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Abstract

The pricing of derivative securities in finance has been dominated by modelling
the underlying security as an It6 diffusion process. A major problem with diffu-
sion processes is that their sample paths are continuous almost surely and operate
in a complete market model. Whilst local (and stochastic) volatility models in
a diffusion setting do well in alleviating the volatility smile, they ignore one fun-
damental qualitative aspect of risky asset price dynamics: prices jump. Thus
price dynamics driven by general Lévy processes may provide a more realistic
framework.

This dissertation explores the variance gamma process, which consists entirely
of jumps, as a model for pricing derivatives. General properties are discussed in-
cluding a method of calibrating the model to the implied risk-neutral distribution.
The pricing of an up-and-out call, a lookback put and a aouble barrier option are
discussed assuming Geometric Brownian motion dynamics, followed by variance
gamma dynamics. An efficient Monte Carlo method known as the ‘truncated
difference-of-gammas sampling’ is discussed and implemented. A comparison of
prices concludes the dissertation.
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Chapter 1

Introduction

Pricing and hedging of financial derivatives involves choosing a stochastic process
for the underlying security. Of these, It6 diffusion processes have received the
most interest. Loosely speaking, 1t6 diffusions are processes that are driven by a
drift component and a continuous martingale component, given by a Brownian
motion. Ito diffusions have continuous sample paths (because Brownian motion
does) which means that the underlying process that you're trying to model, moves
at each instant in time. Pure jump processes, on the other hand, move by jumps
(possibly an infinite number of jumps in any finite time period) breaking down
the continuity of sample paths.

The underlying stochastic variables of interest in this dissertation will be stock
prices. However, all pricing and calibration methods discussed in this dissertation
apply equally well to indices, futures prices and various other traded instruments.
The question of deciding whether the above mentioned variables belong to the
class of Ito diffusion processes or pure jump processes will not be considered.
Motivation for the use of pure jump processes will be expressed in the light of
empirical research and qualitative aspects. Indeed, the modelling of stock prices
is an art (although highly scientific in its methodology) and the choice of a par-
ticular underlying process should be based on a set of reasonable and justifiable
assumptions. We give a brief discussion on It6 diffusion processes and pure jump
processes and provide motivation for making use of the latter.

1.1 It6 Diffusion Processes

Definition 1.1.1 Suppose that (S;); is an N-vector Ité diffusion process. The
round brackets around S indicate that S is an adapted process. The dynamics of
(S¢): are given by the following stochastic differential equation:

dS = p(t, 8)dt + o(t, S)dW (1.1)
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where p(t, S) is an N x 1 vector of drifts and o(t,S) is an N x K matriz such that
ool is an N x N matriz of volatilities and co-volatilities. W is a K -dimensional
Brownian motion. We interpret the stochastic integral in the Ito sense.

O

Note that in the one-dimensional case (N = 1), if we set pu(t,S) = pS and
o(t,S) =08, where p € R, 0 € R", the dynamics of (S;); are given by

dS = pSdt + oSdW (1.2)

which is the familiar geometric Brownian motion.

It6 diffusion processes (of type (1.2)) have dominated the financial literature
in the pricing of univariate and especially multivariate! options for a number of
reasons. Perhaps the most important result in [t6 diffusion theory is that of Gir-
sanov’s theorem which guarantees (provided that the dimension of the Brownian
motion equals the number of underlying assets, i.e. N = K) the existence of a
unique risk-neutral measure implying that our market model is arbitrage-free and
complete. See Karatzas & Shreve (1998) for a proof. In addition, the volatility
matrix oo’ is invariant under change of measure which means that the volatility
matrix can be estimated from the ‘real world’ or historical measure. In fact, the
maximum likelihood estimate of oo” is the sample covariance matrix which is
observable under the ‘real world’ measure.

Simulation of multidimensional Brownian motion is an elementary task (e.g. us-
ing Cholesky’s decomposition of the covariance matrix) and hence prices of mul-
tivariate (path-dependent) options can always be computed with relative ease by
Monte Carlo methods. See Glasserman (2004) for details.

Many univariate options (e.g. vanilla calls, puts, barrier options) and some
multivariate options (e.g. rainbow options) can be computed in closed form;
meaning that they can be written in terms of a integral involving a standard
(multi)normal density. This integral, in low dimensions, can be efficiently com-
puted. Otherwise, efficient Monte Carlo methods can always be employed since
multidimensional Brownian motion is easy to simulate.

Stochastic volatility models also belong to the class of It6 diffusion based models
where the volatility itself is driven by a It6 diffusion process.

'We define a multivariate option as an option which has a payoff connected to more than
one underlying asset
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1.2 Pure Jump Processes

Pure jump processes attempt to model underlying variables with a process that
consists purely of jumps. The ‘jumps’ in the process produce discontinuous sam-
ple paths. Pure jump processes can broadly be categorised into finite activity
and infinite activity processes. The former consists of sample paths that possess
a finite number of jumps in any finite time period (e.g. the compound Poisson
process) whereas the latter consists of an infinite number of jumps in any finite
time period. This dissertation will solely be interested in infinite activity pure
jump processes. Finite activity processes do not possess enough ‘movement’ (un-
less coupled with a diffusion process) and lack modelling flexibility. There are
also processes which consist of a mixture of a diffusion process and a pure jump
process. They are usually termed ‘Jump-diffusion’ processes. These processes
consist of a continuous diffusion component (usually given by a Brownian mo-
tion) punctuated by jumps at random times.

1.3 Rationale for using Pure Jump Processes

Stock prices, indices and futures prices are essentially determined by supply and
demand. The Johannesburg Stock Exchange lists a price at every point in time
which is the average of the highest bid and lowest offer price at which a buyer and
seller are willing to pay/receive. Once the bid and offer price coincide, then a sale
is conducted in which case the highest bid and lowest offer price change. This
results in a change in the price of the stock in question. This price change clearly
corresponds to a discontinuity or jump in the price process. Price changes clearly
move in a discrete fashion in time and would seem unrealistic to model a stock
price using a stochastic process with continuous sample paths which assumes that
the price changes at every instant in time. Having said this, we will encounter
pure jump processes which possess a countably infinite number of jumps. Whilst
these processes have discontinuous sample paths, the extent to which they add
to the realism of stock price movements is debatable.

Empirical research indicates that return distributions of financial variables (e.g.
stock prices) exhibit asymmetry and fat tails. This applies to both historical re-
turn distributions and implied risk-neutral distributions. Existence of the volatil-
ity skew (and smile in exchange rate options) in the Black-Scholes model provides
evidence that geometric Brownian motion is inadequate in capturing the return
distributions of financial variables. One can alleviate this problem to a certain
degree by introducing stochastic volatility. Stochastic volatility models do well in
flattening the skew (more so with longer term options than short-dated options)
but have several problems. Firstly, stochastic volatility models do not explain
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the phenomenon of the skew. They are merely in place to provide a better fit
of observed option prices to theoretical prices. The skew is present in option
prices because of investor sentiment that financial variables are far more volatile
(exhibit fat-tails) than what the normal distribution suggests. Whilst stochastic
volatility models do well in this regard, they come at the cost of unreasonably
high and nonstationary values of the diffusion coefficient driving the volatility
process, which are required to capture the (implied) fat-tails of return distribu-
tions. This poses estimation and calibration problems.

Derivatives that trade on an exchange or OTC cannot be perfectly replicated.
If this were the case, then one could synthetically create any such payoff using
just the underlying variables. Why does a derivatives market exist? The answer is
because derivatives cannot be perfectly replicated. Markets are not complete. 1t6
diffusion processes (provided that the dimension of the Brownian motion equals
the number of underlying assets) give rise to models that are complete (as a con-
sequence of the martingale representation theorem) which is clearly unrealistic.
Processes consisting of only jumps give rise to models that are generally incom-
plete. This is far more realistic and lends itself to the study of hedging strategies
(dynamic and static).

1.4 The way ahead....

It should be clear that we are interested in an underlying process which does
not suffer from the drawbacks of 1t6 diffusion processes. We seek processes with
jumps. Lévy processes are processes which incorporate jumps. The purpose of
this dissertation is to give a comparison of prices of options obtained in a Black-
Scholes model and that of a model involving a pure jump process. The breadth
and scope of Lévy processes is vast and we have chosen one popular type known
as the variance gamma process (Madan & Seneta, 1990). Studying the properties
of the variance gamma process as a model for option prices does require some
general knowledge of Lévy processes. This is discussed in Chapter 2. Chapter
3 moves on to the specifics of the variance gamma process discussing all aspects
(quantitative and qualitative) required in pricing options. Barrier options have
been chosen to make the various comparisons. These options seem to pose the
greatest difficulty in a pure jump setting. An overview of the literature involving
the pricing of barrier options in a Black-Scholes world is given in the beginning
of Chapter 4. In particular, we focus on three types of path-dependent options
namely

e Up-and-Out Call option
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e Lookback Put
e Knock-Out Double Barrier Call option

The chapter also discusses a very efficient method of calculating prices of dou-
ble barrier options in a Black-Scholes world. We move on to pricing the same
three options, but this time using a Lévy process, in particular, the variance
gamma process. We briefly discuss the methods available in pricing path depen-
dent options in a Lévy world and focus on Monte Carlo methods. We start off
by discussing available methods of simulation of the variance gamma process in-
cluding a method known as the ‘truncated difference-of-gammas bridge sampling’
(TDGBS) algorithm developed by Avramidis & L’Ecuyer (2004), which is very
efficient. The TDGBS algorithm applied to barrier options virtually eliminates
all bias induced by discretization of sample paths. The final chapter concludes
with a brief comparison of option prices obtained using the Black-Scholes and
the variance gamma model. Conclusions and recommendations wrap up the dis-
sertation.



Chapter 2

Lévy Processes

This chapter explores the definitions and general properties of Lévy processes.
The majority of the theorems and definitions given are fairly general and only
special cases of these results will be used in this dissertation. This dissertation will
only provide proofs for theorems which are of interest to us whereas references
to proofs of more general results will be stated. Good references include Sato
(1999), Schoutens (2003) and Bertoin (1998).

2.1 Definitions and properties of Lévy Processes

Definition 2.1.1 Let (2, 3, P) be a probability space equipped with a filtration
which we assume satisfies the usual conditions. A d-dimensional Cddldg stochas-
tic process (X); with Xo = 0 is called a Lévy process if it possesses the following
properties:

e Independent increments: if ty,...,t, is a finite increasing sequence of
times then the random variables Xy, Xy, — Xy, ..., Xy, — X4, are inde-
pendent.

o Stationarity: the distribution of Xy p — X, i Xy, for every h > 0.

e Stochastic continuity: Ve > 0, [limy, o P(| X1 — Xi| > €) = 0]

U

The purpose of this dissertation is to model underlying financial variables (e.g.
stock prices or indices) using a particular type of Lévy process and to price var-
ious contingent claims thereon. Let us spend some time discussing why a Lévy
process would be appropriate for our underlying financial variables.
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Firstly, independent increments of the process would imply that given a o-algebra
3y of available information at time ¢, the change in the underlying variable
X1 n — X} is independent of what is known in our filtration. Here we assume the
filtration is generated by (X;);. Suppose we discard the independent increments
property; then changes in the underlying variable would be dependent on past
information (non-Markovian) implying that the weak-form of market efficiency
breaks down. Hence prices and index levels do not fully reflect all information
contained in them and there’s room for statisticians to make profits.

Secondly, stationarity of increments would imply that changes in our underlying
variable X, ., — X; (of length h) have the same distribution for all times ¢. Sup-
pose we discard the stationarity property; then changes in the distribution (of
time length h) would depend on time. This essentially means that we would have
some knowledge about how the distribution of our underlying variables is going
to change at some time in the future. This is an unrealistic assumption.

Lastly, the stochastic continuity of X; by no means implies that the sample paths
are continuous. Cont & Tankov (2002) provide a good discussion. It is merely a
condition which excludes processes which have predictable jumps (which are not
useful for our applications in finance).

Intuitively, a Lévy process is the continuous analogue of a random walk. Consider
sampling a Lévy process (X;); at a set of evenly spaced discrete times given by
toy ... tn. The process X, = > - Y, where Y; = X,, — X,, , is a random walk.
Indeed, X, it is a sum of independent, identically distributed (i.i.d.) random
variables. This property of dividing X, into n i.i.d. parts is not true for all mea-
sures on random variables which leads us to our next definition.

Definition 2.1.2 A distribution function F' on R? is said to be infinitely divis-
ible if for any integer n > 2, there exists an i.i.d. sequence of random variables
Y1, Ys, ..., Yy such that 37 | 'Y; has distribution F.

It follows that any Lévy process is infinitely divisible. Conversely, it can be shown
that given an infinitely divisible distribution F' then there exists a Lévy Process
(X¢)¢ such that X; has distribution F. Sato (1999) provides a detailed proof.

O

Proposition 2.1.1 Let (X,); be a Lévy process on R. The characteristic func-
tion of X, has the form

]E[eiZXf,:I — et;p(z)

where z € R and ¢ : R¢ — C.
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Proof: Define ¥(¢) = E[e”**t]. Now X;,, can be written as X, + X,,, — X,.
Since X, — X is independent of X

U(t+s) = E[e*Xt+s] = E[eX|R[e(Xers—Xo)]
= E[e"¥]E[e"**] (stationarity property)
U(s)W(t).

i.e. W(t) is a multiplicative function of . Note that the stochastic continuity of
(X:); implies that X; — X, in distribution as t — s. Hence ¥(t) — ¥(s) ast — s
(Lévy Continuity Theorem). Therefore, ¥ is a continuous and multiplicative func-
tion of ¢. It follows that there exists a function ¢ such that E[e?**] = et() A
proof of this result can be found in Feller (1968).

g

There are two very important types of Lévy processes. Firstly, it’s easy to verify
that Brownian motion satisfies the conditions of a Lévy process. The second
important type of Lévy process is known as the compound Poisson process to be
defined below. We first need to define a counting process.

Definition 2.1.3 Let {T,,,n > 1} represent an increasing sequence of random
times with the property that P(T,, — oo) = 1. Define X; by

Xi = Z Li>T,

n>1

15 known as a counting process.

Definition 2.1.4 Let N, be a Poisson process with intensity A > 0'. Recall
that Ny is a counting process with independent and stationary increments with
probability mass function given by

e_’\t(/\t)k

Let Y; be an i.1.d. sequence of random variables with characteristic function F
and distribution . A compound Poisson process, Xy, is defined by

Ny

Xo=) Y

=1

!X\ can be interpreted as the average number of jumps or arrivals per unit time
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It’s easy to verify that X, is a Lévy process. See Cont & Tankov (2002) for a
proof. The characteristic function of X; can be computed as follows:

E[e™¥] = E[E["|N]] = E[FY]
L e M H(F)
$ O

i=0
_ P
— et el =1)dp(x) (2.1)

It should be clear that a compound Poisson process has discontinuous sample
paths. A typical sample path is a step function.
Define a new measure v on (R, B(R)) by

v(A) = /\/Adu(a:) (2.2)

where A € B(R). v(A) can be interpreted as the expected number of jumps in
A per unit time. We will call v as the Lévy measure of the compound Poisson
process. The Lévy measure is not specific to compound Poisson processes and
can be generalized to all Lévy processes. This leads us to our next definition.

Definition 2.1.5 Let (X;); be a Lévy process on R%. The Lévy measure of (X,),
is defined by

v(A) =E[#{t € [0,1]} : AX; # 0, AX, € A] where AX; = X; — lim X
(4) = E] 0

v(A) is the expected number of jumps in A per unit time. The Lévy measure v(A)
as defined above is a mapping from B(R?) — R*. The Lévy processes considered
in this dissertation will have Lévy measures which are absolutely continuous with
respect to Lebesgue measure, i.e. they have densities. This is certainly not always
the case. For our purposes, it suffices to interpret the Lévy measure as follows

v(A) = / vixy, @0, ... xg)dzyda, . . drg
A

where v4(xy, 29, ..., 24) is known as the Lévy density of the Lévy measure.
O

The compound Poisson process on R has a particularly simple form of Lévy
measure given by equation (2.2). See Cont & Tankov (2002) for details. Now
suppose that p has a density f. Defining a new density v(z) = Af(z), we have
v(A) = [, v(x)dz where v(x) is the density of the Lévy measure v. Note that
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v%(x) is not a probability density since it integrates to A and not 1.

Example. Suppose (X;); is a compound Poisson process on R with intensity
A and jump size density

1 (m—m)?
f(#) = e T

2o

The jumps of (X;); arrive according to a Poisson process with a average rate of
A per unit time and the size of the jumps are given by a normally distributed
random variable with mean p and variance o?. Let A denote the set of jumps
which have a size of less than 1, then (X;), has Lévy measure

V(A)ZA/Af(r)daf= A / e—%ﬁdm:wC*“)

270 J o o

where N(z) = \/—% . e~27’dp. Note that when A = R (jumps of all sizes) then
v(A) = A < 0o. The expected number of jumps per unit time on any bounded
interval is finite, i.e. the compound Poisson process has a finite number of jumps
in any time period. The compound Poisson process is an example of a pure jump
process of finite activity to be defined below.

Definition 2.1.6 Let (X,), be a Lévy process on R¢ and let v be its Lévy measure.
(X¢); is said to be of finite activity if V(R?) < co. (X,); is said to be of infinite
activity if v(R?) = oo.

The compound Poisson process is of finite activity. This dissertation is mainly
concerned with infinite activity processes since finite activity processes, unless
coupled with arithmetic Brownian motion to form a jump-diffusion process, do
not adequately explain market movements of stock returns. Highly liquid stocks
or indices have hundreds of trades per day which would require a very large A.
Infinite activity models would provide a much more accurate approximation of
how stock prices and index levels evolve.

2.2 Jump Measures and Poisson Random Mea-
sures

The construction of Lévy processes requires knowledge of random measures and
in particular, Poisson random measures. This section starts off with some defini-
tions and ends off by showing that a compound Poisson process can be written
in terms of a Poisson random measure. The Lévy-1t6 decomposition, which is
probably the most fundamental result in Lévy process theory, makes use of this
representation of a compound Poisson process.
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Definition 2.2.1 Let (X,); be a stochastic process on (2, S, P) with values in RY.
Let H = (0,00) x R}\{0}. A random measure is a mapping Jx : B(H) x Q@ — N
defined by Jx(A,w) = #{t : (t, AX;(w)) € A} for each Borel set A C H and
w e Q. If (Xy)e is a Lévy process then we will call the random variable Jx(A)
the jump measure of (X;);.

Jx(A) counts the number of jumps AX; such that (¢, AX,) € A. It is clearly a
non-negative integer-valued random variable since the number of jumps of (X,),
depends on each w € . The jump measure of (X;); in any bounded time interval
has a mass function which leads us to define a particularly important class of jump
measures.

Ol

Definition 2.2.2 Let Nx be the jump measure of a Lévy Process (X;);. Nx is
a Poisson random measure with intensity measure p if it satisfies the following
criteria;

o P(Nx(A) =k) = EM where A C H i.e. Nx(A) is a Poisson ran-

dom variable with intensity p(A).

o if AN B =1, the random variables Nx(A) and Nx(B) are independent.

We'll reserve the notation Jy for a general jump measure of (X;); and Nx for
the special case where the jump measure is also a Poisson random measure.

U

Proposition 2.2.1 Let X; = ZzN:t1 Y; be a compound Poisson process with inten-
sity A and jump size distribution p,. Its jump measure Jx is a Poisson random
measure with intensity pu = A\"® @ v where v = A, is the Levy measure of the
Poisson process and A is the Lesbesque measure.

In different notation, the proposition states that if (X;); is a compound Poisson
process then Jy = Nx. We refer the reader to Cont & Tankov (2002) for a proof.
In fact, the above proposition can be generalized to any Lévy process.

Proposition 2.2.2 Let (X,); be an arbitrary Lévy process. Its jump measure
Jx 1s a Poisson random measure with intensity A @ v where A is the Lesbesque
measure and v is the Lévy measure of (X,)s.

O



CHAPTER 2. LEVY PROCESSES 12

A proof can be found in Sato (1999). This proposition allows us to character-
ize compound Poisson processes in terms of its jump measure. Let (X;); be a
compound Poisson process on RT. We can then write

X, :/ rNx(d(s,z)) = Z AXIax,en
[0,¢]xA

s€[0,t]

as a well defined compound Poisson process. Since the compound Poisson process
has a finite number of jumps in any time interval, the stochastic integral has no
convergence problems. Note that one could generalize the above construction to
any pure jump Lévy process provided that the process is of finite activity?, i.e.
let (X;); be a pure jump Lévy process on R? with jump measure Jy. Then X,
can be written as

X = / x JJx(d(s,z)) (2.3)
(0,t] xR\ {0}

Note that X; is d-dimensional which requires us to interpret the above integral
component-wise. Now consider a jump-diffusion process (a Lévy process) given

by
Xt == ’}/t + UWt + Zt (24)

where v is the deterministic drift, W; is a d-dimensional Brownian motion and
Z; is a pure jump process (independent of W;) with jump measure Jz. Note
that Jx = Jz since vt + oW, is continuous a.s. (W, has no jumps). We can
equivalently write

Xi=yt+oW, + / x Jz(d(s,z)) (2.5)
(0,¢] xR\ {0}

using the same argument as above. Every pure jump Lévy process can be written
in the form given by equation (2.5) provided that J has a finite number of jumps
in any time interval or equivalently, the Lévy measure is of finite activity. Not
every Lévy process can be written in the form given by equation (2.5) since v(A)
could be infinite (as in infinite activity processes), whereas the number of jumps
of size > 1 can be shown to be finite on each bounded set, a.s. The stochastic
integral appearing in equation (2.5) will not necessarily converge. This is because
Z; may have an infinite number of small jumps and, when summed up, could be
infinite. This will impose certain conditions on the Lévy measure which alters
the decomposition given in (2.5).

2 . . -
“Else the stochastic integral may have convergence issues
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2.3 Lévy-Ito decomposition

The Lévy-Ito decomposition allows one to decompose every Lévy process into
four independent processes. This decomposition generalizes equation (2.5) to
any Lévy Process (finite and infinite activity). Here is the proposition in the case
where the Lévy measure has a density:

Proposition 2.3.1 Let (X,); be a Lévy process on RY. Then we may write
Xi=vt+ B, + X} + limy Xt (2.6)
where the four processes on the right are independent and

o v, the Lévy measure of Xy, ts a Radon measure (i.e. finite on compact sets)
with [oq |z]* A lv(z)de < co and with v({0}) = 0.

v 15 the deterministic drift

B, is a d — dimensional Brownian motion with covariance matriz 3.

Xi = f(O,t]x{]z!Zl} TNx(d(s,z))

o X¢= Josxiesisi<y TNx (d(s, 2)) — v(z)ds]

The processes X}, Xf are compound Poisson processes.
U

The four terms are independent and convergence of Xf is almost sure. The proof
of this proposition is difficult and readers may refer to Sato (1999). The Lévy-Ito
decomposition tells us that every Lévy Process can be factored into four inde-
pendent components. The decomposition is useful since it allows one to compute
the characteristic function of any Lévy process with ease. On the practical side,
the decomposition allows one to approximate the simulation of any Lévy process
by truncating jumps of size smaller than e. This approximation is useful when
dealing with intractable Lévy processes. Note that the three parameters (3, v, 7y)
uniquely identify the above decomposition which we will now refer to as the char-
acteristic triplet of the Lévy process (X);.

The first two components vt + B, (arithmetic Brownian motion with drift) are
the only components which are continuous (almost surely). The d-dimensional
Brownian motion does allow for arbitrary covariance matrix ¥. The third com-
ponent, X/, is a compound Poisson process as discussed in the previous section.
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There are no convergence issues since X! has truncated all jumps of size® less
than 1. v({|z] > 1}) can be shown to be finite, implying that the number of
jumps of size greater than 1 must be finite. As stated before, v({|z| < 1}) may
be infinite which means in this case that there is an infinite number of small
jumps per unit time and when summed up, could be infinite. The compound
Poisson process appearing in the fourth term subtracts the average number of
jumps at each point in time. Omnce each jump has been centered, the stochastic
integral X’f, converges almost surely as € — 0. Again, we refer the reader to Sato
(1999) for details.

U

The Lévy-Ito decomposition can be simplified under certain conditions. One con-
dition which will be of importance to us is the case where the Lévy process is of
finite variation.

Proposition 2.3.2 A Lévy process with characteristic triplet (3,v,7) is of finite
variation if and only if £ =0 and f|z|<1 |z|v(z)dr < 0.

The proof of this can be found in Cont & Tankov (2002). An important corollary
to Proposition 2.3.1 is given below.

Corollary 2.3.1 Let (X;), be a Lévy process with triplet (X, v,7) on RY which
is of finite vartation. X, can then be uniquely expressed as follows

X, = bt + / x Nx(d(s,z)) (2.7)
(0,¢] xR\ {0}

where b = v — flrl <, zv(z)dr. This decomposition should make intuitive sense
since there is no Brownian component and there is no need to truncate jumps of
size smaller than e since (X}), is of finite variation. This allows us to directly set

¢ = 0 in equation (2.6) and hence obtain equation (2.7).

2.4 Lévy-Khinchin representation

The Lévy-Khinchin representation allows us to construct the characteristic func-
tion of any Lévy process. Once we have the result on the Lévy-Ito decomposition,
it is easy to derive the characteristic function of any general Lévy process.

3Using the usual Euclidean norm, i.e. if x is a d-dimensional vector then [x| = /37 27
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Proposition 2.4.1 Let (X,); be a Lévy process on R with characteristic triplet
(3,v.7v). The characteristic function is given by

E[e'<*X>] = ol 32 Bati<y, 2>+ [a(e' TP —1-i<z x> 1 <1 )u(z)da) (2.8)

Proof: The Lévy-Ito decomposition tells us that any Lévy process X; can be
written as the almost sure limit of vt + B; + Xf + Xf as € — 0, where B
has covariance matrix Y. Since almost sure convergence implies convergence in
characteristic functions, by independence we have

E[€i<z’xt>] — E[6i<z,(7t+Bt)>]]E[ei<z,th>]E[ei<z,)~(§>]

= [e
et(_%ztr2z+i<z,’y>+ f|mp25(6i<zv1>—1—i<z,z>1|1‘§1)u(z)da:

L]

The above term converges to equation (2.8) as € — 0. The cut-off of jumps
in Xt‘ of size smaller than one is arbitrary and one may use any € > 0*. The
representation given in equation (2.8) assumes that the Lévy measure v has a
density and is in fact not the most general form®. It should also be stressed
that the ~ term is not necessarily the drift of the Lévy process (X;);. This
constant allows one to re-write the characteristic function of any Lévy process in
the form given by equation (2.8) and hence easily read off from the characteristic
triplet. For example, consider a compound Poisson process (X;); on R given by
X, = vaztl Y; where Y; is an i.i.d. sequence of random variables with common
density f(x). It is possible to re-write its characteristic function given by equation

(2.1) in the form given by equation (2.8).

E[eith] - et)\ fR(eiz:c_l)f(:C)dI
et(fR(ei”flfizmlwgl))\f(:c)d:t-‘rflzlSl tzzA f(z)dz)
et(iz f\z|§1 zAf(z)de+ [f (€77 —1—izzl 5 <y )M S (x)dx)

et(iz7+fR(ei”flfizzlm§1)u(w)dz) (29)

The characteristic triplet can easily be read off as (0,v,v) where v(z) = Af(x)
and v = f]r‘ <1 A f(x)dz which is clearly not the drift since the compound Pois-
son process has no continuous part. The Lévy-Khinchin representation given by
equation (2.8) allows us to work with triplets rather than the complicated char-
acteristic function since the triplet uniquely identifies the characteristic function.
The Lévy-Khinchin representation has a number of simplifications. One impor-
tant simplification is given below.

4The number 1 seems standard in the literature
*This general form is not necessary for our purposes

7%tz“‘22+i<z,'y>t] [et f[IlZl(ei<z*‘”>—1)v(z)d:z] [Gt _LS‘IKI(el<:>“‘>~1~i<z,$>)v(m)dz]
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Proposition 2.4.2 Let (X;); be a Lévy process with triplet (0,v,v) on R which
s of finite variation. Its characteristic function is given by

E[ei<z,Xt>] _ et(i<z,b>+./§,1(6i<z"”>—1)1/(1)d1) (210)
where b = v — flcvl <y #v(z)dz. This representation allows one to interpret b as
the drift of (X;);. This can easily be proved by making use of the decomposition
given by equation (2.7). The Lévy triplet of (X;); is given by (0,v,v) and not
(0,v,b). The next section deals with a particular type of Lévy process which will
be extremely relevant when introducing the variance gamma process.

2.5 Subordinators

Definition 2.5.1 Let (S;); be a Lévy process on R defined on a probability space
(Q, 3, P) with characteristic triplet (X, ¢,7y). (Si): is said to be a subordinator if
P(S, > S5) =1 for every pair s < t.

O

A subordinator is an (almost surely) increasing Lévy process. Subordinators
have a number of properties which are deduced from the definition. Note that
the following statements are equivalent.

e The Lévy-Ito decomposition of (S;); cannot consist of a Brownian motion
since (S;); is increasing and therefore of finite variation. This implies that
Y =0.

e $(A) =0 for A= {(—00,a): a <0}. There cannot be any negative jumps
since (S;); is increasing.

e S; > 0 for every t since Sy = 0 and (.5;); is increasing.

e S5, can be decomposed as bt + f(o gxrd\ [0y & Ns(d(s,z)) where b = v —

f|r]<11'gb(:c)dx and Ng is the jump measure of (S;);. This follows from
Corollary 2.3.1 since (S;); is of finite variation.

The Lévy-Khinchin representation reduces to

E[eizst] _ et(i2b+.l‘()oc(E’ZT—I)O(I)d;v) (211)
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Since S; is a positive random variable, it is more customary to express the distri-
bution of S; in terms of its moment generating function (m.g.f.). The m.g.f. (for
u < 0) can be obtained by setting z = —iu in equation (2.11) and is given by®

]E[eust] _ et(ub-}—foi’o(e”-’”—1)¢($)div) (2 12)

The moment generating function of any subordinator can be written as E[e*5] =
e, We will call I(u) the Laplace exponent of S;.

0

2.6 Brownian Subordination

There are various ways of specifying a Lévy process and one such way is via
Brownian subordination. Brownian subordination involves specifying Brown-
ian motion with drift and time-changing the process by a subordinator, i.e. if
X(t,w) = ¥t + 0B(t,w) is a Brownian motion with drift with 9,0 constant and
S(t,w) is a subordinator then X (S(¢,w),w) is said to be subordinated by S(¢,w)
with the resulting process given by X(S(t,w),w) = 9S(t,w) + cB(S(t,w),w).
The next proposition is fundamental in constructing Brownian subordinated pro-
cesses.

Proposition 2.6.1 Let X(t,w) = 9t+0B(t,w) be a Brownian motion with drift
(a Lévy Process on R?) with characteristic triplet’ (%,0,9). Let S(t,w) be a
subordinator independent of X (t,w) on R with Laplace exponent l(u) and char-
acteristic triplet (0,¢,b). The process Y; defined pathwise is given by Y (t,w) =
X(S(t,w),w) = ¥S(t,w) + o B(S(t,w),w) is a Lévy Process with characteristic
triplet (X%, v°,9%) defined below. The characteristic function of Y, is given by

. - 220'2
E[ei*¥] = eH(i=0-557) (2.13)

where l(u) is the Laplace exponent of S(t,w). The characteristic triplet of Y; is
given by

e Y7 =p%

o v3(x) = [T flz,s)p(s)ds

SRecall that if ® ¢ (z) is the characteristic function of a random variable X then its m.g.f. is
given by ®x(—iu) where i € C and u € R provided the m.g.f. exists
"Note that o’ = %
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o« ¥ =bi+ [[° ﬁzlgla:f(a:,s)gb(s)dxds

where f(x,s) has a multivariate normal density with mean vector ¥s and covari-
ance matriz sX.

4

We give a proof of the characteristic function and refer the reader to Cont &
Tankov (2002) for the completion of the proof.

E[eizyt] —

ﬁ

iz(98(t,w)+oB(S t,w)'w))]

e

E[E[ 12(9S(tw)+oB(S(tw),w )|S( )”
[
[

&=

ezzﬁS(t w)]E[ izo B(S(t,w),w)) ,5( )]]

2
1295 (t,w) 2 ”M

= E
= E[e
_ etzuzﬁ—Z;z) (2.14)

€

o2 )5, w)]

The process Y; = X (S(t,w),w) is no longer a Brownian motion with drift. It is a
pure jump process provided the subordinator has no drift. One can interpret the
subordinator S(t,w) as a stochastic clock. For each w € € determines whether
the clock runs faster or slower than calendar time ¢. Note that conditional on
a sample path of S(¢,w), the process X (S(t,w),w) is a Brownian motion with
drift, but now S(¢,w) is the time index and not calendar time ¢.

The interpretation is highly intuitive when applied to modelling underlying fi-
nancial instruments such as stock prices or indices. Information comes in dribs
and drabs and most certainly not in a continuous fashion like Brownian motion
suggests. As discussed in Chapter 1, stock price movements are driven by new
information in the market at discrete points in time. The subordinator models
this information flow. Geman et al. (1998) argue that asset prices are Brownian
motions; but only in business time. The business time is modelled by the subor-
dinator.

Brownian subordinated models have become very popular in pricing financial
derivatives because of the intuitive concept of the stochastic clock (given by the
subordinator) and their analytical tractability. In order to specify a Brownian
subordinated model, one needs to decide on an appropriate subordinator which
must have some desirable properties. Properties would include

e the ability to simulate the subordinator.

e provide a realistic view of the randomness involved in information arrival.
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e the expected time of information arrival at calendar time ¢ should be equal
to t, i.e. E[S(t,w)] = t. On average, we desire our stochastic clock to
coincide with calendar time.

e contain sufficient parameters to maintain control of skewness and excess
kurtosis of the underlying security.

The univariate variance gamma model (Madan & Seneta, 1990) is one particular
choice of a Brownian subordinated model which uses a gamma process as its sub-
ordinator. Another popular choice is the normal inverse Gaussian model which
uses the normal inverse (Gaussian process as its subordinator. This dissertation
focuses on the variance gamma model.



Chapter 3

Univariate Variance Gamma
Model

The variance gamma model was introduced by Madan & Seneta (1990). Their
objective was to provide an alternate model to using Brownian motion as the
martingale component. This model needed to be both practical and empirically
relevant. They argue that the long tailedness of the variance gamma distribution
over the normal distribution provides a good empirical fit to stock returns. Madan
& Milne (1991) argue that relative to the Black-Scholes model, the variance
gamma option prices are higher. This is particularly so when the options are
out-of-the-money with long maturities. Carr et al. (2002) extended the variance
gamma process to include a diffusion component. They also allowed the process
to be either of finite or infinite activity as well as a Lévy measure which may
have finite or infinite variation. This is known as the CGMY model. Their
models were calibrated to both historical time-series and option price data. They
conclude that whilst individual stocks may contain a diffusion component, indices
do not. They also report a significant increase in skewness and kurtosis in the
risk-neutral process when compared to the historical process. They conclude that
the risk-neutral process is mainly of infinite activity but of finite variation.

g

3.1 The Gamma and Variance Gamma Process

We start by giving an account of the gamma process followed by the variance
gamma process.

Definition 3.1.1 The gamma process denoted by Gi(«, 3) s a strictly increasing
(driftless) process with independent and stationary increments hence satisfying

20
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the conditions for a subordinator'. The stationarily of increments implies that
Ginla, B) — Gya, B) 4 Grla, ) for h > 0. Gy («, 3) has a gamma density given
by

-
/B—ahxahAle 3

[(ah)

fenm() = L,>g (3.1)

O

It is easy to show E[Gy(a, 8)] = afBh and Var[Gh(a, 3)] = aB*h. The Laplace
exponent of G;(a, (3) is given by

1
l(u) = —aln(l —uf) foru< 3 (3.2)
Since the Laplace exponent of a general subordinator is given by equation (2.12)
we must have that ub+ [°(e*” — 1)¢(x)dx = —aIn(1 — uf). Noting that b = 0

(the gamma process has no drift) we can solve for ¢, the Lévy density of the
gamma process. This can be done as follows:

u 1
—aln(l —up) = —a/ —dy foru<0
( ) o 81—y Y

= —a/ / e Y qrdy
' o Jo
o0 1 U
= —a/ e 0 / e dydx
0 0

o ]
= a/ e Z(e" — 1)dz  since u < 0
0

T
o e B
= “r—1 d
JREEREE
Hence the solution for ¢(z) is given by
e F
o) =2 (33)

The derivation above can be found in Sato (1999). Note that [~ (z A 1)¢(z)dz <
oo satisfying the condition of a Lévy measure of a subordinator. The Lévy density
¢(x) describes how frequently various jump sizes arrive. Since fooo o(x)dx =
o0, the gamma process has an infinite number of jumps arriving per unit time
(i.e. infinite activity process). The majority of these jumps are small since the
number of jump arrivals (per unit time) of size greater than 1 is finite. Equation

IExistence of a Lévy process is guaranteed since the Gamma(a. 3) distribution is infinitely
divisible. Therefore. there exists a Lévy process (X;); such that X; has a gamma distribution
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(3.3) verifies this since an exponential damping factor of J curtails the arrival
of large jumps. The v parameter? must be chosen such that b = 0. Therefore,

- —1 .
v = [, a¢ Fdz = afB(l — e 7). In summary, the gamma process Gy(a, ), is a

x

subordinator with characteristic triplet (0, 22 a8(1 — 67%».

T

O

Definition 3.1.2 Suppose X(t,w) is a one-dimensional arithmetic Brownian
motion with constant drift ¥ and volatility o given by X(t,w) = 9t + 0 B(t,w)
where B(t,w) is a one-dimensional standard Brownian motion, i.e. X(t,w) is
a Lévy process with characteristic triplet (0%,0,9). Let G(t,w) be a gamma’
subordinator, i.e. G(t,w) is a driftless gamma process. The process Y (t,w) =
X(G(t,w),w) = IG(t,w)+0B(G(t,w),w) is known as a variance gamma process.

The name originates from the fact that the variance of the Brownian motion has
a gamma distribution. The univariate variance gamma process is simply a one-
dimensional Brownian motion with drift subordinated by a gamma process. Let
us discuss why a gamma process would be a suitable choice.

Suppose we are dealing with a dynamic random experiment which models the
arrivals of a certain object!. Let NN, represent the number of arrivals by time ¢,
i.e. IV, is a counting process which is clearly increasing in ¢. Assume that the pro-
cess (NVy); has independent and stationary increments. Define a random variable
T which represents the time till the first arrival. Now the set {N, = 0} occurs
iff {T" > t} which implies they have equal measure, i.e. P(N; = 0) = P(T > ¢).
Letting 3(t) = P(N, = 0) we can deduce from the independent and stationary
increments of N, that

Blt+s) = P

l.e. 3 is a multiplicative continuous decreasing function of ¢. Therefore, there
exists a A > 0 such that P(N; = 0) = e ™. Since P(N, = 0) = P(T > t)
we can deduce that P(T" > t) = e *. We have just shown that T (the time
till arrival of the first object) has an exponential distribution with parameter

2From the characteristic triplet

3We use a slight change in notation. G(t,w) = G¢(«, 3) for some « and /3. For each fixed t,
G(t,w) has density given by equation (3.1) with h =¢

“In our case, information
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A. Now letting 7; represent the time till the ith arrival with Ty = 0, we can
write Ty = Zf\zl(Tl — T;_1) as a telescoping series. Our objective is to find the
distribution of Tx. Observe that

P(T, Ty > 1) = BNy, - ,—om L= )
= P(Nyy— N, = 0N, =i—1)
= P(Nope — N, =0)
= P(N:=0)
= P(Ty >t) (3.4)

We have just shown that the sequence of random variables T;—T; ; fori =1,..., N
are identically distributed. Each 7; — T;_, has the same distribution as 7 which
is exponential with parameter A\. To show independence of (T; = T;_,);=1,.. n note
that

(T, —Tioa > tHTio — Tima =p) = P(Ngyy — Ns =0T =5Ti 1 —Tig =Dp)

= P(Ngy — =0T, 2 =5—p)
= P(Noje — ‘OINS p=1-2)
= P(Nops — =0)
P(Ty ) (3.5)

Le. P(T; — T,y > t|T; 1 —T;_9 = p) = P(T; — T,_y > t) implies that the random
variable T; — T, _; is independent of T;_1 — T;_4 for i = 2, ..., N. We have shown
that Ty = Zfil T, — T;_1 is a sum of independent and identically distributed
exponential random variables. It is easy to show that if X;,..., Xy form an
i.i.d. sequence of exponential random variables with common parameter A then
Zfil X, follows a gamma distribution® with parameters N and % We have found
the distribution of T which is gamma with parameters N and % with density

function fr,(z) = %1130-

variables it should be clear that these properties translate to the process (Tn)y
e. (Ty)n has independent and stationary increments.

Since Ty consists of a sum of i.i.d. random

The subordinator used in our applications is to model information arrival. If
G; represents information arrivals and if the time between arrivals has inde-
pendent and stationary increments then (G} should be modelled using a gamma
distribution. The assumption of independent increments of information arrivals
is realistic since if time dependence existed between information arrivals then
patterns of trade times could be detected which is hardly realistic especially if
our underlying security is highly liquid. There should be no reason why we ex-
pect our daily /weekly distribution of information arrivals to change at some time

°This can be done via characteristic functions
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in the future® since it’s unreasonable to assume that we have knowledge of the
future liquidity of the underlying security. The assumptions of independent and
stationary increments are reasonable and justifies the usage of the gamma process
in modelling information arrivals.

O

The variance gamma process uses a gamma process to model information arrival.
The gamma process has an infinite arrival rate. Most of these arrivals are very
small. This can be verified by noting that the Lévy measure of the gamma process
is infinite on a set A C [0, 1]. The gamma process is of infinite activity but of
finite variation. See Applebaum (2004) for details.

3.2 Properties of the Univariate Variance Gamma
Process

We will henceforth denote the process
Y(t,w) = X(G(t,w),w) = G (t,w) + 0 B(G(t,w),w)

where G(t,w) = Gi(a, ) is a gamma process (a subordinator) as a variance
gamma process. Recall that X (¢,w) is an arithmetic Brownian motion. We need
to choose o and § such that E[G(¢,w)] = t. This is because we would like,
on average, our stochastic clock G(¢,w) to coincide with calendar time ¢. Since
E[G(t,w)] = aft, we must choose o = % We now have a reduction in one pa-
rameter. Defining § = v (not to be confused with the Lévy measure notation)
we now have a gamma process G(t,w) = G(+,v). Note that in this parameteri-
zation, we have the E[G(t,w)] =t and Var[G(¢t,w)] = vt. This parameterization
for G(t,w) will be used throughout the rest of the chapter.

3.2.1 Characteristic triplet of Y (¢,w)

Let the characteristic triplet of Y (¢,w) be given by (XY, 0¥, 4¥). The gamma
subordinator is discontinuous since it consists purely of jumps and has no drift.
Since Y (t,w) jumps when G(t,w) does, the process Y (¢,w) has no points of
continuity and hence cannot consist of a Brownian component. This would imply
that the covariance matrix modelling Y (¢,w) is 0, i.e. ¥ = 0. This fact can be
confirmed by making use of Proposition 2.6.1.

x

v

The Lévy measure of the gamma process has density given by ¢(x) = &= using

vr

SImplying non-stationarity
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the result given by equation (3.3). We know that ¢(z) has an infinite integral
over R* implying that there are an infinite number of jumps in any time interval.
Making use of Proposition 2.6.1, ¥ has density

(:r:—ﬁs)‘z

v (2) T 2% ¢(s)ds

1
——e¢
/0 V2mo?s

1
——e¢
/0 V2mo?s vs

eig— ’x’ o0 (27{'0’2)_E _ z2 9%s s
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vzl 0
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The integrand evaluates to one since it can be recognised as a normal inverse
Gaussian density given by

ct —As—(wc2t?) L4 2ctvw
f(s):—je As—( t)s+2t\/_)\18>
S2

The above is a special case with ¢ = 72%;, t=1and A = (5‘% + %) Therefore,
the Lévy density of Y; is given by

/ 2
119 | | 92+ 2%

Y(x): ea? ez

(3.6)

v
v]x|

The ‘drift’ or v parameter of Y (¢,w) can again be obtained by making use of
Proposition 2.6.1 and is given by

A== 199)
A= / / 5% drds
1$|<1 27r02

_(z—9s)?
= 2% dsdx
/|»f|<1 / \/27r0 3
= / oY (2)dx (3.7)
Jz|<1

The characteristic triplet of Y (t,w) is (0,2Y,+") with v¥ and 4¥ given by equa-
tions (3.6) and (3.7) respectively.

g
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3.2.2 Characteristic Function and Moments of Y (¢,w)

The characteristic function of Y (¢,w) can be obtained via the Lévy-Khinchin
representation since we know the characteristic triplet. This can be done in
principle, but requires some difficult integrals. An alternate and far simpler
derivation using conditional expectation is given below.

B[] = E[E["(C(t,)]
= E[E[ 90 o0 Gt w)]

E[eG(t,w)(iﬁu— %0’2712)]

= (1 —v(idu— %UQUJZ))_% (3.8)

The last step is obtained by making use of the characteristic function of a gamma
distribution (Applebaum, 2004). Once the characteristic function of a random
variable is known, moments can be found by successive differentiation (provided
the moments exist). Letting p; denote the i** central moment’, the first four
central moments (Seneta, 2004) are given by

o = Ut

py = t(0*v+0?)

ps = trd(30® + 20%)

s = t(3c'v + 69 + 120709707 4+ t2(30 + 6029 v + 39*0?)

It should be clear that ¢ primarily controls the skewness of Y (¢,w) and v controls
the kurtosis. Positive values of 9 lead to positive skewness and negative values of
9 lead to negative skewness. Note that when ¥ = 0, the skewness is zero and the
coefficient of kurtosis® at time period 1 is 3(1 +v), i.e. v is the percentage excess
kurtosis over the normal distribution. These additional parameters ¥ and v give
us control over skewness and kurtosis in return distributions with the intent of
flattening the volatility skew.

g

3.2.3 Probability Density Function of Y (t,w)

The probability density function can be expressed in terms of special functions
in mathematics as shown by Madan et al. (1998). Since the variance gamma,
process is conditionally Gaussian, one can use conditional probability to obtain

"y = EY] and p; = E[(Y; — E[Y;])"] for i = 2,3,...
8This is obtained by taking ;4 and dividing by the square of p
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the density function. Suppose that G(t,w) = g then the conditional density of
Y(t,w) is

Fremg(i) = — ™
Gr=g(T) = e 2%
Y:|Gi=g e 2,”9

Making use of the standard result in statistics which states that if fx(x), fy(y)
and fxy(z) are the respective p.d.f.’s of X,Y and X|Y then fx(z) = [, fx;y () fv(y)dy
where C is the range of Y. Applying this result, we obtain

© ] e gbolet
fr(a) = / e L gy
0 02Ty vvl'(L)
2 1 o0 P _ (2‘2721094—192, 2) g
= 'z_t—_‘_/ g e wh iy
vel(L)ov2m 2 Jo
x9
_ 2¢(+?) L (5"%)’16_%(%+9(%§+%))d
B I/%F(%)U\/QWQ 0 g Y
. V222 402 .
Letting p = g, we obtain

xT

Edts

2 \ T i oo Neryer
fY (I) _ 2@(;7) T _1—/ p(£~%)_1€A _2201, +92(%+p)dp
t Véf(l%)a 21 \ 2% + 92 2 Jo

20(2) 2\ i (% + %)
K
Véf(%)a 27 % + ? (

(3.9)

where K, (w) is known as the modified Bessel function of the third kind. It has
the following integral representation:

Kyw) = 5 [ veiENay

We have thus simplified the p.d.f. of Y (¢,w) into a term multiplied by a special
function in mathematics. The reason why we have bothered to make such a sim-
plification is that there exist many efficient numerical algorithms for computing
modified Bessel functions®. The following plot illustrates the shape of the vari-
ance gamma p.d.f. relative to the normal p.d.f.

9Matlab permits the use of the modified Bessel function of the third kind
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Figure 3.1: Variance gamma p.d.f. with matched mean and variance

Figure 3.1 is a plot of the Variance Gamma p.d.f. given by equation (3.9). The
parameters of the variance gamma p.d.f. were 9 = —0.6, 0 = 0.3, v = 0.4 and
t = 1. The normal density is plotted on the same set of axes to illustrate the
non-zero skewness and excess kurtosis of the variance gamma density. The mean
and variance parameters of the normal density were chosen to match the mean
and variance of the variance gamma density. The variance gamma density clearly
displays negative skewness (given by ¥) and is more leptokurtotic (given by v)
than the normal density.

O

3.2.4 Representation of a Variance Gamma Process

The variance gamma process has a representation that becomes particularly use-
ful when simulating. In fact, this representation is fundamental in applying the
‘truncated difference-of-gammas sampling’ discussed in later chapters.

Proposition 3.2.1 Let X, = 9G, + oW, be a variance gamma process with
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G — G~ G (%, 1/), r.e. Gy — Gy has mean h and variance vh. Then

4

Y, =T"¢)-T"(t) = Xi

where T (t) ~ G (5, Z—’;) and I'~(t) ~ G (3 ﬂ) are independent with

v’ pn

The proof is straightforward and we refer you to Madan et al. (1998) for details.
The above proposition provides an alternative method of simulating the variance
gamma process.

]



Chapter 4
Option Pricing

This chapter explores the pricing of various options under both Black-Scholes and
variance gamma dynamics. We begin with a short literature review on option
pricing under variance gamma dynamics.

The paper written by Madan et al. (1998) provide a method of finding a risk-
neutral measure. They provide parameter estimates of both the historical and
risk-neutral variance gamma process. They conclude that the statistical distribu-
tion is symmetric while the risk-neutral distribution, as implied by option prices
quoted, is asymmetric. They conclude that the variance gamma model is supe-
rior in pricing options when compared to Black-Scholes. This was conducted via
likelihood ratio tests.

Throughout the rest of the chapter, the technique of risk-neutral valuation will be
used to price options. The technique of risk-neutral valuation is briefly discussed
below.

Let (S¢); be an adapted stochastic process. Let f(Sr) be a European derivative
on S. Assuming that we can find a risk-neutral measure Q (which is equivalent
to stating that our market model is arbitrage-free) then a no-arbitrage price V,
of this derivative is given by

Vi = e TR £(5r)] (1)

where 1 is the constant risk-free rate of interest. Recall that a risk-neutral measure
is a measure which is equivalent! to the ‘real world’” measure under which the
discounted (by the constant risk-free rate) securities are martingales, i.e. Q is a
risk-neutral measure iff QQ satisfies (u < ¢)

E2[S,e™"|3,] = Spe™™ (4.2)

'P is equivalent to @ if P(A4) = 0 whenever Q(A) = 0 and conversely

30
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It should be stressed that equation (4.1) will give you a no-arbitrage price but
certainly does not guarantee this price to be unique. The uniqueness of V; requires
the additional assumption that every derivative f(S7) can be replicated. The
replication depends on what model you choose for the underlying security S;.

O

The variance gamma market, where In —g;- has a ‘real world’ density given by

fri(z) =

t 1 P
2wl#) (2 \F (40
Vfr(ﬁ)o or \ 2 + 2 o?
belongs to the class of incomplete models. The variance gamma model assumes
that S, = Spe?Ct«)+oB(Gtw) ) gnd their are many ways to manipulate S, in order
to satisfy equation (4.2) whilst remaining in a variance gamma market.

Since the variance gamma model is incomplete, different risk-neutral measures
will result in different derivative prices. We make an assumption that we can find
a risk-neutral measure (which excludes arbitrage opportunities in our model).
However, for these prices to be meaningful, approximate hedges need to be con-
structed. Prices in an incomplete model are not enough. These need to be
compared to the cost of the approximate hedge. Subsequent chapters will only
be concerned with pricing and further work is necessary in constructing hedges.
Even dynamic hedging (e.g. delta hedging) in a Black-Scholes world becomes in-
feasible in the case of barrier options. This is because the option’s delta becomes
infinite as the underlying approaches the barrier. Alternate hedging strategies
such as static hedging needs to be investigated. See Bosman (2003) for a discus-
sion of static hedging of barrier options in a Black-Scholes world.

4.1 Construction of a Risk-Neutral Measure

Since the variance gamma model belongs to the class of incomplete markets, one
needs to artificially construct a risk-neutral measure such that equation (4.2)
is satisfied. One such method is to solve for a constant n such that E[S,] =
E[SpenttvGtwitoeBGtw)w)] = Gie(=at where ¢ is the constant continuous divi-
dend yield. This method is adapted from Madan et al. (1998). Note that this is
but one particular method of artificially satisfying equation (4.2). This parame-
terization suggests that the risk-neutral log price of S; is given by

ln% =nt +0G(t,w) + o B(G(t,w).w). (4.3)
0
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nt is a mean-correcting term which varies linearly with time which seems plausi-
ble. We need to solve for 7 such that equation (4.2) is satisfied so

E[St] _ [S 67]t+1)G(t w)+oB(G ] _ Soe(r—q)t
]E[]E[ nt+9G(tw)+oB(G(t,w),w) |G( )H _ e(r—q)t
E[ewﬂﬂ)G tw)+r]t] _ e(rfq)t
ME[CEITE)] = ra)

02 t
e™(1— (9 + ?)V)'U = elrot
Rearranging and solving for n yields
1 o’
n=r—-q+v In(1-— (19+——2—)1/) (4.4)

Choosing n as above satisfies equation (4.2). We have found one particular risk-
neutral measure which we’ll call Q. Under Q, the log price of S; is given by

2
In % =tlr—q+v'In(l1— I+ %)u)) +9G(t,w) + o B(G(t,w),w) (4.5)
0

The density of ¥; = In (‘) under @Q which we denote by f%(a:) can be obtained
using equation (3.9). Note that

d
fe) = Pt +9G, + 0B, < )
d
= %P(ﬁGt +0Bg, <z —nt)
= fulz —nt)

where fy,(z) is given by equation (3.9). Hence, Y; has density under Q given by

t 1

. 26((z—ant>ﬂ) (z — nt)? w1 \/(x — nt)? (% + ﬁQ)
fYt(x) = l/t 202 Y K( ) P (4.6)

T(Hov2r

Nk
N~

4.2 Pricing European Options

The previous section constructed a risk-neutral measure (Q under which all dis-
counted securities are martingales. We can now use this risk-neutral measure
to price contingent claims on these securities. Suppose we wish to price an op-
. - . . . ) i BT _— .

tion with payoff f(Sr) at expiry T where In St has ‘real world” density given by
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equation (3.9). Using the principle of risk-neutral valuation, the price Vj of this
option at time 0 is given by

Vo = e "TER[f(Sr)]
= e""T/O g(w) f(w)dw

where 7 is the constant risk-free rate and g is the risk-neutral density of Sr.
Letting v =In g or w = Spe”, we obtain

Vo = e_TT/ Soe*g(See”) f(Spe™)dx
Note that Spe*g(Spe”) = ng(x), i.e. the risk-neutral density of In ‘z,—f given by
equation (4.6). To see this, note that

St

d d
&“*Tﬂwngx)zzﬁwmgsxé

d
— JE— < xr
de(ST < Spe”)

d Sge”
N7, i g(w)dw

= Speg(Spe”)

We can therefore write V4 in terms of the risk-neutral log density of St as
Vo= e [ p(Sen) oo (47)

Suppose we would like to price a European call option with strike K which has
payoff given by f(S7) = max(St — K,0). The price of this option at time period
0 is given by

Vo = e_TT/ max(SgezﬂK,O)fS(a:)dx

- a”/m(&&—Kﬁ&@m (4.8)
1

The above expression for a European call option has been given a ‘closed form’
solution in terms of degenerate hypergeometric functions. See Madan et al. (1998)
for details. The author believes that there are some numerical issues and care
should be taken when implementing the ‘closed form’ solution. The integral
representation of a European option with payoff f(Sr) given by equation (4.7)
can be approximated numerically using various quadrature techniques. This will
be discussed below.

[]
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4.3 Pricing Path Dependent Options

The pricing of path dependent options almost always requires Monte Carlo sim-
ulation. There are very few cases (e.g. pricing barrier options in a Black-Scholes
market) where ‘closed form’ or even integral representations of option prices ex-
ist. Pricing path dependent options requires simulation of entire paths and not
just the value at expiry of the option. It now becomes necessary to discuss sim-
ulation of variance gamma sample paths with the aid of an example. A far more
comprehensive discussion of simulating the variance gamma process is given later
in the chapter.

Suppose we would like to price a European® Asian option on an underlying secu-
rity S with strike K and payoff at expiry T given by f(S7) = max(+ Zfil Sy, —
K,0) with ty = T. The sequence of times ¢; is increasing but t; — ¢;_1 is not
necessarily equal to t; —t;_; for ¢ # j. This particular option requires knowledge
of the process at times (¢;);=; . n. Recall that in a variance gamma market, S;,
evolves in the following manner

Stv _ 50677151+19G(ti‘w)"‘UB(G(tivw)»W)
Note that the times ¢, are measured in years® and ¢; represents the number of
years since the current time 0. The independent increments of the variance

gamma process allow us to write (¢, as a sum of independent gamma variates,
ie.

Gy=Y G, —Gi,
=1

and similarly for Brownian motion. This representation is used in the simulation
algorithm described below.

1. Simulate N independent gamma random variates P, ~ G(%i‘—l,u) for
i=1,...,N where t; =0

2. Simulate N independent standard normal random variates N; for ¢ =
1,...,N

3. Compute W,; = Soe”t"“?Z;=1(P1_PJ‘1)+”Z;':1 VE=P-ON; for i = 1,...,N
with Py =0

4. Compute D; = max(% Zfil W, —K,0)forj=1,....,M

2This often causes confusion. The ‘European’ part of the name implies that the option can
only be exercised at expiry

3This is only a convention since volatility is quoted in vears and our parameters ¥, o, v are
assumed to be annualized
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5. Repeat the first 4 steps M times (usually around 50000 times)

The resulting price of this Asian option is given by e“rT% Z;il D;. Note that
each payoff D; is exact. There is no discretization error. The only source of
approximation error is the intrinsic error induced by Monte Carlo methods. This
is an example of a path dependent option which can be priced exactly. A barrier
option is an example of a path dependent option which cannot be priced exactly.
More sophisticated simulation algorithms need to be constructed to eliminate
discretization error. This is discussed further on in detail.

There are many existing algorithms for generating gamma and normal random

variates. See William H. Press & Flannery (1992) for efficient algorithms.
O

4.4 Pricing Barrier Options under Black-Scholes
Dynamics

Barrier options are path dependent options whose payoff depends on whether the
underlying has breached a barrier* or not. They provide an attractive alternative
to vanilla options since they are cheaper and provide the holder the opportunity
to incorporate some of his personal views as to how the underlying will move.
Barrier options can be broadly categorized into knock-out and knock-in options.
The former option has zero payoff as soon as the underlying breaches the barrier
whereas the latter has zero payoff until the barrier is hit. Note that even if a
knock-in option breaks the barrier then the option can still have zero payoff.
This will occur when the option expires out-of-the-money. The pricing of barrier
options requires knowledge of maximal and minimal processes which leads us to
our next definition.

Definition 4.4.1 Let (X;), be a stochastic process defined on a probability space.
The mazimum and minimum processes associated with (X;), are defined as

Mazx __
X; = sup X,

s<t

XM = inf X,

s<t

Figure (4.1) illustrates a sample path of Brownian motion with its associated
maximum and minimum processes. It should be clear from the definition that
both XMa* and XM are of finite variation since the former is increasing and
the latter is decreasing in .

*There may be two barriers as in a double barrier option
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Figure 4.1: Sample path of Brownian motion with its maximum and minimum processes

We will encounter various types of barrier options. Consider a knock-out bar-
rier option on an underlying variable S with barrier L > Sy and payoff ®(S7).
We will assume that the above option is European and expires at time 7. This op-
tion has the same payoff ®(St) as a European option provided S; for all ¢ € [0, T
has not breached the barrier. If we assume we can find a risk-neutral measure QQ
such the S;e™ is a Q-martingale then a no-arbitrage price is given by

It should be clear that the underlying S; has not breached the barrier L through
its entire life from ¢ = 0 to t = T if and only if {w € Q : S}** < L} has occurred.
The joint distribution of St and SM% is required in order to compute the expec-
tation. We actually only require to find the joint distribution In S;, In SM* since
it is possible to make a logarithmic transformation which simplifies the compu-
tation of the integral. This joint distribution can be obtained in closed form in
certain circumstances which is, of course, model dependent. This section assumes
that we live in a Black-Scholes world where assets are driven by geometric Brow-
nian motion.

We attempt to find closed form solutions for European knock-in and knock-out
barrier options for arbitrary payoff ®(Sr). We will henceforth assume risk-neutral
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dynamics of (S¢); as follows
dS = rSdt + oSdW

which we’ll label Q-dynamics®. (W), is a standard Q-Brownian motion and r
is the constant continuously compounded risk-free rate of interest. This is the
familiar equation of geometric Brownian motion and the distribution of St is
easily solved using Ito’s formula, i.e. InSr ~ N(In Sy + (r — 302)T, 0°T) under
Q. In order to price barrier options we need to find the joint distribution of
Y, =In Sy +1n S, and its maximum/minimum processes Y,;*** VM under Q. Y,
is of course, arithmetic Brownian motion. This is the subject of the next section.

4.4.1 Derivation of several useful joint distributions

We first need to state and prove the reflection principle of Brownian motion.

Proposition 4.4.1 Let W, be a standard Brownian motion defined on a proba-
bility space (0,3, P) and let WM be its mazimum process. Now for each fized
t

, —2
P(W, < 2, WM™ > y) = B(W, > 2y —2) = N (‘” — y) (4.10)
where N(x) denotes the standard cumulative normal distribution function, i.e.
T
N(z) = e~2¢" dy

Proof: Let 7 = inf{t : W; > y}. 7 is the first time that W, hits some barrier y.
Now {w € Q: 7 <t} is clearly known at time ¢ and hence $y-measurable. Thus,

T is a §y-stopping time. Consider a new process Wt defined by
Wt I/I/tl{T<t} + (2y - M/t)l{T>t}

ﬁ\ is known as the reflected Brownian motion. For each sample path w € ,
W/t is identical to H/t if or until W, hits a barrier y which occurs_at a random
time 7. Thereafter, W, reflects in the horizontal line W, = y, 1.e. W, (for 7 > t)

is the symmetric image of W, around the line W, = y. One would expect Wt
to be a P-Brownian motion To see this mathematically, consider the process

ﬁ/t =W, —W,. Now, W/t m since Brownian motion is stationary and btlong
Markov. Tt follows that W, is a P-Brownian motion. Note that W, and Wt can
be written as

Wy = Wilgreny + @+ Wi lisy
L‘ft = th{T<t} + (y - "i/t*”f')]‘{‘fzt}

p . . . . .
°There should be no ambiguity about which risk-neutral measure we have chosen since Q is
unique in a Black-Scholes world
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Now since W,_, is a Brownian motion then so is —Wt_T. It follows that they must

have the same distributions, ie. W, 4 I/ft\/t. Since they both have continuous a.s.
sample paths it follows that W, is a P-Brownian motion. Now, let r < y. A little
thought shows you that the following two sets are equal.

{wEQ:Wt§x,WtM”zy}:{MEQ:WtEQy—x,ﬁ\’tM”zy}

LetA:{wEQ:Wt22y—x}andletB:{weQ:WtM‘mzy}. Now A C B,
which implies AN B = A. Therefore,
{wEQ:Wt22y—Jz,WtM”Zy}:{weQ:WtEQy—x}
g —

Now since W, = W; it follows that

P(W, <2, WM™ > y) =P(W, > 2y —z) = B(W,>2y-z)

()
A

- v ()

using the fact that 1 — N(z) = N(—z) and the result is proved.

A usefui corollary to the above proposition is required.

Corollary 4.4.1 Let W, be a standard Brownian motion under P and let WMo
be its mazimum process. Let Fy(x,y) denote the joint distribution function of W,
and WM for a fived t. The joint distribution function (for x <y) is given by

Floa) =BO% <oy <) = 6 () - ¥ (222)
Proof: We only consider the case where # < y. This is because the set {w € ) :
W, € [y, y + Ay], W < y} has P-measure zero. Hence Fi(s,y) = Fy(y,y) for
all s > y. We also must have that y > 0 since W, is a standard Brownian motion
which starts at zero and therefore cannot have a maximum process which takes
on negative values. Recall that P(A N B) = P(A) — P(A N B) is true for any
probability measure P and measurable sets A and B. B denotes the complement
of B. It follows that

Fi(z,y) =P(W, <z, W= <y) = PW, <az)—PW, <z, WM > y)

- (50

by making use of Proposition 4.4.1 and the result is proved.
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O

We have now found the joint distribution for standard Brownian motion and its
maximum process. We would like to extend this result to arithmetic Brownian
motion which starts at some point «.

Recall some facts about changes of measure in a Ito diffusion setting. See Bjork
(2004) for a more comprehensive text. Recall that if X; = put + oW, is an arith-
metic P-Brownian motion then for all A € R, W, = W, — At is also a Brownian
motion but under a different measure, say P. For the special case of Girsanov’s
theorem applied to a one-dimensional arithmetic Brownian motion then A always
exists and is given by A = ¢~ !(v — u) where v € R. )\ is known as the Girsanov
kernel. The resulting arithmetic P-Brownian motion will now have drift v but
the same volatility o, i.e. Xt = vt + UVT/t is an arithmetic P-Brownian motion.
Moreover, the Doleans exponential £(A\W); at a fixed time ¢ is nothing other than
the Radon-Nikodym derivative of the change of measure from P to P. i.e.

dP 1y
O e, = W3
Then clearly the process (g—g) is a P-martingale®. Changing measures from P to

t
P (with Girsanov kernel —\) induces the following Radon-Nikodym derivative

‘_ifli _ 5(—)\W)t _ ew\wﬁgxzt

which is now a P-martingale. The above result immediately implies that if (X4)
is an Ito diffusion diven by a P-Brownian motion then for a fixed time ¢

dP - i ~ B 7
EP[X,] = / X,dP = / X~ dP = / X,e W2Vt gp — EP[X,e W2
This terminates our short diversion and we continue with our exposition of finding
the joint distribution of arithmetic Brownian motion and its maximum process.

Proposition 4.4.2 Let X; = a+ ut+ oW, be an arithmetic P- Brownian motion
starting at o with constant drift i and volatility o. Let XM be its mazimum
process. The joint distribution of X, and X} is given by

— o — ut ply—o — 29y — ut
P(X, <z, XM <y)=N (“’_—O‘—i> MU N (I razy# )(4.12)
oVt oVt

61t6’s formula can be used to prove this
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Proof: We only require the distribution for z < y and for y > a. We begin
by finding P(X; < z,XM* > y) and use the same probability trick to find
the joint distribution function. We would first like to transform the process
Xy —a = ut + oW, into a martingale under some measure. Lets call this new
measure P and solve for its kernel. We can eliminate the drift of X; —« by setting
v equal to zero. Hence A (the Girsanov kernel) has solution —£. Its easy to see

that X—‘U_—a is not only a P-martingale but also a P-Brownian motion.

X, - . 3
2By =B - By =iy

(2 g

We know that to change measure from I to P and to change from P to P we need
to know their Radon-Nikodym derivatives. They are given by

AP e ()
dP

@ — e%ﬁ/t‘%<§)2t
dP

Now since the process (&ULQ) . 1s a P-Brownian motion, we can make use of

Proposition 4.4.1. We first set @ = 0 and 0 = 1. Then X, = W, is P-Brownian
motion. Let A = {w € Q: W, <z, WM > yl. We need to determine P(A) and

not P(A). So let 7 = {w € Q : W, > y} be a stopping time. Define a new process
Wt = th{r<t} + 2y — ﬁ/t>1{rzt}

which is the reflected Brownian motion discussed previously. We have already
shown that W, is a P-Brownian motion. Let B = {weQ: W, <z, WM‘” >y}

Since VVt is the reflected Brownian motion of W, then B occurs iff {weQ: W, >
2y — z} occurs. It follows that

EP[1,eWe20t] = EF[1 5ot 37 (4.13)

This is because both W; and ﬁ\/t are P-Brownian motions and hence identically
distributed. We can know find P(A) as follows:

/ dP = / —dP = / WS P = EF[1 geri 3]

It follows by making use of equation (4.13) and using the definition of W, that

]P(A) — EfP’[lAeuﬁ/f,—%/Ft} — ]EI@DBEZ;WT/}—%#QL] — EIBUB(%N(gy_LVt)—%“Qt}

_ 2py P B — W =12
= e E{I{Wtzgy_x}e 27
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Now, the factor of e=#We=31t i the expectation above is the Radon-Nikodym
derivative of some measure, lets call it P, i.e. % = ¢ W=t from which it’s
easy to read off its Girsanov kernel given by —yp. It follows that

Wt - Wt -+ ILLt
i.e. W, has drift of x under the P measure. It follows that

; W12 F
]P)(A) :ezuyEP[l{W,ZQy—z}e 1 t] = BQMyEP[lwt—;Lt22y~z]

HP(W, > 2y — x + pt)

_ oy <:z:— 2y—,ut>
Vi

ie. If X; = ut + W, then

, — 2y — ut
]P)(Xt S x’Xt]b[aI Z y) — €2ﬂyN <%> (414)

All that’s left is to generalize the above to arbitrary «, o so that X; = a+put+oW,

and lastly, transform into a distribution function. We first suppose that o # 1

and a = 0 so that % is an arithmetic P-Brownian motion with drift £ and
o

volatility 1. Using equation (4.14) we have
_ My <x—2y—,ut>
oVt

Now let o # 0. Note that X; — « is an arithmetic P-Brownian motion starting
at zero and therefore

ars

Maz
X X

g

P(X; <z, XM >y) = P ( >

¢ T
S_)
g

SUES

P(X, <2, XM >y) = P(X;—a<z—a,(X—a)}/*>(y—a))
T (x +a— 2y — ut)
o/t

And finally, using the fact that P(A N B) = P(A) — P(AN B) we have proved
Proposition 4.4.2, i.e.

T—a—ut 2u(y=a) T4+ a—2y—ut
P(X; <z, XM < :N(———>—-e—7_a N<
( t = s t —y) O'\/I_f U\/E

As a corollary to the above result we know that {w € Q: XM <z} C{weQ:
X, < z}. Tt follows that
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Corollary 4.4.2

P(XMw <1) = P(X, <z, XM < 1)
_ N (1 —a— ,ut> T (—x +a— ,ut) (4.15)
oVt oVt

which is the distribution function of the maximum process of an arithmetic Brow-
nian motion which starts at a point «.

O

As we shall see in the sequel, the pricing of barrier options can be simplified
to taking risk-neutral expectations of stopped processes. Recall that if 7 is a
stopping time and X, is a stochastic process then the process X; = X, is
known as the stopped process of Xy, i.e. X;n = X; on the set {w € Q: 7 >t}
and X, ; = 7 on the set {w € Q : 7 < t}. We attempt to find the distribution
of X7’ and X;* where X; is an arithmetic Brownian motion starting at o with
7Y = inf{t : X; >y} and 7, = inf{t : X, < y}. We are actually more concerned
with the densities as opposed to the distribution functions. We consider the two
cases separately.

Proposition 4.4.3 Let X; = a+ ut+ oW, be an arithmetic P-Brownian motion
starting at « with constant drift ;1 and volatility o. Let ¥ = inf{t : X; > y} then
fory > « the density thTy (z) of X7 evaluated at x is gen by

2u(y—a)

fxpr (@) = oz, a+ ut, o*ty—e o7 P(x,2y —a+ ut,0’t) for z<y

0 for x>y
_i(z=m)?
where ¢(x, p,0%) = \/2_;_0_2@ 5(554)

Proof: We first find the distribution functions and then differentiate to find the
density. Noting that for z <y, {w € Q: X]" <z} ={we Q: X; <z, XM= <
y} and for x >y, {w € Q: X7’ <z} = Q. It follows that for z < y

PX[" <z) = PX, <z, X} <y)
- N (95 —a— ut> e (:c fo—2y— ut)
0\/f a\/Z

The density function can be obtained by simply taking the first derivative with
respect to x.

]
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Proposition 4.4.4 Let X; = a+ ut+ oW, be an arithmetic P-Brownian motion
starting at o with constant drift u and volatility o. Let 7, = inf{t : X; <y} then
for y < « the density fX;'y (z) of X[* evaluated at x is given by

2p(y—a)

Sxro(@) = oz, o0+ put, o’t) —e” T p(x,2y —a+ ut,o’t)  for x>y
0 Jor z<y
_1f{z=p)?
where ¢(x, u,0?) = \/%r?fe (=)

Proof: First noting that for z > y, {w € Q : X|* <z} ={w e Q: X, <
z, XM™ >yl and for x <y, {w € Q: X/* <z} = 0. Note that the minimum
process of X; can also be written in terms of its maximum process. It’s easy to
see that XM = —(=X)Me_ For x > y we have,

PX<2)=P(X, <z, XM">y) = P(—X, > —z,— (=X} >y)
— ]P)(Y; > —z, Y'tlv[az < _y)
where Y, = (—X),. Using the fact that P(AN B) = P(B) — P(AN B) and the

fact that the density is given by the first derivative of the distribution function
with respect to z, we have

d Ty d azx
[xro(x) = E,EP(Xt <z) = @P(Yt > —z, VM < —y)
d , d s
= —de(YtMM <-y) - —dx]P)(Yt < -z, M < —y)
d ar
= —‘de(Yt < —z, VM < —y)

We can now make use of Proposition 4.4.2 to solve the above. The process Y,
is an arithmetic P-Brownian motion starting at —a with drift —u and volatility
—o. It follows that

d

fipla) = ——=P(Y; < —z, YN < —y)
d T — o — ut 2p(y—a) T+ a—2y— ut
= —N|[—-———F—]—e T N|-—
i (Y () - ()
= fxgy(x)

and the proposition is proved.
W]

Both X" and X, have the same densities but with different support on the real
line. The former having a non-zero density on (—oc, y) and the latter on (y, o).
Note that both fyv(z) and f X:y(.f) are not probability densities and hence do
not integrate to 1. This is because both X7 and X7” have atoms at y.
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4.4.2 Reducing Barrier Options to European-Style Deriva-
tives

The objective of this section is to show that if we can price a particular European
option (which only concerns the payoff at expiry) then it’s possible to price any
barrier version of that option. These results are due to Bjork (2004). For example,
consider an up-and-out call option with strike K on an underlying S; with expiry
T. Let the barrier level be L > K > Sy. This option pays out S — K if Sp is
above K and if S; has never breached the barrier L, V¢t € [0, T]. Otherwise it has
zero payoff, i.e.

Our intention is to show that it’s only necessary to price the option with payoff
O*(St) = max(St — K,0)1lg, <y,

which is considerably simpler since ®*(Sr) is path independent. Even if no closed
form solution exists for the price of the option with payoff ®*(Sr) then the ef-
ficiency of a Monte Carlo approach is considerably enhanced since its now only
necessary to simulate a large number of log-normal random variables as opposed
to simulating a large number of Brownian paths. Monte Carlo pricing of bar-
rier options always involves discretization error which can otherwise be avoided.
For instance, certain discretized paths may indicate that a barrier has not been
breached whereas the continuous version may have breached the barrier. This
discretization error leads to over-pricing of barrier options.

This simplification is certainly true in a Black-Scholes world where S; is driven
by geometric Brownian motion. It may cease to exist if alternate dynamics are
specified such as a pure jump process.

Definition 4.4.2 Let ®(St) denote the payoff function on some underlying S.
Define the truncated payoff of ® as follows:

®"(S7) = (ST)1sr<L QL (S7) = (S7)lsr>1L

We begin by distinguishing between four types of barrier options. We denote
the time zero prices of an up-and-out, up-and-in, down-and-out and down-and-
in option with barrier L by FXO FL [, and Fy; respectively. The O and
indicate whether it’s an out or in contract. The superscript and subscript indicate
whether the barrier L is above or below the time zero price of the underlying.

Definition 4.4.3 Let ®(St) denote the payoff function of an underlying security
S with a time zero price of Sy. Let ®L(Sy) and ®(St) denote their truncated
payoffs. Let the time zero prices of these derivatives be respectively given by

F(S, T, ®"(Sr)) F(S0,T,®.(Sr))
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Proposition 4.4.5 Let ®(St) be the payoff function on an underlying security
S. Let L > Sy be the barrier level. The price of an up-and-out barrier option is
given by

QM,L\'J

B F (L—QT @L(ST)>

FEO(S0, T, ®(S)) = F(So, T, #*(Sr)) - < ; ) S

Sy
where r is the constant risk-free rate of interest.

Proof: By risk-neutral valuation
FEO(So, T, ®(Sr)) = e "TER®(S1) 1 gprar ] (4.16)

where Q is the unique risk-neutral measure which transforms S;e™ into a Q-
martingale, i.e. S has Q-dynamics

dS = rSdt + o SdW (4.17)

Now let 7% = inf{t : S, > L} and define S7" to be its associated stopped

process. It's easy to verify that ®L(S5") = (D(S}L)]_STL<L has the same payoff
T

as @(ST)15%1(11<L. By the Law of One Price, they must have the same time zero

prices. We can therefore rewrite equation (4.16) as

F0 (8o, T, ®(Sr)) = e " TE2[@"(S5")]

Now let X; = InS; = InSy + (r — %ag)t + oW; be an arithmetic Q-Brownian
motion. This can easily be verified by letting X; = In S, and applying Itd’s
formula. Now since {w € Q: 5 > L} = {w € Q:1nS; > In L} we can rewrite

th=inf{t: S, > L} =inf{t :InS, >InL} =inf{t: X, >InL}

Now X; is an arithmetic Q-Brownian motion and so we know the density of
X7 using Proposition 4.4.3. Letting fo-r(z) and f,.r(x) denote the densities
T T

evaluated at x of the random variables S}L and X7 we have
FO(Sy, T, ®(Sr)) = e "TER[@H(S7)] = e / O () forr ()da
0 T

= e_rT/_ @L(ey)e?’fS%L(ey)dy

o0

= o [T akens iy

o0

The last line is obtained using the result that e f..(e”) = f,..(z). This can be
T T

verified by noting that

, d L d L
eIfS}L (er) = @_@(S; < (;*‘T) = EI—QOH St < ;’E) = fX%L (L)
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By making use of Proposition 4.4.3 with a = In Sy, t =T, p = r — %02 and

y =In L, we can write the density of X7 evaluated at z as

fo) = s+ (- ooty (E) sy (- Loy ooy
xt (@) =9dlz,n S+ (r— 507)T0 5 x, S r 50 )T,0

for z < In L otherwise f, .. (z) = 0. The density decomposes into two terms. The
T
first ¢, call it ¢y, is the density of In S with initial price of In Sy and the second

2r -1

@, call it ¢, is the density of In Sy with initial price In g—z Letting p = <SL0> o
we have

FYO(Sy, T, ®(Sr)) = e /“oo L (e¥) 1 (y)dy — e‘TTp/_OO D(e¥) o (y)dy

L2
= e TEQH(Sr)|Sh = So) — ¢ PER [‘pL(ST)!So =3 ]
0
A
= F(Sy, T, ®*(Sp)) — | — F =, T,o"(Sy)
So So
and the proposition is proved.
[

Having priced the up-and-out option we automatically get the up-and-in for free.
This follows from in-out parity. Holding an up-and-out option and an up-and-in
option is equivalent to holding an ordinary European option with payoff ®(Sr).
Applying the Law of One Price,

FLO(Sy, T, ®(Sr)) + F(Sy, T, ®(Sr)) = F(So, T, ®(Sr))

The only barrier options we have left to price are the down-and-out and down-
and-in options.

Proposition 4.4.6 Let ®(Sr) be the payoff function on an underlying security
S. Let L < Sy be the barrier level. The price of a down-and-out option is given

by

FrolSo, T, ®(Sr)) = F(Sy, T, ®1(Sr)) - (55) Ty (g_T <1>L<ST>)

Proof: The proof is virtually identical to the previous one. The crux is identifying
that ®(S57)1gaim -, has the same payoff as @,,(S7") and proceed as before. Again,
we get the down-and-in price for free because of in-out parity, i.e.

Fro(So, T, ®(St)) + Fri(So, T, ®(Sr)) = F(So, T, ®(Sr))
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4.4.3 Examples of Barrier Options

In this section we derive analytical solutions to three types of Barrier options.
We first consider an up-and-out call, a lookback put” and a knock-out double
barrier call option. The final chapter investigates the comparison between these
‘Black-Scholes’ prices and prices obtained using a pure jump process, namely the
variance gamma process.

Up-and-out Call

An up-and-out call is identical to a usual call option except that it has a zero
payoff if the underlying process breaches a barrier L > S, during the life of the
option. Sticking with same notation, its payoff is given by

(I)(ST) = InaX(ST — K, O)lsé\jam<L

We only consider the case where L > K else the call option never expires in-the-
money and hence has zero value. Now for L > K, the truncated payoff is given
by

@L(ST) = maX(ST - Ka 0)15T<L

Once we have valued the above payoff, we can make use of Proposition 4.4.5
to price the up-and-out call. The truncated payoff can easily be replicated by
constructing the following portfolio:

e Long a vanilla call with strike K, expiry T
e Short a vanilla call with strike L, expiry T’
e Short L — K digital calls with strike L, expiry T

It’s a trivial exercise to show that this portfolio perfectly replicates the truncated
payoff above and by the Law of One Price, they must have the same time zero
prices. Using standard results from option pricing theory in a Black-Scholes
world, the price of this option with the truncated payoff is given by

F(So, T, ©%(Sr)) = So(N(dy') — N(d})) + e K(N(dy) — N(d3))

where ¢/ = = So-lnj+(:\—/(T~l)iO.502)T for 5 = K,L. One can now easily solve for

F(%, T, ®L(S7)) by making a direct substitution of é—s for Sy. The price of an
up-and-out call FL(Sy, T, ®(Sr)) is given by Proposition 4.4.5.

Lookback Put
A lookback put allows the holder at expiry to obtain the difference between the

"Strictly speaking, this is not a barrier option but may be referred to as one
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realized maximum of the underlying S and its price at expiry. Its payoff is given
by

®(Sr) = max Sy — Sy =sup S; — Sr
t€[0,7] t<T

It's clear that ®(Sr) > 0. By risk-neutral valuation its price, denoted by
FrleokPut(Gy T is given by

FLOOkPUt(SO, T) — e—rTEQ lsup St _ ST:| — e“rTEQ[S%Iaz] _ e*rTEQ [ST]
¢<T

The second expectation is easy to compute since it is, by construction of Q, equal
to Sp. Now equation (4.15) gives us the distribution function of XM%* where X
is an arithmetic Brownian motion which starts at . The density can easily be
found by straightforward differentiation. Its price is given by

FLOOkPUt<So, T) — efrT]EQ[SF}Uax] o SO

_ TR - g,

pasaed G—TT/ ezfxé\ﬂfar(l’)dx - S()
1

n Sp

where fyares is the density of XM with X1 = InSy+ (r —0.502)T + cWr. (W),
is a Q-Brownian motion. One can now make use of equation (4.15) by findir.g the
density and setting a = In Sy, p =r — 0.50% and ¢t = T. Perform the integration
(by parts) and you’ll end up with the following price for a lookback put.

2 2

FLOOkPUt(So,T) _ —S()N(—dl) + Soe—TTN<__d2) + Sog_TN(dl) — SOE—TTZ_TN(—_dQ)

where d; = (figji# and dy = dy — ov/T

Double Barrier Options

Double barrier options, like the name suggests, are options which either get
knocked-in or knocked-out as soon as one of the two barriers is breached. This
is in contrast to previous barrier options we’ve encounted which had either an
upper barrier or lower barrier but not both. Let the upper barrier be denoted
by A and the lower barrier by B where B < Sy < A. Suppose we wish to price
a knock-out double barrier option with payoff ®(S7). By risk-neutral valuation,
this option has a time zero price of

‘/O = GWTTEQ[(I)(ST)1(S%Iam<A)m(S%Iir7>B)]

T InS
= e TER®(E )] (0 s)prer<in (im0 )

e "TEY [(D(QXT)l(Xy"dn AN(XM >y B)]
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Using a slightly different notation,
Vo = e TEQ[®(eX7); XM < A" X3 > B (4.18)

where A* =In A, B* =In B and X7 =In Sy = In Sy + (r —0.502)T + oW under
Q. The semi-colon notation indicating that the expectation is taken over the set
which appears on the right-hand side of the semi-colon. Note that In S¥% =
(In S)3ex In order to evaluate equation (4.18) we need to be very precise since
we are evaluating an expectation involving three dependent random variables.
We first need to define three stopping times. They are as follows:

A = inf{t: X; > A"}
B — lnf{t : Xt S B*}
T = 7V AT AT

We now define X7 = Xoa-p, nr = AL _oar + B, + X7l,—r. Now X7
under Q?, is neither a discrete nor a continuous random variable. It has an abso-
lutely continuous component (with respect to Lebesgue measure) and two atoms.
Letting u denote the distribution of X7, then by the Lebesgue decomposition
theorem, we can write p = pu + u™* where pu® is the absolutely continuous part
of 1 and ™ is the non-diffuse part of u. Since u® is absolutely continuous
with respect to Lebesgue measure, it has a density. Let us denote its density by
p(z, T). Now, assuming that ®(e*7) is integrable, we can write

EQ[®(e*F)] = E¥@(e*T); 7 = T] + E[@(e*F); 7 = 7] + E¥[D(e¥F); 7 = 755-]
Rearranging the subject of the formula and noting that {w € Q: 7 =T} = {w €
QO XMar < Axn XM > B*} we have
Voe'T = EQd(e*T)] — E¥®(e*T); 7 = 7] — E¥[d(e*T); 7 = 75.]
E¥[®(eXT)] — @(e")Q(XF = A7) — &(e”")Q(X] = B")

Since X7 has distribution = p* + p™ we can write the first term as

o0

ECe)] = [ a()duto

o0

= [ R @) + BT QUNE = A7)+ B IUNF = B)

_ /B B(e*)p(a, T)de + (A )Q(XF = A%) + d(%)Q(XE = BY)

We can therefore price a double barrier option using this representation

*

A
Vo = e‘rT/ O(e®)p(x, T)dx (4.19)

8The same measure under which X, is an arithmetic Brownian motion
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Our objective is to find this truncated density p(x,T). I use the word ‘truncated’
since this density does not integrate to 1. This can be done using a probabilistic
argument where the density is not known in closed form but given by a rapidly
decreasing infinite sum. Instead of using a probabilistic approach we derive the
density using an analytical approach which gives the density in terms of a fast
converging Fourier series.

To formalise, let X; = Xo + ut + oW, be an arithmetic P-Brownian motion
starting at Xy with absorbing barriers A and B where B < Xy < A. For sim-
plicity, we begin by setting X, = 0 and adjust the barriers further on in order
to obtain a non-zero starting point. Note that B < 0 in this particular case.
We will henceforth rewrite p(z,t) as pi"(x,t) to remind us that we finding this
density on the interval [B, A]. We have also included a subscript of 0 to remind
us that Xy = 0. We follow the works of Cox & Miller (1965). Since X, satisfies an
Ito diffusion equation, it must satisfy Kolmogorov’s forward equation. See Bjork
(2004) for a statement and easy to follow proof of Kolmogorov’s forward and
backward equations. Since p and o are constant, Kolmogorov’s forward equation
simplifies to
1 ,0% dp _ Op

50 Ox? M% ot

Since we are only finding its density over [—B, A] we must have that « € [—B, 4]
and t € [0, T]. Now p{"?(z,t) is a truncated density which we require to be zero
whenever z = —B or whenever x = A for any ¢ € [0, 7). These form our boundary
conditions. We also have an initial condition which states that the density at the
current time zero must be equal to the Dirac Delta function located at zero, i.e.

p(1)473($’ 0) = 50
We therefore need to solve the following boundary value problem:

1 ,0% dp _ Op

for x € [B, A] subject to
po(x,0)=6  pytAt)=0  pP(B,t)=0 Vte[0,T]
Cox & Miller (1965) propose a solution of the form
B
pooP(z,t) = e Msin {%} (4.21)

where n € N and &, A are, as yet, undetermined constants. The sine function was
. A.B . . L.
chosen since py'” (x,t) vanishes if = A, ~ B and hence our boundary conditions
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are satisfied. The exponential function always seems to crop up in solutions to
differential equations since it has some desirable differentiability properties. Now
we will choose k and A such that equation (4.21) satisfies equation (4.20). This
can easily be solved by straightforward differentiation and solutions to x and A
are given by

U 1/ p? nPrlo?
K N A, = (e, T 1.22
T 2(02+(A+B)2 (4.22)

Our last concern is to manipulate equation (4.21) so that it satisfies our initial
condition. Since equation (4.21) is a solution to equation (4.20) then so is any
linear combination. We have,

A,B . N Cnt oo (07 (x + B)
Py (x,t) =e- ;ane sm( . (4.23)

for any constants a,,. These constants give us an extra degree of freedom which
allows us to solve for them in order to satisfy our initial condition, pé‘ ’B(x, 0) = .
Substituting ¢t = 0 in equation (4.23) we have

P A _ + B)
Soe T = E ay, sin (M) (4.24)
v A+ B

where the constants a, can be solved using Fourier series. It’s an easy exercise in
integration to show that sin(kwgi;B 1) sen forms an orthogonal basis on the interval
(—B, Al ie

/Asin nw(z + B) y krn(z + B) dI_AJrBl
5 A+B )"\ TArB Ty ke

For ease of notation, we let g(z) = sin (IW(—HB—)> Multiplying both sides of

A+B
equation (4.24) by g(z) and integrating over [— B, A] we have

A uts B
[ e oy = / Zansm(mATB ))g(a:)dgc

B
A+ B
9(0) = a 5

ap = 2 in kB
T axpY\ArB

We have thus solved for the k" coefﬁment ay. Simply substitute this result
into equation (4.23) and we have found p{"” (, t) which satisfies the Kolmogorov
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forward equation, the two boundary conditions and the initial condition. The
solution is given by

27 N a,. (naB\ . [nr(z+ B)
P B, t) = N Ze At gin (A n B> sin (W) (4.25)

n=1

where the constants A, are given by equation (4.22). The final step is to generalize
the above transition density to an arbitrary starting point Xy = g where z¢ > 0.
This is can be done by simply shifting the upper and lower barriers. It’s easy
to verify (using a diagram) that phP(z,t) = po T B (1 — 20.t). Recall, by
definition, that p2”(x,1) is the density we require. It’s given by

plx—rg) 00
, 2 o7 vy . [nm(zo—B)\ . [nr(x— B)
A, _ An
pFOB(% t) = 7 n_;_:l e tgin <—__A —5 > sin ( B (4.26)

LA e
2\o? (A—-B)?

The above density converges very rapidly since A, goes to co at a quadratic rate
and hence e *" goes to zero at an even faster rate. As few as ten terms are needed
in the sum in order to obtain double precision.

We can use equation (4.26) to price a European double barrier option. Sup-
pose we have a European option with payoff function ®(S7) on an underlying
S¢ which follows geometric P-Brownian motion with drift g and volatility o. We
consider a double barrier version of this option which has zero payoff if S; has
breached either A or B during its entire life from 0 to T". Clearly, we must have
B < Sy < A otherwise the option will always have zero value. Making use of
equation (4.19), this option has value

*

A*
Vy = e_TT/ @(ew)pﬁ*éf*(x,T)dx

where pf?l*S’UB*(a:, T) is given by

(r—0. o2)(z~In 00
a8 e A Ze_)\ T nm(ln Sy — B*) . nr(x — B*)
: , = nTsin in | —————~
Pinsy 1% A-B A =B A B

1 ((r — 0.502)2 n?rio? )

An = ) 2 +(A*—B*)2

We will only consider pricing a knock-out double barrier call option so in this
case, (r) = max(x — K,0), where K is the agreed upon strike price. Its price,

)
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in a Black-Scholes world, is given by

A*
—r T .A*, *
Vi = e T/ d(e )p]nsf (z,T)dx

*

A
- e‘TT/ (max(e® — K, O)pfi*éoB*(x,T)d:c

*

A*
= e‘rT/ (e” —K)pl’i*éf*(x, T)dz (4.27)
InK

The above is easy and very efficient to calculate. In fact, it’s possible to find an
antiderivative and hence a closed form exists for a desired level of precision.

We have given derivations and closed form expressions for the prices of an up-
and-out call, a lookback put and a knock-out double barrier call option. All of
which assumed that the underlying was driven by geometric Brownian motion.
The next section 1s devoted to pricing the same three options but assuming dy-
namics given by a variance gamma process. A comparison is discussed in the
final chapter.

0]

4.5 Pricing Barrier Options under Variance Gamma
Dynamics

The pricing of barrier options in a Lévy world is considerably more complex than
pricing in a Black-Scholes world for a number of reasons. The reflection princi-
ple of Brownian motion does not exist for an asymmetric Lévy process with a
non-trivial jump component. In addition, since most Lévy processes have discon-
tinuous sample paths, it’s possible for the process to cross the barrier without
hitting it.

4.5.1 Methods of Pricing Barrier Options

There are essentially three methods for pricing barrier options (more generally,
path dependent options) in a Lévy world. They are listed as follows:

o Wiener-Hopf factorization identities
e Partial integro-differential equations

e Monte Carlo methods
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of computing time. PC’s have limited capabilities in this regard and may take
several hours to run say 10 million iterations. Secondly, and more importantly,
software packages have a finite cycle length of the number of pseudo-random
variates it can produce”. Once a length of a cycle is complete, the pseudo-random
variates simply repeat themselves! For these reasouns, so-called variance reduction
techniques have been created to reduce the standard error of a simulation by
reducing oy(x) as opposed to simply increasing n. The following is a list of the
most commonly used variance reduction techniques:

e Control Variates

e Stratification

e Antithetic Variates

e Importance Sampling

The methods can be used simultaneously provided the specific problem at hand
lends itself to its use. The type of simulations performed in our analysis lends
itself to the first two techniques. The method of Control variates is briefly dis-
cussed below.

Control Variates

This is potentially the most powerful variance reduction technique and the idea
is fairly simple. Suppose we have a random variable X with known distribution
function F' and we require to find E[g(X)]. We assume that we know how to
simulate g(X). Suppose there exists another random variable Y with known
mean E[Y]. Set

Z = g(X) - b(Y —E[Y))

for some b € R. It’s easy to show that E[Z] = E[g(X)] which implies that if
(X;,Y;),i=1,...,n, is an i.i.d. sample from (X,Y’) then for arbitrary depen-
dence

Zg X,) = b(Y; — E[Y))

is an unbiased estimator of E[g(X)]. Most importantly,
Var(Z) = Var(g(X) = b(Y —E[Y])) = O's(x) — 2b0 4 x\Oy Paix)y + B0y

where pg(x)y denotes the correlation between g(X) and Y. Now choosing b =
0g(X)

L Pg(x)y = b* produces the smallest possible Var(Z) for a given set of inputs.

9This information is sometimes difficult to obtain
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Choosing this value of b we have

Var(Z) = O’E(X) — 26" 04 x)0y pgx)y F 6*20%
= o500l = Ay

2
< T9(x)

Clearly, the greater |p,(x)y|, the greater the reduction in the standard error of a
Monte Carlo simulation for a fixed n.

We are interested in pricing three types of path dependent options using the
variance gamma process. We price these options using Monte Carlo techniques
incorporating two variance reduction methods, namely control variates and strat-
ification. We discuss two types of Monte Carlo approaches. The first type, which
we’ll refer to as sequential sampling is discussed in the next section foliowed by
the second type, which we’ll refer to as bridge sampling. We show that bridge
sampling has efficiency gains and lends itself to a very efficient method known as
the ‘Truncated Difference-of-Gammas Bridge Sampling’ (TDGBS) developed by
Avramidis & L’Ecuyer (2004).

4.5.3 Monte Carlo: Sequential Sampling

In this secition we discuss the pricing of the three options using sequential sam-
pling in a Monte Carlo simulation. Sequential sampling generates a path of a
stochastic process X; in a chronological order, i.e. Discretize [0, 7] into p + 1
points tg = 0,¢1,...,t, = T. Now simulate X, , X;,,..., X, in that order. Com-
pute the associated payoff and repeat a large number of times. The stochastic
process chosen in this dissertation is the variance gamma process. To formalise,
let S; = SpeXt™ where

X, = 9G, + oW,

is a Q-variance gamma process and 7 (given by equation (4.4)) is a constant which
transforms S;e~"t into a Q-martingale. Recall that ¢ is a constant and Gy, — G
has a gamma distribution with mean A and variance vh. Below is an algorithm of
how to simulate a discretized path of S; for ¢ € [0, 7] using sequential sampling.

e Divide the interval [0,T] into p + 1 equally spaced points. Let the points
be given by ¢ty = 0,t1,¢5,...,t, = T. Let ¢ = t; —{,_; be the constant
difference.

e Generate p independent gamma variates ; for i = 1,...,p with mean ¢
and variance ve.

e Generate p independent normal variates N, for : = 1,...,p with mean G,
and variance 0@,
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e The discretized variance gamma path is given by X, = ijl N;
e The discretized path for S;, is given by S; = SpeXt vt

It remains to compute the payoff for the three types of options. The payoff of
the j** path for an up-and-out call option (with barrier L and strike K) is given
by

(I)(Sj) — (ST — K)1(5T>K)m(maxl5ti<L)

Compute the above payoff a large number of times n. The Monte Carlo price is
given by

Vo = e*’“T% > a(s7) (4.28)
j=1

One would need to employ variance reduction techniques to reduce the standard
error. These techniques are discussed in the following section. The lookback put
and the knock-out double barrier call option (lower barrier = B, upper barrier =
A) can be priced in a similar vein. Their payoffs of the j** path are respectively

given by
®(S7) = maxS, — Sr
@(S]) = (ST " K)1(5T>K)ﬁ(maxi Sr,i<A)ﬂ(mini Sti>B)

The associated Monte Carlo prices are then given by equation (4.28). It should
be clear that for all three options, V, is a biased estimate for all n. This is be-
cause there exist paths where (max; S,, < L) but (S3% > L) and similarly for
the minimum process. Stated mathematically, {w € Q : SM*® < L} c {we Q:
max; Sy, < L}. It follows that Vj is always an overestimate'® of the ‘continuous
time’ price. It should be pointed out that sequential sampling of the variance
gamma process requires p gamma variates and p normal variates for each path,
which is fairly costly!!.

However, Matlab was the chosen language in writing the above algorithms. Matlab
is a very efficient vector language and sequential sampling lends itself to fully
vectorized code. The code does not contain any loops which would otherwise
significantly increase computing time.

Sequential sampling does not lend itself to stratification of terminal values which
is the primary source of variance in the option payoff. We seek a more efficient
method which does not suffer from these disadvantages.

10Underestimate for the lookback put option
HGamma random variates take especially long to generate
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4.5.4 Monte Carlo: Bridge Sampling

The Brownian bridge construction was one of the first applications of what is
known as bridge sampling. The algorithm works as follows: Let to = 0,t1,...,t, =
T be an increasing sequence of times where m = 2* for k£ € N.

o Generate By = N(0,7)

e Generate B% which is a normal random variable conditional on B

e Generate B T which is a normal random variable conditional on Br
2

e Generate Bsr which is a normal random variable conditional on Br and
4 2
Br

etc. Repeat until you obtain a sufficiently fine path. The Brownian bridge above
is constructed in such a way that the resulting path is a discretized Brownian
motion. This bridge construction exists for other stochastic processes apart from
Brownian motion. In particular, it exists for the variance gammu process (Ribeiro
& Webber, 2004). Here’s the proposition.

Proposition 4.5.1 Let Gy be a gamma process on the interval [0,T) with Gy ~
G (f‘;—z, %) Let 0 <1 <t <1 <T. The conditional distribution of Gy given
G., and G, is equal in distribution to

G + (Gr, —G)Y

v ’ v

where Y ~ B ((t_”)“Q (Tzﬁt)‘ﬂ), i.e. Y has a beta distribution.

We henceforth refer to the following representation of the beta distribution. If
X ~ B(a, 3) then X has density function

(1 - z)P!
Jo v (1 = y)s-tdy

Note that X has support on the interval (0, 1). The beta distribution has a rather
unusual shape for certain parameters. The p.d.f. can even have a bimodal shape.
The familiar uniform distribution is a special case of the above with both « and
3 set to 1.

The proof heavily relies on quite a well known result in statistics. We state and
prove the result. The proof is a modified version of the one given is Stewart
(2003).

fx(z)
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Proposition 4.5.2 Let X ~ G(a,5),Y ~ G(b,3) be two independent gamma
variates. The ratio
X
[ —
X+Y

has a beta distribution with parameters a,b, i.e. U ~ B(a,b)

Proof: Since X,Y are independent, their joint p.d.f. fxy(z,y) is merely the
product of their densities, i.e.

Ia—lybfl e—;}‘l (z+y)

fXY (l’, y) = lBa%—bF(a)F(b)

Define U = XLJFY and V = X + Y with inverse transformations z = wuv and
y = v(1—u). This bounds U between (0, 1). The Jacobian J of this transformation
is given by v. Using a standard result in statistics, I/ and V have joint density
fov(u,v) = fxy(uv,v(l —u))J, ie.

Uua~1va—lvb—1(1 _ u)b—16~%

u,v) =
o) T )T)
ua—1(1 \ u)b—l pato=1g=3
N ( I(a)l'(b) > gt

Multiplying the numerator and denominator by I'(a + b) we see that the joint
density factorizes into two marginal density functions. The first of which can
be recognized as a beta distribution with parameters a and . The second term
can be recognized as a gamma distribution with parameters a + b and 3. Since

fuv(u,v) can be factorized, it implies that U and V are independent. Thus,
U ~ B(a,b) which completes the proof.

0
We make use of this result in proving Proposition 4.5.1.
Proof of Proposition 4.5.1. Note that since G; has independent increments,
t — 2 —t 2
Gt—GleG((—T—l)M,Z> GTQ—Gt~G<(2—lN—,Z>
v 7 v I
are independent gamma variates. It follows that the ratio
Gy — G- G, — G,
v — ¢t~ Gn - (4.29)

G -G.+G,—G, G, -G,

(t=71)p? and (ra—t)p?
1/

has a beta distribution with parameters . Since we interested
in the distribution G, conditional on G, and G, {i.e. G,, and G, are constants)
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we can simply change the subject of the formula in equation (4.29) to G4, i.e.
The conditional distribution of Gy is equal in distribution to

Gﬁ + (GTQ - GTJ)Y
and the proposition is proved.
UJ

Since the variance gamma process X; can be written as a difference between two
independent gamma processes, we can use this result to construct a variance
gamma bridge. The algorithm works as follows:

e Generate two random variates from I'*(T") and I'"(T") independently of one
another

o Set Xp =I*(T) —T—(T)

T—S.ST %Z)

LV

e Generate a draw froi: Y ~ B (

e Set I'H(0.5T) = I'™(0) + (I'(T) — T (0))Y

T-05T M)

v 14

e Generate another independent draw from YV ~ B (
e Set ' (0.5T)=T"(0)+ (I'(T) - T~ (0))Y
e Set X0_5T = F+(05T) o (O5T)

0.5T—0.25T 0.25T -
> ) fori=1,2

LR %

e Generate two independent draws from Y ~ B (
o Set I'*(0.25T") = ['*(0) + (I (0.57) — [+(0)Y!
e Set I'"(0.25T) = I'"(0) + (I'"(0.5T) — ' (0))Y?
o Set Xoasr = I'H(0.25T) — T=(0.25T)

Subsequent steps are not listed but the pattern should be clear. Repeat until a de-
sired level of discretization is achieved. This, by construction, gives a discretized
path of a variance gamma process.

l

Bridge sampling offers a number of advantages over sequential sampling. Firstly,
since the variance in most option payoffs is concentrated in the terminal value of
the underlying process, bridge sampling allows one to stratify the terminal values.
This is not possible using sequential sampling. Stratification of terminal values
reduces the variance in the option payoff thereby reducing standard errors.

Secondly, for a given number of discretized points per path, bridge sampling re-
quires as many calls to a beta inverse function as does sequential sampling to a
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gamma and normal inverse function. The calls to the beta inverse function are in
fact calls to a symmetric beta distribution, i.e. B(«, «). Efficient algorithms have
been developed which exploit this symmetry which significantly reduce comput-
ing time. In this regard, we adopt the method of L’Ecuyer & Simard (2006) for
generating random variates from a symmetrical beta distribution. Finally, bridge
sampling lends itself to the method of TDGBS to be discussed further on.

It remains to price the three types of options using this bridge construction.
The pricing of the three options remains exactly the same as discussed in the
previous section on sequential sampling. It’s only the generation of the paths
that differs. However, since this bridge sampling method was implemented in
pricing the three options, we discuss two variance reduction techniques that were
employed, namely a control variate and stratification of terminal values.

Control Variates

We start with the up-and-out call. We seek a random variable with known ex-
pectation which correlates well with the payoff of an up-and-out call. We used
the following path independent option with payoff

(I)(ST) = Hlax(ST ~ K’, 0)15T<L (430)

where K < L is the strike of the up-and-out call and L > S is the barrier. One
would expect this payoff to correlate fairly well with the up-and-out call payoff.
Its expectation is known since it is merely the ‘future value’ of the price of the
option with the above payoff. We therefore need to price this option and multiply
by e"T'. As discussed in the previous chapter, the payoff can be replicated with a
long call with strike K, short a call with strike L and short L — K digital calls
with strike L. We know how to price the call options in ‘closed form’ using a
variance gamma underlying!?. It remains to price the digital call. Its price is
given by

Vo=e TEYls,51] = e"TQ(Sr > L) = e77T(1 — F(L))

where F(L) is the distribution function of Sy evaluated at L under the risk-
neutral measure Q. This distribution function is known in ‘closed form’. We
can price both the call and the digital option and thereby price the option with
payoff given by equation (4.30). The control variate’s expectation is known.
The optimal coefficient b* was estimated using sample correlation and sample
variances. Sample correlations of up to 80% were achieved for L >> K. Standard
errors of simulations were significantly reduced.

The control variate chosen for the lookback put is simply the terminal underlying
value St. The control variate chosen for the knock-out double barrier call option

12This is discussed in Chapter 3
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was the following payoft:
®(S7) = max(St ~ K, 0)Ls;<ans;>B

where A and B denote the upper and lower barriers respectively. We only con-
sider the case where K € [B, A]. In this case, the payoff simplifies to equation
(4.30) with L = A which coincides with the same control variate as for the up-
and-out call. We do not expect this control variate to be as effective as with the
up-and-out call but nevertheless does its job in reducing the standard error.

Stratification of Terminal Values

Since the variability in the three option’s payofls is primarily concentrated on the
underlying’s terminal values, it would make sense to stratify the uniform random
variates that generate these values. Since we have used the representation of a
variance gamma process as the difference between two independent gamma pro-
cesses, we require two uniform variates in order to generate one terminal value.
We therefore require to stratify the unit square as opposed to one-dimensional
stratification of uniform random variates. Stratification forces a certain number
of uniform draws into what’s known as strata. This has the effect of covering the
[0, 1] interval more uniformly thereby reducing the variance of the uniform draws.
We divide each one-dimensional [0, 1] interval into K evenly spaced strata, i.e.

p2) () (5

These form one-dimensional stratum. In two-dimensions, we seek the Cartesian
product of intervals, i.e. the 7*® interval of the first uniform variate and the j**
interval of the second uniform variate have an interval of the form

i-1 i\ (i=1 ]
K 'K K 'K

In total, there will be K? such intervals. This requires us to produce at least K2
pairs of independent uniform draws. Given K? uniform pairs, we need to force
that one and only one pair gets allocated to each of the K? strata. Given the j*
pair of independent uniform draws (Uy,Us); for j =1,..., K? we simply define
the stratified pair as follows:

. i =14U
VIJZJ—?(:—I fory=1,2,... K
1= 14U
v;:f——[&,i—2 fori=1,2,...,K

The desired K2 pairs are (V{, V). We found that sufficient stratification took
place when K = 10.
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The bridge sampling technique discussed above has a number of advantages
over the sequential sampling technique. However, they are both inefficient. As
an example, we choose the up-and-out call option. Consider a final draw from
X7 =T"(T) - T~ (T) which results S; = Spe*X7+*T > L. The payoff of this par-
ticular path is already known at this point which equals 0. The bridge algorithm
still continues to produce a variance gamma path for this particular terminal
draw even though its payoff is already known with certainty. This creates ineffi-
ciencies since valuable computing time is wasted. In addition, it’s not possible to
vectorize one’s code in Matlab using bridge sampling which means that one has
to resort to loops which significantly increase the computing time. The TDGBS
approach addresses this issue not just at terminal times but at subsequent points
along the path. These Monte Carlo simulations are costly and there is a trade-off
between convergence of the continuous time price (i.e. increasing the number of
discretized points in a path) and computing time.

4.5.5 Truncated Difference-of-Gammas Bridge Sampling

The TDGBS is an algorithm specifically developed for pricing path dependent op-
tions using a variance gamma process. We follow the paper written by Avramidis
& L’Ecuyer (2004) although we make minor modifications when deemed neces-
sary. The essential ingredients of TDGBS are firstly, the representation of the
variance gamma process as a difference between two independent gamma pro-
cesses, and secondly, the bridge algorithm discussed above. This representation
allows one to compute bounds (for any ¢ € [0,7]) on the underlying process.
These bounds translate into bounds for the ‘continuous time’ option payoff. For
certain types of options, for example barriers options, it’s possible to sample un-
til the bounds coincide which gives the exact ‘continuous time’ payoff thereby
eliminating all bias. In addition, the bounds on the underlying process dictate
the option payoff after a varying number of points in a path. This allows one to
terminate or truncate a particular path since it becomes redundant to continue
the construction of a path if the option payoff is already known. This leads to
significant savings in terms of computing time. We start with a discussion on
how to construct these bounds on the (exponential) variance gamma process.

Bounds on the Exponential Variance Gamma Process

Let X; = I't(t) — ' (¢) denote a variance gamma process with the same param-
eters as previously discussed. Suppose we sample a path of the variance gamma
process in this order:

T,

no| N

T 3 T
54’4’8?"‘
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by making use of Proposition 4.5.1. Suppose we have sampled m points per
path where m = 2% k € N. Let tmo = 0,tm1, . s tmm—1,tmm = T denote the
above times arranged in increasing order. For example, f,5 = % Here’s the
proposition:

Proposition 4.5.3 Lett € (t,i-1,tm;) fori=1,...,m. Define three processes
as follows:

L . — Soeﬁtm,,iﬁl‘r_ (tnl,z)+r+(tm,i~l)
m, -
St - Soent+F+(t)~F7(t)
U . _ Soentnl,i+r+(tm,,i)‘1’_(tnl.i—l)
m,r -

then Sy (the exponential variance gamma process) is contained between L,,; and
Un,i foreach i =1,...,m, t.e. Ly,; <5 < Up.

Proof: Fix t € (tmi_1,tms). Note that I'"(¢) < T'"(¢,,;) since I't is a surbordi-
nator (an increasing Lévy process). Similarly, '™ (¢) > I'"(t,,,1). It should be
clear that this implies S; < Up,,;. A symmetrical argument proves that S; > L, ;.

J

One would expect that these bounds decrease monotonously as the number of
points per path (i.e. m) increases. This is indeed the case, i.e. Ly, ; < L1, <
Sy < Unt1i < Upyi. The proof is straightforward and is given in Avramidis &
L’Ecuyer (2004).

The truncation of paths is best explained via an example. Suppose we are in-
terested in pricing an up-and-out call option by Monte Carlo with S, having
exponential variance gamma dynamics. Let the barrier be L and the strike be K.
Suppose we have already sampled m points in a particular path. Denote these
values by S, ., St 2, -+ Sty Where S o = S5, We also suppose that none of
the S, , have breached L, i.e. max; S;,, < L. Truncating early at this point (af-
ter m steps) and calculating the payoff of max(S;,, ., — K, 0) introduces bias since
it’s possible that S; for t € (tmi—1,tm,) for ¢ = 1,...,m to be greater than L.
However, using the above proposition, it’s possible to tell whether S, t € [0, T,
could be greater than L or not. U,,; provides an upper bound for S; over the
interval [0,t,,1) and more generally, U,,;, provides an upper bound for S; over
the interval (t,,,-1,%m). We continue as follows:

Calculate U,,; for i = 1,...,m. If max; U, ; < L then truncate the sampling
procedure. The payoff of the option in this path is max(S;, , — K,0). This is
because it's impossible for S; to breach the barrier L for all ¢t € [0, 7).

If max; U,,; > L then it’s still possible for S; to breach the barrier L. In this case,
we would continue to sample more points in this particular path. You will need
to impose an upper bound M on the number of points per path as it is possible



CHAPTER 4. OPTION PRICING 66

that max; Uy, ; > L and max; Sy, , < L will occur for very large m. It should be
clear that this TDGBS clearly reduces computing time. Moreover, assuming that
m < M, the discounted payoff is an unbiased estimate of the continuous time
price of the option. Choosing M sufficiently large creates a virtually!® unbiased
estimate of the continuous time price.

Barrier options provide a special case where it’s possible to eliminate virtually all
bias!*. Lookbacks and Asian options are examples where the bias can never be
completely alleviated. However, the bounds on the underlying process translate
into bounds on the continuous time option payoff. This is assuming that the op-
tion payoff is monotonic in S; given already sampled points S, |, St,, 55 -5 St 0
For suppose we price a lookback put with continuous time payoff

O(S) = SMer — gp
Define two estimators of the payoff by

C’L,m = max Lm,i S\ ST
i

Cvym = maxU,, — St
A

Using straight forward monotonicity arguments, it should be clear that Cy, ,, <
®(S) < Cym, i.e. We have bounds on the continuous time payofi which narrow
monctonously with increasing m. In fact, we can improve on our lower bound
since max; Sy, ; > max; L, ; which allows us to write Cy ,, = max; S,,; — Sr. It
remains to give an account of how to employ the TDGBS algorithm applied to
pricing the three options.

Barrier Options

We only discuss the up-and-out call option since the knock-out double barrier call
option is very similar. We discuss the sampling of one simulation. The algorithm
works as follows:

Generate two independent gamma random variates, I'"(T") and I (T"). We em-
ployed stratification (on the unit square) of the pseudo-random draws. Check
immediately whether Sy = ST (D-T"(T) » [ or whether Sy < K. If S0,
terminate sampling, set the payoff equal to zero, and move on to the next path.
If K < St < L then generate two symmetrical beta random variates Y'! and Y?2.
Compute

5 HT)Y LT~ (T)y?
SO.E)T _ S(]@O ST+ (T)Y (MY

131t is possible that m = M
14ie. bias induced by using a discretized variance gamma path



CHAPTER 4. OPTION PRICING 67

If Sosr > L then terminate sampling and set the payofl equal to zero. Oth-
erwise compute Us; and Uss. If max(Usy,Us2) < L then set the payoff equal
to S — K and terminate sampling. Note that for the double barrier case, you
would also need to compute Ly, and Lyo and check that min(Lsy, La2) > B
where B is your lower barrier. If max(Us,Us2) > L then it’s still possible for S,
to cross the barrier L. Continue sampling. This time you are required to generate
four beta variates. Compute Sy 257 and Sp7sr. Check if max(Sy 257, So7s7) > L
and if so, terminate sampling and set the payoff equal to zero. If not, compute
U471, U4’2, U4,3, U474. Check if maX(U471, U4,2, U4,3, U4’4> < L and if so, set the pay-
off equal to Sy — K. If not, continue sampling etc. Continue sampling until the
algorithm terminates the path or until some upper bound M is reached

Repeat the above a large number of times incorporating a control variate. The
same control variate was used (i.e. the truncated call option). Estimate the opti-
mal b* coeflicient using sample variances and sample correlations. Compute the
associated sumrnation and remembering to discount, you have obtained a vir-
tually unbiased estimate of the continuous time payoff whilst making significant
savings in computing time.

Lookback Put

Unlike barrier options, it is not possible to eliminate all bias when pricing a look-
back option. However, as discussed above, one may obtain bounds which contain
the continuous time payoff. Simulate S,,; for i = 1,...,m using the variance
gamma bridge approach incorporating stratification of terminal uniform draws.
Compute

CL,m = InaXSm,i _ST
i

Cum = maxU,,; —Sr
T

These bounds narrow monotonously for increasing m. Note that the continuous
time payoff is contained between these two bounds. In order to obtain one payoff,
extrapolation techniques are required. One method is to simply average Cp,,,
and Cpy,,. This was the method adopted in this dissertation. The terminal
exponential variance gamma value (which is stratified) was used as a control
variate. Repeat a large number of times, compute the associated summation and
you have obtained a biased estimate of the continuous time payoff. Avramidis &
L’Ecuyer (2004) show that if your bias is of a particular asymptotic form, then
the TDGBS approach reduces the order of the bias quite substantially.



Chapter 5

Calibration of Variance Gamma
Model

This section discusses how to make use of equation (4.7) to price European op-
tions with payoff f(Sr). Equation (4.7) requires us to mzake use of the risk-neutral
density f% (z) given by equation (4.6). This will require us to obtain parameter
estimates of ¥,v and o since r and ¢ are observed in the market. Estimation of
the three parameters can be implemented in several ways (e.g. Maximum like-
lihood estimation or moment matching techniques). We would like to estimate
our parameters so that our model prices options in a manner consistent with the
market. This is known as the market calibration problem.

The conventional method of calibrating a model which prices options in a con-
sistent manner is that of least squares. The choice of the type of option which
needs to be calibrated depends on the liquidity of the option. In most exchanges,
European call options appear to be the most liquid, which is indeed the case in
the South African market. The calibration problem can be formulated as follows:
Given quoted market prices of European call options C*(K;) for fixed maturity
and various strikes K;,i = 1,..., N, model prices of European call options de-
noted by CVY(K;,9, o, v) where CYY (K, 9, 0,v) are given by equation (4.8), we
need to solve the following least squares problem:

min

9,v,0 Y (C*(K;) — CVO (K., 9, 0,v)) (5.1)

subject to ¥ € R\{0}, » >0 and o > 0.

It should be noted that several problems arise with the formulation of equation
(5.1). The most important problem is that the formulation is ill-posed. The pa-
rameters 1§, v, which minimize equation (5.1), are highly sensitive to changes in
C*(K;). This is clearly an undesirable feature of a calibration engine. Secondly,
as pointed out by Tankov (2004), the least squares formulation does not guar-
antee a solution. Tankov (2004) give an example of a least squares formulation

68
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which does not admit a solution whereas a solution does in fact exist.

Note that the computation of CV%(K;, 9,0, v) involves some lengthy and expen-
sive calculations since numerical integration techniques are required to compute
equation (4.8). The integrand itself is written in terms of an integral (the modified
Bessel function) although this does not pose a serious problem since efficient C++
and Matlab source code is available. Functions were written for CY¢(K;, 9, 0, v/)
in C++ and Matlab which coincided with Monte Carlo integration. The technique
of Romberg integration was implemented in C++. Romberg integration is an
efficient algorithm which reduces the number of partitions required in using the
Trapezoidal quadrature technique without loss of precision. See William H. Press
& Flannery (1992) for a discussion which includes source code. In Matlab, we
made use of the function quad. The function uses an adaptive recursive Simp-
son’s rule. :

The above minimization problem was solved in C++ by making use of the Nelder
and Mead method. The Nelder and Mead method minimizes functions of the
form f:R?Y — R* by changing the d parameters. The function used in our case
would be f(4,0,v) = SN (CVE(K,,9,0,v) — C*(K;))?. Run times took several
minutes given the complexity of just one call to f. The method is not guaranteed
to find a global minimum (should it exist) but will find local minima depending
on how you initialize your starting points.

The same least squares formulation was carried out in Matlab using the 1sqnonlin
command. The 1sqnonlin requires a vector-valued function f as input and a
vector of parameters. The command implicitly constructs sums of squared dif-
ferences. Denoting f* as the i component of f, then in our case, f would take
the following form: fi(K;,9,0,v) = CVY(K,,9,0,v) — C*(K;) fori = 1,...N.
The command then minimizes Zivzl( f9)? by changing 9, o, v. 1sqnonlin uses the
interior-reflective Newton method. The run times for the algorithm were lengthy
and we again encountered several problems. Different starting points were chosen
and all produced local minima. The problem with this method is that the vari-
ous estimated parameters that produced local minima were quite distinct. The
decision of which triplet of parameters (?3, 4, 1) to use is not clear. The algorithm
is essentially finding a ‘valley’ of local minima with different values of estimated
parameters. This is a problem specific to least squares calibration as pointed out
in Tankov (2004).

The least squares formulation is not only ill-posed but very dependent on how
you initialize ¥, o, v. This confirmed that the problem at hand was not the min-
imization algorithm but a problem specific to the least squares formulation.

One must bear in mind that the choice of parameters are very important for
the pricing and hedging of more exotic options. Suppose that .6, and 9,.6,0
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The first method is probably the least well known and a brief discussion is pre-
sented in Cont & Tankov (2002). The second approach, abbreviated by PIDE,
can be set up if one knows the Lévy measure of the underlying Lévy process. The
PIDE looks very similar to a PDE that one obtains using Kolmogorov’s equations
although there is an extra term. This term is a stochastic integral involving the
jump measure of the Lévy process. PIDE’s are considerably more complex to
firstly set up and secondly to solve. The author believes that PIDE’s would be a
plausible method to apply if one uses a jump-diffusion process or at least a Lévy
process which has a finite Lévy measure. This is far too restrictive in our setting,
since we require the variance gamma process to price options which has an infi-
nite Lévy measure. Methods do exist to solve PIDE’s for processes with infinite
Lévy measure but involves some sophisticated mathematics worth exploring in a
separate topic. See Cont & Tankov (2002) for a lengthy discussion. PIDE’s will
not be pursued any further.

The Monte Carlo method has been chosen in this dissertation as the method
of pricing path dependent options in a Lévy world. We will focus on pricing the
same three options as we did in the previous chapter. They are:

e Up-and-out Call option
e Lookback Put option

e Knock-out double barrier Call option

We have chosen the variance gamma process (discussed in detail in Chapter 3) to
price the above options. A comparison will be made between prices obtained for
the above three options priced in a Black-Scholes world and a variance gamma
world.

4.5.2 Monte Carlo Methods

We give a brief discussion of applying Monte Carlo methods, alluding to the
advantages and disadvantages specific to pricing path dependent options. For
an extremely well written and comprehensive text on Monte Carlo methods in
finance, we refer you to Glasserman (2004).

Suppose we have a random variable X with known distribution function F' and
associated parameter(s). Suppose that we require E[g(X )] but this is not known
in closed form. Monte Carlo methods can provide an estimate of the above ex-
pectation by simulating observations with distribution F, transforming them by
g and computing the sample mean. Since F is known then so is its inverse F~!
since one can also obtain F'~! either in closed form or by numerical methods
such as Newton’s method or acceptance/rejection methods. The method works
as follows:
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e Simulate n uniform random variables U; for i =1, ... n

e Compute X; = F1(U;)

e Compute g(X;)

e Compute = 3" | g(X;) = E[g(X)] is an estimator of E[g(X)]

See Glasserman (2004) for details. This is the most simplistic approach to esti-
mating E[g(X)] and is usually referred to as a brute force Monte Carlo simula-
tion since no variance reduction techniques have been employed. An estimator,
6 = IE[ (X)] of & = E[g(X)], is said to be unbiased if E[f] = # and consistent
if E[f] — 6 in probability as n — oo. An estimator (even if it’s unbiased) is
meaningless unless we can quantify the error is in our approximation. The most
commonly used measure is referred to as the mean square error, defined as follows:

MSE@) = E[6-06)?
= E[(6 - E(0))’] +

(0] — 6y

= Var(0) + Bias®*(f)

The formula can be further simplified since 0 is an expectation of the form 6 =
E[g(X)]. It follows that

Var(é) = Var(IEl{g(X) =Var < Zg > Z Var(g _ q(X)

where o2 o(x) Is the variance of g(X). We will henceforth refer to the ratio

_ Og(X)

O N

as the standard error of a Monte Carlo simulation. This becomes the important
measure of error when one deals with unbiased estimators. However, in practical
situations, o4(x) is unknown. This is because one requires knowledge of E[g(X)]
in order to compute o4x) which is precisely what we trying to estimate in the
first place. However, o,x), can be consistently estimated by

LS () — Blg(x)))?

i=1

SQ(X) = n—1

which is known, albeit a random variable since it changes from simulation to
simulation. Clearly, the smaller the standard error, the more confidence one
would have in one’s estimate of Elg(X)]. A naive answer is to simply increase n
but this has two serious drawbacks. Firstly, the larger the n, the greater the length
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are such that they produce the same local minima for some calibration technique
(e.g. least squares). Suppose we’d like to price a European barrier option or any
type of exotic option. These two models will produce wildly different prices if
11(d,6,0) — (9,5, 7)|| is large. Perhaps more importantly, is that hedging strate-
gies (e.g. delta hedging) will be very different. We hence need to find a calibration
technique which satisfies the following criteria:

1. Produces theoretical prices which are ‘closest’ to market prices. The ‘close-
ness’ measure will depend on the calibration engine you choose.

2. Continuity of solution. Perturbations of market prices leading to a small
and smooth change in the estimated parameters.

3. A solution vector of parameters which does not depend on how one initial-
izes them.

The least squares formulation does not satisfy these criteria. Another approach,
which will be adopted in this dissertation, is that instead of calibrating the ob-
served call option prices to equation (4.8), one may calibrate the observed risk-
neutral density of the underlying security to that of the theoretical risk-neutral
density given by equation (4.6). This approach has the advantage of satisfying
the above criteria but has drawbacks in that the solution vector of parameters
may not produce a local minima in the least squares settirig.

Our task involves calibrating the risk-neutral distribution of our underlying se-
curity and not the ‘real world’ density given by equation (3.9). Estimation tech-
niques! can be used to calibrate the ‘real world’ density using past log returns. Es-
timates of the three parameters can be obtained but there is no reason why these
are the same three parameters as in equation (4.6). In a Black-Scholes market
we have the remarkable result that the volatility parameter o, is invariant under
change of equivalent measure (Girsanov’s Theorem), i.e. gficatWerld — 5RNworld
No such results exist in a variance gamma world and we have no reason to be-
lieve that fealWorld — gRNworld otc  The risk-neutral world is, unfortunately,
not directly observable. We do, however, have the extremely useful result given
by Breeden & Litzenberger (1978), coupled with some interpolating techniques,
which allows us to back out an implied risk-neutral distribution of our underlying
security.

5.1 Data Used in Market Calibration

SAFEX (The South African Futures Exchange) is an organization which allows
for exchange traded futures contracts and options on futures contracts. SAFEX

Imaximum likelihood seemns to dominate the literature



CHAPTER 5. CALIBRATION OF VARIANCE GAMMA MODEL 71

offers futures contracts and options on these contracts on various indices expiring
every 3 months on the 3" Thursday of that particular month. The option prices
used in our market calibration will be FEuropean call options on futures contracts
on the ALSI (The All Share Index). These option contracts are the most liquid
on SAFEX and have a wide range of strikes available. These option contracts are
traded on volatilities and the SAFEX Black formula® is used to recover the price
in Rands.

The data used in our calibration was extracted from volatilities quoted on 24
March 2005. Note that these volatilities are not mark-to-market volatilities® but
volatilities on the very last trade on 24 March 2005. These European call options
on futures contracts on the ALSI expire on the 16 June 2005 at which time the
futures contract is also closed out. Since they both expire on the same date, the
futures option price must coincide with that of the underlying index option price
to exclude arbitrage. This allows us to price these futures option contracts as if
they are index options. We used the 3-month JIBAR rate as a proxy for the con-
stant risk-free rate over the period. The 3-month JIBAR is a quoted simple rate
which converted to 7.48% as a continuously compounded rate. The futures price
on the ALSI on 24 March 2005 was 12050 which means that the implied index
level must be 12050e~0-0748(0-23) — 11843 to exclude arbitrage!. We can hence-
forth treat the observed option prices as options on an index with spot price
Sp = 11843, i.e. we can assume index dynamics which would be an exponential
variance gamma process. There are 46 different strikes available with their asso-
ciated volatilities. The strikes range from 8555.5 to 13978 and all contracts have
a time to expiry of 84 days (0.23 years).

5.2 Construction of the Implied Risk-Neutral
Distribution

Breeden & Litzenberger (1978) showed that the implied risk-neutral probability
density function of an underlying security is given by the second derivative of the
call price with respect to strike. To be precise, let F; v be the time ¢-futures price
of an underlying security S such that Frr = Sy. Letting C,(K,T) be the time

2This is very similar to Black’s formula for futures options but is modified since options are
fully margined at SAFEX and not paid for upfront. See West (2006) for an excellent explanation

Jthis is what SAFEX publishes (for margining purposes) but is incorrect for analysis since
it 1s a weighted average of the last couple of hours trading and not the last day’s trade

“we have assumed & constant risk-free rate which implies that futures and forward prices
coincide



CHAPTER 5. CALIBRATION OF VARIANCE GAMMA MODEL 72

t-price of a futures call option then

OCH (K, T)

i = Q(Sr<K)-1 (5.2)
O°Co(K,T)
= 15) (5.3)

where Q is a risk-neutral measure and ng is the risk-neutral density of Sr. See
Knox & Ouwehand (2006) for an easy to understand one line proof. This is
an incredibly powerful theoretical result and only useful for practical purposes
if we have a continuum of strikes available (else the partial derivatives are not
defined). It’s obvious that only a discrete set of strikes are available and one
would need to construct a differentiable curve fitting all, in our case, 46 pairs of
data points through the option price, strike space. This can be made possible
via the cubic spline technique of interpolation which fits a third degree piecewise
defined polynomial to all data points. To be specific, let K; and C; denote the
46 strikes and observed call option prices for ¢ = 1,...,46. We attempt to fit the
following cubic equation:

C(K)=a;+bi(K — K;) + ¢;(K — K)* + d;(K — K;)® for K; < K < K4

The C; and K; are known and we attempt to fit a cubic curve to solve for C'(K)
for K # K;. Note that we have to solve for a total of 180 (45 x 4) coefficients
since there are only 45 splines connecting all data points. We must have the
constraint that C(K;) = C; (the spline must pass through all points) and that
the curve is continuous and differentiable in K. This leaves us with a further 46
constraints on the coefficients in order to obtain a unique solution for the 180
coefficients. See Hagan & West (2006) for details. We adopt the natural cubic
spline which requires the entire curve to be twice differentiable and that both end
points have a second derivative of zero. This was implemented in Matlab using
the scape command in the Spline Toolbox.

We now have a differentiable curve C(K) for all K € [8555.5,13978]. The c.d.f.
(cumulative distribution function) can be obtained by differentiating the above
curve with respect to strike and shifting the curve up by 1. This can be achieved
in Matlab using the fnder command in the Spline Toolbox.Let us define the
implied risk-neutral c.d.f. obtained by Fj,,,(K). The graph below depicts the
implied risk-neutral distribution function of the index level (for expiry 16-June
2005).

It should be pointed out that the implied risk-neutral distribution function
obtained by differentiation is defined for Index € [8555.5,13978] and not for
Index € [0,00). The above curve has a minimum of F,,,(8555.5) = 0.02065
and a maximum Fj,,,(13978) = 0.99925. It becomes necessary to include two
extra points which have the property that F,,,(0) = 0 and Fj,,(c0) = 1. In
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Figure 5.1: Implied risk-neutral c.d.f.

addition, we require two smooth curves joining the newly constructed points.
The reason for this is because we require to simulate from this c.d.f. Fl:nlp(a:) for
z € [0,0.02065] U [0.99925, 1] which is not defined unless we add two extra points
along with their associated curves icining the points. The upper tail did not pose
a problem since a random number drawn in [0.99925, 1] occurs with probability
less than 0.001 but random numbers drawn in [0,0.02065] occurred far more reg-
ularly. It was decided to fit log-normal® tails. The log-normal distribution has
two parameters and we have two constraints in that the curve must pass through
the points F,,,,(0) = 0 and F,,,(8555.5) = 0.02065. The two parameters for the
log-normal density were (uniquely) solved using a two by two system of non-linear

equations and F;nlp(x) is now defined for z € [0,0.99925].

We will not bother with the probability density function (p.d.f.) since the second
derivative of a cubic function is a linear function which means that the implied
p.d.f. obtained will consist of kinked straight lines. This would then require
simulation from the density and apply kernel smoothing techniques to obtain a
smooth p.d.f.

Sthis is equivalent to fitting Gaussian tails for the log density
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5.3 Market Calibration of the Variance Gamma
Model

This section provides a method for calibrating the risk-neutral variance gamma
p.d.f. given by equation (4.6) to the implied risk-neutral density given by 6—1%%‘{@
with Fj,,,(K) obtained in the previous section. We will adopt the method of
matching the first four moments of the risk-neutral variance gamma p.d.f. to that
of the implied risk-neutral distribution. Recall that S, = Syent+?C(tw)+oB(G(tw)w)
under the risk-neutral measure Q with n given by equation (4.4). Defining R(n)

to be the n'* risk-neutral raw moment, it is easy to show that

2\\ ¥
R(n) = E[SP'] = Spe™ (1 —nv (19 + %)) forn e N (5.4)

This can be verified by conditioning the expectation on G(t,w) = 2z and pro-
ceeding in a similar fashion as we did in obtaining the characteristic function of
Y(t,w) =In —g—é It follows that the first four central moments u; of S, are given
by:

po= R(1)

pe = R(2) - R(1)°

ps = R(3)—3R(2)R(1)+2R(1)*

py = R(4) —4R(3)R(1) + 6R(2yR(1)* — 3R(1)*

The u; given above are all functions of ¥, and ¢ which we require to estimate.
We need to match up these four theoretic moments to the implied risk-neutral
moments and solve for the three parameters.

The implied risk-neutral moments can be accurately estimated by simulating ob-
servations with c.d.f. F;,,,(K) and obtain sample estimates of the first four central
moments. Recall that if U has a uniform distribution on [0, 1] then F},} (U) has
distribution Fj,,,. This boils down to finding zeros of Fj,,,(u) — u where u is a
drawing from a uniform random variable on [0, 1]. Newton’s method is probably
the most efficient method to find zeros but may not converge for certain values of
u. The Bisection method was chosen which is less efficient than Newton’s method
but guaranteed to find a root should it exist. We now have a method to simulate
observations with c.d.f. Fj,,,(K). We repeat this a large number of times (10000
in our case) and obtain sample estimates® of the first four central moments. We
will denote our sample estimates of the implied risk-neutral central moments by
;. The following sample estimates of the moments of F;,,,(K) were obtained

. . . .. » . ~ N
bi.e. if ; is an i.i.d sequence of N drawings from X then fi; = Yo

~ N — -~ N N ~ N .
Ho = % Zizl(’l?i - -’T/)27 H3 = % Z;ﬁ:l(wi - 35)3» Hy = % Zi:l('ri - ‘l')4
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from 10000 simulations:

Stdev | Coef Skewness | Coef Kurtosis
967.89 -1.5478 6.6982

Note that these measures displayed in the table above are normalized versions of
j1; which more useful for interpretation.

We are now in a position to solve for ¥,v and o by equating p; = 1, for i = 2,3, 4.
It is not necessary to equate g1 = fi1 since this is independent of the three pa-
rameters and by construction of Q yields Spe'""% = ;. We have a system of
three non-linear equations in three unknowns ¥,v and o. It’s not clear a priori
whether a unique solution exists but a least squares formulation produced a min-
imum of very close to zero which suggested that a unique solution may exist. We
instead formulated the problem as a three by three system of non-linear equations.

Solve for ¥, v, 0 such that p;(¢, v,0) — f4; =0 for i = 2,3,4 (5.5)

This can be achieved through the command fsolve in the Optimization Toolbox
in MATLAB. fsolve uses the Gauss-Newton method and convergence is fast. The
solution vector is given by

9 = —0.24065 v = 0.32634 o = 0.13489 (5.6)

These parameters translate into the following coeflicients of skewness and kurto-
sis of the risk-neutral log density of the underlying ALSI index:

Coef Skewness | Coef Kurtosis
-2.1176 34.8816

The estimates are consistent with the theory that risk-neutral return distributions
(or log densities) display negative skewness and are leptokurtic.



Chapter 6

Numerical Results and
Conclusions

Chapter 4 has investigated the pricing of three path dependent options essuming
underlying dynamics given by geomerric Brownian motion and dynamics given
by an exponential variance gamma process. Apart from the desirable qualitative
characteristics of the variance gamma process, we would expect the associated
model to price observed vanilla options more consistently than the Black-Scholes
model. The variance gamma process has three parameters which provide control
over skewness and kurtosis whereas Brownian motion assumes zero skewrness and
a constant coefficient of kurtosis equaling 3. The volatility parameter ¢ in the
Black-Scholes model is the only parameter we have available for calibrating the
model. In the absence of hedging strategies, we can tentatively conclude that we
would have more confidence in pricing path dependent options under variance
gamma dynamics.

6.1 Comparison of Prices of Path Dependent
Options

In this section we attempt to make comparisons of prices obtained for the three
options of interest. It’s not immediately obvious as to how a comparison can
be constructed since there are many ways of performing this. We have selected
one such method described below. Chapter 5 provided a discussion on how to
calibrate the variance gamma model. The method worked as follows:

e Collect data on vanilla option prices in the market with different strikes.
We chose call options.

e Fit a continuous curve in (C, K')-space where C is the call option price with
strike K.

76
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e Differentiate once and add 1 to obtain an implied risk-neutral distribution
function of St at a fixed time 7.

e Simulate from the distribution function and obtain sample estimates of the
2nd 3rd and 4" central moments.

e Match these sample moments to the ond 3rd 4t theoretical central mo-
ments. Solve for the triplet (¢, 7, ).

The triplet (19, v, &) best fits the implied risk-neutral distribution given our method
of calibration. Our data set obtained from SAFFEX consisted of 46 pairs of call
option prices (on the ALSI futures index) and strikes with a fixed maturity of 84
days. We obtained the following triplet:

§ = -0.24065 = 0.32634 & = 0.13489 (6.1)

This triplet will be used in subsequent analysis. In order to make a meaningful
comparison, we adopt the same method for the Black-Scholes model. Since the
Black-Scholes model has only one parameter o, we match this up to the second
sample central moment (the sample variance) of S7. The second sample moment
obtained was 967.892. The theoretical variance of St in a Black-Scholes world!
is given by

V(ST) — SgeQTT(ea'zT _ 1)

where r = 0.0748, Sy = 11843 and T = 0.23. This yields a unique solution for
o given by 0.167. This is the parameter used as an input in our various Black-
Scholes pricing calculators.

We first examine how the two models match up with observed prices of op-
tions. We use the same data. Figure (6.1) displays a comparison of the prices
of vanilla options using the variance gamma model and the Black-Scholes model
with ‘optimal” parameters given above. We only plot the option interpolated
curves for strikes greater than 10500. Both models priced deep in-the-money call
options (for strikes < 10500) extremely well.

It’s clear that the Black-Scholes model calibrated well for call options struck
in-the-money whilst over pricing deep out-of-the-money options . One striking
feature is that the variance gamma model consistently overpriced options struck
at or close to the money. The model did very well in pricing deep out-of-the-
money options since the process is capturing the kurtosis in the implied risk-
neutral distribution. One such quantitative measure of pricing accuracy is the
sum of squared pricing errors where the sum is taken over all 46 strikes. The vari-
ance gamma model faired better in this regard although not too much cognizance

lunder the risk-neutral measure
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Figure 6.1: Comparison of Calibrated Models

should be taken from this. We now rake a comparison of how the models faired
in pricing the three path dependent cptions.

Up-and-Out Call Option

We implemented the TDGBS algorithm in pricing the up-and-out call option un-
der variance gamma dynamics. In fact, the algorithm was used in pricing all three
path dependent options. The algorithm was programmed in Matlab. Unfortu-
nately, the TDBGS algorithm does not lend itself to vectorized code in Matlab
and loops had to be used instead. This slowed down the simulations quite sig-
nificantly when compared to sequential sampling? which was implemented with
vectorized code. However, since the TDGBS algorithm terminates the sampling
of a path if the payoff is already known, it proved to be far quicker than sequential
sampling. In addition, our symmetric beta generator was more than two and a
half times the speed of the betainv function in Matlab. Most importantly, the
payoff is a virtually unbiased estimate of the ‘continuous time’ payoff.

We used the closed form solution given by Proposition 4.4.5 to price the bar-
rier option in a Black-Scholes world. We use the same parameters as discussed
above. We decided to fix the barrier level at 12500 and vary the strike ranging
from 11300 to 12400. The time to maturity for these options was less than 3

%i.e. for a given path consisting of the same number of discretized points
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months (0.23 years). On the same set of axes, we also priced the same set of
options but with a longer maturity (1 year). Since the expected the value of S
under @ is larger than the barrier, it was decided to shift the barrier (for T = 1)
to 13000. Figure (6.2) plots all four price curves for various strikes. It’s clear
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Figure 6.2: Up-and-out Call option

that the variance gamma prices are far greater than Black-Scholes for all strikes.
The gap widens as the option becomes deeper in-the-money.

Lookback Put

Lookback puts do not have any strikes or barriers so plots cannot be produced.
We priced the short-dated option with expiry 0.23 years and found the Black-
Scholes price of 674.12 far greater than the variance gamma price of 460.53.
Pricing the longer term option with expiry 1 year had a similiar result. The
variance gamma price of 1089.4 is significantly less than the Black-Scholes price
of 1225.5.

Double barrier call option

We implemented the TDGBS algorithm and priced the double barrier option. We
chose the same set of strikes as we did with the up-and-out call option. We fixed
the lower and upper barriers at 11000 and 12500 respectively. Figure (6.3) plots
the set of prices for various strikes and a fixed maturity of 0.23 years. The cor-
responding Black-Scholes prices obtained using equation (4.27) is super-imposed



CHAPTER 6. NUMERICAL RESULTS AND CONCLUSIONS 80

on the same set of axes. We also made comparisons for longer term options. Here
we chose a maturity of 1 year. Here we pushed the lower and upper barriers out
to 10500 and 13500 respectively to avoid obtaining prices that are too small and
hence difficult to compare.
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Figure 6.3: Double barrier knock-out call option. T = 0.23

6.2 Conclusions and Recommendations

This dissertation has investigated an alternate method of pricing options. The
variance gamma process forms part of the very general class of Lévy processes.
The process is pure jump which contrasts to popular diffusion based processes.
We advocate the variance gamma model for its qualitative properties rather than
statistical issues such as

e How well the model fits market prices of options.

e Sufficient parameters to maintain control over skewness and kurtosis in
implied return distributions

Since stock prices, futures prices and indices in reality move by jumps, it seems
natural to choose a model which incorporates jumps. Pure jump processes are
far more difficult to analyze than diffusion processes and the relevant theory
is discussed in Chapters 2 and 3. The variance gamma model has been well
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Figure 6.4: Double barrier knock-out call option. T’ = 1

studied in pricing European options where payoffs are path independent. This
dissertation concerns the pricing of more exotic type options whose payoff depeuds
on the path. Since the variance gamma process is pure jump, the pricing of barrier
options is considerably more complex. We have resorted to Monte Carlo methods
and implement the very efficient TDGBS algorithm developed by Avramidis &
L’Ecuyer (2004). The algorithm not only dramatically improves CPU times but
it becomes possible to virtually eliminate all bias in pricing barrier options. We
chose three path dependent options to make a coraparison with Black-Scholes
prices. The results show dramatic differences in prices. It’s quite remarkable how
the two models calibrated equally well with the implied risk-neutral distributions
yet yield such vastly different prices when applied to exotic type options. This
illustrates just how important your decision is in choosing underlying dynamics.
Whilst vanilla options may yield similiar prices to the Black-Scholes model, prices
of exotic options are wildly different. The choice of which price is ‘correct’” or more
rational cannot be answered without constructing approximate hedges. Recall
that the variance gamma model is incomplete and we recommend future research
into static and dynamic hedging of path dependent options under variance gamma,
dynamics.
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