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rescaling associated with a transition from the Jordan to the Einstein frame. We give a simple derivation
of the corresponding modification to the gauge couplings. After changing frames, this gives rise to a direct
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© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Axions have a coupling to gauge fields resulting from the ex-
istence of a chiral anomaly. Similarly, string axions must couple
to gauge fields in order to cancel gauge anomalies using a four-
dimensional version of the Green-Schwarz mechanism [1]. These
gauge interactions of axions and axion-like particles leads to a rich
phenomenology. They give rise to important effects in astrophysics,
causing stars to cool at an accelerated rate [2]. At another extreme
there are interesting optical phenomena, leading to a prospect of
detecting axion-like particles with cavity-based experiments such
as ALPS and GammeV [3], or experiments such as CAST and the
Tokyo axion helioscope [4].

Scalar fields have attracted considerable attention following the
discovery, less than fifteen years ago, that the expansion rate of
the universe is accelerating [5]. It has long been known that scalar
fields can play a significant role in a phase of early-universe ac-
celerated expansion, or ‘inflation.” The same is true in the late
universe. However, if a scalar ‘dark energy’ field is responsible for
the acceleration measured today, there is difficulty. To modify the
expansion rate on cosmological scales, the mass of the field should
be as low as the Hubble rate today, of order 10-33 eV. But this
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would lead to the existence of a ‘fifth force’, violating the weak
equivalence principle. Fortunately, mechanisms making the small
mass of the scalar field phenomenologically acceptable on large
scales—and preventing the appearance of a fifth force in the solar
system and in the laboratory—have been discovered.

In certain dark energy models, acceleration is due to the rolling
of a scalar field over a runaway potential [6-9]. Such potentials
have a long history in attempts to explain the dark energy scale
[10]. Two methods have been invoked to eliminate the unwanted
scalar fifth forces which accompany them: (a) either the chameleon
mechanism [11] or the Vainshtein effect [12], in which the scalar
field is screened by massive bodies due to non-linear effects; or
(b) the Damour-Polyakov mechanism [7], where the coupling of
the scalar field to matter is constructed to vanish dynamically.
Similar effects can be achieved in models of modified gravity. In-
deed, under certain circumstances, modified gravities such as the
Dvali-Gabadadze-Poratti model [13], f(R) theories [14], or the
Galileon model [15] reduce to the inclusion of a new, scalar degree
of freedom, whose fifth force is either screened by a chameleon
mechanism [16] or the Vainshtein effect. In all these theories the
dynamics of the scalar field are determined by a scalar-tensor the-
ory.

Does the scalar field ¢ couple to gauge fields such as the
photon? If so, the rich optical phenomenology of axion-like par-
ticles could be extended to models of dark energy or modified
gravity [17-19]. Since ¢ is a gauge-singlet, this coupling must in-
volve an interaction with the gauge field kinetic term of the form
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f(@)FayF™, where Fqy =
with the gauge field A,.

The possibility of such couplings was investigated by Kaplu-
novsky and Louis [20] in the context of locally supersymmetric
effective quantum field theories. After Weyl rescaling, Kaplunovsky
and Louis found that a Wess-Zumino term was generated, asso-
ciated with a super-Weyl anomaly, which necessarily induced an
f(¢)Fap F® interaction. The function f(¢) was determined entirely
at one-loop level. Kaplunovsky and Louis used these effects to de-
rive exact threshold corrections [21] to the gauge couplings from
integrating out species above the supersymmetry breaking scale.
The study of such threshold corrections in string theories has gen-
erated a large literature.

Kaplunovsky and Louis’ result was framed in the context of su-
pergravity. Doran and Jdckel later observed that changing frame
would typically lead to a redefinition of couplings in any effective
field theory [22]. In this brief note we give an alternative, simpler
derivation of Kaplunovsky and Louis’ result which does not make
use of the methods of supersymmetry or require the application
of superfield Feynman rules, and which applies in any low energy
effective theory.

dqAp; is the field strength associated

1.1. Weyl rescaling

A range of scalar-tensor theories exist. Writing the theory in
terms of a metric g,, defined so that the new scalar field does
not directly interact with matter—the ‘Jordan frame’—we focus on
theories which can be written in the form

s,:/d‘*xf[ —EB* ()R - <a¢>)2—V(¢)]

+Sm(wlaguv), (M

where ¢ is the new scalar degree of freedom, B(¢) is an arbitrary
function, M% = (8w G)~ ! is the reduced Planck mass, and R is the
Ricci scalar constructed using the metric g,,,,. The matter action,
Sm, involves an arbitrary collection of fields ¥ coupled to v,
but not ¢. Eq. (1) includes a wide class of dark energy models, but
does not include infrared modifications of Einstein gravity such as
the ‘Galileon’ [15].

In this frame, ¢ is coupled non-minimally to gravity via B2(¢)R.
In the ‘Jordan frame,’ this encapsulates how Einstein gravity is
modified. However, it is possible to describe the same modification
of gravity in different ways, by making field redefinitions which
do not change the physics. The Jordan frame action is classically
equivalent to an ‘Einstein frame’ theory, written in terms of a re-
defined metric g, which satisfies

guv =B2(@)&uv- (2)

This rescaling is an example of a Weyl transformation. In the Ein-
stein frame, the scalar field is minimally coupled to g, but cou-
ples directly to the matter fields ;. There is no principle which
can tell us whether the Einstein frame or Jordan frame is more
fundamental. Which we pick is simply a matter of obtaining the
most convenient description for the problem at hand.

1.2. Field-dependent gauge couplings

It is well known that the Maxwell kinetic term Fq,F® is in-
variant under Weyl rescalings. Classically, therefore, it follows that
if this interaction is absent in one frame it is absent in all frames,
and its inclusion or otherwise is merely a free choice to be made
in model-building.

Kaplunovsky and Louis’ result implies that, after quantization,
the change of variables associated with shifting from one frame to

another naturally induces a coupling between ¢ and the kinetic
term of any gauge field, either Abelian or non-Abelian, which is
coupled to fermion species. Therefore, quantization and change of
frame do not commute. From the standpoint of an effective field
theory it is unnatural to take the interaction to be absent: this
corresponds to picking one choice of frame as ‘fundamental,” and
all others as ‘derived.” There is no justification for such a choice.
Instead, the coupling should be included and its magnitude con-
strained by experiment.

In Section 2 we make a quantitative estimate of the effect,
by explicit calculation of the Jacobian associated with change
of variables in the path integral. This can be accomplished us-
ing a method introduced by Fujikawa to calculate the chiral
anomaly [23]. A related calculation of the conformal anomaly in
a chameleon model with conformally coupled scalars was given
by Nojiri and Odintsov [24]. Similar anomalous Jacobians were
encountered by Arkani-Hamed and Murayama [25] while study-
ing exact B-functions in supersymmetric gauge theories. Arkani-
Hamed and Murayama referred to the appearance of a non-trivial
Jacobian as a “rescaling anomaly.” In Section 3 we summarize the
calculation and discuss our conclusions.

We work in a spacetime with signature (—,+,+,-+), and
choose units so that i = ¢ = 1. Throughout, we suppress spinor in-
dices. The four—dimensional Dirac matrices are ¢, and satisfy the
algebra [y9, yb] = Zn”b Wlth our sign conventions, the conjugate
of a Dirac spinor is A = At y

2. Gauge couplings from Weyl transformations

Our starting point is the scalar-tensor action, Eq. (1). A redef-
inition of couplings arises on changing frame because it is not
possible to define the path integral measure in a way which is
invariant under transformations of the form (2). In our formalism,
this is the analogue of the Weyl rescaling studied by Kaplunovsky
and Louis, given in Eq. (2.23) of their paper [20].

To define the measure, we formally compactify spacetime on
a large manifold after performing a Wick rotation. This is an in-
termediate step: our conclusions are independent of the details of
the compactification, and continue to apply if we later revert to a
noncompact space. To simplify the presentation, we have kept the
Minkowski-convention signature throughout. We write the vielbein
on this compact manifold as e?; Greek letters label spacetime in-
dices, whereas Latin letters label Lorentz indices associated with
the tangent bundle. The massless Dirac equation has a discrete
eigenvalue spectrum A,, wheren=1,2,...,

(#"Dpu)¥m = Anm, (3)

where ¢ = y%q, for any tangent-space vector qq, and ¥, is a Dirac
spinor, obeying suitable boundary conditions if necessary. This step
is formally valid only after Wick rotation to Euclidean signature.

The derivative operator D, includes appropriate gauge terms
for charged fermion species,

D, =9,

where a)M is the spin connexion, e is a coupling constant, and
wp=g Ly, yb]w . We generally neglect this term in what follows,
since it is 1nessent1al for obtaining of the anomalous scalar inter-
actions with gauge fields. In any case, where the compactification
manifold is a flat torus, this gives exact results.

The v, form a complete, orthogonal set of basis functions. We
choose a normalization so that fd4x\/—_ggﬁm1//n = 8pm. In terms
of this basis, a generic massless spinor A, or conjugate spinor XJ.
can be represented by a set of coefficients {ay, by}, where we have
written

—ieA, + oy, (4)
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A]:Zanwn and )_\]:ZBH&H. (5)

The subscript ‘]’ denotes that these are Jordan-frame fields. It is a
familiar idea that the measure [dA dA] for integration over A and A
can be defined by integration over the coefficients a, and b,. We
define

[dxdil; = [ [ M? dan dbn, (6)
n

where M is mass scale needed to make the measure dimension-
ally correct, but which plays little role in the analysis and will not
appear in subsequent expressions. Eq. (6) expresses the functional
integral in terms of a measure on the Jordan-frame fields. We are
interested in determining the transformation law connecting (6)
with the same measure expressed in terms of Einstein-frame fields.
As we will see, this typically contains local divergences which can
be absorbed in a redefinition of the Einstein frame Lagrangian.

On translation to the Einstein frame, the matter action acquires
interactions with ¢. In particular, the fermion kinetic term is not
conformally invariant and mixes with ¢. To obtain canonically nor-
malized Einstein-frame fields we make the change of variable

)\E:BB/Z)\] and XE:BB/Z)_\], (7)

where we have used that B is real. The S-matrix is invariant un-
der field redefinitions, so this transformation does not change the
physical content of the theory. Written in terms of these fields, the
Einstein frame Lagrangian for each species of fermion satisfies

Lg 2 —Ag(¢"Dy)re + he, (8)

where ‘h.c.’ denotes the Hermitian conjugate of the preceding
term.

This field redefinition is associated with a Jacobian, or change
of measure, represented by a fermionic determinant. To calculate
it, we represent the Einstein-frame spinor fields in terms of the
basis functions ¥, and ¥, with coefficients ¢, and d,. Using (6),
the change of variables is

a(
a(
where the Jacobian determinant satisfies

- s -1
‘a(a,l_o) _ <det day 8bm>
a(c,d)

[drdAr]; =‘ ‘CI’Z; ‘[dkdi]g, 9)

= exp trln/ d4X\/ —8 B3/2(‘Z’m¢n + Iﬁnﬁbm)’ (10)

where the trace is over the basis indices m and n.

The completeness relation for ¥, and ¥, reads tr ¥y, (X)¥n (y) =
8(x —y), so Eq. (10) involves the divergent quantity §(0) and it is
clear that this trace will require regularization.

In general, Eq. (10) represents a complicated redefinition of
each local operator in the Lagrangian. However, in a mean field
approximation where ¢ = ¢g + 3¢, its value can be calculated per-
turbatively in §¢. This approximation is reasonable in the physical
situations of interest for optical phenomena associated with cou-
pling of the scalar to gauge fields, including those in astrophysics
and laboratory experiments. Working to first order in §¢ and dis-
carding an infinite §¢-independent prefactor, we find

‘a(a, b)
a(c,d)

where we have defined a coefficient «, satisfying

o<exptr37a/d4x\/—_g5¢(lzml/fn+1/_fn1/fm), (11)

_dlnB
dg 0]

which has dimension [mass]~!. In what follows it will sometimes
be useful to identify this mass scale explicitly, writing My = o~

Eq. (11) can be evaluated using a standard regularization
method introduced by Fujikawa [23]. We write the trace over basis
indices in (11) as 8(x — x), and make the substitution

2 d*k
6(x—x)—>Trexp<¢—’§> ax
w

(2m)4
The trace is over spinor indices, and the exponential is to be in-
terpreted in a matrix sense. In this expression we have specialized
to flat spacetime, so that [ = y?D, where Dy is the flat gauge-
covariant derivative. This is the only case which has yet been
required in phenomenology, although the metric coupling could
be reintroduced using ¢#D,, if desired. The subscript ‘x’ on J in-
dicates that the differential operator applies only to the explicit
x-dependence, and it is understood that the limit y — x is to be
taken after allowing Py to act on terms to its right. For finite wu,
Eq. (13) softly suppresses the contribution of ultraviolet modes
with k > u, while maintaining gauge-invariance: this is the key
virtue of Fujikawa’s method. At the end of the calculation one re-
moves the regulator by taking u — co.
The operator J? can be written

; (12)

eik-(x—y) (13)

y—x

ie

p?=0%— 2 [y".v"]Fa. (14)
We write the Jacobian as a perturbative shift of the action, §S,
d(a, b :

'g — oS, (15)
a(c,d)

Making use of the elementary identity e~ f (3,)el* = f (3, +ikq),
rescaling the momentum integration so that k, — k,/u, and ex-
panding the exponential, we find

d4k 2
iee 4 4 —k
i6S =-3au /d x8¢/ (zn)4e

02
x (4— 257 T vl v T FaFed +) (16)
w
where ‘...’ denotes operators of lower engineering dimension
which we have not written explicitly, but which vanish on tak-
ing the trace, together with terms suppressed by more powers of
1/ which will not contribute in the limit ©u — oc.

The first term in round brackets (---) in Eq. (16) is independent
of Fgp. It is an infinite renormalization of the Einstein-frame cos-
mological constant. This is just a restatement of the usual cosmo-
logical constant problem. Therefore, discarding this term is harm-
less. In a more general theory, we would find infinite renormaliza-
tions of each relevant local operator. The remaining term is finite.
It is a new contribution which we must absorb in the Einstein
frame action. To evaluate it we Wick rotate to Euclidean signa-
ture, making the substitution kg — —ikg, where qq is the timelike
component of the four-vector kg, kg is its Euclidean counterpart,
and the sign is fixed by the requirement that the Euclidean action
becomes a Boltzmann weight of the correct sign. Carrying out the
trace over Dirac indices and assembling all numerical coefficients,
we find

2

3e
55D 167:; /d“x&p FOF,,. (17)

In the language of Kaplunovsky and Louis, this is the renormaliza-
tion of the Wilsonian gauge coupling [20].
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A contribution of this form arises for each fermion species. In
a theory with N¢ species of fermion, the total shift in the Einstein
frame action can be written as a new, local dimension-five opera-
tor coupling 8¢ and the gauge-kinetic term,

8
L6 2 0 FFap (18)
where the mass-scale M5 satisfies

1672
Ms = ——Mg. 19

Although we have given the calculation only for a massless fermion
and Abelian gauge field, it applies for a non-Abelian field after
straightforward modifications. Mass terms for the fermions were
discussed by Arkani-Hamed and Murayama [25], and can be in-
corporated perturbatively in the present framework. Contributions
of order 8¢ and higher could be retained, if desired, by retaining
higher-order terms in the Taylor expansion of B in Eq. (11) and
subsequent expressions.

3. Discussion

Egs. (18)-(19) represent a purely quantum effect associated
with canonical normalization of the charged fermion species.
Before changing variables, there is no interaction involving ¢
and the gauge field alone; the only interaction arises from the
fermion kinetic term £ 2 BZX(W‘DM)A + h.c. After expanding
around the mean field ¢, this gives rise to ¢pAXA vertices involv-
ing an arbitrary number of ¢ quanta, a single gauge field, and a
fermion/antifermion pair.

Changing variables to canonically normalized fields introduces
a new dimension-five operator, Eq. (18), which yields a contact in-
teraction between ¢ and two quanta of the gauge field. This elim-
inates the ¢ AXA vertex. If the fermion has a mass term, however,
then conformal invariance is broken and a ¢AA interaction per-
sists even after canonical normalization. By computing triangle di-
agrams, one can show that a contact interaction of the form (18) is
introduced at energies sufficiently small that the fermion A cannot
be resolved. This contribution enters with the same sign as (18),
and its associated mass scale is [26]

. 48m?

M = W o> (20)
where N; indicates the number of charged fermion species whose
mass thresholds have been passed. These heavy fermions do not
appear in an effective theory valid at energies below the thresh-
old; Eq. (20) summarizes their residual influence. We note that, in
principle, the mass scale My which appears in (19) and (20) can
be species-dependent but in a minimal theory we can expect ap-
proximately the same scale for each species.

Kaplunovsky and Louis gave an interpretation of the ¢-de-
pendent gauge coupling as a one-loop effect, in which Eq. (18)
arises from diagrams with A-quanta circulating in the interior of
the loops. However, we emphasize that Eq. (18) must be absorbed
into the Einstein-frame action whether or not the massive fermion
species are integrated out. Therefore, although these two effects
are related they are not the same. The first is a consequence of
the non-invariance of the fermionic path integral measure under
a Weyl rescaling. The second is due to the path integral over
fermions whose masses explicitly break Weyl invariance.

What are the consequences for an effective theory describing
the interactions of ¢ with gauge fields at low energies? Such a
theory governs the relevance of ¢ for optical interactions in astro-
physics or the laboratory. Eqs. (18), (19) and (20) show that when

studying the Einstein-frame phenomenology of a theory with Ng
total fermion species, at energies below the mass threshold of N
of these, we should augment whatever bare contact term of the
form (18) exists by a shift of 1/MZ, where the mass scale M? is
determined by

M//_167r2 My _)24:12
°7 e 3Ni+ INg o 5e2Ng

Mg, (21)

and the limit on the right-hand side corresponds to very low en-
ergies, where all fermion species are integrated out. If the bare
contribution corresponds to a very large mass scale, this shift
will dominate the resulting coupling. Typically one would expect
a coupling to be generated at least by loops of virtual gravitons,
although presumably strongly suppressed. For a large number of
species, we find that the coupling scale to matter My, can be much
larger than M.

4. Conclusion

We have shown that, in a theory where a scalar field ¢ couples
to fermionic matter charged under a gauge symmetry, a coupling
between ¢ and the gauge fields is automatically generated via the
noninvariance of the path integral measure under rescaling of the
fermion fields. This opens up a rich phenomenology previously as-
sociated with axion physics. Since scalar fields couple to the gauge
field strength and can be subject to the chameleon mechanism,
physical predictions will differ between models, as discussed in
Refs. [17-19].
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