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Abstract

The development and implementation of a finite strain thermo-viscoplasticity solver with
thermomechanical friction contact for numerical simulation of friction welding processes
are described. A finite strain associative coupled thermoplasticity model is used, which
is suited for the large deformations characteristic of friction welding processes, and which
resolves the viscoplastic deformations in the thermomechanically affected zone as well as
the elastic stresses in the parent material. To prevent the large deformations from caus-
ing large distortions and degrading the simulation accuracy, an arbitrary Lagrangian-
Eulerian (ALE) formulation for coupled finite strain thermoplasticity is developed and
incorporated into the solver, in which the motion of the reference configuration is rep-
resented incrementally in terms of a reference velocity field. Thus, the deformation
from the material configuration is required neither explicitly in terms of a deformation
field, nor implicitly in terms of the deformation gradient. The solver is implemented
using the deal.Il library and programmed for distributed memory parallel computing
architectures, which reduces simulation run times and enables simulations with larger
meshes than would fit on a single computer. The interprocess communications required
in such a distributed memory parallel implementation of the ALE formulation and the
thermomechanical friction contact are described and implemented. The axisymmetric
solver implementation is validated with benchmark problems and used to simulate a

direct drive friction welding process.
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1 Introduction

Friction welding is a family of solid-state joining processes where friction is used to
generate the heat necessary for welding. Friction welds are formed in three stages. In
the first stage, mechanical friction at the contact surface between the workpieces and
the tool, if one is present, produces heat, raising the temperature around the interface.
In the second stage, the combined effect of the elevated temperature and compressive
and shear stresses plasticises the material in the vicinity of the friction region. In the
third stage, the frictional force is removed and a forging force is maintained so that the

plasticised material solidifies in the presence of compressive stress to form the weld.

The family of friction welding processes includes friction stir welding (FSW) [1], linear
friction welding (LFW)[2], and rotary friction welding (RFW) [3, 4]. In rotary friction
welding (Figure , under which processes such as friction stud welding and friction
hydro-pillar welding can be grouped, a rotationally symmetric workpiece is spun around
its axis and pressed against the second workpiece, which is kept stationary. This heats
and plasticises the material around the friction surface. To complete the weld, rotation
is stopped and a forging force is applied and maintained until the newly formed joint has
solidified. Linear friction welding (Figure is a similar process, the difference being
that the relative motion is reciprocating instead of rotational. In friction stir welding,
the weld is formed by rotating and translating a non-consumable tool at the interface
between the workpieces being welded (Figure . At the beginning of the weld, the

profiled pin is inserted between the abutting work pieces, displacing some of the material
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Figure 1.1: Rotary friction welding [5]

Flash

Figure 1.2: Linear friction welding [0]

around the weld interface, until the shoulder touches the outer surface of the work pieces
on the opposite side of the backing bar. As the tool rotates, the heat generated around
the weld interface from friction with the tool shoulder and viscoplastic dissipation in
the material around the pin causes the material to plasticise. The tool is then traversed
forward, and the weld is formed behind it as the plasticised and stirred material cools

down.

There is a wide interest in numerical simulation of friction welding processes. Numerical
simulation is a useful tool for reducing the high cost and time requirements of friction
welding process development for new applications. For instance, simulation can be used

as an engineering aid for selection of welding parameters such as rotational and traversal



1 Introduction
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Work pieces

Tool shoulder

Backing bar .
Profiled pin

Figure 1.3: Friction stir welding [7]

speeds and forging forces. Simulation is also useful in the development of friction welding
machinery and tooling. Friction stir welding tool design, for instance, can benefit from
rapid iteration using numerical simulation. Furthermore, besides the practical interest in
simulation of the processes, there is also an interest in the insight that can be gained from
studying the complex material behaviour that characterises friction welding processes.
These processes involve tight coupling between thermal and mechanical effects such as

frictional and viscoplastic work heating and temperature dependent material properties.

Numerical simulation of friction stir welding has been subject to much research, of which
reviews were carried out by He, Gu and Ball [8] and by Neto and Neto [9]. Linear and
rotary friction welding have also been subject to some numerical simulation research,
albeit not as extensive as that on FSW. For instance, a finite element model of linear
friction welding of titanium blocks was presented by Vairis and Frost [10], a process
model of rotary friction welding of aluminium alloys using a finite difference method was
reported by Frigaard, Grong and Midling [11], and the Johnson-Cook thermo-viscoplastic
model was used to model rotary friction welding [5] and linear friction welding [6]. A

literature review of strategies for numerical simulation of linear friction welding was
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conducted by Buffa and Fratini [12].

An aspect of friction welding processes that is qualitatively understood but remains to be
addressed in the literature of numerical simulation of these processes is the interaction
between viscoplastic stresses and frictional forces in the thermomechanically affected
zone (TMAZ). One of the main advantages of friction welding processes is that they are
solid state processes, in which no significant melting occurs [13, [I4]. While evidence of
melting was observed in some studies on welding of dissimilar materials [15] [16], it is
localised and transient. The generally accepted reason for the absence of melting is that
as the temperature increases, the resulting decrease in yield strength of material in the
TMAZ due to thermal softening decreases shear stresses and, as a result, frictional forces
across the weld interface. As a consequence, the rate of heat generation due to friction
is reduced, which causes the temperature to remain below the melting point. This effect

is highly nonlinear, and it plays an important role in the resulting weld quality.

The challenges in numerical simulation of the interaction between frictional contact
forces and viscoplastic stresses stem from the large deformations undergone by the ma-
terial in the TMAZ, and the large range of strain rate values. The physics of the
process is appropriately represented with a finite strain coupled thermoplasticity model,
with thermomechanical frictional contact. The extent of deformations in the TMAZ
would result in excessive mesh distortions during the numerical simulation, which ne-
cessitates frequent remeshing or adopting an arbitrary Lagrangian-Eulerian (ALE) for-
mulation [§, 12]. The two main formulations of ALE for finite strain plasticity in the
literature [17, [I§] are not suited for addressing these challenges. The limitation resides
in two features shared by these formulations. First, they both rely on keeping track of
the deformation from the initial material configuration, either explicitly by representing
the initial material configuration as a variable, or implicitly by keeping track of the
deformation gradient. The extent of deformations in the TMAZ at the end of the weld
precludes keeping track of the initial material configuration. Second, both formulations

rely on a split step approach, which comprises a Lagrangian step where the deformed
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configuration is computed with a vanishing convective velocity, and an Eulerian step
where the mesh is updated keeping the deformation fixed. The large range of defor-
mation rate values within the weld makes it such that updating the deformation in a
Lagrangian step without excessive mesh distortion would require a very small time step,

which may increase the required simulation time to prohibitive durations.

The aim of this work is to develop and implement a numerical simulation of friction
welding, modelling the workpieces as deformable finite strain thermo-viscoplastic mate-
rials undergoing thermomechanical frictional contact. To address the challenges outlined
above, a novel arbitrary Lagrangian-Eulerian formulation for finite strain plasticity is
developed in which the motion is represented in terms of an intermediate reference config-
uration by a combination of the deformation and the reference velocity. The deformation
from the material configuration is required neither explicitly by representing the mate-
rial configuration field, nor implicitly by tracking the deformation gradient. Instead, the
material configuration is only referenced in terms of the reference velocity, so that exces-
sive deformation in the TMAZ does not cause numerical difficulties. Also, the stresses
are resolved by simultaneously updating the deformation and the reference velocity, so
that the number of time steps required to simulate the weld remains reasonably small,
preventing excessive computational expense. The finite strain plasticity and the finite
deformation thermomechanical frictional contact formulations are extended by including
the contribution of the reference velocity, and the resulting consistent tangent moduli are
computed in order to preserve the convergence order when a Newton-Raphson method

is used.

While the mathematical derivations of the arbitrary Lagrangian-Eulerian approach are
presented for general three-dimensional geometries, the implemented solver uses axisym-
metric elements to exploit the rotational symmetry in RFW processes. The reference
motion is therefore decomposed into an in-plane component and a circumferential com-
ponent. In this implementation, the in-plane component of the motion is described in

terms of both the reference velocity as well as the deformation from the reference config-
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uration, while the circumferential component of the motion is described entirely in terms
of the reference velocity. Thus, both in-plane and torsional effects are captured while the

reference and current configuration meshes remain entirely on the axisymmetry plane.

The developed model is implemented in C++ leveraging deal.Il [19], and can run in
distributed memory parallel computing systems. deal.Il is an object-oriented library
that enables rapid development of numerical simulation codes by providing classes that
compute element degrees of freedom and element shape functions, and that support link-
ing of local and global degrees of freedom, linear system assembly, and integration with
linear solvers [19]. As part of this work, the deal.Il library was extended by incrementing
the highest available order of spatial derivatives of the element shape functions [20]. This
was necessary for representing the consistent tangent moduli of the tangential contact

contributions.

This thesis is composed of four parts. The first part, which comprises the present Chapter
and Chapter [2| is concerned with the literature of friction welding processes and related
theoretical, experimental, and computational research. The second part deals with the
mathematical model of the process. It is composed of Chapter [3| on the kinematics of
large deformations, finite strains and multi-body frictional contact, Chapter [4] on the
constitutive models of coupled thermomechanical finite strain plastic deformation and
frictional contact, and Chapter |5/ on the balance equations and weak formulations. The
third part concerns the formulation, implementation and solution of the resulting finite
element model. It consists of Chapter [6]and Chapter[7] The fourth part is on the results
of the developed model. Chapter [§ presents simulations of benchmark problems and
Chapter [0 presents simulations of a friction welding process. Chapter [I0] concludes the

thesis and discusses the findings.



2 Literature Review

2.1 Friction Welding Processes

Though friction welding processes have been used for several decades [IH4], 21], they
remain an active area of research, of which several literature reviews have been pub-

lished [13], (4], 22-27).

Much of the literature has focused on application of friction welding to weld a variety
of materials [28-41], and on characterisation of metallurgical and mechanical properties

of the welds [42H50].

Thermodynamic behaviour of the material plays a central role during friction welding,
and has been subject to much research [51H56]. Some authors have developed analytical
models of the temperature field during friction welding [57), 58]. Others have developed
numerical models of temperature evolution during friction welding, with the heat source
power obtained experimentally [59], or approximated from material and process param-
eters [60), 6I]. Balasubramanian, Li, Stotler et al. [62] combined these approaches by

estimating the friction coefficient from experimentally measured temperature profiles.

Thermomechanical deformation and material flow in friction welding have also been the
subject of several analytical and experimental studies [63-65]. However, as detailed in
the following section, much of the research on thermomechanical material response in

friction welding has been by means of numerical simulation.
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Friction is central to friction welding processes, and several researchers have studied
friction models [66H69]. Wang, Li, Xiong et al. [70] experimentally studied the transition

from sliding friction to viscoplastic deformation at the interface in REW.

2.2 Numerical Simulation of Friction Welding

He, Gu and Ball [§] reviewed the literature of numerical simulation of FSW, and Buffa
and Fratini reviewed the literature of numerical simulation of LEW [12]. The review by

Maalekian [22] includes a section on the literature of numerical simulation of LFW and

REFW.

Many of the early numerical models of RFW were based on CFD models. Moal and
Massoni [71] developed a coupled thermomechanical model of inertial friction welding
(IFW), where the material was modelled by an incompressible temperature-dependent
viscoplastic Norton—Hoff law. Bendzsak, North and Li [72] developed a numerical model
for the steady-state flow in friction welding by using the Navier-Stokes equations with
a non-Newtonian viscosity governed by the shear stress, the pressure, and the tempera-
ture. D’Alvise, Massoni and Wallge [73] developed a numerical model to simulate IFW
of dissimilar materials, which consisted of a viscous flow model coupled with friction
contact and thermal models. A 3D rigid viscoplastic simulation of direct drive friction
welding was carried out by Zhang, Zhang, Liu et al. [74]. Schmicker, Naumenko and
Strackeljan [75] developed a numerical simulation of direct drive friction welding using

a modified Carreau fluid constitutive model.

Fu, Duan and Du [76] performed a finite element simulation of inertia friction welding
of a 36CrNiMo4 steel tube using the DEFORM software. Xu, Jing, Han et al. [77]
performed numerical simulation of FHPP on Abaqus, in which they studied the influence
of the geometry of the hole and stud on the resulting weld. They used a finite strain

elasto—viscoplastic material model in which the temperature- and strain rate-dependent
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properties were interpolated from experimentally determined values. Landell, Kanan,
Luis Fernando et al. [7§] also performed numerical simulation of FHPP using Abaqus,
in which they placed tracer particles near the contact interface to resolve material flow

in the radial and axial directions.

2.3 Numerical Simulation of Thermo-viscoplasticity

Coupled thermoplasticity is an important subject of numerical simulation, and has been
subject to much research [79-81]. Simo and Miehe [82] formulated a model for numerical
simulation of coupled thermoplasticity at finite strains that has been extensively used
in simulation of metal forming [83-96]. They introduced the plastic entropy as an
independent internal variable which represents the plastic configurational entropy that
arises from dislocation and defect movement, and they employed an operator split to
construct a product formula algorithm such that the model can be solved in a split-step
procedure. Further development of the model was subsequently carried out in several

works [97), 98].

2.4 Numerical Simulation of Thermomechanical Contact

Thermomechanical frictional contact plays a central role in friction welding processes,
and without taking it into account, a numerical simulation of material flow in these
processes would be incomplete. Several researchers have studied numerical simulation
of frictional contact. Formulations for finite-element solution of large deformation fric-
tional contact were presented by Wriggers, Vu Van and Stein [99] and by Laursen and
Simo [I00]. For improved numerical properties of the discretised systems, Simo and

Laursen introduced an augmented Lagrangian treatment of the formulation [101], and

10
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used it for algorithmically symmetrizing the resulting linear systems [102]. These for-
mulations have been used for coupled finite element simulation of thermomechanical

frictional contact [103, 104].

2.5 Arbitrary Lagrangian-Eulerian Methods

Arbitrary-Lagrangian-Eulerian (ALE) formulations are based on representing motion
in terms of a reference configuration whose motion may be arbitrarily prescribed [105].
Since they appeared several decades ago for modelling fluid dynamics and fluid-structure

interaction [106} [I07], ALE methods have been the subject of much research [I08-H116].

The use of ALE methods for solid mechanics applications has also been of much inter-
est [I17H119]. In particular, ALE formulations for finite strain elastoplasticity have been
presented. Rodriguez-Ferran, Perez-Foguet and Huerta [I7] developed an ALE method
for finite strain plasticity. Armero and Love [I8] presented a method that tracks, in
terms of the reference configuration, both the deformed configuration as well as the
material configuration. Both these approaches [17, [I8] are performed in a split-step pro-
cedure: a fully Lagrangian step where the convective velocity is set to zero, followed by

an advection step where fields are remapped according to an incremental mesh motion.

There does not appear to be in the literature an ALE formulation for finite strain ther-
moplasticity where the deformation is updated in the presence of a nonzero convective
velocity, or without computing the deformation gradient from the initial material con-

figuration being required.

11
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3 Kinematics

This Chapter describes the kinematics of deformation and multibody frictional contact
between multiple bodies undergoing finite strains. Section describes the configu-
rations of a deformable body and the representation of scalar, vector, and tensor fields
defined on one. In Section[3.2] the strain measures of finite strain plasticity are described.

Section [3.3] details the kinematics of multibody frictional contact.

3.1 Configurations and Fields of a Deformable Body

The approach taken is to consider two deformable bodies involved in a friction welding
process and assign one as the contactor and the other as the target. We identify them
throughout by superscripts con and tar, respectively. They are denoted in the material
configuration by Q5 C R3 B € {con,tar}. Physical properties of these bodies are
modelled as functions of space and time. In particular, the motion at any time ¢ is given
for X € Q5 as a continuous function & = ¢, (Xo,t) that is invertible with respect to
the first parameter. It maps the material configuration Q5 to the deformed configuration
QF = {x = ¢y (X,1)| X € QF}. The latter is also referred to as the current (spatial)
configuration. Invertibility of the motion means that the function ' exists such that
Xo=1¢y" (py(Xo,t),t) and & = ¢, (¢ (x,t),t) at any time ¢ and for any X, € QF

and any « € Q8. Consequently, a scalar or tensor field ¢ = qo(Xo,t) can also be given

13
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Reference Configuration Current Configuration
FCOI’I ¢ FCOH
F.
ACaE>
N o / ftar

Ftar

FP

Fgon \ F
CED%
g™

Material Configuration

Figure 3.1: Configurations of contacting bodies

as a function of the deformed configuration as ¢ = §(x,t) = qo(wy ' (x,t),t). The spatial

and material gradients of a scalar field ¢ are denoted, respectively, by

q
— orad ¢ = — 1.1
Vg =grad ¢:= 5, (3.1.1)
and
0
Grady q = 8)‘?0. (3.1.2)

The first and second partial time derivatives of the motion at a fixed material point are,

respectively, the material velocity

, 0
V=& = agoO(Xo,t), (3.1.3)

and the acceleration

2

.0
a === @QOO(Xo,t) . (3.1.4)

14



3 Kinematics

In general, we adopt the notations

._Dg _ 99

= = 1.

to denote the material time derivative for a scalar field ¢q. It is given in the current

configuration by

0

N 0 0
g(x,t) = ECI(CBJ) + %q(w,t) : ESOO(XOJ)

aq aq
= _q + _q v
ot ox
Similarly, for a tensor field g, the total time derivative is given in the current configura-

sen-(+(2))

The local deformation state from the material configuration is described by the defor-

Xo=p; ' (,t)

(3.1.6)

(z,t)

tion by

(3.1.7)

(z,t)

mation gradient

_ Jgy

F= .
X,

(3.1.8)

Continuity and material impenetrability conditions require throughout the motion that

the Jacobian determinant J of the deformation gradient be strictly positive: that is,

J ==det (F) > 0. (3.1.9)

The classical descriptions of motion correspond to representing fields by functions given
in either the material configuration or the current configuration. The Lagrangian de-
scription of motion corresponds to representing fields as functions in the material con-
figuration. This description is suitable for solid mechanics problems for which there is
a readily identifiable material (undeformed) configuration. It has the advantages of the

simple form of the material time derivative, and that all variables are functions of the
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initial position and time. In the Eulerian description of motion, fields are represented
as functions of the current configuration. This description is appropriate for fluid me-
chanics problems where the domain remains fixed in time, and stress and pressure are

functions of the velocity and velocity gradients; total deformations are not needed.

For some classes of problems, such as fluid-structure interaction and metal forming
processes involving severe deformations, difficulties arise with both the Eulerian and
Lagrangian descriptions of motion. These classes of problems have two difficulties in
common. First, the deformation is so severe that keeping track of the initial material
configuration is impractical. Second, they involve moving boundaries, such that the

motion cannot be represented as a function of position in the deformed configuration.

The arbitrary Lagrangian-Fulerian (ALE) description is a tradeoff that enables both rep-
resenting a domain with moving boundaries as well as limiting distortions in the resulting
discretisation grids. Fields are given as functions of position in an arbitrary reference
configuration QP given by the reference motion Yo: Q5 x RT — R3, which is continuous

and invertible with respect to the first parameter, as 28 = {X = Y((X,,t)| X, € Q5}.

The motion is given in the reference configuration by & = (X, t) == ¢,(Y; (X, 1),1).
Similarly, any scalar or tensor field ¢ = ¢o(Xy,t) is given in the reference configuration
by ¢ = ¢(X,t) = qo(¥y'(X,t),t). The gradient of a scalar field ¢ and the gradient and

divergence of a tensor field g in the reference configuration are denoted, respectively, by

Grad ¢ = 3% (X,1), (3.1.10)
Grad q = aiX (X,t), (3.1.11)
Div g .= (Grad q) : 1. (3.1.12)

In particular, the gradient of the motion ¢ in the reference configuration is denoted by

F.:

= a—Xgo(X,t) = Grad ¢, (3.1.13)

16
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where the subscript c refers to the current configuration.

It is related to the deformation gradient (3.1.8)), through the chain rule, by

r-(5%) (%)

= FC Grado TO N (3114)

so that by defining the reference motion gradient
F, = Gradg Yo, (3.1.15)
the deformation gradient can be decomposed as
F=F.F,. (3.1.16)
Thus, by defining the reference motion Jacobian as
Jy =det F., (3.1.17)
The determinant of the deformation gradient is

J = J, det F . (3.1.18)

Gradients in the reference and current configurations are related, through the chain rule,

by .

Je e [ Ox \

9z~ 0X (a_X> : (3.1.19)
that is

Ve = (Grad e) F,'. (3.1.20)

The material time derivative of the reference motion is the reference velocity

Vo= %‘I‘O(XO,t). (3.1.21)
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It gives the material time derivative in the reference configuration of a scalar field
q(X,t) = qo(Xo,t) in a form analogous to that in the current configuration in (3.1.6)

as

i 0
i(X,t) = EQO(Xoa t)‘

Xo="y(X,t)
9q

==+ (Gradq)- V : (3.1.22)
Similarly, for a tensor field g, the total time derivative in the reference configuration is

q(X,t)= (8_q + (Grad q)V) ‘ . (3.1.23)
ot (X 1)

The velocity is then given in the reference configuration by

oy
= — d
V= + (Grad ¢)V

e
- 4L FV. 3.1.24
2+ ( )

The acceleration a, which is the material time derivative of the velocity v, is given from

equations (3.1.22)) and ((3.1.24)) by

B 0 (0y; 0 0p;
N B ( ot gD’JVJ) e ( ot “Oz’kvk) Vi
Poi | Opi vj 9 0ypi
= + i +
oz ot ot \ax, ot
ov;

Poi 00,

In coordinate-free form,

Vit ) Vit $iiViVie + @13 VikVi

P OF. A%
a=—s +2 ( T ) V + F. (W + (Grad V) V) + ((Grad F.) V)V, (3.1.26)

OF. _ 8
where ¢ = & Grad ¢.

Equation (3.1.22)) also relates the spatial and temporal derivatives of the material con-

figuration by noting that

Dt ot X
—0, (3.1.27)

DX, oY’ N (argl> v

18
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which gives

ox,?

= -—F'Vv. 3.1.28
5 r (3.1.28)

Notations of fields in the three configurations are summarised in Table [3.1]

The gradient in the reference configuration of the reference velocity is an important

variable which we denote by
L :=Grad V, (3.1.29)
and whose symmetric and skew symmetric parts we denote by

D=_-(L+L'), (3.1.30)

(L-LY). (3.1.31)

It can be obtained in terms of F', as

)%
e

“in (55)
0Xo, \0Xo,
0 07y, 9T, !
- [3Xok ( ot )} (8X0k)
BEIE. e
ot \ 0Xo, 0Xo, ’ o
which, in coordinate-free form, reads

=[5 () (%)

= F.F.'. (3.1.33)

Lij =
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(+)bF (G x) %) (1 x)p % T? 0x)0BXE) (30x) XL A
(), %) ()t (1 x)p%¢ (rox)ox L) Grox)nE b e
¢ T ¢ T ¢ ¢ ¢ 0
(G®), 26 )by (%), ") 1 x)b (30x) b —=5¢ b ope1n)
a- ((1a)bF) + b A (X)) + (1 x)hG (3°0x)0p %2 b
(+'x)b (1 x)b (7°0x)% b py ©
a((1'x)a?) + (1'x)aig 9z°1°¢) uorpenbe (2 ﬁovmvoSMF% D UOTIRIO[OIIR
a (@) dF) + (@), _dF (7' X)A (+0x)°X A ARO[ 9191051
(1'¢)a A('x)pEE) + (1 x)p% (2:0x)°% a £y1o0[eA
(1'x), 0 (2°x)°x Ox 0y qurod [eLIOjRW
(1), o X (20x)0x X UOI}OUI 90UDIDJOT
T (1°x)o (2°0x)% T worou
UOI)RINSJUOD JUILIN)) UOI)RINSJUOD 90UISJOY UOT)RINSUOD [RLIO)RIA

SUOI}RINGUOD JUSLIND PUR ‘©OUISJOI ‘[RLISJRUL UL SUOIIRION :1°¢ 9[qe],
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3.1.1 Exponential and Logarithm of a Symmetric Tensor

Let s be a symmetric tensor that has the spectral decomposition s = > \;q; ® q;, where
A; are the real eigenvalues and g, are the corresponding orthonormal eigenvectors, i.e.

q; - q; = 0;j, where 4;; is the Kronecker delta

1 if i=j

0 otherwise .

Then the exponential of s is given by

exp s = Z (exp i) g, ®q; . (3.1.35)

Similarly, if s is positive definite so that its eigenvalues are strictly positive A\; > 0, then

the logarithm of s is

log s = Z (log\i)q;, ®q;. (3.1.36)

The trace and the determinant of a tensor are both rotation invariant measures. As
a result, the trace of a symmetric tensor equals the sum of its eigenvalues, and the

determinant of a symmetric tensor equals the product of its eigenvalues

trs =Y A, (3.1.37)
det s = H/\i‘ (3.1.38)

This relates the determinant of a tensor to the trace of its log.
tr (log s) = log (det s) . (3.1.39)

In particular, if a tensor has a unit determinant, then its logarithm is a deviatoric tensor.

Similarly,
det (exp s) = exp (trs) , (3.1.40)

so that, in particular, the exponential of a deviatoric tensor has a unit determinant.
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3.2 Strain Measures

The right and left Cauchy-green deformation tensors are defined respectively by

C=F'F, (3.2.1)
and
b=FF". (3.2.2)
The velocity gradient is given by
ov .
l=_—=FF". 3.2.3
S (3.2.3)

This can be decomposed into its symmetric and antisymmetric parts, namely, the rate
of deformation tensor

d=-(1+1"), (3.2.4)

N |

and the spin tensor

(1-1). (3.2.5)

DO | —

w =

The finite strain plasticity model is based on a multiplicative decomposition of the

deformation gradient into an elastic part F'° and a plastic part F®, that is,
F = F°FP. (3.2.6)
We define the elastic left Cauchy-Green deformation tensor
b = F°F° (3.2.7)
and the plastic right Cauchy-Green deformation tensor
C’ = F' FP, (3.2.8)

and its inverse

G = (CP) . (3.2.9)
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These tensors are related by

b = FGPF" . (3.2.10)

The plastic strain is assumed volume preserving, so that
det(F?) =1, (3.2.11)

and, as a consequence, the deformation Jacobian is given by the determinant of the

elastic part of the deformation gradient
J =det F =det F°. (3.2.12)

This gives the volume-preserving part of b° as

b =J b, (3.2.13)

such that
b = JFb° (3.2.14)
detd” =1. (3.2.15)

The volume-preserving part of the left Cauchy-Green elastic tensor b° is symmetric

positive definite, so that its logarithm log b® is always well-defined by (3.1.36)), and is
deviatoric since by (3.2.15)) and (3.1.39))

tr (logb°) = 0. (3.2.16)

From ([3.2.10)), the total time derivative of b° is given in terms of its Lie derivative, which

is defined as

Zb°=FG'F"', (3.2.17)

b = FG’F' + FGPF' + FG F*
=1b° + b°l' + Z,b°. (3.2.18)
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Figure 3.2: Contact target surface configurations

3.3 Multibody Frictional Contact

Frictional contact occurs between two deformable bodies given in the reference config-
uration by Q" and Q' C R3. The subset of the boundary of each body that may
potentially come into contact with the other is denoted, in the reference configuration,
by T8 C 90F, B € {con,tar}. It is expedient to designate one of the bodies as the
contactor and the other as the target, and in the following, without loss of generality,

these roles are respectively assigned to Q" and Q%r,

To avoid ambiguity, functions on the contact surfaces are distinguished by superscripts
for the contactor and the target surfaces. In particular, the motion of the contactor

con

surface is given by " = Lp]rgon, and that of the target surface by " = 80|Fgar-

For each contactor point X € ' a corresponding target point Y = n(X,t) € T is

considered such that the distance in the current configuration is minimised between the
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two points € = @(X,t) and y = (Y, t). This means that

HQOCOH<X,t) tar( (X t H < H(PCOH X t) tar Yl H for any Y/ c Ftar
(3.3.1)

The contact geometry is represented in Figure |3.2]

The position y = " (n (X, t),t) of the target point in the current configuration is not

tar

only dependent on the deformation ', but also on the position of the target point

in the reference configuration Y = n(X,t). Thus, its partial time derivative, with the
contactor position in the reference configuration X fixed, is given through the chain rule

by

0

0
ST (X 1)) =

_nj(Xv t) .

a tar

ot +

tar Y t
aY SOI ( Y )

Y=n(Xt) Y=n(X,t)]

(3.3.2)

This is needed for computing the slip velocity, which will be described in Subsection3.3.3

As shown in Figure , the target surface in the reference configuration T''** C R3
is parameterised by a region [ ¢ R2 through a continuous bijective mapping 7 :
[ — I guch that Y = ﬁ(f’) Here, Y = Y (X,t) € I is given by Y (X,t) =
7' (n(X,t)). Then, by condition , for any Y’ e ptar,

<gferen e (a(v) 1)

2

P (X, 1) — 9 (7 (Y<X,t>) ,t)

3 |
(3.3.3)

This requires that

9
oY

(3o e (a(¥) 1

which, by the chain rule, gives

2) —0, (3.3.4)

Y=Y (X,t)

™Y, t) 87] =0.
Y ly—v(x.

(3.3.5)

Y=n(X,t)

[(’ocon<X7t) . Sotar (’I](X,t),t>] . { [aiY
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For convenience, we define the tensors

= =y 0T
E=E(Y) ::0_17’ (3.3.6)
d on
G=GY )= |— tarY,t] .
Y1) = o] o .
d o
_ [a—Ygotar(Y,t)} = (77(Y)) . (3.3.7)
In array form,
.
g = a—; e R?, (3.3.8)
d
9= o= (¢ on) = (Grad ™) & € R?, (3.3.9)
.
E= ¢ & R, (3.3.10)
|
.
G=|g, g,| eR™. (3.3.11)
|

Thus, equation (3.3.5) becomes

[P (X 1) — ™ (n(X,1),1)] - G (n(X,1),t) =0. (3.3.12)

For a fixed contactor point X € I'®®® and the corresponding target point Y = n(X,1),
the partial time derivative of n can be obtained by differentiation of ¥ = n(X,t) =

~

n (Y(X, t)) using the chain rule to get

0 0 . .«
(X, 1) = ( a(¥)

V% (x,1)
v_v(x.1 ) Ot

- = <Y(X,t)) %Y(X,t) . (3.3.13)
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Thus, equation (3.3.2]) becomes

o . 9 9 ) 9
— e (X 1), 1) = o (Y1) + | e (Y1) = (Y (X0 1) o
ot ot Y—n(X.0) oY; Yen(X.0) J ( )(915
0 J
_ _SDEar(Yy t) + G (n(X’ t>, t) —Yk(X’ t) . (3314)
ot Y=n(X.1) ot

In turn, the partial time derivative of Y(X ,t) is obtained as follows. First, the partial
time derivative of G(n(X,t),t) for a fixed contactor point X € I'® and a target point
Y = n(X,t) € T™ is given, using the chain rule, by

0 0

Giy (X, 0),6) =5 [i (0(X,0,) 2y (V(X,0))]

ot ot
- (% eI ) YWW) =, (V(X.1)
(bt =@, )i
= (% w000 t)) = (V(X,1)
+ (3(; [Gij (”A?(f’),tﬂ vix )) %Y/l (X, 1), (3.3.15)
= t
where

n
+ Pik (ﬁ(f’),t) Tk, (Y) : (3.3.16)

Next, differentiating both sides of (3.3.12)) making use of (3.3.15]) gives

}}k(X> t)

{%QOEOH(X, t) — {%@iar(Y, t)} ¥ (X - sz (’l’](X, t)’ t) %Yk(xv t)} Gij(n(X’ t)v t)
+ [SOSOH(X>t) - SOEar(n(X»t)’t)} [ % [@E?]@r (th)] — )) Ek’j <Y(X>t)>

)) %Yk (X,t)] —=0;, (3.3.17)
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so that
d - _
5k (X0 = [Aj (X 1)] V(X t) (3.3.18)

where
‘Ajk (X> t) = Gij (n(X’ t)> t) sz(n(X7 t)v t)

- [Sﬁfon(XJ) - LPEar(n(X?t)vt)] PN

9

Y=Y (X,t)
(3.3.19)

and

v 000 = [0 - 0] (s vl )z (¥n)

COH(X7t) 0 tar(Y)t) GZ-]-(T’(X,t),t). (3320)

+ | 5% - ;%
ot ot Y —n(X 1)

Here, the gradient %Gij (’f)(f’), t> given by (3.3.16) involves the second spatial deriva-

tive of the motion. As a result, the third spatial derivative enters into linearisation of

the discretised system.

3.3.1 Normal and Tangential Components of Vectors

For a given point Y € T'%" in the reference configuration and a given time ¢, any vector
w € R3 can be decomposed into two components: a component w, which is orthogonal
to the target surface in the current configuration I'™ at y = " (Y,t), and another

component w; which is tangent to fga‘“ at y, so that

w, +wy = w, (3.3.21)
(Men)w=w,, (3.3.22)
n-w;=0. (3.3.23)

The vectors g, = g,(Y, t) defined in (3.3.9)) form a basis for the plane of vectors tangent
} . 4T
to '™ at y, so that the tangential component wy is given by some W = [Wl WQ} €
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Figure 3.3: Normal and tangential components of a vector

R? as w; = g,W;. or, in array form,

(3.3.24)

that is

(3.3.25)

Furthermore, the vectors g, are both orthogonal to the normal n, so that g,-n = 0. In
array form,

, (3.3.26)
— g — 0

that is

(3.3.27)
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Thus, pre-multiplying both sides of by G* gives
G'w = G" (w, + w)
= (n-w)G'n+ G'w;
= G'w,
= G'GW . (3.3.28)

Since the vectors g, are linearly independent, the tensor (GtG)l.j =g, - g, is invertible,

so that pre-multiplying both sides of (3.3.28) by (GtG)_1 gives

1

W= (G'G) G'w, (3.3.29)

which, by (3:3.23), gives
w, = G (G'G)” G'w. (3.3.30)

The rank deficient tensors G (G’tGy1 G"' and n ® n represent projections, respectively,
onto the plane tangent to f‘ff“ at y, and the line along the unit normal n of fgar at y.

Thus, since the two subspaces are orthogonal complements in R3,

non+G(G'G) G =1, (3.3.31)
(n®n) (G (G¢'a)™ Gt> - <G (G'G)"! Gt> (non)=0. (3.3.32)

3.3.2 Normal Contact

The primary normal contact constraint is that contactor surface points may not pene-
trate into the bulk of the target in the current configuration. As a result, for a fixed
contactor point X € I'®™ given in the current configuration by & = ¢°"(X,t), and a
corresponding target point Y = n(X,t) € ™ given in the current configuration by
y = ¢ (Y, t), with the outward unit normal of the target surface in the current con-
figuration " (' t) at y given by n = n (Y, t), define the penetration g by contactor

point x into the current configuration of the target by

9(X 1) = — [ (X, 1) — o™ (n(X,0),0)] - n (n(X.0),1) (33.33)
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Figure 3.4: Normal contact penetration

We require that g be nonpositive. This is demonstrated in Figure [3.4]

The unit normal n is given in terms of the tensor G. If a vector w forms an acute angle
with the unit normal, n -w > 0, then the projection of w onto the unit normal is in the
direction of the unit normal. Such a vector w can be obtained using some point ¢ in
the interior of the target deformed configuration Q%" as shown in Figure [3.4] by taking

w = y — ¢. The normal component m of w has the same direction as the unit normal,

so that
n= ﬁ . (3.3.34)
It is is given by and as
m=mnen)w= (1 -G (GtG)f1 Gt) w, (3.3.35)
The interior point ¢ is arbitrarily chosen, but remains fixed. Therefore, % = 0, and the

partial time derivative %_1;; of w is equivalent to that of y and is given, from (|3.3.14}), by

tar

ow O

ot ot

0
+ Grad Lptar—n :
Y=n(X,t) ot
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The partial time derlvatlve 7 of the unit normal n is, from |D
on 0 m
ot ot ||m]|

= L 2 (L
e " T e

= e 157~ (g () )

1 Om (m 1 Om\ m
| |

|m| ot im|| [m| ot ] ||m]]
1 Om 1 om
~ml o (n ' Wﬁ> "
:(1—n®n)< ! am) (3.3.36)
|m| ot

Differentiation of both sides of the identity (0~'(J = 1 using the product rule gives
(atD Ho+0O- ( '0) = 0, which, by post-multiplication by C7!, gives the identity

%D =t (aatm> ot (3.3.37)

The partial time derivative 2% % of the unnormalised normal m is in turn given, from (3.3.35])

and using the product rule, as

om; 0 _
gz =57 [(Gim = Gij (GiyGi) ™" Gomt) ]
- 0
= ((5im — Gij (G;Gr) ' Gml) o lm

_0Gy; oG, oG,
+ ot (Gk]le) Gml + Gij (Gk]le) < ot lan + Gnl ot ) (ququ> Gmr
t
~Gij (GrjGr) ™ agtml} Wy, (3.3.38)

where the identity (3.3.37)) was used in the term involving (GtG)fl. Thus, substitution

of (3.3.38)) into (3.3.36) gives

on 1 om
o " mp LT

1 B B . .\ Ow

= (L7 (1-¢@e)'e) 5,

t
+(1-n®n) {—%—G (G'¢)' ¢ +G(GG)" (88(5 G + Gt%(j) (eieiel
100Gl w
-G (G'G)™ }— 3.3.39
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The first term vanishes by (3.3.31)) and (3.3.32), so that substitution of (3.3.31)) gives

%—"Z' -G (G'G)' G {—% (G'G) G + G (G'G) (aaft(; - Gt%> (¢'q)" G
‘
Wel(ede) 8;’ } W:U%—H
-G (G'G)™ agt G(ce) e - ﬁ
'
= - (G (¢'G)™" 8(,%) ﬁ
— (G (G'G)™" 8;?) n. (3.3.40)

3.3.3 Slip Velocity

The contact slip velocity, which is defined as the projection of the difference between

the contactor and target velocities onto the plane tangent to the target surface, is given

by as
v, = G (G'G) ' G (v —v'™) | (3.3.41)

where the contactor and target velocities are, respectively, given by (3.1.24)) as

v = a‘gt + (Grad g®") Veor, (3.3.42)
tar
ChE agt + (Grad ™) V', (3.3.43)
so that
con tar
v.—G(Ga) a2 0
ot O Ny —pixs)
+ G (G'G) ™ G* ((Grad ™) Ve — (Grad ') V&) . (3.3.44)
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Equation (3.3.17) can be rearranged to give

con tar ¥
v _ o Gim = GG
Dt G, oY}
— (x5 — ys) = Eim + e B ——
ot yenxy) oy; " ot

= GimGijE — (@i — ui) 5 (3.3.45)

which can be used to express the projection of the partial time derivative of the slip as

a(pcon B agptar

Gij (GrjGr) ™ G | =22 -
I ot Ot |y_px.
~ oYy, G,
= Gy (GiriGu) ! GmlenW — (Zm — Ym) ot l]
aY; 1 OG
= Gma—tj — Gij (Gk]le) ! 81& (ZL‘m — ym) . (3346)
Equation ((3.3.40)), in index form reads
87%‘ — 8G(ml
o = ~Gii (GiGr) ! TR (3.3.47)
using this, along with
dY; _ Y
Gija_tj = Qoi,k::kja_tj
n;
= ; i—= 3.4
i j TR (3.3.48)
and
(@5 = omt) = =g, (3.3.49)
gives
B agpcon 8gptar an . anl
Gi; (G;jGr) ' G m__ Zrm = ;L — : 3.3.50
3 (GriG) G < ot at Yn(th)) LTI Y (3:3.50)

Substitution in (3.3.44)) then gives the slip velocity

8_7; on

vy = (Grad gotar) 5% 9

+ G (G'G) ™ G* ((Grad ™) Ve — (Grad ™) V&) .
(3.3.51)

34



4 Constitutive Models

This chapter describes the constitutive models of coupled thermomechanical finite strain
plastic deformation and frictional contact. Section is about the stress measures in
materials undergoing finite strains. Sections through describe the constitutive
models of coupled thermo-viscoplasticity at finite strains. Section describes the

constraints and constitutive models of thermomechanical frictional contact.

4.1 Stress Measures

This section introduces the stress measures used in this work, which are standard in
the continuum mechanics literature. Additional details are available in textbooks on
the subject [120, 121]. A body B given in the material configuration by Q5. and in
the reference configuration, through Y by Q7 is deformed under external loads by the
motion ¢, into Q8. The internal forces within the deformed configuration at a point
x € OF are determined by considering a smooth surface passing through &, which divides
the body into two parts, and whose normal at x is given by n (Figure . The forces
exerted by one part of the body on the other through a small area element Aa around
x are given by an equivalent force Ap and an equivalent moment Am. The moment
Am is assumed to vanish as Aa — 0, that is, lima,_s0 AA—T = 0, and the internal force ¢
at x,

Ap

t(n) = lim —

4.1.1
Aas0 Aa’ ( )
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Figure 4.1: Stress

is completely determined by the surface normal n and the Cauchy stress tensor o as

t=on. (4.1.2)

The Cauchy stress tensor o is a symmetric tensor due to conservation of angular mo-

mentum. It is related to the Kirchhoff stress tensor 7 by
T=Jo. (4.1.3)

In the reference configuration, similarly, the equivalent force through an area element
AA around a point X € 8, with a unit normal N, is given by

Ap

It is completely determined by the unit normal N and the first Piola-Kirchhoff stress
P as

t.= PN. (4.1.5)
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A surface I' C 2 in the reference configuration is transformed by the motion ¢ into a
surface I' € Q. Under this transformation, an infinitesimal area element dA at a point
X €T, whose direction is given by a unit normal N is transformed into an infinitesimal
areal element da at @ = (X, t), whose direction is given by a unit normal . They are

related by Nanson’s relation:
nda=JF._'NdA. (4.1.6)

The definitions of internal forces in the reference and current configurations are related
by
tda = t.dA. (4.1.7)

Thus, by substitution of equations (4.1.2)) and (4.1.5),

onda = PNdA, (4.1.8)
and, by Nanson’s relation (4.1.6]), the two stress tensors are related by
P=JoF;, (4.1.9)

which, by (4.1.3)), gives

P=71F_". (4.1.10)

Nanson’s relation (4.1.6]) can also be used to relate the unit normals in the reference and

current configurations:

da da

—_— — —t —_—
ndAda JF NdAdA
= JF_'Nda, (4.1.11)
so that
1 da
S — =F'N. 4.1.12
(555)n=F. (11.12)
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The norm of the left-hand side,

1 da 1 da 1 da
|(5 %) =) = (5 25) e = 555 L)

must equal the norm of the left-hand side ||F."N||, which gives

1 da
~ — =||F.*N|. 4.1.14
~ L= IFN (1110
Substitution in (4.1.12)) gives
F.'N =||F.;'N|n, (4.1.15)

which, along with (4.1.9)), gives

PN =Jo F.'N

=J||F.'N|on. (4.1.16)

4.2 Reduced Dissipation Inequality and Constitutive

Relations

The reduced dissipation inequality and constitutive relations for associative coupled
thermoplasticity at finite strains were derived by Simo and Miehe [82] following the
procedure presented by Coleman and Noll [122]. The internal energy e = é(b°, o, °) is
a function of the elastic deformation b° defined in (3.2.7)), the equivalent plastic strain
«, and the elastic entropy n° := n—nP. Here, nP is the plastic entropy proposed by Simo
and Miche [82]. Given the local dissipation inequality

D=0+71:d—¢e>0, (4.2.1)

and the free energy function ¢ := 9 (b°, a, 0), which is related to the internal energy by

the Legendre transformation,

~

(b, 0) = é(b°, a,n°) — 10, (4.2.2)
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the reduced dissipation inequality is derived as follows [82]. The total time derivative of

the free energy is
b=é—n0—ifo,
which, by rearranging and by substitution of 67° = 67 — 1P, gives
0 —é = 0P — b — (= 7°) 0.
Substitution into then gives

D=0 +7:d—v—(n—nP)0>0.

Then, using

D, W e . D,
Y —th(b, ,9)—abe.b —i—aaoz—i— 800 A
782& e eyt e 612) 877[)
= (1b° + b°1 +$,b)+a—aa+%9,
along with , gives
. o 0b |
_ p . o . e eyt ey 7" .
D=0 +7:d— o5 (16° + b°1' + Z,b°) 72 | 79
>0.

Then, since D pe — pe 2% que to the isotropy assumption [82],

ob® ob°
6,92} e et_a,lv@ e, earlvz,t
abe. (lb "‘bl)—%bl‘f‘bwl
2 :
= b°: (1 +1
a0 (1)
oy
=2—b°d.
8beb d

Thus, (4.2.7) becomes

D:97'7p+(7'—2%be):d—a¢¢$ube—a¢' o

ob° 90"~

>0.
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4 Constitutive Models

This must hold for all processes, so that

o
=2—b° 4.2.10
abe ’ ( )
2
=n - —. 4.2.11
n=n"= g ( )
and therefore, setting 5 = —g—ﬁ gives the reduced dissipation inequality [82]
1
D=r1: |=; (£b) (b°) 7' + Ba +607P > 0. (4.2.12)
D:]Zch .
Equation (4.2.5) then becomes
. o
=7:d—Dyen + =0
v=rT h + 20
=7:d—Dyec — (n —1P) 0. (4.2.13)

4.3 Finite Strain Thermoplasticity

An applicable constitutive model in this work is the coupled thermomechanical Jo-flow
theory for associative thermoplasticity at finite strains presented by Simo and Miehe [82].
The model is based on a multiplicative decomposition of the deformation gradient into

its elastic and plastic parts, that is
F = F°F". (4.3.1)

The plastic part F* takes the material to a locally defined intermediate configuration,
and the elastic deformation then maps the intermediate configuration to the final de-

formed configuration via F*°.

In addition, the elastic and thermal behaviour are defined through a free energy function
1 given, in terms of the deformation Jacobian J, the isochoric component of the elastic

left Cauchy Green tensor b°, the temperature @, and the equivalent plastic strain «:

=1 (J,8°,0,a), (4.3.2)
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We assume a free energy function of the form
U ="T(0) + M(J,0) + U(J) + W(b) + K(a), (4.3.3)
with

() =k L (1) - J] and W) = [ B o) ()b, (1
where p and « are the elastic shear and bulk moduli. The Kirchhoff stress tensor 7 = Jo

is then given by

r:J(%g1+2gﬁi (4.3.5)

W (5°) = / ! (10g57) (57) " - a6, (4.3.6)

so that the deviatoric and spherical parts of the stress, respectively dev T and p, are
given by

devT = plogd’, (4.3.7a)

p=r(J2—1). (4.3.7b)

As detailed in [82], along with this stress-strain relationship, a yield criterion

¢ = o(T,B,0), (4.3.8)
where § = — K’ («) is an internal variable representing strain hardening, and the reduced
dissipation inequality (4.2.12)) give rise to the evolution equations through the principle

of maximum dissipation. The values of 7, § and # maximise the dissipation over the

thermoelastic domain E = {(T, B,0) : gg('r, B,0) < 0}, so that for any (7%, *,0%) € E,
75 [ 88 @)+ 6t 0-0drz0. @39)

We consider the case where the thermoelastic domain has a smooth boundary ngS =0, so

that the evolution equations become

(E%be::——Qy[afé]be, (4.3.10)
& = 7050, (4.3.11)
P =059, (4.3.12)
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4 Constitutive Models

where . Z,b° = FGPF' and GP = [FptFprl, and v, which is a strain rate, is the
Lagrange multiplier from the Karush-Kuhn-Tucker (KKT) conditions

$p<0, v>0, 79=0. (4.3.13)

The evolution equation (4.3.10) is an expression in the current configuration of the
plastic flow being normal to the yield surface in stress space in the intermediate config-
uration [82]. This becomes clear by rewriting the equation in terms of LP = FPFP~!
and the second Piola-Kirchhoff stress in the intermediate configuration § = F°~'7F° ",
which gives

sym[LP] = v0g¢C"°, (4.3.14)
where C°® = F*'F°.
The conservation of energy equation ((5.1.12)) is given in terms of the specific heat ¢, the

dissipation due to mechanical deformation Dy, the elastic-plastic structural heating

H, and the heat flux q. These quantities are given by [82]

c = Op, (4.3.15a)
1
Dinech = T : (—ﬁ(fvbe)be‘l) + pa, (4.3.15b)
H=—00p (T : d— Decn) , (4.3.15¢)
q = —k grad 0, (4.3.15d)

where k is the thermal conductivity.

4.3.1 Multiplicative Split in the Reference Configuration

We seek a formulation of multiplicative plasticity in the reference configuration where
the material configuration Y;' only enters in terms of the reference velocity V.. We
start by defining

B¢ = F.G°F!, (4.3.16)

42
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so that equation (3.2.10) can be written as
b*=F.F.G°F'F}
= F.B°F". (4.3.17)

Then, evolution of the elastic strain can be written as
b= F.B°F' + F.B°F. + F . B°F" . (4.3.18)
By rearranging equation as
F.=LF,, (4.3.19)
the material derivative of B° is
B° = LB°+ B°L'+ F.G'F" . (4.3.20)

This can be substituted in (4.3.18]) to give

b°=F.B°F. + F.B°F' + F.[LB° + B°L'| F' + £,b°. (4.3.21)
Equivalently, using (4.3.17)),
. . . t
b = [FCFc‘l + FCLFc‘l] b+ b° [FCFgl + FCLFgl} b (4.3.22)

4.4 Viscoplastic Behaviour

The effect of viscoplastic strain rate hardening can be introduced by allowing the yield
criterion ¢ to attain positive values, which can be interpreted as allowing the stress to
take values beyond the elastic range ¢ < 0. A possible way to achieve this is by using
a Perzyna-type model or, equivalently, a Duvaut-Lions-type model, as described, for
instance, in [123]. In these models, the KKT conditions are replaced by the

constitutive equations

Lg(e,0 if ¢ > 0

0, otherwise,
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where ¢ is a viscosity parameter and g(¢, #) is a nonnegative function that vanishes if and
only if ¢ < 0. This approach to modelling thermo-viscoplastic behaviour of materials

during friction welding has been used in several studies [124-126].

An alternative approach is to use constitutive laws that prescribe the viscoplastic yield
stress 0¥ as a function of the equivalent plastic strain, its rate of change, and the tem-

perature, 0¥ = o¥(«v, &, 6), together with the von Mises yield criterion:

2
6 = |devr| — \/;ay(a,dﬁ) <0. (4.4.2)

One of the most commonly used among these constitutive models is the Johnson-Cook
model [I127], which has been used in several works on simulation of FSW [128-130]. It
is an empirical model that represents the effects of strain and strain rate hardening and

of thermal softening as the product of three terms:

o = [A+ B(a)" {1 +Cn (%)} {1 - < ei_—eeoo )m] | (4.4.3)

Here A, B, C', m and n are model parameters, 0, and 6, are respectively the ref-

erence and melting temperatures, and £;” is the reference strain rate. Several other
researchers [I3THI34] have used the Sheppard-Wright model [I35], which defines a tem-
perature compensated strain rate given in terms of an activation energy () and the gas

constant R by

Z = deexp (%) : (4.4.4)

and relates it to the yield stress by
Z 1
A

1 _
oY = —sinh™!

- (4.4.5)

3
| I

where A, C' and n are model parameters.
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4.5 Thermomechanical Frictional Contact

4.5.1 Mechanical Contact

The constraint that no penetration may occur and the fact that contact can give rise
to compressive forces but not tensile ones are modelled, in terms of the penetration
g (3.3.33) and the normal component of the contact force fy := —n - f., by the comple-

mentarity conditions

g<0, (4.5.1a)
In2>0, (4.5.1b)
fn-g=0. (4.5.1c)

In addition to these contact constraints, the stick-slip condition of the tangential con-
tact tractions is given in terms of the tangential component of the contact traction
fr=f.— (n- f.)n, the stick limit ® (f, fx), and a Lagrange multiplier v, by the

complementarity conditions [130]

@ (fr, fv) <0, (4.5.2a)
v>0, (4.5.2b)
v® =0, (4.5.2¢)
and the evolution law
0o
Vg =V, 4.5.3
s (4.5.3)

where the slip velocity v, given by (3.3.51)), is the tangential component of the relative

velocity between the contactor and the target in the current configuration.

4.5.2 Thermal Contact

The heat flux through the contact interface is given by [137]

(e = h(tx, 0c)g0( X, ) (4.5.4)
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where gyo(X,t) = 0°*(X,t) — 0" (n(X,t),t) is the temperature difference across the
interface. The heat transfer coefficient h is a function of the normal contact force ty and
the mean gas temperature, which is given in terms of the relative thermal effusivities

hE, B € {con, tar}, and the temperatures at the contact interface by

0 (X, t) = hE0° (X, 1) + h™ 0™ (X, 1), 1). (4.5.5)

Frictional heat generation due to tangential slip against frictional forces is modelled as

a boundary heat source given by

Dgic = hf’vs : .fT ) B e {COII, tar} . (456)
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5 Problem Formulation

In this Chapter, the mathematical model of a friction welding process is described by
completing the problem formulation based on thermomechanical balance laws as well
as the kinematics and constitutive models described in the previous Chapters. In Sec-
tion [5.1], the thermomechanical initial boundary value problem is described. The me-
chanical and thermal weak formulations are then derived in Section The resulting

problem formulation is summarised in Section [5.3]

5.1 Initial Boundary Value Problem

The internal stress state in the material is governed by the momentum balance equation,

which is given in the reference configuration by
DivP + f, = pma  in QF, (5.1.1)

where f, is the external force per unit volume in the reference configuration, and py, is

the mass density per unit volume in the reference configuration.

In addition, boundary conditions are given on subsets of the boundary by

P(X, 1) = p,(X, 1) on Fgu crI®, (5.1.2a)
V(X,t) = Ve X, 1) onT% cI?, (5.1.2b)
on=Ff, on F%M cTI5. (5.1.2¢)
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5 Problem Formulation

Here, F%M is the subset of I'® where an essential boundary condition is given on the
deformation, 'Y is the subset where an essential boundary condition on the velocity is
given, and Fﬁu is that where a natural boundary condition on the boundary traction is

given.

Furthermore, on each contact boundary pair I'®®® and ', contact boundary conditions
are given by the contact force f_ as

o' nt = f. on ['¢™" (5.1.3a)

oW n'™ = —f, on [, (5.1.3b)

At the initial time ¢y, the deformation and reference velocity are given by known fields

Tinitial and Vigitial as
QO(X, to) = minitial(-X) s (514&)
V(X, tO) = Vinitial<X) . (514b)

The material behaviour is also subject to the local balance of energy [82]
1
—Jdiv [L—]ql +Ry=¢€—71:4d, (5.1.5)

where R, is the heat source per unit volume in the reference configuration and e is the

internal energy. Substitution of (4.2.1]) gives
1
—J div {74 YRy =07 —D =01 —1i”) — Dunech - (5.1.6)

Taking the total time derivative of (4.2.11)) gives

p_ OV
o0
) %) .
= —% (T d— Dmech) - we (517)

Then, defining the specific heat capacity ¢ per unit volume in the reference configuration

and the elastic-plastic structural heating H as

82
0
H == —9% (’T. d — Dmech) > (519)
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gives
0 () —7P) = ch+H. (5.1.10)
This is substituted in to give
—J div l%q} + Ry = +H — Duech » (5.1.11)

which, along with the Piola transformation J div [Ll,q} = Div (Fc_lq), gives the temper-

ature evolution equation
0 = (Deer — H) + [Ry — Div (F;'q)]  in QF. (5.1.12)
The boundary conditions are

0(X,t) =0(X,t) on F%e cTI?, (5.1.13a)

q- n="~R, onI'§, C TP, (5.1.13b)

where Fge is the subset of the boundary where an essential boundary condition is given
on the temperature, and Fﬁe is the subset where a natural boundary condition is given

on the boundary heat flux.

In addition, on each contact boundary pair I'¢®* and I'***| thermal contact boundary con-

ditions are given in terms of the contact heat flux g. and the frictional heat generation

DB, ,B € {con,tar} by

g - n" = D+ g on '™ (5.1.14a)
qtar e — D}ﬁz — Ghe on Fgar . (5.1.14b)

The thermal initial condition is given by an initial temperature field €451 as

(X, o) = Ormiviar (X) . (5.1.15)
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5.2 Weak Formulations

Taking the inner product of equation (5.1.1)) with an arbitrary test function du that is

sufficiently smooth and which satisfies the homogeneous form of the essential boundary

conditions (5.1.2a) and ((5.1.2b)), and integrating over the reference configuration Q8

gives

du - Div PdQ + u- f,dQ = u - ppads). (5.2.1)
0B 0B 0B

Using integration by parts and substitution of (4.1.10)) and (4.1.16)), the first term be-

comes

/(5u-DideQ:—/ Grad(Su:PdQ—i—/ du- (PN)dl'
0B 0B

B

= —/ Graddu: (TF.") dQ—l—/ du- (J||F,'N|on) dr.
OB B

(5.2.2)
By (3.1.20)), we get
Graddu: 7F."' = (Graddu) F;': 7
= Viu: T, (5.2.3)
so that
/ du-Div PdQ = — Vou: 7dS2 +/ du - (on) J||F'N|dIl. (5.2.4)
0B 0B B
Then, defining 3
Jro= L N (5.2.5)
Par ’ -

and substitution of the surface forces from the boundary conditions (5.1.2d) and (5.1.3)

gives

/(5u-DideQ:— V(Su:‘rdQ—i—/ ou- f,Jpdl’
0B

B
QB s

+/ Bou - f. Jpdl, (5.2.6)
rs
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where the contact surface sign function s*°¢, bod € {con, tar} is defined as

sn =1, (5.2.7a)

s = 1. (5.2.7b)

By substitution of (5.2.6)) and following the convention of integrating the contribution
of the target surface on the contactor surface instead [100], equation (5.2.1)) becomes

V(Su:TdQ+/ (5u-pmadQ—/ ou - f, dQ2
0B 0B 0B
— Su- f, Jpdl — / sP6u- f. Jpdl =0. (5.2.8)
rgu I'gon

The inertial force term can be expanded by substitution of equation (3.1.26]) to obtain

D OF. ov
/Qgéu-pmadQ—/QB<5'¢1,-pm[at2 —|—2( T )V%—FC (E%—(GradV)V)

+((Grad F.) V) V] dQ. (5.2.9)

The term involving Grad F'. can be simplified using integration by parts, to give

/ U - py ((Grad F ) V') V dQ :—/ U - py (Fo (Grad V) V) dQ
OB OB

_/QB (- F.V) (p Div V) dQ

_ /Q (Gu V) (Grad - V) dO

_ /Q (Grad6w) V) - pu (FV) 0

v | Suopn(FV)(V-N)AD,  (5.2.10)

B

which by substitution in (5.2.9) yields

5’24,0 OF, oV
. Q= . — 42 V+F.|— Q
/QB ou- pmad /QB 0w P {3152 + ( ot ) T e ( ot )] d

_ / 5w - Div(pV)F.V dQ — / ((Grad 5u) V) - py (F.V) d)

OB

[ Su-pn(F.V)(V.N)dI. (5.2.11)

B
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For the thermal balance equation, the weak formulation is derived similarly by first

multiplying equation ([5.1.12)) by an arbitrary test function 44 that is sufficiently smooth
and which satisfies the homogeneous form of the essential boundary conditions ((5.1.13a)).

Integration over the reference configuration Q8 gives

/ 9 cf d2 :/ 00 (Dimech — H) dQ+/ 69 (R, —Div (F'q)) dQ. (5.2.12)
OB 0B 0B

Integration by parts, then, gives

d dr;\
—_ 1 -1 — J .
/QBM Div (F;'q) d /98519 e ((ax) q]> o
%, dr;\ !
-/, (6&-‘”) ((6&-) qﬂ') @
al’j -1
_ | N.dT
/FBM((M_) q]) d
0 ox;\ "
_/QB (axfw) (aX) ¢; dQ
—/ 500 (252) Nar
B q] 8XZ ! ’
By the chain rule and using (4.1.15)), this becomes
- / 59 Div (F;'q) dQ = / (idﬂ) g; dQ
0B a5 \ 07
—/ 09 q; (@jq) " Ny dl
B

:/ vw-qu—/ 50 - (F'N) dr
OB s

= v(w.quz—/ 50 q-n|[F'N| dr
B

0B

:/ Vdﬂ-qu—/ 519q-n£dF.
OB B J

(5.2.13)

(5.2.14)

Substitution of the boundary conditions (5.1.13b)) and ([5.1.14) and using (5.2.7) gives

50q-n£dF: 519R8£df‘+/ oV (Dgic+35th)£dp’
J J - J

B
rs g,
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Thus, substitution into (5.2.12]) and integration of the contact term contribution of the

target surface on the contactor surface gives

/vw-qd9+/ 519@9d9—/ 59 (R + Dumec — H) dQ2
OB OB OB

- / 59 R I gr - / 50 (DEi. + 55 qne) ar—o. (5.2.16)
r J Peon J

B
Ng

5.3 Problem Statement

As a summary of the previous sections, the problem statement is as follows:

Problem 5.3.1. Find the deformation ¢, the reference velocity V', and the temperature

0, in functional spaces defined on Q8 x RY, i = 1,2, such that:

e The weak forms and are satisfied for all admissible test functions
80 and du defined on Q8 x RT, i =1, 2.

o The essential boundary conditions (5.1.2d), (5.1.2b) and (5.1.13d|) and the initial
conditions and are met.

e The stress T in 1S given by and satisfies the yield criterion ,
where the elastic left Cauchy-Green deformation tensor b° is given by and

evolves according to (4.5.10).

e The normal and tangential components of the contact force f_ in are given

by (51) nd ({53

e The specific heat capacity c, the mechanical dissipation D,,ecp, the structural heating

H, and the heat fluz q are given by

In the following Chapter, discrete approximations of the problem are developed, together

with algorithms for their numerical solution.

23



Part 11

Solution Formulation and

Implementation

o4



6 Discretisation and Numerical

Solution Procedure

Thermomechanical behaviour during a friction weld is governed by the constitutive mod-
els presented in Chapter [l and the weak formulations in Section[5.2] The exact solutions
are fields in infinite dimensional subspaces. They are functions of position in the ref-
erence configuration and time. Numerical simulation approximates these solutions on
finite dimensional subspaces that have discrete representations amenable to computer

solution. This discretisation is conceptually carried out in several stages.

First, time is discretised into N time steps 1, ..., N, with each time step n corresponding
to a time interval [t, 1,%,]. Thus, the continuous problem is converted into a semi-
discrete problem, which comprises a sequence of problems, each of which corresponding
to a time step n. These problems are solved sequentially, so that in formulating the
problem corresponding to time step n, the solution from the previous time step n — 1 is
available. This is carried out by approximating temporal derivatives by finite differences
given in terms of the time increment At = t,, — t,_1 and of the values at ¢, and t,_;.

This is detailed in Section [6.1]

The next stage is operator splitting to decouple the mechanical and thermal problems.
The coupled thermomechanical problem corresponding to each time step is approximated
by a sequence of three smaller problems: a mechanical one, followed by a thermal one,

and finally another mechanical problem. This is detailed in Section [6.2]
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6 Discretisation and Numerical Solution Procedure

To address the contact constraints arising from and , an augmented La-
grangian approach is followed, in which each of the two mechanical problems within
a time step is converted into a sequence of augmented Lagrangian iterations. In each
of these augmented Lagrangian iterations, the contact forces are approximated by the
sum of penalty terms and the accumulated values from the previous iterations. These

iterations continue until the contact constraints are met with sufficient accuracy. This

is detailed in Section [6.3]

The outcome of time discretisation and operator splitting is a sequence of discrete-in-
time continuous-in-space thermal and mechanical problems, each of which is posed on
infinite-dimensional functional subspaces on the reference configuration. In the next
stage, these problems are discretised in space using the finite element method, where
the approximate solution is sought in finite element subspaces defined on discrete meshes
of the domains of the contacting bodies in the reference configuration. This is detailed

in Section

The resulting nonlinear thermomechanical problem is then linearised using the Newton-
Raphson method. This converts each of these problems into a sequence of linear prob-
lems, each of which is an iterative step to compute an incremental update towards the

solution. This is detailed in Section [6.5]

The stages of formulating the discrete linear problems are represented in Figure [6.1]

6.1 Time Discretisation

For numerical approximation of Problem we first discretise time into steps t, ..., ty,
and seek an approximate solution at each time instant ¢,. This gives rise to a sequence
of problems, one corresponding to each time step. They are to be solved sequentially,

so that at each time step, the solution from the previous one is available as input.
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6 Discretisation and Numerical Solution Procedure

Continuous-in-time infinite dimensional problem (|5.2.8|)

and ([5.2.16))

Time discretisation (Section [6.1])

Semi-discrete problem, discrete-in-time infinite dimen-

sional in space (6.1.63)) and (6.1.67)

Operator splitting (Section

Semi-discrete problem, with mechanical and thermal

problems to be solved separately

Augmented Lagrangian iteration (Section

Discrete-in-time, augmented Lagrangian step problem

Finite element discretisation (Section [6.4])

Discrete-in-time, Finite Element discrete-in-space, aug-

mented Lagrangian step problem

Newton-Raphson iteration (Section

Discrete-in-time, Finite Element discrete-in-space, linear

Newton-Raphson step problem

Figure 6.1: Problem approximation steps
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6 Discretisation and Numerical Solution Procedure

The time derivatives are approximated by finite differences. Let the motion from the

reference configuration, and its first and second partial time derivatives,

On = Pliy, (6.1.1a)
Op dp
— | = | = 1.1
(&)~ (&)l 6119
02 D
— | === 1.1
(5),~ (5)]... (o110

be given from the initial conditions at time step t; and, at later time steps t,, from the
solution of the preceding time steps. Then, the updated second and first partial time
derivatives at time step t,41 are approximated using the updated motion ¢, ; through

Newmark’s method by

e 1 dp 1 D
(ﬁ%rmWI‘“”V“(%)J‘(%”) (W)g (6:1.22)

) -() o (3) ()] e

where the Newmark parameters  and v are computed using the generalised-a method [138]:

Y= % — o + O (6.1.3)

g = ;l(l—amjtaf)Q, (6.1.4)
2 — 1

O = h, (6.1.5)

ar = pof‘i . (6.1.6)

poo € [0,1]. (6.1.7)

v
ot

fashion to those of the motion (6.1.2)). With the reference velocity and its partial time

The partial time derivative of the reference velocity is approximated in a similar

derivative known at time t = t¢,,,

V.= V|]_ , (6.1.8)
Wy (O
ot ), \ ot

o8

: (6.1.9)

t=tn




6 Discretisation and Numerical Solution Procedure

its updated partial time derivative for a given updated reference velocity V.1 is ap-

proximated by

ov 1 1—~ [0V
(E)MWM(V"“_V")_ - (&)n. (6.1.10)

The thermal field is treated similarly. For a known temperature at time t,
On = 0,_, (6.1.11)

the updated partial time derivative of the temperature is approximated by the finite

difference

Y. 1
<E>M = < (a1 = 62) . (6.1.12)

Using the generalised midpoints ay, (6.1.5) and af (6.1.6) to define the generalised in-

termediate values o, and e, ; .. as

Oniioar = (1= ar) (o) + Ot (941) (6.1.13)

O tl—am — (1 - am) ('n) + am ('n-i-l) )

6.1.1 Stress Update

The stress 7,41 is given in terms of the deformation Jacobian .J,.; and the volume

preserving part b, 41 of the elastic left Cauchy-Green tensor by 1) and l} as

Tni1 =dev T, + paaal, (6.1.14)
Prsr = Jnar {07 [N (r, Onn) + U (i) | } (6.1.15)
dev Tyt = 2dev { [a,—,eW(BZH)] b +1} , (6.1.16)

where the deformation Jacobian is given in terms of the gradient of the motion in the

reference configuration and the reference motion Jacobian by

Jpi1 = det [Grad 60n+1] Jrnt1 - (6.1.17)
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6 Discretisation and Numerical Solution Procedure
The elastic left Cauchy-Green tensor by, = J,i/jjll_)i 41 1s given by as
sz = Fn“rlGI;L-i-lF:l-‘rl ) (6-1-18)
and its volume preserving part is
BZH - ‘]n_-i-21/3 b1 - (6.1.19)
The material time derivative of the plastic tensor G}, |, is given by as
Giﬂ = F;il"%)bfﬁ-lF;j-l ) (6-1-20)
where the Lie derivative Z,b;,_; is given by as
L, = — 27 [aTqBHH} b, . (6.1.21)

Here, the consistency parameter 7,1 is governed by the KK'T conditions (4.3.13)):

2 .
Pnt1 = [|dev Ty — \/;Uy(an+l>an+la9n+1) <0, (6.1.22a)
Yot =0, (6.1.22b)
7n+1¢n+1 - O; (6122(})

where the time derivative of the equivalent plastic strain is

) 2
Apt+1 = g’}/n_t,_l . (6123)

Substitution of (6.1.22af) into (6.1.21)) gives

dev 7,11

L, = —29n1 b (6.1.24)

ldev 7|

The KKT conditions (6.1.22)) mean that one of two scenarios must hold. Either the con-
sistency parameter 7,1 vanishes, or it is strictly positive and the yield criterion (6.1.22al)
is met with equality such that (6.1.22¢|) holds. To determine which of these scenarios is

true, a return mapping approach is used, which comprises a predictor step followed, if

60



6 Discretisation and Numerical Solution Procedure

necessary, by a corrector step. In the predictor step, the first scenario is assumed, and

a trial solution is computed with the assumption that 'yfﬂall = 0. In this case,

Y1 =0, (6.1.25a)

L0 =0, (6.1.25b)

it = q, (6.1.25¢)

atria =0, (6.1.25d)

prial = Hdev il ‘ — \/gay(an,O,QnH). (6.1.25¢)
trial

Here, the trial stress deviator dev "% is computed using the trial left Cauchy-Green
elastic tensor bi’fﬁal, which is given by (3.2.10) as

B = Fua GRS, (6:1.26)

where the material time derivative of the trial value of the plastic tensor GP'?! vanishes

n+1
due to (3.2.17]) and (|6.1.25b))

- p,trial

G =F, L L6 =0, (6.1.27)

If the trial yield criterion (6.1.25€¢]) is admissible, i.e. ﬁfﬁ < 0, then the predictor
assumption is valid, and the trial values coincide with the solution. Otherwise, the as-
sumption is not valid, and a corrector step is required to ensure that the solution is

consistent with the second scenario. Namely, the consistency parameter is strictly posi-

tive v,41 > 0, and the yield criterion (6.1.22a}) is met with equality to satisfy (6.1.22c]).
This is achieved by using the evolution laws (6.1.21]) and (6.1.23) to write the yield

criterion (6.1.22al) in terms of the trial values and the consistency parameter v, 1. To
this end, the stress deviator dev 7,41 must be computed from its trial value dev 7]

and the consistency parameter 7,.1. This, in turn, requires relating the left Cauchy-
Green elastic tensor bj _, to its trial value bfl’f:ial and the consistency parameter v, 1.
Equation (6.1.24)) is satisfied if the corrected left Cauchy-Green elastic tensor b° at a

time ¢ € (t,,t,.1] relates to its trial value by

dev T, o.tria
b® = exp (_27714-1 (t — tn) m> b strial , (6128)
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6 Discretisation and Numerical Solution Procedure

such that
GP — F—lbeF—t
d n .
= _F'_1 exp _2'7n+1 (t . tn) & be,trlalF—t
|dev 7,14
d n )
— Fil exp _2771—1—1 (t — tn) & FF*lbe,trlalF—t
|dev 7,14
d n )
=F lexp | — 2941 (t —t,) GV Tnt1l |\ pgpitrial (6.1.29)
[dev 71|
Thus,
e - dev 7oy dev 74, p,trial
G =F —2Ypp1 ) exp | —29nq1 (t — t,) T | FGP™
Idev 74| [dev T |
(6.1.30)
and therefore
gvbe_l = FGth
dev Tn+1 dev Tnt1 p,trial gt
= 21— exp | 2V (t — t,) ————— | FG»'"™F
Idev T fdov 7]
dev 1,41 < dev 1,11 ) orial
= _2’771 ———; €Xp -2 n t— tn ) potra
Hldev | it ) ||dev 7,41
dev 7,41
= =2 —— b 6.1.31
Tt ||dev 7,41 ( )

Multiplication of both sides of (6.1.28) by J~** and taking the logarithm gives, at

t= tn-i—la
- —e,tri dev 7,41
log by, = logbo ™ — 2y, i At—— "L 6.1.32
g —+1 g +1 fy +1 HdeV Tn+1H ( )
Multiplication by the shear modulus p then gives
devT,.1 = dev Tfffi — 2UAN 1M1 (6.1.33)
where
dev 72 = pilog Bz_t:ial : (6.1.34)
AXNpi1 = Y1 AL, (6-1-35)
d n d trial
Mgy = ot S Tl (6.1.36)
|dev 741 | ||dev*rn+1H
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The yield criterion can be written by substitution of (6.1.25¢]) into (6.1.22a)) as

This predictor-corrector approach is summarised in Algorithm [6.1.1]

6 Discretisation and Numerical Solution Procedure

‘ 2
Oyl = Hdev TfffllH — 2uA N1 — \/;Jy(oan, ity Ony1) -

(6.1.37)

Algorithm 6.1.1 Predictor-Corrector Approach

1. if ptial = Hdev TﬁffiH \/> (0, 0,0,41) <0 then

n+1

. __ ~trial

2: Tn+1 = ’7n+1 0
trial

3: gbe+1—$bzﬁa:0,
4: trial __ 0

: &n+1 - CKn—&—l -

. __ trial __
5: Api1 = Oén+1 Qp
6: dev 7,41 = dev 7iral
7. else
8: Ynt+1 > 07

2 .

0 buar = [dev Tl = /207 (@1, i, i) = 0,

. e o devTypi1 ge
10: Lby = 2 e O

. _ /2
11 Qny1 = A/ 3Vn+1,
2
12: Qpi1 = Qp + \/;ynHAt.
13: dev 7,41 = dev T2 — 24y, 1Aty
o devTnyg dev 7%
14: n = .
n+l Hdevrn+1|| Hdevr“fl1 ’

15: end if

The evolution law (6.1.27]) means that, for a fixed point Xy in the material configuration,

the trial plastic tensor G5’ el remains unchanged from the previous time step n. This

implies that the only change in the plastic deformation at a point X in the reference

configuration is due to a change in the reference motion Y, such that the material

point mapped to X is different from the previous time step. Thus, with the plastic

deformation given in the material configuration by G8|(r—1 (X08) =
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6 Discretisation and Numerical Solution Procedure

plastic tensor is Gp’triall ( ) = Gg](r,l (X tsa)tn)* To compute this value of GPa!

X ,tn+1
and account for the change in b° due to the reference velocity V', it is useful to define a

material remapping operator; this is done in the following subsection.

6.1.2 Material Remapping Operator

The predictor-corrector approach of computing the left Cauchy-Green elastic tensor
b, requires evaluation of its trial value b3V}, which arises from the trial assump-
tions (6.1.25)). The goal of this subsection is to describe the steps necessary to compute
this trial value at a given point X in the reference configuration based on the deforma-

tion ¢, and reference velocity V,,,; fields, and on the value at the previous time step

t = t, and the corresponding point X, = ¥ (X, t,) in the material configuration.

For a given position X in the reference configuration and a given time ¢, ., the elastic
deformation b° is given by from the deformation gradient F. and the tensor B€.
The motion ¢ is sufficient to determine the deformation gradient F'.. Determination of
B° at a time t,, 1 using a predictor-corrector approach involves assuming that the plastic
deformation associated with the material point X = Y, *(X,#,;) remains unchanged

from its value at ¢,:
GH"™ (X, ty1) = GY (X, ) (6.1.38)

which is written in terms of position X = Y (X, t,41) in the reference configuration

as
G (X 1) = GE (15 (X tayi) ) (6:1.39)

As a shorthand, it is useful to define the following operator, which denotes for a position
X in the reference configuration and a time ¢, ; the value of a scalar or tensor field [
at the corresponding material point Xo = X' (X, ¢,,1) and another time ¢,. Let (I be

any scalar or tensor field given as a function of position in the reference configuration
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6 Discretisation and Numerical Solution Procedure

and time as [0 = [J(X, ¢) and as a function of position in the material configuration and
time as O = y(X,t). Then, for a point X in the reference configuration, and two

time instants t,, t,+1 > 0, material remapping to ¢, is given at X and ¢,, by
Mﬁ:ﬂ{m}’x = MO, Xty tosr) = 0o (X5 (X tnsn) 1) - (6.1.40)
Thus, equation (6.1.39)) can be written as

GP (X ) = My TGP

(6.1.41)

X
The operator M is a continuum operator defined on continuous spatial and temporal
fields. Its effect is remapping the material configuration such that any point X is iden-
tified by its position X in the reference configuration at time t,1: X = Yo(Xo, tnt1).
Position in the reference configuration is itself a valid input to the operator M, since it
is given as a function of position in the reference configuration and time by the identity
function, and is given as a function of position in the material configuration and time

by the reference motion Y. Thus,
MHX Y = Yo (Yo (X tusr) ) - (6.1.42)
Substitution of this into (X, t,) = Oo( Yy (X, t,), 1), gives

DM { X}, 1) = Oo( Y5 (M H{X ), ), 1)
- D0<T61(T0 (Tal(-X7 tn—i—l)y tn) ) tn)y tn)
= 0o (Yo' (X, tns1), tn) (6.1.43)

which, by definition (6.1.40)), gives
Myo) =0 (M (X (6.1.44)

This obviates the requirement of keeping track of the material configuration for evaluat-

ing M+ {0}| , as long as M;"*'{X} is known, which is the position in the reference
X

configuration at time t,, of the material point whose position in the reference configura-

tion at time £, is X.
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6 Discretisation and Numerical Solution Procedure

Some Properties of the Material Remapping Operator

From definition (|6.1.40) it follows that
M p+ay = M {p} + M {a}
MyHpa} = (M {p}) (M {a})
-1
M {p '} = <M§Z“{p}> :

(6.1.45)

(6.1.46)

(6.1.47)

Also, the partial time derivative with respect to time with X and the target time ¢,

kept constant is,

% (Mo ] = % (Do (¥6! (X, tns1),1)]

_ min JPB
! Dt [y

. DX _
In particular, 5+ =V so that

8 tn41 - tnt1
= [ Mexy| | = Mirvy
and therefore, by the fundamental theorem of calculus,
tnt1 tnt1 0 tnt1
X == Mtn-l»l{X} - Mtn {X} + . EMT’” {X} dT

tn+1
— Mt X [ M vy ar
tn

By definition (6.1.40)) we also have

0 t
Grad, /\/ltZ“{D}’ = oy [M ZH{D}’ ]
¢ X 8X0 ! X XO:TSl(X7tn+1)
0
= —I:lo Tﬁl(X,tn—&-l)atn

aXO ( 0 ) XO:To_l(X,tn+1)
0

0X Xo="5" (X tns1)

= M {Grado O] i }
In particular, since F', = Grady X,

M F,} = Gradg M {X} .
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6.1.3 Trial Elastic Deformation Tensor

Let X be the position in the reference configuration at time step n+1 of a material point
Xo= T ! +1| 5 The trial elastic left Cauchy-Green deformation bf;’f:ial X is obtained by
assuming that the plastic right Cauchy-Green deformation corresponding to the material

point X remains unchanged from the previous time step

p,trial
GO,n

= Gholx, - (6.1.53)

In general, this is different from the plastic deformation at the previous time step at the
same position in the reference configuration G% |, because the latter corresponds to a
possibly different material point X, = T ,ﬂ - An exception is the special case where
the reference velocity V is identically zero. To write in terms of position in the

reference configuration, we use the operator MEZ“ to keep the material point fixed:

rial n+1
G>| = M {GPY o (6.1.54)
Equation (4.3.17)) then gives
e,trial tn t t
b = Fe Py (MO {GPY) FE L FE (6.1.55)

The reference motion gradient F', in requires keeping track of the material con-
figuration as presented in [I8]. There, besides the motion ¢, the material configuration
is tracked as an additional variable X, = Y;*(X), which gives the reference motion
gradient as F, = (Grad X') !, This is achieved by discretisation of both the motion as
well as the material configuration as node variables on a mesh of the reference configura-
tion. Following this approach, however, would limit the total reference motion possible,
because large reference motion deformations may cause excessive distortion between the
material and reference configurations, causing the mesh of the material configuration to

become degenerate.

. e . . trial
To avoid this limitation on the reference motion, we seek a representation of b, where

motion of the reference configuration enters only in terms of the reference velocity V,
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6 Discretisation and Numerical Solution Procedure

such that the total reference motion Y, and the reference motion gradient F'. are not

needed.

Definition (4.3.16|) of B and equation (|6.1.46|) give
t
M (G} = (M (P ) (M (B ) (M (P
Equations (6.1.52)) and (6.1.47]) then give
-1
b {FY = (Gradg M (X })
—1 tn+1 -1
— F'F, (Gradoj\/ltn {X})
~1
= F! [(Grado M+ {X}) F;l}

-1
=F! <Grad M+ {X}) ,
so that equation (|6.1.56)) becomes

M§:+l {Gp}

—t

—F! (GradMig“ {X})1 (Mﬁg“ {Be}> (GradMig“ {X}) Ft.

T

Substitution into (6.1.55|) then gives

be,trial - F Be,trialFt

n+1 C(n+1)— n+1 Clnt1)

where
—t

B = (Grad My (X)) (M (B7Y) (Grad M (X))

With equations (6.1.44]) and (|6.1.50), this becomes

. N -1 N —t
Bt = (Grad X,1)  (Bilg,.,) (Grad X))
~ tn+1
X =M {X} =X — M+ (V) dr.

tn
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6.1.4 Semi-discrete Problem

The generalised-a method [13§] is used to approximate Problem as follows:

Problem 6.1.1. For each time step t,11, given the deformation ,,, the reference ve-

locity VB, and the temperature 0,, from the previous time step t,, find the deformation

n’

Pny1, the reference velocity Vfﬂ, and the temperature 0,,.1, in functional spaces defined
on Ule OB such that for all admissible test functions du defined on U?:l 0B,

Vou: Tn+l—of dQ + Ginertial — / ou - fb(n+1—af) df2

0B OB

- ou - fs(n—i—l—af) JF dI' — /Fcon 58511; . fC(n+1—af) JF dl' = 07

B
r Ny,

(6.1.63)

where the inertial term G ipertial = fQB U+ Pru@pi1_q, ) is given from (5.2.11)) by

O ov
Gmertzal /QB ou Pm { ( Ot2 )n+1—ocm + |: ¢ ( ot ):|n+1—am} d

+2 [ du-py KaFC) V} dQ (6.1.64)
OB ot n+l—o¢
—/ du - Div(pnV)F V], 4, dQ (6.1.65)
0B

= [ (Grad 50 Vo] pu (V) 49

+ / 6w - [pm (FV) (V- Ny, AT, (6.1.66)
B
and such that for all admissible test functions 6 defined on U?:l 05,

/ Vo - q,11 dQ) — o [Rb(n+1) + Dmech(n+1) - Hn+lj| ds2
OB OB

+ / 59 g dQ — / 89 Resnr1) I qr
92 Fgg J
B Jr
- /F 50 (Dricguin) + Pthotuen) T A0 =0. (61,67

69



6 Discretisation and Numerical Solution Procedure

6.2 Mechanical-Thermal Operator Splitting

Following [82], an operator splitting approach is used to approximate the coupled ther-
momechanical Problem by updating the thermal and mechanical fields sequentially

instead of simultaneously. At each time step, three smaller problems are solved instead

(pre)

of one larger one. The first problem, a mechanical one, is solved for a motion field ¢,

and a reference velocity field VSI? with the temperature field kept fixed at 6,. The
middle problem is a thermal one. It is solved for the updated thermal field 6,,; with
the deformation and reference velocity fixed, respectively, as gogfl’) and fojel). The time
step is then completed by solving the third problem for the updated motion ¢, ; and

reference velocity V,, .1 with the thermal field fixed as 6, 1.

The first and third problems, in which the mechanical fields are updated at a fixed

temperature, are as follows

Problem 6.2.1. For each time step n + 1, given the deformation ,,, the reference

velocity V., and the temperature 6,, from the previous time step t,,, assuming the updated

temperature remains unchanged (at 0, in the first mechanical sub-step, and at 0,11 after
(pre

the thermal sub-step is solved), find the deformation S0n+1) and the reference velocity

Vgﬁ) such that, for all admissible test functions du defined on U?:1 OB,
Vou: Thqi—a; AQ + Ginertial — / ou - fbmﬂ,af) dQ2
OB

B —
_ /FB ou - -fS(n+1_af) Jpdl' — /FCOn s7ou - fc(n+1_af) Jpdl' =0,

Nu

OB

(6.2.1)
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where the inertial term Ginertial = st U+ Pm@pi1—q,, A2 is given by

8290 ov
o su-p d (L F, = dQ2
Glinertial /QB w-p { ( ot? >n+1—am * [ < ot ):|n+1—ozm}

+ 2/ Su - KaFC) V} dQ (6.2.2)
OB 3t n+l—ay

—/ ou - [Div(pnV)F. V], dQ (6.2.3)
QB

~ [ (Grad 5) Vi) (FeV), 1, 00

+ /F Su [ (FV) (VN T (6.2.4)

The second problem, in which the temperature field is updated at fixed deformation and

reference velocity fields, is as follows:

Problem 6.2.2. For each time step t,41, given the deformation ,,, the reference ve-
locity V,,, and the temperature 6,, from the previous time step t,, and given an updated
deformation gofﬁi) and reference velocity Vfﬁﬁ), find the temperature 0,1, such that, for

all admissible test functions 09 defined on U?:l OB,

V60 - gy, dQ — / 60 | R + Drnecry — Horr | 102
OB

0B
. Jr
+ / 00 €Oty df2 — / oY Rs(n+1) — dr
Qs rg, J
B Jr
— o 01 (Dfric(n+1) +s th(n+1)> 7 dI'=0. (625)

6.3 Regularisation and Augmented Lagrangian lteration

The term involving contact traction in 1' which is given by [z 0w - (f.), 1, dT,
must satisfy the complementarity conditions (4.5.1]) and (4.5.2)). Computing it using the
augmented Lagrangian approach, as described in [I01], involves iteratively updating an

approximate value of the contact force.
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The contact force f. is given by its normal and tangential components, fy and f,; that

is,

fc(n+1) = _fN(n+1)n + fT<n+1) I (631)
PNy = =F ey 1 (6.3.2)

At each augmented Lagrangian iteration [+ 1, the updated normal contact force is given
by

s Iy v 90 (6.3.4)

Nint1) 0 .
N otherwise .
(n+1)
The updated tangential contact force is computed by first assuming that contact satisfies

the slip condition, and computing a trial value:

f (14+1),trial f(l) Hp— (6.3.5)

T(n+1) T(n+1)

The friction stick limit ® (f,, fn) is then evaluated from (4.5.2a)), correcting the trial

value if necessary:

(I41),trial (I41),trial (141
fT(n+1) if (fT<n+1> fN<n+1)) -

fslip

l[vs[l+ereg

l
il = (6.3.6)

v, otherwise.

Here fqip is the stick limit, and €., is a small positive regularisation factor used to avoid

numerical errors at small slip velocities ||vs|| = 0.

The augmented Lagrangian iteration is continued until the contact constraints are met,
that is, the penetration is smaller than a predefined threshold, g < €penetration, and the
tangential contact constraint is satisfied in that either slip occurs and ® ( fjf:ril) f Aﬁ(:;)) =
0; or the slip velocity is smaller than a predefined threshold: ||vs|| < eqip. The approach

is summarised in Algorithm [6.3.1}
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Algorithm 6.3.1 Augmented Lagrangian algorithm

1: contact_constraints_are_satisfied < false

5. while contact_constraints_are satisfied = false do

6: Solve Problem |6.2.1, where f

Cnt1) _fN(n+1 nt+ 'fT( +1)

. (141) . .
7: Update fN(n+1) using equation ((6.3.4
8: Update f§{+ )

(n+1)

using equations (|6.3.5)) and (/6.3.6

9: condition 14+ ¢ <0
(1+1 I+1)
10: condition 2 < either ® (fT( +)1>,f](\,(n+1)> =0, or ||vs]| < eqip
11: k< k+1
12: contact_constraints_are_satisfied < condition_1 AND condition_2

13: end while

6.4 Finite Element Discretisation

B
The reference domain of each body B is discretised into a mesh QF of cells {Qf’”}ivil,
which do not overlap and which completely cover the domain without any gaps:

NE
0P~ Qf =", (6.4.1)

n=1

where N5 is the number of cells in the mesh of body B in the reference domain.

The approximate solution (cph, v Qh) is sought in finite dimensional subspaces of the
functional spaces on which the exact solution (¢, V', ) is defined. These finite dimen-
sional subspaces have bases {pf} Yo, {eY }l ,» and {gbe} ', where ¢7 and o)

vector-valued while ¢! are scalar-valued, and where Ng, Ny and Ny are the dimensions

of the respective functional subspaces. The discretised motion, reference velocity, and
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temperature are then respectively given by coefficients U;, V;, and ©; as
N
" =" ¢tU, (6.4.2)
i=1

Ny
V=Y ¢!V, (6.4.3)
=1

Ny

0" =Y 4le;. (6.4.4)

i=1

A mixed finite element approach is used to discretise the deformation Jacobian and the

Np
=1

pressure terms to avoid volumetric locking. The scalar shape functions {¢} where
N, is the total degrees of freedom of the discretisation, are chosen to be discontinuous
across element boundaries and to have lower polynomial order than the motion basis
functions ¢?. The lower order discretised deformation Jacobian J" is obtained by least-
squares projection of the discretised deformation Jacobian J" = det (Grad goh) onto the

discrete subspace

-1
Jh = P( p PdQ) PR AQ. 6.4.5
or ([ erapan) [ o (6.4.5)

Furthermore, the mixed basis functions ¢! are chosen such that the support of each is
completely contained in one cell, such that (6.4.5) can be solved in each cell indepen-
dently of the rest of the mesh. The pressure is then given, using (4.3.7bf), by

=P (/Q oF of dQ) B /Q oF K ((J")? —1) dQ. (6.4.6)

The functional spaces from which the test functions are chosen are also discretised. A
finite dimensional subspace of admissible test functions is chosen, and the weak formu-

lations are required to hold for any test function therein.

The finite element mechanical problem is as follows.

Problem 6.4.1. For each time step t,.1, given the deformation ", the reference ve-

locity V", and the temperature 0" from the previous time step t,, and given an updated

n’
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6 Discretisation and Numerical Solution Procedure

temperature 0" ni1, find the deformation ‘Pn+1 and the reference velocity VnJrl such that,

for any test function du”,

/QB Vé'u,h: (dev TZ—i—l—af + p2+1_af ) dQ + Gmertwl

h h h
_ / out fy L, A9 / b f L r
Q2 Tin,
— / sPoul - fo J{f dl' =0, (6.4.7)

where Th 1o 18 the stress computed from the discretised mechanical and thermal fields,

2, Jh h
Gmertml / 5uh " Pm { (a—i> + |:FC (av >:| } ds?
of M ) 1o Ot )i an

Fh
+2 [ oul-py Ka )Vh] dQ
Qf at n+1l—aor

h . h hysh
h

and

- /Q ((Grad 5uP) VI ) - (FIVY), 0

+ [ Su [pu (V) (V' NM)] dr. (6.4.8)

n+1l—as
B
ry

The thermal problem becomes,

Problem 6.4.2. For each time step t,.1, given the deformation ", the reference ve-
locity V" and the temperature O = Z #?(©;), from the previous time step t,, and
given an updated deformation can and reference velocity VZH, find the temperature
oh ., = Z;N:01 ¢? (©4),,,1 such that, for any test function 69",

Voo - g, dQ — /Q 0 [RE L+ Dheca, ) — Hia] 40

B
Qh

Jh
h h h h “r
+ /Q o0 el dQ—/FB 00" RS, S dT

Jp

h B _h “T

_ / 59 ( Fricin, 8 th(nﬂ)) Jrdl =0, (6.4.9)
hc

where the thermal fluz g%, is computed in terms of the discretised thermal field 6!,
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6 Discretisation and Numerical Solution Procedure

6.5 Linearisation and Consistent Tangent Moduli

The Newton-Raphson method is used to convert each of the nonlinear problems into a
sequence of linear problems. The method starts with an estimated solution, and each
Newton iteration involves computing an update to that estimate. This is achieved by
linearizing the nonlinear problem around the estimated solution, and then solving the
resulting linear problem for the update. These steps are repeated until the residual

becomes smaller than a predefined threshold.

Linearisation by the Newton-Raphson method is described in the following Problem by
using the Gateaux derivatives, defined for a function O = O(e", V", 6") by

[ d

D, O (", V", 0" ¢?) = &D(goh—l—egbf,Vh,@h)} , (6.5.1a)
L e=0
[ d

Dy O (", V" 0" ) ) = &D(goh,vh—keqbiv,@h)] : (6.5.1b)
L e=0
[ d

Do O (", V", 0" ¢0)) = &D(goh,Vh,9h+e(bf)} . (6.5.1c)
L e=0

Problem 6.5.1. At a time step t,y1, let the deformation @”, the reference velocity
V! the elastic strain (BY),,, the plastic strain o, the temperature 0" from the previous
time step t,, and the updated temperature HZH be given. At an augmented Lagrangian
step | + 1, let the normal and tangential contact tractions from the previous augmented
Lagrangian step 1, respectively (f]}f,)ffll and (f%)ff}rl be given. At a Newton step k+1, let
an estimated deformation (oh,,), = S @7 (U))k 1 and reference velocity (VZH)k =

ZZ]\;‘/I @Y (Vi)k, | be given. Find the updates AF*'U; and AF*'V;, which give the updated

deformation
Ne

(‘PZH);CH = (‘PZH)k + Z ¢fAkHUi )

i=1

and the updated reference velocity

Ny
(VZ+1);€+1 - (V'Z+1)k + Z d)z’VAkJrlvi )
=1
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such that for any test function du”,

N
REF (5ul; " V", 6") + > [Dy REF (sul; ", V0" 6F)] AU
=1

Ny
+Y " [Dy R (du”; ", V0" Y )] ARV, =0, (6.5.2)
i=1
where the mechanical residual RF+! is

an*l ((5uh; goh, Vh7 Gh) = . Vou": (dev Tzﬂ,af + ﬁzﬂ,af 1)dQ + Gmemal
h

h
- /QB ou’- fb("JFl*D‘f) df2

h

h h
_ /F o f L Jdr

AN

_ / Foul -l JpdL (6.5.3)
The linearised thermal step is similarly described as follows:

Problem 6.5.2. At time step t,11, given the deformation ", the reference velocity VZ,
and the temperature 0 from the previous time step t,,, and given an updated deformation
" and reference velocity VZH, at a Newton step k41, given the estimated temperature
(6 n+1) Z @Y(0,)k .| from the previous time step k, find the updates A*1O;, which

give the updated temperature

Ons1) gy = (Onia) + Z AN CT

such that for any test function d9",

RETL (59" ", V", 07) +Z Dy RE™ (00" ", V0% ¢))] AFIO, =0, (6.5.4)
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where the thermal residual RE™ is

REFY (00" V0N = | Vo gl dQ+ / o9 e, dQ

0B OB

h h h h
_ /Q 0" [RE L+ Dy — Hia| 40
h

h h B _h
_ /F 0" (D) + P ) S dr
hc

- SO RN ‘]—1@ dr
B S(n+1) Jh :
hNg

6.5.1 Consistent Tangent Moduli

(6.5.5)

The Gateaux derivatives of the fields involved in the residuals (6.5.3) and (6.5.5) are

needed for their linearisation at each Newton-Raphson iteration. These Gateaux deriva-

tives are derived in this subsection.

The Gateaux derivatives of the deformation, reference velocity, and the temperature are

given, by definitions (6.5.1]), by

chp:(ﬁ@’
DVV:¢V7
Dpb = ¢’

The Gateaux derivative of the reference deformation gradient is given by
D, F. =D, [Grad ¢]
= Grad [Dy, ¢]
= Grad ¢% .
The Gateaux derivative of the Jacobian is given by Jacobi’s formula as
D, J = Jtr [(D, F.) F_']
= Jtr [(Grad ¢¥) F_ ']
= Jtr(Ve?).
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6 Discretisation and Numerical Solution Procedure

From (4.1.15)), we have

F'N

—_— 6.5.11
[7.°N] (0511

n =

Furthermore, the Gateaux derivative of F_' is obtained, by following the same steps

as (3.3.37), as
D,F.'!=-F.'(D,F.) F.'
= —F_' (Grad ¢%) F.*
=-—F_ 1 (V¢?¥) . (6.5.12)

Thus, the Gateaux derivative of Jr defined in is given by

Dy Jr = Dy [J HFJtN\H
= (D ) |[F N+ D, [N
F'N

= Jtr (Vo?) |F.*'N|| + JW Dy [F.'N]
_ . F;tN . -1 t
= o (V) = TS [F.'(Vo?)]'N

F'N et
:JF tr(VQb{p)—JW(Vd)‘P) FC N

F'N . F'N

~ e = IR ey O
= Jp tr(V§®) — Jrn - (Vo?#)'n
= Jr[tr (Vo?) — (Vé?) n-n] . (6.5.13)

Linearisation of contact terms

We consider a fixed contactor point in the reference configuration X € I';>", and a corre-
sponding target point given in the reference configurationby Y .11 = n (X SOZJS;H, cpif)

They are respectively given in the current configuration at a time step n+ 1 by @, =
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gtoin(X ) and y,,, = gtoralr(YnH). The Gateaux derivative |D for a function
O (X Lonit goiiff) is then

. h,con h,tar, ;¢p,con @, tar
D, (X, Pt P PP >

d

= {&D <X; LT 4 €PN, Pl 4 eqbfvtar)] . (6.5.14)
e=0

The Gateaux derivative of the target surface unit normal is given, following the same

steps as , by
D,n=-G[G'G] "' [D, G']n, (6.5.15)

where, similar to (3.3.159)),
Dy, Gij = Dy [} Zaj]
= 5™ By + (05 m Sk Bt + ©1% Tkt (Dcp Yl)

ar — an >
= 07" By + —aff] <D¢ Yz) : (6.5.16)
!

Here, the Gateaux derivative of Y is similarly given by following the same steps as (3.3.18))
by

D,Y; = A;' W, (6.5.17)
where
Aji = GriGri — (w1 — Yi) (€15 Zi8mi + O i) (6.5.18)
con ar ar ar -1
W; = [@P’ - ¢§p’t } Gij + (i — i) (ébfiét ) (@;,k) Gyj . (6.5.19)

The Gateaux derivative of g defined in is given by
Dcpg — DCP [(QOCOH . Sotar) i 'I’I,}
— (¢<p,con o ¢<p,tar . GD‘P ,',l) Sn 4 ((pcon - Sotar) . Dcp n
= (67" — ¢*' — GD,n) -n+gn-G[G'G] ' [D,G'n
= (7 0#) m 4 { Dy +9[G'6] T [D, G n} G
= (

¢cp,con - ¢cp,tar) ‘n, (6520)

80



6 Discretisation and Numerical Solution Procedure

where the second term on the right-hand side vanishes due to (3.3.27)).

The Gateaux derivative of 8Y is given from (3.3.18) using (3.3.37) as
Yy _
DLP E = D<P [Ajklvj]

- _AT_)’L}C [D<p Api] Aj_llvj + ‘Aj_kl [qu Vj]
= A {— Dy Ani] A"V + Dy Vi }

Y,
= Am;{ Dy Ai] 8815 + Dy Vi } (6.5.21)
Here,
oG,
D, Ay, = D, |:Gij Gt — (7, — yi) aY:]

= [Dy Gij] Gar + Gij [Dyp G

0G;
_ ¢;p,con _qb;p,tar szD Ym:| Alj
[ 2" oy,
0G;;
— @i —y) |D —A]]
| | { Y vy
(92Gij ~
—|T; —Y; < —D me 6.5.22
[z — il o D ( )
where, from (3.3.16)),
8GZ ar —
af/,j _902 Im —mk *—*l_y + Sozl nl]k y (6523)
k
which gives
62Gij 0

> > - > zn’_‘n‘—‘ + %
Vor aYm[wz kSt + 95T ]

tar —

=®¥; JInp Znk ‘—‘l] ‘—‘Pm + gpz ln 77n km ‘—‘l] + QDZ ln ‘—‘nk 77l Jjm

+ 0in S Mgk + Pi1 gk » (6.5.24)
and
8G t ¢
¢f o Bk S+ O Tk
aYk l J )0 J
%G N
=Dy Vi (6.5.25)
0Y,.0Y,,
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Substitution of (6.5.16)) and (6.5.25]) into (6.5.22)) gives

Dy Aji = [dp tar:lj] ik + Gij [W’ e }

0G; 0G; 0G; -
| =2 G+ Gy 4 G —2 | D, Yy
oY, 1 oY, Yy,
N [¢4‘p,con . ¢<‘p,tar] aGAZJ
7 7 8Yk
— [z —yi [¢fzqt@ar Enk Z1j + qu[tar ﬁl,jk}
82G; .
— 2, —yi| ——2-D.Y,,, 6.5.26
ey e (6.5.26)

Similarly, from (3.3.20)),

8(ptar
DLp Vm - Dcp |:(~Tz - yz) ( ot

_ 8900011 agptar
Skm T+ <
)z (%5

tar
) Skm
Y

)e

_ <¢;p,con i Gy D, YJ> (ag;k

¢<p Jtar a@;akrl _ . _
+ (2 — yi) ( ot 5 o |, Zi DY | Erm
8gptar R
+ (2 — yi) ( ) Niemj Do Y
81& v Yl
aqﬁc‘p,con agbcp,tar agp‘;alg N
e — IR = DY) Gim
" ( ot ot |y ot |y Ve
agpcon agotar )
o Dy G
ot o |y) ¢
con ar &Pfar —_ a¢¢ L
= (@P’ — ¢¥" ) d Ekm + (T — yi) S
Ot |y ot
Y

T )(—M’% =, D ?)” T )(War ) D, ¥
T —Yi 1 i | Zkm T — Vi Nke;mj i
at v J P J at v J P J

N 8@tar agotar ~

] at v at v J P I

a¢;p,con a(b;o,tar
+( ot ot

agpcon a(ptar
Y) Gim + ( ot ot

) Dy Gim,  (6.5.27)

Y
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which simplifies to

tar

agpz k
ot

Dap Vm — ((bzo,con . ¢;p,tar) <

_ agpcon agotar
Zkm + <
Y) ot ot

JICRES

Y

(B Yo s (] )
+ (zi — vi) (ag—:}rl N E1Zkm + 82—? . ﬁk,mj) Dcpffj
— Gy (82;? . Ekm) D, Y; — (ag;ar . Ekj) Gin Dy Y
( ag@ﬂ agjr Y) aac:g DY, (6.5.28)

Substitution of (6.5.26)) and (6.5.28)) into (6.5.21]) gives

_ agpcon a(ptar
Skem, + (
Y) ot ot

¢<p ,tar
Gim + (25 — ¥i)
) &

o, ary [ OER

8¢2p,00n aqs;p,tar
+( ot ot

> <¢;Pktar :km)
Y

) Skm
Y

O] - - o | -
+ (@ — y;) <7 . ZyiSkm W . Uk,mj) D, Y]
ar—m — ar - aff
+ (':EZ - yz) (bekt[ Sl Skm + QSLPt Mk mj) 8_1:
agptar R agptar .
—Gi-[ Ekm]D Y-—[ Ek] Gim Dy Y
J ot v plj ot v J e 4j
ar— aY ar— aY
1] |:¢<Pt *—*k:m] Y [¢<Pt Sk :| sza_tj
O 9| ] 9G; . cor1 OGim OY;
Azm D.Y: pcon - ep,tar Azm Y1
- —aGA Gij + Gim _GCI’ L+ Gk _8GA 2 Do Yy,
Yy, Yy ay; | ot
0?Gim, 8Y ~
4+ 2z — iDLV b 6.5.29
=] |55 22| } (6.5.29)
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The Gateaux derivatives of the contactor and target reference velocities are

DV Vcon — ¢V,con ’
DV Vtar — ¢V,tar ’
D, V™ = (Grad Vtar) Deym,

where

qz)V,con _ ¢V
- Fgon I

Vi tar __ \%
¢ M= ¢ F:;:ar )
D,n=ED,Y .
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7 Solver Implementation

This Chapter describes the implementation of a solver based on the discretisation steps
described in the previous Chapter. The implementation was programmed in C++ mak-

ing use of the deal.Il finite element library [19].

In Section [7.1] the finite element discretisation is described and the thermomechanical
fields and material state variables which describe the solution are detailed. Section
describes the high-level structure of the solver and the solution procedure. Section
describes computation of the in-plane component of the reference motion and its incor-
poration into the material remapping of the nodal fields and quadrature point variables.
Section gives an overview of solution for the mechanical fields, which is then de-
scribed in detail in Sections through Solution for the thermal fields is described
in Section [Z.8

7.1 Finite Element Discretisation

The domains of the contacting bodies in the reference configuration are discretised into
axisymmetric meshes of quadrilateral elements. To make use of distributed-memory
parallel computing resources, the mesh of each body is divided into subdomains. The
distributed-memory parallel program is run as multiple processes, each process running

independently and coordinating with the other processes through message passing. Each
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7 Solver Implementation

of the meshed subdomains is assigned to one process. A cell and its faces are said to be

owned by the process that is assigned the subdomain which contains the cell.

7.1.1 Rotational Symmetry

The implemented solver makes use of the rotational symmetry so that a three-dimensional
problem is converted into a two-dimensional axisymmetric one. A point in the reference
configuration X = Z?:l X;e;, where e; are the unit vectors along the three Cartesian

axes, has the cylindrical coordinates (R, ©, Z) such that

X1 =RcosO, (7.1.1a)
X, = Rsin®©, (7.1.1b)
X;=7. (7.1.1c)

The ALE formulation is implemented by representing motion at each time step n + 1
in terms of both the incremental reference motion as well as the deformation from the
reference configuration. For a point X in the reference configuration, the incremental

reference motion is given by the remapped position X nt1 given by (6.1.62)) as

N lnt1
Xp= M {X} =X — Mo (VY dr . (7.1.2)

tn

The remapped position X .1 = Zf’zl )A(i,nﬂéi has the cylindrical coordinates (R, 0, Z)

such that
)A(Lnﬂ = Rnﬂ coS én—i—l , (7.1.3a)
Xoms1 = Ropr18in©,yq (7.1.3b)
Xsn1 = Zni1, (7.1.3c)

where

Rosi=R— AR, (7.1.4a)
Tnir =2 —NZy i1, (7.1.4b)
Opi1 =06 —AO,,, (7.1.4¢)
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Figure 7.1: Incremental reference motion representation in cylindrical coordinates

and ARn+1 == ARn+1(R, Z), A@n+1 == A@n+1<R, Z) and AZn+1 == AZn+1(R, Z) vary
only with R and Z at any fixed time step n + 1.

The incremental reference motion is decomposed into an in-plane component and a
circumferential component. The in-plane component at X is represented by the point
X that has the cylindrical coordinates (R, O, Z ), and the circumferential component is
represented by the angular increment A©. Representation of the incremental reference

motion in cylindrical coordinates is depicted in Figure [7.1]

Deformation from the reference configuration is represented, at any given time step n+1,

by position in the current configuration @, = @(X,t,11) = 2?21 Tjn+1€;, which has
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the cylindrical coordinates (R + 11,0, Z + 2z,41) such that

T1pt1 = (R4 rpq1)cos O, (7.1.5a)
Topt1 = (R+1p41)sin O, (7.1.5b)
T3n+1 = Z + Zn+1 5 (715C)

where 7,11 = 1,41 (R, Z) and 2,11 = 2z,+1(R, Z) vary only with R and Z.

In this representation, deformation between the reference configuration and the current
configuration leaves planes containing the axisymmetry axis unchanged, and the
circumferential component of the motion is completely captured by the reference velocity
given in terms of the incremental reference motion (|7.1.3)). This choice does not limit
the range of the motion that can be represented, but rather it is a constraint on its
composition between the Eulerian and Lagrangian parts of the representation. This
way, both in-plane and torsional effects are well accounted for, and the reference and

current configuration meshes remain entirely on the axisymmetry plane.

7.1.2 Cell Shape Functions and Local Degrees of Freedom

The finite element discretisation also includes the definition of shape functions for the
mechanical, thermal, and reference motion fields. From a programming perspective, a
number of FiniteElement E] objects are defined which encapsulate these sets of shape
functions. These objects are named mech_fe, therm fe, vol var fe and ref motion fe.
The mech_fe object encapsulates the shape functions for the deformation from the ref-
erence configuration, along with the circumferential component of the reference motion.
The therm_fe one encapsulates the shape functions for the temperature. The vol_var_fe

object encapsulates the element-wise continuous shape functions used to discretise the

LAs a convention, we use CamelCase for class and struct names such as FiniteElement, and we

use snake_case for the names of objects and member variables and functions such as mech_fe.
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pressure and deformation Jacobian terms. The ref_motion_fe object encapsulates the

shape functions for the in-plane components of the reference motion.

The FiniteElement objects also provide a mapping between the shape functions and the
local cell degrees of freedom. The mech_fe object includes a total of mech _dofs_per_cell
local degrees of freedom, such that each degree of freedom ¢ is mapped to a pair of shape

. f,0 . h.-dofs_per_cell .
functions ( O ) The shape functions {¢¢ }77 """ which are vector func-

7
ref,© }me ch_dofs_per_cell

tions, form a basis for the deformation, while the shape functions {¢; i1 ,

which are scalar functions, form a basis for the circumferential component of the refer-

ence motion.

Similarly, the therm fe object includes a total of therm dofs_per_cell local cell degrees

of freedom, such that each degree of freedom 7 is mapped to a shape function ¢¢. These

therm_dofs_per_cell

i form a basis for the thermal field.

scalar shape functions {gbf}

Furthermore, the vol var_fe object includes a total of vol dofs_per_cell degrees of

vol_dofs_per_cell

freedom, which are mapped to the shape functions {¢}}°; that form a ba-

sis of subspace onto which the pressure and deformation Jacobian fields are projected
by and . The shape functions {¢¢}, {¢"*°}, and {¢P} are chosen to
form continuous biquadratic-discontinuous linear mixed elements, which are stable and
convergent, such that the discretised deformation and reference motion fields are bi-
quadratic, and the projected deformation Jacobian and pressure fields are cell-wise con-
tinuous linear. As represented in Figure [7.2] a biquadratic-linear quadrilateral element
has two sets of degrees of freedom. The first is the set of nine degrees of freedom of a
continuous cell-wise biquadratic field, whose local support points comprise four nodes at
the corners of the quadrilateral, four nodes at the centres of its edges, and one node at
its centre. These degrees of freedom are used to construct the components of {¢?} and
{gbzef’@}. The second set of degrees of freedom corresponds to the cell-wise discontinuous
linear field, which are the local degrees of freedom of {¢f'}. The support points of these

sets of degrees of freedom are represented, respectively, by the black and white circles

in Figure
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Figure 7.2: Nodes and degrees of freedom in a biquadratic-linear element. The black
nodes are support points for the continuous cell-wise biquadratic field. The

white circles represent the degrees of freedom of the discontinuous linear field

The ref motion fe object includes ref motion dofs per cell degrees of freedom. These

ref,P }refJnot ion_dofs_per_cell

are mapped to the shape functions {¢;" " }.2; , which form a basis for

the in-plane component of the reference motion.

The shape functions correspond to nodal support points, such that any shape function
that is not identically zero vanishes at all support points except one. Furthermore, each
scalar shape function, such as ¢?, has unit value at its corresponding support point.
Similarly, each tensor shape function, such as ¢?, has unit norm at its corresponding
support point. Moreover, the inner product of any two distinct tensor shape functions at
any support point vanishes. Furthermore, the components of the tensor shape functions
satisfy the Kronecker relation at the support points, i.e. exactly one component has a

unit value and all other components vanish.

7.1.3 Thermomechanical Fields

The thermomechanical state and the formulation and solution of the linear sys-

tem at a Newton step are represented by objects of type NewtonStepLinearSystem.
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Each such object includes a matrix Newton step matrix, and the vectors
Newton step_residual and Newton step_solution, which represent the formulation
and solution of the linear system. Fach NewtonStepLinearSystem also includes
the vectors previous_value, previous_time rate, previous_second time rate and
current_increment. The variables contained in a NewtonStepLinearSystem object are
represented in the class diagram in Figure [7.3] Three such NewtonStepLinearSystem
objects are defined for each of the contacting bodies: mech step_system,
therm step_system and reference motion step_system, as summarised in Fig-
ure [7.4] Each of contactor mech step_system and target mech step_system
represents the deformation from the reference configuration and the circumferen-
tial component of the reference motion fields for the respective contacting body.
Similarly, contactor_therm step system and target_therm step_system represent
the respective thermal fields, and contactor reference motion step system and
contactor reference motion step _system represent the in-plane components of the

reference motion.

NewtonStepLinearSystem

Newton_step_matrix : SparseMatrix
Newton_step_residual: Vector
Newton_step_solution: Vector
previous_value: Vector
previous_time_rate: Vector

previous_second_time_rate: Vector

current_increment: Vector

Figure 7.3: Attributes of a NewtonStepLinearSystem object

The components of the global vectors and matrices encapsulated in the
NewtonStepLinearSystem objects correspond to global degrees of freedom. These are
linked to the local degrees of freedom described in the previous section in that the shape

function of each global degree of freedom is defined on several adjacent cells in terms
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NonlinearFields

contactor_mech_step_system: NewtonStepLinearSystem
target_mech step_system: NewtonStepLinearSystem
contactor_therm_step_system: NewtonStepLinearSystem
target_therm_step_system: NewtonStepLinearSystem

contactor_reference_motion_step_system: NewtonStepLinearSystem

target_reference_motion_step_system: NewtonStepLinearSystem

Figure 7.4: Objects of type NewtonStepLinearSystem

of the local shape functions on those cells. Specifically, the shape functions are defined
in terms of nodal support points, which have a one-to-one mapping with the degrees
of freedom. Thus, a local nodal support point at an internal cell boundary is shared
among the neighbouring cells which share that boundary, such that the local degrees of
freedom which correspond to that shared support point map to the same global degrees

of freedom.

In addition to the global vectors, the material state variables are stored as data at each
quadrature point. These are the elastic deformation tensor from the previous time step
Bj, the equivalent plastic strain «,,, and the reference motion Jacobian J;,. Updates
to these quadrature point-stored values are also unknowns to be solved for at each time

step.

7.2 Solution Procedure

The solution progresses through time steps. Each time step starts with determination
of the in-plane component of the reference motion, followed by determination of the re-
maining thermomechanical fields using the split-step procedure by Simo and Miehe [82].
The procedure followed at each time step is shown at a high level in Figure[7.5 First, the

in-plane component of the reference motion is determined, and it is used to remap the
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( Update the in-plane component of the reference )

motion using a Newton—Raphson loop with line

search, and compute the material remapping
of the nodal and quadrature point variables as

| described in Subsection [7.3.2] and Subsection [7.3.3])

l

Use a Newton-Raphson loop with a line search

procedure to update the deformation field and

the circumferential component of the reference

motion field with the thermal field fixed at the
solution from the previous time step as described

in Section [7.4) and summarised in Algorithm [7.4.1]

l

Use a Newton-Raphson loop with a line

search procedure to update the ther-
Advance the time step
mal field keeping the mechanical fields

fixed, as summarised in Algorithm [7.8.]]

l

Use a Newton-Raphson loop with a line search

procedure to update the deformation field

and the circumferential component of the

reference motion field with the thermal field
fixed at the updated value, as described in

Section and summarised in Algorithm

Figure 7.5: Mechanical and thermal operator-split time step
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nodal and quadrature point fields account for the incremental material motion. Then,
the mechanical variables are updated at a fixed thermal field. The thermal field is then
updated with the mechanical fields fixed at the updated mechanical solution. Finally,
the updated thermal field is kept fixed and the mechanical fields are updated again,
which completes the time step. Following such a staggered approach has several advan-
tages. Not only is computational expense lowered by reducing the sizes of the problems
to be solved without a significant loss of accuracy, but this approach also results in a
set of symmetric problems and enables exact linearisation in both the mechanical and

thermal steps [82].

At each mechanical sub-step, an augmented Lagrangian procedure is used to satisfy the
contact constraints. In each augmented Lagrangian iteration, the mechanical system is
assembled with the contact residual given by the sum of a fixed augmented Lagrangian
term accumulated from previous augmented Lagrangian iterations, and a penalty term
computed from the penetration and slip velocity in the current iteration. The resulting

nonlinear problem is solved using a Newton Raphson method.

Each Newton-Raphson iteration consists of assembly and solution of a linear prob-
lem (6.5.2)) given by bulk and contact residual vectors and tangent matrices, followed by

one or more line search steps.

Implementation of the thermal sub-steps is structured similarly, except that augmented
Lagrangian iteration is not required because no inequality constraints are involved. Each

thermal sub-step consists of a Newton-Raphson loop to solve a linearised problem ((6.5.4)).

7.3 In-Plane Component of Reference Motion

Mechanical motion is described in the ALE formulation in terms of both the reference

motion Y, as well as the motion from the reference configuration ¢.. The reference
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motion is represented incrementally by , so that each point X in the reference
configuration, which has the cylindrical coordinates (R, ©, Z), is mapped to a point X
with eylindrical coordinates (R, ©, Z). The angular (circumferential) component © =
O — AO of the reference motion increment is solved simultaneously with the deformation
from the reference configuration in each mechanical sub-step. The in-plane component
of the reference motion, which is represented by the point X that has the cylindrical
coordinates (f%, O, Z), is computed separately at the start of each time step with the
goal of controlling mesh distortion. The values of the mechanical and thermal fields
and the material state variables at X are then computed. These values are needed to

compute the material remapping of these fields, i.e. their values at X.

7.3.1 Reference Motion Increment Determination

The reference motion increment is defined by the nodal field X n+1, which is related to
the reference velocity by . Its in-plane component, which is given by the nodal
field X .1, is determined at the start of the time step. This is done with the objective
of reducing distortion of the deformed configuration mesh. We approximate the mesh

distortion using the deformation measure
Frsh = F., Grad X, . (7.3.1)

Thus, the in-plane component of the mesh motion, X n+1, is determined by definition of

a mesh distortion stress 7" and numerical solution of the corresponding momentum
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balance equation

div T =0, (7.3.2)

T = dev s £ L (7.3.3)
dev e = pmesh dey l_):?_islh , (7.3.4)
Pt = st (Jmesh + %) : (7.3.5)
By = [t e (7.3.6)
brst = (Fst) (Fost)” (7:3.7)

Jmesh = [det b (7.3.8)

A Newton-Raphson loop with a line search procedure is used to solve for X nt1, Where
the residual vector and tangent matrix are assembled in a procedure analogous to that

of the mechanical problem.

7.3.2 Material Mapping of Nodal Mechanical and Thermal Fields

The material remapped values of the discrete mechanical and thermal fields are needed
in the formulation and solution of the thermomechanical problems in each time step.

Computation of these values is now described.

Since the deformation and thermal fields do not vary with the angular coordinate of
position in the reference configuration O, they are determined using the in-plane com-
ponent of the incremental reference motion, which is computed at the start of each time

step. As an example, for the temperature field we have 6,, = 6,,(R, Z), so that

M0 = 0,5 =0.(R.2Z) = 0, (7.3.9)

n+1 :
Material remapping is computed as follows for a field [J that is given on a cell ¢ in

terms of shape functions {@P} 29521 that correspond to nodal support points

{Xx O Tswppertptspercell 6 fields for which this computation is carried out are the
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deformation and temperature, as well as the first and second time derivatives of the

deformation.

First, the in-plane component of the incremental reference motion is applied to each of
the support points to obtain {X CZ}D “SUPPOTEPESPEr-cell  Then, the field O, is evaluated
at these new nodal support points. In general, not all of the new support points remain
within the same cell c¢. Rather, they may be contained in different cells, which may
be owned by different processes from that which owns c¢. As a result, evaluation of

O.s ort_pts_per_cell . .
z} 1PPOTEPES-P is carried

the field [J,, at each of the new nodal support points {X -
out by sending the new positions to the processes that own the cells in which they are
contained, followed by carrying out the evaluation and sending the result back to the
process that owns the cell c. Material remapping is then completed by populating these

values into the global vectors at the global degrees of freedom of the respective nodal

support points.

7.3.3 Material Mapping of Quadrature Point Variables

Material remapped values of the fields represented by values at the quadrature points
are also needed at each time step. These fields are the equivalent plastic strain «,,, the

tensor field By, and the reference motion deformation determinant Jacobian J; .

Material remapping of these fields is performed in a procedure similar to that applied to
the nodal fields. First, at each cell ¢, each quadrature point { X P }aPeintsper-cell jq trang.
formed by the in-plane component of the reference motion to obtain { X ., } LBetrts-per-cell.
The values of the fields at this remapped position are then computed by projection from
the known values of the quadrature points { X P} 3Points-Per-cell iy the cell & which con-

tains X ... Projection is carried out onto a function space defined in terms of a set of

shape functions {?}Pro3ee* 4" o g field O, this is given by

Ol = ¢5(X !Z O3 (XE (X)) [Z ¢2(X?3)D(X23)] o (7.3.10)
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where the summations are over the quadrature point indices [ = (1, ...,q_points_per_cell).

In order to preserve the isochoric property of the plastic deformation, remapping of
the volume preserving part, B° = J;Q/‘Q’Be, of the tensor B° is done after a pre-

transformation, and is followed by a post transformation as follows:

B, |gw = [F;ll exp (log b;) F;Z] (7.3.11)

oap ?
Xc:i

Fon=J,"F.,, (7.3.12)

1
log b, [ g = d)}l‘fcj}; [Z [65¢1] ng;] [Z [¢2 log (FCWBZFE,?%)]X(}I;] - (7.3.13)
z

l

First, an interpolation is computed of log BZ = log (FWBZF;“), which is a deviatoric
tensor by (|3.1.40)), since it is the natural logarithm of a tensor with a unit determi-
nant. The resulting interpolated tensor log I_)Z| sav 18 also deviatoric since it is a linear

combination of deviatoric tensors. This interpolated value is then used to complete the

computation as B;, = 13‘;11 exp (log Bi) F_ " which has unit determinant due to (3.1.40)).

c,n?

This ensures that the plastic deformation remains volume preserving since, by (4.3.16)),

det G® = J~** det B
= det B°

=1. (7.3.14)

This is similar to the procedure described in [I8], where the natural logarithm of the
right Cauchy-Green plastic tensor G® is interpolated with the cell shape functions, and
the exponential of the resulting value is taken. The difference is that here, we interpolate
the logarithm of the elastic tensor b°, and take the exponential of the resulting value,

which removes dependence on the material configuration.
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7.4 Mechanical Fields Solution

Each of the two mechanical parts of a time step, in which the deformation field and the
circumferential-component of the reference motion field are updated with the thermal
field fixed, is completed by an augmented Lagrangian loop. At each iteration, a thermo-
mechanical problem is solved in which the thermal field is fixed and the contact forces
are given by the sum of an augmented Lagrangian term and a penalty term. This solu-
tion is completed in a sequence of Newton-Raphson steps. Each Newton step consists of
assembly and solution of a linear system followed by a line search procedure to compute
an update to the approximate solution. The high-level structure of the mechanical parts

of the time step is given in Algorithm (|7.4.1)).

Assembly of the residual vectors and tangent matrices forms a major part of the imple-
mentation. It is completed in three main stages, which are represented in Figure [7.6]
First, the bulk parts of the residual vectors and tangent matrices are assembled, as de-
tailed in Section [7.5] Then, as detailed in Section the contact geometry mappings
are prepared by finding for each contactor point the corresponding target point. Fi-

nally, the contact residual vectors and tangent matrices are assembled, as detailed in

Section [7.7

7.4.1 Linear System Block Structure

The finite element assembly procedures yield a block linear system to be solved for the
optimal increments with which to update the approximate solutions of the mechanical
and thermal problems. The block structure of the stiffness matrix and the residual and

solution vectors is due to the choice of the finite element shape functions. The shape

functions ¢f, qblr-ef’@, and ¢?, with which the mechanical and thermal solution fields are
discretised, are such that the support of each function is completely contained within one

body. That is to say if a shape function is nonzero anywhere on the contactor then it is
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zero everywhere on the target. For any X € Q" if ¢f(X) # 0, then for all Y € Q"
@¢?(Y) = 0; and vice versa. The analogous statements also hold for ¢'"®, and ¢¢. This
choice arises naturally as the contactor and target meshes are generated independently
and the shape functions are constructed from piecewise polynomials on the cells of those
meshes. A consequence of this choice is that the increment vector can be divided into

two blocks, one corresponding to the target and the other to the contactor.

Each element of the mechanical residual vector and its corresponding row in the me-
chanical stiffness matrix are given by one instance of the linearised residual with
a concrete choice of the test function du". Similarly, each instance of the linearised
thermal residual with a concrete choice of the thermal test function 69" gives
one element of the thermal residual vector and the corresponding row in the thermal
stiffness matrix. As a result, by ordering the test functions in a fashion similar to that
of the shape functions, the residual vector can be divided into two blocks corresponding

to the contactor and the target.

Thus, the block structure of the linear system is as follows

Ko+ Ko, K e

auto Cross contact
: = : (7.4.1)

K K A+ K U i+

Cross auto contact

con

Here, 7o, and rion, . are respectively the bulk and contact components of the residual

vector (|6.5.3]), whose entries correspond to the contactor test functions 5u?’con, i.e. the

elements of the chosen basis of the functional space of the contactor test functions. Simi-

tar

larly, 7{2%, and r2¢ . are the bulk and contact residuals corresponding to the target test

functions dul"*™. The increment vector blocks U™ and U™ correspond respectively
to degrees of freedom on the contactor and target discretisations. The bulk compo-
nents Koy and K}, of the diagonal blocks of the stiffness matrix correspond to the
Gateaux derivatives of the contactor and target bulk residual vectors, respectively. The
contact components of the stiffness matrix blocks are split into auto-interaction and
cross-interaction blocks. The contactor auto-interaction stiffness matrix K op  is assem-

auto

bled from the Gateaux derivatives of the contactor contact residual vector with respect
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Assemble contactor and tar-

get bulk mechanical systems

l

Prepare contact geometry mappings

l

Assemble mechanical contact system

Figure 7.6: Assembly of mechanical linear system

to degrees of freedom on the contactor surface discretisation. This is in contrast to the
contactor cross-interaction stiffness matrix Koo, which is assembled from the Gateaux
derivatives with respect to degrees of freedom on the target surface discretisation. Sim-
ilarly, the target auto- and cross-interaction stiffness matrix blocks K and K
are assembled from the Gateaux derivatives of the target contact residual components
with respect to degrees of freedom on the target and contactor surface discretisations,

respectively.

7.5 Bulk Mechanical System Assembly

Assembly of the bulk part of the residual vectors and tangent matrices is performed by
iteration over the cells. At each cell, a local cell residual 7}, and tangent matrix K7y .
are computed, and these are assembled into the global system bulk residual and tangent

matrix blocks.

At each cell, two loops over the quadrature points are completed. In the first loop

over the quadrature points, the coefficients fQ (b? J"dQ) are computed, which are used
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Algorithm 7.4.1 Solving mechanical step

1:

2:

3:

>

10:

11:

12:

13:

14:

15:

16:

contact_constraints_are_satisfied < false

while contact_constraints_are satisfied = false do

con

Assemble mechanical bulk and contact systems to update residuals 7S, .,

con tar tar con tar con con tar tar
rbu1k7rc0ntact7 Irbulk and tangents bulk> Kbulk7 Kauto? Kcross7 Kauto? Kcross

while /(P + P2%e)® + (P25 + 72800)? > e do
Solve mechanical linear system for full updates AU and AU™
Set line search step size ap, < 1
while line_search_condition_is_met = false do
Update mechanical fields U® « U® + a, AU?, B € {con, tar}
Assemble mechanical bulk and contact systems to update the residuals
Update line search step size oy, < %aL
Update 1ine search condition is met
end while
Assemble mechanical bulk and contact systems to update residuals and tan-
gents
end while
Assemble mechanical contact system to update augmented Lagrangian con-

(I+1) (I+1)
N

tact forces fr' ', con tar

and residuals 47, i and to re-evaluate whether
contact_constraints_are_satisfied

end while
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to compute value and tangent of the projection of the deformation Jacobian onto the

subspace spanned by {(bjl-’ }. The second loop over the quadrature points computes the

integrals to assemble the cell residual vector and tangent matrix. This requires the stress

deviator dev 7,1, which is computed in terms of a trial left Cauchy-Green elastic tensor

bi’fﬂal using a predictor-corrector approach as described in Subsection m This part

of the implementation is described next.

Algorithm 7.5.1 Assembly of Mechanical Bulk System

1:

10:

11:

Loop over quadrature points to compute coefficients of projection of the following
fields onto the subspace spanned by {¢f}?§fF:
a: The deformation Jacobian J and the temperature 6
b: For each mechanical DoF j: tr [(Grad qbf) F_'] and Jtr [(Grad qbf) F.']
c: For each pair of mechanical DoF’s j and k: tr [(Grad ¢f) F.'(Grad ¢f) F,"|
for quadrature point X,, 1 <¢< N QP do
From the coefficients computed in Step , compute the projected Jacobian J and
temperature @ using
Compute X' from the increment AX ;1 = ttn"“ M1 {V'} dr using (6.1.62
Using compute B}, and compute b from (6.1.59)

trial ) gt : .
From b, ", M {a} and 6,,,1, compute the stress deviator dev 7!, | using the

return mapping algorithm described in Subsection [7.5.2]
From the projected Jacobian J,,; and the projected temperature 0,1, compute
the pressure p .,
Compute the inertial component of the residual from (6.4.8])
Update the cell residual rj,;, and tangent matrix K
end for
Accumulate the local residual vector and tangent matrix onto their global counter-

parts
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7.5.1 Trial Elastic Deformation Tensor

The trial left Cauchy-Green elastic tensor bfl’_tﬁal is given by (6.1.59) and (6.1.61) in

terms of the deformation gradient F'.,.; and the reference motion increment gradient
Grad X nt1, and in terms of B | x,.,- Lhe deformation gradient F'. = g—; is obtained by
differentiation of both the current and reference positions with respect to the cylindrical
coordinates. Due to the axisymmetry assumption, it is only needed on the plane with

O = 0, where it is given by

or or
1+ 75 0 YA
Felo_, = 0 145 0 : (7.5.1)
0z 0z
e 0 1+ 52

Similarly, the incremental material motion gradient Grad X' is given for © =0 b
g y

a—Rcos@—}%g—gsin@ —LE4ino @cos@—Rg—gsin@

oR B 57
r X = 6_R ] - A@ A E A 6_]% . A /‘@ ~ ' 5
Grad oo 5 SINO + R55cos©  £cos®  F7sinO + Ry7 cos© (7.5.2)
Z 0 A
oR o7

The tensor B | x,,, at X n+1, which has the cylindrical coordinates (}AB,(:), Z), is also

needed for computing the trial left Cauchy-Green elastic tensor bfb’f:ial through (6.1.61)).

Available from the remapping process carried out at the start of each time step n + 1
is Bjlg, , at X .1, which has the cylindrical coordinates (R,0, Z). The values of BS
at the two points are related by the rotational symmetry assumption. We consider any

two vectors v = v;e; and w = w;e; and their rotated counterparts

Vrot = UléR + U2é® + U3éZ 5 (753)

Wyop = W1€R + Waee + W3eyz, (7.5.4)

where the unit vectors of the cylindrical coordinate frame are given in terms of the
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Cartesian unit vectors by

ér = €1c0s0 + &,5n 0O, (7.5.5a)
éo = —€15n 0O + é,c050 (7.5.5b)
ey =eé;. (7.5.5¢)

Substitution of into and using v; = €; - v gives
Voot =01 <é1 cos © + &, sin @) + vy (—é1 sin © + &, cos @) + vzeés
=(é;-v) <é1 cos © + &, sin é)
+ (&3 - v) (—él Sin © + &, cos @)
+ (é3-v)es
—cosO (e, ®eé1)v+5sinO (& ® &) v
—SinO (é;®é;)v +cosO (e, ® &y) v
+ (é3® é3) v
=Rgv, (7.5.6)
where
Ry =cosO (&, ® &) +5sin 0O (& ® &)
—SinO (&5 ® &1) + cos O (&3 ® &)
+ (é3® e3) . (7.5.7)
This rotation tensor Ry is given in component form in the Cartesian coordinates as

cos® —sin® 0

Ry = | sin® cos® 0| . (7.5.8)
0 0 1
Similarly, w,os = Rgw.
By rotational symmetry,
vt(BiL’Xn+1)w = vf“ot(BZ’Xn+1)ert I (759)
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which by substitution of vt = Rgv and w,o = Rgw gives

Blx,., = Re (Bi|xn+1> Ry . (7.5.10)

7.5.2 Return Mapping

The elasto-viscoplastic stress is computed using a predictor-corrector approach as de-
scribed in Subsection [6.1.1] with a viscoplastic yield criterion that is a function of the
stress deviator, the equivalent plastic strain and its time rate, and the temperature.

The stress deviator predictor value dev Tzflial is computed from the trial elastic defor-

mation tensor bfl’fial by (6.1.34). This value is then used to compute the trial yield
criterion (|6.1.25¢]) as

trial h,trial 2 y( . trial - trial ph
n+1 — Hdev Tn-i—l - \/;O- (an+17 Oén+17 9n+1)
. h,trial 2 y h
= [[dev rhin| - \/;a (ctn, 0,68,), (7.5.11)

where the equivalent plastic strain is assumed to remain unchanged from the previous

time step: af% = ay,, and its time rate ¢ is assumed to vanish.

If the trial yield criterion is within the admissible range ¢I? < 0, then the trial stress

. . h.trial . . .
deviator is accepted: dev 72, ; = dev T, 7". Otherwise, a corrector step is carried out by

solving (6.1.37)) for A\, such that the corrected stress deviator is obtained from (6.1.33))

as
dev Th,trial
h . h,trial n+1
devT,, =devT, " —2uAN o (7.5.12)
Hdev Toil

Implementation of a thermo-viscoplasticity constitutive model consists of four functions.
Given the equivalent plastic strain «, its time rate ¢, and the temperature 6, the first

function computes the yield stress 0¥ = o¥(a, &, 0). The remaining three functions give

dg¥Y  da¥

the partial derivatives of the yield stress with respect to its three parameters: %, 2,

[oleid
and 90
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Solution for A\ is performed by applying Newton’s method to equation (6.1.37)). The

residual is defined as

r(AN) = ||dev i3] — 2uAX - \/gagﬂ : (7.5.13)
where
Opi1 = 0¥ (Qni1, G, Ongr) (7.5.14)
g1 = Qi + \/gm, (7.5.15)
g1 = ;i—? . (7.5.16)

The derivative of the residual is

gaay Jda B 2803’ Oy
3 9a 0AN V'3 04 0AN
200" 1200
_ g, 20 1200 (7.5.17)

r'(AN) = —2u —

Solution for A\ is then done by iteratively updating it to

r(AN)

AN AN —
< P(AN)

(7.5.18)

until the residual 7(AM\) is smaller than a predefined threshold.

7.6 Contact Geometry Preparation

The bodies at the two ends of a contact surface are designated as a contactor and a
target, and the integrals for the weak form of the contact conditions are evaluated on the
contactor surface. Thus, the contact residual vectors and tangent matrices are computed
by accumulating values at the quadrature points on cell faces on the contactor surface.
To this end, the mapping between the contactor points, which are the quadrature points

on the contactor surface, and their corresponding target points is first constructed.
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The quadrature points on the contactor surface are designated as the contactor points.
Their positions in the reference configuration remain fixed throughout the simulation.
At each time step n + 1, based on the deformations of the contactor and target surfaces
@2t and @', each contactor point X is assigned a target point Y7}, == n,, (X).
This is done by an iterative search on each of the candidate cell faces on the target.

Each iteration is a Newton step, where an increment to Yffjl is computed by linearizing

the surface using its tangent plane.

The domains of the contactor and the target are split into subsets that are computed by
separate parallel computing processes. Therefore, a contactor point and its correspond-

ing target point may be owned by separate processes.

To compute the target point Y, = n,,,(X) corresponding to a given contactor point
X, the position in the current configuration @, 1 == @i (X) of the contactor point is
sent to all the processes. For each process that owns any target surface faces, a search is
carried out within the subset of the target surface that is owned by the process for the
nearest point in the current configuration to «, ;. In each such process, a candidate
target point is thus computed, and these candidate target points are sent to the contactor
owning process. The contactor owning process then selects from the received candidate
target points the one that is nearest to «, 1, and thus forms a contactor-target point
pair and adds it to the geometric mapping. The contactor owning process also sends a

message to the process that owns the chosen target point so that the target-contactor

point pair is added to the contact geometry mapping there.

The resulting mapping has the form of two arrays in each process: one array of contactor
points and another of target points. Either or both of these arrays may be empty, or
they may be of arbitrary lengths, but the sums of their lengths over all the processes
equal the total number of contactor points, that is the total number of quadrature points

on the contactor surface.

Each entry in the array of contactor points stores data about the contactor point, includ-
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ing its positions in the reference and current configurations, and identifiers pointing to
the mesh cell and cell face to which it belongs. In addition, each entry in the contactor
point array also contains two indices that point to the corresponding target point. These
are the index of the target owning process, and the index of the target point entry in the
target point array. Similarly, each entry in the array of target points stores data about

the target point as well as indices that point to the corresponding contactor point.

7.7 Contact Mechanical System Assembly

The contact terms of the residual vectors and tangent matrix blocks are assembled by
accumulating the local residual vectors and tangent matrices at the contactor and target

points. At each contactor point, a local residual vector is computed to be assembled into

con

contact? and two

the relevant degrees of freedom of the contactor contact residual vector r
local tangent matrices are computed to be assembled into the contactor contact auto-
and cross-interaction matrices K., and K, . Similarly, at each target point, a local

residual vector and local auto- and cross- interaction tangent matrices are computed to

i 1 tar tar tar
be assembled respectively into r2 .. ., K., and K ..

The distributed memory parallel implementation means that the contactor point and its
corresponding target point may be owned by different processes. It is therefore necessary
to exchange information between the two owning processes to construct the components

of the residual vector and the stiffness matrix.

The assembly procedure, which is described in Algorithm is implemented as two
loops over the contactor and target points. In the first loop, the relevant variables are
sent from each contactor point to the corresponding target owning process, and from
each target point to the corresponding contactor owning process. In the second loop, the
local variables are used along with the received variables to compute the local residual

vectors and tangent matrices.
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Algorithm 7.7.1 Assembly of Mechanical Contact System at Time Step n + 1 at

Augmented Lagrangian Step [ + 1

1: loop over contactor_points and target_points to exchange information necessary
for computing of contact forces and their tangents

2: for contactor_point in contactor_points do

3: From the contactor_point position = ;" |, and the target_point position
y = goﬁfil y compute the penetration g =x — y
4: Compute the augmented Lagrangian contact normal force ch(1+1) = fIC\I(Z) +un (g)

5: From the contactor material velocity (3.3.42) and the target material veloc-
ity (3.3.43), compute the slip velocity vs = (1 —n ® n) (v°" — V™)

6: Compute the augmented Lagrangian tangential contact friction force from the
slip velocity v and (6.3.6)).
7: loop over the local degrees of freedom to accumulate contributions to the local

residual vector, and over pairs of degrees of freedom to accumulate contributions to
the local auto- and cross-interaction tangent matrices

8: Accumulate the local residual vector and auto- and cross-interaction tangent
matrices onto their global counterparts

9: end for

7.8 Thermal Field Solution

The thermal part of a time step, in which the temperature field is updated with the
motion and reference velocity kept fixed, is completed by a sequence of Newton-Raphson
steps. Each Newton step consists of assembly and solution of a linear system followed
by a line search procedure to compute an update to the approximate solution. The

high-level structure of the thermal part of the time step is given in Algorithm ([7.8.1)).

The contact geometry mapping constructed in the mechanical part of a time step is also

used in assembling the thermal contact residual vectors and tangent matrices.
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10: for target_point in target_points do

11: From the contactor_point position = ¢ |, and the target_point position

Yy = goﬁfil y compute the penetration g = — y
12: Compute the augmented Lagrangian contact normal force f(f\l(lﬂ) = fCN(l) +un (g)

13: From the contactor material velocity (3.3.42)) and the target material veloc-
ity (3.3.43), compute the slip velocity vs = (1 — n ®@ n) (v — v™")

14: Compute the augmented Lagrangian tangential contact friction force from the
slip velocity vs and (6.3.6)).
15: loop over the local degrees of freedom to accumulate contributions to the local

residual vector, and over pairs of degrees of freedom to accumulate contributions to
the local auto- and cross-interaction tangent matrices

16: Accumulate the local residual vector and auto- and cross-interaction tangent
matrices onto their global counterparts

17: end for

Algorithm 7.8.1 Solving thermal step

. 2 2
. con con tar tar
1: while \/ (rEo 4 oo aet) + (TP 4+ T et)” > Etherm dO

2: Solve thermal linear system for full updates A" and A@""

3: Set line search step size ap, + 1

4: while line search condition is met = false do

5: Update thermal fields ©F « ©F + o, A®®, B € {con, tar}

6: Assemble thermal bulk and contact systems to update the residuals
7 Update line search step size ay, < %aL

8: Update 1line search condition_is met

9: end while
10: Assemble thermal bulk and contact systems to update residuals and tangents

11: end while
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8 Benchmark Problems

In this Chapter, the implemented solver is validated using benchmark problems. These
are chosen to validate the relevant features of the solver: solution of coupled thermo-
mechanical problems, solution of frictional and frictionless contact and contact heat
generation and transfer, and the ALE formulation. The benchmark problems used are
thermally-triggered necking of a circular bar (Section , dynamic impact of a cir-
cular bar (Section , and interference fit insertion of a cylinder into a tapered hole

(Section [3.3)).

8.1 Thermally-Triggered Necking of a Circular Bar

This benchmark problem is used to test finite strain elastoplasticity solvers [I139] and cou-
pled finite strain thermoplasticity solvers [82] [140H142]. A tensile test on a circular bar
with a radius of 6.4 mm and a height of 106.7 mm is simulated. The bar is elongated by
16 mm. A thermal convection boundary condition is applied to the boundaries with an
ambient temperature of 293 K and a convection coefficient of 17.5 x 107%J/mm? - s - K.
The thermal initial condition is a homogeneous temperature of 293 K. The material
parameters used are specified in Table 8.1, where the dissipation factor x is an empiri-
cal quantity that represents mechanical dissipation as a proportion of the total plastic

power [82].
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8 Benchmark Problems

parameter value unit

Bulk modulus 164 206 N-mm~2
Shear modulus 801938 N-mm~—2
Flow stress 450 N-mm~—2
Linear hardening 129.24 N-mm 2
Saturation hardening 715 N-mm 2
Hardening exponent 16.93

Density 7.8 x 1079 N-mm~%.s?
Thermal expansion coefficient 1 x 107° K1
Thermal conductivity 4.5 x 1072 Jmm~t.s LK1
Volumetric heat capacity 3.588 x 1073 Jmm3-K~!
Dissipation factor 0.9

Flow stress softening 0.002 Kt
Hardening softening 0.002 K-t

Table 8.1: Material parameters for thermally triggered necking benchmark

Rotational symmetry is used to reduce the problem to an axisymmetric one. Mirror
symmetry is used to further reduce the problem so that it is only necessary to simulate

one quadrant of the bar.

114
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(a) From [82] (b) From current work

Figure 8.1: Thermally triggered necking of a circular bar: Elongation of 14.08 mm
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Figure 8.2: Thermally-triggered necking of a circular bar: Surface temperature increase

at the midpoint
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Figure 8.3: Thermally triggered necking of a circular bar: Temperature distribution at

four elongation values

The outline of the deformed body after elongation by 14.08 mm is shown in Figure 8.1

in comparison to results from [82]. Figure[8.2[shows the increase in surface temperature

117



8 Benchmark Problems

at the midpoint from the current work (Figure |8.2al), along with the results reported
in [82] (Figure [8.2bf). The temperature distribution at different elongation values is
shown in Figure 8.3 The deformed configuration, the temperature distributions, and

the elongation at the onset of necking are all in good agreement with the benchmark

results [82] 142].
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i i
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- |
-
]
T
(a) View of entire length (b) View of necking region

Figure 8.4: Thermally triggered necking of a circular bar: Elongation of 14.08 mm. La-
grangian (left of midline) vs ALE (right of midline) formulations.
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SEANENEE
i
1
!

1T
1

(a) View of entire length (b) View of necking region

Figure 8.5: Thermally triggered necking of a circular bar: Elongation of 14.08 mm. La-
grangian (top-left quarter) and ALE (top-right quarter) formulations com-
pared to results from [82] (bottom half).

This benchmark problem was also used to test the developed ALE formulation. The
mesh of the deformed configuration that results when the ALE formulation is employed
is compared to that which results when a fully Lagrangian formulation is used. The
resulting deformed meshes at an elongation of 14.08 mm are shown on either side of the
symmetry axis in Figure [8.4] and are shown in Figure [8.5] alongside the deformed con-
figuration from [82] at the same elongation. In the fully Lagrangian simulation, the cells
at the necking region of the current configuration mesh undergo large elongations. In

the ALE simulation, in contrast, the current configuration mesh quality at the necking

region remains high throughout the weld. Figures |8.6g| and [8.6h] show the equivalent

plastic strain « at the same elongation in the ALE and Lagrangian results, respectively,

compared to the results of a simulation run with a fine Lagrangian mesh. Figures [8.6a
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8 Benchmark Problems

and show a similar comparison of the temperature distribution. Similarly, compar-

isons of the pressure and von Mises stress results are shown in Figures [8.6¢] [8.6d] |8.6¢€|

and B.61 In all these comparisons, the ALE simulation produces more accurate results
than the Lagrangian simulation with the same initial mesh, where accuracy is evaluated

against the results of the simulation run with a fine mesh.
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Figure 8.6: Thermally triggered necking of a circular bar at elongation of 14.08 mm:

Comparison of ALE and Lagrangian formulations with fine mesh results
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8 Benchmark Problems

8.1.1 Performance Comparison between ALE and Lagrangian

Solvers

Of the total computation time to complete the ALE solution of this benchmark problem,
34.2% was spent on the solution of the mesh motion and remapping of the nodal and
quadrature point fields, 61.6% was spent on the solution of the mechanical sub-steps,
and 4.2% was spent on the thermal sub-step. The total computation time of the ALE
solver was 60% longer than that of the entirely Lagrangian solver, in which 93.9% of
the total computation time was spent on the mechanical sub-steps and 6.1% was spent
on the thermal sub-steps. As shown in Figure 8.7 there is no significant difference in
the number of Newton steps required to solve the mechanical sub-steps when the ALE

solution is compared to the entirely Lagrangian solution of this benchmark problem.
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Figure 8.7: Comparison of Newton step counts in ALE vs Lagrangian solutions of me-

chanical sub-steps in the necking benchmark problem

8.2 Dynamic Impact of a Circular Bar

The Taylor anvil on rod impact test [143] is commonly used for characterisation of
dynamic behaviour of metals at elevated temperatures and high strain rates. It is also a
useful test in evaluation of dynamic solvers and hydrocodes. Lacy, Novascone, Richins et
al. [144], for instance, used it as part of a method for software selection for analysis of

dynamic events.
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parameter value unit

Bulk modulus 103 300 N-mm~2
Shear modulus 47690 N-mm 2
Johnson-Cook A 89.7 N-mm 2
Johnson-Cook B 291.87 N-mm 2
Johnson-Cook C 0.025

Johnson-Cook m 1.09

Johnson-Cook n 0.31

Melting temperature 1356 K

Reference strain rate 1 st

Density 8.96 x 107  N.-mm™*.s?
Thermal expansion coefficient 1 x 107° K-t
Thermal conductivity 4.5 x 1072 Jmm™t.s LK1
Volumetric heat capacity 3.588 x 1073 Jmm 3-K~!
Dissipation factor 0.9

Table 8.2: Material parameters for dynamic impact of a circular bar

The analysis involves a cylindrical rod with a radius of 3.81 mm and a height of 25.4 mm
which is subjected to an impact load by collision with a rigid obstacle at an initial
velocity of 1.9 X 10° mm/s. The convective boundary condition at the surface is omitted
in this problem, as the duration of the impact is so short that convection heat transfer
is negligible. The Johnson-Cook model is used to describe the rod material, with the

material parameters listed in Table [8.2]

124



8 Benchmark Problems

-5 0 5
+ +
16— I I —14
14+ —+14
N I
12+ —+-12
| I
10+ —+10
1
8+ T —+-8
o HHH 1e
F -1
44— | | | ——4
4
24 42
o -0
5 b 5

(a) Deformed mesh

10

0

é i
=

) —4
=
)
O

=
z
o

-8

[ s A s B B B B B B R

20

40 60 80

time [us]

(b) Top displacement

(c) Contact with a deformable obstacle

I 4.3e+02
— 400

— 380
— 360

— 340

[ 320
2.9e+02

Figure 8.8: Dynamic impact of a circular bar

125

Temperature

-
o bt



8 Benchmark Problems

1.8 1.8 R
1.6 1.6
1.4 1 1.4 1
’é‘ 1.2 1 ’g 1.2 4
S 1 - - 1 -
gﬁ 0.8 E] 0.8 1
- 0.6 E 0.6 .
e Experiment
0.4 - 1 = 0.4 -
0.2 0.2 4 = =Hydrocode
0 0 T T T
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
(a) Current work (b) Results from [144]
1.8
1.6
1.4 A
’g 1.2 A
£ 05
0.8 A
g 06 1 L
04 1 | = Expeniment
0.2 1 = =Hydrocode
0 -
-1 -0.5 0 0.5 1

(c) Comparison

Figure 8.9: Taylor impact: Final deformation in comparison to experimental and nu-

merical results reported in [144]

The deformed body at the end of the simulation is depicted in Figure In addition,
Figure [8.8b| shows the vertical position measured at the centre of the upper surface as

a function of time. As shown in Figure [8.9d, the final deformation is nearly identical to
those produced by ALEGRA, ABAQUS, LS-DYNA and CTH as reported in [144].

In addition to the standard benchmark simulation, which considers impact with a rigid
obstacle, the simulation was also carried out with a deformable obstacle that has the
same material properties as the rod. This additional test case serves as a test of the
capability to resolve contact at high strain rates. The resulting deformed cylindrical rod

and obstacle at the end of the simulation are shown in Figure [8.8¢
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Finally, the Taylor impact benchmark was used as a test of the ALE formulation in a
dynamic problem. Figure |8.10] shows, on either side of the midline, the final deformed
configuration meshes that result when the simulation is run with or without the ALE
steps, as well as the temperature distribution, the pressure, and the von Mises stress. As
expected, the current configuration mesh distortion near the impact region is higher in
the Lagrangian simulation than the ALE one. The results of the Lagrangian and ALE

simulations of the problem are otherwise closely similar.

Of the total computation time to complete the ALE solution of this benchmark problem,
35.0% was spent on the solution of the mesh motion and remapping of the nodal and
quadrature point fields, 46.5% was spent on the solution of the mechanical sub-steps,
and 18.5% was spent on the thermal sub-steps. The total computation time of the ALE
solver was 79.2% longer than that of the entirely Lagrangian solver, in which 72.3% of
the total computation time was spent on the mechanical sub-steps and 27.7% was spent
on the thermal sub-steps. Like the thermally triggered necking benchmark, there was
no significant difference in the number of required Newton steps to solve the mechanical
substeps when comparing the ALE and Lagrangian solvers. All time steps required
between 4 and 6 Newton steps to complete the mechanical sub-steps. At each time step,

the total number of line search steps varied between 13 and 16.

127



8 Benchmark Problems

5.20+02
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(b) Temperature

(c) von Mises stress (d) Pressure

Figure 8.10: Taylor anvil results comparison between ALE (right of midline) and La-

grangian (left of midline) formulations

8.3 Interference Fit Insertion of a Cylinder into a

Tapered Hole

This benchmark problem, which was presented by Laursen and Simo [I00], involves

simulation of interference fit insertion of a cylinder into a tapered hole in a block. The
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cylinder has a radius of 40 mm and a length of 300 mm. The block has an outer radius of
300 mm and a height of 600 mm. The tapered hole has a radius of 40 mm at the surface
and it linearly transitions to a radius of 35 mm at a depth of 150 mm. It remains at that
reduced radius for the remaining depth. The initial setup of this benchmark problem is
shown in Figure |8.11] The cylinder is pressed into the hole with a fixed vertical speed
of 1 mm/s until it moves by a distance equal to its initial length. A thermal convection
boundary condition is applied to the surfaces of both the cylinder and the block, with a
convection coefficient of 17.5 x 107% J/mm? - s - K. No external heat sources were added,
so that any temperature change is entirely due to elastic heating, mechanical dissipation,

and frictional heat generation.

Both the cylinder and the block are modelled as elastoplastic materials with linear

hardening. The material properties used are listed in Table [8.3]

parameter value unit

Bulk modulus 63 840 N-mm 2
Shear modulus 26120 N-mm 2
Flow stress 31 N-mm 2
Linear hardening 261.20 N-mm 2
Density 7.8 x 1079 N-mm %5
Thermal expansion coefficient 1 x 107 K1
Thermal conductivity 4.5 % 1072 Jmm~t.s K1
Volumetric heat capacity 3.588 x 1073 Jmm3-K™!
Dissipation factor 0.9

Flow stress softening 0.002 Kt
Hardening softening 0.002 K-t

Table 8.3: Material parameters for interference fit benchmark

The final deformed configuration that results when the simulation is run with a friction

coefficient of 0.2 is shown in Figure [8.12a, When run without friction, the simulation
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produces the final deformed configuration shown in Figure |[8.12bl As expected [100],

the presence of frictional forces causes more deformation in the block and upwelling

of material around the hole. Figures [8.13c| and [8.14c| show comparisons of the final

deformation with the results in [100] for the smooth contact and frictional contact cases,
respectively. Both these Figures show the results are in very good agreement with the

benchmark.

Figure 8.11: Interference fit benchmark: Initial setup [100]

In addition, the problem was also run with the top surface of the cylinder constrained
to rotate around the axisymmetry axis with a constant angular velocity of 0.2 radians
per second. The friction coefficient was set to 0.2. Results of this case are shown in
Figure As expected, the bodies deform less than the test case with friction and
no spinning, but more than the frictionless test case, and more heat is generated than

both test cases due to the slipping against frictional forces.
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Figure 8.12: Interference fit benchmark
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(a) Current work (b) Results from [100]

(c) Comparison

Figure 8.13: Frictionless interference fit: Final deformation in comparison to results

from [100]
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Figure 8.14: Interference fit with friction: Final deformation in comparison to results

from [100]
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9 Friction Welding Simulations

In this Chapter, the implemented and validated solver is used to simulate a friction
welding process. Sections [0.1] and [9.2] detail the weld stages and introduce an adaptive
time stepping procedure. Section contains a description of a direct-drive friction

weld simulation using the solver.

9.1 Weld Stages

A Direct Drive Friction Weld is a solid state process that consists of three stages: the
conditioning (or heating) stage, the burn-off stage, and the forging stage. In both the
conditioning and burn-off stages, the two workpieces are pressed against each other,
and one of them is spun at a constant angular speed. During the conditioning stage,
the temperature at the weld interface increases due to frictional heat generation, and
the mechanical deformation that takes place is limited. In contrast, the majority of the
viscoplastic deformation during the weld occurs during the burn-off stage. In the forging
stage, rotation is stopped and a forging force is maintained. The weld joint is formed
as the plasticised material in the thermomechanically affected zone cools down in the

presence of the compressive stresses due to the forging force.
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9.2 Adaptive Time Stepping

During the burn-off stage of the weld, where viscoplastic deformation takes place with
high strain rates, the time increment required to accurately resolve the material response
is orders of magnitude smaller than that required during the conditioning stage, where
the deformation is primarily elastic. For this reason, the adaptive time stepping pro-
cedure summarised in Algorithm was implemented. In this procedure, the time
increment size in increased by a small percentage at every time step up to a prede-
termined maximum value. However, whenever a convergence failure is detected, the
time increment size is halved and computation of that time step is restarted. This way,
computational time is saved during the early stages of the weld by using a larger time
increment value, and a sufficiently small time increment value is used later in the weld

when it is necessary.

Algorithm 9.2.1 Adaptive Time Stepping

1: time_increment < min(max_time_increment, 1.1 * time_increment)
2: successfully_converged < false

3: while successfully converged = false do

4: Solve split-step thermomechanical problem

5: if Solution completed with no convergence issues then
6: successfully_converged < true

7: else

8: time_increment <— 0.5 * time_increment

9: end if

10: end while
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9.3 Direct Drive Friction Weld of a Hollow Bar

This section describes the simulation of a direct drive friction weld between two similar
hollow bars with an outer diameter of 50 mm and an inner diameter of 25 mm. The
workpiece geometry and weld process parameters are based on the weld presented by
Schmicker, Naumenko and Strackeljan [75]. Figure shows the initial geometry of the
weld.

......................................

@ 50mm

& 25mm

Figure 9.1: Direct drive friction weld of a hollow bar: Initial geometry [75]

9.3.1 Boundary Conditions

Based on the weld process parameters [75], the mechanical boundary conditions are a
constant rotational speed of 800 rpm and a constant downward pressure of 40 N-mm 2

throughout the weld. The friction coefficient is set to 0.3.

The only thermal boundary condition imposed is a convection boundary condition with a
convection coefficient of 20 x 1076 J/mm? - s - K on the boundaries of the two workpieces
and an ambient temperature of 293 K, which is also the constant temperature used as

the thermal initial condition.
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Unidirectional Spring Boundary Condition

During the weld simulation, the downward force is primarily balanced by the normal
contact force. As described in Section [6.3] the normal contact force at each augmented
Lagrangian step is made up of two components: the penalty component and the ac-
cumulated augmented Lagrangian component from the previous steps. The penalty
component, in turn, is modified at each Newton step according to the penetration and
the normal contact penalty factor ey. Naturally, if the contact penalty factor is suffi-
ciently large, then the magnitude of the total normal contact force may overshoot that
of the applied downward force in some intermediate iterations of the Newton-Raphson
loop. If the resulting incremental displacement is such that the gap between the con-
tactor and target surfaces is positive, then the Newton-Raphson method may fail to
converge, because the force balance would require, at least as an intermediate mea-
sure, the application of a tensile contact force, which would violate the normal contact

constraints.

This scenario has been observed during the friction weld simulations carried out in this
work, and it caused severe reduction of the adaptive time increment which prohibitively
increased the simulation time. Attempting to circumvent this issue by lowering the nor-
mal contact penalty factor caused a large increase in the required number of augmented

Lagrangian iterations at each time step.

The solution implemented in this simulation that avoided this scenario without a large
change in the number of augmented Lagrangian steps or the time increment is the appli-
cation of a unidirectional spring boundary condition in combination with the downward
force boundary condition. At each point on the upper surface of the contactor, if the
displacement is in the opposite direction of the applied downward force, then a small
downward force proportional to the displacement is added. If the displacement is in the

same direction as the downward force, then no additional force is applied.

While this boundary condition is numerical in nature, it provides a reasonable model
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of real friction welding machines, in which the downward force is applied by hydraulics
where unidirectional valves are used that restrict motion in the direction opposite to

that of the applied force.

0.3.2 Material Constitutive Law

The elasto-thermo-viscoplastic behaviour of the material is modelled by adapting the
constitutive law described in [75] to the formulation described in Subsection and
implemented as detailed in Subsection [7.5.2] Specifically, the constitutive law is mod-
ified so that strain rate dependence only takes effect when the strain rate exceeds a

temperature-dependent minimum value €,,;, given by

. 0—0r \™ .
€min—(1—<9M_9R> >50, (931)

where the Johnson-Cook reference strain rate parameter €y and temperature dependence
form are used. The strain rate value used in the constitutive law is then taken to be the
highest of the two values: the equivalent plastic strain rate ¢ and this minimum value
Emin-

£ = max(&, Emin) (9.3.2)

where the equivalent plastic strain rate ¢ is obtained from the return-mapping compu-

tation using ([7.5.16|).

The flow stress is given as a function of a strain-rate independent yield strength ¢ and

the modified strain rate € as

c-1
oY \ T & 1
o¥ =3¢ |1+ < : ) — (o — foo) F Hoo ¢ €, (9.3.3)

3eo ko €0

o e (1 (20 )) 0

In [75], the material is modelled as a perfectly viscoplastic solid, with the stress vanishing

as the strain rate approaches zero. In that work, the elastic behaviour of the material
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parameter value unit

Bulk modulus 158700 N-mm 2
Shear modulus 77520 N-mm 2
Johnson-Cook A 235 N-mm ™2
Johnson-Cook B 0 N-mm—2
Johnson-Cook C 0.2

Johnson-Cook m 1.5

Johnson-Cook n 1

Melting temperature 6y 1693.15 K

Reference temperature g 293.15 K

Reference strain rate &g 1.0 g1

Density 7.87x 107  N.-mm™*s?
Thermal expansion coefficient 1 x 107° K1
Thermal conductivity 3.5 x 1072 Jmm~t.s K1
Volumetric heat capacity 6.445 x 1073 Jomm 3-K™!
Dissipation factor 0.9

Upper saturation viscosity po 1 x 10?2 N-mm~2-s
Lower saturation viscosity pioe 1 x 1074 N-mm~2-s

Table 9.1: Material parameters for direct drive welding of hollow bars

is approximated by using a very large viscosity value in the stress range below the
yield strength. In contrast, in the return-mapping approach employed in this work, the
material remains elastic when the stress is below the yield strength of the material. With

this modification, the flow rule only applies at stresses above the yield strength.

The material parameter values used are listed in Table [9.1]
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9.3.3 Simulation Results

The deformation and temperature distributions at the end of the burn-off stage of the
weld are shown in Figure A comparison between the deformation at the end of
the weld to the experimental and numerical results from [75] are shown in Figure
Figure shows the deformed workpieces at different times during the weld simula-
tion. A comparison of the temperature distribution at the end of the weld is shown in
Figure [0.5] It shows a good qualitative agreement at the weld interface, with the tem-
perature in both simulations approaching the melting temperature (1420 °C or 1693 K)
but not reaching it. Furthermore, a comparison of the upset curves, i.e. the vertical
displacement of the top surface over time, is shown in Figure[0.6] The equivalent plastic

strain distribution is shown in Figure [0.7]

1.6e+03

— 1400

— 1200

Temperature

— 1000

l 7.5e+02

Figure 9.2: Simulation result: Deformation and absolute temperature distributions after

burn-off stage in a direct drive friction weld of hollow bars
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Figure 9.3: Simulation result is compared to experimental weld. The weld photograph

and simulation on the left are from [75]
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(h) t=4.0s

(1) t=6.0

(m) t=6.5s (n) t=7.0s

Figure 9.4: Weld progress
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Figure 9.5: Temperature distribution at the end of the weld in comparison with [75]
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Figure 9.6: Vertical displacement of top surface (upset) over weld time
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Necessity of ALE Formulation

A fully Lagrangian simulation of the weld was tested, and it resulted in severe mesh
distortion around the weld interface, which caused large deviations from the experimen-
tally observed results, followed by failure in convergence of the solution steps. Figure
shows a comparison between the Lagrangian and ALE simulations at different stages of
the weld, and Figure shows the same comparison at an enlarged view of the weld in-
terface region, which shows the differences in mesh distortion more clearly. Early in the
simulation, the differences between the Lagrangian and ALE simulations are small. As
the mesh distortion in the Lagrangian simulation increases, however, the results deviate
considerably. Since the ALE results correlate well with the experimental and numerical
results from [75] as shown in Figure[9.5] this deviation confirms that excessive distortions
limit the reliability of a fully Lagrangian formulation in simulation of friction welding

processes, and shows the ALE formulation is effective in addressing this limitation.
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10 Discussion and Conclusions

This thesis describes the development and implementation of a finite strain thermo-
elastoviscoplasticity solver with thermomechanical friction contact for numerical simula-
tion of friction welding processes. Though several works on numerical simulation of fric-
tion welding have been published, there have been no studies published which simulate
friction welding using the model for associative coupled thermoplasticity at finite strain.
The utility of this model is that it accounts for the elastic as well as the viscoplastic
effects and is suitable for the large deformations characteristic of friction welding pro-
cesses. To make this possible, a novel Arbitrary Lagrangian-Eulerian formulation for
coupled finite strain thermoplasticity with thermomechanical friction contact was devel-
oped and incorporated into the solver, which was implemented using the deal .II library.
The implementation of the solver and ALE formulation was validated with benchmark

problems and it was used to simulate a friction welding process.

The novelty of the developed ALE formulation lies in that the deformation gradient
between the current and material configurations is not required; motion of the material
configuration is represented only incrementally in terms of the reference velocity. The
finite strain thermoplasticity and the thermomechanical friction contact formulations

were extended by including the contribution of the reference velocity field.

The ALE formulation that was developed and implemented in this work improves on the
state of the art of ALE approaches for finite strain plasticity as presented in the works

of [I8] and [I7]. Unlike [I8], there is no need to keep track of the material configuration
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mesh, which enables simulation of more severe deformations, such as those that arise in
friction welding applications, because there is no requirement to limit distortions in the
material configuration mesh. Also, unlike [I7], it is not necessary to use a Godunov-like
technique for convection of the left Cauchy-Green deformation tensor b°, the equivalent
plastic strain o and the deformation Jacobian. Rather, those are evaluated directly
at the quadrature point positions before the incremental mesh motion. This alleviates
convection accuracy considerations when choosing mesh motion step size. This also
makes it possible to use the developed remapping procedure unchanged for adaptive

mesh refinement and coarsening or for remeshing.

The implemented solver made use of the rotational symmetry in rotary friction welding
processes. The reference motion was therefore decomposed into an in-plane component
and a circumferential component. While the in-plane component of the reference mo-
tion was updated in a split-step approach, the circumferential component was updated

simultaneously with the deformation field.

The implementation of the solver and the ALE formulation using the deal.Il library was
programmed for a distributed memory parallel computing architecture. This drastically
reduces the simulation run times, and it enables running simulations with larger meshes
than would fit on one computer. In such a parallel implementation, additional inter-
process communications are required for the contact and ALE computations. These
communications were implemented and described in this thesis. Furthermore, as part of
this work, the deal.Il library was extended by incrementing the highest order of shape
function derivatives available in the library to enable computation of the consistent

tangent moduli of the tangential contact terms.

Open problems and possible extensions of current work

The solver implemented in the current work can be extended in a number of ways in order

to simulate other friction welding processes and general metal working scenarios. First,
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the rotational symmetry assumption that applies to direct-drive and inertia friction
welding processes is not suitable for friction stir welding and linear friction welding
simulations, and a three-dimensional implementation would need to be completed and
validated. Another possible extension is modelling, implementation and validation of

self-contact, which is also relevant in some rotational friction welding applications.

Prediction of solid bonding in numerical simulation of friction welding processes re-
mains an open problem [12]. The use of an associative coupled thermoplasticity model
with thermomechanical friction contact in simulation of friction welding processes as
enabled by the current work makes it possible to model solid bonding to predict when
the behaviour at the welding interface transitions from contact between two bodies to
deformation of one bonded body. This is achievable by modelling the bonding crite-
rion as an internal variable at the contactor-target pairs and using it as a parameter in

computing the normal and tangential forces acting across the contact surface.
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