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Preface to Part I

This thesis forms part of a comprehensive series of papers aimed at

characterizing in detail the way in which cosmological observations can be used

to directly determine the geometry of cosmological space-time, and critically

examine the limits of observational cosmology. The program was initiated by

G.F.R. Ellis and co-workers and is subdivided into four major areas:

(i) paper I deals with cosmographic observations (Ellis et al. 1985,

Maartens 1980); i.e. one proceeds without the assumption of particular dynamical

laws that determine the very large-scale structure of space-time;

(ii) ideal cosmological observations (Mel et al. 1985, Nel 1980) where one

examines the large-scale structure of space-time assuming that Einstein's field

equations govern this structure.

(iii) paper II considers observational cosmology in view of realistic

limitations on possible observations (Maartens et al. 1985).

(iv) paper III investigates "nearly Robertson-Walker space-times" (Stoeger et

al. 1985).

This thesis is an extension of the paper by Stoeger and Ellis (1984) which forms

the basis for the fourth current phase of the program. Stoeger and Ellis examine

spherically symmetric cosmologies from an observational viewpoint. They

determine optimal observationally based coordinates and a related tetrad, and

use these to establish the field equations. They then proceed to examine

integration of the exact equations, in the spatially homogeneous case, for the

curvature case K = +1. Further, a function W(r) - representing the total energy

density- is found for the general spherically symmetric integration, following

the procedure employed by Bondi (1947).

Aim

This thesis aims at :

(i) extending the integration of the exact equations for the spatially
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homogeneous case, to all three curvature cases, viz.

K = (+1, 0, -1).

(ii) investigating the possibility of determining the observable quantities for

the general curvature case in terms of a generating function, and the

implications of the existance of such a function in FLRW universes.

(iii) examination of the function W(r) in the context of the optimal coordinate

choice utilized here; establishing the conditions for its validity in FLRW

universes and its dependence on the generating function found in (ii).

Approach and Motivation

It is assumed that the matter content of the universe is a pressure-free

perfect fluid ("dust"). The field equations have been previously integrated (see

e.g. Tolman 1934, Bondi 1947, Ellis 1967). The essential new feature of the

approach is its strong observational base: we choose coordinates and a tetrad

that relate as closely as possible to observations made on the past light cone

of a central observer, as well as to the fluid. Thus the equations obtained are

more difficult to examine and integrate than when purely fluid based coordinates

are used. However, for a possible direct confrontation of the space-time

geometry with possible astronomical observations made by central observer, the

difficulties encountered are believed inherent and therefore essential. The

thesis therefore extends the frontiers of observational cosmology in pursuing

the limits to verification in cosmology (Ellis 1980a), and forms the basis for

further papers examining axially symmetric and general perturbations about FLRW

universes.

The idea of maintaining cosmology as a directly observationally based subject

stems from the paper by Kristian and Sachs (1966) who examined in detail l ocal

space-time geometry and its related field equations ; and Ellis

(1975, 1 979a,b, 1 984a,b; et al. 1985 and references there in). This series
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strives toward an integrated observationally based cosmological framework which

may eventually lead to an overall cosmological theory (see Ellis 1984a).
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I Introduction to Part I

1.1 Outline

• The first chapter summarizes the salient features within the framework of

this thesis. It then continues to review current understanding and motivation of

spatially homogeneous FLRW cosmological models.

Chapter two introduces the fundamental assumptions and notation employed, and

the kinematics of perfect fluid. It further introduces observational coordinates

and observational quantities in spherically symmetric space times  with specific

application to FLRW universes.

In chapter three fluid ray-tetrad formalism is reviewed and related to

observational coordinates. The metric is then investigated with central

conditions as constraints. Observational coordinates are then fashioned.

Chapter four applies the commutator relations and rotation coefficients, and

discusses the geometrical interpretation of the non-zero commutation

coefficients.

The fifth chapter determines the Jacobi identities, field equations and

contracted Bianchi identities for a spherically symmetric perfect fluid. It

then, following the introduction of naturally occurring  quantities, reconstructs

the equations to be expressed as a set of radial and time derivative equations.

Chapter six introduces the conditions for spatial homogeneity and

investigates the possibilities arising for isotropic fluid expansion. The

consequences of spatial homogeneity and isotropy are then structured into the

equations, thereby requiring spherically symmetric dust-filled space-time to be

a FLRW universe. The field equations are integrated in a coordinate free manner

and then investigated in the light of possible coordinate choices. Once the

observational coordinate choice is made the observable quantities are determined

for all three possible curvature cases.

In the seventh chapter the dust field equations on the past light cone for

1
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FLRW initial data are explicitly integrated in terms of observational data.

Integration along and off the light cone is carried out, incorporating the

optimal coordinate choice, again for k={+1,0,-1). Further, the general curvature

case is investigated.

Finally, chapter- eight carries out the spherically symmetric integration in

terms of a function W(r) adapted to observational coordinates. The geometrical

interpretation of this function and the conditions for its validity in FLRW

universes are investigated.

1.2 Friedmann LeMaitre Robertson Walker Models

We follow, in part, Hawking and Ellis (1973) in reviewing FLRW universe

models. We are interested in finding a suitable representation of the observable

universe in a general relativistic frame work. The Copernican principle (Bondi

1960) sets our ideology in maintaining that our position in the universe is not

a specially distinguished one. When viewed on a suitable scale, this principle

implies approximate spatial homogeneity, by which we mean that there exist

spacelike 3-surfaces, any point of which is equivalent to any other point on the

same surface. By a suitable scale we mean a scale large enough to exclude local

irregularities such as stars and galaxies (i.e. a smooth, moving substratum;

e.g. Rowan-Robinson 1981, Ellis and Sciama  1972).

Homogeneity however, is difficult to test by observation, as the separation

between the fundamental observer (comoving with the fluid) and distant objects

is not a simple measurable quantity. One is faced within our past light cone,

even at relatively small redshift values, with evolution effects, the "lumpy"

nature of the real universe and so on; at substantial distances source evolution

must be taken into account (Ellis 1979a, 1980a, et al. 1978). This restriction

may be eased, in principle, by observing isotropies (i.e. seeing if universe

looks the same in different directions).
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Isotropy and observations

Observational investigations of isotropy conducted so far support the conc-

lusion that the universe is approximatelly spherically symmetric about us.

Evidence for large scale isotropy arises either from matter or from radiation

isotropy (to within -3% and -0.03% respectively) and is obtained via :

(a) distribution of galaxies and their apparent magnitudes and redshifts (see

e.g., Hubble (1934b,1936), Sandage 1972a, Sandage et al. 1972).

(b) extragalactic radio sources (at epochs much later than .n1; see e.g.

Holden 1966, Hughes et al 1967, Ellis & Baldwin 1984).

(c) cosmic microwave background radiation on very large scale (nI500),(Penzias

& Wilson 1965, Boughn et al. 1971) which places severe limits on any an isotropic

models of the universe (for review see Peebles 1971, Sciama 1971).

(d) x-ray background in the 2-20 keV band (in direction away from galactic

plane, to within 1%; see e.g., Warwick et al. 1980).

In the case in which the universe is isotropic about every spacetime point,

the Copernican principle may be interpreted as stating that the universe is

approximately spherically symmetric about every point. Cosmological models

describing such universes were originally derived by Friedmann (1922), LeMaitre

(1927), Robertson (1929) and Walker (1935), and are called FLRW universe models.

Walker (1944) showed that exact spherical symmetry about every point implies

spatial homogeneity of the universe, whose surfaces are spacelike 3-surfaces of

constant curvature. We conclude therefore, that FLRW models are a good

approximation to the large scale geometry of space-time in the observable

region.

The Isotropy Dispute

The question remains as to why the universe should be isotropic. Mach's

principle which relates the local inertial frame to the large scale distribution

3
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of matter in the universe and forbids the arbitrary rotation between these,

prescribes it to be a consequence of the initial conditions of the universe,(see

e.g., Brans et al. 1961). However, as shown by Bode] (1952), such a rotation is

permissible in general relativity.

In Misner's chaotic cosmology (Misner 1968, 1969) the universe started off

highly anisotropic and inhomogeneous but somehow evolved into isotropy and

homogeneity on the large scale. Hawking and Collins (1973a,b) however, argue in

favour of an isotropic universe, claiming that we would not be here were the

universe not isotropic, since galaxies would not be able to form in an anisotro-

pic universe. Thus the universe is isotropic because we are here (also see

Carter 1974).

McCrea (1968) promotes the idea of degradation of information, reaching us

from remote parts of the universe, by the redshift, thus introducing a principle

of uncertainty. i.e. our ability to observe homogeneity and isotropy

deteriorates with increasing distances.

If the idea of hierarchical ordering of clusters and superclusters of galaxies

is correct, it is possible that no averaging scale exists. This idea is demoted

by Zwicky et al. (1966) who maintain a smooth universe existance on a scale

l arger than the average distance between clusters; it is claimed true by Abell

(1967) and de Vaucouleurs (1970), and by Kiang (1961) (clusters occur on all

scales). The latter is recently supported by work on the galaxy covariance

function by Peebles (1980) which suggests the formation of galaxies before

clusters followed by aggregation into clusters by mutual gravitational action.

There emerges therefore the questionable definition of a mean space density (for

a review see de Vaucouleurs 1970) on a cosmological scale. Further, no clear

criteria for isotropy have been established (Ellis 1980a). In particular, CMWB

radiation isotropy does not imply spherical symmetry about the central observer

(Ellis et al. 1978).

4
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Alternatives to Spatial Homogeneity

Different approaches to spatial homogeneity are:

(i) the universe is spherically symmetric but inhomogeneous,

(ii) the universe is completely chaotic and infinite; life evolves only where

local expansion, homogeneity and isotropy exist (Anthropic principle),

(iii) the universe is small, finite and expanding. Apparent homogeneity and

isotropy are guaranteed in such a finite universe. This class includes, through

identification, FRW universe models of compact space sections (for general

discussion see Ellis 1779a).

(iv) the universe is spherically symmetric and static, with two centres, our

galaxy being near one of the centres (Ellis et al. 1978).

Observational conditions for FRW universes

However, for the purposes of this thesis, on the basis of current observa-

tional evidence for isotropy discussed above, we shall treat the large scale

structure of the universe as spherically symmetric about every point. In terms

of realistic observations, what one therefore requires for spherically symmetric

space-time and matter distributions are the conditions:

(i) background radiation must be isotropic;

(ii) (magnitude,redshift and (number count, redshift) relations must be

isotropic. Then the area distance r and energy density V are functions of the

redshift z only: r=r(z), V=V(z); in addition,

(iii) no galactic proper motions must occur <=> u = u = 0;

(iv) no observational distortions take place. Hence image distortion resulting

from ambiguous apparent shapes of observed objects will not be considered.

In practice, conditions (i) and (ii) can be checked (as discussed above).

Condition (iii) cannot be checked, because on a cosmological scale no proper

motions can be detected. Condition (iv) cannot be checked either, since no
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2 Geometry and Physical Fields

2.1 Fundamental Assumptions

Spacetime is a manifold (M,g), where M is a connected 4-dimensional Hausdorff

_o
manifold, g is a Lorentz metric of signature 2 on M. The covariant derivative

of the metric is gab;c =0 (see Hawking and Ellis 1973, Ehlers 1973).

We assume the Copernican principle to hold (Bondi 1960):"We do not occupy a

privileged position in space-time". This implies firstly that local physical

laws, which have been experimentally determined (and govern the physical fields

present in spacetime), may be extrapolated to hold on a large scale. Secondly,

considering local astronomical observations, our view of the universe is not a

preferred picture. This permits the assumption that the ordering of matter into

stars, star clusters, galaxies, clusters of galaxies and interstellar matter, as

determined by local astronomical observations, also holds at large  distances,

which leads to the usual "fluid approximation".

The fields on M which describe the matter energy content of spacetime  obey

tensor equations; the fields may be represented by a symmetric total energy-

momentum tensor T, which satisfies on M the conservation equations:

T a t =0 (2.1)

(see Hawkino and Ellis 1973, Ehlers 1973).

The gravitational field is represented by the spacetime metric itself. The

curvature is dynamically related to the matter-energy content by the non-linear

Einstein field equations (for vanishing cosmological constant).

G = T
ab

<2.2)
ab

=

ab -ab

where R
ab 

is the ricci tensor of o, and R=R.aa
 
is the Ricci scalar. Then the

contracted Bianchi identities g., =0 show that (2.1) are the integrabilityab;c

conditions of (2.2).

We assume that galaxies may be regarded as particles of a cosmological fluid

7
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laws, which have been experimentally determined (and govern the physical fields

present in spacetime), may be extrapolated to hold on a large scale. Secondly,

considering local astronomical observations, our view of the universe is not a

preferred picture. This permits the assumption that the ordering of matter into

stars, star clusters, galaxies, clusters of galaxies and interstellar matter, as

determined by local astronomical observations, also holds at large distances,

which leads to the usual "fluid approximation".

The fields on M which describe the matter energy content of spacetime obey

tensor equations; the fields may be represented by a symmetric total energy-

momentum tensor T, which satisfies on M the conservation equations:

(see Hawking and Ellis 1973, Ehlers 1973).

The gravitational field is represented by the spacetime metric itself. The

curvature is dynamically related to the matter-ene•gy content by the non-linear

Einstein field equations (for vanishing cosmological constant).

where R ib. is the ricci tensor of g, and R=Raa
 
is the Ricci scalar. Then the

contracted Bianchi identities Q. , =0 show that (2.1) are the integrability

conditions of (2.2).

We assume that galaxies may be regarded as particles of a cosmological fluid
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and the energy-momentum tensor takes a perfect fluid form:

(2.3)

(2.4)

a

and clusters of galaxies form the dominant component of the matter-energy

content of spacetime the average motion of the galaxies is represented by a

smooth timelike (normalized) vector field u (the 4-velocity)

b

(Ellis 1971. Weinberg 1972) where V is the energy density and p the isotropic

pressure of the galactic -fluid (a perfect fluid is characterized by negligible

heat conduction and viscosity). For pressureless energy-momentum tensor, the

matter content of the universe is called dust.

We assume that the universe is so large that we are unable to move off our local

galactic world line (but cf. small universe proposal, e.g. Gott 1980, Ellis et

al. 1979). i.e. we view the universe from effectively a single space-time point-

"here and now" (Ellis 1975).

Electromagnetic signals received along an observer world-line  from distant

galactic world-lines propagate along null geodesics (rays; see sec. 2.6, geomet-

ric optics approximation ) and are directly observable (e.g. radio to x-ray

observations; Ehlers 1971).

Other observations (element abundance, age of clusters etc.) are considered as

indirect observations not restricting the detailed spacetime structure but

restrain the integral cosmological model (for a comprehensive review see Ellis

et al. 1985).

2.2 Notation
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with respect to X ; this is the vector field yielding the difference between the

vector field Y, and the vector field produced if Y is "dragged along" by X (see

e.g., Carmeli 1977). This gives the commutator a useful geometric interpretation

closely related to integrability conditions.

A set of vectors {p 
a

} (labelled by the index a) that are orthonormal at each

point is called a tetrad. The notation aa. is used to emphasize the action of

these vectors as directional derivatives : 8 f=e (f). i,j,k.., are coordinatea a

indices, and a,b,c... are tetrad indices. Coordinate indices and tetrad indices

run from 0 to 3; '0' denotes timelike, so 1,2.3 denote spacelike. Greek indices

run over 1,2,3.

Round brackets denote symmetrized indices, and square brackets denote skew-

symmetrized indices (see Schouten 1954).
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(2.5)

(2.6b)

(2.6c)

2.3 Kinematics of a Timelike Congruence and Perfect Fluids

We follow Ellis (1971,1973) in summarizing  results.

2.3.1 Projection Tensor

For a space time filled with dust, the fluid flow vector u a determines the

tensor

which, at each point, projects into the instantaneous rest space of an observer

moving with 4-velocity u a . This tensor obeys

2.3.2 Kinematic Quantities

W
ab 

is the expansion tensor

W
ab 

is the skew vorticity tensor

D ab 
is the symmetric, trace-free skew tensor

u'
a 

is the acceleration

$ is the expansion scalar

0 is the shear scalar

The vorticity vector w
a
 

is defined by

the vector W a is in the rest space of u a which defines the instantaneous axis of

rotation of the fluid due to vorticity. The kinematic quantities govern to first

10
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order the evolution of a small sphere of fluid. From (2.3), (2.6a) => u'u a= O.

Also, the rate of change of volume gV enclosed by a Group of neighbouring

particles is

We note that the scalars 0, W (2.6c) vanish iff the corresponding tensors

vanish.

BY projecting the covariant derivative Vu and decomposing, one obtains in terms

of the Quantities defined

2.3.3 Conservation Equations

The contracted Bianchi identities (2.1) for a perfect fluid are

which are respectively the energy and momentum conservation equation.

For dust, (1.9) reduce to

i.e. the world lines of dust are geodesic , and the mass of any particle of the

fluid is conserved.

2.3.4 Hubble Constant and Deceleration Parameter

The Hubble constant may be defined in terms of the isotropic volume expansion

0, and a representative length 1 (using (2.7)), at any time t, by

11
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i.e. H is the direction averaged rate-of change of distance of clusters of

-i)
galaxies as a function of proper time (units: time ) ; a represents the rate of

expansion (dimensionless).

2.3.5 Equations of State

To include the physics in the current context, one must specify the

properties of T ab which, in the case of perfect fluid, reduce to equations

restricting p and 11 . In addition to the general restrictions

(i.e. the relativistic inertial mass density of the fluid, and the energy

density of matter are positive) one imposes stability of fluid against local

mechanical instability (lower limit) and an upper limit on the screed of sound

v im , not increasing the speed of light c :

Equations (2.14a) ensure that the conservation equations (2.11) have physical

solutions, and that the acceleration is always away from a high pressure region

towards a neighbouring low-pressure region; and that compression of fluid

increases its energy density. From eqs (2.14c) one can deduce that there is only

one independent thermodynamic variable along each world line, here chosen to be

A. Thus, statement (3.17) of Ellis (1971) holds:

" The change of thermodynamic state along the flow lines of a perfect fluid is

12
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Equations (2.18a,c,d) are 9 of the 10 general relativity field equations; the

remaining field equation is a consequence of one of the four first integrals

which exist, when all the other condition are satisfied, as a consequence of the

contracted Bianchi identities (2.11).
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where r , s +he coordinate distance between the galaxy and the observer and

O. Thence we can substitute from the Friedmann  ec to obtain c: r
o

We evaluate r
o(Z), when pressure free matter is the dominant energy  component in

the universe(as  it is believed to be at recent times; but see part II) in the

subsection.

2.6.4 Present Time Evaluation of Observable Parameters, for Dust

The non-trlvial equations together with the Hubble constant, H, ando,  

deceleration parameter  G o , may be evaluated at the present time, to yield the

19
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2.6.5 Number Counts

Let an observer on a central world line C count a number dN of sources

between redshifts z and z + dz in a solid angle dO , where z corresponds to the

radial position r. Let . F be the selection function, that is, completeness of the

count (i.e. the fraction of sources in the volume that are counted is F). The

radial proper distance measured by a comoving observer at the source is dl,

while the cross-sectional area dS at the source of light rays spanning a solid

angle d( at the central observer is given by eq (2.25b). Let the time coordinate

20
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2.6.7 Null Cone Observations in a RW Model

For a RN model, filled with dust (and with A= 0), we may summarize the

observable quantities as follows:

i) no proper motion or distortion effect is observed (see eqs <2.10),(2.23))

ii) the redshift, observed for any distant sources in the model, is given by

(2.24b,d)

iii) the area distance r
o 

for any =source is given by (2.29)

the number N of sources observed upto a redshift z in any direction 	 is

obtained by integrating (2.30a)

v) the magnitude of a source is given by (2.31c)

Note that in the general case the specific intensity of radiation from any given

source, and of background radiation may be additionally obtainable.

'7. '7
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3 Spherical Symmetry : Observational Coordinates and Tetrad

3.1 Fluid Tetrad Formalism

We review the use of tetrad techniques briefly (see Maartens 1 980 for a more

complete set of references). The techniques have been applied in the study of

both vacuum and fluid-filled spacetimes. Orthonormal tetrads adapted to fluid

flow (0 = u) were applied to the kinematic classification and exact solutions

of certain spacetimes (see Heckmann and Schucking 1962, Ellis 1964,1967, Stewart

and Ellis 1968. Ellis and MacCallum 1969, King and Ellis 1973, MacCallum 1979

for an overall review); pseudo-orthonormal (null) tetrads have aided vacuum and

radiation spacetime analysis (see Newman and Penrose 1962, Geroch et al. 1973,

and for a review see Carmeli 1977).

The motivation for a choice of a particular tetrad is its natural geometrical

suitability for the situation investigated.  Observational cosmology is

geometrically characterized by a timelike congruence (modelling the galactic

motion), and the null congruence (modelling the photons received, from galactic

sources, at the observer galaxy C -belonging to the timelike congruence). The

formalism is therefore designed to eliminate the unsuitability of the fluid

tetrad to describe electromagnetic signals, and the null tetrad at describing

galactic motion.

3.1.1 Tetrad Formalism in General

We follow Heckmann and Schucking (1962) in reviewing the tetrad formalism in

general.

The set of vectors te a) are orthonormal and linearly independent at each

point; their scalar products with respect to the metric g are constant, i.e.
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Figure 3. Fluid ray tetrad; and observational coordinates {w,r,e,}  based on the

world line C of an observer 0 characterizing the time of observation w, the

direction of observation S,T, and the distance r to the galaxy observed, down

the null geodesic joining these events.

It then follows from (3.8), (3.9) that the metric components in terms o+ these

coordinates are divan

dS = -A (w
,r) dw2 + 2A(w.r) B(w,r)Hw-",r f D2 (w.r))CO2 f sin (3.10)

3.4 Central Conditions

The metric: clearly symmetric  about world l ine C at r= 0),

provided suitable central conditions hold (c+. procedure used Marasse et al.

1962, and as adapted by Ellis et al. 1985; and c+. Temple 1938).

These are that
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provided the central condition (3.11) holds (determining the relation between C

and B for small values of r). The area distance may , for example, be found

directly by measuring the solid angle subtended by the image of an object of

known size (see fig.1). Alternatively it can be determined by measuring the

observed luminosity of a source of known intrinsic luminosity (see Kristian and

Sachs 1966, Ellis 1971). In practice however, both methods depend on the

detection limit (see Ellis et al. 1985) which determines the observed image

boundary, and so necessitates source brightness distribution and spectrum

knowledge as a priori (see Ellis and Perry 1979, Ellis et al. 1984).

which is in principle observable. The term r o

2 

has been included for convenience

in the definition of M; alternatively it could be moved from (3.12d) to (3.12c)

at the cost of making the integration of the field equations more difficult.

We encounter difficulties in realistically determining M, since many other

contributions apart from visible matter may occur;this is the problem of

evaluating the mass to light ratio.

Both F and M will in general depend on z; in practice one can estimate F from a
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knowledge of the galactic brightness distribution and spectrum, the area

distance r and redshift z, and the detection limit (see Ellis, Perry et al.

1984).

Further, the Doppler shifts caused by random velocities of galaxies prevent one

from directly using observed redshifts as a measure of distance down the light

cone. One must therefore allow for a possible Doppler component to be added to

the observed redshift in order to estimate the cosmological redshift.

Hence, number counts might be better expressed in terms of area distances, but

both observationally as well as mathematically one is faced with difficulties;

i.e. measuring r o accurately and obtaining simple expressions for M o (r o ) is in

practice difficult.
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4 Commutators and Rotation Coefficients

We follow the procedure developed by Stoeger and Ellis (1984) in the ensuing

chapters. We use the notation for commutators and rotation coefficients

introduced by Maartens (1980, p. 3.1.6 ;cf. subsect. 3.1).

4.1 Commutator Relations

Upon substitution of relations (3.8) into the commutators relations (3.2b),

one finds when comparing with Maartens (1980, eq (3.1.14))
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A, B. C. Equations (6.5a) together with (4.1), (5.8) and (5.13) show that

i.e. condition for isotropy implies that the time rate of change of C varies in

direct relation to that of B. Thus, there is a function g(r) such that

Define t(w,r) such that it is a solution of the equation

Then the spatial homogeneity of 6), P, n and b (eq (6.5b)) shows

where r and t are independent functions (i.e. p(r)=  q(t) => both p and q are

constant, by (6.7a)). Hence there are functions a(r), R(t) such that

Similarly the spatial homogeneity of V (eq (6.5b)) shows that

Then (6.6b) becomes

Finally, homogeneity of b (eq (6.5b); which is the same as homogeneity of n

due to isotropy condition (6.3b)) and (4.1) shows

that is, there is a function k(t) such that

Now (6.7a) shows that

The integrability condition guaranteeing consistency of (6.9a,b) is
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These show that

are the present values of R, t, .T respectively; these are all unique as we

have normalized away all significant coordinate freedom.

Finally, because A= 0 (see (2.28b)),

The observable quantities in all three cases in these universes follow from

( 3.12) and the above results. We wish to have these both in terms of the

coordinate r, and in observational terms. Ideally we would give them in terms of

r
o

, but determining z(r
o

) seems difficult. Therefore as a second best we express

them in terms of z.
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Clearly, z may not be expressed as a function of r o in a simple manner. We note

(see Ellis et al. 1985) that in RW, r o is not a monotonic function; and in

spherically symmetric spacetimes the redshift is not monotonic (Ellis et al.

1 978). Also (3.12) and (6.25b) show

We shall now summarize the results for the three curvature cases K= (+1,0,-1).

upon examination of the results one finds certain terms which repeatedly

occur, for each case; these terms are therefore defined for convenience as

follows

Further, these are terms which recur but change from case to case systematically

(e.g. Misner et al. 1 973 recognize these changes for cases K= +1).

Column 4 thus defines a general term for all three cases. We list the results
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relations are complex in these observational coordinates. Do there exist other

coordinates than those considered above, that will simplify the situation?

There are two main possibilities. First, a new time coordinate w may be

considered which defines the past light cone when w=w
o

, but then measures

proper time along the fluid flow lines (see e.g. Bondi 1947 as examined in

chapter 8). Thus w does not define a null surface almost always, so while

simplifying one metric component, another (the magnitude of the gradient of w)

will appear; in addition, the direct interaction with the observations is then

lost.

Secondly, a coordinate r that is geometrically meaningful (e.g. an area

distance) can be considered, but such a coordinate is not fluid comovinq . The

4-velocity u will have as a consequence a second non-zero component and the

relation of fluid expansion to coordinate or rotation coefficients will be

complicated.

It is concluded that although it is possible that one of the alternatives

might be a better choice of coordinates, it is believed that the difficulties

encountered are intrinsic to the way in which the light cone relates to spatial

homogeneity. Other choices suffer from the non invertibility of relation

(6.29b) to obtain the explicit expresssion for z=z(r
o

) (see table for

quartic expression of z(ro)), in order to rewrite the observational relations in

terms of r intead of z. As such our present notion is that the coordinates used

here are the simplest.
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7 Integration of FLRW Universes for Observational Data

7.1 Integration Scheme

The field equations for spherically symmetric dust, the optimal observational

coordinate choice for FLRW universes, and observational relations in those

universes have now been established. Our objective now is to construct the

universes from observational data, i.e. we seek to integrate explicitly the dust

equations on the past light cone utilizing FLRW initial data.

We pursue the integration from observational data first along the light cone

(the radial equations) and then off the light cone (the propagation equations).

The optimal coordinate choice, as discussed in the previous chapter, is attained

by choosing the radial coordinate r such that B initially satisfies B(wo ,r).=

A(w .r); and the time coordinate w such that A satisfies A(w,0)= B(w,0) on theo)

central world line C. These initial conditions will result in A(w,r)= B(w,r)

everywhere, so regaining the optimal coordinates discussed above.
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Time Integration

Integrate the system of equations (5.15) off the initial null cone,

(e) determining co and V from equations (5.13).

(f) determining A'(w,r) by integrating (5.15c) from the central line C down

successive  light cones.

(g) integrating (5.15a) and (5.15b), which determine C" and 8" respectively,

along the matter world lines.

Essentially, we know

One should note here that in principle we do not have sufficient data to

carry out this integration to the future, as incoming gravitational waves could

destroy the spherical symmetry. However as long as spherical symmetry remains,

we do indeed have sufficient data to make this prediction. Thus our procedure

implicitly assumes the no-interfe•ence condition: incoming data to the future of

the past light cone (w= w o ) does not destroy the spherical symmetry of the

spacetime.

The Robertson-Walker initial data on the past light cone (w= w o ) are the

r
o
(z) and M

o
(z) relations given in equations (6.29b,c). Our task is to construct

the FLRW universes from that data. (Nel 1980, Integrated the radial equations

in the Newman-Penrose formalism, and hence showed that this initial data would

indeed give a FLRW universe. However he did not carry out the time integration;

this would have been difficult using the NP formalism, based on null directions

only).

55

Univ
ers

ity
 of

 C
ap

e T
ow

n



7.2 Radial Integration

STEP 1: The Null Raychaudhuri Equation

(a) The first step (as in the integration carried out by Nel 1980) is to

integrate equation(5.14b) to determine z(r). We assume r o (z) and Mo (z) are known

from astronomical measurements; then

Upto now the integration was general. For illustrative purposes we now pursue

the case K= +1 only; a summary of all three curvature cases will follow there-

after. In the case of FLRW initial data  substituting for r(z) and M
o

(z) into

(7.1) from (6.29b,c), setting A o= Ro given by (6.24c), and integrating yields

56

Univ
ers

ity
 of

 C
ap

e T
ow

n



Univ
ers

ity
 of

 C
ap

e T
ow

n



which is consistent with (6.27a). Comparing with (7.3c) and (6.7), ( 6.8) shows

that the quantity a (see eq (4.3a)) is initially zero. This is consistent with

the integration carried but in (6.22a) resulting in

Thus , as both a and P vanish initially, the observational data has uniquely

determined that the spacetime is initially a FLRW spacetime (see eqs (6.4); and

cf. Nel 1980).

Eq (5.14c) is now automatically satisfied, providing a check on our result, i.e.

2
(0 1= -30 sing cosr.

7.3 Time Integration

Step 3: Time Integration

(e) Substituting for Wo , g o one can write (5.15a,b) in the form

(this is v= 0, which then implies u= 0). The initial isotropy of the expansion

(7.4c) and relation between B and C (determined by (5.3)) guarantee that both

these relations hold at all times. Then we have

everywhere (the last following from (5.15)) since (C' '/C - B"/B)= W: r; u+ A - a ;

which is just the statement:
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8 General Spherically Symmetric Integration

8.1 Existance of a Potential and Resulting Field Equations

The general scheme of integration laid out in section 5 will hold for any

spherically symmetric dust model, as well as FLRW universes. In particular, the

coordinate conditions imposed (setting A = B initially) can be retained, and eq

(7.1) can then be used to determine the relation between z and a distance

parameter r which will turn out to be the FRW parameter r used in chapter 7,

should the universe be a FLRW universe.

However there is a very elegant integration of these universes laid out by

Bondi (1947), following earlier work by Tolman (1934), Oppenheimer, and others,

in which the integration in standard coordinates is greatly simplified by the

existence of a potential U. We seek to find in a natural way a similar quantity

in our observational coordinates for these spaces. It is indeed possible, as

will now be demonstrated.

The key feature is that either by eliminating to from (5.14d), (5.15a) and

integrating, or directly by inspection of (5.14c), there is a function W(r) such

that

This is analogous to Bondi's eq (21). The existance of such a potential is a

consequence of the field equations (5.3) (for verification see Appendix in

Bondi's paper). Substituting into (5.14c) shows

which integrates to give

Also substituting (8.1) into (5.14a) gives

as required by (5.14b) and which also satisfies (5.15b,c), and supplies us with
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Geometrical Interpretation of W(r)

W(r) represents the total energy density and related to the curvature of 3-space

as shown in eq (8.3). In addition, W(r) is also the ratio of effective to

invariant mass

By (8.1), 4(0)= 1 for all three curvature cases as required by the central

conditions (3.11), and since C'(w,0) = 0. However, at r 0 the three cases

differ:

(a) for K=0, W(r) remains unity in accordance with flat 3-space;

(b) for K= +1, W(r) is symmetric about the central observer as required by

spherical symmetry, but

(i) for K= -1 bound by a lower limit 1 with no upper limit,

(ii) for K= +1 bound by an upper limit 1 and lower limit -1.

Cases (i) and (ii) are sympathetic with eq (41) of Bondi (eq (26) of the same

paper defines the dynamic equation with reversed sign notation).

The sign of W therefore)differentiates one curvature case from another; i.e.

Further, since C'(w,r) is a continuous function, then W must be continuous and

hence cannot change sign without vanishing at some r. Examining eq (8.1) it is
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clear that such a change of sign occurs only for positive curvature case. In

Bondi's coordinate system W= 0 represents an impenetrable barrier, since ds 2=-æ

(see metric. eq (1) and definition of W(r), eq (33) of Bondi) for any dr.

However, in our coordinate system, for K= +1 both A and B are bound :

Hence it is deduced that W= 0 corresponds to C' + C'= 0, which by the geodesic

flow condition (8.5) implies g/(r)= cosr. To determine the physical condition

this corresponds to, we examine the commutator coefficients (2.1) and rotation

coefficients (2.4) and find

It can be shown that (b+4)= 0 for all real values of t including t= A/2, when

C=0. Thus (b+f)= 0 is the solution for all t. But this is just the

Kantowski Sachssolution for spatially homogeneous, anisotropic universe. The same

arguments as in subsect. 6.1 therefore follow showing that such a solution

cannot be spherically symmetric about a world line C and is therefore excluded

from the set of solutions required here. i.e. for K= +1

where E can take on only the integral values indicated since r runs only from 0

to 21t if K= 1 (cf. subsect. 2.5). So W(r ) can change sign approaching r= E1/2

from below or above excluding this value. The set of solutions for all three

cases is now satisfied everywhere for spherical symmetry, without ambiguity.

We note that by (7.3a) and the geodesic flow eq (8.5), W(r) as given by (8.1)

i s independent of the component functions A or B and depends entirely on the

first derivative of the function g(r) (as given by (6.21c)).

Eqs (8.2a',b') provide a consistency check with 'previous results (see Table 2)

as well as verifying that the energy density û(w,r) is that given by (6.25).

Eqs (8.3') reinstate the curvature for each case while (8.4') sheds light on the
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relation between the curvature term and the function g(r) explored previously

(see (6.21c)), related by the first derivative of W(r).

Further, W(r) is, by (7.9),

which shows how R(r) is introduced into eqs (8.1-4), as stipulated by the

Friedmann eq (8.3) with W o (r) as given by (8.2b).

To summarize, W(•) may be determined for geodesic fluid flow (obeying (8.5))

by

(ii) the Friedmann eq (8.3) for a given mass term and known component functions.

We note that the second alternative requires knowledge of the resulting

functions A, B and C after integration of the Friedmann equation as demonstrated

in chapter 6, and their derivatives (cf. eqs (29), (30) Bondi). However, the

first method is independent of their form and therefore requires only the

appropriate coordinate choice determining g(•).

8.2 Verification of Field Equations

We row have therefore a set of equations based on 14(r) which guarantee that

all the Einstein field equations are satisfied. We shall prove this in the rest

of this section.

First, we define a set of quantities E l (w,r) by the following relations:
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and the quantity G(w,r) by

Then, from chapter 5, Einstein's equations hold for a spherically symmetric

dust-filled space-time if and only if

Next, we define a set of quantities FJ(w,r) by the following relations:

then the relations (8.1) to (8.4). defined at the beginning of this chapter hold

if and only if

The following set of algebraic and differential identities between these

quantities follow from the definitions above:

Time derivative equations:
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Radial derivative equations:

One can immediately see that (F 2= 0) =) (Es= 0) (by (6.10d)), so

from (8.10c,d); then <8.10g) shows

Now the remaining equations easily show

Thus we see that

That is, if in a spherically symmetric dust-filled space-time described in

observational coordinates,

(a) the geodesic condition (8.5) holds:

(b) equation (8.1) defines a quantity W(r) :

and

(c) the time evolution of C (w,r ) is governed by the Friedmann Equation (8.3):

then

equation (8.4) is identically true, and all the field equations are satisfied.
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9 Summary of Conclusions to Part I

We have examined in detail general spherically symmetric and FLRW integration

of Einstein's field equations. These are directly related to observable

quantities for a perfect pressureless fluid and based on observational

coordinates as well as a fluid-ray tetrad.

The condition for a geodesic fluid flow and fluid isotropic expansion were

determined. FLRW models, characterized within the spherically symmetric dust

filled universes by spatial homogeneity, were explored and the conditions for

their existence determined.

The relation between observational functions was investigated and determined

using observational coordinates for FLRW universe. The coordinate freedom was

studied and various coordinate choices probed, establishing the simplest

observational coordinate choice, resulting in three curvature cases. A general

curvature case was developed encompassing all three curvature possibilities and

determining the variation in terms, from one case to another (including the case

K= 0).

Integration determined explicitly the observable quantities in terms of the

Hubble constant, deceleration parameter and the redshift. It was concluded that

the area distance- redshift relation is generally nontrivial. The complication

encountered here is due to the nonsimple manner in which the light cone relates

to spatial homogeneity.

Integration on (the radial equations) and off (the propagation equations) the

light cone, using the optimal coordinate choice for FLRW universes and

observational relations in those universes, regained and verified the previous

solutions. The general curvature case was expanded and determined. It was found

that there exists a function g($) generating all the observational quantities ;

this function is the scaled radius of the universe.
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The general spherically symmetric scheme of integration determined a function

W(r) analogous to that found by Bondi. The function was determined in terms of

observational quantities previously established; its general form was found and

it was concluded that for a given coordinate choice and under conditions of

geodesic fluid flow such a function depends only on the first derivative of the

curvature function g(r ) or the second derivative of the radius of the universe

R(r). It was then proved that the Einstein field equations in this case are

satisfied.

The procedure employed requires an extension to fluids with nonvanishing

pressure and the resulting observational quantities. Can the integration be

performed in this case and does it result in consistency as in the current case?

The work carried out here seeks to prove the uniqueness of the solutions of

the field equations, and naturally leads to the question of stability of these

solutions; it thus forms the basis to examination on axially symmetric and

general perturbations about FLRW univeres.
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10 Introduction to Part II

One of the major goals of relativistic cosmology, is the determination of the

deceleration parameter q o characterizing a 'best fit' Friedmann-LeMaitre-

Robertson-Walker (FLRW) cosmological model of the universe  (Sandage 1961,

1968). Observations of the deceleration of the redshift rate can in principle

give the energy content of the universe, and we can obtain the components of the

metric tensor by observations. Evaluation of g o , for a given equation of state,

will lead to a determination of the spatial curvature k/R 0
2 of FLRW universe

models, where k is the sign of this curvature. If k=+1 the universe will of

necessity be spatially closed and will have a finite future history ahead of it,

recollapsing to a singularity in the future; while for k=0 or -1, its natural

topology will be open (it will be "spatially infinite") and it will expand

forever. However, the value of q 0 has remained elusive despite tremendeous

effort put into the search (see e.g. Gunn 1978, Tammann et al. 1980, Sandage et

al. 1982), because of the many observational problems and the difficulties

caused by the unsolved question of the nature and amount of galactic evolution

(see e.g. R. Ellis 1983, Ostriker 1978, Freeman 1981, Norman 1983). Best current

limits from direct observations of distant galaxies are in the range 0.1q 0 1.

This issue has acquired a new interest in recent years because the currently

popular "inflationary universe" scenario strongly suggests the "naturalness" of

k=0 presently (i.e. an Einstein-de Sitter universe model; see Guth 1981, Linde

1982, Albrecht et al. 1982) and therefore makes a definite prediction about q o

to explain formation of galaxies and clusters of galaxies, an initial matter

density and metric tensor fluctuation is invoked resulting in q 0 value lying

within better than one part in 10
4 

of the critical value. However, all current

astrophysical estimates indicate that there is sufficient matter present,

detected either by the radiation it emits, or by its dynamical effects, to

71

Univ
ers

ity
 of

 C
ap

e T
ow

n



contribute for a (1 0 value of at most 0.11.0.05 (Peebles 1980a). However, all

methods utilized are only sensitive to mass which clumps on scales  100 Mpc,

and would not have revealed the presence of mass which is smoothly distributed

out to Scales )>100 Mpc. Such observational techniques further rely upon the

assumption that galaxies provide a good tracer of mass. The condition for the

critical value seems to be unfulfilled. This apparent conflict may be resolved

if the mass density of the universe today were dominated by:

(i) a cosmological constant which by definition is spatially constant, or by

(ii) relativistic particles produced by the recent decay of a massive relic

particle species; such particles are necessarily, by virtue of their high speed,

smooth on all scales upto the present horizon.

There are problems with either proposal (Turner et al. 1984, Peebles. 1984). Thus

a large industry has arisen finding and promoting different ways that

significant matter densities could reside in non-luminous, virtually

indetectable forms of matter (see e.g. Primack et al 1983). Whether or not the

inflationary universe proposal is correct, it is possible that the universe is

dominated by relativistic particles at recent times (Discus  et al. 1978). However

if any of these forms of matter are actually present, this must be reflected in

space-time curvature, and so on the one hand in the evolution of the scale

function R(t) of the universe, and on the other hand, in the observational

(area-distance, redshift) relation or equivalently in the (magnitude, redshift)

relation. This implies the possibility of determining (1 0 either by comparing age

limits of stars with the age of the universe, or by determining the redshift of

matter in the universe. Thus the nature of observational relations in these

circumstances is of interest.

We consider here only the case when the cosmological constant vanishes.
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Aim

The second part of this thesis aims at:

(i) derivation and examination of the (area distance, redshift) relation for

relativistic matter.

(ii) determination and investigation of the redshift of refocusing of null

geodesics caused by the gravitational effect of matter in the universe, for both

pressure-free and relativistic matter where the effects of evolution are

considered.

(iii) determination of the (area distance, redshift) relation for stiff matter.

(iv) derivation and examination of the generalized equation of state for both

pressure-free and relativistic matter and any given combination of either of

these components.

(v) determination of the hyperbolic parametrization of the equations of state

considered.

Outline

In chapter eleven the critical values of q for relativistic and pressure-

free matter are determined. The influence of the equation of state for each case

is then considered.

Chapter twelve reviews the observational determination of g o . It then

considers determination of cl o through age limits on globular clusters.

The thirteenth chapter determines the observer area distance for p=0 and

p='/3 and then derives the redshift of refocusing for both equations of state.

The effects of evolution are then considered. Further, the two cases are

quantitatively compared in terms of the (magnitude, redshift) relation.

Chapter fourteen determines the observer area distance for a general fluid

mixture composed of any degree of either pressure-free or relativistic matter.

It then evaluates the observer area distance for stiff matter. Finally it

explores the hyperbolic parametrization of the equations of state considered.

73

Univ
ers

ity
 of

 C
ap

e T
ow

n



11 Field Equations

11.1 The Critical Values of Bo

Evaluating the Friedmann equation (cf. eq (2.21b))

Evaluating the Raychaudhuri equation

So the critical value separating the cases 1(=.41 and K=-1 is q0=1/2, and the

inflationary prediction is that the value of g o should be extremely close to 1/2.

A crucial cosmological test is the independent measurement of no from the local

mean density and the measurement of q o from direct observation of the

deceleration, to see whether in fact 00= 2q 0 (Gunn 1978).

However, if the universe is dominated at recent times by relativistic

particles, then

So the critical values separating the cases 1(=+1 and I(=-1 is q 0=1, and the

inflationary universe prediction is that the value of q 0 should be extremely

close to I.
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11.2 The Influence of the Equation of State

Indirect determination of (1 0 from c  via eq (11.3) suffers from the variety

of ways in which significant matter densities could reside in non-luminous,

virtually indetectable forms of matter. However, presence of any of these forms

of matter must be reflected directly in space-time curvature, and so on the one

hand in the evolution of the scale function R(t) of the universe, and on the

other, in the observational (area-distance, redshift) relation or equivalently

in the (magnitude, redshift) relation. Determination of 00 from either of these

relations will detect a uniform distribution of matter (unlike local dynamical

tests such as determination of galactic rotation curves, which only detect

inhomogeneities). Further, the contribution of matter of any kind (baryonic,

non-baryonic, photinos, etc) to 00 will be taken into account. This is

particularly attractive when considering the possibilities of dark matter

residing in galactic halos and clusters of galaxies, since current understanding

dictates such dark matter to be of a non-baryonic nature, in the form of

neutrinos, gravitons, axions (corresponding to hot, warm and cold free streaming

of elementary particles respectively on a cosmological scale; see Primack et al.

1983).

The equation of state relating the pressure p and energy density A enters

these relations through the conservation equations

showing that in the case of pressure-free matter,

whereas in the case of relativistic matter,

We consider the effect of these equations of state on the age of the universe

(subsect. 12.2) and the area-distance relations (chapter 13).
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12 Determination of the Deceleration Parameter q o

12.1 Observational Determination of q o

We review the observational determination of g o (see Bandage and Tammann

1982, and for a comprehensive review Fang et al. 1982). The methods of

evaluation of g o fall into three groups:

The first group determines g o by evaluating the mean mass density in the

universe. Groups 2 and 3 do so directly from the (angular diameter, redshift)

and (apparent magnitude, redshift) relations of extragalactic objects (the 0-z

and m-z methods).

Group 1: Mean Density of the Universe

Determination of the mean density µ o or 0
o 

is attempted in three ways:

direct evaluation of the galactic density, indirect evaluation of the galactic

density from deviations from the Hubble flow and evaluation of the baryon

density from the abundance of deuterium.

1) Direct evaluation of the galactic density - by measuring the mass to light

ratio. There is evidence for massive halos (see e.g. Bosma 1978); however, the

implied mass increase may not be more than a factor of 2. The results show

where 0
G 

is the density parameter corresponding to the galactic components in ûo

(Yahil et al. 1980a).

2) Indirect evaluation of the galactic density from deviations from the Hubble

flow - by observations of the local supergalaxy centred on the Virgo cluster.

Measurements of 21 cm and infrared, and isotropy of CMWB radiation yield

(Yahil et al. 1980b). Since this method measures all baryonic and non-baryonic

matter which is clustered, the contribution by dark matter is seen to rise with

scale. This suggests that dark matter is not as clustered as the galaxies are,
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and as such its scale of homogeneity is larger than the local supergalaxy size.

Hence, the bounds on 0
G 
can be regarded as lower bounds to the total mass

density Uo .
0

From a statistical viewpoint, the entire galaxian population is regarded as a

field of fluctuating density in random motion with respect to the Hubble flow.

Usage of the cosmic energy theorem <Davis and Peebles 1977) and application of

the second virial theorem (Peebles 1976) to observational data (Peebles 1979)

yields

showing agreement between the statistical approach results and those from the

l ocal supergalaxy (see Peebles 1984 and references therein).

3) The abundance of deuterium used to evaluate baryon density. The yield of

light isotopes 
2 a 7
D, He,

4

He and Li in the primeval fireball give a

determination of the present V o contained in baryons. In particular, the yield

of D is quite sensitive to baryon density. Its observed abundance, with a

moderate allowance for depletion in stars, gives a relative abundance of

-s
XD<3.5x10-5 which requires (Yang et al. 1979)

Thus it is evident that 0
B 

is smaller than 0
G 

deduced from the local

supergalaxy, which implies that a large part of the mass in the local

supergalaxy cannot be in the form of baryons, and that it could be in the form

of primeval black-holes, neutrinos, or gravitational waves.

Group 2: Angular Diameter-Redshift Relation

For an object of linear size 1, eqs (13.2) and (13.3) give a relation between

its apparent angular size a and redshift z. This relation is quantitatively

different from the simple inverse relation
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in that a does not decrease indefinitely with increasing z, rather it reaches a

minimum at some definite value of z depending on q 0 and increases thereafter. It

is therefore apparent that if we can identify a group of objects with the same

linear size, q o can be found from <13.2,3). This concept has been applied to:

1. extended radio sources with resolved components,

2. compact radio sources,

3. individual galaxies in clusters, and

4. galaxy clusters as units.

The main problem here is the uncertainty in the linear size of objects.

I. Extended radio sources with resolved components

Both radio galaxies and radio quasars are used. The obtained observed

relation is (12.1) (e.g. Miley 1971) where the largest z used ranges 2.01z2.9

(e.g. Grueff et al. 1977). This simple inverse relation is unphysical within the

standard model. The possible reasons are:

(i) evolution in the linear size, and

(ii) observational selection.

Wills (1979) pointed out that if the size evolution is of the form

then (13.2,3) will become (12.1) if the evolution is of that form with l<=2; then

the observed relation (12.1) implies g o= 1.

Selection effects can influence the LAS (Largest Angular Separation) values

systematically at larger redshifts <Longair 1978).

2. Compact radio sources

Hewish et al. (1974) measured the angular sizes of compact sources or compact

components <the 'hot spot') and found that <12.1) was not followed. By fitting

(13.2,3) to their plots, they found
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However, their sample, although not plagued by selection effects, is too small

for a firm conclusion.

3. Individual galaxies inside clusters

Baum (1972) using his 'photographic galaxy synthesizer' technique in the

range 0.045210.46 found (1 o-0.3+ 0.2. However, Sandage (1972) found the usual

-1
isophotal diameters varied as z giving qo-1 . The difference may be attributed

to an evolution effect, which affects the isophotal diameter, but not the metric

diameter.

4. Angular size of galaxy clusters

Following the definition of Noonan (1972) for a cluster size, Bruzual and

Spinrad (1978) find, for z upto 0.95, g o= 0.25± 0.5.

To summarize,

Table 4

Various determinations of q o using the a-z relation

In conclusion, the evolution for any size parameter must be understood before

any result can be properly interpreted.

Group 3: Apparent Magnitude-Redshift Relation

The problem facing us here is the identification of objects of the same

luminosity. The possibilities which arise are:
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1. The first ranked galaxies in clusters

These are the brightest members of clusters. Assuming that these first ranked

galaxies have about the same luninosity, Bandage et al. (1976) find q o=1.0.0.3.

2. Various subsets of quasars

It is only at large redshifts that different g o predictions are distinguish-

able; hence quasars are a natural choice. Using luminosity indicators (i.e.

standard candles; Kiang and Cheng 1982) the results obtained are 1.15%17.9,

with a weighted mean of q o=1.85, and a +20 range of 1.05%13.5. Thus the best

estimate q o=1.85 is more than 40 above the critical value of 0.5. These

derivations were all made on the assumption of zero luminosity evolution, as

shown by Hawking and Stewart (1981) to hold beyond a redshift of 0.5.

Summary of Results

Figure 4 (adapted from Fang et al. 1 982) summarizes the various

determinations of q o made so far. The results show a large dispersion. However,

the differences are systematic and depend on the method used.

Figure 4. The various determinations of q o depend strongly on the methods used.

Lengths of error bars and symbols correspond to +20 (after Fang et al. 1982).
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The Hubble diagram <i.e. the m-z method) consistently gives qo>1/2, the mean mass

density gives qo<1/2, while the a-z method follows mostly the 'Euclidean' relation

-1
(a)a (z) .

In the a-z and adz methods, no evolution in luminosity and linear size was

assumed, respectively; while in the mean mass density method all matter was

assumed to reside in galaxies, clusters or supergalaxies without a more uniform

distribution of matter. The problem is lack of knowledge of luminosity evolution

and evolution effects. Further, the mass to light ratio increases with system

size. This suggests the existence of non-baryonic matter in the form of

neutrinos or gravitational waves. Thus the existence of a quasi-uniform, non-

luminous, non-baryonic mass distribution is favoured over luminosity decrease,

because it takes cognizance, rather then ignores, the mean density results.

Moreover, recently it has been suggested by Lyubimov et al. (1980) that

neutrinos have a small rest mass of between 14 and 46 eV. If so 99 percent of

the mass in the universe will be provided by neutrinos, and they will certainly

result in q o >. , i.e. a closed, pressureless universe.

12.2 Age Omits and qo

The problem of measuring Ho has been recently reviewed by Sersic <1982),

Tammann et al. (1980), Gunn (1978), van den Bergh (1975) and in IAU colloquium

37 (1977) (see in particular papers by Tully and Fisher, and Gunn). We summarize

below the significant methods utilized in determining Ho.
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van den Bergh finds Ho=93±7 km/s/Mpc and understandably states that past

experience teaches that little trust has to be placed in the small formal errors

obtained for H
o

.

All methods used were almost exclusively based on distances smaller than 20

Mpc. The value of H o=93±7 km/s/Mpc therefore refers to a volume of space that

contains the Virgo cluster and other groupings constituting the local

supercluster. More recently, Tammann  et al. <1980) find that H o=50 km/s/Mpc. We

conclude from the observational data that the Hubble constant is comprised

within the bounds
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These bounds may be narrowed in the forseeable future by the envisaged Hubble

Space Telescope (HST) (Longair 1985).

Globular Cluster Age Limits

The evolution of R(t) determines the age of the universe in terms of the

Hubble constant. This puts limits on g o that already cause severe problems for

the inflationary proposal unless A#0 (Turner et al. 1984, Peebles 1984). For

example, recent work by Penny and Dickens (1984) has obtained age limits of 161.2

Gyrs for the globular cluster NGC 6752. The age of the clusters must be less

than the age of the universe.

If it were possible to make independent determination of H o and t o , the

relation H 
o

 t 
o
= F(g

o
) (Weinberg 1972) would allow us to estimate the value of g

o
.

Actually, we can only set a lower bound for t o , so this procedure provides only

an upper limit.

Therefore in a low density universe (Er,O) with vanishing cosmological

d1
constant, the age of the universe is just less than (Ho ) , while in an

inflationary universe with vanishing pressure (g o=0.5), the age of the universe

-1
is just less than <2/3)(Ho ) .

Sandage (1982) proposed to add 0.2(Ho)d1 to the age of globular clusters to

allow for the formation of galactic nuclei. The results for Ho are tabulated

below.
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So for example, the lower bound of 14 Gyr implies an upper limit of 70 km/s/Mpc

on the Hubble constant for the low density universe; but in an inflationary

universe the implied upper limit on the Hubble constant is 48 km/s/Mpc. If the

l ower bound on ages could be lowered to 16 Gyr or 18 Gyr, the inflationary

universe upper bounds on the Hubble constant would be 42 km/s/Mpc and 37km/s/Mpc

respectively, low enough to suggest conflict with Hubble constant measurements,

which presently indicate values of 50 km/s/Mpc and over. Thus, provided the

cosmological constant A vanishes, the age limits would then give evidence that

the universe must be a low-density universe (when the corresponding upper bounds

on the Hubble constant would be 63 km/s/Mpc and 56km/s/Mpc respectively, still

comfortably compatible with the present Hubble constant estimates). In following

Sandage (1982), H
o 

>17.5 and H o <57 km/s/Mpc in the low density case; whereas in

the critical density case H
o 

-1 >30 and H
o
<30km/s/Mpc. Thus on this assumption

the present lower age limit of 14 Gyr already provides evidence against the

critical density case, as the present estimates of the Hubble constant indicate.
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The inequality is strengthened if the universe is dominated by relativistic

particles for then the age of an inflationary universe (q o=1) is just less than

-1 1/2(Ho
) (Turner et al. 1984) and the implication is H o <21 km/s/Mpc. The

contradiction with present Hubble constant estimates is heightened if one

accepts age estimates such as 18±2 Gyr (Sandage 1983). Thus if the cosmological

constant A vanishes at recent times, the age limits suggest, whether p=0 or

p=11/3, that the universe must be a lowddensity universe, contradicting the

inflationary assumption (cf. Biome and Priester 1984).

The usage of age to determine limits on q o has the disadvantage of relying on

a determination of the Hubble constant. We point out here that measurement of

the redshift at which the angular diameter of a suitable class of objects

appears to be a minimum in a FLRW universe (Sandage 1961, Rowan-Robinson 1981)

gives a simple observational test for q o which might become feasible in the near

future and is independent of the Hubble constant. Looking for the redshift of

this minimum has several advantages over other more conventional ways of seeking

to determine q o directly from astronomical observations.
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13 Angular Diameters

13.1 Minimum Apparent Angles

Let light be emitted at time t o by an object of linear dimensions 1 in a FLRW

universe and received by an observer at time toe . The observed redshift is then

given by

while the observed angular diameter a of the object, assumed to be lying

perpendicular to the line of sight, is given by

It follows from equations (03.1,3), (11.1,4a,5a)) that when the pressure p

and cosmological constant A are zero, r o is determined in terms of the Hubble

constant H
o 

and deceleration parameter q
o
 <q 

o
)0) by the expression (Mattig 1959,

Sandage 1961)

We have integrated equations (03.1,3), (11.1,4b,5b)) to obtain the

corresponding relation in the case of relativistic matter, obtaining

Equations (13.4a), <13.4b) are exact analytic expressions for the area distance

in these two cases.

It has long been known that as one moves such a rigid object away in a FLRW

universe, it will be seen to attain a minimum angular size and then to increase

in apparent size again as it is moved still further away (Hoyle 1960, Sandage

1961); this corresponds to a refocusing of our past light cone because of the
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(13.1)

(13.2)

(13.3)

13 Angular Diameters

13.1 Minimum Apparent Angles

Let light be emitted at time t o by an object of linear dimensions 1 in a FLRW

universe and received by an observer at time t
o

. The observed redshift is then

given by

while the observed angular diameter a of the object, assumed to be lying

perpendicular to the line of sight, is given by

Here r , the "observer area distance" (Ellis 1971), is given byo.

where f(r)= (sinr, r, sinhr) if k= (+1, 0, -1) respectively and the integral is

taken from R(t o ) to R(t e ).

It follows from equations (03.1,3), (11.1,4a,5a)) that when the pressure p

and cosmological constant A are zero, r o is determined in terms of the Hubble

constant H
o 

and deceleration parameter q
o
 (q 

o
>0) by the expression (Mattig 1959,

Sandage 1961)

We have integrated equations ((13.1,3), (11.1,4b,5b)) to obtain the

corresponding relation in the case of relativistic matter, obtaining

Equations (13.4a), (13.4b) are exact analytic expressions for the area distance

in these two cases.

It has long been known that as one moves such a rigid object away in a FLRW

universe, it will be seen to attain a minimum angular size and then to increase

in apparent size again as it is moved still further away (Hoyle 1960, Sandage

1961); this corresponds to a refocusing of our past light cone because of the
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gravitational attraction of the matter it contains (Hawking and Ellis 1968,

Ellis 1971). Considering the variation of the angle a with z, (11.1) shows that

Setting da./dz= 0 in (13.5) and substituting from (13.4a) shows that the apparent

angular size of a class of objects with intrinsic size 1(z) is a minimum when

is a measure of the rate of change of size of the object at the time the light

was emitted, and X= q o -1.

For each value of q o and function e(z), we regard (13.6) as an equation for

z
*

, the value of z for which the observed metric angular diameter of a class of

objects of scale 1(z) is a minimum. For a given e, an inflection point on a

q o -z curve occurs. It is found where dq
o

/dz
* 

le= O.

Define a function

A BASIC program (Kantaris and Howden 1983) was implemented on a KAYPRO

microcomputer to solve equation (13.6) for any of the quantities z *
, q o , or

e(z), when the other two are known; and equation (13.7) for either q
o

 or z *
. It

was used to investigate the nature of the solutions of (13.6) and (13.7). We
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consider first the case when the class of objects observed are not changing in

scale size (i.e. e= 0), and then the effect of the systematic evolution in

source size.

Objects of Fixed Scale Size

The values of z

* 
are plotted in Figure 5 as a function of q

o
; the curve for

e=0 is the heavy curve. When q o takes the critical value of 1/2, the minimum

angular diameter occurs at z

*

= 5/4 (assuming there is no source evolution). If

z

* 

is less then 5/4, the universe is a high density universe which will collapse

to the future; in particular if g o= 1 then z
*
= 1. If z

*
 is greater than 5/4, the

universe is a low density universe that will expand forever; in particular if

q o= 0.1 then z
*

= 2.2 and if q
o
= 0.02 then z

*
= 3.97. If the inflationary universe

picture is correct, z
*
 must be equal to 5/4 to within better than one part in

10
4

.

The proposal would be to search specifically for a minimum apparent size in a

uniform class of objects lying at redshifts between 1 and 4, and particularly at

redshifts between 1 and 1.5 . One must choose objects visible at those

distances, with measurable redshifts, and with a directly measurable ("metric

rod") linear size that is reasonably uniform for the class of objects. One would

use suitable statistical tests to look for the value z

* 

of z corresponding to a

minimum observed angular diameter for that class of objects, and determine if

this value was approximately 1.25 or considerably greater. The sensitivity of

the test is indicated by the curves in Figure 6: the inflationary case (g o= 0.5)

is the <e=0) curve in Figure 6a, and the lowddensity (q 0= 0.02) case is the

(e=0) curve in Figure 6b. The statistical problem would be to distinguish

between these two curves for the class of objects considered.

Three particular points need emphasis here. First, the value of z

*

is

independent of the Hubble constant Ho ; so one does not have to solve the problem
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of the distance scale before using this as a test for g o . Second, one only needs

observations of the chosen class of sources near z
*

.Thus one does not need to

relate them to nearby "standard candles". The requirement is that at the epoch

they are observed, they are reasonably standard in scale. Third, determining q o

by measuring the redshift z
*
 of refocusing will detect a uniform distribution of

matter (unlike local dynamical tests such as determination of galactic rotation

curves, which only detect inhomogeneities). Further, the procedure will detect

matter of any kind (baryonic, non-baryonic, axions, photinos, etc), as long as

its active gravitational effect is attractive. We currently believe that all

known or postulated matter obeys this restriction.

What kind of objects could be observed in such a test? Galaxies are now being

detected at redshifts close to those envisaged here, but spirals or ellipticals

could not be used directly for the proposed test because one can only measure

isophotal rather than metric diameters in these cases (Stock and schucking 1957,

sandage 1961). However if one could detect barred galaxies at these distances

then the apparent size from the centre of the galaxy to the bar could provide

the appropriate angular measurement. It is just possible such measurements could

be feasible by interferometric means <AAS Bulletin 1984, Chown 1985) - provided

there are indeed barred galaxies at these redshifts. However it is likely that

the variation in the diameters of the bars is such as to make them unusable for

this purpose (A.P. Fairall, G.F.R. Ellis, private communication).

Clusters of galaxies could possibly provide suitable objects to use in

searching for the minimum apparent angular diameter, but the analogue of the

isophotal effect could make this also impracticable. However it is possible that

careful analysis of the variation of the covariance function <Peebles 1980b)

with galaxy redshift could reveal the value of z* .
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The redshift z

* 

at which refocusing takes place, and so linear scales are

observed to have a minimum apparent angular diameter, as a function of the

deceleration parameter g o in a FLRW universe with vanishing pressure and zero

cosmological constant. The parameter e labelling the curves denotes the rate of

change of scale of the object observed at the redshift value z
*

, positive values

corresponding to a decrease in size at the time of observation and negative

values to an object that is expanding at the time of observation. The heavy

curve (e=0) is the case of objects of fixed scale size at that time. The

vertical heavy line (q o=.) is the case of an inflationary universe. When e is

negative, ther will also occur an observed maximum in apparent size at a higher

redshift than the minimum; the dotted curve separates the z * value for apparent

minima (below this curve) from those for the maxima (above it).
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Figure 6

6(a) Apparent angular size of an object at different redshifts in a critical

density universe (q o=16) for e=0, e=d0.1 and e=+0.1 . In the latter case there is

an observed angular maximum at a higher redshift than the minimum. Note that it

is not implied that any physical objects evolve at constant values of e over

their entire histories; the curves refer rather to the evolutionary parameter e

at the time of observation.

6(b) The same as in (a), but for a low density (q o=0.02) universe. The

observational problem is to determine whether or not this is a better fit to

what we observe than (a), which is the inflationary universe case.
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Quasi-stellar objects are easily detectable at the desired redshifts, but do

not provide the required angular measurement. Probably the most promising class

of objects are radio sources, which often have very clear measurable angular

sizes. While studies have been done on the variation of angular sizes of radio

sources with redshift (see e.g. Allington-Smith  1984) the minimum value z *
 does

not appear to have been explicitly searched for. One would need to measure

angular sizes for a class of radio sources that seem physically similar, and

with redshifts in the desired range. The problems to be dealt with would be the

statistical range in the sizes of the objects concerned, and the question of

whether these sizes were systematically varying (at the redshift z *
) or not. One

would try to find a class of sources for which the variation parameter e was

close to zero; then a straight statistical test would determine z *
 and so g o .

The current Very Long Baseline Arrays (VLBA) project <Gordon 1985) may make such

a measurement feasible.

Evolutionary Effects

If evolution effects in the scale size of the object at the time of

observation are estimated to be significant, a somewhat more complex analysis is

needed. Curves for different values of the evolution parameter e are shown in

Figure 5.

Positive values of e correspond to an objects that were larger in the past

(as z increases to the past) and so are decreasing in size at the time of

observation For such objects the minimum apparent angular diameter occurs at a

smaller value z

* 

than in the case of no evolution. Thus, for example, if the

universe were filled with matter at precisely the critical density (so q o=1/2),

then the turn-around occurs at z
*

= 1 if e= 0.1 and at z
*

= 0.45 if e= 1.

Negative values of e correspond to objects that are expanding in size at the

time of observation. For such objects the minimum apparent angular diameters
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occurs at a larger value z *
than in the case of no evolution. Thus for example if

the universe were filled with matter at precisely the critical density <so o =

1/2), then the turn-around occurs at z
*
= 1.91 if e= -0.1 . In this case, a second

turn around (and so a maximum angular diameter) occurs at z
*
= 5.94. This is

shown in the curve in Figure 6a, and is apparent in Figure 5 where each curve of

constant (negative) evolution parameter e intersects curves of constant o

twice. Note that this effect is purely due to the changing size of the family of

objects viewed; the past light cone of the observer continues contracting here,

as shown by the fact that objects that are not evolving (e=0) do not have such a

maximum. In the case of the critical density universe, there is a critical

evolutionary value of e= -0.125: for objects expanding faster than this value,

no minimum angular diameter is observed at all; if they are expanding slower,

both a minimum and a maximum are observed. (Note that we are not supposing that

any physical objects expand at this rate for all times; but rather that if this

is the value of the evolutionary parameter at the time of observation, the

angular size varies near that event as indicated here). For the critical value

e= -0.125, there is neither a minimum nor a maximum but rather a point of

inflection in the observed angular diameters at z *
= 3. The dashed line denotes

the values of z

* 

and qo
 
for which there occurs points of inflection; the curves

plotted above this line represent values of z *
 where the observed angular

diameter is a maximum, whereas below this line they represent values where it is

a minimum.

Through the possible evolutionary effects, angular diameters in an

inflationary universe can partially mimic the angular minima in other universes.

Thus an evolution e= -0.114 in the critical density universe will give a minimum

angular diameter at the same redshift as a fairly low-density (g o= 0.1) universe

with no evolution; and an evolution e= +0.103 in a critical density universe

will give a minimum angular diameter at the same redshift in a high density
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(Wheeler-Sandage) universe with o = 1.0 and no evolution. On the other hand, if

the density is low (o = 0.02), then no amount of evolution in a critical density

universe can give a minimum angular diameter at the relevant redshift (e= -0.112

will indeed give a critical angular diameter at the appropriate redshift, but it

will be a maximum and not a minimum !). In fact a minimum angular diameter at a

redshift grater than 3 can only occur in a universe with less than the critical

density (i.e. o < 0.5), no matter what the evolution may be. Note that if a

family of objects were oscillating in size with increasing distance (and so

redshift) this would correspond to an oscillatory variation of the value of e at

constant o (e= 0 corresponding to a maximum or minimum linear size). The

apparent angular change resulting from such a variation in size would result in

detectable angular maxima and minima as redshift increases nearby, but

sufficiently far out a final maximum would be detected (the possible values of

z
* 

then lie above the dashed line, so no observed angular minima can occur).

Clearly one would wish to find a class of objects for measurement that were

not expanding significantly at the time corresponding to z
*

; if they were

contracting, so much the better (for the turn-around could occur at much smaller

redshifts). In any case, whether they are expanding or contracting the test has

the advantage that one does not need to know the integrated evolution in source

size from the present time but only rate of change of size near the redshift z *
.

Further, given the value of e and o , z
*
 is independent of the Hubble constant

even when the class of objects examined is evolving in size; thus again one does

not have to evaluate the Hubble constant in order to determine the deceleration

parameter.

Further Problems

As always, one would have to consider very carefully the problem of selection

effects in the class of sources observed. This problem would be minimized
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somewhat in the case envisaged because one would only need a uniformity of

selection of sources over a restricted range of redshift (near the turn-around

value z

*

). Nevertheless one would need careful consideration of such effects in

the class of objects considered.

If matter is distributed in a lumpy rather than a smooth way with a fraction

of the mean density in the form of intergalactic matter, the analysis becomes

more complex because of local lensing effects (e.g. Dyer and Roeder 1973, 1974).

However if selection effects do not consequently vary too significantly in the

vicinity of the redshift value z
*
 (i.e. for inhomogeneities of less than

galactic dimensions), one can argue that on average, the result should be the

same as in a uniform universe when we observe over the entire sky (Weinberg

1 976). Thus the major effect would be to make the statistical analysis yet more

complex.

If the effective equation of state of the universe at late times were

different, e.g. if there were some source of significant cosmological pressure,

a new analysis would be required as then (13.4b) would replace (13.4a).

Alternatively, a presently non-zero cosmological constant A is certainly

possible, although one can raise various philosophical grounds for supposing it

not to be so. The basic formula for the analysis, replacing <13.4a) is known

(Kaufman 1971); but we do not pursue this case further here.

13.2 Observed Magnitudes

The respective (magnitude, redshift) relations are obtained from the area

distance relation (13.4a,b) by substituting into

where L is the intrinsic luminosity of the galaxy observed. Particularly simple
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cases result when o= 1; both when p=0 and when p=P/3 the resulting relation is

Sandage has given numerical values of ((13.4a), (13.8)) for the pressure free

case for a variety of values of o and z, and plotted the corresponding curves

(Sandage 1961). Using the same constants, we have determined the values of

( (,13.4b), (13.8)) for the same values of q o (q o* 0) and z. To our surprise, out

to a redshift of 2 there is an indetectably small difference between the two

sets of results (some examples of values obtained are given in Table 8; from

<13.9) above, exactly the same results will be obtained in both cases when

qo=1).Thus one cannot discriminate between the equations of state p=0 and p=P/3

for matter in the universe directly from observations of galaxy diameters or

magnitudes for z<2.
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Table 8:

Apparent Magnitude M1 for the case of non-relativistic matter and M2 for the

case of relativistic matter in a FLRW universe model, for different values of

redshift z and deceleration parameter o (using the same constants as Sandage

1961). DM is the difference between MI and M2.

While the (magnitude, redshift) curves obtained in these two cases for any

particular value of q o will be indistinguishable, from <11.4a), (11.4b) the

significance of the value of qo determined from such curves will be very

different. Thus even if we can overcome the many observational problems (see

e.g. Gunn 1978, Tammann et al. 1980, Sandage et al. 1982), and the difficulties

caused by the unsolved question of the nature and amount of galactic evolution

(cf. Fang et al. 1982), a direct determination of the value of q
o

 from

astronomical observations up to z -2 will lead to an ambiguous situation. For

example, if we eventually determine q o=-1/2 , this could be support for the

inflationary universe proposal (if non-relativistic particles dominate with p=0

at the present time and q o=4 is the critical value), or a disproof of the

proposal (if relativistic particles dominate with p=1 1/3 and q o=1 is the critical

value). Similarly if we were to prove q o=1, this could be a disproof of the

inflationary universe proposal <if the universe is recently dominated by non-
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relativistic matter), or evidence for it of the recent universe is dominated by

relativistic particles).

13.3 Minimum Apparent Angles for Relativistic Matter

Equation (13.4b) may be utilized, together with (13.5), to obtained the

minimum apparent angular size for relativistic matter, given by

2

where B= (1 o (1+z) . In agreement with subsect. 13.2, it is found, when

compairing <13.7) and (13.10) that for q o=1, the minimum apparent angular sizes

for p=0 and p=11/3 are identical, for all evolution rates, e.

Objects of Fixed Scale Size
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Figure 7

As in Figure 5, but for relativistic matter (p=g/3 ). The vertical heavy line for

the inflationary universe is at q o=1.
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Evolutionary Effects

Evolution effects in the scale size of an object at the time of observation

are plotted in Figure 7. The analysis follows the lines of the non-relativistic

case with the crucial difference in the interpretation of the results, since

here the critical density case is q o=1. Thus, for example, for q o=1 the turn-

around for positive values of e occurs at z

* 

=0.84 if e=0.1 and at z
*

=0.70 if

e=.0.25; for negative values of e the turn around occurs at z *=1.30 if e=-0.1.

As for p=0, a second turn-around (and so a maximum angular diameter) occurs at

z
*

=7.70 . In the critical density universe, the critical evolutionary value is

e= -0.172.

Angular diameter in an inflationary universe can again partially mimic the

angular minima in other universes. Thus an evolution e= -0.163 in a critical

density universe will give a minimum angular diameter at the same redshift as in

a fairly low density (q o=0.1) universe with no evolution; and an evolution

e= +0.054 in a critical density universe will give a minimum angular diameter at

the same redshift as a high density universe with q o=1.5 and no evolution. On

the other hand, if the density is low (q o=0.02), then no amount of evolution in

a critical density universe can give a minimum angular diameter at the relevant

redshift (e= -0.166 will indeed give a critical angular diameter at the

appropriate redshift, but it will be a maximum and not a minimum!). A minimum

angular diameter at a redshift greater than 2.414 can only occur in a universe

with less than the critical density (i.e. q o <1.0), no matter what the evolution

may be.

Comparison of Relativistic and Non-Relativistic Angular Diameters

As shown in subsect. 13.2 for the (magnitude, redshift) relation, out to a

redshift of 2 observationally there is an indetectably small difference between

the apparent angles for p=0 and p=11/3. From equations (13.2), (13.4a,b) the
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ratio of non-relativistic to relativistic apparent angles is given by

which is independent of evolutionary effects. We tabulate here the difference

(in percent) between the two cases, where E defines powers of 10.

Table 9

(Minimum Apparent Angle, Redshift) Percental Difference for

Non-Relativistic and Relativistic Matter

Comparison of Tables 8 and 9 reveals however, that observations of galaxy

101

Univ
ers

ity
 of

 C
ap

e T
ow

n



diameters is a more sensitive detection method between these rival cases. For

example, at quasar redshift of 3, a low density universe (q o=0.02) will detect

-2.16% metric diameter difference, but only +0.048 magnitude difference at a

magnitude of 24.5, which represents a 0.2% detection difference. For q o=0.5, at

the same redshift, angular difference is -4.23% while magnitude difference is

+.094 (or 0.40%) at a magnitude of 23.2 . We note that the non-relativistic

matter consistently yields smaller diameters, when compared to the relativistic

matter, for o < 1. The diameter difference increases with decreasing density of

universe (i.e. decreasing q o ) upto a certain q o (evaluated by differentiating

(13.12) with respect to q o and equating to zero; i.e. an inflection point) below

which the difference continues to decrease. The situation is reversed for q o >1.

Non relativistic matter results in larger angular diameters, the difference

increasing with q o . Equation (13.12) is plotted below (Figure 8).

Evolutionary effects tend to accentuate the difference between the two cases

with increasing (towards positive) values of e, i.e. towards objects whose rate

of decrease in size at the time of observations is larger. As for equation

(13.12) (which is independent of e) the difference follows the same pattern, and

by (13.4a, b) will be enhanced by a factor of e
ez

(1+z)
2

. The angular diameter

difference is plotted for q o=0.5 and q o=0.02 below (Figures 9a, 9b

respectively). The proposal would therefore be to detect the angular diameter

difference between the non-relativistic and relativistic matter in classes of

objects which are decreasing in size at the time of observation, at the current

measurable redshift range (i.e. z2-4). For a given class of objects, the

discrimination between the equations of state p=0 and p=1 1/3 for the matter in

the universe will depend entirely on o .
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Figure 8

(Apparent angle, redshift) percental difference between non-relativistic and

relativistic matter as a function of the deceleration parameter q
o
 in a FLRW

universe with zero cosmological constant. The dashed curve seperates the

increasing negative difference from the decreasing negative difference.
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Figure 9a

Figure 9

(9a) Angular diameter difference between non-relativistic and relativistic

matter, for qo=
0.5, and for e=0.1, e=0, e=-0.05, e=-0.1. In the latter two cases

there is a maximum difference.
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Figure 9b

Figure 9

(9b) The same as in (a), but for low density 
( q o=0.02) universe.
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14 Observer Area Distance for Various Equations of State

14.1 Observer Area Distance for a General Fluid Mixture

For both pressure-free matter and relativistic matter, the conservation

equation

results in

From equations ((11.1), (11.3), (14.1)), which all apply to the general case of

pressure free matter and relativistic matter, the curvature k is given by

Equation (11.3) may be shown to yield the present value of the energy density:

which together with (14.2) results in the evaluation of the constants M and W

for the special cases:

Integration of <11.1) and (14.1) utilizing (13.3) and (14.2) yields the observer

area distance,

where M/3= 2A, W/3= B. Defining W/M= C =) B/2A = C, we may rewrite (14.5a) in

terms of A as a free parameter and C as a representative ratio of relativistic

to pressure free matter:
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Evaluating equations <14.5) for 8=0 <pressure-free matter) using (14.4a) results

in

which is identical to (13.4a); and for A=0 (relativistic matter) using (14.4b)

yields

which is identical to <13.4b). Thus equation (14.5a) (or (14.5b)) is the general

fluid mixture equation.

Equation <11.3) may be rewritten in terms of A and C :

o

Equation (14.2) can be written in the form

Combining (14.7a) and (14.7b) we obtain a quartic for R o in terms of A and C:

or a cubic in terms of A only:

(equivalence of (14.8a), (14.8b) follows from 14.7a).

where f is a constant describing the amount of pressure in the system. Thus, f=1

describes pressure-free matter (M/6 =A=0), and f=0 describes relativistic matter
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(W/3 =B=O). Equation (14.8b) becomes an explicit equation for R o ,

i.e. k=0 =) o= (4 -) 1) ; k=+1 =) q
o
)1/2, k=-1 =) qo<1 are the extreme bounds in

each of the curvature cases on qo for any fluid mixture obeying the equation of

state (14.1) (and f as given by (14.9)). The observer area distance given by

(14.5a) is composed of the following terms:

We notice that f appears only in terms which involve the redshift z.

Hence,

Which is the general observer area distance equation for a fluid mixture with f

given by (14.9).

14.2 Stiff Matter

For a stiff matter the equation of state is p= 1 . The conservation equation

therefore shows

From equation {(11.1), (11.3), <14.13)), the curvature k is given by
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Integration of (11.1) and (14.13) utilizing <13.3) and (14.14) yields

The factor of 1/2 occuring in each case in equations (14.15) necessitates the

usage of the trigonometric relations for half angles. After manipulation, the

resulting observer area distance is

The form of r
o 

for p=11 as given by (14.16a) allows one to rewrite r
o 

as

where a= 1/2 In D. This form of r
o 

eases the calculations of r
o 

to a great extent,

as well as accentuating the geometrical form of r o . Thus, for example, q o=2 =>

B= (1+z)
2

, B+C= 2(1+z)
2

 => D=(1+z) . =) a= ln(1+z) and r
o

= 0.1481/H
o

. r
o 

for

p=utherefore follows a hyperbolic sine curve, implying asymmetry at aa=0 =)

B+C= (o /2)1
/

2+1, which results in either of the conditions
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which is consistent with (14.19a), and remarkably is independent of f!. i.e. for

qo=1,roisindependent of any degree of combination of pressure-free and

relativistic matter (as related to each other by (14.9)). We conclude from

(14.20) that a mixture of pressure-free and relativistic matter (according to

(14.9)) has:

(i) symmetric properties as represented by the hyperbolic cosine term in

(14.20a) with symmetry at a=0 (satisfied at q o=0=z); and deviation from symmetry

expressed by the terms proceeding the hyperbolic cosine.

(ii) asymmetry as expressed in <14.20b) by the hyperbolic sine term (satisfied

at z=0). Further, (14.21b,c) yield the relation between the critical observer

area distance for pressure-free matter and relativistic matter:
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15 Summary of Conclusions to Part II

The selection of a suitable class of sources would determine if the proposed

measurement of the turn-around redshift z

* 

is in fact feasible or not. The

introduction of new technologies such as the space telescope and optical

interferometers at least raise hope that the measurement might be feasible at

the redshift range needed <about I to 1.5). Interpretation of the result will

then depend on estimates of the source linear size evolution at the time

corresponding to the redshift z
*

. While this will undoubtedly present problems,

they may be no worse than those in the various other methods where inability to

reliably estimate source evolution has prevented a good measurement of the

deceleration parameter o . It is certainly worth trying this test in view of the

decisive nature of the predictions made once the evolutionary parameter has been

estimated; and particularly in view of the present apparent contradiction

between the "high density" predictions of the inflationary universe model, and

the apparent low density suggested by our currently best estimates of Qo  from

local astronomical studies.

A determination of the equation of state of matter in the universe at recent

times - that is, whether the universe is dominated by relativistic or non-

relativistic matter - is an indispensible component in any proposal to use

astronomical observations to determine if the universe is hyperbolic, elliptic,

or flat; for the deductions to be made from the value of qo depend crucially on

this feature. Unfortunately the direct observational relations themselves will

give no useful guidance, for z<2, on what this equation of state is. However

tests based on the age of the universe are fairly sensitive to the equation of

state.

Observations of the metric diameter constitute a more sensitive test than
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magnitude observations for the determination of the equation of state at the

current observable range (z=2-4). This is further accentuated for objects which

are decreasing in size at the time of observation. For a given class of objects,

the discrimination between the equation of state will depend entirely on g o .

For a General fluid mixture and stiff matter, the hyperbolic form of the

observer area distance derived is both mathematically (from a manipulation point

of view) and geometrically (from an interpretation view point) advantageous.

Stiff matter is completely asymmetric at q 0=0=z. The general fluid mixture is

symmetric at q o=0=z; and has an asymmetry at z=0.

For q o=1 the observer area distance is independent of the equation of state.

We have only considered here the case when A=0. Analytic expressions for the

area distance are Known for the case of a dust-filled universe with non-zero

cosmological constant (Kaufman 1971). Because of age problems, this may be the

only possibility for the inflationary universe idea, whatever the equation of

state of matter (Blome and Priester 1984).
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Appendix I : Fluid-Ray Formalism : General Case

The generalised commutator relations (4.2) and rotation coefficients (4.3)

for an arbitrary null vector field k :

Commutator Relations

Rotation Coefficients
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Appendix II : Observable Quantities for the Three Curvature Cases

With reference to subsect. 7.4 and in particular table 3, the three curvature

cases K={+1, -1, 0) are tabulated below, using the definition of table 1 (subsect.

6.4) repeated here for clarity.
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Notation Reference List

Symbols are listed alphabetically, according to the first letter in the

symbol. Abbreviations follow thereafter.

A, B, C component function

b fluid expansion component in radial direction

C central observer world line

c speed of light

D, A, g covariant operators of fluid ray tetrad

dSo' d( observer cross sectional area; solid angle

t o set of orthogonal vectors

F selection effect; flux of radiation received

f expansion of radial null geodesics

g spacetime metric

H Hubble constant

h projection tensor

K, K normalized ray vector; normalized curvature

k affinely parametrized null vector field

L source luminosity

1 fluid acceleration; distance

spacetime manifold; relativistic energy density per source counted

m apparent magnitude

N number of sources

n number density; fluid expansion component in radial direction

n
a

unit vector in direction of propogation of k

p isotropic pressure

q deceleration parameter

R normalized radius of universe; Ricci scalar
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✓ distance measure down past light cone from C

r
o

observer area distance

s spherical polar relations of coordinates 0, 0 on 2-sphere

T energy momentum tensor

t time coordinate

u normalized fluid 4-velocity

u* fluid acceleration

v5 speed of sound

w past light cones of events along C

z redshift

object of anholonomicity

X wavelength

V total energy density

0 isotropic expansion

0, 4 angular coordinates based on C

shear

proper time

vorticity

A cosmological constant

Ricci rotation coefficients

Abbreviations

CMWB cosmic microwave background

emit emitter

eq equation

G galaxy
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