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Abstract

This thesis explores perturbations in f(R) modified gravity theories, with a focus on understand-
ing the growth of large-scale structures in the Universe. Modified gravity models, particularly
f(R) theories, offer an alternative explanation for cosmic acceleration without invoking dark
energy. The work is divided into four key areas: foundational methods in cosmology, structure
formation, perturbation theory, and the application of these methods in modified gravity mod-
els. By analysing the evolution of cosmological perturbations in these models, this research aims
to provide new insights into their viability and consistency with observational data. Particu-
lar attention is given to the development of a bottom-up approach, allowing the reconstruction
of gravity theories from observational constraints and bypassing the limitations of traditional
model-specific methods.
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Introduction

Of all the fundamental forces we know, gravity is the weakest [1]. And yet, it rules the Universe.
With a light touch, it compelled a uniform cosmos to diversify into an intricate network spanning
billions of light years. It spins galaxy clusters — each 10'® solar masses — into a colossal web;
tethers together the 100 billion stars in the Milky Way; and engulfs light itself at the centre
of the galaxy. 30,000 light years away from this black hole, in the Orion Arm, gravity governs
the orbits of planets around a small, unassuming star; and the orbit of a moon around a small,
unassuming planet. It is here that for thousands of years, humans have wondered “why do things
fall?”.

The Greek philosopher Aristotle thought it quite simple: all objects have a natural tendency to
move towards the centre of the Universe |2]. Since this point, of course, coincided with the centre
of the Earth, all objects must fall towards the ground. It is certainly not what we would today
call “rigorous”. It was not until the 16" century that Galileo would attempt a truly scientific
approach, leading him to realise that the velocity of an object in free fall is independent of its
mass [3]. Isaac Newton expanded on these ideas in his studies on the trajectories of moving
objects, which led him to the first theory on artificial satellites. By considering the moon as
continuously falling towards Earth, but never colliding, he was able to calculate the acceleration
due to Earth’s gravity on its satellite. Comparing this to the free fall of objects on the ground,
he noticed a simple relation: the force of attraction between two objects is proportional to the
inverse square of the distance between them. But why did objects appear attracted towards the
earth, but not each other?” Newton knew then that the masses of the objects also influenced
the gravitational attraction between them, or more formally: two objects attract each other
with a force proportional to the product of their masses. More massive objects like the Earth
therefore experience less acceleration towards a falling object, despite both experiencing the
same gravitational force. Combined, these relations yielded the famous equation that we still
use today: G

% _ (1)
Newton had to lay the foundations for a new branch of mathematics before he could even publish
the complete mathematical formulation of his theory in 1687: Philosophiae Naturalis Principia
Mathematica [4]. Known now as calculus, these methods became fundamental to scientists across
all fields.

F =

The success of Newton’s gravitational laws ushered in a new era in physics, but it was not
until Einstein’s paper in 1915 that the underlying nature of the gravitational interaction was
coherently described: the General Theory of Relativity [5]. This supplanted the old Newtonian
point of view that large masses produce forces that cause objects to move along curved trajec-
tories. From the Einsteinian perspective, the space around large masses becomes curved itself,
and objects move along the ‘straightest’ line in curved space, a geodesic. This interpretation of
gravity as a curvature of spacetime — rather than a force produced by mass — leads to slightly
different results than those predicted by Newtonian gravity. Observations soon showed that



Einsteinian gravity solved the mystery of Mercury’s orbital precession? [6], and the increased
deflection angle of the sun — which was famously and somewhat fortuitously confirmed during
the 1919 solar eclipse. Later, general relativity was used to confirm gravitational redshift |7, §],
cosmological expansion [9], and time dilation [10]. Most recently in 2015, direct observations
verified the existence of gravitational waves from a black hole merger event [11]. These ripples
in spacetime were predicted by Einstein almost a hundred years earlier, definitively proving that
gravity is not an instantaneous action as Newton thought.

While Einstein initially adopted a static universe model, Alexander Friedmann showed in 1922
that Einstein’s field equations allowed for dynamic universes with different geometries, depend-
ing on the curvature |12, 13]. Hubble corroborated this theory in 1929 when he discovered that
galaxies are drifting apart as the Universe expands [9]. Another astonishing discovery in 1998 by
Perlmutter, Riess and Schmidt confirmed that the Einstein static model was inconsistent with
observations [14], supporting the theory that the Universe is undergoing accelerated expansion.
The cosmological constant A in the Einstein field equations — initially placed to preserve a static
universe — was now responsible for a groundbreaking phenomenon which its creator had not
predicted.

In the last few decades, advances in the study of cosmology and quantum theory have uncov-
ered a number of obstacles to general relativity (GR). The presence of the Big Bang singularity
at the beginning of the Universe [15], as well as the flatness, horizon, and monopole problems
[16, 17, 18], signals that the standard cosmological model — based on GR and the Standard
Model of particle physics [19] — is insufficient for describing the Universe at extreme scenarios,
such as during the Planck era or at the centres of black holes. Nor can it account for the rapid
exponential expansion in the early universe. As a classical theory, it is inapplicable at quan-
tum scales [20]. This is particularly troublesome since it is believed that primordial quantum
fluctuations are responsible for sowing the seeds of density perturbations and thus large-scale
structure [21]|. As such, one of the primary objectives of many cosmologists is a unified theory
of quantum gravity.

Meanwhile, headway in astronomical observations unveiled several other glaring issues: galactic
rotation curves do not display the velocity falloff predicted by GR, suggesting that galaxies con-
tain more matter than observed; gravitational lensing effects from distant galaxy clusters suggest
more mass than we observe in those clusters; and large structures in the early universe formed
more quickly than expected for baryonic matter, which is slower to collapse due to interactions
via radiation pressure and viscosity. These all point to a problem of ‘missing mass’. In 1933,
Fritz Zwicky observed that the galaxies in the Coma cluster were moving too fast for the mass
of the cluster, indicating that there was some unseen matter present with enough gravity to stop
the galaxies from spinning out. He called this unseen mass dark matter® [22]. In the 1970s,
Vera Rubin and Kent Ford observed the same phenomenon in some sixty galaxies, from which
they calculated that galaxies must contain approximately ten times more mass than observed
[23]. We now know that approximately 85% of the matter in the observable universe is virtually
undetectable through direct means [24, 25].

Some of this mass is dark matter, but in a universe comprised of only baryonic and dark matter,
the gravitational pull of the matter should decelerate the expansion of the Universe over time.
Since this is not the case, we also require some as-yet undiscovered form of energy that coun-

2 Astronomers noticed that Mercury’s orbit exhibited an unexplained precession of its perihelion. Newtonian
mechanics accounted for most of the precession due to gravitational interactions with other planets, but an
additional unexplained 43 arcseconds per century remained.

3Technically he called it dunkle Materie.



teracts gravity and drives the accelerated expansion. Additionally, observations of the cosmic
microwave background (CMB) indicate that the Universe is geometrically flat, i.e. that its total
energy density is equal to the critical density [24]. Ordinary and dark matter only make up 32%
of the required density. The mysterious missing energy component is — in keeping with tradition
— known as dark energy. In our current model, according to Planck data, the approximate mass-
energy content of the Universe is: 5% ordinary matter, 27% dark matter, and 68% dark energy.
The dark sector therefore comprises 95% of the total mass-energy density of the Universe, yet
its nature remains unknown.

Despite this, general relativity remains a compelling theory, and the search for dark matter
and dark energy continues. Meanwhile, while some theorists pursue a definitive quantum theory
of gravity, others have posited various alternative theories of gravity that attempt to formulate
a semi-classical theory of relativity that replicates the success — and resolves the issues — of GR;
these are known as extended theories of gravity (ETGs) |26], and involve corrections or addi-
tions to Einstein’s theory by introducing higher-order curvature invariants and scalar fields to
the dynamics arising from some effective quantum gravity action. ETGs also attempt to fully
incorporate Mach’s principle into GR, which allows explicitly anti-Machian solutions such as
Godel’s universe. Mach’s principle implies that the gravitational coupling at a spacetime point
is dependent on the surrounding matter and thus a function of spacetime location, i.e., a scalar
field [27]. Brans-Dicke theory, the first comprehensive alternative to GR, better aligned with
Mach’s principle by allowing a gravitational scalar field to couple non-minimally to the geome-
try [28]. This is also achieved by schemes such as superstring, supergravity, or Grand Unified
Theories (GUTSs). One of the great benefits of these extended gravity modifications is that they
exhibit inflationary behaviour, allowing for inflationary epochs — related to the dynamics of a
specific scalar field — not predicted in the standard model.

The majority of the vast amount of data currently points to a cosmological model known as
ACDM, which consists of a cosmological constant A combined with cold dark matter — dark
matter with a vanishing equation of state — and baryonic matter. Despite being well supported
by data, ACDM fails to explain why the inferred value of A is 120 orders of magnitude lower
than the value predicted by particle physics; this is the coincidence problem. Alternative models
known as quintessence attempt to circumvent this by replacing the cosmological constant with
a slow-rolling scalar field ¢, but have not yet found success. In these schemes, the dark energy
and matter densities evolve differently, yet align in the current epoch, leading to another coin-
cidence problem. The origin of the quintessence scalar field presents another puzzle. Unified
Dark Energy (UDE) models propose single fluids (e.g. Chaplygin gas [29]) with properties of
both dark matter and dark energy to address the coincidence problem [30]. A single cosmic fluid
characterised by an equation of state that causes it to act like dark matter at high densities and
dark energy at low densities neatly solves the coincidence problem, at least phenomenologically.

Quantum gravity theories, on the other hand, have taken on the daunting task of creating a
unified framework for all fundamental forces, by describing the gravitational fields using the
tools of quantum mechanics and representing them as linear operators on a Hilbert space. This
comes with its own set of challenges. Einstein’s theory does not lend itself to a quantum formu-
lation based on a fixed Minkowski background. In GR, spacetime itself is a dynamic variable,
meaning its geometry cannot be predetermined. It is necessary to first solve the equations of
motion and construct a spacetime before even attempting to find solutions for certain scenarios
[26, 31]. The complexity intensifies at the quantum level, where the uncertainty principle implies
that particles do not follow well-defined paths in non-relativistic quantum mechanics. One can
only calculate the probability of detecting a particle at a specific location and time. Similarly,



in quantum gravity, the evolution of an initial state fails to yield a specific spacetime [32]|. This
raises profound questions about fundamental concepts like causality, time, and black holes in a
framework where spacetime itself is not well defined.

The final approach — the subject of this thesis — suggests modifying gravitational laws rather than
introducing exotic cosmic fluids. These ETGs adjust the Einstein field equations by maximally
coupling the geometry to some scalar field, or introducing higher-order derivatives of the met-
ric. These are generally known as scalar-tensor theories and higher-order theories, respectively.
Mathematically, such theories can often be reduced to forms resembling GR with additional
scalar fields using techniques like Legendre or conformal transformations [33, 26]. The mathe-
matical complexity of these modified gravity theories, particularly that of higher-order non-linear
equations, complicates studies and limits their predictive power. Unlike GR, which has been
rigorously tested in various regimes, modified gravity models lack similar empirical support, and
often encounter issues of fine-tuning. Regardless, modified gravity theories are able to mimic
the behaviour of dark matter and dark energy, explain the early inflationary epoch, and pass
astrophysical viability tests |34, 35].

The particular modified gravity theory under consideration in this thesis is f(R) gravity, in which
the Ricci scalar in the Einstein-Hilbert action is replaced by a function of itself. Specifically,
we will be working towards formulating a dynamical, model-independent, cosmography-based
system for f(R). This allows us to solve for any general function of R instead of first guessing
its functional form, where previous studies required a specific f(R) model. By expressing the
scale factor and its temporal derivatives using observable cosmographic parameters, we can by-
pass previous limitations to closing the dynamical system [36]. We then study the formation
of large-scale structure in f(R) using covariant, gauge-invariant perturbation theory, in which
we expand our first-order quantities using harmonic decomposition. This enables us to derive
differential equations for the scalar quantities relevant to structure formation, as well as the
growth function. Finally, we apply our dynamical system to ACDM cosmology by mimicking
the expansion history at high redshifts, allowing us to plot the evolution of the growth function
and growth factor at various Fourier wavenumbers. The growth function is a critical tool in
cosmology because it describes the evolution of matter density perturbations over time, serving
as a bridge between theory and observation [37, 38]. With it, we can study the observable con-
sequences of perturbations in modified gravity models on cosmic structure formation, and how
specific modifications to gravity influence linear and nonlinear perturbations.

The thesis is laid out as follows: In the first chapter, we introduce the necessary mathemat-
ical tools and techniques for studying relativity. We begin with classical, Newtonian spacetime
before moving on to GR, in which we go over some basic differential geometry and the equa-
tions of motion. This allows us to derive the Einstein field equations and examine the origin
of the cosmological constant. In chapter 2 we delve into cosmology, deriving the Robertson-
Walker metric and Friedmann equations and examining some well-known cosmological models.
We then get to inflation and its implications for the current standard model of the Universe.
This includes the history of structure formation and the role of dark energy and dark matter in
the Universe’s evolution. In chapter 3 we examine this more rigorously. We discuss the gauge
problem and various methods in perturbation theory, particularly the gauge-invariant approach.
Using this method we derive the linearised propagation equations, to which we apply a harmonic
decomposition. This leads us to Jeans’ theory of instability and gravitational oscillations, and
the study of fluctuations using the power spectrum. In the fourth chapter, we introduce f(R)
gravity, for which we formulate a model-independent dynamical system. We then use the tools
from chapter 3 to study the structure growth of a general f(R) theory and compare its evolution



to that of ACDM, utilising the exact solutions as well as the quasi-static and semi-quasi-static
approximations, before concluding in the final chapter.



Chapter 1

Theoretical Foundations

This chapter lays the foundations for general relativity. We begin by reviewing the classical
spacetime of Gallileo and Newton, the tenets of special relativity and how we can make use
of the Lorentz transformations to preserve the laws of physics. In the next section we lay the
groundwork for differential geometry, covering the covariant derivative, Christoffel symbols and
geodesic, which allow us to define the Ricci, Riemann and Einstein tensors. This is followed by
a discussion of the geodesic in curved spacetime and the equivalence principle before a summary
of the Einstein field equations. The chapter culminates in an analysis of the equation of motion,
energy conservation and the equation of state.

1.1 Classical spacetime

In classical Newtonian physics, space is described by three-dimensional, Euclidian geometry.
Time acts as an extrinsic parameter, independent of the motion of any observer. Both space and
time in this regime are absolute, and events adhere to a causal structure where simultaneous
events all exist on a three-dimensional Euclidian space. Because the space is Euclidian, the
distance between two neighbouring points is simply

A? = (da') + (da®)? + (da?)? = ) dyda’da? = 6yda'da’, (1.1)
ij

according to Pythagoras’ theorem, where ¢;; is the Kronecker delta equal to 1 if ¢ = j and 0
otherwise, and the trajectory of any body has the parametric form z(¢). It is not necessary to
use Cartesian coordinates as we have above; spherical or cylindrical coordinates may be more
suited to a specific problem. It is therefore helpful to establish a method of expressing distances
in any coordinate system. Suppose we have a coordinate system (y‘) which is related to the
Cartesian system (z7) via 27(y*). The distance between two points in any coordinate system is
expressed as

. oxr™ ox™
d? = g (y*)dy dy? (YR = =6,
95Ny Ay’ i (y") = 5 55 5 O

where g;; is the metric of the new coordinate space. In Cartesian coordinates, g;; simplifies to
d;j. The spacetime metric is therefore essential in the study of relativity, allowing us to express
observer-dependent coordinates as an invariant line element.

(1.2)

The principle of special relativity [39] asserts that all laws of physics maintain the same form for
two observers moving at a constant velocity relative to each other. If the dynamical equations of
a system remain invariant under such a change of coordinates, they must exhibit a correspond-
ing symmetry. Newtonian mechanics adheres to this principle through Galilean relativity, where
the coordinates are related by x'(¢) = x(t) — vt and time is the same in both reference frames.

9



1.1. Classical spacetime

However, Maxwell’s laws of electromagnetism do not retain their form under Galilean transfor-
mations. To account for this, the Maxwell equations would have to be valid only in the absolute
reference frame. This meant that the speed of light in another inertial frame could potentially be
measured as ¢ +v. This notion of absolute time in Newtonian theory was challenged when light
was shown to propagate at the same speed in all inertial reference frames. Einstein therefore
excluded this idea in favour of reaffirming the tenets of special relativity we know today [40]:

Relativity: Nature obeys the same laws in all inertial, non-accelerating reference frames.

Unwversal light speed: The speed of light relative to any non-accelerating observer is ¢, regardless
of the speed of the light’s source relative to the observer.

Since these should also apply to Maxwell’s equations, a new framework is required for changing
the inertial frame: the Lorentz transformations. These are a set of linear transformations which
preserve the spacetime interval between two events. If an initial observer notes an event at
(t,x,y,z), a second observer in an inertial reference frame travelling at velocity v along the
x-axis with respect to the first observer can identify the same event as (¢',2', ¢/, 2’) using

o - ct — (v/e)x
)T~ (v/c)ct
v =y,
2 =z. (1.3)

Note that for v < ¢, the Lorentz transformations' reduce to purely Galilean transformations
while still maintaining a constant speed of light. We have therefore altered the way we mea-
sure space and time to ensure that all observers measure the speed of light to be exactly the same.

In special relativity, the Minkowski metric

~100 0
0 100

=10 010 (14)
0 00 1

is used, which takes the same form everywhere in spacetime. The line element between two
events in this case is

ds? = —(dz®)? + (dz')? 4 (da?)? + (dz?)? = n,,datda” (1.5)

where the time coordinate is 2 = ct and the space coordinates are z', 22 and 23. This united
spacetime, like that of the Newtonian scheme, is described by a fixed metric that remains globally
valid in special relativity. However, experiments such as the Pound-Rebka experiment [8], which
confirmed gravitational time dilation, demonstrate that this structure does not hold universally
in the presence of a gravitational field, as described by general relativity.

LA rotation-free Lorentz transformation is known a Lorentz boost, making (1.3) more specifically a Lorentz
boost in the z-direction.

10



1.1. Classical spacetime
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Figure 1.1: A light cone in x, y, t-space, showing that events at the origin (x = y = 0) at present
time (¢) follow world lines within the future light cone. These events are time-like with respect
to the origin. No signals can be sent to or received from space-like locations. The region in the
past from which signals can be received at the origin is bounded by the particle horizon, while
the event horizon limits the space causally related to the present origin at a future time ..
Image from Roos (2008) [41].

The set of points such that ds? = 0 represents the light cone — so called because light spread-
ing out from an event P(ty) = Py forms a three-dimensional cone in four-dimensional spacetime
— is known as the future light cone. Similarly, the set of events from which a pulse of light is
able to reach Fy is known as the past line cone. These can be seen above and below t; in figure
1.1, aptly forming an hourglass shape. These hourglasses exist for every event at ¢y, and divide
spacetime into three distinct regions. The absolute future, inside the future light cone, contains
all events that can possibly be affected by the event at ¢y [41]. The absolute past, inside the
past light cone, contains all the events from which signals travelling at or below the speed of
light can affect the event at #j. Since the velocity of any body cannot exceed the speed of light,
only pairs of points (P, P;) that satisfy ds? < 0 can be connected, i.e., P, must be in Py’s light
cone for Fy’s trajectory to reach it. This interval is said to be time-like. Events outside of the
hourglass — a region known as elsewhere — satisfy ds? > 0. This interval is said to be space-like,
and a point elsewhere cannot reach P, via any physical trajectory [42].

Time-like intervals are related to the proper time 7 via
ds? = —c*dr?. (1.6)

This measures the time elapsed between two events as seen by an observer following a straight
path between the events [43]. If ¢ is the time measured by a clock at a fixed position in space,
7 is the time measured by a clock that actually passes through both events [40]. The proper
time between two events evaluated in an inertial frame is therefore the same for both a moving

11



1.2. General relativity

observer and an observer at rest, making proper time an invariant quantity.

The trajectory of any massive particles can be represented parametrically as x#(\), where A
is an arbitrary parameter that increases towards infinity. As a function of proper time, this

becomes

T = / V = UPUVAAN, (1.7)
where U* = 9= is the tangent vector to the worldline (found in figure 1.1). The new tangent
vector is given by uf = % and satisfies u#u, = —c?. If we consider an observer O’ moving at

velocity v with respect to inertial reference frame S containing observer O, the proper times
measured by each observer are related by

V2
dTO/ = ]_—gd’ro. (18)

This demonstrates the phenomenon of time dilation: the duration of the journey measured by O
is different to that measured O’, and the extent of the difference depends on their trajectories.
We can similarly apply the Lorentz transformations to ‘proper length’ to demonstrate length
contraction.

1.2 General relativity

Special relativity is undoubtedly useful for studying space and time in inertial reference frames
using comparatively simple calculations. However, we need to use general relativity if we want to
incorporate the effects of gravity and spacetime curvature in our calculations. Einstein’s Theory
of General Relativity (GR) [5, 6] is generally considered to be the most accurate description
of spacetime geometry. One of the core concepts on which Einstein based his theory is that in
Newtonian gravity all objects fall identically in an external gravitational field regardless of mass
or composition [42|. The universality of free fall is a result of the weak equivalence principle —
introduced in §1.4 — that inertial mass is equal to gravitational mass. It is referred to as ‘weak’
as it only accounts for bodies influenced by gravity. Einstein realised that he would need to
extend this principle to include the other laws of physics.

If we consider, as Einstein did, an observer in a free-falling elevator releasing an object at
rest relative to the elevator, they will observe it floating weightlessly. Similarly, they will ob-
serve projectiles travel in a straight line at constant velocity instead of in a downward arc. This
is because the object and the elevator have the same acceleration relative to Earth due to the
weak equivalence principle, i.e., the object’s acceleration relative to the elevator is zero. These
observations are valid only for a uniform gravitational field. This is not the case for Earth; the
gravitational field acts radially towards its centre. Nevertheless, if we consider this case over
a short time in a small, non-rotating space, the elevator mimics an inertial frame of reference.
This leads to one of the postulates of the Einstein equivalence principle: that for a free-falling,
non-rotating laboratory occupying a small region of spacetime, the laws of physics adhere to
those of special relativity [44]. Gravity and acceleration are therefore locally indistinguishable,
and what we perceive as gravity is actually an effect of being in an accelerating reference frame
[45]. Einstein concluded that we can eliminate the concept of a gravitational force related to the
choice of a non-inertial reference frame by applying curvature to the space [42|. Gravity is then
just a manifestation of that curvature, which is induced by the presence of matter [44]. We can
show this by starting again with the line element connecting space and time:

ds* = g, da"dx” (1.9)

12



1.2. General relativity

where the metric tensor g,, does not necessarily describe flat spacetime, unlike 7,,, in (1.5). In
general relativity, the metric needs to incorporate the effects of gravity. It is therefore dependent
on the location in spacetime and the associated distribution of matter and energy at that point
in the Universe. This implies that in a region of space devoid of mass and energy, straight
lines describe the shortest distance between points and the metric is just Minkowski. The
introduction of mass into this region warps the background spacetime such that free particles
follow curved trajectories, giving the impression that these particles are being ‘pulled’ by gravity.
General relativity therefore does away with the concept of gravity as a force [45]. We can instead
characterise it as a metric theory, since the spacetime geometry is described by a metric (1.9);
free bodies conform to geodesics (1.33); and the laws of physics default to special relativity under
certain conditions (detailed above). To summarise, Einstein’s equivalence principle is based on
the following concepts [42]:

. The weak equivalence principle or the universality of free fall, according to which test body
trajectories are independent of composition;

. Local position invariance, such that non-gravitational experiments yield results indepen-
dent of their occurrence in spacetime; and

. Local Lorentz invariance, by which the results of non-gravitational experiments in a free-
falling laboratory are independent of any motion of the laboratory.

These ideas form the foundation of general relativity and allow us to build further on Einstein’s
theory.

1.2.1 Differential geometry

The Euclidian space in Newtonian mechanics is unable to account for spatial curvature. In order
to fully generalise Newtonian theory to four dimensions, we need to review tensor geometry and
covariance. From above, we know that the metric allows us to measure distances and angles on
a surface, or manifold. The metric can also be used to connect the vector space V to its dual
V*2 via the isomorphism 1. This means that every vector field X has a corresponding one-form

g(X,-). Under v, (1.1) becomes

If we define the covariant components of the vector field as X; = g¢;;X*, this can be written
as X79; — X,;da?. This is known as lowering the index with the metric. It is also possible to
raise indices with the metric, since X* = ¢;;X;. These raising and lowering operations can be
extended to tensors. For example,

T = g'¢"Tmr and Tijp = GimGingepT™™ - (1.11)
The inverse metric g"” is related to the metric tensor via the Kronecker delta 9,
9" gup = 0}, , (1.12)
which is also yielded when raising an index on the metric:
9" g =01, =4, (1.13)

confirming that we are indeed working in 4-dimensional spacetime for pu,v = 0,1,2, 3.

2The set of linear scalar functions £: V — X.
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1.2. General relativity

Tensors transform under a change of coordinates z# — z* according to the tensor transfor-
mation law: )
S L
Ve Ozt Ozv' dxf' VP
where the unprimed indices on the right-hand side are dummy indices that are summed over.
The metric tensor transforms analogously to the Minkowski case:

ozt Oz

W = D I

(1.14)

(1.15)

The partial derivative d, is a non-tensorial object we will use a great deal. When acting on a
scalar it returns a simple (0,1) tensor, but on a vector V# we obtain something a little more

complicated:
5 o Oxt o'
8MV —>(9M/V = (W@) (WV>
Ozt 8&”/( / ozt PV
O 9v M OxH da¥ Dk

It is therefore not guaranteed to transform like a tensor. To remedy this, we define the covariant
derivative V, ? as a partial derivative plus a correction:

13 (1.16)

V.V =8,V + T, V. (1.17)

The symbol I'/, is known as a connection coefficient. It represents a bundle of numbers with
an appropriate non-tensorial transformation law designed to cancel out the non-tensorial term
in (1.16). The connection coefficient used here in particular is the Christoffel symbol, defined
by

1
F)\,uu = 5 (aug)\u + augu)\ - aAQ,uu) and ng = g)\aFAuu . (118)

Therefore, for V, V¥ to transform like a tensor, we need to have

o o oz oxv' ozt O 9*x”
WX gl 9N Qv M Oat 9xN Oxrdx
clearly indicating that Christoffel symbols do not transform as tensors [43]. This also works for

tensors with lower indices; we only need to introduce a minus sign and change the dummy index
to be summed over:

(1.19)

V.V =0V, —T",Vi. (1.20)

The general expression for the covariant derivative of an arbitrary (m,n)-tensor is

. _ oot At 12 fm TR .
VO!T“I . vi...Un aaTlul . V1...Un + ngi\lT Hk V1...Un + + FZ)WLTHI a ! V1...Un
A . A i ofimn
- FaixlT}“ : Avo..vp FownTul : VleUp—1An ° (121)
A consequence of this result is that Vag,, = 0agw — U'a,900 — 3,90, From the definition in

(1.18) we can gather that since the metric is symmetric, I'y,, = Iy, and Iy, =T, We can
also derive the expression for the partial derivative of the metric,

3agw - g)\ﬂré\w + gkyré# . (122)

3The covariant derivative is also commonly denoted by a subscript ‘; i, i.e., Vv, TV =T", , and the ordinary
partial derivative by a subscript ‘, i .
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1.2. General relativity

In four dimensions there are 4 x 10 = 40 Christoffel symbols, equal to the exact number of
partial derivatives in d,g,,. Combining all of these results yields

Vagw/ = 07 (123)

meaning that we can associate a specific covariant derivative to each metric, such that the above
is satisfied [42].

Like the ordinary derivative, the covariant derivative can be used to define mathematical oper-
ators such as curl,

VI = 8,T" +Th\T" = 9,T" + T* 0\ In /=g, (1.24)
divergence of a vector field,

[ L —qgT*
v, TH = \/__gau (v—=gT") , (1.25)

and the divergence of an antisymmetric tensor,

1
V., F" = ——0, (V—gF"") | (1.26)
using the fact that the contraction of a symmetric and antisymmetric tensor vanishes. Finally
we can define the d’Alembertian operator, 1 = V,V#. When applied to a scalar, it yields

Do = au (\/__ggwjauqb) ) (1'27)

1
V=4
since Vo = 0,¢.

In addition to the covariant derivative, the Lie derivative — denoted £ — can also be used
to measure a change of a tensor field from point to point on a manifold. It allows us to examine
how a tensor changes as we move along the integral curves of the vector field. The Lie derivative
of the tensor along the vector field is then defined [43]. Given a vector field £#, we want to define
how the coordinates of vector T" change for an observer moving along the flow curves of ¢ from
point P with coordinates ¢ to point () with coordinates x® + £, ¢ < 1. We also assume the
observer transports its system of coordinates with itself. The coordinates of the vector T# at ()
are given by

ox't

T(Q) = Fo T (" +£6%) = (3 — 20,6")[T*(P) + e€"0.T* (P)]. (1.28)

The Lie derivative is obtained by comparing this with T* at P

1
"o 7t _m
£ = lim L [T(Q) ~ T*(P)]. (1.20)
giving

LT =E0,TH =TY0,6" . (1.30)

This can be generalised to any tensor as

£eTHH €09, TH kv — ZTul...amupa gri 4 ZTM Hip ngﬂ’ (1.31)

V1...Vg V1...lq V...V v1...B...vq
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1.2. General relativity

where T*(x') = T#(2') if £¢T" = 0*|42]. The Lie derivative essentially applies the conventional
definition of an ordinary derivative to the tensor’s component functions. It is a more fundamen-
tal concept than the covariant derivative, as it does not depend on the choice of a connection —
though it does require the presence of a vector field [43]. We will need to use this in §3.1.

With the covariant derivative in hand, we can begin to define the theory of parallel transport.
A vector undergoes parallel transport if it satisfies DT* = dz¥V,T* = 0. A vector travelling
along a curve z#(7)® can therefore be defined by

DT* dT*
=u'V,T'=—+T1% T =0, (1.32)
Dr dr
where u* = Chi: is the tangent vector. In the special case of auto-parallel transport, the curve
parallel transports its own tangent vector, i.e., %“: = u’V,u" = 0. We can rewrite this as
d?er da® da”

uout + T uu’ =0 = =0. (1.33)

dr? + @ dr dr

This formula is simply the geodesic equation in curved spacetime®, so we can conclude that
geodesics are auto-parallel. Parallel transport requires a well-defined connection; in flat space
the Christoffel connections are implicit, but in curved space, the result of parallel transport-
ing a vector depends on the path taken. Different connections therefore yield different results.
If the connection is metric-compatible, the metric is always parallel transported, such that
D¢, = d2°V,g,, = 0. From this, it follows that the inner product of two parallel-transported
vectors is preserved [42].

Let us examine the geodesic (1.33) in more detail. The geodesic is the equivalent of a straight
line in curved space, representing the shortest distance between two points. More formally, a
geodesic curve extremises the spacetime interval. This means that the infinitesimal distance
along a trajectory z#(\) is

dat dxv

ds =\ 19w v

da (1.34)

with length L = [ds. These equations are useful because they represent the trajectories of
unaccelerated test particles. In this way, the geodesic equation is analogous to Newton’s law
F = ma in curved space for the case F = 0. One important thing to note here is that we can
choose any parameter A(7) such that the geodesic curve is described by x#(\) and (1.33) remains
invariant. Here we used a general parameter A, but when deriving the extremal of the spacetime
interval, we can use the specific parameterisation of proper time. If the geodesic we are working
with describes ‘light-like’ trajectories, i.e. ds? = 0 (see figure 1.1), then we cannot parametrise
it using time because light particles have no reference frame. We can therefore generalise (1.33)
to

d2z# dz® da”
M = 1.35
Dz e (1.35)
The geodesic equation remains invariant if and only if it has a linear relation to A, i.e.
AT)=ar+b, (1.36)

4An object with zero Lie derivative is said to be Lie dragged.

5Recall that proper time 7 is used if the curve is timelike; otherwise an arbitrary parameter along the curve
is used.

6In Minkowski spacetime the proper time 7 would be replaced by coordinate time t.
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1.2. General relativity

where a and b are integration constants. This condition is called the affine transformation; it
guarantees that any two parameters related in this way will leave the geodesic equation invariant.
The parameter A is therefore referred to as the affine parameter [45]. Any parameter related
to proper time via (1.36) is called an affine parameter and is equally valid for parameterising a
geodesic. We can of course use any other parametrisation, though this will not satisfy (1.33).
Instead, we would need to solve an equation of the form [43]

d?z , do® dz” dxt

R s A e (1.37)

for some parameter o(\) and function f(o). If this equation is satisfied along a curve, it is
always possible to find an affine parameter which satisfies (1.33). For our purposes, since we
only consider timelike geodesics, we can use proper time as the affine parameter. Substituting
the four-velocity for the tangent vector then allows us to write the geodesic equation as

AU
—— F T4, U7 =0. (1.38)

Test bodies will always move along these curves in general relativity, provided that they are not
under the influence of any other forces [43]. The particle’s motion along a geodesic is essentially
equivalent to its free-fall acceleration. A particle influenced by external forces is forced to not
follow the geodesic, and its acceleration will not vanish as it does in (1.38) [45]. We can redefine
the four-acceleration using a combination of the chain rule and the substitution 9 — V to obtain

dau*  da” oUH
dr  dr oxv

which allows us to write the geodesic equation — a vanishing acceleration — as

AF =

= U"9,U" = U"V,U", (1.39)

UV, U* =0. (1.40)

We can use this to briefly define a concept we will need in §2.1: the Killing vector. Taking an
arbitrary four-vector £&# we can construct the derivative

urv,(, 0" =U0"U"v, ¢, + €UV, U", (1.41)

where the last term vanishes due to (1.40). If {,U* is conserved along the path of the particle,
the left-hand side must go to zero. For this to happen, §, must satisfy

U'urv,¢, =0, (1.42)
and since this expression is symmetric under p <> v, we can write
U'urv &, =U"U"V,§, =0 = U*U"(V,.& +V.E,) =0, (1.43)

yielding Killing’s equation:

Vb + V£, = 0. (1.44)

Its solutions £# define symmetries of the metric, i.e. quantities {,U* that are conserved for free
particles. The metric therefore remains unchanging along the direction of the Killing vector. The
technical term for this symmetry is isometry; if some coordinate x® in the metric ¢g" undergoing
an infinitesimal change

=+ e | ekl (1.45)
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1.2. General relativity

leaves the metric invariant, i.e. g, (z® + €£*) = g, (*), this is called an isometry. Therefore,
if all components of the metric are independent of x* we have an isometry and a Killing vector
with a single component along z® [45]. One obvious example is Minkowski space (1.5), which
is a maximally symmetric space and thus possesses the maximum number of isometries, corre-
sponding to ten Killing vectors. The fact that the metric coefficients 7, are independent of all
x* shows that the metric is invariant under (1.45). Minkowski space has 10 Killing vectors in
total, representing translation, rotation, and Lorentz boosts. In n > 2 dimensions, there may be
more Killing vectors than dimensions, as a linear combination of Killing vectors with constant
coefficients still constitutes a Killing vector [43]. We’ll see this again in §2.1, but for now, we
can turn our attention back to the metric in curved space and the challenge of constructing a
metric that describes the Universe as a whole.

With all the prerequisite concepts completed, we can begin to derive some important tensors.
We start by returning to parallel transport and considering a vector on a sphere as in figure 1.2.
Maintaining a constant direction results in the vector no longer being tangent to the surface,
but rather projecting outward. Conversely, keeping the vector flat against the surface voids our
global reference direction. Thus, the concept of maintaining the ‘same direction’ is not well-
defined on a curved surface. Looking at figure 1.2, we can see that despite each segment being
parallel to its neighbour, the vector field has rotated 90°in travelling from A - B — C — A.
More formally, we observe that a vector V* undergoing parallel transport in curved space, as
opposed to Euclidian space, does not return to its initial state.

Figure 1.2: Parallel transport around a spherical triangle. Drawing vectors on a sphere requires
maintaining tangency to the surface. In this closed loop ABC A, vectors rotate 90°despite being
drawn parallel due to the sphere’s curvature, illustrating its effect on space. Image from Schutz
(2009) [40].

One way to analyse this would be to hold the covariant derivative at zero while transporting
a vector around an infinitesimal loop. However, it is quicker and easier to make use of the
commutator of the covariant derivative. The covariant derivative of a tensor in a specific direction
measures the extent to which the tensor changes relative to what it would be if it was parallel
transported — for which it would have a covariant derivative of zero. The commutator of two
covariant derivatives therefore measures the difference between parallel transporting the tensor
first one way and then the other, and vice versa. For a vector field V?, the commutator of its
covariant derivatives is

V., V.,V =V, V, V-V, V,V°
= (8.1, — a1, + FﬁAFﬁU — rgkrgg) Ve
=RV, (1.46)

ouy
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1.2. General relativity

where we have defined the Riemann tensor, R’, , as

R, =00, — 3,0 + 0T —T° 1, R = gaRl,,, - (1.47)

Notice that despite being constructed from non-tensorial components, the Riemann tensor still
transforms as a tensor due to their deliberate arrangement. From the above equation we can
conclude that the Riemann tensor is antisymmetric in the permutation of the first and second
pair of indices, as well as symmetric in the permutation of the two pairs, i.e.

Rp/ww = _Rupvw = _Rp/ww Rp/wa = Rvopu' (1'48)

While we would expect the Riemann tensor to have N* = 4* = 256 components, these equations
imply that it has the same number of independent components as a 6 x 6 symmetric matrix: 21
[42]. We can also derive

BR)\[O';U/} = R/\auu + R)\I/O'/j, + R)\,ul/a =0. (149)

This adds an extra constraint to the components, bringing the total down to N2(N?—1)/12 = 20
independent components [44|. The derivatives of the Riemann also exhibit cyclic symmetry such
that

[ v[pRuV])\a = vaAJuV + VVRAUpu + VMR)\JVp =0 ) ] (150)

called the Bianchi identity. The last and most intuitive property is that all components of
the Riemann tensor vanish if and only if the space is flat [43]. There are two contractions
of the Riemann tensor — the Ricci tensor and the Ricci scalar — that will prove very useful
when studying the action in §1.2.2. The Ricci tensor is obtained from the Riemann tensor by
contracting the first and third indices and given by

Raﬁ = Raaaﬁ ) (151)
and the Ricci scalar by the trace of the Ricci tensor with respect to the metric:
R=R’, =g¢"R,, . (1.52)

The symmetries of the Riemann tensor imply an additional symmetry of the Ricci tensor, i.e.
R,, = R,,. With the Ricci tensor in hand, we can finally define the Einstein tensor:

1
G = Ry — 5 Ry (1.53)

The Bianchi identity (1.50) implies that the divergence of this tensor also vanishes, i.e V*G,,, =
0. This is known as the contracted Bianchi identity. We will now use everything we have derived
to obtain the field equations.

1.2.2 Equations of motion

In the same way that the Maxwell equations are the field equations for electromagnetism, the
Einstein equations are the field equations that describe quantitatively how the curvature of
spacetime at any time is related to the matter distribution at that time. The Maxwell and
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1.2. General relativity

Einstein equations are second-order partial differential equations for the components of the elec-
tromagnetic field tensor £, and the metric spacetime coefficients g, , respectively.

We begin by identifying a tensor that describes the matter distribution at certain points in
spacetime. We first consider a neutral, non-interacting particle with rest mass mg. A time-
dependent fluid of these particles is commonly referred to as dust, with matter density p and
four-velocity u* as measured in some inertial frame. In some arbitrary coordinate system x*,
the contravariant components of the energy-momentum tensor, or stress tensor, are

T = putu” . (1.54)

For a local Cartesian inertial frame, the spatial components of 7" represent [44]

T : energy density of the particles;

1

TY : energy flux x ¢! in the i-direction;

T : momentum density x c in the i-direction;
T% : flux of the ith component of momentum in the j-direction.

For a real fluid, we also need to take into account that (i) besides the bulk velocity, each par-
ticle has some random thermal velocity and (ii) various forces may exist between particles that
contribute to the potential energy (7°°). Energy may be transmitted via heat conduction, con-
tributing to 7%, and therefore carry momentum, contributing to 7°°. Random thermal motions
create momentum flow, so the isotropic pressure in the i-directon is given by 7% and the viscous
stresses by T (i # j).

For a perfect fluid, we neglect the forces between particles, as well as heat conduction and
viscosity. The components are simply

pc?

o O O

[Tm] = (1.55)

oo O

o O O
oz o o

p

This can be generalised for an arbitrary coordinate system to give a fully covariant expression
for the energy-momentum tensor for a perfect fluid:

T = (p + C%)u“u” — pgh”. (1.56)

It is easy to see that T" is symmetric (7" = T"*) and that the momentum density is equal
to the energy flux (7" = T%). The latter is due to mass-energy equivalence; the energy flux
is equal to the mass density multiplied by the speed at which it flows, i.e. the momentum
density. We can also see that for a pressureless fluid like dust, p — 0 and every component of
the energy-momentum tensor is zero besides T% [44, 40|, reducing the stress tensor for dust to
simply equation 1.54. For our purposes it is important to remember that the energy-momentum
tensor is conserved such that

vV, =0. (1.57)

Before moving on to the action, it would be beneficial to briefly mention energy conditions.
These impose coordinate-invariant restrictions on the energy-momentum tensor. Let’s take the
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1.3. Einstein field equations

perfect fluid from above as an example. We can construct scalars from the tensor by contracting
it with timelike (¢#) or null (¢#) vectors. The weak energy condition demands that T,,,t*t” > 0 for
all timelike vectors. Since we can express a timelike vector as a linear combination t#* = u* + ¢#,
the weak energy condition is satisfied if 7},,u*u” > 0 and T}, 0" > 0. We therefore have

Touw'a’ =p , Tult = (p+ 2) (), (1.58)
C

which implies p > 0 and p + p > 0 for a perfect fluid. We additionally have a strong energy
condition, which requires that

1
T, "t > 5TAA 7ty (1.59)

for all timelike vectors t#, implying that p +p > 0 and p + 3p > 0. While we do not make use
of the energy conditions going forward, we will be expressing the pressure and density in terms
of the equation-of-state parameter,

(1.60)

In general this parameter is constant, but more exotic theories of gravity express it as a function
of time. We will discuss the equation of state for different cosmological models in the next
chapter, and move now to the Einstein field equations.

1.3 Einstein field equations

The most popular method of deriving the Einstein field equations is applying the principle of
least action to the Einstein-Hilbert equation. Also known as Hamilton’s principle, the principle
of least action allows us to determine the dynamical equations of a particle or field [46]. The
motion of any particle or the behaviour of any physical field has an associated integral known
as the action S. Taking the vanishing variation, i.e. 45 = 0 yields the equations of motion. An
integral over time gives the well-known Lagrangian function L, while an integral over spacetime
gives the Lagrangian density function L.

Lagrangian mechanics relies on two fundamental concepts that are widely applicable across
physics: the Lagrangian itself, a function that characterises a particle’s motion; and the action,
which defines a path in spacetime. Every trajectory in spacetime has a unique action associated
with it. The Lagrangian can be expressed as a function of the kinetic and potential energies
L(T,U), and the action as the integral of the Lagrangian over all of spacetime [ £ d*z. Through
observations, we know that physical objects and fields will always behave in such a way that the
action is minimised, i.e. stationary. This is the principle of least action.

For this derivation, we require that 1) the action must remain scalar while yielding tensorial
field equations, 2) the action must account for both curvature and matter, and 3) the resulting
field equations must reduce to Poisson’s equation in the Newtonian weak-field limit,

V20 = 47Gp. (1.61)

To begin, we need to construct an action function; demanding that this functional remains
stationary will allow us to obtain the equations of motion. Since our goal is to relate curvature
to matter, we can start simply with

S = Scurvature + Smatter . (162)
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1.3. Einstein field equations

While the action itself is scalar, it must yield tensors to match the form of the field equations.
This can be achieved by constructing the action from index-free tensor quantities. The matter
part S, is case-specific, so we keep it as general as possible. The curvature part .S, is formed from
an integral of the Lagrangian L. over four-dimensional spacetime. Typically when integrating in
a curved coordinate system, we include a Jacobian factor inside the integral to make the volume
elements behave like tensors. In this case, we use /—g, where the minus sign arises from the
fact that the determinant of the metric is always negative [47]. A scalar action means that our
Lagrangian also needs to be a scalar — one that describes curvature. We derived a very simple
curvature scalar earlier in (1.52): the Ricci scalar [48]. We therefore obtain

S, = / d*zv/—gR. (1.63)

We will of course need some proportionality constant outside the integral to relate the Ricci
scalar to the Lagrangian, which for now we will set to (2x)~!, where  is some coupling constant.
Including this and the matter Lagrangian yields the Einstein-Hilbert action [49],

Sonlges] = [ dw—[ Rt Lon(gps T (1.64)

where g is the determinant of the metric g,,, and £,, is the matter Lagrangian, which is de-
pendent on the metric and the matter fields ¥,,. By the principle of least action, the variation
in the action functional must be zero. Since both the Ricci scalar and the action are functions
of the metric tensor, we can vary the action with respect to the inverse metric and write the
functional derivative as

d = 00 (1.65)

0Guw
We begin by setting the variation of the action to zero and distributing the functional derivative:
0=145
/d%\/—{ Rt Lon(g m)}

- [dt 16<¢—_9R>+ w——gcm)} 5

| 2K 5gﬁ“’ ogH
([ 1 pOV=9\ , 0(V=9Ln)| s
- /d 2w (V 5gw g )T g

"1 /R R §/—g 1 6(/=9Ln)
fr— 4 —_— /_ /u/
/d v 2K (59"” - V=g dg* ) " V=9 g™ 909"

Since this equation should hold for all ¢g"*, the two terms in the square brackets should sum to

zero, thus
(5R R 6y/—g 2k 0 (v/—9Lm)

597 =g g =g og"

represents our equation of motion. In the case of scalar fields, the energy-momentum tensor can

be written as [4§] 2 ol -
—Glm
T, = — v , 1.
I /__g 591“/ ( 66)

oR R VG _ .
Sgv | =g ogm
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1.3. Einstein field equations

so we need to calculate the variations of both the metric and the Ricei scalar. We can obtain the
variations of the metric and inverse metric with Jacobi’s formula dg = ddet(g,.) = 99" 0,
giving us

19
V=~

199"
2 =y
1
= ix/—gg“”égw

1 v
= _5\/__9.9#1/(59#

0/ —g 1
—gog “gm (1.68)

For the Ricci scalar, we begin with the Riemann tensor. We know that the Riemann curvature
(1.47) depends only on the Levi-Civita connection Fl’) so the variation of the Riemann tensor

1S

—

v

6R?,,, = 0,(01%,) — 0,(0T%,) + 5%@0 + ng(srga — cSFfjAFfw — FﬁA(SFfw . (1.69)

The 0I'”, term is the difference of two connections, so we can treat it as a tensor and thus
calculate its covariant derivative,

V. (01%)) = 8, (6T%,) + 10,615 —T,00%, — T'h, 610, . (1.70)
Substituting this into (1.69) cancels most of the terms, giving
SRy, =V, (60 ) =V, (6T7,) . (1.71)

It now stands to reason that by contracting the indices in the variation of the Riemann tensor,
we obtain the variation in the Ricci tensor:

opv

[ Ry = 8R.,, =V, (8T%,) =V, (6T%,) . ] (1.72)

This is known as the Palatini identity. Since the Ricci scalar is R = ¢*”R,,,,, its variation with

respect to the inverse metric g"” is given by

iz

OR = R,,8¢" + g" SR,
= Rudg" + 9" [V, (0T7,) = Vo (9T7,)]
= R,,0g" +V,[g" 8T8, — gl ] (1.73)

Using metric compatibility’, i.e. V,g,, = 0, we can distribute the metric to give

SR = Ry,0g" + ¥V ,01%,g" — V,0T% g"

v

= Ryu0g"™ + V,0T%0,g" — V,0T7,g"

v

= R,0g" + V,(0T7,g" — 6'7,,g"), (1.74)

where in the last term of the second line we have changed the dummy indices (p,v) — (o, p)
to isolate the covariant derivative [43]. The brackets on the final line now enclose a one-index

"This allows us to approximate small enough regions of spacetime as flat, even though spacetime itself is
curved. This relates to our discussion of the equivalence principle in §1.2 .

23
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tensor object which we will call V. We know that R will end up being multiplied by /—g,
making the last term in (1.74) \/—¢gV,V? = V,(y/=¢V*?) = 0,(/—¢gV?"). By Stokes’ theorem,
this yields only a boundary term when integrated. If we assume that the spacetime manifold is
open and has a boundary M, then dg,,|osm = 0. This means that the variation of the field goes
to zero at infinity and is therefore zero at all points on the boundary of spacetime. Therefore
[V,Vry/=g d*z =0 and we can drop the final term in (1.74). Our result is then

0R

0R = R/W(Sgw/ — 597 = -

(1.75)

Substituting these results (1.68) and (1.75) into (1.67) gives us the Einstein field equations:

1
Ry, — éRg,w — 0, (1.76)

We can find the trace of this equation by contracting both sides with the inverse metric to get
R=—kg"T,, = —kT. (1.77)

If we substitute this for R in (1.76), we obtain

1
R, = Ii(Tw/ — ETgW) . (1.78)

If we want to describe a weak gravitational field, we can express the metric as a small deviation
from flat space,

Guv = N + h,uzz ) (179)

where |h,,| < 1 are the small weak-field deviations. If we take the Newtonian limit and also
assume the test particle’s velocity is approximately zero, and the metric and its derivatives are
static, this implies that we only need the 00 component of (1.78) and therefore T' = ¢%Tpy, =
(—1 — h%). The 00 component of (1.78) is then

1
ROO = I€p02 1-— 5(—1 + hoo)(—]_ — hOO)

= %mpc2,
where we used (—1 + hoo)(—1 — h%) ~ 1. In the low-curvature limit, hoo = —3®*; hence
Ry = C%VQCID and
V20 = %ﬁpc"L =4nGp. (1.80)
We therefore obtain an expression for x:
K= 87CT—4G ~2.07665 x 107 N1 (1.81)

such that the field equations (1.76) reduce to Poisson’s equations (1.61) in the weak-field limit.
This value is known as the Einstein gravitational constant.

When Einstein published this theory in 1916, he took the position that the Universe was static,

8This can be obtained by applying the weak-field approximation to the geodesic equation (1.33).
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i.e. not expanding or contracting. To guarantee this, he added a cosmological constant A to
keep the size scale of the Universe fixed. If we include A in the Lagrangian, we obtain the action

S = /d‘*a:\/—_g[i(z% —2M)+ L], (1.82)

where we can see that the factor of 2 was added to simplify the final result. If we apply the
same method as above, it is easy to derive the Einstein field equations with a cosmological
constant:

1
R, — §Rglm + Agu = kT, . (1.83)

Einstein’s doubt in his original result was a significant missed opportunity to postulate the idea
of an expanding universe. He referred to the cosmological constant as “the greatest blunder
of my life”. It was over a decade later that Edwin’s Hubble’s observations would hint at an
expanding universe. However, A would end up playing a crucial role in cosmology — though one
that Einstein did not predict — manifesting as the source of the mysterious, antigravitational
energy that we now call dark energy. In the next chapter, we will examine the motivations and
implications of adding a cosmological constant, and how we can use (1.83) to define different
universe models. To avoid confusion with the curvature in later chapters, we take the convention
of making the Einstein gravitational constant x equal to unity from chapter 2 onwards.

1.4 Alternative theories

Isaac Newton introduced his inverse square law in 1665 that aligned terrestrial and celestial
gravity in a single theory [50]. He based his theory on two key concepts: absolute space; and
the equivalence of inertial mass and gravitational mass. The former — that space is a fixed, rigid
structure — proved to be an inapt description. Dicke [28] asserted that the gravitational constant
should be dependent on the mass distribution in the Universe. The latter evolved into what we
now know as the weak equivalence principle. Newton’s theory of gravity was only truly chal-
lenged more than two centuries later when Einstein completed Special Relativity (SR) in 1905.
His theory, able to explain several phenomena in non-gravitational physics, seemed incompatible
with Newtonian gravity. He continued to expand his theory and completed General Relativity in
1915. Acceptance of GR by the scientific community was quickly followed by attempts to mod-
ify it. This began with Nordstrom, who posited a conformally flat scalar theory of gravity; and
Weyl, who in 1919 proposed including higher-order curvature invariants in the Einstein—Hilbert
action. Dirac advanced this work in 1937 by suggesting a varying gravitational constant, linking
cosmological and fundamental constants. Jordan later expanded on this by introducing a scalar
field to represent gravitational coupling, ultimately leading to the Brans—Dicke theory in 1961,
which combines a scalar field and the metric tensor as the basis for gravitational interactions
[31]. This theory is often considered the prototype of alternatives to GR.

Recent cosmological observations have further challenged the sufficiency of Einstein’s equations,
particularly at large scales, where dark energy and dark matter are invoked. An alternative
perspective suggests modifying the gravitational side of the field equations rather than introduc-
ing exotic matter-energy components: modified gravity. These theories typically involve adding
new fields, incorporating higher-order derivatives of curvature invariants, or increasing space-
time dimensions [26]. The final chapter of this thesis focuses on f(R) theories, which introduce
a general function of the Ricci scalar into the gravitational action. Originally considered for
inflation, these theories gained prominence after the discovery of cosmic late-time acceleration
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(see §2.2).

Any relativistic theory of gravity has to satisfy certain requirements that align with our cur-
rent understanding of the Universe. The most obvious of these is that it supports astrophysical
observations such as the orbits of planets and self-gravitating structures. To achieve this, it
must reproduce the Newtonian dynamics in the weak-energy limit and pass the classical Solar
System tests [51]. Secondly, the theory should reproduce galactic dynamics, taking into account
observed baryonic matter and radiation constituents. Finally, it must account for large-scale
structure in the Universe — such as the clustering of galaxies — and cosmological dynamics, by
reproducing the expansion rate, Hubble parameter, and other cosmological parameters. There
are also numerous observational tests such as standard sirens [52|, binary pulsars [53|, weak
lensing [54], etc., reviews of which can be found in [31, 55].

Einstein also based his theory of GR on the following principles:
Relativity,: asserting that there is no preferred initial frame;
FEquivalence,: requiring inertial effects to be locally indistinguishable from gravitational effects”;

General Covariance,: requiring the field equations to remain invariant under the action of the
10.

group of space-time diffeomorphisms™”;
Causality,: asserting that an outcome cannot occur as a result of an event outside its past light
cone; similarly, a cause cannot have an effect outside its future light cone.

In addition, GR relies on the assumption that space and time form an integrated spacetime that
defaults to Minkowski spacetime in the absence of gravitational forces. Einstein also utilised ear-
lier ideas put forward by Riemann, namely that the Universe is a curved manifold with variable
curvature. This led him to postulate that gravitational forces are expressed by the curvature of
a metric tensor field on a four-dimensional spacetime manifold, which is itself determined locally
by the distribution of sources. Modified gravity theories should also adhere to these basic tenets.

The modified gravity framework is highly appealing for addressing the late-time acceleration
of the Universe and dark energy, offering a natural gravitational alternative to dark energy
where cosmic acceleration arises from the Universe’s expansion, with sub-dominant terms (e.g.,
1/R) becoming significant at small curvatures [57]. It provides a seamless unification of early-
time inflation and late-time acceleration by leveraging different gravitational terms at varying
curvature scales, with some models supported by string/M-theory predictions [58]. Additionally,
modified gravity offers a unified explanation for dark energy and dark matter, accounting for
phenomena such as galaxy rotation curves without requiring exotic matter. This approach also
naturally models transitions between non-phantom and phantom phases, avoiding the need for
exotic scalar fields or fluids with w < —1, and often predicts transient phantom phases that
circumvent catastrophic outcomes like a Big Rip [59]. Furthermore, modified gravity describes
the Universe’s transition from deceleration to acceleration, explaining dark energy dominance
through the dynamics of expansion and resolving the coincidence problem. Its relevance extends
to high-energy physics, potentially addressing issues like the hierarchy problem and facilitating
the unification of gravity with grand unified theories (GUTs) [26]. Despite strict constraints
from solar system tests, many viable models compete with General Relativity, making modified
gravity a promising avenue for cosmological research.

9 Analogous to Newton’s concept of inertial and gravitational mass equivalence.
10An isomorphism of smooth manifolds involving an active coordinate transformation ¢ : M — M [56].
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1.5 Summary

This chapter covered the theoretical foundations of general relativity, starting with the modifi-
cation of classical spacetime to accommodate curvature and clarifying important principles like
equivalence and Lorentz invariance. We then moved to differential geometry, where we used
the concept of parallel transport to derive the Ricci scalar and tensor, the Riemann tensor, the
Christoffel symbols, the covariant derivative and the geodesic equation. We then examined the
energy-momentum tensor, energy conditions, the Lagrangian, and the Einstein-Hilbert action,
culminating in the derivation of the Einstein field equations. We concluded by discussing the
viability of alternative theories to GR. We now have a robust foundation for delving deeper into
the intricacies of spacetime and gravity, and the next chapter will explore the application of
these concepts to cosmology.
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Chapter 2

Cosmology

The Copernican revolution not only replaced the geocentric model with the heliocentric one,
but also informed the basis for a new philosophy about the Universe: humans are not uniquely
placed in the cosmos; our observations from Earth are no more privileged than from any other
point in the Universe [60]. This is known as the Copernican Principle. This is difficult to test
because all observations are confined to our past light cone, limiting us to a three-dimensional
light-like slice. As a result, it is challenging to identify a unique four-dimensional spacetime
to test the Copernican principle. Uzan et al. [61] proposed combining observations of the
luminosity distance and redshift drift to test this concept at dark energy-dominated epochs. In
an expanding spacetime, the redshift of light from a distant source changes slightly over time
due to the evolving expansion rate of the Universe [62, 63]. We express this as

z2=(1+2)Hy— H(z), (2.1)

where H is the Hubble parameter (see (2.54)). The redshift drift method compares the redshift
of the same source measured at two different times, so the data effectively span two infinitely
close past light-cones instead of just one. This gives a more dynamic perspective on spacetime
structure and evolution, extending our understanding beyond a static snapshot of the Universe
[64]. Detecting this redshift drift requires extremely precise measurements over extended peri-
ods. Current estimates suggest that a time span of about 40 years of data collection would be
necessary to observe this effect with planned instruments [65].

In stark contrast, pre-modern cosmologists had little in the way of empirical data to inform
their models on the distribution of matter in the Universe. To aid their progress, they based
their models on a concept that describes the Copernican principle in more explicit terms, the
Cosmological Principle. Like many early theories, it is a generalisation that simplifies calcula-
tions by reducing the number of degrees of freedom to consider [66]. The Cosmological Principle
asserts that, in the context of large-scale structure, the Universe is both homogeneous and
1sotropic. The former demands that all points on a spacelike hypersurface are identical, while
the latter demands that the views in every direction on the hypersurface are equivalent [44].
This is obviously not the case on small scales; the voids of space are nothing like the centre of
the Sun, and the views from Earth are very different depending on whether we are looking to the
centre of the Milky Way or its edge [66]. The properties of homogeneity and isotropy only come
into play when looking at sufficiently large volumes of the Universe, and there is observational
evidence [67, 68, 69] that, on average, this is indeed the case.

The cosmic microwave background (CMB), discovered by chance in 1965 by Penzias and Wil-
son |70, 71], indicates thermal radiation pervading the entire universe at an almost constant
temperature of 2.726 K' [72]. CMB photons are the most abundant particles in the Universe,

'Reported as 3.5+ 1.0 K in the original letters.
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2.1. Friedmann-Robertson-Walker geometry

originating from the period of recombination approximately 380 000 years after the Big Bang
(see figure 2.4). They are so remarkably isotropic that AT/T < 107°, making the CMB the
leading evidence for an isotropic universe. The most accurate blackbody spectrum we have
today is that of the CMB, which earned Mather and Smoot the Nobel Prize in 2006 [73, 74].
In addition to the CMB, both the X-ray background [75] imaged by Chandra [76], and the sky
galaxy distribution — on cosmic scales — from the 2MASS [77], APM [78] and NVVS [79] surveys
were found to be almost perfectly isotropic. The final evidence arises from the universal Hubble
expansion, which was also found to be identical in every direction.

To test for homogeneity in the Universe, the simplest method is to map the matter distribution
and identify if there is structure and, if so, the largest of these structures. This would imply
a scale beyond which the Universe converges to homogeneity. The cosmic web, obtained with
a multitude of redshift surveys such as SDSS [80] and 2dFGRS [81], showed that galaxies are
organised into cosmic megastructures, e.g. filaments, superclusters, and voids [82, 83, 84, 85].
Long before this, Hubble [86] used galaxy number counts to demonstrate that the distribution
of galaxies is homogeneous on large cosmological scales. Beyond this however, we have not yet
found evidence for inhomogeneities on scales beyond ~ 150 h~! Mpc [87].

Note that homogeneity does not imply isotropy, but isotropy around every point with analyt-
icity does imply homogeneity [88]. Given we only see the Universe from one vantage point, we
cannot be certain if our assumption of isotropy is universally valid. If the Universe’s properties
are described by analytic functions and isotropy is observed around every point, this analyticity
can lead to homogeneity. This is because the smoothness of analytic functions combined with
isotropy can enforce homogeneity. Therefore, if we were to experience isotropy at two locations,
we could conclude that the Universe is both isotropic and homogeneous.

2.1 Friedmann-Robertson-Walker geometry

Fortunately, assuming the Universe is generally homogeneous and isotropic makes modelling
it much easier. At large distances, we find that the Universe can even be approximated as
a perfect fluid with uniform density, where galaxy clusters represent its fluid elements [45].
Assuming spatial homogeneity and isotropy allows us to represent the Universe as a sequence of
maximally symmetric 3-spaces. Since these spaces are themselves isotropic and homogeneous,
they have a constant 3-curvature — or Riemann curvature — which is either zero, positive, or
negative. A Riemannian manifold has zero curvature if and only if it is flat. A zero curvature
therefore represents the familiar three-dimensional Euclidean space R? with line element (1.1).
In two dimensions this would exist as an infinite plane. Positively and negatively curved space
can be represented as a hypersphere S? in four-dimensional Euclidean space R* or a hyperboloid
H? in a four-dimensional Lorentzian space R'3 respectively. In two dimensions, a surface of
constant positive curvature is simply a sphere, while one of constant negative curvature is a
hyperbolic paraboloid. If we consider two (initially) parallel lines on these surfaces, it is easy to
visualise that in flat space, both will remain parallel; on a sphere, they will always cross; and on
a hyperbolic paraboloid, they will always diverge. Homogeneity and isotropy are a little trickier
to prove on these surfaces but are indeed satisfied.
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Figure 2.1: The three possible geometries in a Friedmann universe: Euclidian showing zero
curvature i.e. flat (left), spherical showing positive curvature i.e. closed (centre), and hyperbolic
showing negative curvature i.e. open (right). The red shapes demonstrate how the sum of the
angles of a triangle differs in each case. Image from NASA.

2.1.1 The Robertson-Walker metric

Examining a homogeneous and isotropic space naturally leads us to the subject of maximally
symmetric spaces. These are n-dimensional manifolds with in(n + 1) Killing vectors. One ex-
ample is n-dimensional Euclidean space R"™; the isometries of this space are translations and
rotations in n dimensions. The translations move points along n axes, giving n possible trans-
lations, while the rotations rotate one of n axes to or from n — 1 other axes, giving %n(n - 1)
total independent rotations. This gives

1 1
n+ én(n —-1)= §n(n +1) (2.2)
independent symmetries of R". A space with the maximum number of Killing fields is a maxi-
mally symmetric space. Since the combination of homogeneity and isotropy implies a maximally
symmetric space, it must also imply that the space has the maximum number of Killing vectors
[43]. We can show that maximally symmetric spaces are defined as having a curvature tensor of
the form

Riji = K(gikgj1 — 9u9k) (2.3)
with a constant Ricci scalar R [44], where
~ R

is the normalised Ricci curvature. The Ricci tensor is given by
Rjx = ¢"Riji = Kg'" (9ikgjt — 9ugjk)
=K (51lggjl - 5llgjk)
= K (g;x — 39;1)
= —2Kgj . (2.5)

Maximally symmetric spaces are therefore spaces of constant curvature, and we can use this
value K to define different maximally symmetric spacetimes. In this case, a maximally symmetric
spacetime is one in which the spatial hypersurfaces at constant time are three-dimensional spaces
of constant curvature, and the geometry evolves in time according to a scale factor. For n = 4,
there are three such spacetimes [42|. A vanishing curvature (K = 0) corresponds to Minkowski
space with the familiar metric (1.5). A maximally symmetric spacetime with positive curvature
is called de Sitter (dS) space, while a negative curvature corresponds to anti-de Sitter (AdS)
space [43]. To construct metrics for these kinds of spaces, we start by rewriting the line element
(1.9) as

ds* = —c*dt* + g;;da'da’ . (2.6)
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To incorporate homogeneity and isotropy, we consider the squared spatial separation of two
nearby galaxies at coordinates (z!, z?, z*) and (z! + Az!, 2* + Az?, z* + Az®) on the same
hypersurface at time ¢:

do? = g Ax' A’ (2.7)
where o encompasses a three-dimensional space of uniform curvature. Isotropy requires that
the triangle formed by these galaxies at a later time must be similar to the original triangle at
t. Furthermore, homogeneity requires that the factor to which the triangle is scaled must be
independent of the triangle’s position in space. There must therefore be a common factor that
ensures the ratios of small distances remain equal. This allows us to write the metric as

d32 = —C2dt2 =+ SQ(t>hdeldl’j s (28)

where S(t) is the time-dependent scaling factor. We know that the spatial part of the general
stationary isotropic metric is of the form

do? = B(r)dr® — r?dQ?, (2.9)

where d€2 is the solid angle such that dQ? = d§? + sin® 0d¢? and B(r) is some arbitrary function
of . The only non-zero coefficients of the connection in spherical coordinates are

1 dB(r) r 7 sin? 6
" = [Mpg = ——— Iy = —
rr 23(7”) dr 00 B(T) ’ [olo} B(T) )
1
FGTHZF‘]SWZF, F9¢¢:—sin90089, F¢¢9:cot0.

Using this with the combination of (1.47) and (1.51) to obtain the Ricci tensor in terms of the
connection coefficients, we find that the non-zero components of the Ricci tensor are

1 dB
Rrr:___v
rB dr
1 r dB
- — _1-
foo = 5 2B2 dr’

R¢¢ = Rg@ sin2 0.

Remember that the condition in (2.5) is necessary for the space to be maximally symmetric, so
we require that

1 dB ~

—— =2KB 2.10
TB d?a (T)7 ( )

r dB 1 ~
1+@$_§_2KT . (2.11)

We can integrate (2.10) to obtain
1

B(r)= ———— 2.12
)= (212)

where A is a constant of integration. Substituting this into (2.11) gives
1—-A+KrP=Kr> = A=1. (2.13)
The line element for the maximally symmetric 3-space is therefore

d 2
— 0, (2.14)

do? =
1 — Kr?

31



2.1. Friedmann-Robertson-Walker geometry

with the value of K describing the curvature of space. The origin of the radial coordinate r is
entirely arbitrary, allowing us to choose any point in space as the origin. We also note that for
r < K, (2.14) reduces to three-dimensional Euclidean space (1.1). Combining expressions (2.8)
and (2.14) then gives us

ds? = —cdt* + S*(t) {L

+ erﬂ] (2.15)
1— Kr?

The magnitude of K here can take on any arbitrary value so ideally, we would like to absorb this
into the radial coordinate and scale factor. Assuming that K # 0, we can define K = K/|K|

such that K only takes on values of +1. If we let 7 = y/|K|r then

2 t d*2
ds? = —c2a + SO L egg]
K| L1— K72

and we can define a rescaled scale function R(t) as

i’? if K+#0,
R(t) = { +/|K| (2.16)
S(t) if K=0.

This leads to the Friemann-Lemaitre-Robertson-Walker (FLRW) metric?:

47 —1 open

2 2 142 2 r )

ds® = —c*dt” + R*(t) L_—W +7 dﬂ], K=<0 flat . (2.17)
+1 closed

In this case, K can only belong to the set {—1,0,+1}, corresponding to constant negative
curvature, zero curvature, and constant positive curvature, respectively. This leaves 7 unitless
and R(t) with units of length. We can therefore think of R(t) as the size scale of the Universe. A
constant R(t) represents a static universe, while R(t) > 0 and R(t) < 0 represent an expanding
and contracting universe, respectively. The value of the parameter K provides three distinct
geometries. For K = 0, the metric is spatially flat and the distance between points is governed
by the evolution of the scale factor. Notice that for K = +1, the metric has a coordinate
singularity at ¥ = 1 that requires a change of coordinates. This can be achieved by defining a
new radial coordinate y with 1
7

dy= —& 2.18
=Tk (218)

which can be integrated to give

siny, K =+I1
f:Sk(X), Sp = X, K=0 (2.19)
sinhy, K =-1.

This allows us to simplify the metric (2.17) to

do? = dy*® + Sk(x)dQ?, (2.20)

2 Also known as the Friedmann-Robertson-Walker metric or Robertson-Walker metric.
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and examine each curvature case more easily. For K = 0, the metric is simply flat Euclidean
space:

do? = dy® + x*dQ? (2.21)
= dr? + 72d§? + 7 sin” fd¢* (2.22)
=dz? +dy? +d22. (2.23)

For K = +1 and K = —1, we obtain the metrics for a 3-sphere and a hyperboloid, respectively.
Looking at figure 2.1, we can see that this change of coordinates makes the physical interpreta-
tion more intelligible.

Before moving on to the Friedmann equations, it will be advantageous to redefine the FLRW
metric. If we introduce a dimensionless scale factor

R(t)
t) = —= 2.24
we can obtain an alternative form of the FLRW metric:
2 2 142 2 2 2
ds® = —c°dt )| ———— dQ 2.25
s c +G(>{1—K7’2+r ], (2.25)

where the radial component r = Ry7 has units of length and the constant K = K/R2 represents
the curvature of space when a(t) = 1 in units of length . We generally set a(t) = 1 in the
current cosmological era, making do equal to the comoving distance®

_du(t) c o

t) = = = — , 2.26
=Ry = HORD RO 220

where we have introduced the Hubble distance
du(t) = cH '(t). (2.27)

The comoving distance is then clearly the y-coordinate corresponding to this Hubble distance.
This will be described in more detail in §2.2.1. We're almost done with the metric; we just need
to evolve it to its final form to match the conventions we’ll be using for the rest of the thesis.
We would like a dimensionless scale factor and a curvature that takes on the values {—1,0, +1},
so we need to reintroduce a length? factor somewhere. With a dimensionless radial component
(dropping the bar for simplicity), we can bring back the scale constant Ry to keep the units
consistent: )
ds? = —Ede? + () B3 [—dr + erQ]

011 — Kr2 '
The advantage of the dimensionless scale factor is that it can be related very simply to the
redshift via

(2.28)

Qo 1
:——1:} t: ,
e a(t) T2

(2.29)

where ag = a(tg) and t, is the present age of the Universe, 13.799 £ 0.021 x 10 yr [24]. In the
second expression above, we have adopted the common convention of normalising the present-
day scale factor such that a(ty) = 1, which will be used henceforth. The benefit of using cosmic

3 Also known as the comoving Hubble distance.
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time ¢ here is that it deals with familiar quantities and allows us to discern the distances that
light has travelled. The main drawback is that the speed of light does not take on the value
of the local speed of light. This is because distances between points expand in an expanding
universe, so the observed rate at which light travels across these expanding distances (coordinate
speed) can appear different from the constant speed ¢ that we would measure locally in a static
region. To alleviate the issue, we introduce conformal time,

dt
a(t)’

which is useful if we want to study the propagation of light in particular. With this and (2.18)
we can write

dn = (2.30)

ds® = a*(n) [—dn® + (dx* + Sp(x)d?)] . (2.31)
Having factorised the scale factor, this has become the static Minkowski metric multiplied by a

time-dependent conformal factor a(n). For a null geodesic, ds? = 0, and the change in conformal
time along the path equals the comoving distance,

An = Ay. (2.32)

We can see from the above how our choice of coordinate system can make certain cases much
more convenient to work with. However, for now we will continue to make use of cosmic time
to derive the Friedmann equations.

2.1.2 The Friedmann equations

We can now use the metric (2.25) and the Einstein field equations (1.83) to derive the Friedmann
equations. The covariant components g, of (2.25) are

a’(t)
1— Kr?’
The metric is diagonal, so the contravariant components ¢g"” are just the reciprocals of the
covariant components, and the connection is given by the equations in (1.18):

goo =, gu=— goo = —a*(t)r*, gz = —a*(t)r’*sin’ 0.

1 (o
59 P (augp,u + augpzx - apg;w) .

r’,, =
S
The only non-zero components of this expression are
[0 =aa/[c(1—Kr?)], T%, =aar’/c, I, = (aar?sin®6) /c,
Iy = cafa, I, =Kr/(1-Kr?, Tl;=—r(1— Kr?sin?0, (2.33)
%0 = cija, I, =1/r, [, = sinfcosd, :
11303 = caja, 11313 =1/r, F333 =cotf,
where a = 3—‘;. We substitute these into an expression for the Ricci tensor?:
R, =017, — 0,17, +1°,.17, 17,17, (2.34)

to obtain the non-zero components of the Ricci tensor — in this case the diagonal components:

3d
ROO:T>
ca
ai +2a* + 262K 1
Rllz_ D) 2
& 1—-Kr
R22:—ad+2d22+202K7“2,
c
.o 2.2 22K
R33=—aa+ a2+ 2 2sin?0.
c

4Obtained by combining (1.47) and (1.51).

34



2.1. Friedmann-Robertson-Walker geometry

The scalar curvature is therefore given by

6 . N\ 2 K 2
R=g"R,, — > [2 n <E> n a_jl , (2.35)

c2la a

The Einstein field equations (1.83) indicate that the value of the scale factor depends on the
matter and energy content of the Universe. If we choose to model matter and energy as a perfect
fluid, we can use the energy-momentum tensor from (1.56). Since we are working in comoving
coordinates, the fluid is at rest and its four-velocity is

U* = (c,0,0,0). (2.36)
This allows the stress tensor to be written as

T, = diag(—pc*, p, p,p), (2.37)

with trace
2
T=T" =—pc+3p. (2.38)

We now have all the necessary information to find the components of the Einstein field equations.
For pu,v = 0 we have

8w 1
Ry = - (Too + ETQOO) + Agoo
=32 —4nG(p+35) + A, (2.39)
a ¢

and for p, v = o we have

RUU - 87TG (Tao - ngaa) + Agcra

ct 2
- ai + 202 + 2K = 4nG (p b )a2 +Ac%a? (2.40)

c2

These are the only independent equations due to the homogeneity and isotropy of the FLRW
metric. If we clean up (2.39) and then substitute it into (2.40), we obtain the Friedmann
equations

i 4nG 3 1
g:_%(p—}-c—g) +§Ac2, (2.41a)
LN\ 2
srG 1 K
(&) =50+ jae-Ze (2.41)

We can derive another useful equation using the conservation of energy-momentum (1.57). The
v = 0 component of (2.37) gives us the continuity equation

= 9,1 + TV \T7 — T T,

(2.42)

5The three spatial field equations are shown to be equivalent when combined with the Ricci tensor.
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Substituting the equation of state equation (1.60) gives the energy conservation equation:

p+3p(1+ w)g =0 = p=—3Hp(1+w), (2.43)

with a solution of the form
poca 30w (2.44)

2.1.3 Cosmological parameters

In a general cosmological model, the total energy density of the Universe is comprised of matter,
radiation, and vacuum energy densities. The energy density of the vacuum arises from the
cosmological constant term, and can also be modelled as a perfect fluid. The total density is
then a sum of these components:

p(t) = pm(t) + pu(t) + pa(t) (2.45)

where the subscripts m, r, and A represent the equivalent mass densities of matter, radiation
and the vacuum, respectively. All of these components have an equation of state of the form
(1.60), which we can write as

i = wipic?, (2.46)

where ¢ is the component label. The requirements on pressure and density from the weak energy

condition (1.58) means that the vacuum energy can either be positive or negative and therefore
lw| <1 [43].

The choice of w leads us to several interesting cases. The simplest is that of the matter-
dominated universe, where p = 0 and hence w = 0. This is also known as the dust case,
where dust describes collisionless, non-relativistic particles with thermal pressure much less than
their rest masses, and zero pressure. This includes everyday baryonic matter and possibly more
exotic forms of matter beyond the Standard Model, such as dark matter. Both of these contribute
to the total matter density:

pm(t) = po(t) + pam(t) - (2.47)

We do not need to differentiate between these types, as the scale factor only depends on the total
matter density. Since dust is considered to be pressureless, the energy density results solely from
the rest masses of the particles, and p,, oc a=2. We expect this since the mass density should be
inversely proportional to the volume the mass occupies. We can write this explicitly as

pn(@) = Pm0a™ O pm(2) = pmo(L+2)° (2.48)

A radiation-dominated universe primarily consists of photons® and any particles travelling
close to lightspeed (with small or zero rest masses), such as neutrinos:

pult) = py (1) + put) (2.49)

The energy-momentum tensor vanishes for an electromagnetic field, but since we are also assum-

ing a perfect fluid, we must have T, = —pc® + 3p = 0, and therefore w = 1/3, giving p, o< a™*.

6The dominant contribution to the radiation energy density is from the photons in the CMB. As we discussed
in the introduction, the radiation is highly uniform with an almost perfect blackbody distribution.
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This is because, as well as being inversely proportional to the volume, the particles are redshifted
by 1/a as the Universe expands. We can show the density’s dependence on redshift with

pr(a) = proa™® or pu(2) = pro(l+2)*. (2.50)

In a vacuum-dominated universe, the equation of state is simply p = —c?p, making w = —1
and

py X constant (2.51)

because the vacuum energy is unchanging [43]. We can show it remains constant at

Ac?
8tG

PA = PAp = (2.52)

If we combine the above results to account for contributions from every component, the function
for the total equivalent mass density becomes

[ p(a) = pmoa ™ + proa™ + pao . ] (2.53)

It is clear from (2.53) that the relative contributions from matter, radiation, and the vacuum
fluctuate as the Universe evolves. We will expand on these different models in §2.1.4.

Having introduced the scale factor, we can now define the Hubble parameter,

(2.54)

which originated with the Hubble-Lemaitre law” after Edwin Hubble observed the expansion of
the Universe in 1929 [9]. This law describes the rate at which points in the Universe are receding
away from us:

v=H®)D, (2.55)

where v is the speed of expansion in km s™', D is the distance to the point in Mpc, and H(t) is
the time-dependent Hubble parameter. It has been famously difficult to constrain the current
value of the Hubble parameter, Hubble’s constant Hy. Its current value is believed to be in the
region of Hy ~ 70 km s~ Mpc™! [89, 90]. Tt is conventional to account for this uncertainty in
Hy by defining a dimensionless parameter h such that Hy = 100k km s~! Mpc=! and h ~ 0.7.
We can also define the Hubble length, di = Hy 'c and the Hubble time, t;y = Hy'. In general,
and as we will do in later chapters, c is set to one, and H 1is referred to as both the Hubble
length and the Hubble time.

The Hubble parameter measures the expansion rate at time ¢ for any model obeying the Cos-

mological Principle but is still dependent on the matter/energy content of the Universe [66]. We
can probe further by Taylor expanding the scale factor at times close to %:

1
Cl,(t) = Qo 1 + Ho(t — to) — §QOHg(t — t0)2 =+ ... , (256)

"More commonly referred to as Hubble’s law.
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where

(2.57)

. . 2
- a a
is the deceleration parameter ¢y = q(to). Since H = — — (—> , it follows that
a a

g(t) = — (% + 1) . (2.58)

We can similarly extend this to higher terms, giving us four cosmographic parameters, decel-
eration, jerk, snap, and lerk ® [91] [92]:

1 &2 1 a3 1 d 1 &
a0 4= ¢ 5= a4 1= @ (2.59)

qE_aHQE ’ j:@H?’E ’ T aHY At T qHS A5

This result will prove very useful in §4.2, and enables us to write (2.56) as
1 1.
a(t) ~ Qg 1+ Ho(t — to) — 5QOHg<t — t0)2 + gjng(t — to)g

+ isoﬂg(t —to)* + %loﬂg(t —t0)°] . (2.60)
The choice of defining ¢ as negative is deliberate. It shows that the Hubble parameter decreases
with time unless ¢ < —1. A positive value of ¢ corresponds to ¢ < 0, meaning that the Universe’s
expansion is decelerating. A negative value implies @ > 0 and an accelerating expansion [93].
Observations of Type Ia supernovae |14, 94], as well as low redshift observations on the assump-
tion of almost flat spatial sections — which we can justify with CMB data — have determined ¢
to be negative, implying that the expansion of the Universe is accelerating in the current epoch.
The rate of change of the scale factor must therefore be positive.

By truncating the expansion at fourth order, we assume that higher-order terms have a negligible
impact over the redshift range covered by the data. As noted by Capozziello and Francaviglia
[95], these higher-order terms effectively approximate modifications to the field equations. For
instance, an R? term leads to a fourth-order equation, while an ROR term results in a sixth-
order equation, and so on. Through a conformal transformation, each second-order derivative
corresponds to an additional scalar degree of freedom, meaning that fourth-order gravity can
be interpreted as general relativity with an extra scalar field. In principle, this process could
generate an infinite hierarchy of equations. However, taking the third derivative of the modified
Friedmann equation expresses the result entirely in terms of cosmographic parameters up to the
lerk, eliminating the need for higher derivatives. In special cases, such as spatially flat or vacuum
cosmologies, the third derivative is unnecessary, and the snap parameter can be omitted. This
applies to the spatially flat ACDM model, which satisfies the well-known cosmographic condition
Jj =196, 97, 98].

We have been working with the equivalent mass densities thus far, but a more convenient and
commonly used quantity is the dimensionless density parameter:

1G
3H?2(t)

Qu(t) = pi(t), (2.61)

8Lerk (1) is referred to as crackle (c) in some texts.
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the derivative of which can be easily calculated using (2.43):

. G [ . 2H
(1) = ST (Pi - Fpi)
2H

Note that due to the inclusion of the Hubble parameter H(t), the parameter , is generally a
function of time — as opposed to the constant p,. The density parameter can also be expressed
in terms of the critical density via Q = p/pait, where

_ 3H?
pcrlt - 87TG .

Equation (2.61) allows us to fix our cosmological model by specifying four, present-day values:
Hy, Qmo, 20, and Qpo. As such, constraining these quantities is one of the main goals of
observational cosmology. Researchers from the Planck and DESI collaborations [24, 99|, among
others, have managed to achieve this to a few per cent accuracy. Here, we give them approxi-
mately:

(2.63)

Hy=~70km s 'Mpc™, Quno=~03, Qo=5x107°, Q40~0.7. (2.64)

We can see that the energy density of the current epoch is dominated by the cosmological
constant. Even more intriguing is that only one-sixth of the matter density is occupied by
baryonic matter. The Hubble parameter as a function of redshift using these parameters is

H?(2) = H§ [Qmo(1 4 2)> + Quo(L 4 2)* + Qa0 + Qo1 + 2)7] . (2.65)

The convenience of using the density parameters becomes clear when we substitute them into
the Friedmann equations (2.40), obtaining

K

1:Qm+Qr+QA—HTa2. (2.66)

The extra term at the end is defined as the curvature density parameter:

K
Q(t) = ———5— 2.67
() H2(t)a(t) (2.67)
guaranteeing that, at all times ¢, we have the satisfying relation

Qo+ %+ Q0 + Qe =1. (2.68)

The value of Q = Q,, + €, + Q, therefore determines the spatial curvature of the Universe. We
can summarise the three cases as

N<l & p<pair < K<0 < K=-1 < open
D=1 < p=pax <+ K=0 < K=0 «  flat
A>1 & p>pay & K>0 < K=+1 < closed.

To obtain an analytic expression for the spatial curvature in terms of redshift, we can evaluate
(2.67) at t = to, using the relation Ry/R = 1 + z to obtain the general formula

Q(2) = l%} QQk,O : (2.69)
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We can fix the cosmological model by specifying the values of the quantities in (2.64), so it is
worthwhile to rewrite the field equations (1.83) in terms of these quantities [44]. The second
field equation may be written

8rG K
2 _ E
Combining this with equations (2.53), (2.61) and (2.67) gives

H2 = Hg (Qr70(174 + Qm70a*3 + Qk’0a72 + QA’()) y (271)

which can also be written in terms of the redshift using the relation (2.29). The second Friedmann
equation (2.41b) can be multiplied through by a/a? to obtain

ad 47G

Looking at the left hand side, we can see that this is simply the deceleration parameter. There-
fore, by substitung an appropriate w; value for each component, we obtain an expression for ¢
in terms of the dimensionless parameters:

1
¢ = 5(Qm + 20 — 20%). (2.72)

This result provides another neat expression for the derivative of the density parameter (2.62),
Qi = O H(Q + 20, — 204 — 1 — 3wy;) . (2.73)

Setting w; equal to 0, 1/3 or -1 then gives the evolution of the density parameters for matter,
radiation, and the vacuum, respectively. If we want to study the behaviour of the spatial
curvature, we need to differentiate (2.67) with respect to cosmic time to obtain

= O H (Q + 20, — 29 .

We can see that this expression remains positive if the contribution from A is zero. This means
that the spatial curvature rapidly evolves away from flat if €2 differs even slightly from zero:
Qr — 1 for an open universe and €2, — —oo for a closed one. However, the presence of a
cosmological constant, i.e. a contribution from €2, alters the evolution completely. In this case
the 2Q term will eventually dominate both the matter and radiation terms at some finite time
and cause (2; to retreat back to zero. Even if the present-day value (2 is nowhere near zero,
Qk must have been extremely close to zero in the distant past (at high redshifts). Since the
value today is ~ 1, it must have been very finely tuned to zero in early epochs. While the
current spatial flatness is explained somewhat by a positive cosmological model, this particular
‘fine-tuning’ problem requires new methods that we will consider in §2.2.

2.1.4 Cosmological models

The various choices of density parameters leads to a great number of possible analytical models,
of which we cover the most notable. The Friedmann models in particular describe a universe that
obeys the cosmological principle of homogeneity and isotropy. They have a zero cosmological
constant and a non-zero matter or radiation density. As such they allow for three different types
of geometry: flat, open, or closed, depending on the total energy density of the Universe. The
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2.1. Friedmann-Robertson-Walker geometry

flat, open and closed universes correspond to curvature parameters that are positive, zero, and
negative, respectively [93]. For a dust-only case (£2,9,Qx0 = 0) with Q,,, K = 0 we have the
Einstein-de-Sitter (EdS) model. Energy conservation (2.43) gives p = poa™® and a Friedmann
equation satisfying

3H? = 3(%)2 = 871G poa 2,
ca=8rGHya V2,
where we wrote the density as py = 3HZ. This gives the solution
a(t) = (127G Hyt)** . (2.74)
The age of this particular universe is then tq ~ 9 x 10° yr.

We can also consider a universe without matter or radiation, called the de Sitter model. Pro-
posed by Willem de Sitter [100], this model describes an empty universe dominated by dark
energy, where the expansion of space accelerates over time. The model is a type of Lemaitre
model, defined by €, 0,0 = 0 and Q4 = 1. Since it assumes that the matter and radiation
densities are zero, it is not a true cosmological model. Regardless, it is an important model
for understanding the late-time evolution of the Universe and the effects of dark energy. With
K, p =0, the Friedmann equation is simply

v A
SH2= A2 — <= \/;c, (2.75)

a

and the scale factor increases exponentially as

a(t) = exp [\/A_/?)c(t . to)] , (2.76)

giving us an inflating universe. Interestingly, this model lacks a big-bang singularity (a = 0) at
a finite time in the past.

As discussed in §1.3, Einstein initially proposed a static and unchanging universe, with mat-
ter distributed uniformly throughout space. Now that we know the Universe is expanding, this
model is of little empirical interest, but still of interest to theorists, particularly those investigat-
ing emergent universe models [101|. The Friedmann equation for the Finstein static universe,
with a constant and H = 0, is

K
EUISHNY N L S A =47G(% +3p) > 0. (2.77)
a C

c2

We can see that the spatial curvature must be positive, giving us a closed universe with A and
standard matter existing in a state of equality.

Finally, we have the Milne model, a simplified cosmological model that assumes no gravitational
interactions between objects in the Universe. It’s also known as the ‘kinematic’ or ‘empty’ uni-
verse model. While obviously not an accurate description of our universe, it serves as a useful
theoretical experiment. With p = 0, the Friedman equation is simply H?> = —Kc?/a?, so this
model has a negative curvature. For K = —1 we get @ = ¢ and a coasting solution a(t) = ct.
This universe expands linearly with time without the influence of forces like gravity or dark
energy slowing it down or accelerating it [66].

41



2.2. Inflation

The cosmological constant A has had a convoluted history since Einstein introduced it to coun-
teract the gravitational attraction of matter. Its property of universal spatial repulsion allowed
for the Finstein static universe, which has a positive spatial curvature satisfied by the py = pn/2
[102, 103]. It was used much later to address the following issues:

« Globular cluster estimates of the age of the Universe conflict with those obtained for A = 0
[104, 105].
. Inflation implies a vanishing curvature K = 0 that requires €2y + 3% =1 [106]. With the
0
most recent observations pointing towards €y ~ 0.3 [107, 99|, A would need to be non-zero
to agree with observations.

« Number counts of galaxies at high redshifts are inconsistent with a density parameter
(2 = 1 that may be avoided by decreasing 2 or with a positive A value [108, 109].

« The standard CDM model [110, 111], with = 1, predicts significantly reduced large-scale
structure than indicated by observations.

In the second point we have introduced the term inflation. This is an intensely-studied sub-
branch in cosmology with a relative abundance of information in the literature. In the next
section it is briefly summarised.

2.2 Inflation

FLRW cosmology predicts an early universe consisting of causally disjointed regions of space, so
how did the Universe end up homogeneous and isotropic? In the 1980s, cosmologists developed
the idea of inflation [112, 16, 18], a period of accelerated expansion in the history of the Universe
during which its initial inhomogeneities were smoothed out [66]. The basic requirement for this
is that a > 0. We can rework this condition by taking the cosmic time derivative of the Hubble

distance (2.27) to get
d (H!
— : 2.
dt( - ) <0 (2.78)

This gives a more physically meaningful condition for inflation: the comoving Hubble distance
decreases with cosmic time. This means that, from a comoving perspective, the characteristic
length scale of the Universe contracts during inflation.

If we suppose that the energy in the early universe was dominated by some form of matter
with density p and pressure p. The field equation is therefore that of an Einstein static universe,

d:—%(p—k%)a. (2.79)

Therefore, in order for inflation to occur, we require the matter fluid to satisfy

p<—gp. (2.80)

In other words, the fluid needs to have an equation of state with negative pressure. This is also a
solution to the flatness problem, which we will expand on later. We can take the same approach
(A = 0) with the first Friedmann equation (2.41a), obtaining

g2 8rG
3

pa® — 2K . (2.81)
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This means that shortly after the Big Bang (~ 107% s), the cosmological constant must have
been totally dominant, allowing the Universe to expand according to

a 8TpA 1/2
a_ . 2.82
‘ ( L ) (282)

Were this to last long enough, a tiny region could conceivably expand to the size of the current
observable universe. If the initial region had been homogenised somehow prior to inflation, it
would explain the current homogeneity. Inflation also allows us to resolve two glaring issues:
the flatness problem and the horizon problem.

2.2.1 The flatness and horizon problems

The flatness problem stems from studying the Friedmann equation in a universe devoid of vacuum
energy. According to (2.70), its Friedmann equation is therefore

K _ 8rGp

1=0-— HTCL2’ where €)= Qm + Qr = W s (283)

where we have neglected the contribution from A. If we consider the derivative of 2 with respect
to Ina, and substitute the Friedmann equation, we obtain

dQ
dlna

= Q1+ 3w)(Q - 1). (2.84)

While €2 is a solution here, it turns out to be unstable. We can show this by perturbing the
solution by an infinitesimal amount ¢, i.e. Q(t) = 1 £ &(¢). If we neglect higher orders of ¢,
(2.84) becomes
de
dlna

with solution £(a) = Ca'™¥ where C is the integration constant. We can see that there is an
instability for 1 + 3w > 0 as the perturbation increases with a, i.e. as the Universe expands. If
we keep 1 4+ 3w < 0, the perturbation vanishes and €2 = 1 is a stable solution. Therefore if the
Universe was dominated by matter or radiation — with equations of state obeying 1 + 3w > 0 —
throughout its history, the value of €y ~ 1 today means that 2(a) in the early universe must
have been extremely close to unity. This ties into another issue known as fine-tuning: the fact
that  is almost perfectly unity at early times is suspiciously coincidental. This is expanded
upon in §2.3.2.

= (1+ 3w)e, (2.85)

The flatness problem arises from the seemingly nonsensical equality between the densities of
today and the early universe, especially given that a has increased by a factor of ~ 10%° since
the Planck epoch [43]. We showed that {2 = 1 is a repulsive fixed point in a matter/radiation-
dominated universe, with any deviations causing a runaway expansion. As such, it seems odd
that  is still ~ 1 today. Fortunately, an inflationary universe predicts an )y value very close
to unity. If we suppose there was some period of accelerated expansion (i@ > 0) in the very early
universe, driven by a component that is neither matter nor radiation, we obtain

Qtp) ~ 1+ (Qo — 1)10% (2.86)
where tp ~ 1073 s is the Planck time.

If the early universe was indeed inhomogeneous, how do completely disconnected regions display
the same physical characteristics, such as uniform CMB temperature? The regions have such
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vast distances separating them that standard cosmology, with finite light speed, dictates they
could never have been in causal contact. This paradox is known as the horizon problem. We can
examine the path of light using the conformal system from (2.31) in an isotropic spacetime. In
this case, we can define the coordinate system such that light only travels in the radial direction
and @ = ¢ = constant. The line element is then

ds® = Pa®(7)[—dr* + dx?], (2.87)

and the path of the null geodesic is
Ax(T) = £AT, (2.88)

where a positive A7 indicates outgoing photons. The advantage of this coordinate system is that
light rays always correspond to 45° lines — as they do in special relativity — as opposed to curved
lines, which is the case when we use cosmic time ¢ [113]. Before continuing, we need to clarify
the difference between an event horizon and a particle horizon. Let us consider an observer O
at x = 0 and a second comoving observer F at xy = x;. If E emits a photon at time ¢;, the only
signals O receives by a time ¢ must be from radial coordinates y < ;. This distance is known
as the particle horizon, which we can express using (2.88) as

Xph<7—):7__7'i:c/ti % (2.89)

We can visualise the size of the particle horizon as the intersection of an observer’s past light
cone with the spacelike surface 7 = 77. All causal effects must originate in this region.

The event horizon is well known, particularly in the context of black holes. All event hori-
zons represent the maximum distance at which an observer at time t; will no longer receive
signals emitted any time after time t,

vt 2.90

Xeh(T) =Tf — T c/t ok (2.90)
This is the comoving event horizon [114]. Finally we have the Hubble distance, which we briefly
defined earlier in (2.27). We can see that this is not synonymous with the particle horizon, despite
the two often being used interchangeably”. The horizon problem stems from the isotropy present
in the CMB to such a high degree of precision, despite it containing vastly separated points that
are completely outside of each other’s horizons. This seems impossible since the proper distance
between two comoving objects increases with scale factor while their particle horizons increase
at a higher rate [44]. We must now consider the amount of inflation necessary to solve the
flatness and horizon problems. To address this, we can divide the history of our universe into
a number of phase transitions with varying growth factors and temperatures. If we assume the
early universe followed the radiation-dominated Friedmann model since inflation began at t,,

1 R t\Y?: T
) o 142 ox —— o) A2 2.91
R(t) o 0 = = (to) T (2.91)

where we have related T'(t) to particle energy T' ~ E/kg and Ty ~ 3 K is the current temperature
of the CMB. Equation 2.69 allows us to equate the ratio of the inflation-era spatial curvature to

the present one:
QU (Ho\® 2t
Skx [ 220 I ~ (2.92)
Qk,O H* R* tO

9This is because on length scales < d, Newtonian theory is still viable and d,(t) ~ cH ™ (t) ~ dn
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Figure 2.2: In an inflationary FLRW model, the light cones on a causal diagram lie at angles
of +45°. The worldlines representing comoving matter are vertical while particle horizons are
horizontal. Illustrated here is the particle horizon for the CMB. In a non-inflationary universe,
conformal time would only extend back to a limit denoted by 7y, meaning that different regions of
the CMB we observe today would not have shared causal contact in the past. However, inflation
extends conformal time back to the Big Bang singularity, allowing these regions to have been
causally connected at some point along our past light cone. Thus, inflation explains why the
observed CMB regions share similar properties, as they would have been in causal contact early
on. Image adapted from Debono and Smoot (2016) [115].
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where we used the fact that Hy/H, ~ t./ty. If we assume inflation to have occurred some time
between the Planck era and GUT phase (see §2.3.1), this ratio is approximately 10750-1075%,
Since the value of the curvature parameter has to be unity today, the scale factor would need to
grow by a factor of 102"-10%° during this time. We therefore require at least 60-70 e-foldings of
the scale-factor to solve the flatness problem.

To examine the horizon problem, we look at the radiation-dominated Friedmann model in its ear-
liest stages. The particle horizon at the inflationary epoch would be d,, . = 2ct, ~ 107%-1072" m.
Equation (2.91) tells us that the size of this causally connected region today is ~ 10731 m. How-
ever, our universe is currently approximately the size of the Hubble distance dy g = cH, ' ~ 10%.
This means that far-flung galaxies cannot possibly be causally connected, unless the scale factor
grew by a factor of 102°-10%. The number of e-foldings necessary to solve the horizon problem
is also at least 60—70. Before inflation, the observable universe was limited to the size of the
causal horizon at that time, approximately ctp ~ 1073% m; the size after inflation was there-
fore ctpe®’ ~ 107% m [44]. This marked the transition from quantum scales to more physical ones.

We can now conclude that a sustained acceleration over a minimum of 60 e-folds is sufficient
to solve the horizon and flatness problems [44]. We have also shown that inflation naturally
explains the observed flatness of the Universe today. The key question now is what mechanism
drove this inflationary epoch and how it eventually ended. Most models propose that, in the
early universe, inflation was driven by the vacuum energy density of a scalar field, V' (¢). This
allows for an almost exponential expansion when V' =/ constant. The various theoretical models
for the origin of inflation are explored in detail in Chapter 7 of Coles [66]. In the following
section, we will examine the mechanisms responsible for bringing inflation to an end.

2.2.2 Scalar fields

To obtain an inflationary phase in the very early universe, we require some negative-pressure
material. The simplest form of this is a scalar field ¢ describing spin-0 particles, the potential
of which yields the necessary vacuum energy. Since its potential energy V(¢) may redshift
extremely slowly as the Universe expands, this field possesses an effective equation of state with
negative pressure [21|. This hypothetical scalar field believed to be responsible for the initial
inflation is called the inflaton [16, 18]. The Lagrangian for a scalar field has the usual form
L=T-V = %mgabqaqb — V, but with the generalised coordinates replaced by the field ¢(z#)
and the time derivatives replaced by spacetime derivatives with respect to spacetime position:

L= 20" (V,0)(Vu8) = V(9). (2.93)

since £ must be a scalar function of spacetime position. The corresponding action is

5= [ |3 7.0 (%) - Vo) v=aate (294)

To vary the action with respect to ¢, we can use this form of the Euler-Lagrange equation:

oL oL oL
5= 38~ o] =" 299
to obtain oL v 5L 9 ]
- daw ™ I a9 [igpo Vo) (Vo) (296)
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where the dummy indices in the second equation have been relabelled to make the differentiation
clear. Evaluating the second equation gives

oL 1 1
— = =g |0¥ (V, V,0) 08 == (9"°V, PEN o) = g""'V 0, 297
oV 2" (95 (Vo0) + (V,0) 0] = 5 (¢"7Vot + 97 V,0) = 9"V, 0 (2.97)
allowing us to write equation (2.95) as
dVv
_ _ w7 b)) = 0. 2.98
B~ Ve (0"V.0) (295)
Recall that the covariant derivative of the metric tensor is zero, so we can simplify this to
dVv
0?0+ — =0 2.99
v+ 35 =0 (2.99)

where [? = V#V, = ¢"*V,V, is the covariant d’Alembertian operator. If we choose the poten-
tial to be V = %m2¢2, where m is some constant that influences the dynamics by characterising
how steep the potential is as a function of the scalar field — sometimes called the effective mass.
The ‘mass’ also impacts the duration of the inflationary phase; if m is small relative to the value
of ¢ during inflation, it leads to a flatter potential and longer inflation. Substituting this scalar
field yields the Klein-Gordon equation:

V2p +mie = 0. (2.100)

This is the case for a free relativistic scalar field, but for now it is preferable to keep the potential
function V' (¢) general. We can show that the scalar field acts as a perfect fluid with energy
density and pressure!®

po = 38+ V(6) + 5(Vo), (2.1012)
P = %dﬁz —V(¢) - %(%)Q- (2.101b)

If the scalar field only interacts gravitationally with other matter or radiation, it obeys the
equation of motion

a
p+3(p+p)- =0, (2.102)

into which we can substitute the pressure and density from (2.101) to obtain the equation of
motion for a scalar field:

. .dv
¢+3H¢+%:O. (2.103)

This equation describes the interplay between the acceleration of the field, the damping effect
of cosmic expansion, and the driving force from the potential. If we assume that the scalar field
dominates the energy density of the Universe for a period of time such that we can neglect the
curvature term in the cosmological field equation (2.81), we can write

H? = %ng? + V(¢)} : (2.104)

Equations (2.103) and (2.104) provide a set of coupled dynamical equations in ¢ and H that
govern the evolution of the scalar field and the scale factor during inflaton domination. Since
inflation occurs when d > 0, we must also have

P < V(). (2.105)

10Gee chapter 7 of Liddle and Lyth (2000) [21] for a comprehensive derivation.
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2.3. Our universe

To obtain an analytical solution to the inflation equations (2.103) and (2.104), we make use of
the slow-roll approzimation, where we assume that ¢* < V(¢). Differentiating this implies that
¢ < dV/d¢, allowing us to neglect the ¢ term in equation (2.103). This yields

3H) = —i—‘; and H? = %vw). (2.106)

If we differentiate the second equation with respect to ¢ and combine it with the first, we get
) 1.
H= —§¢2 : (2.107)

Demanding that ¢32 < V(¢), using the above equations we can obtain two conditions,

1/1dv\°
1 d2V
= —— 1 2.108b

where € and 7 are known as the slow-roll parameters. We can also consider the special case

in which the potential V(¢) is so flat as to be approximately constant. From equation (2.106),
we can see that in this case the Hubble parameter remains constant and the scale factor grows
exponentially:

a(t) o< exp ( %V(gb)t) : (2.109)

At some early time we assume the potential is large and almost entirely flat, such that the
scalar field ¢ ‘rolls’ very slowly down the potential V' (¢) due to the potential gradient in (2.103),
causing the Hubble constant to decrease slowly and and the Universe to experience generally
exponential inflation [116]. The Hubble friction term 3H ¢ prevents the inflaton from picking
up too much speed, but as the Hubble constant decreases, the friction term decreases and ¢
increases until the condition (2.105) no longer holds. Equivalently, the conditions (2.108) in the
slow-roll approximation are no longer satisfied.

If the potential possesses a local minimum — as it does in most inflationary models — the field,
upon reaching it, will oscillate about the minimum as it is gradually damped by the friction term.
As the oscillations decay, the energy of the scalar field is converted into energetic elementary
particles. For the inflaton (or any scalar field) to decay into elementary particles, there must be
an interaction that facilitates this process, described by coupling terms in the Lagrangian. The
decay occurs via interactions where the inflaton field transfers its energy to other fields, leaving
the Universe with normal matter and radiation in a state of thermal equilibrium. This pro-
vides the initial conditions for the standard cosmological model. If the inflaton were completely
decoupled from the Standard Model, it would remain as an oscillating condensate, unable to
transfer its energy to radiation or matter. For this reason, the process of scalar field decay into
other particles is known as reheating [44]. With the Universe now filled with a hot plasma of
particles, the standard evolution described by the ACDM model can take over, governing the
expansion and structure formation that led to the Universe we observe today.

2.3 Our universe

The current standard model ACDM uses the FLRW model with the inclusion of dark energy (A)
and cold dark matter (CDM) [110]. It successfully explains a wide range of observations, includ-
ing the cosmic microwave background radiation, large-scale structure formation in the Universe,
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2.3. Our universe

and the accelerated expansion observed through supernovae data. Regarding curvature, CMB
and large-scale structure observations [107, 11] suggest that K = 0 is the most likely solution:
the Universe is geometrically flat on large scales and fluctuates in size over time due to a(t).
They also point to a universe filled with all the aforementioned components: matter, radiation
and dark energy. The matter component consists of 5% baryonic matter and 27% cold dark
matter. The dark energy equation of state suggests a cosmological constant of w ~ —1. Looking
at the proportions in (2.64), we can see the curvature contribution is no more than 1%; at earlier

times this would have been even less, as the curvature part only increases as a 2.

The different scalings we looked at §2.1.3 imply that the Universe was dominated by single
components throughout its history: first radiation (a=*), then matter (a=3), then vacuum en-
ergy (a’). The evolution of these components throughout the history of the early universe can
be seen in figure 2.3. A flat, single-component universe would have the Friedmann equation
reduce to

& Hy/Qua 304w (2.110)
a
where, upon integrating we get
t3 matter-dominated
a(t) < { tz  radiation-dominated . (2.111)
eflot dark energy-dominated

Matter and radiation had equal density at aeq = :/Qm ~ 3 X 10~*, shortly before the CMB
dissipated through space!!.

HNote that this is not the case for a spatially open universe.
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Figure 2.3: Timeline of radiation (blue), matter (red), and dark energy (green) dominance in
the Universe, showing the density in km m™3 against the age of the Universe in years. Radiation
dominated until about 47,000 years after the Big Bang. After matter-radiation equivalence
Zeq ~ 3600, matter dominated for another ~ 10 Gyr. As the Universe continued to expand, the
density of both matter and radiation decreased until dark matter became dominant. Image from
Blau (2017) [48] and Pearson Education Inc. (2011).
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2.3. Our universe

2.3.1 Structure formation

The formation of galaxies and more complex structures is likely to be the result of coalescing
overdensities from the early universe that arose from gravitational instabilities. Primordial fluc-
tuations in matter and radiation evolved into galaxies and clusters as a result of their self-gravity.
In the early universe, the growth of these fluctuations (0) was very small; the equations gov-
erning these perturbations can therefore be expanded to first order in 4, allowing us to neglect
higher-order, non-linear terms. This is the basis for linear perturbation theory, which will be
covered in the next chapter. In this section we will go over the processes in the very early
universe, before the emergence of large-scale structure.

Our universe began as an extremely hot and highly compressed region of approximately 103° K
[117]. At these scales, a theory of quantum gravity is required to suitably describe the processes
occurring inside this volume. As such, we cannot conclude whether the Universe at t = 0 was a
true singularity, such as those of black holes. Hawking [15], inspired by the Penrose singularity
theorem in black holes, discovered another theorem proving that all timelike geodesics can be
traced back to a singularity at ¢ = 0. Both of these are referred to as the Hawking-Penrose
singularity theorems. The primordial singularity began to expand, for reasons we do not yet
know. This event is widely referred to as the Big Bang, though the implication that this was some
kind of explosion is misleading. It is more fitting to think of it as the inception of space itself [45].

The first stage in the Universe’s history was the Planck era. This period corresponds to a
temperature Tp ~ 101 GeV'?, and is the earliest period of time, beginning with the Big Bang
[66]. At the end of the Planck era, gravity separated from the other fundamental forces. This
period was followed by the grand unification epoch at 107 < t < tqur ~ 10736 s, during
which electromagnetism, the strong interaction, and the weak interaction were unified as the
electronuclear force — the Grand Unified Theory (GUT) [93]. This era was followed by the elec-
troweak epoch 10730 < t < tgw ~ 107! s, at which point the Universe dropped below 10'°
GeV and the strong nuclear force became distinct from the electroweak force, likely instigating
an almost instant period of rapid inflation. By ~ 10732 seconds, the scale factor had increased
at least 10?°-fold. Immediately afterwards, the Universe cooled down and settled into an era of
slow expansion. Whatever was responsible for the rapid expansion previously appears to have
diminished as a result of reheating [45], which we covered in §2.2.2.

By the end of this era, the electroweak force had separated into the weak nuclear and elec-
tromagnetic forces. At tqm ~ 107° s we have the quark-hadron phase transition, during which
quark confinement took place. By this time the Universe contained the four fundamental inter-
actions we know today: gravity, electromagnetism, and the weak and strong nuclear forces. As
the Universe cooled and expanded, the energy per particle dropped to a level where the strong
force could no longer be overcome. This cooling forced quarks into stable, confined states, lead-
ing to the formation of protons, neutrons, and other hadrons, and marked the transition from a
quark-gluon plasma to the hadron-dominated universe we have today.

All of this took place within 1 second of the Big Bang occurring; at approximately this time,
neutrinos decoupled from matter to form the cosmic neutrino background (CvB) and end the
lepton epoch (see bottom of figure 2.4). This background exists at a temperature of ~ 1.9
K, and while there is indirect evidence for its existence [118], it remains undetectable due to
neutrinos’ extremely small cross section, i.e. their low rate of reaction. The high tempera-
ture and plasma density present at the early stages of the Universe imply that atomic nuclei

12 At extremely high temperatures we often treat temperature and energy as directly interchangeable: 1 GeV
roughly corresponds to 1.16 x 10'® K, according to E = kgT.
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2.3. Our universe

could have formed during that time. Within the first few minutes after the Big Bang, some of
the lightest atomic nuclei were created, a process referred to as Big Bang nucleosynthesis (BBN).

Once Big Bang nucleosynthesis was complete at ¢t ~ 20 minutes, having introduced the ‘light
elements’ “He, D, 3He and Li, the Universe became a hot (~ 10 K) whirlpool of protons,
dark matter, light elements, photons and neutrinos. The last two of these — the relativistic
components — dominated the energy density. By this time neutrinos and dark matter had al-
ready decoupled from the plasma, but the rest of the particles shared the same temperature as
a result of the interactions between photons and charged particles. The universe transitioned
from a radiation-dominated to a matter-dominated regime, allowing the eventual expansion to
be driven by pressureless matter, i.e. dust.

Before inflation began, the scale of gravitational perturbations A grew with the scale factor
a while a/a decreased with the slowdown of the expansion. When inflation started, A increased
exponentially while a/a plateaued. Ellis and Rothman [113]| pedagogically let A be the distance
to a visible quark. This distance soon exceeded the Hubble radius — or the speed-of-light sphere
—¢/H,so AH/c > 1, causing the quark to leave the horizon. After inflation, H decreased until
eventually AH/c < 1 and the quark reentered the horizon, now as a constituent of a galaxy.
Gravitational perturbations, depending on their A, therefore reentered the horizon once the hori-
zon had expanded to the size of the fluctuations [119].

The constituent fluids of the Universe depend on the model we are using. For our purposes, a
fluid is simply a set of particles dense enough that we can treat them as continuous. Particles un-
der consideration include CDM, baryons, photons, and massless and massive neutrinos, the latter
of which is a contender for hot dark matter (HDM). CDM and baryons can be treated as colli-
sionless and collisional'® fluids, respectively, while photons and neutrinos require a phase-space
description governed by the Boltzmann transport equation. The CDM model treats cold dark
matter as a pressureless perfect fluid, a.k.a. cold dust, which interacts with other particles via
gravity only. For massless neutrinos, the energy density and pressure are given by p, = 3p, = T%.

Photons behave differently before and after recombination. Before recombination — and af-
ter neutrino decoupling — photons were tightly coupled with baryons, interacting primarily via
Thomson scattering

vy+e = y+e, (2.112)

in which the photon energy is taken to be much less than the electron rest mass, i.e. hv < me..
It is treated as elastic since the recoil of the electron in its initial rest frame is neglected. The
cross section for these collisions is tiny:

G RSP (2.113)

or = ~ cm” . .
B 6med \ mec?

The mean free path for photons is A = (n.or)~!, making the rate at which a photon undergoes

scattering
[pe= ; = CNeoT . (2.114)

We can see that Thomson scattering is most apparent at high free electron densities n.. The
optical depth is found by integrating the scattering rate over time:

e = / Tpo(t) dt . (2.115)

13Collisional gases support particle collisions that occur at a high enough rate to establish a local thermal
equilibrium.
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2.3. Our universe

The Thomson opacity was high enough that baryons and photons were tightly coupled, fielding
the transfer of energy and momentum between them and ensuring they remain at the same
temperature. Once recombination began, the Universe cooled further, causing protons and He?*
nuclei to combine with free electrons to form neutral atoms. The rapidly declining density of
free electrons caused the photon scattering rate 't to drop by at least a factor of 10% below the
expansion rate H. This caused an increase in the photons’ mean free path A, allowing them to
travel freely. Consequently, the Universe transitioned from being opaque to being transparent to
radiation [120]. Crucially, this transition represents the limit for any photon-collecting telescope.
Recombination is the earliest time we can probe with electromagnetic radiation. The last photons
to scatter off electrons at this time, at zgec = 1090, make up the CMB radiation that we receive
today. This is known as the time of last scattering.

Redsift
Tod

z2=0 >_J/< 13.8 billion years
z=5 w 1 billion years

z =10 m 400 million years
z~20 >\_/< 200 million years
>\Fir8§ar3/<
z ~ 1090 R 380,000 years

ﬂgBkarg nucleosym

z ~ 10° 3 minutes

z ~ 1010 1 second

z ~ 1015 1 microsecond
z ~ 10%6 10-32seconds

Time since Big Bang

Figure 2.4: The history of the Universe as a light cone looking back from z = 0 to the end of
the initial inflation following the Big Bang at z ~ 10%°, with relevant milestones labelled. The
arrow on the left shows the redshift, and the arrow on the right shows the time that has passed
since the Big Bang for each event. Image adapted from Debono and Smoot (2016) [115].

Observations, when interpreted within the FLRW framework, strongly suggest that the Uni-
verse is experiencing another phase of accelerated expansion [14, 94]. This discovery was par-
ticularly surprising to astrophysicists, who had reasonably assumed that the expansion of the
Universe would continue to slow down as gravitational attraction between objects would dom-
inate, potentially even leading to eventual gravitational collapse. The renewal of accelerated
expansion suggests that something is creating negative ‘pressure’ on the Universe. As with the
first, many hypotheses exist to explain the second period of inflation. The most popular of
these is the theory of dark energy, a unique type of energy that exerts a positive pressure on
the Universe counteracting the inward pull of gravity. Other theories — the subject of this thesis
— attempt to modify the theory of general relativity to explain the unexpected acceleration. In
the next section we examine dark energy and dark matter more closely.
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2.3. Our universe

2.3.2 Dark matter and dark energy

Particles of cold dark matter belong to the classes of cold thermal or non-thermal relics. Ther-
mal relics remain in thermal equilibrium with the other components until they decouple, such as
massless neutrinos. These relics can be either hot or cold. The former become relativistic upon
decoupling while the latter do not. Non-thermal relics on the other hand do not exist in equi-
librium, and comprise the more exotic types such as monopoles, axions and cosmic strings. The
upshot of this is that fluctuations produced by CDM are relatively low, and therefore unaffected
by photon diffusion [66]. This means structure can survive on small scales. Since the particles
are relatively slow-moving, they can clump together to form structure. ACDM is referred to
as a ‘bottom-up’ model because it describes a universe where small structures form first and
gradually merge to create larger and more complex structures over time, driven primarily by
this behaviour of cold dark matter. The other important aspect of dark matter is it that it must
interact weakly with the other components; this would explain why it has evaded detection for so
long. Virtually every particle in the current Standard Model has been ruled out as a candidate
for dark matter. As such, the nature of dark matter remains the white whale for observational
cosmologists.

Dark energy dominates the expansion dynamics of the cosmos today, but — like dark matter
— its precise nature remains a mystery. The simplest model of dark energy is the cosmological
constant, with an equation of state parameter w &~ —1. While observations support a flat geom-
etry consistent with ACDM, this explanation faces severe theoretical challenges. Attempts to
estimate the vacuum energy density from quantum mechanics produce values about 120 orders
of magnitude larger than what cosmology indicates, highlighting a huge gap in our understand-
ing [120]. Dark energy reveals itself solely through its influence on cosmic expansion, as it is
smoothly distributed through space, unlike dark matter, which clumps under gravity.

To probe dark energy, observational techniques like gravitational wave detection with LISA offer
a promising approach. LISA could measure the luminosity distance of merging black holes at
high redshift with great precision, providing an independent method to explore cosmic expansion
without relying on the traditional cosmic distance ladder. Baryon acoustic oscillations (BAO),
which use the acoustic scale as a standard ruler, are another tool to investigate dark energy. By
studying how the BAO ‘bump’ varies with redshift, cosmologists can determine whether dark
energy behaves like a cosmological constant or has a time-varying equation of state [93]. Other
approaches include the Hubble diagram of Type la supernovae and cosmic shear measurements,
both of which are being pursued in upcoming space-based missions. These observations are
critical for determining whether dark energy is static or evolving. Ground-based projects, such
as the Large Synoptic Survey Telescope (LSST), aim to gather data that will further refine these
methods, increasing our sensitivity to changes in the equation of state parameter, w [120].

Despite these ongoing efforts, the mystery of dark energy remains unresolved. While plausible
ideas about dark matter exist and may soon be testable, dark energy’s connection to quantum
physics and gravity is far more elusive. Solving this problem may require a new theory that
unifies quantum mechanics and gravity, similar to the way electromagnetism and the weak force
were unified in the Standard Model. For now, dark energy stands as one of the greatest chal-
lenges to fundamental physics, requiring both innovative theoretical models and high-precision
observational cosmology.
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2.3. Our universe

2.3.3 Problems with ACDM

For decades, the cosmological constant has served as a compelling explanation for the Universe’s
current accelerating expansion, though it is not without significant challenges. Dicke first high-
lighted the issue of ‘fine-tuning’ in a cosmological context in 1961 [27]: if A were even slightly
larger, large-scale structure formation would be impossible, as the Universe would expand too
rapidly for matter to clump under gravity. Conversely, a smaller A might have caused the Uni-
verse to expand more slowly, potentially leading to recollapse before large-scale structures could
form. Additionally, if A dominated over matter and radiation, the Universe would expand too
quickly for gravitational collapse to form galaxies and clusters. This balance between A and mat-
ter /radiation introduces its own questions. The current dark energy density’s similar magnitude
to that of matter, despite their different evolution histories, has been termed the ‘coincidence
problem’ [121]". Furthermore, quantum physics has revealed a substantial discrepancy between
the observed vacuum energy density and the vastly larger zero-point energy predicted by quan-
tum field theory [123]. Lastly, recent DESI results appear to support a theory of evolving dark
energy, as parameterised by the wyw,CDM model [124]. The ongoing and future observations
from DESI offer an exciting opportunity to refine our understanding of dark energy, potentially
revealing deviations from a cosmological constant and providing new insights into the funda-
mental physics governing cosmic acceleration.

Another consideration is the various tensions (> 20) between astrophysical data and the ACDM
model specified by the Planck parameters [107]|, which may hint at the need for extensions be-
yond a simple cosmological constant. The most infamous of these is the Hubble tension. Local
measurements of the Hubble constant (Hy), based on the distance ladder approach, yield values
significantly higher than those inferred from the cosmic microwave background (CMB) under
the ACDM model. Specifically, local direct measurements by the SHOES Team, using Cepheid
calibrators, find Hy & 73.04 £1.04 km s~ Mpc™! [125], which is in a 50 tension with the CMB-
inferred Planck/ACDM value of Hy &~ 67.4 4+ 0.5 km s™! Mpc™! [24]. There are a plethora of
measurements for Hy, though they generally centre around one of these quoted values, in a bi-
modal distribution; the most recent are given in figure 2.5. Included in the figure is an additional
set of values that lies around Hy ~ 69.8 km s~ Mpc™!, which was obtained by Freedman [126]
using the tip of the red giant branch (TRGB) method, and will certainly benefit from additional
data from Gaia and JWST [127]. Theoretical solutions to the tension can generally be divided
into three categories: pre-recombination adjustments, modifying early-universe physics to recal-
ibrate the standard ruler used in CMB analysis; late-time modifications, which involve altering
the Hubble rate H(z) at late times; and luminosity recalibration, by proposing new physics that
affects the absolute luminosity of Type la supernovae at late times [128].

Other tensions include the growth tension, which refers to the 2-30 discrepancy between direct
measurements of the growth rate of cosmological perturbations (using weak lensing, redshift
space distortions, and cluster counts) and the higher growth rate predicted by Planck/ACDM
parameters [129]; and CMB anistropy anomalies, which encapsulate a series of 2-30 deviations
from what is expected from ACDM in the CMB [130]. Lesser known dilemmas include cosmic
dipoles, the BAO Ly« tension, the lithium problem, age-of-the-universe issues, etc., all of which
are covered in comprehensive reviews by Perivolaropoulos and Skara [128] and Bull et al. [131].

Finally, the ACDM model faces several ‘small-scale’ problems arising from the comparison of
increasingly detailed simulations and improved observational constraints [131].

14 A suggested solution for these is the anthropic principle, which posits that the ‘coincidences’ are actually the
result of human selection bias in a multiverse [122].
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Figure 2.5: Plot of Hy measurements showing 68% credible interval constraints, assuming a
flat ACDM model. It shows the CMB anisotropy measurements from Planck and the Atacama
Cosmology Telescope (orange); the DESI BAO measurements in combination with other data
(blue, bold); corresponding results from SDSS combined with DESI (blue); and measurements
using cepheid and TRGB methods (green). Image from the DESI Collaboration (2024) [99].

Missing Satellites: Predicted dark matter halo substructures outnumber observed satellite galax-
ies [132, 133].

Too Big to Fail (TBTF): Observed densities in dwarf galaxies are lower than the higher densities
of massive subhalos predicted by ACDM [134] This issue was refuted in [135], which claimed
statistical gaps are to be expected.

Emptiness of Voids: Observed galaxy velocities in voids (from ALFALFA') differ from those in
comparable ACDM -simulated regions [136, 137].

Core/Cusp Problem: ACDM predicts dense, central ‘cusps’ in halos, but dwarf and low-surface-
brightness galaxies often exhibit flatter, ‘cored’” profiles [138, 139]. More recent papers
[140] found issue with the methods laid out in Walker et al., and that until more precise
data is collected, the issue remains inconclusive [141].

Void Phenomenon: Galaxies in voids display properties similar to those in dense environments,
despite differing expected histories [142, 143]. Conflicting research claims this phenomenon
is predicted by ACDM [144].

Satellite Planes: The thin, rotating alignments of Milky Way and Andromeda satellite galaxies
are rare in ACDM simulations [145, 146]. However, recent research has found ACDM to
be consistent with observations [147, 148|, suggesting this issue may be resolved.

Baryonic Tully—Fisher Relation (BTFR): The observed tight relationship between galaxy cir-
cular velocity and baryonic mass does not match ACDM expectations [149].

15The Arecibo Legacy Fast ALFA (Arecibo L-band Feed Array) Survey.

56



2.4. Summary

Mass-Discrepancy vs. Acceleration Relation (MDA ): A strong correlation between mass discrep-
ancy and acceleration in galaxies is unpredicted by ACDM [150].

Proposed solutions include improved baryonic physics modelling, alternative dark matter types
(e.g., warm, interacting, or self-interacting dark matter), and modified gravity theories, like
MOND or MG models, either supplementing or replacing dark matter. Modified gravity theories,
particularly f(R) models, will be the subject of the chapter 4.

2.4 Summary

In this chapter, we explored the foundational concepts of cosmology, beginning with the cosmo-
logical principle, which posits the Universe’s large-scale homogeneity and isotropy — a premise
supported most directly by the CMB. Building on these principles, we developed the FLRW
geometry to describe a universal framework, using symmetric spaces and curvature equations
to model the Universe’s shape and scale. The derivation of the FLRW metric, along with the
introduction of the scale function and redefined coordinates, enabled us to characterise distances
and time scales central to cosmological studies, such as the Hubble and comoving distances and
the dimensionless scale factor. The application of the metric — in addition to the Einstein field
equations from chapter 1 — facilitated the derivation of the Friedmann, continuity, and energy
conservation equations. These equations led us to define essential cosmological parameters and
examine universe models dominated by matter, radiation, and vacuum energy. With the Hubble
parameter and its higher-order extensions (deceleration, jerk, snap, and lerk), we gained tools to
measure cosmic expansion, while the density parameters and €2 values helped us visualise how
variations in density and curvature shape cosmic geometry. Through a review of models like
the Einstein-de Sitter, de Sitter, Einstein static, and Milne universes, we highlighted different
theoretical frameworks for cosmic evolution and introduced the cosmological constant, A, and
its profound role in expanding the Universe. The concept of inflation emerged as a solution to
the flatness and horizon problems, and this process allowed us to distinguish the event horizon
and particle horizon from the Hubble distance. Finally, we assessed the evolution of our own
universe, from the Big Bang through to large-scale structure formation, and considered the roles
of dark matter and dark energy in the ongoing expansion. This chapter has only briefly touched
on the complexities of structure formation, primarily assuming an idealised, uniform universe.
In the next chapter, we will delve into the role of initial inhomogeneities — seeds that, through
the application of perturbation theory, became the galaxies, clusters, and vast structures we
observe today.
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Chapter 3

Growth of Large-scale Structure

Theories accounting for the current accelerated expansion of the Universe lie at a crossroads:
we can either introduce a new, smooth component with sufficiently negative pressure — dubbed
dark energy — or modify the laws of gravity such that this acceleration is allowed. Depending on
which path we take, the evolution of matter perturbations will be affected differently. Despite
the additional work this presents, we can use it as a consistency check for our results; perturba-
tion theory proves to be a powerful tool for differentiating models that do or do not adhere to
general relativity (GR) [38]. Henceforth, to streamline calculations, we let ¢ = 1 unless specified.

Any reasonable cosmological model should be able to account for the structure we observe
in the Universe. We have discussed the homogeneity that manifests at very large scales, but
we know that zooming in reveals a number of ‘small’ details ranging from hyperdense neutron
stars only a few kilometres across, to great walls extending for hundreds of megaparsecs. These
structures give us information about the state of the early universe, and their great variety is
likely due to gravitational instability. Gravity is the only — relatively well-understood — action we
know of that acts at universe-scale distances and can aggregate matter into discernible structure.
Gravitational instability has the ability to amplify the growth of small density fluctuations in
the early universe, making it the prominent candidate for understanding the origin of structure
formation. In our case, the observable universe is well described by the FLRW universe [151].
This means that all structure would have evolved from initial small density perturbations —
arising from gravitational instability or cosmic explosions — in the FLRW background. Those
stemming from initial conditions just after the big bang, i.e. within 10734 seconds are known as
primordial perturbations.

We refer to this perturbation-inclusive model as an almost-FLRW universe. We know that
the perfectly homogeneous and isotropic FLRW universe is applicable on large scales, but re-
mains unrealistic on small scales due to the presence of galaxies, clusters, and cosmic structures.
An almost-FLRW universe is a more physical model that incorporates small deviations from
homogeneity and isotropy, allowing for local inhomogeneities and anisotropies such as density
fluctuations, cosmic structures, or small anisotropies in the cosmic microwave background. Per-
turbations can also be classified into scalar, vector, and tensor types [152]. The first is the most
significant; scalar perturbations correspond to fluctuations in the energy density, which create
gravitational potential wells that seed the formation of large-scale structure. These same poten-
tial wells also imprint anisotropies on the CMB via the Sachs-Wolfe effect [153], where photons
from high-density regions at last scattering lose energy as they climb out of gravitational wells,
leading to redshifts in their observed temperature. This redshift causes a fractional variation of
the temperature:

AT 69

=L 1
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3.1. The gauge problem

where d¢ is the fluctuation in gravitational potential. The photons also experience a time dilation
effect dependent on the scale factor,

AT da

T
The relative contributions of these two terms depend on the behaviour of the perturbations [66].
As a result, CMB radiation has become one of the most important probes of Big Bang cosmol-
ogy. Vector perturbations arise from vorticity or rotational motions in the fluid, and typically
decay over time in an expanding universe. Tensor perturbations are fluctuations in spacetime,
i.e. gravitational waves [154, 155]. These waves travel through the Universe relatively unaffected
by matter, preserving information about the early universe, and comprise a fascinating area of
cosmological research.

(3.2)

A simple linear expression for the behaviour of matter perturbations is of the form

0p_p=>p (3.3)
P P

J

also known as the density contrast, which measures the fractional deviation of the local density
p from the background density p. Positive values (6 > 0) indicate regions where the density is
higher than average (overdensities), which could collapse under gravity to form structures like
galaxies. Negative values (6 < 0) indicate underdense regions (voids). Small values (|6] < 1)
imply a weak gravitational field, which can be studied using linear theory, or the Newtonian
approach. However, this breaks down on scales exceeding the Hubble radius (2.27) because the
metric perturbations dominate the dynamics at these scales. Because Newtonian theory neglects
perturbations of the metric, it is not viable for studying perturbations on large scales.

The CMB provides us with a road map of the Universe back to the time of last scattering
(see §2.3.1). Observation of the CMB anisotropy should ideally enable us to infer the prop-
erties of primordial perturbations. Such inferences began over 50 years ago when Sachs and
Wolfe [153] calculated the perturbed redshift back to last scattering along null geodesics for a
perturbed universe using (3.1) and (3.2). The calculation of CMB anisotropies is hampered by
the gauge-freedom that arises when specifying a map ® between the real universe S and the
unperturbed background model S [109], i.e., FLRW. The map can be specified by imposing coor-
dinate conditions on S and S, and the resulting residual freedom means that i) map-dependent
quantities such as the density perturbation are not necessarily observable, as the map cannot
be reconstructed from observations in the real universe; and ii) points in S can be mapped to
physically incompatible points in S, allowing unphysical gauge mode solutions to exist.

3.1 The gauge problem

To illustrate the significance of metric fluctuations on large scales, we can consider a separate
universe argument [156, 157]. This states that on scales much larger than the Hubble radius,
each region of the Universe evolves as if it were a separate, unperturbed FRLW universe. In
other words, when dealing with these super-horizon perturbations®, each region of space evolves
according to its own local Hubble expansion without being influenced by causal effects from other
regions. This is because regions separated by distances larger than the Hubble radius cannot
exchange information. The separate universe argument implies that large-scale perturbations —
such as those associated with density fluctuations in the early universe — can be treated as local

!Scales greater than or less than the Hubble radius are termed ‘super-horizon’ or ‘sub-horizon’ scales, respec-
tively.
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3.1. The gauge problem

changes in the parameters of a homogeneous universe model, rather than as local deviations from
a homogeneous background. This allows us to analyse the perturbations using the dynamics of
homogeneous, isotropic universes, rather than dealing with the more complex, inhomogeneous
solutions.

There are no particular coordinates we need to use for perturbed spacetime, but we do want
them to reduce to the standard coordinate system in the limit where the perturbations disappear.
We refer to coordinates that satisfy this requirement as a gauge. When defining perturbations,
we consider both an unperturbed, background universe S and a more accurate, inhomogeneous
universe S. The perturbation of quantities such as pressure or density can then be determined
by taking the difference between these quantities at any given spacetime point q. The pertur-
bation field results from considering all points in spacetime [109]. By treating the background
and perturbed spacetime as two different spacetimes, we can define a coordinate system on the
perturbed spacetime with the metric

(sgab = Gab — gab 5 ‘5gab| <1 ) (34)

where g, is the metric of the background spacetime and the energy-density perturbation, for
example, is 0y = p — ji, where the bar denotes the quantity in the idealised spacetime S. Taking
the perturbation — as well as its first and second partial derivatives® — to be very small allows
us to ignore any terms beyond first order.

However, equation 3.4 misrepresents the situation. Subtraction between two vectors on sep-
arate manifolds cannot be covariantly defined. We need some kind of map that allows us to
determine if points in S and S are valid for vector subtraction [154]. We can see that the only
constraint we have in relating the two models in (3.4) is dgq, which must necessarily be very
small. This does not seem like enough information to recover a unique spacetime S from S. A
more coherent method is to define a map ® from S to S that allows us to map the density in the
background spacetime to a background density in the perturbed spacetime, as seen in figure 3.1.
The choice of coordinates determines the map from S into S, and the freedom of this coordinate
choice in S is known as the gauge freedom [109]. If we want to change the correspondence be-
tween the background and perturbed spacetimes, we need to use a gauge transformation. More
detailed explanations of the gauge problem can be found in Carroll [43], Ellis and Bruni [109],
and Stewart [154].

2Tt is not always necessary to keep the second derivative small, but it does make the process easier.
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3.1. The gauge problem

Figure 3.1: The mapping ® between the unperturbed, background universe S and the perturbed
universe S. Image from Ellis and Bruni (1989) [109].

Equation 3.4 allows us to write the curvature and energy tensors as

GY =Gy +0GY, |0GY < 1 (3.5)
Te =T¢ +6T¢, |01 < 1. (3.6)
Substituting the Einstein equations of the two spacetimes, Gf = 87GT} and Gg = SWGTZ;Z, gives
us the field equation for the perturbations

5G2 = STGoTy . (3.7)

To compare spacetimes, we need any point in the background spacetime to correspond to a point
in the perturbed spacetime, and vice versa. Since many coordinate systems exist for which (3.4)
holds, our choice of gauge will prove important.

In linear, or first-order, perturbation theory, we can drop all products of the small quanti-
ties, 0Gab, 0gab,c and dgapq- The field equation then becomes a linear differential equation. This
could be simplified even further by using Minkowski space for the background spacetime, for
which Gup = 1ap and G¢ = Tb“ = 0 [158]. C_T’g and Gg do not satisfy the perturbation equation
exactly, since GR is nonlinear and perturbations affect the evolution of the mean; this is known
as backreaction. In first-order linear perturbation theory, however, we can assume that they
are solutions. In cosmological perturbation theory, the background spacetime is typically taken
to be the FLRW universe, which is homogeneous and isotropic but evolves with time due to
cosmic expansion. Fortunately, the Euclidean geometry of a flat FLRW universe greatly simpli-
fies calculations. This background spacetime provides the foundation for studying perturbations.

A quantity is gauge invariant if it is independent of dg,, (3.4). Unfortunately, most perturba-
tions are gauge dependent. The first systematic approach to handling this — the metric approach
— was introduced by Lifshitz in 1946 [152], who defined small perturbations around an FLRW
metric. However, his method led to unphysical gauge modes, limiting its applicability. In 1980,
Bardeen [159] developed a more robust gauge-invariant formulation. This method involves a
scalar-vector-tensor (SVT) decomposition of the perturbations, which allows one to treat the
Einstein equations for scalars, vectors, and tensors separately at linear order. However, these
perturbations are not unique and require a choice of gauge. One solution is to define a set of
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3.1. The gauge problem

metric perturbations that do not transform under coordinate transformation, i.e., the Bardeen
variables®. In this method, the variables are kept as the dynamical degrees of freedom [159],
allowing gauge modes to be eliminated automatically from the perturbation equations. However,
the linearity of the equations means that the variables can only be defined for small variations
from FLRW symmetry. The variables themselves are only gauge-invariant for gauge transforma-
tions that respect the SVT decomposition. The last issue is that the Bardeen variables, while
gauge-invariant, fail to characterise the perturbations in a way that can be easily interpreted
physically [60, 160]. One such example is the uniform density gauge, where dp is set to zero. In
the post-Newtonian approach, p is already gauge-invariant, so attempting to impose this condi-
tion via a gauge transformation doesn’t make sense as the density is already independent of the
gauge choice [161].

Another method is to fix the gauge and keep track of the perturbations. This can become
cumbersome when dealing with small perturbations or complex geometries, and requires careful
treatment of gauge freedoms. Moreover, because the metric approach considers small variations
of the metric tensor, extracting a physical interpretation from the results can be difficult. The
metric tensor is not a physically significant quantity, so it cannot be directly measured; only its
second derivatives can. This, in addition to the aforementioned gauge issues, are the primary
limitations of metric-based perturbation theory. The metric approaches, both gauge-dependent
and -invariant, are expanded upon in [114] and [60]. To preserve general covariance under per-
turbations, we must pay attention to how gauge transformations affect the perturbations at each
order, and attempt to eliminate gauge degrees of freedom. For a tensor to be gauge-invariant
at a certain order, it must vanish (or be constant) at all lower orders. This ensures that any
physical implications derived from it do not depend on the choice of gauge.

An alternative to the metric approach here is the 1 + 3 covariant approach. Its advantages
include being locally defined; being covariant; and using variables defined such that they are
automatically scalar, vector, or tensor modes [162]. As the name implies, this approach involves
the covariant 1 + 3 splitting of spacetime, which does not involve a choice of coordinates. This
makes it distinct from 34 1 approaches, where the choice of three-dimensional spatial sections is
not unique. The covariant method is an apt choice for analysing gauge-invariant perturbations;
collectively this is known as the covariant and gauge-invariant approach (CGI). A key distinction
between this and the standard approach is that CGI begins with the fully non-linear equations
— before any linearisation takes place — instead of with the background. This is advantageous
when considering non-linear equations.

At first-order perturbations, any of the 1 + 3 objects with an index — in addition to scalars
— must vanish in the background to maintain symmetry; they must therefore be gauge invariant
according to the Stewart-Walker lemma. This theorem asserts that a tensor is gauge-invariant
as long as it vanishes in the background. The effect of a gauge transformation generated by an
infinitesimal vector field ¢ on a tensor 7 in the background spacetime is equivalent to the Lie
derivative (1.30) of T" along &:

T'=T+ £T = 6T"=6T+ £T, £T=0= 6T"=6T. (3.8)

We can then apply the Stewart and Walker Lemma: a perturbation to a geometrical background
quantity T is gauge-invariant if and only if T' (i) is a constant scalar, (ii) vanishes, or (iii) is a
linear combination of products of Kronecker deltas with constant coefficients [163]. The core idea
developed by Ellis and Bruni [109] is to define covariant quantities 7" such that the corresponding
T vanishes in an FLRW universe. These variables are inherently gauge-invariant perturbations

3This method is laid out comprehensively in Peter and Uzan [42].

62



3.2. The CGI approach

in almost-FLRW universes, with their physical meaning clearly tied to their covariant definition.
However, this does not mean that all perturbations disappear in a different gauge. For example,
density perturbations are gauge-dependent, meaning their specific numerical value and evolution
depend on the choice of gauge, but the physical inhomogeneities they represent persist in all
gauges.

3.2 The CGI approach

In cosmology there are physically defined observers and hence reference frames from which we
examine physical quantities. All observable quantities inherently depend on the choice of such
an observer. These quantities are independent of any coordinate system, thus preserving general
covariance. This has led to the 1 + 3 covariant approach to cosmological perturbation theory,
which carefully distinguishes between gauge invariance and frame invariance [162]. The semi-
tetrad conversion in the 1 + 3 approach converts the GR field equations into evolution and
constraint equations that rely on covariant objects (tensors) defined relative to an observer’s
velocity field u®, its associated spatial projection tensor h®® = ¢% + u%u’, and the volume el-
ement £qpc = ugpeq. These tensors can be irreducibly decomposed into scalars, vectors, and
projected symmetric and trace-free (PSTF) tensors which collectively govern the dynamics of
the system. This leads to a description of the background spacetime in terms of a family of
invariant scalars, such as energy density and expansion rate, assuming u® represents the fluid’s
velocity. Gauge-invariant quantities arise naturally when considering perturbations of objects
that vanish in the unperturbed background. The vorticity, shear, and electric and magnetic parts
of the Weyl tensor all vanish in a homogeneous FLRW background, ensuring their perturbations
remain gauge-invariant. Other gauge-invariant perturbations can be obtained from the spatial
gradients of various scalar quantities. A more formal derivation can be found in [154]. We can
now define new gauge-invariant quantities for a single-component fluid.

The following is based on work by Hawking [164], Olsen [165], and Ellis and Bruni [109] who
make use of gauge-invariant variables that are covariantly defined in the real universe. It will
also closely follow the procedures laid out in Ellis and van Elst [166]*. The four-velocity is the
spacetime vector tangent to particle worldlines; these represent the average velocity of matter
at every point in spacetime:

a
uo dx
dr’

uut = —1, (3.9)

where the proper time 7 is measured along the fundamental worldlines [166]. The four-acceleration
is defined as
a® = u® = uPVyu . (3.10)

The projection tensors, which project arbitrary spacetime vectors into the space of vectors
tangent to a spacelike hypersurface, are uniquely defined as

U = uuy = veus =Us, U =1, Ugu® = u, (3.11a)

Pab = Gab + Uallp = he.h¢ =h%, b =3, hgu’ =0. (3.11b)

The covariant time derivative along the fundamental worldlines is simply the covariant derivative

along u®: '
T, =uV. 1", , (3.12)

4Based on Ellis’ original Cargése lectures [167].
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and the fully orthogonally projected covariant derivative 6(1 behaves as

< ab a 1b r

VT, = h*hb WP hth N T (3.13)
for any tensor 7% ,. We can see that the V., operator is useful in avoiding excess indices. The
irreducible parts of the spatial derivative of projected, symmetric, trace-free tensors are the
divergence, curl, and distortion [168]:

div Tb...c = 6ULTFab...c (314)
curl Top.c = €4e(aVT} o (3.15)
dis Tq..p = ﬁ(cTa...lﬁ ) (316)

where € = u%gpeq is the volume element. Splitting the first covariant derivative of u, into its
irreducible parts gives

~ 1
Vaub = —uaub + Vaub = —uaub + g@hub =+ Oab + Wab » (317)

where the trace © = V,u® is the scalar rate of volume expansion of the fluid, o4 = V(quy) is
the trace-free symmetric rate of shear tensor describing the distortion rate of matter flow, and
Waph = V[alUy is the anti-symmetric vorticity tensor describing the rotation of the matter relative
to a non-rotating frame. The volume expansion can also be expressed as

O =V,ul = 3% = 3H(1), (3.18)

where a 1s the scale factoy. This definition will be useful later. The derivative of the volume
expansion is then simply © = u®V,(V,u?). Recalling the identity

(chd + Vdvc> U/a - Rabcdub 3 (319)

and the magnitudes of the shear and vorticity tensors,

1 1
o = §(aabaab) , wi= §(wabw“b) : (3.20)

one can derive the Raychaudhuri equation, beginning by contracting the indices and multiplying
by u¢:

Ryuu® = uV,V,. — uV.0
= V.(Vu'u®) — Vau'Vau® —uv.0

1 .
=V, u* — <uaubuaub + 562 + 202 — 2w2) - 0.

The left-hand side can be found by substituting the Einstein Field Equations for a perfect fluid
(1.83):

1
Rypuu® = KTpuu® — Aggpu®ub + §Rgabu“ub
=K puaubu“ub + Kphgyuu® — A

1
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The Raychaudhuri equation can then be written as

. 1 1
O — Vi = —592 + i’ — 2(0% — w?) — (P +3p)+A. (3.21)

This is the linearised Raychaudhuri equation. This equation shows the evolution of © along
the fluid flow lines and is the fundamental equation describing gravitational attraction. The
p + 3p term represents the effective source of gravitational effects in the fluid. If we impose
homogeneity and isotropy on (3.21), the shear and vorticity vanish. We can also treat the
product of the acceleration with itself as negligible, as we do not expect any great deviation
from geodesic motion, and absorb it into the covariant derivative. This leaves us with

: 1 1
O — Vi = —592 —5(p+3p)+A. (3.22)

We can express this in terms of the scale factor using (3.18) to obtain what is sometimes known
as the acceleration equation:

) ,
3% — Vil = =5 (p+3p) + A (3.23)

This form shows that the rate of expansion depends on the energy density and pressure of the
matter content in the Universe. If p+3p > 0, the Universe decelerates; if p+3p < 0, the Universe
is dominated by the cosmological constant and accelerates. We can recognise these as the weak-
and strong energy conditions from §1.2.2. A singularity occurs when the expansion scalar © goes
to negative infinity in a finite time, leading to a state where the geodesics converge to a point,
and quantities like density and curvature become infinite. The Raychaudhuri equation suggests
this will happen under the following conditions:

« The matter in the Universe satisfies the strong energy condition (1.59), implying an at-
tractive gravity which causes convergence of geodesics.

« There is initially negative expansion (© < 0), which will cause © to continue to decrease
over time.

It therefore reveals that singularities are a generic feature in general relativity, arising when
geodesics converge under the influence of attractive gravity and the strong energy condition.
These singularities signal points where spacetime curvature becomes infinite, leading to a break-
down in the laws of physics. If we start from an expanding state, the Raychaudhuri equation
predicts that as we go backward in time, © — —oo. This corresponds to a state of infinite
density and curvature which we know as the Big Bang singularity.

3.2.1 Linearised propagation equations

In an FLRW universe, we assume a perfect fluid spacetime in which
Oagb =— Wep = u = 0, (324)

implying that the density p, pressure p, and fluid expansion © are all functions of the cosmic time,
defined by the fluid flow vector as u, = —9,t. For a perfect fluid, there is a unique covariant four-
velocity, to which the projection tensor hg, projects orthogonally. An almost-FLRW universe
admits the following gauge-invariant variables: the shear, vorticity and acceleration,

1

Oap = V gty = hihEV ug — 30ha (3.25)

Wap = WMV ug) 3.26
[ctd]

u® = Viyu'u, (3.27)
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where the angle brackets represent the projected symmetric trace-free part of a tensor, i.e.

1
V(g — gvcuchab; (3.28)

the gravito-electric and gravito-magnetic components of the Weyl tensor Cypeq,

Eu = Copequiu?, (3.29)
1
Hyy = §nacdccdbeu6, (3.30)

which are associated with gravitational radiation; and the matter tensor components,
Ga = —hiToqu?, (3.31)
1
Tab = hghchd - g (thTcd) h’ab . (332)

All of the above variables vanish identically in an FLRW background, therefore any perturbation
of them is automatically gauge-invariant by the Stewart-Walker lemma. However, the quantities
representing the variation of the zeroth-order variables, i.e. the energy density p, pressure p, and
fluid expansion O, are typically non-zero in expanding models, meaning they cannot be gauge
invariant. To find associated gauge-invariant quantities, Ellis and Bruni [109] introduced the
gauge-invariant orthogonal spatial gradients:

X, =Vap, (3.33a)
Y, = Vap, (3.33b)
Z,=V,0. (3.33¢)

These allow us to analyse the evolution of density perturbations on an FLRW background in
a general case. Any first-order tensor X, orthogonal to u® can be decomposed by repeated
application of the V, = h®,V, operator (3.13) to extract the scalar part of the perturbation
variables. Many more gauge-invariant quantities can be found in the more complex invariantly
defined quantities that vanish in an FLRW universe. However, only two more will be necessary,
namely, the divergence of the acceleration and its spatial gradient:

A=V, A,=V,A. (3.34)

To obtain the linearised equations of propagation, we begin by finding the energy and momentum
conservation equations for a perfect fluid, where 7y, takes the form

Tap = puqup + phap - (3.35)
Applying the conservation equation, V,T,;, = 0, and (3.11b) allows us to write
0 = Vy(puu® 4 ph)
= Vi(puu®) + Vs [p(g™ + u'u’))
= uubVyp 4+ pu’Vyu® + puViyul + h®Vop 4+ pVig® + pu’Viyu® + puViyu
=u"[O(p+p)+ o +i"(p+p)+Ya.

From this we can see that the energy and momentum conservation equations for perfect fluids
take the forms
O(p+p)+p=0, (3.36a)

W(p+p)+Y,=0. (3.36b)
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Taking the spatial gradient of (3.36a) then gives us the propagation equation for X, (3.33b),

Va[O(p+p) +pl = (p+p)h", VO + OR® YV (p + p) + 1,V (uV.p)
= (p+Dp)Za +O(Xo +Y,) + W,V pVius + B uV,Vep

= (p+p)Za+O(Xy+Y,) + A, Vep (—ubuc + %@hcb + 0% + wcb)
=(p+p)Za+O(Xo+Y,) + %@Xa + h uVyVep .
The last term on the right-hand side can be expressed as
hP uVyVep = hP Vi (uVep) — h®,VyuVep.
This can be simplified by expanding h®, = h? h®, to obtain

R® uVyVep = bV (uh® Vyp) — b (Vpht Viyuc)
= hd (X,) — puc.

Here, the last term can be rewritten by utilising the acceleration equation,

a Ya B Ya
p+p  p/©
Ut =Y,

which cancels out the Y, terms. Since the left-hand-side is zero from the conservation equations,
we can write

4
§®Xa +h (X)) + (p+p)Z,=0. (3.37)

For the next step, we introduce three new gauge-invariant quantities: the fractional density
gradient X,, comoving fractional density gradient D,, and comoving expansion gradient Z,.
These are defined as:

Xa
X, =—, (3.38a)
P
D, =akX, = *X,, (3.38b)
p
Z,=aZ,. (3.38¢)

The latter two quantities represent density variations at a fixed comoving scale, as opposed
to changes to a fized distance. This allows us to investigate relative density growth between
neighbouring fluid comoving volumes. The vector D, can be decomposed into magnitude D and
direction e,:

D, = De,, e =1 = D = (D,DY)"/* . (3.39)

This vector is associated with density variations, and can be decomposed into two parts: a
solenoidal (or divergence-free) part and a gradient part. This means that D, can be split into
components based on whether or not they have divergence. The solenoidal part corresponds to
the curl or vorticity aspects of the vector field, and does not contribute to changes in density
due to compressive effects. The gradient part can be derived from a potential function, and it
directly affects density variations due to compression or expansion. This component contributes
to the divergence and thus to the density changes in the fluid.
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Returning to the conservation equation, we can rewrite (3.37) as

4
0=h'(Xq) + X+ (p+ D)2
440
- ghda(Xd)'+—a—Xa+M
p 3 p p

Lo -

To calculate the first term on the right-hand side, we make use of the relation

p
a a®
“(Xa) = (Da) — 5 Xa+ £D,
P
G

Finally, we can derive the propagation equation for the comoving fractional density and expan-
sion gradients,

ht (Dy) = OwD, — (1 +w)2Z,, (3.40)
he (Z4) = —%@za — %KpDa +a (%ucﬁ + Aa> : (3.41)

We have defined R as the 3-Ricci scalar
§—2(—%@2+A+Kp+/\)—6a—[§, (3.42)

where K = 0,=+1 is the curvature constant for the background FLRW universe. Because this
model has spatial geometry with constant curvature, the commutation of spatial derivatives
brings in the background curvature term Ka~2 through the spatial Ricci identity. This is a
result of constant-curvature property of the spatial 3-Riemann tensor (see §2.1.1):

(3)Rabcd - 6Ka_2(/7ac’)/bd - fyad’ch) ; (343)

where 7., = a~2g,, is the metric tensor for a three-space of uniform spatial curvature K [159].

When the vorticity is zero, R becomes the Ricci scalar @R of the three-dimensional spaces
orthogonal to the fluid flow [169]. When the vorticity of the fluid flow is zero, the flow is irrota-
tional, allowing for of a family of hypersurfaces that are everywhere orthogonal to the flow lines.
These hypersurfaces can then be treated as three-dimensional ‘space-like’ surfaces, essentially
allowing a slicing of spacetime into three-dimensional spatial sections that are orthogonal to the
four-velocity of the fluid. However, for a non-zero vorticity, the fluid flow has rotation, and it
becomes impossible to define a family of hypersurfaces that are everywhere orthogonal to the
flow. The flow lines ‘twist” around each other, and there is no single spatial surface that can be
orthogonal to the flow everywhere in space. Fortunately, we will be considering only irrotational
flow.

We now have entirely general variables, which means that solving their evolution equations
will be a time-consuming task. Since current observations suggest a universe very close to that
of FLRW, we can save time by limiting our analysis to cases in which the real universe differs
only slightly from the background. We therefore treat the vanishing (gauge-invariant) quantities
as first order and the quantities that are non-vanishing in the background as zeroth order. This
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leaves us with only the terms that are first order in the gauge-invariant perturbation variables.
When we linearise the equations, we drop products because they are second order and keep
quantities like ©D,, since © is a background quantity. Linearisation of equations (3.40) and
(3.41) gives

D, = OuwD, — (14 w)Z,, (3.44)
: 2 1 3K

Z,=—--02,— ~KpD 4+ A 4
=—lez,- | pa+a<a2+ ) (3.45)

where the covariant derivatives can be those of the background model [109]. We now use the
definition of A (3.34), the acceleration equation (3.2.1), and the gauge-invariant quantities in
(3.38) to rewrite A, as

Ay =V, |V (— Vip > (3.46)
p+p
% $.$ (3.47)
- a(l+w) b '

To obtain the second equality, we assumed an adiabatic evolution such that ¢ = g—? giving
adiabatic perturbations.

To obtain the second-order equations, we follow Bardeen [159] by defining

() =i = -0+ u)e-we. (3.48)

The linear second-order equation then follows from (3.44):

Yba+ E—w—k(ei—w)] @Da

12K
a2

. K%u —w)(Bw+1) -3 (- w)> p+ (2 —w) } D, + 2V, (ﬁszJ =0. (349)

This allows for a time-varying equation of state w, but if we treat it as a constant ¢? ~ w we
obtain

.. 2 . 1 2K ~
Da + <§ — U)> @Da - 5(1 - w)(l + Sw)pDa + w(?pa - V2Da> - 07 (350)

where we used (B.2) to rewrite the last term. Instead of directly performing a harmonic decom-
position of D,, we first take its spatial divergence to define a new scalar quantity,

A =VD,. (3.51)
This represents the local (covariant) density perturbation and remains gauge-invariant. Since
it is a scalar, it is more convenient for applying a harmonic decomposition. Equation (3.50)
therefore becomes
. 9 1 _
A+ <§—w) @A—5(1—w)(1+3w)pA—wV2A:O. (3.52)
For the dust-only model (w = 0) introduced in §2.1.3, (3.52) simplifies to

.92 . 1
A+Z0A—ZpA=0. (3.53)
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3.2.2 Harmonic decomposition

It is standard practice [164, 159] to decompose the variables harmonically, effectively isolating
the time and space variations. This transforms the differential equations governing the time vari-
ance of the perturbations into separate time equations for each component of spatial variation.
Instead of a complex equation that includes both time and spatial derivatives, this method yields
separate equations for time variation for each mode associated with a different spatial frequency.
This separation simplifies the equations, as each mode evolves independently over time. Each
component of spatial variation is associated with a Fourier wavenumber k£ which characterises
the scale of each perturbation mode in a way that remains consistent as the Universe expands,
i.e. a matter-comoving wavelength. We achieve this by writing D, in terms of the comoving
harmonic vectors Q((Ln) Given a second-order harmonic equation

X+AX+BX+C=0, (3.54)

we can separate the variable X into X (¢,z) = X (¢)Q(z). This can then be written as
X(t,x) = S X (W (x) (3.55)

where the 1 + 3 covariant scalar harmonics Q™ are defined as

) ~ k2

and k is the eigenvalue associated with the Fourier decomposition, which in the case of K = 0 is
the comoving wavenumber — also known as the comoving momentum — related to the comoving
wavelength A via k = 27/A. Due to expansion, the comoving wavenumber is not the physical
momentum; this is given by k/a. The normalisation of the scale factor to unity today means
that the comoving momentum of a Fourier mode is equal to the physical momentum it has
today [170]. We also see from the first equality that the spatial eigenfunctions Q™ are time
independent. This definition is just Bardeen’s scalar Helmholtz equation [159],

V2RO 4+ k2QY =0, (3.57)

expressed covariantly as obtained by Hawking [164]. The eigenfunctions of the Laplacian oper-
ator V2 form a complete set of scalar, vector, and tensor modes [171]:
V2Q(0) — —kQQ(O) :
2~ (£2) 2 ~(£2)
VIQEY = QY.

)

We express A in terms of the harmonics, getting

A=) AWM, (3.58)
k

where A®) is the harmonic component of A corresponding to the matter-comoving wavenumber
k. While A®) is often related to the density contrast, it is more accurately the covariant analogue
of §p™) /p. Substituting this decomposition into (3.52), the harmonics decouple and we obtain
the k-th harmonic equation

2

iy 2 : 1
0=AW 4 (5 — w) OA® — [5(1 —w) (14 3w)u — w% AP (3.59)

valid for £ > 0. This demonstrates how the perturbative growth depends on the matter-comoving
wavelength.
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3.2. The CGI approach

3.2.3 Jeans instability

The Jeans criterion determines the conditions under which small perturbations in a medium
will grow due to gravitational instability, leading to collapse, or oscillate and disperse due to
pressure. The former occurs if the effect of gravity exceeds the stabilising pressure force, which
are related to the mass density and Laplace terms in (3.50), respectively. Collapse therefore
tends to occur when the matter term — responsible for the gravitational pull — is greater than
the Laplace term — which resists collapse, i.e. if

%(1 —w)(1 4 3w)pA > w (QG—[;A — §2A> (3.60)

when ¢ = w. With the harmonic decomposition used for (3.59), this translates to the inequality

%(1 —w)(1+3w)p > wa—z. (3.61)

We can therefore define the Jeans wavenumber in this case as

ky = {(1 — w) (i + 3) @} sk, (3.62)

which gives a wavelength — called the Jeans length:

_ 2ma(t) s 1
=TT CSC\/ Go® (1= w)(1+30)° (3:63)

where, here only, we have reinstituted the speed of light ¢ and gravitational constant, so that w =
(cs/c)?®. Despite inhomogeneities having a constant matter-comoving size and thus a constant
comoving wavelength, the Jeans length still varies with time. During the radiation era, a o
12 and p,, oc t73/2, giving a comoving Jeans length of \j;.q = /7t2/3 which increases to a
maximum as the Universe approaches matter-radiation equality. The Jeans mass will therefore
grow as

4
My = %pm)\g o 32 (3.64)

until recombination is reached, at which point it will stay constant. After this the Universe is
matter-dominated and the sound speed of the coupled fluid becomes dependent on the matter
density. Following recombination, the Jeans length and mass will rapidly decline due to decou-
pling of matter and radiation, leading to ¢, — 0 and thus Ay — 0. Wavelength exceeding A\7**
will grow until it is overtaken by the Jeans wavelength, at which point it will undergo acoustic
oscillations until decoupling begins and the Jeans length drops to as matter-dominated growth
starts. When the Universe becomes curvature-dominated at late times — dependent on €2y — the
growth of small perturbations dies down.

We generally assume that perturbations remain unaffected by strong interactions in the early
universe present after the initial inflation. We therefore only need to consider the times (i) ¢,
when wavelengths drop below the Jeans length and acoustic oscillations begin to decay as ¢t~/6;
(ii) teq, the beginning of matter domination; and (iii) t4e., when decoupling takes place and the
acoustic oscillations have died away. In a ACDM universe, the CDM fluctuations start to grow
at teq, earlier than baryon fluctuations [166]. It is these CDM perturbations that attract the
baryons to potential wells and seed the growth of inhomogeneities.
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3.3 Matter power spectrum

Another way to solve differential equations is to express ¢ in terms of its Fourier components. If
we consider the Universe to be a box of comoving volume V| the fluctuation field can be written
as |93]

V )
6(k) = —— [ ore *Fd3k 3.65
() = oo [ Bk, (3.65)
where each Fourier mode ¢;, is calculated by performing the integral
1 .
5 = - / 5(k)e= a3y (3.66)
%4
The solution is of the form '
(Sk = ’6].3'6“% . (367)
The Fourier mode of A is related to the Fourier mode of the density contrast via A, = —k2d;.

For very small fluctuations, |0x| < 1, the phase ¢ remains small and each Fourier component

obeys
3

O + 2H by, — §QmH26k =0. (3.68)
The full general-relativistic equations governing the evolution of these density fluctuations under
gravity can be derived by applying the same approach used for a perfect fluid instead of a
scalar field. The resulting equations are identical to those derived from Newtonian theory,
except for a term that only affects super-horizon scales [44]. Therefore, on sub-horizon scales,
we can approximate these potential fluctuations as obeying the perturbed Poisson equation in
Newtonian gravity:

5Dy = — 5 . (3.69)

When the phases ¢, of the Fourier components are uncorrelated, it is known as a Gaussian field.
Interestingly, if a Gaussian field is also homogeneous and isotropic, its statistical properties are
fully described by the power spectrum P(k). Since a number of inflationary scenarios posit that
the density fluctuations constitute a homogeneous, isotropic field, Gaussian density fields are of
great interest to cosmologist. Returning to equation 3.69, substituting p = 3H?/(87G) yields

2/ k\?

from which we can deduce that (|6(k)|) oc k*(|0®|*). We therefore define the matter power
spectrum as the mean square amplitude of the Fourier components:

| rw=150, | 5.11)

where the average is taken over all possible wavenumber orientations. The power spectrum
is generally parameterised at Ps(k) o< k", where n is the primordial spectral index. Inflation
favours a power-law index n = 1, known as the Harrison-Zel’dovich spectrum. The value of n
can be deduced from temperature fluctuations in the CMB on large scales, and those measured
by Planck [107] suggest a value of n = 0.97 + 0.01, only slightly off the Harrison-Zel’dovich
spectrum [93].

Just after its inception, the Universe expanded extremely rapidly — by at least 60 e-folds in

a fraction of a second, as we showed in §2.2.1. This caused many perturbation scales to be
stretched beyond the Hubble horizon and become unaffected by causal processes. As expansion
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3.3. Matter power spectrum

slowed down, the Hubble radius grew and the stretched perturbations began to ‘re-enter’ the
horizon, such that their scales became smaller than the Hubble radius again. Looking again at
equation 3.70, we note that if we do not define the spectrum at a specific cosmic time but rather
evaluate it when a given scale re-enters the horizon k = aH, we can write

1

A radiation-dominated model exhibits a o< t'/? and H = 1/(2t), while a matter-dominated model
has a o< t?/% and H = 2/(3t) [44]. We therefore find that

X0 t radiation-dominated,
x
g t2/3 matter-dominated.

Every fluctuation, regardless of wavelength, will eventually cross the horizon. This happens
because the Hubble radius increases linearly over time, while the proper wavelength aA grows
at a slower rate. Consequently, each fluctuation will inevitably shift from a super-horizon scale
(k < aH) to a sub-horizon scale (k > aH) [172]. At super-horizon scales, the perturbation
amplitudes grow with time before they reach the Hubble horizon, as which point growth stops.

The power spectrum provides a statistical measure of density fluctuations in the matter dis-
tribution. It is therefore not an observable quantity but can be easily reconstructed from galaxy
surveys. To obtain it, we need to consider the effects of dark matter and the background cosmol-
ogy on the evolution of perturbations. The two primary modes of fluctuation are adiabatic and
isocurvature. The entropy of the former does not vary spatially due to the coupled fluctuations
in the matter and radiation components. The latter does involve entropy fluctuations, with zero
net fluctuation in the energy density [66]. Most modern models predict adiabatic fluctuations.

Per the classical Jeans instability criterion, pressure inhibits structure growth on scales smaller
than Jeans length

Ay = Coy | = (3.73)

where G has been reinstated for dimensional clarity. This is simply (3.63) with w = 1, since we
are working in the dust case for now. This is the distance travelled by an acoustic wave during the
free-fall collapse time of a perturbation. Oscillations on scales larger than this become unstable
to gravitational collapse. When a fluctuation becomes sub-horizon, dissipative processes alter
the shape of the spectrum depending on its scale. If collisionless particles of HDM or relativistic
particles and radiation are present, they can traverse through the background rapidly, damping
perturbations (see figure 3.2). Imperfect couplings of photons and baryons may also cause per-
turbations in the baryonic component to dissipate. For uniform initial Gaussian fluctuations,
the cumulative result of these processes is a deformation of the original power spectrum’s shape.
This change is described by the transfer function 7'(k), a simple function of the wavenumber,
which relates the power spectrum P(k) to its initial value Py(k) via P(k) = Py(k) x T?(k).

Relativistic particles at matter-radiation equality, like light neutrinos, are known as hot dark
matter (HDM); their large free-streaming length significantly damps the power spectrum across
a wide range of k values. Weakly Interacting Massive Particles (WIMPs), which are nonrelativis-
tic at matter-radiation equality and called cold dark matter (CDM), have minimal impact on
the power spectrum. Baryons, tightly coupled to radiation by electron scattering before recom-
bination, experience increased photon mean-free paths once recombination occurs. As photons
escape dense regions, they pull baryons along, smoothing out small-scale density fluctuations in
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a process called Silk damping. This results in damped oscillations of the baryon-photon fluid on
sub-horizon scales [66]. We can interpret these results graphically in figure 3.2 with the transfer
functions of particular models. Free-streaming effects of HDM particles eliminate small-scale
structure such that T'(k) — 0 exponentially for large k. CDM experiences similar to a lesser de-
gree, where kinematic suppression occurs on scales less than the horizon size at matter-radiation
equality. These two scenarios have great implications for late-stage structure formation: HDM
initially produces superclusters which fragment into galaxies in a ‘top-down’ scheme; conversely,
CDM begins with small-scale structures that coalesce into larger ones in a ‘bottom-up’ scheme.

10 F T T T L T T T 1T TTT T T T L I:

L iso baryons .

1E =

|T,| 0.1 3 E
0.01 baryons HDM \MDM\CDM 3
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Figure 3.2: Examples of adiabatic transfer functions — for which 7T}, — 1 at small k — for baryons,
hot dark matter (HDM), cold dark matter (CDM) and mixed dark matter (MDM), as well as
isocurvature modes (iso baryons and iso CDM). Image from Coles and Lucchin (2002) [66],
adapted from Peacock (2003) [173].

3.4 Summary

In this chapter, we acknowledged that the Universe is by no means an ideal, smooth space,
and we need to take this into account when studying structure formation. The universe we
know actually evolved from initial inhomogeneities — overdensities that created potential wells
for the seeds of large-scale structure. To begin, we looked at the types of perturbations and
their formation mechanisms, inevitably leading to a discussion of the gauge problem. To avoid
the gauge issues in metric perturbation theory, we turned to the 1 + 3 covariant perturbation
approach. This allowed us to recover key results such as the Raychaudhuri, continuity, and
conservation equations. The next step involved utilising gauge-invariant variables to analyse
perturbations, where we ultimately derived the differential equations for the comoving fractional
density and expansion gradients. By adopting a harmonic decomposition of variables, we isolated
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the time and spatial variations, enabling us to derive Jeans’ instability criteria and examine the
significance of the Jeans length in the context of cosmic evolution. We finished with a simplified
analysis using Newtonian perturbation theory, which allowed us to derive the density contrast
equation. We then showed how to derive the power spectrum from the Fourier expansion, and
what the spectrum tells us about perturbations in the early universe. Throughout the chapter,
we remained within the framework of general relativity. In the next chapter, we will apply all
of this to modified gravity — namely f(R).
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Chapter 4

Modified Gravity

In this chapter, we formulate a model-independent, cosmography-based approach to f(R) cos-
mologies that mimic ACDM |[36], and analyse the growth factor. The last three chapters have
covered all the tools and techniques we need to tackle the main problem of the thesis. By ex-
pressing terms involving f(R) and its derivatives in terms of cosmographic parameters (g, j, s, ()
within the f(R) 1+ 3 covariant perturbation scheme, we will be able to formulate a model-
independent analysis of f(R) without pre-specifying the functional form of f.

We first review the model-independent analysis of the background, highlighting the effectiveness
of cosmography in describing the evolution of the cosmological expansion history. The exact
linear perturbation equations are then reformulated, and the quasi-static (QS) assumptions are
separately applied to derive the semi- and fully quasi-static approximation equations. The cos-
mographic condition j = 1 is adopted to specify a background cosmic evolution that adheres to
ACDM. Following this, we analyse the dynamics of matter perturbations using the 1 + 3 CGI
formalism. We finally turn to the evolution of the growth rate function and the growth index
parameter across different scales under exact, semi-QS, and full-QS approximations, comparing
the results to model-specific f(R) predictions. We also explore the scale-dependent dispersion
of the growth index parameter, a hallmark of modified gravity theories.

4.1 f(R) gravity

The most prevalent of the modified gravity theories, f(R), is the focus of this chapter. In this
model, the Ricci scalar in the Einstein-Hilbert action is replaced with a general function of itself.
Since this will show itself in large-scale clustering, accurate observations are required in both the
background evolution and large-scale structure to reconstruct the theory. Traditional methods
first specify the form of the modified gravity model, e.g. Hu-Sawicki [174], Starobinsky [175],
etc., and fit the parameters using observational data. This method is not particularly efficient,
as one needs to correctly estimate a model before even constructing a dynamical system. The
added observational errors also make it difficult to pin down a specific form of the model.

In f(R) gravity, we want to generalise the Lagrangian of the four-dimensional Einstein-Hilbert
action (1.64). The Ricci scalar R = g"” R, is replaced by a function of the Ricci scalar, giving

S = / d4:c\/—_ng(R)+£m(guu,\I’m) , (4.1)

where g is the determinant of the metric g, and £,,, is the matter Lagrangian, which is dependent
on the metric and the matter fields ¥,,,. These matter fields obey standard conservation equations
and the metric g, therefore corresponds to the physical frame. There are two methods to derive
the field equations from the action [64]:
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4.1. f(R) gravity

Metric: In the metric formalism, the connections I'g are the standard connections defined in
terms of the metric g,,. The field equations are obtained by varying the action (4.1) with
respect to g,

Palatini: In the Palatini formalism, I'g and g, are treated as independent variables. The action
(4.1) is varied with respect to both the metric g,,, and the connection I'g,

While the metric approach typically results in higher-order derivative field equations, the Palatini
formalism yields gravitational field equations that are consistently second-order partial differen-
tial equations. We will be making use of the former.

By the principle of least action!, the variation of the action (4.1) with respect to the inverse
must yield zero, and we can use this to derive the equations of motion:

0=906S
:5/d4x\/—_gB F(R) + LGy, m)}
:/d4 '15(\/—_gf(R))+5(\/—_95m)}5 ’

g Sghv
= [t |5 (vt sy R ) o EEE) ge

T r
L\DI»—k [\3|,_. o |

YDA ICL NS = e

Since this equation should hold for all §g**, the two terms in the square brackets should sum to

zero, thus
SFR)  F(R)0VTG 2 5(/ )

—+ =
ogt /=g dg v=g  dg"

In the case of scalar fields, the energy-momentum tensor can be written as (1.66) 48], leaving

us with 5F(R B\
fB) | f(8) V=9 _p (4.2)
ogh /=g 0g
The variation of f(R) yields f'(R)0R, so we need to calculate the variations of both the metric
and the Ricci scalar. Returning to the variation of the action, we can substitute (1.66), (1.68)
and (1.75) to obtain

5S:/d4x
:/d4x

[ 1 1
= /d4x —v/—g (F(R)(Rwdg“” + 9, 066" =V, V,6g") — Eg,wég‘“’f(R) — §TW59’“’)} ;

(5f(R)v/=g + f(R)6v/—g) — %Tuv ¢_—gégw}
(- misen) v

N — N~

—_

[\]

where F'(R) = f/(R). Integration by parts on the second and third terms — while discarding
total divergences — yields

o5 = [ dtay=gig” B (F(R)RW — S0 (R) + g0 — VNAF(R)) - %T] o (3)

IThe solutions for the equations of motion are stationary points of the action.

77



4.1. f(R) gravity

Demanding that the action remains invariant under variations of the metric, i.e. §5/6¢g"” = 0,
we obtain the f(R) field equations:

1
F(R) By = 5 f(R) g + (908 = ViV F(R) = T (4.4)
The trace of this equation is
30F(R)+ RF(R)—2f(R) =T, (4.5)

where T = ¢"T),, and OF = (1/y/=¢)0.(v/—g9"*0,F). This gives us the propagating scalar
degree of freedom F(R), referred to hereafter as the scalaron. In the case of GR the scalaron
is simply F(R) = 1 since f(R) = R — 3A — R [47], and the OF(R) term vanishes?. In the
presence of a perfect fluid (p = wp) with energy density p and pressure p, the f(R) gravity field
equations become

K
3F (H2 + ;> =p+pr, (4.6a)

. , K
—F (2H +3H* + = | =p+pr, (4.6b)

where the scalaron energy density and pressure are defined as

(RF — f) —3HF, (4.7a)

.1
—|—2HF—§(RF—f) , (4.7b)

where dots represent differentiation with respect to time ¢t. We can combine equations 4.6b and
4.7b to obtain the modified Friedmann and Raychaudhuri equations for a flat (K = 0)
FLRW universe:

1 1 .
3H2=?{Pm+§(3f/—f)—3Hf/,R ; (4.8)

) 1 . . ..
3H + 3H? = “op {pm +3pm+f—FR+3Hf'R+3f"R*+3f"R|, (4.9)

where p,, represents the energy density of standard matter, H and R represent the Hubble
parameter and Ricci scalar defined in (2.54) and (1.52), respectively, and a prime represents the
derivative with respect to R.

4.1.1 Viability of f(R)

In terms of cosmological dynamics, an f(R) theory should display smooth transitions between
cosmological eras. It must provide an inflationary period which solves the flatness, horizon, and
monopole problems. This needs to be followed by a radiation-dominated epoch which leads to a
matter-dominated era. The evolution should finally evolve towards a de Sitter-type expansion.
The stability of f(R) gravity depends on the following conditions:

« f/(R) > 0 for all R to avoid a ghost degree of freedom that appears when f'(R) < 0. This
also guarantees that gravity is attractive with a positive effective gravitational constant.

2Contrary to the metric formalism, the Palatini approach does not introduce new degrees of freedom and the
scalaron does not propagate freely [176].
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« f"(R) > 0 during the early epoch of matter domination, as f”(R) < 0 gives rise to
the Dolgov-Kawasaki instability® [177]. This may result in a weak sudden singularity if
f"(R) = 0 for a finite scalar curvature.

The existence of a stable Newtonian limit is linked to the presence of a stable ground state in
the theory, be it Minkowski, de Sitter, or anti-de Sitter. To obtain a stable weak-field limit —
applicable in regimes for R where Newtonian gravity holds — f(R) must satisfy

If(R)—R|< R = |f'(R)—1] <1, (4.10)
Rf"(R) < 1, (4.11)
f(R) = R—2A, (4.12)

for R > Ry, guaranteeing that deviations from GR remain minimal [31]. Additional constraints
arise from the cosmological and solar system tests, requiring

lim f(R) = const. and lim f(R)=0. (4.13)

R—o0 R—0
To summarise, f(R) must accurately reproduce the gravitational field in and around compact
objects; accelerate the Universe at late times; generate an expansion history consistent with
observations; and align with the growth of large-scale structures. One of the first models to ex-
hibit inflation in the early universe was proposed by Starobinsky in 1980 [112], f(R) = R+ aR?
(v > 0). The quadratic term leads to an accelerated expansion and an asymptotically exact de
Sitter solution [47]. However, this term is also negligible relative to R at the present epoch, so
the model cannot account for the current accelerated expansion. To mitigate this, models of the
form f(R) = R+aR" (a,n > 0) were proposed. While these models could drive cosmic acceler-
ation, they often failed to satisfy local gravity constraints due to the instability associated with
negative f”(R), which can lead to a tachyonic scalar degree of freedom. Additionally, many such
models struggled to reproduce a standard matter-dominated epoch [64]. One challenge in f(R)
gravity is the degeneracy among models; many can be tuned to match specific observational
constraints but may fail others, such as local gravity tests or structure formation requirements,
making it difficult to distinguish the most viable ones.

Moreover, some models may require fine-tuning of parameters to match observations, raising
questions about their validity. For instance, the value of certain parameters may need to be
very specific to avoid conflicts with data. The Newtonian limit and adherence to energy condi-
tions impose additional constraints, while deviations from GR — in the Hubble and deceleration
parameters — typically emerge only at low redshifts (z < 1), limiting their distinct signatures.
Moreover, the scalar field introduced by f(R) theories can lead to complexities such as higher-
order field equations in the metric formulation, or additional algebraic relations in the Palatini
formulation. Rigorous observational tests, including those using the CMB, weak gravitational
lensing, the Integrated Sachs-Wolfe (ISW) effect, and gravitational wave propagation, are essen-
tial for constraining f(R) models. f(R) gravity still requires extensive observational analysis to
address these limitations and identify the most viable theories. Finally, though beyond the scope
of this thesis, we also need to consider the fact that many modified gravity theories, including
f(R), have not been thoroughly quantised, leading to uncertainty surrounding their consistency
at quantum scales. The lack of a well-defined quantum theory could limit their applicability in
high-energy regimes.

3This implies a modification of the form 1/R, which causes a temporal instability in the growth of curvature
perturbations.
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4.2 Dynamical systems analysis

One can solve the field equations (4.6b) for a chosen f(R) theory, but it can be beneficial to
determine the form of f(R) that yields a desired solution. This is achieved via the various
reconstruction methods of f(R) gravity, described by Nojiri and Odintsov in [178]. In this ap-
proach, it is assumed that the Universe’s expansion history is precisely known, and the field
equations are inverted to identify the class of f(R) theories that can produce a given FLRW
model. Such solutions are particularly significant because, in FLRW backgrounds, they often
represent asymptotic or intermediate states within the broader phase-space of potential cosmo-
logical evolutions. The reconstruction methods call for the Ricci scalar R to be recast as a
function of a cosmological variable in such a way that the function can be inverted. Different re-
construction approaches express R in terms of different variables. Even if R(¢) is non-invertible,
R = R(a), R(H), or R(7) might be. The particular method must be chosen well, since a number
fail to deliver the desired cosmology where others succeed [179].

If a reconstruction differential equation is successfully derived, there is no guarantee that a
compact form of the general solution can be found, and if it is, it may involve functions too
complex to be solved analytically. For instance, as the ACDM model aligns best with observa-
tions, efforts have been made to reconstruct f(R) theories that replicate the ACDM evolution
history precisely without introducing a A-term. These attempts often result in compact solu-
tions expressed through Hypergeometric functions [180]. However, when delving deeper into
the perturbative regime to determine if perturbation-dependent observables can differentiate
between the R — 2A and f(R) models, hypergeometric functions pose significant challenges due
to their complexity [36]. In the following sections we will attempt to understand how the linear
perturbation scheme of ACDM differs from F(R) theories while bypassing the reconstruction
method completely, as done in [36, 37].

The complexity of the fourth-order field equations in these theories often hinders efforts to
fully understand their physics, making it challenging to derive exact or numerical solutions that
can be directly compared with observations. However, one particularly effective approach lever-
ages the theory of dynamical systems [181, 182] has demonstrated great success in providing a
straightforward framework for deriving exact solutions and qualitatively describing the global
dynamics of these models. Bahamonde et al. provide a thorough review of the dynamical sys-
tems approach and its application to various GR and modified gravity theories [183]. The most
common method for formulating a dynamical system in terms of expansion-normalised variables
was first used in [184], based on a paper by Goliath and Ellis [185]. The expansion-normalised
dynamical dimensionless variables present in f(R) gravity can be expressed in terms of the new
variables

F R f p

- - = Q= — 4.14
TwHrR YT e T GFH? 3FH?’ (4.14)
where, for a general system, the Ricci scalar is
. , K
R=6(H+2H"+— | . (4.15)
a
The Friedmann constraint equation then becomes
—r+y—2—-—K+Q=1. (4.16)

80



4.2. Dynamical systems analysis

To form the dynamical system, these variables (4.14) are differentiated with respect to the
number of e-foldings, 7 = In a, using (4.6b), the fact that dyp = Hd¢, and the time derivatives

: . . 2KH
R:6(H+4HH— 3 ) : (4.17)
p=—3H(1+w)p. (4.18)
K is then eliminated from the system using (4.16) to give
dz 9
d—:—2:c +2y — (24 2)x — 42+ Qx + 1 — 3w), (4.19a)
n
dy
an ylz(T —2)—2(z—1)+29], (4.19b)
dz
Fi xyl + 2(—3z — 22 + 20 + 2), (4.19¢)
n
dQ
= Q=3 —22+2Q—-3w—1), (4.19d)
n
where I' = I'(R) is defined as
dmR F _RF
D(R)= 15 = 7 = oF (4.20)

To close the system, we need to express ['(R) in terms of the dynamical variables z, y, z, and
Q). This requires determining R as a function of y/z and subsequently I'(y/z), which depends
on whether the relation y/z = RF/y is invertible. In other words, R must be uniquely solvable
for every combination of y and z. This constraint has historically limited the types of f(R)
models that can be studied using this approach. To address this issue, alternative methods have
been proposed, including introducing additional parameters or variables. In [186], the dynamical
system was reformulated using the variables

H\? 3 dH 1 d&2H
A (2 L P 4.21
(m) @ 2H dn’ 4H dn?’ (4.21)

where m is a constant with units of mass, specific to the f(R) theory under consideration. The
quantities @ and J are related to the cosmographic deceleration (¢) and jerk (j) parameters,
respectively. Reformulating the system in terms of these variables results in a four-dimensional
phase space. This approach introduces two auxiliary quantities, X and Y, replacing the single
I" used in earlier formulations. By expressing X and Y in terms of H? and R, the system be-
comes closed and autonomous, eliminating the need for an invertible function R(y/z). While
this method can accommodate any f(R) form, the resulting expressions for X (A,y) and Y (A, y)
may become highly complex. A drawback of this and similar formulations is their reliance on
a top-down approach, requiring the functional form of f(R) to be specified in advance before
analysis. This model-by-model investigation is a time-consuming process. Ideally, one would
prefer to reconstruct the gravitational theory directly from observations or at least constrain it
to ensure consistency with empirical data.

For this reason, we will make use of a bottom-up approach, where the form of f(R) is left entirely

general but must satisfy specific cosmological conditions. To make the dynamical system (4.19)
autonomous, the definition of I' (4.20) can be used, along with the Friedmann constraint (4.16),
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to obtain
R
1—‘_
xy _6[-[3
H
=m+4(y—2—K)—2K
i
:ﬁ—Q(ynLl)—irG(x—l—z—Q).

(4.22)

However, the first term is expressed in a way which is unsuitable for dynamical systems analysis.
This can be remedied by introducing four cosmographic parameters, deceleration, jerk, snap,

and lerk defined in (2.59), which can be expressed as

H
Q:—l—ﬁ,
H
J=1p 842,
S:m+4j+3(J(q+4)+6,
H® ‘
l= 7B + 55 —10(j + 3q)(¢ +2) — 24.

Their derivatives are

d—n=2q2+q—j,

D= stz 30),
j—;:l+s(3+4q),
%=m+l(4—l—5q),

which can be related to each other via

dq
.:22 44
J=20+a- g
_d
d
l:d—;—3(3+4q).

(4.23a)
(4.23b)
(4.23¢)

(4.23d)

(4.24a)
(4.24D)
(4.24c)

(4.24d)

(4.25a)
(4.25b)

(4.25¢)

As we discussed when deriving equations (2.59), it’s cosmographic parameters all the way down,
but any solution of some f(R) theory can be expressed as a finite set of algebraic equations
relating the cosmographic parameters. This makes it unnecessary to extend our analysis beyond
lerk. A specific cosmic evolution, whether derived from GR or an f(R) theory, can always be
described by an algebraic relationship involving a finite set of cosmographic parameters. To
illustrate this, consider a straightforward example from GR. The cosmic evolution associated
with the standard ACDM model of cosmology is a solution of GR with a cosmological constant

and satisfies the corresponding field equation
p A
H*+— =14+ —.
* 3a? * 3
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Following [91], we use the method of eliminating parameters and redefining them as constants
of integration. We consider (4.26) and its first two time derivatives:

K po

H 2K 3po

Since we are working with dust, energy conservation means that pya® is constant. We can there-
fore treat (4.26) and (4.28) as a system of algebraic equations for the constants (K/a?, py/a®, A),
which can be expressed in terms of (H, H, H). If we take the third derivative of (4.26) and
substitute these expressions for the constants, the resulting equation can be expressed using
only the cosmographic parameters:

s+2(q+7)+qj=0. (4.29)

4.2.1 A model-independent dynamical system

Rewriting the first term on the right-hand side of (4.22) in terms of these parameters gives
H/H3 =2+ 3q+ j. xyl can therefore be written as

oyl = =2y + 1) +6(z+2— Q) +2+3¢+ . (4.30)

The definitions of y (4.14) and the Ricci scalar (4.15) provide another constraint

H R
—=———2-K
H? 6H2
H
y—ﬁ+2+K
=1—-q+ K. (4.31)

This allows the Friedmann constraint to be rewritten as
z=—x+Q0—q. (4.32)

Using the constraint equations (4.31) and (4.32) allows y and z to be eliminated from the
dynamical system (4.19).

dx

i = —x(z—q)+ 2@+ K +q) — 301 +w) + 2, (4.33a)
dQ

dK

9K 4.33
a q, ( c)
dq 9 .

1 _9 — 4.33d
& g +q9—17, ( 33 )
€

_df; = j(3¢+2)+s. (4.33¢)

It will also prove beneficial to use the constraint equations to eliminate y and z from (4.30):

oyl = —2K —q+j—2. (4.34)
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The dynamical system (4.33) takes on a simpler form than previously (4.19), and does not re-
quire one to specify the functional form of f(R) to make the system autonomous. The last
two equations are completely kinematical in nature, having no dependence on the dimensionless
variables. They depend only on how the Universe evolves rather than the inherent dynamical
properties responsible for its evolution. In the context of the present universe, ¢ < 0 due to ac-
celeration. This means that |K| < 1,i.e. 1+ K > 0, leading to the conclusion that y > 0 in the
present universe. y = 0 is therefore an invariant submanifold of the dynamical system, dividing
the phase space into two disjoint regions, y > 0 (R > 0) and y < 0 (R < 0), the former of which
contains the relevant physical dynamics leading to an accelerated universe. Additionally, the
presence of an invariant submanifold implies that there can exist no global attractor or repeller
anywhere other than y = 0.

As mentioned previously, the physical viability of any f(R) theory requires that F' > 0 through-
out the physically relevant region of the phase space, and that F’ > 0 at least within the locality
of the fixed point corresponding to the matter-dominated epoch [36]. One can obtain a term of
the form F'/F by dividing x by xyl', giving

6H?F'
A . (4.35)
—2K —q+j—2 F
Assuming F' > 0 and constraining F”’ > 0 yields the necessary constraint
x
>0. 4.36
2K —q+j—-2" (4:36)

Table 4.1 shows the fixed points of the system. P, and P; are a saddle point and attractor,
respectively, which give solutions for exponential expansion driven by the scalar field. P; is a
saddle point where expansion is driven by matter, and the scale factor evolves as a power of time
— this is useful for studying the matter-dominated era. P, and Ps5 are a repeller and a saddle,
respectively, where the dynamics are primarily influenced by the scalaron field and the scale
factor evolves according to a power-law relation. This type of solution could describe various
phases of cosmic evolution, including both early inflation and late-time acceleration, depending
on the specific form of the f(R) function and the exponent. Ps and P; are fixed points that do
not reside on the invariant submanifold K = 0, giving an unphysical Milne solution.
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. . Coordinates . . .
Fixed point (o, O, K*, ") Stability | Cosmological solution
Scalaron-dominated
P, (0,0,0,—1) Saddle De.Sitter
P, (0,1,0, % ) Saddle Matter-dominated
power law
Scalaron-dominated
Ps (1,0,0,—1) Attractor De.Sitter
573 1 Scalaron-dominated
P, (>=F=,0,0,3) | Repeller power law
P, ( 5+21/ﬁ7 0,0,1) | Saddle Scalaron-dominated
power law
P (0,0,—1,0) Saddle Milne solution
Py (2,0,—1,0) Saddle Milne solution

Table 4.1: Fixed points of the dynamical system (4.33e) with their respective coordinates, sta-
bilities and cosmological solutions. P3; and Ps; are fixed points that do not satisfy constraint
(4.36) for j = 1, due to division by zero and a negative value, respectively. Py and P; are fixed
points that yield an unphysical solution.

Figure 4.1 presents phase portrait projections on the slices ¢ = —1 (4.1a), ¢ = 1/2 (4.1b),
Q=0 (4.1c), and Q© = 1 (4.1d). The shaded region represents the area where the condition
F’" > 0 is satisfied, given that F' > 0. The faster a phase trajectory exits this shaded region,
the more likely the corresponding cosmic evolution is to encounter the Dolgov-Kawasaki insta-
bility, making it less physically viable. Trajectories originating from P; and moving toward
the acceleration submanifold at ¢ = —1 indicate possible evolutionary paths from a decelerat-
ing, matter-dominated phase to a late-time accelerating phase. Thus, the trajectories on the
left of (4.1b) are the most viable. Meanwhile, all trajectories passing near the saddle point P,
eventually reach P, which lies outside the viable region, making these paths undesirable 4.

4All plots in this chapter were generated using Mathematica v14 (Wolfram Research).
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Figure 4.1: Phase diagrams showing projections on the slices (a) ¢ = —1, (b) ¢ = 1/2, (¢) Q2 =0,
and (d) © = 1. The shaded region represents the region in which the condition F', F > 0 is
satisfied. The red line in (d) indicates a viable trajectory, which has evolved from the initial
conditions in (4.134).
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4.3 Structure growth in f(R)

This section examines the treatment of perturbations in f(R) gravity, starting from the propa-
gation equations that govern the evolution of scalar, vector, and tensor modes. This allows us to
introduce the covariant gauge-invariant formalism and construct a model-independent dynamical
system.

4.3.1 Propagation equations
For a general tensor T,, we can write
Tab = PULUp + phab + 2q(aub) + Tap s (437)

where p and p are the energy density and isotropic pressure, respectively, g, = q(q) is the energy
flux and 7, = 7 is the anisotropic pressure. Applying this decomposition to the effective
energy-momentum tensor gives us

P = Tip'utub = p™ + p
1
Ttot ab — ﬁm + pR

3
q::lot — Ttothbuc — CZT + qf’

tot tot 1. ¢ d _ ~m R
Tab _T h ah’b>_7rab+7rab7

relative to u]', where

~m_pm . pm
P _77 p f,7
~m_qa o ab
qa_77 ab_f/'

If we assume standard matter to be a perfect fluid, ¢;* and 7, — and consequently ¢.* and 7}
— vanish. The effective thermodynamical quantities for the curvature fluid are

Pt = 7 [ (Rf' — f) —Of"R+ f"V?R + f”uﬁbR} , (4.38)
=7 { (f = RF)+ f'Ro+ 752+ S04'R

f”VZR f’“vaRv R— f’uﬁbR] : (4.39)
g = —% [ "RV R+ f'V,R — 3 f”%aR] : (4.40)
f = fi VR4 "V @RV R~ 0wl (4.41)

The twice-contracted Bianchi identities for f(R)

- bpm "
VOTM — ij/’ab — ﬁT(Z}V R, (4.42)
I~
VITH = f/Q THVR, (4.43)
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yield differential equations for the quantities p™, p, ¢%:
pr==00"+p"), (4.44)
‘R | a R R R ~a R ab_R meR
o +an:—@(p —|—p)—2(uqa)—(cr 7Tba)—|—p 7 (4.45)
RS - 1 o . mf"VaR
ify + Var" + V'l = 00 — ot — (" + ") o — 5y — el + 0" (4.46)

A relation between the acceleration u, and the density and pressure terms then follows from the
momentum conservation equation (3.36):

VT = = (p" P il (4.47)

These equations (4.44)—(4.47) comprise the linear conservation equations for matter and curva-
ture. Together with the nonlinear 1 4 3 equations for fourth-order gravity (found in Appendix
A), these govern the dynamics of matter and gravitaional fields in fourth order gravity.

We choose our background spacetime to be that of FLRW, in which — as discussed in §3.2
— first-order and gauge-invariant variables vanish. The Friedmann background is devoid of all
inhomogeneous and anisotropic quantities ¢* and 7 which establishes the order of terms in
the 1+ 3 equations and the linearisation process. Specifically, quantities that vanish in the back-
ground are treated as first order in the linearisation scheme. When we linearise the background
equations, we drop all terms of second order and higher. The Stuart and Walker lemma guaran-
tees that because these quantities are zero in the background, they are inherently gauge-invariant

[154]. The cosmological equations for the background are

R
0? = 3p™ + 3p" — —, (4.48)
2
.1 1 1
O+ 562 +5 (p™ +3p™) + 3 (p"+3p™) =0, (4.49)
PO (" +p") =0, (4.50)

where pf and p are the zeroth order energy density and pressure of the curvature fluid and R
is the 3-Ricci scalar defined in (3.42). Linearisation of the exact propagation (4.51)—(4.55) and
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constraint equations (4.56)—(4.60) about the FLRW background yields the system [187]

. 1 ~ 1 1
O + §®2 — VA + g (p" + 3p™) = -5 (p™+3p") . (4.51)
1
W +2Hw, + 3 curl A, =0, (4.52)
Gap + 2H0wy + Eap — Via Ay = —q (4.53)
. 1
E., +3HE,, — curl Hy, + 5 (P +Dp™) ow
1 R R 1 - R 1= R 1 R
= —5 (p —I—p ) Oab — §7T(ab) - §v<aq1)) - 6@7Tab . (454)
. 1
Hy +3HH,, + curl By, = 3 curl 72 | (4.55)
_ 9
Vo, — curlw, — gva@ = ¢, (4.56)
curl oy + §<awb> —Hy, =0, (4.57)
~ 1~ 1~ 1~ 1
b ~m b_R R R
Euy— =Vap" = —= V" — 20¢", 4.58
~ 1
VbHab - (ﬁm + ﬁm>wa = _5 curl Qf + (/JR + pR)Wa ) (459)
Viw, =0, (4.60)

and the linearised conservation equations, obtained from (4.44)—(4.47), are

pr=—-00"+p"), (4.61)
Vip™ = —(p" 4+ p")u, (4.62)
~ f//R
P+ Vgl = —0(p" +pf) + p" 7 (4.63)
P -~ 4 L f"V.R
fy + Vap" + V'l = — 200 — (0" +p")ita +p Tt (4.64)

4.3.2 CGI density perturbations

We can now analyse the growth of large-scale structure using the CGI approach introduced
by Ellis and Bruni [109] and summarised in §3.2. To derive the perturbation equations in the
general case, we define the density and expansion gradients in the same way as [109, 187, 188]:

D =N ", Z,=aV,0, C,=aV.R, (4.65)

a m

and the dimensional gradients that describe the inhomogeneities in the Ricci scalar R and its
momentum R as

Ra=aV.R, R,=aV.R. (4.66)

Using equations (4.38), (4.39) and the identities in Appendix B, we can obtain the evolution
equations for the variables in (4.65) (barring C,, the derivative of which is redundant in this
case). The simplest is D™ which becomes

D™ = wOD™ — (1 +w)Z,, (4.67)
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while Z, is more complicated:

) 2 ~ a ~
Z,=—--0Z 1 S v PG
o= =307+ G (14 3u)VaR = 5V [0 (14 3u)
— g%a (,OR + BpR) +aV, Vi, + aO, . (4.68)

To continue, we will need to simplify the 6apR and 6apR terms. This will require the use of the
following derivatives:

f/l

Vof = f'VoR, Vuf"=f"V.R, V.f"=fYV,R, V, 7 = f,QV JR. (4.69)
The pressure-density term in (4.68) can then be expanded to

l(aﬁapR + 3a€app~> S 2 (R + 3p™ R, — —”RR + —”RZ + I om + lR@R

2 Caf 2f 2f 2f 2f
fl/l 9 1 9 f'/l f//l fl/l .
2f,VRR 2f,v(v3> s Vet G RR = B
L3 o ey FOI
o R = raV, (V'RV,R) — 7 (V'RV,R)R, .

within which are are terms in need of further simplification, namely 6(1(@5%”}%) and V, R, to
ascertain whether they contain second-order terms. The former is fairly straightforward:

_ Vep™ B wVpp™
Up = — = —
pr+pm (L w)

.o - b L 6bpm~b .~ Dgan
-V (0 V'R) = vaa(pmVJ%)_ vaa( =)

which is second order due to the product of D* and R’. The latter necessitates the use of the
trace equation (4.5), which we multiply by the metric tensor to isolate R:

1 p 1
9 Ry — 29 g R = ¢" FT(Z} + gabT£

.~.R—2R:%Tm+TR.

The terms on the right-hand side can be found by multiplying the energy-momentum equation
by the metric tensor,

gabT:bm — gabpmuaub + gabpmhab + anqu(aub) + ﬂ_;?z
Tm — pmuaua +gabhabpm
=—p"+3p"
where ¢ and 77 vanish due to the assumption of standard matter as a perfect fluid. The

result above also applies to T, as ¢ and 7% are inhomogeneous and anisotropic quantities that
consequently vanish on a Friedmann background. This allows R to be written as

1

R= 5 (0" =3") + (" = 3p")
m 1
’}, (1=3w)+ 4 (2Rf'—2f =30/ R+ 3f'V* R+ 2f"i V'R — 3f"R — 3/"F?) ,
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where we discarded the last term (2" 6“}36(1}%) due to being second order. Now we make 3R
the subject of the equation and take the projected covariant derivative, giving

. 3} . ~ ~ . K\ R,
3f”VaR _ (_3Rf/// + Rf// . f/ i 3@Rf/// + 3f”/V2R + QfWUbva _ 3f(4)R2 + 6f//;) 7
Dm 7 . “ ~, (Ra = (.S
pm(1— 3w) 2 3 RZe (—3@ -6 f”’R) Ra | 52 <—) 42"V, (ubeR> ,
a a a a
(4.70)
where we used the identity (B.2) to rewrite the aV,V2R term. We can now write Z, as
5 f'R 20 p (w—1)p"  w(f+20f"R) wR_w 3K\,
’ fro3 f+w) f'(w+1) 2w+1)  (w+1)a )"
f//@ 9 f//
— D™ +
+ ( 7 R, p— 1V I V2R,
1 ff// f// f// 2f// K @Rf/”
The Ricci scalar and momentum in (4.66) have the following evolution equations:
Ra =R — RDY", 4.72
(w ) (4.72)
. "R / OR " 4) R2 K
Ry = ( fji/ + g o 3];0// o f/{ B f f// + 2?) Ra
Pr=Bw) w e\ 2" -
— D™ —RZ,+ (-6 — a o 4.
+< 377 (1+w)R W —RZ,+ | —© f” R, + V'R, (4.73)

The equations (4.67) and (4.71)—(4.73) describe the general evolution of density fluctuations and
other scalar quantities on the FLRW background. However, the clustering of matter is generally
described by only the scalar components of these variables. Since we are focusing on density
perturbations, we need only extract the scalar components of the density gradient. To do this,
we can use the methods introduced in §3.2.2. We define the scalar quantities

2 ~ o~ o~ ~
Ap =2V, Z7=3aV2H, C=d®V’R,

m

R =d’V’R, R=d’V’R, (4.74)

where V2 = V,V% and A,, = aV*D™. Equations (4.67) and (4.71)—(4.73) therefore become

A, =wOA — (14+w)Z, (4.75)
"R B @ 74 (w—=1)p"  w(f+ 20f"R) wRkR  w 5K Am
I 3 f(1+w) f(w+1) 2w+1)  (w+1) 52

//@ m f//
Jo e () (7R)
ff// f// f// 4f// K + @Rf///)R

1
9 2f72 o 7) OR + fr2 f! 92 f!

(
< (4.76)
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. w .
R=9R—- RA™ | 4.77
(w+1) (4.77)
. Rf/// R f/ @Rf/// f(4) R2 K . ( 2f/// . ) ~,
T - +4- |R-RZ+(-0-2L R)R+ VR
( f 3 3f" fr f S2 f
P (1 — 3w) w )
— R | A™. 4.78
e s i

We now perform the harmonic decomposition introduced in (3.56), using the eigenfunctions of
the Laplace-Beltrami operator defined in Ellis, Bruni, and Dunsby [109, 189]. This allows us to
expand all first-order quantities as

=3 XO QW) (479)

where > is the summation over a discrete index or integration over a continuous one. We can
derive a pair of coupled second-order equations that describes the evolution of the k-th mode
density perturbations [187].

Ak ((Bw ) H + f”R) Ay + (wz—z MR —wi> Ay

f'/ fl f/ m
_ <_M> ok (4.80a)
(1 + w) ff// Qme” 2f” k2 f// 6Hf///R i
+( L) |1 2 f,_+6HR(f,) ! )n
kk <3H N f”’R) Rk N ( 2 N f/ N 3Hf///R N f(4)R2 N f///R) Rk
f// 2 3 f// f// f// f//
( 1 ﬁﬁf) Ay, (4.80Db)

5/ wel

B ((3w —1)pm 2w

R+R<3H+ff,,R>

)Ak.

To simplify this system, we can use the quasi-static (QS) approximation employed in [190, 191,
192|. There are actually two assumptions present here: the first is the QS approximation

|X| S HIX|; (4.81)
the second is the sub-horizon or sub-Hubble approrimation
V2X| > a*H?|X|, (4.82)

where X = R¥, R*. The former is the assumption that time derivatives of perturbations are
suppressed compared to their spatial derivatives, while the latter allows us to take the limit
k > aH; which is necessary when ignoring time derivatives. In f(R) gravity this translates to
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k2/(aH)? > f™/f for n = 2,3,4. The QS approximation applied to A,, gives
3 —w)f R (=" (GHF" R+ f —2pm) + 2 +2571") oy
2f7 (f" (3% —R) + f'+3 <f<4>R2 Y 3fOHR + f<3)R>> f

<6w ( FOR L 3H 'R + f”}?) 4 o (302 + 20 — 1)) ( o (6H PR+ f— me) e f")

A+ +H(2-3w)| A

+

2f7 (f" (352 —R)+ f/+3 (f<4>R2 3O HR + f<3>R>)
ka wf pm(w — 1)
2 gt
which we will refer to as the semi-quasi-static approrimation. Further simplifying the system
with the sub-Hubble assumption leads to

2 3w? +1) + 2(3w? — w + 2) L 5
w(f k)+pm<( ) +2( V7| ax

A=0, (4.83)

AF 4 (2 - 3w)HAEF =

o) 2y 1+308 m’

(4.84)

which we will refer to as the full QS approzimation. For the dust-only case (w = 0), this reduces
to

A+ (2—3w)HA - Lm L7 A=0 (4.85)
+ — oW — 7 1.2 = . .
2/ \ 14355

The accuracy of this approximation in the synchronous and conformal gauges has been thor-
oughly examined in [193, 191, 194]. It has been shown to perform well in certain model-
dependent, sub-horizon scenarios, particularly for models where the background evolution closely
mimics ACDM , as demonstrated by De la Cruz-Dombriz et al. (2008) [195]. However, concerns
persist regarding whether the omission of both higher-order derivatives of f and time derivatives
of the curvature perturbation is an oversimplification, as highlighted by Bean et al. (2007) [196],
especially in models that significantly diverge from ACDM. To address this issue, it is advisable
to apply the quasi-static method both with and without higher-order derivatives of f. All these
approaches retain an explicit dependence on f(R), meaning they can only be employed once
a specific model is chosen. Moreover, in order to establish a connection between perturbation
studies and results obtained from dynamical systems analyses, it is necessary to express all co-
efficients in terms of the selected dynamical systems variables. In the case of the full covariant
system, this requires derivatives of f(R) up to fourth order, further constraining the range of
f(R) models that can be explored using this framework.

4.3.3 Model-independent system construction

The model-dependence of (4.80) can be avoided by employing the cosmographic approach out-
lined in §4.2.1. Time derivatives of the Hubble parameter (2.54) and the Ricci scalar (1.52) can
be expressed in terms of the cosmographic parameters (2.59):

H

= —q—1, (4.86a)
i

75 =30+ +2, (4.86b)
H ) ,

mz—i&q —12¢—-45+5s5—-6, (4.86¢)
H ) . .

= = 30¢° + 60q + 10gj + 205 — 55 + 1 + 24 (4.86d)
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H
2 2
=6H ( 5 ) =6H"(1—q), (4.87a)
3 H 3 (.
=6H (— + 4—) =6H"(j—q—2), (4.87b)
R=6H"(s+q¢*+8¢+6), (4.87c)
R=6H"(1—s—2qj —8j — 18¢° — 48¢q — 24) . (4.87d)

Taking higher-order time derivatives of the Friedmann equation (4.8) yields higher-order R
derivatives, for which we can substitute the cosmographic parameters. f can then be expressed
exclusively in terms of the dynamical systems variables and R derivatives, and thus the cosmo-
graphic parameters using (4.87). For example, by taking the first time derivative of (4.8) we can
express [ as

" f/HQ Rx
f =?< 3(1—|—w)Q+2(q+1)——>,

HR
o fHE _(s+q2—|—8q+6)x>
= Rz(m 3(14+w)+2(g+1) G=q-2) ;

and by taking the second derivative we can obtain an expression for f®:

r . . 2 .
73
(4):f.H 6(y+Q—2)—a2(y—3 —Bi r—30—-2y+4| -2 R. + 3z R. _ A
FH | K?  (s+¢°+8g+6)
=<7 1 — 30 — O —4qg—4
5 3z(l+q)—3 T+ G—q=2) (=5 +6 q—4)
(I—s—2qj —j — 18¢% — 48¢ — 24) Cs+f+8q+®>2
_ 2 : + 2x .
(j—q-2) (J—q-2)

In this form we can easily see the excess Hubble parameters in the coefficients. To eliminate
these, we redefine the time and Ricci variables:

d 1d d d d? -~ d d?
—_— = — =H— — - H— + H> 4.
dr Hdt dt dr de2 dr + dr?” (4.88)

Setting R = % gives
dR _ 1 dR  H .
- mar
d2R 1d2R_ HdR_ Hfz
arz ~ HZ? dr? H? dr H3

—R

This allows us to eliminate those remaining Hs. We then change the dependence again to
redshift. Starting with the definition of z (2.29),

_ alto) — a(t)

O (4.89)
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4.3. Structure growth in f(R)

we normalise the scale factor today, a(ty) = 1, to get

1 dz 1
z2=—— — = —
a " dr H
dz a a 1 1
L — = - _— = —— = — d = — d
tdr a<a2) a ,Z—l—l:> : z4+1
d d
- 1)—
“dr (z+ )dz
d? d d?
L = 1)— 1) —
dr? (z+ )dz+(27L ) dz?
Lastly we define the wave number k such that
- k
k= 4.90
s (.90

where h = i The dimensionless quantity k can be thought of as the comoving wavenumber,

which scales V?fith the expansion of the Universe. It essentially indicates how the physical size of
the perturbation changes relative to the current size of the Universe and the rate of expansion.
A larger value of k corresponds to smaller physical scales in the Universe, while a smaller value
corresponds to larger physical scales. We therefore have

Eo k(1+2)
—_— == ) 4.91
= =T o) (191)
This introduces an h dependence, for which we require another differential equation that will
need to be solved alongside the equations for the cosmographic parameters (4.24):

dh  h

dz  1+z
This means we can finally replace the H variables with the cosmographic parameters and express
our system (4.80) in terms of redshift. This results in a pair of second-order equations that

describe the redshift evolution of the k-th mode of density perturbations in f(R) gravity in a
fully model-independent framework:

(1+q). (4.92)

2 k

dAk
3 "+ 214 2) (g + z + 3w)—=

dz +h (w [6(61 +x)+ C2(z)} —3(1+ w)Q) A:@

B (1+w)x \ dRF  [¢3(2) +3q¢(z — 1) + 35 — 6] (1 + w)
_(1+Z>(2(j—q—2)> d= 6(j —q—2)

d2RF 1+ A\ dRF k2 . h2D dAF h2C
1 B|RF=— m AF 4.93b
122 +<1+z) real Oritai (42 4= (gopim (4930)

R2(1 + 2)?

RF, (4.93a)

where the coefficients A-D can be found in Appendix C.1 and the dimensionless quantities
RE = RF/HZ, k k = k/agHpy and h = H have been used. We can apply the same procedure to
the semi (4.83) and full QS (4.84) perturbatlon equations. The corresponding equations are,
respectively,

AR (w—1)[C%(2) + 3q(x — 1) + 35 — 6]\ dAF,
(1+2)? dz2 (1+z)(q+m+3w+ E+ 2 ) P
) B o [CET+3g(@ = 1) +3) —61F) ¢ _
+ (w [(P(2) + 6g + 6] — 3(1 + w)Q B0 )Am 0, (4.94)
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4.3. Structure growth in f(R)

where F, F' can be found in Appendix C.2; and

(1+ 2)? d; m (1+z)(q+3w)dd; (4.95)
B (Bw? + 4w+ 1)(j — q — 2) + (Bw? + 5w + 2)z¢%(2) o l6(a 2, X
-|o(° 20— 4~ 2) + 1) ) =olote e -] a4

In the GR limit f(R) = R, the system (4.93) — as well as its approximations (4.94) and (4.95)
— reduce to

. , K2 =1+ 2w — 3w
AR (3w —2) HAF + {wg + ( i ;” S ) pml AR =0, (4.96a)
RY = (1 = 3w)pnAF (4.96b)

which, for a dust-only case, gives the well-known equation
.. . 1
AF L 2HAR — §pmAf; =0. (4.97)

The key differences between the f(R) perturbation equations and those in GR are their fourth-
order structure and, more importantly, the scale-dependence of density perturbations, which
arises for any equation of state. If such scale-dependence were detected, it would provide strong
evidence for a deviation from ACDM.

4.3.4 Growth function for matter perturbations

An alternative method to discriminate between modified gravity and GR models uses the growth
function S and growth index ~:

dlnd -
= =0, (4.98)

where €, is the standard matter density parameter,

Q_pm:f/

w= g =12, (4.99)

and Qm(z = 0) = 0.3. In the covariant formalism, in terms of redshift, this is equivalent to

din A

S=-—(1 4.100
(142522, (4100
from which the growth index can be calculated using
1 1 dln A
y = n(-(L+2)78E) (4.101)

In ¢

The full equation governing the growth of matter perturbations on sub-horizon scales takes the
form

A+ 2HA,, — 47GegpmAym =0, (4.102)

where Gog is the gravitational constant appearing in the action. This equation describes how
small matter density fluctuations in the early universe grow over time under gravitational influ-
ence as the Universe expands, and contains a friction term 2H§ which incorporates the effect
of cosmic expansion. In a rapidly expanding universe, i.e. below the Jeans length (3.63), the
fluctuations oscillate at decreasing amplitudes. Below the Jeans length, gravity more effectively
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4.3. Structure growth in f(R)

amplifies the density contrast and the fluctuations undergo a power-law growth. When consid-
ering modified gravity theories we replace G with Gg, which is dependent on the specific model
being used [197] and measured using a Cavendish-type experiment® to a very high precision [38]:

G, 1+48E

e — - 4.1
Sl e (4.103)
It is convenient to rewrite (4.102) with the growth index to obtain
dS 2 1 dIn €2, 3 Genr
1 - S=-—0Q, 4.104
A ( dn ) 2 G, (4104
From §4.2, we have 33 = 3w((1 — Q), allowing us to write the equation for S in terms of €:
3w, (1 - )dQ + 8%+ +3 [1—3w(l—-Q,)]S = QG_*Q"“ (4.105)
We can then convert to redshift dependence, giving
ds 1 3 30, 3(—q+j —2) + 20(1 + 2)2E
—(1+z)—+52+{———w(l—Qm)}S:—— (Catj=2) #2001 +2)% 2 (4.106)
dz 2 2 2 F o(—q+j—2)+a(l+2)25

When first introduced, the growth index was assumed to be constant at low redshifts [198, 199].
Although the time dependence is evident, this approximation remains valid for models within
GR that have constant or smoothly varying equations of state, characterised by |y, = d”\ < 0.02
[197]. Specifically, the ACDM model exhibits vy ~ 0.55 with minimal variation for z < 0.55
[200]. Significant deviations from these values, pronounced time variation at low redshifts, or
scale dependence of v, and 7, could serve as compelling evidence for modifications to GR. For
a ACDM universe, the growth factor v can be defined relative to S via the approximation

S 220 (2)®) (4.107)

which takes into account the redshift dependency. Substituting v(z) and rewriting as a function
of redshift, with o' = fﬂ, gives

3 Geff

1
_ _ Y
[1+3(2y = 1) wes] 0, = 5 a.

— (14 2)Q, In QY + Q2 + 5

—Qn (4.108)
Both v and 4 can be constrained from a number of observables, including rich clusters [201].
These are some of the largest virialised objects in the Universe, so their abundance is closely
related to the linear mass power spectrum P(k). Cluster mass can be inferred from X-ray tem-
peratures, allowing application of Press-Schechter theory [202| and giving a constraint on the
parameters og and €27 . Redshift space distortions allow us to infer the value of fog and sub-
sequently v [203], and the Planck collaboration combined CMB data with large-scale structure
observations to constrain v [24]. The cosmological parameters can also be extracted from red-
shift data using tomographic weak lensing [204]. Statistical methods, such as using parametric
models [205] or Bayesian inference with MCMC analysis can also be used [206].

5 . . . . . . . .

°Devised in 1797, the Cavendish experiment used a torsion balance to measure the gravitational attraction
between known masses. Modern experiments use more sensitive torsion balances, vacuum environments, and
laser measurements to determine G.
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4.4. Application to ACDM background cosmology

Now we’d like to express (4.102) using our dynamical variables so we can plot it with the
solutions we calculated in §4.3. The last term is

G, [(1+45 2\ /3020
A G prmnOm = 4T — a” I ( m) Om,
F (1 +35 8 87G.

3 3+4xH§—§ 5
2 R+3zHE | ™

where we recalled that = = _Zz};’ Equation (4.102) as a function of redshift is therefore
d?A H\dA 3 (R+4zHE
2 a? _
(z+1) R (z+1) (1 + —2> T §Q (— Pt A, =0. (4.109)

Now we define
dln A A dD 1 d2A D2

=  HAGz+1) Az Adz2 :
and using definitions (4.86), (4.87) and (4.92) we obtain

. 7.2
3j—q—2)+2z(1+ 2)2}“1—2 ‘
2(j — q —2) +a(l +2)25

D=

dD

4.4 Application to ACDM background cosmology

We can now apply our dynamical system formulation to the ACDM model, for which we constrain
the jerk parameter to 7 = 1. This enables us to solve the background exact and quasi-static
evolution equations for our f(R) theory at discrete wavenumbers and compare them to ACDM.

4.4.1 Dynamical system in ACDM

Taking the system to be in flat space means that K = 0 and we can eliminate the dimensionless
variable K from our system in (4.14). This allows us to simplify the constraint equation (4.31)
to

y=1—q. (4.110)
As mentioned previously, expressing I'(R) in terms of the cosmographic parameters allows us
to formulate a model-independent dynamical system. We achieve this by differentiating the
dimensionless variables — bar K — and the cosmographic parameters with respect to redshift z,
obtaining

%:(zil) :3(1+w)Q—(2+q—x)x—2q—2] : (4.111a)
g -5 Ez 5 x 143w gq} , (4.111D)
% -5 J’”: . 144]. (4.111c)
- :(1j-z) -0, (4.111d)
% --3 i 3 [s +5(2+ Sq)] , (4.111e)
e (1;) s6+40+1], 1)
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4.4. Application to ACDM background cosmology

where h = H/H,, and we used (4.110) to eliminate y and z. This system can be decoupled further
provided | = I(h,q, j, s), as the last four equations are completely kinematic in nature, together
forming another closed dynamical system. The first two equations contribute the gravitational
dynamics. This formulation allows us to study the phase space of any f(R) theory that can
reproduce a cosmic evolution for [ = I(q,7) with explicitly reconstructing the specific form of
f(R), as in [178, 207, 179]. Recall that avoiding ghost and tachyonic instabilities requires f’ > 0
and f” >0, so in flat space we have the following constraint on the phase space from (4.36):

x

——>0. 4.112

—q+j—2" ( )
The viable portion of the phase space is the region which satisfies this constraint, but this is not
necessarily sufficient to avoid instabilities. We must explicitly calculate f/, f” along a trajectory
of interest and ensure that, in addition to (4.112), the dynamical variable {2 must also satisfy
Q= # > 0. This ensures that both f/ and f” are positive, and thus the physical viability of
the region.

4.4.2 The cosmographic condition 7 =1

It is generally accepted that the ACDM model exhibits a cosmic evolution corresponding to
j = 11]91], and cosmic chronometers and supernova data support these predictions to within 3o
[208, 209]. When certain deviations from the standard ACDM parameters (e.g. matter density
Q0 or dark energy density §250) are assumed and constrained through data fitting, the resulting
‘reconstructed’ cosmographic quantities still match predictions. This suggests that even with
small variations, the overall behaviour remains similar to ACDM. The redshift evolution of the
jerk parameter [208] is

H(z)(1+ 2)? S0 41 (1 4 2)8E  p(z)
j(z) = 2] : (4.113)

Solving for j(z) = 1 we obtain

H?(2)

hz(’z) HQ
0

=Ci(1+2)°+Co, (4.114)

where C; and Cy are two arbitrary constants satisfying C; + Co = 1. For Cy,Cy # 0, the family
of solutions (4.114) specifies a ACDM evolution history, with two clear asymptotic limits: an
effective CDM limit at asymptotic past z — oo where h? ~ (1 + 2)3; and an effective A limit at
asymptotic future z — —1 where h? ~ constant. The particular solution, specified by C; = Qo
and Cy = 259, corresponds to the particular ACDM evolution of our universe.

The condition j(z) ~ 1 does not uniquely distinguish ACDM as the underlying model. This
‘cosmographic degeneracy’ means that multiple cosmological models could produce similar ob-
servational signatures that align with ACDM, despite having different underlying dynamics or
physical assumptions [210, 211, 212]. We can increase the specificity of the conditions by us-
ing the statefinder parameters {r, s} introduced in [213]. The first parameter r is just the jerk
parameter — which alone cannot specify a model — while the second parameter s is defined as
o or—1 1 1 w

= 3g—13) L Py
making it a linear combination of both the deceleration and jerk parameters. Crucially, s does
not explicitly depend on the dark energy density or matter density; therefore degeneracies present

(4.115)
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4.4. Application to ACDM background cosmology

in r are resolved by the pair {r,s}. If the role of dark energy is represented by a cosmologi-
cal constant w = —1 as in ACDM, the value of r remains locked at r = 1 throughout the
matter-dominated epoch, regardless of the value of €2,,. A trivial fixed point for ACDM is thus
{r,s} = {1,0}. Alam et al [214] showed that the statefinder pair can easily distinguish between
ACDM (w = —1), quiessence (constant w), and kinessence (time-varying w) models.

A physical interpretation of the constants Ci,Cs requires us to specify the model [208]. For
ACDM, dark matter and dark energy evolve independently (as (1 + 2)* and (1 + z), respec-
tively), allowing us to identify C; with Q,,0 and Cy with Q4. If, on the other hand, we took
wpg # 1 while still maintaining the condition j(z) = 1, the constants would be {C;,Co} = {1 +
wDE—wDEQmO, —wDEQDEo} [215] The relationships Cl = Cl (QDE07 QmO) and CQ = CQ(QDE(), QmO)
are therefore sensitive to the choice of model. We can conclude that the condition 7 = 1 is suf-
ficient for reconstructing a similar cosmic evolution to ACDM, but not the explicit dynamics.
The values of C; and Cy do not necessarily represent the abundances of dark matter and dark
energy at present [210].

In the context of f(R) gravity, we can rewrite the field equations (4.6b) for a late-time f(R)
model with no dark-sector interaction®:

3H? = prot = p+ poE, (4.116a)

— (21’{ n 3H2) — Prot = PDE, (4.116b)

where p is the energy density of the non-relativistic matter, the energy density and pressure of
the dark matter are defined as

PDE = %(RF ~ [)=3HF +3H*(1 - F), (4.117a)
POE = F+2HF—%(RF—f) — (2H +3H*)(1 - F). (4.117D)

The dark energy equation of state wpg = 1;‘;—2 is

F+2HF — Y(RF — f) — (2H + 3H?*)(1 - F)
YRF — f)—3HF +3H2(1 - F) '

(4.118)

WpE =

Using the field equations (4.116a), this can be written as

2H +3H> H*-%
- _ = . 4.119
‘e 3H2—p  3H®—p (4.119)
In this form, the non-relativistic matter and the dark energy are separately conserved
p+3Hp =0, (4.120a)

We divide by H? and substitute the definitions of the dynamical variables and cosmographic

parameters to obtain
29 —1

T 3-30
where we used y = 1 —¢ from (4.32) in flat space and Q — defined in (4.99) — obeys the dynamical
equation

— = —Q(1-2q). (4.122)

6No coupling is present between dark matter and dark energy components.

100



4.4. Application to ACDM background cosmology

By demanding wpg = —1 we obtain
2g — 30 = —2. (4.123)

If we take the derivative, using equations (4.122) and (4.24), we arrive at the condition j = 1.
We can then conclude that if the curvature part of the total energy density ppg mimics a cos-
mological constant (wpg = —1), it yields a cosmology with j(z) = 1, as expected.

We now consider a dynamical dark energy model with wpg = —a(n), which we substitute

into (4.121) to obtain
1 1) (534142 (4.124)
—1l=(qg—= —3a——— . .
J 1 2 adn

One possible solution is ¢ = %, but this cannot remain constant throughout the expansion
history; another possibility is that « = 1 and thus wpg = —1, which we have already covered.
A third solution is that «(n) satisfies

— =3a(l —a), (4.125)

which, when solved, gives

a(n) = o+ (L= an)’ (4.126)

where oy = «(0). This implies a dark energy equation of state

U)DE(O)G?"7
= — . 4.127
wDE(n) ’LUDE(O)€377 _ (1 + wDE(O)) ( )
Excepting the special case wpg(0) = —1, (4.127) corresponds to a dynamical dark energy model

which is compatible with the condition j(z) = 1. We can expand on this by including the
constants C; and Cy in (4.120) to obtain

1 ~ ~ ~ ~
PDE X a = 616377 + CQ = Cl(l + 2)3 + C2 s (4128)

where the tilde distinguishes the constants from those in ACDM, allowing us to write (using
(4.116a))

h*(z) = (Qmo + 3%3) (1+2)°+ 36_172(3 : (4.129)
In other words, even though (4.127) describes a dynamical dark energy model, the cosmic evolu-
tion remains similar to ACDM. This similarity arises from the existence of a well-defined effective
CDM limit in the asymptotic past and an effective A limit in the asymptotic future. Since our
subsequent analysis relies on the condition j = 1, these models are naturally encompassed within
our results.

4.4.3 Background evolution with 7 =1

In this section we examine the background cosmic evolution and growth of matter perturbations
for an f(R) theory that mimics the evolutionary history of ACDM. As discussed in §4.4.2, this
can be achieved by fixing 7 = 1, which subsequently fixes the snap and lerk parameters:

N

3:d—‘:]—j(2+3q) = —(2+3q), (4.130)
ds 9

l:d—n—s(3+4q):6q + 14 +9. (4.131)
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4.4. Application to ACDM background cosmology

For a dust equation of state (w = 0), fixing j = 1 also closes the dynamical system (4.111):

j_i:(zil) :3Q—(2+q—m)x—2q—2 : (4.132a)
g -4 i 5 4 1-2], (4.132D)
% -7 fi 5 144]. (4.132¢)
o :(1iz) a2, (4.1324)

The background variables’ initial conditions are established deep within the matter-dominated
era, with 2 and ¢ set to align with ACDM values. Specifically, we assume Q) PM = Q(z =
0) = 0.3 and ¢ = ¢(z = 0) = —0.55. The dynamical system is highly sensitive to initial
conditions, often requiring precision up to the fourth decimal place. As a result, specifying initial
conditions at z = 0 without sufficient accuracy may lead to an incorrect evolution, skipping the
matter-dominated phase and instead producing a scalaron-dominated regime for z = 2. To
ensure consistency with ACDM evolution, initial conditions must be set deep within the matter-
dominated era. For j = 1, the viability condition (4.112) becomes

x

e <0. (4.133)
Since ¢ > —1, we must have x < 0 for all redshifts, where z — 0 represents the GR limit. The
value of |z| thus describes the deviation from GR and should be small in the matter-dominated
era. The value of x;, is chosen such that = < 0 for the entirety of its evolution up to z = 0 and
results in a value of 2y ~ 0.3. Figure 4.2 shows the effect of this value on the zy and €. We
select the following values that satisfy these conditions:

Tm = —0.001, O =0.993243, g, = 0.489865. (4.134)

0.0}

-0.5¢ :
[ — Xy ]
-1.0¢ ]
— Q ]
-1.5¢ ]

1x10% 2x10%  5x10% 0.001 0.002  0.005
‘xin‘

Figure 4.2: The values of xy and g depending the chosen value of |xj,|.

These initial values yield the background evolutions in figure 4.3. In figure 4.3a we can see
that the f(R) background variable €2 follows a very similar trajectory to ACDM. The trajectory
of f'(R) = 2,/ in figure 4.3c meets all the viability conditions we have discussed: = < 0 for
all time (as seen in figure 4.3b); f' > 0; and (4.133) is satisfied, ensuring that f” > 0.
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c
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Figure 4.3: Evolution of the background variables (a) € and (b) = with initial conditions (4.134),
and (¢) f'(R) = ,,/Q. The trajectories are shown in red for f(R) and black for GR.
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Figure 4.4: (a) f(R) (red), obtained from numerical integration of f’(R), compared with GR
(black dashed) as a function of R. (b) Percentage deviation of f(R) from GR as a function of
R.
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4.4. Application to ACDM background cosmology

We now analyse matter perturbations in a dust-only f(R) model with a ACDM background.
A fundamental feature of modified gravity theories is the transition between the ‘GR regime’
and the modified regime. In f(R) models, this transition is governed by the parameter

2 _ f! _—2(1+Q)

M= = =
3" PR

(4.135)

which represents the squared mass of the scalaron in the regime where M? > R [216]. When
M < k/(aH), characteristic of the f(R) regime, the scalaron mass is low, leading to a finite-
range ‘fifth force’ that affects perturbations [217]. On the other hand, in the GR regime where
M > k/(aH), the scalaron becomes massive, suppressing the fifth force and making the system
behave as in GR. The transition between these regimes is both time- and scale-dependent,
causing different k-modes to shift from the GR regime to the f(R) regime at different times.
These differential deviations occur when M = aiH for any perturbation k-mode, corresponding
to a redshift z. related to M via

(20 +q(z) _ kb
M = —a) T (4.136)

Figure 4.5 illustrates the redshift at which this transition occurs, showing that smaller scales
(larger k) transition earlier, while larger scales (smaller k) either transition near z = 0 or remain
in the GR regime. These modes are indistinguishable from ACDM in the latter case, as they
have always remained within the GR regime. The transition redshift explicitly depends on

0.20

0.15|
| f(R) regime

GR regime

— transition redshift

0.05
----- mode entering today

Figure 4.5: Transition redshift as a function of scale for matter perturbations, indicating the
shift from the GR regime to the f(R) regime. The shaded region marks the f(R) regime, where
the fifth force is active, while the unshaded area corresponds to the GR regime, where this force
is suppressed. The dashed line is the perturbation mode & = 0.019 ~ Mpc~!, which enters the
f(R) regime at z = 0. Larger scales (smaller k) remain in the GR regime today.

the evolution of x, so varying the initial condition x;, affects which modes have entered the
f(R) regime by the present time. As demonstrated in figure 4.6, for larger values of |zi,|, such
as |r| ~ 0.003, all galaxy power spectrum-relevant modes (0.01AMpe ™ < k < 0.2hMpc™?)
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0.20

f(R) regime (z = 0)

0,00 " e : !
1x107% 2x10 5x10% 0.001 0.002 0.005

|Zin

Figure 4.6: Range of perturbation modes transitioning from the GR regime to the f(R) regime,
shown as a function of the initial value |z;,|. The shaded region indicates modes that entered
the f(R) regime at or before z = 0. All relevant perturbation modes remain in the GR regime
for a background evolution closely aligned with GR (|xy,| ~ 10™* during the matter-dominated
era).

have entered the f(R) regime by today. Conversely, for very small values of |z;,|, these modes
remain in the GR regime, making them identical to ACDM. The choice of z;, = —0.001 therefore
ensures that most relevant perturbation modes have transitioned to the f(R) regime, allowing
the f(R) modification to be effective. For the background, we set j = 1 in the exact (4.93a),
semi-QS (4.94) and fully QS (4.95) equations, which simplifies them to:

Exact

r) dAF Q
z) dz (1+2)?
T AR¥ (%(14—2)21‘—}-3(](%—1)—3) .

Ak

20+ 1)(1+2) dz 6(g+ (1L + 202 RY, (4.137a)

d*R*  (q(z +4) + 11z — 6Q + 4) dR*
dz2 z(1+ 2) dz
) ng 2(q(x +2) + 6z — 304 10) —27Q + 16 + 34z )
h? z(l+z)?
_ 6h*(g+ 1) dAY  6h*(g+1)Q
(142 dz r(l+2)2 — ™

(4.137b)

Semi-QS

(4.138)

AR [fq+x(1-C) ) dAk, 3-C '\ .,
422 +< 1+ 2) o A

where

c (PG5 e =30+ ) +30r) (4.139)
(—f“z(j;”?x + (34 + 2¢% + 129)x + 4(6¢> + 5q + 4) — (6 + 27)Q>
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Figure 4.7: Parametric plot of trajectory with initial conditions (4.134), starting in the
matter-dominated era Pyp = {—0.001,0.489865} and evolving to the present values P, =
{—0.25715,—0.55}.

Full QS
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Following [188], the scale-independent initial conditions in the CMB era at z;,, = 2000 are set to
A lin = RFin =107, (AE)]in = (R¥)]in = 0. (4.141)

The matter perturbation evolution corresponding to the background trajectory shown in figure
4.7 is illustrated in Figures 4.8 and 4.9 for different methods. In figure 4.8, A,, is normalised
at z = 0, facilitating a comparison with similar plots in model-dependent studies [38], which
analysed perturbation evolution in Starobinsky’s model. However, this normalisation does not
clearly highlight the scale dependence of A,, at low redshifts. To address this, figure 4.9 presents
A, normalised at z = 2000, offering a clearer depiction of scale dependence at very low redshifts
(z = 0). Across all relevant modes, the full covariant and semi-QS methods exhibit minimal scale
dependence at low redshifts, while the full QS method shows more pronounced scale dependence.

Figures 4.10, 4.11, and 4.12 display the growth function S (4.100) and the growth index -~
(4.101) for the full covariant, semi-QS, and full QS perturbation methods, respectively. The
scales are split to illustrate general trends between large and small scales. All methods (shown
in the right column) produce similar results on smaller scales, with a minor scale dependence of
S at z = 0 that becomes more apparent around z ~ 1.5. According to figure 4.5, these scales
have been in the f(R) regime since z ~ 1, allowing the fifth force to influence the growth, leading
to significant deviations from ACDM. The trend reverses for larger scales, where scale depen-
dence is more prominent at z = 0. In figure 4.12, the growth function S and growth index v for
the full QS method significantly differ from the other methods, with the growth function only
slightly deviating from ACDM. The growth index 7 does not match ACDM values precisely, but
its suppression is weaker, resulting in slower growth compared to the other methods. This un-
derscores the full QS method’s inability to distinguish f(R) from ACDM at these scales. Figure
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4.4. Application to ACDM background cosmology

4.13 quantifies the differences between methods, plotting the percentage deviations of semi-QS
and full QS solutions from the exact solution for both large and small scales. We can see that i),
the deviation between QS-based and exact solutions is greater for larger scales and smaller for
smaller scales; and ii) for smaller scales, the full QS approximation aligns more closely with the
exact solution compared to the semi-QQS approximation. In contrast, the semi-QS approximation
performs better for larger scales.

This scale-dependent behaviour highlights the importance of carefully applying the QS approx-
imation to f(R) gravity. Despite methodological differences, the results align broadly with
previous model-specific or constrained f(R) analyses [218, 219, 220, 197, 38, 221]. They exhibit
pronounced scale dependence at smaller scales, a larger growth rate, and significant deviations
from ACDM in the growth index v at low redshifts. Additionally, there is notable time depen-
dence in v, even at low redshifts. f(R) models typically predict a growth index approximated as
v >~ v + Yz at low redshifts, with 7o and 7{ inferred from observables such as galaxy clusters,
redshift-space distortions, and weak lensing [203, 24, 107|. Current constraints, however, are
insufficient to rule out many dark energy and modified gravity models.

To directly compare with prior f(R) analyses, figure 4.14 shows the scale dependence of g
and 7, for each method. All methods converge for k£ 2 0.1, where both QS approximations are
valid. For small scales, the semi-QS approximation yields 7, values farther from the exact and
full QS solutions. At large scales, the full QS solution for v, aligns more closely with ACDM,
underscoring its inadequacy for distinguishing f(R) from ACDM. In contrast, v, in figure 4.14b
shows more significant deviations across all scales for the semi-QS method compared to the full
QS method. Focusing on the exact solutions, these model-independent results agree with prior
model-dependent analyses, providing 0.3 < 79 < 0.4 and —0.2 < 7 < —0.07 [197, 38]. Both

parameters exhibit a dispersion of at least ~ 0.1 across scales, which could serve as a robust
indicator of f(R) gravity if detected by future high-precision observations.

Our results” show that this method, both with and without QS approximations, effec-
tively captures the overall trends observed in prior model-specific or constrained f(R) studies,
such as those in [197, 200, 222|. The density contrast A,,, growth function Q) . and growth
index v exhibit significant scale dependence, which becomes more pronounced at smaller scales
for redshifts z 2 0.5. Furthermore,  varies notably with time, taking lower values that indicate
substantial deviations from ACDM. Notably, we determined the current values of the growth
index and its derivative (yy and 7)) for ACDM -mimicking f(R) models without assuming a spe-
cific functional form of f(R). Since explicitly reconstructed f(R) models that replicate ACDM
are often expressed in terms of hypergeometric functions [207, 180], computing these quantities
and their variations would have been highly complex without this approach. By comparing
the exact, semi-QS, and full-QS methods, we identified limitations of the full-QS approxima-
tion on large scales (k < 0.08hMpc™'), where perturbations have not remained in the f(R)
regime for extended periods and thus tend to follow ACDM more closely. At smaller scales, the
differences between the methods are minimal. Regardless of the chosen approach, these find-
ings strongly support many studies on f(R) structure growth while avoiding the constraints of
predefining f(R) and the computational challenges of reconstruction methods. Even when solv-
ing the exact perturbation equations, this method remains both computationally efficient and
straightforward, facilitating predictions that can be tested against future high-precision weak
lensing surveys. Additionally, this framework is highly flexible, allowing for extensions to other
modified gravity theories, dynamical dark energy models, and alternative background expansion
histories.

"See MacDevette et al. (2025) [37].
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Figure 4.8: Evolution of the matter density perturbation A¥ on sub-horizon scales for different
values of k normalised at z = 0 using (a) the exact covariant method, (b) the semi-QS approx-
imation, and (c) the full QS approximation. The evolution of the perturbations in the ACDM
background with the same initial conditions are indicated by the black dashed lines.
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Figure 4.9: Evolution of the matter density perturbation A¥ on sub-horizon scales for different
values of k£ normalised at z = 2000 using (a) the exact covariant method, (b) the semi-QS
approximation, and (c) the full QS approximation. The evolution of the perturbations in the
ACDM background with the same initial conditions are indicated by the black dashed lines.
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Figure 4.10: (a-d) Growth function S and (e-f) growth index  for the exact covariant pertur-
bation method. The left column is large scale; the right column is small scale. Figures (a,b) are
for a small redshift range (0 < z < 1.5) and the figures (c,d) are for a larger range (0 < z < 10),
clearly showing that in the far past the scale dependence is suppressed as the growth functions
for all modes converge to the ACDM value.
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Figure 4.11: (a~-d) Growth function S and (e-f) growth index 7 for the semi-QS covariant pertur-
bation method. The left column is large scale; the right column is small scale. Figures (a,b) are
for a small redshift range (0 < z < 1.5) and the figures (c,d) are for a larger range (0 < z < 10).
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Figure 4.12: (a-d) Growth function S and (e-f) growth index  for the fully quasi-static pertur-
bation method. The left column is large scale; the right column is small scale. Figures (a,b) are
for a small redshift range (0 < z < 1.5) and the figures (c,d) are for a larger range (0 < z < 10).
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Figure 4.13: Percentage deviation between exact solutions and semi QS (dashed) and full QS
(solid) solutions for (a) the normalised perturbation A,,/A,,, , (b) the growth function 7, and
(c) the growth index ~.
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Figure 4.14: Scale dependence of (a) 7o and (b) 7 for the exact (pink), semi-QS (yellow), and
fully QS (blue) methods. The black dashed line represents the value in ACDM.

The appeal of modified gravity theories is their ability to address the late-time acceleration
issues of ACDM by modifying the underlying theory of general relativity. Our objective here
was to analyse f(R) gravity in the context of large-scale structure formation and determine if
its evolution was viable. We introduced a novel dynamical systems framework for studying f(R)
cosmology, avoiding the need for a reconstruction programme by leveraging cosmographic pa-
rameters to formulate the theory in a model-independent way. By employing these parameters
as dynamical variables, this method imposes algebraic constraints on the phase space that can
be fixed by observational data. Unlike previous formulations, which require specifying a func-
tional form for f(R) to close the dynamical equations, this approach presents an autonomous
dynamical system for f(R) gravity that does not depend on a specific model.

Examining the phase space properties and the growth of matter perturbations reveals that
models closely resembling ACDM are less susceptible to future Dolgov-Kawasaki instabilities.
Phase space analysis also enables the study of prominent f(R) theories like those by Hu and
Sawicki [174], offering broader insights into their background dynamics and parameter spaces.
Projections of the phase portrait on the planes ¢ = —1, ¢ = 1/2, Q2 = 0, and {2 = 1 show that
trajectories which exit the regions where F, F’ > 0 more rapidly are associated with cosmic evo-
lutions that are more likely to encounter the Dolgov-Kawasaki instability, rendering them less
physically viable. The trajectories that move toward the accelerating submanifold ¢ = —1 rep-
resent plausible evolutionary paths transitioning from a decelerating, matter-dominated phase
to a late-time accelerated expansion.

The findings emphasise the importance of initial conditions. For instance, matching ACDM
cosmology parameters at z = 0 can lead to high redshift deviations. However, initialising the
model to align with ACDM at high redshifts and evolving toward z = 0 produces viable cosmo-
logical evolutions. The dynamical system is highly sensitive to initial conditions, often requiring
precision to the fourth decimal place or beyond. If the initial conditions are inaccurately set
to z = 0, the system may fail to reproduce the matter-dominated era and instead transition
prematurely to a scalaron-dominated phase for z = 2. To achieve an evolution consistent with
ACDM, it is crucial to specify the initial conditions deep within the matter-dominated era, en-
suring a proper trajectory through the cosmological history. This approach also identifies the
potential for curvature singularities, where cosmographic parameters diverge at finite redshifts,
emphasising the need for careful parameter selection.
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4.5. Summary

By plotting the redshift at which the transition to the f(R) regime occurs, we showed that
smaller scales transition earlier, while larger scales either transition near z = 0 or remain in the
GR regime. In the latter case, these modes are indistinguishable from ACDM, as they never
leave the GR regime. The redshift of this transition depends explicitly on the evolution of =z,
meaning the choice of the initial condition x;, directly impacts which modes have entered the
f(R) regime by the present time. For larger values of |z;,|, such as |z;,| ~ 0.003, all galaxy power
spectrum-relevant modes (0.01 hMpc ™ < k < 0.2 hMpc ™) transition into the f(R) regime by
today. Conversely, for smaller values of |z;,|, these modes remain within the GR regime, render-
ing them observationally identical to ACDM. Setting x;, = —0.001 ensures that most relevant
perturbation modes transition into the f(R) regime, enabling the f(R) modifications to have an
observable effect.

We analysed the matter perturbation evolution for the background trajectory using different
methods, highlighting distinct scale dependencies and their implications for f(R) cosmology. In
one approach, A,, was normalised at z = 0 to align with prior model-dependent studies, such as
those of Starobinsky’s model. However, this normalisation obscures scale dependence at lower
redshifts, prompting the use of an alternative normalisation at z = 2000, which better captures
scale dependence at z &~ 0. Across all scales of interest, the full covariant and semi-QS meth-
ods show minimal scale dependence at low redshifts, while the full QS method exhibits more
pronounced differences. Notably, smaller scales display subtle scale dependence in the growth
rate at z = 0, becoming more significant around z ~ 1.5, as these scales transition into the
f(R) regime by z ~ 1. Larger scales, however, show stronger scale dependence at z = 0, with
the full QS method struggling to differentiate f(R) from ACDM at these scales. Quantitative
comparisons revealed that QS-based solutions deviate more from exact solutions at larger scales,
with the full QS approximation aligning better at smaller scales, while the semi-QS method
performs more reliably at larger scales. These findings underscore the necessity of applying QS
approximations carefully, as highlighted by model-specific studies.

The growth index 7 and its evolution offer critical insights. Our methods yield v, values between
0.3 < v < 0.4 and 7)) values in the range —0.2 < 7 < —0.07, consistent with previous studies.
Both parameters show significant dispersion across scales, with deviations in =y more promi-
nent for semi-QS approximations at small scales and in ~(, at all scales. This scale-dependent
behaviour and time variability in v could serve as distinctive markers of f(R) gravity in future
precision cosmological observations.

4.5 Summary

This approach promises a more comprehensive exploration of f(R) gravity’s parameter space
and its role in large-scale structure formation. It has the potential to be used for comparing
inflationary models producing scale-invariant power spectra, and extending dynamical analyses
to other modified gravity theories such as scalar-tensor models. However, as mentioned previ-
ously, the high sensitivity of the parameters means that we do encounter the issue of fine-tuning.
It would be advantageous to refine the method and include symmetries or mechanisms that
naturally lead to observed parameter values without extensive tuning. We could also employ
Bayesian techniques to explore the parameter space systematically and evaluate how well the
model performs with fewer fine-tuned parameters, introducing priors that penalise unlikely or
overly precise parameter combinations. This would be complemented by sensitivity analyses to
identify which parameters significantly impact the observations.
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Chapter 5

Conclusion

This thesis has explored the theoretical underpinnings, cosmological applications, and challenges
of classical gravity, and endeavoured to investigate modified gravity as an alternative to the stan-
dard model. Starting from the foundations of general relativity, we developed the tools required
to model the Universe’s large-scale evolution, and used these to examine both the successes and
shortcomings of the ACDM model. A key aim was to investigate whether f(R) gravity can ex-
plain cosmic acceleration and structure formation without invoking dark energy or exotic matter.

We began with the foundations of general relativity, the cornerstone of modern gravitational
theory. After introducing the curvature of spacetime via differential geometry, we derived the
Einstein field equations from the Einstein-Hilbert action. The cosmological principle of large-
scale homogeneity and isotropy, supported by observations such as the cosmic microwave back-
ground, provided the bedrock for describing the Universe’s geometry with the FLRW metric.
This metric allowed us to derive key equations, such as the Friedmann, Raychaudhuri, and con-
tinuity equations, which describe the Universe’s expansion history. Working with these enabled
us to examine various cosmic models, including matter-, radiation-, and vacuum-dominated uni-
verses. The cosmological constant A, inflation, and the interplay of dark matter and dark energy
were central to addressing the challenges of the ACDM model. However, these idealised models
do not account for the Universe’s observed inhomogeneities.

To address this limitation we turned to the growth of large-scale structure, focusing on how
initial density perturbations evolved into the cosmic web of galaxies and clusters. Perturbation
theory provided the tools to describe these overdensities and their evolution, and we examined
both the Newtonian and relativistic approaches. From this we derived the Jeans instability
criterion and discussed the importance of the matter power spectrum in understanding density
fluctuations. These analyses illuminated the mechanisms driving the amplification of perturba-
tions and the resulting structure formation.

Finally, we examined modified gravity, specifically f(R) theories, as a means of addressing
unresolved questions in ACDM. A novel dynamical systems framework was developed to model
f(R) cosmology without requiring a specific functional form for f(R). This method enabled a
model-independent exploration of the phase space, using cosmographic parameters constrained
by observational data. We found that a narrow subset of phase trajectories achieved the condi-
tions necessary for avoiding instabilities and viable cosmic evolutions consistent with observed
large-scale structures. The transition of perturbation modes from general relativity to the f(R)
regime was found to be highly sensitive to initial conditions, requiring precise parameter tuning to
reproduce a ACDM-like evolution. Observables like the growth index ~ and its scale-dependent
deviations offer concrete avenues for distinguishing f(R) gravity from ACDM using new cosmo-
logical data.
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While promising, f(R) theories are not without their challenges. The viability of the solu-
tions is highly sensitive to initial conditions and requires significant fine-tuning to reproduce
observational data. Bayesian techniques and sensitivity analyses could systematically explore
the parameter space and potentially reduce this reliance on precise initial conditions. Addi-
tionally, the perturbation analysis was restricted to the linear regime; this may not capture the
full range of physical behaviours, particularly at large scales or during transition epochs. These
caveats highlight the need for a more complete numerical treatment and tighter observational
constraints. Future work could involve combining the dynamical framework laid out in the the-
sis with numerical simulations and parameter inference techniques, such as MCMC, to better
constrain viable forms of modified gravity in light of upcoming high-precision surveys.

Modified gravity offers a unified explanation for the observed evolution of our universe, ac-
counting for various phenomena without invoking exotic matter. It is not without its flaws, and
requires rigorous observational testing to constrain its myriad models, but with these elegant
mathematical tools we may be able to circumvent the need for the ever-elusive dark matter and
dark energy. Regardless of the final verdict, solving this mystery would bring clarity to one of
the most puzzling dilemmas in modern physics.

118



Bibliography

1]

2|

3]

4]

[5]

(6]

17l

8]

9]

[10]

Arkani-Hamed, N., Motl, L., Nicolis, A. & Vafa, C. The string landscape, black holes and
gravity as the weakest force. Journal of High Energy Physics 2007, 060 (2007). URL
https://dx.doi.org/10.1088/1126-6708/2007/06/060. (Cited on page 4.)

Aristoteles & Guthrie, W. K. C. Aristotle. 6: On the Heavens / with an engl. transl. by W.
K. C. Guthrie. No. 338 in The Loeb classical library (Harvard Univ. Press, Cambridge,
Mass., 2006), repr edn. (Cited on page 4.)

Galilei, G. Discorsi e dimostrazioni matematiche intorno a due nuove scienze attenenti alla
mecanica ed i movimenti locali (Gli Elsevirii, 1638). Google-Books-ID: zB5aAAAAcAAJ.
(Cited on page 4.)

Newton, 1., Halley, E., Streater, J., Wheldon & Wesley, f. o. M. & Riviere & Son, b.
Philosophiae naturalis principia mathematica (Londini : Jussu Societatis Regiae ac typis
Josephi Streater. Prostat apud plures bibliopolas, 1687). URL http://archive.org/
details/philosophiaenatuOOnewt_0. (Cited on page 4.)

Einstein, A. Die Feldgleichungen der Gravitation. Sitzungsberichte der Kéniglich Preussis-
chen Akademie der Wissenschaften 844-847 (1915). URL https://articles.adsabs.

harvard.edu/pdf/1915SPAW. . . .. .. 844E. (Cited on pages 4 and 12.)

Einstein, A. Die Grundlage der allgemeinen Relativitatstheo-
rie. Annalen  der  Physik 354, 769-822 (1916). URL https://
onlinelibrary.wiley.com/doi/abs/10.1002/andp.19163540702. _eprint:

https://onlinelibrary.wiley.com/doi/pdf/10.1002 /andp.19163540702. (Cited on pages 5
and 12.)

Einstein, A. Uber den Einfluf der Schwerkraft auf die Ausbreitung des Lichtes. Annalen
der Physik 340, 898-908 (1911). URL https://ui.adsabs.harvard.edu/abs/1911AnP.
..340..898E. ADS Bibcode: 1911AnP...340..898E. (Cited on page 5.)

Pound, R. V. & Rebka, G. A. Gravitational Red-Shift in Nuclear Resonance. Phys-
ical Review Letters 3, 439-441 (1959). URL https://link.aps.org/doi/10.1103/
PhysRevLett.3.439. Publisher: American Physical Society. (Cited on pages 5 and 10.)

Hubble, E. A relation between distance and radial velocity among extra-galactic nebulae.
Proceedings of the National Academy of Sciences 15, 168-173 (1929). URL https://www.
pnas.org/doi/full/10.1073/pnas.15.3.168. Publisher: Proceedings of the National
Academy of Sciences. (Cited on pages 5 and 37.)

Hafele, J. C. & Keating, R. E. Around-the-World Atomic Clocks: Predicted Relativistic
Time Gains. Science 177, 166-168 (1972). URL https://www.science.org/doi/10.
1126/science.177.4044.166. Publisher: American Association for the Advancement of
Science. (Cited on page 5.)

119


https://dx.doi.org/10.1088/1126-6708/2007/06/060
http://archive.org/details/philosophiaenatu00newt_0
http://archive.org/details/philosophiaenatu00newt_0
https://articles.adsabs.harvard.edu/pdf/1915SPAW.......844E
https://articles.adsabs.harvard.edu/pdf/1915SPAW.......844E
https://onlinelibrary.wiley.com/doi/abs/10.1002/andp.19163540702
https://onlinelibrary.wiley.com/doi/abs/10.1002/andp.19163540702
https://ui.adsabs.harvard.edu/abs/1911AnP...340..898E
https://ui.adsabs.harvard.edu/abs/1911AnP...340..898E
https://link.aps.org/doi/10.1103/PhysRevLett.3.439
https://link.aps.org/doi/10.1103/PhysRevLett.3.439
https://www.pnas.org/doi/full/10.1073/pnas.15.3.168
https://www.pnas.org/doi/full/10.1073/pnas.15.3.168
https://www.science.org/doi/10.1126/science.177.4044.166
https://www.science.org/doi/10.1126/science.177.4044.166

Bibliography

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

Abbott, T. M. C. et al. The Dark Energy Survey Data Release 2. The Astrophysical Journal
Supplement Series 255, 20 (2021). URL https://iopscience.iop.org/article/10.
3847/1538-4365/ac00b3. (Cited on pages 5 and 49.)

Friedman, A. Uber die Kriimmung des Raumes. Zeitschrift fiir Physik 10, 377-386 (1922).
URL https://doi.org/10.1007/BF01332580. (Cited on page 5.)

Friedmann, A. Uber die Moglichkeit einer Welt mit konstanter negativer Kriimmung des
Raumes. Zeitschrift fir Physik 21, 326-332 (1924). URL https://doi.org/10.1007/
BF01328280. (Cited on page 5.)

Perlmutter, S. et al. Measurements of €2 and A from 42 High-Redshift Supernovae. The As-
trophysical Journal 517, 565-586 (1999). URL https://iopscience.iop.org/article/
10.1086/307221. (Cited on pages 5, 38, and 53.)

Hawking, S. W., Penrose, R. & Bondi, H. The singularities of gravitational collapse and
cosmology. Proceedings of the Royal Society of London. A. Mathematical and Physical
Sciences 314, 529-548 (1997). URL https://royalsocietypublishing.org/doi/10.
1098/rspa.1970.0021. Publisher: Royal Society. (Cited on pages 5 and 51.)

Guth, A. H. Inflationary universe: A possible solution to the horizon and flatness prob-
lems. Physical Review D 23, 347-356 (1981). URL https://link.aps.org/doi/10.
1103/PhysRevD.23.347. Publisher: American Physical Society. (Cited on pages 5, 42,
and 46.)

Hawking, S. W. & Elis, G. F. R. The Large Scale Structure of Space-
Time. Cambridge Monographs on Mathematical Physics (Cambridge Univer-
sity Press, Cambridge, 1973). URL https://www.cambridge.org/core/books/
large-scale-structure-of-spacetime/1E6B961ECI878EDDBBDEACOAF031CC93. (Cited
on page 5.)

Linde, A. D. A new inflationary universe scenario: A possible solution of the horizon,
flatness, homogeneity, isotropy and primordial monopole problems. Physics Letters B
108, 389-393 (1982). URL https://www.sciencedirect.com/science/article/pii/
0370269382912199. (Cited on pages 5, 42, and 46.)

Burgess, C. P. & Moore, G. D. The standard model: a primer (Cambridge Univ. Press,
Cambridge, 2013), revised 1. ed edn. (Cited on page 5.)

Carlip, S. Quantum gravity: a progress report. Reports on Progress in Physics 64, 885
(2001). URL https://dx.doi.org/10.1088/0034-4885/64/8/301. (Cited on page 5.)

Liddle, A. R. & Lyth, D. H. Cosmological Inflation and Large-Scale Struc-
ture (Cambridge University Press, Cambridge, 2000). URL https://www.
cambridge.org/core/books/cosmological-inflation-and-largescale-structure/
52695A7D6FD3BE61F02BDA896EE2C733. (Cited on pages 5, 46, and 47.)

Zwicky, F. Die Rotverschiebung von extragalaktischen Nebeln. Helvetica Physica Acta
6, 110-127 (1933). URL https://ui.adsabs.harvard.edu/abs/1933AcHPh. . .6..110Z.
ADS Bibcode: 1933AcHPh...6..110Z. (Cited on page 5.)

Rubin, V. C. & Ford, W. K., Jr. Rotation of the Andromeda Nebula from a Spectroscopic
Survey of Emission Regions. The Astrophysical Journal 159, 379 (1970). URL https:
//ui.adsabs.harvard.edu/abs/1970ApJ...159..379R. Publisher: IOP ADS Bibcode:
1970ApJ...159..379R. (Cited on page 5.)

120


https://iopscience.iop.org/article/10.3847/1538-4365/ac00b3
https://iopscience.iop.org/article/10.3847/1538-4365/ac00b3
https://doi.org/10.1007/BF01332580
https://doi.org/10.1007/BF01328280
https://doi.org/10.1007/BF01328280
https://iopscience.iop.org/article/10.1086/307221
https://iopscience.iop.org/article/10.1086/307221
https://royalsocietypublishing.org/doi/10.1098/rspa.1970.0021
https://royalsocietypublishing.org/doi/10.1098/rspa.1970.0021
https://link.aps.org/doi/10.1103/PhysRevD.23.347
https://link.aps.org/doi/10.1103/PhysRevD.23.347
https://www.cambridge.org/core/books/large-scale-structure-of-spacetime/1E6B961EC9878EDDBBD6AC0AF031CC93
https://www.cambridge.org/core/books/large-scale-structure-of-spacetime/1E6B961EC9878EDDBBD6AC0AF031CC93
https://www.sciencedirect.com/science/article/pii/0370269382912199
https://www.sciencedirect.com/science/article/pii/0370269382912199
https://dx.doi.org/10.1088/0034-4885/64/8/301
https://www.cambridge.org/core/books/cosmological-inflation-and-largescale-structure/52695A7D6FD3BE61F02BDA896EE2C733
https://www.cambridge.org/core/books/cosmological-inflation-and-largescale-structure/52695A7D6FD3BE61F02BDA896EE2C733
https://www.cambridge.org/core/books/cosmological-inflation-and-largescale-structure/52695A7D6FD3BE61F02BDA896EE2C733
https://ui.adsabs.harvard.edu/abs/1933AcHPh...6..110Z
https://ui.adsabs.harvard.edu/abs/1970ApJ...159..379R
https://ui.adsabs.harvard.edu/abs/1970ApJ...159..379R

Bibliography

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

33

[34]

[35]

[36]

Aghanim, N. et al. Planck 2018 results - I. Overview and the cosmological legacy of Planck.
Astronomy € Astrophysics 641, Al (2020). URL https://www.aanda.org/articles/
aa/abs/2020/09/2a33880-18/2a33880-18 . html. Publisher: EDP Sciences. (Cited on
pages 5, 6, 33, 39, 55, 97, and 108.)

Hinshaw, G. et al. Nine-year Wilkinson Microwave Anisotropy Probe (WMAP) Obser-
vations: Cosmological Parameter Results. The Astrophysical Journal Supplement Series
208, 19 (2013). URL https://dx.doi.org/10.1088/0067-0049/208/2/19. Publisher:
The American Astronomical Society. (Cited on page 5.)

Capozziello, S. & De Laurentis, M. Extended Theories of Gravity. Physics Reports 509,
167 (2011). (Cited on pages 6, 7, 25, and 26.)

Dicke, R. H. Dirac’s Cosmology and Mach’s Principle. Nature 192, 440-441 (1961). URL
https://www.nature.com/articles/192440a0. Publisher: Nature Publishing Group.
(Cited on pages 6 and 55.)

Brans, C. & Dicke, R. H. Mach’s Principle and a Relativistic Theory of Gravitation. Phys-
ical Review 124, 925-935 (1961). URL https://link.aps.org/doi/10.1103/PhysRev.
124.925. Publisher: American Physical Society. (Cited on pages 6 and 25.)

Al Mamon, A., Paliathanasis, A. & Saha, S. An extended analysis for a generalized
Chaplygin gas model. The European Physical Journal C 82, 232 (2022). URL https:
//doi.org/10.1140/epjc/s10052-022-10185-4. (Cited on page 6.)

Cardone, V. F., Troisi, A. & Capozziello, S. Unified dark energy models: A phenomenolog-
ical approach. Physical Review D 69, 083517 (2004). URL https://link.aps.org/doi/
10.1103/PhysRevD.69.083517. Publisher: American Physical Society. (Cited on page 6.)

Saridakis, E. N. et al. (eds.) Modified Gravity and Cosmology: An Update by the CAN-
TATA Network (Springer International Publishing, Cham, 2021). URL https://link.
springer.com/10.1007/978-3-030-83715-0. (Cited on pages 6, 25, 26, and 79.)

Rovelli, C. Quantum gravity. Cambridge monographs on mathematical physics (Cambridge
University Press, Cambridge, UK; New York, 2004). (Cited on page 7.)

Capozziello, S. & Francaviglia, M. Extended Theories of Gravity and their Cosmolog-
ical and Astrophysical Applications. General Relativity and Gravitation 40, 357-420
(2008). URL http://arxiv.org/abs/0706.1146. ArXiv:0706.1146 |astro-ph, physics:gr-
qcl. (Cited on page 7.)

Nojiri, S., Odintsov, S. D. & Oikonomou, V. K. Modified gravity theories on a nutshell:
Inflation, bounce and late-time evolution. Physics Reports 692, 1-104 (2017). URL
https://www.sciencedirect.com/science/article/pii/S0370157317301527. (Cited
on page 7.)

Yashiki, M., Sakai, N. & Saito, R. Local-gravity test of unified models of inflation and dark
energy in f(R) gravity. Physical Review D 102, 043504 (2020). URL https://link.aps.
org/doi/10.1103/PhysRevD.102.043504. Publisher: American Physical Society. (Cited
on page 7.)

Chakraborty, S., MacDevette, K. & Dunsby, P. A model independent approach to the
study of f(R) cosmologies with expansion histories close to ACDM. Physical Review D
103, 124040 (2021). URL http://arxiv.org/abs/2103.02274. ArXiv:2103.02274 |astro-
ph, physics:gr-qc|. (Cited on pages 7, 76, 80, and 84.)

121


https://www.aanda.org/articles/aa/abs/2020/09/aa33880-18/aa33880-18.html
https://www.aanda.org/articles/aa/abs/2020/09/aa33880-18/aa33880-18.html
https://dx.doi.org/10.1088/0067-0049/208/2/19
https://www.nature.com/articles/192440a0
https://link.aps.org/doi/10.1103/PhysRev.124.925
https://link.aps.org/doi/10.1103/PhysRev.124.925
https://doi.org/10.1140/epjc/s10052-022-10185-4
https://doi.org/10.1140/epjc/s10052-022-10185-4
https://link.aps.org/doi/10.1103/PhysRevD.69.083517
https://link.aps.org/doi/10.1103/PhysRevD.69.083517
https://link.springer.com/10.1007/978-3-030-83715-0
https://link.springer.com/10.1007/978-3-030-83715-0
http://arxiv.org/abs/0706.1146
https://www.sciencedirect.com/science/article/pii/S0370157317301527
https://link.aps.org/doi/10.1103/PhysRevD.102.043504
https://link.aps.org/doi/10.1103/PhysRevD.102.043504
http://arxiv.org/abs/2103.02274

Bibliography

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

48]
[49]

MacDevette, K., Worsley, J., Dunsby, P. & Chakraborty, S. A model-independent approach
to the study of structure growth in f(R) gravity. Monthly Notices of the Royal Astronomical
Society 537, 2471-2495 (2025). URL https://doi.org/10.1093/mnras/staf168. (Cited
on pages 7, 80, and 108.)

Gannouji, R., Moraes, B. & Polarski, D. The growth of matter perturbations in f(R)
models. Journal of Cosmology and Astroparticle Physics 2009, 034-034 (2009). URL
https://iopscience.iop.org/article/10.1088/1475-7516/2009/02/034. (Cited on
pages 7, 58, 97, 107, and 108.)

Einstein, A. Zur Elektrodynamik bewegter Korper. Annalen der Physik 322, 891-921
(1905). URL https://ui.adsabs.harvard.edu/abs/1905AnP. ..322..891E. ADS Bib-
code: 1905AnP...322..891E. (Cited on page 9.)

Schutz, B. F. A first course in general relativity (Cambridge University Press, Cambridge;
New York, 2009), 2nd ed edn. (Cited on pages 10, 11, 18, and 20.)

Roos, M. Expansion of the Universe - Standard Big Bang Model. UNESCO Encyclopedia
of Life Supporting Systems / Earth and Atmospheric Sciences 5, 1 (2008). (Cited on

page 11.)

Peter, P. & Uzan, J.-P. Primordial cosmology (Oxford University Press, Oxford; New
York, 2009), english ed edn. OCLC: 0cn313665248. (Cited on pages 11, 12, 13, 15, 16, 19,
30, and 62.)

Carroll, S. M. Spacetime and geometry: an introduction to general relativity (Pearson
Education, Harlow, 2014), pearson new international edn. (Cited on pages 11, 14, 15, 16,
17, 18, 19, 23, 30, 36, 37, 43, and 60.)

Hobson, M. P., Efstathiou, G. & Lasenby, A. N. General relativity: an introduction
for physicists (Cambridge University Press, Cambridge, UK; New York, 2006). OCLC:
ocm61757089. (Cited on pages 12, 19, 20, 28, 30, 40, 44, 46, 48, 72, and 73.)

Emam, M. H. Covariant Physics:  From Classical Mechanics to General Rel-
ativity and Beyond (Oxford University Press, 2021), 1 edn. URL https:
//oxford.universitypressscholarship.com/view/10.1093/0s0/9780198864899.
001.0001/0s0-9780198864899. (Cited on pages 12, 13, 17, 18, 29, and 51.)

Hamilton, W. R. & Beaufort, F. XV. On a general method in dynamics; by which the
study of the motions of all free systems of attracting or repelling points is reduced to
the search and differentiation of one central relation, or characteristic function. Philo-
sophical Transactions of the Royal Society of London 124, 247-308 (1997). URL https:
//royalsocietypublishing.org/doi/10.1098/rst1.1834.0017. Publisher: Royal So-
ciety. (Cited on page 21.)

De Felice, A. & Tsujikawa, S. f(R) Theories. Living Reviews in Relativity 13, 3 (2010).
(Cited on pages 22, 78, and 79.)

Blau, M. Lecture Notes on General Relativity 992. (Cited on pages 22, 50, and 77.)

Weinberg, S. Gravitation And Cosmology: Principles And Applications Of The General
Theory Of Relativity (Wiley, 1972). URL http://archive.org/details/Weinbergs.
GravitationAndCosmology..PrinciplesAndApplications0fTheGeneralTheoryOf.
(Cited on page 22.)

122


https://doi.org/10.1093/mnras/staf168
https://iopscience.iop.org/article/10.1088/1475-7516/2009/02/034
https://ui.adsabs.harvard.edu/abs/1905AnP...322..891E
https://oxford.universitypressscholarship.com/view/10.1093/oso/9780198864899.001.0001/oso-9780198864899
https://oxford.universitypressscholarship.com/view/10.1093/oso/9780198864899.001.0001/oso-9780198864899
https://oxford.universitypressscholarship.com/view/10.1093/oso/9780198864899.001.0001/oso-9780198864899
https://royalsocietypublishing.org/doi/10.1098/rstl.1834.0017
https://royalsocietypublishing.org/doi/10.1098/rstl.1834.0017
http://archive.org/details/WeinbergS.GravitationAndCosmology..PrinciplesAndApplicationsOfTheGeneralTheoryOf
http://archive.org/details/WeinbergS.GravitationAndCosmology..PrinciplesAndApplicationsOfTheGeneralTheoryOf

Bibliography

[50]

[51]

52|

53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

62|

Gleick, J. Isaac Newton (Pantheon Books, New York, 2003), 1st ed edn. (Cited on
page 25.)

Chan, M. H. & Lee, C. M. The solar system test for the general modified gravity theories.
Monthly Notices of the Royal Astronomical Society 518, 6238-6242 (2022). URL http:
//arxiv.org/abs/2212.01019. ArXiv:2212.01019 [astro-ph, physics:gr-qc]. (Cited on
page 26.)

Belgacem, E. et al. Testing modified gravity at cosmological distances with LISA standard
sirens. Journal of Cosmology and Astroparticle Physics 2019, 024 (2019). URL https:
//dx.doi.org/10.1088/1475-7516/2019/07/024. (Cited on page 26.)

Miao, X., Xu, H., Shao, L., Liu, C. & Ma, B.-Q. Stringent Tests of Gravity with Highly
Relativistic Binary Pulsars in the Era of LISA and SKA. The Astrophysical Journal 921,
114 (2021). URL https://dx.doi.org/10.3847/1538-4357/ac1d48. Publisher: The
American Astronomical Society. (Cited on page 26.)

Simpson, F. et al. CFHTLenS: testing the laws of gravity with tomographic weak lensing
and redshift-space distortions. Monthly Notices of the Royal Astronomical Society 429,
2249-2263 (2013). URL https://doi.org/10.1093/mnras/sts493. (Cited on page 26.)

Li, J. & Zhao, G.-B. Cosmological Tests of Gravity with the Latest Observations. The
Astrophysical Journal 871, 196 (2019). URL https://dx.doi.org/10.3847/1538-4357/
aaf869. Publisher: The American Astronomical Society. (Cited on page 26.)

Capoferri, M. & Vassiliev, D. Spacetime diffeomorphisms as matter fields. Journal of Math-
ematical Physics 61, 111508 (2020). URL https://pubs.aip.org/jmp/article/61/11/
111508/234801/Spacetime-diffeomorphisms-as-matter-fields. (Cited on page 26.)

Abdalla, M. C. B., Nojiri, S. & Odintsov, S. D. Consistent modified gravity: dark energy,
acceleration and the absence of cosmic doomsday. Classical and Quantum Gravity 22, L35
(2005). URL https://dx.doi.org/10.1088/0264-9381/22/5/1L01. (Cited on page 26.)

Nojiri, S. & Odintsov, S. D. Unified cosmic history in modified gravity: from f(R) theory
to Lorentz non-invariant models. Physics Report 505, 59 (2011). (Cited on page 26.)

Briscese, F., Elizalde, E., Nojiri, S. & Odintsov, S. D. Phantom scalar dark energy as
modified gravity: Understanding the origin of the Big Rip singularity. Physics Letters B
646, 105-111 (2007). URL https://www.sciencedirect.com/science/article/pii/
S0370269307000925. (Cited on page 26.)

Ellis, G. F. R., Maartens, R. & MacCallum, M. A. H. Relativistic cosmology (Cambridge
University Press, Cambridge, 2012), first edn. (Cited on pages 28 and 62.)

Uzan, J.-P., Clarkson, C. & Ellis, G. F. R. Time drift of cosmological redshifts as a
test of the Copernican principle. Physical Review Letters 100, 191303 (2008). URL
http://arxiv.org/abs/0801.0068. ArXiv:0801.0068 |astro-ph, physics:gr-qc|. (Cited on
page 28.)

Sandage, A. The Change of Redshift and Apparent Luminosity of Galaxies due to
the Deceleration of Selected Expanding Universes. The Astrophysical Journal 136, 319
(1962). URL https://ui.adsabs.harvard.edu/abs/1962ApJ...136..319S. Publisher:
IOP ADS Bibcode: 1962ApJ...136..319S. (Cited on page 28.)

123


http://arxiv.org/abs/2212.01019
http://arxiv.org/abs/2212.01019
https://dx.doi.org/10.1088/1475-7516/2019/07/024
https://dx.doi.org/10.1088/1475-7516/2019/07/024
https://dx.doi.org/10.3847/1538-4357/ac1d48
https://doi.org/10.1093/mnras/sts493
https://dx.doi.org/10.3847/1538-4357/aaf869
https://dx.doi.org/10.3847/1538-4357/aaf869
https://pubs.aip.org/jmp/article/61/11/111508/234801/Spacetime-diffeomorphisms-as-matter-fields
https://pubs.aip.org/jmp/article/61/11/111508/234801/Spacetime-diffeomorphisms-as-matter-fields
https://dx.doi.org/10.1088/0264-9381/22/5/L01
https://www.sciencedirect.com/science/article/pii/S0370269307000925
https://www.sciencedirect.com/science/article/pii/S0370269307000925
http://arxiv.org/abs/0801.0068
https://ui.adsabs.harvard.edu/abs/1962ApJ...136..319S

Bibliography

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

73]

[74]

McVittie, G. C. Appendix to The Change of Redshift and Apparent Luminosity of Galax-
ies due to the Deceleration of Selected Expanding Universes. The Astrophysical Journal
136, 334 (1962). URL https://ui.adsabs.harvard.edu/abs/1962ApJ...136..334M.
Publisher: IOP ADS Bibcode: 1962ApJ...136..334M. (Cited on page 28.)

Amendola, L. & Tsujikawa, S. Dark Energy: Theory and Observations (Cambridge
University Press, Cambridge, 2010). URL https://www.cambridge.org/core/books/
dark-energy/EC55E8BF946(34D61B758273D8286618. (Cited on pages 28, 76, and 79.)

Rocha, B. A. R. & Martins, C. J. A. P. Redshift drift cosmography with ELT and SKAO
measurements. Monthly Notices of the Royal Astronomical Society 518, 2853-2869 (2023).
URL https://doi.org/10.1093/mnras/stac3240. (Cited on page 28.)

Coles, P. & Lucchin, F. Cosmology: the origin and evolution of cosmic structure (John
Wiley, Chichester, Eng, 2002), 2nd ed edn. (Cited on pages 28, 37, 41, 42, 46, 51, 54, 59,
73, and 74.)

Bennett, C. L. et al. First-Year Wilkinson Microwave Anisotropy Probe(WMAP) Observa-
tions: Preliminary Maps and Basic Results. The Astrophysical Journal Supplement Series
148, 1 (2003). URL https://iopscience.iop.org/article/10.1086/377253/meta.
Publisher: IOP Publishing. (Cited on page 28.)

Tegmark, M. et al. The Three-Dimensional Power Spectrum of Galaxies from the
Sloan Digital Sky Survey. The Astrophysical Journal 606, 702 (2004). URL https:
//iopscience.iop.org/article/10.1086/382125/meta. Publisher: IOP Publishing.
(Cited on page 28.)

Cole, S. et al. The 2dF Galaxy Redshift Survey: power-spectrum analysis of the final data
set and cosmological implications. Monthly Notices of the Royal Astronomical Society 362,
505-534 (2005). URL https://doi.org/10.1111/j.1365-2966.2005.09318.x. (Cited
on page 28.)

Penzias, A. A. & Wilson, R. W. A Measurement of Excess Antenna Tempera-
ture at 4080 Mc/s. The Astrophysical Journal 142, 419-421 (1965). URL https:
//ui.adsabs.harvard.edu/abs/1965ApJ. . . 142. .419P. Publisher: IOP ADS Bibcode:
1965ApJ...142..419P. (Cited on page 28.)

Dicke, R. H., Peebles, P. J. E., Roll, P. G. & Wilkinson, D. T. Cosmic Black-
Body Radiation. The Astrophysical Journal 142, 414-419 (1965). URL https://
ui.adsabs.harvard.edu/abs/1965ApJ. .. 142..414D. Publisher: IOP ADS Bibcode:
1965ApJ...142..414D. (Cited on page 28.)

Fixsen, D. J. The temperature of the cosmic microwave background. The Astrophysical
Journal 707, 916 (2009). URL https://dx.doi.org/10.1088/0004-637X/707/2/916.
Publisher: The American Astronomical Society. (Cited on page 28.)

Mather, J. C. et al. A Preliminary Measurement of the Cosmic Microwave Background
Spectrum by the Cosmic Background Explorer (COBE) Satellite. The Astrophysical Jour-
nal 354, L37 (1990). URL https://ui.adsabs.harvard.edu/abs/1990ApJ. . .354L.
.37M. Publisher: IOP ADS Bibcode: 1990ApJ...354L..37TM. (Cited on page 29.)

Smoot, G. F. et al. Structure in the COBE Differential Microwave Radiometer First-Year
Maps. The Astrophysical Journal 396, L1 (1992). URL https://ui.adsabs.harvard.
edu/abs/1992ApJ...396L...15. Publisher: IOP ADS Bibcode: 1992ApJ...396L...1S.
(Cited on page 29.)

124


https://ui.adsabs.harvard.edu/abs/1962ApJ...136..334M
https://www.cambridge.org/core/books/dark-energy/EC55E8BF946C34D61B758273D8286618
https://www.cambridge.org/core/books/dark-energy/EC55E8BF946C34D61B758273D8286618
https://doi.org/10.1093/mnras/stac3240
https://iopscience.iop.org/article/10.1086/377253/meta
https://iopscience.iop.org/article/10.1086/382125/meta
https://iopscience.iop.org/article/10.1086/382125/meta
https://doi.org/10.1111/j.1365-2966.2005.09318.x
https://ui.adsabs.harvard.edu/abs/1965ApJ...142..419P
https://ui.adsabs.harvard.edu/abs/1965ApJ...142..419P
https://ui.adsabs.harvard.edu/abs/1965ApJ...142..414D
https://ui.adsabs.harvard.edu/abs/1965ApJ...142..414D
https://dx.doi.org/10.1088/0004-637X/707/2/916
https://ui.adsabs.harvard.edu/abs/1990ApJ...354L..37M
https://ui.adsabs.harvard.edu/abs/1990ApJ...354L..37M
https://ui.adsabs.harvard.edu/abs/1992ApJ...396L...1S
https://ui.adsabs.harvard.edu/abs/1992ApJ...396L...1S

Bibliography

[75]

|76]

[77]

78]

[79]

[30]

[81]

[82]

[83]

[84]

[85]

[36]

Giacconi, R., Gursky, H., Paolini, F. R. & Rossi, B. B. Evidence for X-Rays From Sources
Outside the Solar System. Physical Review Letters 9, 439-443 (1962). URL https://
link.aps.org/doi/10.1103/PhysRevLett.9.439. Publisher: American Physical Society.
(Cited on page 29.)

Weisskopf, M. C. et al. An Overview of the Performance and Scientific Results from
the Chandra X-Ray Observatory. Publications of the Astronomical Society of the Pacific
114, 1 (2002). URL https://dx.doi.org/10.1086/338108. Publisher: The University
of Chicago Press. (Cited on page 29.)

Skrutskie, M. F. et al. The Two Micron All Sky Survey (2MASS). The Astronomical Jour-
nal 131, 1163 (2006). URL https://dx.doi.org/10.1086/498708. (Cited on page 29.)

Loveday, J. The APM Bright Galaxy Catalogue. Monthly Notices of the Royal Astronomi-
cal Society 278, 1025-1048 (1996). URL https://doi.org/10.1093/mnras/278.4.1025.
(Cited on page 29.)

Overzier, R. A., Rottgering, H. J. A., Rengelink, R. B. & Wilman, R. J. The spatial clus-
tering of radio sources in NVSS and FIRST; implications for galaxy clustering evolution.
Astronomy € Astrophysics 405, 53-72 (2003). URL https://wuw.aanda.org/articles/
aa/abs/2003/25/223020/223020 . html. Number: 1 Publisher: EDP Sciences. (Cited on
page 29.)

Zehavi, 1. et al. Galaxy clustering in the completed SDSS redshift survey: the dependence
on color and luminosity. The Astrophysical Journal 736, 59 (2011). URL https://dx.
doi.org/10.1088/0004-637%X/736/1/59. Publisher: The American Astronomical Society.
(Cited on page 29.)

Colless, M. et al. The 2dF Galaxy Redshift Survey: spectra and redshifts. Monthly Notices
of the Royal Astronomical Society 328, 1039-1063 (2001). URL https://doi.org/10.
1046/3.1365-8711.2001.04902.x%. (Cited on page 29.)

Newman, J. A. et al. The DEEP2 galaxy redshift survey: design, observations, data
reduction, and redshifts. The Astrophysical Journal Supplement Series 208, 5 (2013).
URL https://dx.doi.org/10.1088/0067-0049/208/1/5. Publisher: The American As-
tronomical Society. (Cited on page 29.)

Lilly, S. J. et al. zCOSMOS: A Large VLT /VIMOS Redshift Survey Covering 0 < z < 3 in
the COSMOS Field. The Astrophysical Journal Supplement Series 172, 70 (2007). URL
https://dx.doi.org/10.1086/516589. (Cited on page 29.)

Driver, S. P. et al. GAMA: towards a physical understanding of galaxy formation. Astron-
omy € Geophysics 50, 5.12-5.19 (2009). URL https://doi.org/10.1111/7.1468-4004.
2009.50512.x. (Cited on page 29.)

Jones, D. H. et al. The 6dF Galaxy Survey: final redshift release (DR3) and southern large-
scale structures. Monthly Notices of the Royal Astronomical Society 399, 683698 (2009).
URL https://doi.org/10.1111/7.1365-2966.2009.15338.x. (Cited on page 29.)

Hubble, E. P. Realm of the Nebulae (1936). URL https://ui.adsabs.harvard.edu/
abs/1936rene.book. . ... H. Publication Title: Realm of the Nebulae ADS Bibcode:
1936rene.book.....H. (Cited on page 29.)

125


https://link.aps.org/doi/10.1103/PhysRevLett.9.439
https://link.aps.org/doi/10.1103/PhysRevLett.9.439
https://dx.doi.org/10.1086/338108
https://dx.doi.org/10.1086/498708
https://doi.org/10.1093/mnras/278.4.1025
https://www.aanda.org/articles/aa/abs/2003/25/aa3020/aa3020.html
https://www.aanda.org/articles/aa/abs/2003/25/aa3020/aa3020.html
https://dx.doi.org/10.1088/0004-637X/736/1/59
https://dx.doi.org/10.1088/0004-637X/736/1/59
https://doi.org/10.1046/j.1365-8711.2001.04902.x
https://doi.org/10.1046/j.1365-8711.2001.04902.x
https://dx.doi.org/10.1088/0067-0049/208/1/5
https://dx.doi.org/10.1086/516589
https://doi.org/10.1111/j.1468-4004.2009.50512.x
https://doi.org/10.1111/j.1468-4004.2009.50512.x
https://doi.org/10.1111/j.1365-2966.2009.15338.x
https://ui.adsabs.harvard.edu/abs/1936rene.book.....H
https://ui.adsabs.harvard.edu/abs/1936rene.book.....H

Bibliography

[87]

[33]

[89]

[90]

[91]

[92]

(93]

[94]

[95]

[96]

197]

98]

[99]

Hogg, D. W. et al. Cosmic Homogeneity Demonstrated with Luminous Red Galaxies. The
Astrophysical Journal 624, 54 (2005). URL https://iopscience.iop.org/article/10.
1086/429084/meta. Publisher: IOP Publishing. (Cited on page 29.)

Ellis, G. F. R. Issues in the Philosophy of Cosmology (2006). URL http://arxiv.org/
abs/astro-ph/0602280. ArXiv:astro-ph/0602280. (Cited on page 29.)

Moresco, M. et al. A 6% measurement of the Hubble parameter at 2 ~ 0.45: direct
evidence of the epoch of cosmic re-acceleration. Journal of Cosmology and Astroparticle
Physics 2016, 014-014 (2016). URL https://iopscience.iop.org/article/10.1088/
1475-7516/2016/05/014. (Cited on page 37.)

Farooq, O., Madiyar, F. R., Crandall, S. & Ratra, B. Hubble parameter measurement
constraints on the redshift of the deceleration—acceleration transition, dynamical dark
energy, and space curvature. The Astrophysical Journal 835, 26 (2017). URL https:
//iopscience.iop.org/article/10.3847/1538-4357/835/1/26. (Cited on page 37.)

Dunajski, M. & Gibbons, G. Cosmic jerk, snap and beyond. Classical and Quan-
tum Gravity 25, 235012 (2008). URL https://iopscience.iop.org/article/10.1088/
0264-9381/25/23/235012. (Cited on pages 38, 83, and 99.)

Dunsby, P. K. S. & Luongo, O. On the theory and applications of modern cosmogra-
phy. International Journal of Geometric Methods in Modern Physics 13, 1630002 (2016).
URL http://arxiv.org/abs/1511.06532. ArXiv:1511.06532 [astro-ph, physics:gr-qc,
physics:math-ph|. (Cited on page 38.)

Ryden, B. Introduction to cosmology (Cambridge university press, Cambridge, 2017), 2nd
ed edn. (Cited on pages 38, 41, 51, 54, and 72.)

Riess, A. G. et al. Observational Evidence from Supernovae for an Accelerating Universe
and a Cosmological Constant. The Astronomical Journal 116, 1009-1038 (1998). URL
http://arxiv.org/abs/astro-ph/9805201. ArXiv:astro-ph/9805201. (Cited on pages 38
and 53.)

Capozziello, S., Cardone, V. F. & Salzano, V. Cosmography of f(R) gravity. Physical
Review D 78, 063504 (2008). URL http://arxiv.org/abs/0802.1583. ArXiv:0802.1583
lastro-ph, physics:gr-qc|. (Cited on page 38.)

Riess, A. G. et al. Type Ia Supernova Discoveries at z > 1 from the Hubble Space
Telescope: Evidence for Past Deceleration and Constraints on Dark Energy Evolution. The
Astrophysical Journal 607, 665 (2004). URL https://iopscience.iop.org/article/
10.1086/383612/meta. Publisher: IOP Publishing. (Cited on page 38.)

Visser, M. Jerk, snap and the cosmological equation of state. Classical and Quantum
Gravity 21, 2603 (2004). URL https://dx.doi.org/10.1088/0264-9381/21/11/006.
(Cited on page 38.)

Rapetti, D., Allen, S. W., Amin, M. A. & Blandford, R. D. A kinematical approach to dark
energy studies. Monthly Notices of the Royal Astronomical Society 375, 1510-1520 (2007).
URL https://doi.org/10.1111/7.1365-2966.2006.11419.x. (Cited on page 38.)

DESI Collaboration et al. DESI 2024 VI: Cosmological Constraints from the Measure-
ments of Baryon Acoustic Oscillations (2024). URL http://arxiv.org/abs/2404.03002.
ArXiv:2404.03002 [astro-ph]|. (Cited on pages 39, 42, and 56.)

126


https://iopscience.iop.org/article/10.1086/429084/meta
https://iopscience.iop.org/article/10.1086/429084/meta
http://arxiv.org/abs/astro-ph/0602280
http://arxiv.org/abs/astro-ph/0602280
https://iopscience.iop.org/article/10.1088/1475-7516/2016/05/014
https://iopscience.iop.org/article/10.1088/1475-7516/2016/05/014
https://iopscience.iop.org/article/10.3847/1538-4357/835/1/26
https://iopscience.iop.org/article/10.3847/1538-4357/835/1/26
https://iopscience.iop.org/article/10.1088/0264-9381/25/23/235012
https://iopscience.iop.org/article/10.1088/0264-9381/25/23/235012
http://arxiv.org/abs/1511.06532
http://arxiv.org/abs/astro-ph/9805201
http://arxiv.org/abs/0802.1583
https://iopscience.iop.org/article/10.1086/383612/meta
https://iopscience.iop.org/article/10.1086/383612/meta
https://dx.doi.org/10.1088/0264-9381/21/11/006
https://doi.org/10.1111/j.1365-2966.2006.11419.x
http://arxiv.org/abs/2404.03002

Bibliography

[100]

[101]

[102]

103

[104]

[105]

[106]

[107]

[108]

109

[110]

[111]

de Sitter, W. On Einstein’s Theory of Gravitation and its Astronomical Consequences.
Third Paper.. Monthly Notices of the Royal Astronomical Society 78, 3-28 (1917). URL
https://doi.org/10.1093/mnras/78.1.3. (Cited on page 41.)

Ellis, G. F. R. & Maartens, R. The emergent universe: inflationary cosmology with no
singularity. Classical and Quantum Gravity 21, 223 (2003). URL https://dx.doi.org/
10.1088/0264-9381/21/1/015. (Cited on page 41.)

Einstein, A. Kosmologische Betrachtungen zur allgemeinen Relativitéitstheorie. Sitzungs-
berichte der Koniglich Preussischen Akademie der Wissenschaften 142-152 (1917).
URL https://ui.adsabs.harvard.edu/abs/1917SPAW....... 142E.  ADS Bibcode:
1917SPAW.......142E. (Cited on page 42.)

Kerszberg, P. The Einstein - de Sitter controversy of 1916 - 1917 and the rise of relativistic
cosmology. (1989). URL https://ui.adsabs.harvard.edu/abs/1989ehgr.conf . .325K.
Conference Name: Einstein and the History of General Relativity Pages: 325-366 ADS
Bibcode: 1989ehgr.conf..325K. (Cited on page 42.)

VandenBerg, D. A., Bolte, M. & Stetson, P. B. The age of the galactic globular cluster sys-
tem. Annual Review of Astronomy and Astrophysics 34, 461-510 (1996). URL https://
www.annualreviews.org/content/journals/10.1146/annurev.astro.34.1.461. Pub-
lisher: Annual Reviews. (Cited on page 42.)

Spergel, D. N., Bolte, M. & Freedman, W. The age of the universe. Proceedings of the
National Academy of Sciences 94, 6579-6584 (1997). URL https://www.pnas.org/doi/
10.1073/pnas.94.13.6579. Publisher: Proceedings of the National Academy of Sciences.
(Cited on page 42.)

Peebles, P. J. E. Tests of cosmological models constrained by inflation. The Astrophysi-
cal Journal 284, 439 (1984). URL http://adsabs.harvard.edu/doi/10.1086/162425.
(Cited on page 42.)

Aghanim, N. et al. Planck 2018 results - VI. Cosmological parameters. Astronomy &
Astrophysics 641, A6 (2020). URL https://www.aanda.org/articles/aa/abs/2020/
09/2233910-18/2233910-18 .html. Publisher: EDP Sciences. (Cited on pages 42, 49, 55,
72, and 108.)

Martel, H. Galaxy Formation in A > 0 Friedmann Models: Consequences for the Number
Counts versus Redshift Test. The Astrophysical Journal 421, L67 (1994). URL https:
//ui.adsabs.harvard.edu/abs/1994ApJ. . . 421L..67M. Publisher: IOP ADS Bibcode:
1994ApJ...421L..67M. (Cited on page 42.)

Ellis, G. F. R. & Bruni, M. Covariant and gauge-invariant approach to cosmological
density fluctuations. Physical Review D 40, 1804-1818 (1989). URL https://link.aps.
org/doi/10.1103/PhysRevD.40.1804. (Cited on pages 42, 59, 60, 61, 62, 63, 66, 69, 89,
and 92.)

Blumenthal, G. R., Faber, S. M., Primack, J. R. & Rees, M. J. Formation of galaxies
and large-scale structure with cold dark matter. Nature 311, 517-525 (1984). URL
https://www.nature.com/articles/311517a0. Publisher: Nature Publishing Group.
(Cited on pages 42 and 48.)

Davis, M., Efstathiou, G., Frenk, C. S. & White, S. D. M. The evolution of large-scale struc-
ture in a universe dominated by cold dark matter. The Astrophysical Journal 292, 371-394

127


https://doi.org/10.1093/mnras/78.1.3
https://dx.doi.org/10.1088/0264-9381/21/1/015
https://dx.doi.org/10.1088/0264-9381/21/1/015
https://ui.adsabs.harvard.edu/abs/1917SPAW.......142E
https://ui.adsabs.harvard.edu/abs/1989ehgr.conf..325K
https://www.annualreviews.org/content/journals/10.1146/annurev.astro.34.1.461
https://www.annualreviews.org/content/journals/10.1146/annurev.astro.34.1.461
https://www.pnas.org/doi/10.1073/pnas.94.13.6579
https://www.pnas.org/doi/10.1073/pnas.94.13.6579
http://adsabs.harvard.edu/doi/10.1086/162425
https://www.aanda.org/articles/aa/abs/2020/09/aa33910-18/aa33910-18.html
https://www.aanda.org/articles/aa/abs/2020/09/aa33910-18/aa33910-18.html
https://ui.adsabs.harvard.edu/abs/1994ApJ...421L..67M
https://ui.adsabs.harvard.edu/abs/1994ApJ...421L..67M
https://link.aps.org/doi/10.1103/PhysRevD.40.1804
https://link.aps.org/doi/10.1103/PhysRevD.40.1804
https://www.nature.com/articles/311517a0

Bibliography

(1985). URL https://ui.adsabs.harvard.edu/abs/1985ApJ...292..371D. Publisher:
IOP ADS Bibcode: 1985ApJ...292..371D. (Cited on page 42.)

[112| Starobinsky, A. A. A new type of isotropic cosmological models without singularity. Physics
Letters B 91, 99-102 (1980). URL https://www.sciencedirect.com/science/article/
pii/037026938090670X%. (Cited on pages 42 and 79.)

[113]| Ellis, G. F. R. & Rothman, T. Lost horizons. American Journal of Physics 61, 883-893
(1993). URL https://aapt.scitation.org/doi/10.1119/1.17400. Publisher: Ameri-
can Association of Physics Teachers. (Cited on pages 44 and 52.)

[114] Baumann, D. Cosmology Part III Mathematical Tripos (DAMTP, Centre for Mathematical
Sciences, Wilberforce Road, Cambridge CB3 0OWA, 2014). (Cited on pages 44 and 62.)

[115] Debono, I. & Smoot, G. General Relativity and Cosmology: Unsolved Questions and
Future Directions. Universe 2 (2016). (Cited on pages 45 and 53.)

[116] Weinberg, S. Cosmology (Oxford university press, New York, 2008). (Cited on page 48.)

[117] Kolb, E. W. & Turner, M. S. The early Universe. Nature 294, 521-526 (1981). URL
https://www.nature.com/articles/294521a0. Publisher: Nature Publishing Group.
(Cited on page 51.)

[118] Follin, B., Knox, L., Millea, M. & Pan, Z. First Detection of the Acoustic Oscillation Phase
Shift Expected from the Cosmic Neutrino Background. Physical Review Letters 115,
091301 (2015). URL https://link.aps.org/doi/10.1103/PhysRevLett.115.091301.
Publisher: American Physical Society. (Cited on page 51.)

[119] Ma, C.-P. & Bertschinger, E. Cosmological Perturbation Theory in the Synchronous and
Conformal Newtonian Gauges. The Astrophysical Journal 455, 7 (1995). URL http:
//adsabs.harvard.edu/doi/10.1086/176550. (Cited on page 52.)

[120] Schneider, P. Extragalactic astronomy and cosmology: an introduction (Springer, Berlin;
New York, 2006). OCLC: ocm74270145. (Cited on pages 53 and 54.)

[121]| Steinhardt, P. J. 7 cosmological challenges for the 21st century. In Fitch, V. L., Mar-
low, D. R. & Dementi, M. A. (eds.) Critical Problems in Physics, 123-146 (Princeton
University Press, 2021). URL https://www.degruyter.com/document/doi/10.1515/
9780691227498-008/html. (Cited on page 55.)

[122] Susskind, L. The anthropic landscape of string theory. In Carr, B. (ed.)
Universe or Multiverse?, 247-266 (Cambridge University Press, Cambridge,
2007). URL https://www.cambridge.org/core/books/universe-or-multiverse/
anthropic-landscape-of-string-theory/60C574844DB1E631356BD24AEDOCD052.
(Cited on page 55.)

[123] Adler, R. J., Casey, B. & Jacob, O. C. Vacuum catastrophe: An elementary exposition
of the cosmological constant problem. American Journal of Physics 63, 620626 (1995).
URL https://doi.org/10.1119/1.17850. (Cited on page 55.)

[124| Tada, Y. & Terada, T. Quintessential interpretation of the evolving dark energy in light
of DESI observations. Physical Review D 109, 1.121305 (2024). URL https://link.aps.
org/doi/10.1103/PhysRevD.109.L121305. Publisher: American Physical Society. (Cited
on page 55.)

128


https://ui.adsabs.harvard.edu/abs/1985ApJ...292..371D
https://www.sciencedirect.com/science/article/pii/037026938090670X
https://www.sciencedirect.com/science/article/pii/037026938090670X
https://aapt.scitation.org/doi/10.1119/1.17400
https://www.nature.com/articles/294521a0
https://link.aps.org/doi/10.1103/PhysRevLett.115.091301
http://adsabs.harvard.edu/doi/10.1086/176550
http://adsabs.harvard.edu/doi/10.1086/176550
https://www.degruyter.com/document/doi/10.1515/9780691227498-008/html
https://www.degruyter.com/document/doi/10.1515/9780691227498-008/html
https://www.cambridge.org/core/books/universe-or-multiverse/anthropic-landscape-of-string-theory/60C574844DB1E631356BD24AED0CD052
https://www.cambridge.org/core/books/universe-or-multiverse/anthropic-landscape-of-string-theory/60C574844DB1E631356BD24AED0CD052
https://doi.org/10.1119/1.17850
https://link.aps.org/doi/10.1103/PhysRevD.109.L121305
https://link.aps.org/doi/10.1103/PhysRevD.109.L121305

Bibliography

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

133

[134]

[135]

[136]

Riess, A. G. et al. A Comprehensive Measurement of the Local Value of the Hubble
Constant with 1 km/s/Mpc Uncertainty from the Hubble Space Telescope and the SHOES
Team. The Astrophysical Journal Letters 934, L7 (2022). URL https://dx.doi.org/
10.3847/2041-8213/ac5c5b. Publisher: The American Astronomical Society. (Cited on
page 55.)

Freedman, W. .. Measurements of the Hubble Constant: Tensions in Perspective. The
Astrophysical Journal 919, 16 (2021). URL https://dx.doi.org/10.3847/1538-4357/
ac0e95. Publisher: The American Astronomical Society. (Cited on page 55.)

Li, S. & Beaton, R. L. The Tip of the Red Giant Branch Distance Ladder and the Hubble
Constant (2024). URL http://arxiv.org/abs/2403.17048. ArXiv:2403.17048. (Cited
on page 55.)

Perivolaropoulos, L. & Skara, F. Challenges for ACDM: An update. New Astronomy
Reviews 95, 101659 (2022). URL https://www.sciencedirect.com/science/article/
pii/81387647322000185. (Cited on page 55.)

Dark Energy Survey Collaboration 1 et al. Dark Energy Survey year 1 results: Cos-
mological constraints from galaxy clustering and weak lensing. Physical Review D 98,
043526 (2018). URL https://link.aps.org/doi/10.1103/PhysRevD.98.043526. Pub-
lisher: American Physical Society. (Cited on page 55.)

Akrami, Y. et al. Planck 2018 results - VII. Isotropy and statistics of the CMB. Astronomy
€9 Astrophysics 641, A7 (2020). URL https://www.aanda.org/articles/aa/abs/2020/
09/2235201-19/2a35201-19 . html. Publisher: EDP Sciences. (Cited on page 55.)

Bull, P. et al. Beyond ACDM: Problems, solutions, and the road ahead. Physics of the Dark
Universe 12, 56-99 (2016). URL https://www.sciencedirect.com/science/article/
pii/82212686416300097. (Cited on page 55.)

Klypin, A., Kravtsov, A. V., Valenzuela, O. & Prada, F. Where Are the Missing Galactic
Satellites? The Astrophysical Journal 522, 82 (1999). URL https://iopscience.iop.
org/article/10.1086/307643/meta. Publisher: IOP Publishing. (Cited on page 56.)

Moore, B. et al. Dark Matter Substructure within Galactic Halos. The Astrophysical Jour-
nal 524, L19 (1999). URL https://iopscience.iop.org/article/10.1086/312287/
meta. Publisher: IOP Publishing. (Cited on page 56.)

Boylan-Kolchin, M., Bullock, J. S. & Kaplinghat, M. Too big to fail? The puzzling
darkness of massive Milky Way subhaloes. Monthly Notices of the Royal Astronomical
Society: Letters 415, 1.40-1L44 (2011). URL https://doi.org/10.1111/.1745-3933.
2011.01074.x. (Cited on page 56.)

Ostriker, J. P., Choi, E., Chow, A. & Guha, K. Mind the Gap: Is the Too Big to Fail
Problem Resolved? The Astrophysical Journal 885, 97 (2019). URL https://dx.doi.
org/10.3847/1538-4357/2ab3288. Publisher: The American Astronomical Society. (Cited
on page 56.)

Zavala, J. et al. The velocity function in the local environment from ACDM and AWDM
constrained simulations. The Astrophysical Journal 700, 1779 (2009). URL https://
dx.doi.org/10.1088/0004-637X/700/2/1779. Publisher: The American Astronomical
Society. (Cited on page 56.)

129


https://dx.doi.org/10.3847/2041-8213/ac5c5b
https://dx.doi.org/10.3847/2041-8213/ac5c5b
https://dx.doi.org/10.3847/1538-4357/ac0e95
https://dx.doi.org/10.3847/1538-4357/ac0e95
http://arxiv.org/abs/2403.17048
https://www.sciencedirect.com/science/article/pii/S1387647322000185
https://www.sciencedirect.com/science/article/pii/S1387647322000185
https://link.aps.org/doi/10.1103/PhysRevD.98.043526
https://www.aanda.org/articles/aa/abs/2020/09/aa35201-19/aa35201-19.html
https://www.aanda.org/articles/aa/abs/2020/09/aa35201-19/aa35201-19.html
https://www.sciencedirect.com/science/article/pii/S2212686416300097
https://www.sciencedirect.com/science/article/pii/S2212686416300097
https://iopscience.iop.org/article/10.1086/307643/meta
https://iopscience.iop.org/article/10.1086/307643/meta
https://iopscience.iop.org/article/10.1086/312287/meta
https://iopscience.iop.org/article/10.1086/312287/meta
https://doi.org/10.1111/j.1745-3933.2011.01074.x
https://doi.org/10.1111/j.1745-3933.2011.01074.x
https://dx.doi.org/10.3847/1538-4357/ab3288
https://dx.doi.org/10.3847/1538-4357/ab3288
https://dx.doi.org/10.1088/0004-637X/700/2/1779
https://dx.doi.org/10.1088/0004-637X/700/2/1779

Bibliography

[137]

138

[139)

[140]

[141]

142]

[143)

[144)

[145]

[146]

[147]

(148

[149]

Tikhonov, A. V. & Klypin, A. The emptiness of voids: yet another overabundance problem
for the A cold dark matter model. Monthly Notices of the Royal Astronomical Society 395,
1915-1924 (2009). URL https://ieeexplore.ieee.org/document /8222872, Conference
Name: Monthly Notices of the Royal Astronomical Society. (Cited on page 56.)

Dubinski, J. & Carlberg, R. G. The Structure of Cold Dark Matter Halos. The Astrophys-
ical Journal 378, 496 (1991). URL https://ui.adsabs.harvard.edu/abs/1991ApJ. . .
378..496D. Publisher: IOP ADS Bibcode: 1991ApJ...378..496D. (Cited on page 56.)

Walker, M. G. & Penarrubia, J. A method for measuring (slopes of) the mass profiles
of dwarf spheroidal galaxies. The Astrophysical Journal 742, 20 (2011). URL https:
//dx.doi.org/10.1088/0004-637X/742/1/20. Publisher: The American Astronomical
Society. (Cited on page 56.)

Genina, A. et al. The core—cusp problem: a matter of perspective. Monthly Notices of the
Royal Astronomical Society 474, 1398-1411 (2018). URL https://doi.org/10.1093/
mnras/stx2855. (Cited on page 56.)

Kendall, E. & Easther, R. The core-cusp problem revisited: ULDM
vs. CDM. Publications  of the  Astronomical  Society of  Australia
37, e009  (2020). URL  https://www.cambridge.org/core/journals/

publications-of-the-astronomical-society-of-australia/article/
corecusp-problem-revisited-uldm-vs-cdm/AA927FE820DA05854AED112B296E2789.
(Cited on page 56.)

Peebles, P. J. E. The Void Phenomenon. The Astrophysical Journal 557, 495 (2001). URL
https://dx.doi.org/10.1086/322254. (Cited on page 56.)

Moss, A., Zibin, J. P. & Scott, D. Precision cosmology defeats void models for accelera-
tion. Physical Review D 83, 103515 (2011). URL https://link.aps.org/doi/10.1103/
PhysRevD.83.103515. Publisher: American Physical Society. (Cited on page 56.)

Tinker, J. L. & Conroy, C. The void phenomenon explained. The Astrophysical Journal
691, 633 (2009). URL https://dx.doi.org/10.1088/0004-637X/691/1/633. Publisher:
The American Astronomical Society. (Cited on page 56.)

Pawlowski, M. S. It’s time for some plane speaking. Nature Astronomy 5, 1185-1187
(2021). URL https://www.nature.com/articles/s41550-021-01452-7. Publisher: Na-
ture Publishing Group. (Cited on page 56.)

Boylan-Kolchin, M. Planes of satellites are not a problem for (just) ACDM. Na-
ture Astronomy 5, 1188-1190 (2021). URL https://www.nature.com/articles/
s41550-021-01467-0. Publisher: Nature Publishing Group. (Cited on page 56.)

Sawala, T. et al. The Milky Way’s plane of satellites is consistent with ACDM.
Nature Astronomy 7, 481-491 (2023). URL https://www.nature.com/articles/
s41550-022-01856-z. Publisher: Nature Publishing Group. (Cited on page 56.)

Sales, L. V. & Navarro, J. F. Planes of satellites no longer in tension with ACDM.
Nature Astronomy 7, 376-377 (2023). URL https://www.nature.com/articles/
s41550-023-01924-y. Publisher: Nature Publishing Group. (Cited on page 56.)

McGaugh, S. S. Novel Test of Modified Newtonian Dynamics with Gas Rich Galaxies.
Physical Review Letters 106, 121303 (2011). URL https://link.aps.org/doi/10.1103/
PhysRevLett.106.121303. Publisher: American Physical Society. (Cited on page 56.)

130


https://ieeexplore.ieee.org/document/8222872
https://ui.adsabs.harvard.edu/abs/1991ApJ...378..496D
https://ui.adsabs.harvard.edu/abs/1991ApJ...378..496D
https://dx.doi.org/10.1088/0004-637X/742/1/20
https://dx.doi.org/10.1088/0004-637X/742/1/20
https://doi.org/10.1093/mnras/stx2855
https://doi.org/10.1093/mnras/stx2855
https://www.cambridge.org/core/journals/publications-of-the-astronomical-society-of-australia/article/corecusp-problem-revisited-uldm-vs-cdm/AA927FE820DA05854AED112B296E2789
https://www.cambridge.org/core/journals/publications-of-the-astronomical-society-of-australia/article/corecusp-problem-revisited-uldm-vs-cdm/AA927FE820DA05854AED112B296E2789
https://www.cambridge.org/core/journals/publications-of-the-astronomical-society-of-australia/article/corecusp-problem-revisited-uldm-vs-cdm/AA927FE820DA05854AED112B296E2789
https://dx.doi.org/10.1086/322254
https://link.aps.org/doi/10.1103/PhysRevD.83.103515
https://link.aps.org/doi/10.1103/PhysRevD.83.103515
https://dx.doi.org/10.1088/0004-637X/691/1/633
https://www.nature.com/articles/s41550-021-01452-7
https://www.nature.com/articles/s41550-021-01467-0
https://www.nature.com/articles/s41550-021-01467-0
https://www.nature.com/articles/s41550-022-01856-z
https://www.nature.com/articles/s41550-022-01856-z
https://www.nature.com/articles/s41550-023-01924-y
https://www.nature.com/articles/s41550-023-01924-y
https://link.aps.org/doi/10.1103/PhysRevLett.106.121303
https://link.aps.org/doi/10.1103/PhysRevLett.106.121303

Bibliography

[150]

[151]

[152]

153

[154]

[155]

[156]

[157]

[158)

[159]

[160]

[161]

[162]

Famaey, B. & McGaugh, S. S. Modified Newtonian Dynamics (MOND): Observational
Phenomenology and Relativistic Extensions. Living Reviews in Relativity 15, 10 (2012).
URL https://doi.org/10.12942/1rr-2012-10. (Cited on page 57.)

Peebles, P. J. E. Principles of Physical Cosmology (1993). URL https://ui.adsabs.
harvard.edu/abs/1993ppc. .book. . ... P. Publication Title: Principles of physical cos-
mology ADS Bibcode: 1993ppc..book.....P. (Cited on page 58.)

Lifshitz, E. M. On the gravitational stability of the expanding universe. Zhurnal
FEksperimentalnoi i Teoreticheskoi Fiziki 16, 587602 (1946). URL https://ui.adsabs.
harvard.edu/abs/1946ZhETF. . 16..587L. ADS Bibcode: 1946ZhETF..16..587L. (Cited
on pages 58 and 61.)

Sachs, R. K. & Wolfe, A. M. Perturbations of a Cosmological Model and Angular Variations
of the Microwave Background. The Astrophysical Journal 147, 73 (1967). URL https:
//ui.adsabs.harvard.edu/abs/1967ApJ. . . 147...73S. Publisher: IOP ADS Bibcode:
1967ApJ...147...73S. (Cited on pages 58 and 59.)

Stewart, J. M. Perturbations of Friedmann-Robertson-Walker cosmological models. Clas-
sical and Quantum Gravity 7, 1169-1180 (1990). URL https://iopscience.iop.org/
article/10.1088/0264-9381/7/7/013. (Cited on pages 59, 60, 63, and 88.)

Bertschinger, E. Cosmological Perturbation Theory and Structure Formation (2000).
URL http://arxiv.org/abs/astro-ph/0101009. ArXiv:astro-ph/0101009. (Cited on
page 59.)

Sasaki, M. & Tanaka, T. Super-Horizon Scale Dynamics of Multi-Scalar Inflation. Progress
of Theoretical Physics 99, 763-781 (1998). URL http://arxiv.org/abs/gr-qc/9801017.
ArXiv:gr-qc/9801017. (Cited on page 59.)

Wands, D., Malik, K. A., Lyth, D. H. & Liddle, A. R. A new approach to the evolu-
tion of cosmological perturbations on large scales. Physical Review D 62, 043527 (2000).
URL http://arxiv.org/abs/astro-ph/0003278. ArXiv:astro-ph/0003278. (Cited on
page 59.)

Kurki-Suonio, H. Cosmological Perturbation Theory I (University of Helsinki, 2022). URL
https://www.mv.helsinki.fi/home/hkurkisu/CosPer.pdf. (Cited on page 61.)

Bardeen, J. M. Gauge-invariant cosmological perturbations. Physical Review D 22, 1882—
1905 (1980). URL https://link.aps.org/doi/10.1103/PhysRevD.22.1882. (Cited on
pages 61, 62, 68, 69, and 70.)

Kodama, H. & Sasaki, M. Cosmological Perturbation Theory. Progress of Theoreti-
cal Physics Supplement 78, 1-166 (1984). URL https://doi.org/10.1143/PTPS.78.1.
(Cited on page 62.)

Clifton, T., Gallagher, C. S., Goldberg, S. & Malik, K. A. Viable Gauge Choices in
Cosmologies with Non-Linear Structures. Physical Review D 101, 063530 (2020). URL
http://arxiv.org/abs/2001.00394. ArXiv:2001.00394 [gr-qc|. (Cited on page 62.)

Clarkson, C. Local gauge-invariance at any order in cosmological perturbation theory
(2011). URL http://arxiv.org/abs/1108.4513. ArXiv:1108.4513 [astro-ph|. (Cited on
pages 62 and 63.)

131


https://doi.org/10.12942/lrr-2012-10
https://ui.adsabs.harvard.edu/abs/1993ppc..book.....P
https://ui.adsabs.harvard.edu/abs/1993ppc..book.....P
https://ui.adsabs.harvard.edu/abs/1946ZhETF..16..587L
https://ui.adsabs.harvard.edu/abs/1946ZhETF..16..587L
https://ui.adsabs.harvard.edu/abs/1967ApJ...147...73S
https://ui.adsabs.harvard.edu/abs/1967ApJ...147...73S
https://iopscience.iop.org/article/10.1088/0264-9381/7/7/013
https://iopscience.iop.org/article/10.1088/0264-9381/7/7/013
http://arxiv.org/abs/astro-ph/0101009
http://arxiv.org/abs/gr-qc/9801017
http://arxiv.org/abs/astro-ph/0003278
https://www.mv.helsinki.fi/home/hkurkisu/CosPer.pdf
https://link.aps.org/doi/10.1103/PhysRevD.22.1882
https://doi.org/10.1143/PTPS.78.1
http://arxiv.org/abs/2001.00394
http://arxiv.org/abs/1108.4513

Bibliography

[163]

[164]

[165]

[166]

[167]

[168]

[169)

[170]

171]

172

173

[174]

[175]

[176]

Dunsby, P. K. S. & Ellis, G. F. R. Perturbations of Cosmological Backgrounds. In Iyer,
B. R. & Bhawal, B. (eds.) Black Holes, Gravitational Radiation and the Universe: Essays
in Honor of C.V. Vishveshwara, 493-508 (Springer Netherlands, Dordrecht, 1999). URL
https://doi.org/10.1007/978-94-017-0934-7_29. (Cited on page 62.)

Hawking, S. W. Perturbations of an Expanding Universe. The Astrophysical Journal
145, 544 (1966). URL http://adsabs.harvard.edu/doi/10.1086/148793. (Cited on
pages 63 and 70.)

Olson, D. W. Density perturbations in cosmological models. Physical Review D 14, 327—
331 (1976). URL https://link.aps.org/doi/10.1103/PhysRevD.14.327. Publisher:
American Physical Society. (Cited on page 63.)

Ellis, G. F. R. & van Elst, H. Cosmological models (Cargese lectures 1998) (2008).
URL http://arxiv.org/abs/gr-qc/9812046. ArXiv:gr-qc/9812046. (Cited on pages 63
and 71.)

Ellis, G. F. R. Relativistic cosmology. Cargése Lectures in Physics 6, 1-60 (1973). (Cited
on page 63.)

Clarkson, C. & Osano, B. Locally extracting scalar, vector and tensor modes in cosmologi-
cal perturbation theory. Classical and Quantum Gravity - CLASS QUANTUM GRAVITY
29 (2012). (Cited on page 64.)

Ellis, G. F. R., Hwang, J. & Bruni, M. Covariant and gauge-independent perfect-fluid
Robertson-Walker perturbations. Physical Review D 40, 1819-1826 (1989). URL https:
//link.aps.org/doi/10.1103/PhysRevD.40.1819. (Cited on page 68.)

Liddle, A. R. An Introduction to Cosmological Inflation (eprint: arXiv:astro-ph/9901124,
1999). URL https://ui.adsabs.harvard.edu/abs/1999%hepc.conf..260L. Conference
Name: High Energy Physics and Cosmology, 1998 Summer School Pages: 260 ADS Bib-
code: 1999hepc.conf..260L. (Cited on page 70.)

Hu, W. & Eisenstein, D. J. Structure of structure formation theories. Physical Review
D 59, 083509 (1999). URL https://link.aps.org/doi/10.1103/PhysRevD.59.083509.
Publisher: American Physical Society. (Cited on page 70.)

Norman, M. L. Simulating Galaxy Clusters (2010). URL http://arxiv.org/abs/1005.
1100. ArXiv:1005.1100 version: 1. (Cited on page 73.)

Peacock, J. A. Large-scale surveys and cosmic structure (2003). URL http://arxiv.org/
abs/astro-ph/0309240. ArXiv:astro-ph/0309240. (Cited on page 74.)

Hu, W. & Sawicki, I. Models of f(R) Cosmic Acceleration that Evade Solar-System
Tests. Physical Review D 76, 064004 (2007). URL http://arxiv.org/abs/0705.1158.
ArXiv:0705.1158 [astro-ph, physics:gr-qc, physics:hep-th|. (Cited on pages 76 and 115.)

Starobinsky, A. A. Disappearing cosmological constant in f(R) gravity. JETP Letters 86,
157-163 (2007). URL http://arxiv.org/abs/0706.2041. ArXiv:0706.2041 [astro-ph,
physics:gr-qc, physics:hep-th]. (Cited on page 76.)

Olmo, G. J. Palatini Approach to Modified Gravity: f(R) Theories and Beyond. In-
ternational Journal of Modern Physics D 20, 413-462 (2011). URL https://www.
worldscientific.com/doi/abs/10.1142/50218271811018925. Publisher: World Scien-
tific Publishing Co. (Cited on page 78.)

132


https://doi.org/10.1007/978-94-017-0934-7_29
http://adsabs.harvard.edu/doi/10.1086/148793
https://link.aps.org/doi/10.1103/PhysRevD.14.327
http://arxiv.org/abs/gr-qc/9812046
https://link.aps.org/doi/10.1103/PhysRevD.40.1819
https://link.aps.org/doi/10.1103/PhysRevD.40.1819
https://ui.adsabs.harvard.edu/abs/1999hepc.conf..260L
https://link.aps.org/doi/10.1103/PhysRevD.59.083509
http://arxiv.org/abs/1005.1100
http://arxiv.org/abs/1005.1100
http://arxiv.org/abs/astro-ph/0309240
http://arxiv.org/abs/astro-ph/0309240
http://arxiv.org/abs/0705.1158
http://arxiv.org/abs/0706.2041
https://www.worldscientific.com/doi/abs/10.1142/S0218271811018925
https://www.worldscientific.com/doi/abs/10.1142/S0218271811018925

Bibliography

[177]

178

179]

[180]

[181]

[182]

[183)]

[184]

[185]

[186]

187]

[188]

[189)

Dolgov, A. D. & Kawasaki, M. Can modified gravity explain accelerated cosmic expansion?
Physics Letters B 573, 1-4 (2003). URL http://arxiv.org/abs/astro-ph/0307285.
ArXiv:astro-ph/0307285. (Cited on page 79.)

Nojiri, S., Odintsov, S. D. & Saez-Gomez, D. Cosmological reconstruction of realistic
modified f(R) gravities. Physics Letters B 681, 74-80 (2009). URL http://arxiv.
org/abs/0908.1269. ArXiv:0908.1269 [astro-ph, physics:gr-qc, physics:hep-th]|. (Cited on
pages 80 and 99.)

Carloni, S., Goswami, R. & Dunsby, P. K. S. A new approach to reconstruction methods
in f(R) gravity. Classical and Quantum Gravity 29, 135012 (2012). URL https://
iopscience.iop.org/article/10.1088/0264-9381/29/13/135012. (Cited on pages 80
and 99.)

He, J.-h. & Wang, B. Revisiting f(R) gravity models that reproduce ACDM expan-
sion. Physical Review D 87, 023508 (2013). URL https://link.aps.org/doi/10.1103/
PhysRevD.87.023508. Publisher: American Physical Society. (Cited on pages 80 and 108.)

Wainwright, J. & Ellis, G. F. R. (eds.) Dynamical Systems in Cosmology (Cambridge
University Press, Cambridge, 1997). URL https://www.cambridge.org/core/books/
dynamical-systems-in-cosmology/70E346CFD5114030B7B62079C7A58289. (Cited on
page 80.)

Coley, A. A. Dynamical Systems and Cosmology, vol. 291 of Astrophysics and Space Science
Library (Springer Netherlands, Dordrecht, 2003). URL http://link.springer.com/10.
1007/978-94-017-0327-7. (Cited on page 80.)

Bahamonde, S. et al. Dynamical systems applied to cosmology: dark energy and modified
gravity. Physics Reports T75-777, 1-122 (2018). URL http://arxiv.org/abs/1712.
03107. ArXiv:1712.03107 [astro-ph, physics:gr-qc, physics:hep-th]. (Cited on page 80.)

Carloni, S., Dunsby, P. K. S., Capozziello, S. & Troisi, A. Cosmological dynamics of R"n
gravity. Classical and Quantum Gravity 22, 4839-4868 (2005). URL http://arxiv.org/
abs/gr-qc/0410046. ArXiv:gr-qc/0410046. (Cited on page 80.)

Goliath, M. & Ellis, G. F. R. Homogeneous cosmologies with a cosmological constant.
Physical Review D 60, 023502 (1999). URL https://link.aps.org/doi/10.1103/
PhysRevD.60.023502. Publisher: American Physical Society. (Cited on page 80.)

Carloni, S. A new approach to the analysis of the phase space of f(R)-gravity. Journal of
Cosmology and Astroparticle Physics 2015, 013 (2015). URL https://dx.doi.org/10.
1088/1475-7516/2015/09/013. (Cited on page 81.)

Carloni, S., Dunsby, P. K. S. & Troisi, A. The evolution of density perturbations in f(R)
gravity. Physical Review D 77, 024024 (2008). URL http://arxiv.org/abs/0707.0106.
ArXiv:0707.0106 [astro-ph, physics:gr-qc, physics:hep-th|. (Cited on pages 89 and 92.)

Abebe, A., Dombriz, A. d. 1. C. & Dunsby, P. K. S. Large Scale Structure Constraints
for a Class of f(R) Theories of Gravity. Physical Review D 88, 044050 (2013). URL
http://arxiv.org/abs/1304.3462. ArXiv:1304.3462 |astro-ph, physics:gr-qc|. (Cited on
pages 89 and 107.)

Bruni, M., Dunsby, P. K. S. & Ellis, G. F. R. Cosmological perturbations and the physical
meaning of gauge-invariant variables. The Astrophysical Journal 395, 34 (1992). URL
http://adsabs.harvard.edu/doi/10.1086/171629. (Cited on page 92.)

133


http://arxiv.org/abs/astro-ph/0307285
http://arxiv.org/abs/0908.1269
http://arxiv.org/abs/0908.1269
https://iopscience.iop.org/article/10.1088/0264-9381/29/13/135012
https://iopscience.iop.org/article/10.1088/0264-9381/29/13/135012
https://link.aps.org/doi/10.1103/PhysRevD.87.023508
https://link.aps.org/doi/10.1103/PhysRevD.87.023508
https://www.cambridge.org/core/books/dynamical-systems-in-cosmology/70E346CFD5114030B7B62079C7A58289
https://www.cambridge.org/core/books/dynamical-systems-in-cosmology/70E346CFD5114030B7B62079C7A58289
http://link.springer.com/10.1007/978-94-017-0327-7
http://link.springer.com/10.1007/978-94-017-0327-7
http://arxiv.org/abs/1712.03107
http://arxiv.org/abs/1712.03107
http://arxiv.org/abs/gr-qc/0410046
http://arxiv.org/abs/gr-qc/0410046
https://link.aps.org/doi/10.1103/PhysRevD.60.023502
https://link.aps.org/doi/10.1103/PhysRevD.60.023502
https://dx.doi.org/10.1088/1475-7516/2015/09/013
https://dx.doi.org/10.1088/1475-7516/2015/09/013
http://arxiv.org/abs/0707.0106
http://arxiv.org/abs/1304.3462
http://adsabs.harvard.edu/doi/10.1086/171629

Bibliography

[190]

[191]

[192]

193]

194]

[195]

[196]

[197]

198

199

200]

[201]

Silvestri, A., Pogosian, L. & Buniy, R. V. Practical approach to cosmological perturbations
in modified gravity. Physical Review D 87, 104015 (2013). URL https://link.aps.org/
doi/10.1103/PhysRevD.87.104015. Publisher: American Physical Society. (Cited on
page 92.)

Noller, J., von Braun-Bates, F. & Ferreira, P. G. Relativistic scalar fields and the qua-
sistatic approximation in theories of modified gravity. Physical Review D 89, 023521
(2014). URL https://link.aps.org/doi/10.1103/PhysRevD.89.023521. Publisher:
American Physical Society. (Cited on pages 92 and 93.)

Chiu, M.-C., Taylor, A., Shu, C. & Tu, H. Cosmological perturbations and qua-
sistatic assumption in f(R) theories. Physical Review D 92, 103514 (2015). URL
https://link.aps.org/doi/10.1103/PhysRevD.92.103514. Publisher: American Phys-
ical Society. (Cited on page 92.)

Hojjati, A., Pogosian, L., Silvestri, A. & Talbot, S. Practical solutions for perturbed f(R)
gravity. Physical Review D 86, 123503 (2012). URL https://link.aps.org/doi/10.
1103/PhysRevD.86.123503. Publisher: American Physical Society. (Cited on page 93.)

Sawicki, I. & Bellini, E. Limits of quasistatic approximation in modified-gravity cosmolo-
gies. Physical Review D 92, 084061 (2015). URL https://link.aps.org/doi/10.1103/
PhysRevD.92.084061. Publisher: American Physical Society. (Cited on page 93.)

de la Cruz-Dombriz, A., Dobado, A. & Maroto, A. L. On the evolution of density per-
turbations in f(R) theories of gravity. Physical Review D 77, 123515 (2008). (Cited on
page 93.)

Bean, R., Bernat, D., Pogosian, L., Silvestri, A. & Trodden, M. Dynamics of linear
perturbations in f(R) gravity. Physical Review D 75, 064020 (2007). URL https:
//link.aps.org/doi/10.1103/PhysRevD.75.064020. Publisher: American Physical So-
ciety. (Cited on page 93.)

Polarski, D. & Gannouji, R. On the growth of linear perturbations. Physics Let-
ters B 660, 439-443 (2008). URL https://linkinghub.elsevier.com/retrieve/pii/
50370269308000567. (Cited on pages 97 and 108.)

Peebles, P. J. E. The large-scale structure of the universe (1980). URL https://ui.
adsabs.harvard.edu/abs/19801ssu.book. .. .. P. Publication Title: Large-Scale Struc-

ture of the Universe by Phillip James Edwin Peebles. Princeton University Press ADS
Bibcode: 1980lssu.book.....P. (Cited on page 97.)

Lightman, A. P. & Schechter, P. L. The Omega Dependence of Peculiar Velocities Induced
by Spherical Density Perturbations. The Astrophysical Journal Supplement Series 74, 831
(1990). URL https://ui.adsabs.harvard.edu/abs/1990ApJS...74..831L. Publisher:
IOP ADS Bibcode: 1990ApJS...74..831L. (Cited on page 97.)

Gannouji, R. & Polarski, D. The growth of matter perturbations in some scalar-tensor
DE models. Journal of Cosmology and Astroparticle Physics 2008, 018 (2008). URL
http://arxiv.org/abs/0802.4196. ArXiv:0802.4196 |astro-ph, physics:gr-qc|. (Cited on
pages 97 and 108.)

Wang, L. & Steinhardt, P. J. Cluster Abundance Constraints on Quintessence Models.
The Astrophysical Journal 508, 483-490 (1998). URL http://arxiv.org/abs/astro-ph/
9804015. ArXiv:astro-ph/9804015. (Cited on page 97.)

134


https://link.aps.org/doi/10.1103/PhysRevD.87.104015
https://link.aps.org/doi/10.1103/PhysRevD.87.104015
https://link.aps.org/doi/10.1103/PhysRevD.89.023521
https://link.aps.org/doi/10.1103/PhysRevD.92.103514
https://link.aps.org/doi/10.1103/PhysRevD.86.123503
https://link.aps.org/doi/10.1103/PhysRevD.86.123503
https://link.aps.org/doi/10.1103/PhysRevD.92.084061
https://link.aps.org/doi/10.1103/PhysRevD.92.084061
https://link.aps.org/doi/10.1103/PhysRevD.75.064020
https://link.aps.org/doi/10.1103/PhysRevD.75.064020
https://linkinghub.elsevier.com/retrieve/pii/S0370269308000567
https://linkinghub.elsevier.com/retrieve/pii/S0370269308000567
https://ui.adsabs.harvard.edu/abs/1980lssu.book.....P
https://ui.adsabs.harvard.edu/abs/1980lssu.book.....P
https://ui.adsabs.harvard.edu/abs/1990ApJS...74..831L
http://arxiv.org/abs/0802.4196
http://arxiv.org/abs/astro-ph/9804015
http://arxiv.org/abs/astro-ph/9804015

Bibliography

[202]

203

[204]

[205]

[206]

207]

208

209

[210]

211

[212]

[213]

Press, W. H. & Schechter, P. Formation of Galaxies and Clusters of Galaxies by Self-Similar
Gravitational Condensation. The Astrophysical Journal 187, 425-438 (1974). URL https:
//ui.adsabs.harvard.edu/abs/1974ApJ. . .187..425P. Publisher: IOP ADS Bibcode:
1974ApJ...187..425P. (Cited on page 97.)

Reid, B. A. et al. The clustering of galaxies in the SDSS-IIT Baryon Oscillation Spectro-
scopic Survey: measurements of the growth of structure and expansion rate at z = 0.57
from anisotropic clustering. Monthly Notices of the Royal Astronomical Society 426, 2719—
2737 (2012). URL https://doi.org/10.1111/§.1365-2966.2012.21779.x%. (Cited on
pages 97 and 108.)

Hu, W. Power Spectrum Tomography with Weak Lensing. The Astrophysical Journal
522, L.21 (1999). URL https://dx.doi.org/10.1086/312210. (Cited on page 97.)

Zhao, G.-B. et al. Probing modifications of general relativity using current cosmological
observations. Physical Review D 81, 103510 (2010). URL https://link.aps.org/doi/
10.1103/PhysRevD.81.103510. Publisher: American Physical Society. (Cited on page 97.)

Jasche, J., Kitaura, F. S., Wandelt, B. D. & Enflin, T. A. Bayesian power-spectrum
inference for large-scale structure data. Monthly Notices of the Royal Astronomical So-
ciety 406, 60-85 (2010). URL https://doi.org/10.1111/7.1365-2966.2010.16610.x.
(Cited on page 97.)

Dunsby, P. K. S., Elizalde, E., Goswami, R., Odintsov, S. & Saez-Gomez, D. ACDM
universe in f(R) gravity. Physical Review D 82, 023519 (2010). URL https://link.aps.
org/doi/10.1103/PhysRevD.82.023519. Publisher: American Physical Society. (Cited
on pages 99 and 108.)

Mehrabi, A. & Rezaei, M. Cosmographic Parameters in Model-independent Approaches.
The Astrophysical Journal 923, 274 (2021). URL https://dx.doi.org/10.3847/
1538-4357/ac2fff. Publisher: The American Astronomical Society. (Cited on pages 99
and 100.)

Mukherjee, P. & Banerjee, N. Non-parametric reconstruction of the cosmological jerk
parameter. The European Physical Journal C' 81, 36 (2021). URL https://doi.org/10.
1140/epjc/s10052-021-08830-5. (Cited on page 99.)

Zhai, 7.-X., Zhang, M.-J., Zhang, Z.-S., Liu, X.-M. & Zhang, T.-J. Reconstruction and
constraining of the jerk parameter from OHD and SNe Ia observations. Physics Letters
B 727, 820 (2013). URL https://www.sciencedirect.com/science/article/pii/
50370269313008137. (Cited on pages 99 and 100.)

Amirhashchi, H. & Amirhashchi, S. Recovering ACDM model from a cosmographic study.
General Relativity and Gravitation 52, 13 (2020). URL https://doi.org/10.1007/
s10714-020-2664-5. (Cited on page 99.)

Mukherjee, A. & Banerjee, N. Parametric reconstruction of the cosmological jerk from
diverse observational data sets. Physical Review D 93, 043002 (2016). URL https:
//link.aps.org/doi/10.1103/PhysRevD.93.043002. Publisher: American Physical So-
ciety. (Cited on page 99.)

Sahni, V., Saini, T. D., Starobinsky, A. A. & Alam, U. Statefinder—A new geometrical
diagnostic of dark energy. Journal of Experimental and Theoretical Physics Letters 77,
201-206 (2003). URL https://doi.org/10.1134/1.1574831. (Cited on page 99.)

135


https://ui.adsabs.harvard.edu/abs/1974ApJ...187..425P
https://ui.adsabs.harvard.edu/abs/1974ApJ...187..425P
https://doi.org/10.1111/j.1365-2966.2012.21779.x
https://dx.doi.org/10.1086/312210
https://link.aps.org/doi/10.1103/PhysRevD.81.103510
https://link.aps.org/doi/10.1103/PhysRevD.81.103510
https://doi.org/10.1111/j.1365-2966.2010.16610.x
https://link.aps.org/doi/10.1103/PhysRevD.82.023519
https://link.aps.org/doi/10.1103/PhysRevD.82.023519
https://dx.doi.org/10.3847/1538-4357/ac2fff
https://dx.doi.org/10.3847/1538-4357/ac2fff
https://doi.org/10.1140/epjc/s10052-021-08830-5
https://doi.org/10.1140/epjc/s10052-021-08830-5
https://www.sciencedirect.com/science/article/pii/S0370269313008137
https://www.sciencedirect.com/science/article/pii/S0370269313008137
https://doi.org/10.1007/s10714-020-2664-5
https://doi.org/10.1007/s10714-020-2664-5
https://link.aps.org/doi/10.1103/PhysRevD.93.043002
https://link.aps.org/doi/10.1103/PhysRevD.93.043002
https://doi.org/10.1134/1.1574831

Bibliography

214]

[215]

[216]

[217]

[218]

219

[220]

[221]

[222]

Alam, U., Sahni, V., Deep Saini, T. & Starobinsky, A. A. Exploring the expanding Uni-
verse and dark energy using the statefinder diagnostic. Monthly Notices of the Royal Astro-
nomical Society 344, 1057-1074 (2003). URL https://doi.org/10.1046/.1365-8711.
2003.06871.x. (Cited on page 100.)

Chakraborty, S., Gregoris, D. & Mishra, B. On the uniqueness of ACDM-like evolu-
tion for homogeneous and isotropic cosmology in General Relativity. Physics Letters
B 842, 137962 (2023). URL https://www.sciencedirect.com/science/article/pii/
S0370269323002964. (Cited on page 100.)

Tsujikawa, S., Gannouji, R., Moraes, B. & Polarski, D. Dispersion of growth of matter
perturbations in f(R) gravity. Physical Review D 80, 084044 (2009). URL https://link.
aps.org/doi/10.1103/PhysRevD.80.084044. (Cited on page 105.)

Pogosian, L. & Silvestri, A. Pattern of growth in viable f(R) cosmologies. Physical Review
D 77, 023503 (2008). URL https://link.aps.org/doi/10.1103/PhysRevD.77.023503.
Publisher: American Physical Society. (Cited on page 105.)

Huterer, D. et al. Growth of cosmic structure: Probing dark energy beyond expansion. As-
troparticle Physics 63, 2341 (2015). URL https://www.sciencedirect.com/science/
article/pii/S0927650514001005. (Cited on page 108.)

Narikawa, T. & Yamamoto, K. Characterizing the linear growth rate of cosmological
density perturbations in an f(R) model. Physical Review D 81, 043528 (2010). URL
https://link.aps.org/doi/10.1103/PhysRevD.81.043528. Publisher: American Phys-
ical Society. (Cited on page 108.)

Mirzatuny, N. & Pierpaoli, E. An accurate fitting function for scale-dependent growth
rate in Hu-Sawicki f(R) gravity. Journal of Cosmology and Astroparticle Physics 2019,
066 (2019). URL https://dx.doi.org/10.1088/1475-7516/2019/09/066. (Cited on

page 108.)

Tsujikawa, S. Modified gravity models of dark energy (2010). URL http://arxiv.org/
abs/1101.0191. ArXiv:1101.0191. (Cited on page 108.)

Fonseca, J., Viljoen, J.-A. & Maartens, R. Constraints on the growth rate using the
observed galaxy power spectrum. Journal of Cosmology and Astroparticle Physics 2019,
028 (2019). URL https://dx.doi.org/10.1088/1475-7516/2019/12/028. (Cited on
page 108.)

136


https://doi.org/10.1046/j.1365-8711.2003.06871.x
https://doi.org/10.1046/j.1365-8711.2003.06871.x
https://www.sciencedirect.com/science/article/pii/S0370269323002964
https://www.sciencedirect.com/science/article/pii/S0370269323002964
https://link.aps.org/doi/10.1103/PhysRevD.80.084044
https://link.aps.org/doi/10.1103/PhysRevD.80.084044
https://link.aps.org/doi/10.1103/PhysRevD.77.023503
https://www.sciencedirect.com/science/article/pii/S0927650514001005
https://www.sciencedirect.com/science/article/pii/S0927650514001005
https://link.aps.org/doi/10.1103/PhysRevD.81.043528
https://dx.doi.org/10.1088/1475-7516/2019/09/066
http://arxiv.org/abs/1101.0191
http://arxiv.org/abs/1101.0191
https://dx.doi.org/10.1088/1475-7516/2019/12/028

Appendix A

(General propagation equations of the 1+ 3

covariant formalism

Expansion propagation (generalised Raychaudhuri equation):
O+ %@2 1 00— w® — Vi, + U % ("4 3p™) = —% (pR + 3pR) .
Vorticity propagation:
Wiy + %@wa + %curl Uy — o’ = 0.
Shear propagation:

. 2 ~ . . o 1
O (ab) + §@U“b + B — V<aub> + Oc(a0b) + W(aWhy — U(qUpy = 571’5%.

Gravito-electric propagation:

. 1 . 5 .
E(ab) + 6E’ab — curl Hab +3 (Pm + pm) Oab — 2uC€cd(aHb)d - 30—C<G,Eb>c + wcgcd(aEb)d

2
1 1, 1~ 1 1 . 1.
=-3 (pR +pR) Oab — 5”@@ — §V<aql§ — EG)Wﬁ, — 50 <a7r£c — §w 5f(a7r£d.

Gravito-magnetic propagation:

Hiapy + OHop + curl By — 30010 Hy® + woeeaaH® + 205 caa By
1 1

3 ¢
=3 curl 72 — §w<aq£ + 57 (agb)cdq(?'

Vorticity constraint:

Vew, — 1w, = 0.
Shear constraint: 5
Vo, — curlw, — gva@ + 2w, 4], = —qf.
Gravito-magnetic constraint:

curl oy + €<awb> — Hap + 20wy = 0.

Gravito-electric divergence:

~ 1~
VPE,, — gvaﬁm — [0, H]o + 3H ”

1 3

1~ 1~ 1
= éagqf ~3 [w, qR]a — §Vb7rﬁ) + —V,pt — g@qR.

3 a
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Gravito-magnetic divergence:

ﬁbHab — (P"+ ") wa + [0, Els — 3Epw’
1 1 1,

=3 curl ¢ + (,OR + pR) Wa =5 [0, 7TRL1 — éﬂﬁjw . (A.10)

Standard Matter Conservation:
pr=—-00(p"+p"), (A.11)
Vip™ = —(p" +p")uc. (A.12)

Angle brackets applied to a vector denote the projection of this vector on the tangent 3-spaces

Viey = ho"Vs . (A.13)
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Appendix B

Covariant Identities

On a flat Friedmann background, the following covariant linearised identities hold:

Vaf = (Vaf) + 509af ~ fit

V2 (Vaf) = Va (V2f) = 2597 + 2fuc,

VTl = 3OV Y (V) 4
(%ach>‘ =V Wy — %@ﬁach,

where V, = Vi,y and Wy, = W, are first-order quantities.
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Appendix C

Coeflicient Definitions

C.1 Equation (4.93b)

Coefficient A:

q[(j+ 18)z —4j — 6(1 + w)Q 4+ 12] + 2z — 2j + s+ 10] +2(j — 2)[3(1 + w)Q2 — 2] + ¢*(z + 4)

4= —q-2)

Coefficient B:

_ By +By+ By + By + By
2(j —q—2)?

B

where
B = x[lle — j(+4s+34) +2(1+ (s +4)(s + 12))}
B, = q[j(5j —99) 4+ 1+ 365 + 206]
By = —6g(w + 1)9[3j(w ~3) 4 s— 6wt 24]
By = ¢ [:::(5;’ 445+ 133) + 4(—95 + s + 32) + 3(w + 1)Q(2j + 3(w — 7))]
By = —4(j = 2)(s + 6) + 3(w + 1)Q(j — 2) [3( — 2w — j + 25+ 14]

+°| = 4j — 6(w+ 1) + 220 + 44 + ¢*[2(x +2)]

Coefficient C:

6(j —q—2)[4w(l+q+2z) — (14 w)(l - 3w)Q] |

¢= (14+w)x

Coefficient D:

61— w)(i—q-2)

R
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C.2. Equation (4.94)

C.2 Equation (4.94)

Coefficient E:

k2 1
.—2<E1+E2+E3+E4+E5>,
2(j—q—2)

where
B = x[11j2 — (344145 +2(1+ A+ s)(12+ s))},
By — q[136 +125 — 4j(14 + 5) + (206 + j(—22 + 57) + | + 365)
—6(24+ s+ 3j(—=3+w) —6w)(1+w)9],
By =q?4(32 — 95 + 5) + (133 4+ 5 + 4s)z + 3(2j + 3(=7 +w))(1 + w)Q],

By =q¢*l44 — 45 + 220 — 6(1 +w)Q},

E5:q4'2+x} +(j—2)[—4(6+s)+3(1+w)(14—j+2s+3(j—2)w)Q}.
Coefficient F':

F=4w(g+2x+1)— (w+1)(3w+ 1)Q.
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