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Preface to Part I

This thesis forms part of a comprehensive series of papers aimed at
characterizing in detail the way in which cosmological observations can be used
to directly determine the geometry of cosmological space-time, and critically
examine the limits of observational cosmology. The program was initiated by
G.F.R. Ellis and co-workers and is subdivided into four major areas:
(1) paper [ deals with cosmographic observations (Ellis et al. 1985,
Maartens 1980); i.e. one proceeds without the assumption of particular dynamical
laws that determine the very large-scale structure of space-time;
(11) ideal cosmological observations (Mel et al. 1985, Nel 1980) where one
examines the large-scale structure of space-time assuming that Einstein's field
equations govern this structure.
(1ii) paper II considers observational cosmology in view of realistic
limitations on possible observations (Maartens et al. 1985).
(iv) paper III investigates "nearly Robertson-Walker space-times" (Stoeger et
al. 1985).
This thesis is an extension of the paper by Stoeger and Ellis (1984) which forms
the basis for the fourth current phase of the program. Stoeger and Ellis examine
spherically symmetric cosmologies from an observational viewpoint. They
determine optimal observationally based coordinates and a related tetrad, and
use these to establish the field equations. They then proceed to examine
integration of the exact equations, in the spatially homogeneous case, for the
curvature case K = +1. Further, a function W(r) - representing the total energy
density- is found for the general spherically symmetric integration, following
the procedure employed by Bondi (1947).
Aim

This thesis aims at

(1) extending the integration of the exact equations for the spatially
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homogeneous case, to all three curvature cases, viz.

K= (+1, 0, -1).
(ii) dinvestigating the possibility of determining the observable quantities for
the general curvature case in terms of a generating function, and the
implications of the existance of such a function in FLRW universes.
(iii) examination of the function wW(r) 1in the context of the optimal coordinate
choice utilized here; establishing the conditions for its validity in FLRwW

universes and its dependence on the generating function found in (ii).

Approach and Motivation

It 1is assumed that the matter content of the universe is a pressure-free
perfect fluid ("dust"). The field equations have been previously integrated (see
e.g. Tolman 1934, Bondi 1947, Ellis 1967). The essential new feature of the
approach is its strong observational base: we choose coordinates and a tetrad
that relate as closely as possible to observations made on the past light cone
of a central observer, as well as to the fluid. Thus the equations obtained are
more difficult to examine and integrate than when purely fluid based coordinates
are used. However, for a possible direct confrontation of the space-time
geometry with possible astronomical observations made by central observer, the
difficulties encountered are believed inherent and therefore essential. The
thesis therefore extends the frontiers of observational cosmology in pursuing
the 1imits to verification in cosmology (Ellis 1980a), and forms the basis for
further papers examining axially symmetric and general perturbations about FLRW
universes.

The idea of maintaining cosmology as a directly observationally based subject
stems from the paper by Kristian and Sachs (1966) who examined in detail I ocal
space-time geometry and its related field equations ; and ET1lis

(1975, 1979a,b, 1984a,b; et al. 1985 and references there in). This series



strives toward an integrated observationally based cosmological framework which

may eventually lead to an overall cosmological theory (see Ellis 1984a).
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Introduction to Part I
1.1 Outline

The first chapter summarizes the salient features within the framework of
this thesis. It then continues to review current understanding and motivation of
spatially homogeneous FLRW cosmological models.

Chapter two introduces the fundamental assumptions and notation employed, and
the kinematics of perfect fluid. It further introduces observational coordinates
and observational quantities in spherically symmetric space times with specific
application to FLRW universes.

In chapter three fluid ray-tetrad formalism is reviewed and related to
observational coordinates. The metric is then investigated with central
conditions as constraints. Observational coordinates are then fashioned.

Chapter four applies the commutator relations and rotation coefficients, and
discusses the geometrical interpretation of the non-zero commutation
coefficients.

The fifth chapter determines the Jacobi identities, field equations and
contracted Bianchi identities for a spherically symmetric perfect fluid. It
then, following the introduction of naturally occurring quantities, reconstructs
the equations to be expressed as a set of radial and time derivative equations.

Chapter six introduces the conditions for spatial homogeneity and
investigates the possibilities arising for isotropic fluid expansion. The
consequences of spatial homogeneity and isotropy are then structured into the
equations, thereby requiring spherically symmetric dust-filled space-time to be
a FLRW universe. The field equations are integrated in a coordinate free manner
and then investigated in the light of possible coordinate choices. Once the
observational coordinate choice is made the observable quantities are determined
for all three possible curvature cases.

In  the seventh chapter the dust field equations on the past light cone for



FLRW initial data are explicitly integrated in terms of observational data.
Integration along and off the light cone is carried out, incorporating the
optimal coordinate choice, again for k={+1,0,-1). Further, the general curvature
case 1is investigated.

Finally, chapter- eight carries out the spherically symmetric integration in
terms of a function W(r) adapted to observational coordinates. The geometrical
interpretation of this function and the conditions for its validity in FLRW

universes are investigated.

1.2 Friedmann LeMaitre Robertson walker Models

We follow, in part, Hawking and Ellis (1973) in reviewing FLRW universe
models. We are interested in finding a suitable representation of the observable
universe in a general relativistic frame work. The Copernican principle (Bondi
1960) sets our ideology in maintaining that our position in the universe is not
a specially distinguished one. When viewed on a suitable scale, this principle
implies approximate spatial homogeneity, by which we mean that there exist
spacelike 3-surfaces, any point of which is equivalent to any other point on the
same surface. By a suitable scale we mean a scale large enough to exclude local
irregularities such as stars and galaxies (i.e. a smooth, moving substratum;
e.g. Rowan-Robinson 1981, Ellis and Sciama 1972).

Homogeneity however, is difficult to test by observation, as the separation
between the fundamental observer (comoving with the fluid) and distant objects
is not a simple measurable quantity. One is faced within our past light cone,
even at relatively small redshift values, with evolution effects, the "lumpy"
nature of the real universe and so on; at substantial distances source evolution
must be taken into account (Ellis 1979%a, 1980a, et al. 1978). This restriction
may be eased, in principle, by observing isotropies (i.e. seeing if universe

looks the same in different directions).



Isotropy and observations

Observational investigations of isotropy conducted so far support the conc-
Tusion that the universe is approximatelly spherically symmetric about us.
Evidence for large scale 1isotropy arises either from matter or from radiation
isotropy (to within 3% and 0.03% respectively) and is obtained via
(a) distribution of galaxies and their apparent magnitudes and redshifts (see
e.g., Hubble (1934b,1936), Sandage 1972a, Sandage et al. 1972).
(b) extragalactic radio sources (at epochs much later than .nl; see e.g.
Holden 1966, Hughes et al 1967, Ellis & Baldwin 1984).
(c) cosmic microwave background radiation on very Tlarge scale (nI500), (Penzias
& wilson 1965, Boughn et al. 1971) which places severe limits on any an isotropic
models of the universe (for review see Peebles 1971, Sciama 1971).
(d) x-ray background in the 2-20 kev band (in direction away from galactic
plane, to within 1%; see e.g., warwick et al. 1980).

In the case in which the universe 1is isotropic about every spacetime point,
the Copernican principle may be interpreted as stating that the universe is
approximately spherically symmetric about every point. Cosmological models
describing such universes were originally derived by Friedmann (1922), LeMaitre
(1927), Robertson (1929) and walker (1935), and are called FLRW universe models.
walker (1944) showed that exact spherical symmetry about every point implies
spatial homogeneity of the universe, whose surfaces are spacelike 3-surfaces of
constant curvature. we conclude therefore, that FLRW models are a good
approximation to the large scale geometry of space-time in the observable
region.
The Isotropy Dispute
The question remains as to why the universe should be 1isotropic. Mach's

principle which relates the Tocal inertial frame to the large scale distribution



of matter in the universe and forbids the arbitrary rotation between these,
prescribes it to be a consequence of the initial conditions of the universe, (see
e.g., Brans et al. 1961). However, as shown by Bode] (1952), such a rotation is
permissible in general relativity.

In Misner's chaotic cosmology (Misner 1968, 1969) the universe started off
highly anisotropic and inhomogeneous but somehow evolved into isotropy and
homogeneity on the large scale. Hawking and collins (1973a,b) however, argue 1in
favour of an isotropic universe, claiming that we would not be here were the
universe not isotropic, since galaxies would not be able to form in an anisotro-
pic universe. Thus the universe is isotropic because we are here (also see
Carter 1974).

McCrea (1968) promotes the idea of degradation of information, reaching us
from remote parts of the universe, by the redshift, thus introducing a principle
of uncertainty. i.e. our ability to observe homogeneity and 1isotropy
deteriorates with increasing distances.

If the idea of hierarchical ordering of clusters and superclusters of galaxies
is correct, it is possible that no averaging scale exists. This idea is demoted
by zwicky et al. (1966) who maintain a smooth universe existance on a scale
larger than the average distance between clusters; it is claimed true by Abell
(1967) and de vaucouleurs (1970), and by Kiang (1961) (clusters occur on all
scales). The Tatter 1is recently supported by work on the galaxy covariance
function by Peebles (1980) which suggests the formation of galaxies before
clusters followed by aggregation into clusters by mutual gravitational action.

There emerges therefore the questionable definition of a mean space density (for
a review see de Vaucouleurs 1970) on a cosmological scale. Further, no clear
criteria for isotropy have been established (El11lis 1980a). In particular, CMWB
radiation isotropy does not imply spherical symmetry about the central observer

(ET1lis et al. 1978).



Alternatives to Spatial Homogeneity
Different approaches to spatial homogeneity are:

(1) the universe is spherically symmetric but inhomogeneous,

(1i) the universe is completely chaotic and infinite; life evolves only where
local expansion, homogeneity and isotropy exist (Anthropic principle),

(1iii) the universe is small, finite and expanding. Apparent homogeneity and
isotropy are guaranteed in such a finite universe. This class includes, through
identification, FRW universe models of compact space sections (for general
discussion see Ellis 1779a).

(iv) the universe is spherically symmetric and static, with two centres, our
galaxy being near one of the centres (Ellis et al. 1978).

Observational conditions for FRW universes

However, for the purposes of this thesis, on the basis of current observa-

tional evidence for isotropy discussed above, we shall treat the large scale
structure of the universe as spherically symmetric about every point. In terms
of realistic observations, what one therefore requires for spherically symmetric
space-time and matter distributions are the conditions:

(1) background radiation must be isotropic;

(11i) (magnitude, redshift and (number count, redshift) relations must be
isotropic. Then the area distance r and energy density V are functions of the
redshift z only: r=r(z), V=V(z); in addition,

(iii) no galactic proper motions must occur <=> u = u = 0;

(iv) no observational distortions take place. Hence image distortion resulting
from ambiguous apparent shapes of observed objects will not be considered.

In practice, conditions (1) and (11) can be checked (as discussed above).
Condition (11i) cannot be checked, because on a cosmological scale no proper

motions can be detected. Condition (iv) cannot be checked either, since no



‘standard shapes” are Known (Ellis 1980b).
We note, in conclusion, present upper 1Timits on the shear O, and the rotation
W, derived by direct observations:
OD ily4 90 s Wy {1/8 90
and by direct limits due to CMWB
-2 -3
| o 110778, , |a |s107 @

(for a recent review cee Tolman et al, 1984),



2 Geometry and Physical Fields
2.1 Fundamental Assumptions

Spacetime 1s a manifold (M,g), where M is a connected 4-dimensional Hausdorff
- manifold, g is a Lorentz metric of signature 2 on M. The covariant derivative
of the metric is gabjc =0 (see Hawking and Ellis 1973, Ehlers 1973).

We assume the Copernican principle to hold (Bondi 1960) :"We do not occupy a
privileged position in space-time". This implies firstly that local physical
laws, which have been experimentally determined (and govern the physical fields
present in spacetime), may be extrapolated to hold on a large scale. Secondly,
considering local astronomical observations, our view of the universe is not a
preferred picture. This permits the assumption that the ordering of matter into
stars, star clusters, galaxies, clusters of galaxies and interstellar matter, as
determined by local astronomical observations, also holds at large distances,
which leads to the usual "fluid approximation".

The fields on M which describe the matter energy content of spacetime obey
tensor equations; the fields may be represented by a symmetric total energy-
momentum tensor T, which satisfies on M the conservation equations:

T2t =0 (2.1)
(see Hawkino and Ellis 1973, Ehlers 1973).

The gravitational field is represented by the spacetime metric itself. The
curvature is dynamically related to the matter-energy content by the non-linear
Einstein field equations (for vanishing cosmological constant).

G = =
. ab —ab I‘ab <2.2)

R

where is the ricci tensor of o, and R=R.?, 1is the Ricci scalar. Then the

ab
contracted Bianchi  identities g3ap;e0 show that (2.1) are the integrability

conditions of (2.2).

We assume that galaxies may be regarded as particles of a cosmological fluid
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and clusters of galaxies form the dominant component of the matter-energy
content of spacetime the average motion of the galaxies is represented by a
smooth timelike (normalized) vector field u (the 4-velocity)
utu =-1 (2.3)

and the energy-momentum tensor takes a perfect fluid form:

Tabzfu+93uaub +opa,, .4
(Ellis 1971. TWeinberg 1972) where V is the energy density and p the isotropic
pressure of the galactic -fluid (a perfect fluid is characterized by negligible
heat conduction and viscosity). For pressureless energy-momentum tensor, the
matter content of the universe is called dust.
We assume that the universe is so large that we are unable to move off our local
galactic world line (but cf. small universe proposal, e.g. Gott 1980, Ellis et
al. 1979). i.e. we view the universe from effectively a single space-time point-
"here and now" (Ellis 1975).

Electromagnetic signals received along an observer world-line from distant
galactic world-lines propagate @long null geodesics (rays; see sec. 2.6, geomet-
ric optics approximation ) and are directly observable (e.g. radio to x-ray
observations; Ehlers 1971).

Other observations (element abundance, age of clusters etc.) are considered as
indirect observations not restricting the detailed spacetime structure but
restrain the integral cosmological model (for a comprehensive review see Ellis
et al. 19895).
2.2 Notation

The metric fensor g has signature ¢~ + + +), Covariant ditferentiation in

the ' direction is U= 5% 4 partial differentiation in the X' direction is

ab

Xk. A wector is regarded as a directicnal derivative.

K
The commutator of the wvectors X,f is [X,7] defined by IX,Y1fX{YFr-7iXfd, i.e,
S I O AR B£/0x 3=(L Y4 , where LY is the Lie gerivative of ¥



with respect to X ; this is the vector field yielding the difference between the
vector field Y, and the vector field produced if Y is "dragged along" by X (see
e.g., Carmeli 1977). This gives the commutator a useful geometric interpretation

closely related to integrability conditions.

A set of vectors {p | (labelled by the index a) that are orthonormal at each

point is called a tetrad. The notation a, is used to emphasize the action of

these vectors as directional derivatives : 8af=ea(f). i,3,k.., are coordinate

indices, and a,b,c... are tetrad indices. Coordinate indices and tetrad indices
run from 0 to 3; '0'" denotes timelike, so 1,2.3 denote spacelike. Greek indices
run over 1,2,3.
Round brackets denote symmetrized indices, and square brackets denote skew-
symmetrized indices (see Schouten 1954).

The Ficci tensor is defined bw RabERcacb + the curvature scalar by R=Raa. The

metric scalar oroduct is dencted by a dot xoy=x'v =g w'v) ¢

;=05 eo Ellis 19473, The

]

rate of change of anv tenscr & , ac measursd by an cbserver with d4-velocity u

is X =$Lx . The projection of a fencor Sipc, ., '® demoted by (5, 0,

Firall», the skew svmmetric tensor % is defined bv

abed_y, . (3, b_c_dl  abcd_ fabed)

L 3 o

L}

n
—_

has tetrad componente 7002 m{m-



2.3 Kinematics of a Timelike Congruence and Perfect Fluids
We follow Ellis (1971,1973) in summarizing results.
2.3.1 Projection Tensor
For a space time filled with dust, the fluid flow vector u® determines the

tensor

ho. = 9. + u_u. (2.5)

which, at each point, projects into the instantaneous rest space of an observer

moving with 4-velocity u® . This tensor obeys

T T TL- SN

b
a b a b a

2.3.2 Kinematic Quantities

The fenszors 8_ . @_,, u’_ and scazlars &, ¢, w sre defined by
ah 2D a

u' = i.ntI
2 Caib
Yare™ Yap * %an T Y QM (2.60)
where
b_ . )
| = = :8 . = H
Yo 0ap1 ¢ Yant TU o Tap™aro ¢ Papt 7O
(2.6¢C)
a 2 xb & ab
3 =g -1,88 A= 3 =KI G . =M i
Top= W Bhab y B= U ' , O =H at’ W éwabd
W is the expansion tensor
ab
W is the skew vorticity tensor
ab
D is the symmetric, trace-free skew tensor
ab
u' is the acceleration
a
$ is the expansion scalar
0 is the shear scalar
The vorticity vector ,° is defined by
wi= 50?9y N, @i o (2.6

brcd ! .tug tuas

the vector W* is in the rest space of u® which defines the instantaneous axis of

rotation of the fluid due to vorticity. The kinematic quantities govern to first

10



order the evolution of a small sphere of fluid. From (2.3), (2.6a) => u'u?2= 0.
Also, the rate of change of volume gV enclosed by a Group of neighbouring
particles is

(R TAEU= 8 K2.7)
We note that the scalars 0, W (2.6c) vanish iff the corresponding tensors

vanish.
BY projecting the covariant derivative Vu and decomposing, one obtains in terms

of the Quantities defined
cid'a b abtPapt I T Yy 2.6a)

hence

= 1 ¢ 3L 8b
Yrased™ Mab &b
For the observer on one fluid particle observing a neighbouring fiuid particle

at distance &1 in direction &_ (eaea= i, e ud= 0y, the rate aof «change of
a

a

diztance and direction of neighbouring particie relative to the observer are

givefi, resoectively, by

A - A b -
DS I R L ) a +1/735 (2.9
* ‘ atue
[ LB b c d.. b -
" fe_a1"= (" 4g =i e +h_ e (2,100
'a Yo © a ckcdE b el

2.3.3 Conservation Equations
The contracted Bianchi identities (2.1) for a perfect fluid are

Wesikepre=s o fhepiutSenOp =0 (2.11)
which are respectively the energy and momentum conservation equation.
For dust, (1.9) reduce to

H'+la=0 u’a=0 2,120

i.e. the world lines of dust are geodesic, and the mass of any particle of the
fluid is conserved.
2.3.4 Hubble Constant and Deceleration Parameter

The Hubble constant may be defined in terms of the isotropic volume expansion

0, and a representative length 1 (using (2.7)), at any time t, by

11



H= i1 = 1s8g, (2.13a)
and the deceleration parameter by
e ATV (2.130)
i.e. H 1is the direction averaged rate-of change of distance of clusters of
galaxies as a function of proper time (units: time | ; a represents the rate of
expansion (dimensionless).
2.3.5 Equations of State
To include the physics in the current context, one must specify the
properties of T .. which, in the case of perfect fluid, reduce  toeqations
restricting p and 1*. In addition to the general restrictions
B+p > 0, HM+43p > O C2.14al
(i.e. the relativistic inertial mass density of the fluid, and the energy
density of matter are positive) one imposes stability of fluid against  local
mechanical instability (lower limit) and an upper limit on the screed of sound
vy, , not increasing the speed of light c
uifc = dps/dit =2 04 dosgl f o1 (Z,14b)
{gee Israei 1940, Curtiz 12503, The idealized equation of state i=
p = i¥-11} <=3 g = p{i) (2.14c3
which, together wWith <1.4b) may be combined to show
o0 f C¥-1y + 1 , 1 & ¥ &2, W2.14d3
Equations (2.14a) ensure that the conservation equations (2.11) have physical
solutions, and that the acceleration is always away from a high pressure region
towards a neighbouring low-pressure region; and that compression of fluid
increases its energy density. From eqgs (2.14c) one can deduce that there is only
one independent thermodynamic variable along each world line, here chosen to be
A. Thus, statement (3.17) of Ellis (1971) holds:

" The change of thermodynamic state along the flow lines of a perfect fluid is

12



determined “for a given equation of state) by the average iength 1 alone”.
2.3.64 Field Equations

From “Z.2) Einstein’s field sguations may be written as

These equations determine the trace part of the gravitational tield
sloebraicaily at esach voint of space~time from the matter content at each point;

the 10 Field eoguations for 3 perfect fiuitd are then

Rabuaub= SR+3p) . 1 field squation (2160
Rypuh® = 0 .3 field squations (2.14b)
R 0% A% = scp-mon & field equations (21800
ab” ¢ 4 cd ! - )

The curvature tencor i1t defined byv
u -y = ub (2017}

adc ajcad Rbadc ;

multiplving b T takking the trace and using (2.160Y wyilelds the oropagaticn

equation for 8

Y - -2 E -1 . )
2+ 1785 + 20 - - ou'T o+ %(K+3p)y = 0

' (Z.18a)
better Known agz the Ravchaudhuri egquation {sce Ravchaudhuri 19533, Ehiers 12810,

Differentiation of C2.7) ailows {1.18a5 to be written in the form

Y -

= .
A IS - TT . b IR

L.m &if+3p) v2.18b)

-

showing the repulsive (positive) and attractive inegative) forces contributing

to the determination of 17

Upen multiolication of <Z2.17) b¥ gachbe and zubctitution from C(2.i&4B) one
pbtains
| a bco ke 4 e i By poad ] N fooin

h bim ™ O :c+ 2720770 + i h+ 3 b)u =0 (2.18c)

The swvmmetric, trace free paris of (2,172 are {using {2.18a)2

f.00. - f.og . o ) +
k 3 - = . .- A2 A0
'a hb ¢ +QJ ha hb Y (fyg) Yol gt wamb+qa¥0 b ' e'”ale'
23 v
+ f-lsag - 2s8g 4 18000 = L7
hab‘ /3 L& 7By ;c) + Eab 0 2, 18d)
_ bd - - e . .
where Eab" Cabcd” U, Eabcd is the Wevrl tensor (trace free part of R, 0 and

the gravitational fieild Eab induces chear in the fluid flow lines.

13



Equations (Z.18a,c,d) are ? of the !0 general relativity field ecuations; the
remaining +ield equation is a conseauence of one of the four +irst integrals
which exist, when all the other condition are satisfied, as z consequence of the
contracted Bianchi identities <2,11}.,
2.4 Friedmann LeMaitre Robertson Walker Models

Thege are the general relativistic models which are Yncally isctropic  about
every point of space-time <=3 there is no preferred direction , which hv (2,100,
implies zerq vorticity tensor: for isoatropic expansion the generalized Hubble
law (2.9} implies ﬁab= B . Thus, no distartion of fluid flow ilipes arise, and no
change of position in the zky of peighbouring clusters of galaxies with respect
to a leocal inertial rest frame occurs. Equatians (2.6d}, (2.8 therefore show
that zerc rotation (= Uiaub;clz i, =» 3 locally functions such that u.= gt.a
i.e. the case w= 0 is the conditian for local exictance of 3-surfaces in  Space
time “the surfaces t=concstant) arthogonal to the d-velocity vector fieltds. These
cimuitansous surfaces, for altl the fluid cheervers, define & <cosmic time
coordinate (the funpction tJ determined by the fluid flow. For ut®= g , the time
coordinate €an be locally normalized to measure proper time alonog each world
line. The momentum conservation equation Y2.11% implies habp;b= 0 3 then the
equaticn of <tate p= piil) implies habﬂ;b= yWwhich is the condition for exact
isotropy of pumber counts and radiation distribution. The surfaces {P= cConstantl
ar2 therefore orthogonal teo the fluid 4-velocity vector U {which in turn =3 wa=

0>, With these conditions (Z2.18C) shows haba_b= 0 . These modeis can theretore

be characterized by the condition
which impliss the further conditions
B= ROty | op= oplid o, B0 g (2.1%b}

then 1{t} is the radius function R{%t) commonly used in describing the RId space-
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Equations (2.18a,c,d) are 9 of the 10 general relativity field equations; the
remaining field equation is a consequence of one of the four first integrals
which exist, when all the other condition are satisfied, as a consequence of the
contracted Bianchi identities (2.11).

2.4 Friedmann LeMaitre Robertson Walker Models

These are the genera] relativistic models which are locally isctropic  about
every point of space-time <= thers is no preferred direction , which by 42,100,
implies zero vaorticity tersor; +For isctropic expansion the generalized Hubble
law ©2.%) implies Oab= 0 , Thus, no distortion of fluid flow iines arise, and no
change of position in the sky of neighbouring clusters of galaxiez with respect
to a Tocal inertial rest firrame occure. Eguaticons (2.8d), (2.8b) therefore show
that zero rotation {=> u[auh;:]= g. =) Flocally functions such that U= qt‘
f.e, the fase w= 0 i=z the tondition for Tecal existance of S-surfaces in  space
timg {the surfaces t=constant) orthogonpal to the d-velocity vector fields. These
simyl taneaoys surfaces, +or all  the fluid observers, define & <casmic time
coordinzte ©the funchticon t) determined bv the fluid flow. For u'®= 4 , the time
coordinate can be focally normalized to measure proper time along each world
line. The momentum conrservation eguation (2.11) implies habp;bz 3 ; then the
equation of =state p= pilty implies habp:h= 0 ,which is the condition for exact
isotropy of number counts and radiation distribution. The surfaces {l= constant?
are therefore orthogonal to the +luid d~vetocity vector u, (which in turn =) @, =
G, With these conditions (2.18c? shows habe;b= 0 . These models can therefore
be characterized br the condition

B=0,=10= u' (2.1%a)

which impiies the further conditions

B= WOty , p= oplt)y , 808 (7.1%h)

then 1<t} is the radius function R{t) commonly used in describing the Rld space-

HE



times,

E‘ -
Defining a spatial curvature tensor R by a spatial vector u¥ (v% = m
abcd a

2 b

abed” (2.19a)

5 = 3 a2
V Vs VVevg = R
gne can now Lfor w= 0) obtain., using (1.8, the Gauss Codacei eaguation (Schouten

19341

&
(R

bed " $2.1%b)

abcdj*_ 8caadb+ Bbceda

Contracting, and using ©1.5), {1,1d4c) one obtains the spatial Ricci tenzor

3R " {h P ,]3ﬁ ,.,]3\ out o
. = =Lu o, . L=k P 1 4] +
ab a b g kfg a' b
TR -‘2 = . -~ - -
bOESRN ¢-1/%0 + O =~ KUt o+ W) nZ.1%c)
ab Hiw
Further contraction results in the Kicci scalar ip 3-dimepsions
3 - LB . .
K= 200 - 1739 + W2 L2.19d)

The trace free part of (2.1%9c) now reolaces (2.12d), and the trace (eo 1.1%d) is
the tenth field eguation.

Eguation <2.17¢) may be re-ewpressed in differential geometric terms (Ehlers
19412 i+, in a 3-space i{g=const), the curvature of the Z-surface formed by all
geodezics through the peoint x orthogonal to the direction €. (Eaeaz 1, eaua= 0
at that paint is K 1x,e%s, then ifcr RW universe models)

Kiix,e 1= 173400 1/393}= Kito, (2.20a2
chewing that the 3-surfaces eorthogeonal fo u® are icotropic at each point, and so
are 3-spaces of constant curvature Kitl,

The Ravchaudhuri eguation {2.138b) mav now be integrated o obtain the Friedmann
eguation
~1/35°+ b= constsR, {2.20b)

2 .
tor 1'% 0., Comparing ¢2,17d? and (2.20a) rields R= &K v Wwhich, using (2.20b),

"re 2¢8- 3R-TRD)= sK*= gksRT, (2.200)
where we can normalize Kk, such that K={1, 0, ~1}, hv rescaling RUt7.

The remaining non trivial equatione are



B+ dfepd 3R°AP= 0 Congervation of energr eq L2.21ad
3R AR - M= -3KAR Friedmanr eq (2.21b)

p= (¥-1)# State eq (2.21c)

2.5 Coordinates
It can be shown from (2,173, (2.20a) that there exist coordinates [t.xV] such

that the metric takes the Fform {see Rindier 1949

2 2 . 2, .. 3 v . ;
T + = N 1 02
ds dt huy + hey= ROCOEL GO dn dy (2.2Z2a)
z 2 2
= -dt + R (tids
z
whers d? i¢ the metric of 3-space of concstant curvatuyre, k={{, 0, -1} <(see
e.q.Heckmann and Schuking 1%75%). e note that the curvature of hup TR A

curvature of {ﬂv is k . Coordinates may be chosen to be comoving so that
-2 2 = £ - z
di =dr + f (r3;{d9 + sin 9 d¢ ),

sin +1

where fira= r i k= { (2.22¢)
sinh r -1

(see, e.0. Misner

[h4)

t al., 1%¥73%. The cocordinate r runs from 0 to = if K= 0 or -t,
but runs from 0 to 20 if k=+1. When k= 0 or -1, the 3-spaces are diffeomorphic
to F!3 and =0 are “infinite’, but when k= 1, they are diffeomorphic to a 3~sphere
) and so are compact {(closed or “#inite’ 1 we shall not make topological
identitications for k% 0 (Heckmann et at. 1%42) which zpoils the globkal isotropy
of the modet, but retains its homogeneity and local isotropy?.

The metric do2 ma¥ Ge written in alternative forms on choozing different

ceordinates {e.g. Rindler 19249},

2.4 Observations in FLRW Modeis
2.6.1 Geometric Option Approximation

Electromagnetic signals received along an observer worid-line from distant

14



galactic world lines propagate alohg null geodesics {rayvsy the curvwes whose
tangent vector field is k%3, This follows from the geometric optic approximation
to the solution of Maxwell s field equations. Hence, we find

ka

3]
oo

k=10 ,=> k% =g 02,

2.4.2 Redshifts

An observer mowing with d-velocity u® will receive signals, emitted at proper
time interval 4T, &t source, in a proper time interwval d7, at ocbeerver. This
time dilatation effect is then dTE/dT1= (Kauaﬁlf(kbubﬁz . In npartigular,

ohserved frequencies v of light or radio waves are related by Vv /v,=

, g, .. b,
; LI, }
'kau AL IR P
The redshift z of a source asg measured by an cbhserver ic definmed in terms of

wawvelength by

o= (R i S V4 L= 7 . (2,24a)
ohs emit fkemlt 43 lemlt
Hence, we find
i+z = » 43 R
o obs’ “emit 1'c-rnu’c’fvc:t:us,
and therefore
tz = (udy . (2.24b)

e 3
ajemlt‘ Y i(t- obs

which determines the redshift from the 4-velacity vectors u® 1 @

] ; nd
obs * emit 2

from the tangent vector ¥* to the null geodesic., We further note, that upon
using (2,8a), <(2.%9), ¢2.23), the change in redshift along the null geodesic mav
be written zs (Ehlers 1751}

dnsa= (dla " 4 (u'ana} dl ¢2.240)
where n® s the unit vector in the direction of the rojection of kK intoc the
rest cpace of the observery the redshift is thus split inte a radial Doppler
part tthe First term) and & gravitaticnal part (the second termi, the latter

vanishing for FLRW uyniverse models,

In a FLRW model, whose metric is (2.22), since by (2,24c) the redshift s



radial in character, it mar be shown that
+z2 = ¢ L= - ] A ] i 2,244
i Robszemlt drabgdeemlt 5 2.24d>
i.e., the redshift is a measure of the expansion that has taken nplace <not

Recegssariily & uniform sxgansicn),

2.6.3 Area Distance
Consider & bundie of null gecdesics diverging trom a radiation source, with
cross  sectiopal area dS perpendicular to the propagation vector K 3t & point,
Define a galauy area distance P of the source from the galaxy by
G G 76
where o0 s the colid angle subtended by a bundle of null gecdecsics diverging
from the point censidered. Since dﬂG iz upmeasurable, i is not a measyrahle
guantity. We therefore define an cbservable <(in principte’ auantity, the
observer area distance Pu Yalso cailed "corrected 3luminosity distance" in
Kristian and Sachs <1%44)1, by
ds = r - dd P2.250)
o 0 ]
which we can find, if the =oi'd angle sybtended by =ome cbject iz measurable,
and whoze cross cectional area can be found from astrophysical considerations,
The geometric reszsult Known as the Reciprogity Theorem relates the area distances
r\ - ¥ b
a and Fp b
z oz .
re =g £1+20 (2.25c)

In a B universze, by metric (¥.22) it can be chown that

a _ pey ‘,3( v di e
dSG R ‘t0,+ § dﬁG {2.28a»
where ta i= the time of okservation, and dn5= sin®d d9 8¢ . Hence, by {2.23a),
(2.724a)
F = REe 45 e £2.24b)
G o



8+dB, d+dp

g+ do, ¢
de
. L dSG
Lum’t sphere t=t0
Figure 1. Gatzwy arsz distance <o~ g Fozoz-ofzon walier Universe
Hencs, from €2.23cs, (2,240, gsing (2.394) one find:
r =REE 3 {1ezy 4500 .27
o =3
agatn,  using tns metric (2,222 along a null geodesic (49 = 0 o= d& = Gne
obtains
H=Jf o dRACRR T} 2,278
::J
2
where r s +he coordinate distance between the galaxy and the observer gnd
0. Thence we can substitute from the Friedmann ec to obtain S

We evaluate r_(z), when pressure free matter is the dominant energy component in
(§be universe is believed to be at recent times; but see part II) in the

subsection

2.6.4 present Time Evaluation of Observable Parameters, for Dust
The nogr-trlvial equactions together with the Hubble constant, H, and

deceleration parameter G, , may be evaluated at the present time, to yield the
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observable area distance Poe tn terms of obcervable parameters Cin principle).
The procedure is cutlined below.

The conservation g#q (2,21a) +or dust (p= 0) results in

b= M/RT= B R /RS (2.28a)

Using egs (2.13) vields

b= 6H ©q (2.28h)

z 2
SR= 2q_- . 2.28c.
V_RO HD { g, 1 ( Bc
y 0 [’} %
i = = = K
i.e. K 0 =3 ql:f A
{0 L
Eg <2.21b) gives an exprezcion for the rate of change of R{t)
2
R*'= R (Hs3 - KAR 3 (2,28
Fq (2.27a) therefore, upon integratien of 712.27k), using eqs ©2.28) vields
= { Hag tirz it g b (g —130i142q 22 1 2 (2.293)
ro = Hoa, t1+z2 0 oz fg —13cd g,z : 2.2%a
when aox {0, and
-1 -z
= ¢ { - {14z) T3 (2. )
r, \ZHG) 1 (] i 2.2%a

when 9,= 0 isee Mattig 1%38).

2.6.5 Number Counts

Let an observer on a central world line C count a number dN of sources
between redshifts z and z + dz in a solid angle dO , where z corresponds to the
radial position r. Let F be the selection function, that is, completeness of the
count (i.e. the fraction of sources in the volume that are counted is F). The
radial proper distance measured by a comoving observer at the source is dIl,
while the cross-sectional area dS at the source of light rays spanning a solid

angle d( at the central observer is given by eg (2.25b). Let the time coordinate

20



be w. Hence
dd = F nlw_,rior gy dls/dz 4z LZ.50a0
o’ 2
where nilw,r? is the number density of zources at radial distance fCw,r?. Then,

for M, the relztivistic snergy density per source counted, the total senergy

density Biw ,r) at Gw_.r) is

Lt o

i o= ¢ =M {z20 {drSdlo [ ]
o
whers
. .oz . -
Moz o= ARy ClAang LS 1 dabAdTd L2.302
b} o
it in orincinle chseruvable (see for expanded dizcussion subsection 3.30.
obs
v=0 t
/"’/ 0
."/ /’/
v (affine a o
paramet%/}k~x\ _
Figure 2, & zection {u, u + dud of a bundie of null goodeszics which subztends &
zolid angie d0%_ at the sbeserver fadapted 4rom Ziliz 1971, Fig. ©
2.4.% Magnitute-Redshift Relation
In the context of astronomical measurement, the aorarent magnitude m of &
source |1z detirnzd o
m= -2.3 log, & + const. {2.3lal

where the flux of radiation received, F, mav be shown to be given in terms aof the

2531 v

5]



F = (L4 ilfrozj (1ezy 3 (2.31b)
So (2.31a) may be rewritten as

m= ~2.9 1o (r (14T , 12,3100
QoL * 515913‘P051+2) ) canst v2.31¢

2.6.7 Null Cone Observations in a Rw Model

For a RN model, filled with dust (and with A= 0), we may summarize the
observable quantities as follows:
i) no proper motion or distortion effect is observed (see egs <2.10), (2.23))
ii) the redshift, observed for any distant sources in the model, is given by
(2.24b,d)
iii) the area distance ro for any =source is given by (2.29)

the number N of sources observed upto a redshift z in any direction is

obtained by integrating (2.30a)
V) the magnitude of a source is given by (2.31c)
Note that in the general case the specific intensity of radiation from any given

source, and of background radiation may be additionally obtainable.
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3 Spherical Symmetry : Observational Coordinates and Tetrad
3.1 Fluid Tetrad Formalism

We review the use of tetrad techniques briefly (see Maartens 1980 for a more
complete set of references). The techniques have been applied in the study of
both vacuum and fluid-filled spacetimes. Orthonormal tetrads adapted to fluid
flow (0 = u) were applied to the kinematic classification and exact solutions
of certain spacetimes (see Heckmann and Schucking 1962, Ellis 1964,1967, Stewart
and Ellis 1968. Ellis and MacCallum 1969, King and Ellis 1973, MacCallum 1979
for an overall review); pseudo-orthonormal (null) tetrads have aided vacuum and
radiation spacetime analysis (see Newman and Penrose 1962, Geroch et al. 1973,
and for a review see Carmeli 1977).

The motivation for a choice of a particular tetrad is its natural geometrical
suitability for the situation investigated. Observational cosmology is
geometrically characterized by a timelike congruence (modelling the galactic
motion), and the null congruence (modelling the photons received, from galactic
sources, at the observer galaxy C -belonging to the timelike congruence). The
formalism is therefore designed to eliminate the unsuitability of the fluid
tetrad to describe electromagnetic signals, and the null tetrad at describing
galactic motion.

3.1.1 Tetrad Formalism in General

We follow Heckmann and Schucking (1962) in reviewing the tetrad formalism in

general.

te a)

The set of wvectors are orthonormal and linearly independent at each

point; their scalar products with respect to the metric g are constant, i.e.
I= 2 =gt i= e * (3,
'a(gab} 8 , where G LTRle e e ey (3.1)
The affine connection ie described by the Ricci rotation coefficients,

= L] & = & ¢ 2
rabc ®a §7ebec » T be~ 2 ljr'l:itu: ‘3.23)
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ab - a . L ab
where g Qo= B c determines the tetrad metric tensor components g“

The commutater relations is given by

{'a’ ebJ =¥ (3.2b)

ab®c
where ?abc iz calied the “object of anholonomicity” (Schouten 1%54) as  they
determine the integrability rproperties of the Four congruences of curves

corresponding  to the four vector fields {ea}; angd the commutator coefficients

S Y , _ - 8 N o
are skew ! ¥ ab™ ¥ fab] Yabc" g&d} he Due to vanishing torsian
- S = PR
¥ b= I be r ch 13.3a)
while the Christoffel relztions ©3.1», (3.2a) show that
3 b0ap= Fape * Fepa = 0o 13.36)
since the tetrad frame o are conetants., Relations ¢3,3) can be solved for rabc
giving
M= # Yabe * Yaeb ™ Yhea’ (3.3c)

The Jacobi identities for {ea} « which are sauivalent toc the cveciic identities

a _ ) _ . . )
R [hed]™ 1 , obeved by the Riemann tensop, are

£ ) .
¥ g t .
: 4 = 32,
(dcb : S[dr .y + ¥ {dCY blg a , (3.4
where 3 _f= L (f3,
a e
a
The curvature tensor-Rabcd satisfies the Ricgi ideptity (c+. (22,1730
0 _ A — ,fp ®
! 1ed Y sde” Y Re cd

valid for any differentiabie vector field y. Choocing v to be a bagis vector .{
and explicitly calculating the covariant derivatives, one +inds the ftetrad

componente of the Riemann tenzor relative to the basis LI

a a a a & & .F a e
Roped™ %l ap™ % e T cel ae™ T odel o' T oebt ac
which upon contraction give the Ricci tensor:
5 - T Y 9 .C .
Phd= %al co” 9 a6~ T cd ap* M etf g \3.9)

In the tetrad formalism, the 24 Yabc are the field variakles, oberving the 10
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¥ield esquations

Rap ¥ AROE= Top 3.6
and the 1a& identities (3.4, Equivalentiy, by equations £3.332, (3.3c), one mav

choose r“bc &5 the variables, as and ¥ .. are linear combinations of each

abc

ather,
The virtue of the tetrad Yormalism ocver the vsval coordinate-tomponent approach

v 9= g(B/Bxi, 0 /3XJ), are the 18

W

to the field eguations (in which the g§j
field wariables), ie that the field equations are first arder differential
equations in the wariables ¥° tor [ T,
bic abc

The draw back is that there are more variables, and more egquations wthe Jacobi
identities {3.43) to be catisfied. It may be shown @n contracting (3.4 that the
expression (3.3} for Rbd is in fact svmmetric (see #.g9. Rogue 1783,
3.1.2 General! Procedure

The general procedure used can be summarized as follows:
n} b

{n sl : a i
379 , epe finds €7, , where p_e. = §

y Whence
a i a i a

Given o = &
Y

(3.7
is determined {Ellis 1947},

Having determined the commutstor coefficients using the commutator relations
£3.28) one finds rabc from{3.3¢y, The Jacoki identities for the commutator
coefficients are determined using ¢3.4), and form the integrability conditiens
for (3.26).

The tetrad components of the field sguations can then be written in terms of the

rotation coefticients through (3.92 and (3.8).

3.2 Obseravational Coordinates and Tetrad

3.2.1 Observational Coordinates
lWe ‘cansider a spherically symmetric zpacetime given in observational

coagrdinates. These are {xa}= {w,r,8,33 (cf. subsect. 2,%; Temple 1738, Kristian



and Sachs 174848). Where,
W Tabeis the past Tight cones of events along the central world line £
r measyres distance down the past light cone frpom C ) and

@,¢ are angular coardinates based on C

3.2.2 Fiuid-Ray Tetrad

Assofiated with the coordinates we introduce a fluid-rar tetrad (cee Maartens
19800 {e ) = fuK,mem' 3. Here,
u ie the normalized fluid d-yalocity fu®u= ~1>y; i.e. it iz the {unit) time
like vector field defining the galactic motion,
K fz & narmalized rav wvector, i.e. it is parzllel to the affinely
parametrized null wvector Field K (ka= w’a) generating the past null cones
through € Dut normalized such that K*u= +1 § hence K'K= .
m.m+ are complex conjugate vectars o Y denotes comlex conjupaticn) which are
rutl im®*m= 03, have upit scalar product relative to each other (mem = +12),  and
are artheogonal to u and K fu'm = & = K'm).,

The tetrad and coordinates are rejated te sach other by component functions

Alw,rr, Blu,rd, CCw,r? as follows:

-1
e =u = A, )Y 9 0w $3.8a>
-1
e,= K = iBla,riy 3.9r (3.8b)
_—— =1 . . + . .
gp=m = 2 0w, rd) {908~ i 2in@23-307, e,=m {3.8c)

Thics <=pecifies that the radial coordinate r is chosen to be a Fluid comoving
coordinate (r.aua= iy =o the fluid flow lines with tangent vector u are the
lineg {r.,9,% constant}) with w a time (but not necessaril¥ & proper  time)
parameter &along these Tlires. The null geadezics centred on £ with  tangent
vectors K, K are the lines {w,9,% copstant) with r a distance parameter along

thece lines. OLue to the spherical symmetry of the spacetime, it iz poszibie to

have %,¢ comoving both for the fiuid and the null ravse.



3.2 The Metric

The =scalar products abowe show that the metric tensor has tetrad components
gab given bv
990= ~1y Q517 9y0= 1y Qpg= Gap= 1, the rest vaniszhing.

P.e. (-t 110 0)

a, .= - (3.9a)

The metric components Q,., gz, are directly abservable if the intrinzic size and
shape of the observed cbject are Known, for these just relate the actual size of
the object to the corresponding observed angies. In this case, spherical
svmmetry implies wvanishing distortion effect caused by anisotropic curvature,
and Knowledge of the focusing effect caused by isctropic curvature expressed
through the observer ares distance P We note that the disteorticon effect cannot
be detected since objects of “standard shapes" are not clearly defined in  the
universe (Eilie 1980,

Now 9 ; iz given by £3.7), uhere

(& 1 0 0 ]
i 0 B 0 0
L i ¢
2 0 o 2% 2% issine R
Lo i 2% 27 issing
(4 ¢ 0 ¢ )
. o8 0 0 J
ST o0 2% 274 s
0 0 27%icine -2 %Cising

27



time
{r,e,} const

timelike geodesics
space

past null cone

Z2-sphere
{w=wgy=const}

{r,w=const}

{w,9,¢}const
null geodesic

observed event
(Mg sr+8,0)

w=const
past 1ight cone

r=0
observer world
line

galaxy world line

Figure 3. Fluid ray tetrad; and observational coordinates {w,r,e,} based on the
world line C of an observer 0 characterizing the time of observation w, the
direction of observation S, T, and the distance r to the galaxy observed, down

the null geodesic joining these events.

It then follows from (3.8), (3.9) that the metric components in terms o+ these

coordinates are divan

ds = -A (W,L,dw2 + 2A(w.r) B(w,r)Hw-",r £ D2 (w.r))CO2 f sin (3.10)

3.4 Central Conditions

The metric: clearly symmetric about world 1 ine C at r= 0),
provided suitable central conditions hold (c+. procedure used Marasse et al.
1962, and as adapted by Ellis et al. 1985; and c+. Temple 1938).

These are that
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{r=203 =3 {L<w,r)=30 j 3Cw,r)/0r -7 Biw,00%0 ; Alw,0)% 0) (3.11)

E{w,ri-20 3¢ unit sphere area is 4KC2(w,r).

aClw,r)/ 3r-2BCw,0)%0 since radiue of unit sphere is Blw,r2dr approaching
Euclidean geometry as r - 0.

AW, 00%0 clearly as r-30 s Since W= at the central chserver.

The coordinate freedom remaining is

ta) choice of the time parameter w along the central world line C: once chosen
on this jine, it is determined on the other worid-Tines by the condition that
{w=constantl are the past light cones of points on C. This freedom gives ane the

ability to arbitrarily specify &(w,0) (=0},

tb) choice of the radiat parameter r on an initial tight cone {w=wn}; once

chosen on the null cene, it is determined on all the other because it is a fluid
comoving coordinate and so is "dragged aleng” with the fluid., This freedom gives

one the ability to arbitrarily specify B(wo,r) (=0).

3.5 Observable Quantities

Finally, in terms of these coordinatez the basic observable gquantities for an
observer on £ are:
(1% Redshift

The redshift z measured at time W, on the central line C for a source at
radial distance r is given by the relation {cf. subsect. 2.4.2, in particular eq

(2.24d) )

{tez= Q(wc,n)liﬁiwo,r)). {3.12a)

(2) Area Distance

The area distance PO measured at time W, on the central line C for a source

2%



at radial distance r is given b¥ (cf. subsect, 2.4.3)

i C(wo,r), (2.1202
provided the central condition (3.11) holds (determining the relation between C
and B for small values of r). The area distance may , for example, be found
directly by measuring the solid angle subtended by the image of an object of
known size (see fig.l). Alternatively it can be determined by measuring the
observed luminosity of a source of known intrinsic luminosity (see Kristian and
Sachs 1966, Ellis 1971). In practice however, both methods depend on the
detection limit (see Ellis et al. 1985) which determines the observed image

boundary, and so necessitates source brightness distribution and spectrum

knowledge as a priori (see Ellis and Perry 1979, Ellis et al. 1984).

{3} Number Counts
The radial proper distance d1 {see Fig.2, subsect. 2.4.4) measured by &
comowing obseprver at the source as corresponding to dr is di= Bdr. Following
subzect 2.4.4, eq (Z.30a2, using (3.12a), becomes
dhi= Friw_,r) Blw_,r) C Cw_,r) di dr/dz dz
Then the total energy density ﬂ(wn,r) at <wu,r), feq (2.38b)) is
H= Mn = Mnéz)(dzfdr) (IKB(wD,P}) v3.,12c)
where
MQ(2)= MAFY LE/d0 (I/FQE} {dH/dz) (3.12d)
which is in principle observable. The term r 02 has been included for convenience
in the definition of M; alternatively it could be moved from (3.12d) to (3.12c)
at the cost of making the integration of the field equations more difficult.
We encounter difficulties in realistically determining M, since many other
contributions apart from visible matter may occur;this is the problem of

evaluating the mass to light ratio.

Both F and M will in general depend on z; in practice one can estimate F from a
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knowledge of the galactic brightness distribution and spectrum, the area
distance r and redshift z, and the detection limit (see Ellis, Perry et al.
1984) .

Further, the Doppler shifts caused by random velocities of galaxies prevent one
from directly using observed redshifts as a measure of distance down the light
cone. One must therefore allow for a possible Doppler component to be added to
the observed redshift in order to estimate the cosmological redshift.

Hence, number counts might be better expressed in terms of area distances, but
both observationally as well as mathematically one is faced with difficulties;
i.e. measuring r, accurately and obtaining simple expressions for M, (ro) is in

practice difficult.
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4 Commutators and Rotation Coefficients

We follow the procedure developed by Stoeger and Ellis (1984) in the ensuing
chapters. We use the notation for commutators and rotation coefficients
introduced by Maartens (1980, p. 3.1.6 ;cf. subsect. 3.1).
4.1 Commutator Relations

Upon substitution of relations (3.8) into the commutators relations (3.2b),
one finds when comparing with Maartens (1980, eq (3.1.14))

a=e=h=g=j=c=¢g=10 (4.1a)

(see Appendix I for 3 Ffull list of definitions of the gemeral rotation

coefficients).,

One further finds that the remaining commutater coefficients are reazly thev are
given b |

= 8A°S08B) , b= T /a0y = C7A0BED, (4,103

5= 2 %cotest 1= 0BT O+ B80S (24B) | (4.1c)

where we employ the notation : for any function alw,r), 9'=3 gBw , g'= 9 g/or.

in terme of these guantities the commutator relations are

fu,Kl = 2nu + 2{n-1)K (4.2a)
fu,ml = - bm {4,20)
[K,ml = - fm (4.2c)
Em,m+}= mo- sm+ £ 4.,2d)

{gee Appendix I for the general fluid-ray commutator relations).,

j.e. the non zero cammutator coefficients are:

o 1
Y 0= En o, ¥ g = En-1)

2 —
¥ .= ~b

2
Vo=

2 2 (4.2e)
Viga™ s v ¥ 5= =5

3
¥ pe= 7B
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4.2 Rotation Coefficients

The commutator coefficients wuniguely determine the rotation coefficients

a . . . -
r he ! rabd which are defined by the relatiaon (3.2a),
The non-zerc components of gab are,
g1 1G 11 z3 2z
g =g = 1, g = 1 , G =g = 1
(0 10 0)
[
!
ab_ 1 1|U 0
F.2 g = e em — —o
0 u:a 1
L0 0110 |

Since the teirad frame gab are constants, relations €3.3) and in particular

(3.3c) for rabc hotd. This iz the tetrad form of the £hristoffel relations. From

£4,2), (3.2c) the non zero roatation coefficients rabc are,

rfoar' =t = 2 {4.3a)
aa oo g1 - A
0 1 1
ML= o= =T 4= -2n 4,3b)
z 2 a
=t F = ,=f (4.30)
Z = 1
r 2= - 23~ S r 2= ~-h- ¥ (4,3d>
3 3 a
A S (4.3e)
z 2 i
Moo= T 4= -5, T 5,= -b- f (4,34)

4.3 Geometrical Interpretation
The definition of the quantities rabc shows that

w e
V!b(ec)— r e

bc ~a
One can therefore read off from thic immediately the geometric meaning of the
non-zerog commutation coefficients, Both n anrd b represent components of the

expansion of the fluid:

b iz the expancion component in the trapsverse direction <orthogoral to
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(-2n)

({B+2n)

(2b-2n)

The ffuid vorticity ma

Ky, and
)¢ the expansion component in the radfal direction (0,0
ie the fluid shear 0, <0 the fluid expands isotropicaliy iff (b+2n)= 0
(eq (2.6) shows o™= % (8 6%~ 1/39%)= 1/802m40)", trace free)
iz the volume expansion of the fluid 9.
2

. d . .
{5 = = r B= - B .
ab- Yasb Mhoa + %= U ia M ag 1 using {2.6b,c0)

determines the +luid acceleration u'® (2.4a) 3 the +iuid moves

geodesically iff 1= 0,

=, iz necescarily zeroy it iz a direct consequence of
B Tlabl

the spherical symmetry (eg (2.4c), 12.1%a)).

.F

determines the expansion of the radial nuil geodesics (f=k" = T
rnote  that this quantity will diverge at the origin because of the
central conditions (3.11)., These geodesics are necessarily rotation-
free and distortion—-free (from (4.3, but alse from direct symmetry),

represennte  the standard spherical-potar relations of the coordinates

9,4 on the Z~sphere {w,r constant? with area 4ﬂC2(w,r).
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5 Component Function Radial and Time Derivative Equations

3.1 Jacobi ldentities and Field Equations
Jacobi Identities

The commutator coefficients must satisfy the Jacobi identities (2.4>. From
Maartens <1%8G, pp. 3.1.7 and A3.1), when the coefficients are as in (4.2), the

non trivial such identities are

a3
(123) Ds = —-¥= 13.13)
[522)
8423, 45 = -bs (3.1b)
(521)
021 4- Db = 2{n-1)+¥ + 2Znb (5.1ed
+

where we follow Maartens in using the operator potation: {4, D, &, £ 3 are the
vector directional derivatives {u , K, m, mti. That is, by (3.8), for any

function g ,

Ag= ot 3 g/ = ﬁ_lg' 1 Dg= g~ da/ 3r = B_ig’ ; (S.2a)
tg= . £3g/99- (ji/cing)3a/98) £9.20)

The & operator may onty be applied non-trivially to =, resulting in
fe= —%C_Ecosecze. Substitution from {4.1) shows equations (5.1} are identically
catisfied Cas expected, for they are the integrakitity conditions for (4.13; cee
Appendix I for the general case of Jacobi identities),
Rotation Coefficients

The tetrad components of the field equations can be written in terms of the
rotation coefticients {combining eqe (3.3), (2,43):
e a

R = o r® -ar® -r® p® r° . .r

ba d ab” %% db” ' oae o6t T oab ed

- _ yTl .
= de+ 4T c9hd (5.3
where the contracted matter tensor for a perfect fluid Cupon using (2.3)) is

T = p¥* = —p+ 3p {5.42)



e assume the matter tensor Tab is that of a perfect fluid as given by (2.4),
where
- b
ud= ¢i, o, 0, 03 , Ua= gapl =
2 g .
the wvanishing of components u , u indicates that there zre no proper motions
(these cannot be detected in a cosmological context since such transverse

velocities are too small to measure directly, Ellics 1%80a,bd.

Thus, the Ricei scalar may be written as

-Rbdz —il4p) Uty —Bik-p) %hd (5.4b3
Then from thr rotation coefficients (4.2, the non-trivial field equations are
“Ryg= =tH+3pas2= A02b-2ni- DA21)- Z21(4n+2be 240+ 4n2+ Ebz, (35.5a)
“Rgi= (R+3p)r/2= D(21+Zb)+ 4{2n)+ 2nC41+2b-Zn+2f)+ Zh¥, (5.3h)
“R,,/B= —(Rep)/E= Dif)- 2ént £, (5.5¢)
~Ry.= ip-R)s2= af+ Dibtf)+ 2{£§+52)+ 2f0i+2b+f)+ 2nb (5,35d?

Note that R .= R,.= & are consistent with spherical symmetry. [R;;= 0, R,;;= 8,
impiy respectively, time derivatives and radial derivatives of component
functions-in angular cocrdinate directions &, ¢~ are equall.

The +field eguations agree with thoze of Maartens for the case p= 0 fpp. 3.1.8
and A3.2; scee aAppendix ! for the general field equationsdy, except that there
agpears to be an overal! sign errcr in those equations; the error has bDeen

corrected here <i.e. replace K-> —-B in Maartens equations to obtain present

ores), Hence,

%(H+3p)  —%(R43p) 0 g
~§CH+3p)  (Hepl 0 0
PaE™ | (5.56)
0 0 0 K(k-p)
L0 0 ii—p) 0
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[ e K 9 0
1 # 0 0
= £5.5¢>
0 0 g i
L v 0 B 0 )
for pressure free matter ("dust®).
Contracted Bianchi Identities
Finallw, the rontracted Bianchi identities (2.11), which are the
iniégrability conditions for the field equations (5.5, take the form
db+ (Hapd (21-2n+26)= O $5.4a)
(R+pd 21+ (pr+p )= 0 (5.8B)

wiz, the energy and momentum conservation equatiors respectively.

Dust Solutions
In the case of pressure free matter ("dust"}, p= 0, B= 0, and (3.s8b) shows
1=a, (7.7)
which iz the condition for geodesic Fluid flow, We shall assume this restriction
in the rest ot this thesis. Then (d.1c) shows
B™ + A =0, (5.8)
Thus. the field equations 15,9), Jacohi identities (S.1) and contracted Bianchi

identities (9.4 +or pressure free matter are

R, = -#/2= A(2b-200% 4n®4 25 (5.5a")
“Ryy= H/2= D(Zb)+ 2ni2b-2n+26)+ 2bf (5.5b")
“R, /2= ~B/2= DCFI- 2fnk £ £5.5¢7)
“Rya= —H/2= ACF)+ DCb+f)+ 20Es+s )+ ZF(2b+id+ Znb (5.5d°)
k= 20 (n-b) (5.42%)

Dg= -ts {G.1a")

de= -hg (S.1b"7

4f- Db= Zni{f+b) (5.1c*)
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Examining ege (3.5a"-d*) we find that the quantity s appears only in the last
equation, and thus we define for convenience thé auxiliary quantity r by the
refatian

F= fet eo= <HCTdw,r) , Bs= -KC Ccosec” @ (5.9a)
Applying the commutators [4,8) and [D,:83 to s together with (4.2b,c> and the
Jacobi identities (5.1a,b) it follaws that

Aar= -2Zbr , Dp= -2fr , tr= 0 , {5.90)

the last following from the commutator [4,81 applied to b and eq £3.1lc2. Then
the spherical derivatives of all guantities in these equations wvanicsh, as
expected from the spherical svmmetry:

En= kb= bt LP= 0 = Ep (5.9c0)

2.2 Radial and Time Rerivative Egquations
The Jacobi identities, field eguations, and coniracted Bianchi identities
invalve only first deriwatives and sums of oroducts of the rotation coeffi~
cients. One can take linear combinations of these equations to give an
equivalent set of eguations explicitly for the firet deriwvatives, To express
these simply, it is convenient to introduce a further auxiliary guantity
defined bv
W= r+ b BES (5.9d)

The set of equations fo be satisfied can now be writfen as a set of radial

equaticnes:
D= Zné - 4 - W2 (5.10a)
D= —3fu- H/2) by | (5.108)
Db= -ig~ Zniithd- bf . {5.100)

and a set of time derivative eqguations:
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Afz= —- bt (&.11a

au= -3bi {5.11b)
ab= w- B (5.11c)
4n= W 20+ B4 (7.11d)
A= 2hen-b) g (5.11e)

the spherical derivatives 311 vanishs:

En= Eb= ELf= ill= fw= 0 , 5,114
8Gne can now checKk the corsistency of these egquations by appliving the commutator
identity

2{Dg) - Dt4ag) = Znidq + D {5.12)
{valid for an¥ function g(w,r») in turn te §, W, and b. In each cace, on using
egs 13,143 and (3.11) repeatedly, cne obtainz an identity.Note that applying the
commutator identities {4,831, [D,E1 and [E,E“JI to £, W apd & is5 trivially
satisfied.
The freedom to specify the radial physice and geometry i evident in the feature
that no equations are given for the radial derivatives of ¥ or n, and no
restrictions on these quantities are implied by cur consistency check; so  they
may be freely specified as functione af r on an irftial surface {w= Wo}’ and the
other equations then used consiztently to defermine the time evolution of the
physical situation so specified to ather surfaces {w= consti.

On wsing egs 4.1, it is easy to write thece equatione out explicitly in
terms of the functions A, B, C defined in (3.8) (determining the metric tensor
directly, gee (3.103). The time derivative eqe *5.i1b,e) for ¥ and @ mavy be
immediately integrated to get

SURSENINIS B ey T G, ) (5.13a)

@i, r= 0 _¢r) ¢ ) (5.13h)

where we have set for conveniance B{G,r)= C(Q.r2= 1,

The definition (3.9d) of W then becomesz
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Af= -9- Bf £5.11a)

A= ~3b ¢5.110)
_ &

db= 4~ b% £5,11¢c)

An= @+ 2n0+ R4 (7.11d)

A= 2in-p) {5.11e)

the spherical derivatives all vanish:
En= ib= L= Li= fu= & {5.114)

One can now check the consistency of these equations by applving the commutator
identity

AiDgr - D{d4g) = 2nddg + Dol (3.12)
{vajid for any function giw,r)) in turn to f, W, and b. In each case, on using
eqs (F.10) and ©3.11) repeatediv, cne chtains an identify.Note that appiving the
commutator identities [4,83, ED,£} and [S,§+] toe f, W and b is trivially
satisfied,
The freedom to specify the radial phvsics and geometry is evident in the feature
that no equations are given for the radial derivatives of I or n, and no
restrictions on these quantities are implied by cur consistency check; so they
may be freely specified as functions of r on an initial surtace {w= No}’ and the
other eguations then used consistently to determine the time evolution of the
physical cituation so specified to other surfaces (W= conctl.

On using egs (4,13, it is easy to write thece equations out explicitly in
terms of the functions &, B, £ defined in (2.8 (determining the metric tensor
directly, see (3.1002), The time derivative eqs (5,11b,e) for K and @ mavy be
immediately integrated to get

Riw,r)= B (r) B Gwyr) € Gy r) (5.13a)
W, P= @ ey £ Gy (5.130)
where we have set for convenience B{0,r3= C{0,r)= 1.

The definition ¢53.9d) of W then becomes
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Wiw,r)= w0<r>xc3= 1202y & (CT/ACICC /BEY + B(C’/BDY (5.14a)

The radial equations (5.i0) becaome

Lf C"/C= (0770 (/" /A + B /B - xaiu, {5.14b)
Dt me= ~5MD CL'AA + COUBY, (35,1400
Bb g'7/C= (BTSBY (CY/C) ~ WAB (3.14d)

the time derivative eguation (5.11a) again vwields £5.14d); and the remaining
time derivative equatiops (5.11c,d) give
ab C° /0= (C°A0) (&7/7a8) + wﬁi ' {a.1%a)
An B'*/B= (B*/B) 1A/ A - 2mﬂ2 - EHAE. (5.139b2
The equations we haue to saticfy in solving for A, B, C are (3.8, {(3.13-9.13);
however eq 45.14c) does not have to be explicitiy integrated, as this is a
trivial equation (it will be satizsfied automaticaliy i+ all other egquations are
satisfied, because of the censistency of the equations; which we have checked).
Because of (9.8, A4'“= -B"* , which iz given bv (5.18b)} so

a7 B —(B/BY (AR 4 Emﬁi + %FAE (53.15c)
which is a coenseguence of the cther equaticns but whose later csignificance makes
it worth noting.
Finally, we rnote in passing that eqsz ¢3.14d), (3.15z-c) chare a common term wﬁE
which, for maniputation reasong, may be writfen as

2 2
wh = (ASDIE - ﬁEK(ZC Yo, &= (ASBY (CY/C) (XCT/C) + LAS2B) (C7/C)) .
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4 Observational Coordinates for Robertson-lWalker Spacetimes
4.1 Spherically Symmetric Conditions for FLRW Uniuerses_

The wvector e u + K is a spatial vector which points radially cut from C and
is orthagonal to u, Thus any functicn glw,r) is measured by an observer moving
Wwith d4-velocity u to be spatially homogenequs 1f it satisfies the equations

4 + Dg =0 , &g = 0.

The FRL models are characterized within the spherically syvmmetric dust-filled
universes in the previaus section by spatial homogeneity. Thus we add to the
equatione to be saticfied the restriction

4k + DH= g C&.1)
which, with <3.%c), specifies the energy density of matter in the universe s
spatially homogeneous.

By £9.11e} this immediatelly gives the equation

| b= -28dn-R) (&,2a)
for 46, Taking the commutator (3.12) fer ® now gives azn eguation for Dn, which
tan be written in the form
Din-bi= -Zn = b - %K= -4in-8), 14,280
ghowing the <n-bk), which is just the 4luid expansion, is spatially homegenecus.
Applyving the commutator (5.1Z2) now to (n-b> shows
(f+hy (2n+k} = 0. {4.2¢)

The Firet possibility C4+4b)= 0, oqives a concistent solution of the +Field
equaticne. This solution is the Kantowski-Sachs {1744 also zee Collins 1277)
spatially homogeneous anisotropic universe, It cannot be spherically symmetiric
about a worid-line C, +For at the centre of symmetry we must have f->¢ (f is the
divergence of the null ravs centred on €3; this would imply b-’%, which implies
a curvature singularity fas bv is the transverse companent of the fluid expan-

sign>, Thus these spaces do not lie in the class considered (we will not be able
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to satisfr the central conditions {2.11)3.

The second possibility is (2nth)= € , which is just the condition that the
fluid expansion is isatropic {see subsect. 4.3). Applving the operators 4, D to
(Zn+h) now gives & further condition @ 3w+ BA2= 8§, This condition may also be
obtained bv applving the commutator [4,D] to n for isotrepic fluid expansion.
Defining the gquantitiss @, B by

o= 3+ HH, {&.3a)
Bz In+ b, : {4,3b)
we now have o= B= 0. The derivatives of these equations are now identically

satisfied. 0On the other hand the definition (&4.3) and equations (5.11,12) show

that
= q(B-3b)~ 3R, Vb, da0
AR= g+ B{E-2b), (&.4b)
At Du= -gibf), (é.,4C)
Ab+ Dh= -Bib+f), | (&.4d)

The +First two equations show that if B, n are specified on an initial surface
€w=wo} such that a= 8= 0 there, then 4x , AF vanish at all times; and the second
pair <chow that then &« and b, and sc B and n, are spatially homogenecus for an
observer moving with d4-velocity u, We note that

AF + D¥= B - a + 2r, (é.4de)
which, when o= F= @, is non vanishing as anticipated for expansion in the radial
null direction.
The field equations to be satisfied now take the form, wupon wusing eguations
(5.10,11) and (4.3

radial eguations:

Di= 3u- Fib+f)+ Pf- (5.10a")
D= 3wb- afbtf) (5.1067)
Db= -+ b - E(b+f) (5.10c*)
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time derivative eguations:

df= —ig- bt (S.1ta”?

Atd= -3 (S5.11bh7)
2

db= w- b (S.11c”)

Ja= q(E- 3IhdX- 3R £4.4937)

AF= a+ B{B- Zh} (6,4b7)

where OW= 3Bb-fB= —gl, Dn= -%Db= -4n are catisfied avtomatically within the
field equations.
All the equations are now conzistent., The condition a= 0 =P therefore guaranteec
the fluid motion to be geodesic, worticity free, and shear ¥ree <o these are the
gtandard spatially homogeneous and isotropic {FLRW) universe models (Ehlers
1973, Ellis ?73). Hence a spherically symmetric dust filled space~time is a
FLREW universe if and anly if a= F= 0,
4.2 Component Functional Forms

We now aim to integrate the field equations in & gauge independent manner,
i.e, we will not use the remaining coordinate <freedom to cimplify the
integration. Then wher the integration is completed, we will examine the various
possible coordinate chaices that might simplify the metric and solution of the
tield equations. This study proves an indispensible aid in integrating the FLRW
univerces from null ipitial datx, as done in the following section, and so0
provides the bzsis on which we can integrate the perturbed field eguations from
nell initial data for geometries near to those of FLRW universes,

We assume FLRW conditions, that is,

a= B= 0, Lé&.5a)
Aw+ D= 0, All+ D= 0, 4An+ Dn=0, 4ab+ Db=Q, (&,.5b)
4+ Df= Zr (&.5¢c)

First we apply restrictions (4.3) to determine the forme of the dfunctions
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A, B. C. Equations (6.5a) together with (4.1), (5.8) and (5.13) show that

C'/C= B'/B, C/B= 30 (r)/i-k (r)/2).

i.e. condition for isotropy implies that the time rate of change

of C varies in

direct relation to that of B. Thus, there is a function g(r) such that

Cilw,rt= gir} Bilw,r? (46.53)
I (r)= ~BE (elgir) £6.8b)
o v}
Define t(w,r) such that it is a solution of the equation
At+ Dt= 6. <= 1/8) Ot 3w+ (1/B) dt/r= 0, (&.7a)
Then the spatial homogeneity of 6), P, n and b (eq (6.5b)) shows
w= @w(tr, K= #{t), n= ndt), b= bi{t)
But
_ . .- -
@= W srd g Ar) E fw,rd,
where r and t are independent functions (i.e. p(r)= g(t) => both p and g are
constant, by (6.7a)). Hence there are functions a(r), R(t) such that
Béir, )= aird Rot)  adrd= {wD(r}/gatrj}zfs, Rit)= {jfm(t)}lfa f4.7b)
& . 3
W lri= g (ria {r) , W= @it3R (t)= const. (&.7¢c)
Similarly the spatial homogeneity of V (eq (6.5b)) shows that
ﬂo(r)= Mga(r)awir) y M= HCEIR ()= const. (&.8a)
Then (6.6b) becomes
3 W= -BM, té.ob)

Finally, homogeneity of b (eq (6.5b); which is the same as homogeneity of n

due to isotropy condition (6.3b)) and (4.1) shows

-1
(1780w, r0) 5 w= KOty , Kitd= hOtyROty (dROt)Y/dt)

that is, there is a function k(t) such that
£0= 3 8/ 3wz Afw,roHOtED
Now (6.7a) shows that
t'= 9t/3r= ~alr) K(t) R(t) .

The integrability condition guaranteeing consistency of (6.9a,b)
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tr= ot d=) (1AA0a, 1)) AW, r1 r= —alrdkity dR{tY/dt= -a{r)bltIR(LY (&.10a2
which.ia aleo the condition (3.8) when {4.7b), (&.9a) hold. Using (&8.%b) this
can be rewritten as
CIAAGW, MY dAKW,r)sdr= (1/R(L) ) dROtI/dY Bt/or, £é6.10k)
which can now be integraied to show: there ie & function piw) such that
Alw,r)= plwIR(t) (6.11)
Equation <é.7a) can now be rewritten as
(1/7piw)y 3t/0w+ (1/adr)y Ots9r= 0 , (é.12al
which can he integrated to show:
t= iy, 1= [ plwidw-  [atrdar , (4.12b)
where by (4,732 the function 0%} iz related to Kit) by the equation
Kitdy= dt{My dh (1 ROy $a.12¢)
which is consistent with (4.%bJ.
Mext we consider the field equations. First, substituting from (4.4-10) into
£5.148) zhows
K2 CdRC /A0 54 K- ¢ M/DR = 0 (6.13)
the Friedmann equation (cf. eq ©2.21b3) for the FRW universe, where the constant
K is related to the functicns air), gir} by
{ag) - 2= ~Ka' g (6.14)
Secondly¥, substituting into ¢5.14d) shows that
WRd RAdtT ¢ K dkedt dR/DE ¢+ f MAEIR C= 0, (6.1
the FRarchaudhuri equation <c#. eg (2.18a)) for this universze}; differentiating
£6.13) fwith respect to t) shows that (&4.13) is alwavs catisfied when (4.13) is,
provided dR-dt = 0.
Equaticons (3.13a), (5.158b) are identical in view of (&.5a), (&.8ar; ther both
again give {&4.159), Finally (5.14b), affer use of (4,19), reduces to

z 4
ata“’gt a’g’+ ag” - gla’) = -Kga . (6,163
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This equation is identically zatisfied in view of (&.14), Hence from (4.14) and
(&.18) we obtain the eguaticon:

(a”’'/at+ g’ /0)= {a’at g’fg)2+ a’/ala’sa~ g7/q) --1/92 '
which s alwavs satistied when (&.14) and (4.18) are, but due to its

independence of K will onl¥ vield solutions for the case K= Q.

In supmary, when using observational coordinates (3.8} we have a FLRW {(1i.e,
p= 0, isotropic) universe if and oniv if
Alw,r= plwd ROt), Blw,r)= alr} RU{t), Clw,r)= girdalir) ROLD (4,17a)
where t ¢ determined by (4.12b3 § pfwdy, a¢r) and £<¢M are arbkitrary C2
functions subject anly tc the restrictions
piwlx G, alrix 0, dt<M/dN= 0 ; (&,17b)
gir? is determined from aflr) (or vice versa) by eq {(4.14), or equivaltentliy eq
té.14), with the initial conditions
gt= 0, g'(ii= 1 (&,17c)
(so that the central conditions (3.11) are zaticfied}; and R{t) obevs eq (4,132,
or eguivalently (4.15), with kit) determined from 1{1) by egq (&.1Zc». K is an
arbitrary constant, and by 3,100, (&.17a) the metric form is
d5°= RECt) (-p"(wd dule Zplwrair) dw dr+ at(rigi(r) (deo+ sin® 485 ).
Finally proper time ¥ along the fluid flow fines is related to the coordinates

bv the relation

ul= dxlsdr= 1rprIRIEYY 3y Bu

which shows, using (4.%7a}, (&.12¢)

dtsdt= {1/R) dtsdf= kit), (4.18)

4.3 Coordinate Freedom
The remaining coordinate freedom is now easily described :

ta) the +reedom to choose the time coordinate w along the central line C s
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represented by the arbitrarinese of the function ptlwd}

¢(h) the +freedom to choose the radial coordinate r on an initial surface {w=wo}
is represented by the arbitrarinese of the function afr);

¢fcy the +freedom to choose the spatially homogeneous time Function t iz
represented by the arbitrarinesec of the function t(M),

The eniy¥ restrictiones are that there be C2 funciens satisfrving $4.17b).

lHe can nmow examine various ccordinate choices and their consequences. There
are two kKinds of choices one can maKe; we lcoK at theze in turn.

The first Wind rests on aptimal choice of the coordinate 0 in an initial
surface {N=WD} to simplify observational relations, The preferred such choice
is
(i) Chooss r=r_» the ares distance. B8v (3.12b) and €4.173) this is achieved b
setting

P=COW_r) <= alr)= rg_lirhﬁ_litiwo,r)) (6.19a)
with t giver by (&4.12b), and suitable cheoices of plwd, t£M). Three problems
arise: (i) because of the indirect determination of t via air) (cee {8.12b)3,
solving vé6.1%a) for air) is mon—-trivialy (iid as air) will then be nor-trivial,
solving <&,14) or (6,140 4or gir) will be difficult; (iiti) although r will Le
the area distance on {W=WG}, this relation will not be preserved in an expanding
universe, because r ic a fluid comoving coordinate. Thus r will have no ebvious
meaning for general values of w.

(2) Simitarty, one can set r=z, the redshift, By ¢3.12a) and té.17a) this is
achieved by setting

F= ﬁ(wo,ﬂ}fﬁ(wo,r)— 1 {=% r= R{tiwn,a))JR(t(wo,r))—l (&4.19b)
which impiies a suwitable choice of aird fi.e. air) is given by (4.1%a,b3); thie

suffers from the same problems (i2-£iii) as the previous choice,
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{3 0DOne canh choose to make r aﬁ atfine parameter ¥ on the initiat surface
{w=wn}; thie is achirved by setting

A(wu,r} B(wn,r)= 1 {=% alp)= p_I(wU)RHE(t(wO,r)). {4.19¢)
The same praoblems (i3~{iii} arise in this case too.

The second Kind of choice strives to simpiify the relatione between the
functions A,B,C directly by cuitable choice of r. Three clearly cuitable choices
arise:

(4) Set atry=1, corresponding to choice of r as a comoving distance paremeter in
the surfaces (1= const). Then we can chogse plw) to set

Atw,ri= Blw,r) (=) air)= |}

H

péw) {&,20a)
(3) Set giri=!, corresponding o choice of comoving isothermal coordinates. Then
Blw,r)= Clw,r) <=) giri= 1 (6.20b)
In this caes, (4.14) is solved for atlr) instead of gir}.
(43 Set giryadir)=r, corresponding to choice of r as a comoving area coordinate,
Then
Clw,rd= rREEY <=3 alr)= rg  r) (6.20¢)

The respective line element ¥or chaices (4r~{4&) are:

4y 65 = R (w-r) {-dw + Zdwdr+ - cp) dit)
(5) d5%= R¥tw-ry (-p° dw'+ 2apdudr+ a dn’)

2 z2 z 2 2 2
Lé)s d5 = R fw-r) (~p dw + 2pr/g dwdr+ r di) 3

where unit sphere is dn’= d92+ sinza d@z.

4,4 Coordinate Choice and Observable Ruantities

Choices £dy-04) correspond  to the standard three choices of radial
coordinates in FLRW universe models <cge e.q. Rindler 17693 ¢f. subsect 2.3,
al! can be completed eacily. UWe choose choice $4), which leads to slightly
gsimpier Ffunctional forme than the others falthough it has the disadvantage of

requiring different functions for K pocitive, negative, and zero?,
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Our simplest observational coordinate choice then is implemented as follows.
I+ Kx 0, rezscale R(t) to et K= {-1, &, +1} (cf. subsect. 2.4).-Then set
plwd= 1, a(r)= t, t{Ni= 10 =} t= w-r, (&8.213)
We thern have
Alw,rd= R(LY, Blw,rd= R{ty, Clw,rd= gir) ROt), (4.21b3
and K{t)= 1/R{t) by {&6.1%c)}; where {&.14) or {(4.14) shows
g{rd= tginhr, #, sinry if K= -1, 0, +1) (&4.21c)
respectively fcf. (2.22cd), The remaining field eguation 714.13} then takes the
form
7 CaR/gh T K- (M/aRI= B, (4,222
which mav easily be integrated in terms of the parameter t which ie related to
propar time T along the filuid flow lines by the relation {4.18) (gee (2.27h)):
7= [Ritidt, (4,22b)
For zimplicity we shall here only give details for the cases K= +1; the other
two cases (K= 0 and K= -1) will be tabulated below; where results are identical
for all 3 cases it will beg noted <o. Then the solutions are
Retr= Gofi—cugt}, (6,23al
T t= Gmitwsint), 14.23b)
where the integration constants are chosen so that R{O)= 0 = T(0); that is, the

origin of the universe iz at the origin of both coordinate time t and proper

time T. Evaluvating from these equations HD and q_ at the present time tD, we
find
H=R" dR/dt| = ¢@ > 'sin t (1-cost ) "
o~ o ‘Hg? FIR EptlTrast !
= (1/RVERAAT | (/M Si=  (i-cost dsin t
CID-_- L 1SR & a o 1= L DEH'I ol
go inverting,
. . %
= - = - 2
CDEtB (] qB)/qD, Elntn \qu 1 fqo ) (&.24a)
=1 —8/2 .
@=<H ) a <2q_-1) . {4.24h)
i 0 o' o
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These show that

-1 — ;
= Iy = -1 .
RD_ R‘to) uHO} (2q0 1y 7, {4.24¢c)
= ¢ - i 2
tD are cosdii=q )/g.0 (&, 24d)
) %
T = = : - Y- 2 -
o Tutn) GD farc coestdl qO)/qD. {24, 12 ch} ,
are the present values of R, t, .T respectively; these are all unique as we
have normalized away all significant coordinate freedom.
Finally, because A= 0 (see (2.28b)),
= &H 2 ‘&.25a)
o o qo, 16,498
relates the energy density and 9, =0
a 2 3
B=f (1+z7 = @&H_ aq l+z) £4.,23b)
o o a

thie is the same for all  three cases,

The observable quantities in all three cases in these universes follow from
(3.12) and the above results. we wish to have these both in terms of the
coordinate r, and in observational terms. Ideally we would give them in terms of
ro, but determining z(ro) seems difficult. Therefore as a second best we express
them in terms of z.

et an observer at fime W, Measure properties of a galaxy situated at
coordinate distange r. Then the ocbzervation ic mads at time tD: W, and the
galaxy emits the light observed at time

t0= woer =t =0, (6,28)
where to is given by (&4.24d). By {3.12a), ¢6.17b) and {&.24c) the redshift z is
given by

i+ 2(ry= ({2q_~1)/q) (1-cos#) (é.27a)
Thig vields the consistency check, z(0)= 0., From this we find

dz/dr= ((2q_-13/q_ )sind<1-coss) (6.27h)
By (3.12b) the area distance is

rﬁ(r)= Goainr(l—cos¢). (4.287

Im terms of z, eliminating r fram 28.27b), (4.28) by use of (5.27a) we find
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) wl
drizd/dz= {420 _-1)/¢2q_z+1))(142) (6.29a)
Pogz)= Ho g o 01+20700q 24 (1-q 3¢1- ¢2q z¢ 1973 (4.29b)
0 a] G ' e 87" R )
or
2 z
z B+ 2(2B-q (- = =1-
QD.+ HiA-1)+ B=0, B PDHDqD s ¥=1 qD
and
dr_(z)/dz=(H_q_ " (142) 37" (3q -2-q z+ x(3q_z+2-q )/(142g 2>
o’ o'g a <7 lg UpIT2™l, Gg%? -
Clearly, z may not be expressed as a function of r o in a simple manner. We note
(see Ellis et al. 1985) that in RW, r_ s not a monotonic function; and in
spherically symmetric spacetimes the redshift is not monotonic (Ellis et al.
1978). Also (3.12) and (6.25b) show
M tz)= 6H q (1423 12q.z+¢11 0 (6.29C)
o " o°C + hely Tt i
we shall now summarize the results for the three curvature cases K= (+1,0,-1).

upon examination of the results one finds certain terms which repeatedly

occur, for each case; these terms are therefore defined for convenience as

follows

M

% £4.30)

x= 1-q_, D= {+z, Bz r_Hq ', &

o0, (2quz+1)

Further, these are terms which recur but change from case to case systematically
(e.g. Misner et al. 1973 recognize these changes for cases K= +1).
TABLE |

Recurring terms for K= (41, 0, -1}

K= +1 K= -1 K= 10 Kigeneral}
c=t2q_-1)" C_=t1-2q )" t /2 COKO
p=1-cos hzcoshd -1 Y- 209)
g=cind g_=sinhy J Qlé)
mscosﬁltquo} m“zcnsh_lﬁquo) -

Ccolumn 4 thus defines a general term for all three cases. we 1list the results
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in terms of these parameters below (for a more expanded tabulation and

examination of the general curvature case see chapter 7).

TABLE 2

Obervable Quantities

K=_+1 K= -1 K= 0 Kigeneral)
QD i <Y =4
costhlt %/ 0 -
o fa}
sinthit B C S -
RAT IV C_/q,
-1 3 -1 -3 -1 3 3
% H (KD
GD H qGC HG qDC_ Hcl 4.1 5 GJC
P 2% =i L1 =
R H C H G H 27t H oK)
o a] ] = o a
-1_<1.1/3
{ )
tD m m_ (4H DD )
= = -1 _ -3
T aH C «m a H C {—m 2/ 3H
n] oo o Q - - 0
‘quoj +L_IqG)
t+z¢r) | Cvq p”) cCratn™' 128" CCKI/(q 2¢0))
ZL: ¥ qu 9 qD A AR »qcl-.». X
2 -z 2 -2 2 2 z 0
z/ C ./ ; 2t/ C (K0 200D
dz/dr L /g ap C_ q,9.h t /¢ L
=1, g =1 .. % %
r w-cos ({z+cosw)|w-cosh {(z t({D"-12/D"1
AD) +cosw) A D)
z
ir. .' S i /2 @ ey i)
rytr Gaslnr P DoblﬁhP h 00r¢ odtr? & b
-1 -2 -2 =1 =2 %
[§-B)] { +¥ 01 -5 =D
F Hc| a, D 9,2 Xi1-422 EHG D <{D-D
M (z) H q oA~ 3H p"
o' SR "o
z
z(r) z B+ zEEB—qD)+ ®iA-12+ B= 0
dr_/dz (H g D™ ((3q -2 Y+ 2¢H Dy T eD-3/2D0)
o g2 ‘Had, ) 9,729,z oD {D-3/2D "3
+303q z+2-q 08 3
Gp2te qo‘g

Thece are the obcservational relations needed in the next chapter.

Finally, it is apparent that the FLRW universes and their cobcervaticnal

n
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relations are complex in these observational coordinates. Do there exist other
coordinates than those considered above, that will simplify the situation?

There are two main possibilities. First, a new time coordinate w may be
considered which defines the past light cone when w=w°, but then measures
proper time along the fluid flow lines (see e.g. Bondi 1947 as examined in
chapter 8). Thus w does not define a null surface almost always, so while
simplifying one metric component, another (the magnitude of the gradient of w)
will appear; in addition, the direct interaction with the observations is then
lost.

Secondly, a coordinate r that is geometrically meaningful (e.g. an area
distance) can be considered, but such a coordinate is not fluid comoving . The
4-velocity u will have as a consequence a second non-zero component and the
relation of fluid expansion to coordinate or rotation coefficients will be
complicated.

It is concluded that although it is possible that one of the alternatives
might be a better choice of coordinates, it is believed that the difficulties
encountered are intrinsic to the way in which the light cone relates to spatial
homogeneity. Other choices suffer from the non invertibility of relation
(6.29) to obtain the explicit expresssion for z=z(r0) (see table for
quartic expression of z(r,)), in order to rewrite the observational relations in
terms of r intead of z. As such our present notion is that the coordinates used

here are the simplest.
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7 Integration of FLRW Universes for Observational Data
7.1 Integration Scheme

The field equations for spherically symmetric dust, the optimal observational
coordinate choice for FLRW universes, and observational relations in those
universes have now been established. Our objective now is to construct the
universes from observational data, i.e. we seek to integrate explicitly the dust
equations on the past light cone utilizing FLRW initial data.

We pursue the integration from observational data first along the light cone
(the radial equations) and then off the light cone (the propagation equations).
The optimal coordinate choice, as discussed in the previous chapter, is attained
by choosing the radial coordinate r such that B initially satisfies B (wg,r).=
.T); and the time coordinate w such that A satisfies A(w,0)= B(w,0) on the
central world 1line C. These initial conditions will result in A(w,r)= B(w,r)
everywhere, so regaining the optimal coordinates discussed above.

The observational quantities are ﬁ(wu,r), determined by the redshift z <(see
{3.123) 3 C(wo,r}, which ie the area distance rD(z) {gee (3.12b2>; and Moiz),
the mass function derived +rom number counts {see (2.12d)). The basic

integration scheme applies to abl three curvature cases and iec as follows:

Radial Integration
(a) integrate eguation ¢3.14b>, the Mull Raychaudhuri Equaticon, down the initial
nuil  cone {w= w ) to determine z(r) there from the observable relations r (23,

Mo(z). Then <cubstitute from 2(r) to re-express the observational relations in

terms of r instead of z.

{b) calculate 8’(w0,r) from equation {5.8}.

{c) integrats equation (5.!4d> down the initial null cone to determine C'i{w_,r).
o

{d) evaluate wD(rJ from equation (S.1das.

34



Time Integration
Integrate the system of equations (5.15) off the initial null cone,
(e) determining co and V from equations (5.13).
(f) determining A'(w,r) by integrating (5.15c) from the central line C down
successive 1ight cones.
(g) integrating (5.15a) and (5.15b), which determine C" and 8" respectively,
along the matter world lines.
Essentially, we know
{4, &7, B, B, B, C, &", C"°, w_cra, HO(P)}
on each null cone {w= w ¥; this is sufficient to determine the same set of
quantitiez on the next null cone {w= w,}, <o enabling us to determine the

sclution stepuwise off {w= wo}.

One should note here that in principle we do not have sufficient data to
carry out this integration to the future, as incoming gravitational waves could
destroy the spherical symmetry. However as long as spherical symmetry remains,
we do indeed have sufficient data to make this prediction. Thus our procedure
implicitly assumes the no-interfesence condition: incoming data to the future of
the past light cone (w= w,) does not destroy the spherical symmetry of the

spacetime.

The Robertson-Walker initial data on the past light cone (w= w,)] are the
ro(z) and Mo(z) relations given in equations (6.29b,c). Our task is to construct
the FLRW universes from that data. (Nel 1980, Integrated the radial equations
in the Newman-Penrose formalism, and hence showed that this initial data would
indeed give a FLRW universe. However he did not carry out the time integration;

this would have been difficult using the NP formalism, based on null directions

only) .
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7.2 Radial Integration
STEP 1: The Null Raychaudhuri Equation
(a) The first step (as in the integration carried out by Nel 1980) is to
integrate equation(5.14b) to determine z(r). We assume r o, (z) and M, (z) are known
from astronomical measurements; then
R - I ; A z 2 - 2 ;o
(rﬂ} = drofd- 20y 2= d rD/dz (z') + drofdz z .
where, as before, ‘= 0 gfdr. By our coordinate choice, on the initial surface,
Alw_,ri= Blu_,r) =3 &7 (w_,ri= B (w_,rd.,
o 0 e} 0
Using these results and equations (3,12, (5.14b) can be rewritfen
z 2 -1 z
{dr /dz} z"+ {d r_rAdz + Z2¢i+22 dr _Adzi{z’) = -{A _/2(p /Cl4z2)M (20327
o o a o o 0
= - s - ¢ ;
BQOI‘LqO 1} .1+z)rD
where ﬁuz ﬁ(wo,ﬂ}. This equation may be shown to result in the exprecsion
{4£,2%0% obtained for P Rewriting thizs as
. £
diz" dr /dz {142} A dr = -8A r $1+7)M <23 dz/dr,
2 g a o
opne can integrate, using the central cenditions dC/dr|G= B]o= Q]D, to obtain
-1 -2
s = { Adz) L 1+z2 - T R .12
dz/dr = A_(dr_sd2)7 (14207 1= % [ (t42de (2)M (2) do) (7.1
where we ijet
I = [ % (t+2)r (2XM (23 dz
a o a
using T&.27b,c) s hence
) 4 2 3
I = 2[1-tdr_/dz){1+2q z) H q (i+z) 1]
a 0 oo
i.e. the completed integral is of the form dz/dr= g{z}. One then integrates
dr/dz= 1/0¢2z) to determine piz) with r(0)= 0, and finally inverts ri{z) to #find

zir),

Upto now the integration was general. For illustrative purposes we now pursue
the case K= +1 only; a summary of all three curvature cases will follow there-
after. In the case of FLRW initial data substituting for r(z) and M (z) into

o

(7.1) from (6.29b,c), setting A,= R, given by (6.24c), and integrating yields
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dzsdr= ﬂ1+z)(1+2quz)%(2qo—1)_g. (7.2)
But this is the same as (&.2%aY; one can therefore integrate to obtain the z(r3
refation (&.27a) in the cacse 2q0} 1. Thus,

%

. -1 &, - L Ay %
1A - - - - ')‘,"(I: _— -
rz) 2tan [(2q 1) I\(1+hq zZ) 1] (Eq 1)+ (1+:.q0~) 3]

2 _.I

2(r)= {1/2q_)[(2q ~1)tan (P+4r(z))=11 , tan¥= (2q _-1) k
Then one can zsubstitute thie result into PD(Z) ta obtain (4.283, Now (3.{2a,b)

show
s3I i S "] - J= i 3 ]
é(wo,r} Biw ) GD£1 cosbir= R(§) {7 .3a)
Clw_,p)= 8 siny (l-cozfld= g{r) R{(M (7.3b)
o o
_ e S % T , ) 4 ) S AP

where &D— H, a,i2g,-1) (cee {&.24b)) and ¢ tD r ftgee (4.26)). Also

(4.25b) and (5.13a) together with (&.273), (&.27b) show

z
f {p3= S _cinr
] o

s 4 s s (7.3c0)
= Biw_,ri= &/(G_ (l-costd D= &H g _(1+z)
o a G 0
STEP 2: The Qther Radial Equations
(b} Equation ©7.3a) immediately qives ﬁ’(we,r), g0 £3.9) gives B'two,r):
" 1= i (7.4a)
B Wl G05|n¢ 4a

Cey After some manipulation, remembering that #’= -1 {eq {é6.21a)), and applving
77.3a,b), eguation ¢5.14d) can ke rewritten in the farm
{C'sinr¢i-cas$) )= O_(sin r sind {1-cosdd}’.
With the initial conditions ©3.113, C° D=ﬂ, thiz integrates toc give
C'(wn,r)= @ sinr cing (7.4b)

Thie ic consicstent with (7.3bk). Equations (7.4a,b) imply

£'/C = {sind /il-cosddi= BB (7.40)
showing that the fluid expansion ig izotropic on (W= wﬂ}. That is, the guantity
B f{zee (4.35)) is initially zero {iff C'/0= B'/B, which is identically satisfied
here)d,

(d) Finally equation ¢5.1d4a) ic now easily evaluated to give
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.3
W ir¥= -G sin r
o] o]

R e (7.44>
Wiw_,ri= -17¢0_ (1-cos®) ?
o' a
2 8
= ~H_ g _(1+z23
o o
which is consistent with (6.27a). Comparing with (7.3c) and (6.7), (6.8) shows

that the quantity a (see eq (4.3a)) is initially zero. This 1is consistent with

the integration carried but in (6.22a) resulting in

G = Mé (7.4e>

Lo
Thus , as both a and P vanish initially, the observational data has uniquely
determined that the spacetime is initially a FLRW spacetime (see eqs (6.4); and

cf. Nel 1980).
Eq (5.14c) is now automatically satisfied, providing a check on our result, i.e.

2
(0 = -30 sing cosr.

7.3 Time Integration

Step 3: Time Integration

(e) Substituting for w,, g, one can write (5.15a,b) in the form
§'= (A - B'SE - C'/Cu + (BGDEinerEC_S)v,

v= (C/BIU,

I

where u= £'/C - B°/B, w= (C/B}- sinr, The unique sclution such that wu=v=0

initialiy is v =v 0. Thus we hawve
Ciw,r)= sinp Bliw,r) £7.32a)
(this is v= 0, which then implies u= 0). The initial isotropy of the expansion
(7.4c) and relation between B and C (determined by (5.3)) guarantee that both
these relations hold at all times. Then we have
{C'/C= B"/BY =» {L"'/A = B "/B} =} {3m0= Mﬂoginr} 1 7,5b)
everywhere (the last following from (5.15)) since (C' '/C - B"/B)= W: r; u+ A-a

which is just the statement:

xiw,rr= Eiw,rd= D (7.3¢)
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~gur previous characterization of FLRW models <see ¢6.3,4)).
$£) From (5.15¢ct and (5.14d) we can obtain the equations

p’= B's+ A°SA p - waBg,

pP=q°,

where p= B'-A', q= B-A, == B'/B-A"/&. Now our boundary conditions set p=g=¢=0 on
{w= wo} and on ¢{r=03}. Thus for all three casec the sclution for iszotrepy is p =
q= == 0 everywhere: Afw,r¥= Biw,r), Now ©5.8) chows Atw,r) te a functicn only of
{(w-r), Calling this function Riw-r), we have

#Aiw,rd= Blw,r?= Riw-rl. (2,42

(g) Finally eg (3.15b} can be integrated with the inttial conditions (7.3) te
obtain
A, ri= Blw,r)= Guil—cosiw—r)), (?.7a)
Clw,ri= Gasinr {l=sin{w-rl}, (7.7b)
which is in agreement with <7.4a2,0).
Thus we have regaiped the solutions of chapter &, given in the optimal

coordinates, bv our integration from datz on and off the Tighi cone.

7.4 Summary of Observational Buantities

lie summarize the recsults of the integrativn procedure for &3] three cases.
Upon examination of {he results, the same recurring edMpressions appear as in
subcect., 4.4 feee table 13, In addition, we find that a potential £(4) exists,
given by

+1 1- coed sing ]» Jcas¢
K =<-1 = &idd=<-1+ coshe p=3 &7{d)=4sinh¢ "= Qid) =) E/7()={coshe (7.Ba)
9 022 s J

y

where gi9} is ac defined in (&.1%c). Further, for K= {+1, -1, 82},



tand
tanid)= 4 tanh¥ = £/ {35877 () (7.8b)

9
and recall CiK? as defined in table {4y and as given, for K= +1, by eq {(&.24a)
frem which C= Goeint, 5 similarly, C = g sinht (for K= -1), t /2= %t (for
k=0). Hence

CORI= g 876t 0= g qit) £7.8c)

e can therefore rewrite a3}l the observabhle guantities in terms of the potential
function €. The results for the general case are tabulated below {cee Appendix
IT #or a full Jist of results for individual cases K= {+t, -1, 033. The +uncticn
£ is, by (7.3a) and {4.23)

L{pi= Eﬂ@)f&a {7.9)
which is as anticipated, =ince the thermodvnamic state along the flow lines of a
perfect fluid is determined (for 2 given equation of stated by the average
length, which we have normalized to be Ri%), alene (Ellie 19715 c+. =csubsect

2.3!5)!
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Observational Results for the General Case K, in terms of a Potential £(9)
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8 General Spherically Symmetric Integration
8.1 Existance of a Potential and Resulting Field Equations

The general scheme of integration laid out in section 5 will hold for any
spherically symmetric dust model, as well as FLRW universes. In particular, the
coordinate conditions imposed (setting A = B initially) can be retained, and eq
(7.1) can then be used to determine the relation between z and a distance
parameter r which will turn out to be the FRW parameter r used in chapter 7,
should the universe be a FLRW universe.

However there is a very elegant integration of these universes laid out by
Bondi (1947), following earlier work by Tolman (1934), Oppenheimer, and others,
in which the integration in standard coordinates is greatly simplified by the
existence of a potential U. We seek to find in a natural way a similar quantity
in our observational coordinates for these spaces. It is indeed possible, as

will now be demonstrated.

The key feature is that either by eliminating to from (5.14d), (5.15a) and
integrating, or directly by inspection of (5.14c), there is a function W(r) such
that

Wird= C°/8 + C’'7B (8,1)
This 1is analogous to Bondi's eq (21). The existance of such a potential is a
consequence of the field equations (5.3) (for verification see Appendix in
Bondi's paper). Substituting into (5.14c) shows
= - )] ] .72
EL'iD Cr &UG(P.N(P. (8.2a)
which integrates to give
W (o= =% [ R el dr. (8.2b)
Also substituting (8.1) into (5.14a) gives
2 2 . 2
B r/t= G (r) - 12/2 - % {C") /4 , (8.3}

as required by (5.14b) and which also satisfies (5.15b,c), and supplies us with
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the equaticon of motionj i.e. the time evolution of C ie governed by a "Friedmapn
equation” with wu as the mass term and (HE—I) az the curvature term; this form
of the equation shows how the relativistic mass iz aftected by the tota! energy
through  the curvature. €8.2) and (8.3) together are the analogues of Bondi‘s
equation (Z2). Taking the radial derivative of (8.1) shows

W {ri= 0" /7AX(B /A) - (17000042 4 @ BsCY. (8.4)
Finally, the geodesic conditiaon (5.8 will hold;

E* + A" = 4§, (8.9
as it is implemented in {(5.14b) and (3.135c). Thus (8,1,2) satisfy (5.14d>,
(3.13a> and (S.l4c?; (5.1dald is satisfied by (8.1>) the radial derivative of
{8.1) gives 18.4), and (8.5 holds.

be proceed to  tabulate Wir) for the coordinate choice investigated

previously., For K= {+{, -1, &3},

Cosr 1
Wir)= €% + C°/B =< coshr p= g’(r? 8.17)
|
! )l
2
sin © Ccosr
. 2 . et
wo \r)= —Eﬂoﬂr)w{r)= “JGD' zinh coshr ¥ (8.2a’)
2
r
oz
sin r
3
W (rd= =% [ B {pdWer) dr = -@_ < sinh r 18.2b7)
o o o
3
r J
2 2 2 2
[mss= “‘a] = [CURVATURE= W' - 1} —[R' /R =H_ ] (8.3")
TERM L TERM
2 ) ) L 2 2
WO(PJJC = iy ey =122 - BTy SA
sin r/il-cos#) = —sip rs2 - ¥{{sinr sin®}/%1-cosdd) LK= +1)
sinh r/i-1+coshd) = sinh r/2 — K({sinhr sinhdd/(-1+cochd)s (k= -1)
2 z 2 2
r SLE S22 = ) - AirdSd S22 (K= 0



(é%nr

W erd= 4sinhr (8.47)

-§= sinhriizinhrl = Wir) girl
LU LS N
B + a‘= 0 (8.5%)

Geometrical Interpretation of W(r)
W(r) represents the total energy density and related to the curvature of 3-space
as shown in eq (8.3). In addition, W(r) is also the ratio of effective to
invariant mass
By (8.1), 4(0)= 1 for all three curvature cases as required by the central
conditions (3.11), and since C'(w,0) = 0. However, at r 0 the three cases
differ:
(a) for K=0, W(r) remains unity in accordance with flat 3-space;
(b) for K= +1, W(r) is symmetric about the central observer as required by
spherical symmetry, but
(i) for K= -1 bound by a lower limit 1 with no upper limit,
(1i) for K= +1 bound by an upper limit 1 and lower limit -1.
Cases (i) and (ii) are sympathetic with eq (41) of Bondi (eq (26) of the same
paper defines the dynamic equation with reversed sign notation).
The sign of W therefore)differentiates one curvature case from another; 1i.e.
+1 {8
K=< 0 =3 Wirx0)< =0

~1

Lol
Lt

Further, since C'(w,r) is a continuous function, then W must be continuous and

hence cannot change sign without vanishing at some r. Examining eq (8.1) it is
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clear that such a change of sign occurs only for positive curvature case. In
Bondi's coordinate system w= O represents an impenetrable barrier, since ds‘:
(see metric. eq (1) and definition of w(r), eq (33) of Bondi) for any dr.
However, in our coordinate system, for K= +1 both A and B are bound
(t= r + W 2@62 A= B 2 O it =r)

Hence it is deduced that w= O corresponds to C' + C'= 0, which by the geodesic
flow condition (8.5) implies g/(r)= cosr. To determine the physical condition
this corresponds to, we examine the commutator coefficients (2.1) and rotation
coefficients (2.4) and find

= (0 {=> C tb+fy = 0, =3 {h+f)= 04, t R ; C= 0, t= %2,
1t can be shown that (b+4)= 0 for all real values of t including t= A/2, when

C=0. Thus (b+f)= 0 is the solution for all t. But this is just the

arguments as in subsect. 6.1 therefore follow showing that such a solution
cannot be spherically symmetric about a world T1ine C and is therefore excluded
from the set of solutions required here. i.e. for K= +1

W{r)= cosr , r* E W2 , E= 1, 3 4
where E can take on only the integral values indicated since r runs only from O
to 21t if K= 1 (cf. subsect. 2.5). So w(r) can change sign approaching r= E1/2
from below or above excluding this value. The set of solutions for all three

cases is now satisfied everywhere for spherical symmetry, without ambiguity.

we note that by (7.3a) and the geodesic flow eq (8.5), w(r) as given by (8.1)
is independent of the component functions A or B and depends entirely on the
first derivative of the function g(r) (as given by (6.21c)).

Eqs (8.2a',b’) provide a consistency check with 'previous results (see Table 2)
as well as verifying that the energy density G(v,r) is that given by (6.25).

Eqs (8.3') reinstate the curvature for each case while (8.4') sheds 1light on the
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relation between the curvature term and the function g(r) explored previously
(see (6.21c)), related by the first derivative of W(r).
Further, W(r) is, by (7.9),
Wir)= R”{r)/GD
which shows how R(r) is introduced into egs (8.1-4), as stipulated by the

Friedmann eq (8.3) with W, (r) as given by (8.2Db).

To summarize, W(e¢) may be determined for geodesic fluid flow (obeying (8.5))
by
i) the function glrd, t.e, Wirl= g'ir’ ; wi(r)— 1= W {r) gird, the Tatter
evaluating simultanecusly the curvature 1ferm where ogfrl= R’ﬁr)fuo ; or
atternatively
(ii) the Friedmann eq (8.3) for a given mass term and known component functions.
We note that the second alternative requires knowledge of the resulting
functions A, B and C after integration of the Friedmann equation as demonstrated
in chapter 6, and their derivatives (cf. egs (29), (30) Bondi). However, the

first method is independent of their form and therefore requires only the

appropriate coordinate choice determining g(e).

8.2 Verification of Field Equations
We row have therefore a set of equations based on 14 (r) which guarantee that
all the Einstein field equations are satisfied. We shall prove this in the rest

of this section.

First, we define a set of quantities E,; (w,r) by the following relations:

Ey= 0 (r)/C7 + 1702071 - (CT/ACI(CI/BD) - KC/BDYY, (8,60
2
Eg= C77/C = (C7/CI(A'/A + B7/B) + MBI /T, (8.40)
E,= 0 7 + 4K _{C'/A + C7/B), (8.4c)
Q . a
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Eg= C7//C - (B'/BY(C'/C) + 0 pB/E (8.6
Eg= C77/C = (C/0IA/A) - wa /T, (8.4e)

' & E <
EE= g''AB - {B'/BYASAay v A+ %#Dﬁ /BL P8.4%)

and the quantity G(w,r) by
G= B" + &, (8.7)
Then, from chapter 5, Einstein's equations hold for a spherically symmetric

dust-filled space-time if and only if
E,= E,= E;= E,= E,= E.= G = 0. (8.8

Next, we define a set of quantities Fs(w,r) by the following relations:

Fi= Wr) - C'/A ~ C°/B, (8.9a)
Fa= _(ro/C - G (ry —10/2 + $CED 7, (.98
Fa= W/ Cr) = (C/A)(B7/A) + (1/CHCH /2 + 0 B/T), (8.9¢)
Fam W 7(r) + BE_COIWCRD | (8.9d)

then the relations (8.1) to (8.4). defined at the beginning of this chapter hold

if and only if

The following set of algebraic and differential identities between these
quantities follow from the definitions above:

Time derivative equations:

F, + (C'/8 + C/BIF, + %(F ) = CE, (8.10a)

Fy = (M_/2IF = E;, (8.10b)
(F3'= ~(C/A)E, - (C/BIE,, (8.10¢)
(F1'= (L C/ATIE,, (8.10d)
(F)'= ~(B' /&) (C/ME, - (C°/A)(B/AIE,. (8.10e)



Radial derivative equations:
2
iFi27 - Fo= -(&/ANE, - (C/BYE, + GI(C/AY - C'/AB), (8.10¢f>

2 Z 2
(Fp)7 = C1/CIF, + WF, + (C'B'/A - 0 B/C ¥F,= (CCT/M DE, = ({C) /A B, (3.109)

One can immediately see that (F,= 0) =) (E.= 0) (by (6.10d)), so

from (8.10c,d); then <8.10g) shows

It

(Fi= F,= F,= G =0)=> {Fg= 0},

Now the remaining equations easily show

03 =) (E,= E,= E,= E,= Eg= E,= 07.

la)
n
1
-m
o)
H
n
l
o
Il

Thus we see that

Fy= F,= F,= G = 0} =) {Eguations {8.8) hold}. 13.11)
That s, if in a spherically symmetric dust-filled space-time described in

observational coordinates,
(a) the geodesic condition (8.5) holds:
B" + &8 =0 3
(b) equation (8.1) defines a quantity w(r)
Wir) = C°/8 + C°/B 3
and
(c) the time evolution of C (w,r) is governed by the Friedmann Equation (8.3):
W (r)/C = (0 er) —1372 - KLY,
where the mase term wo(r) iz given b¥ the inteéral (8.2b):
WD(P) = -5/ ﬂD(r)u(r} dr i
then

equation (8.4) 1is identically true, and all the field equations are satisfied.
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9 summary of Conclusions to Part I

We have examined in detail general spherically symmetric and FLRW integration
of Einstein's field equations. These are directly related to observable
quantities for a perfect pressureless fluid and based on observational
coordinates as well as a fluid-ray tetrad.

The condition for a geodesic fluid flow and fluid isotropic expansion were
determined. FLRW models, characterized within the spherically symmetric dust
filled universes by spatial homogeneity, were explored and the conditions for
their existence determined.

The relation between observational functions was investigated and determined
using observational coordinates for FLRW universe. The coordinate freedom was
studied and various coordinate choices probed, establishing the simplest
observational coordinate choice, resulting in three curvature cases. A general
curvature case was developed encompassing all three curvature possibilities and
determining the variation in terms, from one case to another (including the case
K= 0).

Integration determined explicitly the observable quantities in terms of the
Hubble constant, deceleration parameter and the redshift. It was concluded that
the area distance- redshift relation is generally nontrivial. The complication
encountered here is due to the nonsimple manner in which the light cone relates
to spatial homogeneity.

Integration on (the radial equations) and off (the propagation equations) the
light cone, using the optimal coordinate choice for FLRW universes and
observational relations in those universes, regained and verified the previous
solutions. The general curvature case was expanded and determined. It was found
that there exists a function g($) generating all the observational quantities ;

this function is the scaled radius of the universe.
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The general spherically symmetric scheme of integration determined a function
W(r) analogous to that found by Bondi. The function was determined in terms of
observational quantities previously established; its general form was found and
it was concluded that for a given coordinate choice and under conditions of
geodesic fluid flow such a function depends only on the first derivative of the
curvature function g(r) or the second derivative of the radius of the universe
R(r). It was then proved that the Einstein field equations in this case are

satisfied.

The procedure employed requires an extension to fluids with nonvanishing
pressure and the resulting observational quantities. Can the integration be

performed in this case and does it result in consistency as in the current case?

The work carried out here seeks to prove the uniqueness of the solutions of
the field equations, and naturally leads to the question of stability of these
solutions; it thus forms the basis to examination on axially symmetric and

general perturbations about FLRW univeres.
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10 Introduction to Part II

One of the major goals of relativistic cosmology, is the determination of the
deceleration parameter g, characterizing a 'best fit' Friedmann-LeMaitre-
Robertson-Walker (FLRW) cosmological model of the universe (Sandage 1961,
1968). Observations of the deceleration of the redshift rate can in principle
give the energy content of the universe, and we can obtain the components of the
metric tensor by observations. Evaluation of g,, for a given equation of state,
will lead to a determination of the spatial curvature k/Ro,2? of FLRW universe
models, where k is the sign of this curvature. If k=+1 the universe will of
necessity be spatially closed and will have a finite future history ahead of it,
recollapsing to a singularity in the future; while for k=0 or -1, its natural
topology will be open (it will be "spatially infinite") and it will expand
forever. However, the value of g, has remained elusive despite tremendeous
effort put into the search (see e.g. Gunn 1978, Tammann et al. 1980, Sandage et
al. 1982), because of the many observational problems and the difficulties
caused by the unsolved question of the nature and amount of galactic evolution
(see e.g. R. Ellis 1983, Ostriker 1978, Freeman 1981, Norman 1983). Best current
limits from direct observations of distant galaxies are in the range 0.1g o 1.

This issue has acquired a new interest in recent years because the currently
popular "inflationary universe" scenario strongly suggests the "naturalness" of
k=0 presently (i.e. an Einstein-de Sitter universe model; see Guth 1981, Linde
1982, Albrecht et al. 1982) and therefore makes a definite prediction about g o
to explain formation of galaxies and clusters of galaxies, an initial matter
density and metric tensor fluctuation is invoked resulting in g o value lying
within better than one part in 104 of the critical value. However, all current
astrophysical estimates indicate that there is sufficient matter present,

detected either by the radiation it emits, or by its dynamical effects, to
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contribute for a (1, value of at most 0.11.0.05 (Peebles 1980a).  However, all
methods utilized are only sensitive to mass which clumps on scales 100 Mpc,
and would not have revealed the presence of mass which is smoothly distributed
out to Scales )>100 Mpc. Such observational techniques further rely upon the
assumption that galaxies provide a good tracer of mass. The condition for the
critical value seems to be unfulfilled. This apparent conflict may be resolved
if the mass density of the universe today were dominated by:

(1) a cosmological constant which by definition is spatially constant, or by
(ii) relativistic particles produced by the recent decay of a massive relic
particle species; such particles are necessarily, by virtue of their high speed,
smooth on all scales upto the present horizon.

There are problems with either proposal (Turner et al. 1984, Peebles. 1984). Thus
a large industry has arisen finding and promoting different ways that
significant matter densities could reside in non-luminous, virtually
indetectable forms of matter (see e.g. Primack et al 1983). Whether or not the
inflationary universe proposal is correct, it is possible that the universe 1is
dominated by relativistic particles at recent times (Discus et al. 1978). However
if any of these forms of matter are actually present, this must be reflected in
space-time curvature, and so on the one hand in the evolution of the scale
function R(t) of the universe, and on the other hand, in the observational
(area-distance, redshift) relation or equivalently in the (magnitude, redshift)
relation. This implies the possibility of determining (1, either by comparing age
limits of stars with the age of the universe, or by determining the redshift of
matter in the universe. Thus the nature of observational relations in these
circumstances is of interest.

We consider here only the case when the cosmological constant vanishes.
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Aim

The second part of this thesis aims at:

(1) derivation and examination of the (area distance, redshift) relation for
relativistic matter.

(i1) determination and investigation of the redshift of refocusing of null
geodesics caused by the gravitational effect of matter in the universe, for both
pressure-free and relativistic matter where the effects of evolution are
considered.

(i1i) determination of the (area distance, redshift) relation for stiff matter.

(iv) derivation and examination of the generalized equation of state for both
pressure-free and relativistic matter and any given combination of either of
these components.

(v) determination of the hyperbolic parametrization of the equations of state
considered.

Outline

In chapter eleven the critical values of g for relativistic and pressure-
free matter are determined. The influence of the equation of state for each case
is then considered.

Chapter twelve reviews the observational determination of g ,. It then
considers determination of cl, through age limits on globular clusters.

The thirteenth chapter determines the observer area distance for p=0 and
p='/3 and then derives the redshift of refocusing for both equations of state.
The effects of evolution are then considered. Further, the two cases are
quantitatively compared in terms of the (magnitude, redshift) relation.

Chapter fourteen determines the observer area distance for a general fluid
mixture composed of any degree of either pressure-free or relativistic matter.
It then evaluates the observer area distance for stiff matter. Finally it

explores the hyperbolic parametrization of the equations of state considered.
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11 Field Equations
11.1 The Critical values of B,
Evaluating the Friedmann equation (cf. eq (2.21b))

(R*/R)°= (BUGH/D) - KR (.
at the opresent time to’ it follows that the Hubble constant HDE(R'/R) Io and
density parameter ﬂo= BKGﬁGX(BHGE) are related to the present value R0 of the
radius function R{t) by

k/R = HDE(QO—I) : (11.2)
Evaluating the Raychaudhuri equation

ART /R +C4AGICH + 3pi= 0

at the present time shows that the deceleration parameter q, defined by

-2
= _{ L} . .
q,= (R /R}IDHD is given by

1,7 590(1 + 3P0f”09- | 11,3
It ic normally assumed that the precsure is zero at recent times; then
2 2
= = = 4 -1
Po a, Qo Zqo, k/RD Ho \qu 1) \ (11.4a}

So the critical wvalue separating the cases 1(=41 and K=-1 is go=1/2, and the
inflationary prediction is that the value of g, should be extremely close to 1/2.
A crucial cosmological test is the independent measurement of N, from the local
mean density and the measurement of g, from direct observation of the
deceleration, to see whether in fact 0o= 29, (Gunn 1978).
However, if the universe 1s dominated at recent times by relativistic
particles, then
=4 /3, 0= /RS2 H feq 1) (11.4b)
Po™ M3 0 0= 9, KRG = Hy tam10 ’
So the critical values separating the cases 1(=t+1 and I(=-1 is g o=1, and the
inflationary universe prediction is that the value of g o should be extremely

close to I.
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11.2 The Influence of the Equation of State
Indirect determination of (1, from ¢ via eq (11.3) suffers from the variety
of ways in which significant matter densities could reside in non-luminous,
virtually indetectable forms of matter. However, presence of any of these forms
of matter must be reflected directly in space-time curvature, and so on the one
hand in the evolution of the scale function R(t) of the universe, and on the
other, in the observational (area-distance, redshift) relation or equivalently
in the (magnitude, redshift) relation. Determination of 0, from either of these
relations will detect a uniform distribution of matter (unlike local dynamical
tests such as determination of galactic rotation curves, which only detect
inhomogeneities). Further, the contribution of matter of any kind (baryonic,
non-baryonic, photinos, etc) to 0, will be taken into account. This is
particularly attractive when considering the possibilities of dark matter
residing in galactic halos and clusters of galaxies, since current understanding
dictates such dark matter to be of a non-baryonic nature, in the form of
neutrinos, gravitons, axions (corresponding to hot, warm and cold free streaming
of elementary particles respectively on a cosmological scale; see Primack et al.
1983) .
The equation of state relating the pressure p and energy density A enters
these relations through the conservation equations
L'+ 3(l+p) R'/R= 0
showing that in the case of pressure-free matter,.
p=0, H=M/R° (M= NDR03= constant) . (11.5a)
whereas in the case of relativistic matter,
p= 13, = M/RY (M= # R "= constant) (11.5b>
We consider the effect of these equations of state on the age of the universe

(subsect. 12.2) and the area-distance relations (chapter 13).
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12 Determination of the Deceleration Parameter q ,
12.1 Observational Determination of q,

We review the observational determination of g, (see Bandage and Tammann
1982, and for a comprehensive review Fang et al. 1982). The methods of
evaluation of g, fall into three groups:
The first group determines g, by evaluating the mean mass density in the
universe. Groups 2 and 3 do so directly from the (angular diameter, redshift)
and (apparent magnitude, redshift) relations of extragalactic objects (the 0-z
and m-z methods) .
Group 1l: Mean Density of the Universe

Determination of the mean density yo or 0o is attempted in three ways:
direct evaluation of the galactic density, indirect evaluation of the galactic

density from deviations from the Hubble flow and evaluation of the baryon

density from the abundance of deuterium.

1) Direct evaluation of the galactic density - by measuring the mass to light
ratio. There is evidence for massive halos (see e.g. Bosma 1978); however, the
implied mass increase may not be more than a factor of 2. The results show
QGz 0.03

where OG is the density parameter corresponding to the galactic components in (o
(Yahil et al. 1980a).
2) Indirect evaluation of the galactic density from deviations from the Hubble
flow - by observations of the local supergalaxy centred on the Virgo cluster.
Measurements of 21 cm and infrared, and isotropy of CMWB radiation yield

0.3¢ QG 0.3
(Yahil et al. 1980b) . Since this method measures all baryonic and non-baryonic

matter which is clustered, the contribution by dark matter is seen to rise with

scale. This suggests that dark matter is not as clustered as the galaxies are,
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and as such its scale of homogeneity 1is larger than the local supergalaxy size.

Hence, the bounds on 0G can be regarded as Tower bounds to the total mass
density UOO'
From a statistical viewpoint, the entire galaxian population is regarded as a
field of fluctuating density in random motion with respect to the Hubble flow.
Usage of the cosmic energy theorem <Davis and Peebles 1977) and application of
the second virial theorem (Peebles 1976) to observational data (Peebles 1979)
yields

6.2 3 QG £ 0.6
showing agreement between the statistical approach results and those from the

local supergalaxy (see Peebles 1984 and references therein).

3) The abundance of deuterium used to evaluate baryon density. The yield of

. ] 2 a 4 T, . . . .
light disotopes b, He, He and Li in  the primeval fireball give a
determination of the present v, contained in baryons. In particular, the yield
of D is quite sensitive to baryon density. Its observed abundance, with a

moderate allowance for depletion 1in stars, gives a relative abundance of
-s
Xp<3.5x10-5 which requires (yang et al. 1979)
.04 ¢ O, £ 0.08.

[*]

Thus it 1is evident that O is smaller than O deduced from the Tocal
B G

supergalaxy, which 1implies that a large part of the mass in the local

supergalaxy cannot be in the form of baryons, and that it could be in the form

of primeval black-holes, neutrinos, or gravitational waves.

Group 2: Angular Diameter-Redshift Relation

For an object of linear size 1, eqs (13.2) and (13.3) give a relation between
its apparent angular size a and redshift z. This relation is quantitatively
different from the simple inverse relation

-1
o) o (Z) (12,1)

77



in that a does not decrease indefinitely with increasing z, rather it reaches a
minimum at some definite value of z depending on gy and increases thereafter. It
is therefore apparent that if we can identify a group of objects with the same
linear size, g, can be found from <13.2,3). This concept has been applied to:

1. extended radio sources with resolved components,

2. compact radio sources,

3. individual galaxies in clusters, and

4. galaxy clusters as units.

The main problem here is the uncertainty in the linear size of objects.

I. Extended radio sources with resolved components

Both radio galaxies and radio quasars are used. The obtained observed
relation is (12.1) (e.g. Miley 1971) where the largest z used ranges 2.01z2.9
(e.g. Grueff et al. 1977). This simple inverse relation is unphysical within the
standard model. The possible reasons are:
(1) evolution in the linear size, and
(1i) observational selection.
Wills (1979) pointed out that if the size evolution is of the form

=1 (14 7F

then (13.2,3) will become (12.1) if the evolution is of that form with 1<=2; then
the observed relation (12.1) implies g,= 1.

Selection effects can influence the LAS (Largest Angular Separation) values

systematically at larger redshifts <Longair 1978).

2. Compact radio sources
Hewish et al. (1974) measured the angular sizes of compact sources or compact
components <the 'hot spot') and found that <12.1) was not followed. By fitting

(13.2,3) to their plots, they found

18



0.3 ¢ 9% { 2.0,

However, their sample, although not plagued by selection effects, is too small

for a firm conclusion.

3. Individual galaxies inside clusters

Baum (1972) using his 'photographic galaxy synthesizer' technique in the
range 0.045210.46 found (1, 0.3+ 0.2. However, Sandage (1972) found the usual
isophotal diameters varied as z_1 giving g. 1 . The difference may be attributed

to an evolution effect, which affects the isophotal diameter, but not the metric

diameter.

4. Angular size of galaxy clusters
Following the definition of Noonan (1972) for a cluster size, Bruzual and
Spinrad (1978) find, for z upto 0.95, g.= 0.25+ 0.5.
To summarize,
Table 4

various determinations of g, using the a-z relation

Author Object tvpe Largest z 9,
Hewish et al., (1974) compact radioc sources 1.6 g,5-2.0
Baum (1772) cluster galaxies 0,46 0.310.2
Sandage ¢1972) brightest cluster galaxies 0.44 ~4
Bruzual & Spinrad (1978) rich clusters 0.93 0.2540.5

In conclusion, the evolution for any size parameter must be understood before

any result can be properly interpreted.

Group 3: Apparent Magnitude-Redshift Relation
The problem facing us here is the identification of objects of the same

Tuminosity. The possibilities which arise are:
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1. The first ranked galaxies in clusters
These are the brightest members of clusters. Assuming that these first ranked

galaxies have about the same Tuninosity, Bandage et al. (1976) find q.,=1.0.0.3.

2. Various subsets of quasars

It 1is only at large redshifts that different g, predictions are distinguish-
able; hence quasars are a natural choice. Using luminosity indicators (i.e.
standard candles; Kiang and Cheng 1982) the results obtained are 1.15%17.9,
with a weighted mean of q.,=1.85, and a +20 range of 1.05%13.5. Thus the best
estimate q.,=1.85 is more than 40 above the critical value of 0.5. These
derivations were all made on the assumption of zero Tuminosity evolution, as

shown by Hawking and Stewart (1981) to hold beyond a redshift of 0.5.

Summary of Results
Figure 4 (adapted from Fang et al. 1982) summarizes the various
determinations of q, made so far. The results show a large dispersion. However,

the differences are systematic and depend on the method used.
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Figure 4. The various determinations of q ., depend strongly on the methods used.

Lengths of error bars and symbols correspond to +20 (after Fang et al. 1982).
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The Hubble diagram <i.e. the m-z method) consistently gives (.>1/2, the mean mass
density gives qo<,/2, while the a-z method follows mostly the 'Euclidean' relation
-1

(@a (2

In the a-z and adz methods, no evolution in luminosity and Tlinear size was
assumed, respectively; while in the mean mass density method all matter was
assumed to reside in galaxies, clusters or supergalaxies without a more uniform
distribution of matter. The problem is Tack of knowledge of Tuminosity evolution
and evolution effects. Further, the mass to light ratio increases with system
size. This suggests the existence of non-baryonic matter in the form of
heutrinos or gravitational waves. Thus the existence of a quasi-uniform, non-
Tuminous, non-baryonic mass distribution is favoured over luminosity decrease,
because it takes cognizance, rather then ignores, the mean density results.
Moreover, recently it has been suggested by Lyubimov et al. (1980) that
nheutrinos have a small rest mass of between 14 and 46 ev. If so 99 percent of
the mass in the universe will be provided by neutrinos, and they will certainly

result in g,»> , i.e. a closed, pressureless universe.

12.2 Age Omits and qo

The problem of measuring H, has been recently reviewed by Sersic <1982),
Tammann et al. (1980), Gunn (1978), van den Bergh (1975) and in IAU colloquium
37 (1977) (see 1in particular papers by Tully and Fisher, and Gunn). we summarize

below the significant methods utilized in determining Ho.

Table S

Summary of Data on Hubble Constant

Author Methed Hn {km/s/Mpc)

1 Kirschner and Kwan (1974 Supernova expancion 60115
{"Baade-Wesselink")
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+30

2 Sanpdage and Tammann Diameters of HII regions 72
tBabcock 1971} -20
3 wvan den Bergh (19&80a,b) Luminosity classification of galaxies 93+18
~13
4 wan den Bergh (194%) Brightest glcbular clusters in galaxies 9?+19
-14
. . : . +33

3 Roberts (174%9) mass-to-tight ratios of galaxies 103
. -24
6 Palomar Sky Survey Third brightest members of small 124*18
clusters of galaxies -35
7 Kowal (1949%) Comparison of galactic and extra- 6?+4l
gatactic supernavae -25
8 Holmberg (1958) Surface brightness of galaxies 89+46
-39
9 Heidmann (1949 Diameters of galaxies go* 3¢
~-30
10 van den Bergh (1972) Brightest stars in galaxies 105+61
-39
i1 Sandage (157Zb) Dwarf galaxy colours 147*3°
-43
12 van den Bergh (1%72) Supernovae rate ?5134
Weighted mean 9317

van den Bergh finds H.,=93+7 km/s/Mpc and understandably states that past
experience teaches that Tittle trust has to be placed in the small formal errors
obtained for H

AlT methods used were almost exclusively based on distances smaller than 20
Mpc. The value of H,=93+7 km/s/Mpc therefore refers to a volume of space that
contains the virgo cluster and other groupings constituting the local
supercluster. More recently, Tammann et al. <1980) find that H,=50 km/s/Mpc. we

conclude from the observational data that the Hubble constant is comprised

within the bounds
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50 ¥mse/Mpc { Ho < 100 Km/s/Mpc.
These bounds may be narrowed in the forseeable future by the envisaged Hubble

Space Telescope (HST) (Longair 1985).

Globular Cluster Age Limits

The evolution of R(t) determines the age of the universe in terms of the
Hubble constant. This puts Timits on g, that already cause severe problems for
the inflationary proposal unless A#0 (Turner et al. 1984, Peebles 1984). For
example, recent work by Penny and Dickens (1984) has obtained age limits of 161.2
Gyrs for the globular cluster NGC 6752. The age of the clusters must be less
than the age of the universe.

If it were possible to make independent determination of H, and t,, the

relation H t = F(g ) (Weinberg 1972) would allow us to estimate the value of ¢

o O

Table &

Values of H ¢t
o0

q, 0 0.1 0.2 0.5 0.8 1.0
Hot, 1 0.85 0.78 0.47 0.60 0.57
K -1 0 +1

Actually, we can only set a Tower bound for t,, so this procedure provides only

an upper limit.

Therefore 1in a Tow density universe (Er,0) with vanishing cosmological

dl

constant, the age of the universe is just less than (H,) , while in an

inflationary universe with vanishing pressure (g,=0.5), the age of the universe

is just less than <2/3)(H,)
Sandage (1982) proposed to add 0.2(Ho)dl to the age of globular clusters to

allow for the formation of galactic nuclei. The results for H, are tabulated

below.
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Table 7

Bounds on HO

HD (Byr) HG Ckm/s/Mpc)
+0.2 0 +0.2 H

o 0
9, 0 8.2 1] 0.5 ] 0.5
Globular ciuster
Age limit (Gyr) 14 20 34 43 42 50 29
Upper bound on (HQ}"1 18 22.9 39 o4 37 44 26
Lower bound cn (HD}_I Id 17.5 30 71 48 S7 33

So for example, the lower bound of 14 Gyr implies an upper 1limit of 70 km/s/Mpc
on the Hubble constant for the low density universe; but in an inflationary
universe the implied upper 1limit on the Hubble constant is 48 km/s/Mpc. If the
lower bound on ages could be lowered to 16 Gyr or 18 Gyr, the inflationary
universe upper bounds on the Hubble constant would be 42 km/s/Mpc and 37km/s/Mpc
respectively, Tow enough to suggest conflict with Hubble constant measurements,
which presently indicate values of 50 km/s/Mpc and over. Thus, provided the
cosmological constant A vanishes, the age 1limits would then give evidence that
the universe must be a low-density universe (when the corresponding upper bounds
on the Hubble constant would be 63 km/s/Mpc and 56km/s/Mpc respectively, still
comfortably compatible with the present Hubble constant estimates). In following
Sandage (1982), H >17.5 and H, <57 km/s/Mpc in the low density case; whereas 1in

o

the critical density case H *>30 and H <30km/s/Mpc. Thus on this assumption
o o

the present lower age 1limit of 14 Gyr already provides evidence against the

critical density case, as the present estimates of the Hubble constant indicate.
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The 1inequality 1s strengthened if the universe is dominated by relativistic
particles for then the age of an inflationary universe (qo.=1) 1s just less than
) (Turner et al. 1984) and the implication 1is H,<21 km/s/Mpc. The
contradiction with present Hubble constant estimates is heightened if one
accepts age estimates such as 18+2 Gyr (Sandage 1983). Thus if the cosmological
constant A vanishes at recent times, the age limits suggest, whether p=0 or

p=1'/3, that the universe must be a lowddensity universe, contradicting the

inflationary assumption (cf. Biome and Priester 1984).

The usage of age to determine limits on g, has the disadvantage of relying on
a determination of the Hubble constant. We point out here that measurement of
the redshift at which the angular diameter of a suitable class of objects
appears to be a minimum in a FLRW universe (Sandage 1961, Rowan-Robinson 1981)
gives a simple observational test for go., which might become feasible in the near
future and is independent of the Hubble constant. Looking for the redshift of
this minimum has several advantages over other more conventional ways of seeking

to determine g, directly from astronomical observations.
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13 Angular Diameters
13.1 Minimum Apparent Angles

Let light be emitted at time t, by an object of linear dimensions 1 in a FLRW
universe and received by an observer at time tee. The observed redshift is then
given by

+ = i,

1 z R to)/R(tE) £13.1)
while the observed angular diameter a of the object, assumed to be lying
perpendicular to the line of sight, is given by

1= ar . (13.2)
Here Py the "observer area distance" (Ellis [971), is given by
r,= ROt §Cu), u= [dR/RR’ £13.3)
where fird= {sinr, r, sinhrd if K= {(+{, D, -1} respectively and the integral is
taken from R(tu) to R(te).

It follows from equations (03.1,3), (11.1,4a,5a)) that when the pressure p
and cosmological constant A are zero, r, 1s determined in terms of the Hubble
constant H and deceleration parameter g <q )0) by the expression (Mattig 1959,

o [o] o

Sandage 1961)

r_(H y= (H q 1420737 {q 2z + (g -1 IC1+2q 2)°-17) £13.4a)

o' p?9g?TT z 9e” %% qu ) e
We have integrated equations (03.1,3), (11.1,4b,5b)) to obtain the
corresponding relation in the case of relativistic matter, obtaining

¢H = (H q (1423737 Clq (1+2) = (g -DI% - ) (13.4b)

Fotfgrlge#!™ 8,0 112 9ptite? % ’ ’
Equations (13.4a), <13.4b) are exact analytic expressions for the area distance
in these two cases.

It has long been known that as one moves such a rigid object away in a FLRW
universe, it will be seen to attain a minimum angular size and then to increase
in apparent size again as it is moved still further away (Hoyle 1960, Sandage

1961); this corresponds to a refocusing of our past light cone because of the
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13 Angular Diameters
13.1 Minimum Apparent Angles
Let light be emitted at time t, by an object of linear dimensions 1 in a FLRW
universe and received by an observer at time t | The observed redshift is then
o
given by
I+ 2z = R{t_Y/R(E ) (13.1)

while the observed angular diameter a of the object, assumed to be lying

perpendicular to the line of sight, is given by

1 =ar_. (13.2)

Here rys the "observer area distance" (Ellis 1971), is given by
r.= Rt )§<ud, uz [dR/RR (13.3)
where f(r)= (sinr, r, sinhr) if k= (+1, 0, -1) respectively and the integral is

taken from R(to) to R(te).

It follows from equations (03.1,3), (11.1,4a,5a)) that when the pressure p
and cosmological constant A are zero, r, is determined in terms of the Hubble
constant H and deceleration parameter qo u10>0) by the expression (Mattig 1959,

o

Sandage 1961)

%173, (13.4a)

2 P
il = I —

PD.HD,qQ,z) €HoqD (1+2) ) {qaz + g, I)[(1+2qoz)

We have integrated equations ((13.1,3), (11.1,4b, 5b)) to obtain the
corresponding relation in the case of relativistic matter, obtaining

¢H = (H g (142073 lq (14227~ ¢q -1DI* - D) (13,4b)

FotHy10g:22= (Hog (142 Aotttz % ' ’
Equations (13.4a), (13.4b) are exact analytic expressions for the area distance
in these two cases.
It has long been known that as one moves such a rigid object away in a FLRW
universe, it will be seen to attain a minimum angular size and then to increase

in apparent size again as it is moved still further away (Hoyle 1960, Sandage

1961); this corresponds to a refocusing of our past light cone because of the
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gravitational attraction of the matter it contains (Hawking and Ellis 1968,

Ellis 1971). Considering the variation of the angle a with z, (11.1) shows that
de/dz = a1 dl/dz - ¢ " de_sdz). (13.5)

Setting da./dz= 0 in (13.5) and substituting from (13.4a) shows that the apparent

angular size of a class of objects with intrinsic size 1(z) is a minimum when

®{[2+ (1+z)e](2quz+1)— q0(1+z)}= (2qoz+1)m{(3qo~2—quz)~ (1+z)(qoz—x)e} (13.4)
where
ez) = 17 dizdz =) 1= &2

is a measure of the rate of change of size of the object at the time the light
was emitted, and X= g,-1.

. For each value of g, and function e(z), we regard (13.6) as an equation for
z  the value of z for which the observed metric angular diameter of a class of
objects of scale 1(z) is a minimum. For a given e, an inflection point on a
Jo-z curve occurs. It is found where dg /dz .= 0.

Define a function
f(qn, Z, el= x{[2+Delﬁ2— qOD}— A{(qu—Z—qaz)- D(qnz—x)e}
where D= i{+z , A= (1+2qnz)m.

K N *
Then the condition dqafdz |e=U ic satisfied when f=0, B+/82[e= 0. This may be

shown to recult jn the qo—z* retation
-1 -1 2 z
{3xQO+ qD[A-CA 13/ {oF+ qDA DE + AGY + {AC- x[24a - qool}/{xDA + ADEY = 0 (13.7)

_ * - * * #* )
where &€= 3q°—2—qoz ' E:'qoz ~x , F= 1+2q0+4q°z y B= qo+2qoz -®¥ , ande is
given by (13.8).

A BASIC program (Kantaris and Howden 1983) was implemented on a KAYPRO
microcomputer to solve equation (13.6) for any of the quantities z*, Jdo, OT

*

e(z), when the other two are known; and equation (13.7) for either g or z . It

o

was used to investigate the nature of the solutions of (13.6) and (13.7). We
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consider first the case when the class of objects observed are not changing in
scale size (i.e. e= 0), and then the effect of the systematic evolution 1in

source size.

Objects of Fixed Scale Size
*

The values of , are plotted in Figure 5 as a function of q ; the curve for

o

e=0 is the heavy curve. when q, takes the critical value of 1/2, the minimum
*

angular diameter occurs at z = 5/4 (assuming there 1is no source evolution). If
*
z 1is Tess then 5/4, the universe is a high density universe which will collapse
to the future; in particular if g ,= 1 then z*= 1. If z* is greater than 5/4, the
universe is a low density universe that will expand forever; in particular if
* *
o= 0.1 then z = 2.2 and if qo= 0.02 then z = 3.97. If the inflationary universe

*

picture is correct, z must be equal to 5/4 to within better than one part in
a
10
The proposal would be to search specifically for a minimum apparent size 1in a
uniform class of objects lying at redshifts between 1 and 4, and particularly at
redshifts between 1 and 1.5 . One must choose objects visible at those
distances, with measurable redshifts, and with a directly measurable ("metric
rod") linear size that is reasonably uniform for the class of objects. One would
*
use suitable statistical tests to look for the value , of z corresponding to a
minimum observed angular diameter for that class of objects, and determine if
this value was approximately 1.25 or considerably greater. The sensitivity of
the test is indicated by the curves in Figure 6: the inflationary case (g o= 0.5)
is the <e=0) curve 1in Figure 6a, and the lowddensity (q o= 0.02) case 1is the
(e=0) curve in Figure 6b. The statistical problem would be to distinguish
between these two curves for the class of objects considered.

Three particular points need emphasis here. First, the value of z is

independent of the Hubble constant H,: so one does not have to solve the problem
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of the distance scale before using this as a test for g ,. Second, one only needs
x

observations of the chosen class of sources near z .Thus one does not need to
relate them to nearby "standard candles". The requirement is that at the epoch
they are observed, they are reasonably standard in scale. Third, determining go
by measuring the redshift z* of refocusing will detect a uniform distribution of
matter (unlike local dynamical tests such as determination of galactic rotation
curves, which only detect inhomogeneities). Further, the procedure will detect
matter of any kind (baryonic, non-baryonic, axions, photinos, etc), as long as
its active gravitational effect is attractive. We currently believe that all
known or postulated matter obeys this restriction.

What kind of objects could be observed in such a test? Galaxies are now being
detected at redshifts close to those envisaged here, but spirals or ellipticals
could not be used directly for the proposed test because one can only measure
isophotal rather than metric diameters in these cases (Stock and schucking 1957,
sandage 1961). However if one could detect barred galaxies at these distances
then the apparent size from the centre of the galaxy to the bar could provide
the appropriate angular measurement. It is just possible such measurements could
be feasible by interferometric means <AAS Bulletin 1984, Chown 1985) - provided
there are indeed barred galaxies at these redshifts. However it is likely that
the variation in the diameters of the bars is such as to make them unusable for
this purpose (A.P. Fairall, G.F.R. Ellis, private communication).

Clusters of galaxies could possibly provide suitable objects to use in
searching for the minimum apparent angular diameter, but the analogue of the
isophotal effect could make this also impracticable. However it is possible that
careful analysis of the variation of the covariance function <Peebles 1980b)

with galaxy redshift could reveal the value of z*
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Figure 5

The redshift , at which refocusing takes place, and so linear scales are
observed to have a minimum apparent angular diameter, as a function of the
deceleration parameter g, in a FLRW universe with vanishing pressure and zero
cosmological constant. The parameter e labelling the curves denotes the rate of
change of scale of the object observed at the redshift value z , positive values
corresponding to a decrease in size at the time of observation and negative
values to an object that is expanding at the time of observation. The heavy
curve (e=0) is the case of objects of fixed scale size at that time. The
vertical heavy line (go=.) is the case of an inflationary universe. When e is
negative, ther will also occur an observed maximum in apparent size at a higher

redshift than the minimum; the dotted curve separates the z* value for apparent

minima (below this curve) from those for the maxima (above it).
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Figure 6

6 (a) Apparent angular size of an object at different redshifts in a critical
density universe (q.=16) for e=0, e=d0.1 and e=+0.1 . In the latter case there is
an observed angular maximum at a higher redshift than the minimum. Note that it
is not implied that any physical objects evolve at constant values of e over
their entire histories; the curves refer rather to the evolutionary parameter e

at the time of observation.

6 (b) The same as in (a), but for a low density (g .=0.02) universe. The
observational problem is to determine whether or not this is a better fit to

what we observe than (a), which is the inflationary universe case.

91



Quasi-stellar objects are easily detectable at the desired redshifts, but do
not provide the required angular measurement. Probably the most promising class
of objects are radio sources, which often have very clear measurable angular
sizes. While studies have been done on the variation of angular sizes of radio
sources with redshift (see e.g. Allington-Smith 1984) the minimum value z* does
not appear to have been explicitly searched for. One would need to measure
angular sizes for a class of radio sources that seem physically similar, and
with redshifts in the desired range. The problems to be dealt with would be the
statistical range in the sizes of the objects concerned, and the question of
whether these sizes were systematically varying (at the redshift z*) or not. One
would try to find a class of sources for which the variation parameter e was
close to zero; then a straight statistical test would determine z ’ and soO go.
The current Very Long Baseline Arrays (VLBA) project <Gordon 1985) may make such

a measurement feasible.

Evolutionary Effects

If evolution effects in the scale size of the object at the time of
observation are estimated to be significant, a somewhat more complex analysis is
needed. Curves for different values of the evolution parameter e are shown in
Figure 5.

Positive values of e correspond to an objects that were larger in the past
(as z increases to the past) and so are decreasing in size at the time of
observation For such objects the minimum apparent angular diameter occurs at a

*
smaller value , than in the case of no evolution. Thus, for example, if the
universe were filled with matter at precisely the critical density (so g o=1/2),
* *
then the turn-around occurs at z =1 if e= 0.1 and at z = 0.45 if e= 1.

Negative values of e correspond to objects that are expanding in size at the

time of observation. For such objects the minimum apparent angular diameters
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occurs at a larger value z*than in the case of no evolution. Thus for example if
the universe were filled with matter at precisely the critical density <so o_
*
1/2), then the turn-around occurs at z = 1.91 if e= -0.1 . In this case, a second
turn around (and so a maximum angular diameter) occurs at z o 5.94. This is
shown in the curve in Figure 6a, and is apparent in Figure 5 where each curve of
constant (negative) evolution parameter e intersects curves of constant o
twice. Note that this effect is purely due to the changing size of the family of
objects viewed; the past light cone of the observer continues contracting here,
as shown by the fact that objects that are not evolving (e=0) do not have such a
maximum. In the case of the critical density universe, there is a critical
evolutionary value of e= -0.125: for objects expanding faster than this value,
no minimum angular diameter is observed at all; if they are expanding slower,
both a minimum and a maximum are observed. (Note that we are not supposing that
any physical objects expand at this rate for all times; but rather that if this
is the value of the evolutionary parameter at the time of observation, the
angular size varies near that event as indicated here). For the critical value
e= -0.125, there is neither a minimum nor a maximum but rather a point of
inflection in the observed angular diameters at z*: 3. The dashed line denotes
*

the values of , and go for which there occurs points of inflection; the curves
plotted above this line represent values of z* where the observed angular
diameter is a maximum, whereas below this line they represent values where it is
a minimum.

Through the possible evolutionary effects, angular diameters in an
inflationary universe can partially mimic the angular minima in other universes.
Thus an evolution e= -0.114 in the critical density universe will give a minimum
angular diameter at the same redshift as a fairly low-density (g .= 0.1) universe

with no evolution; and an evolution e= +0.103 in a critical density universe

will give a minimum angular diameter at the same redshift in a high density
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(Wheeler-Sandage) universe with o_ 1.0 and no evolution. On the other hand, 1if
the density is low (o_- 0.02), then no amount of evolution in a critical density
universe can give a minimum angular diameter at the relevant redshift (e= -0.112
will indeed give a critical angular diameter at the appropriate redshift, but it
will be a maximum and not a minimum !). In fact a minimum angular diameter at a
redshift grater than 3 can only occur in a universe with less than the critical
density (i.e. o. 0.5), no matter what the evolution may be. Note that if a
family of objects were oscillating in size with increasing distance (and so
redshift) this would correspond to an oscillatory variation of the value of e at
constant o (e= 0 corresponding to a maximum or minimum linear size). The
apparent angular change resulting from such a variation in size would result in
detectable angular maxima and minima as redshift increases nearby, but
sufficiently far out a final maximum would be detected (the possible values of
*
z then lie above the dashed line, so no observed angular minima can occur).
Clearly one would wish to find a class of objects for measurement that were
*
not expanding significantly at the time corresponding to z ; if they were
contracting, so much the better (for the turn-around could occur at much smaller
redshifts). In any case, whether they are expanding or contracting the test has
the advantage that one does not need to know the integrated evolution in source
size from the present time but only rate of change of size near the redshift z
Further, given the value of e and o z* is independent of the Hubble constant
even when the class of objects examined is evolving in size; thus again one does

not have to evaluate the Hubble constant in order to determine the deceleration

parameter.

Further Problems
As always, one would have to consider very carefully the problem of selection

effects in the class of sources observed. This problem would be minimized
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somewhat in the case envisaged because one would only need a uniformity of
se]ectign of sources over a restricted range of redshift (near the turn-around
value z ). Nevertheless one would need careful consideration of such effects in
the class of objects considered.

If matter is distributed in a Tumpy rather than a smooth way with a fraction
of the mean density in the form of intergalactic matter, the analysis becomes
more complex because of local lensing effects (e.g. Dyer and Roeder 1973, 1974).
However if selection effects do not consequently vary too significantly in the
vicinity of the redshift value z~ (i.e. for inhomogeneities of less than
galactic dimensions), one can argue that on average, the result should be the
same as in a uniform universe when we observe over the entire sky (weinberg
1976). Thus the major effect would be to make the statistical analysis yet more
complex.

If the effective equation of state of the universe at late times were
different, e.g. if there were some source of significant cosmological pressure,
a2 new analysis would be required as then (13.4b) would replace (13.4a).
Alternatively, a presently non-zero cosmological constant A is certainly
possible, although one can raise various philosophical grounds for supposing it
not to be so. The basic formula for the analysis, replacing <13.4a) 1is known

(Kaufman 1971); but we do not pursue this case further here.

13.2 Observed Magnitudes
The respective (magnitude, redshift) relations are obtained from the area

distance relation (13.4a,b) by substituting into

m = -2.5100,41 4 Sloglorn(ﬂz)2 + const, (13.8)

where L is the intrinsic luminosity of the galaxy observed. Particularly simple

95



cases result when o_ 1; both when p=0 and when p=P/3 the resulting relation is
m= -2.5log, L - 51ogmHQ + Sleg,,z * const, (13.9)

Sandage has given numerical values of ((13.4a), (13.8)) for the pressure free
case for a variety of values of o and z, and plotted the corresponding curves
(sandage 1961). Using the same constants, we have determined the values of
(,13.4b), (13.8)) for the same values of q, (q.* 0) and z. To our surprise, out
to a redshift of 2 there 1is an indetectably small difference between the two
sets of results (some examples of values obtained are given in Table 8; from
<13.9) above, exactly the same results will be obtained in both cases when

i
for matter in the universe directly from observations of galaxy diameters or

magnitudes for z<2.

Table B8

(Magnitude, Redechift) Relation for Non-Relativistic and Relativistic Matter

9.~ .02 4,= 0.5 9,™ 1
z log ¢z M1 M2 CH M1 M2 b Mi=M2 DM
0.001 2,477 5.116 5.2849 =-.152 J.246 95.2446 0.000 S.2448 4]
0.005 2.174 8.743 B.744 -.021 8.743 8.743 0.000 8,741 0

0.0% 3.477 10,311 10,274 +.035 10.271 10.271 0.000 10,2484 0
0.035 4.17& 13.818 13.813 +,0035 13.787 13.787 0.000 13.761 0

0.1 4,477 15.372 15.370 +.003 15.317 15,317 0.000 15,244 ]

0.25 4,875 17.307 17,505 +.002 17.373 17.372 0.000 17.153 0
0.5 3.17& 12,233 19.232 +.,081 18.976 18.%44 +.004 18.741 D

0.73 2.3%2 20,313 20.311 +.002 17,924 12.%914 +.010 19.641 ]
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1.0 3.477  21.118 21.115 +,003 20.610 20.593 +.017 20.244 0

1.25 5.574 21.748 21.762 +.004 21,144 21.120 +.028 20,731 a

1.5 5,633 22.3i8 22.307 +.010 21.387 21.352 +,034 21.144 0
2.0 5.778  23.213 23,194 +.019 22,287 22.231 +,055 21.771 0
3.0 5.954 24,542 24.494 +.,048  23.274 23,183 +.094 22.452 0
5.0 4.174 25,308 26.174 +,134 24.523 24,345 +.158 23,741 0

10.0 $.477 28.80% 28.392 +.417 26.199 25.937 +.242 25,2484 0

Table 8:

Apparent Magnitude M1 for the case of non-relativistic matter and M2 for the
case of relativistic matter in a FLRW universe model, for different values of
redshift z and deceleration parameter o (using the same constants as Sandage

1961). DM 1is the difference between MI and M2.

While the (magnitude, redshift) curves obtained in these two cases for any
particular value of g, will be indistinguishable, from <11.4a), (11.4b) the
significance of the value of go determined from such curves will be very
different. Thus even if we can overcome the many observational problems (see
e.g. Gunn 1978, Tammann et al. 1980, Sandage et al. 1982), and the difficulties
caused by the unsolved question of the nature and amount of galactic evolution
(cf. Fang et al. 1982), a direct determination of the value of g9 from
astronomical observations up to z-2 will lead to an ambiguous situation. For
example, if we eventually determine g.,-1/2, this could be support for the
inflationary universe proposal (if non-relativistic particles dominate with p=0
at the present time and g,=4 is the critical value), or a disproof of the
proposal (if relativistic particles dominate with p=1:*/3 and go.,=1 is the critical
value). Similarly if we were to prove J,=1, this could be a disproof of the

inflationary universe proposal <if the universe is recently dominated by non-
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relativistic matter), or evidence for it of the recent universe is dominated by

relativistic particles).

13.3 Minimum Apparent Angles for Relativistic Matter
Equation  (13.4b) may be utilized, together with (13.5), to obtained the

minimum apparent angular size for relativistic matter, given by

AA-1IEZ + e{lr2)])= qD(1+z)2 (13.10)

2
where A= [qD(1+z) - XJM . Following the procedure employed previously for p=0,

the inf¥lection point on a q_ -z curve for a given e is given by

2 2
B (2a-1)= A (A-1)(B + ZA(A-1)) (13.11>
where B= (10(1+z)2. In agreement with subsect. 13.2, it is found, when

compairing <13.7) and (13.10) that for g.=1, the minimum apparent angular sizes

for p=0 and p=1'/3 are identical, for all evolution rates, e.

Objects of Fixed Scale Size

The values of 2 are plaotted in Figure 7 as a function of ;5 the curve for
e=0 is the heavy curve. When G, takes the critical value i, the minimum angular
diameter occurs at z =1 (as for p=0>. Here, z* tess than 1 correcponds to a high
density universe which will coilapse to the future; in particular if q0=1.5 then
2¥=0.91 . 1+ 2 s greater than 1, the universe is a low density universe that
will expand foreveri in particular if qﬂ=ﬂ.1 then z*=1.89 and i+ qo=ﬂ.02 then
2¥=3.02, To fulfill the inflationary universe picture predictions, z* must be

4
equal to 1 to within better than one part in 10 .
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Figure 7
As in Figure 5, but for relativistic matter (p=g/3). The vertical heavy line for

the inflationary universe is at q _=1.
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Evolutionary Effects

Evolution effects in the scale size of an object at the time of observation
are plotted in Figure 7. The analysis follows the lines of the non-relativistic
case with the crucial difference in the interpretation of the results, since
here the critical density case is g,=1. Thus, for example, for g.=1 the turn-
around for positive values of e occurs at ., =0.84 if e=0.1 and at z =0.70 if
e=.0.25; for negative values of e the turn around occurs at z "=1.30 if e=-0.1.
As for p=0, a second turn-around (and so a maximum angular diameter) occurs at
z =7.70 . In the critical density universe, the critical evolutionary value is
e= -0.172.

Angular diameter in an inflationary universe can again partially mimic  the
angular minima in other universes. Thus an evolution e= -0.163 in a critical
density universe will give a minimum angular diameter at the same redshift as in
a fairly low density (g.=0.1) universe with no evolution; and an evolution
e= +0.054 in a critical density universe will give a minimum angular diameter at
the same redshift as a high density universe with g.=1.5 and no evolution. On
the other hand, if the density is low (g .,=0.02), then no amount of evolution in
a critical density universe can give a minimum angular diameter at the relevant
redshift (e= -0.166 will indeed give a critical angular diameter at the
appropriate redshift, but it will be a maximum and not a minimum!). A minimum
angular diameter at a redshift greater than 2.414 can only occur in a universe

with less than the critical density (i.e. go.<1.0), no matter what the evolution

may be.

Comparison of Relativistic and Non-Relativistic Angular Diameters
As shown in subsect. 13.2 for the (magnitude, redshift) relation, out to a
redshift of 2 observationally there is an indetectably small difference between

the apparent angles for p=0 and p:11/3. From equations (13.2), (13.4a,b) the
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ratio of non-relativistic to relativistic apparent angles is given by

lo

® 0=0"% p=ps3

2 % ;3
= i - - - £ - -
0, ¢08,51+2) = (q -1~ 13/{q z+ (q_-120¢1+2q 20"~ 113

{13.12)

which 1s independent of evolutionary effects. We tabulate here the difference

(in percent) between the two cases, where E defines powers of 10.

(Minimum Apparent Angle, Redshift)

Non-Relativistic and Relativistic Matter

Table 9

Percental Difference for

%

z ¢.02 0,2 0.9 1.0 1.9 3
0.001 -3 E-5 -1 E-5 -2 E-$§ g 0 0
0.01 -1 E-4 -2 E-¢4 -3.2E-6 g +? E-4 t7 E-9
0.1 -2.3E-4 -1.8E-3 -2.4E-3 0 +4,4E-3 +3.9E-2
D.25 -3.4E-3 -2.5E-2 ~3.2E-2 0 +6,28-2 +0.30
0.3 -2.4E-2 -0.16 -8.18 1] +0.27 +1.10
0.75 ~7.2E-2 -0.43 ~-8.43 0 +0.568 +2.07
1.0 -0.135 ~-0.83 -6.79% 0 +0.89 +3.10
1.23% -0.,27 -1.33 -1,19 tH +1.23 +4.13
105 -0143 -1095 _1|62 D +l |58 "'5114
2.0 -0.87 -3.31 -2.591 a +2.24 +7.04
3.0 ~2.14 -6.28 -4.23 0 +3.41 +§0.37
9.0 -3.99 ~11.75 -7.02 0 +3.24 +15,34

10.0 -17.44 -20.88 ~11.34 1] +8.08 423,80
Comparison of Tables 8 and 9 reveals however,
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diameters is a more sensitive detection method between these rival cases. For
example, at quasar redshift of 3, a low density universe (g .,=0.02) will detect
-2.16% metric diameter difference, but only +0.048 magnitude difference at a
magnitude of 24.5, which represents a 0.2% detection difference. For g .=0.5, at
the same redshift, angular difference is -4.23% while magnitude difference is
+.094 (or 0.40%) at a magnitude of 23.2 . We note that the non-relativistic
matter consistently yields smaller diameters, when compared to the relativistic
matter, for o .1, The diameter difference increases with decreasing density of
universe (i.e. decreasing g.) upto a certain g, (evaluated by differentiating
(13.12) with respect to g. and equating to zero; i.e. an inflection point) below
which the difference continues to decrease. The situation is reversed for g.>l.
Non relativistic matter results in larger angular diameters, the difference
increasing with g. . Equation (13.12) is plotted below (Figure 8).

Evolutionary effects tend to accentuate the difference between the two cases
with increasing (towards positive) values of e, i.e. towards objects whose rate
of decrease in size at the time of observations is larger. As for equation
(13.12) (which is independent of e) the difference follows the same pattern, and
by (13.4a, b) will be enhanced by a factor of eez(1+z)2 The angular diameter
difference is plotted for g.,=0.5 and g.=0.02 below (Figures 9a, 9b
respectively). The proposal would therefore be to detect the angular diameter
difference between the non-relativistic and relativistic matter in classes of
objects which are decreasing in size at the time of observation, at the current
measurable redshift range (i.e. z2-4). For a given class of objects, the
discrimination between the equations of state p=0 and p=1 /3 for the matter in

the universe will depend entirely on o
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Figure 8

(Apparent angle, redshift) percental difference between non-relativistic and

relativistic matter as a function of the deceleration parameter g 1in a FLRW
The dashed curve seperates the

o

universe with zero cosmological constant.

increasing negative difference from the decreasing negative difference.
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(9a) Angular diameter difference between non-relativistic and relativistic

matter, for qo=,.5, and for e=0.1, e=0, e=-0.05, e=-0.1. In the latter two cases

there is a maximum difference.
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(9b) The same

Figure 9b
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14 Observer Area Distance for Various Equations of State
14.1 Observer Area Distance for a General Fluid Mixture
For both pressure-free matter and relativistic matter, the conservation
equation
H*'+ 3CH+pIR*'AR = D
results in
2 a 3 a
b= M/R + W/R (M= # R = const. , W= K R =const.). {14.1)
oo 00
From equations ((11.1), (11.3), (14.1)), which all apply to the general case of

pressure free matter and relativistic matter, the curvature k is given by
2 8 X
K/R_ = [M/3 + W/3R_I/R - H . (14.2)
0 27 o o
Equation (11.3) may be shown to yield the present value of the energy density:

4
=0 =3 = . - = =
p=0 => H =&H "q_ ; p=k/3 => K = 3H "q

Y 3
o s 95 (14,3)

0 H

which together with (14.2) results in the evaluation of the constants M and W

for the special cases:

p=0 =) M/3 =29 H R, (14,43

[n] Q
z L)
peR/3 => W3 = g H R, {14.4b)

Integration of <11.1) and (14.1) utilizing (13.3) and (14.2) yields the observer
area distance,

2.k 2 ,
37~ (R -AR {1+z))
0 c

[B+2R A-R_17) (14.53)
o o

2 -1 2
r = [{B+A )(i+z)E] {{R_ -AR )[B(1+z)2+ 2R ACi+z)- R
o 0 o o e}
where M/3= 2A, W/3= B. Defining W/M= C =) B/2A = C, we may rewrite (14.5a) in
terms of A as a free parameter and C as a representative ratio of relativistic
to pressure free matter:
2 2 -1 2 2 -3 2
F o= [{24C+a Y{1+2) ] {{R_-AR >[2AC¢1+2) +2AR <1+z)~R_ 17~ (R_ -AR (14z))
o} fa} o 0 o 0 o

2
[2AC+SAR_-R_ 1%, (14.5b)
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Evaluating equations <14.5) for 8=0 <pressure-free matter) using (1l4.4a) results
in

_ 2 2_ i _ 4%
r.= [H g, (i+z) 1] (gt (g -D)[f1+2q_2) 113 id4.4a)

which is identical to (13.4a); and for A=0 (relativistic matter) using (14.4b)
yields
2 w1 z %
r=fH q(l+z3 1] {lq t1+z3 - (g -123"- 1} (14.,4éb)
0 00 o 0
which is identical to <13.4b). Thus equation (14.5a) (or (14.5b)) is the general
fluid mixture equation.

Equation <11.3) may be rewritten in terms of A and C :

z 3
C= (R /2A)[H_q R_ ~A]
Q n] [o N a]

(14,.7a)
2 2 q
= éH_ q = (8A/R_I{1+L/R Y+ SAC/R ;
o o fn 0 fa)
Equation (14.2) can be written in the form
2 - 3
k/R + H = (28R Y(1+C/R )., (14.7b2
Q 0 0 ]

Combining (14.7a) and (14.7b) we obtain a quartic for R, in terms of A and C:

2 E g
H (i1-2q )+ k/R + 2AC/R. = 0} (i4,8a
n] Q [a} jn}
or a cubic in terms of A only:
2 g
H (iI-q JR_+ KR - A= 0. {14.8hb)
) o o o
(equivalence of (14.8a), (14.8b) follows from 14.7a).
£ 3 2 2
So, for example, B=0 => A= g H R =» KR = H_ (2q -1 ; &A=D =3
oo o o o 0
2 2
k/RD =Hc (qD—l) as required for pressure-~free and relativistic matter
respectively,
For the general case, let
2 3 K q
= fH q R = B=H_ gqR_«1-¥) , (i4.%9a)
o oo o 0o
04 4 ¢ 1 (14.9b)
where f is a constant describing the amount of pressure in the system. Thus, f=1

describes pressure-free matter (M/6 =A=0), and f=0 describes relativistic matter
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(W/3 =B=0) . Equation (14.8b) becomes an explicit equation for R .,

2
K/RZ = H *tq <144 -11 (14.18a)
o 2 o
> »
= k=0 <= q_ = 1/(1+%). (14.10b)
D
{ {
i.e. k=0 =) o- (4 =) 1) ; k=+1 =) g )1/2, k=-1 =) qo<; are the extreme bounds in

O

each of the curvature cases on go for any fluid mixture obeying the equation of
state (14.1) (and f as given by (14.9)). The observer area distance given by

(14.5a) is composed of the following terms:

2 4 & 4
(B+A I (1420 7= R CH Tq [(q ~1) +£1, (14.11a)
0 [} o a]}
2 q 2
R Z-ar = R *H *rq -11, (14,11b)
Q [n] Q 0 0
(Bt1+2)°+ 2R At1+z3-R_23%= (R *H %1q ztzezci-frr+113%, (14.116)
Q [n] o Q Q
z 4 2
R, -AR_(1+2)= R_“H_“fq_(1-f2) -11, (14.11d)
(B+2R Ak A= r Yn %%, (14.11e)
jn] [n] fa] [ n]

We notice that f appears only in terms which involve the redshift z.

Hence,

2 -1 % ]
P = (H g (g -{1-f£)1¢1+2)" ) {(q_~1)0q z¢2+2¢1~f1)+11 "~ [q (1-F2)-11} (14,12)
Q a0 [n] [a) a [}

Which is the general observer area distance equation for a fluid mixture with f

given by (14.9).

14.2 Stiff Matter
For a stiff matter the equation of state is p='. The conservation equation
H'+ (F+p)3R"/R =0
therefore shows

& 5
p=Kk , #= S/R (5= FDRD = const.). (14,13
From equation {(11.1), (11.3), <14.13)), the curvature k is given by
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2z &
s = -
k,Ro Ho (qG/Z ) (i4.14a)

) ).
= =0 (= q_= 2 (14.14b)
0
{ {
Integration of (11.1) and (14.13) utilizing <13.3) and (14.14) yields
2 -l 2
% sin” (AR 1N (41
R
e
2 = [
u=<%d9<aR ) 1o if K=<0 (14,15
|
? e
% sinh” ARy R0 41
N e
_ ¥ _ 8. -1
where A= [HD(qDXZ) RD 1 .

The factor of 1/2 occuring in each case in equations (14.15) necessitates the
usage of the trigonometric relations for half angles. After manipulation, the

resulting observer area distance is

%

% 2ol K -
r= ¥ [(q0/2) HD(1+z) Y AD"-D 72 (14.14a)

where D= (B+C)/(cq_s23%+13, Bz (q/20"cten)®, 0= (8°-(q_/2 137", For k=0 (i.e.

for q0=2) this expression reduces to
2 -1 2
PD= LSS EF HDJ {C1+z) -1}, (14.1&4b)

The form of r for p=1' as given by (14.16a) allows one to rewrite r as

o o

_ % -3
r.= [HD(qD/E) {14z) ] sinhg (14.17)

where a= 1/2 In D. This form of r eases the calculations of r to a great extent,

o o

as well as accentuating the geometrical form of r ,. Thus, for example, g.=2 =>

2 2

B= (1+z) , B+C= 2(1+z) => D=(1l+z) . =) a= 1n(l+z) and r = 0.1481/H . r for

o o

/
B+C= (0,2)2+1, which results in either of the conditions
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z=0 or g =0,

14.3  QObserver Area Distance for Different Equations of State in terms of

Hyperbolic Sine

The  hyperbolic form of r was <chown to be mathematically and

0 !p=ﬂ

geometrically advantageous. It therefore encourages us to examine Polpzﬂ and

i ‘pzufa and determine the possibility of extracting their hyperboiic form.
Investigation of <13.4a) and <13.4b) revealed that this is indeed possible, Thus

we can write

_ 2 2 -1 %
o[p=0“ [Huqo il1+2> 1 A 2sinhB (14.18a3}
4

where P= % 1n A , A= 2+qD(z—1)+ (qn~1)(1+2quz) j or

r

- 2 - _ ~ VL I
rn|p=0_ [ano (i+z) ] tqaz(ZQD 1y +01 qo)(1+2qo.) 2sinh¥} <(14,18b}
where ¥= X In(1+2qcz). The iatter expression (14.1Bb) is eacily reduced, for

qD=K, to

| ol

5/9
r = 4/1H (1+2) ! 1 sinh¥Y , ¥ =X In(i+z). {14.18c)
o p=8 o

q o:g q=}§

anad

- z 2 -1 K,
PD|p=H/3_ fH,a, €1+2> 17 B 2sinhs (14.19a)

2
where &= % In B , B= qn(1+z) - (qo—l) i tor qD=1 this expressicn becomes

-1
721" 2sinhs , & g =1= & InClen. (14.,9b)

3
Po p=/3 q0=1—_[Hn(1+Z)

For the general expression ¢14.12), we find

2 -1 %
P = [H g (g -(1-¥X3¢1+z> 1 A
[l u] a}

o 2cosha , o= % In A , A= (qo—!)[qnz(2+z(1—+))+l]Kﬂ

~a_(1-2).  (14.20a)
or
= [H g (g -(1-§3)C142)°17 {q f2)+ (q -1>B2=inh®) ., 8= ¥1n B
ro= Hoa e, 1-%] z a,tz a, 2sinh®} , B= Xln ’

(2]
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B= q z{(2+z(1-¥)1}+1, (14,200
o

For qD=M, (14,20h) reduces to

2 -1 2
ro= [HDM(4—$3(1+2) 1 {i&fz)- %BKZEinhﬁ} s B= oz+ Bz CI-f3+1 , (14.212)

which, for f=1 (i.e. p=0), rvields

PD= 2/[HO(I+Z)2] {z- (1+z)“25inh(%ln(1+z))}. (14.21b6)
which agrees with (14,18c).
For qD=1, (14,20b) becomes
ro= 2/TH (14237 €14.210)

which is consistent with (14.19a), and remarkably is independent of f!. i.e. for
i

relativistic matter (as related to each other by (14.9)). We conclude from
(14.20) that a mixture of pressure-free and relativistic matter (according to
(14.9)) has:

(1) symmetric properties as represented by the hyperbolic cosine term in
(14.20a) with symmetry at a=0 (satisfied at g ,=0=z); and deviation from symmetry
expressed by the terms proceeding the hyperbolic cosine.

(11) asymmetry as expressed in <14.20b) by the hyperbolic sine term (satisfied
at z=0). Further, (14.21b,c) yield the relation between the critical observer

area distance for pressure-free matter and relativistic matter:

_ o /8
rolq <%l 4=y = 2rD|q _y- 47TH €1425777 1 sinhtkInt1+z)) (14.14d)
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15 Summary of Conclusions to Part II

The selection of a suitable class of sources would determine if the proposed
*
measurement of the turn-around redshift , 1is in fact feasible or not. The
introduction of new technologies such as the space telescope and optical
interferometers at least raise hope that the measurement might be feasible at
the redshift range needed <about I to 1.5). Interpretation of the result will
then depend on estimates of the source linear size evolution at the time
*

corresponding to the redshift z . While this will undoubtedly present problems,
they may be no worse than those in the various other methods where inability to
reliably estimate source evolution has prevented a good measurement of the
deceleration parameter o It is certainly worth trying this test in view of the
decisive nature of the predictions made once the evolutionary parameter has been
estimated; and particularly in view of the present apparent contradiction
between the "high density" predictions of the inflationary universe model, and

the apparent low density suggested by our currently best estimates of Qo from

local astronomical studies.

A determination of the equation of state of matter in the universe at recent
times - that 1is, whether the universe is dominated by relativistic or non-
relativistic matter - is an indispensible component in any proposal to use
astronomical observations to determine if the universe is hyperbolic, elliptic,
or flat; for the deductions to be made from the value of go depend crucially on
this feature. Unfortunately the direct observational relations themselves will
give no useful guidance, for z<2, on what this equation of state is. However
tests based on the age of the universe are fairly sensitive to the equation of

state.

Observations of the metric diameter constitute a more sensitive test than
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magnitude observations for the determination of the equation of state at the
current observable range (z=2-4). This is further accentuated for objects which
are decreasing in size at the time of observation. For a given class of objects,

the discrimination between the equation of state will depend entirely on g .

For a General fluid mixture and stiff matter, the hyperbolic form of the
observer area distance derived is both mathematically (from a manipulation point
of view) and geometrically (from an interpretation view point) advantageous.
Stiff matter is completely asymmetric at g o,=0=z. The general fluid mixture is
symmetric at g.,=0=z; and has an asymmetry at z=0.

For go=1 the observer area distance is independent of the equation of state.

We have only considered here the case when A=0. Analytic expressions for the
area distance are Known for the case of a dust-filled universe with non-zero
cosmological constant (Kaufman 1971). Because of age problems, this may be the
only possibility for the inflationary universe idea, whatever the equation of

state of matter (Blome and Priester 1984).
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Appendix I Fluid-Ray Formalism

The generalised commutator relations

: General Case

(4.2)

for an arbitrary null vector field k

Commutator Relations

[u,K] = tn+n"oy +

tu,ml (h—glu +

[K,m]

-ay -

tm,m' 1= Cf =)y +

Rotation Coefficients
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and rotation coefficients

tqt-itom
¢1=1"=bm
(n—n+-f)m

+
Em

+ (g-im’

cm

E

(4.3)



The Jacebi identities and the Ricci tenser which generalize (5.1) and (5.5)

respectively, for the case wher K and u are not necessarily geodesic:

Jacobi ldentities
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Ricci Tensor
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Appendix II : Observable Quantities for the Three Curvature Cases
With reference to subsect. 7.4 and in particular table 3, the three curvature
cases K={+1, -1, 0) are tabulated below, using the definition of table 1 (subsect.

6.4) repeated here for clarity.
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Notation Reference List

Symbols are Tisted alphabetically, according to the first letter in

symbol. Abbreviations follow thereafter.

A, B, C component function

b fluid expansion component in radial direction
C central observer world Tine

c speed of Tight

D, A, ¢ covariant operators of fluid ray tetrad

dso: d( observer cross sectional area; solid angle
to set of orthogonal vectors

F selection effect; flux of radiation received
f expansion of radial null geodesics

g spacetime metric

H Hubble constant

h projection tensor

K, K normalized ray vector; normalized curvature
k affinely parametrized null vector field

L source luminosity

1 fluid acceleration; distance

spacetime manifold; relativistic energy density per source counted

m apparent magnitude

N number of sources

n number density; fluid expansion component in radial direction
o2 unit vector in direction of propogation of k

p isotropic pressure

q deceleration parameter

R normalized radius of universe; Ricci scalar
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0 distance measure down past light cone from C

ro observer area distance

s spherical polar relations of coordinates 0, 0 on 2-sphere
T energy momentum tensor

t time coordinate

u normalized fluid 4-velocity

u* fluid acceleration

Vs speed of sound

w past light cones of events along C

z redshift

object of anholonomicity

X wavelength

v total energy density

0 isotropic expansion

0, 4 angular coordinates based on C
shear

proper time
vorticity
A cosmological constant

Ricci rotation coefficients

Abbreviations

CMWB cosmic microwave background
emit emitter

eq equation

G galaxy
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o, obs observer

subsect. subcectian
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