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Abstract

The development and implementation of a finite strain thermo-viscoplasticity solver with

thermomechanical friction contact for numerical simulation of friction welding processes

are described. A finite strain associative coupled thermoplasticity model is used, which

is suited for the large deformations characteristic of friction welding processes, and which

resolves the viscoplastic deformations in the thermomechanically affected zone as well as

the elastic stresses in the parent material. To prevent the large deformations from caus-

ing large distortions and degrading the simulation accuracy, an arbitrary Lagrangian-

Eulerian (ALE) formulation for coupled finite strain thermoplasticity is developed and

incorporated into the solver, in which the motion of the reference configuration is rep-

resented incrementally in terms of a reference velocity field. Thus, the deformation

from the material configuration is required neither explicitly in terms of a deformation

field, nor implicitly in terms of the deformation gradient. The solver is implemented

using the deal.II library and programmed for distributed memory parallel computing

architectures, which reduces simulation run times and enables simulations with larger

meshes than would fit on a single computer. The interprocess communications required

in such a distributed memory parallel implementation of the ALE formulation and the

thermomechanical friction contact are described and implemented. The axisymmetric

solver implementation is validated with benchmark problems and used to simulate a

direct drive friction welding process.
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1 Introduction

Friction welding is a family of solid-state joining processes where friction is used to

generate the heat necessary for welding. Friction welds are formed in three stages. In

the first stage, mechanical friction at the contact surface between the workpieces and

the tool, if one is present, produces heat, raising the temperature around the interface.

In the second stage, the combined effect of the elevated temperature and compressive

and shear stresses plasticises the material in the vicinity of the friction region. In the

third stage, the frictional force is removed and a forging force is maintained so that the

plasticised material solidifies in the presence of compressive stress to form the weld.

The family of friction welding processes includes friction stir welding (FSW) [1], linear

friction welding (LFW)[2], and rotary friction welding (RFW) [3, 4]. In rotary friction

welding (Figure 1.1), under which processes such as friction stud welding and friction

hydro-pillar welding can be grouped, a rotationally symmetric workpiece is spun around

its axis and pressed against the second workpiece, which is kept stationary. This heats

and plasticises the material around the friction surface. To complete the weld, rotation

is stopped and a forging force is applied and maintained until the newly formed joint has

solidified. Linear friction welding (Figure 1.2) is a similar process, the difference being

that the relative motion is reciprocating instead of rotational. In friction stir welding,

the weld is formed by rotating and translating a non-consumable tool at the interface

between the workpieces being welded (Figure 1.3). At the beginning of the weld, the

profiled pin is inserted between the abutting work pieces, displacing some of the material
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1 Introduction

Figure 1.1: Rotary friction welding [5]

Figure 1.2: Linear friction welding [6]

around the weld interface, until the shoulder touches the outer surface of the work pieces

on the opposite side of the backing bar. As the tool rotates, the heat generated around

the weld interface from friction with the tool shoulder and viscoplastic dissipation in

the material around the pin causes the material to plasticise. The tool is then traversed

forward, and the weld is formed behind it as the plasticised and stirred material cools

down.

There is a wide interest in numerical simulation of friction welding processes. Numerical

simulation is a useful tool for reducing the high cost and time requirements of friction

welding process development for new applications. For instance, simulation can be used

as an engineering aid for selection of welding parameters such as rotational and traversal

3



1 Introduction

Figure 1.3: Friction stir welding [7]

speeds and forging forces. Simulation is also useful in the development of friction welding

machinery and tooling. Friction stir welding tool design, for instance, can benefit from

rapid iteration using numerical simulation. Furthermore, besides the practical interest in

simulation of the processes, there is also an interest in the insight that can be gained from

studying the complex material behaviour that characterises friction welding processes.

These processes involve tight coupling between thermal and mechanical effects such as

frictional and viscoplastic work heating and temperature dependent material properties.

Numerical simulation of friction stir welding has been subject to much research, of which

reviews were carried out by He, Gu and Ball [8] and by Neto and Neto [9]. Linear and

rotary friction welding have also been subject to some numerical simulation research,

albeit not as extensive as that on FSW. For instance, a finite element model of linear

friction welding of titanium blocks was presented by Vairis and Frost [10], a process

model of rotary friction welding of aluminium alloys using a finite difference method was

reported by Frigaard, Grong and Midling [11], and the Johnson-Cook thermo-viscoplastic

model was used to model rotary friction welding [5] and linear friction welding [6]. A

literature review of strategies for numerical simulation of linear friction welding was

4



1 Introduction

conducted by Buffa and Fratini [12].

An aspect of friction welding processes that is qualitatively understood but remains to be

addressed in the literature of numerical simulation of these processes is the interaction

between viscoplastic stresses and frictional forces in the thermomechanically affected

zone (TMAZ). One of the main advantages of friction welding processes is that they are

solid state processes, in which no significant melting occurs [13, 14]. While evidence of

melting was observed in some studies on welding of dissimilar materials [15, 16], it is

localised and transient. The generally accepted reason for the absence of melting is that

as the temperature increases, the resulting decrease in yield strength of material in the

TMAZ due to thermal softening decreases shear stresses and, as a result, frictional forces

across the weld interface. As a consequence, the rate of heat generation due to friction

is reduced, which causes the temperature to remain below the melting point. This effect

is highly nonlinear, and it plays an important role in the resulting weld quality.

The challenges in numerical simulation of the interaction between frictional contact

forces and viscoplastic stresses stem from the large deformations undergone by the ma-

terial in the TMAZ, and the large range of strain rate values. The physics of the

process is appropriately represented with a finite strain coupled thermoplasticity model,

with thermomechanical frictional contact. The extent of deformations in the TMAZ

would result in excessive mesh distortions during the numerical simulation, which ne-

cessitates frequent remeshing or adopting an arbitrary Lagrangian-Eulerian (ALE) for-

mulation [8, 12]. The two main formulations of ALE for finite strain plasticity in the

literature [17, 18] are not suited for addressing these challenges. The limitation resides

in two features shared by these formulations. First, they both rely on keeping track of

the deformation from the initial material configuration, either explicitly by representing

the initial material configuration as a variable, or implicitly by keeping track of the

deformation gradient. The extent of deformations in the TMAZ at the end of the weld

precludes keeping track of the initial material configuration. Second, both formulations

rely on a split step approach, which comprises a Lagrangian step where the deformed

5



1 Introduction

configuration is computed with a vanishing convective velocity, and an Eulerian step

where the mesh is updated keeping the deformation fixed. The large range of defor-

mation rate values within the weld makes it such that updating the deformation in a

Lagrangian step without excessive mesh distortion would require a very small time step,

which may increase the required simulation time to prohibitive durations.

The aim of this work is to develop and implement a numerical simulation of friction

welding, modelling the workpieces as deformable finite strain thermo-viscoplastic mate-

rials undergoing thermomechanical frictional contact. To address the challenges outlined

above, a novel arbitrary Lagrangian-Eulerian formulation for finite strain plasticity is

developed in which the motion is represented in terms of an intermediate reference config-

uration by a combination of the deformation and the reference velocity. The deformation

from the material configuration is required neither explicitly by representing the mate-

rial configuration field, nor implicitly by tracking the deformation gradient. Instead, the

material configuration is only referenced in terms of the reference velocity, so that exces-

sive deformation in the TMAZ does not cause numerical difficulties. Also, the stresses

are resolved by simultaneously updating the deformation and the reference velocity, so

that the number of time steps required to simulate the weld remains reasonably small,

preventing excessive computational expense. The finite strain plasticity and the finite

deformation thermomechanical frictional contact formulations are extended by including

the contribution of the reference velocity, and the resulting consistent tangent moduli are

computed in order to preserve the convergence order when a Newton-Raphson method

is used.

While the mathematical derivations of the arbitrary Lagrangian-Eulerian approach are

presented for general three-dimensional geometries, the implemented solver uses axisym-

metric elements to exploit the rotational symmetry in RFW processes. The reference

motion is therefore decomposed into an in-plane component and a circumferential com-

ponent. In this implementation, the in-plane component of the motion is described in

terms of both the reference velocity as well as the deformation from the reference config-

6



1 Introduction

uration, while the circumferential component of the motion is described entirely in terms

of the reference velocity. Thus, both in-plane and torsional effects are captured while the

reference and current configuration meshes remain entirely on the axisymmetry plane.

The developed model is implemented in C++ leveraging deal.II [19], and can run in

distributed memory parallel computing systems. deal.II is an object-oriented library

that enables rapid development of numerical simulation codes by providing classes that

compute element degrees of freedom and element shape functions, and that support link-

ing of local and global degrees of freedom, linear system assembly, and integration with

linear solvers [19]. As part of this work, the deal.II library was extended by incrementing

the highest available order of spatial derivatives of the element shape functions [20]. This

was necessary for representing the consistent tangent moduli of the tangential contact

contributions.

This thesis is composed of four parts. The first part, which comprises the present Chapter

and Chapter 2, is concerned with the literature of friction welding processes and related

theoretical, experimental, and computational research. The second part deals with the

mathematical model of the process. It is composed of Chapter 3 on the kinematics of

large deformations, finite strains and multi-body frictional contact, Chapter 4 on the

constitutive models of coupled thermomechanical finite strain plastic deformation and

frictional contact, and Chapter 5 on the balance equations and weak formulations. The

third part concerns the formulation, implementation and solution of the resulting finite

element model. It consists of Chapter 6 and Chapter 7. The fourth part is on the results

of the developed model. Chapter 8 presents simulations of benchmark problems and

Chapter 9 presents simulations of a friction welding process. Chapter 10 concludes the

thesis and discusses the findings.

7



2 Literature Review

2.1 Friction Welding Processes

Though friction welding processes have been used for several decades [1–4, 21], they

remain an active area of research, of which several literature reviews have been pub-

lished [13, 14, 22–27].

Much of the literature has focused on application of friction welding to weld a variety

of materials [28–41], and on characterisation of metallurgical and mechanical properties

of the welds [42–50].

Thermodynamic behaviour of the material plays a central role during friction welding,

and has been subject to much research [51–56]. Some authors have developed analytical

models of the temperature field during friction welding [57, 58]. Others have developed

numerical models of temperature evolution during friction welding, with the heat source

power obtained experimentally [59], or approximated from material and process param-

eters [60, 61]. Balasubramanian, Li, Stotler et al. [62] combined these approaches by

estimating the friction coefficient from experimentally measured temperature profiles.

Thermomechanical deformation and material flow in friction welding have also been the

subject of several analytical and experimental studies [63–65]. However, as detailed in

the following section, much of the research on thermomechanical material response in

friction welding has been by means of numerical simulation.

8



2 Literature Review

Friction is central to friction welding processes, and several researchers have studied

friction models [66–69]. Wang, Li, Xiong et al. [70] experimentally studied the transition

from sliding friction to viscoplastic deformation at the interface in RFW.

2.2 Numerical Simulation of Friction Welding

He, Gu and Ball [8] reviewed the literature of numerical simulation of FSW, and Buffa

and Fratini reviewed the literature of numerical simulation of LFW [12]. The review by

Maalekian [22] includes a section on the literature of numerical simulation of LFW and

RFW.

Many of the early numerical models of RFW were based on CFD models. Moal and

Massoni [71] developed a coupled thermomechanical model of inertial friction welding

(IFW), where the material was modelled by an incompressible temperature-dependent

viscoplastic Norton–Hoff law. Bendzsak, North and Li [72] developed a numerical model

for the steady-state flow in friction welding by using the Navier-Stokes equations with

a non-Newtonian viscosity governed by the shear stress, the pressure, and the tempera-

ture. D’Alvise, Massoni and Walløe [73] developed a numerical model to simulate IFW

of dissimilar materials, which consisted of a viscous flow model coupled with friction

contact and thermal models. A 3D rigid viscoplastic simulation of direct drive friction

welding was carried out by Zhang, Zhang, Liu et al. [74]. Schmicker, Naumenko and

Strackeljan [75] developed a numerical simulation of direct drive friction welding using

a modified Carreau fluid constitutive model.

Fu, Duan and Du [76] performed a finite element simulation of inertia friction welding

of a 36CrNiMo4 steel tube using the DEFORM software. Xu, Jing, Han et al. [77]

performed numerical simulation of FHPP on Abaqus, in which they studied the influence

of the geometry of the hole and stud on the resulting weld. They used a finite strain

elasto–viscoplastic material model in which the temperature- and strain rate-dependent

9



2 Literature Review

properties were interpolated from experimentally determined values. Landell, Kanan,

Luis Fernando et al. [78] also performed numerical simulation of FHPP using Abaqus,

in which they placed tracer particles near the contact interface to resolve material flow

in the radial and axial directions.

2.3 Numerical Simulation of Thermo-viscoplasticity

Coupled thermoplasticity is an important subject of numerical simulation, and has been

subject to much research [79–81]. Simo and Miehe [82] formulated a model for numerical

simulation of coupled thermoplasticity at finite strains that has been extensively used

in simulation of metal forming [83–96]. They introduced the plastic entropy as an

independent internal variable which represents the plastic configurational entropy that

arises from dislocation and defect movement, and they employed an operator split to

construct a product formula algorithm such that the model can be solved in a split-step

procedure. Further development of the model was subsequently carried out in several

works [97, 98].

2.4 Numerical Simulation of Thermomechanical Contact

Thermomechanical frictional contact plays a central role in friction welding processes,

and without taking it into account, a numerical simulation of material flow in these

processes would be incomplete. Several researchers have studied numerical simulation

of frictional contact. Formulations for finite-element solution of large deformation fric-

tional contact were presented by Wriggers, Vu Van and Stein [99] and by Laursen and

Simo [100]. For improved numerical properties of the discretised systems, Simo and

Laursen introduced an augmented Lagrangian treatment of the formulation [101], and

10



2 Literature Review

used it for algorithmically symmetrizing the resulting linear systems [102]. These for-

mulations have been used for coupled finite element simulation of thermomechanical

frictional contact [103, 104].

2.5 Arbitrary Lagrangian-Eulerian Methods

Arbitrary-Lagrangian-Eulerian (ALE) formulations are based on representing motion

in terms of a reference configuration whose motion may be arbitrarily prescribed [105].

Since they appeared several decades ago for modelling fluid dynamics and fluid-structure

interaction [106, 107], ALE methods have been the subject of much research [108–116].

The use of ALE methods for solid mechanics applications has also been of much inter-

est [117–119]. In particular, ALE formulations for finite strain elastoplasticity have been

presented. Rodriguez-Ferran, Perez-Foguet and Huerta [17] developed an ALE method

for finite strain plasticity. Armero and Love [18] presented a method that tracks, in

terms of the reference configuration, both the deformed configuration as well as the

material configuration. Both these approaches [17, 18] are performed in a split-step pro-

cedure: a fully Lagrangian step where the convective velocity is set to zero, followed by

an advection step where fields are remapped according to an incremental mesh motion.

There does not appear to be in the literature an ALE formulation for finite strain ther-

moplasticity where the deformation is updated in the presence of a nonzero convective

velocity, or without computing the deformation gradient from the initial material con-

figuration being required.
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3 Kinematics

This Chapter describes the kinematics of deformation and multibody frictional contact

between multiple bodies undergoing finite strains. Section 3.1 describes the configu-

rations of a deformable body and the representation of scalar, vector, and tensor fields

defined on one. In Section 3.2, the strain measures of finite strain plasticity are described.

Section 3.3 details the kinematics of multibody frictional contact.

3.1 Configurations and Fields of a Deformable Body

The approach taken is to consider two deformable bodies involved in a friction welding

process and assign one as the contactor and the other as the target. We identify them

throughout by superscripts con and tar, respectively. They are denoted in the material

configuration by ΩB0 ⊂ R3, B ∈ {con, tar}. Physical properties of these bodies are

modelled as functions of space and time. In particular, the motion at any time t is given

for X0 ∈ ΩB0 as a continuous function x = ϕ0 (X0, t) that is invertible with respect to

the first parameter. It maps the material configuration ΩB0 to the deformed configuration

Ω̃B := {x = ϕ0(X0, t)|X0 ∈ ΩB0 }. The latter is also referred to as the current (spatial)

configuration. Invertibility of the motion means that the function ϕ−1
0 exists such that

X0 = ϕ−1
0 (ϕ0 (X0, t) , t) and x = ϕ0

(
ϕ−1

0 (x, t) , t
)

at any time t and for any X0 ∈ ΩB0

and any x ∈ Ω̃B. Consequently, a scalar or tensor field q := q0(X0, t) can also be given

13
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F c
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Figure 3.1: Configurations of contacting bodies

as a function of the deformed configuration as q = q̃(x, t) = q0(ϕ−1
0 (x, t), t). The spatial

and material gradients of a scalar field q are denoted, respectively, by

∇q := grad q :=
∂q̃

∂x
, (3.1.1)

and

Grad0 q :=
∂q0

∂X0

. (3.1.2)

The first and second partial time derivatives of the motion at a fixed material point are,

respectively, the material velocity

v := ẋ :=
∂

∂t
ϕ0(X0, t) , (3.1.3)

and the acceleration

a := ẍ :=
∂2

∂t2
ϕ0(X0, t) . (3.1.4)
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In general, we adopt the notations

q̇ :=
Dq

Dt
:=

∂q0

∂t
, (3.1.5)

to denote the material time derivative for a scalar field q. It is given in the current

configuration by

˙̃q(x, t) =
∂

∂t
q̃(x, t) +

∂

∂x
q̃(x, t) · ∂

∂t
ϕ0(X0, t)

∣∣∣∣
X0=ϕ−1

0 (x,t)

=

(
∂q̃

∂t
+

(
∂q̃

∂x

)
· v
)∣∣∣∣

(x,t)

. (3.1.6)

Similarly, for a tensor field q, the total time derivative is given in the current configura-

tion by

˙̃q(x, t) =

(
∂q̃

∂t
+

(
∂q̃

∂x

)
v

)∣∣∣∣
(x,t)

. (3.1.7)

The local deformation state from the material configuration is described by the defor-

mation gradient

F =
∂ϕ0

∂X0

. (3.1.8)

Continuity and material impenetrability conditions require throughout the motion that

the Jacobian determinant J of the deformation gradient be strictly positive: that is,

J := det (F ) > 0 . (3.1.9)

The classical descriptions of motion correspond to representing fields by functions given

in either the material configuration or the current configuration. The Lagrangian de-

scription of motion corresponds to representing fields as functions in the material con-

figuration. This description is suitable for solid mechanics problems for which there is

a readily identifiable material (undeformed) configuration. It has the advantages of the

simple form of the material time derivative, and that all variables are functions of the
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initial position and time. In the Eulerian description of motion, fields are represented

as functions of the current configuration. This description is appropriate for fluid me-

chanics problems where the domain remains fixed in time, and stress and pressure are

functions of the velocity and velocity gradients; total deformations are not needed.

For some classes of problems, such as fluid-structure interaction and metal forming

processes involving severe deformations, difficulties arise with both the Eulerian and

Lagrangian descriptions of motion. These classes of problems have two difficulties in

common. First, the deformation is so severe that keeping track of the initial material

configuration is impractical. Second, they involve moving boundaries, such that the

motion cannot be represented as a function of position in the deformed configuration.

The arbitrary Lagrangian-Eulerian (ALE) description is a tradeoff that enables both rep-

resenting a domain with moving boundaries as well as limiting distortions in the resulting

discretisation grids. Fields are given as functions of position in an arbitrary reference

configuration ΩB given by the reference motion Υ0 : ΩB0 ×R+ → R3, which is continuous

and invertible with respect to the first parameter, as ΩB := {X = Υ0(X0, t)|X0 ∈ ΩB0 }.

The motion is given in the reference configuration by x = ϕ(X, t) := ϕ0(Υ−1
0 (X, t), t).

Similarly, any scalar or tensor field q = q0(X0, t) is given in the reference configuration

by q = q(X, t) = q0(Υ−1
0 (X, t), t). The gradient of a scalar field q and the gradient and

divergence of a tensor field q in the reference configuration are denoted, respectively, by

Grad q :=
∂

∂X
q(X, t) , (3.1.10)

Grad q :=
∂

∂X
q(X, t) , (3.1.11)

Div q := (Grad q) : 1. (3.1.12)

In particular, the gradient of the motion ϕ in the reference configuration is denoted by

F c :=
∂

∂X
ϕ(X, t) = Grad ϕ , (3.1.13)
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where the subscript c refers to the current configuration.

It is related to the deformation gradient (3.1.8), through the chain rule, by

F =

(
∂ϕ

∂X

)(
∂Υ0

∂X0

)
= F c Grad0 Υ0 , (3.1.14)

so that by defining the reference motion gradient

F r := Grad0 Υ0 , (3.1.15)

the deformation gradient can be decomposed as

F = F cF r . (3.1.16)

Thus, by defining the reference motion Jacobian as

Jr = detF r , (3.1.17)

The determinant of the deformation gradient is

J = Jr detF c . (3.1.18)

Gradients in the reference and current configurations are related, through the chain rule,

by
∂ •̃
∂x

=
∂ •
∂X

(
∂x

∂X

)−1

, (3.1.19)

that is

∇• = (Grad •)F−1
c . (3.1.20)

The material time derivative of the reference motion is the reference velocity

V :=
∂

∂t
Υ0(X0, t). (3.1.21)
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It gives the material time derivative in the reference configuration of a scalar field

q(X, t) = q0(X0, t) in a form analogous to that in the current configuration in (3.1.6)

as

q̇(X, t) :=
∂

∂t
q0(X0, t)

∣∣∣∣
X0=Υ−1

0 (X,t)

=

(
∂q

∂t
+ (Grad q) · V

)∣∣∣∣
(X,t)

. (3.1.22)

Similarly, for a tensor field q, the total time derivative in the reference configuration is

q̇(X, t) =

(
∂q

∂t
+ (Grad q)V

)∣∣∣∣
(X,t)

. (3.1.23)

The velocity is then given in the reference configuration by

v =
∂ϕ

∂t
+ (Grad ϕ)V

=
∂ϕ

∂t
+ F cV . (3.1.24)

The acceleration a, which is the material time derivative of the velocity v, is given from

equations (3.1.22) and (3.1.24) by

ai =
∂

∂t

(
∂ϕi
∂t

+ ϕi,jVj

)
+

∂

∂Xj

(
∂ϕi
∂t

+ ϕi,kVk

)
Vj

=
∂2ϕi
∂t2

+
∂ϕi,j
∂t

Vj + ϕi,j
∂Vj
∂t

+

(
∂

∂Xj

∂ϕi
∂t

)
Vj + ϕi,jkVjVk + ϕi,jVj,kVk

=
∂2ϕi
∂t2

+ 2
∂ϕi,j
∂t

Vj + ϕi,j

(
∂Vj
∂t

+ Vj,kVk

)
+ ϕi,jkVjVk . (3.1.25)

In coordinate-free form,

a =
∂2ϕ

∂t2
+ 2

(
∂F c

∂t

)
V + F c

(
∂V

∂t
+ (Grad V )V

)
+ ((Grad F c)V )V , (3.1.26)

where ∂F c

∂t
= ∂

∂t
Grad ϕ.

Equation (3.1.22) also relates the spatial and temporal derivatives of the material con-

figuration by noting that

DX0

Dt
=
∂Υ−1

0

∂t
+

(
∂Υ−1

0

∂X

)
V

= 0 , (3.1.27)
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which gives

∂Υ−1
0

∂t
= −F−1

r V . (3.1.28)

Notations of fields in the three configurations are summarised in Table 3.1.

The gradient in the reference configuration of the reference velocity is an important

variable which we denote by

L := Grad V , (3.1.29)

and whose symmetric and skew symmetric parts we denote by

D =
1

2

(
L+Lt

)
, (3.1.30)

W =
1

2

(
L−Lt

)
. (3.1.31)

It can be obtained in terms of F r as

Lij =
∂Vi
∂Xj

=
∂V0i

∂X0k

(
∂Υ0j

∂X0k

)−1

=

[
∂

∂X0k

(
∂Υ0i

∂t

)](
∂Υ0j

∂X0k

)−1

=

[
∂

∂t

(
∂Υ0i

∂X0k

)](
∂Υ0j

∂X0k

)−1

, (3.1.32)

which, in coordinate-free form, reads

L =

[
∂

∂t

(
∂Υ0

∂X0

)](
∂Υ0

∂X0

)−1

= Ḟ rF
−1
r . (3.1.33)
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3.1.1 Exponential and Logarithm of a Symmetric Tensor

Let s be a symmetric tensor that has the spectral decomposition s =
∑
λiqi⊗qi, where

λi are the real eigenvalues and qi are the corresponding orthonormal eigenvectors, i.e.

qi · qj = δij, where δij is the Kronecker delta

δij =

1 if i = j

0 otherwise .

(3.1.34)

Then the exponential of s is given by

exp s =
∑

(expλi) qi ⊗ qi . (3.1.35)

Similarly, if s is positive definite so that its eigenvalues are strictly positive λi > 0, then

the logarithm of s is

log s =
∑

(log λi) qi ⊗ qi . (3.1.36)

The trace and the determinant of a tensor are both rotation invariant measures. As

a result, the trace of a symmetric tensor equals the sum of its eigenvalues, and the

determinant of a symmetric tensor equals the product of its eigenvalues

tr s =
∑

λi , (3.1.37)

det s =
∏

λi . (3.1.38)

This relates the determinant of a tensor to the trace of its log.

tr (log s) = log (det s) . (3.1.39)

In particular, if a tensor has a unit determinant, then its logarithm is a deviatoric tensor.

Similarly,

det (exp s) = exp (tr s) , (3.1.40)

so that, in particular, the exponential of a deviatoric tensor has a unit determinant.
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3.2 Strain Measures

The right and left Cauchy-green deformation tensors are defined respectively by

C = F tF , (3.2.1)

and

b = FF t . (3.2.2)

The velocity gradient is given by

l =
∂v

∂x
= Ḟ F−1 . (3.2.3)

This can be decomposed into its symmetric and antisymmetric parts, namely, the rate

of deformation tensor

d =
1

2

(
l + lt

)
, (3.2.4)

and the spin tensor

w =
1

2

(
l− lt

)
. (3.2.5)

The finite strain plasticity model is based on a multiplicative decomposition of the

deformation gradient into an elastic part F e and a plastic part F p, that is,

F = F eF p . (3.2.6)

We define the elastic left Cauchy-Green deformation tensor

be = F eF et , (3.2.7)

and the plastic right Cauchy-Green deformation tensor

Cp = F pt

F p , (3.2.8)

and its inverse

Gp = (Cp)−1 . (3.2.9)
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These tensors are related by

be = FGpF t . (3.2.10)

The plastic strain is assumed volume preserving, so that

det(F p) = 1 , (3.2.11)

and, as a consequence, the deformation Jacobian is given by the determinant of the

elastic part of the deformation gradient

J = detF = detF e . (3.2.12)

This gives the volume-preserving part of be as

b̄
e

= J
− 2/3 be , (3.2.13)

such that

be = J
2/3b̄

e
, (3.2.14)

det b̄
e

= 1 . (3.2.15)

The volume-preserving part of the left Cauchy-Green elastic tensor b̄
e

is symmetric

positive definite, so that its logarithm log b̄
e

is always well-defined by (3.1.36), and is

deviatoric since by (3.2.15) and (3.1.39)

tr
(
log b̄

e)
= 0 . (3.2.16)

From (3.2.10), the total time derivative of be is given in terms of its Lie derivative, which

is defined as

Lvb
e := FĠ

p
F t , (3.2.17)

by

ḃ
e

= ḞGpF t + FGpḞ t + FĠpF t

= lbe + belt + Lvb
e. (3.2.18)
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Figure 3.2: Contact target surface configurations

3.3 Multibody Frictional Contact

Frictional contact occurs between two deformable bodies given in the reference config-

uration by Ωcon and Ωtar ⊂ R3. The subset of the boundary of each body that may

potentially come into contact with the other is denoted, in the reference configuration,

by ΓBc ⊆ ∂ΩB, B ∈ {con, tar}. It is expedient to designate one of the bodies as the

contactor and the other as the target, and in the following, without loss of generality,

these roles are respectively assigned to Ωcon and Ωtar.

To avoid ambiguity, functions on the contact surfaces are distinguished by superscripts

for the contactor and the target surfaces. In particular, the motion of the contactor

surface is given by ϕcon := ϕ|Γcon
c

, and that of the target surface by ϕtar := ϕ|Γtar
c

.

For each contactor point X ∈ Γcon
c , a corresponding target point Y = η(X, t) ∈ Γtar

c is

considered such that the distance in the current configuration is minimised between the
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two points x = ϕ(X, t) and y = ϕ(Y , t). This means that∥∥ϕcon(X, t)−ϕtar(η(X, t), t)
∥∥ ≤ ∥∥ϕcon(X, t)−ϕtar(Y ′, t)

∥∥ for any Y ′ ∈ Γtar
c .

(3.3.1)

The contact geometry is represented in Figure 3.2.

The position y = ϕtar (η (X, t) , t) of the target point in the current configuration is not

only dependent on the deformation ϕtar, but also on the position of the target point

in the reference configuration Y = η(X, t). Thus, its partial time derivative, with the

contactor position in the reference configuration X fixed, is given through the chain rule

by

∂

∂t
ϕtar
i (η(X, t), t) =

∂

∂t
ϕtar
i (Y , t)

∣∣∣∣
Y =η(X,t)

+

[
∂

∂Yj
ϕtar
i (Y , t)

∣∣∣∣
Y =η(X,t)

]
∂

∂t
ηj(X, t) .

(3.3.2)

This is needed for computing the slip velocity, which will be described in Subsection 3.3.3.

As shown in Figure 3.2, the target surface in the reference configuration Γtar
c ⊂ R3

is parameterised by a region Γ̂tar ⊂ R2 through a continuous bijective mapping η̂ :

Γ̂tar → Γtar
c such that Y = η̂(Ŷ ). Here, Ŷ = Ŷ (X, t) ∈ Γ̂tar is given by Ŷ (X, t) =

η̂−1 (η(X, t)). Then, by condition (3.3.1), for any Ŷ
′
∈ Γ̂tar,

1

2

∥∥∥ϕcon(X, t)−ϕtar
(
η̂
(
Ŷ (X, t)

)
, t
)∥∥∥2

≤ 1

2

∥∥∥ϕcon(X, t)−ϕtar
(
η̂
(
Ŷ
′)
, t
)∥∥∥2

.

(3.3.3)

This requires that

∂

∂Ŷ

∣∣∣∣
Ŷ =Ŷ (X,t)

(
1

2

∥∥∥ϕcon(X, t)−ϕtar
(
η̂
(
Ŷ
)
, t
)∥∥∥2
)

= 0 , (3.3.4)

which, by the chain rule, gives

[
ϕcon(X, t)−ϕtar (η(X, t), t)

]
·

{[
∂

∂Y

∣∣∣∣
Y =η(X,t)

ϕtar(Y , t)

]
∂η̂

∂Ŷ

∣∣∣∣
Ŷ =Ŷ (X,t)

}
= 0 .

(3.3.5)
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For convenience, we define the tensors

Ξ = Ξ(Ŷ ) :=
∂η̂

∂Ŷ
, (3.3.6)

G = G(Y , t) :=

[
∂

∂Y
ϕtar(Y , t)

]
∂η̂

∂Ŷ

∣∣∣∣
Ŷ =η̂−1(Y )

=

[
∂

∂Y
ϕtar(Y , t)

]
Ξ
(
η̂−1(Y )

)
. (3.3.7)

In array form,

ξi :=
∂η̂

∂Ŷi
∈ R3 , (3.3.8)

gi :=
∂

∂Ŷi

(
ϕtar ◦ η̂

)
=
(
Gradϕtar

)
ξi ∈ R3 , (3.3.9)

Ξ =


| |

ξ1 ξ2

| |

 ∈ R3×2 , (3.3.10)

G =


| |

g1 g2

| |

 ∈ R3×2 . (3.3.11)

Thus, equation (3.3.5) becomes

[
ϕcon(X, t)−ϕtar (η(X, t), t)

]
·G (η(X, t), t) = 0 . (3.3.12)

For a fixed contactor point X ∈ Γcon
c and the corresponding target point Y = η(X, t),

the partial time derivative of η can be obtained by differentiation of Y = η (X, t) =

η̂
(
Ŷ (X, t)

)
using the chain rule to get

∂

∂t
η(X, t) =

(
∂

∂Ŷ
η̂(Ŷ )

∣∣∣∣
Ŷ =Ŷ (X,t)

)
∂

∂t
Ŷ (X, t)

= Ξ
(
Ŷ (X, t)

) ∂

∂t
Ŷ (X, t) . (3.3.13)
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Thus, equation (3.3.2) becomes

∂

∂t
ϕtar
i (η(X, t), t) =

∂

∂t
ϕtar
i (Y , t)

∣∣∣∣
Y =η(X,t)

+

[
∂

∂Yj
ϕtar
i (Y , t)

∣∣∣∣
Y =η(X,t)

]
Ξjk

(
Ŷ (X, t)

) ∂

∂t
Ŷk(X, t)

=
∂

∂t
ϕtar
i (Y , t)

∣∣∣∣
Y =η(X,t)

+Gik (η(X, t), t)
∂

∂t
Ŷk(X, t) . (3.3.14)

In turn, the partial time derivative of Ŷ (X, t) is obtained as follows. First, the partial

time derivative of G(η(X, t), t) for a fixed contactor point X ∈ Γcon
c and a target point

Y = η(X, t) ∈ Γtar
c is given, using the chain rule, by

∂

∂t
Gij (η(X, t), t) =

∂

∂t

[
ϕi,k (η(X, t), t) Ξkj

(
Ŷ (X, t)

)]
=

(
∂

∂t
[ϕi,k (Y , t)]

∣∣∣∣
Y =η(X,t)

)
Ξkj

(
Ŷ (X, t)

)
+

(
∂

∂Ŷl

[
ϕi,k

(
η̂(Ŷ ), t

)
Ξkj

(
Ŷ
)]∣∣∣∣

Ŷ =Ŷ (X,t)

)
∂

∂t
Ŷl (X, t)

=

(
∂

∂t
[ϕi,k (Y , t)]

∣∣∣∣
Y =η(X,t)

)
Ξkj

(
Ŷ (X, t)

)
+

(
∂

∂Ŷl

[
Gij

(
η̂(Ŷ ), t

)]∣∣∣∣
Ŷ =Ŷ (X,t)

)
∂

∂t
Ŷl (X, t) , (3.3.15)

where

∂

∂Ŷl
Gij

(
η̂(Ŷ ), t

)
=ϕi,km

(
η̂(Ŷ ), t

)
Ξml

(
Ŷ
)

Ξkj

(
Ŷ
)

+ ϕi,k

(
η̂(Ŷ ), t

)
η̂k,jl

(
Ŷ
)
. (3.3.16)

Next, differentiating both sides of (3.3.12) making use of (3.3.15) gives{
∂

∂t
ϕcon
i (X, t)−

[
∂

∂t
ϕtar
i (Y , t)

]
Y =η(X,t)

−Gik (η(X, t), t)
∂

∂t
Ŷk(X, t)

}
Gij(η(X, t), t)

+
[
ϕcon
i (X, t)− ϕtar

i (η(X, t), t)
] [( ∂

∂t

[
ϕtar
i,k (Y , t)

]∣∣∣∣
Y =η(X,t)

)
Ξkj

(
Ŷ (X, t)

)
+

(
∂

∂Ŷk

[
Gij

(
η̂(Ŷ ), t

)]∣∣∣∣
Ŷ =Ŷ (X,t)

)
∂

∂t
Ŷk (X, t)

]
= 0j , (3.3.17)
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so that
∂

∂t
Ŷk (X, t) = [Ajk (X, t)]−1 Vj (X, t) , (3.3.18)

where

Ajk (X, t) = Gij(η(X, t), t) Gik(η(X, t), t)

−
[
ϕcon
i (X, t)− ϕtar

i (η(X, t), t)
] ∂

∂Ŷk

[
Gij

(
η̂(Ŷ ), t

)]∣∣∣∣
Ŷ =Ŷ (X,t)

,

(3.3.19)

and

Vj (X, t) =
[
ϕcon
i (X, t)− ϕtar

i (η(X, t), t)
]( ∂

∂t

[
ϕtar
i,k (Y , t)

]∣∣∣∣
Y =η(X,t)

)
Ξkj

(
Ŷ (X, t)

)
+

[
∂

∂t
ϕcon
i (X, t)− ∂

∂t
ϕtar
i (Y , t)

∣∣∣∣
Y =η(X,t)

]
Gij(η(X, t), t) . (3.3.20)

Here, the gradient ∂

∂Ŷk
Gij

(
η̂(Ŷ ), t

)
given by (3.3.16) involves the second spatial deriva-

tive of the motion. As a result, the third spatial derivative enters into linearisation of

the discretised system.

3.3.1 Normal and Tangential Components of Vectors

For a given point Y ∈ Γtar
c in the reference configuration and a given time t, any vector

w ∈ R3 can be decomposed into two components: a component wn which is orthogonal

to the target surface in the current configuration Γ̃tar
c at y = ϕtar(Y , t), and another

component wt which is tangent to Γ̃tar
c at y, so that

wn +wt = w , (3.3.21)

(n⊗ n)w = wn , (3.3.22)

n ·wt = 0 . (3.3.23)

The vectors gi = gi(Y , t) defined in (3.3.9) form a basis for the plane of vectors tangent

to Γ̃tar
c at y, so that the tangential component wt is given by some Ŵ =

[
Ŵ1 Ŵ2

]T

∈
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n

wt

wn

w

yΓ̃tar
c

Figure 3.3: Normal and tangential components of a vector

R2 as wt = giŴi. or, in array form,
|

wt

|

 =


| |

g1 g2

| |


Ŵ1

Ŵ2

 , (3.3.24)

that is

wt = GŴ . (3.3.25)

Furthermore, the vectors gi are both orthogonal to the normal n, so that gi ·n = 0. In

array form,

— g1 —

— g2 —



|

n

|

 =

0

0

 , (3.3.26)

that is

Gtn = 0 . (3.3.27)
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Thus, pre-multiplying both sides of (3.3.21) by Gt gives

Gtw = Gt (wn +wt)

= (n ·w)Gtn+Gtwt

= Gtwt

= GtGŴ . (3.3.28)

Since the vectors gi are linearly independent, the tensor
(
GtG

)
ij

= gi · gj is invertible,

so that pre-multiplying both sides of (3.3.28) by
(
GtG

)−1
gives

Ŵ =
(
GtG

)−1
Gtw , (3.3.29)

which, by (3.3.25), gives

wt = G
(
GtG

)−1
Gtw . (3.3.30)

The rank deficient tensors G
(
GtG

)−1
Gt and n⊗n represent projections, respectively,

onto the plane tangent to Γ̃tar
c at y, and the line along the unit normal n of Γ̃tar

c at y.

Thus, since the two subspaces are orthogonal complements in R3,

n⊗ n+G
(
GtG

)−1
Gt = 1 , (3.3.31)

(n⊗ n)
(
G
(
GtG

)−1
Gt
)

=
(
G
(
GtG

)−1
Gt
)

(n⊗ n) = 0 . (3.3.32)

3.3.2 Normal Contact

The primary normal contact constraint is that contactor surface points may not pene-

trate into the bulk of the target in the current configuration. As a result, for a fixed

contactor point X ∈ Γcon
c given in the current configuration by x = ϕcon(X, t), and a

corresponding target point Y = η(X, t) ∈ Γtar
c given in the current configuration by

y = ϕtar(Y , t), with the outward unit normal of the target surface in the current con-

figuration ϕtar(Γtar
c , t) at y given by n = n (Y , t), define the penetration g by contactor

point x into the current configuration of the target by

g(X, t) := −
[
ϕcon(X, t)−ϕtar(η(X, t), t)

]
· n (η(X, t), t) . (3.3.33)
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Γ̃tar
c

Γ̃con
c

g = −(x− y) · n

n

x =
ϕ con

(X
, t)

y =
ϕ

tar (η
(X
, t)
, t)

c

m w

Figure 3.4: Normal contact penetration

We require that g be nonpositive. This is demonstrated in Figure 3.4.

The unit normal n is given in terms of the tensor G. If a vector w forms an acute angle

with the unit normal, n ·w > 0, then the projection of w onto the unit normal is in the

direction of the unit normal. Such a vector w can be obtained using some point c in

the interior of the target deformed configuration Ωtar, as shown in Figure 3.4, by taking

w = y − c. The normal component m of w has the same direction as the unit normal,

so that

n =
m

‖m‖
. (3.3.34)

It is is given by (3.3.22) and (3.3.31) as

m = (n⊗ n)w =
(
1−G

(
GtG

)−1
Gt
)
w, (3.3.35)

The interior point c is arbitrarily chosen, but remains fixed. Therefore, ∂c
∂t

= 0, and the

partial time derivative ∂w
∂t

of w is equivalent to that of y and is given, from (3.3.14), by

∂w

∂t
=
∂ϕtar

∂t

∣∣∣∣
Y =η(X,t)

+ Gradϕtar∂η

∂t
.
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The partial time derivative ∂n
∂t

of the unit normal n is, from (3.3.34),

∂n

∂t
=

∂

∂t

m

‖m‖

=
1

‖m‖2

[
‖m‖∂m

∂t
−
(
∂

∂t
‖m‖

)
m

]
=

1

‖m‖2

[
‖m‖∂m

∂t
−
(

1

‖m‖

(
m · ∂m

∂t

))
m

]
=

1

‖m‖
∂m

∂t
−
(
m

‖m‖
· 1

‖m‖
∂m

∂t

)
m

‖m‖

=
1

‖m‖
∂m

∂t
−
(
n · 1

‖m‖
∂m

∂t

)
n

= (1− n⊗ n)

(
1

‖m‖
∂m

∂t

)
. (3.3.36)

Differentiation of both sides of the identity �−1� = 1 using the product rule gives(
∂
∂t
�−1

)
� + �−1

(
∂
∂t
�
)

= 0, which, by post-multiplication by �−1, gives the identity

∂

∂t
�−1 = −�−1

(
∂

∂t
�

)
�−1 . (3.3.37)

The partial time derivative ∂m
∂t

of the unnormalised normalm is in turn given, from (3.3.35)

and using the product rule, as

∂mi

∂t
=
∂

∂t

[(
δim −Gij (GkjGkl)

−1Gml

)
wm
]

=
(
δim −Gij (GkjGkl)

−1Gml

) ∂
∂t
wm

+

[
−∂Gij

∂t
(GkjGkl)

−1Gml +Gij (GkjGkl)
−1

(
∂Gnl

∂t
Gnp +Gnl

∂Gnp

∂t

)
(GqpGqr)

−1Gmr

−Gij (GkjGkl)
−1 ∂G

t
ml

∂t

]
wm , (3.3.38)

where the identity (3.3.37) was used in the term involving
(
GtG

)−1
. Thus, substitution

of (3.3.38) into (3.3.36) gives

∂n

∂t
=

1

‖m‖
(1− n⊗ n)

∂m

∂t

=
1

‖m‖
(1− n⊗ n)

(
1−G

(
GtG

)−1
Gt
) ∂w
∂t

+ (1− n⊗ n)

[
−∂G
∂t

(
GtG

)−1
Gt +G

(
GtG

)−1
(
∂Gt

∂t
G+Gt∂G

∂t

)(
GtG

)−1
Gt

−G
(
GtG

)−1 ∂G
t

∂t

]
w

‖m‖
. (3.3.39)
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The first term vanishes by (3.3.31) and (3.3.32), so that substitution of (3.3.31) gives

∂n

∂t
=G

(
GtG

)−1
Gt

[
−∂G
∂t

(
GtG

)−1
Gt +G

(
GtG

)−1
(
∂Gt

∂t
G+Gt∂G

∂t

)(
GtG

)−1
Gt

−G
(
GtG

)−1 ∂G
t

∂t

]
w

‖m‖

=G
(
GtG

)−1 ∂G
t

∂t

[
G
(
GtG

)−1
Gt − 1

] w

‖m‖

= −
(
G
(
GtG

)−1 ∂G
t

∂t

)
m

‖m‖

= −
(
G
(
GtG

)−1 ∂G
t

∂t

)
n . (3.3.40)

3.3.3 Slip Velocity

The contact slip velocity, which is defined as the projection of the difference between

the contactor and target velocities onto the plane tangent to the target surface, is given

by (3.3.30) as

vs := G
(
GtG

)−1
Gt
(
vcon − vtar

)
, (3.3.41)

where the contactor and target velocities are, respectively, given by (3.1.24) as

vcon =
∂ϕcon

∂t
+ (Gradϕcon)V con , (3.3.42)

vtar =
∂ϕtar

∂t
+
(
Gradϕtar

)
V tar , (3.3.43)

so that

vs =G
(
GtG

)−1
Gt

(
∂ϕcon

∂t
− ∂ϕtar

∂t

∣∣∣∣
Y =η(X,t)

)
+G

(
GtG

)−1
Gt
(
(Gradϕcon)V con −

(
Gradϕtar

)
V tar

)
. (3.3.44)
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Equation (3.3.17) can be rearranged to give[
∂ϕcon

i

∂t
− ∂ϕtar

i

∂t

∣∣∣∣
Y =η(X,t)

]
Gim = GimGik

∂Ŷk
∂t

− (xi − yi)

[(
∂ϕtar

i,j

∂t

∣∣∣∣
Y =η(X,t)

)
Ξjm +

∂Gim

∂Yj
Ξjk

∂Ŷk
∂t

]

= GimGij
∂Ŷj
∂t
− (xi − yi)

∂Gim

∂t
, (3.3.45)

which can be used to express the projection of the partial time derivative of the slip as

Gij (GkjGkl)
−1Gml

(
∂ϕcon

m

∂t
− ∂ϕtar

m

∂t

∣∣∣∣
Y =η(X,t)

)

= Gij (GkjGkl)
−1

[
GmlGmn

∂Ŷn
∂t
− (xm − ym)

∂Gml

∂t

]

= Gij
∂Ŷj
∂t
−Gij (GkjGkl)

−1 ∂Gml

∂t
(xm − ym) . (3.3.46)

Equation (3.3.40), in index form reads

∂ni
∂t

= −Gij (GkjGkl)
−1 ∂Gml

∂t
nm ; (3.3.47)

using this, along with

Gij
∂Ŷj
∂t

= ϕi,kΞkj
∂Ŷj
∂t

= ϕi,j
∂ηj
∂t

, (3.3.48)

and (
ϕcon
m − ϕtar

m

)
= −gnm , (3.3.49)

gives

Gij (GkjGkl)
−1Gml

(
∂ϕcon

m

∂t
− ∂ϕtar

m

∂t

∣∣∣∣
Y =η(X,t)

)
= ϕi,j

∂ηj
∂t
− g∂ni

∂t
. (3.3.50)

Substitution in (3.3.44) then gives the slip velocity

vs =
(
Gradϕtar

) ∂η
∂t
− g∂n

∂t
+G

(
GtG

)−1
Gt
(
(Gradϕcon)V con −

(
Gradϕtar

)
V tar

)
.

(3.3.51)
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This chapter describes the constitutive models of coupled thermomechanical finite strain

plastic deformation and frictional contact. Section 4.1 is about the stress measures in

materials undergoing finite strains. Sections 4.2 through 4.4 describe the constitutive

models of coupled thermo-viscoplasticity at finite strains. Section 4.5 describes the

constraints and constitutive models of thermomechanical frictional contact.

4.1 Stress Measures

This section introduces the stress measures used in this work, which are standard in

the continuum mechanics literature. Additional details are available in textbooks on

the subject [120, 121]. A body B given in the material configuration by ΩB0 , and in

the reference configuration, through Υ0 by ΩB, is deformed under external loads by the

motion ϕ0 into Ω̃B. The internal forces within the deformed configuration at a point

x ∈ Ω̃B are determined by considering a smooth surface passing through x, which divides

the body into two parts, and whose normal at x is given by n (Figure 4.1). The forces

exerted by one part of the body on the other through a small area element ∆a around

x are given by an equivalent force ∆p and an equivalent moment ∆m. The moment

∆m is assumed to vanish as ∆a→ 0, that is, lim∆a→0
∆m
∆a

= 0, and the internal force t

at x,

t(n) = lim
∆a→0

∆p

∆a
, (4.1.1)
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x

n

∆p

∆a

Ω̃B

X

N

∆A

ΩB

ϕ

Figure 4.1: Stress

is completely determined by the surface normal n and the Cauchy stress tensor σ as

t = σn. (4.1.2)

The Cauchy stress tensor σ is a symmetric tensor due to conservation of angular mo-

mentum. It is related to the Kirchhoff stress tensor τ by

τ = Jσ. (4.1.3)

In the reference configuration, similarly, the equivalent force through an area element

∆A around a point X ∈ ΩB, with a unit normal N , is given by

tc(N ) = lim
∆A→0

∆p

∆A
. (4.1.4)

It is completely determined by the unit normal N and the first Piola-Kirchhoff stress

P as

tc = PN . (4.1.5)
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A surface Γ ⊂ Ω in the reference configuration is transformed by the motion ϕ into a

surface Γ̃ ⊂ Ω̃. Under this transformation, an infinitesimal area element dA at a point

X ∈ Γ, whose direction is given by a unit normal N is transformed into an infinitesimal

areal element da at x = ϕ(X, t), whose direction is given by a unit normal n. They are

related by Nanson’s relation:

n da = JF−t
c N dA . (4.1.6)

The definitions of internal forces in the reference and current configurations are related

by

tda = tcdA . (4.1.7)

Thus, by substitution of equations (4.1.2) and (4.1.5),

σnda = PNdA , (4.1.8)

and, by Nanson’s relation (4.1.6), the two stress tensors are related by

P = J σ F−t
c , (4.1.9)

which, by (4.1.3), gives

P = τ F−t
c . (4.1.10)

Nanson’s relation (4.1.6) can also be used to relate the unit normals in the reference and

current configurations:

n
da

dA
da = JF−t

c N
da

dA
dA

= JF−t
c N da , (4.1.11)

so that (
1

J

da

dA

)
n = F−t

c N . (4.1.12)
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The norm of the left-hand side,∥∥∥∥( 1

J

da

dA

)
n

∥∥∥∥ =

(
1

J

da

dA

)
‖n‖ =

1

J

da

dA
, (4.1.13)

must equal the norm of the left-hand side ‖F−t
c N‖, which gives

1

J

da

dA
= ‖F−t

c N‖ . (4.1.14)

Substitution in (4.1.12) gives

F−t
c N =

∥∥F−t
c N

∥∥n , (4.1.15)

which, along with (4.1.9), gives

PN = J σ F−t
c N

= J
∥∥F−t

c N
∥∥σ n . (4.1.16)

4.2 Reduced Dissipation Inequality and Constitutive

Relations

The reduced dissipation inequality and constitutive relations for associative coupled

thermoplasticity at finite strains were derived by Simo and Miehe [82] following the

procedure presented by Coleman and Noll [122]. The internal energy e = ê(be, α, ηe) is

a function of the elastic deformation be defined in (3.2.7), the equivalent plastic strain

α, and the elastic entropy ηe := η−ηp. Here, ηp is the plastic entropy proposed by Simo

and Miehe [82]. Given the local dissipation inequality

D := θη̇ + τ : d− ė ≥ 0, (4.2.1)

and the free energy function ψ := ψ̂(be, α, θ), which is related to the internal energy by

the Legendre transformation,

ψ̂(be, α, θ) := ê(be, α, ηe)− ηeθ , (4.2.2)
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the reduced dissipation inequality is derived as follows [82]. The total time derivative of

the free energy (4.2.2) is

ψ̇ = ė− ηeθ̇ − η̇eθ , (4.2.3)

which, by rearranging and by substitution of θη̇e = θη̇ − θη̇p, gives

θη̇ − ė = θη̇p − ψ̇ − (η̇ − η̇p) θ . (4.2.4)

Substitution into (4.2.1) then gives

D = θη̇p + τ : d− ψ̇ − (η − ηp) θ̇ ≥ 0 . (4.2.5)

Then, using

ψ̇ :=
D

Dt
ψ̂(be, α, θ) =

∂ψ̂

∂be : ḃ
e

+
∂ψ̂

∂α
α̇ +

∂ψ̂

∂θ
θ̇

=
∂ψ̂

∂be :
(
lbe + belt + Lvb

e
)

+
∂ψ̂

∂α
α̇ +

∂ψ̂

∂θ
θ̇ , (4.2.6)

along with (3.2.18), gives

D = θη̇p + τ : d− ∂ψ̂

∂be :
(
lbe + belt + Lvb

e
)
− ∂ψ̂

∂α
α̇−

[
∂ψ̂

∂θ
+ (η − ηp)

]
θ̇

≥ 0 . (4.2.7)

Then, since ∂ψ̂
∂be
be = be ∂ψ̂

∂be
due to the isotropy assumption [82],

∂ψ̂

∂be :
(
lbe + belt

)
=
∂ψ̂

∂beb
e : l + be ∂ψ̂

∂be : lt

=
∂ψ̂

∂beb
e :
(
l + lt

)
= 2

∂ψ̂

∂beb
e : d . (4.2.8)

Thus, (4.2.7) becomes

D = θη̇p +

(
τ − 2

∂ψ̂

∂beb
e

)
: d− ∂ψ̂

∂be : Lvb
e − ∂ψ̂

∂α
α̇−

[
∂ψ̂

∂θ
+ (η − ηp)

]
θ̇

≥ 0 . (4.2.9)
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This must hold for all processes, so that

τ = 2
∂ψ̂

∂beb
e , (4.2.10)

η = ηp − ∂ψ̂

∂θ
. (4.2.11)

and therefore, setting β = −∂ψ̂
∂α

gives the reduced dissipation inequality [82]

D = τ :

[
−1

2
(Lvb

e) (be)−1

]
+ βα̇︸ ︷︷ ︸

Dmech

+ θη̇p ≥ 0 . (4.2.12)

Equation (4.2.5) then becomes

ψ̇ = τ : d−Dmech +
∂ψ̂

∂θ
θ̇

= τ : d−Dmech − (η − ηp) θ̇ . (4.2.13)

4.3 Finite Strain Thermoplasticity

An applicable constitutive model in this work is the coupled thermomechanical J2-flow

theory for associative thermoplasticity at finite strains presented by Simo and Miehe [82].

The model is based on a multiplicative decomposition of the deformation gradient into

its elastic and plastic parts, that is

F = F eF p . (4.3.1)

The plastic part F p takes the material to a locally defined intermediate configuration,

and the elastic deformation then maps the intermediate configuration to the final de-

formed configuration via F e.

In addition, the elastic and thermal behaviour are defined through a free energy function

ψ given, in terms of the deformation Jacobian J , the isochoric component of the elastic

left Cauchy Green tensor b̄e, the temperature θ, and the equivalent plastic strain α:

ψ = ψ̂
(
J, b̄

e
, θ, α

)
, (4.3.2)
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We assume a free energy function of the form

ψ̂ = T̂ (θ) + M̂(J, θ) + Û(J) + Ŵ (b̄
e
) + K̂(α), (4.3.3)

with

Û(J) = κ

[
1

2

(
J2 − 1

)
− ln J

]
and Ŵ (b̄

e
) =

∫
µ

2

(
log b̄

e) (
b̄

e)−1
: db̄

e
, (4.3.4)

where µ and κ are the elastic shear and bulk moduli. The Kirchhoff stress tensor τ = Jσ

is then given by

τ = J

(
∂ψ̂

∂J

)
1 + 2

∂ψ̂

∂b̄
e b̄

e
, (4.3.5)

Ŵ
(
b̄

e)
=

∫
µ

2

(
log b̄

e) (
b̄

e)−1
: db̄

e
, (4.3.6)

so that the deviatoric and spherical parts of the stress, respectively dev τ and p, are

given by

dev τ = µ log b̄
e
, (4.3.7a)

p = κ
(
J2 − 1

)
. (4.3.7b)

As detailed in [82], along with this stress-strain relationship, a yield criterion

φ = φ̂(τ , β, θ), (4.3.8)

where β = −K̂ ′(α) is an internal variable representing strain hardening, and the reduced

dissipation inequality (4.2.12) give rise to the evolution equations through the principle

of maximum dissipation. The values of τ , β and θ maximise the dissipation over the

thermoelastic domain E :=
{

(τ , β, θ) : φ̂(τ , β, θ) ≤ 0
}

, so that for any (τ ∗, β∗, θ∗) ∈ E,

(τ − τ ∗) :

[
−1

2
(Lvb

e) (be)−1

]
+ (β − β∗)α̇ + (θ − θ∗)η̇p ≥ 0 . (4.3.9)

We consider the case where the thermoelastic domain has a smooth boundary φ̂ = 0, so

that the evolution equations become

Lvb
e = −2γ

[
∂τ φ̂

]
be , (4.3.10)

α̇ = γ∂βφ̂ , (4.3.11)

η̇p = γ∂θφ̂ , (4.3.12)
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where Lvb
e = FĠpF t and Gp =

[
F ptF p

]−1
, and γ, which is a strain rate, is the

Lagrange multiplier from the Karush-Kuhn-Tucker (KKT) conditions

φ ≤ 0, γ ≥ 0, γφ = 0 . (4.3.13)

The evolution equation (4.3.10) is an expression in the current configuration of the

plastic flow being normal to the yield surface in stress space in the intermediate config-

uration [82]. This becomes clear by rewriting the equation in terms of Lp = Ḟ pF p−1

and the second Piola-Kirchhoff stress in the intermediate configuration S = F e−1τF e−t,

which gives

sym[Lp] = γ∂SφC
e, (4.3.14)

where Ce = F etF e.

The conservation of energy equation (5.1.12) is given in terms of the specific heat c, the

dissipation due to mechanical deformation Dmech, the elastic-plastic structural heating

H, and the heat flux q. These quantities are given by [82]

c = ∂2
θθψ, (4.3.15a)

Dmech = τ :

(
−1

2
(Lvb

e)be−1

)
+ βα̇, (4.3.15b)

H = −θ∂θ (τ : d−Dmech) , (4.3.15c)

q = −k grad θ, (4.3.15d)

where k is the thermal conductivity.

4.3.1 Multiplicative Split in the Reference Configuration

We seek a formulation of multiplicative plasticity in the reference configuration where

the material configuration Υ−1
0 only enters in terms of the reference velocity V . We

start by defining

Be := F rG
pF t

r , (4.3.16)
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so that equation (3.2.10) can be written as

be = F cF rG
pF t

rF
t
c

= F cB
eF t

c . (4.3.17)

Then, evolution of the elastic strain (3.2.18) can be written as

ḃ
e

= Ḟ cB
eF t

c + F cB
eḞ

t

c + F cḂ
eF t

c . (4.3.18)

By rearranging equation (3.1.33) as

Ḟ r = LF r , (4.3.19)

the material derivative of Be is

Ḃ
e

= LBe +BeLt + F rĠ
p
F t

r . (4.3.20)

This can be substituted in (4.3.18) to give

ḃe = Ḟ cB
eF t

c + F cB
eḞ t

c + F c

[
LBe +BeLt

]
F t

c + Lvb
e . (4.3.21)

Equivalently, using (4.3.17),

ḃe =
[
Ḟ cF

−1
c + F cLF

−1
c

]
be + be

[
Ḟ cF

−1
c + F cLF

−1
c

]t

+ Lvb
e . (4.3.22)

4.4 Viscoplastic Behaviour

The effect of viscoplastic strain rate hardening can be introduced by allowing the yield

criterion φ to attain positive values, which can be interpreted as allowing the stress to

take values beyond the elastic range φ ≤ 0. A possible way to achieve this is by using

a Perzyna-type model or, equivalently, a Duvaut-Lions-type model, as described, for

instance, in [123]. In these models, the KKT conditions (4.3.13) are replaced by the

constitutive equations

γ =


1
ξ
g(φ, θ), if φ > 0 ,

0, otherwise,

(4.4.1)
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where ξ is a viscosity parameter and g(φ, θ) is a nonnegative function that vanishes if and

only if φ ≤ 0. This approach to modelling thermo-viscoplastic behaviour of materials

during friction welding has been used in several studies [124–126].

An alternative approach is to use constitutive laws that prescribe the viscoplastic yield

stress σy as a function of the equivalent plastic strain, its rate of change, and the tem-

perature, σy = σy(α, α̇, θ), together with the von Mises yield criterion:

φ = ‖dev τ‖ −
√

2

3
σy(α, α̇, θ) ≤ 0 . (4.4.2)

One of the most commonly used among these constitutive models is the Johnson-Cook

model [127], which has been used in several works on simulation of FSW [128–130]. It

is an empirical model that represents the effects of strain and strain rate hardening and

of thermal softening as the product of three terms:

σy = [A+B(α)n]

[
1 + C ln

(
α̇

ε̇vp
0

)][
1−

(
θ − θ0

θm − θ0

)m]
. (4.4.3)

Here A, B, C, m and n are model parameters, θ0 and θm are respectively the ref-

erence and melting temperatures, and ε̇vp
0 is the reference strain rate. Several other

researchers [131–134] have used the Sheppard-Wright model [135], which defines a tem-

perature compensated strain rate given in terms of an activation energy Q and the gas

constant R by

Z = α̇ exp

(
Q

Rθ

)
, (4.4.4)

and relates it to the yield stress by

σy =
1

C
sinh−1

[(
Z

A

)1
n

]
, (4.4.5)

where A, C and n are model parameters.
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4.5 Thermomechanical Frictional Contact

4.5.1 Mechanical Contact

The constraint that no penetration may occur and the fact that contact can give rise

to compressive forces but not tensile ones are modelled, in terms of the penetration

g (3.3.33) and the normal component of the contact force fN := −n · f c, by the comple-

mentarity conditions

g ≤ 0 , (4.5.1a)

fN ≥ 0 , (4.5.1b)

fN · g = 0 . (4.5.1c)

In addition to these contact constraints, the stick-slip condition of the tangential con-

tact tractions is given in terms of the tangential component of the contact traction

fT := f c − (n · f c)n, the stick limit Φ (fT, fN), and a Lagrange multiplier ν, by the

complementarity conditions [136]

Φ (fT, fN) ≤ 0 , (4.5.2a)

ν ≥ 0 , (4.5.2b)

νΦ = 0 , (4.5.2c)

and the evolution law

vs = ν
∂Φ

∂fT

, (4.5.3)

where the slip velocity vs, given by (3.3.51), is the tangential component of the relative

velocity between the contactor and the target in the current configuration.

4.5.2 Thermal Contact

The heat flux through the contact interface is given by [137]

qhc = ĥ(tN, θG)gθ(X, t) (4.5.4)
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where gθ(X, t) := θcon(X, t) − θtar(η(X, t), t) is the temperature difference across the

interface. The heat transfer coefficient ĥ is a function of the normal contact force tN and

the mean gas temperature, which is given in terms of the relative thermal effusivities

hBε , B ∈ {con, tar}, and the temperatures at the contact interface by

θG(X, t) = hcon
ε θcon(X, t) + htar

ε θtar(η(X, t), t) . (4.5.5)

Frictional heat generation due to tangential slip against frictional forces is modelled as

a boundary heat source given by

DBfric = hBε vs · fT , B ∈ {con, tar} . (4.5.6)
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5 Problem Formulation

In this Chapter, the mathematical model of a friction welding process is described by

completing the problem formulation based on thermomechanical balance laws as well

as the kinematics and constitutive models described in the previous Chapters. In Sec-

tion 5.1, the thermomechanical initial boundary value problem is described. The me-

chanical and thermal weak formulations are then derived in Section 5.2. The resulting

problem formulation is summarised in Section 5.3.

5.1 Initial Boundary Value Problem

The internal stress state in the material is governed by the momentum balance equation,

which is given in the reference configuration by

DivP + fb = ρma in ΩB , (5.1.1)

where fb is the external force per unit volume in the reference configuration, and ρm is

the mass density per unit volume in the reference configuration.

In addition, boundary conditions are given on subsets of the boundary by

ϕ(X, t) = ϕpre(X, t) on ΓBDµ ⊂ ΓB , (5.1.2a)

V (X, t) = V pre(X, t) on ΓBV ⊂ ΓB , (5.1.2b)

σ n = f s on ΓBNµ ⊂ ΓB . (5.1.2c)
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Here, ΓBDµ is the subset of ΓB where an essential boundary condition is given on the

deformation, ΓBV is the subset where an essential boundary condition on the velocity is

given, and ΓBNµ is that where a natural boundary condition on the boundary traction is

given.

Furthermore, on each contact boundary pair Γcon
c and Γtar

c , contact boundary conditions

are given by the contact force f c as

σconncon = f c on Γcon
c , (5.1.3a)

σtarntar = −f c on Γtar
c . (5.1.3b)

At the initial time t0, the deformation and reference velocity are given by known fields

xinitial and V initial as

ϕ(X, t0) = xinitial(X) , (5.1.4a)

V (X, t0) = V initial(X) . (5.1.4b)

The material behaviour is also subject to the local balance of energy [82]

−J div

[
1

J
q

]
+Rb = ė− τ : d , (5.1.5)

where Rb is the heat source per unit volume in the reference configuration and e is the

internal energy. Substitution of (4.2.1) gives

−J div

[
1

J
q

]
+Rb = θη̇ −D = θ (η̇ − η̇p)−Dmech . (5.1.6)

Taking the total time derivative of (4.2.11) gives

η̇ − η̇p = −∂ψ̇
∂θ

= − ∂

∂θ
(τ : d−Dmech)− ∂2ψ̂

∂θ2
θ̇ . (5.1.7)

Then, defining the specific heat capacity c per unit volume in the reference configuration

and the elastic-plastic structural heating H as

c = −θ∂
2ψ̂

∂θ2
, (5.1.8)

H = −θ ∂
∂θ

(τ : d−Dmech) , (5.1.9)
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gives

θ (η̇ − η̇p) = cθ̇ +H . (5.1.10)

This is substituted in (5.1.6) to give

−J div

[
1

J
q

]
+Rb = cθ̇ +H−Dmech , (5.1.11)

which, along with the Piola transformation J div
[

1
J
q
]

= Div
(
F−1

c q
)
, gives the temper-

ature evolution equation

cθ̇ = (Dmech −H) +
[
Rb −Div

(
F−1

c q
)]

in ΩB . (5.1.12)

The boundary conditions are

θ(X, t) = θ̄(X, t) on ΓBDθ ⊂ ΓB , (5.1.13a)

q · n = Rs on ΓBNθ ⊂ ΓB , (5.1.13b)

where ΓBDθ is the subset of the boundary where an essential boundary condition is given

on the temperature, and ΓBNθ is the subset where a natural boundary condition is given

on the boundary heat flux.

In addition, on each contact boundary pair Γcon
c and Γtar

c , thermal contact boundary con-

ditions are given in terms of the contact heat flux qhc and the frictional heat generation

DBfric ,B ∈ {con, tar} by

qcon · ncon = Dcon
fric + qhc on Γcon

c , (5.1.14a)

qtar · ntar = Dtar
fric − qhc on Γtar

c . (5.1.14b)

The thermal initial condition is given by an initial temperature field θinitial as

θ(X, t0) = θinitial(X) . (5.1.15)
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5.2 Weak Formulations

Taking the inner product of equation (5.1.1) with an arbitrary test function δu that is

sufficiently smooth and which satisfies the homogeneous form of the essential boundary

conditions (5.1.2a) and (5.1.2b), and integrating over the reference configuration ΩB

gives ∫
ΩB
δu ·DivP dΩ +

∫
ΩB
δu · f b dΩ =

∫
ΩB
δu · ρma dΩ . (5.2.1)

Using integration by parts and substitution of (4.1.10) and (4.1.16), the first term be-

comes∫
ΩB
δu ·DivP dΩ = −

∫
ΩB

Grad δu : P dΩ +

∫
ΓB
δu · (PN) dΓ

= −
∫

ΩB
Grad δu :

(
τF−t

c

)
dΩ +

∫
ΓB
δu ·

(
J‖F−t

c N‖σn
)

dΓ .

(5.2.2)

By (3.1.20), we get

Grad δu : τF−t
c = (Grad δu)F−1

c : τ

= ∇δu : τ , (5.2.3)

so that∫
ΩB
δu ·DivP dΩ = −

∫
ΩB
∇δu : τ dΩ +

∫
ΓB
δu · (σn) J‖F−tN‖ dΓ . (5.2.4)

Then, defining

JΓ :=
dΓ̃

dΓ
= J‖F−tN‖ , (5.2.5)

and substitution of the surface forces from the boundary conditions (5.1.2c) and (5.1.3)

gives ∫
ΩB
δu ·DivP dΩ =−

∫
ΩB
∇δu : τ dΩ +

∫
ΓBNµ

δu · f s JΓ dΓ

+

∫
ΓBc

sBδu · f c JΓ dΓ , (5.2.6)
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where the contact surface sign function sbod, bod ∈ {con, tar} is defined as

scon := 1 , (5.2.7a)

star := −1 . (5.2.7b)

By substitution of (5.2.6) and following the convention of integrating the contribution

of the target surface on the contactor surface instead [100], equation (5.2.1) becomes∫
ΩB
∇δu : τ dΩ +

∫
ΩB
δu · ρma dΩ−

∫
ΩB
δu · f b dΩ

−
∫

ΓBNµ

δu · f s JΓ dΓ−
∫

Γcon
c

sBδu · f c JΓ dΓ = 0 . (5.2.8)

The inertial force term can be expanded by substitution of equation (3.1.26) to obtain∫
ΩB
δu · ρma dΩ =

∫
ΩB
δu · ρm

[
∂2ϕ

∂t2
+ 2

(
∂F c

∂t

)
V + F c

(
∂V

∂t
+ (GradV )V

)
+ ((GradF c)V )V ] dΩ . (5.2.9)

The term involving GradF c can be simplified using integration by parts, to give∫
ΩB
δu · ρm ((GradF c)V )V dΩ =−

∫
ΩB
δu · ρm (F c (GradV )V ) dΩ

−
∫

ΩB
(δu · F cV ) (ρm DivV ) dΩ

−
∫

ΩB
(δu · F cV ) (Grad ρm · V ) dΩ

−
∫

ΩB
((Grad δu)V ) · ρm (F cV ) dΩ

+

∫
ΓB
δu · ρm (F cV ) (V ·N ) dΓ , (5.2.10)

which by substitution in (5.2.9) yields∫
ΩB
δu · ρma dΩ =

∫
ΩB
δu · ρm

[
∂2ϕ

∂t2
+ 2

(
∂F c

∂t

)
V + F c

(
∂V

∂t

)]
dΩ

−
∫

ΩB
δu ·Div(ρmV )F cV dΩ−

∫
ΩB

((Grad δu)V ) · ρm (F cV ) dΩ

+

∫
ΓB
δu · ρm (F cV ) (V ·N ) dΓ . (5.2.11)
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For the thermal balance equation, the weak formulation is derived similarly by first

multiplying equation (5.1.12) by an arbitrary test function δϑ that is sufficiently smooth

and which satisfies the homogeneous form of the essential boundary conditions (5.1.13a).

Integration over the reference configuration ΩB gives∫
ΩB
δϑ cθ̇ dΩ =

∫
ΩB
δϑ (Dmech −H) dΩ +

∫
ΩB
δϑ
(
Rb −Div

(
F−1

c q
))

dΩ . (5.2.12)

Integration by parts, then, gives

−
∫

ΩB
δϑ Div

(
F−1

c q
)

dΩ = −
∫

ΩB
δϑ

∂

∂Xi

((
∂xj
∂Xi

)−1

qj

)
dΩ

=

∫
ΩB

(
∂

∂Xi

δϑ

) ((
∂xj
∂Xi

)−1

qj

)
dΩ

−
∫

ΓB
δϑ

((
∂xj
∂Xi

)−1

qj

)
Ni dΓ

=

∫
ΩB

(
∂

∂Xi

δϑ

)(
∂xj
∂Xi

)−1

qj dΩ

−
∫

ΓB
δϑ qj

(
∂xj
∂Xi

)−1

Ni dΓ . (5.2.13)

By the chain rule and using (4.1.15), this becomes

−
∫

ΩB
δϑ Div

(
F−1

c q
)

dΩ =

∫
ΩB

(
∂

∂xj
δϑ

)
qj dΩ

−
∫

ΓB
δϑ qj (ϕj,i)

−1Ni dΓ

=

∫
ΩB
∇δϑ · q dΩ−

∫
ΓB
δϑ q ·

(
F−tN

)
dΓ

=

∫
ΩB
∇δϑ · q dΩ−

∫
ΓB
δϑ q · n

∥∥F−tN
∥∥ dΓ

=

∫
ΩB
∇δϑ · q dΩ−

∫
ΓB
δϑ q · n JΓ

J
dΓ . (5.2.14)

Substitution of the boundary conditions (5.1.13b) and (5.1.14) and using (5.2.7) gives∫
ΓB
δϑ q · n JΓ

J
dΓ =

∫
ΓBNθ

δϑ Rs
JΓ

J
dΓ +

∫
ΓBc

δϑ
(
DBfric + sBqhc

) JΓ

J
dΓ . (5.2.15)
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Thus, substitution into (5.2.12) and integration of the contact term contribution of the

target surface on the contactor surface gives∫
ΩB
∇δϑ · q dΩ +

∫
ΩB
δϑ cθ̇ dΩ−

∫
ΩB
δϑ (Rb +Dmech −H) dΩ

−
∫

ΓBNθ

δϑ Rs
JΓ

J
dΓ−

∫
Γcon
c

δϑ
(
DBfric + sBqhc

) JΓ

J
dΓ = 0 . (5.2.16)

5.3 Problem Statement

As a summary of the previous sections, the problem statement is as follows:

Problem 5.3.1. Find the deformation ϕ, the reference velocity V , and the temperature

θ, in functional spaces defined on ΩB × R+, i = 1, 2, such that:

• The weak forms (5.2.8) and (5.2.16) are satisfied for all admissible test functions

δϑ and δu defined on ΩB × R+, i = 1, 2.

• The essential boundary conditions (5.1.2a), (5.1.2b) and (5.1.13a) and the initial

conditions (5.1.4) and (5.1.15) are met.

• The stress τ in (5.2.8) is given by (4.3.7) and satisfies the yield criterion (4.4.2),

where the elastic left Cauchy-Green deformation tensor be is given by (4.3.17) and

evolves according to (4.3.10).

• The normal and tangential components of the contact force f c in (5.2.8) are given

by (4.5.1) and (4.5.2).

• The specific heat capacity c, the mechanical dissipation Dmech, the structural heating

H, and the heat flux q are given by (4.3.15)

In the following Chapter, discrete approximations of the problem are developed, together

with algorithms for their numerical solution.

53



Part III

Solution Formulation and

Implementation
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6 Discretisation and Numerical

Solution Procedure

Thermomechanical behaviour during a friction weld is governed by the constitutive mod-

els presented in Chapter 4 and the weak formulations in Section 5.2. The exact solutions

are fields in infinite dimensional subspaces. They are functions of position in the ref-

erence configuration and time. Numerical simulation approximates these solutions on

finite dimensional subspaces that have discrete representations amenable to computer

solution. This discretisation is conceptually carried out in several stages.

First, time is discretised into N time steps 1, ..., N , with each time step n corresponding

to a time interval [tn−1, tn]. Thus, the continuous problem is converted into a semi-

discrete problem, which comprises a sequence of problems, each of which corresponding

to a time step n. These problems are solved sequentially, so that in formulating the

problem corresponding to time step n, the solution from the previous time step n− 1 is

available. This is carried out by approximating temporal derivatives by finite differences

given in terms of the time increment ∆t = tn − tn−1 and of the values at tn and tn−1.

This is detailed in Section 6.1.

The next stage is operator splitting to decouple the mechanical and thermal problems.

The coupled thermomechanical problem corresponding to each time step is approximated

by a sequence of three smaller problems: a mechanical one, followed by a thermal one,

and finally another mechanical problem. This is detailed in Section 6.2.
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To address the contact constraints arising from (4.5.1) and (4.5.2), an augmented La-

grangian approach is followed, in which each of the two mechanical problems within

a time step is converted into a sequence of augmented Lagrangian iterations. In each

of these augmented Lagrangian iterations, the contact forces are approximated by the

sum of penalty terms and the accumulated values from the previous iterations. These

iterations continue until the contact constraints are met with sufficient accuracy. This

is detailed in Section 6.3.

The outcome of time discretisation and operator splitting is a sequence of discrete-in-

time continuous-in-space thermal and mechanical problems, each of which is posed on

infinite-dimensional functional subspaces on the reference configuration. In the next

stage, these problems are discretised in space using the finite element method, where

the approximate solution is sought in finite element subspaces defined on discrete meshes

of the domains of the contacting bodies in the reference configuration. This is detailed

in Section 6.4.

The resulting nonlinear thermomechanical problem is then linearised using the Newton-

Raphson method. This converts each of these problems into a sequence of linear prob-

lems, each of which is an iterative step to compute an incremental update towards the

solution. This is detailed in Section 6.5.

The stages of formulating the discrete linear problems are represented in Figure 6.1.

6.1 Time Discretisation

For numerical approximation of Problem 5.3.1, we first discretise time into steps t1, ..., tN ,

and seek an approximate solution at each time instant tn. This gives rise to a sequence

of problems, one corresponding to each time step. They are to be solved sequentially,

so that at each time step, the solution from the previous one is available as input.
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6 Discretisation and Numerical Solution Procedure

Continuous-in-time infinite dimensional problem (5.2.8)

and (5.2.16)

Semi-discrete problem, discrete-in-time infinite dimen-

sional in space (6.1.63) and (6.1.67)

Semi-discrete problem, with mechanical and thermal

problems to be solved separately

Discrete-in-time, augmented Lagrangian step problem

Discrete-in-time, Finite Element discrete-in-space, aug-

mented Lagrangian step problem

Discrete-in-time, Finite Element discrete-in-space, linear

Newton-Raphson step problem

Time discretisation (Section 6.1)

Operator splitting (Section 6.2)

Augmented Lagrangian iteration (Section 6.3)

Finite element discretisation (Section 6.4)

Newton-Raphson iteration (Section 6.5)

Figure 6.1: Problem approximation steps
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The time derivatives are approximated by finite differences. Let the motion from the

reference configuration, and its first and second partial time derivatives,

ϕn ≈ ϕ|t=tn , (6.1.1a)(
∂ϕ

∂t

)
n

≈
(
∂ϕ

∂t

)∣∣∣∣
t=tn

, (6.1.1b)(
∂2ϕ

∂t2

)
n

≈
(
∂2ϕ

∂t2

)∣∣∣∣
t=tn

, (6.1.1c)

be given from the initial conditions at time step t1 and, at later time steps tn, from the

solution of the preceding time steps. Then, the updated second and first partial time

derivatives at time step tn+1 are approximated using the updated motion ϕn+1 through

Newmark’s method by(
∂2ϕ

∂t2

)
n+1

=
1

β∆t2

[
ϕn+1 −ϕn −∆t

(
∂ϕ

∂t

)
n

]
−
(

1

2β
− 1

)(
∂2ϕ

∂t2

)
n

, (6.1.2a)(
∂ϕ

∂t

)
n+1

=

(
∂ϕ

∂t

)
n

+ ∆t

[
(1− γ)

(
∂2ϕ

∂t2

)
n

+ γ

(
∂2ϕ

∂t2

)
n+1

]
, (6.1.2b)

where the Newmark parameters β and γ are computed using the generalised-αmethod [138]:

γ =
1

2
− αm + αf , (6.1.3)

β =
1

4
(1− αm + αf)

2 , (6.1.4)

αm =
2ρ∞ − 1

ρ∞ + 1
, (6.1.5)

αf =
ρ∞

ρ∞ + 1
, (6.1.6)

ρ∞ ∈ [0, 1] . (6.1.7)

The partial time derivative of the reference velocity ∂V
∂t

is approximated in a similar

fashion to those of the motion (6.1.2). With the reference velocity and its partial time

derivative known at time t = tn,

V n ≈ V |t=tn , (6.1.8)(
∂V

∂t

)
n

≈
(
∂V

∂t

)∣∣∣∣
t=tn

, (6.1.9)
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its updated partial time derivative for a given updated reference velocity V n+1 is ap-

proximated by (
∂V

∂t

)
n+1

=
1

γ∆t
(V n+1 − V n)− 1− γ

γ

(
∂V

∂t

)
n

. (6.1.10)

The thermal field is treated similarly. For a known temperature at time tn

θn ≈ θ|t=tn , (6.1.11)

the updated partial time derivative of the temperature is approximated by the finite

difference (
∂θ

∂t

)
n+1

=
1

∆t
(θn+1 − θn) . (6.1.12)

Using the generalised midpoints αm (6.1.5) and αf (6.1.6) to define the generalised in-

termediate values •n+1−αm and •n+1−αf
as

•n+1−αf
= (1− αf) (•n) + αf (•n+1)

•n+1−αm = (1− αm) (•n) + αm (•n+1) ,
(6.1.13)

6.1.1 Stress Update

The stress τ n+1 is given in terms of the deformation Jacobian Jn+1 and the volume

preserving part b̄
e
n+1 of the elastic left Cauchy-Green tensor by (4.3.3) and (4.3.5) as

τ n+1 = dev τ n+1 + pn+11 , (6.1.14)

pn+1 = Jn+1

{
∂J

[
M̂(Jn+1, θn+1) + Û(Jn+1)

]}
, (6.1.15)

dev τ n+1 = 2 dev
{[
∂b̄eŴ (b̄

e
n+1)

]
b̄

e
n+1

}
, (6.1.16)

where the deformation Jacobian is given in terms of the gradient of the motion in the

reference configuration and the reference motion Jacobian by

Jn+1 = det
[
Gradϕn+1

]
Jr,n+1 . (6.1.17)
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The elastic left Cauchy-Green tensor be
n+1 = J

2/3
n+1b̄

e
n+1 is given by (3.2.10) as

be
n+1 = F n+1G

p
n+1F

t
n+1 , (6.1.18)

and its volume preserving part is

b̄
e
n+1 = J

− 2/3
n+1 b

e
n+1 . (6.1.19)

The material time derivative of the plastic tensor Gp
n+1 is given by (3.2.17) as

Ġ
p

n+1 = F−1
n+1Lvb

e
n+1F

−t
n+1 , (6.1.20)

where the Lie derivative Lvb
e
n+1 is given by (4.3.10) as

Lvb
e
n+1 = −2γn+1

[
∂τ φ̂n+1

]
be
n+1 . (6.1.21)

Here, the consistency parameter γn+1 is governed by the KKT conditions (4.3.13):

φn+1 = ‖dev τ n+1‖ −
√

2

3
σy(αn+1, α̇n+1, θn+1) ≤ 0 , (6.1.22a)

γn+1 ≥ 0 , (6.1.22b)

γn+1φn+1 = 0 , (6.1.22c)

where the time derivative of the equivalent plastic strain is

α̇n+1 =

√
2

3
γn+1 . (6.1.23)

Substitution of (6.1.22a) into (6.1.21) gives

Lvb
e
n+1 = −2γn+1

dev τ n+1

‖dev τ n+1‖
be
n+1 . (6.1.24)

The KKT conditions (6.1.22) mean that one of two scenarios must hold. Either the con-

sistency parameter γn+1 vanishes, or it is strictly positive and the yield criterion (6.1.22a)

is met with equality such that (6.1.22c) holds. To determine which of these scenarios is

true, a return mapping approach is used, which comprises a predictor step followed, if
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6 Discretisation and Numerical Solution Procedure

necessary, by a corrector step. In the predictor step, the first scenario is assumed, and

a trial solution is computed with the assumption that γtrial
n+1 = 0. In this case,

γtrial
n+1 = 0 , (6.1.25a)

Lvb
e,trial
n+1 = 0 , (6.1.25b)

αtrial
n+1 = αn , (6.1.25c)

α̇trial
n+1 = 0 , (6.1.25d)

φtrial
n+1 :=

∥∥dev τ trial
n+1

∥∥−√2

3
σy(αn, 0, θn+1) . (6.1.25e)

Here, the trial stress deviator dev τ trial
n+1 is computed using the trial left Cauchy-Green

elastic tensor be,trial
n+1 , which is given by (3.2.10) as

be,trial
n+1 = F n+1G

p,trial
n+1 F

t
n+1 , (6.1.26)

where the material time derivative of the trial value of the plastic tensor Gp,trial
n+1 vanishes

due to (3.2.17) and (6.1.25b)

Ġ
p,trial

n+1 = F−1
n+1Lvb

e,trial
n+1 F

−t
n+1 = 0 . (6.1.27)

If the trial yield criterion (6.1.25e) is admissible, i.e. φtrial
n+1 ≤ 0, then the predictor

assumption is valid, and the trial values coincide with the solution. Otherwise, the as-

sumption is not valid, and a corrector step is required to ensure that the solution is

consistent with the second scenario. Namely, the consistency parameter is strictly posi-

tive γn+1 > 0, and the yield criterion (6.1.22a) is met with equality to satisfy (6.1.22c).

This is achieved by using the evolution laws (6.1.21) and (6.1.23) to write the yield

criterion (6.1.22a) in terms of the trial values and the consistency parameter γn+1. To

this end, the stress deviator dev τ n+1 must be computed from its trial value dev τ trial
n+1

and the consistency parameter γn+1. This, in turn, requires relating the left Cauchy-

Green elastic tensor be
n+1 to its trial value be,trial

n+1 and the consistency parameter γn+1.

Equation (6.1.24) is satisfied if the corrected left Cauchy-Green elastic tensor be at a

time t ∈ (tn, tn+1] relates to its trial value by

be = exp

(
−2γn+1 (t− tn)

dev τ n+1

‖dev τ n+1‖

)
be,trial , (6.1.28)
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such that

Gp = F−1beF−t

= F−1 exp

(
−2γn+1 (t− tn)

dev τ n+1

‖dev τ n+1‖

)
be,trialF−t

= F−1 exp

(
−2γn+1 (t− tn)

dev τ n+1

‖dev τ n+1‖

)
FF−1be,trialF−t

= F−1 exp

(
−2γn+1 (t− tn)

dev τ n+1

‖dev τ n+1‖

)
FGp,trial . (6.1.29)

Thus,

Ġ
p

= F−1

(
−2γn+1

dev τ n+1

‖dev τ n+1‖

)
exp

(
−2γn+1 (t− tn)

dev τ n+1

‖dev τ n+1‖

)
FGp,trial ,

(6.1.30)

and therefore

Lvb
e
n+1 := FĠ

p
F t

= −2γn+1
dev τ n+1

‖dev τ n+1‖
exp

(
−2γn+1 (t− tn)

dev τ n+1

‖dev τ n+1‖

)
FGp,trialF t

= −2γn+1
dev τ n+1

‖dev τ n+1‖
exp

(
−2γn+1 (t− tn)

dev τ n+1

‖dev τ n+1‖

)
be,trial

= −2γn+1
dev τ n+1

‖dev τ n+1‖
be . (6.1.31)

Multiplication of both sides of (6.1.28) by J − 2/3 and taking the logarithm gives, at

t = tn+1,

log b̄
e
n+1 = log b̄

e,trial
n+1 − 2γn+1∆t

dev τ n+1

‖dev τ n+1‖
. (6.1.32)

Multiplication by the shear modulus µ then gives

dev τ n+1 = dev τ trial
n+1 − 2µ∆λn+1nn+1 , (6.1.33)

where

dev τ trial
n+1 = µ log b̄

e,trial
n+1 , (6.1.34)

∆λn+1 = γn+1∆t , (6.1.35)

nn+1 :=
dev τ n+1

‖dev τ n+1‖
=

dev τ trial
n+1∥∥dev τ trial
n+1

∥∥ . (6.1.36)
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The yield criterion can be written by substitution of (6.1.25e) into (6.1.22a) as

φn+1 =
∥∥dev τ trial

n+1

∥∥− 2µ∆λn+1 −
√

2

3
σy(αn+1, α̇n+1, θn+1) . (6.1.37)

This predictor-corrector approach is summarised in Algorithm 6.1.1.

Algorithm 6.1.1 Predictor-Corrector Approach

1: if φtrial
n+1 :=

∥∥dev τ trial
n+1

∥∥−√2
3
σy(αn, 0, θn+1) ≤ 0 then

2: γn+1 = γtrial
n+1 = 0 ,

3: Lvb
e
n+1 = Lvb

e,trial
n+1 = 0 ,

4: α̇n+1 = α̇trial
n+1 = 0 ,

5: αn+1 = αtrial
n+1 = αn ,

6: dev τ n+1 = dev τ trial
n+1 .

7: else

8: γn+1 > 0 ,

9: φn+1 = ‖dev τ n+1‖ −
√

2
3
σy(αn+1, α̇n+1, θn+1) = 0 ,

10: Lvb
e
n+1 = −2γn+1

dev τn+1

‖dev τn+1‖b
e
n+1 ,

11: α̇n+1 =
√

2
3
γn+1 ,

12: αn+1 = αn +
√

2
3
γn+1∆t .

13: dev τ n+1 = dev τ trial
n+1 − 2µγn+1∆tnn+1 ,

14: nn+1 := dev τn+1

‖dev τn+1‖ =
dev τ trial

n+1

‖dev τ trial
n+1‖

.

15: end if

The evolution law (6.1.27) means that, for a fixed pointX0 in the material configuration,

the trial plastic tensor Gp,trial
n+1 remains unchanged from the previous time step n. This

implies that the only change in the plastic deformation at a point X in the reference

configuration is due to a change in the reference motion Υ0 such that the material

point mapped to X is different from the previous time step. Thus, with the plastic

deformation given in the material configuration by Gp
0|(Υ−1(X,t),t) = Gp|(X,t), the trial
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plastic tensor is Gp,trial
∣∣
(X,tn+1)

= Gp
0|(Υ−1(X,tn+1),tn). To compute this value of Gp,trial

and account for the change in be due to the reference velocity V , it is useful to define a

material remapping operator; this is done in the following subsection.

6.1.2 Material Remapping Operator

The predictor-corrector approach of computing the left Cauchy-Green elastic tensor

be
n+1 requires evaluation of its trial value be,trial

n+1 , which arises from the trial assump-

tions (6.1.25). The goal of this subsection is to describe the steps necessary to compute

this trial value at a given point X in the reference configuration based on the deforma-

tion ϕn+1 and reference velocity V n+1 fields, and on the value at the previous time step

t = tn and the corresponding point X0 = Υ−1(X, tn) in the material configuration.

For a given position X in the reference configuration and a given time tn+1, the elastic

deformation be is given by (4.3.17) from the deformation gradient F c and the tensor Be.

The motion ϕ is sufficient to determine the deformation gradient F c. Determination of

Be at a time tn+1 using a predictor-corrector approach involves assuming that the plastic

deformation associated with the material point X0 = Υ−1
0 (X, tn+1) remains unchanged

from its value at tn:

Gp,trial
0 (X0, tn+1) = Gp

0 (X0, tn) , (6.1.38)

which is written in terms of position X = Υ0 (X0, tn+1) in the reference configuration

as

Gp,trial (X, tn+1) = Gp
0

(
Υ−1

0 (X, tn+1), tn
)
. (6.1.39)

As a shorthand, it is useful to define the following operator, which denotes for a position

X in the reference configuration and a time tn+1 the value of a scalar or tensor field �

at the corresponding material point X0 = Υ−1
0 (X, tn+1) and another time tn. Let � be

any scalar or tensor field given as a function of position in the reference configuration
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and time as � = �(X, t) and as a function of position in the material configuration and

time as � = �0(X0, t). Then, for a point X in the reference configuration, and two

time instants tn, tn+1 > 0, material remapping to tn+1 is given at X and tn by

Mtn+1

tn {�}
∣∣∣
X

:= M(�,X, tn, tn+1) := �0

(
Υ−1

0 (X, tn+1), tn
)
. (6.1.40)

Thus, equation (6.1.39) can be written as

Gp,trial (X, tn+1) = Mtn+1

tn {G
p}
∣∣∣
X
. (6.1.41)

The operator M is a continuum operator defined on continuous spatial and temporal

fields. Its effect is remapping the material configuration such that any point X0 is iden-

tified by its position X in the reference configuration at time tn+1: X = Υ0(X0, tn+1).

Position in the reference configuration is itself a valid input to the operatorM, since it

is given as a function of position in the reference configuration and time by the identity

function, and is given as a function of position in the material configuration and time

by the reference motion Υ0. Thus,

Mtn+1

tn {X} = Υ0

(
Υ−1

0 (X, tn+1), tn
)
. (6.1.42)

Substitution of this into �(X, tn) = �0(Υ−1
0 (X, tn), tn), gives

�(Mtn+1

tn {X}, tn) = �0(Υ−1
0 (Mtn+1

tn {X}, tn), tn)

= �0(Υ−1
0 (Υ0

(
Υ−1

0 (X, tn+1), tn
)
, tn), tn)

= �0

(
Υ−1

0 (X, tn+1), tn
)
, (6.1.43)

which, by definition (6.1.40), gives

Mtn+1

tn {�}
∣∣∣
X

= �
(
Mtn+1

tn {X}, tn
)
. (6.1.44)

This obviates the requirement of keeping track of the material configuration for evaluat-

ing Mtn+1

tn {�}
∣∣∣
X

, as long asMtn+1

tn {X} is known, which is the position in the reference

configuration at time tn of the material point whose position in the reference configura-

tion at time tn+1 is X.
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Some Properties of the Material Remapping Operator

From definition (6.1.40) it follows that

Mtn+1

tn {p+ q} =Mtn+1

tn {p}+Mtn+1

tn {q} , (6.1.45)

Mtn+1

tn {p q} =
(
Mtn+1

tn {p}
)(
Mtn+1

tn {q}
)
, (6.1.46)

Mtn+1

tn {p
−1} =

(
Mtn+1

tn {p}
)−1

. (6.1.47)

Also, the partial time derivative with respect to time with X and the target time tn+1

kept constant is,

∂

∂t

[
Mtn+1

t {�}
∣∣∣
X

]
=

∂

∂t

[
�0

(
Υ−1

0 (X, tn+1), t
)]

= Mtn+1

t

{
D�
Dt

}∣∣∣∣
X

. (6.1.48)

In particular, DX
Dt

= V so that

∂

∂t

[
Mtn+1

t {X}
∣∣∣
X

]
= Mtn+1

t {V }
∣∣∣
X
, (6.1.49)

and therefore, by the fundamental theorem of calculus,

X =Mtn+1

tn+1
{X} =Mtn+1

tn {X}+

∫ tn+1

tn

∂

∂τ
Mtn+1

τ {X} dτ

=Mtn+1

tn {X}+

∫ tn+1

tn

Mtn+1
τ {V } dτ . (6.1.50)

By definition (6.1.40) we also have

Grad0 Mtn+1

tn {�}
∣∣∣
X

=
∂

∂X0

[
Mtn+1

tn {�}
∣∣∣
X

]∣∣∣∣
X0=Υ−1

0 (X,tn+1)

=
∂

∂X0

�0

(
Υ−1

0 (X, tn+1), tn
)∣∣∣∣
X0=Υ−1

0 (X,tn+1)

=
∂

∂X0

�0 (X0, tn)

∣∣∣∣
X0=Υ−1

0 (X,tn+1)

=Mtn+1

tn {Grad0 �|X} . (6.1.51)

In particular, since F r = Grad0X,

Mtn+1

tn {F r} = Grad0Mtn+1

tn {X} . (6.1.52)
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6.1.3 Trial Elastic Deformation Tensor

LetX be the position in the reference configuration at time step n+1 of a material point

X0 = Υ−1
0,n+1

∣∣
X

. The trial elastic left Cauchy-Green deformation be,trial
n+1

∣∣∣
X

is obtained by

assuming that the plastic right Cauchy-Green deformation corresponding to the material

point X0 remains unchanged from the previous time step

Gp,trial
0,n

∣∣∣
X0

= Gp
0,n

∣∣
X0

. (6.1.53)

In general, this is different from the plastic deformation at the previous time step at the

same position in the reference configuration Gp
n|X , because the latter corresponds to a

possibly different material point X ′0 = Υ−1
0,n

∣∣
X

. An exception is the special case where

the reference velocity V is identically zero. To write (6.1.53) in terms of position in the

reference configuration, we use the operator Mtn+1

tn to keep the material point fixed:

Gp,trial
n+1

∣∣∣
X

= Mtn+1

tn {Gp}
∣∣∣
X
. (6.1.54)

Equation (4.3.17) then gives

be,trial
n+1 = F c(n+1)

F r(n+1)

(
Mtn+1

tn {Gp}
)
F t

r(n+1)
F t
c(n+1)

. (6.1.55)

The reference motion gradient F r in (6.1.55) requires keeping track of the material con-

figuration as presented in [18]. There, besides the motion ϕ, the material configuration

is tracked as an additional variable X0 = Υ−1
0 (X), which gives the reference motion

gradient as F r =
(
Grad Υ−1

0

)−1
. This is achieved by discretisation of both the motion as

well as the material configuration as node variables on a mesh of the reference configura-

tion. Following this approach, however, would limit the total reference motion possible,

because large reference motion deformations may cause excessive distortion between the

material and reference configurations, causing the mesh of the material configuration to

become degenerate.

To avoid this limitation on the reference motion, we seek a representation of be,trial
n+1 where

motion of the reference configuration enters only in terms of the reference velocity V ,
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such that the total reference motion Υ0 and the reference motion gradient F r are not

needed.

Definition (4.3.16) of Be and equation (6.1.46) give

Mtn+1

tn {Gp} =
(
Mtn+1

tn

{
F−1

r

})(
Mtn+1

tn {Be}
)(
Mtn+1

tn

{
F−1

r

})t

. (6.1.56)

Equations (6.1.52) and (6.1.47) then give

Mtn+1

tn

{
F−1

r

}
=
(

Grad0Mtn+1

tn {X}
)−1

= F−1
r F r

(
Grad0Mtn+1

tn {X}
)−1

= F−1
r

[(
Grad0Mtn+1

tn {X}
)
F−1

r

]−1

= F−1
r

(
GradMtn+1

tn {X}
)−1

, (6.1.57)

so that equation (6.1.56) becomes

Mtn+1

tn {Gp}

= F−1
r

(
GradMtn+1

tn {X}
)−1 (

Mtn+1

tn {Be}
)(

GradMtn+1

tn {X}
)−t

F−t
r . (6.1.58)

Substitution into (6.1.55) then gives

be,trial
n+1 = F c(n+1)

Be,trial
n+1 F

t
c(n+1)

, (6.1.59)

where

Be,trial
n+1 =

(
GradMtn+1

tn {X}
)−1 (

Mtn+1

tn {Be}
)(

GradMtn+1

tn {X}
)−t

. (6.1.60)

With equations (6.1.44) and (6.1.50), this becomes

Be,trial
n+1 =

(
Grad X̂n+1

)−1 (
Be
n|X̂n+1

)(
Grad X̂n+1

)−t

, (6.1.61)

X̂n+1 :=Mtn+1

tn {X} = X −
∫ tn+1

tn

Mtn+1
τ {V } dτ . (6.1.62)
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6.1.4 Semi-discrete Problem

The generalised-α method [138] is used to approximate Problem 5.3.1 as follows:

Problem 6.1.1. For each time step tn+1, given the deformation ϕn, the reference ve-

locity V Bn , and the temperature θn from the previous time step tn, find the deformation

ϕn+1, the reference velocity V Bn+1, and the temperature θn+1, in functional spaces defined

on
⋃2
i=1 ΩB, such that for all admissible test functions δu defined on

⋃2
i=1 ΩB,∫

ΩB
∇δu : τ n+1−αf

dΩ +Ginertial −
∫

ΩB
δu · f b(n+1−αf)

dΩ

−
∫

ΓBNµ

δu · f s(n+1−αf)
JΓ dΓ−

∫
Γcon
c

sBδu · f c(n+1−αf)
JΓ dΓ = 0 ,

(6.1.63)

where the inertial term Ginertial =
∫

ΩB
δu · ρman+1−αm dΩ is given from (5.2.11) by

Ginertial =

∫
ΩB
δu · ρm

{(
∂2ϕ

∂t2

)
n+1−αm

+

[
F c

(
∂V

∂t

)]
n+1−αm

}
dΩ

+ 2

∫
ΩB
δu · ρm

[(
∂F c

∂t

)
V

]
n+1−αf

dΩ (6.1.64)

−
∫

ΩB
δu · [Div(ρmV )F cV ]n+1−αf

dΩ (6.1.65)

−
∫

ΩB
[(Grad δu)V n+1−αf

] · ρm (F cV )n+1−αf
dΩ

+

∫
ΓB
δu · [ρm (F cV ) (V ·N )]n+1−αf

dΓ , (6.1.66)

and such that for all admissible test functions δϑ defined on
⋃2
i=1 ΩB,∫

ΩB
∇δϑ · qn+1 dΩ−

∫
ΩB
δϑ
[
Rb(n+1) +Dmech(n+1) −Hn+1

]
dΩ

+

∫
ΩB
δϑ cθ̇n+1 dΩ−

∫
ΓBNθ

δϑ Rs(n+1)

JΓ

J
dΓ

−
∫

Γcon
c

δϑ
(
Dfric(n+1) + sBqhc(n+1)

) JΓ

J
dΓ = 0 . (6.1.67)
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6.2 Mechanical-Thermal Operator Splitting

Following [82], an operator splitting approach is used to approximate the coupled ther-

momechanical Problem 6.1.1 by updating the thermal and mechanical fields sequentially

instead of simultaneously. At each time step, three smaller problems are solved instead

of one larger one. The first problem, a mechanical one, is solved for a motion field ϕ
(pre)
n+1

and a reference velocity field V
(pre)
n+1 with the temperature field kept fixed at θn. The

middle problem is a thermal one. It is solved for the updated thermal field θn+1 with

the deformation and reference velocity fixed, respectively, as ϕ
(pre)
n+1 and V

(pre)
n+1 . The time

step is then completed by solving the third problem for the updated motion ϕn+1 and

reference velocity V n+1 with the thermal field fixed as θn+1.

The first and third problems, in which the mechanical fields are updated at a fixed

temperature, are as follows

Problem 6.2.1. For each time step n + 1, given the deformation ϕn, the reference

velocity V n, and the temperature θn from the previous time step tn, assuming the updated

temperature remains unchanged (at θn in the first mechanical sub-step, and at θn+1 after

the thermal sub-step is solved), find the deformation ϕ
(pre)
n+1 and the reference velocity

V
(pre)
n+1 such that, for all admissible test functions δu defined on

⋃2
i=1 ΩB,∫

ΩB
∇δu : τ n+1−αf

dΩ +Ginertial −
∫

ΩB
δu · f b(n+1−αf )

dΩ

−
∫

ΓBNµ

δu · f s(n+1−αf )
JΓdΓ−

∫
Γcon
c

sBδu · f c(n+1−αf )
JΓdΓ = 0 ,

(6.2.1)
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where the inertial term Ginertial =
∫

ΩB
δu · ρman+1−αm dΩ is given by

Ginertial =

∫
ΩB
δu · ρm

{(
∂2ϕ

∂t2

)
n+1−αm

+

[
F c

(
∂V

∂t

)]
n+1−αm

}
dΩ

+ 2

∫
ΩB
δu · ρm

[(
∂F c

∂t

)
V

]
n+1−αf

dΩ (6.2.2)

−
∫

ΩB
δu · [Div(ρmV )F cV ]n+1−αf

dΩ (6.2.3)

−
∫

ΩB
((Grad δu)V n+1−αf

) · ρm (F cV )n+1−αf
dΩ

+

∫
ΓB
δu · [ρm (F cV ) (V ·N )]n+1−αf

dΓ . (6.2.4)

The second problem, in which the temperature field is updated at fixed deformation and

reference velocity fields, is as follows:

Problem 6.2.2. For each time step tn+1, given the deformation ϕn, the reference ve-

locity V n, and the temperature θn from the previous time step tn, and given an updated

deformation ϕ
(pre)
n+1 and reference velocity V

(pre)
n+1 , find the temperature θn+1 such that, for

all admissible test functions δϑ defined on
⋃2
i=1 ΩB,∫

ΩB
∇δϑ · qn+1 dΩ−

∫
ΩB
δϑ
[
Rb(n+1)

+Dmech(n+1)
−Hn+1

]
dΩ

+

∫
ΩB
δϑ cθ̇n+1 dΩ−

∫
ΓBNθ

δϑ Rs(n+1)

JΓ

J
dΓ

−
∫

Γcon
c

δϑ
(
Dfric(n+1) + sBqhc(n+1)

) JΓ

J
dΓ = 0 . (6.2.5)

6.3 Regularisation and Augmented Lagrangian Iteration

The term involving contact traction in (6.2.1), which is given by
∫

ΓBc
δu · (f c)n+1−αf

dΓ,

must satisfy the complementarity conditions (4.5.1) and (4.5.2). Computing it using the

augmented Lagrangian approach, as described in [101], involves iteratively updating an

approximate value of the contact force.
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The contact force f c is given by its normal and tangential components, fN and fT ; that

is,

f c(n+1)
= −fN(n+1)

n+ fT(n+1)
, (6.3.1)

fN(n+1)
= −f c(n+1)

· n , (6.3.2)

fT(n+1)
= (1− n⊗ n)f c(n+1)

. (6.3.3)

At each augmented Lagrangian iteration l+1, the updated normal contact force is given

by

f
(l+1)
N(n+1)

=

f
(l)
N(n+1)

+ εNg if g > 0 ,

f
(l)
N(n+1)

otherwise .

(6.3.4)

The updated tangential contact force is computed by first assuming that contact satisfies

the slip condition, and computing a trial value:

f
(l+1),trial
T(n+1)

= f
(l)
T(n+1)

+ εTvs . (6.3.5)

The friction stick limit Φ (fT , fN) is then evaluated from (4.5.2a), correcting the trial

value if necessary:

f
(l+1)
T(n+1)

=

f
(l+1),trial
T(n+1)

if Φ
(
f

(l+1),trial
T(n+1)

, f
(l+1)
N(n+1)

)
≤ 0 ,

fslip
‖vs‖+εregvs otherwise .

(6.3.6)

Here fslip is the stick limit, and εreg is a small positive regularisation factor used to avoid

numerical errors at small slip velocities ‖vs‖ ≈ 0.

The augmented Lagrangian iteration is continued until the contact constraints are met,

that is, the penetration is smaller than a predefined threshold, g ≤ εpenetration, and the

tangential contact constraint is satisfied in that either slip occurs and Φ
(
f

(l+1)
T(n+1)

, f
(l+1)
N(n+1)

)
=

0; or the slip velocity is smaller than a predefined threshold: ‖vs‖ < εslip. The approach

is summarised in Algorithm 6.3.1.
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Algorithm 6.3.1 Augmented Lagrangian algorithm

1: contact constraints are satisfied ← false

2: l ← 1

3: f
(l)
N(n+1)

← 0

4: f
(l)
T(n+1)

← 0

5: while contact constraints are satisfied = false do

6: Solve Problem 6.2.1, where f c(n+1)
= −f (l)

N(n+1)
n+ f

(l)
T(n+1)

7: Update f
(l+1)
N(n+1)

using equation (6.3.4)

8: Update f
(l+1)
T(n+1)

using equations (6.3.5) and (6.3.6)

9: condition 1 ← g ≤ 0

10: condition 2 ← either Φ
(
f

(l+1)
T(n+1)

, f
(l+1)
N(n+1)

)
= 0, or ‖vs‖ < εslip

11: k ← k + 1

12: contact constraints are satisfied ← condition 1 AND condition 2

13: end while

6.4 Finite Element Discretisation

The reference domain of each body B is discretised into a mesh ΩBh of cells
{

ΩB,ne

}NBe
n=1

,

which do not overlap and which completely cover the domain without any gaps:

ΩB ≈ ΩBh =

NBe⋃
n=1

ΩB,ne , (6.4.1)

where NBe is the number of cells in the mesh of body B in the reference domain.

The approximate solution
(
ϕh,V h, θh

)
is sought in finite dimensional subspaces of the

functional spaces on which the exact solution (ϕ,V , θ) is defined. These finite dimen-

sional subspaces have bases {φϕi }
Nϕ
i=1,

{
φVi
}NV
i=1

, and
{
φθi
}Nθ
i=1

, where φϕi and φVi are

vector-valued while φθi are scalar-valued, and where Nϕ, NV and Nθ are the dimensions

of the respective functional subspaces. The discretised motion, reference velocity, and
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temperature are then respectively given by coefficients Ui, Vi, and Θi as

ϕh =

Nϕ∑
i=1

φϕi Ui , (6.4.2)

V h =

NV∑
i=1

φVi Vi , (6.4.3)

θh =

Nθ∑
i=1

φθiΘi . (6.4.4)

A mixed finite element approach is used to discretise the deformation Jacobian and the

pressure terms to avoid volumetric locking. The scalar shape functions {φp
i }

Np

i=1, where

Np is the total degrees of freedom of the discretisation, are chosen to be discontinuous

across element boundaries and to have lower polynomial order than the motion basis

functions φϕi . The lower order discretised deformation Jacobian J̄h is obtained by least-

squares projection of the discretised deformation Jacobian Jh = det
(
Gradϕh

)
onto the

discrete subspace

J̄h = φp
i

(∫
Ω

φp
i φ

p
j dΩ

)−1 ∫
Ω

φp
j J

h dΩ . (6.4.5)

Furthermore, the mixed basis functions φp
i are chosen such that the support of each is

completely contained in one cell, such that (6.4.5) can be solved in each cell indepen-

dently of the rest of the mesh. The pressure is then given, using (4.3.7b), by

p̄h = φp
i

(∫
Ω

φp
i φ

p
j dΩ

)−1 ∫
Ω

φp
j κ
(
(J̄h)2 − 1

)
dΩ . (6.4.6)

The functional spaces from which the test functions are chosen are also discretised. A

finite dimensional subspace of admissible test functions is chosen, and the weak formu-

lations are required to hold for any test function therein.

The finite element mechanical problem is as follows.

Problem 6.4.1. For each time step tn+1, given the deformation ϕhn, the reference ve-

locity V h
n, and the temperature θhn from the previous time step tn, and given an updated
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temperature θhn+1, find the deformation ϕhn+1 and the reference velocity V h
n+1 such that,

for any test function δuh,∫
ΩBh

∇δuh : (dev τ hn+1−αf
+ p̄hn+1−αf

1) dΩ +Gh
inertial

−
∫

ΩBh

δuh · fb(n+1−αf )
dΩ−

∫
ΓBhNµ

δuh · f s(n+1−αf )
JhΓ dΓ

−
∫

Γcon
hc

sBδuh · fhc(n+1−αf )
JhΓ dΓ = 0 , (6.4.7)

where τ hn+1−αf
is the stress computed from the discretised mechanical and thermal fields,

and

Gh
inertial =

∫
ΩBh

δuh · ρm

{(
∂2ϕh

∂t2

)
n+1−αm

+

[
F c

(
∂V h

∂t

)]
n+1−αm

}
dΩ

+ 2

∫
ΩBh

δuh · ρm

[(
∂F h

c

∂t

)
V h

]
n+1−αf

dΩ

−
∫

ΩBh

δuh ·
[
Div(ρmV

h)F h
cV

h
]
n+1−αf

dΩ

−
∫

ΩBh

((
Grad δuh

)
V h

n+1−αf

)
· ρm

(
F h

cV
h
)
n+1−αf

dΩ

+

∫
ΓBh

δuh ·
[
ρm

(
F h

cV
h
) (
V h ·Nh

)]
n+1−αf

dΓ . (6.4.8)

The thermal problem becomes,

Problem 6.4.2. For each time step tn+1, given the deformation ϕhn, the reference ve-

locity V h
n, and the temperature θhn =

∑Nθ
i=1 φ

θ
i (Θi)n from the previous time step tn, and

given an updated deformation ϕhn+1 and reference velocity V h
n+1, find the temperature

θhn+1 =
∑Nθ

i=1 φ
θ
i (Θi)n+1 such that, for any test function δϑh,∫

ΩBh

∇δϑh · qhn+1 dΩ−
∫

ΩBh

δϑh
[
Rh
b(n+1)

+Dhmech(n+1)
−Hh

n+1

]
dΩ

+

∫
ΩBh

δϑh cθ̇hn+1 dΩ−
∫

ΓBhNθ

δϑh Rh
s(n+1)

JhΓ
Jh

dΓ

−
∫

Γcon
hc

δϑh
(
Dhfric(n+1)

+ sBqhhc(n+1)

) JhΓ
Jh

dΓ = 0 , (6.4.9)

where the thermal flux qhn+1 is computed in terms of the discretised thermal field θhn+1.

75



6 Discretisation and Numerical Solution Procedure

6.5 Linearisation and Consistent Tangent Moduli

The Newton-Raphson method is used to convert each of the nonlinear problems into a

sequence of linear problems. The method starts with an estimated solution, and each

Newton iteration involves computing an update to that estimate. This is achieved by

linearizing the nonlinear problem around the estimated solution, and then solving the

resulting linear problem for the update. These steps are repeated until the residual

becomes smaller than a predefined threshold.

Linearisation by the Newton-Raphson method is described in the following Problem by

using the Gateaux derivatives, defined for a function � = �(ϕh,V h, θh) by

Dϕ�
(
ϕh,V h, θh;φϕi

)
=

[
d

dε
�(ϕh + εφϕi ,V

h, θh)

]
ε=0

, (6.5.1a)

DV �
(
ϕh,V h, θh;φVi

)
=

[
d

dε
�(ϕh,V h + εφVi , θ

h)

]
ε=0

, (6.5.1b)

Dθ�
(
ϕh,V h, θh;φθi )

)
=

[
d

dε
�(ϕh,V h, θh + εφθi )

]
ε=0

. (6.5.1c)

Problem 6.5.1. At a time step tn+1, let the deformation ϕhn, the reference velocity

V h
n, the elastic strain (Be

h)n, the plastic strain αhn, the temperature θhn from the previous

time step tn, and the updated temperature θhn+1 be given. At an augmented Lagrangian

step l + 1, let the normal and tangential contact tractions from the previous augmented

Lagrangian step l, respectively (fhN)
(l)
n+1 and (fhT )

(l)
n+1 be given. At a Newton step k+1, let

an estimated deformation
(
ϕhn+1

)
k

=
∑Nϕ

i=1φ
ϕ
i (Ui)

k
n+1 and reference velocity

(
V h

n+1

)
k

=∑NV
i=1φ

V
i (Vi)

k
n+1 be given. Find the updates ∆k+1Ui and ∆k+1Vi, which give the updated

deformation (
ϕhn+1

)
k+1

=
(
ϕhn+1

)
k

+

Nϕ∑
i=1

φϕi ∆k+1Ui ,

and the updated reference velocity

(
V h

n+1

)
k+1

=
(
V h

n+1

)
k

+

NV∑
i=1

φVi ∆k+1Vi ,
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such that for any test function δuh,

Rk+1
m

(
δuh;ϕh,V h, θh

)
+

Nϕ∑
i=1

[
DϕR

k+1
m

(
δuh;ϕh,V h, θh;φϕi

)]
∆k+1Ui

+

NV∑
i=1

[
DV R

k+1
m

(
δuh;ϕh,V h, θh;φVi

)]
∆k+1Vi = 0 , (6.5.2)

where the mechanical residual Rk+1
m is

Rk+1
m

(
δuh;ϕh,V h, θh

)
=

∫
ΩBh

∇δuh : (dev τ hn+1−αf
+ p̄hn+1−αf

1) dΩ +Gh
inertial

−
∫

ΩBh

δuh · fb(n+1−αf )
dΩ

−
∫

ΓBhNµ

δuh · f s(n+1−αf )
JhΓ dΓ

−
∫

Γcon
hc

sBδuh · fhc(n+1−αf )
JhΓ dΓ . (6.5.3)

The linearised thermal step is similarly described as follows:

Problem 6.5.2. At time step tn+1, given the deformation ϕhn, the reference velocity V h
n,

and the temperature θhn from the previous time step tn, and given an updated deformation

ϕhn+1 and reference velocity V h
n+1, at a Newton step k+1, given the estimated temperature(

θhn+1

)
k

=
∑Nθ

i=1 φ
θ
i (Θi)

k
n+1 from the previous time step k, find the updates ∆k+1Θi, which

give the updated temperature

(
θhn+1

)
k+1

=
(
θhn+1

)
k

+

Nθ∑
i=1

φθi∆
k+1Θi ,

such that for any test function δϑh,

Rk+1
θ

(
δϑh;ϕh,V h, θh

)
+

Nθ∑
i=1

[
Dθ R

k+1
θ

(
δϑh;ϕh,V h, θh;φθi

)]
∆k+1Θi = 0 , (6.5.4)
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where the thermal residual Rk+1
θ is

Rk+1
θ

(
δϑh;ϕh,V h, θh

)
=

∫
ΩB
∇δϑh · qhn+1 dΩ +

∫
ΩB
δϑh cθ̇hn+1 dΩ

−
∫

ΩBh

δϑh
[
Rh
b(n+1)

+Dhmech(n+1)
−Hh

n+1

]
dΩ

−
∫

Γcon
hc

δϑh
(
Dhfric(n+1)

+ sBqhhc(n+1)

) JhΓ
Jh

dΓ

−
∫

ΓBhNθ

δϑh Rh
s(n+1)

JhΓ
Jh

dΓ . (6.5.5)

6.5.1 Consistent Tangent Moduli

The Gateaux derivatives of the fields involved in the residuals (6.5.3) and (6.5.5) are

needed for their linearisation at each Newton-Raphson iteration. These Gateaux deriva-

tives are derived in this subsection.

The Gateaux derivatives of the deformation, reference velocity, and the temperature are

given, by definitions (6.5.1), by

Dϕϕ = φϕ , (6.5.6)

DV V = φV , (6.5.7)

Dθ θ = φθ . (6.5.8)

The Gateaux derivative of the reference deformation gradient is given by

Dϕ F c = Dϕ [Gradϕ]

= Grad [Dϕϕ]

= Gradφϕ . (6.5.9)

The Gateaux derivative of the Jacobian is given by Jacobi’s formula as

Dϕ J = J tr
[
(Dϕ F c)F

−1
c

]
= J tr

[
(Gradφϕ)F−1

c

]
= J tr (∇φϕ) . (6.5.10)
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From (4.1.15), we have

n =
F−t

c N∥∥F−t
c N

∥∥ . (6.5.11)

Furthermore, the Gateaux derivative of F−1
c is obtained, by following the same steps

as (3.3.37), as

Dϕ F
−1
c = −F−1

c (Dϕ F c)F
−1
c

= −F−1
c (Gradφϕ)F−1

c

= −F−1
c (∇φϕ) . (6.5.12)

Thus, the Gateaux derivative of JΓ defined in (5.2.5) is given by

Dϕ JΓ = Dϕ

[
J
∥∥F−t

c N
∥∥]

= (Dϕ J)
∥∥F−t

c N
∥∥+ J Dϕ

∥∥F−t
c N

∥∥
= J tr (∇φϕ)

∥∥F−t
c N

∥∥+ J
F−t

c N∥∥F−t
c N

∥∥ ·Dϕ

[
F−t

c N
]

= JΓ tr (∇φϕ)− J F−t
c N∥∥F−t
c N

∥∥ · [F−1
c (∇φϕ)

]t
N

= JΓ tr (∇φϕ)− J F−t
c N∥∥F−t
c N

∥∥ · (∇φϕ)t F−t
c N

= JΓ tr (∇φϕ)− J
∥∥F−t

c N
∥∥ F−t

c N∥∥F−t
c N

∥∥ · (∇φϕ)t F−t
c N∥∥F−t
c N

∥∥
= JΓ tr (∇φϕ)− JΓn · (∇φϕ)tn

= JΓ [tr (∇φϕ)− (∇φϕ) n · n] . (6.5.13)

Linearisation of contact terms

We consider a fixed contactor point in the reference configuration X ∈ Γcon
hc , and a corre-

sponding target point given in the reference configuration by Y n+1 = η
(
X;ϕh,con

n+1 ,ϕ
h,tar
n+1

)
.

They are respectively given in the current configuration at a time step n+ 1 by xn+1 =
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ϕh,con
n+1 (X) and yn+1 = ϕh,tar

n+1 (Y n+1). The Gateaux derivative (6.5.1a) for a function

�
(
X;ϕh,con

n+1 ,ϕ
h,tar
n+1

)
is then

Dϕ�
(
X;ϕh,con

n+1 ,ϕ
h,tar
n+1 ;φϕ,con

i ,φϕ,tar
i

)
=

[
d

dε
�
(
X;ϕh,con

n+1 + εφϕ,con
i ,ϕh,tar

n+1 + εφϕ,tar
i

)]
ε=0

. (6.5.14)

The Gateaux derivative of the target surface unit normal is given, following the same

steps as (3.3.40), by

Dϕn = −G
[
GtG

]−1 [
DϕG

t
]
n , (6.5.15)

where, similar to (3.3.15),

DϕGij = Dϕ

[
ϕtar
i,k Ξkj

]
= φϕ,tar

i,k Ξkj +
(
ϕtar
i,km ΞkjΞml + ϕtar

i,k η̂k,jl
) (

Dϕ Ŷl

)
= φϕ,tar

i,k Ξkj +
∂Gij

∂Ŷl

(
Dϕ Ŷl

)
. (6.5.16)

Here, the Gateaux derivative of Ŷ is similarly given by following the same steps as (3.3.18)

by

Dϕ Ŷi = A−1
ji Wj , (6.5.17)

where

Aji = GkjGki − (xk − yk)
(
ϕtar
k,lm ΞljΞmi + ϕtar

k,l η̂l,ji
)
, (6.5.18)

Wj =
[
φϕ,con
i − φϕ,tar

i

]
Gij + (xi − yi)

(
φϕ,tar
i,k

) (
ϕtar
l,k

)−1
Glj . (6.5.19)

The Gateaux derivative of g defined in (3.3.33) is given by

Dϕ g = Dϕ

[(
ϕcon −ϕtar

)
· n
]

=
(
φϕ,con − φϕ,tar −GDϕ η

)
· n+

(
ϕcon −ϕtar

)
·Dϕn

=
(
φϕ,con − φϕ,tar −GDϕ η

)
· n+ gn ·G

[
GtG

]−1 [
DϕG

t
]
n

=
(
φϕ,con − φϕ,tar

)
· n+

{
−Dϕ η + g

[
GtG

]−1 [
DϕG

t
]
n
}
·Gtn

=
(
φϕ,con − φϕ,tar

)
· n , (6.5.20)
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where the second term on the right-hand side vanishes due to (3.3.27).

The Gateaux derivative of ∂Ŷ
∂t

is given from (3.3.18) using (3.3.37) as

Dϕ
∂Ŷk
∂t

= Dϕ

[
A−1
jk Vj

]
= −A−1

mk [DϕAml]A−1
jl Vj +A−1

jk [Dϕ Vj]

= A−1
mk

{
− [DϕAml]A−1

jl Vj + Dϕ Vm
}

= A−1
mk

{
− [DϕAml]

∂Ŷl
∂t

+ Dϕ Vm

}
. (6.5.21)

Here,

DϕAjk = Dϕ

[
Gij Gik − (xi − yi)

∂Gij

∂Ŷk

]
= [DϕGij] Gik +Gij [DϕGik]

−
[
φϕ,con
i − φϕ,tar

i −Gim Dϕ Ŷm

] ∂Gij

∂Ŷk

− [xi − yi]
[
Dϕ

∂Gij

∂Ŷk

]
− [xi − yi]

∂2Gij

∂Ŷk∂Ŷm
Dϕ Ŷm , (6.5.22)

where, from (3.3.16),

∂Gij

∂Ŷk
=ϕtar

i,lm Ξmk Ξlj + ϕtar
i,l η̂l,jk , (6.5.23)

which gives

∂2Gij

∂Ŷk∂Ŷm
=

∂

∂Ŷm

[
ϕtar
i,ln Ξnk Ξlj + ϕtar

i,l η̂l,jk
]

=ϕtar
i,lnp Ξnk Ξlj Ξpm + ϕtar

i,ln η̂n,km Ξlj + ϕtar
i,ln Ξnk η̂l,jm

+ ϕtar
i,ln Ξnm η̂l,jk + ϕtar

i,l η̂l,jkm , (6.5.24)

and

Dϕ
∂Gij

∂Ŷk
=φϕ,tar

i,ln Ξnk Ξlj + φϕ,tar
i,l η̂l,jk

+
∂2Gij

∂Ŷk∂Ŷm
Dϕ Ŷm . (6.5.25)
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Substitution of (6.5.16) and (6.5.25) into (6.5.22) gives

DϕAjk =
[
φϕ,tar
i,l Ξlj

]
Gik +Gij

[
φϕ,tar
i,l Ξlk

]
+

[
∂Gij

∂Ŷm
Gik +Gij

∂Gik

∂Ŷm
+Gim

∂Gij

∂Ŷk

]
Dϕ Ŷm

−
[
φϕ,con
i − φϕ,tar

i

] ∂Gij

∂Ŷk

− [xi − yi]
[
φϕ,tar
i,ln Ξnk Ξlj + φϕ,tar

i,l η̂l,jk
]

− 2 [xi − yi]
∂2Gij

∂Ŷk∂Ŷm
Dϕ Ŷm , (6.5.26)

Similarly, from (3.3.20),

Dϕ Vm = Dϕ

[
(xi − yi)

(
∂ϕtar

i,k

∂t

∣∣∣∣
Y

)
Ξkm +

(
∂ϕcon

i

∂t
− ∂ϕtar

i

∂t

∣∣∣∣
Y

)
Gim

]
=
(
φϕ,con
i − φϕ,tar

i −Gij Dϕ Ŷj

)( ∂ϕtar
i,k

∂t

∣∣∣∣
Y

)
Ξkm

+ (xi − yi)

(
∂φϕ,tar

i,k

∂t

∣∣∣∣∣
Y

+
∂ϕtar

i,kl

∂t

∣∣∣∣
Y

Ξlj Dϕ Ŷj

)
Ξkm

+ (xi − yi)
(
∂ϕtar

i,k

∂t

∣∣∣∣
Y

)
η̂k,mj Dϕ Ŷj

+

(
∂φϕ,con

i

∂t
− ∂φϕ,tar

i

∂t

∣∣∣∣
Y

−
∂ϕtar

i,k

∂t

∣∣∣∣
Y

Ξkj Dϕ Ŷj

)
Gim

+

(
∂ϕcon

i

∂t
− ∂ϕtar

i

∂t

∣∣∣∣
Y

)
DϕGim

=
(
φϕ,con
i − φϕ,tar

i

)( ∂ϕtar
i,k

∂t

∣∣∣∣
Y

)
Ξkm + (xi − yi)

(
∂φϕ,tar

i,k

∂t

∣∣∣∣∣
Y

)
Ξkm

+ (xi − yi)
(
∂ϕtar

i,kl

∂t

∣∣∣∣
Y

Ξlj Dϕ Ŷj

)
Ξkm + (xi − yi)

(
∂ϕtar

i,k

∂t

∣∣∣∣
Y

)
η̂k,mj Dϕ Ŷj

−Gij Dϕ Ŷj

(
∂ϕtar

i,k

∂t

∣∣∣∣
Y

)
Ξkm −

(
∂ϕtar

i,k

∂t

∣∣∣∣
Y

Ξkj Dϕ Ŷj

)
Gim

+

(
∂φϕ,con

i

∂t
− ∂φϕ,tar

i

∂t

∣∣∣∣
Y

)
Gim +

(
∂ϕcon

i

∂t
− ∂ϕtar

i

∂t

∣∣∣∣
Y

)
DϕGim , (6.5.27)
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which simplifies to

Dϕ Vm =
(
φϕ,con
i − φϕ,tar

i

)( ∂ϕtar
i,k

∂t

∣∣∣∣
Y

)
Ξkm +

(
∂ϕcon

i

∂t
− ∂ϕtar

i

∂t

∣∣∣∣
Y

)(
φϕ,tar
i,k Ξkm

)
+

(
∂φϕ,con

i

∂t
− ∂φϕ,tar

i

∂t

∣∣∣∣
Y

)
Gim + (xi − yi)

(
∂φϕ,tar

i,k

∂t

∣∣∣∣∣
Y

)
Ξkm

+ (xi − yi)
(
∂ϕtar

i,kl

∂t

∣∣∣∣
Y

ΞljΞkm +
∂ϕtar

i,k

∂t

∣∣∣∣
Y

η̂k,mj

)
Dϕ Ŷj

−Gij

(
∂ϕtar

i,k

∂t

∣∣∣∣
Y

Ξkm

)
Dϕ Ŷj −

(
∂ϕtar

i,k

∂t

∣∣∣∣
Y

Ξkj

)
Gim Dϕ Ŷj

+

(
∂ϕcon

i

∂t
− ∂ϕtar

i

∂t

∣∣∣∣
Y

)
∂Gim

∂Ŷj
Dϕ Ŷj . (6.5.28)

Substitution of (6.5.26) and (6.5.28) into (6.5.21) gives

Dϕ
∂Ŷl
∂t

= A−1
ml

{(
φϕ,con
i − φϕ,tar

i

)( ∂ϕtar
i,k

∂t

∣∣∣∣
Y

)
Ξkm +

(
∂ϕcon

i

∂t
− ∂ϕtar

i

∂t

∣∣∣∣
Y

)(
φϕ,tar
i,k Ξkm

)
+

(
∂φϕ,con

i

∂t
− ∂φϕ,tar

i

∂t

∣∣∣∣
Y

)
Gim + (xi − yi)

(
∂φϕ,tar

i,k

∂t

∣∣∣∣∣
Y

)
Ξkm

+ (xi − yi)
(
∂ϕtar

i,kl

∂t

∣∣∣∣
Y

ΞljΞkm +
∂ϕtar

i,k

∂t

∣∣∣∣
Y

η̂k,mj

)
Dϕ Ŷj

+ (xi − yi)
(
φϕ,tar
i,kl Ξlj Ξkm + φϕ,tar

i,k η̂k,mj
) ∂Ŷj
∂t

−Gij

[
∂ϕtar

i,k

∂t

∣∣∣∣
Y

Ξkm

]
Dϕ Ŷj −

[
∂ϕtar

i,k

∂t

∣∣∣∣
Y

Ξkj

]
Gim Dϕ Ŷj

−Gij

[
φϕ,tar
i,k Ξkm

] ∂Ŷj
∂t
−
[
φϕ,tar
i,k Ξkj

]
Gim

∂Ŷj
∂t

+

[
∂ϕcon

i

∂t
− ∂ϕtar

i

∂t

∣∣∣∣
Y

]
∂Gim

∂Ŷj
Dϕ Ŷj +

[
φϕ,con
i − φϕ,tar

i

] ∂Gim

∂Ŷj

∂Ŷj
∂t

−

[
∂Gim

∂Ŷk
Gij +Gim

∂Gij

∂Ŷk
+Gik

∂Gim

∂Ŷj

]
∂Ŷj
∂t

Dϕ Ŷk

+ 2 [xi − yi]

[
∂2Gim

∂Ŷj∂Ŷk

]
∂Ŷj
∂t

Dϕ Ŷk

}
. (6.5.29)
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The Gateaux derivatives of the contactor and target reference velocities are

DV V
con = φV ,con , (6.5.30)

DV V
tar = φV ,tar , (6.5.31)

Dϕ V
tar =

(
GradV tar

)
Dϕ η , (6.5.32)

(6.5.33)

where

φV ,con = φV
∣∣
Γcon
c

, (6.5.34)

φV ,tar = φV
∣∣
Γtar
c
, (6.5.35)

Dϕ η = Ξ Dϕ Ŷ . (6.5.36)
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7 Solver Implementation

This Chapter describes the implementation of a solver based on the discretisation steps

described in the previous Chapter. The implementation was programmed in C++ mak-

ing use of the deal.II finite element library [19].

In Section 7.1, the finite element discretisation is described and the thermomechanical

fields and material state variables which describe the solution are detailed. Section 7.2

describes the high-level structure of the solver and the solution procedure. Section 7.3

describes computation of the in-plane component of the reference motion and its incor-

poration into the material remapping of the nodal fields and quadrature point variables.

Section 7.4 gives an overview of solution for the mechanical fields, which is then de-

scribed in detail in Sections 7.5 through 7.7. Solution for the thermal fields is described

in Section 7.8.

7.1 Finite Element Discretisation

The domains of the contacting bodies in the reference configuration are discretised into

axisymmetric meshes of quadrilateral elements. To make use of distributed-memory

parallel computing resources, the mesh of each body is divided into subdomains. The

distributed-memory parallel program is run as multiple processes, each process running

independently and coordinating with the other processes through message passing. Each
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of the meshed subdomains is assigned to one process. A cell and its faces are said to be

owned by the process that is assigned the subdomain which contains the cell.

7.1.1 Rotational Symmetry

The implemented solver makes use of the rotational symmetry so that a three-dimensional

problem is converted into a two-dimensional axisymmetric one. A point in the reference

configuration X =
∑3

i=1 Xiêi, where êi are the unit vectors along the three Cartesian

axes, has the cylindrical coordinates (R,Θ, Z) such that

X1 = R cos Θ , (7.1.1a)

X2 = R sin Θ , (7.1.1b)

X3 = Z . (7.1.1c)

The ALE formulation is implemented by representing motion at each time step n + 1

in terms of both the incremental reference motion as well as the deformation from the

reference configuration. For a point X in the reference configuration, the incremental

reference motion is given by the remapped position X̂n+1 given by (6.1.62) as

X̂n+1 :=Mtn+1

tn {X} = X −
∫ tn+1

tn

Mtn+1
τ {V } dτ . (7.1.2)

The remapped position X̂n+1 =
∑3

i=1 X̂i,n+1êi has the cylindrical coordinates (R̂, Θ̂, Ẑ)

such that

X̂1,n+1 = R̂n+1 cos Θ̂n+1 , (7.1.3a)

X̂2,n+1 = R̂n+1 sin Θ̂n+1 , (7.1.3b)

X̂3,n+1 = Ẑn+1 , (7.1.3c)

where

R̂n+1 = R−∆Rn+1 , (7.1.4a)

Ẑn+1 = Z −∆Zn+1 , (7.1.4b)

Θ̂n+1 = Θ−∆Θn+1 , (7.1.4c)
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Figure 7.1: Incremental reference motion representation in cylindrical coordinates

and ∆Rn+1 = ∆Rn+1(R,Z), ∆Θn+1 = ∆Θn+1(R,Z) and ∆Zn+1 = ∆Zn+1(R,Z) vary

only with R and Z at any fixed time step n+ 1.

The incremental reference motion is decomposed into an in-plane component and a

circumferential component. The in-plane component at X is represented by the point

X̃ that has the cylindrical coordinates (R̂,Θ, Ẑ), and the circumferential component is

represented by the angular increment ∆Θ. Representation of the incremental reference

motion in cylindrical coordinates is depicted in Figure 7.1.

Deformation from the reference configuration is represented, at any given time step n+1,

by position in the current configuration xn+1 = ϕ(X, tn+1) =
∑3

i=1 xi,n+1êi, which has
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the cylindrical coordinates (R + rn+1,Θ, Z + zn+1) such that

x1,n+1 = (R + rn+1) cos Θ , (7.1.5a)

x2,n+1 = (R + rn+1) sin Θ , (7.1.5b)

x3,n+1 = Z + zn+1 , (7.1.5c)

where rn+1 = rn+1(R,Z) and zn+1 = zn+1(R,Z) vary only with R and Z.

In this representation, deformation between the reference configuration and the current

configuration (7.1.5) leaves planes containing the axisymmetry axis unchanged, and the

circumferential component of the motion is completely captured by the reference velocity

given in terms of the incremental reference motion (7.1.3). This choice does not limit

the range of the motion that can be represented, but rather it is a constraint on its

composition between the Eulerian and Lagrangian parts of the representation. This

way, both in-plane and torsional effects are well accounted for, and the reference and

current configuration meshes remain entirely on the axisymmetry plane.

7.1.2 Cell Shape Functions and Local Degrees of Freedom

The finite element discretisation also includes the definition of shape functions for the

mechanical, thermal, and reference motion fields. From a programming perspective, a

number of FiniteElement 1 objects are defined which encapsulate these sets of shape

functions. These objects are named mech fe, therm fe, vol var fe and ref motion fe.

The mech fe object encapsulates the shape functions for the deformation from the ref-

erence configuration, along with the circumferential component of the reference motion.

The therm fe one encapsulates the shape functions for the temperature. The vol var fe

object encapsulates the element-wise continuous shape functions used to discretise the

1As a convention, we use CamelCase for class and struct names such as FiniteElement, and we

use snake case for the names of objects and member variables and functions such as mech fe.

88



7 Solver Implementation

pressure and deformation Jacobian terms. The ref motion fe object encapsulates the

shape functions for the in-plane components of the reference motion.

The FiniteElement objects also provide a mapping between the shape functions and the

local cell degrees of freedom. The mech fe object includes a total of mech dofs per cell

local degrees of freedom, such that each degree of freedom i is mapped to a pair of shape

functions
(
φϕi , φ

ref,Θ
i

)
. The shape functions {φϕi }

mech dofs per cell
i=1 , which are vector func-

tions, form a basis for the deformation, while the shape functions {φref,Θ
i }mech dofs per cell

i=1 ,

which are scalar functions, form a basis for the circumferential component of the refer-

ence motion.

Similarly, the therm fe object includes a total of therm dofs per cell local cell degrees

of freedom, such that each degree of freedom i is mapped to a shape function φθi . These

scalar shape functions
{
φθi
}therm dofs per cell

i=1
form a basis for the thermal field.

Furthermore, the vol var fe object includes a total of vol dofs per cell degrees of

freedom, which are mapped to the shape functions {φp
i }

vol dofs per cell

i=1 that form a ba-

sis of subspace onto which the pressure and deformation Jacobian fields are projected

by (6.4.5) and (6.4.6). The shape functions {φϕi }, {φ
ref,Θ
i }, and {φp

i } are chosen to

form continuous biquadratic-discontinuous linear mixed elements, which are stable and

convergent, such that the discretised deformation and reference motion fields are bi-

quadratic, and the projected deformation Jacobian and pressure fields are cell-wise con-

tinuous linear. As represented in Figure 7.2, a biquadratic-linear quadrilateral element

has two sets of degrees of freedom. The first is the set of nine degrees of freedom of a

continuous cell-wise biquadratic field, whose local support points comprise four nodes at

the corners of the quadrilateral, four nodes at the centres of its edges, and one node at

its centre. These degrees of freedom are used to construct the components of {φϕi } and

{φref,Θ
i }. The second set of degrees of freedom corresponds to the cell-wise discontinuous

linear field, which are the local degrees of freedom of {φp
i }. The support points of these

sets of degrees of freedom are represented, respectively, by the black and white circles

in Figure 7.2.
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Figure 7.2: Nodes and degrees of freedom in a biquadratic-linear element. The black

nodes are support points for the continuous cell-wise biquadratic field. The

white circles represent the degrees of freedom of the discontinuous linear field

The ref motion fe object includes ref motion dofs per cell degrees of freedom. These

are mapped to the shape functions {φref,P
i }ref motion dofs per cell

i=1 , which form a basis for

the in-plane component of the reference motion.

The shape functions correspond to nodal support points, such that any shape function

that is not identically zero vanishes at all support points except one. Furthermore, each

scalar shape function, such as φθ, has unit value at its corresponding support point.

Similarly, each tensor shape function, such as φϕ, has unit norm at its corresponding

support point. Moreover, the inner product of any two distinct tensor shape functions at

any support point vanishes. Furthermore, the components of the tensor shape functions

satisfy the Kronecker relation at the support points, i.e. exactly one component has a

unit value and all other components vanish.

7.1.3 Thermomechanical Fields

The thermomechanical state and the formulation and solution of the linear sys-

tem at a Newton step are represented by objects of type NewtonStepLinearSystem.
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Each such object includes a matrix Newton step matrix, and the vectors

Newton step residual and Newton step solution, which represent the formulation

and solution of the linear system. Each NewtonStepLinearSystem also includes

the vectors previous value, previous time rate, previous second time rate and

current increment. The variables contained in a NewtonStepLinearSystem object are

represented in the class diagram in Figure 7.3. Three such NewtonStepLinearSystem

objects are defined for each of the contacting bodies: mech step system,

therm step system and reference motion step system, as summarised in Fig-

ure 7.4. Each of contactor mech step system and target mech step system

represents the deformation from the reference configuration and the circumferen-

tial component of the reference motion fields for the respective contacting body.

Similarly, contactor therm step system and target therm step system represent

the respective thermal fields, and contactor reference motion step system and

contactor reference motion step system represent the in-plane components of the

reference motion.

NewtonStepLinearSystem

Newton step matrix : SparseMatrix

Newton step residual: Vector

Newton step solution: Vector

previous value: Vector

previous time rate: Vector

previous second time rate: Vector

current increment: Vector

Figure 7.3: Attributes of a NewtonStepLinearSystem object

The components of the global vectors and matrices encapsulated in the

NewtonStepLinearSystem objects correspond to global degrees of freedom. These are

linked to the local degrees of freedom described in the previous section in that the shape

function of each global degree of freedom is defined on several adjacent cells in terms
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NonlinearFields

contactor mech step system: NewtonStepLinearSystem

target mech step system: NewtonStepLinearSystem

contactor therm step system: NewtonStepLinearSystem

target therm step system: NewtonStepLinearSystem

contactor reference motion step system: NewtonStepLinearSystem

target reference motion step system: NewtonStepLinearSystem

Figure 7.4: Objects of type NewtonStepLinearSystem

of the local shape functions on those cells. Specifically, the shape functions are defined

in terms of nodal support points, which have a one-to-one mapping with the degrees

of freedom. Thus, a local nodal support point at an internal cell boundary is shared

among the neighbouring cells which share that boundary, such that the local degrees of

freedom which correspond to that shared support point map to the same global degrees

of freedom.

In addition to the global vectors, the material state variables are stored as data at each

quadrature point. These are the elastic deformation tensor from the previous time step

Be
n, the equivalent plastic strain αn, and the reference motion Jacobian Jr,n. Updates

to these quadrature point-stored values are also unknowns to be solved for at each time

step.

7.2 Solution Procedure

The solution progresses through time steps. Each time step starts with determination

of the in-plane component of the reference motion, followed by determination of the re-

maining thermomechanical fields using the split-step procedure by Simo and Miehe [82].

The procedure followed at each time step is shown at a high level in Figure 7.5. First, the

in-plane component of the reference motion is determined, and it is used to remap the
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Update the in-plane component of the reference

motion using a Newton–Raphson loop with line

search, and compute the material remapping

of the nodal and quadrature point variables as

described in Subsection 7.3.2 and Subsection 7.3.3

Use a Newton-Raphson loop with a line search

procedure to update the deformation field and

the circumferential component of the reference

motion field with the thermal field fixed at the

solution from the previous time step as described

in Section 7.4 and summarised in Algorithm 7.4.1

Advance the time step

Use a Newton-Raphson loop with a line

search procedure to update the ther-

mal field keeping the mechanical fields

fixed, as summarised in Algorithm 7.8.1

Use a Newton-Raphson loop with a line search

procedure to update the deformation field

and the circumferential component of the

reference motion field with the thermal field

fixed at the updated value, as described in

Section 7.4 and summarised in Algorithm 7.4.1

Figure 7.5: Mechanical and thermal operator-split time step
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nodal and quadrature point fields account for the incremental material motion. Then,

the mechanical variables are updated at a fixed thermal field. The thermal field is then

updated with the mechanical fields fixed at the updated mechanical solution. Finally,

the updated thermal field is kept fixed and the mechanical fields are updated again,

which completes the time step. Following such a staggered approach has several advan-

tages. Not only is computational expense lowered by reducing the sizes of the problems

to be solved without a significant loss of accuracy, but this approach also results in a

set of symmetric problems and enables exact linearisation in both the mechanical and

thermal steps [82].

At each mechanical sub-step, an augmented Lagrangian procedure is used to satisfy the

contact constraints. In each augmented Lagrangian iteration, the mechanical system is

assembled with the contact residual given by the sum of a fixed augmented Lagrangian

term accumulated from previous augmented Lagrangian iterations, and a penalty term

computed from the penetration and slip velocity in the current iteration. The resulting

nonlinear problem is solved using a Newton Raphson method.

Each Newton-Raphson iteration consists of assembly and solution of a linear prob-

lem (6.5.2) given by bulk and contact residual vectors and tangent matrices, followed by

one or more line search steps.

Implementation of the thermal sub-steps is structured similarly, except that augmented

Lagrangian iteration is not required because no inequality constraints are involved. Each

thermal sub-step consists of a Newton-Raphson loop to solve a linearised problem (6.5.4).

7.3 In-Plane Component of Reference Motion

Mechanical motion is described in the ALE formulation in terms of both the reference

motion Υ0 as well as the motion from the reference configuration ϕc. The reference
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motion is represented incrementally by (6.1.62), so that each point X in the reference

configuration, which has the cylindrical coordinates (R,Θ, Z), is mapped to a point X̂

with cylindrical coordinates (R̂, Θ̂, Ẑ). The angular (circumferential) component Θ̂ =

Θ−∆Θ of the reference motion increment is solved simultaneously with the deformation

from the reference configuration in each mechanical sub-step. The in-plane component

of the reference motion, which is represented by the point X̃ that has the cylindrical

coordinates (R̂,Θ, Ẑ), is computed separately at the start of each time step with the

goal of controlling mesh distortion. The values of the mechanical and thermal fields

and the material state variables at X̃ are then computed. These values are needed to

compute the material remapping of these fields, i.e. their values at X̂.

7.3.1 Reference Motion Increment Determination

The reference motion increment is defined by the nodal field X̂n+1, which is related to

the reference velocity by (6.1.61). Its in-plane component, which is given by the nodal

field X̃n+1, is determined at the start of the time step. This is done with the objective

of reducing distortion of the deformed configuration mesh. We approximate the mesh

distortion using the deformation measure

Fmesh
n+1 = F c,n Grad X̃n+1 . (7.3.1)

Thus, the in-plane component of the mesh motion, X̃n+1, is determined by definition of

a mesh distortion stress τmesh
n+1 and numerical solution of the corresponding momentum
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balance equation

div τmesh
n+1 = 0 , (7.3.2)

τmesh
n+1 = dev τmesh

n+1 + pmesh
n+1 1 , (7.3.3)

dev τmesh
n+1 = µmesh dev b̄

mesh
n+1 , (7.3.4)

pmesh
n+1 = κmesh

(
Jmesh +

1

Jmesh

)
, (7.3.5)

b̄
mesh
n+1 =

[
Jmesh
n+1

]−2/3
bmesh
n+1 , (7.3.6)

bmesh
n+1 =

(
Fmesh
n+1

) (
Fmesh
n+1

)t
, (7.3.7)

Jmesh
n+1 =

√
det bmesh

n+1 . (7.3.8)

A Newton-Raphson loop with a line search procedure is used to solve for X̃n+1, where

the residual vector and tangent matrix are assembled in a procedure analogous to that

of the mechanical problem.

7.3.2 Material Mapping of Nodal Mechanical and Thermal Fields

The material remapped values of the discrete mechanical and thermal fields are needed

in the formulation and solution of the thermomechanical problems in each time step.

Computation of these values is now described.

Since the deformation and thermal fields do not vary with the angular coordinate of

position in the reference configuration Θ, they are determined using the in-plane com-

ponent of the incremental reference motion, which is computed at the start of each time

step. As an example, for the temperature field we have θn = θn(R,Z), so that

Mn+1
n θ := θn|X̂n+1

= θn(R̂, Ẑ) = θn|X̃n+1
. (7.3.9)

Material remapping is computed as follows for a field � that is given on a cell c in

terms of shape functions {φ�
i }

� dofs per cell
i=1 that correspond to nodal support points

{X�
c:i}

� support pts per cell
i=1 . The fields for which this computation is carried out are the

96



7 Solver Implementation

deformation and temperature, as well as the first and second time derivatives of the

deformation.

First, the in-plane component of the incremental reference motion is applied to each of

the support points to obtain {X̃�
c:i}

� support pts per cell
i=1 . Then, the field �n is evaluated

at these new nodal support points. In general, not all of the new support points remain

within the same cell c. Rather, they may be contained in different cells, which may

be owned by different processes from that which owns c. As a result, evaluation of

the field �n at each of the new nodal support points {X̃�
c:i}

� support pts per cell
i=1 is carried

out by sending the new positions to the processes that own the cells in which they are

contained, followed by carrying out the evaluation and sending the result back to the

process that owns the cell c. Material remapping is then completed by populating these

values into the global vectors at the global degrees of freedom of the respective nodal

support points.

7.3.3 Material Mapping of Quadrature Point Variables

Material remapped values of the fields represented by values at the quadrature points

are also needed at each time step. These fields are the equivalent plastic strain αn, the

tensor field Be
n, and the reference motion deformation determinant Jacobian Jr,n.

Material remapping of these fields is performed in a procedure similar to that applied to

the nodal fields. First, at each cell c, each quadrature point {Xqp
c:i}

q points per cell
i=1 is trans-

formed by the in-plane component of the reference motion to obtain {X̃qp

c:i}
q points per cell
i=1 .

The values of the fields at this remapped position are then computed by projection from

the known values of the quadrature points {Xqp
c̃:i}

q points per cell
i=1 in the cell c̃ which con-

tains X̃
qp

c:i. Projection is carried out onto a function space defined in terms of a set of

shape functions {φq
i }

projection dim
i=1 . For a field �, this is given by

�|X̃qp
c:i

= φq
j (X̃

qp

c:i)

[∑
l

φq
j (X

qp
c̃:l)φ

q
k(X

qp
c̃:l)

]−1 [∑
l

φq
k(X

qp
c̃:l)�(Xqp

c̃:l)

]
, (7.3.10)

97



7 Solver Implementation

where the summations are over the quadrature point indices l = (1, ..., q points per cell).

In order to preserve the isochoric property of the plastic deformation, remapping of

the volume preserving part, B̄
e

= J
−2/3
r Be, of the tensor Be is done after a pre-

transformation, and is followed by a post transformation as follows:

B̄
e
n

∣∣
X̃

qp
c:i

=
[
F̄
−1
c,n exp

(
log b̄

e
n

)
F̄
−t
c,n

]
X̃

qp
c:i

, (7.3.11)

F̄ c,n = J−
1/3

c,n F c,n , (7.3.12)

log b̄
e
n

∣∣
X̃

qp
c:i

= φq
j

∣∣
X̃

qp
c:i

[∑
l

[
φq
jφ

q
k

]
Xqp
c̃:l

]−1 [∑
l

[
φq
k log

(
F̄ c,nB̄

e
nF̄

t
c,n

)]
Xqp
c̃:l

]
. (7.3.13)

First, an interpolation is computed of log b̄
e
n = log

(
F̄ c,nB̄

e
nF̄

t
c,n

)
, which is a deviatoric

tensor by (3.1.40), since it is the natural logarithm of a tensor with a unit determi-

nant. The resulting interpolated tensor log b̄
e
n

∣∣
X̃

qp
c:i

is also deviatoric since it is a linear

combination of deviatoric tensors. This interpolated value is then used to complete the

computation as B̄
e
n = F̄

−1
c,n exp

(
log b̄

e
n

)
F̄
−t
c,n, which has unit determinant due to (3.1.40).

This ensures that the plastic deformation remains volume preserving since, by (4.3.16),

detGp = J−
2/3

r detBe

= det B̄
e

= 1 . (7.3.14)

This is similar to the procedure described in [18], where the natural logarithm of the

right Cauchy-Green plastic tensor Gp is interpolated with the cell shape functions, and

the exponential of the resulting value is taken. The difference is that here, we interpolate

the logarithm of the elastic tensor be, and take the exponential of the resulting value,

which removes dependence on the material configuration.
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7.4 Mechanical Fields Solution

Each of the two mechanical parts of a time step, in which the deformation field and the

circumferential-component of the reference motion field are updated with the thermal

field fixed, is completed by an augmented Lagrangian loop. At each iteration, a thermo-

mechanical problem is solved in which the thermal field is fixed and the contact forces

are given by the sum of an augmented Lagrangian term and a penalty term. This solu-

tion is completed in a sequence of Newton-Raphson steps. Each Newton step consists of

assembly and solution of a linear system followed by a line search procedure to compute

an update to the approximate solution. The high-level structure of the mechanical parts

of the time step is given in Algorithm (7.4.1).

Assembly of the residual vectors and tangent matrices forms a major part of the imple-

mentation. It is completed in three main stages, which are represented in Figure 7.6.

First, the bulk parts of the residual vectors and tangent matrices are assembled, as de-

tailed in Section 7.5. Then, as detailed in Section 7.6, the contact geometry mappings

are prepared by finding for each contactor point the corresponding target point. Fi-

nally, the contact residual vectors and tangent matrices are assembled, as detailed in

Section 7.7.

7.4.1 Linear System Block Structure

The finite element assembly procedures yield a block linear system to be solved for the

optimal increments with which to update the approximate solutions of the mechanical

and thermal problems. The block structure of the stiffness matrix and the residual and

solution vectors is due to the choice of the finite element shape functions. The shape

functions φϕi , φref,Θ
i , and φθi , with which the mechanical and thermal solution fields are

discretised, are such that the support of each function is completely contained within one

body. That is to say if a shape function is nonzero anywhere on the contactor then it is
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zero everywhere on the target. For any X ∈ Ωcon, if φϕi (X) 6= 0, then for all Y ∈ Ωtar,

φϕi (Y ) = 0; and vice versa. The analogous statements also hold for φref,Θ
i , and φθi . This

choice arises naturally as the contactor and target meshes are generated independently

and the shape functions are constructed from piecewise polynomials on the cells of those

meshes. A consequence of this choice is that the increment vector can be divided into

two blocks, one corresponding to the target and the other to the contactor.

Each element of the mechanical residual vector and its corresponding row in the me-

chanical stiffness matrix are given by one instance of the linearised residual (6.5.2) with

a concrete choice of the test function δuh. Similarly, each instance of the linearised

thermal residual (6.5.4) with a concrete choice of the thermal test function δϑh gives

one element of the thermal residual vector and the corresponding row in the thermal

stiffness matrix. As a result, by ordering the test functions in a fashion similar to that

of the shape functions, the residual vector can be divided into two blocks corresponding

to the contactor and the target.

Thus, the block structure of the linear system is as follows Kcon
bulk +Kcon

auto Kcon
cross

Ktar
cross Ktar

bulk +Ktar
auto

 U con

U tar

 =

 rcon
bulk + rcon

contact

rtar
bulk + rtar

contact

 . (7.4.1)

Here, rcon
bulk and rcon

contact are respectively the bulk and contact components of the residual

vector (6.5.3), whose entries correspond to the contactor test functions δuh,con
i , i.e. the

elements of the chosen basis of the functional space of the contactor test functions. Simi-

larly, rtar
bulk and rtar

contact are the bulk and contact residuals corresponding to the target test

functions δuh,tar
i . The increment vector blocks U con and U tar correspond respectively

to degrees of freedom on the contactor and target discretisations. The bulk compo-

nents Kcon
bulk and Ktar

bulk of the diagonal blocks of the stiffness matrix correspond to the

Gateaux derivatives of the contactor and target bulk residual vectors, respectively. The

contact components of the stiffness matrix blocks are split into auto-interaction and

cross-interaction blocks. The contactor auto-interaction stiffness matrix Kcon
auto is assem-

bled from the Gateaux derivatives of the contactor contact residual vector with respect
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Assemble contactor and tar-

get bulk mechanical systems

Prepare contact geometry mappings

Assemble mechanical contact system

Figure 7.6: Assembly of mechanical linear system

to degrees of freedom on the contactor surface discretisation. This is in contrast to the

contactor cross-interaction stiffness matrix Kcon
cross, which is assembled from the Gateaux

derivatives with respect to degrees of freedom on the target surface discretisation. Sim-

ilarly, the target auto- and cross-interaction stiffness matrix blocks Ktar
auto and Ktar

cross

are assembled from the Gateaux derivatives of the target contact residual components

with respect to degrees of freedom on the target and contactor surface discretisations,

respectively.

7.5 Bulk Mechanical System Assembly

Assembly of the bulk part of the residual vectors and tangent matrices is performed by

iteration over the cells. At each cell, a local cell residual re
bulk and tangent matrix Ke

bulk

are computed, and these are assembled into the global system bulk residual and tangent

matrix blocks.

At each cell, two loops over the quadrature points are completed. In the first loop

over the quadrature points, the coefficients
∫

Ωe φ
p
j J

h dΩ are computed, which are used
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Algorithm 7.4.1 Solving mechanical step

1: contact constraints are satisfied ← false

2: while contact constraints are satisfied = false do

3: Assemble mechanical bulk and contact systems to update residuals rcon
contact,

rcon
bulk,rtar

contact, r
tar
bulk and tangents Kcon

bulk, Ktar
bulk, Kcon

auto, Kcon
cross, K

tar
auto, Ktar

cross

4: while
√

(rcon
bulk + rcon

contact)
2 + (rtar

bulk + rtar
contact)

2 ≥ εmech do

5: Solve mechanical linear system for full updates ∆U con and ∆U tar

6: Set line search step size αL ← 1

7: while line search condition is met = false do

8: Update mechanical fields UB ← UB + αL∆UB, B ∈ {con, tar}

9: Assemble mechanical bulk and contact systems to update the residuals

10: Update line search step size αL ← 1
2
αL

11: Update line search condition is met

12: end while

13: Assemble mechanical bulk and contact systems to update residuals and tan-

gents

14: end while

15: Assemble mechanical contact system to update augmented Lagrangian con-

tact forces f
(l+1)
T , f

(l+1)
N and residuals rcon

AL , rtar
AL and to re-evaluate whether

contact constraints are satisfied

16: end while
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to compute value and tangent of the projection of the deformation Jacobian onto the

subspace spanned by {φp
j}. The second loop over the quadrature points computes the

integrals to assemble the cell residual vector and tangent matrix. This requires the stress

deviator dev τ n+1, which is computed in terms of a trial left Cauchy-Green elastic tensor

be,trial
n+1 using a predictor-corrector approach as described in Subsection 6.1.1. This part

of the implementation is described next.

Algorithm 7.5.1 Assembly of Mechanical Bulk System

1: Loop over quadrature points to compute coefficients of projection of the following

fields onto the subspace spanned by {φp
i }

Np
DoF

i=1 :

a: The deformation Jacobian J and the temperature θ

b: For each mechanical DoF j: tr
[(

Gradφϕj
)
F−1
c

]
and J tr

[(
Gradφϕj

)
F−1
c

]
c: For each pair of mechanical DoF’s j and k: tr

[(
Gradφϕj

)
F−1
c (Gradφϕk )F−1

c

]
2: for quadrature point Xq, 1 ≤ q ≤ NQP do

3: From the coefficients computed in Step 1, compute the projected Jacobian J̄ and

temperature θ̄ using (6.4.5)

4: Compute X ′ from the increment ∆Xn+1 :=
∫ tn+1

tn
Mtn+1

τ {V } dτ using (6.1.62)

5: Using (6.1.61) compute Be,trial
n+1 , and compute be,trial

n+1 from (6.1.59)

6: From be,trial
n+1 ,Mtn+1

tn {α} and θn+1, compute the stress deviator dev τ hn+1 using the

return mapping algorithm described in Subsection 7.5.2

7: From the projected Jacobian J̄n+1 and the projected temperature θ̄n+1, compute

the pressure p̄h
n+1

8: Compute the inertial component of the residual from (6.4.8)

9: Update the cell residual re
bulk and tangent matrix Ke

bulk

10: end for

11: Accumulate the local residual vector and tangent matrix onto their global counter-

parts
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7.5.1 Trial Elastic Deformation Tensor

The trial left Cauchy-Green elastic tensor be,trial
n+1 is given by (6.1.59) and (6.1.61) in

terms of the deformation gradient F c,n+1 and the reference motion increment gradient

Grad X̂n+1, and in terms of Be
n|X̂n+1

. The deformation gradient F c = ∂x
∂X

is obtained by

differentiation of both the current and reference positions with respect to the cylindrical

coordinates. Due to the axisymmetry assumption, it is only needed on the plane with

Θ = 0, where it is given by

F c|Θ=0 =


1 + ∂r

∂R
0 ∂r

∂Z

0 1 + r
R

0

∂z
∂R

0 1 + ∂z
∂Z

 . (7.5.1)

Similarly, the incremental material motion gradient GradX ′ is given for Θ = 0 by

Grad X̂
∣∣∣
Θ=0

=


∂R̂
∂R

cos Θ̂− R̂∂Θ̂
∂R

sin Θ̂ − R̂
R

sin Θ̂ ∂R̂
∂Z

cos Θ̂− R̂∂Θ̂
∂Z

sin Θ̂

∂R̂
∂R

sin Θ̂ + R̂∂Θ̂
∂R

cos Θ̂ R̂
R

cos Θ̂ ∂R̂
∂Z

sin Θ̂ + R̂∂Θ̂
∂Z

cos Θ̂

∂Ẑ
∂R

0 ∂Ẑ
∂Z

 . (7.5.2)

The tensor Be
n|X̂n+1

at X̂n+1, which has the cylindrical coordinates (R̂, Θ̂, Ẑ), is also

needed for computing the trial left Cauchy-Green elastic tensor be,trial
n+1 through (6.1.61).

Available from the remapping process carried out at the start of each time step n + 1

is Be
n|X̃n+1

at X̃n+1, which has the cylindrical coordinates (R̂, 0, Ẑ). The values of Be
n

at the two points are related by the rotational symmetry assumption. We consider any

two vectors v = viêi and w = wiêi and their rotated counterparts

vrot = v1êR + v2êΘ + v3êZ , (7.5.3)

wrot = w1êR + w2êΘ + w3êZ , (7.5.4)

where the unit vectors of the cylindrical coordinate frame are given in terms of the
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Cartesian unit vectors by

êR = ê1 cos Θ̂ + ê2 sin Θ̂ , (7.5.5a)

êΘ = −ê1 sin Θ̂ + ê2 cos Θ̂ , (7.5.5b)

êZ = ê3 . (7.5.5c)

Substitution of (7.5.5) into (7.5.3) and using vi = êi · v gives

vrot =v1

(
ê1 cos Θ̂ + ê2 sin Θ̂

)
+ v2

(
−ê1 sin Θ̂ + ê2 cos Θ̂

)
+ v3ê3

= (ê1 · v)
(
ê1 cos Θ̂ + ê2 sin Θ̂

)
+ (ê2 · v)

(
−ê1 sin Θ̂ + ê2 cos Θ̂

)
+ (ê3 · v) ê3

= cos Θ̂ (ê1 ⊗ ê1)v + sin Θ̂ (ê1 ⊗ ê2)v

− sin Θ̂ (ê2 ⊗ ê1)v + cos Θ̂ (ê2 ⊗ ê2)v

+ (ê3 ⊗ ê3)v

=RΘ̂v , (7.5.6)

where

RΘ̂ = cos Θ̂ (ê1 ⊗ ê1) + sin Θ̂ (ê1 ⊗ ê2)

− sin Θ̂ (ê2 ⊗ ê1) + cos Θ̂ (ê2 ⊗ ê2)

+ (ê3 ⊗ ê3) . (7.5.7)

This rotation tensor RΘ̂ is given in component form in the Cartesian coordinates as

RΘ̂ =


cos Θ̂ − sin Θ̂ 0

sin Θ̂ cos Θ̂ 0

0 0 1

 . (7.5.8)

Similarly, wrot = RΘ̂w.

By rotational symmetry,

vt(Be
n|X̃n+1

)w = vt
rot(B

e
n|X̂n+1

)wrot , (7.5.9)
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which by substitution of vrot = RΘ̂v and wrot = RΘ̂w gives

Be
n|X̂n+1

= RΘ

(
Be
n|X̃n+1

)
Rt

Θ . (7.5.10)

7.5.2 Return Mapping

The elasto-viscoplastic stress is computed using a predictor-corrector approach as de-

scribed in Subsection 6.1.1 with a viscoplastic yield criterion that is a function of the

stress deviator, the equivalent plastic strain and its time rate, and the temperature.

The stress deviator predictor value dev τ h,trial
n+1 is computed from the trial elastic defor-

mation tensor be,trial
n+1 by (6.1.34). This value is then used to compute the trial yield

criterion (6.1.25e) as

φtrial
n+1 =

∥∥∥dev τ h,trial
n+1

∥∥∥−√2

3
σy(αtrial

n+1, α̇
trial
n+1, θ

h
n+1)

=
∥∥∥dev τ h,trial

n+1

∥∥∥−√2

3
σy(αn, 0, θ

h
n+1) , (7.5.11)

where the equivalent plastic strain is assumed to remain unchanged from the previous

time step: αtrial
n+1 = αn, and its time rate α̇trial

n+1 is assumed to vanish.

If the trial yield criterion is within the admissible range φtrial
n+1 ≤ 0, then the trial stress

deviator is accepted: dev τ h
n+1 = dev τ h,trial

n+1 . Otherwise, a corrector step is carried out by

solving (6.1.37) for ∆λ, such that the corrected stress deviator is obtained from (6.1.33)

as

dev τ h
n+1 = dev τ h,trial

n+1 − 2µ∆λ
dev τ h,trial

n+1∥∥∥dev τ h,trial
n+1

∥∥∥ . (7.5.12)

Implementation of a thermo-viscoplasticity constitutive model consists of four functions.

Given the equivalent plastic strain α, its time rate α̇, and the temperature θ, the first

function computes the yield stress σy = σy(α, α̇, θ). The remaining three functions give

the partial derivatives of the yield stress with respect to its three parameters: ∂σy

∂α
, ∂σy

∂α̇
,

and ∂σy

∂θ
.
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Solution for ∆λ is performed by applying Newton’s method to equation (6.1.37). The

residual is defined as

r(∆λ) =
∥∥dev τ trial

n+1

∥∥− 2µ∆λ−
√

2

3
σyn+1 , (7.5.13)

where

σyn+1 = σy (αn+1, α̇n+1, θn+1) , (7.5.14)

αn+1 = αn +

√
2

3
∆λ , (7.5.15)

α̇n+1 =

√
2

3

∆λ

∆t
. (7.5.16)

The derivative of the residual is

r′(∆λ) = −2µ−
√

2

3

∂σy

∂α

∂α

∂∆λ
−
√

2

3

∂σy

∂α̇

∂α̇

∂∆λ

= −2µ− 2

3

∂σy

∂α
− 1

∆t

2

3

∂σy

∂α̇
. (7.5.17)

Solution for ∆λ is then done by iteratively updating it to

∆λ← ∆λ− r(∆λ)

r′(∆λ)
, (7.5.18)

until the residual r(∆λ) is smaller than a predefined threshold.

7.6 Contact Geometry Preparation

The bodies at the two ends of a contact surface are designated as a contactor and a

target, and the integrals for the weak form of the contact conditions are evaluated on the

contactor surface. Thus, the contact residual vectors and tangent matrices are computed

by accumulating values at the quadrature points on cell faces on the contactor surface.

To this end, the mapping between the contactor points, which are the quadrature points

on the contactor surface, and their corresponding target points is first constructed.
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The quadrature points on the contactor surface are designated as the contactor points.

Their positions in the reference configuration remain fixed throughout the simulation.

At each time step n+ 1, based on the deformations of the contactor and target surfaces

ϕcon
n+1 and ϕtar

n+1, each contactor point X is assigned a target point Y tar
n+1 := ηn+1 (X).

This is done by an iterative search on each of the candidate cell faces on the target.

Each iteration is a Newton step, where an increment to Y tar
n+1 is computed by linearizing

the surface using its tangent plane.

The domains of the contactor and the target are split into subsets that are computed by

separate parallel computing processes. Therefore, a contactor point and its correspond-

ing target point may be owned by separate processes.

To compute the target point Y n+1 := ηn+1(X) corresponding to a given contactor point

X, the position in the current configuration xn+1 := ϕcon
n+1(X) of the contactor point is

sent to all the processes. For each process that owns any target surface faces, a search is

carried out within the subset of the target surface that is owned by the process for the

nearest point in the current configuration to xn+1. In each such process, a candidate

target point is thus computed, and these candidate target points are sent to the contactor

owning process. The contactor owning process then selects from the received candidate

target points the one that is nearest to xn+1, and thus forms a contactor-target point

pair and adds it to the geometric mapping. The contactor owning process also sends a

message to the process that owns the chosen target point so that the target-contactor

point pair is added to the contact geometry mapping there.

The resulting mapping has the form of two arrays in each process: one array of contactor

points and another of target points. Either or both of these arrays may be empty, or

they may be of arbitrary lengths, but the sums of their lengths over all the processes

equal the total number of contactor points, that is the total number of quadrature points

on the contactor surface.

Each entry in the array of contactor points stores data about the contactor point, includ-
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ing its positions in the reference and current configurations, and identifiers pointing to

the mesh cell and cell face to which it belongs. In addition, each entry in the contactor

point array also contains two indices that point to the corresponding target point. These

are the index of the target owning process, and the index of the target point entry in the

target point array. Similarly, each entry in the array of target points stores data about

the target point as well as indices that point to the corresponding contactor point.

7.7 Contact Mechanical System Assembly

The contact terms of the residual vectors and tangent matrix blocks are assembled by

accumulating the local residual vectors and tangent matrices at the contactor and target

points. At each contactor point, a local residual vector is computed to be assembled into

the relevant degrees of freedom of the contactor contact residual vector rcon
contact, and two

local tangent matrices are computed to be assembled into the contactor contact auto-

and cross-interaction matrices Kcon
auto and Kcon

cross. Similarly, at each target point, a local

residual vector and local auto- and cross- interaction tangent matrices are computed to

be assembled respectively into rtar
contact, K

tar
auto and Ktar

cross.

The distributed memory parallel implementation means that the contactor point and its

corresponding target point may be owned by different processes. It is therefore necessary

to exchange information between the two owning processes to construct the components

of the residual vector and the stiffness matrix.

The assembly procedure, which is described in Algorithm 7.7.1 is implemented as two

loops over the contactor and target points. In the first loop, the relevant variables are

sent from each contactor point to the corresponding target owning process, and from

each target point to the corresponding contactor owning process. In the second loop, the

local variables are used along with the received variables to compute the local residual

vectors and tangent matrices.
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Algorithm 7.7.1 Assembly of Mechanical Contact System at Time Step n + 1 at

Augmented Lagrangian Step l + 1

1: loop over contactor points and target points to exchange information necessary

for computing of contact forces and their tangents

2: for contactor point in contactor points do

3: From the contactor point position x = ϕcon
n+1

∣∣
X

and the target point position

y = ϕtar
n+1

∣∣
Y

compute the penetration g = x− y

4: Compute the augmented Lagrangian contact normal force f
c(l+1)
N = f

c(l)
N +µN 〈g〉

5: From the contactor material velocity (3.3.42) and the target material veloc-

ity (3.3.43), compute the slip velocity vs = (1− n⊗ n) (vcon − vtar)

6: Compute the augmented Lagrangian tangential contact friction force from the

slip velocity vs and (6.3.6).

7: loop over the local degrees of freedom to accumulate contributions to the local

residual vector, and over pairs of degrees of freedom to accumulate contributions to

the local auto- and cross-interaction tangent matrices

8: Accumulate the local residual vector and auto- and cross-interaction tangent

matrices onto their global counterparts

9: end for

7.8 Thermal Field Solution

The thermal part of a time step, in which the temperature field is updated with the

motion and reference velocity kept fixed, is completed by a sequence of Newton-Raphson

steps. Each Newton step consists of assembly and solution of a linear system followed

by a line search procedure to compute an update to the approximate solution. The

high-level structure of the thermal part of the time step is given in Algorithm (7.8.1).

The contact geometry mapping constructed in the mechanical part of a time step is also

used in assembling the thermal contact residual vectors and tangent matrices.
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10: for target point in target points do

11: From the contactor point position x = ϕcon
n+1

∣∣
X

and the target point position

y = ϕtar
n+1

∣∣
Y

compute the penetration g = x− y

12: Compute the augmented Lagrangian contact normal force f
c(l+1)
N = f

c(l)
N +µN 〈g〉

13: From the contactor material velocity (3.3.42) and the target material veloc-

ity (3.3.43), compute the slip velocity vs = (1− n⊗ n) (vcon − vtar)

14: Compute the augmented Lagrangian tangential contact friction force from the

slip velocity vs and (6.3.6).

15: loop over the local degrees of freedom to accumulate contributions to the local

residual vector, and over pairs of degrees of freedom to accumulate contributions to

the local auto- and cross-interaction tangent matrices

16: Accumulate the local residual vector and auto- and cross-interaction tangent

matrices onto their global counterparts

17: end for

Algorithm 7.8.1 Solving thermal step

1: while
√

(rcon
bulk + rcon

contact)
2 + (rtar

bulk + rtar
contact)

2 ≥ εtherm do

2: Solve thermal linear system for full updates ∆Θcon and ∆Θtar

3: Set line search step size αL ← 1

4: while line search condition is met = false do

5: Update thermal fields ΘB ← ΘB + αL∆ΘB, B ∈ {con, tar}

6: Assemble thermal bulk and contact systems to update the residuals

7: Update line search step size αL ← 1
2
αL

8: Update line search condition is met

9: end while

10: Assemble thermal bulk and contact systems to update residuals and tangents

11: end while
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8 Benchmark Problems

In this Chapter, the implemented solver is validated using benchmark problems. These

are chosen to validate the relevant features of the solver: solution of coupled thermo-

mechanical problems, solution of frictional and frictionless contact and contact heat

generation and transfer, and the ALE formulation. The benchmark problems used are

thermally-triggered necking of a circular bar (Section 8.1), dynamic impact of a cir-

cular bar (Section 8.2), and interference fit insertion of a cylinder into a tapered hole

(Section 8.3).

8.1 Thermally-Triggered Necking of a Circular Bar

This benchmark problem is used to test finite strain elastoplasticity solvers [139] and cou-

pled finite strain thermoplasticity solvers [82, 140–142]. A tensile test on a circular bar

with a radius of 6.4 mm and a height of 106.7 mm is simulated. The bar is elongated by

16 mm. A thermal convection boundary condition is applied to the boundaries with an

ambient temperature of 293 K and a convection coefficient of 17.5× 10−6 J/mm2 · s ·K.

The thermal initial condition is a homogeneous temperature of 293 K. The material

parameters used are specified in Table 8.1, where the dissipation factor χ is an empiri-

cal quantity that represents mechanical dissipation as a proportion of the total plastic

power [82].
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parameter value unit

Bulk modulus 164 206 N·mm−2

Shear modulus 801 938 N·mm−2

Flow stress 450 N·mm−2

Linear hardening 129.24 N·mm−2

Saturation hardening 715 N·mm−2

Hardening exponent 16.93

Density 7.8× 10−9 N·mm−4·s2

Thermal expansion coefficient 1× 10−5 K−1

Thermal conductivity 4.5× 10−2 J·mm−1·s−1·K−1

Volumetric heat capacity 3.588× 10−3 J·mm−3·K−1

Dissipation factor 0.9

Flow stress softening 0.002 K−1

Hardening softening 0.002 K−1

Table 8.1: Material parameters for thermally triggered necking benchmark

Rotational symmetry is used to reduce the problem to an axisymmetric one. Mirror

symmetry is used to further reduce the problem so that it is only necessary to simulate

one quadrant of the bar.
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(a) From [82] (b) From current work

Figure 8.1: Thermally triggered necking of a circular bar: Elongation of 14.08 mm

115



8 Benchmark Problems

0 1 2 3 4 5 6 7 8
0

20

40

60

80

100

120

time [s]

te
m

p
er

at
u
re

[K
]

ALE
Lagrangian

(a) Results from current work
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Figure 8.2: Thermally-triggered necking of a circular bar: Surface temperature increase

at the midpoint
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(a) 1.92 mm (b) 6.08 mm (c) 6.72 mm (d) 14.08 mm

(e) Results at the same elongation values from [82]

Figure 8.3: Thermally triggered necking of a circular bar: Temperature distribution at

four elongation values

The outline of the deformed body after elongation by 14.08 mm is shown in Figure 8.1

in comparison to results from [82]. Figure 8.2 shows the increase in surface temperature
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at the midpoint from the current work (Figure 8.2a), along with the results reported

in [82] (Figure 8.2b). The temperature distribution at different elongation values is

shown in Figure 8.3. The deformed configuration, the temperature distributions, and

the elongation at the onset of necking are all in good agreement with the benchmark

results [82, 142].

(a) View of entire length (b) View of necking region

Figure 8.4: Thermally triggered necking of a circular bar: Elongation of 14.08 mm. La-

grangian (left of midline) vs ALE (right of midline) formulations.
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(a) View of entire length (b) View of necking region

Figure 8.5: Thermally triggered necking of a circular bar: Elongation of 14.08 mm. La-

grangian (top-left quarter) and ALE (top-right quarter) formulations com-

pared to results from [82] (bottom half).

This benchmark problem was also used to test the developed ALE formulation. The

mesh of the deformed configuration that results when the ALE formulation is employed

is compared to that which results when a fully Lagrangian formulation is used. The

resulting deformed meshes at an elongation of 14.08 mm are shown on either side of the

symmetry axis in Figure 8.4, and are shown in Figure 8.5 alongside the deformed con-

figuration from [82] at the same elongation. In the fully Lagrangian simulation, the cells

at the necking region of the current configuration mesh undergo large elongations. In

the ALE simulation, in contrast, the current configuration mesh quality at the necking

region remains high throughout the weld. Figures 8.6g and 8.6h show the equivalent

plastic strain α at the same elongation in the ALE and Lagrangian results, respectively,

compared to the results of a simulation run with a fine Lagrangian mesh. Figures 8.6a
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and 8.6b show a similar comparison of the temperature distribution. Similarly, compar-

isons of the pressure and von Mises stress results are shown in Figures 8.6c, 8.6d, 8.6e

and 8.6f. In all these comparisons, the ALE simulation produces more accurate results

than the Lagrangian simulation with the same initial mesh, where accuracy is evaluated

against the results of the simulation run with a fine mesh.
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(a) Temperature: ALE formulation (b) Temperature: Lagrangian

(c) Pressure: ALE Formulation (d) Pressure: Lagrangian

(e) Von Mises stress: ALE formulation (f) Von Mises stress: Lagrangian

(g) Plastic strain: ALE formulation (h) Plastic strain: Lagrangian

Figure 8.6: Thermally triggered necking of a circular bar at elongation of 14.08 mm:

Comparison of ALE and Lagrangian formulations with fine mesh results
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8.1.1 Performance Comparison between ALE and Lagrangian

Solvers

Of the total computation time to complete the ALE solution of this benchmark problem,

34.2% was spent on the solution of the mesh motion and remapping of the nodal and

quadrature point fields, 61.6% was spent on the solution of the mechanical sub-steps,

and 4.2% was spent on the thermal sub-step. The total computation time of the ALE

solver was 60% longer than that of the entirely Lagrangian solver, in which 93.9% of

the total computation time was spent on the mechanical sub-steps and 6.1% was spent

on the thermal sub-steps. As shown in Figure 8.7, there is no significant difference in

the number of Newton steps required to solve the mechanical sub-steps when the ALE

solution is compared to the entirely Lagrangian solution of this benchmark problem.

122



8 Benchmark Problems

0 100 200 300 400 500 600 700 800
2

4

6

8

10

12

14

16

time step

N
ew

to
n

st
ep

s
in

m
ec

h
an

ic
al

su
b
-s

te
p
s

ALE solver
Lagrangian solver

Figure 8.7: Comparison of Newton step counts in ALE vs Lagrangian solutions of me-

chanical sub-steps in the necking benchmark problem

8.2 Dynamic Impact of a Circular Bar

The Taylor anvil on rod impact test [143] is commonly used for characterisation of

dynamic behaviour of metals at elevated temperatures and high strain rates. It is also a

useful test in evaluation of dynamic solvers and hydrocodes. Lacy, Novascone, Richins et

al. [144], for instance, used it as part of a method for software selection for analysis of

dynamic events.
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parameter value unit

Bulk modulus 103 300 N·mm−2

Shear modulus 47 690 N·mm−2

Johnson-Cook A 89.7 N·mm−2

Johnson-Cook B 291.87 N·mm−2

Johnson-Cook C 0.025

Johnson-Cook m 1.09

Johnson-Cook n 0.31

Melting temperature 1356 K

Reference strain rate 1 s−1

Density 8.96× 10−9 N·mm−4·s2

Thermal expansion coefficient 1× 10−5 K−1

Thermal conductivity 4.5× 10−2 J·mm−1·s−1·K−1

Volumetric heat capacity 3.588× 10−3 J·mm−3·K−1

Dissipation factor 0.9

Table 8.2: Material parameters for dynamic impact of a circular bar

The analysis involves a cylindrical rod with a radius of 3.81 mm and a height of 25.4 mm

which is subjected to an impact load by collision with a rigid obstacle at an initial

velocity of 1.9× 105 mm/s. The convective boundary condition at the surface is omitted

in this problem, as the duration of the impact is so short that convection heat transfer

is negligible. The Johnson-Cook model is used to describe the rod material, with the

material parameters listed in Table 8.2.
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(a) Deformed mesh
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(b) Top displacement

(c) Contact with a deformable obstacle

Figure 8.8: Dynamic impact of a circular bar

125



8 Benchmark Problems

(a) Current work (b) Results from [144]

(c) Comparison

Figure 8.9: Taylor impact: Final deformation in comparison to experimental and nu-

merical results reported in [144]

The deformed body at the end of the simulation is depicted in Figure 8.8a. In addition,

Figure 8.8b shows the vertical position measured at the centre of the upper surface as

a function of time. As shown in Figure 8.9c, the final deformation is nearly identical to

those produced by ALEGRA, ABAQUS, LS-DYNA and CTH as reported in [144].

In addition to the standard benchmark simulation, which considers impact with a rigid

obstacle, the simulation was also carried out with a deformable obstacle that has the

same material properties as the rod. This additional test case serves as a test of the

capability to resolve contact at high strain rates. The resulting deformed cylindrical rod

and obstacle at the end of the simulation are shown in Figure 8.8c.
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Finally, the Taylor impact benchmark was used as a test of the ALE formulation in a

dynamic problem. Figure 8.10 shows, on either side of the midline, the final deformed

configuration meshes that result when the simulation is run with or without the ALE

steps, as well as the temperature distribution, the pressure, and the von Mises stress. As

expected, the current configuration mesh distortion near the impact region is higher in

the Lagrangian simulation than the ALE one. The results of the Lagrangian and ALE

simulations of the problem are otherwise closely similar.

Of the total computation time to complete the ALE solution of this benchmark problem,

35.0% was spent on the solution of the mesh motion and remapping of the nodal and

quadrature point fields, 46.5% was spent on the solution of the mechanical sub-steps,

and 18.5% was spent on the thermal sub-steps. The total computation time of the ALE

solver was 79.2% longer than that of the entirely Lagrangian solver, in which 72.3% of

the total computation time was spent on the mechanical sub-steps and 27.7% was spent

on the thermal sub-steps. Like the thermally triggered necking benchmark, there was

no significant difference in the number of required Newton steps to solve the mechanical

substeps when comparing the ALE and Lagrangian solvers. All time steps required

between 4 and 6 Newton steps to complete the mechanical sub-steps. At each time step,

the total number of line search steps varied between 13 and 16.
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(a) Mesh
(b) Temperature

(c) von Mises stress (d) Pressure

Figure 8.10: Taylor anvil results comparison between ALE (right of midline) and La-

grangian (left of midline) formulations

8.3 Interference Fit Insertion of a Cylinder into a

Tapered Hole

This benchmark problem, which was presented by Laursen and Simo [100], involves

simulation of interference fit insertion of a cylinder into a tapered hole in a block. The
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cylinder has a radius of 40 mm and a length of 300 mm. The block has an outer radius of

300 mm and a height of 600 mm. The tapered hole has a radius of 40 mm at the surface

and it linearly transitions to a radius of 35 mm at a depth of 150 mm. It remains at that

reduced radius for the remaining depth. The initial setup of this benchmark problem is

shown in Figure 8.11. The cylinder is pressed into the hole with a fixed vertical speed

of 1 mm/s until it moves by a distance equal to its initial length. A thermal convection

boundary condition is applied to the surfaces of both the cylinder and the block, with a

convection coefficient of 17.5× 10−6 J/mm2 · s ·K. No external heat sources were added,

so that any temperature change is entirely due to elastic heating, mechanical dissipation,

and frictional heat generation.

Both the cylinder and the block are modelled as elastoplastic materials with linear

hardening. The material properties used are listed in Table 8.3.

parameter value unit

Bulk modulus 63 840 N·mm−2

Shear modulus 26 120 N·mm−2

Flow stress 31 N·mm−2

Linear hardening 261.20 N·mm−2

Density 7.8× 10−9 N·mm−4·s2

Thermal expansion coefficient 1× 10−5 K−1

Thermal conductivity 4.5× 10−2 J·mm−1·s−1·K−1

Volumetric heat capacity 3.588× 10−3 J·mm−3·K−1

Dissipation factor 0.9

Flow stress softening 0.002 K−1

Hardening softening 0.002 K−1

Table 8.3: Material parameters for interference fit benchmark

The final deformed configuration that results when the simulation is run with a friction

coefficient of 0.2 is shown in Figure 8.12a. When run without friction, the simulation
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produces the final deformed configuration shown in Figure 8.12b. As expected [100],

the presence of frictional forces causes more deformation in the block and upwelling

of material around the hole. Figures 8.13c and 8.14c show comparisons of the final

deformation with the results in [100] for the smooth contact and frictional contact cases,

respectively. Both these Figures show the results are in very good agreement with the

benchmark.

Figure 8.11: Interference fit benchmark: Initial setup [100]

In addition, the problem was also run with the top surface of the cylinder constrained

to rotate around the axisymmetry axis with a constant angular velocity of 0.2 radians

per second. The friction coefficient was set to 0.2. Results of this case are shown in

Figure 8.12c. As expected, the bodies deform less than the test case with friction and

no spinning, but more than the frictionless test case, and more heat is generated than

both test cases due to the slipping against frictional forces.
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(a) With friction, without rotation

(b) Without friction, without rotation

(c) With friction and rotation

Figure 8.12: Interference fit benchmark
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(a) Current work (b) Results from [100]

(c) Comparison

Figure 8.13: Frictionless interference fit: Final deformation in comparison to results

from [100]
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(a) Current work (b) Results from [100]

(c) Comparison

Figure 8.14: Interference fit with friction: Final deformation in comparison to results

from [100]
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9 Friction Welding Simulations

In this Chapter, the implemented and validated solver is used to simulate a friction

welding process. Sections 9.1 and 9.2 detail the weld stages and introduce an adaptive

time stepping procedure. Section 9.3 contains a description of a direct-drive friction

weld simulation using the solver.

9.1 Weld Stages

A Direct Drive Friction Weld is a solid state process that consists of three stages: the

conditioning (or heating) stage, the burn-off stage, and the forging stage. In both the

conditioning and burn-off stages, the two workpieces are pressed against each other,

and one of them is spun at a constant angular speed. During the conditioning stage,

the temperature at the weld interface increases due to frictional heat generation, and

the mechanical deformation that takes place is limited. In contrast, the majority of the

viscoplastic deformation during the weld occurs during the burn-off stage. In the forging

stage, rotation is stopped and a forging force is maintained. The weld joint is formed

as the plasticised material in the thermomechanically affected zone cools down in the

presence of the compressive stresses due to the forging force.
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9.2 Adaptive Time Stepping

During the burn-off stage of the weld, where viscoplastic deformation takes place with

high strain rates, the time increment required to accurately resolve the material response

is orders of magnitude smaller than that required during the conditioning stage, where

the deformation is primarily elastic. For this reason, the adaptive time stepping pro-

cedure summarised in Algorithm 9.2.1 was implemented. In this procedure, the time

increment size in increased by a small percentage at every time step up to a prede-

termined maximum value. However, whenever a convergence failure is detected, the

time increment size is halved and computation of that time step is restarted. This way,

computational time is saved during the early stages of the weld by using a larger time

increment value, and a sufficiently small time increment value is used later in the weld

when it is necessary.

Algorithm 9.2.1 Adaptive Time Stepping

1: time increment ← min(max time increment, 1.1 * time increment)

2: successfully converged ← false

3: while successfully converged = false do

4: Solve split-step thermomechanical problem

5: if Solution completed with no convergence issues then

6: successfully converged ← true

7: else

8: time increment ← 0.5 * time increment

9: end if

10: end while
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9.3 Direct Drive Friction Weld of a Hollow Bar

This section describes the simulation of a direct drive friction weld between two similar

hollow bars with an outer diameter of 50 mm and an inner diameter of 25 mm. The

workpiece geometry and weld process parameters are based on the weld presented by

Schmicker, Naumenko and Strackeljan [75]. Figure 9.1 shows the initial geometry of the

weld.

Figure 9.1: Direct drive friction weld of a hollow bar: Initial geometry [75]

9.3.1 Boundary Conditions

Based on the weld process parameters [75], the mechanical boundary conditions are a

constant rotational speed of 800 rpm and a constant downward pressure of 40 N·mm−2

throughout the weld. The friction coefficient is set to 0.3.

The only thermal boundary condition imposed is a convection boundary condition with a

convection coefficient of 20× 10−6 J/mm2 · s ·K on the boundaries of the two workpieces

and an ambient temperature of 293 K, which is also the constant temperature used as

the thermal initial condition.
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Unidirectional Spring Boundary Condition

During the weld simulation, the downward force is primarily balanced by the normal

contact force. As described in Section 6.3, the normal contact force at each augmented

Lagrangian step is made up of two components: the penalty component and the ac-

cumulated augmented Lagrangian component from the previous steps. The penalty

component, in turn, is modified at each Newton step according to the penetration and

the normal contact penalty factor εN. Naturally, if the contact penalty factor is suffi-

ciently large, then the magnitude of the total normal contact force may overshoot that

of the applied downward force in some intermediate iterations of the Newton-Raphson

loop. If the resulting incremental displacement is such that the gap between the con-

tactor and target surfaces is positive, then the Newton-Raphson method may fail to

converge, because the force balance would require, at least as an intermediate mea-

sure, the application of a tensile contact force, which would violate the normal contact

constraints.

This scenario has been observed during the friction weld simulations carried out in this

work, and it caused severe reduction of the adaptive time increment which prohibitively

increased the simulation time. Attempting to circumvent this issue by lowering the nor-

mal contact penalty factor caused a large increase in the required number of augmented

Lagrangian iterations at each time step.

The solution implemented in this simulation that avoided this scenario without a large

change in the number of augmented Lagrangian steps or the time increment is the appli-

cation of a unidirectional spring boundary condition in combination with the downward

force boundary condition. At each point on the upper surface of the contactor, if the

displacement is in the opposite direction of the applied downward force, then a small

downward force proportional to the displacement is added. If the displacement is in the

same direction as the downward force, then no additional force is applied.

While this boundary condition is numerical in nature, it provides a reasonable model

138



9 Friction Welding Simulations

of real friction welding machines, in which the downward force is applied by hydraulics

where unidirectional valves are used that restrict motion in the direction opposite to

that of the applied force.

9.3.2 Material Constitutive Law

The elasto-thermo-viscoplastic behaviour of the material is modelled by adapting the

constitutive law described in [75] to the formulation described in Subsection 6.1.1 and

implemented as detailed in Subsection 7.5.2. Specifically, the constitutive law is mod-

ified so that strain rate dependence only takes effect when the strain rate exceeds a

temperature-dependent minimum value ε̇min given by

ε̇min =

(
1−

(
θ − θR

θM − θR

)m)
ε̇0 , (9.3.1)

where the Johnson-Cook reference strain rate parameter ε̇0 and temperature dependence

form are used. The strain rate value used in the constitutive law is then taken to be the

highest of the two values: the equivalent plastic strain rate α̇ and this minimum value

ε̇min.

ε̇ = max(α̇, ε̇min) , (9.3.2)

where the equivalent plastic strain rate α̇ is obtained from the return-mapping compu-

tation using (7.5.16).

The flow stress is given as a function of a strain-rate independent yield strength σy
s and

the modified strain rate ε̇ as

σy = 3


1 +

((
σy

s

3ε̇0µ0

) 1
C−1 ε̇

ε̇0

)2
C−1

2

(µ0 − µ∞) + µ∞

 ε̇ , (9.3.3)

σy
s = (A+Bαn)

(
1−

(
θ − θR

θM − θR

)m)
. (9.3.4)

In [75], the material is modelled as a perfectly viscoplastic solid, with the stress vanishing

as the strain rate approaches zero. In that work, the elastic behaviour of the material
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parameter value unit

Bulk modulus 158 700 N·mm−2

Shear modulus 77 520 N·mm−2

Johnson-Cook A 235 N·mm−2

Johnson-Cook B 0 N·mm−2

Johnson-Cook C 0.2

Johnson-Cook m 1.5

Johnson-Cook n 1

Melting temperature θM 1693.15 K

Reference temperature θR 293.15 K

Reference strain rate ε̇0 1.0 s−1

Density 7.87× 10−9 N·mm−4·s2

Thermal expansion coefficient 1× 10−5 K−1

Thermal conductivity 3.5× 10−2 J·mm−1·s−1·K−1

Volumetric heat capacity 6.445× 10−3 J·mm−3·K−1

Dissipation factor 0.9

Upper saturation viscosity µ0 1× 1022 N·mm−2·s

Lower saturation viscosity µ∞ 1× 10−4 N·mm−2·s

Table 9.1: Material parameters for direct drive welding of hollow bars

is approximated by using a very large viscosity value in the stress range below the

yield strength. In contrast, in the return-mapping approach employed in this work, the

material remains elastic when the stress is below the yield strength of the material. With

this modification, the flow rule only applies at stresses above the yield strength.

The material parameter values used are listed in Table 9.1.
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9.3.3 Simulation Results

The deformation and temperature distributions at the end of the burn-off stage of the

weld are shown in Figure 9.2. A comparison between the deformation at the end of

the weld to the experimental and numerical results from [75] are shown in Figure 9.3.

Figure 9.4 shows the deformed workpieces at different times during the weld simula-

tion. A comparison of the temperature distribution at the end of the weld is shown in

Figure 9.5. It shows a good qualitative agreement at the weld interface, with the tem-

perature in both simulations approaching the melting temperature (1420 ◦C or 1693 K)

but not reaching it. Furthermore, a comparison of the upset curves, i.e. the vertical

displacement of the top surface over time, is shown in Figure 9.6. The equivalent plastic

strain distribution is shown in Figure 9.7.

Figure 9.2: Simulation result: Deformation and absolute temperature distributions after

burn-off stage in a direct drive friction weld of hollow bars
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Figure 9.3: Simulation result is compared to experimental weld. The weld photograph

and simulation on the left are from [75]
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(a) t=0.5 s (b) t=1.0 s (c) t=1.5 s (d) t=2.0 s

(e) t=2.5 s (f) t=3.0 s (g) t=3.5 s (h) t=4.0 s

(i) t=4.5 s (j) t=5.0 s (k) t=5.5 s (l) t=6.0 s

(m) t=6.5 s (n) t=7.0 s

Figure 9.4: Weld progress
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(a) Temperature distribution from current simulation (in Kelvin)

(b) Temperature distribution from [75]

Figure 9.5: Temperature distribution at the end of the weld in comparison with [75]
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Figure 9.6: Vertical displacement of top surface (upset) over weld time
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Figure 9.7: Equivalent plastic strain distribution

Necessity of ALE Formulation

A fully Lagrangian simulation of the weld was tested, and it resulted in severe mesh

distortion around the weld interface, which caused large deviations from the experimen-

tally observed results, followed by failure in convergence of the solution steps. Figure 9.8

shows a comparison between the Lagrangian and ALE simulations at different stages of

the weld, and Figure 9.9 shows the same comparison at an enlarged view of the weld in-

terface region, which shows the differences in mesh distortion more clearly. Early in the

simulation, the differences between the Lagrangian and ALE simulations are small. As

the mesh distortion in the Lagrangian simulation increases, however, the results deviate

considerably. Since the ALE results correlate well with the experimental and numerical

results from [75] as shown in Figure 9.5, this deviation confirms that excessive distortions

limit the reliability of a fully Lagrangian formulation in simulation of friction welding

processes, and shows the ALE formulation is effective in addressing this limitation.
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(a) Lagrangian t=2.0 s (b) ALE t=2.0 s

(c) Lagrangian t=2.8 s (d) ALE t=2.8 s

(e) Lagrangian t=3.5 s (f) ALE t=3.5 s

(g) Lagrangian t=4.2 s (h) ALE t=4.2 s

(i) Lagrangian t=7.0 s (j) ALE t=7.0 s

Figure 9.8: Comparison between ALE and fully Lagrangian weld simulations
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(a) Lagrangian t=2.0 s (b) ALE t=2.0 s

(c) Lagrangian t=2.8 s (d) ALE t=2.8 s

(e) Lagrangian t=3.5 s (f) ALE t=3.5 s

(g) Lagrangian t=4.2 s (h) ALE t=4.2 s

(i) Lagrangian t=7.0 s (j) ALE t=7.0 s

Figure 9.9: Comparison between ALE and fully Lagrangian weld simulations: Enlarged

view of weld interface
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This thesis describes the development and implementation of a finite strain thermo-

elastoviscoplasticity solver with thermomechanical friction contact for numerical simula-

tion of friction welding processes. Though several works on numerical simulation of fric-

tion welding have been published, there have been no studies published which simulate

friction welding using the model for associative coupled thermoplasticity at finite strain.

The utility of this model is that it accounts for the elastic as well as the viscoplastic

effects and is suitable for the large deformations characteristic of friction welding pro-

cesses. To make this possible, a novel Arbitrary Lagrangian-Eulerian formulation for

coupled finite strain thermoplasticity with thermomechanical friction contact was devel-

oped and incorporated into the solver, which was implemented using the deal.II library.

The implementation of the solver and ALE formulation was validated with benchmark

problems and it was used to simulate a friction welding process.

The novelty of the developed ALE formulation lies in that the deformation gradient

between the current and material configurations is not required; motion of the material

configuration is represented only incrementally in terms of the reference velocity. The

finite strain thermoplasticity and the thermomechanical friction contact formulations

were extended by including the contribution of the reference velocity field.

The ALE formulation that was developed and implemented in this work improves on the

state of the art of ALE approaches for finite strain plasticity as presented in the works

of [18] and [17]. Unlike [18], there is no need to keep track of the material configuration
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mesh, which enables simulation of more severe deformations, such as those that arise in

friction welding applications, because there is no requirement to limit distortions in the

material configuration mesh. Also, unlike [17], it is not necessary to use a Godunov-like

technique for convection of the left Cauchy-Green deformation tensor be, the equivalent

plastic strain α and the deformation Jacobian. Rather, those are evaluated directly

at the quadrature point positions before the incremental mesh motion. This alleviates

convection accuracy considerations when choosing mesh motion step size. This also

makes it possible to use the developed remapping procedure unchanged for adaptive

mesh refinement and coarsening or for remeshing.

The implemented solver made use of the rotational symmetry in rotary friction welding

processes. The reference motion was therefore decomposed into an in-plane component

and a circumferential component. While the in-plane component of the reference mo-

tion was updated in a split-step approach, the circumferential component was updated

simultaneously with the deformation field.

The implementation of the solver and the ALE formulation using the deal.II library was

programmed for a distributed memory parallel computing architecture. This drastically

reduces the simulation run times, and it enables running simulations with larger meshes

than would fit on one computer. In such a parallel implementation, additional inter-

process communications are required for the contact and ALE computations. These

communications were implemented and described in this thesis. Furthermore, as part of

this work, the deal.II library was extended by incrementing the highest order of shape

function derivatives available in the library to enable computation of the consistent

tangent moduli of the tangential contact terms.

Open problems and possible extensions of current work

The solver implemented in the current work can be extended in a number of ways in order

to simulate other friction welding processes and general metal working scenarios. First,
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the rotational symmetry assumption that applies to direct-drive and inertia friction

welding processes is not suitable for friction stir welding and linear friction welding

simulations, and a three-dimensional implementation would need to be completed and

validated. Another possible extension is modelling, implementation and validation of

self-contact, which is also relevant in some rotational friction welding applications.

Prediction of solid bonding in numerical simulation of friction welding processes re-

mains an open problem [12]. The use of an associative coupled thermoplasticity model

with thermomechanical friction contact in simulation of friction welding processes as

enabled by the current work makes it possible to model solid bonding to predict when

the behaviour at the welding interface transitions from contact between two bodies to

deformation of one bonded body. This is achievable by modelling the bonding crite-

rion as an internal variable at the contactor-target pairs and using it as a parameter in

computing the normal and tangential forces acting across the contact surface.
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