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SYNOPSIS

The theme of this thesis is the construction of state diagrams and their implications.
The author generalises most of the theorems in Chapter II of Goldberg [G1] by droppihg
the assumption that the domain of the operator is dense in X . The author also presents
the standard Ta.ylor—Halberg—Goldberg state diagrams [G1, 61, 66]. Chapters II and I1I
deal with F e and F_—operators, which are generalisations of the ¢ 4 and

¢ _—operators in Banach spaces of Gokhberg—Krein [GK]. Examples are given of F M

and F_-—operators.

Also, in Chapter III, the main theorems needed to construct the state diagrams of
Chapter IV are discussed. The state diagrams of Chapter IV are based on states
corresponding to F, — and F_—operators; in addition state diagrams relating T and T”
under the assumptions (T) >0 and (T") > 0 are derived. Second adjoints are

important in Tauberian Theory (see Cross [C1]).

Chapters I and IV are the main chapters. In Chapter I of this thesis the author
modifies many of the proofs appearing in Goldberg [G1], to take account of the new

definition of the adjoint. .
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INTRODUCTION

In this introduction we present the definitions of vector spaces, normed linear spaces
and Banach spaces. We also provide examples of these spaces. Quotient spaces, adjoint

spaces, and reflexive spaces are introduced and the main theorems are stated.

0.1 Normed Linear Spaces

0.1.1 Definition [T] Let X be a set of élements, sometimes called points, and
denoted by small italic letters: x,y, ... We assume that each pair of elements x, y can
be combined by a process called addition to yield another element z dénoted by

z=x+ y . We also assume that each complex number a and each element x can be
combined by a process called multiplication to yield another element y denoted by

y = ax . The set X with these two processes is called a vector space if the following

axioms are satisfied :

1. x+y=y+x}

2. x+('y+z)=(x+y)+z.

3. There is in X a unique element, denoted by 0 and called the zero element, such
that x + 0 = x for each x.

4. Toeach x in X corresponds a unique element, denoted by — x , such that
X+ (=x)=0.

5. oflx +y)=ox+ ay.

6. (a+ f)x = ax + fx.

7. a(fx) = (af)x .



9. 0.x=0.
We now introduce the concept of normed linear spaces.

0.1.2 Definition [G1] Let X be a vector space over the field of real or complex
nurﬁbers. A norm on X, denoted by || ||, is a real—valued function on X with the
following properties.

i. Ixll >0 forall xeX.

ii.  x#0 implies ||x]|#0.

i, floxl| = | af ||

iv.  Jlx+yl] <|[xll + lly]l (triangular inequality).

The vector space X, together with a norm on X, is called a normed linear space. When

the scalars over X are the reals, X is called a real normed linear space.
The following are examples of normed linear spaces.

0.1.3 Example [G1] Euclidean n—space, denoted by En, is the normed linear

space of n—tuples of real numbers over the reals with norm .
l(as a2, -y an)ll = (5 125192

Unitary n—space, denoted by Un | is the normed linear space of n—tuples of complex

numbers over the complex numbers with the above norm.



0.1.4 Example [G1] For S an arbitrary set, B(S) is the normed linear space of

boundpd complex—valued functions over the complex numbers with norm

Il = sup |{(s)] .
sgS

0.1.5 Example [G1] For S a compact topological space, C(S) is the subspace of

B(S) consisting of the continuous functions.

e

- 0.1.6 Example [Gl] Let 1{p<w andlet p be a measure defined on a o-ting ¥
of subsets of a set S. Define L{’,(S,Z,p) to be the class of all those y—measurable
complex—valued functions> f for which |f|P isintegrable. Functions f and g in
L)(S,E,n) are said t0 be equivalent if {= g almost everywhere. Lp(S,%,p) will denote the

normed linear space of equivalence classes [f] of fe L}(S,%,z) with norm given by

e = (f121p a)'> .

Addition and scalar multiplication are defined by
off] + flg] = [of + fg] -

As is customary, we shall use f instead of [f] as an element in Lp(S,%,u) . The
proof of the triangular inequality, called Minkowski’s inequality, appears in Dunford and

Schwartz [DS], Lemma 11.3.3.

When 4 is Lebesgue measure and ¥ is the class of Lebesgue—measurable sets, we

write Ly(S) instead of Lp(S,5,u).



0.2 Complete Normed Linear 'Spa,c_es

0.2.1 Definition [G1] Let X be a normed linear space. The metric d induced by
the norm is defined by d(x,y) = |lx—y||. For x € X and M a subset of X , d(x,M) will
denote the distance from x to M ; that is ,‘

d(x,M)= inf ||[x—m).
meM

If X isa complete metric space with respect to d, X is ca.lled a complete normed
linear space or a Banach space. The metric topology on X determined by d is the

topology used throughout this thesis.

0.22 Example [G1] B(S) is complete. To see this, suppose {fn} is a Cauchy

sequence in B(S). Given € > 0, there exists an integer N such that forall s€ S,
(1) |fu(s) = fu(s)] < lifn ~full ¢ ¢ mn2N.

Hence for each s € S, {fa(s)} is a Cauchy sequence of scalars and therefore converges.

Define f on S by f(s) = lim f4(s) It is now shown that f isin B(S) and that f,-f

N-w

in B(S). Since {fa} converges pointwise to f, it follows from (1), after fixing n > N
- and letting m - w , that for |

all seS
(2) . |fn(s) —f(5)| <€ n>N.

Since f. is bounded, (2)implies that f isin B(S) and that
=t =sup fals) = f(s)| <€ n2N.
Thus fn -1 in B(S). ‘ o



0.2.3  Definition [G1] = Let X and Y be normed linear spaces. Define the norm on

- the vector space of bounded linear operators which map X into Y by

T
ITh = sup =l = sup Xt
Ix||=1 x#0

~ Then this is a norm and {X,Y] will denote the normed linear space of bounded linear

operators with the above norm.

0.2.4 Theorem [G1] If X is a normed linear space and Y is a Banach space,

then [X,Y] is a Banach space. o B

Proof [G1] The proof is essentially the same as the proof in 0.2.2, which shows that
B(S) is complete.

The converse to the theorem is proved in Corollary 0.3.9. O

0.2.5 Definition [G1] Let T bea 1-1 linear operator with domain D(T) ¢ X
‘and range R(T)CY, X and Y normed linear spaces. The inverse of T , written 71 ,
is the map from subspace R(T) into X given by T—l(Tx) =x. It is clear that T is
linear. N(T) denotes the subspace {x | Tx = 0} . N(T) is called the null-space or
kernel of T. T is called 1—1 if distinct elementsin D(T) are mapped into distinct
elements in R(T) . Since a linear operator T has the property that T0 =0, T is 1-1
if and only if N(T) = (0).

For a function f which is not necessarily 1-1, {~ 1(B) will be used to denote the

set {x | f(x) € B} .



0.2.6 Theorem [Gl1] Let T be a linear map from normed linear space X into
normed linear space Y . T_1 exists and is continuous if and only if there exists an

m > 0 such that

ITx)l 2> milxl] xeX.

Proof [G1] ~ Suppose ||Tx|| > m|[x|]| forall x € X. Then x#0 implies Tx # 0.
Hence T is 1-1. Since

—1 |

IT"Tx|| = fIx|| ¢ m || Tx]| .

1 s bounded and therefore continuous. On the other hand, if 1 s continuous, then

—1 1

lIxll = 1T Tx)| < JT°7|| I Tx]| , x e X.

The theorem follows upon taking m = 1/ ||T—1|| . : o

0.3 Hahn-Banach Extension Theorem

0.3.1 Definition [G1] A functionalon a vector space V is a map from V to the
scalars. The adjoint X* of a normed linear space X is the Banach space of bounded
linear functionals on X ; thatis, X" = [X,Y], where Y is the Banach space of scalars

with absolute value taken as norm. Note that X’ is completé by Theorem 0.2.4.

The followihg theorem is one of the most fundamental theorems in functional

analysis. For a proof the reader is referred to Goldberg [G1].



0.3.2 Hahn—Banach Extension Theorem [G1] Suppose X is a vector space over

the real or complex numbers. Let M be a subspace of X and let p be a real-valued

function on X with the following properties.

(i) p(x+y) < p(x) + p(y) -

@) p(ax) = alp(x)

If f is a linear functional on M such that
[f(m)| <p(m) meM
then there exists a linear functional F which is an extension of f to all of X such that

F(x) <p(x) xeX.

0.3.3 Remark [G1] In the proof of the above theorem, the following result has y

been shown.

Suppose X is a vector space over the reals. Let M be a subspaceof X and let p
be a real—valued function on X with the following properties :
p(x+y) < p(x) + p(y)
p(ax) = op(x) , @>0.
If f is alinear functional on M such that
L ' f(m) <p(m) meM
then there exists a iinear functional F which is an extension of { to all of X such that

F(x) <p(x) xeX.

0.3.4 Corollary [G1] Let m’ be a continuous linear functional on a subspace M

of normed linear space X . There exists an x” € X" such that x’ =m’ on M and

[N = [l -



Proof. [G1] Define p on X by p(x) = |lm’|| ||x|| . Since p satisfies (i) and (ii) of

- Theorem 0.3.2 and |m’m| < ||m’|| |[m]] = p(m), m € M, there exists a linear functional

x” on X suchthat x’ =m’ on M and |
xx| ¢ p(x) = flm || ] , x€X.

Thus x” isin X” and |[x’|| <[lm’|| . On the other hand ,

Ix’l = sup|x’x|> sup|x'x|= sup|m'x|= flm”]| .
lIxl|l=1 - lIx||=1 lIx[|=1
xe€X xeM xeM
Hence ||x}| = ||m’| . O
0.3.5 Corollary [G1] Let M be a subspace of normed linear space X . Given

x € X with d = d(x,M) > 0, there exists an x” € X’ such that

Ixl =1, x’M =0 and x'x = d(x,M) .

Proof [G1] Let M, be the subspace spanned by x and the elements of M .
Define linear functional v’ on M, by
vV(ex+m)=ad meM.
Then v'M =0 and v'x=d. We assert that v’ isin M| with |[v’][=1. For a#0
and me M,
llox + ml| = af [Ix+Z1 2 |ald.
Thus for all a, ‘
v (ox+ m)| = |ald<|lox+m||] meM.
Hence v’ € M| and |[v’|| < 1. There exists a sequence {my} in M such that
[[x —my]} - d. Since |
d = v'(x —my) < [Iv’]| flx — myl| - [}v"||d
it follows that ||v’[[>1. Thus [[v’|| = 1. The corollary follows upon taking x’ € X’ to

be an extension of v’ so that ||x’[| = [[v/]| = 1 . 4 | g



0.3.6 Corollary [G1] Given x € X, there exists an x” € X’ - such that ||x’|| =1
and x’x = ||x|| . In particular,if x # y, there exists an x" € X’ such that
0#flx—yll =x"x—x"y.

Proof [G1] Take M = (0) in Corollary 0.3.5.

0.3.7 Definition [G1} By the I—sphereof X’ we mean the {x’ | ||x|| = 1} .

0.3.8 Corollary [G1] For any x in normed linear space X,

<l = ~sup [|x"x]|.
lIx"ll=
xIEX’
Proof [G1] For x’ in the 1-sphere of X’
(1) ‘ | x| < f ] el < ] -

By Corollary 0.3.5 there exists a z” in the 1-sphere of X’ such that
(2) z'x = [|x|| .

The corollary follows from (1) and (2). o

As a simple application of Corollary 0.3.5, we prove the converse to Theorem 0.2.4.

0.3.9 Corollary [G1] Let X and Y be normed linear spaces. If [X,Y] is

complete, then Y is complete.

Proof [G1] Let {yn} bea Cauchy sequencein Y. Choose xo € X such that
lIxoll = 1. There exists an x” € X" such that x"xo = ||xo]| = 1. Define Ty € [X,Y] by

Tox = x"(X)yn .



1 (R \

Now

’
X

I(Tn = Ta)xl| = 1x"x| llyn = yull <Ux"| llyn = yall %], x € X..
Hence ||Tn—Tall < 1’|l lyn — yull which implies that {Tn} is a Cauchy sequence in
[X,Y] . Thus, by hypothesis, {Tn} converges in [X,Y] tosome T . Since
l[yn = Txol| = | Tnxo — Txol| < [|Ta — T ||l

{yn} converges to Tx, and therefore Y is complete. o

The following theorem is very useful and is needed in the proof of Theorem 1.4.3.
-The theorem is a consequence of the Hahn Banach Theorem and is sometimes referred to as

the "geometric form of the Hahn—Banach Theorem".

0.3.10 Definition [G1] A subset K of a vector space over the real or complex

numbers is called convez if for every x and y in K, the set
{fax+ (1-a)y|0<a<1}

is contained in K .

0.3.11  Definition = By Re z the author denotes the real part of a complex number z .
0.3.12 Theorem [Gl] Let K be a closed convex subset of a normed linear space X .
Given x € X but notin K, there exists an f# 0 € X’ such that

Ref(x) > Ref(k) keK.

The proof of the theorem depends on the following lemma.
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0.3.13 Definition [G1] Let 0 be an interior point of a convex subset K of the
normed linear space X . For each x € X Tet

A(x)={a|a>0, xeaK}
where aK = {ak | k € K} . Define the functional p on X by p(x) = inf A(x) .

We shall call p the Minkowski functional of K . Since 0 is an interior point of
K, A(x)#¢ and 0<p(x) < w.

The proof of the following lemma is to be found in [G1] and [Sc1].

0.3.14 Lemma [G1] Let K and p be as in the above definition. Then for x and
y in X

() plox)= ap(x), a0

(i)  p(x+y) < p(x) + p(y)

(iii) p(z)>1 forall z¢ K.

The proof of Theorem 0.3.12 is to be found in [G1] and [Scl].

0.4 Quotient Spaces

In linear algebra one encounters the concept of a quotient space X/M , where M is
a subspace of vector space X. When X is a normed linear space and M is a closed
subspace of X, a norm is put on X/M so that certain topological properties of operators

defined on X are shared by corresponding operators on X/M .
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' d.4.1 'Deﬁﬁition [G1] ~ Let M be a closed subspace of normed linear space X .
Define an equivalence relation R on X by xRy if x—y isin M. Let X/M denote
the corresponding set of equivalence classes and let [z] , called a coset, denote the set of
elements equivalent to x . Thus
X={x+m|meM}=x+M
Vector addition and scalar multiplication on X/M are defined by
[x] + [y] = [x + y]
afx] = [ax] .

Define a norm on X/M by

]l = d(x, M)
where d(x, M) is the distance from x to M. It isleft to the reader to verify that X/M

is a normed linear space. M is required to be closed in order that ||[x]]| = 0 implies

) = o] -

Geometrically, if X is the plane and M is a line through the origin then X/M is
the space whose elements are M together with the lines parallel to M . The norm of (%]

is the distance between the line containing x and the line M .

0.4.2 Remarks [G1]

(i)  Sinceany y € (x] isof the form x —m ,m € M, it follows that ||[x][| = inf ¥l
' ye€([x

(i) I [x] and [z] aresuch that [|[x] —[z]]] < €, there exists a v € [z] such that

lx—v|l <.

0.4.3 Theorem [Gl]  If X isa Banach space and M is a closed subspace of X,
then X/M is a Banach space.
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Thinking of coset as being lines, the proof proceeds by considering a given Cauchy
sequence of parallel lines (lines "crowded" together) and choosing points, ohe on eachvline,
which are crowded together in the sense of being a Cauchy sequence. The Cauchy sequence

of points converges to a point x , and the sequence of lines containing the points converges

to a line containing x .

Proof [G1]  Let {[xa]} bea Cauchy sequencein X/M . There exists a subsequence
{lyn]} of {[xn]} such that

-n
Wy —Bplll <27 1¢n
By Remark (ii) of 0.4.2, we may choose vp € [yn] so that

—n
”vn-i-l —v ll <2

The sequence {v,} is a Cauchy sequence, since

l'vn+i - Vn" < Ilvn+1 - Vn" + Ilvn+2 - Vn+1"'+ et Ilvn+i - vn+i_1"
¢ ; g~k _ o1+l
k=0
The completeness of X assures the existence of a v € X such that v, +v. By Remark

(i) of 0.4.2

-0 as n-w.

| Ival = V]Il = Nlvn = VIl < flve = vl - -
- Thus [va] converges to [v] in X/M . Since {[vn]} = {[yn]} is a subsequence of the

Cauchy sequence {[xa]}, {[xn]} also converges to [v]. Hence X/M is complete. o

0.5 .Adjo'int Spaces

0.5.1 Definition [G1] Normed linear spaces X and Y are called equivalent if there

exists a linear isometry from X onto Y .
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0.5.2 Definition [G1] A set K in normed linear space X is called orthogonal to a
set¢ FCX’ if x’k=0 forall ke K and x’ € F.

The orthogonal complementin X’ of K, denoted by K", is the set of elements in

X’ which is orthogonal to K .
Even if K is not a subspace, K" is a closed subspace of X’ .

0.5.3 Theorem [G1] | Let M be a subspace of normed linear space X . Then
(i)  X’/M* isequivalent to M’ under the map U defined by Ulx’] = xyp Where
[x']vis in X’/M* and xyp is the restriction of x” to M.
(ii)) If M is closéd (so that X/M is a normed linear space), then (X/M)’ is
equivalent to M* under the map V defined by
(Vz')x=2z"[x] , 2" ¢ (1)&), .

Proof of (i) [G1]. Note that U is unambiguously defined, since [y’] = [x’] implies
0=y 'm—x"m, meM. Clearly, U is linear with rangein M’ . Given m’ ¢ M’
there exists, by Corollary 0.3.4, an x’ € X’ which is an extension of m’ . Hence
U[x’] = xyy =m’ which shows that R(U) = M’. Forany y’ ¢ x],

NUB I = Nlypell < My -

Thus
(1) NOB ¢ inf ly’fl = X)) -
| y'e[x’] |
On the other hand, there exists a v’ € X’ which is an extension of xl\',I such that
vl = ||x]\’4|| Therefore v* isin [x’] and |
(2) NO I = eyl = v 0 2 D0

By (1) and (2), UM = fi[x"]f -
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Proof of (11) [G1] For z’v € (X/M)", |
| (Ve )x] = 1] < oI < e Ol x € X

and |

(Vz')m=z'[m]=2"[0)]=0 meM.
Thus Vz’ isin M* with
(3) Ivz"| <llz°|l -
Since

|2" x| = [(V2")y| <IV2 )l Iyl vy el
it follows that

|2” [x]] < V2" || [ -
Thus -
2"l < Va7
which, together with (3), proves that V is an isometry. Given x’ € M*,let z’ be the
linear functional on X/M defined by z’[x] = x’x . Since
2 [x]} = Ix"y| <l lvll yelx]

it follows that |z’[x]| < |Ix"|| ||[x]|l . Hence z’ isin (X/M)’ . Furthermore Vz’ = x’

proving that R(V) = M*. ’ | o

0.5.4 Definition [G1] The natural map, denoted by J X of normed linear space X
into its second conjiigate space X” (the Banach space of bounded linear functionals on
X’) is defined by

(Jxx)x" =xx x"€eX’.
If the range of JX. is all of X", then X is called reﬂeﬁve.



16

0.5.5 Remarks [G1]
(1) The natural map J from X into X” is a linear isometry. The linearity of J is
clear, while from Corollary 0.3.8 we have

Wxl = “sup |(Ix)x"| = sup |x'x| = x| .
llx"lI=1 <" lI=1

(i)  Every reflexive space is complete, since an adjoint space is complete and
isomorphisms preserve completeness.

+

(i) . Lp(S,5m),1 < p<w, is reflexive.

The following cautionary comment is made in [J]: Sometimes the argument given to
show, for example, that 'Lp = Lp(S,5,1) , 1 < p < w, is reflexive is the following.

L;’) is equivalent to L, -, which in turn is equivalent to L,» =L, . Hence L, is
~ reflexive.

The flaw in the argument is that the equivalence of a normed iinear space with its
seéond conjugéte does not guarantee the reflexivity of the space. James [J] gave an
ingenious construction of a Banach space X wlﬁch is equivalent to X”, yet the dimension

of X"[JyX is 1.
0.5.6 Theorem [G1] A closed subspace of a reflexive space is reflexive.

Proof. {G1] Let M be a closed subspace of reflexive space X . Given m” € M” ,
define x” € X” by |

XX =m XM
where xl\’/I is the restriction of x" € X’ to M. Let m = J;lx” . It will be shown

that m isin M and Iy = m” , proving that M reflexive. Suppose m ¢ M. Then

there exists an x” € X“ such that
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x’m # 0 while x’M =0. Thus xl(d =0 and
/’ — ’ _—1 ” — ” ’ — ” ’
0#x'm=x Jxx =X'x" = m X,
=m“0=0
which is impossible. Hence m isin M. For each m” € M’ ,let m, be an element in
X’ , which is an extension of m’ . Then
1 4
X

m”ml _— x”ml — mIJ'_ —_ m,m — ’
- e evX =Mem =1m m.

Thus Jpym =m” , completing the proof of the theorem. ' o

0.6 Weak Convergence

0.6.1 Definition [G1] A sequence {xp} in normed linear space X is said to

converge weakly to x € X if for every x” € X', x'Xn~ x'x . This is written xp —— x .

The author quotes the next theorem without proof. For the proof the reader is

referred to ([G1}, 30).

0.6.2 Theorem [Gl] =  Every bounded sequence in a reflexive space contains a weakly

convergent subsequence.



CHAPTER 1

THE ADJOINT OF A LINEAR OPERATOR

In this chapter we study the adjoint of a linear operator in depth and present two
state diagra.ms', both due to Goldberg [G2], one for linear operators in general and the other

for closed linear operators.

Throughout this chapter, X and Y are normed linear spaces over the same
scalars, and T is a linear operator having domain a subspace of X and range a subspace

of Y. X and Y are assumed complete only when specifically stated.

For any set M ¢ X, TM denotes the set {Tm|m ¢ M n D(T)}.

Tt

1.1 Closed Linear Operators

I.1.1 Definition [G1]. X x Y is defined as the normed linear space of all ordered pairs
(x,y), x € X, y € Y, with the usual definitions of addition and scalar multiplication and

with norm given by [|(x,y)|l = max {lix||, lyll}-

1.1.2 Definition [G1]. The graph G(T) of T is the set {(x,Tx) | x € D(T)}. Since T
is linear, G(T) is a subspaceof X x Y . | |

If the graph of T isclosedin X x Y, then T is said to be closedin X . When

there is no ambiguity concerning the space X , we say that T is closed.

18
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11.3 Remarks [G1]

(1) T is closed if and only if {x } in D(T) ,x - x,Tx -~y,imply x¢€ D(T) and
Tx=y. }

(i) If T is 1-1 and closed, then T is closed.

(iii)  The null manifold of a closed operator is closed.

(iv) If D(T) is closed and T is continuous, then T is closed.

'(v) The continuity of T does not necessarily imply that T is closed. Conversely, T
closed does not necessarily imply that T ié continuous. This statement can be

verified by the following examples.

‘ Let D(T) be any proper dense subspace of X =Y and let T be the identity

map. T is obviously continuous but not closed.

I.1.4 Example [G1]

Let X =Y = C([0,1]) and let C’([0,1]) be the subspace of X consisting of the functions
with continuous ﬁrst derivatives. Define the linear differential operator T mapping
C((0,1]) into Y by (Tx)(t) =x'(t), t€[0,1]. T is closed; forif x_-x and

Tx, Y, then {x,} converges uniformly to x and {x } converges uniformly to y on
[0:1]. It follows from taking antiderivatives of x/ and y that x isin Cc’([0,1]) and
that Tx =x’ =y.on [0,1]. Thus T is closed. However, T is unbounded, since the

“sequence {x_(t)} = {t"} has the properties ITx | =n and [jx || =1.

I.1.5 Remark [G1] We now prove the closed—graph theorem, which is another
fundamental theorem in functional a.na,lysis. It shows when a closed linear 6peratot is

J
continuous. Goldberg [G1] uses basic Lemma 1.1.8 to prove the theorem for Banach spaces.



20

The lemma is also used later to prove the important Theorem 1.4.3.

1.1.6 Definition Let E be a subspace of X . Let the closed unit ball, dpen unit ball
and unit sphere of E be denoted by BE , UE and SE respectively, where
Bp = {x€E: x| <1}, Up={x€E:|x|| <1} and Sp={xeE: x| =1}.

The following lemma is a simple consequence of the properties of a norm.

I1.7 Lemma [G1]

- (i) Given 'xf X, the translation map fx from X onto X defined by fx(z) =x+3z

is a homeomorphism.

(ii) For any nonzero scalar a , the map 8, from X onto X, defined by
8,(x) = ax, is a homeomorphism.
(iii) For any openset V(X andany xe X, fx(V) = x + V is open. Therefore
A+ V= U x+V isopen, where A is an arbitrary set in X .
x€A -
(iv)  Givenaset KX, aK =g (K) =g, (K] =K for any scalar a. -

1.1.8 Basic Lemma [G1] Let X be complete and let T be closed. If

rUY C ’IBX , then Uy, ¢ TB

Y X

Proof: [G1] To prove the lemma, it suffices to prove that Uy C T(1/1 - e)BX

whenevér 0 < € < 1; for if this is the case, then given y € rUY , there exists an e ,

0 < e<1,suchthat y/1—¢ isalsoin rUy . Hence there exists an x € (1/1— €)Bx

such that Tx =y/1—¢ or T((1—€)x) =y . Since |[(1—e€)x|| <1, y isin TBy. Let

x-
0 <e<1 andlet y€rUy begiven. By hypothesis and (iv) of Lemma I.1.7 it follows

that for each non-negative integer n , renUY C T(enBX) . Taking n = 0, there exists an
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xo € By suchthat |ly — Txol| < re;thatis, y —~Txo€ (rcs)UY . Hence, taking n=1,
there exists an x; € eBy such that [[y —Txo— Txy|| < re? ; that is, y — Txo— Tx, €

(r<s2)UY . Proceeding in this manner, a sequence {xn} is obtained with the properties
n
that (1) x_€ ¢"B, and |ly— % Tx.|| < et
n X =0 1
m -
Consequently, X llx, Il € 1/1 — € and therefore the sequence {z,} defined by
n=0 :
n
z = Y X; is a Cauchy sequence in Banach space X . Thus there exists an x € X such
i=0
that ||x]] < 1/1 —¢ and z - x. From (1) it is clear that Tz -y . Since T is closed, x

must be in D(T) n (1/1 - ¢)By and Tx =y, whence y € T(1/1 - €)By - o

I1.1.9 Open—Mapping Theorem [Gl] Let X be complete and let Y be of the second
category. If T is closed and R(T) =Y ,then T is an open map ; i.e., the map takes

open sets onto open sets.

Proof: [G1] To show that T is an open map, one need only prove that given x € X
and ¢> 0, theset Tx + T(eBX) contains an open set Tx + rUy, for some r > 0. By

the basic Lemma I.1.8, it suffices to show the existence of some r > 0 such that rUY C

® .
T( eBXi . Since Y= Un TBX and Y is of the second category, there exists a positive
n=1

integer p such that pl BX =p 1 BX contains a non—empty open set. It follows from
(ii) of Lemma 1.1.7 that T 572§BX must also contain a non—empty open set V. Thus
0eV-Vc T(e/Z)BX - T(e/2)BX C T(eB

x) -
Since V —V is an open set about 0, there exists an r > 0 such that rUY CV-V

C T eBxi . Thus the proof of the theorem is complete. o
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1110 Remark [G1] For an example of an incomplete normed linear space of the

second category, the reader is referred to Bourbaki [Bo], Exercise 6, page 3.

L1.11 Definition = The author will refer to a continuous everywhere defined operator as

a bounded operator.

I.1.12 Closed—Graph Theorem [G1] A closed linear operator mapping a Banach space

into a Banach space is bounded.

Proof: [G1] Suﬁpose the domainof T isallof X with X and Y complete.‘ The
graph G(T) may be considered as a Banach space, since it is a closed subspace of Banach
space X x Y. Define linear maps P; and P, from G(T) into X and Y, respectively,
by Py(x,Tx) =x and Pa(x, Tx) = Tx. Clearly, P{ is 1-1 and satisfies the hypotheses
of the open—mapping theorem. Consequently, P; has a bounded inverse. Since Pj is

continuous, T = PgP]1 is also bounded. o

I.1.13 Remarks [G1l] In the closed—graph theorem it is essential that both X and Y
be complete, as may be seen in the following two examples.

The first—order differential operator is Example 1.1.4 is closed but not continuous.
The domain of the operator is C’([0,1]), which is not complete, while the range of the

operator is Y = C([0,1]), which is complete.

1.1.14 Example [G1l] Let X be any infinite—dimensional Banach space and let H be
a set of basis elements for X . H is usually referred to as a Hamel basis. It may be
assumed that the elements in H are of norm 1. Define X; as the vector space X with

norm || ||; given by
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n . n |
| iﬁl ahilli = iEIV’GI » by € H.
Clearly, ||x|l;> [Ix|l . X, is not complete. Let y, y, ... be any infinite countable subset

n
of H andlet s = X k_2yk. Then {s_} is a Cauchy sequence in X; which does not

converge in X;. Let T be the identity map from X onto X;. Then T is closed and
has a continuous inverse. However, T is not continuous; otherwise T would be an

isomorphism, which would imply that X; is complete.

I.1.15 Remark [G1] As an application of the closed—graph theorem, the following
fundamental theorem is obtained. It is also referred to in the literature as the

Banach—Steinhaus theorem.

I.1.16 Uniform—Boundedness Principle [G1] Let X be a Banach space and let F be
a set of continuous linear operators mapping X into Y such that for each x € X,

sup ||Tx|| < w. Then sup ||T]| < o; that is, the operators in F , when restricted to a
TeF TeF .

bounded set in X, are uniformly bounded.

1.1.17 Remark [G1]. Goldberg [G1] motivates the proof of the above theorem as
follows: It is required to find some constant M so that for all x € X, sup ||Tx|| < Mjlx|| .
A technique which is often used is to fix x and thereby induce a vector—valued function
Ax:F-Y defined by (Ax)T = Tx . In this context, we seek a constant M so that

(1) sup (AX)T| < Mlx]| , x€X .

By hypothesis, sup [[(Ax)T|| < », for each x € X . Thus, Ax is a member of
TeF

B(F,Y) , the normed linear space of bounded functions from F into Y with norm deﬁhed

by ||h]l = sup ||h(T)|| . Hence, by (1), an M is required so that |[Ax|| < M||x] for all
TeF
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x € X . This, in turn, suggests defining the operator A: X -+ B(F,Y), with the hope that -
A is bounded. The proof of the theorem consists of showing that A is continuous byb
applying the closed—graph theorem. Since B(F,Y) is not necessarily complete, B(F,B}) is

considered instead, where Y is the completion of Y .

Proof: [G1] Let A be the linear map from X into B(F,B}) defined by (Ax)T = Tx,
T € F. It is easy to verify that A is closed, whence, by the closed—graph theorem A is

continuous. Therefore

sup || Tx|| = [[Ax]| < [JA]| |Ix]| , xeX.
TeF \

Consequently

sup ||T|| < [IA]l . | o
TeF

1.1.18 Remark {G1] In the above theorem it is essential that X be complete. Let X

K :
be the subspace of ¢, consisting of all elements of the form ¥ a,u. , where
: ' - i=l

u; = (1,0,0,...), uz=(0,1,0,...), etc. For each positive integer n , let T : X - ¢, bethe
linear operator defined by setting
0 ifi¢n
T% ={nu_ifi=n"

Then [T || =n while for each x € X, T x-0.

L1.19 Remark [G1] By taking Y to be the space of scalars in- Theorem 1.1.16, we
obtain the result that if X is complete and F is a subset of X’ such that

sup |x'x| <w, x € X, then F is bounded in X’ . The following theorem is what one
x'eF

might call the dual result.
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L1.20 Theorem [G1] Suppose K is a subset of X such that
sup |[x'k|] <o x’ €X' . ‘
keK ~

Then K is bounded.

Proof: [G1] Let J be the natural map from X into X”. By hypothesis,
sup |(Jk)x’| = sup [xk| <o x" €X'
keK keK '
Since X’ is complete and J is a linear isometry, the uniform—boundedness principle

assures us that sup [ik|| = sup ||Jk|| < o . o
keK keK

- 1.1.21 Definition Let X and Y be normed linear spaces. The class of linear
operators T defined on a linear subspace D(T) of X with range contained in Y is

denoted by L(X,Y). Throughout this thesis T € L(X,Y) unless stated otherwise.

1.2 Adjoint of a Linear Operator

The concept of the adjoint of a linear operator is very useful in obtaining
information about the range, inverse and null space of T . In this section we show how
certain properties of an operator and its adjoint are related. Another reason for considering
the adjoint of a linear-operator is that it provides a necessary and sufficient condition for a
solution to the equation Tx = y to exist. A necessary condition that
- y€R(T) isthat y'(y) =0 forall y" € N(T"). If R(T) is closedin Y then this
condition is also sufficient. As many problems in mathematics and its applications can be
put in the form of an equation Tx =y, as above, this means that the concept of the |

adjoint of a linear operator is very important.
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.If X, Y are normed linear spaces and T € B(X,Y), then we define the adjoint
T’ of T asfollows: T’ takeseach y' €Y’ to y'TeX’, ie., T’y (x) = ¥y T(x)
and T’ is a bounded linear operator with IT"]l = IT|| . The author emphasizes that if
T is bounded on all of X, then T’ is also bounded and || T|| = ||T|| .

However, in many applications, the operators we need to consider are unbounded
instead of bounded e.g., differential operators. If we consider the operator dldf on
C([0,1]), it is a closed operator with domain consisting of continuously differentiable
functions. It is clearly unbounded as the sequence x, (1) = t" satisfies lIx =1,

lldx_|dt]| = n which tends to infinity as n-+w.

To define the adjoint of an unbounded linear operator we follow the definition for
bounded »operators, exercising a bit of care along the way. We want T'y’(x) = y'(Tx), x
€ D(T) . Thus, we say that y” € D(T’) if thereisan x” € X’ such that
x’(x) = y’(Tx), x € D(T) . Then we define T'y’ tobe x’ . We need x’ to be unique,
i.e., that x"(x) =0 for all x € D(T) should imply that x’ = 0. This is true if and only
if D(T) is densein X.

The fact that we do not need D(T) = X means that we can consider cases in
which T is a differential operator whose domain, considered as a subspace of Ly(f),
consists of certain smooth functions. In most applications, D(T) # X but D{T) = X,

where X is complete.

However, we can relax the restriction that .D(T) = X. The author indicates how
one might define the adjoint of an unbounded linear operator T whose domain D(T) is

not necessarily dense in X as follows :
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1.2.1 Definition (adjoint of T) Let T € L(X,Y) . The adjoint T’ of T is defined
by D(T’)={y €Y’ :y'T is continuous on D(T)}, T’ € L(Y’, D(T)’) and
T'y’x =y Tx for x € D(T).

1.2.2 Notation [Pi] For a given subspace E of X the.opera.tor J)é € L(E,X) is
defined to be the natural injection of E into X . When X is understood we abbreviate

J%(T) to JD(T)‘

1.2.3 Remark: The author remarks that T’ is just the adjoint of TJD(T) ‘in the
sense of [G1, I1.2.2].

The author shows in this section that most of the theorems still hold when T is

not necessarily densely defined.

The following simple example is presented in detail in order to give some "feeling"

for the definition of an adjoint operator.

1.24 Example [G1] Let X=Y = Zp y1<p<w,andlet u;=(1,00,..),
uz = (0,1,0,...), etc. be the unit vectors in Zp . Define T by

D(T) = sp {“k}

n
T(xh X2y -y X‘n, 0) 0) ) = (le .] xj) X2, X3y ..+ xn’ 07 07 )
Suppose y’ = (ay, a3, ...) € D(T"). Thenfor k> 1,
ly" Tuy | = lagk +a, | > Jaglk —Jay | > Jagfk—|ly"|l .
Since [l || = 1 and y'T is bounded on D(T), a; = 0. Also, any element

(0, by, by, ...) € Zp, = ZI') isin D(T’). Hence the domain of T’ consists of all the



28

elements in ZI’) which have zero as their first term. Suppose T'y” = (cy, ¢y, ...), where
y" = (0, as, a3, ...) € D(T"). Then

| ck=T'y'uk=y'Tuk =2y ,k>2
and ¢;=0. Thus Ty’ =y’.

1.2.5 Theorem [G1l] T’ is a closed linear operator.

- Proof:  Suppose yl'1 -y’ and (TJD(T))'yI'1 a+x’ . Then for each x € D(T)
yI'I(TJD(T))x -y Tx and y Tx = (TJD(T))'yI'Ix +x'x.

Thus y'T =x" on D(T). Hence, by the definition of (TJD('T))’ ,

y € D((TJD(T))') and (TJD(T))’y’ = x’ . Therefore (TJD(T))' ivs closed.

Even though D(T) may be all of X, it is still possible for D(T’) to consist
solely of the zero vector. The following example which demonstrates this is due to

Berberian.

A

12.6 Example [Gl] Take X =Y =/, and take D(T) to be the span of the unit
vectors u; = (0,0,..,1,0,0,..) € £,. Let
{ukj | kj=1,2, ..}
be any double indexing of {uk} . For each k , define -
Tukj='uk,j=1,2,... |
and extend T linearly to X . Suppose y’ = (ay, a3, ...) € D(T"). Then for each k

’
T’y'ukj =y'uy =23,j=1,2,... Now

@®
Ty u, | 2< ||T y'||2.
j=1I Y ol Ty
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Hence

0=1jm_T y ukj=ak,1$k.
o
Therefore y" = 0.

For an example of a differential operator T with D(T’) = (0) , the reader is
referred to Example I11.1.7, p.66. A special case of the latter is Stone [St], Theorem 10.10
p.447.

y

12.7 Theorem [G1] D(T’)=7Y’ ifandonlyif T is continuous. If that is the case,

then T’ is also continuous and ||T’|| = ||T]| .

Proof:  Clearly, if T is continuous, then y’T is continuous for each y €Y’ . Thus
D((TJD(T))') =Y’ . Suppose D((TJD(T))’) =Y’ . Let S be the 1-sphere of D(T).
For each y" € Y’ , sup |y Tx| ¢ ||(TJD(T))'y'“ . Hence, by Theorem 1.1.19 ,

z€S

|l = sup ITx|| < w. Now, for each x €S, |(TJn, )y x| <lly’|| IT|| . Thus
x€S . D(T)

||(TJD(T))'y'|| <ITH lly’ll » and therefore ||(TJD(T))'|| <|ITf . By Corollary 0.3.7
ITxl = sup |y"Txl = sup |(Tppy)’y'x]
Iy’ lI=1 Iy/l=1 P
CNTIppy) Ikl xeD(T).
Hence ||T] < ||(TJD(T))'|| and the theorem follows. o

The linear operators which one usually encounters have the property that they are

restrictions of closed operators. Theorem 1.2.10 characterizes such operators.
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128 Definition [G1] A set F of linear functionals on a vector space V is said to be

totalif given any v#0 in V , there exists an fe F such that f(v) #0.

In Examples 1.2.4 and 1.2.6 the domain of T’ is not total. Corollary 0.3.6 shows

that an adjoint space is total.

12.9 Definition [G1] T is called closable if there exists a linear extension of T which

is closed in X .

12.10 Theorem [G1l] Statements (i), (ii) and (iii) are equivalent. (D(T) is not

requir‘ed to be dense in X .)

(i) T is closable.

(ii) T has a minimal closed lineﬁr extension; i.e., there exists a closed linear extension
T of T such that any closed linear extension of T is a closed linear extensi‘on of
T,

(iii) Forany y40 in Y, (0,y) is not in the closure of the graph of T .

(iv) D(T’) is total.

Furthermore if T is closable then, T* = (T)’ , where T is the minimal closed extension

of T.

Proof [G1] (i) implies (iii). Let T be a closed linear extension of T. If y € Y and
y#0,then (0,y) £ G(T) > G(T). Hence (0,y) ¢ G(T), since G(T) is closedin X x Y .

(iii) implies (ii). Suppose l(O,y) £ G(T) forany y#0 in Y. Define T as the
operator whose graph is G{T) ; that is ,
D(T) = {x | (x,2) € G(T) for some z € Y}
Tx=1z.
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128 Definition [G1] A set F of linear functionals on a vector space V is said to be

totalif given any v#0 in V , there exists an f € F such that flv)#0.

In Examples 1.2.4 and 1.2.6 the domain of T is not total. Corollary 0.3.6 shows

that an adjoint space is total.

1.2.9 Definition [G1] T is called closable if there exists a linear extension of T which

is closed in X .

12.10 Theorem [G1] Statements (i), (i) and (iii) are equivalent. (D(T) is not

requir‘ed to be dense in X .)

(1) T is closable.

(ii) T has a minimal closed lineé,r extension; i.e., there exists a closed linear extension
T of T such that any closed linear extension of T is a closed linear extensi“on‘of
T,

(iii) Forany y4#0 in Y, (0,y) is not in the closure of the graphof T .

(iv) D(T’) is total.

Furthermore if T is closable then, T’ = (T)’ , where T is the minimal closed extension

of T.

Proof [G1] . (i) implies (jii). Let T be a closed linear extension of T . If y€Y and
y#0,then (0,y) £ G(T) > G(T) . Hence (0,y) ¢ G{T), since G(T) is closed in X x Y .

(iii) implies (ii). Suppose .(O,y) £ G(T) forany y#0 in Y. Define T as the
operator whose graph is G[T) ; that is,

D(T) = {x | (x,2) € G(T) for some z € Y}

Tx=1z. ' |
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Then T is unambiguously defined and is a closed linear extension of T .
Furthermore, T is the minimal closed linear extension of T ; for if T, is a closed linear
extension of T , then G(Ty) 2 G{T) = G(T).

(ii) implies (i) trivially. v

For the next part of the proof, Goldberg assumes that D{T) = X . However, ‘we
are able to drop this assumption, as the author has discussed above, and proceed to show
 that D((TJD(T))') is total if and only if statement (iii) is valid. Let D((TJD(T))') be
total and let (0,y) bein G(T). Then there exists a sequence {x_} in D(T) such that
X, —'Q and Tx -y . Thus, for each y’ € D((TJD(T))’) , y;Txn -0 and y'Tx +y'y.
Since D((TJD(T))') is total, it follows that y = 0. _

Assume (iii). Let y # 0 be an element in Y . Then (0,y) ¢ G{T) and therefore
there exists a 2" € (X x Y)”" such that z’(0,y) # 0 and 2'G(T) = 0. Defining x" € X’
and y' € Y’ by x'x=12"(x,0) and y'y = 2"(0,y), we obtain '

0=2"(x,Tx)=x'x+y Tx x€D(T)

0¢z°(0,y)=y"y.

From these two equations, we have y’ € D((TJD(T))') and y'y #0. Thus
D((TJD(T))’) is total. -

Suppose y’ € D((T)’). Then y’T is continous on D(T) and, in particular,
continuous on D(T). Thus y’ € D((TJD(T))') . Suppose y’ € D((TJD(T))’) and
x € D(T) . Since (x,Tx) € G(T) = G[T), there exists a sequence {x } in D(T) such

that X, <X and Txn - Tx . Hence

Iy’ Tx| = lim |y"Tx; | < [(TIp 7)) ¥’

Lim [lx || = N(TIppy) "y Il
N- o nN-mo n D(T)
Therefore y’T is bounded, which means y” € D((TJD(T))') . Hence

D((TJD(T))') = D((TJD(T))') :
Now (TJD(T))'y' = (TJD(T))'y’ on D(T). Hence T =T". o



The theorem just proved shows that the operator in Example 1.2.2 is not closable.

1.2.11 Corollary [G1] A linear operator which maps a Banach space into a Banach

space is bounded if and only if the domain of its conjugate operator is total.

Proof: [G1] Let X and Y be complete and let D(T) = X . Suppose D(T’) is total.
Then by Theorem I.2.8 T is closable. Since D(T) = X, T must be its own closed
extension. Hence T is bounded by the closed—graph theorem. If T is bounded, then
D(T’) =Y’ , which is total.

12.12 Lemma [G1] If X isreflexive and F is a subspace of X', then F is total if

and only if F is densein X' .

Proof [G1] If F is total but not densein X’ , there exists an x” # 0 in X" such that
x”"F = 0. By the reflexivity of X, there exists an x # 0 such that
0=x"x" =x'x forall x” € F. But this is impossible since F is total. If F is dense in

X’ ,then F is total, since any set dense in a total set is also total.

1.2.13 Theorem Suppose Y is reflexive. Then T is closable if and only if D(T")
is dense in Y’ . In that case, the minimal closed extension of T is J?IT”J D(T) * where

‘]D(T) and J, are the natural maps from D(T) into D(T)” and Y onto Y”,

respectively.

The author refers the reader to [G1, I1.2.14] for the proof (with X replaced by
D(T)).

1.2.14 Theorem [G1l] T’ is continuous if and only if D(T") is closedin Y’ .
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Proof:  Suppose T’ is continuous and yI’1 -y, yI'1 € D(T’) . Since (TJD(T))' is
continuous, and {y '} are bounded, there exists some constant M such that
"(TJD(T))’YI’IH <M.

Therefore

|y Tx| = lim |y, Tx| = lim |[(TIpp) v)| < Ml

n-mw n-mw
Asaresult, y' € D((TJD(T))’) whence D((TJD(T))’) is closed.
Conversely, if D((TJD(T))') is closed, then (TJD(T))’ is a closed linear map
from the Banach space D((TJD(T))') into the Banach space X’ . By the closed—graph
theorem, (TJD(T))’ is coqtinuous. “ o

Under the assumptions that X and Y are complete and that T is closed and
densely defined, it is shown in Corollary 1.4.8 that the statements "T bounded," "T’

continuous," and "D(T’) closed" are all equivalent.

1.2.15 Theorem [Gl] Every operatorin [Y',X’] is a densely defined adjoint of an

operator in [X,Y] if and only if Y is reflexive.

Proof {G1] Suppose Y is reflexive and A € [Y’,X’]. Define T € [X,Y] by
T=J5'A’Jy . Then T° = A, sinceforall y €Y’ and x€X,
| T'y'x = y'(J}_lA'JXx) = (A"Iyx)y” = (Jxx)Ay’ = Ay'x.
Suppose every operator in [Y’,X’] is an adjoint operator. Let x, € X’ and x, € X be
chosen so that x; x, = 1. Given y” € Y, define A€ [Y' X']by Ay’ =y"(y')x, . By
hypothesis, there exists a T € [X,Y] such that A =T’ . Hence,
Y Txg =T y'xg= Ay’ xg =y (y )xoxo =¥y y €Y.

Therefore Y is reflexive. o
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1.3 States of Linear Operators

The author shall first explain the notion of a state diagram. The state diagram is
a "checkerboard" diagram which enables one to keep track of and to summarize some

theorems concerning the range and inverse of T as wellas T’ .

Guided by the known theorems relating T and T’ , we classify various
possibilities of R(T) and T~ 1 by
’ I R(T)=Y
II:  R(T)#Y but R{TJ =Y

III: R(T)+Y
1 71 exists and is continuous.
2: T__1 exists but is not continuous.
3: T has no inverse.

If R(T) =Y, wesay that T isinstate Ior that T is surjective, written T €1 .
Similarly, we say that T isin state 3, written T € 3,if T has noinverse. If T € II and
T el,wewrite T € II;. The same notation is used for T. If Telll; and T’ €13,
we write (T,T") € (Ill;,I3) . Thus (T,T’) has 81 possibilities, which are described in the

"checkerboard" 1.3.14, which is referred to as a state diagram.

In this section we show the impossibility of certain states for (T,T’). These
eliminated states are shown by shading the corresponding squares. If we assume that X is
reflexive, or Y is complete, for example, then certain additional squareé can be
élitnina.ted. We indicate these squares with the letters X — R or Y. The state diagrams

1.3.14 and 1.4.11 were obtained by Goldberg [G2].
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1.3.1 Theorem [G1] If T’ has a continuous inverse, then R(T’) is closed.

Proof:  Suppose (T-JD(T))Iyﬁ -+x" € D(T)" . Since (TJD(T))’ has a bounded inverse,

there exists an m > 0 such that

I(TIppy) ¥~ (Tipepy) il 2 mlly =yl
Thus {yr’l} is a Cauchy sequence which converges to some y’ in the Banach space Y’ ..
Since (TJD(T))’ is closed, y’ isin D((TJD(T))’) and (TJD(T))'y’ = x" . Hence

R((TJD(T))') is closed. ' v D

The theorem shows that state II; is impossible for T’ . For brevity, we write

T ¢11,.

- 13.2 Definition [G1] I C is a subset of X', then the orthogonal complement of C

in X is the set

"C={x|xeX,x'x=0 forall x"€C}.

1.3.3 Remarks [G1] K* and *C ate closed subspaces of X’ and X, respectively.
Also K* =K* and *C="C.

1.3.4 Theorem [Gl] If M isasubspaceof X,then *(M')=M.

‘Proof: M c*(M') and *(M*) is a closed subspace of X . But M is the intersection
of all closed subspa.cesl containing M . Therefore M ¢ *(M%) .

If M =X, if follows that M = *(M*) .

If M#X,3x,€X,x, ¢ M= d(x,M) >0.

By Corollafy 0.3.5 3x” € X’ such that x"(x,)#0 and x'(x)=0 V¥xe M.
Since M2 M, x" € M". Also x’(x,) # 0 implies that x, ¢ *(M") .
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We have shown that x, ¢ M implies x, ¢ *(M") i.e,, *(M*) ¢ M and the proof’

is complete. o

135 Theorem [G1] If N isasubspaceof X', then (*N)*3N. If X is reflexive,
then (*N)'=N.

Proof: "N={x|x€X, n’x=0 forall n’ € N}. Hence (*N)* 3N but (*N)* isa
closed subspace of X’ . Hence N ¢ (*N)*.

If X is reflexive, then (*N)* = N”. Hence (‘N)' =N.

1.3.6 Remarks [G1] Dieudonne [D] has shown that if N is a reflexive subspace of X’ ,
then (*N)* =N . Since we later use the fact that (*N)* = N, for N finite dimensional,

we shall prove this special case of Dieudonne’s theorem.

Proof: [G1]  Since N ¢ (*N)*, it follows from Theorem 0.5.3 that

(1) dim X/*N = dim (X/'N)’ = dim (*N)* > dim N .

If x{,xj, .., X isabasis for N, then the map A from X/*N into U™ defined by

Alx] = (x'x, x3x, ..., xI’lx) is 1-1 and linear. Thus

(2) dim X/*N<¢n =dim N .

It follows from (1) and (2) that N = (*N)*. o

1.3.7 Theorem [Gl]

()  EI*=RD*=NT)
()  RTJ=*N(T).

In particular, T has a dense range if and only if T" is 1-1.
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Proof: ()  Wehave R{TJ" = R(T)" by Remark 1.3.3. Let y’ € N(T’) and
y € R(T) . Then T’y” =0 and there exists x € D(T) such that Tx =y . Hence
yy=y Tx=T'y'x
| =0.
Hence N(T’) c R(T)*.

For the opposite inclusion, let y” € R(T)* . Then y'Tx =0 for every x € D(T).

Hence
T'y'x=y"Tx
=0 VxeD(T).
Hence T'y’ =0,i.e y € N(T").
Therefore R(T)"* ¢ N(T"). |
(i) This follows from (i) and Theorem 1.3.4. | 0

By interchanging the roles of T and T’ in the above theorem, we do not quite

obtain the dual type theorems.

1.3.8 Theorem [G1]
(i) *R(T’) ) N(T), where the "." is taken in D(T)’ .
(ii) If D(T’) is total, then N(T) = *R(T’).

(i) R{TJcN(T)'. .

In particular, if R(T’) is total, then T is 1-1.

Proof:
D((TJD(T))') such that x’ = (TJD(T))’y' . Hence

x'x = (TJD(T))'y'x
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= 0 since x € N(TJD(T)) .
Hence N(TJD(T)) C ‘R((T.‘ID(T))') .
(ii))  Let xe lR((TJD(T))') n D(TJD(T)). Then
(TIp(r)) y'x=0 (V¢ D((TJD(T))'))
Y Tppyx=0 (¥ € D((TIppy))) -
Since D((TJD(T))') is total, T‘ID(T)X =0,ie x€ N(TJD(T)) . The other

inclusion follows from (i).

(i)  This follows from (i) and Theorem 1.3.5 as

N(TIpy)* 3 R(TIp))* 2 FOTT5))

1.3.9 Theorem [G1] If T and T’ each has an inverse, then ((TJ D(T))—l),
(1)~ |

Before presenting the proof of this theorem, the author checks whether it is
possible to compare ((TJD(T))—I),, and (T’)_1 . The following information is
presented.

Write T, = T‘ID(T) . Then Ti = T’ by definition, and

T, € L(D(T), Y)

T; € L(Y’, D(T)")

(1)) € L(D(T"), Y')
T € L(Y, D(T))

(T7") € L(D(T)’, D(T}Y)")

But D(T;")") =R(T)’ =Y’ since R(T) isdensein Y. So (T71)’ € L(D(T)", Y").
From the above the author observes that it is possible to compare (TII)' and

()7L,
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Proof: By Theorem 1.3.7, D(T_l) = R(T) is densein Y . Suppose

X € D(((TJD(T))')_"I) = R((TJppy)’) - Then there exists a y* € D((TJppy)’) such
that (TJppy)’y" =x" . Toshow x' e D((T7)), it suffices to prove that x’ T~ is
continuous on R(T). This is certainly the case since
x' T (Tx) = (TIpepy) ¥'x=y'Tx xeD(T).

Thus (T"1)’x’ =y’ on R(T), whence y’ = (T 1)’x’ =(T"1)'(TJD(T))'y' since
R(T) is densein Y . This shows that (T 1)’ = ((TJD(T))')‘1 on D(((TJD(T))')‘I).
It remains to prove D((T™1)") D(((TJD(T))’)"l) .

Suppose z’ € D((T_l)’) . Toshow z’ ¢ D(((TJD(T))’)_I) = R((TJD(T))') ,
an element v’ € D((TJD(T))’) will be exhibited so that (TJD(T))’v’ =1z’ or,
equivalently, v'T =2z’ on D(T). Itis clear that we should define v’ as the continuous

1

linear extension of z°T™ toall of Y, thereby obtaining (TJD(T))’v' =2z’ . Thus

D((T™)") ¢ D((TIppy) ) ) :

13.10 Lemma [G1] If T does not have a continuous inverse, there exists a sequence

{x } in AD(T) such that [|x || +@ and Tx, - 0.

Proof: [G1] There exists a sequence {z,} in D(T) such that lz,ll =1 and Tz -+0.

Define
Zn
”TZ “172 if TZn # 0
xn n a
nz if Tzn =0.

I.3.11 Theorem [G1] R(T’)=D(T)’ ifand onlyif T has a continuous inverse.



40

Proof: | Suppose R((TJD(T))') =D(T)" . If T does not have a continuous inverse,
there exists a sequence {xn} in D(T) such that [ Il » = while Tx_ -+ 0. Thus, for
each y’ € D((TJD(T))') , (T.ID(T))'y'xn -0 whence x’x -0 for each x” € D(T)" .
But then, by Theorem 1.1.19, {xn} is bounded, which is a contradiction.
Conversely, suppose T has a continuous inverse. For x” € D(T)’ ,x'T_1 is
continuous on R(T). Let y’ be any continuous linear extension of xT toallof Y.
Then y'T =x" on D(T), whence y’ € D((TJD(T))') and (TJD(T))'y' =x" . Since

x” € D(T)" was arbitrary, R((TJD(T))') = D(T)" . O

1.3.12 Theorem [G1l} R{T)=Y and T has a continuous inverse if and.only if

R(T’) =D(T)" and T’ has a continuous inverse. )

Proof: By Theorems 1.3.7 and 1.3.11, R{T) =Y and T has a continuous inverse if and
only if (TJD(T))' has an inverse defined on all of D(T)” . Since (TJD(T))' is closed,
50 is ((T.ID(T))')_1 . Hence, by the closed—graph theorem, D((TJD(T))')_1 = D(T)" if
and only if ((T.ID(T))')_1 is continuous on D(T)" . O

The next theorem shows that additional states for (T,T") fail to exist when Y is

complete.

1.3.13 Theorem [G1l] Let Y be complete. If R(T) = Y, then T’ has a continuous

inverse.

Proof:  Suppose R(T) =Y. If (TJ D(T))’ does not have a continuous inverse, there
exists a sequence {y '} in D((TJD(T))') such that [ly || += while (TJD(T))'yI'1 40.
Thus, for each x € D(T), y,Tx-0. Since R(T) =Y, y,y+0 foreach ye Y. By
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“Theorem L1.11 [y || ¢ M for some constant M > 0. But this contradicts the fact that

ly Il += . Hence (TJD(T))’ has a continuous inverse. o
1.3.14 Remark [G1] The following state diagram summarizes the theorems we have
presented so far. For example, we see from an inSpectioh of the diagram that T has a

continuous inverse if and only if the range of T’ is all of D(T)" .

1.3.14 State Diagram for Linear Operators [G1]

Ll v | Y |\ mwh\ o\
11, W  / AV7AY /7

N

N

DN

N

L I, I3 II; 1I, II3 III, 1II, Ill3
_ -

Y: Cannot occur if Y is complete.

1.3.15 Remark The author notices that the assumption that Y is reflexive has played
no part in the theorems we have presented so far. Many implications can be read from the .
state diagram, e.g., if T € I; or II; then T’ €I;,i.e., Theorem I1.3.12 is implied by the

diagram.
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Consequently, vy’ € D((TJD(T))') and

Ny Wiyl 2 ly'yl 2 sup [y"Tx| = [(TIpepy) v I 2 eyl -
X€ES | ( )

Thus ||y|| 2 r, which contradicts the supposition that y € rUy, . 2 a

142 Lemma [Gl] Suppose TBy 31Uy, . f T exists, then it is continuous with
: —1
NT 7l <1/r.

Proof: If T7! exists, then for x#0 and 0 <e<1, (1—¢ Tx /[ ||Tx| isin rUy.
By hypothesis, there exists some z € By N D(T) such that Tz = (1—¢e)r Tx [/ || Tx|} .
Since T is 1-1, z = (1 — €)rx / ||Tx|| . Hence ||Tx|| > (1 — €)r||x|| , which implies that

T is continuous with ||T_1|| <1fr. ' o

143 Theorem [G1] Suppose X is complete. If T isclosed and T’ has a continuous
inverse, then TBy 31Uy, , where 1 = 1/||(T')—1|| . Thus R(T) =Y and T “is an open |

1

map. If T~ exists, it is continuous and (1/||T—1||)UY is the largest open a—ball which

is contained in TBX . ' | o

Proof: All but the last statement of the theorem are immediate consequences of
Lemmas 1.4.1, 1.1.8 and 1.4.2. Suppose T_1 exists and aUY C TBX . Then from Lemma
1.4.2 and Theorems 1.3.9 and 1.2.6, it follows that

1 _ 1 = 1.
I Iy ) | :

As a summary of Theorems 1.3.11, 1.3.13, and 1.4.3, we have the following dual
results. Note that neither X nor Y need be complete, nor do we require that T be

closed in (i).
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147 Lemma [G1] Suppose N(T) is closed and T is the 1—1 operator.induced by T .
Then

(i) T 1is closed if and only if T is closed.
(ii) T is continuous if and only if T is continuous, in which case IT| = Il'i‘” .

(i)  D((T)’) =D(T’) and |(T)'y’|| = T’y .

Proof:

(i) [G1] Let T be closed. Suppose [x ]~ [x], [x,] € D(T)/N(T) , and ’i‘[xn] -
¥ - Then there exists a sequence v, € N(T) such that Xy~ Vp #X. Since T(x —v )=
T[x,]+y and T isclosed, x isin D(T) and Tx =y. Thus [x] € D(T) and T[x] =y,
which proves that ’i‘ is closed. Conversely, let ’i‘ be closed. Suppose X, X and |

Tx, ~+y. Then [x ]-[x] and ’i‘[xn] =Tx_ -y. Hence [x] € D(’i‘) and ’i‘[x] =y, or,' ‘

equivalently, x € D(T) and Tx =y . Therefore T is closed.

(ii) [G1] Suppose T is continuous. Then
IThA = 11Tl < (T lzlf , 2 € [x] .
Hence

ITCN <N inf flall = [T U] -

A z€ [Ax] :

Thus ||T}| < |IT}| . On the other hand, if T is continuous, then
Tl = IR < NI < T i) -

Therefore ||T|| > ||T|| . Combining these result, we obtain || Tl = ||T .

(iii) Let y’ € D(('i‘)) Then y’T is continuous on D(T) and

Iy Tl =l Bl <y Tl Wl < Ny T e
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144 Theorem [Gl]

- i) R(T’) = D(T)" if and only if T has a continuous inverse.

(ii) Suppose that X and Y are complete and that T is closed. Then R(T) =Y if

and only if T’ has a continuous inverse.

14.5 Corollary (Banach—Mazur) [G1] . If Y is a separable Banach space, then there
exists a continuous linear operator mapping ¢ onto Y. Hence Y’ is equivalent to a

subspace of lt'n .

Proof: [G1]  Let {y,} be a sequence of elements of norm 1 which is dense in the unit
@
sphere of Y. Define T € [¢;, Y] by T({ey}) = X oy - Let u;=(1,0,0,.),
k=1 .
uz = (0,1,0,0,...), etc. Thenfor y’ €Y’

1Tyl = sup | Ty " (w)| = sup |y"y, | = sup |y’y|=|y’|.
k k lIyll=1

Hence T’ is an isometry and the rangeof T is Y by Theorem 1.4.4. o

1.4.6 Definition [G1] The 1-1 operator ’i‘ induced by T is the mapping from
D(T)/N(T) into Y defined by
'i‘[x] = Tx.

Notethat T is 1—-1 and linear with the same range as T .
The importance of considering T is that certain results which hold for 1—1 linear
operators may be applied to T in order to obtain information about T . The proof of

Corollary 1.4.8 is a case in point.

The next lemma shows that T has some of the essential properties of T .
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1.3.16 Remark [G1] In regard to the squares which remain open, we shall present in
Section 1.5 examples which exhibit the existence of the corresponding states when both X

and Y are reflexive.

1.4 States of Closed Linear Operators

In this section we construct a state diagram under the assumption that T isa
 closed linear operator. The most important theorem in this section is Theorem 1.4.3. The
theorem was first proved for bounded, instead of closed, operators by Banach [Ba],
Theorem 1, page 146. If we consider reflexivity and completeness aésumptions about the
normed space X under the hypothesis that T is closed we find that still further states are
eliminated. However, in section 1.5, we show that these states can oc.cur when the

corresponding hypdtheses on X and Y are removed.

L41 Lemma [G1] If T’ has a continuous inverse (T not necessarily closed), then
r\—1
IBy 3 rUy,, where 1 =1/||(T") 7.

Proof: Suppose y € rUY but yg¢ T BX . Sil{ce ’]‘BX is closed and convex, there
exists, by Theorem 0.3.12, a nonzero y’ € Y’ such that Re y'(y) 2 Re y'(‘I‘BX'). Assert
that Rey’(y) 2 [y'Tx| forall x € By N D(T) = S;. Indeed, if x € Sy and y’Tx is

| —i0

written in polar form |y’Tx|elo ,then e ""x€S;. Hence

Rey’(y) 2 Rey T(¢ 7 %) = |y Tx] .
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Consequently, y’ € D((TJD(T))’) and

Hy Iyl 2 y'yl 2 e |y Tx| = I(TIp(p)) v Il 2 iyl -

Thus ||y]] > r, which contradicts the supposition that y € Uy, . : o

-1 exists, then it is continuous with

-1
(T <1/

Proof If T} exists, thenfor x #0 and 0 <e<1, (1—€rTx/ ITx|| isin rUy.
By hypothesis, there exists some z € By 0 D(T) such that Tz = (1 —¢)r Tx / ||Tx|| .
Since T is 1-1, z= (1 —¢)rx/ ||Tx|| . Hence ||Tx|] 2 (1 - €)r||x]| , which implies that

T~L is continuous with ||T_1|| <1l/r. ' ' O

143 Theorem [G1] Suppose X is complete. If T is closed and T’ has a continuous
inverse, then TBy 31Uy , where t = 1/II(T')"Y| . Thus R(T) =Y and T s an open
map. If ! exists, it is continuous and (1/ IIT_lll)UY is the largest open a—ball which

is conta.ined in' TBX . | o

Proof: All but the last statement of the theorem are immediate consequences of

Lemmas 1.4.1, 1.1.8 and 1.4.2. Suppose T~! exists and aUy ¢ TBy . Then from Lemma

1.4.2 and Theorems 1.3.9 and 1.2.6, it follows that

1 _ 1 =r.
I NIy | :

As a summary of Theorems 1.3.11,1.3.13, and 1.4.3, we have the following dual
results. Note that neither X nor Y need be complete, nor do we require that T be

closed in (i).
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144 Theorem [G1]
~ (i) R(T") = D(T)’ if and only if T has a continuous inverse.

(i)  Supposethat X and Y are complete and that T is closed. Then R(T) =Y if

and only if T’ has a continuous inverse.
y

14.5 Corollary (Banach—Mazur) [G1] If Y is a separable Banach space, then there
exists a continuous linear operator mapping ¢ onto Y. Hence Y’ is equivalent to a

subspace of l(‘n .

Proof: [G1] ~ Let {y,} be a sequence of elements of norm 1 which is dense in the unit
o
sphere of Y . Define T € [4;, Y] by T({ak}) = X ¥y - Let ur= (1,0,0,...),
k=1 4
uz = (0,1,0,0,...), etc. Thenfor y’ € Y’

IT"y |l = sup | Ty (u )| =sup |y'y, | = sup |y'y| =y}
k k llyll=1

Hence T’ is an isometry and the range of T is Y by Theorem 1.4.4. u]

1.4.6 Definition [G1] The 11 operator T induced by T is the mapping from
D(T)/N(T) into Y defined by
’i‘[x] = Tx.

Note that T is 1-1 and linear with the same range as T .

The importance of considering T is that certain results which hold for 1-1 linear
operators may be applied to T in order to obtain information about T . The proof of

Corollary 1.4.8 is a case in point.

The next lemma shows that T has some of the essential properties of T .
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147 Lemma [G1] Suppose N(T) is closed and T is the 11 operator.induced by T .
Then | ,

(i) T is closed if and only if T is closed.

(ii) T is continuous if and only if T is continuous, in which case ||T|| = ||'i‘|| _—

i) D((T))=D(T") and ()"l =Ty

Proof:

(i) [G1] Let T be closed. Suppose [x]-[x], [x,] € D(T)/N(T) , and Tlx,] -+
y . Then there exists a sequence v € N(T) such that x —v_ -x. Since T(x, —v)=
Tix ]+y and T is closed, x isin D(T) and Tx =y. Thus [x] € D(T) and Tf] =y,
which proves that ’i‘ is closed. Conversely, let ’i‘ be closed. Suppose X X and |
Tx -y . Then [x ]~ [x] and ’i‘[xn] = Tx -y . Hence [x] € D(’i‘) and ’i‘[x] =y, or,'
equivalently, x € D(T) and Tx =y . Therefore T is closed. '

(ii) [G1] Suppose T is continuous. Then
[Tl = NTzl| < (T ll=ll 5 2z € [x] -
Hence

Il < il i1[1f llzll = ITI BN -

ZE| X

'~

Thus ||’i‘|| <IT|l - On the other hand, if T is continuous, then

Tl = T < ITH N < IR il -
Therefore ||T|| > [IT|| . Combining these result, we obtain ||T|| = ||T|| .

(iii) Let y' € D((’i‘)'). Then y"i‘ is continuous on D(’i‘) and

lly“Txll = lly" Tl < iy TH NG < By T lidl
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therefore y’ € D((TJD(T))’) and ||y’ T}f ¢ ||y"i‘|| . For the opposite inclusion let y’ €
D((TJD(T))’) . Then y'T is continuous and )

ly Tl < lly” T B -
Hence y* € D((T)’) and fly’Tll < ly’Tl . Hence D((T)) = D((TIpy)") and
D)yl = NI )y - :

148 Corollary [G1] Let Y becomplete and let T be closed and densely defined. If
T’ 1is continuous, then D(T) = X..

 Ifboth X and Y are complete and T is closed, then the following three
statements are equivalent.
(i) T’ is continuous.
(ii) T is bounded.
(i)  D(T’) is closed.

The author refers the reader to [G1, I1.4.8] for the proof. The author also

remarks that the corollary holds only if domain of T is densein X.

14.9 Corollary [G1] Suppose X is reflexive. If there exists a bounded linear operator

which maps X onto Banach space Y , then Y is reflexive.
If M is a closed subspace of X, then X/M is reflexive.

Proof: [G1] Assume that T is an isomorphism from X onto Y . It follows from
Theorem 1.4.4 that T” is also an isomorphism. (One can also easily prove directly that
T” is an isomorphism.) Since T”JX =JyT and both Jy and T are surjective, it
follows that

Y = R(T"Jy) = R(JyT) C R(Jy) -
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Thus Y is reﬂexive. Let us only assume that R(T) =Y . Then by Theorem 1.3.13,

T'Y’ isisomoprhic to Y’ . Since Y’ is complete, T'Y’ is also complete and therefore
a closed subspace of reflexive space X’ . Hence' T'Y" is reflexive by Theorem 0.5.6.
Thus, by what was just proved, Y’ is reflexive and therefore sois Y . The last statement
of the theorem now follows, since the map from X onto X/M defined by x - [x] is

bounded and linear. : B o

We come to the final theorem which is needed to complete the state diagram for

“closed operators.

1.4.10 Theorem [G1]  Suppose X is reflexive. If T is closed and 1-1, then R(T")
is dense in D(T)’ .

Proof: Let T; be the operator T considered as a map onto

Y, = R(T) .

It is easy to see that R((TJD(T))’) = R((TIJD(T))’) . By Theorems 1.3.7 and I.3.9 ,

(TIJD(T))' has an inverse and ((TIJD(T))I)—l = (T]l)f . Since T is closed, it is clear

that Ty is closed and therefore so is: T]l . Applying Theorem 1.2.15 to T‘,l , we have

- that D((T}l)') is densein D(T)’ . Since : ‘
_1 ’ — , _1 — , — ’

D((T7)") = D(((T') ™) = R((TIppy) ) = RU(TIppy)’)

the theorem follows. : o
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1.4.11 State Diagram for Closed Linear Operators [G1]

111,
- III

III,
1 I
T I

M,

I,

M,

M,

M,

IH\ 7| R~

Mhx el Y 0| |\l

| k< 74| X—c | X< A\ 4\

L I, I3 II, II, 1II3 III, III, 1Il3
T-

X~—c:

X—-R-—-c:

1.5 Examples of States [Gi]

In this section examples are given which exhibit those states of (T,T’) which can
occur even when both X and Y are reflexive. Examples are also given which show that

the states of (T,T’) corresponding to the squares with entries can occur when the

Y: Cannot occur if Y is complete

corresponding hypotheses on X or Y are removed.

Cannot occur if X is complete and T is closed.

Cannot occur if X is reflexive and T is closed.
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Since some of the arguments depend on properties of compact operators, we give a

brief introduction to them.

1.5.1 Definition [G1] Let T be alinear operator with domainin X and rangein Y.
If TBx is totally bounded in Y , where BX is the 1-ball in X , then T is called

precompact. If TBX is compact in Y , then T is called compact.

1.5.2 Remarks [G1]

(i) Every continuous linear operator with finite—dimensional range is compact.

(ii) An operator is compact if and only if it takes every bounded sequence into a
sequence which has a convergent subsequence. An operator is precompact if and
only if it takes every bounded sequence into a sequence which has a Cauchy
subsequence.

(iii) If T is precompact as a mapping from X into Y and \} is the completion of
Y ,then T, when considered as a map into \~( , is compact. Thus T € [X,Y] is

compact if and only if it is precompact, provided Y is complete.

1.5.3 Theorem 'A continuous linear operator is precompact if and only if its adjoint
is compact.

Proof: If T is precompact then TJ D(T) is precompact. Hence (TJD('T))’ =T’
is compact.

Conversely, suppose T’ is compact. Then (TJD(T))' is compact. But T is
continuous by hypothesis and so TJD(T) is bounded. Hence, by [G1, III.1.11], TJD(T)

is precompact. Hence T is precompact. o
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1.5.4 Theorem If T is precompact then R(T) is separable.

Proof: If Y iscomplete then T is precompact if and only if T is compact. Hence

R(T) is separable by [T, 5.5—A]. If Y is not complete then T precompact implies. J%T

is compact. Hence R(T) is a separable subspace of Y and thus a separable subspace

of Y. ' o
1.5.5 [G1] In our examples of states, we shall, where possible, construct compact linear
operators.

X=Y=1{¢ T continuous on X
(Iy,I1): Let T be the idéntity operator on X .
(Is, II,): Let T be the leftshift operator defined by T({x}) = {x , ;}

Obviously, T € I; and by 1.3.14 T’ € III, .
(IIT,,I3): Let T be the right—shift operator defined by
| | T({x.}) = {x_y} » 1<k
where xq=0. T € Ill; and by 1.4.11, T’ €1;.
It is eaéy to see that the left—shift and right—shift operators are conjugates of each

other.

1.5.6 [G1] X=Y=4{¢ T compacton X.

(II3, IT): Let T be defined by T({x,}) = {x; /k} . T is compact since T T,
n=1,2,.., where Tn is the compact operator from X into Y deﬁned.by
Tn({xk}) = {yk} ) Y = xk/k , 1¢k<n,and y, =0, k>n. T is comp»act since it is
bounded and its range is finite—dimensional. Clearly, R(T) is densein Y, and T has



51

an unbounded inverse. Since a compact operator cannot have an infinite—dimensional

range which is complete, T € II;. From [.4.11, T’ € II,.

(I3, III5): Let L be the left—shift operator on ¢, and let A be the compact
operator in example (II, IT;). Define T = AL. Then T is compact and in II3. From

1.4.11, T’ € III,.

(IIy, IT3): Let T be the adjoint of the operator in example (II3, III,). Since the
adjoint of a compact operator is compact, T is compact and from 1.4.11, T € III, and

T’ € I3 .

(III3, II3): Let T be the zero operator. Less trivially, let T; be the compact
operator in example (Il II;) and let L and R be the left—shift and right—shift
operators, respectively. Then T = T,RL is a éompact operator in III;. By I.4.11,
T €1ll;.

1.5.7 [G1] X =14, Y notcomplete T compacton X.

The next example depends on the following observation.

Suppose T is a compact linear operator from reflexive space X into‘ Y . Let T,
be the operator T considered as a map from X onto Y= R(T) . Then T, is also
compact. To see this, suppose {xn} is a bounded sequence in X . Since T is compact,
there exists a subsequence {v } of {x } suchthat Tv -y €Y. By Theorem 0.6.2,
there exists a subsequence {z } of {v,} which converges weakly to some x € X . The
continuity of T implies that Tzn—w—o Tx . Since Tz -y, itis clear that Tzn—w—o y -
Hence y = Tx ,since y'y =y Tx forall y" € Y . Thus Ty, - Tx € Y, showing that

Ty is compact.
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(I, IT3): Let Ty be the compact operator in example (1I,1I;) andlet T be the
operator Ty considered as a map from X onto R(To). Then T is a compact operator
in I, and by 1.4.11, T €ll,.

(I3, I1I): Let L be the left—shift operator on ¢,. Choose K as the operator in
the preceeding example (I, I1;). Defining T = KL, T is a compact operator in Ij .
Hence T’ is also compact. Since a compact operator on an infinite~dimensional normed

linear space cannot have a bounded inverse, T’ ¢ 1. Thus T € III,, by 1.4.11.

1.5.8 [Gl1] X not complete Y =1¢ T continuouson X .

(I, III}): Let X be the normed linear space obtained by renorming ¢, as in
Example I.1.14. Define T as the identity map from X onto ¢,. Then T ¢ 1 ; otherwise
the incomplete space X would be isomorphic to Banach space Y. Thus T 6A12 and
T’ € III; by L4.11. !

(ITy, I;): Choose X as any proper subspace densein Y = £, with T as the
identity map on X .

(IIy, IIT;): Let A be the operator in example (I, III;). Setting X, as the
domain of A and Y, as any proper subspace dense in £;, define T: X;x Y- £ x {5 by
(x,y) = (Ax,y) . Take the norm on ¢, x £ to be given by ||(x,y)]| = (||x||* + Hyll"’)‘/2 :
With respect to the inner product ’

((0y), (w,v)) = (xu) + (y,v)
&, x {, is a separable Hilbert space which, by Theorem 1.7.24 of Goldberg [G1], is
equivalent to {,. T is easily seen to bein II;. Given 2z’ € (€, x £3)’ , define x’ and
y €y by
x'(x) =2'(x,0) and y’'(y) =2’(0,y) . Then
127 Ge)| < I I I+ 00l < QB+ Dy 1) )l
Hence fla'|| < x|l + iy’ |l - For [|x =1,
T2l > T2 (x,0)] = [(A"x")x] .
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Thus _
(1) ozl 2 A x 2 A=
ICA")
Similarly,
T2 2 T2 0] = Iy'y] llsll=1.
Thus (
(2) T2l > Iyl -

Hence, by (1) and (2), there exists some m > 0 such that |
T2 I > m(lx’ [ % My’ ) > mifa”) -
This shows T’ € 1. It follows from 1.4.11 that T’ € III, .
(113, I1I,): Let A, X;,and Y; beasabove. Define T: X;x Y- A by

T(x,y) = (Ax, Ly) , where L is the left—shift operator on £;. T is easily seen to be in
II3. Arguing as in the above example, we obtain

T2 2 Iyl =Ny -
Recall that L’ is the right—shift operator and, in particular, is an isometry. Thus
T’ € Il , by L.4.11.

1.5.9 [G1] X complete but not reflexive Y =4¢ T compacton X.

(I, 1y):  0<p<q<m,then x = (x4, Xy ..) € L’p implies x € L’q and
m
||x||p > ||x||q . Indeed, if q <, then ||x||g = k£1|xk|p|xk|q_p <w, since {x,} is

bounded. Now |[x||q2 Ix, |, 1<k. Thus lellgg ||x||g—p||x||g whence !Ix"qg ||x||p .
If q=o, then clearly [x||_< ||x||p . Let A be the identity map from ¢; into {,. Then
by what was just proved, A is continuous. Define T: ¢+, by T = KA, where K is
the compact operator in exaniple (IIy, IT;) . Since T’ is compact, it is not in 1 and its

range is separable. However, Zm is not separable. Thus T’ € III, by .4.11.
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(IITy, II3): Let T, be the compact operator T in the preceding example and let
R be the right—shift operator on ¢;. Define T: ¢;+ ¢; as the operator T;R . Then T is
clearly in III, . Since compact operator T’ has a separable range, T’ isin III. Thus

T’ € Il;, by L4.11.

The next example is for the only squafe in 1.4.11 which has not been accounted for.

15.10 [G1] X complete but not reflexive Y not complete T compact on X.

(I3, II5): Let T; be the operator from ¢ -+ ¢, defined by

T ) = P/

Then by the argument given in example (IIy, II;), T; is a compact operator with an
unbounded inverse. Define T to be the operator Tl considered as a map from ¢; onto
Y = R(T;). Then T €I,. Weshow that T is compact. Supposé {x,} is a sequence of
elements in the 1-sphere of ¢;. Since T, is compact, there exists a subsequence {vn} of
- {x_} suchthat Tv -~y =(yy,ys ...) € R(T:). Writing v, = (v1, v5, ...) , it follows

that lim le: = kyk , 1 <k .-Hence, for any positive integer M ,

N— o

N =2

3 |kyy| | il 3 Vil 3 | K
Y |ky,| ¢ ky, =vil+ 2 |vi] < ¥ |ky, —vi|+1~1 as n-ow.
S e T ST S

k

v

M ‘
Thus ¥ |ky,| <1 forall M, and therefore x = {ky,} is an element in ¢, .
k=1

Hence Tvn -y = Tx, which shows that T is compact. Since T’ is compact, its range
is a separable subspace of the inseparable space lm . Thus T’ € III . It follows from 1.4.11
that T’ isin III,.

To summarize the chapter, the author has shown that Goldberg’s [G1] assumption
of denseness of the domain of the operator T can be dispensed with. However, in

Theorem 1.2.15 it is necessary to assume that the domain of T is densein X .

]



CHAPTER II
F,- AND 4, - OPERATORS

II.1 Notation If M and N are linear subspaces of X suchthat MN N =0 then
we write Mo N for M+ N. :

.2 Lemma If E, M are subspaces of X with dim (X/E) < w then
M=EnNMeF where dimF <o (seee.g. [C6,1]).

I3 Definition [C6] A closed finite codimensional subspace of X is called a principal

subspace and the restriction of T to such a subspace is called a principal restriction.

II.4 Lemma Let Z bea subspaceof X . For each principal subspace M of Z
there exists a principal subspace My of X such that M =MynZ.

Proof: [C6] Let M be a principal subspace of Z . There exists a finite dimensional
subspace F of Z such that MeF = Z . Let X, - Xp be a basis for F. Choose
fx’ oy £ € X7 such that fi(xj) = 6ij and f(m)=0 for meM (i,j< n); this is possible

since M is closed. Then Mg= n fi'l(O) is a principal subspace of X with
i<n

M=MonZ. | o
IL.5 Definition [C6] A restriction T/M is said to be nontrivialif M n D(T) is infinite

dimensional. The family of infinite dimensional linear subspaces of a given linear subspace

M of X is denoted by J(M).

55
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.6 Lemma [C6] The operator T has no principal restriction having a continuous

inverse if and only if corresponding to each ¢ > 0 there exists M € J(D(T)) such that
T/M is precompact and ||T/M]|| < ¢.

Proof: [C6] If T has no principal restriction having a continuous inverse then the
conclusion follows from the theorem of Kato [Ka] and Goldberg (see [G1], 80). Conversely,
let T/M be precompact where M € J(D(T)). Suppose that E is principal in X . Then
MnE e J(X) by Lemma I1.2, and therefore T/M n E has no continuous inverse.

Consequently T/E has no continuous inverse. _ o

IL7 Definition [C6] The operator T € L(X,Y) is called an F ' —operator if there

exists a subspace M of finite codimension in X for which T/M has a continuous inverse.

1.8 Corollary [C6] The following statements are equivalent :
(i) TeF 4
(ii) T has a principal restriction having a continuous inverse.

(i) T has no nontrivial precompact restriction.

IL9 Corollary [C6] The operator T ¢ F " if and only if there exists a principal

subspace M of D(T) for which T/M has a continuous inverse.
Proof: [C6]  Combine Lemma II.4 and Corollary II.8. o

IL.10 Definition [C6] We call a closed operator T a ¢ y—operatorif dim N(T) < w
and R(T) is closed.
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IL.11 "Remark [C6] The next proposition relates the two classes F + and ¢ + when
the operators are closed. A normed space is called an operator range [C2] if it is the range
- of a bounded linear operator whose domain is a Banach space. An example of an operator

range is D(T), when T € L(X,Y) is closed and X and Y are complete.

IL12 Proposition [C6] Let T € L(X,Y) be a closed operator. Then
(a) if X is complete, we have T € F,2Te ¢,
(b) if X isan operator range and Y is complete, we have T € ¢ 4 *TeF n

Proof: [C6] (a) Assume X complete andlet T € F By Corollary 11.9,

4
D(T) =MeF e N(T) where dim N(T) < o, dim F < o » M is closed in D(T) and
(T/M)'—1 is continuous. Let 'Tmn +y (m_ €M). Then (m_) is Cauchy, so m_ - x
(Ix € X) since X is complete. Thus (mn, Tmn)—o (x,y) in X xY. But T is closed;
hence x € D(T) and y = Tx. Since M is closed in D(T), we have x € M. Therefore

TM is closed, and so R(T) = TF + TM is closed (see e.g. [G1], 16). Hence T € ¢, -

(b) [C6] Assume T € ¢ 4 » X anoperator range and Y complete. Then
D(T) = M e N(T) where dim N(T) <w, M is principal in D(T) and TM is closed. It
is an easy consequence of the Closed Graph Theorem that any closed operator mapping a

Banach space into an operator range is continuous. Therefore (T/ M)_1 is continuous.

Hence T e F + by Corollary I1.9. o

For the purpose of obtaining a computable characterization of F —operators we

1ntroduce for a given L(X,Y) the following function (cf. [CT]) :

I(T) = { inf {IIT/M] : M e - J(D(T))} it dim ggg:m

(I(T) = o can occur; see Proposition 11.31.)
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113 Proposition [C6] * If D(T) is infinite dimensional then T € F, if and only if
I(T)>0.

Proof: [C3] If T¢F N then I'(T) =0 by Lemma II.6 and Corollary I1.8. Conversely,
le¢ TeF +(X,Y) . Then T/M has a continuous inverse for some principal subspace M
of D(T) (Corollary I1.9), and we have ||Tm|| > c||m|| for some ¢ >0 andall me M.
Suppose I'(T) =0. Then ||T/N|| < c for some N e J(D(T)), while M nN e J(D(T))
by Lemma II.1. Hence ||Tx|| < ¢ for x e Mn N, whichisa contradiction. Therefore
I(T)>0. ' o

I.14 Definition [C7] We shall call the operator T € L(X,Y) strictly singular if there is
no infinite dimensional subspace M of D(T) for which T/M has a continuous inverse.

The class of all such operators will be denoted by SS(X,Y) or simply SS.

We state the next few results without proof. For proofs the reader is is referred to

R. W. Cross ([C3], page 8).

II.15 Definition [C3] We define an extended nonnegative real valued function on the
class of all operators as follows: If dim D(T) < o then A(T)=0. If

dim D(T) = o then A(T) = Me ;l(lB(T))F(T/M) .

I1.16 Proposition [C3] TeSS& A(T)=0.

I1.17 Corollary [C3] The sum of two strictly singular operators is strictly singular.
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IL18 Definition [C3] Let o bea subset of L(X,Y). We denote by P(¢’) the class
of operators in L(X,Y) such thatif T € o and A € P(¢’) then T + A € <. P(¢) is
called the perturbation class of of.

I.19 Theorem [C3] P(F,)=SS.

)
120 Corollary [C6] TeF +(X,Y) if and only if dim N(T + K) < w for every
precompact operator K € L(X,Y).

Proof: [C6] We may clearly suppose dim D(T) = w. Assume T ¢ F 4 - By Corollary
I1.8 there exists E € J(D(T)) such that T/E is precompact. Define K € L(X,Y) by
D(K)=E and Kx=Tx (x€E). Then K is precompact and N(T~K)3IE. The

converse is immediate from Theorem 11.19. : o

I1.21 Definition [G1] Let M bea subspaceof X. An operator P is called a

projection from X onto M if P is an everywhere defined linear map from X onto M

such that P2=P .

IL22 Lemma [C6] If X=MeN where M is a principal subspace then the

projection of X onto M with null space N is bounded.

Proof: [C6] Let {xl, -y X } be abasis for N and let N, = sp {xl, SHS ST

X4 pr e x,} . Sinceeach M + N. is closed (see e.g. [G1], 16) there exists by the Hahn

Banach Theorem an f. € X such that f(x;) =1 and f(x)=0 for xeM + N . Define

Q=12 fe x; . Then Q is a bounded projection with range N and null space M , and
i{n

P =1-Q is the required projection. _ O
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I1.23 Corollary [C6] If M is a principal subspace of X and if T/M is continuous,

then T is continuous.
1124 Definition [C6] Wesay that T has finite rankif dim R(T) <w.

1125 Lemma [C6] Let TeF + - Then any bounded sequence (x ) in D(T) such

that Tx_ is Cauchy has a Cauchy subsequence.

Proof: [C6] There exists by Corollary 11.8 and Lemma I1.22 a bounded projection P
defined on D(T) with dim R(I~P) < and (T/PX)™" continuous. Let (x_) bea
bounded sequence in D(T) satisfying ||T(x - x )l = f(n,m) where f(n,m) -

O(n.,m - o). Since T/R(I—P) is continuous, the sequence T(I — P)x_ is bounded in the

finite dimensional vspace R(T(I — P)) . Select a subsequence (x) ) of (x,) for which
n

T(1—P)x, is Cauchy. Then |TP(x, —x I <IT(x —x M+ [T(I-P)(x, —
n n m n m n

xp Mtk k )+ ITA=P)(x, —x )20 (nm-ow). Hence (TPx, ) is
m n m \ n
Cauchy. Therefore (Px) ) is Cauchy by the continuouty of (T/PX)_1 . Choose a
n

subsequence (w_) of (x, ) such that (I-P)w_ is Cauchy.
_ v n

.Then W, = _Pwn + (I-P)w_ is Cauchy.

IL26 Theorem [C6] The following statements are equivalent :

(i) T¢F, |

(ii) there exists a non precompact bounded subset W of D(T) such that TW is

' precompact

(iii) T has a singular sequence, i.e. a sequence (x ) of norm one elements of D(T)

such that (xn) has no Cauchy subsequence and lim Txn =0.
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Proof: [C6] The implication (iii) # (ii) is trivial, while (ii) 3 (i) is clear from Lemma
I1.25. Assume (i). Then by Corollary I1.8 there exists M ¢ J(D(T)) for which T/M is
precompact. Select a sequehce (zn) in M of norm one elements for which

inf ||zj =2, || > 0. Since T({zn} U0) is totally bounded, given k there exists j such
tk -

that ||sz”7 < 1/k . Therefore it is possible to select a subsequence (xn) of (zn) such that

lim Tx =0. Hence (i) (iii). o

.27 Remark [C6] Theorem II.26 extends the result for ¢ .—operators of Wolf [Wo]
(also E. Balslev and C.F. Schubert, c.f. [LS]).

.28 Definition [C6] Given T € L(X,Y) let X denote the linear space D(T) with
the norm |x||. = f|x|| + [|Tx|| (x € D(T)). The graph operator G € L(Xp,X) is defined
by Gx =x(x¢€ Xp) - The operator TG is a bounded operator from X into Y.

_'II.29 Definition [C4] An operator T is called partially continuous if there exists a
finite codimensional subspace E such that T/E is continuous. If there is no infinite
dimensional subspace of D(T) upon which T is continuous then T is called nowhere

continuous, otherwise it is said to be somewhere continuous.

.30 Theorem [C3] The following statements are equivalent:
(i) TeF n |
(ii) there exists a partially continuous operator S € L(Y,X) with domain R(T) and a

bounded finite rank operator F € L(X,X) such that ST = ID(T) +F

(iii) the same as (ii) but with "precompact" in place of "bounded finite rank"

(iv) the same as (iii) but with "strictly singular" in place of "precompact"
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Proof: See [C3], Theorem 5.9.

I.31 Proposition [C6] Let T beinjective. The following stater}lents are equivalent:
(i) T s strictly singular. -
i) T(T)=w.

(iii) T is a nowhere continuous F L —operator.

~ Proof: [C6] Assume (i). Then |T/M| =w for M e J(D(T)). Hence (i) (ii).
Next assume (ii). Then T € F, by Proposition IL13, and ||T/M|| =w for M€ J
(D(T)). Thus (ii) 4 (iii) . Finally,if T is nowhere continuous then T * ¢ SS by

definition. Therefore (iii) 3 (i). ' o

11.32 Exa.mple [C6] A bounded injective F —operator which'is not an isomorphism.
Let f be a discontinuous lin_ear functional with domain X , and let G: Xf + X be the

graph operator associated with f. Then G is unbounded. However G /N(f) is an
isometry and hence G € F

. Thus G is a bounded injective F , —operator which is not

+ +

an isomorphism.

Notation: Let E be a subspace of X . The author denotes the finite codimensional

subspaces of E by #(E) and the principal subspaces of E by 2(E).

11.33 Definition [C3] - If dim D(T) < o then we put 7¢(T) = 74(T) =0. If
dim D(T) = o then 7o(T)= sup  inf [|Tx|| and 7o(T) = sup  inf

Me & (X) xeSy Me 2 (X) xeSy
[ITxl] .

The proof of the following theorem is to be found in ([C3], p.289).
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1134 Theorem [C3] Let dim D(T) =w. Then the following statements are

equivalent:
(i) TeF n
(ii) T has a principal restriction having a continuous inverse

(iii) T has no nontrivial precompact restriction
(iv)  I(T) >0

(v) To(T) > 0

(vi)  To(T)>0.

The author follows Pietsch’s notation and denotes the natural quotient map of X
onto X/E by Q)}%. We have by Theorem 0.5.3 that (J)Pg)' = Q)él ,and if E is closed
then (QF) = I, .
I35 Definition The closed operator T is called ¢ —operator if R(T) is a

principal subspace of Y .

IL36 Lemma [C6]  Let M be a principal subspace of D(T). Then
X ’ ’ X ’ )

3

For the proof the author refers the reader to [C6, Lemma, 36].

IL.37 Lemma [C2] If Ry and Ry are disjoint complementary operator ranges in a

Banach space X then R; and R, are closed.
N

I1.38 Theorem [C6] Te F, e T e¢ .
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Proof: [C6] Let TeF e By Corollary I1.8 there exists a principal subspace E of
'D(T) such that TJ € 1. Write J = JX . Then (TJ)’ €1 by ((GL], 61). Hence

J'T" €1 by Lemma I1.36. Now let x’ € X’ and choose y’ € Y’ such that
x" + E*=T’y’ + w. This shows that X’ = R(T’) + E*. But R(T’) is an operator
range (see e.g. [C2], 228). Hence by Lemma I1.37, R(T"’) is closed. Therefore T’ ¢ $_.

Conversely, let T’ € ¢ . Then there exists a finite dimensional subspace F of

X’ such that Q)Ig Tel. Since Q)Ig = (J)T(J.)’ , we have (TJ%SJ.)' €I by Lemma I1.36

where- F* is a principal subspace. Hence by the state diagram (1.3.14), TJ)FSJ. €1. Thus

TEF+.‘ 1]



CHAPTER 1I

F - AND ¢ —~OPERATORS

In this chapter the author discusses the results on F_— and ¢_—operators which
‘are needed to construct the state diagrams of Chapter IV. The minimum modulus function

T) and the function I'’(T) will play an important role.

I1I.1 The General Case

IIL1.1 Definition An F_—operator T: D(T) ¢ X Y is defined as one whose

Adjoint isa ¢ +—operator, where X and Y are normed sapces.

II.1.2 Remark The author notes that if X and Y are complete and T is
closed then T € F, & Te ¢, (Proposition I1.12.) Similarly, TeF & Te ¢ .
Hence in the general case we have the dual relations T € F 4+ @ T e¢F_ and

TeF_oT eF, .

II.1.3 Notation [CL] We denote by &(X) the collection of closed infinite

codimensional subspaces of X .

[
II.1.4 Definition [Pi] T is called nuclearif T =% x; ®y, where {x;} X",
1

V [
{y;} ¢ Y and I |Ix{|| lly;ll < =, and where the convergence of % x;(x)y; (x € D(T)) isin
1

the norm topology.

65
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II.1.5 Definition [Pi] T is called approzimable if there exists a sequence of
continuous finite rank operators F such that D(F_) ¢ D(T) for each n and
lim|[F —Tf|=0.

n

e : oy X
To simplify the notation the author will write JX for JX and QE for Q)FS

when X is understood.

II1.1.6 Theorem [CL] The following statements are equivalent :
G) T fe,
(ii) there is no subspace F € F(Y) for which T’/F* has a continuous inverse

(ifi)  foreach € >0 there exists M e & (\-() such that Q, JyT is a nuclear (compact

approximable) operator with norm not exeeding &.

The author refers the reader to [CL, 4.2] for the proof.

.17 Example [CL]  Let T—Eaka where D= & D=1, a e Xy for
0

0<k<n and ay €L (I) where I is aninterval containing one of its endpoints.
Define T: Lp(I) - Lq(I) as follows:
D(T) = {f: fe¢ Lp(I) , i€ Lq(I)} ;
Tf = .
(a) The operator T is F_ with D(T") = (0) whenever 1< p,q < ® and either
a3 = 0 orp=gq.
Proof: Let 1<p,gq<o andlet E denote the set of all functions in Lp(I) for
which Df = 0 —ae . It is a simple matter to verify that this is indeed a subspace of D(T).

Furthermore for any step—function g, Dg = 0 —ae and hence E contains the step
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functions and is therefore dense in L ( ) [CO; 3.4.3]. Consequently B’ = D(I)’ = L ,(D)
(= +I71r= 1) andso T’ and (TJE) belong to the same system L(L (1), L (I))

( + al,- =1) . Suppose 3y =0. Then TIp =02 (TJg)" =0 with T a restnctlon of

( Jg)* . Therefore T’ = 0. Clearly D(T) contains the domain of the maximal operator

defined as in [G1; VI.1.6]. Hence R(T) contains R(T__ ) and is moreover

:P:q 7,p,q
dense in Lq(I) by [G1; V1.2.10] . 1t follows that T’ is injective and thus {0} = D(T’).

Therefore T is F_ in this case. Now suppose 3 #0 and p=q. Let J denote the
identity map on Lp(I) . Observe that a,J is a bounded map as a, € Lw(I) . The fact
that D(T’) = {0} follows from the observation that T’ = (T—ayd)" + (agd)” since
from the first part it is clear that D((T — aOJ)') = {0} .

(b) Suppose the interval I has finite Lebesgue measure with 1< p,q < » and

51— €L (I). Then T € F_. Furthermore D(T") = {0} whenever p>q.
0

Proof: Let E be asin (a). We consider two cases.

Case 1 (p<q):

Observe that K = E n D(T) contains the step functions and is therefore dense in
both Lp(I) and Lq(I). Furthermore TJy = ajly where Iy denotes the identity map
from KcL (I) into L (I). Let f€ L _(I) be arbitrary. Then dfer (I) as

P q q a; g

a—l € L (I) . Hence there exists a sequence of step functions {s,} C Lq(I) such that

0
8, aL f. Consequently {aogn} C R(aOIK) with ag -1 and therefore R(aOIK) is
0
dense in Lq(I) . In addition agl, has a continuous inverse by [CO; Exercise 3.4.9] and

1 ., , : . ,
the fact that Ea € Lm(I) . Hence (TJy)" = (aOIK) has a continuous inverse [G1;

I11.3.14] . The result now follows from the observation that as in (a), T is a restriction of

(TJg)’.
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Case 2 (p>q):

Observe that in this case Lp(I) may be continuously injected into Lq(I) [CO;
Exercise 3.4.9]. Denote this injection by U. By (a) we then have (T — ayU) € F_ with
D((T — a,U)") = {0} . As ag €L (I), a,U is bounded and hence
T =(T-a,U)" + (ayU)" . Consequently D(T’) = {0} .

M1.1.8 Corollary [CL] The following statements are equivalent:

G) TeF_

(ii) there exists M€ & (S.{) for which Q,,Jy/T is compact (nuclear, approximable)
(i) foreach ¢>0 thereexists M€ 8(Y) for which [|QyJyT]l < e.

The author refers the reader to [CL, 4.3] for the proof.

OI.1.9 Definition [Wel] - If dimY <o then I''(T) =0, whileif dimY = o

then I''(T)=  inf. ||Q\J+T] .
Meé& (Y) MY
I1.1.10 Corollary [CL] Let dimY =w. Then TeF_&T''(T)>0.
I11.1.11 Proposition The following statements are equivalent:
(i) TeF_

(ii) QpT € F_ for every Fe F(Y)
(iii)  QpT € F_ for some F e F(Y).

The author refers the reader to [CL, 4.5] for the proof.
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IM.1.12 Definition [C2] We note that a subspace R of a Banach space is an
operator range if and only if there exists a stronger norm || . ||; on R under which R is
complete. We will refer to (Ry, || . ||1) as the pre—image space of R and it will be

denoted by R;. The bounded bijection from R; onto R will be denoted by op with
ﬂR denoting the open bijection ai{l .

II.1.13 Theorem [L2] (Generalised Open Mapping Theorem)

Let X be an operator range and let Y be of second category. If T is closed, everywhere

defined and surjective then T is open.

Proof: [L2]  Note that Tay is still closed and hence by the classical open mapping

theorem Tay and so Toy ﬂX =T is an open map if R(Tay)=R(T) =Y. SO

IM.1.14 Definition [CL] T is said to be range open if (J}{(T))“lT (ie. T
regarded as a member of L(X,R(T)) is an open map. We denote the range open maps T

by T € RO.

III.1.15 Definition [N] = We define the minimum modulus function (T) of T by
AT) = sup {7 ||Tx|| > vd(x,N(T)) x € D(T)} where d(x,N(T)) is the distance of x
from N(T). Note that /{T)=w if and only if N(T) is densein D(T).

II.1.16 Lemma [CL] T is range open & (T) > 0.

Proof: [CL] We have (T) > 0 & (37> 0)(J|Tx[| 2 7llx + N(T)|}) & (37 > 0)(|| Tx||
<vy3|x+ N(T)|| < 1) & T is range open. ' o
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III.1.17 Lemma [CL) T is range open & TG is range open.

Proof: [CL) Suppose TG is range open. Then clearly T = TG.G“1 is range open
since G_1 is an open map. Conversely, suppose that T is range open. Then there exists
A >0 such that A UR(T) C TUD(T) , ie. |Tx]| < A3 ||x + 2[| < 1 for some z € N(T).
Hence [|TGx|| = [|Tx|| = |T(x + )|l < A3 ||x + 2| + |T(x + z)]| <1+ X for some

z € N(T) , whence (1+X) UR(TG) C TGUXT showing that TG is range open. ]

II.1.18 Proposition [CL] .  Consider the following statements : |
(i) AT) > 0

i) AHT')>0

i)  R(T') = N(T)*P(T)’

(iv)  R(T) is closed (or equivalently, R(T) = *N(T")).

We have

(a) in general (i) & (iii) and (iii) 2 (ii)

(b) if X is complete and T is closed then (i) & (ii) & (iii) and (i) # (iv)

(c) if X is an operator range, Y is complete and T closed then (iv) = (i)

(d) if X and Y are complete and T is closed then all the statements (i)—(iv) are

equivalent.

. Proof: [CL] The author gives a brief outline of the proof, which is due to L.E.
Labuschagne and R.W. Cross. We shall assume without loss of generality that D{T) = X.
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(a) We divide the proof of (a) into two parts. In the first part we prove (a) for the
case when N(T) is closed in D(T) and in the second part we prove (a) for‘the case N(T)
not closed in D(T) .

If N(T) is closed in D(T) then T has a continuous inverse. By Theorem 1.3.11
we have R(’i") = N(T)"* . From Lemma 1.4.7(iii) we conclude that
R(T’) = N(T)* .

If N(T) is not closed then by Lemma III.1.16 and II1.1.17 4(TG) > 0. Hence
R((TG)’) = N(TG)" by what we have just shown. Noting that T’ = (G™1)’(TG)’ , we

have

(1) R(T’) = R((G™L)’ In(rays) -

Now 'y(QNG—l) > 0 by Lemma III.1.16 and hence by what has been proved

above we have
(2) R((QyG ™)) = R((G ™) Ig1) = N(T)* .

Now (G—I)IJN.L is a restriction of (G‘—l)’JN(TG).L and so comparing (1) and
(2), we conclude that R(T’) 2 N(T)*. Since in general R(T’) = N(T)"* equality follows.

Therefore (i) 3 (iii) . The implication (iii) # (ii) is immediate from (c) proved below.

(b) Let X be complete and T closed. (i)# (iv): Let (T) > 0. Then since N(T)

is closed, T exists and has a continuous inverse and is moreover closed. Let

g

y € R{T) = R(T) and choose a sequence (x,)in X such that Tx -y . Then
(QN(T)xn) is a Cauchy sequence and hence convergent in the Banach space X/N(T). |,
Let QN(T)xn"* QN(T)x' Since T is closed, y = TQN(T)X € R(T) . Therefore R(T) is

closed.
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Thus (i) » (iv). (i)* (i): Suppose 7(T’)> 0. Then R(T’) is closed by
what has just been provedv. Let T; be T considered as an element of L(X,R({T)), i.e.
T = (J}[{-(Tj)_l’l‘ . Then T, is closed and T isinjective. Moreover it is easily seen
that R(T) = R(T’). Thus R(T}) is closed and by the Open Mapping Theorem, T
has a continuous inverse. Consequently T, is an open map (Theorem 1.4.3) i.e. T is

range open. Hence 7(T) > 0 by lemma II1.1.16. Thus (ii) # (i).

(c) Let R(T) be closed. Then by the Generalised Open M.a.pping Theorem
(Theorem 111.1.13) T is range open. Hence (T) > 0 by Lemma IIL.1.16.

(d) Immediate from (b) and (c). |

I0.1.19 Definition The dimension of N(T), written a(T), will be called the
kernel indez of T and the deficiency of R(T) in Y ,}written b(T) , will be called the

deficiency indezof T . Thus a(T) and b(T) will be either a nonnegative integer or w .

We denote dim —— by b(T) .
TR

I1.1.20 Theorem [L1]
(I) a(T’) = b(T) (cf. [G1;1V.2.3]):
(I1) B(T") 2 a(T) with b(T")=Db(T") =a(T) if (T)>0.

Proof:  (I) | dim —Y— = dim ( X )’
= dim R(T)"
= dim N(T")
= a(T").
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(I) By Theorem II.1.18 R(T’) = N(TJD(T))* if f(T)>0. Hence R{T") =
R(T') = N(TJD(T))l : |
codim R{T") = codim R(T’)

= codim N(TJD(T))*
= dim N(TJD(T))
= a(T) .
By (iii) of Theorem 1.3.8
R(T7) ¢ N(T)*.
Hence codim R{T”) » codim N(T)* = dim N(T).
ie. B(T")2a(T). | | o

The following theorem generalises [G1; IV.1.8] where only the case where N(T) is

closed is considered. The proof is an alternative to that for [G1; IV.1.8].
II.1.21 Theorem [L1] AT') = A{T) > 0 whenever ¥(T)>0.

Proof: [L1]  Without loss of generality assume D(T) = X . Suppose YT) = w. From
the definition of 7(T) we note that this can only be the case if d(x, N(T)) =0 for each
x € D(T), that is if N(T) is densein D(T) = X. Moreover for any y’ € D(T’) we have
N(y’T) > N(T) . Now since y'T is continuous, N(T'y’) is closed and so N(T’y’) )
N{T)=X. Hence T’ =0 and therefore 4(T')=w.

Nowlet 0 < ®T)<w . As /T) <o we conclude that N{T) # X . Noting
that d(x, N(T)) = d(x, N(T)) = "QN(T)'X”' for each x € X we deduce that since

N({T) ¢ X, we have
#
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AT) =sup {A€R: ||Tx|| > X. IIQmeM for each x € X\ N(T}}

and hence we can write

= in Tx .
® 0= ey TONTTy

Now let € >0 be arbitrary and select x € X \ N(T) such that

3) AT) + €3 Tx

=TT -
By Theorem I11.1.18 and Theorem 0.5.3 we have that R(T’) = N(T)* = (X / N{T})" and
s0 by Corollary 0.3.6 there exists T'y’ € R(T’) such that

@ IT'y Il =1 and T'y"x = [ Qupyxl -
From Theorem 0.5.3 and Theorem 1.3.7 we see that 'for any z' €Y’
(5) v d(z", N(T")) = d(z", R(T)")

= Qg gy

= ||z’ ‘IR(T)" :

We now conclude from (3), (4) and (5) that

d(y’, NCT)) = lly gyl > Hor g = Nyl /175l 2 sy

Hence +(T) + egd(yU"f 1%(%'?')5 since ||T°y’[| =1. (Notethat y’ € D(T’)\ N(T")).
As with 9(T) we now have that

N = inf Tz’
AT 2 €D(T’)\N(T") % »

since N(T’) is closed and T’ # 0. Consequently %(T)+ € 1(T’) and since ¢ > 0

was chosen arbitrarily,

(6) 7T) 2 «(T") .
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Conversely, let §> 0 be arbitrary and select z° € D(T’) \ N(T’) such that
’ R(T)
Now select x> 0 such that

7 T §> v T 2] )
) LERERES ce v il

Let Tx € R(T) be such that

(8) ITxl =1 and |2"Tx| 2 1" Ipopoll > 0.

Note that x ¢ N(T'z") 2 N{T) and so

@ d(x, N{T)) = [ Qpppydl > 0.
But since R(T’) = N(T)" = (X/N(T))" , we have by (2), (7), (8), (9) and 0.3.7
that
51y 2 1yl / 1T = NQgrryl
= sup [r'x|

t’eR(T")
x| =1

N z Tx
< z

R ||Z'JR(?)|'| - B
LN

2T Y ¥ 3°

Hence ¥(T’) + 6> 4(T). Considering (6) and the fact that § > 0 was chosen arbitrarily,
we conclude that o(T') = ¢«(T) . o

IT1.1.22 Notation The author denotes the class of closed linear operators T in

L(X,Y) by T e C(X,Y).
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II1.1.23 Corollary [L1] Let T € C(X,Y) with X complete. Then AT) = HT").
II.1.24 Proposition [L1] Let Y be complete. Then 4(T’) > 0 whenever R(T)
is closed.

Proof: [L1] Defining Ty asin [L1, 2.9] we note that R(T) = R(T,) is closed by

Theorem 1.3.1 and Theorem 1.3.13. Hence %(T’) > 0 by [G1, IV.1.6]. O

III.1.25 Proposition [CL] JyT € F_3TeF_. (In particular, if Y is complete,
then Te ¢ 2TeF_.)

Proof: [CL] Since TeF & JyT € F_ we assume without loss of generality that
Y is complete. Let T € ¢_. Then there exists F € F(Y) such that R(T)eF =Y and
then QFT is surjective. Hence, by state diagram 1.3.14 , (QFT)’ has a continuous

inverse. Hence T € F_ by Proposition III.1.11. a

III.2 Closed F_-operators

1.2.1 Lemma [CL} Let M and N be subspaces of X with dim M = » and
dim N <o . Then there exists m # 0 in M such that ||m| = d(m,N) ([KKM]; see [G1],
VI.1.1). '
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Il.2.2 Lemma [CL)
(a) If a(T) <o and dim D(T) = o then I(T) > {T).
(b) I B(T)<w and dim Y =w then I''(T) o(T").
The proof uses Lemma II1.2.1 and is to be found in [CL, 5.4(1), (c)).

I1.2.3 Corollary [CL] Let H(T')> 0. Then T€F_ 3 B(T) <.

Proof: [CL] The case when dim Y < o is trivial and so is the implication % .

Assume that dim Y = o and that B(T) <. Then I'"(T) > %(T’) by Lemma II1.2.2(b).

Hence T € F_ by Corollary III.1.10. o
T1.2.4 Corollary [C3] Let {T)>0. Then TeF Lo I'(T) > 0 unless
dim D(T) < o .

IOI.2.5 Proposition [CL; 5.7] Let T be closed and let X be complete. Then
TeF_2Te¢ .

I1.2.6 Corollary [CL] Let T be closed and let X and Y be complete. Then
TeF_&Teg .

Proof: Combine Propositions I11.1.25 and II1.2.5. o



CHAPTER IV
STATE DIAGRAMS
IV.1 First State Diagram for Linear Operators

The first classification of T € L(X,Y) is as follows :

I:  R(T) is closed and b(T) <.
II: R(T) is not closed but B(T) < w .
m: BT)=o.

1:  AT)>0 and a(T) < w

2: AT) =0 but a(T) < w

3:  aT)=w.

The author now obtains the state diagram corresponding to this classification of

T e L(X,Y) .
IV.1.1 Proposition T €1, implies T  €1,.

Proof: We have a(T’) = b(T) < w by (I) of Theorem I11.1.20. Also, since Y(T)

>0, we have b(T’) = b(T") = a(T) < » by (II) of Theorem I11.1.20. Since HT) >0
we have o(T’) = 9(T) > 0 by Theorem I11.1.21.

IV.1.2 Proposition. Let Y be complete. Then T €I, implies T’ €1 and
T’ ¢ 1II.

78
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Proof: We have a(T’) = b(T) < » by (I) of Theorem I11.1.20. By Proposition
11124 4(T°) > 0. Hence R(T’) is closed by [G1, IV.1.6]. 5
IV.1.3 Proposition Let Y be complete. Then T € I3 implies T’ € III;.

Proof: We have a(T’) = b(T) < » by (I) of Theorem II1.1.20. Also, by (II) of
Theorem I11.1.20 B(T") > a(T) = w . Hence b(T’) = o . By Proposition I11.1.24
HT’)>0. : | D
IV.1.4 Proposition T ¢ II, implies T’ €1,.

Proof: We have a(T’) = b(T) < « by (I) of Theorem II1.1.20 and b(T’) = b(T’) =
a(T) < o by (II) of Theorem II1.1.20. By Theorem III.1.21 ¥(T") = o(T) > 0. o
IV.1.5 Proposition T € II; implies T ¢ 3.

Proof: We have a(T’) = b(T) < o by (I) of Theorem II1.1.20. D
IV.1.6 Proposition T € II; implies T' € III and T’ ¢ 3.

Proof: We have a(T’) = b(T) < o by (I) of Theorem II1.1.20. By (II) of Theorem
I11.1.20 B(T")> a(T) =w. Hence H(T')=w. 0

IV.1.7 Proposition T € IIl, implies T  €1;.
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Proof: We have a(T’) = b(T) = » by (I) of Theorem II1.1.20. By (IT) of Theorem
II1.1.20 B(T") = b(T’) = a(T) < w, i.e., R(T’) is closed. ‘ o

IV.L8 Proposition T € ITl, implies T’ € 3.
Proof: We have a(T’) = b(T) = o by (I) of Theorem III.1.20.
IV.1.9 Proposition T € IlI; implies T’ € II; .

Proof: ° By (I) of Theorem I11.1.20 a(T’) = b(T) = » and by (II) of Theorem IiI.1.20
b(T’)2a(T)=w. Hence B(T')=w. O

IV.1.10 Proposition T’ €I, implies T¢Il and T ¢ 3.

Proof: We have a(T’) = b(T) < o by (I) of Theorem II1.1.20. By (II) of Theorem
I1.1.20 a(T) < o . O

IV.1.11 Proposition T ¢1,.
Proof: This follows from [G1, IV.1.6]. o
IV.1.12 Proposition T’ € Iy implies T € Il U III, .

Proof: By (I) of Theorem II1.1.20 a(T’) = B(T) = » . By (II) of Theorem III.1.20
B(T") > a(T). Hence a(T) < w. 4 O
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IV.1.13 Proposition T ¢ 1.
Proof: See [G1, IV.1.6].
IV.1.14 Proposition Let Y be complete. Then T’ € 1I, implies T € II,.

Proof: By (I) of Theorem I11.1.20 a(T’) = B(T) < » and by (II) of Theorem II1.1.20
b(T") > a(T) . Hence a(T) <. By Proposition I11.1.24 R(T) is not closed. o

IV.1.15 Proposition T €1I; implies T € I1I,.

Proof: By (I) of Theorem I11.1.20 a(T’) = b(T) = o and by (II) of Theorem I11.1.20
B(T’) > a(T). Hence a(T) < w. o

IV.1.16 Proposition T’ € III; implies T ¢ III .
Proof: By (I) of Theorem I11.1.20 B(T) = a(T’) < w . o
IV.1.17 Proposition Let Y becomplete. Then T’ € Il implies T € II.

Proof: By (I) of Theorem II1.1.20 a(T’) = b(T) < w . By Proposition I11.1.24 R(T)

_is not closed. o
IV.1.18 Proposition T’ € III; implies T € IIL.

Proof: By (I) of Theorem I11.1.20 we have a(T’) =b(T) =w . 0
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IV.1.19 State Diagram for Linear Operators (First classification Iv.1)

"N Sl il v

Sl v Y m | lwdon
Il |y m W\

v I o\l iy oy
Y IL o\ Y\l \oo\onlvy oy

L\l e )

L 1, 151 I, 1y III; 11, IlI4
T =

Y: Cannot occur if Y is complete.

IV.2 First State Diagram for Closed Linear Operators

IV.2.1 Proposition Let X be complete with T closed. Then T € I, implies
T €2 and T' ¢1. |

Proof: By (I) of Theorem I11.1.20 a(T’) = B5(T) < w . Also by Theorem I11.1.23
AT’) = 0. Hence, by [G1,1V.1.6], R(T") is not closed

IV.2.2 Proposition Let T € C(X,Y) with X reflexive. Then T € I, implies
T € II, .

N
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Proof: If Te F, then (T")>0 and T ¢2. If T¢ F, then T e (Iz)e, where

(I2)e is the essential state (see 1V.12.2). Hence T’ ¢ Ill, for X reflexive. o

IV.2.3 Proposition Let T € C(X,Y) with X complete. Then T € II; implies
T ¢1,. |

Proof: By Proposition 111.1.18 we have that if X is complete and T is a closed

operator then (T) > 0 if and only if 4(T’) > 0 in which case R(T) is closed. But this
contradicts the fact that T € II . o

IV.2.4 Proposition Let T € C(X,Y) with X complete. Then T € II, implies
T¢I and T  €2.

Proof: By Theorem I11.1.23 (T’) = 1(T) = 0. Hence R(T’) is not closed. o

IV.2.5 Proposition Let T € C(X,Y) with X reflexive. Then T € II, implies
T ¢ 11, .

Proof: If Te F, then 9(T’) >0 and T’ ¢2. On the other hand, T ¢ F
implies T € (IIy)e and T’ ¢ III; for X reflexive. o
IV.2.6 Proposition Let X be complete and T closed. Then T € Il implies

T ¢ III, .

Proof: This follows from the essential state diagram. See (IV.12.2] | o
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IV.2.T Proposition Let X be complete and T closed. Then T € III, implies
T ¢1;. |

Proof: If (T)=0 then T" ¢ ¢ .

IV.2.8 Proposition If X is reflexive and T is closed then T € III, implies
T ¢ I;.

Proof: The proof is similar to that of Proposition IV.2.5.

IV.2.9° State Diagram for Closed Linear Operators (First classification IV.1)

A I
M S| Y | |\l
1L\ ¥ my| - X— \mulvoo\ vy

I X— \ZH| X-—<| X< ||\ %\
- L L 13 I I U3 1L I I
T- '

Y: Cannot occur if Y is complete.
X—c: Cannot occur if X is complete and T closed.

X—R—c:‘ Cannot occur if X is reflexiveand T closed.
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IV.3 Examples of States for First Two State Diagrams

In this section we give examples of states which can occur and thus show that the

blank squares appearing in the two diagrams V.1.19 and V.2.9 all eventuate.

Iva.1 X=Y=14¢ T bounded.
(1, I;): Let T be theidentity operator on X .

(Is, II):  Let T be defined by T((x)) = (x9)) - Then T €I3 and T’ €I, by
IV.1.19.

(I1, I1):  The same example as for (II, II) in 1.5.5, i.e. T((xy)) = (% /k) , using 3.1 of
([Cs},13).

(IT3, I1I5):  The operator T: (xk) - (xzk/ k) is compact and has dense range. Therefore
Telly and T € IIl; by 2.7 of ([C5],12) .

(Il1y, I3):  Define T by T((x})) = (0,%3,0,x3,...). Then T €IIl; and T’ ¢ I3 by
IV.1.19. )

(I, IT3): Let T be the adjoint of the operator in example (I3, I1I). Then T’ €1II,
by 2.7 of [C5, 12).

(I3, Il3): Let T be the zero operator.

IvV.3.2 X not complete Y=1¢ T bounded.

(I, IIIy):  Let {x,} be a Hamel base for £, andlet X be the linear space {; renormed
by IIEAaxall =3%|A,| . Define T astheidentity map from X onto {,. Then T¢1;
otherwise the incomplete space X would be isomorphic to Banach space Y. Thus T € I,

and T’ ¢ II1, .
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(I, I): See L5.7.
(IIz, III;):  Similar to the example for (II,, IIIy) in L.5.7.

(I3, IIT;):  Similar to the example for (I3, IT1;) in 1.5.7, using the operator (xk) - (x2k)
in place of the left shift operator. |

IvV.3.3 X complete but not reflexive Y = ¢, T compact on X .
(ITy, III;):  The same example in 1.5.8 for (II,, III,) serves.

(I3, IIT3): ~ Similar to example for (III,, III;) in L.5.8 but using the operator

(xn) =+ (0, x5, 0, X3, ...) (on &) in place of the right—shift operator.

V34 X complete but not reflexive Y not complete T compact on X .

(I, III):  The same example as for (I, III,) of 1.5.9.

IV.3.5 - X=1{ Y not complete T compact .

(I2, II3):  The same example as that given for (I3, II5) in Chapter I serves.

IvV.3.6 X=Y=c¢yg.

(I, I)): Let X=Y=co,T=A+1fee, where { is a discontinuous linear
functional and A the right shift operator, e; = (1,0,0,...) . Then A1 is continuous (=
left shift) and hence A € F, ,while N(T)=0. Now (T)=0 since otherwise T
would be a surjective isomorphism by the Closed Graph Theorem. Also T’ € ¢_, so
T'el,and T' = A’ +F isinjective. Since 4(T’) >0 (R(T") is closed), we have
T €.

The author was not able to find examples for states (I3, Iy) , (I, I3), (I, IILy),
(IIz, Il), and (HIa, 13) . '
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IV.4 Second State Diagram for Linear Operators
The second classification of T € L(X,Y) is as follows :

I R(T) is closed and b(T) < w.
II: R(T) is not closed but B(T) < o .
m: BT =w.

1: a(T) <o and R(T’) is closed (i.e. %(T')> 0)

2 3(T) <o but R(T’) is not closed (1(T’)=0)

3: a.(T) =m.

IV.4.1 Proposition T €I; implies T’ € I; UIII; .

Proof: By (I) of Theorem II1.1.20 a(T’) =b(T) <w. Also R(T”) isclosed. o

IV.4.2 Proposition T € I, implies T’ € I, U III, .

Proof: By (I) of Theorem I11.1.20 a(T’) = B(T) < w, and by [G1, IV.1.9] R(T")

is not closed. o
IV.4.3 Proposition Let Y be complete. Then T ¢1,.
Proof: By Proposition I11.1.24 we have that (T") > 0 whenever R(T) is closed.

[G1, 1V.1.6] implies that R(T’) is closed. But T € 2. Hence there is a contradiction and
the author concludes that T ¢ I,. o
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IV.4.4 Proposition T € I3 implies that T € III, U III, .

Proof: . From (I) of Theorem I11.1.20 a(T’) = b(T) < w . Also, from (II) of Theorem
I11.1.20 it follows that B(T’) > a(T) = o . Hence b(T') =w. O
IV.4.5 Proposition Let Y be complete. Then T €1I; implies T’ € III, .

Proof: By Proposition I11.1.24 4(T’) > 0. This means by [G1, IV.1.6] that R(T")
is closed. Hence R(T") is closed. )
IVA6 Proposition T eIl implies T € I,uIII,.

Proof: By (1) of Theorem I11.1.20 a(T’) = 5(T) < w. By [G1,1V.1.6] R(T") is
closed. o

IV.4.7 Proposition T € I, implies T’ € II, U III, .

Proof: By (I) of Theorem I11.1.20 a(T") = b(T) < w. Also R(T”) is not closed by
[G1, TV.1.9]. 0

IV.4.8 Proposition T € II; implies T’ € III, U III, .

Proof: By (I) of Theorem I11.1.20 a(T’) = b(T) < w . By (II) of Theorem III.1.20
B(T’) > a(T) =w . Hence b(T') =w. o

IV.4.9 Proposition C Telll implies T’ € I3 UIII;.




Proof: By (I) of Theorem III.1.20 a(T’) =b(T) = w .

IV.4.10 Proposition @ T € III, implies T’ € IT; U ITI; .

Proof: By (I) of Theorem INL.1.20 a(T’) = B(T) =w. Also R(T’) is not closed.

IV.4.11 Proposition T € III; implies T’ € IlI; .

Proof: By Theorem IIL1.20 a(T’)=5(T) = o and B(T") a(T) = w. Hence
BT ) =o.

IV.4.12 State Diagram for Linear Operators (Second classification IV.4) -

S5l o o oo o o

I wl Yy | v \mw o0
L, | i my |\l

1 I\l oo\ vy
v IL Y () oo o o
I 000\ o0 s | oo o ol oo oo
N R
L\l oo\ o o o o

T =

Y: Cannot occur if Y is complete.
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IV.5 Second State Diagram for Closed Linear Operators

IV.5.1 Proposition Let X be complete and T € C(X,Y). Then T’ €I, implies
Tely.

Proof: . Since R(T’) is closed, we have +(T’) >0 by [G1, IV.1.6]. Hence by
Theorem II1.1.18 (T) > 0 and R(T) is closed. ' ' O
IV.5.2 Proposition Let T € C(X,Y) with X complete. Then T’ € III, implies
Tel;.

Proof: Since 4(T") > 0 we have that 4(T) >0 and R(T) is closed by Theorem
I1.1.18. Also R(T’) is closed, and by Theorem I11.1.20 a(T) =n . o
IV.5.3 Proposition Let X bereflexiveand T € C(X,Y). Then T €I, implies

T ¢ 111,.

Proof: = If Te F, then AT°) >0 and T’ ¢2. On the other hand, T ¢ F,
implies T € (IIz)e and T’ ¢ III, for X reflexive. 8]
IV.5.4 Proposition Let X be reflexive and T € C(X,Y). Then T € IIl, implies
T’ ¢ 111, . |

Proof: If Te F, , then AT’)> 0,50 9(T)> 0 and then T’ ¢ III; by IV.2.9. If

T¢ F+ then it follows as in the previous proof that T’ ¢ 1115 . . o
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IV.5.5 Proposition Let T € C(X,Y) with X complete. Then T ¢ III; implies

T ¢ II.
Proof: Since (T) > 0 we have B(T") =b(T’) = a(T) <w so T’ ¢ III. o

V.5.6 State Diagram for Closed Linear Operators (Second classification IV.4)

sl To i x|
"ol v |y b il
L, | X<y X—c (| X— 9%\ 9%\

L I Iy I, I v 113 114 IH, Iils
T-
Y: Cannot occurif Y is complete.

N

N

N

N

X—c: Cannot occur if X is complete and T is closed.

X—-R—c: Cannot occurif X is reflexive and T is closed.
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IV.6 Examples of States for Second Two State Diagrams

Iv.6.1 X=Y=14{ T bounded.
(I,, I): Let T be theidentity operator on X .

(I, 1I,):  Let T be defined by T((x))) = (xq;) - Then T €I; and T’ €Il by 1.17
of ([C5}, 8).

(115, II;):  The same example as for (Il II,) in 1.5.5, i.e., T(‘(xk)) = (% /k) , using 2.7 of
([05]’ 12)'

(II3, III5):  The operator T: (xk) - (X /k) is compact and has dense range. Therefore
T € II3, and then T’ € III, by 2.7 of ([C5], 12).

(I}, I3):  Define T by T((x)) = (0, xi, 0, x5, ...). Then T’ €III; and T" €15 by
1.17 of ([C5], 8).

(I, II3):  Let T be the adjoint of the operator in example (II3, I1I;). Then T~ € II;
© by 2.7 of ([C5), 12). |

(I3, III3):  Let T be the zero operator.

IV.6.2 X =14 Y not complete T compact .
(I3, II;):  The same example as that given for (I3, IIy) in 1.5.7 serves.

(Is, II;):  Let T be defined by T((x,)) = (x9y /k) andlet Y = R(T) c . Then
T € I3, and since T’ is compact it is clear that T” ¢ 1. Hence T’ € III; by 1.7 of

(8}, 8).
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IV.6.3 X not complete Y ={, T bounded.
(IIy, Iy):  See example in 1.5.8.

(II3, IIy):  Similar to the example for (Il3, I11,) in 1.5.8 using the operator (%) - (%9

in place of the left—shift operator.

IV.6.4 X complete but not reflexive Y =+¢ T compacton X.
(I3, IIy):  The same example in 1.5.9 for (II,, III,) serves.

(I3, I1l3):  Similar to example for (I, I11;) in 1.5.9 but using the operator

(x,) = (0,x4,0, %y ...) (on &) in place of the right—shift operator.

The author notes that this classification results in a different configuration to that

of the Taylor—Halberg—Goldberg state diagram.

The author was not able to find examples for states (Iy, III;), (IIy, ITI;) and
(111, II1). |

IV.7 Classification based on T 4+ and F_-Operators

\

The classification for F_—operators is as follows :

I: TeF_ and b(T) < w.
II: TE¢F but H(T) < w.
I:  B(T)=o.
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1: TEF+.
2: TEF, but a(T) <w.
3: a,(T)=m.

The state diagram is based upon the following Propositions.
IV.7.1 Proposition T €I, implies T  €1;.

Proof: We have from Theorem I1.38 that T’ € ¢ . Hence, by definition of the
¢_—operators, it follows that b(T") = b(T’) < w. Thus we have T’ € F_ and

b(T) <w and T'€F . o

IV.7.2 Proposition T € I, implies T’ € III, .

Proof: We have that T’ € F+ but T ¢ F_. By Proposition I1.12 T’ € ¢+
and by Corollary II1.2.9 T ¢ ¢ . Hence b(T')=w. o

IV.7.3 Proposition T € I3 implies T' € 11, .

Proof: We have that T' ¢ F 4 and by (II) of Theorem II1.1.20
B(T’) > a(T) = o . Hence b(T') = w . | o

IV.7.4 Proposition T¢gll;.
Proof: We have that T € F_ but T’ ¢ F, . Hence T" € ¢_ but T’ ¢ ¢, -

This implies that a(T’) = w but by Theorem I11.1.20 a(T’) = B(T) < » . Hence we have
a contradiction. Thus T ¢ II, . _ : o



IV.7.5 Proposition T € I, implies T’ € 11, U I, .

Proof: ~ Since T¢F_ and T ¢ F+ it follows by definition that T’ ¢ F+ and
T’ ¢ F_. By (I) of Theorem I11.1.20 a(T’) =b(T) < w .

IV.7.6 Proposition T € II; implies T € III,. A

Proof: Since T¢F , T’ ¢F, but a(T’) =b(T) < w and b(T’) >
a(T) =w. Hence b(T') =w.

IV.7.7 Proposition T € III; implies T’ €1;.

Proof: Since T € F, , wehave T’ € F_. By (I) of Theorem III.1.20

a(T’) =b(T) =w. From Corollary I11.2.9 we conclude that R(T’) is closed and
b(T') <wm. v

IV.7.8 Proposition T € III, implies T' € II3 U III;.

Proof: Since T ¢ F, we have that T’ ¢ F_. By (I) of Theorem III.1.20
(T )=bT)=w.

IV.7.9 Proposition T € III; implies T € III;.

Proof: By (1) of Corollary IV.5.5 a(T’) = b(T) = » and by (II) of Theorem
11.1.20 B(T’) > a(T) =w . Hence b(T')=w.
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The author does not consider closed F_—operators as this does not yield any new

information.

IV.8 State Diagram based on F 4+ and F_—Operators
| (F_— classification IV.7) ' _

s ol vl o

Y Al oy ol
o i\l loon\ o

T I\l ol o o\ (o
SV IL I | |\ s
o T\ 00 o0 oo o\ oo\ o
L\ o\ o\ o\ o
Lo U\ 00\ 000 0 oo\ | o
I, O\ O\ | 00| 0| 0 | )

L, I, I3 1, II, II3 III; III, III3-
T

Iv.s.1 The author femarks that this diagram is stable under perturbation by

. everywhere defined finite rank operators, since the defining classes are so stable,

c.f. ([C8], 478). This remark can also be justified by theorems in the thesis e.g. Theorem
11.19. |
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IV.9 Completeness of the Diagram for F_—Operators
X=Y=4f T bounded.
(I, I)): Let T be the identity operator on X .

(I, III;):  Let T be defined by T((x})) = (x4, ) . Then T €Iy and T’ € Ill; by 1.17
of ([C5], 8).

(Il;, I3):  Define T by T((x,)) = (0, X1, 0,3, ...). Then T €Ill; and T € I3 by
1.17 of ([C5), 8).

(I, II):  The same example as for (II, II;) in 1.5.5 serves. ’

(II;, III):  The operator T: (x) - (x5, /k) is compact and has dense range. Therefore
T €113, and then T’ € III, by 2.7 of ([C5], 12).

(III,, II3): Let T be the adjoint of the operatbr in the previous example. Then T’ € I3
by 2.7 of ([C5], 12).

(III3, ITI3):  Let T be the zero operator.

X not complete Y=14{ T bounded.

(I, III):  The same example as for (I,, III;) in 1.5.8 serves.

X complete but not reflexive Y=4{ T compact on X
(II, ITI;):  The same example as for (II,, III,) in 1.5.9 serves.

(IIIy, III3):  Similar to example for (III,, III3) in 1.5.9 but using the operator
(x,) - (0, x4, 0, x3, ...) (on ¢;) in place of the right shift operator.
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IV.10 State Diagrams for T and T

In these sections the author investigate the states that are available for a linear
operator T and its second adjoint T under the following assumptions : first, ¥(T) > 0

and secondly, 4(T’) > 0.

These diagrams are of interest in Tauberian operator theory, where an operator
T € L(X,Y) is Tauberian if
” '-'1 ° = °
(T”) (QY) ¢ D(T)

”n

where Q = QB(T/)J_ , Y denotes the canonical embedding of Y in Y” and I.)(T)
denotes the completion of D(T) .

This definition is a generalisation‘of N. Kalton and A. Wilansky’s definition [KW]
for the classical case : (T")_I(Y) cX. |

The following lemma, which is to be found in Dunford and Schwartz ([DS], 479), is

of importance to the ensuing state diagrams :

IV.10.1 Lemma [DS] If T isin B(X,Y), the second adjoint T”: X” 2 Y” is an

extension of T. If X is reflexive, then T" =T .

Proof: [DS] Let x€¢ X, y' €Y . Then
(T"x)y’ =xT'y’ = (T'y )x =y Tx = (Tx)y" .



99

The author now constructs a state diagram for closed operators T and T” under
the assumption that (T) > 0. This implies by Theorem II1.1.21 that (T’) > 0 /and in
turn ¢(T”) > 0. Hence T’ and T” have closed ranges by [G1,1V.1.6]. Also T¢2,
T’ ¢2 and T” ¢ 2 since we are assuming +(T) > 0. State 2 belongs to Goldberg’s

classification as stated in 1.3.

Iv.11 State Diagrams based on Goldberg’s states ((T) > 0) :

I R(T) =Y

I:  R(T)#Y but R(Tj=Y

Im:  R(TJ+Y

1: T~ exists and is continuous.

2: T~ exists but is not continuous.

3: T has no inverse.

IvV.11.1 State diagram for T and T’ under the assumption 4(T) > 0. The states

considered are as above. See 1.3.14 and L.4.11 for Taylor—Halberg—Goldberg state

diagrams.
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W om\omlom oo\l |
Ll oo\ oo\ o oo oo o
UL\l oo\ \oo\o o)
1IL o\l oo\ o\ oo\ oo o
v IL I\ oo o\ o\ o\ o\ o
L\ o\ o\ o o
L\ oo\ ooy
L\ I\ o\ o\ o o\

I, v \i| ol o o
L I, I3 1, I II3 I} I, Il
s T_’
Proof: Since 7(T) > 0 we have that ¥(T") > 0 by Theorem II1.1.21. Nowif T

is 1-1 and 1{T) >0 then T has a bounded inverse since then d(x, N(T)) = ||x|| , and
NTx)| > c||x]l, ie. T¢2. Similarly, T  ¢2if (T’)>0. Also T’ has closed range
by [G1;1IV.1.6], since T’ is closed and Y' and D(T)" are complete. o



IvV.11.2

111,
1112
111,
11,
T I1,
11,
I3
12
I
Proof:
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State diagram for T and T” ((T) > 0). The states are as above.

L 1, I3 1, 1, I3 I I, IlI;
T =

Since »(T”) >0, T” ¢II, as T” is closed and D(T)” and D(T’')’" are

complete. Also, T, T" ¢2. o
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IvV.11.3 State diagram for T and T based on the above classification (also see

[G1, 58]. The author assumes (T) > 0.

il s lmonlvo o
s s\l oo
uL \mpimlmionlinlim| \lvolo
1 I i vl vl oo
v ol vl oo
I\l sl v e v o
L\ o) =< lmslmlo
R
n |\~ \mlo ol o

I I, I3 11, Il 1II3 III; III; III3
T~

111,

111

Proof: This diagram follows from IV.11.1 and IV.11.2.
IV.12  Essential State Diagram for T and T” based on the assumption (T") > 0.

The author constructs the state diagram in three steps. In each of these three

state diagrams the essential states are considered. The essential states are as follows:

I: R(T) is closed and b(T) < w
it R(T) is not closed but b(T) <
I: BT)=w.
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1: TEF+
2: T¢F+ but a(T) < w

3; a(T) =@.

- IV.121 . The Essential State Diagram for linear operators [C5; 1.17].

This diagram has the same configuration as the Taylor—Halberg—Goldberg
diagram 1.3.14.

- IV.122 The Essential State Diagram for closed linear operators [C5; 2.7].

This diagram has the same conﬁguratioh as the diagram for closed linear operators

1.4.11. -

- IV.12.3  Essential State Diagram for T and T’ under the assumption ¥(T") > 0.

" Ll ] < |
I, |\l % ZARSENSEY AV 3V
T I\ O\ N\
I, VRS U

L I, 13 I I, I3 1L I, 1l
o __ .
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Proof: Since ¥(T’)> 0, R(T") is closed. Hence T’ ¢II and T’ ¢2. Now °
suppose T is closed and X is complete. Then 7(T) >0 by Cbrollary 111.1.23. Hence

TeF, & a(T) <o [CL; 5.6] whence T ¢ 2. In particular T ¢ III, . o

- IV.124  Essential State Diagram for T and T” under the assumption (T’) > 0.

, 1, I3 1I, 1I, 1II3 III; III, IIl
T’ -

' Proof: Immediate from 1V.12.3. ) o
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IV.12.5  Essential State Diagram for T and T” (f(T")>0).

s oo\ \my: \oom\ony)| X
L Y oo oo oo\ \ oo oo\ oo\ oo
I, | X—c myl X-c | X<\ \ vl

' L I, . I3 1, _II, 1I3 UL I, IlI;
T =
Proof:  See diagrams IV.12.3 and IV.12.4. | o

IV.13  Completeness of the Diagrams for T and T”

IV.13.1 Completeness of State Diagram IV.11.3
X=Y=4{ T continuous on X

(I, I;): Let T be theidentity operator on X .
(I, I5): See (I III;) in L5.5.
(III,, II;): See (III;, I5) in I1.5.5.

(1L, III3): Let T be the zero operator.



106

X not complete Y =4, T continuouson X

(I3, Iy):  See example in 1.5.8.

(II3, I3):  See example in 1.5.8.

IvV.13.2 Completeness of Essential State Diagram 1V.12.5
X=Y=4{ T bounded
(I, Ij):  See corresponding example of [C5, 13].

(I3, I3):  See corresponding example of [C5, 13].
(IIIy, IILg):  See corresponding example of [C5, 13].

(113, III3):  See corresponding example of [C5, 13].

X not complete Y=1¢ T bounded

(iiiy, ITL5): Seé/correspOnding example in [C5, 14].

All the state diagrams in this chapter were constructed by the author and are

based on classifications suggested to the author by R.W. Cross.

For further information regarding state diagrams the reader is referred to the

survey monograph of V.M. Onieva [O].
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