
The copyright of this thesis vests in the author. No 
quotation from it or information derived from it is to be 
published without full acknowledgement of the source. 
The thesis is to be used for private study or non-
commercial research purposes only. 

Published by the University of Cape Town (UCT) in terms 
of the non-exclusive license granted to UCT by the author. 

Univ
ers

ity
 of

 C
ap

e T
ow

n



Univ
ers

ity
 of

 C
ap

e T
ow

n
• _ ....... , ..... 

I 



Univ
ers

ity
 of

 C
ap

e T
ow

n

I, is own it 

a I'IPOTF· ... 

signature removed



Univ
ers

ity
 of

 C
ap

e T
ow

n

pmltgradtl8te Stu(lleS came a --_.-.1 1:'00rnaatlC)n 

PO~ltgrac1tl8te stuates. it me 

lam to 

AU .. IQ .... L"" source 

I to nellplIllg me eWl[lD2 

was .~'-J SJ)4:)ns:orc~a 

over 

ii 



Univ
ers

ity
 of

 C
ap

e T
ow

n

a 

,...""" ....... , one nUln<1l'ea 

"' .... , ••• "" causes a sy!;tellllatic ImDel!1ec~tl(>n 

res:ewrcn on 

to a area 

to mVI~stl~~ate 

on aClamt:lea 

iii 

area 

on 

to 



Univ
ers

ity
 of

 C
ap

e T
ow

n

are 

ChliP;ptc~r 2 a 

attlentllon is 

elelmeltlt mLemoas are aes,cnlt>ea 

is 

~ ... "'! .... '" are COlDpare:Q 

cnapter 1. 

on 

elements is 

mvestllgatlon are 

iv 



Univ
ers

ity
 of

Cap
e T

ow
n

Table of Contents 

Declaration i 

Acknowledgements ii 

Preface iii 

Table of Contents v 

List of Figures viii 

Glossary of Symbols x 

1 Background and Literature Review 

1.1. Introduction 1 

1.2. Background, Shell Definition and Thinness Criteria 2 

1.3. Buckling of Shell Structures 4 

1.3.1. Introduction 4 

1.3.2. General Considerations on Buckling 5 

1.3.3. Classical Buckling Theory 5 

1.3.3.1. The Energy Method 6 

1.3.3.2. The Method of Adjacent Equilibrium 7 

1.3.4. Linear Buckling of a Spherical Shell 

Subjected to Radial Unifonn Pressure 8 

1.3.5. Nonlinear Buckling Theory 15 

1.3.5.1. Introduction 15 

II 1.3.5.2. Nonlinear Buckling Theory of 

Spherical Shells 15 

1.4. Buckling of a Spherical Cap 20 

1.4.1. Introduction 20 

1.4.2. Linear Buckling of a Spherical Cap Subjected to 

Radial Unifonn Pressure 21 

1.4.3. Nonlinear Buckling of a Spherical Cap Subjected 

To Radial Unifonn Pressure 22 

v 



Univ
ers

ity
of 

Cap
e T

ow
n

1.S. Imperfections of Shell Structures 1.7 

1.5.1. Introduction 27 

1.5.2. Geometrical Imperfections 28 

1.5.3. Previous Studies in Imperfections 29 

1.5.3.1. Previous Studies on Imperfections 

of Spherical Shens 31 

1.5.4. Imperfections Due to The Welding Process 32 

1.5.4.1. Effect of Welding on the Buckling 

Behaviour of Shell Structures 34 

1.5.5. Methods for The Measurement of Imperfections 37 

2 Finite Element Analysis 

1..1. Introduction 38 

1..1.. Linear Static Analysis with FEM 41 

1..3. Nonlinear Static Analysis with FEM 46 

2.3.1. Introduction 46 

2.3.2. Formulation Methods 47 

2.3.2.1. The Material Description 47 

2.3.2.2. The Referential Description 47 

2.3.2.3. The Spatial Description 49 

2.3.2.4. The Relative Description 49 

2.3.3. Solution Schemes for Nonlinear Static 

Analysis with FEM 50 

2.3.3.1. Introduction 50 

2.3.3.2. Conventional and Modified 

Newton-Raphson Method 50 

2.3.3.3. Axc Length Method 53 

1..4. Finite Element Analysis of Shell Structures S7 

2.4.1. Introduction 57 

2.4.2. The Axisymmetric Shell Element 59 

3 Buckling Analysis witb Finite Element Metbods 

3.1. Introduction 67 

vi 



Univ
ers

ity
of 

Cap
e T

ow
n

3.2. Eigenvalue Buckling with FEM 

3.3. Nonlinear Buckling with FEM 

3.4. Comparison of Linear and Nonlinear Buckling 

WlthFEM 

, 

4 Bifurcation Analysis of a Spberical Cap 

4.1. Introduction 

4.2. Description of the Geometry and Loading 

4.3. Discretization with FEM and Solution 

4.4. Results 

4.4.1. Clamped Spherical Cap 

4.4.2. Hinged Spherical Cap 

4.5. Conclusions 

5 Effect of a Circumferential Weld on tbe 

Buckling Bebaviour of a Spberical Cap 

5.1. Introduction 

5.2. Description of Geometry and Loading 

5.2.1. Description of the Circumferential Weld 

5.3. Discretization with FEM 

5.4. Solution Procedure with FEM 

5.5. Results 

5.4.1. Clamped Spherical Cap 

5.4.2. Hinged Spherical Cap 

5.4.3. Comparison of Clamped and Hinged 

Spherical Cap 

5.5.4. Discussion of Results 

6 Conclusion and Recommendations for 

Furtber Investigation 

List of References 

Appendix A 

AppendixB 

vii 

61 

10 

11 

12 

12 

13 

14 

74 

75 

16 

11 

77 

78 

80 

83 

84 

85 

88 

92 

93 

94 

Rl 

Al 

Bl 



Univ
ers

ity
 of

Cap
e T

ow
n

List of Figures 

t 
Ii 
" 

1.1 Comparison beam, plate and shell structure 4 

1.2 Bifurcation phenomenon 5 

1.3 Variation of A 2 6 

1.4 SphericalsheU 8 

1.5 Shallow shell theory 8 

1.6 Reticulated pattern 13 

1.7 Spherical cap 17 

1.8 Membrane theory support 18 

1.9 Clamped spherical cap 19 

1.10 Hinged spherical cap 19 

1.11 Snapping load of the perfect spherical cap 20 

1.12 Change in slope of the bending and buckling defonnation 21 

1.13 Critical load pertaining to asymmetric buckling (clamped cap) 22 

1.14 Critical load pertaining to asymmetric buckling (hinged cap) 23 

1.15 Rolling process 25 

1.16 Shrinkage of the weld due to cooling 32 

1.17 Schematic residual stress distribution during welding process 33 

1.18 Radial weld depression 34 

1.19 Idealized weld depression according to Rotter and Teng 35 

2.1 Sample discretization of a 2D area 39 

2.2 Part of a fmite element mesh 39 

2.3 Geometry of motion 48 

2.4 Conventional Newton-Raphson method 52 

2.5 Modified Newton-Raphson method 52 

2.6 Arc Length solution algorithm 56 

2.7 Axisymmetric shell element 59 

2.8 Local coordinate system of the element 60 

2.9 Membrane strain components 61 

2.10 Bending strain component 62 

viii 



Univ
ers

ity
 of

 C
ap

e T
ow

n

4.1 Geometry of the investigated spherical cap 72 I 
4.2 Axisymmetric model of the spherical cap 73 I 4.3 Clamped cap, eigenmode 2, critical pressure 0.08775 N/mm 74 

H 

4.4 Hinged cap, eigenmode 1, critical pressure 0.08751 N/mm2 75 

5.1 Geometry of the investigated spherical cap 77 

5.2 Location of the circumferential weld 78 

5.3 Microstructure of normal steel 79 

5.4 Microstructure of the weld 79 

5.5 Change welded material- heat influence zone 80 

5.6 Change heat influence zone - normal material 80 

5.7 Measurement of lheatilljl. 81 

5.8 Axisymmetric model of the spherical cap with loading 82 

5.9 Assumed imperfection shape after solution step 83 

5.10 Buckling deformation for P = 1 00 (clamped cap) 85 

5.11 Buckling deformation for P =150 (clamped cap) 86 

5.12 Buckling deformation for fJ =200 (clamped cap) 87 

5.13 Buckling deformation for fJ =100 (hinged cap) 88 

5.14 Post-buckling deformation of the hinged cap 89 

5.15 Buckling deformation for P =150 (hinged cap) 90 

5.16 Buckling deformation for P =200 (hinged cap) 91 

5.17 Comparison of the results for different edge conditions 92 

ix 



Univ
ers

ity
 of

 C
ap

e T
ow

n

Glossary of Symbols 

Symbol Description 

{a} displacement vector 

~}: ,{u} nodal displacement vector 

A area 

B= 
Et l 

bending stiffuess of the shell 
12(l-u2

) 

{b} body force vector 

[B] strain-displacement matrix 

[D] material matrix 

E Young's modulus 

{f} internal force vector 

F stress function 

H height of the cap 

[K] stiffuess matrix 

[K]t tangent stiffuess matrix 

L diameter at the base of the cap 

Nk/x.y,x) displacement shape function 

nxy.nJC.ny membrane force 

Pi incremental load 

Per critical buckling pressure 

{pc} concentrated force vector 

{P} load vector 

Pr,Pz,M local load components 

R radius of the shell, cap 

{r} reference load 

r,z local coordinates 

[8] stress matrix 

x 



Univ
ers

ity
of 

Cap
e T

ow
n

T =~ 
I-v ' 

, 
1'1 
u 

v 
x. y, z 

ala} , , 
{f 

J. 

! 

._----------

tensi le ,linnes'> nfthe she ll 

shell thickness, time 

strain energy 

di~rjacc1\1cm ,ector In concentrated furce ,> {Pc} 

global displa~~mellt cO]11pon~nt, 

po(~ntial ~n~rgy of the applied loads, Volume 

Cart~~ian C0-urdinaks 

variatiu/\ 01' a 

vinua l dbp lacement vector 

,train tensor 

meridial angle 

v~riatinn factor, load factor 

P0iS~{)I\'S ratio 

stress tensor 

ch~mclerislic yield stress 

lime variab le 

sh~pe function 



Univ
ers

ity
 of

 C
ap

e T
ow

n

• 

Chapler 1 

Litl'rature Rcyiew 

1.1.lmrudliction 

Sh ~ II stnlclurtS fi!lel wide ~pplicatiOl I, ill many d i ficrcJlt brallche, (1 r engLneeri ng. E.~ampks 

IJlclllUC coo] iJl g lower. , I cd , ilns. w n 1\ prc 'o[lr~ v~s'elo <md oteel wn h [Flilgg~ (1973), 

Calladinc (I ')33), Lingoni (I '}I)7) I . 

.'vIos! shell struct[lr~s ,1rt til Ill . I knct buC'kling is oft~1l the controll ing l;li lure mode. 

Shdl stwctll res often ha ve ~ com plcx post-buckling bella,' jour. It is therefo re impol'lant dml 

their buckling be h~VlO[lr is properly understood. 

Shdl , trll(;l\lreo m"de Olll () I' ol~cI "r~ li-cq[ltlltiy con stnlct~d by wdding <:Ilr\' ed pl ~I~S 

lOgclhcL Thi, wc lding <:onslilu(Cs a~ i111p<;rI"'~linn m I h~ 01 h,;rwioe ,mOOlh O\Lr l'a<:e 0 I' lhe 

shell, and anraC1S additinna I stresses, w hk h greati y in Il ucnccs the bllck ] ing behaviour or th~ 

she ll <;Irw d lin: I 1we<;1 igation <; On the eITc.:! 0 I' weld ing Oil the b lick I mg behaviour 0 I' <;hel I 

slructurcs hJS <;0 far only becn don<-' on c v I i1 Klri,,, I and coni,'" I shel l, an d rc,c,m:1i in IM1 <; ,m:a 

IS sli ll ongoing. 

A., eX,,,;1 ,mal ) lic,!1 oOluli on, Ii)r b lJ<; k I mg probkms an; lunikd I 0 ralh~r snnpk L'!"~;, 

"llmer;"',,) nldh()<is (e.g, lh ~ finik ~knl ~nt llldh()<i) ~"" g~n~r<1l1y ado]Jl~d 

------------~ 
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Chapter I 

1.2.11ud<!!fOUlI rl. SI'eli fl efin; i;on unrl T h;nne" (' ri ier; " 

S h~11 st ru~tur~s have " wid~ r,,,, g~ 0 I' arpli cati l)1IS ", ~ngi"i;~n"g . For n ample, /\ rch itedure 

and nui l ding, Th~ ~()llslrul'11I'" 0 I' d()Jn~s I"r lcmpk, . c"lhcdrais 'Illd olher bui Iding, were the 

~arh e,l rom LOr ,hd I ,I rutlmc,. H i, lOri,al e.~amplcs in C I uJc Ihe P anthem) 0 f all~klll Rome, 

hui It around 2()()() years ago, and Ihc j I agia Sorh ia of Constanl l 'wp I ~. Whl ~h I, appmx mtalel y 

1S()O y~:lr, () Id [7 mg()nl (1997)], 

i\lany ()bjecls wer~ ~()llslrucledlong bel"re lh~r~ were :my Iheorelical illve;;tigalion;; On ,hel l 

stnlctures, Th~ early cngmen, bLllll smalhc"k llwdel, and did owrlo"d te;;ts. From these 

i ,wes!i g:lIi (>llS Ih ey cOLlld :iee the :ldvanlage 0 I' shell ron,lruclil)n, is thcir high strength-to­

weight rmil), 

Shell stl1lctures have ]xeen Iheorelic"lly ,ILldied li.lr mor~ Ih'llll)ne hundrcd years. Staning 

with Aron (H74) and Love (1838) [T Ill10,h~nk\l C i95.l)J-

'I he es,en(lal g~()mClric pmp<:ny or shd I , lmClllre, Ilml di,lin gui,hc, them fr0111 other 

,1 rUl'1 ur" I I"m" L, I he p,)"c>sion of hl)lh s"rfG('~ and curl'a l lire r e ,g. Ca Iladill C (1133)]. This 

Cl)",binalion gives shdl srnKturcs their ch:l r:l('(a lst l ~ ,Irenglh ""d slillnc". 

_A , hell n",y he l'on~idn~d a,,, rci,l llvciy thin stmctll1'al elemcnl in whirh thc mat~nal ()[the 

l'iclllClll i, hollnd bch\ecn two cUI'\-'l'd surf"ce,. whid) u r~" rcla1Jv ~ l y sm,1I1 Jdancc <ll'art. 

The beh UV;OLIr of a shell ,truClur~ is Ui;L'" lIy modc lied OLl lhc hasis of it s m i delle ,urfu~~, 

"hich is lhc Joc lLS of Llll l'rior po i nts equ i distant I'rom th~ lWO bounded ,lL1'L1,e~ l)f Ihe shell, 

The theory for th~ ,m,!lYS1> '-' I' shc II ,I rlLctlLre, i, di v idcd into two ,ec t ll>!1S; rhin-s hf'il I h, 'ory 

and / hick-sf",!1 " hem),. The crite ri" wh ich cb,sliie, a parti cular shcll SlnlCture as cither t h1l1 

shell or thi~k shell 1> ii, iir-r"Lio, whcre I" the thickncss of the shell and r Ih~ rnin lIlllLIll 

r"di lL~ 0 I' curvature of the miLid Ie su rfa~~ of th~ s hdL The cu1-o IT jll)im between Ihin and I h lck 

shell varies in litermure ])<:lwCel1 I/r-]'-' I 0 [Goldherg ('/ at. ( 1974)] ,llHlr/,- 1 /30 [Vla;;ow 

(1944)]. 

, 



Univ
ers

ity
 of

 C
ap

e T
ow

n

Chapter 1 

Most orthe ,hell ,tJ1letlifes in practical JppllcJlion, have a fir -rn(io h\;!ween l/2000 and 1/50 

and can thcrefore be regarded 3, thin ,hells_ lIenee buckling i~ olkn thL' controlling fJilure 

modc_ 

In this chapter a litnatllr~ r~Vlt;W of the development in the stabi lily analy;;i s 0 r shell 

stJ1lctures. wit h ;' spt;c ial rOC-liS on spherical ,hells Jnd tbe inn uenc~ of impt;rlcctions due to 

tbe m3nufJcturing pro\:~;;s. 1S given 
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1 .3. Buckl i II g of Shell SI n n:lu n.·~ 

1.3.1. ilitroouCl ill1l 

Cnmlll1red I" th.: jluslhuckhng b.:haviour of bc~",~ ~nd plalcs. 'TlO,1 s ..... n 'In.lClll re~ han" a 

"'bad" po,l .. buckling bclm iour. "Bad" p",{ .. buckhns b"haviuur ' '''phl:s I h~l '>Itdl Mn'Clure; 

1;Onap, ~ 10lally i r Ill<: crit i,al load i, rcaclll!d (I' i£ur~ 1 I) . Hcnc~ II ;, n~'1:e""Iry to ,k lermine 

Ihe crill cJI buckling load. 

...._.Ii"",,,,, ..... d_Ui .. ".1< 

I' t 'I 
ph'~ 

A~:::::=---- b" HI 

<Id l ed;,," 

I ; i~. 1. 1: C omp.lrtO(>n bra.", pL:o'c and sJt..ll ,1ru<lurt 

n", finl ,Jldl buCklttlg pmhh."'", ,,,h',,d waS ~ cyltndrical , hd l under a~ialloadtUg [Lorenz 

( ! 9(8)]. \{ uOe" ;\l'1 ( I n<)), Fliigg~ ( 1 <)3 2) and l .und,! _" ,1 ( 19.\3) tI,,1 [c.I I .. u\1 Ih" buckl ing 

hd laviour 01 c y lindrl c ~1 , he lis, Thcy found Ihal Ihe rcal bue kl i I1 g load, of ~ylinder" under 

ll'{iJlload. J~ ml)l;h lower IhJn the c!J;,ical bILckling IUJu" bpeflrn<;nla\ bockling lo~d" a, 

Iuw a~ 30 ~'. orlh~ d~"Slcall o",1 ~rC nol II11C" '""'''I1. 

Th" in'-",I ig:llion "r I~Cl"l"o (t' .g. i"'p"rr~'Cl;""" , pla'\ICll}') rc'p'tUSl hl.: r"r Ihi, d iKr,-paney 

betwoxn the th~o rclk~ 1 and the eXp"ri"'~llt:l1 bUl:k ltng load led to an ~ll<IrmOU.I alll"UnI of 

research into , hell bl lckling during the l at~r part urlhe 211" century. 
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1.3.2. Gel1\'fal Consldcratluns on lluckling 

The ohjccliH' 0 (" :l hucklin ); an,11 ysis ; > to cslim ate the maxlinum load til at a stlllcture can 

support 1 n cornrres<;j oIl l>clilrc It hccorncs unstahle or heron: il coil uP>"'s. 

TI,en: arc (\\0 diflcrem types "fhuckl ing analysis: 

• cias,ical (Imear) bucklmg anal}'>l> 

• nunjinear hur;kling ana lysi> 

1.3 • .'. CI a<"icai Buckling Theory 

Classical buckling analysis is al,,) known as "bifurcation" analysis. it calculates Ihe (oad 

under wh ieh th e stnlclure ' s primary load deflection path, which is a straight 1 ine for linear­

dastic static analys is. is bifurcated by a secondary load deflection path (Figure 1.2). 

load 
.... ------ point of hifu,-c.lion 

del1ection 

Fiy . 1.1: BillL"atlon pocnO<l",non 

\Vithin the classical huckling dleory, there are two different ways to find out whether the 

structure is stable or not [e,g, FIOgge \ 1973)]: 

• the energy method 

• the method 0 I' adj 'Kent e'llLll ihriuJ\1 
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Chaptpr I 

1.3.3.1 . The ~:nergy .\Irth ... d 

A ,lnKtLlr~ lS load~d <Lml has therefore ~ b~sic" ddormotion Jnd a ba,k stress ,ystcm. Thcn an 

additIOnal small ddoll11>lt1011 is app lied whkh results in additional sll~in ~nd therdorc with 

addit ional stress in the strHctLlre. For applYlllg an additlonal defl\fnlat1l>n ~nerg:-.· is 11 ~~ded. 

This energy ,an t'C dlvidcd int() two part,: 

• the work thai mUSI be dmlc ag~inst the cxternal forcc 

• illcrease in slrain energy due to additional strain 

The addit10nal delon1tation I\LlKtion is vaned by multiplying it with a "l~tor (~.g . n _ Then 

the variatioll oflhc potcnti~ 1 ,'nergy tin i, wrilten as a power scnc, in terlm of this f~ct()[. 

The linear krrll must al ways b~ /.~ro bCL alL;~ 0 I' the "pri\lclplc 0 I' virtlLal displ a<:e\ll~nt"_ 

Otherwi,e the SIre,s and the slram ,\()uld not be in equilihrium_ 

The n~~t t~nn of th~ power s~n~s is th~ quadrali~ t~ll11 (J.'). Thl< tell11 of the ,ariation ol'th~ 

potential energy I> alw~ys positive, if the basic load is small enough, Only additional forc~. 

whi~h ,'an do work Lan then s upply lh~ r~qLm~d ~nergy H~lK~ nO oth~r deviation call occur 

The ,trlLelUre is ~tabk lf lhc crilic ~ l ba,ic load is reached. the lcnn i, vanishing and 

d isp l ~cel11ents can occur spolltan~ously. Thc strud\lr~ " ind iffrrent (n~utral slablii ly)_ 11" the 

load is in,Teas~d bcyond the- <:riticalload, thc leon is lIcgat1 1'c. Energy will be set tice as 

kitlClic encrgy, Tile Slru('!UlC is un,table. 

'table 
,\n" 0 

indifferen t 
c'.n -0 

Fi~. 13: Valiation orF 

lIt"rable 
.-\1 I < 0 
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Chapter I 

1.3.3.2. The "iethod of Adjacent l:quilibrium 

A ppl ying th~ method of adjacelll eq lLil ihrilLm ,tarts with the S:lme initial conditions as 

applyillg the cncrgy method: the structlLre is loaded and bas therefore a b'l~k str~ss syskm 

and a basic defonnmimL 

Th~ ei;wic cqllilihrilLm i~ lhen again disturbed hY'1 ~m'llI deformation. A fon;e is lleeded to 

prodlLce lhi, ddonnmimL If the addi t;mml forc e is removed and the defonmll1on pnxluced by 

thi, force diminishcs. tbe strunure lS stable. 

Jfthe addit'onal d~fomlation prodlJ(;~d by the addllional force remains the same 'Iiter 

removing Ih~ addilional fon;e. lh~llihe structlLr~" indill'ereut 

[fthe deformation llKr~a~e~ wiLhoul applying ",ldilimml force, then the structure is unstable, 

TIle el a,tic ~qlLli ihri lLm always remains stahle if the b,t,ic load is small enough [v, ~'ihses 

( 1923l1- The smallesi valne with whkb tbe equ ilibrium stay~ ~tabk i, called the u-ilieu! 

hud!illg loud, 

ln order to find the ni tical buckling load, the dilfercill ial eqlLati,)ns arc flxmulated for the 

di~turb~d eqUllibri um withillLt a di sturhing load, The differenti'll equation~ r;ilntain a l~() tIle 

terms for tbe undistuTbed eqUllibnum and the tenns with the additional stre~s due to disturl""d 

,hell SlllLctlire. The 'Ipplied (iisturbance i~ 'nfinitnimal ~mall, hence the additil)nal terms are 

sim ll, AddillonallermS re'lLll from the fact tbat the ba~ic forc~s are nilW aCling on a deformed 

system. Both gwups of additioTlaI kmlS are proportional w the disturilan("e, Tbese kmlS mllst 

add up lO zero ~ilK;C the condition l)fthe equilibrium i, salisfied willhllLllhese terms. The 

hllckling pwblem r;an now be d~~r;nb~d a, a sel of h()mogene01L\ linear differ~nt ial ~qUalion~_ 

sin<:e Hl)()k~'s law expres,e~ a linear rcl'ltioll ~hip belween the str~,~ and the di'placement. 

These homogeneous linear dillhential eqllalions can be solved by finding the eigenvalues of 

tbese eqUalions TIlerefilre the classic'll bu("kling theory is olien calkd eigenvalue buckling 

theMy. 
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1.3.4. l.inear Buckling of 1I Splwrkal Shell Suhje,·ted to Radial t ·niform Pre"ure 

The bud.ling problem ora ~oll1p lde spherical ,hell (Figure 1.4) was first ,olwd by Zodly 

(19 15 ). He u'>cd lhc exact eljuallOl1S [e.g. Fli·'gge (1973)] and did not make u,~ ofth~ 

.Ihal/mm'-.I.\" I Margucrre (1938)]ul" Ihe ,hdl. 

j 

t 1 
Fig. 1.4: Spll<"rical ,Jod i 

Fv~n \1·a sphnlCJI ,h~1I ~al1l1ul be regarded as J das,icJI shallow shell (e.g. ill tbe ~J,~ ufJ 

~umpld~ shell). Ihe ,ha llow-,h~lIlheury ~al1 ,1111 b~ JPp\led. A sph~ri<:JI sh~ ll may be defined 

a, , hallow if the ratio of the rise II to th~ diameter D is kss than l i5 [Zingol1l (1997)]. 

Il 

Pllrt A IE '1 
~ --TH<D/5 

--- --~------- ------
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rig. 1.5: Sidiow .;iLc lili>cury 

Th~ compkt~ spiWllca i sh~li on b<: di vided il*> IWl> ,l,allo" <::Jps (Pclrl, A) and a non­

shallow fnlstunl {Pan B) as ,hoWI1 ill F l glLr~ 1.5 AS'oLlrnillg lh,ll only lilC , hallo""l'art, bLLckle 

w hik the l1on-"h allo" pelrl remams 'ol" bk. then shallo\\ ·shell theory can he appl kd. 

USing the , hallow shelllheory, l.h~ cmical hucki1ng load can h,' c:dcul:n"d a, follow; [Kol li,r 

and Du litcska II Yi(4) I: 

The ~qUllibri\lm alld (;OJllp,J11 hi I it Y ~<.j lJillion, nI" a gencral ,hallow shell in the "f..), ,z- C artesi,m 

coordinate sy 'km ar~ [WI,loSOW (IY5S)J 

KUw-L . .f" = p Il.l) 

i1. i\F -+ Til- u ' )L, It ·_ 0 ( 1.2) 

\\ ilh 

and I he Lap/ace Ilnd I'uch,>r di Ih·r,·nll al operalor: 
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w ~ buckling ,Ml)rmation pcrpc ~dicubr to lhe ~t]) rurl3c~ 

F - ~tre~~ function 

El ' 
B • ell;;;, JC'-::u"') '" bending stiffness of tllC shell 

r =~ 
I -v' 

:0 lensile sti llness of the ~hdl 

E = Youl'Ig's mod ulus 

- Poisson' s mlio 

, '" ~hell thi ck ll!,!.~s 

p '" un ifoml p~S\l1'<' 

The 111":I11hr:ln..: forces art th~ s~cond deri~'ati~'es ol the str~ss functiun F: 

{l.3; 

(L4) 

f;' F 
--"' -n 
8:ril}"Y 

(1.5) 

" 
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In the case ofa spherica l shell \vith the z-ax is pointing toward tho;: center of th~ >phcri cal , he I L 

the membrane forces of the pre-buck I i ~g stale Me [I'fliig~r ( 1 981 ) J-

whcr<:: 

II ~ = 0 

Il,=n.= 
pI< 

2 

I' - radia l 1Il1iform pressure 

N. - radi us of the shell (l'igure 1.4) 

(1 .6) 

(1.7) 

Eliminating F I"mm equmion, (1.1) and (1.2) leads to tht: fol lowing eqlLalion' 

where: 

p, ~ illcrt:ll1~n lalI0ad ari,ing during buckling 

perpendicular to the >hdl ,urfac~ 

" 

(\.8) 
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In Ihe c~se o f a spherical she ll : 

J'z c'z 
(\,,)) -- ~ -- ~ -

ill' ,\,' R 

(1.10) 

hcIlCC: 

L "' - - +- "' -Il. ll"D' D" I 
, R a,' Dyl) R 

(1.11) 

Tht in'TCmcnla l load Pi ari<ing during bud:ling is Ihe product u f tlle change in ~ Urv3 rurc t.\w 

and the inu:mal fWL'C (1 .7): 

( 1.\ 2) 

SubSli llUing a ll expl1.l&'iions illlo cqU31iOl1 ( 1.8) gives Ihe following t!Xpression: 

, TO - v') 1 pR, 
1ItJ. w---,_···- 11. w ,, - - Ow 

R" 2 
(1,1 3) 

" 
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Assuming for a simple reticulated pattern for w a~ shown in Figure 1.6 

. 1r . 1r 
W = w, SlnI:XSlnt:Y (1.14) 

where {, and I,. are balf of the wavelength in the x andy direction respcctively, 

the equation for the critical pn::>sure Pc, is obtained as follows: 

(l.15) 

where: c ~ [-,- + -,-] 
l ' {' , , 

., 

Fig. 1.6: Rdiculaled panem 
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Ddk'n:lllmlingp" "'nh n:speCI lO C ,mu ~qualing the ueriv"tion \0 zero rtsu lts m: 

( 
'T "~I ,[ ~", ,") 

\,'- RR ' (1.I6) 

Th~ buckill1g shap~ 1S indctcrminat,' since the ~qua!ion (1.16) 1., no\ dep<:nu,wt on the 

assum~u pattern \>" This bucklmg bdt'V10ur is SlTnii,ll- \0 that Or,! <:ylinuTlc,Ji "hel1lLn d~r axi,!l 

10.1<1 .lIld lS Gilled coli/pound-buckling or !!Il1lli-lilode buckling lxl",,-,our, 

Substituting ~qll,!tion ( 1, [6) into (I, 15) gi v~s th~ well-known expres"ion the linear cntical 

blL<:kling pre,;~urc I',., of an entire ;;phcrical ~hcll: 

(1.17) 

Assuming an a,;ynlmdric buck 11 IIg r~UeT1l 1e,J(Is to the "nne re,;lLl t I \'an dcr J\ elll (1 <)32) 1_ 
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1.].~.1. Itllmd uc!irltl 

Lxperim~nts on the buckling behaviour of sphcrical shel ls have ,;hown lower load,; for th.c 

critical buckling load (ompar~d to th~ classkal buckling theory. Krenz and Kiernan (I %3) 

have investigated «near-pcrfect"' sph~rieal shell,; and found a critical buckling of SO".'\, - S6% 

ofth~ linear buckling load. To explain this discr~pal1cy hetw~en the linear and ~xpcrim~ntal 

~n ti~al bu~kllIlg load th~ 1l0IlliIl~ar huck I ing lh~ory wa, dev~ lop~d 

13.~.2. ]",onlinear Buckling TheM,\' of Spherical Shells 

The nonlinear buckling theory takes large dejonnwions into account. The mL'1hod is based on 

the en('rgy we/hod described in 1.3.3.1 .. It is possihle to descrihe the huckling process from 

the lLndeformed state up to scv~ral of the shell thickl1ess hy taking also th~ secol1d 1){)\\"~rs of 

the fir, t deriYatioll of th~ di,pl ac~ rncl1t lV, perpcndi CII lar to th~ ,hel l SiIrfa~~ mto a<:wuIlL 

Til,,; caklLlmioIl ror n ~omrlcte sphmcal shell \"a,; first performed by Killman and hien 

( 19] 9). They a,;sumed the shape of the hlLckl ing pattern, characterising its ext~ nsiOI1 by a fr~e 

raram~ter. with r~spect to which th~y minimised the load at ev~ry loading st~r. Til<: low~st 

l){)im of the post-cri tka lload-displaCCl11 Cllt ~urw for a ~ol11pkte ,;pherical .'ihell was found to 

, 
''' '' ' = OlG~L'~ ~"'-',=O p" ... ,-, R' ",,' 

T111 s i, 0 ,] j time, the lineal' critical1:H.lckling load dc,cribcd ill t.3,4. 

( [ _ j 8) 
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Liter Tsit"n (1941) improved the aCClLraC) 01' [h~ ~al~lLla[ion by r~ finlng the >ohnioll 

pro~ed"re ~nd found : 

I()r IJ=O ( 1,19) 

wh ich is 0,2/ time, the lin car critical huck ling I ()ad. 

A more genenli rll<:Ol): fm nonline~r buckling of shell strtlCllH'C , wus given by Koiter (I <;45, 

I %3 I. He applIed a varia!iollal pri 1l<:lpk of potentia l energy to obtain equation, eharacte ri ,ing 

equllibrillm "I the prebuckll11g alld mi!ia] po>\buckll11g regl111~S 01'<1 ,h~]1 stru~rure with a 

mllltlp!Jclty ofhucklillg mo<k, a~>ocla\~d with til<: <:rih~a] hu<:kling load, Th~o~ equat ions are 

in the lonn of'simlLl tan<:olL' 1l0l1lill~ar, alg<:brai" <:qua\iol1~ r<:la\illg the maglli!lLde of!he 

~'-km,Jily appl i ~d IOi1d \0 !h<: (ktlectJOlls III the varJOu~ buckling mod~s, The magnitude 01 

a,sumed gcomctricall rnpcrli:Cli()ns also appear. 

K oi td ~ theory for nlll Itlll100e buckl ing can be formulated us follows: 

G~neralised stress. strain and disp l aeem~nt fields arc d~norcd hy 13,<: und" respect ively. 

The magniwdc of'the apphed load sy,;\em is taken t() be directly proportion~110 the load 

pammekr A, 

The p{ltenti al <:l1ergy expre:;sion for th<: ,;t ruetur<: is C{mvenkl11ly \\'riU~ l1 111 the compact 

lonn 

11 = I (a',r"}-)B,(u) 
2 

t1.20J 

where thc Slr<:sses and ';traill, are eakul ,lt~d fmrn the kll1ema!lcally adll1is-;ihlc 

di ,p l a<:~men! fidd u. H~rc (a',r") d()nates the inteE1la l vinual wo rk of the ,tre,s fi eld u' 
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trough th~ ,tr~m field g' anJ )ll ,(u) is thc work of the applicd [')fCe ficld ofintcnsity A. 

through a d"pl~celn~nt II of the , tmcture. 

COllsidcnng only qruClurc<, which Can h~ adc'ltLaldy ll~""rih..:d hy llonlin • .:ar ',lrain-

di,placcmcnl rdalLOn, Ol-lhc limn 

(1.2 1) 

whcrc L .. and L, arc hOlnOgCllCOU., runeli,)]]s whl~h are 11llear ami q lLadrallc, rc,pecli vely, 

In u, Thc slrc,s- str~i n rclalLOns arc a,sumcd to be lincar and arC wriltcn symhi,lkally a<, 

(1.22) 

where 11,.. IS .Illlle.n. homogeneou., funnion of the strain ~OmpOl1ell1s. 

An mllial ,kviat io l1 U oflhc unli,adcd strLldtLr~ from thc pcrl'cc-l form i, ~allcd the inilia/ 

impajixriol1. J 11 the pres~n(:e of su~h imperfection. th ~ 8ml in an ,ing from '111 addi I ional 

d i ~pl"celn~nl U IS 

s = L, {u)-t ~ L, (u)~ LII (u,u) ( \.23) 

where L (1I,u)~ L (iT. II) i,the biillle']J-. bomog~l1eOll~ fUIKTiul1 ofu and u which 

appeal'> in the identity L, (11 .,. u) = L, (11 i.,. lLn (u. u) ~ r , (iT) . 

It is assum~ d that there are ,evcrall ir..,arly dqxmdent btL~kllTlg modcs u,(l) ,u,m , ... ,u,{') 

'ls,>cK:i~ted with the critical value 01' thc load paramder \ _ The complelc di'>p laecmclll of 

the stru(:tu re lS wlillen <juite gCTlcrally as 

(1.24) 
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"hen: iii, l ~ th~ prdlllC ~ I, Ilg displJccment of the perfeci structurc subjcci to the olcmal 

load i nkll , \1 y L"n-~,p(11 ~llTlg 10 ,;. . For lil t spben cal sbell lInder rJdia l lIni form prcssmc, 

\hi, IS Ju,t a llllif(1rm mdial dlsploccmcnt, Each ofthc m,)(]es U;i) i;; lakcTl orlhogonal I,' 

The orlh"gonnilty ~ondJliolll~ 

i // (1.25) 

", h~r~ 0 0 = H [I., (ilo l]. Imp~rf~cti(1llS ill the form of the bllckling lTlode mny resli it ill 

significant reduction of lhe bllckling ~trcnglll of the sl rlL(:lure; lh uS 

( 1,21i) 

i;; taken a, milial 1I1lpericction 

~ow, the potential energy is cvnlllatcd u,ing thc expre~si,'ns Ii,,. IJ and Ii wllh cquation 

(1.22) to (1.24) and thc orlhogonal,ty conditions (1_25). Thc rcS1LU is' 

n = ('""sf I 1(,;. 
2 

"" " I ('~ " ' I' ,-" , ,'- I (" 'I) I 2 'L..~,"' , . -, ,L.. ~ :IJ , I I L, ~ : ~ JP "' -, IJ, 

- ., -, oj: ' - terms 01 orucr; ,~~ ' , ... (1,27) 

wh~r~ ,V;i) = H,lT, ("<,i) )J- Only t ~nns lip to and mduding th~ third powers orlhc SO and 

1ll1pericclion lcnn, such a~ .;.; arc di,pla,cd_ ThlS cxprc,,"](Hl lilr a "quadratic strlLcturc" is 

gi\'cn by K()llCr (1963). 1l1 ~ nOled that Ii docs not appcar in the fomlUl31ion of the 

pot~nt'al ~n~rgy sinc~ il contribLLte~ (0 quadrati, bUI n()t cubic term~ in .;, 
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rhe p0tenti~1 energy forlllul:nion In the tnlnc<l1~d ronll giwn hcr~ em pro\'id~ all m;<:ur'l(c 

deSCTi pllOll oi'rhe stru<:tun:'.i respoll se olll ., .i l1long n.i the ~" and imrcrlecti"ns ;, ar~ 

.>ulflc ient ly sillal i to ellsu re th~( the tenns n~glecled ~re slllu ll <;()rnpared to Illo.iC rcmincd, 

Lqllll d:>rlIJIll equal ]()"~ re I atlllg to Ill<; .:;, (0 (he load panullcler ,t are obl>1in~d !i'OIll the 

req Ul rcnlell r tlla I II .... lirs( va ri at IllnS ll l' lhc P,1tclllia I c nagy with r~ s p e(( to tlw .:;, \"~ll l;h , 

Th~ resu lting equations illl: 

I 'k 
" ,t" ) 

ror i= 1,2,3" . (1.23) 

Finally. th~ g~]1aal i;ed load-detlc<;l lon rclaLlu" I'or a pcrien lllllliimode stmClure <:,In b<: 

(1.2'l) 

where. rrOlll <:q uall(l,] (1 20), 13..-(11) r~prcsents t h~ g~n~ "J\' sed til sp hU;,'!llClll llmlllgh which 

the cx(croalloading sysl,'rn acts, :md wkre u(,' = l , u". 
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I A. Bud...! ing "r " Sl'hcriral Cap 

1.4.1. Introduction 

Sl'f"'rKal <:ap" hayc a wi<.l e range of npplication., in engineering. E"anll'k, lllcllLd~ roofs. tank 

c 1 ",ure'. pr~~'L1r~ n ; sw Is ilnd ~1I bmari ne stniClures. The geometry of ~ "pherical cap i" 

d~~crib~d a.s a parlof a full ,ph~r~ (Figure 1.7). 

II 

Fi~. 1.7: Spherical <or 

Wilh H being the l""ight, R the radius, r Ihe hasc radilL." I the Iincl..lle.'s of tile spherical cap 

and 'P is the valuc of the meridial angk 'P at th~ edg~. 
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1.4.2. Ijnear Buckling of" Spherkal Cap Subjected to Radiailiniform Pre<,surc 

The huekl ing be ha ,. iOlLL" 0 I" a ,pheri~al Cilp depeTlds on the hOllndmJ· conditions of it, cdge. 

Considering a cap which is ,lLpporled 111 ilc·C()TdalKe l() lh e IIIcmimmc ilrcory (Jiigure 1.7 and 

J .S) the shell can only undergo compre" i()Tl "'"' itllOlLl bendiTl!i 

Fig. I.H: \icmhranc th~"ry 'llPI~lT1 

The shell bchaves like a full sphcrical ,hell (sec l.3.4 .). In this cast. the linear critical 

buckling load is: 

(I 10) 

II = radius of the (Cap (hgure 1.7) 

- shcll lh icknc,"s 
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lA.J.l\'olllilleH Bucklin~ of 3 Spher ical Cap Subjcch:d to Radial Lniform I're~s ure 

In engin<,cn nr, 3pp l i ~ali()Ils. il h Lhllally il1lpr,lC ti cai l() provl(ic a Tll('mbmn~-liLe<Jl); compliant 

su PI'un, S1001 ,ap, h:lv<, ~ltkr hlIl 1(~J or c i <\lllpcd edge;;, I r the edge or the CJ p i, cl 3l11p .. :d 

(i"ir,ur~ 1.'J) () r h111 g~d (F igure I. I 0) lil l' "hd i undergoes bending de lonnation bcfure b llC~ l ing. 

<'''tn jt'lh~ ,h<' ll j, pnfetL 

111 
L 

Fig, 1.9: CI. mp,'d spheric"1 cop 

Fi ~. 1. 10: Hing-::d "fl iLCTi,", cal' 
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In some cases tbe bending deformation ha, the <ame <: h'If<I~ter 'IS tile bH':klmO'; deCorrnation. 

Ikn~e tbe :;bell hu<:kles 'It a luwer cnti,al bu,:kling luad compared lotile linear critical 

buckling 10'ld. In other , a,e, the bending defulln'ltiun 1;; Oppusile tuthe buckling ildonnaiion. 

lJen<:e the sb el l bud Ie :; 'It a III gher ni ti<:al bud I mg luad <: ompareiltu the ililear Cn heal 

bHckl111 g load (F lgure I II and I 11). 

The bebaviour dqxnds on the iollowing expre:;siull [Kullar .111<1 Dubcska (19S4) I· 

{1.31) 

with: 

If = height of the ~ap (bgure 1.7) 

Plotting the snapping luad or the perled spherical cap ba,~d 011 the num~['ical resu lts frum 

Thurston (I % I) againstrbe p'If<lmeter ), ]e.lds tu the I"ollm'ing graph: 

-"" -

05 

Clomp,:~ \ /' p upp.r \1;------ ---" / . upp ... 

~\. 
H1rlSled,P cc 

kCtOffiped, P~~w'" 

;'''ZV3(1_,,1) VIi 
o 

o 5 15 

Fig. l.tt; Snapping load u[,he 1''''1[001 "r/l<rioat c.JllKnllar and lhluc,ku (l~84r 

Thc curve of p;;"~ fll[ the clamped ~a]1 i, oscillating. The <:une is luwer then I whGnth~ 

ocndin'! defurmatiun and tile buckling dc lomlatiun have the <,ame charactcr. lfrhe bending 
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ddimnal lon and th~ bu~k l ing ddonnation haw OPI)(lsite charact ~rs th~ CUfW can be higher 

Lhan I. The ~ur\'~ lill' tb ~ bing~d ~ap Il~S lower than 1. but ,hows the same <:haracteristic> 

(F lgure I II Md I 12) 

7+1---=~="', 

10 

13f-! ----~~ 
o 1 

; 

b 

f--; 

... ~ 

Ie 
Obuckl 

, 
-"""""' 1 4 .",......... 

7 1""'-- ---.. , .... 

10 1""'- ...... .. 

13 I.e:=:=-. oc::=:> ==-- c:::;JO . 

o 1 

Fig. 1.12: Chong. in slop. of 11" bending :!l1d buckling d. fOIlTIa1ion I K"lbr alln Dubes", (19M)J 

b 

Even il thc ,phcrical shell has a perfec t geomeuy it ,t ill behave> like an imperfed >hell . 

ocrallse of it, boundary condition. When calculating the linear critICal buck 1ll1g load (sec 

1.3.n a membrl1l1e slale o{sIres5 i> a>SUlned , In a damped or bing~d <:ap bcnding ,tres, abl 

l>c~urs . Tbnd"ore thc re'iliits Ii-om the linear buckling th~ol)' do not corrdate with th~ r~su lt s 

frolll numericalnonlinenr solutions where the b<:nding deformation i, al:'< o takcn into account. 

I Iowe\'er. t b~s~ in\'~'i l i galion'i gi \'C sli ll Ingher \'ai lle, lilt the crj tical huckling load thnn 

experimental r~su Its on "n~nr-perf~d" ,ph~li~al ~ap" In ordn to explain Ih i, discr~pancy 

tx:tw~en the t b~oreti ~al and ~xpernllental re' UIIS B lIdiansky (1960) and later Tburston and 

l' ennll1g ( 19(6) ha \ e lakcn an in itial imp.;:lfeclioll into account. They de:'<<:n b<:d the 

deformation ofth~ Sph~lical cap by th~ non lmear theory and a""Jl1ed an axi>ymmetri<: 

bucklll1g modc, 
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Thc>e inve;;l igal ioIl' wCrC OIl I)' ha;;ed OIl a,~i 'ymmelric hlLcklmg ,hape;; , althollgh 

cxpcnmCIl lal iIlYCSllgal ion<; ;;howcd dla( lhc ;;phcrical cap oflcn huckle;; a<;ymmelrically 

I Schmidt (I %6) 1. HeIlcc, theoretica l inve,tigation, WCre done (0 find om wh~n the 

a,~i')'l1Imelric ddormation bifurcate, il1lO all asymmetric modc, Thi, problem was first solved 

by Huang (19M) and later by Weinil>ehke (1965), Thcy have combined (he nonlinear 

axisymmetric defol'lnatioIl th~olJ' witl] th~ l i l1~ar eigelwalue blJ(;klil1g (h~ Ol)', The re~ulb from 

thci<C invesligatioIls are plotted against ) for the damped spllCri<;:J! shel l 1Il Fiture L 13 :!ltd 

li,r the hingcd <;phcrical >hdl in hgul'c- 1.14. In this case /I is the <.Circumferel1tiill fu ll-w:l\'e 

numocr of Ihe a,ymmctric mode, The axisymmetric re>u lts (FIgure 1,1 I) ilr~ plolted 1Il dashed 

line<; to facilitate bclt~r <:omparisol1, 

" 
'0 -,,'" 

S.,.mm~ric ~:; '-eX" ,-
,) , ,- I • 

-- , '~ 4 5
1
6 7=n 

0.5 
~symmetric 

1 )'o=2~ 3(1-~~) YIf I 
o 

o 5 10 15 

Fig. l. B: Crilic"l]"",j pertaini Il£. ro ",ymmotric huckhng (dampeu "Jp) : K"lIa, ""I Dllhcsh I I 984) ] 
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10 ----
l ' Symmetric '~r,~;$?,;:>--J---"" . ,11,;,," 

,.J LAsymmetric I 

I },=2 h(l-v~) V1f I 

05 

o 
o 5 10 15 

Fig. 1. 14: C,ilicalloM pertaining 10 ",,),mmctric hockling (hinged cap) 

The char:1cteristic fC<lture of the a,ymm~tric cllrw~ in contra<,l to lho~e (ksc.r ibing lh~ 

'l1;:i~ymlnetri c buckling of perfect spheric"1 caps (Figure I. I I) is that they do nOi o~cil [ alc, 

'Ippearing: con.,t.m( .lI1d practically independent of ,;. Th~ b~ndin!! ddormation ofth~ cap 

bcfore bucklin!! has no significant effect on the critical buckling load bccaus~ the cap can 

bifurca(" m( 0 al1 aSYl1l1ne tric bu,kl ing shape. 
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------- ----

1,:>, I rtl pe~rections or Sh~ll Structu rrs 

15,1. Introduction 

Shell ,lruClure, mcil as metal tanks or ,ilos ar~ frequent ly const mct~d by jOlIll ng ~urv~d 

metal plates tog~ther. A, a reslllt oftJl<: collstruction proc~ss tbe sh,lpc ol'lhe shcll i, not 

perl"CI. The>e gCOlnt'lricai impt'lji'Clitllls h,lv~ ,10 inlj10rlWlt dlC~l on lhc buckling strength of 

shell structur~s, 

S.~\'eral de,i gn r~nlTl ""cndalion;; (c_g DI N I Si;()O T4) take these Imp<:rf~cti ons inlo ,IC~Olllll 

by introduw'g a "kno~kdown" Iltctor. The cla,sic,ll critical bucklillg load of a rx:r le~l shcll i, 

mll itiphed lTl orrkr to rendcr ,1 "practical" buckling load. These knockdown fa~lo", arC cilmen 

tot", ,m,lll cnolLg]' to cnmre a safe ~>timate of LIe practi~,il bucklmg Im"L In ,ome cases this 

knockdownlactor is too COIlSeP" ltive ,nod therdor~ tbe , lrllclurc i, unccollomical. 

Scveral in\'e>tigations ba"~ b<:en done on rlJllcrcm imj'Crfectioll forms to C<liclll,ltC lh~ 

in IllLcnce of imperf~ct ion> more ,ICClLT,ilei y, Idcali /,cd I<mns W~I'~ used for t h e >~ 

lTlvc,l igatiom, lIow~\-er, th~ 11"",I'llr~d imp<:r li:clion form s arc much more complex [Ding, 

Coleman and Rotter ( 1996) J- A g~n~r,ll ,1Ocha;;tic study ba>~d on 1l~,lsurel11~nl from rC'11 shell 

stmctu r~> would solYc lhis problem. K evenheless. tl"" study of ific,ll izcd i mperfectioll forms 

provides a gc10d oppoltunity to llmkr;;taJld the it:IlOCI1Ce of these different fom" Olt ll , ~ 

bll~ klmg bc], ~,,' iour of shell stmctures_ 
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1.5.1. Grom~trical l mperfrctions 

(j~olllct rica j impcrfcx"tioll;; can be divided int,) glo/wl geometrical imperj,YliuflS and iewa! 

geolll('lrimi impcrji'Cliolls. 

(ilobal £"0' ndrH::a 1 lrl1)lCrkcl;on mean, Ibm the shell structure doc> not have th~ >hap" I hm 

wa' a,c;umcd I()]- the anal ysi<, of the hucki ing <,ll'L'ngth (L' ,g. th~ ,hell 1> more hyp~[bo I ie I h,m 

']Jh~nc; ln. H~ncc_ IhL' shell ,(met"rc hl.lckks at a different critical load. 

The simpks! j(lcai mLpcrkclion wOll ld h~ a "spot" illll)<.;rfcclion that can be ,,,used by" snd l 

impact. rortncr work by I h~ Hllti->or h.!> lt1v",li ga led the c rkc I lO f a "POL i"'pcrl",<: lion or hal f of 

the sh~l l l ll1Ckn~', on a cylindri cal ,hell subjec ted to ax ial loading. The nllm ~rJl'a l re,uit, have 

"Syst <, m<li lC" loca l gcomdncai impcrlixtions are causcd during th ~ proc~~s m winch thc 

m~ta I pi ,Ilc ~ ar~ curvcd l Lachcr and H a,pd (1980 J 1, "j hc flat pl,lte~ a[~ curvcd by fccd ing 

tlx:m through a sci of ro ller> (t'i gu r" 1, 15)_ 

f 

) 

Fig. I.lS: Rulling PODl"', 

Dlle to this proc~>s. small ~~dion~ of"bolh ,idc, nr the platc rcmain flal . Whil~ m high 

prcdsion application~ (~.g _ acronautica l constnlctio",') thc,c flat <'cclion> arc remov~d they 

are nonnally not rCllloved in ~ivi l ~llgmcering application. Th"se ,~c lion~ constillite lin~s of 

dis<:olllinli ity in the olix;rwi,c ,lllooth surf,I~~_ F.VCll lflhi, impcrfcction is ill the valuc or one 

,!Jell thickllCS> it lead, to addi tional <;lrc ss and strain illlh~ ~hdl, which int1ucnce> th ~ 

buckl ing b~ha viour r:Vi arl;:, 1Iol>t and Calladinc ( I Y9'l} 1_ 
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I 5 •. 1. P"C';OllS SIll d, rs 011 t h r EtTrct ot 1m perfections 

Tbe effeC"t of imperfections on thc buckling bdm viour llf ~I ,el l S 0 i" rcvoilition i, very il11pono nt 

because oftbeJr sensitivity to such Illitial imrcrti:ction. Tl", subject loa, 1><;~11 tlw obje<:1 of 

'l1llch rest~rch ~nd many reI'Je'v:; in thc la<;l 60 ycars. It i,> C\'Cn ditl]eull 10 rcvlt;w Ih~ reviews 

Slilce ,0 1lI~ oy h~w beeo ,vrilten. Rathcr than doing th is. a bri ef hi.,tory of ll"-, subje<: t 1, glvcn 

in this paragraph and a number of revicws will be pointcd ouL 

Elas(lC p<l<,lbuckling bdmvlour of "hell '>lructures was introduced by K(,rm,'in. Tsien and Dunn 

I Karman and Tsicn (193'f),{ 1941); Kam,(,u and DUlm (I <}40)] trough '>tnd po'>tbu<:khng 

analy .;i~ of thc perfcct , (ructure Som~ llIvesl igalor,> [e.g. L~gg~t 'IT,,1 Jones (1942), M 1<:i\iels~n 

II 'f4K) and Kcmper II '154) 1 c.\pluUlcd lhat (he minimum po,lbuckllTl g ~<.jull ibrium is a 

measure 01" thc load carrying eapaclly 0 I' lh~ "y"lem. Thi" l;tlt~r lhillk iug came to 'Ill end" I1<:n 

Hoff, /I.·Iadscn and /Ybycrs 119(6) eoncludcd from lh~ i r ca1cu\ati()Th that Ihe rnmimurn 

postbuckling load tends towards zero with increasing the number of terms in thc '>crics 

e.\pansion of the tmnwcrse displacement component ~nd with diminishing thickocss. 10 this 

limiting case Ihe Yoshimura (i 95 5) buckling pattern can be achieved. 

Arl<)ther ;'pproach fOO' imp<:rfe<:lion s~ns i tivl ly s(udk" IS to deal din:ctly wi th Ine lfnp<:rf~<:l 

c()llligurali()n and ~nr]Jloy l1()n IlTl~ar kmcm;'lic r~latiOl",. Dormel ( 1934) llrst and lill~r ()ther 

investigators used thi, approach but had varlcd succes, L e.g. Loo (1 <) 54), ~ arasimhan and 

H 0 tT 1197 J ) I. Koitcr (sce 1.3.5.2) waS thc li rsl 10 questiOTl thc use 0 I' the mnl imum 

postbuckling 10'ld .is 'Ime'lsur~ ofi!l ~ load carrying c;'pa<:i(y oftbe structur~. H~ ";l, ;,ble to 

<:OllTl~et thc initial JX"tbuckling behavior with the imperlCctions sensitiv ity of lhc structurc. 

His theory is limited to th~ neighborhlKld of the d'ls,ical bifurc'ltionload (immediate 

]Xhtbuckllllg) and lh~rclore to .,mall impcrthtion~ . This type of analysis has bcclIuscd for a 

large number of problems. Survey article, have been wntt~n by J J utchi ,OIl ;lTld Ko ikr ( I 970), 

Rudiall,>ky mld Hutchison (1960), Tvcrgaard (1976) aod Citcrk y (19K2). Thc rour survey 

pHper, referenc~d in th~ forgoing cOlltalTl ;llmo'>t 800 referell<:~'> Wh l<:h mdicatcs the e.~lcnd or 

"ork on llo is subjcct and the impossibi lity of adequately reviewing the work. 
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Mo, t t:arly r~ , ~"rch on impe,-fc:ctioll st:JI>i tivi!y "'ii, conc~nl t:d " 'llh Hkall/.~d lTlI[>"rkclioll 

for111; and iJlIJ"'rkcl:on, l[] sm"I1-<,<:~k labor~tory models, but illml now b~en recognized IhJ! 

lks~ Jr .. g .. neral ly nOl r~l'rt:,elllmi vc 0 t' real i lllp"ri'Lc lion, in lill 1 lealc l!l1lc!ur~,. 13abcock, 

ArOOc/. Sin~~r " I al ,\Tbrocz ( I 'lH21. (I 'l91): .. \n)rocz and I3Jbcock (19); 1), .. \rbocz Jl1d 1101 

11"9 1); Fh,hal..oll ~I al (19);7); Slllg~r (I % 2) I have pioneered in the precise meJsurement of 

impnlh!io[b in I alxwatory and fllll ;; C~ Ie shell, in the arC<l of Jeronautic"11 engineering and 

have developed ,tJt],tically bused ,k,lgn 11lethods, bRsed onth~ 111t:a,urcm~1ll of 

imp<'rf~etion~ In the la,1 20 yl'ars, An TJI1enlation" lllllp;;rf~ " tioll Da!aba,e Bank wa, 

est'l b I ished wi lll brand1~ ; \11 Delf ami Hai'ii lilr t.ht: eva1 ualion 0 I' impcrlc,'lion IllCJ,urem~nts 

Jnd (:orrelation st(]dI eS lArt>oC'Z (1982) a(]d Sl[l g~T (1982) 1_ Tb~ir work hJS als<) demonstrated 

thin t ht: foml and "mph [udc 01' n Jlpnl;'clion, are dq1~nd~n! on lh~ fabric atLon pro,e's and 

quallty_ 

Calladin~ (i 'l95 ) add~J a new Jlll1en, ion 10 imperfedion sensi t,V, l y rt:' .. al'ch hy ,uggest i ng 

!hal in Jddilion to the a"IJln~d- to-1x-stn; ,s-fr~t: geometric illljlcricdions, locked-ln stres'e' 

likely to occur ll1 ,hell, with fiXl'd boundary ~ondi t10Jl' n1ay also b~ irnponant in re,\uclIlg the 

load , arl);ing .-Dp'I,:ity of ;hell ;\mC lurt:", He ~lso jlr~l~llIed a thought · pl'ovokil1g review of 

the idt:as deployed LIl understanding irnpe lfe (:\ion ,ensitivity of 'Ixially cOlllrr~s,t"(1 cy I indri,'al 

,hell, in th~ ,arne article, 

JO 
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1.5.3.1. Previou<, Studies ... n Imperfections of Spherical Shell, 

Budian'ky (1960) first st"d i~d the effect of a small a~ isymmdric lmperl;,dion on the 

huck ling lxha\" lour of ~ spheri~al cap. I k found litt[~ effcct on thc critical b"c kling prc,sur~ 

He conclud~d thaI u'ymmdric imperfe~tion> mu;:t be considered; howcvcr, his conclusion 

was hascd on only one inve,ligilled Imperfect ion shape, which vari~d smoothly ovcr thc 

;: urfacc. 

La(er Thur;:ton and Pcnning (19M) studied tl", eilccl ollmperf~ctions on the buckling 

behaviour of>ph~rical shell;: (scc al;:o 1.4.3 ). The\" did a combincd Ihcorc1ical and 

~xp..:rim~mal >tudy on the instability of clamped ,pherical cap undcr unilorm prc'''Lre An 

axisymm~tric imperf~ction in the form of an inward dimple was applicd (0 thc IC;:( specimens 

They than measur~d th~ >hapes of th~ imp..:rfect sh~lls and used (h~;:e shapc;: for an input into 

~ ~omput~r pfClgram ba>ed on th~ numerka I >olution of Reissner' s (1950) finite deflection 

~<.jualions l"or gcneral sh~lIs o!"revolutioll Ullder a,isymmctric loads. They found a reduction 

in the buckling ;:(rcngth in thc area of30''-1, whencomparcd to (hc cla>sical buckling load. 

Hutchison (1967) u>ed Koiter's nonlirl<.:ar shell buckl ing theory (se~ I.J.5.2) to study th~ 

dfe<:t of imp"rf~ctions. Ik showed that small imperf~ctions on complet~ >ph~rical shdl> and 

spheric~1 caps haw a severe dfed in r~ ducing the buckl ing strength. II~ found that an 

imperiCcrion in thc t"orm 01' a cla'Slcal buckling mode caus~s the gr~alest reduction in ll", 

buckling 'tr~ n)lth. 

Ti IIman ( 1970) lIlVesliga(cd lh~ orell cally and aperiment~lly clam ped sphcrical cap Hc 

inv~ ,tigat~d caps wi(ll and without init ial axisyl\1m~tric imp~rfcction. Thc applicd 

im[l<'rfecl ion con,isted of ax isymmetrical ci r~ul~r !lats of variou> di ~met~r ~t the top of the 

cap. Marg\lerrc' , nonlincar shallow ;:hcll thcory [Marguerrc (l93H) [ wa, \I,cd for the 

lh~ oretlcal par! oflhe work. A r~ I~ll\'ely small irnperf~ctioll wa' lo"nd (0 lead 10 a gr~~t 

d~crease in the bu~k ling strength. Good agre~ment bctw~en th~ theoretic~1 and experim~ntal 

re;:ull> was found. 

31 



Univ
ers

ity
 of

 C
ap

e T
ow

n

Chapler 1 

1.5.4. 1m p('rf('ctioll'. Du(' to Th(' Wdtling Pruces> 

W dding the rurwd platc<; togdhtr cau"",,, :u"'lher "'y'kmilt ic" il1l pc rf~ ction. Due 10 th~ 

c<Xliing proccs<; aftcr "dding, , hrinkagc O(:cur, parallel ,md JX'1J<:ndlc LIl:tr 10 t h~ w~ l d (F lg IlH> 

1.16). 

r~. 1.16: SIH Ll\b ge of liLe weld due 10 cooling 

rh~ amount of>hrinkJge depends on th~ followJng f~ctor" 

• kmpcralun: during \\T lding proccs<; 

• method ofwddil1g (\llG, etc.) 

• m~teri ~1 ofth~ w~ld 

• ll1alerial ol'lhe "cld~d plme 

• thicknes,> oflhe pbte> 

• lyP<' ol'wdd (K-,,,:Jd. V-"cld, elc.) 

The ,hrinkag<: in Ih~ ll1al~riai during Ih~ cooli ng process also ]e'I(h to residual 'lr~ss in Ih ~ 

mat<:riai. A schematic distribution of the re,,,lua l sire" lhal ilris<:s during and afwr the 

we lding prl><::ess call be s~en in Figur~ 1.17. 
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melted 
material 

V cold weld 
, 

"-

--
stress 

Fig. 1.17: Scbemmic resi dual me .. distributioo during welding pmcc,", 
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1.5.'1.1. Effeel of \V eltl i ng on j he Ru~kli[]g Beh a\'iour of Shell Struct IIres 

Flum",heuer. l·bfoer amI RI mm (1983) first invcstigatcd thc effeel ,] I' C ircuill iCrential weld 

JOi lll depressions un I he bucklmg heh~viour of cylindrical shcl Is, undcr a:l.ial l,)~d. by using ~ 

nonlme~r lim te ekment prugra m. Their investigation Ivas motivatcd by a buckling 

phenomen~ lTl ~Tl ~rrangement or c~rbi de si los built at th e beginning of the 1950';;. The areas 

an]ull(i the eire lLm Ihential welds u I"the cyl indric~ I "Ius of 7 m di ,Imeler h~ve slw,,"o buckling 

deformation;; up to 10 em. 

They have examincd nxisymmctr ic imperfections with an amplitude of cither t i2 or t ha"ed 

00 measured and i dc~ l izcd impcrfection shapes and have also wkcn the rcsidual strcss due to 

welding into account. Tbeir invcstigalioo on cylindrical shells \, .. ith a rit-ratio of 500 has 

shown a decrcas~ of50% in the buckling strength due to tbe geomctrica l imp~tfcction. The 

residual stress had on ly linllt ing effect In lh~ r~nge of2°,"<> tu 10')-', (mean 5%) on the buckling 

Slrength and was thcrd,]cc di srepnkd. 

Later R,l1lcr and Tcng (1989) did a parametr ic study 00 cyl indrical sbclls wi tb ,I radws-to­

lhickness ratio bet" cen rit= I 00 and rit=2000 und~r axi~ 1 10,ldiog cond itlun,. They ex ,1I11lned 

the dfects of tbe weld j oint amp Inude, the shell r. t-rmio, ~ chang~ orthe "hell pi ate th l," knes, 

,It the joint ~nd ~Iso mdlLded lTltemal jlressur~. 

They d~ lined [w,] d llTerelll i mjle!' licdion sh~pes lor the e ircumlicrential we ld joint deprcssion. 

The shrinkage oftbe cool ing weld imposes ao inw~rd r~dial fon;e on the she ll (FIgure I. I 8). 
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Th" Iin,,1 ,hap~ ofth~ \Veld (kpcnds on the C;;:t~lIlto \Vlnch bending yielding OCCurs during th~ 

cooling Ol- lhc wd d_ For lhc li ",1 ,h"IX (TYIX A)(Figure 1. l'l) the w~ ld wa<; as<;umcd 10 rc'si,;! 

tl exuml yield ing ('om pletcly during coollllg and for the ,(eond , h"IX {Type II )(h gure I . lSi) 

the weld \Vas assum~d to be completely Ilc:l: lhk durirlg coollllg. Mea,ureTl1~lIl~ by CI"rke 

( InS) 011 ,i los hav" shown that the (Ille shape is hClwc Ln Typ" A mid Fl. 

:>xi, of I'Cniluti"" ui, of I'Cvolution 

TypcA TypcB 

Th~ i r inve,tigation shows that (he effed of ,I cirClII11ferenti "I wei d (kpre~,ion on Ih" huck IlJlg 

beh"viour i~ , ndep"n dClll of lhe r/l- ratio of ll,e cy Imdrical ;;he II The eftcct 0 f the mllplitudc of 

the \vdd lkPlcs , ion on the hm:kling ,trength is approximately (i(l% of the dassical huckling 

load iilr all amplitudc onus limes lbe wall-lhld,ncs<; and drop;; down to 30% for 2 times the 

wall-thkknes>. 

R 'Hlll1-.er,torfer cr. (/1. f 1991 ) did "umcneal ;; ludic;; 01' till n and [hick cylindrical , hell, with 

circumlc~ntial weld depr~ssions under ax ial and thenmlloading condilion,_ 
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They havc takcn lhc gcomdri , lmperfection and th~ re"idual , trc:s, duc to "clding inlO 

aCCOlLlll . TIIC r~S](IClal Slr~"s was as~umt:{1 to be known or mcasur~d_ The in lllle'n<:e' of tlw 

welding "lre,s was ,in llLiakd e'itlwr ,Ii"ed ly by initial strc:sscs i lllroduc~d in to the' gowming 

~qumion s Or h y a licli t ious l enlp<-'fa I ure field wlli ch kads to a thcrma I Slrc;;s l'ldd ;;unilar in 

na ture to the' Jesidllal slre"s li~ld 

Th~y ~;;tab l i ~h ~d fml residual st ..... 's ha> an important in t1ucncc on thc hClckl ing slr<-'ngth 0 1-

Ih icker <:y I indn,'al shd b b<-"'all ,~ tlf ea .. 1 y p lastl ficatlon. 

Pi rdlcr and Rn dgc r200 I 1 ha "~ in \'~stigated the dfe<;l of ,·lr,·unlfe .. entia I weld depr ... ss ions on 

the h lLcK ling hehav ior () 1- a <: yllll dri ,' al ~hd I under ax Jal loadmg, They in <: Illded the etTen of 

ncighboring ",--elds Olllhc bClckling ,lrcngth and 10lLnd thaT lhe inkm<;lion b<-1w~~n th~ weld;; 

kad , t() a furthcr rCduC1l0l11n the hlLck ling slrcnglh 

~umerical inves tigations using nonlinear fillik ekmcll1 techniqlles were calTicd out including 

and excluding the efrect res idual >tress. They found a decrease in the bllck ling strength for a 

<:y Illldn <:'11 >h~1I wil h a R<i-ratlO of I 000 III I h~ area of? 5,}-;' , R~s ldllal st r~ss was regard~d a> 

Ie,s importcd, 

The intlueJ1ce ofweldll1g str~>s and di storlion on nlllKal shdls Clnd~ r hydro>tatic load was 

investigated by DalDlilalty. K urol and 'v1'Pa ( 19971_ Th~lr work wa, lnoli \'aled hy the 

collaps~ of an cl~vmed "onical shaped water lOwcr ;;troctClr~ in Canada in I \190_ They Cl,cd 

noolinear fin il e d~menl m~lhod > for Ihe ~val ualion of ,'()ni,'al sh~ II s_ The "~nsit lvll y 01 

hydrostatica lly loadcd conical sm:lls to geometric imp~rfectioo s and residual stre>s wa> 

inv~> li gat~d by analy/ing thr~e difkr"n t ca,~<;: (al p"rieci ,h~lI , (h) pcrled shdl, hill wilh 

axisymmetric gcor:1ctric imperfections in the order of one walJ·thi <:kness and f <:) saJl]~ <:a>~ as 

b, but with Ih~ addi ti()n ()freSl(iual ;;tr~>s dlL~ to ,wldin g_ 

They found thai cil'<: umf~r~ntia I wdd depres>i on> I ~ad to a r~dudion of 4(j~ __ (,_4:i ~ __ " of the 

huckling strcngth. while longitudina l weld depressions ha\'e no appreciab l ~ eff~<:t on the 

bu<:kling >lr~lIglh_ 
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L5.5.l\kthod, for The l\IcasUrenH'llt of Imperfections 

A prccise mcasuremellt 01' a shel l structure' s imperfections is required for rcaS,lC,SSlllCnt or the 

strength of an ex [<;l ing <;he II struc ture ami to d~vel op ne"" calculation methods bascd on a 

<;tati<;tical model of difkrelH lilbri"atioll (echmyues and kinds of shell structurcs, 

Comprehcnsive measurcment or [ 1l1j1CrICCl io n~ m shel l stru~tures l~ very dllTicult. [n order to 

determine impcIicctions in zonc<; 01' a short wavelength many sampk pomb 'Ire required. 

If igh·acl'uracy data is necessary 10 dcfine thc precisc form of thc impcr ICctions. 

Several lechmyue, h.lve been de\eloped In orde r to mea,ure imperfections In shell structures, 

BomschClXr and Hainer (1983), Krysik and Schnll(l( (1990) ha\'e used .1 ~ Impl e measun ng 

rod. Clo;c-rallgc pho(ogrammClry was "sed by Shmutler and Fthrog (197 1). Pap" .111(1 

Shmul1cr (1978) and E(hrog ( I <)86) . Fischcr (I ~(9) and 'vlos> ( I <)90) ha\'c uscd lascr 

im tl1lmclllation. Al l these tcc hniquc<; arc uscd in thc measuremcnt of small-,scale ,s tl1lClllres. 

A tcchniquc for largc shell slntClllres was dc'-clopcd by Ding (l <)95) who has used standard 

survey techniqucs togethcr with a specia l profile-measuremcnt system, This tcchnique h'ls 

becn successfully used to mea,urc a 10.000 I grain , ilo [Ding. Coleman and Rotler (1996 j]. 
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Chapter 2 

Finite Element Anllh'sis 

2.J.lntrodu('(ion 

In this dlapter th~ filll r~ el enl~nt method wl11 be bnelly r~Vl ew~d. T .1l1~:>r ,mJ non I i!le,lr st:>t ie 

analysis are explained and disnb"",d. The int~T~sted T~ :>d~T is rd~lT~d to the books of 

Zienkiewkz ,md T :>yIOT (1991) for ,1 mOT~ dd," kJ tre:>tme!ll 0 f llie stLhject 

F ,,"le demenL a!lal y,i~ (FEA) is a method of solving, usually appro" i matdy, certain pro 10 kim 

in cngincering and science. J( is used for probklll, wh~re no ex,ld SOltLtlO!l is ,lvailablc. As 

such, it is a numerical method, Mdhod, ol'thls IYl'l<! ,lre n~<!J<!d bc~ml~e analylicalmcthods 

cannot dcal y.rith all cnglneering pTobknls th:>t ,lre ~n~OUlll~r~d, For example, thc analytical 

mathcmatical theory ofdasti~lry can be us<!d to c"kLllme (he Slress ,md Slr,Lin in a bent hearn, 

blLt neitllcr will it he very suc~e,s ful I n findi ng oul wh:>t h,lppcJb dtLri ng an imp"ct of a car 

against a w;lli. 

Thc dC\'~lopmcnt ofth~ finite elemelH mer hod (FFM) \v:>~ dcpenJelll on [lie d~velopment 01' 

nlSl LompLllcr,. Applying (h~ finite elel1'l<!nt method tO ;l r~:>h<,li~ cJlginecring probkm 

rcqu ires an cnormou, ;I~cumlLl ali on 0 r dala "nd calculation. 

Finite dement ;m,dysis w:>~ liTSlll"cJ to c"lcu1ate the str~ss and stra in in ~onlj1kx ~ngi lLeCriJl g 

"pp lications. 1'''- ow i( (an b<! 'bed for :> wld~ Ii ~I J 0 f aprlications. indudi ng fluid m~1:hmllC-S, 

vibratioJl ~nalysis. heat conduction :>nd ~kdrost"tlc s 

Finite elem~JlI ;malO'Sls is essentially a piece-wise pn)c<!ss. It C,lJl he applieJ 10 onc­

dimeJlSional. two-dilllen;ion;ll ,md thr~~-Jil11cn"()Jlal pmhlems. The geonldry is divided mto 

slll all~r Imes, "IT"S or \olumes. which are ~ajjedtillil(' e/emCiJlS. 'This process is called 

di.\'('reli~alian, All fi 11 it~ ekment~ logdher ji)['lll an assembly «llied finite element mesh. Finit~ 

dem~Ills Can ha\ c lllany differ~Jlt ~hill'l<!~. An exam p Ie oJ' a simpk di screl17,ll i on of an area is 

shown In b'lgUT~ ~ I. 
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fin it e ~ I ement / 1"'-:x '" I" 

t" 

rig. 2.1: S>"np ie discreti zat ion of" 2D orcn 

I !ere th~ ar~a is divided 11110 quadralic clements. It ran be seen thm these e len"W;!nts :Ir~ 0111)' 

:lppro~imatU1g I h ~ ;lr~a h<;,ause the clelllents have a gl\'Cll shJpe. The d1ff~r~l1c~ 1xtw~~ll I h~ 

[~ " 1 geollleiry and the shape' ~f the tilli t ~ element mesh I" C:I i kd disaericclliioll error. 

E"~IJ' d~l"ll<'lll nmlaills a sel of nudes that are located:1I th~ ~OlTl~r and. d~l""Tld in g oTllhe 

d~Tl"W;!n t I)-l"" p',,,,ibly at the midsi d~s of the eleme nt. Nod~s on t h~ bUlLJl(iaries of adjacent 

d~TllC lll, :Ire al,o raa of the adjoining elements. 

element , 

~ ~ 

"'I node 

Fig. 2.2: Pan "r" lillile d e,, >.;n! n"" b 

:;') 
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1;'lgurc 2.2 , hows a ran oCa finll~ elemenl Innh I(mned hy siml'l~ ~D-elcllient, "ilh nO<lcs at 

the ~omer " I' th ~ elcmcnL 

Th~ ana lysis ora 1i'lLle CIc"I~n1 model calcu lates the d t, placement al the node t()r a ~cr[3111 

load ill'plied. Since the displacemcnt of each point \\'il1l1l1 'In elemel1t is iixed hy the ,'alllC' 01' 

th~ disp I ilL~lllel1l () I' lllL' nodes lhal belong 10 the element. tll ~ disp l ;lC'el1--"'" t 0 I' the ~ lc!IL~l1 t is a 

CUIl~liol1 or thc ""dal ili"placemcllt, II ence. Ihe probl em 0 I' fin,iil1 g th~ disrla~emcn l in thc real 

structurc is rcp l'lceu by Tllldl n g Ihe di s r la~~,,,,,n l 01' c"ery l1odc . .-'\ss lnning a 2D-elemenl. Ihe 

uis plJcemetll of each norle <:ollsisls of t\\'o ~Onlr~)lll'n IS, one parallel 10 the re le tT! ng x -a~ is 

anu onc par .l lk l lO Ihe 1~ I-" ITlng y-a,is. Thc,~ are callcd dcgrccs of f,eeilo'" (OOF), Jl'the 

noda l di splacement is kn OWIl. the <,'olwsp",,,lil1g slram anulhen Ihe , tress can be , 'o,npulcd. 
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The lowl jl. llenllu l cnergy I I oran d.1~II' oody under ~~n~ralloaoling ,an be clclined by r~g. 

w n~hl/ " ( 19~~) J; 

(2.1 J 

,,·here U is Ihe strni'l energy oflhe boo)' ;,"<.11' i~ Ihc polc'll ia l energy oflhc apphed 

load~ . 

'111c principle of m;lI;mllm f,o/ential cnCI'KY ~l;nh Illal 3mon,£' ~Il the ~.:Iml ... ~iblc disp l3cemcnl 

licld,; 1 a I "Ilk h s,d i~ li e!< the jlres(;fib~d bn~'n al:c /)mllldary comlil;"ns, Ihe 3CI\lJ I 

d L ~ p l a~cmclll i~ Ille one Ihal make, the lotul j'lOlcntml energy swtionary_ 

Hence, tb~ (krivUlion of equation (2.1) g;' c~ . 

611 ",-'i{' ~ ,W=U (2.2) 

.5/./ (1,3) 

alld, 

",Iii {c} bemg Ihc stmin tcn~)r. 

r ., r _. 1 (2.5) 

- ------

" 
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ond {cr} being lh~ stres, tcn<,()r: 

101' - k (2 .0) 

{hi and 111 ar~ lhe budy furcc and slII'facc lraclion vectors: 

jby =[b, b, bl (2.7) 

,I ~k , d (H) 

{a} is the dl,p l u~el11enl \'edor gl\'~Tl by: 

(2.9) 

.md ~ I' lS a v~ct()r II Iling the di;;placemenl C()l11rx1]WIll-I to concentr<l1cd force.1 (p, J ' 

Equations (2.2) through (2.4) indic'ltc th m for all arbitr'I!"Y "ilillul di spla~~ment d {a } 

S'ltllfYlllg th~ pr~>~nbed kin~lllatic boundary corHiilio,,<;_ lh~ virtual work done by the force is 

equal to the virtual work don~ by the external f()r~e (prill~ip l e ofvirtuai work). 

The principle ofviltll<li work hold, for .my killem'lticaliy admissible virtual dibpla~~menl and 

J \ independent () r the mUlerial _Ilrc_\;;-strain rclalionship. 
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III tj,,;k d~melll nna I),,;, (I: F.A), " CO nl inll ll nl ;< dN'r~Il/~d by ~ Ilumlxl' of <llhahle d~1I 1 tJ)t~. 

wli ie h ar~ lIlkrconn<'c ted through nodal point, \111 tile !l<.luJl dari ~ , 0 I' th~ d~lneut (see 2, I) . The 

I,\)t~l pot~!l t i a j of the co"t il lLHlH' n "1;\ y be cOIl,id,'I'I.'<i a, I h ~ , Urn "I' I h ~ ;lll\i\ 1(iu;<i ~ I elll~n! 

~'QmnbutiQn II ' .,0 th~t: 

(2.11)) 

wllnt' m 1~ I h ~ llUmh<.'f of the dem~nt, 

The integml, iu C'QU~"'111 (2.3 I lind (2 .'1 1 :u-e lh"" tl(TIOnIl("(i fOT <"ach dClm:1H indh';d llally 31Id 

~l1mlll~d 0' ~r 311 clCln~"IIS, 

F or l1 l1il~ ~ km~ll [ fo[')n\l b! l ulI ~ hased on the princIple uf mill ilJlum poll'm ial ('Il ('I'!O', t he 

di <;pi~cemt' 111 willoin the dem~l1t ia ~ '. arC a>.,um('d til he: ;( lunction o f til\' ~1~1tI~1l1 lIoda l 
, , 

dj,,,Iact'I1l('11t y,J. : 

- '.' (aj,. ( .... .. ,: ) 1.2 ,1 1) 

"' 

{aJ' '" I·vl ·}.)' 12.12) 

where ,V'(x,y.x) is the dl , p i ac~m el1l _\ IUJfJ ~ .!jm"lio ~ or m1e1llo iation (Ul1 C! iOI1 , and '~Y is 

the ve;;wr of noclll displ~"ement coml'''tlenl <; of .' typi<.:al dement: 

-: ., 
(2.13) 0 , 11 . 
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Flcrnl'nt ~mll ll~ tel' (X.),.;) an' then ..:a lell l~t"d by d iIT..:r..:nI13111lg th" Jppropri:nc 

dlsrl~ccm~nl COl11ponenTS 111l"Q113Uon (2, I I ): 

wh..:r~ lBJ i~ th ~ appropriate ,tr3 in -I I; ~pb.e IlICllt matrix, and 

di,placement 'C~lm: 

, 
", ", 

- , 
", 

-, 
", 

-, 
". -. ", ;: I 

(lJ4 ) 

(2, 15) 

F ,IT a linear d astk matcnaL the ~tre-,.~-~tr_lI n Tdalilm~h ip can be cxprc\S.:<:1 "I the limn: 

(2, 16) 

"'here [OJ j, the dasticity O£ mal"ri .ll 1l)" trlX , 

Su~tllliling .:ql1:1lioll5 (2.3) throu£h 10 (2 16) lilt, I c"lu3tio!l (l. l) and con~ideri llg arbitrary 

~ Inuw 1 c l i~11lacelllenT k ads 10 Tbe eqmlibnum C<lu3lions of demenT a~~embJal>O: ill lh~ fomt 

[Kj. {il l = {p}, -t]Pt -t {pI, (2_17) 

wher..: la f i , tbe global ml<JaI (i;,piucI'mml VeClor, and th" malnx IKI is the global 

~ ti m,~).~ m~lrix of clement a,S" "lb l ag~: 

[K[. i:!KF· f nvj' [o[[n[ d,· {l. Il)J 
.... .-J , 
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Ille tOial lo;Jd \'ector lp ) i ner",j~ Ihe dJt"<:1 of the bod}' ''''rees Iph. the e n i.'C l l'f the clement 

surfac~ trac tions {p),.. ~nd t l>e ~ oll~ ~nlr,lt~d f(l reC5 1f'1 " where: 

P p :: .t.aN]" . {b; . rtV . , ,. (1.19) 

" . , 

Nnte III at in equations (2. 18) through ( ~.2 0). the !;ummari on sign is s}mh"lic and ~ hou [d Ix: 

inro:.,)I"Ctt"d as an assc mbly Opc.~IOI , tbr c.xan'ple : 

(1.21) 
, ... 

wherc [l..] h; th~ Jacobian ( tran:;f()rm) m alri , lllll i .datcs thc .:i<:mefl! di ~rla(:cll1e" t 

,,,,ClOr W the globa l displa<.:o;",,,m H'eIO~ o f Ihe 0;1I1;r'" ~ys."m . 
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2.3. Nooti n l'ar Stllt i~ ,. \ nalys is " ;1 h 1'1::1\1 

2.3.1.1nlrodUl'tion 

\Jonl ine.lr ,mtie ana l YSIS deal;; wi th nonl i ne'lr bc: ha ,'I llur 0 I' strllctur~s under stal'~ i oading. 

The nonlincariti~, may be' 

• nmterial 

• geonl€tri~ 

• combincd nonlinearity (material and g~llm~tric) 

• l",undary nonline:ar ity (~ , g. ~lllllad) 

lnmatenai nonim~ari( i e.1, tile' material eon,t itutive, or .ltrc'.I-.ltmin rdmions may be 

dependent on 'tresse" stra in , andi or di,p lacemenL Examplcs incltlde dastoplastic lmten~ i 

behavwur and cre~r. 

Th~ s~cond type ofnonillltarity beb'lv iollr is (he geonl€lTlL nonlinearity. [n th IS casc tllc 

Ci'ls61cal theory oi'infinilesima[ ,(m i n~ d,le, not hohL and tile strain, arc oblained from thc 

(hspln~en",nt via anOn lmear di Iferenli al operator. "l'hi, type of nonlincarity may in\"olve l'lrge 

(h.lplac~mclll and larg~ rOlation, I'...-hich may be nccessary to describe l'lrge displacement th~ t 

occurs during shcll buckling. 

The thinllype ofnonline~rity is the boundnr:-' nonlinearity. [n th is L~SC, th e: material and 

strain.1 r~main i in~ar in bella\-" iour. nl~ only non[incar behaviour comes from ch~nges in the 

boundaT)' conditions (e.g, contact problem~) . 

In geometric nonlineanty. or comb]l1ed geOlnetnc ~nd m'ltcri'linonillle'll"lty, a relmionship lms 

10 be eSlabli,ll~d betw~en the original (undcform~d) and dcfonn~d configuration of the 

stru~tlLre. and the eq Llll ibn urn Or energy balana eq lLa( ions must be: writtcn in I erIll.1 Lli' tll~ 

dcform~d confib'llr~tlo n. llence. \".Irious types offormul'ltion exist lor th is problem and arc 

desnilx'd in 2.J.~ 
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2.3.2. fo n nulati"u M,·thuds 

III deslTI bing the I\1l'I; ,11I l,f :L b, .. ly. liJur di lfcrmi II lel l" .. I~ "I' 1<"mn.lnli0I1 ",xi,,!, I (" s ­

Trm'i<k ll I 1977)1: 

• material descripTion 

• lefer~ lltwl description 

• fdat l' C de~el';pl;o" 

,\t] (our meThods uffom.ulJuon aT(' c'quivalcnl lor nny smooth motion uf:! bod) . 

In Ih" mal""nal descnpuon. the indep,;:ndciIt \-,trtablc:; J~ thc panicle or lIod)'-poi11l/>. and the 

tim" /. TIlt, dcscnplJon is con rept ualJy tl!" 1Tlo);;\ nalum! 0111.' and i~ tlH,~ one cxcl u;",,,ly u;"d in 

an31),Lic31 dyn3Jllir s "ilerc the indlv"lu:!ll\lr!l]l~d !lI.1~~CS are l:! bellcd III ~ d,,~cn:lI,.cd lumped 

mass sySl~m . A~ 1l ;~ rarel>' lI ~~d in llniie cJemelll apphCa lHJfl. 11 will nOI he mentioned or 

".~ pl;lmed ile re_ 

2.3. 2.2. The Rt'ft'rtlll illl J),· .. ni)l l ion 

1111he re lerentlal 'k~~rip linn, 11le Illdependenl vari(,bles a'" the po,i ti nn X nfn pBrtide T' in an 

<lTbit,.~,.i ly ehn, en rd~rcnc~ ~()lI(igllra(lon (("), :md tll~ lime i. Th~ ~h(J]~~ o l' the re fe rence I, 

nrllilrary and would n<lt ~!l~-.;( d,,, (inal res\J lts. A P-111ic\Jlar ,.,rerL .. ,tial 'kscriplinn was 

ill!1'1)< llIc~.,j by F.ulc'r " ,hcn.' lhc' positivI] ''x oflht- budy·JlO"" allhc pml;cular lime 1"'0 is used 

'0 dc'Crihc Ihe lJlCI,ion (I' i~"re 2.3 J- Thl~ pal1 'cular l lc-,.criplion is call",,! lh I.tlgnmgi<ln 

!Qmmlmirm, 

" 
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The u~ e of 1 he I ,~gmllg1 all de'~npli O)l i, p"rlicularl y ilppcailng hecause of the "unplicity with 

\\' hich Ina l enal Tates u i' change (an he ca lcu btcd ... \ nl)lhcr ad ,'anla~c c)f'the Lagrangian 

<ie,(Tlptlon ariscs Inlile Irealmenl oCbmmdary cl)l1ditions l)n llw "urface oftbe bod,', WhlCh 

; 1I '~ cl)1I1illll<lU"ly changing during ddonnation, The boundary CllodillOn.s OJI Ihe delormcd 

sU1'fac~ bocome nonlinear because the boum\;,,)' surfilce " dcpclidantl)n the ullk,I<Wm 

di.'pla(~l11ent. U~lI1g the L;'gmnglClll de,cnpl](lll, willch n::lCro lhe motwn tc) a fixed r~fermce 

c,)nfLguration. mak~s it po,~ible to tr~a l nw~1 of 1 he k lIlemalic q ucslions 111 a rdativcl y simple 

m3nller. The same advantage anses for allilltegrakd qua ntitle~ Slnc~ i)llcgn'(lon ill Ibe 

Lagrangian d~ScrJPlion will be ta ken over th e Orl gi 0;11 k t1<) Wll (oniigurali ( \1\ Tather than tlw 

C'llfrenl unknown configuration, 

1I0w~\'~r, lhl' ll.,e ui'the Lagrangian dc"Cr iption al so ~Iltaib some di , advanlagl'S, which ilri~c 

fmm Ihl' rC'(juI['emCril thaI the str,,,,s acting in th~ inSlalltarlCou, ClllTcnt rO)liigumti,)n ba" lc) he 

rcfi:n-cd to Ihl' initial refercncc cnntiguration in a way that l ~ phy~ l(al1y arllficialthrough 

Inath~nlati (·,,1 cqual iOllS mKi Caucby'" axioms of motlO n, j\ not her p<Ji)lt I hill i" di Ilicll il In 

hilndle in rhe L3grangian desCription i" the requiremeot fur" ron tinuous update ofbl)Undary 

nliid ilions. Excc,sl v~ deforllla t lOl1~ of a Iwdy ml ght c'au,e a great d~ai of di,tOltion in th~ 

oliginal tinite eleme n l m~sli, and such distort ions might ilffeClthe acC'uracy and rdiability of 

the sululil)l1. 

, 

1 , 
'=' I 

I " F 

'" " - -'t' , 

I , ''"t . 

, 

, 
Figllrc 2.3: Geometry of Jllo(on 
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2,3,2,3, The Spatiaillescription 

In Ihe :;pallal ue:;cnp tJon , Ihe lnuependelll variables mc Ihe CUITcnt 10c<1t ion 'x Mthe particl~ 

P, and Ih e tmle I. TIllS description \V,1> introdlLccd by l'lcmoulh and D' Alembert and it b often 

calkd Ih~ Eul enan description, Thc ,pmial dcseriplion" conc~mcd wilh wh'll is happening in 

a fixed region oI',pace with regards 10 time, a description [hat scem, to be ideally suitabk for 

Ihe stud} 01' 11L1](1;;. For the sam~ rC<1 S0n the sp'ltial descnption ~annot be used for soil 

mech:lIlics, since the law of continullmmechanic;; rden' to wbat is happcnmg 10 Ih~ body, 

'111U not to th( region or s p~cc which Ihe body momcntanly OC~UplCS. In "II su~h laws of 

mechalllcs, re ferring 10 the ma[crial ofthc body, the ilJ(kpcndcnt :;p'lt"ll vanabk IX becomes a 

funclion of position \ . in Ihe Lagrangian rckr~r",:c con figuration and th ~ time t. II ence, all 

mateIialrates will bc much mOrC dirti"u ll to handle in the ~patial dcS<:nptJ<ln. 

2 . .1.2.4. Th" Rclath e D,'seril/lioll 

In th~ relative ,ksniption, the independent variables are the position ' x in Ihe currelll 

contigumtion and the variablc timc,- The ClllTCnt coniigllration" taken as the relCr~nce 

c(Hlliguration. and :hc vanablc tim~ r is th~ time rdative to the pr~s~nt when the p'lrtide f' 

o~cupieu a plac~ ;, where,; = ';(,x. r). The relative description i, a Lagrangian description 

in natlll'e, in Ihe sense Ihat th~ reference position iii now denoted b} • x at time I ~ r rather 

than Ox at time 1=0. This is <:alled updmc LugratigialljimllulalioJl, \vhich is a special case of 

rclati \'c de:;cripti Oil. Owing the n 'It lIfC of ~a~h fonl1ulation ,md It:; r~ferellC~ configuration. the 

rdali ve descriplion lws some advalllage, OvCr thc rclCrclllial dc;;criplion. A, an cxample, [hc 

qucslion ofboulldary ~onU l lion updating 'IllU mcsh distortion, which m'l)' for ~xamp l e oc~ur 

dming shell buckling due to large displacemellls, may be casier to handle in the updated 

Lagrangian dc;;cnplion. II" a 1l01l1mcar di :;cretized displaccmcnl field I, '1S>IHllCd, lhc choicc 0 I" 

'Ill upu,neu reference configuration may result in vanishing nonlinear contribut ions ofth~ 

di,~relizcd iicld 
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2.3.3. Soilition Srhl'''H'> for l\Olllin,'~r Slutk Allulysi> "ilh FEI\\ 

Z.3.3.1.lntrOlluClioli 

In l1C)nlmc",r .'tatl ~ allaly,i~ wilh i"LIiL tC ~ k[Jl~nt mctbods thc ~lItir,' 100d ilistory IS typ lcall J· 

di\,l(lcd into 'Ten/,I'_ (icllerally, un C"Clit ,hlllild be ucfincd when n~w load typ<." an: 

illlroduccu or whcli .\.oIUI1On ,tratcgy changes. La~h ~vent llHly hal.-e on" or more load step' 

(im,reJllenLI). Thc lIonlill~ar pmbkm is ihen so lved in a skp-by-~tep manner until ihc rull 

loaus arc applied, For this pmccdur~ sc\wal solUiion mdhod~ "XIS\. Th" most ollcl\ LLSCU 

111<'1h'1<.1> arC 

• ~()nvcII!ional "cw!on-Raphson rvlethod 

• modiikd NC\\ioll-Raphson Method 

• Arc length \ktbod 

2.3.3.2. Con,'enlional aud l\lodilied ~l'wton-l{aphson ''1dhod 

Whcll solv ing til" 110nlmear e'-jllilihriLLm "'-j LLatioJls with the ~C\vton- Raph,ol1 ll1dhod, an 

illnem~nlil l-l tenjll \'c >cb~mc 1 s applku, for which at ,I till1" I, th" e'-jui l ibri uIll equmions can 

h~ wrin~n a, follow s: 

and : 

(~.23) 
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IKI .. = Tangent ,tiffn~~s nl:1trix :11 tlllle 1 

"'{II }' - ikratl V~ in~rc'Tll~Jl l 0 I' [lodal di;;l'la<.;~Ill~1l ( 11' 

interation i 

H I I' u , .. , .~ 111 t ' - \'cdOl'S of nodal displacC'TllLlll at tnnc D.I - I 

= Vl'eta! of l'xtl'rn~j]y applied nodal forcl' at til(' t ime' "'I + I 

- . V~Clor "f inlc'm al nodal forcc' , C'Cf lLivalent to the' deTllc'nt 

btr~,;s , at t.h~ time "'I + 1 anri i lll ~r'l1 ion i-I 

Thc incrc'Tllcntal sollL tion is pc'rfonncd in a slc'l'-by-step Tllmmn untillhe tOlal loads arc 

applied. In eoch increml'l11. Ih l' aboVc' iterative ~cheml' is P<'rfonn~d untJi convergenc~ " 

achic-v~d or th l' nU1l1 ber of ma~ i Illum ll~ration, is reach~d. Dnrin g ~ach illkra(i OIl , (h,' langcllt 

,t im, ~~, m,ltnx lKJ, may be ul'd,lkd I(lr cach Hl\eratioll (conv~lllional Ncwton-Raphson 

1 nClhod), or kc'pl conslant in all iterations of the incremcnt (Illodifi~d ~ewton-Raph,on 

m~lhod), 

Although (h ~ usc oftne modiJied !\c\\1on·Raph,on mdhod may be more ~conoml~a l ill 

~pccific 1ll,lter"ll llonl1neanly apl'ilcalion<" th ~ U,,' ol'th~ Tlldhod in gennal matcrial and 

gconK'lncal non I inc'aritks is nOl always succl'ssfu I. 13mh methods are cOlllpar~d graphlca lIy in 

fig\ll'c 2.4 and 2.) rc~pccti\'ely. 
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p 

% 
/ 

'p 

" 

I· Au' '" 1'111' ·1 

Fi~. 2.4: Conventional "ewt<ln.Rapn"m "",'nuu 

r 

*'p f----

" 
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L LtJ. Arc Lcngth \ l cthud 

fn tollow the .I tructural re.I)Xl[]": b<:yonu th~ ~ri llcal pomt IS very ulfficuit with HoM. The 

ma jor difficulty i.I to ovcrcmn~ lh~ :; mglliarity of the innementa l tangent stiftiles.I matrix 

whcn thc structurc reaehe, its , tahll iry limit In ,,(\<lilio11. sl1'lp-through ~nd snap-back 

bll~ kling I'h~nomena posc some 0 r the most di mC L! It prob kms m 110111 m~'lr stnKt Ilr'll 

ana lYSI S. 

/\ 1J\climd callcd "arc lellglh auto1J\atic >kpp lng", IS J scheme. wlllCh can be aP l' lkd to 

OVercome t h~ proh lcl11 0 f' :;tiffll cs.s slng lll ,ifI ty '111(1 post -bucklmg, 

The g~!l~ra l goal ofth~ ;n'~ length pro~~u\J t'e is to ~ont ro l the iteration ofth~ numerical 

so I ution or complex n()!lit !l~ar prohlem:;. ThI;: m:lin id~" of tn is met hud , s b:1 sed un t h~ Cl\nc~pt 

of constroi" ing the length of thc ineremellta I di,plac ~T1'~lIt. T11<; illcrcuwntal length of ~ac h 

s ll~c~s5 iv e iteratiun is constrained by the length of'the prev i ou~ itcration. COrT~~pondingly, 

thc load IS adj usted 111 orJ er to satisfy t he g lobal ~qui j', bri 11m r~qUlremcnts of th~ syskm, 

Procedures of'th is naturc require a rcformulati on o f the traditional math~ millical pmhkm into 

a different f()rm. The standard equilibrium equmion tex proporlionalloading i.1: 

;.·{r}-(r} =o (2.24) 

where {r} is a reference luau veC1l\r and If) is the vector of the internal forc e, 

The pmponiunal luauing factur ; in incremental tonn yields a general f()m1\llation as: 

; -0,1,l, .. (2.25) 
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.... ·ith: 

X" = i+t..i 

whcr~: 

IKI' 

t.. {u l' 

it can be writtcn: 

(2.26) 

- the tangenl stiffness matrix at the i'" iteration 

~ incrcmental displacement vcetor from thc beginning 

ofthc step In the end of ClllTcnt itcration eycle 

(i'" IIltermion) 

= incrementa l displ~c cment vector of ClllTCnt iteration 

= load paramet~r (scale) for the jth iteralion 

t\{iI)" - = t\{HY + {S)' i = 1,2... (2.27) 

"" I I'" 'f) 'I I'" U =\"+IU (2.2~) 

and: 

t..{H}'= O (2.29) 
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In order to iilld (,y)' '''IU'IL10I1 (1,25) CHn be r~wrJttCIl into two pam: 

=A.'·(r}··""' Vl' 

(2.31) 

kr +.v',js,Y (2.32 ) 

,,·here \0.,. ~ ., is the dL<,placcll1cnt due [0 a lU1 Lt load iaClOr multi pl ied by lhe incre menlal 

variatiollIII lill' load level Ai and f'}' is thc di s l'l ac~ment updatc for a cOLlvcntional "load 

controlled" N~"ioll procedure due to the llnbaial1CL'd load, 

[( L, SL'~n that in otdcrto compktely define' ~)l', on~ 'nllst find ilX', 

(ill'-)' = \-\1' '!' {233} 

= illj,,}"" 

Bas~d on the 'Il'){)v~ eqHalioTl , AA' and {d' ,;111 he ,olved 

This pro~~dl!r~ ~'1I1 be 'IPp h~d with ellhc'r a modi I'Lcd Or l'lll1 (C~lTl\Tllljonal1 Nc\\ ion-Raphson 

inlcTalion _,chL'Il1~ . The It'lationsilip b~tw~eI1 1ht se componen ts ill the lo,I(I-,lisp iacC'Il1Clll _,pace 

i, displ 'lytd a~ , lwwl1 111 Figllr~ 2'(i. 

55 
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Fi~. 2.6 : Arc l.engLil solutio" a lgori lhm 
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204 . Finite Element Analysis of Shell Structurts 

2.-1 .1. 1 ntroduction 

rhe analy;;is of shell strtLctll['~;; "" ith FEM was mainly d~vdop~d 111 tht area of aero nail tical 

engineering. Several types or shell elcm~rIl;; hav~ b~en dtve lopcd and devtlopmenl of new 

shell elements i;; still in proctss_ Shdl ~kmcn!S ~an be (hvaied mto fOllr differcnl grOllps: 

• Facet shdl ~km~nls 

• Sohd shell ~kmell i s 

• Curved shell eicments 

• Axisymmelric shell elem~rIlS 

rhe facet shell element is a flat shell element, which approximate;; the curved ;;Hrlllce ofth~ 

sh~1I hy a sen~s offac~ts, Quadrati,; and tnangular elen-..;nts ~xist. Th~ face l socll ~lem~nt is 

l(mllUlal~d by comhi11i11g a Kin'fllialjor Mindlin plalc htnding clement wllh a plane str~ss 

t I emcn\. Tht la';el sh~ II clemen l is not Vtl)' a';~llrale as dicreti za!io11 ~ITors OC~llr hy 

approxll11aling lh~ ,'ur...-~d sh~1I Sllrface with plane ~lements. The approximal~d surfa,'t is 

(hs,;om1lluotLs whi~h ,'an kad to a larg~ tITor in the analysIs, How~...-~r, tht use of fa~d sh~1I 

t km~11(;; is Sli II vtl)' allra~li \' e ll<;catLSC or llS simpk gtorndry an d low degr~t 0 I' I;-~~dom_ 

The accuracy can be greatly impro...-ed by e ,g_ assumcd ;;trts;; imerpo lation L Pian ( I %4)j or 

the inclusion of drilling degree;; of freedom in the membrane component. 

Solid shell elements are formulated by using second order 3D ;;olid elemcnts. The cUf...-d 

shdl SIlrface ~an be approximated more il<."CUral~ by Ilsing second order tkmmts_ As (he shtll 

thickne;;s is rather ;;mall compared ""ith the other dimensions a problem of aspect ratio error 

occurs_ This probkm is >olvtd by remOV1llg Ibe mal·sale n()(ies throllgh lh~ lhlckn~ss . H~nc~, 

no dircct ;;train can occur through the thicknes~. rhi;; clement type is therefore often ,'ailed a 

degcneratc solid t!enlcnt and lS incltLdtd in most FEM packagts_ It i;; main ly used for thick 

shel ls, Tran.werse ;;hear dcfonnation is included within this ekment as the displa,'emenllS 

~aktLlaled on lhe lop and bOltom surlacc ol'the demmL A problems associated"" ith this 

~kment is the large number of degrees offreedom (DOl') which leads to large momor}' and 
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,;omput illt' req lIlrC[llC'lllS. The rcslII" Ii-()m thesc t ypc<, () I" elemcnts can be rcgarded as 

accel'tal'>le, although not as accurate as frwn rhe CUf\'cd shcll clcments. 

The formulalion OfCllfvcd shcll elcments is rath,'r complex and dcvelopmcnt In this ar~,j 10 

still conllllulllg, Thc ClIl'Ved shell element WJS mainly de,'eloped to overcome the 1I 1 a(:~urm,y 

of the othcr shell element typcs One ofth<' srmplcst Cllr'-ed s hell clemcnts would be th~ 

Ahmad Element, \V 11Id1 is mailll y u,~d f()r t h~ allaly>i s of thKk ,hel k Thc ll,,)i; l poplLlar 

cur\~d oh~ II ~ lement, ar~ semi-Ill'Oj" ~ kmellt~, Thc l;ml1ula I i()n () 1"lhi, elcment IS compln and 

rar~ly understood by englneer,_ TillS ~lcmel1l ha~ general applicahllity and produccs accurate 

re,u lts, It ~all 1-,,; apphed to lhm ~h Llls and lhi~k ,hel ls and" included if] most FE",! packagcs, 

AX I ,yrmndrH; ,h~ II dement;; can be u<,ed 10 m()del shclls of rcvolution, The sim plest 

ax ,symmelric shell ,s a c()nical frustum. which is reprcscnted by a st raight lin~ d~n lenl. 

Curved axi,ymmcrric shcll elemcnts can be II sed to (kscribe the SUrlil<:~ morC accurately and 

arc reprc>cnted by a curvcd line clemcnt, Due to the fad th aI ()nly linc or CUl',-C line elemcnts 

arc nccded to model thc whole shell ofr~volution the analysis d()es ll()t use much memory and 

is lILerel;)re mther quick. 

As axisymmctric shell clements ar~ us~d lor l h~ linite clement analysis thM was u s~ d in thio 

lhcsis. a detailed d<:s,;ription ora simple aXlSymrnClric clement is given in the n~xt o~dion_ 
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2.4.2. rh~ Axi.ymmetric Shell F:lerllcnt 

Axi symrl"l<;ln<: ohd I clemcnts wcrc dcwlopcd in lhe area oj" aen.mallti cal engineen ng. ao a 

iomllh,lt ollen ,lpP<'ars in ,Ierospa<:c stnlctures is a lhin shel l oi"revolLLllOll (~ .g. the body ofa 

rockel). A iS lmple axisymmetric element can be constnlcted as follows: 

The axisymmetr ic sbell elemenl is ,I cOlli~al frlli;wm which io reprcscnted by a s(raight line 

elemen( (Figure 2.7). 

conical 
fru'turn 

Hi, ofl"e,'olmioll ~ 

----------. ' 

, 
..... - - ...... ' 

........ -

• 

F1~.1.7: .\xi , ymmctrie shell ciLment 

-" 
J-' 

. _.' _ .. , 

Th~ el em~nt IS consi d~r~d in (he global 1"-0: plane and h,lo a load <:ounji nat~ syst~m d~ fi n~d by 

lhe .1'-1 axes, "hich is inclined at an angle a, 10 tbe global coordinate sys(em. The loc al 

coordinate system is used to descri]x (he in ·plane and the normal displacement of tile element 

lFig"re 2.8). The ~lcTllen( has hw nod~s i andj, with lhre~ degrees orrreedom (OOF) 

associated with it. Thesc are the two displacement componcnts u and I" and a rota(ion 

component jJ (Figure 2.8), curreoponding (0 the three localluad ~oTllpun~nts P" Pz ,ll1d M. 

!i..and ware lhe corresponding global displacemcm components 
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j~-t-' w 

Fig:. 2.8: Locol coordinm, sy"em of 11" element 

The ekm~nt has a total of t()ur strain components, hllo memhrane (in-plan~l and two hending 

(out-ot~planc) >trains. There Hre direct strains Hnd hoop strains present in the dement as well. 

Th~ ;;(ruin ~ol11 p(ln~n l~ lor th ~ membrune ;;(ruin lFlgur~ 2.9) ur~ 

(2.34) 

for th~ l11~mbr:!l1~ strHin lllaL 

(2.35) 

for the hoop stmin. 
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z 

'-------~, 

Fig. 2.9: Membrane main comporte"" 

Referring to Figure 2.10 the membrane strain component due to bending IS given by: 

(2.36) 

ami thc hoop strain c·omponcm is given by: 

h dw cosa 
(2.37) 

2 ill , 

with h being the thicknes> oftlle element as shown in Figure 2.1 () 
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, 
• 

hl2 hl2 

• 

normal after 
Ideformation 

~~=.Jr="('o,,\\· normal before 

\ deformation 

a 

Fi~. 2.10: IJendi ng ,lmin compon~'" 

"I he &;placement vector for the element i, defined as: 

{u}' =u,l<' U l1' • • d,",'J (2.38) 

The ~)\ilp<: lundi,,", I('r th~ ~kl11~nt ar~ Lagnmgi,m in I(,ml, ii' {)Illy ih~ disr)accmcnl u is 

re'luir~ d and none or it', derivations' 

• ,, = L ,VJ~).u , (2.39) ., 

wh~r~ for a lm~ar ekl11~nt: 

}oi , = 1-,;' 

A', = '; 
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and 

I - I; -- L 
(2.40) 

with 

L = e lement length 

For the di~pla~emen l w a Hermitian sha pe function is required as, in additiol1 to (he 

displa~emel1l, (he first derivative is also needed. The displacement can be wril(en 111 (em,s of 

the shape fun~tion ,111d the nodal displacement as: 

f- . dw 1. \1 
w= .:::.... i w, ·gi -+---:it",) 

j-I \ , 

(2.41) 

where: 

g. = H,'·'(n.{) (2.42) 

where, for 1('·" the subscripi i refers to the node number and the superscript 1.0 relcrs 

to the displacement. 

The strain-displacement relat ionships can be writt~l1 in matrix form as l"a llows: 

(2.43 ) 

{c}" [V, ] {ul 
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where: 

(2.44) 

with: 

r I 

0 0 1 -·N 
L ' 

[b,]= (si~a}N, 
, (2.45) (cosa\g ('''"] ! , j , - ,- -g' J 

and also: 

(2.46) 

where: 

_(_ h }"'& ( h ] d'h 0 - 2 · L' . d¢,' 
[b, lo 2·L' d¢' 

(2.47) 
_(h.sinGi,dg, _(h-Sina]. dll i 0 

,2.,.L) d~ ,2 -,·L d~ 

With: 

dw dw dl dw 
-o-,-= L·-
d; dl d~ dl 

(2.48) 

it can be found that: 

tiv.-' 1 dw 
- = - , -
dt L d~ 

(2.49) 
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-- ----

and it can also be fOlind that: 

d'w I dl',' 
-- ~ - --

dr' L' dt; 

The stress can be written in tcnns of the strain as fotlows: 

whnc: 

with: 

{a~ l",[1)l-k~ } 

{u,Hol k,} 

[Dl~...£..r' ,] 
1 v v 1 

E - Yoling'smodulus 

[) = Poisson's ratio 

lienee, the strain energy for this element can be wriflen as: 

(2.50) 

(2.5 f) 

(2.52) 

(2.53) 
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Din,,['~ntiating with re::sf)Cctto the disrlacem('nt v(,ctor fa} and equating 10 z~ro leads to the 

element sliffiless maltix for the:: membrane stiffne,s liS fo lJo\\ s: 

(2 .54) 

lind for the bendl11g stiffness as li,l l"ws: 

(2.55) 

The rotation matrix to convert the local elelll~nt mordinaw syskllllo the global coordinate 

[Tl= [ C~',::: 
() 

sma 0 

(2.56) 

o I i 

Thll' it can be deduced th m th" global .\"Ii[fnl."ss matrix can be expressed as: 

(2 .57) 

where the subscript g rder" to the glo bll i coonli",j(~ sy,[em and I to the lOCI I coordinate 

system. 
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Chapter 3 

Buckling Analysis with FEJ\) 

J.l. iJlIWciuClion 

B LICld i ng :111;]1 ysis oj" comrlc>. (shel l I ~lrL";lur~s l'r()~ ides" l: onst ," '1 ch" II ~ngc for cnglll ~ns. 

(Jnly buckling I"~roblcms Wilil a simrlc gCOlJlclri,' ,h"p<..· alld 10,](lmg ," "1 b~ s()h~r! hy lh~ 

"n,,]ytical meihoos mentioncd in chapter I. ,I, the I;mll L1lat iO Il alld sol L1tioll 0 r lhc <Ii ni;rcnlial 

equations ar~ complex. llence, finitc elcmClll methods (FE M) arc widcl y uscd lO cakL1lak lhe 

critical buck I i Ilg load of stlUClllres. Thcrc arc twn d iffcrcnt methods oj" calml ating the critical 

buckhng 10;ld with filli t~ tl etnent 1l1tthods: 

• Ime,lr (~ l genViOI\l e) buc~ l i llg ,onalysis 

• 1l01lhn~:lrhu ck l in g ~ll,il yS I S 

3.2. Ei!!;ennllue Buddin!!; Anlllysis with FE.\I 

Eigenv~lue buckling with finite element method, invo Ives cllculatillg the point ,It which the 

structure's prim,H)' luad ddkction p'lth is bi furcated by a second'll)' 10,1r! ddkctioll p,nh, 

similar 10 the classical b LICkl ing lheory ment ion~d in I 3 _I Thi~ r~q Liircs an eigcllval uc 

eX lr'l~lion 'Illd lh ~ go\-~ming ~q\latioll is giWll hy 

[A:] 

lKJ~ 

{u L 

(3 I) 

-- Illl ~ar stiffllcss malrix 

-- g~oll1~tri~ stiirll~s~ malrix 

;''' ei ~cll\'allLc or thc mUltiplier III the load from 

whi~h 1"-1, is calculatcd 

- dis placement eigenvector or mod~ sh'lpe 

67 
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TIle g~om~l ri(; slirrn .. s~ malnx IKk i~ gh "n I'l)': 

(3.2) 

where [ill "1 is lhe nonline~r strilin - (!i sp l acem~-nl \r.msfonnal;on matn );. : 

"" .1 0 " 1 
,v •. ! 0 0 , 
' ' .. 0 0 

0 N •. I 0 

18k . , N •. , 0 (3,3) , ,V, , 0 , , ,V. \ , , 
N'.J , , 
N'.J 

wilh If being a Iypical nod.: and: 

(.1.4 ) 

The stress maIn);. ~~ j j, ddill~d by: 

(J.5 ) 

" 
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wh~re 5 is Ih~ ;;~culld Piola-K Ih:hoff ,trc,s tcnsor. 

,. S" 
S" S ,' 

S -, S }.I S", 5" (.'-6) 
, 
LSn S ,. S" 

Jnd () a 3x3 z~ro matrix. 

Buckling Jnalysis \>.·ith n ".\1 is a two-pass analysis. The first pass is ~ linear static analysis 

whIch dcl~nnin~s th" ,t r~s, fur J giwn rdcl'cllcc oflo~d s . Thc second pas, is ~n cig~nvailic 

an"l",;;);; which fir;;( c0l11 j111k;; \h~ g~om~l ric ,l lffncs;; m<l1rl' . I 'h~ ,tr~%~, in ~(I"~lion (~.2) 

wlll be bsed ollth~ resulls orthe llllear sl~lic an~ly sis. The second pass re slL lts are in l~rrns of 

load iaclors and lll()(k sh~pc. 

A, Ihis mdhod IS based on lhe Salile theory described in 1.3 I. it should b~ not~d that th is type 

ol"hllcklmg ~l1alysis lakes 110 initial HnpericCll()lls into aCCOUllt. It pnwidcs no infonnation 

about po,t-buckllllg bdl'lviollr .lnd i, limikd to ca,~, wilh no large di;;placemenl eflects (c.g. 

fullow~r lo~dil1g). SUl"h CaSCS arC vcry rarC m practical ~pplicallOli. The reslLlts for this type of 

huckling ~l1alysis lherdore oftcn ovcr-estirnat~ th~ critical buckling load and should therefore 

he i ntcrprcled carefu II y. An application of an appropriate ·'kn.xk -down"' f.lctor i, nece%ary m 

ord~r to r~nder ~ practical and secure critic.iI buckling lo~ d. 
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J.~ . :-'onlinear Bud-.ling with I'TM 

In onic-r 10 do illhoro"gh bllckling ~nd posl-r.Llciding anal)".,1.'> a fllil inncmenta l TH)lllinc'ilr 

,laIIC' analy,i" with FEM can be pt r forrn~d. Initiul imrerfec lio[]s and r~<;idllal "lr~.'" c'aTlIK 

takeTl mlo accolln t 11l I h is Iyp" of ,lnaly~i~ a~ wdl as plastic!ly d"kcls. 

A., largc dc lilnl1 ations OCC",· d Ilring th is analysis. the urdn ted Lagmnginn t"lrmllintion (sec 

2.3.2.4 .1 sholl id he lL,~d in ordcr to avoid m~sh dis tortion. Another pror.lem is to overcome 

the singll inrity of th~ incr~mcntal tang~nl sli Ilill'SS matrix whcn th~ structllre rcachcs its 

stability limit. This problwI ~an bc solved b) using lh~ Arc-Length wllLlion ,,~hemc dc.\.(;ribed 

in 2.3.3.3. together w ilh the full l\~wton-Rnphson mClhod (sec 2.3.3.2 ) 

The mnin pro blem is to find lhe shape nnd nmplitlldc oflh~ applicd lTlIp~rt·ection. Th~ b~.,1 

way of wiving this problem would be the establ ishmclll of a statisticn lly bnsed imp~rfectLon 

l110de I li)[ a parti~ldar ~ I ,I"'> of .,he II strlldur~, f,1 brical ed by the same proccss. b,bed on 

~xtcn,iv~ l11eaSllr~l11enl ofr~,li g~'mlCtn~ imperkctions on flLll s~ale strudures. Such an 

il11p"rfcdioTll11odLi mlL.,1 di"ting"" h betwcen hIgh ilnd low qual ity .,h ell strud\lr~s. \\'1111~ lhc 

approach 1., rati'mal, lb ~ ,labl i"hl11cm relie.' on e" kn.';lvc m~aslLrcmen l data. wh le']; are 

cllrr~nil y nol availabk. 

A method by Sptkhtr and Sa,il (1 <)<)1) de~ribe~ iI way to find nn ,Ippropriate imptrfedion 

shnpe ifno int"mnntion reg~rding the renl impcrkction share is nva ilab1e. The)' pl"Qposed nn 

e'lul val~Tlt ,mperfection ~h ap~ oCthc' "ame .,hape a., lh ~ fiT,t bifurcation mod~ to be uscd and 

have nlso dcduced the requ ired magnitude ot" th is imperfection in order to produce a s,lfe 

,l~'i gn . Howe'~ r. thl'> mdh,;t! has (1Tli y bC'cn '~rifi ~d li;r cyiindn~ a l sh~ lls and has <;111110 be 

v~r i fied first for other slldl strllcrnres. 
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3.4. Comparj<;oll of Linear and _~onljnear I.Il1ckHnl!; with FE-"! 

Ewn I f I m~ar bll,k I ill g ;mil ly, 1 S with FF\·I I, II0t as a,c ur;l1~ ilS IIOllhn~ar buckling analysi;; 

with 1'[\1, it is wHkly II S~U 'n ~ ngll1 ~~nng prac" c~. Oll~ rt'il,on IS the computatlOllal cost e,f 

thr nmdysis. A lm~ar tlllc;klmg allalySls rC'llllC<:S less limc to pcrlilllll, wlnle 3 j)(,"li"ea,. 

allalysi s IIceds a longer tillie dlLc to its "ature. AnothCl' ,.eaS<l1l i, the f~ct lh~t tb~ critical 

hlLck I m,; loml ca lculatcd hy the linear anal ysis can be casi l y combin~d with mOot d~sign 

standa,.d.' (e,,;, DlN 1~~()O T4), occause tbcy m'e based on the lin~nr buckl ing theory. The 

main reason why tile nonlinear buckling th~ol)' i, not wiuely Ilst'd is the (lilliclLlty to lind all 

appropriate initial impcr!"(,ction ,bap~ for tbe analysis. For thi~ rt',lson Ihis 11lethod has nm 

been incorporated in most design standarus, 

:ionl meaT buc klmg an;Ji ysis, On the <lther haJl(l, pro"ides lh~ only po,sibk way to c,Jicu lale a 

more rt',lilstic criticallmckl ing load, as it c·an illclude initial llllperf~dion, ,lS well as re",ilLal 

,lress ,md plastic,t y. The effect of detormation d~pcnu~nt forct' (e,g. Il,ll 0\\ ing pressurc) call 

only be cakulated by this 11lellwd. It als<l provides a good opportunity in rec,lIculatmg the 

b\l,klin~: ,trength of all ~xi sli 11 g shell struc.t me by llIeasuring tbe imp<:rfectlon Sh,lpe alld (LSmg 

this sh,llle lilr a Iw"lincar bud;ling analysi,. A noniineJr buckbng ilnill)"Sls is tllU, the only 

\\'ay Il f ca lculati llg the post-buck lin~: behavLour of a strU~w.Te, w hic h can h~ of interest ~s 

s("Llle she 11 stl1l,lur~, ,an rt'a,h ,1 s"lb k P'l't -bu~kl ing staiC in;;tcad Ilf tIlwl f~ilure. 
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Challlt'r 4 

BifUl'C:l tioll Analysis of:1 Spht'l'ical Cap 

4. 1 . l nln"t"~li" " 

The jj'lIlc .:kmcut mctlwd (fl.IM) is \!,I.'d 10 in\\~'li £-a l~ the buckling bdla,' iour of II lunged 

aud d l lllllCd splicri<c:ll ,'ap subjcrt{'d 10 rnd i:1I lI(Oi fanH pn:~,u[.: . 

A b,[uro:mion (cigcllnd nc) :In:,]y:;i~ " 1\h FEM (",;I! .L!.) IS <,anied <1Ui. The rwulb arc then 

('amra".'d wi lh the theoretica l ~ul "lion .1l':<L'Tlhed 110 J 4.2,. 

4.2. Or ~CI'lp f lo n of {he Gl'ulucl r~' and I .<!:ltli ng 

'I he Scul1l~lry () r the , nvc,;tig~t~d splleli c.,1 cnp i> rk;u ihcd a~ part 01' a ". hole s pJh~r,· 

(F' l:!un.: 4.1). 

-L-" "'"' 
~_~",,1==_L~_, II_~~~ 
\ \ ,-too "" _I 

\"R-~UOO III ~' 
, ! 

, 
- ,i \ , , 

j 
\ : , : 

',.10" : J(I" - - , 

\\,~T-- , \ , - , 
\.: 

" 
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Chapter 4 

The invc<;11 gakd ,ph,:ric,,1 <:~p hilS iI radnl, II of 5000 mm and the th ickness I is 3 mm " fllC h 

k;Jd~ tt' ~ j{11- r,lt H) of \666.7. rite .mgle i{J" (l'igll re 1.7) referring (0 the a~i, oi rl'\ olu(iOll or 

30" leads to" height 11 of66\1.9 IlUll aJld a dialll!.'ll'r 1. at tl", bas ~ of"500() 111111 . rh~ cap 

materi"! is steel \vnh " Y Dling 's modu Ill ' E of ~O(lIlO(l I\hnJll' ~Hd a Pm SSOH ·.i r;Jtw l' of 0.3, 

The cap is IDaded \vilh uniform r:l dial rrc.,slLr~ aciJlg towanLi the <:~ntr~ ol'the <.- :lp. TI1~ 

supporting edge of the C:lP is either clampc,j (hgure 1. \1) or hinged (F .gure 1.1 0) 

4.3. J)iscrcti~utiun with FE.\I und Su(utiun 

The .iphericaJ cap is l1Ioddkd u,ing t h~ geneml r u'1'0s~ (ini te ~I emcn l packag~ 'vISC.MARCi 

Mentat 20()O. A, [he geoJlletry and loading i, axi~ymmetric_ an aXLiymmetric ,hell dement 

(MSC.M/\RC type I) is used with the x-axis OC Hlg the axi, ofrc\olution (Figure 4.2). The 

buckling modes are assumed to be axisymmetric. 

A linear-dasti<: material- law is lI sed for thi, analysis , Th~ pr~SSllr~ IS app l i~d with ~ \"~ Ill~ of 

1 , ~s .1 U11 i foml (o 'id owr [h ~ ~ k lll ~ms. adi ] Lg rl<:rp.:ndlc[llar t(l 1.11 ~ oukr ;;urlace 0 I' I.he cap 

(Figll r~ 1.2) 

Fig. 4.1: Axi, ,.mmctri< 1ll",1el 0f 11", sph erical cap 

7J 
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Chapter 4 

The mesh i, very tine, as it will al<;(J he lIscd lor the ~llhscqllenl analyse (see Chapler 5). Fm:h 

demclll has a length of 0.52 mm. 

A hifurc:niun ,mill y, i ~ i, perfoml~d. The th~uretic:d ba,:kgruuml to this ,maly,is is des~ribed 

in 3.2 .. The lirsl IS eigcnlllolie are extracted h) the "inv ~rse power ,weep""lllclhod ami the 

load Jildur l , are pn nled lor neTy eigcnlllude. 

1 hc applicd prcssure was chosen as a valll~ of so lhe lom\ factor has the same valuc as the 

critical hllckling load. 

4.4. I{ csu\ts 

-1.4. 1. Clamped Spherical Cap 

The lowest cTitic,Ji pre>",re ohtaincd l'rorn thi, analysis for the clampc!\ sphel"ical cap is 

0.08775 "'</rnm' . 1 he corre,ponding eigcnmode is ploncd in Figure 4.3. 

,~ , 
r, _ 000 • • -:0 -' \ ,- ,,,.-:,, 

rig. 4,)' Clamped oap, cigcnmoJc 2. criLic" t pre' ,"'e 0,08775 N.'m:ll' 

, 
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Chapter 4 

The number ofwa\'es" (lvn the ar,' 1, [1.5. t'h~ cho~n m~~h wa~ Ene enough to describe the 

buckling modes accurately. :-.10 ,;ur\,alure ,' h~Tlg~ r~v~rsal < in a s ingle ekment or 

di "Ollt lTllli t l ~> m the shUIX were found, All c~ lclL.ate d ~igcJ1lnodcs. together wi th th~" 

corresponding nitica l pn;,';l lre. ,'~Tl b<: found in App~nJix A. 

The io'vest critical preo,ur~ oinained ih)m this an a lys i~ for the hinged spherical c~p i ~ 

0.0875 I l\/mm'. ['he con~~ponding eigenrnode is plotted in F igure 4.4. 

o 
o UUl'e+uUJ 
i 751e·-C02 

\ 

\ 
I , 
I', 
\ 

Fig_ 4A: Hinged c'r, cigelllllndo I, c ri tic,l prcs<UTc 0 .0,,751 K'mm' 

('he llumb<:r ofwav~s n ov~r th~ ar, io 12. Th~ ,ho,~Tl me,h wa, fine ellough In desc ribe the 

bud liTlg 1I1<1,k, a,curateiy_ No curvature change reversal;; in a single elem~llt or 

75 
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Chapter 4 

discontinuitiL" iTlth~ shapL' W~rC lOLLnd. All calculalL'd L'if\~TlmodL", tOf\L'1hL'r with thL'ir 

corresponding crll ic~1 pressure, are shown In Appendi x [3, 

..\.5. Conrlusiom, 

A lin«lr bifLlrcullo ll ana IYSI.; \Vllh iinik <km~1ll m;;lhods li)r u sjlh~rical cap wllh a full;' 

c'lalllp:d and hlllgL'd edge was l'L'rloml~d. 

Tbe t h eurelical so] LLli on d~,crih;: d ill 1.4.2. I"r a .'rh;;ric'al cap' lIbl L'c'led 10 radial unifoml 

pr~SSHr~ leads 10: 

,2000000 
J' 

= (UIPI5N i nJlJI' 
5000' 

(4. ]) 

Compunng lh], valu~ with IlK- \,alu~ lor the Ciaml'l-xi and hinged spherk'll ,'ap obluin~d I[om 

I h~ anal YSl., show, a di IfL'r~nce of () ,IlS % tor tbe cl'1n11Xd ~nd .1 (il ffe r~n c,' 0 I' 0.41 ~.{, lor lh~ 

hin,.;ed cap. Th~ dmnl-",d cap call carry a slightly hither I're ,<SLlr~ bdore hllckling oc'em, dllL' 

10 the larger stiffne.iS of the struclllre, lb~ differ~n('< !xtw~<TI the damped and hinged c~p lS 

0.27% (Tabk I). 

(),USn5 0.087'i I 

theoHtical solution damped cap (FF.:\I) hinged cap (FE:\I) 

f,- ,c;c"c.,-,c,'-p- ,-,c,c,-"-,c,----------' 
U.OS715 

[-"Ii mm' I 

Tablr t: C'Olllpori",n oi'rc,ults 

ThL'rL' is good consistency ixlw"",n the Tlumerlcal (FEM) and tbe th~ordinll solLltlOTI Th~ 

hnear huc'k ling analysis with I' EM provides a good method lor c'alculating Tile linc'l[ criti('al 

huckling load for the.'e lyre' 0 I' shell SlrUCllll'~. Th~ obt~i ned V~ I Ll~ can be ~asil >' c'omhin~d 

with <xlSl iTig d~sign standards (e,g. lll~ 18800 T4) a., they are based on tbe Silm~ th«>rdieal 

background, The cornpHler CWH 0 I' lhis analys;" is rdati .-ely cheap, The c'omp utalion lime on ~ 

normal I><r.,onal cOlilpukr ,,~s less tll'ln on~ ll11nHte lix a mod-;:' I of 5UOU elements, 

It should be noticed Illat the oblain~d rL'SUllS are "lheol'etlc.II" bH(' kilng loads WhLCb Im,-- diffL'1' 

from the r('al hucklinf\ load ( se~ 3.2.). 

7G 
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-------

Chapter 5 

Effect of a Circumferential 'Veld 

On the Buckling Behaviour of a Spherical Cap 

5. 1. Introdnction 

Metal >hell ,tl1ldure> are often wlhtl1lCted by welding curved plate, togelher. Due to the 

cooling proces> shrinkage occurs parallel and perpend iC\llano the weld (>ee 1.5.3). The 

shrinkage of the cooling weld impose> a rad ial inward force on the shell ofre,·o l\ltion. This 

le,l(b to il geometri~ lmperfed lllll and to residual ~tre~s in the ,hell. It appear> lhat the 

Lnlluence oI"lhis impcrii:ClioIl OIl the huck ling hchaviour has only bCCIl inwstigatcd OIl 

cylindrical and conical shells of rel'olu t ion (sce 1.5 A. I .). I Il th i, chapter a nonl inear finite 

elemcnt ana lysis is carried alii to investigate the buckling behaviour of a spherical ~ap wilh a 

c ircumferential weld depress ion. 

5.2 Desnipt ioll of th ~ Geom etry and Loading 

The >ame geomd ry and lllildins descri bed in Chapter 4 is again usell for thi, inve>tigarion. 

The geometry o l'the i[]vcsligmcd spherical cap is described as part of a whole sphere 

(Figure 5 I). 

\. , 
1.-<11110) '''* 

\·· .... R_"' .. 'n ~ 

··· .... w i .10" 

\~ .. - ->:< .. -.• / 
" ' .. ' / 
\\1/ 
\~v , , 

.-,,,,. 

I _",'I-'~ 

fi g. 5.!: IJe",nell)' of lhe i Ilw,j;gated 'phOT;C"1 "ap 
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TIlL' ,ph ~ri eal eap lias" radius II of5000 111m ~nd the thH:kness I is 3 mm which leads to a iU/­

ralio of 166(;.7, rht ,mgle ," " (Figure 1,7) rd,'rring to the aXIS ofr,'volulion of30' lead, to a 

height!! nfM9_9 mm and a diameter L at th~ ba&.' 01'5000 lI1I11. 

The steel mal ~ri~1 U s~d in the lc,t I sn 5.1 IUj2) has a Young -, mod" I", t- of 2 1 (I(JU() ~/mm' 

and a Poisson's rall,l v nf 0_3_ The cbaraeterislic } ielding ,tres.; (Y N ' f;)r lhe u~ed materia l is 

2 .. 01'> /111111', 

'I he cap is load~d witb all ullifornl r"d lal pressure a~tll1g lo\v~rds Ibt ~~l\ lr~ oflh~ cup. 'Jb~ 

suprot1ing edge of lhe cap IS eilb,," c lamp..'d (I' lgure 1.9) or hillgtd (F lglL'" 1.10), 

5.2. 1. Dcsc r il'1 ion of t Ii c ('i~C lJ mf crcn1ia l \V dd 

A circum ferential wclJ b applied unlf,lrm arolLnd tbe spherical sheil, rhe location ofth,' wdd 

IS des~nb~d by lh~ angle II rdclTing to tilL' a"i, 01' rn ollL lion (Figure 52)_ 

Fig_ 5_2 ' 1_()Cat ion or tho ciTclLmf~rcl1Li,1 "cld 
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Chapter 5 

\\.'~lrkd ~,mlpks wtrt ~x,mlll1<:\lln order to me,bure Ih~ ,1Zt of(ht ,lrt~ Ih ~1 W,I'; melkd 

during Ihe wclding pnlce';S, ,1'; lhi~ is th~ ~re,1 wh~re ~hrink,lgt due 1.0 coolin g will occur. Thl'; 

area Can be ea~ily idemi lied hO' illoking m lhc microstructure or the malcriaL The weldillg 

samplGs werG cut PC'l'GnUlcuiar to thG wclJ. ThG em Sur[1CCS wGrC polishcd ~ncl piclurGS 01 

thc microsll1lCllll'C were takcn. Ii igurc 5.3 shows the microsll1lcture of ~ normal otccl before 

wddmg. 

-, , 
\ . .. ~ . .... . 

• 
~ -• , -
" ~ 

> 
" 

Fig. 5.3: MicrQ,lrl.'Olure Qf [)(Onml steel 

The micro,;truclUrc illlllc middle oftllC weld io shown in hgur~ 5.4. 
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Thc zone ne~t to (be ,,~kkd m"L~m\ll, called thc "'heat lnt1u~nce zone". rhe ,·h,mgc lxl\": ~Tl 

the weld lllto this Wll~ C'111 b<; SC~TlI11 Figure 5.S. Thc left "id~ ofth~ pi~1llr~ shows the 

111i cro'>tnlGture <J i" the" dd ,lTld Lhc right ,iJc Lhc microstructure of 1 he heal]]] Ilucncc zonc. 

I ig. 5.5, Chang~ welded nlaLmJi - he-or influence zone 

Anolh~r changc in th~ microstrUCLur~ can be ,een wh~l1 th~ h~at inl1ucnce mate'i,iI changcs 

b,ICk lolh(" normal nwtenal (Figurc S.6). 

\0 
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Chaptt'r 5 

Tile mlCnJ~tnlctlire ()fTh~ h~nt mflU~ !lc e YO!l~ CHIl be ~e~1l 011 th ~ len sick allll 110,' 

tlllCnJSTrucT lire of the normal malerml on th~ n gln SHk. 

Mdtlng ofth~ mUTcna l and llo~rdor~ 'hn!lkag~ dlJ<; io the ~oolmg rn)<;es, ()<;nIrr~d in the 

lOne OfTh~ \Ve l d~d matena l and m lh~ h~al llllhLL~I~" /,On~_ The ICllgth l"'",,,'I. ofthcsc two 

lOncs, p<:r]J ~ ndieular iO the "eld (FIgure 5_7), is fllCaSlLl'ctl in orocr to 1Il0deiThe sllrinkage in 

Th ~ i, nile c k11l~nl11lotkL 

lit" in!l>.,,, • .-, """, 

Fig. 5.7: Measurement of 1_ ,,< 

ChJIl ges in tllateria l dlUra~lnisli~s dlL~ to Ihe welding procc>, (e ,g, ducti li Ty of ihe mal~na I) 

are 1l00laken mlO Jccount inthc Jnaly,is, Th~ \veld is ~s>utlled to]x, fu lly ~lasl i L during lhe 

cooling proc~ss, 

5.3. Discrcti;ution "ith FF.l\J 

The gennal purp"s" lifllle clement pad.Jg~ \ISC.MARC/Mentat IS used lo eMry out J 

nO!l imeJr I,nite eicnlCJ1! Jnaly>is. Th~ SJITlI: finit~ ele11l~nl mesh Jnd hOlLndruy cOl1ditiol1s used 

in dwpter 4 m-e Jga ·.n llsed for this anJ I ysi,_ .. -\ li ncar-elastic material -l ~w is u,ed_ 

The ~pprO~ l malio!l " I' the \1.-~ltl diswniol1 is b ~ sed ()n the assumplion lhal a constant 

~i re l1ln lcrcntiJI tcn si!c Sires> u-0 a~ts a, ill a e ir~ lLmlhcmial stri p of li~''' i'-"/'' 

" 
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ChUpl<T 5 

In a (Conservative approa':h. 0"0 (Can be e,tim,lted by 

0"" = 0 ., (5.1) 

wi th 0" t .' bt:mg lll<: lower val Ue "I ' the ~ h,lrildenot 1<." yield ,;Ir~s,; "f' lhl: \\" ~ I ding Cl,aterial Or t hc 

;trudural malenal. 

Prc-olrc';Scd c lelllcm, with a valuc of 0"" are used to llIodel the distOltion due to the w~ ldi ng 

proce"s using the finit e ekment model. The nUlI1b<:r "I"pre-slre"cd c lClllcnts J1 tan be ea<;ily 

ca lClllated since a uniform element length o"n lll<: half' ar~ 1, Il'.~ d by 

,, = .,-1.., ... " r. 

'If - R ~)'I 

'.,>11. 180°; 

(5.2) 

with !Ii lJ<:lllg 1 he tolal number" f" clements used In the fi ni 1e element mQ(k I. 

A radia l uniform pres>ur~ wllh IIw magnit lLde of the crit ical clas,ical bud I ing I ""d (<,ce 

1.4 .2.) for the <'lnH:lur~ ,;; applicd (Figure 5.S). 

i 
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Chapter 5 

5.4. Solution Procedure with FEM 

A two step ,olmion procedure is applied to ~olve (he lk~erihell prohkm with the IinHe 

element method. 

The first step is to apply the pre-~(re_\, er
l
, on (he 8~kded element" The system is then solved 

wi(hol1l ,IllY ,l(Jditionalload, This procedure ensurcs tilm the applied meSSeS loml an 

~'-lui lihri um, 

A 8<lmple def(llTn~d shilp~ <llier this pro<:e dur~ can be seen in Figurc 5.9. 

roc 1 
Too,. ,00)0+)Ot 

L 
Fig. 5.9: Assun",d impetf<ctioll ,hall< after ,o lution 'tep I 

03 
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TIl!; ,.:<:on(\ ,tcp lS 10 apply the rudi ai uniform pre.ISliIT (F1glLfe S.X). Th<: n1 ajOr dil'ti<;" lty for 

tlll~ typ<: " I' analys1;< IS to o\'erCOllle the singubrny of the i nC Te111en[al tang<:!lt ,Ii I"Iil~ ;<~ matn~ 

whell [he strl1<:tll re r~,,<:h ~ s its stability linlit. The arc length method (.Iee 2.3.J.l.) togelhn 

with the !lpdakd Lagrangian lortnul~rion (~ee 2.3.2.4.) is therefore uscd to JPply the load 

stcp-wi,e for th iS nonlinear ana lysis. 

5.5. Results 

'fhe effec t of a circumferential weld depression on the b LLckling behav io LLr of a fully clamped 

cap was investigated fo r f3 -10''. f3 -IS" and f3 -20" (Figurc 5.2). 

The hingcd and clamped cap wcre loaded with a radiallLniform pressuIT of the same 

magnit lLdc a.I the elas.lical buckling load according to 1.4.2.: 

(I .()915LV i ",m' (53) 

0' c, was c hosel1 to be I he ,ha ra<:te n stH: yie lding ;;lres~ 0 I' tIll; ,Iructmar 1l1~lni al (S215JR( j ~) 

[hwlLgholil the analysis (.I<CC 5.4): 

0' =0' .. =)4(1,',' / ",,,,' 
" .. , - (5.41 

1",.","" ,,·,lS SCl lO n mm hascd on thc mea.Illfemcnt ofwclding s,mlp les (see 5.2. I). 

Th is leads to (see eq""tion (5,2)) 

pre-stre,~ed elcn .~nts. 

~~I::;]=C'" 25 
7r ·5U()O 30" 

SOOO,1 800 

(5.5 ) 



Univ
ers

ity
 of

 C
ap

e T
ow

n
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5.5.1. Clampl,d SphlTil"al Cap 

The clamped sph~ ["ic al cap with a ci re\ll11ferentl~ I weld depre,~lo" Ll"d~r lhe angle fi - 10" 

,how, a rcdu,-tion in the buckling strength of 65%, wmp,lred to the <; la,s l cal buck lmg ,trcngth 

of a spherical c~p. The applied weld depr~~si Oll mitiale, the bu<; k lill g ddormation. Local 

buckling OC,-IIl"S m~inlv in lhe ar~,1 between the weld dcpr~,siml and lh~ lOp oflh~ cap (l'ir\lIfe . . 
5.10). The post-buckling stiffuess of the ~nalywd Slrll~llLrc call be d~<;cribcd a, very weak. 

Snap-through ofth~ hole <;~p (X:~\lr> aller the critical load j, reached. 

:nc ""> .C_ 0".' . _00: \ , , , , 
\ 

\ 
\ 

" , 
\ 

I, , 
\ 

1\ 

I \ 
'i 
I \ 
I I 

I, 
, 
~ 

jc,~ 1 
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The clamped spherical cap witll a circumferenti~1 weld uepres>ion unrkr (he angle /J = 15c 

shows a similar buckling and post-buckling behaviour. The buckling stre~g(h has dcncascd 

by 60",,, comparcd to the classical buckling stre~gth. Tile buckling defomlat lon can lx, ~ccn in 

Figllrc 5_ 11_ 

1. = 1 
1',_ '"" __ "Wl \ 

\ 

\ 
\ 

\ 
II 
I I 

)\ 
I \, 
\ . 
I 
I 
I 

\ 

) \ 
L <o~ l I 

L 
Fi~. 5.11, Ruckl ing deform.lion for f3 - 15"' (damP"d cop) 
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Fllr fI =20 0 II de(rtllse llf55~,'o in the buckling st r~ngth can [J.C found. The cap si][)ws the sllm~ 

buckling and p[)st-huckling behavi[)\If a, tb~ caps with weld depression under the 

angk f3 -](),. and /J 15" The huckling ddonnation can he Seen 1ll FiglLre 5 l~ 

OOJ o _O J! \ 
'\ 

\ 
\. 
\ 

't 

) 

j 0000: 

"\ 
/ '. 
( \ 

\ 
\ 
I I 

Fig. S.12: [Jutkling defGnmlion for fJ =20" (dJl~rcd C"p) 

L 

rhe (i rcumf~r~nll III weld (kpressi On lead, 10 a dccr~ase in the buckling strtngth for th~ 

clamped spllerkal Clip In the arta of(jO%. Tbe buckling slrength increase, towards the edge 

Oflhc inv~Sllgaled ;;pherical cap. All results are listed for complirioon In Table 'i.l. 

II 

1%luflhe d""kul 

hutkJing; load 

I"" 

3'i 

----~-~-

15° 

45 
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:'.5.2. Hing,'d Spli(Til'al Cap 

Th~ hinged spherica l car with a dr~umferenlHlI weld depr~,"i()n llnd~r the angle Ii -I 0' 

,how, ~ 65'1'; d~cre~~~ in th~ buckl ing strength compared lO thc cla~<,ical bucklmg otrength of 

a <,phcrical cap. 

,~ 

Tc _ ' 00 0.-:0: 

, 

\\ 
, \ 

\ 

, 
I \ 
i 
" 

( 

Fi~. ~.1 j: Rudling d<:rOTm"ti~ 1l j,,, {f - I W (hinged cop) 

L 

The applied weld depress ion initiates the buckling defonmtion (Figure 5. 13). LllC~1 bud ling 

llCC1'.S nJ<linly in th~ ~r~a betwe~n th~ edge oflhe C,IP and the weld dcprcs,ion. Thc p<lst­

buckl ing ,Iillnco, 0 r the anal y,cd otrlL~ILlrc can be dcscribcd a<, \'cry wcak. Snap-through 

occurs at!erthe critical load is rcached (Figure 5. 14). 
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The clamped spherio;al <.cap with a ci rcllnl r.;;r~'I1,i 3 1 weld dcpreS!;iOll ullder the angle p - 15" 

~h.ows 3 simi lar buckling and posI~bucklins bch3V;OVr. The buo;k]i llS strenglh is decreased by 

70"10 <.'umpared (0 the classic"! buckling Strl<\'gth . Th~' buckling deformation (all be ;;cell ill 

Figure ~. I ~, 

• 

.. 
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Fig. 5.15: BucklinlO d~fMlUT;"" for IJ - 15· (hingod cap) 

For p -20" a dccKaSC of 75% in tho: buck ling ~I rcngth can be found. Tho: cap show~ the s.:I me 

buekliug lind post-buckling behaviour a$ toc caps wit ll weld do:pn:S!>ion under lhe 

angle /J "' II,)" and P =150 Tt:spcclivc1y. The buckling dcf oml:ltion can he secn in H gure 5. \6. 

90 
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The wx:umrcI'Cn(tal 'H,l tl dcrI'C~sion lca d..~ iO:l dc"I'C:\.iC iu tbc area of 300/" in the [lUc kl! ll!; 

.tl'tflglh of lbe hinged spherical c~ p. The buckling str"('tlgth decre~ s.:s IO"'"1lrd , the t dgt of !h~ 

;llv~ ~ Lil!alnl ~ ph<: r;c il! ~ilp. All r~>ults ilr~ l i sl~d f"r nm'par;>Oll in Table 5.2. 

fi 10' 15' In' 
... - _.,_ .. _ . 

1°;.1 ofth' classka l 
25 30 " buckllll~ load 

~ .- -

" 
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Chapter 5 

55 . .1. Cornp:lrisoll "rClarnl'cd ulld IJing;cd Splll'riral Cap 

The results for the clamped and hinged "rheri~al ~al' wllh " Clrcumlerential weld (kpressioll 

are C()lllparcd in FlglLre 5.17. 

w, 

w--­
• 

• 
• 

'", 
Fi~. ~. t 7: Compori",,\ of ,.""1,, foe ditferent edgo oooditiom 

T 

r'he buck I ing ~trenglh ()f the in \'e~l'gated ~ap dep~oos On it~ houlldary ~ondi lions. Th~ 

clamped spherical cap ,hows an increa,~ of 3 Y% in the buckli ng strenglh compared lO the 

clas,ical buckling strength n,,,. Ii =lOc and an increase of"up to 45% 10r/1 _ 20 0 Th~ tllng~d 

cap exhibits an ()pp(),ite belJav'()\lr. rhe buckling strenglh de~rea~es Ii-om 35% lile jJ - 10" to 

25% for jj =20'. 

8()th struLture~ show a slloiiar post-hlLckling behaviour. The post-buckling ,tiffiles~ or b.)lh 

structure, can be de,cribed as weak. Snap- lhruugh ' lC~ur~ lJ1 hOlh ca<;~<; aller lh~ crilicallc)3d 

has been reached_ 
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Chapter 5 

The hinged and th~ clamped ;;pheri':al ~ap under unifonn ntemal pn:s,urt wIth a 

ci rcurnrcl'~ntial weld (kpres;;ion ;;h()w a ,lencilse 01' ~ Slm il ~r magni tud..: in the buck li ng 

;;tl'~ngth compared to inve'>tlgalion;; on ~y lindri~al shells Ililder aXI al ll>;,di 11 g (~e I ,5 .4.1 ,) . 

This behavior agl'~es with th~ ", ell-k no" n ;;unilari ti cs in Ihe bue k h ng beha \ iour of cy I indncal 

shdl, WI(ier axial loading and spherical shel l under unifol'ln external pl'es;;ur~. Both group'> of 

stmcillre'> ~how a mlLlti-mode buckling b..:havlOur, \vh i,:h makes them very sen,illve to mitia l 

imperfecti()ns, 

HUh:hison (1967) (see 1.5.3.) ~ho,,~d ~lat iln impcrkdioll of Ihe ,ilnw shilpc of the 

":l gennwde ,hare le,HIs to the greatest redllcll0n in the buckling strength ofa ,pherical c~p, 

The ,hapc 0 I' the ,m:Hl nl'crelllial weld ,kpres,slonl, sml il ar to the elgenml){k shilpc, of the 

;;rherical ,ap (se~ chapwl' 4 and appcr\(li" A, R), WhlCh c,'plains the low buckling IOilds 

obtained by the analys i;; carried Ollt. Th~ po;;tbuckling detol'lnations ,>hown have a v~ry 

simila r shape compared to the elgenmotie shapes, which supports to th i~ idea. 

The clamped and tht hinged ,phencal cap sIx", the sanle r..:dllCliOll in the bu~~ lillg Slrength if 

Ihe wdd 1> lo,ated Ilcar the top oJ 't lw ,:ap_ Th~ boundilIJ' ~oIHli tion:; h~\c'Il" >lgniticant 

inlllLell,~ il ·llie weld L'> I()cated neal' lhe top ()I- lhe ,ap 

The nlLr~a,e iLl buckling <;(I'~ngth with llie wdd clo<;.Cr Ii> lhe edge ol'lhe damped cap can be 

eXl'lained by tbe larger stiffll tSS oflhe cap 1)1 thi , art~ due to th t cli1nlpd edge of the ~ilr­

The Inngl'd ,:ap au the oth~rhand L'> Ie", '>lilT doscr 10 1he cdge ol'lhe C3P, WhlCh ~xl'jains a 

decre:1se ]1 the bllC ~ I; ~g ,lrcngtlJ compared to the ca,e whtre the wcld depress ion is lo,ated 

clo,cr to th,' tup urthe cap 
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Chapter 6 

Chapter 6 

Conclusions and 

Recommendations for Further Investigation 

Th~ ,aklilation of the stabil ity load of she! I structUl'C, prnv idc, an un hmi tcd rangc of 

c hal knge,> for ~Ilgin~~r>. Thi, thc>is has provided a lilCratUl'c revicw in the area 01' shel l 

;Iahilny wnh a "pec i,Ji f(X' us on ,>ph~ri,al >hclls und thc ctTccts of impcrfcct ions due 10 lhe 

manlLfacl tLring pr()cc,". 

An illlrnduclinn illlo lincar and nonlincar rL11LIe clemen t analy"", was also provided. Dlflerent 

types of huck ling an3lysi<; wieh finitc elemcnl mcthod, werc uisclL;;sed. 

A bifurcation analy , i, of 3 prc,sure loadcd <;phcrical cap with FEM was carricd ntLL Goou 

cons istcncy betwccn the thcoretica l and the nUlllericul solution was found, Bifurcmion 

analysis with FF_\l provides u good mdhod to ~ulculate thc classicul buckl ing loau, It call be 

~a>i ly ~ombill~d with ~x isting d~>lgn >tandunls b~cause ofthc s,ml~ th~ordicill bil~kground, 

Th~ dT~<:t or ,1 ,in:llmlerential weld depres;;ion on the hud ling hehilvin lLr of a ral her lhm 

(RII - I(67) cbmpcd and hinged ,phcrical cap <UblCClCd to radial tLnil'lnl1 prc,surc was 

inv~stlgated hy u"ng non I incilr lin ite C kmenl m~lhou ,. Th~ mndcll in g 01' thc wcld ucprc,sion 

\\(as dcs,[lbcd in detuiL The r~"ulh sho\\( a "il,'11ifkant d,,: ,r~as~ ill the bu~kling ;;trength du~ to 

thc circumfcrcnti31 weld deprcssion, 

Thc cbmpcu spherical C3P , hows a decrease ofbeewccn 65% and 55% (mean 60'\,;,) ulld thc 

hingcd sphcrical cap a decred>c ofbctween 75% and 65% (meun 70%) d~p~nding on the 

IOCilllon ofille w~ld ucpression. 

Cmnpari ,On 01' I hc resulls, togethcr with the rcsults of invc>tigation on the etlcn of a 

circum fercnt ia I \\(eld dcpre>s ion on lh~ buck ling behilviour of ,y I indri~al ~ hclts, stLbJccted to 

a~ ial loading (SC~ 5.S.4.), ;;h()w, a uc,,-ea , c in thc b lLckling st rcngth of a >imibr magni tud~. 
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Chap"'I' b 

It hilS "''Cil sho"n Ih.1.1Ihe "' ,und.uy cundlt ions of the cd,~c h3' ''' 3D ;nflu,'nce I>" lh .... huckltng 

~ rren!lth of tho: sph,'n('a l rap" Il h a ~l rcUlnfcn.: lI1i:d weld d,·pression. Tbe CIJUl Pc<J ~phtric:11 

~':Ip )h",,'s :1 (k crea.;e in the hud; lltIl,l. sh'cngtlr i f (ill: we ld I~ located ne-~ r the lOll of the cap. 

"hile the hinged , phcrical CJp slhl"'~ JD ,1 1 1!l'1~ile heh""i" ur with reL~~rds!Q the buckling 

:;11\:1\1:1" . 

Tlte d fcci I)f a Clr(ulllfer"l1llal weld Jer i c~~i (l!l "il~ ",,}(Iei bl by as , ulllmg :, ~l :lti\"el y simple 

im p(:r fccliou ,I,ape. ,1ca;'Im~mt>lI\ ufreal impo:.-Ie.:tion shapes due 10 welding , hOlll<l n.: (Ill 

full-seal,' stn..-lUres \0 impw\ c Ihe ac~um~'}' or rill, ana lysis. I\evcrlhc icss. rhe dcs...' l ibcd 

m,'1hod p,o" id,'s a good way 10 im .. "Sliga t.: Ihe dfO:CI (If weld dejll ~sions urlder dlfl"tre lll 

oondltions 311d call b.: applicJ hI all ki!ld~ tlr ~h ... lIs tlr rt: ' ·olmion. 

'I'll,' gil\"n nU1l1cri,.·al rc ~u IL~ ObI3I1h ..... from \he H"al)'\;is t:'ln on ly gi" .... all ntim :He about the 

d~('re" so: 111 tho: buckling strcnglh and it must h ~ ,..:rilk,! with expenme1lla l res"II . , 
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Figure I: clamped cap, cigcnmudc I, crilk,l pressure 0.08835 !>;/mtn' 
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Flguro 2: damped cap, oigonmode 2, critical pressure 0,08775 Nimm' 
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Rcsults Bifurcntion Analysis - Clamped Cap 
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Figure 7; clamped cap, eigenmode 7, critical PTe"",c OJl9720 Nimm' 
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Figure H; clamped cap, eigenmode 8, CTitioal prc><ure O. 1046N/mm' 
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Results Bifurcation Analysis - Clamped Cap 
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Figure 9: clamped cap, eigennlode 9, critical pre,sure 0. 11M ~lmm' 
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Figure H): clamped cap. eigenmode 10, critical pres.ure 0. 1141 "'/mn>' 
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Results Bifurcation Analysis - Clamped Cap 
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Fi~ur. 11; clamped cap, cigcnmo<ko I I, critical pn",ure 0.1139 /','/nun' 
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FIgure 12: damped cap, eigenmode 12, criti<:al pressure 0. 1342 Nlmm' 
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Fililu r~ I~: cl .. mp<d cap, eigerunodo 14, crilical rr-un: 0.14)0 r-"Imm' 
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Appendix B Results Bifurcation Analysis - Hinged Cap 
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I L 
Fig~"" 1, hinged cap, cig.nmod. 1, critical pressure 0.08751 Nlmm' 
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Fig~.e 1: hinged O"P, cigcnmodc 2, oritical pres.ure 0.08765 Nlmm' 
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Figure 8: hinged cap. ,;g,nm<><lc X. "r~inl pn: .. ure 0.1035 Kimm' 
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Results Bifl,lrcation A~alysis - Hinged Cap 
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"Iliure 10: hin~ed c:>p. ei~cnm<>dc 10, critical pressure 0.11 ()() N/mm' 
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Fi~Yr. 12: hinged cap. C I ~cnm<.><lc 12. crilioal jU'''''''' 0. 128~ Ni rnm' 
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