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Finally, in Chapter 6 we spccialiic some of our earlier assumptions in an at­
tempt to provide models that are a bit closer to reality. There are two major 
concerns. The first is to describe models in which the dynamics are influenced 
by the presence of a large insider. This is done by assuming that the market 
coefficients are stochastic processes that are dependent both on time and on the 
insider's portfolio; that is, whereas we previously had µ(t) and r(t), we now as­
sume µ(t, r.) and r(t, r.). The effect of this r.-dependence on the insider's optimal 
portfolio problem is studied, and we also consider the behaviour of a small honest 
trader in such an insider-influenced market. The chapter includes the study of a 
model in which the insider influences the drift continuously through information 
that the honest trader only receives c5 time units after the insider. The second con­
cern of Chapter 6 is to study conditions under which the is optimal utility is finite 
for both the honest trader and the insider. "'re reconsider an example of Chapter 
5. in which the insider's additional information is given by G = Wr + E, where E 

represents an independent source of Gaussian noise. The assumption of distorted 
information is modified by introducing time dependence into the noise term, which 
rectifies the problem of the insider's additional information not improving as time 
progresses. \Ve close the chapter with the study of optimizing an insider portfolio 
under certain constraints that penalize the insider for engaging in heavy volumes 
of trade. 



Abstract 

~Iany of the fundamental results in mathematical finance are based on the 
assumption that all traders have access to exactly the same information, usually 
assumed to be the filtration generated by the history of stock prices or the history 
of the underlying Brownian motion. In the last fifteen years or so, many articles 
in the financial mathematics literature have been concerned with using techniques 
of stochastic calculus to model financial markets in which different traders have 
access to different levels of information. 

This thesis aims to provide a coherent account of the various approaches that 
have been used to model financial markets with heterogeneously informed agents. 
Part I of the thesis presents a description of the two branches of stochastic analysis 
that are required to understand the financial models: namely, Malliavin's calculus 
and enlargements of .filtrations. Part II applies the mathematical results of Part I 
to provide a comprehensive presentation of the various financial models that have 
been introduced in the literature. 
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Chapter 1 

Introduction 

The history of financial mathematics has demonstrated the mathematical arena of 
stochastic analysis to be of tremendous power in describing, understanding and de­
veloping many aspects of modern finance. Two particularly important applications 
arc the fields of derivative pricing and portfolio optimization. As a parnllcl to the 
obvious advantages offered to finance by stochastic analysis, the tangible "real" 
examples offered by the world of finance afford mathematicians and probability 
theorists many opportunities to better understand some of the abstract ideas con­
tained in their field. Some years ago, the abstract notion of an Ito integral found 
its living counterpart in the gains process of a trader on a financial market. The 
existence of a martingale representation theorem on a particular probability space 
\Yas then found to be an ideal mathematical expression of the notion of complete­
ness on a financial market; that is, whether any contingent claim may be replicated 
by a portfolio of stocks and bonds. At the heart of financial mathematics lies the 
First Fundamental Theorem, which relates the absence of arbitrage on a market 
to the existence of an equivalent martingale measure on a given probability space. 
The few examples just listed should indicate that the abstract mathematical field 
of stochastic analysis has found a suitable worldly stage in the rapidly developing 
field of mathematical finance. 

In recent years, several additional branches of stochastic analysis have found 
their way into mathematical finance via the study of financial nrnrkcts with differ­
ential information. An assumption of much of the standard theory of mathematical 
finance, often referred to as strong form efficiency, is that all traders are homoge­
neously informed: all agents acting on the market ha\·e access to exactly the same 
information. which is typically assumed to consist of knmvledge of the collection 
of past values of the stock prices. This information is modelled mathematically 
by the filtration IF = (Ft)tE[O,T], where each Ft represents information about the 
evolution of the stock price up to time t: 

1 
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The filtration lF is often referred to as the public infor-rnation .ftow. The problem 
with the assumption of homogeneous information is that in reality the multitude 
of agents acting on a financial market generally have access to different sources 
of information; indeed, it is rare for an investment decision to be based purely 
on the price history of a particular stock. In this thesis we consider a market 
with heterogeneously inforrncd agents. An agr~nt who possesses information that 
is strictly larger than the public filtration is generally referred to as an insider. 
It should be noted that the term "insider" does not necessarily imply that the 
agent is partaking in any illegal activity; we merely use the term to describe 
someone whose information filtration is larger than the public filtration. Suppose, 
for example. that, in addition to the market filtration lF. the insider also has access 
to IH[ = (Ht)tE[O,T], which denotes a filtration that is not contained in the market 
filtration. We enlarge lF by IH[ to obtain the insider filtration G = Wt)tE[O,T], where 

9t = ns>t Fs V Hs-
A large proportion of the academic literature on insider trading is concerned 

with the scenerio in which the insider possesses initial information. That is. the 
insider possesses knowledge of a future random variable G from the beginning of 
the trading interval, and G doesn't change as time progresses. A typical (rather 
unrealistic) example is when G represents the terminal \'alue of a stock price 
Sr. In this case we have IH[ = CJ(Sr ), so that the insider's filtration is given by 
9t = ns>t Ft V CJ(Sr ). The fact that the insider possesses this extra information re­
sults in a different perception of the price process. Accordingly, this enhanced level 
of perception allows the insider to make better choices when making investment 
decisions. :\Iathematically. we say that the portfolio process 7r, which denotes the 
proportion of wealth invested in the risky asset, must be adapted to the enlarged 
filtration G. A reasonable assumption is that an investor \\'ill choose a portfolio 
Jr that maximizes his expected utility, which is a function of the underlying value 
process. A self-financing portfolio is characterized by the requirement that the 
value of the trader's portfolio is given by ½ = V0 + J; "udSu, which means that 
we need to be able to compute the stochastic integral of the portfolio process 1r 

\Vith respect to the stock price process S. It is at this point that the basic the­
ory of Ito integration used in standard mathematical finance. in which agents are 
homogeneously informed, fails to provide an adequate solution. The problem is 
that the integrator S is assumed to be a semimartingale with respect to the public 
filtration lF, but the integrand 1r is adapted to G, which is larger than lF. The gen­
eral Ito integral would only make sense if the integrand S were a semimartingale 
with respect to G. The central problem of the mathematics of insider trading is 
essentially to make sense of integrals of the above form; i.e. integrals in which the 
integrand is adapted to a filtration that is larger than the market filtration. 

Broadly speaking, two fundamental mathematical approaches have been used to 
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tackle the problem of non-adapted or (J,nficip(J,ting integrands. The first approach 
im·olves defining an extension of the Ito integral that accounts for non-adapted 
integrands. The field of Malliavin's calculus includes the study of an object known 
as the Skorohod integral, which is well-defined for non-adapted processes and which 
coincides with the ordinary Ito integral for adapted integrands. The Skorohod in­
tegral is closely related to another object known as the forward integral, which is 
also well-defined for non-adapted processes (see Chapter 2). The forward integral 
has become a standard tool in the modelling of financial markets with heteroge­
neously informed agents, since the gains process J 1r udSu makes perfect sense if 
we interpret it as the forward integral J 7rud- Su. The theory of stochastic cal­
culus with anticipating integrands has been rigorously developed in Nualart and 
Pardoux [33] and Russo and Valois [38], [39], [40]. 

The second approach involves finding conditions under which the price process 
S remains a semirnartingale with respect to the enlarged filtration G. If this is case 
then, since 7r is adapted to G, the object J 7rudSu qualifies as an Ito integral, and no 
anticipating calculus is necessary. The task of determining when IF-semimartingales 
remain semimartingales with respect to a strictly larger filtration (G falls within a 
branch of stochastic analysis known as enlargements of filtrations. A quantity of 
great importance in applications is the information drift, which is defined as the 
process µG such that an IF-semimartingale S has the following decomposition with 
respect to the filtration G: 

- G 1
t 

St = Mt + 
0 

l's ds 

\Yhere ,Ht is a G-martingale. The theory of enlargements of filtrations was initiated 
in a paper by K. Ito [22], when he shmved that a standard Brownian motion re­
mains a semimartingale when its natural filtration is enlarged by O"(Bi), B 1 being 
a future ,·alue of the Brownian motion. In the early 1980's, the study of enlarge­
ments ( or grossissement de filtrations) was greatly furthered in a series of papers by 
the French school of probability theorists ( including J eulin, Yor, J acod and others). 

\\'e shall now present a brief overview of the historical development of the two 
basic approaches. 

The use of enlargement techniques to model differentially informed markets 
\\·as initiated in the seminal paper by Pikovsky and Karatzas [36] .1 Their paper 
studies the problem of optimizing the terminal logarithmic utility of an insider who 
has access to initial knowledge of an F 1-measurable random variable G. Initial 

1Other methods had previously been used to study differentially informed markets (see Kyle 
[27], Back [6] and Duffie and Huang [15]) but [36] seems to have been the first to apply the 
pmvcrful enlargement techniques of .Jaco<l et al, effectively initiating the standard approach in 
the literature. 
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enlargement techniques arc applied to several examples of G, including the cases 
,vhere G = lV(l) (terminal value of the Brmvnian motion) and G = )JV(l) + 
(1 - >.)1: (where 1: is a Gaussian random variable). Several key results were first 
introduced in this paper, including the idea that the insider's additional utility 
( that is, the difference between the expected terminal utility of the insider and that 
of the honest trader) may be expressed as the energy oft he information drift, given 
by lE[J(µf)2ds]. The paper also relates the additional utility to the relative entropy 
of the honest trader's probability measure with respect to the insider's probability 
measure (see Chapter 5 for details). These results paved the way for the publication 
of a number of important papers in the years to follow, including Grorud and 
Pontier [17]. [18]. Amendinger, Imkeller and Schweizer [3] and Amendinger [2]. all 
of which use the basic approach of initial enlargements to solve problems concerning 
the optimization of insider utility. 

Arncndingcr. Irnkcllcr and Schwci/\er [3] generalized many of the results of 
Pikovsky and Karatzas in solving the optimal portfolio problem for an insider 
in a general incomplete market, with dynamics given by dSt = St(ettd(lvf)t + Alt)­
Their paper presents simple conditions on the additional information G for the 
finiteness of the insider's additional utility, and proceeds to expand on the entropy 
representation first suggested in [36]. Amendinger [2] acts as a follow up to [3], in 
that it applies the ideas of that paper to the problem of portfolio optimization of 
an insider in a market that is complete for the honest trader. In order to extend 
the completeness property to the insider, the paper begins with a study of when 
the existence of martingale representation theorems on IF implies their existence 
on G. 

An interesting approach that combines the enlargement approach with tech­
niques from J\Ialliavin's calculus is presented in Imkeller, Pontier and \Veiss [21] 
and Imkellcr [20]. In addition to studying the problem of optimizing the insider's 
expected logarithmic utility, these papers include extensive analysis of free lunch 
and arbitrage possibilities for the insider. A key feature of these papers is the 
development of a type of ~1alliavin calculus for measure-valued martingales on the 
\Viener space. The market is assumed to be driven by a standard IF-Brownian mo­
tion iv; and the measure-valued Malliavin calculus is used to derive an expression 
for the information drift associated with the semimartingale decomposition of TV 
with respect to the enlarged filtration G. 

The application of anticipating stochastic calculus to the problem of insider 
trading began much more recently in the paper by Biagini and Oksendal [9]. 
Their approach differs from the then-typical enlargement approach in that it 
is not assumed that the underlying Brownian motion is a semimartingale from 
the insider's perspective. Instead, the stock price dynamics are modelled by 
dS(t) = S(t)[µ(t)dt + a(t)d-W(t)], where the integral implied by the second term 
on the right denotes a forward integral. In addition it is assumed that the mar-
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kct is anticipating, in the sense that the coefficients arc adapted to a filtration 
that is larger than that generated by the underlying Brownian motion. The main 
result shows that if an optimal insider portfolio exists in this framework, then 
the Brmrnian motion driving the stock price remains a semimartingale in the in­
sider's filtration. This is essentially a converse of most of the results obtained in 
other papers which find the optimal utility under au a priori semi martingale as­
sumption. Other notable features include the assumption of a generalized utility 
function rather than the usual logarithmic utility. Also, no particular assump­
tions are made about the insider's filtration, other than that it is larger than the 
honest trader's filtration. This means that many of the results apply for general 
enlargements rather than being specialized to initial enlargements. 

Shortly after the publication of the Biagini and 0ksendal paper, another paper 
dealing with the use anticipating calculus was published by Leon, Navarro and 
~ualart [28]. In their study, it is assumed that the insider knows the value of 
an Fr-measurable random variable L. :\fallia,·in calculus and forward integration 
are then used to optimize the insider's expected logarithmic utility. Although the 
paper uses techniques of forward integration, the ideas are essentially related to the 
enlargement of filtrations approach: in order to solve the insider's optimal portfolio 
problem. they assume the existence of a specified process h(t) which ensures that 
W(t) - J; h(s)ds is a martingale in the insider's enlarged filtration. 

0ksendal and Sulem [35] study an anticipative market, dri,·en by a Levy pro­
cess, from the point of view of a trader who observes less information than the 
rest of the market. The problem of studying an insider was thus replaced by the 
problem of a partially informed trader. 

The next major development in the use of anticipative calculus models was in 
the study of markets that are influenced by so-called large insiders. This means 
that the market coefficients arc actually influenced by the trading behaviour of the 
insider. Kohatsu-Higa and Sulem [26] is a comprehensive paper that generalizes 
the results of [9] and [35] in the sense that it considers an anticipating financial 
market without making any initial assumptions about the relationship between the 
trader's information and the information generated by the market. This generality 
allows for the study of both insiders and partially informed traders. A novel fea­
ture of the paper is that it explicitly examines the case in which the drift depends 
on an anticipating random variable, which is interpreted as a result of insider in­
fluence. Other papers that study insider-influenced markets include Kohatsu-Higa 
and Sulem [25] and Di Nunno, et al [14]. 

This dissertation is organized as follows: 
In Chapter 2 we present a mathematical overview of the :dalliavin calculus. We 

begin with a description of the decomposition of the Wiener space by the Ito chaos 
expansion. \Ve proceed by developing the Malliavin derivative and its adjoint, the 
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Skorolwd integral. This is followed by a presentation of the celebrated Clark­
Ocone formula. ~re close the chapter with a section on forward integration, which 
includes the basic definition of the forward integral, along with several key results. 
As this chapter is intended as background material for the financial applications 
of Part II, some of the proofs have been omitted and original sources have been 
referenced when necessary. 

In Chapter 3 we turn to a review of the theory of enlargements of filtrations. 
A systematic mathematical development is sacrificed to some extent in favour of 
the presentation of key results that will aid us in the mathematical models of later 
chapters. The bulk of this chapter deals with the study of initial enlargements, 
and we are particularly concerned with deriving expressions for the information 
drift. After discussing enlargements in a general semimartingale setting we turn 
to the more specialized study of enlargements in a Brownian world. 

In Chapter 4 we turn our attention to the development of financial models. 
vVe begin by proposing dynamics for a general anticipative market with differ­
entially informed traders, in which we modify standard assumptions such as the 
self-financing condition and the stock price s.d.e. so that the usual Brownian term 
is replaced by a forward integral term. Here it is assumed that lF is the filtration 
generated by the underlying Brownian motion and that the coefficients of the stock 
price process are adapted to a larger filtration G. vVe assume that a trader acting 
on the market possesses information given by a general filtration lHI, which may be 
smaller than lF (partially informed trader) or larger than G (insider). The prob­
lem of maximizing the expected terminal logarithmic utility is then solved for this 
general trader. The chapter proceeds by studying separately the cases of partial 
information and inside information using the anticipating calculus framework. The 
chapter concludes with an important result that links the existence of an optimal 
insider portfolio to existence of a semimartingale decomposition of the underlying 
Brownian motion in the insider's filtration. This motivates the necessity of solving 
the optimal portfolio problem of an insider via techniques from enlargements of 
filtrations. 

Taking our cue from the final result of Chapter 4, in Chapter 5 we study the 
problem of portfolio optimization for an insider using the method of enlargements 
of filtrations. Specifically, we concentrate on initial enlargements, i.e. the insider 
acquires all additional information at the beginning of the trading interval. Here 
it is fonnd that the additional expected logarit hrnic utility of the insider is given 
by lE[J µ 2ds]. Motivated by the difficulty of calculating explicitly the informa­
tion drift µ for an arbitrary type of additional information we proceed to find an 
entropy representation of the additional utility that doesn't depend on µ. The 
chapter closes with some results about the ability of an insider to exercise ar­
bitrage, which depends on the relationship between the conditional laws of the 
additional information and the law of the additional information. 



Part I 

Mathematical background 
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Chapter 2 

Malliavin calculus 

~1alliavin calculus, also known as the stochastic calculus of variations, is a type of 
infinite-dimensional differential calculus defined on the \\.iener space. The theory 
was initiated in 197 4, when P. ~Ialliavin used it to provide a probabilistic proof 
of Hormander's theorem [29]. Since then it has developed substantially and has 
been used to define differentiation and integration operators on random variables. 
The differentation operator, which we will study in Section 2.2, is known as the 
?\1alliavin derivative and the integration operator, which we will study in Section 
2.3, is known as the Skorohod integral. A result that has had particular relevance 
in mathematical finance is known as the Clark-Ocone representation formula. If a 
random variable X has the Ito representation X = IE[X] + J ¢(w, s )dWs, then the 
Clark-Ocone formula gives us a means of expicitly finding the integrand ¢; this will 
be dealt with in Section 2.4. In Section 2.5 we present some results from the theory 
of anticipating stochastic calculus, which is closely related to traditional :\Ialliavin 
calculus in that it is also concerned with the study of anticipating integrands. 

Since this chapter is intended as background material for the financial appli­
cations of Part II, some of the proofs have been omitted and original sources have 
been referenced when necessary. 

2.1 The Wiener-Ito chaos expansion 

The Wiener-Ito chaos expansion allows one to express elements of a square-integrable 
Hilbert space in terms of a particular orthogonal basis. The elements of the decom­
position can be expressed as iterated Ito 'integrals (see Eq. (2.5)). This particular 
representation of the random elements allows for very com·enient expressions of 
the ).,1alliavin derivative and Skorohod integral (see Theorems 2.2.8 and 2.3.5 re­
spectively). Let us begin by defining and stating some properties of the so-called 
iterated Ito integrals, since these objects form the basis of the chaos expansion. 
This section is largely based on [34]. 

9 



2.1 The Wiener-Ito chaos expansion 10 

\\'c will work on a measure space (S:l :F, P) equipped with the filtration (Ft)tE[D,T] 

generated by the Brownian motion lV. 

\\'e define 6n(t) to be the portion of the n-dimensional box [O, t]n given by 

6n(t) = {(x1, ... , Xn) E [0, tt; 0::; X1 ::; ... ::; Xn::; t}. (2.1) 

Xow if f = J(h, ... , tn) E L2(6n(T)) (that is, J!).n(T) f2(t1, ... , tn)dt1 ... dtn < oo) 
then the associated n-fold iterated Ito integral is defined as 

where dlV 2 n := dlV(ti)dlV(t2 ) ... dlV(tn)- Using the Ito isometry and the fact 
that the expectation of an Ito integral is zero we can show 

Theorem 2.1.1. ([34] Eq. (1.7)) 

E[ In (f) Im (g)] 
E[In(f)Im(g)] 

Proof. Suppose n = m. We have 

0 if n -=/=- m 

(!, g)L2(j_n(T)) if rl = m 

IE[.J,;(f)] ~ IE [ {1T .t .. · l' h(I, ....• t.)d\V(t,) ... dW(t.)} '] 

[ IE [ {f · · · f h(t,, ... , t.)d\V(t,) ... d\V(t._1)} '] dt. 

by repeated applications of the Ito isometry. Using essentially the same procedure, 
along with the fact that IE[J f dW] = 0 for deterministic f, it is easy to show that 

□ 

Corollary 2.1.2. The map f--+ In(!), L 2 (6n(T))--+ L 2 (f2) is an isometry. 
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It is appropriate c1t this point to introduce sonw ideas concerning symmet­
ric functions. \Ve begin with some simple definitions. Firstly. a real symmetric 
function f : [0, Tt -----+ IR is one that satisfies 

(2.3) 

for all permutations cr of (1, ... , n). The symmetrization f of a function f : 
[0, Tt -----+ IR is gi\·en by 

(2.4) 

where S denotes the group all permutations of the first n integers. 

Remark 2.1.3. Using this symmetrization we can extend any function f defined 
on the wedge 6n(T) to a symmetric function l defined on the whole ~ox [O, T]n. 
\Ve simply define f to be zero on all points outside 6n(T) and define f to be the 
symmetrization as defined above. (Note that it is necessary to define f to be zero 
outside the wedge since it is not otherwise defined in this region.) 

The space of symmetric functions in L2 ([0, Tt) will be denoted by L2 ([0, Tt). 
By considering the number of permutations of n objects we can reason that there 
are n! sets of shape 6n(T) that fill the box [O, T]n so that we have 

llfllf2([0,T]n) = n! llflli2(t.n(T)) 

For f E L2 ([0, T]n) we define In(!) by 

Theorem 2.1.4. 

IE[In(l)Im(g)] 

JE[Jn(f)Jm(g)] 

In(!) := n!Jn(f) 

0 if n-/- m 

n!(l, g)L2([0,T]n) if n = m 

Proof. Using Th. 2.1.1 and Eq. (2.5) we obtain 

IE[J~(f)] = IE[(n!) 2 J~(f)] = (n!) 2 llf lli2(t.n(T)) = n! llf lli2([0,T]n) 

(2.5) 

The n -/- m case follows immediately from Theorem 2.1.1, since IE[In(l)Im(g)] = 
(n!) 2IE[Jn(f)Jm(g)] = 0. D 

In order to find a decomposition of the probability space (0, :F, P) it is neces­
sary to present some results concerning the Hermite polynomials. \Ve follow [30]. 
Let (f, g) denote the inner product defined on the Hilbert space £ 2 (0): 

(f, g) = 1 f(w)g(w)dP(w). 
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The annihilation operator is simply defined as 

(ax) ( t) = x' ( t). 

where x : IR ---+ IR is a continuously differentiable function. The creation operator 
8* is then defined as the adjoint of 8. On a one-dimensional Gaussian Hilbert 
space1

, ,vith probability measured,= 1/y2Jrexp(-x2/2)dx, we have 

(x, y) = IE.[x(t)y(t)] = f x(t)y(t)d,(t) = ~ f x(t)y(t)e-t
2

12dt 
}'HJ. v 27T IR. 

and 

(ax, y) ~ f (8x)(y(t)e-t
2
12 )dt = - ~ f x8(y(t)e-t

2
12 )dt (by ibp) 

V 27T }'HJ. V 27T }'HJ. 

1 f ( a ) -t212d - ( 8* ) y2Jr }'HJ. X - 1J + ty e .t - X, !J 

where D*:T = -Dx+tx. Two useful identities follow from the relationship (Dx, y) = 
(x, 8*y): 

arr - a*a 
a(u*t - (u*tu 

\.Ve now define the Hermite polnomials by 

1 

n(u*r-l 

Hn(t) := (8*f(l) (n = 0, 1, 2, ... ) 

Applying the identity (2.7) to the constant function 1 we obtain (see [30]) 

H~ = nHn-l 

:t\1oreover, it is not hard to show that 

(2.6) 

(2.7) 

(2.8) 

so that (Hm, Hn) = 0 for m < n. Since the inner product is symmetric we have 
that Hm ..l Hn for m i= n. It is also clear from the definition that Hn(t) is of 
degree n with leading term tn so that 

This finally leads us to conclude that 

{ ~Hn, n = 0, L 2, ... } 

is an orthonormal set in L2
(,). It can in fact be shown that it constitutes an 

orthonormal basis of L2 
(,). ~re conclude this brief study of Hermite polynomials 

with some interesting results. 

1 Recall that a Gaussian Hilbert space is one whose elements are centred Gaussian random 
variables; i.e. for each random variable X, there is a er> 0 such that X ~ N(O, cr2 ). 
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Proposition 2.1.5. Any C 00 -.fandion :r with an.r E L2h) for all n E N ('(LT/, he 
written as 

(2.9) 

Proof. Using the orthonormal basis we have, for x E L2h) 

If all derivatives are in L2
(,) we also have 

□ 

Corollary 2.1.6. 

exp ct - -c2 = L ;Hn(t) ( 
1 ) 

00 

n 

2 n. 
n=O 

(2.10) 

Proof. Applying Proposition 2.1.5 to x(t) = ect yields 

to obtain 

( 
1 ) 

00 

n exp ct - -c2 = L ;Hn(t) 
2 n. 

n=O 

□ 

\Ve will also require the following result, which provides a relation between the 
iterated Ito integral and the Hermite polynomial: 

Theorem 2.1. 7. For g E L2 ([0, Tl) we have 

I J ( (en) - 11 11 n ( l V (g) ) n. n g - g Hn 11911 (2.11) 
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Proof. Sec Appendix of [8]. □ 

\Ye now present the major theorem of this section: 

Theorem 2.1.8. ff¢ E L2 (n) is rm FT-measurable random variable, then there 
exists a unique sequence of symmetric deterministic functions f n E L2 

( [O, Tt) such 
that 

00 

c/>(w) = L In(Jn) (2.12) 
n=O 

Furthermore, ¢ satisfies 

00 

llc/>lli2(n) = L n!llfnlli2([0,T]n) (2.13) 
n=O 

Proof. See Theorem 1.1 of [34]. □ 

2.2 The Malliavin derivative 

Recall that L2 ([0, Tl) denotes the Hilbert space of square integrable deterministic 
functions h : [O, T] -+ R For h E L2 ([0, Tl) ,ve define 

iV(h) := 1T h(t)dTVi (2.14) 

Let C;' (ffi.n) denote the set of all infinitely differentiable functions f : ffi.n -+ ffi. 
such that J and all of its partial derivatives have polynomial growth. The class of 
smooth random variables, which we denote by S, consists of all random variables 
of the form 

F = f (iV(h1), ... , TV(hn)) 

where f E C;'(ffi.n) and h1 , ... , hn E L2 ([0, Tl). 

For F E S we define the derivative of F by 

n 

DF := L 3d(TV(hi), ... , W(hn))hi 
i=l 

(2.15) 

(2.16) 

Remark 2.2.1. In what follows we will sometimes write DtF for the derivative at 
a particular time t. That is, the value of the derivative at the point t is given by 

n 

DtF = L 3d(W(h1), ... , TV(hn) )hi(f) 
i=l 

Xote, hmvever, that since h E L2 ([0, Tl), h(t) is only well-defined for a.a. t. 
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\Ve denote by P1 2 the set of all smooth random variables for which such a 
. ' 

derivative exists. (See [32] for a way to interpret D F as a directional derivative.) 
Using Eq. (2.16) it is easy to prove the following properties: 

Proposition 2.2.2. For F, G E P1,2 and a continuously differentiable function 
J : IR - IR we have 

1. Linearity: D(aF + {3G) = aDF + {3DG 

2. Chain rule: D(J(F)) = f (F)DF 

3. Product rule: D(FG) = (DF)G + F(DG) 

Remark 2.2.3. \'"ote that if FE P1,2 (i.e. F = J(H'(h1) .... , lV(hn)) where J is an 
nth degree polynomial), then we can orthonormalize the h/s via the Gram-Schmidt 
procedure. (i.e. We let c1 = hi/ llh1II, c2 = (h2-(c1, h2)ci)/ ll(h2 - (c1, h2)c1II, ... ) 
and write the h/s in terms of the orthonormal ei ·s to obtain F = f (lV( e1), ... , lV( en)) 
"'here J is a new nth degree polynomial.) We can therefore assume that the h/s 
are orthonormal when it is convenient. 

The following integration-by-parts formulae arc useful: 

Theorem 2.2.4. Leth E L2 ([0, Tl), FE P1,2 . Then 

E[(DF, h)L2([o,r])] = E[FlV(h)] (2.17) 

Proof. \\'e follow [32]. \Ve can normalize the arguments of F along the lines of the 
preceding remark (normalizing Eq. (2.17) such that his of norm one) to obtain 

where J E C';, h = e1, and the e/s are orthonormal elements. V/e have 

·where 

IE[(DP h)H] = IE[(L Dd(l-V(e1), .... lV(en))ei, ei)] 

IE[(L(od)(ei. e1)£2([0,T])] = IE[Dif] 

{ oif(x)drn(x) 
}'P,n 

1 2 
drn = (21r)n/2 exp(-lxl /2)d:r 
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Thus 

IE.[(DF, h)H] 

□ 

Corollary 2.2.5. For h E L2 ([0, Tl). F, GE P1,2 we have 

E[G(DF, h)L2([o,r])] = E[(-F DC, h)L2([o,T]) + (FG)lV(h)] (2.18) 

Proof. Apply Theorem 2.2.4 to the product FG and use the product rule for the 
derivative. □ 

Let us now define a norm on P 1,2 by 

\\F\\1,2 := \\F\\L2(fl) + \\DF\\£2([0,T]xfl) (2.19) 

Since the family P 1,2 is not closed with respect to the abm·e norm (see [8] p.15), 
we define ]0)1,2 to be the closure of P 1,2 with respect to 11·11 1,2. For a convergent 
sequence Fn---+ Fin L2(0) it would be natural to define the derivative of F by 

DF := lim DFn. (2.20) 
n--->oc 

Before we do this, however, we need to know whether Dis a closable operator, i.e. 
whether 

Fn - F, DFn - L1, Gn - F, DGn - L2 ⇒ L1 = L2. (2.21) 

Closability would imply that the definition suggested by Eq. (2.20) is unique. As 
it happens, the derivative operator is closable by the following theorem (See [34] 
Thm 4.11. [8] Thm 1.4.1): 

Theorem 2.2.6. The derivative operator D : P1,2 ---+ L 2 ([0, T] x 0) is closable. 

Proof. Suppose (Fn)nEN is a sequence of smooth random variables (i.e. Fn E P1,2 
for each n) such that Fn ---+ 0 in L2(0) and DFn ---+ Fin 12([0, T], 0). Then, by 
the integration-by-parts formula of Eq. (2.17) we have 
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where h E £ 2 ([0, Tl). Now limn_,00 IE[DFn, h] = IE[(limn_,•x DFn, h)] = IE[(DF, h)] 
for the LHS and limn_,xlE[FnlV(h)] = IE[FlV(h)] = 0 for the RHS. Thus we have 

IE[(DF, h)] = 0 for all h E L2 ([0, Tl) 

from which it follows that DF = 0. □ 

\Ve are now able to formally define the r..falliavin derirntive as the closure of 
the previously defined derivative operator ( sec Def. 4.13 of [34]): 

Definition 2.2.7. Let FE ]0)1,2 , i.e. there is a sequence (Fn)nEN with each~ E 

P1,2 such that Fn --+ F in L 2 (0) and (DtFn)nEN converges in L 2 ([0, T] x 0). The 
M alliavin derivative is then defined as 

DF = lim DFn (2.22) 
n~CXJ 

\Ve conclude this section by presenting a particularly useful result concerning 
the connection between the Mallia\·in derivative and the \Viener-Ito chaos expan­
sion. Let us first consider how the chaos expansion may be applied to stochastic 
processes. Suppose that u(t, w) E £ 2 ([0, T] x 0) is a stochastic process. As long 
as 

u(t, ·) is Fr - measurable for all t E [O, T] (2.23) 

and 
IE[u2 (t,w)] < oo for all t E [O,T] (2.24) 

we can apply the chaos expansion to u( t, ·) for each t E [O, T]. That is, for each t 
we obtain a sequence of functions fn,t(t 1 , ... , tn) E £2 (1R.n) such that 

00 

u(t,w) = Lin(fn,t(·)) (2.25) 
n=O 

In what follows we will write fn(·, t) = fn(t1, ... , tn-l, t) so that fn is symmetric 
,vith respect to its first n - 1 variables. 

Theorem 2.2.8. Lrt F E ]0)1,2 and let F = I::=o In(]n) he the chaos c1-:pansion 
of F. Then 

00 

(2.26) 
n=l 

Aforeover we have F E ]0)1,2 i.ff 

00 

L nn!llfnlli2([0,T]n) < 00 (2.27) 
n=l 

Proof. See Theorem 4.18 of [34]. □ 
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2.3 The Skorohod integral 

Recall that the :tvlalliavin derivative is an operator that takes square integrable 
random variables to square integrable processes: ·we have 

(2.28) 

\\'e would like to define an integral operator t5 on a subset ]D)i 2 C L2([0, T] x 0) that , 
'reverses' the derivative operator in some sense. That is, it takes square integrable 
processes back to square integrable random variables: 

(2.29) 

\\'e will thus define the so-called Skorohod integral as the adjoint of the derivative 
operator (i.e. (F, t5(u) )L2(!1) = (DtF, u)L2([o,T]xn))- \Ve define the space of Skorohod 
integrable random processes by 

]D);,2 = { u E L2([0, T] x O)l:3c E IR such that l(DF u)I ::; cllFIIL2(n), VF E ]D)1,2} 

(2.30) 
,vhere c is a constant that is independent of F. \Ve can now define the Skorohod 
integral t5 as follmvs (see [8] for a discussion of existence and uniqueness of t5): 

Definition 2.3.1. If u E ]D);' 2, then t5(u). known as the Skorohod integral of u, is 
the unique element of L2 (0) 'that satisfies 

IE[(DF, u)L2[o,ri] = IE[Ft5(u)] 

for any F E ]D)1,2. 

Remark 2.3.2. Another common notation for the integral is given by 

t5(u) = 1T u(t,w)t5W 

(2.31) 

(2.32) 

and the space of Skorohod integrable processes if often denoted by Dom t5. 

Remark 2.3.3. Note that taking F = l in Def. 2.3.1 gives E[t5(u)] = 0, as is the 
case for Ito integrals. 

\Ve next present a type of integration-by-parts formula that is very useful in 
other areas of ~Ialliavin's calculus: 

Theorem 2.3.4. Let FE ]D)1,2, u(t,w) E ]D)i,2 and Fu E L 2([0, T] x 0). Then 
Fu E ]D);',2 and 

t5(Fu) = Ft5(u) - (DF, u)L2([o,r]) 

Proof. See Proposition 1.3.3 of [32]. 

(2.33) 

□ 
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.Just as we did for the Mallicwin derivative, we will now find a representation 
of the Skorohod integral in terms of the \Viener-Ito chaos expansion. This is 
useful when it comes to actually computing the integral of a particular random 
variable and also aids us in proving other interesting properties of the integral. 
In Eq. (2.35) of the following result, fn+l refers to the symmetrization of fn,t = 
fn(t1, ... , tn, tn+d, where we have sett= tn+l· 

Theorem 2.3.5. Suppose u E L 2 ([0, T] x 0) has the chaos expansion 
00 

u(t,w) = Lln(Jn(·,t)) (2.34) 
n=O 

Then 
00 

b(u) = L In+1(fn+i) (2.35) 
n=O 

prouidcd the series converges in L2 (n). 

Proof. See Proposition 1.3. 7 of [32]. □ 

Remark 2.3.6. In some sources, the Skorohod integral is defined in terms of the 
chaos expansion. \Ve have not chosen this approach as it is difficult to see why the 
operator actually represents an integral using such a definition. 

The above chaos expansion representation can be used to show that the Ito 
integral coincides with the Skorohod integral when the integrand is Fradapted. 
In this sense, we can regard the Skorohod integral as a generalization of the Ito 
integral that is well-defined for non-adapted integrands. Before we present this 
result, ,ve state an intermediate result that characterizes the Fradaptedness of 
the terms in the chaos expansion. 

Lemma 2.3. 7. (Lemma 2.5 of [34]) Let the square integrable process 1l(t, w) E 

L2 (0) be Fr-measurable for all t E [O, T], with chaos expansion given by 
00 

for each t E [O,T]. Then u(t,w) is Ft-adapted iff 

fn(t1,···,tn,t)=0 if t< max ti 
1:C:i:C:n 

(2.36) 

Theorem 2.3.8. (Theorem 2.6 of [34]) Let u(t, w) be an Ft-adapted process for 
t E [CL T] such that 

IE[1Tu2(t,w)dt] <oo 

Then u is Skorohod integrable and 

1T u(t, w)MV(t) = 1T u(t, w)dll'(t) (2.37) 
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2.4 The Clark-Ocone formula 

Recall that the Ito representation theorem states that any square integrable Fr­
measurable random variable F E L2 (D) can be expressed as the Ito integral of a 
unique Ft-adapted process f(t, w): 

F(w) = E[F] + 1T .f(t,w)dlV(t) (2.38) 

Unfortunately we cannot calculate the form of the process f ( t, :.J) using elementary 
stochastic analysis. In order to find such an expression we turn to tfalliavin's 
calculus, which enables us to find .f provided F is Malliavin differentiable. 

The following results ( see [34] Prop. 5.5, Prop. 5.6 and Cor. 5. 7 for proofs) 
are useful for what follows: 

Theorem 2.4.1. Let fn E L2 ([0, Tt). Then 

(2.39) 

Proposition 2.4.2. If FE ]]J)1,2 then IE[FIFsJl[o,s](t) E ]]J)L2 and 

Corollary 2.4.3. Let u(s, w) be an F 8 -adapted process such that u(s, •) E ]]J)1,2 for 
alls. Then Dtu(s, w) is F 8 -adapted for all t and 

Dtu(s,w) = 0 fort> s 

Our intuition from ordinary (non-stochastic) integration suggests that the in­
tegrand f from Eq. (2.38) should correspond to the "deriYatiYe" of F. The Clark­
Ocone formula clarifies this intuition: 

Theorem 2.4.4. Let F E ]]J)1,2 and suppose that lV is an Yi-Brownian motion. 
Then 

(2.40) 

Proof. We represent F using the chaos expansion F = I:::=o In Un) where fn E 

£2([0, Tt) for each n. \Ve have 

1T E[D,FIF,]dW(t) ~ 1T E [ D, t I.(f.)IF,] dW(t) 

[ E [t, nln-1 (M, t))IF,] dW(t) 
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1T f nln-1Un(·, t)l~:J-l)(·))dlV(t) 
O n=l 

1T f n(n - l)!Jn-1Un(·, t)l~~J-l)(·))dlV(t) 
O n=l 

00 00 00 

n=l n=l n=O 

F-lE[F] 

□ 

2. 5 The forward integral 

As we have seen in Section 2.3, the Skorohod integral coincides with the usual Ito 
integral for adapted integrands, and can thus be viewed as a generalization of the 
Ito integral. That is, if the process u(t, w) is adapted and Skorohod integrable we 
have 

1T u(t, w)61V(t) = 1T u(t, w)dlV(t) 

Let us consider a common scenario in which the necessity of integrating a non­
adapted process arises. \Ve consider a setup in ,vhich a Brownian motion HI is 
adapted to a filtration IF = (Ft)tE[O,T] and a process Ot is adapted to a strictly 
larger filtratioll G = Wt)tE[O,T] (so that Yt ::) Ft for each t). \Ve would like to be 
able to interpret the integral given by 

It cannot be understood as an Ito integral since the integrand Ot is not adapted 
to the filtration generated by the Brownian motion. \\'e already know that the 
Skohorod integral is defined for non-adapted integrands, and ·we shall now consider 
a closely related object known as the forward integral. The forward integral also 
allmvs for non-adapted integrands, and is particularly useful in the financial mod­
elling of heterogeneously informed traders. as we shall see in later chapters. The 
mathematical theory of forward integration was largely developed in [33], [38], [39] 
and [40]. The approach we shall take is along the lines of [9], [19], [26] and [35]. 
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Definition 2.5.1. Let ¢ : [O, T] x n ---+ IR be a measurnble process that is not 
necessarily adapted. The forward integral of o with respect to lV is defined by 

1T 1T tV(t + t) - lV(t) 
¢(t,w)d-tV(t) = lim ¢(t,w)-----dt 

0 E-□ 0 E 
(2.41) 

if the limit exists in probability, in which case 1> is said to be forward integrable in 
the weak sense. 

The following property, which doesn't in general hold for Skorohod integrals, 
follows immediately from the above definition: 

Lemma 2.5.2. Suppose that the process ¢ is forward integrable and that G is a 
random variable. Then 

\Vhen dealing with caglad stochastic processes, the forward integral has the 
following intuitive representation as a limit of Riemann sums: 

Theorem 2.5.3. Let ¢ : [O, T] x D ---+ IR be forward integrable and caglad. Then 

(2.42) 

where the lirn'it is taken in probabddy. Herc f:lt = rnaxj=O, ... ,N-i(tj+l - tj) and 
f:ltV(tj) = lV(tj+i) - vV(tj) for all j = 0, 1, ... , N - 1, and O = t0 < t 1 < ... < 
tN = T is a partition of [O, T]. 

Proof. Since any caglad process can be approximated pointwise in wand uniformly 
in t by a simple stochastic process, we may assume that ¢ is simple: 

N-l 

¢(t,w) =: ¢(t) = L 1>(tj)l(tj,tJ+1J(t) 
j=O 

Applying Def. 2.5.1 to the function¢ above, we obtain 

l. 1T .( )tV(t + t) - tV(t)d 
Im O t ------ t 
E-□ O E 

~ . 1tH1 lV(t + t) - lV(t) 
~ ¢(tj) hrn ------dt 

E-□ t E j=O j 

N-l 11tj+1 ju L </>(tj) l.im - ( dt)dWu 
r-□ E j=O 0 U-f 
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N-1 11tj+l L </>( t1) lim - cdH'u 
_ c--,Q E t _ 

J=O J 

N-1 

L </>(t1)(lV(tj+1) - lV(tj)) 
j=O 

where the third line follows by considering the integration region as E -t O and 
applying a stochastic Fubini theorem. □ 

Remark 2.5.4. The above theorem moti,·ates the use of the forward integral as a 
gains process in financial applications. 

Another method that is often applied to solve stochastic integrals with non­
adapted integrands involves a branch of stochastic analysis known as r.nla.rgcm,ents 
of filtrations, which will be described in more detail in Chapter 3. Again we 
consider the scenario described at the beginning of this section. Roughly speaking, 
the enlargement of filtrations approach involves finding conditions under which 
the Fradapted Brownian motion TV remains a semimartingale with respect to the 
larger filtration G. 

Theorem 2.5.5. Let (G = (9t)tE[O,T] denote a general filtration. Suppose that TV 
is a standard Brownian motion on (0, F, P) and that H' is a semimartingale with 
respect to (G. Furthermore, suppose that the measurable process cp is adapted to (G 

so that f0T <i>( t )dlV ( t) exists as an Ito integral. Then </> is forward integrable and 
we have 

(2.43) 

The above result essentially tells us that, whenever the enlargement of filtra­
tions method can be applied to evaluate an integral with an anticipating integrand, 
it gives the same result as the forward integral (see the beginning of Chapter 5 for 
further <let ails). 

In order to equip ourselves to deal with some of the applications in later chapters, 
we will often work with the following modified definition of the forward integral: 

Definition 2.5.6. Let cp : [O, T] x n -t IR be a mcas1.trahlc process that is not 
necessarily adapted. We say that </> is forward integrable in the strong sense if 

lim {T </>(t, w) W(t + c) - lV(t) dt 
f--,oh E 

exists as a limit in L 1 (0). 
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\Tote that forward integrability in tlw strong sense clearly implies forward in­
tegrability in the weak sense. 

\Ve shall now turn our attention to finding a relationship between the Skohorod 
integral and the forward integral. 

Theorem 2.5. 7. Suppose that the measurable process ¢ : [O, T] x D - JR is such 
that o(t) E ]0)1,2 for each t E [O, T] and 

ll¢lt,
2 

:= lE [1T 1¢(t)l 2dt + 1T 1T 1Du¢(t)l2dudt] < CX) 

Furthermore, suppose that 

exists for a. a. t E [O, T]. Then cp is forward integrable (in the strong sense) and 

(2.44) 

Proof. See Lemma 2.2 of [26] for a sketch of the proof. □ 

Since the expectation of the Skorohod integral is zero (from Remark 2.3.6), we 
also have 

Corollary 2.5.8. ff cp satisj,:cs the conditfons of the abo11e theorem, then 

\Ve conclude this section with some elementary results on forward processes 
(see [19]), in which we present a method of solution that is analogous to Ito's 
formula for ordinary diffusions. 

Definition 2.5.9. A (1-dimensional) forward process is a stochastic process X(t) = 
X(t,w) oftheform 

X(t) = x + it u(s)ds + it v(s)d-H'(s), t E [O, T] 

where u(s, w) and v(s, w) are stochastic processes such that 

iT lu(s)lds < oo P - a.s. 

and v is forward integrable. 

(2.45) 
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\Ve will generally use the following shorthand notation for a forward process: 

Theorem 2.5.10. (Ito's formula for forward processes) Let 

be a forward process. Let f E c 1
,
2 ([0, T] x IR) and define 

Y(t) = f(t, X(t)) 

Then Y is a forward process with 

af of _ 1 a2 f 2 dY(t) = at (t, X(t))dt + ox (t, X(t))d X(t) + 2 ot2 (t, X(t))v (t)dt (2.46) 

The forward Ito formula can be applied to a forward stochastic differential 
equation to obtain the following result: 

Corollary 2.5.11. Let u(t) and v(t) be measurable processes such that J;(lu(s)I + 
v2 (s))ds < oo P- a.s. fort E [O, T] and vis forward integrable. Then the forward 
s.d.e. 

dX(t) = X(t)[u(t)dt + v(t)d-lV(t)]; X(O) = x > 0 

has the unique solution 



Chapter 3 

Enlargement of filtrations 

Recall that Theorem 2.5.5 of the previous chapter stated that, if an IF-Brownian 
motion lV can be expressed as a semimartingale with respect to a larger filtration 
G, then the forward integral of a measurable 9radapted process ¢ is given by 

Let us assume that there exists a measurable process µ such that lV has a semi­
martingale decomposition with respect to (G of the form 

W(t) = W(t) + 1t µ(t)dt 

where lV is a G-I3rownian motion by Levy"s characterization theorem. Then we 
can naturally define 

1T ¢(t)dW(t) = 1T ¢(t)dlV(t) + 1T c/>(t)µ(s)ds 

so that each term on the RHS is well-defined in ordinary stochastic calculus. 
}.fotivated by the above method of solving stochastic integrals with non-adapted 

integrands, this chapter aims to determine conditions under which IF-semimartingales 
remain semimartingales with respect to an enlarged filtration G. \Ye will be partic­
ularly concerned with finding the semimartingale decompositions in the enlarged 
filtration. 

3.1 An introductory example 

Perhaps the simplest example of an initial enlargement, which often features in 
the financial literature, is the case in which a Brownian filtration is enlarged by 

26 
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a future valuP of the Brownian motion. This oft-quoted result will be dealt with 
below as an introductory example (see [37] Ch. 6). Here (0, F, P) is a probability 
space equipped with the filtration lF. 

Theorem 3.1.1. (Anticipation of TV(T)) Suppose that W is an lF-Brownian mo­
tion and that G = Wt )t>o is the smallest filtration such that l Vi is Q0 -measurable 
and Ft C Yt for all t 2:: 0. Then W is a Q-semimartingalr. In this rnsr: 

is a G-martingale. 

Mt = l Vi - ( W1 - l Vs ds 
lo 1 - s (3.1) 

Proof. ·we follow [37]. Since W is a Brownian motion we have lE[vV/] = t < oo 
for all t > 0 and lE[lVt] = 0. We also know that lV is an lF-martingale. Let 
0::; s < t::; 1 be rational numbers such thats= j/n and t = k/n. Aow set 

¾ = lVi+1 - n·_,_ (3.2) 
n n 

\\'e have the telescoping sums "L7::_/ ¾ = W~ - lV2. = lVi - vVs and "L7::} ¾ = 
Wt - TVs. Thus we can write n 

By the independence of the Brownian increments we then ha\·e lE[Wt - lVsl9s] = 
lE[lVi - H's I W1 - lVs] = i:::: (TV1 - TVs) for all rationals O ::; s < t ::; 1. Since the 
Wt 's are uniformly integrable and since the paths of H' are right-continuous, we 
can take limits to show that the preceding; result is also true for all reals. 
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by Fubini ·s theorem for conditional expectations. Dnt note that 

JE[(W1 - Wu) - (H'u - lVs)IQs] 

H'1 - H's - ul -
8 

(lFi - H's) 
-s 

1-u 
1 _ 

8 
(lVi - lVs) 

28 

So we have lE[1Ut - A:lsl9s] = t::::(lVi - lVs) - J: l~s(lFi - lVs)du = 0, from which 
it follows that M is a G-martingale. □ 

3.2 Initial enlargements for general semimartin­
gales 

This section is largely based on [3]. Let (0, F, P) be a probability space that 
is equipped with the filtration IF = (Ft)tE[O,T] · Let G = Wt)tE[O,T] denote the 
enlargement of IF by an Fr-measurable random variable X, where X takes values 
in the Polish space ( U, U). We have 

Yt = n(Fs V er(X)) (3.3) 
s>t 

\Ye begin by presenting two hypotheses that will be of great relevance throughout 
this chapter. They are both related to the conditional distributions of the addi­
tional information G given Ft: 

Hypothesis (AC) 1 : (absolute continuity) there is a er-finite measure r7 on (U,U) 
such that, for all t E [O, T), 

P[G E ·I.Ft]<< 77(·) for P - a.a. w E 0 (3.4) 

Hypothesis (E): (equivalence) there is a er-finite measure 77 on (U,U) such that, 
for all t E [O, T), 

P[G E ·IFt] ~ 77(·) for P - a.a. w E 0 (3.5) 

\Ye shall use the following notation: IF0 := (Ft)tE[O,T) and G0 (Qt)tE[O,T) (i.e. 

the right end-point is excluded); we also use D := n X U, Ft := nc>O(Ft+c ® U) 
and JF0 := (Ft)tE[O,T)· Let us also recall the definitions of optional and predictable 
er-fields. 

1 This first hypothesis is often referred to as Jacod's condition. 
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Definition 3.2.1. The optional tJ-algchro, of JF0 . denoted hy O(lF0
), is the rr­

algebrn. defined on [O, T) x n, that is generated by all Ft-adapted cadlag processes. 

Definition 3.2.2. The predictable tJ-algebra of JF0 . denoted by P(lF0
), is the tJ­

algebra, defined on [O, T) x n, that is generated by all Ft-adapted left continuous 
processes. 

Supposing that Hypothesis (AC) holds, it is natural to investigate the prop­
erties of the density process implied by the absolute continuity assumption. The 
following lemma, originally formulated in Jacod [23], elucidates some of these 
properties: 

Lemma 3.2.3. There exists a non-negative cadlag O(F0 )-measurable process (w, l, t) f---+ 

qi ( :,,•) such that 

1. for all l E U, q1 is an JF0 -martingale, the processes q1 and q~ are strictly 
positive on [[O, T 1

)), and q1 = 0 on [[T1
, T)). where 

T 1 
: = inf { t ~ 0 I qL = 0} /\ T (3.6) 

2. for all t E [O, T), the measure qi ( · )TJ( dl) on ( U, U) is a version of the condi­
tional distribution P[G E dllFtL 

Iu fact it is straightforward to show that the measure rJ of (AC) can be taken 
to be the law of G. We have 

l P[G E dl] = P[G EB] = P[G E BIFo] = l q&11(dl) 

That is, q&rJ(dl) = P[G E dl]. This means we can write 

P[G E BIFt](w) = l p~(w)P[G E dl] 

,vhere 

(3.7) 

Taking rJ to be the law of G thus amounts to using the p defined above for the 
process q of Lemma 3.2.3. 

Let JJ be a continuous local lF-martingale. If we assume that (AC) holds, it 
can be shown that AI is a semimartingale in the filtration G 0

. This is expressed 
in the following theorem, also originally from [23], in \\'hich the semimartingale 
decomposition of AI is related to the density process q1: 
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Theorem 3.2.4. Suppose that ( AC) holds and that Al is a cor1tfo,1wns local lF­
martingale. Then there exists a P(IT!0 )-measurable function (w, l, t) 1---+ µ~(w) with 
covariation 

(3.8) 

such that 

1. 1; lµfld (Alt < oo P - a.s. for all t E [O, T), and 

2. Al is a G0 -semimartingale with decomposition 

(3.9) 

where if is a continuous local G0 -martingale. 

Remark 3.2.5. :'\ote the relevance to financial mathematics: under the assumption 
of no-arbitrage, the discounted price process of a stock (St)t>o is a local martingale 
in the market filtration. The above theorem thus tells us that St remains a semi­
martingale from the point of view of a trader with additional information given by 
G, so that the gains process 1; 0udSu of the insider makes sense as an Ito integral. 
(Bear in mind, however. that the theorem only holds for t E [O, T), so that the 
final trading time T is excluded.) 

\\"e proceed by taking TJ to be the law of G. thus using p of Eq. (3.7) as our density 
process. Since p1 > 0 P-a.s. on [[O, T)) by Lemma 3.2.3, the process 1/p0 is finite 
on the interval [O, T). In the following theorem we shall define a new probability 
measur~ A on (D, Yt), such _that A= Pon Ft, and Ft and O"(G) are independent 
under It For this reason, Pt is often referred to as a decoupling measure. It will 
be necessary for this result to assume Hypothesis (E): that the conditional laws of 
G given Ft are equivalent to the law of G for each t E [O, T). 

Theorem 3.2.6. ff Hypothesis (E) holds then 

1. f is a G0 -martingale. 

2. For t E [O, T), the probability measure defined by 

- 11 Pt(A) := :-cP[G Ed/] 
A Pt 

has the following properties: 

( a) Ft and O"( G) are independent under A 
(b) A= Pon (D,Ft)-

for A E Yt (3.10) 
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Proof. Sec Proposition 2.3 of [3] or Proposition 1.6 of [l]. □ 

Due to the content of the following theorem, we refer to the measure Pt as the 
[O, t]-martingale preserving measure under initial enlargement. 

Theorem 3.2. 7. Suppose that (E) holds. Then, fort E [O, T), we have that any 
(local) (P, W)-martingale Al on [O, t] is a (local) (A, G)-martingale on [O, t]. 

Proof. See Proposition 2.5 of [3] or Proposition 1. 7 of [l]. □ 

Until now we have assumed that Af is a continuous local ( I', W)-martingale. In­
stead, let us now consider a general Fradapted stochastic process S and assume the 
existence of a measure Q ~ P on ( D, FT) such that S is a local ( Q, W)-martingale. 
Let zF denote the density process of Q with respect to P. \Ve then have the 
following result. which follows directly from Theorem 3.2.6: 

Corollary 3.2.8. ([2] Th. 3.1) If Hypothesis (E) holds then 

.<' zF 0 
1. Z"' := :-:c is a G -martingale. p 

2. Fort E [O, T) the martingale preserving probability measure. defined by 

1 zF 
Ot(A) := ~P[G E dl] 

A Pt 
for A E 9t 

has the following properties: 

( a) Ft and CJ( G) are independent under Qt 
(b) Ot = Q on (D, Ft) and Qt= P on (D, CJ(G)). 

(3.11) 

Corollary 3.2.9. If (E) holds, then any (local) ( Q, W)-martingale S on [O, t] zs a 
(local) ( Qt, G )-martingale on [O, t], with Ot defined by Eq. (3.11 ). 

This important result tells us that the local martingale property is preserved 
under the initial enlargement a~ long as we simultaneously change from the measure 
Q to the decoupling measure Q. 

3.3 Martingale representation theorems under ini­
tial enlargements 

\\'e shall now concentrate our efforts on finding explicit representations for the 
processes p1 and 1/pc. Specifically, it will be shown that, under Hypothesis (E), 
p1 and 1/pG can be expressed as Dolean's exponentials. 
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Proposition 3.3.1. 

1. Suppose that Hypothesis (E) holds. 1:_hen there is a local G 0 -martingale N. 
with N 0 = 0, which is orthogonal to lvf and such that 

1 ( J G ~ ~) pf = E - µs dAfs + N t (3.12) 

2. Fix l E U. If p~1 > 0 P - a.s., then there exists a local IB'0 -martingale N 1, 

with kg = 0, which is orthogonal to Al and such that 

(3.13) 

I'roof. See Proposition 2.9 of [3]. □ 

\Ye conclude this short section with a result that enables us to express the 
process If in the above proposition in terms of the process L, under the assumption 
that the density p1 is continuous and strictly positive for all l E U. This enables 
us to remove one of the unknowns in the above representations. 

Corollary 3.3.2. If p1 is continuous and strictly positive for all l E U, then 

(3.14) 

Proof. See Corollary 2.10 of [3]. □ 

Remark 3.3.3. Note that Corollary 3.3.2 clearly implies that if the density process 
can be expressed as p1 = E (f µ1 dl\1) then 

and we don't have to worry about finding Nor IV. \Ve shall see in Chapter 5 how 
this type of representation may be interpreted as a completeness assumption in 
finance. 
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3.4 Initial enlargements in a Brownian world 

Until now we have been concerned with the question of whether continuous lo­
cal martingales remain martingales in an enlarged filtration. In this section, we 
assume that our probability space is equipped with the filtration lF generated by 
the Brownian motion lV. \Ve will consider whether lV remains a semimartingale 
in the initially enlarged filtration G. We shall see that, in a Brmvnian world, we 
arc able to derive some convenient expressions for the information drift associated 
,vith the enlargement. 

3.4.1 The role of Malliavin's calculus 

The results in this section are based on [20] and [21], in which Peter Imkeller and 
others study the problem of initial enlargements in a Brownian setting. After de­
vdoping a measure-valued Malliavin calculus, the associated Clark-Ocouc formula 
is used to find an expression for the information drift which doesn't depend on the 
reference measure T) of Hypothesis (AC). This is coupled with an extension of Hy­
pothesis (AC) which also doesn't depend on T). Our treatment is largely heuristic. 

\Ye work with a probability space (0, F, P) that supports a I3row11in.11 motion 
W with natural filtration lF. Again (G denotes the filtration obtained by enlarging 
lF with the Fr-measurable random variable G. For now, we assume that Hypoth­
esis (AC) holds and denote by p1 the density process of the conditional laws with 
respect to the law of G, as in the previous section. It has been shown previously 
that p1 is an lF-martingale, so that we may invoke the martingale representation 
theorem to write 

(3.15) 

where k1 is Fradapted. Our objective at this point is to find an expression for the 
information drift in terms of the kernels k. 

Theorem 3.4.1. Suppose that Hypothesis (AC) holds. Then lV is a semimartin­
gale in the enlarged filtration G with decomposition 

Wt= ivt + 1t µ<jds 

where lV is a G-Brownian motion and 

as long as 11f satisfies 

µf = ki l1=G = 
Pi 

(3.16) 

(3.17) 
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I'rnof. See Theorem 3.2 of [20]. □ 

The above representation enables us to determine the semimartingale decom­
position of TV in (G for situations in which (AC) is satisfied. \Ve need to bear in 
mind. however. that while (AC) is sufficient to guarantee that 11'. is a semimartin­
gale in G. it is not necessary. That is, if it is found that Hypothesis (AC) does 
not hold for a particular G, then we still cannot rule out the possibility that W 
is a semimartingale in G. It is shown in [20], [21] and [31] that if the additional 
information is given by the supremum of the Brownian motion over [O, T] (i.e. 
G = suptE[O,T] lVi), then in fact Hypothesis (AC) is not satisfied. 

\Ne shall now concern ourselves with trying to find an extension of Hypothesis 
(AC) in order to be able to study forms of G for which (AC) isn't true. For this we 
need to recall the Clark-Ocone formula of Theorem 2.4.4. Under certain conditions 
on G it can be shown that the density process of Eq. (3. 7) may be expressed as 

p~ = p~ + it Dup~dWu (3.18) 

i.e. the kernel from Eq. (3.15) is given by ki = DtP~- This allows us to rewrite the 
information drift as 

(3.19) 

:\' ow under the ;--1ssum ption of certain srnootlrness properties, allowing for the in­
terchange of the derivative operators Dt and d/ dt. ,,·e would like to be able to 
write 

dPG 
Dt "J.IfC 

dPP 
dPG 

(3.20) 

Recall that Jacod·s condition requires the conditional laws to be absolutely con­
tinuous ·with respect to a measure TJ. where TJ may be taken as the law of G. Dut 7J 
is not in fact required to be the law of G and in some instances a simpler measure 
may be chosen. It can be seen that the expression for the information drift given 
by Eq. (3.20) does not depend on TJ in any way; in this sense it is more general 
than (AC) and should be applicable to a wider class of G. \\'e should note however 
that. although it adds more generality to .Jacod's conciition, Eq. (3.20) introduces 
some new problems that need to be tackled. :\f ote that DtP? and PP are in fact 
measure-valued random variables. In order to understand how DtPP functions as 
a measure-valued random variable, and to study the question of whether DtPP 
is equivalent or absolutely continuous with respect to Pf, we need some under­
standing of a measure-valued Malliavin's calculus. \Ve provide a brief survey of 
key features. 
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Let M denote the space of signed measures on (JIB. B(IR)). The total variation 
of a signed measure µ E M is defined by 

Xote that M becomes a Banach space when equipped with the supremum norm, 
given by 

llµII =sup{! f dµ: f E Cb(IR), 11111 ::; 1} 
For µ E M, f E Cb(IR) we will write (µ, J) instead of J f dµ. It can in fact be 
shown that M is separable, from which it follows that M can be embedded into 
the space of real-valued sequences ]RN. [20] and [21] construct such an embedding 
as follo-ws: they fix a countable dense subset {Ji : i E J} of Cb(IR) and define the 
map 

<I>: M - IRN 

µ c-t (\µ, fi) )iEN 

Recall that in Chapter 2 we studied ~falliavin calculus for real-valued random 
variables. The map <I> is the key to adapting the definitions and results of Chapter 
2 so that they can be applied to measurc-vahwd rnudom variables. For F : r2 - M 
(i.e. each F(w) is a signed measure) we have that each (F, Ji) is a real-valued 
random variable, so that D(F, Ji) is already understood provided (F, Ji) E ]D)1,2 

(see Def. 2.2. 7). A natural way to define the measure-valued :\1alliavin derivative 
would thus be to use the inverse map <1>- 1

: 

(3.21) 

Similarly, we could define the Ito integral of the measure-valued stochastic process 
(Ft)t>O by 

1T F,dW, ~ q,-1 
( (1T(F,.f,)dW,tJ (3.22) 

Renw.rk 3.4.2. [20] and [21] do not actually defi,nc the derivative by Eq. (3.21). In­
stead, they define a set of measure-valued smooth cylinder functions S(M) analo­
gously to the way we have defined S for real-valued random \'ariables in Eq. (2.15). 
They then define a derivative and a norm on S(M) that are analogous to Equa­
tions (2.16) and (2.19) respectively. The space ]D) 1,2(M) is then defined as the 
closure of S(M) with respect to the norm. 

The most important feature for our purposes is that a version of the Clark­
Ocone formula holds in the measure-valued Malliavin calculus. \Ve have 
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Theorem 3.4.3. Let FE ]l})1,2 (M). Then 

Proof. See Theorem A.l of [21]. 
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(3.23) 

□ 

This enables us to find a new formulation of the information drift which is 
based on the measure-valued Malliavin derivative of the conditional law of G: 

Theorem 3.4.4. Suppose that 

(3.24) 

Define 

(3.25) 

and suppose that J; lµ~lds < oo P-a.s.. Then the Yr-Browman motion lV is a 
G-semimartingale with decomposition 

where lV is a G-Brownian motion. 

Proof. See Theorem 2.1 of [21]. □ 

Recall that the motivation behind the devf'lopnwnt of the measure-valued 
:\lalliavin calculus was to extend our previous results to enable us to study forms of 
inside information G which don't satisfy Hypothesis (AC). The following results, 
taken from [21], give an indication of the additional generality achieved. 

Theorem 3.4.5. Suppose that 

where µf is as defined in Eq. (3.25). Then Hypothesis (AC) holds. 

Theorem 3.4.6. Suppose that 

where µf is as defined in Eq. (3.25). Then Hypothesis (E) holds. 
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3.4.2 Yor's approach 

In this section we obtain a useful decomposition formula based on the results of 
[31] and [42], using an approach that is not explicitly based on Jacod's criterion. 

Let X be an F 00 -measurable random variable and let f : IR-+ IR be a bounded 
Borel function. As usual, we denote by G the initial enlargement of lF by X. Let the 
process A(j) be a continuous version of the lF-martingale (IE[J(X)IFt])t>O· Due to 
the martingale representation theorem, there is a unique predictable pr~cess ~(J) 
such that 

At(j) = IE[f (X)] + 1t ~u(J)dlVu 

Let At ( dx) denote the family of regular conditional distributions of X with respect 
to Ft. \Ve then have 

\\'e continue by making the following assumption: 

Assumption 3.4.7. There is a family of measures ~t(dx) such that 

~t(J) = J f(x)~t(dx) t - a.e. 

Remark 3.4.8. In fact, Section 6.3 of [30] shows that the above assumption is 
true if the conditional law process satisfies a ·weak condition of differentiability. 
Specifically, Theorem G. 7 of the afore-mentioned text uses measure-valued Malli­
avin calculus to prove that Assumption 3.4. 7 is true as long as the conditional law 
process satisfies At(dx) E ]J)1,2(M). 

In what follows, we shall also make two further assumptions: 

Assumption 3.4.9. 

with 

Assumption 3.4.10. 

~t(dx) << At(dx) dt x dP - a.e. 

~t(dx) 
p(x, t) := At(dx) 

(3.26) 

\Ve shall now proceed to derive a semimartingale decomposition formula for an 
lF-martingalc lif. 
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Theorem 3.4.11. Assnrn,e th(],t Assumptions 3.4.7, 3.4,!J (],nrl 3.4.10 (],TC S(],f'lsficrl. 

Then. if "\1 is an (IF, ?)-martingale, there exists a (G, P)-local martingale Ill such 

that 

M = M + 1 p(X, u)d(lvf, H)u (3.27) 

\Ve obtain the following obvious result by setting 1'1 = lV and using Levy's 
characterization theorem: 

Corollary 3.4.12. Under the ass'u,rnptions of Theorem 3.4.11. for (],ny IF-Brownian 
motion lV there is a G-Brownian motion W such that lV decomposes as 

lV =TV+ 1 p(X, s)ds (3.28) 

prorirfrd that J; Jp(X, s) Jds < oo a.s. for all t 2 0. 

\\'e now show that the assumptions of Theorem 3.--1.11 hold true if the regular 
conditional probabilities have densities ( with respect to Lebesgue measure) of a 
specified form. This result will allow us to calculate decomposition formulae for 
certain important examples. 

Corollary 3.4.13. Assume that At(dx) = o(t . .l')d.E, where o rrw,y be written (],S 

(3.29) 

Then we have ~t(dx) = p(x, t)>..t(dx), so that the decomposition of Theorem 3.4.11 
applies. 

\;Ve are now in a position to generalize the example X = H'T presented at the 
beginning of this chapter (we follow 12.1.2 of [42]). 

Example 3.4.14. We consider an enlargement by the random variable X 
ft 'i/J(s)dlVs, where 'ljJ is a deterministic square-integrable function. Now 

and 

lE[(X - lE[X])2JFt] lE[(ix l/)(s )dlV(s) )2J.Ft] 

lE[(ix l/)(s)dlV(s)) 2
] = ix ij}(s)ds 
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so that. conditionally on Ft, X is Gaussian with mean and 11ariancc giucn hy 
mt= J; Q(s)dlV(s) and CJ[= ft 1/;2 (s)ds. We would like to find p(x, s) such that 

1 (-(x-rnt)2)- 1 -x2/(2a5) (lt . . _!jt 2 ) ~ exp 2 - ~e exp p(.r. s)dlVs p(x, s) ds 
V'"""Ut 2<Jt y27l'CJ6 0 2 0 

If we denote the LHS by lvft and apply Ito's formula we obtain d.Alt = p(x, t)AltdH1t, 
where 

and the well-known solution is given by 

which is what we war1tcd. Under suitable intcgrnbil'ity conditions we rnn then apply 
Corollary 3.4, 13 to obtain 

(3.30) 

where lTl is a CG-Brownian motion. 
Note that we can use this to retrieve the result obtained in Theorem 3.1.1 by 

setting v(t) = l[o,TJ, in which case X = ft 111(t)dvVi = Wr. and 

vVi = lT't + tl\T Wr - Ws ds 
} 0 T- s 

as before. 
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Chapter 4 

Development of the market model 

\\'e haYe mentioned that anticipating calculus and enlargements of filtrations both 
play a role in the modelling of markets with differential information. In this chapter 
,w shall mainly focus on the tools of anticipating calculus to build a general market 
model which accounts for the existence of heterogeneously informed traders. We 
shall deal not only with insiders, but also with partially informed traders who have 
less information at their disposal than the typical honest trader. This chapter is 
largely based on the results of [9], [26], [28] and [35]. \Ve begin by citing some 
important motiYations for using the forward integral in the modelling of insider 
trading ( see [ 9]). 

(i) The forward integral can be interpreted as the limit of Riemann sums for 
ca.glad integrands (see Theorem 2.5.3). 

(ii) Consider the simple buy-and-hold trading strategy given by 1r(t, w) = 
1 h ,T2 ] ( t), where T1 and T2 are random times. That is, the trader invests all money 
in stocks between the times T1 and T2 and puts all of the money in a bank account 
otherwise. Using Theorem 2.5.3, it is straightforward to show that the gains from 
trade are given by 

Clearly this is what we expect from the buy-hold-strategy. i.e. the gains are giYen 
by the change in price between T1 and T2 . 

(iii) It is known that the no-arbitrage property is closely related to the assump­
tion that the stock price is a semimartingale (see Delbaen and Schachermeyer [12]). 
If the stock price happens to he a scmimarti11galc with respect to the insider's fil­
tration IHI then Theorem 2.5.5 tells us that 

1T 11(t)dS(t) = 1T 1r(t)d- S(t) 

where 7r ( assumed to be Hr adapted) denotes the proportion of wealth invested 
by the insider in the risky asset. Thus the forward integral coincides with the 
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ordinary stochastic integral in the general scmimartingalc framework ;-md we can 
always interpret the gains process as J

0
T rr(t)d- S(t). 

4.1 Formulation of the optimal portfolio prob­
lem 

As usual, we work on a probability space (0, F, P) equipped with the filtration 
IF = (Ft)tE[O,T] generated by the Brownian motion (lVi)tE[O,T]· Let G = (Qt)tE[O,T] 

be another filtration such that 

for all t E [O, T] ( 4.1) 

where Tis a fixed time that denotes the end of the trading interval. For simplicity 
we consider a market with one risklcss asset and only <me risky asset. That is, it 
is possible to invest in a bond, with dynamics given by 

dB(t) = r(t)B(t)dt; B(O) = 1 ( 4.2) 

and a stock, with dynamics given by 

dS(t) = S(t)[µ(t)dt + cr(t)d-H1 (t)]; S(O) > 0 ( 4.3) 

In order to model an anticipating environment, in which the above coefficients 
are not necessarily adapted to the Brownian filtration IF. we make the following 
assumption: 

Assumption 4.1.1. 

1. r(t). 11(t) and CT(t) arc 9radaptcd 

2. lE[Jt {lr(t)I + lµ(t)I + cr2 (t)]}dt < oo P - a.s. 

The Brownian term in Eq. ( 4.3) represents a forward integral since the volatility 
er( t) is not necessarily adapted to the Brm:vnian filtration IF ( and we have made no 
assumption that TV remains a semimartingale in G). 

Remark 4.1.2. In [9] it is noted that the anticipating term "models a market which 
is influenced by large investors with inside information". The standard meaning 
of the term large in the related literature signifies that the actions of the insider 
have an influence over the price dynamics. \Ve shall see in Chapter 6 how the 
coefficients may be anticipating if there is a large insider acting on the market. 
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Let the filtration IHI = (Ht)tE[O,T] denote the filtration available to the investor. 
In accordance with the approach taken in [26], we do not assume any specific 
relationship between IHI and the filtrations IF and G. Thus we ha\·e a general setup 
in which it is not yet specified whether the investor is an insider or a partially 
informed trader. 

As usual, we characterize the investment strategy by the proportion of wealth 
invested in the stock, denoted by 1r(t). The wealth process of the portfolio is given 
by 

V ( f) = Po ( t) B ( t) + P1 ( t) S ( t) ( 4.4) 

where p0 and p1 denote the number of bonds and stocks held in the portfolio. 
\Ye will impose a condition that is analogous to the usual self-financing condition, 
given by 

dV(t) = Po(t)dB(t) + P1 (t)dS(t) (4.5) 

Using X(t) = e-f1r(s)dsV(t) and 1r(t) = p1(t)S(t)/V(t) yields the following equa­
tion for the discounted wealth process: 

dX(t) = X(t)[(µ(t) - r(t))1r(t)dt + 1t(t)cr(t)d-¾'(t)] ( 4.6) 

It is appropriate at this point to define the set of admissible portfolios AHI- Math­
ematically, AJJI is essentially just a set of Hr adapted processes such that Eq. ( 4.6) 
has a strong Hradapted solution. 

Definition 4.1.3. (Admissible portfolios) AJE denotes the class of portfolios 1r = 
{r.t. t E [O. Tl} such that 

1. 1t is caglad and Ht-adapted 

2. r. satisfies 

3. the product 1rcr is caglad and forward integrable. 

If 7r E AJJI, then the forward s.d.e. given by Eq. ( 4.6) can be solved using 
Corollary 2.5.11, which yields the terminal value of the disconntcd wealth process 
to be 

X(T) = X(O) exp ( 1T [(JL(t) - r(t))1r(t) -1112(t)CT2(t)l dt 

+ 1T 1r(t)cr(t)d-H'(t)) (4.7) 

\\'e assume that the investor will choose his portfolio with the aim of maximizing 
his expected terminal utility. :tviathematically, it is generally required that a utility 
function is continuously differentiable. concave and non-decreasing: 
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Definition 4.1.4. A utildy .function is a strictly increasing, strictly conrn,1 1c and 
twice continuously differentiable function 

U: (O,oo)-+ JR 

which satisfies 
lim U'(x) = 0, lim U'(x) = cxJ 

x-,oo x-,Q+ 

In this thesis we shall only consider the logarithmic utility function, which 
is the most widely used and natural choice in the literature. Financially, this 
choice is appropriate since it represents a trader's returns. l'"sing a logarithmic 
utility function is also mathematically convenient as it removes the abundance of 
exponential functions that arise in the solution of the s.d.e. 1 \Ye now define 

J(r.) ·- lE[logX(T)] - logX(O) 

lE [1T [(µ(t) - r(t))r.(t) -1r.2 (t)o-2 (t)] dt + 1T r.(t)o-(t)d~Tvtj4.8) 

That is, J ( 7r) represents the expected change in logarithmic utility due to the in­
vestment strategy 1r. The task of finding an optimal portfolio can thus be expressed 
as follows (sec [9] Problem 3.3): 

PROBLEM 4.1.5. Find 1r* E AIHI and J(r.*) E JR such that 

J(1r*) = sup J(1r) ( 4.9) 
1rEA:f-l 

1r* is referred to as the optimal portfolio (if it exists). 

In the following section we present several conditions on a portfolio 7r E AlHI 
that are equi\·alent to 7r being an optimal portfolio. \\'e also use one of these 
characterizations to find explicit formulae for both r.* and J ( r.*). 

4.2 Characterization of the optimal portfolio 

\\'e begin with the characterization theorem of [26]. which provides several con­
ditions on an admissible portfolio 7r that are equivalent to 1r being an optimal 
portfolio. 

Theorem 4.2.1. (Characterization Theorem) The following statements arc equiv­
alent: 

1 Refer to [9] for a treatment of the generalized utility function and see Section 13 of [4] for a 
discussion of the pertinence of using a logarithmic utility function. 
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(i) An optimal portfolio 7r* E AIHI exists for Problem (4- 1.5); 
(ii) There exists 7r* E AIHI such that 

is an frll-martingale; 
(iii) The function 
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( 4.11) 

is absolutely continuom and there exists 7r* E AlE such that for a. a. t, w 

Proof. \Ve follow [26]. (i)⇒ (ii): Suppose (i) holds. Then we have 

for all (3 E A!HI and 6 ER Since J(-) attains its maximum value at Jr*, we have 

Using the definition of J and performing simple differentiation, we thus have 

for all (3 E AlHI. Let us choose 

/3(u) = /3o(t)l[t,s](u) 

where O :=:; t :=:; s :=:; T and /30 (t) is 7-irmeasurable and bounded. Inserting this /J(u) 
into Eq. (4.13) gives 

from which we obtain 
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since Eq. (4.14) holds for all 'Hrmcasurahlc /Jo(t). This can be written as 

\Yhere we define 

For s ~ t we thus obtain 

JE[JE[ I<1r* ( S) l'Hs] l'Ht] 

lE[I<1r•(s)IHt] (tower property) 

lE[I<1r.(t)IHt] = ~\f1r•(t) 

Thus ]\f1r.(t) is an IHI-martingale and we have (ii). 
(ii)⇒ (iii): Suppose (ii) holds. Then, for s ~ t, \\'e have 

JE[ I( rs* ( S) l'Ht] JE[JE[ I<1r* ( S) l'Hs] l'Ht] 

= lE[M1r•(s)IHt] = 1\f1r•(t) (by (ii)) 

= lE[I<1r•(t)IHt] 
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\Yorking backworks, this clearly means that Eq. ( 4.15) holds, which can be written 
as 

lE [ (i\µ(u) - r(u) - cr2 (u)1r*(u))d'u + is cr(u)d-H'(u)) IHtl 

= lE [ (it (µ(u) - r(u) - cr2 (u)1r*(u))du + it cr(u)d-iV(u)) IHt] 

so that, after differentiating both sides w.r.t. s, we obtain (iii). 
(iii)⇒ (i): Suppose (iii) holds. Integrating Eq. (4.12) g;ivcs Eq. (4.15) and hence 
Eq. ( 4.14). ·we partition the interval [O, T] into Pn = {O = t0 < t 1 < ... < tn = 
T} and introduce the sequence of 'Ht;-measurable and bounded random variables 
Pi(ti), where i E 0, 1, ... , n - 1. Since Eq. (4.14) holds for each /3i(ti), we have 

n-1 T 

LlE[1 (µ(u) - r(u) - cr2 (u)1r*(u))Pi(ti)l(t;,t;+iJ(u)du 
i=O O 

+ iT cr(u )Pi ( ti) l(t;,t;+il ( u )d-iV (u)] 

lE [iT (µ(u) - r(u) - cr2 (u)1r*(u))Pn(u)du + iT i-Jn(u)cr(u)d-lF(u)] 
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so that Eq. (4.13) is satisfied for fln(u) := L~~0
1 /:i\(ti)l(t;,t;+ 1 j(u). :-Jow since any 

cadlag process may be approximated by such a /3n, we have that Eq. ( 4.13) is true 
for all (3 E AlHI by a density argument. From this it follows that the directional 
derivative of 1 ar 7r* w.r.t. the direction /3 is zero: 

D 1( *) ·- 1· 1(7r* + r/3) - 1(7r*) -
;3 7r .- lm ------- - 0 

r-+O r 

Since log x is concave, we have that 1 ( 7r*) is a concave function of 7r*: 

1(>.a + (1 - >.)/3) 2' >.l(a) + (1 - >.)1((3) 

where>. E [O, l] and c1./3 E AJHI. Thus, for c: E (0.1) we nm write 

l(a + c:/3) - l(a) 1 ((1 -c:)~ + c:/3) - l(a) 
1 - c 

> (1 - c:)1 (~) + c:1(:3) - l(a) 
1 - c 

1(~)- l(a) +c: (1(;3)- 1 (~)) 
1-c: 1-c: 

\Vriting 1 + rJ = l~t we have 

1 ( ( a ) ) 1 + TJ lim - 1 -- - l(a) = lim --(l(a + TJO:) - l(a)) = Dal(a) 
c-+O c 1 - c r1-+0 T) 

which ,,·e can apply to Eq. ( 4.17) to obtain 

1 
lim -(l(a + c:/3) - l(a)) 
t-+O c 

> lim~ (1(~)- l(a) + c: (1({3)- 1 (~))) 
f-+0 c 1 - c 1 - c 

Dal(a) - l(a) + l(f]) 

( 4.16) 

( 4.17) 

Substituting a = 7r* and using the fact that D;3l(7r*) = 0 for all /3 E AJHI (from 
Eq. ( 4.16) we finally obtain 

1((3) - 1(7r*) :s; 0 for all (3 E A;HJ 

so that 7r* is indeed optimal. □ 

A particularly useful application of the characterization theorem is that state­
ment (iii) suggests a neat formula for the optimal portfolio. \Ve have 
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Corollary 4.2.2. ff an optimal strategy c:rists then it satisfies 

( 4.18) 

where 

(4.19) 

Proof. This follows directly from the definition of the derirntive and Theorem 
4.2.1. Since 11*(t) is 'Hrmeasurable we have 

where 

□ 

Using the above expression, it is fairly straightforward to compute the value of 
l(rr*) by substitution2 (see [26]): 

Theorem 4.2.3. If an optimal portfolio 11* exists and CJ(t) -/=- 0 for a.a. (t,w), 
then 1(11*) is given by 

l1r* -lE[ {T{~lE[µ(s)-r(s)l'Hs]2 1 a2 (s) 
( ) - } 0 2 lE[o-2 (s)l'Hs] 2lE[rr2 (s)l'Hs] 

D ( ( )lE[µ(s) - r(s)l'Hs] + a(s)) }d] 
+ s+ CJ S JE [ CJ 2 ( S) I 'Hs] S 

( 4.20) 

Recall that we have not yet rrrndc any assumption about the level of the in­
vestor's filtration lHI. Thus, the expressions for 1r* and 1(11*) are general in the 
sense that they can be applied for either partially informed traders or insiders, 
or, indeed, regular traders on an insider-free market. In order to specialize our 
expressions for rr* and 1 ( 1r*) to particular types of trader. we essentially only need 
to find a(t). In order to give a simple illustration of the method, we will recover 
the usual ~erton solution in the following section. \Ve proceed by solving the 
optimal portfolio problem for partially informed traders and insiders respectively. 

2The D 8 + term comes about as a result of Corollary 2.5.8 



4.3 The partial information case 49 

4.3 The partial information case 

\Ye shall now derive an expression for o(t) for the case in which Ht ~ Ft ~ Yt 
for all t E [0, T]. This models an anticipating market (since the coefficients are 
adapted to Yt ;;2 Ft) in which the trader's filtration contains less information than 
the filtration lF generated by the Brownian motion 1V. 

Proposition 4.3.1. Suppose Ht ~ Ft ~ Yt and (j satisfies the conditions of 
Theorem 2. 5. 7. Then 

( 4.21) 

so that 
*( ) _ lE[µ(t) - r(t) + Dt+(j(t)IHt] 

7r t - ]E [ (j2 ( t) I Ht] . ( 4.22) 

as long as 1r* E Arn. Furthermore, if (j( t) -/= 0 for a. a. ( t, w), we have 

Proof The expression for 1r* follows from Corollary -1.2.2. where a(t) = lE[Dt+ I Ht] 
from Corollary 2.5.8. The expression for J(1r*) follows from Theorem 4.2.3. □ 

Example 4.3.2. Suppose that Ht = Ft = Yt- This models the assumption in basic 
mathematical finance that all traders base their portfolio decisions on a common 
fiow of information. Since (j( t) is adapted to Ft we have Dt(j( s) = 0 for all t > s 
by Corollary 2 .. 4,.3 and thus a(t) = Dt+(j(t) = 0. This gives 

*( ) _ µ(t) - r(t) 
7r t - 2( ) (j t 

(4.24) 

and 

J(1r*) = lE [ {T ! (p(t) - r(t))2 dtl 
lo 2 (j(t) 

( 4.25) 

which is the well-known solution of the Merton problem. 

Example 4.3.3. (Delayed noise - [35] Example 2.14) Suppose Ht = Ft and Yt = 
FtH for some 6 > 0. Let p(t) and r(t) be bounded and Yt-measurable and take 

(j(s) = exp(lV(s + 6)) ( 4.26) 

This models a partial information scenario in the sense that the trader docs not 
know what the volatility (j(t) is at time t. Since the partially informed trader only 
observes 1V(t) at time t and not lV(t + 6), he cannot know the volatility at any 
time - he must wait 6 time units to know what the noise is. For this reason it is 
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referred to as delayed noise. 

The Malliavin chain rule gives 

DtCJ(s) = exp(W(s + c5))DtU,'(s + c5) 

We have 

so that 

and 
lim DtW(s + 6) = 1 

t-,s+ 

We thus have that D8 +CJ(s) = exp(lV(s + c5)) = CJ(s). By Eq. (4-22) we then have 

( 4.27) 

with the expected gain in utility given by Eq. ( 4- 23) to be 

But note that setting c5 = 0 corresponds to 1-ft = Ft = 9t as in the previous example, 
resulting in the curious fact that 

1. *( ) _ µ(s) - r(s) + CJ(s) _;_ ~*( ·) 
Im 7r f, S - 2 ( ) 1 11 0 S 

,S-,Q CJ s 

and 

0ksendal and Sulem (35} interpret this to mean that "any positive delay, no matter 
how small, has a substantial effect on the control problem·,_ 

Remark 4.3.4. N"ote that the above example cannot be solw.d by the enlargement 
of filtrations technique. This is because the IF-Brownian motion TV doesn't remain 
a semimartingale in the enlarged filtration G, where 9t = FtH (see Ex. 78 of [24] 
and Prop. 12 of [25]). 
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4.4 The inside information case 

\\'e shall now consider the case when the trader's filtration is larger than both lF 
and (G: 

for all t E [O, T] ( 4.28) 

This models the perpective of an insider - a trader who possesses information that 
is vaster than the market knowledge. It is often assumed in the literature that 
the insider possesses, from the start of the trading interval, knowledge about an 
FT-measurable random variable G. In this case the insider's filtration may be 
expressed as 

( 4.29) 

One of the shortcomings of this initial information approach is that the insider's 
knowledge doesn't improve as time passes. This problem is investigated in [11], in 
which the authors develop the theory of dynamical evolution of information, where 
the distortion goes to zero as the terminal time approaches. \Ye will develop this 
topic further in Chapter G. 

For the time being we shall not make any assumptions about the insider's in­
formation other than that it is larger than the honest trader's information. That 
is, we aren't assuming an initial enlargement or any other specific details about 
how IHI is obtained: the insider's filtration is still quite general. 

Example 4.4.1. (Insider strategy) Suppose Ft ~ Qt ~ Ht for all t. Then, since 
the coefficients are Ht-adapted, we clearly have 

*( ) _ µ(t) - r(t) a(t) 
1r t - cr2 ( t) + cr2 ( t) ( 4.30) 

\Ve recognize the above as a Merton-type solution plus an additional term 
that is due to the extra information of the insider. Of course the solution isn't 
particularly useful unless we can solve for a( t). It is difficult to obtain a general 
expression for a(t) because the solution may vary greatly according to the type 
of extra information. In order to obtain more explicit results we will consider 
the initial information case. That is, the insider possesses knowledge of an FT­
measurable random variable G from the beginning of the trading interval. We 
follow Section 3 of [28]. V/e assume for the remainder of this chapter that Ft = 
Yt ~ Ht for all t E [O, T], so that the coefficients are adapted to the natural 
Brownian filtration. We also have 

(4.31) 
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\\'e shall find the optimal portfolio by using results from :'.\lalliavin's calculus and 
forward integration. Although we shall see that the result is related to the enlarge­
ment of filtrations technique, which is covered in greater detail in Chapter 5, we 
include it here due to its reliance on anticipating calculus, v,:hich is the focus of this 
chapter. We begin by presenting two hypotheses which ensure that all relevant 
integrals exist. 

Hypothesis 4.4.2. For a.a. s E [O, T], the process 

( 4.32) 

belongs to Dom 6 and there exists a P ~ B(IR)-measurable process h = {ht(Y) : 
t E [O, T], y E IR} such that3 

IE [1T fu(s, G)dTVulHs] = hs(G) ( 4.33) 

Hypothesis 4.4.3. Fort E [O,T] the processes lrl 112 , (;1 - r)/J and h(G) all 
belong to L2 ([0, t] x 0). 

\Ve now derive a general expression for the optimal portfolio for the initial 
information case. 

Theorem 4.4.4. Under Hypotheses 4.4.2 and 4.4.3 we have 

IE[l log X;I] < oo for all t < T, 7r E Alli (4.34) 

Furthermore, if 
* ( ) - µt - rt + ht (y) 

'lrt Y - 2 
Jt r5t 

( 4.35) 

belongs to AIHI, then 1r* (y) is an optimal portfolio for Problem 4- 1. 5. 

Proof. For notational simplicity we will use B;(y) := (µs - r8 )1rs(Y) and J; := 

rT8 7rs(Y) for alls E [O, T] and y ER ":e have 

J(1r) = IE [1T [(µ(t) - r(t))1r(t) - l1r2 (t)J2 (t)l dt + 1T 1r(t)J(t)d-W(t)] 

IE [1T ( B;(y) -t(J;(G))2
) ds + 1T J;d-H's] 

IE[1T (B;(y)-t(J;(G)) 2)ds+ 1T J;6H1s+ 1T(J;)'(G)DsGds] 

3Here P denotes the predictable IT-algebra of [O, T] x n and y E IR denotes the realized value 
of the extra information G. 



4.4 The inside information case 53 

where we have use the Malliavin chain rnlc and t lw relation between the forward 
and Skorohod integrals in the last step. Note that 

So we have 

Using the integration-by-parts formula of :\Ialliavin's calculus (see Theorem 2.2.4) 
we obtain 

Using the above identity and the tower property yields 

lE [it 1T I0(s,t)D0(0-;(G))d0ds] = lE [it a-;(G)lE [1T I0(s,G)dW0IHs] ds] 

lE [it a-; ( G)hs ( G)ds] 

\\'e have shown that 

( 4.38) 

,,·hich we substitute back into our expression for J( Ti) to obtain 

J(ri) = lE [iT ( B;(G) -1(a-;(G))2 + a-;(G)hs(G)) ds] 

lE [iT ((µs - rs)ns(Y) -1a-;ns(Y)2 + O-s1fs(y)hs(G)) ds] 
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In order to find the optimal portfolio r.*, we need to find the 7r E A1ll that maxi­
mizes J. From the above expression, this simply amounts to maximizing the value 
of the integrand (µ 8 - r8 )r.s(Y) - ½o-;ris(y) 2 + 0"8 Tt8 (y)h 8 (G) over Tt8 (y). Simple 
differentiation yields 

and we are done. 

( 4.39) 

□ 

Aote that our value for the additional term a(t) for the insider case can now 
be expressed as 

( 4.40) 

It is important at this point to observe the connection between the above approach 
and the enlargement of filtrations approach. Recall that a particular concern of the 
study of enlargements is to be able to determine whether an Ft-Brownian motion 
W is a semimartingalc in an enlarged filtration IHI. in which case the anticipating 
integral reduces to the classical integral. If Wt can expressed in the form 

lV(t) = lV(t) + 1t hs(G)ds ( 4.41) 

where ll' is an IHI-Brownian motion, then we call h the information drift. If we sub­
stitute this decomposition into the original expression for J ( Tt) it is fairly straight­
forward to obtain the expression for the optimal portfolio given by Eq. ( 4.35) using 
ordinary Ito calculus (sec Chapter 5). The preceding theorem thus suggests that, 
under the given hypotheses, there is a semimartingale decomposition of the Brow­
nian motion lV of the form given by Eq. ( 4.41), where the information drift h( G) 
is given by Eq. ( 4.33). 

In fact, Theorem 4.4.4 gives a particular instance in which we can obtain an 
expression for the information drift via the existence of a 11alliavin integration-by­
parts (ibp) formula (see [24]). 

Definition 4.4.5. Let X be a random variable and Y a random process. We 
say that there is an integration by parts formula for the pair (X, Y) in [t, T] if 
there exists a randorn 'l!ariablc Ht,r(X, Y) E L 2 (0) such that for any bounded 
differentiable function f E C; and A E Ft we have 

lE[j'(X)Y; A] = lE[f (X)Ht,r(X, Y); A] 

Here Ht,T is referred to as the weight associated with the ibp formula. 

Theorem 4.4.6. Let X be a random variable such that an ibp formula exists for 
( X, DuX) in [u, T]. Then vV is a semimartingale in the initially enlarged filtration 
{Hs; s::; t} := {Fs V a(X); s::; T} with decomposition given by 

lV(t) = iV(t) + 1t lE[Hu,r(X, DuX)IHu]du (4.42) 
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where lV is an IHI-Brownian 'motion. 

Proof. See Theorem 38 of [24]. □ 

In the following section we shall further explore the link betwcC'n the forward 
integral approach and the enlargement of filtrations approach. 

4.5 A link between optimal portfolios and semi­
martingales 

It has already been mentioned that the forward integral approach to finding an 
optimal portfolio is not necessary if the honest trader's Brownian motion H1 is a 
semimartingale in the insider's filtration. If this is the case we may simply use 
the semimartingale decomposition of lV and compute the ordinary Ito integral -
no anticipations arc involved. One justification of the forw;--ml integral approach is 
that it applies whether or not W is a semimartingale from the insider's perpective; 
but are there any practical situations in ,vhich the forward integral approach yields 
useful results where the enlargement approach fails? \Vhen considering scenarios 
for which the optimization problem is soluble for the insider, the answer would 
appear to be no, in light of the following result: if an optimal insider portfolio 
exists for Problem 4.1. 5, then a semimartingale decomposition of the form given 
by Eq. (4.41) exists, where the information drift is closely related to the optimal 
portfolio. This theorem is the main result of [9], where it is proved for general util­
ity functions. This section will be based on their presentation, which we simplify 
for the specific case of the logarithmic utility function. 

In what follows. we continue to work under the assumption that 'Ht :2 Qt :2 :Ft 
for each t (we don't assume anything about the type of insider information, i.e. 
whether it is initial or progressive, or exact or distorted). \Ve immediately present 
the main result of [9], since much of the preliminary work has already been done 
in the proof of Theorem 4.2.1, in which we presented a characterization theorem 
for optimal portfolios. 

Theorem 4. 5.1. (i) A process ri~ ( t) is an optimal strategy iff the process 

( 4.43) 

is an IHI-martingale; 
(ii) If an optimal portfolio exists, then the process 

(4.44) 
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is an TI:Il-sr'mimarhngalc; 
(iii) If an optimal portfolio exists and 

o-( s) =/= 0 for a. a. ( s, w) E [ 0, T] x 0 ( 4.45) 

then lV is an TI:Il-semimartingale. 

Proof. (i) has been proved as an intermediate step of the proof of (i)=}(ii) of Th. 
4.2.1. 
(ii) \\·e have N(t) = K1r(t)- J;(µ(s)-r(s)- o-2(s)r.*(s))ds. It is thus the sum of a 
martingale and a process of finite variation, and so N ( t) is au TI:Il-scmirnartiugalc. 
(iii) By (ii), the process N(t) is an TI:Il-semimartingale. Thus, if o-(s) =/= 0. we know 
that 

lV(t) = 1t o-- 1 (s)o-(s)d-lV(s) = 1t o-- 1(s)dN(s) 

is also an TI:Il-semimartingale. □ 

Remark 4.5.2. Although the above proof only applies for logarithmic utility func­
tions, the result still holds true for generalized utility functions. in which it is only 
assumed that 

U : [O, oo) ---+ [-oo, oo) 

is continuously differentiable on (0, oo). See [9] for the complete proof. 



Chapter 5 

Additional insider utility under 
initial enlargements 

In the previous chapter we studied a market model in which the traders possess 
varying levels of information. In this chapter we specialize the information of the 
trader being studied. Here we only consider an insider who acquires all addi­
tional information. denoted by G, at the beginning oft he trading interval. l\Iore 
specifically, we apply the techniques of initial enlargements of filtrations to solve 
the problem of optimizing the insider's terminal logarithmic utility. The enlarge­
ment approach is partly motivated by the final result of Chapter 4, in which we 
demonstrated that a the stock price is a semimartingale in the insider's filtration 
\vhenever the optimal portfolio problem is soluble. The maximal utility of the 
insider is then compared with the maximal utility of the honest trader in order to 
quantify the \'alue of the additional information. 

The 'initial information approach can (roughly) be classified into two types. 
The first type is when G represents exact knowledge of the terminal Yalue of a 
random variable ( such as the stock price or the range of the stock price). The 
second type is when G represents distorted knowledge of a future random variable; 
that is, the insider possesses knowledge of the final Yalue of a random variable ( e.g. 
the stock price) but this knowledge is distorted by a source of independent noise. 
\Ye shall see that when the insider possesses exact advance knmvledge his utility 
is infinite. and when this knowledge is distorted by noise the utility may be finite. 

The market is modelled by the probability space (0. F, P) equipped with the 
filtration lF = (Ft)tE[D,T], where lF satisfies the usual conditions and Fa is trivial. 
The filtration lF represents the information available to the honest trader. We will 
not use the anticipative model of Chapter 4, in which the coefficients were adapted 
to a filtration (G larger than lF. Instead we will make the standard assumption that 
the coefficients are adapted to the honest trader's filtration lF. We assume that the 
insider has access to the Fr-measurable random variable G, and G = Wt)tE[O,T] 

57 
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will denote the insider's information filtration, where 

9t = n (Ft+c V O'(G)) 
c>O 

\Ve shall also assume the existence of an equivalent (local) martingale measure Q 
for the honest trader, from which it follows that the market is arbitrage-free for 
the honest trader. 

5.1 Additional utility via the information drift 

This section uses the ideas of Chapter 3 to find an expression for the insider's 
additional logarithmic utility. It is largely based on [3]. 

\Ve will assume that the stock price process evolves according to the following 
s.d.e.: 

dSt = St(atd(Af)t + dA1t) 

,vhere l\l is a local lF-martingale and a satisfies 

(5.1) 

(5.2) 

There is also a riskless asset but we shall assume for simplicity that the interest 
rate has been normalized to zero. 

Remark 5.1.1. Recall that in Chapter 4, we assumed that the market was driven by 
a Brmvnian motion lF: dSt = St(µtdi+O"tdlVi). In this section we assume a slightly 
more general model in which the stock price is driven by a general continuous local 
lF-martingale M. \\Tc will return to the Brownian model shortly, but we begin with 
the model given by Eq. ( 5.1) as the added generality requires very little additional 
work. 

In Chapter 4 we discussed conditions under which a local lF-martingale remains 
a semimartingale in an enlarged filtration. In order to proceed we assume that 
Hypothesis (E) holds, so that it is indeed possible to find a semimartingale decom­
position of l\1 in the enlarged filtration G-0 . (Recall that G-0 := Wt)tE[O,T), i.e. the 
terminal time T is excluded.) l\1 is thus a G-0-semimartingale with decomposition 

- it G l\1 = l\f + 
0 

Pt d(l\f)s (5.3) 

where fl is a local G-0-martingale. It will be assumed throughout this section that 
the information drift µ 0 satisfies 

(5.4) 
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Substituting expression 5.3 for Minto Eq. (5.1) yields the following expression for 
the stock price dynamics from the insider's point of view: 

(5.5) 

As in Section 4.1, we denote by 7r the proportion of wealth invested in the stock. 
\\'e recall the self-financing condition for the discounted wealth process V(t, 1r): 

d½ dSt 
- =7rt-
½ St 

(5.6) 

Definition 5.1.2. ( Admissible portfolios) The set of admissible portfolios, denoted 
by AG, is the set of Gr-predictable processes 7r such that 

1. J; 1r;d(A1)s < 00 P - a.s. 

2. The discounted wealth process V(t, 1r) satisfies the self-financing condition 
(Eq. (5.6)) with V0 (1r) = x > 0 

3. lE[log V(t, 1r)] > -oo 

Remark 5.1.3. Note that condition 3 means that we reqmre V(t, 1r) to be a.s. 
strictly positive for all t and 1r. 

It is straightforward to solve Eq. (5.6) by Ito's formula to obtain 

(5.7) 

which can be expressed as 

(5.8) 

by substituting Eq. (5.3) into Eq. (5. 7), thus giving the value from the insider's 
point of view. 

\\'e are now in a position to solve the problem of maximizing the expected loga­
rithmic utility of an investor acting 011 the market defined above. For the insider 
we have 

(5.9) 
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:\ow if the local G 0 martingale J; 1r8 dAfs were a true martingale. its expectation 
,vould be zero and it is clear that the portfolio maximizing the above expression 
would be given by 1r; = as+µf. We could then substitute 1r; into IE[½('ri)] in order 
to obtain the insider's maximal expected utility. Taking µf = 0 could similarly be 
used to obtain the honest trader's optimal portfolio and maximal expected utility. 

Unfortunately we do not necessarily have that IE[J; 1r;d(~I)s < oo], so that 

J; 1r8 dAl8 is not necessarily a true martingale. This problem can be tackled by 
introducing the minimal martingale dcns'ity processes: 

Definition 5.1.4. The IF -minimal martingale density process zF = ( Zf)tE[D,T] zs 
defined by 

and the G-minimal martingale density process zG = (Zf )tE[O,T] is defined by 

Rem.ark 5.1.5. Recall that in Section 3.2, z: denoted the density process of Q 
,vith respect to P, where Q was an EM1I for the honest investor. We also had 
zG = zlF /pf, where pc denotes the density process arising from Hypothesis (E). It 
is proved in [l] that the definitions from Section 3.2 coincide with the expressions 
in Def. 5.1.4 under the assumption that the market is complete. 

\\·e will need the following result: 

Proposition 5.1.6. 

1. The processes zF S and zFV ( 1r) with 1r E AF are local IF -martingales on 
[O,T]. 

2. The processes zGs and zGV(1r) with 1r E k are local G0-martingales on 
[O, T). If f:1 is a local G-martingale, this extends to the interval [O, T]. 

Proof. See [3] Proposition 2.4. □ 

\Ye can now take advantage of the above result to find explicit expressions for 
the optimal portfolios and maximal expected utilities of the traders acting on our 
market. \Vhat follmvs is the major result of this section. 

Theorem 5.1.7. 

1. An optimal strategy up to time t E [O, T] for the honest trader is given by 

(5.10) 
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and the a,.'isociatcd 'm,a:r:imal c:Dpcctcd logarithmlc utildy is gl'l'Cn hy 

(5.11) 

2. An optimal strategy up to time t E [O, T) for the insider is given by 

(5.12) 

and the associated maximal expected logarithmic utility is given by 

IE[log½(n*)] = log Vo+ }IE [1t c:t2d(AJ)s] + }IE [1t(µ~)2d(AJ)s]. (5.13) 

If St is a local G0 -martingale then Eq. ( 5.12) and Eq. ( 5.13) hold for t E 

[O,T]. 

Proof. ~~e follow [3]. We shall use the following inequality for conca\·e C1 functions 
f such that the derivative of J' has inverse I: 

f(a) :::; f(I(b)) - b(I(b) - a) for all a. b E IR 

For a fixed time t E [0 1 T) and admissible portfolio 7f E AG we set f ( ·) = log(·) 1 

a= ½(1r) and b = yZf for some constant y > 0, thus obtaining 

log(½(1r)) < log y!f - yZf (y!f -½(1r)) 

-logy-logztG -1 +yZf½(1r) 

By Prop. 5.1.6, Zf½(1r) is a non-negative local G0-martingale, and hence a G0-

supcrmartingalc with initial value x = V0 (1r) (since Z~ = 1). Thus IE[Zf½(1r)] :::; x 
and we have 

IE[log(½(n) )] :::; - logy - IE[log Zf] - 1 + yx (5.14) 

In order to find an optimal portfolio we thus need to find 7f E AG and y > 0 
such that equality holds in (5.14). Choosing 7f = 1r* = a+ µG and y = 1/x and 
substituting into Eq. (5.9) yields 

1t 11t - G 2 log x + 7r8 dA1s + - ( as + µs ) d(AJ) s 
0 2 0 

- logy - log Zf 

by the definition of Zf. Thus equality holds for (5.14) using the given choices of 7f 

and y. Finally 1r* E AG by (5.2), (5.4) and the fact that bothy and zf are strictly 
positive (meaning that IE[log V(t, 1r)] > -oo). We have thus obtained Eq. (5.12). 
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In order to obtain Eq. (5.13) we note that, by Dooh's inequality and the in­
tegrability condition of Eq. (5.2), the processes J a8 dAfs and J a8 dfls are IF- and 
G-martingales respectiYely. Using the decomposition .\1 = fl+ J µf d(lll)s we 
thus have 

lE [1t Clsµ<jd(A1)s] = lE [1t asdl\fs -1t Clsdfls] = 0 

Substituting Eq. (5.12) into Eq. (5.9) and taking expectations thus yields 

lE[log½(ri*)] = logx+lE [1t(as+µ:)d,~fs] +1lE [1t(a;+2a 8 µ:+(µ:)2)d(lll)s] 

logx + tlE [1t Cl;d(AJ)s] + 1lE [1t (µ:)2d(lll)s] 

The optimal portfolio and maximal expected utility for the honest trader easily 
follow by taking the information drift µG to be zero. □ 

Definition 5.1.8. The insider's additional expected logarithmic utility up to time 
t is defined by 

ua(t) = max lE[log ½(ri)] - maxlE[log ½(ri)] 
r.EAG r.EAc 

It is clear from the preceding result that the insider's additional expected log­
arithmic utility ( called the utility gain in [3]) up to time t E [O, T] is given by 

(5.15) 

\\'e have thus obtained a neat expression for the insider's additional utility in terms 
of the information drift µc. \Ve also have the following result if we work within a 
Brownian framework: 

Corollary 5.1.9. Suppose that the stock price dynamics are given by 

(5.16) 

and that the insider information G consists of some future knowledge about the 
Brownian motion iv. If iv is a G-semimartingale with decomposition iv= TV+ 
J µi_;' ds then the optimal portfolio for the insider at time t is given by 

(5.17) 

and the corresponding additional logarithmic utility is given by 

(5.18) 
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Example 5.1.10. Suppose that the stock pria follmJ)s the uswzl Brownian dy­
namics given by Eq. {5.16) and the insider knows the terminal value lVr. Then 
µi:1 = (H'r - lVi)/(T- t) by Theorem 3.1.1 and. by Eq. {5.18), the expected addi­
tional utility of the insider at time t is given by 

which clearly becomes infinite as t - T. 

5.2 Entropy representation of additional utility 

The problem with the expression derived for ua is that, even if we know that a 
semimartingale decomposition exists for AI, it is often unfeasible to find an explicit 
expression for the associated information drift. Thus Eq. (5.15) is impossible to 
evaluate in many cases. In order to remedy this problem, we shall turn our atten­
tion to an alternative method that is based on finding an entropy representation. 
The entropy respresentation depends on the conditional density process of the ex­
tra information G and does not require explicit computation of the information 
drift. 

\\'e assume throughout this section that the conditional distributions of G given :Ft 
are equivalent to the law of G for all t E [O, T). Let p1 denote the density process 
of PP := P[G E dll:Ft] with respect to pG := P[G E dl], where l E U. 

According to Proposition 3.3.1 of Section 3.3 we can express 1/p0 as 

(5.19) 

,vhere N is a continuous local tG-0-martingale orthogonal to ~\I and null at t = 0. 
(Recall that the local tG-0-martingale A,f is given by Al = AI - J µ 0 d(M).) Taking 
logarithms on both sides then yields 

G 1t G ~ ~r 1 1t G 2 1 ~. - log pt = - µ 5 dAfs + At - - (µ 8 ) d("~f)s - -(1\ )t 
0 2 0 2 

(5.20) 

~ote that J; µf dA,Is is a G-martingale on [O, T] by Eq. (5.4) and Doob's inequality. 

::\f ow if N was also a true martingale we would have lE[}\rt] = 0, so that 
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Recall that the martingale-preserving mcasnre I't of Section 3.2 was defined by 

- 11 I't(A) = 0 dI' 
A Pt 

so that pf= dP/d?t. We thus have 

1 -
Ua(t) + 2IE[(N)t] 

for A E 9t 

IE[logpf] 

IE[lo<Y d~] 
b dI't 

For two probability measures P and Q defined on a measure space (fl :F) the 
relative entropy of P with respect to Q is defined as 

H:F(PIQ) := lEp [10g ~~] (5.21) 

This allows us to write the utility gain at time t in terms of the relative entropy 
of P with respect to I'( 

1 - -
ua(t) + 2IE[(N)t] = Hgt(PJPt) 

·we should note that there are two clear problems that need to be dealt with. 
Firstly we assumed that N was a true martingale in order to obtain the above 
result. Fortunately this is not a necessary assumption: the result is shown to be 
true under the more general assumption that N is a local G 0-martingale via a 
localization procedure (sec Theorem 3.7 of [3]). Another problem is that this N 
appears in the expression for ua at all. One of our motivations for finding a new 
formulation of the additional utility was that Eq. (5.15) was dependent on the 
information drift of 1\1, which is often difficult or impossible to evaluate. But now 
it seems we have to evaluate N, which is just as tricky. We are relieved of this 
difficulty if there is a particular martingale representation theorem for the honest 
trader's filtration lF, in which case N is zero. Indeed, this is the case under the 
assumption that the market is complete, as mentioned in Remark 5.1.5. 

Remark 5.2.1. Even in the case where N # 0. the entropy representation is still 
useful as it gives an upper bound for the insider's additional utility. 

Theorem 5.2.2. If p1 = E(f µ1dA1) for each l E U, then the insider's additional 
expected logarithmic utility up to time t E [O, T) is given by 

ua(t) = HgJPIA) = IE[logpf] (5.22) 

and up to time T it is given by 

ua(T) = lim Hgt(I'II't) = lim IE[logpf] 
t-.T t-.T 

(5.23) 

Proof. Eq. (5.22) follows from the discussion above since N = 0 due to the expres­
sion for p1

• Eq. (5.23) follows by monotone convergence. □ 
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5.2.1 Examples 

\Ye shall now use the entropy characterization of Theorem 5.2.2 to calculate the 
insider's additional utility for some specific examples of extra information. We 
shall first consider the case in which the extra information G is a discrete random 
variable; i.e. it can only take on a countable set of ,·alues. A good example 
,rnuld be if the insider knows whether the value of the terminal Brownian motion 
lies within a certain interval. That is, he knows the value of G = 1 [a,b] (Wr) 
where -oo < a < h < oo. We will also consider the case in which the insider 
has distorted information about a future random variable. Specifically we will 
calculate the additional utility for the case G = >.Hrr + (1 - >.)c, where E is a 
centred normal random variable that is independent of lV. 

In order to proceed, we restate the following assumptions about the local mar­
tingale 1\J that drives the market: 

Assumption 5.2.3. 

1. AI is a continuous local IF-martingale. 

2. IE[f0T a;d(~f)] < oo. 

3. There is a P(IF0) ® U-measurable process µi such that ff = .U - J µG d(11!l) 
is a continuous local G0-martingale. 

4. IE[f;(µf)2d(J\1)] < oo for all t E [O, T). 

5. ::h = £(- J µf dMs)t. 
Pt 

Example 5.2.4. Let us reconsider the case in the which G = lVr using our new 
entropy formulation. In order to calculate IE[ar] we need to find tlu: density process 
of the conditional laws ~G with respect to the law of G. Conditional on Ft, Wr 
follows a normal distribution with mean H1t and variance T - t. The density of 
PP with respect to Lebesgue measure is thus given by 

l 1 ( (l-lVi)
2

) 

qt= J21r(T - t) exp - 2(T - t) 

and the density of PP with respect to Lebesgue measure is just qb. so that the 
density of PP with respect to pc is 

c qi ~ ( (/ - lVi) 2 l2 
) 

Pt = qb = V T=-t exp - 2(T - t) + 2T 
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The additional logarithmic utility for t < T is thus gi'ucn by 

G 
[

1 T l2 - 2nVt + ivt2 l2 ] r.:a(t) = IE[l ] IE 1 ---- + ogpt = 2 og T - t - 2(T - t) 2T 

1 T 
-lorr--
2 b T- t 
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since IE[l2] = IE[W}] = T, IE[lWt] =TI\ t = t and IE[lV/] = t. This correponds with 
the result obtained in Example 5.1.10 

Example 5.2.5. Suppose that, instead of knowin_q thF c:w,ct tcnnfrwJ '11al1w of Wr, 
the insider knows a value that is deformed by an independent source of Gaussian 
noise. More precisely, suppose that the extra information is given by 

(5.24) 

where A E [O, 1) and t: is a centred normal random variable that is independent of 
W. Now since Wr ~ N(H1t, T - t) conditional on :Ft and t: ~ N(O, 0"2

) for some 
0"2 > 0, we have that, conditional on :Ft, G follows a normal distribution with 
mean mt= AWt and variance I:2 = ,\2(T - t) + (1 - ,\)2cr2. The density of PF 
with respect to Lebesgue measure is thus given by 

! 1 ( -(l - ,\{Vi)
2 

) 

qt= J27r(,\2(T - t) + (1 - ,\)20"2) exp 2r.(P(T - t) + (1 - ,\)2cr2) 

and the density of pc is simply given by qb. It is thus clear that PF < < pG for 
all t E [O, T] with density 

dP0 dPF dµ qi PG ._ t 
t .- dPc dµ dFf qb 

,\2T + (l _ ,\)20"2 ( -(l - ,\{Vi)2 
exp 

,\2(T _ t) + (1 _ ,\)20"2 , 2r.(,\2(T _ t) + (1 _ ,\)20"2) 

l2 ) 
+ 2r.(,\2T + (1 _ ,\)20"2) 

Theorem 5. 2. 2 then implies that the additional expected utility is given by 

since the expectation of the argument of the exponential factor of pf is easily shown 
to be zero. Taking the limit as t ----+ T finally gives us the expected additional 
terminal utdity: 

(5.25) 
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Remark 5.2.G. \\·e sec that the insider docs not obtain infinite utility if the infor­
mation is distorted with ,\ < 1. :\"ote that taking ,\ = L which corresponds to 
exact knowledge of HTT, leads to infinite additional utility. Indeed this is what we 
expect when the insider has exact knowledge of a future random variable. 

Let us now turn our attention to the case where G is a discrete random variable. 
For the remaining examples we will use the following definitions of entropy for 
discrete random variables: 

Definition 5.2.7. The entropy of a discrete random variable G is defined by 

H(G) := - L P(G = l) log P(G = l) (5.26) 
lEU 

The conditional entropy of a discrete random variable G is defined by 

H(GIFt) := -IE [L P(G = llFt) log P(G = llFt)l (5.27) 
lEU 

Theorem 5.2.8. ( Atomic G) Suppose that G is a discrete random variable with 
finite entropy. Then 

Ua(t) = H(G) - H(GIFt) t E [O, T] (5.28) 

Example 5.2.9. Suppose that the insider knows whether the terminal value of 
Brownian motion falls within a certain range: 

By Theorem 5. 2. 8 we then have 

ua(T) = H(G) = - L P(G = l) log P(G = l) 
lE{O,l} 

-P[TVT (/. (a, b)]log P[TVT (/. (a, b)] - P[WT E (a, b)]log P[WT E (a, b)] 

-Flog P - (1 - P) log(l - P) 

where P := P[TVT E (a, b)] = <P(b/-/T) - <P(a/-/T). 

5.3 A word about arbitrage 

Recall that the First Fundamental Theorem of Mathematical Finance states that 
the existence of an equivalent {local) martingale measure for a particular market 
model implies that the model is arbitrage free. Here we briefly consider whether 
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the existence of au KMM with n:spcct to one filtration (that of the honest trader) 
implies the existence of an EMM with respect to a larger filtration (that of the 
insider). That is, we will study a sufficient condition under which the absence of 
arbitrage for the honest trader extends to absence of arbitrage for the insider. 

Theorem 5.3.1. Suppose Hypothesis (E) of Section 3.2 holds. If there is an EMM 
on (0, Fr), then there is an EMM on (0, 9t) for all t E [O, T), so that there are 
no arbitrage possibilities for the insider in the interval [O, T). 

Proof. Let Q be an EM11 on (0, Fr). If Hypothesis (E) holds then, by Corollary 
3.2.8, we can define the measure Qt as in Eq. (3.11) for each t E [O, T), such that 
Qt= Q ~Pon (O,Ft) and Qt= Pon (O,cr(G)). So clearly Qt~ Q on 9t for 
all t E [O, T). W'e also have that the stock price Sis a local (Qt, G)-martingale on 
[O, t] by Corollary 3.2.9. Thus Qt is an EMivf for 5 on (0, G). □ 

Free lunch in a Brownian market 

In concluding this chapter, we recall our brief discussion of measure-valued Malli­
avin calculus in Chapter 3. There we mentioned that the ideas of the measure­
valued calculus could be used to obtain generalizations of Hypotheses (AC) and 
(E) (see Theorems 3.4.5 awl 3.4.6 respectively). The paper by Imkcllcr, Ponticr 
and \Veisz [21] makes use of the generalized hypotheses to study the question of 
whether the insider possesses arbitrage opportunities in a Brownian market. The 
paper presents a number of results describing conditions on the inside information, 
as well as on the market coefficients, that lead to arbitrage. [20] and [21] both deal 
extensively with the case in which the insider has advance knowledge of the max­
imum of the stock price process; indeed, it is found that if G = suptE[O,r] St then 
arbitrage opportunities do exist for the insider. Since many of the mathematical 
ideas are beyond the scope of this dissertation. we refer the reader to the original 
papers for further details. 



Chapter 6 

Adjustments to the model 

In this chapter we will specialize some of our earlier assumptions in order to build 
models that are more representative of reality. \Ve will concern ourselves with two 
broad objectives. The first is to describe models in which the market dynamics 
are influenced by the presence of a large insider. This is done by assuming that 
the market coefficients are stochastic processes that are dependent both on time 
and on the insider's portfolio 1r. The effect of this 1r-dependence will lead us to 
re-evaluate the insider's optimal portfolio problem. \Ve shall also examine the 
behaviour of a small honest trader in such an insider-influenced market. Our 
second objective in this chapter is to study conditions under which the market 
is arbitrage-free for both the honest trader and the insider. We will consider an 
example in which the insider's additional information is given by Xt = lVr + Et, 

where Et is a source of Brownian noise that decreases with time. We will also study 
the problem of optimizing an insider portfolio under constraints that penalize the 
insider for engaging in heavy volumes of trade. 

6.1 The influence of a "large" insider 

A large trader is a financial agent who is so influential in the market that his 
trading behaviour has an impact on the market dynamics. This may occur, for in­
stance, when a wealthy agent with inside information engages in trading volumes 
of such magnitude that the price of the asset being traded changes as a result. 
Since a trader's behaviour is essentially characterized by his portfolio strategy, we 
can model a market with a large insider ( as in [14]) by assuming that the drift 
coefficients have some dependence on the insider strategy 1r. Recall that in Chap­
ter 4 we introduced the notion of an 'anticipating market', in which the market 
coefficients are adapted to a filtration G that is larger than the public filtration lF. 
\\'c arc now able to understand how this may be the case if the coefficients depend 
on the insider portfolio, which is adapted to a filtration that is larger than lF. 

69 
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Our framework is essentially the same as in Chapter 4, apart from the fact that 
we now assume that the drift processes are dependent on 1r(t). We thus work on a 
probability space (0, :F, P) equipped with the filtration IF = (:Ft)tE[O,T] generated 
by the Brownian motion (TVi)tE[O,T] · \Ve consider the problem of portfolio opti­
mization from the point of view of the lc1rge insider, who observes the filtration 
IHI= (1it)tE[O,T] with 'lit :2 :Ft for all t E [O, T]. \Ve generalize our original dynamics 
as follows: 

dB(t) = r(t, 1r(t))B(t)dt; B(O) = 1 (6.1) 

and 
dS(t) = S(t)[µ(t, 1r(t))dt + O"(t)d-lV(t)]; S(O) > 0 (6.2) 

where the stochastic coefficients r( t, 1r) and O'( t, 1r) are measurable caglad processes 
that are adapted to IF for each constant 7r (see [14] page 6). \Ve assume that these 
coefficients satisfy the integrability condition of Assumption 4.1.1. As before the 
dynamics of the discounted wealth process under the self-financing condition are 
given by the s.d.e. 

dX(t) = X(t)[(µ(t, 1r) - r(t, 1r))1r(t)dt + 1r(t)O"(t)d-1V(t)] 

which has the solution 

X (T) = X (0) exp ( 1T [ (p(t, 1r) - r(t, 1r) )1r( t) - ~112 (t)a2
( t)] dt 

+ 1T 11(t)O'(t)d-1V(t)) 

\Ve will now solve Problem 4.1.5 in our new setting. The set of admissible 
insider portfolios AJHI is as defined in Def. 4.1.3, apart from the fact that µ and 
r are now dependent on 1r. Let us recall the first part of the Characterization 
Theorem of Section 4.2, which states that the existence of an optimal portfolio 7r* 

implies that the process defined by 

Af1s.(t) := IE [1t (µ(s) - r(s) - 0'
2 (s)11"(s))ds + 1t O'(s)d-TV(s)l1itl 

is an IHI-martingale. In proving this we used the fact that. for an optimal portfolio 
1r* E AJJI, we have 

:r5J(1r* + r5;3)it1=0 = 0 

for all ;.J E AlHI and r5 E R In order to calculate the derivative we didn't need to 
be concerned with differentiating the coefficients since there was no dependence 
on "· For the large insider case however, we need to include terms such as 

r'(t, 11) := _!_r(t, 11) and p,'(t, 1r) := j_JL(t, 11) 
d11 d1r 
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Specifically, we have that 

o = :
1
r1(r.* + r5JJ)lt1=0 

E [ 1T p(t)[(µ(t, r.*) - r(t, 1r*)) + (µ'(t, 1r*) - r'(t, r.*) )r.* - 0"
2 (t)1r*]dt 

+ 1T p(t)O"(t)d-w(t)] 

If we now continue directly along the lines of the proof of Theorem 4.2. L we obtain 
the following result [14]: 

Theorem 6.1.1. i) If a stochastic process 1r E AJHI is an optimal strategy. then 

.H1r(t) := E[1T[(µ(t, 1r) - r(t, 1r)) + (µ'(t, r.) - r'(t, 1r))r. - 7rO"(t) 2]dt 

+ 1T !T(t)d-W(t)] (6.3) 

is an 1t-martingale. 

ii) Conversely, if the function _q( <5) := E[log x(1rHt3) (T)] is concave for each fl E AJHI 
and A11r(t) is an IHI-martingale, then 1r is optimal. 

Note that since log x is a concave increasing function, and the composition of 
a concm·e increasing function with a concave function is itself concave, we see that 
a sufficient condition for g( i:5) to be concave is that the map 

(6.4) 

is concave for all s E [O, T]. It is thus sufficient that the drift terms µ( s, •) and 
r( s, ·) are twice continuously differentiable for all s E [O, T] and that 

(µ"(t, 1r) - r"(t, 1r))1r + 2(µ'(t, 1r) - r'(t, 1r)) - 0"
2 (s) ~ 0 (6.5) 

for all s E [O, T] and 1r E AJHI. 

In order to obtain some explicit results, let us assume that the Brownian mo­
tion lV is a semimartingale in the enlarged filtration IHI ,vith information drift 
n(t); that is, W(t) = W(t) + J; a(s)ds. \\re then have the following tlworcrn: 

Theorem 6.1.2. Suppose the function A(t) of Eq. (6.4) is concave for all t E 

[O, T]. A portfolio 1r E AlHI is optimal i:l and only if 

[µ'(t, 1r(t)) - r'(t, 1r(t))] 1r(t) + [µ(t, r.(t)) - r(t, 1r(t))] - 0"
2 (t)1r(t) + O"(t)a(t) = 0 

(6.6) 
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Let us revisit the simple ca.c;c in which the insider knows the final value of the 
Brownian motion. That is, we take CJ(t) i= 0 and Ht = :Ft V CJ(lVr0 ) where To > T. 
The following result follows immediately from substituting the expression for the 
associated information drift into Eq. (6.1.2): 

Corollary 6.1.3. Suppose the insider's filtration is given by Ht = :Ft V CJ(lVr0 ) 

and that A( t) is concave for all t E [O, T]. A portfolio " E Alli! is optimal if and 
only if 

(µ'(t,1r(t)) - r'(t,1r(t)))1r(t) + (µ(t,,.(t)) - r(t,1r(t))) - CJ 2 (t)1r(t) 

( ) 
vV(T0 ) - W(t) 

+CJ t Ti = 0 
o-t 

(6.7) 

\\'e present below what is perhaps the simplest large insider model, in which 
the drift is modelled to be linearly dependent on the portfolio of the insider: 

Corollary 6.1.4. Suppose that the conditions of Theorem 6.1.2 hold. Suppose 
also that r(t, 1r) = r(t) and 

µ(t, 1r) = µo(t) + b(t)1r (6.8) 

where b(t) and µ0 (t) are adapted to IF and O ~ b(t) ~ ½CJ2 (t). Then the optimal 
'insider strategy 1r* is given by 

1r*(t) = µ0 (t) - r(t) + CJ(t)o:(t) 
CJ 2 (t) - 2b(t) 

(6.9) 

Proof. Since r doesn't depend on 7r we have r'(t, 1r) = 0 and of course µ'(t, 1r) = 
b(t). Therefore the function A of Eq. (6.4) is concave by Eq. (6.5) and 1r* as defined 
in Eq. (6.9) is optimal by Theorem 6.1.2. □ 

\\Te have shown above how a large insider may take advantage of his privileged 
position to find an optimal investment strategy, but an equally important con­
sideration is how a small investor may benefit from simply being aware that a 
large trader exists in the market. How can a small honest investor utilize such 
knowledge? This is dealt with in the next section. 

6.1.1 An honest trader in a market influenced by a large 
insider 

\\'e begin by stating some of the modelling assumptions used in [26], [25] and [24]. 
In our study of partial information (see Section 4.3) we assumed that the trader's 
filtration satisfied Ht ~ :Ft for all t, where ( :Ft)tE[O,T] is the filtration generated by 
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the Brownian motion. V/e shall now abandon this ;--1ssumptio11 in favour of a more 
realistic assumption: the small trader's filtration IHI = ('Ht)tE[O,T] is generated by 
the stock price process, so that 

'Ht = a ( S ( s); 0 ::; s ::; t) (6.10) 

Remark 6.1.5. \Vhen the coefficients are constant, knowledge about the stock price 
process is equivalent to knowledge about the underlying Brownian motion. In most 
cases, however. this assumption is simply not realistic and the small trader observes 
the evolution of the stock price rather than the Brownian motion. 

Note that the quadratic variation of Sis given by 

( S) t = 1t a 2 
( s) S2 

( s) ds; 0 ::; t ::; T 

from which it follows that the volatility a(t) is adapted to IHI. 

In Corollary 6.1.4 it was shown that, if the stock price is modelled by 

dS(t) = S(t)[(Jt + b1r(t))dt + ad-W(t)] 

( 6.11) 

(6.12) 

( i.e. the drift depends linearly on the insider's portfolio), and if we assume that 
W(t) is a G-semirnartingale with information drift a(t), then the optimal portfolio 
of the insider is given by 

*( ) _ µ - r + aa(t) 
7r t - 2 b a - 2 

If the honest trader (with filtration given by Eq. (6.10)) suspects that the insider 
influences the market in the above manner, he could use the following model: 

(6.13) 

where W(t) is an IHI-Brownian motion. In this case no forward integrals or enlarge­
ments are necessary and we simply use the 1Ierton solution (see Example 4.3.2) 
to compute the expression for the honest trader's optimal portfolio: 

ir*(t) = 
µ(t) - r(t) 

a 2 (t) 
IE.[µ+ b1r*(t)l'Ht] - r 

a2 
µ- r b 
-2- + 2E[1r*(t)l'Ht] 

a a 

µ - r + ~IE, [µ - r + an(t) l'Htl 
a 2 a 2 a 2 - 2b 

(µ - r) ( a 2 - b) b 
a 2 (a2 - 2b) + a(a2 - 2b)E[n(t)l'Ht] 
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The drift from Eq. (6.13) can be substituted into Eq. (4.24) to obtain the 
optimal utility gain for the honest trader using the model of Eq. ( 6.13): 

-* (µ - r)2(0-2 - b)2 b2 1t [ 2] 
J(r. ) = 2( 2 b)2 t + ( 2 b)2 lE lE[a(s)[Hs] ds 2o- (T - 2 2 (T - 2 0 

:'.'Jote that the cross-terms from Eq. ( 4.24) involving lE[a(t) [Ht] are zero since 

lE [! lE[a(s)[Hs]ds] = lE [! a(s)ds] = lE [! dW(s) - J d\V(s)] = 0. 

It is claimed in Kohatsu [24] that the actual utility of the honest trader using the 
portfolio i*, derived from the true model of Eq. ( 6.12), is given by 

This result is interpreted by [24] to mean that ··if you make more money than you 
expect with your models it may be because there is a large investor exercising an 
influence on the price". Since we have certain reservations about this interpretation 
we refer to Section 11 of [24] and Section 6 of [26] for further discussions about 
the role of a small trader in an insider-influenced market. 

6.1.2 Continuous flow of large-insider information 

Here we continue along the lines of the previous section. in that we consider a 
model in which the drift is anticipating and depends on a future value of the 
underlying Brownian motion. The novel feature of this section is that the drift 
does not only depend on a single future value of the Brownian motion, but rather 
it depends continuously on a stream of future values. The drift 'foresees' the 
Brownian motion by <5 time units. This is modelled by setting 

µ(t) = µ + bTV(t + <5) 

so that the market model is now given by 

dS(t) = S(t)[(µ + bTV(t + b))dt + o-d\V(t)] (6.14) 

For now we shall assume that <5 2:: T to simplify calculations. We still assume that 
the honest trader observes the stock price filtration, so that Ht= o-(S(s); s::; t). 
The solution of Eq. (6.14) is given by 

S(t) = S(O) exp ( (µ - 1o-2 )t + b 1t \V(s + b)ds + o-\V(t)) 

S(O) exp((µ - 1o-2 )t + b ltH W(s)ds + o-lV(t)) 
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so we have 

(6.15) 

In order to find the honest trader's optimal portfolio we will compute a(t), as 
defined in Eq. (4.19). The method of solution involves finding the covariance 
between the underlying Brownian motion and the process that generates the honest 
trader's filtration, which leads to a second order p.d.c. which we then solve as an 
intermediate step in finding the honest trader's optimal portfolio. 

Theorem 6.1.6. Suppose i5 ~ T and define Y(t) := b J;H lV(r)dr + crlV(t) (i.e. 
Ht= cr(Y(s); s =:::; t)). Then 

a(t) = crbA1 1t g(t, u)dY(u) (6.16) 

and 

where 

[ ( 
2bt ) ( 2bt ) ]-1 ,U = Al(t) = cr-1 (bs + 2cr) e----;;- - 1 + er e----;;- + 1 

and 
g(t, u) = e¾(2t-u) + e¾u 

Proof. We follow [26]. It is clear that Y is a Gaussian process. This allows us to 
write 

IE[lV(s)l'Ht] = 1t h(s, t, u)dY(u) 

where h is a deterministic function. For v =:::; t =:::; T and s =:::; T we obtain 

rH 
IE[H1 (s)Y(v)] = IE[lV(s)b l

8 
W(r)dr] + IE[lV(s)crHr(v)] 

rH 
b l

8 
IE[lV(s)W(r)]dr + cr(s I\ v) 

rH 
b l

8 
sdr+cr(s/\v) 

bsv + cr(s I\ v) (6.18) 

where we have used the common expression for the covariance of two Brownian 
motions and the fact that v < T < 6. \Ve also obtain - -

IE [1t h(s, t, u)dY(u)Y(v)] b21t 1v h(s, t, 0i)(01 I\ 02 + i5)d02d01 

+ 2bcrv 1t h(s, t, 0)d0 + cr21v h(s, t, 0)d~6.19) 
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Note that 

lE [1t h(s, t, u)dY( u)Y (v)] lE[lE[W(s) IHt]Y(v )] 

lE[lE[W(s)Y(v)IHtll = E[TV(s)Y(v)] 
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where we have used the fact that Y (v) is Hr measurable since v ~ t. Thus the two 
expressions (6.18) and (6.19) are equal. Next. we obtain a second order partial 
differential equation by partially differentiating the equality w.r.t. v three times. 
The first derivative yields 

bs + O"l[o,s](v) = b2 1t h(s, t, 0)(0 I\ v + 6)d0 + 2bO" 1t h(s, t, 0)d0 + 0"2 h(s, t, v) 

the second derivative yields 

21t 28h 
0 = b v h(s, t, 0)d0 + O" av (s, t, v) 

and the third derivative yields 

(6.20) 

The solution is easily found to be 

(6.21) 

\Tote that by setting v = 0 after differentiating the equality once and setting 
v = t after the second differentiation we obtain the initial conditions bs + O' = 

b(M + 20") J; h(s, t, 0)d0 + 0"
2h(s, t, 0) and i~ (s, t, t) = 0. Substituting Eq. (6.21) 

into the second condition yields 

(6.22) 

and using the first condition yields 

(6.23) 

so that Eq. (6.21) can be written as 

h(s, t, u) = (bs + O')lvf g(t, u) (6.24) 
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It is now straightforward to find a(t): 

a(t) = l 1t+h 
lim -lE[ o-(s)d-lV(s)IHt] 

h-,o+ h h 

1 
o- lim -hlE[lV(t + h) - TV(t)lrlt] 

h-,o+ 

o- lirn ! t(h(t+h,t,u)-H(t,t,u))dY(u) 
h-,o+ h lo 

o- lim _hl t [(b(t + h) + o-)Alg(t, u) - (bt + o-).Alg(t, u)] dY(u) 
h ...... o+ lo 

bM 1tg(t,y)dY(u) 
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Of course we also have lE[lV(t + 8)11-lt] = (b(t + 6) + o-)A1 J; g(t, u)dY(u) by the 
same type of calculation. Finally, using Corollary 4.2.2, we obt::tin 

1r* ( t) 
1 

2 [lE[Jt( t) - rlrlt] + a( t)] 
(J 

µ-r 
- 2- + lE[lV(t + r5)11it] + a(t) 

(J 

µ - r Al _ 1t 
-

2
- + 2 (b(t + o + l) + o-) g(t, u)dY(u) 

(J (J 0 

using µ(t) = µ + TV(t + 8) along with the expressions that were found for a(t) and 
lE[lV(t + r5)l1it], □ 

The above problem has only been solved for the case in which the drift is 
influenced by information that the honest trader only perceives r5 2: T time units 
in the future. The interesting case where 8 < T has been studied in Theorem 18 
of [25]. 

6.2 Independent noise, insider friction and the 
absence of arbitrage 

It is certainly possible to find situations in which a small honest trader has finite 
optimal utility ( and hence no arbitrage) in a market with an insider. but we have 
seen that it is always the case that the insider can exercise arbitrage when in 
possession of exact information about future prices. Naturally, we are interested 
in the possibility of a heterogeneously informed market that is completely free of 
arbitrage; that is, neither the honest trader nor the insider may exercise arbitrage. 
\Ye have seen that Hypothesis (E) of Chapter 5 is sufficient to guarantee that no­
arbitrage for the honest trader implies no-arbitrage for the insider. Unfortunately, 
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when the inside information is exact, this result is only true for the period [O, T) 
(i.e. the terminal time is excluded). One example for which it was found that 
the market is arbitrage-free for the entire period [O, T] is \\·hen the insider has 
initial information distorted by a source of Gaussian noise: G = ATV(T) + (1-A)E. 
The problem with this approach is that the investor's information doesn't improve 
as the trading interval draws to a close. In this section we explore several other 
possibilities in order to construct models which are free of arbitrage for both honest 
traders and insiders. 

For the remainder of this chapter, we will only consider the behaviour of the 
insider. \Ve will also drop the assumption of anticipating coefficients, so that all 
coefficients are Fradapted. From now on (G will be used to denote the insider's 
filtration. Also, we will no longer assume that the insider is a large trader. 

6.2.1 Diminishing independent noise 

\\·e have mentioned that the initial enlargement approach used to model distorted 
inside information described in Example 5.2.5 is unrealistic in the sense that the 
information held by the insider does not improve as t ---+ T (i.e. as the trading 
interval draws to a close). In the last few years several articles have been published 
that attempt to rectify this problem by describing models in which the magnitude 
of the blurring term decreases as t---+ T. which means that the insider's knowledge 
improves as the end of the trading interval draws nearer. ·we ,vill study the model 
proposed in [24] and [25]. 

\\·e assume that the insider's extra information changes continuously, and is given 
by 

where TV' is a Brownian motion that is independent of lV. The insider's filtration 
is given by (G = (9t)tE[O,T], where 

Yt = nFs V cr(Xu; u:::; s) 
s>t 

\\·e begin by finding the semimartingale decomposition of lV in the enlarged fil­
tration: 

Theorem 6.2.1. W is a scmimartingalc in (G with decomposition 

l Vi = lVt + 1t X ( s) - TV ( s) ds 

0 T - s + (T - s )(}' 

where TV is a G-Brownian motion. 

(6.25) 
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Proof. Firstly, we note that elements of the insider's filtration (G can be reexprcsscd 
as 

(G = Fs V cr(X(s) - Ws) V cr(W'((T - s)°) - H''((T- v)°): v::; s) 

where s ::; u ::; t. We thus have 

IE[lflt - lVuJ9s] 

IE[lVi - lVulFs V cr(X(s) - lVs) V cr(W'((T- s)°) - lV'((T - v)°): v::; s)] 

IE[lflt - lVuJX(s) - lVs] 

due to the independence of Wt - lVu and the er-algebras Fs and cr(lV' ( (T - s )°') -
W'((T - v)°') : v::; s). Also, since H1t - lVu and X(t) - Ws are both Gaussian 
\Vith mean zero we can use the fact that 

IE[XJY] = Cov(X, Y)y 
Var(Y) 

for a mean zero Gaussian random vector (X, Y). Therefore we obtain 

Cov(Wt - Wu, H'r + H''((T - s)°') - Ws) (X(s) _ W) 
Var(lVr + lV'((T - s )°') - Ws) s 
t - 'U 

T- s + (T - s)JX(s) - H's) 

using the linearity properties of the covariance function. Similarly, we obtain 

IE[lV'((T - u)°')JQs] 

Cov(W'((T- u)°'), lVr + W'((T- sl1
) - lVs) (X(s) _HI) 

Var(Wr + W'((T - s )°') - lVs) s 

(T-u)°' (X(s)-lVs) 
T - s + (T - s )°' 

Using Eq. (6.25), we now compute IE[Wt - TVsl9s] to check that Wis a martingale. 

IE[Tl't - WsJ9s] 

[ lt X ( u) - ivu l 
IE Wt - Ws - s T _ u + (T _ u )°' du J Q s 

t - u (X(s) _ Ws) -lt IE[lVr + W'((T- u)°') - TVul9s]du 
T - s + (T - s)°' s T - u + (T - u)°' 

t-u 
T (T ) (X(s) - TVs) -s+ -s °' 

-lt 1 _T-u+(T-u)°'(X(s)-TVs)du=O 
s T-u+(T-u)°' T-s+(T-s)°' 

\\'e thus have that lV is a G-Brownian motion by Levy's characterization. □ 
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::,.Jow, we recall from Section 5.1 that the additional expected logarithmic utility 
at time t of an insider with information drift µ0 is given by 

From this we obtain 

~ IE [ {T ( X ( s) - W ( s) ) 2 ds] 
2 lo T - s + (T - s )a 

~ [T IE[X2 (s)] - 2IE[X(s)W(s)] + lE[TV2 (s)] ds 

2 l0 (T - 8 + (T - 8 )a) 2 

~ {T (T + (T - s )°') - 2s + s ds 
2 lo (T - s + (T - s )a )2 

11T 1 - ------ds 
2 0 T - s + (T - s )°' 

It follows that the insider's additional expected utility is finite as long as a < 1. 
Finally, this means that there are no arbitrage opportunities for the insider in the 
above model. We have thus found an arbitrage-free model that is more realistic 
than the distorted information model proposed in Example 5.2.5 of Chapter 5, 
since the insider's information improves as time passes. 

6.2.2 Penalty functions 

Another way to constuct an arbitrage-free market is to assume that the insider's 
behaviour is subject to certain constraints, so that the range of admissible insider 
strategies is effectively narrowed down. In Section 5 of Pikovsky and Karatzas 
[36] the insider's portfolio is constrained to exist in a certain subset K of IR and 
it is shown that the optimization problem is finite iff K is compact. In Hu and 
(Jkscndal [19] the optimization problem itself is modified by subtracting a term 
from the utility, which models the assumption that an insider is penalized for 
conspicuously large portfolio fluctuations or large volumes of trade. 

In an attempt to design a model in which the optimal insider portfolio is finite, 
we follow [19] and introduce the concept of a penalty function Q : Ac - Ac. 
Q is a linear operator that acts on the portfolio 7r with the effect of providing a 
quantitative measure of the volume of trade or the fluctuations of the portfolio. 
For example we could take 

Q7r ( t) = >. ( t) 7r ( t) 

where >. is a weighting function. This would quantify the volume of trade. Taking 

Q7r ( t) = >. ( t) 7r
1 

( t) 
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where r.' ( t) = d:~t) would quantify the trade fluctuations. These penalty functions 
are then used to modify Problem 4.1.5 of Section 4.1 as follows: 

PROBLEM 6.2.2. Find r.* E AG and Jpen(1r*) E IR such that 

Jpen(1r*) = sup Jpen(Ti) 
1rEAG 

Jpen(1r) = J(r.) - 1IE [1T /Qr.(t)/ 2dt] 

and J is as de.fined in Eq.(4.8). 

(6.26) 

(6.27) 

In the above problem, AG is a slight modification of the set of admissible 
portfolios described in Def. 4.1.3: 

Definition 6.2.3. AG is the set of all processes 1r such that the conditions of 
Definition 4 .1. 3 hold and also 

(6.28) 

Problem 6.2.2 can now be solved by a method similar to that of Problem 4.1.5; 
i.e. by a variational calculus technique. \Ve have 

(6.29) 

Suppose r.* is optimal for Problem 6.2.2. Then we have 

for all (J E AG and 6 E R Since .!(-) attains its maximum value at r.*, we have 

d (* -,)I di5 J 1r + 6 fJ <1=0 = 0 

Using the definition of Jpen and performing simple differentiation, we have 

IE[1T (µ(u) - r(u) - a-2 (u)1r"(u))/3(u)du + 1T p(u)a-(u)d-H'(u) 

-1T Q1r(u)Qf3(u)du] = 0 (6.30) 
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for all(] Ek. ~ext we define Q* to be the adjoint operator of Qin L2 ([0, T] x 0): 

IE [1T a(t)(Qb)(t)dt] = IE [1T (Q*a)(t)b(t)dt] (6.31) 

so that 

IE [1T Qn(u)Qp(u)du] =IE [1T (Q*Q1r(u))/J(11)d11] (6.32) 

and Eq. (6.30) can be rewritten as 

If we now choose /J(u) = Po(t)l[t,s](u), where O ~ t ~ s ~ T and /Jo(t) is Yr 
measurable and bounded, it is easy to follow the exact method of proof of Theorem 
4.2.1 to obtain the following result: 

is a G-martingale. This can be rewritten as 

where the forward integral has been replaced by an ordinary integral since CJ(t) is 
adapted to the Brownian filtration :Ft. It is clear that the first term on the right of 
the equality is a G-martingale since A1(t) is a G-martingale, and the second term 
is of finite variation, so that we have obtained 

Theorem 6.2.4. If an optimal insider portfolio exists for Problem 6.2.2 then tV(t) 
is a G-semimartingale. 

Xote that this is analogous to the result of Theorem 4.5.1 of Chapter 4. Our 
next task is to find an explicit expression for the optimal insider portfolio. Let us 
assume that there is a semimartingale decomposition of W(t) of the form 

By comparing the above with Eq. (6.33) we obtain 

and finally 
CJ 2 (t)n(t) - IE[Q*Qn(t)l9t] = µ(t) - r(t) + CJ(t)o(t) (6.34) 
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Theorem 6.2.5. Suppose that an optimal insider portfoho 1r* exists for Problem 
6.2.2 and that W(t) can be expressed in the form given by Eq. (6.33). Then 1r* is 
the solution of Eq. {6.34). 

We shall now apply the above result to an example in which the penalty func­
tion serves to penalize the insider for engaging in large volumes of trade. 

Example 6.2.6. Suppose the penalty function is given by 

where >..(t) 2'. 0 is deterministic. (The factor of o-(t) is included to simplify the 
subsequent calculations.) We clearly have Q(1r) = (Q*(1r) so that, using Eq. (6.34), 
the solution of the optimal portfolio problem is given by 

7r*(t) = µ(t) - r(t) + o-(t)a(t) 
o-2 (t)[l + >..2 (t)] 

as long as this 1r* is admissible. We can substitute the above expression for 1r* into 
the expression for the insider value given by Eq. ( 6. 29) to obtain 

~ t ~ 
where we have used W(t) = lV(t) + fo a(s)ds and IE[J ... dlV(t)] = 0 to eliminate 
the forward integral term. 

Let us take this example further by considering the case in which the insider 
knows the terminal value of the Brownian motion. We then have a(t) = (lV(T) -
W(t))/(T-t), so that 

J (1r*) = ~IE [ {T I (µ(t) - r(t) + lV(T) - lV(t)) 
2 

dtl 
pen 2 } 0 I + A 2 ( t) o-(t) T - t 

In {19) it is further assumed that o-(t) 2'. o-0 > 0 and 

>..(t) = (T - t)-/3 

where .!3 > 0. from which it follows that the maximal expected change in utility over 
[O, T] is finite: 

Jpen::; C1 + C21T (T - t)-1+23dt < 00 

We have thus constructed a (somewhat artificial) situation in which the value prob­
lem for the insider, who possesses exact information about the future, is finite. 



Chapter 7 

Conclusion 

The intention behind this dissertation was to provide a systematic account of the 
various mathematical approaches that have been used to model heterogeneously 
informed markets in the recent literature. We have distinguished bet,veen two 
principal approaches that arc used in such models; namdy, anticipative stochastic 
calculus ( including Malliavin 's calculus) and enlargement of filtrations. By and 
large, the studies in the literature tend to focus on one or other of these gen­
eral approaches, and few resources exist that develop both approaches with equal 
rigour. 1 In Part I of this project, we have given broad suffeys of the relevent 
mathematical results, covering both anticipating calculus and enlargements of fil­
trations. In Part II we have studied how each approach may be applied to the 
study of heterogeneously informed investors. 

Broadly speaking, we have found that the formalism of anticipative calculus is 
a natural tool in the construction of a general market model that accomodates for 
such heterogeneously informed agents. In modelling the stock price dynamics by 

dS(t) = S(t)[µ(t)dt + O"(t)d-iF(t)] 

we have the corresponding discounted value process 

dX(t) = X(t)[(µ(t) - r(t))n(t)dt + O"(t)n(t)d-W(t)] 

The strength of the above formulation is that we do not need the a priori semi­
martingale assumption required by the enlargement of filtrations approach, since 
the forward integral does not require that Wis a semimartingale w.r.t. the trader's 
filtration. In addition. the anticipative calculus framework may be applied to 
model an anticipating market, in which the coefficients of the dynamics are adapted 
to a filtration that is larger than the market filtration. We have seen that such a 

1The results of [20] and [21] may be considered exceptions in some sense as they use Malliavin's 
calculus to obtain an enlargement formula for the insider. 
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scenario may occur when a "large"' trader influences the price dynamics. In Chap­
ter 4 we have studied the afore-mentioned anticipating market, solving the problem 
of optimizing the expected logarithmic utility for both partially informed traders 
and insiders. In the current academic literature, the problems of anticipative coef­
ficients and partially informed traders have not been tackled using an enlargement 
approach. Also, the assumption required by the enlargement approach that the 
price process is a semimartingle w.r.t. the insider's filtration is often difficult or 
impossible to verify. Indeed, even when it can be verified, the semimartingale 
decomposition is very specific to the type of extra information available, which 
prevents the enlargement approach from achieving the level of generality of the 
forward integral approach. 

On the other hand, we have seen in Theorem 4.5.1 that if an optimal insider 
portfolio exists then a semimartingale decomposition does indeed exist for W. In 
Theorem 2.5.5 of Chapter 2 we found that if this is the case then, for an anticipating 
process </>, the forward integral coincides with the ordinary stochastic integral: 

This led us, in Chapter 5, to solve the problem of portfolio maximization for an 
insider by enlargement techniques. As a result we found that, although the en­
largement framework could be viewed as being less general than the anticipative 
calculus framework, it is essential when we desire explicit results for specific ex­
amples of additional information. 2 

In Chapter 6 we saw how various adjustments could be made to the models of 
earlier chapters in order to build models that aim to better represent reality. We 
have seen how a market with "large" traders may be modelled, and how certain 
features such as dynamic time-dependent additional information or trade restric­
tions can lead to finite values for the optimal portfolio problem. In spite of these 
adjustments however, we should note that many of the examples considered in the 
literature are rather artificial. In light of this, we should perhaps be cautious in 
overemphasizing the current "real world" applicability of some of these results. 

That being said, it is clear that the mathematical techniques described in this 
thesis are, for the most part, very well-suited to model markets with differentially 
informed agents. \Ne should bear in mind that most of the models have only 
appeared in the last decade or so, and with some further development we can fully 

2When we say that the anticipative calculus approach is more general than the enlargement 
approach we should clarify that we are comparing the two approaches in a Brownian setting. 
The enlargement approach may be considered more general in another sense; that is, we have 
developed enlargement techniques for a quite general semimartingale model (i.e. not necessarily 
a Brownian model) whereas we have only developed forward integrals with respect to Brownian 
motion. 
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expect this exciting new field to find considerable applin1bility m the world of 
finance. 

Further developments 

Due to the sheer nmnber of papers that now exist on the topic of differential in­
formation, it has been necessary to be some,vhat selective in our presentation. 
One notable example has been in our treatment of enlargements, where we have 
largely restricted ourselves to the case of initial enlargements. 3 We have mentioned 
that this is somewhat unrealistic in the sense that the insider's additional infor­
mation doesn't improve as time progresses. Some notable papers that employ a 
more general enlargement approach include Ankirchner [4], Ankirchner, Dereich 
and Imkeller [5] and Corcuera, et al [11]. 

\\Te have also assumed, for the majority of this thesis, that the market is driven 
by a continuous Brownian motion.4 Although this is a fairly typical assumption 
in mathematical finance. a lot of interest has recently been generated in modelling 
markets that are driven by Levy processes, which allow for the possibility of jumps 
in the stock price. The assumption of an underlying Levy process driving the mar­
ket has been addressed in several articles on insider trading. including di Nunno, 
et al [13], [14] and 0ksendal and Sulem [35]. 

One final feature that has not been studied in this thesis is the concept of weak 
information. \\Te have seen in several examples that an insider may obtain infinite 
expected utility when in possession of exact information about the future. We 
resoh·ed this problem to some extent by considering examples in which the insider's 
information is blurred by a noise term. Another approach, which is perhaps more 
realistic, is to assume that instead of having direct knowledge of a future random 
variable G, the insider instead knows the law of G under the market probability. 
This approach, ,vhich leads to finite utility for the insider, has been studied in 
Baudoin [7]. 

3Chapter 5 was exclusively concerned with initial enlargements, but recall that we studied an 
example of a dynamical enlargement in Chapter 6. 

4Recall, however, that we dealt with a more general semimartingale model in Chapter 5. 
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