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Introduction

Introduction

Harry Markowitz developed modern portfolio theory in the 1950°s. His development is
still used in portfolio construction today. Sharpe, who introduced index models into the
portfolio theory, simplified the Markowitz portfolio theory. This simplification was as a
result of fewer parameters that have to be estimated in the Sharpe portfolio theory. In
both of these models it is assumed that the underlying distribution of the data is Normal.
This assumption allows for the use of Ordinary Least Squares (OLS) regression to
determine the values of the parameters in the models. This assumption however, does not
hold for stock markets and therefore it is a reasonable assumption that OLS regression
does not provide the best parameter estimation. This can in turn lead to the

misrepresentation of the optimal portfolio.

Problem Statement

Rather than following a normal distribution, share returns and market proxies have been
shown to follow skewed distributions, with long tails in some cases. In this dissertation
various robust estimation techniques are investigated in an attempt to minimise the
influence that outliers may have on the estimation and to better estimate the input
parameters for the Markowitz and Sharpe portfolio models. The main goal is to ascertain
whether or not the input parameters determined, using the robust procedures, yield better

results than the OLS procedure.

Dissertation Lavyout

This dissertation can be split into four sections. In the first section a brief discussion is
given on OLS and why it is not the best regression procedure to pursue when dealing

with data that contains influential observations. Robust estimators are then discussed,



with comments being made about difficulties with estimation, shortcomings in the
estimators, improvements on some of the estimators etc. The robust procedures discussed
in this section is used to determine the covariance matrix used as an input parameter into

the Markowitz portfolio problem.

In the second section of this dissertation, ARCH and GARCH procedures are discussed
as another possible estimation technique. These procedures estimate the residual errors in
the, in an attempt to obtain a better model estimation. These two estimation procedures
are used to determine the beta and variance parameters that are used as inputs in the

Sharpe portfolio problem.

In the third section the Markowitz and Sharpe portfolio selection procedures are

discussed along with innovations that have been made to the models.

In the fourth section the data that is used in the analysis of the data is discussed.
Several case studies are performed on the data set using some of the robust procedures
discussed. The results are stated, in the form of graphs and tables, and commented on. In

the final chapter conclusions that are reached is discussed.



Chapter 1
Ordinary Least Squares

1.1 Introduction

“The world is essentially linear and normal”, a joke that frequently circulates in the
statistical community. This is because, when dealing with analytic procedures in
statistics, the assumption is often made that the data is linear and normal. Under this
assumption there exists an overabundance of statistical theory which allows the analysis
of data over a broad field of application. It is this assumption that often leads to

misguiding results and conclusions.

Hampell, Ronchetti, Rousseeuw and Stahel (1986) states the following, “...routine data
are thought to contain 1% to 10% gross errors.” In general this proves to be true as real
data is generally considered not to be well behaved in terms of linearity and normality.
In the field of regression, which studies the relationship between two sets of variables, the
data may exhibit a linear trend between the two sets of variables, even though the data
may contain points that do not fit the general trend of the data. Examples of these wild
observations, referred to as outliers, will be shown in a later section in the chapter.
Outliers in the data can occur as a result of human error, in either the execution of the
experiment or in the capturing of the data. These outliers may indicate that the proposed
model does not fit the data properly. The rest of this chapter deals with classical

regression.

1.2 Background and Notation

Regression can be thought of as the relationship between two sets of variables. The
two sets are called the regressor variables and the response variables. The regressor

variables are often referred to as the independent variables. This set of k& regressor



variables, x,,x,,...,x,, are assumed to be fixed and without error. The numerical values

of the regressor variables can be predetermined or observed as data points. The second
set of variables contains the dependant variables and in the case of univariate regression

the second set of variables contains only one response variable, y.
As a statistical model, regression models explain the response variable as a function of

the regressor variables with the addition of a random error term to account for individual

differences. The regression model can be defined as

Y, = [0y Xge X, )€, i=12,.00,

where 7 is the number of observations. The functions for the response variables will be

restricted to the linear functions of the type

Y, =B+ Bixy + Boxy +. 4 Bix, +E,.

The linearity of the function is with respect to the p unknown parameters, the vector .

The standard linear regression notation, the data is organised into a nx1 response
vector, y, and a nx p regressor matrix, X. If we define the B as a px1 parameter
vector and the as a nx1 random error vector, the linear model can now be defined as

y = XB+¢&. The model can now be written as

b I x, x, X || Bo &y
Y, I ox, xy X | B g
= ; ; +
yn 1 xln x2n xlm ﬂP gn



It becomes necessary to eliminate the columns of ones in X when working with
multivariate location and scale estimation. Z is defined as the nx k matrix, containing

only the k regressor variables and can be written as

X X Xn
X X X
12 22 k2
Z = . s
xln x2n x/cn

with Z  representing the augmented matrix that is formed by augmenting the vector y to

Z. The Z , can be written as

Xu X o X N

X, Xy v Xy Y

12 X2 k2 2

Z, =\ . . . . .
xln x2n xkn yn

When referring to estimates the standard “hat” notation is employed. One example is

B, this presents the px1 vector of parameter estimates. Classical regression also makes

assumptions about the random error term in the formulation. It is assumed that the error

terms are independent, identically distributed (iid) from a normal distribution with mean

0 and variance ¢®. The variance is assumed to be constant.

1.3 Ordinary Least Squares

The solution to the following minimization problem,

n
. 2
min 2 :(yz —by =byx, =byx, —.=byx, )
i=1



estimates the value of the ,8 parameter. This minimisation is referred to as Ordinary

Least Squares (OLS). Essentially this problem minimises the sum of the squared

distances between the true value of the response variable, y,, and their corresponding

estimated values, denoted as y,, which are based on the regressor variables x,. Simply

stated, OLS minimizes the sum of squared residuals.

In the event that the error terms are truly iid normal, the OLS estimator has the smallest
variance among the possible linear unbiased estimators. In the instance when the OLS has
the smallest variance it can be referred to as the “best” linear unbiased estimator (referred
to as BLUE). Another result due to the minimum variance property is that the maximum
likelihood estimator (MLE) equals the OLS estimator. Outliers can cause the OLS not to
attain the correct minimum variance in the model. In the following section we will be

discussing outliers in general.
1.4 Outliers

The term outliers refer to data points that are considered to be extreme in the response
variable, relative to the trend of the general data. The term leverage describes the
position of an observation in the regressor space. There are two types of leverage points
that can be distinguished between. The first is known as a low leverage point, this point
is positioned near the general data cloud. The second is known as a high leverage point
and is positioned in an extreme location. Rousseeuw and van Zomeren (1990)
distinguished even further between different high leverage points. A ‘good leverage
point” is an observation that possesses a large leverage in the regressor space, while with
respect to the response variable it still fits the geheral data trend. A “bad leverage point”
is a data point that possesses a large leverage in the regressor space and the response
variable does not fit the general trend of the data. The differences between these points

are illustrated in figure 1.1.



Figure 1.1

Scatterplot INlustrating Different Leverage and Influence Points 1
*
200 -
150
\
4
|
100 R
. ¢ .
.
. L]
.
L]

[ ‘

L] L]

. ¢

-
50 — T - — — — T
10 15 20 25 30 35 40 45 50
X
L L- DataCloud ® OQutlier (High Influence Point) @ Outiier (High Leverage-low influence} 4 Outlier (Low Leverage)(

The OLS procedure has the drawback that outliers may have such a large residual that
upon squaring, the objective function of the OLS is overwhelmed. This overwhelming of
the objective function could have the effect that the regression may be pulled towards this
one point. This pulling effect of the regression towards this one high leverage point is as
a result of the reduction in this particular squared residual. This reduction in the squared
residual more than offsets the increase in the residual values of the data points in the
general data cloud. In figure 1.2 the pulling effect that such a high influence point can
have on a regression line is illustrated. The same data is used as in figure 1.1 with the
exceptions that the low leverage and high leverage-low influence points are ommited.
Low leverage outliers on the other hand, tend to affect the intercepts of a regression line

and as a result produce a fit that is not aligned with the general data trend.



Figure 1.2
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It is clear that the OLS procedure lacks the ability to handle as little as one leverage
point. This would imply that if an explanatory data analysis is not performed on the data,
the OLS procedure can produce misleading coefficients, standard errors, predictions,

hypothesis tests, and other numerical measures.



Chapter 2

Low Breakdown Regression Procedures

2.1 Introduction

Robust procedures were developed to minimize the impact that the presence or absence
of an outlier would have on an estimation. In effect these procedures make the estimation

resistant to the impact that outliers could have.

To achieve this, robust procedures bound the influence of outliers. The method in
which the procedures bound the influence depends on the type of problem that they are
addressing. Commonly there are three classes of outliers referred to in the regression

framework:

1. The first case is where the outliers lie primarily in the direction of the y-
axis, as can be seen in figure 1.1. AM-estimators are primarily used in robust
methods designed to deal with this class of problem.

2. The second case is where problems are encountered with a moderate
percentage of multivariate outliers in the covariates space (i.e., outliers in the x-
space or leverage points), as can be seen in figure 1.2. Bounded influence
estimators are used for this class of problem.

3. The third case is where the frequency, with which outliers occur, with
respect to the y- and x-component, tends to be very high. The frequency can be as

high as 50%. For this class of problem high breakdown point estimators are used.

The first two cases are referred to as low breakdown point regression procedures. The
third case makes use of high breakdown point estimators. The first two cases will be

discussed in this chapter and the third in a separate chapter.



It is however firstly important to understand what is meant by a breakdown point. As is
stated above, robust procedures were developed to minimize the impact that presence or
absence of an outlier/outliers would have on an estimation technique. A low breakdown
point simply means that the estimator is only able to handle a few outliers in the data

before the estimator takes on arbitrarily large values.

Technically the definition of a breakdown point was first defined by Hodges in 1967
and was restricted to one-dimensional estimation of location. Hampel (1971) gave a
much more general formulation; this formulation was unfortunately asymptotic and very
mathematical in its nature which may have restricted its dissemination (Rousseeuw and

Leroy 1987).

Rousseeuw and Leroy (1987), who cite Donaho and Huber (1983), introduce a finite-

sample version of the breakdown point. Take any sample of # data points,

Z= {(x“,...,x[p,yl),...,(x,,[,...,xnp,y,,)}, 2.1

and let T be a regression estimator. Applying 7T to the sample Z would yield a vector

regression coefficient:
T(Z)=0. (2.2)
If we consider all possible corrupt samples Z' that can be obtained by replacing m of the

original data points by arbitrary values (allows for the insertion outliers). The maximum

bias (denoted bias (m; T,Z )) that can be caused by such a contamination is defined as:

bias (m; T, Z) = sup|T(Z') - T(Z), (2.3)

10



where the supremum is over all possible Z'. If bias(m;T,Z) is infinite this has the
meaning that m outliers can have an arbitrarily large effect in 7, which in essence means
that the estimator “breaks down”. Therefore the finite sample breakdown point BP(T,Z)

of an estimator 7, given a sample set Z is defined as
BP(T, Z) = min {ﬂ = bias(m: T, Z) = oo} . 2.4)
n

Simply stated it is the smallest fraction of contamination that can occur in the sample

set before the estimator 7T takes on values arbitrarily far from 7(Z).

Further more it is important to note that the breakdown point of any estimator can never
be higher than 50% simply because it would become impossible to distinguish between

the “good” and “bad” observations in the sample set.
2.2 M-Estimators

As was shown in the previous chapter a single erroneous observation in the data set can
lead to the complete breakdown of the OLS regression. Taking the original OLS

objective function and rewriting it as
n;;,ngp(r,-), 2.5)

where p(t) =1* represents the OLS argument. This choice of p leads to parameter
estimates that are the best linear unbiased estimator (BLUE). This makes this choice
optimal under classical regression assumptions of iid normal errors.  Another
consequence of this choice of p is that the parameter estimates are also the Maximum
Likelihood Estimates (MLE’s). These results are academic, as violations to these

assumptions are usually found in real data sets (outliers often occur in real data).

11



Changing the choice of p to a symmetric function [i.e., p(t) = p(-t) for all t] with a

unique minimum at zero yields the expression

where & is an appropriate estimation of o .

The function of the p-function is to downweight the effect that an outlier would have

on an estimator. Differentiating this expression with respect to b yields the expression
Zw[ﬁf‘—'é}, -0, @7
i=1 o

where = p(” and ﬂ is the solution for b and x, is the row vector of explanatory

variables of the ith case:

xlz(x,,,...,x,p)

0=(0,...,0).

2.8)

In effect a system of p nonlinear equations are formed by (2.8), which are not always
easy to solve. In the first case the p-function is arbitrary and a choice must be made to

the type of function that will be assigned to it. Huber proposed, on theoretical grounds,

p(ry=cr|-c*/2 for [r|2 c

ory=r>/2 for ‘r’Sc,

which corresponds to

12



w(r)= max[— c, min(c,r)]. 2.9
This function satisfies the minimax asymptotic variance arguments.

The solution to this set of p nonlinear equations is not equivariant with respect to the y
axis. The effect that this has is that the residuals have to be standardized by some
estimation technique. Generally the estimation choices are limited to robust measures of
scale. A frequently used estimation technique is the median absolute deviation (MAD),

defined in the following way

6'=c'm5d}r,—m5dr, . (2.10)

Under normal errors, assigning the constant c, referred to as the tuning constant, the value
of 1.4826 would make the MAD estimate a consistent estimator of ¢. Several methods
are available to solve the system of p nonlinear equations, the Newton-Raphson and

[terated Reweighted Least Squares method are two examples.

M-estimators with (2.9) have the advantage of not only being more efficient than L,
regression (at a model with Gaussian errors) but also being robust with respect to

outlying y,. The breakdown point of this method is again however 1/n. This is due to the

effect that an outlying x, has on the estimator. This problem lead to the introduction of

generalized M-estimators (GM-estimators).

2.3 Bounded Influence Estimates

As stated in the previous section the fact that m-estimators have a breakdown point of
1/n lead to the introduction of generalized M-estimators. GM-estimators have the main

purpose of bounding the influence that an outlying x, will have on an estimator by means

13



of some weighting functionw =w(x,). w, =w(x,) Is a decreasing function which
depends on the magnitude of the x, (e.g., the distance from the specific data point to

centre of the data cloud). In essence the weighting function assigns a weight to all of the

data points x,. The assigned weight will determine how much emphasis a regression

estimator puts on an observation, i.e. a good observation should carry weighting value of
close to 1. An outlier or high influence point, on the other hand, should carry a weighting

value of close to zero or even zero.

Mallows (1975) proposed the function

iw(x,w[w}, =0, @.11)
=1

o

to replace (2.7) whereas Schweppe proposed

™

: y-xB) _
;W("')‘”[W(X,) } =0, (2.12)

o

as an alternative to (2.7). The main difference between Schweppe and Mallows
estimators is that the Mallows estimator downweights an outlier regardless of that points’
residual value, this can lead to a loss of efficiency in the estimator. Whereas the
Schweppe estimator downweights leverage points only if its’ corresponding residuals are

large.

As stated previously, these estimators were constructed to bound the influence of a
single outlier. The effect of such an outlier can be measured with the use of an influence
function (Hampel 1974). Using these criteria there have been many suggestions through
the years as to how to optimize the w and y functions (Hampel 1978, Krasker 1980,
Krasker and Welsch 1982, Ronchetti and Rousseeuw 1985, Samarov 1985). This lead to

the GM-estimators being referred to as bounded influence estimators (B/ estimators). A

14



problem with GM-estimators is that its breakdown point has an upper bound that is not
adequately high enough. Furthermore the value of the upper bound decreases as the
number of regression coefficients p increase. This implies that the breakdown point is a
decreasing function of p. This leads to the unsatisfactory realisation that as the
dimension of the regression coefficients increases, the chances that outlier observations
can occur is much greater and at the same time the estimators ability to handle these

outliers decrease (as the breakdown point decreases accordingly).

The affect that choosing a w, (referred to as the BI weight) has on the Bl-estimator is
that it determines which data structures the Bl-estimator can handle. One example is
when all the w, ’s are chosen to be equal to 1, this reduces the estimator to an M-estimator.
This causes the breakdown of the estimator when trying to handle outliers at high
leverage locations. The “pull” effects that these high leverage location outliers have

generally mean that they have small residual values. And as stated earlier the smaller the

residual value of an outlier the less downweighting impact the estimator has on that point.

2.4 The W-function

In both the M and BI regression procedures the sets of nonlinear equations that have to
be solved rely on some ¥-function. This ¥-function dictates some of the robust properties
of the estimator. There are many Y-functions that have been developed over the years.

In Andrews et. al. (1972) P-functions used in location estimations are studied.

The following two P-functions (Huber and bisquare) are both highly rated in terms of
their overall performance. They offer the choice of either a nondescending function or

redescending function. A redescending function is one for which y(x) =0 whenever
‘x\Zc, this implies that large outliers will be excluded from the computation. A

nondescending function is for which (x)=-c when x <-cand w(x)=c whenx>c.

The constant ¢ is referred to as the tuning parameter, assigning different values to the

15



constant ¢ leads to obtaining different levels of efficiency. The Huber ¥-function is

defined as

—Cy, If E<—Cy,
w(t) =1t if Jll<cy, (2.13)

cHs U( f>CH

To attain 95% efficiency under normal errors for the location model, the tuning parameter

¢, =1.345. This Y-function is referred to as a nondescending function.

Another ¥-function available is the bisquare weight function defined as

0, if 1 <—Cg,
v =1t(1=/e)) s if [d<c,, (2.14)
0, if 1>cy.

To obtain a 95% efficiency under normal errors for the location model the tuning

parameter, ¢, is given the value of 4.685.

The values used above are all derived for the location model and as such are suitable
for usage in M regression. For BI regression however the general preference is to

incorporate the correction factor

c=w/2pn/(n—2p).

This correction factor is introduced to account for the w, that is present in the ¥-function

that is used to produce the BI estimator (Walker (1984), Birch and Agard (1993)). The

Huber ¥-functions is defined as

16



¢, =1.345\2pn/(n-2p),

and the bisquare ¥-function is defined as

¢, = 4.685\2pn/(n-2p).

In figure 2.1 below a graphical illustration of the difference between the Mallows and

Schweppe weighting functions is given.

Figure 2.1 Mallows weights- dotted line, Schweppe weights- line
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Chapter 3

Multivariate Location and Scale Estimation

3.1 Introduction

Before high breakdown point regression procedures can be discussed one must first be
familiar with multivariate location and scale procedures. The scale estimator in the
multivariate setting is called the dispersion matrix, although it is commonly referred to as

the covariance matrix.
The dimension of the estimation can be split into two cases.

e The first case is when the »n observations in the data are covering the &
regressor variables and thus making the dimension of the estimation equal to
k.

e The second case is when the » observations in the data are covering the %

regressor variables plus the response variable and thus making the dimension

of the estimation p.

In the rest of the chapter the assumption is made that the dimension of the estimation is
p. Furthermore no intercept variable (a column of ones) is incorporated. Simply stated

the data is contained in a nx p Z  matrix. If so desired, the response variable can be

easily removed from the analysis by simply replacing the p dimensions of the estimation
by k dimensions through the use of only using the k regressor variables. Replace the p

with % in the notation and substitute the Zy matrix with the Z matrix.

18



3.2 Classical Estimation technique

When data is found in the multivariate data cloud, the job of identifying outliers
becomes much more complicated than in the univariate case. This leads to the problem

that the construction of robust techniques becomes more complicated.
Using the p dimensional data set with » data points

Z={z,,....,2,}

L I TTSRE ) S CHE RIS

we want to estimate the “centre” of this data “cloud”. To achieve this we make use of a
multivariate location estimator. The most widely known estimator of multivariate

location is the p x1 arithmetic mean

Zzy,.-

T(Z)=m=-1— | (3.1
n

which is the least squares estimator in this framework because of the fact that it

minimizes i |z, - T

i=l

? , Where H” is the ordinary Euclidean norm. Whereas the most

widely known optimal estimator for dispersion is the px p sample covariance matrix,

n

(Z i - mxz i - m)

n—1

C: i=l

Because both of these estimators are mean based they are very sensitive to the effects that
even a single bad outlier can have. The arithmetic mean possesses a breakdown point

1/n. The breakdown point is often evaluated when n> oo therefore the multivariate

19



mean is considered to have a 0% breakdown. The 0% breakdown of the arithmetic mean

led to the development of estimators which are outlier resistant.

3.3 Outlier Resistant Methods

In the following section some of the major outlier resistant methods available are listed
and briefly discussed. There have been numerous alternative estimators developed over
the years to replace the classical method (Lopuhaa 1992). Some of these estimators are
computationally more extensive than others they may also differ with respect to some of

their theoretical properties.

Furthermore they differ with respect to the affine equivariance property. The definition

of affine equivariance is as follows.

An estimator 7 is said to be affine equivariant if it satisfies the following property
T({(xA.)si=L....n}) = AT ({(x,,3,):i=1....n}), (3.2)

for any non-singular square matrix A. This means that a linear transformation of the

x,'s should transform the estimator T accordingly. This is because
v =xT= (x,A)(A"lT ) This property allows us to utilise a different coordinate system

for the explanatory variables, without adversely affecting the estimated y,

3.3.1 Non Affine Equivariant Estimators

3.3.1.1 Coordinate Median

Simplicity led to the development of this method as it is based on the idea of evaluating

each variable individually. For each of the j variables the numbers X 35Xy 500X, CAN be

considered to be a one dimensional data set with n points. Using a univariate robust

20



estimator one can estimate a more resistant median for each of the p variables and
combine this into a p-dimensional estimate. The dispersion matrix estimator becomes a

covariance calculation that is centred by this coordinatewise median.
The definition of the coordinatewise medium is

(mea’x,l,m_edx,.z,‘..,medxjp). (3.3)

The coordinatewise medium poses a substantial problem in the multivariate setting, in
that the position estimator does not necessarily lie in the general data cloud. This is
stated in Rousseeuw and Leroy (1987, pg.250) as “This estimator is easily computed, but
fails to satisfy some “natural” properties. For instance, it does not have to lie in the

convex hull of the sample when p >3.” Along with the above problem this estimator is

also not affine equivariant.
3.3.1.2 Hadi’s Forward Search

As the name states Hadi (1992) developed this procedure. This procedure starts by

defining the initial location estimator, m,, as the coordinatewise medium vector. The

initial location estimator is then utilized in calculating the initial covariance estimator,

C,, which is defined as

C0 :——L—i(zy,l_moxzy.:_mo)“ (34)
i=1

Next a set of » robust Mahalanobis distances are created using these initial estimators,

these Mahalanobis distances are defined as

RD, = (e, ~m,)C;'(z,, ~m,). (3.5)

21



Trimmed location and covariance estimators are now determined using the smallest 4
robust distances, where & = [(n+ p+1)/ 2]. These estimators are in turn used to create a
new set of » robust Mahalanobis distances. The observations are now split into two
subsets, namely the basic and non-basic. The basic subset contains the » = p + 1 smallest
robust distances observations. The remaining observations are then placed in the non-

basic subset.

The basic subset is now used to determine the usual mean vector and covariance matrix,
which in turn is used to determine a new set of robust distances. If the basic subset is of

full rank then the robust distances are defined as

where V, is the matrix of normalized eigenvectors of C, and W, is a diagonal matrix

whose j” diagonal element is defined as

w, = 1
7omaxd, A

, J=1,2,....n,
with A, being the smallest non-zero eigenvalue of C,. The observations are once again

split into the basic and non-basic subsets with the exception that the number of
observations placed into basic, #, subset is increased by one. As before the remaining
observations are placed in the non-basic subset. This cycle is repeated until the basic

subset contains h = [(n+ p+1)/ 2] observations. The final basic subset is then used to

determine the final robust location and scale estimators.
Rocke and Woodruff (1996) stated that: “the algorithm ... breaks down if the

contamination is extremely far away from the good data in the correct metric.” Due to the

use of the coordinatewise median this procedure is not affine equivariant.
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3.3.2 Affine Equivariant Estimators

3.3.2.1 Convex Peeling

As the name hints, this procedure removes data points on the sample’s convex hull.
This is repeated until a sufficient number of points are removed (or peeled away). The
remaining data points are then used in classical estimation techniques. A setback to this
procedure is that it has a low breakdown point. This is due to the fact that each peeling

step removes at least p+1 points from the sample, even though only one of these points

might be considered to be an outlier. The peeling steps therefore reduce the number of

good points in the data rapidly, which leads to the low breakdown point.
3.3.2.2 Transformed One-step Weighted dispersion Estimator
Ruiz-Gazen (1996) developed this robust dispersion estimator. An advantage to this

method is that it is computationally inexpensive. The first step entails the calculation of

an intermediate covariance matrix by a pre-determined robust location estimatorfi. The

covariance matrix is defined as follows
Z(z yi T ﬁ)(z yi " ﬁ) . (3.6)

The next step is to calculate a one-step covariance matrix using a kernel function that

obtains the observations weights. The weighting function (with arguments that are
propor