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Preface

Shell structures have a wide range of application in engineering construction. Examples
include tank closures, roofs and marine structures. Due to the thinness typical of shell

structures, buckling is often the governing failure mode.

Buckling analysis of shell structures provides a challenge for engineers. Research in the area
of shell stability has been done for nearly one hundred years. Cases where close-form

solutions are available are limited to rather simple problems.

Today, the finite element method (FEM) is widely used to determine the critical buckling
load. The main problem associated with the use of the FEM is to find an appropriate initial
imperfection for this type of analysis in order to obtain a good estimate of the real buckling

strength of the structure.

Shell structures made out of steel are frequently constructed by joining curved plates together.
Due to the fabrication process, imperfections occur, and these have a significant influence on
the buckling behaviour of the shell structure. Welding causes a systematic imperfection due to
the shrinkage of the weld during the cooling process. Past research on this effect has
investigated cylindrical shell structures under axial loading and conical shell structures under

hydrostatic loading.

The purpose of this thesis is to give first a brief review in the area of shell stability with
special focus on the effect of imperfections due to the welding process on the buckling
behaviour of shell structures. The finite element method is then reviewed with special
attention to linear and nonlinear buckling analysis with the finite element method. Finally,

the finite element method is used to investigate the effect of a circumferential weld depression

on the buckling behaviour of a clamped and hinged spherical cap.
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The thesis that has been undertaken consists of the following chapters.

Chapter 1 gives a literature review of the development in the field of shell stability analysis
with a special focus on spherical shell structures. Different imperfection shapes due to the
manufacturing process and their influence on the buckling behaviour of shell structures are

reviewed.

Chapter 2 gives a brief introduction of linear and nonlinear finite element analysis. Special
attention is given to the analysis of shell structures with finite element methods. An overview

of different types of shell elements is given.

Chapter 3 discusses the analysis of shell stability with the finite element method. Linear
(bifurcation) and nonlinear buckling analysis with finite element methods are described and

discussed.

A bifurcation analysis with finite element methods of a hinged and clamped spherical shell is
. carried out in Chapter 4 and the results are compared to the theoretical solution described in

Chapter 1.
The effect of a circumferential weld on the buckling behaviour of a hinged and clamped
spherical cap is investigated in Chapter 5. A nonlinear finite element analysis is carried out.

The modelling of the weld with finite elements is described in detail.

Conclusions and recommendations for further investigation are given in Chapter 6.
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Chapter 1

Chapter 1

Literature Review

I.1. Introduction

Shell structures find wide applications in many different branches ol engincering. Exatnples
include cooling tower, steel silos, roofs. pressure vessels and steel tanks [Fligae (1973),

Catladine (1983), Zingoni [ 1997)].

Most shell structures are thin, Hence buckling 1s often the controlling {aiture node.
Shell structures often have a complex post-hueckling behaviour, It i3 therefore impaortant that

their buckling behavionr is properly understood.

Shell structures made oul of stec! are frequently constructed by welding curved plates
gether. This welding conslitutes an imperlection in the otherwise smooth surface of (he
shell, and artracts additional stresses, which greatly mfluences the buckling behaviour of the
shell structure. Investigations on the elffect of welding on the buckling behaviouwr of shell
structures has so far only been done on evlindrical and conical shells and research in this area

is stitl ongoing,

As exaet analytical solutions Tor buckling problems are limited 1o rather sinple cases,

numerical methods (e.g. the finite element method) are generally adopted.
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1.2, Backeround, Shell Definition and Thinness Criteria

Shell structures have @ wide tange ol apphications in engineering. For example, Architecture
and Buwilding, The construction ol dumes for lermples. cathedrats and other buildings were the
earhiest fomm of shell structures. Historcal examples include the Pantheon of ancient Rome,
huilt arsund 2000 years ago, and the Hagia Sophia of Constantinople, which s approxinuitely

1500 years old [Zingont (1997)].

Many ubjects were constructed long before there were any theorclical investigalions on shell
structures, The early engineers bl smrall-scale models and did overload tests. From these
investigations they could see the advantage ol shell constructions is their high strength-to-

weisht ratio,

Shell structures have been theoretically sludied [or more (han one hundred years. Starting

with Aron (1874) and Love (1858) [Timoshenke (1953}

‘IThe essential geometric property ol shell structures (hat distinguishes them from other
struclural furms s the possession of both surface and curvatire [e.g, Calladme (1983)]. Tlas

connbination gives shell structures their characteristic strength and stiliness.

A shell may he considered a3 g celabively thin structural element in which the material of the
clerent is bound between two curved surfaces, which are a relatively soall distance apart.
The behaviowr of a shell struclure 1s usually mosdelled ou the hasis of s middle surface.

which i the locus of interior points equidistant [rom the rwo bounded surfaces of the shell,

The theory for the analysis ol shell structures is divided into two sections, thin-shell theory
and ihick-shell theory, The criteria which classifies a particular shell structure as either thin
shell or thick shell 15 ils g-ralio, whore ¢ s the thickness of the shell and # the mimumn
radius ol curvature of the middle surface of the shell. The cut-olT point hetween thin and thick
shell varles in literature between =110 [Goldherg ef afl ( 1974)] and #4130 [ Viasow

{ 19441].
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Muost of the shell striuctures in practical applications have a ¢ -ratio between 1/2000 and 1750
and can therefore be reparded as thin shells. Hence buckling 1s ofien the controlling failure

mode.

In this chapter a literature review of the development in the stability analysis of shell

strrctures, with a special Tocus on spherical shells and the influence of imperiections due to

the manufacturing process, 15 given.
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1.3. Buckling of Shell Sirnclures

1.3.1. Introduction

Compared to the postbuckling behaviour of beams und plates, most shell structures have a
“bad" post-buckling behaviour. *Bad” post-buckling behaviour implhies that shell structures
collapse totally il the critical load is reached (Figure 1.1). Hence il is necessary to determine

the critical buckling load.

prebuckling stare pustlboc klime stte
ole »
| 1
loaad PG
beam
shell
detlection

Fig. 1.1: Comparison beam, plate and shell structure
The first shell buckling problem solved was a evlindrical shell under axial loading [Lorenz
(1908)]. Robertson (1929), Flilgge (1932 and Lundguist {1933) did tests on the buckling
hehaviour of cylindrical shelis, They found that the real buckling loads of cylinders, under
axial load. are much lower than the classical buckling loads, Experimental buckling loads as

lovw as 30 25 of the clussical Toad are nol uncommon.

The investigation of [actors (c.g. Imperfections, plasticity) responsible for this discrepancy
between the thearetical and the expertmental buckling load led 10 an ecnormous amount of

rescarch into shell buckling during the later part of the 20 century.
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1.3.2. General Considerations on Buckling

The objective ol a buckling analysis is to estimate the maximum load that a structure can

support 10 compression belove it becomes unstable or before it collapses.

There are two difTerent types of buckling analysis:

e classical (hineard hbuckling analysis

»  nontlingar bock ling analysis

1.3.3. Classical Buckling Theory

Classical buckling analvsis is also known as “ifurcation”™ analysis. It caleulates the load

untder which the structure’s primary load deflection path, which is a straight line for linear-

glastic static analvsis, 1s bifurcated by a secondary load deflection path (Fizore 1.2).

load

- point of ilurcatien

secondary path

primary path

>

detlection

Fig. 1.2: Bilurcution phenomenon

Within the classical buckling theory, there are two different ways to find out whether the
structure is stable or not [e.g. Fligee (1973)]:
« the energy method

¢ the method of adjacent equilibrium
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1.3.3.1. The Lnerzy Method

A structure 15 loaded and has therefore g basic deformation and a basic stress system. Then an
additional small deformation is applied which results in additional strain and theretore with
additienal stress mthe structure. For applying an additionad deformation energy 15 needed.

This encrpy can be divided into two parts:

o the work that must be done against the external foree

+ ncrease i strain energy due to additional strain

The additional delormation Runetion is varied by multiplyving it with a factor (e.g, 2) . Then
the vanation of the potential encrey ALL is written as a power scrics in terms of this factor,
The Jinear term must always be zero because of the “principle of virtual displacement”™

(therwise the stress and the strain would not be in cquiliboium.

The next term of the power seres 1s the quadrtic term { A2 ). This term of the varation of the
potential energy 1s always positive, H the basic load is small enough. Only additional force,
which can do work can then supply Lhe required energy. Hence no other deviation can occur.
The structure 15 stahle, If the critical basic Inad is reached, the term is vanishing and
displacements can occur spontaneously, The structure 15 indifferent {neutral stabilily). 10 the
load 15 ingreased bevond the eritical load, the term 15 negative. Encrgy will be sel fiee as

kinetic energy, The structure 15 unstable,

stahle indilferent unstablc
Al =10 AT 8 AlL=0

Fig. 1.3: Variation of A2

f
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1.3.3.2. The Method of Adjacent Equilibrinm

Applving the methed ol adjacent equilibrium starts with the same intial conditions as
applying the encrgy method: the structure is loaded and bas therefore & basic stress system

and a4 basic defonnarion.

The elastic equilibrium is then agam distirbed by a small deformation. A force 1s needed to
produce tus deformaton. If the addibonal force is removed and the deformation produced by

thiz force dininishes. the structure is stable.

If the additional deformution produced by the addivonal foree remains the same after

removing the additional lorce, then the structure 15 indifferent.

[fthe deformation increases withow applying additonal foree, then the structure 15 unstable,

The elustic equilibrinn always remains stable if the basic Joad is small enough [v, Mises
{1923}]. The smallest value with which the equilibrium stays stable 13 culled the eritical

fuckling load,

1n arder to find the ¢ntical buckling Toad, the differential equations ave formulated for the
disturbed equilibrinm without a disturbing load. The differential equations contain also the
terms for the undisturbed equilibrium and the terms with the additional stress due to disturbed
shell strueture. The applied disturbance is infinitesimal small, henee the additional terms are
small, Additional terms result from the fact that the basic forces are now acling on a defornmed
system. Both groups of addittonal terms are proporiional o the disturbance. These terms must
add up Lo zero since the condition of the cquilibrium is salisfied withoul these teems. The
huckling problem can now be deseribed as 4 sel of homogeneous linear differentiul equations,
since Hooke's Jaw expresses a linear relationship between the stress und the displacement.
These homogeneous linear dilTerential equations can be solved by finding the eigenvalues of
these equations. Therefure the classical buckling theory is olten called eigenvalie buckiing

theory.
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1.3.4. Lincar Buckling of 2 Spherical Shell 5ubjected to Radial Uniform Pressure

The buckling problem of a complete spherical shell (Figure 1.4) was first solved by Zoelly
{19132). He vsed the exact cquations [e.y, Flitgge (1973)] and did not make use of the
shalfownesy | Marguerre (1938)] of the shell.

|
NI

Sa rd

e ¥ o
t

—7 .
s S

Fig. 1.4: Spherical shell

Fven 1f s spherical shell cannot be reparded as a classical shallow shell {e.z. i the case of a
complete shell), the shallow-shell theory can stll be apphied. A sphenical shell may be detined

as shallow if the ratio of the rise 11 to the diameter 13 is less than 1/5 [Zingoni { 1997)].
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Fig. 1.5: Shallow shell thears

The complete spherical shell can be divided into two shallow caps (Parts A and a noo-
shallow frustum {Part B} as shown i Figure 1.5, Assuntng that only the shallow parts buckle

while the non-shallow parl remains stable, then shallow-shell theory can be applied.

Using the shallow shell theory, the coitical buckling load can be calculated as follows [Kallar

and Dulacska (1984
The equilibrivm and compatibility equations ol a general shallow shell in the x,v,z- Cartesian

coordinate system are [Wlassow {1938)]:

BAAwW-L F=p

AAF + T(1—0 )L, w0

wilh;

and the Laploce and Pucher dillerential operator:

=

X

(1.1}

(1.2)
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where:
W = buckling deformation perpendicular to the shell surface
F = gtress function
B Et’ = hending stiffiness of the shell
e I R — = NESS Q 18 501
12(1—07) §
, Er r .
= o = tensile stiffness of the shell
-
E = Young's modulus
N = Paisson’s ratio
{ = shell thickness
p = umiform pressure

The membrane lorees are the second derivatives of the stress function #-

R
= f , (1.3)
v
‘é—j—f' = (1.4)
-'*JEF
;@ ==, (1.5)

10
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In the case of a sphercal shell with the z-axis pointing toward the center of the spherical shell.

the membrane forces of the pre-buckling state are [Piger (1951 1:

. =1 {1.6)

H, =R, = —— {1.7)

where:
p+ = radial uniform pressure

# — radivs of the shell {(Figure 1.4)

Eltminating £ from cquations (1.1) and (1.2) leads to the following equation:

BAw T( - v w=Ap] (1.8}

where:

p. = incremental load arising during buckling

perpendicular to the shell surface
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In the case of a spherical shell:

&z 2%z 1 .
= = 1.9
ot fyt R i
o'z
=0 1.10
P (1.10)
hence:
108 . &Y% |
L =— - =—4A 1.11
! RLE‘J‘ &y’ J R ()

The incremental load p; arising during buckling is the product of the change in curvature Aw

andl the mternal force (1.7):

2 P
;;,=—%H—T+‘:’:—‘ﬂ=—ff£ (1.12)
Lot gy 2

Substituting all expressions into cquation (1.8) gives the following expression:

(1.13)

= _ﬁ &1 W

; 1
BA w— 4L T ) Aw=
R 2
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Assunming lor a simple reticulated paitern for w as shown in Figure 1.6

W=, sin%xsinfiy (1.14)

T ¥

where £ and £, are half of the wavelengih in the x and v direction respectively,

the equation for the entical pressure p... is obtmned a5 [ollows:

i l=pl)
 —=BriC+ 1.15
Padg SRS I R
where: C= l., t 12
Bl
& @ %
_:;E\ S -3
Hi “@ %
B
L & & i
¥ '
& @ 2

»

Fig. 1.6: Reliculated pattern
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Differentiating p,, with respect to C and equating the derivation to zero results in:

| ,'ITH i}
'V BR®

(1.16})

The buckling shape 15 indeterminate since the eguation (1, 16) 15 not dependant on the
assumed pattermn w, This buckling behaviour 1s simalar 1o that of a eyhndrical shell under axial

load and 1s called conmpaund-buckiing ar smilii-made buckiimer behaviour,

Substiluting equation (1, [6) inlo {1 13) gives the well-known expression the linear entical

buckling pressure p.- ol an eotire spherical shell:

L (1.17)

Assuming an asymmeliric buckling pattern leads to the same eesull [van der Neat (1932},

14
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1.3.5. Nonlincar Buckling Theary
1.3.5.1. Introduciion

Lxperiments on the buckling behaviour of spherical shells have shown lower loads for the
critical buckling lead compared to the classical buckling theory. Krenz and Kicrnan (1963)
have investigated "near-perfect” spherical shells and found a critical buckling of 80%, - 86%
of the linear buckling load. Te explain this discrepancy between the linear and experimental

eritical buckling load the nontingar buckling theory was developed.
1.3.5.2. Nonlincar Buckling Theory of Spherical Shells

The nonlincar buckling theery takes furge deformations into account. The method is based on
the energy wethod desertbed in 13310 Tt is possible to deseribe the buekling process from
the undeformed state up te several of the shell thickness by taking alse the second powers of

the first derivation of the displacement w, perpendicular to the shell surface mto account.

This caleulation for o complete spherical shell was first performed by Karman and Tsien
(1939 They assumed the shape of the buckling pattern, characterising its extension by a free
parameter, with respect to which they minimised the load at every loading step. The lowest
point of the post-critical tead-displacement curve for a complete spherical shell was found to

he:

1

llt;rn'.r.l'ul'\qr :D.EGSJ&;{__—. fﬂ]- U':[} {_[.18}

or

This s 0.3 1 times the linear eritical buckling load described in 1.3.4.
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Later Tsien (1941) improved the accuracy of the caleulation by refining the solution

procedure and tound:

ks

pire IR E ;1 for ¢2=0 (1.19)

which is 0027 times the linear enitical buckling load.

A more general theory for nonlinear buckling of shell structures was given by Konter (1943,
1963). He applied a vananonal principle of potential energy to obtain equations characterising
cquiithriam in the prebuckling and mitial postbuckling regimes of a shell structure with a
multiplicity ol buckling modes associated with the eritical buckling Joad, These equations are
it the lorm ol simulianeous nonlingar, algebraie equations relating the magmiude of the
exfermally apphed load 1w the deflections in the vanous buckling modes, The magnitude of

assumed geometrical imperleetions also appear.
Koiter's theory for multimode buckling can be formulated as tollows:

(Generalised stress. strain and displacement fields are denoted by o, & and « respectively.
The magmitude ol the applicd load system is taken 1o be direetly proportional to the load

parameter A .

The potential energy expression for the structure 1s comveniently wrilien n the compact

larm
e o' e = 7B (u) (L.2{h

where the stresses and strains are caleulated form the kinermatically admissible

displacement field . Here |, .r:"} donates the internal vinual work of the stress tield o

L&
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trough the strain field & and 2 # (i) is the work of the applied foree ficld of intensity A

through a displacement « of the structare.

Consudering only structures which can be adequately desenbed by nonlinear siraim-

displacement relations ol the foen

g7 [ﬂ}+%£2(u] (1.21)

where £ and Ls are homogencous funciioms which are limear and quadraue, respectively,

in i, The stress-stramn relations arc assumed to be lincar and are written svmbaolically as
Fmidtte] (1.22}

where £/; 15 a linear, homogeneous function of the strain components,

A mioal deviation & of the unloaded structure fvom the perfeet (o is called the iniraf

imperfection, In the presence of such imperfection, the stram ansing from an addittonaf

displacement i 15

a‘:L,{u}+—15£.z(u}*L,,{u,E] (1.23)
where L. (@)= L {if,u) is the bilinear, homogencous function of ¢ and # which
appears in the identity L,(n -7 )= £.00)- 220, i)+ 2,07 ],

It is assumed rhat there are several inearly dependent buckling maodes uf:l\’,u:_?“._...,u_

associated with the critical value of the Toad parameter A The compleie displacement of

the structure 1s witten guite generally as

w=2Au ~ ¥ & ul+i (.24
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where Aw s the prebuckling displacement of the perteet structure subject o Lhe exlenal

load intensity comesponchng Lo A . For the spherical shell under radial umitorm pressure,

}

this is just & uniform radial displacement, Lach of the modes o s taken orthogonal (o

ome another and each 15 orthogonal o 1

The orthogonality condition s
¢ ki T g . . )
‘{CF,:,.L”{H':.:I,HL['J};TO Bkl [1.25]

where &, = H [I, (i, )]. Tmperfections in the form of the buckling mode may result in

significant reduction of the buckling strength of the structure; thus

5= & u (1.26)

15 taken as imtial impertection.

Now, the potential energy is evaluated using the expressions [or v and & with equation

{1.22) to {1.24) and the orthogonality conditions {1.25). The resull is:

N o vy n
1 = const E[A A, }Zc }tﬁl__f_.?(ui 1)}

e (S Sega )

—terms of order &5, 857 (1.27

where 57" = H| [I,I (uf,”H_ Only terms up to and including the third powers of the & and
impertection lenms such as &£ are displayed. This expression for a “guadratic structure™ 15
eiven by Koiter (1963, [11s noted that @ docs not appear in the tormulation of the

potential energy since 1L coniribules to quadratic but not cubic lerms in & .

ls
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The potential enerpy formulation in the truncated Tonm given here can provide an ageurale

description ol the structure’s response only 50 long as the £ and aperlections £ are

sufficiently smalt to ensure that the terms neglected are small compared 1o those retained.

Lguilibrivm equations relating to the & o the load parameter A are obtained from the

requirement that the lirst variations of the polential cnergy weth respect to the £ vanish,

The resulting equations are

‘5‘_, fri=1.2.3,... (1.28)

Finally, the senerdlised load-detlection relanwn for a perieer mulimode structure can be

obtained from general theory:

2],
B[u A ‘.'1 SN 1) ]'] -

aF

where, [rom equation {1.200, Bt represents the generalised displacement through which

the exterual loading system acts, and where a, = A i,
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L4. Buckling of a Spherical Cap
L.4.1. Introduction
Spherical caps have a wide range of applications in engineering. Examples include roofs, tank

closures, pressure vessels and submarine structures, The geometry of a spherical cap is

deserbed as @ parl of a full sphere (Figure 1.7).

1

Fig. 1.7: Spherical cap

With H being the height, B the radius, v the base radius, tthe thickness of the sphericaf cap

and ¢, is the value of the meridial angle ¢ at the edge,
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1.4.2. Linear Buckling of a Spherical Cap Subjected to Radial Uniform Pressure
The buckling hehaviow of a spheneal cap depends on the boundary conditions of its edge.

Considering a cap which is supported n accordance o the membiane ireory (Iigure 1.7 and

1.5} the shell can only undergo compression withour bending.

Fig. 1.&: Membrune theomy suppaort

The shell hehaves like a full spherical shell {see 1.3.4.). In this case, the lnear eritical

buckling load is:

; 2 i
R T (1.30}
yii-vl) K
f =radius of the cap (Iigure 1.7)
! — shell thickness
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1.4.3. Nonlinear Buckling of a Spherical Cap Subjected to Radial Uniferm Pressure

[n enginecring applicativog, 1§ 15 usnalby tpractical 1o provide a membrane-theory compliant
support, Most caps have either hinged or clamped edues. 1 the cdge of the capas clamped
{(Figure 1.9 or himged (Figure 1,10} the shell undergoes beading delormation before buekling,

even (f the shell 1s perfect.

Fig. L.%: Clamped spherical cap

Fig. 1.10: Hinged spherical cap

a2



Chapter 1

In some cases the bending deformation has the same character as the buchling deformation.
lence the shell buckles at a lower critical buckling load compared Lo the Timear cntical
buckling load, In other cases the bending deformation 1s opposile o the buckling deformation.
Llence the shell buckles at a bigher critical buckling load compared Lo the linear critical

buckling load (Figure 111 and 1.12).

The behaviour depends on the following expression [Kollar and Duldeska (1984

=343 -0 ‘il-— (1.31)

with:

11 = height of the cap (tgure 1.7)

Plotting the snapping load ol the perfect sphencal cap based on the numerical results from

Thuarston (196 1) against the parameter A leads o the [0llowing graph:

LppaT lower
Iy P..

a&r '
P P
]
1.0
Clamped, |
pupplr 1 ——— ___,_...-
‘ IF,J Hinged, F"W"
0.5 -
; .’
\\Qd? plﬂ'ﬂ'ﬁ'
A=zvan-~:?}\/ﬂ_
2 T A
0 5 10 15

Fig. L. 11 Snapping loud of the perfect spherical cap [Kolldr und Dulicshu (1984)

The curve of p!™™" for the elamped cap is oscillating. The curve is lower then | when the

bending deformation and the buckling detormation have the same character. If the bending
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delormation and the buckling deformation have opposite characters the curve can be hipher
than 1, The curve Loy the inged cap hes Tower than 1, but shows the same characteristics

{(Figurc | L] and 1.12}).

!-n—l-f -
i Bpend P Bpuckt
am_ # _:_‘-—""'_—___-—'—""*--.]I
L LTS N o T o -1 :
T ]l | -'J | ""--—..._.—--"#_
13 L —-=-""'"'"“\]i_. £, 13 %L
0 p b 0 { @

Fig. 1.12: Chaope in slope of the bending and buckling deformation | Kollar and Dhilacska { 1984}

Fven il the spherical shell bas a perfect geonietry, it still behaves like an imperfect shell,
because of its boundary condition. When calculating the hinear eritical bucklhing load (sce
1.3.1) a membrane state of siress 1s assumed. In 4 clamped or inged cap hending stress also
occurs, Therelore the results [rom the linear buckling theary do not correlate with the results

fromn numerical nonlinear solutions where the bending deformation s also taken into account.

However, these mvestigations give still ngher values [or the critical buckling load than
experimental results on “near-perfect” sphencal caps, In order 1o explain this discrepancy
between the theoretical and experimental results Budiansky (1964 and later Thurston and
Perming { [966) have waken an initial imperfection into account, They described the
deformation of the sphencal cap by the nonlinear theory and assumed an axisvmmetrie

bucklhing maode.
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These investigations were only based on axisymmetde buckling shapes. althongh
cxperimental investigations showed that the spherical cap often buckles asvmmetrically

Schidt (1986}]. Hence, theoretical investigations were done to find cut when the

axisymmetric deformation bifurcares into an asymmetric mode. Lhis problem was first solved
bv Huang (1964) and later by Weinitschke (1963}, They have combined the nenlincar
axisymmetric deformation theory with the linear eigenvalue buckling theory, The results from
these investgations are plotted against 4 for the clamped spherical shell m Figure 1013 and
lor the hinged spherical shell in Figure 1,14, In this case # 15 the circumterential full-wave
itniber of the asymmetric mode, The axisymmetric results (Trgure [ 1y are plotted 1o dashed

lines to facilitate hetter comparison,

P,
Plr
F
12 Y
1.0 I ¢ 'T::\' r
Symmetric
2 =n
05 /
Lﬂsymmetric
&
A=2VEoD
0 + - A
0 5 10 15

Fig. 1.13: Critical lJoad pertaining m asymmetric buckhing (clamped cap) (Kollir aod Dulbcska @ %684]]
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pr:lr
PiE
4
1.0 - e
Symmetric J i
T T
05 — 2 .'3 4 5 E!l._?=n
| Asymmetric
F
A:zv’su-vfl\/—ﬂ
0 J = A
0 5 10 15

Fig. L.14: Critical [oad pertaining 1o asymmetrie buckling (hinged cap}

The characteristic feature of the asymmetric curves in cotrast 1o those deseribing the

axisyimetric buckling of perfect spherical caps (Figure 1.117] is that they do nou oscillate,
appearing constant and practically independent of 4 . The bending deformation of the cap
betore buckling has no significant effect on the critical buckling load because the cap can

bifurcate inte an asyrmetric buckling shape.
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1.5. Impertections of Shell Structures

1.5.1. Introduction

Shell struetures such as metal tanks or silos are frequently constructed by joming curved
metal plates together. As a result of the construction process the shape ol the shell is not
perjeet. These peomerrical imperfecifons bave an importand elficel on the buckling strength of

shell strugctures,

Several design recommicndations (e DIN 18800 14} take these vmperfections inlo geeount

by introducing o “knockdown™ lactoe. The classical eritical buckling load of a perlect shell is
multiphied 1o order o render 4 “practical™ buckling load. These knockdown factors arc chosen
to be small enough to ensure a safe estimate of the practical buckling load. In some cases this

knockdown factor s too conservative and therelore the structure is uncconomical.

Several investipations have been done on dilTerent imperfection forms to caleulate the
influcnce of imperfections more accurately, Idealized forms were used for these
investigations, Lowever, the measured nperlection Jorms are much more complex [Thng,
Coleman and Rotter (1996)]. A general stochastic study based on measurement from real shell
structures would solve this problem, Nevertheless, the study of idealized imperfection forms
provides a good opportunity to understand the iefluence of these different forms ot the

buckling behaviour of shell structures.
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1.5.2. Gzeometrical Imperfections

Ceometrical imperfecttons can be divided mito elobal reometrical imperfections and focal

zeomelrical imperfections.

Global geometrical imperfeetion means that the shell structure does not have the shape that
was assumad lor the amalvsis of the buckling strength (e.g. the shell is more hyperbolic than

spherical). Hence. the shell structure buckles at a different cortical load.

The simplest local inuperieenon would be a “spot™ imperfection that can be caused by o small
mapact, Former work by the author has investigated the effect of a spol imperfcetion of half of
the shell thickness en a eylindrical shell sabyeeted to axial loading, The numerical results have

shown a decrease in the buckling soength.

“systemalic” local geometnical imperfections are caused during the process in which the
metal plales are curved {Lacher and Haspel ¢ 1980)]. The flat plates are curved by feeding

them throueh a sct of rollers (Fuyure 1,150,

Fio. 1.15: Relling process

Due 1o this process, small sections of bath sides of the plate remain far, While in high
precision applications (e.g. acronautical constructions) these flat sections are removed they
are nonnally net removed in civil engincering application. These sections constitule lines of
discontingity in the otherwise smooth surface. Fven if this imperfection is i the value of onc
chiell thickness it leads to additional stress and strain in the shell, whieh intfluences the

buckling behaviour [Mark, 1lolst and Calladine [ 1999} ]

o]
(3]
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1.5.3, Previous Studies on the Effect of Imperfections

The effect of imperfections on the buckling behaviour of shells of revolution ts very important
because of their sensitevity to such mitial imperfection. This subject has been the object of

much research and many reviews in the last 60 vears. It s cven difficult 10 review the reviews
since so many have been written. Rather than doing this. a href Tustory of the subject 15 given

1 thes paragraph and a number of revicws will be pointed out.

Elaztic posthuckling behaviour of shell siructures was introduced hy Kiarman, Tsien and Dunn
JKarnean and Tsien {1939).{1941); Karmiin and Dumm £ 1940%] trough strict postbuckling
analyais of the perfeet structure. Some mvestigalors [e.g. Legget and JTones (1942}, Michielsen
(1948} and Kemper (1954)] explained that the mimmum postbuckhing eguhibrium s a
measure of the Toad carrying capaecity af the syslem. This latter thinking came to an end when
Hoff, Madscn and Mayers (1966} concluded from their caleulations that the minimum
postbuckling lead tends towards zero with increasing the number of terms in the series
expansion of the transverse displacement component and with deminishing thickness. In this

limiting case the Yoshimura (19353 buckling pattern can be achieved.

Another approach for imperfection sensitivity studies 1s to deal directly with the imperfect
conliguratiom and employ nonlinear kinematie relations, Donnel (1934) first and later other
investigators used this approach but had varied success |e.p. Lo {(1954), Narasimban and
Hat (1971}, Koiter fsec 1.3.5.2) was the [trst 1o question the use of the minimum
postbuckling load as o measure of the load camying capacity of the structure, He was able to
conmnect the initial postbuckling behavior with the impericctions sensitivity of the structure.
1lis theory is limited to the neighborhood of the classical biturcation load (immmediate
pustbuckling) and therefore 1o small imperieetions. Tlus type of analysis has been used fora
larpe number of problems. Survey articles have been written hy 1latchison and Koiter (1970},
Budiansky and Hutchizon (1966), Tvergaard (1976) and Cliterley { 1982). The lour survey
papers referenced in the forgomyg contain almost 800 references which indicates the cxiend of

work on this subject and the impossibility of adequately reviewing the work,

)
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Muost early rescarch on imperfeetion sensitivily was concermed with idealized imperlection
forms and tmperlectons 1o small-scale luboratory maodels, but it bas now been reeognized that
these are generally not representative of real imperfections in Ml scale stuctures. Babeock,
Artbocs, Singer ef af “Athrocz (1982), (1991); Arbrocz and Babeock (19%1), Arbocz and Lol
(1991Y; Ehshakofl s af (1957, Siger (1982} have ploncered in the precise measurement of
irmperfections in laboratory and tull scale shells in the arca of aeronautical engineering and
have developed statistically based design methods, based on the measurement of
imperfeetions in the Tast 20 vears. An Intermational Tmperfection Dualabase Bank was
established with branches in Delf and Hatia for the evaluation of imperfection measurements
and correlation studies [ Arbocy (1982) and Singer [ 1982)]. Their work has also demonstrated
that the form and amphitude of nnperfections are dependent on the fabrication process and

quality.

Calladine (1995} added a new dimension o imperfection sensitivily research by suggesting
{hat in addition to the assumed-to-be-stress-free geomelric imperlcotions, locked-in stresses
likely to oceur in shells with fixed boundary conditions may alse be impartant in reducing the
load carrying capacity of shell struclures, He also presented a thought-proveking review of
the ideas deployved in understanding imperfection sensitivity of axially compressed cylindrical

shells in the same article.
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1.5.3.1. Previous Studies on Imperfections af Spherical Shells

Budiansky (192607 first studied the effect of a small axisymmetric imperlechion on the
buckling behaviour of 4 sphencal cap. e found little effeet on the critical buckling pressure.
He comclyded ihat asymmetrie imperfections must be considered; however, his conelusion
was bascd on only one investigated mmperfection shape, which varied smoothly over the

aurface.

Later Thurston and Penning (1966} siudied the effeet of imperfeciions on the buckling
behaviour of spherical shells (sce also 1.4.3). They dud a combined theoretical and
experimental study on the instability of clamped spherical cap under umiforn pressure. An
axisymmetric imperfection in the form of an inward dimple was applied (o the test speeimens.
They than measured the shapes of the Imperfect shells and used thesc shapes for an input into
a computer program based on the numerical solution of Reissner’s (19307 finite deflection
equations [or general shells of revolution under axisymmetric loads. They found a reduction

i the buckling strength in the area of 30% when compared (o the classical buckling load.

Hutchison ( 1967} used Koiter's nonlinear shell buckling theory (see 1.3.5.2) to study the
effect of imperfections. [le showed that small imperfections on complete spherical shells and
spherical caps have a severe effect in reducmg the bucklimg strength, He found that an
tmpericetion in the form of a elassical buckling mode causes the grealest reduction in Lhe

buckling strenyth.

Tillman (1970} invesugated theoretically and expenmentally clamped spherical cap. He
investigated caps with and without initial axisymmetric imperfection. The applicd
imperfection conststed of axisymmetrical circular Nats of vanious diameter at the top of the
cap, Marguerre's nonlinear shallow shell theory [Marguerre (19383 was used for the
theoretical part of the work, A relatively small imperfection was found to lead o a great
decrease in the buckling strength. Good agreement between the theoretical and experimental

reaults was found.
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L.54. Impertections Due to The Welding Process

Welding the curved plates together causes amother “systematic” imperfection. Due to the
coaling process afier welding, shrinkage eceurs parallel and perpendicular 1o the weld (Figure

1.16),

Fig. 1.16: Shrinkage of the weld due 1o conling

The amownt of shrinkage depends on the following factors:

femperature during welding process
e micthod of welding (MIG, etc.)

s material of the weld

e muaterial ol the welded plate

e thickncss of the plates

s {ype olweld (Koweld Voweld, etel)

The shrinkage in the material during the cooling process also leads to residual stress in the
material. A schematic distribution of the residual stress that arises during and after the

welding process can be scen in Frgure [L17.
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Fig. 1.17; Schematic residual stress distribution during welding process
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1.5.4.1. Etfect of Welding on the Buckling Behaviour of Shell Structures

RBomscheuer, Hafner and Rapim (1%83) first investigated the cffeel of ¢iecutnlorential weld
Jomt depressions on the buckling behaviour of cylindrical shells, under axial load, by using 1
nonhnear fimte element program, Their investigation was motivated by a buckling
phenomena n an grrangenient of carbide silos built at the beginning of the 19305, The arcas
around the cireumlerential welds ol the evlindrical silos of 7 m diameter have shown buckling

deformations up to 10 e

They have examined axtsymunictric imperfections with an amplitude of either t /2 or t based
on measured and idealized imperfection shapes and have also taken the residual stress due to
welding into account. Their investigation on cylindrical shells with a r/t-ratio of 500 has
shown a decrease of 30% in the buckling strength due to the geometrical imperfection. The
residual stress had only houting effect in the range of 2% to 1(% (mean 5%) on the buckling

strength and was therefore disregarded.

Later Rotter and Teng (1989 did a parametric study on cvlindrical shells with a radius-to-
thickness ratio between /=100 and /=2000 under axial loading conditions:, They examined
the effects of the weld joint amplinude, the shell rt-ratio, a change ol the shell plate thickness

at the poimt and also meluded mlemal pressure.

They delined two dilferent imperleetion shapes [or the circumlerential weld joint depression.

The shrinkage of the cooling weld imposes an inward radial force on the shell {Figure 10183,

_———

Fig. 1.18: Kachal wald depression
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The final shape of the weld depends on the extent to which bending viclding occurs during the
cooling ol the weld. For the first shape (Type A)(Figure 1.19) the weld was assumed to resist
flexural vielding completely during coolmg and for the second shiape {Type B3 Figure 1,19)
the weld was assumed to be completely Hexible durtng cooling, Measurements by Clarke

{1988 on sitos have shown that the true shape is between Type A and B

axis of revolution axis of revolption

Type A Type B

Fip. 1.19: ldealized weld depression according w Rotrer and Teng

Their investigation shows that the effect of a circumferential weld depresston on the buckling
behaviour s independent of the rft-ratio of the eyhindrical shell. The effect of the amplitude of
the weld depression on the buckling strength is approximately 60% of the classical buekling

lad for an amplitude of 1025 times the wall-thickness and drops down to 30%, for 2 times the

wall-thickness,

Rammerstorfer ¢f.af. (1991 did numerical studies on thin and thick eylindrical shells with

circumlerential weld depressions under axial and thermal leading conditions.
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They have taken Lhe geometric imperfection and the residual stress due o welding into
account. The residual stress was assumed to be known or measured. The inlluence of the
welding stress was simulated either divectly by initial stresses introduced into the governing
equations or by a hictihous temperature field which leads to a thermal stress held similar in

nature to the residual stress [(eld.

They eatublished that residual stress bas an important influence on the buckhing strength of

thicker ¢vlindrical shells because of early plastification.

Pircher and Bridge (2001) have investigated the effect of circumferential weld depressions on
the bucklhing bebavier of a eylindrical shell under axial loading, They included the effect of
neighboring welds on the buckling strength and found thar the Interaction between the welds

leads to a further reduction 1n the buckling strength.

Numerical investigations using nonlinear finite element techniques were carricd out including
and excluding the eftect residual stress, They tound a decrease in the buckling strenath fora
cvlindrical shell with a Ri-ratio of 1000 10 the area of 75%, Residual stress was regarded as

lcss unparted.

The influence of welding stress and distorlion on conical shells under hydrostatic load was
investigated by Dammatty, Korol and Mirza (1997). Their work was motivaled by the
collapse ol an clevated conical shaped waler tower structure in Canada i 1990 They used
nonlinear finite element methods for the evalualion of conical shells. The sensiivity ol
hydrostatically loaded conical shells 1o geometric unperfections and residual stress was
invesligated by analyying three different cases: (a) periect shell, (b) pericet shell, but with
axisymmetric peoractric imperfections in the order of one wall-thickness and {¢) same case as

b, but with the addition of residual stress due to welding.

They found that circumferential weld depressions lead to a reduction of 401%6-43% ol the
buckling strenoth, while longitudinal weld depressions have no appreciable effect on the

buckling strengih.
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15,5, Methods for I'he Measurement of Imperfections

A precise measurement ol a shell structure’s imperfections 1s required for reassessment ol'the
strength of an existing shell structure and w develop new calculation methods based on a

statistical model of different Fabrication techniques and kinds of shell structures,

Comprehensive measurement ol tmperiecttons m shell structures is very difficult. In order o
determine tmpertections in zones ol a short wavelength many sample points are required,

High-accuracy dala ts necessary te define the preeise form of the imperlections.

Several techmgues have been developed in order to measure imperfections in shell structures.
Bomschever and Halner (1983), Kevsik and Schoudt {1990} have used o simple measuring
rod. Closc-range photogrammetry was nsed by Shmeatter and Ethrog (197 1), Papo and
Shmutter (1978) and Ethrog (1956). Fischer ( 1989) and Moss {1990) have used laser
instrumentation. All these techniques are used in the measurement of small-scale structures.
A technique for laree shell structures was developed by Ding (1995) who has used standard
survey technigues topether with a special profile-measurement system, This techaique has

been successfully used to measure a MO.OOO t pram silo {Thng, Coleman and Rotter (1996)].
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Finite Element Analysis

2.1, Introduction

In this chapter the finite element method will be brefly reviewed, Tingar and nonlinear stalic
analysis are explained and discussed, The mrerested reader 15 refermed o the books of

Zienkiewicz and Tavlor (1991 ) for a more detatled rreatment of the subjeet.

Finite clement analvsis (FEA) s 2 method of solving, usually approximately, certain problems
in engineering and science. 1t is used for problems where no exact solution is available. As
such, it s a mumerical method. Methods ol this type are needed because analviicat methods
cannat deal with all engineering problems that are encountered, For example, the anulytical
mathematical theory of elasticity can be used o culeulale thie stress und strain in a bent beamn,
but neither will it be very successtul in finding out what happens during an impact of a car

against a wall,

The development of the finite element methad (FEM) was dependent on the development of
fast computers. Applying the finite element method to arealistic engineering problem

requires an cnormous accumulation of data and caleulution,

Iinite efement analvas was [irst used to calewlate the stress and strain in complex engineering
applications. Now it ¢an be used for o wide feld of applications, including fluid mechames,

vibralion analvsis, heat conduction and electrostatios,

Iinite element analysis is cssentially a piece-wise process, Tt can be applied w one-
dimensional, two-dimensional and three-dimensional problems. The geometry is divided nto
smaller lines, arcas or volumes, which are called finite elemenrs. This process is called
diseretization. All finite elements logether Torm an assembly called finite element mesh, Uinite
elements can have many different shapes. An example of a simple discretization of an arex is

shown in Figure 2. 1.
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tinite element

Fig, 2.1: Sample discretization of a 2T aren

Ilere the area 15 divided into quadratie elenents. It can be seen that these elements are only
approximating the area because the elements bave a given shape, The difference between the

real geometry and the shape of the finite element mesh is called discrerizativn error.
Every elemenl containg a set of sedey that are located al the comer and, depending on the

element type. possibly at the midsides of the element, Nodes on the boundarics of adjacent

elements are also part of the adjoining elements.

element

node

Fig. 2.2: Part ool a (nile clement mesh
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Figure 2.2 shows a part of a finite element mesh [ormed by simple 2D-clements with nodes at

the commer of the elemenl.

The analvsis ol a finite elenment medel calculates the displacement at the node for a certain
foad applied. Sinee the displacement of each point within an element is Hxed by the valoes of
the displacement of the nodes that belong to the element, the displacement ol the element 1s a
Punction ol the nodal displacement. ence, the problem ol finding the displacement i the real
structure is replaced by finding the displacement of every node. Asswming a 2D-element, the
displacement of exch node consists of two components, one parallel to the referring x-axis
and one parallel to the referring v-axis. These are called degrees of freedom (DOF) 1TMthe

nodal displacement is known, the cormesponding swraim and then the stress can be compuled.

Hl
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2.1, Lincar Static Analvsis with FEM

The total potential energy 11 of an elastic body under general loading can be delined by [e.g.
Washiou (1982)]:

Il ~ti+if {2.1)

where U'is the strain energy of the body and ¥ is the potential energy of the applicd

louds.
The principle of minimum potential energy states that among all the admissible displacement
lields ja}which satislics the prescribed kinemat:e boundary conditions, the actual

displacement is the one that makes the lolal potenttal energy stationary.

Hence, the dertvation of equation (2.} gives:

Al =80 4+ 8V =0 (2.2)

where,

and,

s iy A =S
-V = Jf‘f{r{} -{h}-a’lf - Jr"?-:n'}I Ar}dA 2_:5"9' |l Ap, \ {24

with 2| being the strain tensor:

4]
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and jor} being the stress tensor:

fof o &, 0. 0. @, o] (2.6}

W=l b b (2.7)

I {(2.8)
{a} is the displacement vector given by:

" =la, o, a. (29)

e v ; o
and *;.u} 15 2 veclor listing the displacement components to concentrated forces {p. .

Equations (2,23 theough (2.4) indicate that for an arbitrary virtual displacement o {a}
satisfving the preseribed kinematice boundary conditions. the virtual work done by the force is

cqual to the virtual work done by the external furce {principle of virtual work),

The principle of virtual work holds for any kinematically admissible virtual displacement and

15 independent of the malerial stress-strain relationship,
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Io finite element analysis (FEA), o continuum is diseretized by a number of suitable elements,
which are interconnected through nodal points on the boundaries of the element (see 2. 1). The

wtal potential of the continuum T may be considered as the sum of the individua) elenent

contribution 11° | 5o that:

n=3n (2.10)

a=|
where m 15 the number of the element.

The integrals 1n equation (2.3) and (2.4} are thus performed for cach element individually and

summed over all elements,

For fiuite element formulations based on the principle of minionem potental energy. the

displacement within the element {a}*, arc assumed to be 4 tunciion of the ¢lement nodal

, 1
displacernent |, :

laf (x.v,2). Zi [ &P ) {;:: (Z2.11)

A=
0

. g R
@) =[¥] ) (2.12)

. i . o . _ ; 1
where Nofa, v, 15 the displacement shape fienction ot interpolation function, and }a}l. 15

the vector of nodal displacement componenis of a typical element:

B o oa a .. a (2.13)
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Flement strains {2} (x, 3,2} are then calculuted by differentiating the appropriatc

displaccmient components in equation (2.11);
fe) (r . 2) = (B, v, 2) faf (2.14)

where | 8] is the appropriate strain-displacement matrix, and {c_f]r is the clement

displacement vector:
b daadd..aaa  as
For a lincar elastic material. the stress-srmn relationship can be expressed i the lorm:
forb =[P4} 2.16)
where | 1] 1s the clasticity or material matrix .

Substituting equations (2.3} through to (2.16) 1nte cquation (2.2) and considening arbitrary

virtual displacement leads to the equilibnun cquations of clement assemblage in the form:
[K]-{et = i)+ {p, + (o}, (2.17)

where {a} is the global nodal displacement vector, and the matrix [ X is the global

stiffness matrix of clement assemblage:

[K]= i[ﬁ[r = i {l#) -{D]-[B] v (2.18)
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I'hic total load vecror §p) includes the effect of the body furces {pis the eflfoet of the element

surface trachions {p),, and the concentrated forees 1o where:

8= Z I[N]" b} -dV (2.19)

el

p. = Z J‘[,n.,-']-* el da (2.20)
st

Note that in equations (2.18) through {2.20). the summation sign is symbolic and should be

interpreted as an asscmbly operator, for example:
k] 3T [k} -] 1)

where [J.] is the Jacobian (teansform) matrix that relates the element displacement

vector (o the global displacement vector of the entire svstem.
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2.3. Nonlinear Static Analysis with FEM
2.3.1. Introduction
Nonlimear static amilysis deals with nonlinear behaviour ol structures under static loading,

The nonlincarities may be:

® naterial

*  geomelrnic

o combined nonlincarity {material and geometric)

e boundiary nonlintearity (c.g. contact)

I material nonlinearitics, the matenial constitutive, or stress-strain relations may he
dependent on stresses, strams and or displacement. Examples include elastoplastic material

behaviour and creep.

The secund tvpe of nonlineanity hehaviour s the geomeine nonlinearity. In this case the
classical theory of infimestmal steains does not hold. and the strains are obrained from the
displacemeni via a nonlmear dilferential operator. This type of nonlinearity may imvelve large
displacement and large rotation, which may be necessary to describe large displacement that

oceurs during shell buckling.

The third type of nonlinearity is the boundary nonlinearity. In this casc, the materal and
straihs remain linear in hehaviour. The only nontincar behaviour comes from clanges in the

boundary conditions (e.g. contact problems).

In geometric nomlineanty, or combined geometric and material nontinearity, a relatonship hay
10 he established hetween the original {uadetormed) and detormed configuration of the
structure, and the equilibriun or energy balance equations must be wrillen injerms of the
deformed configuration. Hence, various types of formulation exist [or this problem and arc

desernibed in 2.3.2.
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2.3.2. Formulatien Methods

In deseribing the moetion of a body, Tbur ditferent methods of formulation exist. |c.a.

Truesdell (1977)]:

* material description
¢ referential description
e spanal descriphion

o relative deseniption

All four methods of formulabion are equivalent for any smooth motion of a bady.

2001 The Material Description

In the matenal description, the independent variables are the particle or body-point 2, and the
time r. The description [s conceptually the most natural one and is the one exclusively used in
analytical dynamics where the individual lumped masscs are labelled in a discretized lumped
mass systerm. As 1L is rarely used in finite element apphcation, 1t will not be mentioned or

explained here.

1.3.2.2. The Referential Description

In the referential descripion, the independent variables are the postlion x ol'a particle 7 in an
arbitrarily chosen reference configuration (€), and the time 7 'The choieg ol the reterence is
arbitrary and would not allect the final results. A particular referential description was
introduced by Fuler where the position “x of the body-point at the particular rime 7=0 is used
to describe the motion (FFigure 2.3). This particular description is called the Lagrangian

Sforindarion.
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The use of the Lagrangian descniption s particularly appeahing because of the simplicity with
which malerial ates of change can be caleulated. Another advantage of the Lagrangian
deseription anses in the reatment of boundary conditions on the surface of the body, which
are continuously changing during deformation, ‘The boundary conditions on the deformed
surface beeome nonbinear because the boundary surfuce is dependant on the unknown
displacement. Using the Laprangian description, which relerns the motion 1o a tixed reference
comfiguration, makes it possible (o treal most of the Kinematic question: in a relanvely simple
manner. The same advantage arises for all inteprated quantities since integration in the
Lagrangian description wilt be taken over the oripinal known conliguration rather than the

current unknown configuration.

However, lhe wic of the Lagrangian deseription also entails some disadvantages, which arse
from the requirement that the stress acting in the instantancous current configuration bas w be
referred to the ininal reference contiguration in a way that 15 physically arfificial through
mathematical equations and Cauchy = axioms of motion, Ancther point that is difficult to
handle in the Lagrangian description is the requirement for a continuous update of boundary
conditions. Excesstve deformations of @ body might cause a great deal of distortion in the
ariginal finite element mesh, and such distortions might affiect the aceuracy and retiability of

the solution.

t=1
L
& |
Lop
= oy,
feudine 3 S =t
i ]
P R
! ; n 3 1 i=lo -
: n >
P
'x i

L
-

Figure 2.3: Geometry of motion
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2.3.2.3. The Spatial Description

in the spatial description, the independent vartables are the current Tocation x ol the particle
£, and the time ¢. This descriptton was introduced by Bernoull and 1’ Alembert and it 15 often
called the Eulerian description. The spanal descniption 1s eomcerned with what 15 happening in
a fixed regron of space with regards to time, a description that scems 1o be ideally switable for
the study of Nuids. For the same reason the spatial descoiption cannot be used for soif
mechanics, since the law of continuun mechamies refers to what s happening ro the body,
and not to the regton of space which the body momentanly vecupies. In all such laws of
mechanics, referring to the material of the body, the independent spatial variable 'x becomes a
function of pesition “x in the Lagrangian reference configuration and the time t. [Tence, all

matertal vates will be much more difficult to handle i the spatial description.

2.3.2.4. The Relative Deseription

In the relative description, the independent variables are the position “x in the current
contiguration and the variable ime . The current conliguration 1s taken as the reference
configuralion. and the variable time ¢ s the nme relative to the present when the particle P
occupted a place £, where & = &(7x, 1) . The relative description is a Lagrangian description

in nature, in the sense that the reference position is now denoted by "x at time ¢ — 7 rather
than " at time r=0. This is called update Lagrangion formudation. which is a special case of
relative deseription. Owing the nature of each formulation and s reference configuration, the
relative description lias some advantages over the referential deseription, As an cxample, the
question of boundary condition updating and mesh distortion, which may for example occur
during shell buckling due to large displacements, may be casier to handle in the updated
Lagrangian deseription. 11 a nonlinear diserenzed displacement field 15 assumed. the choiee of
an updated reference configuration may result in vanishing nonlingar contributions of the

discretieed Neld.

49



Chapter 2

2.3.3. Solution Schemes for Nonlinear Static Analysis with FEM
2.3.3.1. Introduction

[n nonlinear static analvsts with Niniie element meibods the entire load history is tvpically
divided into evends. Generally, an event should be defined when new load tvpes are
introduced or when solution strateey changes. Lach event may have ome or more load steps
{inerements). The nonlinear problem is then solved in a siep-by-step manner until ihe Tl
Joads arc applicd. For thes procedure several solution methods exist, The most often used

methods are:

= conventional Newton-Raphson Method
s modificd Newton-Raphson Method

s Are Length Method

2.3.3.2. Conventional and Modified Newton-Raphson Method
When solving the nonlinear equilibriun equations with the Newton-Raphson method, an
meremental-ilerative scheoe is applied, for which at a time ¢, the equilibrium cquations can
b weritten as follows:
- e L o [y St I - =1
[K] - My =" {p=" 110 il

arud:

R T S T T (2.23)
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whaere

|&: = rangent stiffhess matrix at time ¢

Al ~erative nerement of nodal displacement m

interation ¢

ey - x . ;
7 }J T — vectors of nodal displacement al time A -+
corresponding o Interations 7 and (+ 7. respectively
- ‘ - :
{p} = veetor of externally applicd nodai toree at the time Ar +4
-4 1ie - - .
ke = veelor of internal nedal foree, cquivalent to the clement

stress, at the time Af + ¢ and mteration §-7

The ineremental solution is performed 1o a step-by-step manner until the total loads arc
applied. In cach increment. the above itorative scheme 1s performed until convergence 15
achicved or the number of maximum llerations 1s reached, During cach interation, the Langent
stiffiness matrix [K], may be updated lor cach interation {conventional Newlon-Raphson
muthad), or kept constant in all iterations of the increment (nmodified Newton-Raphson

method),

Although the use of the medified Newton-Raphson method may be mare econamical tn
specitic material nonlinearity appheations, the use ol the method in general material and
seometrical nonlinearitics is not always suceessful. Both methods are compared graphically m

Fipure 2.4 and 2.5 respectively,
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Fig. 2.4: Conventional Newton-Raphson method
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Fip. 2.5: Modificd Newwn-Raphsen methad
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2.3.3.3. Are Length Method

To follow the structural response beyond the erincal point 1 very difficult with FEM. The
major difficulty is 10 overcome the singularity of the incremental tangent stiffness matrix
when the strueture reaches its stabiliry lnnit, In addition, snap-through and snap-back
buckling phenomena pose some of the most dilficult problems in nonhinear structural

analysis,

A method called “are length auromatic stepping”, i3 a scheme, which can be applied to

overcone the problem ol stiffness singularity and post-buckling,

The general goal of the ore length procedure 1s to control the iteration of the nuemerical
solution ol complex nonlingar problems. The main idea of this merthod 15 based on the concept
of constraining the length ol the incremental displacernent. The meremental length of each
successive ieration is constrained by the length ol the previous iteration. Correspondingly,

the Toad 15 adjusted 1n order to satisfv the global equilibirium requirements of the svstem,

Procedures ol this nature require a reformulation of the traditional mathematical problem inte

a different torm. The standard equilibrivm equation for proportional loading is:

A-drt={f}=0 (2.24)

where {r} 1s a reference load vector and {f} is the vector of the internal force.

The proportional loading facior £ in incremental form vields a general formulation as:

Erofay = a7t ey a2 [2.25)
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with:

A= AY (2.26)

where:
(K| = the tangent stilfhess matrix at the i iteration
ﬂu.{u }j = ingcremental displacement vector from the beginning
of the step to the end of current iteration cyele

(i mteration)

Wy = increnmental displacement vector of cwirent iteration

= load parameter (scale) for the i fteration

b3

It can be written:

Al = A +8) =12 (2.27)

=)+ A (228)
and:

Al =0 (2.29)
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In order to find (&} equation {2,25) can be rewritten into two parts:

therelore:
By _d5f vz s ¥ (2.32)

where |8, | is the displacement due o a wnit Joad factor multiplicd by the incremental

;g . Tzl g i :
variation in the load level A" and ¥} is the displacement update for a conventional “load

controlled” Newton procedure due to the nunbalanced load.
It iz seenthat in ocder to completely define ic‘.-'}’ cone must find Al
Thus, consider a constramed are Tength:

(AT ={ar T (2.33)

= [ﬁ{u}l A a— (/"J;" =2 jll

! S . A i e s
= l_"-.{u} Adul )— -2
Based on the above equation, A4 and {c‘i } can he solvad.
This procedure can be apphied with either a modiled or [l {conyventional) Newton-Raphson

mteration scheme. The relationship between these compaonents in the load-displacetnent space

is displayved as shown in Figure 2.6.
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24. Finite Elecment Analysis of Shell Structures

2.4.1. Introduction

The analysis of shell structures with FEM was mainly developed in the area of acronautical
enginecring. Sceveral types of shell elements have been developed and development of new

shell elements is still in process. Shell elements can be divided into four different proups:

e Facet shell elements
o Solid shell elenents
« Curved shell elements

Axisvmmerric shell elements

The facet shell elenient 1s a flat shell elemient, which approximates the curved surlace of the
shell by a series of facets, Quadratic and tnangular elements exist. The facet shell element is
formulated by combiming a Kivehhoff or Mindlin plate bendimg clement with a plane stress
clement, The facet shell element 1s not very accurale as dicretization errors oceur by
approximating the curved shell surface with plane elements. The approximated surface 1s
discontinuous which can lead to a large error in the analvsis, However, the use of facet shell
clements 15 sUll very atlractive because of us simple geometry and low degree ol frecdom.
The accuracy can be preatly improved by c.o. assumed stress interpolation [Pian (19643 or

the inclusion of drilling degrees of frecdom in the membrane component.

Solid shell elements are formulated by using sccond order 3D solid elements. The curved
shell surface can be approximated more accurate by using second order clements. As the shell
thickness is rather small compared with the other dimensions a problem of aspect ratio error
occurs. This problem is solved by removing the mid-side nodes through the thickness. Henee,
no direct strain can occur throagh the thickness, This element type is therefore often called a
degenerate solid clement and 18 meluded in most FEM packages. [t is mainly used for thick
shells. Transverse shear deformation is included within this element as the displacement 1s
caleulated oo the top and bottom surface of the clement. A problems associated with this

clement is the large number of degrees of freedom (DO which leads to large memaory and
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computing requirertents. The resuls from these bvpes ol elements can be regarded as

acceptable, although not as accurate as from the curved shell elements.

The formulation of curved shell elements is rather complex and development in this area is
still contimuing, The curved shell element was mainly developed to overcome the inaccuracy
ot the othier shell element types. One of the simplest curved shell clements would be the
Almad Element. wiuch 1s mainly used for the analysis of thick shells, The most popular
curved shell elements are semi-lool elements, The fommulation ol this clement 1s complex and
rarely understood by engineers. This element has general applicatality and produces accurate

results. It can be applied to thin shells and thick shells gnd 1s ineluded in meost FEM packages.

Acaisymmetric shell elements can be used 1o model shells of revolution, The simplest
axigymnmelric shell 15 a conical frustunt, which is represented by a straight line elemenl,
Curved axisymumerrie shell elements can be vsed to deseribe the surlice more accurately and
are represented by a curved line clement. Thue to the fuct that only Tine or curve line clements
are necded to model the whole shell of revolution the analysis does not use much memory and

15 thwerelore rather quick,

As axisynumetric shell clements are used lor the (nile elemend analysis that was used n this

thesis, a detwiled description ol a simple axisymmetric element is given in the next sechion.

R
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2.4.2, The Axisymmetric Shell Element

Axisymmetric shell elements were developed in the arca ol acronaurical engineering, u4s a
form that otten appears in aerospace structures is a thin shell of revolution (e.g. the body of a
rocket). A simple axisymmetric ¢lement can be constructed as follows:

The axisymmetric shell clement is a comcal frustum which is repiesented by a straight line

element (Fipure 2.7).
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Flu. 2.7: Axisymmetric shell cloment

The element s considered i the globad -z plane and has a focal coordinate system defined hy
the s-f axes, which is inclined at an angle e, 1o the global coordinate system. The local
coardinate system is used to describe the in-plane and the normal displacement of the element
(Figure 2.8). The element has two nodes § and 7, with three degrees ol freedom (DOF)
associated with it These are the two displacement components u and w and a rotation
component J (Figure 2.8), corresponding to the three local load components £, Pz and AL

w and w are the corresponding global displacement components.
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Fig. 2.8: Local cootdinate svarem of the element

The clement has a total of four strain components, two membrane (in-plane) and two bending

(out-of-plane} strains. There are direet strains and hoop strains present in the clement as well.

The stramn components for the memibrane strain (Figure 2.9) are

fur the membrane stram and,

s SUTLE — W CLS 0y

1T,

-

for the hoop strain,

filk

(2.34)

(2.35)
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&1
P u

Fig. 2.9: Membrane sirain compongnis

Refermng to Figure 2, 1( the membrane strain component due to bending 1s given by:

.'"" 2 4
: =f?f’_*,:_“"_[_f“_.£f‘.f‘..J:_ﬂ.‘f y (2.36)
©odr dt\ 2 dr 2 dr
and the hoop strain component is given by:
h d ;
g et R R (2.37)
: 2 ds ¥

with A being the thickness of the element as shown in Figure 2.10
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Fig. 2.10: Bending strain companeot

‘The displacement vector for the element is defined as:

e e we B u "r“'"} {2.38)

il 1L 1 i § 'H-"”
it ift

The shape functions lor the element are Lagrangian in form, as only the displacement u s
required and none of it"s derivanons:

= Zﬂ‘f"-'rs [é: } .

(2.39)

where for a linear element;

g

=
Il
L

a2
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and

Em= (2.40)

with
L = element length
For the displacernent w a Hermitian shape function is required as, in addition to the

displacement, the first derivative is also needed. The displacement can be wrilten in terms of

the shape function and the nodal displacement as:

(2.41)

where:

e T L) (2,42)

ho=1. 5" (né&

where, for £ the subseript i refers to the node number and the superseript 7.4 refers

o the displacement.

The strain-displacement relationships can be wreilten in matrix [orm as follows:

) =B ) (2.43)
teh, 8] 4]

B
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where:
B =[5 B < 8y
with:
%'Ns { f) \‘
[b.]= (M\Ih (cosa\!_ (msa]_ i
ro) p B L R
and also:
B,1=b b . 5]
where:
A )4’ B Y d%h,
0 [ENEe fEJEh
£,]= 2L ) d§ 2.7 ) e
| 0 {ﬂ\.% _|KM}Q’I1£
V2erebi] W 2wl ) dE
With:

v di i

dé & odE T dt

it can be found that:

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)
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and it can also be found that:

where:

with:

£ = Young’s modulus

v = [osson’s rabio

Hence, the strain energy for this element can be written as;

U=} | [i8.1 (o1 Javot+ [[8,] -[0]Ig vt |-la

Fol Fal

(£

(2.50)

(2.51)

(2.52)

(2.53)
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DifTerentiating with respeet to the displacement vector {c?;‘ and equating to zero leads to the

elemoent stiffness maivic for the membrane stitfiness as follows:

(&, = (8.1 -[D]-[8, ]+ dar

"

(2.34)

and for the bending stiffiness as follows:

8,] - [p] [B, Js tectr

[K]b:j

L

The rotation matrix to convert the local element coordinate system to the global coordinate
system 15 given by

casar sings U
[T]z s coger U

0 00

Thus it can be deduced that the global siffness mairix can be cxpressed as:

(2.57)

where the subscript = refers to the global coordimate system and £ to the local coordinate
Systet.
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Chapter 3
Buckling Analysis with FEM

3.1, Imtroduction

Buckling analysis ol'complex (shelly struclures provides a constant challenge for engineers.
Only buckling problems with a simple geometric shape and loading can be solved by the
analytical methods mentioned in chapter 1. as the formulation wnd solution of the ditlerential
gquations are complex. Hence, finite clement methods (FEM)Y are widely used (o calcalate the
critical buckling load of structures, There are twn different methods ol calcalating the eritical

buckling toad with finite element methods;

¢ lingar (eigenvalue) buckling wnalvsis

+  nonbinear buckling anatysis

3.2, Eigenvalue Buckling Analvsis with FEM

Ligenvalue buckling with finite element methods mvolves cafculating the point at which the
structure’s primanry load deflection path is bifurcated by s secondary foad deflection path,
similar to the classical buekling theory mentioned i 1.3.1. This requires an eigenvaluc

extraction and the goveming equation is given by:

[&]+4 &, ]l =0 (3.01)
where:
[&] = lingar stiffncss malrix
K], = geometric stiffness matrix
# — " pigenvalue or the multiplier to the load from
which [K], is caleulated
fu) — displacement eigenvector or mode shape

i
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The geometric stilTness matrix | K|, s given by:

(&), = [IeT - [s}B), -av (32)

where [#7], 1s the nonlinear strain-displacement transformation matrix:

[ [% 0 0]]
N, 0 0|
N, 0 0
0 N, O
(Bl.=[-1 0 N, 0| (3.3)
0 N, 0
0o 0 A,
6 0 N,
0o 0 N,
with & being a typical node and:
o,
The stress matrix l?J 15 defined by:
S 0O 0
sl=jo s o @35
g 0 S
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where 515 the second Prola-Eirchoff stress tensor;

! ST TR -
3 = [ Biyp by Aday (3.0}
[ o 05

and €7 a 3x3 zero matrix.

Buckling analysis with LM is a two-pass analysis. The first pass is a linear static analysis
which determines the stress for a given reference of loads, The sccond pass is an eigenvaluc
analyais which first computes the geometrie stiffness matrix, The stresses i equation (3.2)
will be based on the resulis of the linear static analysis. The second pass resulls are in terms of

load tactors and mode shape.

As this method 15 based on the same theory described 1.3 10 it should be noted that this tvpe
ot buckling analysis takes no mial impertections into account. 1t provides no inforation
about post-buckling behaviour and is limited to cases with no large displacement eftects (c.g.
follower loadmg). Such cases are very rare m practical application. The results for this type of
buckling analysis Lheretore often over-estimate the critical buckling load and should therefore
be interpreted carefully. An application of an appropriate “knock-down™ factor 15 necessary in

order to render a practical and secure eritical buckling load.
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3.3. Nonlinear Buckling with I'EM

In order to do a thorough buckling and post-bockling analysis a full incremental nonlinear
static analysis with FEM can be performed. [nitial imperfections and residual stress can be

taken injo account nhis tepe of analvsis as well as plasticity offects,

Ay large deformations oceur during this analysis, the updated Lagrangian formulation (sce
2.3.2.4.) should be used in order to avord mesh distortion. Another problent is to overcome
the singularity of the incremental tangent siiffinesy matrix when the structure reaches s
stability limit. ‘This problem can be solved by ustng the Arc-Length solution scheme deseribed

in 2.3.3.3. together with the tull Newton-Raphson method {(sec 2.3.3.2),

The main problem is to find the shape and amplitude of the applied 1mperfection. The best
way of solving this problem weould be the establishment of a statistically based imperfection
maodel for 4 particular ¢lass of shell structare, fabricaled by the same process, based on
axtensive measurement of real geometrie impertections on full scale structares. Such an
tmperfection mode] must distingaish between high and low gualtty shell structures, While the
approach 15 rational, s establishment relies on extensive measurement data, which are

currently not available,

A method by Speicher and Saal (1991) describes a way to find an appropriate imperfection
shape it ne information regarding the real impertfection shape is available, They proposed an
eguivalent imperfection shape of the sane shape as the first brfurcation mode (o be used and
have also deduced the required magnitude of this imperfection tn order to produce a safe
design, However, this method has only been vertfied for exlindrical shells and has still {o be

verified first for other shell structures.




Chapter 3

3.4, Comparison of Linear and Nonlinear Buckling with FEEM

Even if lincar bucklimg analysis with FEM is not as accurate as nonhinear buckhing analysis
with FEM, it is widely used in engineering practice. One redson is the computational cost of
the analvsis. A linear buckling analvsis requires less ime w pertorm. while a nonlinear
analysis needs g Tonger tme due 1o ils nature. Another reason i3 the fact that the critical
buckling load caleulated by the linear analvsis can be casily combined with most design
standards (e, DIN 1HS00 T4}, becavse they ave based on the linear buckling theory, The
main reason why the nonlingar buckling theory is not widely used 15 the dilficulty (o find an
appropriate initial imperfection shape for the analysts, For this reason this method as not

breen incorporated in most desipn standards,

Nonlinear buckling analvsis, on the other hand, provides the only possible way to caleulate 4
more realistic eritical buckling load, as it can include initial imperfeetions as well as residual
stress and plastictty. The efteel of deformation dependent force {e.g. loflowing pressure) can
anly be caleulated by this method. Tt also provides a pood opportunity in recaleulatmg the
buckling strength of an existing shell structure by measuring the imperfection shape and using
this shape Tor a nonlinear buckling analvsis. A nonlinear buckling analysis is thus the only
way of caleulating the post-buckling behaviour of 4 structure, which can be of interest as

some shell structures can reach a stuble post-buckling state instead of total failure.

"
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Chapter 4
Bifurcation Analysis of a Spherical Cap

4.1, Introduction

The finite element method (FEM) is used to investigate the buckling behaviour of a hinged

and clamped spherical cap subjected to radial uniform pressure,

A bifurcation (cigenvahuc) analvsis with FEM (see 3.2.) is carried out. The results are then

compared with the theoretical solution deseribed n 1.4.2..
4.2, Deseription of the Geometry and Loading

The geometlry of the investigated spherical cap is described as pan of a whole sphere

(Figurc 4.1).
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The investigated spheneal cap has a radius £ of 3000 mm and the thickness ¢ is 3 mm which
leads to a Ri-ratio of 1666.7. The angle @, (I'igure 1.7) refercing (o the axis of revolution ol
307 leads to a height /1 of 669.9 mm and a diameter 7 at the base of 5000 mm, The cap

material is steel with a Young's modulus £ of 200000 N/mme? and a Poisson’s ratio & of 003,

The cap 15 lnaded with uniforn radial pressure acting towards the centre ol the cap. The

supporting edpe of the eap is either clamped (Figare 1.9) or inged (Figure 110}
4.3, Discretization with FEM and Selution

The spherical cap is modelled using the general purpose finite element package MSC MARCY
Mentat 2000, As the geometry and loading s axisymmetric, an axisymmetric shell element
(MSC.MARC type 1) is used with the x-axis beiog the axas of revalution {Figure 4.2). The

buckhing modes are assumed to be axisymmetric.

A linear-elastic material-law 1s used for this analysis, The pressure 15 apphed with a value of
1. as a uniform load over the elements, acting perpendicalar to the ouler surface ol the cap
(ligure 4.2)

H

L.

Fig. 4.2: Axsvmwmetric model of the spherical cap

3
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The mwesh is very tine, as it will also be used Jor the subsequent analyse (sce Chapler 5). Fach

clement has a length of (.52 non.

A bifurcatiom analysis is performed. The theoretical background to this analysis is described
in 3.2, The [irst 13 cigenmode are extracied by the “inverse power sweep” mothod and the
load Lactor A, arc printed lor every ergenmode,

The applicd prossure was chosen as a value o' 1 so the load factor has the same value as the

critical buckling load.

4.4, Results

4.4.1. Clamped Spherical Cap

The lowest eritical pressure obtained from this analvsis for the elamped spherical cap s
0.08773 Nanm?, The corresponding cigenmode 1s plotted in Figure 4.3,
Inc 2

T = Lo DD0=+Z02
Tou S . 775=-103

Ms.n'f: |

Fig. 4.3: Clamped cap, cligemmode 2, eritcal pressure 0.03773 NAmm?
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The number of waves n over the arc ix 11,5, The chosen mesh was fine enough to describe the
buckling modes accurately. No curvalure change reversals in a single element or
discontimutties in the shape were found. All calewated eigenmodes, together with their

corresponding critical pressure, can be found in Appendix A,

4.4.2, Hinzed Spherical Cap

The lowest eripical pressure oblamed from this analysis for the hinged spherical cap is

{LOR75] himim®. The corresponding cigenmade is plotted in Figure 4.4

In- 03 5
Time: D UUGe+0U2 MSEW
Fax A 751e-CO2 ;

hingcs cagz

Fiz 4.4; Hinged cap, cigenmnde |, critical pressure 008751 MNmm?®

T'he number of waves n over the arc 1s 12, The chosen mesh was fine cnough w describe the

huckling modes accurately. No eurvature change reversals in a single element or
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discontinuitics in the shape were tound. All cateulated cigenmodes, logether with their

corresponding critical pressure, are shown in Appendix 13,
4.5, Conclusions

A Tinear bifurcation analysis with finite element methods Tor a spherical cap with a fully

clamped arcd himged cdpe was performed.

The theoretical solulion desenbed m 1420 for a sphencal cap subyected o radial uniform

pressure feads 1o;

2 i3 2 3+

2000000 - = 008TISN e’ (4.1}
SDUOA, =

Comparing this value with the value (or the ctamped and hinged spherical cap oblained [fom
the analvsis shows a dilference of 1068 % for the clamped and a difference ol 0.41% [or the
hinged cap. The ctamped cap can carry a slightly higher pressure hetore buckhng occurs due
to the larger stiffhess of the structure, The difference between the clamped and hinged cap 1s
0.27% {Table 1).

' l.‘.l:l-l.n]}i:d cap (FEM) |hinged cap (FEM) theoretical solution

critical pressure

|N/mm?®|

L8775 008751 LOSTLS

Table 1; Comparison of resulis

There is pood consistency between the numerical (FEM) and the theoretical solution. The
linear buckling analvsis with FEM provides a good method (or caleulating the lingar erifical
buckling load for these tvpes ol shell structure. The obtained value can be easily combined
with existing design standards {e.g. DIN 18800 T4) as they are based on the same theoretical
background. The compuler cost of this analysis is refatively cheap, The computation time on a
normal persoral conpuler was less than one minute lor a model of 2000 elements.

It should be noticed that the obtained results are “theoretical” buckling loads which may differ

fromn the real buckling load (see 3.2.).
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Chapter 5
Eftfect of a Circumferential Weld

On the Buckling Behaviour of a Spherical Cap

5.1. Introduction

Metal shell structures are often constructed by welding curved plates together. Due to the
cooling process shrinkage occurs parallel and perpendicular to the weld (see 1.5.3). The
shrinkage of the cooling weld imposes a radial inward force an the shell of revolution, This
leads to 2 geometne imperfection and to residual stress in the shell. Tt appears that the
mfluence of this imperltetion on the buckling behaviour has only been investigated on
cylindricat and conical shells of revolution (see 1.5.4.1.). [n this chapter a nonlinear finite
glement analvsis 15 carried out to investigate the buckling behaviour of 4 spherical cap with a

circumferential weld depression.
5.2 Description of the Geometry and Loadings

The same geometry and loading described 1n Chapter 4 is agam used for this investigation.
The geometry ol he investigated spherical cap s deseribed as part of a whole sphere

(Figure 5.1).

1=2 nim

(Rt A W TR

" i II'. I.f%}lll’,‘l rn

% & RS0l IHE i

Fig. 5.1: Geometry of the investigated spherical cap
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The spherical cap has a radius £ of 5000 mm and the thickness # 1s 3 mm which leads to a f4-

ratio of 16667, The angle ¢ (Figure 1.7) referring to the axis of revelutton of 30¢ leads to a

height £ of 6699 mm and a diameter L at the base ol 3000 mm,

The steel materiat used in the test (S2331RG2) kas a Younp's maodutus £ of 210000 Nimm?

and a Porsson’s ratio & of 0.3, The characteriste yielding stress o [or the used material is

240 Nimm?,

‘Fhe cap is loaded with an untform radial pressure acting lowards the centre of the cap. 'Fhe

supporting edpe of the cap 1s either clamped (Iigure 1.9 or hinged (Figure |10},

A circumlerential weld is apphied unitorm around the sphercal shell. The lecation of the weld

15 deseribed by the angle 4 releming to the axis of revolution (Figure 5.2).

Fig 5.2 location ol the circumlerential weld
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Welded samples were exanuned in order to measure the sive of the area that was melted
during the welding process, as this s the area where shrinkage doe 1o cooling will oceur. This
arca can be casily identilied by Tnoking al the muerostrueture of the material. The welding
sarnples were cul perpendicular 1o the weld, The cel surfaces were polished and pictares alf
the microstructire were taken. Uignre 5.3 shows the microstructure of a normal stecl before

weelding,

Flg. 5.3: Microstrueiure of normal steel

The microstruciure in the middle of the weld 15 shown in Fisure 5.4,

Fig, 5.4: Microstructure ol the weld
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The zone next to the welded malenal 15 called the “heat influence zone”. The change between
the weld into this zone con be seen in Figure 5.3, The left side of the picture shows the

microstructure of the weld and the right side the microstructure of the heat mlluence wonc.

Anolher change in the microstructure can be seen when the heat iflucnce matertal changes
back to the normal matenal (Figure 5.6).
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The microstructure of the heat influsnce zone can be seen on the Tedd side and the

microstructure of the normal material on the night side,

Melting of the material and therefore shroinkage due Lo the cooling process occarred m the
zome of the welded material and 10 the beat influence 2one. The length fyaean. 0f these twao
zomes, perpendicular o the weld (Figure 3.7, 15 measured in order to mode] the shrinkage in

the fimile element model.

welded material
heat influelve wone

Fip. 5.7: Measurcment of L

Changes in material characieristies duc to the welding process (e . ductibity ol the material)
are not taken into account i the analysis, The weld ts assumed to be fully elasuc dunng Lthe

cocling process.

5.3, Discretization with FEM

The general purpose Gnile element package MSC.MARC Mentat 15 used o carry out a
nomiinear [tnite element analysis. The same finite element mesh and boundary conditions used

in chapter 4 are agan used for this analvsts. A lincar-clastic material-law 15 used.

The approximation ol the weld distortion is based on the assumpuion that a constant

circumlerential tensile stress o acts as in 4 cireumlerennal strip of s
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In a conservative approach, @, ¢an be estimatad by

=7, (5.1)

with o . bemy the lower value o the characlenstic yield stress ol the welding material or the

struc lural material,

Pre-stressed elements with a value of e, are used to model the distortion due to the welding

process using the finite element model, The number of pre-stressed eleiments # ean be easily

calenlated since a uniform element length over the halllare 15 used by

p = o (5.2)

'TJ:--R-(.-} Y
L 1 ROF

with 2 being the total number of clements used in the finite element moxdel.

A radial uniform pressure with the magnitude of the critical classical bucklmg load (sce

1.4.2.) for the structure 15 applicd (Figure 5.8).

MEC 5,

- L
e e

Fie. 5.8: Axisynmetric moedel ol the spheeical cap with Inading
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5.4. Solution Procedure with FEM

A two step selution procedure is applicd to solve the described problem with the finige

element method.

The first step is te apply the pre-stress o, on ihe selected elements, The system is then solved

without any additiomal lead. Tlus procedure ensures that the applicd stresses form an

equilibrium,

A sample defomed shape after this procedure can be seen in Figure 5.9.

Thn= 1 -
Time 5o00d=+201 Hifh

loanel ‘

Fig. 5.9: Assumed imperfection shape after solution step |
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The second step 1s to apply the radial uniforn pressure (Figure 5.8). The major dilficalty for
this type ol analysis is to overcome the singularity of the incremental tangent stllness matrix
when the structure reaches s stabibity limit, 'The arc length method (see 2.3.3.3)) together
with the updated Lagrangtan lormmulatiom (see 2,3.2.4.) is therefore used to apply the load

step-wise tor this nonlincar analvsis.

. Results

Lh
Lh

*

'The effect of a circumferential weld depression on the buckling behaviour of a fully clamped

cap was investigated for 510", #—-15"and # 20 (Figure 5.2).

The hinged and clamped cap were loaded with a radial uniform pressure of the same

magnitude as the classical buckling load according to 1. 4.2

" 2 e 2 _ 3’ =
) = — ¥ e e l]ﬂﬂ'ﬂﬂﬂ e “[-}(}IS l.'?"i'l SO (53}
SeM)y =

V3Ileoty Ry 03

OFLUdp)

o, was chosen to be the charactenstic yielding stress ol the structural materal (S235TRG2)
throughour the analysis {sce 5.4):
o, =, = 240N mm” (5.4
fhoann. was sel o 13 mm based on the measurement of welding samples (see 5.2.1)
This leads to {see equation (5.2})
! 115

_— sl -_:25 5..:'
” [;‘r-R-rp] 75000 -30° 19)

\ - 18O 5000 180°

pre-stressed elements.
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5.5.1. Clamped Spherical Cap

The elamped spherical cap with 4 cireumnferential weld depression under the angle 5 —10°

shows a reduction in the buckling strength of 65% compared to the classical bucklhmg strength
of a spherical cap. The applied weld depression initiates the buckling delformation. Local
huckling occurs mainly in the area between the weld depression and the top of the cap (Vigure
5.10). The post-buckting stiffness of the analysed structure can be deseribed as very weak,

Snap-through of the hale cap oceurs aller the enitical toad s reached.
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Fig. 5.10: Buckling deformution (or 8 =10° {clamped cap)

Vs
L



Chapter 5

The clamped spherical cap with a circurnferential weld depression under the angle 7 =157

shows a similar huckling and post-buckling behaviour. The buckling strength has decreased

by 6% comparcd to the classical buckling strength, The buckling deformation can be seen in
Figure 5.11.

lonz 1 g
Time a Ubie-UU1 \

\ WS,

lease=l

L

Fig. 5.11: Buckling deformation for ,.8 =15" {clamnped cap)
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For ff =207 a decrease of 35% in the buckling strength can be found. 'The cap shows the same

buckling and post-buckling behaviour as the caps with weld depression under the

angle 4 —10%and A V5% The buckling detormation can be scen in Figure 512,

Lrus E

Towe: 7.003e-031 \R ML,

lzozel |

Fig. 5.12: Buckling deformation far [ =202 (clumped czp)

The circumferential weld depression leads 10 a deerecase in the buckling strength for the
clamped spherical cap i the area of 60% , The buckling strengih increases towards the edge

of the investigated spherical cap. All results are listed for comparison in Table 5.1,

/! e 15° 20°

[%6] of the classical i
15 40 4%

huckling load

Table 5.1: Results (oe the clumped cap
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5.5.2, Hinged Spherical Cap

The hinged spherical cap with a circumferential weld depression under the angle f —10°

shows o 63% decrease in the buckling strength compared o the classical buckling strength of
a spherical cap.

Inc 3 . =
Tome. 3 000e—202 I wit

loagel

Fir. 5.13: RBuckling deformatian for ﬁ =117 (hinged cap)

The applied weld depression initiates the buckling deformation (Figure 5.13). Local buckiing
vcerss niainly in the ared between the edge of the cap and the weld depression. The post-
buckling stiltness of the analysed structure can be deseribed as very weak. Snap-through

oceurs after the eritical load is reached (Figure 5.14).

b
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Inc x|
Time: 4 00Ce-DO-

—
R

loazal

Fig. 5.14: Post-buckling deformation of the hinged cap

The clamped spherical cap with a circumferential weld depression under the angle g -15°

Figure 5.15,

shows a similar buckhng and post-buckling behaviour, The buckling sirength is decreased by
70% compared (o the classical buckling strength. The buckling deformation can be seen in

&4
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Inc Fd .
Tisse 3.000e-001 & s

lzesal

Fig. 5.15: Buckling deformation for f =15° (hinged cap)

For 8 =20" a decrease of 75% in the buckling strength can be found. The cap shows the same

buckling and post-buckling behaviour as the caps with weld depression under the
angle £ =10° and f =15° respectively. The buckling deformation can be scen in Figure 5.16.
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Fig. 5.16: Buckling deformution for f =20° ¢(hinged cap)

The circumferential weld depression leads to a deercasc in the arca of 30% in the buckling

strength of the hinged spherical cap. The buckling strength decreases towards the edge of the
investigared spherical cap, All results are listed for comparison in Table 5.2,

3

LI 15° 20°
[%f of the classical
49 30 35
buckling load
Table 5.2: Resuhs for the hinged cap
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5.5.3. Comparison of Clamped and Hinged Spherical Cap

The results for the clamped and binged sphencal cap with a eircumierential weld depression

are compared 1n Figure 5017,

a0 ————
!
i
43 Fay
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Inzti

Fiw, 517 Coanparison of resule for different edae conditions

The buckling strenglh of the investigated cap depends on its boundary conditions. The
clamped spherical cap shows an increase of 35% in the buckling strenglh compared o the
classical buckling strength for £ =10% and an merease of up 10 45%, for £ =20°. The hinged
cap exhihits an opposite behaviour, The buckling strength decreases from 35%, for § -10" 10

25% for 7 =207,

Both structures show a similar post-buckling behaviour. The post-buckling stitfness ot both
structures can be desertbed as weak. Snap-through gccurs in bolh cases alier the eritical load

hias been reached.
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5.5.4, Discussion of Results

The hinged and the clamped spherical cap under umiform external pressure with a
circumterential weld depression show a decrease of & similar magmtude in the buckling
strength eompared to investizgations on eylindricul shells under axial loading (see 1.5.4.1.).
This bebhavior agrees with the well-known similanties in the buckling bebaviour of cylindrical
shells under axial loading and spherical shell under uniform cxternal pressure. Both groups of
structures show a multi-mode buckling behaviour, which makes them very sensitive to mitial

imperleetions.

Hutchison {1967] {sce 1.5.3.) showed that an impertection of the same shape of the
cigenmunde shape Jeads to the greatest reduction in the buckling strength of a spherical cap.
The shape of the circwmierental weld depression 1s sinuilar to the cigenmode shapes of the
spherieal cap (sce chapter 4 and appendix A, B), which cxplaing the low buckling loads
obtained by the analyvsis carried out. The postbuckling detormations shown have a very

similar shape compared to the eigenmaode shapes, which supports to this (dea.

The clamped and the hinged spherical cap show the same reduction in the buckhing strength if
the weld s located near the top of the cap. The boundary conditions have no sigmificant

influence i the weld is located near the top ol the cap

The nerease in buckling strength with the weld closer 1o the edge ol the clamped cap can be
explained by the larger stiffness of the cap in this area duc to the clamped edge of the cap.
The binged cap an the other hand s less sulf closer to the edge ol the cap, which explains a
decrease ‘n the buckling strength compared to the case where the weld depression 1s located

closer to the top ol the cap
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Chapter 6
Conclusions and

Recommendations for I'urther Investigation

The caleulation of the stability [ead of shell structures provides an unlimited range of
challenges tor engineers. This thesis has provided a literature review in the arca of shell
stability wath a special focus on spherical shells and the cffects of impertections due to the

manuficiurng process.

An introdoction into lincar and nonlinear (inie clement analysis was also provided. Dilferent

tvpes of buckling analysis with finite clement methods were discussed.

A bifurcation analysis of a pressure loaded sphenical cap with FEM was carried out. Good
consistency hetween the thearetical and the numcerical solution was found, Bifurcation
analysis with FEM provides o good method to calculate the classzical buckling load, It can be

easily combined with existing desgn standards because of the sarme theoretical background,

The effect of a circumierential weld depression on the huckling behaviour ol a rather thin
{R/A=1067) clamped and hinped spherical cap subjeeted to radial uniform pressure was
myestigated by using nonlinear finite ¢lement methods. The maodelling of the weld depression
was deseribed  detanl, The results show a significant decrease 10 the buckling strength due to

the circwnferential weld depression.

The clamped spherical cap shows a decrease ol between 65% and 55% (mean 60%) and the
hinged spherical cap a decrease of berween 75% and 65% {mecan 70%) depending on the

location of 1he weld depression.

Comparison of 1the results, together with the results of investigation on the effect of a
circumferential weld depression on the buckling behaviour of exhindrical shells, subjected o

axial loadmg (see 5.5.4.). shows a deerease in the buckling strenpth of a similar magnitude.
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It has been shown that the boundary conditions of the edee hasve an infTlucnce on the buckling
strength of the spherical cap with a circumferential weld depression. The clamped spherical
cup shows a decrease in the buckling strength if the weld 15 Tocated near the top of the cap,
while the hinged spherical cap shows an opposite behaviour with regards to the buckling

strength,

The effect of a circumferential weld depression was modelled by assuming o relatively siniple
ipericction shape. Measurement of real imperfection shapes due to welding should be on
full-scale structures 10 improve the accuraey of this analvsis. Nevertheless. the described
method provides a good way 1o investigate the effect of weld depressions under different

conditions and can be applicd 10 all kinds of shells of revolution.

The given numerical results obained [rom the analysis can only give an estimate about the

decrease in the buckling strength and it must be verificd with experimental resulls,
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Appendix A Results Bifurcation Analysis - Clamped Cap
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Tiam 0.000=+000
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Figore L: clamped cap, cigenmode 1, critical pressure 008835 Ninm?
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Figure 2: clamiped cap, eigenmade 2, critical pressure 008775 N/mm?
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Appendix A Results Bifurcation Analysis - Clamped Cap
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Figure 3: clamped cap, cigenmode 3, eritical pressure 0.08856 h/mm
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Figure 4: clamped cap, eipenmode 4, ¢ritical pressure 0.09130 N/mm?
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Appendix A Results Bifurcation Analysis - Clamped Cap
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Figure 5: clamped cap, eigenmode 5, eritical pressure 4.09970 Nimm?®
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Figure 6: clamped cap, eigenmode 6, critical pressure 0.09417N/mm?
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Appendix A Results Bifurcation Analysis - Clamped Cap
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Figore 8: clamped cap, elgenmode &, eritical pressure 0.1046N/mm?
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Appendix A Results Bifurcation Analysis - Clamped Cap
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Figurc 10: clamnped cap, eigenmode 10, critical pressure 0.1141 Nimm?®
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i Appendix A Results Bifurcation Analysis - Clamped Cap
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Flgure 12: clamped cap, eigenmode 12, critical pressure 0. 1342 Ni/mm?
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Appendix A Results Bifurcation Analysis - Clamped Cap
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Figure 13: elamped cap. eigenmode 13, critical pressure 0.1285 Nimm?
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Figure 14: clamped cap. eigeninode 14, critical pressurc 0.1430 N/mm?
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Appendix A

Results Bifurcation Analysis - Clamped Cap
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Figure 15 clamped cap, clgenmode |3, eritical pressure 10,1526 N/mm?
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Appendix B Results Bifurcation Analysis - Hinged Cap
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Figure 1¢ hinged cap, cipenmode 1, critical pressure D.08751 N/mm?
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Figure 2; hinged cap, cigenmaode 2, eritical pressure 0.08765 N/mum?
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Appendix B

Results Bifurcation Analysis - Hinged Cap
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Appendix B

Results Bifurcation Analysis - Hinged Cap
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Figure §: hinged cap, eigenmode 5, eritica) pressure 0.09206 Nioun?

I B:4
Time: § 305000
Fac § r15a-002

-

i

o

hinged zap

1™\

Figure 6: hinged cap, eigeniiode 6, eritiea] pressure (0.09715 Ninm?
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Appendix B

Results Bifurcation Analysis - Hinged Cap
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Figure 7: hinged cap, eigenmode 7, critical pressure 4.09740 N/mm?
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Appendix B

Results Bifurcation Analysis - Hinged Cap
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Figure 10: hinged cap, eigenmode 10, critical pressure 0.1 1) N/mm?
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Results Bifurcation Analysis - 1linged Cap

1-11

0_G=+000
1.197=-001
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Appendix B Results Bifurcation Analysis - Hinged Cap
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Figure 13: hinged cap, eigenmode |3, critical pressure 0.1283 N/mm?
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Results Bifurcation Analysis - Hinged Cap
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