1NN

s = = I3 ik Rar-Ra) /dr wi(r = R )ua(r — Ray) (1.33)

i=1[]=1

1 N
%N Z/dr uy(r—Ra)ua(r —Ra,) =1,
i—1

where we have used then fact that [dr u’(r — Ra;)ua(r — Ry,;) = 1. It is also clear that
Caa = (pp = 1. Therefore, the overlap integral matrix can be written fully as [12, 11]

(= (ZO (;k ) Zoﬁ(k)> . (1.34)

1.3.3 Low energy bands of monolayer graphene

Having calculated the transfer and overlap integral matrices we can now calculate the energy
eigenvalues &;(k) of monolayer graphene using (1.17). Substituting H and ¢ intro (1.17) we
find that

Yo + &z0)p* (k) Eop — &
(& —e2p)? = (0 + E20)?[0(k)|* = 0,

o (L g ")
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simplification yields a quadratic equation of the form

(1 = 25le(X)[*)E = 2(e2, + v020/p(k)[*)& + €3, — 15l (k)[* = 0.

The quadratic formula gives

o _ St 02lpK)* £ (30 — 2p20) (k)]
* 1— 23le(k)P ’

alternatively we can write [15]
o _ el

LF 2lp()] (1.85)

Energy (eV)
Energy (eV)

Figure 1.2: (a) The low energy band structure of monolayer graphene (1.35) with the hopping
parameter set to 79 = 3.033eV, and nearest neighbour overlap parameter zy = 0.129 and
the 2p, orbital energy €5, = 0. (b) On the right is a zoomed-in depiction of the Dirac cones
located at the six corners in the Brillouin zone. The conduction and valency bands touch at
these points.

where

k. k k
lo(k)|* = 1+ 4cos (3 5 a) cos <\/§2 ya> + 4 cos® <\/§2ya> ; (1.36)

and |p(k)| is the square root of the above expression. The positive energy spectrum &,
in (1.35) corresponds to the upper 7* band while the negative energy &_ corresponds to
the lower 7 band[l3]. The upper (conduction) and lower (valency) bands touch at the six
corners of the Brillouin zone in such a way that there is no gap between the conduction
and valency bands[13]. Fig.1.2 shows a plot of the energy spectrum (1.35) against the wave
vector (kg ky), where the 2p, orbital energy ey, is taken to be zero, with other parameters
being v9 = 3.003eV and 2y, = 0.129.
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1.4 The Dirac-like Hamiltonian in graphene

In the previous section we calculated the explicit form of the monolayer graphene energy
spectrum via the tight-binding approximation. Fig.1.2 showed that the conduction (7*) and
valency (7) bands touch in a gapless way at the four corners in the first Brillouin zone. The
task now is to derive the Hamiltonian describing the dynamics of electrons at these points.
We begin by showing that the coupling between the A and B sub-lattices vanishes exactly at
the K and K’ points. The coupling is described by the off-dialgonal matrix elements H 4,
which is proportional to ¢(k). Substituting K into (1.23) gives

v(K) = 2™/3 4 9 cos (g) em/3,

26—271'72/3 + 6i7r/3 =0.

It is also true that p(K’) = 0. This confirms the existence of decoupling in the A and B
sub-lattices and thus suggesting the presence of a degeneracy in the energy spectrum at
the K and K’ point. This cancellation of coupling in the two sub-lattices no longer holds
when the wave vector k does not equal K or K’ exactly. To demonstrate this we define a
new momentum 0k = k — K measured relative to K. The coupling between the A and B
sub-lattices is now proportional to

(k) = e~ 1@ke+EKe) 1L 9 cog (ﬁa(ékg i Ky)> gie(Oks+K2)/2 (1.37)

Expanding around ¢k = 0 yields

o(k) ~2e 5k - V) (e?”lkma/2 cos <\/§2k;ya>>

—e 152 5k, 0h,) - (0,1),

:?’Z“e—ma(—mz +0k,),

)
k=K

3
o(k) = g(ékw +idk,) + O(6k/K)?, (1.38)
where we have dropped the phase factor == = e~ since it bears no significance on the
physical results (i.e. the energies). Similarly, performing the same expansion dk = 0 with
0k = k — K/ yields
3
o(k) = ?“(—mkx — 6k,) + O(5k/K)?. (1.39)
The above calculation shows that the coupling between the A and B sublattices vanishes
at the Dirac points. Putting all this together the Hamiltonian at the Dirac points can be
written as [1, 13, 1]
B 0 10k, £ 0k,
HK’,K = UVF (—l(sk}m + 5ky 0 ) , (140)
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where vy = 3;—%“ ~ 10°ms~1 is the Fermi velocity. Replacing 0k, with 9, and 0k, with 9, the
above Hamiltonian corresponds to that of the massless Dirac fermions in (2+ 1) dimensions.

To see this, let us consider

(0 id+a,)
HK’ = <—Zax _'_ay 0 > = WO - V,

with & = (o', 0?) and V = (9,, 9,). Hxk is the complex conjugation of Hy:.

1.5 Chapter summary

In this chapter showed the applicability of the Dirac equation in one and two spatial dimen-
sions. We showed argued that the Su-Schrieffer-Heeger Hamiltonian reduces to the Dirac
Hamiltonian when evaluated at the Brillouin zone. We also introduced the tight-binding
model of monolayer graphene in the first quantization and showed that the Taylor expansion
of the tight-binding Hamiltonian about the Dirac points coincides with the (2 4+ 1) dimen-
sional massless linear Dirac equation. This meant that fermions travelling in a hexagonal
lattice, be it a real graphene lattice or a photonic graphene lattice, obey the massless planar
Dirac equation as shown in (1.40). This Hamiltonian (1.40) opens us up to the possibility
of studying graphene-like structures subject to several nonlinearities, with the common ones
being Kerr-like nonlinearities [16]. These nonlinear Dirac equations and their nonlinear wave
solutions will be studied in the upcoming chapters.



Chapter 2

The Dirac equation

The previous chapter introduced one-dimensional and two-dimensional lattices namely the
Su-Schrieffer-Heeger and tight binding model of monolayer graphene. We showed that there
is a close connection between the Dirac equation and these lattice models. In this chapter,
we will formally present the Dirac equation and its properties.

2.1 The Klein-Gordon equation

The Klein-Gordon equation serves as a preliminary for the development of a quantum theory
consistent with the theory of relativity. This equation resulted from an attempt to generalise
the Schrodinger equation so as to incorporate special relativity. The traditional path taken
towards a relativistic quantum theory is, to begin with the free, spinless and non-relativistic
Schrodinger equation

(i@t - (_N")Q) bt x) =0, (2.1)

2m

where (¢,x) € RxR?, 9(¢,x) € C* in the (3+1)-dimensional case. Equation (2.1) is obtained
by replacing classical quantities with operators in

p= P (2.2)
as follows: F — ih%, p— %V.

The problem with the linear Schrodinger equation is that it is not Lorentz covariant because
of the order of time and spatial derivatives, thus it does not suffice as a candidate for
relativistic quantum theory. To derive a relativistic wave equation we recall the relativistic

energy-momentum relation
2
L 2 2 2

pup“=§—p =m’c? (2.3)

19
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with p, = gup” = (E — ) To make a conversion to the relativistic wave equation we note

that
E =/p?c? + m2ct (2.4)

and the four-momentum in operator form becomes p* — z'ha%. Therefore the relativistic
wave equation becomes

iaatw(t, X) =\ = V? + m2(t, x), h=c=1. (2.5)

Equation (2.5) has some issues, in particular, the time and spatial derivatives do not appear
in a symmetric manner and the square root also presents some problems since its Taylor
expansion yields infinite derivatives. In order to reach a successful end we must begin with
(2.3) without taking the square root, doing this yields the following relativistic equation with
second derivatives in time and space:

82
o

This equation can be written more compactly in the Lorentz covariant form as

(t,x) = (—V2 + m2) W(t,x). (2.6)

(90" +m?) ¥(t,x) =0,  p={0,1,---,N}, (2.7)

where N € N, 0, = % and z# = (t,x) is the space-time position vector and p = {0,1,2,3}
in the (3 + 1)-dimensional case. Equation (2.7) is known as the Klein-Gordon equation.

2.1.1 Problems with the Klein-Gordon equation

Although the Klein-Gordon equation can describe the dynamics of spinless particles (mesons),
it cannot do so for half-integer spin particles (fermions) like the electron. It was thus rejected
since at the time the entire project of relativistic quantum mechanics was centered around
the quantum mechanics of the electron. Another reason (2.7) was rejected is that it does
not possess a positive definite probability density that can lead to a conserved probability
current (the continuity equation). To show this we derive an equation in the continuity
equation associated with the Klein-Gordon equation and argue that there isn’t an object
that can be interpreted as a positive definite probability density. We begin by multiplying
(2.6) by ¥* and subtracting the complex conjugate from the resulting expression to obtain:

Oy (W*0p — ™) = 0.

We multiply by 2+m so that the current density is the same as in the non-relativistic case:

0 (5 (00 — Y0u")) + V- - (5T = YV) =0,
Defining

p (70 — o), (2.8)

o
- 2m
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and )
j=— (V* — * 2.
j= g (Ve =V, (2.9)
we obtain
op+V-j=0, (2.10)

which takes the form of a continuity equation.

The function p cannot be interpreted as a probability density because it is not positive
definite. To demonstrate this we have to find a solution to (2.6) via the method of separation
of variables. Let 1(x,t) take then form

(x,t) = @(t)o(x). (2.11)
Substituting (2.11) into (2.6) and dividing the resulting expression by 1 yields

d2
- ;dtf = ; (~V*+m?) o. (2.12)

Equation (2.12) holds if both the right and left-hand sides equal a constant, say E?. We are
then left with solving two eigenvalue problems, one ordinary differential equation in time
and one partial differential equation in space. The differential equations are

d*p
pro —E?p, (2.13)

Vih(x) = —p*o(x), (2.14)
where p? =p-p = p? +p§ + p? = E? — m?, where the spatial vector is x = (z,y, 2).

The solution to (2.13) can be written as
o(t) = Ae "t (2.15)
where A is a constant.

Since (2.14) is a linear differential equation with constant coefficients, we can write down a
solution of the form

¢(x) = Be X, (2.16)

with B being a constant. The full solution to the (34 1)-dimensional Klein-Gordon equation

can be written as '
w(X’ t) _ woefz(EtJrk-x)/h’ (2'17)

where 1)y = AB. Substituting (2.17) into (2.8) we obtain
hE

mc?

p=——lP, (2.18)

if £ > 0, this is negative and so cannot be interpreted as a probability density.
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2.2 The Dirac equation

In section 2.1.1 we showed that the Klein-Gordon equation (2.7) does not possess a positive
definite probability density function leading to the continuity equation. This fact resulted
from the observation that the Klein-Gordon equation is second order in time, this means that
the energies can take both positive and negative values and thus resulting in the absurdity
shown in (2.18) i.e. a negative probability. The task now is to find a relativistic wave
equation in which the time derivatives appear in first order so that we can obtain a positive
probability density leading to the continuity equation. The equation of interest must be such
that its eigenvalues satisfy the relativistic energy-momentum relation (2.3). In 1928 Dirac
proposed an equation of the form[l7]:

h
1thop) = (,Cakak + ﬁmc2> Y =: H, 1<k<D, (2.19)
i
where D is the spatial dimensions, o and 3 are anti-commuting matrices and 9, = %,

we sum over repeated indices. Equation (2.19) has the time and spatial derivatives occur-
ring symmetrically. This will solve the negative probability density (2.8) encountered in the
Klein-Gordon equation. something to note about the proposition in (2.19) are: (a)a® cannot
be numbers since (2.19) would fail to be invariant even under spatial rotations. (b) o* and
£ must be hermitian matrices so that the hermiticity of H can ensure the existence of a
conserved probability density. (c¢) The wave function ¢ = (1, -+ ,9n)? is an N-component
column vector whose components satisfy the Klein-Gordon equation (2.6) so that (2.3) holds.
In (34 1)-dimensions N =4, N =21in (2+1) and N =2 in (1 + 1) dimensions. As we shall
see later in Thm (1) that N = 2¢ for both cases when the number of dimensions is ¢ = 2d
(even) and ¢ = 2d+1 (odd), with d € N. (d) Equation (2.19) must posses Lorentz invariance.

2.3 The conserved probability density

The Dirac equation possesses a positive definite probability density and a current density
that lead to the continuity equation. To derive the continuity equation for the Dirac system
we follow a similar procedure as in the case of the Klein-Gordon equation. We first start by
writing down the adjoint vector to ¢ as ¥ = (7, ..., 9%). Multiplying (2.19) by ¥ yields:

i o) = }/ﬂ A0 + m2yt Bl (2.20)
The complex conjugation is given as
. 1 :
—i0'y = = (9;97) o'y + 1t (2.21)

Taking the difference between the two equations gives

o(WTe) = — ((0:F) o'ty + wla'd) +im (v1ty — ¢fBy).
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We have used the fact that o/ and B are both hermitian matrices, that is a/T = o/ and
Bt = 5. We can define the probability density as

pi= vy, (2.22)

and a current density
i = cpTakp. (2.23)

These give rise to the continuity equation
. L, o &
Ot = Eatj + Okj" =0, (2.24)

where j° = cp and j* = (5°, j%).
p0d

2.4 Dirac matrices

Making use of all the four facts above, we can consider a two-fold application of the Hamil-
tonian in (2.19) and obtain
— P =— Y 5 (/o + ofa?) ;000 + = 3 (/B + Bad ) O + BmPp. (2.25)
)

7,k=1 j=1

Because we demand that ¢ in (2.19) satisfy (2.7), we can make a comparison of (2.25) with
the Klein-Gordon equation to obtain the following algebraic relations

{o',d}y=26"1,  p*=1,  {a',B}=0, 1<ij<m, (2.26)
where I is an N x N identity matrix and 6% is 1 when ¢ = j and 0 otherwise.

Definition 2.4.1 (Dirac matrices). We say that the elements of the endomorphism ring of
CN ie. o' € End(C"), 1 <i < ¥, with { € N, are the Dirac matrices if

(ai)T =a’, alad +alal =28V], 1<id,5 <.

Since (o)’ = I, one has that the eigenvalues spectrum of o is +1 i.e. o(a’) C {£1}. If
¢ > 2, then from the relation

o' = —ala'd?, 17,

one concludes that Tra® = 0. It follows that if £ > 2, then N is even; without loss of
generality, we may then assume that

B=al= (IJ\(T)/Q —ION/2> _ (2.27)
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Then the anticommutation relations {a',a’} = 0, 1 < i < ¢ — 1, show that the matrices
(a")lgig_1 are block-antidiagonal; begin self-adjoint, they have to be of the form

oﬁ':<0 “) 1<i<l—1,
o; 0

where the "generalised Pauli matrices” (Ui)lgige—1 satisfy
O':O'j‘i‘O';O'i :2(51'3'], Ui0;+0j0'2< :2(5“], 1 SZ,] SE— 1. (228)

Theorem 1, as shall be seen below, shows that there are ¢/ = 2d 4+ 1 Dirac matrices of size
N = 2% d € N. Let us give an explicit form of these matrices. For d = 0, N = 1, we can
take « = 1. For d = 1, N = 2, we define o, 1 < i < 3 to be the standard Pauli matrices
0;. The Dirac matrices can be constructed recursively in higher dimensions, that is, given
the Dirac matrices of size N = 29, o, 1 <i < ¢ = 2d + 1, one can define the Dirac matrices
&t 1 < i< 2d+ 3, of size 2N, by Kronecker products

0 o

di:01®ai:<al ) 1<i<2d+1;

0
d2d+2 =09 @ Iy = (Z?N _ZO[N> ) (2'29)
N I 0
.__A2d+3 _ _ N
/6.—04 —0’3@]]\]—(0 —]N>'

There are various choices of Dirac matrices, some of which can be constructed according to
(2.29). However, the overall analysis of equations that are of Dirac type is not sensitive to the
choice of a Dirac matrix basis set. A practical example of this is the use of the so-called Weyl
(spinor) representations of Dirac matrices over the standard Dirac-Pauli matrices. The exact
representations of these matrices are shown in appendix A.2. These matrices can also be
chosen as shown in Thm. 1. This is done by considering matrices M; € GL(N,C), 1 <i </,
with V € N and ¢ € N, which satisfy the Clifford algebra relations

MiMj + M]MZ = 262']'[]\[, 1<4,5< g, ¢ e N. (230)

A few examples of these include the standard Dirac-Pauli y-matrices and the Weyl repre-
sentation of the Dirac matrices; these form the Clifford algebra as shown (2.37) and (2.38).
Lemma 1 provides the relevant information about irreducible representations of complex
Clifford algebras needed in Thm. 1.

Lemma 1 (Irreducible representations of complex Clifford algebras). Let ¢ € N and consider
the complex Clifford algebra Cly,(C), which is an unital algebra over a field of complex numbers
formed by the generators e;, 1 < i < £, which satisfy the following relations

{67;, 6]'} = €i€; + €;€; = 2(5@'1, 1 S Z,] S g, (231)

where 1 is the unit element in Cl,(C).
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1. If ¢ = 2d, ¢, then there is only one irreducible representation of Cly,(C). This represen-
tation is of rank 2°.

2. If t =2d+ 1, d € Ny, then there are two (non-isomorphic) representations of Cly(C).
Both these representations are of rank 2¢. These two representations can be distin-
guished by whether the product of all Clifford algebras (times i),

W = 1€1€3...€24+1,

acts by multiplication by 1 or —1 (when d is odd) or by i or —i (when d is even).

Theorem 1 (Dirac-Pauli theorem). Let ¢ € N and let {M;,;1 < i < ¢} and {M;,1 <
i < {} be two sets of anticommuting matrices of the same size N € N which satisfy the
anticommutation relations

M;M; + M;M; = 26,1,  M;M; + M;M; = 25,,1; 1<id,j <UL

Assume that

with ng an odd natural number and D € Ny (note that ¢ < 2D + 1 by Lemma 1).
1. If ¢ =2d, d € Ny, then there is S € GL(N,C) such that

M; = S7*M;S, 1<i<d. (2.32)

2. If t =2d+ 1, d € Ny, then there are S,% € GL(N,C), with ¥*> = I, such that

M; = ST M;S, 1<i< ¢ M, = 57" M,S; (2.33)

[M;, %] =0, [M;, %] =0, 1<i<¢ [S,%] = 0.

Moreover o(X) = £1, and the multiplicities of both eigenvalues £1 of ¥ are multiples
of 2¢. One can choose ¥ = I if and only if

Tl"MlMg...Mg = TI"MlMQ...Mg.

3. Ifng=1and D = d, so that N = 2% and { = 2d or { = 2d + 1, then the choice of S
is unique up to a nonzero complex factor; if moreover { = 2d + 1, then ¥ = ul with
e {£1}.

4. If the matrices M; and M;, 1 < i < ¢, are self-adjoint, then S could be chosen as

unitary; if more, moreover, £ is odd, the 3 could be chosen as self-adjoint.

An important consequence of Thm. 1 is that there exist matrices of size N = 2¢ for both
¢ =2d and ¢ = 2d+ 1. This will be useful later on in identifying the dimensions of the Dirac
matrices in odd dimensions, for example in (2 4 1)-dimensions.
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2.5 Dirac equation in covariant form

In order to cast the Dirac equation in its covariant form we must write down the Dirac
gamma-matrices. To do this we follow the convention, that 0 < u,v <nand 1 <1,j5 < n.
We let v*, 0 < u < n, be the N x N Dirac gamma-matrices; by this we mean that 7° is
self-adjoint, 7%, 1 < i < n are anti-self-adjoint. The y*’s are said to form the Clifford algebra,
that is

VA At = 29" Iy, (2.34)

where
g = g = diag(1,—-1,...,—1), 0<pu,v<n. (2.35)

The Dirac equation can now be cast into the covariant form as
(—ivy"0, +m) 1y = 0. (2.36)

The y-matrices in then standard Dirac-Pauli representation are given as

I 0 ; 0 of
0 _ N/2 (A 7
! < 0 —fN/2> - (‘Uz‘ 0) 237

0 __ 0 ]N/Q i 0 —O'i
Tw = <]N/2 0 9 Tw = O’i 0 (238)

in the Weyl representation, where the subscript W stands for "Weyl". Both matrices i.e
Dirac-Puali and Weyl representations satisfy equation (2.31) and (2.30) according to Lemma
1 and Thm. 1.

and

2.5.1 Dirac equation in (3+1) dimensions

The (3 + 1) dimensional Dirac equation is the most common of the Dirac-type equations in
(particle) physics. This form ((3+ 1) dimensions) of the Dirac equation was first introduced
by Paul Dirac in his efforts to study the quantum theory of an election [18]. The (3 + 1)
dimensional case implies that the (a')’s are 4 x 4, because d = 2, £ = 2d, thus N = 4. With
this we can write down the Dirac matrices using Def. 2.4 as:

o-(39) o5 %)

where o; are the usual Pauli matrices:

o) = (2 é) . oy = (? _OZ) o3 = <(1) _01> : (2.40)

See (A.3) for proof that this choice of o’ and /3 satisfy the algebraic relations in (2.26). The
(3 + 1) dimensional case is one that is most encountered — the Dirac matrices for this case
are given in (2.39) as 4 x 4 matrices. The spinors of the (3 4+ 1) dimensional Dirac equation
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are represented by a four dimensional vector b = (1,19, 13,14). The Dirac equation can
thus be written as

10 = — mkgxk + Bmap, 1<k<3. (2.41)

Equation (2.41) can be cast into its covariant form by multiplying both sides by  from the
left and calling 7 = 8 and 7' = Ba’.

2.5.2 Dirac equation in (241) dimensions

In the (2 + 1) dimensional case we have that d = 1, N = 2 and a’, 1 < i < 3 are taken to
be the standard Pauli matrices. In which case a' = 0y, o? = 05 and 3 = 05. With this, we
can write the Dirac equation in (2 4 1) dimensions as:

i0ph1 = — (10, + 0,) Yo + mihy

10419 = — (iax - 8@;) Py — maps.
There exists. another set of equations found by considering the conjugation of the Pauli
matrices, that is, we define a! = o} = 0y and a? = 0} = —0,. With this choice of matrices,
the Dirac equation can be written as:

i0phr = — (0, — Oy) 2 + mihy
iat¢2 = — (2833 -+ 8y) ¢1 — mwg.

(2.42)

(2.43)

2.5.3 Dirac equation in (141) dimensions

There are a few ways of choosing the Dirac matrices in the (1+ 1) dimensional case, the first
one is seen in Ref. [19], where a' = —0} = —09 and 3 = o3, This choice of matrices yields
the following system of equations:

Z'atwl 23#?2 + mwh (2 44)
105thy = — Opth1 — My, |

Another set of (1+1) dimensional Dirac equations can be obtained by conjugating the Pauli
matrices used in (2.44). Doing this yields:

1041 =039 + mapy,
104y = — Oph1 — mas.

These choices of the Pauli matrices can be seen in Ref.[20].

(2.45)

One can still choose a different combination of the Dirac matrices to find a different system of
equations. We can choose o' = —o3 and 3 = oy, this choice is used in Ref.[21] where "spinor
solitons and their PT-symmetric offspring" are studied. This choice of Dirac matrices yields

101 =101 — o,

iOtbs = — iDutbs — Uy (2.46)
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normally referred to as the spinor representation of the Dirac equation.

2.6 The tachyonic Dirac equation

The standard Dirac equation (2.36) which appears in most physics texts is such that the
two-fold application of the Hamiltonian operator is required to match the standard Klein-
Gordon equation, that is, the Klein-Gordon equation which satisfies the energy-momentum
relation E? = p? + m?2. A Dirac equation of this type is often referred to as the tardyonic

Dirac equation [22, 23, 24]. It is possible to construct another energy-momentum relation
E?* =p* —m? (2.47)
by replacing m +— im [22]. Such a relation (2.47) represents the so-called superluminal

propagation of matter waves. The Klein-Gordon equation for the superluminal waves is [25]
Ol — V2 —m?*p = 0. (2.48)

Despite (2.48) describing superluminal particles it can be reverted to its original tardyonic
form by including a nonlinear term and considering excitations over a nontrivial vacuum
state. To show this, consider a Klein-Gordon equation of the form

O2p — V) —m? + N2° =0, (2.49)

(the so-called ¢* theory). For small ¢ (2.49) becomes the tachyonic Klein-Gordon equation
(2.48). However, if you consider a small excitation ¢ of the vacuum solution ¢, = m/A\,

you obtain
0} — V3¢ +2m?¢ = 0, (2.50)

a perfectly tardyonic Klein-Gordon equation. A Dirac equation corresponding to (2.48) can
be written as

0 = Hp, H = —ia*0, +ipm, (2.51)

where we have replaced m — im in the standard Dirac proposition (2.19). The Dirac equa-
tion consisting of an imaginary mass term is called the tachyonic Dirac equation since it
describes the quantum mechanics of hypothetical particles known as tachyons [25, 20].

Alternatively, instead of explicitly replacing the mass term as m + im one can choose a
Hamiltonian of the form

H = —id*0y, + fv°m, (2.52)
with relation (2.47) still being satisfied [23, 27, 28, 29, 30], and
0 I
5 = /2 2.53
g ( Ins 0 ) (2.53)

being the matrix representation of the imaginary unit. The Dirac-Pauli theorem 1 ensures
that for any given ¢ = D + 1 dimensional Dirac-type system, where D is the number of
spatial dimensions, if £ = 2d (even), with d € N then N = 2¢. Similarly, there exist Dirac
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matrices with N = 2¢ for £ = 2d + 1 (odd).

Similar to the case of the tardyonic Dirac equation (2.25), a two-fold application of the
Hamiltonian operator on (2.51) and the requirement that imaginary mass energy-momentum
relation (2.47) be satisfied yields the following relations:

{oﬂ',ak} = 267% Iy, {aj,ﬂ} =0, B%*=—Iy. (2.54)

The corresponding covariant form of (2.51) in the standard representation of the Dirac
matrices 1s

(iv"0, —im) ¢ = 0. (2.55)

2.7 Chapter summary

In this chapter, we introduced the Dirac equation, both tardyonic (2.5) and tachyonic (2.55).
The Dirac equation was introduced as a supplement to the Klein-Gordon equation in an
attempt to understand fermionic quantum mechanics, namely the quantum theory of the
electron. We showed in section 2.1 that the Klein-Gordon equation fails as a candidate for
this project because it gives rise to a negative probability density (2.18) (since the energies
can be both positive and negative). For this reason there isn’t a continuity equation associ-
ated with the Klein-Gordon equation, and thus the Klein-Gordon equation was rejected.

In section 2.2 we argued that the new relativistic equation (2.19) must be a spinor equation
with ¢(t,x) = (¢1,...,¢n)T. This equation consisted of matrices o and 3 whose hermitic-
ity ensured the existence of a conserved probability density. The matrices can be extended
to higher dimensions and were computed in Def.2.4 in (2.29) by use of Kronecker products.

Theorem 1 was also used to argue for the independence of the Dirac equation on the choice
of matrices. Lemma 1 was also introduced to provide information about the irreducible
representations of complex Clifford algebras needed for Thm.1. Through the help of Thm.1
it was argued that there are Dirac matrices of size N = 2%, d € N for both cases when
the number of dimensions in the Dirac system is either even or odd. This was useful in
constructing the dimensions of the o, 1 <4 < ¢ — 1 in the (2 + 1)-dimensional case (2.42)-
(2.43) since the number of dimensions ¢ is odd. The Dirac equations in the case o of (3 +
1), (2+1),(1 + 1) dimensions were given with the suitable choices of Dirac matrices in
sections 2.5.1-2.5.3.



Chapter 3

Symmetries of The Dirac Equation

This chapter looks at the symmetries of the linear Dirac equation beginning with discrete
symmetries which include parity transformation(s), and time inversion. We also look at the
Lorentz invariance of the Dirac equation. The Lorentz invariance is a symmetry property of
the Dirac equation such that the transformation of a spinor ¥(t,z) € CV, (t,z2) € R x RP,
with N = 29, d € N does not alter the structure of the Dirac equation, that is, it only results
in the original function (¢, x) multiplied with a matrix exponential.

3.1 Discrete symmetries

Discrete symmetries in the context of the linear Dirac equation consist of transformations
such as: (a) parity transformation, which is a reflection of the spatial coordinate(s), (b) times
inversion, which corresponds to a reflection of the time axis.

Let 1 (¢, ) € CN be a solution to the Dirac equation (2.36) with N = 2% and x € R”, where
D =2d—1or D = 2d is the spatial dimension. We assume that there are 2d + 1 Dirac
matrices (o), 1 < i < 2d, and 3, such that o?~!,1 <4 < d and 3 are real, while a* with
1 <4 < d are imaginary. This is done to ensure that the matrices are in agreement with
the standard case of D = 3 with NV = 4, and the construction of higher dimensional Dirac
matrices in (2.29).

Before we begin studying discrete symmetries it is useful to define the free Dirac operator.

Definition 3.1.1 (Dirac operator in R"™). Let m > 0, n, N € N. We define a free Dirac
operator

Dy : L? (R",CY) = L? (R",CY),  D(D,)=H"(R",C")

by
with
-0
Dyp=—ia-V = —ia'—
0 i -V iXe’ i’

30
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where the summation in 1 < i <n is a assumed. The symbol D(-) denotes the domain of a
linear operator.

3.1.1 Parity transformation

For any spatial dimension D € N and N = 2¢, d € N, the linear Dirac equation
i0ph = Dytp = (—ic- V + Bm)y,  (t,x) € CV, (t,z) € R x RP

is invariant with respect to the parity transformation:

Pt z) = PP (t,x) = By(t, —x), (t,r) € R x RY. (3.2)

3.1.2 Time inversion

When the number of spatial dimensions is D = 2d — 1, for spinors with N = 2¢, d € N, the
total time-reversal transformation is

T ot z) = 7 (t,x) == in' P Kap(—t, z), (3.3)

where K : C x CP — C x CP is the complex conjugation and (t,z) € R x RP. Equation
(3.3) can further be simplified into the form

U(t,x) =iy P Kip(—t, z)
=iy' Yt (—t, z)
=iv' 0T (—t, x),

U(t,z) = iy T (—t, x). (3.4)

3.2 Lorentz covariance of the Dirac equation

In this section, we investigate how spinors of the Dirac equation transform under Lorentz
transformations. As in special relativity, we expect that the laws of motion to be identical
in all inertial frames of reference.

Definition 3.2.1 (Lorentz transformation). A homogeneous Lorentz transformation of R*
is a linear map A : R* — R* with

(Ay, Az) = (y, ) for allz,y € R?, (3.5)
where (y,x) = y*z, = y,a". The elements of the matriz A are denoted by AL.

The task at hand is to demonstrate that the structure of the Dirac equation is identical in
both coordinate systems i.e. the primed and unprimed. We construct ¢'(z*) from i (z*) as
follows

Y(a™) = S(N)w(a"),  P(a) = S(A) Y (a™) (3.6)
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where S(A) has the same dimensions as the v, matrices and 2 = Afz, is the Lorentz
transformation between two coordinate systems as per Def.3.5. In (3 + 1)-dimensions S(A)
is a 4 x4, and in both (24 1) and (1+ 1) dimensional case S(A) is a 2 x 2 matrix. The S(A)
matrix transforms the spinors linearly. The Lorentz covariance of (2.36) demands that "
obey

(—iv“@it + m) Y =0, (c=h=1) (3.7)
the matrices v* are unchanged under the Lorentz transformation. To show the covariance
of the Dirac equation we cast (2.36) (with ¢ = h = 1) into (3.7) using (3.6) as follows

(—iv"A23, +m) S(A) ' (™) = 0,
multiplying by S(A) from the left yields
—iS(A)Y*ALD,S(A) ' +mS(A)S(A) 'y = 0.

Comparing the above expression with (3.7) we find that the Dirac equation is invariant if S
satisfies the relation

S(A) "9 S(A) = AAt. (3.8)

Equation (3.8) is true for both the tardyonic and tachyonic Dirac equations.

3.2.1 The special orthogonal group

The SO(n) group is a group that captures rotations of n dimensional (abstract) objects.
The SO simply refers to the fact that this is a special orthogonal group. Let us begin by
looking at the notion of orthogonality. An n x n matrix A is said to orthogonal if

(AD)irAgs = dij, (3.9)

where the superscript T' denotes the transposition of a matrix and repeated indices are
summed over. From (3.9) we can see that if

ATA=1,
then since
det AT = det A
this implies that
(det A)? = det I = 1.

We, therefore, have that det A = +1 for all orthogonal matrices. Let us look at some
definitions.

Definition 3.2.2 (Orthogonal group). Let A be an n x n matriz , where n > 1. The real
orthogonal group O(n) is

O(n) := {A € GL(n,R) | ATA =TI}, (3.10)

where GL(n,R) is a group of all n x n invertible matrices with real entries called the general
linear group over R.
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Definition 3.2.3 (Special orthogonal group). Let A be an n X n matriz, the set SO(n) of
orthogonal matrices with unit determinant is

SO(n) ;== {A € GL(n,R) | ATA =1 det A = 1}. (3.11)

Theorem 2 (Cayley-Hamilton). A matriz satisfies its own characteristic equation. That is
if the characteristic equation of an n X n matrix A is

A" -+ an_lA”_l + -+ CLl/\ + ag = O, (312)

then
A" 4 ap A 4 a A+ agl = 0. (3.13)

3.2.2 Rotational group in three dimensions

We begin first by looking at the rotation group SO(3), the rotation group SO(3) will be
useful in our analysis of the (2 4 1) and (3 + 1) dimensional Dirac equation. Rotations of
three-dimensional objects are generated by the group SO(3) (n = 3 in (3.11)), that is, the
orthogonal matrices A are 3 x 3. In the (present) case of n = 3, there exist three planes of
rotations, namely

(z', 2%, (2, 2%), (22 2%).

This implies that there are a total of three rotational matrices with three angles of rotation
let’s call them wq, wo and w3. Now let n be a unit vector denoting the direction of rotation.
An element A(fi,w) € SO(3) representing rotations in R? in the direction of i satisfies the

following relations
A, w+271) = A(h,w) = A(—1, 21 — w), (3.14)

A, m) = A(—n, ), (3.15)

where w is taken as the length of a vector defined as w = (wy,wq,ws3). The rotation matrices
in the three planes of rotation stated above can be written as

1 0 0 '
Alep,w) = [0 cosw —sinw | =e ™7 (3.16)
0 sinw cosw

cosw 0 sinw .
Aeg,w) = 0 1 0 |=e™p (3.17)

—sinw 0 cosw

cosw —sinw 0
Ales,w) = [sinw  cosw 0| =e ™75, (3.18)
0 0 1
where
00 0 0 0 2 0 —2 0
Ti7=10 0 —|,To=]10 0 0),T3=1]z 0 O (3.19)
0 7 0 —1 0 0 0 0 O
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are the generators of SO(3). These satisfy the commutation relations
[T}, Ti) = ie;uTh, (3.20)
which in physics are interpreted as angular momentum commutation relations.

The exponential e=“™T can be expanded into its real and imaginary parts. To expand the

exponential we used the fact that

0 —?;Tlg ’ing
A-T=|ing 0 —in (3.21)
—ing z'nl O,

where (3.21) has a characteristic equation of the form: —\3 + (- A)A = =\ + X = 0,
A € R. Using Thm.2 we find that (fi- T)® — fi- T = 0, which gives the higher powers to be
Oh-T)Y'={m-T), (a-T)P°=({R-T) =0T, (4 -T) = (A4-T)! = (- T)? and so on. With
this we are able to expand A(f,w) as follows:

Gathering the even and odd powers separately yields

A(ﬁ,w):I—(ﬁ-T)2+(ﬁ-T)2<1—1w2+1+...>

2! 4!
AT Los 15
— (n- )(w—glw +gw +...>,
that is
Af,w)=T—- 0 -T)* + (1 T)*cosw — (A~ T)sinw. (3.22)

3.2.3 Lorentz transformations in (341) dimensional space-time

The nature of space-time as commonly understood is that an event is represented by the
coordinates x°, !, 2%, 3. This means that the space of space-time in special relativity is R*.
The main idea in special relativity is that two inertial frames or rather coordinate systems
separated by a uniform velocity are related by a linear transformation called a proper Lorentz
transformation.

Rotations of the coordinate (z!, 2%, 23) around the three planes of rotations are given by the

following matrices

10 0 0

~ {01 0 0 L iwh

Aler,w) = 0 0 cosw —sinw| € ’ (3.23)
0 0 sinw cosw
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1 0 0 O
T {0 cosw 0 sinw |
Alew)=1g o 1 o |7
0 —sinw 0 cosw
1 0 0 0
~ |0 cosw —sinw O ;5
Ales,w) = 0 sinw cosw O ¢ '
0 O 0 1
where
000 O 0 0 0O 00 0 O
000 O 0 0 0 2 00 —i O
"=1o oo —i|"2%{0o 0 00" % |oi 0 o
00 ¢ O 0 — 0 0 00 0 O
These are the rotation generators seen in section (3.2.2) with an added coordinate z°.

satisfy the algebra
[Jj, Jk] = ’iEjlil.

The matrices of the Lorentz boost are

coshn sinhn 0 0
sinhn coshn 0 0O
B<€1a’y) = 0 7 0 g 10 = e”Kl,
0 0 0 1
coshn 0 sinhnp 0
B 0 1 0 0| _ .k,
Blea,7) = sinhn 0 coshn 0 ¢
0 0 0 1
coshn 0 0 sinhp
0 10 0
B(e'&fy) = 0 0 1 0 = e’iK?»?
sinhn 0 0 coshn
where ]
coshn =~ = ﬁ’
e, B
sinhn =6 = ﬁ7
and the generators K; are
0 ¢ 00 000 2 000 2
¢t 000 0000 0000
Kr=1o 00 0| %2=]i 000" {0000
0000 000 000
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(3.24)

(3.25)

(3.26)

These

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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These generators satisfy the following algebra

[Kj, Kk] = —Z'Ejlil. (334)

3.2.4 Lorentz transformations in (241) dimensional space-time

The generators of Lorentz transformations in (2+1)-dimensional space-time can be computed

by use of equation (3.43), just to jump ahead a little bit, where Ly = o'? is a generator of

rotations on the (x,y) plane and L; = ¢°! and Ly, = 0% generate Lorentz boost along the z
and y axis respectively. These generators can be written explicitly as

1 1 1
Ly := 503, L= 301 Ly := 502 (3.35)

where the L; satisfy the following algebraic relations

(L1, Lo] = iLy, (Lo, L] = iLq, (Lo, L] = —iLs. (3.36)

3.3 Construction of the S matrix

In section 3.2 we showed that in order for the Dirac equation to be invariant under Lorentz
transformations the matrix S must satisfy equation (3.8). The matrix S contains all the
information about transformations in the Lorentz group, for example, rotations and Lorentz
boosts. In this section, the explicit form of this matrix will be calculated in terms of the Dirac
matrices. We begin by considering infinitesimal Lorentz transformations and then proceed
to construct the finite transformations considering a series of infinitesimal transformations.

Let us consider first an infinitesimal Lorentz transformation of the form
't = AtV = (O + el )a” = ¥ + el (3.37)
where the infinitesimal matrix € satisfies
et = —et, (3.38)

Having written down the infinitesimal transformation, we can now expand the matrix S(A)
in terms of € as

S(A) = S(e) =1 — %XWEW, (3.39)
where the matrices x,, are also assumed to satisfy

Xpv = —Xvp- (340)

We can also write the inverse of (3.39) as

SHe) =T+ %XUVE‘WI. (3.41)
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We can show that (3.41) is indeed an inverse, that is its product with S(€) gives the identity
matrix,

S1(€)S(e) = <1 - ;XWGW> (I + ixwe‘”)
Z‘ LV
=17 + 4X,UJ/€ - ZXHVEI + 0(62)
=1+ O(e).

This confirms that the leading orders in the product S~!(€)S(€) does yield the identity ma-
trix, therefore (3.41) is an inverse of (3.39).

The infinitesimal matrix of Lorentz transformations are required to satisfy equation (3.8).
Plugging (3.39) and its inverse into (3.8) yields:

S (S(0) = Ma” = (8 + el

1
(I - 4X)\p€)\p> ’Y“ ( XG'T > - fy + 6

1 Z
7“+16A%,ﬁ“— 43 Y Xy + O(€7) = A + €y,
_f o AP H 3.42
Exo[ V', X ] = €. (3.42)

4
The task of establishing the Lorentz covariance of the Dirac equation is now reduced to
finding matrices that satisfy the relation in (3.42). To do this, let us define a set of matrices
via the commutator

ot = %[W‘W”L (3.43)
It is clear from the definition that o*¥ = —o"#. Notice that

174 Z 17 v
ot =2 (7" =7"")

Z’ v 14
—5(29“ I —29"9"),
therefore

o =i(g" T —4"yH). (3.44)

With this we can evaluate the commutator [y#, 0**] as follows

[V o] = [y (g”A - v”vk)]
=iy, 77
=i ({71 =)

therefore
Ly oA

", 0" = 2i (g = g"*"). (3.45)
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We can now identify x* in (3.42) with ¢ in the above commutator. To show that this
identification make sense we evaluate

? l

—genl XM = = g, x 2i (¢ — ¢
1 v
=5 (e +ér) =y,

which is the same as the right hand side of (3.42). Finally we can write

l

S(E) =] — EO'“Z,E'LLU. (346)
We have successfully calculated the infinitesimal matrix S(e) as shown in (3.46). The re-

maining task is to extend this matrix to a finite form. This is done by considering a series
of such infinitesimal transformations as and taking the large N limit:

. N
. [ _i uv
— v iy — Ouve
S(A) A}l_I}TCl)O <] v e > e 4 . (3.47)
The factor of % in the above expression implies that the finite transformation is decomposed
into a sequence of N steps. Equation (3.47) shows that the transformations of spinor amount
to a multiplication by a complex matrix exponential.

3.3.1 The S matrix in 3+1 dimensions

Having constructed the S(A) i.e. the matrix consisting of all the transformations within the
Lorentz group, we will show explicitly what this matrix is in the (3 + 1)-dimensional case,
and the (2+1) and (1+1) dimensional cases thereafter. Recall that the finite transformation
(3.47) was constructed through a consideration of a series of infinitesimal transformations.
As an example, let us consider a rotation about the z axis through an angle w/2:

i N i
0) = SA) = Jim (14 55w0?) vl = e u@),  (3.49)
where o'? can be identified as the generator of a rotation on the z-axis. As in (3.22), we can
Taylor expand e2“° and write it in terms of sines and cosines. First, notice that o' = Jy
since J3 (in (3.26)) is a generator of a rotation around the z axis. The generator J3 has a
characteristic equation of the form \> —1 = 0, A € R. Using Thm. 2 we find that the higher
powers of J3 are

(J3)? =1, (J3)*" =1, (J3)2"+h = s, n € N.

. . . i
With these relations we can write e2“”s as
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oo F (L],
ezl =3 (2 3) ; keN
= k!
2p 2q+1
SO s ()
= +1 , ,q €N,
25% (2p) Z;é% (2q +1)! b
2p 2q+1
= CU(s)” L e CU(s)
=] + 3.J:
S @) S T
= <Icos % + 1J3 sin ;) .
We can now write " "
¢%x3__<1am2-+ugmn2>qu) (3.49)

Equation (3.49) is a reduction of (3.48) into a simpler form through sines and cosines.
The Lorentz boost of ¢ along the x axis is done according to ¢/(z') = S(A)¢(x), with S
being

S(A) :ef(i/2)w001

n .

=1 cosh — + K sinh —,

2 T2

where we have expanded e~ (/27" a5 (in the case of rotations) above, we have used the fact
that ¢"' = K7, since K (3.33) is the generator of a Lorentz boost along the z axis.

3.3.2 The S matrix in 2+1 dimensions

The generators of Lorentz transformations in (24 1)-dimensional space time can be computed
by use of equation (3.43) where Ly = o'? is a generator of rotations on the (z,y) plane and
Li = 0% and Ly, = 0% generate Lorentz boost along the z and y axis respectively. These
generators can be written explicitly as
L-:lf‘L-zf [ (3.50)
0 - 9 y 1 201, 2 20’2, .

where the L; satisfy the following algebraic relations

(L1, Lo] = iLy, (Lo, L] = iLs, (Lo, L] = —iLs. (3.51)

With help of these generators (3.50) we can write the S in each case as S(A) = e=®7"/2 for
rotations and S(A) = /2, S(A) = e~**"/2 for Lorentz boosts along = and y respective.
These can be written in matrix form as

S(A) :efiwa3/27

7 w . w
=] cos — — io38in —
2 27
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eiw/2 0

S(A) = ( 0 e~iw/2 | (3-52)

for rotations in the (x,y) plane. The matrix representation of S for boosts along x and y

becomes 5 5
cosh £ sinh 2 cosh?® —¢sinh ¢
_ _ 2 2
S(A) = (sinh é cosh %) ’ S(A) = (z sinh g cosh § ) : (3.53)

The Lorentz invariance of the tachyonic Dirac equation means that the transformation of the
spinor ¢ — S(A)y, with S(A) being chosen as in (3.52)-(3.53), does not change the structure
of (2.55). We can formally write down how the spinor components v and v transform under
Lorentz transformation as follows:

1. Rotations on the (x,y) plane

u s ey, v e 2y, (3.54)

2. Boost along x
u > cosh gu + sinh gv, v+ cosh gv + sinh gu, (3.55)

3. Boost along y
u > cosh %u — i sinh %U, v +— cosh %v + i sinh %u. (3.56)

3.3.3 Discrete symmetries

Discrete symmetries in the context of the linear Dirac equation consist of transformations
such as: (a) parity transformation, which reflects the spatial coordinate(s), (b) times inver-
sion, which corresponds to a reflection of the time axis. These transformations are [23]:

1. Parity
1/}<t7X) = ¢P<t7 X) - 61/)(t7 _X) (357)

2. Time itnversion -
b(t,x) = iy T (—t, x), (3.58)

where the superscript T' denotes matrix transposition and the role of 4° above is played
by the 2 x 2 identity matrix. The transformations can be written in terms of the spinor
components © and v as

u(t,x) — u(t, —x), v(t,x) — —ov(t, —x), (3.59)
for parity. For time inversion we have

u(t,x) — v*(—t, x), v(t,x) — u*(—t,x), (3.60)
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where we have used the fact that 7 = (T3)T = g7 (") = (1T, with 1 = Ty being
the adjoint spinor. It is worth noting that the imaginary mass Hamiltonian (2.51) is not in
variant under a time inversion since [27]

T : H=—ia"0), + ifm — —ia”0), — ifm, (3.61)

where of — —a¥, —i0;, — 0, and im — —im.

3.3.4 The S matrix in 1+1 dimensions

In the (14 1)-dimensional the only operations that can be performed are Lorentz boost and
discrete transformations on the (¢, x) plane, with (¢,2) € R x R. The S matrix of a Lorentz
boost along the z-axis is:

; 7 _ginh?
S(A) = e 31 — ( cosh ¢ sinh 2) ' (3.62)

_ainh 2 n
smh2 cosh2

In order to write the discrete transformations explicitly in (1 4 1) dimensions we adopt the
spinor representation of the y-matrices, the Dirac equation in this representation was written
down in equation (2.46). Discrete transformations in the (1 + 1) dimensions are

u(t, z) — v*(—t, x), v(t,x) — u*(—t, x), (3.63)

for parity transformation, where we have used (3.2) with 4 = o'. In the case of time

reversal transformation, we adopt the method used by the authors of Ref.[31] by defining
the transformation as

T 2 ah(t,x) = Tt )T 1 =~%*(—t, z). (3.64)
Writing this in terms of the spinor components u and v we obtain

u(t, z) — v*(—t, x), v(t,x) = u*(—t, ). (3.65)

3.4 Chapter summary

This chapter looked at the symmetries of the linear Dirac equation, in particular, the con-
struction of the matrix S(A) which consists of transformations in the Lorentz group. This
matrix was constructed by first considering infinitesimal Lorentz transformations and ex-
tending those to a finite transformation through a series of infinitesimal transformations.
We discovered in (3.47) that the Lorentz transformation of spinors amounts to a multiplica-
tion by a complex matrix exponential. For this matrix to render the Dirac equation (both
tardyonic and tachyonic) invariant under Lorentz transformations, it had to satisfy equa-
tion (3.8). Next, we studied discrete symmetries in section 3.1. On the subject of discrete
symmetries, we looked at parity transformation(s) (3.2) and time reversal transformation
(3.3). Sections 3.3.1-3.3.4 looked at specific Lorentz transformations, in particular: rota-
tions in (34 1), (2+ 1) and (1 + 1) dimensional space-time, and Lorentz boosts in the
aforementioned dimensions.



Chapter 4

Nonlinear Dirac Models

The previous chapters looked into the formulation of the Dirac equation in the absence of
self-interaction. We studied the structure of the Dirac equation, including the Dirac matrices
and the Clifford algebra formed by these matrices. We also looked at the Lorentz transfor-
mations and symmetry properties of both the tachyonic and tardyonic Dirac equation. In
this chapter, we will study the Dirac equation with self-interaction. The nonlinear Dirac
equation was introduced to model self-interacting fermions. The nonlinear Dirac model was
introduced by Ivanenko in an attempt to formulate the unified field theory of elementary
particles. Ivanenko did this by considering only a scalar self-interaction of fermions. Soler
later used the nonlinear Dirac equation with scalar self-interaction to study extended nucle-
ons, while Gross and Neveu used the one-dimensional version of the Soler model to study
quack confinement in quantum chromodynamics[21, 32].

Another self-interaction type potential was introduced by Thirring— this potential is based on
the vector self-interaction of a spinor field [33]. The massive Thirring model has been shown
to be completely integrable via the inverse scattering transform [31]- the one-dimensional
version of the massive Thirring model possesses solitary wave solutions and its fundamen-
tal solutions can be transformed to solitons of the sine-Gordon theory via bosonisation.
Recent years have seen a growing interest in the study of near relativistic phenomena in two-
dimensional materials like graphene, Bose-Einstein condensates, and photorefractive lattices
or the so-called photonic graphene. In these materials atoms (or light) are arranged in a
hexagonal lattice such that the near-Dirac-point expansion of the tight binding Hamiltonian
of such an arrangement reduces to the Dirac Hamiltonian. It is for this reason that the
nonlinear Dirac equation has seen much utility in recent years.

In optics the recurrent nonlinearity is the Kerr nonlinearity, this is a cubic-type nonlinearity
which does not couple with the spinor components and thus breaks the Lorentz symmetry
i.e. the nonlinearity is not invariant under Lorentz transformations[35]. Although there
is a broken symmetry in the optical version of the nonlinear Dirac equation, studies have
shown that these models have solitary wave solutions, vortices [10, 36] and topologically
protected states and topological edge states [10, 37]. Topological edge states are found in
one-dimensional lattice equations like the nonlinear Su-Schrieffer-Heeger (SSH) where the
Dirac Hamiltonian is obtained by Fourier transforming the tight-binding Hamiltonian of the

42
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SSH model. Photonic graphene and staggered graphene have also been shown to support
solitons of this kind [10].

In this chapter we will consider the nonlinear Dirac equation with self-interaction in one,
two and three spatial dimensions. The nonlinearities considered are the Thirring and Soler
nonlinearities. We present exact solitary wave solutions of the massive Thirring model in one
spatial dimension and quote the results obtained in Refs. [38, 39] in the case of the standard
Soler model. Both the (1 + 1) dimensional massive Thirring and Soler models admit stable
solitary wave solutions. In two spatial dimensions, we will consider a (2 + 1) dimensional
extension of the (2+0) dimensional complex sine-Gordon equation. This is a nonlinear Dirac
equation with Thirring-type nonlinearity. We will study the stability of the single vortex
solution of the aforementioned. Next, we will look at the Soler model in the context of the
imaginary mass Dirac equation (tachyonic) in a constant background and see whether this
version of the Soler model admits vortex solutions or not. We also consider the standard
Soler model in (2 + 1) dimensions and reproduce results obtained by Cuevas-Maraver et al
in Ref. [10]. Lastly, we consider the (3 4+ 1) dimensional Soler model and reproduce the
numerical results by Soler in Ref. [11].

4.1 The massive Thirring model

The massive Thirring model considers a vector-type self-interaction of a spinor field where
the Lagrangian includes the scalar product J,.J#, with J, = ¢yt [12]. The product J,J*
couples with the spinor components in the Dirac equation, thus the product is invariant under
Lorentz transformations (3.47). This model arose in the context of quantum field theory
where theories of elementary particles were being proposed. The massive Thirring model
also occurs in the context of optical gratings in which Bragg-resonant wave propagation in
a Kerr medium is described [13]. The one-dimensional version of this model is completely
integrable since it possesses an infinite number of conserved quantities or commuting charges
[11]. The standard (tardyonic) Lagrangian of the massive Thirring model is

£ =0 (0, —m)v — 5 (590) (), w=0,1, (4.1

where m and ¢ are the mass and coupling constant, respectively. The equations of motion
associated with (4.1) are

1
i O+ + §V“J,ﬂﬁ =0, p=0,1 (4.2)

4.2 Massive Thirring model in 141 dimensions
In the spinor representation (see A.2) the (1 + 1) dimensional massive Thirring model is
i(ug + ) + v+ [v]Pu =0 (4.3)

i(vy — vy) +u+ |ul?v =0, (4.4)
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where the Dirac matrices in (4.2) are chosen as 4° = ¢! and v! = 03 and ¢ = (u,v)?, with
u and v being spinor components. We are looking for the quiescent (non-propagating) wave
solutions to the Thirring model. To find these types of waves we consider a solution ansatz
of the form u(z,t) = e”“! f(z) and v(x,t) = —e *“'g(x), where the minus sign in v is chosen
for convenience. Under the aforementioned assumptions, we obtain the following system of
nonlinear ordinary differential equations :

ifetwf—g+lglPf=0, (4.5)
—ige +wg — [+ |f]’9=0. (4.6)

The system (4.5) - (4.6) can be solved by the use of the conservation laws of the massive
Thirring model, namely the conservation of charge and conservation of energy.

4.2.1 Charge conservation

The massive Thirring model admits conservation of charge law. To see this we multiply (4.5)
by f and subtract the complex conjugate of the resulting equation. Carrying this operation
yields

i(fte—=1f:) = fa—fg=0. (4.7)

Similarly, we can do the same for (4.6); doing that yields

—i(§gs + 992) — fg+ fg = 0. (4.8)

Equations (4.7) and (4.8) can be added so that

d /.= d
) — —1— (99) = 0.
i (£F) i (99)
Applying the boundary conditions |u|?,|v]* — 0 as |z| — oo yields the charge conservation
law

[f1=lgl (4.9)

4.2.2 Energy conservation

The massive Thirring model also exhibits the conservation of energy. To see this we multiply
(4.5) and multiply it with g, and add the complex conjugate of the resulting expression.
Doing that yield the following equation:

wL (1) = o — 3t + 9P (1F) = 0. (4.10)
dx dz
Similarly, we multiply (4.6) by g, and subtract the complex conjugate of the resulting equa-
tion. The operation yields

d = d



CHAPTER 4. NONLINEAR DIRAC MODELS 45

Adding (4.10) and (4.11) gives

o (1024 10P) — L (Fo+ f3) + pa =0,
therefore )
w (|£1?+191%) = (fg+ fa) +|fg* = 0. (4.12)

Our task is to find soliton solutions to (4.5) and (4.6), we do this by requiring f(x) and g(x)
to take the form f(z) = a(x)e?® and g(z) = a(z)e®™®. Substituting g(z) and g(x) into
(4.12)

2wa® — 2a® cos(¢ — 0) +a* = 0. (4.13)

We are particularly interested in solutions with |f| = |g| # 0 so that we can divide the above
expression by a to obtain the following identity:

2w — 2cos(¢p — 0) +a® = 0. (4.14)

Substituting the Ansatz for f(x) and g(x) into (4.5) and (4.6) yields a coupled system of
ordinary differential equations in a(x), 8(x) and ¢(x). The system reads

—ia, — b, +wa — ae’™? 4 ¢® =0, (4.15)

— iy + apy + wa — ae’®P 1 = 0. (4.16)

The above equations (4.15) and (4.16) can further be broken down into their real and imag-
inary parts to give the following equations

—abf, +wa — acos(¢ — 0) +a® =0, (4.17)
—a, +sin(p — 0) =0, (4.18)
ap, +wa —acos(f — @) +a* =0, (4.19)
—a; —acos(f — @) = 0. (4.20)

We can subtract (4.19) from (4.17) to produce

_awz + 901) =0,
from whence we notice that

0=—g. (4.21)

What is now left is to solve either (4.17) or (4.19) with the knowledge that (4.21) holds. By
making a? the subject in (4.14), (4.17) can be re-written as

0, = cos20 — w,

where the solution for the newly written 6, equation can be obtained from the standard

table of integrals as
1 (w+ 1) tan (g)
= ———arcta : 4.22
Ve { Vi-o? 422)
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Returning to the identity in (4.14), notice that

w — cos26 <0,
w < cos 20,

therefore,

lw| < 1.
We can call w = cosa so that when w > 0 we have that 0 < o < 7 and § < a < 7 when
w < 0. Let us now direct our attention at equation (4.22) and re-write it as

ST — 2
tan (g) = 1+w tanh (\/1 — wzw) ;

tan ()] < tan (5 ).
therefore
()] < /2.
We are now able to further simplify (4.22) as
tan(p) = — tan(a/2) tanh(sin(a)x). (4.23)

We are now in a good position to find the form of a(z) and write out the full solution of
system (4.5)-(4.6). From (4.14) we write

a2
> =C0s2p — cos

1 —tan?
=———— —cosa,

1+ tan“op
~ 2sin?(a/2) — 2 cos?(a/2) tan?(«/2) tanh?(sin(a) )
B cos—2(¢) ’

=2sin’(a/2) cos® o (1 - tanhQ(sin(a)a:)) :
therefore
a(x) = 2sin(a/2) cos p sech(sin(a)x). (4.24)

We can now compute the product a(xz)e™#(®)

a(z)e® =2sin(a/2) cos psech(sin(a)z)e',
=2sin(a/2) sech(sin(a)z) cos® ¢ (1 + i tan @),
1+2tanep

—25in(r/2) sech(si ST
sin(a/2) sech(sin(a)z) T tan?yp’
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(@) _ sin(a) 495
alz)e cosh(sin(a)x + )’ (4.25)

Finally, we can write the exact solution to (4.5) and (4.6) as

sin o
= 4.26
/(@) cosh(sin(a)r —iar)’ (4.26)
and .

o(z) = o (427)

~ cosh(sin(a)z + i)’

where 0 < o < 7.
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Figure 4.1: The stationary soliton solution of the (1+1) dimensional massive Thirring model
(4.3) for various values of o, namely a = 0.3, 0.5, 0.7, 0.9, 1. The top left image (a) is the
real part of (4.26) while (b) is its imaginary part. The real and imaginary parts of (4.27)
are shown in (c) and (d) respectively.

Figures 4.1a-4.1d show the graphs of solutions (4.26) and (4.27) for several values of the
free parameter a. Fig. 4.1a-4.1b show the real (left) and imaginary (right) parts of f
respectively, while Fig. 4.1c-4.1d depict the real (left) and imaginary (right) parts of g.
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The solutions describe solitons whose width becomes smaller for increasing values of «.
The soliton amplitude increases with an increase in «. Fig. 4.2a-4.2b show the evolution
of initial wave profiles f and g according to the massive Thirring model (4.3). These are
quiescent waves that oscillate up and down with zero velocity. Solitons of the massive
Thirring model are known to always be stable due to the Lorentz invariant nature of the
nonlinear term. These solutions were obtained by Barashenkov et al [21] in their PT-
symmetric form. The multisoliton solution was also obtained by Barashenkov et al in Ref.[2].
The analysis performed above is done with no P7 -symmetry, that is, the gain-loss parameter
v is set to zero, taking advantage of the conservation laws present in the system.

Figure 4.2: The evolution of initial soliton profiles (4.26) and (4.27) according to the massive
Thirring model (4.3). The numerical solution is generated via the Fourier split-step method
with a = 7 on the interval 2 € [-20,20]. Shown in (a) is the square modulus of u while (b)
shows the square modulus of v.
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4.3 Standard Soler model in 1+1 dimensions

The one-dimensional tardyonic Soler model has a Lagrangian density of the form

2
)

_ 1 ,_
L= (3", = m) ¥ + 5 () 0<pu<l. (4.28)

The equations of motion associated with the above Lagrangian density are
iV =mip — (V) Y, p=0,1, (4.29)

or in component form
10 — OV — (1 - (\u!Q - \v|2>) u=0,

10w + Opu + (1 _ (!u|2 B Mz)) v=0, (4.30)

where the Dirac matrices are chosen as 7 = ¢® and 7! = io!. The above system possesses
stationary solutions of the form u(t,z) = e ! f(z) and u(t,x) = e “'g(x). Substituting
this solution ansatz into (4.30) yields a system of ordinary nonlinear differential equations

Ouf+ (1 (=) g+wg=0,

(4.31)
Owg + (1= (f* = ¢*)) f —wf=0.
Equation (4.31) has been shown in Refs. [38, 39] to have a solution of the form
B/2(w+ 1)
f(x) = cosh(fr) ———--=,
1 + cosh(2px) (4.39)
py2(1 —w)

g(x) = Sinh(ﬁﬂf)m,

where § = v/1 —w?, not to be confused with the Dirac matrix in (2.27). The solutions were
shown to be stable in Ref. [17].
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4.4 241 dimensional nonlinear Dirac models

The planar Dirac equation has generated a lot of interest in recent years due to the fact
that it coincides with hexagonal lattices like graphene, photonic graphene and Bose-Einstein
condensates when studied at the K points. This was shown in equation (1.40) in section
1.4. In this section we present nonlinear Dirac models on a plane, beginning with the spinor
reduction of the (2 + 0) dimensional complex sine-Gordon model and its spatiotemporal
extension. We also look at the Soler model in the tardyonic and tachyonic representations
and study the vortex solutions (if any) associated with these models. Lastly, we also look at
a photonic graphene model, i.e. a nonlinear Dirac equation with Kerr nonlinearity.

4.4.1 Lorentz transformation of quadratic nonlinear terms

Before considering planar nonlinear Dirac equation(s) it is useful to consider how quadratic
terms (or bilinear forms) in (2 4+ 1) dimensions behave under Lorentz transformations. The
transformations of bilinears are important since they inform us which nonlinear terms can
preserve the Lorentz invariance of the Dirac equation.

4.4.2 The not-so-Lorentz scalar

To begin we consider the scalar product
i = Jul + Jof?, (4.33)
and Lorentz transform it, that is,
Yl — STYTSeh = TST S,

Since STS # I, where I is a 2 x 2 identity matrix, the quantity 11 is not a Lorentz scalar
and thus not invariant under Lorentz transformations.

4.4.3 The Lorentz scalar

Since (4.33) is not invariant, we construct another quadratic product of the form
@E?/) = ¢T70¢ = |u|2 - |U|2> ’70 = 037 (434)

and check how it behaves under Lorentz transformations. Let us begin by checking how
(4.34) behaves under rotations:

’u|2 o ’U|2 — eiw/2ue—iw/2@ . €_iw/27}€iw/2’[} _ |U|2 . |’U|2. (435)
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In the case of a boost along the x direction we have
ul® = |v]? — <cosh gu + sinh §v> (cosh gu + smhg >

— (cosh gv + sinh §u> <cosh —7v + sinh §a>

= cosh? & p (|u|2 |U|2> sinh? (|u|2 )

therefore
WP—WEH>&%wg-ﬁmw§>QM2_wﬂ:4M2_wﬁ (4.36)

For a Lorentz boost along the y direction the quantity |ul? — |v|* transforms as

lul? — |v|* <cosh %u — isinh Zv) (cosh %ﬂ + isinh (;v)

— (cosh gv + ¢ sinh au) (cosh —9 — ¢sinh u)
2 2 2 2

therefore
[ul® — Jv]? (cosh2 g — sinh? g) |ul® + (sinh2 % — cosh® Z) 0] = |[u* — [v]®.  (4.37)

The quadratic quantity 11 is indeed a Lorentz scalar since it is unaltered under rotations and
Lorentz boosts. Another candidate that one might consider is the quantity 1), however,
in (2 + 1) dlmensmns 1) coincides with 11 due to the fact that 4° = iy°y'~? = I,, with

0 =0?% 4! =io? and 7? = —io.

4.5 The complex sine-Gordon model

The complex sine-Gordon equation was introduced as a model for the description of rela-
tivistic vortices in superfluids by Lund and Regge [10, 17]. This model can be thought of as
an integrable generalisation of the sine-Gordon theory. The complex sine-Gordon theory has
found a wide range of use including in optics where it provides a more accurate description
of optical pulses[15], the model is also capable of incorporating effects such as frequency
modulation. The complex sine-Gordon equation in (2 4 0) dimensions was first considered
in Ref. [2] and takes the form
- Uowov
00 + Ty + (
where 0 = 9,, 0 =0: , z = % and z = % The above system (4.38) can be reduced back
to the usual sine-Gordon theory by letting

1—|¥?) =0, (4.38)
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U = sin g, (4.39)

with ¢ being a real field. The complex sine-Gordon (4.38) has been shown to have topological
vortices ¥ = f,e"[3, 1], where f,, — 1 as r — 0, with vorticity n € Z. The system in (4.38)
has been shown to be reducible to a spinor representation in terms of a Euclidean spinor field
U = (u,v)” [19, 2]. The authors of Ref. [2] have identified this reduction as the Euclidean
version of the massive Thirring model, which takes the form

ou + v (1 - |u|2) =0,

4.40
8v—u(1—]v]2):0. (4.40)

The above is clearly a nonlinear Dirac-type equation with cubic nonlinearity, with the com-
ponents u and v satisfying (4.38). Equation (4.40) has a Lagrangian of the form

L= / (zﬂav + i00u + |ul® + |v|* — |uwv|* — 1+ c.c.) dz. (4.41)

Since the complex sine-Gordon equation (4.38) possesses topological vortices, it is natural
to expect its equivalent representation (4.40) to have these vortices. This section is devoted
to studying the vortex solutions of (4.40). The stability of these solutions is studied by
extending (4.40) to its (2 + 1)-dimensional version and studying its perturbation about the
vortex solution, in particular, the single vortex solution.

4.5.1 The 241 dimensional extension of the 240 dimensional com-
plex sine-Gordon

Extending stationary nonlinear Dirac equation (4.40) to (2 + 1) dimension requires first
noticing that it reduces to the imaginary mass Klein-Gordon equation. Thus, its temporal
extension must also reduce to the imaginary mass Klein-Gordon equation. This was done
in chapter 2, therefore what we have to do is simply choose the right Dirac y-matrices.
Choosing the Dirac matrices as 7° = 03, 4! = io? and ¥? = —io’ the (2 + 1) dimensional
extension of the (2 4 0) dimensional complex sine-Gordon equation takes the form:

ug + (8x+i8y)v—u(1 — |v|2> =0,

4.42
vt+(8x—i8y)u+v(1—\u]2):0. (4.42)

4.5.2 Dispersion relation in a nonvanishing background

When the differential equation (4.42) is studied under vanishing boundary conditions it
possesses a dispersion relation with complex roots. This problem of the complexity of the
roots can be overcome by studying the system over a nonvanishing background. Equation
(4.42) has a constant solution u = 1, v = ¢"®. Linearising (4.42) about this solution gives

o+ (04 + 10,) dv + (eio‘&? + e_io‘év) =0,

| (4.43)
00 + (0p — i0y) 0u — e (du + ou) = 0.
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A change of variables du = a(t, z,y) + ib(t, x,y) and dv = p(t, z,y) + iq(t, x,y) yields:

(a4 ib) + (9, +1i8,)(p +iq) + 2(pcosa + gsin ),

, 4.44
(p +1iq) + (0y — 10,)(a + ib) — 2e"a = 0, (4.44)

where the overdot is shorthand for the time derivative. Splitting (4.44) into its real and
imaginary parts yields the following system of equations:

bOaq + Oyp = 0, (4.45)

a+ 0,q — 0yq+ 2(pcosa + gsina) =0, (4.46)
4+ 0;b—0ya —2sinaa =0, (4.47)

P+ 0ya+ 0yb — 2 cosaa = 0. (4.48)

To obtain the dispersion relation for (4.45)—(4.48) we restrict ourselves to solutions of the
form (a,b,p,q)" = (A, B, P,Q)"e!“ k%) with k = (ky, k) and x = (z,y), where the super-
script 7' denoting matrix transposition. Plugging this ansatz into (4.45)—(4.48) yields

0 w —Zkg —’lkl A 0
i(wt—ko—kaa) tw 0 —iky+2cosa iky+2sina| | B _ |0
‘ iky —2sina —iky 0 iw P of 449
—ik; —2cosa —iko w 0 Q 0
Equation (4.49) has a solution if the determinant of the matrix above is zero, i.e.
0 1w —Zkg —’Lkl
w 0 —iki+2cosa iky+2sina|
det| ik, —2sina  —ik, 0 iw =0 (450)
—ik; —2cosa  —iko w 0

evaluating this yields a fourth-order polynomial of the form:
w* — 4w? 4 2(k} — k3) cos 2a + 8kikysinacos o + (k7 + k3) (kT + ki — 2w? +2) = 0. (4.51)
The above expression (4.51) can be simplified by writing
wh — 20 (|k|* +2) + 2(k} — k3) cos 2a + 8kikysinacosa + [k[* (k[ +2) =0,  (4.52)
where |k|? = k¥ + k2. The dispersion relation (4.52) is bi-quadratic and is real when its
discriminant is greater than zero, i.e.
([K|” +2)* = 2(k7 — k) cos 2a — 8kyky sin avcos a — [k |* ([k|* +2) > 0. (4.53)
Simplification of the above expression yields

k? (1 — cos2a) + k5(1 + cos 2a) + 1 — 2k ko sinavcos a > 0,
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therefore
(kycosa — kysina)? + 1 > 0. (4.54)

Equation (4.54) is always positive, thus the roots of (4.52) are real for all values o € R. For
the roots w}, w3, Vieta’s formulae are

witwi=2(kP+2), (4.55)

wiws = |k|* + 4(k; cos a + ky sin ). (4.56)

The above equations (4.55)—(4.56) are always positive thus both w? and w? are positive. The
absence of complex roots in the dispersion relation of this model implies that the model can
be interpreted physically when studied in a nonvanishing and constant background.

4.6 Stability analysis of the vortex solution

To study the stability of the perturbed vortex ansatz it is useful to first cast the nonlinear
Dirac equation (4.42) into polar coordinates. Equation (4.42) in polar coordinates is

Ovu+ e (@ — z’ag> v—u (1 — \UP) =0,
r
) (4.57)
v + e <8T + z:> u—+v (1 — |u]2) =0,

where r is the radial coordinate and 6 is the angle. . To examine the stability of the vortex
solutions of (4.57) we consider a perturbed vortex solution of the form

u(t,r,0) = el(n—1)0 (f(r) + ou(t,r8)), v(t,r,0) = e™ (g(r) + ov(t,r,0)), (4.58)

with f,¢g € R and du and dv are small perturbations near the stationary vortex solution.
The substitution of (4.58) into (4.57) gives

On(f + Su)el™ D 4 ¢~ (& + zaf) (g + 60)e™ — D f 4 6u) (1~ [g + 6v]?) =0,

Oi(g + dv)e™® + e (ar - 206) (f + ou)e'™ V9 4 (g + 6v) (1 —|f+ 5u|2) e = (.

r

Letting du(t,r,0) = a(t,r,0)+ib(t,r,0) and dv(t,r,0) = p(t,r,0)+iq(t,r,0) and substituting
into the above system gives:

O(f 4 a+ib)e! 10 4 =¥ (ar + ia@> (9 +p+ig)e™
T
—e ™V a+ib) (1 |g+p+igl) =0,
A . o A
(g +p+ig)e™ + ¥ (& - z:> (f +a+ib)e'n e

+Hg+p+ig) (1-|f+a+ib?)e™ =0,
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whence
Oy(f +a+ib) + <&«+ % —iie> (g+p+iq)—(1—9¢*)f—2pfg
+(a +b)(1 — ¢*) + O(ap + bp) = 0,
Ha;) (f+a+ib)+(1— fHg—2afg

+(p+iq)(1 — f2) + O(ap + ag) = 0.

n—1

(g +p+iq) + (&— "

Equating terms of order O(a® + 0°) and O(p® + ¢") yields a system of equations for f(¢,r)
and g(t,r):

of+(0:+ %) g (1-g)s =0,
o+ (04" ) F 4 (= g =0

On the other hand equating terms of order O(a+b) and O(p+ ¢q) and splitting the resulting
equations into their real and imaginary parts yields:

(4.59)

1
oa + (&n + Z) P+ ;(%q — (1 — gz) a+2fgp =0, (4.60)
b+ (ar + ") a—2am—(1-g%)b=0 (4.61)
r T
n—1 1 9
8tp+<8r— )a—ragb—l—(l—f)p—Qfga:O, (4.62)
8tq+<8T—n_1>b+i89a+(1—f2)q:0. (4.63)

The time derivatives can be replaced by d,a — Aa, 0;b — Ab, O;p — Ap and 0,qg — Aq to
yield:
L, ®(t,r,0)=-\TP(t,r0), (4.64)

where ®(t,r,0) = (a,b,p,q)" and

O, —=L—2fg 19, 1— 2 0
1 n—1 9
_ ~0p O — = 0 1—f
Ly, = —(1- 92) 0 O, + oy 2fg %30 ) (4.65)
0 - (1 - 92) —%89 8r + %
and
0010
0 0 01
=11 000 (4.66)
0100

It is worth noting that the matrix J is its own inverse, thus (4.64) reduces to

TLnO(t,r,0) = —\O(t,1,0). (4.67)
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The operation of J on L is simply to swap the rows of L,,.
We can impose a further simplification by letting

(a,b,p,q)" = (A(r)sinm8, B(r) cosm#, P(r)sinmd, Q(r) cosmb)” (4.68)

with m € Z being the angular momentum number, so that (4.67) reduces to a one dimen-
sional problem in the radial coordinate r. Substituting (4.68) into (4.60)—(4.63) simplifies
(4.65) to

0, — =1 —2fg m 1- /2 0
% ar o n;l 0 1 _ f2
=1 _al g 0" O +r42fg -2 (4.69)
0 —(1-¢%) -z O + o

4.6.1 The radially symmetric perturbations about the single vor-
tex

To study radially symmetric perturbations about the single vortex we let n =1 and m =0
and consider only the large r limit so that the product of J and £ becomes

0 0 0, +2 0
0 0 0 Oy
Op — 2 0 0

0 Oy 0 0

(4.70)

The above matrix is an anti-hermitian matrix whose entries are derivatives with constant
coefficients. The eigenvalues of (4.70) can be obtained by taking an ansatz of the form

<A7 B7 P? Q) = (A7 B? P, Q)eZkT7 (4'71)
where A, B, P, Q are constants. Ansatz (4.71) transforms (4.70) into

0 0 tk+2 0
0 0 0 ik
tk—2 0 0 0
0 ik 0 0

TLo = (4.72)

With this (4.67) has a solution if

det (J Lo+ AI) =0,

A0 ik+2 0
0 A 0 k| _ fy2 12 (y2, 12 _

det | o oy o|=(ER) (R r4) =0
0 ik 0 A

The above has solutions A\ = ik and A\34 = +ivk? +4. As expected (4.70) has pure

imaginary eigenvalues since it is an anti-hermitian operator.
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4.6.2 Stationary single vortex solution

Equation (4.59) admits stationary vortex solutions, these can be obtained by setting the
partial derivatives to zero so that the resulting system is

(04 %) g1 =g)r =0,

(0 +"2) r+ 0= =0, (4.73)

For the purpose of this thesis we are only interested in the single vortex solution. Thus,
setting n = 1 and f = 1 yields a nonlinear ordinary differential equation of the form

The above differential equation can be linearised through a change of variables g = % This
change of variables yields

s +lg_s—o (4.75)
T

This is nothing but the modified Bessel equation of the zeroth order whose solution, S(r),
is given in terms of the Bessel functions of the zeroth and first order. Therefore g(r) takes
the form:

Ii(r)

g= ,
Io(r)
where Iy(r) and I;(r) are the modified Bessel functions of the zeroth and first order respec-
tively. Figure 4.3a shows the radial part of the single vortex solution which approaches one
as r — 0o. The radially symmetric function |v(z,?)|? is shown in Fig. 4.3b. The solution is
an inverted hump centered at the origin with an asymptotic maximum of one.

(4.76)

0.8

0.2

(a) (b)

Figure 4.3: The radial part of the stationary single vortex solution (4.76)(a) with the square
modulus of v shown in (b) as the n = 1 vortex centered at the origin.
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4.7 Searching for the eigenvalues via sine series expan-
sion
The eigenvalue problem (4.67) can be solved via the sine series expansion as an alternative—

the sine series makes use of the sine function which is well-behaved at the endpoints, i.e. it
has zero endpoints. We write the components of ®(r) as:

A(r) = N A, sin (?) , B(r) = i B, sin (?) , -
“ o 4.77
P(r)= az::lﬁa sin (7?%”) , Q(r) = O;Qa sin <7rg7") ,

a=1 a=1 a=1

- i:lsm <7rgr> Q= —Ai:lflasin (Wgr) :

gi:l B, (92 — 1) sin (W> — % g]::lsm (W) P+ é@aﬂ; cos (7;:”) + Oé @ai sin (?)
= —)\Oﬁ:léa sin (Wgr) ,

(4.78)

To simplify (4.78) we multiply sin (%) and integrate over the interval r € [0, R] yields the
following systems of equations

N B N 2ﬁOé B N 5 N 5 R
ZS,BQAa+ Z ﬁpa‘f’ Z ([ﬁa+2vﬁa) P, _mZIBaQa = _)‘51457
a=1 a:a+pB=o0dd 6 —a a=1 a=1
N 5 N B N N 280y R -
S SpaBa+ Y Uso+2Via) Pa—m > IsaPu+ Y = p Q= —A By,
a=1 a=1 a=1 a:a+B=odd o
Y oge y P
Z 5 2Aa+mzlﬂaBa_QZvﬁaAa —)\*Pﬁ,
a:a+p=odd B - a=1 a=1 2
N N 20 R -
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where we have used the fact that

/ORdT sin (7@”) sin <7Tgr> = ;/ORdr (cosw — cos W(a}—;mr)

4.80
R, (4.80)
— 9 afs
and
R _2R6 if = odd
/ dr sin (7?57“) sin <W> = { T et) Hot+p=o (4.81)
0 R R 0, if « + 8 = even.

The matrix elements Sgq, V3a, I are defied as
R
/ dr <g2 — 1) sin <7T£r> sin (
0
R . (mwBr\ . [mar
/0 dr gsin (R) sin <R) = Via (4.82)

R
/0 dr i sin <7T£T> sin (Wgr) = 1Igq.

3
:a‘s;
5
N———
i
R
Q

4.7.1 Results

The sine series expansion requires one to compute a total of (4N)? integrals Sg, Vo and Ig,.
These integrals require approximations of a higher accuracy like MATLAB’s integral ()
and quadrature rule (quadgk () ) whose error tolerance can go to 10713, This is one ad-
vantage that MATLAB’s integral () and quadrature rule have over standard numerical
integration techniques like Simpson’s rule and trapezoidal rule since these compromise the
accuracy of the eigenvalues due to a larger error compared to MATLAB’s integral ()
and quadgk () . The disadvantage of these high-accuracy techniques is that they possess
longer computation times which grow proportional to N. Therefore, much of the time is
spent approximating 3 x (41N)? of the integrals stated in (4.82) before the actual eigenvalues
can be computed. The figures below were computed using the sine series expansion code
written in MATLAB with N = 600 so that the resulting matrix eigenvalue problem (4.79) is
AN x 4N = 2400 x 2400. This choice of N proved to be the largest my computer can handle
without heating up badly.
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Figure 4.4: The sine series expansion evaluation of the eigenvalues of 7 £, (4.69) with m = 0.
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Figure 4.5: The sine series expansion evaluation of the eigenvalues of JL,, (4.69) with

m=—1.
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Figure 4.6: The sine series expansion evaluation of the eigenvalues of 7 £,, (4.69) with m = 1.
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Figure 4.7: The sine series expansion evaluation of the eigenvalues of JL,, (4.69) with
m = —2.
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Figure 4.8: The sine series expansion evaluation of the eigenvalues of 7 £, (4.69) with m = 2.

The numerical solutions are shown in Figs. 4.7-4.6, with the eigenvalues of the radially
symmetric perturbations shown in Fig. 4.4. Fig. 4.4 depicts the imaginary part (top left),
and the real part (top right) with the real versus imaginary parts of the spectrum plotted on
the same axes in the bottom figure. In the case m = 0 the highest real part of the eigenvalues
is ~ 0.02, which means that the exponential growth of the solution is proportional to e%%
with oscillations facilitated by the imaginary part of the spectrum. During the process
of experimenting with different values of the total number of modes N I found that the
maximum value of the real part of the spectrum can be lowered by increasing the number of
nodes N, and thus a number smaller than 0.02 might be obtained with a high-performance
computer. In the case of angular perturbations, that is, the case m = {1, £2} it can be seen
that the real part of the eigenvalues in Figs. 4.7-4.5 and 4.6-4.8 require higher accuracy.
In particular, the choice N = 600 is insufficient to provide a full description of the real
eigenvalues, this is can be seen in the plot of Im(A) and Re()) in the aforementioned figures
where the plot does not show a well-defined closed curve. By "well-defined" I mean that the
plot does not have too much noise. The imaginary part of the spectrum behaves as expected
from the continuous spectrum of eigenvalues obtained in section 4.6.1 to be Ao = +ik and
A34 = £ivk? + 4- the entire imaginary axis is covered from —oo to oo, with the spectrum
consisting of two branches with one of the branches having a gap between —2 and 2.
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4.8 Eigenvalues by Chebyshev spectral method

The approximation of derivatives via Chebyshev spectral collocation methods is more advan-
tageous over the sine series expansion above since one need not solve any integrals iteratively
and spectral methods (Chebyshev) give a higher accuracy for a smaller number of nodes N.
The error associated with spectral differentiation, both Fourier and Chebyshev are of order
O(107"). The major drawback with regards to the Chebyshev collocation is that the differ-
entiation matrix D](\}), with the superscript (1) denoting the order of the derivative and N
denoting an N x N matrix, possesses a large number of spurious eigenvalues or outliers [10].
These outliers possess a noticeable nonzero real part which grows proportional to N. For this
particular problem, the Chebyshev spectral method is advantageous over the Fourier spec-

tral method because they handle fixed boundary conditions better. The Chebyshev spectral

differentiation matrix is formally defined as (see Ref.s [50, 51])
2N% +1
(DY)oo Er—
2N? +1
(DY) =— —5
o (4.83)
Py — " e N-1
(N)]J 2(1—7‘?)7‘76{7 ’ }
. _1)i+j
pwy G ( .
( N)J Cj(’/’z'—”/’jyz#j’
with 4,7 € {1,...,N — 1} and
2 if i=0o0rN
C; = )
1 otherwise
and the radial coordinate discretised as
rj:Lcos(sz;), je{l,...,N—1}. (4.84)

The multiplication by a factor of L in (4.84) is to account for the fact that Chebyshev
differentiation matrices are defined on the interval [—1, 1] and thus to cover the interval of
interest, [—L, L] one must introduce the factor L.

4.8.1 Results

Numerical solutions in this section were calculated for L = 150 and N = 3000 so that JL,,
(4.69) becomes a 4N x 4N = 6000 x 6000 matrix. The amount of time spent evaluating the
eigenvalues of JL,, is ~ 18.7 minutes. This of course is a huge improvement compared to
several hours spent in solving systems of equations in (4.79).
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Figure 4.9: The numerical solution to the eigenvalue problem (4.67) via Chebyshev spectral

collocation. The solution is computed for the radially symmetric (m = 0) perturbations
about a single vortex solution.
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Figure 4.10: The numerical solution to the eigenvalue problems (4.67) via Chebyshev spectral

collocation. The eigenvalues are computed for the single vortex with angular perturbation
m = —1.
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m = 1.

The numerical solution to the eigenvalue problems (4.67) via Chebyshev spectral
The eigenvalues are computed for the single vortex with angular perturbation
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Figure 4.12: The numerical solution to the eigenvalue problems (4.67) via Chebyshev spectral

collocation. The eigenvalues are computed for the single vortex with angular perturbation
m = —2.
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Figure 4.13: The numerical solution to the eigenvalue problems (4.67) via Chebyshev spectral
collocation. The eigenvalues are computed for the single vortex with angular perturbation
m = 2.

The first noticeable thing in the real part of A in Fig. 4.9 are the outliers located towards
4N ~ 6000. These are due to the nature of the differentiation matrix (4.83) where the col-
location points (4.84) are concentrated at the endpoints. Neglecting these aforementioned
outliers we can observe that the real part of A\ has about two discrete eigenvalues just below
4N = 1000, and the real part of A also has a maximum of ~ 0.006 (neglecting the outliers)
and a minimum of ~ —0.006, with several real eigenvalues located at zero. The eigenvalues
on the line A = 0 and A = —0.006 do not present any problems since both give stable vor-
tices, with A = 0 giving pure imaginary eigenvalues and A ~ —0.006 giving solutions that
decay at a slow exponential rate. Real eigenvalues located on the line A ~ 0.006, however,
result in solutions growing proportional to €%%%. The exponential growth of %% is small
enough to imply that the radially symmetric perturbations about the single vortex are stable
as r — 00. The imaginary part of the spectrum of A in Fig. 4.9 shows that the entire imagi-
nary axis is covered, with a gap between —2 and 2 as predicted by the continuous spectrum.

Angular perturbations with m = {41, £2} are shown in Figs. 4.12-4.10 and Figs. 4.11-4.13
where the result of nonzero m is a shift on a few of the discrete eigenvalues in the real part
of A\. In the case m = +1, we can see in Fig. 4.10 and Fig. 4.11 that the two discrete real
eigenvalues have been shifted slightly upward from their original position shown in Fig. 4.9.
The case m = +2 results in more of these discrete real eigenvalues shifted upwards, Fig.
4.12 and Fig. 4.13 show three of these discrete eigenvalues having been shifted from their
original position in Fig. 4.9. The imaginary part of A for all m € {£1, £2} is unaltered with
the spectrum consisting of a gap between 2 and —2.
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There are noticeable differences between the eigenvalues obtained using the sine series ex-
pansion and the Chebyshev spectral method. The main difference besides computation time
is the quality of the plots of the real part of A\. Under angular perturbations real part of A in
the sine series expansion eigenvalues contains a lot of noise, that is the plot of Re()\) versus
n = 4N does not show a well-defined curve. In the case where the Chebysehv differentiation
matrices are used to obtain eigenvalues, it is clear in the figures presented such is not the
case, that is, the figures show a well-defined curve when Re()\) is plotted against n. The
one drawback associated with Chebyshev differentiation matrices is the spurious eigenvalues
that grow with the size of N. Putting these differences aside, we can conclude from the
eigenvalues obtained via Chebyshev differentiation matrices that the eigenvalues of JL,, are
stable since the exponential growth for all m € {0, £1,+2} are is small enough to not result
in instabilities.

4.9 The Soler model

The Soler model is a nonlinear Dirac-type equation with a scaler self-interaction potential
— N2
of the form (dnﬁ) . The standard tardyonic Lagrangian density of the Soler model is
- . 1,- N2
L= ("0 -mv+5(dv) . 0<p<2 (4.85)

with the coupling constant usually taken to be one in natural units. In (2 + 1) dimensions
Soler nonlinearity coincides with the Thirring nonlinearity. This can be see as follows:

2

0= (v1e) — (vio'y)” — (vio*e) = (dv),

where we have used the identity

2 3 N2
(0le)" = (vlo?y), (4.86)
j=1
valid for any ¢ € C? [10]. In the tachyonic case, however, the Soler Lagrangian density

turns out to coincide with the equation with the massive Thirring Lagrangian because of the
equality of the v° matrix with the 2 x 2 identity matrix. Because of this equality, the Soler
model presented here is deemed to be non-Lagrangian. Therefore, the (2 + 1) dimensional
tachyonic Soler model is of the form

uy + (0 + i0y)v — u (]u\z — ]0]2) =0, (4.87)
v+ (0y — 10y)u — v (|u|2 — |U|2) =0, '
or B ) ,
up + 0v —u (|ul” —|v|*) =0,
' (Juf* = 1) (4.88)
v+ 0w — v (Ju]* = Juf?) =0,



CHAPTER 4. NONLINEAR DIRAC MODELS 68

with 0 = 9,, 0 = 0; and 2z = (x + 4y)/2. The Dirac v matrices are chosen as 7° = ¢°, ! =
io? and 42 = —io! . This model is analogous to a generalisation of the spinor extension
of the complex sine-Gordon model (4.42). To put this into perspective, consider a slight
modification of (4.87):

g + (0p +10y)v —mu — u (AHMQ — Alg\v|2) =0,

(4.89)

vy + (0 — i0y)u +mv — v (Agl\u|2 — A22|v|2) =0,
where A;; are real constants, i,7 = {1,2} and m is the mass which is not to be confused
with the angular momentum number is the study of vortex stability in section 4.6. Equation
(4.42) can be obtained by letting m = 1, Aj; = Ay = 0 and Ay = As; = 1, which of course
admits vortex solutions. The model in question (4.87) is obtained by letting m = 0 an and
A;; =1,4,5 = {1,2}. The choice m = 0 is to avoid the complex roots in the constant
background dispersion relation. It remains to be found whether this version of the Soler
model admits stationary vortex solutions. Since this model is tachyonic this means that its
zero background dispersion relation has complex roots and thus cannot have any physical
interpretation. To revert this to physics, as in the case of the complex sine-Gordon model,
the dispersion relation is best considered in a nonvanishing background. As in the case of
the complex sine-Gordon, the system in question (4.87) admits a constant solution of the
form u = 1 and v = €. Expanding (4.87) around this solution yields

3+ (D +0y) 6v + (07 + ou — (€00 + e76v) ) =0,

50 + (0, — i0)y) du — ¢ (51 + du — (€55 + e*6v)) = 0. (4.90)

Letting du = a + ib, 0v = p + iq and splitting the resulting equations into the real and
imaginary parts yields

a+ 0,p — 0yq —2a+ 2(pcosa + gsina) = 0, (4.91)
b+ 0pq+0yp =0, (4.92)

P+ 0pa + Oyb — 2acos a + 2psin® a + sin 2a = 0, (4.93)
q+ 0,b — 8, — 2asina + psin 2a + 2gsin’*a = 0 (4.94)

To find the dispersion relation of the Soler model we consider waves of the form (a, b, p, )T =

(A, B, P,Q)"e!@!=k%)  SQubstituting into (4.91)—(4.94) results in a system of linear equations

w—2 0 —ik;+2cosa tky + 2sina A 0
, 0 W —ik —ik B 0
i(wt—k-x 2 1 _
€ ) —iky —2cosa —iky iw —+ 2cos® sin 2« P 0 (4.95)
iky —2sinae —iky sin 2« iw+ 2sin?a/ \Q 0

Similarly, the above equation has a solution when its determinant is zero, that is

w' — 2% k|* + [k|* = 0. (4.96)
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or 9
(w? = k)" =0, (4.97)

this quantity is always positive, implying that its roots are always real. On the contrary,
the choice m =0, A;; = Ao = 1, and Ag; = Ay = —1 yields another Soler-type equation
whose nonvanishing background dispersion relation takes the form

w? + diw — |k|* + 4i (ky sina — ky cosa) = 0. (4.98)

This equation of course has complex valued roots, which implies that this particular choice
of A;; does not produce a system with a physical interpretation.

4.9.1 Stationary vortices in the Soler model

To search for stationary vortex solutions we set the time derivatives to zero and write (4.87)
in polar coordinates:

e (87. — z'aQ) v—u (]u|2 — ]v|2) =0,
r
P (4.99)
i0 -0 . 2 2) _
e <8T+Zr>u v(!u| ]v|) 0.
We are looking for solutions of the form
w=fo(r)e™,  v=gya(r)e (4.100)

where the f, and g,_; are real valued functions of the radial coordinate r and n is the
vorticity. Substituting solution (4.100) into (4.99) yields

dgnfl n— 1 2 ) i
dr - r 9n—-1 — fn (fn - gn—l) - Oa (4101)

The single vortex equations are obtained by setting the vorticity to unity (n = 1) in the
above system, that is

j;‘{ — P (- ) =0, (4.103)
£+if_g<f2_gz)—0. (4.104)

The numerical solution to the single vortex differential equations (4.103)—(4.104) is sought
by a nonlinear shooting method for two-point boundary value problems where a nonlinear
boundary value problem is converted into a series of initial value problems. This method is
fully described in the eleventh chapter of Ref. [52]. The boundary conditions utilised in the
search for a single vortex solution are f(r) - 0asr —0and f — lasr — oo or ¢'(r) = 0
asr — 0and ¢'(r) — 0 as r — oo. Figure 4.14 shows the output obtained from the nonlinear
shooting method, with both f and ¢ growing for large values of r and thus suggesting that
this version of the Soler model (4.87) does not admit topological vortex solutions.
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Figure 4.14: The numerical solution of single vortex ordinary differential equation (4.103)—
(4.104) obtained via a nonlinear shooting method with boundary conditions f(r) — 0 as
r — 0and f — 1 as r — oo. The solution is computed on the interval r € [0, 10].

4.9.2 The standard Soler model

The standard Soler model, that is, the Soler model associated with the tardyonic Dirac
equation has been reported to admit stationary vortex solutions by Cuevas-Maraver et al
[410]. The authours of Ref. [10] present a nonlinear Dirac equation with a generalised Soler-
type nonlinearity with a Lagrangian density of the form:

) (ww>k+l
L= (= )Y+ 5L

The choice 4° = 03 |, ¥* = io? and 7?2 = —ic!, with k = 1 and m = 1 yields a massive (2+ 1)
dimensional nonlinear Dirac equation of the form:

pw=0,1,2and k € N. (4.105)

i0yu + (10, + 0y) v — u + (|u|2 - |v|2) u =0,

(4.106)
10 + (10, — Oy) u + v — (\u|2— \v|2)v:O.
The polar coordinate version of (4.106) is
0 +e’ (z@ + )v—u+ (|u|2— |v|2)u:0,
(4.107)

0 + € (z@ - ) u+v— (|u|2 |fu\2)v = 0.
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Figure 4.15: The numerical solution of the vortex differential equation (4.109) via the shoot-
ing method. The solution is computed for several values of the frequency omega, namely, (a)
w=20.2,(b) w=0.3, (¢) w=0.5and (d) w = 0.9. The solution is computed with vorticity
n=1.

Substituting a solution ansatz (¢, z) = e~“!¢(r), with
g(r)e™”
o(r) = (if(?“)ei(”ﬂ)e) (4.108)

gives a system of nonlinear vortex ordinary differential equations

wg—(8r+njl)f—f+(g2—f2)g=0,

wf+ (0= 2) g+ 1= (4= ) f =0.

(4.109)

Equation (4.109) is a nonlinear differential equation whose solutions are solitary wave struc-
tures, that is localised waves whose localisation shifts towards the origin for large values of
the frequency w. Fig 4.15 depicts this phenomenon in the n = 1 case— the spinors begin with
localisation at r = 3 for w = 0.2 and move closer and closer to the origin as w grows closer to
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one. These images agree with those of Cuevas-Maraver et al [10]— these solitary waveforms
were also obtained in the context of photonic graphene with Kerr-like nonlinearities in Ref.
[53]. The authors of Ref. [10] report that solutions of higher vorticity are unstable and
split into lower vortex charge configurations to preserve the overall vorticity. The spectral
stability of (4.106) was computed and it showed that the n = 1 vortices are unstable that is
the eigenvalues associated with the perturbation of (4.106) have dependency on the real and
imaginary values. It was also observed that in the case of n = 1 vortices one of the spinor
components split into structures without angular dependence whereas the other split into
structures with angular dependence — this is what preserves the vorticity across both spinor
components [10].

4.10 Nonlinear Dirac equation in photonic graphene

The tight binding approximation of the photonic graphene Hamiltonian, that is, an array
of laser beams organised in a hexagonal lattice, near the Dirac points corresponds to the
massless Dirac equation as shown in chapter 1. Thus, in optics, the nonlinear extension of
the Dirac-like Hamiltonian obtained in (1.40) involves adding a Kerr nonlinearity, which is
cubic-type nonlinearity where the spinor components are decoupled with the nonlinearity.
Due to this decoupling of spinor components with the nonlinearity, the (2 4+ 1) dimensional
nonlinear Dirac equation with Kerr nonlinear is not Lorentz invariant as already shown by
Haddad and Carr [35]. This model is presented in Refs. [35, 10, 30] as:

10 = —i00s — Dys + (M = glin]?) ¢y,

(4.110)
10y = =it + b — (M + gl|”) o,

4.10.1 Topological edge states

This model is known to have topological edge states since it is the (2 4+ 1) dimensional
extension of the (1 4 1) dimensional nonlinear lattice model, the nonlinear Su-Schrieffer-
Heeger-Model. The edge states are obtained by restricting oneself to a single axis and thus
reducing the problem to a (1 + 1) dimensional problem. A one dimensional reduction of
system (4.110) is performed by letting ¢ (z,y,t) = b(y, t)e?*® and q(x, y,t) = a(y, t)e**:

idha = 9,b+ kb — (M + glal®) a,

(4.111)
i0b = — 0ya+ ka + (M — g[b*) b,

The system (4.111) is a (1+1) dimensional nonlinear Dirac equation is written in a non-
standard form. To write (4.111) in the standard Dirac gamma matrix representation (spinor)

we make the following change of variables

b+ia b—ia
= s v = s
20 27y

u (4.112)

and
a =1i(yv — du), b= ou+ yv. (4.113)
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Using (4.112)-(4.113) we can turn (4.111) into spinor equations as follows:

i (O — Dyu) = i < {i0kb — 00— i0,b + 0,0)

=55 {k:a—l—Mb g|b|*b + ikb + Ma — ig|al*a }

substituting (4.113) into the above equation yields
1
i (Opu — Oyu) = % {Qifykv + 2yMv — gldu + yo*(du + yv) + gli(yv — du)|*(yv — (5u)}

2(M + k) — glv — ul*(v — u) + gli(u+v)]*(u + v) }

setting 6 = —1 and v = 1 gives
i (0w — Oyu) = — {(M +ik) + g (v +vu)v+g (!u\Q + ]v\2> u} :
Similarly, we can use (4.112) to write
i (90 + 0,0) = 217 (i0b + B, + i0,b + 0,a)

1

=— {k:a + Mb —ikb +iMa — g|b|*b + ig|a|2a}
2y
1

=5 {(M + k) u — 298y (u*v + v*u) u — 29y (|u!2 + |v|2) v} :

similarly, setting 6 = —1 and v = 1 gives
i (O + Oyv) = {— (M —ik)u—g(uw* +vu*)u—g (\u|2 + |U]2) v} :
The nonlinear Dirac equation in the representation using standard Dirac matrices becomes

i (0w — Oyu) + (M +ik) v + F(u,v)v + G(u,v)u = 0,

i (O + Oyv) + (M —ik) v + F(u,v)u + G(u,v)v = 0, (4.114)

where
F(u,v) =g (w* +vu*), G(u,v) =g <|u|2 + |v|2) : (4.115)

Equation (4.114) is a (1 4 1) dimensional nonlinear Dirac equation writen usnig the stan-
dard choice of y-matrices. The newly transformed nonlinear Dirac equation is not Lorentz
invariant because of the term G(u,v) which does not transform like a spinor, see appendix
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A.4. The solution to (4.114) has been obtained by Smirnova et al [10] by search for soltions
proportional to e”™* and applying the Lorentz transformation 7 = v(t — vy), £ = y(y — vt)
with v = \/— The solution takes the form

(1) = Ve (S5h) (4.116)

where py is the intensity and «y is the spin angle. These take the form

a,(€) = arctan <\/% tanh V22 — w2§> , Qg = Qyy — ;S, (4.117)
pa(€) = Z2C0S 200 — ) (4.118)

B+ A cos? 2’
with coefficients & = v(1 4+ v), Z=~/(1 —v), Q = Vk*+ M? and ¢ = arctan Mio

4.10.2 Stationary vortex solutions

To find the vortex solution of (4.110) it is useful to cast it into its polar coordinate form as
follows:

10y = — e (2’& + iae) Wy + (M — |¢1‘2) Y1,
100y = — et (iar — 71“89> Py — (M + |¢2|2) ()

The vortex ansatz in the case of the nonlinear Dirac equation with Kerr nonlinearity is takes

(4.119)

the form .
¢1 _ fezn —iwt
(Z/}Z - dez(nJrl)G € ) (4120)
where n = 0, 4+1,4+2, ... is the azimuthal number or simply vorticity. Solutions of the form

(4.120) can be interpreted as radially symmetric two-dimensional bulk solitons. Substituting
this ansatz into (4.119) yields a system of spinor ordinary differential equations

Y (M - f)f =0,
» (4.121)
%—fer(M—Hng)g =0.

The numerical solution for this system and its stability analysis has been presented in Ref.
[36]. Here I present my own numerical solutions via the nonlinear shooting method. These
are shown in Fig.4.16 where the vorticity is fixed to n = 1 and the numerical solution is
computed for several values of w, namely w = 0.3, w = 0.5, w = 0.7 and w = 0.9, with
M =1 and boundary conditions on g(r) are g(0) = 0 and g(co) = 0. On the other hand,
the boundary conditions on f(r) are such that f(oco) = 0, with the best possible starting
value of f(0) being computed with Newton’s method or MATLAB’s root finder £solve ()
. These solutions are stable for values of w above the critical angular frequency w. > 0.338
[36]. The effect of w on the radial solution is shown in Fig. 4.16 where the amplitude of the
localised spinors decreases with an increase in omega, with the width of the localised solutions
widening. The radial solution starts with a localisation near the origin when w = 0.3, the
localisation then moves further away from the origin with a rise in w.
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Figure 4.16: The numerical solution of the nonlinear vortex differential equation (4.119)
via the shooting method. The solution is computed for several values of the frequency w,
namely, (a) w = 0.3, (b) w = 0.5, (¢) w = 0.7 and (d) w = 0.9. The solution is computed
with vorticity n =1 and M = 1.
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4.11 The Soler model in 3+1 dimensions

In the case of (3 + 1) dimensions, it is convenient to consider the Soler model in spherical
coordinates, that is, consider 4-spinor solitary waves in the form of the Wakano Ansatz [54]:

Y(t,r) = '(U(:CE) SE)S)g et (4.122)

€% sin @

where u and v are real-valued functions satisfying a nonlinear system of ordinary equations

(0 + 2)ut (1= (22— ) 0~ ww =0,

(4.123)
o,v + (1 — (1)2 — u2>) u — wu =0.
We can go ahead and make the changes v = HT”U , U= HT‘”V, with r = HLW (see equation
eleven in Ref. [11]) so that (4.123) becomes
9,V + U+ U(U?* - V?) =0,
2 4.124
0,U + =U + kV + V(U* — V?) =0, ( )
p
with k£ = 1= for positives values of w and 0 < & < 1. The numerical solution of (4.124) is

depicted in Fig. 4.17— these numerical solutions agree with those obtained in Ref. [11]. To
obtain the images in Fig. 4.17 it is convenient to discretise the re-scaled radial coordinate p
via Chebyshev discretisation, i.e.

P :Lcos<‘7]z;>, je{0,1,...,N}, (4.125)
where L is the length of the interval. Chebyshev collocation points are proffered over equis-
paced grid points since these generate instabilities in the shooting method. Figure 4.17a the
localisation of one of the spinor components (shown in blue) is centered at the origin when
r = 0.1. The increase in x shifts the center of the localisation of both spinor components
towards the midpoint of the interval. This is shown clearly in Figs. 4.17c-4.17d.

The stability of these numerical numerical solutions are studied by considering a perturbation
of solutions (4.122), that is,

(v(r,w) +p(t,7) +iq(t,r)) <(1)>

cos 6

Y(t,r) =
i(u(r,w) + a(t,r) 4+ ib(t,r)) ( ‘

e sin 0

> e (4.126)

substituting the perturbed Wakano ansatz into (4.123) yields an eigenvalue problem of the
form [10]:
0d(t,r) = L,D(t, 1), (4.127)
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Figure 4.17: The numericla solution to the (3+1) dimensional Soler model with: (a)x = 0.1,
(b) Kk =0.2, (¢) Kk = 0.5 and (d) x = 0.7. The solution is computed by the shooting method
with Chebyshev collocation points on the interval p € [0, 15].

where ®(r,t) = (a,b,p,q)T and

0 L_
L, = (_L+ ; ) , (4.128)
with
v?—u? —w 0, + 2 v? —uww
L= ( _9, 22— Ly=L_ -2 ) (4.129)

The eigenvalues of (4.128) are not presented here since that is beyond the scope of this thesis.



Chapter 5

Conclusions

In this thesis, we studied planar Dirac models, namely the (2 4+ 1) dimensional extension of
the (24+0) dimensional sine-Gordon equation. We did so by arguing in the introductory chap-
ter that planar Dirac models coincide with two-dimensional materials like graphene i.e. both
real graphene composed of carbon atoms and photonic graphene and bosonic gases arranged
in a hexagonal lattice[35]. We showed that the tight binding Hamiltonian of atoms arranged
in a hexagonal lattice structure reduces to a Dirac-like Hamiltonian in (2 + 1) dimensions
(1.40). We also discussed that graphene, for example, is a two-dimensional generalisation of
the one-dimensional lattice model called the Su-Schrieffer-Heeger model. The tight binding
Hamiltonian of the Su-Schrieffer-Heeger model also reduces to a Dirac-like Hamiltonian in
(1+1) dimensions. These models, the Su-Schrieffer-Heeger and graphene have been shown to
admit topological solitons under consideration of cubic nonlinearity like the Kerr nonlinearity.

The second chapter formally introduced the Dirac equation and its properties, beginning with
the Klein-Gordon equation. We showed that the Klein-Gordon equation failed as a candi-
date to describe the quantum dynamics of an electron. This was because the time derivative
appeared in second derivatives. This fact leads to the Klein-Gordon equation not being able
to produce a positive definite probability density which solves the continuity equation. We
then introduced Dirac’s proposition for dealing with the challenge of the lack of a positive
definite probability density function. The proposition was an equation composed of matrices
that multiplied the derivatives, these matrices obeyed a particular algebraic structure that
retained the hermiticity of the Hamiltonian and ensured the existence of a positive definite
probability density function which solves the continuity equation.

The third chapter looked at formulating the Lorentz invariance of the Dirac equation. We
transformed the Dirac equation through the transformation ¢ (x) — S(A)y(x) and observed
that for the Dirac equation to be invariant under Lorentz transformations the matrix S(A)
must satisfy the relation stated in equation (3.8). Such a matrix satisfying (3.8) was found
to take the form of matrix exponential in (3.47).

In the last chapter considered nonlinear Dirac equations in (14 1), (2+1) and (34 1) di-

mensions and the stationary wave solutions with them. These include the massive Thirring
model in (14 1) dimensions, and the (1 + 1) dimensional Soler model, with both possessing

78
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stable solitary wave solutions. Two-dimensional models include the euclidean version of the
massive Thirring in (2 + 0) dimensions which turned out to correspond to the nonlinear
tachyonic Dirac equation since its linear part reduces to the imaginary mass Klein-Gordon
equation. This model was shown to admit stationary vortex solutions which were obtained
analytically in terms of modified Bessel functions in Ref. [3, 1].

The (2 + 1) extension of the euclidean version of the massive Thirring model was presented
in section 4.5.1 with a perturbation of the stationary single vortex solution studied. The
perturbed vortex solution leads to a linearised eigenvalue problem (4.67) where \’s are the
eigenvalues of JL. The eigenvalues of JL for vorticity n = 1 were calculated using the
sine series expansion and via Chebyshev differentiation matrices. Chebyshev differentiation
matrices proved to be the most effective since there were no integrals that need to be ap-
proximated in order the find the eigenvalues of J L. The eigenvalues of radially symmetric
perturbations about the single vortex solutions were found to have a nonzero real part of
order 1072 implying that the single vortex solution is stable since 1072 not to result in rapidly
growing solutions.

The angular perturbations of the single vortex solutions only resulted in a few discrete real
eigenvalues being lifted from their original position. Imaginary eigenvalues, however, were
found to agree with the continuous spectrum of eigenvalues obtained in section 4.6.1, where
the entire real line was covered, with the spectrum consisting of a gap between —2 and 2.
The real part of the spectrum of eigenvalues associated with angular perturbations was found
to be nonzero but small enough to not result in instabilities.

The (2 + 1) dimensional tachyonic Soler model was also introduced and it was shown that
although this model possesses a dispersion relation with complex roots when studied in a
zero background, it model can be reverted to physics by studying it from a nonvanishing
background. This particular version of the Soler model was also shown to not admit vortex
solutions as shown in Fig. 4.14 where the spinor components were growing for large r instead
of approaching the vacuum value as r — oo. Contrary to the tachyonic Soler model, the
tardyonic Soler model, however, does admit vortex solutions. These are radially symmetric
waves that vanish exponentially as » — oo with a localisation whose centre shifts towards
the origin as w is raised, where 0 < w < 1. The stability of these vortices was presented by
Cuevas-Maraver et al in Ref. [10].

We also looked at a photonic graphene model, that is, a planar nonlinear Dirac model with
Kerr nonlinearity. The model also admits vortex solutions which are obtainable numeri-
cally via the shooting method, see Fig. 4.16. Moreover, the photonic graphene model also
possesses topological solitons closely related to those of the nonlinear Su-Schrieffer-Heeger
model with Kerr nonlinearity. This was demonstrated in the work of Smirnova et al where
the photonic graphene model is reduced to one dimension through consideration of waves of
the form: ¥y (x,y,t) = by, t)e*® and y(z,y,t) = a(y,t)e’*@. This is equivalent to ignoring
the x axis and only studying waves that propagate along the y axis.

Lastly, we looked at the (3 + 1) dimensional tardyonic Soler model and obtained its solitary
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wave solutions numerical via the shooting method with the Chebyshev collocation method.
The solitary waves of the three-dimensional Soler model have a similar shape to those of
the planar Soler model with the difference being that the centre of the localisation in the
three-dimensional case shifts away from the origin towards the centre of the interval [0, 15]
as k is raised whereas those of the planar Soler model move towards the origin as one raises
w. We can also observe that the effect of raising x on the amplitude of solitary waves of the
three-dimensional Soler model is that the amplitude raises with an increase in x compared
to the decrease in the solitary wave amplitude in the planar Soler model as one raised w.
The numerical results obtained in Fig. 4.17 agree with those of [11].
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Appendices

A.1 Products of Pauli matrices
The product of Paul matrices is given as

o0 = 0;kI + €0y, (A1)
and

oo = 0;kI + i€jpo. (A.2)
A.2 Weyl (or spinor) representation

Alternatively, the Dirac equation can be written in another matrix representation which still
obeys the Clifford algebra. Such a representation is the Weyl or spinor representation which

is given by
. 0 IN/Q i g; 0
e (IN/Q 0 ) S (0 —Uz) | A

with the matrix that maps the Weyl spinors back to the standard representation being

1 ]N/2 z']N/g
Tw=—71. . A4
v \/§ (ZIN/Q [N/2 ( )

A.3 Dirac matrix algebraic relations in (3+1) dimen-
sions

The form of the Dirac matrices o/ and 3 was presented in the second chapter. In this
appendix, we are going to show that the relations involving o/ and 8 indeed hold in the
(3 + 1)-dimensional case.

(i) Firstly, we begin with :

o + kol = 26%],,
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focusing on the left-hand side (LHS)
0 oj 0 o n 0 op\ (0 o}
o;j 0 o, O o, O o;j 0

B (ajak + 040; 0 )

0 00k + 00
Using (2.28) and the property of Pauli matrices the LHS becomes

20, 0
0 20;l,)"

which equals the right hand side (RHS).
(ii) Secondly:
B+ o’ =0

carrying out the expression we get
0 O'; ]4 0 + I4 0 0 0‘;
0 0 0 —[4 0 —]4 0 0
0 —o; 0 o7 0 0
, + i) = _
ol 0 —o; 0 0 0

o= B = 1,

(iii) Lastly:

82

it is obvious to note that 3% = I, what remain now is the LHS. Carrying this out we

find that

*
@j2: Ujak O ’
0 o0}

where the product in the first and last entry is given as

. * .
00k = jk-[Q + 1€k101, UjO'k = (S]k‘[ + €501,

(A.5)

See A.1 for proof of the second equation in (A.5). It is clear that the only nonzero case

occurs when j = k, and thus the desired product becomes
aj ?= I47

a 4 x 4 identity matrix.
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A.4 Lorentz invariance of (1+1) dimensional reduction
of the nonlinear Dirac equation with Kerr nonlin-
earity

The linear Dirac equation is said to be Lorentz invariant under the transformation
v Mo, Y(r) = SA)Y(z),  Y()eCY, reR xR, (A.6)
if S(A), an N x N matrix of Lorentz transformations satisfies the relation

S(A) 9 S(A) = A, (A7)

i

The matrix S(A) in the third chapter was found to be S(A) = e 1
transformation being A* = e**. Substituting this into (A.7) gives

@™ with the Lorentz

e WAV esp(w) — (es“’); v, seR (A.8)

where we have called p(w) = —ﬁawuﬂ“’ and introduced a scaling factor s. The quantity o,

is an N x N matrix for each pair of p and v.

To check whether the nonlinear Dirac equation is Lorentz invariant it is useful to write
(4.114) in covariant form. To do this we let ¥(z) = ¥(y,t) = (u,v)T and f(M, k) =
(M + ik, M —ik)" and write (4.114) as

10 + 020, + o1 f + Fop + Gy = 0,
multiplying by ¢! from the left gives
O+ fU+FY+Gop =0, p={0,1}, ¥(z) e C*, ze Rx R (A.9)
with 449, = 79y + 7101, where 8y = 0y, 01 = 9, and 1° = oy, ' = 03.

Having written the nonlinear Dirac equation in covariant form, we can substitute (A.6) into
(A.9) to obtain

V"0, () + fe P (ex) + Fe@ap(ex) + Goe@ip(e*x) =0,  (A.10)
letting z = e*“z yields
Ve PP ) (2) + feP @ (2) + Fe“lp(2) + Gore?“y(z) = 0. (A.11)

The nonlinear terms of (A.11) remain to be checked as to whether they are invariant or
not. Setting the nonlinearity to zero in (A.11) results in the invariance of the linear Dirac
equation in (1 + 1) dimensions, that is the structure of the equation

0" 0,(2) + fY(z) =0, v =A{0,1} (A.12)
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where (e*“)!' 9, := 0,, is not affected by Lorentz transformations.

To check for the invariance of the nonlinear terms of (4.111) we look for what is known as
the Lorentz scalar, which is a function which is Lorentz invariant. To do this, let us begin
with the function

Ui = Juf® + o], (A.13)

where 9T is the hermitian adjoint of a spinor. The Lorentz transformation of (A.13) is
Pl — Styptsy = ¢istsy,

since STS # I, where I is a 2 x 2 indentity matrix, the quantity 1Tt is not a Lorentz scalar
and thus not invariant. From this calculation, we conclude that the term G in (4.114) is not
invariant under Lorentz transformations.

What now remains is to check the invariance of F. To do this we construct what is known
as the adjoint spinor as follows

P =Py, (A.14)
where ’ZO = ¢! in the standard choice of Dirac matrices. The Lorentz transformation of a
scalar Y1) = uv* + vu* is

i — ST 5Y = 18Ty 05y = ¢iy 'y = 4y,

where we have used the fact that S90S = ~0. The implication of this calculation is that the
scalar 11 is a Lorentz scalar and thus Lorentz invariant.
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A.5 MATLAB Codes

A.5.1 Code used for solving the massive Thirring model in (1+1)
dimensions:

function [usol, vsol] = soliton_thirring(x)

global gamma vel

ri ((1+gamma) /(1-gamma)) .~ 0.25;

r0 ((1-gamma)/(l+gamma)) .~0.25;

kappa = sqrt(l-gamma~2);

alpha pi/4;

beta = atanh(vel)/2;

veloc = 1./sqrt(l-vel."2);

a = cosh((kappax*x)/(sqrt(1-vel~2)-1i*alpha))

./cosh ((kappa*x)/(sqrt(l-vel~2)+1li*xalpha));

usol = rOxkappax((a). (l+gamma)) .*sech(kappa*x*veloc - lix*alpha
)

vsol = rilxkappax*((1./a). (l1-gamma)) .*sech(kappa*x*veloc + 1ix
alpha);

end

function [tdata, udata, vdatal = Thirring Dirac_Solution(N,dt,
tmax, u,v,uold, vold)

global gamma

%% matching the thirring mode using Pseudosopectral method with

centered

%% difference for time integration.

%% The right-hand side functions

fu = @(u,v) (1 - gamma)*v + abs(v) .xabs(v) .*u;

fv @(u,v) (1 + gamma)*u + abs(u).*xabs(u).x*v;

tplot = 0.15; clf;

plotgap = round(tplot/dt); dt = tplot/plotgap;

nplots = round(tmax/tplot);

%% Time-Stepping scheme

udata = [u; zeros(mplots, N)]; vdata = [v; zeros(nplots, N)J;

t =0; tdata = t;

%% main loop

for i = 1:nplots
for n = 1:plotgap
t =t + dt;

%% moving to the fourier space
uhat = fft(u); vhat = fft(v);

h%h calculating the derivative on the fourier space
kk = 1i*x[0:N/2-1 0 -N/2+1:-1]; 7 fourier modes
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what_u = kk.*xuhat; what_v = kk.x*xvhat; % derivative in
the fourier space

%» moving back to the physical space
ifft (what_u);
ifft (what_v);

wu
wv

%% updating the solution

unew = uold + 2*xdt*xwu + 2*x1lixdt*xfu(u,v);

vnew = vold - 2*dt*xwv + 2*x1ixdtxfv(u,v);

uold = u; vold = v; u= unew; V = VvVnew;
end

udata(i+1,:)=u; vdata(i+1l,:) =v; tdata = [tdata; t];
end

%% solving the thirring model

clear all; close all; clc

% initial parameters

global gamma vel

N =279 ; L =20; h = 2%pi/N; x = h*(1:N); x = L/pi*x(x-pi);

dt = h/10;

% varying parameters of the solitons

gamma = 0.01; vel = 0.8; tmax = 8;

%% The solitons t = 0

[u, v] = soliton_thirring(x);

[uold, vold] = soliton_thirring(x-dt);

%% the calculation

t0 = cputime;

[tdata, udata, vdatal
uold, vold);

tf = cputime -tO %% runtime of the code

udata = udata'; vdata vdata ';

%% plots

%[XX, TT] = meshgrid(x,tdata);

figure (1)

surf (tdata, x, abs(udata), 'FaceColor',6 'interp', 'EdgeColor','

none ') ;
view ([10 70]);
set (gca, 'FontSize',15)
axis ([0 tmax -L L ])

xlabel ('$t$', 'Interpreter', 'latex');
ylabel ('$x$"', 'Interpreter', 'latex');
zlabel('$ u(x,t)$', 'Interpreter', 'latex');
figure (2)

surf (tdata, x, abs(vdata), 'FaceColor',6 'interp', 'EdgeColor','
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Thirring Dirac_Solution(N,dt,tmax, u,v,
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none ') ;
view ([10 70]);
set(gca, 'FontSize' ,15)
axis ([0 tmax -L LJ])

xlabel ('$t$', 'Interpreter', 'latex');
ylabel ('$x$', 'Interpreter', 'latex');
zlabel ('$v(x,t)$', 'Interpreter', 'latex');

A.5.2 Code used for computing the eigenvalues using sines series
expansion:

N = 300;R = 100; %m=0;
%These are the integral matrices to be populated
S = zeros(N, N);I= zeros(N, N);V = zeros(N, N);II = zeros(N, N)
%»x = linspace(0,R);
g = @(x) besseli(l, x)./besseli(0, x);
%Populate the S,I, V matrices
eps = 0.001;
for i=1:N
for j =1:N
S(i, j) = integral (@(x)(g(x) .72 - 1) .*sin(pi*x*i/R) .x*
sin(pi*x*j/R), eps, R);
V(i, j) = integral(@(x)g(x) .*sin(pi*x*i/R) .*sin(pi*xx*j/
R), eps, R);
I(i, j) = integral(@(x) (1./x) .*sin(pi*x*i/R) .*sin(pi*xx*
j/R), eps, R);
IT(i,j) = integral(@(x)sin(pi*x*i/R) .*sin(pi*x*j/R),
eps, R);
end
end
%% Define the L operator whose eigenvalues we seek.
for m=-2:1:2
L = -(2/R) .*x[S, zeros(N, N), II + I + 2 x V, -m * I;
zeros(N, N), S, II, I + 2 * V - m * I;
IT - 2 *x V, m * I, zeros(N, N), zeros(N, N);
m *x I, II, zeros(N, N), zeros(N, N)J;

eigs = eig(L);

h = figure;

tiledlayout (2, 2)

nexttile

scatter (linspace (0, 4*xN , 4xN), real(eigs));
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nexttile

scatter (linspace (0, 4*N , 4xN), imag(eigs));
nexttile ([1 2])

scatter (real(eigs), imag(eigs))

saveas (h, sprintf ('FIGYd.pdf',m))

end

A.5.3 Code used for finding the eigenvalues using Chebyshev
spectral method:

function [x,D] = cheb(N)
if N==0, D=0; x=1; return, end

x = cos(pi*(0:N)/N+1)"';
c = [2; ones(N-1,1); 2].%x(-1).7(0:N)"';
X = repmat(x,1,N+1);

dX = X-X';

D = (cx(1./c)"')./(dX+(eye(N+1)));
D =D - diag(sum(D'));
end
x, D = cheb(N);
L = -(2/R) .*x[D-2.%g, m./x, zeros(N, N), =zeros(N, N);

m./x, D, zeros(N, N), zeros(N, N);

-(1-g."2) ,zeros(N, N),D+1./x + 2.%g, -m./x;

zeros (N, N), -(1-g.”2), -m./x, D + 1./x];
eigs = eig(L);

A.5.4 Code for the shooting method:

This code can be adopted to each of the ODEs solved in this thesis.

hshooting fzerol.m,

clc;clear;close;format shortE; format compact

global span alpha beta

span=[10e-9;100] ;% Interval

alpha=0; beta=1;

for i=1:2

if i==1, u = 1.0; else, u=1.5 ;end % Trial value

odes=0(x,y) [(1/x)*xy(1) + y(2)*x(y(2).72-y(1).72);...
y(2)*x(y(2).72-y (1) ."2)1;

w = fzero(@res_fzerol,u); [X,Y] = ode45(odes,span,[alpha w]);

X;Y; plot(X,Y(:,1), 'r',X,Y(:,2), 'b--','linewidth',2);hold on;

end

xlabel ('$r$', 'Interpreter', 'latex');
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ylabel ('$g(r) (r) ,\f(r)$', 'Interpreter', 'latex');
legend ('$£f(r)$', '$g(r)$', 'Interpreter', 'latex');
function r = res_fzerol(u) 7 Boundary residuals.

global span alpha Dbeta

odes=0(x,y) [(1/x)*xy(1) + y(2)*x(y(2).72-y(1).72);...

y(2)x(y(2) .72-y(1) .72)1];
[~, Y] = oded45(odes,span,[alpha ul);
r= Y(end,1)-beta; end

89
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