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Finally, in Chapter 6 we specialize some of our carlier assumptions in an at-
tempt to provide models that are a bit closer to reality. There are two major
concerns. The first is to describe models in which the dynamics are influenced
by the presence of a large insider. This is done by assuming that the market
coeflicients are stochastic processes that are dependent both on time and on the
insider’s portfolio; that is, whercas we previously had u(t) and r(t), we now as-
suime p(t, 7) and 7(t, 7). The effect of this m-dependence on the insider’s optimal
portfolio problem is studied, and we also consider the behaviour of a small honest
trader in such an insider-influenced market. The chapter includes the study of a
model in which the insider influences the drift continuously through information
that the honest trader only receives o time units after the insider. The second con-
cern of Chapter 6 is to study conditions under which the is optimal utility is finite
for both the honest trader and the insider. We reconsider an example of Chapter
5. in which the insider’s additional information is given by G = Wrp + ¢, where ¢
represents an independent source of Gaussian noise. The assumption of distorted
information is modified by introducing time dependence into the noise term, which
rectifies the problem of the insider’s additional information not improving as time
progresses. We close the chapter with the study of optimizing an insider portfolio
under certain constraints that penalize the insider for engaging in heavy volumes
of trade.



Abstract

Many of the fundamental results in mathematical finance are based on the
assumption that all traders have access to exactly the same information, usually
assumed to be the filtration generated by the history of stock prices or the history
of the underlying Brownian motion. In the last fifteen years or so, many articles
in the financial mathematics literature have been concerned with using techniques
of stochastic calculus to model financial markets in which different traders have
access to different levels of information.

This thesis aims to provide a coherent account of the various approaclies that
have been used to model financial markets with heterogeneously informed agents.
Part I of the thesis presents a description of the two branches of stochastic analysis
that are required to understand the financial models: namelv, Malliavin’s calculus
and enlargements of filtrations. Part II applies the mathematical results of Part I
to provide a comprehensive presentation of the various financial models that have
been introduced in the literature.
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Chapter 1

Introduction

The history of financial mathematics has demonstrated the mathematical arena of
stochastic analysis to be of tremendous power in describing, understanding and de-
veloping many aspects of modern finance. Two particularly important applications
arc the ficlds of derivative pricing and portfolio optimization. As a parallel to the
obvious advantages offered to finance by stochastic analysis, the tangible “real”
examples offered by the world of finance afford mathematicians and probability
theorists many opportunities to better understand some of the abstract ideas con-
tained in their field. Some years ago, the abstract notion of an Ito integral found
its living counterpart in the gains process of a trader on a financial market. The
existence of a martingale representation theorem on a particular probability space
was then found to be an ideal mathematical expression of the notion of complete-
ness on a financial market; that is, whether any contingent claim may be replicated
by a portfolio of stocks and bonds. At the heart of financial mathematics lies the
First Fundamental Theorem, which relates the absence of arbitrage on a market
to the existence of an equivalent martingale measure on a given probability space.
The few examples just listed should indicate that the abstract mathematical field
of stochastic analysis has found a suitable worldly stage in the rapidly developing
field of mathematical finance.

In recent years, several additional branches of stochastic analysis have found
their way into mathematical finance via the study of financial markets with differ-
ential information. An assumption of much of the standard theory of mathematical
finance, often referred to as strong form efficiency, is that all traders are homoge-
neously informed: all agents acting on the market have access to exactly the same
information, which is typically assumed to consist of knowledge of the collection
of past values of the stock prices. This inforimation is modelled mathematically
by the filtration F = (F;)ieo,1], Where each F; represents information about the
evolution of the stock price up to time t:

Fi=0(Ss;8 < t).



The filtration F is often referred to as the public information flow. The problein
with the assumption of homogeneous information is that in reality the multitude
of agents acting on a financial market generally have access to different sources
of information; indeed, it is rare for an investment decision to be based purely
on the price history of a particular stock. In this thesis we consider a market
with heterogencously informed agents. An agent who possesses information that
is strictly larger than the public filtration is generally referred to as an insider.
It should be noted that the term “insider” does not necessarily imply that the
agent is partaking in any illegal activity; we merely use the term to describe
someone whose information filtration is larger than the public filtration. Suppose,
for example, that, in addition to the market filtration F. the insider also has access
to H = (Hi)iep,7), which denotes a filtration that is not contained in the market
filtration. We enlarge F by H to obtain the insider filtration G = (G)sej0,1), Where
G = ﬂmfs vV Hs.

A large proportion of the academic literature on insider trading is concerned
with the scenerio in which the insider possesses initial information. That is. the
insider possesses knowledge of a future random variable G from the beginning of
the trading interval, and G doesn’t change as time progresses. A typical (rather
unrealistic) example is when G represents the terminal value of a stock price
St. In this case we have H = o(S7), so that the insider’s filtration is given by
G = (\ys: F: Vo (Sr). The fact that the insider possesses this extra information re-
sults in a different perception of the price process. Accordingly, this enhanced level
of perception allows the insider to make better choices when making investment
decisions. Mathematically. we say that the portfolio process #, which denotes the
proportion of wealth invested in the risky asset, must be adapted to the enlarged
filtration G. A reasonable assumption is that an investor will choose a portfolio
7 that maxunizes his expected utility, which is a function of the underlying value
process. A self-financing portfolio is characterized by the requirement that the
value of the trader’s portfolio is given by V; = V{ + fot 7udSy, which means that
we need to be able to compute the stochastic integral of the portfolio process 7
with respect to the stock price process S. It is at this point that the basic the-
ory of Ito integration used in standard mathematical finance. in which agents are
homogeneously informed, fails to provide an adequate solution. The problem is
that the integrator S is assumed to be a semimartingale with respect to the public
filtration F, but the integrand 7 is adapted to G, which is larger than F. The gen-
eral Ito integral would only make sense if the integrand S were a semimartingale
with respect to G. The central problem of the mathematics of insider trading is
essentially to make sense of integrals of the above form; i.e. integrals in which the
integrand is adapted to a filtration that is larger than the market filtration.

Broadly speaking, two fundamental mathematical approaches have been used to



tackle the problem of non-adapted or anticipating integrands. The first approach
involves defining an extension of the Ito integral that accounts for non-adapted
integrands. The field of Malliavin’s calculus includes the study of an object known
as the Skorohod integral, which is well-defined for non-adapted processes and which
coincides with the ordinary Ito integral for adapted integrands. The Skorohod in-
tegral is closely related to another object known as the forward integral, which is
also well-defined for non-adapted processes (see Chapter 2). The forward integral
has become a standard tool in the modelling of financial markets with heteroge-
neously informed agents, since the gains process fTrudSu makes perfect sense if
we interpret it as the forward integral [ m,d”S,. The theory of stochastic cal-
culus with anticipating integrands has been rigorously developed in Nualart and
Pardoux [33] and Russo and Valois [38], [39], [40].

The second approach involves finding conditions under which the price process
S remains a semimartingale with respect to the enlarged filtration G. If this is case
then, since 7 is adapted to G, the object [ 7,dS, qualifies as an Ito integral, and no
anticipating calculus is necessary. The task of determining when F-semimartingales
remain semimartingales with respect to a strictly larger filtration G falls within a
branch of stochastic analysis known as enlargements of filtrations. A quantity of
great importance in applications is the information drift, which is defined as the
process 11 such that an F-semimartingale S has the following decomposition with
respect to the filtration G:

t
S, = M, +/ /tfd,s-
0

where A7, is a G-martingale. The theory of enlargements of filtrations was initiated
in a paper by K. Ito [22], when he showed that a standard Brownian motion re-
mains a semimartingale when its natural filtration is enlarged by o(B;), By being
a future value of the Brownian motion. In the early 1980’s, the study of enlarge-
ments (or grossissement de filtrations) was greatly furthered in a series of papers by
the French school of probability theorists (including Jeulin, Yor, Jacod and others).

We shall now present a brief overview of the historical development of the two
basic approaches.

The use of enlargement techniques to model differentially informed markets
was initiated in the seminal paper by Pikovsky and Karatzas [36].! Their paper
studies the problem of optimizing the terminal logarithmic utility of an insider who
has access to initial knowledge of an JFj-measurable random variable G. Initial

10Other methods had previously been used to study differentially informed markets (see Kyle
[27], Back [6] and Duffie and Huang [15]) but [36] seems to have been the first to apply the
powerful enlargement techniques of Jacod et al, effectively initiating the standard approach in
the literature.



culargement techniques are applied to several exainples of G, including the cases
where G = TV(1) (terminal value of the Brownian motion) and G = AW(1) +
(1 — A)e (where € is a Gaussian random variable). Several key results were first
introduced in this paper, including the idea that the insider’s additional utility
(that is, the difference between the expected terminal utility of the insider and that
of the honest trader) inay be expressed as the energy of the information drift, given
by E[[(u&)2ds]. The paper also relates the additional utility to the relative entropy
of the honest trader’s probability measure with respect to the insider’s probability
measure (see Chapter 5 for details). These results paved the way for the publication
of a number of important papers in the years to follow, including Grorud and
Pontier [17]. [18]. Amendinger, Imkeller and Schweizer [3] and Amendinger [2], all
of which use the basic approach of initial enlargements to solve probleins concerning
the optimization of insider utility.

Amendinger. Tmkeller and Schweizer [3] generalized many of the resnlts of
Pikovsky and Karatzas in solving the optimal portfolio problem for an insider
in a general incomplete market, with dynamics given by dS; = S;(ad{M); + M,).
Their paper presents simple conditions on the additional information G for the
finiteness of the insider’s additional utility, and proceeds to expand on the entropy
representation first suggested in [36]. Amendinger [2] acts as a follow up to [3], in
that it applies the ideas of that paper to the problem of portfolio optimization of
an insider in a market that is complete for the honest trader. In order to extend
the completeness property to the insider, the paper begins with a study of when
the existence of martingale representation theorems on F implies their existence
on G.

An interesting approach that combines the enlargement approach with tech-
niques from Malliavin’s calculus is presented in Imkeller, Pontier and Weiss [21]
and Imkeller [20]. In addition to studying the problem of optimizing the insider’s
expected logarithmic utility, these papers include extensive analysis of free lunch
and arbitrage possibilities for the insider. A key feature of these papers is the
development of a type of Malliavin calculus for measure-valued martingales on the
Wiener space. The market is assumed to be driven by a standard F-Brownian mo-
tion W; and the measure-valued Malliavin calculus is used to derive an expression
for the information drift associated with the semimartingale decomposition of W
with respect to the enlarged filtration G.

The application of anticipating stochastic calculus to the problem of iusider
trading began much more recently in the paper by Biagini and Oksendal [9].
Their approach differs from the then-typical enlargement approach in that it
is not assumed that the underlying Brownian motion is a semimartingale from
the insider’s perspective. Instead, the stock price dynamics are modelled by
dS(t) = S(t)[u(t)dt + o(t)d”W(t)], where the integral iinplied by the second terin
on the right denotes a forward integral. In addition it is assumed that the mar-



ket is anticipating, in the seuse that the coefficients are adapted to a filtration
that is larger than that generated by the underlying Brownian motion. The main
result shows that if an optimal insider portfolio exists in this framework, then
the Brownian motion driving the stock price remains a semimartingale in the in-
sider’s filtration. This is essentially a converse of most of the results obtained in
other papers which find the optimal utility under an a priori sciimartingale as-
sumption. Other notable features include the assumption of a generalized utility
function rather than the usual logarithmic utility. Also, no particular assump-
tions are made about the insider’s filtration, other than that it is larger than the
honest trader’s filtration. This means that many of the results apply for general
enlargements rather than being specialized to initial enlargements.

Shortly after the publication of the Biagini and Oksendal paper, another paper
dealing with the use anticipating calculus was published by Leon, Navarro and
Nualart [28]. In their study, it is assumed that the insider knows the value of
an Jpr-measurable random variable L. Malliavin calculus and forward integration
are then used to optimize the insider’s expected logarithmic utility. Although the
paper uses techniques of forward integration. the ideas are essentially related to the
enlargement of filtrations approach: in order to solve the insider’s optimal portfolio
problem. they assume the existence of a specified process h(t) which ensures that
W(t) — fot h(s)ds is a martingale in the insider’s enlarged filtration.

(Oksendal and Sulem [35] study an anticipative market, driven by a Lévy pro-
cess, from the point of view of a trader who observes less information than the
rest of the market. The problem of studying an insider was thus replaced by the
problem of a partially informed trader.

The next major development in the use of anticipative calculus models was in
the study of markets that are influenced by so-called large insiders. This means
that the market coefficients are actually influenced by the trading behaviour of the
insider. Kohatsu-Higa and Sulem [26] is a comprehensive paper that generalizes
the results of [9] and [35] in the sense that it considers an anticipating financial
market without making any initial assumptions about the relationship between the
trader’s information and the information generated by the market. This generality
allows for the study of both insiders and partially informed traders. A novel fea-
ture of the paper is that it explicitly examines the case in which the drift depends
on an anticipating random variable, which is interpreted as a result of insider in-
fluence. Other papers that study insider-influenced markets include Kohatsu-Higa
and Sulem [25] and Di Nunno, et al [14].

This dissertation is organized as follows:

In Chapter 2 we present a mathematical overview of the Malliavin calculus. We
begin with a description of the decomposition of the Wiener space by the Ito chaos
expansion. We proceed by developing the Malliavin derivative and its adjoint, the



Skoroliod integral. This is followed by a prescutation of the celebrated Clark-
Ocone formula. We close the chapter with a section on forward integration, which
includes the basic definition of the forward integral, along with several key results.
As this chapter is intended as background material for the financial applications
of Part II, some of the proofs have been omitted and original sources have been
referenced when 1ecessary.

In Chapter 3 we turn to a review of the theory of enlargements of filtrations.
A systematic mathematical development is sacrificed to some extent in favour of
the presentation of key results that will aid us in the mathematical models of later
chapters. The bulk of this chapter deals with the study of initial enlargements,
and we are particularly concerned with deriving expressions for the information
drift. After discussing enlargements in a general semimartingale setting we turn
to the more specialized study of enlargements in a Brownian world.

In Chapter 4 we turn our attention to the developiment of financial models.
We begin by proposing dynamics for a general anticipative market with differ-
entially informed traders, in which we modify standard assumptions such as the
self-financing condition and the stock price s.d.e. so that the usual Brownian term
is replaced by a forward integral term. Here it is assumed that [F is the filtration
generated by the underlying Brownian motion and that the coefficients of the stock
price process are adapted to a larger filtration G. We assume that a trader acting
on the market possesses information given by a general filtration H, which may be
smaller than F (partially informed trader) or larger than G (insider). The prob-
lem of maximizing the expected terminal logarithmic utility is then solved for this
general trader. The chapter proceeds by studying separately the cases of partial
information and inside information using the anticipating calculus framework. The
chapter concludes with an important result that links the existence of an optimal
insider portfolio to existence of a semimartingale decomposition of the underlying
Brownian motion in the insider’s filtration. This motivates the necessity of solving
the optimal portfolio problem of an insider via techniques from enlargements of
filtrations.

Taking our cue from the final result of Chapter 4, in Chapter 5 we study the
problem of portfolio optimization for an insider using the method of enlargements
of filtrations. Specifically, we concentrate on initial enlargements. i.e. the insider
acquires all additional information at the beginning of the trading interval. Here
it 1s found that the additional expected logarithmic utility of the insider is given
by E[[ p2ds]. Motivated by the difficulty of calculating explicitly the informa-
tion drift p for an arbitrary type of additional information we proceed to find an
entropy representation of the additional utility that doesn’t depend on u. The
chapter closes with some results about the ability of an insider to exercise ar-
bitrage, which depends on the relationship between the conditional laws of the
additional information and the law of the additional information.



Part 1

Mathematical background



Chapter 2

Malliavin calculus

Malliavin calculus, also known as the stochastic calculus of variations, is a type of
infinite-dimensional differential calculus defined on the Wiener space. The theory
was initiated in 1974. when P. Malliavin used it to provide a probabilistic proof
of Hormander’s theorem [29]. Since then it has developed substantially and has
been used to define differentiation and integration operators on random variables.
The differentation operator, which we will study in Section 2.2, is known as the
Malliavin derivative and the integration operator, which we will study in Section
2.3, is known as the Skorohod integral. A result that has had particular relevance
in mathematical finance is known as the Clark-Ocone representation formula. If a
random variable X has the Ito representation X = E[X] + f d(w, s)dWs, then the
Clark-Ocone formula gives us a means of expicitly finding the integrand ¢; this will
be dealt with in Section 2.4. In Section 2.5 we present sonie results from the theory
of anticipating stochastic calculus, which is closely related to traditional Malliavin
calculus in that it is also concerned with the study of anticipating integrands.

Since this chapter is intended as background material for the financial appli-
cations of Part II, some of the proofs have been omitted and original sources have
been referenced when necessary.

2.1 The Wiener-Ito chaos expansion

The Wiener-Ito chaos expansion allows one to express elements of a square-integrable
Hilbert space in terms of a particular orthogonal basis. The elements of the decom-
position can be expressed as iterated Ito integrals (see Eq. (2.5)). This particular
representation of the random elements allows for very convenient expressions of
the Malliavin derivative and Skorohod integral (see Theorems 2.2.8 and 2.3.5 re-
spectively). Let us begin by defining and stating some properties of the so-called
iterated Ito integrals, since these objects forin the basis of the chaos expausion.
This section is largely based on [34].



2.1 The Wiener-Ito chaos expansion 10

We will work on a measure space (§2, F, P) equipped with the filtration (F )iepp,1
generated by the Brownian motion V.

We define A, (t) to be the portion of the n-dimensional box [0,¢]™ given by
An(t) ={(z1,...,2,) €[0,t]0< 21 < ... < xp <t} (2.1)

Now if f = f(t1....,tz) € L*(An(T)) (thatis, [y 7y f2(t1,. .. ta)dts ... dty < 00)
then the associated n-fold iterated Ito integral is defined as

/ / /” 1 / ft1, . ) dW (t))dW (t2) ... dW (t,)

_/ fty, .o ) dWen (2.2)
An(T)

where dWW¥" := dW(t1)dW (t2)...dW (t,). Using the Ito isometry and the fact

that the expectation of an Ito integral is zero we can show

Theorem 2.1.1. ([34] Eq. (1.7))

E[Ja(f)Im(g)] = 0O ifn#m
Eldn(f)Im(9)] = (fi9)12(a,y Hn=m

Proof. Suppose n = m. We have

E[J2(f)] = H// / tn)dW (1) .. dW(rn)ﬂ
_ / {{ / / ..... £ AW (1) .. dW(tn_l)ﬂ dt,

:// /h2t1,... ity dtn = |l

by repeated applications of the Ito isometry. Using essentially the same procedure,
along with the fact that E[[ fdIW] = 0 for deterministic f, it is easy to show that

E[Jn(f}Im(g)l =0 (n#m)

Corollary 2.1.2. The map f — J.(f), L2(A.(T)) — L%(Q) is an isometry.



2.1 The Wiener-Ito chaos expansion 11

It is appropriate at this point to introduce some ideas coucerning symnmet-
ric functions. We begin with some simple definitions. Firstly. a real symmetric
function f : [0,7]* — R is one that satisfies

f(tl,...,tn) = f(ta(l):-“.-ta(n)) (23)
for all permutations o of (1,...,n). The symmetrization f of a function f :
[0. 7)™ — R is given by

~ 1
fltr o) = Zsf(ta(l), e tam) (2.4)
g€

where S denotes the group all permutations of the first n integers.

Remark 2.1.3. Using this symmetrization we can extend any function f defined
on the wedge A,(T) to a symmetric function f defined on the whole box [0, T]™.
We simply define f to be zero on all points outside A,(T") and define f to be the
symmetrization as defined above. (Note that it is necessary to define f to be zero
outside the wedge since it is not otherwise defined in this region.)

The space of symmetric functions in L2([0, T]*) will be denoted by L2([0, T]").
By considering the number of permutations of n objects we can reason that there
are n! scts of shape Ap(T) that fill the box [0, T]™ so that we have

112 o.rmy = 2 1122 ancry
For f € L2([0.T]") we define I,(f) by
In(f) = nlJn(f) (2.5)
Theorem 2.1.4.

E[In(]i)lm@)] = 0 ) ifn#£m
ELL(/)In(3)] = nMf,9)r2qomm in=m

Proof. Using Th. 2.1.1 and Eq. (2.5) we obtain
EUE(f)] = E[(”!)st(f)] = (n!)? HfHZL?-(An(T)) =n! ||fH2L2([o,T]n)

The n # m case follows immediately from Theorem 2.1.1, since E[I,(f)1.(3)] =

(n)?E[Jn(f)Im(3)] = 0. O

In order to find a decomposition of the probability space (€2, F, P) it is neces-
sary to present some results concerning the Hermite polynomials. We follow [30].
Let (f,g) denote the inner product defined on the Hilbert space L*(Q):

(f.9) = / £ (@)g(w)dP(w).



2.1 The Wiener-Ito chaos expansion 12

The annihilation operator is simply defined as
(0x)(t) = 2'(t).

where x : R — R is a continuously differentiable function. The creation operator
O* is then defined as the adjoint of 0. On a one-dimensional Gaussian Hilbert
space!, with probability measure dy = 1/v/2m exp(—2?/2)dr, we have

1 2
z,y) = Elz(t t:/xt t)dvy(t) = /1t'te‘t/2dt
(z,y) = E[z(t)y(t)] R()y() (1) mk()y()
and
1 2 1 2
or,y) = — [ (0x)(yt)e "/ )dt = ——= [ xd(y(t)e " /*)dt (by ib
0r.9) = == [@n)u0e )i = ——= [ solyne i by ibp)
1 2
= \/—E/Rm(—c‘?yﬂ-ty)e‘t 12dt = (x,0%y)
where 0*r = —dx+tx. Two useful identities follow from the relationship (Ox. y) =
(r,0%y):

05" — 99 = 1 (2.6)
DO — (00 = n(d)?

We now define the Hermite polnomials by

H.(t):=(0")"(1) (n=0,1,2,...) (2.8)
Applying the identity (2.7) to the constant function 1 we obtain (see [30])
Hrll = n,Hn_l

Moreover, it is not hard to show that
(Hpn, Hy) = ((0")™1, H,) = (1,0™H,) = E[0™ H,,]

so that (Hy,, Hp) = 0 for m < n. Since the inner produet is syminetric we have
that H, L H, for m # n. It is also clear from the definition that H,(t) is of
degree n with leading term " so that

|H,|* = (Hy, H,) = E[0"H,] = n!
This finally leads us to conclude that

1
—H,, n=0,1.2,...
{\/n! }

is an orthonormal set in L?(y). It can in fact be shown that it constitutes an
orthonormal basis of L?(y). We conclude this brief study of Hermite polynomials
with some interesting results.

!Recall that a Gaussian Hilbert space is one whose elements are centred Gaussian random
variables; i.e. for each random variable X, there is a ¢ > 0 such that X ~ N(0,02).



2.1 The Wiener-Ito chaos expansion 13

Proposition 2.1.5. Any C®-function x with 0"r € L*(v) for all n € N can be
written as

T =

NE

—E[0"x]H, (2.9)

n.

1l
o

n

Proof. Using the orthonormal basis we have, for x € L?(v)

NE

H(I’ Hn)Hn

3
Il
=)

If all derivatives are in L?(v) we also have

(2. Hy) = (2, (9°)"1) = (9", 1) = E[0"a]

Corollary 2.1.6.
15 N
exp (ct —5¢ ) = ; mHn(t) (2.10)
Proof. Applying Proposition 2.1.5 to x(t) = e yields

ct __ cu & cn
et = Ele ]ZOEHn(t)

We then use

8

E[e™] = — / e W2y = /2

8
-
>‘

g

to obtain

/ €~(u—c)2/2du _ 802/2

1, ~c
exp (ct — 3¢ ) = Z FHn(t)

n=0

4

We will also require the following result, which provides a relation between the
iterated Ito integral and the Hermite polynomial:

Theorem 2.1.7. For g € L*([0,T]) we have

nn(g®) = gl H, (”Hg(ﬁ)> (2.11)

where g5 (t1, ta, ..., tn) == [y g(t:).



2.2 The Malliavin derivative 14

Proof. Sce Appendix of [8]. O
We now present the major theorem of this section:

Theorem 2.1.8. If ¢ € L*(§2) is an Fr-measurable random variable, then there
ezists a unique sequence of symmetric deterministic functions f, € L*([0, T]") such
that

o0

$(w) =Y In(fa) (2.12)
n=0
Furthermore, ¢ satisfies
||¢||2L?(Q) = Z ”!”fn||2L?([o,T}n) (2.13)
n=0
Proof. See Theorem 1.1 of [34]. O

2.2 The Malliavin derivative

Recall that L2([0, T]) denotes the Hilbert space of square integrable deterministic
functions h : [0,7] — R. For h € L*([0,T]) we define

T
W(h) :z/ h(t)dW, (2.14)
0
Let C;°(R") denote the set of all infinitely differentiable functions f : R* — R
such that f and all of its partial derivatives have polynomial growth. The class of

smooth random variables, which we denote by S, consists of all random variables
of the formn

F=f(W(h),...,W(h) (2.15)
where f € C°(R™) and hy, ..., h, € L*([0,T7).

For F' € § we define the derivative of F' by

DF = i B fF(W(hy), ..., W(ha))h; (2.16)

Remark 2.2.1. In what follows we will sometimes write D, F" for the derivative at
a particular time ¢. That is, the value of the derivative at the point ¢ is given by

D.F = i O f(W (hy), ... W (ha))hi(t)

Note, however, that since h € L%([0,T]), k(t) is only well-defined for a.a. t.
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We denote by Pi 2 the set of all smooth random variables for which such a
derivative exists. (See [32] for a way to interpret DF as a directional derivative.)
Using Eq. (2.16) it is easy to prove the following properties:

Proposition 2.2.2. For F|G € P15 and a continuously differentiable function
f:R — R we have

1. Lincarity: D(oF + BG) = oDF + 3DG
9. Chain rule: D(f(F)) = f'(F)DF
3. Product rule: D(FG) = (DF)G + F(DG)
Remark 2.2.3. Note that if F' € Py, (i.e. F'= f(W(hy)....,W(h,)) where f is an

nth degree polynomial), then we can orthonormalize the h;’s via the Gram-Schmidt
procedure. (i.c. Welet e; = hy/ [[hil], e2 = (ha —(e1, ha)er)/ [[(ha — (c1, ha)er]], - . .)
and write the h;’s in terms of the orthonormal e;’s to obtain F' = f(1V(e1),..., W(e,))
where f is a new nth degree polynomial.) We can therefore assume that the h;’s
are orthonormal when it is convenient.

The following integration-by-parts formulac are useful:

Theorem 2.2.4. Let h € L*([0,T]), F € P12. Then
E((DF, h)saomy) = ELFWV(h) (2.17)

Proof. We follow [32]. We can normalize the arguments of F' along the lines of the
preceding remark (normalizing Eq. (2.17) such that A is of norm one) to obtain

F=f(W(e1),....W(en))

where f € C°, h = e;, and the ¢;’s are orthonormal elements. We have
E(DF.h)u] = E[D_aif(W(a),....W(en))ei e1)]

— E[(Z(d-f)(ei. e1)z2(o,r))) = E[O1f]

_ / n ;1f<m>d~m<x>

where

1
dyn, = 2n exp(—|z|*/2)dx
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Thus
1 5 -lal?/2
gl = —v———— J e B
E[(DF, h)g] )7 Je f(r)oe dr
1 2
= @ SO

= | J@min)
= E[f(z)r] = E[FW(e1)] = E[FW (h)

Corollary 2.2.5. For h € L*([0,T]), F,G € P12 we have
E[G(DF,h)rzorp) = E[(=FDG, h)r2 o)y + (FG)W (h)] (2.18)

Proof. Apply Theorem 2.2.4 to the product F'G and use the product rule for the
derivative. O

Let us now define a norm on P 3 by

1F 2 = 1 T z20) + IDFl 22g0,myxe (2.19)

Since the family P; , is not closed with respect to the above norm (see [8] p.15),
we define Dy to be the closure of Py 5 with respect to [|-||; 5. For a convergent
sequence F, — F in L?(Q2) it would be natural to define the derivative of F by
DF := lim DF,. (2.20)
Before we do this, however, we need to know whether D is a closable operator, 1.e.

whether
F,—- F DF, - L,G, —» F,DG,, = Ly = L1 = L. (2.21)

Closability would imply that the definition suggested by Eq. (2.20) is unique. As
it happens. the derivative operator is closable by the following theorem (See [34]
Thm 4.11. [8] Thn 1.4.1):

Theorem 2.2.6. The derivative operator D : Py o — L*([0,T] x Q) is closable.

Proof. Suppose (Fy)nen is a sequence of smooth random variables (i.e. F, € P12
for each n) such that F, — 0 in L2(Q) and DF, — F in L*([0,T],Q). Then, by
the integration-by-parts formula of Eq. (2.17) we have

E[(DF,,h)] = E[F,W(h)]
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where h € L2([0.T]). Now lin,—,o E[DF,, h] = E[(linp—.0c DF,, h)] = E[(DF, h)]
for the LHS and lim,—, E[F,W (k)] = E[FWW(h)] = 0 for the RHS. Thus we have

E[(DF. )] =0 forall h € L*([0.T])
from which it follows that DF = 0. O

We are now able to formally define the Malliavin derivative as the closure of
the previously defined derivative operator (sce Def. 4.13 of [34]):

Definition 2.2.7. Let F' € Dy 4, i.e. there is a sequence (F,)nen with each F; €
Pia such that F, — F in L%(Q) and (D Fy)nen converges in L*([0,T] x Q). The
Malliavin derivative is then defined as
DF = lim DF, (2.22)
We conclude this section by presenting a particularlv uscful result concerning
the connection between the Malliavin derivative and the Wiener-Ito chaos expan-
sion. Let us first consider how the chaos expansion may be applied to stochastic
processes. Suppose that u(¢,w) € L3([0,T] x Q) is a stochastic process. As long
as

u(t,-) is Fr — measurable for all t € [0, T (2.23)
and

E[u®(t,w)] < oo for all t € [0, T] (2.24)
we can apply the chaos expansion to u(t, ) for cach t € [0.T]. That is, for cach ¢

we obtain a sequence of functions f,+(t1,...,t,) € L?(R") such that
u(t,w) = In(fas(") (2.25)

n=0

In what follows we will write fn(-, t) = fn(tl, ey tno1,t) so that fn is symmetric

with respect to its first n — 1 variables.

Theorem 2.2.8. Let F € Dyp and let F =3 >, I.(f) be the chaos expansion
of F. Then

DF =Y Iy 1(fal- 1)) (2.26)
n=1
Moreover we have F € Dy 5 iff
> nnll|fallfa oz < 00 (2.27)
n=1

Proof. See Theorem 4.18 of [34]. O
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2.3 The Skorohod integral

Recall that the Malliavin derivative is an operator that takes square integrable
random variables to square integrable processes: we have

D :Dy, C L*(Q) — L*([0,T) x Q) (2.28)

We would like to define an integral operator § on a subset D} , € L*([0, T]x ) that
‘reverses’ the derivative operator in some sense. That is, it takes square integrable
processes back to square integrable random variables:

6 :Dj, C L¥[0,T] x ) — L*() (2.29)

We will thus define the so-called Skorohod integral as the adjoint of the derivative
operator (i.e. (F,0(u))r2(q) = (D¢F,u)r2(0,1)x0))- We define the space of Skorohod
integrable random processes by

Di, = {u € L*([0,T] x 02)|3c € R such that [(DF,u)| < ¢||F||z2(q). VF € D2}
(2.30)
where ¢ is a constant that is independent of F. We can now define the Skorohod
integral 4 as follows (see [8] for a discussion of existence and uniqueness of 4):

Definition 2.3.1. If u € D] ,, then 6(u). known as the Skorohod integral of u, is
the unique element of L2(Q) that satisfies

E{(DF, u)z20m] = E[F3(u)] (2:31)
for any F € D 5.

Remark 2.3.2. Another common notation for the integral is given by

d(u) = /()Tu(t,w)(SW (2.32)

and the space of Skorohod integrable processes if often denoted by Dom 4.
Remark 2.3.3. Note that taking F' = 1 in Def. 2.3.1 gives E[6(u)] = 0, as is the
case for Ito integrals.

We next present a type of integration-by-parts formula that is very useful in

other areas of Malliavin’s calculus:

Theorem 2.3.4. Let F € Dy, u(t,w) € D}, and Fu € L*([0.T] x Q). Then
FueDj, and
(5(Fu) = F(S(U) - (DF, U‘)L2([0,T]) (233)

Proof. See Proposition 1.3.3 of [32]. O
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Just as we did for the Malliavin derivative, we will now find a representation
of the Skorohod integral in terms of the Wiener-Ito chaos expansion. This is
useful when it comes to actually computing the integral of a particular random
variable and also aids us in proving other interesting properties of the integral.
In Eq. (2.35) of the following result, fn+1 refers to the symmetrization of f,; =
fa(ty, . tn tas), where we have set t = t,4).

Theorem 2.3.5. Suppose u € L2([0,T] x ) has the chaos expansion

o0

ult,w) = 3 T(fal 1)) (2.34)
n=0
Then o
o(u) = Z L1 (frs1) (2.35)
provided the series converges in L2(Q;.= 0
Proof. See Proposition 1.3.7 of [32]. O

Remark 2.3.6. In some sources, the Skorohod integral is defined in terms of the
chaos expansion. We have not chosen this approach as it is difficult to see why the
operator actually represents an integral using such a definition.

The above chaos expansion representation can be used to show that the Ito
integral coincides with the Skorohod integral when the integrand is Fi-adapted.
In this sense, we can regard the Skorohod integral as a generalization of the Ito
integral that is well-defined for non-adapted integrands. Before we present this
result, we state an intermediate result that characterizes the Fi-adaptedness of
the terms in the chaos expansion.

Lemma 2.3.7. (Lemma 2.5 of [34]) Let the square integrable process u(t,w) €
L*(Q) be Fr-measurable for all t € [0,T], with chaos expansion given by

WK

u(t,w) = > In(fa(:,t))

3
o

for each t € [0, T]. Then u(t,w) is F;-adapted iff
fn(tl,"',tn,t) =0 if t< max t; (236)

1<i<n

Theorem 2.3.8. (Theorem 2.6 of [34]) Let u(t,w) be an F;-adapted process for

t € [0.T] such that
T
E [/ u%t,w)dt} < 00
0

Then u 1s Skorohod integrable and

/ ' u(t, w)oW (t) = / ' u(t. w)diV () (2.37)
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2.4 The Clark-Ocone formula

Recall that the Ito representation theorem states that any square integrable Fp-
measurable random variable F € L?(Q) can be expressed as the Ito integral of a
unique Fi-adapted process f(t,w):

Flo) = E[F) + /0 U v (2.38)

Unfortunately we cannot calculate the form of the process f(t,w) using elementary
stochastic analysis. In order to find such an expression we turn to Malliavin’s
calculus, which enables us to find f provided F is Malliavin differentiable.

The following results (see [34] Prop. 5.5, Prop. 5.6 and Cor. 5.7 for proofs)
are useful for what follows:

Theorem 2.4.1. Let f, € L*([0,T]"). Then
E[L(f)lFe] = Ll faliy) (2.39)
Proposition 2.4.2. If F € Dy, then E[F|F]lj4(t) € D12 and
Dy(E[F|F.]) = E[DF|F]10.5(t)

Corollary 2.4.3. Let u(s.w) be an Fs-adapted process such that u(s,-) € D, o for
all s. Then Dyu(s,w) is Fs-adapted for allt and

Diwu(s,w)=0 fort>s

Our intuition from ordinary (non-stochastic) integration suggests that the in-
tegrand f from Eq. (2.38) should correspond to the “derivative” of F'. The Clark-
Ocone formula clarifies this intuition:

Theorem 2.4.4. Let F € D)5 and suppose that 1V is an F-Brownian motion.
Then

F = E[F] + /T E[D,F|F,)dW, (2.40)

Proof. We represent F' using the chaos expansion F' = Yo o In(fn) where f, €
L2([0, T]") for each n. We have

0

/TIE[DtF|.7—'t]dW(t) = /TE thln(fn)’ft] dW (t)

n=0

- [® ann_xf;l(-,t»rft] aw(r)

Ln=1
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T ©°

= [ Bt ) FV )
T

- /O znfn_l(fn(-,t)l[%fg_l)(-))dw(t)

= /0 Zn(n—l)!Jnl(fn(-,t)1§]fg—”(-))dwa)

_ Zn!Jn(fn(')) = Zln(fn) = Zln(fn) — Io(fo)

~ F—E[F]

2.5 The forward integral

As we have seen in Section 2.3, the Skorohod integral coincides with the usual Ito
integral for adapted integrands, and can thus be viewed as a generalization of the
Ito integral. That is, if the process u(t,w) is adapted and Skorohod integrable we
have

/ U () = / ()

Let us consider a common scenario in which the necessity of integrating a non-
adapted process arises. We consider a setup in which a Brownian motion W is
adapted to a filtration F = (F;)seor] and a process ¢ is adapted to a strictly
larger filtration G = (G )ieor) (s0 that G, O F; for cach t). We would like to be
able to interpret the integral given by

T
/ GrdWy
0

It cannot be understood as an Ito integral since the integrand ¢, is not adapted
to the filtration generated by the Brownian motion. We already know that the
Skohorod integral is defined for non-adapted integrands, and we shall now consider
a closely related object known as the forward integral. The forward integral also
allows for non-adapted integrands, and is particularly useful in the financial mod-
elling of heterogeneously informed traders. as we shall see in later chapters. The
mathematical theory of forward integration was largely developed in [33], [38], [39]

3

and [40]. The approach we shall take is along the lines of [9], [19], [26] and [35].
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Definition 2.5.1. Let ¢ : [0,T] x Q@ — R be a measurable process that is not
necessariy adapted. The forward integral of ¢ with respect to 1V is defined by

T - I
/é(t,w)d‘W(t):lim oty L) = VD)

e—0 0

dt (2.41)
if the limit exists in probability, in which case ¢ is said to be forward integrable in
the weak sense.

The following property, which doesn’t in general hold for Skorohod integrals,
follows immediately from the above definition:

Lemma 2.5.2. Suppose that the process ¢ is forward integrable and that G is a
random variable. Then

T
/ng(dW /cde
0

When dealing with caglad stochastic processes, the forward integral has the
following intuitive representation as a limit of Riemann sums:

Theorem 2.5.3. Let ¢ : [0, 1] x Q — R be forward integrable and caglad. Then

/ o(t,w)d W(t) = lim Zé (t;) (2.42)

where the limat s taken in probability. Here At = maxj—q.. ~-1(tj41 — t;) and
AIV(t]) = ”/(tj+1) - Wv(t]) fOT (L”] = 0, ]., 7j\[ — ]., and 0 = o <t <...<
tn =T is a partition of [0,T)].

Proof. Since any caglad process can be approximated pointwise in w and uniformly
in ¢ by a simple stochastic process, we may assume that ¢ is siimple:

o(t, w) Z A(t5) 15001 (F)

Applying Def. 2.5.1 to the function ¢ above, we obtain

T T
/ o(s)d W(s) = lim / oy Y+ =W
0 0

e—0 €
N-1 ti+1 117 _ 1V
= Z ¢(tj)lilr1/ Wit+e) -1 (t)dt
- =0 J,. €
7=0 J
N-1

1 [+
= (1) lim — ( / dt)dw,
t; u—e
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N-1 . 1 tit1
=0 j
N-1
= o(t;)(W(tjr1) — W(ty))
j=0

where the third line follows by considering the integration region as e — 0 and
applying a stochastic Fubini theorem. O

Remark 2.5.4. The above theorem motivates the use of the forward integral as a
gains process in financial applications.

Another method that is often applied to solve stochastic integrals with non-
adapted integrands involves a branch of stochastic analysis known as enlargements
of filtrations, which will be described in more detail in Chapter 3. Again we
consider the scenario described at the beginning of this section. Roughly speaking,
the enlargement of filtrations approach involves finding conditions under which
the F;-adapted Brownian motion W remains a semimartingale with respect to the
larger filtration G.

Theorem 2.5.5. Let G = (Gi)iepo,1) denote a general filtration. Suppose that W
is a standard Brownian motion on (U, F, P) and that W is a semimartingale with
respect to G. Furthermore, suppose that the measurable process ¢ is adapted to G
so that fOT o(t)dW (t) exists as an Ito integral. Then ¢ is forward integrable and
we have
T T
/ O(t)dW (t) = / o(t)d”W(t) (2.43)
0 0
The above result essentially tells us that, whenever the enlargement of filtra-
tions method can be applied to evaluate an integral with an anticipating integrand,
it gives the same result as the forward integral (see the beginning of Chapter 5 for
further details).

In order to equip ourselves to deal with some of the applications in later chapters,
we will often work with the following modified definition of the forward integral:

Definition 2.5.6. Let ¢ : [0,T] x Q@ — R be a measurable process that is not
necessarily adapted. We say that ¢ is forward integrable in the strong sense if

hm/T ¢(t’w)W(t+ei—I~V(t)dt

e—0

exists as a limit in L*(Q).



2.5 The forward integral 24

Note that forward integrability in the strong sense clearly implies forward in-
tegrability in the weak sense.

We shall now turn our attention to finding a relationship between the Skohorod
integral and the forward integral.

Theorem 2.5.7. Suppose that the measurable process ¢ : [0,T] x @ — R is such
that o(t) € Dy o for each t € [0,T] and

T T T
2112, , FEUO |¢(t)|2d1t+/0 /0 | Dyp(1) 2 dudt

Furthermore, suppose that

< 0

Di+¢(t) := lim D,o(t)

s—tt

exists for a.a. t € [0,T]. Then ¢ is forward integrable (in the strong sense) and

/OT o(t)d W (t) = /OT d(t)oW (t) + /OT D+ (t)dt (2.44)

Proof. See Lemma 2.2 of [26] for a sketch of the proof. O

Since the expectation of the Skorohod integral is zero (from Remark 2.3.6), we
also have

Corollary 2.5.8. If ¢ satisfics the conditions of the above theorem, then

E { /0 ' o(t)d™ W(t)} =E [ /0 ' Dt+gp(t)dt}

We conclude this section with some elementary results on forward processes
(see [19]), in which we present a method of solution that is analogous to Ito’s
formula for ordinary diffusions.

Definition 2.5.9. A (1-dimensional) forward process is a stochastic process X (t) =
X(t,w) of the form

X(t)y=z+ /t u(s)ds + /t v(s)d"W(s), te€0,T] (2.45)

where u(s,w) and v(s,w) are stochastic processes such that
T
/ lu(s)|ds < oo P —a.s.
0

and v 1s forward integrable.
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We will generally use the following shorthand notation for a forward process:
d-X(t) = u(t)dt + v(t)d W(t)
Theorem 2.5.10. (Ito’s formula for forward processes) Let
d-X(t) = u(t)dt +v(t)d W(t)
be a forward process. Let f € C*?([0,T] x R) and define

Y(t) = f(t, X(t))
Then Y 1s a forward process with

dY (1) = %é(f,x(f))dt + %(f,,xu))dxu) + %%t—f(f,xa))u?(t)df (2.46)

The forward Ito formula can be applied to a forward stochastic differential

cquation to obtain the following result:

Corollary 2.5.11. Let u(t) and v(t) be measurable processes such that fot(|u(s)] +
v?(s))ds < 0o P—a.s. fort € [0,T] and v is forward integrable. Then the forward
s.d.e.

dX(t) = X (H)[u(t)dt + v()d"W(t)]; X(0)==z>0

has the unique solution

X(t) = zexp ( /O () — %UZ(S))dS 4 /0 tv(s)d-W(s)) (2.47)



Chapter 3

Enlargement of filtrations

Recall that Theorem 2.5.5 of the previous chapter stated that, if an F-Brownian
motion I can be expressed as a semimartingale with respect to a larger filtration
G, then the forward integral of a measurable G;-adapted process ¢ is given by
T T
| ewawe = [ oman
0 0

Let us assume that there exists a measurable process p such that 117 has a semi-
martingale decomposition with respect to G of the form

where W is a G-Brownian motion by Lévy’'s characterization theorem. Then we
can naturally define

T T T
/0 P()AW (1) = / o()dV (1) + / o(t)p(s)ds

so that each term on the RHS is well-defined in ordinary stochastic calculus.

Motivated by the above method of solving stochastic integrals with non-adapted
integrands, this chapter aims to determine conditions under which F-semimartingales
remain semimartingales with respect to an enlarged filtration G. We will be partic-
ularly concerned with finding the semimartingale decompositions in the enlarged
filtration.

3.1 An introductory example

Perhaps the simplest example of an initial enlargement, which often features in
the financial literature, is the case in which a Brownian filtration is enlarged by

26
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a future value of the Brownian motion. This oft-quoted result will be dealt with
below as an introductory example (see [37] Ch. 6). Here (Q, F, P) is a probability
space equipped with the filtration F.

Theorem 3.1.1. (Anticipation of W(T')) Suppose that W is an F-Brownian mo-
tion and that G = (Gy)i>o is the smallest filtration such that Wy is Gy-measurable
and Fy C Gy for allt > 0. Then W is a G-semimartingale. In this case

LWy — W,
M, =W, — | 21— 45 (3.1)

0 1 - 8
is a G-martingale.

Proof. We follow [37). Since W is a Brownian motion we have E[W;?] = t < oo
for all £ > 0 and E[W;] = 0. We also know that TV is an F-martingale. Let
0 < s <t <1 be rational numbers such that s = j/n and t = k/n. Now set

Y, = Wt — 1V, (3.2)

n

We have the telescoping sums Z" 'y, = Wn — W, =W, — W, and Zk 'y, =
W — W,. Thus we can write "

k-1 n—1 k-1 n—1
E[V, =W — W] =E|) VY V| = D E|V) ¥
S
{5
i'=j i=j
B k*jn_l '
— n—j;Yl
— I:S'(W W)

By the independence of the Brownian increments we then have E[W, — W,|G,] =
E[W; — W, |Wy — W] = E(WH — W) for all rationals 0 < s <t < 1. Since the
Wy's are uniformly integrable and since the paths of 11 are right-continuous, we
can take limits to show that the preceding result is also true for all reals.

Wy — W,
mm_mm]=mhmwm—/ — d@%

-
= i (11/1 — 11/3) - / —E[Iifl - Wu|gs]du
1 s 1—u
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by Fubini's theorem for conditional expeectations. But note that

]E[I/Vl - Wu|gs] = E[(WI - Wu) - (Wu - H/S)|g5]
— W =W, = T )
1—3s

1 —
- Yo, - W)

1—3s

So we have E[M, — M;|G,] = =2 (W —1V,) — ft = (1Wy — W,)du = 0, from which

8

it follows that M is a G-martingale. O

3.2 Initial enlargements for general semimartin-
gales

This section is largely based on [3]. Let (2, F, P) be a probability space that
is equipped with the filtration F = (F;)wcpor). Let G = (Gi)eo.r) denote the
enlargement of F by an Fr-measurable random variable X, where X takes values
in the Polish space (U,U). We have

G = [(Fs Vv a(X)) (3.3)

s>t

We begin by presenting two hypotheses that will be of great relevance throughout
this chapter. They are both related to the conditional distributions of the addi-
tional information G given F;:

Hypothesis (AC)!: (absolute continuity) there is a o-finite measure 7 on (U, U)
such that, for all ¢t € [0,7),

P[G € -|R] <<n(-) for P—a.a we€N (3.4)

Hypothesis (E): (equivalence) there is a o-finite measure 1 on (U,U) such that,
for all t € [0, 7).
PG € |FK] ~n(-) for P—a.a we€Q (3.5)

We shall use the following notation: F° := (Fi)eepo.r) and GY = (Gt)eior) (lee.
the right end-point is excluded); we also use Q := Q x U, F; := MNeso(Free R U)

and FO .= (ﬁ%)te[oy]‘). Let us also recall the definitions of optional and predictable
o-fields.

1This first hypothesis is often referred to as Jacod’s condition.
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Definition 3.2.1. The optional o-algebra of FO. denoted by O(F®), is the o-
algebra, defined on [0, T) x Q, that is generated by all Fi-adapted cadlag processes.

Definition 3.2.2. The predictable o-algebra of F°. denoted by P(F°), is the o-
algebra, defined on [0.T) x Q, that is generated by all Fi-adapted left continuous
processes.

Supposing that Hypothesis (AC) holds, it is natural to investigate the prop-
erties of the density process implied by the absolute continuity assumption. The
following lemma, originally formulated in Jacod [23], elucidates some of these
properties:

Lemma 3.2.3. There exists a non-negative cadlag O(F)-measurable process (w, 1,t) —
gt(w) such that

1. for alll € U, ¢ is an FO-martingale, the processes ¢¢ and q¢'. are strictly
positive on [[0,TY), and ¢ = 0 on [[T', T)). where

TH:=inf{t > 0l¢_ =0} AT (3.6)

2. for allt € [0,T), the measure g.(-)n(dl) on (U,U) is a version of the condi-
tional distribution P|G € dl|JF],

In fact it is straightforward to show that the measure 7 of (AC) e¢an be taken
to be the law of G. We have

/ PIG € dl] = P[G € B] = P[G € B|F) = / gbn(dl)
B B
That is, ¢in(dl) = P[G € dl]. This means we can write
PG € B|F))(w) = / PL(w)P[G € dl]
B

where l
gy (w
pi(w) = L) (37)
go(w)
Taking 7 to be the law of G thus amounts to using the p defined above for the
process q of Lemma 3.2.3.

Let M be a continuous local F-martingale. If we assume that (AC) holds, it
can be shown that M is a semimartingale in the filtration G°. This is expressed
in the following theorem, also originally from [23], in which the semimartingale
decomposition of Af is related to the density process ¢
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Theorem 3.2.4. Suppose that (AC) holds and that M is a continuous local F-
martingale. Then there exists a P(F°)-measurable function (w,l,t) — ul(w) with
covariation

) = [ aid agan (3.5)
such that
1. fo |u61d (M), < 0o P —a.s. for allt € [0,T), and

2. M is a G°-semimartingale with decomposition
t
M, = M, + / pCd(M), (3.9)
0

where M is a continuous local G®-martingale.

Remark 3.2.5. Note the relevance to financial mathematics: under the assumption
of no-arbitrage, the discounted price process of a stock (S¢)i>¢ is a local martingale
in the market filtration. The above theorem thus tells us that S; remains a semi-
martingale from the point of view of a trader with additional information given by
(5, so that the gains process fot 0,dS,, of the insider makes sense as an Ito integral.
(Bear in mind, however. that the theorem only holds for ¢ € [0.7T'), so that the
final trading time T is excluded.)

We proceed by taking 7 to be the law of G. thus using p of Eq. (3.7) as our density
process. Since p! > 0 P—a.s. on [[0,T)) by Lemma 3.2.3, the process 1/p® is finite
on the interval [0,7). In the following theorem we shall define a new probability
measure B; on (Q,G,;), such that P, = P on F;, and F; and o(G) are independent
under ﬁt. For this reason, Pt is often referred to as a decoupling measure. It will
be necessary for this result to assume Hypothesis (E): that the conditional laws of
G given F; are equivalent to the law of G for each t € [0, T).

Theorem 3.2.6. If Hypothesis (E) holds then
1. ;1(; is a GY-martingale.
2. Fort € [0,T), the probability measure defined by

Py(A) = /A;P[G edl] for AeG (3.10)

has the following properties:

(a) Fy and o(G) are independent under P,
(b) Pt = P on (Q,ft)
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Proof. See Proposition 2.3 of [3] or Proposition 1.6 of [1]. O

Duc to the content of the following theorem, we refer to the measure Py as the
[0, t]-martingale preserving measure under initial enlargement.

Theorem 3.2.7. Suppose that (E) holds. Then, fort € [0,T), we have that any
(local) (P, F)-martingale A on [0,t] is a (local) (P, G)-martingale on [0, t].

Proof. See Proposition 2.5 of [3] or Proposition 1.7 of [1]. O

Until now we have assumed that Al is a continuous local (P, F)-martingale. In-
stead, let us now consider a general Fy-adapted stochastic process S and assume the
existence of a measure Q ~ P on (£, Fr) such that S is a local (Q, F)-martingale.
Let ZF denote the density process of @ with respect to P. We then have the
following result. which follows directly from Theorem 3.2.6:

Corollary 3.2.8. ([2] Th. 3.1) If Hypothesis (E) holds then

1. 2% =% isa GC-martingale.

)
2. Fort € [0.T) the martingale preserving probability measure, defined by
~ ZF
Q:(A) ::/ —P[G €dl] for A€g, (3.11)
APt

has the following properties:
(a) Fi and o(G) are independent under Q;
(b) Qe =Q on (Q,F) and Qr = P on (Q,0(G)).

Corollary 3.2.9. If (E) holds, then any (local) (Q,F)-martingale S on [0,t] is a
(local) (Qs, G)-martingale on [0,t], with Q defined by Eq. (3.11).

This important result tells us that the local martingale property is preserved
under the initial enlargement as long as we simultaneously change from the measure
() to the decoupling measure Q).

3.3 Martingale representation theorems under ini-
tial enlargements
We shall now concentrate our efforts on finding explicit representations for the

processes p! and 1/p®. Specifically, it will be shown that, under Hypothesis (E),
p' and 1/p% can be expressed as Dolean’s exponentials.
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Proposition 3.3.1.

1. Suppose that Hypothesis (E) holds. Then there is a local G®-martingale N.
with Ng = 0, which is orthogonal to M and such that

1

= (—/,ufd]f[s +N> (3.12)
Py t

2. FixleU. If plTl > 0 P — a.s., then there exists a local F*-martingale N,
with N} = 0, which is orthogonal to M and such that

=& (/ pldM, + N’> (3.13)
i

Proof. See Proposition 2.9 of [3]. a

We conclude this short section with a result that enables us to express the
process N in the above proposition in terms of the process L, under the assumption
that the density p! is continuous and strictly positive for all I € U. This enables
us to remove one of the unknowns in the above representations.

Corollary 3.3.2. If p! is continuous and strictly positive for alll € U, then

1 _¢ (_ /yfdm ~ NG 4 <NG>>t (3.14)

i3
That is, we have Ny = —NF + (NG),.
Proof. See Corollary 2.10 of [3]. O

Remark 3.3.3. Note that Corollary 3.3.2 clearly implies that if the density process
can be expressed as p' = £([ p'dM) then

1

G-
= — | i d]\f)
P? ( / t

and we don’t have to worry about finding N or N. We shall see in Chapter 5 how
this type of representation may be interpreted as a completeness assumption in
finance.
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3.4 Initial enlargements in a Brownian world

Until now we have been concerned with the question of whether continuous lo-
cal martingales remain martingales in an enlarged filtration. In this section, we
assume that our probability space is equipped with the filtration F generated by
the Brownian motion W. We will consider whether TV remains a semimartingale
in the initially enlarged filtration G. We shall see that. in a Brownian world, we
arc able to derive some convenient expressions for the information drift associated
with the enlargement.

3.4.1 The role of Malliavin’s calculus

The results in this section are based on [20] and [21], in which Peter Imkeller and
others study the problem of initial enlargements in a Brownian setting. After de-
veloping a measure-valued Malliavin calculus, the associated Clark-Ocone formula
is used to find an expression for the information drift which doesn’t depend on the
reference measure n of Hypothesis (AC). This is coupled with an extension of Hy-
pothesis (AC) which also doesn’t depend on 7. Our treatment is largely heuristic.

We work with a probability space (§2,F, P) that supports a Brownian motion
W with natural filtration F. Again G denotes the filtration obtained by enlarging
F with the Fp-measurable random variable G. For now, we assume that Hypoth-
esis (AC) holds and denote by p! the density process of the conditional laws with
respect to the law of (G, as in the previous section. It has been shown previously
that p! is an F-martingale, so that we may invoke the martingale representation
theorem to write

t
pi::pé+ /‘kidHL (3.15)
0

where k! is Fi-adapted. Our objective at this point is to find an expression for the
information drift in terms of the kernels k.

Theorem 3.4.1. Suppose that Hypothesis (AC) holds. Then W is a semimartin-
gale in the enlarged filtration G with decomposition

t
W, =W, + / pCds
0

where W 1is a G-Brownian motion and

ki $(pt, W),
¢ _ ke &\l
e = —li=g = 2———|1=¢ 3.16)
‘ pi pé (

as long as n€ satisfies

T
pllds < 0o P —a.s. 3.17
0 8
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Proof. See Theorem 3.2 of [20]. O

The above representation enables us to determine the semimartingale decom-
position of W in G for situations in which (AC) is satisfied. We need to bear in
mind. however. that while (AC) is sufficient to guarantee that 11" is a semimartin-
gale in G, it is not necessary. That is, if it is found that Hypothesis (AC) does
not hold for a particular G, then we still cannot rule out the possibility that W
is a semimartingale in G. It is shown in [20], [21] and [31] that if the additional
information is given by the supremum of the Brownian motion over [0,T] (i.e.
G = supyejo.) WWt), then in fact Hypothesis (AC) is not satisfied.

We shall now concern ourselves with trying to find an extension of Hypothesis
(AC) in order to be able to study forms of G for which (AC) isn’t true. For this we
need to recall the Clark-Ocone formula of Theorem 2.4.4. Under certain conditions
on G it can be shown that the density process of Eq. (3.7) may be expressed as

t
p=rht [ Ddaw, (3.18)
0

i.e. the kernel from Eq. (3.15) is given by k! = D;pl. This allows us to rewrite the
information drift as

k! D,y
e = =t)i—e = —tli=e = D Inpjli=c (3.19)
Pt Py

Now under the assumption of certain smoothness properties, allowing for the -
terchange of the derivative operators D; and d/dt. we would like to be able to
write o

! dby G

A )

(3.20)

Recall that Jacod’s condition requires the conditional laws to be absolutely con-
tinuous with respect to a measure 7. where  may be taken as the law of G. But g
is not in fact required to be the law of G and in some instances a simpler measure
may be chosen. It can be seen that the expression for the information drift given
by Eq. (3.20) does not depend on 7 in any way; in this sense it is more general
than (AC) and should be applicable to a wider class of G. We should note however
that. although it adds more generality to Jacod’s condition, Eq. (3.20) introduces
some new problems that need to be tackled. Note that D, P¢ and P are in fact
measure-valued random variables. In order to understand how D, PC functions as
a measure-valued random variable, and to study the question of whether D, P’
is equivalent or absolutely continuous with respect to P¢, we need some under-
standing of a measure-valued Malliavin’s calculus. We provide a brief survey of
key features.
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Let M denote the space of signed measures on (B. B(R)). The total variation
of a signed measure p € M is defined by

12| (A) := sup {Z l11(Ar)| : A, digjoint with UAn = A}

Note that M becomes a Banach space when equipped with the supremum norm,
given by

il = sup{ [ s e cumy. sl < 1}

For 1 € M, f € Cy(R) we will write (u, f) instead of [ fdu. It can in fact be
shown that M is separable, from which it follows that M can be embedded into
the space of real-valued sequences RN. [20] and [21] construct such an embedding
as follows: they fix a countable dense subset {f; : i € I'} of Cy(R) and define the
map

d: M — RN
2 (</J’7fi>)i€N

Recall that in Chapter 2 we studied Malliavin calculus for real-valued random
variables. The map @ is the key to adapting the definitions and results of Chapter
2 so that they can be applied to measure-valued random variables. For F : Q — M
(i.e. each F(w) is a signed measure) we have that each (F, f;) is a real-valued
random variable, so that D(F, f;) is already understood provided (F. f;) € D,
(see Def. 2.2.7). A natural way to define the measure-valued Malliavin derivative
would thus be to use the inverse map &'

DF = &7 ((D(F, fi) )ien) (3.21)

Similarly, we could define the Ito integral of the measure-valued stochastic process

(Fi)ezo0 by . .
/0 Eth:@‘l((/o <Ft,f1->th>i€N> (3.22)

Remark 3.4.2. [20] and [21] do not actually define the derivative by Eq. (3.21). In-
stead, they define a set of measure-valued smooth cylinder functions S(M) analo-
gously to the way we have defined § for real-valued random variables in Eq. (2.15).
They then define a derivative and a norm on §(M) that are analogous to Equa-
tions (2.16) and (2.19) respectively. The space Dj3(M) is then defined as the
closure of §(M) with respect to the norm.

The most important feature for our purposes is that a version of the Clark-
Ocone formula holds in the measure-valued Malliavin calculus. We have
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Theorem 3.4.3. Let F € Dy o(M). Then

F =E[F] + /T E[D, F|F,)dIV, (3.23)

Proof. See Theorem A.1 of [21]. O

This enables us to find a new formulation of the information drift which is
based on the measure-valued Malliavin derivative of the conditional law of GG:

Theorem 3.4.4. Suppose that
t
sup E {/ (DyPE(-.dx), f)*ds| < oo (3.24)
FeCu(R),|I fi<1 0

Define
¢ dD,PE (-, dl)

pe 1= W(l) (3.25)

and suppose that fot|uf|d5 < 0o P-a.s.. Then the F-Brownian motion W s a
G-semimartingale with decomposition

t
W, =W, + / pCds
0

where W is a G-Brownian motion.
Proof. See Theorem 2.1 of [21]. 0O

Recall that the motivation behind the development of the measure-valued
Malliavin calculus was to extend our previous results to enable us to study forms of
inside information G which don’t satisfy Hypothesis (AC). The following results,
taken from [21], give an indication of the additional generality achieved.

Theorem 3.4.5. Suppose that

E l/OT(utG)zdt] < 00

where p$ is as defined in Eq. (3.25). Then Hypothesis (AC) holds.
Theorem 3.4.6. Suppose that

E {exp (% / T(ﬁ)?dt)

where p€ is as defined in Eq. (3.25). Then Hypothesis (E) holds.

< 00
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3.4.2 Yor’s approach

In this section we obtain a useful decomposition formula based on the results of
[31] and [42], using an approach that is not explicitly based on Jacod’s criterion.

Let X be an F,-measurable random variable and let f : R — R be a bounded
Borel function. As usual, we denote by G the initial enlargement of F by X. Let the
process A(f) be a continuous version of the F-martingale (E[f(X)|F])¢>0. Due to
the martingale representation theorem, there is a unique predictable process /\(f)
such that

M(F) = ELF(X)] + /0 M)V,

Let A¢(dz) denote the family of regular conditional distributions of X with respect
to F;. We then have

M) = [ Trds)
We continue by making the following assumption:

Assumption 3.4.7. There is a family of measures A¢(dz) such that

)\t(f):/f(:v))\t(dr) t—a.e.

Remark 3.4.8. In fact, Section 6.3 of [30] shows that the above assumption is
true if the conditional law process satisfies a weak condition of differentiability.
Specifically, Theorem 6.7 of the afore-mentioned text uses measure-valued Malli-
avin calculus to prove that Assumption 3.4.7 is true as long as the conditional law

process satisfies A¢(dx) € Dy 2(M).
In what follows. we shall also make two further assumptions:

Assumption 3.4.9.

Aldr) << A(dz) dt x dP — a.e.

with )
Ae(dr)
t) =
p(z,1) ldr)
Assumption 3.4.10.
t
/ (X, W) [, TV)a] < 00 aus. fort > 0 (3.26)
0

We shall now proceed to derive a semimartingale decomposition formula for an
F-martingale A,
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Theorem 3.4.11. Assume that Assumplions 3.4.7, 3.4.9 and 3.4.10 are satisfied.
Then. if M is an (F, P)-martingale, there exists a (G. P)-local martingale M such
that

M =M+ / p(X. u)d(M, T, (3.27)

We obtain the following obvious result by setting Al = TI” and using Levy’s
characterization theorem:

Corollary 3.4.12. Under the assumptions of Theorem 3.4.11. for any F-Brownian
motion YW there is a G-Brownian motion W such that W decomposes as

W:W+/ p(X, s)ds (3.28)
0

provided that fot |p(X, s)|ds < 0o a.s. for allt > 0.

We now show that the assumptions of Theorem 3.4.11 hold true if the regular
conditional probabilities have densities (with respect to Lebesgue measure) of a
specified form. This result will allow us to calculate decomposition formulae for
certain important examples.

Corollary 3.4.13. Assumne that A(dr) = ¢(t, x)dx, where © may be written as

¢ 1/t
o(t,x) = (0, x) exp </ plx, s)dWy — 5/ pl. 5)2d5> (3.29)
0 0
Then we have A (dr) = p(x, t)\(dz), so that the decomposition of Theorem 3.4.11
applies.

We are now in a position to generalize the example X = W presented at the
beginning of this chapter (we follow 12.1.2 of [42]).

Example 3.4.14. We consider an enlargement by the random wvariable X =
fo s)dWs, where 1 is a deterministic square-integrable function. Now

B[ vl - [ eear)

and

oC

E(X —EX]*IF] = E[([ (s)dlV(s))*|F]

/
= B[ eamier) = [
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so that, conditionally on Fy, X s Gaussian with mean and variance given by

me = [T 0(s)dWV (s) and of = [ ?(s)ds. We would like to find p(x. s) such that

1 (I - Tn,t)2) ]. 7‘,1:2/(2 2) (/t 1 t 2
exp | — = e %) exp p(r.s)dWs — = [ p(x,s)ds
2702 ( 207 \/2mo? 0 S 2 Jo (,8)

If we denote the LHS by M, and apply Ito’s formula we obtain dAl, = p(z, t) M, dW;,
where

r—my
pla,t) = T (1)

and the well-known solution is given by

¢ 1t
M, = Myexp (/ plz, s)dWs — 5/ p2(g:,s)ds>
0 0

which 1s what we wanted. Under suitable integrability conditions we can then apply
Corollary 8.4.13 to obtain

Wt:WQ+/”§?</xuMMWOds (3.30)
0 s K]

where W is a G-Brownian motion.
Note that we can use this to retrieve the result obtained in Theorem 3.1.1 by
setting ©(t) = 1y, in which case X = [ y(t)dW, = Wr. and

tAT
y Wy — W,
W, =W, + 2T T
0 T—s

as before.
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Chapter 4

Development of the market model

We have mentioned that anticipating calculus and enlargements of filtrations both
play a role in the modelling of markets with differential information. In this chapter
we shall mainly focus on the tools of anticipating calculus to build a general market
modecl which accounts for the existence of heterogencously informed traders. We
shall deal not only with insiders, but also with partially informed traders who have
less information at their disposal than the typical honest trader. This chapter is
largely based on the results of [9], [26], [28] and [35]. We begin by citing some
important motivations for using the forward integral in the modelling of insider
trading (see [9]).

(i) The forward integral can be interpreted as the limit of Riemann sums for
caglad integrands (see Theorem 2.5.3).

(i1) Consider the simple buy-and-hold trading strategy given by w(t,w) =
17,7 (t), where 7, and 75 are random times. That is, the trader invests all money
in stocks between the times 7, and 7o and puts all of the money in a bank account
otherwise. Using Theorem 2.5.3, it is straightforward to show that the gains from
trade are given by

T s
G:/O ﬂ(t)d‘S(t)ZAltiszO vr(tj)AS(tj):/ dS(t) = S(m) — S(1)

Clearly this is what we expect from the buy-hold-strategy. i.e. the gains are given
by the change in price between 7, and 7.

(iii) It is known that the no-arbitrage property is closely related to the assump-
tion that the stock price is a semimartingale (see Delbaen and Schachermeyer [12]).
If the stock price happens to be a semiinartingale with respeet to the insider’s fil-
tration H then Theorem 2.5.5 tells us that

T T
/0 7(£)dS(t) = /0 7(t)d~S(t)

where 7 (assumed to be H;-adapted) denotes the proportion of wealth invested
by the insider in the risky asset. Thus the forward integral coincides with the

41
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ordinary stochastic integral in the general seiimartingale framework and we can
; . T _
always interpret the gains process as fj w(t)d~S(t).

4.1 Formulation of the optimal portfolio prob-
lem
As usual, we work on a probability space (€, F, P) equipped with the filtration

F = (Fi)iejo,r) generated by the Brownian motion (13):cory. Let G = (Gi)epn)
be another filtration such that

FCG CF forallt € [0, 7] (4.1)

where T is a fixed time that denotes the end of the trading interval. For simplicity
we consider a market with one riskless asset and only one risky asset. That is, it
is possible to invest in a bond, with dynamics given by

dB(t) = r(t)B(t)dt; B(0)=1 (4.2)
and a stock, with dynamics given by
dS(t) = S()[p(t)dt + o(t)d W (D)]; S(0) >0 (4.3)

In order to model an anticipating environment, in which the above coefficients
are not necessarily adapted to the Brownian filtration F. we make the following
assumption:

Assumption 4.1.1.
L. r(t), pu(t) and o(t) are Ge-adapted
2. E[fT{Ir(®)] + [u(t)] + o*(t)]}dt < 00 P~ a.s.

The Brownian term in Eq. (4.3) represents a forward integral since the volatility
o(t) is not necessarily adapted to the Brownian filtration F (and we have made no
assumption that W remains a semimartingale in G).

Remark 4.1.2. In [9] it is noted that the anticipating term “models a market which
is influenced by large investors with inside information”. The standard meaning
of the term large in the related literature signifies that the actions of the insider
have an influence over the price dynamics. We shall see in Chapter 6 how the
coeficients may be anticipating if there is a large insider acting on the market.
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Let the filtration H = (Hy)sejo,77 denote the filtration available to the investor.
In accordance with the approach taken in [26], we do not assume any specific
relationship between H and the filtrations F and G. Thus we have a general setup
in which it is not yet specified whether the investor is an insider or a partially
informed trader.

As usual, we characterize the investient strategy by the proportion of wealth
invested in the stock, denoted by 7(t). The wealth process of the portfolio is given
by

V(t) = po(t)B(t) + pr (1)S(1) (4.4)
where pp and p; denote the number of bonds and stocks held in the portfolio.
We will impose a condition that is analogous to the usual self-financing condition,
given by

dV (t) = po(t)dB(t) + p1(t)dS(t) (4.5)

Using X (t) = e Jo m(9)ds1/ () and 7(t) = p1(t)S(t)/V (t) vields the following equa-
tion for the discounted wealth process:

dX(t) = X (0)[(n(t) = r(t))r(t)dt + = (t)o(t)d” W (t)] (4.6)

It is appropriate at this point to define the set of admissible portfolios Ayx. Math-
ematically, Ag is essentially just a set of H;-adapted processes such that Eq. (4.6)
has a strong H-adapted solution.

Definition 4.1.3. (Admissible portfolios) Agr denotes the class of portfolios 7 =
{m¢.t €[0.T]} such that

1. 7 1s caglad and H;-adapted

2. 7 satisfies
E {/0 (Ju@) — r(®)]|7(t)| + o> ()7 (t)) dt} < 00

3. the product wo is caglad and forward integrable.

If 7 € Ag, then the forward s.d.e. given by Eq. (4.6) can be solved using
Corollary 2.5.11, which yiclds the terininal value of the discounted wealth process
to be

X(T) = X(0)exp (/OT [(/L(t) —r(t))m(t) — %Wz(f)O'Q(f):l dt
+/0T7r(t)a(t)d_ﬂ’(t)) (4.7)

We assume that the investor will choose his portfolio with the aim of maximizing
his expected terminal utility. Mathematically, it is generally required that a utility
function is continuously differentiable, concave and non-decreasing:
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Definition 4.1.4. A utility function is a strictly increasing, strictly concave and
twice continuously differentiable function

U:(0,00) >R

which satisfies

lim U'(z) =0, lim U'(x) =

r—0o0 z—0t

In this thesis we shall only consider the logarithmic utility function, which

is the most widely used and natural choice in the literature. Financially, this
choice is appropriate since it represents a trader’s returns. Using a logarithmic
utility function is also mathematically convenient as it removes the abundance of
exponential functions that arise in the solution of the s.d.e.! We now define

J(m) = Ellog X(T)] — log X(0)
= E [/0 [(ﬂ(t)—r(t))ﬂ(t)—%ﬂ(t)a?(t)] dt+/0 ﬂ(t)a(t)d‘Wt(}Ax.éS)

That is, J(m) represents the expected change in logarithmic utility due to the in-
vestment strategy m. The task of finding an optimal portfolio can thus be expressed
as follows (sce [9] Problem 3.3):

PROBLEM 4.1.5. Find m* € Ax and J(7*) € R such that

J(m*) = sup J(m) (4.9)

TEA

7* is referred to as the optimal portfolio (if it exists).

In the following section we present several conditions on a portfolio 7 € Ay
that are equivalent to m being an optimal portfolio. We also use one of these
characterizations to find explicit formulac for both 7* and J(7*).

4.2 Characterization of the optimal portfolio

We begin with the characterization theorem of [26], which provides several con-
ditions on an admissible portfolio 7 that are equivalent to 7 being an optimal
portfolio.

Theorem 4.2.1. (Characterization Theorem) The following statements are equiv-
alent:

1Refer to [9] for a treatment of the generalized utility function and see Section 13 of [4] for a
discussion of the pertinence of using a logarithmic utility function.
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(1) An optimal portfolio ™ € Ay exists for Problem ({.1.5) ;
(1) There exists m* € An such that

M.(1):=E |/Ot(u(s) — 1 (s) — o(s)7*(s))ds + /Ot a(s)d“V(s)\Ht} (4.10)

is an H-martingale;
(iii) The function

so E [/Osa(u)d_ﬂ’(u)|7-lt] . s>t (4.11)

is absolutely continuous and there exists 7 € Ag such that for a.a. t,w

disE [/Osa(u)d_ﬂ/(u)[Ht} = —E[u(s) — r(s) — *(s)7" (s)|Hi) (4.12)
Proof. We follow [26]. (i)=(ii): Suppose (i) holds. Then we have
Jt) > S+ 69)

for all 3 € Ay and & € R. Since J(-) attains its maximum value at 7*, we have

d ,
= J(@" +83)|s=0 = 0

Using the definition of J and performing simple differentiation, we thus have

T T
E {/0 ((u) — r(u) — o (u)m™ () Bu)du +/0 Buw)o(u)d W(u)| =0 (4.13)
for all 3 € Ag. Let us choose

Bu) = Bo(t) jt,q(u)

where 0 <t < s < T and fy(t) is Hy-measurable and bounded. Inserting this 3(u)
into Eq. (4.13) gives

- K/ (1) = 7(u) = o*(w)m* (u))du + / s a<u>d*W<u>> ﬁo<t>} =0 (414)
from which we obtain

E K[(#(u) — () — 02 ()7 () ) + /tsa(u)d_W(u)> |Ht] —0  (415)
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since Eq. (4.14) holds for all Hy-measurable Jy(#). This can be written as
E[Kq(s) — K (t)|[H:] =0

where we define

For s > t we thus obtain

E[My-(s)/H] = E[E[K,- ()M,
= E[K.(s)|H: (tower property)
= E[K(1)[He] = Mz (1)

Thus M,~(t) is an H-martingale and we have (ii).
(ii)=-(iii): Suppose (ii) holds. Then, for s > t, we have

B[R ()M = E[E[Kq (s)[Hs]|He]
E[M-(s)[He] = Mq-(t)  (by (ii))
= E[[&ﬂ*( |Ht]

Working backworks, this clearly means that Eq. (4.15) holds, which can be written

E K/Os(ﬂ(u) — r(w) = o2(w)m (w))du + /0 a(u)d—W(u)) |Ht}

_E K/Ot(u(u) = r(w) — o2(w)m (w))du + /Ot a(u)d—W(u)> |Ht}

so that, after differentiating both sides w.r.t. s, we obtain (iii).

(iii)=>(i): Suppose (iii) holds. Integrating Eq. (4.12) gives Eq. (4.15) and hence
Eq. (4.14). We partition the interval [0,T] into p, = {0 =ty < t, < ... < t, =
T} and introduce the sequence of Hy,-measurable and bounded random variables
3i(t;), where i € 0,1,...,n — 1. Since Eq. (4.14) holds for each 3;(t;), we have

0 = ZIE K / " ) — 7o) — o ()t + / ti“am)d-ti/’(u)) @(m}
- ZE[ / (1) = () = () () Bt Ly ()

T
+ /O U(u)ﬁi(ti)l(ti,tim(u)d_W(u)]
= E [/OT(,LL(U)—T‘(’LL)—O'2( (1)) 3 (u dU+/ Bn(u)o(u)d™ W (u )}
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so that Eq. (4.13) is satisfied for f,(u) = Z?;ol B33 (1)1 (¢, ti001 (). Now since any
cadlag process may be approximated by such a 3,, we have that Eq. (4.13) is true
for all 3 € Ag by a density argument. From this it follows that the directional
derivative of J ar 7* w.r.t. the direction 3 is zero:

DsJ(r™) := lim S +7f) = J()

r—0 T

=0 forall 3€ Ag (4.16)
Since log r is concave, we have that J(7*) is a concave function of 7*:
JAa+ (1 =X)38) > N(a)+ (1 —AN)J(3)

where A € [0,1] and a. 8 € Agx. Thus, for € € (0.1) we can write

Saed) - g = 7 (1= +d) - Ja)

— €

> m~dJQ“

— €

) +eJ(8) — J(a)

8%

- I @+ (I - (7)) @

Writing 1 +7n = 1%5 we have

lim - (J ( a ) - J(a)) —tim = (a4 na) — J(a)) = Do (a)

«—0 ¢ 1—¢ n—0 n

which we can apply to Eq. (4.17) to obtain

DyJ(a) = lim~(J{a+e3) — J(o)

e—0 ¢

e (-1 (22)

= D,J(a) — J(a)+ J(f)

Substituting o = 7* and using the fact that DsJ(7*) = 0 for all 3 € Ay (from
Eq. (4.16) we finally obtain

J(B)—J(x*) <0  forall 3 € Ag
so that 7™ is indeed optimal. ]

A particularly useful application of the characterization theorem is that state-
ment (iii) suggests a neat formula for the optimal portfolio. We have
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Corollary 4.2.2. If an optimal strategy crists then it satisfies
7 (OE[0* (1)) = Elp(t) — r(t)He] + a(t) (4.18)

where

h—0+ h

a(t) := lim ]E {/t o(s)d”W(s)|Hy (4.19)

Proof. This follows directly from the definition of the derivative and Theorem
4.2.1. Since 7*(t) is Hi-measurable we have

7 (OEl0? (1) He] = E [u(t) — r(t)|He] + a(t)

where

alt) = %]E UO a(u)d_W(u)]Ht}

- hl_'i%i% (]E l/m (u )d‘W(u)|Ht] —E [/Osa(u)d-W(u)mtD ot

s=t

s+h
= hm ]E [/ d IV )IH{I s=t
r—0t R
= lim h]E [/ w)yd W )IHt}

a

Using the above expression, it is fairly straightforward to compute the value of
J(m*) by substitution? (see [26]):

Theorem 4.2.3. If an optimal portfolio 7 exists and o(t) # 0 for a.a. (t,w),
then J(w*) is given by

o T1E[u(s) —r(9)|HJS* 1 a%(s)
J(“‘E[/O {2 Elo2(s)[Hs]  2E[o%(s)[H,]

[
+ D, <U(S)E[”(S)E[02((( )‘rf_:jf“ a(3)> bas] (4.20)

Recall that we have not yet made any assumption about the level of the in-
vestor’s filtration H. Thus, the expressions for #* and J(7*) are general in the
sense that they can be applied for either partially informed traders or insiders,
or, indeed, regular traders on an insider-free market. In order to specialize our
expressions for 7* and J(7*) to particular types of trader. we essentially only need
to find a(t). In order to give a simple illustration of the method, we will recover
the usual Merton solution in the following section. We proceed by solving the
optimal portfolio problem for partially informed traders and insiders respectively.

2The D,+ term comes about as a result of Corollary 2.5.8
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4.3 The partial information case

We shall now derive an expression for a(t) for the case in which Hy C F C G,
for all t € [0,T]. This models an anticipating market (since the coefficients are
adapted to G; O F;) in which the trader’s filtration contains less information than
the filtration F generated by the Brownian motion 1.

Proposition 4.3.1. Suppose H: C F, C G, and o satisfies the conditions of
Theorem 2.5.7. Then

a(t) = E[ Do ()| H,] (4.21)

so that
Elpu(t) = r(t) + Do (1)|He]

Elo?(t)H]
as long as 7 € Ag. Furthermore, if o(t) # 0 for a.a. (t,w), we have

G e o

T (t) =

(4.22)

Proof. The expression for 7* follows from Corollary 4.2.2, where a(t) = E[Dy+|H]
from Corollary 2.5.8. The expression for J(7*) follows from Theorem 4.2.3. O

Example 4.3.2. Suppose that Hy = F; = G,. This models the assumption in basic
mathematical finance that all traders base their portfolio decisions on a common
flow of information. Since o(t) is adapted to Fy we have Dyo(s) =0 for allt > s
by Corollary 2.4.3 and thus a(t) = Dy+o(t) = 0. This gives

u(t) = (1)
o2 (1)

I = E UOT % (%)2 dt] (4.25)

which 1s the well-known solution of the Merton problem.

T (t) = (4.24)

and

Example 4.3.3. (Delayed noise - [35] Example 2.14) Suppose H; = F; and G; =
Fivs for some & > 0. Let p(t) and r(t) be bounded and Gi-measurable and take

o(s) = exp(W(s + 9)) (4.26)

This models a partial information scenario in the sense that the trader does not
know what the volatility o(t) is at time t. Since the partially informed trader only
observes W (t) at time t and not W(t + 8), he cannot know the volatility at any
time - he must wait & time units to know what the noise 1s. For this reason it is
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referrved to as delayed noise.

The Malliavin chain rule gives

Dio(s) = exp(W(s + 8)) DWW (s + 0)

We have
s+é T
W(s+9d)= / 1dW(r) = / 1[075+5](T)dﬂ’(7)
0 0
so that
DW(s+9d) = 1[0’5+5](t)
and

lim DW(s+4d) =1

t—st

We thus have that Dg+o(s) = exp(W(s+6)) = o(s). By Eq. (4.22) we then have

rets) = Eil) =7() + o (5)17
: ()7

(4.27)

with the expected gain in utility given by Eq. (4.23) to be

sy = 2 [ [ (B IR

But note that setting d = 0 corresponds to Hy = F; = G; as in the previous example,
resulting in the curious fact that

iy mj(s) = H0 T
and T )
lim J () = %IE /O (%‘S;(b) + 1) ds} £ J(%5)

Oksendal and Sulem [35] interpret this to mean that “any positive delay, no matter
how small, has a substantial effect on the control problem”.

Remark 4.3.4. Note that the above example cannot be solved by the enlargement
of filtrations technique. This is because the F-Brownian motion W doesn’t remain
a semimartingale in the enlarged filtration G, where G; = F;,5 (see Ex. 78 of [24]
and Prop. 12 of [25]).
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4.4 The inside information case

We shall now consider the case when the trader’s filtration is larger than both F
and G:

FoCGCHy foralltel0.T) (4.28)

This miodels the perpective of an insider - a trader who possesses information that
is vaster than the market knowledge. It is often assumed in the literature that
the insider possesses, from the start of the trading interval, knowledge about an
Fr-measurable random variable G. In this case the insider’s filtration may be
expressed as

Ht - gt \4 (T(G) (429)

One of the shortcomings of this initial information approach is that the insider’s
knowledge doesn’t improve as time passes. This problem is investigated in [11], in
which the authors develop the theory of dynamical evolution of information, where
the distortion goes to zero as the terminal time approaches. We will develop this
topic further in Chapter 6.

For the time being we shall not make any assumptions about the insider’s in-
formation other than that it is larger than the honest trader’s information. That
is, we aren’t assuming an initial enlargement or any other specific details about
how H is obtained; the insider’s filtration is still quite general.

Example 4.4.1. (Insider strategy) Suppose Fy C Gy C H, for all t. Then, since
the coefficients are Hy-adapted, we clearly have

t)—r(t a
) = M0 1)

(4.30)

We recognize the above as a Merton-type solution plus an additional term
that is due to the extra information of the insider. Of course the solution isn’t
particularly useful unless we can solve for a(t). It is difficult to obtain a general
expression for a(t) because the solution may vary greatly according to the fype
of extra information. In order to obtain more explicit results we will consider
the initial information case. That is, the insider possesses knowledge of an Frp-
measurable random variable G from the beginning of the trading interval. We
follow Section 3 of [28]. We assume for the remainder of this chapter that F; =
G: C H,; for all t € [0,T]. so that the coefficients are adapted to the natural
Brownian filtration. We also have

Hy =) F:Vo(G) (4.31)
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We shall find the optimal portfolio by using results from Malliavin’s calculus and
forward integration. Although we shall see that the result is related to the enlarge-
ment of filtrations technique, which is covered in greater detail in Chapter 5, we
include it here due to its reliance on anticipating calculus, which is the focus of this
chapter. We begin by presenting two hypotheses which ensure that all relevant
integrals exist.

Hypothesis 4.4.2. For a.a. s € [0,T], the process

(D,G)(D.G)

I(s,G):= 1[s,T}(')1{fj(DuG)2ds>0}m

(4.32)

belongs to Dom 4 and there exists a P & B(R)-measurable process h = {h:(y) :
t €[0.T],y € R} such that?

T
E [/ Lu(s, G)dWu|H, | = hy(G) (4.33)
0
Hypothesis 4.4.3. For ¢t € [0,T] the processes |r|"/2, (i — 7)/o and A(G) all

belong to L%([0, ] x ).

We now derive a general expression for the optimal portfolio for the initial
information case.

Theorem 4.4.4. Under Hypotheses 4.4.2 and 4.4.3 we have

E[|log X[|] <o forallt <T,7m € An (4.34)
Furthermore, if
+—1¢  h
my) =52y :(v) (4.35)
o Ot

belongs to Ag, then 7 (y) is an optimal portfolio for Problem 4.1.5.

Proof. For notational simplicity we will use B (y) = (us — 75)7s(y) and o] :=
osws(y) for all s € [0, T] and y € R. We have

J(r) = ]E: /OT [(u(t)—r(t))w(t)—%ﬂ(t)a?(z)} dt + /(]Tﬂ(t)a(t)d_W(t)}

- E / ' (B:@) - %(02((}))2) ds + / ' a:d—w's]

- E /0 ' (B:(y) - %(a;f(c;))Q) ds + /O ' oS, + /0 T(oj)’(G)DsGds}

3Here P denotes the predictable g-algebra of [0,7] x Q and y € R denotes the realized value
of the extra information G.
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where we have use the Malliavin chain rule and the relation between the forward
and Skorohod integrals in the last step. Note that

E —/t /T ]g(s,t)De(af(G))des]
-~ E / / Iy(s, 1) (o )DdeGdLs}

_ (DsG)(DoG) .
= E // 1s,7)(¢ H(DuG)? ds>0}f D G)st)( $)(G)DeGdbd

= E _/O( s)(G)DsG(/S (DuG)st)*l/sT(DgG)Qdeds]

= E :/Ot(ag)’(G)DsGds}

So we have

IEUOt( )(GDGdLs}: U/ Ty(s.£) D(o (G))deds} (4.36)

Using the integration-by-parts formula of Malliavin’s calculus (see Theorem 2.2.4)
we obtain

E [ / ' Io(s, f,)Do(o;T(G))df)ds} —E [ag(c) / ' Io(s, G)dWo} (4.37)

Using the above identity and the tower property yields

E M /ST Ie(s,t)Dg(a:(G))des} _E Uot o™ (G)E UT Io(s. G)de|Hs} ds}
- E [ / t a;’(G)hs(G)ds}
We have shown that
E [ / t(af)’(G)DsGds] ~E { / t aj(G)hs(G)ds} (4.38)
which we substitute back into our expression for .J() to obtain
Jz) = E [/OT (B;(G) ~ (TG + a:(G)hs(G)> ds}
= 5[ (= rmt) - ot + oemloih())
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In order to find the optimal portfolio 7%, we need to find the 7 € Ay that maxi-

mizes J. From the above expression, this simply amounts to maximizing the value
of the integrand (s — r4)7ms(y) — 502ms(y)? + 047s(y)hs(G) over my(y). Simple

differentiation yields
s /s hs G ‘
mi(y) =" 2r gl ) (4.39)
o2 Os

and we are done. O

Note that our value for the additional term a(t) for the insider case can now
be expressed as

a(t) = o,hy(G) (4.40)

It is important at this point to observe the connection between the above approach
and the enlargement of filtrations approach. Recall that a particular concern of the
study of enlargements is to be able to determine whether an F;-Brownian motion
W is a semimartingale in an enlarged filtration H. in which case the anticipating
integral reduces to the classical integral. If W, can expressed in the form

W(t) = W(t) + /t ho(G)ds (4.41)

where 1 is an H-Brownian motion, then we call h the information drift. 1f we sub-
stitute this decomposition into the original expression for J(7) it is fairly straight-
forward to obtain the expression for the optimal portfolio given by Eq. (4.35) using
ordinary Ito calculus (sce Chapter 5). The preceding theorem thus suggests that,
under the given hypotheses, there is a semimartingale decomposition of the Brow-
nian motion W of the form given by Eq. (4.41), where the information drift h(G)
is given by Eq. (4.33).

In fact, Theorem 4.4.4 gives a particular instance in which we can obtain an
expression for the information drift via the existence of a Malliavin integration-by-
parts (ibp) formula (see [24]).

Definition 4.4.5. Let X be a random wvariable and Y a random process. We
say that there is an integration by parts formula for the pair (X.Y) in [t,T] if
there exists a random variable Hyr(X,Y) € L*(Q) such that for any bounded
differentiable function f € C} and A € F; we have

E[f(X)Y; A] = E[f (X)H.r(X,Y): A]
Here Hy 1 is referred to as the weight associated with the ibp formula.

Theorem 4.4.6. Let X be a random variable such that an ibp formula exists for
(X. D, X) in [u,T]. Then W is a semimartingale in the initially enlarged filtration
{He;s <t} :={F,Vo(X);s < T} with decomposition given by

W) =Wt + / tlE[Hu,T(X, D.X)|H,]du (4.42)
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where W is an H-Brownian motion.
Proof. See Theorem 38 of [24]. O

In the following section we shall further explore the link between the forward
integral approach and the enlargement of filtrations approach.

4.5 A link between optimal portfolios and semi-
martingales

It has already been mentioned that the forward integral approach to finding an
optimal portfolio is not necessary if the honest trader’s Brownian motion W is a
semimartingale in the insider’s filtration. If this is the case we may simply use
the semimartingale decomposition of W and compute the ordinary Ito integral -
no anticipations are involved. Oue justification of the forward integral approach is
that it applies whether or not W is a semimartingale from the insider’s perpective;
but are there any practical situations in which the forward integral approach yields
useful results where the enlargement approach fails? When considering scenarios
for which the optimization problem is soluble for the insider, the answer would
appear to be no, in light of the following result: if an optimal insider portfolio
exists for Problem 4.1.5, then a semimartingale decomposition of the form given
by Eq. ({.41) exists, where the information drift is closely related to the optimal
portfolio. This theorem is the main result of [9], where it is proved for general util-
ity functions. This section will be based on their presentation, which we simplify
for the specific case of the logarithmic utility function.

In what follows. we continue to work under the assumption that H; 2 G, 2 F;
for each t (we don’t assume anything about the type of insider information, i.e.
whether it is initial or progressive, or exact or distorted). We immediately present
the main result of [9], since much of the preliminary work has already been done
in the proof of Theorem 4.2.1, in which we presented a characterization theoremn
for optimal portfolios.

Theorem 4.5.1. (i) A process 7*(t) is an optimal strategy iff the process

K, (t) = /0 (1(s) — r(s) — o*(s)m*(s))ds +/O o(s)d W (s) (4.43)

1s an H-martingale;
(11) If an optimal portfolio exists, then the process

N(t):/o o(s)d”Wi(s) (4.44)
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1s an H-semimartingale;
(#i) If an optimal portfolio erists and

o(s) #0 for a.a. (s,w) € [0,T] x (4.45)

then W is an H-semimartingale.

Proof. (i) has been proved as an intermediate step of the proof of (i)=(ii) of Th.
4.2.1.

(ii) We have N(t) = K, ( fo — 0%(s)7*(s))ds. It is thus the sum of a
martingale and a process of flnlto VcLIl(lfl()Il and so N(t) is an H-semimartingale.
(iii) By (ii), the process N(¢) is an H-semimartingale. Thus, if o(s) # 0. we know
that

W(t):/o J_l(s)a(s)d_ﬂf’(s):/o o1 (s)dN(s)

is also an H-semimartingale. O

Remark 4.5.2. Although the above proof only applies for logarithmic utility func-
tions, the result still holds true for generalized utility functions. in which it is only
assumed that

U :[0,00) — [—00,00)

is continuously differentiable on (0, 0c). See [9] for the complete proof.



Chapter 5

Additional insider utility under
initial enlargements

In the previous chapter we studied a market model in which the traders possess
varving levels of information. In this chapter we specialize the information of the
trader being studied. Here we only consider an insider who acquires all addi-
tional information. denoted by G, at the beginning of the trading interval. More
specifically, we apply the techniques of initial enlargements of filtrations to solve
the problem of optimizing the insider’s terminal logarithmic utility. The enlarge-
ment approach is partly motivated by the final result of Chapter 4, in which we
demonstrated that a the stock price is a semimartingale in the insider’s filtration
whenever the optimal portfolio problem is soluble. The maximal utility of the
insider is then compared with the maximal utility of the honest trader in order to
quantify the value of the additional information.

The initial information approach can (roughly) be classified into two types.
The first type is when G represents eract knowledge of the terminal value of a
random variable (such as the stock price or the range of the stock price). The
second type is when G represents distorted knowledge of a future random variable;
that is, the insider possesses knowledge of the final value of a random variable (e.g.
the stock price) but this knowledge is distorted by a source of independent noise.
We shall see that when the insider possesses exact advance knowledge his utility
is infinite, and when this knowledge is distorted by noise the utility may be finite.

The market is modelled by the probability space (Q.F, P) equipped with the
filtration F = (F;)ie0,17, where F satisfies the usual conditions and Fy is trivial.
The filtration F represents the information available to the honest trader. We will
not use the anticipative model of Chapter 4, in which the coefficients were adapted
to a filtration G larger than F. Instead we will make the standard assumption that
the coefficients are adapted to the honest trader’s filtration F. We assume that the
insider has access to the Fpr-measurable random variable G, and G = (Gy)iejo1]

o7
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will denote the insider’s information filtration, where
G; = ﬂ (Fiec Vo (G))
e>0

We shall also assume the existence of an equivalent (local) martingale measure @)
for the honest trader, from which it follows that the market is arbitrage-free for
the honest trader.

5.1 Additional utility via the information drift

This scction uses the ideas of Chapter 3 to find an expression for the insider’s
additional logarithmic utility. It is largely based on [3].
We will assume that the stock price process evolves according to the following
s.d.e.:
dS; = Si(aud{M); + dMy) (5.1)

where M is a local F-martingale and « satisfies

E { /0 ' a2d{M)

There is also a riskless asset but we shall assume for simplicity that the interest
rate has been normalized to zero.

< o0 (5.2)

Remark 5.1.1. Recall that in Chapter 4, we assumed that the market was driven by
a Brownian motion W: dS; = Sy(u:dt+0:dW;). In this section we assume a slightly
more general model in which the stock price is driven by a general continuous local
F-martingale M. We will return to the Brownian model shortly, but we begin with
the model given by Eq. (5.1) as the added generality requires very little additional
work.

In Chapter 4 we discussed conditions under which a local F-martingale remains
a semimartingale in an enlarged filtration. In order to proceed we assume that
Hypothesis (E) holds, so that it is indeed possible to find a semimartingale decom-
position of M in the enlarged filtration G°. (Recall that G° := (Gt)tejo,r), 1.e. the
terminal time T is excluded.) M is thus a G’-semimartingale with decomposition

t
M= M +/ pS (M), (5.3)
0

where M is a local G%-martingale. It will be assumed throughout this section that
the information drift € satisfies

E UOT(ME)WM)S] < 00 (5.4)
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Substituting expression 5.3 for M into Eq. (5.1) yields the following expression for
the stock price dynamics from the insider’s point of view:

dS; = Sy((ax + pg)d(M), + dM,) (5.5)

As in Section 4.1, we denote by 7 the proportion of wealth invested in the stock.

We recall the self-financing condition for the discounted wealth process V(t, 7):
A dS;
Vi St

Definition 5.1.2. (Admissible portfolios) The set of admissible portfolios, denoted
by Ag, is the set of G-predictable processes ™ such that

(5.6)

L [ir¥d(M), < oo P—as.

2. The discounted wealth process V(t,7) satisfies the self-financing condition
(Eq. (5.6)) with Vo(n) =2 >0

3. EllogV(t,m)] > —c0

Remark 5.1.3. Note that condition 3 means that we require V(¢ 7) to be a.s.
strictly positive for all ¢ and «.

It is straightforward to solve Eq. (5.6) by Ito’s formula to obtain

Vi(m) = WE (/Ot msdMs + /Ot ﬂsasd(]\[>s> (5.7)

which can be expressed as

Vi(n) = Vi€ (/Ot med M, + /Ot (s + pf)d(M>s> (5.8)

by substituting Eq. (5.3) into Eq. (5.7), thus giving the value from the insider’s
point of view.

We are now in a position to solve the problem of maximizing the expected loga-

rithmic utility of an investor acting on the market defined above. For the insider
we have

t t
- 1
logVi(n) = logWy +/ Tsd My +/ (g + € — §7T3)7T5d<AI>S
0 0

t N 1 t
log Vo +/ TsdM; + 5/ (s + p&)2d(M),
0 0

1

—5/0 (as + puS — ms)2d(M),. (5.9)
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Now if the local G® martingale fot msdM, were a true martingale. its expectation
would be zero and it is clear that the portfolio maximizing the above expression
would be given by 7¥ = a+uf. We could then substitute 7% into E[V;(r)] in order
to obtain the insider’s maximal expected utility. Taking ¢ = 0 could similarly be
used to obtain the honest trader’s optimal portfolio and maximal expected utility.

Unfortunately we do not necessarily have that E[fot m2d(A)s < oo], so that

t - . . A
fo 7wsd M, is not necessarily a true martingale. This problem can be tackled by
introducing the minimal martingale density processes:

Definition 5.1.4. The F-minimal martingale density process ZF = (Zf)te[o’;p] 18

defined by
Z7 = 8(—/asd1\[s>
t

and the G-minimal martingale density process Z® = (Zf;)te[o;p] is defined by

Z3 = 5(— /(as + pf)d]\[s)
t

Remark 5.1.5. Recall that in Section 3.2, Z% denoted the density process of Q
with respect to P, where ) was an EMMI for the honest investor. We also had
78 = ZF /p¢. where p€ denotes the density process arising from Hypothesis (E). It
is proved in [1] that the definitions from Section 3.2 coincide with the expressions
in Def. 5.1.4 under the assumption that the market is complete.

We will need the following result:
Proposition 5.1.6.

1. The processes Z¥S and ZV(w) with 7 € Ar are local F-martingales on
0,7].

2. The processes Z%S and Z®V(r) with 7 € Ag are local Gy-martingales on
[0,T). If M is a local G-martingale, this extends to the interval [0, T].

Proof. See [3] Proposition 2.4. O

We can now take advantage of the above result to find explicit expressions for
the optimal portfolios and maximal expected utilities of the traders acting on our
market. What follows is the major result of this section.

Theorem 5.1.7.

1. An optimal strategy up to time t € [0,T) for the honest trader is given by

Ty = Qg (5.10)

8
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and the associated maximal caxpected logarithmae utility 1s groen by
1 t
Eflog Vi(7*)] = log Vo + élE {/ a2d<1\[)s} . (5.11)
0

2. An optimal strategy up to time t € [0,T) for the insider is given by
Tt =y 4 uC (5.12)

and the associated maximal expected logarithmic utility is given by

1 ¢ 1 ‘
E[log Vi(7*)] = log Vo + élE [/ a2d<]w>s} + §E [/ (pf)2d<]\[>s} . (5.13)
0 0
If M is a local G-martingale then Eq. (5.12) and Eq. (5.13) hold for t €
[0,T]).

Proof. We follow [3]. We shall use the following inequality for concave C* functions
f such that the derivative of f’ has inverse I:

fla) < fI(b)) = b(I(b) —a) foralla.beR

For a fixed time ¢t € [0,T) and admissible portfolio 7 € Ag we set f(-) = log(-),
a=V,(r) and b = yZZ for some constant y > 0, thus obtaining

1 1
—yZ8 [ — -V,
yzg (thG t(ﬂ))

= —logy —log Z® — 1 + yZ>V;()

log(Ve(m)) < log

By Prop. 5.1.6. Z8V;(r) is a non-negative local G’-martingale, and hence a G°-
supermartingale with initial value x = Vy(n) (since Z§ = 1). Thus E[Z8V;(7)] < x
and we have

Ellog(Vi(r))] < —logy — Eflog Z7] — 1 + yz (5.14)

In order to find an optimal portfolio we thus need to find # € Ag and y > 0
such that equality holds in (5.14). Choosing # = 7* = o + p% and y = 1/x and
substituting into Eq. (5.9) yields

t ~ 1 [t
log(Vi(m)) = logx+/ 7rsd]\15+§/(asﬁ—pf)?d(i\[)s
0 0
= —logy—logZ;G’

by the definition of ZZ. Thus equality holds for (5.14) using the given choices of
and y. Finally 7* € Ag by (5.2), (5.4) and the fact that both y and ZZ are strictly
positive (meaning that E[log V (¢, 7)] > —o0). We have thus obtained Eq. (5.12).
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In order to obtain Eq. (5.13) we note that, by Doob’s inequality and the in-
tegrability condition of Eq. (5.2), the processes fasd_lfs and fasdl\[s are [F- and
G-martingales respectively. Using the decomposition M = M + f,ufd(]\[)s we

thus have
t N t t _
E { / asufdums] —E [ / avsd My — / asdi\fs} =0
0 0 0

Substituting Eq. (5.12) into Eq. (5.9) and taking expectations thus yields
t ~ 1 t
EllogVi(7*)] = logz+E [/ (s + uSG)dAMS} + §E [/ (a2 + 20,8 + (u€)?)d(AI),
0 0

~ loga+ 1E [ / t agdmns] +5E [ / t<u5>2d<zu>s}

The optimal portfolio and maximal expected utility for the honest trader easily
follow by taking the information drift u€ to be zero. O

Definition 5.1.8. The insider’s additional expected logarithmic utility up to time
t is defined by
a — _ 1
U*(t) = max Ellog Vi(m)] — max Elog V; ()]
It is clear from the preceding result that the insider’s additional expected log-
arithmic utility (called the utility gain in [3]) up to time ¢ € [0, T)] is given by

U (1) = SE! / (WEVd(M) (5.15)

We have thus obtained a neat expression for the insider’s additional utility in terms
of the information drift 4. We also have the following result if we work within a
Brownian frammework:

Corollary 5.1.9. Suppose that the stock price dynamics are given by
dSt = St(,lttdt + O'thI/t) (516)

and that the insider information G consists of some future knowledge about the
Brownian motion W. If W is a G-semimartingale with decomposition W =W +
fugvds then the optimal portfolio for the insider at time t is given by

. Hetop

I’ (5.17)

ot
and the corresponding additional logarithmic utility is given by

Ue(e) = 5E( | ()% (5.18)
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Example 5.1.10. Suppose that the stock price follows the usual Brownian dy-
namics given by Eq. (5.16) and the insider knows the terminal value Wr. Then
¥ = (Wp — W) /(T —t) by Theorem 3.1.1 and, by Eq. (5.18), the expected addi-
tional utility of the insider at time t 1s given by

0 - 58| [ t(uffds} = [ B0y,

1/t 1 T
pry —_ d :—10‘
2/0T—35 2 % T ¢

which clearly becomes infinite ast — T'.

5.2 Entropy representation of additional utility

The problem with the expression derived for U? is that, even if we know that a
semimartingale decomposition exists for A/, it is often unfeasible to find an explicit
expression for the associated information drift. Thus Eq. (5.15) is impossible to
evaluate in many cases. In order to remedy this problem, we shall turn our atten-
tion to an alternative method that is based on finding an entropyv representation.
The entropy respresentation depends on the conditional density process of the ex-
tra information G and does not require explicit computation of the information

drift.

We assume throughout this section that the conditional distributions of G given F;
are equivalent to the law of G for all t € [0,T). Let p' denote the density process
of PE := P|G € dI|F;] with respect to P¢ := P|G € dl], where [ € U.

According to Proposition 3.3.1 of Section 3.3 we can express 1/p® as

1 L
5= ¢ (—/ufdMs + N> (5.19)
t

p

where N is a continuous local Go—ma{tingale orthogonal to M and null at t = 0.
(Recall that the local G’-martingale M is given by Al = M — [ u®d(M).) Taking
logarithms on both sides then yields

(V) (5.20)

N —

t B - 1 t
—logpy’ = —/ uSdM, + N, — 5/ (1g)?d(A1), —
0 0

Note that fot S dM, is a G-martingale on [0, T] by Eq. (5.4) and Doob’s inequality.

Now if N was also a true martingale we would have E[N;] = 0, so that

Ur(t) = |1 [ %000 = Blogsf] - JEIN
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Recall that the martingale-preserving measure Iy of Section 3.2 was defined by

1
Pt(A): AFdP fOTAEgt
t

so that p¢ = dP/dP,. We thus have

Lra(t)_*_%E[(]v)t] = E[IngtG]

P
dh
For two probability measures P and @ defined on a measure space (2, F) the
relative entropy of P with respect to () is defined as
dP
He(P = Ep |log —
A(PIQ) = Er |tog I

This allows us to write the utility gain at time ¢ in terms of the relative entropy
of P with respect to F;:

(5.21)

Ue() + %E[(Nm — Hg,(P|P,)

We should note that there are two clear problems that need to be dealt with.
Firstly we assumed that N was a true martingale in order to obtain the above
result. Fortunately this is not a necessary assumption; the result is shown to be
true under the more general assumption that N is a local G%-martingale via a
localization procedure (see Theorem 3.7 of [3]). Another problem is that this N
appears in the expression for U® at all. One of our motivations for finding a new
formulation of the additional utility was that Eq. (5.15) was dependent on the
information drift of A, which is often difficult or impossible to evaluate. But now
it seems we have to evaluate N, which is just as tricky. We are relieved of this
difficulty if there is a particular martingale representation theorem for the honest
trader’s filtration F, in which case N is zero. Indeed, this is the case under the
assumption that the market is complete, as mentioned in Remark 5.1.5.

Remark 5.2.1. Even in the case where N # 0. the entropy representation is still
useful as it gives an upper bound for the insider’s additional utility.

Theorem 5.2.2. If p' = E([ pldM) for each | € U, then the insider’s additional
expected logarithmic utility up to time t € [0, T) is given by

U(t) = Hg,(P|F;) = Ellog p¢’] (5.22)
and up to time T it is given by
US(T) = iy Hg,(P11) = iy Eflog p¢] (5.23)

Proof. Eq. (5.22) follows from the discussion above since N = 0 due to the expres-
sion for p'. Eq. (5.23) follows by monotone convergence. O
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5.2.1 Examples

We shall now use the entropy characterization of Theorem 5.2.2 to calculate the
insider’s additional utility for some specific examples of extra information. We
shall first consider the case in which the extra information G is a discrete random
variable; i.e. it can only take on a countable set of values. A good example
would be if the insider knows whether the value of the terminal Brownian motion
lies within a certain interval. That is, he knows the value of G = 1[a,b}(WT)
where —oc < a < b < 0o. We will also consider the case in which the insider
has distorted information about a future random variable. Specifically we will
calculate the additional utility for the case G = A7 + (1 — A)e, where € is a
centred normal random variable that is independent of V.

In order to proceed, we restate the following assumptions about the local mar-
tingale Al that drives the market:

Assumption 5.2.3.

1. M is a continuous local F-martingale.

2. E[f) a2d(M)] < oo.

3. There is a P(F°) ® U-measurable process p! such that M = M — [ uCd{M)
is a continuous local G’-martingale.

4. E[Jy (18)2d(M)] < oo for all t € [0,T),

5. & = E(— [ uCdN,),.

Py

Example 5.2.4. Let us reconsider the case in the which G = Wr using our new
entropy formulation. In order to calculate Elar] we need to find the density process
of the conditional laws PE with respect to the law of G. Conditional on Fy, Wy
follows a normal distribution with mean Wy and variance T — t. The density of
PP with respect to Lebesgue measure is thus given by

; 1 ( (1 — IVt)2>

t om(T — 1) 2T -1
and the density of P with respect to Lebesque measure is just gy. so that the
density of P with respect to PC is

1 7 \2 2
o=~ T—teXp( AT —1) o
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The additional logarithmic utility for t < T is thus given by

1 /| P2—2W, + W2 [
T G t i

¢ = Ellogpy]| =E |=log - + 5T
Ue(t) [log p{] 5 0g ; o ) 5

1 T

2 T—-1

since E[I?) = EW2] =T, E[IW,] = TAt =t and E[W2] = t. This correponds with
the result obtained in Example 5.1.10

log

Example 5.2.5. Suppose that, instcad of knowing the exact terminal value of Wr,
the insider knows a value that is deformed by an independent source of Gaussian
noise. More precisely, suppose that the extra information is given by

G = AWr+ (1—Ne (5.24)

where A € [0, 1) and € is a centred normal random. variable that is independent of
W. Now since Wr ~ N(Wy, T