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ABSTRACT

The boundary value problems for the Helmholtz equation give riﬁe to
boundary integral equations for the unknown surface field or its normal
derivative. These integrgl equations 1involve the Helmholtz surface
potentials in the form of weakly singular surface integrals. This thesis
is based on a method of parameterisation of the surface integrals which
removes the weak singularities provided that the surface satisfies certain
convexity conditions. Firstly this method of parameterisation is applied
to investigate the properties of the Helmholtz surface potentials on
convex surface elements, and some new proofs are given. The theory is then
applied to the boundary integral equations which arise when a scalar field
is incident on a bounded scatterer. The surface integrals in these
integral equations are Helmholtz potentials and can be regularised by
suitable parameterisation. It Is assumed that the unknown density function
is an analytical function on the boundary of the scatterer, and can
therefore be expanded as a Taylor series at any point of the surface. 1If
this expansion is substituted into the regularised integral equation and
if the operations of integration and summation are formally interchanged,
then the end result is a partial differential equation of infinite order
involving only the field coordinates and having analytical coefficients.
However, if the Taylor expansions are truncated then partial differential
equations of finite orders result. The view is taken that analytical
solutions of such differential equations of finite orders can serve as
approximations for the surface field or its normal derivative provided
that suitable initial conditions are imposed to ensure uniqueness. On the
other hand the general solution of such a differential equation can serve
as a local approximation at any point on the surface. Some basic
properties of the differential equations and their solutions, called
analytical approximations, are discussed and the theory is then applied to

the problem of acoustic scattering from a sound hard sphere.



CHAPTER 1

INTRODUCTION

1.1 Prospectus.

This thesls 1s a report of work done on obtalning approximations to
surface fields induced on convex bodies D by externally incident scalar
filelds. Such fields arise from boundary conditions imposed on the scalar
Helmholtz equation

vig + k' =0 (1.1.1)
in the region D° exterior to D. The Helmholtz equation, also known as the
reduced wave equation, is obtained when we seek steady-state solutions of
the scalar wave equation for mono-frequency sources, and k = 2x/X is the
wave number. If an external field ¢; 1Is incident on a bounded scatterer
then reflected and diffracted waves are produced which travel outward from
the scatterer and the resulting field is called the total field, denoted
by ¢. The scattered field ¢5 is then defimed by

¢s = dc — 41, (1.1.2)
and 1s subject to a radliation condition which ensures that it 1is a
diverging wave.

On the boundary 8D of the scatterer D conditions are imposed on the

total wave ¢ (Dirichlet condition), or its normal derivative ng (Neumann

condition), and the mathematical problem 1s to find the eégzrior wave
function ¢ which satisfies these conditions and is such that the
scattered wave obeys the radiation condition. Empirical evidence indicates
that the exterior wave fleld 1s unique. Mathematically the existence of a

solution is given at points r € D° by the Helmholtz exterior formula

beie) = [[ [pem TRETD e ey BelD g, (1.1.9)
aD

provided that the radiation condition 1s satisfied. Here r is a field
point in D° and r’' is a source point in 4D, and Gy is the free-space

Green's function defined by
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ikR
e
4nxR

G(r,xr') = (1.1.4)
where R = ||r’ - r|| is the distance between the field point and the source
point. The uniqueness of the solution of the exterior Dirichlet or Neumann
boundary value problem subject to the radiation condition was proved by
Atkinson (5) and is also based on the Helmholtz exterior formula given
above.

If the field point r € D approaches a point in 8D along the normal
direction then the Helmholtz exterior formula assumes the limiting form

6¢t r’ )

1 _ Gy (r,x') _ , ( ,
L ge() !{ (¢t(r> BRI - Ger,r) “‘EE“] do, (1.1.5)

wvhen r € 8D. This equation can be used to obtain the solution for the
exterior Neumann boundary value problem for the Helmholtz equation. If the
known value of the normal derivative gﬁE is inserted in the Helmholtz
boundary formula (1.1.5) an integral eét;tion for ¢4 on 3D is obtained.
Using the solution of this equation and the value of g%E in the Helmholtz
exterior formula yields the solution of the boundary value problem.

If the boundary condition is homogeneous Neumann, that is if ggE = 0,
and if the incident field does not satisfy the radiation condition,

(L.1.5) becomes

aG !
RGP ROR | R LR PIEITEO (1.1.6)
n
aD
where ¢ denotes the total surface field and

kR '
R.n' | (1.1.7)

G (r,r')  _ (ikR - Lyel

dn’ 4nR’®

In view of the weak singularity of the integrand in the neighbourhood

of the field point r € 4D it was suggested by du Plessis (17) that the

main contribution to the integral im (1.1.6) could be attributed to a

surface element S of which the points r' are situated in the immediate
proximity of the point r. Consequently
¢(xr) = ¥(r)
where ¥ satisfies the integral equation
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> (r) = $1(x) + H 96k(rT) yiriyasr . (1.1.8)
g an’

If the radii of curvature of the surface are large compared with the
wave length of the incident radiation, the surface element S can be
assumed to be plane in which case the inner product R.n’ = 0. Thus the
integral in (1.1.8) is zero and we find that

$(r) = (x) = 245(x). (1.1.9)

This result corresponds to the geometic-optics surface field which is
twice the incident field on the whole surface. In physical optics the
approximation (1.1.9) is used only on the illuminated side of the convex
body; the field on the shadow side of the body is taken to be zero.

In view of the assumption that the main contribution of the surface
integral to the surface field results from the portion of 4D in the
immediate neighourhood of the singularity, one may expect that an
expansion of the integrand in an arbitrary neighbourhood of the singular
point would lead to equations progressively giving the effect of non-local
contributions to the surface field as the region of integration is
expanded and more terms are taken into account. Thus we propose that a
tangent-normal coordinate system be introduced at the field point r € 4D
and that the integrand be expanded in terms of spherical coordinates with
respect to the chosen tangent-normal coordinate axes. The effect of this
transformation on the surface integral in equation (1.1.8) is discussed in
Chapter II, section (2.3). There we use tangent-normal axes at a point
¥, € 3D, and they are defined so that the l-axis and 2-axis are mutually
orthogonal tangents to the surface and the 3-axis is in the direction of
the outward normal. The position of a point P € R® can be expressed in
terms of spherical coordinates (R,f,p) where R = P,P, ¢ is the azimuth of
P with respect to the l-axis and 6 1s the colatitude of P. Source points
and coordinates of source points lying on the surface 4D are denoted by
primed letters. If the region D is convex then the colatitude 6§’ of a
point P’ on the surface is not less than 900, and we define the altitude
or declination x' of P’ by ' = 90° + x'. Thus the altitude of a point is
positive if it lies below the tangent plane.

If the surface integral in equation (1.1.8) is parameterised in terms
of the azimuth-altitude coordinates it turns out that the transformed
integrand is free of singularities. For example, it is shown in section

(2.3) that for a function ¢ on 8D



Gg(r,r’ 1 mex'(e") i

ff k(T Xy (r0) aor = - L Jz f (1R - 1)e™® cos x' ¢(r+R)dy’ do"
g an’ mJg Jo
(1.1.10)
where R = ||r’ - r“, r' - r=P,P’ and
x' =x'"(¢'), 0=<¢' < 2n,

is the equation of the boundary of the surface element §.

This result shows that if r is any point of the surface and if § is

a surface element containing r then the surface integral
sa(r) = [[ HEED gy gor
§ an'

can be made arbitrarily small by choosing the region S sufficiently
small. If it is granted that in the high frequency limit the surface field
on the illuminated side of the surface is approximately twice the incident

field, then equation (1.1.8) implies that the surface integral

a(r) = [[ ST g(rr) g0
3D an’
is small when the field point r 1is in the 1lluminated portion of the
surface. Thus it may be argued that if r is a point on the illuminated
side of the surface then the non-local contribution of the surface
integral, i.e.
a(r) - 20(r) - [[ HETDV ey gor
ab-s o™

is vanishingly small, and that the local contribution of the surface
integral, 1.e. A%(r), although small, still accounts for the small
difference existing between the surface field and 2¢y.

However, a different situation pertains in the shadow region, for in
this case the surface field is small when the incident radiation is in the
high frequency range. Equation (1.1.8) therefore implies that if r is in
the shadow region then

3(r) = - $1(x) ,
and since A%(r) is always small, we conclude that the main contribution of
the surface integral is due to non-local effects.

In the 1light of the foregoing discussion we therefore have the
following problem : to what extent do local contributions to the surface
field at a point r, € 3D make up the surface field at this point ? This

problem may be formulated in the following way. Let r, € S where S c 3D
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and let ¢35 be a solution of the integral equation
7 #s(x) = $i(X) + &(r), r € S, (1.1.11)
where
s (r) - H Sk(T. Ty (r') do. (1.1.12)
g an’
If S = 3D then of course ¢g = ¢, where ¢ is given by (1.1.6). However, if
S is a subset of 4D, the question is how large S must be in order that
¢5(xy) = ¢6(r,). Tentatively we can say that if if r, is a point on the
illuminated side of the scatterer then S can be a small surface element
containing r,, while if r, is in the shadow region of the scatterer it is
likely that we must take S = 34D. The function ¢35 defined above may be
referred to as a local integral approximation of the surface field. As
the choice of S on the illuminated side of the scatterer imposes a limit
on R = |r' - r|, it is appropriate to replace ¢(r') = ¢(r + R) by a
suitably truncated power series expansion.
By using azimuth-altitude coordinates it is also possible to define
global approximations of the surface field. In terms of these coordinates
it is found that for a closed convex surface

L

.1 .
o(r) = - f; Jj f: (ikR - l)e1kR cos x' ¢(r+R)dyx'de’. (1.1.13)

[ M

If it is assumed that the surface field ¢ is an analytical function on

the boundary, we can expand ¢(r+R) in powers of R = ||R||, obtaining

_ $(T+R) = $(r) +(R.V)(T) + 5 (R.V4(x) + ... . (1.1.14)
In equation (1.1.14) partial differentiation is with respect to the field
coordinate r. It follows that the surface integral can be expanded in the
form

®(r) = Toé(xr) + (Ty4)(x) + (T4)(x) + ... (1.1.15)
where T, is given by '

L

n
Ty = — L Jz IE (ikR - l)eikR cos x' dy' de’, (1.1.16)
4r J, 0
and T,,T,,... are linear partial differential operators defined by
1 A"z 1kR
T, = - A—Kr F (ikR - 1)e cos x' (R.V)"dy’ dp', n=1,2,...
0 0 .

(1.1.17)
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This and similar expansions are dealt with in Chapter IV, where a
different notation is used. The integral equation (l1.1.6) can now be
expressed in the form
% #(r) = ¢5(x) + Tyo(x) + (T,4)(x) + (T,4)(xX) + ... . (1.1.18)

Thus in place of the singular integral equation (1.1.6) for the surface
field we now have a partial differential equation of infinite order, and
we also note that the coefficients are analytical functions of r € 4D.
Bearing in mind that for large values of k the contribution of the
integral &(r) is small if r is a point in the illuminated side of the

surface, we assume that equation (1.1.15) can be replaced by the truncated

expression
®(r) = Tyo(r) + (T,4)(X), (1.1.19)
which results in a first order partial differential equation
7 (D) = $1(0) + Tod(x) + (T,4)(D) (1.1.20)

in place of equation (1.1.8). The general solution of equation (1.1.20),
and similar equations of higher orders, will of course involve arbitrary
constants or functions. To obtain a definite solution relevant to the
problem, we will assume that for large values of the wave number k the
surface field and its derivatives at the specular point are respectively
twice the incident field and its corresponding derivatives at this point.
This condition can then serve as initial condition for equation (1.1.20)
and similar equations of higher orders.

The methods outlined above for obtaining global approximations to the
surface field can of course also be applied to the 1local integral
approximations defined by equation (1.1.11). The analysis outlined above
remains the same and we only have to replace equations (1.1.16) and

(1.1.17) respectively by

n ox'(p')
Ty = - 7}- r (ikR - 1)eikR cos x' dx' de',
m Jy 0

and
r x'(p")
T, - - r f (kR - 1)e™® cosx' (R.¥)"dx’ dp', n=1,2,.
0 0

’

where x' =x'(¢'") , 0=<¢p' =< 2n,
is the equation of the boundary of the surface element S.
Henceforth we refer to the differential equations resulting from a

local integral approximation as a local approximation. These local
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approximations suffer from the disadvantage that no obvious initial or
boundary conditions other than 2¢4 at the source point are available in
order to obtain unique solutions. Another method of solution is to cover
the boundary surface with a finite set of overlapping surface elements §
and to assign suitable initial conditions at a specific point on the
surface, such as the specular point. Solving the differential equation for
the surface element containing this point enables us to continue the
solution over the remainder of the surface.

When formulated in this way the distinction between local and global
approximations is not very sharp. For instance, the general solution of
the global approximation (1.1.20) can be used as a local approximation at
any point of the surface. The main advantage of the local approximations
is that their analytical coefficients can also be replaced by local
approximations, a consideration of some significance when considering
arbitrary convex bodies.

In summary we can say that the main theme of this work 1is to
determine 1if solutions of partial differential equations such as (1.1.20)
can serve as approximations to the surface field on the illuminated side
of the surface. In addition, successful approximation of the surface field
in the shadow region may require that equations of higher orders have to
be considered. Such local and global approximations of successively higher
orders may also have progressively wider ranges of applicability below
the high frequency 1limit, thus making it possible to penetrate the

resonance region from above.
1.2 Summary of contents and review of literature.
Chapter II is primarily concerned with establishing the properties of

the Helmholtz surface potentials. These potentials can be included in the

class of functions having the form

R
g(a) h(r’') do'

H(r) = J R

]
where g and h are continuous functions defined on a surface element S. The
regularisation of such integrals using tangent-normal axes at r € §
succeeds because the displacement vector R = r’ - r can then be expressed

in the form R = Ry, where R = NRH and n is a unit vector depending only
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on the azimuth ¢' and altitude x' of the source point r' € §, If the
surface S satisfies certain convexity conditions then the distance R can
be expressed as a function of ¢’ and x'. It is then found that the element
of surface area is a function homogeneous of degree 2 in R. Consequently
regularisation is ensured if a < 2,

The behaviour of the Helmholtz surface potentials and their
derivatives regarding continuity is fundamental for the derivation of
boundary integral equations describing the surface field. These continuity
properties are derived in section (2.4) in some detail, and new proofs
using azimuth-altitude coordinates are given in some cases. In other
cases use is made of local Cartesian coordinates, as was done by Kellogg
(24) and Gunter (20). An attempt was made to formulate some of the work of
this section in such a way that the required continuity properties are
special cases of a few general theorems.

In section (2.5) the interior and exterior Helmholtz integral
formulae are derived with a discussion of the Wilcox radiation condition
(Wilcox (53)). These results are used in section (2.6) to prove the
uniqueness of the exterior Dirichlet and Neumann boundary value problems
for the Helmholtz equation (Atkinson (5)).

Some essential results of functional analysis are summarised in
section (3.1) of Chapter III, and the Helmholtz surface potentials are
expressed in terms of boundary integral operators Ly and My defined by

(Lis) (x) = f G(r, ') $(x’) do’
apD
and
Gy (r,r’)
() (@ = [[ 55— sx) o
aD
and called, respectively, the single and double 1layer Helmholtz

potentials. We also define an operator Ny by

a3 Gg(r,x’)
() (0 = & [ 2557 sy a0,
aD
the notation being the same as that used by Burton (9) and Burton and
Miller (10). These linear operators are defined on Lz(aD) and into Lz(aD).
It is convenient to extend the range of these operators so that for each ¢

€ LQ(BD) the domain of the functions Lyé, Myé and Nyé is all of Rs. The
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continuity properties of section (2.4) are now formulated in operator
notation, and likewise for the Helmholtz integral formulae. The limiting
forms of these integral formulae when the field point approaches the
boundary along the normal direction are determined using the continuity
properties of the surface potentials. Various boundary integral equations
result when these Helmholtz formulae are applied to the interior and
exterior boundary value problems for the Helmholtz equation.

Alternatively one may assume a representation of the interior or
exterior field in terms of either of the Helmholtz potentials or a linear
combination of these potentials. The limiting form of these fields when
the boundary is approached from the interior or exterior yield integral
equations for the surface field. However, in this work we give attention
only to integral equations obtained from the Helmholtz formulation, and
refer to Burton (9) for a discussion of the equations obtained from the
potential formulation.

In sections (3.4) and (3.5) the interior Dirichlet and Neumann
problems for the Laplace equation are dealt with, and it is shown that in
these problems the Laplace operator has a discrete spectrum. It is then
shown that there are certain homogeneous boundary integral equations
whose adjoints are related to integral equations for the exterior
problems for the Helmholtz equation, which have non-trivial solutions for
certain values of the wave number k. Thus the integral equation approach
to exterior boundary value problems suffer from the disadvantage that
these integral equations do not always have unique solutions for certain
values of the wave number k., When equations obtained from the potential
formulation are used it is found that these equations may even fail to
possess a solution at all for certain critical values of the wave number
(Burton (9)). As the exterior field exists and is unique methods have
to be devised for obtaining the surface field which gives the correct
exterior field.

The failure of the integral equation formulation to produce solutions
at certain frequencies has been known for some time (see eg. Lamb (32)).
Attempts to overcome these difficulties appear in the work of Weyl (52),
Leis (35) and others. Burton (9) gives a careful analysis of the work of
Brundrit (8), Copley (15,16), Schenk (44), Brakhage and Werner (7), Panich
(39) and Leis (35.). The wmethods devised by Brundrit, Copely and Schenk

were not completely free of defects at wave numbers corresponding to
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eigenvalues for the adjoint interior problem. One of the first methods for
the exterior Dirichlet problem to be completely free of this defect was
discovered independently by Brakhage and Werner, Panich and Leis. This
method is based on a potential formulation whose kernel is a linear
combination of the single'and double layer kernels, and 1is extended by
Kussmaul (31) to the Neumann case. Greenspan and Werner (19) used this
formulation to develop a successful numerical method for the solution of
the two-dimensional exterior Dirichlet problem. This was followed by a
paper presented by Burton and Miller (10) in which they apply the
Helmholtz formulation to the exterior Neumann problem. They show that
there exist two boundary integral equations which always have only one
solution in common. They go on to show that if a linear combination of
these two equations is formed, the resulting equation has a unique
solution. Later Burton (9) gave a comprehensive review of both the
potential and Helmholtz formulation as it applies to ‘the Dirichlet and
Robin boundary value problems. In the 1latter problem the boundary
condition imposed is a linear combination of the Dirichlet and Neumann
conditions. Another review of the theory was presented by Kleinman and
Roach (26) in which the properties of the relevant integral operators and
their eigenfunctions are derived in greater generality. These authors give
a complete classification of all boundary integral equations applicable to
the classical boundary value problems for the Helmholtz equation. Thus
their work consolidates previous results based on the potential and
Helmholtz formulations, but they exclude equations resulting from linear
combinations of single and double layer distributions. Likewise they
exclude 1linear combinations of equations resulting from the Helmholtz
formulation.

The work described in the preceding paragraph is general in that it
applies to any boundary value problem for the Helmholtz equation, and is
not specifically aimed at the scatfering problem. In section (3.6) we
derive Helmholtz representation formulae for the total field of a
scatterer in terms of the incident field as was first done by Noble (38).
The corresponding integral equations for the surface field in terms of the
incident field are then obtained. Following Kleinman and Roach (loc. cit.)
it is shown that in both the Dirichlet and Neumann cases there exist two
integral equations for the surface field and that these equations always

have only one solution in common for all wave numbers. Chapter III is
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concluded by showing that a linear combination of the two integral
equations found in the Neumann case always have a unique solution provided
that the coupling constants satisfy certain conditions (Burton (loc.cit).
Similar results can be formulated for the Dirichlet problem.

Chapter IV deals only with the surface field resulting when a scalar
wave is incident on a convex scatterer. When the surface integrals in
these integral equations are parameterised in terms of azimuth-altitude
coordinates the singularities are removed and the integrand is then in a
form which can be expanded in a Taylor series. If these Taylor series are
truncated then varlous partial differential equations of arbitrary orders
result, A number of partial differential operators corresponding to the
different integral equations of scattering theory are introduced and some
of their basic properties are deduced. These results are then applied to
the case of a sphere, and the coefficients of the different kinds of
equations are worked out in detail. It is observed that the differential
equations for the sphere share some of the properties of the corresponding
integral equations. For 1instance, the solutions of the differential
equations depend only on the product ka where k is the wave number and a
is the radius of the sphere. We have previously noted that certain linear
combinations of the integral equations of scattering theory have a common
unique solution. It appears that to some extent this property is inherited
by the corresponding approximating differential equations of a given
order, as is shown in section (4.6) in the case of first order global
approximations for a sphere. The expectation is that this property will

also apply to the differential equations for higher order approximations.



CHAPTER II
THE SCALAR HELMHOLTZ SURFACE POTENTIALS AND THEIR PROPERTIES

In the solution of boundary value problems involving the Helmholtz or
time independent scalar wave equation, the Helmholtz surface potentials
play a fundamental role. In this chapter we define and investigate these
surface potentials and derive the interior and exterior Helmholtz formulae
for them., The literature on the subject 1is extensive, but here we will
only mention the work of Kellogg (24), Gunter (20) and Colton and Kress
(14). We will proceed along the lines of Kellogg, who uses a tangent-
normal Cartesian system of axes at a point on a surface element to derive
the 1limit relations for Laplace surface potentials. However,instead of
consistently using rectangular coordinates, we will also use spherical
coordinates in some proofs. These coordinates can be introduced in such a
way that the weak singularities disappear in the singular integrals
representing the Helmholtz surface potentials. Thus the existence of
these singular surface integrals at points on the surface is immediately
apparent. In some cases this method of parameterisation can also be
utilised in determining the 1limiting behaviour of the surface potentials
across the surface, and it forms the basis of the method of analytical
approximations for the determination of surface and scattered fields which

is developed in Chapter IV.

2.1 The scalar boundary value problem.

The Helmholtz surface potentials and the Helmholtz integral formulae
enable one to obtain solutions of the time independent scalar wave
equations with suitable boundary conditions. Let D C R® be a bounded

region; then the homogeneous time dependent wave equation is given by

2
u

t2

Q

2 1
v - —
u 2

-0 (2.1.1)

Q

where u is a complex valued function of a point P in the interior (Di) or
exterior (D°) of D and t is the time, and the real scalar c is the
velocity of propagation of the wave. Assume that the point P has Cartesian
coordinates (x;,X;,X;) with respect to a suitable origin O; then in (2.1.1)

v? is the Laplace operator given by
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2
VZU.- d u + d 'u + d u = aiaju (212)

where 39, = g&: and the summation convention applies.

The time independent form of (2.1.1) is obtained by assuming that u
has harmonic time dependence, i.e.

u(r,t) = g(rye ° (2.1.3)

where the function ¢ is explicitly independent of the time t. In (2.1.3)
r = OP denotes the position vector of the point P with respect to the
origin O and here and in the sequel we identify the position vector r of a
point P with the coordinates (x%;,X;,%;) of the point. If (2.1.3) 1is

substituted into (2.1.1) we obtain

vig + K¢ =0 (2.1.4)
which is known as Helmholtz's equation. In (2.1.4) k = % is the wave
number.

A unique solution of (2.1.4) in D' or D° can be obtained only if ¢
satisfies suitable boundary conditions on 4D, the boundary of D. In this
work we will consider only two types of boundary value problems, namely
the homogeneous Dirichlet boundary value problem

vig + K¢ =0 on D' (or 0° ) |
¢ =0 on 3D | (2.1.5)

and the homogeneous Neumann boundary wvalue problem

2 2 i -]
Vig+ kg =0 on D° (or D ) 1
%ﬂ = 0 on 4D J (2.1.6)
n

Here n denotes the unit positive normal to 4D. In both these boundary wvalue
problems we will make use of the free space Green's function Gy for the
Helmholtz equation (2.1.4). If r and r' are any two points of R’ then Gk

is a symmetric function of r and r' and it satisfies the equations

V2 Ge(r,r') + K G(r,r’) =0 | I 2.1.7)
v'? G(r,r') + k* G(r,x’) = 0 f

where V'? = d/{d; and 4{ = EQT . A suitable form of this Green’s function is
Xy
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given by Gr(r,r') =8 __ | r ¢ r’ (2.1.8)
4wR
where R = ||r - r'| .

The solution of these boundary value problems in the form of the well-
known Helmholtz integral formulae consists of surface integrals over 4D
which represent the surface of a scattering body. These surface integrals
are of two basic types, namely the Helmholtz single and double layer
potentials. Prior to the derivations of the Helmholtz integral formulae in
sections (2.5) and (2.6) we briefly discuss the types of surfaces on
which the surface potentials are defined. The properties of the surface

potentials are derived in sections (2.3) to (2.4).

2.2 Helmholtz surface potentials; types of surfaces.

Let D be a closed bounded region of rR® (this means that D is the
closure of a bounded open connected subset of R® ), then the boundary of D
is a closed surface S = 9D. Let ¢ and y be functions defined on S. Then

the Helmholtz single layer potential ¢ is defined on R® by

&(r) -f Gr(r,r’')¢(r')do’ (2.2.1)
S
and the Helmholtz double layer potential ¥ is defined on Rs'by

¥(r) = ” 39_&%_:_2) $(r')ds' . (2.2.2)
s

In (2.2.1) and (2.2.2) r = (%X;,X,,X;) denotes a field point, r'=(x;,xj,x;)
a source point on the boundary surface S and do' an element of surface
area, the prime indicating that integration is with respect to the primed
variables. Also m' = n(r’) denotes the unit outward normal to S at r’ € S.
Moreover, the functions ¢ and ¥ are referred to as the single and double

layer densities respectively. According to (2.1.8)

8Gk(r,x') _ (ikR - l)eikR R.n(r') (2.2.3)
an’ 41R3

and we see that the surface integrals (2.2.1) and (2.2.2) are singular
when r € 4D.

For later applications we need information on the existence and
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continuity properties of (2.2.1) and (2.2.2), as well as the existence and
continuity properties of their normal derivatives. These questions will be
investigated for the case where S is not necessarily a closed surface.
First of all the nature of the surface S and its boundary curve must be
specified.

A point set C C R® is a regular arc iff there is a continuously
differentiable parametric representation

r=-f(t) , a<tsh,
of C such that the derivative of f(t) is not zero at all points t € [a,b].
Here £ = (f,,f,,f;) 1is a triplet of continuously differentiable real
valued functions f, on [a,b], and the condition f'(t) # O means that at
least one of f, (t),f,(t) or f;(t) is not zero at each point t € [a,b].

A regular curve C in R° is a finite chain of regular arcs C;,...,C, in
R> such that the terminal point of each arc (other than the last) is the
initial point of the contiguous arc. The regular arcs have no other points
in common, i.e. the regular curve does not intersect itself.

A closed regular curve is a regular curve of which the terminal point
of the last arc is the initial point of the first arc.

Analogous definitions are made for regular arcs and curves in R 2
Thus we define a regular region of R? as the closure of a bounded region
of R? whose boundary is a closed regular curve of R? . Here a region in R?
or in R% is an open connected subset.

A point set § C R> is a regular surface element if there is a contin-
uously differentiable parametric representation

r = f(u,,u;) , (u,,u;) €D (2.2.4)
of S, where D is a regular region of RZ , and if the parametric represen-—
tation is such that it admits of a unique normal vector at each point of
S, i.e. the vector 9T X 8r i never zero. The unique unit normal vector

du, du,

is then defined by

x| ar
n=n(r) = g“l 2“2 (2.2.5)
| % x 5 |

A standard representation of a regular surface element § is given by

X, = u, I (u; ,u,) €D (2.2.6)



where f is a continuously differentiable function on the regular region
DcR”.

A standard representation is usually constructed in such a way that
the x,,x,-plane is tangential to an interior point of the regular surface
element. Then (2.2.6) can be written as

Xy = £(x;,%;) , (x,,%x;,) €D
where we have identified the regular region D C R? with the Cartesian
product D x (0) ¢ R’ .

The boundary of a regular surface element S is defined as the image of
the boundary of the regular parameter region D C R? . It is shown by
Kellogg (24) that the boundary of a regular surface element S is a
regular curve C, and that a regular surface element S can be covered by a
finite set of regular surface elements X each of which admits of a
standard representation.

The regular closed curve bounding a regular surface element may
consist of a finite number of regular arcs; each of these arcs is called
an edge of the regular surface element. A vertex is a point at which two
or more edges meet, and there can only be a finite number of vertices.

A regular surface S consists of a finite number of regular surface
elements S, , a = 1,...,n , related as follows:

(a) two of the regular surface elements may have in common either a
single point, which is a vertex of both, or a single regular arc, which is
an edge of both, but no other points;

(b) three or more of the regular surface elements may have, at most,
vertices in common;

(c) any two of the regular surface elements are the first and last in a
chain, such that each has an edge in common with the next, and

(d) all the regular surface elements having a vertex in common form a
chain such that each has an edge, terminating in that vertex, in common
with the next; the last may, or may not, have an edge in common with the
first.

A regular surface is closed iff all the edges of the regular surface
belong to each of two of the finite number of regular surface elements
compounding the regular surface. A closed regular surface is smooth iff it
has a unique normal vector at each of its points.

A regular region D in R® is a region bounded by a regular surface

§ = 3D. For such regions the divergence theorem holds (Kellogg (24)):



2-6

Theorem(2.2.1) Suppose that A is a vector valued function defined on a
. . 3
regular region D < R°, and that A is continuous and continuously

differentiable on D. If n is the unit outward normal to S = 3D, then

[[] diva) ar = [[ An do (2.2.8)
D ab
where div(A) = V-A = 3,A,, and 4,A;, = 948, , the x;'s being the

ax,
coordinates of a point in D.

From the divergence theorem one obtains Green's identities.

Theorem(2.2.2) Let D be a regular region contained in R> and let ¢ and ¥ be
a continuously differentiable functions defined on D. Then Green's first

identity states that

[[[é69par =-[[[v.vpdr + [[43¥d (2.2.9)
D D agp "

and Green's second identity states that

[[[( ¢ 7% - v ¥v*¢) dr-ff(¢g_'L ~¢%L]da (2.2.10)
D aD n n

Here gﬁ = n.V¢ is the derivative of ¢ in the direction of the outward
n

normal n.

We conclude this section by briefly discussing the paremeterisation of
surface integrals in terms of a tangent-normal system of axes. Let an
arbitrary point O be the origin of an orthogonal coordinate system with
axes X, ,X, and x,, and let e,,e, and e; be the corresponding orthonormal
basis vectors. All coordinate systems are assumed to be right-handed. An
arbitrary point P with coordinates (x,,X;,X;) has a position vector OP
denoted by r , so that

r - xe;
Points on S will in general be denoted by P'with coordinates (x],%x3,%3)
and position vector
r = x| e
relative to the origin 0.

We assume that § s a regular surface element having a standard

representation in terms of a tangent-normal system of axes with origin at

some convenient point P, € 5. Let f,,f, ,f; be the orthonormal basis
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vectors for the tangent-normal axes £,,£,,€;. Here f; = n; =n(r,), the unit
positive normal to S at P;. If the surface S is closed, the unit positive
normal is directed outward of S. In other cases we adopt the following
standard convention. An arbitrary positive orientation is assigned to the
boundary curve C = 35S of S. The positive direction on the normal at P, is
then determined by the direction in which a right-handed screw advances
when rotated in the positive direction of the boundary of S.

Let D be the projection of S onto the tangent plane and let the
coordinates of a point P’ € S be (é{,€;,€;) relative to the tangent-normal
axes at P,. Then S has a standard representation of the form

€; = £(£1.¢2) , (£{,€3) €D,
the function f being continuously differentiable on D. If the coordinates
of P relative to the tangent-normal axes are denoted by (§,,£;,£;), then
for the vector R = PP' we have

R=1x" -1=(x{ - x)e = (§ - &)f

% :
o
r
n, R
Po E}—axis

0

Fig. (2.2.1).



If the direction cosines of the Pp§,£,§, axes with respect to the 0x;x,x,

axes are a,; ,l.e., a;; = ei.fJ , then

J
X; = Xg; t aidEJ R
[ ’

X{ Xg4 +a1j£J

and x{"xi-aid(fj"’fj)

Here (xq,,Xp;,X53) are the coordinates of P; with respect to Ox;x,xj;.
The Helmholtz potenials defined by (2.2.1) and (2.2.2) and their normal

derivatives are of the basic form

H(r) = JJ (') go (2.2.11)
R
S
where R = |r’ - r|| , h is a suitably well behaved function defined on S and

a > 0. If this integral is parameterised in terms of the plane region D

we obtain

H(r) - JJ bég'.) ” T X T “ ag; de} (2.2.12)
where r' = (%o, + ayy &} O)E ,
R - (& - eocer - e0)
and
Ie > e | - s sl

If Ry = PP’ then r' = r, + R; where r; = X;,e, 1is independent of £,£;
and £;, and it follows that
ar’ y dr' . Ry ORy
a¢] 8¢, gy 3¢,

14

3¢ agy
C g %
g, 9§,

--% p _0%G g 4,
3¢ 3¢,

Hence

12 Y2 1/2
" r., x r., “ - [1 + (251] + [ﬂf&] ) (2.2.13)
£] £z ¢, 8¢,
If v = y(r’) is the angle between the unit normal vectors m, = n(r,) and

n’ = n(r’) , then



2-9

£, . ' ! -1/2
cosy’ = mgomt = s [[1 . {aesr . {aes]’] ,

r., x r', ger '
| 7e ™ " | e
and we therefore have
2 12 1/2
[[1 + [ﬁi&] + [ﬁiz} ] - secy’. (2.2.14)
3! 3¢}

From (2.2.11),(2.2.12) and (2.2.13) it follows that

H(r) = JJ héz) secy’ d§; df; (2.2.15)
s R
In section (2.4) where the existence and continuity properties of the
Helmholtz surface potentials are determined , frequent use is made of this

general form whenever tangent-normal local coordinate systems are required.

2.3 Paremeterisation of surface Integrals in terms of surface spherical
coordinates.

Let S be a regular surface element having a natural representation

£ = £(6{,€ ), (£1,€4) €D (2.3.1)
with respect to tangent-normal axes at a point Py € S. It is assumed that
the two-dimensional region D lies in the tangent plane, and that it is so
small that any straight line itersects the surface in at most two distinct
points. At the point P, we introduce azimuth and altitude.coordinates 7
and x respectively. Here ¢ is measured from an arbitrary tangent to the
surface at P, , and x is measured positive below the tangent plane and
negative above the tangent plane. Thus x is positive (negative) when £, is
negative (positive).

As in the previous section , (f;,f;,f;) denotes an orthonormal triad
determined by the surface at P, , with f; = n, , the unit positive normal
to S at P, . For each pair (p,x) there is a unique unit vector

n = nf (2.3.2)
determined by

n, = cosg cosy

n, = singp cosy (2.3.3)

N, = — siny

where 0 < ¢ < 27 and . g g X S

L]
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£5-axis

€, -axis

\ d*js

((AN

Fig. (2.3.1).

Let P’ be a point of S with rectangular coordinates (£{,£;,£3) with respect
to the tangent-normal axes at P, and azimuth-altitude coordinates (¢’',x’)

with respect to these axes. If we let

Ry, = PyP’ (2.3.4)
then R, = Ry’
or £/ = Ryny, , i=1,2,3 , (2.3.5)
where
Ry = | Ro || (2.3.6)
Using (2.3.1) and (2.3.5) when i=3 yields
Rysiny’ = - £(Rgn{ , Ronz) (2.3.8)

Clearly R, = 0 is a solution of this equation, since £(0,0) = 0. We now
require that every straight line through P, intersects S in at most one
other point. This means that we can solve for a unique R, from (2.3.8) as

a function of ¢' and x' in some neighbourhood of P, , i.e.
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Rg = Ro(e’,x") (2.3.9)
where .(w’,x') lies in a subset of [0,2x]x[0,n/2] . If S 1is a convex
surface element it will have a unique representation of the form (2.3.9).
For non—convex surface elements it is necessary to partition S into non-
overlapping regular surface elements S, ,a = 1,2,...,n, on each of which
(2.3.8) will have a unique solution of the form (2.3.9). It is to be noted
that such a partitioning will depend on the point r, € S. This could
lead to considerable complications, and here we will deal only with convex
surface elements and convex closed surfaces.

Using (2.3.8) and (2.3.9) we can determine the partial derivatives of

R, with respect to ¢’ and x’. Since Rysiny’ = - &, ,

BRo yoov _ _ 0&3 B8] 385 3¢
e’ 3¢ 3¢’  8€; oy’
and 9Ro ciny’ - Rycosx’ = - 06 98 _ 944 54
ax X T TotoX 3¢y ax'  3éj ax’
If we write 3¢ = 253 and a3¢4 = 283 | e obtain from (2.3.5) and (2.3.3),
&, ¢,
R 31&! singp’ cosy’ — Jd,€i cosp'cosy’
dRy _ %o ( 153 253 ) (2.3.10)
dp’ siny' + 3{€j cosp' cosx’' + 3;&; sing’' cosyx’
and ( )
dR, _ Ry 3{€4 cosp’' sinx' + 3;€3 sing’ siny’ - cosx’ (2.3.11)
ax'

siny’ + 3{€§3 cosp’' cosy' + 3;§; sing’ cosy’

We define w, and w, by

wy (p',x') = 31€3 cosp’' + 3;€; sing’ (2.3.12)
and
wy (@' ,x') = 3{€3 sinp’ - 3¢5 cosp'. (2.3.13)

Then (2.3.10) and (2.3.11) can be written as

dRy _ Ryw, cosy (2.3.14)
e’ w,cosy’ + siny’
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and

[ — ?
dRy _ Ry (w;siny cosyx') (2.3.15)
ax' wycosy’ + siny’ ,

These derivatives will be finite unless
w,cosy’ + siny' = O,
or w; = — tany'’
From (2.3.1) we see that w; 1s the derivative of £} in the direction ¢!
with respect to the positive £,-axis. Let £(p') be the stralght line
through P, and lying in the tangent plane and making an angle ¢’ with the
postive €, -axis. Distances measured from P, along £(e’) are denoted by s,
and we call Z(p') the s-axis. The plane formed by this line and the §£,-
axis intersects the surface S along a plane normal curve. The equation of
this curve in the s,{,-plane is
€3 = f(s cose',s sing’) ,

@' being fixed; then

Eii - Eii cosg’' + géi sinp' = w,

ds 3¢ 8¢}
Let r be the angle the tangent to this curve makes with the positive

directlon of the s-axls. Then

Eﬁi - - tanr (€& <0)
ds

We therefore have w; = - tanr . If follows that tanr = tany', and hence

r =x'or r = x' + . Thus the condition that w,cose’ + siny’ 1s never zero
is equivalent to the condition that no tangent (other than those at'Po)
passes through P,. Clearly a convex surface always satisfles this

condition.

EfaXiS

Py 5-ax1s

Fig. (2.3.2).
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We can now consider the mapping T:[0,2x] x [- g ,;] + D defined by

[ f '
¢! R, cosp' cosy } (2.3.16)

€, = R, sinp' cosy'

where R, is given by (2.3.9). Using (2.3.14) and (2.3.15) we find that the
Jacobian J of the mapping T is given by

2 R
J = Ry cosyx' siny’' - E_E cos?y’
ax'
2
Ry cosyx’

or J = (2.3.17)

w,cosy’' + siny’

For a convex surface J will always be finite. We recall that R; = 0 if
and only if x' = 0. It follows that J = O when x' = 0 or x' = ¥ /2. For a
convex surface element £, is always negative and x' € [0,r/2]. Thus if
x' = 0or x' = n/2, the mapping T is restricted to the sets [0,2x]x{0} and
[0,2x]x [ x/2}. As these two sets have two dimensional measure zero, we may
parameterise surface integrals over S with respect to an arbitrary point
P, € 5§ and the azimuth-altitude coordinate system associated with the
point P,. Suppose now S is a convex surface element bounded by a curve C =
dS. We will asume that the boundary C is such that it can be represented
by an equation of the form

=-x' ('), 0=x¢p' < 2n (2.3.18)

!

X
The various Helmholtz potentials and their normal derivatives differ

significantly in their continuity properties, a fact which is concealed by
the general form (2.2.11). In order to display these differences we
introduce the following three types of the form (2.2.11):

H, (r) -“h_(%_r_'_lda' (2.3.19)
S

H, () = B-_;l'_ h(r,r') do' (2.3.20)
o R
S
rr

Hy(r) = || 200 h(r,r) do (2.3.21)
asu R

The functions H, and H, obviously derive from respectively the single and
double layer potentials, whereas H, is a surface integral of the form of

the normal derivative of the single layer potential.
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In terms of azimuth-altitude coordinates (¢’,x’) we have

: 2w, x' (')
h(r,r,+R,)
H, (r) - 2 t0m%) et xoel, || dx' de! (2.3.22)
| | M)
2 x'(w')R[r,x ')
H, (r) -j J e —X'" h(r,r,+Ry) dx' de’ (2.3.23)
0 (¥ R
27 x' (@)
R.n,
H - ' ’ ' '
5 (T) Jo J 0 — h(r,r0+R0)|l T/, X rx,” dx' de (2.3.24)

Here we have used r' = ry, + BR;. Since P, is a fixed point of S, it follows

that

But

and so

ré,x r;, = Ry’ X Ry

Ry - &/ £, =Ry ny £, ,

s dR an! dR, a
FprX Ty T axbi| g i+ R a;‘{][ 5 et R aZ“f }
3R, 38R,
-5 £ f n! nl
dp’ dx' ijk +4 3 Tix
+ —”g £ f n ‘_5
R, 3o’ 13x Ly "y ax’
a an
+ Ry —--Re £yjx £, —‘-’;- N
dx dp
2 an dn
+ Ry g5 E _-3'. _._..‘.:..
dp dx

The first term on the right is zero, and using (2.3.3) for P' € S yields

3
r‘p ,

+ (R 20
17,

xr', -[* R,

singp’ — Ry EEE
@’ ax’

o=,

cosp'’ cosy’ siny' - Rg cosyp' sinx’] £,

cosp’' cos x' — R, EEQ sing’ cosy' siny’ - Rg sing' cos x’] £,

’

cos x' + Rj cosx' siny'] £, (2.3.25)
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We now find that

2 2 1/2
| rgoxmp = o [(B2) o () eostxr w8 cos®s |7, 2320
(72} X aﬂD' axo
. . 3R, R, .
and on substituting for %2 and % from (2.3.14) and (2.3.15) into

do’ ax'
(2.3.26) gives )

| =% e || = 2B cosx (2.3.27)

¥ X |w,cosx’ + siny’|

where w;, and w, are given by (2.3.12) and (2.3.14) respectively, and

2 2
w - [ 1 + 0] + w,

1/2
] . (2.3.28)

Thus for a convex surface, " ré,x r;," is always finite, and it is zero
only at the singular points of the mapping T defined in (2.3.16). We can
now substitute (2.3.27) into (2.3.22) and (2.3.24), and (2.3.25) can be
substituted into (2.3.23). However, with later appliations in mind, we
specialize for the particular case when the field point lies on the normal
to S at P,. The field point is now denoted by P, where A is a real
parameter such that the position vector
OPy, =) =, + Ang
If Ry = PP’ then Ry = r' — ry, =R, — An; and
RA.(ré,x r;,) - Ro-( ré,x r;,) -2 “o-( ré,x r;,)

= - Rf cosy’' - ARO[SEE cosy' - Rosinx']cosx' (2.3.29)
x'
Using (2.3.25) in (2.3.29) gives .
’
Ry.(r',x r’,) = - R} cosx’ - . > Ro cOSX (2.3.30)
P X wycos x' + siny’
Thus when r = r) in (2.3.22)-2.3.24)
. x' (") )
H, (1) = BOEA Yo *Re) @ RoCOSX”  gyrgpr (2.3.31)
0 0 Ry |w,cosx’+ siny’|
. x' (@) )
1 3 ARO ' ’ '
H, (ry)= - = Ry + - , h(rA’ro+Rﬂ) cosy' dx'de
o o R) w,cosy’' + siny

(2.3.32)
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o x'(p") )
H, (ry) = - (R051zx +2) w Ry co?x h(r, T, +R, )dx’ de’
. Ry, |w, cosx’'+siny’ |
0 0 (2.3.33)
In particular, if X = 0 in (2.3.32)-(2.3.34), or, in other words, if
(2.3.22)-(2.3.24) are parameterised when the field point P, is the point

P, € §, we obtain

27 x'(@')
H, (r,) = h(r, ,ry+R,) |2 R0 COSX ] dy ' de’ (2.3.34)
o o Jw,cosx’'+ siny’ |
27 . x' (')
Hy(ry) = - J J h(xr,,r,+Ry) cosy’ dx'de’ (2.3.35)
0 0
. x' (¢')
Hy (rp) = - h(ry ,Ty+Ry) |2 SIX COSX" | 4y rgpr (2.3.36)
o Jo |w,cosx’+siny’ |

Thus if h is integrable over S then H, ,H, and H; exist on S. For later
reference we note that if S in (2.3.19)-(2.3.21) is a closed convex surface

then (2.3.31)-(2.3.36) become:

o 1 )
Hl (1',\) - h(l’A,l’o"f’Ro)[ w ROCOSX' ] dx'd(p' (2337)
o 0 Ry jw,cosx’+ siny’ |
2n, X
2 3 ARz
H, (ry)= - L | Rr + 0 h(r) ry+R,) cosx’' dx' de’
RS w,cosy’ + siny’ ’
0 0o A (2.3.38)
and
ks 2
Ha(rA) - _r J (Rosinx'+A) [ w RQCOSX' ] h(rA'rO+RO) dx'dp’
3 w, cosy’+siny’
o 4o Ry |9 | (2.3.39)

MEY

w,cosy’'+ siny’
1

27
H, (rp) = J J h(ro,ro+nﬂ)[ w Ry cosx’ ] dy ' do’ (2.3.40)
0 0
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2n ;
Hy(r,) = - J [ h(r, T,+R,) cosx’ dx' de’ (2.3.41)
0 0
27n 7
Hy (Lg) = - h(ro,r°+Rﬂ)[ © S1hx cosx dy' de’ (2.3.42)
o o | w,cosx’+siny’|

We conclude this section with a few useful inequalities. It will be
assumed that the surface element S is of class G°. Then the second order
partial derivatives of f in (2.3.1) are bounded on D. If (£;,£;) € D, and

£€3 = £(&1,€2)

then by Taylors theorem

2 2 2
e 1 [ O E(ETE0) p12, o O ECET.ED) ooy, O ECET.ED) 5'2]
372 3¢ .2 ! ag] ag; ? 3€42 2

where (Ef,fg) € D. It follows that there is a real number M > 0 such that
1651 = M (§{2 + £;2) (2.3.43)
We denote by Q' the projection of P’ € S onto the tangent plane to S at
P, . Thus the coordinates of Q' are (£;,€;,0) relative to the tangent-normal
axes. The polar coordinates of Q' are then (p,,¢’'), where
2 2 2 2
po = &1 + &3° = Rycos™ o',
Thus we have
2 2 2 2
€3] = M p; = MR, cos x' < MR, (2.3.43)
We now prove that the unit normal n’ satisfies a Holder condition at P;.

Since n; = (0,0,1) and
(- aj¢5.- a5¢5,- 1)
(1 o+ (o1es) "+ (ase5)*)'"

n =

1/2 2
A T Rl O R B D R T i KA I
£

Hence

1/2 2
Ing = w'l*< (ag80) *+ (a383) "+ [[1 v (ores) "+ (seg) ") - 1]

since 1 + (a7¢4) %+ (ag¢3) * = 1.

! ’
We apply Taylor’s theorem to the partial derivatives éﬁl and gél . Thus

a&, ag;
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3¢5 _ 3£(0,0)

S ), o, SEETED

+ £y _2»210r27
ETR ETR . 3€]2 3€}03¢]
where (Ef,fg) € D. Since afag'o = 0, we have
1
al
‘ B3| < miell + 1651 < 2p,
ETR
Similarly %83 | < oMy,
3€}
1/2
Hence | 1+ (8:62)%+ (as¢1)? 2 < 1+ 8Mp2) %= 1 < 2/2Mp
153 253 0 0
2 2 2
and therefore - n' < 16M p ,
n, 0
or | ng - m'|| s 4Mp, < 4MR, , (2.3.44)

which is the required Holder condition.
Finally we prove that
2
|R,.n'| < O(RZ).

Firstly we observe that

IRy.ng | = |€4] = MR ,

and secondly that
IRg.(mg = n')| =Ry | mg ~ ' = 4R

But as IRg.n'| < |Ry.(ng - m')| + |Ry.mg] ,
it follows that
IR, .n'| < SMR? . (2.3.45)

2.4 Helmholtz single and double layer potentials.

In this section we investigate the existence, continuity and differen-
tiabilty of the Helmholtz single and double layer potentials (2.2.1) and
(2.2.2). First of all we define functions vy and fi on R x S by

Te(x, ') = eikR (2.4.1)
and
fp(r,r’) = (ikR- 1)elkR (2.4.2)

3 .
where r € R, r' € §, R =[r’ - r|, k is an arbitrary real or complex
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number and S is a regular surface element, Using (2.2.3), (2.4.1) and
(2.4.2) we can now write the Helmholtz single and double layer potentials

respectively as

&(r) - L ff lkigifll $(x')do (2.4.3)
S
and
() = L [[ RO gyir ey aor (2.4.4)
S R

Here ¢ and ¥ are respectively the single and double layer densities on §.
We note that the Helmholtz potentials are analytic Iin any region of rR
which contains no point of S.

Before deriving the properties of & and ¥ we prove the following lemma.

Lemma (2.4.1) Let G be a closed and bounded region of R3 , and let dg be
the diameter of G. Then there is a positive number H, depending only on k
and dg, such that if r; and r, € G and r’ € S then
|7 (xz,2') = ne(xy,e')| < Hik||g - o (2.4.5)
and
10ty 2") - f(ry, )| < (1 + H Q8EdHY2) k||, - 5] (2.4.6)
where

d = sup{"r' -r| : r'es, re G} .

Proof. If R, = |r’' - r,| and R, = |r' - r,|| then

n

(ik(R;=- Ry))
(n+1)!

TR(E T = 7e(ry, 2) = e IR, — Ry Y (2.6.7)

n=0

= n n
The series 2_ l%l_I§$_ is convergent and we denote its sum by H.
n+l)!

n=0

We note that |R, = R,| =< ||r, = r,| . Thus if r;, and r, € G then the series

ii (ik(R,~ Ry))"

) is uniformly absoluteley convergent and is bounded by H.
n+l)!

n=0
Hence (2.4.5) follows from (2.4.7). We can write
fp(ry ,r’) — Ofp(r,,r’') =ik(R; — Ry)vk(r,,r’') +
(1kR; = 1) (yk(xy,r') — TR(Xy,T')),
from which (2.4.6) follows immediately.
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For the Helmholtz single layer potential & we can now prove the

following theorem.

Theorem (2.4.1). Let S be a regular surface element of class ¢ and
suppose that the single layer density ¢ 1is bounded and integrable over §;
then the Helmholtz single layer potential & is uniformly Holder continuous
on any bounded region G C.R3 .

Proof. Let r,,r, € G. If |¢|s - sup{|¢(r')|: r'e S} , then

- 6| ‘ Yk(r;, ') _ (X, T') l ,
st < e [] [y e o

where R, = ||[r' - r,|| and R, = ||r' - r,|| . Now

< lvk<r2,r'>|| 1 -1
Rz Rl

+

Yr(Ty,T') _ Yr(x,, ') ‘
RZ Rl

1
R |7r(xy, ' )= k(xy, ') |
1

D kL S R P L
RIRZ Rl

where we have used Lemma (2.4.1) and |yg(r,,r;)| = 1. Hence

jo(r)- oz | s L2 lslm = nl [[ a0t IlsHlel yp oy [[ g0,
2 ! bx . KR, 4 S R

We now choose a so that 0 < a < 1. Then

: .
18(x,)- a(r,y| < 12 ls I - = ff N N
2 ! Lx . Rk

|4 lsH k| Iz, -z, | ff do' (2.4.8)
4x S R1

By the triangle inequality, |r, — r;]| < R;+ R,. If we use the inequality

(R, +R* <2% (R +Rr)) ,

then

g, - )P < 22" (RI7® +R;7?).
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It follows that

J "1'2 ‘.rl” da' < 21-a J:[ do’ do' + 21-a Jj do’
R1Rz g R? R, g RIR‘;

Letsl—{r'es:Rzle}andSZ-{r'eS:Rlsz}

Then
[J ' JJ Jf :
1+a 1+
S R] R, g R

2

| T S
S Rl RZ

S

since S, S and S C S, . Similarly
e ||t || a5
(2 ]
] Rl RZ S Rl RZ

We therefore have

JJ “Rz"-&"lm do' < 227 @ {
S

RiR;

s b aen

Suppose now that the regular surface element S has a standard representa-

tion

€5 = £(41,61) , (§1.§3) €D,
with respect to tangent-normal axes at a point P, € S . Let the coordi-
nates of P, , P, and P' € S relative to the tangent-normal axes be

(§11:612:613) » (§21,622,823) and (§1,§;,§3) respectively. Let Q; , Q, and
Q' be the projections of P,, P, and P’ respectively onto the tangent
plane, and let p, = Q,Q’' , p, -AQZQ' , and p' = P,Q’. Then

R = (6117 &%+ (6127 €07+ (615~ €7

> (€,,- 1)+ (&,,- €4 )P
- o,

i.e. R, = o4

Similarly R, = g,
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If we let A = |secy|s - sup{[sec y(xr')|

” do' < a H dg} de;
1+a 1+a
R, 1

D S} , then

S D
Let D(Q;,,a) be the closed disk in the tangent plane with centre Q, and
radius a = f(area(D)/x) . It is shown by Kellogg (24),Chapter VI, that
dgjdes  _ dé | de
p1+a 1+
p D(Q, ,a)
It follows that
a§;dé; a§{dg;  _ d{id{; _ 2ma'”
p1+a - p1+a p1+a 1-c !
D ' D(Q,a) D(Py,a)
and from (2.4,10) we therefore have
JJ do'  _ 27hat® (2.4.11)
R:+a l-a
S
In the same way we obtain
do' . 2xpa’ " ® (2.4.12)
pita l-a
1 .
S
Using (2.4.11) and (2.4.12) in (2.4.9) yields
1-a . -
Jj | rz - | do' < 2" %xaa' (2.4.13)
R,R, l-a
S
If a =0 in (2.4.11) then
47’ < 2nAa . (2.4.14)
R,
Now using (2.4.13) and (2.4.14) in (2.4.8) yields
|#(x, - ¥(ry)| < C |, - 5| ¥
where - L-a
2 A a A H|k|a 1-a
c - [ 1|“la¢ﬂs + "95”25 LICRy P ]

We may suppose that [r, - rlﬂ <c,

where ¢ is the maximum chord of S.
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Then |8(xy) — o(r;)| < 6K |, - | ®
whenever Hrz - rlﬂ < ¢, and K > 0 depends only on S, k and «a.

In order to establish the behaviour of the Helmholtz double layer
potential across S, it is convenient to decompose it as the sum of two

terms. Referring to (2.4.2) vwe see that when k = 0,

fo(r,x') = -1 (2.4.15)
and (2.4.4) then has the form of a Laplace double layer potential. We now
write

¥(r) = ¥, (r) - ¥, (1) (2.4.16)
where
l J R'n' 14 14 r t
¥, (r) = 57 R° (Bg(x,x’) = dy(x,x'))¥(r’)do (2.4.17)
S
and ¥ (r) - = J Rﬁ? $(r')do (2.4.18)
S

Lemma(2.4.2) For all r € R’ and r' € S we have
bp(r,r') - 8,(r, ') = — KR (r,r') (2.4.19)

where By is given by the power series

Br(r,r’) =) %ﬁ{%%; (ikR)* , R=|r' -r |, (2.4.20)
n=0

which has an infinite radius of convergence. Moreover, if G 1is an
arbitrary closed and bounded region of R? then there is a positive number
B such that

[B(ry,x’') = Br(ry,r’)| = B k |, - x| (2.4.21)

where r' € § and r,,r, € G .

Proof. Equation (2.4.19) follows directly from (2.4.2) and (2.4.15).

Since -
iy =1l ¢ @+l (qpr)"
Br(x,x') = 2 +HL_1 sy R,
Br(ry.x’) = fy(ry,x') = ;:1 %EE%%T (ik)" (R} - R})
- 2 - v n+1l noph _pnt
# ik(R, ~R,) + ;:2 %5153% (1k)" (R; - R}).

If n > 2 then
n=~2 n-1

R2 -R} =(R;, —RD)(R} "+R}?R;, + ... +R, R} 2+ R} ")
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1 n-1 \

S -
and IR = R} | < (n-1)|R, - R, | maxy R} ', Rj
1 -1
< (n-1)|R, = R J(Ry = + Ry ")
Hence
|Bk(rz,T') = Br(x;,r')| =< Blk|[R, - R,|
where

@

-2 4 N (m=-1)(n+l) |y n-1 R®°! 4 R

31 g_l otD) ! k(™ (R} 2 )

The power series has an infinite radius of convergence; thus if we let
d = sup{R =r'-z] : r' €es, rec }

and

2
B = 2 (o= (n+tl) (jkja)" 7t
£ nLl e (Kl

then (2.4.21) follows, since |R, =R,| < |, -, |
Using (2.4.19) we can write (2.4.17) as

¥ (r) = - g— JI —_ ﬂk(r r’)y(r’')de’ . (2.4.22)
In view of theorem (2.4.1) the next result is almost obvious.
Lemma (2.4.3) Let S be a regular surfce element of class c? and let the
double layer density ¥ be bounded and integrable on S. Then ¥,, as defined

by (2.4.22), is uniformly Holder continuous on any bounded region G C R®

Proof. If r,,r, € G and if lv|s= sup{|¢(r')| : ' €8 } then

2 ’ [
¥, (5,) - ¥ (ryy) < Ll Il JJ 5%;2_ Br(r, x') - R;'“ Br(x,,x') |do’
2

4n 1
S
and we find that
.n' R, .n’
RZ ﬂk(rz lr') - 1 ﬂk(rl ;r')
R, R,

< (BBl B o Bl)ipr o1 4 1Bk e = Btn 1)
1 1

A

(2% + i) |r, -
R, .
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where by = sup {|ﬂk(r,r’)| i TEG, r € S} and we have used (2.4.21). We
assume a tangent-normal ccordinate system at a suitable point P, € S and

we obtain

2 ’
9 (50 ¥y (x| < JEU1# s [ 2by [[ 8% 4 mi [ da']||r2— AN
4x g Ry g

If we now use (2.4.14) with a = J(Area(D)/w) , D being the projection of §

\

onto the tangent plane at P, , and if A = sup {sec ¥(r') : ' €85 5, we

find that
¥ (r2) ~ 4 e s S pls e - n
where
C = %F*i(AxaAbk + Bk Area(S)]
depends only on k, S and G.

We will now show that the Laplace double layer potential is discon-
tinuous across S. Towards this end we will prove two lemmas in which we
will make use of the following construction. Let P, be an interior point
of a regular surface element S of class c?, and let Py, be a point on the
normal to S at P,. Let S be a sphere of radius ¢ > 0 tangential to the
surface at P, . We assume that this sphere lies on the negative side of
the tangent plane to S at P, . Any small circle on S and parallel to the
tangent plane is characterised by a constant altitude a > 0O . We denote
this circle by Ea and it is represented by x = a. On Ea we construct a
cone with vertex at Py . If c¢ is sufficiently small this cone intersects
the surface S in a closed curve C, , which 1s represented by

x' = xq(e') , 0 < ¢' =< 2x, (2.4.23)
and is such that

lim xo(p') =0, 0 < ' < 2n . (2.4.24)
a+o

The portion of S bounded by C, and containing P, is denoted by S, , and §a
is the portion of S bounded by Ea and containing P,. The projection of C,
onto the tangent plane to S at P, is a closed plane curve, denoted by T,,

whose equation in plane polar coordinates has the form

Po = agfe') , 0 < @' =< 2x . (2.4.25)
According to section (2.3) we have
ag (@) = Ro [ xa(e").0') .cos(x4(0")). (2.4.26)

From (2.4.24) and (2.4.26) it is clear that
lim ag(e') = 0, 0 < @' < 2x , (2.4.27)
a0
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and we write

Ay = sup{aa(w') 10 < 9! x 21} . (2.4.28)
Now (2.4.27) implies that
lim A, = O. (2.4.29)
a0

As before we let Q'(£,,£;,0) be the projection of P'(£{,£,65) in S onto

the tangent plane at P;, and we write py = P,Q’. Then

pr = €12 + 63 a7 = p %7
and RY = pg + (A - €))7
Hence
2 2 , ,
Ry — px = €3 (&5 — 2))
and we have, using (2.3.43), that
2 2
[Rx = pal = |€3] (€3

2
Al +A) < M p2 (Ry + py).

Consequently
Ry = oyl < M o2 . (2.4.30)
and 2
BRyoql < B <y, (2.4.31)
P PA

Now if r’' € S, then p, < a, According to (2.4.2) we can choose a; > 0 so

that A, < g; if 0 <a < a,, and (2.4.23) then yields

Ry qf <1
2

1)

or

Py = Ry = % Py, O=<a=<a . (2.4.32)

N

We also have

2 2 2 2 2 2 2,2 2
Ry = po + €3 S py (1L +Mp, )< (1l+ MAy )pg

where we have again used (2.3.43). Hence

R, = po/(1 + M*A2 ) (2.4.33)

If 0 <a<a,, then Ay, < 1/2 M and (2.4.33) becomes
R, < %? Po - (2.4.34)
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Lemma (2.4.4) Let S be a regular surface element of class c? , let f be a

continuous function on S and let

K(a,)) = JJ BAD £(rr) dor; (2.4.35)
5, R
then there is a positive number N, , depending on a but not on A , such
that
|[K(a,A)| < N, sup{{f(r')l . S Sa} (2.4.36)

Proof. Using the methods of section (2.3) we have

' ' I aR
27 . xH(0") R, cosx’ 1 —2 cosy’' - Rosinx'f
K(a,A) = A Xy (") dx"de’
0 0 RA

Y X&((‘")Rg
- I J 2 f(r') cosy' dy'dy’
o}

0 Ri
Noting that p, = R; cosy' , we can write
2% . ay(p') 2 x&(w')Rz
K(a,\) = A I J ﬁ% £(r')dp,dp’ - J J _aga £(r')dy’dp’
0 0 Ry 0 0 Ry
and so

1K(a, )| = ([A]1K; (@, 2) ] + |Ky(a,\)|) sup{;f(r')|:r'esa} (2.4.37)

where
27 . ag(p’)
K, (a,)) = J j £e dpyde’ (2.4.38)
0 0 Ry
and
2n x&(w’)Rz
K, (a,}) = J f 020 dx'de’ (2.4.39)
0 0 Rx

If 0 < a 5 a;, then from (2.4.32) we have that
1 1 2 2
Ry 27 oy =7 J(po +17)

and so

27 . ag(e’)
[A]|K;(a,A)]| < 8 J J ___3_51_5_ dp, de'
0 0 (pg +27)
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Using the substitution p, = |A| tan u we obtain for A = 0O

2w,V
{ATIK (a,A)] < 8 j f cos udu =< lé6x , (2.4.40)
0 0

where v = arctan (aa(w')/IAl]. Next, using (2.4ﬂ33) and Ry = p, we obtain

27 o xa(@')
1Ky (a,0) | = (1 + M*A% ) J J dx' do
0 0
2,2 { t ! . 1
< 2x(l + MAg ) supyix' (') : 0 < o' < 2xy (2.4.41)
Thus if 0 < a < a, then
IX Ky (2,0) | + |Kp(a,A)] < N,
where

N, = 167 + % sup{|x'(¢')| : 0 <! < 2«} ,

and the proof of the lemma is complete.
Since x'(p') = ; we see that
2
N = 161r+§42'_ (2.4.42)

is an upper bound for N, .

Lemma (2.4.5) If P is a point of the spherical surface element Ea of
radius c¢ and if ﬁA - PAF then

1im || BA® 5 = 2x(1- sin a)
A0+ JJ E;
5 |
- c (2.4.43)
lim || 2?45 - - 2¢(1+ sina)
A0 - JJ RAS
Sa

Proof. If R, = POF then R, ~ 2csinx where (x,p) are the altitude and
azimuth coordinates of P € §; . Then from (2.3.20) and (2.3.32) we find

that

” DD g5 - 1)) - I (a,))

i R
Sq
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where L a - [ 5h0 —

I, (@,\) = A

&

2% . a _ _ - 2
- 4e2) J J siny cosy (cos"y - sin"yx ) a5
0 0 (4ec(c + X) sin2§ + 22 )S/2

sina 2
= Bxczx J u@ - zu ) 3 du
0 (belc + Mu + 2H3/?
and 2n a _,
I,(a,r) = j J E%F cosy dy dp
1} 0 R,\
r o 3. -
- 16mc? sin x cosy dx

J o (4c(c + \) sin’x + 2?2

~ sina 3
u

J 0 (4c(c + ,\)u2 + Az)

373 du

We may clearly suppose that |A| < ¢ , so that ¢ + A 1s always positive
If u? = A% /(4c(c + 1)) then

2
I, (a,\) = 8mic (1 + 2#2){ 1 1 ]
| (he(c + A))3/2 Ll (sinza + #2]3/2
Lomic [[Sin2° T N
(4c(c + A)):’\/2 ]
and I 1
2 2
I,(a,)) =  16mc (sin’a + u2)*/%= |u) + 1 -l
: (4c(c + A))a/z 1 [sinza + p2]3/2 [p] I

If X - 0 then also y - 0 , and so

lim A =+ 2¢
X0t [

which leads to
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lim 1 JA) = + 2x
A+t 1@ )

Also lim I,(a,X) = 27 sina ,
A-0

and this completes the proof of the lemma.

We shall distinguish between the limits obtained when a point r, € S

is approached respectively along the positive and negative normal direc-

tion by means of the symbols + an - . Thus, for example
¥(ry-) = lim ¥(ry) (2.4.44)
Ato
and
V(ry+) = lim ¥(xy) (2.4.45)
Ado

where ry = r, + Ary and X is a real number.

Lemma (2.4.6) Let S be a regular surface element of class c? and let ¥ be
a continuous funtion on S. Then the Laplace double layer potential ¥, is
discontinuous across S , and

= 2 P(r,) + Yy (r,=) = Uy (x,) = Uy (r,+) + 7 $(ry) (2.4.46)

Proof. The existence of ¥, has been shown in section (2.3) — see (2.3.20)
and (2.3.35). We now write

¥, (ry) = I(a,) + J(a,r) (2.4.47)
where
I(a,2) = L If Ry ey dot (2.4.48)
4m Ri
Sa
and
I(a,x) = L J Ry-D' sx') do. (2.4.49)
41!’ Rs
§S-S, A
Then
I(ayA) - ¢(r0) JJ' RA-“’ do' + ,_1,_. J:f RA-n, A(rO 1'rlr)da: (2.4.50)
4x Ri 4x Ri
Sa Sa
where
A(ry,r') = ¥(r’') — ¥(x,) (2.4.51)
ey~ () JJ Rym' ool 1 jj RA:D pr rydo
4x Ri 4 Ri
SC! Sa
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According to lemma (2.4.4)

R ‘n' ? 1 f I 1
JJ Aa A(ry,r')do =< N, sup \JA(xy,xr')| : ' € Sa}
Ry
SG
and N, 1s independent of A . Since ¥ is continuous on the closed set S ,

for any ¢ > 0 we can choose a; > 0 so that

Sup {M(ro,r')t b N sa} 5§

whenever 0 < a < a; . Here N is given by (2.4.42) . We therefore have

I(a,x)- ¥{To) ” e SLAPY
Lx Ri
Sa

< &

whenever 0 < a < a;, . We now observe that the solid angles subtended by S,

and S, at P, are the same . Thus

J.J R,.n’ do' - J-J EA'EdE )
Ry 2J R

Sa S

Accordingly,
I(a,)) - ¥(r) IJ R).n do| < ¢
bx R
Sa
whenever 0 <= a =< a, and for arbitrary A »# 0 . From lemma (2.4.5) it
follows that }im I(a,)) = % ¥(ry) (1l - sina)
-0
and lim I(a,2) - - F ¥(xr,) (1 + sina)
-0 -

Consequently:

lim lim I(a,)) = 2« l

ao  Aso+ (2.4.52)

lim lim I(a,A) = - 2n J
a0 A0 -

The existence of these limits implies the existence of 1lim }im J(a,A),
a0 A-0
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for if a > 0 and 8 > 0 then (2.4.47) implies that
| J(a,A) = J(8,2) | = | I(a,r) = I(B,X) |
Using (2.4.52) and the Cauchy convergence criterion it follows that
lim 1lim J(a,)) exists . But
a* At

lim J(a,)) = J(a,0) ,
A0

since ry € §-54 1f a # 0; hence from the definition of an improper integral

lim J(a,0) = ¥, (x,)
a0

Thus lim lim J(@,)) = ¥,(r,;) . (2.4.53)
a0 A

Using (2.4.52) and (2.4.53) in (2.4.47) we obtain

U (=) = = 5 $(ry) + ¥, () (2.4.54)
and

¥, (Lo+) = F $(ry) + ¥,(x,), (2.4.55)

from which (2.4.46) follows

Combining lemmas (2.4.3) and (2.4.6) in equation (2.4.16) we arrive at:

Theorem (2.4.2) Let S be a regular surface element of class c? and let ¥
be a continuous function on § . Then the Helmholtz double layer potential
¥ is discontinuous across § , and

- 2 B(ry) + U(Ekp-) = W(ry) = 7 ¥(r,) + ¥(rg+) . (2.4.56)

We now turn to the behaviour of the normal derivative of the Helmholtz
single layer potential & given by (2.4.3) . For the remainder of this

section we let

e(r) - 9%(xr) | (2.4.57)

an,
where n; is the unit normal to a regular surface element at a point P; in

S. From (2.4.3) we find that

‘::? b (r,c)$(x' )da’ (2.4.58)

o - - &[]

which we write in the form
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8(r) = 8,(r) + 8,(r). (2.4.59)
Here
8, (r) = - L f R;T? (6 (x,c') = 85(x,x"))¢(x" )do (2.4.60)
S
and
6, () = L j 5:2; $(r')do’ . (2.4.61)
s R

Referring to (2.4.19) we see that (2.4.60) can be written as

2
8, (r) = - Kk f R'f? Pr(r,r')¢(r')da’ . (2.4.62)
S

and we can formulate a lemma for 8, analogous to lemma (2.4.3) for ¥,

Lemma (2.4.7) Let 5 be a regular surface element of class c? and let the
single layer potential be bounded and integrable on S. Then 8, defined by
(2.4.60) is uniformly Holder continuous on any bounded region G C R .

This lemma may be proved by replacing m' in the proof of lemma (2.4.3)
by m . For 8, we can state a lemma which is analogous to lemma (2.4.6)
for ¥, .

Lemma (2.4.8) Let S be a regular surface element of class C2 and let ¢ be a
continuous function on S . Then the normal derivative of the Laplace single

layer potential 8, is discontinuous across S , and we have

F(ry) + 8,(rg=) = 0,(xy) =~ — 5 Y(ry) + 8,(ry+) . (2.4.63)
Proof. The existence of 8,(r,) has been shown in section (2.3) . We now
write
8, (ry) = 8,,(a,1) + 8,,(a,)) (2.4.64)
where R
8,,(a,A) = L [ B yireyaor (2.4.65)
4x | Ry
3
and .
8,5 (a,2) = L J BDo grrydo (2.4.66)
4x Ry

S-S¢
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We futhermore write

8, (a,d) = 8,,,(a,d) + 68,,;(a,r)
where "
8,11¢a,0) = L || B =m') 4,
l+ﬂ’ usu Rl\s
a
and )
1 [ Ry.n’'
8,2 (a,A) = — ¢(xr')do’
4” o R 3
Seq A

We apply the inequality (2.3.44) to (2.4.68) , obtaining

Sasstan | s H 1l [[ 22 0o
a
2x . ag(p') 5
el [ [T 2 ana
0 0 Ry
2% ay(@') 2
sulel [ [T 2 e
" : 0 ] p: + Az ’
where we used (2.4.32) when 0 < a 5 a,
Ry 27 oy =7 J(ps +2%)
Then
2x . ag(e’) .
oa@nt <2l [ [T [ 1- 2 ] ana
0 0 pg + A
<M 4lls 280 + 12D

and according to (2.4.29)

lim lim 6,,,(a,X) = 0 .
o0 A0

Now , since 8,,,(a,X) = ¥,,(a,)) as given by (2.4.48) ,

(2.4.52)

(2.4.67)

(2.4.68)

(2.4.569)

(2.4.70)

we obtain from
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3 6(x,) if A0

lim lim 6,,,(a,\) = . (2.4.71)
aso Ao 1 - 7 #(rp) if At0 .
From (2.4.70) and (2.4.71) it follows that
F ¢(x,) if A0
lim lim 6,,(e,A) = (2.4.72)

avo A0k 1 - L 4(xy) if At0

The existence of this limit therefore implies the existence of the limit
lim lim 8,, (a,)) and, in fact,
a0 A%

iig ii? 8,,(a,)) = 8,(x,) (2.4.73)
Accordingly from (2.4.63) it follows that
8, (5p=) = = 7 $(5y) + 8,(xy) (2.4.74)
and
8, (rg+) = 3 ¢(xy) + 8, (%) (2.4.75)
and (2.4.63) now follows.
If lemmas (2.4.7) and (2.4.8) are applied to equation (2.4.59) we

obtain:
Theorem (2.4.3) Let S be a regular surface element of class c? and let ¢
be a continuous function on S ; then the normal derivative of the Helmholtz

single layer potential ¢ is discontinuous across S and

(2.4.76)

a®(ry—) _ 3%®(xry) _ _ % $(r,) + e (x,+) .

1
7 #(xy) +
2 ° dn, dn, an,

We note that these limits are approached uniformly with respect to r, € §,

provided r, is not a boundary point of S,

If one attempts to derive the behaviour of the tangential derivatives
of the single layer potential across S , some difficulty is encountered
when azimuth-altitude coordinates are used. Essentially this is due to

the lack of a common parameter region when integrals such as
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JJ RA;to ds' and JJ i;f“ dg
s R Ry

a s,

have to be compared, where t; is an arbitrary tangent vector . Accordinly
we will now use rectangular and polar coordinates (see for example Kellogg
(24) or Gunter (20)) to deduce the behaviour of the tangential derivatives
of the single and double layer potentials across S

We introduce a general density § defined on the Cartesian product R¥xs
and assume that # 1s continuous on the Cartesian product Gx S , where G
is a closed and bounded region containing S and contained in R'. We then
define 6 by

8(r) = L Jj R.e(r’) 8(c,r')do’ (2.4.77)
4x g rR?

where the unit vector e 1s either n’' or n; or t;, .
We again let P, with position vector r, = OP, be an interior point of a

2
regular surface element S of class C° and we assume that S has the natural

representation

§3 = £(£1.42) , (§{.§2) €D
in terms of tangent-normal axes at P, . For any a > 0 let D, be a closed
disk of radius a in the tangent plane to 5 at P; . We assume that a is

so small that D; ¢ D . The projection of D, onto S is denoted by S,. At a

point Py on the normal to S at P,, we have

8(ry) = I(a,A) + J(a,A) (2.4.78)
where
I(a,A) = L JI Ra-e(r') giry,r')do (2.4.79)
¥ 4 R;
s&
and
J(a,)) = L JJ Ry.e(r') f(ry,x')da’. (2.4.80)
172} R;
§~Sq

We compare the integral I(a,)) with

Ig(a,A) = G(Z:'r°) Jj p*';2f°) de ] de; (2.4.81)
D, A

where py = P,Q' and Q' is the projection of P' € S onto the tangent plane
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at P,  We can now write

I(a,A) = I (a,\) = I,(a,)) + I,(a,\) + I (a,A), (2.4.82)
where -
I,(a,A) =L Ry-(e(r’) = e(T0)) 4oy, rrysecy(r')deldey (2.4.83)
4x J RA:’
Da
I,(a,A) =L {R*'eiro) - pA'egrU)]o(rx,r')secv(r')deidfé (2.4.84)
4 JJ Ry Py
Da
and
I (a2 =L JI PA-8T0) (g(ry,x7)secy(r') = 0(ry,p))dE{des.  (2.4.85)
n P
D, A

In the above integrals +v(r’') is the angle between the unit vectors n,
and n'
If e(r’') is a constant unit vector then I, (a,A) = 0 for all a and A .
If e(r') = n(r') then e(r,) = n, and by (2.3.44)
le(x')y = e(xy)| < 4MR,
Using (2.3.43) we have
Ry =po + €37 < pg + M’p;

Hence, if 0 < p; = a then

R, < poJ(1 + M%a®) < a/(1 + M%a%) (2.4.86)
and there is a number C = 0 such that
le(x’) = e(xy)| = Coq - (2.4.87)

From (2.4.83) we then obtain , for all A ,

C“ 8 "G,S HSEC‘Y“S J.J _EU__ d€'d€'
4x R 2 1 2
D, A

76lolls,s Isecrls . (2.4.88)

A

1Ty (a,A)|

IA

where we have used the relation Ry < p,.

Secondly we consider I,(a,)) as defined by (2.4.48) . Since

Ry = oy + £31y

we have

R).e(r .e(r fe(r. ).

A es( o) _ f_A__E(__.Q._)_ = py.e(xy) [ 13 _ ]_3 ] 3 £ie( 30) ng
R P Ry P Ry

and
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Ry.e(rg)  pr-e(rg) | . [Ry ~ pal [ 1, 1 -+.l.] 4 1631
3 3 2 2
Ry PA Ra Ry Ryex  p) Ry

Because Ri - pi = (&3 — A2 - 2% we obtain
IRX = o3l = 1€71 (16" = A1 + A1) = Mag Ry + p2)
and .
IRy = pal < Mp; . (2.4.89)
Using the relations (2.3.44) , (2.4.89) and Ry2p,, przp, , we find that

Ry.e(ry)  pa.e(rp) | _ aM
3 3 = Py
Ry 3 0
and
Ly < M08 le,s I secrls H ag;ag
Da
or
[I,(a,A)| < 2Ma || ¢ |g, s || secvls (2.4.90)
Choosing an £¢>0 , we now determine a, >0 so that
[I,(a,A)] <7 ¢ (2.4.91)
and |T,(a,\)| <5 ¢ (2.4.92)

whenever 0 < a < a, , and for all A such that ry € G .

The two relations (2.4.91) and (2.4.92) have been proved when e is
ng, t; or n(r’).

We now consider I,(a,A) for these three cases.

e CASE 1: e(r') = n(r') = n’, and # continous on G x §.
As secy is continuous on S and secy(r,) = 1 , for any ¢ > 0 we can find
a, > 0 such that
|#(xy,r')secy(xr')= #(x),ry)secy(xy)] < éL

x
whenever |A] < § and a < a, . Then

[I;(a, M) | s £ JJ 1A gerdes - £l JJ Po dp
3 6x 3 1552 3 (pg N /\2)3/2 0

D, P2
- £]A] [ 1 1 ]
3 RV J@% + 2%
Hence
[I,(a,A)] < 5 ¢ (2.4.93)
independent of A. Thus from (2.4.91), (2.4.92) and (2.4.93) we obtain
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[I(a, X))~ I,(a,A)| > ¢ (2.4.94)
whenever 0 < a < minfa, ,a,} and |A] < §

v CASE 2: e(r') = n, and § continuous on G x S.

As in Case 1 , e(r;) = n, and so (2.4.93) and (2.4.94) are again valid .
» CASE 3: e(r') = t; , a unit tangent vector to § at P;, 6§ a uniformly
Holder continuous function ;n S for each r € G , and § continuous on G x §,
As secy is continuously differentiable on § , there exists A > 0 such that

Isecy(r’') — secy(xr;)}| < AR,
whenever r' € S; . The Holder condition on # means that there are positive
numbers B , A and c such that

16(x, ")~ 6(r,5,)| < B RS

vhenever r € G and Ry = |r’ - ry|| < ¢ . We therefore see that
f8(ry,r')secy(r’) = 8(xy\,ry)| =< Jsecy(x')| [|f(xy,xr') - #B(xry,ry)| +
18(xy,Ty)| |secy(ry) - 1]

s Blsecrls RS + Al lo,s R
From (2.4.,86) ,
2 2
Ry = po/(1 + M*a%)
If § <1 then Ry, = RE R;—ﬂ , and if 8 > 1 then R, < R? . Hence in either

case there exists C > 0 such that

16(Ey.t' )secy(x') - 8(ry, )] s C of .
Then g a
Cc P ¢ < C deg _ ¢ B
L0 s L JJ LY agjag; < € J sl
DapA 0 pO

We can therefore determine a, > 0 so that
- [Ia(a,A)| < % £
vhenever a =< a,
Thus we can assert that in the three cases considered there is a; > 0
and § > 0 such that
[I(a,A) = Iy(a,A)| < ¢ (2.4.95)
whenever a < a; and || < § , uniformly with respect to A

We now observe that if a » 0 and A » 0 then

JJ Px-8(T0) Gerdes = 2me, (ry) A { 1 1 } (2.4.96)
1982 a (I - .
Da Ly AL /" + 2%

where e; (r,) = n;.e(r,) .'Using this formulae we can evaluate the limits
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of the integral on the left for the three cases considered above.

® CASES 1 and 2. In both cases e(r;) = n;, and so, since D, is a plane

region ey (r,) = 1 . Hence

r

lim || 2280 gerges = 2ne, (x,)

A2+ JJ 3
b, X
and .
lim || 2280 gerae; = - 2ne, (1) .
AP0 - J 3
Da

As these limits are independent of a, we deduce from (2.4.95) that
1
lim 1lim I(a,)) = 5 6(r,,r,)e, (r,)
i X0+ 2 0:To /)83 L

1
and lim 1lim I(a,)) = = 5 6(r,,ry)e,(r,)
230 X0 - z 0:Fo /€3 (I
On the other hand we know that 8(r,) exists , and if a = 0 then
lim J(a,)) = J(a,0) ,
A—+0

since ry € 5 — §;.
Hence 8(ry) = lim J(a,X) = lim lim J(a,X)
a0 a’ A%
Hence from (2.4.78) we deduce the limit relations
8(Ty+) = 5 8(ry,Ty)e, () + 8(r,) 1
and (2.4.97)

8(xy=) = = 5 8(Ty,Ty)e, (X)) + 6(x,)

» GASE 3. If e(r') = t, then e(r,) = t; . Hence the right-hand side of
(2.4.96) is zero , and the limit on the left-~hand side exists and is zero
when A » 0 . From (2.4.95) it then follows that

iig }3? I(a,A) =0 .
Since 8(ry) = I(a,r) + J(a,))

= I(b,x) + J(b,X)
we have
jJ(a,x) = J(,N)}| = |I(a,r) — I(b,A)} ,

and the Cauchy convergence criterion implies that lim iim J(a,A) exists.
azo g
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But if a % 0 then J(a,)\) is a continuous function of A; hence

J(a,0) = 1lim J(a,)) , a = O,
A30
It follows that lim J(a,0) = 1lim lim J(a,)) exists. Thus, by the definition
a- a3 A%

of an improper integral,

8(ry) = lim J(a,0) = lim lim J(a,A)
a0 a®t A3
exists . Since 8(r,) is independent of a ,
lim 8(ry) = 1im lim J(a,)) = 8(x,) . (2.4.98)
A a»s A%

We summarise the above results as

Theorem (2.4.4) Let S be a regular surface element of class c? and let
G ¢ R® be a closed bounded region of R® containing S . Let 4 be a
continuous function defined on G X 5 and let e be a unit vector function

on S. Then at an interior point r, € § we have

8(r,~) + 7 8(ry,r5)es(ry) = 6(x,) (2.4.99)

- 8(xy+) — 7 6(x,,Tp)es(Ty)

in the folowing cases:
¢ CASE 1. e(r!') = n(xr') = n’ ;
e CASE 2. e(r') = n(xr,) = np ;

¢ CASE 3. e(r’') = t; and # uniformly Holder continuous on S for each r € G.

The normal derivative of the single layer potential is given at a point

ré¢sS by

a¢(r) - 1 Jj R0 ger,r') ¢(xr)do’
ang 4x R
S

where fy is defined by (2.4.2) . If we define 4 by
f(r,x') = = fp(r,x') ¢(xr’)

and e(r’) = n; , then from Theorem (2.4.4) we obtain
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Theorem (2.4.5) If S is a regular surface element of class c? and if $ 1s
a continuous function on S, then the normal derivative of the Helmholtz
single layer potential & is discontinuous across § , and at an interior

point r; of S we have
3% (xry-) 1

ad a%
+ L 45(!0) _ (ro) _ (ro"‘)

ang an,

- 3 é(xy)

an,

We now consider the tangential derivative of the single layer
potential. TLet t; be a unit tangent vector to S at an interior point P,

of S, then

3%(r) . - 1 J[R__tl fr(r,r') ¢(r')ds’

3tu Z&; R 3

Let 6(r,r') = - gy (r,x")¢(x’) ,

and assume that ¢ is Holder continuous on S . Equation (2.4.2) shows that
fp(r',r) = fp(r,r') and it follows from lemma (2.4.1) that ¢ is uniformly
Holder continuous on S for each r € G, where S C G. Thus with e(r') = t,,

CASE 3 of theorem (2.4.4) yields

Theorem (2.4.6) If S is a regular surface element of class 02 and ¢ is a
uniformly Holder continuous function on S then the tangential derivatives
of the Helmholtz single layer potential are continuous across § at an

interior point ry; of § ; i.e.
8% (xy~) 3%(ry) a®(xry+)
3t, T T st

For the double layer potential

W(r) - _1.... J‘j RX'n' Gk(r,r')xb(r’)da'
bx S Rf

we let f(r,r’) = dp(xr,r') y(r’)
and e(r') = n(r’') = n'. Referring to CASE 1 of theorem (2.4.4) we obtain

Theorem (2.4.7). If S is a regular surface element of class ¢’ and if ¥ is

a continuous function on S, then the Helmholtz double layer potential ¥

is discontinuous across S, and at an interior point ry; of §,

W(rp=) = 5 ¥(rg) = ¥(r,) = ¥(r,+) + 5 ¥(rp)
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Finally the normal derivative of the Helmholtz double layer potential
V¥ defined by (2.4.4) is considered. It is assumed that the double layer
density y has uniformly Holder continouous derivatives of the first order
on a regular surface element S of class c?. From (2.4.16)
¥(r) = ¥, (r) = ¥,(x) ‘
where ¥, and ¥, are gilven respectively by (2.4.17) and (2.4.18). At a

point r ¢ §
av, (r) 1 e, .n’ 3 R.ep R.' PN ,
620 - [I [ [— ;3 + Rg ][0k(r.r )= 85 (x, "))
R.n" 38y (r,r’") ¥(r')do
rR® deg

We use (2.4.19) , viz.
f(r,T') = 6,(r,x’) = = K'R?By(r,x"),
where R =|r’ - r| and gy(r,r’) is given by (2.4.20). Then
2 t ]
(0 K JJ S go(r,x') - R R 55 rr) - 1) | w(x')do
aen 4n R R3
S (2.4.100)

where we have used
afy - dfy 8R
de, drR de,

- sz.eo elkR .

Now write
(D) Ly, () + ¥y, (D) (2.4.101)
de,
where
¥y () = K IJ S T Pr(r,r’)¥(r’)da’ (2.4.102)
4o R
and S
K2 R.n'
¥y,(r) = — = JI _;g. R.ey (3fk(xr, ') = L)¥(r')do’. (2.4.103)
n
3 R
Then

Uy ()= ¥, () = K Jf [ Prelry 7). Prelry,x') }(eo.n‘)¢(r')da'
4x $ R, R,

and

2
¥y () ¥y,(xy) | < %— lells JJ
i S

Bi(rs, T _ Bi(ri,T) | 4.
RZ Rl ,
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where R, = [[r’ - r;|| and R, = |’ - ;.

Since By satisfies the Holder condition (2.4.21), we can proceed as in
the proof of Theorem (2.4.1) to deduce that ¥;; is continuous across § at
interior points of §

As regards ¥,, , we let

8(r,r') = = k*(R.ey) (3fy(r,r’) - 1)

Then # is continuous on R®x S . Let G be a closed and bounded region
containing S . Now By , as defined by (2.4.20) , 1is continuously
differentiable on S for each r € G , and we can apply the mean value
theorem to Ay on S to obtain

#(r,ry) - 6(r,x{) = (xf - r}). V' 6(r,x] + a(r) = r{)),
where 0 < @ < 1 and r{ ,r; € 5. Hence, if C is an upper bound of
[v'8(x,r’)|| for r € G and r' € S , then
{6(x,ry) — 6(r,x})| < C|xj - 4 |
whenever r € G and rj, r; € S
Note that if r, is an interior point of S then
6(ry,xy) = 0

thus by Theorem (2.4.4), Cases 1 and 3, it follows that ¥;, is continuous
a¥, (r)

deq

across S at r, € S . Thus we can assert that is continuous across
S at an interior point r, € §

We now turn to ¥, and consider its derivatives at an interior point r,
of S. By hypothesis, ¢ 1is Holder continuously differentiable on S, and
according to the mean value theorem ‘

P(r') = P(ry) = (r' = ).V y(r, + A(x' - 1,)) , 0< B <1,

or

' ¥(r') - $(r;) = Ry.A + By .B(r,,T')

where A=V’ Y(xry)

and B(r,,r') = V' 9(x, + B(r' = 1;)) — V' ¥(x,).

A is a constant vector, and as ¥ is uniformly Holder continuously differ-

entiable , there are positive numbers' C, ¢ and a such that

IB(xg, )|} = € R, (2.4.104)
whenever R, = le* - ] <c . We assume a < 1; if @ 2 1 a shorter proof is
possible

Let So = {r' €5 :fr' - ry| s c } and write
Uy (x) = Wy, (x) + ¥y, () + ¥yy(x) + Uy, (1) (2.4.105)

where
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¥,,(r) = L ” R.n' y(r')do! (2.4.106)
4 Ra
S$-S¢
¥, , (1) -.L” R.n' R .A do’ (2.4.107)
4n RS
c
Vy5(x) = L j{ R-?' R, .B(r;,r'))do’ (2.4.108)
4 R
Se
¥, (r) = ¥(ry) H R.n' g5, (2.4.109)
4x r®
Sc
As ry ¢ S-S, , the derivatives of ¥,, are continuous across S at r,.

We show that the normal limits of the derivatives of the remaining terms
in the decomposition (2.4.105) are also continuous across S at ry

Let G be a regular region such that S, ¢ 4G , and assume that a point
of G can approach S. only from the positive side of S,. Let ry be a point
on the normal to § at r,

If ry is an interior point of G , then there is an a > 0 such that the
neighbourhood B(r),a) € G . To the regular region G - B(fA,a) we apply
Green's second identity (2.2.10) with ¢(r’) = R;.A and l,b(r') =1/Ry. Thus

H :Rﬂ.A_Q..[]-]_._]:_.é‘?ﬁ[Ro.A]} do’

af\Ry) ~ R,
3(G—B(ry,a))

- m Ry.AV'? [,1,..] -1 v'*[no.A]] dr'. (2.4.110)

G~ B(r),a)

Here we denote the outward normal to 3(G - B(Ry,a)) by # .

Since V'Z(Rﬂ.A) = 0 and V'z[l/RA] - 0 when r' € G - B(r),a) we have
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Jd (1 1 4 '
i {“*"A %) - ﬁ:a—ﬁ[“""‘]] do
- - o (1) _ 1 o (r,.a)] a %
[ (ot g o] e o
8 B(ry,a)

On dB(ry,a) we have i = Ry /Ry and Ry = a ; hence

2N n
A9 [L) dg’ = - ”Mda'-— A sind dédp,
| mr2) S NSRS
dB(ry,a) dB(ry,a)

whence it follows that

lim ” R, .A .?..[1] do' = = 4m(ry — T,).A .

a—+o an ﬁ;
dB(ry,a)
Similarly
H 1 3(R;.a) do? = - ” ARy g
Ry dil R
aB(rA,a) 3B(rx,a)
2n g
- - J J ARy, sind dadp
and o °
lim ” 1 8 (r,.A) do’ =0,
a—o Ry an
BB(rA,a)
since Ry = r’' ~ ry - ry - r), = 0 whena -+ 0. Nowon S, we have i = - n',

and from (2.4.111), when a - 0 ,

14
— jj R, .A Ry.n da' + JI A.n' 4,
3
Ry S Ry

SC Cc

-4 - A - A D [L) _A.A '
S R R
3G — S,
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or ¥,,(ry) = ﬁL. J éﬁﬂl do’! - (ry - r,).A+
L j [RO.A RA;“—H} do’ (2.4.112)
n )l R R
3G~ 8§ A A

c
Thus if X » 0 and ry € G then

a2 (Ty) _ _ 1 H BA\-™0 Ando’ - Aumg +

an 4x 3
0 $, Ry
1 4 ” Ry.A DD - A g (2.4.113)
4r ano RA RA
G -~ S,
As ry ¢ G- S, , the third term on the right-hand side is continuous
across S at r, . If we now apply Theorem (2.4.4) , Case 1 , we arrive at

Eiilifﬁiz - - % A.n, - 1 Jf Ry -1y A.n'do’ +
dn, 4n 3

5, Qo
13 H N ELIELL i P (2.4.114)
4x Bno RO RO
3G - S,

If ry € G then Green's second identity holds:

afl 1 4 P
H [“"" =) & EE(R"'A)] dot =0
aG

From this we obtain , for A < 0 ,

¥,, (1)) -_1_”A-_n'da + 1 ” R,.A AR AR 4 (2.4.115)
4x Ry 4m Ri Ry
Se G- S
and
War(m) - L [ Bath g g
ana 4w S Ri
Cc

19 H R, .A RAR AT 4, (2.4.116)
4x an, R)‘s A
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Hence , by Theorem (2.4.4) ,

.
a_‘l’ﬂ(_rﬂ=—§A.no—Lj Ro-M aAn' do’ +
an, 4r JJ g3
S, Ro
18 ” Ry.A Sl - AT g (2.4.117)
4n 3n, i R, R,
3G - S

Thus from (2.4.114) and (2.4.117) we see that

¥y, (xg—) _ 0¥y, (xp+)

(2.4.118)
an, an,

v, , (1)

an
: : . %Mo
derivative of ¥,, is continuous across § at r,

and we define to be this common limit. Thus the normal
As the regular surface element S is of class C2, the unit normal n'

is continuously differentiable on S. Hence by the mean value theorem it
follows that there is a positive number C > 0 such that

In; = nill = cllzz - =il ,
where r; ,r; € S. Thus we can assert that A.n’ is uniformly Holder
continuous on S . Noting that

(ry — r;). A= ng. A,
we see that the derivative of (r)— r,).A in a tangential direction t; is

zero . From (2.4.112) and (2.4.115) it therefore follows that

Wr2() - L[ B pwar
3

ato 4n RA
(o4
19 ” Ry.A DT AT g (2.4.119)
4x ato RA RA
3G - S,

whenever A » 0 . Thus by Theorem (2.4.4) ,Case 3 , we conclude that the

tangential derivatives of ¥,, are continuous across S , and

(2.4.120)
at, at, at,

Next we consider ¥,;(r) as defined by (2.4.107) , and show that here

we may differentiate under the integral sign . For if X » 0 then
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av Ty) t, .n' 3Ry.e, Ry.n'
23( Al o J; Jj - 03 + A g A RO.B(rO,r') do’ ,
3t0 4x RA RA

and the integrals are proved convergent by comparison with the correspon-
ding integrals on the tangent plane . Let 0 < a < C and let D5 be the
closed circular disk , of radius a , 1yinglin the tangent plane to S
at P, . From (2.4.32) , if a < min(C,2 /M} then

1 3

5 Py = RA = 7 PA
and from (2.4.86) ,

Ry, =< pq J + M2a2) < %? Po

Using these relations and (2.4.104) gives

IJ Br-% Ra-1' p B(r,,r')do’

3
S, R)

R1+a
s clsecyls || B agjag;
b, ™
a

IA

n
8C [{;] lsecq| s Iz Ja 290 577 dp,dy
0 Y0 (pg + A7)

3

<16C [szﬁ]lm {Isecvlfsr %o dpg

Po
2,3/2
0 (Po + A7) /

since 0 < @ < 1 implies that pg S py . But

K SNY. X X
) 2.3/2 dpo = (2" +27) T 2172 -
0 (pg + A%) (a° + 1% Al

and therefore s
lim Ja > Po dp, = a .
o (p

A=0 + A2)3,/2
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Hence we can assert that

lim Jj Ba-to Ra-M g B(r,,r’)do’
A0 Rs
Sa A

exists , and that

lim 1im J Rafo Ra-n g B(r,,x)do’ = 0
a0 A-o

3 R}

a

Secondly,

1+a

t l r R ’

JJ Rﬂ .B(r,,r')ds’ | < C |secy| s JJ 9 dgjdg;
RA Ry

Sa Da

and it follows as above that

lim lim IJ Y0 R .B(r,,r')do’ =0 .
a-+o A-0 RA
Sa

awza(r)
at,

Thus we have completed the proof that is continuous across S at

I, €5

It remains only to consider éf&f(r)

Let G be a regular region such
that S, € 4G and assume that a poing of G can approach S, only from the
positive side of S, . Let r) & G¢* and choose a > 0 so that B(r),a) c G .
We apply the divergence theorem to the function V'(l/RA)hon the regular

region G*¥ = ¢ - B(r),a), and denote by #i the unit outward normal to aG*

Then
o=l @y e -] AR«
A niky
G* ac*

Hence

J 2@ e -- ]| &R«

on RA an Ry
a6 dB(r),a)
- - 4x
since iL[l;] = -3 on JB(ry,a)
ani(Ry a
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Since i = -~ n’ on S. ,

R A

Sc 3G-5¢

and so

¥ou (1)) = ¥(xy) — __'1’2:0) ” Ry-f g0
8G-S

Thus as r, ¢ G - Sc, the right-hand side has continuous derivatives across

S at r,. We have therefore established the theorem

Theorem (2.4.5) Let S be a regular surface element of class c® and let
the double layer density ¥ have uniformly Holder continuous derivatives
of the first order; then the first order derivatives of the Helmholt:z

double layer potential ¥ are continuous across S at interior points of S.

2.5 Helmholtz formulae for interior regions.

let D be a regular region of R' bounded by a smooth regular surface

S = 3D. Suppose that ¢ satisfies the inhomogeneous Helmholtz equation
V24 + K¢ =f (2.5.1)

on the interior of D. It is assumed that ¢ is twice continuously differen~—
tiable on D' and that f is continuous on D. In this section we shall derive
an integral representation of ¢ in terms of f and the boundary values of ¢
and its normal derivative 8¢ . In this derivation use is made of the free-
space Green's function Gy g:fined by (2.1.8),

Let P be an interior point of D with position vector r relative to an
origin 0 ; then there is a; > 0 such that the open ball U(r,a), with
centre P and radius a, is contained in D' whenever 0 < a < a, . Let
Dy = D-U(r,a); the boundary of D, is 8D, = 5 n S5, , where S, = 3U(P,a).
Since Gp(r,r') is not singular when r € D, , we can apply Green’s second

identity to ¢ and G, on D, , obtaining
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I” :¢<r') v'? Gp(r,r') - Gp(r,x') v'° ¢(r’)] dr'
3,
- [¢<r')§EESEL£Ll - Gp(r,r') 3¢<r')] do’ . (2.5.2)
J an’ an'
S U S,

Here n' = n(r’') is the unit outward normal to the boundary § U S; at a

point r' € S U S; . Using (2.1.7) and (2.5.1) in (2.5.2) it follows that

- JJJ Gp(r,r')E(r')dr' = IJ [¢(r,)5Gk;r:r') - Ge(r,r") 3¢(r:)] 4o
n

an
D, S
+ JJ [¢(r')ffkﬁf;fil - Gy(r, ") 6¢(r')] do’ (2.5.3)
an’ an’
Sa
If we put I(a) = JJJ CGr(r,r")f(r")dr’ ,
Da

and if 0 < a < b < a; , then

2erx b 1KR ,
I(b) - I(a) = 1 J J f e f(r + R )R” sinf dRdédey

4n J 0’ a
where r’ = r + R . Hence |I(b)- I(a)] can be made arbitarily small by

choosing b sufficiently small , and this implies that

JJ} Gp(r,x’)f(r')dr’ = lim I(a) (2.5.4)
a-—+Q
D

exists. It remains to determine the limit of the surface integral over S,
when a + 0 . We introduce Cartesian reference frames with origins at 0O and
at P . Let the coordinates of P relative to 0 be (x,,X;,X;) , and let the
coordinates of an arbitary point P’ be (x%{,x;,Xj) relative to 0 and
(£{,€3.€3) relative to P. Let r’ = 0P’ , R =1’ - r = PP' , and denote the
azimuth and zenith distances of P' relative to P by ¢ and ¢ respectively.
Thus if P’ lies on the sphere S; then

€] = a cosp sing

£; = a sing sind
€3 = a cosf I
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On the sphere S; the unit normal n’ is directed towards the centre P , so

that n’ = - R/R , and

a6y (r’') _ _ (ika~~~1)e1ka , if r' €5, .
an’ 4ma’

Therefore

, 3 ik 2 T
sy Ok(EED) 40 __ (ika - )e® j j $(r')sind dods
an’ 4x 0 0

U2 Smemicernny
Y

- - (ika - D)e*® 4(r%) |

where r* is some point in Sz , which implies that

lim JJ 4(x") ffkﬁféfll do’' = ¢(x) . (2.5.5)

a—+g an
Sﬂ
We also have

' ika ix n
JI Ge(r, e )28 g5 e j j 33(X") sing dody
an’ 4 0 0 an'

Sa

from which follows

lim If G, e )28 g5 Lo, (2.5.6)

a0 an'
Sa

Letting a - 0 in (2.5.3) and using (2.5.4),(2.5.5) and (2.5.6) we find that

#(x) = - mck(r,r'ﬁ(r')dr' - H [ 6 ()T - ck<r,r'>3¢‘r')] do’
n’

an'’

D S
(2.5.86)

whenever r € Di
When r € D° ,
$(x )V 2Gp(x,v') = Gp(r, e )V %p(r') = = Gelr,r')f(r')

for all r’' € Di, and so

Jffck(r,r')f(r')dr' + Jj [¢(r')395££;311 - ck(r,r')3¢(r')] do' = 0 .
an’ an’

D 5
(2.5.7)

These results yield the following two theorems:
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Theorem (2.5.1) (Inhomogeneous Helmholtz interior formulae)
Let D be a regular region of R® with a smooth regular boundary 4D , and
suppose that ¢ € C2(Di)nC1(6D) and satisfies the inhomogeneous Helmholtz
equation
2 2
Ve + kg =f¢f

in the interior of D where f is continuous on D; then

mcm,rwfcr')dr' + H [“""-———-—ac"(r’r" - e(r, e 2D g
gn' an’
D S
[-#m ifre p

"l o ifrep

In the special case when f = 0, we have:

Theorem (2.5.2) (Helmholtz interior formulae)
Let D be a regular region of R® with a smooth regular boundary 4D , and
suppose that ¢ € C2(Di)nCI(BD) and satisfies the homogeneous Helmholtz
equation
2 2
V¢ + k'¢ =20
in the interior of D; then

[-é(x) ifre p!

VCR(T.E) o a¢(r'>} dot =
JJ [¢(r ey k(5 T30 |

0 if re D’
S

2.6 Helmholtz formulae for exterior regions.

Let D denote a closed and bounded region of R*® and § = 3D, and let ¢

be a solution of the inhomogeneous Helmholtz equation
Vi + k¢ =f
in the exterior D° of D .

Let P be any point of R® with position vector r = x;e; with respect to a
Cartesian reference frame with origin at 0. Suppose first that r € D° and
let B(r,a) be a closed ball with centre at r and radius a so large that
D ¢ B(r,a). For the remainder of this section let B, = B(r,a), S; = 38B,,
and let D, denote the closure of B;-D , i.e. Dy = (B~ D)¢ . Helmholtz's

formulae for interior regions applies to D , and since r € D, ,
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[f {¢<r')ffkif_f-l - ck<r.r')a¢""] do’ = $(x) (2.6.2)
dn an’

ap,

where n' is the unit inward normal to 4Dy = S U S; . Since S n S5 = @ , the

surface integral in (2.6.2) can be written as the sum of two surface

integrals :
$(x) = ” [45(: )fﬂc_(_r_f_..?. G(r,x’ )’3“5(r )] o
an' an’ J
S
¥ ” [¢(r’)§E.E_(.f_1£'_) - Gy(x, )3T g5 (2.6.3)
an’ an' ¥,
Sa

In the first integral m' = n{r') is the unit outward normal to S and in the
second integral n’ is the unit inward normal to S5 . Hence on 5, ,
n' =-R/R

where R=r'- r , r' € S; , and R = a . Hence

'
Br) - 1 (- 1e™ | forroes,
én 4mR?
On the sphere S; , ¢(r’') can be expressed as a function of R , since
r' = r + R, and R can be expressed in terms of spherical ccordinates

(R,8,¢) with r as origin. Hence

dé{x') 6¢(r ) n, (r') = d¢(R) 4R n = d¢(R) R.n' . - 34(R)
an' ax{ iR 3x1 dR R iR

and so

J [é(r.)ack<r ') Gk(r’r,)a¢<r'>] d
on an’

-1 ” ik..r_{. [MB). - [1k- %] ¢(R)] do

dR

-1 Jmel {..M_)_a R) - 1k¢(R)} do + L ” e ,
4 R 8R bn R2

Sa Sa
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the integrations now being with respect to R . Accordingly (2.6.2) can now be

written as

¢(r) = jj (¢(r')——ack(r:r') - Gk(r,r')ad’a(r') ] do’

an n
s
ikR ikR
+ L JJ e [éé&&l - 1k¢(R)]da + L IJ e $(R) do. (2.6.4)
41!' R aR ZHI' R2
Sa Sa

Applying Schwartz’s inequality to the second integral on the right—hand
side yields

s [ sl

S S

a a

2

- 4x Jf l1k¢(R)— é%égl do . (2.5.6)

Sa

Hence if ¢ satisfies the Wilcox radiation condition (Wilcox (53))

11a ||

S

2
iké (R)~ Q%ﬁ!l l do =0 (2.6.6)

a

then the second integral in (2.6.4) vanishes when a + = .

This condition also implies that

ikR
lim j[ e $(R) do =0 . (2.6.7)

a—+Q R2

Sa

This may be proved as follows . The radiation condition (2.6.6) can be

written as
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3¢ (R)
dR

lim JI [|k|2|¢(R)|2 - ik¢(R) 98(R) 4+ ik ¢(R) 9¢(R) 4
avo J 3R 3R
Sa

2
] do = 0.

(2.6.8)
The second and third terms of (2.6.8) can be transformed by applying
Green's first identity (2.2.9) to the functions ¢ and E on the closed

region D; . If m' is the unit inward normal to 3D, then

f” $(x )V 2g(xydr’

Dg

- = ¢(r')éfé£Ll do' - JJJ ”V'¢(r')”2d1'
n'
aD, D,

= - ]] s ot - ” #(r )3 a0t - ”J Iv' gty | ar

JJ

Sa aD D,

- H ¢<R>ig§51 do - H ¢<r'>iﬂaﬂ do' - m v ¢cer)|*dr
nl
Sa aD D,

from which we obtain

”db(k)é-géﬂl do - m[wr')v”wr') + V' 8en)?] arr ”Mr')_ﬂ_za (£) a0
nl

Sa D, 3D
= J J[_ EQ "¢(r')"2 + "V'¢(r')"2] dr' + JI¢(rl)aQér:g do'
n
Pa aD
i 't 22— - ———
since v ¢(r:) + k ¢(r,) -0

if r' € Dy . Taking the conjugate of the above integral expression we

obtain

H‘W‘) 88R) a0 - Hﬂ- lenl? + 9] ]ar + ”MT) 2(s) 4o
n
Sa Da aD

Using these integral expressions in (2.6.8) we find that



Lin H [|k|2|¢(a)|2 +

Sa

+ 2 Im(k) H [v' (e )]|? ar’

Da

Following Wilcox we note that the right-hand side of (2.6.9)
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2 3

dg(R)
dR

do + 2 Im(k) |k|* HI lé(r')|? dr

(2.6.9)

is a fixed

number independent of the radius a of S; and hence each of the non-

negative. terms on the

a>0

and

If Im(k) > 0 then also

lim
o
and

lim

a—+ao

left is bounded provided Im(k) = O.

lim ” [$(R)|? do < =
a0

Sa
2
nm“ B®| 4 <w .
a0 dR
SB.
[ 2
JJ |¢(r')| dr! <=

Da

J v ée)||? dr' < = .
Da

We can now prove (2.6.7) . By Schwartz’s inequality

ikR ?
[ el
R'Z

a

2
eikR Q{Rz
R

2
o ||
R2

Sa Sa

- 16x° J” r |$(ar)| sin g df dp
0 0

Hence for all

(2.6.10)

(2.6.11)

(2.6.12)

(2.6.13)

where ; = (cose sind ,sin¢ sind ,cos# ). Now if M is an upper bound for
(2.6.10) then we find that

P

r [$(ar)| sind df dp <:—, ,
¢]

and hence (2.6.7) follows.
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Thus when r € D we have proved that

$(x) = JJ [¢(r')ffkéfifll - G (r, e ED | 4o (2.6.14)

n' on'’

ab

provided that ¢ satisfies the radiation condition (2.6.6).
If re Di, then
V'ZGk(r,r') + k? G(r,xr’') = 0

for all r' € D°. Hence

JJJ [¢“'> v %Gr(r,r)~ Gilr,r’) V'2¢<r'>] dr' =0
Da
and so

fJ [¢(r.)ack<r,r'> B} Gk(r,r,)a¢<r'>] ot = 0
an’ an’
aD,

But 4D, = S U S, , and the surface integral over S, converges to zero when
a a g a g

a-+0; as S = 3D , it follows that

j[ {¢(r )ffkﬁf_ful Gk(r,r’)a¢;r:) } da’ =0 . (2.6.15)

n

aD

Theorem (2.6.1) (Helmholtz exterior formulae ),
Let D be a region of R’ such that the boundary 3D of D is a smooth regular
surface , and let ¢ € c”(n’)nc‘(ao) and satisfy the Helmholtz equation

Vi + K =0

in the exterior D® of D . Then

’” {tﬁ(r )___..._.._.ack(r r) - Gk(r,r')a¢(r')} do' -
an'

én’

[ 0 ifre p

1 #(r) if r € D°
aD

provided that Im(k) = 0 and that ¢ satisfies the radiation condition

2
lim IJ lik¢(R)- ééi&l’ do =0
a—rw R

Sa

when r € D° and S, - 3B(r,a) DD .
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Finally we note that the radiation condition (2.6.6) can be replaced by

2

lim I[ ’iké(r)- égisl do = 0. (2.6.16)
a—oo r
S(0,a)

To prove this we note tha; (2.6.6) implies (2.6.16) since we may take the
point P € D° as the origin 0. Conversely, (2.6.16) implies (2.6.6) since
all the formulae used above are independent of the choice of origin.

If the integral (2.6.16) 1is expanded and transformed by means of

Green's first identity we obtain the expression

lim JJ [|k|2{¢(r)|2 + Qgisl : ] do + 2 Im(k) |k|° JJ lé(x)|? dr
a-+oo . r ;
S, Da
+ 21m(k)ij [vé(e)|? dr | = - 2 Im [k JJ ¢(r)é§££l do| . (2.6.17)
n 7
D, aD

2.7 Uniqueness of solutions of the exterior boundary value problem for the
Helmholtz equatiom .

In this section we shall prove that the Helmholtz equation

v + k'¢ =0 (2.1.7)
~in the exterior region D°and with the Dirichlet or Neumann boundary
conditions has a unique solution, provided that the solution satisfies a
radiation condition at infinity. This problem has been dealt with by
Sommerfeld , Atkinson (5) , Rellich (41) and Wilcox (53). The need for a
uniqueness theorem for the exterior problem arises when the Helmholtz
exterior formula (2.6.14) is used to derive integral equations for the
field on the surface of the scatterer. If, for example, the Dirichlet
boundary condition 1is incorporated into the integral equations, one
obtains integral equations for the normal derivative %g of the surface
field. However, these integral equations do not have unique solutions, and
would then lead to non-unique exterior fields when use 1is made of the
Helmholtz exterior formula. From physical considerations it is known that

the scattered field is uﬁique for a given incident field. The mathematical
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problem is solved by showing that the surface field on the scatterer
satisfies two different integral equations which always have one and only
one solution in common. The uniqueness theorem ensures that this is the
physically correct solution. Other methods exist for obtaining the unique
solution from one integral equation.

The uniqueness theorem is proved in the usual way by showing that the
difference between any two solutions of the exterior boundary value
problem 1is identically zero. Towards this end we require an expansion
theorem due to Atkinson (5).

For any vector r » 0 we denote by r the unit vector corresponding to r;

A

i.e r = _T , ifr=0 .

Tel

Theorem (2.7.1) If ¢ satisfies the Helmholtz equation on D° and the

radiation condition (2.6.6), then ¢ can be expanded in a series

A

0

ik
b(r) = & 2 (1) (2.7.2)
L4er a=0 r“

the series being uniformly and absolutely convergent when r > ¢ , where
c=(/2+1) sup{r:resil,

and r = | r|. The positive number c depends only on the choice of origin.

Proof. By the Helmholtz exterior formula (2.6.14) we have

¢(x) = JJ [¢(r')995££ifll - Gk(r,r')ififil do’
an’ an’

S

where S = D and Gy and gg¥ are given respectively by (2.1.8) and (2.2.3)
n

Then
ikr ik(R- 1)
G(r,r') = & e

4R
where R =/r? +r'?2 - 2rr’' cosy ,
v being the angle between r and r', and r = || , ' = |r'| . If we let

then R=r 1l +x
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oo ikr ikr(/ 1 +x - 1)
and Gk(r,xr') " & =
bmr J1+x

If |%x] < 1 then

= 1
JI+vx-1 = x [ z ] x“
n 1l n

the series being uniformly and absolutely convergent .
If n =2 1 then

where 'S .
[ L ] [n-—m
n

where N = [%] .

L . <
The above rearrangement in powers of % is permissible since the series is

absolutely convergent when [x| < 1 , that is when

2
r’ - r’
[f ] 2 [f ] cosy

It follows that the series is absolutely convergent when

<1.

0 < %'( cosy + (1 + cosz-r]l/2
The minimum value of the right hand side is /2 - 1 . The
therefore uniformly and absolutely covergent when r > (J2 + Dr’

now obtained

a9
ikr . N
G(r,r') = & (1 + x) /2 exp[ikr )

G4rr n=-

1/2

Again, (1 + x) , and therefore the product

series 1is

. We have
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1+ 7 exp [ikr nZ_I A, %')n]

can be expanded in powers of %', the series being uniformly and absolutely

convergent when r > (/2 + 1)r’ . Thus
er & n
1KY '
Gp(r,xr') = & 2_ Bn[ z ] , ifr' > ((2+1),
4rr n =0 r

where the coefficients B, depend only r’ and y . Consequently

o]
, ikr T A -
” Gr(r,r') 98(r') 4o’ = & > c (™ (2.7.3)
an’ 47xr  n=1
S
and this series is uniformly and absolutely convergent when r > c¢ . The

coefficients C, can only have the form

([ ecerr o

S

and can therefore depend only on the direction of r , i.e. on the unit
A
vector r .
In the same way

e
4xR

d6k -[ik-l

] ikR
dR R

can be expanded in an uniformly and absolutely convergent series of powers of

%' when r > (/2 + 1)r' . Consider now

Gy - dGy, 4R

an’ dR 4n’
where R =/ r%2 +r'2 - 2rr’ cosy ,
and
’
dR_ . R - 1 [ X{ - 2T cosy + 2rr’ siny 91 ] ny
on’ ax{ R r ax
-1 [ r'.n' - 2 (r'.n') cosy + 2rr’ siny Ql_]
R T’ an{
’
Since cosy = E-X' % %Xy
rr’ rr’

differentiation in the direction n’ yields
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rl
-ij_[ai.‘l _X_;X{]n,
r' r's !
X, nJ X, X! x/n/
- 3 Ty g X5 Xify
rr' rr's
and so
r [}
2rr’ siny 31 = 2rr’ [XJX5 3no X “5]
dn’ rr'd rr'
- 2; {(r'.n') cosy - 2 r.n'
r
Hence
R 1 (r'.n'- 2 r.n'],
dn' R
i.e. R -1+ x)-l/2 [[ E&]( r'.n')- 2 r.n’]
an’ r

This expression can also be expanded in powers of %’ and the resulting

series is uniformly and absolutely convergent when r > (/2 + 1l)r’

Consequently Egkﬁf%fil is an analytical function of %' when r >(/2 + 1)r’,
Accordingly we c22 write
@
Jf srry BCk(mx) 4 QKT Y peEy " (2.7.4)
an’ 4xr n=0

S

the series being uniformly and absolutely convergent when r > ¢
Thus, finally, (2.7.2) follows from (2.7.3) and (2.7.4)

In the special case where S is a sphere, the coefficients a, in (2.7.2)

may be determined from the recurrence relation

2ika, = n(n—-1l)a, + Da; , ifn=z=21, (2.7.5)
where
3 8*
Da, = 1 8 [sina 98n ] + 1 %58 (2.7.6)
sind 34 as sin?4 d¢?

in terms of spherical coordinates,
This recurrence relation follows when the expansion (2.4.2) is substi-
tuted into the Helmholtz equation (2.4.1) . If the Laplace operator is

expressed in terms of spherical coordinates , one obtains
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2 2
;% KB [r? Qé] + ~?_l___ 8 {sinﬂ Qﬂ] + 1 3¢ + k¢ =0
r’ sind 36 EY, r’ sin’d 3¢

Using ¢ as defined by (2.7.2) , we may write

. ikr
$(r)y = £ ¥(r)
r
where o
B(r) = Lo a (r) r"
Then
1 a 25 2 o oo lkr ' "
L EE[ r E%] + K'r ¢ = re T 2ik ¥’ (r) + ¥"(r))
where ¥ (r) = - E: EF;% ’
n=1 ¥
and

[e]
L n{n+l)a,
¢"(r) - Ll ......_.;:_nT
n-
It follows that

L)
T n(n+l) T~ n
N [ r’ Qﬁ] + k2r2¢ - 1.‘e:I'kr [ *——;xfil - 2ik 2_ ni?] .
ar ar n=2 r n=1 ¥

Helmholtz's equation now assumes the form

o
ikr [\ n(tla, VD&
e [ 1_5“—_'21“L1§m *
n= n=—

r =0 sing a6 ] sin?4 3¢2

=

= 2
e tkr 1 [ 1 8 [ sind aan] L1 iy ] o
" a ’

@ @
2 [ T n(ntl)a, . na, v Da,_,
or r [ —Fr— — 2ik 2‘1 7| + 2_ — = 0 .
n=1 r n r n=0 r

It follows that
2ika;, = Da, ,
and for n> 1 ,

2ika, = n(n—- 1) a,., + Da,_,
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The uniqueness theorem can now be proved. Suppose ¢ and y are solutions
of the exterior Dirichlet (or Neumann ) problem for the Helmholtz equation:

Vig+ kg = 0 on D°
¢ = f ( or %é -f) onap | (2.7.8)
n

and ¢ satisfies the radiation condition .

Then # = ¢ = ¥ is a solution of the corresponding homogeneous problem

25+ k8 0 on D° 1
0 ( or -

0) onab | (2.7.9)

@ |

g
n

[+1)

and 4 satisfies the radiation condition .

That # does satisfy the radiation condition is not quite obvious ,
since the radiation condition is not linear . To prove this we may use
(2.7.2) as suggested by Wilecox (52), or use Schwartz's inequality for
integrals . Thus if S; = 3dB(0,a) , then

JI likﬂ(r)- ag(x)
an

2 2
do - If lA(r)— B(r) do

Sa SB
where
A(r) = iké(r)- 94(r)
an
and B(r) = iky(r)- Qgisl X
Hence 2 "
j like(r)- é%&!l do = J[ (1a1® + |B}®- AB - AB) do. (2.7.10)
n
Sa Sa

Applying Schwartz's inequlity to the last two terms in the above integral,

we obtain
- 2 ( Yy or 3
JfaBao |© < | [[1a1® a0 | | [] 1B)?
Sa { Sa ) Us, J
and .
— ( \ 7 3
[[aB das | < | [[ 141" a0 | | [[ (B
Sa \ Sa P

As ¢ and Y satisfy the radiation condition ,

lim [[ |A]° do = 0  and lim [[ |B|® ds = 0 ,
a-xc g 430 g
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and from the above two inequalities we have that

lim ff AB do =0 and lim ff AB do = 0 ;
avo g ar@ g,
consequently

2
lim JI Iika(r)— a6(r) do =0 .

g0 in
Sa

It only remains to prove that 4§ is identically zero. If § = 0 on 4D
or if 8¢ = 0 on 3D, then according to (2.6.17) we have

in
lim JJ [1k|""|o(r)|2 + Q%Lzz ? ] do + 2 Im(k) |k|° JJ 16(x)|? dr
a-*wo r
S, D,
+ 2 Im(k) JJJ lve(x)|® dar | = 0 (2.7.11)
Da

If Im(k) > 0, then (2.7.11) implies that

lim ff l6(x)|” dr = 0
a- Da

and it follows that § = 0 on D, .
If Im(k) = 0 and k # 0 then (2.7.11) implies that

lim [[ j6(x))® @0 =0 . (2.7.12)
a-rw S
a

But by the Atkinson expansion theorem , we can write

ikr = z
e o a(r)
f(xr) = e g:o - , r>c¢c,
and
16(x)|” = 6(x)8(r)
1 = o e
- HL_O [pﬂl_n a, (r) a,(r) ] r

Substituting inteo (2.7.12) yields
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. 2 - Zx x o N B wad
lim nz_u a J'U J'U [ Y &, (r) ag(r) | sind déd$ = 0

As a " + Owhen a »®and n= 1, it follows that

2T n n 2
j j lag(x)|® sing dedg = 0 ,
1] o

which implies that ao(;) -~ 0 for all directions ; .
It follows from the recurrence relation (2.7.5) that

a(r) =0, n=0,1,2,3,... , and for all r
Hence we have shown that #(r) = O provided r € D° and r > c¢. The proof

is completed by noting that according to Theorem (2.6.1)

6(x) = ” [o(r')w'_?. - ck(r,r')w] do’' , red,
an’ an’
s

which implies that # is an analytical function on D°. Thus the analycity
of # together with the fact that 4(x) = 0 whenever r > c¢ implies that
§ =0 on D° .

Theorem (2.7.2) (Uniqueness theorem )
If D is a bounded regular region of R® then the exterior Dirichlet or
Neumann boundary value problem for the Helmholtz equation
v’¢ +k’¢ =0 onD°
has a unique solution provided that the radiation condition is satisfied

and Im(k) = O.



CHAPTER III

INTEGRAL EQUATION FORMULATION OF BOUNDARY VALUE PROBLEMS
FOR THE SCALAR HEIMHOLTZ EQUATION

3.1 Operators on the Hilbert Space L? (D).

In this section we briefly recall those parts of the theory of
operators on the Hilbert space L2 (3D) which are required for a complete
solution of the boundary value problems of the scalar Helmholtz equation.
We again let D denote a bounded regular region of R’ . Then 3D is compact
and so Cn(BD) C LZ(BD) for n=0,1,2,...

If ¢ and ¥ are members of 12 (3D) , then their inner product is denoted by
(¢,¢¥) and is defined by

(,8) = [[ #(0) ¥(D) do (3.1.1)
aDb
where ¥(r) is the complex conjugate of (r)
Corresponding to a complex valued function K defined on the Cartesian

product 3D x 3D there is an integral operator A on LZ(BD) given by
(ad)(x) = [[ K(x,x') ¢(x') do’ . (3.1.2)
aD

We say that A 1s the integral operator generated by the kernal K . Ve
assume, temporarily, that the operator A 1is properly defined, that is
¢ € Lz(aD) implies A¢d € LZ(BD), and make the following definitions:
The transpose kernel KT of K is defined by
K'(r,x') = K(x',T) (3.1.3)
and the transpose operator Al generated by K 1is given by

(AT¢)(r) = [[ k(x’ ,p)¢(x")do’ (3.1.4)
aD

We say that the kernel K is symmetrical iff
K' =K
and then the operator A is also symmetrical:

N
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The adjoint operator A* of A is defined by the inner product relation

(A, ¥) = (¢,a%¥). (3.1.5)
From (3.1.1) it follows that

(a8,%) = [] ag)(x") $(x7) o’
aD

= ” [ff R(r,r') ¢(x) da] ¥(r') do’
3D \ 4D

- [J ¢ [ff K(r',1) $(r') da'] do |
aD aD

and hence

(a*$)(r) = [[ K(xr",x) 9(x') do’
ab

Thus the adjoint operator A* is generated by the ad joint kernel K* defined by

K*(r,r') = K(r',r) =K (r,r') ;
oY

K* = KT

~

(3.1.6)

Hence

>hl

A* - (3.1.7)

We say that the operator A 1is self-adjoint iff

A* = A,
or, equlvalently , iff
K*¥ = K .

We now return to (3.1.2) and state conditions ensuring the existence
of the integral operator A .

If K € L>(3D x D) , i.e. if

T IK(r,r’)l2 do dg' < = (3.1.8)

aD 4D
we say that K is a Fredholm kermel , and the operator A generated by K is
called a Fredholm operator. It is shown by Mikhlin(37) that a Fredholm
operator is defined on all of L*(8D), i.e. if ¢ € L?(3D) then A¢ € L*(8D),
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or A( L2(6D)) C Lz(aD) . Moreover, a Fredholm operator A on Lz(aD) is
completely continuous; 1.e. A maps bounded subsets of Lz(aD) into compact
subsets of Lz(aD)

The kernels of the Helmholtz potentials are, however, not Fredholm
kernels in general. We say that a kernel K: 8D X 38D » C 1is weakly singular
iff
(3.1.9)

where 0 < a < 2 and the function f:D x 4D - C is continuous. The weakly
singular operator generated by a weakly singular kernel is defined on all
of Lz(aD) and 1s completely continuous on Lz(aD). If 0O < a < 1 then a
weakly singular kernel (operator) is also a Fredholm kernel (operator).
These results are proved by Mikhlin(37). He also shows that a Fredholm or
a weakly singular operator on Cz(aD) has 1ts range in Cz(aD), and the
operator A:Cz(aD) - Cz(aD) is completely continuous. In the literature
Fredholm kernels (operators) are also called Hilbert-Schmidt kernels
(operators). See e.g. Akhierzer and Glazman (5).

The resolvent set p(A) of an operator A on Lz(aD) is the set of all
A € C such that the range of the operator (A - AI) is dense in Lz(aD) and
(A - AI) has a continuous ( i.e. bounded ) inverse. Here I is the identity
operator on Lz(aD). The spectrum of A 1is the set o(A) = C - p(A). The
eigenvalues of A 1s the set of all complex numbers X for which the
equation

(A-2AL)¢ =0 (3.1.10)

has non-trivial solutions ¢, which are called eigenfunctions of A. The
eigenspace of A correponding to the eigenvalue XA 1is the class of all non-
trivial solutions of (3.1.10), and. is denoted by Ey(A). The eigenspace
Ey(A) of A is the same as the null space N(A — AI) of the operator A — AI,
i.e.

Ex(A) = N(A-AI) = (¢ € L2(3D) : A¢ = Ag} (3.1.11)

For a completely continuous operator A on Lz(aD) we can state the
following theorems. (See e.g. Taylor and Lay (47) , Akhierzer and Glazman
(5)).

(1) X » 0 is an eigenvalue of the completely continuous operator A if

and only if its complex conjugate X is an eigenvalue of the

adjoint operator A¥.
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(2) For any A » 0 the null space N(A - AI) is finite dimensional.
(3) If A is an eigenvalue of the completely continuous operator A then
dim(N(A* - AI)) = dim(N(A - AI)) < @ ,

(4) The spectrum of a completely continuous operator contains at most a
countable number of points, and these have no accumulation points,
except possibly the point A = 0. Each non-zero peint of the
spectrum is an eigenvalue.

(5) If A is completely continuous then the equation

(A= 2I)¢ =9
has a solution if and only if ¥ is orthogonal to the null space
N(A* - AI).

In the theory of integral equations one encounters equations of the

form

(I - )¢ =9 (3.1.12)
where ¢ € Lz(aD). The corresponding homogeneous equation is

(I - 2A)¢ =20 (3.1.13)
A complex number )\ for which this equation has a non-trivial solution ¢ is
called a characteristic value of A, and ¢ 1s then the characteristic
function corresponding to A. The dimension of the null space N(I - )A) is
also called the rank or multiplicity of A, If A is an integral operator on
IF(BD) then (3.1.12) is called a Fredholm integral equation of the second
kind., If the operator A is completely continuous, then the above theorems
on completely continuous operators are wusually stated in the following
form: (See e.g. Mikhlin (37), Smirnov (45), Smithies (46))

(1) Every characteristic value of (3.3.13) has finite rank.

(2) Equation (3.1.13) has either a finite or countable set of
characteristic values; if the set of characteristic values is
infinite, they have a unique accumulation point.

(3) If X is a characteristic value of (3.1,13), then its complex
conjugate X is a characteristic value of the homogeneous adjoint
equation ; i.e,

(I - 2%y =0, x » 0, (3.1.14)
and they have the same rank.

(4) The inhomogeneous equation (3.1.12) has a solution if and only if
¥ is orthogonal to the characteristic functions of the homogeneous

adjoint equation (3.1.14).
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From (3) and (4) above there follows the theorem known as Fredholm's
Alternative:

If A » 0, either the homogeneous equation (3.1.13) has only the trivial
solution, in which case the inhomogeneous equation (3.1.12) has a unique
solution for all ¢ € Lz(aD), or the homogeneous equation (3.1.13) has v
linearly independent solutions, in which case the inhomogeneous equation
has v solutions if and only 1f ¥ 1s orthogonal to the null space
N(I - 2A%),

In the sequel we will also have occasion to use Fredholm equations of

the first kind. These are equations of the form
A = (3.1.15)

where A is an integral operator. All that need be said about (3.1.15) is
that a solution exists if and only if % 1s an element of the range of A,
that 1is, ¢y € A(Lz(aD)). Since the closure of the range of A is equal to
the orthogonal complement of the null space of A¥, it follows that a
necessary condition for (3.1.15) to have a solution is that ¢ 1is

orthogonal to the null space of A¥,

3.2 The Helwholtz potential operators.

With reference to section (2.4) we see that the theorems proved there
hold if we assume that the single and double layer densities on a regular
surface element S are of class C° on S5, the surface element S5 also being
of class C>. Henceforth we consider only single and double layer
densities of class C’ on the boundary 4D of a regular region D C R® , and
in addition we assume that 3D is of class C°. The results of section (2.4)
then show that the Helmholtz potentials are sectionally continuous across
dD. Accordingly we introduce the subspace SC(Rs,aD) of L(Rs), consisting
of bounded functions continuous on D' and D° but possibly discontinuous
across 38D. We then define linear operators Ly : cz(an) > SC(Ra,aD) and
My : G*(dD) » SC(R®,4D) by

(L) (r) = [ Ge(x,x') ¢(xr') do’ (3.2.1)
ab
and
(M) (r) = [[ 955§£+5l3 $(x') do’ (3.2.2)

aD
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for all r € R° , where Gy is the free space Green's functlon defined by
(2.1.8). Strictly speaking Ly and My are not Iintegral operators in the

sence of section (3.1). We will nevertheless call Gy the kernel of L) and

Gy
K = X
k Jn'

potential operator and My the Helmholtz double layer potential operator.
If the field point r in (3.2.1) and (3.2.2) is restricted to 4dD, we

the kernel of My. We call Ly the Helmholtz single layer

obtain boundary integral operators in the sence of section (3.1), and we
denote these integral operators by 3Ly and My . Thus if ¢ € Cz(aD), Then

(dLpg) (r) = (Lyg)(xr) , if r € 3D ,
and
(M) (x) = (Mpg)(x) , if r € 4D .

It is immediately apparent that the kernel Gy of the boundary operator 4Ly
is weakly singular for any regular region D. Thus 4Ly is a weakly singular
operator in the sence of section (3.1). It is also true that My is a weakly
singular integral operator provided that 3D 1s a regular surface of class

2
C". To prove this statement, we note that

aGk(r:r') - (ikR - 1) eikR :R_'_ELI_’_)_ . if r' »r ]
an’ 4xR’

and
I_,____._.ack(r’r') 15_1- [1_‘ + |R.n'} ] .
dn’ 4 LR R®
Let r be an interior point of a regular suface element S(r) of class ¢® and
contalned in 3D, and assume that S(r) has a standard representation
§; = £(£1.£2)

with respect to tangent—normal axes with origin at r. Using the relation
(2.3.45) we obtain

R.n'] -~ o@®™), if ¢’ € S(x) ;

R

hence l ESE&ELELZ t - O(R-l)
dn’
whenever r' € S(r).
The kernel Gy of dLy is symmetrical, 1i.e. Gi = Gk and hence 4Ly 1is
symmetrical:
(L))" = ALy .
The adjoint kernel of Gy is given by
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2

G (r,r') = Gp(r’',r) = 84 — - Gk(xr,r') ,
.

that is

and hence
ok ——
(dLg) = dlg
The transpose of the kernel Ky of dMi is given by

aG(r,r’)

Ki(r,r') = Kp(r',r) =
on’

- - (iR - 1) ¥ Ren()
R

which is again weakly singular, 4D being of class ¢*. For the transpose of
My we therefore have

(o ) = ] .‘39%5__9. $(r') do

n
aD
- 2 [f op(r,r") ¢(x') do’
dn aD

- 9 ang)(x) ;
an
thus (M)T = B aLy)
an

So far we have defined the transpose and adjoint opefators only for
boundary integral operators. However, Gy 1is always symmetrical; in
particular

Gr(r',r) = Gg(r,r’)
whenever r € R° and r' € 4D. Thus we define the transpose of Ly by

(Lg $)(x) = [[ Gp(x',x) ¢(x)da’ , reR
ab

and the adjoint of Ly by

(L) (x) = [[ Gplx',x) ¢(x') do’.
aD

Therefore Li - Ly

and

T - Ly .
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It is clear that a(LE) = (3Ly)"
and
-* *
(L) = (L) .

Similarly the transpose of My is defined by

4Gy (r',r)
ME - k ') do’
(Mg ¢) () jj 3 ¢(x')

n
aD
and its adjoint by
Gg(r', '
M $) (r) = ” 3Ck(x"\T) 4ir'y do
an
aD
We then find that
Mp = (L) (3.2.3)
in
and M = 3 (L)
an
Moreover it is clear that
3(Mp) = (aMy)®

and

AMET ) = (M) * .

We also define an operator Ny : C2(4D) » SG(R®,3D) by

G (r,r'")
Nig) (r) = & BT 4(x') do 3.2.4
() o = & [ BEED g (3.2.4)
aD
or N = (M) (3.2.5)
an

The corresponding boundary operator 4N cannot be represented by a weakly

singular kernel. For the transpose and adjoint of Ny we find that

and

Because of the similar properties of the operator L and the

corresponding boundary operator dLy , we will not distinguish between them
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in the sequel. The same convention holds for the other operators, viz.
Mg and Ny .

We now restate the continuity and discontinuity relations of section
(2.4) in terms of the operators Ly , My and Ny . We assume that 3D is of

class c? and that ¢ € CZ(BD).

(1) Lgé is continuous across 4D, i.e. if r € 4D then
(Lgd) (x-) = (Lg#) (r) = (Lyg) (r+). (3.2.6)

(2) The normal derivative Mi¢ of Ly¢ is discontinuous across 4D;
i.e if r € 4D then
(Mkd) (T-) = 7 $(T) = (M) (X) = (Mig) (r+) + 7 ¢(x). (3.2.7)

(3) Mi¢ is discontinuous across 8D; i.e. if r € 4D then
1

M) (x-) + 7 ¢(x) = (Mgd)(x) = (Myg) (x+) - % ¢(x). (3.2.8)
(4) The normal derivative Ny¢ of Myé is continuous across 4D;

i.e. if r € 3D then
(Ngé) (x-) = (Nygé) (x) = (Ngo) (r+). (3.2.9)

We now express the Helmholtz formulae of sections (2.5) and (2.6) in
terms of the linear boundary operators Ly and My . If these formulae are
differentiated in a normal direction, the results can be expressed in

terms of the operators My and Ny .
o (a) Helmholtz interior formulae:
If V2¢ + k2¢ ~ 0 on D' then

i
) 3 _ [ - ¢ ifrebp
(o - [ 88) o - )7 oL e (3.2.10)

o (b) Differentiated Helmholtz interior formulae:
If Vz¢ + kz¢ = 0 on D' then

_ () if p
(Ngg) (x) - [Mi %é](r) - { 3n € (3.2.11)
n 0 if r e D°
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_ 6%&51 if r € D*
n
(Nié) (x) - [Mi Qﬂ](r) = 1-1384(x)  if r e D (3.2.15)
dn 1 2 Oan £ .
ifrebD

e (b) Extended Helmholtz exterior formulae:
If VZ¢-+ k2¢ = 0 on D and if ¢ satisfies the radiation condition

(2.6.6) then
0 if r € D*
1
Med) (0) - (L 88)(r) -} 7 #(x) ifreap (3.2.16)
dn 1 é(1) if r € D°
and
0 if r e D'
1
(Nio) (£) - [Mi éﬂ](r) -y 7 —%ﬁil if r € 4D (3.2.17)
dn 1 dé(r) if r € D°
an

These extended Helmholtz formulae will be used in the following
sections to derive integral equations for boundary wvalue problems

involving the Helmholtz equation.

3.3 Boundary integral equations for the Helmholtz equation.

Here we briefly review various boundary integral equations which are
of use in solving interior and exterior Dirichlet or Neumann boundary
value problems for the Helmholtz equation. A complete classification of
all such boundary integral equations together with the solution of the
boundary value problem is given by Kleinman and Roach (26). The boundary
integral equations are obtained wusing either the Helmholtz boundary
formulae, or by assuming that the required solution can be represented by
a single or double layer potential, and then applying the relations
(3.2.6)—(3.2.9) to obtain the boundary integral equation.

¢ The interior Dirichlet problem.

$ € ¢*(p*)n ¢ (D)
V4 +k¢ =0 onD (3.3.1)
¢ =f on 4D f
(a) Helmholtz formulation.
From the Helmholtz boundary formulae we obtain

Ly %ﬂ - (3 ¢ + M)f on 3D , (3.3.2)
n
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or (%—I-‘Mﬂ ) %ﬁ =~ Nyf on 4D .

Hence if ¥ is a solution of (3.3.2) or (3.3.3) then
¢ = Ly — Mf

is a solution of (3.3.1).

(b) Single layer formulation.
We assume that there 1s a function ¢ on 4D such that

¢ = Lyl on Di.

If r € 3D we have from (3.2.6) that
£(r) = ¢(x-) = (L) (xr-) = (Lf)(x) ;

hence the boundary integral equation is
Lyt = f on 8D.

(c) Double layer formulation:
Assume that there is a function u on 4D such that

¢ = My on p'

If r € 3D then
£(r) = ¢(r-) = M) (x-) = (Mpw)(x) - 5 u(r).

Hence the boundary integral equation is
(31- M )p = £ on aD.

e Interior Neumann problem.

¢ € c2(d*)n ¢’ (D)

vV + K24 =0 onD*I
¢ - g on 3D
in

(a) Helmholtz formulation.

From the Helmholtz boundary formulae we obtain
(31 + M)¢ = Lyg , on 3D ,
Ny ¢ = Mﬂ g, on aD

Hence if y is any solution of (3.3.10) or (3.3.11) then
¢ = Lxg — Myy.
(b) Single layer formulation.
Assume that there is a functién ¢ on 4D such that

¢ = Ly¢ on 4D.

Then the boundary integral equation is
(GI+ M. )¢ =g ondD .

(3.3.3)

(3.3.4)

(3.3.5)

(3.3.6)

(3.3.7)

(3.3.8)

(3.3.9)

(3.3.10)
(3.3.11)

(3.3.12)

(3.3.13)

(3.3.14)
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(c¢) Double layer formulation.
Assume that there is a function u on 4D such that
¢ =Mepu onD. (3.3.15)
Then Nyp = g on 4D. (3.3.16)

e Exterior Dirichlet problem.

¢ € ¢®(p*)nc’ (p°uaD) 1
V2 4 +k¢ =0 onD° (3.3.17)
¢ = £ on 4D I
and ¢ satisfies the radiation condition (2.6.6).
(a) Helmholtz formulation.

From the exterior Helmholtz boundary formulae we have

Ly %é - Mg - I)f on 4D (3.3.18)
n
and
(GI+ M) %é - Nyf  on aD. (3.3.19)
n

If ¥ is any solution of (3.3.18) or (3.3.19) then (3.3.17) must have a
solution of the form

¢ = Mpf - Ly . (3.3.20)
However, by the uniqueness theorem (Theorem (2.7.2)), (3.3.17) has a unique
solution. We note that (3.3.19) 1is a Fredholm integral equation of the
second kind, and if - % is an eigenvalue of Mi , then the homogeneous
equation corresponding to (3.3.19) has a finite number of linearly
independent solutions. In this case (3.3.20) is not unique, and a method
for determining the correct solution must be found. This problem is dealt
with in section (3.6).
(b) Single layer formulation.

Assume that there is a function ¢ on 3D such that
¢ = Ly¢ onD° , (3.3.21)

then Lg¢ = £ on 4D . (3.3.22)

(c) Double layer formulation.
Assume that there is a function g on 4D such that
¢ = Myp onD° (3.3.23)
then
(31+ Mg )p = £ on aD. (3.3.24)
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® Exterior Neumann problem.

$ € c*( )nc® (D°uaD) 1

v 4 +k¢=0 onD° I (3.3.25)
9 - g on 3D
on

and ¢ satisfies the radiation condition (2.6.6).

(a) Helmholtz formulation.
From the exterior Helmholtz boundary formulae we obtain
(5I1- M) é=1ygg on 8D (3.3.26)
and
"Nxé = (31 + My )g on 3D. (3.3.27)
In section (3.7) we prove that the two equations above always have a unique
solution . Then the unique exterior field ¢ is given by
¢ = My~ Lipg. (3.3.28)

(b) Single layer formulation.
Assume that there 1s a function ¢ on 4D such that
¢ = L ¢ on D° . (3.3.29)
We then find that
(~3I+ M )¢ =g on D . (3.3.30)
(c) Double layer formulation. ‘
Asume that there is a function u on 8D such that
¢ = Myu onD°. (3.3.31)
'In this case

Nppw =g on 4D . (3.3.32)

We conclude this sectlion by proving the following theorem which has

frequent application in the following sections of this chapter.

Theorem (3.3.1). If ¢,u € C*(3D) and if
@ - Li¢
or D - Mkﬁ
on D' and/or D* , then & is a solution of the Helmholtz equation in D'
and/or DE, and in the latter case ® also satisfies the Wilcox radiation

condition.



3-15

Proof. If r ¢ 3D then the order of integration over 4D and differentia-
tion w.r.t. r can be interchanged and so v?® + kK0 = 0 follows trivially.
Suppose now & = Ly ¢ on D° , and let Sa = 0B(0,a) be a sphere containing D

in its interior; then

Jj 1k®(r)- é%ézl : do
S&
r 2
- Jl ik Jj Ck(r,r') ¢(r') do’ - é% J] Cr(r,r’) ¢(x') do'| do
Sa 3D 3D
- JJ JJ { 1kG(r,r') - ffkgg:ill] c(r') do'| a0
S, 4D
2
< JJ Jf ikGp(r,r') - ﬁfkgzLELl do’ JJ l¢(x')]? do'| do
S, L ap 3D

where we have used Schwartz’'s inequality. But ¢ € CZ(BD) implies that
there is M > 0 such that

I 1) a0 <M.
aD

Hence
2 |2
Jf ike(r)- 02D | 45 < n I J 1kG(r,r') - SR T gy gor
ar ar
S, aD S,

Since Gy satisfies the radiation condition, it follows that ¢ also
satisfies the radiation condition. The proof for & = M uis similar.

(3.4) The interior Dirichlet problem for the Laplace operator.

Here we review the theory of the Laplace operator on CZ(Di)nCD(D) with
the Dirichlet boundary condition. It is proved that this problem has a
unique solution if D is a regular region of Rs, and that this operator
has a discrete spectrum K, . The purpose of this section is to show that
certain homogeneous boundary integral equations which also occur in the

exterior Dirichlet problem for the Helmholtz equation have non-trivial
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solutions.
. 0
Let F € C (D) and f € c? (8D) . The operator A on Cz(Di)r\C0 (D) 1is
defined by

A=-v (3.4.1)
and we consider the inhomogeneous Dirichlet interior problem
i
A¢g=F on D 1
6= f on 4D I , (3.4.2)
and the homogeneous Dirichlet eigenvalue problem
1
A - )
6 =2 onp | : (3.4.3)

¢ =0 on 3D

If we let
D, = (¢ : ¢ € c*(0')NC’ (D), ¢ = £ on aD}
and

9, = {6 : ¢ € C2(D')NC’ (D), ¢ = 0 on 4D}

then problem (3.4.2) is characterized by A on 2; , and problem (3.4.3) is
characterized by A on 9, . We consider the latter problem first. Forming

the inner product of A¢ and ¢ on P, yields, by Green’s first identity,

(a0 = [[[ 1901 ar - [[ 305 22® 0o

an
D aD

If ¢ is an eigenfunction of A on 9, corresponding to an eigenvalue A = K ,

then ¢ = 0 on dD and we obtain

K lely, = [[f1ve]® ar,
D

where || denotes the Hilbert space norm of L*(D) . It follows that K is

.
zero or positive, and hence k is always real.

If k = 0, then

[l 1vel*ar =0
D

This implies that V¢= 0 on D and hence ¢ = ¢ , a constant on D. But ¢ = 0
on 3D and the assumed continuity of ¢ on D implies that ¢ = 0. Hence ¢ = O
on D, which means that k = 0 is not an eigenvalue . We conclude that A on
D, has a unique inverse. It follows that A on 9, also has a unique

inverse; for suppose that ¢; and ¢, are solutions of the problem (3.4.2),
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and let ¢ = ¢, - ¢, . Then ¢ € D, and
A¢ =20 on D
Thus ¢ = 0 on D , or ¢, = ¢, on D.

i

We now determine the unique solution of (3.4.2). Setting k = 0 in the
inhomogeneous Helmholtz interior formulae (Theorem (2.5.2)), the unique

solution of (3.4.2) when r € D' is given by

-6 = = [ Goxx) P art + 00 - (L)@
D

or, since ¢ = f on 4D,

¢(r) = fff Go(r,xr') F(xr') dr’ = (Myf)(x) + [Logﬁ](r)
D

IfU: R® 5 R 1is defined by

ur) = [ 6 (x,x') F(x') ar’, (3.4.4)
D
then U is continuously differentiable throughout R® (see eg. Kellogg (23)).
Thus we write
$(r) = U@ - (D + (L8] (3.4.5)

and

a - U - T3
$(xr) - 2Ux) (Nof)(r)+[M05£](r)

i
whenever r € D

Suppose now r € dD. Then the limit relation

a - = dU(r-) - . T 3 -
¢§;> aff) (N, £) (x-) + [uo ﬁ]m

holds. Using (3.2.7) and (3.2.9) gives

3 - au - T3 3
L SRCELEC EREE
or [(M§ -31) éé](r) - (N £)(r) - 8U(x) |

dn dn

Thus the boundary values of gﬁ satisfy the boundary integral equation
n

M- 3T)p =N, £- 38U | (3.4.6)
dn
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We now prove that this integral equation has a unique solution. First

consider the homogeneous equation

Mg = 3I)% =0 on 4D . (3.4.7)
Suppose that ¥ is a non-trivial solution of this equation, and define ¥
on D! and D° by

W’-Lolb.
According to Theorem (3.3.1), ¥ satisfies the Laplace equation in D' and
D° and ¥(r) = 0( r 1) on D°

If r € 3D 1s approached from the exterior then, using (3.4.7),
PeLrs =(Mp¥) (T+) = (Mz$) (T) = 7 ¥(T) = 0

Hence from the uniqueness theorem it follows that ¥ = 0 on D° and hence
¥ = 0 on 4D, since ¥ = Ly% is continuous across 4D.
Secondly, if r € 8D 1s approached from the interior then, (3.4.7)

gives

?_“i%). - (M¥)(r-)
- (M ¥)(r) + 3 ¥(x)

- ¥(o) ,
According to Green’s first identity

mq,vzwr +m v w|®ar - ng__:da

D D abD

Now V" § = 0in D' and ¥ = 0 on 4D ; hence

Jflvelfar -0,
D

which implies that ¥ = ¢, a constant on D'. However ¥ is continuous across
dD and zero on dD. Therefore ¥ = 0 on D and it follows that

¥y =0 on Ra;
hence %g =0 on R

and consequently

lp-g.? -0 onaD .
n
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We have proved that the homogeneous equation (3.4.7) has only the trivial
solution, and according to Fredholm’'s theorem the inhomogeneous equation
(3.4.6) has a unique solution on 4D . If this unique solution is denoted
by g, then the Dirichlet problem (3.4.2) has the unique solution

¢ =U-Mf+Lg. (3.4.8)
We state this result as:

Theorem (3.4.1) The inhomogeneous interior Dirichlet problem for the
Laplace equation, namely
v’¢ = -F on D
¢ = f on 3D
has the unique solution (3.4.8).

We can now establish the existence of the Green's function of the
first kind for the inhomogeneous interior Dirichlet problem (3.4.2). This
function is denoted by cﬁ : DxD—+ R, and is defined by

(1) Gg(r,r’) = Gy(r,r') + H(r,r') for all r,r' € D,

where H(r, ) € ¢'(D) nc’(d') and V'2H(r,r') =0 ;
(ii)Gg(r,r') = 0 whenever r € D and r' € 4D , and
(iii) V'ng(r,r') - 0 whenever r € D and r' € D'.

The existence of Gg is proved if the existence of an H such that

v2H(r, ') = 0 if r, r' €' 1
H(r,r') =-G,(r,xr’') 1if r € D' and r' € 4D f

'is known. Since cﬁ is continuous on D' x 4D, the existence of H follows

from Theorem (3.4.1).

We can now use Gg in place of G, in the Helmholtz interior formulae

with k = 0 . Thus

D !
$(r) = - fjj & (r,x') F(r') dr’ - JJ 3G (r,T") 4(r1y do

an’
D aD

+ H Go(r,x') ¢(r') do'.
aD

But ¢ = 0 on D and Gh(r,r') = 0 if r’ € 3D , and so
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$0) =~ [[1 Pe ey F(r') dr
D

We h
€ have now shown that the inverse of Ain 9 g given b
y
-1
D
(A"F)(r) - - [T G (T,x') F(r') dys
D

lin (37) that A7! i completely
» which 1s a dense subspace of LZ(D).

_ . 0
self-adjoint on ¢ (D) . Thus the spectrum of A”!
at most a limit point at infinity,

Moreover, A™! ig
is an enumerable set with

2 .
Suppose that k° ig an elgenvalue of A , and let ¢ be a corresponding

elgenfunction; then k 0 and the equation
Ag = 14
1s equivalent to the equation

A'1¢—_1i_¢.
k

Thus k* is an eigenvalue of A if and only if 1s an eigenvalue of A™'

1
K2 )
and we conclude that the set Kp of eigenvalues of A - - ¥* ig enumerable.

Now, given that K e Ky . Then the system

V4 +k4=0 onbd |
$=0 onad |
has a non-trivial solution ¢, and 3¢ « 0 on 4D. For, otherwise, from
n -
(3.2.14), ¢ = - Li % = 0 on Di, and we have a contradiction. Hence it
L2, , 3 -
follows from (3.2.14? and (3.2.15) that %i is a non—trivial solution of
n
the equations
Ly = 0.
T 1
and Mg ~31)y =0 .
Thus we have established the following theorem :

Theorem (3.4.2) If K e K, the boundary integral equations
Lyy =0
T _ 1 -0
and (Mk zl)lﬁ

on 3D have non-trivial solutions.
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3.5 The interi
Problem for the
Laplace operato
r.

0
Let F € ¢®(D) ang g € ¢’ (ap)

. . We ¢
interior problen onsider the inhomogeneous Neumann

24“? on p* 1
9¢ o & onagp | ° (3.5.1)

a
nd the homogeneous Neumann eigenvalue problen

A¢ = A¢ on D' 1

% -0 onap | (3.5.2)
dn

where the operator A = - v on (2 (Di) n ¢’ (D)
let 2, ~ {4 : 4 e )nc® () , 38 - & on 4D}
dn

’

and D, - 0p : ¢ ectd)H)nc’ (D) , gﬁ - 0 on 3D}
n

If ¢ is an eigenfunction of A on 9, corresponding to the eigenvalue A = k° |

then
(a6 ,8) = |gly = [[[ Ive]”® ar
D

where we have used Green's first identity. Hence k is always real and

k = 0 if and only if ¢ = ¢ , a constant. This 1s compatible with %ﬁ‘i = 0
n

2 . .
on dD , and we cannot conclude that ¢ = 0, Then k™ = 0 is an eigenvalue of

(3.5.2) and hence A on D, does not have an inverse.
We observe that if A = k> » 0 and if ¢ is a solution of (3.5.2) then,

by the divergence theorem,

K [[[¢ar=[[[asar
D D
~-[Jfv*sar
D

- g
abD

=0 .



» 1.e. the function whose value equals

1 at all point
P s of D. Now if $1L 1 then ¢ 1s not a non-zero
constant op

D. For otherwise, if ¢ =c»0onD th
, en

O0=(,1) = [[[ 4 ar = ¢ [[] ar
D D

which implies that c¢ = ¢ .
We now define
s - (gD, : 311}
and
D, -{ped, : 4113 .

Then the Neumann problems

A¢ = F on D! 1

3

5% =& ongdDd [ (3.5.3)
¢ 11 on D

and

A$ = A¢ on D! 1

gg -0 on aD [ (3.5.4)
$ L1 on D

are characterised by A¢ = F , ¢ € D, and (A - I )¢ =0 , ¢ € Dy ,
respectively.

We can now assert that X = 0 1s not an eigenvalue of A on %

Consequently, A on ®; and hence A on 3; have unique inverses, and

according to Theorem (2.5.1) the unique solution of (3.5.3) is given by

¢ =U - M4 + Lyg, (3.5.5)
where U on D is given by
U(r) = [[[ 6y(x,x') F(x') dr’ (3.5.6)
D

In (3.5.5) the boundary values of ¢ are unknown. To determine the values
of ¢ on dD we form a pair of integral equations on 4D and prove that under
certaln conditions the solution is unique except for an arbitrary additive

constant.

If r € D is approached from the interior of D along the normal

direction, we obtain
¢(r) = U(xr) - (Myg)(x) + % ¢(x) + (Lyg)(x),
where we have used (3.2.8). Hence the boundary value of ¢ satisfy the
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integral equation
1
Mg+ 7I)¢ = U + Ly g on 3D . (3.5.7)
From (3.5.5) we also obtain
a
_éir(l_l:l - .a%sz = (Ny$) (1) + (M)g)(r), if repd (3.5.8)

by differentiating in the normal direction. Now, if r € 3D is approached

from the interior along the normal direction, we find that

(Ng¢) () = él;lzl + (M - F1)g(x),
n

or Ny ¢ -g_‘_rJ1 +M; -3I)g on aD. (3.5.9)
If we put $=U+Lyg onD, (3.5.10)
we find, using (3.2.6) and (3.2.7), that
¢ =U+1L1,g on 4aD (3.5.11)
and
3% LW o) -L1 )g onap, (3.5.12)
an an
where dgt(r) . d¢(r+)
dn dn

Hence we can write (3.5.7) and (3.5.9), respectively, in the forms

My, + ¥1)¢ = ¢ on 4D (3.5.13)
and
N, ¢ -%ﬂ on 3D . (3.5.14)
n

We now prove that solutions of the simultaneous pair (3.5.13) and
(3.5.14) differ only by an arbitary constant. First we consider the

homogeneous equations corresponding to (3.5.13) and (3.5.14).

Theorem (3.5.1) If # on 3D is a solution of the homogeneous equations
My, +37I)¢ =0 on aD (3.5.15)
and Ny =0 on 4D (3.5.16)

then # = ¢, an arbitary constant, on 3D.

Proof. Define 8 on D' and D° by
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then a8 . N, 4 on D! and D°
on
If r € 8D we obtain from (3.2.7)
8(r-) = Myf(r-) - 5 6(r) = - 4(r) (3.5.17)

and

68(r+) = M,4(r) + % 6(r) = 0 .
Using (3.2.6) we see that
98(x-) — (N,6)(r) - 38(x+)
dn an
Since 6(r+) = 0 when r € 3D , it follows from Theorem (3.3.1) that 8 is a
solution of the homogeneous exterior Dirichlet problem for the Laplace
equation on D°. Thus from the uniqueness theorem ( Theorem (2.7.2)) it

follows that 8 = 0 on D°. Hence %9 = 0 on D° and so
n

96(r-) - d6(r+) = 0 on 4D .
dn dn

Therefore © on D' is a solution of the homogeneous interior Neumann problem

for the Laplace equation on D'. Then Green's first identity in the form

flf)fev’a dr + fy“ven“ dr = aflf)e%g do

reduces to fff" ve ﬂ2 dr =0,
D

which implies that 8 = - ¢, a constant, on D'. Thus for r € 3D it follows

from (3.5.17) that

8(r) = — 8(xr-) = c, (3.5.18)

which completes the proof of the theorem.
Theorem (3.5.2) The inhomogeneous equation

Mg+ 71) ¢ = ¢
always has a solution, provided that the compatibility condition

[[[Far + [fgas =0 (3.5.19)
D éD

is satisfied.
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Proof. The homogeneous adjoint equation is
MF*+31)6 =0,
and so
T -
M, +31)08=0.
We assume that 6 is 3 non-trivial solution of this equation and define ©
on R? by
8 = L0 -
1f r € 3D then
- T 7 "
Qgéﬁ-l - o D)) - G OO * Lg(r) =0 .

Since gl = 0 on D' (Theorem (3.3.1)) it follows from Creen's first

fdentity that

JI] lve|® ar =0
D

i
and hence Q@ =c ,a constant on D .

Since 8 is continuous across gD , o(xr) = ¢ if r € 8D , and soO

8 =1L 9 =c onD.
Now using (3.5.11) (3.5.6) and (3.2.1) we obtain
3,0y = JJ o &%
aD

- [f7@ { [[] 6o tx.x") ey art + JJ GoT") g(r') da’ \ do
aD D 3D

- JJJ e [ Go(x.x") 7(r) do dr' * [ [ Gz 7(r) dodo’
D aD aD aD

- [ff Feety 8D ar + [] s 8z @’
D aD

-c U‘jl;j F(r') dr' + J;_L g(x') do’ l :

As c is an arbitary constant, it follows that 618 if and only if
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I rey art 4+ [ gtery aor - 0 |
D 3D

We observe that (3.5.19) is also 4 necessary condition for (3.5.1) to

have a solution. This follows directly from (3.5.1) by applying the

divergence theorem to A¢ = - V2¢ .

Theorem (3.5.3) If
HIray ar + [[gxty ao0 =0,
D aD

then the inhomogeneous equations

M, +3I)¢ =4 on 4D

and

N, ¢ = 3% on ap
dn

have common solutions and any pair of simultaneous solutions differ by an

arbitary constant.

Proof. Suppose ¢, is a solution of (3.5.13), i.e.
Mo + 51080 =6,
and define & on D' and D° by
R A
Then for r € 4D
3(r-) = $(x-) - (Modo) (x-)
= $(0) - (Medo) (D) + T ¢ (1)
= ¢o (1)
and )
(r+) = ¢(x+) — (Modo) (x+)
- 3(r) - (Modg) (D) = 7 b (D)
-0 .
By Theorems (3.3.1) and (2.7.2) we deduce that & = 0 on D°;
% -0 onD',

it follows

that i
and hence 3%(r+) -0, for r € 4D.
an

N _a.-g - Qa - N0¢0 N
But on D n e

a
and so, if r € 4D is approached from the exterior D
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- 3%(x+) 3
0 6:+ N éégfil ~ (Nggy) (r+)

- 92(r) - (N4, ()

It follows that dn

Nodo = 8% on ap |
an
Thus, if ¢y 1s a solution of (3.5.13) then it is also a solution of
(3.5.14), If ¢, is any other common solution of these two equations, then
¢ = ¢ — ¢
is a solution of the homogeneous equations (3.5.15) and (3.5.16), and
hence ¢ = ¢ according to Theorem (3.5.1).

We can therefore state that the simultaneous equations (3.5.13) and
(3.5.14) have a solution f which is unique exceptig for an arbitary
additive constant,

It follows that

¢ =U-~-Mf+ Ljg

is a solution of (3.5.1). If ¢ is an arbitary constant and if we put

f. - f +c,
then Yy =U-Mf +Lyg =¢+c
is also a solution, since Myc = c.
If we choose fff 4 dr
D

then 11 1is the unique solution of (3.5.3).

We have therefore proved the following theorem.

Theorem (3.5.4) The inhomogeneous interior Neumann problem for the Laplace
equation, namely
v’ ¢ =F onD
9 g on 4D ,
an

is solvable provided

[ff Fexry ar' + [ g(x') do* =0 .
D aD

The solution is unique except for an arbitary constant and, if ¢1 1 then

the boundary value problem has a unique solution.
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We can now prove
P the existence of the Green's function of the second

N
kind, denoted by G , for the inhomogeneous interior Neumann problem

h ' DXD >R is defined by
(i) Gy (r,r') = Gy (r,r')- K(r,r') , for all r y ' € D , where
K(r,*) € ¢'(D)nC%(D*) ana v'2 K(L,r’') = 0 :

(3.5.1) with g = 0 on 4D, The function Gg

?

3Gy (r,1')
n

(ii) = C whenever r € D r' € 4D , where C = -~ [ ff d”]-l;

N 1
o (r,r') = 0 whenever r € D , ' €D and r » r’

(iii) v'%¢
This definition of the Green's function of the second kind differs from
that given by Pogorzelski (40),

We see therefore that for each r e D' the function K(r,:) is the

solution of the boundary value problem

+t2 i
Vv K(r,r') = 0 if rebDd 1 (
! ' 3.5.20)
ak(r,r') _ %G (r.t) _ o e coap
an dn

This system is solvable since

[[ (#5552 o] o -0

As G, 1s continuous on Dl><6D, the function K exists and is unique except
for an arbitary constant. Now using Gg in place of G, in Theorem (2.5.1)

with k = 0 , we obtain

N , ' ’
p(r) = — Jjjbg(r,r')F(r')dr' - Ijﬂglﬁflf_l é(r’)do’ + JJGg(r,r:)agif ) da’ .

an’
D ab aD

N
4G, (r, ')
Since 98(r') - g(r') = 0 when r’ € 4D and __EEET___ = C whenreD
an

and r' € 3D , we have
scry =~ [ff Gy(r.r') F(r') dr’ + ¢ ,
D

where ¢c =~-C ff ¢(r') do’ ,
aD

and ¢ = 0 if and only if ¢ L1 on 4D .
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Theorem'(3,5,5) If

-1 M
$r) = ATR(D) -~ [f] G (r,T') F(r') dy.
D

As th g
€ operator A 1s completely continuous (Hellwig (21), Mikhlin

(37)) we deduce, as in section (3.4), that the spectrum of A on 9. ig
8

enumerable. It follows immediately that the Spectrum Ky, of A on 9, is also

enumerable. Thus we finally obtain the following result -

Theorem (3.5.6) If k° e Ky then the integral equations
Mg +31)¢ =0
and Neé =0

have non-trivial solutions.

3.6 Integral formulation of scalar scattering problems.

When considering the scattering of a time independent scalar wave by a
scatterer D, it is usual to express the total wave field ¢¢ as the sum of
a know incident field ¢; and a scattered field ég ; thus ‘

b = 4y + ¢, . (3.6.1)
Both ¢, and ¢, are assumed to satisfy the Helmholtz equation in the
‘exterior region D°, and we also assume that the scattered field satifies
the radiation condition (2.6.6). However, we do not make this latter
assumption for the incident field. For example, if ¢, is a plane wave,
then (2.6.6) is not satisfied.

It follows that the scattered wave satisfies the extended Helmholtz

exterior formulae (3.2.16):

0 if r e D
Meg) (@ = [ o)) =1 F 4 tfrea -6
an l ¢, (1) if re D’

We cannot write similar equations for the total field, since the
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incident field

radiation condition, B o e

satisfy the extende
d

Helmhol tz interio
r formulae Thus f
. rom (3.2.14) we have

= ¢, (r) if r € p!

(Mpd, Xr) - [, 9%
. (Lk a‘n‘i](r)-l—%‘b*(r) if r € D
0 if r e p®

Addin 3.
g (3.6.2) and (3.6.3) we obtain equations for the total field:

= ¢, (1) if r e p

- a¢ j
(Mpd, Xr) (Lk #J (r) = l ;— (6o (X) = ¢, (X)) 1if r e ap
$. (r) = ¢, (1) if r € D®

Substituting ¢, - ¢, - ¢; in the right-hand side we obtain

p J - ¢1 () ifre D1
mwnu)—hk£Qu)-lému>-mu> if reap (3.6.4)
¢t,(r) - ¢1 (l’) ifre De

This is the form used by Noble (37) in his account of the integral
equations of diffraction theory, and also used by Burton (9) in his work
on the exterior problems for the Helmholtz equation.

The last equation of (3.6.4) represents the total field at exterior
points of the scatterer D as the sum of the incident field and boundary

values of the total field:
a¢,

¢, = ¢, + Mpgd, — Ly —% on D
on

° (3.6.5)

The second equation of (3.6.4) shows that the total surface field satisfies

the boundary integral equation

(71- M), + L gg& -4, . (3.6.6)

If we repeat the above derivation with equations (3.2.17) and (3.2.15) in
place of equations (3.2.16) and (3.2.14) respectively, we arrive at the

differentiated form of (3.6.4):
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[ ag,(n)
; In if r e p?
T
(Ngéy ) () - [Mk all}(:) - | 1 9¢(x) 34, (r)
y 2 n T S5— ifreap (3.6.7)
aé, (r)
[ _5:_1._~ _ _‘2_;%(_51 if r € p°

Th
us the normal derivative of the total field is given by

a¢h 5¢1
-_— = - + N - M a¢t
an  3n kée ~ Mjc el D°® (3.6.8)

and the boundary values of and 2% i
¢, an e satisfy the boundary integral equation

1 T,9¢ a¢
(I = Mp) 't - - 9%
2 k)an Nk¢t 55- on gD . (3.6.9)

If it 1s assumed that both equations (3.6.6) and (3.6.9) are solvable,
then there will always be at least one common solution to these two
integral equations. For example, if we are dealing with the exterior
Dirichlet problem, equation (3.6.9) can be used to determine gﬁi on 3D

n
and then equation (3.6.5) can be used to determine ¢, on D°. The
limiting value of ¢, when the boundary is approached from the exterior
must agree with the prescribed boundary value of the Dirichlet problem.
The limiting form of (3.6.5) when 4D is approached from D° is in fact
equation (3.6.6). Thus it is seen that (3.6.6) and (3.6.9) must have
common solutions. The following two sections of this chapter is devoted to
proving that for the Dirichlet and Neumann boundary value problems these

two equations always have a unique solution.

3.7 The exterior Dirichlet problem for the Helmholtz equation.
If the boundary condition for the Dirichlet problem is

¢ = £ on 4D, (3.7.1)
then from equations (3.6.6) and (3.6.9) we have respectively
L 88 = ¢, - (F31- M) £ on D (3.7.2)
dn

and (%1+ u{c)ié-Nkﬂfﬁ on 4D . (3.7.3)
én an



(3.7.4)
—= is i
I continuoyg across

dn
dn (3.7.5)

B ( . . )
!’
’

¢ (x-) = 4, (r) + (M) (r) - % f£(r)

Hence we define 31 on 34D by

fL=d - BT - My f

(3.7.6)
E
quationsg (3.7.2) and (3.7.3) can now be written in the form
L 9¢ <~ 3
Xk o é, on 4D (3.7.7)
and (lI + MT) ié - aZI
2 K g - on 4D, (3.7.8)

Equations (3.7.7) and (3.7.8) are respectively Fredholm integral equations of
the first and second kind. The correspponding homogeneous equations are

L, 3¢ -0 on 4D
k F (3.7.9)
and GT + M) gé =0 on 4D (3.7.10)
n

In section (3.6) it was shown that these equations have non~trival
solutions when RZEEK“.Accq;ding to Fredholm theory, equation (3.7.8) can
have a solution only 1if gfi is orthogonal to the null-space N(%I + ﬁ;).
Also, equation (3.7.7) cag have a solution only if 31 is orthogonal to
N(Lg), since Ly 1s self-adjoint. Assuming that these conditions are
satisfied, it follows that equations (3.7.7) and (3.7.8) have non-unique
solutions when k° € Ky . However, it was shown by Kleinman and Roach
(26) that the two equations (3.7.7) and (3.7.8) together have a unique
solution. The account we give here follows along the lines laid down by
these authors.

We fixst prove that the homogeneous equations (3.7.9) and (3.7.10)

have only the trivial solution in common.
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Theorem(3.7.1) Suppose that

and 1 r
GI + My =0  on D |

Then ¢ =0 on 3D,

Proof. We define y on D' and D° by

¥(r) = (Ly)(r)
If r € 3D then

BUED)  ~ O (x-)
- (M) (r) + 5 ¥(r)
-0,
and
¥(r-) = (Lg$) (r-) = (L) (r) = 0 .
Hence by the Helmholtz interior formulae we have
¥ =0 onD=23DuUaD .
Moreover, ¥ satisfies the Helmholtz equation in the exterior region D° and
the radiation condition. If r € aD, then
U(r+) = (L) (r+) = (L) (x) = 0 .
Hence ¥ =0 on dDh ,
and we have from the uniqueness theorem for the Dirichlet problem that
¥ =0 on D°

3 aw - 3
Futhermore it follows that ¥ = 0 R on and hence ™ 0 on R°. But if

r € 3D then

B(xt) - (i) (x4)

n

- (Mpp) (D) = § $(T)
- - y(r) ,

and consequently ¥ = 0 on 2D.
Theorem (3.7.2) The inhomogeneous boundary integral equation

L T - 93, on 3D
GI+ M)y Fm

lways has a solution. .
rot n of the homogeneous adjoint

Proof. Assume # to be a non-trivial solutio

equation .
(1+ M8 =0 on aD,



which implies that

I1f r € 3D then

and

Hence bY
pirichlet

HoweVvel,

which is ¢

e now ap

oo e
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1 -
1+ M)8 =0 on D .

3

8 = = Myd on R

o(r-) = = (M) (x-)

- - (gl (D) + 7 6D

=9 (r)

o(r+) = = (Mich) (¥

"mﬁﬂﬂ"%?u)

- 0
Theorem (3.3.1) and the uniqueness theorem for the exterior
problem it follows that € = 0 on D*, and therefore
3@ =0 on .
an
@0 -3 7 =-Ng
=S k
ontinuous across 3D by (3‘2.9) . Hence
3@ -0 ondD-
an
and 6 on D, obtaining

ond {dentity t° B,

il te

aD

3%, -3, 28 l do .
an an

ply Green's Sec
~ 2
WV g) dr =

D
we have

o(r-) = 7 (x) and é%izl _ o when T € 3D
n

gince
XS e iﬁl o = 0
an
i.e %%% J
jtion of Fredholm's theorem is satisfied.

Thus the compatibilty cond



ThEOrem
(3.7.3
) The boundar, int
1 €gral eqUatio
and (71 +M11;)¢ -0 ns
1

Ne
umann Problen i.e. 1f e eigenvalue
N . and only ir k? € K
Se 4 {4 |
L S g non-trivial Solutie £
n
of the €quatijon GI+ Mr)yﬁ
| GI+u), k
Define g by ‘ e
e - ’
then for r ¢ aD ! T
36 (r-
U)o o) x)

on

- (ercﬂ)(r) + 7 4(r)
-0 .

H n a cor i s .

inte:’ior Neumann problem for the Helmholtz equation We

onD . For if 8 = 0 on Di, the 1 - - L a0 m 0

e n also 6 0 on 3D as @ ~'Ldis continuouys
. ence, it follows fronm Theorem (3.3.1) and the unique

theorem for the exterior Dirichlet problem that 8 - ¢ on DY, Conse:ue::::

38 . 0 on D’ and hence

dn
38(r+) w0 if r € 4D.
an
But éﬁéﬁil - (Mp8) (r+)

- (Mp8) (r) - ¥ 6(r)

Yom =) ,

and we have that § = 0 on 9D . But this contradicts the assumption that

§ is a non-trivial solution of (:—I + Mi)v# = 0. Hence ® is an eigenfunction

of the homogeneous interior Neumann problem, or in other words, K’ e Ky .
Conversely, suppose that K’ e Ky and let 8 be a corresponding eigen-

function for the homogeneous interior Neumann problem for the Helmholtz

equation. Then 6 » 0 on 4D, for otherwise the Helmholtz interior formula
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Conversely, assume that

¢ = ~ Md on Di,

where § » 0 on 3D and

(31+ M6 = 0 on 3D .

If r € 3D, ¢(x-) = (Myd) (xr-)
- (M) (x) - 7 8(r)

== §(r) ,

and hence ¢ » 0 on 3D. We also define ¢ on p° by ¢ = Mo .
Then, if r € 8D,
¢(xr+) = (Md) (r+)
- (M) (x) + 5 6(x) =0
From Theorem (3.3.1) we have that ¢ is a solution of the exterior
Dirichlet problem which satisfies the radiation condition, and so the

uniqueness theorem implies that
¢ =0 onD°.

Hence 3¢ -0 on De,
dn
and Qﬁéﬁl-o when r € 3D .
n

However, 3¢ - Nf is continuous across 3D; thus
n
d¢(r-) -0 1if r e 4D .
dn
Again, using Theorem (3.3.1), it follows that ¢ is a non-trivial solution

of the homogeneous interior Neumann problem.

Corollary. If k® is an eigenvalue of the homogeneous interior Neumann
problem then the corresponding eigenspace is finite dimensional and equal

to the dimension of the null space of the boundary operator (%-I+-Mk).

Proof. Let ¢ be an eigenfunction corresponding to the eigenvalue k’. Then
it follows from the theorem there is a 4 » 0 such that
$=--M 6 onbD,

where (%‘I+-Mk)0 -0 on 3D .
According to Fredholm’s theorem the eigenspace of the boundary operator

(%I-+ M) is finite dimensional. Assume that n = dim N(%I-+ M), and let
the functions §,,...,0, on 3D be a basis for the null space N(%I + Mp).
Then (GI+ Mp)dy = 0
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for each @ = 1,...,n, and there are scalars a,,a 1,...,n, such that
n
§ = Z ag b -
a=1
For each a'l,...,n define ¢, on ' by ¢o = — Myé,. Since My is a linear
operator,

¢" Z Aq ¢an
Q=1

and ¢,,...,¢, Is a generating set for the eigenspace of the homogeneous
interior Neumann problem. We now show that ¢,,...,4, are linearly
independent. Suppose that ¢, is linearly dependent on ¢;,...,¢,.,;, then
there are scalars c¢;,...,c,.; such that

n-=1
$n = Z Cq Pa -
a=1

n=1

Now let ¢y = ¢, ~ Z Ca Pa
a=1
n-1

and 8y = 8, — ) cq bg ;
a=1

then ¢, = 0 on 3D and, since My and %-I + My are linear operators,

¢ = — Myb,  on D',
and (F1+ My)é, =0 on 4D.

But 4, » O and hence ¢, Is an eigenfunction of the homogeneous interior
Neumann problem. This implies that ¢, = 0 , which contradicts our assump-

tion that ¢, is a linear combination of ¢,,...,¢,.; .

Theorem (3.7.5) The function ¢ is an eigenfunction of the homogeneous
interior Neumann problem if and only if there is a function y = 0 on 4D
such that

¢ = Lpx on D'
and (G1+ Mp)x = 0 on aD .

Proof. Suppose that ¢ = Ly x on Dl, where y 0 on 4D and
(%I+ Mzrc)x- 0 on 4D ;

then ¢ is continuous across 3D and if r € 3D ,
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ﬁ%i - (Mjx) (x-)

= (F1 + Mg )x(xr) = 0.

Moreover, ¢ = 0 on p'. For if ¢ = 0 on D' then by the continuity of
¢ = Lpx it follows that é = 0 on D . We now prove that ¢ = O on D' .
First we define ¢ on all of rR® by ¢ = Lkx. Assuming that ¢ = 0 on Di, the
continuity of ¢ = Lyx across 4D implies that ¢ = 0 on 34D . Hence, from
Theorem (3.3.1), ¢ 1s a solution of the homogeneous exterior Dirichlet
problem , and from the uniqueness theorem ¢ = 0 on D°. Hence %ﬁ = 0
on De, and thus

0¢(x+) =0 if r € 4D .
an

However Qﬂé!il - (Mix)(r+)
n

= M) (D) = 7 x(T)
== x(x) ,
and so ¥ = 0 on 3D, which contradicts our assumption that y = 0 on 4D . It
follows that ¢ = 0 on Di; in other words ¢ 1s an eigenfunction of the
homogeneous interior Neumann problem.
Conversely assume that ¢ is an eigenfunction of the homogeneous

interior Neumann problem corresponding to the eigenvalue k?. Let the

corresponding eigenspace have dimension n and let ¢,,...,¢, be a basis for
this eigenspace. According to the corollary to Theorem (3.7.4), the
eigenspace of the operator (%I + Mi) has a basis #4,,...4, such that for

each a

$q = — My, on p* ,
where 65 # 0 on 3D and

(GI+ M8y =0 on dD .
However by Fredholm's theorem '

dim N(3 I+ M) = dim N(3 I+ M) = n .
Let x3,...,X; be a basis for N(%ﬁ[+ Mi) and define ¥ , a = 1,...,n, by
Yg ~ Lk Xa on D* :

then (%I + Mi)xa = 0 for each a. Thus from the first part of the theorem
it follows that ¥,,...,¥, are eigenfunctions of the homogeneous interior
Neumann problem corresponding to the eigenvalue Kk’ , and that they are

linearly independent. Fof, suppose that ¥, is linearly dependent on
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Yy,...,¥,-,; then there are scalars a; , a = 1,...,n such that

n=>1
Y, = Z ag Yo -
=1

n~1l

Now let Yo =¥, = ) ag ¥a
a=1
n-1

and Xo = Xo — L 8q Xa
a=1

then ¥, = 0 , and since Ly and (%’I+-M£) are linear operators,

Lixg = % =0 on D',
and (%’I+ Mi)xo -0 on 4D .
But x, » 0, and so from the first part of the theorem ¥, is an eigen-
function of the homogeneous interior Neumann problem and, of course,
¥y # 0. Thus we have a contradiction and it follows that {y,,...,¥. )} is a
basis for the eigenspace of the homogeneous interior Neumann problem

2
corresponding to the eigenvalue k”. Hence there are scalars c,,...,c,, not

n?

all zero, such that
Define x on 3D by

Then ¥ » 0 on 8D, and
¢ = Li x on D' .
and (%I-+ Mi)x = 0 on aD.

Theorem (3.7.6) 1If Kk’ g Ky then. the inhomogeneous boundary integral
equation

st

Gri+vyp-2% onap (3.7.11)
an
has a unique solution for all functions $i € c‘(an), and this solution also

satisfies the equation
Lyv =4, on 8D . (3.7.12)

Proof. As k° ¢ Ky the homogeneous equation
1 T
GI+MIy =0

has only the trivial solution according to Theorem (3.7.3). Hence, from
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Theorem (3.7.2), the equation (3.7.8) has a unique soclution ¢, . Define
® on D' by

® =4y - Ly
then & is a solution of the Helmholtz equation on D' and, recalling that

Efi 1s continuous across 3D we have by (3.7.8) that
dn

3(r-) ~ 88 (X) _ Ty 5y
an an

- QE%EEQ - (M) (1) - L gy (m) = O.

Hence @& is a solution of the homogeneous interior Neumann problem.
However ® cannot bhe an eigenfunction of this problem, for otherwise the
homogeneous boundary integral equation (%I + Mi)¢ = 0 would have a non-
trivial solution by Theorem (3.7.6)., Hence ¢ = 0 on D' and by continuity

® = 0 on 3D. Consequently
Lx¥o = 31

Theorem (3.7.8) If K’ e Ky then the two equations

Lyd = ¢, on 4D (3.7.13)

and _
G1+ Mi)w-?;i. on 4D (3.7.14)

n

have one and only one solution in common.

Proof. If k’ € Ky then the equation (3.7.8) has a finite set of solutions.

Let ¥, be any such solution, and define ¢ by

. 3¢, (r T 1
88(x-) - 940 _ i) (r) - ¥ () =0 .
an an
Since k° € Ky, %0 on Di, and it follows that ¢ is an eigenfunction of
the homogeneous interior Neumann problem. Hence according to Theorem
(3.7.6) we can represent & on p by
® = Ly xp

where x, = 0 on 3D and

(71 +Mp ) xo =0 on 4D .

We now have

- i
é; — Ly =~ Lyxg on D,
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or Ly + xp) = 31 on D
Thus, if we let 8, = ¥, + x, then

Lgby = 31 on D,
and due to the continuity of Lpd, ,

Lf, = @ on 8D ,
where ¢, on 3D is given by (3.7.6). Since

(3T + M)x, = O on 4D
and _
Gr o+ M)y, =% onap
an
we see that (%—I +-Mi)00 = gfk on 4D .
n

Thus the two equations (3.7.7) and (3.7.8) have at least one solution in
common. If #, is any other solution of both these equations, then

B, = 8; — 8,4
is a solution of the homogeneous equations corresponding to (3.7.7) and
(3.7.8). From Theorem (3.7.1) it then follows that 4, = 0 on 4D, and
therefore the two equations (3.7.7) and (3.7.8) have one and only one

solution in common.

3.8 The exterior Neumann problem for the Helmholtz equation.
For the exterior Neumann problem with boundary condition
8¢ - f on 4D (3.8.1)
an

we obtain, from (3.6.6) and (3.6.9), the boundary integral equations

M - 71)¢ =— ¢, + Lyf  on 8D (3.8.2)
and

Ny = - gfi + G +MDE on 4D (3.8.3)

n

If we define ¢, =L f -4, onR, (3.8.4)
then N

8. _ olpy(r) - 4.9 onp' and D°.

dn dn
We note that 31 is continuous across 4D, but 3¢1 is discontinuous across
n

aD. If r € 8D then
6¢1(r') - (M]:f)(r-) - a¢1(r')
an an
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ie. 31 (X) L lE)(x) + 1 £(r) - 20D
an an
and we define ifi on 3D by
an
ANV S ST Y L. (3.8.5)
dn an :

Hence we can write (3.8.2) and (3.8.3) in the form

My - 1)¢ = &, on 4D (3.8.6)

and .
Nid = 24 on aD. (3.8.7)

dn

Equation (3.8.5) is a Fredholm integral equation of the second kind, and
equation (3.8.6) is a Fredholm integrai equation of the first kind. The
corresponding homogeneous equations are
My - 7I)¢ =0 on 3D (3.8.7)
and
Ny¢ = 0 on 4D . (3.8.8)

We saw 1In section (3.5) that (3.8.7) has non-trivial solutions when
kK’ e Kp . According to Fredholm’s theory, equation (3.8.5) has a solution
if and only if 81 is orthogonal to N(Mf’— %I ). In this section we show

that the system (3.8.5) and (3.8.6) always has a unique solution.

Theorem (3.8.1) If ¢ is a solution of the homogeneous equations
(M —+I)¢ =0 on 3D

and Ngé = 0 on dD ,

then ¢ = 0 on 4D .

Proof. Define & on D' and D° by & = Mg ¢ . Then
vVe+k"®=-0 onD andD°
If r € 8D is approached from the interior of D then
®(r-) = (Mge)(x-)
- (Med) (1) = 7 #(x)
-0 .
Since Q%ﬁ!l = Nyé, we obtain for r € 4D
é‘;;'tgl - (Ngd)(x) = 0 .



3-44

Hence by the Helmholtz interior formulae we find that & = 0 on Di, and so
® = 0 on 4dD.
If r € 3D is approached from the exterior of D, then
P(r+) = (Myé) (r+)

- (Meg) (1) + 7 6(1)

= ¢(r),
and

88(xt) = (Ne#)(x+) = (M) (r) = 0 .

Hence according to Theorem (3.3.1) ¢ is a solution of the homogeneous
exterior Neumann problem, and from the uniqueness theorem it follows that

& = 0 on D'. Hence if r € 3D then ¢(r) = &(r+) = 0 ; i.e. ¢ = O on 8D.

Theorem (3.8.2) The boundary integral equation
My - 1)¢ =4, on 4D

always has a solution.

Proof. Suppose # is a non-trivial solution of the homogeneous adjoint of
equation (3.8.5); i.e.
MF-%1)8 =0 onaD .
Then
Mg = >1)§ =0 onaD .
Define 6 by
6 = Lk; .
If r € 3D is approached from the exterior then
38(r+) — (M ) (r+)
VL & Y S e
-0 .
According to Theorem (3.3.1) 6 is a solution of the homogeneous exterior
Neumann problem, and the uniqueness'theorem implies that 8 = 0 on D°. But
6 = Lkz is continuous across 9D and hence 8 = 0 on dD. We now apply

Green’s second identity to ai and 8 on the interior of D, obtaining

0 - fy(e v’3, - 4, V°0) dr - {l{ [e ':_f;lé. - 4 3_1_91] do

and it follows that ﬂ 3, 1632 do =0 .
- n
aD
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However, if r € 4D then

Q§§£;l - (Mg 9)(c-)
n — —
- (Mg 8)(r) + 5 8(r)
- 8(r).

Hence we have
_j._j. 31 6 do=0 ;
aD

and so ‘;1 is orthogonal to 4.

Theorem (3.8.3) The homogeneous boundary integral equations
My - 31)¢ =0
and
(M = 1) =0
have non-trivial solutions if and only if k’ is an eigenvalue of the

homogeneous interior Dirichlet problem, i.e. if and only if k’ e Kp .

Proof. Suppose that # is a non—~trivial solution of the equation
Mg -31)¢ =0 onaD,
and define 8 on D' and D° by
0 = Ly ¢
Theorem (3.3.1) implies that 6 satisfies the Wilcox radiation condition
and vVe+k’e=0 onD
If r € 3D then

Qﬁéﬁil - (M) (T+)
- (Myb)(r) - 7 6(x) ,

and so 8 is a solution of the homogeneous exterior Neumann problem. Hence
the uniqueness theorem implies that € = 0 on D°. However 8 = Ly ¢ is
continuous across 8D and we conclude that 6 = 0 on 4D. We now show that
B#OonDi; for if 8 = 0 on D' thenalso@-OonDl, and so if r € 4D

an
then

0 - é@éz;l - (M 8)(x-)
oo @ +E e
= §(x)
But this contradicts our assumption that # is a non-trivial solution of
My - %I J¢ = 0 on 4D and so 8 = 0 on D", Accordingly 8 is an eigen-

function of the homogeneous interior Dirichlet problem; i.e. k? e Kp .
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Conversely let kK’ e K, and let 8 be an eigenfunction of the homogeneous
interior Dirichlet problem. Then 8 = 0 on 3D and the Helmholtz interior

formulae yield
' 8 = Ly 38  on D'.

an
Therefore 98 x 0 on 3D, for otherwise 8 = 0 on Di, and by the Helmholtz

on
boundary formulae (3.2.1)
Mg - 71)38 =0 on aD.
dn

In the following two theorems we prove that the homogeneous interior
Dirichlet problem for the Helmholtz equation can be solved by assuming

either a single layer or double layer representation.

Theorem (3.8.4) The function ¢ on D is an eigenfunction of the homogeneous
interior Dirichlet problem for the Helmholtz equation i1f and only if there
exists a function 4 » 0 on 3D such that

¢ =Lk 8§ on '
and Mg - 31)8 -0 on aD .

Proof. If ¢ is an eigenfunction of the homogeneous interior Dirichlet
problem then ¢ = 0 on 4D and the Helmholtz interior formulae (3.2.14) and
(3.2.15) respectively yield
Lk 3¢ - ¢ on Di
an

and (M}E“%I)%ﬁ -0 on 3D .
n

If we define # on 4D by 4(r) = 3¢(T-) when r € 3D then ¢ = Lif on Di, and
(MT - %-I)ﬁ = 0 on 8D. Moreover, 062 0 on 3D, for otherwise ¢ = 0 on Di.
Conversely suppose that
$ =1 éd onD'
where § is a non—trivial solution of
Mg - F1)8 =0 on aD.
According to Theorwm (3.3.1)
Vi + k¢ = 0 on D' ;
hence if r € D then
86(r) 6y (x-)

in T 1
= (Mg 6)(xr) + 3 6(x) = 6(x) ,
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and it follows that ¢ = 0 on D'. For if $# = 0 on Di, then also 92 = 0 on
D' and so 98{f-) - 0 for r € 4D . But this implies that § = 0 onagD , and
we have a coggfadiction.
By the Helmholtz interior boundary formula (3.2.14) we obtain
M — Lyd = -5 ¢ on 8D ,

where we have used QﬁéELl = #(r) for r € 8D . But ¢ = Lid is continuous
n
across 4D ,and so

Mg - 31)$p=0 onaD .

Accordin to the boundary formula in (3.2.15)
Ny — Mg § = -5 6 on aD .

But (MQ - %‘I)H = 0 on 38D, and so

Lyé = O on 4D,
We see therefore that ¢§ satisfies the two equations

(Mg -~ 31)¢ =0 on aD

and

N¢ = 0 on 8D .
Hence by Theorem (3.8.1) ¢ = O on 8D . But ¢ » 0 on p and hence ¢ is an
eigenfunction of the homogeneous interior Dirichlet problem for the

Helmholtz equation.

Corollary. If kK e Kp then the correspnding eigenspace 1is finite
dimensional, and its dimension equals the dimension of the null space of

the boundary operator (Mg - %—I) on 4D .

Proof. Let ¢ be an eigenfunction corresponding to the eigenvalue k? . Then
it follows from the theorem that there is § = 0 on 46D such that
¢ = L4 on Di ;
where (Mg - %-I)G = 0 on 8D .
Fredholm’s theorem implies that the null space of the operator (Mé - %-I)

on 3D is finite dimensional. If 4,,...,6, be a basis for this null space,

n

then there are scalars a; , a 1,...,n, such that

n
§ = Y ay by -
a=1
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Let ¢4 = Lyfg for a = 1,...,n; then

n
¢ = Lybd = Y ay ¢g -
a=1

Thus {¢,,...,4,1 1s a generating set for the eigenspace of the homogeneous
interior Dirichlet problem, and we now prove that {4,,...,¢4,} is a basis
for this eigenspace. Suppose that ¢, is linearly dependent on ¢,,...,¢,.;;
then there are scalars c, , a=1,...,n"1, not all zero such that
n-1 N
¢, ~ ) Cgbq onD.
a=1
n-1
Let bo =9, - Y Cq $a
a=1
n~-1
and by =8, = Y ¢q lq -
a=1

Then ¢; = 0 on Di, and so
Lybo = ¢y = 0 on D,
and
T 1
My ~5I)8, =0 on 3D ,

since Ly and (Mg - %—I) are linear operators. But #, = 0 , and hence ¢, is
an eigenfunction of the homogeneous interior Dirichlet problem. Therefore

¢o % 0, which contradicts our assumption that ¢, is a linear combination of

¢1v«'-s¢n-1°

Theorem (3.8.5) The function ¢ 1is an eigenfunction of the homogeneous
interior Dirichlet problem for the Helmholtz equation if and only if there
exists a function # » 0 on 3D such that

¢ = Mpd on D'
where (M = 71)8 =0 on aD .

Proof. Assume that ¢ = Myf on D' (and on D° ) where # = 0 on 3D and
(M - 3I)0 =0 on aD.
Then ¢ satifies the Helmholtz equation on Di, and if r € aD
$(r-) = (M) (x) - 7 6(x) = 0 .

As § » 0 on 3D, ¢ = 0 on Di. For if ¢ = 0 on Di, then gﬂ - 0 on D! , and
n
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0 = 94(x-) . 3¢(r) . 34(rt)
an an dn

since gﬁ = Nkf is continuous across 4dD. But ¢ is a solution of the
Helmholtz equation on D° and according to the uniqueness theorem ¢ = 0
on D°. Hence if r € 4D
0 = ¢(r+) = (M8)(r+)

= (M) (x) + 7 6(x)

= 8(n) ;
i.e. § = 0 on dD and § is therefore not an eigenfunction of My . Thus the
assumption that ¢ = 0 on D' is false. Accordingly ¢ = 0 on D' implies that
¢ 1is an eigenfunction of the homogeneous interior Dirichlet problem.
Conversely, suppose that ¢ is an eigenfunction corresponding to the eigen-

2

value k” of the Dirichlet problem. Let 4,,...,4, be a basis for the null

n
space of the operator (M - %I ) on 4D; thus each #, is an eigenfunction
of M , i.e.
(M - +1)6, =0 on aD .
Hence if we define
$o = Mylo on D',

then by the first part of the proof each ¢, 1is an eigenfunction
corresponding to the eigenvalue k*. Moreover {¢y,...,6,3 is a basis for

this eigenspace. To prove this we assume the contrary. Thus suppose that

¢, is linearly dependent on ¢,,...,¢,., ; then there are scalars a, , a =
l1,...,n"1, not all zero such that A
n-1 1
$n = L agha on D
a=1
n=1 i
Define g = ¢y - L ag by onD
a=1
n=1
and by =8, - Y ag 8, on dD .
a=1
Then ¢ = 0 on p* , and because of the linearity of the operators My and

(M = +1) we find
0=¢, =M 8, onD
and (Mg =31) 6, =0 on dD .

But #; » O on 4D, and by the first part of the proof it follows that

i . : :
¢p *» 0 on D°. Thus we have a contradiction, and hence the assumption
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that {¢;,...,¢4,} is not a basis is false. Thus there are scalars Ca
a 1,...,n-1, such that
n-~1
¢ - Z Caba
a=1

If we now define 6 on 8D by

n=~l
§ = Z Cala
Q=]
then ¢ = M# on D'

and
M = 3I1)6 =0 on aD .

Hence # » O on 8D, for otherwise each cy = 0 and ¢ = 0 .

Theorem (3.8.6) If K? & K, then the equation

(M - $1)¢ =4, on aD
has a unique solution for all functions ai € LZ(BD), and this solution also
satisfies the equation

A

N = 2% on aD.
dn

Proof. If k° ¢ K, then, by Theorem (3.8.3), the homogeneous equation
Mg - $1)¢ =0

has only the trivial solution and hence the equation
Mg - $1)4 = 4,

has a unique solution.

We now show that this solutign is also a solution of the equation

Né = zfi on 4D,

On D' define & by mo

¢ =4, - Mgs ,

where 31 is given by (3.8.4). If r € 3D then

8(r-) = ¢, (r-) - (Md)(r-)
~ $,(r) = (M) () + 7 ¢(x)
N
According to Theorem (3.3.1) ¢ is a solution of the Helmholtz equation on
D' and & = 0 on 3D . But k® ¢ K, so that & = 0 on D. Hence 8% = 0 on D'

on
and therefore Q2§£;l = 0 on 3D. However,
n
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88(r-) - 8 (T) _ 4y (r)
dn dn

=90 _ ) ()
in

It follows that
N = E_L on 3D.
an

Theorem (3.8.7) If K’ € K then the system of equations
1 A
Mg - 51)¢ = ¢,

A

aé
N = 71
k¢ an

on dD has a unique solution.

Proof. If k € K, then the equation
Mg = $1)¢ = 4,
has a finite number of linearly independent solutions. Let ¢, be any such
solution and define & on D' by
¢~ $1 = Mido
If r € 8D then, as in Theorem (3.8.6), ¥(r-) = 0 , and ® satisfies the
Helmholtz equation on D'. Therefore & 1is an eigenfunction of the
homogeneous interior Dirichlet problem for the Helmholtz equation on D' .
According to Theorem (3.8.5) there is a function 6, = 0 on 8D such that
¢ = My 4 on D1 ,
where (M - %-1)00 =0 on 3D .
Hence we now have
$, ~ Mgy = M 6, on D'
or
Mc (6, + ¢, ) = 4, on D'
If we define
Xg = 0y + ¢ on 8D ,
then
M x5 = 31 on D!
If r € 3D then
(Mxo) (£-) = $, (x-)
Using (3.2.8) and recalling that 31 is continuous across 4D we obtain

M = 3 1)x, (1) = 8, (x)
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Thus
1 A
(M = 51) x5 = &, on 4D .
From the equation Myx, = 31 on D' we also obtain

A

9 (Mpxp) = 0¢s on D' ,
an an
i.e. Npxo = Efi on D'
an
But by (3.2.9) we find that N
Mo = 2% onap
an
where %Ei on 4D is given by equation (3.8.5). Thus x, on 3D is a solution
n

of the system
1 A
Mg - z1)é = ¢,
and

4
Ny = 5%&

on 3D . If x; iIs any other solution of this system then the function ¥ on
3D defined by

Y= X1 " Xo
is a solution of the system

My = 31)% =0

and

Ngyp = 0 .

Hence from Theorem (3.8.1) it follows that ¥ = 0 on 4D and therefore the

solution is unique.
3.9 The metod of Burton and Miller.

In the preceding two sections we have described the method of
Kleinman and Roach for securing unique solutions for the exterior
boundary wvalue problems at all frequencies. As described in the
introduction attempts were made by wvarious authors to overcome the
difficulties inherent in formulations using a single integral equation
for solving the exterior problems. Here we describe the method put

forward by Burton and Miller (10) whereby composite integral equations
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are formed by taking a linear combination of the two Helmholtz boundary
formulae. In Chapter IV this method is usd to determine analytical
approximations of surface fields on convex bodies. Here we consider only
the case of the Neumann boundary value problem with homogeneous boundary
condition 9 = 0. Then f = 0 in (3.8.2) and (3.8.3), and from these two

dn
equations we form the composite equation

a(M = 11)¢ + B N = - (a¢i+ﬁg{l] on 4D (3.9.1)

where a and B are complex numbers. The corresponding homogeneous equation
is
a(Mp - %.I)¢ + B Ng¢ = 0 on 4D (3.9.2)

Assume that ¢, is a non-trivial solution of this equation, and define ¢
on D' and D° by

= My dp - (3.9.3)
If r € 8D is approached from the interior then

O(x-) = Mpdo (r) = >4, (x)
and from (3.9.2) it follows that

ad(r-) = = B Npé, (¥). (3.9.4)
From (3.2.5)
%;(52 = Nyd, (T) (3.9.5)
n

for all r € D'u D°. Since Nké, 1s continuous across 4D equation (3.9.4)

yvields
ad(r-) +ﬁé‘§££z -0 (3.9.6)
n

if r € 4D.
Since both & and & satisfy the Helmholtz equation in the interior region
D',
dviD - 3vie - (kK - k1)|®|7 - sik Kk, |0]7
where k = k, + ik,. Hence if we apply Green’s second ldentity to ¢ and 3

i
on D then

4ik, k, f]{f |®(x)|%dr = g [¢(r-)3§_.§r:l- —S’F‘fjﬁ.g;ﬁ.ﬂ] do
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Using (3.9.6) gives

41k, k, ff |®(x) |2dr = 215;?35) ff lagﬁr)‘gda , (3.9.7)
D aD

provided a # 0, and we consider two cases.

If k is real or imaginary and Im(aB) # 0 then

JI 12552 -0
aD

Hence Qiés;l =0 if reaD,
n

and according to (3.9.5)

0%(r+) . 3%(r-) -0 if r e aD.
an an

If k is complex we choose a and B so that Im(aﬁ) = 0. Then equation
(3.9.7) implies that & = 0 on D' and so
o(r-) = 0 if r € 4D.
From (3.9.6) it follows that

ae(x+) _ a¥(x) _

™ - , if r e aD.

Since & satisfies the Helmholtz equation in D° it follows by the
uniqueness theorem for the homogeneous exterior Neumann problem that & = 0
on D°. From (3.9.3) we now have
0 = d(r+) = Myd, (r+)

= (Mdo) (). + 7 4, (T)

= 4o (1),
and this contradicts the assumption that ¢, 1is a non-trivial solution of
(3.9.2).
Theorem (3.9.1) The boundary integral equation

aMg = L1)¢ + B Nip = = (ady + 8 gfi ) on 4D
n
always has a unique solution provided
(1) k is real or imaginary and Im(aﬁ) # 0, or
(1i) k is complex and Im(aE) =0,



Finally we note that the unique solution of the two equations (3.8.2)
and (3.8.3) (with f=0) is also a solution of (3.9.1), and hence the two

problems are equivalent.
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for each a = 1,...,n, and there are scalars az,a ~1,...,n, such that

n
§ = ¥ ag by -

a=1
For each a'l,...,n define ¢, on D' by ¢a = — Mbf,. Since My is a linear
operator, n
¢ = z aqo ¢a s
a=1
and ¢,,...,4, is a pgenerating set for the eigenspace of the homogeneous
interior Neumann prbblem. We now show that ¢,,...,4, are linearly
independent. Suppose that ¢, is linearly dependent on ¢,,...,¢,.,, then
there are scalars ¢,,...,c,.,; such that
n-1l
b = Cq $a -
a=1
n=1
Now let g = ¢y ~ Z Cq Pa
a=1
n=1
and bp = 8, = Y cq ba;

then ¢, = 0 on 3D and, since My and -;-I + M are linear operators,

¢y = - M8,  on D',
and (71+ M )é, =0 on aD.

But 4, = 0 and hence ¢, is an eigenfunction of the homogeneous interior
Neumann problem. This implies that ¢, » 0 , which contradicts our assump-

tion that ¢, is a linear combination of ¢,,...,¢,., .

Theorem (3.7.5) The function ¢ 1is an eigenfunction of the homogeneous
interior Neumann problem if and only if there is a function y = 0 on 4D
such that

$ =Lgx onD
and (%-I + M{c)x -0 on 8D .

Proof. Suppose that ¢ = Ly x on D' , where y » 0 on 4D and
(-;-I+ M{c)X-O on 8D ;

then ¢ is continuous across 8D and if r € 8D ,
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3¢(r-) — (Mpx)(r-)
an
- (GI + My dx(r) = O.

Moreover, ¢ » 0 on D'. For if ¢ = 0 on D' then by the continuity of
¢ = Lyx it follows that 4 = 0 on D . We now prove that ¢ » 0 on D'.
First we define ¢ on all of r® by ¢ = Lyx. Assuming that ¢ = 0 on Di, the
continuity of ¢ = Lyx across 9D implies that ¢ = 0 on 4D . Hence, from
Theorem (3.3.1), ¢ 1is a solution of the homogeneous exterior Dirichlet
problem , and from the uniqueness theorem ¢ = 0 on D°. Hence 3¢ = 0
on De, and thus én

8¢(r+) =0 if re aD .
an

However QQéEil - (Mix)(r+)
n

~ (M) (1) = 7 x(x)
= - x(x) ,
and so ¥y = 0 on 8D, which contradicts our assumption that x 0 on 8D . It
follows that ¢ = 0 on Di; in other words ¢ is an eigenfunction of the
homogeneous interior Neumann problem.
Conversely assume that ¢ 1is an eigenfunction of the homogeneous

interior Neumann problem corresponding to the eigenvalue k?. Let the

corresponding eigenspace have dimension n and let ¢,,...,4, be a basis for
this eigenspace. According to the corollary to Theorem (3.7.4), the
_eigenspace of the operator (%I + Mg) has a basis 4,,...8, such that for
each a

$q = ~ Mby on D',

where §4 » 0 on 3D and

(G1+ M)y =0 on aD .
However by Fredholm's theorem '

dim N(3 I+ Mp) = dim N(3 I+ M) = n .
Let x;,...,x, be a basis for N(%i[+ Mi) and define ¥4 , a = 1,...,n, by
Ya = Lk xa on D' ;

then (%I + Mi)xa = 0 for each a. Thus from the first part of the theorem
it follows that ¥,,...,¥, are eigenfunctions of the homogeneous interior
Neumann problem corresponding to the eigenvalue K’ , and that they are

linearly independent. Fof, suppose that ¥, is linearly dependent on
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¥Y1,...,¥,-1; then there are scalars a, , a = 1,...,n such that
n-l
¥, = 2 ag Yo -
a=1
n-l1
Now let Yo = ¥, — Z ag Yo
a=1
n=l1l
and Xo'Xn"Zaaxa;
a=1

then ¢, = 0 , and since Ly and (%-I+-Mi) are linear operators,

Lixo = ¥ = 0O on Di ,
and (GI+ M)x, =0  on 8D .
But x, »# 0, and so from the first part of the theorem ¥, is an eigen-
function of the homogeneous interior Neumann problem and, of course,
Yo # 0. Thus we have a contradiction and it follows that {y,,...,¥,} is a
basis for the eigenspace of the homogeneous interior Neumann problem

. . 2
corresponding to the eigenvalue k°. Hence there are scalars c¢;,...,c,, not

n?'

all zero, such that
n

¢ - 2 Cq ¥a -

a=1

Define x on 4D by

Then ¥ » 0 on 38D, and
¢ = Ly x on D! ,
and (%-I+ Mi)x =0 on 4D,

Theorem (3.7.6) If Kk’ € Ky then . the inhomogeneous boundary integral
equation

Gr+ My -2% onap (3.7.11)
dn
has a unique solution for all functions zi € Cl(aD), and this solution also

satisfies the equation

Lyy =4 on 3D . (3.7.12)

Proof. As k’ € Ky the homogeneous equation
1 T
GI+ Mgy =0

has only the trivial solution according to Theorem (3.7.3). Hence, from
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Theorem (3.7.2), the equation (3.7.8) has a unique solution y, . Define
$ on D' by

® =4 - Ligo
then ¢ is a solution of the Helmholtz equation on ot and, recalling that

gfi is continuous across 4D we have by (3.7.8) that
n

8g(x-) - 381 (X)) _ (il y(ro)
an dn

-2%2—(¢%xn—§¢un-o.
Hence & 1is a solution of the homogeneous interior Neumann problem.
However & cannot be an eigenfunction of this problem, for otherwise the
homogeneous boundary integral equation (%I + Mi)w = 0 would have a non-
trivial solution by Theorem (3.7.6). Hence & = 0 on D' and by continuity
® = 0 on 4D. Consequently

Ly, = ¢,

Theorem (3.7.8) If K’ e Ky then the two equations

Ly = &, on 8D (3.7.13)
and -
1 T ¢,

G I+ My - . on 4D (3.7.14)
n

have one and only one solution in common.

Proof. If k2 € Ky then the equation (3.7.8) has a finite set of solutions.

Let ¥, be any such solution, and define & by

.y _ 8
30(r-) o (B (Myy(r) -} we(r) = 0 .
dn dn
Since Kk’ €Ky, ®»0on Di, and it follows that & is an eigenfunction of
the homogeneous interior Neumann problem. Hence according to Theorem
(3.7.6) we can represent & on Di by
® = Lig xo >

where x, % 0 on 4D and

( %-I + Mi ) X =0 on aD .

We now have

-~ i
¢, - Lyy¥o = Lgxy on D,
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or L(¥ + Xxo) = ¢,  on D

Thus, if we let 8, = ¥, + x; then

Lpb, = 31 on D! R
and due to the continuity of Lid, ,

Lpd, = 31 on 4D ,

where 31 on 4D is given by (3.7.6). Since

GI +M)x, =0 on aD
and -
G1 o+ M)y, =% onoap
én
we see that G1 o+ Mhye, - ?L on 8D
n

Thus the two equations (3.7.7) and (3.7.8) have at least one solution in
common. If #;, is any other solution of both these equations, then

b, = 8, - 8,
is a solution of the homogeneous equations corresponding to (3.7.7) and
(3.7.8). From Theorem (3.7.1) it then follows that 4, = 0 on 4D, and
therefore the two equations (3.7.7) and (3.7.8) have one and only one

solution in common.

3.8 The exterior Neumann problem for the Helmholtz equation.

For the exterior Neumann problem with boundary condition

8 -~ f on 8D (3.8.1)
an

we obtain, from (3.6.6) and (3.6.9), the boundary integral equations

M - 31)¢ =- ¢, + LE  on aD (3.8.2)
and

N = - .Z.f}. + G1 +MDHE on aD (3.8.3)

n

If we define 81 = Lyf - ¢, on R® , (3.8.4)
then R

3¢, (r) _ (Mif)(r) - Eﬁiﬁfl on D' and D°.

dn dn
We note that 31 is continuous across 34D, but %ﬁl is discontinuous across
n

dD. If r € 4D then N
a¢1(r') - (Mﬁf)(r') - a¢1(r')
an dn
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ie. ) L oy () + () - 2D
an an
and we define Efi on 3D by
an
%y Lt e mfyE -3 (3.8.5)
an an

Hence we can write (3.8.2) and (3.8.3) in the form

Mg - 214 = ¢, on 4D (3.8.6)

and N
N = 2L on 4. (3.8.7)

an

Equation (3.8.5) is a Fredholm integral equation of the second kind, and
equation (3.8.6) is a Fredholm integral equation of the first kind. The
corresponding homogeneous equations are

Mg - 3I)$ =0 on 4D (3.8.7)
and

Nx¢ = 0 on 3D . (3.8.8)

We saw in section (3.5) that (3.8.7) has non-trivial solutions when
K e Kp . According to Fredholm’s theory, equation (3.8.5) has a solution
if and only if 31 is orthogonal to N(Mg’— %I ). In this section we show

that the system (3.8.5) and (3.8.6) always has a unique solution.

Theorem (3.8.1) If ¢ is a solution of the homogeneous equations
(Mg —3I)$ =0 on 3D

and Ny = 0 on 4D ,

then ¢ = 0 on 4D .

Proof. Define & on D' and D° by & = Mk ¢ . Then
VvV d+k°®=0 onD' andD°
If r € 8D is approached from the interior of D then
&(r-) = (Myd)(x-)
- (M) (x) = 7 #(x)
-0 .
Since Q%é!l = Ny¢, we obtain for r € 4D
L) = (M) (x) =

o
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Hence by the Helmholtz interior formulae we find that & = 0 on Di, and so
$ = 0 on 3D.
If r € 3D is approached from the exterior of D, then
®(r+) = (Mpd)(r+)

- (M) (x) + F ¢(x)

= ¢(x),
and

GREL) — (M) (T+) = (Nih) (¥) = O .

Hence according to Theorem {(3.3.1) ¢ 1is a solution of the homogeneous
exterior Neumann problem, and from the uniqueness theorem it follows that

® =0 on D°. Hence if r € 8D then ¢(r) = &(r+) = 0 ; i.e. ¢ = O on aD.

Theorem (3.8.2) The boundary integral equation
(M - $I)¢ =4, onaD

always has a solution.

Proof. Suppose # is a non-trivial solution of the homogeneous adjoint of
equation (3.8.5); i.e.
MF-31)8 =0 onaD .
Then
Mg - 31)8 =0 on 4D .
Define 8 by
6 - Lk; .
If r € 3D is approached from the exterior then
oD - D
- (Mg 8)(r) - 7 6(x)
-0 .
According to Theorem (3.3.1) 8 is a solution of the homogeneous exterior
Neumann problem, and the uniqueness’theorem implies that 8 = 0 on D*. But
8 = Lkﬁ is continuous across 4D and hence 8 = 0 on 3dD. We now apply

Green's second identity to 31 and 8 on the interior of D, obtaining

o~ [ffavh b e w <[ fo B - g

and it follows that II 31 gﬁ do = 0 .
- n
daD
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However, if r € 38D then

ﬂ%ﬂ - (Mg 9)(x-)
- (Mg )(x) + 5 8(r)
- E(r).

Hence we have

ff $1 §do =0 ;
aD
and so $1 is orthogonal to 4.

Theorem (3.8.3) The homogeneous boundary integral equations
Mg - 71)$ =0
and
Mg - 31)¢ =0
have non-trivial solutions if and only if k> is an eigenvalue of the

homogeneous interior Dirichlet problem, i.e. if and only if K’ e Ky, .

Proof. Suppose that # is a non-trivial solution of the equation
Mg - 51)¢=0 onaD ,
and define © on D' and D° by

0 = L 4
Theorem (3.3.1) implies that 8 satisfies the Wilcox radiation condition
and v”e+k’8=0 onD

If r € 3D then
éﬁésil - (M) (r+)
n
- (M) (x) - & 6(x) ,

and so 8 is a solution of the homogeneous exterior Neumann problem. Hence
the uniqueness theorem implies that @ = 0 on D°. However 6 = Ly # is
continuous across 4D and we conclude that 8 = 0 on 4D. We now show that
8 % 0 on Di; for if 8 = 0 on D' then also 98 = 0 on Di, and so if r € 4D

an
then

0 = 38(r-) < (My 8)(x-)
L @+ ke
- 8(r) ;
But this contradicts our assumption that 4 is a non-trivial solution of
M - %I )¢ = 0 on 3D and so 8 » 0 on D', Accordingly 8 is an eigen-

function of the homogeneous interior Dirichlet problem; i.e. k? € Ky .
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Conversely let kKl e Ky and let 8 be an eigenfunction of the homogeneous
interior Dirichlet problem. Then 8 = 0 on 3D and the Helmholtz interior
formulae yield

0 = Lj a8 on Di.

dn
Therefore 98 x 0 on dD, for otherwise & = 0 on Di, and by the Helmholtz

an
boundary formulae (3.2.1)
Mg - 71)38 -0 on aD.
an

In the following two theorems we prove that the homogeneous Iinterior
Dirichlet problem for the Helmholtz equation can be solved by assuming

either a single layer or double layer representation,

Theorem (3.8.4) The function ¢ on D is an eigenfunction of the homogeneous
interior Dirichlet problem for the Helmholtz equation if and only if there
exists a function 6§ » 0 on 3D such that

¢ =1 6 onD
and My - 3I)8 -0 on 3D .

Proof. If ¢ is an eigenfunction of the homogeneous interior Dirichlet
problem then ¢ = 0 on 3D and the Helmholtz interior formulae (3.2.14) and
(3.2.15) respectively yield
Ly 3 - ¢ on p'
dn

and (Mﬁ-—%l)%ﬁ =0 onaD.
n

If we define # on 3D by 4(r) = 3¢(r-) when r € 8D then ¢ = Lixé on Di, and
(Mg - 31)6 = 0 on 3D. Moreover, 5"% 0 on D, for otherwise ¢ = 0 on D'.
Conversely suppose that
¢ =1L onD
where 6 is a non-trivial solution of
Mg - 71)8 = 0O on aD.
According to Theorwm (3.3.1)
Vi + k¢ =0 on D' ;
hence if r € 4D then
3_"%.1(1_‘5‘_)_ - (Ml;:ﬂ)(r-) 1
= Mg 0)(x) + 3 6(xr) = 6(x) ,
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and it follows that ¢ = 0 on Di. For if ¢ = 0 on Di, then also 3¢ = 0 on
D' and so 9 a: = 0 for r € 3D . But this implies that 8 = 0 onagD , and
we have a contradiction.

By the Helmholtz interior boundary formula (3.2.14) we obtain

M -~ Lyd = -5 ¢ on 4D ,

where we have used QQ%EL[ = §(r) for r € D . But ¢ = Lyd is continuous
n
across dD ,and so

Mg - 5I)$ =0 onaD .

Accordin to the boundary formula in (3.2.15)
Ny — M 8 =~% 6 on aD .

But (M = >1)8 = 0 on 4D, and so

Ly¢ = O on 43D.
We see therefore that ¢ satisfies the two equations

(M - 3I)¢~0 on 3D

and

Ny¢ = 0 on 4D .
Hence by Theorem (3.8.1) ¢ = 0 on 4D . But ¢ » 0 on D' and hence ¢ is an
eigenfunction of the homogeneous interior Dirichlet problem for the

Helmholtz equation.

Corollary. If k° € Kp then the correspnding eigenspace is finite
dimensional, and its dimension equals the dimension of the null space of

the boundary operator (Mg - %-I) on 4D .

Proof. Let ¢ be an eigenfunction corresponding to the eigenvalue k? . Then
it follows from the theorem that there is § » 0 on 3D such that

¢ = Lgd on D',
where Mg - 31)8 =0 on 8D .
Fredholm’'s theorem implies that the null space of the operator (Mg - %‘I)
on dD is finite dimensional. If 4,,...,8, be a basis for this null space,

then there are scalars a, , a ~ 1,...,n, such that

n
§ = ) ag by -
a=1
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Let ¢4 = Lyxby for a = 1,...,n; then

n
¢ = Lpd = ) ag éq -
a=1

Thus {4;,...,4,} is a generating set for the eigenspace of the homogeneous
interior Dirichlet problem, and we now prove that {¢,,...,4,} is a basis
for this eigenspace. Suppose that ¢, is linearly dependent on - PR NPT
then there are scalars c, , a = 1,...,n"1, not all zero such that
n-1 :
¢, - Z Caba on D .
a=1
n-1
Let $o = by = ) Cq ba
a=1
n-1
and b =8, = Y cq bq -
a=1

Then ¢, = 0 on Di, and so
Ly = ¢ = O on D,
and
T 1
M - 3I)6p =0 on 4D ,

since Ly and (Mg - %-I) are linear operators. But 6, » O , and hence ¢, is
an eigenfunction of the homogeneous interior Dirichlet problem. Therefore

#o =% 0, which contradicts our assumption that ¢, is a linear combination of

é1,. . bqoq-

Theorem (3.8.5) The function ¢ is an eigenfunction of the homogeneous
interior Dirichlet problem for the Helmholtz equation if and only if there
exists a function 6§ » 0 on 3D such that
¢ = Md on D
where (Mg - %—I)G =0 ondD .
Proof. Assume that ¢ = Mpé on ' (and on D') where § » 0 on 4D and
Mg - 71)8 =0 on aD.

Then ¢ satifies the Helmholtz equation on Di, and if r € 8D

$(xr-) = (Mb)(x) - 7 6() = 0 .

As 0 » 0 on 8D, ¢ » 0 on D'. For if ¢ =0 on Di, then gﬁ -0 on D , and
n
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0 = 9¢(x-) . 3¢(xr) . 3¢(x+)
in in dn

since %ﬁ = Ngf is continuous across 84D. But ¢ 1is a solution of the
Helmholtz equation on D° and according to the uniqueness theorem ¢ = 0
on D°. Hence if r € 4D |
0 = ¢(x+) = (M) (x+)

- (M8)(D) + 7 6(D)

= 8(r) ;
1.e. § = 0 on 3D and # is therefore not an eigenfunction of My . Thus the
assumption that ¢ = 0 on D' is false. Accordingly ¢ = 0 on D' implies that
¢ 1is an eigenfunction of the homogeneous interior Dirichlet problem.
Conversely, suppose that ¢ is an eigenfunction corresponding to the eigen-

value k2 of the Dirichlet problem. Let #,,...,0, be a basis for the null

n
space of the operator (My - %I ) on dD; thus each f#, is an eigenfunction
of My , 1.e.
Mg — 51)8, =0 on dD .
Hence if we define
$q = M, on D',

then by the first part of the proof each ¢, is an eigenfunction
corresponding to the eigenvalue k. Moreover {¢;,...,6,1 is a basis for

this eigenspace. To prove this we assume the contrary. Thus suppose that

¢, 1s linearly dependent on ¢,,...,4,., ; then there are scalars a, , a =
1l,...,n~1, not all zero such that ‘
n~1 1
¢n = L aaba on D
a=1
n-=1 i
Define g = ¢, - L ag ¢gq onDbD
a=1
n-1
and fp =8, — Y ag 8 on dD .

Q=1

Then ¢, = 0 on D' , and because of the linearity of the operatdrs My and
(Mg - %-I) we find

0 = ¢y = Mk b on D'
and (M- %1) 6, =0 ondD .

But 4, =% 0 on 4D, and by the first part of the proof it follows that

1 . <
» 0 on D . Thus we have a contradiction, and hence the assumption
0 p
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that {¢,,...,4,} 1s not a basis is false. Thus there are scalars Cq
a 1,...,n-1, such that
n-~1
¢ = Z Caba
a=1
If we now define # on 3D by
n~1
= 3 cqfa »
a=1
then ¢ =Msé onD

and
(Mc -~ 31)§ =0 on aD .

Hence # » 0 on 8D, for otherwise each c4 = 0 and ¢ = O .

Theorem (3.8.6) If K’ ¢ K, then the equation
My - 51)¢ =4, on aD

has a unique solution for all functions 31 € Lz(aD), and this solution also

satisfies the equation

A

Nyop = Efi on 4dD.
dn
Proof. If ¥ g K, then, by Theorem (3.8.3), the homogeneous equation
M —31)p =0
has only the trivial solution and hence the equation
M - 71)4 = 4,
has a unique solution.
We now show that this solutign is also a solution of the equation
Ny = Eii on dD.
On D' defime & by on .
¢ -4, - M,
where 4, is given by (3.8.4). If r € 4D then

o(r-) = @, (r-) — (Mpd)(x-)
= ¢, () = (Md)(T) + 5 $(x)
-0 .

According to Theorem (3.3.1) ¢ is a solution of the Helmholtz equation on

D' and & = 0 on 4D . But k’ g€ Kp so that & = 0 on D. Hence 3% - 0 on D

dn
and therefore §2§£;l = 0 on 3D. However,
n



3-51

8(r-) - 81(r) _ 4y (roy
dn an

- 381 (r)

- (N
i (Ng¢) (1)

It follows that

A

Mo = 2% on ap.
dn

Theorem (3.8.7) If K e K, then the system of equations
1 )
Mg —71)¢ = ¢

ZN

Npg =
k an

on 4D has a unique solution.

Proof. If k° € K, then the equation
Mg - 714 = 4,
has a finite number of linearly independent solutions. Let ¢, be any such
solution and define & on D' by
% - 81 ~ Myég
If r € 8D then, as in Theorem (3.8.6), &(r-) = 0 , and & satisfies the
Helmholtz equation on D'. Therefore & 1is an eigenfunction of the
homogenecus interior Dirichlet problem for the Helmholtz equation on D' .
According to Theorem (3.8.5) there is a function 4, » O on 8D such that
& = My 8, on D' ,
where My - %—I)ﬂo = 0 on 8D .
Hence we now have
8, - Mypo = My 6, on D
or
My (d, + 6 ) =4, onD
If we define
Xo = g + ¢o on 3D ,
then
My xo = 81 on D'
If r € 3D then
(Myxo ) (T-) = §, (r-)
Using (3.2.8) and recalling that 81 is continuous across 3D we obtain

Mg = Y I)x(x) = 8, (1)



3-52

Thus
( My - %’I) Xo = &, on 8D .

From the equation Myx, = ¢, on D' we also obtain

iL(kao) - gfi on D! ,
an on
i.e. Nexg = Efi on Di
an

But by (3.2.9) we find that
Nkxo = Efi on 4D ,
where Efi on 4D is given by equation (3.8.5). Thus x, on 8D is a solution

an
of the system

M - 710 - 8,

and

A

3

Nk«#-gg‘-
on 3D . If x, 1s any other solution of this system then the function ¥ on
dD defined by

Y= X1 " Xo
is a solution of the system

(Mg - 71)p =0

and

Ngp = 0 .

Hence from Theorem (3.8.1) it follows that ¥ = 0 on dD and therefore the

solution is unique.
3.9 The metod of Burton and Miller.

In the preceding two sections we have described the method of
Kleinman and Roach for securing wunique solutions for the exterior
boundary value problems at all frequencies. As described in the
introduction attempts were made by various authors to overcome the
difficulties inherent in formulations using a single integral equation
for solving the exterior problems. Here we describe the method put

forward by Burton and Miller (10) whereby composite integral equations
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are formed by taking a linear combination of the two Helmholtz boundary
formulae. In Chapter IV this method is usd to determine analytical
approximations of surface fields on convex bodies. Here we consider only
the case of the Neumann boundary value problem with homogeneous boundary
condition 92 = 0. Then f = 0 in (3.8.2) and (3.8.3), and from these two

an
equations we form the composite equation

a(M = L1)¢ + B Ngp = - (a¢i+ﬁgi!:] on D (3.9.1)
n
where a and B are complex numbers. The corresponding homogeneoué equation
is
a(M ~ %.I)¢ + A N¢ =0 on 3D (3.9.2)

Assume that ¢, is a non-trivial solution of this equation, and define ¢
on D' and D° by
D = My g, - (3.9.3)

If r € 3D is approached from the interior then

B(r-) = Mpdo (r) — 2 6o (1)
and from (3.9.2) it follows that

ad(r-) = = B Npdp (T). (3.9.4)
From (3.2.5)
é%';@l = Ngdo (1) (3.9.5)
n

for all r € D'u D°. Since Nkd, is continuous across 3D equation (3.9.4)
yields
o®(r-) + B é_g;ﬁz)_ -0 (3.9.6)
n

if r € 4D.
Since both & and & satisfy the Helmholtz equation in the interior region
D',
ov3d - 8V3e = (KX - k2)|9|% - 4ik Kk, |97 ,
where k = k; + ik,. Hence if we apply Green's second identity to ¢ and 3

i
on D then

41k, k, Jy [®(r)|’dr = {i [@(r-)%ﬁﬁ - 3(r-) é%%)‘] do
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Using (3.9.6) gives

4ik, k, ff |&(x) [ *dr = 33%%{%32 ff [—2151 , (3.9.7)
D

provided a # 0, and we consider two cases.

If k is real or imaginary and Im(af) # O then

If 1 e o

an

Hence QE%E;l -0 ifreadD,
n

and according to (3.9.5)

0P(r+) o 9%(r-) -0 if r € aD.
dn dn

If k is complex we choose a and B so that Im(aE) = 0. Then equation
(3.9.7) implies that & = 0 on D' and so
&(r-) = 0 if r € aD.
From (3.9.6) it follows that

dd(x+) - ad(r) -0

an an , if r € aD.

Since & satisfies the Helmholtz equation in D° it follows by the
uniqueness theorem for the homogeneous exterior Neumann problem that & = 0
on D°. From (3.9.3) we now have
0 = O(r+) = Mpd, (x+)

- (Myso) (D). + 7 & (¥)

= ¢ (1),
and this contradicts the assumption that ¢, is a non-trivial solution of
(3.9.2).
Theorem (3.9.1) The boundary integral equation

aQM = 11)¢ + B Ngp = = (apg + 5 2L ) on aD
an
always has a unique solution provided

(i) k is real or imaginary and Im(aﬁ) ¥ 0, or
(ii) k is complex and Im(af) = O.
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Finally we note that the unique solution of the two equations (3.8.2)
and (3.8.3) (with f=0) is also a solution of (3.9.1), and hence the two

problems are equivalent.



CHAPTER IV
ANALYTICAL APPROXIMATIONS OF SURFACE FIELDS FOR A
CONVEX SCATTERER
4.1 Azimuth-altitude parameterisation of boundary integral operators.

We assume that D is a regular convex region of R® and that the
boundary 4D of D is a smooth surface of class c?. Let 0 be the origin of
an arbitrary Cartesian reference frame. For any field point P in R® we
again denote the position wvector OP by r and the coordinates of P by
(%,,%,,%X;3), and source points P’ € 4D are indicated by primed variables.
For the boundary integral operators introduced in Chapter II the field
point P is also in 8D. At such a field point P in 4D we select tangent-
normal axes, and the coordinates of a point P' in 84D relative to these
axes is denoted by (£;,€;,§3). It is assumed that the coordinate systems
introduced are right-handed. Then there 1is a proper orthogonal matrix
[a; ;] such that

X{ =%y + a;, §; (4.1.1)
and the coefficients a;; are functions of r = (x;,x;,X3). Let R = ;Y
where R = PP’ = r' -~ r . If (¢',x') are the azimuth-altitude coordinates
of P’ € 3D then
R™ = £/&f (4.1.2)
and
§f = R nj (4.1.3)
where
n, = cos g’ siny’ l
n; = cosp’' siny' I (4.1.4)
ng = = siny’

Consider first the Helmholtz single layer potential Ly¢ with
density ¢ € C°(8D) . Then

(Lg) (x) = 1L ” R $(x’) do’
- - o
k A R

"
ab



With ¥ = r + R and h(r,r’') = f; eikR é(r’'), it follows from (2.3.40) that
2x g R
(Lgg) (x) = 1 J f Rei w COSX: ¢ (r+R)dyx dp’, (4.1.5)
dx J 4, J 4 jw,cosx’+siny’ |

where w is defined by

2 2 2
w =1+ w + w

and w; and w, are respectively given by equations (2.3.12) and (2.3.13).
The Helmholtz double layer potential is given by

(M) (x) = L JJ (iR ~ 1) MR RO 40 4 R) do',
4x Ra
aD

and we obtain from (2.3.41), with r* = r + R and
h(r,r') = 2= (KR - D™ g(r),

n

2% A
(Mg) (x) = - f; J J z(ikR - Del® 4(r + R)cosy'dyx' dp’ . (4.1.6)
[#]

l g
For the operator Mi it follows from section (3.2) that

(Mi $)(x) =~ f; Jf (ikR - 1) o KR E;g é(xr') da'.
R

aD
From equation (2.3.42) with r' = r + R and

\ h(r,r') = = (R - De'™ g(r)

it follows that

e

an
(M{c ¢)(x) = L J' J (ikR - 1) elkR w siny’ cosx’ ¢ (r+R) dx'de’.
4 0 |w,cosx’+siny’ |

(4.1.7)

The operator Ny was defined in (3.2.5) by

Net = = o)



and so

L b

2x
(Nep)(r) - - L j%f J (ikR - 1)e™® 4(r + R)cosy’dy’dp’ . (4.1.8)
4x 3 0 0

In section (2.3) it was pgoved that for a fixed point P € 4D the distance
R = Mr’ - r| can be expressed as a function of the azimuth-altitude
coordinates (¢’',x'). The distance R also depends on the reference point
P € 9D; thus in general R is a function of r, ' and x':
R = R(r,p",x') (4.1.9)

As the region D is convex, R is a well defined function of ¢’ and x' for
each r € 3D.

If we assume that ¢ is an analytical functiom on 84D then ¢(r') can be

expanded as a uniformly convergent Taylor series, where r’ = r + R . Thus

#(r’') = ¢(r + R )

e

o

L (R ¢(r)
n!

e

;%.(xil X ) (x{ - X ) 8y Ly 8(D) (4.1.10)
O ’

Unless the contrary is explicitly indicated, the summation convention with

range 1,2,3 applies to smasl1 repeated latin suffixes , and

a“ggrg
Biyean#0) = Xy ax,

1- n

the partial differentiation being with respect to the field coordinates.
Now using (4.1.1) and (4.1.3) in (4.1.10) yields

—— n

g(r+R) =y Roa , .

)
n! My

AEREL /I URSRPIE 1C ) R (4.1.11)

a
ipdn
n=0

where the direction cosines a,, are now functions of r € 3D, If (4.1.11)
is introduced into (4.1.5) then the assumed analycity of ¢ on 9D allows

interchanging the order of integration and summation and we obtain

@

L)) =y Loa ;a4

o 3, (8) 3y (D) (4.1.12)
n=0 *

1+
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where

Sl

2
+1 ikR ‘
Ay (r) -..l..j j R" e n{ ...n! W coSy dy’ ’
100 dn dr J 4 J 41 In jw,cosy’+siny’ | X a
(4.1.13)
In (4.1.13) R is an analytical function of r € 3D and so AJl F is
cedg

also an analytical function of r.

Similarly we find that

2
(M) (£) = ) fT ay g, -8y By oy () 8, . (D) (4.1.14)
n =0 *
and ©
. =
(M) (x) = ) fT ay g -8y Gy L.y (B) 8y .y ¢(E) (4.1.15)
n=0 *
where an. X
2 .
By ...y (r) ==L R®(1kR = 1) e R pr L g1 cosx’ ax’ dp’
1 n Lo 0 0 1 n
(4.1.16)
and an X
2

Cipeinan (@ = “LJ J R (1R - 1)e™® o © cosx’ SIDX__ dx’dp’
1 n Lx 0 0

|w, cosx’+siny’]

’
LM

(4.1.17)
The functions B, ., and C; ; are also analytical on 84D. A similar
1-.-Jn Jl-—-.]n
expansion formula for Ny¢ Is derived following equation (4.1.33).

Now consider for example the exterior Dirichlet problem formulated in
section (3.6) and (3.7). There we found that the surface field ¢ induced
on a scatterer by an incident field ¢, satisfies the equations

Lid = 61 . (4.1.18)
I

and M + 7 Dé = 3 (4.1.19)

Using (4.1.14) and (4.1.16) in these equations yields

2
) é%,ailjl...ainjn Ay L (D) 3y $(D) = éi(D) (4.1.20)
n=_ M
22]
1 N 3¢ (r)
(C+3) ¢ + g=1 oAy gy By, Oy, (B By #() = T

(4.1.21)



As these expressions involve derivatives of arbitrary orders they cannot
be used to determine the unknown surface field ¢. But bearing in mind
that an analytical function can be approximated arbitrarily closely by
truncated Taylor expansions, we replace the infinite sum onz the left-
hand side of (4.1.20) and (4.1.21) by a finite sum and investigate the
extent to which solutions of the resulting partial differential equations
approximate the surface field ¢,

Motivated by these considerations we associate with each of the
operators Ly ,My and Mi , respectively, a corresponding nth-order partial

differential operator L™, Mi™’and ME(™) defined on G"(aD) by

(n)y voL A 3 $(x) (4.1.22)
(L ¢)(x) = 2—0 p! aildl"'aipjp dpeeedp Thyeeedp T
=

(n) NG

1
$)(x) = ) 5T pdy e @0y By, By () (4.1.23)
p—0

(M

and

1 ( w1
G oF @4y 31,0, Gyl 81y .. .1,8(D) (4.1.24)

p=0
We now prove that if ¢ is analytical on 3D, i.e. if ¢ € cm(ao),
then the integral operators Ly, My and Mi can respectively be approximated
(n)
arbitrarily closely by the partial differential operators Lkn , Mé") and
Mi(n), provided n 1is sufficiently large. For if ¢ € Cm(aD) then by

Taylor’'s theorem for any r,r’ € 3D we have

n_

' 1 - .
g(x') = 2_0 ! (xil xil)"'(xip xip) ail...ip¢(r)
o=
1 - . -
DT KT T ) B 8 R

1

where r’ = r + Rand 0 < § < 1 - in general 4 will be a function of r and

r'. Using (4.1.1)~(4.1.3) we obtain

NN R . 13 (r) + ¢ Ax + om)
o(r') = 2:0 ol Ay gy @y, My 11...1p¢ r
v (4.1.25)

where
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n+1

(n) - R ' I :
$° (T + 6R) To+l) ! 800y Bpggdnr My ey Fie iy 8T ¥ IR)
(4.1.26)
is the remainder after n terms.
If we define a vector valued function # by
8(r') = r + 4R (4.1.27)

where r' = r + R and # depends on r and r’, then we can write
o x4 m) = 8 )
where ¢(r‘% # denotes the composite function.
Substituting for ¢(r’') = ¢(r + R) from (4.1.25) into the right-hand
side of (4.1.5) and using (4.1.13) we obtain

o« U
-1 1 .
(L) (x) = L éo ST Rt By Ay (B 8y 8D

ST

2
+ 1 I J R elkR ¢(n)(l’+9R) w cosy’ dy'dg’
4r J a jw,cosy’'+sinx’ |

Using (4.1.22) and (4.1.5) yields

(L) () = (LE™ M) () + (Lt ™% 8) ()

or

L = LE™% + L (™% (4.1.28)
Similarly we can prove that

Myé = Ml(c“)¢ + My ¢ "o (4.1.29)
and ‘

Mg = "% e 470, (4.1.30)

it being understood that # 1s not necessarily the same 1in the three

cases.
Since ¢ € c”(an), its partial derivatives of all orders are bounded.

Let U, be an upper bound for all the derivatives of order p. From

(4.1.26) we obtain

2 L X
(Lk¢(11%0)(r) -1 j [ 2 R eikR ¢(n)(r+0R) w cosy’ dy' de'
0 jw,cosx’+siny’ |

x X

a; . a ; 2 i

i e gy + ikR

- _113, n+1dn+1 Jz f‘ "2, i ...n! 3. . 4 # (T+6R)
e (nt+l) ! o Jo 1 ntl *1 n+1

w cosy' ' '
Jw,cosx’'+siny’ Kt
1 X X' |




and it follows that

n zm Z 2
|(Lk¢(n)00)(r)l < d—UILj-];_J J R w COSX' dX' d“P' ,
4r(n+l)! J o |wycosy’+siny’]|

where d is the diameter of D. Denoting the area of dD by A (4D) and using

equation (2.3.27), we obtain

A (8D) d" U, 4y
4x(n+1) |

;(qus(“)oa)(r); < , n20 . (4.1.31)

The right-hand side of (4.1.33) can be made arbitrarily small by choosing
n sufficiently large, provided U = sup{ U, : n 2 0 } < « . In the same

way we can prove that

n+1 2,2
| (s’ " %0y (r)| < Tntr 9 2{::11 *1) Laso0, (4.1.32)
and n-1 2 ,2
| (M ¢(“)oa)(r)| < A (D) Uﬁzﬁ‘(’ﬂﬂ){(k ¢ +D , nx1. (4.1.33)

It remains to consider the operator N defined by (4.1.8). Here we
can not differentiate under the integral sign as (Ni¢)(r) = g; (My¢) (x)
is the normal limit of the normal derivative of (Mgé)(r + in) for X = 0.
We recall that in section (3.2) the function Mp¢é was defined at points
not in 4D.

Now let r be a point of 4D and let

ry=r+ n

where m is the unit outward normal to 4D at r € dD. An arbitrary point of

dD is denoted by r’,

Ry =r'- 1,
and R=1r'-1.
Then
(Md) (ry) = = L ” (ikRy - 1) N RAR gy gp (4.1.34)

R
aD A

where n' is the unit normal to 4D at r’' € 4D. From (2.3.38) we obtain

3

"7 KRy,
(Mpg) (ry) = - L (ikRy- 1) #(T+R) Q cosy'dx’de’ (4.1.35)
4x J, 0 R



Eg‘aXiS

P €,-axis

Fig. (4.1.1).

2
where a=-R+ A R . (4.1.36)
w, cosy'+siny’

Here r and r' = r + R are points on 3D and we may therefore use (4.1.11),
remembering that the direction cosines a;; are functions of r only. Then

-]

(M) (x)) = E: fT 83,4, 0313, By o, (TR 9y ¢(T) (4.1.37)

n=0

where

B

dg+.4dq in 3

2n . I
2 ikRA
--1 J J Rn(ikRA - 1) & 9] njl...njn cosy’' dx' dy'.
oo RX (4.1.38)

Formally it follows that

2]

Me#) (12) = & e () = YooBadi e by (6 L g(n)
n=0 n! (4.1.39)
where Dy, ...;,(xa) =& By 4 (r). (4.1.40)

in

From (4.1.38) and (4.1.40) we now have
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2n ; .
Dy, . .5, (TN) --L{ I R“[— ikE’.\;_nelkR'\ Q
' " 4r J 0 R),
- (ikry - DIEAR R g 4 3wy - DRALR RN g
Ry Ry
ikR,\ 2
+ (ikRy - 1) & R__ nj ...n] cosx'dx'dp’.
RS w, cosy’'+siny’ 1 n
A (4.1.41)
If X > 0 in (4.1.41) so that ry + r € 3D, then
2x ; .
D, C(r) = - 1 R*| - ik R.n_ (1KR
J1---3n 4 R
0 0
- (ikR - 1)ik Ren R L gp - gy R 1R
ikR 1
+ (ikR - 1) & ny_ ...nj_ cosy'dx'dyp’
R w,cosy’+siny’ 1 n
(4.1.42)
Now R.n = - R siny’ , so that
)
Ddl---dn(r) - - fL j J Wﬁn)e njl...njncosx'dx'dw' (4.1.43)
T J oo 0
where
W) = R"7?|1kR%siny’ + (ikR - 1)[ikstinx'- 3 Rsiny’ + R ] :
w,cosy’'+siny’

(4.1.44)
From equation (2.3.15),

R cosy’, R siny’

wl - aX, ;
R siny'~ 4R cosy'
ax'
hence
R = R siny’ - dR cosy'
wycosy’ + siny’ ax’

is always finite, and therefore the integral in (4.1.43) 1is convergent

provided that n = 2.
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When n = 0,
D{r) = lim 8. B(xy)
¢ A—+0 dn A
.y
277 kR,
--1 1im &_ (ikRy — 1)E& {1 cosy'dy'dyp’
4x A0 dn J 4 J R
. s
=1 1im & [{ (ikRy - 1) PP LRRA 450 (4.1.45)
4x X—+o dn R?\
aD
For n = 1,
D,(r) = lim 4 B, (r
J( A+0 dn J( A)
n
e ikR,
==-1 1im 8_ R(1IkR) - 1)E& 0 n] cosy'dx’'de’
4w A0 dn J 5 J R)

-~ L lind_ ” (1kry - 1) BB KR oo o0
4x A+0 4n R
aD

-1l a, lind ” (1kRy - 1) B0 IR (o yder
4n A+ 4dn R3
aD A (4.1.46)

where we have used the inverse of (4.1.1), namely
Rpj = &) = a;;(x{ - xy).
According to Theorem (2.4.8) the normal derivatives of the integrals

!
J (1kry = 1) B2 QTR 4
R
aD A

and

’
” (1kry - 1) BB R (o - yao
aD "

are continuous across 34D, and hence the limits in (4.,1.45) and (4.1,46)
exist.
Returning to (4.1.40) and formally letting A + 0, we obtain

23]

(Ngé) () = }_0 aildlr“l;'aian Dy . ..4.(X) 8y .. .1 g(r) (4.1.47)
n = H
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where
; - 4.1.4
DJ1'--3n(r) }i? D31~°~Jn(rA)' (4.1.48)
We can now define an nth order linear partial differential operator N(n)
by
WS = Y 2ty p (r) 8 (4.1.49)
Kk r 2_ 1491 PP Py, .. dp 11...1p¢(r) e L

p=0 nl

Following the same procedure used in deriving equations (4.1.28) -
(4.1.30), it is found that
Ned = NP+ Nea (e 0, (4.1.50)
where

M8 ™) o) (x) = 1im 8- (e’ "2 0) (xy)
A—+0 8n

" =2
2 ikR
--1 1im 8 j (ikRy ~ e ¢(")(r+0R) 0 cosx'dx'de’.

4x A=0 In 0 2 Rf\

Substituting for ¢{"Xr + #R) from (4.1.26) yields

SH

a a ; x
(n) L11d1 7 " Mip41dn+ 3 n+1 1kR
N M (r) = - lim 2. R ikRy - 1) &
(Ngg*  08)(x) Lr (L) Mm == ) (1kRy ) | Rf\

[ ] 1 ! ?
3, ._1n+1¢(r+0R) Ny, My 4, COSX dy' dy’,

1

where 1 is given by (4.1.36). Proceeding now as in (4.1.41) and letting

A+ 0 gives

(n) 83, B [T (at1) 1kR
- - n n i '
(Ng¢® ‘a8)(x) ar (o) ! J ; J i Wik e N5y M gy
By ...1 . B(XHR)  cosy'  dx'  dp’
where, according to (l.4.44),
Wéﬁ+l) - R ikstinx' + (ikR - 1)[1kstinx'- 3 Rsiny' + R ] )
w,cosx'+siny’

and so +2
HUpy, @

4x(n+l)!

| (Nes X8y ()| = > 1, (4.1.51)

where H is a positive number,
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The formulae derived above are applicable to the global approximations
as defined in section (1.1). In the case of the local approximations the
analysis as outlined above is identical in all respects. Here we briefly
summarise the formulae applicable to local approximations. Let S be a
surface element contained in 3D, and suppose‘that the boundary of 5 is
described by
x' = x'(p"), 0 5 ¢' 5 27, (4.1.52)
Corresponding to the boundary or global integral operators Lg, Mg, Mi and

Ng we can define local integral operators Ly g ,Mk 5. Mi,s and Ny s by

ikR
(L, s#)(r) = L Jf g ¢(r’') do’, (4.1.53)
4x R
3
(Mg s¢)(r) = L ” (kr - 1) MR RO 40y 4 Ry a0, (4.1.54)
4x S R3
(M, 5#) (x) = - f; Ij (1R - 1) 'R R-D4(r') do (4.1.55)
g R
and
(i, s8) () = = (Ot 59) . (4.1.56)

If these integral operators are parameterised in terms of azimuth-

altitude coordinates we obtain

' (@)
(e, s#)(0) = 7= r r ReM™R__w cosx'  g(rmyaxtdp’,  (4.1.57)
! 4n Jy Jg |w,cosx’+siny’ |
xx' (') kR
My 5¢)(r) = - ﬁL (IkR - 1)e " ¢(r + R)cosy'dy’'dp’  (4.1.58)
T Jg Yo
. 1 xex' (') (R
(My,58) () = 7= (ikR = 1) e™" _@ SINX’ COSX'_ 4(r4R) dy'de’
’ n o Jo w, cosy'+siny’ |

(4.1.58)

and 2 X'(QO')
(Ng,s¢)(x) = - 1 i%f J (1kR - 1)eikR #(r + R)cosy'dy’de’.
0

4 8 0
(4.1.59)
According to (4.1.11)

$xr+R) =y R g

n=o n! EER
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and substituting into (4.1.57)-(4.1.59) gives the formal expansions

o

< 1
(Lg,s#)(x) = ) = ay g,y Bs gy Ay #(D) (4.1.60)
n=0
= )
(Mg s¢) (T) = 2_0 ar Bgag ey, Bs g o, L 8(D) (4.1.61)
o=
T o 1
(M, s8) () = ) = ay g, --d 3 Cs,y ...y, da, ... #(D) (4.1.62)
n=0
and -
1
(N, s®)(x) =)  “ag g .a g Ds g .y 8y . 4(E) (4.1.63)
n=0
where rx' (@)
+1 ikR r
(r) = L Jz J R" e n! . ..n! w cosy dy' dp’
ILIEPRRRER ar J, 4, ! In |w,cosx’+siny’ |
n.x' (") R (4.1.64)
By, ...5 (D) =~ f; R'(ikR - 1) e nj ...nj cosx’ dx' dp’
mw
o -0 (4.1.65)
mex' (@) R _
Cs,y,...0,(0) = L J - RT(IkR - 1)e ny ooy 2 °°sx: SInX.  dy’dyp’
br Jo Jg N {w,cosy’+siny’ |
and if n = 2 xx' (') (4.1.66)
e 1 (n ) ikR r ’ 7 1 r
DS,Jl-.-Jn(r) - Z; Wk ‘e ndl...njncosx dy'dp’, (4.1.67)
0o Yo
‘where Wﬁn) is given by (4.1.44). The formulae for Dy and Dg , can be

obtained from respectively (4.1.45) and (4.1.46) with S in place of aD.

Corresponding to each of the local integral operators Ly g Mg g. Mi,s

and N ¢ we can associate a partial differential operator LﬁTg ,Mﬁ?g,

Mﬁfg)and Nﬁfg defined by

S«

n 1 ’
(Lﬁ.g ¢)(r) - 2_0 ot 313,08, Bs,gy...4p 94y 8(D) (4.1.68)
=
WEY =1
M’y #)(x) = ) o7 Biyay s, By, eyl 80D (4.1.69)

p=0
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o+

T(n) 1
(Mi,s ~ ) (1) = pL_o ST Asy 8, sy, Bip. s (D (4.1.70)
and

(n) !

(Nk's #)(r) = LO o7 ®1y0p @5, Ds,ayisy Bny . (D) (4.1.68)

b=

Finally we note that each of the analytical coefficients AS-Jl-

cdp
BS’JI"'jp , CS,jl---Jp and Ds»il---dp can be replaced by suitable local
approximations on S, which are obtained by expanding the respective

integrands to a sufficient degree of accuracy.
4.2 Analytical approximations for the surface field.
In sections (3.7) and (3.8) we found that when a scalar field ¢; is

incident on a scatterer D the surface field ¥ generated on the scatterer

satisfies the boundary integral equations

L &% - ¢4 (4.2.1)
dn
o - L1y - i (4.2.2)
dn dn

in the Dirichlet case, and

N = - 281 (4.2.3)
dn
M = 3 Dp = — ¢4 (4.2.4)

in the Neumann case. With each of these two sets of boundary integral
equations we now assoclate, for all positive integral values of n, two

sets of nth order linear partial differential equations, namely

n)

™ g =gy (4.2.5)
(") 4 Lonyg - 344 (4.2.6)
in
for the Dirichlet case, and
NP - - %1 (4.2.7)
on
M) - 2 1yg - - 4y (4.2.8)

for the Neumann case. In the sequel we will only consider the 1latter
problem. Now for the Neumann case the coefficients of the partial

differential equations (4.2.7) and (4.2.8) are DJl j and le
cedp e

In
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respectively, as defined in section (4.1). There it was shown that these
coefficients are analytical functions on 8D. Thus at any point r € 4D
which is not a singular point of the differential equation a formal power
series solution can be constructed. The radius of convergence of this
power series will depend on the location of the singular points of the
differential equation. These singular points are usually some or all of
the zeros of the leading coefficients of the equation. As the coefficients
are complex valued functions their =zeros will in general be complex
vectors which do not lie on the surface of the scatterer. In this case it
is possible to construct a general analytical solution by analytical
continuation over the bounding surface 4D of the scatterer.

In section (3.8) we saw that the boundary integral equations (4.2.3)
and (4.2.4) always have a unique solution for all wave numbers k. We
cannot expect a similar result to hold for the corresponding differential
system (4.2.7) and (4.2.8). As neither of these equations are subject to
boundary or initial conditions, either of these equations can have many
analytical solutions and none of these may be common to both equations.

Suppose that {4,} is a sequence of analytical solutions of (4.2.8) for
n=1,2,3,... . Then

M"Y g - L4 --4y ,n=1,2,3,... . (4.2.9)

and the Taylor expansion

o0
& - '
o (L+R) = ¢, (1) + 2:1 o7 214, iy yy Ly #(D)

1.
(4.2.10)

is valid at all points r and ' = r + R in 3D. The convergence of (4.2.10)

implies that the mth term converges to zero as m + =. Since each |a;,| <1

and |nj| <=1, it follows that

m (n)
4 %W "L (4.2.11)
m!
as m + «», where d is the diameter of D and Uén) is an upper bound for the

partial derivatives of order m of ¢,.
Using (4.1.29) in (4.2.9) yields

- Midy - (88" 08) -} g
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or Myé, “%‘tﬁn +¢i-Mk(¢£n)oon).
1 ulR) n+ JEd: +
Hence Mpp, - 7 ¢, + 63| =< -—ntr d (4.2.12)
2(n+l)!
where we have used (4.1.32), From (4.2.11) it is now clear that
lim (M, - 7 6.) = — 61 . (4.2.13)
n

If we assume that there exists a sequence of functions ¢, on 3D satisfying
(4.2.9) and that there is a function ¥, on 4D such that

lim ¢, = ¥, (4.2.14)

n

uniformly on 4D, then (4.2.13) implies that
Mbo — 7 %o = — 64 . (4.2.15)

These considerations show that any convergent sequence (¢,} of
solutions of (4.2.9) converge to the unique solution ¥, of (4.2.3) and
(4.2.4) provided that k2 # K, ,and we have reason to consider the ¢,'s as
approximations to the surface field. According to (4.2.12) the "best"
approximation of order n would be that function ¢, for which Ugil) is a
minimum with respect to all other solutions of order n. No attempt has
been made to carry out this line of reasoning, for according to the theory
of Chapter 3 additional conditions on the functions ¢, are clearly
required when K e Kp.

We again recall that the system of equations (4.2.3) and (4.2.4)
always have a unique solution for all wave numbers k. We also recall that
the nth order differential equations (4.2.7) and (4.2.8) each have non-
unique solutions, of which none may be common to both equations. If the
view is taken that the nth order differential equations (4.2.7) and (4.2.8)
can serve as an approximate representation of the system (4.2.3) and
(4.2.4), we remain with the problem of determining a unique "solution" of
this system which can then be considered as an nth order approximation to
the exact solution of the system (4.2.3) and (4.2.4). In this connection
it is appropriate to mention the work of Burton and Miller (10). They
observe that as these equations are always consistent, a possible numerical
method of solution would be to approximate each by a system of linear
algebraic equations and solve the combined system by a least-squares
procedure. An analogous procedure can be formulated for the two differen-

tial equations (4.2.7) and (4.2.8). One may for example derive the general
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solution of each of these two equations and then determine the arbitrary
constants or functions in these general solutions in such a way that the
norm of their difference is a minimum. Alternatively we may use a linear
combination of these equations as was done in section (3.9). There it was
shown that the boundary integral equation
a(M - 5 I)¢ + ﬂNk¢-~a¢i—ﬁg_:;i (4.2.16)

has a unique solution provided In(af) ¥ 0. If the procedure of section
(4.1) is applied to this equation, we obtain a sequence of partial differ-

ential equations

att™ - § Dé, + BNB, - —agy - 5 24 (4.2.17)
n
for n = 0,1,2,... . In (4.?.17) ¢, represents the general solution of the

nth order equation, and we assume that a and A satisfy Im(aE) # 0 in order
to retain connection with equation (4.2.16). We point out that the use of
two parameters is unnecessary, as equations (4.2.16) and (4.2.17) depend
only on the ratio fS/a. However, the use of two parameters has certain
advantages of symmetry and also simplifies the design of computer
programs. The cases a = 1, 8 = 0 and a = 0, 8 = 1 correspond respectively
to equations (4.2.8) and (4.2.7). On the other hand equation (4.2.17) has
the serious disadvantage that the solutions of this equation are dependent
on the ratio B/a, whereas the solution of (4.2.16) 1is wunique and
therefore independent of the ratio pA/a. Nevertheless, the following
result is easily proved: for a given a and S such that Im(aE) ¥ 0 assume
that {¢, ) is a sequence of solutions of the sequence of equations (4.2.17)
such that ¢, converges uniformly to a function ;. Then ¥, is the unique
solution of equation (4.2.16). It is not known if such a sequence of
functions exists, and here we will only speculate on how to construct
such a sequence of solutions.

With reference to (4.1.24) and (4.1.49) we see that when n = 0

equation (4.2.17) reduces to an ordinary equation for the function 4§,

a(B = f)éy + ADdg= —agy - pI
or
34
abs * B g

$o = - , (4.2.18)

a(B - 5) + AD
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and ¢, is referred to as a zero order global approximation.

As outlined in the introduction our main purpose is to obtain low
order approximations for the surface field on the illuminated side of the
surface when the incident field has a high frequency. We consider one
specific instance, namely when a monochromatic plane wave is incident at
the point r, in the bound;ry of a convex body D. We can now formulate a
sequence of initial value problems for the differential equations (4.2.17)
by using the values of ¢; and its derivatives at the specular point r, as
Initial conditions. Thus for example we consider the first order initial

value problem

3
“(Ml(cl)- %I)¢1 + 5N1(<1)¢1 - —ad¢y ~ ﬁa_ﬁ'l“ 1 (4.2.19)
b1 () = $1(xy) ( e
and the second order initial value problem
a4
2= T 104y + A8 - madi - g )
¢, (xy) = ¢1(xy) J (4.2.20)
9, 30,(xy) = 3, ;81(xy)

and so on. This procedure is applied in the following sections to the
sphere.

The theoretical considerations of this section does not apply to
local integral approximations as defined in section (1.1)‘for a surface
element S contained in the boundary of a convex region D. For instance,
‘the results of Chapter III rely heavily on the use of the Helmholtz
integral formulae for bounded regions and their closed boundaries.
Nevertheless we can define local approximations, In the sense of section

(1.1), simply by replacing the global differential operators Mﬁn)and Nkn)

{n)

respectively, by the corresponding local differential operator Mk?s and

Nﬁ?g defined in section (4.1).
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T(n)

4.3 The differential operators Léfg , Hﬁﬁ; ., Mg (n)

and Ny ¢ for a sphere.

The centre O of a sphere D of radius a is taken as the origin of a
Cartesian reference frame Ox;x,X,, and P ( r = x,e, ) is an arbitrary
point on the sphere. Here (e,,e,,e;) is a right-handed orthonormal triad
localized at O. At P we choose a tangent-normal reference frame P£,£,£, so
that the £,- axis 1is tangential to the meridian through P and positive in
the direction of increasing colatitude #, and the £,- axis is tangential
to the parallel of latitude and in the direction of increasing azimuth ¢ .
The £;- axis is in the direction of the outward normal to the sphere at P.
As in chapter II we denote the orthonormal triad formed by these axes by
f,,f,,f, , and the azimuth-altitude coordinates of a point P’ with respect
to these axes 1is denoted by ¢’,x'. lLet 5 be an element of surface
containing P and contained in the boundary 4D of the sphere D. We assume
that the boundary curve C of 8 is a circle with centre on the normal at P.
Then this circular boundary of S has a constant altitude with respect to
the tangent- normal axes at r. Denoting this altitude by &, the equation
of C is x' = ¢, 0=<¢' < 2nx,
where 0 < £ < g . We note that 1f ¢ = ; , then § = 3D.

Now let P’ (r'=x/e, ) be an arbitrary point of 5 with coordinates
(§1,65,€63) with respect to the P{,£,£;-axes. Then

X{ = X; + ay,{] (4.3.1)

where a,; is the direction cosine of the x,-axis with respect to the

§,- axis:
[ a4 = cosg cosf - sing cosp sinf
singp cosé case sinp sinéd (4.3.2)
- s5ind 0 cosf
If R = PP’ then
£ = R n{ (4.3.3)

where

n{ = cosp’ cosy’ 1
n; = sing’ cosy’ . (4.3.4)
ny; = — siny’ J

If v is the angle subtended at the centre of the sphere by the chord PP’,
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then from the isoceles triangle OPP’, v = 2x’, and
’ R = PP’ = 2a sin(y/2) = 2a siny’ (4.3.5)
where 0 < x' < ¢. Equation (4.3.5) is the equation of the spherical surface

element S in terms of azimuth-altitude coordinates. It now follows that

€{ = Rn{ = 2a cosp’ cosy' siny’ 1
€3 = Rpj = 2a singp’ cosy’ siny’ (4.3.6)

€y = Rny = — 2a sin® x'

The Cartesian equation of the sphere relative to the P{,£,¢,-frame is

12 4 61?4 (g3 + ) =A%,

and so , ,
iﬁl - ———EL—— ~ - cosg' tan2y' (4.3.7)
a€] €] + a * e
13 €2

3¢, - - EEHI_;W = ~ sinp’ tan2y . (4.3.8)

If equations (4.3.7) and (4.3.8) are applied to equations (2.3.12) and
(2.3.13), then

I3 €}
W, = EE% cosp’ + gzi sing’ = - tan2y’ ,
ag} ag!
W, = EE% sing’ - EE% cosp’' =0
Hence we find that
wycosy' + siny’ = - siny’ secly’ , (4.3.9)
w=J(1+ w: +ws) =/(1+ tan’2x' ) = | sec2x’| , (4.3.10)
w siny' cosy' = cosy’,

w,cosy’ + siny’
1

and w R cosy’ = 2a cosy’ ,
| wycosy’ + siny’|

where 0 = ' = ¢

We can now evaluate the coefficients AS,Jl---Jn(r) etc. as given by
equations (4.1.64)-(4.1.67). However, in the sequel we will not explicitly
indicate the dependence of these coefficients on the surface element §,

and in general the value of ¢ will be clear from the context. This
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convention will also apply to the differential operators Lﬁ"g etc. Thus:

% AP 3
a n 1kR
Ay, (O = ;[0 [0 R'e n5, .My cosx’ dx'de’ (4.3.11)

Zx £
1 n ikR |
By . .a,(@) =~ n J . J . R (1kR - 1) e ny,---ny_ cosx' dx'de’,
(4.3.12)

2w, €
1 n ikR ] ] ’
Cy, g, (O = o= J . J i R (1ikR - 1) e nj,---nj_ cosx' dx’'de’,

(4.3.13)
and, for n > 2, P
_—1 (n) ikR ’ ’ [
DJ1-~-jn(r) = J : J . W ‘e "51"'"Jn°°5X'dX de (4.3.14)
where
W(n) n-2|.,, .2 . , . 2 R
k =R ikR siny’ + (ikR ~ 1) [ikR " siny’— 3 Rsiny’ + .
w;cosy’'+siny’
Since R = 2asiny’ is independent of r , so are the coefficients
Aj .o.apr Bayoiis, CGiy...y, and Dy . Thus in the case of the sphere

the analytical functions (4.3.11)-(4.3.14) are constants depending only on
the radius a and the altitude ¢ of the boundary C of S. As mentioned
previously (section (4.1)) we notice that if the surface element S is
small, i.e. if ¢ 1is small, then the integrals (4.3.11)- (4.3.14) can be
evaluated by expanding their respective integrands to a sufficient degree
of accuracy followed by integration. However, in the case of the sphere,
the Iintegrals are easily evaluated, thus we first evaluate these integrals
and then expand in powers of £. We also note that the values of the above
integrals is not affected by permutation of the suffixes j,...j, , and
that
CJ1~-'Jn - - BJ1-~'Jn . (4.3.15)

In Appendix A formulae are derived for computing the coefficients
Adl"‘jn and BJI"'Jn for all n 2 0. These formulae are also applicable
to the evaluation of Ddl_"dnwhen n =2 2; the two remaining terms D and
D, are dealt with in Appendix B. The method by means of which these
coefficients are found in Appendix A is based on the observation that the
integrals of (4.3.11), (4.3.12) and (4.3.13) are linear combinations of

integrals of the form
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2N €
1kR
J f R" e My, .-y _cosx'dx’'dp’ (4.3.16)
0

which can be obtained by repeated partial differentiation with respect to
k of the integral

2% . £
j J e 7 ...ndncosx'dx'dw' (4.3.17)
0

for all n = 1. The same procedure applies to (4.3.14) when n = 2, since,

according to (4.3.5) and (4.3.9), Wén) can be written in the form

2_4 3 2
(n) _ gn-2 [— kzi - S;ER + gi + 2ikaR - 2a]. (4.3.18)

Now consider a time harmonic plane wave

u(r,t) = ¢y(r)e " (4.3.19)
incident on a sphere of radius a. The spatial dependence of the wave has
the form

$i(x) = 1FT-C (4.3.20)

where e is a unit vector in the direction of propagation of the wave. If
the medium surrounding the sphere is non-dissipative then the wave number
k is real. Choose the Cartesian reference frame Ox;X,x; with origin 0 at
the centre of the sphere and oriented so that the negative x,-axis is in
the direction of propagation; then

$1(x) = e (4.3.21)
Due to symmetry the time-independent part of the surface field ¢ generated

-ikx,

on the sphere is independent of x; and x,. Replacing x, by z, this means
that #(x) = ¢(2z).
It follows that all partial derivative of the form

3"¢(x)

Poa da f 7
dx, dx, %,

where p+q+r= n, is zero if p or q is not zero. Equations (4.1.22),
(4.1.23), (4.1.24) and (Z.1.49) now respectively assume the forms

i«
(n) 1 P
&) (z) = g:o o7 @y cedy Ay, Qagﬁgl , (4.3.22)
(n) V1 P
n
M 4)(z) = 2:0 o7 sy, By Qagézl , (4.3.23)
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-

1(n) 1 df
M - = . ...a.. C. o dé(z) | 4.3.24
(k ¢)(Z) pL-O p! anl a3,]p .Jl....]p dzp ( )

) N P
Ny - = D d¢(z) . 4.3.25
M@ = LS Ay ey, Dy, S ( )

2y1/2

From (4.3.2): 4y, = — sinf = - [1 - (g] ] 1

ag, = 0 . J (4.3.26)
833 = cosf = =

With reference to Appendix A the successive terms of the above differen-
tial operators can now be determined. Consider for instance the mth term

of Lén)¢ as defined by (4.3.22). As a;, = 0 and as permutation of the

suffixes j,...j, does not affect the value of Ay g it follows that
caedg
-y m} P q
gy .83y Ay Ly = ) R (20 (a55)% Ay (4.3.27)
pfgmm P-4
where Alpaq - A, 13...3 » Cp20,qg20),

the notation meaning that the suffix 1 is repeated p times and the suffix
3 is repeated q times, where p+q=m, According to (4.3.11) and (4.3.4) we

therefore have

L £

ikR
A 5 (1) = = R" e ()P (ng)? cosx' dx'de’
pq 2x 5 0

2| LE

q <

- +1 .

- i—%%—é J R® elkR cospw’ cos® x' 51nqx' dy'de’
a

-y ¢ £

q

- kR + <

- £~%%~5 costo' do’ J R" ei cos’ lx' sin¥yx’ dy’,
Jo < Yo

since R = 2asiny’ is independent of ¢'. Using the formula

0 if p is odd

Zn
P, -
j i cos @' dp (p=1)(p=3)...5.3.1 2x if p is even
p(p-2)...6.4.2

and the relation

£
J R" elkR Eosp+1x' sinqx' dy' = (2a)m J(m,p,q)
0



4-24

according to the notation of Appendix A, equation (A.5), we find that

0 if p is odd

Aag ) (-1 2™ G-b(p=Y)...3.1 {fop i l (4.3.28)
LA l -1 5 T ST (m,p,q) p is even[

where p+q=m.
Thus the coefficient of Q%ﬁéél in (Lﬁn)¢)(z) is obtained by using (4.3.28)
in (4.3.27). Note that terms containing odd powers of a;; in (4.3.26)
are always zero.

The mth term of the operator M(n) defined by (4.3.23) is given by

- 2 m! r !
azy, 93y, B31-~-3m il (az;) (a33) Blpaq (4.3.29)
ptq=m T

From (4.3.12) it now follows that

T AE
B, 4, (£) = - = R® (iR - 1) eI (n1)? (ng)Tcosy! dx’de’
P d an 0 Yo

2%

- q+1 £
- i_%%“—— J R”(ikR - 1) eikR cosf o’ cosp+1x’ sinqx’ dy’de’
Y0 0
i at1 (2T £
- i—%%—”— cosPp’ dp’ J R"(ikR - 1) eikR cosp+1x' sinqx' dy'

\lo D

and c

j R"(1kR - 1) '™} cos? ™y’ siny’ dyx’ = (2a)"K(m,p,q)

0
according to Appendix A (eq. (A.7)). Hence

0 ’ if p is odd

Bipag ~ 1(-1)“+1<3§>” <P;%;§g;3>»é-g'l K(m,p,q) 1if p is even

} (4.3.30)

where pt+q=m.

(n)

Finally we consider the mth term of the operator N as defined by

(4.3.25). As in the previous two cases it follows that

- m! 14 q
a3y, -84, Dy = ) 1L (a3,)7 (23007 Dy 3 (4.3.31)
pFq=n P:q°

ifm= 2.
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From (4.3.14) and (4.3.18) with p even we obtain the relation

b L D™ (1) (p-3)...3.1
1.3

2 m+1 . m
pq 2p(p-2)...4.2 [“ k" (2a)" "J(m+2,p,q) - 5ik(2a) J(m+l,p,q)

~1 -
+ 5(2a)" "J(m,p,q) + ik(2a)"J(m-1,p,q) - (2a)" 1J(m-z,p,q)].
If, as in Appendix A, we put
2ika = h ,

then the D; ; can be written in the form
P q

_ DI 2a)"  (p-1) (p-3) .. .30

2
piq 2 p(p-2)...4.2 [ h*°J(m+2,p,q) - 5hi(m+l,p,q) +

D,

5J(m,p,q) + hJ(n-1,p,9) - J(m-2,p,9)).
If H(m,p,q) is defined by

H(m?p:q) - th(m+2rp1q) "5hJ(m+1.P,CI) +5J(m»P;CI) +hJ(m‘1,P:CI)' J(m"Z,P,CI)

then

0 if p is odd

D1p3q = 1(-1)q+1(233m-1 (P*%)(g;3)-é-g-1 H(m,p,q) if p is even I
p(p-2)...4.

(4.3.32)

Finally the dependence of the coefficients Alpaqr B, 34 and
P

Dlpaq on the radius a of the sphere is made explicit by writing, for

allm = 0,

A - o , 4.3.33

193‘1 a lpﬁq ( )

B -a"® , 4.3.34

1p3q lpaq ( )

and D a'p (4.3.35)
1pig 1p3¢q ° T

From these equations and respectively (4.3.28), (4.3.30) and (4.3.32) it
follows that

0 if p is odd 1

1p3g -1 e 1@=3)...3.1 5(m,p,q) 1if p is even f ’
p(p-2)...4.2

(4.3.36)
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J 0 if p is odd 1

Plpag = 1 2 (-1)®* (1) (p=3)...3.1 k(m,p,q) if p is even | (*3:37)
pP(p-2)...4.2
and if m =2 2 then
0 if p is odd 1
mlpaq - 1(_1)q+12m-2 (p-D(p-3)...3.1 H(m,p,q) if p is even I (4.3.38)
p(p-2)...4.2

In the equations above p + q = m.
If m = 0 or m = 1, then ¥ and O, are also defined by (4.3.33), but the

values of D and D; are those given in Appendix B.
4.4 Application to the Hard Sphere.

The results of the preceding sections are now applied to the case of
the scattering of scalar waves from an acoustically hard sphere, i.e. the
normal derivative of the total field is zero on the surface of the sphere.
We therefore have a Neumann problem and equations (4.2.7) and (4.2.8)
apply. In particular we derive formulae for the coefficients of linear
combinations of the equations

M- 31)4 = - ¢
and 3
NEMp - - 2k
for the cases n=0,1,2,3,4, and solutions are derived for n=0,1 and 2.

When n=4 it follows from equations (4.2.23) and (4.3.34) that

(4) 1 1 d 2 2
Me' Y= AT - (B - + B ¢ + a B d¢ 4
(Mg 71)¢ = (B-7)¢ +a 3,38 & a7 33p33¢°pq dz2
3 4
al d a* d
37 83583433, Bpqr a;? + i 83533q83: 3358, qrs E;? (4.4.1)
and equations (4.3.25) and (4.3.38) give
N = a'Dp + a, m 98 4+ 2 4 de 4 a e 4
k Th Iz T 3p33q g azZ N 33p33q33: Y qr az3
33 d‘g
AT A3,83483,33, 4,4 el (4.4.2)



Using equations (4.3.26) and (4.3.37) in equation (4.4.1) gives

B =
43p%p

and

1 B
e 8,4 -
21 3pT3qpq

3
For the sum in the coefficient of g_g in (4.4.1) we get
z

1
'5]"7 aSpaZ!anerqr )
L
=z
Similarly

1
Z"" a3pa3qaaraasmpqra

It is convenient to

J8 B B B B N
| 1

N
]

|
@
]

J8
1

Using the results obtained above, (4.4.1) now has the form

a;,B, + a

10 2 2
5(331511 + 83,8533 (Byy+ By,) + aasﬂaa)

2
(331511

N

2
[3831333
z
Biia GE)
L (‘
= Zy (831
1
= 3% By,
1
Z4

introduce the following notation:

1
B-3
B,

1

7 By,

1

7 B, -
1

7 B3

1

3 [35113
1

3% Bi11a
1z 1111
7% 1111

4-27

3383 = 3338; =B

+ 333553)

3
Bi13 + 833 Byy, ]

- F (3B113 - 2533)

2 2 4
Bii11 + 6a3,83381,,53 + a3353333]

-

1 12 (Bllll

(Bllll

= 3B1133]

- 63 B

1133 T 3333)

(

G

a

Z

)

X

- 351133][

= 6By35 + B3333][

(4.4.3)
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R T R~

from which the equations with n = 0,1,2 and 3 can be obtained. In these
-1kz

equations ¢i(z) = e , and using the transformation
z
¢ =37
the equations above can be written in the forms
n=0: Pop - - o ~Lkat (4.4.4)(a)
n=1: P, + P, ¢ g? - e-ika§ (4.4.4)(b)
2 .

n=2: A R N (.44 ()

d¢ dc

2 3 .
n=3: ¥, ¢+ F¢ g? + [Ta - ThCZ] g—% + [Es - Tsfz]f g—% - e'lka§
¢
(4.4.4)(d)
dg 2) d’¢ 2), ¢
n=4: T+ B¢ ac [2'3 - B¢ ] o + [2’5 - B¢ ]g‘ oo° +
4
2 d -ika

(2, - moc? + 20t d—gi‘} - - A 44y e
The formulae derived in Appendix A show that the coefficients %,,...%, are
only dependent on the product ka. As the inhomogeneity e-ika§ is also

dependent on the product ka, it follows that the solutions of equations
'(4.4.4) are likewise dependent on ka.

Now consider the operator Nén) as defined by (4.4.2) and apply
equations (4.3.26) and (4.3.38). We find that

58 = % (3)
Lol -1o, o) @, - )@,
Loaayeate. -5 By (B -3 (o - 355) @)
and L oagaasanBen - 2 B - i (B - 305,) )+

4
F (51111 - 6D 55 + I%aaa](é] .
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The coefficients L,,...,5; are defined by
9, - D
L, =
Q, =70
(511 - Iha)
Dy1s
(33113 - 1533)
D
(31111 - 331133)
(31111 = 60,33 + I’3333]-

[
[

(4.4.5)

D
w
i
[ N Di N[ N N
P'NP‘J“ Tl L Ll -

&
1

Thus for the equation ”
R
we ??tain o 8 o2 932 . 12Y oy gié
a'o ¢ + g, (3) +aDa—D4(5) ? +a' (o -5 (3) @) F o+
dz dz dz
2 4 4 LY
2o -n@ 0@ L .-

from which the equations for n = 0,1,2 and 3 can be found. In these

equations

i (z) dé;i(z) ny

ikz e-ikz
én dz a ’

Using the transformation { = z/a we obtain, after multiplication of each

equation by the radius a, the set of equations

-ikat

n=0: Q¢ = ikat e (4.4.6)(a)
n=1: R¢ + 0,¢ %?. - ika; e tkaf (4.4.6)(b)
2
n=2: 8,4 + B¢ %? + [x::3 - n,,g"’] :—gf; - ika¢ e Ka&¢ (4.4.6)(c)
2 3 s

n-3: 56+ 00 2 [ - 50?) 2 4 (5 - me?)e £F - ikap oS

¢ d¢ d¢

. 0 o 0 & (4.4.6)(d)
n=4: Q¢ + ,¢ ac + {Da - B¢ ] dg2 + [Ds - 8¢ ]g d§3 +

(4.4.6) (e)

4

[07 - gt ngg‘] 2—(? - ikagre TK&S
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Finally coefficients ®;,...,R; are defined by
R, = a®, + BN, , a=1,...,9 (4.4.7)

where a and B8 are constants. Thus forming the linear combinations

aM$®)- 2134 + N6 = - ag; - B %
for n = 0,...,4 yields the equations
R ¢ = - (a-Bikag)e TX3° (4.4.8)
B¢ + RS %? -- (oz-ﬁilcaw)e'ik‘"‘c (4.4.9)
R b + By¢ %? + [m, - 'R,'g'?] % - - (a-pikat)e 1*af (4.4.10)

2 3

Rp+Re By (m - me?] LS4 (B - oo $F - - (a-pikag)e R

dc d§2 dcs
) . (4.4.11)
d d
SRR R GRS b I CRE TS [ 2
4 3
[“7 ol ‘RQC‘] 2 - (a-pikag)e 1K (4.4.12)

d¢

In the following sections the behaviour of the solutions of some of
these equations is discussed for a selected set of wave numbers k; in all
cases the radius a= 1. As regards the coupling constants, particular
attention is given to the following cases:

(a,B) = (1,0),(0,1) and (1,1),
corresponding respectively to the equations

M- L1yg - - gy,

a¢i
LR
a¢
and M- 21y + NI = - gy - 1 5;1 :
for n=0,1,2.
The eigh coefficients %,,...,%,,0,,...,8, required for the solutions

of these equations for the cases n=0,1 and 2 are programed in SUBROUTINE
HCOEF2, and is based on the formulae derived in Appendices A and B and
equations (4.4.3) and (4.4.5).

In all the cases dealt with in the following sections the solutions

of the equations (4.4.8)-(4.4.12) are compared with the exact solution of
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the surface field for the acoustically hard sphere. This solution is
derived from the boundary integral equation

M -7 D¥ =~ - 43
and is given (Honl,Maue and Westpfahl (22)) in terms of Legendre polyno-
mials P (¢),where { = cosfand 0 < § <« , by
(1)

B = —25 )} (-1)"(2n+1) [0
(ka) n=0

1

(ka))" "t P (C) L It <1, (4.4.13)

where héx) is the spherical Bessel function of the third kind and
(1)

(1) ' dhn (t) ]
ka) = [ —— .
i (ka) ( dt t=ka

The Legendre polynomials are computed by means of the recurrence

formula

nP, (¢) - (20-1)¢P, 1 (§) + (n-1)B, ,(¢) = 0
where Po(f) =1
and P,(¢) =¢

The program is listed in SUBROUTINE LP.

The spherical Bessel functions of the first and second kind of
integer order n are respectively denoted by j, and y,, and are linearly
independent solutions of the differential equation (Abramowitz and Stegun
(1

24%y dw 2
t W + 2t &Y + (£ - n(ntl))w = 0.
dt? dt
The Wronskian W of this differential equation is given by
-1
W(t) o

The functions j, and y, are related to the Bessel functions of the first

and second kind J, and Y, by the formulae

ENOR (é%]l/an+% (©)

and y
x\1/2
%2 (®) = (5¢)  Yasr (®
4-28
The formulae hél)(t) = ja(t) + iy, (t)
(1)' ' )
and h, (£) = ja(t) + iyl ()

are then used to calculate the Bessel function of the third kind and its
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derivative. The calculation of j, and y, and their first order derivatives
for all orders n and all values of the argument t is based on the

recurrence formulae (Abramowitz and Stegun (1))

£, (t) + £,4,(t) = (2n+l)E, (£)/t (4.4.14)
and nf, ., (£) = (n+l)f, 4, (£) = (2n+l) diﬁ , (4.4.15)

where f  denotes either j, or y,. Then there are constants Cj and Cy
such that
Ja(£) = Cj £, (t)
and yn(t) - Cy £, ()
for all n = 0.

It is also necessary to take note of the asymptotic relations

3, = T (o)

e - - ]

v

and

where v - =« through real positive values. Setting u = et/2 and N = n+% ,

we obtain

N
Jn(t) ~ 7 /(ric) & (4.4.16)
and N
Yo (t) ~ - 7&—5 (ﬁ] (4.4.17)

Relation (4.4.17) shows that for a given argument t the value of y, (t)
increases extremely rapidly with increasing order n. If therefore y,(t)
and y, 4, (t) are given then the recurrence relation (4.4.15) can be used to
calculate y, 4, (t) with good accuracy (Goldstein and Thaler (18)) up to a
certain maximum order n depending on the hardware and software used for
for computations. Using Fortran software the upper bound on numerical
values is of the order of 10300, assuming that scaling is not used. This
means that an estimate of the smallest positive integer ny(t) for which

(t)| exceeds 10°°° whenever n = n (t) is obtained by considering when
yn y y g

7o B =0

or N log(u/N) + 0.5 log(Nt) + 300 =< 0.
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This relation is used in SUBROUTINE SBF to determine ny(t) and y_ (t) is
then computed for all n-O,...,ny(t).

For the spherical Bessel function j, we observe from (4.4.16) that for
a given value of t the value of j_ (t) decreases rapidly as the order n
increases beyond u = et/%. Thus if one is given j,(t) and j, 4, (t) then
(4.4.14) gives poor accuracy for j 4,(t) as m increases (Goldstein and
Thaler, loc.cit.). We can however still use (4.4.14) provided we recur in
the direction of decreasing order. Relation (4.4.16) implies that j_(t)
decreases to zero as n -+ o, and ylelds an estimate of the smallest

positive integer nJ(t) such that |j (t)]| = 10" %°° whenever n = njy(t):

s (<10

or
N log(u/N) + 0.5 log(Nt) + 300 < O.
Assuming now that
fo,+2(8) = 0 “vo0
and fnj+1(t) = 10 ,
the functions £ (t) are computed in SUBROUTINE SBF for n= 0,...,nj(t).
Since jo(t) is known, viz.
Jo(ty = L
the coupling constant Cj is given by

Jo(t)
A i VTS

' A printed list of the spherical Bessel functions and their first
derivatives 1is given by PROGRAM SBF for orders n = O0,...n;(t), where
ng(t) is the minimum of nj(t) and ny(t). This program also calculates the
theoretical Wronskian W given by

w(t) = L

t2
and the computed Wronskian W, given By

W, () = [3,(t) v (®)
Jalt)  ya ()

In all cases considered (0 < t < 200 and n = 0,...,n,(t)) the absolute
difference between W(t) and W_ (t) was found to be less than 10-16 on a
computer using 18-digit double precision arithmetic.

The output of SUBROUTINE LP and SUBROUTINE SBF is used by PROGRAM
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SFHSE to compute the surface field on a sphere as given by equation
(4.4.13). In this program t = ka and § = x, where # is the colatitude
expressed in radians. As the absolute values of the spherical Bessel
functions j, and y, and their first derivatives vary greatly in magnitude,

the function subprogram FCABS 1is used to calculate the reciprocal of

s

field at selected points of the surface, and a list of the amplitude of

(ka). The output of this program is a printed list of the surface

the field at these points which 1s used for plotting purposes.

4.5 Zero order approximations for a sphere.

According to equation (4.4.8) the =zero order approximation ¢, 1is

given by ika
-1kaf
—81ik
bo(s) = - {oBlkal)e : (4.5.1)
1
and its amplitude is
160(5) ] = le%%?%eil : (4.5.2)

e Cagse 1. If a = 1 and 8 = 0 then, according to (4.4.3) and (4.4.7),

R, = 2,
where B, =B - 5
and M~ -3 (hdp - 1)I
According to Appendix A, h
T
18 -1
h
where h = 2ika.
and r =sine, 0 < ¢ < ; .
Hence  JE [1 +ef 4 2(1 - eh']h"] , (4.5.3)
ika¢
2e
o 1 (5) = - (4.5.4)
{l + fehr - 2(1 - ehf]h 1]
2
and [40,1(5)] = (4.5.5)

|1 + ebr - 2(1 - ebT)n"?|

This should be compared with the geometric-optics field ¢, valid for

large values of k:

e—ika(

$g (§) =204(¢) = 2 (4.5.6)

and [ ()| = 2.
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If £ is so small that powers of ¢ higher than e are negligible then,
as in Appendix A,
' ®, =~ (1 + 3¢ + 3he’).

Hence

-ika¢
bo 1 (§) = —22
0,1 1 + 3¢ + 3he?
and
2
190,11 = T35 3 + 3her] = %
It follows that
ik
1im 40,4 (¢) = 267 = 4, ()
for all ¢ € [-1, 1].
If ¢ = g , i.e. r =1, then
ika¢
2e
$0,1(¢) = - (4.5.7)
[1 +e - 2(1 - eMn 1]
and 160, 1(5) | = z (4.5.8)
o:t [1 + eb - 2(1 - eb)n™?| e
Equations (4.5.7) and (4.5.8) are infinite when
h
1+et-2 [e - 1] -0 (4.5.9)
eh -1
or h =2 |-g—
[e + 1]
from which it follows that
ka = tanka . (4.5.10)

Equation (4.5.10) shows that the zeros of equation (4.5.9) are real if ka
is real, and the approximate location of these zeros can be read off from
Fig.(4.5.1), where x= ka. We observe that these zeros are the same as
those of the spherical Bessel function

jix)y =0 .
The points at which ¢°,1(§) is infinite therefore correspond to some
of the eigenvalues of the homogeneous interior Dirichlet problem for the
sphere. Note also that for large values of x= ka the zeros of equation

(4.5.9) are approximately equal to an odd multiple of ; .
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¢ Case 2. If a = 0 and § = 1 then

R =0

1 1

and
9, - D=2 ((6+ (2-nr-4h e e —ho+ant). (4.5.11)

Hence .
4ikale ikag

4+ (2-h)r - 4h ' +r ')ehT - h + 4h°

1

¢o,2(5) - (

First we note that
}i? ¢u.z(§) =0, -1=s¢s1,

and this corresponds to the surface field in the shadow region in the
case of physical optics.

If r =1, i.e. ¢ = ; , then

-ika{
2hte
- - - - 4.5.12
#o,2(5) (4 —h - 4h” el + 4h™' - h ( )
and
[do,20(8)] = - 2[he] (4.5.13)

|(6 - h - 4h”"yeb + 4n™! -

This expression is infinite when
(6h - h? = 4y + 4 = n? - 0, (4.5.14)
Since h=2ika, we obtain
(8ika + 4k232 - 4)(cos 2ka +1isin2ka ) + 4 + 4k?a® - 0.
Separating the real and imaginary parts yields
(Akza2 — 4)cos 2ka - 8kasin2ka + 4 + 4k’a® = 0
and (Akna2 - 4)sin 2ka + 8kacos 2ka = 0,
Eliminating terms containing sin2?ka we find that
cos 2ka = l.__:__k;a_; . (4.5.15)
1 +k'a
If ka -+ = then the right-hand side converges to -1. Thus for large values
of ka the zeros of equation (4.5.14) converge to the odd multiples of
; . The distribution of the zeros of equation (4.5.14) for x = ka 2 0
is shown in Fig.(4.5.2).
The considerations above show that when £ = § the two zero order forms

(4.5.7) and (4.5.12) are not suitable as approximations for the surface

field when ka is near an odd multiple of ; , and it may be expected that
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higher order approximations with (a,8) = (1,0) or (0,1) will exhibit

similar undesirable properties.

e Case 3. If a =1 and 8 = i, then
R =2 + ik

where %, and fQ; are given respectively by (4.5.3) and (4.5.11),

and
-ikat
Bo 4 (5) = - ALt kal)e (4.5.16)
ml
and
160,5(0) | = 1Ekatl (4.5.17)
’ (R |

Here we also find that ¢, ;({) » O when r > 0.
If ¢ =3 , then
R o= - [1 +ef 421 - eh]h"] + %i.[(a - h - 4h7 e - h o+ ant).

Separating the real and the imaginary parts in the equation

R, =0, (4.5.18)
we obtain the two equations
- (x* - x +1)sin2x+ (1 - 2x)cos 2x =1 + x° (4.5.19)
and
(1 - 2x)sin2x + (x° - x - 1)cos2x = -1 + x - x° (4.5.20)

where x = ka. Multiplying equation (4.5.19) by (1 - 2x) and equation
(4.5.20) by (xz— X + 1) and adding we get

x(x> + 2% + 2)
(x = 1)(x% - x + 4)

coS 2% = - (4.5.21)
Fig.(4.5.3) shows that when x = ka > 0, then the two curves
y = cos 2x

and 2
x(x” + 2x + 2)

(x - D(x? - x + 4)

y=-

have only one point of intersection at approximately x = 0.4387. The
denominator ®;, in (4.5.16) and (4.5.17) will be small but non-zero when

ka is a large odd multiple of ; .
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It appears that a = 1 and 8 = I Iis a more suitable choice for con-
structing approximations than the preceding two cases when ¢ = g
However, if ka is near to an odd multiple of g then ®;, will be approx-
imately zero and hence |¢0’3(§)| will be very large. In Fig.(4.5.4) the
values of the reciprocals of |[¥,|, |Q| and |% | are plotted against ka
for the range 1 < ka < 19. Thus we see that the graphs of the zero order
approximations differ widely in appearance, a few typical examples being

given in Figs.(4.5.5)-(4.5.10).

12.04

10.0}

8.0}

y-axis

.04

4.0

2.0

0.0 + " ¥ ! 4 " ¢ + ' t ; —
1 i 3 21 2 I WA
2 2 2 2
x-axis

Fig.(4.5.1) . Grahps of y = x and y = tanx for locating the zeros of

equation (4.5.9) when x = ka > 0.



y-axis

1.0 |

0.5 |

0.0

-1.0

TAWAWAWAN|

YRV

ozl
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2
Fig. (4.5.2). Graphs of y = cos 2x and y = %—1~5; for locating the zeras of
X

equation (4.5.15) when x = ka > 0.
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Fig. (4.5.3). Graphs of y = cos2x and y = -

equation (4.5.1B) when x = ka > O.
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Fig. (4.5.4). Graphs of y
(1) Bluerx=1, B=0,

X-axis

I'R,) ™ plotted against x = ka for ka in the range 1 to 19.

(i1) Red: x=1, B=1 and {iii) Green:x=0, B= 1.
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Fig. (4.5.5). Surface field amplitude (Black) for a sphere, ka = 1.5, and amplitudes of zero order

approximations: (i) Blue: =1, B=0, (ii) Red: =1, B=1 and (iii) Green: x=0, B= 1.
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4.6 First order global approximations for a sphere.

For the global approximation ¢ = -21[ as in section (4.3), and from

equations (4.4.9) and (4.4.7) we have

ﬁ1¢+’ﬂzc%‘? =f(), - 1=<¢=1, (4.6.1)

where £(¢) = — (a-pikag)e TK¥ | (4.6.2)
R, =af + 440,
and R, =af + 0, .

The equation has only one singular point at the origin and analytical
solutions can be obtained in any region not containing the origin. Thus if
C is a continuous path in the complex plane C with initial point 1 and end
point =1, and if C does not contain the origin, then a solution of
equation (4.6.1l) can be constructed by analytical continuation along C.
Any such solutions will be the same as any other such solution provided
that their respective paths are homotopic with respect to the origin. We
also note that equation (4.6.1) has a unique singular solution which is
analytical at all points of the complex plane. This solution is obtained

by writing (4.6.2) in the form

£(¢) = Zufngn (4.6.3)
where £ - - m-+nmi%§9—, n=0,1,2.... , (4.6.4)

and assuming that equation (4.6.1) has an analytical solution

$1,5(6) = L anf". (4.6.5)

We then obtain £
n
a = ®, + o) n=0,1,2.... , (4.6.6)

and

o0 n

N _{a+ nf) (-ika) .=

$1,s(§) =~ ¢ (4.6.7)
1,8 néo (7, + n%,) n!

This series is absolutely and uniformly convergent in any bounded region

of the complex plane. However for values of ka > 20 the series is not

suitable for numerical computations — the initial terms of the series are
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then very large and the accumulated errors are consequently also large. In
general the functions represented by equation (4.6.7) are not sultable as
global approximations of the surface fileld as is apparent in Fig.(4.6.1)
for the case ka= 3. For larger values of ka the values predicted by
(4.6.7) at the specular point may become very 1a‘rge.

The homogeneous equation corresponding to (4.6.1) is

'R1¢+ch%? -0, (4.6.8)
and the general solution of this equation has a branch point at the

origin {=0. If

! (4.6.9)
8§ = — .6,
%,
we can write equation (4.6.8) in the form
@ ,s5_ 4.6.10
ac c (4.6.10)
which has the general solution
$c(§) = CC°5 , ¢ #0, (4.6.11)

where C 1Is an arbirary constant. In (4.6.11) -1 < ¢ < 1 and we can select
any one of the branches of the many-valued function {~S. In general
g-s - S log ¢
where log¢ = log|¢|+ Larg({),
arg({) = Arg(¢) + 2nr , n=0,%1 .2 ...,

and Arg({) denotes the principal argument of ¢, i.e.

-x < Arg({) s «.
Any one of the branches of S_-s is therefore discontinuous across the
negative real axis, but continuity can be maintained if we 1imagine the
complex plane to be cut along the negative real axis from 0 to -« . Then
each of the infinite number of branches
g (¢) = oS (log|¢| +1i( 6 + 2nx))
1s an analytical function of ¢ in the cut complex plane, where # = Arg({).
The behaviour of g ({) near the origin depends on the value of s.
Computations show that the wvalue of s is essentially independent of the

values of a and B if the wave number k is sufficiently large. Let

and sq =
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With reference to the asymptotic relations given in Appendix A, we

that
lim sp = lim s = s¢,
k a0 ka o
1+ el’l
where 59 = = —F{F—
. 2e
and h = 2ika. It follows that
R V3
lim s = lim 3 = 1im 222 ¥ A% _ o
ka-»o ka +~o R, ka-wa?, + B,

for all values of a and 8. Since

_ l+cos2?ka —1isin2ka
2 ?

Sg =

we see that —1=< Rl(sy,) <0 .

find

Fig.(4.6.2) exhibits the graphs of Rl(sy), Rl(sp) and Rl(sq) plotted

against ka for values of ka within the range 1 to 20, and the graphs of

Im(sy), Im(sp) and Im(s,) are shown in Fig.(4.6.3) for the same range of

values of ka. In both Instances we observe that

R1(sp) = Rl(sq) = Rl(sg)
and Im(sp) = Im(sq) = Im(sy)
if ka = 10. It follows that

;sz}_zfl_ if ka = 10.

2 2%

We conclude that the behaviour of the homogeneous equation (4.6.8)

is

essentially iIindependent of the values of a and B. Moreover we notice

that —1< Rl(s) = 0 for any cholce of a and 8 provided ka 1s sufficiently

large, where s is given by (4.6.9).

A particular solution for the inhomogeneous equation (4.6.1) can be

found by assuming a solution of the form

bp(8) = 7% B() (4.6.12)

If (4.6.12) is substituted into (4.6.1) we obtain

s-1 -
¥(g) = L"mz £(¢).

According to the asymptotic relations in Appendix A, |R,|~ ka and hence

R, 1s never zero if ka is ’sufficiently large.
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A particular solution for the inhomogeneous equation (4.6.1) is therefore
-Sc

bp(f) = = f 57t £(t)de . (4.6.13)
T

Since Rl(s) < 0 the integral diverges when { = 0. However the function ¢p
defined by this integral is an analytical function of ¢ if the complex-
plane is cut along the negative real axis from 0 to -« . We denote this
cut complex plane by C’ = C = [~=o, 0]. Thus if { is a point on the negative
real axis then we can replace { by either (+ 10 or { — 10 and there are
two distinct paths from 1 to ¢ in C’'. If ¢ is realuand -1s ¢ <1 we use
as path of integration a straight line from 1 to ¢ which is indented at
the origin if ¢ < 0, and which lies either in the upper-half or lower-half
of the cut plane C’. These two paths are denoted respectively by C? and
Cc. Thus if 0 < § < 1 and {f -1 < ¢ = -6 then in the first case

g-s - e-s(log[g[ + i)

_ e(-Lxlog]§§ + vx) + i(vlog|¢| = ux)

and in the second case
g—s - e~s(1ogl§| = ix)

(Tulogif] = vr)+ 1(v log|¢| + um)

where u= Rl1(s) and v= Im(s). That portion of the two paths C? and CE
which is common to both corresponds to the illuminated side of the sphere.
The choice of path is motivated by the fact that for large values of ka
the surface field is small in the shadow region. Now if v > 0 then the
factor e " is large along C? but e " is small along CE , and if v < 0O
then the factor e " is large along CE but e’ is small along C?.
Accordingly the choice of path is determined by the sign of Im(s): if
Im(s) < 0 we choose C; as the path of integration, while if Im(s) > 0 we
choose C; as the path of integration.

The general solution of equation (4.6.1) can now be given as
-g ¢f
$(¢) = cc™ %+ %; j 2 f(e)ae . (4.6.14)
1

If we assume that in the high frequency case the surface field at the

specular point ¢ = 1 is twice the incident field at this point,zwe find
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that C = 2e-ika .

Thus the first order high frequency approximation to the surface field is

-8 -ika 1 J s-1
$,(C) = ¢ " |2e + " t” Tf(t)dt } (4.6.15)

1

given by

S"l£(t)dt is divergent if ¢ » 0 in C’, it

sS-1

Although the integral f{ t
is nevertheless true that the product g's fi t- “f(t)dt converges to a

finite limit when ¢ » 0. To prove this note that if { = § > 0 then

)

§ )
§°S f (Slg-lkat - f St oge | <578 f cu-t !e-ikat -1qat
1 1 1

where u=R1l(s), and

K3 L L e(ry,

where

= n-1
g(t) = — ika }_ LLEE%EL___ .
n

n=}

The series representing g(t) 1s uniformly and absolutely convergent for

all values of t, and if 0 £ t < 1 then

Ig(t)| < Jkal/j2 .

This result is found by applying the mean value theorem to the real and

imaginary parts of e-ikat - 1. Hence

)

5
de - §°° f 57! de
1

5
wS f ¢S that < /2 |ka] § ¢ f e de .
1

1

§

and it is easily shown that 1f u < 0 then

)

lim §7% f t? du = 0
§0 1
and ) s, .S
limS-sJ‘ts_l dt = 1 =1 _ 1
1 -0 s S
Hence if R1(s) <0 then
-s d s-1_-1kat 1
lim 6 f t e dt = = | " (4.6.16)
§0 1 s
Now using the inequality
-ikat

e -1} = 2,
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it follows that

. § §
5% Jﬁcse'lkat dt - a'sfcs dt | < 26“[ e de,
1 1 1
and if R1(s) < 0 then
ikat -8 § s
lim 6 ° jétse'l 2% dt = lim 6 f t° dt
§0 1 60 1
-8, S+1
5 (6§ -1)
- }E? ot 1 0 . (4.6.17)
Thus
6-5 § s-1 o o (4.6.18)
11m—-—jt: f(t) dt = - - .6,
v N 1 R, s Ry

if R1(s) < 0, where f(t) = - (a - ﬁikac)e-ikac and { € C', Hence according

to equation (4.6.15), if Rl(s) < O then

1im §) = — = | (4.6.19)
goos 1 2

Next we determine the limit of the expression

I - §-S f St e-lkat
ct
where { ==-6+ 10 and 0 < § » 0. The path of integration in (4.6.20) is

ct =T, U rg ,

where T'; is the line segment from 1 to 6 and FI is the semi-circular arc

dt (4.6.20)

t=6e¥,0

LS =x .
We write (4.,6.20) in the form
I=1I,+1, (4.6.21)
where 5
R I P (4.6.22)
and '
I, = (-6)°° f ¢S e kAt 4o  (4.6.23)
I3
Since

-s _ e-s(log6-+ i) _ e-ins §°S ’

) .
e-iﬂS 57 j £S-1 e-lkat de
1
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and from equation (4.6.16) it follows that

-ixs

lim 1, = £ (4.6.24)

§-0 s

If t e Cg, then t = 6e1¢ , where 0 € ¢ =« . Henpe

¥.4 . .
1, - e-s(log6-+ in) J e(s-1)(10gq7+ i) eka6(sin¢4—1cos¢)i5elw do
0

X
i.e. 1, - je - 17s j ise kas(sing+ fcose) 4
0

and hence

-ins [T _ins 1 -t
lim I, = fe " "° j e ™ dp = 2t . (4.6.25)
50 0 5
From (4.6.24), (4.6.25) and (4.6.21) we find that
-ixs ~ixs
lim1-+-8& &€ -1 (4.6.26)
50 s s s
provided that Rl(s) < 0. Similarly, if
I - g—s j ¢S e'ikat dt
ct
where { = ~ 6§+ 10, then we find that
limJ = 0 (4.6.27)

-0

provided that Rl(s) < 0.
Using equations (4.6.26) and (4.6.27) in (4.6.15) and comparing the
result with equation (4.6.19) gives
lim ¢,(6) = lim ¢, (6) = - = (4.6.28)
630+ 41 §50- ! R
This means that ¢, (0) is uniquely defined by
a
$,(0) = R, (4.6.29)
if Rl(s) < 0.
The solution (4.6.15) of equation (4.6.1) 1is computed by PROGRAM
SFHS1A at a discrete set of points in the interval [-1 ,1], the path of
integration being either C; or CE with 6§ = 0.1, and the integrals are

evaluated by using Simpson’s one-third rule. No convergence criteria or

tests of accuracy are built into this program, as the results can be
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tested by running the program with successively finer partions of the
intervals involved. We do note, however, that for large values of ka the
function f(t) given by (4.6.2) oscillates very rapidly and there may be
some dought as to the accuracy of the computed product c-s 1 £S5t f(t)dt
if ¢ € [-6,6] and § 1is very small. This 1is particularly relevant when
u = Ri(s)= -1, for then |t°"

decreases. Another disadvantage is that errors resulting from computations

| = )tl_2 inceases very rapidly as |t}

along the semi-circular portions also affect subsequent results. In an
attempt to avoid thses difficulties we can compute the integral along some
other path which 1s homotopic to either C? or C;. PROGRAM SFHS1B 1is
desiged to compute (4.6.15) along the path shown in the figure below for

the case where Im(s) > 0:

-1 *q 0 § +1
] i

—e

(-1,h) (1,h)

A
/

Thus, choosing a suitable h<O0, we first determine ¢, ({) along the interval
[6,1] starting from (1,0), and then proceed to the point (~1,0) along the
path ' as shown, again starting from the point (1,0). Finally the values
of the function can be computed along the interval [~1,-6], and ¢, (0) is
glven by (4.6.29). With reference to Fig.(4.5.4) equation (4.6.29) shows
that ¢, (0) oscillates widely with different values of ka, and accordingly
$,(0) is in general not a pgood representation of the surface field at
this point. The effect of the singularity at (= 0 1s therefore that
equation (4.6.15) does not give a good representation of the surface
field in the penumbral and shadow region.

In PROGRAM SFHS1C the solution of equation (4.6.1) 1s computed by
analytical continuation along a path as shown in the figure above. This
method of solution 1s very much slower in execution than the two former
programs, but it does provide a convenient means of determining the
accuracy of the calculations, and for cases where ka is large and u= -1
the results are generally better than those obtained by SFHS1B.
The path along which the solution is constructed is subdivided into a

sufficiently large number of non-overlapping segments by a sequence of
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points ¢,, »v=0,1,2,...,N, and such that
1€y = Su-al < 161
We assume that ¢, ({,) is known and apply the transformation
C=¢C, + ¢ (4.6.30)

to equation (4.6.1), which assumes the form

dy,,

Riby + B (St €) g = R (4.6.31)
where

'ﬁu(g') - ¢1(§) - ¢1(§y + g')
and

F (¢') = - (a - Bikac, - Aikag')e 1K&(EW*")
We can write F(¢') = ) Fy’ng'n
n =0

where .

Fym = - ¢ %V (a - pikag, + ng) 1L 4.6.32)
for all n = 0,1,2,3,... . Assuming that (4.6.31) has a solution of the
form

£ n
h(¢!) = Zo ay n¢' (4.6.33)
n=

substitution into (4.6.31) gives the recurrence relations

(ml + an)aV,n + (n+1)m2gvav,n+1 = Fv,n ’

true for all n =~ 0,1,2,3,... .Since ¢, # 0 for v = 1,...,N-1,

FV,n - (ml '+ an)aV,n
4y ,n+1 ™ (n+1)R, ¢,

(4.6.34)

and if n = 0, we find that

Fy o ~ B3y, o

aV,l = ngv

Since a, o = %,(0) = 4,(¢,) 1is known the coefficients a, ,, n = 1, are
uniquely determined by (4.6.34). According to the theory of 1linear
ordinary differential equations the solution (4.6.33) of (4.6.31) is

uniformly absolutely convergent, the radius of convergence being [{,],
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i.e. the distance of {,, to the nearest singular point, in this case the
point ¢ = 0. Since |{p 4 ~ ¢y | < |¢, |, we can use (4.6.33) to determine
1 (Cp+1) = ¥(Eysy — §u). Thus starting for instance at the specular point
with suitable initial conditions the solution ¢; is obtained in a finite
number of steps. If the distance between successive points {,., and ¢, is
small, say less than .01, then the error at every step is found to be of
the order of 10 '*
order of N.107'*.

or less, and the resultant error 1s therefore of the

Comparison of results obtained over a wide range of values of ka by
each of the three programs mentioned show that their respective results
are almost identical on the illuminated side, and good agreement exists on
the shadow side. This is illustrated by amplitude curves corresponding to
ka= 20 as computed by each of these programs and given in Figs. (4.6.4)-
(4.6.6) for the three cases (a,f)=(1,0), (1,1) and (0,1).

The amplitude curves plotted in Figs. (4.6.7)-(4.6.11) were computed
by program SFHS1A. In all cases considered the curves corresponding to
(a,8) = (1l,1) and (0,1) are found to be almost identical in the illuminated
region and in many cases good agreement exists in the shadow region. In
cases where (a,8)= (1,0) and v= Im(s) < 0 the computations in the
penumbral and shadow region were found to be unreliable. Finally we note
that the oscillatory behaviour of s as a function of ka influences the
form of the amplitude curves. Thus the first order amplitude curves for
different values of ka will be nearly the same 1If the corresponding values

of s are approximately equal.
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Fig. (4.6.2) . Graphs of (i) Rl(s,) in Blue, (ii) Rl(s,) in Red and (111) Rl(s,) in Green,

for 1 < x < 20 where x = ka. The graphs of (ii) and (iii) are almost indentical if x > 10
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approximations computed by PROGRAM SFHS1A with § = .01. (i) Blue: o= 1, B=0 u=-.1141 v = 344
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Fig. (4.6.5). Surface field amplitude (Black) for a sphere, ka = 20.0, and amplitudes of first order
approximations computed by PROGRAM SFHS1B with §=.01 and h=-1. (i)Blue:x= 1, g=0 u=-.1141, v= .344,
(11) Red: =1, B=1, u=-.1235 v = .3421 and (iii) Green: =0, B=1, u=-.1231, v = 3422,
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Fig. (4.6.6). Surface field amplitude (Black) for a sphere, ka = 20.0, and amplitudes of first order
approximations computed by PROGRAM SFHS1C with §=.1 and h=-1. {i)Blue: = 1, A =10, u=-.1141, v= .344,
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Fig. (4.6.7) . Surface field amplitude (Black) for a sphere, ka = 45.0, and amplitudes of first order
approximations computed by PROGRAM SFHS1A with & = .01. (i) Blue: o= 1, B=0 u-= -.2466, v = 4423,
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Fig. (4.6.8) . Surface field amplitude (Black) for a sphere, ka = 49.0, and amplitudes of first order
approximations computed by PROGRAM SFHS1A with 6 = .01. (i) Blue: =1, A=0, u = -.1086, v = -.3014,
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Fig.(4.6.9) . Surface field amplitude (Black) for a sphere, ka = 50.0, and amplitudes of first order

approximations computed by PROGRAM SFHS1A with § = .01. (i) Blue: =1, =0, u = -.9457, v
(1i) Red: &=1, =1 u=-.9439, v = ~.2267 and (iii) Green: x=0, B=1, u=-.944, v =
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Fig. (4.6.10). Surface field amplitude (Black) for a sphere, ka = 57.0, and amplitudes of first order

approximations computed by PROGRAM SFHS4A with § = .01. (i) Blue: o= 1, B=10 u=-7887, v= _4171,

(ii) Red: o= 1, B=1 u=-.7828 v= .4102 and (1ii) Green: o=0, B=1, u=-.7827, v = ,4103.
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Fig. {4.6.11) . Surface field amplitude (Black) for a sphere, ka = 61.0, and amplitudes of first order
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4.7 First order local approximations for a sphere.

Let P;, with position vector r; = OP;, be a point on the surface of a
sphere D of radius a and centre 0, and let S be a surface element
containing P, and contained in 3D. We assume that the boundary curve C of
§ is a circle with centre on the normal at P, € 8D, and ¢ is the altitude
of C with respect to tangent-normal axes at P;,. Let r be an arbitrary
point in S with colatitude 4 with respect to Cartesian axes 0Ox;x,x; at the
centre of the sphere, and let ¢ = cos d . With reference to sections (4.3)
and (4.4) we find that the differential equation for the local approxima-

tion of the surface field on § is given by

mp+ 2 §E - £, 4.7.1)
. -ika¢
where f(¢) = - (a~Bikal)e

We recall from sections (4.3) and (4.4) that the coeffcients ®; and
R, are constants depending only on the radius a and £, and we assume that
¢ is so small that powers of ¢’ and higher can be neglected. Thus from

Appendix A we find that

®, = -5 (L + 3z + 3he),

?, = 0

g -t (P +1-@-30")e+ (-3 h 4500
and L = - % e’ ,

from which we can obtain
921 —ag +ﬂﬁl
and R, =a + 8, .

Here we briefly investigate the nature of the singular solution given by

equation (4.6.7).

e Case 1. If a =1 and § = 0 then

R =% =-% (1L+ 32+ 3he’),

R, = %, =0,
and hence the singular solution of equation (4.7.1) is given by

1 o (-ika)" .n
Bia) =g ) oS
n=0



-ika¢ 81 (
_ e % ¢)
or ¢1 ,l(g) Tl = Tl ]

and £, is not zero provided e is real. For the amplitude we have

2
(1 + 3¢ + 3hed)

[41,1()1 =

. - 2, P s
since the expression 1 + 3¢ + 3he” is always positive. In the limit when

e » 0 we obtain

Lim ¢,1(6) = 261(6) = 4g(5).

e Case 2. If ¢ = 0 and 8 = 1 then

B =5,

B =5,
and according to equation (4.6.7) the corresponding first order local
approximation is given by

_ N n (-ika)n n
$1,2(6) = 23 (8, +nQ,) n! 3
n=

) N 1 (-ika)” .o
= ika c.
fﬂé (%, + 05, n!
Since
lim S S— 0
cio (8, + nk,)
for all n=0,1,2,..., it follows that

lm ¢; , () = O.
£

e Case 3. If a = 1 and # = i then the corresponding first order local

approximation as given by equation (4.6.7) is

T (1 +1in) (-ika)" oa
$1,56) =) moramy ar S

n=0
where

Ryo= B+ 10,
and w, = % + 1R, .
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Here too we find that

11 = 0,
E}'L“ ¢1 ,3(§)

Amplitude curves of first order local approximations, as computed by
PROGRAM SFHS1L, are given ip Figs. (4.7.1) and (4.7.2) for the cases where
ka is respectively equal to 20 and 30 and ¢ = 1l/ka. In general these
curves are similar in form to the corresponding zero order approximations
and reduce to the same limiting forms when £ 0. For values of ka larger

than 35 the computations are not reliable on the hardware used.
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CHAPTER V

SUMMARY AND CONCLUSION

In Chapter II we introduced spherical or azimuth-altitude coordinates
at an arbitrary point of a convex surface and discussed the basic
properties of such coordinate systems. The main advantage of these
coordinates is that weakly singular surface integrals are regularised when
such integrals are parameterised in terms of these coordinates. However,
the use of such coordinates is resticted to convex surfaces not containing
any lines of zero curvature, and thus any type of convex ruled surface is
excluded. The use of azimuth-altitude coordinates is specifically aimed at
the regularisation of the Helmholtz surface potentials, which of course
include the Laplace surface potentials as special cases. The interior and
exterior boundary value problems for the Helmholtz equation were discussed
in some detail in Chapter III, and boundary integral equations  for the
surface fields of such problems were obtained, the main emphasis being on
the exterior scattering problem. The fundamental result concerning this
problem is that there exists a pair of boundary integral equations which
always have a unique solution for the surface field, and that this pair of
equations is equivalent to a linear combinations of these two equations,
provided that the coupling constants a and f satisfy the condition
Im(af) ¥ O. The surface integrals in these integral equations are
Helmholtz surface potentials and can therefore be regularised by means of
azimuth-altitude coordinates,

Chapter IV is concerned with the construction of analytical
approximations of the boundary integral equations mention above. The
essential assumption underlying the construction of such analytical
approximations is that the integral equation defining the surface field
has a unique analytical solution. This assumption permits the wunknown
function representing the surface field to be expanded in a Taylor series,
and results in a partial differential equation of infinite order and
with analytical coefficients., On the other hand, if the Taylor expansion
is truncated then partial differential equations of finite orders are

obtained. The solutions of these truncated differential equations are



5-2

referred to as analytical approximations of the surface field.

The work of Chapter IV rests on the assumption that a sequence of
analytical approximations exists which converge to the surface field. In
section (4.2) it was shown that if a convergent sequence of analytical
approximations exists, then their limit is necessarily the surface field.
A disadvantage of using a differential equation as an approximation to the
surface field is that suitable initial conditions or boundary conditions
are required to obtain unique solutions. In the case where the incident
radiation has a high frequency we have assumed that the surface field at
the specular point is twice the incident field at this point. Hoﬁever, if
the incident radiation is in the low frequency range, then such an
assumption is unwarrented, and a different method for obtaining unique
approximations 1is required. Another method for obtaining unique éolutions
for the differential equations defining the analytical approximations is
to use the value predicted by the zero order approximation at the specular
point as initial condition for the first order approximation, and so on
for higher order approximations. But as was shown in the case of the
sphere in section (4.5) the oscillatory behaviour of the zero order
coefficient precludes the usefulness of such an approach,

As mentioned in section (4.2) an alternative method for obtaining
approximations of a given order is first to obtain the general solution of
the differential equations corresponding to the two integral equations for
the problem. The arbitrary constants or functions in these general
solutions can then be determined by requiring that the norm of their
difference is a minimum. Howevere, apart from the possibly difficult
existence problem involved here, the problem lacks physical content when
formulated in this way. Nevertheless, in the absence of better means of
obtaining unique solutions, this method may deserve some attention.

It was shown in section (4.5) that in the case of the sphere the
solutions of the differential equation for the first order approximation
possess a reasonable measure of stabilty as regards the choice of
coupling constants a and f provided ka is sufficiently large, where a is
the radius of the sphere and k is the wave number. We note, however, that
this partial stability of the first order approximations is not dependent
on the condition that Im(aﬁ) # 0, as is required in the case of the related
integral equation. Preliminary investigation shows that a similar behaviour

may be expected for higher order approximations. Thus for the second order
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approximation for the sphere we have the equation

2

Rig + B¢ g? + [ma - Rale g;% = £(¢)

where £(¢) = —- (a-ﬂika()e'ikac
The corresponding homogeneous equation is
2
¢ R
df+ " 3 %+"————-—1*——i-¢—0.
d¢ (B, - R, ¢%) d¢ (B, - R®.¢7)

This equation has two regular singular points when
2
mﬂ—mkg -Os

and an irregular singular point at infinity. Writing

e R, 2 5
sl—m“ ,sz-'ﬁ: and s -'ﬁ:

the homogeneous equation has the form

2 s, ¢ s

= 0.
a? t sr-c7) o T (si-c7) ?

The singular points are (= s and it is found that s is small but never
zero and that s+ 0 when ka > =. The values of s; and s, are found toc be
nearly independent of the choice of coupling constants a and 5. In
contrast to the first order equations, the second order equations have an
infinite number of solutions which are analytical in a region containing
the real axis between —1 and 1 and excluding the singular points. As there
are two singular points on either side of the real axes, there are three
homotopy classes of curves with initial point 1 and end point -1 . Thus
given a set of initial conditions at the point { =1 correspnding to the
specular point, essentially three disticnt analytical solutions can be
obtained by analytical continuation along representative members of the
three homotopy classes. Because of the close proximity of the singular
points to the origin, the process of continuation along the real axis from
1l to -1 must proceed in small incements, and a marked deviation of the
solution from the surface field predicted in the shadow region is
observed. We may therefore expect that such solutions will agree
reasonably well with the predicted surface field only on the illuminated

side of the surface. However, solutions obtained along a member of one of
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the other two remaining homotopy classes appear to be improvements on the
first order approximations. The method of analytical continuation can
also be used to obtain a general solution of the second order equation,
and such solutions can be used as local approximations at any point of the
surface. We also note that when ka- « a limiting form of the second
order equation is obtained which has a unique solution analytical at all
points of the complex plane.

For the second order equation we can also construct solutions of the
form f'k F(¢') for the homogeneous equation, where (' = {—- s and F is
analytical in a disc not containing the other singular point. Using
variation of parameters the general solution of the inhomogeneous equation
can be found in a neighbourhood of ¢ = s, and this solution can then be
continued so as to include the real interval [-1,1] and matched to
suitable initial conditions at the specular point. Such a solution may
have certain advantages as it partly involves an integral representation
and is constructed from fewer elements.

On the other hand, for arbitrary convex bodies the differential
equations involve partial derivatives, and for such equations solutions
obtained by analytical continuation in small increments is probably the
most feasible line of approach. For a general convex body D the approxima-
tions will of necessity be local. For example the distance R between two
points P, and P on the closed surface 3D can be expanded in terms of some
suitable surface parameter, such as the eccentricity in the case of a
spheroid. Thus relative to the point P, the surface 4D is replaced by some

other closed surface or surface element peculiar to P,.



APPENDIX A

3

(4.3.11)-(4.3.14) for the coefficients AJio-J

The integrals
are linear combinations of integrals of

By, ...i,» Cy,...3, and Dy 5
the form (see. p. 4-21)
T L
i +
Jz J m o 1KR costp’ cosf lx' sinTy’ dp'dy’,
0
where p and g are non-negative integers, and 0 < ¢ < ;
For a surface element S5 on a sphere of radius a (see section (4.3))
{(A.1)

R = 2asiny’, 0 < x’' £ ¢ ,
the integral can be written as a repeated

and as R is independent of ¢’
integral L, ‘ ¢
+
Jz cospp’ dp’ J RmeikR cos® 1x'sinqx' dx’,
0 0

where 2 ] 0 if p is odd 1
cos'p’ de’ -1 (e=1)(p=3)...5.3.1 2x  if p is even f (4.2)
0 p(p-2)...6.4.2
Now put h = 2ika; (A.3)
then €
J R 1KR cos®P Tyt sinty’ dy' = (2a)® J(m,p,q) (A.4)
where 0 c
) '
J(m,p,q) = J ehsinx cosp+lx'sinm+qx' dx', (A.5)
0
and €
J R (IkR - 1)et™® cos® y’sinty’ dy’ = (2a)" K(m,p,q)  (A.6)
0
where .
K(m,p,q) -J (hsiny' - 1)el SIRX' o+ 0 o 0 g0, (A.7)
0
Now consider €
ikR P q
I(p,q) = e cos’ “x' sin'y' dy’'
0
(A.8)
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£
then I(p,0) -J ehs:.nx cosp+1x' dx’,
0

and it follows that
8%1(p,0

I(p,q) =
where the operator 4§, denotes partial differentiation with respect to h.
From (A.5) and (A.7) we also have that
+
J(m,p,@) = 8h © I(p,0) (.9)
and

K(m,p,q) = hJ(m+l,p,q) = J(m,p,q)

-h T 1(p,0) = AT 1(p,0)
- (h 3T - BTy 1(p,0). (A.10)

According to (A.2) we need only evaluate the integral I(p,0) when p is
even. Replacing p by 2p we obtain
ehsinx'coszp+1x,

&
I(2p,0) = j dx

Q

£
-J eh sinx (1 - sinzx')P cosy' dx'
0

£
!
[g] (--1)r I eh sinx sinzrx' cosy' dy'
0

fingt

o

[S](-l)r£(0,2r)

finat

o

[g](-nr 33°1(0,0)

i

o

~ 32yP
- (1 - 3" 1(0,0),
and
I1(2p,q) = 8 (1 - 8p)° 1(0,0), (A.11)
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£
where I1(0,0) = J ehsxnx' cosy'’ dyx’',
. 0
hr _ 1
ie., 1(0,0) = 9——3———-, (A.12)
and 7 = sine¢.
Substituting (A.11) in (A.9) and (A.10) yields
J(m,2p,9) = p'T (1 = 81)° 1(0,0) (A.13)
and
K(m,2p,q) = (h 8" - &fTH (@ - 81)F 1(0,0). (A.14)

Using these relations and equation (4.3.37) and writing I for I(0,0)

we obtain the following results:

B = -3 (hdp - 1)I

B, = (hdp - 8p)1

B,, = (hdf - op - hap + )T

ss = = 2(hdp - R)I

113 = 2(-hdf, + 8n + hdp - R I (A.15)
333 < A(ha; - 8;)1

1111 = = 3(hdp - Bp - 2haf, + 23p + hap — )T

1133 = 4(hdp - 8n — hap, + I

3333 T 7 8(h6ﬁ B 6;)1 .

82 8 8 8 8 8

From equations (B.17) and (B.25), Appendix B, we obtain

1 .4 - 1y.br 4 ]
D - [(1 Z+ 2-hr + 2 e h+ 3 (A.16)
and
hy s 1l 4y 2 8r 8) hr 16
D, --2[(1 o LA e LA Eg]e - i3 (A.17)
Using equation (4.3.38) and (A.13) we find that:
D,, = 7 (- h°T, + 5hT, -5T, + hT, - T,)I (A.18)
where T, = 6; - aﬂ
T, = 3 — 3y
T, = on — Oy,
T, = 34 - 3y

Tg = aﬁ - 6;,



Dys = (- h°T, + ShT, - ST, + hT, - T4)I (A.19)
where T, = 8%

D,,3 = (- h°T, + ShT, -5T, + hT, - T,)I (A.20)
where . T, - ap - p,
T, = aﬁ - aﬁ
Ty = 3ﬁ - 6;
T, - aﬁ - ag
Ty = 3h - on
and
Dysq = 2(- h’T, + ShT, -5T, + hT, - T,)I (A.21)
where T, = 8;
T, = ag
Ty = ag
8
T, = dn
&
Tg = 0 -
Setting y = h"1 and using (A.12), viz.
e -1 _ ehr _
T y y
we find that
opl = (ry - yz)ehf + y2
21 = (rly - 2ry? +2y%)el
BRI = (r%y - 3r%y% + 6ry° - 6yhyel
8aI - (fby - 473y2 + 12r2y3 - 24fy4 + 24y6)ehT - 24y6

T

— 2}’3

T+6y4

I - (rdy - se'y? o+ 20e%° - 60r%y' 4+ 120ry® - 120y%)e™ & 120y°
LT = (r®y - 6r°y2 + 30r'y® - 12077y + 360r2y® - 720ry® + 720y7)e""
- 720y"

BT = (r'y = 7¢°y% + 427y - 210¢%y* + 8407°y® - 252077 y® + 5040ry”
- 5040y*)e™ + 5040y°

apI = (r°y - 8¢7y® + 567%y® - 336r°y* + 1680r'y® - 672077 y® + 201607%y"
- 403207y + 40320y°)el - 40320y° |

I = (r°y = 9r°y? + 7277y - s504r%y* + 3024r%y® - 15120¢%y® + 604807°y"

- 1814407%y® + 3628807y° - 362880y %)el” + 362880y'°



If these relations are inserted into equations (A.15) we obtain
expansions for the B-coefficients in powers of r, and the same procedure
applies to the DT-coefficients. Since r = sine , these expansions can be
rearranged in powers of ¢. Here we take £ so small that powers of ¢

higher than e are negligible. Then r = sine¢= ¢, and it follows that

B~ =3 c(l + he)

Ea = ()
=1 (¢ + 1 - @ -%FwhHe + (- 70+ F 0¥
and , = - % 52.

Hence we find that

, =B - F=-2% (1 +3c+ 3he’)

g, ~ 0 =7 (¢ +1~-@-518e+ (-Fn + 510’7

and % =B --Fe

L}

When the relations for the partial derivatives agx are inserted into
equations (A.15)-(A.21) and we allow k -+ = then certain limit and
asymptotic relations are obtained, some of which are given here for the

n
case ¢ = 3 |

1 h
..-Ee
h
3 ~ €
B, » 0 (A.22)
33 ~ T 2eh
and
h
D~ (4 -he -h
D, - & (h - 5)e"
D, ~ - eh (A.23)
D,y ~ (13 - h)e"

Refering to equation (4.4.3) and (4.4.5) we find that

h
2, ~ -5 (e + D1
Tz -~ eh
?, » 0 (A.24)
® h
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and R, ~ % [(4 - h)eh - h)
8, ~ % (h - 5)el
g, - -Le" (A.25)
1 h
9, ~ -7 (14 - h)e

Inserting these relations into equations (4.4.7) with a=1 and 8= i we

find that
R o~ -+ (" +1)+31(4-n)ed - 1)
R, ~ e + 51 (h - 5)e"
B, - - L P (A.25)
B, ~ e - 11 (14 - h)e" .
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With reference to equations (4.1.45) and (4.1.46) the coefficients
D and D, are evaluated here for the case of a surface element 5 on a

sphere of radius a, as used in section (4.3). From equation (4.1.40) we

have
dB(xy)
D(ry) = —o (B.1)
Replacing 4D by S in (4.1.38) gives
1 n £ eik'RA
B(ry) = - W J (ikRy - 1) 5~ 0 cosyx’'dx’'de’ , (B.2)
L R
o o A
where 0 < ¢ < % .
In this integral Ry = R = Jn,
R} = R® - 22R.n + A°, (B.3)
R = 2asiny’ , 02 x'" = ¢ , (B.4)
and
3 AR’ 5
=R+ w,cosy'+siny’ ° (B.3)
As the integrand is independent of ¢’
£ ikR
1 e A
B(ry) = = 5 (ikRy - 1) 3 0 cosy'dyx’ . (B.6)
o A
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Since £; = R.n = - Rsiny’' = - 2asin2x', we find
Ry = 4a(a + A)sin’x' + A’ . (B.7)
In the integral the independent variable x’ is replaced by
X =Ry .
Substituting for siny’ from (B.4) into (B.7) yields

%2 - (a;,\)R2+AZ

- 4a(a + M)sin’y’ + A%, (B.8)

From (B.8) it follows that
- XdX - XdX
4a(a + A)siny' 2(a + AR °

cos x' dx'’
Using (4.3.9) and (B.8) we obtain Q1 as a function of X:

a =R (x* - 2% - 2a))

Equation (B.6) now becomes

1 v 2 2 eikx
B(ry) = - Zz;::; JA (ikX - 1)(X" = 2" - 2al) <2 dx , (B.9)
1/2
where v = (4a(a + A)r? + 2?)
and r = gine.
Hence
¥ ) -
1 _ . _ ikA(2a+)) | A(2a+) i
B(ry) = Zz;:}j IA [ikX 1 % + < e dx
_ 1 _ AQ2a+))
=T aany D) T ey B2OY (B.10)
where P7
FL() = | (1kx - 1)e™ ax (B.11)
and "A
T (1 ik ) ikx
F,(\) = [ = - = ] dx . (B.12)
Ja X X .
Hence
dB(ry) 1 1 dF,(A) 3 [ a2a+))
- 2 Fl ) - -y Fz(A)
3 4(a+)) 4(a+)) a axl 4(a+))



and
. 8B(ry) 1 1 8F, (9) 3_ ( AQ2a+))
WM T T O g e T e 5y [ 4(ath) FZ(*)]' (B.13)
Differentiating (B.11) with respect to ) gives
aFl(X) ikX Y
a - [ (1kX = L)e ]A ’
and integration by parts yields
ikx 17
ikX 2e
F,(A) = [ Xe ik } .
A
Since ¥ @ 2ar when A > 0 , we find that
2 hr 2 ‘
F, (0) = 2ar [[1 hr ]e * b ] (B.14)
and 4F, (0)
L e - M 41, (.15)
D)
where h = 2ika.
Since 4 [eikx] - [ik - J;]eikx
@ | X X x° '
(B.12) gives eikA eik7
F,(A) = 5 —;—— .
" A(2ath) o) @arn)e™  _ a2arn)et™
ence 4(atr) 2 4(a+)) G(a+A)y
and
ika A kv

. ik
a4 [ A(2a+}) FZ(A)] - ae + ik(2a+\)e

B _ [; _a2a)) &f
ax \ 4(a+)) 4(a+r)? 4(a+))

2 4(a+r)? ¥

_ A2atd) (iky=1) (ar’+A) _iky

4(a+)) 73 v ’
from which we obtain
d A(2a+)) 1 ehr
i & (HE o) - (1 on e (8-16)
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provided r ¥ 0. Inserting (B.14)-(B.16) into (B.1l3) gives

1 4 13 hr 4 .
D—Z;((l—g+(2"h)r+;]e -h+E],lfT7‘0. (B.17)
Next we consider

D 1 DTN
s (ry) = A*? 3
where ) x . eika
By(ry) = - i J R(ikRy - 1) 2 0 nj cosx'dx'dp’. (B.18)
0 0 A
Here n{ = cos¢' cosyx' and n, = sing' cosx’ ; hence B,(ry,) = 0 and

B,(ry) = 0. When j = 3, nj = - siny', and

€ ikRy
By(ry) = % J R(1ikRy - 1)e Rs 0 siny’ cosy’'dy’. (B.19)
0 A

Using the substitution (B.8) gives

1 Y 2 2 2 2 eikx
By (ry) ~ ———— J (kX - D)(x* - AHE? - 2% - 2an) ax
AT gaen® Uy, X
1 Y 1kX
i.e., By(ry) = —— [ (kX - 1)(x* = 2% - 2a0)e™ ™ ax
8(a+A) A
A2 Y 2 2 eikx
- J (kX - 1)(X* - A% - 2a0) &=—F a&x ,
8(a+)) A X
ot B, (ry) = —— F;(A) A B(ry) (B.20)
’ 8(a+2)? 2(a+))
(7 2 1kX
where Fy () = | (ikx - 1)(X® - A% - 2an)e’ " a&X
Ia
(" 1kX
= | (1kx®- X - 1ka(2a+)X + A(2a+d)]e T dX . (B.21)
7 A

Differentiating (B.20) and allowing XA -+ O gives

dB; (1)) 1 1 dF;(0)
lim —5—— = - =5 F;(0) + —5
A*? R 4a’ 3 (0) 8a’ R

(B.22)
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From (B.21) ;
a .
F, (0) = (1kx® - x%)e ¥ ax

o

2aT

Again from (B.21)

~
aF, (\)
;/\ - [(ikxa -x? - ika(2a+))X + A(2a+A)]eikX J
. A
and 3F. (0) 2ar
3 3 2 ikX
(O _ [(m Sx7) e ]

- 43212(hf - l)ehf
Inserting (B.23) and (B.24) into (B.22) we finally obtain

D, -"2[(1'-%]13 + (% - g ]12 + 8r _ jL]ehf - 16 .

(B.23)

(B.24)

(B.25)
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PROGRAMS FOR COMPUTING THE EXACT AND ANALYTICAL
APPROXIMATIONS FOR THE SURFACE FIELD ON A
SOUND HARD SPHERE

CONTENTS

PROGRAM SFHSE
SUBROUTINE SBF
SUBROUTINE LP
FUNCTION FCABS
PROGRAM SBF
PROGRAM SFHSOA
PROGRAM SFHS1A
PROGRAM SFHS1B
PROGRAM SFHS1GC
PROGRAM SFHS1S
PROGRAM SFHSI1L
SUBROUTINE HCOEF2
SUBROUTINE ACOEFl
SUBROUTINE PHI1
FUNCTION ARG

C-2
Cc-3
C-6
C-6
c-7
C-10
C-11
C-1é
C-24
C-30
c-32
C-35
Cc-37
C-38
C-40
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Cc-2

PROGRAM SFHSE

DOUBLE PRECISION A,AK,AK2,AMP, DELTAX,DM,DNX,DSJ,DSY,ETA,EPLN,
1FCABS,P,PIE,RAD, THETA ,WNK, X, Z

COMPLEX*16 C,EYE,FE,RDH1,S,T,V,W
CHARACTER PATH*2,FNAME*13, PFNAME*15
DIMENSION FE(0:180),DSJ(0:550),DSY(0:550) ,RDH1(0:550),P(0:550),
15(0:180),T(0:180)
OPEN(1,FILE='SFHSE.INP')
READ(1,100)NX,NT,NO,NC, EPLN,RAD, WNK , PATH
WRITE(*,100)NX,NT,NO,NC,EPLN,RAD, WNK, PATH
CLOSE(1,STATUS='KEEP')

PIE=4 .DO*DATAN(1.DO)

DELTAX=PIE/DNX

EYE=DCMPLX(0.DO0,1.D0)

AK=RAD*WNK

CALL SBF(AK,NT,DSJ,DSY,NSJ,NSY)

NSB=MINO (NT,NSJ,NSY)

DO 10 N=0,NSB

W=DCMPLX (DSJ (N), -DSY(N))

A=FCABS (W)

RDHL (N)=W/(A%A)

AK2=AK*AK

C=EYE/AK2

DO 20 M=0,NX

X=DM*DELTAX

Z=DCOS (X)

CALL LP(Z,NT,P)

T(0)=P(0)*RDH1(0)

S(0)=T(0)

Vm=-EYE

DO 30 N=1,NT

T (N)=V*DBLE ( 2*N+1) *P (N) *RDH1 (N)

V=-V*EYE

S(N)=S(N-1)+T(N)

IF(N.LT.NO) GOTO 30
ETA=CDABS (5 (N) -5 (N-NC))

IF(ETA.LT.EPLN) THEN
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FE (M)=C*S (N)
GOTO 20
ELSEIF(ETA.GT.EPLN.AND.N.LT.NT) THEN
GOTO 30
ELSEIF(ETA.GT.EPLN.AND.N.EQ.NT) THEN
FE(M)=C*S (N)
WRITE(*,110)M,ETA
GOTO 20
ENDIF
30  CONTINUE
20  CONTINUE
FNAME='"SFHSE . AMP'
PFNAME=PATH//FNAME
OPEN(2, FILE=PFNAME)
WRITE(2,120)NX
DO 40 M=0,NX
DM=DBLE (M)
X=DM*DELTAX
THETA=~(180 . DO*X) /PIE
AMP=CDABS (FE (M) )
40  WRITE(2,130)THETA,AMP
100 FORMAT(4(2X,I4),/,2X,D8.1,/,2(2X,F7.3),/,2X,A2)
110  FORMAT(2X,'FE(’',I4,') DOES NOT CONVERGE, ETA =',D22.15)
120  FORMAT(2X,I4)
130  FORMAT(2(2X,F8.4))
STOP
END

SUBROUTINE SBF(Z,NT,DSJ,DSY,NSJ,NSY)

DOUBLE PRECISION Z,SJ,SY,DSJ,DSY,A,B,C,E,F,U,V,DNT,X,Y
DIMENSION F(0:1000),SJ(0:550),5Y(0:550),DSJ(0:550),DSY(0:550)
E=~DEXP(1.DO0)

U=(E*Z)/2.D0

WRITE(*,*)' U=',U

DO 40 N=0,550

SJ(N)=0.D0
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SY(N)=0.DO

DSJ(N)=0.D0

DSY(N)=0.DO
DO 50 N=0,1000

F(N)=0.D0

DNT=DBLE (NT)

IF(U.LT.DNT)GOTO 1000

DO 60 N=1,1000

V=DBLE (N)+0. 5D0

X=U/V

Y=2*V

A=V*DLOG (X) -0.5DO*DLOG (Y) - DLOG (2 .D0)+300 . DO*DLOG (10 . DO)
IF(A.GT.0.D0) GOTO 60

IF(A.LT.0.D0) NSJ=N

WRITE(*,*)’ NSJ=',NSJ

GOTO 61

CONTINUE

NSJ2=MINO (NT,NSJ)

SJ(0)=DSIN(Z)/Z
SJ(1)=(SJ(0)-DCOS(Z))/Z

DO 70 N=1,NSJ2

SJ (N+1)=(DBLE(2*N+1)*SJ(N)) /Z-SJ(N-1)
DSJ (0)=(DCOS(Z) -SJ(0))/Z

DO 80 N=1,NSJ2

DSJ (N)=SJ (N-1) - (DBLE(N+1)*SJ (N)) /Z
GOTO 2000

DO 90 N=1,1000

V=DBLE (N)+0.5D0

X=U/V

Y=Z*V

A=V*DLOG (X) -0. 5DO*DLOG(Y) -DLOG(2.D0)+300.DO*DLOG (10.D0)
IF(A.GT.0.DO) GOTO 90

IF(A.LT.0.D0) NSJ=N

WRITE(*,*%)’' NSJ=',NSJ

GOTO 3000

CONTINUE

IF(NSJ.GE.550)GOTO 5000
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F(NSJ+2)=0.DO0
F(NSJ+1)=1.D-300
DO 100 N=NSJ,O0,-1
100  F(N)=(DBLE(2*N+3)*F(N+1))/Z-F(N+2)
SJ (0)=DSIN(Z)/Z
c=8J (0) /F(0)
NSJ2~MINO (NT,NSJ)
DO 110 N=1,NSJ2
110  SJ(N)=C*F(N)
DSJ (0)=(DCOS (Z) -SJ(0)) /Z
DO 120 N=1,NSJ2
120  DSJ(N)=SJ(N-1)- (DBLE(N+1)*SJ(N))/Z
2000 DO 130 N=1,1000
V=DBLE (N)+0. 5D0
X=U/V
Y=Z*V
B=V+DLOG (X)+0 . 5*DLOG (Y)+300*DLOG (10.D0)
IF(B.GT.0.D0) GOTO 130
IF(B.LT.0.D0) NSY=N
WRITE(*,*)’' NSY=',6NSY
GO TO 4000
130  CONTINUE
4000 SY(0)=-DCOS(Z)/Z
SY(1)=(SY(0)-DSIN(Z))/Z
NSY2=MINO (NT,NSY)
DO 140 N=2,NSY2
140  SY(N)=(DBLE(2*N-1)*SY(N-1))/Z-SY(N-2)
DSY(0)=(DSIN(Z)-SY(0))/Z
DO 150 N=1,NSY2
150  DSY(N)=SY(N-1)- (DBLE (N+1)*SY(N)) /2
GOTO 6000
5000 WRITE(*,*)’ NSJ GREATER THAN 550; INCREASE DIMENSIONS OF
1SEQUENCES. '
STOP
6000 RETURN
END
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SUBROUTINE LP(Z,NT,P)
DOUBLE PRECISION Z,P,A,B,C
DIMENSION P(0:550)
P(0)=1.DO0

P(1)=Z
P(2)=(3.D0*Z*Z-1.D0)/2.D0
DO 10 M=3,NT

A=DBLE (2*M-1)

B=DBLE(M-1)

C=DBLE (M)

P(M)=(A*Z*P(M-1) -B*P(M-2)) /C
RETURN

END

DOUBLE PRECISION FUNCTION FCABS(Z)
DOUBLE PRECISION X,Y,AX,AY,U,V,W,Wl
COMPLEX*16 Z

X=DREAL(Z)

Y=DIMAG(Z)

AX=DABS (X)

AY=DABS (Y)

U=DMAX1 (AX,AY)

V=DMIN1 (AX,AY)

IF(U.EQ.V)THEN

FCABS=U*DSQRT (2.DO0)

RETURN

ENDIF

W=V/U

IF(W.LT.1.D-150)THEN

FCABS=U

RETURN
ELSEIF(W.GT.1.D-150.AND.W.LT.1.DO)THEN
Wl=1.DO+WW

FCABS=U*DSQRT (W1)

RETURN

ENDIF

END
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PROGRAM SBF
DOUBLE PRECISION X,CW,TW,SJ,SY,DSJ,DSY,A,B,C,E,F,U,V,DNT,ARDHL,
LFCABS

COMPLEX*16 W,RDH1

CHARACTER PATH*13,FNAMEX13, PFNAME26

DIMENSION F(0:1000),CW(0:1000),SJ(0:1000),SY(0:1000),DSJ(0:1000),
1DSY(0:1000)

OPEN(1,FILE~'SBF.INP')

READ(1,10)NT, X, PATH

FORMAT (2X,14,/,2X,F7.3,/,2X,A13)

FNAME-' "SBF . OUT'

PFNAME=PATH/ /FNAME

OPEN(2, FILE=PFNAME)

WRITE(2,20)

FORMAT (53X, ' SPHERICAL BESSEL FUNCTIONS',/,/)

TW=1.D0/ (X*X)

WRITE(2,30)X,TW

FORMAT (44X, 'X=' ,F9.4,5X, 'TW=',D22.15,/,/)
E=DEXP(1.D0)

U=(E*X) /2.D0

WRITE(%*,*)' U=',U

DO 40 N=0,1000

SJ (N)=0.D0

SY(N)=0.DO0

DSJ (N)=0.DO

DSY(N)=0.DO

DO 50 N=0,1000

F(N)=0.DO0

DNT=DBLE (NT)

IF(U.LT.DNT)GOTO 1000

DO 60 N=1,1000

V=DBLE(N)+0. 5D0
A=V*DLOG10(U/V) -0. 5D0*DLOGL0 (X*V) - DLOG10(2 .D0)+300 . DO
IF(A.GT.0.D0) GOTO 60

IF(A.LT.0.DO) NSJ=N

WRITE(*,%)' NSJ=' NSJ

GOTO 61 '
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60 CONTINUE

61 NSJ2=MINO(NT,NSJ)
SJ(0)=DSIN(X)/X
SJ(1)=(SJ(0)-DCOS(X))/X
DO 70 N=1,NSJ2

70 SJ(N+1)=(DBLE(2*N+1)*SJ(N))/X-SJ(N-1)
DSJ (0)=(DCOS (X)-SJ(0))/X
DO 80 N=1,NSJ2

80 DSJ(N)=SJ(N-1) - (DBLE(N+1)*SJ (N))/X
GOTO 2000

1000 DO 90 N=1,1000
V=DBLE(N)+0.5D0
A=V*DLOG10(U/V)-0.5D0*DLOG10(X*V) -DLOG10(2.D0)+300.D0
IF(A.GT.0.D0) GOTO 90
IF(A.LT.0.D0) NSJ=N
WRITE(*,*)NSJ
GOTO 3000

90 CONTINUE

3000 IF(NSJ.GE.1000)GOTO 5000
F(NSJ+2)=0.D0
F(NSJ+1)=1.D-300
DO 100 N=NSJ,O0,-1

100  F(N)=(DBLE(2*N+3)*F(N+1))/X-F(N+2)
SJ(0)=DSIN(X)/X
C=SJ(0)/F(0)
NSJ2=MINO(NT,NSJ)
DO 110 N=1,NSJ2

110  SJ(N)=C*F(N)
DSJ (0)=(DCOS (X)-SJ(0))/X
DO 120 N=1,NSJ2

120  DSJ(N)=SJ(N-1)-(DBLE(N+1)*SJ(N))/X

2000 DO 130 N=1,1000
V=DBLE(N)+0.5D0
B=V*DLOG10(U/V)+0.5D0*DLOG10 (X*V)+300.D0
IF(B.GT.0.D0) GOTO 130
IF(B.LT.0.D0) NSY=N
WRITE(*,*)’ NSY=',NSY
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GO TO 4000
130 CONTINUE
4000 SY(0)=-DCOS(X)/X
SY(1)=(SY(0)-DSIN(X))/X
NSY2=MINO(NT,NSY)
DO 140 N=2,NSY2
140  SY(N)=(DBLE(2*N-1)*SY(N-1))/X-SY(N-2)
DSY(0)=(DSIN(X)-SY(0))/X
DO 150 N=1,NSY2
150 DSY(N)=SY(N-1)-(DBLE(N+1)*SY(N))/X
NT=MINO(NSJ2,NSY2)
WRITE(*,*)’ NT=’ NT
DO 160 N=0,NT
160  CW(N)=SJ(N)*DSY(N)-SY(N)*DSJ(N)
WRITE(2,170)
170  FORMAT(3X,'N’,13X,'SJ',23X,'SJD',22X,'SY',23X,’SYD', 22X, 'CW’,/)
DO 180 N=0,NT
WRITE(2,190) N,SJ(N),DSJ(N),SY(N),DSY(N),CW(N)
190  FORMAT(IS,5D24.15)
180  CONTINUE
CLOSE(1,STATUS='KEEP')
CLOSE(2, STATUS='KEEP')
FNAME='"RDH1 , OUT'
PFNAME~PATH//FNAME
OPEN(2,FILE=PFNAME)
NSB=MINO(NT,NSJ,NSY)
DO 200 N=0,NSB
W=DCMPLX (DSJ (N) , -DSY(N))
A=FCABS (W)
RDH1 (N)=W/ (A*A)
200 WRITE(2,210)N,RDH1(N)
210 FORMAT(2X,14,4X,D16.10,2X,D16.10)
CLOSE(2,STATUS~'KEEP')
GOTO 6000
5000 WRITE(*,*)' NSJ GT. 1000; INCREASE DIM. OF SEQ.’
6000 STOP
END
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PROGRAM SFHSOA

DOUBLE PRECISION RAD,WNK,AK,PIE,DELTAX,X,Z,DM,AMP,AKZ,AG,AR,DNX,
1RAR

COMPLEX*16 EYE,P,Q,R,A,B,ALPHA,BETA,E,G,CAKZI
CHARACTER PATH*2,FNAME(10)*13,XNAME*13, PFNAME*15
DIMENSION P(&4),Q(4),R(4),A(10),B(10)
OPEN(1,FILE~'SFHSOA.INP')
READ(1,100)NX,NF,RAD,WNK, PATH

DO 10 I=1,NF

READ(1,110)A(I),B(I)

DO 20 I=1,NF

READ(1,120)FNAME(T)

DNX=DBLE (NX)

EYE=~DCMPLX(0.D0,1.D0)

PIE=4 . DO*DATAN(1.DO)

DELTAX=PIE/DNX

DO 30 I=1,NF

XNAME=FNAME (1)

PFNAME~PATH/ /XNAME

OPEN(2 , FILE=PFNAME)

CALL HCOEF2(RAD,WNK,P,Q)

ALPHA=A (1)

BETA=B(I)

R(1)=ALPHA*P(1)+BETA*Q(1)

AR=CDABS (R(1))

RAR=1.DO/AR

WRITE(*,*)' R(1)=',R(1),’ AR=',AR,' RAR=',RAR
AK=RAD*WNK

DO 40 M=0,NX

DM=DBLE (M)

X=DM#*DELTAX

Z=DCOS (X)

AKZ=AK*Z

CAKZI=DCMPLX(0.DO0,AKZ)

E=BETA*CAKZI

G=ALPHA-E

AG=CDABS (G)
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AMP=AG*RAR
WRITE(*,130)M,AMP
WRITE(2,130)M,AMP
CLOSE(2,STATUS='KEEP’)
CONTINUE
FORMAT(2(2X,14),/,2(2X,F7.3),/,2X,A2)
FORMAT (4 (2X,F7.3))
FORMAT (2X,A13)

FORMAT (2X,I4,2X,F9.4)
STOP

END

PROGRAM SFHS1A

DOUBLE PRECISION AK,AKD,AZ,D,DELTA,DELTAT,DLNAZ,DLND,DN,
1DNPHI, DNT, PHI,PIE,RAD,SGN,U,V, T, ZETA, WNK

COMPLEX*16 A,B,ALPHA,BETA,AR,ARG,CO,C1,C2,C4,CAKI,CD,CDELTA,
1CLNZ, EYE,F,G,P,Q,R,S,S1,SEQA, SEQB, SET, SOT, SUMC, W, W0 ,W1,W2,W3, W4,
2W5,X,X0,X1,X2,Y,2

CHARACTER FNAME(3)*13,PATH*2, PFNAME*15,XNAME*13

DIMENSION P(4),Q(4),R(4),F(0:202),G(0:202),ZETA(0:202),W(0:400),
1SEQA(3),SEQB(3)

OPEN(1,FILE='SFHS1A.INP')
READ(1,200)NF,NT,NPHI ,RAD,WNK, D, PATH

DO 1 I=1,NF

READ(1,210)SEQA(I),SEQB(I)

DO 2 I=1,NF

READ(1,220) FNAME(TI)

DNT=DBLE (NT)

DNPHI=DBLE (NPHI)

PIE=4 . DO*DATAN(1.DO)

AK=RAD*WNK

AKD=AK*D

CO=DCMPLX(0.D0,0.D0)

C1=DCMPLX(1.D0,0.DO0)

¢2=DCMPLX(2.D0,0.D0)

C4=DCMPLX (4 .D0,0.D0)
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EYE=DCMPLX(0.D0,1.DO0)
CD=DCMPLX(D,0.D0)
CAKD=DCMPLX (AKD, 0.DO0)
CAKI=DCMPLX (0.D0, AK)

DO 3 I-1,NF
XNAME~-FNAME (1)
PFNAME=PATH//XNAME

OPEN (2, FILE=PFNAME)
ALPHA=SEQA(I)
BETA-SEQB(I)

A=-ALPHA

B=-BETA*CAKI

CALL HCOEF2 (RAD,WNK,P,Q)
DO 10 J=-1,4

R(J)=ALPHA*P (J)+BETA*Q(J)
S=R(1)/R(2)

S1=S-Cl

WRITE(*,*)' S=',§
V=DIMAG(S)
IF(V.GT.0.DO)THEN
SGN=-1.D0

ELSE

SGN=1.DO

ENDIF

WRITE(*,*)’ V=',V,' SGN=',SGN
Fededkdkkdkd ( 1 ) vk e ek ke kAR k
DELTAT=-1.DO/DNT

DO 20 N=0,NT

DN-DBLE(N)

T=DN*DELTAT
U=1.D0+(D-1.D0)*T
Z=DCMPLX (U, 0.DO)
AZ=CDABS (Z)

DLNAZ-DLOG (AZ)
CLNZ=DCMPLX (DLNAZ,0.DO)
X1=51*CLNZ

W1=CDEXP(X1)
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X2=S*CLNZ

W2=CDEXP (X2)

Y=-CAKI*Z

W3=CDEXP (Y)
Wa=A*W1*W3+B*W2+W3
W(N)=(CD-C1)*W4
DELTA=DELTAT/3.D0
CDELTA=DCMPLX (DELTA,0.DO)
G(0)=CO

ZETA(0)=1.DO

DO 30 N=2,NT,2

M=N/2

DN=DBLE (N)

AR=W(N)+C4*W (N-1)+W(N-2)
G(M)=G(M-1)+CDELTA*AR
T=DN*DELTAT
U=1.D0+(D-1.DO)*T
ZETA(M)=U

********( 2 ) kkdkokkkkkkkkkk
DELPHI=( SGN*PIE)/DNPHI
DLND=DLOG (D)

AKD=AK*D
CD=DCMPLX (D, 0.D0)
CAKI=DCMPLX (0.DO, AK)

DO 40 N=0,NPHI
DN=DBLE(N)

PHI=DN*DELPHI

C-13

X=DCMPLX (DCOS (PHI) ,DSIN(PHI))

Z=CD*X

CLNZ=DCMPLX (DLND, PHI)
X1=S1*CLNZ
W1=CDEXP(X1)
X2=S*CLNT

W2=CDEXP (X2)
Y=-CAKI*Z

W3=CDEXP(Y)

W4=EYE*Z
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W5=A*W1*W3+B*W2*W3

TW(N)=WL*W5

SOT=CO

DO 50 N=1,NPHI-1,2
SOT=SOT+W(N)

SET=CO

DO 60 N=2,NPHI-2,2
SET=SET+W(N)
DELTA=DELPHI/3.DO
CDELTA=DCMPLX (DELTA, 0.D0)
SUMC=CDELTA* (W(0)+W (NPHI ) +C4*SOT+C2*SET)
ek & ke ok ok ke ok (3) ek Kk ke k& ke ke k ko ke
MT=NT/2

DELTAT=1.D0/DNT
PHI=SGN*PIE

DO 70 N=0,NT

DN=DBLE (N)

T=DN+DELTAT
U=-D+(D-1.D0)*T
Z=DCMPLX (U, 0.D0)
AZ=CDABS(Z)
DLNAZ=DLOG (AZ)
CLNZ=DCMPLX (DLNAZ, PHI)
X1=S1*CLNZ

W1=CDEXP(X1)

X2=S*CLNZ

W2=CDEXP(X2)

Y=-CAKI*Z

W3=CDEXP(Y)
Wa=A*W1*W3+B*W2%W3
W(N)=(CD-C1)*W4
DELTA=DELTAT/3.DO
CDELTA=DCMPLX (DELTA,0.DO)

M=MT+2
G(M)=G(MT)+SUMC
ZETA(M)=-D

U=-D



80

90

DO 80 N=2,NT,2
M=MT+2+N/2

DN=DBLE (N)
AR=W(N)+C4*W(N-1)+W(N-2)
G(M)=G(M-1)+CDELTA*AR
T=DN*DELTAT
U=-D+(D-1.DO)*T
ZETA(M)=U
Jekekkedeoddkkkkokkkkkkkkkkk
XO0=-CAKI
WO=C2*CDEXP (X0)

DO 90 M=0,MT
DM=DBLE (M)

U=ZETA (M)
Z=DCMPLX (U, 0.DO)
AZ=CDABS(2)
DLNAZ=DLOG(AZ)
CLNZ=DCMPLX (DLNAZ,0.DO)
X1l=-S*CLNZ
W1=CDEXP(X1)
W2=G (M) /R(2)

W3=W0+W2

F(M)=W1*W3

M=MT+1

ZETA(M)=0.DO
F(M)=ALPHA/R(1)
U=0.DO0

DO 100 M=MT+2,NT+2
DM=DBLE (M)

U=ZETA(M)
Z=DCMPLX(U,0.D0)
AZ=CDABS(2Z)
DLNAZ=DLOG (AZ)
CLNZ=DCMPLX (DLNAZ, PHI)
X1=-S*CLNZ

W1=CDEXP (X1)

W2=G(M) /R(2)_

C-15



W3=W0+W2
100 F(M)=W1*W3
C %7 e e v o s S 3 v 2 3 ok ok ok e v Sk ok o o ok e e ke ok ke ok
U=DREAL(S)
V=DIMAG(S)
WRITE(2,230)U,V
NP=NT+2
WRITE(2,240)NP
DO 170 M=0,NT+2
U=ZETA (M)
PHI=DACOS (U)
PHI=-(PHI*180.D0)/PIE
AMP=CDABS (F(M))
WRITE(*,250)PHI, AMP
170  WRITE(2,250)PHI,AMP
CLOSE(2, STATUS='KEEP')
3 CONTINUE
C FhkdhrErAhE A AhAEEEXLTA A AA LA A A XX
200 FORMAT(3(2X,14),/,3(2X,F7.3),/,2X,A2)
210  FORMAT(4(2X,F7.3))
220  FORMAT(2X,Al3)
230  FORMAT(2(3X,F8.4))
240  FORMAT(2X,I4)
250  FORMAT(2(2X,F8.4))
STOP
END

PROGRAM SFHS1B

DOUBLE PRECISION AH,AK,AZ,D,DELTA,DELTAT,DLNAZ,DMT,DN,
1DNT,DNT1,DNT2,DK,H, PHI , PIE,RAD, SEQZ, SGN,U,V, T,WNK, ZETA
COMPLEX*16 A,B,ALPHA,BETA,AR,ARG,C0,Cl,C2,C4,CAKI,CD,CDELTA,CHI,
1CLNZ EYE,F,G,P,Q,R,S,51,SEQA, SEQB, SET, SOT, SUM, SUM1, SUM2, SUM3,
2W,W0,W1,W2,W3,W4,X0,X1,X2,Y,2

CHARACTER FNAME(3)*13, PATH*2, PFNAME*15,XNAME+*13

DIMENSION P(4),Q(4),R(4),F(0:202),G(0:202),ZETA(0:202),W(0:400),
1SEQA(3),SEQB(3)
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OPEN(1,FILE='SFHS1B.INP')
READ(1,200)NF,NT,NT1,NT2,D,AH,RAD,WNK, PATH
WRITE(*,200)NF,NT,NT1,NT2,D,AH,RAD, WNK, PATH
DO 1 I=1,NF

READ(1,210) SEQA(I), SEQB(I)
DO 2 I=1,NF

READ(1,220) FNAME(I)
DNT=DBLE(NT)
DNT1=DBLE(NT1)
DNT2=DBLE(NT2)
PIE=4,DO*DATAN(1.DO)
C0=DCMPLX(0.DO0,0.D0)
C1=DCMPLX(1.D0,0.D0)
C2=DCMPLX(2.D0,0.D0)
C4=DCMPLX(4.D0,0.D0)
CD=DCMPLX(D,0.D0)
EYE=DCMPLX(0.D0,1.D0)
AK=RAD*WNK
CAKI=DCMPLX(0.DO0, AK)

DO 3 I-1,NF
XNAME=-FNAME (1)
PFNAME=PATH//XNAME
OPEN(2,FILE=PFNAME)
ALPHA=SEQA(I)
BETA=SEQB(I)

A=ALPHA

B~-BETA*CAKI

CALL HCOEF2 (RAD,WNK,P,Q)
DO 10 J=1,4

R(J)=ALPHA*P (J)+BETA*Q(J)
S=R(1)/R(2)

S51=5-Cl1
WRITE(#*,*)* S='.§
V=DIMAG(S)
IF(V.GE.Q.DO)THEN
SGN=-1.D0

ELSE
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SGN=1.D0

ENDIF

H=SGN*AH

Jokekdokkdkk ( 1 ) Jodkedokodkokodokekkdekkk
DELTAT=1.D0/DNT

DO 20 N=O0,NT

DN=DBLE(N)

T=DN*DELTAT
U=1.DO0+(D-1.DO)*T
V=0.D0

Z=DCMPLX (U, V)
AZ=CDABS(Z)
DLNAZ=DLOG (AZ)
CLNZ=DCMPLX (DLNAZ,0.DO)
X1=S1*CLNZ

W1=CDEXP(X1)

X2=S*CLNZ

W2=CDEXP (X2)

Y=-CAKI*Z

W3=CDEXP(Y)
WamARW1 W3+ B*W2*W3
W(N)=(CD-C1)*W&
DELTA=DELTAT/3.D0
CDELTA~DCMPLX (DELTA, 0 .DO)
G(0)=0.D0

ZETA(0)=1.D0O

DO 30 N=2,NT,2

M=N/2

DN=DBLE (N)

AR=W (N)+C4*W(N-1)+W(N-2)
G(M)=G(M-1)+CDELTA*AR
T=DN#*DELTAT
U=1.D0+(D-1.D0)*T
ZETA(M)=U

Jok dokkkkk ( 2 ) Fekdokekkodekekdek kek
DELTAT=-1.DO0/DNT1
CHI=DCMPLX(0.DO,H)

Cc-18
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DO 40 N=0,NT1

" DN=DBLE(N)

T=DN*DELTAT

U=1.D0

V=H*T

Z=DCMPLX (U, V)
PHI-ARG(Z)

AZ=CDABS (Z)
DLNAZ~DLOG (AZ)
CLNZ=DCMPLX(DLNAZ, PHI)
X1=S1*CLNZ

X2=5*CLNZ

W1=CDEXP(X1)
W2~CDEXP(X2)
X3=-CAKI*Z

W3=CDEXP (X3)

Wa=AXW1 ¥W3+B*W2%W3
W(N)=CHI*W4

SOT=0.D0

DO 50 N=1,NT1-1,2
SOT=SOT+W (N)

SET=0.D0

DO 60 N=2,NT1-2,2
SET=SET+W (N)
DELTA=DELTAT/3.D0
CDELTA=DCMPLX(DELTA, 0.DO)
SUM1=CDELTA* (W(0)+W(NT1)+C4*SOT+C2*SET)
%ok ke ke kk kkkk ( 3 ) dedodkedk gk dokkdkdkk ek k
DELTAT=1.DO0/DNT2

DO 70 N=0,NT2

DN=DBLE (N)

T=DN+DELTAT
U=1.D0-2.DO*T

V=H

Z=DCMPLX (U, V)
PHI-ARG (Z)

AZ=CDABS (Z)
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DLNAZ=DLOG (AZ)
CLNZ~DCMPLX (DLNAZ , PHI)
X1=S1#*CLNZ

X2=S*CLNZ
W1=CDEXP(X1)

W2=CDEXP (X2)
X3=-CAKI*Z
W3=CDEXP(X3)
Wh=A*W1*W3+B*W2*W3
W(N)=-C2%W4

SOT=0.D0

DO 80 N=1,NT2-1,2
SOT=SOT+W(N)

SET=0.DO

DO 90 N=2,NT2-2,2
SET=SET+W(N)
DELTA=DELTAT/3.D0
CDELTA=DCMPLX(DELTA, 0.DO)

SUM2=CDELTA*(W(0)+W(NT2)+C4*SOT+C2*SET)

*kkkkkkkkk ( 4 ) e %k % K ok Kk ke k ok ok ok k ok ok ok

DELTAT=1.DO/DNT1
DO 100 N=0,NT1
DN=~DBLE(N)
T=DN*DELTAT
U=-1.D0
V=H*(1.D0-T)
Z=DCMPLX(U,V)
PHI=ARG(Z)
AZ=CDABS(Z)
DLNAZ=DLOG (AZ)
CLNZ=-DCMPLX (DLNAZ,PHI)
X1=S1*CLNZ
X2=S*CLNZ
W1=CDEXP(X1)
W2=~CDEXP (X2)
X3=-CAKI*Z
W3=CDEXP(X3)
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110
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Wa=A*W1*W3+B*W2*W3
W(N)=-CHI*W4

SOT=0.D0

DO 110 N=1,NT1-1,2
SOT=SOT+W (N)

SET=0.D0

DO 120 N=2,NT1-2,2
SET=SET+W (N)
DELTA=DELTAT/3 .DO
CDELTA=DCMPLX(DELTA, 0 .DO)
SUM3=CDELTA* (W(0)+W(NT1)+C4*SOT+C2*SET)
oo e Fede ket ke ke dodok dededeok dok dedeok dodek dekodek ke dodekekokekeok
SUM=SUM1+SUM2+5UM3 *

ko dkkekk ek kk (5) ek o v dode ok dode ok dededekodo ke sk dokokkeok
DELTAT=1.D0/DNT

DO 130 N=0,NT

DN=DBLE(N)

T=DN*DELTAT
U=-1.D0+(1.D0-D)*T
Z-DCMPLX(U, 0.DO)
PHI-SGN#PIE

AZ=CDABS(Z)
DLNAZ=DLOG (AZ)
CLNZ=DCMPLX (DLNAZ , PHI)
X1=S1*CLNZ

X2=S*CLNZ

W1=CDEXP(X1)

W2=CDEXP (X2)

X3=-CAKI*Z

W3=CDEXP(X3)
WamAXW1*W3+BAU2*W3
W(N)=(CL-CD)*W4
DELTA=~DELTAT/3 .DO
CDELTA~-DCMPLX (DELTA, 0 . DO)
M=NT+2

ZETA(M)=-1.D0

G(M)=SUM
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U=-1.D0
DO 140 N=2,NT,2
L~-N/2
M=NT+2-L
DN=DBLE (N) .
AR=W(N)+C4*W(N-1)+W(N-2)
G(M)=G(M-1)+CDELTA*AR
T=DN*DELTAT
U=-1.D0+(1.D0-D)*T
140  ZETA(M)=U
c sededededkdededdeddededededededede ko dek ok ok ko ok
MT=NT/2
X0=-CAKI
WO=C2*CDEXP (X0)
DO 150 M=0,MT
DM=DELE (M)
U=ZETA(M)
Z=DCMPLX (U, 0.DO)
AZ=CDABS (Z)
DLNAZ=DLOG(AZ)
CLNZ=DCMPLX (DLNAZ,0.D0Q)
X1l=-S*CLNZ
W1=CDEXP(X1)
W2=G(M) /R(2)
) W3=W0+W2
150 F(M)=W1*W3
M=MT+1
ZETA(M)=0.DO
F(M)=ALPHA/R(1)
Z=C0
W1=CO
W2=CO0
DO 160 M=MT+2,NT+2
DM=DBLE (M)
U=ZETA(M)
Z=DCMPLX(U,0.DO)
PHI=SGN*PIE
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AZ=CDABS (Z)
DLNAZ=DLOG (AZ)
CLNZ=DCMPLX (DLNAZ , PHI)
X1=-S*CLNZ
W1=CDEXP (X1)
W2=G (M) /R(2)
W3=WO0+W2
160  F(M)=W1*W3
C Eh KKk KRR AEER KT ERRAKkkkkkkkkkk
U=DREAL(S)
V=DIMAG(S)
WRITE(2,230)U,V
NP=NT+2
WRITE(2,240)NP
DO 170 M=0,NT+2
U=ZETA(M)
PHI=DACOS (U)
PHI=(PHI*180.D0)/PIE
AMP=CDABS (F(M) )
WRITE(*,250) PHI , AMP
170  WRITE(2,250)PHI,AMP
CLOSE(2, STATUS='KEEP')
3 CONTINUE
C e e e e e e e de A dede de e o ke de ke ke de ke dededededeoke ke kokeok
200 FORMAT(2X,14,/,3(2X,14),2(/,2(2X,F7.3)),/,2X,A2)
210  FORMAT(4(2X,F7.3))
220  FORMAT(2X,Al3)
230  FORMAT(2(2X,F8.4))
240  FORMAT(2X,14)
250  FORMAT(2(2X,F8.4))
STOP
END
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PROGRAM SFHS1C
' DOUBLE PRECISION ABERR,AH,AK,AMP,AMP1,AMP2,AMP3,D,DELTAT,DNT,DNT1,
1DNT2,EPLN, ESLN,H, PHI, PIE,RAD,U,UO,V,V0,T,TO, ZETA, WNK

COMPLEX*16 AO,A,ALPHA,BETA,C1,C2,CAK,EYE,ERR,FIN,G,P,Q,R,S,SEQA,
1SEQB,Y,Y0,D1Y,W,W0,W1,W2,X,Z,Z0

CHARACTER FNAME(3)#*13,PATH*2, PFNAME*15,XNAME*13

DIMENSION A(0:300),AMP(0:202),P(4),Q(4),R(4),SEQA(3),SEQB(3),
1ZETA(0:202)

OPEN(1,FILE='SFHS1C.INP')
READ(1,100)NF,NT,NT1,NT2 ,NTRM,NO,NC, EPLN, ESLN, D, AH,RAD, WNK , PATH
DO 1 I-1,NF

READ(1,210)SEQA(I),SEQB(I)

DO 2 I=1,NF

READ(1,220) FNAME(I)

CLOSE(1, STATUS='KEEP')
WRITE(*,100)NF,NT,NT1,NT2,NTRM,NO,NC, EPLN, ESLN, D, AH, RAD, WNK, PATH
PIE=4.DO*DATAN(1.DO)

DNT=-DBLE (NT)

DNT1=DBLE(NT1)

DNT2=DBLE(NT2)

C1=DCMPLX(1.D0,0.D0)

C2=DCMPLX(2.D0,0.D0)

EYE=DCMPLX(0.D0,1.D0)

AK=RAD*WNK

CAK=DCMPLX(AK, 0. DO)

WO=- EYE*CAK

YO=- C2*CDEXP (WO)

CALL HCOEF2(RAD,WNK,P,Q)

DO 3 I=1,NF

XNAME=FNAME (1)

PFNAME=PATH/ /XNAME

OPEN(2, FILE=PFNAME)

ALPHA=SEQA(I)

BETA=SEQB(I)

DO 20 J=1,4

R(J)=ALPHA*P (J)+BETA*Q(J)

S=R(1)/R(2)
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V=DIMAG(S)
IF(V.GT.0.DO)THEN

SGN=-1.D0

ELSE

SGN=1.DO

ENDIF

H=SGN*AH

e e e Fede dede Jok ke ok (1) ek e e e e dede dede e koke ok
DELTAT=1.DO0/DNT

Y=Y0

A0=YO

M=0

Z=C1

ZETA (M)=1.DO0

X~=-EYE*CAK*Z

W1=CDEXP (X)

W2=ALPHA+BETA*X

FIN=-W1%W2

D1Y=(FIN-R(1)*Y) /(Z*R(2))

AMP (M)=CDABS (Y)

ERR=R (1) *Y+R (2) *Z*D1Y-FIN
ABERR=CDABS ( ERR)

WRITE (*,110)M,Z, ABERR , AMP (M)

DO 30 M=1,NT

TO=DBLE (M- 1) *DELTAT
UO=1.DO0+(D-1.D0)*T0

V0=0,D0

Z0=DCMPLX (UO, VO0)

CALL ACOEFL(NTRM,AK,ALPHA,BETA,Z0,A0,R,A)
T=DBLE (M) *DELTAT
U=1.D0+(D-1.D0)*T

v=0.D0

ZETA (M)=U

Z=DCMPLX (U, V)

CALL PHI1(NTRM,NO,NC,EPLN,ESLN,Z0,Z,A,Y,D1Y)
AR () =CDABS (Y)

X=- EYE*CAK*Z
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W1=CDEXP (X)
W2=ALPHA+BETA*X

FIN=-W1+W2

ERR=R (1) *Y+R (2)*Z*D1Y-FIN
ABERR=CDABS (ERR)

A0=Y
WRITE(*,110)M,Z,ABERR, AMP (M)
CONTINUE

ok e v o do ke de ke ke ke ke

M=NT+1

ZETA(M)=0.D0

Y=-ALPHA/R(1)

AMP (M)=CDABS (Y)

Feok e ek ek ke ek ok (2) o e e e ke T Ao e e K Fo ke ke ko
DELTAT=1.D0/DNT1

Y=Y0

A0=Y0

M=0

z=C1

X= - EYE*CAK*Z

W1=CDEXP (X)
W2=ALPHA+BETA*X
FIN=-W1*W2
D1Y=(FIN-R(1)*Y)/(Z*R(2))
AMP1=CDABS (Y)

ERR=R (1) *Y+R(2)*Z*D1Y-FIN
ABERR~CDABS (ERR)
WRITE(*,110)M,Z,ABERR,AMP1
DO 40 M=1,NT1
TO=DBLE(M-1)*DELTAT
U0=1.D0

VO=H*TO

20~DCMPLX (UO, VO)

CALL ACOEF1(NTRM,AK,ALPHA,BETA,Z0,A0,R,A)
T=DBLE (M) *DELTAT

U=1.D0

V=H*T



40

50

Cc-27

Z~DCMPLX (U, V)
CALL PHI1(NTRM,NO,NC,EPLN,ESLN,Z0,Z,A,Y,D1Y)
AMP1=CDABS (Y)

X=- EYE*CAK+Z

W1=CDEXP (X)

W2-ALPHA+BETA*X

FIN=-W1+W2

ERR=R (1) *Y+R (2)*Z*D1Y-FIN
ABERR=-CDABS (ERR)

AO=Y

WRITE(*,110)M,Z,ABERR,AMP1
CONTINUE

Kk dedhdk ok dek (3) dedo ek dodek kokededekdekek
DELTAT=1.D0/DNT2

DO 50 M=1,NT2
TO=DBLE (M- 1) *DELTAT
U0=1.D0-2.DO*TO

VO=H

Z0=DCMPLX (U0, VO0)

CALL ACOEF1 (NTRM,AK,ALPHA,BETA,Z0,AO,R,A)
T=DBLE (M) *DELTAT

U=1.D0-2.DO*T

V=H

Z=DCMPLX (U, V)

CALL PHI1(NTRM,NO,NC,EPLN,ESLN,Z0,Z,A,Y,D1Y)
AMP2=CDABS (Y)

X=- EYE*CAK+Z

W1=CDEXP(X)

W2=ALPHA+BETA*X

FIN=-W1%W2

ERR=R (1) *Y+R(2)*Z*D1Y-FIN
ABERR=CDABS (ERR)

AO=Y
WRITE(*,110)M,Z, ABERR, AMP2
CONTINUE

*k kkkkkkkik (4) Kk sk dodkdek ke ke ok dekk

DELTAT=-1.DO/DNT1
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DO 60 M=1,NT1
TO=DBLE (M-1)*DELTAT

U0=-1.D0

VO=H*(1.D0-TO)
Z0=DCMPLX (U0, V0)

CALL ACOEF1(NTRM,AK,ALPHA,BETA,Z0,A0,R,A)
T=DBLE (M) *DELTAT

U=-1.D0

V=H*(1.D0-T)

Z=DCMPLX (U, V)

CALL PHI1(NTRM,NO,NC,EPLN,ESLN,Z0,Z,A,Y,D1Y)
AMP3=CDABS (Y)

X=-EYE*CAK*Z

W1=CDEXP(X)

W2=ALPHA+BETA*X

FIN=-W1*W2

ERR=R (1) *Y+R(2)*Z*D1Y-FIN
ABERR~CDABS (ERR)

AO=Y
WRITE(*,110)M,Z, ABERR, AMP3
CONTINUE

% % e e sk e ok ke ke ok (5) %% Kk %k Kk ke ke kK ko k
NP=2*NT+2

ZETA(NP)=-1.D0

AMP (NP)=AMP3

DELTAT=1.D0,/DNT

DO 70 M=1,NT

N=2#NT-M+2

TO=DBLE (M- 1) *DELTAT
UO=-1.D0+(1.D0-D)*T0

V0=0.D0

Z0=DCMPLX (UO, VO)

CALL ACOEF1(NTRM,AK,ALPHA,BETA,Z0,A0,R,A)
T=DBLE (M) *DELTAT
U=-1.D0+(1.D0-D)*T

ZETA(N)=U

V=0.D0
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120
210
220
230
240
310

Z=DCMPLX (U, V)
" CALL PHI1(NTRM,NO,NC,EPLN, ESLN,Z0,Z,A,Y,D1Y)
AMP (N)=CDABS (Y)

X=- EYE*CAK*Z

W1=-CDEXP (X)

W2=ALPHA+BETA*X

FIN=-W1%W2

ERR=R(1)*Y+R (2)*Z*D1Y-FIN

ABERR=CDABS (ERR)

AD=Y

WRITE(*,110)M,Z,ABERR, AMP (N)

CONTINUE

ot v dede ke dede sk do i ek dede dede dedde ke dedekeodode ok okok ok ok
U=DREAL(S)

V=DIMAG(S)

WRITE(2,240)U,V

WRITE(2,230)NP

DO 80 N=0,NP

U=ZETA(N)

PHI=DACOS (U)

PHI~(PHI*180.D0) /PIE

WRITE(*,120) PHI , AMP(N)
WRITE(2,120)PHI,AMP(N)
CLOSE(2,STATUS='KEEP')

CONTINUE

e Fe gk e e e dede K Fodde ok de ek de ek ke dede ke ke dede ek ke kokek
FORMAT(2X,14,/,3(2X,14),/,3(2X,14),/,2(2X,D8.1),2(/,2(2X,F7.3)),
1/,2X,A2)

FORMAT (2X,14,2X,'(',F7.3,’,' F7.3,')',2X,D22.15,4X,F10.5)
FORMAT(2(2X,F9.4))

FORMAT (4 (2X,F7.3))

FORMAT ( 2X,A13)

FORMAT(2X, I4)

FORMAT (2 (2X,F7.4))

FORMAT (2X, 14 ,2X,F9.4)

STOP

END
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DOUBLE PRECISION ABERR,AK,AMP,DELTAT,DN,DNT,EPLN,ESLN,PIE,RAD,

1T,TO,WNK, ZETA

COMPLEX*16 A,ALPHA,BETA,CA,CB,CO,Cl,CAK,CN,E, ERR,EYE,F,FIN,

1p,Q,R,U,V,W1,W2,X,Y,D1Y,Z,20

CHARACTER PATH*2, FNAME(10)#*13,XNAME*13, PFNAME*15
DIMENSION CA(3),CB(3),P(4),Q(4),R(4),A(0:300)

OPEN(1,FILE='SFHS1S.INP')

READ(1,100)NF,NT,NTRM,NO,NC,EPLN, ESLN, RAD ,WNK, PATH
WRITE(*,100)NF,NT,NTRM,NO,NC,EPLN,ESLN,RAD, WNK, PATH

DO 10 I=1,NF
READ(1,110)CA(I),CB(I)
DO 20 I=1,NF
READ(1,120) FNAME(I)
CLOSE(1,STATUS='KEEP')
DNT=DBLE(NT)
EYE~DCMPLX(0.DO0,1.DO0)
PIE=4 . DO*DATAN(1.DO)
DELTAT=PIE/DNT
CO=DCMPLX (0.D0O,0.DO0)
C1=DCMPLX(1.D0,0.DO0)
AK=RAD*WNK

CAK~DCMPLX (AK,0.DO)

DO 30 I=1,NF
XNAME=FNAME (1)
PFNAME=PATH/ /XNAME
OPEN (2, FILE=PFNAME)
CALL HCOEF2(RAD,WNK,P,Q)
ALPHA=CA(I)

BETA=CB(I)

DO 40 J=1,4
R(J)=ALPHA*P (J)+BETA*Q(J)
WRITE(*,*)R
A(0)=-ALPHA/R(1)

U=Cl

Ve-EYE*CAK

DO 50 N=1,NT
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100
110
120
130
140

DN=DBLE (N)
CN=DCMPLX (DN, 0.DO)

U=U*V/CN

E=ALPHA+CN*BETA

F=R(1)+CN*R(2)

A(N)=-E*U/F

T=0.D0

Z0=C0

DO 60 N=0,NT

DN=DBLE(N)

T=DN*DELTAT

ZETA=DCOS (T)

Z=DCMPLX (ZETA, 0.DO)

20=C0

CALL PHI1(NTRM,NO,NC,EPLN,ESLN,Z0,Z,A,Y,D1Y)
X=-CAK*Z*EYE

W1=ALPHA+BETA*X

W2=CDEXP (X)

FIN=-W1*W2

ERR=R (1) *Y+R(2)*Z*D1Y-FIN
ABERR~CDABS (ERR)

AMP=CDABS (Y)
WRITE(*,130)N,ABERR, AMP
WRITE(2,140)N,AMP

CLOSE(2, STATUS='KEEP’ )
CONTINUE

FORMAT (5(2X,I14),/,2(2X,D8.1),/,2(2X,F7.3),/,2X,A2)
FORMAT (4 (2X,F7.3))
FORMAT(2X,A13)

FORMAT (2X,14,2X,D16.10, 2X,F9.4)
FORMAT(2X,14,2X,F9.4)

STOP

END
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PROGRAM SFHS1L

DOUBLE PRECISION ABERR,AK,AMP,DELTAT,DN,DNT,E,EPLN, ESLN, PIE,RAD,
1T, TO,WNK, ZETA

COMPLEX*16 A,ALPHA,BETA,CA,CB,CO0,Cl,C2,C3,C6,CE,CE2,CE3, CAK,CN,
1EYE,F,FIN,G,H,H2,H3,P,Q,R,U,V,W1,W2,W3,X,Y,D1Y,Z, 20
CHARACTER PATH*2,FNAME(10)*13,XNAME*13, PFNAME*15
DIMENSION CA(3),CB(3),P(4),Q(4),R(4),A(0:300)
OPEN(1,FILE='SFHS1L.INP')

READ(1, 100)NF,NT,NTRM,NO,NC, EPLN, ESLN, RAD, WNK, E, PATH
WRITE(*,100)NF,NT,NTRM,NO,NC, EPLN, ESLN, RAD, WNK, E, PATH
DO 10 I-1,NF

READ(1,110)CA(I),CB(I)

DO 20 I=1,NF

READ(1,120) FNAME(I)

CLOSE(1,STATUS='KEEP' )

DNT=DBLE (NT)

EYE=DCMPLX(0.DO, 1.D0)

PIE=4 . DO*DATAN(1.DO)

DELTAT=PIE/DNT

CO~DCMPLX (0.DO0,0.DO)

C1=DCMPLX(1.DO, 0.D0)

C2=DCMPLX(2.DO0,0.D0)

C3=DCMPLX (3.D0,0.D0)

C6=DCMPLX (6 .D0, 0.DO)

AK=RAD*WNK

CAK=DCMPLX (AK, 0. DO)

H=C2*EYE*CAK

H2=H*H

H3=H2*H

CE=DCMPLX(E, 0.DO0)

CE2=CE*CE

CE3=CE2*CE

P(1)=- (CL+C3*CE+C3*H*CE*CE) /C2

P(2)=CO

W1=C1/CE

W2=C2- (H2/C2)

W3=- (H2,/C2)+(H3/C6)
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Q(1)=(W1+C1-W2*CE2+W3*CE3) /C2
Q(2)=-CE2/C2

DO 30 I-1,NF
XNAME~FNAME (1)
PFNAME=PATH//XNAME
OPEN(2, FILE=PFNAME)
ALPHA=CA (1)

BETA=CB(I)

DO 40 J=1,2
R(J)=ALPHA*P (J )+BETA*Q(J)
WRITE(*,*)R
A(0)=-ALPHA/R(1)

U=C1

V=-EYE*CAK

DO SO N=1,NT

DN=DBLE(N)
CN=DCMPLX (DN, 0.DO)

U=U*V /CN

F=ALPHA+CN*BETA
G=R(1)+CN*R(2)
A(N)=-F*U/G

T=0.D0

20~C0

DO 60 N=0,NT

DN=DBLE(N)

T=DN*DELTAT

ZETA=DCOS (T)

Z~DCMPLX (ZETA,0.DO)

Z0=G0

CALL PHI1(NTRM,NO,NC,EPLN,ESIN,Z0,Z,A,Y,D1Y)
X=-CAK*Z*EYE
W1=ALPHA+BETA*X
W2=CDEXP(X)

FIN=-W1#W2
ERR=R(1)*Y+R(2)*Z*D1Y-FIN
ABERR=CDABS (ERR)
AMP=CDABS (Y)
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WRITE(*,130)N,ABERR,AMP

"WRITE(2,140)N,AMP

CLOSE(2, STATUS='KEEP’ )

CONTINUE

FORMAT (5(2X,14),/,2(2X,D8.1),/,3(2X,F7.3),/,2X,A2)
FORMAT (4 (2X,F7.3))

FORMAT (2X,A13)

FORMAT(2X, 14,2X,D16.10,2X,F9.4)
FORMAT (2X, I4,2X,F9.4)

STOP

END



40
30

70

10

20

60
50

C-35

SUBROUTINE HCOEF2(RAD,WNK,P,Q)

DOUBLE PRECISION RAD,WNK,BC,AK,AH,A,DN
COMPLEX*16 W,W1,W2,Ww3,W4,S,H,X,Y,Z,DX,DY,DZ,B,B3,B11,B33,
1p,p3,p11,D33,T,T1,T2,T3,T4,TS,P,Q,CBC,C,C102
DIMENSION DX(0:15),DY(0:15),D2(0:15),BC(0:15,0:15),5(0:15,0:15),
1P(4),Q(4),C(32),CBC(0:15,0:15)

DO 30 N=0,15

BC(N,0)=1.D0

A=BC(N,0)

CBC(N,0)=DCMPLX(A,0.DO)

DO 40 M=1,N
BC(N,M)=BC(N,M-1)*DBLE(N-M+1)/DBLE(M)
A=BC(N,M)

CBC(N,M)=DCMPLX(A,0.DO)

CONTINUE

DO 70 N=1,32

DN=DBLE (N)

C(N)=DCMPLX (DN, 0.DO)

AH=2 . DO*WNK*RAD

H=DCMPLX (0.DO, AH)
W=DCMPLX (DCOS (AH) ,DSIN(AH))

X=W-C(1)

Y=C(1)/H

Z=X*Y

DY(0)=Y

DO 10 N=1,15

DY(N)=-C(N)*Y*DY(N-1)

DX(0)=X

DO 20 N=1,15

DX (N)=W

DZ(0)=Z

DO 50 N=0,15
S(N,0)=CBC(N,0)*DX(0)*DY(N)

DO 60 M=1,N

S (N,M)=S (N,M-1)+CBC(N,M)*DX (M)*DY(N-M)
DZ(N)=S(N,N)

B=- (H*DZ(1)-DZ(0))/C(2)



C-36

B3=H*DZ(3) -DZ(2)
B11=H*DZ(5) -DZ(4) -H*DZ(3)+DZ (2)
B33=-C(2)*(H*DZ(5)-DZ(4))
W1=C(4)-H-C(4)*Y

W2=W1+W

W3=C(4)*Y-H

Wa=W2+W3

D=W4 /C(4)

C102=DCMPLX(0.5D0,0.D0)
W1=H-C(5)+C(16)*Y-C(32)*Y*Y+C(32) *Y*Y+Y
W2=C (16)¥Y*Y*Y

W3=C102*W1+W

D3=W3-W2

T1=DZ(4) -DZ(6)

T2=DZ(3) -DZ(5)

T3=DZ(2)-DZ(4)

T4=DZ(1) -DZ(3)

T5=DZ(0) -DZ(2)
T=H*H*T1-C(5)*H*T2+C(5) *T3+H*T4 - T5
D11=-T/C(2)

T1=DZ(6)

T2=DZ(5)

T3=DZ(4)

T4=DZ(3)

T5=DZ(2)
T=H*H*T1-C (5) *H*¥T2+C(5) *T3+H*T4 - TS
D33=-T

P(1)=B-C102

P(2)=B3

P(3)=C102*B11

P(4)=C102%(B11-B33)

Q(1)=D

Q(2)=D3

Q(3)=C102*D11

Q(4)=(D11-D33)/C(2)

RETURN

END
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SUBROUTINE ACOEF1(NT,AK,ALPHA,BETA,Z0,A0,R,A)
DOUBLE PRECISION AK,DN
COMPLEX*16 AO,A,ALPHA,BETA,B1,B2,Cl,CN,CN1,CAK,EYE,FO,F,
1R,U,V,X0,W,W0,W1,20

DIMENSION A(0:300),F(0:300),R(4)
C1=DCMPLX(1.D0,0.D0)
EYE=DCMPLX(0.D0,1.D0)
CAK=DCMPLX (AK,0.D0)
X0=-EYE*CAK*Z0

WO=CDEXP (X0)

W1=-ALPHA+BETA*X0

F(0)=-WO*W1

U=C1

V=-EYE*CAK

DO 2 N=1,NT

DN=DBLE(N)

CN=DCMPLX(DN,0.D0)
W=W1+CN*BETA

U=(U*V) /CN

F(N)=-WO*W*U

A(0)=A0
A(1)=(F(0)-R(1)*A(0))/(R(2)*20)
DO 10 N=2,NT

DN=DBLE (N)

CN=DCMPLX (DN, 0.DO0)

CN1=CN-C1

B1=R(1)+CN1*R(2)

B2=Z0*CN*R(2)

A(N)=(F(N-1) -B1*A(N-1)) /B2
CONTINUE

RETURN

END
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SUBROUTINE PHI1(NT,NO,NC,EPLN,ESIN,Z0,Z,A,Y,D1lY)

DOUBLE PRECISION AS,AT,AW,CN,DN,EPLN,ESLN,ETA
COMPLEX*16 A,CO,C1,S,T,W,Y,D1Y,Z0,Z
DIMENSION A(0:300),AS(0:300),S(0:300),W(0:300)
CO=DCMPLX(0.D0,0.D0)
C1=DCMPLX(1.D0,0.D0)

W(0)=C1

W(1)=2-20

DO 1 N=2,NT

AW=CDABS (W(N-1))

IF(AW.LT.ESLN) THEN

W(N)=CO

ELSE

W(N)=W(N-1)*W (1)

ENDIF

CONTINUE

S(0)=A(0)

AS (0)=CDABS (A(0))

DO 10 N=1,NT

T=A (N) *W(N)

AT=CDABS (T)

S(N)=S(N-1)+T

AS(N)=AS (N-1)+AT

IF(N.LT.NO) GOTO 10
ETA=AS (N) -AS (N-NC)

IF(ETA.LT.EPLN) THEN

Y=5 (N)

GOTO 12
ELSEIF(ETA.GT.EPLN.AND.N.LT.NT) THEN
GOTO 10
ELSEIF(ETA.GT.EPLN.AND.N.EQ.NT) THEN
Y=5(NT)

WRITE(*,11)Z,ETA

FORMAT(2X,'F(',F8.3,’) DOES NOT CONVERGE,ETA=’,D22.15)

ENDIF
CONTINUE
S(0)=A(1)
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AS(0)=CDABS(A(1))

" NT1=NT-1

DO 20 N=1,NT1
DN=DBLE(N)
CN=DCMPLX (DN, 0.DO)
T=(CN+C1)*A (N+1) *W (N)
AT=CDABS(T)
S(N)=S(N-1)+T
AS(N)=AS(N-1)+AT
IF(N.LT.NO) GOTO 20
ETA=AS (N) -AS (N-NC)
IF(ETA.LT.EPLN) THEN
D1Y=S(N)

GOTO 22

ELSEIF(ETA.GT.EPLN.AND.N.LT.NT1) THEN

GOTO 20

ELSEIF(ETA.GT.EPLN.AND.N.EQ.NT1) THEN

D1Y=S(NT1)
WRITE(*,21)Z,ETA

FORMAT (2X, 'D1F(’',F8.3,’) DOES NOT CONVERGE,ETA=',D22.15)

ENDIF
CONTINUE
RETURN
END
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COMPLEX*16 FUNCTION ARG(Z)

DOUBLE PRECISION HPIE,PHI,PIE,U,V,W
COMPLEX*16 Z

PIE=4 . DO*DATAN(1.DO)

HPIE-PIE/2.DO

U=-DREAL(Z)

V=DIMAG (Z)

IF(U.EQ.0.D0)GOTO 10

W=V /U

PHI=DATAN(W)

IF(U.GT.0.DO)THEN

ARG=DATAN (W)
ELSEIF(U.LT.0.DO.AND.V.GT.0.DO)THEN
ARG=HPIE+PHI
ELSEIF(U.LT.0.DO.AND.V.LT.0.DO) THEN
ARG=-HPIE+PHI

ENDIF

RETURN

IF(V.GT.0.DO)THEN

ARG=HPIE

ELSEIF(V.LT.0.DO)THEN

ARG=-HPIE

ENDIF

RETURN

END
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