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Abstract

A generative adversarial network (GAN) is an implicit generative model
made up of two neural networks. This minor dissertation applies GANs to
recover target statistical distributions. GANs have a distinctive training ar-
chitecture designed to create examples that reproduce target data samples.
These models have been applied successfully in high-dimensional domains
such as natural image generation and processing. Much less research has been
reported on applications with low dimensional distributions, where proper-
ties of GANs may be better identified and understood. One such area in
finance is the use of GANs for estimating value-at-risk (VaR). Through this
financial application, this dissertation introduces readers to the concepts and
practical implementations of GAN variants to generate one-dimensional port-
folio returns over a single period. Large portions of the discussions should
be accessible to anyone who has an entry-level statistics course. It is aimed
at data science or finance students looking to better their understanding of
GANs and the potential of these models for other financial applications. Five
GAN loss variants are introduced and three of these models are practically
implemented to estimate VaR. The GAN estimates are compared to more
traditional VaR estimation techniques and all models are backtested. Most
GAN models trained in this dissertation are able to capture key features of
each of the distributions, however these models do not outperform historical
VaR estimates.
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1 Introduction

In the landmark paper by Ian Goodfellow et al [6] the Generative Adversarial Net-
work (GAN) framework is presented. Since then, hundreds of GAN variants have
been introduced, an overview and classification has been provided in [22], and we
have seen successful applications in a variety of fields. The majority of research and
success of GANs has been in the realm of natural images. GANs have been used
to generate high-quality images [11], in image-to-image translation [9], overlaying
special effects like realistic ageing [1], and the creation of high-quality animated
characters [10], amongst others.

The GAN framework can be viewed as a two-player game made up of a discrimi-
nator and a generator, both of which are parameterised as neural networks. The
generator’s goal is to learn to transform samples from the noise, or latent, distribu-
tion to the chosen target distribution so that the discriminator cannot distinguish
whether the sample belongs to the target or the generated distribution. The GAN
framework can also be viewed as minimising a statistical divergence between the
target and generated distribution. In this dissertation, GANs with different objec-
tive functions have been selected for comparison. The GANs presented in [6], the
Wasserstein GAN (WGAN) in [2], the WGAN with gradient penalty presented in [8]
and the Maximum-Mean Discrepancy (MMD) GAN in [14], have been investigated.

GANs can be trained to recover target statistical distributions and they have the
proposed advantage that once trained, they can generate unlimited samples from
that distribution. This, in theory, means GANs can provide a much richer dataset
than empirical methods can produce. As much of the investigation into the ability
of GANs to produce realistic synthetic data has been in higher dimensions - such as
natural images - the question arises whether GANs can learn to sample from much
lower dimensions. In this dissertation, we aim to investigate the ability of a GAN to
generate samples from one-dimensional (1D) target distributions. These generated
samples can enhance sample sets used for calculating historical value-at-risk (VaR).

VaR was introduced in the late 1980s. Since then it has become commonplace in
financial institutions, aided by the publication of the Basel II accord in 2004. Basel
II made VaR an important component of the regulatory framework of the Basel
Committee of Banking Supervision (BCBS). VaR is the maximum loss that, with a
certain confidence level, will not be exceeded over a defined period. It is a quantile
risk metric so, for it to be reliable, the estimation of the profit and loss distribution
must be accurate. In popular classical methods, VaR is calculated using parametric
statistical techniques or by using historical returns. These methods have limitations
as they may not accurately capture the true distribution of returns and thus do not
provide an accurate VaR estimation. Historical VaR is often used in industry as it

1
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is interpretable and requires minimal assumptions. The sample size available for its
calculation is often limited which can affect the accuracy of the forecast.

This dissertation aims to provide a thorough theoretical understanding of GANs,
how they are trained and how they perform in a simple 1D setting. We focus on
the distribution of returns over a single period and will not consider 1D time series
generation of returns as seen in work presented in [27], [24] and [23]. This will add
to the small amount of research done in using GANs to enhance VaR - which to our
knowledge consists of two blog posts [12] [18] and one master’s thesis [4]. The two
blog posts provide a very high-level overview of the topic but do not backtest their
models. Fiechtner’s master’s thesis [4] uses two GAN variants, the WGAN GAN and
the Non-saturating (NS) GAN, to enhance empirical return samples for historical
VaR. Both time series generation and the generation of stationary distributions of
empirical returns were covered. The results were promising and in-line with classical
VaR models. This dissertation adds to Fiechtner’s work on stationary distribution
generation, by testing an additional GAN, the MMD GAN, on parametric target
distributions.

This dissertation trained three GAN loss variants, namely the WGAN, the MMD
GAN and the NS GAN, to generate target parametric distributions with different
training sample sets. The distributions of interest were a normal distribution and
two different Gaussian mixture models. The generated samples were assessed with
regard to the distributional characteristics of the sample as well as the sample VaR
when compared to traditional historical VaR techniques. The effect of the enhanced
sample on the VaR was in line with historical VaR models - however, some models
were unstable during training and provided unsatisfactory results. These findings
suggest that GAN models can reproduce key statistical features of parametric dis-
tribution, however, not all models were able to capture these adequately and results
were often unstable. The use of GANs for VaR is in line with historical VaR tech-
niques however the additional effort needed to train a GAN model seems wasted
when there is no associated out-performance.

The outline of this dissertation is as follows - in Section 2, the GAN framework will
be introduced and the various GAN variants explored. In Section 3, 1D distributions
produced by the trained GAN models will be investigated with Section 4 moving
into the VaR framework and how these 1D distributions may be used to enhance
historical VaR models.

2
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2 Generative Adversarial Networks

In this section, we introduce implicit generative modelling as context for GANs.
Additionally, the basics of the GAN framework are explained and several GAN
objective functions are presented in Section 2.2. The original GANs [6], namely the
NS GAN and the min-max GAN (MM GAN), and three variants, the WGAN [2],
WGAN GP [8] and the MMD GAN [14], are presented to showcase the differences
in GAN variants. Finally, the details of GAN training and the problems associated
with it are covered in Section 2.3.

2.1 GANs as Implicit Generative Models

Generative models lie at the heart of machine learning and statistics. They describe
probabilistic distributions of data and form part of the unsupervised learning cate-
gory in the machine learning taxonomy. These models can be broken down into two
sub-categories - explicit and implicit generative models (IGMs). Explicit generative
models aim to model the probability density of the underlying data. These genera-
tive models have been widely studied and are commonplace in statistics. A simple
example of an explicit generative model would be modelling the outcome of a coin
toss via a Bernoulli distribution.

In many applications, however, we are interested in sampling from the distribution
instead of measuring the density. This is where IGMs are appropriate. IGMs aim to
model transformations between a known source distribution and a target distribution
- this aims to simulate a sampling process without making any assumptions about
the density of the underlying data. This is comparable to the inverse cumulative
distribution function (CDF) transform method which is used in Monte Carlo [20].
This method generates data samples by using random latent variables and an inverse
CDF to generate synthetic data samples.

To gain more intuition on this concept, if we take the same example of a coin being
tossed there are multiple sources of randomness that will influence the outcome (i.e.,
the environment, the angle of throw, etc.). The physical world takes these sources
of randomness and maps them to an outcome by following the laws of physics. In
a similar vein, or by abstract analogy, the IGM simulates the sampling by using a
transform to map randomness to the target distribution. We can go on to define the
output of this IGM.

Definition 2.1 (IGM Output). Given a finite sample from a target distribution{
xi

}n

i=1
, where xi ∈ X and xi ∼ Px, an IGM will train a generator Gθ, which is

parameterised by θ, to transform noise samples,
{
zi
}n

i=1
, from a base distribution

Pz to the model distribution Q so that Q approximates Px. The IGM’s output is

3
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defined by
x̂ = Gθ(z).

IGMs do not explicitly represent the distribution of the data, only the transfor-
mation, therefore these models cannot answer other queries such as what is the
probability of a particular observation.

The architecture of IGM is as follows: the noise vector z is sampled from a fixed
distribution Pz. Most applications choose Pz to be a known parametric distribution,
usually a Gaussian or a Uniform distribution. This vector is then passed as input to
a deterministic generator network Gθ, which produces an output sample x̂ = Gθ(z).
Schematically, this process is shown in Figure 1.

z

Gθ

x̂

Figure 1: A simplistic schematic diagram of an IGM. The process diagram demon-
strates how the latent vector z is transformed by the generative model Gθ to x̂.

One type of IGM is a GAN. The framework originated in the landmark paper by
Goodfellow et al. in [6] and is the focus of this dissertation. In essence, a GAN
is made up of two adversarial components, a generator, and a discriminator. The
generator learns a generative model through the guidance of the discriminative model
whose output indicates how real or fake the data sample is. A generic GAN schematic
is shown in Figure 2.

In the original formulation of the problem in [6], these components work against each
other and have competing objectives, hence the term ’adversarial’. This formulation
can be viewed as a two-player game where the generator learns to transform the
input z into a sample that’s distributed according to Q which approximates the
target distribution Px so that the discriminator cannot tell which distribution the
samples belong to.

Following the original GAN paper, there has been a vast amount of work published
on modifying and improving the GAN framework which has resulted in hundreds of
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GAN variants. The proposed GAN taxonomy, presented in [22], divides GANs into
two main categories, namely architecture variants and loss variants. Architecture
variants have variations in the network architecture, the latent space, or are appli-
cation specific whilst loss variants have different loss functions to be optimised or
have additional penalisation added to the loss function.

For this dissertation, popular loss variants are reviewed and a selection are trained to
produce 1D synthetic data. The classic NS GAN [6], the MM GAN [5], the WGAN
[2], the WGAN GP [8] and the MMD GAN [14] are discussed in Section 2.2.

2.2 GAN Objective Functions

GAN objective functions are criteria that allow us to find the neural network param-
eters, for both the generator and the discriminator, such that the transformed latent
data x̂ converges to x in distribution. GANs are usually trained using simultaneous
or alternating variations of gradient descent and their convergence is dependent on
their objective function. Research presented in [16] shows how common GAN vari-
ants converge and under what conditions. An appropriate criterion for an objective
function would be a measure of how well the generated distribution Q approximates
the target distribution Px. Game-theoretic approaches, presented in the original
GAN paper [6], have been shown to approximate distance minimisation between Px

and Q, whilst the GAN objectives presented in Sections 2.2.3 to 2.2.5 minimise the
distance between Px and Q directly.

GAN loss variants have different objective functions but the same overarching frame-
work. The generic GAN framework is depicted in Figure 2.

z Gθ

x̂

x

Dϕ Real or Fake

Figure 2: A simplistic schematic diagram of a generic GAN. The process diagram
demonstrates how the latent vector z is transformed by the generator model Gθ to
x̂ and how the discriminator model Dϕ outputs a prediction or metric for how real
or fake the sample is.

For some additional context, the essence of most machine learning algorithms is
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to build an optimisation model and learn the parameters in the objective function
from the given data. Optimisation is the problem of finding a set of parameters for
an objective function that results in a maximum or minimum function evaluation.
An objective function is either a loss function (which is minimised) or its opposite
(in specific domains, it can be called a reward function, a profit function, a utility
function, etc.), in which case it has to be maximised. In most cases, by adding a
negative to a reward function, the corresponding loss function can be found.

2.2.1 Min-Max Loss

In the classical GAN framework, the generator transforms a noise sample z into x̂
using Gθ(z). The discriminator Dϕ, parameterised by ϕ, is a binary classifier that
tries to distinguish between generated samples x̂ and the real data samples x. This
process is shown in Figure 2. The MM GAN neural nets are adversaries. The point
of convergence for this GAN is when the discriminator can no longer distinguish
between samples from the target distribution and samples from the generated dis-
tribution. Since the discriminator is a binary classifier, this is the point where it
would assign equal probability that the sample came from the real distribution than
from the approximated distribution.

The discriminator loss function is obtained from the binary-cross-entropy (BCE)
formula1 and is derived as follows:

L(D)(ŷ, y) = −y log(ŷ)− (1− y) log(1− ŷ) (1)

For a real sample x, the true data label y is set to one and the predicted label ŷ
is the discriminator output, namely ŷ = Dϕ(x). The loss function in Equation 1
reduces to:

L(D)(Dϕ(x), 1) = − log(Dϕ(x))

For a sample from the generator, x̂, the true data label y is set to zero and the
predicted label ŷ is set to ŷ = Dϕ(x̂). The loss function in Equation 1 reduces to:

L(D)(Dϕ(Gθ(z)), 0) = − log(1−Dϕ(Gθ(z)))

Reverting back to the idea that the generator and discriminator are adversaries, the
discriminator has this competing objective to the generator, which is indicated by
the opposite sign. When training the generator, only samples from the generator

1All logarithms are natural
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are fed into the discriminator for feedback so the objective of the generator reduces
to

L(G)(Dϕ(Gθ(z)), 0) = log(1−Dϕ(Gθ(z))). (2)

The above loss functions capture the difference between the actual and predicted val-
ues for a single output whereas cost functions aggregate the difference for the entire
training dataset. The cost functions for the MM GAN generator and discriminator
are defined as

J (D)(Dϕ, Gθ(z)) = −EPx [log(Dϕ(x))]− EPz [log(1−Dϕ(Gθ(z)))]

J (G)(Dϕ, Gθ(z)) = EPz [log(1−Dϕ(Gθ(z)))].

When combining the two component cost functions, the GAN training objective
function is derived. The GAN optimisation problem is defined as

min
θ

max
ϕ

V (Gθ, Dϕ) = EPx [log(Dϕ(x))] + EPz [log(1−Dϕ(Gθ(z)))]. (3)

In practice, individual cost functions are defined for both the generator and the
discriminator. If both the generator and the discriminator have sufficient capacity,
the GAN converges where Gθ(z) is being drawn from the same distribution as x, so
that D(x) = 1

2
for all x (i.e., the discriminator assigns equal probability that the

sample comes from the real distribution than from the approximated distribution).

The original paper [6] completed theoretical investigations into Equation 3. They
show that the min-max formulation of the game can be reformulated as minimising
the scaled and shifted Jensen-Shannon divergence between the real and generated
probability distributions.

2.2.2 Non-Saturating Loss

The NS GAN is the second GAN introduced in the original GAN paper by Ian
Goodfellow et al [6]. This GAN is strategically equivalent to the game underlying
the MM GAN, this was shown in work presented in [4], as the Nash equilibrium, and
hence solution set, is the same. The reason this GAN was introduced was to solve
a weakness in MM GAN training, which is termed the vanishing gradient problem.
This is a problem in the early stages of training where the generator performs poorly
since the discriminator can easily distinguish between real and generated samples,
with high confidence. This means that gradients are calculated at points where the
sigmoid function in the discriminator loss, due to the nature of the binary classifier,
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is very flat so the gradients are very small and will have negligible effect when
used to update the discriminator in gradient descent. To remedy this problem, the
authors suggest changing the cost function of the generator from minimising the log
probability of the discriminator being correct to maximising the log probability of
the discriminator being wrong. This means labelling samples from the generator as
real (i.e., y = 1) in its cost function. The updated cost function for the generator is:

J (G)(Gθ, Dϕ)) = EPz [logDϕ(Gθ(z))],

while the cost function of the discriminator remains the same:

J (D)(Gθ, Dϕ)) = −EPx [logDϕ(x)]− EPz [log(1−Dϕ(Gθ(z)))].

This game is heuristically motivated and ensures that each player has a strong
gradient when they are ‘losing‘ the game, as shown in [5].

2.2.3 Wasserstein Loss

NS and MM GANs are notoriously difficult to train and are often very unstable. As
mentioned in subsection 2.2.1, when the discriminator is trained to optimality, the
MM GAN generator tries to minimise the Jensen-Shannon divergence between the
generated and target distributions. This divergence metric has been identified as a
potential reason for instability during training as it is constant for non-overlapping
distributions, meaning it provides no useful feedback during training. One way this
problem was addressed was by using Integral Probability Metrics (IPMs). An IPM is
a way to measure the distance between two probability distributions by the largest
difference in their expectations over a certain class of witness functions. In this
context, a witness function is a function that is used to construct a discrepancy
measure between two probability distributions. The concept of witness functions
was introduced by Arthur Gretton and co-authors in paper [7].

Definition 2.2 (IPM). For a class of functions F , with X ∼ Px and X̂ ∼ Q, the
IPM is defined as

dF(P,Q) = sup
f∈F

[EPxf(X)− EQf(X̂)],

where sup is the supremum or upper bound. The witness function f is a function
that achieves the maximum difference between the expectations under the two dis-
tributions. The particular witness function class determines the probability metric.

A popular IPM used in GAN training is the Wasserstein distance. Replacing the
discriminator loss function of the NS GAN with Wasserstein loss results in the
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WGAN GAN variant. The WGAN was introduced by Martin Arjovsky et al in
paper [2]. Due to the adjustment to the discriminator loss function, the authors
refer to the discriminator of the WGAN as a critic.

The objective function of the WGAN has better theoretical properties than the orig-
inal MM and NS GANs. The theoretical property of interest is the continuity of
the divergence metric. In [2], the original WGAN paper, the authors illustrate that
when compared to Jensen-Shannon divergence and Kullback–Leibler (KL) diver-
gence, only the Wasserstein metric provides a smooth measure of distance between
two non-overlapping distributions. This smoothness is helpful for a stable learning
process using gradient descent, which is the mechanism used for parameter estima-
tion in GANs.

In WGAN, BCE loss is replaced by the Wasserstein loss metric. This metric uses the
Wasserstein distance, which measures the distance between the real and generated
distributions. It is, in the continuous domain, the percentage of ’mass’ that has to
be transported from point x̂ to point x to make x̂ follow the distribution of x using
the optimal transport plan. In other words, it can be interpreted as the minimum
energy cost of making the generated distribution equal to the real distribution.

The Wasserstein distance, not yet in IPM form, in the continuous probability domain
is

W (Px, Q) = inf
γ∼Π(Px,Q)

E(x̂,x)∼γ∥x̂− x∥ (4)

In Equation 4, Π(Px, Q) is the set of all possible joint probability distributions be-
tween the real and generated probability distributions (Px and Q). The γ ∈ Π(Px, Q),
is a transport plan to make Px equal Q in the continuous probability space. The
percentage of mass that should be transported from point x̂ to x to make Q equal
to Px is γ(x̂, x). If we think of x̂ as the starting point and x as the destination,
the total amount of dirt moved is γ(x̂, x) and the distance is ∥x̂ − x∥. The cost of
the transport plan is therefore γ(x̂, x)∥x̂− x∥. The expected average cost across all
(x̂, x) pairs is Σ

x̂,x
γ(x̂, x)∥x̂−x∥, which is equal to E(x̂,x)∼γ∥x̂−x∥. The greatest lower

bound, or infimum, of the costs is taken as the final Wasserstein distance.

The metric given in Equation 4 cannot directly be applied in a GAN setting as
it requires minimisation over a set of joint probability measures. This is hard to
parameterise by neural networks. To be able to interpret this distance as an IPM,
the authors of paper [2] proposed a transformation of Equation 4 based on the
Kantorovich-Rubinstein Duality to

W (Px, Q) = sup
∥f∥L≤K

[EPxDϕ(x)− EQDϕ(x̂)], (5)
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with ∥f∥L := |f(x1)−f(x2)|
∥x1−x2∥ denoting the Lipschitz constant of a function f . This,

intuitively, is the highest difference, on average, of any function f between real and
generated inputs as long as the function is a K-Lipschitz function. We find this
K-Lipschitz function, f := Dϕ, by parametrizing it through a deep neural network.
Equation 5 can be interpreted as an IPM, as per Definition 2.2, constructed from a
witness class of K-Lipschitz functions.

Practical implementation of the WGAN, when compared to the NS GAN, involves
replacing the label y from either 0 or 1, for real or fake, with -1 or 1. The sig-
moid activation is also removed which means the discriminator’s output ranges from
(−∞,∞) instead of being bound between 0 and 1. The discriminator is trained
to maximise the difference in scores between real and fake data samples with real
samples scoring highly. The Wasserstein loss is the negative product of the sample
label y and the discriminator output ŷ and is defined as

L(D)(y, ŷ) = −yŷ,

which reduces to
L(D)(y, ŷ) = Dϕ(x)−DϕGθ(z). (6)

The optimisation for the WGAN discriminator is achieved by minimising cost func-
tion

J (D)(Gθ, Dϕ) = −EPx [Dϕ(x)]− EPz [Dϕ(Gθ(z))].

The generator is trained by comparing generated data Dϕ(G(z) to label y = 1 and
optimisation is occurs by minimising:

J (G)(Gθ, Dϕ) = −EPz [Dϕ(Gθ(z))]. (7)

The WGAN optimisation problem, relating back to Equation 5, can therefore be
defined as

min
θ

max
||ϕ||L<1

V (Gθ, Dϕ) = EPx [Dϕ(x)]− EPz [Dϕ(Gθ(z))]. (8)

Since the discriminator can produce outputs in the range (−∞,∞), to ensure that
the loss function is continuous and differentiable and that it doesn’t grow too much
during training, a K-Lipschitz continuity is enforced. This is the condition in Equa-
tion 8 on the maximisation of ϕ. The K-Lipschitz continuity between two points, x1

and x2, is defined as:

∣∣∣∣∣Dϕ(x1)−Dϕ(x2)

x1 − x2

∣∣∣∣∣ ≤ K.
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This limits the function slope to some constant K along its trajectory. In the original
WGAN paper, K-Lipschitz continuity is enforced using weight-clipping. This simple
enforcement means that after every gradient update, the weights of the discriminator
are clamped to a small window, such as [−0.01, 0.01]. The discriminator’s overall
gradient in the WGAN paper is thus limited by separately limiting, or clipping, each
of the weights in the discriminator - this means it obtains its lower and upper bounds
to preserve the Lipschitz continuity. This was noted in paper [2] as a ‘terrible‘
solution. Work presented in a paper by Ishaan Gulrajani [8] showed that model
performance is very sensitive to the weight-clipping hyperparameter and that weight-
clipping ignores higher moments of target data distributions. In response to this,
WGAN GP was introduced in paper [8] as an alternative.

2.2.4 Wasserstein Loss with Gradient Penalty

The WGAN GP variant uses gradient penalty instead of weight-clipping to encourage
the K-Lipschitz constraint. The cost function of the original WGAN discriminator,
J
(D)
WGAN , is modified to include a gradient penalty. The gradient penalty is calculated

using points that are linearly interpolated between random samples from Px and Q,
with interpolation constant ϵ. Interpolated points c are calculated by

c(x,Gϕ(z)) = ϵx + (1− ϵ)Gϕ(z).

The gradient penalty keeps the L2-norm of the discriminator’s gradient close to one
and the gradient penalty term λ is a hyperparameter choice for GAN training.

The WGAN GP discriminator cost function is

J (D)(Gθ, Dϕ) = J
(D)
WGAN + λE[(∥∇Dϕ(c)∥2 − 1)2].

The symbol used to represent the gradient is ∇ and ∥(.)∥2 is the L2-norm. The
generator cost function remains the same as in Equation 7.

2.2.5 Maximum Mean Discrepancy Loss

Another IPM used in GAN variants is maximum mean discrepancy (MMD). The
MMD GAN is a loss variant that uses kernel mean embeddings (KME) to signal the
proximity between the probability density function of the generated distribution Q
and the target distribution Px. The MMD GAN was first introduced in 2017 by
Chun-Liang Li in [14] and further investigated in 2018 by Arthur Gretton and team
in [3].
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Like the WGAN, the proposed benefit of the MMD GAN over the NS and MM
GANs is that it is able to provide useful gradients for learning, even if the generated
and target distributions are non-overlapping. This means that the training is more
stable. In Li’s work in [14], it was shown that the WGAN is a special case of the
MMD GAN under certain conditions. In Gretton’s work in [3], the MMD GAN has
the proposed advantage that it can train with smaller mini-batch sizes.

The MMD is a metric on the space of probability distributions and is defined in
terms of function spaces that witness the difference in distributions. In Gretton’s
work in [7], the definition of a MMD for an arbitrary function space is defined as
follows:

Definition 2.3 (MMD). Let (X, d) be a metric space and let F be a class of functions
f : X→ R, with x, x̂ , Px and Q defined as above. Gretton et al define the MMD as

MMD(Px, Q;F) := sup
f∈F

(EPx [f(x)]− EQ[f(x̂)]).

In statistical literature, this is an IPM as defined in 2.2.

For the MMD GAN, the witness class of functions F is a unit ball in a reproducing
kernel Hilbert space (RKHS) H, with a positive definite kernel k(x, x′). A Hilbert
space is a mathematical concept that is used to describe a space of functions that
can be added and multiplied in a way that preserves some key properties, such as
the norm and the inner product. A RKHS is a Hilbert space of functions that has
a kernel function that satisfies certain properties, such as positive definiteness. The
reproducing property of an RKHS states that for any function f in the RKHS H
and any point x in the underlying domain, the value of f at x can be recovered by
evaluating the inner product of f with the kernel function evaluated at x. More
formally:

f(x) = ⟨f, k(x, ·)⟩H.
Here, k(x, ·) denotes the kernel function evaluated at x with its first argument fixed,
and the angle brackets denote the inner product in the RKHS. This allows one to
compute the value of a function at any point in the domain using only the inner prod-
uct between the function and the kernel function, which can be much more efficient
than directly evaluating the function. The reproducing property can also be used
to define various operations in the RKHS, such as differentiation and integration.

The RKHS allows MMD GANs to use mean embeddings to signal proximity be-
tween distributions. Mean embedding is a technique used to transform a probability
distribution into a fixed dimensional vector in a RKHS. We can define the mean
embedding of the probability measure Px as the element µPx ∈ H such that

EPxf(X) = ⟨f, µPx⟩H
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with µPx = EPx [k(·, X)].

Given two distributions Px and Q, and letting k(x, x̂) = ⟨φ(x), φ(x̂)⟩H, the MMD is
defined as a IPM, following Definition 2.2 and 2.3 with the class of witness functions
F being the unit ball in H

MMD(Px, Q;H) = sup
f∈H,||f ||H≤1

EPxf(X)− EQf(X̂). (9)

In the MMD GAN framework, empirical KMEs are used as we only have data
samples and not distributions. The empirical witness function f̂ that attains the
supremum, shown in paper [7], is

f̂(·) =
1

m

m

Σ
i=1

k(xi, ·)−
1

n

n

Σ
i=1

k(x̂i, ·)

with samples X = {xi}mi=1 drawn from Px, and X̂ = {x̂}nj=1 from Q.

When using a characteristic kernel to create embeddings of the distributions, each
distribution can be uniquely represented inH so that all of the statistical features are
preserved. A kernel is characteristic if the mean embedding is injective which means
that for the function f there exists a function f−1 such that f−1(f(x)) = x. When
using a characteristic kernel in MMD, the MMD is only equal to zero when Px is
equal to Q. A popular characteristic kernel used is the Gaussian kernel. Li’s work in
paper [3] uses the Gaussian kernel, which is part of the Radial Basis Function (RBF)
class, to form part of the discriminator loss function. Gretton’s work in paper [14]
uses the rational quadratic kernel as the authors note the Gaussian kernel, and its
derivatives, decay exponentially which can cause problems in gradient-based learning
in high dimensions. Mathematically, the Gaussian kernel is defined as

k(x, x̂) = exp

(
−||x− x̂||2

2σ2

)
.

with σ > 0 as the bandwidth parameter. Li, in paper [14], uses a linear combination
of Gaussian kernels, with five different bandwidth values, in their application, i.e.,

K =
5

Σ
i=1

kσi

with σi ∈ {1, 2, 4, 8, 16}. This is the strategy employed in this dissertation. Wan et
al in their work in [21], propose this is done to prevent saturation when the distance
||x−x̂|| is either too large or too small compared to the bandwidth parameter, which
may cause diminishing gradients during training.
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A key strategy in recent work on MMD GANs is that the MMD is not computed
directly on the samples, rather the samples first pass through a mapping function
φ, which is generally a convolutional network. Intuitively we can think of this as
the MMD with kernel k on features φ(x). This relates to Li’s work in [14] which
encourages the adversarially learned kernel to be injective by approximating f using
an autoencoder. An auto-encoder consists of two neural nets, one encoder Dϕe

(which maps the sample to a feature space) and one decoder, Dϕd
, that reconstructs

the sample back to the original space. The encoder Dϕe can be thought of as the
mapping function φ. The decoder is trained to regularise f so that is it injective,
namely Dϕd

≈ f−1.

The optimisation problem for the MMD GAN is:

min
θ

max
ϕ

ˆMMD(Dϕe(x), Dϕe(Gθ(z))− λEy∈X∪Gθ(z)||y −Dϕd
(Dϕe(y))||2

with λEy∈X∪Gθ(z)||y−Dϕd
(Dϕe(y))||2 being the penalty assigned to the discriminator

for the reconstruction error of any sample from the real or generated distributions.
The reconstruction error is the difference between the original sample and one that
has been fed through the auto-encoder network. This encourages the discriminator
function to be injective.

2.3 GAN Training

Training GANs is notoriously difficult and finding a good model often requires try-
ing out various hyperparameter configurations by brute force. This subsection will
outline how GANs are trained in practice and highlights the common problems that
can occur during training.

2.3.1 Algorithmic Implementation

The neural networks in GANs are trained using mini-batch gradient descent (MBGD).
MBGD is an iterative optimisation algorithm that is used to find the minimum of a
differentiable function. For MBGD, the training dataset is split into small subsets
(mini-batches). In each iteration, a mini-batch is passed through the neural network
to compute the value of the cost function. The gradients of the cost function with
respect to the parameters of the network are then calculated and used to update
the parameters of the network accordingly. Once all the mini-batches have been fed
through the network, one epoch has passed. Usually, multiple epochs are used to
train a neural network.

MBGD is a way to minimise an objective function by updating the parameters of
the network in the opposite direction of the gradient, ∇, of the cost function. The
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learning rate α determines the size of the steps we take to reach a local minimum
and n is a hyperparameter that denotes the size of a single mini-batch.

The formula of MBGD, with mini-batch size n and iteration i, that updates the
weights w is:

wi+1 = wi − α∇wi
J(D(xi:i+n), yi:i+n)

Tables 1 and 2 give a summary of the cost functions of the GAN variants that were
discussed in subsection 2.2.

Table 1: Discriminator cost functions. Each cost function has been modified so that
optimisation occurs by minimising the cost.

GAN Type Discriminator Cost J (D)

MM −EPx [logDϕ(x)]− EPz [log(1−Dϕ(Gθ(z)))]
NS −EPx [logDϕ(x)]− EPz [log(1−Dϕ(Gθ(z)))]
WGAN −EPx [Dϕ(x)] + EPz [Dϕ(Gθ(z))]
WGAN GP JD

WGAN + λEPz [(∥∇x̃D(x̃)∥2 − 1)2]
MMD −[MMD 2(Px, Q) + λEy∈X∪Gθ(z)||y −Dϕd

(Dϕe(y))||2]

Table 2: Generator cost functions. Each cost function has been modified so that
optimisation occurs by minimising the cost.

GAN Type Generator Cost J (G)

MM EPz [log(1−Dϕ(Gθ(z)))]
NS −EPz [logDϕ(Gθ(z))]
WGAN −EPz [Dϕ(Gθ(z))]
WGAN GP −EPz [Dϕ(Gθ(z))]
MMD MMD 2(Px, Q)

In each cost function, the expected values are approximated by their empirical coun-
terparts based on mini-batches. In general:

E(x) =
n

Σ
i=1

xi

n
.

Algorithm 1 summarises the training procedure for NS GAN, MM GAN, WGAN,
WGAN GP and MMD GAN.
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Algorithm 1 MBGD training implementation for selected GAN variants (Adapted
from [6], [2], [8], [14]). hyperparameters are the learning rate α, the mini-batch
size n, the number of discriminator updates per generator update k, the clipping
parameter c (for WGAN only).

for number of epochs do
for steps 1 to k do

1. Sample a mini-batch of real data
{
xi

}n

i=1
from Px.

2. Sample a mini-batch of latent data
{
zj
}n

j=1
from Pz.

3. Update the discriminator by gradient descent: NS GAN and MM GAN:

ϕ← ϕ− α∇ϕJ
(D)
MM

WGAN:
ϕ← ϕ− α∇ϕJ

(D)
WGAN

4. Clip Gradients (only for WGAN)

ϕ← clip(ϕ,−c, c)

WGAN GP
ϕ← ϕ− α∇ϕJ

(D)
WGANGP

MMD GAN
ϕ← ϕ− α∇ϕJ

(D)
MMD

end for
1. Sample a mini-batch of latent data

{
zj
}n

j=1
from Pz.

2. Update the generator by gradient descent: MM GAN

θ ← θ − α∇θJ
(G)
MM

NS GAN
θ ← θ − α∇θJ

(G)
NS

WGAN and WGAN GP

θ ← θ − α∇θJ
(G)
WGAN

MMD GAN
3. Sample a mini-batch of noise

{
xi

}n

j=1
from Px.

θ ← θ − α∇θJ
(G)
MMD

end for

16



An Application of Generative Adversarial Networks to One-Dimensional
Value-at-Risk Rachel Swallow

2.3.2 Overview of Common Problems

Although GANs are capable of producing realistic synthetic samples, training GANs
is notoriously difficult. A brief summary of the main difficulties is highlighted below.

Partial Mode Collapse: This problem occurs when the GAN learns to map several
inputs in the latent space to the same output. This means that the generator ends up
producing samples with limited diversity. This can occur when the discriminator is
able to produce realistic output for a few modes during training as it is incentivized
by the generator cost function to restrict the output to these modes instead of
improving the quality of samples produced from other modes.

The choice of discriminator cost function has been put forward as a heuristic solution
to improve partial mode collapse, although Ian Goodfellow in [5] has disputed if the
choice in cost function would be the root cause of this problem.

Vanishing Gradients: This problem prevents beneficial training. It occurs when
the gradient updates for the generator become very small, and hence are not useful
in training. The original MM GAN implementation in subsection 2.2.1 struggles
with this problem, this is why the NS GAN in subsection 2.2.2 is implemented in
practice.

Non-Convergence: Local convergence of objective functions is mostly only guar-
anteed under certain conditions, this is investigated in [16]. If these are not met,
which is often the case in the GAN setting, then oscillations may occur in training
and the equilibrium may not be reached. Work has been done in [16] to discuss
conditions under which some of the most popular GANs converge locally.

Evaluation of Generative Models: Evaluation of the generated data from GANs
can be challenging. Suggested metrics for evaluation often are application and do-
main dependent. A large volume of research has been dedicated to investigating
evaluation metrics for natural images, such as in [25] where popular evaluation met-
rics are assessed on image datasets for interpretability, however for applications in
lower dimensions these metrics are less appropriate.

Hyperparameter Tuning: Hyperparameter choices and tuning play a huge role
in the model fit. Through experimentation, it was seen that even slight variations
in choices had a huge effect on outputs. Grid-search methods are recommended
for future iterations of the research. Brute force methods are time-consuming and
inefficient.
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3 Learning One-Dimensional Distributions with

GANs

In this section, we train the different GAN models to sample from a chosen para-
metric distribution. The NS GAN, the MMD GAN and the WGAN are trained
to produce three parametric distributions, namely the normal distribution and two
Gaussian Mixture Models (GMMs). These generated 1D distributions will be used
in Section 4 to supplement and potentially enhance historical VaR models. In sub-
section 3.1 the candidate GAN architecture choices are presented. In subsection 3.2
the training procedure implemented is outlined. In subsection 3.3 the result metrics
are described and in 3.4 the results are presented and discussed.

3.1 GAN Hyperparameter Choices

Due to the multiple hyperparameter choices, and their impact on training stability,
the tuning procedure was lengthy. The range of choices is presented below.

3.1.1 GAN Loss Variant

Three GANs were evaluated for this dissertation, namely the NS GAN, the WGAN,
and the MMD GAN. The MM GAN was not practically implemented as the NS
GAN, presented in the same paper, is the recommended variant with very few pa-
pers choosing to implement the MM GAN. Various network architectures for each
discriminator and generator were compared. The number of hidden layers and the
number of neurons in each layer were varied, this is detailed in 3.1.3.

3.1.2 Latent Variable Distribution and Batch Size

The model fit is sensitive to both the latent distribution as well as the batch size of
the latent vector z. In paper [19], the authors analyse different parametric distribu-
tions for the GANs’ latent space and propose a way to obtain suitable non-parametric
latent distributions. In practice, the latent space is usually sampled from a Gaus-
sian or Uniform distribution. The batch size of the latent space, and its impact on
GAN performance, is rarely discussed and is somewhat arbitrarily chosen. There is,
however, a preference to use latent variables with higher dimensions.

During training, to produce a sample, the generator was fed latent vector z, with
a batch size of n. This corresponded to the number of neurons in the input layer
of the generator. For this dissertation n = {1, 10, 20} was tested. For the latent
variable distribution, a standard normal distribution was chosen and compared to a
uniform distribution.
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3.1.3 Network Architecture

Both the generator and discriminator were chosen to be standard fully-connected
feed-forward networks. Both the number of layers as well as the number of hidden
units were varied to find the best model fit. Networks with two, three and four hidden
layers were considered. A huge variety of unit numbers were tested, leveraging prior
research done in [4] and [26]. Tables 3 and 4 summarise the network architectures
for the more successful models. The number of neurons in the input layer of the
generator corresponds to the batch size n of the latent vector. Figure 3 gives an
example of the network architecture for the encoder De.

Table 3: Generator architecture hyperparameters

Hyperparameter G1 G2 G3

Number of layers 6 5 3
Number of neurons (n,128,248,496,992,1) (n,128,128,128,1) (n,7,13,7,1)
Activation Function ReLU LeakyReLU ELU

Reference Paper NA [4] [26]

Table 4: Discriminator architecture hyperparameters

Hyperparameter D1 D2 De Dd

Number of layers 5 5 3 3
Number of neurons (1,128,128,128,1) (1,7,13,7,1) (1,11,29) (29,11,1)
Activation Function LeakyReLU LeakyReLU ELU ELU

Reference Paper [4] NA [26] [26]
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Figure 3: Encoder network architecture with a batch-size of 128.

3.1.4 Activation Functions

The Rectified Linear Unit (ReLU), Leaky ReLU, suggested in [4], and the Exponen-
tial Linear Unit (ELU) activation functions were tested as suggested in [26].

Definition 3.1 (ReLU). For x ∈ (−∞,∞), the ReLU function is defined as:

ReLU(x) = max(0, x).

Definition 3.2 (LeakyReLU). For x ∈ (−∞,∞), the LeakyReLU function is de-
fined as:

LeakyReLU(x) =

{
x if x > 0,

αx otherwise.

with α ∈ [0,∞) as a hyperparameter.
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Definition 3.3 (ELU). For x ∈ (−∞,∞), the ELU activation function is defined
as:

ELU(x) =

{
x if x > 0,

α(exp(x)− 1) otherwise.

with α ∈ [0,∞) as a hyperparameter.

3.1.5 Optimiser

The ADAM optimiser was used for both the generator and the discriminator net-
works. The learning rate was experimented with during training and varied between
0.01 and 0.0001. RMSProp was another suggestion in the work presented by authors
in [2] for WGAN and WGAN GP implementations.

3.1.6 Generator and Discriminator Update Ratio

A static ratio between the number of gradient descent iterations of the discrimina-
tor and the generator is recommended. The number of discriminator updates per
generator update was fixed at five as suggested in [2]. In general, this means that
the discriminator training step always has 5 times more updates than the generator
training step. This was varied in the initial stages however the recommended ratio
gave satisfactory results.

This ratio stems from ideas put forward in the original paper [6], authors had the
idea that one should balance the optimisation of these two networks in the min-
max game and that when the discriminator is near optimality, the ratio between
probability densities is more accurate, generating better gradients to update the
generator.

3.2 Training Implementation

The practical implementation of training the NS GAN, WGAN and MMD GAN to
produce the specified 1D parametric distribution is detailed for each GAN below.
All code for this dissertation is in Python. The machine learning framework used is
PyTorch [17].

For training, a n×k training matrixD, made up of s samples from Px, is created. The
mini-batch size n and discriminator to generator update ratio k are hyperparameters.
Other hyperparameters for GAN training are the learning rate α, the weight clipping
parameter c (WGAN), the gradient penalty term λ (MMD GAN) and the Gaussian
bandwidth parameter σ (MMD GAN). Px is the target parametric distribution (i.e.,
Normal or GMM).
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Table 5: Training hyperparameters selected from research
Hyperparameter Value Reference
α 0.001 [13]
σ σi ∈ {1, 2, 4, 8, 16} [14]
λ 8 [14]
k 5 [2]
Iterations 10,000 [13]
c [−0.01, 0.01] [2]

A summary of hyperparameter choices and resources for where they were suggested
is included in Table 5.

Algorithm 2 Training implementation for generating parametric 1D distributions
for the NS GAN.
for number of epochs do

for steps i=0 to k do
1. x = Di:

2. z =
{
zj
}n

j=1
from Pz.

3. x̂ = Gθ(z)

4. Calculate the discriminator cost for the mini-batch: J
(D)
NS .

5. Update the weights of the discriminator using ADAM optimisation.

ϕ← Adam(∇ϕJ
(D)
NS , ϕ, α)

end for
1. z =

{
zj
}n

j=1
from Pz.

2. x̂ = Gθ(z)
3. ŷ = Dϕ(x̂)

4. Calculate generator cost J
(G)
NS for the mini-batch.

5. Update the weights of the generator using ADAM.

θ ← Adam(∇θJ
(G)
NS , θ, α)

end for
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Algorithm 3 Training implementation for generating parametric 1D distributions
for the WGAN.
for number of epochs do

for steps i=0 to k do
1. x = Di:

2. z =
{
zj
}n

j=1
from Pz.

3. x̂ = Gθ(z)

4. Calculate the discriminator cost for the mini-batch: J
(D)
WGAN .

5. Update the weights of the discriminator using ADAM optimisation.

ϕ← Adam(∇ϕJ
(D)
WGAN , ϕ, α, )

6. Clip discriminator weights ϕ← clip(ϕ,−c, c)
end for

1. z =
{
zj
}n

j=1
from Pz.

2. x̂ = Gθ(z)
3. ŷ = Dϕ(x̂)

4. Calculate generator cost J
(G)
WGAN for the mini-batch.

5. Update the weights of the generator using ADAM.

θ ← Adam(∇θJ
(G)
WGAN , θ, α)

end for
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Algorithm 4 Training implementation for generating parametric 1D distributions
for the MMD GAN.
for number of epochs do

for steps i=0 to k do
1. x = Di:

2. z =
{
zj
}n

j=1
from Pz.

3. x̂ = Gθ(z)
4. Encode: xe = Dϕe(x), x̂e = Dϕe(x̂)
5. Decode: xd = Dϕd

(Dϕe(x)), x̂d = Dϕd
(Dϕe(x̂))

6. Calculate the discriminator cost for the mini-batch: J
(D)
MMD.

7. Update the weights of the discriminator using ADAM optimisation.

ϕ← Adam(∇ϕJ
(D)
MMD, ϕ, α)

end for
1. z =

{
zj
}n

j=1
from Pz.

2. x̂ = Gθ(z)
3. Encode: xe = Dϕe(x)
4. Decode: x̂e = Dϕe(x̂)

5. Calculate generator cost J
(G)
MMD for the mini-batch.

6. Update the weights of the generator using ADAM.

θ ← Adam(∇θJ
(G)
MMD, θ, α)

end for

3.3 Result Metrics

To assess the distributional similarity of the target and generated data samples, we
can use statistical significance tests that can quantify the likelihood that the samples
have the same distribution. Seeing that we want our testing to be valid for all target
distributions, and not just Gaussian distributions, non-parametric significance tests
are used. These tests are free from distributional assumptions. The null hypothesis
of the selected tests is that both samples were drawn from a population with the
same distribution. These tests return a p-value, which can be interpreted as the
probability of observing the two data samples given the base assumption that the
two samples were drawn from a population with the same distribution. The p-value
can be interpreted in the context of a chosen significance level α. If the p-value
is high, then we cannot reject the null hypothesis in favour of the alternative. In
this dissertation, we choose to test the null hypothesis, that the two samples were
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drawn from the same distribution, at a 95% confidence level. This means that if the
p-value from a non-parametric test is less than 5%, we will reject the null hypothesis
in favour of the alternative, which is that the samples were drawn from different
distributions.

The non-parametric statistical significance tests chosen are the Kolmogorov-Smirnov
(KS) two-sample test and the Cramer-von Mises two-sample test. The Wasserstein
distance, discussed in subsection 2.2.3, as well as the distributional moment (mean,
variance, skew, kurtosis) scores of the generated and target distributions are also
assessed. A brief overview of the result metrics chosen to assess distributional simi-
larity is outlined in this subsection.

3.3.1 Kolmogorov-Smirnov Two-Sample Test

The KS two-sample test is probably the most popular non-parametric test to com-
pare distributions. The idea of the KS two-sample test is to compare the empirical
cumulative distribution functions (ECDFs) of the two samples, which are step func-
tions that approximate the cumulative density functions based on the sample data.
A two-sided test is performed with the null hypothesis being that the two samples
are drawn from the same distribution. The KS test statistic is the maximum ab-
solute difference between the two ECDFs. The main advantage of the KS test is
its sensitivity to the shape of a distribution because it can detect differences every-
where along the scale. KS tests have the disadvantage that they are more sensitive
to deviations near the centre of the distribution than at the tails. The test statistic
d is calculated as:

d = max(FPx(x)− FQ(x)),

where FPx(.) and FQ(.) denote the cumulative distribution functions for random
variables that are distributed according to Px and Q, respectively.

3.3.2 Cramer-von Mises Two-Sample Test

The Cramer-von Mises (CVM) two-sample test is similar to the KS two-sample test
as it also compares the ECDFs of the two samples, however, the CVM two-sample
test compares the two distributions along the whole domain, by integration.

Given the two empirical cumulative density functions FPx and FQ from two sample
sets {x1.., xN} and {x̂1.., x̂M} the test statistic is calculated as:

d =
NM

(N + M)

∫ ∞

−∞
[FPx(x)− FQ(x)]2 dHN+M(x),

where HN+M(x) is the empirical distribution of the two samples together.
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3.3.3 Wasserstein Distance

The Wasserstein distance is used to assess distributional similarity. The SciPy func-
tion is used for computation. A detailed discussion on this metric can be found in
subsection 2.2.3. Smaller values indicate better distributional similarity. Since there
is no widely defined definition of a ‘good‘ Wasserstein distance, this metric will be
used as a relative score.

3.3.4 Distribution Moments

The statistical moments describe the properties of a distribution. The moments
assessed are the mean, variance, skew, and kurtosis. These moments will be the basis
of comparison between the generated distribution Q and the target distribution Px.

The idea for a distribution moment score is based on work done in paper [23] on
deep hedging where the authors use statistical moments to assess GAN equity option
market simulators. In financial applications, higher-order moments are of interest
as they define the nature of the extreme values in a sample-set or distribution. The
empirical mean, variance, skew, and kurtosis scores are computed for the generated
datasets and compared to the moments of the target distribution. We define the
distributional scores as:

Definition 3.4 (Distributional Moment Scores). The empirical distributional mo-
ment scores for the target distribution Px and the generated sample set x̂j for
j ∈ 1, ...M from the generated distribution Q

|mean(Px)−mean([x̂1, ...x̂M ])|,
| variance(Px)− variance([x̂1, ...x̂M ])|,
| skew(Px)− skew([x̂1, ...x̂M ])|,

| kurtosis(Px)− kurtosis([x̂1, ...x̂M ])|,

3.4 Evaluation of Results

GAN models were trained on three distributions and with a range of sample sizes.
Since multiple choices exist for a GAN model’s hyperparameters, as partly showcased
in subsection 3.1, only the results from the best-performing models are assessed in
this section.

All trials began with a given target distribution Px and a training sample size s.
The training sample s was drawn by random sampling from Px and used to train
the GAN. Once trained, the GAN generator is used to produce a synthetic sample
x̂ of size 10,000 from the GAN’s learned distribution Q. The distribution is assessed
against a sample drawn from Px of size 10,000.
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3.4.1 Normal Distribution Results

The first parametric distribution tested is a normal distribution. This distribution
was chosen as portfolio return distributions are often modelled using this assumption.
The target distribution is X ∼ N(23, 1). This was chosen in line with work done in
paper [26]. The best models were found by varying the different hyperparameters
for each GAN variant. The best GAN model for each variant was selected based
on the training set results. Table 6 describes the hyperparameter choices for each
variant.

Hyperparameter NS WGAN MMD
Latent Distribution N(0, 1) N(0, 1) N(0, 1)
Latent Space Dimension 20 20 1
Generator Architecture G2 G2 G1

Discriminator Architecture D1 D1 D1

Sample Size 1280 320 640

Table 6: The NS, MMD, and WGAN GAN model hyperparameters for the best-
tuned models (based on a combination of result metrics) for producing a target
normal distribution N(23, 1).
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Figure 4: KDE and ECDF showing the MMD, WGAN and NS GAN results for the
target normal distribution.
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GAN s Mean Variance Skew Kurtosis
NS 320 0.093 0.309 0.460 0.261
NS 640 0.002 0.077 0.446 0.318
NS 1280 0.012 0.025 0.384 0.325
MMD 320 0.274 0.221 0.150 0.066
MMD 640 0.168 0.417 0.478 0.202
MMD 1280 0.059 0.160 0.314 0.256
WGAN 320 0.163 0.680 0.421 0.279
WGAN 640 0.168 0.417 0.478 0.202
WGAN 1280 0.230 0.392 0.384 0.195

Table 7: The distribution moment scores results, as defined in 3.4, for the best
performing MMD, WGAN and NS GANs for a range of sample sizes s with a latent
distribution of N(0, 1).

GAN s Mean Variance Skew Kurtosis
NS 320 0.443 0.132 0.123 0.031
NS 640 0.182 0.270 0.161 0.062
NS 1280 0.307 0.408 0.087 0.011
MMD 320 0.162 0.128 0.172 0.038
MMD 640 0.060 0.008 0.160 0.033
MMD 1280 0.049 0.322 0.031 0.011
WGAN 320 0.058 0.502 0.077 0.020
WGAN 640 0.061 0.828 0.035 0.012
WGAN 1280 0.148 0.337 0.015 0.052

Table 8: The distribution moment scores, as defined in 3.4, for the best performing
MMD, WGAN and NS GANs for a range of sample sizes s with a latent distribution
of U(−1, 1).

Table 7 and 8 show the distribution moment scores for each of the GAN models. For
GANs trained on a latent normal distribution, the NS GAN was the best at capturing
the mean and variance of the distribution, this can be seen by the small distribution
moment scores. For the skew and kurtosis, all GAN models performed relatively
similarly. These moments seemed to be more difficult for the GAN models to capture
accurately. Interestingly, GAN models trained on a latent uniform distribution were
better able to capture the kurtosis and skew as they had much lower scores on
average when compared to the GAN model results in Table 8. Figure 4 uses a
kernel density function to approximate the histograms of the generated data with
a continuous function, using kernel density estimation (KDE). From the both the
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KDE and ECDF, it seems that the MMD and WGANs have slightly larger variances,
which is confirmed in Table 7, while the mean seems similar across groups. The
issue with relying on the KDE as a visual representation of model fit is that it is a
black box method and might mask relevant features of the data, however the ECDF
represents all the generated data points.

The size of the training dataset seems to have a marginal effect on the ability of
the GAN to capture the distribution moments. There does not seem to be a clear,
reliable correlation between training dataset size and lower distribution moment
scores. This can be seen in Table 7, for both the MMD and NS GANs, an increase
in sample size corresponded to a decrease in distribution moment scores, however
the WGAN’s ability to capture the mean decreases as sample size increases. The
training sample size did, however, have a large effect on the GAN model training
time.

GAN s KS Value KS p-value CVM Value CVM p-value W distance
NS 320 0.070 0.063 0.362 0.082 0.148
NS 640 0.058 0.001 1.391 0.003 0.129
NS 1280 0.049 0.004 0.756 0.011 0.091
MMD 320 0.096 0.004 1.170 0.0009 0.274
MMD 640 0.066 0.006 0.846 0.004 0.163
MMD 1280 0.140 0.00002 13.574 0.00003 0.122
WGAN 320 0.090 0.00001 0.673 0.00002 0.272
WGAN 640 0.085 0.0002 1.347 0.0004 0.204
WGAN 1280 0.133 0.0009 9.810 0.001 0.150

Table 9: Result table showing the Wasserstein distance, CVM test statistic and p-
value, and the KS test statistic and p-value for the selected GAN models trained on
a latent normal distribution with varying training set sample sizes.
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GAN s KS Value KS p-value CVM Value CVM p-value W distance
NS 320 0.0941 0.006 0.897 0.004 0.380
NS 640 0.1189 2.72e-8 3.203 2.66e-8 0.2186
NS 1280 0.1686 6.60e-12 13.597 3.376e-10 0.3051
MMD 320 0.1271 0.0005 1.989 0.0001 0.2421
MMD 640 0.0781 0.0007 1.1683 0.0009 0.1253
MMD 1280 0.0699 8.0385e-6 1.947 0.00001 0.1311
WGAN 320 0.0811 0.0284 0.7088 0.0120 0.2253
WGAN 640 0.0998 5.719e-6 1.9805 1.4057e-6 0.2887
WGAN 1280 0.07083 5.8359e-6 1.8317 3.049e-6 0.1522

Table 10: Result table showing the Wasserstein distance, CVM test statistic and
p-value, and the KS test statistic and p-value for the selected GAN models trained
on a latent uniform distribution with varying training set sample sizes.

Tables 9 and 10 present the Wasserstein distance, the test statistic values and the
p-values for the KS and CVM two-sample tests. The NS GAN models trained on
a latent normal distribution were able to capture the target distribution the best,
according to the Wasserstein distance. The non-parametric two-sample tests were
very sensitive, with only the NS GAN in Table 9, trained on the smallest training set,
not being able to reject both null hypothesises. This was counter intuitive as the NS
GAN trained on a larger training sample set scored better on both the Wasserstein
distance score as well as the distribution moment scores. Figure 5, however, shows
that the NS GAN trained on a 320 point sample set follows the ECDF of the target
distribution the best, which confirms the CVM and KS test results. The results for
both two sample tests in Table 10 were disappointing, even though the Wasserstein
distances for both Table 9 and 10 are very similar.
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Figure 5: The ECDF showing the NS GAN results, trained on different training set
sizes, for the target normal distribution.

3.4.2 Two Component Gaussian Mixture Model Results

A GMM can achieve great flexibility with only a few components. This is useful
when modelling financial returns as desired distributional properties can be captured
by mixing component Gaussians.

Definition 3.5 (GMM). Given a finite set of probability density functions (PDFs) of
general normal random variables f1(x;µ1, σ1), ..., fn(x;µn, σn) and weights w1, ..., wn

such that wi ≥ 0 and
∑

wi = 1, the mixture distribution can be represented by
writing the density, f , as a sum:

f(x) =
n∑

i=1

wifi(x;µi, σi).
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This type of mixture, being a finite sum, is called a finite mixture. This is considered
a more complicated distribution to replicate, from a GAN perspective, as it is made
up of component Gaussian distributions with different weightings. Two GAN mix-
tures are chosen for investigation. The first mixture chosen has two distinct modes
and is not meant to resemble a return distribution - it is chosen to see if the GAN
models can capture more complicated target distributions. Target mixture one is:

f1(x) = 0.5f(x; 1, 0.2) + 0.5f(x; 2, 0.2).

The best GAN model for each variant was selected based on the training set results.
Table 11 describes the hyperparameter choices for each variant.

Hyperparameter NS WGAN MMD
Latent Distribution N(0, 1) U(−1, 1) N(0, 1)
Latent Space Dimension 10 20 20
Generator Architecture G2 G2 G2

Discriminator Architecture D1 D1 D1

Sample Size 1280 640 320

Table 11: The NS, MMD, and WGAN GAN model hyperparameters for the best-
tuned models (based a combination of result metrics) for producing a target GMM
0.5f(x; 1, 0.2) + 0.5f(x; 2, 0.2).

GAN s Mean Variance Skew Kurtosis
NS 320 0.074 0.001 0.018 0.017
NS 640 0.002 0.052 0.035 0.028
NS 1280 0.011 0.003 0.041 0.012
MMD 320 0.003 0.006 0.085 0.186
MMD 640 0.005 0.017 0.108 0.096
MMD 1280 0.013 0.014 0.038 0.063
WGAN 320 0.031 0.016 0.012 0.046
WGAN 640 0.104 0.009 0.056 0.053
WGAN 1280 0.005 0.007 0.003 0.002

Table 12: The distribution moment scores, as defined in 3.4, for the best perform-
ing MMD, WGAN and NS GANs, trained to produce a GMM of 0.5f(1, 0.2) +
0.5f(2, 0.2), for a range of sample sizes s with a latent distribution of N(0, 1).
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GAN s Mean Variance Skew Kurtosis
NS 320 0.123 0.046 0.075 0.083
NS 640 0.037 0.105 0.056 0.267
NS 1280 0.003 0.094 0.007 0.098
MMD 320 0.098 0.025 0.151 0.235
MMD 640 0.058 0.017 0.145 0.003
MMD 1280 0.039 0.010 0.063 0.040
WGAN 320 0.408 0.287 0.113 0.534
WGAN 640 0.478 0.313 0.182 0.618
WGAN 1280 0.046 0.004 0.028 0.014

Table 13: The distribution moment scores, as defined in 3.4, for the best perform-
ing MMD, WGAN and NS GANs, trained to produce a GMM of 0.5f(1, 0.2) +
0.5f(2, 0.2), for a range of sample sizes s with a latent distribution of U(−1, 1).

The GMM distribution scores are presented in Table 12 and 13. GANs trained on a
normal latent distribution performed slightly better, in terms of distribution moment
scores, than GANs trained on a uniform latent distribution. As in the target normal
results, the GMM results don’t seem to have a reliable correlation between training
sample set size and lower distribution moment scores, although the best performing
models for each variant, besides the MMD GAN, were trained on the largest training
set size. When looking at Table 12 alone, the distribution moment scores were low
across all variants and models performed similarly across the different training set
sizes. Figure 6 shows that the three GAN variants struggled to accurately capture
the right tail of the GMM, both in the KDE and the ECDF.

GAN s KS Value KS p-value CVM Value CVM p-value W distance
NS 320 0.101 0.002 0.883 0.004 0.063
NS 640 0.064 0.010 0.891 0.004 0.050
NS 1280 0.031 0.164 0.260 0.175 0.016
MMD 320 0.054 0.285 0.146 0.401 0.044
MMD 640 0.048 0.092 3.213 2.35e-7 0.043
MMD 1280 0.025 0.001 1.382 0.0003 0.025
WGAN 320 0.063 0.148 0.321 0.117 0.038
WGAN 640 0.110 2.8e-7 2.889 1.32e-7 0.100
WGAN 1280 0.018 0.7921 0.058 0.821 0.010

Table 14: Result table showing the Wasserstein (W) distance, CVM p-value, and
the KS test p-value for the selected GAN models, trained on N(0, 1) to produce a
GMM of 0.5f(1, 0.2) + 0.5f(2, 0.2).
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GAN s KS Value KS p-value CVM Value CVM p-value W distance
NS 320 0.1989 1.52e-9 3.3875 1.034e-8 0.1078
NS 640 0.1716 7.504e-10 5.826 3.9684e-11 0.0934
NS 1280 0.110 8.298e-10 6.620 6.429e-10 0.0907
MMD 320 0.0934 0.007 9.656 1.005e-7 0.1018
MMD 640 0.0722 0.0024 1.5023 0.0001 0.0576
MMD 1280 0.0553 0.0008 1.1603 0.001 0.0401
WGAN 320 0.0598 0.1955 0.1352 0.4381 0.0265
WGAN 640 0.0329 0.8673 0.052 0.8647 0.0197
WGAN 1280 0.0655 0.00003 0.9765 0.0027 0.0361

Table 15: Result table showing the Wasserstein (W) distance, CVM p-value, and
the KS test p-value for the selected GAN models, trained on U(−1, 1) to produce a
GMM of 0.5f(1, 0.2) + 0.5f(2, 0.2).

Tables 14 and 15 gave more information to differentiate the best performing GAN
models, as the results in Tables 12 and 13 were similar for each variant. The Wasser-
stein distances were the smallest, for each variant, when the GAN was trained on
a larger training sample set. The GANs trained on the 1280 training sample set in
Table 14 also had larger p-values for both the CVM and KS tests, with the MMD
GAN variant being the exception. This was the main basis for model selection as
most other metrics were very similar across each variant.

35



An Application of Generative Adversarial Networks to One-Dimensional
Value-at-Risk Rachel Swallow

Figure 6: KDE and ECDF showing the MMD, WGAN and NS GAN results for the
target GMM.
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3.4.3 Three Component Gaussian Mixture Model Results

The second mixture was constructed to represent an empirical return distribution.
The daily returns of the FTSE/JSE Top40 from January 2000 to October 2022, listed
on the JSE, were split into three components. Daily returns less than negative two
percent made up the first component, daily returns greater than two percent made up
the second and returns in between these points made up the third component. The
mean, standard deviation and component weight were calculated for each component
to define the parametric GMM. More formally, with x being the daily returns of
FTSE/JSE Top40 and N being the total samples:

f2(x) =
n1

N
f(x < −0.02;µn1 , σn1)

+
n2

N
f(−0.02 ≤ x ≤ 0.02;µn2 , σn2)

+
n3

N
f(x > 0.02;µn3 , σn3). (10)

The resulting parameters are:

Table 16: Empirical FTSE/JSE Top40 GMM parameters

Parameter x < −0.02 −0.002 < x < 0.002 x > 0.02

Weight 0.05 0.88 0.07
µ -0.0315 -0.0001 0.0282
σ 0.01356 0.0092 0.0099

The best GAN models for each variant were selected based on training set results.
Table 17 describes the hyperparameters for each variant.

Hyperparameter NS WGAN MMD
Latent Distribution N(0, 1) U(−1, 1) N(0, 1)
Latent Space Dimension 20 20 10
Generator Architecture G2 G2 G1

Discriminator Architecture D1 D1 D1

Sample Size 640 640 320

Table 17: The NS, MMD, and WGAN GAN model hyperparameters for the best-
tuned models (based on a combination of result metrics) for producing the target
three component GMM.
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The results for the three-component GMM were less convincing when compared to
the two-component mixture presented above. Table 18 and 19 display the results for
the models. It is clear that each model is capable of capturing the mean and variance
of the target distribution well, however, the skew and kurtosis were not accurately
modelled by the generator models. This is indicated by the large distributional
moment scores. When looking at the distributional moment scores only, the NS
GAN trained on 640 samples performed the best. It is interesting to note that
the MMD GAN models were worse at capturing kurtosis when, theoretically, they
should capture the higher order moments within the loss function through the KMEs,
elaborated in subsection 2.2.5. KMEs may be more beneficial for generating realistic
outputs in higher-order domains, such as generating images, when compared to the
1D space.

GAN models trained on a normal latent distribution performed similarly to GANs
trained on a uniform latent distribution, when only looking at the distribution mo-
ment scores. Looking at the results presented in Tables 18 and 19, the test statistic
p-values vary wildly across the different GAN models. These values don’t seem to
correspond to a good distribution moment score.

GAN s Mean Variance Skew Kurtosis
NS 320 0.0003 1.75e-7 0.151 1.0636
NS 640 0.0001 3.45e-5 0.06995 0.0993
NS 1280 0.0002 1.593e-5 0.550 0.086
MMD 320 4.570e-5 2.032e-5 2.431 15.416
MMD 640 0.0004 0.0001 0.7899 4.979
MMD 1280 0.0023 0.0001 2.3917 13.911
WGAN 320 0.0005 0.0001 0.5635 1.4679
WGAN 640 0.0054 0.0002 0.3126 1.8478
WGAN 1280 0.0025 0.0002 0.2094 1.8054

Table 18: The distribution moment scores, as defined in 3.4, for the best performing
MMD, WGAN and NS GANs, trained to produce a GMM in Equation 10, for a
range of sample sizes s with a latent distribution of N(0, 1).
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GAN s Mean Variance Skew Kurtosis
NS 320 0.0003 0.0001 0.0386 2.6482
NS 640 0.0001 0.0008 0.0174 1.6691
NS 1280 0.0009 0.00001 0.1793 0.2916
MMD 320 0.0024 0.0001 0.6197 11.8472
MMD 640 0.0021 0.00001 1.9418 6.2659
MMD 1280 0.0014 0.00004 0.5605 5.1762
WGAN 320 0.0019 0.00002 0.4830 2.5103
WGAN 640 0.0007 0.00001 0.4193 2.2272
WGAN 1280 0.0026 0.00003 0.4015 2.4099

Table 19: The distribution moment scores, as defined in 3.4, for the best performing
MMD, WGAN and NS GANs, trained to produce a GMM in Equation 10, for a
range of sample sizes s with a latent distribution of U(−1, 1).

GAN s KS Value KS p-value CVM Value CVM p-value W distance
NS 320 0.0456 0.7021 0.01258 0.0213 0.0011
NS 640 0.03513 0.4022 0.2063 0.2554 0.0008
NS 1280 0.0686 0.00001 1.2336 0.0007 0.001
MMD 320 0.0762 0.0464 0.5318 0.033 0.0026
MMD 640 0.0679 0.0053 0.7820 0.008 0.0022
MMD 1280 0.0421 0.0216 0.5276 0.0338 0.0028
WGAN 320 0.144 0.00003 1.9841 0.00001 0.0047
WGAN 640 0.2303 3e-7 11.175 3.5e-9 0.0083
WGAN 1280 0.1494 1e-7 10.23 2.72e-9 0.0033

Table 20: Result table showing the Wasserstein distance, CVM p-value, and the KS
test p-value for the selected GAN models, trained to produce a GMM in Equation
10 on a normal latent distribution, with varying training set sample sizes.
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GAN s KS Value KS p-value CVM Value CVM p-value W distance
NS 320 0.0946 0.0061 0.6078 0.0213 0.0027
NS 640 0.2203 1.324e-10 12.553 2.429e-9 0.0145
NS 1280 0.0550 0.0009 1.033 0.002 0.0014
MMD 320 0.1342 0.00001 27.771 1.7541e-9 0.003
MMD 640 0.0678 0.0054 0.9393 0.0034 0.003
MMD 1280 0.0536 0.0013 0.8486 0.0055 0.0015
WGAN 320 0.1103 0.0007 1.0229 0.0021 0.0025
WGAN 640 0.069 0.0044 0.8382 0.0059 0.0016
WGAN 1280 0.0898 2.474e-8 4.191 1.794e-9 0.0027

Table 21: Result table showing the Wasserstein distance, CVM p-value, and the KS
test p-value for the selected GAN models, trained to produce a GMM in Equation
10 on a uniform latent distribution, with varying training set sample sizes.
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Figure 7: The ECDF showing the NS, MMD and WGAN results, trained on different
training set sizes, for the target GMM.
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4 Value-at-Risk with GANs

There are multiple measures that can be used to measure risk in a financial insti-
tution. One of the more popular metrics being Value-at-Risk (VaR). VaR is a loss
that, at a certain level of confidence, we are sure will not be exceeded if the portfolio
in question is held over a defined period of time. It is a quantile risk metric that
depends on the defined confidence level (1 − α) and the risk horizon h. The risk
horizon is the period of time, usually denoted in number of trading days, over which
the VaR is measured.

Currently, almost all financial institutions use some form of VaR as a risk metric,
however VaR has some weaknesses. The BCBS has been revising its market risk
framework since 2012. The result of its fundamental review of the trading book means
there will be a move from VaR to Expected Tail Loss (ETL) 2. ETL, otherwise known
as the conditional value-at-risk, provides an estimate of the potential loss beyond
the VaR level. ETL represents the expected value of the loss that exceeds the VaR
level, given that the loss is larger than the VaR level. It closely associated to VaR
and it is sub-additive which means it accounts for the benefit of diversification across
portfolios or assets. It is simple to calculate once a VaR model has been developed.

An accurate VaR estimation relies wholly on a reliable estimate of the portfolio profit
and loss (PnL) or return distribution. VaR models differ only by the manner in which
the PnL distribution is constructed and consequently, the VaR forecast is heavily
dependent on the model in use. GANs are beneficial as they can be used to enrich
the historical sample set with realistic synthetic returns. This, in theory, allows
for a more reliable return distribution as the GAN approach allows us to deal with
complex, high-dimensional data without the need to make any assumptions about
the underlying statistical distribution. This enriched set of samples can be used in
non-parametric VaR models to, in theory, produce a more accurate VaR forecast.
The GAN can be trained to sample from either the aggregate portfolio returns or
from the individual risk factors. In this dissertation the GAN will be trained to
sample from the stationary distribution of the portfolio return time series.

There has been little research into VaR modelling with GANs. We are aware of two
blog posts, which focus on modelling the aggregated portfolio return, and do not
subsequently backtest their model, and a masters thesis [4] which extends the work to
include conditional and unconditional VaR modelling on a risk factor and aggregate
portfolio level with backtesting. One of the main goals of this dissertation is to
contribute to this work by looking at training the GAN on synthetically generated
returns, using parametric distributions, and subsequently backtesting these models.
A historical VaR model is used as the baseline for comparison with the enriched GAN

2Although the deadline for this move keeps being extended
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sample. By assessing the model performance on synthetic returns, more confidence
can be given to the expected results. Three GAN loss variants are assessed for VaR
estimation, namely the WGAN, the NS GAN and the MMD GAN. The MMD GAN
was not included in [4], [12] or [18]. Our goal is to obtain reliable VaR forecasts at
the 95% and 99% confidence level on an aggregate portfolio level for the synthetically
generated return distributions created in Section 3.4.

In this dissertation, we focus on historical VaR even though it is theoretically less
appealing than ETL as it remains the industry standard until the FRTB is im-
plemented. This section formally defines historical VaR and how the forecast is
backtested. The results for the 1D portfolios are discussed in subsection 4.3.

4.1 Historical Value at Risk Definition

In this section we set up the notational framework, following [15]. We shall assume
that VaR is measured at a portfolio level. As mentioned in 4 VaR is a quantile risk
metric that depends on the defined confidence level (1− α) and the risk horizon h.
The value of the portfolio of risky assets at time t is denoted by Vt. If we consider
a period [t, t + h] then the actual profit and loss over this period is

△Vt = Vt+h − Vt.

There are many different methods to estimate VaR. For this dissertation, only un-
conditional historical VaR models will be considered. This model enables one to
estimate the stationary distribution of the portfolio PnL, relying on the assump-
tion that the portfolio returns follow a stationary time-series, and to calculate the
corresponding VaR quantile.

Historical simulation is completely data-driven. It does not require any apriori
distributional assumptions. It is easy to implement as it uses historical returns to
form an empirical distribution for the portfolio profit and loss. The corresponding
quantile of the ECDF is seen as the VaR estimate.

More formally, historical portfolio values {Vt, Vt−h...Vt−mh} are used to find the sim-
ulated value for the portfolio return xj at t + h

xj =
Vt−(j−1)h − Vt−jh

Vt−jh

,

for j ∈ {1, 2...m} .

The historical VaR at a certain confidence level (e.g., 95%) is calculated as follows:
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1. Sort the historical returns in ascending order:

x(1) ≤ x(2) ≤ . . . ≤ x(m)

2. Determine the index j such that the j-th percentile corresponds to the desired
confidence level. For example, if the confidence level is 95%, then j = 0.95×m.

3. Calculate the historical VaR:

VaR = −x(j)

Here, x(j) represents the j-th percentile of the historical returns. The negative sign
is used because VaR is a measure of potential loss.

It’s important to note that historical VaR has limitations, such as its sensitivity to
the time period chosen and the assumption that historical returns are representative
of future returns. Additionally, the choice of the confidence level determines the
level of risk that the VaR is estimating. In the case above α = 1− j

m
.

4.2 Backtesting VaR

Backtesting a VaR model is evaluating the model’s accuracy. It is a formal statistical
framework that verifies whether or not estimated losses are in line with the actual
losses. This is done by comparing the history of VaR forecasts with the associated
portfolio returns over the testing period.

The aim of backtesting is to identify whether the actual losses exceed the expected
losses at a given level of confidence. A breach is when the actual loss is above the
expected level. The percentage of breaches should not exceed α. In other words, at
a (1 − α) confidence, breaches should occur less than α of the time. When there
are more breaches observed than expected, this indicates the model is not estimated
properly and underestimates risk.

Definition 4.1 (Historical VaR Breaches). Historical VaR breaches are defined as
the number of observations in Q that are smaller than the target sample’s, Px,
historical VaR quantile xj, calculated as described in 4.1.

B =
Q[x̂ < xj]

t

With Q = {x̂1, x̂2...x̂t} .
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4.3 Evaluation of Results

This dissertation considers fictitious portfolios that have one-period returns and that
are distributed according to a normal or a GMM distribution. The VaR for these
portfolios is assessed at a 95% and 99% confidence level. The enriched sample set is
compared to the results for the corresponding historical VaR estimate.

The historical VaR tests are completed using a randomly drawn, 252-size sample
set from the target distribution Px. The target distribution’s historical VaR is not
constant as it is recalculated each run so there is some random sampling error. The
target sample is used to find the quantile xj that is used to calculate the number of
breaches with regards to the calculated VaR estimate from the various GAN models.
The various GAN model VaR estimates are made using a sample set of 10,000 from
Q. The historical VaR estimate is calculated using the methodology discussed in
subsection4.1 and the number of breaches for each GAN model is calculated as
discussed in 4.1.

4.3.1 Normal Distribution

The VaR breaches for the generated normal distributions are presented in Table 22.
Most models performed in line with expected breaches. The MMD GAN trained
on 640 samples was not able to capture the tails correctly and consequently under-
estimated the risk at the 1% percentile. The best performing GAN model, with
regards to VaR, was the NS GAN. The results in Table 23 were less promising and
performed in line with the historical VaR estimate. When looking at the results in
their entirety, it does not seem like GAN models would be a beneficial addition to a
historical VaR model as the results are often unpredictable and perform very sim-
ilarly to historical VaR in most cases. Historical VaR is much easier to implement
than a GAN model, as discussed in subsection 2.3.
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GAN s Hist 5% Hist 1% GAN 5% GAN 1%
NS 320 3.17 0.39 5.15 0.39
NS 640 4.76 0.39 6.75 1.98
NS 1280 3.96 0.79 5.95 1.19
MMD 320 3.57 0.39 3.96 0.39
MMD 640 4.76 0.39 3.174 0.2
MMD 1280 5.55 0.79 6.34 1.19
WGAN 320 5.92 0.1 3.57 0.39
WGAN 640 9.12 0.79 8.33 2.38
WGAN 1280 3.96 1.19 3.57 0.79

Table 22: The historical VaR percentage breaches compared to the GAN model VaR
breaches for the target normal distribution. GAN models were trained on a normal
latent distribution.

GAN s Hist 5% Hist 1% GAN 5% GAN 1%
NS 320 3.57 1.19 2.38 0.39
NS 640 4.76 1.19 12.69 4.36
NS 1280 3.17 0.0 5.15 1.58
MMD 320 5.92 1.58 2.77 1.19
MMD 640 5.95 1.58 2.384 0.79
MMD 1280 7.14 2.90 10.31 4.76
WGAN 320 7.14 1.98 2.77 0.0
WGAN 640 3.17 1.19 1.58 0.79
WGAN 1280 9.12 1.77 6.34 0.79

Table 23: The historical VaR percentage breaches compared to the GAN model VaR
breaches for the target normal distribution. GAN models were trained on a uniform
latent distribution.

4.3.2 Three-Component Gaussian Mixture Models

Only the three-component GMM is tested for VaR. The results are presented in
Tables 24 and 25. As in subsection 4.3.1, the results, when compared to the historical
VaR models, are quite disappointing. There is not a clear outperformance for the
GAN generated samples versus the historical samples, in most cases the GAN model
performs in line with the historical model in Table 24, however in Table 25 the GAN
models perform worse than the historical VaR models.
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GAN s Hist 5% Hist 1% GAN 5% GAN 1%
NS 320 4.8 0.8 4.8 2.8
NS 640 4.4 1.2 6.0 1.2
NS 1280 3.6 2.4 3.6 2.4
MMD 320 4.0 0.4 4.0 1.6
MMD 640 3.6 1.6 3.2 0.4
MMD 1280 4.8 1.6 3.2 0
WGAN 320 2.5 1.56 4.0 2.0
WGAN 640 4.4 1.2 2.8 1.2
WGAN 1280 6.0 0.8 6.0 1.2

Table 24: The historical VaR breaches compared to the GAN model VaR breaches
for the target GMM distribution. GAN models were trained on a normal latent
distribution.

GAN s Hist 5% Hist 1% GAN 5% GAN 1%
NS 320 3.2 1.6 5.2 3.6
NS 640 4.8 0.8 0.8 0.0
NS 1280 5.6 2.0 4.8 0.8
MMD 320 4.4 0.0 4.8 0.0
MMD 640 4.8 0.0 8.4 3.6
MMD 1280 4.8 1.2 4.4 0.0
WGAN 320 7.6 2.0 4.8 2.4
WGAN 640 2.8 2.0 3.2 2.0
WGAN 1280 4.4 0.8 7.6 3.2

Table 25: The historical VaR breaches compared to the GAN model VaR breaches
for the target GMM distribution. GAN models were trained on a normal latent
distribution.
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5 Conclusion

The aim of this dissertation was to present the GAN framework in an accessible
way as well as to apply GANs to the familiar financial scenario of VaR estimation
for a 1D portfolio of returns and in doing so, assess whether the GAN models
were able to adequately capture the statistical features of these 1D distributions.
We first introduced the concept of implicit generative models and then went into
an in-depth discussion on the GAN framework and the various loss variants that
were selected for investigation. This section highlighted the ability of GANs to
approximate probability distributions by being able to model the sampling process.
This feature makes GANs attractive for tasks where we want to draw a large sample
set from the target distribution and are not necessarily interested in the probability
distribution itself.

High dimensional applications of GANs have been thoroughly researched, partic-
ularly natural images - this dissertation focused on one-dimensional applications,
which are less common in prevalent research. We began this study by evaluating if
the various GAN models could accurately generate a fictitious portfolio of returns.
The 1D parametric distributions chosen were a normal distribution and two GMMs.
Some models were relatively successful, however, it turned out to be incredibly dif-
ficult and tedious to find a set of hyperparameters for each model such that the
resultant GAN could capture the distributional moments accurately. Using these
GAN models, this dissertation introduced readers with the concepts and practical
implementations of GAN variants to generate these 1D distributions. Five GAN
loss variants were introduced and three of these models are practically implemented
to estimate VaR. The GAN estimates were compared to more traditional VaR es-
timation techniques and all models were backtested. It was clear that some GAN
models were able to capture the target 1D distribution, and consequently, these
models performed comparably to historical models when used for historical VaR
estimation.

The training procedure for GANs highlighted the strengths and weaknesses of this
framework when applied to a low-dimensional settings. These models are very dif-
ficult to train and difficult to assess when not using a defined parametric target
distribution. They lack a defined method for choosing hyperparameters in a robust
way which makes it difficult to efficiently apply the framework. The models are,
additionally, very sensitive to slight changes in hyperparameter choices which means
slight variations could lead to inaccurate estimations of VaR. This is a large risk for
practitioners looking to employ this methodology.
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A Appendices

A.1 Code

For all code used please refer to the GitHub Repository. Code was developed by
Rachel Swallow in Python using PyTorch [17] as the machine learning framework.

A.2 GAN Architectures

A.2.1 Generator Models

Generator(

(gen): Sequential(

(0): Linear(in_features=1, out_features=7, bias=True)

(1): ReLU(inplace=True)

(2): Linear(in_features=7, out_features=13, bias=True)

(3): ReLU(inplace=True)

(4): Linear(in_features=13, out_features=7, bias=True)

(5): ReLU(inplace=True)

(6): Linear(in_features=7, out_features=1, bias=True)

)

)

GeneratorLeak(

(gen): Sequential(

(0): Linear(in_features=1, out_features=7, bias=True)

(1): LeakyReLU(negative_slope=0.01, inplace=True)

(2): Linear(in_features=7, out_features=13, bias=True)

(3): LeakyReLU(negative_slope=0.01, inplace=True)

(4): Linear(in_features=13, out_features=7, bias=True)

(5): LeakyReLU(negative_slope=0.01, inplace=True)

(6): Linear(in_features=7, out_features=1, bias=True)

)

)

Generator2(

(gen): Sequential(

(0): Linear(in_features=1, out_features=128, bias=True)

(1): ReLU(inplace=True)

(2): Linear(in_features=128, out_features=248, bias=True)

(3): ReLU(inplace=True)
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(4): Linear(in_features=248, out_features=496, bias=True)

(5): ReLU(inplace=True)

(6): Linear(in_features=496, out_features=992, bias=True)

(7): ReLU(inplace=True)

(8): Linear(in_features=992, out_features=1, bias=True)

)

)

Generator_z2(

(gen): Sequential(

(0): Linear(in_features=20, out_features=128, bias=True)

(1): ReLU(inplace=True)

(2): Linear(in_features=128, out_features=128, bias=True)

(3): ReLU(inplace=True)

(4): Linear(in_features=128, out_features=128, bias=True)

(5): ReLU(inplace=True)

(6): Linear(in_features=128, out_features=1, bias=True)

)

)

A.2.2 Discriminator Models

Discriminator(

(disc): Sequential(

(0): Linear(in_features=1, out_features=7, bias=True)

(1): LeakyReLU(negative_slope=0.2)

(2): Linear(in_features=7, out_features=13, bias=True)

(3): LeakyReLU(negative_slope=0.2)

(4): Linear(in_features=13, out_features=7, bias=True)

(5): LeakyReLU(negative_slope=0.2)

(6): Linear(in_features=7, out_features=1, bias=True)

))

Discriminator2(

(disc): Sequential(

(0): Linear(in_features=1, out_features=512, bias=True)

(1): LeakyReLU(negative_slope=0.2)

(2): Linear(in_features=512, out_features=256, bias=True)

(3): LeakyReLU(negative_slope=0.2)

(4): Linear(in_features=256, out_features=128, bias=True)

(5): LeakyReLU(negative_slope=0.2)
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(6): Linear(in_features=128, out_features=1, bias=True)

)

)

A.2.3 Encoder and Decoder Models

Encoder(

(model): Sequential(

(0): Linear(in_features=1, out_features=11, bias=True)

(1): ELU(alpha=1.0)

(2): Linear(in_features=11, out_features=29, bias=True)

(3): ELU(alpha=1.0)

)

)

Decoder(

(model): Sequential(

(0): Linear(in_features=29, out_features=11, bias=True)

(1): ELU(alpha=1.0)

(2): Linear(in_features=11, out_features=1, bias=True)

)

)
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