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ABSTRACT 
Many attempts have been made in studying the structural behaviour of cooling tower 

shells, focusing more on the effect of wind on the structure and shape imperfections. 

However, little has been investigated on the most basic loading condition, i.e. self-weight 

load. 

This thesis focuses on a cooling tower with uniform thickness where several geometric 

parameters like the hyperbolic axis ratio (bla), top opening angle (¢lo}, offset parameters 

(A), and scale of the structure are varied one at a time, to investigate the effect these 

parameters have on the meridional and hoop stresses. 

A general-pwpose finite element programme, ABAQUS, was used to create models of 

the cooling tower structure. The model results were verified using closed-form analytical 

membrane solutions as reported by Zingoni•1
• The model considers constraining the base 

against rotation in all directions while the top is made to be free. 

The predicted numeric meridional and hoop stresses compare favourably well with the 

closed-form analytical results, except at the critically stressed zone near the base that 

exhibits some bending disturbances. 

Parametric investigation shows that an increase in the hyperbolic axis ratio, the top 

opening angle, and offset paramete~ also increases meridional and hoop stresses. 

It is concluded that lower bla, ;o, and zero offset parameters be adopted for preliminary 

design purposes. Finally, recommendations are made on the need for further 

investigations. 
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CHAPTER ONE 

INTRODUCTION 

1.1 IDSTORICAL BACKGROUND 

Shells, as the name implies, occur in nature in different forms. Egg shells, shells of nuts, 

plants and leaves of various types, snails, many insect forms - all represent nature's attempt at 

efficient use of materials, possibly because of the relatively few factors affecting the growth of 

a given plant or species. The natural forms of shells have been known to man from time 

immemorial and must have influenced his design choices, even if not consciously. 

Man has built shell-like structures since antiquity, when the curved form of Roman 

architecture was extended into three dimensions. The materials used were masonry and 

concrete, probably developed from the "pise" system of construction through the addition of 

the "wonderful dusky-red pozolana" natural cement1
• The shell form used by the Romans was 

the hemispherical dome, as in the roof of the Pantheon completed in the middle of the second 

century, or the semi-circular barrel vault, as used in the roofs of the Tennea1
• While the 

Roman examples of domes and vaults do not constitute thin shells in the modem sense, they 

certainly represent a tremendous engineering achievement when considered in the context of 

the day. Notable examples of the domed roof are the church of St. Sophia built in Istanbul in 

the first half of the sixth century and later converted into a mosque, the Church of San Vitale 

in Ravenna, noted for its use of pottery as the material for the shell, the Baroque dome of St. 

Peter's designed by Michaelangelo and built in 1590, St. Paul's Cathedral in London designed 

by Sir Christopher Wren in 1710, and the taj Mahal built in the seventeenth century.1 

Broadly speaking, shells built until the 1900's share a common trend: the methods of 

construction remained essentially static through the ages. Further progress could not be 

achieved without basic improvement in the technology of construction, in the quality of 

construction materials, and in the understanding of the laws of mechanics. 

Following the discovery of cement and its application in obtaining concrete, a new material 

was created by the addition of steel, namely reinforced concrete. Unlike the Roman masonry 
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of the past, reinforced concrete was capable of transferring tensions and was mouldable into 

any desired shape. The development of prestressing in the twentieth century brought 

additional relief to the designers. The volume of reinforced-concrete construction grew rapidly 

following the discovery of an effective process for the manufacture of iron and steel. In the 

second half of the nineteenth century, structural mechanics reached maturity. The theory of 

arches was worked out by Bresee in 1859. Kirchhoff's re-examination of the Lagrangian plate 

theory dates back to 1849, while the first theory of shells was proposed by Aron in 1874. The 

oldest form of shells is probably a cylindrical barrel vault which was developed from Roman 

architecture. In modem days, the shape of the cylindrical vaults remains the same, but some 

new variations have been added, i.e. the profiles are not only circular, but parabolic and 

elliptic. The first modem shell, designed and built with the knowledge of structural 

mechanics, was the roof of an experimental planetarium (in Iena) completed in 1923. This was 

hemispherical, corresponding to the functional shape of the project. 

A great number of aircraft hangars, covered markets, factories, stadia, exhibition buildings 

and railroad terminals have been erected with roofs of shell construction. 

1.2 DEFINITIONS 

A thin shell is a body that is bounded by two closely spaced curved surfaces. It can thus be 

considered as the "materialisation" of a curved surface, just as the beam and flat plate can be 

considered as the "materialisation" of a line and a flat surface2
• 

A shell has three fundamental identifying features: its reference surface, its thickness, and its 

edges. Of these, the reference surface is the most significant, because it defines the shape of 

the shell. Generally, if the shell is composed of a single homogeneous material, the middle 

surface (that is, the locus of points that are equidistant from the bounding surfaces) is selected 

as the reference surface. If the shell is of layered or other non-homogeneous construction, it is 

usually more convenient to use as the reference surface, one of the bounding surfaces or a so­

called neutral surface that is analogous to the neutral axis of a beam. 

The thickness t of the shell at a given point, defined as the distance between its bounding 

surfaces as measured along and normal to the reference surface that passes through the point, 

may vary over the shell. Furthermore, the edges of the shell are designated by appropriate 
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values of co-ordinates that are established on the reference surface. Shell edges are fonncd by 

curved surfaces whose normal are perpendicular to the normal of the reference surface along 

the intersections of the eqge surfaces with the reference surface. There are cases where the 

shell might have no edges at all. In such cases, the shell is referred to as a closed shell; an 

example is an egg-shape sludge digester. Shells can be composed of any type of material. 

However, considerations in this thesis are restricted to linear elastic shells which obey Hook's 

law, and whose displacements at a point are small in comparison with the thickness. 

Assuming a permissible error of 5% for ordinary engineering computations, Novozhilov3 cites 

the cut-off point between thin and thick shells as corresponding to the ratio -
1
- s-1

- (where 
r. 20 

rmm. is the minimum radius of curvature of the middle surface). He notes that a large number 
of shells encountered in practice are classified as thin if they lie in the range 

-
1

- S -
1
- S -

1
-. Vlasov5 adopts a more stringent criterion (-

1
- S -

1 
). 

1000 rm 50 rmia 30 

1.3 DEVELOPMENT OF THEORIES OF SHELLS 

1.3.1 IDstorical Developments in Linear Shell Theory 

An investigation of the general theory of shells, based on Kirchhoff's re-examination of the 

Lagrangian plate theory, dates back to 1849, while the first theory of shells founded on the 

hypothesis of Kirchhoff was proposed by Aron in 1874. In 1888, Love derived the basic 

equations which describe the behaviour of thin elastic shells2
• These equations, together with 

the assumption upon which they are based, form the theory of thin elastic shells referred to as 

Love's first approximation. 

1.3.2 The Love-Kirchhoff Assumptions and Love's Approximation 

The simplifying assumptions first adopted by Kirchhoff for plates, and later extended to shells 

by Love, are sometimes referred to as the Love-Kirchhoff assumptions. These assumptions 

may be stated as follows: 

(a) The shell thickness is negligibly small in comparison with the least radius of curvature 

of the shell middle surface. 

(b) Strains and displacements that arise within the shell are small. 

( c) Straight lines that are normal to the middle surface before deformation remain straight 

and normal to the middle surface during deformation, and undergo no change in 

length. 
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(d) The direct stress acting in the direction normal to the shell middle surface is negligible. 

1.3.3 Shells of Revolution and Solution Approaches 

Shells of revolution are generated by rotating a plane curve though 360° about a straight line 

in the plane of the curve. These include cylindrical, spherical and hyperbolic shells. In 1912, 

H. Reissner4 reduced the differential equations for symmetrical deformations of such shells to 

a convenient form, and then applied the asymptotic method for the integration. He also 

discovered the possibility of reducing the order of the differential equations of this problem by 

means of complex transformation. The problem of spherical shells under symmetrical loading 

was found to reduce to the integration of a single second-order differential equation3
• 

Meissner was later able to generalise H. Reissner' s results to the problem of the symmetrical 

deformation of shells of revolution of arbitrary shape. In this way, the difficulty arising in the 

analysis of shells of revolution under symmetrical loading was largely overcome. since the 

asymptotic method was shown to be a simple and sufficiently accurate process for the 

integration of the relevant differential equations. However, these results were not suitable for 

practical application since one has to retain a lot of terms in the analysis of spherical shells 

using hypergeometric series. 3 

Shtaerman"' in 1924 gave a very clear deduction of the equations of the problems by 

establishing the analogy between the problems of the symmetrical deformation of shells of 

revolution and of the bending of arches on elastic foundations. 

In 1926, Geckeler"' obtained a more simplified approximation for the integration of the 

equations for the symmetrical deformation of shells of revolution. He achieved this by 

omitting terms in the two dependent variables Q+ and V (Q♦ is the transverse shear per unit 

length of shell element, V is the rotation of the meridian), and terms in the first derivatives of 

these variables, from the Reissner-Meissner pair of equations for arbitrary shells of revolution 

subjected to symmetric loading. From the point of view of simplicity, and the rapidity with 

which a stress analysis can be performed, the Geckeler approximation is undoubtedly the most 

convenient analytical tool for obtaining edge-zone stresses in axisymmetrically loaded 

spherical shells. It is most suited to such shells if they are sufficiently thin and of constant 

thickness. 
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Novozhilov3 argues that, in the derivation of the Reissner-Meissner pair of reduced equations 

for the spherical shell, errors of order t/a (spherical shell's thickness to radius ratio) in 

comparison with unity are involved, so that there is no point in retaining in the solution to the 

equations terms of order smaller than tla. He concluded that the simplifying asymptotic series 

method must, therefore, be employed irrespective of the difference between the solutions 

obtained by this method and the hypcrgeometric series, especially as the convergence 

problems associated with the mathematically-exact hypcrgeomctric solution hamper the use of 

that solution for practical engineering calculations. 

Timoshenko and Woinosky-Krieger5 point out that, for an alt =30, as many as ten terms are 

required in order to obtain sufficient accuracy for the hypergeomctric-series solution. Flugge4 

also reports problems with the convergence of the hypergeometric series. 

In 1944, Vlasov• independently developed a bending theory applicable to shallow shells. 

According to Vlasov, a shell is considered to be shallow if the ratio of the shorter side (for 

shells of rectangular plan) or to the diameter (for shells of circular plan) is less than 1/5. Such 

a criterion for shallowness corresponds to a cl> value at the shell edge of approximately 44 ° in 

the case of spherical shells whose plan shape is circular. 

1.4 COOLING TOWERS 

1.4.1 General Considerations and Historical Developments 

The advent of the natural draught cooling tower dates back to the beginning of the twentieth 

century. The first paper published in Britain on the theory of natural draught cooling towers 

was that of Robins6 in 1907, which during its time was a remarkable work. In 1910, Prof. Van 

lterson of the Dutch State mine first started exploring the use of reinforced concrete shells for 

natural draught cooling towers 7• In 1916, he designed the first hyperbolic natural draught 

concrete cooling tower. It then became common practice to build cooling towers next to 

power stations. 

It was during the Second World War ( 1939-45) that extensive and serious efforts were made 

to develop industrial cooling towers. Numerous towers were built in Europe during this 

period, and only in the late 1950s did the Americans start exploring their use. Cooling towers 
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only emerged in Africa in the 1960s with South Africa being the first country to adopt their 

use. 

Fig. 1 Layout of Cooling Tower 

AB described by R.ilh and Stecl7, natural draught cooling towers are structure& used to reduce 

the temperature of water in the cooling circuit of thcnnal power plants. Moat of the structure 

is an empty ahcll. The lower portion cootaina the cooling stack over which the warm water is 

distributed by a pipe and nozzle system. The lower portion of the structure is open to allow air 
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access to the cooling stack. Beneath the tower is a pond that is constructed to catch the falling 

water and return it to the circulating water system. A typical layout of a hyperbolic cooling 

tower is shown in Figure 1. The function of the cooling stack is to increase the surface area 

between the water and the cooling air, either by breaking the water up into droplets or by 

spreading it over a large area in the form of films. As the warm water falls through the stack, 

it gives up its heat to the air. The air leaving the stack inside the shell is lighter than the 

ambient air and a draught is created by the chimney effect. Above the distribution pipes, a 

spray eliminator screen is constructed to catch the fine droplets of water that would otherwise 

be picked up by the rising air-stream. As the plume of vapour is discharged at a great height, 

there is no risk of the performance of the tower being affected by the re-circulation of air 

leaving the top of the tower. The draught through the tower results from a number of inter­

related effects: the atmospheric air-pressure difference due to chimney height; induced 

draught due to wind velocity differentials; temperature difference of the air heated by the 

water; an increase in volatility due to vaporization. 6 

The earliest towers were built of wood, which comprises staked fagots over which water is 

dropped. Refinements were made by housing, which prevents the water from being polluted 

by the atmosphere, and extending it into a chimney shape to increase the draught. Metal 

towers were also explored, but unfortunately these were not so popular and most are now 

extinct6• Attempts were also made using other materials like aluminium and asbestos cement 

sheathing on a structural steel frame. 

The final choice for constructing natural draught shells came from reinforced concrete which 

with its strength, flexibility in design and low maintenance expenditure has advantages over 

other materials. Furthermore, the possibility of utilising a single or double-curved surface 

enabled lightweight structures to' be erected. The cooling tower is a huge double-curved thin 

shell structure with a negative Gaussian curvature. The shell of a cooling tower is a 

hyperboloid of revolution with a throat-radius-to-shell-thickness ratio in the range 125-4008
• 

The slender shell is supported above the ground on a lattice of inclined columns forming a V, 

X or A pattern around the bottom opening of the shell. This type of support is a continuation 

of the membrane shell into the foundation, i.e. the columns meet the shell along the tangent 

plane of the mid-surface, and are cast into a ring-beam foundation. The shell is the most 

important part of the cooling tower, both in technical and financial terms. It is also the most 
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sensitive since its collapse would put all or part of the power station out of action for a 

considerable period of time. For this reason, the shell is the most fundamental factor 

influencing the life of the cooling tower. 

According to Harte9
, natural draught cooling towers play a significant role as power plant 

components: they balance the technical requirements of an efficient energy supply with 

appropriate means for protecting the environment. Even in the most efficient nuclear power 

units, only 45% of the generating heat is converted into electric energy. The remaining 55% is 

discharged into the environment, mainly through the smokestack and the cooling water. To 

avoid thermal pollution of the rivers, lakes and seashores by using the water for cooling, 

natural draught cooling towers are the most effective measure for minimising the need for 

water. Thus they are able to balance the environmental factors, investment and operating costs 

with the demands of a reliable energy supply. 

In the first quarter of the twentieth century, the size of towers was moderate, and did not 

exceed 80m in height. In this range, the structural safety and stability were not of primary 

concern because the minimum wall thickness and reinforcement were sufficient to provide the 

required safety. Nevertheless, several techniques developed during that period, pertaining to 

the computation of forces and stresses in the shell. 

During the mid-fifties when cooling towers were becoming more and more common, the 

increase in size of these structures made it mandatory to carry out a thorough and accurate 

analysis to cater for both safety and economy. Analysis was then carried out using only the 

membrane theory,7 which assumes: 

i. The thickness of the shell is very small compared with its diameter. 

ii. Bending moments are negligible throughout the shell, and this approach is adopted in 

cooling-tower theory even though the ring beam is likely to introduce moments in its vicinity. 

iii. Applied loads (including wind forces) are resisted only by direct tension, compression, and 

shearing forces in the plane of the shell itself. 

During this period, the analysis of cooling towers was done considering a "cone-cylinder­

cone" model since the equations of membrane equilibrium for the constituent parts are well 

known and simple in form. However, Rish and Stcei7 developed equations describing the 
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effect of wind on a shell structure utilising the membrane theory. A major set-back with ~is 

model is the change of form of the equations at the junctions of the cylinder with the cones. 

Another disadvantage is that the resulting stresses depend explicitly upon derivatives of an 

empirically determined function, which represents the distribution of the wind pressure aro*nd 

the tower. These derivatives have to be calculated by approximate methods, and the us~ of 

such quantities is not desirable in general since inaccuracies in measured values of a functjon 

lead to larger errors in estimates of derivatives. 10 

The distribution of wind pressure on a cooling tower exposed to a steady wind of constant 

direction has been the subject of many investigations. There is general agreement on the 

overall shape of the wind-pressure distribution curve, but some differences of opinion rem~n 

concerning the peak values, and whether allowance should be made for internal suction. 10 

In recent times, probably due to the higher cooling demand of power stations and an increased 

understanding of the dynamics and mechanics of cooling towers, the heights have increa:fed 

from 75m-200m. Such an increase of about 100% in dimensions needs a high degree I of 

accuracy in both design and construction. The optimization of the wall-thickness distribution 

(from the bottom up to the top) becomes more important11
• Locally in South Africa, there are 

six cooling towers at Kendal power station, each having a height of 166m, a base diamete~ of 

163m and a capacity of 672"MW6. The largest tower built to date ( 1999) is in Niedermss~m, 

Germany, which measures 200m in height and· 1s4.5m in base diameter, with wall thickness 

varying from 220 to 240mm in a wide region of the shell9
• 

1.4.2 Developments in Theory, Analysis and Design 

Most of the earlier work on hyperboloids of revolution dealt with various aspects of ~e 

application of the membrane theory of thin shells of revolution to this particular type of shf ll· 

Vlasov17 showed that for hyperboloids of revolution with certain combinations of geomctic 

parameters and edge loading, the membrane theory may lead to an indeterminate solut~on 

resulting in infinite values for the stresses. He concluded that the membrane theory must lbe 

applied only to shells of zero Gaussian curvature for which the solution of the goverDflg 

equations leads to completely defined finite values for the internal forces. Novozhil~v3 

elaborated on these observations by reference to arbitrary shells with negative Gauss~an 

curvature, and showed that certain boundary conditions lead to the presence of modes of p1!J.rc 
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bending under edge loads. He concluded that fixing the shell against displacement in both the 

meridional and tangential directions at either end might eliminate these pure bending modes. 

If these boundary conditions are enforced, then the membrane theory leads to a realistic 

solution. Flugge13 discussed a membrane-theory solution for a hyperboloid subjected to 

arbitrary loading at one end. He later observed that the edge loading may be resolved along the 

characteristic lines of the shell, and thus propagates to the other edge that must be restrained 

against movement in the meridional and circumferential directions, to resist these forces. 

As mentioned earlier, Rish and Steef discussed the treatment of the hyperboloid as a 

combination of frusta of cones and a cylinder. Martin and Scriven10
, and Martin, Muddock 

and Scriven14 presented numerical solutions for dead-load and wind-load stresses and 

displacements in a particular shell, and Billington15 gave a solution for dead-load stresses. The 

membrane solution for the stress resultants and displacements in hyperbolic cooling towers 

subjected to dead load, earthquake load and wind load were presented by Gould and Lee.16 

Although most of the early writers wrote extensively about the use of the membrane theory, 

they acknowledged the fact that at points of discontinuity due to a change in geometry, the 

membrane theory will fail, and the bending theory must be used instead. These early 

researchers maintained that the membrane theory was nevertheless sufficient to analyse the 

hyperboloid of revolution. Only in 1967 did Gould and Lee17 publish expressions for the 

stress resultants for a hyperboloid of revolution based on Novozhilov's treatment of the 

bending theory of shells of revolution, which utilises an approximate analytical solution rather 

than a numerical solution to the governing equation. 

In 1969, Gould18 suggested some specifications, grouping various geometric combinations 

and some governing ranges of shell parameters for determining the minimum-weight design 

of cooling towers with respect to a "duty performance coefficient". He concluded that the 

weight factor was inversely proportional to the parameter k (k being a measure of the slope of 

the asymptote of the generating hyperbola), i.e. for a constant duty performance coefficient, it 

appears that towers with higher values of k are lighter than those with other configurations. 

The collapse of three large towers (117m high) at Ferribridge, England, on 1 November 1965, 

prompted authorities to recognise that an extensive investigation, both experimentally and 
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analytically, was necessary to prevent similar collapse from occurring in the future. The 

investigation of this catastrophe revealed the following flaws: that inappropriately low wind 

forces had be.en assumed in the design, that minimum constant wall thickness and levels of 

reinforcement had be.en employed, that top stiffening rings had be.en omitted, and that wind 

turbulence had inadvertently be.en created as a result of the layout of the towers 19
• A few years 

later, in 1973, another collapse occurred at Arde.er, Scotland. This was attributed to the 

occurrence of vertical cracks and the meridional curvature imperfections in the tower, which 

had induced high circumferential tensile stresses2°. 

After these two mishaps, attention in subsequent years was focused on the effects of wind 

(since it is one of the most important loading), and of meridional imperfections on cooling 

towers. For example, Al-Dabbagh and Gupta21 investigated the effects of meridional 

imperfections on cooling towers. They concluded that the primary effect of an imperfection is 

to cause a significant increase in the hoop forces and meridional moments. Approximate 

expressions were developed to calculate the effect of the imperfection hoop force, and the 

effect of the imperfection meridional moment. 

In 1979, Mungan22 investigated buckling stresses in stiffened hyperboloidal shells. He 

modelled a series of cooling towers and compared the experimental results with theoretical 

values, and concluded that by suitably arranging the stiffening rings, the buckling behaviour 

of these shells could be improved, and that the buckling stresses in the circumferential 

direction could be increased. He proposed having at least four equidistant stiffening rings 

below the throat, which would have a beneficial effect by reducing both the wall thickness and 

the meridional stresses due to self-weight at the lower part of the tower shell. 

When the tower height increased beyond 120tn, it was felt that the dynamic action of the wind 

had to be considered in more detail. A number of researchers have conducted investigations 

relating the effect of wind on this type of structure. 

Davenport24 developed a comprehensive statistical approach to predict structural response and 

applied it to several structures whose behaviour is governed by height and span. A gust load 

factor was also proposed by Davenport25 to account for the dynamic effect of wind. 
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Cooling tower response is governed by both vertical and circumferential wind distribution. 

Experimental results on cooling tower models have shown that dynamic stresses are of the 

same order as static stresses23
• The vertical reinforcement in cooling towers is usually 

governed by the difference in tensile wind stresses and compressive dead load stresses. This 

difference is very sensitive to small changes in wind stresses. 

A convenient way of dealing with wind stresses is to divide them into static stresses, which 

are based on the reference value of hourly mean wind speed, and dynamic stresses, which take 

into account fluctuating wind components and the tower's structural properties and 

configuration. The static wind pressure distribution depends largely on the Reynolds number 

and the surface roughness, both of which have been studied experimentally by Davenport & 

Isyumov23
• 

Niemann23 measured the pressure distribution for a particular full-scale tower and for various 

wind tunnel models with different surface roughness. He found that full-scale results indicate 

significantly smaller suction than wind tunnel models due to the difference in Reynolds 

number. Panduart27 conducted extensive wind-tunnel experiments on smooth and rough 

surfaces using plexiglass models. 

Isyumov, Abu-Shitta and Davenport26 reported a wind tunnel study of dynamic behaviour in 

which an aero-elastic model was subject to a wind with about 11 % turbulence intensity. They 

found that the "static (mean) wind stresses confonned closely to those calculated from 

membrane theory and that the maximum root-mean-square dynamics stresses were about one­

third the mean stresses in the meridional direction near the base of the tower on the windward 

side". Further wort by Abu-Shitta and Hashish23 distinguishes between two types of dynamic 

responses to wind: quasi-steady and resonant. The resonant response is significant only when 

the lower natural frequencies of the structure are close to the dominant frequencies of the 

turbulence, while both the quasi-static analysis and the resonant effect must employ gust 

factors. They further presented a non-deterministic analysis approach to predict dynamic 

stresses, firstly where the resonant contribution is negligible23 and, secondly, where it is 

significant28
• Their method of analysis produces predictions that agree significantly with the 

actual measured responses of the aero-elastic wind-tunnel model. 
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Steinmetz and Billington29 adopted two principal approaches namely: a deterministic analysis 

using specific wind records from an existing tower, and a stochastic analysis employing 

spectra of wind pressure. These two approaches were used to gain insight into the possible 

influence of resonance effects on the dynamic responses of towers subjected to very high wind 

pressure. They observed a large difference between the natural frequencies of the tower and 

the frequency of turbulence, and concluded that resonance docs not play a major role in the 

response of cooling towers under a particular measured load. 

Annitt30 developed a wind tunnel technique by using an aero-elastic tower model to determine 

the stresses directly in cooling towers under realistic simulated conditions. He compared the 

results obtained from his model with full-scale wind pressure distribution, and concluded that 

the technique adopted was accurate. 

Niemann31 developed a design for wind effect for a reinforced concrete cooling tower which 

was based on the distribution of the mean pressures. He considered the influence of wind 

shear and surface roughness on the mean pressures, based on experimental results from full­

scale investigations and test models using wind tunnel testing. 

In January 1984, almost two decades after the collapse of the towers in Ferrybridge, a single 

tower at Fiddler Ferry power station collapsed. This failure was a full-scale demonstration of 

the effect which small dimensional errors in the shape of the shell can have on the stresses and 

ultimately on the stability of the structure32
• The committee of inquiry into the incident found 

that ''the most contributory factor in the failure of the tower was the presence of the outward 

circumferential bulge above the ring beam which would have caused a major vertical cracking 

of the concrete". This in tum caused the collapse. As a result, the Central Electricity 

Generating Board (CEGB) decided that it needed urgently to assess the likelihood of further 

collapses of the 139 cooling towers that it operated. 

During 1985-198732
• a programme of dimensional and material condition surveys was 

undertaken to collect the data required for stress analysis. The survey methods employed were 

able to detect dimensional inaccuracies of the surface of the shells of the cooling towers as 

small as 25mm, i.e. 20% of the shell thickness of the largest towers. These surveying methods 
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were not only sufficiently accurate to detect small shape errors but were also cost effective. 

Two surveying methods were used: 

a. The method of triangulation using theodolites to make a large number of observations of 

the external surface of the tower shell, and 

b. "Structural condition survey" where a comprehensive physical investigation of the 

structural damages is conducted, i.e. concrete samples are taken to test for strength and 

carbonation, and a covertometer used to determine the depth of cover to the reinforcement. 

Calculation methods were also developed to determine the structural effects of dimensional 

errors detected, and these were used in estimating the possibility of structural damage leading 

to failure. The investigation concluded that dimensional errors as a result of constructional 

errors were dominant on the cooling towers. This, in effect, causes meridional cracks which 

produces high circumferential bending stresses. 

In recent times, Gould, Hare and Koto33 investigated the load-deflection behaviour of 

reinforced concrete cooling-tower shells under various conditions. They suggested that when 

geometric imperfection is considered, a minimum percentage of reinforcement (0.3-0.4%) 

must be used to allow for redistribution of stresses and a global deformation. 

1.5 STATEMENT OF RESEARCH AND SUMMARY OF T~IS 

While many investigations have been carried out on the behaviour, analysis and design of 

hyperbolic cooling-tower shells, there appears to be a gap in the literature regarding the 

availability of parametric data on the structural response of cooling towers, when design 

parameters (such as overall height of tower, throat radius, angle of opening, shell-thickness 

variation) are altered. Even for the most basic loading condition of self-weight, such data 

appears to be missing, or is taken for granted. This study seeks to investigate how the stresses 

in thin hyperbolic cooling-tower shells vary with respect to a number of geometric design 

parameters, and to make appropriate design recommendations on the basis of the observations 

made. The study is confined to the axisymmetric loading conditions of self-weight only, and 

makes use of both analytical and numerical methods to determine the stress distributions in 

the shell. 
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With a literature review having been presented in the opening chapter, Chapter Two presents 

the membrane theory for thin shells of revolution, after a discussion of its validity and 

limitations. This is followed in Chapter Three by a presentation of the general bending theory 

of shells of revolution, and a discussion on how the membrane analysis and the bending 

analysis, when performed separately, may be brought together through a flexibility-type 

approach. Much of this presentation is based on the work of Zingoni'\ and forms the basis of 

the analytical results that will be given in this thesis. 

Chapter Four introduces the governing geometric parameters of the cooling-tower problem, 

and develops the membrane solution for the general self-weight loading situation. Explicit 

results are presented for the case of uniform shell thickness, and one other case of gradual 

variation in shell thickness. 

A general description of the finite-element modelling of axisymmetric shells of revolution, 

with specific reference to cooling-tower shells, is presented in Chapter Five. The 

implementation of ABAQUS, the finite-element programme used in the numerical work, is 

also explained. The treatment covers the theoretical basis of the programme, types of elements 

used in cooling-tower analysis, choice of appropriate elements for the various regions of the 

structure, discretization strategies, modelling of geometry and support conditions, output 

results, and extraction of relevant stress components. 

Chapter Six adopts a cooling tower of typical proportions as a "standard", and presents 

comparative analytical and finite-element stress results for the case of self-weight loading. 

This work serves to validate the finite-element mcxlelling, and the results form a "benchmark" 

for the intended parametric investigations. The chapter also presents the stress distributions 

that are obtained when the parameters b/a (hyperbolic axes ratio), A (rotation axis offset 

parameter), 4 (top angle of opening), 4 (bottom angle of opening), H (overall height of 

tower) and t (shell thickness) are varied in a controlled manner, one at a time. These results 

are mostly obtained on the basis of the finite-element method, with the analytical expressions 

used to check the finite-element results. The presentations take the form of both tables and 

illustrative plots. 
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Chapter Seven discusses these results in detail, one parameter at a time, and makes 

conclusions as appropriate. 

In Chapter Eight, an overview of the results of Chapter Six is made, and the parameters that 

have the most influence on design stresses are identified. Overall conclusions and design 

recommendations are summarized, and directions for future research are pointed out. 

A listing of references at the end, and an appendix, conclude the thesis. 
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CHAPTER TWO 

THE MEMBRANE THEORY OF SHELLS OF REVOLUTION 

2.1 THE MEMBRANE HYPOTHESIS 

The origin of the membrane theory of shells goes back to the work of Lame and Clapeyron 

who, in 1828, had considered shells of revolution loaded symmetrically with respect to their 

axes5
• Beltrami and Lecomu are generally credited with having first established the general 

form of the equations of the membrane theory in the second half of the nineteeth centwy. 

The theory is applicable to either completely flexible membranes (inflated tyre tube, toy 

balloon), which have negligible bending stiffness, or shells with finite bending rigidity but in 

which the moments developed are so small that they can be neglected, owing to the geometry 

of the shell, the nature of the boundary conditions at the shell edges, and the manner in which 

the applied loading is distributed. 

The membrane theory, otherwise called the "momentless" theory, requires that bending 

actions be neglected, so that the external load acting on the structure is assumed to be 

equilibrated by in-plane forces only. As is well known, such an approach results in a 

spectacular simplification of the equations of thin shell theory, enabling many interesting and 

important problems to be tackled by relatively simple computations. 

The often-used term "membrane theory" is quite misleading. As Calladine34 points out, the 

approach is essentially a "hypothesis", in the sense that one can assume that bending actions 

can be neglected, and then carry out an eventual check on the validity of. the hypothesis. This 

will either confirm the validity of the membrane calculations, or will show these to be 

inadequate, necessitating a better and more realistic analysis. Few authors spell out explicitly 

the necessity for such a check. Instead, most attempt to provide broad guidelines for the 

validity of the membrane hypothesis. According to Calladine, one could argue that such 

guidelines are helpful in developing an intuitive feeling for identifying shell structures for 

which the membrane calculations may be valid. On the other hand, there is a definite tendency 

to take these guidelines as rules of general validity, thus ignoring the fact that exceptions can 

always be found to each and every such 'rule'. However, the only reliable way in which 
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membrane solutions can be checked with certainty is to compute the displacements due to the 

membrane stress resultants; the membrane hypothesis will be valid if the deformation pattern 

thus obtained is compatible with a negligible curvature-change field throughout the whole 

shell34
• Zingoni 36

•
37 has suggested a procedure for checking the validity of the membrane 

hypothesis in interior regions of shells of revolution loaded symmetrically with respect to their 

axes of rotation. Unlike previous standard procedures, Zingoni adopts a more direct method 

that does not involve the explicit determination of displacements, which would require a 

knowledge of the kinematic boundary conditions of the shell in order to evaluate the constant 

of integration associated with the general solution for one of the displacement components. 

The existence of the momentless state of stress in shells is subject to the provision of suitable 

boundary conditions, as well as the fulfilment of certain smoothness conditions regarding 

shell geometry and loading distribution. These locations include external supports, 

discontinuities in loading and/or shell geometry, and concentrated line loadings. All these 

locations at which there is a breakdown in the membrane solution (manifested by its failure to 

satisfy the boundary conditions) may be conceptualised as 'edges'. At such edges, Zingoni'' 

points out that transverse shearing forces, bending moments and twisting moments are, in 

general, required in order to satisfy the boundary conditions, so that, quite clearly, a 

momentless state of stress cannot exist in their vicinity. 

Novozhilov3 and Nielsen3 in their considerations of the axisymmetric deformation of shells of 

revolution, discussed the conditions for the validity of the membrane hypothesis from a more 

practical point of view. Novozhilov indicates that at certain locations in the interior of the 

shell, the continuity of the middle surface appears to be violated when one uses the membrane 

hypothesis alone. However, since the middle surface is in reality continuous, there must exist 

at these locations transverse shearing forces and moments to satisfy the conditions of 

continuity. For axisymmetric shells of revolution, locations at which such phenomena occur 

are those where the following quantities are discontinuous along a Dleridian:3
·" 

• meridional loading component, radial loading component, and the first derivative of 

the radial loading component with respect to distance along the meridian; 

• shell thickness, and the first derivative of the shell thickness with respect to distance 

along the meridian; 
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• meridional radius of curvature, and its first derivative with respect to distance along 

the meridian. 

2.2 GENERAL SHELL OF REVOLUTION UNDER AXISYMMETRIC LOADING 

2.2.1 Introduction 

A surface of revolution is generated by rotating a plane curve through 360° about an axis in its 

own plane. The generating curve is called the meridian. It is convenient to regard the axis of 

revolution of the shell mid-surface as vertical, so that the parallel 'circles of latitude' of the 

shell, which are the intersections of the shell mid-surface with planes perpendicular to the axis 

of revolution, lie in horizontal planes. Meridians lie in vertical planes all containing the axis 

of revolution, and such planes will be referred to as meridional planes. The tangent to the 

meridian at a given point defines the meridional direction. The circles of latitude will be 

referred to as hoop circles, while the direction of the tangent to a hoop circle is referred to as 

the hoop direction. 

Shells of revolution find application in the design of roof domes, cooling towers, egg-shaped 

sludge digesters, pressure vessels and liquid-filled tanks. The principal loading conditions for 

these structures are usually axisymmetric, meaning that the meridians will deform in the same 

manner, with no relative transverse shearing between adjacent portions of the shell. The 

theoretical treatment in the rest of this chapter follows that given by Zingoni4• 

Consider a shell element cut out by two meridians and two circles of latitude, each pair being 

infinitesimally close together. Since our geometry is curvilinear, we shall adopt the angular 

co-ordinate system with f/J ( called the meridional angle) measured between a normal to the 

shell mid-surface and the axis of revolution of the shell, and (} ( called the hoop angle) 

measured in the horizontal plane from a datum meridian. 

As shown in Fig. 2.1, r1 is the principal radius of curvature of the shell mid-surface at a given 

point as seen in the meridional plane, r2 is the second principal radius of curvature of the shell 

midsurface, given by the distance between the point ( of the shell midsurface) in question and 

the intercept of the normal to the shell midsurfacc at the point and the axis of revolution of the 

shell, while r is the radius of the horizontal circle of latitude through a given point. 1be two 

radii r and r2 are related as follows: 
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r = r2 sin¢, 

It follows that the sides of the curvilinear elements are of lengths 

LAc = rd8 = r2 sin¢d8 

LCD =r,d; 

It is assumed in the above description that the principal radii of curvature of the shell r1 and r2 

are known. In the case of radii of curvature that vary from point to point, the radii are 

computed from the equation that defines the shell shape, along. with various relationships of 

differential geometry. 

When considering shells of revolution subjected to axisymmetric loading and boundary 

conditions, in-plane shearing-force stress resultants cannot exist. There are only two unknown 

internal membrane stress resultants acting on the shell element, which are the meridional 

stress resultant N; (force per unit length in the meridional direction), and the hoop stress 

resultant N 9 (force per unit length in the hoop direction). The external loading components are 

P; (load per unit area of shell surface in the meridional direction) and Pr (load per unit area of 

shell surface in the normal direction); P 9 (load per unit area of shell surface in the hoop 

direction) is zero under axisymmetric loading conditions. 

Fig. 2.1: Element of axisymmetrically loaded shell ofr:_evolution 
\ ,,_ 
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2.2.2 Equilibrium of Shell Element 

The shell element is in equilibrium under the external applied loading (P; and Pr) and the 

internal stress resultants (N; and N 9). Force equilibrium requires that the sum of the forces 

acting on the shell element, resolved in the direction of the tangent to a meridian and in the 

direction of the normal to the shell mid-surface, must be zero. 

Following Zingoni4, consider the components of all the forces acting on the shell element, in 

the positive direction (i.e. the direction of increasing ¢i) of the tangent to a meridian. Each of 

the stress resultant N; and N 9 and the external loading component P ~ contributes a force in 

this direction. 

Figure 2.2(a) shows the section of an element in the horizontal plane of a circle of latitude, the 

forces acting at the ends of the element equal N9..r1drp. The resultant of these two forces is a 

horizontal force F1 directed towards the axis of revolution, and given by 

F,=N,.rid{sin d: )+N,.rid{sin d:) (2.1) 

= N9r1d¢xl8 

since for very small angle a, sin a= a. 

Figure 2.2(b) shows a section of the element in the vertical plane of a meridian. Resolving F1 

along OT, the positive meridional direction, one obtains the contribution of N9 to the force 

resultant along OT as 

-F,. cos(/, 

which, on substitution of the equation (2.1 ), becomes 

-N8 .7i cos,pd¢,d8 (2.2) 

Figure 2.2( c) depicts a section of the element in the vertical plane of a meridian, but this time 

the meridional end forces are shown. The total meridional force acting at the upper edge is 

N;-rd8. The total meridional force acting at the lower edge is 

(N; + dN; Xr + dr ')de (2.3) 
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Fig. 2.2 Derivation of the governing equations of equilibrium for an element of 
an axisymmetrically loaded shell of revolution. 

Resolving these two forces along OT, the resultant F2 is obtained as . 

= N;.drd8+rdN;d0 

=d(rN;µI0 

As indicated earlier, for very small value of angle a., cos a= 1 

(2.4) 

Finally, the contribution of the external loading to the force resultant along OT is given by P; 

x surface area i.e. 

P;.r.,rd</Jd0 

Summation of (2.2)-(2.5) yields 

d(rN;).d.8-N,.r., cos;.d¢d8 + P;.r,rd¢d0 = 0 

which, upon dividing throughout by d(J, yields 

d(rN;)-r.,N8 cos¢;= -1jrP;d¢ 

(2.5) 

(2.6) 

The next step is to find the component of all the forces in the direction ON, which is the 

positive direction of the normal to the shell mid-surface. With refere~ce to Fig. 2.2(b), F1 has 
I . 

the component 
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F 

-F1 sin</> 

Which, on substitution of the expression for F1, becomes 

-r1N 8 sintpdtptl.8 (2.7) 

From Fig. 2.2(c), the resultant of the N1forces along ON, denoted by F3, is given by 

F3 =-N,.rd8.sin d¢, -(N, +d.N,)(r+dr)d8.sin d¢, (2.8) 
2 2 

= -rN, .dlHtp 

Note that sin( d¢, ) = ( d¢, ), and ignoring the relatively small quantities 
2 2 

d;. dtp_ d¢, 
N,.dr.d8.-, r.d.N,.d8-, d.N,.dr.d8-

2 2 2 

The resultant of the external loading along the direction ON is 

Pr •'i rdtpd 8 

Summation of equations (2.7)-(2.9) yields 

- 1i sin tfN 8d;tl8 - rN ,d¢d8 + 1j rPrd¢d8 = 0 

(2.9) 

Dividing throughout by dlHtp, replacing r with r2sin¢, dividing throughout by sin t/> and 

rearranging yields 

(2.10) 

Dividing throughout by r1r2, one of the basic relations for the axisymmetrically loaded shell is 

found as follows 

(2.11) 

This equation is valid not only for a shell in the form of a surface of revolution, but may be 

applied to all shells when the co-ordinate lines t/J and 8 = constant are the lines of principal 

curvature of the surface. 

2.2.3 General Solution 

From equation 2.11 

which when substituted into equation (2.6), yields 
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d(rN • )- 7i (,,P, -~ N • r¢1:l(b = -7i rP,d(b 

dividing throughout by d<p leads to 

d ) 
-d-<p-+ r2N; cos;= r1r2P, costp-1jrP; 

which, on multiplication throughout by sin ;, becomes 

[
d(rN )] 

d<p; sin¢ + (r2 sin; )N; cos¢, 

(2.13) 

Replacing (r2sin,> in the second term of the left-hand side of equation (2.13) by r, we may 

then write the left-hand side as 

On application of the product rule of differential calculus in reverse, this reduces to 

d 

dtp 

Hence, equation (2.13) may be written as 

3:_(rN; sin;}= r1r2P, cos;sin(/J-1jrP; sin¢, d; 
Integrating both sides of equation (2.14) with respect to ;yields 

rN; sin;= U('ir2P, cos<psin¢,-1jrP; sin;}l; +cj 

Replacing r with r2sin¢, we obtain 

(r2 sin 2 ; )N; = U(r1r2 (P, cos;-P; sin<p }sin 4kl<P + cJ 

The general solution for N+ can be written as 

N; = .
1 

2 [J ('ir2 (P, cos;-P; sin,p}sin~<p+c] 
r2 sm ¢, 

(2.14) 

(2.15) 

The constant of integration c is obtained from an appropriate boundary condition. Equation 

(2.12) is sufficient to determine the hoop force N8 from which the stresses are readily 

determined. Negative algebraic results indicate compressive stresses. 
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Flugge13 noted that because of the freedom of motion in the z-direction, for the 

axisymmetrically loaded shells of revolution considered, strains are produced which assure 

consistency with the field of stress and compatibility with one another. This action 

demonstrates the basic difference between the problem of a shell membrane and one of plane 

stress. In the later case, a compatibility equation is required. However, it is clear that when a 

shell is subjected to the action of concentrated surface loadings or is constrained at its 

boundaries, membrane theory cannot everywhere fulfil the conditions of deformation. 1be 

complete solution is obtained by application of the bending theory38
• 

2.2.4 Deformations 

No stress problem is complete until the corresponding deformations have been determined. 

The basic displacements in axisymmetrically loaded shells of revolution are v (tangential to 

the meridian, and considered positive when pointing in the direction of increasing <!) and w (in 

the direction normal to the shell mid-surface, considered positive when pointing away from 

the meridional centre of curvature). 

(b) 

(4) 

/ 

~ttr 4-,,,, 
Yi <•> I -

(f) 

Fig. 2.3 Deformations of a line element of an axisymmetrically-loaded shell of revolution 
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The deformation of a shell element consists of the elongation of line element EF in Fig. 2.3(a), 

consists of a component e1 due to the purely radial movctticnt w, equal to wd¢in Fig. 2.3(b), 

and a component e2 due to the difference in the purely tangential movements of ends E and F, 

equal to dv in Fig. 2.3(c). Therefore, the total elongation of the line clement EF, is given by 

e; = dv + wd¢ (2.16) 

The original length of the clement was r1d;, the meridional strain e; of the clement is given 

by 

e; =-
1
-(dv+wd;)=_!_(dv +w) 

1jd¢ 'i d¢ 
(2.17) 

By ref crence to Fig. 2.3( d), the radius of the circle of latitude at point E increases from r to 

r+dr as a result of the movement of the point to E'. Thus hoop strain £e is defined as, 

e = 2,r(r+dr)-2.m- = dr (2.18) 
s 21rr r 

By reference to Fig. 2.3( d), 

dr = v cos;+ wsin ¢, 

Therefore, 

1 
= -(vcot; + w) 

72 

since r = r2 sint/J. 

From equations (2.17) and (2.20) 

dv 
-+W=ljE; d; 

Subtraction of equation (2.22) from equation (2.21) yields, 

dv 
--vcotq> = 'iE; - r2e8 d; 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

Between this strain and stress resultants exists an empirical relation, the elastic law, which 

depends on the material of the shell. In the mathematical treatment of structural problems, 

Hooke's law is of importance. Some structural materials, such as steel, follow this law 

perfectly within the limits of the usual stresses; for others like concrete, a linear 
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approximation generally leads to satisfactory results. Solving for the stresses using Hooke's 

law 

a8 = ~[e, -ve;] 
1-v 

Introducing the normal forces instead of the stresses, we then obtain, 

E; =..!..(a; -va,)=-1 
(N; -lN,) 

E Et 

£ 8 =..!..(a, -va;)=-1 (N, -m';) 
E Et 

Using these results in equation (2.23), yields 

dv -vcottp=-
1 [1j(N; -m'8 )-r2 (N8 -m';)] 

d; Et 

=-
1 [('i +vr2 )N; -(r2 +w.)N,] 

Et 

Integrating equation (2.28) by standard procedures yields 

v = sin;[J(-.
1-L!_[('i +vr2 )N; -(r2 +v1j)N,}i;+c] 

sm¢, )Et 

Where c is a constant of integration to be determined from a boundary condition. 

Once this has been determined, w follows from equation (2.22) and (2.27) 

w = r2£ 8 -vcot; = 1(N8 -m1;)~vcot¢, 
Et 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

(2.28) 

(2.29) 

(2.30) 

In practical calculations, only the horizontal displacement dr, henceforth denoted by ~ and the 

rotation V of the meridian, need to be known. The flexibility procedure for evaluating bending 

rcdundants Me and He at the edge, involves superimposing the membrane solution 

deformation parameter o and V with their counterparts associated with the application of 

arbitrary values of Me and He, so that the net values of o and V at a given shell edge are 

consistent with the actual boundary conditions at the edge, thereby allowing the redundant 

actions Me and He to be solved". The edge effect can then be quantified once Me and He have 

been evaluated. The additio~ of their stresses to those steaming from the membrane solution 

yields the net stresses in the shell. 

Since £ 8 = dr = 
0 , it follows that 

r r 
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o = re, = (r2 sin;)e, 

Eliminating Ee with equation (2.27), finally yields 

o = _!_ (r2 sin; XN, -vN;) 
Et 

(2.31) 

(2.32) 

To obtain the meridional rotation V, consider Fig. 2.3 (e) and (f). As a result of the movement 

by v of E to E' (Fig. 2.3(e)), the tangent at E rotates anticlockwise by V1=dt/>=vlr1• As a result 

of the difference dw in the radial movement of the two ends of the line element (Fig. 2.3(f)), 

the line element rotates clockwise by V2=d;=dwl(r1d;). Thus the net anticlockwise rotation V 

is obtained as 

V =_!_(v- dw] 
1i d; (2.33) 

Differentiation of equation (2.22) yields 

dv cot;- v + dw =~(r.e )=~[1 (N -vN )] 
dt/J sin (/; d; dt/J 

2 
' d; Et ' ; 

(2.34) 

Multiplying equation (2.28) by cot ;, yields 

dv cot;-vcot2
; = cot; k'i +vr2 )N; -(r2 +vri}N,] 

dt/J Et 
(2.35) 

Subtracting equation (2.34) from equation (2.35) yields 

v- dw = cot; [(7i +vr2 )N; -(r2 +w.)N,]-~[.!i.(N, -m';)] 
dt/J Et d¢ Et 

(2.36) 

Substituting this result into equation (2.33) yields 

V =_!_[cot; ir1 +vr2 )N; -(r2 +w.)N,}-~{.!i.(N, -vN;)l] (2.37) 
'i Et d; Et f 

Thus o and Vat any point on the shell can be computed, once the stress resultants N; and N 8 of 

a problem have been obtained. 

2.3 CONCLUDING REMARKS 

Having examined the membrane solution for axisymmetrically loaded shells of revolution, 

and acknowledging that the membrane theory will fail at the edge-zones and point of 

discontinuity, the bending theory becomes of primary importance in such locations. This will 

be discussed in Chapter Three. 
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CHAPTER fflREE 

BENDING THEORY OF SHELLS OF REVOLUTION 

3.1 INTRODUCTION 

Many shells may achieve equilibrium through membrane action alone, provided the actual 

shells closely approach the conditions for membrane behaviour. For such shells, the bending 

is a secondary phenomenon often confined to narrow regions near boundaries, geometric 

discontinuities and concentrated loads. On the other hand, there are shells for which the 

membrane theory solution is grossly violated by the physical situation. The bending behaviour 

may alter the stress pattern from that computed by membrane theory in two ways. First and the 

most obvious, significant transverse shearing forces, and also bending and twisting moments 

can develop. Also, the pattern of the in-plane stress resultants may be altered markedly by the 

bending deformations. It is this latter possibility, whereby the transverse loading is resisted by 

a combination of in-plane forces and transverse shearing forces, which distinguishes the 

bending theory of plates. Although a shell may seriously violate the membrane theory 

requirements, there still remains the mechanism of resisting transverse loading primarily with 

in-plane forces, which is the basic initial attraction of this structural form39
• 

According to Zingoni'', the approach will be to consider the membrane solution as the 

particular integral of the general bending-theory equations, so solutions need only be found for 

the homogeneous bending-theory equations. These equations, with an adequate number of 

constants of integration, make the total solution adaptable to arbitrary axisymmetric boundary 

conditions prevailing at the shell edges, and ~unt for the general localised edge effects. For 

the homogeneous solution, the surface-loading components P; and Pr are assumed to be zero 

(P 9 already being zero owing to axisymmetry), and the solution is found for the edge-loaded 

shell. 
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3.2 EQUILIBRIUM CONSIDERATIONS 

Fig. 3.1 Bending element of axisymmetrically-loaded shell of revolution 

Figure 3.1 shows a shell element, which is cut out by two adjacent co-ordinates lines. 

Condition of symmetry dictates that only the resultants Q;, M;, Q9, M9, N9, N;exist, and that 

the normal forces No and the bending moments M 9 cannot vary with 8. The notation for the 

radii of curvature and the angular orientation are identical with those of the membrane theory. 

The derivations that follow in the rest of this chapter are due to Zingoni4• 

I Q+ 

\ 

Fig. 3.2 Contributions of Q; to net forces in the directions OT & ON~ Section of the element in 
' '· ' the vertical plane of a meridian, sJwwing transverse shears at upper &: lower ends. 
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From Fig. 3.2, the resultant of the transverse shears in the direction OT is 

- Q; · rd8 · sin d: -(Q; + dQ; Xr + dr )de• sin d: = -rQ; • dtH; 

Summation of the contributions of the N;, N 8 and Q; actions in the direction of the tangent to 

a meridian (see section 2.2.2 for the contributions of N ;and N 8) yields 

d(rN;)·dB-N, ·r. cos;•d;tlB-rQ; ·d¢8=0 

Dividing throughout by d¢tl8yields 

d(rN;) 
dtp r.N, cos(/>- rQ; = 0 (3.1) 

Consider equilibrium of the shell clement in the direction of the normal to the shell mid­

surface. From Fig. 3.2, the resultant of the transverse shear in the direction ON is 

d; fn. 'v d; 
Q; · rdB•cos--\\t; +d<J;1,.r+dr}d8•cos-

2 2 

Summation of the contributions of the N;, N 8 and Q; actions in the direction of the normal to 

the shell mid-surface (in Chapter Two) yields 

-rN; ·dt/Jd8-1j sin(/>· N, ·d¢d8-d(rQ;')dB = 0 

which, on dividing throughout by d¢d8, becomes 

. d(rQ;) 
rN; +r1N,sm¢+----=0 

dt; 
(3.2) 

Finally consider moment equilibrium of the shell clement in the vertical meridional plane. 

Taking clockwise moments as positive (see Fig. 3.1 and 3.2), the net moment of the M; and 

Q; actions is approximately 

(M; +dM;)·(r+dr}dB-M; -rd8-Q; ·rdB·r.df/> 

""(M; ·dr+ r·dM;°)dB-'irQ;d;d8 

= d(rM; ')dB-r.rQ;d¢Jd8 

The contribution of the resultant moment M8 vectors in the direction of the (M;+dM;) vector 

is clearly 

The length of the edges over which Ms acts is r1d¢,, and since these sides are not parallel, the 
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angle y is equal to cos</>· dB. Therefore, the contribution of M 9 becomes 

-7iM8 -cos;-dru; 

Summation of the contribution of the M ~ Q- and M 9 actions in the meridional plane yields 

d(rM; }iB- r1rQ1d¢d8-7iM 8 costpd¢d8 = 0 

dividing throughout by d¢d8 yields, 

d(rM1 ) 
df/> r1M 8 cost/)- 7irQ1 = 0 (3.3) 

Thus the equilibrium considerations yield three equations (3.1)-(3.3) in five unknowns N~ N9, 

M ~ M 9, Q;- In order to determine a solution, one will need to utilize the strain-displacement 

relations and Hooke's law. 

3.3 STRAIN-DISPLACEMENT RELATIONS AND HOOK'S LAW 

The parameters v and w are the displacements as defined in section 2.2.4, with the strain­

displacement relations defined as 

E; =_!_(dv +w) 
r1 d; 

e8 =_!_(vcot;+w) 
r2 

The relationship between direct stress and strain is given by 

On rearranging 

E; =_!_(a-; -vo-8 ) 
E 

E8 =.!.(o-8 -vu;) 
E 

o-8 =~(e,-ve1 ) 
1-v 

from which the stress resultants follow as 
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(3.4b) 

(3.5a) 

(3.5b) 

(3.6a) 

(3.6b) 

(3.7a) 



N8 = u8t = Et 2 {.!..(vcot;+w)+~(dv +w)i 
1-v r2 lj d¢ ~ 

(3.7b) 

The bending moments M; and M8 can be expressed in terms of the basic displacements v and 

w. Chapter Two defines the meridional rotation Vat a point as 

V =_!_(v- dw) 
r1 d; 

(3.8) 

Now the change in the meridional curvature x. is given approximately by the rate of change of 

meridional rotation with distance along the meridian, i.e. lz • I = I dV I · To deduce the correct 
ds, 

sign of X♦ relative to dVlds;. consider Fig. 3.3, which shows a positive V (i.e. an anticlockwise 

rotation on the left side of the axis of revolution, in the meridional section of the shell of 

revolution) prescribed at the edges of shell caps closed over the top ( tp=::{J) and over the bottom 

(;=180°). For the upper cap and in accordance with Saint Venant's principle, V tends to 

diminish in magnitude with increasing distance from the shell edge, i.e. with decreasing ¢,. 

Therefore dV/d¢, is positive. However, the associated change of curvature X♦, which, by 

definition has the same sign as M;. is clearly negative at the upper diagram. For the lower cap, 

V also tends to diminish with increasing distance from the shell edge, i.e. with increasing ¢,, so 

that dV/df/> is negative. 

' ' Fig. 3.3 Effect of Von the meridional curvature i; 

-33 -



The associated change of curvature X♦ that is of the same sign as would be produced by a 

positive moment M; applied at the edge, is positive in the lower diagram. In both cases, it has 

been established that the sign of dVld; in the vicinity of the shell edge is opposite to that of 

the associated X♦• Thus, the relationship between X♦ and V, taking proper account of th~ 

positive sign conventions, must read 

(3.9) 

But ds; = r1d¢,. Therefore 

dV 1 dV 1 d { 1 ( dwJl 
Z; 1jd¢, - 1j d¢, rl d<p 1j V d¢, r (3.10) 

Fig. 3.4 Line element of shell in the meridional section, showing change of the second 
principal radius of curvature r2 due to meridional rotation V. 

As a result of the rotation V, the second principal radius of curvature r2 changes, from an 

initial value of r21 to r2h Fig. 3.4. Therefore, 

r2, sin¢,= ru sin(;+ V) 

Now sin(;+ V)= sin;cosV +cos¢,sinV = sin¢,+Vcos; 

The last approximation being valid for small rotations V, cos V = 1 and sin V = V . Therefore 

r21 sin; = ru (sin¢, + V cos;) 

from which 



Hence 

_1_ = sintp+V cos¢' =-1-+_l_y cot~ 

'211 '2, sin tJ> '2, '2, 
The change in second principal curvature Xe is given by 

{ 
1 1 ) z- ---

8 - '211 '2g 

(3.11) 

Eliminating V from the above expression (using equation (3.8)), and dropping the subscript g 

of r28 in order to return to the original notation, one may now write 

Z 8 =--
1-(v- dw)cottp 

'i'2 def, 
(3.12) 

For direct strains caused by bending, the following relations, similar to that for cylindrical 

shell, are, 

Insert equation (3.13) into equation (3.6) yields 

O'; = Ez 2 {z; +vzs) 
1-v 

O's= Ez2{z,+vz;) 
1-v 

The bending moments M; and M 8 are given by the following expressions 

I 

+-i 
M; = Ju; ·z·dz 

I 

2 

I 
+-

M,=10'8 ·z·dz 
I 

2 
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(3.13b) 

(3.14a) 

(3.14b) 

(3.15a) 

(3.15b) 



where t is the shell thickness. Substituting <1; and <19 as given by equation (3.14), and 

performing the integration, these expressions become 

M; =D(z; +vz11 ) (3.16a) 

(3.16b) 

where D is the flexural rigidity defined as 

Et3 

(3.17) 

Substitution of the results for Z; and z9, as given in equations (3.10) and (3.12) respectively, 

yields 

(3.18a) 

(3.18b) 

3.4 REDUCTION OF THE THREE EQUILIBRIUM EQUATIONS TO TWO 
DIFFERENTIAL EQUATIONS IN THE VARIABLE V AND Q+ 

Substitution of the expressions for the stress resultants N; and N9 (equation (3.7)) and those 

for M; and M 9 (equation (3.18)) into the equilibrium equations (3.l}-(3.3) yields three 

equations in three unknowns, v, w and Q;, which, in principle, may then be solved in terms of 

these three variables. A simpler approach involves reducing equations (3.1}-(3.3) to two 

ordinary differential equations of second order, in the variables V and Q;, as follows. 

Expressions (3.18) are written as 

M; =-D{_!_ dV +~Vcot;} 
'i dtp r2 

M 11 =-n{..!..vcot;+~ dV} 
r2 'id; 

(3.19a) 

(3.19b) 

Vis as defined in expression (3.8). Substitution of these expressions for M; and M9 into 

equation (3.3) yields, with r replaced by r2sin; 

d [( . )D{ 1 dV v }] { 1 v dV} ( . \n - r2 sm; --+-Vcot¢ -'iD -Vcot;+-- cos¢=-7ir2 sm;J';,,!.; 
d; 'i d; r2 r2 'i d; 
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which, on simplification, becomes 

[ D( r2 )sin;] d 
2

~ + [v( r2 )cos;+ sin ;~(D r2 )~ dV + [v(cos; dD - D sin;)-
'i dq) 'i d; 'i ij d¢, d¢> 

(3.20) 

This second-order differential equation in V, with Q; appearing on the right-hand side only as 

a non-derivative term, is the first of the required governing equations. To obtain the second, 

we begin by establishing a relationship between N; and Q;, A comparison of equation (3.1) 

and (3.2) shows that Ne may be eliminated between the two expressions by multiplying the 

first equation by sin q) and the second equation by cos (/,, and then adding the expressions. The 

result becomes, 

This may be written as 

implying that 

i.e. 

rN; sin ,p = -rQ; cos; 

N; = -Q; cotq) 

Substituting this result into equation (3.2) and rearranging, yields 

(3.21) 

Ne= 1 [rQ cot;- d(rQ;)] = J r2 dQ; +..!. dr2 Q ) (3.22) 
'i sinq) ; d¢> l 'i d¢, 'i d; ; 

The above expressions for N; and Ne (equation (3.21) and (3.22) are substituted into the 

expression for V in terms of N; and Ne in equation (2.37) to obtain an expression for V in 

terms of Q;, 

Thus the result is as follows 
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where E and v are the material properties which are assumed to be constant throughout the 

shell. 

Equations (3.20) and (3.23) are the required governing differential equations for axisymmetric 

bending of shells of revolution. Due to the complexity of the coefficients of the differential 

terms, it would be extremely difficult to find a general solution for these equations. Only for 

special geometries like sphere, circular torus, circular cylinder and circular cone can a solution 

be obtained. 

3.S CONCLUDING REMARKS 

After considering the membrane theory in Chapter Two and the governing equations for 

axisymmetric bending of shells of revolution in Chapter Three, it is imperative to use the 

membrane theory to derive closed-form analytical results for cooling towers subjected to 

axisymmetric loading. This will be done in the next chapter. 
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CHAPTER FOUR 

SELF-WEIGHT STRESSES IN COOLING TOWERS 

4.1 INTRODUCTION 

Generally in evaluating the ultimate strength of cooling tower shells, the dead weight and 

wind load are considered as the primary load. Numerous researchers have worked tirelessly 

aiming at gathering accurate data as well as quantifying the effects of wind load on the 

structure23
•
24

•
26

• Regardless of whether it is self-weight, wind load or a combination of the two 

which is being considered, the choice of cooling tower thickness is governed by buckling 

rather than material strength considerations. In this regard, it may be noted that the local 

buckling occurs when the combination of membrane hoop and meridional stresses at a given 

point, regardless of the actual loading on the cooling tower, becomes critical. 22
•
40 

However, self-weight remains the most basic loading for cooling towers, effective from the 

moment of construction. Being axisymmetric in distribution, and invariant with time, self­

weight is clearly more amenable to closed-form analytical study than the generally non­

axisymmetric and time-dependant wind loading. In this respect, stresses associated with self­

weight can be quickly computed to form the basis of initial proportioning of the cooling tower 

and other preliminary design considerations.41 Self-weight has also been shown to be the 

predominant cause of shape distortion observed in old cooling towers. 

The present chapter focuses on self-weight, and presents explicit closed-form results for 

membrane stresses in ·hyperbolic cooling towers as developed by Zingoni,41 for arbitrary 

geometry incorporating an offset parameter A, for a number of different patterns of shell­

thickness variation along the meridian of the cooling tower. The derivational details and 

closed-form analytical results, which will form the basis of the parametric studies of this 

thesis and are thus of crucial importance, are reproduced here (for convenience) from the 

paper by Zingoni,41 with the kind permission of the author and the publisher. 
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4.2 GEOMETRIC PARAMETERS 

T y 

X 

lit 

I 
I 

I ... I 
I Y•7 I 

I 

0 II 
x,x 

... Ill 

(a), (b) 

Fig. 4.1 Generating meridian of general hyperbolic cooling tower, showing: 
(a) Offset parameters a, b, A in the (x,y) and (X,Y) Carusian coordinate systems; 

· (b) The coordinate distances x, y, X and Y, and angular parameter (n-¢,), 
corresponding to a given point P on the meridian. 

Figure 4.1 shows a portion of the meridian of a hyperboloid of revolution of any vertical plane 

containing the axis of revolution of the cooling tower, with the Y axis being the (vertical) axis 

of revolution of the cooling tower, and the y axis being the vertical axis of the hyperbola 

comprising the shell meridian; the distance between the Y and y axes is the offset parameter A. 

The horizontal axes x and X are coincident, and located at the level corresponding to the 

"waist" (that is, the horizontal cross-section of smallest diameter) of the cooling tower; their 

intercept with the Y and y axes are the origins O and o of the (X,Y) and (x,y) Cartesian 

coordinate systems respectively. H the horizontal and vertical semi-axes of the generating 

hyperbola of the cooling tower are a and b respectively, as depicted in the figure, then the 

equation of this hyperbola in terms of the coordinate x and y is 

xl yl 
---=1 
al bl 
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From Fig 4.1 (b) 

x=X-A 

y=Y 

Therefore we may rewrite equation ( 4.1) as 

(X-A)2 Y2 

----~--=1 
a2 b2 

giving 

Differentiating equation (4.3) with respect to X, we obtain, 

dY -±b X-A --tan¢, 
dX - a [(x -A)2-a2 J'2 -

(4.2a) 

(4.2b) 

(4.3) 

(4.4) 

(4.5) 

Where ¢, is the meridional angle at any given point P defined by the Cartesian coordinates 

{X, Y}, ¢, is measured clockwise around point Q from the upward branch of the axis of 

revolution to the normal of the shell midsurface through point P (Fig. 4.2). It may be noted 

that ¢, decreases in magnitude from the top to bottom of the meridian of the cooling tower. 

From equation (4.5), we have 

2 _ b2 (X -AY 
tan ¢'--2 [ )2 2] 

a ~X -A -a 

which upon solving gives 

.. tan2 A, 
(X-A)2 =-a __ .,,_ 

a 2 tan 2 ¢J-b2 

that is, for the meridian in the positive x domain 

X -A= a
2 
tan; _ a

2 
sin¢, 

(a 2 tan.2 ¢,-b2 Y12 (a 2 sin 2 (/J-b 2 cos 2 ;)1'2 

This solution is real and finite if 

a 2 sin 2 ¢J > b 2 cos 2 ¢J 

That is, if 

which, from equation (4.6), is always so for a hyperbolic meridian. 
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From equation ( 4.8), we can write 

2 • Ao 

X =A+· ( a sm.,, yn 
a2 sin 2 ¢,-b2 cos2 ¢, 

(4.11) 

Substitute equation (4.8) into equation (4.4), and we obtain 

(4.12) 

This then simplifies to 

Y=± b
2

cos¢, 
(a 2 sin 2 ¢,-b2 cos2 ¢,}"2 

(4.13) 

The first principal radius of curvature r1 at a given point P of the shell of revolution is the 

radius of curvature of the meridian at point P, that is, the distance between P and the centre of 

curvature C of the infinitesimal portion of meridian adjoining point P (Fig 4.2), and can be 

derived from a well-known result from plane-curve geometry. For example 

(4.14) 

y 

C 

.,,__ ______________ ....,.x 

Fig. 4.2. Angular coordinate ¢J and principal radii of curvature r1 and r2 at point P on the 
meridian of the cooling tower. 

From equation ( 4.5), 

d
2
Y -± ab 

dX
2 

- [{x -A)2-a2 f'2 
(4.15) 
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Substituting equations (4.5) and (4.15) into equation (4.14), we obtain 

- [(a2 + b2 Xx -A)2 - a4 f'2 
r1 -±-----'-=------'----'-"-- (4.16) 

a4b 

Replacing (X-A) in the above expression with the result in equation (4.8), we obtain, after 

further simplifications 

7i =± I rn 
\a 2 sin 2 ¢,-b2 cos2 ¢, 

(4.17) 

Now, r1, must be taken as negative being on the side of the shell mid-surface opposite to that, 

on which the axis of revolution lies, must be taken as negative, that is 

a2b2 
r, = -( \3t2 

a 2 sin2 ,p-b2 cos2 ,PJ 
(4.18) 

The second principal radius of curvature r2 at a given point P of a shell of revolution is given 

by the distance between P and the intercept Q of the normal to the shell mid-surface at P on 

the axis of revolution of the shell (Figure 4.2). Thus, and making use of result ( 4.11) 

X A a2 

r.=--=--+--------2 sin¢, sin¢, (a2 sin 2 ¢,-b2 cos2 ¢, )1'2 (4.19) 

4.3 LOADING COMPONENTS 

Let q be the downward vertical loading per unit area of the shell mid-surface. If t( ;) is the 

shell thickness at any given point P defined by the coordinate¢,, and ris the weight per unit 

volume of the shell material, then q is the self-weight loading, given by 

(4.20) 

Resolving this loading into two components: P; (tangential to the meridian, and always 

pointing downward the base of the cooling tower) and Pr (perpendicular to the shell mid­

surface, and always pointing away from the axis of revolution of the cooling tower). These 

components are depicted in Fig. 4.3, from which we can see that 

P1 =qsint/J=bt(;)}sint/J (4.21a) 

Pr = -qcos; =-bt(;)}sin,p (4.21b) 
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Fig. 4.3 Self-weight loading components P; and Pr at the point P 
on the meridian of the cooling tower. 

4.4 GENERALISED SELF-WEIGHT STRESSF.S 

For axisymmetrically loaded shells of revolution, the membrane-solution expressions for N; 

(meridional stress resultant) and N 9 (hoop stress resultant) have been dealt with in chapter 

Two (equation 2.11 and 2.15). For a cooling tower with a free top edge, for instance, the stress 

resultant N;, while generally being non-zero over the interior regions of the shell material, 

must vanish at the top edge of the cooling tower. The value of¢, at the top opening of the 

cooling tower is denoted as ¢ti, N; is set equal to zero when ;=. ¢ti, and the constant c is 

evaluated which may then be eliminated from equation (2.15) to yield an explicit analytical 

result for the stress resultant N;. The hoop stress resultants then follow from equation (2.11 ). 

For a cooling tower with a ring beam around the top edge, we may impose the condition, as a 

way of evaluating the constant C, that the lateral/ horizontal displacement of the edge of the 

shell under membrane action stemming from the self-weight of the shell must match the 

lateral/horizontal displacement of the prescribed ring beam under the shell action N; and N9 

existing at the shell edges. 

Once the membrane stress resultant N; and N 9 have been evaluated, they may be converted 

into actual stresses O'; (meridional) and o-9 (hoop) within the shell material (and constant 

across the shell thickness at a given location on the cooling tower), by simply dividing by the 

shell thickness t( (/J) at the location in question: 

N, 
u, = t(;) 
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(4.22b) 

Since all stresses in the shell can be considered fully determined once the stress resultant N; at 

any given point has been fully evaluated, there is need to recall the general solution for N; 

(equation 2.15), develop a general expression for N;due to self-weight in a general hyperbolic 

cooling tower, and then explore several different cases of shell-thickness variation along a 

meridian of the cooling tower. From equation ( 4.19) 

(4.23) 

Letting 

I 

F= 1 = (a
2

sin
2
,P-b

2
cos

2 }i 
r2 sin 

2 

tP Asin;(a1 sin 2 f)-b
1 cos 2 tP )½ + a1 sin 1 tP 

(4.24) 

and making use of expression (4.18), (4.19) and (4.21) to eliminate r1, r2 and (Pr, P;) from 

equation (2.15), we can reduce the expression for N; to 

N = F[c J t(,P) dA>+c J (sinq,)t(,p) dA>+c] 
; l 3 'f' 2 2 · 2 b2 2 ,.,.)2 'f' 

( 
1 • 1 A. b1 1 A.)-2 (a sm ¢,- cos .,, a sm y, - cos .,, 

Where 

4.5 VARIOUS CAS~ OF SHELL-THICKNESS VARIATION 

(4.25) 

(4.26a) 

(4.26b) 

This section shall consider various shell thickness variations as developed by Zingoni41
• 

4.5.1 Generalised Stress Resultants 

Case I: t constant 

Expression (4.25) becomes 

N; = F[c.tI1 +c1tl1 +c] 

Where c1 and c2 are as defined in equation (4.26), while Ii and Ii are the integrals 

11 = J l 3 ¢, 
(a 1 sin 2 ¢,-b1 cos1 ¢)2 
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1 2 = J sin; dt/J 
(a 2 sin 2 tp-b 2 cos 2 tp )

2 

Case II: t proporti.onal to the horizontal distance X 

Let 

t(;)= kX = kA + 1ca2 sin'/) , 

(a2 sin 2 t/J-b2 cos2 ;)2 

(4.29) 

(4.30) 

where k is a constant and Xis given by equation (4.11). Expression (4.25) becomes 

[ ( J 1 2J sin¢ J N; = F c1 kA 3 dtp+lca 2 dt/J 
(a2 sin2 t/J-b2 cos2 ;)2 (a2 sin2 ¢-b2 cos2 ¢) 

+c2 kA 2 d¢,+ka 2 
5 d¢, +c ( J sin¢ f sin

2
; ] ] 

(a2 sin 2 ¢-b2 cos2;) (a2 sin 2 ¢-b2 cos2; )2 

= F~1(kAI1 +ka212 )+c2(w2 +ka 213 }+c] 

=F~1W 1 +(c1a
2 +c2A)u2 +c2ka 2

/ 3 +c] 

where F, k, a, A, c, c1, c2, Ii, Ii are as previously defined, and l3 is given by 

I 3 = J sin 2 ¢ s df/> 

(a 2 sin 2 ¢,-b2 cos2 t/J )2 

Case III: t propo11tonal to x1 (squan of the horizontal radiu• X) 

Let 

t(tp)=KX.2 

_ K[A2 2Aa
2 
sin; a

4 
sin 

2
; ] 

- + I+, 2 2 2 2 ) 

( 
2 • 2 "" b2 2 ""t- ,a sin (/J - b cos ¢, a sm 'f" - cos 'f" r 

= KA2 + 2KAa2 sin¢, , + Ka4( 2 • /in2 ¢2 2 )(4.33) 

( 
2 • 2 "" b2 2 "'t- a sm ¢, - b cos ¢, a sm 'f" - cos .,, r 

Using the function of the shell thickness in expression (4.25), we obtain 
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(4.34) 

where F, k, a, A, c, c1, c2, Ii and /1 have previously been defined, and the integral /4 is given by 

I• = J sin 3 ¢ d¢ 
{a2 sin 2 ¢-b2 cos 2 ;)3 

(4.35) 

Case IV: t varying linearly with arc length s along the meridian 

Let us define the arc length s as the distance from the top of the cooling tower ( corresponding 

to ¢ = ¢-0) along a meridian to the point in question ( corresponding to the coordinate t!J as 

depicted in Fig. 4.4(a). 
y 

...... 
',, 

...... 
............ 

Tap•---1-i--------:im..._. ~-- ' 

(a) 

y 

-----------x 
(b) 

Fig. 4.4.Arc-length parameters along a meridian ( a) measurement of arc lengths (b) arc­
length element ds at coordinate ¢, 

By reference to Figure 4.4(b), the relationship between an increment dX in the positive X . . 

direction is given by 
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dX 
ds=­

cos; 

From equation ( 4.11 ), and after some simplifications, we obtain 

dX = -a2b2 cos; 3 df/J 

{a 2 sin 2 ¢,-b2 cos 2 ;)2 

(4.36) 

(4.37) 

Integrating both sides of equation (4.36), and making use of result (4.37), we obtain 

where [11]~ is the magnitude of the integral 11 evaluated as a definite integral between the 

limits {AJ and;. Note that [11:J:, is a function of;. 

Since the shell thickness t varies linearly with arc length s measured along a meridian from the 

top of the cooling tower, we may write 

t(;)= t0 +Cs= t0 +Ca 2b2 [11]~ 

where to is the shell thickness at the top (s=O) and C is the constant. 

Substituting the above expression for t( ;) into equation ( 4.25), we obtain 

+ c2 t0 ---------,--df/J + Ca b ------'-':...-_.dtp + c ( J sin; 2 2J (sin; X11 ] J 
(a2 sin 2 (/,-b2 cos2 ;f {a2 sin2 ¢,-b2 cos2 tp 

= F~1(t011 +Ca2b215 )+ci{t012 +Ca2b216 )+c] 

= F~1t011 +c2t012 +c1Ca 2b 215 +c2Ca 2b216 +c] 
where 
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For all the four cases of shell-thickness variation, the self-weight meridional stress resultant 

N; and the hoop stress resultant N 8 as well as the actual stress <T; and <Te can be evaluated 

analytically provided the integrals 11, 12, 11, 14, ls, 16 can be evaluated analytically. 

4.5.2 Integrals 11, 12, /3, 1,, Is and 1, 

The evaluation of Ii and l4 yields the following explicit results: 

1 _ 1 { (a
2
+b

2
)cos; + ✓a2 +b2 lna+ ✓a2 +b2 cost/)} 

2
- 2a2{a2+b2) a2-{a2+b2)cos2¢ 2a a-..Ja 2 +b2 costf> 

(4.43) 

1 [ b
2 (a 2

+b
2 )cost/J (4a2

+3b
2

) 14 
=- a 2 (a2 +b2}2 4[a2-(a2 +b2)cos2 ¢f + 8a2 x 

{ 
a

2 
+b

2 
s; ..Ja

2 
+b

2 

1 a+ ✓a
2 

+b
2 

cos;}] 
2 2 2 2 +---nr---.:===---1 

a - a +b cos ; 2a a-"1a 2 +b2 cost/) 
(4.44) 

The expressions for Ii and l4 are valid provided 

a2 
2 2>cos2; 

a +b 
(4.45) 

which is always satisfied for a hyperbolic cooling tower. 

The integrals 11 and h may readily be shown to be elliptic integrals. Evaluating these, we 

obtain the results 

(4.46) 

(4.47) 

where 

P
2 - _a_2 _+_b_2 

- b2 (>1) (4.48a) 
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. -i( P cos¢, ) 
cp = sm ,J p2 -1 

(4.48b) 

with the functions H(B,l) and G(B,l) being elliptic integrals of the first and second kind 

respectively, defined as follows: 

e d(/J 
H(B,l) = f ✓ dt/) 

o 1 - ;i,2 sin 2 ¢, 
(4.49a) 

8 

G(B,l)= fJ1-J2 sin2 tjkit/J (4.49b) 
0 

For any given combination of parameters Band ,i, elliptic integrals H(~l) and G(~l) may be 

read from standard tables"2
• 

4.5.3 Special Case: A=O 

When the offset parameter A is equal to zero, the axis of revolution (Y) of the cooling tower 

coincides with the axis y of the generating hyperbola. Consider the value of F when A=O to be 

Fo. Equation (4.24) then becomes, 

(4.50) 

From equation (4.26a), the parameter c1 also vanishes, i.e. c1=0 when A=O. 

Case I: t = constant 

Inserting c1 = 0 in expression (27), with F=Fo, we obtain 

N; = Fo[c2tI2 +c] (4.51) 

Upon eliminating c2, 12, F0, on the basis of expressions (4.26b), (4.43) and (4.50) respectively, 

we obtain 

.Ja
2 

+b
2 

1 a +.Ja
2 

+b
2 

cos</)} ] +---nt---.===---'~ +c 
2a a-.Ja2 +b2 cos</) 

(4.52) 

Assuming the top of the cooling tower is free, the boundary condition N pl at </J=ft yields the 

result 
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(4.53) 

so that expression (4.52) finally becomes 

l 

¢, ,. [f 2 b21 cost/Jo 
N; =.;;...._--'--,--...;..._.---¢,~--x \a + 1a2-(a2 +b2)cos2;0 

cos; } 

(4.54) 

WhenA=O, the expression for r2 (equation 4.19) reduces to 

a2 
72 = I 

(a 2 sin 2 q)-b2 cos 2 ;)2 
(4.55) 

Eliminating the geometric parameter r1 and r2 on the basis of equations (4.17) and (4.55) 

respectively, and the loading parameter P, on the basis of equations (4.21b), we may write 

expression (2.11) for hoop stress resultant N 9, for the special case of A=O, in the following 

general form: 

= (a2 
sin 

2 ¢,-b2 
cos

2 ¢,} _ :,o2t(¢, )cos(/, 
b2 ; ( \4 

a 2 sin 2 ¢,-b2 cos 2 (/,)2 

For the present case where t is a constant, Ne is therefore 

Case ll: t proportional to the horit.ontal dutanee X 

With c1=0, A=O and F=Fo, expression (4.34) reduces to 

N; = F0 [t;hz2J3 +c] 

(4.56) 

(4.57) 

(4.58) 

where c2, 13 and F0 are as defined by equation (4.26b), (4.47) and (4.50), while c is determined 

from the boundary condition for N; at the top of the cooling tower. 

- 51 -



CaH Ill: tis proportional to r 
With c1=0, A=O and F=Fo, expression (4.34) reduces to. 

N; = Fo~2Ka 4
/ 4 +c] (4.59) 

Upon eliminating c2, L, and F0 on the basis of expression (4.26b), (4.44) and (4.50) 

respectively, we obtain 

N = -----------x ----- __ ___._ _______ ,,_ (a 2 sin 2
(/>-b

2 cos 2 f/>)½ [ 1<i6b 2K { b2 (a 2 +b2 )cos; 

; a
2

sin
2

t/> (a
2

+b2
)

2 4[a 2 -(a2 +b2 )cos 2;f 

+(4a
2 

+3b
2 )x( a

2 
+b

2 

8a2 a 2 
- a 2 +b2 

Assuming the top of the cooling tower is a free edge, the boundary condition N f=O at ;=~ 
yields the result 

(4.61) 

so that expression (4.60) finally becomes 

cos; } 
[a 2 -(a2 + b2 )cos 2 ;f 

(4.62) 

For the present case, and by reference to expression (4.33) with A=O, 

t(t/>)= KX 2 = Ka
4 

sin
2 

t/> 
a2 sin 2 tf,-b 2 cos2 t/> 

(4.63) 

Using the function oft( t/>) in equation (4.56), we obtain for the hoop stress resultant 
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Ctue IV: t vary Un«lriJ will, arc length s along die meridian 

With c1=0 (since A=O) and F=Fo, expression (4.40) reduces to 

N; = F~2 (to12 +Ca2b216 }i-c] 

(4.64) 

(4.65) 

Where 11, 12, 16 are as defined previously. As before, c is determined from the boundary 

condition for N; at the top of the cooling tower. 

4.5.4 Final Stresses For Two of the Cue Studies 

Assuming that the top of the cooling-tower shell is free, the explicit results for stress 

resultants (N;, Ne) for case I and m are given by equations (4.54, 4.57) and (4.62, 4.64) 

respectively. The actual direct stresses O'; and o-8 in the cooling-tower shell follow by simply 

dividing the applicable values of N; and N, by the shell thickness t( ;) at the point in question, 

as indicated by equations ( 4.22). The results of interest are as follows: 

Case I: t constant 

(4.66a) 

= (a2 
sin

2 
¢,-b

2 
cos

2 tj,} -( 70
2 
cos; ) 

O's b2 ; ! 
{a2 sin 2 tp-b 2 cos 2

; )2 

(4.66b) 

Clue Ill: t proportional to r (SqllllTt! of die Ho,iz.ontal Radliu X) 

cos; } 
(a2 -(a2 + h2 )cos2 ¢, f 
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(4.67a) 

(4.67b) 

4.6 CONCLUDING REMARKS 

Closed-form analytical results for membrane stresses in cooling towers have been presented. 

These will be used in the subsequent chapters as a benchmark to check the validity of the 

finite-element model results. 
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CHAPTER FIVE 

FINITE ELEMENT MODELLING 

5.1 INTRODUCTION 

This chapter outlines the finite element method, and describes the finite element modelling of 

a hyperbolic cooling tower. It also discusses the various options considered in the solution of 

the problem. The results presented in Chapter Four are used in the verification of the finite 

element model. 

5.2 THE FINITE ELEMENT METHOD (FEM) 

The finite element method (FEM) can be describe.cl as follows: "The FEM is a computer-aided 

mathematical technique for obtaining approximate numerical solutions to the abstract 

equations of calculus that predict the response of physical systems subjected to external 

influence',43
• Problems that can be solved using FEM encompass solid mechanics ( e.g. 

elasticity, plasticity, statics and dynamics), heat transfer (e.g. conduction, convection and 

radiation) and fluid mechanics. A finite element is derived by assuming a form of the equation 

for the internal strain 44. There will be one equation for each degree of freedom of each node of 

element. These equations are most conveniently written in a matrix form for use in computer 

algorithms. The matrix of the coefficients becomes a "stiffness matrix" that relates forces to 

displacements as stated in the equation below. 

[F] = [K]x[d] (5.1) 

where F, Kand dare the force vector, stiffness matrix and displacement vector respectively. 

5.2.1 lsoparametric Element Formulation 

Finite element methods are implemented in the computer code, not algebraically, but by 

procedures of numerical integration. To implement computer code-solving FEM problems, 

isoparametric elements are used for computational advantages44
• The isoparametric 

formulation makes it possible to generate elements that are non-rectangular and have curved 

sides. The isoparametric formulation includes elements for solid, plates and shell problems. 

Features peculiar to isoparametric elements are: 

• Isoparametric elements are defined on the ~. 11 and ~ axes. 
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• Isoparametric elements are defined on the domain: -1 <~. Tl, ~ <+ 1. 

• There exists a mapping from the isoparamctric domain to the problem domain. 

The isoparamctric mapping of the isoparamctric element in the (~, Tl and ~) 

domain to the (x, y, z) domain (3D), is achieved by the mapping: 

x = LN;x" y = LN;Y;, z = l',N;z; (5.2) 

Where i ranges over the number of nodes in the element. The shape functions 

N; (or trial function) are functions of the isoparametric co-ordinates~. Tl and~­
/ 

• The derivative of the mapping, the Jacobian, provides a numerical value to the 

local amount of expansion or contraction of the co-ordinates due to the 

isoparametric mapping44
• 

ax dz 

J=(~.17.q)= (5.3) 

5.3 FINITE ELEMENT ANALYSIS OF SHELLS 

The ease or difficulty in obtaining a solution for a shell problem is dependent on the geometry, 

loading and boundary conditions. Continuous geometry, smooth loading and idealised 

boundary conditions are generally required to obtain analytical solutions. Derivations from 

any of these proceedings result in complications that may prevent, or greatly complicate the 

attainment of an analytical solution, thereby directing the analyst to numerical techniques, the 

most prominent of which is the finite element method (FEM)45
• One first critical decision that 

has to be decided upon early in the process is to evaluate how detailed and accurate the 

analysis needs to be. 

When a numerical approach is pursued, it is productive to re-examine the assumptions of the 

corresponding analytical problem, with the thought that it may be possible to relax certain of 

the assumptions and possibly increase the generality of the numerical approach. In this case, 

there are two assumptions made; these are: the use of a "reference or middle surface" to 

achieve a two-dimensional shell theory; the enforcement of Kirchhoff's hypothesis to 

eliminate transverse shearing strain45
• 
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If the idealised structure is analysed by the FE methods, some differences from the real 

structure will arise from the assumptions embedded in the technique. Assumptions must be 

made so as to ensure that reasonable results are obtained at an acceptable cost. FEM analysis 

will generally always contain assumptions that will lead to errors in the predictions and 

stresses of a structure 46
• 

The purpose of FE modelling is to make a model that behaves mathematically like the 

structure that is modelled. Although the results may not be predicted accurately, it may be 

possible to assess within a few percentages the difference in the results between the real and 

the idealised structure. Boundary conditions are required to ensure that the behaviour of the 

model approximates the behaviour of the real structure. When it is not possible to establish an 

accurate representation of boundary conditions, it is advisable to use different sets of 

conditions that can be examined to investigate the sensitivity of the solution46
• After the 

boundary conditions have been determined, the loading conditions are applied. Most FE codes 

have a large variety of loads applied; examples are: point, distributed, gravity, pressure and 

centrifugal loads. The next step is to define the material data for the shell elements in the 

model. This is normally straightforward. 

S.3.1 Steps in FE Analysis 

Finite element modelling consists of three steps 47
• These are: 

I. Pre-processing 

2. Simulation 

3. Post-processing 

Pn-procusing: 

This includes the entire process of constructing the geometry of the FE model, applying 

physical and material properties and describing the boundary and loading conditions. The first 

step involves deciding of the number of elements in the model 47
• The efficiency of the 

computational run time is related to the number of elements. The greater the number of 

elements, the longer the computational run time and this does not necessarily mean a more 

accurate result. 
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Simulation: 

This is the stage in which the FEM solves the numerical problem defined in the model. For 

example, it involves determining all the local governing stiffness matrices for the elements 

and assembles all these into a global stiffness matrix, from where all the unknown degrees of 

freedom can be solved. 

Post-processing: 

The results are evaluated once the simulation has been completed and the displacements and 

stresses have been .calculated. The evaluation is done interactively using a postprocessor 

which reads the binary files, thereafter, there are various options for displaying the results, 

including colour contour plots, animations, deformed shape plots, and x-y plots. The post­

processing also includes checking for errors that might not have been detected while building 

the model. 

5.3.2 Choice of Shell Element in F1nlte Element Analysis 

The FE modelling used in this thesis is done exclusively using the general purpose finite 

element code ABAQUS/Standard version 6.2. An element's formulation refers to the 

mathematical theory used to define the element's behaviour. All the stress/displacement 

elements in ABAQUS are based on the theory that the elements deform with the material 

(Lagrangian behaviour). To accommodate different types of behaviour, there is a range of 

different element families. Each element family is suited for a certain application. Examples 

of element families in ABAQUS are shell elements, continuum elements, membrane 

clements, rigid clements and beam elements. For shells of revolution, the entire structure is 

modelled by exploiting axisymmetry. In the present investigation, the structure is idealised by 

an assembly of a 2-nodcd linear axisymmetric shell element (SAXl), with integration points 

averaged at the nodes. 

5.3.3 Components of an ABAQUS Model 

An ABAQUS model is composed of several different components that together describe the 

physical problem to be analysed and the results to be obtained. The analysis model consist the 

following: Discretized geometry, clement section properties, material data, loads and 

boundary conditions, analysis type and output requests. 
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i. Discntizd ~ometry: 

Finite elements and nodes define the basic geometry of the physical structure being modelled 

in ABAQUS. Each element in the model represents a discrete portion of the physical 

structure, which is, in tum, represented by many interconnected elements. Elements are 

connected together by shared nodes. The coordinates of the nodes and the connectivity of the 

elements-that is, which node belongs to which elements - comprise the model geometry. The 

collection of all the elements and nodes in a model is called the mesh. Generally the mesh is 

only an approximation of the actual geometry of the structure. 

The element type, shape, and the location, as well as the overall number of elements used in 

the mesh, affect the results obtained from a simulation. As the mesh density increases, the 

analysis results converge to a unique solution, and the computer time required for the analysis 

increases. The solution obtained from numerical modelling is generally an approximation to 

the solution of the physical problem being simulated. The extent of the approximations made 

in the model's geometry, material behaviour, boundary conditions and loading determines 

how well the numerical simulation matches the physical problem. 

ii. Ekm~nt Sution Properliu 

ABAQUS has a wide range of elements, many of which have geometry not defined 

completely by the coordinates of their nodes; for example, the layers of a shell or the 

dimensions of an I-beam section are not defined by the nodes of the element. Such additional 

geometric data are defined as physical properties of the element and are necessary to define 

the model geometry completely. 

iii. Material Data 

The material properties of all elements must be specified. The validity of the ABAQUS results 

is limited by the accuracy and extent of the material data. 

iv. Loads and Boundary conditions 

Loads distort the physical structure and thus create stress in it. Examples of the basic loading 

conditions are: point loads, pressure loads on surfaces, gravity loads and thermal loads. 

Boundary conditions are used to constrain portions of the model to remain fixed (zero 

displacements) or to move by a prescribed amount (non-zero displacements). In either 
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situation the constraints are applied directly to the nodes of the model. The directions in which 

the nodes are able to move are called the degrees of freedom (dof). For a stress/displacement 

simulation the degrees of freedom are the translations and, for shell elements, the rotation at 

each node. 

In a static analysis enough boundary conditions must be used to prevent the model from 

moving as a rigid body in any direction: otherwise a solver problem will occur during the 

solution stage and may cause the simulation to stop prematurely. 

v. Analysis Typ~ 

The most common type of simulation is a static analysis, where the long-term response of the 

structure to the applied loads is obtained. In other cases, the dynamic response of a structure to 

the loads may be of interest: for example; the effects of wind load on a structure. 

vi. Output R~qu~st 

Finite element analyses have the ability to create very large amounts of output. Therefore, it is 

essential that the user manages this output so that only data required to interpret the results of 

the simulation are produced. Three types of output are available in ABAQUS: 

• Restart data, used as a database to continue the analysis; 

• Printed tables of results; 

• Results stored in binary files for subsequent post-processing. 

5.3.4 Modelling the Cooling Tower 

The ABAQUS input file is the means of communication between the pre-processor, and the 

solver. It contains a complete description of the numerical model. A complete ABAQUS input 

file is split into two distinct parts. The first section contains model data and includes all the 

information required to define the structure being analyzed. The second section contains 

history data that define what happens to the model: the sequence of loading or events for 

which the response of the structure is required. This history is divided into a sequence of 

steps, each defining a separate part of the simulation. For example, the first step may define a 

static loading while the second step may define a dynamic loading. The input file is composed 

of option blocks that contain data describing a part of the model. 
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Since the configuration of the cooling tower as well as the external conditions is symmetric, 

an axisymmetric 2-dimensional (20) modelling of the cooling tower is adopted by discritizing 

the meridional line alone. This is preferable because it requires the least number of elements 

and will result in the smallest computational run time (i.e. the computational time is about 

one/tenth of a three-dimensional (3D) analysis). 

Units 

Before a model is built, a decision on the system of units must be agreed because ABAQUS 

will only process the output based on the consistency of the units used. The SI system of units 

is used throughout this thesis, which are: length in metre (m), force in Newton (N), mass in 

kilograms (kg), stress in Pascal (N/m2
) and density in {Kg/m3

). 

Nodal Coordinata 

The global coordinate system in ABAQUS is a right-handed, rectangular Cartesian system. As 

a result of the type of model, (i.e.axisymmetric 2-dimensional model), the coordinates of the 

nodes are given in the radial and axial positions. For example, the r- and z-directions coincide 

with global X- and Y-dircctions (see Fig. 5.1). The *NODE option is used to define the 

coordinates of the nodes. For example 

*NODE 

100,40,50 

The first column in the data line indicates the node number and the second and third columns 

define the nodal coordinate in the r- and z-directions. 

Nou numb~ring 

The nodes are numbered in an ascending order from the bottom of the tower to the top (see 

Fig. 5.1). These nodes are grouped into a node set called ''tower", which is used as a cross­

reference when defining loads, constraints and the material properties (see Appendix A2). 
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L. 
Fig. 5.1 Schematic drawing of an SAXl element, showing coordinate system, node and 

element numbers. 

EkmenJ Numbering 

The *ELEMENT option defines individual elements in the model. However, individual 

elements are grouped into element sets for convenience. The format of each data line for a 

shell element is 

<element number>, <node 1>, <node 2> 

where nodel and node 2 are at the ends of the clement (see Fig. 5.1); for example, element 1 

connects nodes 95 and 96, so that the data line defining this element is 

1, 95, 96 

The TYPE parameter on the *ELEMENT option is used to specify the kind of element being 

defined. For the present analysis, the meridional line is discretized by means of a two nodded 

elements SAX] (i.e.2-node thin linear shell element). 

In finite element method the solution approaches the exact solution of the governing equations 

as the number of elements approaches infinity (i.e. the smaller the elements, the more accurate 

are the solution). It is therefore necessary for sufficient elements to be used in the model so 

that a satisfactory representation of the exact solution is found. In order to optimize the 

number of clements to capture the results in the least possible time, a total of 119 clements 

and 120 nodes along the meridional direction is adopted. Each element having an arch length 

of 1000mm. Fig. 5.2 shows a half symmetry finite clement mesh. 
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Fig. 5.2 Finite element mesh of cooling tower (half symmetry) showing elemen'ts 

Section/ Material Propmu, 
As the structure is made of a single material with constant thickness, the section properties 

will be the same for all the elements. Therefore, the element set "tower'' can be used to assign 

the physical and material properties to the elements. Since it is assumed that the shell is linear 

elastic, the *SHEIL SECTION option is adopted, which uses numerical integration to 

calculate the behaviour at each section point through the thickness of the shell. 

The shell is made of an Isotropic, homogeneous, linear elastic material having a concrete 

grade of 40Mpa, Young's Modulus of 28x109 Pascal and a Poisson's ratio of 0.15. The linear 

elastic material model has been considered because this simulation is undertaken within the 

material's linear elastic zone. Beyond this zone, failure mechanisms such as concrete cracking 

and steel reinforcement yielding occur. Modelling of this failure mechanism is beyond the 

scope of this work. However it is suggested that such mechanism may be modelled by the use 

of appropriate failure criteria. 
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Boundary Conditions 

Constraints on nodes are defined using the *BOUNDARY option and specifying the 

constrained degree of freedom. Each data line is of the fonn: 

<node number>, <constrained degree of freedom>, <magnitude of displacement> 

For the purpose of the finite-clement modelling, it is assumed that at the soffit of the structure, 

the boundary is fully constrained (i.e. Encastrc) while at the top the shell is freely supported. 

The supporting column is not included in this analysis. In order to simulate this action, the 

shell is assumed to rotate freely in the radial direction, but constrained in the vertical and 

tangential directions. This latter form of boundary condition would not significantly change 

the magnitude of the bending stresses at the soffit of the structure (See Fig. 5.3). 

Fig. 5.3 Schematic drawing illustrating a node constrained in all direction. 

Loading 

For the purpose of this modelling, a distributed gravity load is applied to the shell structure. 

The *DLOAD option is used to define distributed loads on clement faces and bodies. The data 

line for this option has the fonn: 

<clement set or element numbers>, <distributed load type label>, <magnitude> 

Gravity load is specified by using the distributed load type GRAV and giving the gravity 

constant as the magnitude of the load. The direction of the gravity field is specified by giving 

the component of the gravity vector on the data line (sec Appendix A2). Fig.5.4 shows the 

direction of gravity loading. 
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Fig. 5.4 Schematic drawing showing the direction of loading. 

Output Request 

ABAQUS generates a large output request file which allows the user to specify the parameter 

to be processed when running the analysis. In this case, the meridional stresses (S22) and the 

hoop stresses (Sn) are requested to be averaged at nodes for the purpose of this analysis. 

• Contour plots of meridional and hoop stresses are shown in Appendix A3. 

Once the output file is saved, the analysis is run interactively. The table of stresses can be 

obtained from the dat. File after running the simulation successfully. 

5.4 CONCLUDING REMARKS 

After proper modelling of the cooling tower is complete, using the FE tool ABAQUS, it 

becomes apparent that the results obtained are to be compared to closed-form analytical 

results to verify the validity of the numeric modelling, before adopting this as the basis of the 

parametric studies undertaken in this thesis. 
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CHAPTER SIX 
PARAMETRIC STUDIES 

6.1 STANDARD/BENCHMARK COOLING TOWER 

6.1.1 Introduction 

Cooling towers come in different sizes and dimensions, varying from 80m to 200m. in 

height. For the purposes of this study, a standard-size cooling tower is assumed to have 

the dimensions furnished below. The author's choice of this standard size is based on a 

series of investigations and assessments of existing cooling towers built to date. The 

reason why this size has been chosen is to give an appropriate idea of the static behavior 

of cooling towers with regard to the self-weight stresses . 

The cooling tower has an overall height of 120m, with a base diameter of 89.80m. The 

throat of the tower is 60m, in diameter; and is, located 30m from the top of the shell. The 

material used is concrete with a constant thickness of 150mm from the top to the bottom. 

The physical and material properties of the cooling tower are summarised in Table 6.1, 

and a detailed geometry is shown in Fig 6.1. 

Parameter Symbol (unit) Value 

Height H(m) 120.0 

Throat radius a(m) 60.00 

Thickness t(m) 0.150 

Poisson's ratio V 0.150 

Young's Modulus Ec(GPa) 28 X 10"' 

Density y(KN/m3) 24.00 

Angle of opening at top ;o 97.36u 

Angle of opening at bottom ;,, 74.56" 

Table 6.1, Physical and material properties of standard size cooling tower. 
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Figure 6.1 Geometry of Cooling tower 

6.1.2 V eriftcation of Present Analysis 

To check the validity of the analytical results, the finite element method is used to model 

the behavior of meridional and hoop stresses over the entire height of the shell with the 

application of a gravity load. A multi-purpose FE program ABAQUS/Standard version 

6.2 is used and a 2-noded axisymmetric shell element is adopted throughout the entire 

meridian having a flr,=97.36° at the top and a ~=74.56° at the base of the shell. 
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The profiles predicted by the analytical result illustrated in Figure 6.2, corresponds well 

with the FE model profiles. These profiles predict the correctly shaped profile for all 

cases of stresses. With regards to the meridional stress, for instance, it is observed that the 

profile that uses the FE model, under-predicts the analytical profile from the throat to 

approximately 12-15m above the base of the tower, while beyond the throat the profile is 

more or less the same. However, the profiles for the analytical and FEM model for the 

hoop stresses arrive at the same result from the top to approximately 20m above the soffit 

of the structure. 

Tables 6.2 compares the results obtained using the analytical membrane solution with the 

results obtained with the FEM for meridional and hoop stresses at the inner arid outer 

surfaces. From Table 6.2, it is evident that the results obtained using the analytical 

solution in the case of the standard cooling tower is in line with those obtained using the 

FE method, with discrepancies not exceeding 3%. The difference between the numeric 

and analytical results is attributed to the fact that the analytical closed-form results 

consider only the membrane solution while the numerical result takes into account both 

the membrane and bending effect. This suggests that the FEM solutions are indeed valid 

for this present study. Further parametric studies in this thesis will thus be based on the 

FE method. 

Table 6.2 Comparuoa Between Analydc:al Membrane vs FEM for Self-Weiprt 

Meridional stress a, (N/mrn2) hoop stress O'e (Nfrnm2l 
FEM FEM 

y Inner Outer Inner Outer 
(m) cp ANALYTIC sect. sect. Variance ANALYTIC sect. sect. 

-90 74.56 -2.310 -2.133 -2.384 0.004 -0.430 -0.322 -0.360 
-70 76.34 -2.049 -2.011 -2.001 0.003 -0.384 -0.378 -0.378 
-50 78.95 -1.751 -1.712 -1.723 0.002 -0.333 -0.325 -0.326 
-30 82.64 -1.396 -1.368 -1.371 0.001 -0.266 -0.261 -0.261 
-10 87.39 -0.973 -0.956 -0.952 0.000 -0.165 -0.162 -0.161 
0 90.00 -0.738 -0.725 -0.724 -0.001 -0.102 -0.101 -0.101 
10 92.61 -0.494 -0.486 -0.485 -0.002 -0.034 -0.033 -0.033 
15 93.88 -0.371 -0.367 -0.361 -0.002 0.001 -0.001 0.000 
30 97.36 0.000 -0.012 -0.012 -0.004 0.099 0.095 0.095 
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0.008 
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Fig. 8.2 Comparl•on BetwHn Analytic vs FEM Stl'NaN for Unlfonn ThlcknNa, bla•2.894 
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6.2 DESCRIPTION OF PARAMETRIC STUDY AND PRESENTATION OF 
RESULTS 

6.2.1 IntroducUon 

The parametric study carried out investigates the behaviour of the meridional and hoop 

stresses of a standard siu concrete cooling tower, where several geometric parameters 

like the hyperbolic axis ratio (Wa), top edge angle (¢a), offset parameter (A) and scale of 

the structure are varied one at a time. The cases considered are briefly described below. 

6.2.1.1 Ctu~ I 

Most hyperbolic cooling towers built to date have a hyperbolic axis ratio (bla) of between 

2.2-2.8, with 2.5 being a typical value. For the purpose of the parametric study, we shall 

change the hyperbolic axis ratio from 2.2 to 2.5 and 2.8 (i.e. the lower end, middle range, 

and the higher end) to study the effect of the variation on stress. The results obtained are 

presented in Tables 6.4-6.6 (Appendix Al) and plotted in Figures 6.3--6.5 respectively. 

An ABAQUS input deck for the model can be found in Appendix A2. 

6.2.1.2 Catie II 

The top edge angle (flo) of most cooling towers ranges from 95°-too0 with ¢o=97°being a 

typical value. To illustrate the range of ;o, two extreme cases are chosen, i.e. ;o=95° and 

;o=:100°, while the bottom edge angle (4) is kept constant at ;,,=75°. The results are 

shown in Tables 6.7-6.14 (Appendix Al) and plotted in Figures 6.6-6.13. 

6.2.1.3 Cas~ Ill 

In order to obtain a feel for the effect of the offset parameter "A" over the stress 

variations, A is varied at every 1 Om interval (i.e. 10, 20, 40m). The results are shown in 

Tables 6.15-6.17 (Appendix Al) and plotted in Figures 6.14-6.16. 

6.2.1.4 Ctu~ IV 

In the fourth and final scenario, the scale of the standard size cooling tower is first 

reduced and then increased by a scale factor of 0.5 and 1.666 respectively to see the 
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effect of this scales on the stresses experienced by the tower. The results obtained are 

presented in Tables 6.18-6.19 (Appendix Al) and plotted in Fi.gores 6.17-6.18. 

6.3 CONCLUDING REMARKS 

Having defined the standard/benchmark cooling tower, a number of different models 

were created and results presented. Chapter Seven will discuss and analyz.e these results. 
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Fig. 8.3 SeH-Welght Loading Consideration, b/aa2.2 
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CHAPTER SEVEN 

DISCUSSION OF ~ULTS 

7.1 INTRODUCTION 

Consider a hyperbolic cooling tower with a zero offset parameter. Self-weight is always 

associated with meridional stress ( CT;), which is continually compressive throughout the 

entire shell. The hoop stress ( C19) is compressive over almost the entire tower but changes 

to tensile stress a short distance above the throat of the tower. These tensile stresses are 

small in magnitude when compared to the stresses at the base of the tower. The tensile 

stress over this region can be 'arrested' by introducing a ring beam of considerable size at 

the top edge or by thickening the section approaching the top edge. 

Each set of plots comprises the total stress values for the inner and outer surfaces of the 

shell. 

7.2 EFFECT OF HYPERBOLIC AXIS RATIO ON ST~S 

7.2.1 Hyperbolic Axis Ratio bla=2.2 

Figure 6.3 (see previous Chapter, page 72) illustrated the FEM (Finite-element) results 

for inner and outer-surface meridional and hoop stresses over the height of a cooling 

tower. As expected, it can be seen that the meridional stress increases rapidly from a 

minimum of 0.012N/mm2 (compression) at the top (¢o=:100.65°) to a net maximum of 

2.49N/mm2 (compression) at the bottom (f\,=69.87°). The magnitude of the compressive 

meridional stress at the bottom is a result of the bending effect around this vicinity. The 

effect of the bending disturbance becomes insignificant beyond an angular distance of 

¢,=71.70°. 

Figure 6.3 also shows the hoop stress, which is compressive over the main part of the 

structure and changes to tension at an angular distance of 4'=95.75° (i.e. 15m above the 

throat), reaching a maximum of 0.143N/mm2 (tension) at the top. As a result of the 
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I 
bending action at the base, a large hoop stress (0.571N/mm2

) is observed at an angular 

distance of 70.32° (i.e. 6m from the base). 

7.2.2 Hyperbolic Axis Ratio bla=2.S 

Figure 6.4 (see previous Chapter, page 73) shows a plot for the meridional and hoop 

stresses for bla=2.5. However, an increase above this amount shows a reduction in hoop 

stress towards the soffit of the structure. It will be noticed that at an angular distance of 

¢,=73.39° (6m from the bottom}, the stress at the inner surface attains a maximum 

compressive hoop stress value of 0.469N/mm2 when compared to 0.569N/mm2 

(compression) for a bla=2.2. Beyond 7m from the base, the bending disturbance becomes 

insignificant. 

The meridional stress also follows a similar trend from the top to an angular distance of 

¢,=74.21° (15m from the base of the cooling tower). Below this elevation, a significant 

increase in the meridional stress is observed. However, it can be seen that the net 

meridional stress reaches a maximum of 2.41N/mm2 (compression) at the soffit 

(¢,,,=72.92°) of the structure. 

7.2.3 Hyperbolic Axis Ratio b/a=2.8 

Figure 6.5 (see previous Chapter, page 74) clearly shows a significant reduction in the 

magnitude of the net compressive meridional stress from 2.49N/mm2 (b/a=2.2) to 

2.37N/mm2 at the base of the structure ( ;=75.37°). It is interesting to note that the 

influence of the bending disturbance becomes insignificant at an angular distance of 

cj,=75.83° (6m above the base), while for other cases (i.e. bla=2.2, 2.5), the bending 

disturbance become insignificant at 9m from the base of the tower. Beyond the bending 

region (i.e. cj,=75.83°) the profile follows a similar trend as in previous studies. 

The hoop stresses also follow similar profiles as in earlier cases, except at the bottom of 

the tower (¢,,=75.37°) where a significant reduction (i.e. a 7S% reduction when compared 

to b/a=2.2) in hoop stress is observed (0.328N/mm2
). 
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It can be observed that bla below the standard size (b/a=2.694) shows an increase in both 

the meridional and hoop stresses at the base of the tower. However, considering the upper 

limit above the standard size cooling tower, a reduction in the meridional and hoop 

stresses is observed which imply that the higher b/a, the lower is the meridional and hoop 

stresses at the bottom. 

7.3 EFFECT OF TOP OPENING ANGLE ON STRESS 

7.3.1 bla=2.694, Top Openlnx Angle +tm1001 

Figure 6.6 (see previous Chapter, page 75) plots the inner and outer meridional and hoop 

stresses at an angle of opening of HX>0
• The meridional and hoop stress profiles are 

similar to those of the standard case cooling tower (b/a=2.694) except in a particular part 

of the tower, where a slight deviation occurs. Consider the lower portion of the shell 

towards the base, where the net meridional stress reaches a maximum of 2.610N/mm2 

(compression). The effect of the bending disturbance becomes insignificant at an angular 

distance of 4'=75.64° (Sm above the base). However, 28m above the throat of the tower is 

the start point at which the meridional stress exhibits some significant bending effect, 

which is reduced to normal at an angular distance of +=98.39° (35m above the throat). 

Near the top (i.e. 3m below the top), a slight bending effect is observed. This action over 

this particular portion of the tower could be reduced by introducing ring beams around 

the top edge of the tower. 

The hoop stress profile exhibits a similar trend to the standard plot (b/a=2.694) as it 

changes from compression to tension just some distance above the throat. 

7.3.2 bla=2.694, Top Opening Angle ~s' 
Figure 6.7 (see previous Chapter, page 76) depicts the meridional and hoop stress plots 

with 4'o=95°. The meridional stress profile from the top to the bottom is similar to the first 

case (lj>o=H>0°). It can be seen that there is a 15% reduction in the maximum net 

meridional compressive stress at the base from 2.61N/mm2 (4'=100°) to 2.21N/mm2
• 

Similarly, it is observed that at an angular distance of t:75.45°, there is a 7% reduction in 

the hoop stress. 
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When these cases are compared to the standard si:ze opening angle ( 4lo=97 .36°), it is 

observed that +ci towards the lower range exhibit an average 7% reduction in both the 

hoop and meridional stresses over the region of bending disturbances. 

7.3.3 b/a=2.2, Top Opening Angle 4'1=1001 

Figure 6.8 (see previous Chapter, page 77) illustrates the inner and outer surface 

meridional and hoop stresses. As expected, the meridional and hoop stress profiles still 

follow the same trend as in the standard case. At the base, the net maximum meridional 

stress observed is 1.95N/mm2 (compression). However, moving away from the base, the 

meridional stress is reduced to a minimum and the effect due to bending becomes 

insignificant at an angular distance of 4?=76.29° (6m above the base). 

It is interesting to note that at 4?=76.07° (6m above base), the hoop stress reaches a 

maximum of 0.434N/mm.2 (compression) which is at the region were the bending 

meridional stress is at its minimum. At the base, the net hoop stress reduces to a 

minimum of 0.292N/mm2 (compression). At an angular distance of 4'=95.39° (14m above 

the throat), the hoop stress changes to tension and reaches a maximum of 0.133N/mm2 

(tension). 

7.3.4 b/a=2.2, Top Openiog Angle +t=-95' 

Figure 6.9 (see previous Chapter, page 78) considers what happens when 4tc,=95°. At the 

base, the net maximum meridional stress is 1.64N/mm2 (compression) which is clearly 

smaller than +o= 100° at the same location. Sm above the base, the bending distmbance 

becomes insignificant and the stress profile remains the same as expected. 

At an angular distance of cj,=76.07° (6m above the base), the hoop stress reaches a 

maximum of 0.39N/mm2 
( compression) and a minimum of 0.143N/mm2 

( compression) at 

the base. 
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It can be seen that reducing 411> from 1 fXl° to 95° also reduces the meridional and hoop 

stresses at the region where the bending action is pre-eminent. 

7.3.5 bla=2.5, Top Opening Angle q,.::1001 

Figure 6.10 (see previous Chapter, page 79) shows the meridional and hoop stress for a 

b/a=2.5 and 411>=100°. With regards to the meridional stress at the base, it is clear that due 

to bending action in this region the net meridional stress reaches a maximum compressive 

value of 2.25N/mm2
, which diminishes with an increase in height. At an angular distance 

of +::::75.70° (6m above the base), the resulting bending action becomes insignificant. 

The hoop stress reaches a maximum of 0.146N/mm2 (compression) at a distance 6m 

above the soffit of the structure, and continues in compression with an increase in height 

to about 18m above the throat of the tower. However, at an angular distance of cj,=95.61° 

(19m from the throat), the hoop stress changes to tension and increases with height, 

attaining a maximum hoop stress of 0.137N/mm2 (tension) at the top. When compared to 

the standard-size cooling tower, it can be seen that there is an average reduction of 15% 

in meridional stresses and a 23% for hoop stresses. Also the standard-size tower indicates 

that at a location 7-Sm from the base, the meridional bending stress becomes 

insignificant. 

7.3.6 bla=2.5, Top Opening Angle '9-95° 

Fig. 6.11 (see previous Chapter, page 80) illustrates the stress variation when 4'1>=95°. 

Considering the location at the base, the net maximum meridional stress observed is 

1.89N/mm2 (compression). At an angular distance of 75.97° (8m above the base of 

tower), the bending effect is reduced appreciably. Above this point, the meridional stress 

continues to reduce with an increase in height to a minimum of 0.004N/mm2 

(compression) at the top edge. 

The hoop stress attains a maximum compression of 0.384N/mm2 at an angular distance of 

q,=75.57° (5m above the base), and follows similar characteristics as shown in previous 

cases studied, by changing from compression to tension just a short distance above the 
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throat.(i.e. at an angular distance of 92.73° which is 9m above the throat). This tensile 

stress increases to a maximum of 0.061N/mm2 at the top edge. 

7.3.7 b/a=2.8, Top Opening Angle +.=100° 

As can be seen in Figure 6.12 (see previous Chapter, page 81), the region at which the 

bending disturbance is significant is a mere 4m from above the base of the tower. 

Meanwhile, the net meridional stress reaches a maximum of 2.73N/mm2 (compression) at 

the base and reduces with an increase in height. When compared to the standard case, it 

implies a 13% increase in the meridional stress. 

The hoop stress, on the other hand, increases gradually from a minimum of 0.004N/mm2 

(compression), 24m above the throat of the cooling tower to a maximum of 0.426N/mm2 

(compression), 7m above the base (q,=75.44°) indicating a 2% increase in the hoop stress 

when compared to the standard case. 

7.3.8 b/a=2.8, Top Opening Angle ~95' 
Figure 6.13 (see previous Chapter, page 82) summarises the inner and the outer surface 

meridional and hoop stresses for +o:=95°. The plot profile is similar to the earlier cases 

discussed above. As can be expected, a reduction in the stresses is observed. For 

example, the net meridional stress reaches a maximum of 2.33N/mm.2 at the base. It can 

also be seen that a slight bending action occurs in a region very close to the top edge. The 

magnitude of this stress is however insignificant when compared to the stress at the base. 

As for the hoop stress, it attains a maximum compression of 0.40N/mm2 at about 7m 

above the base of.the tower (4>=75.44°). When compared to the standard case, a reduction 

of 4% is observed. 

For all the cases studied, it is observed that there is a reduction in the meridional and 

hoop stresses when cj,() (the opening at the top of the cooling tower) is reduced from 100-

950. 
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II 

7.4 EFFECT OF OFFSET PARAMETER (A) 

7.4.1 Offset Parameter A=l0m 

Figure 6.14 (see previous Chapter, page 83) presents a plot which shows the effect of the 

meridional and hoop stresses when the offset parameter A is varied beyond zero (i.e. A=O, 

standard case). The meridional profiles follow the same trend as in the previous cases 

(i.e. increasing rapidly from top to bottom), while the hoop stress is tensile toward the top 

and compressive over the major part of the tower. 

With regards to the meridional stress-, the net compressive meridional stress at the base 

is 2.610N/mm2 which, when compared to the standard case, is 10% higher in magnitude. 

The effect of the bending disturbances reduces with an increase in the height and reaches 

a minimum value - 12m above the base of the tower (q,=75.55°). Beyond this region 

towards the top, the inner and outer surface meridional stress becomes more or less the 

same. 

7.4.2 Offset Parameter A=20m 

The increase in the offset parameter by 20m will obviously increase both the hoop and 

meridional stresses. Figure 6.15 (see page 84) shows the meridional and hoop stresses 

when the offset parameter A=20m. The plot shows an increase in hoop stress due to 

bending disturbance towards the base. At this stage, some buckling mode starts 

developing towards the base of the cooling tower. Appendix A3 shows the contour stress 

plots for this scenario. At an angular distance of +:=75.11°, the hoop stress reaches a 

maximum of 0.633N/mm2 (compression), which indicates a 40% increase in stress·at this 

point when compared to the standard case (A=0). The magnitude reduces to a minimum 

of 0.334N/mm2 at the base. 

As a result of the offset parameter being increased to 20m, the net meridional stress 

increases to a maximum of 2.81N/mm2 (compression). It is interesting to note that the 

position where the bending disturbances becomes insignificant, is at an angular distance 

of 4'=75.45° (12m from the base), which happens to be the same as in the case of A=lOm. 

Beyond this point towards the top, the meridional stress is compressive. 

-94-



I: 

7.4.3 Offset Parameter A=40m 

Figure 6.16 (see page 85) shows the meridional and hoop stress variation for A=40m. As 

a result of an increase to 40m, the structure is not capable of carrying its self-weight and 

thus a buckling mode is developed at this region towards the base. The hoop stress 

reaches a maximum of 0.849N/mm2 (compression) at an angular distance of 4'=75.11°. 

This indicates a 50% increase in hoop stress when compared to the standard/benchmark 

cooling tower. 

Figure 6.16 shows a maximum net meridional stress of 3.16N/m.m2 (compression) at the 

base. This is large in comparison to the other cases studied. It is believed at this stage that 

the self-weight, which is always related to the meridional stress, is not able to support the 

structure. As a result, the vulnerability of the entire structure is increased. 

After a close look at the effect, which the offset paramctel" A bas over the hoop and 

meridional stresses, it can be concluded that an increase in the offset parameter will also 

increase these stresses. Offset parameters greater than 1 Om should be avoided in the 

design consideration. An offset parameter of zero (A=0) should preferably be used during 

the preliminary design stage. 

7.5 EFFECT OF SCALE ON STRESS~ 

7.5.1 Scale Fador=0.5 

Figure 6.17 (see page 86) illustrates what happens when the standard-size cooling tower 

is scaled down by half its size (reduced to 60m in height). The maximum net meridional 

stress at the base is 1. l 84N/mm2 
( compression) which highlights a 50% reduction from 

the standard case. The hoop stress also reaches a peak magnitude of 0.206N/mm2
, 4m 

above the soffit (♦=75.19°), also indicating a 50% reduction in stresses. 

7 .5.2 Scale Factormt.66 

Figure 6.18 (sec page 87) shows what happens when the cooling tower is increased to 

200m in height, namely 1.667 times the original size. The net meridional stress is 
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3.95N/mm2
, which represents a 45% increase. Similarly, a maximum hoop stress of 

0.707N/mm2 is recorded, which represents 40% increase in stress. 

In conclusion, it appears from the above that an increase or decrease in the geometric 

dimensions of the structure will also increase or decrease the corresponding stresses. It is 

clearly shown from the above mentioned results that an increase in stress does not 

necessarily increase by the same scale factor. 

7.6 CONCLUDING REMARKS 

Having investigated the effect of the various parameters (b/a, +o, A, scale facto.r) on the 

distribution of stresses, the next chapter will represent and highlight general/overall 

conclusion with regards to the parameters that have the greatest influence on design 

stress, and lastly various recommendations as to how this problems can be overcome. 
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CHAPTER EIGHT 

SUMMARY OF RESULTS, CONCLUSIONS AND 
RECOMMENDATIONS 

8.1 SUMMARY OF RESULTS 

8.1.1 Hyperbolic Axis Ratio (b/a) 

After a close look at the effect of the hyperbolic axis ratio (bla) on the meridional and 

hoop stresses, it is clear that b/a=2.8 shows the least value in the magnitude of the stress 

variations when compared to b/a=2.2 and 2.5. A maximum meridional stress of 

2.37N/mm2 (compression), a maximum hoop stress of 0.392N/mm2 (compression) at the 

base and a tensile hoop stress of 0.088N/mm2 at the top edge of the cooling tower are 

recorded. 

8.1.2 Top-Opening Angle ( +.) 
The effect of the top-edge angle +o on the stress variations shows that an increase in ~ 

from 95-100° will result in an increase in both the meridional and the hoop stresses for all 

the cases investigated (i.e. b/a= 2.2, 2.5, 2.694, 2.8). These increases recorded lie between 

14-24% for meridional stress and between 6-10% for hoop stress. 

8.1.3 Offset Parameter (A) 

It is observed that with an increase of the offset parameter A from 0 to 40m, the 

meridional and hoop stresses also increases; at the tower base, however, a critical 

bending disturbance will also occur. It is worthwhile to note that at A=lO, 20 and 40m, 

the maximum meridional stress increases by 8, 15 and 24% respectively when compared 

to the standard benchmark cooling tower with A=O. The hoop stresses also show 

increases by 20, 33 and 50%, highlighting that the offset parameter must be kept at a 

minimum distance to achieve a reduction in the stress variations at the base of the tower. 
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8.1.4 Scale Factor 

The effect of scale on stress levels in the shell structure indicates that, a reduction in the 

actual geometric scale of the structure will result in a reduction in the meridional and 

hoop stresses by the same scale-factor. But increasing the geometric scale of the structure 

will not necessarily increase the corresponding stresses by the same scale factor. 

8.2 CONLUSIONS AND RECOMMENDATIONS 

A parametric study on the use of the numerical analysis to determine the static effect of 

bla, ;,o, A, and scale factor on the meridional and hoop stresses of a hyperbolic cooling 

tower with uniform thickness is presented herein. The numeric analysis was checked by 

comparing the results obtained with closed-form analytical membrane solution and this 

method was shown to be accurate. 

Due to the fact that only the static stresses are considered in the present analysis, the 

meridional stress is of more significance. The meridional compression stress increases 

steeply from the top to the bottom, reaching its maximum stress at the base of the 

structure, which results in the loss in bending resistance. In order to control the increasing 

meridional compression, (which may give rise to buckling problems in the shell) and the 

hoop tension (which may give rise to cracking in the concrete shell) as one moves 

downwards, a number of measures are recommended. First, the high stress at the base 

could be reduced by gradually increasing the thickness of the shell as one approaches the 

base. By so doing, the stresses are reduced appreciably. Above the lower region towards 

the throat, the shell section must be kept at its minimum constant thickness. The reason 

for this is that the stress level in this region is generally small. Above the throat in a 

narrow region adjacent the top edge, the shell thickness may either be gradually increased 

to reduce the tensile stress and/or a ring beam of modest proportion may be provided 

around the top edge if only the effect of self-weight is of main concern. Secondly, the 

provision of double layers of steel reinforcement to prevent wide-spread cracks in the 

concrete and the introduction of concrete stiffening rings at a reasonable distance along 

the entire height of the cooling tower could also help to reduce the stresses. 
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Based on the observations of the study, and as a measure for controlling increasing 

meridional and hoop stresses, it can be concluded that for preliminary design purposes, a 

hyperbolic axis ratio of b/a.=2.2, a top opening angle 4to=95° and a zero offset parameter 

(A=O) should be adopted. 

Further research on numeric analysis should consider the combination of self-weight and 

wind loading, incorporating the actual column support for gradually varying wall 

thickness, which is also necessary. 
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TABLES FOR NUMERIC ANALYSIS OF 
STRESSES 
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TABLE 8.3 MliMIRIC ANiLYSis OF STRESSES 
Unltonn 1blclcneu, b/11.2.814 
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TABLE 6.4 NUlll!RIC ANALYSIS OF STRESSES 
UnHorm Thlckneu, b/11-2.2 
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TABLE 8.5 NUMERIC ANALYSIS OF STRESSES 
Unlfonn ThlcknNa, bla-2.5 
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TABLE 8.8 NUll!RIC ANALYSIS OF STRESSES 
Unlfonn Thlckne .. , b/aa2.8 

a 113 a 



. l 



- 1 



TABLE 8.7 NUMERIC ANALYSIS OF STRESSES 
Uniform ThlcknNa, b/a-2.894, ~=100° 
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TABLE 6.8 NUMERIC ANALYSIS OF STRESSES 
Unlfonn Thlcknea, bla-2.894, ~s0 

-0.293 
-0.288 
-0.284 
-0.282 
-0.278 
-0.275 
-0.273 
-0.270 
-0.265 
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TABLE 8.9 NUMERIC ANAL Vita OF STRESSES 
Unlfonn ThlclcneN, bla=2.2, +o=too0 
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TABLE 6.10 NUMERIC ANALYSIS OF STRESSES 
Untrorm ThlcknNa, w■-.2, 4io=9s0 
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50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 



83.049 
83.311 
83.576 
83.844 
84.116 





TABLE 6.12 NUMERIC ANALYSIS OF STRESSES 
UnHonn Thlokneaa, bla-2.5, +o=95° 
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TABLE 8.13 HOMEFIIC ANAL Viii Ot: S'f'RESSES 
Unlfonn ThlokneN, b/ .. 2.8, +o=HX>0 
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TABLE 6.14 NUMERIC ANALYSIS OF STRESSES 
Uniform ThlckMN, bla-2.8, +o:95° 
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TABLE 8.15 EFFECT ON OFFSET PARAMETER A=10m 
ON STRESSES (Numertcal anatyala) 

Uniform Thlclawaa, bla-2.894 
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TABLE 8.18 EFFECT ON OFFSET PARAMETER As20m 
ON STR&88E8 (Numaioal -lyala) 

Unlfonn Thlckneaa, b/aa2.894 
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TABLE 8.17 EFFl!CT ON OFFS!'T PARAMETER A-COm 
ON STRE881!1 (Numerlclll analyala) 

Unlfonn ThlcknNa, bla-2.894 
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TABLE 6.18 EFFECT OF SCALE ON STRESSES 
SCALE FACTORa0.5 (NllfflNtcal aMlyale) 

UnlfOffll Thlckneee, b/a-2.684 
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TABLE 1.19 EFFECT OF SCALE ON STRESSES 
SCALE FACTOR=1.ee7 (NIIIMl'loal ■nalyale) 

Unlfonn llllcknNa, b/a-2~894 
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0.125 
0.131 
0.137 
0.143 
0.150 
0.156 
0.160 
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SUMMARY OF KEY STRES§ES 

SELF-WEIGHT LOADING CONSIDERATION 
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SELF-WEIGHT LOADING CONSIDERATION 
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SELF-WEIGHT LOADING CONSIDERATION 
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Table 8.1&1 !FFl!CT ON OFFSET PARAMETER A=10m 
Unllorm 
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ABAQUS INPUT DECK 
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*HEADING 
ANALYSE SELF-WEIGHT S1RESS OF COOLING TOWER 
*PREPRINT, ECHO=YES, HISTORY=YES, MODEL=YES 
**------
*NODE, nset=tower 
95, 44.901, -90 
96, 44.625, -89 
97, 44.351, -88 
98, 44.078, -87 
99, 43.807, -86 
100, 43.537, -85 
101, 43.269, -84 
102, 43.002, -83 
103, 42.737, -82 
104, 42.474, -81 
105, 42.212, -80 
106, 41.951, -79 
107, 41.693, -78 
108, 41.436, -77 
109, 41.181, -76 
110, 40.927, -75 
111, 40.676, -74 
112, 40.426, -73 
113, 40.178, -72 
114, 39.932, -71 
115, 39.688, -70 
116, 39.446, -69 
117, 39.206, -68 
118, 38.968, -67 
119, 38.732, -66 
120, 38.499, -65 
121, 38.267, -64 
122, 38.038, -63 
123, 37.811, -62 
124, 37.586, -61 
125, 37.364, -60 
126, 37.143, -59 
127, 36.926, -58 
128, 36.711, -57 
129, 36.498, -56 
130, 36.288, -55 
131, 36.080, -54 
132, 35.875, -53 
133, 35.673, -52 
134, 35.474, -51 
135, 35.277, -50 
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136, 35.083, -49 
137, 34.892, -48 
138, 34.704, -47 
139, 34.519, -46 
140, 34.337, -45 
141, 34.158, -44 
142, 33.982, -43 
143, 33.809, -42 
144, 33.640, -41 
145, 33.473, -40 
146, 33.310, -39 
147, 33.151, -38 
148, 32.994, -37 
149, 32.842, -36 
150, 32.692, -35 
151, 32.547, -34 
152, 32.404, -33 
153, 32.266, -32 
154, 32.131, -31 
155, 32.000, -30 

, 156, 31.873, -29 
157, 31.749, -28 
158, 31.630, -27 
159, 31.514, -26 
160, 31.403, -25 
161, 31.295, -24 
162, 31.191, -23 
163, 31.092, -22 
164, 30.996, -21 
165, 30.905, -20 
166, 30.818, -19 
167, 30.735, -18 
168, 30.656, -17 
169, 30.582, -16 
170, 30.512, -15 
171, 30.447, -14 
172, 30.386, -13 
173, 30.330, -12 
174, 30.277, -11 
175, 30.229, -10 
176, 30.185, -9 
177, 30.146, -8 
178, 30.112, -7 
179, 30.083, -6 
180, 30.057, -5 
181, 30.037, -4 
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182, 30.021, -3 
183, 30.009, -2 
184, 30.002, -1 
185, 30.000, 0 
186, 30.002, 1 
187, 30.009, 2 
188, 30.021, 3 
189, 30.037, 4 
190, 30.057, 5 
191, 30.083, 6 
192, 30.112, 7 
193, 30.147, 8 
194, 30.185, 9 
195, 30.229, 10 
196, 30.277, 11 
197, 30.329, 12 
198, 30.386, 13 
199, 30.447, 14 
200, 30.512, 15 
201, 30.582, 16 
202, 30.657, 17 
203, 30.735, 18 
204, 30.818, 19 
205, 30.905, 20 
206, 30.996, 21 
207, 31.092, 22 
208, 31.191, 23 
209, 31.295, 24 
210, 31.403, 25 
211, 31.514, 26 
212, 31.630, 27 
213, 31.749, 28 
214, 31.873, 29 
215, 32.000, 30 
**nset, nset=tester 
*NODAL TIUCKNESS 
tower, 0.150 
*EIEMENT, TYPE=SAXl,elset=tower 
1,95,96 
*ELGEN, El.SET=tower 
1, 120, 1, 1 
**elset, elset=tester 
**34,35 
**---------------------------
*SHELL SECTION, El.SET=tower, MATERIAL=CONCRETE 
0.150, 
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*MATERIAL,NAME=CONCRETE 
*DENSITY 
2400 
*ELASTIC 
28E9, 0.15 

** 
••constraints 
*BOUNDARY 
95, encastre 
**OUTER-EXL, XSYMM 
**OUTER-I.., XSYMM 

** 
•• Analysis steps 
*STEP 
*STATIC 
1.0,1.0 
•restart, write,overlay 
*DLOAD 
tower,grav,9.81,0,-1,0 
*OUTPUT, FIELD, V ARIABLE=PRESELECT, FREQ=l 
*OUTPUT, IIlSTORY, FREQ=l 
*ELEMENT OUTPUT,elset=tower 
S,E 
*EL PRINT,FREQ=l, ELSET=tower, position=averaged at nodes 
s, 
**Fll.E OUTPUT, NUMBER INTERV AL=lO, TIME MARKS=YES 
**ELFll..E 
*END STEP 

** 
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CONTOUR STRESS PLOTS 
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S , 8 2.2 
SME.G, (fra.cticir, • -:.o, 
(.\·Jic . Crit .: 76,) 

B.4e9et04 
+s.2::.~t(l4 
+9.:2:~e-fOJ 
-l.34->etO-I 
-7. 6,:3et0◄ 
··1.190et05 
-1.618•+□5 
-2.046•+05 
-Z.473et05 
-2. ~0letCS

5 -3. 329e+0 
-3. ?S?,tOS 
--4.185,tC S 

Fig. A3. I Comour plor for hoop stress 
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S'DIE!;, ( fract.1c,ti. = -1. O) 

l-1 

Fig. ;\3.2 Contour plotfor meridional stress 
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