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Abstract

Topological materials host electronic states that remain robust against perturbations and offer

routes to novel quantum functions. This thesis investigates three representative compounds -

SrSi2 , CoSi, and NbP - to reveal how external stimuli, namely tensile strain and electric fields,

tune their electronic bands and topological traits. By combining first-principles calculations with

model Hamiltonian experiments, we aim to uncover mechanisms behind quantum phase transitions

(QPTs) and to establish design principles for materials with tailored quantum states. We perform

density functional theory (DFT) calculations within the plane-wave pseudopotential framework

using the Quantum ESPRESSO (QE) suite. Spin-orbit coupling (SOC) is included to capture

relativistic effects critical for topological properties. We generate maximally localized Wannier

functions (MLWFs) with Wannier90 and construct tight-binding (TB) models to compute Berry

curvature, surface state spectra, and Fermi arc patterns via WannierTools. To probe QPTs in SrSi2 ,

we employ the Quantum Lattice environment to simulate a renormalized graphene lattice, map-

ping analogies between external perturbations and topological responses in both systems. In SrSi2 ,

a 12% tensile strain opens a small band gap of ∼ 0.055 eV along the Γ - X path, shifting the

semimetal toward reduced metallic conductivity. Applying an electric field of 0.51 V/Å lifts de-

generacies at Weyl nodes and creates small band gaps between them. Further increasing the field

to 1.29 V/Å expands the gap at the Fermi level to ∼ 0.058 eV and redistributes the Berry curva-

ture near the node locations. These results highlight precise control over topological transitions in

SrSi2 via combined mechanical and electric tuning. CoSi exhibits strong directional sensitivity to

strain and field. A 10% tensile strain induces a gap of ∼ 0.035 eV at the Γ point, while the R point

remains gapless. Raising the strain to 15% widens the Γ gap to ∼ 0.11 eV without affecting the

R point. Under an electric field of 0.51 V/Å, a selective gap of ∼ 0.02 eV opens at the R point,

leaving Γ unchanged. At 1.29 V/Å, the R gap widens to ∼ 0.065 eV. These findings demonstrate

that CoSi's band structure and surface Fermi arcs can be tuned anisotropically, enabling region-

specific control of electronic transport. In NbP, a 4% tensile strain generates a band gap of ∼ 0.05

eV in the Γ - Σ direction, reducing carrier density at the Fermi energy. Increasing the strain to
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8% yields a gap of ∼ 0.035 eV around the Fermi level, further suppressing states near the Fermi

level. Electric fields exert subtler effects: at 0.51 V/Å, the band curvature shifts slightly, while at

1.29 V/Å, a gap of ∼ 0.02 eV opens in the Γ - S direction. This field-driven gap opening suggests

switchable electronic phases and highlights NbP as a promising candidate for tunable topolog-

ical devices. Our model experiments draw clear parallels between SrSi2 under an electric field

and renormalized graphene under external pertubations. In both cases, increasing the perturbation

opens topology-related band gaps at high-symmetry points, driving transitions from semimetallic

to insulating phases. By further varying Kane-Mele SOC (KM SOC) and exchange interactions in

the renormalized graphene model, we observe successive topological transitions marked by band

closures, inversions, and reopenings. These analogies underscore universal principles of quantum

phase control and emphasize the broad applicability of our approach. In summary, we demonstrate

that strain and external electric fields can precisely engineer electronic and topological properties

in SrSi2 , CoSi, and NbP. The observed band gap tuning and Berry curvature modifications point to

applications in quantum computing elements, adaptable electronic switches, and sensitive detec-

tors. By bridging atomistic DFT calculations with model Hamiltonian simulations, this work lays

a comprehensive foundation for designing materials with targeted topological characteristics and

for exploring emergent quantum phenomena.
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Chapter 1

Introduction

Topological materials have emerged as a pivotal area of study in condensed matter physics, charac-

terized by their unique electronic properties that are robust against perturbations. These materials

are defined by topological invariants in their electronic band structures, leading to protected sur-

face states that remain conductive even when the bulk is insulating. This phenomenon is described

using the mathematical framework of topology, which captures properties that remain unchanged

under continuous deformations. In the context of materials science, topology provides a framework

for understanding phases of matter that cannot be described by traditional symmetry-breaking the-

ories. The significance of topological materials lies in their potential applications in quantum

computing, spintronics, and low-power electronics, owing to their ability to host dissipationless

edge or surface states[1].

The drive for a fundamental understanding of the physical properties of topological materials is

at the frontier of condensed matter physics research. This interest stems from the broad range

of materials in which topological features can be realized, enabling testable theories, operable

experiments, and viable technological applications. The field of topological electronic materials,

particularly topological insulators (TIs), has seen rapid progress, enhancing the potential for future

electronic devices and technologies. These materials possess electronic structures with nontrivial

topological properties that are robust and insensitive to environmental perturbations, making them

an essential focus for both fundamental and applied research.

A prominent example of topological materials is Dirac materials, which include graphene and

three-dimensional (3D) Dirac semimetals (DSMs). In these systems, the conduction and valence

bands touch at discrete points, known as Dirac points, around which the energy dispersion is linear,

resembling the Dirac equation for relativistic particles. This linear dispersion leads to high carrier

mobility and unique electronic properties. Graphene, a single layer of carbon atoms arranged in a
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hexagonal lattice, is the most well-known Dirac material and has been extensively studied for its

exceptional electrical and mechanical properties[2]. Weyl semimetals (WSMs) represent another

class of topological materials where the conduction and valence bands intersect at points called

Weyl nodes. These nodes come in pairs with opposite chirality and act as monopoles of Berry

curvature in momentum space. The separation of Weyl nodes in momentum space leads to the

emergence of surface states known as Fermi arcs, which connect projections of Weyl nodes with

opposite chirality on the surface Brillouin zone (BZ). These Fermi arcs are a hallmark of Weyl

semimetals and have been observed experimentally in materials such as TaAs[3].

The concept of topological electronic states originates from the quantum Hall effect (QHE), which

demonstrated that symmetry alone does not encompass all condensed matter phases. This intro-

duced the necessity for topological numbers that extend beyond the Landau theory of symmetry

breaking. Haldane's lattice model for QHE marked a significant theoretical breakthrough by sug-

gesting that certain materials could exhibit a quantum anomalous Hall effect (QAHE) without

requiring an external magnetic field or Landau levels. Furthermore, materials preserving time-

reversal symmetry have been shown to support the quantum spin Hall effect (QSHE), characterized

by a Z2 topological invariant, as demonstrated experimentally in HgTe/CdTe quantum well struc-

tures. The realization of QAHE in magnetically doped TIs highlights the practical implications of

these theoretical advancements.

The study of topological materials also involves exploring the Berry of the electronic wave func-

tion, a critical geometric property that significantly influences material properties. This leads to

emergent quantum phenomena, such as various Hall effects and quantum charge pumping, arising

from the quantum geometry of electronic states and their responses to external perturbations. For

instance, 2D materials like graphene have provided a versatile platform for studying topological

phases in reduced dimensions. Beyond graphene, materials such as transition metal dichalco-

genides (e.g., MoS2) exhibit topological properties when subjected to specific conditions, such

as strain or electric fields, presenting opportunities for applications in flexible electronics and

optoelectronics[4].

The connections between these various classes of topological materials lie in their shared reliance

on the topological properties of their electronic structures. Whether in 2D systems like graphene

or 3D systems like WSMs, the robustness of their surface or edge states against perturbations is

a unifying feature. This robustness is not only of fundamental scientific interest but also holds

promise for technological applications where stability and low energy dissipation are crucial[5].
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Controlling the electronic properties of topological materials is a central focus in condensed matter

physics, with symmetry-breaking mechanisms playing a pivotal role. By intentionally disrupting

symmetries such as time-reversal, spatial inversion, or SOC, researchers can induce novel quantum

phases and manipulate carrier transport properties. For instance, breaking time-reversal symmetry

in TIs can lead to the emergence of quantum anomalous Hall states, characterized by dissipation-

less edge currents without an external magnetic field. This phenomenon has been experimentally

observed in magnetically doped TIs, where the introduction of magnetic impurities breaks time-

reversal symmetry, resulting in quantized Hall conductance[6]. Spatial inversion symmetry break-

ing is another powerful tool for engineering topological phases. In materials lacking inversion

symmetry, SOC can lift spin degeneracy, leading to spin-polarized electronic states. This effect is

prominent in non-centrosymmetric materials, where the Rashba effect induces spin splitting in the

electronic band structure. Such spin-polarized states are crucial for spintronic applications, as they

allow for the manipulation of spin currents without external magnetic fields. Moreover, inversion

symmetry breaking can give rise to topological superconductivity, where unconventional pairing

mechanisms lead to the formation of Majorana bound states, which are of interest for fault-tolerant

quantum computing[7]. Spin-orbit coupling itself serves as a symmetry-breaking mechanism that

profoundly influences the topological properties of materials. In systems with strong SOC, the in-

terplay between spin and orbital degrees of freedom can open band gaps at the Fermi level, leading

to the realization of TIs. For example, in bismuth-based compounds, strong SOC drives the tran-

sition from a trivial insulator to a topological insulator phase, characterized by conducting surface

states protected by time-reversal symmetry. Additionally, SOC can induce topological phase tran-

sitions in materials subjected to external perturbations, such as electric fields or strain, enabling

dynamic control over their topological states[8].

The deliberate breaking of symmetries in topological materials not only facilitates the exploration

of emergent quantum phases but also enables the design of materials with tailored electronic prop-

erties. By understanding and manipulating these symmetry-breaking mechanisms, researchers can

engineer materials that exhibit desired functionalities, such as robust edge states, spin-polarized

currents, and exotic superconducting phases. This approach holds promise for advancing technolo-

gies in quantum computing, spintronics, and low-power electronics, where control over electronic

states at the quantum level is essential[8].

Quantum phase transitions are fundamental changes in the ground state of a quantum system driven

by quantum fluctuations, occurring at absolute zero temperature. Unlike classical phase transi-
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tions, which can involve changes in phase or crystal structure and are influenced by factors such as

temperature, pressure, and chemical composition, QPTs are governed by quantum fluctuations that

arise due to changes in parameters like pressure, magnetic field, or interaction strength. In topolog-

ical materials, QPTs can lead to transitions between distinct topological phases. These phases are

characterized by changes in specific topological invariants, such as the Chern number or Z2 invari-

ants, which describe the global electronic properties of the system. For example, such a transition

might involve a change from a trivial insulating phase to a topological insulating phase, where

phenomena like the quantum Hall state are observed. These transitions are often accompanied by

the closing and reopening of energy gaps in the electronic band structure, signaling a change in

the topological order. Understanding QPTs in topological materials is crucial for exploring novel

quantum states and potential applications in quantum technologies[9].

External perturbations, such as tensile strain and electric fields, are effective tools for modulating

the topological properties of materials. Applying tensile strain can alter the lattice parameters and

symmetry of a material, leading to modifications in its electronic band structure. For instance, in

certain 2D materials, strain can induce a transition from a trivial insulator to a topological insula-

tor phase by closing and reopening the band gap. This strain-induced topological phase transition

has been theoretically predicted and experimentally observed in materials like transition metal

dichalcogenides[10]. Similarly, electric fields can influence the electronic structure of topological

materials by breaking inversion symmetry and modifying SOC effects. In materials such as mono-

layer MnBi2Te4 , an external electric field can induce a topological phase transition from a trivial

to a nontrivial state by altering the band topology. This electric field-induced transition is associ-

ated with changes in magnetic anisotropy energy and Curie temperature, highlighting the interplay

between electric fields and magnetic properties in topological materials[11].

The ability to control topological phase transitions through external biases like strain and electric

fields opens avenues for designing materials with tunable topological properties. This tunability is

essential for developing devices that leverage topological states for applications in quantum com-

puting, spintronics, and low-power electronics. By precisely manipulating external parameters,

researchers can engineer desired topological phases and transitions, paving the way for innovative

quantum technologies[12].
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1.1 Aims and objectives of the thesis

1.1. Aims and objectives of the thesis

In this thesis, quantum mechanical principles are applied through computational methods, specifi-

cally DFT and TB models, to investigate the electronic ground state, Berry curvatures, and Fermi-

level topologies in selected solid-state systems exhibiting emergent quantum phenomena. The

Berry curvature is a local property of the parameter space that can be thought of as the field strength

of the Berry connection. It describes the differential structure of the Berry phase across parameter

space and determines how the Berry phase accumulates locally, providing a measure of the twist-

ing or curvature of the quantum state manifold in response to parameter variations. It is worth

noting that the Berry phase is the geometric phase acquired by a quantum system during adia-

batic evolution around a closed loop in parameter space. The Berry connection, on the other hand,

is a gauge-dependent quantity that can be understood as the vector potential in parameter space,

constructed from the eigenstates of the Hamiltonian. Fermi-level topology, which refers to the

arrangement and connectivity of electronic states at the Fermi energy, is crucial for understanding

the stability of topological phases and their response to external factors such as strain, and elec-

tric field. These studies are essential for elucidating how such external factors influence QPTs by

modifying the Berry curvature and Fermi-level topology. The objectives of this thesis are:

1. To utilize DFT calculations, implemented in QE, to capture the ground-state electronic prop-

erties of SrSi2 , CoSi, and NbP, including band structures, Fermi surfaces, and charge den-

sities, and to refine these results using TB models developed with Wannier90 and Wannier-

Tools for accurate characterization of topological invariants such as the Chern number.

2. To investigate the Berry curvatures and Fermi-level topologies in SrSi2 , CoSi, and NbP,

focusing on their response to external perturbations such as tensile strain and external elec-

tric fields, and to identify the mechanisms driving topological quantum phase transitions

(TQPTs) in these materials.

3. To elucidate the tunability of topological phases in SrSi2 through computational experiments

using Quantum Lattice software, demonstrating parallels with renormalized graphene sys-

tems and revealing how SOC and magnetic interactions influence band structure and phase

transitions.

4. To provide a detailed understanding of how topological properties such as Berry curvature

and surface states in SrSi2 , CoSi, and NbP can be manipulated for potential applications in
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1.2 Thesis Structure

spintronics and quantum technologies, establishing a theoretical framework for designing

materials with customized topological characteristics.

The three systems SrSi2 , CoSi, and NbP were chosen to represent distinct classes of topological

semimetals, each showcasing unique symmetry protections and exotic quasiparticles that are both

theoretically intriguing and experimentally accessible. SrSi2 crystallizes in a non-centrosymmetric

space group P4332 and hosts double-Weyl fermions with chiral charge ±2, offering a tunable plat-

form via alloying or strain to explore topological phase transitions[13, 14]. CoSi, in the chiral cubic

space group P213, stabilizes multifold fermions (spin-1 threefold and double spin-1
2 Weyl nodes)

protected by crystal symmetries, making it an ideal system to study higher-order Berry curvature

effects and the chiral anomaly in unconventional quasiparticles[15, 16]. NbP, a member of the

noncentrosymmetric I41md family, was among the first experimentally realized Weyl semimetals,

with well-defined Fermi arcs and measurable Berry phases, providing a benchmark for transport

and surface-state studies in systems with weak spin-orbit coupling[17, 18]. Together, these mate-

rials span a broad range of space groups and topological phenomena, enabling a comprehensive

investigation of how external biases, such as strain and electric fields, modulate Berry curvature

and Fermi surface topology as predictors of emergent quantum behavior.

1.2. Thesis Structure

This thesis is structured as follows:

• Chapter 1 provides a general introduction to the study, including the motivation behind

investigating Berry curvature and Fermi-level topologies for predicting emergent quantum

phenomena in selected solid-state systems.

• Chapter 2 presents a comprehensive literature review, discussing previous studies on the

selected materials and their topological properties. This chapter highlights key advancements

in the field and establishes the context for the current research.

• Chapter 3 delves into the field of topological materials, merging concepts of topology with

condensed matter physics. It explores the unique properties of topological phases and their

relevance to the materials studied in this thesis, setting the stage for the theoretical and

computational investigations that follow.
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1.2 Thesis Structure

• Chapter 4 lays out the theoretical framework essential for solving electronic structure prob-

lems in systems of interacting particles. This chapter focuses on DFT as a primary method-

ology for predicting physical properties from ground-state electron density. Additionally,

the TB model is introduced as a complementary approach, particularly valuable for under-

standing graphene-like systems and the behavior of electrons in condensed matter.

• Chapter 5 outlines the computational methods employed in this research. It details the

ab initio calculations used to determine the electronic structure, density of states (DOS),

and charge density of materials like SrSi2 , CoSi, and NbP. The chapter also describes how

band structure data from DFT is utilized to develop TB models, enabling the computation

of topological properties. Furthermore, this chapter explains the renormalization of SrSi2 's

electronic structure on a honeycomb lattice, using a TB model analogous to that of graphene.

• Chapter 6 presents and discusses the results of our investigations into the physical and

topological properties of bulk SrSi2 , CoSi, and NbP. It examines the effects of external fields

on these materials, highlighting symmetry-breaking phenomena and quantum phase tran-

sitions. The chapter also explores the renormalization of SrSi2 's electronic structure to a

graphene-like honeycomb lattice, revealing Dirac-like physics and potential applications in

two-dimensional topological systems.

• Chapter 7 concludes the thesis, presenting the results of the study and discussing their

implications. It also suggests potential directions for future research, building on the findings

of this work.
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Chapter 2

Literature Review

In this chapter, we gather and analyze the amount of research surrounding the topological mate-

rials: strontium disilicide (SrSi2) with space group P4332 (No. 212), cobalt monosilicide (CoSi)

with space group P213 (No. 198), and niobium monophosphide (NbP) with space group I41md

(No. 109), with a specific focus on their characteristics, applications, and the implications of

these findings on future technological advancements. This review will not only integrate and ana-

lyze existing knowledge but also identify gaps in current research, thus providing a comprehensive

understanding of this rapidly evolving field.

2.1. Introduction

Topological materials, a novel class of materials, have drawn significant attention in recent years

due to their unique electronic properties. These materials are distinguished by their robust surface

states, which are a consequence of the topological order, a type of order different from the familiar

one based on symmetry. The electronic properties of these materials are not easily perturbed by

impurities or defects, making them highly stable and efficient. The topological nature of these

materials leads to exotic electronic properties, such as conducting surface states with insulating

bulk properties.

The significance of topological materials extends to various practical applications, especially in

energy and electronics. For instance, SrSi2 demonstrates potential, especially in the realms of

advanced electronics, thermoelectrics, and sustainable technology development. Similarly, CoSi

has been explored for its potential in spintronics, a field that could revolutionize data storage and

processing by utilizing electron spin rather than charge. NbP exhibits exceptional conductivity and

is a candidate for use in ultra-fast electronic devices. The study of these materials is crucial not only
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2.2 Detailed Reviews of SrSi2 , CoSi, and NbP.

for the advancement of fundamental science but also for the development of novel technologies that

can enhance energy efficiency, data storage, and electronic device performance.

Ultimately, this literature review aims to provide a detailed yet accessible overview of the topo-

logical materials mentionned above, focusing on their defining characteristics, the current state of

research, and their potential applications in various fields. By doing so, it seeks to contribute to the

broader understanding of these materials and their role in shaping future technological advance-

ments.

2.2. Detailed Reviews of SrSi2, CoSi, and NbP.

2.2.1. Strontium disilicide

Imai et al.[19] investigated the pressure dependence of the electrical resistance of the narrow-gap

semiconductor SrSi2 . The measurements were performed at temperatures from 4.2 to 300 K and

pressures from 0 to 3.6 GPa . The authors found that pressurization reduces the energy gap E
𝑔
,

with a pressure coefficient dE
𝑔
/dP = −8.8 meV/GPa. By fitting the conductivity data, they deter-

mined E
𝑔
= 43 meV at ambient pressure. The deformation potential a

𝑔
= dE

𝑔
/d ln V = 0.50 eV

was also estimated. These values are in qualitative agreement with the band structure calcula-

tion by Imai and Watanabe[20], which predicted SrSi2 to be an indirect gap semiconductor with

E
𝑔

decreasing under pressure. The reduction of the energy gap with pressure suggests a poten-

tial pressure-induced semiconductor-metal transition around 5.0 GPa, where E
𝑔

extrapolates to

zero. This transition would occur without any structural phase change, as evidenced by the ear-

lier X-ray diffraction measurements. The authors also observed the appearance of a plateau in

the temperature-resistance curve at high pressures, likely related to changes in ionization energy

and wave function overlap of extrinsic charge carriers. Overall, this study elucidates the pressure

response of the electronic structure of SrSi2 through transport measurements. The results are sig-

nificant for understanding the band structure and pressure-induced metallization of this narrow-gap

silicide compound.

Chen and Tian[21] present first-principles calculations of the electronic, optical, and thermody-

namic properties of SrSi2 crystals. The study aims to clarify the basic physical properties of this

material, which has shown ambiguity between experimental measurements indicating semicon-

ducting behavior and some theoretical works predicting metallicity. Using DFT within the gener-

alized gradient approximation, the authors determine an optimized lattice constant of 6.549 Å for
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2.2.1 Strontium disilicide

cubic SrSi2 , agreeing closely with experiment. The electronic structure reveals an indirect band

gap of 0.0618 eV, corroborating previous experimental suggestions of semiconducting character.

This narrow gap results from Si 3𝑝 states at the valence band maximum and Sr 3𝑑 states at the

conduction band minimum. Optical properties including the dielectric function and absorption

spectra are calculated, predicting SrSi2 as a promising dielectric material with strong absorption

in the ultraviolet region. Finally, lattice dynamics computations provide thermodynamic proper-

ties such as the Debye temperature (408 K) and heat capacity. Summing up, this computational

work helps reconcile previous conflicting reports on the properties of SrSi2 . By systematically ex-

amining its structural, electronic, optical and thermodynamic characteristics using first-principles

methods, Chen and Tian confirm the material as an indirect narrow-gap semiconductor. Their de-

tailed calculations also make predictions for optical behavior and thermophysical quantities that

may guide future experimental investigations of this silicide.

Imai et al.[22] investigate the basic properties of Sr1−𝑥Ba
𝑥
Si2 , including the phase relationship,

crystal structures, and energy gap E
𝑔
. They find that the SrSi2-BaSi2 pseudo-binary system has

only two phases - the SrSi2 and BaSi2 phases. The SrSi2 phase exists for 0 ≤ 𝑥 ≤ 0.13 and the

BaSi2 phase for 0.24 ≤ 𝑥 ≤ 1.0. The lattice parameters and volume increase with 𝑥 in both phases.

A volume jump of 13.7% occurs at the phase transition from the SrSi2 to BaSi2 phase. Notably,

E
𝑔

shows opposite trends in the two phases - it increases with 𝑥 in the SrSi2 phase but decreases

in the BaSi2 phase. The authors attribute this to differences in the Si networks - the SrSi2 phase

has a continuous 3D Si network while the BaSi2 phase has discrete Si tetrahedra. This also leads

to differences in the homogeneity ranges. For Sr-rich BaSi2-phase Sr1−𝑥Ba
𝑥
Si2 , Ba atoms at the

A1 crystallographic site are preferentially substituted by Sr, similar to Ba-rich compositions. The

study reveals basic structure-property relationships in alkaline earth metal disilicides, which are

promising for energy applications.

Lue et al.[23] investigated the effects of partially substituting Ge at the Si sites in the SrSi2 alloy on

its thermoelectric properties. The motivation was to tailor the electronic structure and phonon scat-

tering to improve the thermoelectric performance. Samples of SrSi2−𝑥Ge
𝑥

with 𝑥 = 0 − 0.12 were

synthesized using arc melting and annealing. Temperature-dependent electrical resistivity 𝜌(T),

Seebeck coefficient 𝑆(T), and thermal conductivity 𝜅(T) were measured. Key findings show that

with increasing Ge substitution up to 𝑥 = 0.06, the room temperature 𝜌 decreases while the band

gap E
𝑔

increases due to negative chemical pressure. This composition dependence of 𝜌 and E
𝑔

likely arises from modifications in the DOS near the Fermi level. The maximum 𝑆 of ∼ 280 𝜇V/K
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occurs at 𝑥 = 0.03 and T≈ 85 K. Analysis of 𝜅(T) reveals the lattice thermal conductivity 𝜅𝐿 domi-

nates, with the low-T peak dropping markedly with more Ge. This demonstrates enhanced phonon

scattering due to mass fluctuations between Si and Ge. Ultimately, a peak 𝑍T ≈ 0.13 at room

temperature was attained for SrSi1.94Ge0.06 , ∼ 3 times higher than pure SrSi2 . The improved ther-

moelectric performance is attributed to the combined effects of reduced 𝜌, moderately enhanced 𝑆,

and decreased 𝜅𝐿 with controlled Ge substitution. This study reveals an effective route to optimize

thermoelectric properties of SrSi2 via isovalent Ge substitution. The modified electronic structure

and strengthened phonon scattering open avenues to further improve 𝑍T. To sum up, this research

makes valuable progress toward establishing SrSi2-based alloys as environmentally friendly and

low-cost thermoelectric materials.

Rahman computationally studied the elastic and optical properties of the semiconducting com-

pound SrSi2 using first-principles DFT[24]. This is the first detailed theoretical examination of

the elastic properties of this material, which has potential applications in photoelectric and ther-

moelectric devices. The author performed geometry optimizations and calculated the lattice con-

stants, independent elastic constants (𝐶11 , 𝐶12 , 𝐶44), bulk modulus, shear modulus, Young's mod-

ulus, Poisson's ratio, and elastic anisotropy factor. Their analysis indicates SrSi2 is mechanically

stable with relatively low bulk modulus, suggesting it is a soft material. The obtained Poisson's

ratio and Pugh ratio reveal brittle material behavior. The optical properties, including complex

conductivity, reflectivity, refractive index, and absorption coefficient were also examined. Notably,

the high low-energy reflectivity suggests suitability for solar cells, while the estimated band gap

based on strong absorption onset agrees with typical semiconductor behavior. This comprehensive

first-principles examination of SrSi2 elastic and optical properties provides useful insights into its

electronic structure and suitability for optoelectronic devices.

Huang et al.[14] propose SrSi2 as a new type of Weyl semimetal with novel properties distinct

from previous candidates like TaAs. They show using first-principles calculations that SrSi2 hosts

quadratically dispersing double Weyl fermions with higher chiral charge of ±2, enabled by the lack

of inversion and mirror symmetries. Moreover, Weyl nodes of opposite chirality are positioned at

different energies, facilitating experimental detection of the chiral magnetic effect. The robust,

stoichiometric crystal structure of SrSi2 and its distinctive topological properties open exciting

possibilities to explore a rich variety of phenomena through tabletop experiments. The calcula-

tions reveal SrSi2 is already a Weyl semimetal even without SOC due to band crossings along the

Γ− 𝑋 direction. These crossings disperse linearly in all three directions, confirmed by the opposite
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chiral charges of +1 and −1 associated with two sets of nodes 𝑊1 and 𝑊2. Including spin-orbit

interactions causes two Weyl cones with matching rotation eigenvalues to stick together, chang-

ing their dispersion from linear to quadratic. The emergent double Weyl fermions at 𝑊1 and 𝑊2

exhibit a higher chiral charge of ±2. SrSi2 lacks mirror symmetry, allowing Weyl nodes of op-

posite chirality to occur at different energies unlike previous candidates. By breaking crystalline

symmetries, Huang et al. explicitly demonstrate the quadratic Weyl nodes in SrSi2 are protected

by fourfold rotational symmetry. They further calculate (001) surface states, finding topological

Fermi arcs that terminate at the projection of the bulk double Weyl nodes. Their systematic charac-

terization of SrSi2 not only identifies a robust, feasible Weyl semimetal but also proposes realistic

routes to detecting exotic phenomena and accessing new quadratic Weyl physics beyond TaAs. The

simplicity of the stoichiometric SrSi2 crystal and its distinctive properties open doors for exploring

Weyl physics.

Singh et al.[13] computationally explored the topological electronic structure of the noncentrosym-

metric cubic perovskite SrSi2 . They focused on elucidating the tunable double Weyl fermion

semimetal state in this materials class using first-principles methods based on the Heyd-Scuseria-

Ernzerhof hybrid functional. Their work underscores the potential of SrSi2 materials family as a

platform for investigating exotic Weyl physics. The authors' calculations revealed SrSi2 hosts a pair

of robust band inversion type double Weyl nodes carrying chiral charge ±2. However, the small

band inversion strength of −41 meV indicated proximity to a topological phase transition. By tun-

ing the lattice constant in SrSi2 , a transition from the double Weyl semimetal to a trivial gapped

insulator was induced. Further, alloying with Ca and Ba to obtain Sr1−𝑥Ca
𝑥
Si2 and Sr1−𝑥Ba

𝑥
Si2

enabled modulation of the band topology. Ca doping enhanced the band inversion strength, stabi-

lizing the double Weyl state, while Ba doping suppressed it, eventually gaping the bulk bands. The

(001) surface states showed double Fermi arcs connecting projected Weyl nodes, consistent with

the bulk chiral charge. The tunable Weyl physics was reconciled with transport experiments on the

Ca and Ba substituted alloys. This first-principles study establishes the SrSi2 material class as a

promising platform for investigating double Weyl fermion physics and related topological proper-

ties. The facile tunability of the topological semimetal state via strain and chemical substitution

provides avenues for further exploration.

Singh and Imai synthesized cubic Sr1−𝑥Ba
𝑥
Si2 with Ba content 𝑥 higher than the solid solubility

limit using spark plasma sintering[25]. They found that electrical resistivity 𝜌 and Seebeck coeffi-

cient 𝑆 increase with 𝑥, while thermal conductivity 𝜅 decreases. The dimensionless thermoelectric
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figure of merit 𝑍T was enhanced by partial substitution of Sr with Ba, reaching a maximum value of

0.21 for Sr0.81Ba0.19Si2 at 357 K. Detailed observations showed nonmonotonic temperature depen-

dence of electrical resistivity 𝜌. With increasing 𝑥, the 𝜌 value doubled around room temperature.

The activation energy calculated from an Arrhenius plot of conductivity increased from 25 meV

to 30 meV. Seebeck coefficient 𝑆 also increased with 𝑥 at all temperatures, indicating an increase

in bandgap with substitution. Total thermal conductivity 𝜅 was found to decrease with 𝑥 due to

reduction in both electronic and lattice contributions. As a result, 𝑍T showed higher values for

Ba-substituted samples compared to unsubstituted SrSi2 . The study demonstrated enhancement in

thermoelectric performance of cubic SrSi2 by Ba substitution beyond solubility limit. This was at-

tributed to increased electrical resistivity and Seebeck coefficient, combined with reduced thermal

conductivity.

Shiojiri et al.[26] investigated the electronic structure and thermoelectric properties of the narrow-

gap semiconducting 𝛼-SrSi2 using a complementary experimental and computational approach.

They grew high-purity 𝛼-SrSi2 crystals using the vertical Bridgman method and estimated a bandgap

of 13.1 meV from temperature-dependent carrier density measurements. First-principles calcula-

tions were performed using the Heyd-Scuseria-Ernzerhof hybrid functional, determining that a

mixing parameter value of 18.7% for the Hartree-Fock (HF) contribution to exchange almost per-

fectly reproduced the experimentally measured bandgap of 13.1 meV. With this optimized compu-

tational model, the calculated Seebeck coefficient precisely matched experimental measurements

when the calculations assumed a chemical potential shift due to unintentional doping. Overall, this

combined approach enabled accurate prediction of the thermoelectric transport properties, with the

calculations properly accounting for narrow-gap effects. The results highlight how first-principles

modelling can overcome limitations of conventional DFT for narrow-gap semiconductors when

an appropriate fraction of exact HF exchange is included. By growing highly pure crystals and

systematically optimizing the computational parameters to match experimental data, Shiojiri et al.

developed a predictive computational model for 𝛼-SrSi2 . This will enable extensive further anal-

yses of doping effects and optimization strategies. With thermoelectrics research increasingly uti-

lizing such multi-scale approaches combining precision experiments and computations, this work

provides an exemplary methodology. The quantitative agreement achieved opens the prospect of

computationally guided searches for altered compositions and nanostructures with enhanced per-

formance.
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Sadhukhan and Nag investigate SrSi2 , a noncentrosymmetric, nonmagnetic double WSMs[27].

This study focuses on the electronic structure, particularly the behavior of electron and hole pock-

ets in the bulk Fermi surface, and examines the material's nonlinear optical responses, such as the

circular photogalvanic effect (CPGE). This research is pivotal in understanding the properties of

WSMs, which are materials with nontrivial topological properties that exhibit unique electronic

behaviors not found in conventional semiconductors or metals. The authors detail their observa-

tions on SrSi2 's electronic structure and its responses under various conditions. They find that the

material can be characterized as a type-I WSM and explore its structural handedness, which in-

fluences the surface Fermi surface and the emergence of Fermi arcs. The study also delves into

the SOC effects and their impact on the topological charge of the Weyl nodes. Interestingly, the

CPGE response in SrSi2 was found to be quantized only when the Fermi level is near a Weyl

node with higher energy, contrasting with other types of WSMs where CPGE is quantized differ-

ently. These findings are supported by a comprehensive analysis using the three-band formula for

CPGE, demonstrating the intricate interplay between the electronic structure and optical responses

in topological semimetals. This study significantly advances the understanding of double WSMs,

particularly in the context of nonlinear optical responses. The findings on SrSi2 's electronic struc-

ture and CPGE behavior open new avenues for exploring topological materials in optoelectronic

applications, such as high-efficiency solar cells and other photonic devices. The distinct behavior

of CPGE in SrSi2 compared to other WSMs suggests that varying topological charges and symme-

tries in such materials can lead to a range of novel optical phenomena.

Yao et al.[28] studied the Weyl semimetal candidate material SrSi2 using angle-resolved photoe-

mission spectroscopy (ARPES) and first-principles calculations. They introduced SrSi2 as having

a simple cubic structure lacking inversion and mirror symmetries, with previous theoretical works

predicting it to host robust Weyl fermions. Their work aimed to experimentally verify these pre-

dictions. Through systematic ARPES measurements on SrSi2 and Ca-doped SrSi2 single crystals,

the authors mapped the band structure and Fermi surfaces. They found no evidence of the theoreti-

cally predicted Weyl nodes at the 𝑘𝑧 = 0 plane. Specifically, only one hole-like band was observed

along the Γ−𝑋 direction, with their hybrid functional HSE calculations confirming a ∼ 0.1 eV gap

between this band and the higher-lying electron bands. The absence of band crossings suggests

SrSi2 may in fact be a topologically trivial semiconductor rather than a Weyl semimetal. Addi-

tionally, no signatures of topological surface states were found. Qualitatively similar results were

obtained for the Ca-doped samples. This comprehensive study combining experiment and theory
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indicates SrSi2 does not realize the Weyl semimetal state, contradicting previous predictions. The

authors suggest improved theoretical treatment with hybrid functionals like HSE may better de-

scribe SrSi2 's electronic structure. Further confirmation of the trivial band topology could come

from higher-resolution ARPES accessing unoccupied states. More broadly, this work highlights

the need for detailed measurements in assessing theoretical Weyl semimetal candidates, where

subtle aspects of the band structure can determine topological properties.

Barua et al.[29] investigated various structural, electronic, optical, elastic, and thermophysical

properties of the double Weyl semimetal SrSi2 using DFT. The study reveals several hitherto

unexplored properties of this noncentrosymmetric cubic silicide. The analysis shows SrSi2 is a

mechanically stable, ductile compound with significant metallic bonding. It has a semimetallic

band structure with clear double Weyl nodes close to the Fermi level. The optical spectra suggest

excellent broadband reflection ability, making SrSi2 suitable as a solar reflector. It also absorbs

ultraviolet efficiently and possesses high refractive index at lower photon energies. Furthermore,

SrSi2 exhibits comparatively soft elastic moduli, low Debye temperature, high thermal expan-

sion, and small dominant phonon wavelengths. Overall, this comprehensive study unravels novel

insights into the bulk properties of topological Weyl semimetal SrSi2 . The authors have systemati-

cally analyzed the material's potential for optoelectronic applications based on its favorable optical

characteristics.

To conclude this part of the literature review on SrSi2 , it is worth noting that several fundamental

questions persist regarding its nature and properties[13, 28]. While studies conducted on SrSi2

have explored its basic properties[29], fundamental questions remain regarding its topological na-

ture and eventually how its topological traits evolve under real-world conditions[28, 30]. A sys-

tematic investigation applying external bias potentials and monitoring the response of quantities

like Berry curvatures and band topologies will provide crucial insights[13, 30]. The goal is to eval-

uate topological phase space and define quantifiable metrics capturing the robustness of observed

phenomena[13, 14]. This approach will reveal new physics, facilitate applications leveraging topo-

logical characteristics, and further establish SrSi2 as a versatile quantum materials platform.

2.2.2. Cobalt Monosilicide

Pshenay-Severin et al.[31] have delved into the unconventional electronic topology of CoSi, a

semimetal known for defying traditional classifications within its crystalline structure. Their com-

prehensive ab initio calculations, which account for the intricacies of spin-orbit interactions, lay
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bare the exotic nature of CoSi's band structure. Their research paper exposes the existence of

band-touching points within CoSi that demonstrate an extraordinary multiplicity in their degener-

acy, carrying a nonzero Chern number. These points, harboring 'new fermions', embody a quan-

tum state far removed from the well-charted territories of conventional Weyl and DSMs. It is the

discovery of these topologically nontrivial nodes, some with fourfold and others with sixfold de-

generacy, located at the high-symmetry Γ and R points of the BZ, that elevates the significance of

their findings. The researchers utilized both linearized Hamiltonians and first-principles calcula-

tions to dissect and understand the topological features of these nodes. Remarkably, the fourfold

degenerate multiplet found at the Γ point and the sixfold degenerate node at the R point exhibit

total topological charges with magnitudes of 4, and intriguingly, they are of opposite signs despite

the linear band dispersions. One of the salient revelations of Pshenay-Severin et al.'s study is the

proximity of these multiplets to the Fermi energy, situated merely about 22 meV apart, suggesting

that these features could have tangible effects on the material's physical properties. Furthermore,

the reported cubic anisotropy of the Fermi surface adds another layer of complexity to the behav-

ior of electrons in CoSi. This anisotropy is reflected in the formation of four Fermi arcs on the

material's surface, which intriguingly start and end near the projections of the bulk Γ and R points

on the surface BZ. This study of the electronic makeup of CoSi by Pshenay-Severin et al. shows

how knowledge of topological materials keeps advancing. It not only challenges the boundaries

of known electronic properties but also paves the way for potential applications that capitalize on

these novel quantum phenomena.

Takane et al.[32] have shed light on the nature of electronic states in CoSi, making a remarkable

leap in the field of topological quantum states by uncovering chiral fermions through their experi-

ment. Utilizing the precision technique of ARPES, they have unearthed the existence of not one,

but two types of chiral topological fermions within CoSi - a spin-1 chiral fermion at the center

and a double Weyl fermion at the corner of the bulk BZ. The team's meticulous analysis reveals

that the bulk Fermi surfaces of CoSi are exclusively constituted of energy bands that correspond to

these novel fermions. Furthermore, their research has led to the identification of surface states that

seamlessly bridge the Fermi surfaces pertinent to these fermions. This observation is particularly

groundbreaking as it stands as the first experimental corroboration of the existence of Fermi-arc

surface states-a theoretical concept until now. The importance of Takane et al.'s research cannot

be overstated as it provides unprecedented experimental evidence of chiral topological fermions

that extend beyond the realms of Dirac and Weyl fermions previously known in condensed-matter
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systems. Their findings not only validate theoretical predictions but also significantly advance the

pursuit of new electronic phenomena that may arise from these unconventional chiral fermions.

Takane et al. through Angle-Resolved Photoemission Spectroscopy (ARPE) measurements on

CoSi have successfully captured the spectral fingerprints of these exotic fermions, manifesting

themselves as unconventional multifold band crossings at the Γ and R points of the bulk BZ.

The observed Fermi-arc surface states, tethered to these chiral fermions, cement the presence of

topological fermions with a Chern number surpassing 1. The implications of this discovery are

profound, offering a solid groundwork for the exploration of new physical properties inherent to

chiral fermions such as unique photonic responses, anomalous transport phenomena, and potential

applications in spintronics.

Tang et al.[33] unveiled a seminal study that pushes the frontier of our understanding of topological

fermions in the realm of transition metal silicides. By leveraging the power of ab initio DFT, they

peeled back the layers of these complex materials to reveal a fascinating tapestry of unconventional

quasiparticles coexisting within. Their research focused on a family of transition metal silicides,

including CoSi, RhSi, RhGe, and CoGe, particularly when SOC is incorporated into the equation.

Within the crystalline confines of these materials, they observed not just the established entities

of type-I and type-II Weyl fermions but also the presence of spin-1 excitations with threefold

degeneracy and the enigmatic spin-3
2 Rarita-Schwinger-Weyl (RSW) fermions. These particles,

with their nontrivial topology, were found to be connected by extensive Fermi arcs on the surface

states, a phenomenon verified by the (001) surface electronic spectra of CoSi. Moreover, the

significance of their findings is amplified by the stability and accessibility of these arc states, which

span a broad energy range around the Fermi level-promising traits for future explorations using

ARPES. Tang et al. underline a distinctive aspect of their findings: the topological features of

these semimetals extend across a large energy window, contrasting with previous discoveries in

the field that were more energetically restricted and localized in the BZ. This work by Tang et

al. stands as a cornerstone contribution, setting a precedent for both theoretical prediction and

experimental validation in the pursuit of novel quantum materials.

Yuan et al.[34] conducted a study in which they use scanning tunneling microscopy (STM) spec-

troscopy to investigate quasiparticle interference at various terminations of a CoSi single crystal.

The single crystals were grown using a chemical vapor transport (CVT) method and carefully

prepared before characterization. The experiments were performed at low temperatures using a

commercial STM system, and the results were compared to DFT calculations. The researchers
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were able to confirm the presence of topological Fermi arc states on the (001) and (011) sur-

faces of CoSi, indicating the presence of chiral spin-3/2 RSW fermions and double spin-1 Weyl

fermions. The observed quasiparticle interference patterns were consistent with theoretical simu-

lations, providing strong evidence for the presence of these unconventional fermions. The chiral

surface states of CoSi were found to exhibit a number of exotic properties, such as large spin-orbit

splitting and a wide energy window. The researchers used a combination of experimental tech-

niques and theoretical calculations to study the electronic structure of CoSi single crystals. They

grew the crystals using a CVT method and carefully prepared the samples before characterization.

The experiments were performed at low temperatures using a commercial STM system, and the

results were compared to DFT calculations. The researchers were able to confirm the presence

of topological Fermi arc states on the (001) and (011) surfaces of CoSi, indicating the presence

of chiral spin-3/2 RSW fermions and double spin-1 Weyl fermions. This work provides valuable

insights into the electronic structure of CoSi and the nature of chiral fermions.

Dutta and Pandey conducted a study to investigate the effect of electronic correlations on the

fermions observed in the material CoSi[35]. They used a combination of DFT and dynamical

mean-field theory (DMFT) to study the spectral functions of the bulk and surface of CoSi at a

temperature of 100 K. They used the WIEN2k code, which is based on the full-potential plane

wave method, to perform their DFT calculations. They also used the DMFT code implemented

by Haule et al., which is interfaced with WIEN2k, to perform their DFT+DMFT calculations.

They used a continuous-time quantum Monte Carlo impurity solver to solve the auxiliary impurity

problem, and an exact double-counting scheme proposed by Haule. Their calculations showed the

presence of extra hole pockets at the M points in the BZ, and the dispersion curves of CoSi showed

both coherent and incoherent features, such as well-defined dispersive lines in the range −0.2 eV ≤

𝜔 ≤ 0.2 eV for coherent states with higher quasiparticle lifetimes, and smeared features at energies

below −0.2 eV indicating incoherent states with shorter lifetimes. Notably, at 𝜔 ∼ −30 meV and

𝜔 ∼ −186 meV, these incoherent states correspond to calculated lifetimes of approximately 10−9 s

and 10−12 s, respectively, when SOC is not included. This indicated the presence of quasiparticle-

quasiparticle interactions, which affect the lifetime of the exotic fermionic quasiparticles. They

also performed GW calculations using the Questaal package to calculate the quasiparticle energies.

Overall, their work provides insight into the electronic correlations and quasiparticle interactions

in CoSi.
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Xu et al.[36] used different methods to grow single-crystalline CoSi and studied its electrical trans-

port properties. The researchers used floating-zone, CVT, and flux methods to grow the crystals. In

the floating-zone growth method, polycrystalline CoSi was first prepared by arc melting stoichio-

metric cobalt and silicon chunks, and then the crystal was grown in a Quantum Design 2-Mirror

IR Image Furnace. In the standard CVT method, either CoSi powder or fresh cobalt and silicon

powder was used as the starting material. About 1 𝑔 of the raw material was loaded into a fused

silica tube, along with a transport agent such as I2 or Br2 . The tube was then sealed in a vacuum

and maintained at high temperatures for around 10 days. This process yielded shiny, millimeter-

sized polyhedronlike crystals. For the flux growth method, the researchers used antimony, tin, and

tellurium as the liquid solution. In the growth from tellurium flux, cobalt, silicon, and tellurium

powder with a molar ratio of 1:1:20 were placed in an alumina crucible and sealed in a fused silica

ampoule in a vacuum. The ampule was then heated to 1050 °C for a few hours, before being slowly

cooled down to the centrifuging temperature of 700 °C at a rate of 3 ◦ C/h. This process yielded

several single-crystalline chunks with large (111) facets. The electrical properties of the resulting

crystals were then characterized using a range of techniques, including thermoelectric measure-

ments and angle-dependent Nernst signals. The authors found that the CoSi crystals grown using a

tellurium solution had the highest carrier mobility, enabling them to observe quantum oscillations

in the thermoelectrical signals. Their analysis of these oscillations revealed two spherical Fermi

surfaces in the crystal's BZ, consistent with the material's chiral charge. These results provide new

insights into the electronic properties of CoSi and could potentially have applications in the field

of topological materials.

Kudryavtsev et al.[37] prepared bulk Co2Si, CoSi, and CoSi2 alloys by melting together pieces

of Co and Si of 99.99% purity in an arc furnace. The furnace was purged with argon gas, and

the ingot was remelted multiple times to promote volume homogeneity. The researchers also

prepared amorphous and crystalline CoSi and CoSi2 films by flash evaporation of crushed alloy

powders onto a cooled glass substrate. Kudryavtsev et al. characterized the structural and optical

properties of the bulk and film samples using a variety of techniques, including X-ray diffraction,

spectroscopic ellipsometry, and four-probe resistivity measurements. They found that the lattice

constants of the bulk alloys agreed well with previous reports, and that the optical properties of

the alloys could be explained in terms of their electronic structures. To do this, the researchers

performed ab-initio electronic structure calculations using the WIEN2K code, which utilizes an

all-electron full-potential linearized-augmented-plane-wave method. The calculations included the
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effects of SOC and employed the generalized gradient approximation (GGA) version of Perdew

et al. for the exchange-correlation (XC) functional. The team found that the optical conductivity

spectra of the Co2Si, CoSi, and CoSi2 alloys showed a number of peaks in the visible and near-

infrared regions, which they attributed to transitions between different electronic states. They also

found that the temperature dependence of the electrical resistivity of CoSi films followed a power-

law behavior, indicating the presence of electron-electron scattering. Overall, the study provides

new insights into the optical properties of Co2Si, CoSi, and CoSi2 alloys, and demonstrates the

utility of ab-initio electronic structure calculations in explaining these properties.

Wang et al.[38] conducted an insightful study into the magnetic transport properties and electronic

structures of the topological chiral semimetal CoSi, using de Haas-van Alphen (dHvA) quantum

oscillation measurements and first-principles calculations. This research contributes significantly

to the understanding of fermionic excitations and their implications in condensed matter physics,

particularly focusing on the large-Chern-number properties of CoSi and its electronic structure.

The team observed prominent dHvA oscillations in CoSi, which led to the identification of three

fundamental frequencies. These findings were corroborated by first-principles calculations. Their

study research revealed a low-frequency oscillation (F
𝛼
), first detected in quantum oscillation mea-

surements, representing the contribution from a hole pocket at the BZ center. Additionally, two

high frequencies (F
𝛽

and F
𝛾
) with asymmetrical peaks were confirmed to stem from electron pock-

ets with SOC at the BZ corner R point. These results underscored the complex electronic struc-

ture of CoSi, particularly when considering the effects of SOC. The asymmetry in the peaks was

attributed to SOC-induced band splitting and irregular Fermi pockets, highlighting the intricate

nature of electronic interactions in this material. This study paves the way for further experimen-

tal and theoretical exploration into topological materials with large Chern numbers. The detailed

understanding of the electronic structure and fermionic excitations in CoSi, as revealed by this re-

search, is crucial for future studies in the field. The observations made about SOC effects and the

identified frequencies provide a foundational understanding that could be instrumental in develop-

ing new materials and exploring novel quantum phenomena. This research not only adds to the

existing knowledge about topological chiral semimetals but also opens up avenues for investigating

the practical applications of these materials in technology and fundamental science.

Wieder et al.[39] review progress in the discovery of topological materials, from early predictions

of quantum spin Hall insulators and TIs to recent large-scale searches identifying over 25,000

candidate topological materials. The authors detail key developments enabling topological ma-
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terials research, including topological band theory diagnosing band topology through symmetry

indicators or Wilson loop methods and discoveries of various topological phases like topologi-

cal crystalline insulators protected by crystal symmetries. A crucial breakthrough was the theory

of topological quantum chemistry systematically enumerating atomic limits realizable in crystal

structures, allowing identification of topologically non-trivial bands. The authors highlight major

frontiers including topological materials discovery in noncentrosymmetric crystals, incorporation

of magnetism, investigation of few-layer and heterostructure devices manifesting fragile topology,

and exploration of intertwined charge-density-wave order and topology. Overall, the explosive

growth and bright outlook of topological materials research is presented, driven by synergistic ad-

vances in band theory, crystallography, and high-throughput computation. Key opportunities are

raised in refining theoretical classification, investigating complex quantum materials, and realizing

next-generation electronic, spintronic and quantum technologies.

Nikolaev et al.[40] investigate the influence of uniaxial deformation on the band structure and topo-

logical properties of CoSi. Cobalt monosilicide belongs to non-centrosymmetric space group P213

(No. 198) and features multifold band crossings with large topological charges of ±4. The change

in crystal symmetry under external stress can lift the degeneracy and modify the topological prop-

erties. Using ab initio calculations and symmetry analysis, the authors construct k.p Hamiltonians

near the Γ and R points to describe the low-energy excitations. The results reveal splitting of the

multifold nodes into band crossings of different types and topological charges depending on the

strain direction. Along [100], the 4-fold degenerate node at Γ splits into Weyl nodes of unit charge,

while at R there is no splitting. For [110] strain, Γ node splits into 4 effective spin-1/2 nodes with

total charge ±2, shifted along tilted directions. At R, the 4-fold degenerate node becomes 2 double

spin-1/2 crossings with charges ±1. Most peculiarly, [111] strain induces transitions to quadratic

double-Weyl nodes of charge ±2 at Γ and R, resembling but distinct from regular double Weyl

points. Additional conventional Weyl nodes appear around Γ and R. The shifting and tilting of

band dispersions is analyzed using the k.p model. Surface states and their modifications are also

discussed. This work demonstrates tunable transitions between different topological semimetallic

phases in CoSi purely by mechanical deformation. The understanding of strain effects lays the

foundation to utilize topological properties in devices.

Fecher et al.[41] provide an extensive overview and classification of chiral structures and space

groups in crystalline solids. They introduce chirality measures to quantify and distinguish between

chiral structures, focusing on the Hausdorff distance and continuous chirality measure. The au-
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thors discuss chirality in bulk crystals and at surfaces, where four different situations can arise

regarding the bulk and surface chirality. They further analyze how basic electronic structure prop-

erties like the band structure and Berry curvature relate to chirality, finding that the band structure

is unaffected by changing the handedness while the Berry curvature does depend on it. However,

the Berry curvature is not an indicator of chirality since it changes sign under inversion of achiral

structures too. Finally, Fecher et al. propose that circular dichroism in the angular distribution

of photoelectron spectroscopy can be used to distinguish the handedness of chiral crystals, which

they demonstrate through calculated spectra for the surfaces of FeSi and VSi2 . The authors pro-

vide a comprehensive analysis that clearly distinguishes between chiral structures, space groups,

and properties, while introducing quantitative measures of chirality and demonstrating signatures

in electronic structure properties. Their proposed dichroic photoelectron spectroscopy method of-

fers new possibilities for experimentally probing chirality in crystalline solids.

To summarize this part of the literature concerning CoSi, we note that several studies have eluci-

dated rich topological phenomena intrinsic to CoSi, yet opportunities remain to further probe the

bias dependence of key metrics capturing this non-trivial band topology[42, 43]. Systematically

applying external potentials and tracking the evolution of Berry curvatures, Fermi surface topolo-

gies, and related topological invariants can reveal new exotic phases and control mechanisms for

emergent chiral surface states[43, 44]. Quantifying robustness to perturbations via bias-dependent

topological metrics also promises deeper insights into the inherent landscape of this topological

semimetal[3].

2.2.3. Niobium monophosphide

Sun et al. performed first-principles calculations to systematically study the topological surface

states and Fermi arcs in four recently discovered WSMs - TaAs, TaP, NbAs, and NbP[45]. These

noncentrosymmetric semimetals were predicted to exhibit unclosed Fermi arcs, instead of closed

Fermi surfaces, due to the presence of topological Weyl nodes in their bulk band structures. The

calculations reveal that the shape and topology of the Fermi arcs depend sensitively on the surface

termination, although the fundamental topology remains unchanged. On the polar (001) surface,

the arc shapes for cation (Ta/Nb) and anion (As/P) terminations differ considerably. Comparisons

to experiments suggest the anion-terminated surfaces best match the measured band structures.

Through analysis of the surface state spin polarization and odd number of Fermi surface cross-

ings along closed loops, the actual Fermi arcs are identified out of intertwined surface states at the
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Fermi level. The evolution of surface states with increasing spin-orbit coupling strength is also

examined, showing the transition from trivial spin-degenerate Fermi circles to non-closed spin-

split arcs as Weyl nodes emerge. Additionally, the sensitivity of the arc shapes to perturbations

is demonstrated via calculated Fermi surfaces with potassium adsorbates. Overall, this work pro-

vides valuable microscopic insight into the exotic topological Fermi arcs in WSMs. The authors

highlight the intricate interplay between bulk and surface electronic structures that underlies the

rich variety of observable arc shapes. These results motivate future studies examining responses to

other perturbations and connections to transport anomalies in WSMs.

Lee et al.[46] present a comprehensive first-principles study of the electronic structure and Fermi

surface topology of the TaAs class of WSMs, including TaAs, TaP, NbAs and NbP. The signifi-

cance of this work lies in providing fundamental knowledge of band structure and charge carrier

properties in these materials, which is crucial for understanding and interpreting experimental

observations and for realizing predicted exotic Weyl physics phenomena. The authors perform

detailed DFT calculations to investigate the band structure both with and without spin-orbit cou-

pling. Their analysis reveals 24 Weyl nodes in the BZ arising from the spin-orbit induced lifting

of nodal rings. Importantly, the calculations determine energies, locations and velocities of two

distinct types of Weyl nodes, finding significant anisotropy. The complex interconnectivity and

topology of multiple electron and hole pockets at the Fermi energy is also established. Areas, car-

rier concentrations and velocities of the Fermi surfaces are reported, highlighting a rich, tunable

electronic behavior. Notably, the small energy separation between Weyl nodes in TaAs explains its

relatively low carrier concentrations, contrasting with larger separations and higher concentrations

in TaP, NbAs and NbP. The comprehensive analysis of band structure and interconnected Fermi

surfaces provides fundamental knowledge for realizing exotic physics predicted for WSMs. The

tunable electronic properties suggest excellent potential for engineering applications via doping,

strain or external fields. This work forms a platform for future theoretical and experimental stud-

ies involving spectroscopic, transport, optical and thermal phenomena in TaAs-class topological

semimetals.

Shekhar et al.[47] investigate the exotic semimetal NbP which combines features of both a nor-

mal semimetal and a Weyl semimetal. They find NbP exhibits an extremely large, nonsaturating

magnetoresistance of 8.5 × 105% at 1.85 K in a 9 T field, among the highest reported for any ma-

terial. Additionally, NbP demonstrates an ultrahigh carrier mobility reaching 5 × 106 cm2V−1s−1

at 1.85 K, comparable to Cd3As2 . Through Shubnikov-de Haas (SdH) oscillation measurements,
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the authors determine NbP has a very low cyclotron effective mass of 0.076 m0 leading to the high

mobility. Shubnikov-de Haas frequencies correspond to small Fermi surface pockets with areas

< 1% of the BZ, consistent with their DFT calculations which show both hole pockets from nor-

mal bands and electron pockets from linear Weyl bands crossing the Fermi level. This coexistence

of hole and electron pockets enables the extremely large, nonsaturating magnetoresistance (MR)

under an applied magnetic field. By combining features of topological WSMs and conventional

semimetals, NbP presents unique transport phenomena including ultrahigh carrier mobilities from

Weyl bands and extremely large MR from electron-hole resonance. The authors propose NbP as

a platform to explore exotic physics arising from the interplay of these topological and normal

electronic phases. NbP offers intriguing possibilities for both fundamental physics studies and

potential device applications.

Dos Reis et al.[48] investigate the pressure evolution of the Fermi surface topology in the non-

centrosymmetric Weyl semimetal NbP. They combined experimental studies of SdH oscillations

and band structure calculations up to 2.8 GPa. Although they observed a drastic effect on the

amplitudes of the quantum oscillations, the frequencies exhibit only a weak pressure dependence.

The changes in oscillation frequencies agree with their band structure calculations showing the

stability of NbP's electronic structure. They related the amplitude changes to small Fermi sur-

face modifications. The high-field MR variation for current I parallel to the a-axis results from an

altered charge carrier balance and shift of the W2 Weyl points towards the Fermi energy shown

in their calculations. Their good agreement between experimental and calculated SdH frequen-

cies demonstrates quantum oscillations and band structure calculations effectively probe pressure-

induced Fermi surface changes in WSMs. In detail, they performed electrical transport and SdH

oscillation measurements on high-quality NbP crystals up to 2.8 GPa and 9 T. Although the MR

magnitude stayed almost unchanged for B along the c-axis, it showed a double-well structure for B

and electrical current I applied parallel to the a-axis, dropping from 8×104% at ambient pressure to

2.3 × 104% at 1 GPa before increasing again. This indicates the electron-hole balance tuning with

pressure seen from the antisymmetrized MR. Pronounced SdH oscillations occurred above 1 T

revealing small cyclotron masses between 0.034 m
𝑒

and 0.112 m
𝑒

almost constant under pressure.

Fast Fourier transforms (FFTs) yielded four fundamental frequencies changing little under pres-

sure. Comparison with band structure calculations showed they arise from two electron and two

hole pockets remaining stable. The FFTs amplitudes decreased strongly due to increased Fermi

surface curvature near the extremal cross sections according to the calculations. The calculations
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also demonstrated the W2 Weyl points shift towards the Fermi energy with pressure while the W1

points stay fixed. Dos Reis et al. work provided extensive evidence for NbP's robust electronic

structure up to 2.8 GPa from precise SdH oscillation frequency tracking. Agreement between

experiment and theory proves quantum oscillations' power for resolving pressure-induced Fermi

surface changes. The high-field MR variation likely originates from the W2 Weyl point shift tun-

ing the chiral anomaly contribution. Their approach sets an exemplary standard for investigating

pressure effects on Weyl semimetals' topological properties.

Sergelius et al.[17] investigated the quantum oscillations and band topology of the Weyl semimetal

NbP. They performed dHvA measurements on a single crystal sample along the major crystal axes.

The raw oscillation data contained contributions from multiple conduction bands. By fitting to a

summation of damped sine functions, they extracted parameters for the individual bands. Two

bands with low cyclotron masses of 0.048 m0 and 0.086 m0 displayed non-trivial 𝜋 Berry phases,

indicating Dirac-type dispersions. The remaining bands had higher effective masses and trivial

Berry phases, suggesting conventional parabolic bands. One Dirac band sat just 3.74 meV from

the Fermi level, agreeing with predictions that a small shift could activate exotic Weyl node proper-

ties. Despite simplicity of the measurement technique, fitting the complex data enabled thorough

characterization of band topology and scattering, unattainable by transport methods alone. The

significance of this work is twofold. Firstly, it demonstrates that quantum oscillation analysis,

complemented by topological band theory, can deeply probe the electronic structure of WSMs

even when multiple conduction channels are present. Secondly, it provides experimental evidence

that the intrinsic Fermi level in NbP lies remarkably close to the Weyl nodes. This substantiates

theoretical predictions that slight electron doping could stimulate exotic chirality-based transport

phenomena. This research highlights how specialized measurement and fitting procedures can un-

cover rich physics even in quantum materials with complex band structures. The results motivate

further efforts to access and control topological band crossings in Weyl semimetals. Clever analy-

sis to disentangle overlapping quantum oscillation frequencies promises deeper insight into these

states of matter.

Guo et al.[49] systematically investigated the high pressure phase diagrams of the TaAs family

compounds (NbP, NbAs, TaP and TaAs) using ab initio random structure searching and DFT cal-

culations. They found that NbAs and TaAs undergo similar structural transitions from the ambi-

ent pressure I41md phase to high pressure hexagonal P-6m2, monoclinic P21/c and finally cubic

Pm-3m phases under compression. Interestingly, the electronic structure of the P-6m2 phase in
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NbAs contains both Weyl points and triple degenerate points, analogous to high pressure P-6m2

TaAs[50]. In contrast, NbP and TaP display different high pressure behaviors, transitioning to

Cmcm and Pmmn phases before forming the P21/c structure at higher pressures. All the predicted

high pressure phases were found to be metallic. The results systematically map out pressure-

induced topological phase transitions across the TaAs family of WSMs. The emergence of mixed

Weyl and triple point topological states in the intermediate hexagonal phase highlights opportuni-

ties for realizing unusual transport phenomena.

Wu et al.[51] investigate a recently discovered Weyl semimetal, NbP, which was presumed to

exhibit exclusively type-I Weyl points. Their study reveals that a group of Weyl points in NbP

are actually type II. This has important implications for properties like the chiral anomaly and

large photocurrents. By analyzing the electronic structure of NbP, Shu et al. find strong tilting of

the Weyl cone approximately 17° off the 𝑘
𝑧

axis for one group of Weyl points. At these type-II

Weyl points, the bulk Fermi surface forms linearly touching electron and hole pockets instead of

shrinking to a point. Surface calculations reveal linearly crossing surface state bands terminating

at projections of the type-II Weyl points. While NbP was previously considered to host only

type-I Weyl points, the results definitively identify coexistence of type-I points near 𝑘
𝑧
= 0 and

type-II points at 𝑘
𝑧
= ±𝜋/𝑐. The discovery that NbP hosts type-II in addition to type-I Weyl

points is significant, as the emergent Weyl fermions will exhibit distinct properties. With possible

electron doping to access the type-II Weyl points experimentally, observations of an anisotropic

chiral anomaly and large photocurrents are now feasible in NbP. More broadly, the results challenge

conventional assumptions about band topology equivalency among Weyl semimetal compounds,

motivating further searches for hidden type-II Weyl points in related materials.

Niemann et al.[52] explored chiral MR in the Weyl semimetal NbP. Weyl semimetals host exotic

quasiparticles called Weyl fermions, which exhibit the chiral anomaly - negative MR when electric

and magnetic fields are parallel. Intrinsic NbP's Weyl points lie far from the Fermi energy, hinder-

ing observation of this effect. By lowering the Fermi energy via Ga doping, the authors activated

the W2 Weyl points just 5 meV above the Fermi level. Consequently, they observed a robust nega-

tive MR up to room temperature when the magnetic field was parallel to the current, considered a

signature of the chiral anomaly. Analysis of quantum oscillations and band structure calculations

confirmed the Weyl point positions and Fermi level shift. Activating Weyl points by materials

engineering could enable applications and further explore Weyl physics. Through Ga-focused ion

beam etching, the authors fabricated NbP microribbons with average 2% Ga incorporation, low-
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ering the Fermi energy 10 meV above intrinsic levels. Magnetotransport measurements revealed

six SdH oscillation frequencies, matched to calculated orbits to identify band positions. Non-

metallic temperature-dependent resistivity and linear transverse MR were also observed. Tilting

the magnetic field parallel to the applied current yielded negative MR obeying cos2(𝜙) angle-

dependence and quadratic-to-linear positive magnetoconductance with magnetic field, confirming

chiral anomaly origin. The effect persisted up to room temperature, attributed to further Ga ion-

ization at higher temperatures. This realization of chiral anomaly and activation of Weyl points

by strategic doping opens possibilities for accessing Weyl physics and applications. The robust

negative MR could be interesting for Weyl electronics.

Fu et al.[53] investigated the topological properties of the Weyl semimetal NbP after hydrogen

and helium ion irradiation using DFT simulations. This study focuses on analyzing the changes

in electronic band structures and DOS caused by different types of point defects, revealing their

effects on protected band crossing nodes known as Weyl points. Understanding defect influences

is significant for potential low-energy electronic applications of WSMs. The authors simulated the

irradiation process and defect formation in NbP using time-dependent DFT. They determined the

most stable defect configuration to be an interstitial H atom. Calculations of the electronic struc-

tures show that various defects impact the Weyl points to different extents. Interstitial H and He

lift the Fermi level and break four-fold degenerate bands into two-fold, slightly opening some band

crossings when including SOC. Nb vacancies also reduce topological properties, but P vacancies

leave Weyl points intact. While substituted H atoms at Nb sites do not repair vacancies, substituted

He at P sites does break topology. Overall, defects cause band splitting and Fermi level shifts,

disrupting symmetrically-protected degeneracies. Formation energy analysis further confirms H

interstitials as the most easily formed and stable defects. This study elucidates the microscopic

mechanisms modifying topological electronic properties in a WSMs via point defects. The results

suggest defect engineering may enable controlled manipulation of electronic band structures.

Tilmann et al.[54] investigate the linear and nonlinear optical properties of epitaxially grown NbP

thin films. They compare the performance of the NbP films to NbP bulk crystals, aiming to assess

the potential of Weyl semimetal thin films for on-chip applications. The authors first characterize a

16 𝑛𝑚 thick NbP (001) film grown on an MgO substrate. Spectral ellipsometry reveals a relatively

wavelength-independent refractive index combined with a large, semimetallic extinction coeffi-

cient. Notably, the thin film exhibits a very high third-harmonic generation efficiency exceeding

10−4%, over 12 times greater than the bulk crystal. Moreover, sub-10 fs pump-probe measurements
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demonstrate an ultrafast modulation depth reaching 1%, completely decaying within 100 𝑓 𝑠. This

contrasts the bulk crystal dynamics dominated by optical absorption effects. The enhanced nonlin-

ear optical response is attributed to interaction with the topological surface states in the penetrating

pump light. This study reveals NbP thin films as a promising platform for nanophotonic devices,

outperforming bulk crystals. The combination of efficient frequency conversion, ultrafast modula-

tion capabilities, and integrability with top-down fabrication could enable applications in on-chip

all-optical switching and processing. The results motivate future research into Weyl semimetal

nanophotonics harnessing strong light-topology interactions.

In wrapping up this part of the literature review concerning NbP, we point out that several studies

have elucidated details of the electronic band structure, Fermi surface topologies, and associated

topological properties of NbP[47]. However, opportunities remain to further investigate the depen-

dence of these fundamental quantum properties on external perturbations[43]. Targeted computa-

tional and experimental work quantifying the evolution of topological invariants, Berry curvatures,

and intricate Fermi surfaces in NbP under varied bias potentials conditions constitutes a promising

research direction[55]. Advancing techniques to map phase boundaries and characterize emergent

phenomena linked to underlying band topology changes will uncover new means of dynamically

controlling exotic transport properties in NbP[47, 52].
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Chapter 3

Topological Materials Overview

In this chapter, we explore the intricate world of topological materials, a field that combines the

concepts of topology with the study of condensed matter physics. We start with an exploration of

topology in physics, setting the stage for a detailed examination of topological semimetals, includ-

ing DSMs and WSMs. We delve into the topological signatures of Weyl points, emphasizing the

roles of the Berry phase, Berry curvature, Chern number, and the emergence of Fermi arcs. The

chapter then transitions to discussing the two-dimensional material graphene. Following this, we

analyze carrier transport in topological materials, emphasizing their unique properties. The dis-

cussion culminates in a comprehensive look at QPTs, particularly focusing on TQPTs. Throughout

this chapter, we adopt the convention of setting the reduced Planck constant ℏ = 1.

3.1. Topology in Physics

Topology is a branch of mathematics that deals with properties preserved under continuous de-

formations. Its introduction into physics, particularly in understanding quantum states, marks a

paradigm shift in how we comprehend materials and their phases. Unlike traditional views which

rely on symmetry-breaking, topological concepts offer a novel perspective, focusing on global

properties that remain invariant under continuous transformations. This shift in approach is ex-

emplified by the famous topological invariant, the Chern number[56], which characterizes distinct

quantum states in a non-trivial manner.

The significance of topology in physics was historically rooted in the study of quantized Hall

effects, where the Hall conductance was quantized in units of 𝑒2/ℎ, with 𝑒 being the electron

charge and ℎ the Planck constant. This quantization, as Thouless et al. demonstrated[57], can be

linked to a topological invariant, specifically the Chern number, which underlies the quantized Hall
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conductance and exemplifies how topological concepts significantly enhance our understanding of

physical phenomena. The concept of Berry phase, a geometrical phase acquired over a cycle in

parameter space, further enriched this understanding[58]. In condensed matter, this manifests in

the robustness of edge states in TIs, defying the conventional wisdom of band theory and opening

a new frontier in material science.

Furthermore, the application of topological concepts in physics extends beyond theoretical ele-

gance; it has practical implications in the search for novel materials. For instance, the prediction

and subsequent discovery of TIs, materials that are insulating in the bulk but conduct electricity

on their surfaces or edges, have opened avenues for revolutionary applications in electronics and

spintronics[59]. These materials exhibit edge states that are protected by topological invariants,

leading to robustness against disorder and potential use in quantum computing.

3.2. Topological Semimetals

In recent years, the study of electronic structure topology of crystalline materials has become a

significant area of interest in condensed matter physics. This shift in focus was initially sparked by

the groundbreaking discovery of TIs[59–61]. More recently, the attention has turned to topological

semimetals, which are closely related to TIs but with some key differences. Topological semimet-

als have a continuous, or 'gapless', spectrum, meaning they don't have the energy gap found in TIs.

Instead, a transition is needed to create a gap in these materials.

The unique characteristic of topological semimetals lies in their gapless nature, which is protected

by specific properties within their structure, known as topological charges. These charges are

found in the BZ and are defined by topological invariants. While TIs and semimetals differ in their

energy gap properties, they share a common feature: both are significantly influenced by SOC.

This coupling plays a crucial role in the formation of their distinct structures.

Another interesting aspect of topological semimetals is their role as a transitional phase between

different types of insulators. They are seen as a bridge linking two insulating phases, each char-

acterized by fully gapped bands. During this transition, a band closing is necessary to change the

topology of the material. In the bulk of these materials, there's an intersection of two or more bands

at certain points, leading to linear dispersion near these crossing points. A well-known example of

this phenomenon is the appearance of Dirac cones, which are seen in materials like graphene[62].

These cones are points where four bands meet and require the presence of both time-reversal (𝑇)

and inversion (𝐼) symmetry. Additional symmetries may also be involved to protect these nodal
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points from perturbations.

Topological semimetals are categorized into two main types based on the crystal's symmetry:

DSMs and WSMs[63–76]. The experimental realization of both types[77–81] has significantly

advanced the field of condensed matter research, placing it at the forefront of contemporary sci-

entific exploration. This progress has not only expanded our understanding of these materials but

also opened up new possibilities for their application in various technological fields.

3.2.1. Dirac Semimetals

Dirac semimetals have significantly influenced the field of condensed matter physics, especially

in the realm of topological phases of matter. These materials are characterized by the existence

of Dirac points (or Dirac nodes) where the conduction and valence bands intersect linearly. This

intersection creates relativistic Dirac fermions as low-energy excitations, a phenomenon origi-

nally proposed in the context of quantum field theory[68]. The realization of these quasiparti-

cles in a solid-state system represents a notable achievement, bridging high-energy physics and

condensed matter physics, and enriching our understanding of the quantum mechanical nature of

electrons[77].

This intersection of bands is protected by symmetry, resulting in a robust, gapless state under spe-

cific conditions, such as the presence of 𝑇 and 𝐼 symmetry[70]. The theoretical underpinnings of

DSMs can be traced back to Dirac's pioneering work in 1928, where he presented a complete quan-

tum theory that was consistent with the postulates of special relativity[82]. The Dirac equation,

formulated in a 3D space with the speed of light set to 𝑐 = 1, is[83]:(
𝑖𝛾𝜇𝜕

𝜇
− 𝑚

)
𝜓 = 0, (3.1)

where 𝜇 = 0, 1, 2, 3 label time and space dimensions, 𝛾𝜇 are the 4 × 4 Dirac matrices, 𝑚 is the

mass of an electron, and 𝜓 represents a 4-component wave-function describing the electron. This

equation describes the dynamics of the electron as a relativistic quantum particle, introducing the

concept of spin and laying the groundwork for the understanding of topological materials[82, 83].

The Hamiltonian derived from Eq. 3.1 plays a central role in the theory of topological materi-

als. In the presence of 𝑇 and 𝐼 symmetry, a 3D Dirac fermion emerges at the topological phase

boundary between a normal insulator and a topological insulator (TI)[84]. This is described by the

Gaël-Pacôme Nguimeya Tematio 31



3.2.1 Dirac Semimetals

Hamiltonian[85–87]:

𝐻 (𝒌) = ©­«
+𝑣

𝐹
𝝈.𝒌 𝑚

𝑚 −𝑣
𝐹
𝝈.𝒌

ª®¬ , (3.2)

where 𝒌 is the momentum vector, 𝑣
𝐹

is the Fermi velocity, 𝑚 is the mass, and 𝝈 represents the

Pauli matrices, describing spin degrees of freedom.

This Hamiltonian describes two Weyl fermions of opposite chirality at the same time-reversal in-

variant momentum point in the BZ. Its off-diagonal entry, 𝑚, mixes the two Weyl fermions and

opens up a gap of magnitude 2𝑚[84, 88]. At the critical point of the transition, defined by 𝑚 = 0,

the mass term vanishes, indicating the closure of the bulk gap and the disappearance of the intrinsic

energy scale that separates gapped and gapless regimes[89]. In the framework of quantum critical-

ity, the vanishing mass defines the quantum critical point where the correlation length diverges and

scale invariance emerges, reflecting the absence of any finite energy cost for particle-hole excita-

tions at 𝑘 = 0[90]. This parallels the standard QPT phase diagram, in which tuning a non-thermal

control parameter to its critical value drives a continuous transition characterized by the collapse of

an energy gap and the onset of long-range critical fluctuations[91]. Near 𝑚 = 0, low-energy exci-

tations exhibit linear dispersion across all length scales, marking a scale-invariant Dirac semimetal

that sits at the boundary between topologically distinct insulating phases[92]. Renormalization-

group analyses further show that the mass term is the only relevant perturbation at this fixed point,

so its vanishing corresponds directly to the collapse of a tuning parameter energy scale at the

QCP[93]. Thus, 𝑚 = 0 not only signals gap closing but also pinpoints the disappearance of the

characteristic mass energy scale at the quantum critical point, unifying the topological transition

with the broader theory of continuous quantum phase transitions. In fact, at the critical point of the

transition, defined by 𝑚 = 0, the spectrum of Eq. 3.2 is gapless at 𝑘 = 0, resulting in a 4-fold de-

generate point node with linear dispersion, called a Dirac point[68–70, 94–97], leading to a stable

DSM phase.

Figure 3.1: Dirac semimetal with 𝑇 and 𝐼 symmetry consisting of two copies of identical Weyl

cones. The Dirac point lies between two doubly degenerate levels[98].
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As a bridge between topological and normal insulators, DSMs represent a phase of matter where

the conduction and valence bands touch only at discrete points, leading to a zero band gap. Ad-

ditionally, a DSM can undergo phase transitions into exotic phases, such as WSMs, making it

an ideal candidate as a parent compound for studying these states and the phase transitions that

occur[68–70].

3.2.2. Weyl Semimetals

In 1929, Hermann Weyl proposed a seminal concept in the realm of quantum mechanics and par-

ticle physics. He noted that the Dirac equation, which describes the behavior of fermions, sim-

plifies notably when the mass term is set to zero, leading to the theoretical conception of Weyl

fermions[99, 100]. These massless particles are characterized by a distinctive property known as

chirality, making them either left-handed or right-handed. This conceptual framework laid the

foundation for understanding the behavior of fermions in various physical systems, including con-

densed matter.

The significance of Weyl fermions extends beyond theoretical physics into the realm of condensed

matter, particularly in the study of WSMs. In these materials, the concept of chirality is not merely

a theoretical construct but manifests in the form of Weyl nodes (or Weyl points). These nodes,

which are points where conduction and valence bands touch, carry topological charges that can be

conceptualized as monopoles and anti-monopoles of Berry flux in momentum space[75]. Remark-

ably, these topological charges are protected only by the translational invariance of the crystal.

This unique feature implies that the topological Weyl phase can only be disrupted by annihilating

Weyl nodes with opposite charges in 𝑘-space, without breaking any symmetries.

The emergence of Weyl fermions as low-energy excitations in WSMs is conditioned on the break-

ing of either Time-reversal (𝑇) or Inversion (𝐼) symmetry, or both. This condition is critical as it

prevents the bands from being double degenerate throughout the system, which would otherwise

result in a Dirac material characterized by a 4-fold degenerate touching point. In a 3D system, the

occurrence of Weyl nodes, or points of band touching, is thus a direct consequence of the broken

symmetries, with these nodes appearing at an even number of momenta close to the Fermi energy.

A deeper understanding of Weyl fermions is gained by examining the Dirac equation in the case

of a massless particle (𝑚 = 0). In this case, the Dirac equation simplifies to:

𝑖𝜕
𝑡
𝜓± = 𝐻 (𝒌)𝜓± , (3.3)
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where 𝜓+ and 𝜓− (or 𝜓±) are two component Weyl spinors and the massless Hamiltonian, known

as Weyl's Hamiltonian, is written:

𝐻 (𝒌) = ±𝑣
𝐹
𝝈.𝒌, (3.4)

where the ± sign represents the chirality of the Weyl points. This formulation not only outlines

the existence of two types of fermions with opposite chirality but also reveals that chiral particles

have their spin direction locked to momentum, as evident in Eq. 3.4. The energy eigenvalues at the

Weyl nodes are given by 𝐸 = ±𝑣
𝐹
𝑝, depicting right or left-moving particles. These nodes intersect

at 𝑝 = 0 and are central to the study of WSMs.

In the ultrarelativistic limit, where the mass term m approaches zero, the Dirac equation evolves to

represent the dynamics of Weyl fermions. The energy dispersion of the Dirac equation given by:

𝐸2 = 𝑐2𝑝2 + 𝑚2𝑐4, (3.5)

becomes linear, and the off-diagonal terms vanish. As a result, the 4 × 4 Dirac equation can be

viewed as a combination of two 2 × 2 Weyl equations with opposite signs but shared momentum

𝑝. This separation leads to the concept of chirality, a fundamental property in particle physics,

indicating the parallel or antiparallel movement of a Weyl fermion to its spin direction. In order to

transition from a DSM to a WSM, the breaking of 𝑇 and/or 𝐼 symmetry (I) is required. This process

causes each Dirac node to split into two separate Weyl nodes of opposite chirality, as shown in the

figure below, at opposite momenta ±𝒌0 .
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Figure 3.2: From a DSM to a WSM: The breaking of time-reversal symmetry causes a Dirac node,

described by four-component Dirac spinors, to split into two separate Weyl nodes, each described

by two-component Weyl spinors, of opposite chirality[85, 86].

The presence of chiral electrons in materials like WSMs leads to the phenomenon known as the

Chiral anomaly[75]. This describes the adiabatic electron pumping induced by the combined effect

of external magnetic and electric fields between Weyl points with opposite chirality. This results

in a current along the magnetic field direction, manifesting as negative magneto resistance when

the magnetic and electric fields are aligned.

In solid-state physics, chirality manifests through the charge of the Weyl point, characterizing the

system's topology. This is particularly evident in the behavior of WSMs, where the non-trivial

topology is indicated by the presence of unique surface states known as Fermi arcs. These arcs,

represented by open lines on a surface, connect the projection of two Weyl nodes, highlighting the

profound interplay between topology and the physical properties of these materials. The topologi-

cal nature of WSMs is further elucidated by the Berry curvature[101], which provides a means to

calculate the chirality and topological invariant. Furthermore, Eq. 3.4 illustrates the resilience of a

Weyl node to generic external perturbations. The only way to annihilate a Weyl point is by merging

it with another of opposite chirality at the same crystal momentum 𝒌, highlighting their topolog-

ical robustness against generic external perturbations. The unique electronic structure of WSMs,
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characterized by Weyl nodes and protected by topological invariants, serves as an ideal system

for investigating Berry phase curvatures and Fermi-level topologies. In this thesis, we examine

how these topological features respond to external bias potentials, aiming to identify topologically

robust metrics that can predict emergent quantum phenomena.

3.3. Topological signature of Weyl points

Weyl points, essentially monopoles of Berry curvature in momentum space, are characterized by

their topological invariants and associated surface states. Understanding these properties requires

a grasp of key concepts like the Berry phase, Berry curvature, Chern number, and Fermi arcs.

3.3.1. Berry phase

In quantum mechanics, the concept of wave functions is pivotal, yet their phase is usually not

physically significant as it doesn't affect observable quantities. However, in 1984, Berry introduced

the concept of a geometric phase with potential observable impacts in certain conditions. This

occurs when a quantum system undergoes adiabatic, cyclic transformations.

To understand this phenomenon, consider a quantum system in a stable (or stationary) state, gov-

erned by a Hamiltonian 𝐻 (𝒌). According to the Adiabatic Theorem, as described by Messiah[102],

if such a system is slowly varied, it remains in an eigenstate of its Hamiltonian. When the Hamil-

tonian returns to its initial state, the system does too, but with an added phase factor - the Berry

phase[58, 103]. Suppose we start with a state |𝜓(𝑡)〉 in an initial eigenstate
��𝜓 (

𝑡0
)〉

=
��𝑛 (

𝒌
(
𝑡0
) )〉

.

As this state evolves over time, following the eigenstate |𝑛(𝒌 (𝑡))〉, its representation at time 𝑡 is

given by:

|𝜓(𝑡)〉 = 𝑒𝑖𝛾𝑛 (𝒌 (𝑡))𝑒
−𝑖

∫ 𝑡
𝑡0
𝑑𝑡 ′𝐸𝑛 (𝒌 (𝑡 ′)) |𝑛 (𝒌 (𝑡′))〉 . (3.6)

In this equation, the second exponential term describes the time evolution of the state |𝑛(𝒌 (𝑡))〉.

The first phase factor is an additional phase encompassing effects beyond the dynamical phases.

Applying the Schrödinger equation to this state, the Berry phase 𝛾
𝑛
(𝑡) can be expressed as:

𝛾
𝑛
(𝑡) = 𝑖

∫ 𝑡

𝑡0

𝑑𝑡′
〈
𝑛 (𝒌 (𝑡′))

���� 𝑑𝑑𝑡′ ���� 𝑛 (𝒌 (𝑡′))
〉
= 𝑖

∫ 𝑘 (𝑡)

𝑘(𝑡0)
𝑑𝒌′

〈
𝑛 (𝒌′)

��∇
𝒌 ′

�� 𝑛 (𝒌′)〉 . (3.7)

In the context of the BZ, when 𝒌
(
𝑡0
)
= 𝒌 (𝑡), this corresponds to a closed loop in parameter space:
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𝛾
𝑛
(C) = 𝑖

∮
C

𝑑𝒌
〈
𝑛(𝒌)

��∇𝒌

�� 𝑛(𝒌)〉 , (3.8)

where the wave vector 𝒌 represents the set of parameters undergoing adiabatic changes and the

closed path C defines the boundary of the BZ. This equation represents the Berry phase, a key

element in understanding the wave function's topology and its implications for transport properties

in topological materials.

Using the Kelvin-Stokes theorem[104, 105], we can express the Berry phase in a more tangible

form as follows:

𝛾
𝑛
(C) = 𝑖

∮
C

𝑑𝒌
〈
𝑛(𝒌)

��∇𝒌

��𝑛(𝒌)〉 = ∮
C

𝑑𝒌𝑨
𝑛
(𝒌). (3.9)

Here, 𝑨
𝑛
(𝒌) denotes the Berry connection, analogous to a vector potential in this context. An

important aspect of the Berry connection is its behavior under gauge transformations, which are

transformations of the form |𝑛(𝒌)〉 → 𝑒𝑖𝜙𝑛(𝒌) |𝑛(𝒌)〉. Under such a transformation, the Berry

connection changes according to the rule

𝑨
𝑛
(𝒌) → 𝑨

𝑛
(𝒌) − ∇𝒌𝜙𝑛 (𝒌). (3.10)

This change highlights the non-invariance of the Berry connection under gauge transformations, a

critical point in understanding its properties and implications

3.3.2. Berry curvature

The Berry curvature emerges as a pivotal attribute encapsulating the geometric properties of eigen-

states within the BZ. Its essence lies in the quantification of the Berry phase. In essence, it's akin

to an effective, pseudo magnetic field, but intriguingly, it exists in the reciprocal space, a realm

fundamental to understanding wave phenomena in solids. This unique perspective allows for a

deeper insight into the behavior of electronic states in various materials, particularly those exhibit-

ing topological properties.

To delve into its mathematical formulation, we express the Berry curvature using the curl of the

Berry connection 𝑨
𝑛
(𝒌). This is elegantly captured by the equation:

Ω
𝑛
(𝒌) = ∇𝒌 × 𝑨

𝑛
(𝒌). (3.11)

Here, Ω
𝑛
(𝒌) represents the Berry curvature for the 𝑛𝑡ℎ band at a given wave vector 𝒌. The term ∇𝒌

denotes the gradient with respect to the wave vector, symbolizing the change of the phase space

across the BZ.
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This formulation offers a window into the geometric nature of quantum states. By exploring the

distribution and behavior of the Berry curvature, we gain valuable insights into the electronic

properties of materials. It aids in understanding phenomena like the anomalous Hall effect and

TIs, where the interplay of geometry and electronic structure leads to exotic and potentially useful

electronic behavior.

Figure 3.3: The vector plot of the Berry curvature in two-dimensional (2D) momentum space.

The arrows indicate that the flux of the Berry curvature flows from the source (monopole) to the

drain (anti-monopole) of the Berry connection, defining the non-trivial topological properties of a

topological semimetal[86].

Applying Stoke's theorem transforms the Berry phase, as presented in Eq. 3.12, into a function of

the Berry curvature, Ω(𝒌):

𝛾
𝑛
(C) =

∮
C

𝑑𝒌𝑨
𝑛
(𝒌) =

∬
𝑆

𝑑2𝒌Ω
𝑛
(𝒌). (3.12)

This is analogous to Gauss's law in magnetism, where the total Berry curvature flux across the

entire BZ equals zero. However, it is possible to choose closed surfaces within the BZ where this

flux is non-zero. For example, Weyl points in the BZ behave similarly to magnetic monopoles in

momentum space. They either emit or absorb Berry curvature flux. The net flux passing through a

surface that encloses a Weyl point gives us an important topological invariant, known as the Chern

number. This invariant is crucial for understanding the topological properties of the material.

Understanding and calculating the Berry curvature is not just a theoretical endeavor; it has prac-

tical implications. For instance, in the growing field of topological materials, the study of Berry
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curvature helps in predicting and explaining novel quantum phenomena that could be harnessed

for advanced technological applications, such as spintronics and quantum computing. This explo-

ration deepens our understanding of the electronic behavior of materials, paving the way for the

development of new materials with tailored electronic properties.

3.3.3. Chern number

In the study of band structures of topological materials, the Chern number emerges as a fundamen-

tal concept. This integer value, deeply rooted in topological invariants, serves to distinguish the

global characteristics of a band structure. For a given band, the Chern number is determined by

integrating the Berry curvature across the full BZ. In a 2D space, the Chern topological invariant

for the 𝑛𝑡ℎ band, also known as the first Chern number, is defined as follows[101, 106]:

𝐶
𝑛
=

1
2𝜋

∮
C

𝑑𝒌𝑨𝑛(𝒌) = 1
2𝜋

∬
𝑺𝑑2𝒌Ω

𝑛
(𝒌). (3.13)

This expression reveals that the Chern invariant is effectively a Berry phase, normalized by a factor

of 2𝜋.

The Chern number assumes only integer values. Its sign also indicates the chirality of the node.

Notably, a Chern number of |𝐶 | = 1, computed for a single node, correlates with linear band

dispersion. Conversely, a higher value, like |𝐶 | = 2, suggests parabolic or more complex dispersion

patterns. It's important to mention that the curvature's flux through the entire BZ boundary must

be zero to prevent curvature divergences, implying that the system can only have an even number

of Weyl points. Additionally, the minimum number of Weyl nodes in the system depends on the

presence of specific symmetries, either 𝑇 or 𝐼.

It's worth nothing that the Chern invariant is not always uniquely defined; in cases of band degen-

eracies, its value can depend on the chosen gauge. Nevertheless, the total Chern invariant, which

sums the Chern invariants of all occupied bands, remains a unique integer, provided there's a finite

gap between filled and empty bands:

𝐶 =

𝑜𝑐𝑐.∑︁
𝑛

𝐶
𝑛
. (3.14)

This concept of the Chern number not only encapsulates the intricate relationship between topol-

ogy and band theory but also paves the way for understanding and predicting novel phenomena

in materials science. Its implications extend to various applications, from explaining the unique

properties of topological materials to aiding in the design of materials with tailored electronic

properties.
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Figure 3.4: Illustration of Chern number calculation in the BZ depicting topological trivial (C = 0)

and non-trivial (C = 1) phases. The Chern number in non-zero between the Weyl points and zero

everywhere else. A non-zero Chern number indicates the existence of edge states in topologically

non-trivial materials[107].

3.3.4. Fermi arcs

In WSMs, a distinctive phenomenon known as Fermi arcs arises, characterized by open-ended arcs

on the surface BZ. These arcs are crucial in linking the projections of Weyl points with opposing

chirality and serve as a hallmark of the nontrivial topological characteristics inherent in the bulk

band structure of these materials. Specifically, Fermi arcs epitomize the unique electronic states

that emerge due to this intricate topology[63].

Similarly, topological materials are known for their surface states, which are inherently linked to

the boundaries of the material. These states' properties are directly influenced by the topological

nature of the bulk band structure. In the context of WSMs, these surface states materialize as Fermi

arcs. These arcs are not just structural features; they provide tangible evidence of the non-trivial

topological properties inherent in these materials.
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Figure 3.5: Schematic representation of a WSM featuring spin-polarized Fermi arcs on its surfaces,

linking the projections of two oppositely chiral weyl nodes. The red arrows on the surfaces depict

the spin texture of the Fermi arcs[108].

It should be mentioned that DSMs also exhibit Fermi arcs as surface states. However, in DSMs,

these Fermi arcs present a more nuanced characteristic. This subtlety arises because the bulk Dirac

points in these materials possess a zero Chern number, distinguishing them from their counterparts

in WSMs. Conceptually, one can interpret a Dirac point as a stable convergence of two Weyl

points of opposite chirality, occurring at the same momentum 𝒌0 . This interpretation leads to an

understanding of the surface states in DSMs as a projection of the two Weyl node-derived arcs

onto the same surface momentum. This phenomenon results in what are termed as double Fermi

arcs[76].

This intricate interplay between the topological properties of the bulk band structure and the re-

sulting surface states, whether in WSMs or DSMs, not only underscores the complex nature of

these materials but also highlights the profound implications of topology in dictating the behavior

of quantum materials.

3.4. Exploring the plane of graphene

The relationship between symmetry, dimensionality, and material properties forms a cornerstone

in condensed matter physics. A key process in the transition from 3D bulk materials to planes

of atomic thickness is exfoliation, which enables the creation of monolayer materials. Through

exfoliation, materials are thinned to single atomic layers, leading to quantum confinement effects

where electrons are limited to movement within a 2D plane. This confinement significantly alters

electronic behavior, offering distinct properties unseen in their 3D counterparts. Such changes are
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exemplified in the class of 2D materials, which are the focus of considerable scientific inquiry

following the pioneering isolation of graphene[109, 110], as shown in Fig. 3.6.

Figure 3.6: Layered structures of 2D materials[111].

Despite initial doubts about the stability of 2D materials, the successful isolation and analysis

of graphene in 2004 overturned previous assumptions[112]. It was once thought that materials

with lower dimensionalities could not withstand thermal vibrations at nonzero temperatures, likely

disintegrating[113]. This theory seemed supported by observations of reduced melting points in

materials as their thickness was reduced[114, 115]. Yet, the extraordinary mechanical and thermal

stability observed in graphene countered these theories, solidifying its status as a robust 2DM. The

process of peeling graphene layers from graphite is illustrated in Fig. 3.7[109, 110].

Figure 3.7: The exfoliation of graphene from Graphite[116].

Graphene is renowned not only for its thinness but also for its exceptional strength. It is com-

posed of a honeycomb lattice where each carbon atom is connected to three others[117, 118],

giving rise to a myriad of remarkable properties. These include high electrical and thermal con-

ductivity, due to its efficient carrier mobility, and superior mechanical flexibility[119]. The di-

verse applications of graphene span from electronic devices like transistors[120] and integrated
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circuits[121], to novel uses in sensors[122], energy storage[123], DNA sequencing[124], and wa-

ter purification[125]. Its utility extends further into developments in flat-panel displays, solar cells,

and spintronic devices[126].

The unique quasi-particle dynamics within graphene's lattice are characterized by massless elec-

trons moving ballistically, described by the Dirac equation[62, 127]. This peculiar movement was

evidenced with the observation of the anomalous quantum Hall effect in 2005, which confirmed

the presence of a Berry phase in massless Dirac fermion systems[128–130].

Building on the foundational studies of graphene, this thesis explores the implications of reduced

dimensionality on the electronic properties of SrSi2 . It is hypothesized that SrSi2 adapted onto

a graphene-like lattice exhibits similar transport phenomena due to akin energy spectra, despite

the presence of massless fermions and lifted degeneracies at the nodal points. This study also

delves into the changes in quasi-particle behavior transitioning from Dirac to Weyl fermions due

to symmetry breaking and significant SOC, which is crucial for spintronics[131–136].

3.5. Carrier transport in topological materials

Topological materials, particularly DSMs and WSMs, represent a frontier in condensed matter

physics, offering unique electron transport characteristics due to their non-trivial band topology.

These materials, characterized by their gapless band structures and linear dispersion relations near

the Dirac or Weyl points, exhibit fascinating electronic properties with significant implications for

next-generation electronic devices[76].

In DSMs, electrons behave as Dirac fermions due to the linear crossing of conduction and valence

bands at discrete points in the BZ. The Hamiltonian describing these Dirac points is given in

Eq. 3.2. This linear dispersion leads to a high mobility of charge carriers and unusual quantum

phenomena such as the Klein tunneling[73]. Weyl semimetals, a subset of Dirac materials, lack 𝑇

or 𝐼 symmetry, leading to pairs of Weyl points with opposite chirality. The low-energy excitations

near these points can be described by the Weyl Hamiltonian in Eq. 3.4. The chiral anomaly in

these materials enables unusual transport phenomena like the chiral magnetic effect and negative

MR[137].

The unique band structures of DSMs and WSMs also lead to anomalous Hall effects, where trans-

verse conductivity arises even without an external magnetic field, governed by the Berry curvature

of the bands[58]. This effect is particularly pronounced in WSMs, where the Berry curvature

diverges at the Weyl points, contributing significantly to their anomalous Hall conductivity.
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Furthermore, these materials exhibit a strong sensitivity to external perturbations like strain or elec-

tromagnetic fields, which can be used to engineer their electronic properties. This tunability, com-

bined with the high mobility of carriers and robustness against disorder, positions Dirac and Weyl

materials as promising candidates for applications in high-speed electronics and spintronics[107].

The transport properties of DSMs and WSMs are a testament to the intricate interplay between their

topological aspects and electronic structure. Their study not only advances our understanding of

fundamental physics but also opens up avenues for innovative material applications in technology.

3.6. Topological quantum phase transitions

In the realm of condensed matter physics, the study of phase transitions, where materials alter

their physical state under varying conditions such as temperature or pressure, reveals fascinating

insights. A notable example is the QPT, which occurs not from thermal fluctuations but from

quantum fluctuations at absolute zero temperature (0 𝐾). These transitions mark changes between

different quantum states and are crucial in understanding the behavior of materials under extreme

quantum conditions[89, 138, 139].

Unlike classical phase transitions that depend primarily on temperature variations, QPTs are driven

by changes in quantum mechanical parameters such as pressure, magnetic field, or the chemical

composition through doping. Here, the quantum properties of materials come to the forefront. For

instance, at zero temperature, materials like metals can transition into superconductors or from a

metallic to an insulating state - a phenomenon driven by the underlying quantum mechanics rather

than thermal energy[140].

The theoretical understanding of these phenomena relies on concepts such as scale invariance,

criticality, and universality. Techniques such as the renormalization group theory are instrumental

in exploring these transitions across different scales, providing a cohesive picture from microscopic

quantum fluctuations to macroscopic observable properties[141].

Building upon the foundation of QPTs, the discourse extends into the domain of TQPTs, which

involve changes in the topological order of a system's ground state. These transitions are charac-

terized by the topological invariants, quantifiable metrics that remain robust against perturbations

and are insensitive to local disturbances[59, 142, 143].

In the context of electronic materials, topological changes are often initiated by SOC, which can

alter the topology of the electronic bands, as depicted in Fig. 3.8. SOC can cause the band structure

to invert, transitioning a system from a trivial insulator to a metallic state or even to a topological
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insulator, showcasing a new bandgap opened by topological changes[144].

Figure 3.8: Topological QPT in the electronic band structure. (a) Trivial band insulator, (b) Closure

of the gap at a critical point, and (c) Inverted band with orbital character swap of the two states at

the symmetry point.

Experimentally observing these transitions often requires precise manipulation of conditions to

induce and detect changes in the band structure, with tools like electromagnetic fields or piezo-

electric responses being crucial[57, 145–147]. Such experiments not only confirm theoretical pre-

dictions but also contribute to the development of technologies leveraging the unique properties of

topological materials, such as energy-efficient electronic devices that operate with minimal power

loss[73].

Moreover, integrating materials with topological properties, like graphene and other Dirac mate-

rials, into devices ensures the stability of their quantum states against disturbances. This attribute

is particularly beneficial in applications like spintronics and nanophotonics, where maintaining

coherence and reducing energy loss are paramount[148, 149].
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Chapter 4

Theoretical Framework

In this chapter, we cover the essential theoretical groundwork required for computationally solving

the electronic structure challenges in systems composed of many interacting particles. We focus on

DFT, a central methodology used in this thesis, to predict physical properties based on the ground

state electron density. Additionally, we discuss the TB model, a key approach to understanding

graphene's characteristics and the behavior of electrons in solid materials. For our discussions,

we use atomic units, where the values of fundamental constants are simplified to unity. In this

system, the electron charge (𝑒), the electron mass (𝑚
𝑒
), the reduced Planck constant (ℏ), and the

permittivity of free space (1/4𝜋𝜖0) are all set equal to one: 𝑒 = 𝑚
𝑒
= ℏ = 1/4𝜋𝜖0 = 1.

4.1. The many-body problem in quantum mechanics

In the realm of quantum mechanics, the electronic structure of quantum-mechanical systems, such

as atoms, molecules, and crystalline solids, is fundamentally governed by the Schrödinger equa-

tion. The time-dependent Schrödinger equation provides a comprehensive framework for these

systems, but for practical purposes, especially in the absence of time-dependent interactions, the

time-independent Schrödinger equation is often the focus of study.

4.1.1. The Schrödinger equation in quantum mechanics

The journey into the electronic structure of quantum-mechanical systems begins with the full

many-body time-independent Schrödinger equation:

𝐻̂Ψ(x
𝑖
,R

𝑘
) = 𝐸Ψ(x

𝑖
,R

𝑘
), (4.1)

where 𝐻̂ denotes the exact Hamiltonian operator of the system, and Ψ(x
𝑖
,R

𝑘
) represents the exact
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many-body wavefunction, formulated with space-spin coordinates x
𝑖
= r

𝑖
, 𝜎

𝑖
(where 𝜎

𝑖
= ±1

2 )

for electrons indexed by 𝑖 (with 𝑖 = 1, 2, 3, ..., 𝑁), and R
𝑘

for nuclei indexed by 𝑘 (with 𝑘 =

1, 2, 3, ..., 𝑀). This equation encapsulates the entire complexity of the quantum system, linking

the wavefunction with its associated energy eigenvalue 𝐸 .

4.1.2. The complexity of quantum systems

Quantum systems are inherently complex, comprising nuclei and electrons, each contributing to

a web of interactions. For a crystalline solid, this complexity escalates with a large number of

particles, leading to a problem involving (3𝑁 + 3𝑀) degrees of freedom, where 𝑁 and 𝑀 are the

numbers of electrons and nuclei, respectively. The exact Hamiltonian, detailed in its explicit form,

represents all interactions within such a system[150–159]:

𝐻̂ = −1
2

𝑁∑︁
𝑖=1

∇2
𝑖
− 1

2𝑚
𝑛

𝑀∑︁
𝑘=1

∇2
𝑘
−

𝑁∑︁
𝑖=1

𝑀∑︁
𝑘=1

𝑍
𝑘

|r
𝑖
− R

𝑘
| +

1
2

𝑁∑︁
𝑖, 𝑗=1
𝑖≠ 𝑗

1
|r
𝑖
− r

𝑗
| +

1
2

𝑀∑︁
𝑘,𝑙=1
𝑘≠𝑙

𝑍
𝑘
𝑍
𝑙

|R
𝑘
− R

𝑙
| , (4.2)

where 𝑚
𝑛

represents the nuclear mass in atomic units and 𝑍
𝑘

represents the atomic number of each

nucleus. This Hamiltonian can be broken down into components representing kinetic and potential

energy terms, revealing the intricate nature of the interactions between particles:

𝐻̂ = 𝑇
𝑒
+ 𝑇

𝑛
+ 𝑉̂

𝑒𝑛
+ 𝑉̂

𝑒𝑒
+ 𝑉̂

𝑛𝑛
, (4.3)

where 𝑇
𝑒

is the kinetic energy operator of the electrons, 𝑇
𝑛

is the kinetic energy operator of the

nuclei, 𝑉̂
𝑒𝑒

represents the interaction within pairs of electrons, 𝑉̂
𝑒𝑛

represents the electron-nucleus

interactions and 𝑉̂
𝑛𝑛

represents the interaction of nuclei with each other.

𝑇
𝑒
= −1

2

𝑁∑︁
𝑖=1

∇2
𝑖
, (4.4)

𝑇
𝑛
= − 1

2𝑚
𝑛

𝑀∑︁
𝑘=1

∇2
𝑘
, (4.5)

𝑉̂
𝑒𝑛
= −

𝑁∑︁
𝑖=1

𝑀∑︁
𝑘=1

𝑍
𝑘

|r
𝑖
− R

𝑘
| , (4.6)

𝑉̂
𝑒𝑒
= +1

2

𝑁∑︁
𝑖, 𝑗=1
𝑖≠ 𝑗

1
|r
𝑖
− r

𝑗
| , (4.7)

𝑉̂
𝑛𝑛

= +1
2

𝑀∑︁
𝑘,𝑙=1
𝑘≠𝑙

𝑍
𝑘
𝑍
𝑙

|R
𝑘
− R

𝑙
| . (4.8)
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Solving the Schrödinger equation for many-body systems is a formidable challenge. The com-

plexity arises not only from the computational difficulties but also from the inherent limitations

of current quantum mechanics methods, which are not equipped to solve multi-particle problems

directly. Therefore, to make progress, it becomes essential to introduce approximations that re-

duce the many-body problem to a more tractable form, often by considering independent particle

systems. These approximations, while simplifying the problem, must be judiciously chosen to

maintain the physical relevance and accuracy of the solutions.

Understanding and solving the many-body problem in quantum mechanics is a critical step in

unraveling the mysteries of the electronic structure of materials. The Schrödinger equation serves

as the cornerstone of this endeavor, but its complexity necessitates the use of sophisticated methods

and approximations to extract meaningful and accurate information about the system under study.

4.2. The Born-Oppenheimer approximation

The Born-Oppenheimer approximation (BOA) is a fundamental approach in addressing many-

body problems in quantum mechanics, particularly in the context of molecular systems. This

approximation is predicated on a key physical insight: the mass of nuclei is significantly greater

than that of electrons (𝑚
𝑒
� 𝑚

𝑛
). This disparity in mass leads to a corresponding disparity in the

mobility of these particles - electrons being far more agile than the comparatively sluggish nuclei.

The essence of the BOA lies in exploiting this difference in mobility. Electrons, due to their lighter

mass and higher velocity, can rapidly adjust their positions in response to the slower movements

of the nuclei. In the BOA, we take this dynamism to its logical extreme: the electrons are consid-

ered to instantaneously adapt to the positions of the nuclei. This leads to a critical simplification:

the nuclei can be considered as essentially stationary (or 'frozen') during the electronic motion,

reducing their dynamical role to mere parameters in the system (R
𝑘
= constant, for each 𝑘).

Mathematically, this approximation manifests in the neglect of the kinetic energy of the nuclei (𝑇
𝑛
)

in the Hamiltonian. Furthermore, the potential energy of the nuclei (𝑉̂
𝑛𝑛

), in this static framework,

becomes a mere constant. This simplification allows for the decoupling of nuclear and electronic

motions, transforming the complex many-body problem into a more manageable electronic prob-

lem. With the nuclei considered static, the original Hamiltonian (Eq. 4.2) is reduced to an electronic

Hamiltonian, Ĥ , concerned solely with the electronic structure[160, 161]:
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4.3 Hartree-Fock approximation

Ĥ = −1
2

𝑁∑︁
𝑖=1

∇2
𝑖
−

𝑁∑︁
𝑖=1

𝑀∑︁
𝑘=1

𝑍
𝑘

|r
𝑖
− R

𝑘
| +

1
2

𝑁∑︁
𝑖, 𝑗=1
𝑖≠ 𝑗

1
|r
𝑖
− r

𝑗
| , (4.9)

which can be succinctly expressed as

Ĥ = 𝑇
𝑒
+ 𝑉̂

𝑒𝑛
+ 𝑉̂

𝑒𝑒
. (4.10)

The task then becomes to solve the 𝑁-electron non-relativistic Schrödinger equation:

Ĥ𝜓(r
𝑖
) = 𝜀𝜓(r

𝑖
), (4.11)

where 𝜓(r
𝑖
) is the 𝑁-electron wave function corresponding to the total electronic energy eigen-

value 𝜀.

This equation, though significantly simplified from the full many-body problem, still presents con-

siderable challenges. Except in the simplest cases (like the hydrogen atom), an exact analytical

solution remains elusive. Consequently, further approximations and computational methods are

often employed to make progress in solving this equation.

4.3. Hartree-Fock approximation

The Hartree approximation (HA) is a foundational method in quantum mechanics for solving the

𝑁-electron problem. It simplifies the many-electron problem into 𝑁 independent one-electron

problems. In HA, each electron is treated as moving independently in an effective potential formed

by the combined effects of nuclear attraction and the average repulsion of all other electrons. This

results in the Hartree product (HP), a simple product of one-electron wavefunctions:

𝜓HP (r𝑖 ) =
𝑁∏
𝑖=1

𝜓
𝑖
(r
𝑖
). (4.12)

This approach simplifies the complex multi-electron problem into 𝑁 independent one-electron

problems. Each electron problem is governed by the following Schrödinger-like equation:

(
−1

2
∇2 + Veff (r)

)
𝜓
𝑖
(r) = 𝜀

𝑖
𝜓
𝑖
(r), (4.13)

where 𝜓
𝑖
(r) denotes the orbital for the 𝑖-th electron, associated with the energy eigenvalue 𝜀

𝑖
, and

Veff (r) represents the effective potential. The effective potential includes the nuclear potential,
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4.3 Hartree-Fock approximation

𝑉ext (r) = −
𝑀∑︁
𝑘=1

𝑍
𝑘

|r − R
𝑘
| , (4.14)

and the electrostatic Hartree potential due to the average electronic density 𝑛(r) of the other (𝑁−1)

electrons:

V
𝐻
(r) =

∫
𝑑3r′

𝑛(r′)
|r − r′| , (4.15)

where 𝑛(r) =
𝑁∑︁
𝑗≠𝑖

|𝜓
𝑗
(r) |2.

The 𝑁 one-electron equations in Eq. 4.13 are then given by[150–159]:

−
1
2
∇2 −

𝑀∑︁
𝑘=1

𝑍
𝑘

|r − R
𝑘
| +

𝑁∑︁
𝑗≠𝑖

∫
𝑑3r′

|𝜓
𝑗
(r′) |2

|r − r′|

 𝜓𝑖 (r) = 𝜀𝑖𝜓𝑖 (r). (4.16)

This set of equations, known as Hartree's equations, must be solved iteratively to obtain self-

consistent solutions for the one-electron wavefunctions 𝜓
𝑖
(r) and their corresponding energies 𝜀

𝑖
.

The HA makes it possible to reduce the complexity of the initial problem. However, the HP fails to

properly describe the behavior of molecular species because it does not adequately account for the

Pauli exclusion principle, which requires that no two electrons in a many-electron system occupy

the same quantum state. The Pauli exclusion principle requires that the wave-function must be

antisymmetric when any pair of electron coordinates are permuted, but the HP does not have the

correct antisymmetry character for exchange of space and spin coordinates of any two electrons.

This observations were made independently by Fock and Slater and a correction was brought to

improve this approach leading to what is known as the Hartree-Fock approximation.

Fock[162] improved on Hartree's method by writing the wave-function as an antisymmetrized

products of spin-orbitals, as suggested by Slater[163], in order to satisfy the Pauli principle in-

stead of just a simple product of one-electron wave-functions like in the Hartree method. The

wavefunction in the HFA then reads:

𝜓
𝐻𝐹

(x
𝑖
) = 1

√
𝑁!

������������
𝜓1 (x1) 𝜓1 (x2) · · · 𝜓1 (x𝑁 )

𝜓2 (x1) 𝜓2 (x2) · · · 𝜓2 (x𝑁 )
...

...
. . .

...

𝜓
𝑁
(x1) 𝜓

𝑁
(x2) · · · 𝜓

𝑁
(x

𝑁
)

������������
, (4.17)

where
1

√
𝑁!

is the normalization constant which ensures that the wavefunction remains properly

scaled irrespective of the number of electrons in the system. Each element within the Slater de-
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terminant, 𝜓
𝑖
(x

𝑖
), represents a spin-orbital, which is a product of a spatial part, 𝜙

𝑖
(r
𝑖
), and a spin

part, 𝜒
𝑖
(𝜎). The spin function, takes one of two possible values: 𝛼 or 𝛽. These values correspond

to the two possible spin states of an electron: spin-up (𝑚
𝑠
= +1

2 ), denoted by 𝛼, and spin-down

(𝑚
𝑠
= −1

2 ), denoted by 𝛽, with the properties 〈𝛼〉 𝛼 = 〈𝛽〉 𝛽 = 1 and 〈𝛼〉 𝛽 = 〈𝛽〉 𝛼 = 0.

Using the variational principle[164], we obtain the HF equations[150–159]:
−1

2
∇2 +𝑉

𝑒𝑥𝑡
(r) +

𝑁∑︁
𝑗≠𝑖

∫
𝑑3r′

��𝜓
𝑗
(r′)

��2
|r − r′|

Hartree potential


𝜓
𝑖
(r) −

𝑁∑︁
𝑗=1

∫
𝑑3r′

𝜓∗
𝑗
(r′)𝜓

𝑗
(r)

|r − r′|

Fock potential

𝜓
𝑖
(r′) = 𝜀

𝑖
𝜓
𝑖
(r),

(4.18)

where the second term

V
𝑋
= −

𝑁∑︁
𝑗=1

∫
𝑑3r′

𝜓∗
𝑗
(r′)𝜓

𝑗
(r)

|r − r′| (4.19)

represents the non-local exchange potential acting on the 𝑗 𝑡ℎ orbital. The HF equations above are

nonlinear and can be solved iteratively to find the spin-orbitals that minimize the total energy of

the system.

The HFA offered a good description of the atomic and molecular cases. However, it has limitations.

It often overestimates the energy due to its neglect of electron correlation, leading to inaccuracies

in predicting properties like ionization energies and electron affinities. The band gaps in solids are

often overestimated, and cohesive energies in metals are underestimated. A completely different

approach for introducing the electron correlation, based on the electron density, was elaborated to

accurately describe quantum-mechanical systems.

4.4. Density functional theory

Density Functional Theory stands as a pivotal quantum mechanical method in the realms of physics,

chemistry, and materials science. It is primarily utilized to investigate and predict properties, pre-

dominantly of the ground state, of many-body systems such as atoms, molecules, and crystalline

solids. Unlike HF theory, which describes the interaction of electrons with both an external field

from nuclei and the average field of all other electrons, DFT offers a more comprehensive approach.

It relies on a holistic description of the entire system, thus providing a superior approximation

for solving many-electron problems. Density Functional Theory's efficacy in treating crystalline
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solids stems from its foundation on the Hohenberg-Kohn theorems, advancing beyond the HFA

by incorporating correlation effects in its analysis of the physical properties of the ground state in

many-electron systems. These theorems hinge on describing the external potential of the nuclei,

𝑉̂ext (r), and thus the total energy, as a unique functional of the electronic density, expressed as

𝑛(r) = 𝑁
∫ ��𝜓(x, x2 , . . . , x𝑁 )

��2 𝑑x2 . . . 𝑑x
𝑁
, (4.20)

where x = (r, 𝜎) represents both the spatial and spin coordinates of an electron. This density is

normalized to the number of electrons, such that∫
𝑛(r)𝑑3r = 𝑁. (4.21)

The foundational principles of DFT were first laid out in 1964 by Hohenberg and Kohn[165],

who demonstrated that the ground-state energy of an electron gas could be entirely described by a

functional of the electronic density, even in the presence of an external potential. Following this,

Kohn and Sham in 1965[166] established that the complex many-body problem could be simplified

to a set of self-consistent equations. These equations pertain to a system of single electron orbitals

𝜙(r), with a total density mirroring that of the actual system. This breakthrough transformed DFT

into a practical electronic structure theory. While DFT indicates the feasibility of calculating the

total energy of a many-electron system based on its electronic density, the process from density to

energy, as we will discuss, is not straightforward. Notably, DFT operates within the BOA, wherein

the Hamiltonian of the system is represented by

Ĥ = −1
2

𝑁∑︁
𝑖=1

∇2 + 1
2

𝑁∑︁
𝑗≠𝑖

1
|r − r′| + 𝑉̂𝑒𝑥𝑡 (r). (4.22)

In its practical implementations, various approximations are employed to calculate the electronic

structure[167], from which diverse ground-state properties like structural, magnetic, and optical

characteristics of materials can be derived[168].

4.4.1. The Hohenberg-Kohn theorems

The foundation of contemporary DFT is anchored in the two seminal mathematical theorems for-

mulated by Hohenberg and Kohn[165, 166, 169]. This significant breakthrough simplified the

complex many-body problem, traditionally reliant on a high-dimensional approach, by transpos-

ing it back to a more manageable 3D space. Central to this simplification is the use of electronic

density, denoted as 𝑛(r), as the primary variable. In contrast to the wave function of a system with
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𝑁 electrons, which is contingent on 3𝑁 variables (representing three spatial dimensions for each

electron), the electronic density is a function of merely three spatial variables. This reduction to a

3D perspective renders the electronic density a far more tractable entity in the study of many-body

systems, streamlining the complexities inherent in analyzing such systems.

Theorem 1. For any electronic system in an external potential 𝑉
𝑒𝑥𝑡
(r), the potential 𝑉

𝑒𝑥𝑡
(r) is

uniquely determined, up to an additive constant, by the ground-state electronic density 𝑛0 (r).

The first HK theorem plays a pivotal role in DFT by establishing a direct correspondence between

the electronic density 𝑛0 (r) of a system in its ground state and the external potential 𝑉̂
𝑒𝑥𝑡

[𝑛0][150–

159]. This relationship is crucial as it enables the characterization of any observable within the

system as a unique functional of the exact electronic density, which is specific to the ground state.

The rationale behind using electronic density in place of the wave function stems from a funda-

mental principle: for each 𝑁-electron system, there exists a singular external potential. This unique

external potential is instrumental in formulating the specific Hamiltonian for the system. Solving

the Schrödinger equation for this Hamiltonian yields a unique wave function, and consequently,

a singular electronic density. This electronic density encapsulates as much information about the

system as its corresponding wave function. In essence, each external potential corresponds to

a specific electronic density, and this one-to-one correspondence forms the core of the first HK

theorem, underpinning the theoretical framework of DFT.

Proof. To prove this theorem, we will proceed by reductio ad absurdum. Let𝑉
𝑒𝑥𝑡
(r) be the external

potential of a system with associated ground-state electronic density 𝑛0 (r), the total number of

particles 𝑁 , the Hamiltonian Ĥ , the ground-state wave function 𝜓 and the ground-state energy

𝐸 = 〈𝜓 |H |𝜓〉. Similarly, let us consider a second system of 𝑁 particles with associated ground-

state electronic density 𝑛0 (r′), Hamiltonian Ĥ ′, ground-state energy 𝐸′ = 〈𝜓′|H |𝜓′〉 and where

𝑉
𝑒𝑥𝑡
(r) ≠ 𝑉 ′

𝑒𝑥𝑡
(r) + 𝑐𝑜𝑛𝑠𝑡 and so 𝜓 ≠ 𝜓′.

1) Let assume that Ĥ and Ĥ ′ have the same ground-state wave-function 𝜓, that is, Ĥ |𝜓〉 = 𝐸 |𝜓〉

and Ĥ ′ |𝜓〉 = 𝐸′ |𝜓〉. Subtracting these two equations gives

(𝑉̂
𝑒𝑥𝑡

− 𝑉̂ ′
𝑒𝑥𝑡
) |𝜓〉 = (𝐸 − 𝐸′) |𝜓〉 , (4.23)

which implies 𝑉
𝑒𝑥𝑡
(r) - 𝑉 ′

𝑒𝑥𝑡
(r) = 𝑐𝑜𝑛𝑠𝑡, in contradiction with the initial hypothesis. We conclude,

therefore, that external potentials differing by more than an additive constant cannot share the same

ground-state wave-function.

2) Let us now assume that 𝜓 and 𝜓′ have the same ground-state electronic density 𝑛0 (r). Because

of the variational principle[170], no wavefunction can give an energy that is less than the energy
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of 𝜓 for the Hamiltonian Ĥ . That is

𝐸 = 〈𝜓 |Ĥ |𝜓〉 < 〈𝜓′|Ĥ |𝜓′〉 . (4.24)

Assuming that the ground-state is non-degenerate, the inequality in above strictly holds. Taking

|𝜓′〉 as a trial wave-function for the Hamiltonian Ĥ , we obtain from Eq. 4.24 that

𝐸 < 〈𝜓′|Ĥ |𝜓′〉 = 〈𝜓′|Ĥ ′|𝜓′〉 + 〈𝜓′| (Ĥ − Ĥ ′) |𝜓′〉 ,

= 𝐸′ +

∫
𝑑3r𝑛0 (r) [𝑉𝑒𝑥𝑡 (r) −𝑉 ′

𝑒𝑥𝑡
(r)], (4.25)

whereas taking |𝜓〉 as a trial wave-function for the Hamiltonian Ĥ ′ gives

𝐸′ < 〈𝜓 |Ĥ ′|𝜓〉 = 〈𝜓 |Ĥ |𝜓〉 + 〈𝜓 | (Ĥ ′ − Ĥ)|𝜓〉 ,

= 𝐸 −

∫
𝑑3r𝑛0 (r) [𝑉𝑒𝑥𝑡 (r) −𝑉 ′

𝑒𝑥𝑡
(r)] . (4.26)

Summing Eqs. 4.25 and 4.26 up results in the contradiction inequality

𝐸 + 𝐸′ < 𝐸 + 𝐸′, (4.27)

and we can conclude by reductio ad absurdum that the assumption of the existence of 𝑉 ′
𝑒𝑥𝑡
(r)

is wrong. Therefore, there cannot exist two external potentials 𝑉
𝑒𝑥𝑡

and 𝑉 ′
𝑒𝑥𝑡

that yield the same

ground-state electronic density 𝑛0 (r) �.

So, the ground-state electronic density 𝑛0 (r) uniquely specifies the external potential𝑉
𝑒𝑥𝑡

, which in

turn uniquely determines the Hamiltonian, and thus everything about the many-electron problem.

This theorem thereby ensures that the ground-state wave-function 𝜓 for the potential 𝑉
𝑒𝑥𝑡
(r) is

itself a functional of 𝑛0 (r), denoted by 𝜓 [𝑛0], which was utilized by HK to define the universal

(that is, independent from the external potential) functional

𝐹
𝐻𝐾

[𝑛0] =
〈
𝜓 [𝑛0]

��𝑇 + 𝑉̂
𝑖𝑛𝑡

��𝜓 [𝑛0]
〉
, (4.28)

which can be used to define the total electronic energy functional of the ground-state of the system.

If this theorem shows that all the properties of the system are formally determined by the ground-

state electronic density, it does not say anything about how we can be assured that a certain density

is truly the ground-state electronic density that we are looking for. A formal prescription on how

this problem can be addressed has been given in a second theorem
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Theorem 2. A universal functional for the energy 𝐸 [𝑛] can be defined in terms of the ground-state

electronic density 𝑛0 (r), which is valid for any external potential. For any particular 𝑉
𝑒𝑥𝑡
(r), the

exact ground-state energy of the system is the global minimum value of this functional, and the

electronic density 𝑛0 (r) that minimizes the functional is the exact ground-state electronic density.

The second HK theorem is a cornerstone in the field of DFT, particularly for understanding the

ground-state properties of an 𝑁-electron system[150–159]. It asserts that the total energy of

the system's ground-state can be expressed as a functional of its electronic density, denoted by

𝐸 ≡ 𝐸 [𝑛]. This theorem is crucial because it establishes that the electronic density, which min-

imizes this total energy functional, corresponds exactly to the true electronic density of the sys-

tem's ground-state, represented as 𝑛
𝑜
(r). Furthermore, it underscores a fundamental principle: all

ground-state properties of the system can be derived as functionals of this specific electronic den-

sity. This theorem not only provides a theoretical underpinning for the calculation of the ground-

state energy but also signifies that other intrinsic properties of the ground-state are inherently linked

to and can be determined from this optimal electronic density.

Proof. Since all observables of the system such as kinetic energy, etc., are completely determined if

the electronic density is specified, then each such observable can be regarded as unique functional

of the electronic density, including the total electronic energy functional 𝐸 [𝑛]. The best way to

write this energy in term of the electronic density is through to the so-called Levy's constrained-

search formulation[171–173]

𝐹 [𝑛] = min
𝜓→𝑛

〈𝜓 |𝑇 + 𝑉̂
𝑖𝑛𝑡
|𝜓〉 = 〈𝜓 [𝑛] |𝑇 + 𝑉̂

𝑖𝑛𝑡
|𝜓 [𝑛]〉 𝑟), (4.29)

which establishes that the total electronic energy functional can be obtained by minimizing over

all the states 𝜓 that yield the electronic density 𝑛(r)

𝐸
𝐻𝐾

[𝑛] = min
𝜓→𝑛

〈𝜓 |Ĥ |𝜓〉 ,

= min
𝜓→𝑛

〈𝜓 |𝑇 + 𝑉̂
𝑖𝑛𝑡

+ 𝑉̂
𝑒𝑥𝑡
|𝜓〉 ,

= min
𝜓→𝑛

〈𝜓 |𝑇 + 𝑉̂
𝑖𝑛𝑡
|𝜓〉 +

∫
𝑑3r𝑉

𝑒𝑥𝑡
(r)𝑛(r),

= 〈𝜓 [𝑛] |𝑇 + 𝑉̂
𝑖𝑛𝑡
|𝜓 [𝑛]〉 +

∫
𝑑3r𝑉

𝑒𝑥𝑡
(r)𝑛(r),

= 𝑇 [𝑛] +𝑉
𝑖𝑛𝑡
[𝑛] +

∫
𝑑3r𝑉

𝑒𝑥𝑡
(r)𝑛(r), (4.30)
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which can be separated into a universal 𝐹
𝐻𝐾

[𝑛] part and a system dependent part, that is, depends

on the external potential

𝐸
𝐻𝐾

= 𝐹
𝐻𝐾

[𝑛] +

∫
𝑑3r𝑉

𝑒𝑥𝑡
(r)𝑛(r). (4.31)

The universal functional 𝐹
𝐻𝐾

[𝑛], however, is not known and finding its exact form remains the holy

grail of DFT. One can then obtain the ground-state energy 𝐸0 by minimizing the energy functional

𝐸 [𝑛] with respect to 𝑁-electron densities 𝑛 that are ground-state densities associated with some

local potential (referred to as 𝑉-representable densities)

𝐸0 = min
𝑛

(
𝐹
𝐻𝐾

[𝑛] +

∫
𝑑3r𝑉

𝑒𝑥𝑡
(r)𝑛(r)

)
, (4.32)

the minimum being reached for a electronic ground-state density 𝑛0 (r) corresponding to the po-

tential 𝑉
𝑒𝑥𝑡
(r) �.

While the HK theorems allow to reformulate the many-body problem in terms of the electronic

density, which reduces the dimensionality and complexity of the many-electron problem, they do

not offer a way in which the minimization of the energy functional can be done in practice. Kohn

and Sham proposed a method which allows the minimization to be done in self consistence way.

4.4.2. Kohn-Sham equations

To apply DFT to real systems, Kohn and Sham developed in 1965 a method which transformed

DFT into a practical electronic structure theory. Faced with the difficulty to evaluate the universal

functional 𝐹
𝐻𝐾

[𝑛], they suggested to replace the original system of interacting electrons by a

fictitious reference system of 𝑁 non-interacting electrons moving in an effective external potential

𝜈
𝑠

defines in order to generate a ground-state electronic density identical to the exact electronic

density of the ground-state of the original system. The Hamiltonian Ĥ
𝑠

of this fictitious system

reads

Ĥ
𝑠
=

𝑁∑︁
𝑖=1

(
−1

2
∇2
𝑖
+ 𝜈̂

𝑠
(r
𝑖
)
)
, (4.33)

and the ground-state 𝜓
𝑠
, assuming it is non-degenerate, is given by the Slater determinant

𝜓
𝑠

(
x
𝑖

)
=

1
√
𝑁!
𝑑𝑒𝑡

𝑖 𝑗
𝜓
𝑗

(
r
𝑖
, 𝜎

𝑖

)
, (4.34)

where the 𝜓
𝑖

are the 𝑁 lowest eigenstates of one-electron Hamiltonian

ℎ̂
𝑠
= −1

2
∇2
𝑖
+ 𝜈̂

𝑠
(r
𝑖
), (4.35)
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satisfying

ℎ̂
𝑠
𝜓
𝑖
= 𝜀

𝑖
𝜓. (4.36)

By inserting this Slater determinant into Eq. 4.34 and performing spin integration, we get the

particle density of the non-interacting system

𝑛(r) =
𝑁∑︁
𝑖=1

��𝜙
𝑖
(r)

��2 , (4.37)

where 𝜙
𝑖
(r) are Kohn-Sham (KS) single-particle orbitals. The total energy of the non-interacting

system is expressed by the functional

𝐸
𝑉 𝑠
[𝑛] = 𝐹 [𝑛] +

∫
𝑑3r𝜈

𝑠
(r)𝑛(r),

= 𝑇
𝑠
[𝑛] +

∫
𝑑3r𝜈

𝑠
(r)𝑛(r). (4.38)

Since there is no interaction between the electrons, the functional 𝐹 [𝑛] is equal to the kinetic

energy 𝑇
𝑠
[𝑛] of the electrons

𝑇
𝑠
[𝑛] =

〈
𝜓
𝑠
[𝑛]

��𝑇
𝑠

��𝜓
𝑠
[𝑛]

〉
= −1

2

𝑁∑︁
𝑖=1

∫
𝜓∗
𝑖
(r)∇2𝜓

𝑖
(r). (4.39)

Bearing the discussion of the non-interacting system above in mind, we get back to the original

system with electron-electron interaction. We split the universal functional 𝐹
𝐻𝐾

[𝑛] = 𝑇 [𝑛]+𝑉
𝑖𝑛𝑡
[𝑛]

into three parts as follow

𝐹
𝐾𝑆
[𝑛] = 𝑇

𝑠
[𝑛] + 𝐸

𝐻
[𝑛] + 𝐸

𝑋𝐶
[𝑛], (4.40)

where 𝐸
𝐻
[𝑛] is the Hartree energy which describes the classical part of the electron-electron re-

pulsion

𝐸
𝐻
[𝑛] = 1

2

∫ ∫
𝑑3r𝑑3r′

𝑛(r)𝑛(r′)
|r − r′| , (4.41)

and 𝐸
𝑋𝐶

[𝑛] is the XC energy accounting for all the non-classical exchange and correlation effect

which remains to be approximate. The total energy in Eq. 4.31 then becomes

𝐸
𝐾𝑆
[𝑛] = 𝑇

𝑠
[𝑛] + 𝐸

𝐻
[𝑛] + 𝐸

𝑋𝐶
[𝑛] +

∫
𝑑3r𝑉

𝑒𝑥𝑡
(r)𝑛(r). (4.42)

In order to obtain the KS orbitals {𝜙
𝑗
} which give rise to the ground-state energy, we need to

minimize the total energy above with respect to the orbitals, subject to the orthonormalization

constraints ∫
𝑑3r𝜓∗

𝑖
(r)𝜓

𝑗
(r) = 𝛿

𝑖 𝑗
. (4.43)
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In that view, we define the following Lagrangian

𝐿
𝑉
[𝜓

𝑖
] = 𝐸

𝐾𝑆
[𝑛] −

𝑁∑︁
𝑗=1

𝜀
𝑖 𝑗
𝜓
𝑗
(r), (4.44)

where 𝜀
𝑖 𝑗

are Lagrange multipliers to ensure {𝜓
𝑖
} are orthonormal. It should be underlined that

Eq. 4.21 is satisfied automatically if {𝜓
𝑖
} are orthonormal. The Lagrangian above must be station-

ary with respect to variations of the KS orbitals 𝜓
𝑖
(r)

𝛿𝐿
𝑉
[𝜓

𝑖
]

𝛿𝜓∗
𝑖
(r) = 0. (4.45)

A quick calculation of this functional derivative leads to the following set of one-electron equations(
−1

2
∇2 + V

𝐾𝑆
(r)

)
𝜓′
𝑖
(r) =

𝑁∑︁
𝑗=1

𝜀
𝑖 𝑗
𝜓′
𝑗
(r), (4.46)

where V
𝐾𝑆
(r), the KS effective potential, is given by

V
𝐾𝑆

= 𝑉
𝑒𝑥𝑡

+
𝛿𝐸

𝐻
[𝑛(r)]

𝛿𝑛(r) +
𝛿𝐸

𝑋𝐶
[𝑛(r)]

𝛿𝑛(r) ,

= 𝑉
𝑒𝑥𝑡

+𝑉
𝐻
+𝑉

𝑋𝐶
. (4.47)

Since the KS effective potential above is real then the KS effective Hamiltonian

ℎ̂𝐾𝑆
𝑖

= −1
2
∇2 + V̂

𝐾𝑆
(r), (4.48)

is hermitian. Therefore, the matrices 𝜀
𝑖 𝑗

are also hermitian and they can be diagonalize. Transform-

ing the orbitals {𝜓′
𝑗
} by the unitary transformation diagonalizing 𝜀

𝑖 𝑗
leads to new set of orbitals

{𝜓
𝑖
} obtained from one-electron Schrödinger-like equations known as KS equations(

−1
2
∇2 + V

𝐾𝑆
(r)

)
𝜓
𝑖
(r) = 𝜀

𝑖
𝜓
𝑖
(r), (4.49)

where the 𝜀
𝑖
's are then the KS eigenvalues and the KS effective potential V

𝐾𝑆
, as it can been in

Eq. 4.47 includes the external potential 𝑉
𝑒𝑥𝑡
(r), Hartree potential 𝑉

𝐻
(r) and XC potential 𝑉

𝑋𝐶
(r)

which is responsible to correctly account for all quantum many-body effects such as electron spin-

dependent effects, Van der Waals Interactions, or electron-hole pair creation.

Therefore, if V
𝐾𝑆

is given, by simply solving the KS equations above we obtain the ground-state

density as

𝑛(r) =
𝑁∑︁
𝑖=1

��𝜓
𝑖
(r)

��2 , (4.50)
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The total energy of the reference system 𝐸
𝑉 𝑠
[𝑛], which is the sum of the KS eigenenergies 𝜀

𝑖
, can

be obtain by minimizing the KS effective Hamiltonian over the KS sates |𝜓
𝑖
〉 and we get

𝐸
𝑉 𝑠
[𝑛] =

𝑁∑︁
𝑖=1

𝜀
𝑖
,

=

𝑁∑︁
𝑖=1

〈𝜓
𝑖
| ℎ̂𝐾𝑆 |𝜓

𝑖
〉 , (4.51)

= 𝑇
𝑠
[𝑛] +

∫ ∫
𝑑3r𝑑3r′

𝑛(r)𝑛(r′)
|r − r′| +

∫
𝑑3r𝑉

𝑒𝑥𝑡
(r)𝑛(r) +

∫
𝑑3r𝑉

𝑋𝐶
(r)𝑛(r).

Since the KS approach preserves the electronic density of the interacting system, then the total

electronic energy in Eq. 4.42 is representative of the real system. This energy can be reformulated

using Eq. 4.51 as

𝐸
𝐾𝑆
[𝑛] =

𝑁∑︁
𝑖=1

𝜀
𝑖
− 1

2

∫ ∫
𝑑3r𝑑3r′

𝑛(r)𝑛(r′)
|r − r′| −

∫
𝑑3r𝑉

𝑋𝐶
(r)𝑛(r) + 𝐸

𝑋𝐶
[𝑛], (4.52)

which is the formula use to calculate the ground-state energy of a physical system from the solution

of the KS equations. Due to the nonlinearity of the KS, the electron density needs to be solved

in a self-consistent manner, where the equations are iteratively updated until the input and output

densities converge.

The challenge in utilizing the KS energy functional lies in the fact that the exact form of 𝐸
𝑋𝐶

is

not known. This term is essential because it accounts for complex electron-electron interactions

beyond classical electrostatics, specifically incorporating exchange interactions, which arise from

the Pauli exclusion principle, and correlation effects, which reflect the dynamic interactions be-

tween electrons due to their mutual repulsion. The absence of a precise analytical form for 𝐸
𝑋𝐶

necessitates the use of approximations, which is a focal point of extensive research in DFT.

In practical applications of the KS equations, an approximate form of the XC energy functional

must be employed. Since the inception of DFT, a multitude of approximations for 𝐸
𝑋𝐶

have been

proposed. These approximations vary in their complexity and the physical phenomena they attempt

to capture. Among these, two approximations have gained widespread acceptance and usage: the

Local Density Approximation (LDA) and the GGA.

The LDA, introduced in the foundational work of Hohenberg and Kohn, treats an inhomogeneous

system as a collection of infinitesimal volumes with constant electronic density, akin to a uni-

form electron gas. The XC energy in LDA (𝐸𝐿𝐷𝐴
𝑋𝐶

[𝑛]) and its corresponding potential (𝑉 𝐿𝐷𝐴
𝑋𝐶

(®𝑟))

are derived analytically, leveraging the known XC energy per particle of a homogeneous elec-

tron gas (𝜖 𝐿𝐴𝐷
𝑋𝐶

[𝑛]). This approach, despite its simplicity and effectiveness in certain systems like
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free atoms, molecules, and metals, shows limitations in describing solids with non-homogeneous

electronic densities, often leading to overestimations in cohesive energies and underestimations in

lattice constants, particularly in semiconductors.

To address these limitations, the Gradient Expansion Approximation (GEA) was proposed as

an extension to LDA, considering local density gradients as an additional variable[165]. How-

ever, GEA's practical effectiveness was limited, paving the way for the development of GGA.

The GGA, a more flexible and refined approach, includes gradient corrections to LDA, expressed

through a functional form 𝑓 (𝑛(®𝑟),∇𝑛(®𝑟)) that accounts for both exchange (𝐸𝐺𝐺𝐴
𝑋

[𝑛]) and corre-

lation energies (𝐸𝐺𝐺𝐴
𝐶

[𝑛])[158]. The GGA, particularly the Perdew, Burke, and Ernzerhof (PBE)

functional[174, 175] used in this thesis, introduces an exchange enhancement factor (𝐹
𝑋
(𝑠)) and

parameters (𝜅 and 𝜇) obtained from physical constraints, thereby improving upon LDA's limita-

tions.

4.5. Ab initio modeling of materials

4.5.1. Bloch's theorem and plane wave basis set

The complexity of the Schrödinger equation in condensed matter systems, due to the infinite num-

ber of electrons, is significantly simplified by Bloch's theorem. Introduced by Felix Bloch in 1928,

this theorem allows for a tractable description of electron behavior in periodic potentials, which is

essential for understanding the properties of matter on a large scale, including electronic, magnetic,

and optical properties of materials[176, 177].

Bloch's theorem states that the wave function of an electron in a periodic potential can be ex-

pressed as a product of a plane wave (PW) and a lattice periodic function. This is mathematically

represented as[178]:

𝜓𝒌 (𝒓) = 𝑒𝑖𝒌·𝒓𝑢𝒌 (𝒓), (4.53)

where 𝒌 denotes the wave vector within the first BZ, 𝒓 is the position vector, and 𝑢
𝑘
(𝒓) is a periodic

lattice function, invariant under lattice translation:

𝑢𝒌 (𝒓 + 𝑹) = 𝑢𝒌 (𝒓), (4.54)

with 𝑹 representing the translation vector. The periodic function 𝑢𝒌 (𝒓) can be expanded using

Fourier series:
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𝑢𝒌 (𝒓) =
∑︁
𝑮

𝑐𝑮,𝒌 𝑒
𝑖𝑮 ·𝒓 , (4.55)

where 𝑮 is the reciprocal lattice vector defined by:

𝑮 · 𝒃 = 2𝜋𝑚, (4.56)

with 𝒃 denoting the translation vector in the crystal lattice, and 𝑚 an integer. This approach simpli-

fies the understanding of electron behavior in crystals, which are periodic and regular arrangements

of atoms.

The PW basis set is instrumental in describing the properties of solids due to its several advan-

tages, such as the ease of implementation of periodic boundary conditions and the straightforward

calculation of matrix elements. When coupled with the KS equations, which embody the transla-

tional symmetry of the solid, Bloch's theorem provides a framework for solving these equations

efficiently. The KS orbitals, expressed in terms of plane waves, become:

𝜓𝒌 (𝒓) =
∑︁
𝑲 ,𝑮

𝑐𝑲 ,𝑮𝑒
𝑖(𝑲+𝑮)·𝒓 . (4.57)

Substituting these plane waves into the KS equation results in the secular equation:

∑︁
𝑮

[
ℏ

2𝑚
|𝑲 + 𝑮 |2𝛿

𝑮𝑮′ +𝑉𝜎𝐾𝑆 (𝑮 − 𝑮′)
]
𝑐
𝑖,𝑲+𝑮′ = 𝐸𝑖𝑐𝑖,𝑲+𝑮′ , (4.58)

where 𝑉𝜎
𝐾𝑆

(𝑮 − 𝑮′) is the Fourier transform of the KS potential. The accuracy of computations is

enhanced by determining an appropriate energy cut-off 𝐸cut , which limits the number of 𝑮-vectors

in the Fourier expansion:

1
2
|𝑲 + 𝑮 |2 < 𝐸cut . (4.59)

In DFT computations, the selection of plane PWs hinges on the Bloch wave vector, denoted as

𝑲. Knowing 𝑲 allows for the precise determination of the electron's many-body quantum state,

confined numerically within an appropriate plane wave basis. As outlined in Eq. 4.59, the cut-off

energy defines the upper limit of the 𝑮 vector lengths. This limitation results in a finite-dimensional

matrix representation of the Hamiltonian. Consequently, the expansion truncation within the plane

wave basis restricts the kinetic energy term to remain below the cut-off energy threshold. This

discrepancy in energy representation may lead to errors in estimating the total energy of certain

systems. To ensure the accuracy of total energy calculations, a convergence test is performed by
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incrementally increasing the cut-off energy 𝐸cut and evaluating the resulting total energy. This

process continues until the computed total energy converges to a stable value within an acceptable

tolerance. Such convergence testing determines the minimum cut-off energy required to achieve

the desired accuracy, effectively reducing truncation errors in the Fourier expansion.

The interplay of Bloch's theorem and the plane wave basis set forms the backbone of computa-

tional approaches in condensed matter physics. They allow for a detailed and accurate description

of electron behavior in materials, crucial for understanding their large-scale properties and phe-

nomena.

4.5.2. Reciprocal space and Brillouin zone

The BZ is fundamental in the context of wave representation within a periodic medium. Bloch's

seminal work demonstrated that the solutions of electron states in a periodic lattice are effectively

characterized by the behavior of plane waves within the BZ[176]. This understanding is crucial

in the computation of the total energy of a many-body system using the KS equation, where the

eigenvalues are self-consistently derived from the 𝑘-dependence of the Hamiltonian. In the realm

of DFT, the first BZ is sampled by defining a continuous array of points in reciprocal space, de-

noted as 𝒌-space. These points, referred to as 𝑘-points, are essential in representing the BZ. The

computation of the total energy within DFT necessitates an integration over the first BZ, which, in

practice, is transformed into a summation over discrete 𝒌-space points. For instance, the calcula-

tion of density at BZ points is expressed as:

𝑛(𝒓) =
∑︁∫

𝐵𝑍

𝐹 (𝒌)𝑑3𝒌, (4.60)

where 𝐹 (𝒌) is a periodic function. In periodic systems, this integral is approximated by a sum over

a finite number of 𝑘-points, which are the specific points in the first BZ at which DFT calculations

are performed to ascertain the electronic state in a solid system. The selection of 𝑘-points is pivotal

for enhancing the numerical accuracy of the calculation while balancing computational efficiency.

The adoption of a dense 𝑘-point grid minimizes errors in self-consistency calculations. The tetra-

hedron method[179, 180], recognized for its efficacy in integrating over the BZ, partitions the

BZ volume into non-overlapping small tetrahedra. Additionally, a simple yet effective integra-

tion technique involves sampling the BZ with a limited 𝑘-point grid, such as the Monkhorst-Pack

mesh[181]. This approach provides a uniform distribution of points within the BZ for DFT calcu-

lations, offering an unbiased method for selecting 𝑘-points. Moreover, the use of sets of irreducible
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points in the BZ serves as a potent tool for integrating periodic functions. Consequently, a denser

𝑘-point grid ensures that the accuracy of the discrete sum closely approximates the integral in

Eq. 4.60. However, it's noteworthy that achieving good convergence for some properties might

necessitate a significantly large 𝒌-point grid size.

4.6. Pseudopotential

The pseudopotential approach in computational condensed matter physics involves replacing the

actual Coulomb potential from the nucleus and core electrons with an effective potential that in-

fluences only the valence electrons. This method is based on the principle that core electrons

shield the nucleus, thus altering the potential experienced by valence electrons. By focusing solely

on valence electrons through the frozen core approximation, computational efficiency is signifi-

cantly enhanced. Pseudo-wavefunctions, which require fewer Fourier modes, are used to represent

valence states, enabling the use of a plane wave basis and reducing the computational burden.

This approach simplifies the system to a one-electron scheme, allowing for the incorporation of

additional effects like spin-orbit and relativistic interactions. Various methods to compute pseu-

dopotentials have been developed, including norm-conserving[182, 183] and ultrasoft[184, 185]

pseudopotentials.

4.6.1. Projector augmented wave method

The projector augmented wave (PAW) method was developed by Blöchl[186] as a method to cal-

culate the electronic structure of materials within the framework of DFT with accuracy and greater

computational efficiency[187–191]. It generalizes and combines all-electron and pseudopotential

approaches through projector functions. The main idea of the PAW method is to transform phys-

ically relevant all-electron wave-functions 𝜓(®𝑟) onto computationally convenient smooth auxilary

wave-functions 𝜓̃(®𝑟), that can be represented in a PW expansion. We start by defining a transfor-

mation operator T̂ = Û−1 such that

𝜓
𝑛
(®𝑟) = T̂ 𝜓̃

𝑛
(®𝑟), (4.61)

which implies that

𝜓̃
𝑛
(®𝑟) = Û𝜓

𝑛
(®𝑟). (4.62)
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We expand auxilary wave-functions in PWs

𝜓̃
𝑛
(®𝑟) =

∑︁
®𝐺

𝑒𝑖
®𝐺.®𝑟 𝜓̃

𝑛
( ®𝐺). (4.63)

Next, we define a complete set {|𝜙
𝑖
〉} of initial and final states of the transformation operator T̂

such that, for all 𝑖,

|𝜙
𝑖
〉 = T̂ |𝜙

𝑖
〉 , (4.64)

and find the transformation operator T̂ so that the auxiliary wave-functions are well behaved

T̂ = 1 +
∑︁
𝑗

(
|𝜙〉 − |𝜙〉 〈𝑝

𝑗
|
)
, (4.65)

where the projector function satisfies the bi-orthogonality

〈𝑝
𝑖
〉 𝜙

𝑗
= 𝛿

𝑖 𝑗
. (4.66)

Using the above transformation operator, the relevant all-electron wave function takes the form

|𝜓
𝑛
〉 = |𝜓̃

𝑛
〉 +

∑︁
𝑗

(
|𝜙

𝑗
〉 − |𝜙

𝑗
〉
)
〈𝑝

𝑗
〉 𝜓̃

𝑛
. (4.67)

The PAW formalism, uses many ideas similar to those developed by Vanderbilt[184] in his ultra-

soft pseudopotential formalism and by Blöchl[192] in his earlier work on generalized separable

potentials and has been successfully demonstrated for several interesting materials[186, 193–195].

We used this method within this thesis.

4.6.2. The spin-orbit coupling

Spin-orbit coupling constitutes a critical relativistic effect that connects an electron's spin to its

orbital angular momentum. Pioneering work by Taylor et al.[196] has emphasized the significance

of SOC in understanding electron dynamics. In the realm of DFT, recognizing the influence of

relativistic adjustments is essential when examining the electronic structures of solid materials.

For metals, where the Fermi level signifies the highest filled state at zero temperature, the disparity

between the Fermi energy and the electron's rest mass energy, approximately 10−5 times smaller,

underscores the importance of considering relativistic effects, especially for materials with signif-

icant atomic mass and narrow band gaps.

Introduced by Dirac to describe the behavior of relativistic electrons[82], the Dirac equation artic-

ulates the dynamics of electrons through a multi-component wave equation:

(𝛽𝑚𝑐2 + 𝑐
3∑︁
𝑛=1

𝛼
𝑛
𝑝
𝑛
)𝜓(𝑥, 𝑡) = 𝑖ℏ𝜕𝜓(𝑥, 𝑡)

𝜕𝑡
, (4.68)
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establishing a framework that incorporates the periodic potential of crystal lattices, akin to Schrödinger's

formulation. Utilizing this equation, we apply the orthogonalized plane wave (OPW) method by

Herring[197], which employs plane waves to form valence electron states orthogonal to core elec-

tron states. In its simplest form, the Dirac equation's non-relativistic limit separates into compo-

nents for electrons and positrons, simplified through the Foldy-Wouthuysen transformation[198,

199], rendering a simplified two-component electron wavefunction. The transformed Hamiltonian

appears as:

𝐻 =
1

2𝑚

(
p − 𝑒

𝑐
A
)2

− 1
8𝑚3𝑐2 p2 +𝑉 (𝒓) − 𝑒

𝑚𝑐
S · ∇ × A

+ 1
2𝑚2𝑐2 S ·

[
∇𝑉 (𝒓) ×

(
p − 𝑒

𝑐
A
)]

+ ℏ2

8𝑚3𝑐2∇
2𝑉. (4.69)

This model accounts for modifications due to A, a symmetry-breaking field, incorporating the

spin's influence explicitly.

Further exploration into the practical implications of SOC within modern quantum field theory

reveals how relativistic phenomena influence material properties in unexpected ways. Contrary

to Dirac's initial interpretations surrounding negative-energy states, modern theoretical physics

reinterprets these as interactions between different electron states and the quantum vacuum, rather

than time-reversal symmetry violations[200]. Such reevaluations are crucial for understanding

materials like DSMs.

Addressing SOC in non-relativistic methods like the KS approach necessitates adjustments to the

typical Hamiltonian expressions, as seen in:

𝐻̂
𝑆𝑂

=
𝑒ℏ

4𝑚2𝑐2 𝝈̂ · [E(𝒓) × p̂], (4.70)

where SOC is treated as a perturbation and involves the calculation of the electric field E at the

electron's position 𝒓, illustrating the interaction:

E(𝒓) = 1
2𝑚2𝑐2

1
𝑟

𝑑𝑉

𝑑𝑟
. (4.71)

In DFT calculations, employing relativistic pseudo-potentials allows for a nuanced inclusion of

SOC, highlighting its role in lifting Kramers' degeneracy and influencing the electronic structure

and physical properties of materials. The treatment of SOC as a first-order perturbation, along with

PAW potentials, provides insight into the emergence of magnetic anisotropy, spin relaxation[201],

and phenomena such as the anomalous Hall effect[202]. Our results elucidate how SOC affects

transport properties and the manifestation of spin-dependent phenomena, emphasizing the neces-

sity of its inclusion for accurate material characterization.
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4.7. Tight Binding Approximation

Considering the fundamentals of electron behavior in solids, we address electrons and atomic nu-

clei distinctly due to their different masses and velocities, consistent with the BOA. For Dirac

materials such as graphene, electron dynamics can be analyzed using a Schrödinger-like frame-

work, where the electron's quantum state evolution is driven by the Hamiltonian as described by

the Ehrenfest Theorem[203]. If the initial state of an electron is known, its future state at any time

𝑡 can be determined with the evolution operator𝑈 (𝑡), expressed as:

𝜓( 𝒓̃, 𝑡) = 𝑈 (𝑡)𝜓(0), (4.72)

where the operator𝑈 (𝑡) is given by:

𝑈 (𝑡) = 𝑒−𝑖𝐻̂𝑡/ℏ, (4.73)

assuming a time-invariant Hamiltonian 𝐻̂.

To explore the electron dynamics under various external conditions, the TB model serves as a vital

tool, especially significant for materials like graphene when studying their response to external

stimuli in what is known as the adiabatic regime-characterized by slow changes relative to the

system's response. The TB approximation, integrating time-dependent DFT, models the electron

behavior using atomic orbitals to simulate electrons in a variety of structures from small molecules

to large crystalline solids. This method proves useful in understanding how electrons interact with

external elements such as SOC, electric, and electromagnetic fields. A practical example includes

the interaction of laser light with the electronic dipole moments, which may induce symmetry-

breaking effects in the material's ground state.

Initially introduced by Slater and Koster[204], the TB model suggests that a material's eigenstates

are localized and resemble atomic orbitals - a concept also referred to as the linear combination of

atomic orbitals. This approach is frequently utilized to compute the electronic band structure and

define Bloch states within the same framework used by DFT ab initio methods. One of the TB

model's strengths lies in its parameterization, where electronic structure parameters are tailored to

experimental data concerning a material's characteristics or the results from detailed ab initio cal-

culations. These parameters, however, are usually not transferable to other materials, highlighting

a limitation of the TB model.

The application of the TB model is particularly effective for studying materials where the bond-
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ing is primarily defined by the electron states in the 𝑠 and 𝑝 orbitals. This model simplifies the

computational process compared to ab initio methods by employing the two-center approximation,

which simplifies multicenter integrals typical in solid-state HF calculations[205]. By focusing on

nearest-neighbor interactions, the TB approach accelerates the determination of electronic struc-

tures, although it may compromise the accuracy in depicting orbital extents and bond lengths.

4.8. Tight Binding Model of Graphene

Graphene is recognized as a one-atom-thick planar sheet, comprising a hexagonal honeycomb

lattice, which is visually represented in Figure 4.1. This configuration is achieved through each

carbon atom forming strong 𝜎-bonds with three neighboring atoms, resulting from 𝑠-𝑝 hybridiza-

tion. These bonds are purely covalent, featuring no ionic characteristics. The lattice structure of

graphene can be viewed as two interlaced triangular sublattices.

The electron dynamics within this material, specifically the transition of electrons to adjacent sites,

is simplified in our analysis by defining a single parameter 𝑡. This parameter focuses exclusively

on electron transitions between these sublattices, disregarding transitions within the same sublat-

tice. The effective use of this parameter is critical in our representation of electron motion across

graphene's lattice[206].

Figure 4.1: Ball-and-Stick Model of Graphene: Hexagonal (honeycomb) Carbon Lattice[207].

Our Hamiltonian for graphene's lattice, formulated within the tight binding approximation, is de-

lineated as[98]:

𝐻̂ = −𝑡
∑︁
〈𝑖, 𝑗 〉

[
𝑎̂†
𝑖
𝑏̂
𝑗
+ 𝑏̂†

𝑗
𝑎̂
𝑖

]
. (4.74)

In this expression, 𝑡 signifies the electron hopping energy, estimated to be about 2.7 eV for graphene[208].
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The notation 〈𝑖, 𝑗〉 represents neighboring interactions between sublattices A and B, and 𝑎̂†
𝑖

and 𝑎̂
𝑖

denote creation and annihilation operators, respectively. This is expanded to include:

∑︁
〈𝑖, 𝑗 〉

[
𝑎̂†
𝑖
𝑏̂
𝑗
+ 𝑏̂†

𝑗
𝑎̂
𝑖

]
=

∑︁
𝑖∈𝐴

∑︁
𝛿

[
𝑎̂†
𝑖
𝑏̂
𝑖+𝛿 + 𝑏†𝑖+𝛿 𝑎̂𝑖

]
. (4.75)

In this model, 𝛿 refers to the vector positions of nearest neighbors, specifically 𝛿1 , 𝛿2 , and 𝛿3 .

Consequently, the Hamiltonian in Eq. 4.74 becomes:

𝐻̂ =
−𝑡
𝑁/2

∑︁
𝑖∈𝐴

∑︁
𝜹,𝑘,𝑘 ′

[
𝑒𝑖(𝒌−𝒌

′)·𝒓
𝑖 𝑒−𝑖𝒌

′·𝜹𝑎̂†
𝒌
𝑏̂
𝒌 ′ + ℎ.𝑐.

]
. (4.76)

Here, 𝑁/2 is the count of sites in sublattice A. Simplifying, we have:

𝐻̂ =
∑︁
𝒌

𝜓†ℎ(𝒌)𝜓, (4.77)

where 𝜓 and 𝜓† consist of:

𝜓 ≡ ©­«
𝑎̂𝒌

𝑏̂𝒌

ª®¬ , (4.78)

𝜓† =
(
𝑎̂𝒌 𝑏̂𝒌

)
, (4.79)

and ℎ(𝒌) is defined as:

ℎ(𝒌) ≡ −𝑡 ©­«
0 4

𝑘

4∗
𝑘

0
ª®¬ , (4.80)

with 4𝒌 calculated as:

4𝒌 = 𝑒𝑖𝒌·𝜹1 + 𝑒𝑖𝒌·𝜹2 + 𝑒𝑖𝒌·𝜹3 . (4.81)

The eigenvalues of this matrix result in energy bands:

𝜀± (𝒌) = ±𝑡
√︃
4𝒌4∗

𝒌
. (4.82)

Graphically represented in Figure 4.2, this model underlines how the energy bands converge at

the Fermi level, characterized by zero energy at the K and K' points of the BZ, demonstrating a

significant aspect of graphene's electronic properties.
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Figure 4.2: Electronic structure of monolayer graphene: a) Energy bands near the Fermi level in

graphene, b) Conic energy bands in the vicinity of the K and K' points, and c) Corresponding

reciprocal lattice of graphene with primitive vectors (𝑏1 and 𝑏2), and the high-symmetry points Γ,

K, K', and M[62, 209].

4.9. Wannier functions in the tight-binding approach

Wannier functions are a cornerstone in the study of electronic structures in computational con-

densed matter phsics and materials science, offering a real-space perspective to the otherwise

momentum-space dominated descriptions. Originating from the work of Gregory Wannier in the

1930s[210], these functions are localized in real space and are used to provide insightful under-

standing of electronic behavior in crystals.

Mathematically, a Wannier function 𝑊
𝑛
(r − R) is defined through the Fourier transformation of

Bloch functions 𝜓
𝑛k (r), which are solutions to the Schrödinger equation in a periodic potential[211].

The transformation is given by:

𝑊
𝑛
(r − R) = 𝑉

(2𝜋)3

∫
𝐵𝑍

𝑒−𝑖k·R𝜓
𝑛k (r)𝑑k, (4.83)

where R is a lattice vector, 𝑉 is the volume of the unit cell, and the integration is over the BZ.

In computational studies, the challenge lies in determining these functions accurately, as they are

not directly observable. Advanced algorithms, such as the MLWFs method, have been developed to

compute Wannier functions that are as spatially localized as possible, enhancing both their physical

interpretability and computational efficiency[212].
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In the realm of TB models, Wannier functions play a pivotal role. They serve as a basis for con-

structing Hamiltonians that describe the electronic structure of materials with remarkable simplic-

ity and accuracy. The TB Hamiltonian in terms of Wannier functions is expressed as:

𝐻
𝑇 𝐵

=
∑︁
𝑛𝑚R

𝑡
𝑛𝑚
(R)𝑐†

𝑛0𝑐𝑚R , (4.84)

where 𝑡
𝑛𝑚
(R) are the hopping parameters between sites, and 𝑐†

𝑛0 , 𝑐
𝑚R are creation and annihilation

operators.

The application of Wannier functions extends notably to the study of topological properties in

materials. Topological insulators and semimetals, characterized by their unique boundary states

and protected by topological invariants, can be effectively analyzed using Wannier functions[213].

These functions provide a localized basis, making it feasible to calculate topological invariants

directly from the electronic structure.

A key aspect of this approach is the utilization of Wannier charge centers (WCCs). The WCCs

are calculated as the expectation values of position operators in the space of Wannier functions.

They are crucial in determining the Chern number, a topological invariant, which is crucial to

understanding the quantum Hall effect in materials[214].

In TIs, the existence of edge or surface states, which are immune to scattering by non-magnetic

impurities, can be inferred from the non-trivial topology of the bulk band structure. The bulk-

boundary correspondence principle links these surface states with the bulk electronic properties,

a relationship that Wannier functions help to elucidate. This is particularly useful in predicting

material properties that are sensitive to topological aspects, such as electrical conductivity and

magnetoelectric effects[215].

Furthermore, Wannier functions are instrumental in studying the topological phase transitions. By

tracking the evolution of WCCs across phase transitions, one can witness the change in topological

character of the material. This method provides a powerful tool for probing and understanding the

emergence of topological phases in various materials.

In conclusion, Wannier functions not only serve as a bridge between theoretical models and com-

putational practices in condensed matter physics and material science but also play a crucial role

in unveiling the topological nature of materials. Their application in determining topological in-

variants and studying boundary states opens new avenues in the exploration of novel quantum

materials and devices.
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Chapter 5

Computational Methods

This chapter outlines the computational techniques employed in this thesis, focusing on ab initio

calculations used to analyze the electronic structure, DOS, and charge density of bulk materials

SrSi2 , CoSi, and NbP. Next, the band structure data obtained from DFT calculations serve as

the foundation for constructing TB models, further enabling the calculation of their topological

properties. Additionally, this chapter details the process of renormalizing the electronic structure

of SrSi2 on a honeycomb lattice, using a TB model analogous to that of graphene. This approach

facilitates a deeper understanding of the intrinsic behaviors and properties of these materials,

essential for advancing the field of topological materials.

5.1. Ab initio calculations using Quantum Espresso

Quantum ESPRESSO is a pivotal tool in the computational materials science field, providing an in-

tegrated suite of open-source codes for electronic-structure calculations and materials modeling at

the nanoscale. It is based on DFT, plane waves, and pseudopotentials, including norm-conserving,

ultrasoft, and PAW types, all of which are supported by QE. The significance of QE lies in its wide

applicability for the study of the electronic structure and related properties of materials, ranging

from isolated molecules to complex solids[216].

At its core, QE facilitates the solution of the KS equations of DFT. The plane-wave basis set

offers an efficient and accurate approach for representing wavefunctions, particularly useful for

periodic systems such as crystals[217]. Pseudopotentials simplify the calculation by removing

core electrons from the quantum mechanical treatments, focusing on valence electrons which are

most relevant for bonding and other material properties.
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Quantum ESPRESSO stands out not only for its efficient use of parallel computing, which en-

ables large-scale simulations, but also for its comprehensive range of functionalities, comparable

to those of proprietary DFT software packages, all within an open-source framework. This feature

is particularly beneficial for investigating complex materials and phenomena such as phase transi-

tions, mechanical properties, and energy transport, which are crucial for designing novel materials

for energy and electronic applications[218, 219].

Quantum ESPRESSO offers a comprehensive and flexible platform for the investigation of a wide

range of material properties. Its blend of accuracy, efficiency, and versatility makes it an indis-

pensable tool in the field of computational materials science.

5.1.1. Methodology

In the computational investigation of materials using the QE framework, a systematic methodol-

ogy is employed to ensure accurate and reproducible results. This approach is characterized by

a meticulous setup of computational parameters, including pseudopotentials, XC functionals, and

convergence tests[216, 220, 221].

The initial phase of the computational process involves the relaxation of the material's struc-

tures. This step is crucial for obtaining the optimized geometry of the material under investi-

gation. Collinear calculations, which do not include the SOC, are performed to achieve this. The

electron-ion interactions are represented using PAW pseudopotentials[188], and the XC effects are

addressed using the GGA as formulated by PBE[175]. These pseudopotentials and functionals

are carefully selected for their proven reliability in representing electronic structures. Regarding

the computational parameters, a plane-wave basis set is employed, with convergence tests con-

ducted using a charge density cut-off energy (ecutwfc) set to eight times the kinetic energy cut-off

(ecutrho), ensuring the accuracy of all calculations. The convergence of electronic energies is con-

firmed with a high precision threshold, achieving an accuracy of 10−3 eV/Å on the total forces,

using the converged Monkhorst-Pack[222–224] 𝑘-point meshes. To ensure a comprehensive ex-

ploration of the electronic properties, denser 𝑘-point grids are utilized for BZ sampling[181].

Time-reversal symmetry is a critical consideration in these calculations, particularly for materials

where spin plays a significant role. To address this, the electronic states are treated as spinors,

adhering to double group symmetry and utilizing the Methfessel-Paxton smearing scheme with an

appropriate width[223]. This approach promotes accurate convergence of the electronic structure,

favoring a non-magnetic ground state unless magnetic ordering is explicitly introduced. Post re-
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laxation, the optimized structures undergo further analysis to study non-collinear magnetic states,

incorporating fully relativistic pseudopotentials that inherently include SOC. This step is essential

for revealing the subtle effects of SOC on the material's electronic structure, particularly in lifting

Kramers' degeneracy and splitting degenerate electron states.

The methodology outlined here, characterized by its rigorous and systematic approach, is founda-

tional in the computational study of various materials. It ensures the reliability and reproducibility

of the results, thereby providing a solid basis for further theoretical and practical explorations in

materials science.

5.1.2. Convergence tests for the bulk SrSi2, CoSi, and NbP.

An essential step in DFT calculations is determining the appropriate cut-off energy and 𝑘-point

grid for the crystal system under consideration. Figures 5.1(a) and 5.1(b) illustrate the convergence

behavior of the total energy with respect to these parameters for bulk SrSi2 . The convergence tests

were performed by gradually increasing the cut-off energy and 𝑘-point density, observing changes

in the total energy until further adjustments resulted in negligible variations. From the plots, a

cut-off energy of 65 Ry and a 9 × 9 × 9 𝑘-point mesh provide stable total energy values, indicating

good convergence for the computational setup.

Figure 5.1: Convergence test for SrSi2 showing the variation in total energy as a function of (a)

cut-off energy and (b) 𝑘-point grid size. The selected values of 65 Ry for the cut-off energy and a

9 × 9 × 9 𝑘-point mesh ensure reliable convergence for further calculations.
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For the CoSi structure, Figures 5.2(a) and 5.2(b) show the variation in total energy as a function

of cut-off energy and 𝑘-points, respectively. As shown in the plots, the total energy stabilizes

effectively when a cut-off energy of 50 Ry and a 𝑘-point mesh of 9 × 9 × 9 are employed. These

values ensure minimal fluctuations in energy, indicating reliable convergence.

Figure 5.2: Convergence test for CoSi showing the dependence of total energy on (a) cut-off energy

and (b) 𝑘-point grid size. Converged values of 50 Ry for the cut-off energy and a 9× 9× 9 𝑘-point

mesh provide stability in the total energy, establishing a solid basis for subsequent analyses.

For the NbP structure, Figures 5.3(a) and 5.3(b) display the changes in total energy as influenced

by variations in cut-off energy and 𝑘-points, respectively. As seen in the graphs, stable convergence

is achieved at a cut-off energy of 65 Ry and a 𝑘-point grid of 7 × 7 × 7, where the total energy

fluctuations become minimal.

Figure 5.3: Convergence test for NbP illustrating the variation in total energy as influenced by (a)

cut-off energy and (b) 𝑘-point grid size. A cut-off energy of 65 Ry and a 7 × 7 × 7 𝑘-point mesh

achieve minimal energy fluctuations, ensuring reliable settings for further calculations.
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In SrSi2 the total energy varies up and down more strongly as the 𝑘-point mesh is increased because

its semimetallic band structure hosts multiple Weyl crossings very near the Fermi level. At low to

moderate mesh densities each incremental Monkhorst-Pack grid will sample these band-crossing

regions unevenly, sometimes capturing a critical pocket of states and sometimes missing it, which

leads to the overshoot-undershoot behavior seen in Fig. 5.1(b). By contrast, CoSi and NbP have

fewer or more smoothly dispersing states at 𝐸
𝑛
, so each new 𝑘-point simply refines an already-

sampled Fermi surface and the energy converges more monotonically (Figs. 5.2(b) and 5.3(b)). In

addition, SrSi2 's primitive cell in P4332 is larger (ten atoms per cell) than those of CoSi (P213)

or NbP (I41md), giving a smaller Brillouin zone and thus a coarser reciprocal-space sampling

step for each added 𝑘-point - another factor that amplifies the oscillations in total energy during

convergence testing[225, 226]

In summary, the convergence tests for SrSi2 , CoSi, and NbP highlight the importance of carefully

selecting the cut-off energy and 𝑘-point grid in achieving reliable computational accuracy. Each

structure required fine-tuning these parameters to minimize fluctuations in total energy, with the

chosen values providing a stable basis for subsequent calculations. This approach underscores the

effectiveness of the plane-wave basis set, where accurate results can be obtained by systematically

adjusting key parameters. The converged values for each material ensure that these settings will

yield consistent and reliable outcomes in further analyses, as observed in the figures below.

5.1.3. Band structure analysis

Analyzing a material's band structure is essential in computational condensed matter and materials

science, as it reveals the energy levels of electrons within a crystal, thereby determining the mate-

rial's electronic and optical properties. To compute the band structure, we solve the KS equations

(see Eq. 4.49 in Chapter 4) of DFT at each k-point in the BZ:

𝐻̂KS𝜓k𝑛 (r) = 𝜀k𝑛𝜓k𝑛 (r), (5.1)

where 𝐻̂KS is the KS Hamiltonian, 𝜀k𝑛 are the eigenvalues corresponding to the energy levels of

the electrons, and 𝜓k𝑛 (r) are the KS orbitals. The KS Hamiltonian comprises terms representing

the kinetic energy, electron-electron interactions, electron-ion interactions, and the XC energy,

which is crucial for capturing the quantum mechanical nature of electron interactions. Due to the

periodic nature of the crystal lattice, the KS potential 𝑉KS (r) inherits this periodicity, allowing the

application of Bloch's theorem. According to Bloch's theorem, the wavefunctions of electrons in a
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periodic potential can be expressed as:

𝜓k𝑛 (r) = 𝑒𝑖k·r𝑢k𝑛 (r), (5.2)

where k is the wavevector within the first BZ, and 𝑢k𝑛 (r) is a function that shares the periodicity

of the crystal lattice, satisfying 𝑢k𝑛 (r + R) = 𝑢k𝑛 (r) for any lattice vector R. This formulation

simplifies the problem by reducing it to the first BZ and enables the use of plane-wave basis sets

for computational efficiency. The band structure is then constructed by plotting the eigenvalues 𝜀k𝑛

against the wavevector k for various bands 𝑛.

Analyzing a material's band structure is essential for understanding its electronic properties. Key

features such as band gaps, band curvatures, and special points like Dirac or Weyl nodes provide

insights into the material's behavior. For example, a band gap between the valence and conduc-

tion bands indicates insulating or semiconducting properties, while its absence suggests metallic

behavior[227]. The effective mass of electrons, which affects charge transport, can be determined

from the curvature of the bands near the Fermi level using the relation:

𝑚∗ = ℏ2
(
𝜕2E
𝜕𝑘2

)−1

, (5.3)

where ℏ is the reduced Planck constant[224]. Additionally, understanding whether bands originate

from s, p, d, or f orbitals sheds light on the material's bonding nature and optical characteristics.

By applying DFT and examining the resulting band dispersion, researchers can predict a mate-

rial's conductive behavior, carrier effective masses, and suitability for various applications. This

approach is fundamental in theoretical materials science, informing experimental research and the

development of new materials.

5.1.4. Density of states computation

In materials science, understanding how electrons are distributed across energy levels is key to

exploring a material's electronic characteristics. This distribution is captured by the concept of

the DOS, which essentially counts the number of electron states available per unit volume within

a specific energy range[224]. Mathematically, the number of electron states 𝑁 within an energy

range E to E+𝛿E is expressed as 𝑁 (E)𝛿E[227]. The DOS helps in deciphering how different elec-

tron orbitals contribute to energy levels within this range, and it plays a crucial role in determining

the electronic transport properties of materials[217].
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The relationship between energy E and wave-vector 𝒌, crucial for understanding the DOS, is given

by the dispersion relation:

E =
ℏ2

2𝑚
𝑘2. (5.4)

Here, E represents the energy of a free electron with wavevector k and mass 𝑚. In a three-

dimensional setting, the total DOS can be described by the formula[224]:

𝐷 (E) = 1
2𝜋2

(
2𝑚
ℏ2

) 3
2

E 1
2 . (5.5)

This expression indicates that the DOS increases with the square root of energy, reflecting the

greater number of available states at higher energies.

To avoid confusion between the free-electron model and actual material DOS, we clarify as fol-

lows: Eqs. 5.4 and 5.5 give, respectively, the energy dispersion E(𝑘) and the corresponding density

of states 𝐷 (E) for an ideal 3D free Fermi gas, assuming a uniform potential and a simple parabolic

dispersion relation, and therefore apply only to nearly free electrons in simple metals[228]. This

analytic form captures the 𝐷 (E) ∝ E1/2 behavior of parabolic bands but does not include the

energy gaps or the detailed band curvature induced by a crystal's periodic potential[229]. In con-

trast, semiconductors and insulators exhibit a true band gap - so the DOS is strictly zero over that

range - and their valence and conduction bands each have distinct DOS shapes, including step-

like onsets and van Hove singularities at BZ critical points[230]. Density functional theory DOS

curves incorporate the full band structure of the material, but standard KS functionals systemati-

cally underestimate gap magnitudes by 30-40% due to XC approximations[231]. Real materials

therefore deviate from the simple E1/2 law, especially near band extrema and singularities[14].

Finally, external perturbations such as strain or electric fields shift band edges and introduce new

DOS features - effects that must be evaluated with material-specific DOS calculations rather than

the free-electron model[232].

5.1.5. Charge density mapping

In materials science, accurately determining the charge density, denoted as 𝜌(r), is essential for

understanding a material's electronic structure and properties. Charge density represents the spatial

distribution of electrons within a material and is pivotal in predicting various physical character-

istics. Within the framework of DFT, the charge density is derived from the KS orbitals, 𝜓k𝑛 (r),

obtained by solving the KS equations. The expression for charge density is:
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𝜌(r) =
∑︁
k,𝑛

𝑓k𝑛 |𝜓k𝑛 (r) |2, (5.6)

where the summation extends over all wavevectors k in the BZ and all bands 𝑛. The term 𝑓k𝑛

represents the occupation number of the state characterized by k and 𝑛, which is determined by the

Fermi-Dirac distribution[217].

Analyzing charge density offers valuable insights into bonding characteristics and electron distri-

bution within a material. For example, regions with elevated charge density between atoms often

indicate strong covalent bonding, while areas with lower charge density may suggest ionic interac-

tions. Visualizing charge density aids in identifying electron-rich and electron-poor regions, which

is crucial for understanding chemical reactivity and catalytic behavior.

Charge density mapping also facilitates the visualization of electron clouds in molecules and solids,

providing information about symmetry, electron delocalization, and the shapes of molecular or-

bitals. In complex materials, such as those exhibiting topological properties or intricate electron

correlation effects, charge density analysis becomes even more critical. It helps elucidate the un-

derlying mechanisms driving the material's unique properties and can reveal changes associated

with phase transformations.

By thoroughly analyzing charge density derived from first-principles calculations, researchers can

gain significant information about bonding, electronic distribution, and potential functionalities of

materials. This understanding is instrumental in designing novel materials with tailored properties

for specific applications.

5.2. Application of symmetry breaking fields

Symmetry considerations are fundamental in physics, particularly in understanding the electronic

properties of crystalline materials. At absolute zero temperature, perturbations that alter the in-

herent symmetries of Bloch states can induce new quantum phases. For instance, the presence of

time-reversal (𝑇) symmetry ensures that both the orbital magnetic moment and Berry curvature of

Bloch states are zero, provided inversion symmetry is also maintained. Therefore, both 𝑇 and 𝐼

symmetries are crucial in determining the electronic characteristics of crystals[233].

In our research, we intentionally break these symmetries by incorporating SOC and applying ex-

ternal perturbations such as strain and electric fields in our calculations. These external fields serve

as tunable disorder potentials, modifying the ground state symmetry and allowing us to explore the
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resulting electronic properties. By systematically varying these perturbations, we aim to under-

stand how symmetry breaking influences the emergence of new quantum phases and the overall

behavior of the material[234].

5.2.1. Application of tensile strain to the ground states

Applying tensile strain to a material is a methodical approach for exploring changes in its electronic

properties and ground state. This study focuses on tensile strain in the 𝑧-direction, achieved by

adjusting the lattice constant in that direction. Here, we express the tensile strain as a percentage

relative to the original lattice constant 𝑐, resulting in a modified lattice constant,

𝑐′ = 𝑐 + %Δ𝑐, (5.7)

where %Δ𝑐 denotes the percentage extension. By stretching the crystal lattice along the 𝑧-axis,

this controlled alteration allows for a systematic examination of strain's effect on the material.

To implement tensile strain along the 𝑧-axis, we first compute the distorted lattice constant from

Eq. 5.7. In the QE input file, this is realized by replacing the third lattice vector under the

CELL_PARAMETERS card with the scaled value. All deformations were imposed by alter-

ing the crystal lattice vectors to achieve the target strain; no external stress tensor was used. For

example, if the unstrained cell is

CELL_PARAMETERS {bohr}

12.4037 0.0000 0.0000

0.0000 12.4037 0.0000

0.0000 0.0000 12.4037

imposing a lattice deformation corresponding to a 5% tensile strain by modifying the cell vectors

in the 𝑧-direction produces

CELL_PARAMETERS {bohr}

12.4037 0.0000 0.0000

0.0000 12.4037 0.0000

0.0000 0.0000 12.4037*(1.05)

so that the 𝑐-vector becomes 12.4038 × 1.05 bohr. This simple scaling preserves in-plane lattice

constants and symmetry (with ibrav = 0), while exerting uniaxial tension in 𝑧.

Tensile strain alters both the atomic spacing and the corresponding orbital overlaps, thereby tuning

the hopping amplitudes in our TB models and reshaping the DFT band structure. As 𝑐 increases,
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certain band crossings near the Fermi level shift in energy or move in 𝑘-space, which directly

modifies the local Berry curvature peaks and can shift or gap Weyl/Dirac nodes. In practice, we

observe that modest 𝑧-strain enhances the magnitude of Berry curvature peaks - reflecting reduced

band inversions - while larger strain can open small gaps at formerly degenerate points, thus driving

transitions between semimetallic and insulating topologies. By systematically varying %Δ𝑐, we

map out how the Fermi-surface connectivity, Berry phase distributions, and topological invariants

evolve, providing a clear picture of strain as an effective tuning parameter for emergent quantum

phases in SrSi2 , CoSi, and NbP.

The influence of tensile strain on electronic characteristics is significant. Strain modifies the spac-

ing between atoms, which directly impacts the electronic band structure. To analyze these changes,

DFT models are applied, enabling calculation of the adjusted charge density 𝜌(r) under strain. For

the strained material, the charge density is represented as

𝜌′(r) =
∑︁
k,𝑛

𝑓 ′k𝑛 |𝜓
′
k𝑛 (r) |

2, (5.8)

with 𝜓′
k𝑛 (r) representing the wavefunctions and 𝑓 ′k𝑛 the occupation values in the strained structure[217].

This analytical approach provides insight into how strain affects electron distribution and bonding

properties.

Applying tensile strain along the 𝑧-axis alters the lattice constant, which changes interatomic spac-

ing and thus the electronic band structure. These modifications can vary the band gap width -

shifting the material between semiconducting and insulating behavior - affect electrical conduc-

tivity and optical response, and even trigger phase transitions. By examining the strained charge

density and band structure together, we gain clear insights into how mechanical deformation in-

fluences ground-state properties. This understanding guides the design of materials with tailored

electronic characteristics and supports future experimental studies of stress-driven phenomena.

To clarify the choice of strain mode, we initially tested both compressive and tensile distortions on

SrSi2 , CoSi, and NbP. In each case, modest compressive strain produced only minimal shifts in the

band extrema - implying negligible changes in topological markers such as Berry curvature distri-

butions and Fermi-surface connectivity - even though we did not explicitly compute those metrics

at this stage. By contrast, tensile strain consistently modulated interatomic distances in a way that

altered band crossings near the Fermi level and enhanced sensitivity of topological invariants to

external bias. Consequently, we have focused our discussion on tensile strain - introduced by uni-

formly scaling the lattice vectors according to Eq. 5.7 - since it provides a clear tuning parameter

Gaël-Pacôme Nguimeya Tematio 80



5.2.2 Application of an external electric field to the ground states

for the emergent quantum phases in these materials.

According to the Hellmann-Feynman theorem[235], the force on each atom - or, by extension, the

stress on the crystal lattice - can be obtained directly as the derivative of the total electronic energy

with respect to atomic positions or strain, without needing finite-difference energy calculations. In

our DFT workflow, we impose a given tensile strain by deforming the lattice vectors, then relax

all internal atomic coordinates until the Hellmann-Feynman forces vanish. At each strain step,

the resulting stress tensor, computed as the derivative of the energy with respect to strain, exactly

captures how the applied deformation alters the interatomic Coulomb forces and the total energy

of the system. Thus, the changes in band structures and topological metrics we observe under

strain arise naturally from the modified interatomic forces that the Hellmann-Feynman theorem

predicts. In practice, we scanned strain values, relaxed the atoms via Hellmann-Feynman forces,

and recorded the energy and stress response. This procedure ensures that our strain-dependent

electronic and topological results for SrSi2 , CoSi, and NbP are fully consistent with the underlying

quantum-mechanical forces dictated by the Hellmann-Feynman theorem.

5.2.2. Application of an external electric field to the ground states

To apply an external electric field in computational simulations, various methods are utilized, de-

pending on the specific system under study. In QE, an external electric field is introduced by

adding a sawtooth potential to the KS Hamiltonian[236–238]. This allows for the simulation of

materials in homogeneous electric fields while using periodic boundary conditions. This method

is particularly useful in the study of dielectric properties and polarization effects in materials.

The external electric field introduces an additional potential energy term, 𝑉ext (r), defined as:

𝑉ext (r) = −E · r. (5.9)

Here, E represents the external electric field vector, and r is the position vector. The negative sign

indicates that the potential energy of a positive charge decreases in the direction of the electric

field, aligning with physical expectations[217, 224, 239]. To maintain periodicity in simulations,

the potential is reset at the boundaries of each unit cell, resulting in a 'sawtooth' profile.

In DFT, the total energy of a system subjected to an external electric field is expressed as:

𝐸total [𝜌] = 𝐸DFT [𝜌] +
∫

𝜌(r)𝑉ext (r) 𝑑r. (5.10)
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In this equation, 𝐸DFT [𝜌] denotes the standard DFT energy functional, and 𝜌(r) is the electron

density[217]. Implementing the sawtooth potential in QE allows for accurate first-principles sim-

ulations of materials and interfaces under external electric fields, aiding in the investigation of

phenomena such as polarization, dielectric properties, and field-induced phase transitions[175].

The strength of the applied electric field in these simulations is measured in atomic units (a.u.),

where 1 a.u. corresponds to approximately 5.14 × 1011 V/m. During simulations, the total energy

of each structure is calculated and converged under the modified potential. However, it is important

to note that the atomic positions are typically not re-optimized for each new electric field value,

which should be considered when interpreting the results of such simulations.

5.3. Tight-binding modeling and topological analysis

To advance our understanding of the electronic and topological properties of SrSi2 , CoSi, and

NbP, we extend our computational study beyond standard DFT techniques. This exploration is

supported by using Wannier90[240] and WannierTools[241], which enable the construction of

highly detailed TB models for each material. Through these TB models, we gain a more nuanced

view of their electronic structures, as well as a clearer framework for examining their topological

characteristics. Building on this foundation, we further map the ground states of SrSi2 , CoSi,

and NbP onto a graphene-like lattice using Quantum Lattice software[242]. This approach allows

us to investigate how these materials might behave within a lattice environment that mirrors the

characteristics of graphene, providing new insights into their structural and topological properties

under such conditions.

5.3.1. Construction of the TB Hamiltonian with Wannier90

To construct a TB Hamiltonian that accurately reflects the electronic properties of SrSi2 , CoSi, and

NbP, we utilize Wannier90[240], a powerful tool that generates MLWFs from DFT results. Wan-

nier90 is particularly valuable for its ability to transform electronic band structure data obtained

from first-principles calculations into a real-space framework, which provides an insightful view

of electronic behavior in terms of localized orbitals. This real-space representation is fundamental

for examining complex electronic and topological characteristics in materials.

The construction of the TB Hamiltonian begins by using DFT to compute the Bloch wavefunctions,

𝜓k𝑛 , where k represents the wave vector within the BZ, and 𝑛 is the band index. These Bloch states,
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generated through QE in this study, serve as input for Wannier90, which then applies an iterative

localization process to convert them into Wannier functions. The localization of these functions

is crucial for generating TB models, as it allows electronic properties to be expressed in terms

of interactions among localized orbitals, making it possible to capture essential features of the

material's band structure and topology.

The transformation from Bloch functions to Wannier functions follows a mathematical framework

in which Wannier90 minimizes the spatial spread of the functions. The transformation is mathe-

matically expressed as:

𝑤R𝑛 (r) =
𝑉

(2𝜋)3

∫
𝐵𝑍

𝑒−𝑖k·R𝜓k𝑛 (r) 𝑑k, (5.11)

where the integration occurs over the BZ. Here, 𝑤R𝑛 (r) represents the Wannier function associated

with lattice vector R and band index 𝑛, and 𝑉 is the volume of the unit cell. This transformation

yields localized orbitals that retain key electronic characteristics derived from the DFT-calculated

Bloch states.

Using these localized Wannier functions, the TB Hamiltonian, 𝐻
𝑇 𝐵

, can then be constructed. This

Hamiltonian represents the electronic structure in terms of hopping parameters between Wannier

functions located on different lattice sites, which provides a simplified yet comprehensive model

of the system's electronic behavior. The TB Hamiltonian takes the form:

𝐻
𝑇 𝐵

=
∑︁

R,R′,𝑛,𝑚

𝑡R𝑛,R′𝑚𝑐
†
R𝑛𝑐R′𝑚 , (5.12)

where 𝑡R𝑛,R′𝑚 denotes the hopping parameter between Wannier functions centered at sites R and

R′, and 𝑐†R𝑛 , 𝑐R′𝑚 represent creation and annihilation operators, respectively. This TB framework

serves as a foundation for further studies of topological characteristics, facilitating calculations of

properties such as Berry curvature and surface states with tools like WannierTools[241].

The ability of Wannier90 to produce MLWFs that bridge DFT results and TB models is essential

for exploring topological properties in materials. By mapping complex electronic structures into

real space, it enables a deeper understanding of how electronic states interact locally, which is

critical for studying materials with potential topological phases. Consequently, the TB Hamiltonian

constructed through this approach provides a versatile platform to explore a variety of topological

phenomena, making it an invaluable tool for modern condensed matter research.
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5.3.2. Calculation of Topological Properties via WannierTools

WannierTools, an advanced computational toolkit, is tailored for investigating the intricate topolog-

ical features of materials based on TB Hamiltonians derived from Wannier90[241]. It serves as a

bridge between first-principles calculations and the analysis of topological invariants by translating

electronic structure data into forms suitable for topology-focused exploration. The software offers

a structured framework to analyze and visualize phenomena inherent to topological materials, such

as Berry curvature, Chern numbers, Fermi arcs, and surface states.

A crucial aspect of studying topological materials is calculating the Berry curvature, a vector field

in momentum space that captures the geometric phase of electronic states. In WannierTools, this

quantity, represented by Ω(k), is derived from the wavefunction characteristics of each electronic

band. Specifically, the Berry curvature at a given k-point is defined as:

Ω(k) = ∇k × 〈𝑢k𝑛 |𝑖∇k |𝑢k𝑛〉, (5.13)

where |𝑢k𝑛〉 denotes the periodic part of the Bloch function. This formulation provides essential in-

sights into the electronic band topology by serving as a precursor to computing the Chern number,

an integer that classifies bands based on their topological order. The Chern number is derived by in-

tegrating the Berry curvature over the BZ, and its non-zero value indicates a nontrivial topological

phase.

WannierTools also specializes in the simulation of surface states, which are the hallmark of topo-

logical insulators and semimetals. By constructing a surface Green's function from the TB Hamil-

tonian, the software models the localized electronic states that emerge at the boundaries of a ma-

terial. This computational approach leverages iterative methods to evaluate the local density of

states at the surface, which is particularly useful for identifying and visualizing the presence of

Fermi arcs. These arcs, characteristic of WSMs, appear as disconnected segments in momentum

space and provide direct evidence of the material's topological structure. This surface-based anal-

ysis allows researchers to probe the interface-specific properties of topological materials that are

not apparent in bulk calculations.

In summary, WannierTools is an indispensable resource for computationally exploring the topolog-

ical attributes of materials. Its extensive toolkit, which includes Berry curvature and Chern number

calculation, surface state analysis, etc ... provides a comprehensive platform for analyzing topo-

logical phases. By integrating with TB Hamiltonians generated from DFT, WannierTools enables

an in-depth examination of the electronic properties central to topological materials research[241].
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5.4. SrSi2 ground state renormalization to graphene's
TB model and topological phase emergence

The study of TQPTs presents significant challenges because these phases are not characterized

by conventional local order parameters. To explore quantum phases effectively, we focus on un-

derstanding the topological order that emerges when ground-state data from DFT calculations,

applied to materials such as SrSi2 is projected onto a graphene-based lattice through a TB model.

This projection approach leverages the semi-metallic nature of these materials, which have zero-

temperature carrier transport behaviors similar to graphene's. However, this similarity pertains

only to transport properties and does not imply identical atomic structures, bonding chemistry, or

symmetry of crystal lattices.

For the present study, Quantum Lattice software was utilized to model the transport and topologi-

cal characteristics of SrSi2 within the TB framework[242, 243]. This required carefully adjusting

scaling parameters to align the observed transport properties of this material with its band struc-

tures under SOC, as represented on a graphene-like lattice. By adjusting these scaling factors, we

achieved alignment between the DFT-calculated band properties and those produced by our TB

model, allowing for a meaningful comparison.

Our renormalization approach draws upon the Kane-Mele model used for bulk systems, with an

additional exchange field term incorporated to fit specific observed band gaps[244, 245]. This extra

term allowed us to reproduce the band structures of the selected material in the presence of SOC,

particularly for cases where the Kane-Mele model alone would not suffice. This approach is vital

as the low-energy carrier excitations near the Fermi level have a significant impact on the transport

characteristics of Dirac materials, which include graphene-like systems and some TIs.

In condensed matter physics, understanding quantum transport phases at absolute zero is fun-

damental, especially the emergence of topological order in the presence of symmetry-breaking

mechanisms, such as applied fields, and the ability to manipulate transitions across different topo-

logical quantum phases (TQPs). The development of graphene in 2004, along with a growing

range of 2D materials, has introduced new theoretical possibilities in quantum materials research.

The unique band topologies and confinement effects of 2D materials make them ideal platforms

for examining QPTs and their response to external fields, holding potential applications in optics

and optoelectronics.
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Using Quantum Lattice, we induced topological phase transitions by adjusting parameters like

the exchange field, Rashba SOC, KM SOC, and Haldane model parameters. This allowed us to

construct topological phase diagrams, identifying the zero-temperature phases through the calcu-

lated Chern number 𝐶. Variations in these metrics indicate shifts between distinct topological

phases[246, 247]. Both invariants are related to the Berry connection 𝐴( 𝑗) for the 𝑗 th band, the

Berry curvature Ω( 𝑗) (𝒌), and the Chern number 𝐶 ( 𝑗) . A non-zero Chern number signals topologi-

cal activity in the wavefunction, providing a basis for differentiating between quantum phases. This

property, intrinsic to the band structure, strongly influences carrier transport within the material.

The inclusion of SOC in our TB calculations was essential, as it lifts degeneracies in bulk bands,

demonstrating the significant role spin plays as a quantum degree of freedom in these systems.

Overall, this chapter establishes the computational groundwork and tools necessary to explore

topological materials and sets the stage for deeper analysis in subsequent chapters. Through DFT

calculations in QE, the effects of symmetry-breaking fields, and TB modeling using Wannier90

and WannierTools, we have mapped key electronic and topological properties. Additionally, by

employing Quantum Lattice to model phase transitions, we gained insights into the emergence

of topological phases in selected material. These methods provide a robust framework for ana-

lyzing complex quantum properties, enabling a thorough investigation of the unique topological

characteristics of these materials in later chapter.
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Chapter 6

Results and Discussion

In this chapter, we present and discuss the results of our investigations into the physical, and

topological properties of bulk SrSi2 , CoSi, and NbP structures. We discuss how external fields

impact these materials by breaking the symmetry of their ground states and inducing quantum

phase transitions. Our investigation was conducted using a range of fields. However, here we only

present the results for which we observed significant changes. Additionally, present and discuss

the results from our study on the renormalization of the bulk SrSi2 band structure to graphene.

6.1. Bulk SrSi2 structure

6.1.1. Structural properties

SrSi2 crystallizes in a simple cubic structure, belonging to the chiral space group P4332 (No. 212),

which lacks inversion and mirror symmetries[14, 248, 249]. The lattice constant a = 6.563 Å[248–

251]. As shown in Fig. 6.1(a), SrSi2 crystal structure comprises a unit cell containing four stron-

tium (Sr) atoms at Wyckoff positions 4a and eight silicon (Si) atoms at positions 8c. The lack of

𝐼 symmetry is crucial in SrSi2 for the potential realization of a Weyl semimetal phase under the

condition that time-reversal (𝑇) symmetry is preserved. The bulk BZ of SrSi2 is showcased in

Fig. 6.1(c). The X, Y, and Z points, which hold equivalent positions, are situated at the centers of

the square faces, while the M points are located at the centers of the edges, and the R points can

be found at the corners of the cubic structure. The 001 surface projection represented on top of the

BZ intersects with the critical high-symmetry lines and is an essential aspect in the investigation

of surface states intrinsic to topological phases of matter.
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Figure 6.1: Bulk crystal structure of SrSi2 . Panel (a) illustration of the bulk crystal structure. Panel

(b) visualization of the bulk crystal structure along the 𝑥 − 𝑧 plane. Panel (c) depiction of the

primitive bulk BZ highlighting four inequivalent high-symmetry 𝑘-points, and the projected (001)

surface BZ with identified high-symmetry points.

6.1.2. Ground state electronic properties

The analysis of SrSi2 's band structure in Figs. 6.2(a) and 6.2(b) offers insights into its topological

properties and the role of SOC. In Fig. 6.2(a), without SOC, the band structure displays semimetal-

lic characteristics with an inverted configuration along the Γ - X direction, where Weyl nodes man-

ifest at points W1 and W2. These nodes, carrying opposite chiral charges, highlight the inherent

chirality and potential topological non-triviality of the system. This behavior is indicative of Weyl

semimetals, where the linear dispersion of these nodes suggests potential for unusual electronic

transport properties. Incorporating SOC, as shown in Fig. 6.2(b), transforms the landscape signif-

icantly. The introduction of SOC leads to the hybridization of bands carrying the same rotational

eigenvalues, while those with opposing eigenvalues develop robust Weyl nodes (W3 and W4) with

enhanced chiral charges of ±2[13, 14, 27], indicative of a double-Weyl semimetal state. This

higher order topology results in a quadratic dispersion along two axes and linear along the third,

further distinguishing the electronic properties of SrSi2 under external influences. These results

are consistent with the previous study[13, 14, 27].
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Figure 6.2: Band structure of SrSi2 calculated along high-symmetry lines in the BZ. Panel (a)

without the inclusion of SOC, illustrating the electronic states in the absence of relativistic effects.

Panel (b) with SOC, showing the splitting of bands due to relativistic interactions. The horizontal

dotted line represent the Fermi level.

These observations are critical as they not only reinforce the semimetallic nature of SrSi2 but also

emphasize the sensitivity to SOC, which can be exploited to stabilize and manipulate its topologi-

cal states. This sensitivity is crucial for predicting and controlling emergent quantum phenomena

in such non-centrosymmetric systems, potentially paving the way for novel electronic applications

based on the unique topological features of SrSi2 . The distinct behavior of the band structure un-

der different conditions underscores the importance of external perturbations in tailoring material

properties, a key aspect in the design and application of new quantum materials[14].

6.1.3. Effect of applied strain

a) Electronic Properties

Band structure and Fermi surface

Figure 6.3(a) presents the band structure of SrSi2 with no tensile strain. At 0% strain, the bands

display a semimetallic character, with notable band crossings between the valence and conduction

bands along the Γ - X line. This configuration suggests the presence of Weyl nodes, a hallmark

of topological non-triviality in the electronic structure. In Fig. 6.3(b), with an 8% tensile strain,

the band structure begins to alter significantly. The strain reduces the separation (Δ𝑘) between

the Weyl nodes of opposite chiral charge, from 0.168 at 0% strain to 0.092. This compression of

the band features indicates a modification in the electronic properties, affecting electron mobility

and overall material reactivity. Figure 6.3(c) showcases a more dramatic change at 12% tensile
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strain. Here, a gap of approximately 0.055 eV opens up in the Γ - X direction, effectively break-

ing the symmetry that supports the semimetallic state. The disappearance of Δ𝑘 (0 at this strain

level) suggests a complete elimination of Weyl nodes, transitioning the material towards reduced

metallic conductivity. This could imply significant changes in the electronic properties and the

potential emergence of different quantum phenomena due to reduced electron density at the Fermi

level. Turning to the Fermi surface results, Fig. 6.3(d) illustrates the Fermi surface topology at

0% strain. It is complex, with multiple pockets indicating a high degree of electron mobility and

potential areas for high conductance. At 8% tensile strain (Fig. 6.3(e)), the Fermi surfaces begin to

deform, reflecting the band structure alterations observed. The surfaces show increased localiza-

tion of electron density, which may indicate shifts in electron delocalization phenomena, possibly

enhancing material anisotropy in electronic conduction. Figure 6.3(f) at 12% strain depicts a fur-

ther evolved Fermi surface, with more isolated and distinct pockets. This transformation correlates

with the observed gap opening in the band structure, signifying reduced electronic states available

at the Fermi level. Such changes could affect the material's conductivity and electro-mechanical

properties, opening up new applications based on strain-induced property tuning.

Figure 6.3: Band structure and Fermi surface of SrSi2 under varying applied strains. Panels (a) and

(d) with no applied strain, serving as the baseline electronic configuration. Panels (b) and (e) under

8% tensile strain, illustrating the modifications in electronic states and Fermi surface topology due

to moderate strain. Panels (c) and (f) under 12% tensile strain, highlighting the further changes in

electronic structure and Fermi surface with increased strain.
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In Fig. 6.3(a-c), the separation between the W3 and W4 Weyl nodes along the X - Γ line decreases

notably with tensile strain, from Δ𝑘 = 0.168 Å−1 at zero strain to Δ𝑘 = 0.092 Å−1 at 8% strain,

yielding an anisotropic ratio R =
Δ𝑘 (8%)
Δ𝑘 (0%) ≈ 0.55. By 12% strain the nodes no longer display a

well-defined momentum separation but instead exhibit an energy splitting Δ𝐸 = 0.055 eV. This

sharp reduction in Δ𝑘 under strain highlights the strong directional sensitivity of the Fermi-surface

topology in SrSi2 and matches first-principles predictions of strain-driven topological transitions in

this materials class[13, 30]. The modification observed suggest a shift from semimetallic to insu-

lating state, highlighting the potential for using tensile strain to explore and induce novel quantum

phenomena in this material. These findings underscore the utility of tensile strain as a potent tool

for customizing electronic properties in SrSi2 , with significant implications for developing new

electronic devices[252, 253].

Charge density

Figure 6.4(a) depicts the charge density distribution in SrSi2 under no tensile strain. The plot re-

veals a relatively uniform distribution with subtle variations around the Sr and Si atomic sites. The

presence of magenta color around the atomic sites indicates regions of high electron concentration,

reflecting the intrinsic semimetallic nature of SrSi2 . The homogeneous color gradient across the

material suggests minimal localization of charge, characteristic of an unstrained lattice where elec-

tron mobility is high and evenly distributed. With the introduction of 8% tensile strain, as shown

in Fig. 6.4(b), there is a noticeable shift in the charge density. The color intensities around the

Sr atoms become more pronounced, indicating an increased localization of charge. This strain-

induced redistribution of electrons results from the energy levels around the Fermi surface being

altered, pushing electrons to lower energy states that are more localized. The increased electron

density near the Sr atoms suggests that tensile strain may enhance the material's electronic interac-

tions at these sites, impacting its electronic properties and usefulness in applications like semicon-

ductors. At 12% strain, depicted in Fig. 6.4(c), the charge density further evolves, demonstrating

even more significant localization. The deeper color saturation suggests that the gap opening at

the Fermi level has considerably reduced the electron density at higher energy states, confining

the available electrons to more localized regions. This alteration not only confirms the insulat-

ing behavior induced by the high tensile strain but also highlights specific sites where electronic

properties might be significantly changed, affecting the material's reactivity and conductivity.
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Figure 6.4: Charge density distribution of SrSi2 under varying applied strains. Panel (a) with no

applied strain, showing the baseline electronic configuration. Panel (b) under 8% tensile strain,

illustrating the modifications in electronic density due to moderate deformation. Panel (c) under

12% tensile strain, highlighting the further changes in electronic density with increased deforma-

tion.

The evolution in charge density from Figs. 6.4(a) - (c) correlates closely with the modifications

observed in the band structures previously discussed. As tensile strain increases, the electron re-

distribution and the increasing localization of charge density reflect the changes in the electronic

structure, where band gap openings and modifications at the Fermi level decrease the density of

states at these energy levels. This complex interplay between the band structure and charge den-

sity under external strain underscores the sensitive nature of SrSi2 's electronic properties to me-

chanical deformations, offering valuable insights for tailoring material properties through strain

engineering[253].

b) Topological properties

Berry curvature and surface state

In Fig. 6.5(a), the Berry curvature for SrSi2 under no tensile strain is illustrated. The diagram

shows a pronounced localization of the Berry curvature around the monopole and anti-monopole

points, indicative of the Weyl points in the material. This distribution is symmetrical, reflecting
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the inherent symmetry properties of the crystalline structure without strain. The significant peaks

in curvature at these points underscore the topological nature of the material, suggesting robust

topological characteristics under normal conditions. As shown in Fig. 6.5(b), with an 8% tensile

strain applied, there is a noticeable shift and reduction in the symmetry of the Berry curvature

distribution. The curvature still peaks near the original Weyl points but becomes less pronounced

and more spread out in momentum space. This spreading indicates a perturbation in the topologi-

cal invariants due to strain, affecting the localization and possibly altering the overall topological

charge distribution. Such changes can influence the electron transport properties and the topo-

logical protection mechanisms within the material. At 12% tensile strain, depicted in Fig. 6.5(c),

further changes are observed. The Berry curvature becomes more dispersed, and the regions of

high curvature are less defined, suggesting a substantial alteration or even a possible reversal in the

topological features of the material. This dispersion can lead to a significant modification in the

electronic response and potentially new electronic phases, driven by the breakdown of symmetry

and the alteration of topological protections. Fig. 6.5(d) highlights the surface states of SrSi2 at no

strain. The dispersion relations show clear, well-defined surface states connecting the bulk bands,

indicative of a strong topological character. The energy gap where these surface states exist is well

maintained, suggesting stable topological surface states under no strain conditions. In Fig. 6.5(e),

with an 8% strain, the surface states begin to show variations. The dispersion curves shift, and the

energy regions where these states exist expand slightly, indicating changes in the energy landscape

of the material due to the strain. This change can affect the connectivity between surface and bulk

states, altering the material's surface conductivity and its reaction to external stimuli. Finally, at

12% strain, shown in Fig. 6.5(f), The surface states have almost disappeared. The vanishing of

surface states indicates a removal of Weyl nodes, pushing the material toward a state with reduced

metallic conductivity. These changes suggest a strain-induced transition that could modify the ma-

terial's electronic properties, particularly at surfaces, which are critical for applications involving

surface interactions.

Gaël-Pacôme Nguimeya Tematio 93



6.1.3 Effect of applied strain

Figure 6.5: Berry curvature and (001) surface state characteristics of SrSi2 under varying applied

strains. Panels (a) and (d) with no applied strain, serving as the reference configuration. The Chern

number 𝐶 ≠ 0. Panels (b) and (e) under 8% tensile strain, illustrating the strain-induced changes

in topological properties. The Chern number 𝐶 ≠ 0. Panels (c) and (f) under 12% tensile strain,

highlighting the further evolution of these properties with increased strain. The Chern number

𝐶 = 0.

The examination of Berry curvature and surface states for SrSi2 under varying tensile strain re-

veals how mechanical strain can be strategically utilized to manipulate the electronic and topo-

logical properties of this material. The changes induced by strain demonstrate the potential for

precisely controlling these properties, thereby enabling the design of materials with tailored elec-

tronic behaviors[254].

Fermi arc

Figure 6.6(a) displays the Fermi arcs in SrSi2 with no applied strain. The arcs are distinct and

form closed loops around the Γ point, characteristic of a topologically non-trivial structure. These

loops suggest robust Fermi arcs that are well-defined and extend significantly across the momen-

tum space, connecting Weyl points with opposite chiralities. The clarity and completeness of these

arcs indicate strong topological stability under unstrained conditions, essential for maintaining spe-

cific electronic properties such as high surface conductivity and unique quantum behaviors. With
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an 8% tensile strain, as shown in Fig. 6.6(b), the Fermi arcs undergo noticeable transformations.

The arcs appear to elongate and become less distinct, with increased spread in momentum space.

This deformation suggests a disruption in the topological order and a potential reorientation of the

Weyl points. The change in shape and extent of the Fermi arcs signify a shift in the electronic

structure, affecting the stability of surface states and the overall electronic transport properties of

the material. At 12% strain, illustrated in Fig. 6.6(c), the Fermi arcs demonstrate further evolu-

tion, showing a return towards more defined loops but with altered configurations compared to

the unstrained state. The arcs reconnect around the Γ point, which lies in a region with very low

electron mobility, indicating a significant restructuring of the surface state connectivity. This be-

havior reflect a topological transition induced by strain leading to a state with reduced metallic

conductivity.

Figure 6.6: Visualization of the Fermi arcs in SrSi2 under varying applied strains. Panel (a) with no

applied strain, showing the baseline topological state. Panel (b) under 8% tensile strain, illustrating

the changes in the Fermi arc structure due to moderate strain. Panel (c) under 12% tensile strain,

highlighting the further evolution and deformation of the Fermi arcs with increased strain.

The observed changes in the Fermi arcs from Figs. 6.6(a) - (c) reflect a dynamic response of

SrSi2 's surface states to mechanical strain. The evolution of these arcs under increasing strain

levels highlights the sensitivity of topological features to external perturbations, crucial for appli-

cations where control over material properties via strain is desired. Notably, the alterations in the

Fermi arcs' shape and robustness under strain correlate with the previously discussed changes in

band structure and Berry curvature, illustrating a comprehensive picture of how tensile strain im-

pacts the electronic properties of SrSi2 . These findings are integral to understanding and leverag-

ing the interplay between mechanical and electronic properties in topological materials, providing

a foundation for designing devices that exploit these unique characteristics[255]. For example,

broadband infrared photodetectors based on nanostructured Weyl semimetals exploit their linear
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dispersion for high sensitivity and fast response[256, 257]. Spin-field-effect transistors using spin-

momentum locking in topological insulator surface states enable dissipationless spin currents for

low-power spintronic memory and logic devices[258, 259]. Thermoelectric generators built from

Bi2Te3 alloys leverage topological band inversion to enhance the Seebeck coefficient while sup-

pressing thermal conductivity[260, 261]. Topological photonic crystals with mechanically tun-

able interfaces offer robust light guiding immune to defects, suited for optical communication and

on-chip sensing applications[257, 262]. Piezoelectric energy harvesters integrating topological

phononic crystals convert ambient vibrations into electrical power with enhanced efficiency and

broadband response[263, 264].

6.1.4. With an external electric field applied

a) Electronic Properties

Band structure and Fermi surface

Figure 6.7(a) illustrates the band structure of SrSi2 without an applied electric field. The structure

exhibits typical Weyl semimetal characteristics with band crossings near the Fermi level, specif-

ically around the Weyl nodes W3 and W4 along the Γ - X direction. The absence of an electric

field shows a balanced electronic environment, with no significant band gap at the Fermi level, in-

dicating a robust semimetallic nature conducive to high electron mobility. With an external electric

field of 𝐸 = 0.51 𝑉/Å, the symmetry in the band structure begins to break, notably opening up

gaps between the Weyl nodes as depicted in Fig. 6.7(b). This alteration suggests a shift towards

an insulating state under moderate electric field strengths. As the field increases to 𝐸 = 1.29 𝑉/Å,

shown in Fig. 6.7(c), a more significant gap of approximately 0.058 eV opens up around the Fermi

level. This gap further supports the transition from a conductive state to one with reduced metal-

lic conductivity, highlighting the electric field's effectiveness in tuning the electronic properties

of SrSi2 . Correspondingly, Fig. 6.7(d) displays the Fermi surface of SrSi2 at zero electric field,

characterized by complex and interconnected electron pockets that are indicative of a high degree

of electronic delocalization. This complexity supports the semimetallic behavior observed in the

band structure. Under an electric field of 𝐸 = 0.51 𝑉/Å, as seen in Fig. 6.7(e), the Fermi sur-

face undergoes significant modifications. The electron pockets start to shrink and show signs of

electron localization, reflecting the initial stages of gap formation observed in the band structure.

At a higher field of 𝐸 = 1.29 𝑉/Å (Fig. 6.7(f)), the Fermi surface reveals a drastic change, with
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further reduced and isolated pockets. These changes correlate with the increased gap at the Fermi

level, indicating a decrease in the DOS available for conduction and a notable shift in electronic

properties.

Figure 6.7: Band structure and Fermi surface of SrSi2 under varying external electric fields. Panels

(a) and (d) display the band structure and Fermi surface at 𝐸 = 0 V/Å, serving as the baseline state.

Panels (b) and (e) demonstrate the band structure and Fermi surface at 𝐸 = 0.51 V/Å, illustrating

adjustments in electronic states and alterations in Fermi surface topology induced by the electric

field. Panels (c) and (f) reveal the band structure and Fermi surface at 𝐸 = 1.29 V/Å, highlighting

the significant modifications in electronic properties due to increased electric field strength.

The evolution of the electronic band structure and Fermi surface of SrSi2 in Fig. 6.7 under exter-

nal electric fields from 0 𝑉/Å to 1.29 𝑉/Å demonstrates a clear field-dependent modulation of its

electronic properties. The transition from a semimetallic state to one with reduced metallic con-

ductivity under increasing electric field strengths is marked by band gap openings and significant

alterations in the Fermi surface topology. These observations not only confirm the sensitivity of

SrSi2 's topological and electronic properties to external electric fields but also highlight the po-

tential for utilizing such fields to engineer specific electronic behaviors, crucial for applications in

electronic switching and quantum computing technologies[265]. This control mechanism provides

a valuable tool for manipulating the quantum phenomena in WSMs, paving the way for advanced

material functionalities in technological applications[266].

Gaël-Pacôme Nguimeya Tematio 97



6.1.4 With an external electric field applied

Charge density

Figure 6.8(a) presents the charge density distribution in SrSi2 without any applied electric field.

The visualization shows a uniform and symmetrical distribution of charge around the Sr and

Si atomic sites, indicating a balanced electronic environment typical of an unstrained and unbi-

ased state. The colors are evenly distributed, reflecting a stable electronic structure with high

electron delocalization across the material. With the application of an external electric field of

𝐸 = 0.51 𝑉/Å, as depicted in Fig. 6.8(b), there is a noticeable alteration in the charge density.

The colors begin to intensify around specific regions, particularly around the Sr atoms, suggesting

an increase in electron localization. This shift signifies a redistribution of electrons, moving from

higher to lower energy states as the electric field begins to influence the electronic structure. The

emergence of these localized areas indicates changes in the electronic interactions within SrSi2 ,

leading to altered physical properties such as electrical conductivity and reactivity. At a higher

electric field of 𝐸 = 1.29 𝑉/Å, shown in Fig. 6.8(c), the charge density undergoes further signifi-

cant changes. The redistribution becomes more pronounced, with stark contrasts in color intensity

indicating a substantial localization of charge density. This condition correlates with the opening

of a gap around the Fermi level, as evidenced in the band structure analysis. The reduced elec-

tron density in regions previously occupied by states at the Fermi level highlights a decrease in

the DOS, a factor critical for understanding changes in the material's electronic properties under

strong external fields.
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Figure 6.8: Charge density distribution in SrSi2 under varying external electric fields. Panel (a)

without any applied electric field, depicting the baseline electronic configuration. Panel (b) under

an external electric field of 𝐸 = 0.51 𝑉/Å, illustrating modifications in electronic density that

reflect changes in electronic environment due to the moderate electric field. Panel (c) under an

external electric field of 𝐸 = 1.29 𝑉/Å, highlighting further alterations in electronic density as a

response to increased electric field strength.

The evolution of the charge density in SrSi2 in Fig. 6.8 under increasing strengths of external

electric fields from 0 𝑉/Å to 1.29 𝑉/Å elucidates significant shifts from a delocalized to a more

localized electronic structure. These changes are indicative of the electric field's capacity to manip-

ulate electron distribution within the material, influencing its electronic and chemical properties.

Such control is crucial for applications where precise tuning of electronic properties is required,

such as in semiconductor devices. Understanding these transformations helps in predicting the

behaviour of the material under operation conditions, enhancing the design and development of

electronic materials with tailored properties.

b) Topological properties

Berry curvature and surface state

Fig. 6.9(a) shows the Berry curvature for SrSi2 with no external electric field applied. The curvature

is symmetrically distributed around the Weyl points, indicating a balanced topological configura-
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tion with well-defined chiral properties. The localization at these points suggests robust topological

characteristics that support specific electronic properties like high conductivity and unique quan-

tum behaviors under equilibrium conditions. With an electric field of 𝐸 = 0.51 𝑉/Å, depicted in

Fig. 6.9(b), there is a subtle shift in the distribution of the Berry curvature. Although the overall

symmetry is preserved, the intensity and spread of the curvature around the Weyl points start to

adjust, indicating a response to the external bias. At a higher field of 𝐸 = 1.29 𝑉/Å (Fig. 6.9(c)),

more pronounced changes are evident with significant alterations in the distribution of the curva-

ture. This indicates disruptions in the topological invariants and suggests a modification of the

material's topological phase, leading to new electronic and quantum properties. The surface states

for SrSi2 at zero electric field, shown in Fig. 6.9(d), exhibit clear and continuous energy bands

connecting the bulk states, a hallmark of strong topological surface states. The absence of external

disturbance allows these states to manifest distinctly, reinforcing the material's inherent topological

protection and stability. Under an electric field of 𝐸 = 0.51 𝑉/Å, as shown in Fig. 6.9(e), the sur-

face states begin to show deviations in their dispersion relations. The bands start to shift, indicating

an influence of the electric field on the energy landscape. This shift can affect the connectivity and

penetration depth of these states into the bulk material. At 𝐸 = 1.29 𝑉/Å (Fig. 6.9(f)), these

changes are more extensive, with notable disruptions in the band connectivity and the emergence

of new features within the energy bands. This evolution suggests a transition of SrSi2 from the

topological phase toward a state with reduced metallic conductivity.
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Figure 6.9: Berry curvature and surface state characteristics of SrSi2 under varying external electric

fields. Panels (a) and (d) without any applied electric field, establishing the reference configuration.

The Chern number 𝐶 ≠ 0. Panels (b) and (e) under an electric field of 𝐸 = 0.51 𝑉/Å, depicting

the modifications in topological properties induced by the electric field. The Chern number 𝐶 ≠ 0.

Panels (c) and (f) under a higher electric field of 𝐸 = 1.29 𝑉/Å, highlighting the progressive

evolution of topological features with increasing electric field strength. The Chern number 𝐶 = 0.

The analysis of Berry curvature and surface states in SrSi2 in Fig. 6.9 under varying electric fields

reveals a dynamic interplay between the external electric bias and the material's topological and

electronic properties. As the electric field strength increases, both the Berry curvature and surface

states undergo significant transformations, indicating a shift in the material's electronic structure

and topological attributes. These changes highlight the sensitivity of SrSi2 to external perturbations

and underscore the potential for controlling its properties through electric field applications[265].

Fermi arc

Figure 6.10(a) showcases the Fermi arcs in SrSi2 with no external electric field applied. The arcs

are prominently defined, creating a continuous and coherent path connecting Weyl points around

the Γ point. This configuration underscores a stable topological state, with the Fermi arcs acting

as a bridge between different topological features within the crystal, indicative of robust and intact

topological properties in the absence of external perturbations. With a moderate electric field of

Gaël-Pacôme Nguimeya Tematio 101



6.1.4 With an external electric field applied

𝐸 = 0.51 𝑉/Å, as depicted in Fig. 6.10(b), there is a visible alteration in the Fermi arcs' shape and

connectivity. The arcs begin to distort, showing some degree of elongation and slight disconnec-

tion from their original paths. This deformation suggests an initial response to the electric field,

affecting the electronic structure and the topological connectivity. The slight disruption indicates

a beginning of topological transition, which may alter the material's inherent quantum properties.

At a higher electric field of 𝐸 = 1.29 𝑉/Å, shown in Fig. 6.10(c), the Fermi arcs undergo sig-

nificant transformations. The arcs are more fragmented and extensively reoriented, demonstrating

a substantial modification from their original state. This extensive reconfiguration implies a ro-

bust influence of the electric field, leading to a topological phase transition where the nature and

stability of the Fermi arcs are critically altered. Such changes are indicative of a new electronic

phase.

Figure 6.10: Visualization of the Fermi arcs in SrSi2 under varying external electric fields. Panel (a)

with no applied electric field, depicting the baseline topological state. Panel (b) under an electric

field of 𝐸 = 0.51 𝑉/Å, illustrating changes in the Fermi arc structure that suggest modifications in

topological characteristics due to the moderate electric field. Panel (c) under an increased electric

field of 𝐸 = 1.29 𝑉/Å, highlighting the further evolution and deformation of the Fermi arcs under

stronger field conditions.

The evolution of the Fermi arcs in SrSi2 in Fig. 6.10 under increasing electric field strengths from

0 𝑉/Å to 1.29 𝑉/Å illustrates a profound sensitivity to external electric biases. The observed

changes from well-defined connectivity at zero field to significant distortion and reorientation at

higher fields highlight the dynamic nature of topological features under external influences. These

alterations in the Fermi arcs reflect corresponding changes in the material's band structure and

Berry curvature, reinforcing the interconnected nature of these topological properties[255].
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6.2. Bulk CoSi structure

6.2.1. Structural properties

CoSi crystallizes in a simple cubic structure with a lattice constant of 4.45 Å. It is characterized

by the non-symmorphic space group 𝑃213 (No. 198), which lacks 𝐼 symmetry.[31, 34, 44]. As

depicted in Fig. 6.11(a), each unit cell consists of four cobalt (Co) and four silicon (Si) atoms, with

each Co atom forming covalent bonds with six neighboring Si atoms, and vice versa. The absence

of 𝐼 symmetry in SrSi2 plays a pivotal role for the possible emergence of a Weyl semimetal phase,

provided that 𝑇 symmetry remains intact. The bulk BZ of CoSi displaed in Fig. 6.11(c), essential

for understanding its electronic structure, is simple cubic with high-symmetry points designated as

Γ (at the center), R (at the vertices), X (at the face centers), and M (at the edge centers). The 001

surface projection, depicted on top of the BZ, intersects with critical high-symmetry lines, making

it an essential aspect in the investigation of surface states inherent to topological phases of matter.

Figure 6.11: Bulk crystal structure of CoSi. Panel (a) 3D representation of the bulk crystal lattice.

Panel (b) cross-sectional view along the 𝑥 − 𝑧 plane. Panel (c) detailed mapping of the primitive

bulk BZ with four inequivalent high-symmetry 𝑘-points and projection of the (001) surface BZ

showcasing key high-symmetry locations.

6.2.2. Ground state electronic properties

Exploring the band structure of CoSi in Fig. 6.12(a) and Fig. 6.12(b) reveals key details about

its topological characteristics and the impact of SOC. In the absence of SOC, as depicted in

Fig. 6.12(a), the electronic structure of CoSi is characterized by notable features at critical points

in the BZ. Notably, at the Γ point, there is a threefold degenerate point that corresponds to spin-1

excitations, manifesting a crossing point with a topological charge of ±2[33, 267, 268]. This ob-

servation aligns with the predictions of unconventional crossings in chiral crystal structures and the
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presence of symmetry-protected fermionic states, which contribute significantly to the topological

landscape of CoSi . Alongside, the R point hosts a double Weyl fermion with a fourfold degener-

acy and a Chern number of ±2[269–271], a configuration that respects the 'no-go theorem'[272] by

balancing the total Chern number across the Fermi surface to zero. With the introduction of SOC in

Fig. 6.12(b), the electronic topology undergoes a transformative shift. The SOC's influence is no-

ticeably pronounced at non-time-reversal invariant points within the BZ, lifting degeneracies and

reshaping the band crossings. At the BZ center, the previously sixfold degenerate point splits into

two distinct crossings: a twofold and a fourfold degenerate point, attributed to a Weyl fermion and

a spin-3/2 RSW fermion, respectively, with the latter carrying a substantial topological charge of

±4[33, 267, 268].These results are in good agreement with previous works[31, 33, 35]. The pres-

ence of these higher-charge fermions underlines the critical impact of SOC on CoSi's electronic

structure, highlighting a unique topology that deviates significantly from more commonly studied

Weyl and Dirac fermions, which generally exhibit topological charges of ±1 or zero .

Figure 6.12: Band structure of CoSi calculated along high-symmetry lines in the BZ. Panel (a)

without the inclusion of SOC, illustrating the electronic states in their baseline configuration, de-

void of relativistic effects. Panel (b) with SOC implemented, showing the splitting of bands as a

direct consequence of relativistic interactions. The horizontal dotted lines mark the Fermi level.

This intricate interplay between SOC and the crystal symmetries of CoSi not only alters the funda-

mental electronic properties but also introduces complex topological nuances that could potentially

influence emergent quantum phenomena in this systems. Such detailed understanding is pivotal in

harnessing the material's properties for technological applications, particularly in devices exploit-

ing topological characteristics at the quantum scale[273].
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6.2.3. Effect of applied strain

a) Electronic Properties

Band structure and Fermi surface

In Fig. 6.13(a), we observe the band structure of CoSi under no tensile strain. This initial con-

figuration serves as a baseline for understanding the intrinsic electronic properties of the material.

The bands near the Fermi level are closely packed, suggesting a rich electronic structure conducive

to various quantum phenomena. Moving to Fig. 6.13(b), the application of a 10% tensile strain

introduces notable changes in the band structure, particularly around the Γ point where a gap of

approximately 0.035 eV emerges. This opening signifies a shift in the electronic states, altering the

electronic properties of the material. The absence of a gap at the R point indicates localized strain

effects, highlighting the anisotropic response of the electronic structure to external deformation at

that point. Further strain intensification to 15%, as shown in Fig. 6.13(a), widens the gap at the

Γ point to 0.11 eV. This alteration suggests a strengthening of the band splitting induced by the

strain, which could lead to changes in the electronic transport properties of the material. The con-

tinued absence of a gap at the R point underscores the robustness of certain band features against

strain, possibly linked to symmetry or local electronic structure characteristics. Corresponding to

these band structure modifications, the Fermi surfaces in Figs. 6.13(d), (e), and (f) undergo signifi-

cant transformations. Figure 6.13(d) displays a complex Fermi surface at zero strain, characterized

by interconnected electron pockets that facilitate high electron mobility. With the application of

10% strain in Fig. 6.13(e), the Fermi surface fragments, indicating a localization of electron states.

This fragmentation correlates with the reduced electronic conductivity, as fewer states are avail-

able at the Fermi level. At 15% strain, shown in Fig. 6.13(f), the Fermi surface further evolves,

exhibiting increased localization and reduction of electron pockets. This evolution is indicative of

a more pronounced electronic insulation state, supported by the increased band gap observed in

the band structure analysis. The alterations in the Fermi surface are crucial for understanding the

material's electronic response under extreme conditions and could have implications for its use in

strain-engineered electronic devices.
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Figure 6.13: Band structure and Fermi surface of CoSi under varying tensile strains. Panels (a)

and (d) without strain. Panels (b) and (e) depict changes under 10% tensile strain, illustrating

adjustments in electronic states and Fermi surface topology. Panels (c) and (f) demonstrate further

modifications under 15% tensile strain.

These observations collectively highlight the sensitivity of CoSi's electronic properties to mechan-

ical strain, suggesting avenues for tailoring material properties through controlled strain applica-

tions. The evolution of the band structure and Fermi surface with increasing tensile strain under-

scores the potential for discovering novel quantum phenomena in this material system[274].

Charge density

In Fig. 6.14(a), the charge density distribution of CoSi under no tensile strain shows a relatively

uniform electron distribution around both Co and Si atoms. The color scale indicates regions of

higher electron density in pink and lower density in blue, suggesting a balanced electron envi-

ronment conducive to the material's intrinsic properties. This baseline state provides a critical

reference for understanding changes under subsequent strain conditions. Moving to Fig. 6.14(b),

which depicts the charge density at 10% tensile strain, there is a noticeable shift towards higher

electron localization around the Co atoms. This redistribution suggests that electrons are moving

away from higher energy states around the Fermi level, where a gap has opened, to more stable

lower energy states. This change is particularly significant as it not only affects the local electronic

interactions but also alters the overall electronic structure, impacting the material's conductivity

Gaël-Pacôme Nguimeya Tematio 106



6.2.3 Effect of applied strain

and reactivity. In Fig. 6.14(c), at 15% strain, the localization becomes even more pronounced.

The regions of high electron density are more sharply defined, particularly around the Co atoms,

while the Si atoms show a relative decrease in surrounding electron density. This trend points to

a significant alteration in electronic behavior, where the strain induces a more distinct separation

of charge densities, thereby enhancing the material's potential for varied electronic applications.

The increased electron localization could lead to modified electronic properties such as reduced

conductivity or altered magnetic properties, depending on the nature of the localized states.

Figure 6.14: Charge density distribution of CoSi under different tensile strains. Panel (a) presents

the baseline electronic configuration without strain. Panel (b) shows changes in electronic density

at 10% tensile strain, illustrating moderate deformation effects. Panel (c) further highlights alter-

ations in electronic density at 15% tensile strain.

These insights from the charge density plots correlate closely with the changes observed in the

band structures discussed earlier. The gap openings around the Fermi level reduce the charge

density at these energy levels, as reflected in the altered charge density landscapes. This compre-

hensive analysis links the mechanical strain to electronic structural changes, offering insights into

how CoSi might be engineered through strain for specific electronic applications. The detailed un-

derstanding of charge redistribution and localization under varying strain conditions is essential for

designing materials with tailored electronic properties, suitable for applications in semiconductors

or advanced electronic devices.
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b) Topological properties

Berry curvature and surface state

In Fig. 6.15(a), depicting the Berry curvature of CoSi without any applied strain, we observe a

relatively uniform distribution across the momentum space. This indicates a balanced electronic

structure under no external influence, with Weyl points subtly manifesting within the distribution.

The absence of pronounced peaks suggests that the intrinsic topological features of CoSi are sta-

ble and less affected by external perturbations. With the introduction of a 10% tensile strain in

Fig. 6.15(b), significant modifications become apparent in the Berry curvature distribution. The

curvature is now more concentrated around specific regions near the Weyl points, indicating a shift

towards higher topological activity due to strain-induced modifications in the electronic structure.

This strain level also impacts the symmetry properties of the Berry curvature, as evident from the

changes in localization and magnitude, which suggests an alteration in the topological character-

istics of the material. At a higher tensile strain of 15%, shown in Fig. 6.15(c), the Berry curvature

exhibits further intensification in localization and changes around the Weyl points. These changes

are indicative of a robust manipulation of the material's topological properties through strain, lead-

ing to new electronic behaviors and novel quantum phenomena. Regarding the surface states, in

Fig. 6.15(d) at 0% strain, CoSi shows well-defined surface states with clear dispersion relations.

These states are robust and smoothly connected to the bulk states, which is characteristic of topo-

logically protected surface states. Upon increasing the strain to 10% in Fig. 6.15(e), the surface

states undergo noticeable transformations. The dispersion curves shift, indicating a modification in

the energy bands due to strain. This alteration affects the connectivity between the surface and bulk

states, with implications for the surface electronic properties, such as altered surface conductivity

or chemical reactivity. At 15% strain, shown in Fig. 6.15(f), the changes in surface states become

even more pronounced. The dispersion relations show significant warping, and the gaps between

surface and bulk states widen, suggesting a deep modification of the surface electronic structure.

This strain level markedly influences the penetration depth and nature of the surface states, leading

to distinct changes in surface-related phenomena.
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Figure 6.15: Berry curvature and surface state characteristics of CoSi under increasing tensile

strains. Panels (a) and (d) depict the reference state without strain. The Chern number 𝐶 ≠ 0.

Panels (b) and (e) show the effects of 10% tensile strain on topological properties. The Chern

number 𝐶 = 0. Panels (c) and (f) demonstrate further topological changes at 15% strain. The

Chern number 𝐶 = 0.

These results underline the sensitive interplay between tensile strain and the topological and sur-

face electronic properties of CoSi. The Berry curvature and surface states' under strain provide

critical insights into how mechanical deformations can be employed to tailor material properties

for specific electronic and quantum applications[274].

Fermi arc

In Fig. 6.16(a), depicting the Fermi arc of CoSi at 0% strain, the arcs are distinctly visible, smoothly

connecting the Weyl points. The arcs exhibit a broad, continuous curve, illustrating a robust

topological structure under unstrained conditions. This configuration provides a stable electronic

environment conducive to maintaining CoSi's intrinsic topological characteristics. As shown in

Fig. 6.16(b), where a 10% tensile strain is applied, the Fermi arcs start to show notable alterations

in their shape and extent. The arcs become elongated and slightly reoriented, indicating a strain-

induced modification in the electronic structure near the Weyl points. These changes suggest a

dynamic response of the Fermi arcs to external mechanical deformations, affecting their topologi-
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cal connectivity and stability. At 15% strain, shown in Fig. 6.16(c), the Fermi arcs undergo further

transformations. The arcs are not only elongated but also appear to be more fragmented, indicating

a significant alteration in their connectivity between Weyl points. This fragmentation may signal

topological transitions or modifications in the stability of the Fermi arcs, which could influence the

overall robustness of the topological features in CoSi.

Figure 6.16: Visualization of Fermi arcs in CoSi under different tensile strains. Panel (a) shows the

baseline state without strain. Panel (b) illustrates the Fermi arc structure under 10% strain, showing

moderate changes. Panel (c) displays further evolution and deformation of Fermi arcs under 15%

strain. These images demonstrate how tensile strain impacts the topological surface states of CoSi.

These observations from the analysis of the Fermi arcs under varying levels of tensile strain illus-

trate how mechanical deformations can critically influence the topological landscape of materials

like CoSi. The changes in the shape, extent, and connectivity of the Fermi arcs are indicative of

how external strains could be utilized to tailor material properties for specific applications in elec-

tronics and quantum technology. The correlation with band structure changes further highlights

the intricate relationship between strain, electronic structure, and topological properties, providing

a comprehensive understanding of the material's behavior under strain[274].

The comparison of Fermi arcs for SrSi2 (see Fig. 6.6) and CoSi (see Fig. 6.16) under different

tensile strains reveals distinct responses in the electronic structure of these materials. In SrSi2 , the

application of strain appears to induce elongated features in the Fermi surface without forming

continuous lines across momentum space, suggesting an absence of nodal-line formation. Con-

versely, in CoSi, the strained Fermi arcs exhibit a noticeable evolution towards continuous, ex-

tended features, which resemble nodal lines where conduction and valence bands approach each

other closely. This phenomenon, indicative of nodal-line behavior, signifies regions in momentum

space with persistent degeneracy, characteristic of topologically protected nodal-line semimetals.

The difference in response to strain between SrSi2 and CoSi suggests that the nodal-line con-
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ducting states are unique to CoSi under strain, highlighting its potential as a topological material

with implications for advanced technological applications. This insight underscores the distinctive

electronic properties that strain can unlock in CoSi, as opposed to SrSi2 , marking a significant

contribution to understanding strain-induced topological phenomena in materials.

6.2.4. With an external electric field applied

a) Electronic Properties

Band structure and Fermi surface

In Fig. 6.17(a), CoSi exhibits its electronic band structure under no external electric field (𝐸 =

0 𝑉/Å), serving as the baseline for observing how electric fields influence the material's elec-

tronic properties. The band structure shows multiple crossings at the Fermi level, particularly

around the M and R points, indicating a rich and complex electronic environment conducive to

various electronic and quantum phenomena. Upon the application of a moderate electric field of

𝐸 = 0.51 𝑉/Å in Fig. 6.17(b), notable changes occur in the band structure. A gap of approxi-

mately 0.02 eV opens up at the R point, illustrating the field's effectiveness in breaking symmetry

and influencing electronic properties. However, the Γ point remains gapless, indicating selective

sensitivity of band structure regions to external electric fields. This partial gap opening suggests

modifications in the electronic transport and optical properties of CoSi, enabling the material's use

in electronic devices where control of electron flow at specific points is required. As the electric

field increases to 𝐸 = 1.29 𝑉/Å in Fig. 6.17(c), the gap at the R point further widens to about

0.065 eV. This significant modification under a stronger electric field underscores a substantial

alteration in the material's electronic structure, enhancing the material's potential for applications

in field-effect devices, sensors, and other technologies requiring controlled electronic responses

to high electric fields. Correspondingly, the Fermi surfaces in Figs. 6.17(d), (e), and (f) evolve

markedly under these conditions. At 𝐸 = 0 𝑉/Å, Fig. 6.17(d) shows a complex Fermi surface with

multiple interconnected electron pockets, indicative of high electronic mobility and interactivity.

With the application of 𝐸 = 0.51 𝑉/Å in Fig. 6.17(e), these surfaces start to show signs of electron

localization, reducing the complexity of connections and slightly shrinking the electron pockets.

This transition points to a decrease in electron mobility, corresponding to the opening of electronic

gaps observed in the band structure. At 𝐸 = 1.29 𝑉/Å, Fig. 6.17(f) further illustrates the impact

of the electric field on the Fermi surface, where greater localization and a notable reduction in the
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size and number of electron pockets are observed. This change reflects the decreased number of

electrons at the Fermi level due to the wider gap at the R point, significantly altering the material's

electronic transport properties.

Figure 6.17: Band structure and Fermi surface of CoSi subject to varying external electric fields.

Panel (a) and (d) illustrate the baseline band structure and Fermi surface at 𝐸 = 0 V/Å. Panels

(b) and (e) display changes in the band structure and modifications of the Fermi surface topology

at 𝐸 = 0.51 V/Å, demonstrating the impact of the electric field on electronic states. Panels (c)

and (f) detail the substantial alterations in both band structure and Fermi surface at 𝐸 = 1.29 V/Å,

emphasizing the pronounced effects of enhanced electric field strength on the electronic properties.

These insights collectively provide a comprehensive view of how external electric fields can be

used to tailor the electronic properties of CoSi. By manipulating the electric field strength, one

can induce specific changes in the band structure and Fermi surface, paving the way for targeted

electronic and quantum applications where control over electronic properties is crucial[266].

Charge density

In Fig. 6.18(a), which shows the charge density distribution of CoSi under no external electric field

(𝐸 = 0 𝑉/Å), we observe a uniform distribution with distinct electron densities around the Co and

Si atoms. This baseline condition indicates a balanced electronic structure, with electron densities

prominently displayed around the atomic sites, conducive to the inherent electronic interactions of

CoSi. Moving to Fig. 6.18(a), where an electric field of 𝐸 = 0.51 𝑉/Å is applied, there are notice-
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able changes in the charge density distribution. The color gradient shifts, indicating a redistribution

of electrons. This redistribution is particularly evident near the Co atoms where the electron density

appears to increase, while areas around the Si atoms show a slight decrease. This change suggests

that the electric field induces electron migration towards lower energy states, mainly congregat-

ing around the Co atoms, which could be due to the field's alignment with the intrinsic electronic

asymmetries of the material. At a higher electric field of 𝐸 = 1.29 𝑉/Å, shown in Fig. 6.18(a),

the localization of charge density becomes more pronounced. The color intensities around the Co

atoms become more pronounced, indicating an increased localization of charge. This pattern of

electron density suggests a redistribution of electrons, moving from higher to lower energy states

as the electric field begins to influence the electronic structure. Such localized charge distributions

can have profound implications on the electronic properties of CoSi, affecting everything from its

conductivity to its chemical reactivity.

Figure 6.18: Charge density distribution in CoSi subject to varying external electric fields. Panel

(a) presents the baseline electronic configuration without any applied electric field. Panel (b) shows

the charge density under an external electric field of 𝐸 = 0.51 V/Å, illustrating modifications in

electronic density that reflect adaptive changes in the electronic environment. Panel (c) under an

external electric field of 𝐸 = 1.29 V/Å, highlights pronounced alterations in electronic density,

evidencing a substantial response to the increased electric field strength.

These changes in the charge density under different electric field strengths illustrate how external

electric fields can be used to manipulate the electronic structure of materials like CoSi. The electric
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field not only shifts the electron density but also modifies the electronic landscape, opening new

possibilities for tuning material properties for specific applications such as semiconductors or elec-

tronic devices. The correlation between the observed charge density modifications and the band

structure alterations previously discussed provides a comprehensive understanding of the mate-

rial's response to external electric biases, highlighting the intricate relationship between an applied

electric field and the material's electronic behavior.

b) Topological properties

Berry curvature and surface state

In Fig. 6.19(a), the Berry curvature of CoSi under no external electric field (𝐸 = 0 𝑉/Å) displays a

uniform and symmetric distribution, reflecting the intrinsic topological properties of the material.

This baseline condition suggests a stable electronic structure conducive to maintaining balanced

topological features across the momentum space. When an electric field of 𝐸 = 0.51 𝑉/Å is ap-

plied, as shown in Fig. 6.19(b), there are noticeable shifts in the Berry curvature distribution. The

curvature becomes more concentrated in specific regions, particularly near the Weyl points. This

indicates that the electric field influences the localization and magnitude of the Berry curvature,

suggesting alterations in the topological nature of the system. The electric field breaks certain

symmetry properties, leading to an asymmetry in the curvature distribution, which may result in

novel electronic behaviors. At a higher electric field of 𝐸 = 1.29 𝑉/Å, displayed in Fig. 6.19(c),

the changes in Berry curvature become more pronounced. The regions of concentration are more

defined, and there are significant shifts in the magnitude of the curvature. These changes further

underline the sensitivity of CoSi's topological properties to external electric fields, leading to en-

hanced topological phenomena or transitions under high field strengths. Correspondingly, the sur-

face states in Figs. 6.19(d), (e), and (f) evolve significantly under these conditions. At 𝐸 = 0 𝑉/Å,

Fig. 6.19(a) shows well-defined surface states with clear dispersion relations, connected smoothly

to the bulk states. This configuration indicates strong topological protection and a robust con-

nection between surface and bulk electronic states. Upon the application of 𝐸 = 0.51 𝑉/Å in

Fig. 6.19(e), the surface states begin to show shifts in their dispersion relations. These shifts

suggest that the electric field alters the energy landscape of the surface states, affecting their con-

nectivity to the bulk states and changing their nature and stability. This alteration might influence

surface-related properties such as conductivity and reactivity, which are critical for applications in
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surface-sensitive devices. At the highest field of 𝐸 = 1.29 𝑉/Å, shown in Fig. 6.19(f), the surface

states undergo further modifications. The dispersion curves display significant changes, indicating

a profound impact of the electric field on the surface electronic structure. The gap between sur-

face and bulk states appears to widen, suggesting an increased isolation of the surface states from

the bulk electronic properties. This could lead to distinct surface behaviors, useful for developing

materials with tailored surface characteristics for advanced technological applications.

Figure 6.19: Berry curvature and surface state evolution in CoSi subject to varying external electric

fields. Panels (a) and (d) depict the reference configuration without any applied electric field, pro-

viding a baseline for comparison. The Chern number 𝐶 ≠ 0. Panels (b) and (e) under an external

electric field of 𝐸 = 0.51 V/Å, illustrate the modifications in the topological properties, particu-

larly highlighting shifts in Berry curvature and associated surface states. The Chern number𝐶 = 0.

Panels (c) and (f) subjected to a higher electric field of 𝐸 = 1.29 V/Å, showcase the progressive

evolution and significant transformation of topological features as a response to increasing electric

field strength. The Chern number 𝐶 ≠ 0.

These observations provide a comprehensive understanding of how external electric fields can

manipulate the Berry curvature and surface states of CoSi. By controlling the field strength, one

can induce specific topological and surface state changes, paving the way for materials engineering

and the development of devices based on controlled electronic and topological properties[275].
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Fermi arc

In Fig. 6.20(a), depicting the Fermi arc of CoSi under no external electric field (𝐸 = 0 𝑉/Å), the

arcs display a coherent and continuous structure, connecting Weyl points across the momentum

space with robustness and clarity. This baseline representation highlights the intrinsic stability and

topological nature of CoSi's Fermi arcs, indicating their potential for maintaining electronic prop-

erties under standard conditions. Moving to Fig. 6.20(b), with an electric field of 𝐸 = 0.51 𝑉/Å,

the Fermi arcs begin to show noticeable changes in their configuration. The arcs elongate and

undergo slight reorientation, altering their connection between Weyl points. These modifications

suggest that the electric field begins to influence the topological stability and connectivity of the

Fermi arcs. The change in shape and extent of these arcs under moderate electric field strength

points to a dynamic response of the material's surface states to external electric biases, indicating

possible shifts in electronic transport properties. At a higher electric field of 𝐸 = 1.29 𝑉/Å, shown

in Fig. 6.20(c), the Fermi arcs experience more pronounced transformations. The arcs are not only

more elongated but also exhibit increased distortion and discontinuity. This suggests significant

alterations in their connectivity and robustness, which indicate topological transitions under strong

electric fields. The impact of such a high field strength demonstrates the susceptibility of Fermi

arcs to external influences, leading to novel electronic behaviors.

Figure 6.20: Visualization of the Fermi arcs in CoSi subject to varying external electric fields.

Panel (a) shows the baseline topological state without any external electric field, establishing

the reference condition for topological features. Panel (b) under an external electric field of

𝐸 = 0.51 V/Å, demonstrates the changes in the Fermi arc structure, indicating modifications

in topological characteristics in response to a moderate electric field. Panel (c) under a stronger

electric field of 𝐸 = 1.29 V/Å, highlights the significant evolution and deformation of the Fermi

arcs, illustrating the dynamic response of topological states to increased electric field intensity.
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These findings across the figures provide a comprehensive view of how external electric fields in-

fluence the Fermi arcs in CoSi. Starting from no field to a high-intensity field, the Fermi arcs show

a progressive transformation in their structure and stability. This analysis underscores the sensitiv-

ity of topological properties to external conditions and offers insights into how such properties can

be manipulated or controlled through the application of electric fields, catering to specific elec-

tronic and quantum technological applications[266]. It is important to highlight that Figure 6.20

reveals a notable observation: the electronic structure of CoSi is far less responsive to these ex-

ternal stimuli. Despite applying electric fields of increasing magnitudes, the changes in the Fermi

arcs, while perceptible, are not as pronounced or dramatic as one might expect in more sensitive

materials. This relative stability suggests that CoSi maintains a robust electronic structure, which

is less susceptible to external electric fields. This characteristic is crucial for applications where

material stability under external perturbations is essential.
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6.3. Bulk NbP structure

6.3.1. Structural properties

NbP crystallizes in a non-centrosymmetric body-centered tetragonal (BCT) lattice, associated with

the space group I41md (No. 109)[46, 51, 276]. The lack of 𝐼 symmetry in its structure is critical,

as it results in the lifting of spin degeneracy in the band structure, an essential feature for the man-

ifestation of Weyl semimetallic phases when combined with 𝑇 symmetry. The lattice parameters

of NbP are defined as a = b = 3.356438 Å and c = 11.436450 Å, which describe its tetragonal sym-

metry and further elucidate its geometric properties. The crystallographic configuration of NbP is

illustrated in Fig. 6.21(a), highlighting its lattice arrangement. Fig. 6.21(c) depicts the BZ for the

bulk structure of NbP. The projection of the (001) surface onto the BZ, as overlayed on the dia-

gram, intersects with lines of high symmetry. This intersection is pivotal for the study of surface

states, which are fundamental to understanding the topological characteristics of materials.

Figure 6.21: Bulk crystal Structure of NbP. Panel (a) diagram displaying the complete crystal

structure of NbP. Panel (b) cross-sectional view of the crystal along the 𝑥 − 𝑧 plane, showing

internal atomic arrangement. Panel (c) illustration of the primitive BZ for NbP, detailing four

unique high-symmetry points in the 𝑘-space. The diagram also includes the projection of the (001)

surface BZ, with marked high-symmetry points.
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6.3.2. Ground state electronic properties

The analysis of NbP's band structure in Figs. 6.22(a) and (b) offers insights into its topological

properties and the role of SOC. Starting with Fig. 6.22(a), which represents the electronic band

structure without SOC, we observe a more symmetric dispersion across the key symmetry points

(Γ, Σ, Z, N, Γ) in the BZ. The bands near the Fermi level, 𝐸
𝐹

, appear to intersect at multiple points,

suggesting potential Dirac-like features in the absence of SOC. This characteristic is critical, as it

implies the presence of linear band crossings, which can be topologically non-trivial. Transitioning

to Fig. 6.22(b), the inclusion of SOC alters the band structure significantly. The introduction of

SOC leads to the lifting of degeneracies and the splitting of bands, particularly visible near the

Fermi level. This splitting is indicative of the breaking of symmetrical spin degeneracy, a key factor

in introducing topological insulator behavior. The modification of the band structure due to SOC

is particularly pronounced in the Γ − 𝑆 direction, where the gap opening is evident. Such changes

are crucial as they contribute to shifting the system's topology, leading to different electronic and

topological phases. These result are consistent with the previous study[46, 51, 276].

Figure 6.22: Band structure of NbP along high-symmetry lines in the BZ. Panel (a) depicts the band

structure without the inclusion of SOC, illustrating the electronic states in their baseline configura-

tion and highlighting the absence of relativistic effects. Panel (b) includes SOC, demonstrating the

resultant band splitting as a direct consequence of relativistic interactions. The horizontal dotted

lines indicate the Fermi level, serving as a reference for electronic state alignment.

These observations highlight the sensitivity of NbP's electronic properties to external perturbations

such as SOC, underscoring the material's potential utility in spintronic applications where SOC

effects are exploited[277]. The comparative analysis of the band structures with and without SOC

provides a deeper understanding of how intrinsic symmetries and spin-orbit interactions influence
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the electronic and topological characteristics of NbP, paving the way for targeted manipulations in

quantum material design.

6.3.3. Effect of applied strain

a) Electronic Properties

Band structure and Fermi surface

In Fig. 6.23(a), the band structure of NbP without any applied strain is depicted, showing a com-

plex interaction of bands near the Fermi level, 𝐸
𝐹

. This unstrained state serves as the baseline for

understanding the effects of tensile strain on electronic properties. The bands are densely packed

around 𝐸
𝐹

, indicating a high DOS which is typical for (semi)metals and could contribute to high

electrical conductivity. Fig. 6.23(b) illustrates the band structure with a 4% tensile strain applied.

Here, notable changes include the opening of a gap of approximately 0.05 eV in the Γ - Σ direc-

tion. This alteration in the band structure signifies a transition in electronic properties, reducing

electrical conductivity due to the decreased number of states at the Fermi level. Such changes are

crucial for applications requiring controlled band gaps, such as semiconductors in electronic de-

vices. Progressing to Fig. 6.23(c), with an 8% tensile strain, the band structure shows an additional

modification around the Fermi level with a gap of about 0.035 eV. This continued alteration under

higher strain levels further underscores the material's sensitivity to mechanical deformation, sug-

gesting its suitability in sensor applications where strain-induced changes in electronic properties

could be utilized. Turning to the Fermi surfaces in Fig. 6.23(d), the surface for the unstrained case

displays several electron pockets, indicating regions of high electronic density. These pockets are

crucial for the material's electronic and thermal transport properties. In Fig. 6.23(e), after apply-

ing 4% strain, the Fermi surface exhibits significant changes with reduced complexity and fewer

electron pockets. This suggests a shift towards more localized electronic states, which could affect

the material's conductivity. The absence of a Fermi surface plot for the 8% strained condition, as

would have been shown in Fig. 6.23(f), is particularly telling. The lack of discernible Fermi sur-

face features at this strain level implies a significant alteration in the electronic structure, leading to

an insulating state or a state with very low electronic mobility. This drastic transformation under-

scores the potential use of NbP in applications where materials are needed to transition between

conductive and non-conductive states under mechanical stress.
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Figure 6.23: Band structure and Fermi surface of NbP under varying tensile strains. Panels (a) and

(d) show the unstrained baseline configurations of the band structure and Fermi surface, respec-

tively. Panels (b) and (e) illustrate the modifications at 4% tensile strain, highlighting adjustments

in electronic states and alterations in Fermi surface topology. Panels (c) further detail the signifi-

cant changes under 8% tensile strain, depicting the pronounced transformation in the Fermi surface

morphology.

These results reveal how tensile strain can be a powerful tool in tuning the electronic properties

of NbP, with implications for its use in strain sensors, flexible electronics, and other technologies

where material properties need to be precisely controlled through mechanical means[274]. The

alterations in both the band structure and Fermi surfaces highlight the complex interplay between

mechanical and electronic properties in topological materials.

Charge density

Fig. 6.24(a) captures the charge density distribution in NbP under no strain. The visualization

displays a relatively even distribution of charge density across the material, with higher densities

around the Nb and P atomic sites. This uniformity reflects a stable electronic environment where

electrons are distributed across the energy states near the Fermi level. The absence of external

strain allows for an unbiased baseline of electronic interactions within NbP, serving as a criti-

cal reference for understanding strain-induced changes. In Fig. 6.24(b), with a 4% tensile strain

applied, there is a notable shift in charge density, particularly around the Nb atoms. This redistri-
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bution suggests an alteration in the electronic structure as the strain influences the atomic spacing

and, consequently, the electronic band structure. The appearance of denser regions around the

Nb sites indicates a localization of charge density, which could imply enhanced electron-electron

interactions or changes in bonding characteristics. This strain level also coincides with the open-

ing of a gap near the Fermi level, as discussed previously, which leads to the migration of elec-

trons from higher energy states to lower ones, affecting the overall charge distribution. Moving

to Fig. 6.24(c), where an 8% strain is applied, the charge density shows even more pronounced

changes. The increased strain further localizes the charge density around the Nb sites, while di-

minishing it near the P sites. This marked redistribution is indicative of significant alterations in

the electronic landscape, where electrons are likely relocating to more stable, lower energy states

due to the strain-induced modifications in the band structure. The gap opening at this strain level,

although smaller than at 4%, continues to influence the electron density distribution by reducing

the number of states available at the Fermi level, as visualized by the lesser intensity in regions

previously occupied by these states.

Figure 6.24: Charge density distribution of NbP under different tensile strains. Panel (a) dis-

plays the baseline electronic configuration without any applied strain, serving as the reference

state. Panel (b) illustrates changes in electronic density at 4% tensile strain, detailing the moderate

deformations in the electronic structure. Panel (c) depicts the extensive alterations in electronic

density at 14% tensile strain, highlighting the significant effects of high mechanical stress on the

material's electronic properties.

These changes in charge density across the figures directly correlate with the observed alterations

in the band structure under varying tensile strains. As the strain modifies the atomic framework
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and electronic interactions within NbP, it shifts the electron density in ways that could impact the

material's electronic properties and potential applications in semiconductor technology. Under-

standing these shifts is crucial for tailoring NbP's properties for specific applications, providing

insights into how external mechanical biases like strain can be used to engineer desired electronic

characteristics in novel materials.

b) Topological properties

Berry curvature and surface state

In Fig. 6.25(a), the Berry curvature for NbP under no strain shows a complex pattern, with lo-

calization of curvature near critical points in the momentum space. These localized regions are

indicative of topological transitions and reflect the intrinsic symmetry of the crystal structure with-

out external perturbations. The distribution and intensity of the Berry curvature are crucial as they

relate directly to the quantum Hall effect and other topological phenomena, which rely on the in-

tegral of the Berry curvature over the BZ. Fig. 6.25(b) illustrates the Berry curvature under a 4%

tensile strain. The curvature exhibits shifts in localization indicating a distortion in the topological

characteristics of the material. These alterations can be attributed to strain-induced changes in the

electronic band structure, which modify the conditions under which Weyl points and other topolog-

ical features exist. The strain reduces symmetry in the Berry curvature distribution, leading to new

electronic properties. In Fig. 6.25(c), with an 8% strain applied, the Berry curvature shows further

dramatic changes. The pattern becomes more dispersed and less intense, suggesting a significant

alteration or even a disappearance of certain topological features, such as Weyl points. This re-

duction in topological features indicate a transition to a topologically trivial phase, underlining the

sensitivity of topological properties to mechanical deformations like strain.

Turning to the surface states, Fig. 6.25(d) displays the dispersion relations under no strain, with

well-defined surface states crossing the Fermi level. These states are indicative of topologically

protected modes that contribute to surface conductivity and potentially to phenomena like the quan-

tum spin Hall effect. In Fig. 6.25(e), under 4% strain, the surface states show modifications in their

dispersion relations. The bands appear to shift and bend differently compared to the unstrained

case, reflecting changes in the connectivity between the surface and the bulk states. This strain

level alters the energy levels at which these surface states exist, affecting the material's surface

reactivity and electronic transport properties. Finally, Fig. 6.25(f) reveals that at 8% strain, the sur-
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face states show further modifications in their dispersion relations, indicative of a transition into a

trivial topological phase. These alterations of the surface states significantly impact the electronic

properties, especially in terms of reduced surface conductivity.

Figure 6.25: Berry curvature and surface state characteristics of NbP under increasing tensile

strains. Panels (a) and (d) illustrate the baseline topological state without any applied strain, pro-

viding a reference for comparison. The Chern number 𝐶 ≠ 0. Panels (b) and (e) capture the impact

of 4% tensile strain on the topological properties, detailing the induced changes in Berry curvature

and surface states. The Chern number 𝐶 ≠ 0. Panels (c) and (f) further document the topological

evolution at 8% tensile strain, highlighting significant transformations in both Berry curvature and

surface state dynamics. The Chern number 𝐶 = 0.

These observations from the Berry curvature and surface state analysis under different strain condi-

tions provide a comprehensive view of how mechanical strain can be used to engineer the electronic

and topological properties of NbP. The ability to control such properties through strain opens up

new possibilities for designing materials with specific electronic characteristics for advanced tech-

nological applications[274].

Fermi arc

Fig. 6.26(a) depicts the Fermi arc structure in NbP under no strain, showcasing a complex pattern

of arcs connecting Weyl points across the BZ. These arcs are characterized by their distinct shapes
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and extensive connectivity, indicative of the robust topological nature of the material. The arcs

appear vibrant and widespread, suggesting strong topological protections and significant contribu-

tions to the surface state conductivity. Moving to Fig. 6.26(b), which shows the Fermi arc with a

4% tensile strain, there is a noticeable change in the shape and extent of the arcs. The arcs become

reoriented, which is due to the strain altering the positions of the Weyl points within the BZ. This

strain-induced modification affects the connectivity of these points, altering the topological char-

acteristics of the material. The change in the shape of the Fermi arcs under strain suggests a less

robust topological protection, which could influence the material's electronic properties, particu-

larly in surface conductivity and topological quantum states. In Fig. 6.26(c), with an 8% strain, the

Fermi arcs undergo further significant transformations. The arcs have almost vanished indicating

a profound impact of high tensile strain on the topology of the material. The disappearance of the

Fermi arc reflects a transition to a trival topological phase. This condition suggests that the Fermi

arcs' robustness and stability are compromised under high strain, affecting the material's ability to

maintain stable topological states and altering its utility in applications requiring robust topological

features.

Figure 6.26: Visualization of Fermi arcs in NbP under different tensile strains. Panel (a) presents

the baseline Fermi arc configuration without strain, serving as the reference state. Panel (b) depicts

the Fermi arc structure under 4% tensile strain, illustrating moderate changes in arc morphology.

Panel (c) highlights the further evolution and pronounced deformation of Fermi arcs under 8%

strain, indicating significant adjustments in topological features due to increasing mechanical stress

These insights across the figures demonstrate how tensile strain can drastically influence the topo-

logical properties of NbP through modifications in the Fermi arc structure. The strain-dependent
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changes in the Fermi arcs, in correlation with the changes in band structure and Berry curvature

discussed earlier, highlight the sensitivity of topological properties to mechanical deformations.

Understanding these changes is crucial for designing and utilizing materials in applications where

control over topological properties is required to achieve desired electronic functionalities[274].

6.3.4. With an external electric field applied

a) Electronic Properties

Band structure and Fermi surface

Fig. 6.27(a) presents the electronic band structure of NbP under no external electric field (𝐸 =

0 𝑉/Å). The bands are symmetric and contiguous, with no significant gaps around the Fermi

level, 𝐸
𝐹

. This baseline scenario provides a clear understanding of the intrinsic electronic prop-

erties of NbP, with continuous band dispersion indicative of good semi-metallic conductivity. In

Fig. 6.27(b), under a modest external electric field of 𝐸 = 0.51 𝑉/Å, the band structure shows sub-

tle changes. The impact of this electric field is minimal, as evidenced by the slight alterations in

the band curvature near the high symmetry points. However, these changes are not enough to open

a significant gap. This indicates that at lower field strengths, NbP maintains most of its electronic

properties, with only minor perturbations affecting its electronic structure. Moving to Fig. 6.27(c),

with a higher electric field of 𝐸 = 1.29 𝑉/Å, a gap of approximately 0.02 eV opens in the Γ− 𝑆 di-

rection. This change signifies a more pronounced response to the external electric field, altering the

material's electronic structure significantly. The opening of this gap suggests a transition towards

new topological phase, affecting the material's conductivity and electronic applications, such as

in transistors where controlled gap modulation is crucial. Correspondingly, the Fermi surface in

Fig. 6.27(d) (no electric field) shows a multi-pocketed structure, reflecting the semi-metallic na-

ture of NbP and a high DOS at the Fermi level. These characteristics are typical for materials with

good electrical conductivity. In Fig. 6.27(e), with an electric field of 𝐸 = 0.51 𝑉/Å, the Fermi

surface exhibits slight modifications, with minor reorientation and distortion of the pockets. These

changes, while subtle, indicate the beginning of electron delocalization, affecting how electrons are

distributed across the Fermi surface, though the overall semi-metallic nature remains largely intact.

Finally, Fig. 6.27(f), under an electric field of 𝐸 = 1.29 𝑉/Å, shows more noticeable changes in

the Fermi surface. The pockets appear more fragmented and localized, correlating with the band

gap opening observed in the band structure. This localizing effect reduces the number of available
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states at the Fermi level, which can lead to decreased electrical conductivity and a shift towards

more localized electronic behavior.

Figure 6.27: Band structure and Fermi surface of NbP under varying external electric fields. Panels

(a) and (d) showcase the band structure and Fermi surface at 𝐸 = 0 V/Å, establishing the baseline

state. Panels (b) and (e) depict the band structure and Fermi surface at 𝐸 = 0.51 V/Å, illustrating

the adjustments in electronic states and the resulting alterations in Fermi surface topology due to

the electric field. Panels (c) and (f) detail the band structure and Fermi surface at 𝐸 = 1.29 V/Å,

highlighting the significant modifications in electronic properties as a result of increased electric

field strength.

These observations illustrate how external electric fields can be used to manipulate the electronic

properties of NbP, with potential applications in electronic devices where the control of electronic

properties such as conductivity and band gap is essential. The results demonstrate a clear correla-

tion between the applied electric field strength, band structure modifications, and the corresponding

changes in the Fermi surface, providing insights into the tunable electronic properties of NbP under

varying external conditions[266].

Charge density

Fig. 6.28(a) displays the charge density distribution in NbP under no external electric field (𝐸 =

0𝑉/Å). The distribution is relatively uniform with prominent electron density concentrated around

the Nb and P atoms, reflecting the intrinsic electronic structure of NbP. This baseline condition
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highlights a stable and delocalized charge density characteristic of semimetals, where electron

mobility is high, facilitating conductivity. Transitioning to Fig. 6.28(b), where a moderate electric

field of 𝐸 = 0.51 𝑉/Å is applied, noticeable changes in the charge density distribution are evident.

The electric field induces localization of charge density around specific atomic sites, particularly

around Nb atoms. This indicates a redistribution of electrons, transitioning from higher to lower

energy states as the electric field starts to affect the electronic structure. The increase in localization

near specific sites suggests a potential for altered electronic properties, such as increased reactivity

at these sites or modified transport properties. In Fig. 6.28(c), under a stronger electric field of

𝐸 = 1.29 𝑉/Å, the charge density undergoes further significant redistribution. The localization

around Nb atoms intensifies, and the overall charge density landscape shows a more pronounced

contrast between high and low-density regions. This pattern indicates a strong influence of the

electric field on the electronic structure, leading to more distinct regions of charge accumulation

and depletion. The gap opening induced by the electric field, as discussed previously, correlates

with a decrease in charge density at the Fermi level, further validating the observed changes in

charge distribution.

Figure 6.28: Charge density distribution in NbP under varying external electric fields. Panel (a)

without an applied electric field, serving as a reference for the baseline electronic configuration.

Panel (b) under an external electric field of 𝐸 = 0.51 𝑉/Å, showing the modifications in electronic

density as a result of the moderate electric field, indicating changes in the electronic environment.

Panel (c) under an external electric field of 𝐸 = 1.29 𝑉/Å, demonstrating significant alterations in

electronic density in response to the increased field strength, highlighting the impact on electronic

structure.

Gaël-Pacôme Nguimeya Tematio 128



6.3.4 With an external electric field applied

These modifications in charge density under varying electric field strengths demonstrate the ma-

terial's responsiveness to external electric biases, which can be crucial for applications that rely

on controlled electronic behavior, such as in semiconductor devices where precise manipulation

of charge carriers is needed. The redistribution and localization of charge density not only af-

fect the material's electronic and optical properties but also its interaction with other materials.

Understanding these changes is essential for tailoring NbP's properties for specific applications,

providing valuable insights into how external conditions can be used to engineer material proper-

ties at the atomic level.

b) Topological properties

Berry curvature and surface state

Fig. 6.29(a) displays the Berry curvature in NbP without an external electric field. The curvature

pattern is widespread and uniform, indicative of a symmetric distribution without external pertur-

bation. This uniformity highlights the intrinsic topological features of NbP. In Fig. 6.29(b), with

an external electric field of 𝐸 = 0.51 𝑉/Å, the Berry curvature starts to exhibit localized regions of

enhanced curvature. The external field disrupts the symmetry of the Berry curvature distribution,

resulting in a shift of the curvature distribution. This modification suggests a field-induced alter-

ation in the topological invariants of the system, leading to novel electronic behaviors. Fig. 6.29(c)

under a stronger external electric field of 𝐸 = 1.29 𝑉/Å shows a more dramatic transformation

in the Berry curvature. The pattern becomes highly localized and intense around specific points

in momentum space, showing significant deviations from the initial state. This indicates a sub-

stantial impact of the electric field on the material's topological properties. Moving to the surface

states, Fig. 6.29(d) without an electric field shows typical topologically protected surface states

that bridge the bulk band gaps. These states are crucial for surface conductivity and are indicative

of NbP's inherent topological insulator characteristics. In Fig. 6.29(e), with 𝐸 = 0.51 𝑉/Å, the

surface states exhibit a noticeable shift in their dispersion relations. The energy bands are visibly

altered, suggesting changes in the energy landscape at the surface. These alterations may affect the

connectivity between surface and bulk states, altering the material's surface electronic properties

and possibly affecting phenomena like surface conductivity. Finally, Fig. 6.29(f) under an electric

field of 𝐸 = 1.29 𝑉/Å shows further shifts in the surface states. This could denote a significant

reconfiguration of the material's surface electronic structure, potentially diminishing the robustness
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of topologically protected states under high electric fields.

Figure 6.29: Berry curvature and surface state characteristics of NbP under varying external elec-

tric fields. The Chern number 𝐶 ≠ 0. Panels (a) and (d) without an applied electric field, providing

a baseline for the reference configuration. The Chern number 𝐶 = 0. Panels (b) and (e) under

an electric field of 𝐸 = 0.51 𝑉/Å, illustrating modifications in the topological properties induced

by the electric field. The Chern number 𝐶 = 0. Panels (c) and (f) under a higher electric field of

𝐸 = 1.29 𝑉/Å, emphasizing the further development of topological features with increasing field

strength.

These insights illustrate how NbP's electronic and topological properties can be dynamically con-

trolled through external electric fields. This control is vital for applications in electronic devices,

where the ability to modulate electronic properties on demand is crucial. The results underscore

the sensitivity of topological materials to external perturbations and provide a pathway for tuning

material properties for specific technological applications[278].

Fermi arc

Figure 6.30(a) illustrates the Fermi arc distribution in NbP under no external electric field (𝐸 =

0 𝑉/Å). The arcs exhibit and interconnected pattern. The connectivity and extensive reach of

these arcs are essential for the unique surface properties of NbP, such as high surface conductiv-

ity and unusual quantum behaviors. Moving to Fig. 6.30(b), under a moderate electric field of

𝐸 = 0.51 𝑉/Å, the Fermi arcs begin to show subtle changes in their configuration. The arcs appear
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slightly contracted and reoriented, suggesting an influence of the electric field on the topological

nature of the material. These changes can be indicative of a shift in the locations or even the na-

ture of the Weyl points, as the electric field begins to modify the underlying electronic structure.

Although the arcs remain continuous, their altered geometry points to modifications in the surface

electronic properties that could affect device performance based on these topological states. In

Fig. 6.30(c), with a stronger electric field of 𝐸 = 1.29 𝑉/Å, the Fermi arcs undergo more pro-

nounced transformations. The arcs are notably more constricted and show significant distortion,

which might reflect a substantial reconfiguration of the band structure under high electric fields.

This modification can lead to a reduction in the stability of the topologically protected states, alter-

ing the material's electronic properties, such as its surface conductivity and the overall robustness

of its topological insulator behavior.

Figure 6.30: Visualization of the Fermi arcs in NbP under varying external electric fields. Panel

(a): with no applied electric field, showing the baseline topological state. Panel (b): under an

electric field of 𝐸 = 0.51 𝑉/Å, indicating modifications in topological characteristics due to the

moderate electric field. Panel (c) under a stronger electric field of 𝐸 = 1.29 𝑉/Å, demonstrating

the impact of increased field strength on the topological properties.

The observed changes in the Fermi arcs across these conditions demonstrate how external electric

fields can effectively tune the topological and electronic properties of NbP. By affecting the con-

nectivity and integrity of Fermi arcs, an electric field can control the material's quantum properties,

offering potential avenues for developing electronic devices that leverage these unique character-

istics. This control mechanism is particularly relevant for technologies that rely on topological

phenomena, such as quantum computing and advanced sensing systems, where the precise manip-
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ulation of electronic states is crucial. The analysis of these Fermi arcs under varying electric field

strengths underscores the dynamic nature of topological materials and their susceptibility to exter-

nal perturbations, providing valuable insights into their application in next-generation electronic

systems[279].

To conclude this part of the chapter, note that we used a range of lattice deformations and bias

fields for each material in our calculations, then selected the strain and field magnitudes (strain

≈ 4-15%; E ∼ 0.5-1.3 V/Å (∼ 1010 - 1011 V/m)) that produced the most pronounced changes in

electronic structure. The fact that these values cluster so closely across SrSi2 , CoSi, and NbP can

be understood as follows:

• Linear-elastic and exploratory regime. Bulk covalent and intermetallic materials support

elastic strains up to ≈ 1% under experimental conditions; beyond this, plasticity or fracture

ensues[280]. However, first-principles simulations routinely impose larger lattice deforma-

tions (up to ≈ 15%) in order to explore extreme structural regimes and to map out phase

boundaries without invoking defects or non-affine relaxations[281]. Staying within strain ≤

15% ensures mechanical stability in DFT while enabling a thorough survey of strain-induced

topological transitions.

• Electronic-energy matching. Fields of order 0.5-1.3 V/Å (∼ 1010 - 1011 V/m) produce poten-

tial drops of roughly 10-25 eV over an interatomic spacing (∼ 2 Å)[282]. These bias energies

lie squarely within the range of first-ionization and band-gap scales for Sr (5.69 eV), Si (8.15

eV), Co (7.60 eV), Nb (6.76 eV), and P (10.49 eV), maximizing band-structure modulation

without unphysical charge emission in a periodic cell.

By using the same strain and field magnitudes across all three materials, we enable a direct com-

parison under identical conditions, ensuring that observed differences stem from their intrinsic

properties.

As can be seen, the external fields used in our DFT calculations (1010 − 1011 V/m) greatly exceed

the intrinsic dielectric strength of typical insulating solids, which lies between 106 and 109 V/m. In

periodic DFT this does not trigger actual breakdown, but instead modifies the potential landscape.

The electrostatic energy density in a medium of relative permittivity 𝜀
𝑟

under a uniform field 𝐸 is:

𝑈 =
1
2
𝜀0𝜀𝑟𝐸

2, (6.1)

where 𝜀0 is the vacuum permittivity. To compare the electrostatic energy with ionization energies
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of constituent atoms, we estimate the energy contained in a representative atomic-scale volume of

1 Å3. For 𝜀
𝑟
≈ 10 and 𝐸 = 1011 V/m, this yields an energy density of 𝑈 ≈ 4.4 × 1011 J/m3,

corresponding to ≈ 2.76 eV per Å3. An electron moving across an interatomic distance 𝑑 ≈ 2 Å

sees a potential drop Δ𝑉 = 𝐸 ·𝑑 ≈ 20 eV. These energy scales are on the order of, or below, the first

ionization energies of the constituent atoms of SrSi2 (Sr: 5.69 eV, Si: 8.15 eV), CoSi (Co: 7.60 eV,

Si: 8.15 eV), and NbP (Nb: 6.76 eV, P: 10.49 eV)[283]. Although these fields exceed experimental

breakdown thresholds, in the simulation framework they do not induce real ionization. Instead,

they produce bias energies on the order of electronic excitation scales, allowing us to probe how

extreme potential gradients tune band alignments and topological responses without unphysical

charge emission.

Direct experimental studies of topological characteristics under external bias are scarce for SrSi2 ,

CoSi, and NbP. However, related experimental work in each material family provides valuable

benchmarks. For SrSi2 , ARPES at ambient pressure shows no clear Weyl nodes or Fermi arcs,

while high-pressure ARPES and transport measurements reveal pressure-induced Weyl states and

superconductivity above 20 GPa[284, 285]. In the CoSi family (space group P213), ARPES has

unambiguously detected unconventional chiral fermions - spin-1 and charge-2 modes - connected

by giant surface Fermi arcs, and magnetotransport confirms their chiral anomaly via negative lon-

gitudinal magnetoresistance[16, 44]. NbP (space group I41md) has been probed by high-resolution

ARPES and scanning tunneling microscopy (STM/S), revealing Fermi-arc surface states, nonequiv-

alent terminations on Nb- and P-surfaces, and detailed Fermi-surface shapes from quantum-oscillation

studies[55, 286, 287]. While direct measurements under external bias remain to be performed,

these experimental precedents both validate the theoretical predictions and guide future experi-

mental designs for our systems.

6.4. Renormalization techniques applied to the study
of bulk SrSi2 structure mapped on graphene

Renormalization offers a straightforward computational method to explore how physical models

behave under changes in scale. In this context, it demonstrates the use of external influences to

adjust the electronic band structure from trivial to non-trivial states and back. This serves as a com-

putational tactic to validate the theoretical assumptions behind the renormalization group approach.

In this part of the chapter, we explore the intriguing parallels between WSMs and graphene, par-
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ticularly focusing on SrSi2 , a notable WSM characterized by its chiral space group and absence

of 𝐼 symmetry. Renowned for their linear dispersion and massless fermionic excitations, WSMs

are often considered as 3D counterparts to graphene. These materials not only mirror the high

mobility and conductivity found in graphene due to their linear energy-momentum relationship,

but they also exhibit unique topological features, such as protected Weyl points and consequential

Fermi arcs, which mark significant departures from graphene's two-dimensional constraints. Here,

we will delve into the renormalization of bulk SrSi2 to a graphene-like sheet under external bi-

ases, aiming to elucidate the comparative dynamics and topological phenomena in these materials.

Through a computational analysis, we anticipate shedding light on how external perturbations can

modulate the electronic band structures from trivial to topologically non-trivial states, leveraging

the principles of the renormalization group approach.

6.4.1. Impact of external fields on the renormalized band struc-
ture of SrSi2

To study the effect of external fields on the renormalized band structure of bulk SrSi2 along with the

transport properties, we model a graphene supercell. This supercell consists of 50 atoms, created

by repeating the basic hexagonal unit cell of graphene, which typically contains two carbon atoms,

five times in each lattice direction, as shown in Fig. 6.31.

Figure 6.31: Supercell configuration of graphene with 50 atoms. the structure illustrates a 5 × 5
repetition of the basic hexagonal unit cell, containing two carbon atoms each.

Figure 6.32(a) showcases the band structure of SrSi2 without the inclusion of SOC. Here, the key

observation is the touching of two bands at points situated below and above the Fermi level, re-
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spectively. This characteristic is indicative of a semimetallic nature, where valence and conduction

bands meet at specific points in the BZ, typically leading to high electron mobility and novel trans-

port properties. The addition of SOC in Fig. 6.32(b), however, introduces a splitting in these bands.

This splitting, observable at similar high-symmetry points, effectively lifts the degeneracy and is a

direct representation of the intrinsic spin-orbit interactions within the material. In Fig. 6.32(c) and

(d), the focus shifts to a graphene sheet model under the influence of external fields, aimed at mim-

icking the behaviors observed in SrSi2 . Figure 6.32(c) displays the band structure without SOC,

where the application of an anti-Haldane field of 0.08𝑡 mirrors the crossings in the Γ - X direction

seen in Fig. 6.32(a). This similarity supports the validity of using renormalization techniques to

transpose the 3D characteristics of SrSi2 onto a 2D graphene lattice. With the introduction of a KM

SOC of 0.01𝑡 and an exchange field 𝐽
𝑧
= 0.01, depicted in Fig. 6.32(d), the bands further split,

akin to the effects seen in Fig. 6.32(b) for SrSi2 . This not only confirms the effectiveness of the

external fields in modifying band structures but also highlights the robustness of the renormaliza-

tion approach in preserving the essential physical properties across dimensionalities. Therefore, to

functionalize the renormalization method, we use SrSi2 as a model for Dirac materials.
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Figure 6.32: Comparative analysis of band structures in SrSi2 and renormalized graphene. Panel

(a) Electronic band structure of SrSi2 without SOC, highlighting the semimetallic character with

band crossings in the Γ - X direction. Panel (b) Band structure of SrSi2 with SOC, showing band

splitting and lifted degeneracies at high symmetry points. Panel (c) Band structure of graphene

under anti-Haldane field (0.08𝑡) without SOC, aligning with SrSi2 's band characteristics in the

Γ - X direction. Panel (d) Graphene band structure with KM SOC (0.01𝑡) and exchange field

(𝐽
𝑧
= 0.01𝑡), illustrating further band splitting and alignment with the band features observed in

SrSi2 with SOC.

In SrSi2 , the band structures in panels (a) and (b) are plotted along the cubic Brillouin-zone path

X-M-Γ-R, capturing band inversion and splitting at these three-dimensional high-symmetry points.

By contrast, the renormalized graphene results in panels (c) and (d) follow the hexagonal path K-

M-K'-Γ, highlighting the Dirac cones at K and K' and their evolution under spin-orbit coupling.

This distinction in symmetry directions reflects the different lattice geometries and ensures that

renormalization traces the relevant quantum-phase behavior in each system.

The intricate interplay between SOC, external fields, and the band structures of SrSi2 and graphene

demonstrates the potential of renormalization techniques in exploring new quantum phases and

electronic properties. The comparative analysis provided by these figures effectively bridges the

gap between 3D and 2D materials, offering insights into the emergent transport characteristics and

topological phenomena induced by external perturbations. Such studies are pivotal for advancing

our understanding of Dirac materials and leveraging their properties in technological applications.
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a) Fermi surface of the renormalized graphene

Figure 6.33(a) presents the 2D Fermi surface of renormalized graphene under an anti-Haldane field

(0.08t) without the inclusion of SOC. The Fermi surface features distinct hotspots that correspond

to regions of high electron density. These features correlate directly with the band structure ob-

served in Fig. 6.32(c), where the absence of SOC maintains a degenerate band crossing, reflected

here as enhanced electron localization at specific 𝑘-space coordinates. The electron localization

phenomenon is indicative of the preserved symmetry and absence of SOC-induced band splitting,

maintaining a more traditional Fermi surface akin to pristine graphene but modified slightly by the

anti-Haldane field. In contrast, Fig. 6.33(b) illustrates the Fermi surface after the inclusion of KM

SOC (0.01t) combined with an exchange field (𝐽
𝑧
= 0.01). This inclusion noticeably transforms

the Fermi surface, as evidenced by the emergence of new features at different 𝑘-space points. The

impact of SOC is manifest in the redistribution and partial localization of electron density, which

creates a more complex Fermi surface pattern. This transformation is linked to the band splitting

observed in Fig. 6.32(d), where SOC and the exchange field lift the degeneracy of the bands, lead-

ing to distinct energy states for different spin orientations. Consequently, this induces a variation in

electron density across the Fermi surface, highlighting SOC's profound effect on altering electronic

properties. The evolution of the Fermi surface with SOC demonstrates how topological modifica-

tions induced by SOC can lead to new electronic behaviors, influencing transport properties and

electronic applications of the material.

Figure 6.33: Two-dimentioanl Fermi surface of renormalized graphene. Panel (a) under an anti-

Haldane field (0.08𝑡) without SOC, showing localized electron density at specific 𝑘-space points.

Panel (b) with the inclusion of KM SOC (0.01𝑡) and an exchange field (𝐽
𝑧
= 0.01𝑡), depicting the

transformation and redistribution of electron density at new 𝑘-space points.
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The analysis of the Fermi surfaces in Figs. 6.33(a) and (b) provides a deep insight into the elec-

tronic structure dynamics of renormalized graphene under varying conditions. Without SOC, the

Fermi surface remains relatively simple and reflects traditional graphene characteristics, although

slightly altered by the external field. The introduction of SOC, however, revolutionizes this sce-

nario by introducing complexity and underscoring topological effects' influence on electronic prop-

erties. This complexity is evident in Fig. 6.33(b), which shows how the inclusion of KM SOC and

an exchange field redistributes the electron density compared to panel (a). On the same color

scale (red = maximum density, blue = minimum), the six sharp red peaks at the 𝑘-points shrink

and a green background appears, indicating that spectral weight has spread into the surrounding

𝑘-space. New, smaller red spots at slightly shifted 𝑘-coordinates mark the relocated density max-

ima. This pattern reveals that SOC and magnetic exchange partially delocalize the Fermi surface

weight and reshape the electronic structure of renormalized graphene. These changes are crucial

for understanding the potential applications of renormalized graphene in devices where SOC can

be manipulated to tailor material properties.

b) Topological properties of the renormalized graphene

Figure 6.34(a) displays the 2D Berry curvature of renormalized graphene under an anti-Haldane

field of 0.08𝑡, without the inclusion of SOC. The curvature is diffusely spread across the momen-

tum space, with slight concentrations visible in a somewhat random pattern. This diffuse distri-

bution indicates a lack of strong localization, which is typical in systems where SOC is absent,

as SOC generally plays a critical role in sharpening and defining features in the Berry curva-

ture. The absence of SOC preserves certain symmetry properties in the curvature distribution, as

there are no SOC-induced asymmetries to disrupt the underlying lattice symmetries. Conversely,

Fig. 6.34(b) shows the 2D Berry curvature with the inclusion of KM SOC (0.01𝑡) and an exchange

field (𝐽
𝑧
= 0.01). Here, the curvature exhibits clear, localized peaks, distinctly positioned at spe-

cific points in momentum space. This localization reflects the breaking of certain symmetries due

to SOC, which introduces anisotropies in the electronic structure, thereby enhancing the localiza-

tion of Berry curvature. These sharp features highlight the impact of SOC in creating topologically

non-trivial properties in the material, crucial for applications that exploit the quantum geometric

properties of materials. Moving to Fig. 6.34(c), the Chern number calculated for the system with-

out SOC is zero across the momentum space. This uniformity reflects the topologically trivial

nature of the renormalized graphene without SOC, consistent with the absence of the localized
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Berry curvature that would indicate topological non-triviality. In Fig. 6.34(d), the inclusion of

SOC changes the scenario dramatically. The Chern number varies significantly across different

regions of momentum space, with values reaching up to 20. This variation and the appearance

of non-zero Chern numbers underscore the topological transition induced by SOC. The areas of

high Chern number correlate with the peaks in Berry curvature seen in Fig. 6.34(b), indicating

regions of high topological significance and the potential for exotic quantum phenomena such as

the quantum anomalous Hall effect.

Figure 6.34: 2D Berry curvature and chern numbers in renormalized graphene under various con-

ditions. Panel (a) under an anti-Haldane field (0.08𝑡) without SOC, exhibiting a diffuse distribution

across momentum space. Panel (b) with the inclusion of KM SOC (0.01𝑡) and an exchange field

(𝐽
𝑧
= 0.01𝑡), showing localized peaks indicating topological non-triviality. Panel (c) Chern number

for the condition without SOC, uniformly zero across all momentum space, reflecting the topolog-

ically trivial nature of the system. Panel (d) Chern number with SOC, varying significantly, with

high values in regions corresponding to peaks in the Berry curvature, indicating the emergence of

topologically non-trivial states.

The comparative analysis of Berry curvature and Chern numbers in Figs. 6.34(a)-(d) demonstrates

how the introduction of SOC and external fields fundamentally alters the topological landscape

of renormalized graphene. Without SOC, the system remains topologically trivial, with a diffuse

Berry curvature and zero Chern number. However, the inclusion of SOC not only localizes the

Berry curvature but also engenders a topologically non-trivial state as evidenced by the non-zero
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6.4.2 Topological quantum phase transition in renormalized graphene

Chern numbers, pointing towards profound implications for the electronic and quantum properties

of the material. This analysis highlights the critical role of SOC in engineering topological states

in materials science.

6.4.2. Topological quantum phase transition in renormalized graphene

a) Opening of the gap

Figure 6.35(a) presents the electronic band structure of SrSi2 under the influence of an external

electric field of magnitude 0.15 𝑉/Å. The application of this electric field results in a notable

opening of the band gap at high-symmetry points in the BZ. This gap opening is critical as it

demonstrates the ability to manipulate the electronic properties of SrSi2 through external fields,

thereby tuning the material's electronic phase from a semimetallic to an insulating state. The con-

trolled introduction of the electric field induces a shift in the energy levels, leading to a separation

between the conduction and valence bands, which is essential for the emergence of insulating prop-

erties. In Fig. 6.35(b), the band structure of renormalized graphene is shown with an increased KM

SOC strength of 0.02𝑡 and an exchange field of 𝐽
𝑧
= 0.01. The increase in KM SOC strength ef-

fectively induces a band gap at points K and K', analogous to the gap observed in SrSi2 under the

electric field. This gap is a quintessential marker of a TQPT, where the material transitions from

a normal to a topological insulator state, characterized by the presence of protected edge states

within the gap. The introduction of SOC not only splits the bands due to the spin-orbit interaction

but also locks the spins in a way that results in non-trivial topological properties.
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Figure 6.35: Band structures indicating TQPTs in SrSi2 and renormalized graphene. Panel (a)

Band structure of SrSi2 under an external electric field (𝐸 = 0.15 𝑉/Å), showcasing the opening

of a band gap in the Γ - X direction, facilitating a transition from semimetallic to insulating state.

Panel (b) Band structure of renormalized graphene with increased KM SOC strength (0.02𝑡) and

an exchange field (𝐽
𝑧
= 0.01𝑡), demonstrating a band gap at points K and K', indicative of a TQPT

to a topological insulator state.

The analysis of Figures 6.35(a) and (b) reveals the parallel mechanisms through which external per-

turbations influence the electronic properties of both SrSi2 and renormalized graphene. In SrSi2 ,

the application of an electric field opens a band gap, pushing the material into an insulating phase.

Similarly, in renormalized graphene, increasing the KM SOC strength leads to a band gap opening

that signifies a transition into a topological insulating phase. These results underscore the sensi-

tivity of these materials to external fields and SOC, highlighting their potential for applications in

quantum computing and electronic devices where phase control is crucial.

b) Emergence of topological quantum phases

As previously discussed, Fig. 6.36(a) showcases the renormalized graphene band structure with

KM SOC (0.02𝑡) and exchange field (𝐽
𝑧
= 0.01𝑡), where a gap is opened at points K and K'. This

configuration indicates a topological insulating phase due to the introduction of SOC and minimal

exchange interaction. The corresponding Fermi surface shown in Fig. 6.36(d) illustrates a lack

of states at the Fermi level within the gap, confirming the insulating nature of this phase with

well-defined gaps around symmetrical points in the BZ. Figure 6.36(b) represents a significant

alteration in the system's parameters with KM SOC increased to (0.03𝑡) and exchange field raised

to (𝐽
𝑧
= 0.1𝑡). This change leads to the closure of the previously observed gap, allowing for band
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crossings at points K and K' and the emergence of a topological semimetallic phase. This transition

is captured in the corresponding Fermi surface in Fig. 6.36(e), where the formation of pockets

indicates states at the Fermi level, characteristic of semimetallic behavior. Moving to Fig. 6.36(c),

the parameters are further altered by maintaining KM SOC at (0.03𝑡) while introducing additional

exchange fields (𝐽
𝑧
= 0.2𝑡 and 𝐽

𝑥
= 0.2𝑡). This modification results in the re-opening of the

band gap at points K and K' with band inversion, a hallmark of a more complex topological phase,

suggesting a transition to a different type of topological insulator. The corresponding Fermi surface

in Fig. 6.36(f) shows a reduction in the DOS at the Fermi level, with clear gaps at K and K' and

localized states around these points, further evidencing the band inversion and the robustness of

the topological phase under these conditions.

Figure 6.36: Band structures and corresponding Fermi surfaces of renormalized graphene under

varying KM SOC and exchange fields, indicating Topological Transitions. Panel (a) Band structure

with initial KM SOC (0.02𝑡) and exchange field (𝐽
𝑧
= 0.01𝑡) showing a topological insulating

phase with a gap at points K and K'. Panel (d) Corresponding Fermi surface lacking states at the

Fermi level, affirming the insulating nature. Panel (b) Band structure with increased KM SOC

(0.03𝑡) and higher exchange field (𝐽
𝑧
= 0.1𝑡) displaying a closure of the gap and emergence of

a topological semimetallic phase. Panel (e) Corresponding Fermi surface with pockets indicating

semimetallic behavior. Panel (c) Band structure with the same KM SOC and additional exchange

fields (𝐽
𝑧
= 0.2𝑡 and 𝐽

𝑥
= 0.2𝑡) showing band inversion and re-opening of the gap at K and K',

suggesting a transition to a another topological phase. Panel (f) Corresponding Fermi surface

showing localized states, corroborating the topological characteristics.
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The transitions observed in Fig. 6.36(a) through (f) provide a detailed view of the effects of varying

SOC and magnetic exchange fields on the electronic structure of renormalized graphene. These

changes not only demonstrate the tunability of topological phases through external parameters but

also highlight the sensitive balance between SOC and magnetic interactions in dictating the elec-

tronic and topological properties of the material. Each step of the parameter variation leads to

distinct electronic states, from insulating to semimetallic to a potentially more exotic topological

insulating state, underscoring the complex interplay of spin-orbit and magnetic effects in engi-

neered graphene systems. This analysis underscores the potential for using these tunable parame-

ters to explore new quantum electronic applications and enhance our understanding of topological

materials.

Figure 6.37(a) presents the Berry curvature for renormalized graphene with KM SOC (0.02𝑡) and

exchange field (𝐽
𝑧
= 0.01𝑡), parameters corresponding to a topological insulating phase as seen in

Fig. 6.36(a). The Berry curvature is relatively uniform with minor fluctuations across the momen-

tum space, indicating a lack of significant topological features under these conditions. This is con-

sistent with a system in a trivial topological phase where the Chern number, shown in Fig. 6.37(d),

is zero. The absence of pronounced peaks in the Berry curvature supports the insulating behav-

ior without any exotic topological characteristics. Moving to Fig. 6.37(b), the Berry curvature

is mapped with increased KM SOC (0.03𝑡) and a higher exchange field (𝐽
𝑧
= 0.1𝑡). This setup

correlates with the emergence of a topological semimetallic phase as observed in Fig. 6.36(b).

The curvature shows more pronounced peaks, suggesting the presence of non-trivial topological

features. The corresponding Chern number in Fig. 6.37(e) totals to 1, confirming the non-trivial

topological nature of the phase. This shift to a Chern number of 1 is indicative of a topological

phase transition driven by the adjusted KM SOC and magnetic field strengths, which align with the

observed band crossings in the band structure. In Fig. 6.37(c), the Berry curvature is depicted for

parameters including KM SOC (0.03𝑡) with additional exchange fields (𝐽
𝑧
= 0.2𝑡 and 𝐽

𝑥
= 0.2𝑡),

leading to band inversions as seen in Fig. 6.36(c). The curvature here shows varied intensities and

localized peaks, which are indicative of a strong topological influence resulting from the complex

interplay of SOC and multidirectional exchange fields. The corresponding Chern number plot in

Fig. 6.37(f) shows a return to 0, suggesting that despite the presence of band inversions and appar-

ent complex topological features, the overall topological charge of the system remains neutral.
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Figure 6.37: Berry curvature and corresponding Chern numbers of renormalized graphene under

varied KM SOC and exchange field conditions. Panel (a) with KM SOC (0.02𝑡) and exchange field

(𝐽
𝑧
= 0.01𝑡), displaying minimal fluctuations, consistent with a topologically trivial phase. Panel

(d) corresponding Chern number plot showing a total of 0, confirming the trivial nature. Panel (b)

with increased KM SOC (0.03𝑡) and higher exchange field (𝐽
𝑧
= 0.1𝑡), featuring more pronounced

peaks, indicative of a non-trivial topological semimetallic phase. Panel (e) corresponding Chern

number plot with a total of 1, verifying the non-trivial topological characteristics. Panel (c) with

further enhanced KM SOC (0.03𝑡) and additional exchange fields (𝐽
𝑧
= 0.2𝑡 and 𝐽

𝑥
= 0.2𝑡),

showing varied intensities and localized peaks, linked to complex topological features. Panel (f)

corresponding Chern number plot returning to 0, suggesting a neutral topological charge despite

apparent complexities.

The results from Fig. 6.37(a) through (f) illustrate the profound impact of SOC and exchange field

manipulations on the topological properties of renormalized graphene. Transitioning from trivial to

non-trivial and back to trivial topological phases under varying conditions demonstrates the tunable

nature of topological properties in graphene-based systems. These findings not only underscore

the sensitivity of Berry curvature and Chern numbers to external parameters but also highlight the

potential for engineering topological states in materials for advanced technological applications.

This detailed examination of Berry curvature and Chern numbers deepens our understanding of the

relationship between electronic structure alterations and topological properties.

For SrSi2 , the Berry curvature and surface state analyses under various conditions, such as strain

and external electric fields, reveal significant changes in topological properties. Notably, under no

strain and no external electric field, SrSi2 exhibits non-zero Chern numbers, consistent with the
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presence of non-trivial topological phases similar to those observed in the graphene models with

adjusted SOC and exchange fields. These Chern numbers, indicative of robust topological features,

provide a quantitative measure of the system's topological invariants, directly corresponding to the

observed Berry curvature distributions. As strain or electric field strength increases, the topology

of SrSi2 evolves, as evidenced by the varying Chern numbers. This transition parallels the behavior

seen in renormalized graphene when adjusting SOC and magnetic interactions, where Chern num-

bers also transition between non-zero to zero values, reflecting a shift from non-trivial to trivial

topological phases. These observations underscore the consistency across different material sys-

tems and the impact of external perturbations on topological characteristics. Thus, the connection

between these DFT results and the theoretical models used in the study of renormalized graphene

not only confirms the consistency of gauge fixing concepts across disparate systems but also en-

riches our understanding of how external conditions influence quantum topological states. This

comparative approach enhances our grasp of complex topological phenomena, providing a clearer

picture of the underlying mechanisms driving these QPTs.

It is worth mentioning that we chose all exchange field values by scanning a range of 𝐽
𝑧

in our

tight-binding model (for example, from 0.005 𝑡 up to 0.02 𝑡) and, for each trial value, comparing

key features - band dispersions, gap openings, and Fermi surface intensity - to our DFT results.

The values reported here are those that best reproduced the DFT observables, ensuring quantitative

agreement between the model and first-principles calculations.

To conclude this chapter, the results of this study reveal that SrSi2 , CoSi, and NbP offer con-

crete pathways toward devices that exploit their strain- and field-tunable topological properties.

For example, the ability to open and close small band gaps in SrSi2 and NbP under controlled

strain or electric bias suggests these materials could serve as low-dissipation switches or filters in

high-frequency electronics, where a small, strain-induced gap modulates carrier flow with minimal

energy loss. In CoSi, the anisotropic response of different Brillouin-zone points to strain and field

points to applications in directional sensors or transducers, where mechanical deformation or ap-

plied voltage produces a measurable change in conductivity or optical absorption. More broadly,

the robust surface states and Fermi arcs in these compounds - tunable via external perturbations

- could underpin topological qubits for fault-tolerant quantum computing, as such states are in-

herently protected against disorder and backscattering[59, 61]. Strain engineering thus provides

a practical means to tailor the operational window of these devices, bridging our computational

predictions with real-world performance requirements. In photonics, the field-induced symmetry
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breaking that gaps Weyl nodes can yield switchable optical activity, useful in modulators or iso-

lators, while the sensitivity of Berry curvature to lattice distortions opens opportunities for novel

magneto-optic sensors. By mapping how small, experimentally accessible strains and fields drive

phase transitions and modify transport, this work lays out clear design rules for integrating SrSi2 ,

CoSi, and NbP into next-generation electronics, spintronics, and quantum technologies.
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Chapter 7

Conclusion

The research explored in this thesis focused on the investigation of the ground-state electronic

structures and topological properties of SrSi2 , CoSi, and NbP under the effects of tensile strain and

external electric fields using advanced computational methods. It specifically examined how these

external perturbations influence electronic band structures, Berry curvature, Fermi surfaces, and

charge density distributions. Additionally, computational experiments were conducted to elucidate

the mechanisms of QPTs in SrSi2 , using a suitably renormalized ground state within the graphene

lattice. Major findings include the identification of distinct changes in band structures and Fermi

surfaces induced by strain and electric fields, with key results for each material contributing to a

deeper understanding of QPTs and their predictive modeling.

Prior work on SrSi2 , CoSi, and NbP underscores both foundational insights and practical directions

in topological materials. First-principles studies and transport experiments on cubic SrSi2 reveal a

narrow, pressure- and alloy-tunable bandgap alongside predictions of double Weyl fermions, point-

ing to promising photogalvanic and thermoelectric applications. Investigations of chiral CoSi have

mapped spin-3/2 Rarita-Schwinger and spin-1 triple fermions emerging from symmetry-protected

band crossings, with tunneling spectroscopy confirming robust surface states and strain studies

highlighting transitions beyond simple Weyl physics. In NbP, quantum oscillations and band-

structure calculations expose coexisting hole pockets and tilted Weyl cones, accounting for its

colossal, nonsaturating MR and direct signatures of the chiral anomaly. By combining fundamental

theory and predictions with practical materials making and testing, research on this trio of materials

boosts innovation in many areas. The diversity of exotic quasiparticles, tunable band topology via

strain and defects, negative MR, and thermoelectric or low-power device prospects highlights rich

opportunities. Next, tracking Berry curvature, band-crossing degeneracies, and Fermi arcs under

bias and strain will reveal new phases and control mechanisms. Developing advanced mapping of
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phase boundaries and topology-linked phenomena sets the stage for the material-specific findings

that follow.

For SrSi2 , the application of tensile strain and an external electric field revealed a rich interplay of

topological and electronic transitions. Under a 12% tensile strain, a small gap of approximately

0.055 eV emerged along the Γ - X direction, breaking the symmetry responsible for the semimetal-

lic state and driving the material toward reduced metallic conductivity. Similarly, the application

of an external electric field demonstrated a progressive evolution in electronic structure. At a mod-

erate field strength of 𝐸 = 0.51 V/Å, the symmetry of the band structure began to break, initiating

gap openings between Weyl nodes. At a higher field strength of 𝐸 = 1.29 V/Å, a more pronounced

gap of approximately 0.058 eV formed around the Fermi level, confirming the transition from a

conductive to a predominantly insulating phase. For CoSi, the application of tensile strain and

external electric fields revealed distinct and tunable modifications in its electronic properties. A

10% tensile strain induced a band gap of approximately 0.035 eV at the Γ point, highlighting sig-

nificant changes in the electronic states and transport properties. However, no gap was observed

at the R point, indicating the anisotropic response of the electronic structure to strain. Increasing

the strain to 15% widened the gap at the Γ point to 0.11 eV, suggesting a strengthening of band

splitting, while the R point remained robustly gapless. In contrast, under an external electric field,

a gap of approximately 0.02 eV emerged at the R point for a moderate field strength of 𝐸 = 0.51

V/Å, breaking symmetry selectively in this region while leaving the Γ point gapless. As the field

increased to 𝐸 = 1.29 V/Å, the gap at the R point widened significantly to about 0.065 eV. For

NbP, the application of tensile strain and external electric fields revealed distinct modifications

in its electronic properties, highlighting its tunability under external stimuli. Under a 4% tensile

strain, a band gap of approximately 0.05 eV emerged in the Γ − Σ direction, signifying a reduc-

tion in electrical conductivity due to fewer states at the Fermi level. Increasing the strain to 8%

introduced further changes, with a gap of about 0.035 eV forming around the Fermi level. In con-

trast, a moderate external electric field of 𝐸 = 0.51 V/Å caused only subtle changes in the band

curvature, leaving the electronic structure largely intact. However, at a stronger field of 𝐸 = 1.29

V/Å, a band gap of approximately 0.02 eV opened in the Γ - S direction, signaling a transition

toward a new topological phase. These results demonstrate the sensitivity and tunability of the

electronic structure of SrSi2 , CoSi, and NbP under both tensile strain and external electric fields,

offering a pathway for designing systems with tailored electronic and topological properties. The

computational experiments on SrSi2 , using the Quantum Lattice software, further elucidated the
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mechanisms of QPTs, revealing parallels with renormalized graphene system and demonstrating

how SOC and magnetic interactions govern topological phase behavior.

The insights gained contribute to the broader understanding of topological materials under external

perturbations. The observed changes in band structure, Berry curvature, and Fermi arcs upon the

application of tensile strain and external electric fields align with theoretical predictions of topolog-

ical phase transitions and provide computational evidence supporting these phenomena. By quan-

tifying the effects of external conditions on key properties, this research bridges the gap between

theoretical predictions and practical implications, enriching our understanding of the mechanisms

underlying QPTs and advancing predictive models for emergent quantum phenomena.

The implications of this research extend across multiple fields, particularly in the development

of next-generation technologies. The ability to manipulate electronic properties through external

means such as electric fields and mechanical strain demonstrates potential for applications in semi-

conductor devices, spintronics, and sensors. These findings pave the way for designing materials

with customized properties, enhancing the performance of electronic and photonic devices. Addi-

tionally, the study's methodologies, combining DFT, TB, and computational experiments, establish

a robust framework for exploring the electronic and topological properties of other materials.

The study, while extensive, has its limitations. The computational models used rely on approxima-

tions that may not fully account for all quantum mechanical interactions. Moreover, computational

constraints limit the system size and accuracy in simulations of larger-scale interactions. Future

research should focus on refining these models to capture more complex interactions and extending

the analysis to additional material systems. Exploring other external perturbations, such as mag-

netic fields, and extending the study to magnetic topological materials could further expand the

scope of this work and its applicability in advanced materials science. Another possible outlook

is to investigate the Berry curvature dipole (BCD) in SrSi2 , CoSi, and NbP. Because these mate-

rials lack inversion symmetry, they can exhibit a finite BCD that drives a second-order nonlinear

Hall response even without time-reversal breaking. By extending our Wannier-based tight-binding

models to compute the momentum-space derivative of the Berry curvature - namely the dipole ten-

sor 𝐷
𝑎𝑏

=
∑︁
𝑛

∫
BZ

𝑑k
(2𝜋)3

𝜕Ω
𝑛,𝑏
(k)

𝜕𝑘
𝑎

𝑓
(
𝜖
𝑛
(k)

)
, where 𝑓

(
𝜖
𝑛
(k)

)
is the Fermi-Dirac distribution, and

Ω
𝑛,𝑏
(k) is the 𝑏-th Cartesian component of the Berry curvature for band 𝑛 at momentum k[288] -

we can predict how bias or strain shifts the Fermi level to enhance or invert 𝐷
𝑎𝑏

. Experimentally,

such tunable BCDs would manifest as bias-dependent nonlinear Hall voltages, offering a clear

probe of Berry curvature - driven phenomena and a direct test of our theoretical framework.
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Ultimately, this research underscores the critical role of computational studies in understanding

material behavior under external influences. By revealing the intricate interplay between elec-

tronic structures and topological properties, this work provides a solid foundation for predicting

and manipulating material characteristics at the quantum level. The findings align with ongoing

efforts to develop computationally efficient models for material design, advancing both theoretical

understanding and practical applications. These contributions are expected to inspire further re-

search in condensed matter physics and material science, driving innovation in the development of

technologies leveraging quantum phenomena.
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